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SUZUKI TYPE P-CONTRACTIVE MAPPINGS
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ABSTRACT. We introduce Suzuki type P-contractive mappings by taking into
account the concepts of contractive, P-contractive, and Suzuki type contractive
mappings. Then, for such mappings on compact metric spaces, we present a
fixed point theorem that is more general than the well-known Edelstein fixed
point theorem.

1. INTRODUCTION

Metric fixed point theory, as it is known, investigates the conditions that guar-
antee the existence and even uniqueness of fixed point of a self mapping on a metric
space. These conditions are typically comprised of completeness of space and some
type of contraction inequality. It is difficult to obtain a new result when the com-
pleteness of space is ignored. As a result, studies are conducted to ensure the
existence of the fixed point by weakening the contraction inequalities. However,
in complete metric space generalizations, the sum of the coefficients of the terms
on the right side of the linear contraction inequalities is less than 1. Nonlinear
contraction inequalities are subject to a similar constraint. Edelstein [4] introduced
the concept of contractivity to overcome the coefficient problem and obtained a
fixed point theorem. Although Edelstein extended the relevant class of mappings,
he had to consider compactness of the space, which is a more strong condition
than completeness. Many studies, covering Edelstein’s fixed theorem, have been
obtained by generalizing the concept of contractivity in the literature (for example
see [2L B, [B]). For the sake of completeness we recall the following:

Let (X, d) be a metric space and T': X — X be a mapping. Then, T is said to
be contractive if

d(Tz,Ty) < d(z,y) (©)
for all z,y € X with x # y. Hence, Edelstein presented the following theorem:

Theorem 1.1 ([]). Let (X,d) be a compact metric space and T : X — X be a
contractive mapping. Then, T has a unique fized point.
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2 ISHAK ALTUN

Suzuki obtained a new fixed point theorem by weakening the concept of contrac-
tivity in 2009.

Theorem 1.2 ([B]). Let (X,d) be a compact metric space and T : X — X be a
mapping such that

1
id(x,Tx) < d(z,y) implies d(Tx,Ty) < d(z,y) (SC)
for all x,y € X. Then, T has a unique fized point.

For the sake of simplicity, we will refer to the mappings that provide the (SC)
inequality as Suzuki type contractive mappings. In 2018, Altun et al. [2] defined
the concept of P-contractivity. A self mapping 7" on X is said to be P-contractive
if
for all z,y € X with = # y. Then, the following theorem has been presented.

Theorem 1.3 ([2]). Let (X,d) be a compact metric space and T : X — X be a
continuous P-contractive mapping. Then, T has a unique fized point.

It is clear that every contractive (C) mapping is Suzuki type contractive (SC),
also every contractive (C) mapping is P-contractive (PC). The following examples
demonstrate that the converse of both propositions are not true.

Example 1.1 ([5]). Let X = [-11,—10] U {0} U [10,11] with the usual metric d
and T : X — X, defined by
Uetloo g e [-11,-10)
Tx = 0 xz € {-10,0,10} .
— =0 e (10,11

Then, T is Suzuki type contractive, but it is not contractive.

Example 1.2 ([3]). Let X = [0,1] with the usual metricd and T : X — X, defined
by
% , =20
Tx =
5, v#0

Then, T is P-contractive, but it is not contractive.

The classes of Suzuki type contractive (SC) mappings and P-contractive (PC)
mappings, on the other hand, are distinct. The following examples demonstrate
this fact.

Example 1.3 ([2]). Let X = [0,2] with the usual metricd and T : X — X, defined
by
1, <1
Tx =
0, z>1

Then, T is P-contractive, but it is not Suzuki type contractive.
Example 1.4 ([2]). Let X = {(0,0), (4,0),(0,4), (4,5), (5,4)} C R? with the metric
d(z,y) = d((z1,22), (y1,92)) = [21 — y1] + |22 — Y2
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for x = (x1,22),y = (y1,y2) € X. Define a mapping T : X — X by

(0,0) (4,0) (0,4) (4,5) (5.4)

T =

(0,0) (0,0) (0,0) (4,0) (0,4)
Then, T is Suzuki type contractive, but it is not P-contractive.
Remark. Although contractive mappings are continuous, neither Suzuki type con-
tractive nor P-contractive mappings are continuous. Note that Suzuki did not need
the continuity in Theorem[1.9 However, in Theorem[I.3 the continuity of the map-

ping has been assumed. Example above shows that the condition of continuity
can not be removed in Theorem [.3.

In this paper, we introduce Suzuki type P-contractive mappings, which are in-
spired by the concepts of contractive, P-contractive, and Suzuki type contractive
mappings. Then, we present a fixed point theorem that is more general than The-
orem [[LJ] and Theorem

The following lemma will be used in our second theorem.

Lemma 1.4 ([I]). Let X be a compact topological space and f : X — R be a
lower semicontinuous function. Then, there exists an element xqg € X such that

f(zo) =inf{f(z):z € X}.
2. MAIN RESULT
First, we introduce a new concept for self mapping 7" on a metric space (X, d).
Definition 2.1. Let (X,d) be a metric space and T : X — X be a mapping. Then
T is said to be Suzuki type P-contractive if
%d(:v,Tx) < d(z,y) implies d(Tz,Ty) < d(x,y) + |d(z,Tz) — d(y,Ty)| (SPC)
forallxz,y € X.

Remark. For the aforementioned contractivity concepts, we can draw the diagram

below:
¢ — PC

4 o
SC = SPC

Ezamples[1.]], show that the converse of all implications are not true.

Now, we are ready to state our main result.

Theorem 2.1. Let (X,d) be a compact metric space and T : X — X be a con-

tinuous Suzuki type P-contractive mapping. Then, T has a unique fixed point in
X.

Proof. Since X is compact and T is continuous, then there exists u € X such that
d(u,Tu) = inf{d(z,Tz) : z € X}.

We claim that d(u,Tu) = 0. Assume the contrary. In this case, since 0 <
$d(u, Tu) < d(u,Tu), we have

d(Tu, T?v) < d(u,Tu)+ |d(u, Tu) — d(Tu,T2u)|
= d(u,Tu) 4 d(Tu, T?*v) — d(u, Tu)
= d(Tu,T?u),
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which is a contradiction. Therefore, d(u,Tu) = 0 and so u is a fixed point of T.
Now, assume v is another fixed point of 7. In this case, since 0 = %d(u,Tu) <
d(u,v), we have

d(u,v) = d(Tu,Tv)
< d(u,v)+ |d(u, Tu) — d(v, Tv)]
= d(u,v),
which is a contradiction. Hence, the fixed point of T is unique. O

To see that the continuity condition in this theorem cannot be removed, one can
refer to Example again. However, a result can be obtained by assuming the
lower semicontinuity of the function f defined by f(z) = d(z,Tx) instead of the
continuity of T'. It is well known that if T" is continuous, then f is also continuous
(and so it is lower semicontinuous). However, if f is lower semicontinuous, then T
may not be continuous (see Remark 2.8 in [2]).

Hence, by Lemma we can state the following result:

Theorem 2.2. Let (X,d) be a compact metric space and T : X — X be a Suzuki
type P-contractive mapping. Then T has a unique fived point in X provided that
the function f defined by f(z) = d(x,Tx) is lower semicontinuous.

Proof. Since X is compact and f : X — R is lower semicontinuous, then by Lemma
there exists u € X such that f(u) = inf f(X), that is, we have

d(u,Tu) = inf{d(z,Tx) : x € X}.
Therefore, the proof can be completed as in the proof of Theorem O
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ABSTRACT. We define enriched Jaggi contraction map, enriched Dass and
Gupta contraction map and almost (k, a, b, \)—enriched CRR contraction map

with A = %H in Banach spaces and prove the existence and uniqueness of fixed

points of these maps. Further, we show that the sequence of fixed points of
the corresponding enriched contraction maps converges to the fixed point of
the uniform limit operator of these enriched contraction maps.

1. INTRODUCTION

Generalization of contraction conditions and finding the existence of fixed points
play an important role in the development of fixed point theory. There are many
works where the notion of fixed point play some role, apparently, in different
context. For instance, we refer Mustafa, Hakan and Turkoglu [5], Mustafa, Hakan
and Sadullah [6] and the references cited in these papers. Further, there are several
generalizations of Banach contraction maps, one among them is contraction
conditions involving rational expressions. Dass and Gupta [3] initiated and
introduced contraction condition with rational expression as follows:

Let (X,d) be a metric space and T : X — X. There exist a, 8 € [0,1) with
a+ B <1 and T satifies

d(y, Ty)(1 + d(z, T'z))
1+d(z,y)
for all z,y € X. Dass and Gupta [3] proved that if T: X — X, X complete metric

space, satisfies the inequality (1.1]) and if T is continuous then T" has a unique fixed
point in X.

d(Tx,Ty) < « + Bd(x,y) (1.1)

2020 Mathematics Subject Classification. Primary: 47H10, 54H25.

Key words and phrases. Enriched Jaggi contraction map; enriched Dass and Gupta contraction
map; almost (k, a, b, \)—enriched CRR contraction map; fixed point.
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6 G. V. R. BABU AND P. MOUNIKA

In 1977, Jaggi [ introduced a different rational type contraction condition
independent that of contraction condition , i.e., there exist o, 8 € [0,1) with
a+ B <1 and ( @ )
d(xz, Tx)d(y, Ty

A(r.y) + Bd(z,y) (1.2)
for all z,y € X,z # y, and proved that every map T : X — X, X complete metric
space, that satifies has a unique fixed point in X, provided T is continuous.

A map T that satisfies is said to be a Jaggi contraction map.

On the other hand, Berinde and Pacurar [I], introduced a larger class of
mappings, namely, enriched contraction mappings in normed linear spaces which
are more general than contraction maps.

d(Tz,Ty) < «

Definition 1.1. (Berinde and Pacurar [2]) Let (X, ||-||) be a normed linear space.
Let T : X — X. If there exist k € [0,+00) and a € [0,k + 1) such that

[k(z —y) + Tz — Ty| < allz - yl|, (1.3)
for all z,y € X, then we say that T is a (k,a)—enriched contraction.

Theorem 1.1. (Berinde and Pacurar [2]) Let (X, |-||) be a Banach space and
T:X — X be a (k,a)—enriched contraction. Let g € X and X\ € (0,1]. Then the
sequence {x,}52 defined by

Tpt1 = (1= Nzy + ATz, n >0, (1.4)
converges to p (say) in X and p is the unique fixed point of T

On further extensions of (k,a)—enriched contractions, we refer (Berinde and
Pacurar [2]).

Definition 1.2. (Berinde and Pacurar [2]) Let (X, ||-]|) be a normed linear space.
Let T : X — X. If there exist k € [0,400) and a,b > 0, satisfying a +2b < 1 such
that

[k(z —y) + Ta = Ty|| < allz -yl + b(le — Tz| + ly — Tyl), (1.5)
for all x,y € X, then we say that T is a (k,a,b)—enriched Ciric-Reich-Rus
contraction map .

Here onwards, we call these maps by (k, a, b)—enriched CRR contraction maps.
If a =0 in (1.5) then T is said to a (k,b)—enriched Kannan mapping [2].

Theorem 1.2. (Berinde and Pacurar [2]) Let (X,||-||) be a Banach space and
T:X — X be a(k,a,b)—enriched CRR contraction map. Let xo € X and
A € (0,1]). Then the sequence {x,}52, defined by

Tnt1 = (1= N)xp + ATzp,n >0, (1.6)
converges to u (say) in X and u is the unique fized point of T.

In Section 2 of this paper, we define enriched Jaggi contraction map, enriched
Dass and Gupta contraction map in Banach spaces and prove the existence and
uniqueness of fixed points.

In Section 3, we define almost (k, a, b, \)—enriched CRR contraction maps with
A= %ﬂ in Banach spaces and prove the existence and uniqueness of fixed points.

In Section 4, we prove that, if the sequence of enriched contraction maps
converges uniformly to an operator with a unique fixed point then the corresponding
sequence of fixed points of sequence of enriched contraction maps also converges to
the fixed point of the limit operator in Banach spaces.
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2. FIXED POINT RESULTS ON ENRICHED CONTRACTION MAPS WITH RATIONAL
EXPRESSIONS

Let (X, | - ||) be a normed linear space and T': X — X. For any A € [0,1), we
denote

Th(z)=(1—-XNz+ Tz, z € X. (2.1)

Definition 2.1. Let (X, || -||) be a normed linear space. Let T : X H X. If there

exist a, § € [0,1) with o+ < 1 and k € [0,4+00) such that for A = k— T satisfies

the inequality

= = Tallly — Th
R

for all x,y € X and x # y, then we say that T is an enriched Jaggi contraction

map.

[k(x —y) +Te —Tyl| < afle -yl + (2.2)

Here we note that every Jaggi contraction is a special case of enriched Jaggi
contraction when k = 0. But, every enriched Jaggi contraction need not be a Jaggi
contraction. The following example illustrates this fact.

Example 2.1. Let X = R with the usual norm. We define T : X — X by

Tr=1- %Jc,x € R. We choose k = 2, a:% and 8 = %. We now consider
k(z—y)+Te—Ty| =2z —y)+1 -3z -1+ 2y

= zlz —y|

< 2‘x_y|+1‘2L\ach?/Tl 5l
_ ‘x_ |+1\$+ w‘gloH?;l—gU
—alz—y |_|_5\r T‘zllylexm,

so that T satisfies the inequality (2.2 (-) witha+ 5 < 1.
Hence T is an enriched Jaggi contraction map.
Now, by choosing x =0,y = % we have

2 2
Te —Ty| = |T0-T(3)| = 2 £ a-2+8-0=al0 - F + 5
= afo —y| + gle=tellital,

for any o > 0,8 >0 with o+ 5 < 1.
Hence T is not a Jaggi contraction map.

Theorem 2.1. Let (X,||-||) be a Banach space. Let T : X — X be continuous.
Assume that T is an enriched Jaggi contraction map. Let xg € X. Then the
sequence {xp 0 defined by xpy1 = Than,n = 0,1,2,..., converges to s (say) in
X, and s is the unique fixed point of T. Further, s is the unique fized point of T.

Proof. Let zg € X. We consider the sequence {z,}52, defined by z,41 = Th2n,
n=012.

For A = k+1 < 1, we have k = + — 1 and thus the condition 1} becomes

(3 —1)(z—y)+Tz—Ty| < oz||x yl| +5M for all z,y € X for x # y.
i.e.,

||(1 — Nz —y) + ATz — A\Ty|| < a)||z -y Jrﬂ%, x # y and hence

x — Thz|l|ly — Tyl
|z -yl

IThz—Thy| < oz)\||x—y||—|—ﬂ|| forallz,y € X and z #y. (2.3)
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By taking = z,,_; and y = ,, in ([2.3)), we get
I Ta@n 1 — Tan|| < aA||zn_1 — an + 5““ =Dty fllen—Thazall ;0

lzn—1—24]
|Tn — Tni1]l < @M||Tn_1 — zn|| + Bllzn= ll‘;f”l”x;]lm"ﬂll. This implies that
[#n = Znt1 || < adlln—1 — @nll + Bll@n — Tn41ll; so that
2 = Zni1ll < nl|2n—1 — 2y for n =1,2,..., where n = % <1
Hence, inductively, it follows that
lxn — Tnt1ll < n™||2o — 21| for n =1,2,... .
Therefore it is easy to see that the sequence {z,} is Cauchy.
Since X is complete, we have nhﬁn;(} xn = s (say), s € X.

Since T is continuous on X, we have T) is so and hence

s = hm Tpt1 = hm Thx, =Ty lim z,, =T)s.
n— o0

Therefore sisa ﬁxed point of T.
Let t be another fixed point of Ty and s # ¢. Now, from the inequality , we
have
0 < |ls—t]| = ||Ths — Tat|
< aM|s—t|| +BHS TAIiH*”tII T)\t”
which implies that
0<|[s—t] <ails—t,
a contradiction.
Therefore t = s, and T has a unique fixed point s.
Thus, it follows that T" has a unique fixed point s in X. O

Remark. If k =0 and 8 = 0 in the inequality , then T is a contraction and
in this case, contraction principle follows as a corollary to Theorem[2.1}

Example 2.2. Let X = R with the usual norm and we define T : X — X by

Txr=—-2x—3,z € R. We choose k = %, a:% and B = % We now consider
k(z —y) +Te — Tyl = [§(x —y) — 22— 3 — (~2y — 3)]
= 3lz —yl o
S%\l‘ y|+1‘$ (=2z— ?[;\Lu‘( sy—2)l
=a|$—y|+5‘z Tz|ly—Tryl

lz—y|
Therefore T satisfies the inequality (2.9) of Theorem with a + 5 < 1 and ‘f% ’
s the unique fixed point of T.

Here we observe that T is not a contraction. So contraction mapping principle
is not applicable.

For any positive integer p, we denote TP, the composition of p number of selfmaps
T. Here we note that 7! = T. Also we denote T° = I, I the identity map of X. In
this case, TV = I for every A € [0, 1].

Theorem 2.2. Let (X, ||-||) be a Banach space. Let T : X — X. Assume that T
is an enriched Jaggi contraction map. Let xg € X. If TP s continuous for some
positive integer p, then T has a unique fized point in X.

Proof. Let zp € X. We define the sequence {z,} by 41 = Th2,,n=0,1,2,....
Then by applying T heorem to T}, we get that the sequence {z,} converges to
s, and T4 (s) = s, and this s is unique.

We now show that Th(s) = s.

Let {xy, } be a subsequence of {x,}. Then {z,,} also converges to s. Now
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TV (s) = Tf(kli_)ngo T, ) = kli_{rolo TYxy, = kli)rrgo Tpptl = S.
Let r be the smallest positive integer such that 7% (s) = s. Then T4 (s) # s for all
i=1,2, .7 —1.
For i € {1,2,...,r — 1,7}, we have
IT5(s) = Ty ()| = ITA (TR (5)) = TA(T3 () B

S CV)\HT;\_l(S) . T;\_Q(S)H + ﬁ”T)\ (S)‘;zﬂjgi(ls()Jl)‘l_Tj):;*gzi‘Tx ()l

= aX| T (s) = Ty ()|l + BITR T (5) = T3(5)]

7305 - T O < (I ) - T (24)
If » > 1, then

IT3(9) = sll = IT3s = T5(9)]

ITs — T3 (75 (5)

r— s—Tx(S)|IITT = (s)=T7 (s
Oz)\HS — T)\ 1(5)“ + 6” A(H)S‘UITE’I((S))H L

r— s—Ta(s) 1T (s)—s
as = T3 (s)]| + LR T =

= a\||s — T (s)|| + B|ls — T (s)|| which implies that
(1= B8)|ls — Ta(s)|| < aX||s — Ty~ *(s)|. Therefore

ad r—1
T plls— TGl (2.5)

IN

lls = Th(s)l| < (

Also, by with ¢ = r, we have
Is = T3 (s)ll = T3 (s) = Tx " ()l
< (2|15 (s) - T 2(3)]1-
On repeated application of the inequality , we get
s = T3 (o)l = 175 (s) = TR (o)l < () ITX 1 (s) = TR 2(s)]|

< (%)T’lﬂT)\(s) —TY(s)]|, and hence

a\
1-p
From and (2.6, we have
l[s = Tx(s)ll < (1255)"ls = Tx(s)lI,
a contradiction, since % < 1.
Therefore Tys = s.

Uniqueness of fixed point of T follows as in the proof of Theorem
Thus s is the unique fixed point of 7. O

s —T5 1 (s)| < ( )" To(s) — s]|, since TY is the identity map.  (2.6)

Theorem 2.3. Let (X, |-||) be a Banach space. Let T : X — X. Assume that
there exist o, 8 € [0,1) with a«+ 8 < 1 and k € [0,00) such that for A = ﬁ, and
for some positive integer q, T satisfies
lz — T |ly — TXy||
[z —yll
for all x,y € X and x # y; where TY () = (1 — )z + \Tz.
If T? is continuous then T has a unique fized point in X.

[k(z —y) + T2 = TYy| < aflz -yl + 8 (2.7)
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Proof. By T heorem Ty has a unique fixed point s (say) in X. Then

T (s) = Tx(TY(s)) = Ty (Tx(s)). Hence T)(s) is also a fixed point of TY.

Now, by the uniqueness of fixed point of Ty, we have Tx(s) = s.

Since TY has a unique fixed point s, it follows that s is a unique fixed point of T}.
Hence it follows that s is the unique fixed point of T O

The following example shows that Theorem [2.3] is more general than Theorem

21

Example 2.3. Let X = R with the usual norm. We define T : X — X by
1 .
_ 3 ifz €[0,00)
Tw { —z if x € (—00,0)

Then T?z = % for all x € R so that T? is continuous on X. Indeed, inequality
|D of Theorem holds with ¢ = 2, k = %,a = % and B = %. For, for any
x €]0,00), y € (—00,0), we have

k(z —y) + Tz — Ty = |3(x —y) + 5 — 5

1
—§W—m
1 1 le—3lly—3l
<sle—yl+ 1™
1y 1 |2=T2x|ly—TRy|
- 2|x yl+ 4 [z—y]
a||ly—T3yl

-7
:Cv|x_y|"‘ﬁlm e—y
Thus T? satisfies the hypotheses of Theorem and % 7 is the unique fized point of
T. Here we observe that T is not continuous and so Theorem|2.1| is not applicable.

Definition 2.2. Let (X,||"||) be a normed linear space. Let T : X — X. If there

exist a, B € [0,1) with a4+ B < 1 and k € [0,400) such that for A = k%rl, T satisfy
the inequality
y—Ty||(1+ |z —Thz
k(e ) + Tx — Ty < afle -y + g1 TAQ LI DD o )

L+ lz =yl
for all x,y € X, then we say that T is an enriched Dass and Gupta contraction
map.

Theorem 2.4. Let (X,||-||) be a Banach space. Let T : X — X be continuous.
Assume that T is an enriched Dass and Gupta contraction map. Let xo € X. Then
the sequence {x,}22, defined by xpni1 = Thazn,n = 0,1,2,... converges to q (say)
i X, and q is the unique fized point of T.
Proof. The proof of this theorem is similar to that of Theorem 2.1}

O

Definition 2.3. Let (X, ||-||) be a Banach space. Let S,T : X — X. If there exist
a,f €[0,1) witha+ 8 <1 and k € [0,4+00) such that for A = %H’ S and T satisfy
the inequality

|2 — Sz[l[ly — Thy|l

lz =yl

for all z,y € X and = # y then we say that the pair (S,T) is an enriched Jaggi
contraction pair of maps. Here we note that if S =T in the inequality , then
T is an enriched Jaggi contraction map.

[k(z —y) + Sz —Ty|| < alle —yll+ 5 (2.9)

In the following, we extend Theorem to a pair of selfmaps.
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Theorem 2.5. Let (X, ||-||) be a Banach space. Let S,T : X — X. Suppose that
the pair (S,T) is an enriched Jaggi contraction pair of maps. Let xqg € X. We
define the sequence {x,}22 o by

A S\Tom—1, ifn=2m, m=12,..
" Thaxom, ifn=2m+1, m=0,1,2....

Then {x,} converges to u (say) in X, and u is the unique common fized point of
S and T, provided S and T are continuous.

Proof. Let A = A= < 1. In this case, we have k = % — 1 and thus the condition

E+1
(2.9) becomes
(=D (@—y)+Sz-Ty| < allo—y|+pL=eDul forall 2,y € X, 2 # y.ice.,

[|=

11— N =)+ Sz = Ty < axfle | + BRI e,

|Sxz — Thyl| < aX||lz —y|| + ﬁ% for any z,y € X and = # y.

Case (i) n = 2m. In this case, we consider
||$n+1 - an = Hx2m+1 - x2mH

= [|[Taz2m — Sxzom—1]|

= [Sxz2m-1 — Trzaml|

|2m —1—=Sxz2m—1ll|Z2m —TrT2m ||
< O[)\Hme 1 — me” + ﬁ Hm2m—1—12m‘|

_ lZz2m—1—22m | |T2m —T2m+1l
- OZA”mgm 1 a:QmH +B ‘$2rn 1— x2'm”

(1 = B)|zam — Tam+1l| < ad||zam—1 — Zom]|- Thus we have
lz2m+1 — Zaml| < nl|T2m — Tam—1|| where n = 5 <L
Case (ii) n = 2m + 1. In this case, we c0n51der

[Zn+1 — Znll = [|T2m+2 — T2m1]]
= ISrz2m+1 — Tazam]|

lz2m+1—=SxTom+1lll[T2m —Trzam]l
< Ol/\”1172m+1 - $2m|| + TT2mt1—2am |

_ lz2mt1—z2m2|l|T2m —22m1 |l
- a)\||x2m+1 o x2m|| + B [[T2m+1—z2ml|

(1 = Bllw2mt2 = Tami1ll < @A[wam i1 — zoml|

That is

[z2m+2 — Toms1ll < NllT2m+1 — Tam|| Where n = 29 < 1.

Thus from Case (i) and Case (ii), it follows that

lzns1 — x|l < nl|lzn — Tp-1]| for alln=1,2,3, ... .

Now, inductively, it follows that

|Znt1 — znl| < 9"||z1 — 20| for all n =1,2,... .

Thus the sequence {z,} is Cauchy.

Since X is complete, we have lim x,, = u (say), v € X.
n—0o0

Suppose that S is continuous. So S) is continuous on X.

u= lim zo,, = lim S\Zo,_1 = S\ hm Tom—_1 = S)u.
m— o0 m—ro0

Therefore u is a fixed point of Sy.
Suppose that T is continuous. So T is continuous on X.
U= hm Tom+1 = hm Thxom = T hm Tom = Thu.
— 00
Therefore u is a common fixed point of T and Sy, and hence u is a common fixed
point of S and T

Uniqueness of this common fixed point follows trivially from the inequality (2.9).
O
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Remark. Theorem[2.]] follows by choosing S =T in Theorem[2.5

3. FIXED POINTS OF ALMOST (k,a,b, \)—ENRICHED CRR CONTRACTION MAPS

Definition 3.1. Let (X, |- ||) be a normed linear space. Let T : X — X. If there
exist k € (0,+00),L > 0 and a,b > 0 satisfying a + 2b < 1 such that

[k(z —y) + Tz — Ty| < alle — yll+b(|z — Txl|+|ly — Tyl))+ (3.1)
. z—Thz||[1+]||x—T"
me{Hy_T)\l'”v I Alﬂ[ug:;”y” AZ/H]}
for all x,y € X with A = k%rl, then we say that T is an almost (k,a,b, \)—enriched

CRR contraction map with \ = T}H

Theorem 3.1. Let (X,]| - ||) be a Banach space. Let T : X — X be an almost
(k,a,b, \)—enriched CRR contraction map with A = %H Let xy € X. Then the
sequence {xn }22, defined by xpt1 = Than,n =0,1,2, ... converges to p (say) in X,

and p is the unique fized point of T'.

Proof. Let g € X. We consider the sequence {x,}52, defined by z, 1 = ThZn,
n=0,1,2,....

For \ = k%rl <1, we have k = § — 1 and thus the condition (3.1) becomes

(% = D@ —y) + Tz = Ty|< allz — y[[+b(||lx — Tal+]ly — Tyl)

i —Thz||[1+|lz—T;
—I—Lmln{Hy—TAxH,”’” Aﬂ[\lwlljﬂ AZIH]}

for all z,y € X. Therefore
(1 =M —y) + ATz = ATy|[< Aallz — y|[+b([[ Az — ATz|[+[| Ay — ATyl)+

3 —T; 1+4||xz—T:
AL min ly—Ty||, L=l e Tl

That is
— Daz||[1+([z — Thyll]

. x
ITyo-Tal< Aallo—yll 4o~ Tsal +ly-Tapl) +ALmin T, I =B
3.2)

1.

By taking z = z,—1 and y = z,, in (3.2)), we get
[Trzn—1 — Toaznl|< Aal|zn—1 — zn[|[+0(|2n—1 — Tazp-1ll+[lzn — Tazal|)

AL min{ e, ~Tay |, L2t =Tszactllleas=Tarul]y

which implies that

2n = Tns1l|< Aal|zn—1 — 2p || +0(|2n—1 — Zall+ |20 — Znt1]]) + AL min{|[z, — 24|,
[Zn—=Znt1||[I+Tn—1—=2nt1]]] }
1+Hmn7171’n”

< a||xp—1—2n||+b(|Tn-1—2n||+||Tn—2n+1]])+AL min{0, ”xn_Z"ﬂi”Llntnffgjﬂ_x”“ Ty

so that

(1= )20 — 2ns1|< (@ +b) s — 2l

|y — Zns1]|< Sl|2p—1 — zn| where § = 42 < 1.

Inductively, it follows that

|z — 2ni1l|< 0™z — 21| for n =1,2,....

Therefore {x,} is Cauchy. Since X is complete, we have lim z, = p (say), p € X.
n—oo

Now we show that p is the fixed point of T.
We consider
Ip = Topll<llp — Tnta1ll+@nt1 — Topll

:Hp - T)\an—’_HT)\mn - T)\p“

Sllp=Txzn [[+Aalzn —pll+b(]|xn —=Trzn [+ ]lp=Topl))+ AL min{||p—Tyz,
[z =Trzn ||[1+][zn —Trpll] }
14|z —pl| :
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On letting n — co, we get

lp=Tspl < llp—pl+alp—pl+b(lp—pl+Ip=Tapll)+ L min{[lp—p], =2 TR
< b|lp — Thpl| so that

(1 =b)|lp — Tap||< 0. Since (1 —b) > 0, it follows that

|lp — Thpl|= 0 and hence Thp = p.

Therefore p is a fixed point of T).

Let g be another fixed point of Ty and ¢ # p. Then

0 <[lp — qlI=1Txp — Txql|< allp — ql[+b(llp — Txpl+llg — Txql]) + AL min{|[q — Thpl,
lp—=Txpll[14+]lp—Txqll] }
1+lp—qll

so that

lp = glI< allp — 4,

a contradiction.

Therefore p = q.

Therefore T has a unique fixed point. Thus, it follows that T has a unique fixed
point in X. |

Remark. Theorem extends Theorem to the case of almost (k,a,b, \)—enriched
CRR contraction map with \ = k%rl

Example 3.1. Let X = R with the usual norm. We define T : X — X by

z 0<z<?2
— 87 g
Tz {0 (—00,0) U [2, 50)

Wechoosek—% —% ndb—fwztha+2b<1
Let z € [0,2),y € [2,00) We now conszder
k(z —y)+ Tz —Ty| = |3(x —y) + £ -0
=5 —y)+ 3
< sle—yl+ 5 1
< Lo -yl + Fo+ Lyl + Lminly — Saf, 230
1
2l

—yl+ (e — £+ |y — 0)) + Lmin{ly — al, 1125}

= a|x yl+b(|z— Tl + |y — Ty|) + Lmin{|y - Thal|, {724}
Therefore mequalzty ) holds for any L > 0. Hence T is an almost (57 5 %, %) enriched
CRR contraction map on R. So T satisfies the hypotheses of Theorem[3.1] and 0’

is the unique fized point of T.

4. CONVERGENCE OF SEQUENCE OF FIXED POINTS OF ENRICHED CONTRACTION
MAPS

In the following, Z™ denotes the set of all natural numbers.

Theorem 4.1. Let {T,} be a sequence of (k,a)—enriched contraction maps defined
on a Banach space (X,||"||) and uy,, the fized point of T, for each n = 1,2,3,...,
which exists by Theorem . If {T,} converges uniformly to T, then u, — u
implies that u is a fized point of T. Conversely if u is a fixed point of T, then u,
converges to u provided k < 1 — a.

Proof. First suppose that u,, — u as n — oo. Assume that Tu # u.
Let € = ||[Tu — ul| > 0. Then there exists N; € ZT such that [ju, —u| < 3
for all n > Nj.

1+a+k)
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Since T, — T uniformly, we have, there exists No € Z* such that || T,,u — Tul|| < §
for all n > Ny and for all u € X.
Let N = max{Nj, No}. Then for n > N, we have
0<e=lu—Tull <llu—=wun|+llun = Thull + | Tpu — Tul|
= |lun — ull + [|[Taupn — Trull + | Tou — Tul|
= ||upn — ul| + |k (un — ) + Trpun — Tou—k(uy —w) || 4+ || Tnu — Tul|
< =l + [Catm — ) + Tyt — Tt + Kl =]+ [ Ty~ T
< Jlun =l + alln — ul] + Flun = wl] + [T — Tl
= (1+a+ ) Jun — ul + | T — T
< (1 +a+ k‘)m + %
=5+5=¢
a contradiction.
Therefore Tu = w.
Conversely, assume that Tu = u. Let ¢ > 0 be given. Then there exists N € ZT
such that || T,u — Tu|| < £ for all n > N and for all u € X, where ¢ = ;—— > 0.
Let n > N. Then
Jun — ull = [Tt — T
< | Twun — Toull + | Tou — Tull
= |lk(un — u) + Thup — Tnu — k(uy, —w)||[+|Thu — Tul|
< aflun — ull + Ellun — ull + | Tou — Tl
= (a+k)|lun — ull + | Thu — Tull
(1= a— )l — ol < |Tou — Tu]
lun —ull < c|Thu —Tul| < c.§ =e.
Therefore u,, — u© as n — 0o.
Hence the theorem follows. O

Theorem 4.2. Let {T,,} be a sequence of enriched Jaggi contraction maps defined
on a Banach space (X,|]|]) and u,, the fized point of T,, for each n = 1,2,3, ...,
which exists by Theorem 2.1 If {T,,} converges uniformly to T, then u, — u
implies that u is a fized point of T. Conversely if u is a fived point of T, then u,
converges to u provided k < 1 — «.

Proof. Follows as that of Theorem
([

Theorem 4.3. Let {T,} be a sequence of enriched Dass and Gupta contraction
maps defined on a Banach space (X, |-||) and wuy, the fized point of T, for each
n=1,2,3, ..., which exists by Theorem . If {T,.} converges uniformly to T, then
Uy — u implies that u is a fixed point of T. Conversely if u is a fired point of T,
then u,, converges to u provided k < 1 — .

Proof. Suppose that u,, — v as n — oc.
Now, we consider
u—Tull < [lu—un|l + [[un — Tpul| + | Tou — Tul|
= [Jun — ull + [|Toun — Tpull + | Tou — Tul|
= |lun — ul| + [[k(un — u) + Toun — Tpu — k(up — w)|| + | Tou — Tul|
< lup — || + |k (un — w) + Tpn — Tpul| + E|lun — || + | Tnw — Tul|
< lln = ull + @lfun — ] + LTl e =Csal) g, —
+[|Thu — Tul|
+ k|lun — ul| + || Thu — Tu|, since

—Tp
= Jlun — ull + oy — ul| + fol=Tad
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lun — (Tn)aunl =0

< (4 a4 E)|lun — ull + Bllu — Trul| + | Tyw — Tul|

< (T +a+k)llun —ull + Blllu = Tull + [ Tw — Toull] + [ Tou — Tul].
Therefore
(1=0)Ju—Tu|| < (1+a+k)|ju, —ull + (1 + B)||Thu — Tul|, and hence

lu—Tul| < %Hun —ul|+ %HTnu—TuH — 0 as n — 00, since {1}, } converges

1—

to T uniformly.

Therefore Tu = w.

Conversely, we assume that Tu = u. We consider

Jtm — ull = [Tt — Tl
S | Toun = Toull + [[Thu — Tull
= [|k(up — u) + Thun — Thu — k(u, — )|+ Thu — Tul|
< aflun — |+ BLE=Tetl0 =T bssa D g, — g 4 | Ty — T
< allun — ul| + Bllu — Tl + kllwn — ull + | T — T
< allun — ull + Blllu — Tull + | T — Tyl + kllwn — ul) + T — T
= (a+k)||up — ul| + (1 + B)||Thu — Tul|, and hence

(1—a—k)||u, —ul] < 1+ 8)||Thu — Tul|. Therefore

| — ul| < || Thu — Tul| = 0 as n — oo, where ¢ = lijﬁk is a positive constant.
Therefore u,, — u as n — oo.
Hence the theorem follows. O

5. CONCLUSION

In this paper, we defined enriched Jaggi contraction map, enriched Dass and
Gupta contraction map and almost (k, a, b, \)—enriched CRR contraction map with
A= %ﬂ in Banach spaces. It is noted that every Jaggi contraction is an enriched
Jaggi contraction but its converse is not true (Example so that enriched Jaggi
contraction maps are more general than Jaggi contraction maps. We proved the
existence and uniqueness of fixed points of enriched Jaggi contraction map
(Theorem . We provided an example in support of Theorem and we
observed that T is not a contraction and contraction mapping principle is not
applicable. Hence Theorem [2.1] generalizes contraction mapping principle. Further,
we extended Theorem in which TP is continuous for some positive integer p
(Theorem . Also, we extended Theorem for the map T for some positive
integer ¢ (Thereoem [2.3). An example (Example is provided where TY is
satisfies the inequalit, but T is not continuous. Since T is not continuous,
Theorem [2.1]is not applicable. Also, it is easy to see that we can extend Theorem [2.1]
to enriched Dass and Gupta contraction map. Further, enriched Jaggi contraction is
extended to a pair of selfmaps and proved the existence and uniqueness of common
fixed points. Also, we proved the existence and uniqueness of fixed points of almost
(k,a, b, \)—enriched CRR contraction map with \ = k%rl

Also, we proved that the sequence of fixed points {u,} of the corresponding
enriched contraction maps {7, } converges to the fixed point u of the uniform limit
operator T of these enriched contraction maps {7, }. Conversely, if u is a fixed point
of T then {u, } converges to u under certain assumption. Further, we extended this
technique to a sequence of enriched Jaggi contraction maps and enriched Dass and
Gupta contraction maps.

In the direction of future research, we would like to suggest the following:

1) Some new fixed point results can be investigated by introducing more general
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enriched contraction conditions.
2) Some new fixed point results for multi-valued contractions can be investigated.
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ABSTRACT. In a generalized topological space Ty = (Q, ) (F5-space), var-
ious ordinary topological operators (Ty-operators), namely, intg, clg, extg,
frg, derg, cody : Z () — P (Q) (Z4-interior, Tq-closure, Ty-exterior, Ty-
frontier, Ty-derived, Tq-coderived operators), are defined in terms of ordi-
nary sets (Tq-sets). Accordingly, generalized Tg-operators (g-Tq-operators),
namely, g-Intg, g-Clg, g-Exty, g-Fry, g-Dery, g-Cod, : Z2(Q2) — £(Q)
(g-Tg-interior, g-Ty-closure, g-Tq-exterior, g-Ty-frontier, g-Tq-derived, g-Tg-
coderived operators) may be defined in terms of generalized Tg-sets (g-%Fg4-
sets), thereby making g-Tg-operators theory in Jy-spaces an interesting sub-
ject of inquiry. In this paper, we introduce the definitions and study the essen-
tial properties of the g-Tg-interior and g-Tq-closure operators g-Inty, g-Clg :
Z () — & (), respectively, in terms of a new class of g-Ty-sets which we
studied earlier. The major findings to which the study has led to are: Firstly,
(g-Inty, g-Cly) : Z (Q)x Z () — Z () x P (Q) is (2, 0)-grounded, (expan-
stwe, non-expansive), (idempotent, idempotent) and (N, U)-additive. Secondly,
g-Inty : Z(Q) — Z(Q) is finer (or, larger, stronger) than intg : & (Q) —
Z(Q) and g-Cly : Z(Q) — F(Q) is coarser (or, smaller, weaker) than
clg : Z(Q) — 2 (). The elements supporting these facts are reported
therein as sources of inspiration for more generalized operations.

1. INTRODUCTION

Just as the concepts of T, g-T-interior operators in .7 -spaces (ordinary and gen-
eralized interior operators in ordinary topological spaces) and ¥, g-T-closure opera-
tors in .7 -spaces (ordinary and generalized closure operators in ordinary topological
spaces) are essential operators in the study of T-sets in J-spaces (arbitrary sets in
ordinary topological spaces) [1, 2] Bl 4, 51 6] [, [8, [, [T0L [TT], T2], so are the concepts
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of Ty, g-T,-interior operators in Jy-spaces (ordinary and generalized interior oper-
ators in generalized topological spaces) and T, g-T4-closure operators in T-spaces
(ordinary and generalized closure operators in generalized topological spaces) es-
sential operators in the study of Ty-sets in Jy-spaces (arbitrary sets in generalized
topological spaces) [13] 14} [15] [16] [I'7, [I8, 19].

Intuitively, ¥, g-T-interior operators, respectively, in a .7 -space can be charac-
terized as one-valued maps int, g-Int : & () — &2 (Q) from the power set & (2)
of 2 into itself, assigning to each T-set in the J-space the U-operation (union op-
eration) of all ¥, g-T-open subsets of the T-set [20, 21], 22 23]. When the role of
U-operation and T, g-T-open subsets, respectively, are given to N-operation (in-
tersection operation) and T, g-T-closed supersets of the T-set, the dual notions,
called T, g-T-closure operators in the J-space follow [21], 23, 241 25] 26], which
can likewise be characterized as one-valued maps cl, g-Cl : & () — £ (12). Fi-
nally, when (7,%,g-%) — (%,Qg,g-fig)7 the notions of Ty, g-T -interior and
Ty, g-T-closure operators in a Fy-space follow [I5] 16} 27, 28| 29| 30, BT], which
can in a similar manner be characterized as one-valued maps of the types intg,
g-Int, : Z(Q) — Z(Q) and clg, g-Cl; : Z () — Z (Q), respectively.

Thus, in a J-space, int, g-Int : ¥ — int (¥), g-Int () describe two types of
collections of points interior in . and, cl, g-Cl : .7 — ¢l (), g-Cl(¥) describe
another two types of collections of points but close to .. Similarly, in a J-space,
inty, g-Inty : 7y — inty (), g-Int, () describe two types of collections of
points interior in . and, clg, g-Cl; : S — clg (F5), g-Cl, () describe another
two types of collections of points but close to .#;. Of all such operators int, cl, g-Int,
g-Cl: Z () — Z(Q) in T-spaces and intg, clg, g-Int, g-Cl; : & (Q) — £ (Q)
in F-spaces, int, cl : & (Q) — & (Q) are the oldest and g-Inty, g-Cl; : 2 (Q) —
Z () are the newest. Hence, the studies of operators of these kinds have evolved
from the studies of ordinary operators in ordinary topological spaces to the studies
of generalized operators in generalized topological spaces.

In the literature of .73-spaces on g-Tg-interior and g-%4-closure operators, some
new types of one-valued maps g-Inty, g-Cl; : & (Q2) — £ () have been defined
and investigated by Mathematicians.

Based on ¢-sets in g-spaces, Min, W. K. [32, 33| 28] has introduced the g-% -
interior and g-%;-closure operators ig, co : & (Q2) — & (), respectively, and
used them to study some properties of 6 (g,g’)-continuity in Jy-spaces. Cao,
Yan, Wang and Wang [34] have introduced and then used the g-Tg-interior and
g-T4-closure operators iy, ¢y : & () — £ (Q) (A-interior and A-closure opera-
tors), respectively, where X € {«, 8,0, 7} in Z-spaces. Saravanakumar, Kalaivani
and Krishnan [30] have studied the g-Ty-interior and g-T4-closure operators iy,
¢ P Q) — Z(Q) (f-interior and fi-closure operators), respectively, in terms
of g-Ty-sets (fi-open sets) in Jy-spaces. Srija and Jayanthi [35] have introduced
the g-Tg-interior and g-T4-closure operators sig, scg : & () — £ (Q) (g-semi
interior and g-semi closure operators), respectively. Boonpok, C. [36] has intro-
duced the g-Ty-interior and g-Tg-closure operators i), csu) @ & () — Z(Q)
(6 (p)-interior and & (p)-closure operators), respectively, and utilized them to study
the properties of (s5¢,, (¢,0 (u))-closed sets in strong J-spaces. Later on, in ex-
tending the notion of /L—Bg—closed set introduced by Kannan and Nagaveni [37]
in J-spaces to Jy-spaces and then studying their properties, Camargo, J. F. Z.
[27] has also investigated the related g-T4-interior and g-T4-closure operators B 9iy,
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Bgcu : P (Q) — P (Q) (u-Bg-interior and p-Bg-closure operators), respectively.
Relative to the g-%g-interior and g-Ty-closure operators introduced by Csészar, A.
[3, 38], the author found that the image of a T4-set under Bgiu 7 () — Z(Q)
is a superset of that under i, : & (Q) — £ () and, the image of the T;-set under
Bgcu 1 P () — P (Q) is a subset of its image under ¢, : & () — £ (Q).

In this paper, the essential properties of a new class of g-Tg-interior and g-%g4-
closure operators in J-spaces are presented.

The rest of the paper is structured as: In Section [2] necessary and sufficient
preliminary notions are described and the main results are reported in Section
In Section EI, various relationships between these g-%;-operators are discussed
and an application of the g-%4-interior and g-T4-closure operators in a J-space is
presented. Finally, the work is concluded in Section

2. THEORY

2.1. Necessary Preliminaries. The standard reference for notations and con-
cepts is the Ph.D. Thesis of Khodabocus M. 1. [16].

Throughout, 4 is the universe of discourse, fixed within the framework of g-% -
operator theory in Zg-spaces; I3, Iy C Z9% and I3, IX, C Z9 are index sets
including and excluding 0 [I5][16]. To abstract definitions of concepts, let a € {o, g}.

Definition 2.1 (7,-Space [15},[16]). A topological structure T, def (Q, Ta), consist-

ing of an underlying set Q@ C U and an a-topology Ta: P (2) : ‘? ((Q))
a

satisfying the compound ,-axiom:

( (@) = @) ( o (ﬁo V) - ﬁo,y)
( 0( uel* ) - muel;; o (ﬁo,u))
Ax () ety N7 (U velr Oov) = Uuelgc 5 (Os))  (a=0),
(20 =DA% (04.) € 0
(‘%( vel?, V) = UUGI;C ‘% (6)97”)) (Cl = g) )

is called a T4-space.

On J,-spaces, neither ordinary nor generalized separation axioms are assumed
unless otherwise stated. If a = o (ordinary), then Ax(.7,) stands for an ordinary
topology and if a = g (generalized), then Ax (J;) stands for a generalized topology.
Accordingly, T = (2,.7) = (2, 7%,) =% # Ty = (2, ). f Q € T, then T, is a
strong Jg-space [3, B9] and if T3 (M,crx Carv) = Nvers Zo (Og,) for any I C I%,
then T, is a quasi Jg-space [40)]. ! !

Typically, (I‘,{ﬁa},ya) C Q x T, x T, denotes a triple of a Q-subset, a

unit set containing a J,-open set and a T,-set. By Cq (0,) = #, € =T, def

{A: C(A) € Fu} is meant a Fy-closed set. On the other hand, the operators
intg, clg: Z(Q) — Z(Q)
Fa ity (S), clo (Fa)
operators, respectively. Accordingly,

. def def
inte (Z2) = |J  Oa a(F)=E () A (2.1)
Oa €0 () Ha€CND [Fa]

are called ¥ -interior and ¥ ,-closure
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where C2° (7] € {0a € Tu 2 Oa C S} and C% [S] {Jif A

Ha D Sa}. In general, (intg,clg ) # (int,,cl,) [4I]. Set 7* (2 )_ \{@}
T = T\ {0}, and ~7; = 7,0, [0},

op,: Z(Q) — 2

Fa +—> 0pg ()
is called a generalized operation (g-operation) if and only if the following statements
hold:

(V70 € 2" () (3(00, Ha) € T x ~T) [(0pa ) = 0) V (0D, (0) = 0)
V(e S opg (0a)) V (Fa 2 mop, (Ha))], (2:2)

Definition 2.2 (g-Operation [15] [16]). A mapping

—op,: Z(Q) — Z(Q) . : i )
where Fu s —0p, (L) is called its complementary g-operation,

and for all Ty-sets Sy, Saw, Fap € P*(Q), the following axioms are satisfied:
— AX. L (Sa Sopg (0a)) V (Fa 2 = op, (Ha)),
— AX. 1L (0pg (Fa) € 0P 0 0P (Oa)) V (20, (Fa) 2 ~0p, 010D (Ha)).
AXx. 1. (fa,y C Sap — 0pq(Oay) Cop, (ﬁa,u))
V(Sau © Faw +— 20pa (Hap) 2 70D (Han)),
— AX. V. (0pa(Ugepp Pa0) € Uy 0Pa (Ca0))

\/(_' OPq (Uo=u,u ‘Sﬂavo') 2 Uo:u,u T OPq (‘%/‘7‘7‘7))’
for some Ty-sets Oy, Oy, O4, € T and Ky, Hay, Hau € T3

The formulation of DEF. is based on the Cech closure operator axioms [42]
and the axioms used by other mathematicians to define closure operators [43]. The

class .2, | def {opg, = (0Pg,, 0D, ) : v €I§} C L2 [Q] x ZF 9], where

def
Opa € f:’ [Q] ; {opa,O7 opa,lv opa,Zv opa,S} (23)
= {intu, cly ointg, int, ocly, claoin‘uaocla}7
def
0P Eff [Q] = {ﬁopa,O’ T 0Dq,15 T OPq,25 ﬁOpa,?)} (24)

= {clu, intq ocly, cly ointg, intaoclaomtu},
stands for the class of all possible pairs of g-operators and its complementary
g-operators in the Ji-space T,. In general, Z;[Q] > op, = (opg7ﬁ0pg) #*
(opo, —|0p0) =op, € % [Q].

Definition 2.3 (g-Tq-Sets [I5,[16]). Let (S, {Ou},{H#a}) C Tax Tax T, and let
oP, , € £y [Q] be a g-operator in a Ty-space Tq = (2, Ty). Suppose the predicates

Po(Far Ony #a30P0,;C.2) = Po(Fa, Oa;0D,,:C) V Pa(La, Haiop, i D),
Po(FarOai0Pa,;C) = (3(Cayopy,) € Ta x L2[9)
[Sa C oDy, (6)]
Po(Fas Ha:0Pg,32) = (3(Ham0py,) € 770 x L [0 (25)

)
[ya 2 T 0DPq,u (Jffa)]
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be Boolean-valued on o x (Ty U~Ty) x Za [Q] x {C, D}, then
gr-S[T] ¥ {FC Ta Pa(%ﬁmxfa;opa,y;g,;)},
gr-0[T] ¥ (A CTa: Pa(Fa Gaiopa,iC) ) (2.6)
gv-K[Td] € (S CTa: Po(Su Hasop,,i2)},

respectively, are called the classes of all g-%,-sets, g-T,-open sets and g-%,-closed
sets of category v in T.

def def

In particular, O [T {Fa CFa: Pa(Fa, Fa;0Pg0;C) } and K [T {“cC
Ta: a(ya,ya,opuyo, _)} denote the classes of all T -open and ‘I —closed sets,
respectively, in Ta, with S [Ta] = Uge(o ky E [Ta] [15; 16]. Clearly,

0S[%) € | orS[Ta

uelg
= U gr-E[T]= |J oE[T].
(v,E)eIdx{O,K} Ee{OK}

By virtue of the foregoing descriptions, .7 is g-T4-open or g-T-closed of category
v (g-v-T4-open or g-v-Ty-closed) if and only if there exist (O, %) € Ty x =T,
such that

(‘Sﬂg g Opg,l/ (ﬁg)) \ (yg 2 _'Opg,l/ (%))7 (27)
where
(intg, clg) (r=0),
B det ) (clgointg, intgocly) (r=1),
OPg.s = (0P 70Pg.) = (intg oclg, clgointg) (r=2),
(clgointgocly, intgoclgointy) (v =3).

Thus, %y, Sy, U, Vg C T4 are of categories 0, 1, 2, 3, respectively, if and only if
(%4 Cintg (Of)) V (%4 2 clg (),
(#5 C clgointy (0y)) V (S5 2 intg o clg (H)),
(%, C intgocly (Of)) V (% 2 clgointy (),
(75 C clgointgocly (Oy)) V (¥ 2 intg o clg ointy (A)), (2.8)

for some (Oy, ) € Ty x =Fy. The notions of g-T,-separateness and g-To-
connectedness of category v € I are based on g-T,-sets of the same category
v.

Definition 2.4 (g-%T,-Separation, g-T,-Connected [16]). A g-T,-separation of cat-
egory v of two nonempty Ty-sets X, Lo C Ty of a Ty-space Ty, = (Q, Ty)
is realised if and only if there exists either (Oue, Oqc) € Xaer; g-v-0O [Ta] or

(Hae, Hac) € Xoery 8v-K [Ta] such that:

( || Oanx :@auyu> \/( || Han :%’auyﬂ>. (2.9)

A=E£,¢ A=£,¢
Otherwise, they are said to be g-%,-connected of category v.
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Thus, %, C T, is g-FT-connected if and only if .7, € g-Q [T4] = Uuelg g-v-Q [T4]
and g-T,-separated if and only if ., € g-D [T,] = Uuelg g-v-D [%,] where,

g-Q [T & {y C Ta: (V(Our, Han),_, , € g-v-0[Ta] x g-v-K[To))

A=£,¢

[ﬁ<x|=_gl,<ﬁa’k_ )/\ (J—Jcﬁ“— )” (2.10)

gD [T,] % {ya € T (H(Ouns Hon),_. . € g-0-O[Ta] x g-K[Ta])

<)\|__§|,< Tor = >\/<A|—£|C‘%fA = )” (2.11)

Evidently, by Q € g-v-Q[%4] or Q € g-v-D[T,] is meant a g-T,-connection of
category v or a g-%,-separation of category v of the J,-space T, = (Q, ;) is
realised.

2.2. Sufficient Preliminaries. The dual concepts called g-%,-interior and g-%,-
closure operators of category v in J,-spaces are presented from set-theoretic and
vectorial viewpoints herein.

Definition 2.5 (g-v-%,- Interior g v-Tq-Closure Operators). Let T4 = (2, 7,) be

a Jy-space, let ngo[&z][ = {ﬁ € gv-0[Ta] : Ou € Fu} be the family of
all g-v-% -open subsets of ,5” € X (Q) relative to the class g-v-O [Z4] of g-v-T -
open sets, and let CZ“SK - ] def {: € gv-K[Ta] © o D Fa} be the family

of all g-v-%,-closed supersets of S € P (Q) relative to the class g-v-K|[Zq] of
g-v-%,-closed sets. Then, the one-valued maps of the types

glnt,, 2 (Q) — 2(Q) (2.12)
Se —> U O,
Oa€CYY) oz g [Fa]
oCl:2(Q) — 2(Q) (2.13)
S0 —> ﬂ Ky
HLECTP s [Fal

on Z(Q) ranging in P () are called, respectively, g-%q-interior and g-%,-closure
operators of category v. The classes g-1[T def {g Int, ,: vE IO} and g-C[%,] = def

{g Cl,: ve I3}, respectively, are called the classes of all g-Tq-interior and
g-Tq-closure operators.

y g-Int,, g-Cl,: 2(Q) — Z(Q)

e — g-Int, (S), ¢-Cl, ()
g-Tq-operators because, the first is based on U, C, 041, Oq2, ... while the second
on m) 27 L%/Cl,l) *%/01727

Remark. Note tha are dual
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Definition 2.6 (g-%,-Vector Operator). Let T, = (Q, T) be a Ty-space. Then,
an operator of the type

gle,, : Z(Qx 2(Q) — 2(Q)x2(Q) (2.14)
(%aay) — (g'Intu,u (‘@a)ﬂg'CIa,V(yu))

on Z(Q) x Z () ranging in & (Q) x P (Q) is called a g-Tq-vector operator of

category v. Then, g-1C [T dEf {g Ic, (g—Inta’l,,g—Clavl,) NS Ig} is called the
class of all g-%,-vector opemtors

Remark. Observing that, for every v € I3, the first and second components of
the g-Tq-vector operator g-Ic, , = (g-Intu,y,g-ClaW) are based on g-v-O[%T,4] and

g-v-K [T, respectively, it follows that g-Ic,, = icg def (intu,cla) if based on

ic,: Z2(Q ) Z) — Z(Q)xZ2(Q)
(Ro, So) — (mta (%,) ,clq (Ya))
is called a T4-vector operator in a Ty-space Tq = (R, Tq).

0 [%,] and K[Z,]. In this way,

3. MAIN RESULTS

The essential properties of the g-Tj-interior and g-T4-closure operators in Jg-
spaces are presented below.

Lemma 3.1. If{.7;, C T, : v € I}} bea collection of o > 1 Ty4-sets of a Ty-space
Ty = (Q, Fy), then:

L CSOu[}%g] [ﬂVGI; ygﬂ/] = ﬂ C%l[l‘)zg] Lygw]’

VEI:;

- 1L C;J[pig] [UueI; yﬂﬂ/} = U C;l[pxg] (o]

velx

Proof. Let {#, C%Tq: v eIk} be a collection of o > 1 Ty-sets of a Jy-space
Ty = (Q, Fy), then by virtue of Ty-set-theoretic (N, U)-operation, it results that

Csou[t%g] I:mI/EI; yﬂ,l/] = {ﬁg € O [{ZE] : ﬁg g ﬂVeI;yg’y}
= {0, €0[%y]: Noer: (05 € F40)}
= V{0 €05: 6,C S} = () Cok. [Fol:

IJEI* I/EI*
Csu[p Tql [UueI; yw'] = {‘%/ = K[ ] Ji/ Uuelgygw}
= { A KT Voer (2 H4u)}
= U{HeKE]: 42 %)= U Gk, 7]
vely: vely:
The proof of the lemma is complete. ([

For any (0, #y) € O[T,] x K[T,], Oy C op, (04) and Ky 2 —op, (H;) hold,

or alternatively, O [T4] C g-O [T,] and K [T4] C g-K [T,]. Consequently,
(05 € O[T,] — Oy € g-0[%,) A (g € K[Ty] — A € K [55)).

As a consequence of the above lemma, the corollary follows.
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Corollary 3.2. If {#;, C%y: v €I} be a collection of o > 1 Ty-sets of a Ty-
space Ty = (0, Ty), then:

- L ngu(]%[‘I [mVGI; yg;l’] = m Csub [,5”9 vl

vel}
1 Coie (Uver: Za0] = U Cokie,) ol
vels
Remark. Clearly, CZ‘—JB[TD][DVEI; S =0 = {0} and C*up[ ][UueI; Faw] =
sub su
{Q} hold.  Moreover, C3'd,)[s = Q] = g-0[T,] and Coxis, ][ s = 0] =
g-K [T].
Proposition 3.3. Let %, C Ty be a Ty-set and, let g-Inty, g-Cly : & (Q) —
Z (), respectively, be a g-Tq-interior and a g-Tq-closure operators in a Ty-space

Ty = (2, Fy). Then, the necessary and sufficient conditions for (£, () € g-Int (F5)x
g-Cly (F) C Ty x Ty to hold in Ty are:

~ L ¢egnt, (F) +— (30 € g-0[T]) [Ogc C 4]
— 1L (€ g-Cly (S) «— (VO ¢ € g-0[Tg]) [Ogc NIy #1].
Proof. Let /3 C T4 be a Ty-set and, let g-Inty, g-Cl; : & () — F (1), respec-

tively, be a g-T4-interior and a g-T4-closure operators in a Jg-space Ty = (2, Fy).
Suppose

coerm @@= U a)x( N #)
O ec;ug[(I ][Y] Hy ECZ“I"([T ][5/’9]

Then, since the relations

U Oy +— {&: (30, € Cy%s,1 7)) [€ € 6]},

o eCD“‘(’)[T ][%]
N A G (W e G, ) [C e A}
HyeCsn 1]
hold and g-O [%y] x g-K[T,] 2 C;“gm] BAR C;uﬁ[g 1 [#5], and, on the other

hand, the relation £ € Oy C Sy C K¢ also holds for any (£, 0g¢, Hge) €
g x C38 Olz,] [F6] X C:lfﬁ[%] [-74], it follows that

§eginty (F) +— (30, € CYx,1 [74)) [ € O]
— (304¢ € -0[%,]) [Ope C S5

CegCly () +— (VA € Clye, 7)) [C € A
—

(Vb5 € 9-O[F4]) [Ogc Ny # 0]

Hence, ¢ € g-Int, (#) is equivalent to (30, € g-O[Ty]) [Ty C 7] and ¢ €
g-Cl, () is equivalent to (V04 € g-O[T,]) [Ogc NSy # 0]. The proof of the
proposition is complete. O

Theorem 3.4. If { %, C%y: v €I} be a collection of 0 > 1 Ty-sets of a Ty-
space Ty = (2, Ty) then:
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- LogIntg tepe Lo — () oInty () Ve-Intg € g-T[T,),

velx
~ 11 g-Cly: Upep: Faw — |J 0:C1y(F) Vo-Cly € g-C[T].

velx
Proof. Let { S5, CTy: v €I} be a collection of o > 1 Ty-sets of a F-space
Tg = (2, 7). Then for any (g-Inty, g-Cly) € g-1[Ty] x g-C [Ty, it follows that

g—Intg : ﬂ yg,y — U ﬁg
vel; 0o €0 1 [Muery o]

— U O,

ﬁgeﬂuel(’; Csub [“a.v]

9-0[%¢]
= ﬂ ( U ﬁg> = ﬂ g-Int (S.);
vels: ﬁgecz‘jg[%][yg,,,] vel:
g-Cly : U Fgy — U Sy
velr K €O e ] [UVU; yw]
= U Hy
Ha€U,erx c;u_i[z;g][yg-,l/]
- U( U &)= Usoyh.
vels: %eCZ“_i[TB][yg,V] vel:
The proof of the theorem is complete. O

Theorem 3.5. If 7y C Ty be any Ty-set in a Ty-space Ty = (Q, Ty), then:
(Vg-Ic, € g-IC[T,]) [(g-Inty (F) € F) A (9-Cly (L) 2 F)]- (3.1)

Proof. Let #; C Ty be any Tg-set and g-Ic, € g-IC[T,] be arbitrary in a -
space Ty = (£2, 7). Then, by virtue of the definition of the g-Ty-operators g-Int,
g-Cly : 7 (Q) — Z(Q), it results that,

g-Inty: S — U Oy
Oy€Cys . (4]
gCl, : Sy — N Hg,
Ky €0 e q] [0
respectively. But, for every (0, ;) € C;‘}g[%] BARS CZ?I%[SQ] [-74], the relation
(Og, S4) C (S, Hy) holds. Hence, g-Int, (/) C 74 and g-Cly (F) 2 7. This
completes the proof of the theorem. ([

A consequence of the above theorem is the following corollary.
Corollary 3.6. If %, C Ty be any Ty-set in a Ty-space T4 = (Q, Ty), then:
(Vg-Ic, € g-IC[T4]) [g-Int, (F) € 7 € g-Cly (F)]. (3.2)
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Remark. Employing the terminology of Levine, N. [10], any Ty-set Sy C Ty in
a Jy-space Ty = (S, Ty) which satisfies the relation Oy = g-Int, () C Sy C
0-Cl, (#4) = 9-Cl, (Oy) for some g-Ty-open set Oy € g-O [Ty] may well be termed
a g-T4-semi-open set.
Proposition 3.7. If T, = (2, .9;) be a strong Jy-space, then:

(Vg-Ic, € g-IC[T,]) [g-Ic, : (Q,0) — (2,0)]. (3.3)
Proof. Let g-Ic, € g-IC[T,] in a strong F-space Ty = (2, 7). Then, since T is a
strong Jg-space, (2,0) € g-O [T4] x g-K [T,] and, therefore, 2 is the biggest g-T4-
open subset contained in itself and, ) is the smallest g-%T4-closed superset containing
itself. Consequently,

g-Ic, : (2,0) l—>( U e N m%)

sub sup
e L B CE e

- (U e N om)= e

ﬁge{ﬂ}uczﬁg[%][ﬂ] Jﬁfge{ﬂ}uCZ‘fI’;[%][@)]

Hence, g-Ic, : (Q,0) — (22, 0). The proof of the proposition is complete. O
Proposition 3.8. If ./, C Ty be any Ty-set in a Ty-space Ty = (Q, Ty), then:

— L g-Intgjog-Int, : 4 — g-Int, () Vg-Int, € g-1[T],

— 1. g-Clyog-Cl; : 5+ g-Cl; () Vg-Cl € g-C[T].

Proof. Let .7y C ¥4 be any Ty-set and let (g—Intwg—Clg) € g-1[T,] x g-C[T,] be
arbitrary in a Jg-space Ty = (2, J). Then,

g-Inty : g-Int, () — U Oy;
Oa €0 (=] [o-Tnt o (F5)]

g-Cl, : g-Cly (F) +— N Hy.
Ha€C 1z, [0-Cl, (F)]

But, g-Inty (#) C 7, C g-Cl, () and consequently,

U Oy = U Og;

Oy ecs;g[%] [o-Int o (F5)] Oy ECZ‘}E’)[(SE} [Ze]
N = A
Hy eczﬁ‘g[%] [o-Clg (#)] %ec;‘jg[%] EA

Hence, g-Int; og-Int, : 7 — g-Int, () and g-Cl;0g-Cl; : 7 — g-Cly (F).
This completes the proof of the proposition. O
Proposition 3.9. If %, C %, be any T4-set in o Ty-space Ty = (Q, Ty), then:

- 1L g-Intgog-Cl, : S — g-Int, ()  V(g-Inty, g-Cly) € g-IC [T],

— 1. g-Clyog-Inty : 4 — g-Cly (F) V(g-Intg,g—Clg) € g-IC[%,].
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Proof. Let /3 C T4 be any Ty-set and let g-Ic, € g-IC[T,] be a g-Ty-operator in a
Ty = (R, 7). Then, the first and second components of g-Ic, : & (Q) x Z (Q) —
2 () x Z () operated on g-Cl; (-7), g-Int; () C T, gives

g-Inty : g-Cl (F) +— U O,
ﬁgecztjg[%][g-01g(;ﬂg)]
= U (03N g-Cly (S))
O3€C3 8 1<,] [0-Cly (#%)]
= U (ﬁg N '79) = U O,
Ta€C [zq) s 72€CT S x] ]
g-Cl, : gInt, () N Hy

Ha€C Y x,] [o-Int, ()]

= N (5 U g-Int, (7))
Hy ec;ﬁi[%] [o-Inty ()]

= ﬂ (U F) = ﬂ Ay,

sup sup
‘%/BECQ_K[TD][yB] ‘%/BECQ_K[(IU][yB]

respectively. Hence, g-Int; o g-Cl; : 7 +— g-Int; (/) and g-Clj o g-Int : S5 +—
g-Cl; (7). The proof of the proposition is complete. O

Theorem 3.10. If g-Ic, € g-IC[Z,] be a given pair of g-Ty-operators g-Int g,
g-Cly : Z(Q) — Z(Q) in a Ty-space Ty = (Q, Ty) then, for every (%y,.%4) C
Ty X Ty such that Zy C Fy:

g-leg (Zq, Zy) C g-Icg (4, 74) - (3-4)

Proof. Let Ty = (Q,7;) be a Jy-space. Suppose g-Ic; € g-IC[T,] be given
and (Zg,%3) C Ty x T4 such that Zy C %y be an arbitrary pair of Tg-sets.
Then, since for any 7 € P (Q), (O4, ) C (S, Hy) for every (O, Hy) €

C;‘_lg[gg] B CZ'_le([%] [7], it follows by virtue of the relation %Z, C .7, that

(Og, #y) € (#g,4) (S, Hy) for any (04, Hy) € C;l-ﬂg)[ig] (%] % Cykiz,) [l

Consequently, it results on the one hand that

g-Inty : #Zy +— U Oy = U (Og N Fy)
ﬁgec?g[.xg][%g] ﬁgec?_‘g[fg][%g]
c U (Og N L) = U Oy = g-Int, (S,),
02 €0z 1) Ta€C S )7l
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and on the other hand,

gCl, : Zy N Hy = N (g N Ry)
Ay eCZ‘_‘f([%] ZA Hy ecji[%] [Z4]
- N (AN Fy) = N Hy = 9-Cly (S).
Ko €0 K g 7] Ha €0 kg 7]

These show that the images of %, under g-Intg, g-Cl; : & () — Z(Q), re-
spectively, are subsets of g-Int, (/) and g-Cl; (-#5). Hence, g-Ic, (%, %,) C
g-Ic, (A4, 7). The proof of the theorem is complete. |

Theorem 3.11. If g-Ic, € g-IC[T,] be a given pair of g-T4-operators g-Inty,
g-Cly : Z(Q) — Z(Q) and icy € IC[Ty] be a given pair of Ty-operators intg,
clg : Z(Q) — Z(Q) in a Ty-space Ty = (2, Ty), then:

(V. C Tg) [(intg (L), 8-Cly (7)) € (g-Inty (F4) ,cly (F4))]- (3.5)

Proof. Let T4 = (€2, 7;) be a J-space. Suppose g-Ic; € g-1C [Ty] and icy € IC[T]
be given and .#; C ¥4 be an arbitrary T4-set. Then,

intg : Sy — U Oy C U Oy = g-Int, (%)
ﬁeeCé‘[Zg]Wg] ﬁgeczlf?)[‘zg][yg]
y: Sy +— N Hy D N Hg = g-Cly (S) -
Hy ec;“[g R [F] Hy eciﬁi[%] [F]

Therefore, it follows that the images of .7 under intg, g-Cl; : & (Q) — & (2), re-
spectively, are subsets of g-Int () and clg (#5). Hence, (intq () ,g-Cl, (7)) C
(g-Int, (), clg (7). The proof of the theorem is complete. O

Proposition 3.12. If g-Ic, € g-IC [Tq] be a given pair of g-Ty-operators g-Int g,
g-Cly : Z(Q) — Z(Q) and icy € IC[Ty] be a given pair of Ty-operators intg,
clg : Z(Q) — Z(Q) in a Ty-space Ty = (2, Ty) then, for any Ty-set Sy C Ty,

(g-Inty (Fy) C 74 € g-Cly (Fy)) — (intg (Fy) € 4 C clg (F)). (3.6)

Proof. If g-Ic;, € g-IC[%,] and icy € IC[Ty] be given and, let /5 C Ty be an
arbitrary Tg-set in a Jy-space Tq = (2, 7). Then, g-Int, () € 7, C g-Cl (S).
But since (intg () ,g-Cly (#)) C (g-Intg (), clg (7)) it follows that

inty (#4) C g-Int, () € C g-Cly (F) Cclg (S)-

Hence, g-Int, () € 7 C g-Cl, () implies inty () C 7 C clg (F). The
proof of the proposition is complete. O

Remark. If g-Int; 7 inty stands for g-Int, () 2 intg () and g-Cl; 3 cly, for
0-Cly (F) C clg (F), then the outstanding facts are: g-Inty; : & (Q) — & (Q)
is finer (or, larger, stronger) than inty : &2 (Q) — £ (Q) or, inty : £ () —
P (Q) is coarser (or, smaller, weaker) than g-Int, : & (Q) — 2 (Q); g-Cl :
P () — P (Q) is coarser (or, smaller, weaker) than clg : & () — Z (Q) or,
clg: Z(Q) — Z(Q) is finer (or, larger, stronger) than g-Cl; : & (Q) — & ().
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Proposition 3.13. If g-Ic, € g-IC[Ty] be a given pair of g-T4-operators g-Int,
g-Cly : Z(Q) — Z(Q) and icy € IC[Ty] be a given pair of Ty-operators intg,
clyg: Z(Q) — Z(Q), and (%y,-S3) C TyxTy be any pair of Ty-sets in a Ty-space
Ty = (Q, Fy), then:

(Zy,-75) € O[Tg] x K[Ty] — gleg (%y, ) = icg (#y,7y) - (3.7)
Proof. Let g-Ic, € g-IC[T,] and icy € IC[T] be given and, let (Zy,-%;) C Ty x T4
be arbitrary in a J;-space Ty = (2, F;). Then, since S[T,] = O[T UK [T g] and,
O[%,) C g-O[F,] and g-K [T4] 2 K [T,], it follows that
eyt (R, Sy) — U Oy, %>
0o €05t (1] Ha ec;“f’
(LU w0
Og4eC3uP EZA HaeCiP

O[T4]Ng-O[Tg ] K[%Tg ]ﬁg-K[‘Ig][yg]

(U & 0 =)
ﬁec*“g[ ][%] HGeCP (L]

0-K[Tg]
g-Ic, (%y, %) -

Hence, g-Ic, (Zy,-7y) = icg (#y, 7). The proof of the proposition is complete. [

Proposition 3.14. If g-Ic; € g-IC [Tq] be a given pair of g-Ty-operators g-Int g,
g-Cly: Z(Q) — Z(Q) in a Fy-space Ty = (2, Ty), then:
(V7% € 2(Q)) [(g-Intg (#4) C g-Int, 0 g-Cl, ()
A(g-Cl, (L) 2 g-Cly o g-Int (S))]- (3.8)

Proof. Let Ty = (2, 74) be a Jy-space. Suppose g-Ic,; € g-IC[T,] be given and
Ty € Z(Q) be an arbitrary Tg-set. Then,

g-Int, : g-Cly (F) — U Oy
ﬁgec;\_‘g[%][g_clﬂ(yg)]
2 U Ge=glntg (7);
Oy (4]
g-Cl, @ g-Int, () +—— m Hy
Hy ec*“}i[T ][g_lntg(yg)]
< N =0, (7).
Ho€CY o (1 7]
Hence, the image of g-Cl, (/;) under g-Int : @( ) — P (Q) is a superset of

g-Int, (7;) and that of g-Int, (-75) under g-Cl; : & (Q2) — £ (Q) is a subset of
g-Cly (). The proof of the proposition is complete. a
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Theorem 3.15. If g-Ic, € g-IC[Z,] be a given pair of g-Ty-operators g-Int g,
g-Cly: Z(Q) — Z(Q) in a Fy-space Ty = (2, T), then:

(Vyg S (Q)) [g—Icg () € -0 %] x g-K [‘Zg]]. (3.9)

Proof. Let Ty = (2, 7) be a Fy-space. Suppose g-Ic; € g-IC[T,] be given and
Sy € Z () be an arbitrary Tg-set. Then, by virtue of the definition of g-Icg, it
results that,

g-lnty: Sy — U Oy
O5 €0 5411 e]
g U Opg (ﬁg) = Opg ( U ﬁﬂ)a
03€CH2 [l 04 €05 (7]
gCly: S — ﬂ Hy
Ho €0 i[5 4)[ 7]

1J

N omtm=on( (| #4).

Ky eciu;g [“a] Ky ecs—.uj;g [“a]

But since

( U o N %)e%xﬂ%,

ﬁgecygb EA %eci‘{;ﬂ [Z6]

it follows, consequently, that g-Int, (#5) € g-O [Ty] and g-Int, () € ¢-K[T,].
Hence, g-Ic, (7;) € g-O [T4] x g-K[T,]. This proves the theorem. O

Corollary 3.16. Ifg-Ic, € g-1C [Q} be a given pair of g-T4-operators g-Inty, g-Clg :
Z(Q) — Z(Q) and Sy C Ty be any Tq-set in a Ty-space Ty = (2, .Ty), then
there exists (Og, #y) € Ty x =Ty such that:

[g—Intg () C opy (ﬁg)] A [g—Clg (S) 2 —0pg (%)] (3.10)

In view of THMS and PROPS it follows immediately that the
g-Tg-interior and g-T4-closure operators g-Inty, g-Cl: & () — & (Q2), respec-
tively possess similar properties analogous to the Kuratowski closure Axioms which
can be grouped and stated in the form of a corollary.

Corollary 3.17. Let g-Inty, g-Cl, : Z () — Z () be a g-Ty-interior and a
g-%4-closure operators in a strong Jy-space Ty = (2, Ty). Then:
— For every (%y, ) € Z () x Z(Q),
— L g-Int, () = Q,
— 1. g-Int, (%y) C %y,
— 1L g-Int o g-Int, (%) = g-Int, (%),
— . g-Int, (%4 N Sy) = g-Int; (%) N g-Int; ().
— For every (%y,.-73) € & (Q) x Z(Q),
v. g-Cl (0) =0,
Vi. g-Cl, (%4) 2 %y,
vit. g-Cl; 0g-Cl, (%) = ¢-Cl, (%),
— vt g-Cl, (%, U %) = g-Cly (%) U g-Cl; (S).
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Some nice Mathematical vocabulary follow. In Cor. 317 ITEMS L., IL., I1I. and
V. state that the g-Tg-interior operator g-Int, : & (Q) — & () is Q-grounded,
non-expansive, tdempotent and N-additive, respectively. ITEMS v., VI., VII. and
VIIIL. state that the g-Tg-closure operator g-Cl; : & (Q) — & (Q) is 0-grounded,
expansive, idempotent and U-additive, respectively.

The axiomatic definitions of the concepts of g-T;-interior and g-v-%4-closure
operators in Jg-spaces follow.

Definition 3.1 (Axiomatic Definition: g-T4-Interior Operator). A one-valued map
of the type g-Inty : & (Q) — P (Q) in a Ty-space Ty = (2, Ty) is called a "g-T4-
interior operator” on & (Q) ranging in & () if and only if, for any (%y,-%5) €
P () x P (Q), it satisfies the following azioms:

— AX. 1. g-Inty (%) C %y,

- AX. 1. #y €Sy — g-Inty (%) C g-Int, (S).

Thus, a g-Tg-interior operator g-Int, : & (2) — () in a Fy-space Ty =
(Q, J) is a non-expansive g-Tg-set-valued set map forming a generalization of the
Tg-set-valued set map inty : & () — & () in the Fy-space Tq, provided

[o-Int, (Zy) € Zy] A [g-Int, (Zg N Fy) C g-Int, (Z,) N g-Int, (F;)]
(3.11)
holds for any (%4, %) € & (2) x £ (Q).

Definition 3.2 (Axiomatic Definition: g-T4-Closure Operator). A one-valued map
of the type g-Cl; : Z(Q) — Z(Q) in a strong Ty-space Ty = (Q, Ty) is called
a "g-T4-closure operator” on & (Q) ranging in P () if and only if, for any
(Zy, Sy) € P (Q) x P (Q), it satisfies the following axioms:

— AX. 1. g-Cly (%) 2 %y,

- AX. 1. Zy €y — g-Cly (%) C g-Cly (S)-

Hence, a g-Tg-closure operator g-Cl; : & () — Z () in a Jy-space Ty =
(Q, J,) is an expansive g-Tj-set-valued set map forming a generalization of the
T g-set-valued set map clg : & (Q) — & (Q) in the F;-space Ty, provided

[Q'CIQ (%)g) 2 %g] A [Q'CIQ (%’g U yg) 2 Q'Clg (%)g) U Q‘Clg (yg)]
(3.12)
holds for any (%4, %) € 2 (2) x Z ().

4. DISCUSSION

4.1. Categorical Classifications. The notions of g-T,-interior and g-%,-closure
operators of category v have been defined in terms of g-%,-sets of the same category
v. Having adopted such a categorical approach in the classifications of g-%,-interior
and g-T,-closure operators, the twofold purposes here are, firstly, to establish the
various relationships amongst the classes of g-T,-interior and g-T,-closure oper-
ators, a € {o0,g}, in the Jy-space Ty, and secondly, to illustrate them through
diagrams.

In a Jy-space Ta, 0Py (0a) C 0Pg1 (Oa) € 0Pg3(0a) 2 0Py (Oa) for ev-
ery Oy € O[T4]. Consequently, g-Int, o (-74) C g-Inty ; (F) C g-Int, 3 (Fa) 2
g-Int, 5 (S4) for any .7, € Tq. But, 04 C op, ,, (0a) C op,, (Oa) for every v € I3,
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implying g-Int, , (#) C g-Int,, () for any (v,.%) € I3 x T,. Thus, this dia-
gram, which is to be read horizontally, from left to right and vertically, from top to
bottom, follows:

Oq = O, = Oq = O,
N N N N

Opo,O (ﬁa) g Opo,l (ﬁa) g Opo,3 (ﬁu) 2 Opa,2 (ﬁa) (41)
N N N N

V)

Opg,O (ﬁa) C Opg,l (ﬁﬂ) - Opg,3 (ﬁa) 0pg,2 (ﬁﬂ) .
In Fic. we present the relationships between the elements of the collections
{o-Int, , (S%) : v € I} in the F,-space T, and {g-Int, , (75) : v € I} in the
Tg-space Tg; FIG. (1] may well be called a (g-Int,, g-Int)-valued diagram.

g-Int, (“)

T T

g-Int, o (Fa)—=>— g-Inty; (Fa) —— g-Int, 5 (Fo)—=<— g-Int, 5 ()

! + ! !

g-Int, o (Sa)—>— g-Int , (Sa) —>— g-Int 5 (Sy) —— g-Int, » ()

P

g-Int,, ()

F1cURE 1. Relationships: g-%,-interior operators in ,-spaces and
g-T4-interior operators in Tg-spaces.

In & Z-space Ta, ~0Dq (Ha) 2 0Dy (Ha) 2 0D s (Ha) € 0Dy 5 (Ha) for
every J, € K[Tq]. Consequently, g-Cl, o (L) 2 g-Cly; (F) 2 g-Cly3(S) C
9-Cly 5 (S) for any S, € T, But, #, 2 —op, , (Ha) 2 —~op,, (Ha) for every
v € I3, implying, g-Cl, , (%) 2 ¢-Cl, (%) for any (v,.%) € I x T,. Hence,
this diagram, which is to be read horizontally, from left to right and vertically, from
top to bottom, follows:

Ha = Ha = Ha = Ha
1V} U V] U

T 0Dg,0 (‘%) 2 T0DPo 1 (Ji/a) 2 70Dy 3 (%/Cl) - T0Dg 2 (L%/a) (42)
U U V] U

_‘Opg,O (‘%/Cl) 2 _'Opg,l (‘%/ﬂ) 2 - Opg,3 (%) g _‘Opg,Q (‘%/Cl) .
In Fic. we present the relationships between the elements of the collections
{g-Cl, , (F%) : v € I} in the Fy-space T, and {g-Cl, , (F4) : v € 19} in the
Tg-space Ty; FIG. [2 may well be called a (g—Clo, g—Clg)-valued diagram.
As in the works of other authors [44), [45] [46], 7], the manner we have positioned
the arrows in the (g—Into, g—Intg), (g—Cl, g—Clg)—valued diagrams (FIGS is solely
to stress that, in general, the implications in F1Gs are irreversible.
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9‘010 (ya)

T

g_Cla,O (yu) == g_Cla,l (ya) === 9_010,3 (yu) — 9_010,2 (ya)

+ 4 + 4

G'Clg,o (ya) — g'Clg,l (yu) — g'Clg,S (ycl) —— 9'019,2 (ya)

e

o-Cl, (%)

FIGURE 2. Relationships: g-%,-closure operators in .7,-spaces and
g-T;-closure operators in J-spaces.

4.2. A Nice Application. The focus is on essential concepts from the standpoint
of the theory of g-T4-interior and g-%4-closure operators in an attempt to shed lights
on the essential properties established in the earlier sections. Let 2 = {5,, v el 5‘}
denotes the underlying set and consider the J-space T4 = (Q,7;), where 2 is
topologized by the choice:

T () = {0, {&}, {6,866, Q) (4.3)
= {ﬁg,la Og2, O3, ﬁg,4};
T (Q) = {9, {& & &6} {6, 4}, 0} (4.4)

= (A, Haa, Hys, Hoa)-

Evidently, 7, =7 : 2 (Q) — 2({& : v € I} }) establish the classes of Z;-open
and J-closed sets, respectively. Since conditions g (0) =0, F5 (Oy,,) C O, for
every v € I}, T3 (Q2) = Q, and %(UVEII Ogv) = Uver; 7o (O4,) are satisfied,
Tg: P () — P({& : v eli}) is astrong g-topology and hence, Ty = (2, ;)
is a strong Jy-space. Because T4 (N,er; Ogw) = Nyers To (Ogo) is satisfied, Ty -
Z(Q) — @({EV CVE Ig}) is also an o-topology and thus, T, = (Q, J;) is a ;-
space T, = (Q,.7,). Moreover, 0, , € g—V—O[So] for every (v,u) € I x I. Thus,
the J-open sets forming the g-topology 7 : & () — 3”({&, D VE Ig‘}) of the
Tg-space Ty = (2, ) are g-T,-open sets relative to the J,-space T, = (2, 7).

For convenience of notation, express & () in set-builder notation as a collection
indexed by the Cartesian product I:ard(y(ﬂ)) X Igard(m:

where 7y ) € & () denotes a Ty-set labeled v € I7, 5 ), and containing
p e Ig,
I:ard(y(m) X Igmd(m by the choice: 75 100 = 0, ..., g ) = {51,52, . ,fu},

ey 5’97(3275) = Q
For .7y € &2 (Q2) such that card (.-7) € {0,5}, let 7 1,0y = 0 and 7 (32.5) = Q.
For /3 € &7 (Q) such that card () € {1,4}, let .75 21y = {&1)s S,31) = {62},

rd() elements. Below is established the indexing by the Cartesian product
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yg,(él,l) = {&1, yg,(m) = {&4}, and yg,(&l) = {&h 5@(2774) = {&1,82,83,84},
Ta284) = 162,63,64,85}, Ly 204) = {61,€3,84,85), S 304) = {61,62,83,85),
and 7 31,4) = {£1,82,84,85}. For Ay € &2 (Q) such that card () € {2,3}, let
For2) = 161,81}, Las2) = 8,8 Fao2 = {&,8) Fa02) = {61,6)
Faa12) = 182,83} Ly a2, = &8t Ly ase) = 162,86 a2 = 18,6}
Fa5,2) = 183,85}, and Fy 162) = {4,651 Saam3) = 161,82, 83}, L4083 =
{61, &3, &}, Fg00,3) = 161,84, 85}, Fa,203) = 161,62, 84}, S 1.3 = {61,62,65),
yg,(22,3) = {51,53,55}, «79,(23,3) = {52753,54}, yg,(24,3) = {52’53755}7 yg,(25,3) =
{€3,64,85}, and S (26.3) = {€2,84,&5}-

Then, from a series of calculations it results that
intg (g,wm) € 8-ty (Fo0m) = Lo (4.6)

= gCL (S 0ww) S g (Fa )

for every (v, ) € Lora 2 () % Igard(m. On inspecting EQ. , some interesting
features can be remarked and thus, some interesting conclusions can be drawn.

Having ordered the T, g-Ty-interior operators intg, g-Inty : & () — & (Q),
respectively, by setting g-Int, 7 inty if and only if g-Int, (7;) 2 intg (7)) and
the Ty, g-Ty-closure operators clg, g-Cl; : & () — P (Q), respectively, by
setting g-Cl; 3 cly if and only if g-Cly (&) C clg (Fy), where ;€ & ()
is arbitrary, EQ. , then, is but a result validating the following outstand-
ing facts: g-Int, : & (Q) — £ (Q) is finer (or, larger, stronger) than intg :
Z Q) — Z(Q) or, inty : Z(Q) — P (Q) is coarser (or, smaller, weaker)
than g-Int; : 2 (Q) — 2(Q); ¢-Cly : Z(Q) — Z(Q) is coarser (or, smaller,
weaker) than clg : & () — Z(Q) or, clg : Z(Q) — P (Q) is finer (or, larger,
stronger) than g-Cl; : & (Q) — £ ().

If the discussions of this nice application be explored a step further, other inter-
esting conclusions can be drawn.

5. CONCLUSION

In this paper, the notions of g-Tg-interior and g-T,-closure operators in Jg-
spaces were presented in as general and unified a manner as possible and, their
essential properties were discussed in such a way as to show that much of the
fundamental structure of J;-spaces is better considered for g-T4-interior and g-%4-
closure operators g-Int,, g-Cl; : & (Q) — £ (Q) than for the Tg-interior and
Tg-closure operators intg, cly : & (Q) — & (1), respectively. If g-Int, = int,
stands for g-Int, (/5) 2 intg (/) and g-Cl; 3 clg, for g-Cl; () C cly (), then
the outstanding facts are: g-Int, : & (Q) — Z(Q) is finer (or, larger, stronger)
than inty : & () — Z(Q) or, inty : Z (Q) — P (Q) is coarser (or, smaller,
weaker) than g-Int; : 2 (Q) — 2 (Q); ¢-Cl, : Z(Q) — P (Q) is coarser (or,
smaller, weaker) than clg : & (Q) — Z(Q) or, clg : P (Q) — P (Q) is finer
(or, larger, stronger) than g-Cl; : 2 (Q) — £ (Q).

Moreover, the paper offers very nice features for the passage from g-Tg-(interior,
closure) to T4-(interior, closure) operators, respectively. Hence, several concepts
and proven results it contained hold equally well when (9, .7;) = (Q, Z,), while
adapting other set-theoretic and topological features accordingly. For instance, the
theoretical framework categorises (g-Inta,V (Z4),9-Cly, () as a pair of g-To-
open and g-T,-closed sets of categories v, where ., C T, and (v,a) € I x {0, g},
and theorises the concepts in a unified way.



GENERALIZED TOPOLOGICAL OPERATOR THEORY 35

The study of the commutativity of the g-T,-interior and g-%;-closure operators
in Jg-spaces will be presented in a subsequent paper, and the discussion of this
paper ends here.
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ABSTRACT. In a recent paper (CF. [I9]), we have presented the definitions
and the essential properties of the generalized topological operators g-Intg,
g-Cly : Z(Q) — Z(Q) (g-Tg-interior and g-Tq-closure operators) in a
generalized topological space Ty = (2, J5) (Jg-space). Principally, we have
shown that (g—lntg7 g—Clg) 2 x Z2(Q) — Z2(Q) x Z2(Q) is (2,0)-
grounded, (expansive, non-expansive), (idempotent, idempotent) and (N, U)-
additive. We have also shown that g-Inty : 2 (Q) — Z(Q) is finer (or,
larger, stronger) than intg : & (Q) — 2 (Q) and g-Cly : £ (Q) — Z(Q)
is coarser (or, smaller, weaker) than clg : Z(Q) — £ (). In this pa-
per, we study the commutativity of g-Inty, g-Cl; : & (Q) — £ (Q) and
Tg-sets having some (g—Intg,g—Clg)—based properties (g-B,, g-Q,-properties)
in Jg-spaces. The main results of the study are: The g-Tq-operators g-Int,
g-Cl; : 2 (Q) — Z(Q) are duals and g-P-property is preserved under their
g-Tg-operations. A Tg-set having g-B,-property is equivalent to the Tg-set or
its complement having g—Qg -property. The g—Dg—property is preserved under
the set-theoretic U-operation and g-P,-property is preserved under the set-
theoretic {U7 M, C}-operations. Finally, a T4-set having {g—‘Bg, g—QB}—pmperty
also has {94, Qg }-property.

1. INTRODUCTION

Many mathematicians have studied several kinds of ordinary and generalized
topological operators (T,, g-Tq-operators) in ordinary (a = o) and generalized
(a = g) topological spaces (T,-spaces) [ 2], B, @, 5, © 7, [& O 10, 1T, 12, 13), 14
15, 16, 17, [18].

Jung and Nam [3] have used the ¥,-interior and ¥,-closure operators (-)°, () :
Z () — Z(Q) to establish several necessary and sufficient conditions related
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to openness and closeness properties of sets in a Z,-space. Lei and Zhang [4]
have considered the T,-interior and ¥,-closure operators Int, Cl : & (Q) —
Z () in studying some topological characterizations axiomatically in J,-spaces.
Gupta and Sarma [5] have established a variety of generalized sets (g-T4-sets)
under the possible compositions of the g-Tg-interior and g-Ty-closure operators i.,
ey Q) — P(Q) (y-interior and ~y-closure operators), respectively, where
v € {a, B, 7, 0}, in Fy-spaces. Rajendiran and Thamilselvan [6] have studied the
g-T,-interior and g-T,-closure operators g's Int, g's"Cl : 2 (Q) — 2 (Q) (g*s*-
interior and g*s*-closure operators), respectively, in J,-spaces. In Fg-spaces, Tyagi
and Choudhary [7] have study stronger forms of g-Tg-interior and g-T4-closure
operators I(.y, C(y: &£ () — £ () while Pankajam, V. [9] has presented some
properties of the g-%g-interior and g-T4-closure operators is, ¢s : & () — £ (Q)
(6-interior and §-closure operators), respectively, to mention but a few references.

Despite these references, in regard to the study of the commutativity of T, g-% -
operators in J-spaces (a € {0, g}), the literature is, to our knowledge, almost void
of studies in this direction [I7,[T6]. Levine, N. [I7] has studied the commutativity of
the T,p-interior and ¥,-closure operators int,, cl, : & (Q) — 2 (Q) in a F-space.
Staley, D. H. [16] has presented some characterizations of ordinary sets (T,-sets)
for which the ¥,-interior operator int, : & (Q) — £ () commutes with the T,-
boundary operator bd, : & () — £ (Q) in a ,-space. In general, since ¥, =
(2, T,) # (Q, Fy) = T4 by virtue of F, # J and, (intm cla) * (g—Inta, g—Cla) for
each a € {0, g}, so it seems reasonable to expect the existence of nice and interesting
results in a J-space with respect to those established by Levine, N. [I7] and Staley,
D. H. [T6] in a J,-space.

Having made the study of the essential properties of the g-Ty-interior and g-%g-
closure operators g-Int, g-Cl; : &2 (Q) — & (Q), respectively, in Jy-spaces one
subject of inquiry (CF. [19]), the study of the commutativity properties of these
g-T4-operators in J-spaces may be made another subject of inquiry. In this paper,
we endeavor to undertake such inquiry.

The rest of the paper is structured as thus: In SECT. [2] necessary and sufficient
preliminary notions are described in SUBSECTS and the main results are
reported in SECT. In SEcT. [ the establishment of the various relationships
between these g-T4-operators are discussed in SECTS To support the work,
a nice application of the g-%4-interior and g-%4-closure operators in a J;-space is
presented in SECT. Finally, the work is concluded in SECT.

2. THEORY

2.1. Necessary Preliminaries. Asin PART I. (CF. [I9]), the standard reference
for notations and concepts is the Ph.D. Thesis of Khodabocus, M. I. [2].

Herein, 41 symbolizes the universe of discourse, fixed within the framework of
T4, §-Zq-operator theory in J,-spaces, a € {0, g}, and containing underlying sets,
underlying subsets, and so forth. By convention, the relation (ay,as,...)R 24 X
aly X -+ means a1 R, as R.ah, ... where R =€, C, D, .... The pairs (IS,I,*L) -

79 x 7% and (I19,,1%) ~ Z9. x Z? are pairs of finite and infinite index sets [I, 2].

o0 T o0

Definition 2.1 (,-Space [1} 2]). A J-space is a topological structure T, def

(Q, T4) in which Q C U is an underlying set and On — Tu(00)
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an a-topology satisfying the compound T-axiom:
(Z6 (@) =0) AN(T5 (Os) C O)
/\('70 (ﬂuel,’; ﬁﬂﬂ/) = mueI; o (ﬁo,u))
Ax (%) (ﬁ) /\('7;J (Uuelgo ﬁaﬂ’) = UVGI;O '% (ﬁﬁﬂj)) (Cl = 0) )

(76 (@) = 0) A (F (Go) € Oy)
/\(%(Uuelgo ﬁgﬂf) = UVGI;C T4 (ﬁg,u)) (a=g).

By assumption, the J-space is void of any ¥, g-%4-separation axioms (ordinary
and generalized separation axioms) unless otherwise stated [1, 2, 20]. If a = o
(ordinary), then Ax (Z,) stands for an o-topology (ordinary topology) and T, =
(Q,9%) = (Q,9) = T is called a J,-space (ordinary topological space) and if
a = g (generalized), then Ax(J;) stands for a g-topology (generalized topology)
and Ty = (Q, ;) is called a Jy-space (generalized topological space). If Q € Fy,
then T, is a strong Jy-space [2, 2], 22] and if %(ﬂvel; Ogv) = ﬂvel; T (O41)
for any I C I, then T, is a quasi Jg-space |2, 23]. The notations I' C €,
Oy € Ty, Ky € =T, def {%{1 . Cq () € %} and ., C T, state that I", O,
JHy and S are a Q-subset, Ty-open set, T,-closed set and T,-set, respectively
intg, clg: Z(Q) — Z(Q)

Fa > inty (S), cla (F)
interior and T4-closure operators, respectively [IL 2]. For convenience of notation,

let (2%, 77,-77) (Q) = (2 \ {0}, Z\ {0},-Z.\ {0}) ().

op,: Z(Q) — 2
Sy +—> 0py ()
called a g-operation if and only if the following statements hold:

(V5% € 2%(Q))(3(On, Ha) € T x =T)[(0pg (B) = 0) V (—op, (0) = 0)
\/(5”‘1 Cop, (ﬁ’u)) v (fu 2 —op, (%))L (2.1)

—op,: Z(Q) — Z(Q)
Fa —> 0pg ()
and for all Ty-sets Lo, Sav, Lap € P* (), the following axioms are satisfied:

~ AX. 1. (Fa S op, (0a)) V (FLa 2 —0p, (Ha)),
~ AX. 1L (0pg (Fa) S 0pg00p, (Ga)) V (m0pg (La) 2 —0pg 0m0p, (Ha)),
AX. ML (S € Fap —> 0Pg (Oa) S 0pg (Oay))
V(Zau © Fap +— 70D (Hay) 2 0P, (Haw)),
- AX. 1v. (opa(UozwJ Yu,g) - U<7=V7u op, (ﬁavg))

\/(_‘ Opa (Uo‘:u,p, yavg) 2 Uo’:l@u - Opa (‘%70)) Y
for some Ty-sets Oy, Oy, Oy, € T and Ky, Koy, Hau € T

[l 2]. The operators are the T,-

Definition 2.2 (g-Operation [IL 2]). A mapping is

where is called its complementary g-operation,

The class %, [©] & {oPa, = (0Pa,,70P,,) : v E I} C L2010 x L5 [Q] =
{Opa,u Ve Ig} X {—'Opa’l, T ve I§}7 where
<0pa7y Ve I§> = (inta, clqoint,, intqocly, clgointgocly),

<—|opa’l,: v E Ig) = <C1a, inty ocly, clgointg, intaocluointa>,
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is the class of all possible pairs of g-operators and its complementary g-operators
in the J;-space T,.

Definition 2.3 (g-T,-Sets [, 2]). Let (Ya, ﬁa,%,opa’u) EP(Q) X Ty x Ty X
Za [Q] and let the predicates

def

Po(F0:0a;000,iC) = (3(0ay0pa,) € Ta x L3 [2)) [Sa C 0Dg,, (G0)]
Qu (S Hai=0Dg,i2) = (3 (Haym0pg,) € 7T x L2 [9)) (2:2)
[Sa 2 = 0p,, (Ha)]
be Boolean-valued functions on & (Q) x (TaU~Za) x (L U L) Q] x {C,2},

then g-v-S[%Tq) & = def & g-v-0 [T, U g-v-K [Z4] is the class of all g—l/—fa—sets and,

g-0[T] Y (S Po(Fa Oniopa,i )}, (2.3)
KT Y A Qu(Fas Hai~0pari D) )

respectively, are called the classes of all g-%-open and g-%,-closed sets of category
vin‘%,.

Then, S[T,] = {y Py (yavyaQOpmo;g)}U{ya : Qu(yuayu§_‘0pu,0§2)} =
Ure{o,xy E[Ta] is the class of all Tq-open and To-closed sets in T, [1 2]. Further,

0S%) ¥ JorSEl= |  erEE]= |J ¢E[S]

veld (v,E)eIdx{0O,K} Ee{O,K}

Definition 2.4 (g-T,-Separation, g-T,-Connected [2]). A g-v-T,-separation of two
Ta-sets 0 # Ro, S0 C Ty of a Ty-space Ty = (2, Ty) is realised if and only if there
exists either (Oq¢,O4¢) € Xaers g—V—O[‘Ia] or (HKae, Hac) € Xaer; g-v-K [‘Ia]
such that:

(|_| ﬁa,xze@au%)\/( L] %Aze@au%). (24)
A=£,¢ A=¢,¢
Otherwise, Z., -4 are said to be g-v-%,-connected.

Thus, ., C T, is g-F4-connected if and only if .7, € g-Q [T,] = Uuelg g-v-Q [T4]
and g-T,-separated if and only if .7, € g-D [T,] = Uuelg g-v-D [T,] where,

00-Q [T, = {«5” C Ta: (V(Oan, Han) € g--0[Ta] x g-v-K[T])

A=€.C
- <A|—§|<ﬁ”_ )/\ﬁ(A_Lwa—fu)}}; (25)

g-v-D [T d§f {Y C %, Oa A,%,A)/\:“ € g-1-0[Ta] x g-v-K[T))
[(/\I_glcﬁax— )\/(Al_glc%h )” (2:6)
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Definition 2.5 (g-v-%,-Interior, g-v-%T,-Closure Operators [19]). In a ,-space
To=(Q,9,), the one-valued maps

g-Int, , : Z () — 2(Q) (2.7)
Sy U O,
Oa€CE™ () [Fa]
gCl,,: Z2(Q) — 2 (2.8)
Sa N Ha
Ha€CYP 1z [ Fa]
where C3% oz, [Fa] € {Oa € g-0[Ta] : Oa © Fu} and CIF o [Fa] E
{lfu € gv-K [Sa] DK 2 S } are called g-v-Tq-interior and g-v-Tq-closure oper-
ators, respectively. Then, g-1[%,] = {g Int,,: vE IO} and g-C[% def {g Cly, :

ve Ig} are the classes of all g- ‘I -interior and g-%q-closure opemtors respectively.
Definition 2.6 (g-v-%,-Vector Operator [19]). In a Fy-space T, = (2, T,), the
two-valued map
glc,, : Z (Y xZ(Q) — Z(Q)xZ(Q) (2.9)
(%, Sa) > (oInty, (Za) ,0-Cly,, (S0))

def {g Ic (g—Intuﬁu,g—Cla’V) :

is called a g-v-Tq-vector operator. Then, g-1C [T
vE Ig} is the class of all g-%,-vector opemtors

Remark. For every v € 1Y, g-Ic, , = icq e (mta, cla) if based on O [T] x K [T].
ic,: Z(Q)x2Z2(Q) @(Q) ( ) )
Then, 18 a T4-vector operator
(Zar o)+ (inta (%a) ,cla (S2)) b

in a Jy-space Ty = (Q, Ty).

2.2. Sufficient Preliminaries. The notions of T4-sets having ., g-*B,-properties
and 9, g-Q,-properties in J;-spaces are now presented.

Definition 2.7 (Complement g-%,-Operator). Let T, = (2, T4) be a T,-space.
Then, the one-valued map

0Oz, : P (Q) — P2(Q) (2.10)
ya — B%a (ya);

where Cgq, + 2 (Q) — P (Q) denotes the relative complement of its operand with
respect to By € §-S[Ta), is called a natural complement g-T,-operator on & ().

For clarity, g-Op, 4, = 9-Op, whenever Z, = 2 and g-Opy 5, = Op, o, (nat-
ural complement Tq-operator) whenever Z, € S[Zq).

Definition 2.8 (Symmetric Difference g-T,-Operator). Let Ty, = (Q, T4) be a Ty-
space. Then, the one-valued map

gSd, : Z()x 2(Q) — 2(Q) (2.11)
(Za) Sa) & — & §-Opy 5, (F4) Ug-Op, o, (%)

is called the symmetric difference g-%q-operator on & (2).
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If g-Sd, : 2 () x Z () — Z(Q) is based on Op, 5, : Z () — Z(Q),
the concept of symmetric difference Tq-operator Sdq : & () x P (Q) — Z ()
presents itself.

Definition 2.9 (g-v-3,-Property). A Tq-set Sy C Ty in a Ty-space Tq = (Q, Ty)
is said to have g-v-B,-property in T, if and only if it belongs to:

def

g-v-P[T {Fa: g-Int, , 0g-Cl,, (Fu) > g-Cl, , 0g-Int, , (La)}, (2.12)

called the class of all Tq-sets having g-v-B,-property in T,.

Then, P [T,] & def &{Fs : intgocly (L) +— clgointq (F)} is the class of all

T a-sets having P, -property in T,. By ./, € g-P [T,] def Uuelg g-v-P [%,] is meant
a Ty-set having g-*B,-property in .

Definition 2.10 (g-v-9Q_-Property). A T,-set Sy C Tq in a Ty-space Ty = (2, Ty)
is said to have g-v-Q -property in T4 if and only if it belongs to:

def

g-v-Nd [T {Fa: gInt, ,0g-Cl,, : S0 r— 0}, (2.13)

called the class of all T4-set having g-Q,-property in T,.

Then, Nd [Z,] & e &{ S+ intqocly : Sy — 0} is the class of all To-sets

having Qq-property in T,. By %, € g-Nd[%,] def Uyelo g-v-Nd [T,] is meant a
T-set having g-Q -property in T,.

3. MAIN RESULTS

The main results relative to the commutativity of the g-Tg-closure and g-Tg-
interior operators, and Tg-sets having g-P, g—Qg—properties in J-spaces are pre-
sented.

Lemma 3.1. If g-Ic, € g-IC[T] be a given pair of g-Tq-operators g-Int,, g-Cly
Z(Q) — Z(Q) and g-Op, : & () — P (Q) be the natural complement g-T -
operator of its components in a Jy-space Ty = (Q, %), then:
(VS € 2(Q)) [(g—Intg (#4) ¢ g-Op, 0 g-Cl; 0 g-Op, (-#;)
/\(g—Clg (-#5) < g-Op, o g-Int; 0 g-Op, (-7 Nl (3.1)
(

Proof. Let g-Ic, € g-IC[T] be a given and, let g- Opg : Z(Q) — Z(Q) be the
Ty

natural complement g-Tg-operator of its components in a J-space = (Q, T).
Then, for a .7, € & (Q) taken arbitrarily, it follows that
g-Op, og-Int, : g-Op, () +—— ¢-Op, U ﬁg);
O€C3 1z [8-0P4 (£2)]
g-Op, 0 g-Cl; : g-Op, (S;) +—— g—Opg( ﬂ %).

Ha€CYR . B][g Op, (F)]
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Let {0y, : (Ve i) |04, C 7)) and { g, « (Ve L) [ Ay 2 S} stand

for ng‘_lg[%] [74] C g-O [%,] and ng'fﬁ[%] [74] C g-K [T], respectively. Then,

g-Opg< U ﬁg> = g—Opg< U (G4 € ¢-Op, (%)))

b I*
ﬁgec?jo[%] [6-Opg ()] vels,

_ CQ< U (6ss < 5Op, («5”9)))

velx,

= () (Ca(Gy.) 2Ca (Ca(H)))

velx,

= N g

HyeCEP | [-Opy (F4)]

a-K[Tg
Q—Opg< ﬂ %) = g—Opg( U (Oq C g-Op, (yg)))
%GC:IZ[‘EQ] [g—Opg(yE)] vely,
_ cﬂ( () (A 2 8-Op, @%)))
velx,

= U (Ca () S Lo (Ca(A)

velx,
= U O
Oa€Cy [z, [-0P5 ()]

Since . € & () is arbitrary, it follows that, for every .%; € &7 (Q), the relations

g-Int, (/3) «— g-Op,og-Cl;0g-Op, (S),
g-Clg (S) — g-Op, 0 g-Int 0 g-Op, (%)

hold. The proof of the lemma is complete. [

Theorem 3.2. A Ty-sets Sy C Ty in a Jy-space Ty = (2, Fy) is said to have
g-Bg-property in Ty if and only if:

4 € P [Tg] «— g-Opy (F) € g-P [T]. (3.2)
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Proof. Necessity. Let 7y € g-P [T4] be a Ty-set having g-F-property in a Fy-space
Ty = (92, ). Then,
g-Int, g-Cl, 0 g-Op, (#4) — g-Int; 0 g-Cl; 0 g-Op,, (F)
= g-Op,0g-Cl; 0g-Op, 0 g-Cl; 0g-Op, ()
= g-Op,0g-Cl;og-Int, (F)
= ¢-Op,og-Int;0g-Cl, ()
= ¢-Op,og-Int, 0g-Cl; 0g-Opy 0g-Op, ()
= g-Op,0g-Op, 0g-Cl; 0g-Op, 0g-Cl; 0 g-Op, 0 g-Op, (-4)
= g-Clyog-Int; 0g-Op, (S)
Thus, it follows that
g-Int o g-Cl, (g-Op, (7)) «— g-Cl, o g-Int, (g-Op, (-75)),

and hence, g-Op, () € g-P[T,]. The condition of the theorem is, therefore,
necessary.

Sufficiency. Conversely, suppose g-Op, (-75) € g-P [T4] be a Ty-set having g-B -
property in a Jg-space Ty. Set Zy = g-Op, (). Then,

Sy — 8-0pgog-Op, (F5) «— 9-Opy (%) -

But #Z, € g-P[T,] and it in turn implies g-Op, (%) € g-P [T4]. Hence, it follows
that g-Op, (y) € g-P [T,] implies 7 € g-P [Ty]. The condition of the theorem is,
therefore, sufficient. O

Proposition 3.3. If /; C T, be a Ty-set in a Ty-space Ty = (2, Ty), then:
~ 1. S € g-P[Ty] — g-Int, (F) € g-P[T],
— 1. Yy € g-P[T] — g-Cl, (S) € ¢-P [T

Proof. 1. Let 7 € g-P [T4] be a Ty-set having g-;-property in a J-space Ty =
(Q, 7). Then,
g-Int 0 g-Cl (g-Int, (.-74)) = g-Int, 0 g-Cl o g-Int; ()

< g-Int, 0 g-Cl; o g-Int; 0 g-Op, 0 g-Op, (-;)

+— g-Int; 0 g-Op, o g-Int; 0 g-Op,, 0 g-Int ; 0 g-Op, 0 g-Op,, ()

+— g-Int; 0 g-Op, o g-Int ; 0 g-Cl; 0 g-Op, (-#4)

+— g-Int; 0 g-Op, 0 g-Cl; 0 g-Int ; 0 g-Op, (F5)

¢ g-Int; 0 g-Op, 0 g-Op, 0 g-Int 0 g-Op, o g-Int; 0 g-Op,, (F5)

+— g-Int; o g-Int; 0 g-Op, o g-Int,; 0 g-Op,, ()

< g-Int, 0 g-Cl, (S;)

«— g-Cl, o g-Int () «— g-Cl, o g-Int; (g-Int, (7))

Hence, 7 € g-P [T] implies g-Int, (75) € g-P [T4]. The proof of ITEM I. of the
proposition is complete.
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1. Suppose %, € g-P [T4] in Ty. Then,

g-Cl, o g-Int (g-Cl, (.#5)) = g-Cl, o g-Int 0 g-Cl (-7;)
< g-Cl o g-Int, 0 g-Cl, 0 g-Op, 0 g-Op, ()
+— g-Cl; 0g-Op, 0g-Cl; 0 g-Op, 0 g-Cl; 0 g-Op, 0 g-Op, ()
¢ g-Cly 0g-Opy 0 g-Cly o g-Int, © g-Opy (F5)
< g-Cl; 0 g-Op, o g-Int 0 g-Cl 0 g-Op,, (-#5)
— g-Clg o g-Opgl o g—Opg o g—Clg o g—Opg o g-Clg ° Q-Opg (yg)
¢ g-Cl; 0 g-Cly 0 g-Opg 0 g-Clg 0 g-Opy ()
< g-Clog-Int, (“%)
«— g-Intg 0 g-Cl, (#) «— g-Int, 0 g-Cl, (g-Cl, (-7;))

Hence, .7 € g-P[T,] implies g-Cl, (#;) € g-P [T,4]. The proof of ITEM 11. of the
proposition is complete. ([l

Theorem 3.4. If .73 C T, be a Ty-set of a strong Ty-space Ty = (2, Ty) such
that 7y € g-Nd [Tg] or g-Op, (F) € ¢-Nd [Tg] in Ty, then S € g-P [T,

Proof. Let .3 C Ty be a Ty-set in a strong Fy-space Ty = (Q,.7;) such that
Fp € g-Nd[Ty] or g-Op, (:Z) € g-Nd[T,] in Tq. Then:

CaSE 1. Suppose 7y € g-Nd [Ty in T,. Then, for every g-Ic; € g-IC[T],
it follows that g-Int;og-Cl, : .75 +—— (. But g-Int,og-Cl, () 2 g-Int, (A%)
and consequently, g-Inty : % — (. Since T, is a strong Jg-space, it follows,
furthermore, that g-Clj o g-Int, : .#y — 0. Therefore, g-Int; 0 g-Cl; () = 0 =
g-Cly o g-Int () and, hence, 5’ € g-P [T,

CasE 11. Suppose g-Op, () € g-Nd [T,] in Ty Then, by virtue of the above
case, g-Op, (5) € ¢-P [T4] and by virtue of the fact that g-Op, (75) € g-P [T4] is
equivalent to .75 € g-P [T, it results that g-Op, () € g-Nd [Ty] implies .7 €
g-P [Z4]. The proof of the theorem is complete. O

Theorem 3.5. Let .73 C Ty be a Ty-set in a Ty-subspace Ty = (I, Ty 1) of a
Ty-space Tg.o = (Q, Tg.0), where Typ : P (L) — Tyr ={0,NT: Oy € Tya}.
Then:

~ 1. I' € g-O[%4 o] implies g-Int, 1 (F) = g-Int,  (F5),
— 1. ' € g-K[%g o] implies g-Cl 1 (S5) = ¢-Cl;  (S)-

Proof. Let %y C Tyr be a Tg-set in a Fy-subspace Tyr = (I, Fyr) of a J-
space Tgo = (2, F4,0) and let (g-Inty 5, g-Cly 5) € g-1[Tga] X g-C [Tq,a] be a pair
of g-Ty-interior and g-Ty-closure operators g-Inty », g-Cl; 5 : Z(A) — Z(A),
respectively, where A € {Q,T'}. Then:
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1. Suppose I' € g-O [T4,o] in T4,o. Then,

gty oSy —> U Oy
oyt :U,Q]m]
= U O,
ﬁgecz\jg TEYQ][myE]
c U Oy = g-Inty o (T) =T.
ﬁgeczlfg[%n][r]

Thus, T'N g-Int, o () = g-Int, o (7). On the other hand,

gty S —> U Oy

meczf‘;[%d [Fa]

— U (0gNT)
ﬁgec;'jg[%,r} (el

— U (O0gNT)
ﬁgeczljg[%,ﬂ] ol

«— I'n < U ﬁg) =INgInt; o ().

ﬁgeczu_g[%n][%]

But I' N g-Int, , () = g-Int, o () and hence, g-Int, () = g-Int,  (S)-
1. Suppose I' € g-K [Ty o] in Ty . Then,

gCly g Sy +— ﬂ H
XQEC?;[TD’Q] 7]
N A=gCla@=T

sup
%ecg»K[%Q][FJ

N
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Consequently, I' N g-Cl ¢, (#5) = 9-Cl; o (#5). On the other hand,

gClyp: Sy — N Hy

HaO e ]

— ﬂ (HgNT)
%gec;x_lz[%yr][yg]

— ﬂ (AgNT)
Ha ec:i[‘:gyg] [Za]

— Fm( N %) =T'NgClyq ().

xgec;‘j;[%n] (L]

But I' N g-Cl, () = 9-Cl; o () and hence, g-Cl;  (#5) = ¢-Cl; o (). The
proof of the theorem is complete. ([

Theorem 3.6. Let 2, € g-O[%T,] N g-K[Ty] be a g-Ty-open-closed set and let
(LgarTa8) S Ty x Ty be a pair of Ty-sets in a Ty-space Ty = (2, ). If
(yga@"ygyﬁ) g (e@g,g—Opg ("@9)); then:

(Vo-Inty € g-1[%g]) |g-Int g (Uy—p 5-75.0) = U g-Int,, (,5”&0)]. (3.3)

o=a,8

Proof. Let 24 € g-O [T,4] N g-K [Ty be a g-Ty-open-closed set, let (S a, -7,
Ty X Ty be a pair of Ty-sets in a Fy-space Ty = (Q, F;) and, suppose (Hy o, 75,8
(,@g,g—Opg (,@g)). Then, for every .7y € {Lg.0, 4.8},

~—_— —

NN

g-Int, : S +— U Oy
ﬁgecz‘j‘é[%][yg]
C U Og = glnty(Uy—n s%a0)-
ﬁgecz‘jg[%][yg,auyg,ﬁ]

Consequently, g-Int, (Ug:aﬁyg,g) D nga’ﬁ g-Int,, (S,0)- Set 5’?9,0( =S5aNZ,
and 5’?975 = SN g—Opg (2y). Then, since (Ly,a,5,8) C (o@g,g—Opg (Qg)), it
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follows that

31-18[39] [Ua=a,,8y970] = ng‘—lg[fg] [Uaza,ﬂjgvf’]

o=a,f3
— U C;u(]%[fz U Csub ] ]
o=, o=a,f3

Therefore, C;‘fg[%] [ngaﬁyg,a} = Ug:aﬁCbub [5’9 -], as a consequence of
the condition (A, %,8) < (,@g,g-Opg (24 )) Taklng this fact into account, it
follows, moreover, that

g-Int, Ug:a,ﬁyg,a — U Oy
ﬁgec;\jg[%][yg,auyg,g]

U &

Oq eUa:a,ﬁ Ci,“,”g[gg] [“g,0]

U ( U ﬁg> = |J ety (Ho).

= sub =
o=a,f3 ﬁgng_O[Tg][LS’g,g] o=a,B

N

N

Hence, g-Inty (Uy—g 5%%.0) € Uyea g 8-Inty (#5.0). The proof of the theorem is
complete. 0

Theorem 3.7. Let Ty = (I, Jyr) be a Jy-subspace of a Ty-space Tgo =
(Q, Z4.0), where Typ + P (L) — Tyr = {0, NT : Oy € Tya}. IfT
-0 [Tyl Ng-K[Tg0] and Sy € g-Nd [Ty 0], then S3NT € g-Nd [T, r).

m

Proof. Let Tgr = (I', J3r) be a Jy-subspace of a Jy-space Tya = (2, T.0)
and, suppose I' € g-O [T5 0] N g-K [Ty 0] and 7, € g-Nd [Ty q]. Then, since I' €
0-0O[Tg.0] N g-K [T 0] implies g-Int, 1 () = g-Int, o () and g-Cly p (S) =
g-Cl, q (F), it follows that

g-Inty pog-Clyp: SNT = g-Inty gog-Cly o (S NT)
C  gntygog-Cly o (S)-

Since .7y € g-Nd[%4 0], it follows, moreover, that g-Int; 5 0g-Cl; o @ S +— 0.
Consequently, g-Int; pog-Clyr : /3 N T+ () and hence, /3, NT' € g-Nd [Ty r].
The proof of the theorem is Complete O

Theorem 3.8. In order that a Ty-set Sy C Ty in a strong Fy-space Ty = (Q, Ty)
satisfies the condition Sy € g-P [Ty], it is necessary and sufficient that there exist a
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g-Tg-open-closed set 24 € g-O [Ty] N g-K[Ty] and a Ty-set Zy € g-Nd [Ty] having
g-Qg-property such that it be expressible as:

o = (Lg —Hg) U (Z#g — 2y) . (3.4)

Proof. Sufficiency. Let /3 C T4 be a Ty-set in a strong Jy-space Ty = (12, Fy)
and let there exist 2y € g-O[%,] N g-K[T,] and #Z,; € g-Nd [T,] such that the
relation 4y = (24 — %) U (#g — Zy) holds. Clearly, (24 — Xy, %y — 24) <
(e@g,g—Opg (,@g)), implying

Czl-lg[‘zg] [(39 - %g) U (%g - 39)] = Czug[”i ][Q - % ]
0w, [Zs — 2]
Set Sy (qr) = Lo — Xy and Sy (rq) = Hg— 2. Then, g-Int, (Yg (g.;r) Y Ly, (r, q))

g-nty (F4,q.r)) U g-Inty (S (g)) - Since (L g, -%5.0r0) € (2a>8-0pg (2))
and 24 € g-O [T,4] N g-K [T], it follows that

C

gInty (S qm) = 0ty o (Fam) -
0-Cly (Zo0m) = 8Cl o, (Foan)
glnty (So0) = g-Intg 5 0p, (2,) (La.0r0)) -
0-Cly (Lo0n) = 8-Cly g0, (2,) (Lara)) -
Consequently,
g-Inty : g-Cl, () — U O,

Ta€C ez, [6-C1, (F)]

= U O,

4 ECZ"E[ ol [9‘019,99 (yﬂv(QJ'))Ug_Clg,ngpg (Qg)(yn,('w))}

- (o, U 2

0a€Cy 8 1[8-Cl 2, (Fasam)]
o U %)
Op e | [0-Cly g-opg (2) (Larmn))]
= ¢-Inty (8-Cly o, (Lo.(m) Y 8-Cly g0p, (24) (La.r0))
= glIntgog-Cly o (Zatam)
U g-Intgog-Cly s o) (2,) (Zar0))
= glnty o 09'019799 (‘y&(flﬂ“))

U g—Intgyg_Opg(gg) Og-Clg,g-Opg(fzg) (yg,(nq)) :
Thus, it follows that
g-Intyog-Cly (#) = glnty o 0g-Cly o (Zaam)

U g—Intg’g_Opg(gg) OQ-Clg,g-opg(Qg) (yg,(nq)> :
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Similarly,

g-Cl, : g-Int, () +— N Hg

2, sup
Ha€C Yz, [o-Int, (F)]

= M o

%Eciﬁi[:g] [E—Intg,_@g (ym(qw))Ug'lntg,ngPg(gg) (y”’(r’q))]

- ( N )

Ha€CT Rz 1[50t 24 (Fo.0m))]

U ( N %)
eyt 50ty g op (2) (Farn)]
= g-Cly(gInty o, (Fy.(0m) UeIntg gop (2,) (Zora))
= g-ClyogInty o (L4
U g-Clyog-Inty g0, (2, (Lo.tra)
= gCly o, ogInty o (L (qr)

U g-Clygop,(2,) © 8-t g.0p, (2,) (Lo.ra)) -

Hence, it results that

g-Clyog-Inty (#) = ¢-Cly o og-Inty o (La.(am))

U g-Cly gop,(2,) 8-ty g.0p,(2,) (Lo.tra)) -

By virtue of the relation (Yg’(q’r),yg’(m)) - (ng—Opg (Q,J))7 it is plain that
Faar) = Ly — Ly N %y and S (1,q) = 8-0py (Zy) N %y. Since 2y € g-O [T N
g-K[%T,] and Z; € g-Nd[T], it follows that 23 N Z, is a Tg-set having g-Qg-
property in £ and g-Op, (Z4)N%, is a Tg-set having g-Q4-property in g-Op, (Zy).
But .7 (q.r) = Ca, (#,) and Z, € g-Nd [Ty]. Consequently, Z; has g-J3-property
in £ and hence,

g—Clgygg og—Irl‘cm’@g (Yg’(q’r)) = g—IntgﬁB OQ‘CIQ,,@B (fg’(q,r)).

On the other hand, the statement that g-Op, (2y) N %, is a Ty-set having g-0Q-
property in g-Op, (24) implies that 7 (. 4) has g-P,-property in g-Op, (Z4) and
therefore,

8-Cly g-0p, (2,) © 8-ty g 0p_(2,) (Zo.tr0)

= g_Intg,g-Opg (24) °© g_CIE’g'OPg (24) (yg,(T,q)) ’
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When all the foregoing set-theoretic expressions are taken into account, it results
that

g-Int; 0g-Cly (#) = gInty o 0g-Cly o (Za(am)
U g—Intg’g_opg(gg) Og_Clg,g—Opg(QD) (‘Sﬂgv(T»Q))
= 0-Cly o, og-Inty o (Fy.(gm)

U -Clggop,(2,) 8-ty g 0p, (2,) (Za.0r0))
= g-Clyog-Int, (S).

Hence, g-Int, o g-Cl; (/) = g-Cl; o g-Int (-#5). The condition of the theorem is,
therefore, sufficient.

Necessity. Conversely, suppose that .7 € g-P [T4]. Then, g-Int; o g-Cl, () =
g-Clyog-Inty (F). Set g-Int;og-Cly (S) = 24 = ¢g-Cljog-Int, (#). Then,
2, € g-0[%F,] N g-K [T,], meaning that 2, is a g-Tg-open-closed set in Ty. Set
yg,(s,q) = yg - Qg and yg,(q,s) = ,@g — yg. Then,

N

g-Int, 0 g-Cl (Yg’(qu)) g-Int, o g-Cl (S) = 2g;
g-Inty 0 g-Cly (S5, (5,)) S g-Inty0g-Cly(g-Opy (24)) = g-Op, (2y) .

But 24N g-Op, (Zy) = 0 and consequently, g-Int, 0 g-Cl : 7 (5,9) — @), meaning
that 2, is a Ty-set having g-Q4-property in .7;. On the other hand,

N

g-Int 0 g-Cl, (ng(qys))
g-Int ;0 g-Cl (5”&(%5))

g-Int; 0 g-Cly (2,) = Zy;

g-Int, o g-Cl, (g-Opg (#5))

g-Op, 0 g-Cl; 0g-Op, 0 g-Cl; 0 g-Op, (-#4)
g-Opg 0 g-Cly o g-Int (Fg) = 6-Opg (Zy) -

1N

Since 23Ng-Op, (Zy) = 0 it follows, consequently, that g-Int, 0 g-Cl; : 7 (g.6) =
0, meaning that 7, is a Ty-set having g-Qq-property in 2y. Set Zg = Fy (4.5) U
Sa,(s,q)- Then,

g-Int og-Cly : Zg +—— g-Inty 0 g-Cly (S5 q.5) U Lg.(s.0))
= gnt og-Cly (ygv(qﬁs)) U g-Int 0 g-Cl (y&(s,q))
= Qupd=0,

implying that 2, € g-Nd [T,]. Having evidenced the existence of a g-% ;-open-closed
set 2y € g-O0 [T, Ng-K[T,] and a Ty-set Zy € g-Nd [T] having g-Qg-property, it
only remains to show that %y C Ty is expressible as 7y = (Zy — Zy) U (Zy — Zy).
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Observe that
Zo.ar) YL (ra)

= {2,Ng-Op, (%)} U {%Z; N g-Op, (2,)}

= {2 N 9-Opy [(25 N g-Opy (#4)) U (7 N 9-Opy (2a)) ]}

U [(20 N 6-Opg (#9)) U (74 1 8-0pg (25))] 1 3-0p, (24)}

= {24 N g-Op, (2, Ng-Op, (-#3)) Ng-Op, (73 Ng-Op, (2y)) }

U{-%s N a-Opg () }

= {2, N (8-0py (24) U ) N (3-0py (S5) U 24) }

U{#, N 8-Op, (2y) }

= {(25 N ) N (8-0p, (F5) U 24) } U {75 N g-Op, (2y) }

= (2,N ) U (FNg-Op, (2y)).
But since g-Int;og-Cl; () = 2 = ¢-Clyog-Int, () and the latter in turn
implies g-Cl, o g-Int, (g-Op, (%)) = g-Op, (24) = g-Int, 0 g-Cl, (g-Op, (), it
follows that 24 N ., = /y and 73 N g-Op, (2Z,) = 0. Consequently, 7y 4.y U

Zarg) = Lo But, Sy 4.0 U Ty (rng) = (Lo — Hg) U (g — 2,) and hence, Fg =
(24 — Zy) U (Zy — 24). The condition of the theorem is, therefore, necessary. 0O

Observe that .7y = (24 — %) U(Zy — 2y) = 8-Opg 0, (%5)Ue-Opg 5, (Zg) =
g-5d, (Qg,%g). Thus, an immediate consequence of the above theorem is the fol-
lowing corollary.

Corollary 3.9. Let .7y C T4 be a Tq-set in a strong Ty-space Ty = (Q, Ty). Then,
Sy € 6-P [%,] if and only if:
(32, € g-0 [Ty N g-K[T,]) (3%, € 9-Nd [T,]) [Fy = 9-Sd4 (24, %) ]-
(3.5)
Proposition 3.10. If ./; € g-Nd [Ty be a T4-set having g-Qg-property, then
§-Cl, (7) # O
Sy € 0P [T — o-Cly (F) £ Q. (3.6)
Proof. Let ./, € g-Nd[Ty] be a Ty-set having g-Qg-property in a strong Jg-
space Ty = (9, 7). Then, since Ty is a strong Jy-space, it follows that Q €
g-O[Ty] x g-K[Ty]. Consequently, g-Int, o0g-Cl, (2) = Q. But, 7, € g-Nd[T]
implies g-Int, o g-Cl; (/) = 0. Thus, g-Int, 0 g-Cl; (#5) = 0 # Q = g-Int, (),
implying g-Cl; (-#5) # 2. The proof of the proposition is complete. d

Proposition 3.11. If .5 C T be a Ty-set in a strong Ty-space Ty = (R, T) and
Ty be g-T4-connected, then:

Sa € gP[Tg] «— (S € -Nd[T,]) Vv (g—Opg (S,) € g-Nd [T,]). (3.7

Proof. Let %y C T4 be a Ty-set in a strong Jy-space Ty = (2, Fy) and Ty be
g-Tg-connected. Suppose .; € g-P [T,]. Then, there exist a g-%4-open-closed set
24 € -0 %3] Ng-K[T,] and a Ty-set Zy; € g-Nd [T4] having g-Qg-property such
that . be expressible as y = (Zy — Zy)U (%3 — Z4). Since the strong J;-space



GENERALIZED TOPOLOGICAL OPERATOR THEORY 53

Ty is g-Tg-connected, the only g-Tg-open-closed set are the improper Tg-sets 0,
2 C %4. Consequently,

o € 9P [Ty) ¢ (25 € {0,Q}) [S = (25 — %) U (%y — 2,)].

CASE 1. Suppose 24 = (. Then .y = (0 — Zy) U(Zy — 0). But 0 — %, = () and
Ry — 0 = Hy. Therefore, Sy =0U Ry = Ay. Thus, Sy € g-Nd [T].

CASE 11. Suppose 245 = Q. Then .y = (Q— %) U (%, — ). But Q — %, =
g-Op, (#y) and Zy— 2 = (). Consequently, .7y = g-Op, (#Z4) U = g-Op, (%) and
therefore, g-Op, (/) = g-Opy 0 g-Op,, (#;) = %4. Hence, g-Op, () € g-Nd [T].
The proof of the proposition is complete. O
Lemma 3.12. If (24, %y, %) € 9-S[Ty] xg-S[Tg| x9-S[T,] be a triple of g-Ty-sets
and g-Sd,; : P (Q) x Z(Q) — Z(Q) be the symmetric difference g-Tq-operator
in a Jy-space Ty = (Q, Ty), then:

— 1. g-Sdy (24, Z4) = g-Sd (% 2;) € g-S[%,],

— 1. g-Sd,(9-Sdy (24, %), Sy) = 0-5d, (2, 5-Sd, (%4, 7)) € 9-S[Ty].

~ 1. 2, N g-Sd (%g,y) = g-Sd, (2, ﬂ%’g,o@g N.7).
Proof. Let (24, %q,-%3) € 8-S[T4] x 8-S[T4] x 9-S[T4] and, let g-Sdy : Z(Q) x
Z(Q) — Z(Q) be the symmetric difference g-Tg-operator in a Jy-space Ty =
(©2, 7). The proof that g-Sd, (%929) € g-S [ig} holds for any (24, %4) € g-S [’)’Zg] X
g-S [Tg] is first supplied. It is evident that

984, (24, Z5) = 8-O0p4 0, (%) U e-Opg 4, (2)
= (24N g-Opy (%,)) U (%4 N g-Opgy (24)) C 24 U Xy,

implying g-Sd, (,@g,%’g) C 25Uy Since 2, U Z, € g—S[‘Ig}, it follows that
g-5d, (Qg,%’g) € g—S[‘Ig]. Items I., 1I. and III. are now proved.

I. Since the order of the operands under the U-operation does not change, it
follows that

g-Sd, (‘ng@g) = g'OPg,QH (%) UG'OPQ,% (Zy)
= g'Opg,.%’g (Qg) U g'Opg,QQ (%Q) = g'Sdg (%gv QG)

Hence, g-Sd,(2y, %,) = g-Sd, (%, 2;) € 9-S[T,].
1. For any (%,.%;) € g-S[T,] x g-S[T], it is plain that 9-Opg o, (73) =
X3 N g-Op, (). Therefore,
g-Sdg (9-Sdg (24, %), -7s) {8-5d, (24, Z5) N g-Opg (75)}
{741 9-Opy (a-5dy(2y. %)) }
{Qg N E‘Opg (%g) n Q‘OPg (yg)}
{*%g n g_Opg (QB) N g_opg (yg)}
{yg N Q'Opg (e@g) N Q'OPg (%g)}
{FeNZyNHy}.
If P(2y, %y, %) = 24N g-0p,y (#Z4) N g-Op, (S4), then
0-Sdg (9-Sd, (24, %), -75) = P(24, %y, 7y) UP (%y, 24,5)
U P (S, 2y, %) U (SN 2y N Ky).

-

c C C

def
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Since g-Sd, (g-Sdg (24, Zy),S5) = 9-Sdg (Fy, 8-Sy (24, Zy) ), it follows that
9-Sdy (2, 8-8dy (7, 7)) = 0-Sdy (S = 25, 9-5d4 (2 = Zo, #y = 7))
p ('@97‘5@7 QE) up (‘797%97 ‘Qg)
P(2y, g, S3) U (2y N Ry NFy).
But by virtue of the associativity and distributive properties of the N, U-operations,
the relations P (24, Zy, %3) = P(Ly, Sy, %y), P (%y, 2y, 7y) = P (%y, S5, 2y),
P (S, 2y, %y) = P (S, Xy, 2y), and Sy N 2Ly N Ay = 24 N Ky NS hold. Thus,
g-Sdg (9-Sd, (2, %), -75) = 8-Sy (24, 9-Sd, (%4, 7)) € 9-S[T,].
Il. Smce the relation g-Opg 4 ( a) = Z4Ng-Op,, (F4) holds for any (7, 7)) €
g- S[ ] X g- S[ ] it results that
25N Q‘Sdg (‘@97 yg) = 24N (g‘OPg,%g (S U Q‘Opg,fg (%g))
= (25N g-0pg 4, (7)) U (25N 9-0pg 5, (%))
= (24N (%3N 8-0py (H))) U (2N (S Ng-Opg (%))
= ((25N%y) Ng-Opy (F4)) U ((24 N F,) Ng-Opy (%))
= G‘Opg,,@gmﬂg (yg) U E‘Opg,,ﬁzgmyg (%g)
= §-8d, (24 N %y, 25N .T).
Hence, 24 N g-Sd, (,%’g,yg) = g-5d, (Qg NZy, 24 N Yg) € g—S[‘Ig}. The proof of

the lemma is complete. ([

Theorem 3.13. If S51, g2, .., Loo € P[] are 0 > 1 Ty-sets having
g-B,-property in a strong Ty-space Ty = (2, Ty), then ﬂuel* v € 0-P[Tg].

(-

Proof. Let S41, S4,2, -y 4,0 € 9-P [‘IQ] be 0 > 1 Ty-sets having g-*P,-property
in a strong Jy-space Ty = (Q, ). Then, since S 1, S52, -+ Fgo € §-P [Sg},
there exist 0 > 1 g-Tg-open-closed sets 21, Zg2, ..., Zg.o € -0 [Ty N g-K[T,]
and 0 > 1 Ty-sets #g,1, g2, - - -, Zg,0 € -Nd [T4] having g-Q4-property such that

Sg1 = g'Sdg(gﬂ,la%EJ)’
Fe2 = g—Sdg (99,2,%9’2), N g—Sdg (Qg,g,%g’a).

For an arbitrary pair (v,u) € I x I}, set 250, = Zaw NV Lo, Vg =
Low N By and Zy () = Hgw N Hg - Then,

Faw N Fgpn = FauNg-Sdg (gmu)%g,u)

= §-Sdy (S N Ly, Lo N Ry p1)

= g-5d, [G‘Sd (gg V?‘%%V) N g, 8-5d4 (Qg,m%gﬂ/) ﬂ%g,u]

= -8y [0-8d, (L, #a.(1)» 854 (W4 (000 P (v

= 054y {2y (1), -5y [ 5,000 8-5dg (W00 v ] }-
But, Zg.., Zg,, € g-Nd [T,] implies Zg () € 6-Nd [Tg], (Lg,0, Zg.u) € (8-0 [T4]N
0-K[Tg]) x g-Nd [T4] implies #4 (., € ¢-Nd[Ty] and, 25, 2,5, € g-O[Tg N
g-K[T,] implies 2, (.., € g- O[ o) N -K[Ty]. Thus, g-Sdy (#4,v.u)> Za,(v)) €
g-Nd [T,], implying g-Sd [7/ ()5 8-5d (%’SV’M),%&(V’M))] %g,(y’ﬂ) € g-Nd [T,].
Therefore, Sy, N Sy = 0- Sdg(,@g7(u7u),%g7(y7u)), where 2y () € g-O[% ] N
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g-K[T4] and *@g,(wu) € g-Nd[%,], and consequently, %, N %, € ¢-P[T,] for
any (v,u) € I; x I%. Hence, (), c; Lgw € 8-P[T4]. The proof of the theorem is
complete. ([

Proposition 3.14. If {7, C Ty : v € I} be a collection of 0 > 1 Ty-sets each
of which having g-B 4-property in a strong Ty-space Ty = (Q, Ty), then U, cr- Lo
has also g-*B,-property in Ty:

Noer: (Lo € 6P [Ty]) — U Zov € 0P [Ty (3.8)
velx

Proof. Let 41, Y42, -+, Sg.0 € 8-P[T4] be 0 > 1 Ty-sets having g-;-property
in a strong Jg-space Ty = (2, 7). Then, since .#; = g-Op,0g-Op, () for
any Tg-set S C Ty, it follows that 7 , U 7, = g-Op, 0 g-Opy (H40 U S ) =
g-Op, (9-Opg (F4.) N g-Op, (L4,u)) for any arbitrary pair (v, p) € I} x I}. But,
0-Op, (F4.v), 8-Op, (f@,) € g-P [Z4] and therefore, g-Op, (-75,,)Ng-Op, (Yg,ﬁ) €
g-P [Ty]. Set g-Op,(7y) = g-Op, (F4,,) Ng-Op, (Fg,u). Then, since g-Op, (-7;) €
g-P [T4] is equivalent to g-Op, o g-Op, (jg) € g-P[T,] and, the relation .7, U
o = 8-0py 0 g-Op, (5’?9) holds, it follows that ., U.%; , € g-P [T4]. The proof
of the proposition is complete. (I

Theorem 3.15. Let %y C %, be a Ty-set in a Ty-space Ty = (Q, Ty). If S has
g-PBy-property in Ty, then it has also Py-property in Tq:

(S CZ)[Fa € P [T — F €P[T]. (3.9)
Proof. Let #; € g-P[Ty] be a Ty-set having g-P-property in a Fy-space Ty =
(0, 7). Then, it satisfies the relation g-Int; o g-Cl; () <— g-Cl; o g-Int ().
Since (intq (-%3) ,8-Cly () C (g—Intg (), clg (F)), it follows that
intg ocly () 2 intg 0 g-Cly (F) € g-Int, 0 g-Cl, (F5) ,
clgointy () C clgog-Int, () 2 g-Clyog-Int, (F).
Consequently,
intg 0 g-Cly (S) Ng-Int 0 g-Cl; () = intgog-Cly (F)
= intgo0g-Cl (S) Nclgog-Int, (),
implying clg o g-Int () = intg ocly (F). But, clgog-Int, (F) Nelgointy (F) =
clgointg (/) and intg o g-Cly () Nintgocly () = intgog-Cly (F). Conse-
quently, it results that intg o g-Cl; (75) = clgointg (-#) which, in turn, implies
clgog-Inty () = clgointy (). Therefore, intg o cly (#;) = clg ointg (), mean-

ing that ., has also P -property in T,. Hence, /5 € P[Ty]. The proof of the
theorem is complete. O

Proposition 3.16. If {#;, C Ty : v € I:} be a collection of ¢ > 1 T4-sets having
g-Qq-property in a strong Ty-space Ty = (Q, Ty), then U, 1. S50 has also g-Qgq-
property in Ty:

Noer: (Fow € 8NA[T]) — | Fo0 € 0-Nd[T]. (3.10)

velx
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Proof. Let {F., € ¢-Nd[T,] : v € I} be a collection of o > 1 Ty-sets having
g-Qg-property in a Jg-space Tg = (€2,.7). Suppose A,c;. (F4 € g-Nd[T4])
implies J, ¢« 7a,v € 8-Nd [T,] is an untrue logical statement. Then, A, ;. (S5 €
g-Nd [Ty]) is true and g-Intg o g-Cly : U, ;- S, — 0 is untrue. Thus, to prove
the proposition, it suffices to prove that |J,¢ . #5 ¢ 9-Nd [T4] is a contradiction.
For arbitrary (v, pu (v)) € I5x I}, such that I*(V = I\{v}, set 5 ) = FawU
Sg.u(v)s Where {5’9,1,,5’97#(1,)} C ¢-Nd[Ty]. Since g-Int,og-Cl, (5’97(1,,#(1,))) C
g—Clg (yg,(u,u(u))) = g—Clg (jﬂg)l,) U g—Clg (yg”u(,,)), it follows that
g-Intq © g-Cly (S, (wu(v))) N 8-0Pg © 8-Cly (L))

S 0-Cly (o, n0) N 8-0pg 0 8-Cly (Lo )

= g_CIQ (‘Sﬂg U) N g_Opg 09_01 (yg u(l/)) c 9_019 (‘Sﬂg,u) .
Thus, for arbitrary (v, u(v)) € I x I,y such that I}, =I5\ {v}, it follows that

o(v) o(v
g-Intg [g-Inty 0 g-Cly (S5, (,uv)) N 8-Opg 0 8-Cly (S 0]
C g-Inty 0 g-Cly (F,.) = 0.

Since T, is a strong J;-space, it results that

g-Intg 0 g-Clg (S5, (v.u(v))) N 8-0Pg © 8-Clg (S ) = 0,
and therefore, g-Inty o g-Cly(-%y,vu(v))) € 8-Cly (Fg.ur))- On the other hand,
since g-Int; o g-Cl, (L. (wuv))) € 8-0[Ty], it follows that

g-Intg © g-Cly (S5, () € oIty 0 9-Cly (Sgu0)) =0,
Thus, 4 ) € 8-Nd[Ty] holds for arbitrary (v,u(v)) € I} x I}

o(v) such that
1oy =15 \ {v} and hence, UVGI* ov € 8-Nd[T4]. The relation Uyel; S o ¢

g-Nd [T] is therefore a contradiction. The proof of the proposition is complete. O
Theorem 3.17. Let /; C Ty be a Ty-set in a strong Tg-space Ty = (Q, Ty). If
Ty s a Tg-set having g-Qg-property in Ty, then it has also Qg-property in Ty:

(S CTy)[La € ¢NA[Ty] +— S € Nd[T]]. (3.11)
Proof. Let .7y € g-Nd [T,] be a Ty-set having g-Q -property in a strong J-space
Ty = (2,.7,). Suppose .7y € Nd [T ] implies .75 € g-Nd [T4] is an untrue log-
ical statement. Then, .7, € Nd[%,] is true and g-Int;jog-Cly : S +— 0 is
untrue. Thus, to prove the theorem, it suffices to prove that .%; ¢ g-Nd[T]
is a contradiction. Since g-Intgog-Cly (#) C g-Intyocly (), it follows that
g-Intg 0 g-Cl; (F) Ng-Int, ocly (F) C cl (#4)- Consequently,

intg [g-Int, 0 g-Cl (F) Ng-Int ocly (F)] C intgocly (F).
Since .7y € Nd [%,] and Ty is a strong Jg-space, it follows that intgoclg : .75 — 0
and therefore, g-Int ; o g-Cl; (/5)Ng-Int o cly (#) = 0. Since g-Int, 0 g-Cl, (F) C
g-Int, ocly (F), it results that
g-Int, 0 g-Cl (F) = g-Int; 0 g-Cl, (F) N g-Inty ocly () =0,

implying g-Int, 0 g-Cl; : 75 —— 0. Hence, ./, € g-Nd[Z,]. The relation .7 ¢
g-Nd [T] is therefore a contradiction. The proof of the theorem is complete. O

The important remark given below ends the present section.
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Remark. In a Jg-space Ty = (Q, Ty), the converse of the following statements
with respect to some Tg-set Sy C Ty are in general untrue:

— 1. S € g-P[Ty] — g-Int, (F) € g-P[T],

— 1. Yy € g-P[T] — g-Cl (S) € ¢-P [T,

~ 1L (S € g-Nd[Ty]) V (5-Op, (7)) € g-Nd [T]) — 7 € g-P [Ty].
Because, in the event that Ty = (Q, 7) = (R, Zgr) = Tgr and Sy = Q (Q and
R, respectively, denote the sets of rational and real numbers, where R D Q), the
converse of ITEMS I.,11. and 111., reading

~1v. Q€ g-P[Tyr]| +— g-Int, (Q) € g-P[Tyr),

V. Qe g-P[Tyr] «— g-Cl, (Q) € ¢-P[Tyz),

- VL. (Q e g-Nd[Tgr]) V (5-Op, (Q) € g-Nd [Ty r]) +— Q € g-P [Ty k],
respectively, are all untrue. In fact, every Jy-open set Oy € Jyr contains both
points £ € Q and ¢ € R\ Q. Consequently, there are no g-Ty-interior points
of Q. Therefore, g-Int, (Q) = 0 and g-Cl,; (Q) = R and thus, g-P [’)’ZQ’R] SR =
g-Cl, (R) = g-Inty0g-Cly (Q) # g-Cl og-Int, (Q) = g-Cl, (0) = 0 € g-P[Tyr);
(Q,g—Opg (Q)) ¢ g—Nd[‘Ig)R] X g—Nd[‘Ig)R] In ITEMS 1V., V. and VI., the con-
sequents Q € g-P[Tyr], Q € g-P[Tyr| and (Q € g-Nd[Tyr]) V (g—Opg Q) €
g-Nd [‘IQ,R]) are all untrue and on the other hand, their antecedents g-Int, (Q) €
o-P[Tyr], g-Cl, (Q) € g-P [Tar] and Q € g-P[Tyr] are all true. Consequently,
ITEMS 1v., V. and VI. are all untrue statements and hence, the converse of
ITEMS 1., 11. and 1I. are untrue statements. In addition, since (Q, g-Op, (Q)) ¢
g-Nd[Tgr| x g-Nd [Ty r] it follows that, for some Ty-set .Sy C Ty, the condition
9-Op, (F) € g-Nd [Ty] can be satisfied without the condition /3 € g-Nd [T4] being
satisfied, though Oy N g-Opyog-Cly (Fy) # 0 for every Oy € g-O[Ty] is a conse-
quence of Sy € g-Nd [T,].

4. DISCUSSION

4.1. Categorical Classifications. Having adopted a categorical approach in the
classifications of Ty-sets with {g-PB,, 9-B, }-property, the twofold purposes here
are, firstly, to establish the various relationships amongst the classes of T,-sets
with g-B,, g-Q,-properties, a € {0, g}, in a Fy-space Ty, and secondly, to illustrate
them through diagrams.

In a J;-space Ty, since 7, € g-P[T,] implies \/uelg (Ya € g-v-P [Ta]), it fol-
lows that, g-B, «— g-v-B, for each v € I3. Therefore, g-0-B, — g-1-°B, —
g-3-P, +— g-2-B,. But, g-v-P, «— g-v-P, for each v € IY. Hence, Eq. (4.1)
present itself which may well be called g-*B,-property diagram.

g“?o A 9“130 A g_mo A g_ma

I 1 1 1

0B, — olP, — ¢3P, «— g-2-B,

| ! | | )

g'o_f‘pg — 9‘1'2139 — 9_3_;‘139 — 9'2_1;9

| | | |

g_mg A g_mg — 9‘%9 A g_mg
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In terms of the class {g-v-P[T.] : v € I3}, Fic. [1| present itself which may well
be called g-3,-class diagram.

g-P [T,]
FIGURE 1. Relationships: g-B,-class diagram in the Jg-space T.

In T,, since Su € g-Q[Ta] implies V¢ (S € g-v-Q[Zd]), it follows that,
-9, «— g-v-Q, for every v € I{. Therefore, g-0-Q, — g-1-Q, — ¢-3-Q, «—
g-2-Q,. But, g-v-Q, — g-v-Q, for each v € Ij. Thus, EQ. present itself
which may well be called g-Q-property diagram.

g'Qo — g_Qa — g'Do A g_Qo

i I I I

g-0-Q, — g¢-1-Q, — ¢39, «— g2-9,

| ! | ! 12

¢-0-Q, — g¢g1-Q, — ¢392, < 29

| | | |

9, <«— g9, +— g9, <+ g9

In terms of the class {g—l/—Nd [Za]: v e Ig“}, F1a. |2 present itself which may well
be called g-Q,-class diagram.

In T,, since .S € ¢g-Nd[T,], S4 € g-P[T4] and ¥, € Nd[T,] imply .7, €
0-P[%4], S € P[Z4] and S € g-Nd[%,], respectively, it follows that Q, —
-9, — ¢-P, — B, in Ty, Finally, S, € Nd[T,] and 7, € g-Nd[T,] imply
Fa € Nd [Ty and .7, € g-Nd [T], respectively, and, %, € P[] and 4, € g-P [T,]
imply ., € P[%,] and ., € g-P [T,], respectively. Altogether, EQ. (4.3) present
itself which may well be called (‘Ba, 9-L.; Qa, g-Qu) -properties diagram.

2 — 2, — B — B,
[ i
Qy — o9, — P, — B,

In terms of the class {Nd[Tq],P[Ta],9-Nd [To], g-P [Ta]}, FIG. [3| present itself

which may well be called (‘Bu, 9-Bo; Qa, Q-Qa) -classes diagram.
As in our previous works [I, [2, 19, 20], the manner we have positioned the

arrows in the g-B, 5-Qq, (Ba» 5-Ba; Qa, 9-Q, ) -properties diagrams (Eqs (4.1)),
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g-Nd [T,]

g-Nd [T]
FIGURE 2. Relationships: g-Q,-property diagram in the J;-space Ty.

Nd[§,] =—»— g¢g-Nd[T,| —>»— g-P[T,] —>— P[T,]

Nd[Ty] —— ¢Nd[T] —>— gP[T] —>— P[3

FIGURE 3. Relationships: (‘Ba,g—‘pa;ﬂmg-ﬂu) -classes diagram
in the Jg-space Ty.

|i 1) and the g-*B,, 9-Q,, (‘Ba,g—‘Ba;Qa,g—Qa)—classes diagrams (FIGS
3)) is solely to stress that, in general, the implications in EQs (4.1)—(4.3) and Fias
5] are irreversible.

4.2. A Nice Application. It is the purpose of this section to reveal through a
nice application some characterizations on the commutativity of the g-%4-interior
and g-T4-closure operators, and to give some other characterizations associated
with Tg-sets having g-FB;, g-Qg-properties in a Fy-space. Consider the Jy-space
Ty = (2, Fy), where Q = {C,, D VE Ig} and is topologized by the choice:

%(Q) = {@7{<l}a{gl7<37<5}59} = {ﬁg,laﬁg,Qaﬁgﬁ?ﬁg,ﬁl}; (44)
_‘% (Q) = {Q7{C27C3,C47C5}7{C27C4}a®} = {%,1a%,2)%737%,4}'(4'5)

For convenience of notation, let
where Zg,v,u) € & (Q2) denotes a Tg-set labeled v € 17, 45y and containing

JTRS Igard(m elements. Then, %y 10y = 0, ..., Zo.wp) = {C1,Co0eo- )y oo
'%g,(32,5) - Q

For #4 € &7 (Q2) such that card (%) € {0,5}, let Z (1,0) = 0 and Zy (32,5) = Q.
For Z, € & (1) such that card (%,) € {1,4}, let %, 2,1) = {C1}, Zg,31) = {C2}s
Rq,11) = G}, £y, 5,1) = {Ca}, and Xy 6,1y = {(5}; Xy, 27,40 = {C15C2, (3, Cat,
%g,(28,4) = {C27437<47C5}7 e%97(2974) = {<17C33<47C5}7 %g,(30,4) = {C1,427C37C5}7
and %y (31,4) = {C1,¢2,C, (5} For Z3 € &2 (Q) such that card (%) € {2,3}, let
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Ky, 12) = {61, G}y Zg3.2) = 161,83 Zay02) = {C1, G}y Zg102) = 161,65}
Hya1,2) = G2 G} Xy 2,2) = G2 G}y Xy 32) = G2, G}y Zg1a,2) = 1G5 Gty
Kq,(152) = 13,5}, and Zg (16,2) = {Ca, (5} Py 17,3) = 1€1,62,C3}, Zg,(18,3) =
{C1, GGty Zyg,10,3) = 161,805 G5}y Zgy20,3) = {C1,C2, G}y Zgy21,3) = {€1,C2, 51,
Rg,(22,3) = 1€1,C3,C5}, Zyg,(23,3) = 1C2,C3,Ca}, Zyg,(24,3) = 1C2,C3,(5}, Zyg,(25,3) =
{¢3, ¢, G5}y and Zy (26,3) = {¢2,Ca, G5} Then,

intg(%gy(v,u)) gg—Intg(%M,,#)) = Ay, (4.7)
= 0-Cly(Zyv) C lo(Zg, ()

for every (v,u) € I:ard(@(ﬂ)) X Igard(ﬂ). Consequently,

g-Cly 0 g-Inty (% (v.)) = P (v) = 8- Ity 0 8-Clg (Zg (1)) (4.8)

for every (v, 1) € I7, 4 2 () % Igard(Q)' Introduce Jig = IF U(I2 \ I3)U (I35 \ ITo) U
(£36 \ I32) U (I35 \ I37). Then,

clgointy (Zy, () = 0 = intg o clg(Zg,v1)), (4.9)
clg ointg (%g,(ém)) =} =intg ocly (%g,(&n))

From Eq. ([4.8), it follows that g-Inty, g-Cly : & (Q) — & (Q), respectively, do
commute. Thus, g-Cljog-Int; : & (Q) — £ (Q) is both coarser and finer (or,
smaller and larger, weaker and stronger) than g-Int;og-Cl; : & (Q2) — 2 ().
Consequently, Zy € g-P [T,] for any Z; € & (). Furthermore, it is easily checked
from EqQ. that, Z; € g-Nd[T;] — %4 € g-P[T,] is untrue if and only if
Ry € 9-Nd [T4] is true and Z, € g-P [T,] is untrue.

From EqQ. 7 both Zy (1) € Nd [T4] for every (v, 1) € J35 % I and %y (5.,) €
Nd [T,] for every (d,n) € (I:ard(y(m)\Jgg) xISard(Q) are easily checked. Moreover, it
results from EQs , that, Zy (v,,) € Nd [Ty] is true and % (,,,,) € 9-Nd [T]
is untrue for every (v,p) € (J3g \ I7) x I3. This confirms the statement that,
Ry € g-Nd [Ty «— Xy € Nd[T] is untrue if and only if Z; € Nd [T,] is true
and Z4 € g-Nd [T,] is untrue. Observing that, for every (v, p) € Jig x I and every
(6,m) € (I:ard(g(ﬂ)) \ J35) X Igard(fz)v the relations

0 = clg ointg (Zy (1)) C g-Cl; o g-Int,, (Zg, )

= g-Inty 0 g-Cly (Zg (v,)) 2 intg o cly(Zy () =0,
intg o cly(Zg,(5,n)) = Q@ 2 g-Inty 0 g-Cly (Zg (5,m))

= g-Cly o g-Inty (Zy,(5,7)) C Q= clgointy(Zg,5.))

respectively, hold, of which the first relation is the dual of the second, and con-
versely, it follows that the logical statement %y € g-P[T,] — %, € P[T ] is
satisfied for any #Z, € & (Q).

5. CONCLUSION

In a recent paper (CF. [19]), we defined and studied the essential properties
of g-Tg-interior and g-T4-closure operators in J;-spaces. We showed in a J-
space that (g-Inty, g-Cly) : 22 (Q) x Z(Q) — 2 (Q) x 2 (Q) is (2, 0)-grounded,
(expansive, non-expansive), (idempotent, idempotent) and (N, U)-additive. We also
showed in a Jj-space that g-Int, : & () — Z(Q) is finer (or, larger, stronger)
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than inty : & () — £ (Q) and g-Cl; : & () — Z (Q) is coarser (or, smaller,
weaker) than clg : & (Q) — Z(Q).

In this paper, we have studied in 7;-spaces the commutativity of g-Inty, g-Cl :
Z(Q) — Z(Q) and Ty-sets having some (g—Intg, g—Clg)—based properties called
9-B,, 9-Q,-properties. We have shown that the g-Tg-operators g-Inty, g-Clj :
Z(Q) — Z(Q) are duals and g-B,-property is preserved under their g-T,-
operations. We have also shown that a Tg-set having g--property is equivalent to
the Ty-set or its complement having g-Q-property. The g—Qg—property is preserved
under the set-theoretic U-operation and g-*B -property is preserved under the set-
theoretic {U, n, E}-opemtions. Finally, a T y-set having { Py g—Dg}-property also
has {4, Qg }-property.

An interestingly promising avenue for future research arises if the theorization
of g-T4-interior and g-Ty-closure operators of mixed categories in Jy-spaces be
made a new subject of inquiry. For instance, for some pair (v,u) € I3 x I3
such that v # pu, to study the g- (v, u)-Ty-interior and g- (v, p)-Tq-closure op-
erators g-Inty ., g-Cl; ,, + P () — () respectively, in Fy-spaces, where
g-Inty ,, + Sy — g-Inty ,, () describes a type of collection of points inte-
rior in %y and interiorness are characterized by g- (v, p)-T4-open sets belong-
ing to the class {0y = Oy, U Oy, :+ (Og.,04,) € gv-0[T,] x g-p-0[Tg] };
g-Cly ,,, + 5 — g-Cly ,,, () describes a type of collection of points close to .7
and closeness are characterized by g- (v, u)-T4-closed sets belonging to the class
{y = Ay N Ayt (Hgw, Hyu) € g-0-K[Tg] x g--K[T4]}. Such a study is
what we thought would be worth considering, and the discussion of this paper ends
here.
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