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Categorification of Algebras: 2-Algebras
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Keywords Abstract — This paper introduces a categorification of k-algebras called 2-algebras, where k is a
2-Categories, commutative ring. We define the 2-algebras as a 2-category with single object in which collections
Crossed Modules of all 1-morphisms and all 2-morphisms are k-algebras. It is shown that the category of 2-algebras

Homotopy is equivalent to the category of crossed modules in commutative k-algebras.

Subject Classification (2020): 18F99, 18G30, 18G55, 13C60.

1. Introduction

The term “categorification” coined by Louis Crane refers to the process of replacing set theoretic concepts
by category-theoretic analogues in mathematics. A categorified version of a group is a 2-group. Internal
categories in the category of groups are exactly the same as 2-groups. The Brown-Spencer theorem [3] thus
constructs the associated 2-group of a crossed module given by Whitehead [11] to define an algebraic model
for a “(connected) homotopy 2-type”. The fact that the composition in the internal category must be a group
homomorphism implies that the “interchange law” must hold. This equation is in fact equivalent via the

Brown-Spencer result to the Peiffer identity.

We will concerne in this paper exclusively with categorification of algebras. We will obtain analogous re-
sults in (commutative) algebras with regard to Porter’s work [9]. He states that there is an equivalence of
categories between the category of internal categories in the category of k-algebras and the category of
crossed modules of commutative k-algebras. Since the internal category in the category of k-algebras is a
categorification of k-algebras, this internal category will be called as “strict 2-algebra” in this work. We de-
fine the strict 2-algebra by means of 2-module being a category in the category of modules as a 2-category
with single object in which collections of 1-morphisms and 2-morphisms are k-algebras and we denote the
category of strict 2-algebras by 2Alg . Given a group G, it is known that automorphisms of G yield a 2-group.
Analogous result in commutative algebras can be given that multiplications of C yield a strict 2-algebra

where C is a commutative R-algebra and R is a commutative k-algebra.

A crossed module « = (0 : C — R) of commutative algebras is given by an algebra morphism 6 : C — R
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together with an action - of R on C such that the relations below hold for each r € R and each c, cecC ,

o(r-c) = ro(c)

o(c) - ¢ cc.

In this paper we show that the category of strict 2-algebras is equivalent to the category of crossed modules

in commutative algebras.
2. Internal Categories and 2-categories

We begin by recalling internal categories as well as 2-categories. Ehresmann defined internal categories in

(5], and by now they are an important part of category theory [4].
2.1.Internal categories

Definition 2.1. Let C be any category. An internal category in C, say A, consists of:
« an object of objects Ay € C

« an object of morphisms A; € C,

together with

« source and target morphisms s, t: A} — Ay,

« an identity-assigning morphism e: Ag — A,

 a composition morphism o : A; x 4, A; — A; such that the following diagrams commute, expressing the

usual category laws:

« laws specifying the source and target of identity morphisms:

Ay - . A Ap - Ay
s t

Lag i 14 \L

Ao Ao

« laws specifying the source and target of composite morphisms:

Al XAO A1 4>0 A1

A———4A

Ay x gy Ay —— Ay

A4
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« the associative law for composition of morphisms:

Ay x4y A1 x4, A1 — A X 4 A1
P2 13
Ay X 4, A1 A

« the left and right unit laws for composition of morphisms:

eXAOIAl 1A1><A0e
Ag x pg A1 — A1 x4y A] =—— A1 X4, Ao

Sl

Aq

Here, the pullback A; x 4, A; is defined via the square:

0
Ay X 4, Aq A

pli l

Ay ——— Ap.

We denote this internal category with A = (A, Ay, s, ¢,€,0).

Definition 2.2. Let C be a category. Given internal categories A and A’ in C, an internal functor between

them, say F: A— A/, consists of

e amorphism Fy: Ag — Ay,

« amorphism F; : Ay — A}

such that the following diagrams commute, corresponding to the usual laws satisfied by a functor:

« preservation of source and target:

A L Ap A 4>t Ap

I L B

! !/ !/ !
Al s AO Al ¢ AO

« preservation of identity morphisms:

Ay —= Ay

Bl s

/ /
AO Py Al
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« preservation of composite morphisms:

F1><A0F1 / /
Ay X gy A ———= Af x4 A

A i A,

Given two internal functors F: A— A’ and G: A’ — A" in some category C, we define their composite
FG: A— A" by taking (FG)o = FyGp and (FG); = F; G;. Similarly, we define the identity internal functor in
C,14:A— Abytaking (14)0 = 14, and (14); = 14,.

Definition 2.3. Let C be a category. Given two internal functors F,G: A — A’ in C, an internal natural
transformation in C between them, say 6 : F = G, is a morphism 0 : Ag — A] for which the following

diagrams commute, expressing the usual laws satisfied by a natural transformation:

« laws specifying the source and target of a natural transformation:

A ————= A

 the commutative square law:

A(sOxG)
A ——— T A A

A(Fxt0) of

! ! !
- >
Ap x4 A o A

Given an internal functor F : A— A’ in C, the identity internal natural transformation 1z: F = Fin Cis

given by 1r = Fye.
2.2, 2-categories

Definition 2.4. A 2-category ¢ consists of a class of objects Gy and for any pair of objects (A, B) a small
category of morphisms ¥ (A, B)-with objects G; (A, B) and morphisms Gz (A, B)-, along with composition
functors

o : YABx¥Y(B,C) — YAQ

for every triple (A, B, C) of objects and identity functors from the terminal category to (A, A)

iA:1— %A A
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for all objects A such that e is associative and
Feip=F=ijpeF aswellas Oel;;=0=1;,¢0

hold for all F € G1(A, B) and 9 € G2 (A, B) where source and target morphisms are defined by

AL B

SIGl(A,B) — Go
F — S(F)=A

t:G1(A,B) — Gy
F t(F)=B
for F € G1(A, B) and

s:Go(AB) — G
) — s =F

1:G2(A,B) — Go
) — (=G

for : F — G € G2(A, B). For all pairs of objects (A, B) elements of G; (A, B) are called 1-morphisms or 1-
cells of ¢4 and elements of G, (A, B) are called 2-morphisms or 2-cells of 4. We write G; and G, for the classes

of all 1-morphisms and 2-morphisms respectively.

There are two ways of composing 2-morphisms: using the composition o inside the categories (A, B),
called vertical composition, and using the morphism level of the functor e, called horizontal composition.
These compositions must be satisfy the following equation: for a, a’ € G»(A, B) with t(a) = s(a’) and y,y’ €
G2(B, C) with #(y) = s(y")

(@oa’)e(yoy')=(aey)o(a’sY))
which is called “interchange law”.

3. Constructions of Two-Algebras

In this section we will construct 2-algebras by categorification. We can categorify the notion of an algebra

by replacing the equational laws by isomorphisms satisfying extra structure and properties we expect. In [2]
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Baez and Crans introduce the Lie 2-algebra by means of the concept of 2-vector space defined as an internal
category in the category of vector spaces by them. Obviously we get a new notion of “2-module”which can

be considered as an internal category in the category of modules and we categorify the notion of an algebra.
3.1.2-Modules

A categorified module or “2-module”’should be a category with structure analogous to that of a k—module,
with functors replacing the usual k—module operations. Here we instead define a 2-module to be an in-
ternal category in a category of k—modules Mod . Since the main component part of a k—algebra is a
k—module, a 2-algebra will have an underlying 2-module of this sort. In this section we thus first define

a category of these 2-modules.

In the rest of this paper, the terms a module and an algebra will always refer to a k—module and a k—algebra.
Definition 3.1. A 2-module is an internal category in Mod .

Thus, a 2-module M is a category with a module of objects M, and a module of morphisms M, such that
the source and target maps s, t : M} — M, the identity assigning map e: My — M, and the composition

map o : M x p;, M1 — M are all module morphisms. We write a morphism as a: x — y when s(a) = x and

t(a) = y, and sometimes we write e(x) as 1.

The following proposition is given for the Vect vector space category in [2]. But we rewrite this proposition
for Mod .

Proposition 3.2. Itis defined a 2-module by specifying the modules M, and M; along with the source, target
and identity module morphisms and the composition morphism o, satisfying the conditions of Definition

2.1. The composition map is uniquely determined by

o: Myxy, My — M
(a,b) — o(a,b)=aob=a+b-(es)(b).

Proof.
First given modules My, M; and module morphisms s, f : M; — M, and e : My — M;, we will define a

composition operation that satisfies the laws in the definition of internal category, obtaining a 2-module.

Given a, b € M; such that t(a) = s(b), i.e.
a:x—yandb:y—z
we define their composite o by

o M1><M0M1 — M1
(a,b) — o(a,b)=aob=a+b-(es)(b).

We will show that with this composition o the diagrams of the definition of internal category commute. The

triangles specifying the source and target of the identity-assigning morphism do not involve composition.
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The second pair of diagrams commute since

s(aob) = s(a+b-(es)(b)
= s(a)+s(b) - (se)(s(b))
= s(a)+ s(b)—s(b)

= sla)=x

and since t(a) = s(b),
t(aob) = tla+b-(es)(b)

= t(a)+t(b) - (te)(s(h)
= t(a)+t(b) - s(b)
= t(b)=z.

The associative law holds for composition because module addition is associative. Finally the left and right

unit laws are satisfied since given a: x — y,

e(x)oa = e(x)+a-(es)(a)
= ex)+a—e(x)

= a

and
a+e(y)—(es)e(y)

a+e(y)—e(y)

a.

ace(y)

We thus have a 2-module.

Given a 2-module M, we shall show that its composition must be defined by the formula given above. Sup-

pose that (a, g) and (@', g') are composable pairs of morphisms in My, i.e.
a:x—yandb:y—z

and

a:x'—yandb':y — 7.

Since the source and target maps are module morphisms, (a + a’, b+ b') also forms a composable pair, and

since that the composition is module morphism

(a+a)ob+b)=aob+d ol .
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Then if (a, b) is a composable pair, i.e, t(a) = s(b), we have

aob (@+1p)0(pr +b)

= (a+e(s(b)—s(b)))o(e(s(b) - s(b)) + b)

= (a—e(s(b) +e(s(h))) o (e(s(h)) —e(s(b)) + b)

= (aoce(s(D))) + (—e(s(b)) + e(s(b))) o (—e(s(b)) + b)
= aoce(s(b)+(—e(s(b))o(—e(s(h)))) + (e(s(b)) o b)
= a—-e(sb)+b

= a+b-e(s(h).
This show that we can define o by

o: Myxy, My — M
(a,b) — o(a,b)=aob=a+b-e(s(b)).

Corollary 3.3. For b € ker s, we have

a+b-(es)(b)
= a+b.

aob

Definition 3.4. Let M and N be 2-modules, a 2-module functor F : M — N is an internal functor in Mod
from M to N. 2-modules and 2-module functors between them is called the category of 2-modules denoted
by 2Mod.

After we get the definition of a 2-module, we define the definition of a categorified algebra which is main

concept of this paper.
3.2.Two-algebras

Definition 3.5. A weak 2-algebra consists of

- a 2-module A equipped with a functor e : A x A — A, which is defined by (x, y) — x e y and bilinear on

objects and defined by (f, g) — f g on morphisms satisfying interchange law, i.e.,
(fieg)o(faeg2) =(fiof2)e(g1082)

- k—bilinear natural isomorphisms

Axyz:(Xey)ez— xe(ye2)
Iy:lex—x

Iy:Xel—Xx

such that the following diagrams commute for all objects w, x, y, z € Ay.

(Wox)op) oz ™ (wex)e(yez)

Xw,x,yez
aw,x,y'lz

(Wwelxey)ezarmwelxey)ez) o> welxe(yez)
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Ax,1,y
(x-l)-y—>x-(l-y)

1,0l

Xey

A strict 2-algebra is the special case where ay,y, -, Iy, ry are all identity morphisms. In this case we have
(xoy)oz:xo(yoz)

lex=x,xel=x

Strict 2-algebra is called commutative strict 2-algebra if x e y = y ¢ x for all objects x,y€ Apand feg=ge f

for all morphisms f, g € A;.

In the rest of this paper, the term 2-algebra will always refer to a commutative strict 2-algebra. A homomor-

phism between 2-algebras should preserve both the 2-module structure and the « functor.

Definition 3.6. Given 2-algebras A and A’, a homomorphism
F:A— A

consists of
- a linear functor F from the underlying 2-module of A to that of A’, and

- a bilinear natural transformation
F>(x,y): Fo(x) e Fy(y) — Fo(xe y)

-an isomorphism F: 1’ — Fy(1) where 1 is the identity object of A and 1’ is the identity object of A’,

such that the following diagrams commute for x, y, z € Ao,

(F(x) e F() » F(2) 21 F(x e y) e F(z) —2> F((x )+ 2)
aF(x),F(y),F(z)J/ \LF(ax,y,z)

F(x)e (F(y)eF(2)) hT)F(x)'F(y'Z) ?F(x-(y-zn.

!
F(x)

1"e F(x) l—>F(x)

FO.I\L TF(ZX)

F(1) e F(x) ?F(lox).

F)el — o Fx)

I'F()\L TF(rx)

F(x)e F(1) ?F(xOI).

Definition 3.7. 2-algebras and homomorphisms between them give the category of 2-algebras denoted by
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2Alg.

Therefore if A= (Ao, 41,5, 1, e,0,¢) isa 2-algebra, Ap and A are algebras with this e bilinear functor. Thus we
can take that 2-algebra is a 2-category with a single object say *, and Ag collections of its 1-morphisms and

A collections of its 2-morphisms are algebras with identity.
3.3. Multiplication Algebras yield a 2-algebra

In [8] Norrie developed Lue’s work [6] and introduced the notion of an actor of crossed modules of groups
where it is shown to be the analogue of the automorphism group of a group. In the category of commutative
algebras the appropriate replacement for automorphism groups is the multiplication algebra .# (C) of an
algebra C which is defined by MacLane [7].

Let C be an associative (not necessarily unitary or commutative) R-algebra. We recall Mac Lane’s construc-

tion of the R-algebra Bim(C) of bimultipliers of C [7].

An element of Bim(C) is a pair (y, §) of R-linear mappings from C to C such that
ylec) =y(e)c

5(cc)=c(c)

and
cy(c)=6(c)c.

Bim(C) has an obvious R-module structure and a product
(y,0)(y',8) = (yy,8'6),

the value of which is still in Bim(C).

Suppose that Ann(C) = 0 or C? = C. Then Bim(C) acts on C by

Bim(C)xC — C; ((y,6),0) —y(0),
CxBim(C) — C; (¢, (y,6))—b(c)

and there is a
p: C — Bim(C)

Cc —_ (YC) 60)
with

Ye(x)=cx and 0.(x) = xc.

Commutative case: we still assume Ann(C) = 0 or C? = C. If C is a commutative R-algebra and (y,0) €

Bim(C), then y = 6. This is because for every x € C:

x0(c) = d(x=cy(x)=yx)c

Y(xc) =y(cx) =y(c)x = xy(c).

Thus Bim(C) may be identified with the R-algebra .4 (C) of multipliers of C. Recall that a multiplier of C is
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alinear mapping A : C — C such thatforall ¢,c’ € C
Alcch) = Ao .
Also ./ (C) is commutative as
AAxe) = A (Ax)e) = A () = V() A(x) = AN (cx) = AA (x¢)

for any x € C. Thus . (C) is the set of all multipliers A such that 1y = yA for every multiplier y.

In [10] Porter states that automorphisms of a group G yield a 2-group. The appropriate analogue of this
result in algebra case can be given. We claim that multiplications of an R-algebra C give a 2-algebra which
is called a multiplication 2-algebra.

Let k be acommutative ring, R be a k-algebra with identity and C be a commutative R-algebra with Ann(C) =
0 or C% = C. Take Ap = A (C) and say 1-morphisms to the elements of Ay. We define the action of .4 (C) on

C as follows:
MO xC — C

(f, %) —  fex=f(x).

Using the action of .# (C) on C, we can form the semidirect product
CxM(C)={(x,lxeC, fe ()}

with multiplication
x5 N =X+ e x+xx 1)

Take A; = C x 4 (C) and say 2-morphisms to the elements of A;. Therefore we get the following diagram
for (x, ) e Cx.H(C),

C wf C

\g_/”

and we define the source, target and identity assigning maps as follows;

s: CxMOC) —  M(C) t: CxMC) — M (C)
xf)  — sNH=f (x,f)  — t,f)=Myf

and

e: MC) — CxMO)
o — eNH=0/
where M, - f is defined by (My - f)(u) = xu+ f(u) forue C.

There are two ways of composing 2-morphisms: vertical and horizontal composition. Now we define this

compositions.
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For (x, f),(y, f) € Cx 4(C)

CC

C xfH C wM C
MX'f My'f,

the horizontal composition is defined by

O =@+ +xy, 1),

thus we have
f'f

C “(y,f’)-(x.f) C

(My- ) (M- f)

and

t(f' () + f)+xy, 1) Mo+ riexy f'f

(My- ) (M- f)

The vertical composition is defined by

f
C/WC
\\\/

\ M, f
(x/v xf)
M(x’+x)'f

(x, o, My-f)=("+x,f)

for (x, ), (x', My - f) € C x 4 (C) with t(x, f) = s(x', My - f) = My f.

It remains to satisfy the interchange law, i.e.

f
\\_//
\ My f

M(x’+x)'f M(y’+y)'f/

[(x, flo(x', My )l e[y, fo(y My~ ] = [(x,f) ey fI
of(x', My f) o (y', My~ f].

12
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Evaluating the two sides separately, we get

LHS

& +x, ey +yf)
fE+0+f+n+&+00 +», N
'+ O+ fON+f+X Y +Xy+xy +xy, ' f)

and

RHS = (f'(xX)+f)+xy,f'f)o((My-f)(x))
+(My- HON+ XY, (M- (M- )

= (ffO+fWM+xy+ M, fHX)+ M- HON+XY, ')

= (ffO+f+xy+yx'+f' &N +xy + fOH+x'y, f'

LHS and RHS are equal, thus interchange law is satisfied. Therefore we get a 2-algebra consists of the R-
algebra C as single object and the R-algebra A of 1-morphisms and the R-algebra A; of 2-morphisms.

4. Crossed modules and 2-algebras

Crossed modules have been used widely and in various contexts since their definition by Whitehead [11]
in his investigations of the algebraic structure of relative homotopy groups. We recalled the definition of

crossed modules of commutative algebras given by Porter [10].

Let R be a k-algebra with identity. A pre-crossed module of commutative algebras is an R-algebra C together

with a commutative action of R on C and a morphism
0:C—R

such thatforallceC,reR

CM1) o(r » ¢) = roc.

This is a crossed R-module if in addition for all ¢, ¢’ € C
CM2) dcw ¢’ =cc'.

The last condition is called the Peiffer identity. We denote such a crossed module by (C, R, 8).
A morphism of crossed modules from (C, R,0) to (C’,R’,d’) is a pair of k-algebra morphisms ¢: C — C’, v :
R — R’ such that
dp=wd and  G(rw»c)=y(r)» Pc).
Thus we get a category XModj. of crossed modules (for fixed k).
Examples of Crossed Modules

1. Any ideal I in R gives an inclusion map, inc: I — R which is a crossed module. Conversely given an

arbitrary R-module 8 : C — R one easily sees that the Peiffer identity implies that C is an ideal in R.

2. Any R-module M can be considered as an R-algebra with zero multiplication and hence the zero mor-
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phism 0: M — R sending everything in M to the zero element of R is a crossed module. Conversely: If

(C,R,0) is a crossed module, 0(C) acts trivially on kerd, hence kerd has a natural R/8(C)-module structure.

As these two examples suggest, general crossed modules lie between the two extremes of ideal and modules.

Both aspects are important.

3. Let be .# (C) multiplication algebra. Then (C, .# (C), ut) is multiplication crossed module. y: C — .4 (C)
is defined by p(r) = 6, with 6, (r') = rr’ for all 1,7 € C, where 6 is multiplier § : C — C such that for all
rr'eC,&(rr')=6(r)r'. Also .4 (C) acts on C by 6 » r =6 (r).(See [1] for details).

In [10] Porter states that there is an equivalence of categories between the category of internal categories in
the category of k-algebras and the category of crossed modules of commutative k-algebras. In the following

theorem, we will give a categorical presentation of this equivalence.
Theorem 4.1. The category of crossed modules XMody. is equivalent to that of 2-algebras, 2Alg.
Proof.

Let A= (Ag, A1, s, t,e,0,e) be a2-algebra consisting of a single object say * and an algebra Ay of 1-morphisms

and an algebra A; of 2-morphisms. For x, y € Ap and f: x — y € A;, we get the following diagram

We define s, f morphisms s: Ay — Ay, s(f) = x,t: A] — Ay, t(f) = y and e morphism e : Ay — A; for

xX€Ap, e(x): x— x€eA;.

The s, t and e morphisms are algebra morphisms and we have

se(x) s(e(x)) = x =1Id,(x)

te(x)

t(e(x)) =x=1Idy,(x)

We define
Kers=H={f € Ay |s(f) =1da,} < A

and 0 = t |y algebra homomorphism by 6 : H — Ay, d(h) = t(h). We have semidirect product Ker s x Ay =
{(h, x) | h €Kers, x € Ag} with multiplication (h, x) e (h',x') = (x » '+ x' » h+ h’ e h, x » x') where action of Ay
on Kers is defined by x » h = e(x) « h. For each f € A;, we can write f = n+ e(x) where n = f —es(f) eKers

and x = s(f). Suppose f'=n'+e(x"). Then

(n+e(x) e (n'+e(x")

feof
= nen'+nee(x)+e(x)en +e(x)ee(x)
= exN)en+ex)en'+nen +e(xex’)

= xXpn+xwn+nen +e(xex).

There is a map
o: A — Kers X Ap

n+elx) — ¢n+elx) =(nx).
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Now
O(fef) = PpX'»n+x»n' +nen +e(xex))

= (Xw»n+xwpn'+nen,xex)
= (n,x)e(n,x)

= ¢ ()

so ¢ is a homomorphism. Also, there is an obvious inverse
¢ l: KersxAy — A

n,x) — ¢ lmx)=n+e(x)

which is also a homomorphism. Hence ¢ is an isomorphism and we have established that Ker s x Ag = A;.

Since A is a 2-algebra and Ker s x Ag = A;, we can define algebra morphisms

s: KersxAy — Ap t: KersxAy — Ap
(h, x) — s(h,x)=x (h, x) — t(h,x)=0(h) +x

and
e: Ay — Kersx Ay

x —ex)=(0,x)

and for t(h, x) = s(h',0(h) + x) = 0(h) + x we define

o: Kersx Ag;x sKers x Ay — Kersx Ag
((h,x), (W, 0(h)+x))  — (W +h,x)

X

oW +h)+x

d(h' +h)+x

which is vertical composition;
(h,x)o (W,0(h) +x) = (W' + h, x).

For (h, x), (g, y) €Kers x Ag, horizontal composition is defined by

X y

SN ~
(hx) * (gh * = * (x> g+y»h+geh,xey)*
A

A\
(0(h)+x)+(0()+Y)

*
\,

o(h)+x o(g)+y

(h,x)*(g,y) (x»g+yw»h+geh,xey)

(e(x)eg+e(y)eh+geh,xey).

Thus we have
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CM1)
oxw» h) = d(e(x)eh)
= 0d(e(x))e0(h)
= (te)(x)e0d(h)
= xed(h).

Also by interchange law we have

[(h,x)e (g, W] [(H,0)+x)e(g,0@+y)] = [(hx)o(H,0(h)+x)]
«[(g,»olg,a(8)+y)].

Therefore, evaluating the two sides of this equation gives:

LHS = (x»g+yw»h+geh,xey)
(M) +x)» g +(0(g)+y)» W +g o', (0(h) +x)+(3(8) +¥))
= (OW+x)»g'+(0@+y)»h +g eh'+x»g+y» h+geh,xey)
= Ohw»g+ex)eg +a(g)» H
+e(y)eh'+g e +e(x)eg+e(y)eh+geh,xey)
RHS = (W+hx)e(g'+gy
= (»(g+g)+ty» (W +h)+(g +g)e (W +h),xey)
= (ex)eg'+e(x)eg+e(y)oh +e(y)oh+g eh +g' eh+geh +geh,xey).

Since the two sides are equal, we know that their first components must be equal, so we have

o g +a(gwh' =heg +gel

and
heg'+geh = o)w g +o(g)» I
= 0h+g)» (g'+h)-0(h» h' -ag)» g
= Oh+g)w (g +h)—(heh +geg'),
thus

oh+g)» (g +h)

heg' +geh'+(heh +geg)
(h+g)e(h +g)

and writing (h+ g) =1, (k' + g') = I' € Kers, we get
ohwl'=1el

which is the Peiffer identity as required. Hence (Ker s, Ap,0) is a crossed module.

Let of = (Ap, A1, S, t,e,0,e) and o = (AL),AII,S,, t’,e’,o',-/) be 2-algebras and F = (Fy, F1) : o — of bea?2-
algebra morphism. Then Fj : Ag — AE) and F; : A} — A’1 are the k-algebra morphisms. We define f; =
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Filgers: Kers — Kers and fo=Fy: Ay — A/O. For all a e Kers and x € Ay,

fod(a) Fot(a)
t Fi(a)

3 fi(a)

and
fitxwa) = File(x)a)

= F(e(x)Fi(a)
= ¢RWF @
= effi@

= folx)» fi(a).

Thus (f1, fo) map is a crossed module morphism (Kers, Ag,d) — (K ers/, A;),a/). So we have a functor

I':2Alg — XMody.

Conversely, let (G, C,0) be a crossed module of algebras. Therefore there is an algebra morphismd: G — C

and an action of C on G such that
CM1) d(x » g) = x0(g),
CM2)d(g)» g’ =gg'.

Since C acts on G, we can form the semidirect product G x C as defined by
GxC={(gc)lgeGceC}

with multiplication
(g.c)(g,c)=(crg +»g+g'gcl)

and define maps s, :GxC—Cande:C— GxCbys(g,c) =c, t(g ) =0(g)+cand e(c) = (0,c). These

maps are clearly algebra morphisms.

c
* /’P *
NoT—
\ a(g)+c /
a(g+g)H+c

For (g, c) = s(g’,0(g) + ¢) = 4(g) + ¢, we define composition

o: (GXQO)x(GXC) —(GXO)
((g 0,0 +0) —(g+g,0),
for (g,¢), (h,d) € Gx Cand (g, ¢),(g’,0(g) + ¢) € G x C, following equations give horizontal and vertical com-

position respectively.

(g,c)e(h,d)=(c» h+dw g+gh,cd)
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(g,0)o(g,d(g)+c)=(g+g',0)

Finally, since it must be that o is an algebra morphism and by the crossed module conditions, interchange
law is satisfied. Therefore we have constructed a 2-algebra «f = (C,G % C, s, t, e,0, ¢) consists of the single
object say * and the k-algebra C of 1-morphisms and the k-algebra G x C of 2-morphisms. Let (G, C,0) and
(G’,c’,a’) be crossed modules and f = (f1, fo) : (G,C,0) — (G/, C’,d/) be a crossed module morphism. We
define / /
F: GxC — G xC
(g0 — Fi(g )= (/8 folc)

and
F()Z cC — C’
c — Fylo) = folo).
Then
sFi(g,o) = s(fi(g), folo)
= folc)
= Fylo)
= Fps(g,0),

tFi(g,c) = t(fi(®, folc)
= 3 filg+folo
= fo0(g)+ folc)
= Fo0(g)+o)
= Fpt(g,0),

e Fy(c) 0, fo(c)
= F0,0)

= F]@(C),

Fi(gc)o(g,c) = Fi(g+g,0
= (filg+g), folo)
= (il®+A(8) folo)
= (filg, fole)o(fi(g), folc)
= Fi(gooFl(g,c),

Fi((g,c)e(h,d)) = Fi(c»rh+dwg+gh,cd)
= (filc» W)+ fildw» g+ fi(gh), folcd))
= (fole)» fi(h) + fo(d) » f1(g) + f1(8) f1(h), fo(c) fo(d))
= (fi(@, fole)) s (f1(h), fo(d))
= Fi(g 0 Fi(had)

for all (g,c) € G x C and c € C. Therefore F = (F}, Fp) is a 2-algebra morphism from (C,G x C, s, t,e,0,) to

(C,G xC,s,t,e,0,s). Thus we get a functor

Y :XMod; — 2Alg.
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Keywords: Abstract — In this paper, we studied about a detailed analysis of fuzzy ellipse. In the previously
Fuzzy Ellipse, studies, some methods for fuzzy parabola are discussed (Ghosh and Chakraborty, 2019). To
. define the fuzzy ellipse, it is necessary to modify the method applied for the fuzzy parabola. First,
Fuzzy Points, . . . . . .
need to get five same points with the same membership grade to create crisp ellipse and the
Membership Function, . . . . . . . .
union of crisp ellipses passing through these points will form the fuzzy ellipse. Although it is
Same Fuzzy Points, difficult to determine the points with this property, it is important for constructing the fuzzy
a-cuts ellipse equation. In this study, we determine the points that satisfy this condition and prove the

properties required to obtain the fuzzy ellipse to be formed by using these points. We have drawn
a graph of a fuzzy ellipse and depicted the geometric location of fuzzy points with different
membership grades on graph. We have also shown some geometric application on examples. In
the third part of this study, it has been shown that the determinants defined in the calculation of
the coefficients of the fuzzy ellipse can be calculated for different points and angles with the
examples given, thus different fuzzy ellipses can be obtained.
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1. Introduction

In the case of crisp sets, a given object x may belong to a set A or not belong to this set and these two
options are denoted by x € A or x ¢ A, A classic set may be described by the characteristic function
(x4) that takes two values:

1, x€A

Xa(x) =
0, x4

Fuzzy sets are introduced and described using membership functions by Zadeh in 1965 [10]. As opposed

to crisp set, if A is a fuzzy set, we write its membership function as p(x|4), u(x|A) is in [0,1] for all x.
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Many studies are available to understand fuzzy logic [10 — 12]. Likewise, certain ideas in fuzzy plane
geometry have been introduced and studied by Buckley and Eslami in the study [1] may be the first to
analyze fuzzy sets. Fuzzy points and the fuzzy distance between fuzzy points was defined by Buckley an
Eslami in [8]. And they showed it is a (weak) fuzzy metric and fuzzy point, fuzzy line segment, fuzzy
distance and the angle between two fuzzy segments and same and inverse points are defined by Ghosh
and Chakraborty [3]. Buckley and Eslami studied fuzzy points and fuzzy lines and gave the theorems
about them in [1] and studied fuzzy circles, fuzzy rectangles, fuzzy triangles and fuzzy polygons and
showed that the area and perimeter of a fuzzy circle and a fuzzy polygon are a fuzzy number in [2]. A
fuzzy line passing through several fuzzy points whose cores are collinear and introduced four different
forms of fuzzy lines were introduced by Ghosh and Chakraborty in the study [4]. Ghosh and Chakraborty
constructed a fuzzy circle in a fuzzy geometrical plane and showed that the center of a fuzzy circle may
not be a fuzzy pointin [5]. Rosenfeld presented fuzzy geometry and fuzzy topology of image subsets [9].
The fuzzy triangle as the intersection of three fuzzy half-planes and computed area and perimeter of the
fuzzy triangle were discussed by Rosenfeld in the study [8]. Zimmermann dealt with types of fuzzy sets,
fuzzy measures, fuzzy functions, applications of fuzzy set theory and gave basic definitions and theorems
about fuzzy sets [12]. A fuzzy parabola that passes through five fuzzy points are constructed by Ghosh
and Chakraborty in the study [6]. Then Ozekinci and Aycan introduced a method to construct a fuzzy

hyperbola and made applications about fuzzy hyperbola [7].

Fuzzy set theory provides a convenient method that is easy to implement in real-time applications, and
also enables designers and operators to transfer their knowledge to the dynamic control systems. Fuzzy
logic is also used in different fields such as artificial intelligence, computers, face recognition systems,
cybernetic internet technologies, space vehicles, robot and war technologies, the formation of the
universe, etc. Fuzzy logic has been the subject of many studies since it is an approach that is not only
theoretical but also practical. When all these studies are examined geometrically, it is seen that only
fuzzy circle, fuzzy parabola and fuzzy hyperbola curves are studied from the conics. No study has got
been to construct a fuzzy ellipse. Fuzzy systems are used in the planning of technological structures
developing in the field of engineering nowadays. Then fuzzy ellipse can be use kidney stones crushing
machines, billiard games, aerospace engineering and lazer technology etc. Therefore, in this study, we
studied how to construct a fuzzy ellipse and to obtain the equation for the geometric location of a fuzzy
ellipse by using the properties of conics. While we aimed to analyze how the fuzzy ellipse could be
defined, calculated and graphed mathematically, we thought that it would be useful to work on
combining the applications mentioned above. We examine and prove these calculations with the

evaluation of previous studies.
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2. Preliminaries

In this section, we will mention the basic fuzzy definitions that will be used in this paper.

We will draw “a bar” over capital letters to denote a fuzzy subset of R™,i.e A, B, X, Y, ... and we will write

membership of fuzzy set A as (x| A),x € R™ and u(R™) is in [0,1].

Definition 2.1: (Fuzzy Set) The set of ordered pairs A = {(x, u(x|A )): X € X}, where u: X — [0,1] is called

a fuzzy set in X. The function u: X — [0,1] evaluates membership degree of x in the fuzzy set 4 [2].

Definition 2.2: For a fuzzy set A of R", its a — cut is denoted by A(a) and it is defined by:

) x,uxl|A)=za tif0<a<1
Aa) = ~
Clouse {x, u(x|A) > 0}ifa =0
The set {x,u(x|A) > 0} is called as support of the fuzzy set A. The set A(0) ise often said as base of
A and the set A(1) = {x, u(x|A) = 1} is said to be core of the fuzzy set A. If the core is non-empty, the

fuzzy set is called as a normal fuzzy set. A fuzzy set is said to be convex if all of its a-cuts are convex [3].

Definition 2.3 (Fuzzy Points): A fuzzy pointat (a, b) in R?, written as P(a, b) is defined by its membership

function:
(@ u(Cx, )| P(a, b)) is upper semi-continuous,
() 1((x, )| P(a,b)) = 1ifand only if (x,y) = (a, b),

(iii) P(a, b)(a) is a compact, convex subset of R? of all « in [0,1].

The notations P, (a, b), P,(a, b), P;(a, b), ... or P;, P,, P;, ... are used to represent fuzzy points [2].

Definition 2.4 (Same points with respect to fuzzy points): Let take two points (x;,y;) and (x5, y,). Such
that (x;,y,) is support of fuzzy point P(a, b) and similarly (x,,y,) is support of fuzzy point P(c, d). Let
L, is a line joining (x;,y,) and (a, b). As P(a, b) is a fuzzy point, along L;, a fuzzy number, 7; say, is
situated on the support of P(a, b). The membership function of this fuzzy number 7; can be written as
,u((x, y)|f1) = u((x, )| P(a, b)) for (x,y) in L, , and 0 otherwise. Similarly, along a line, L, say, joining
(x5,7,) and (c, d), the exists a fuzzy number, 7, say, on the support of P(c,d). The points (x;,y;) and

(x,,y,) are said to be same points with respect to P(a, b) and P(c, d) if :
(i) (xq,y1) and (x,, y,) are same -points with respect to 7; and 7,

(ii) L4, L, have equal angle with line joining (a, b) and (c, d) [3].
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3. Fuzzy Ellipse

In this section we will develop a method for obtaining a fuzzy ellipse. As its known the general conic

equation has the form:
ax?+bxy+cy?+dx+ey+f=0
If we divide both sides of this equation by a (a # 0), this equation takes the form:
x2+b'xy+c'y?+d'x+e'y+f =0
Thus, the number of unknown coefficients, in the equation containing six terms, becomes five. Then the
common solution of the five equations, will be obtained by substituting five different pairs for x and y,

will be sufficient to find these unknowns. So, five points in the plane is enough to write a conic equation.

Namely five points on the plane will denote a single conic.

In this study, since we will define an ellipse in fuzzy plane geometry, first of all, these five points must
be points in the fuzzy space that ensure the necessary properties. It will also be seen that the ellipse in
fuzzy space is formed by different crisp elliptic curves. Their combination will form the fuzzy ellipse.
The curve of ellipse passing through the core of five fuzzy points will be called a crisp ellipse and be
denoted by CE . However, since these points are fuzzy points, their membership degrees may change.
Differences in membership degrees affect the drawing of the resulting ellipse curves. Therefore,
calculating five different coefficients for five same-points in the conic equation. Calculation of these
coefficients is possible with five by determinants. For this reason, five different curves emerge for the
fuzzy ellipse that we want to reach in our study. Therefore, in terms of the importance of the fuzzy
membership degree, the definite ellipse CE with membership degree one is taken. The other four curves
are ellipse and the combination of all of them gives the fuzzy ellipse and is denoted by FE. The system
formed by these curves can also be considered as a curvilinear system or distribution in mathematical

applications.

Now, we will denote a method to create a fuzzy ellipse in a fuzzy plane by taking five fuzzy points. These

points will be the same-points which we gave in Definition 2.4 in preliminaries section.
Necessary explanations and proofs are presented below.
Let E;(a;, b;),i = 1,2,...,5 be given five fuzzy points whose cores lie on a crisp ellipse CE . We will

construct a fuzzy ellipse that passes through these five fuzzy points E;, E5, ..., Es. We will denote fuzzy

ellipse as FE, briefly. Below are the steps of the method we used to create the fuzzy ellipse.



Secil Ozekinci et al. / IKJM/ 5(1) (2023) 20-38 24

3.1. Construction of Fuzzy Ellipse FE

In this section we construct the segment FE ;_ for the fuzzy ellipse. This segment defined as,

FE,:Where FE, is a crisp ellipse that passes
FE = through five same points an E;(a;, b;),
a€l0,1] i =1,2,..,5with membership value a

The ellipse FE can be defined by membership function below:

a:Where (x,y) lies on FE, that
u((x,¥)|FE) = sup{ passes through five same points on

E;,i =1,2,...,5 with membership value a
As this definition show that the fuzzy elliptic-segment FE ; ¢ is a collection of crisp points with various

membership degrees. However, the definition of membership function u ((x, YI|FE | s ) shows that a

fuzzy ellipse is the union of all crisp ellipses that pass through five same-points on the supports of E;, i =

1,2,..,5.

FEgy

F N

Figure.3.1. Construction of Fuzzy Ellipse in the Method
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In Figure 3.1, we depict the fuzzy ellipse with membership degrees of given fuzzy points in detail.
E,, E,, E5, E, and Es are five fuzzy points. The regions under the circle centered at A;, ellipse centered at
A,, square centered A3, ellipse centered at A, and square centered at As are the supports of the points
E,, E,, E;, E, and Es, respectively. The grey -shaded regions inside the supports of the fuzzy points
represent different a-cuts. The variation of the membership grades for fuzzy points is indicated by the
intensity of the grey levels. The regions that, depicted in dark grey in the graph are formed by points
with a high membership grade. Light grey regions on the graph are obtained as the membership grades
approach 0. So, the membership grades of the centers of circle, squares and ellipses are one and it

decreases gradually to zero on the periphery of the support of E; for each i = 1,2,3,4,5.

In the Figure 3.1, L;g ‘s are five lines that passes through 4;, for each i = 1,2,3,4,5. These five lines have
an angle @ with the positive x-axis. Because E,(4;)(a), being a —cut of a fuzzy point, is convex and 4; is
an interior point of E,(4;)(a) , the line L;y must intersect with the boundary of E;(4;)(a) at exactly two
points. Let these two intersecting points be Q{5 and R{. Thus, Q7, Q55, @59, Q45 and Q<5 constitute a set
of five same-points with membership degree a. And similarly, the collection of R ‘s are also represent

the set of five same-points with membership degree «a.

Let FEg, is the ellipse that passes through the points Qf and FEg, is the ellipse that passes through the
points Rfj ‘s in Figure 3.1 Since membership degree of all the points Qfj and R is @, we put a
membership degree of a to the ellipse FEgU and FEgL on the fuzzy ellipse FE,i =1,2,3,4,5.

Trough varying 6 in [0,27] and « in [0,1], several ellipses such as FEg;, and FE§; will be obtained.
According to the definition, the fuzzy ellipse FE is the collection of all the ellipses FE§;; and FEg, with

membership degree a.

Namely, we say

E = \/ (FES,, FES,}

0€l0,2m]
a€l0,1]

Let FE be any ellipse in the support of the fuzzy ellipse FE. We define the membership degree of on
ellipse FE in FE by

u(FE|FE) = min u((x,y)|FE).

(x,y)EFE

The underlying theorem shows how to obtain the membership degree ellipse FE in FE using the same

-pointsin E; 's, i = 1,2,3,4,5.
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Theorem 3.1. Suppose that FE is an ellipse in FE and same -points (x;y;) € E;(0) with
,u((xi, vl ﬁ) =« foralli = 1,2,3,4,5 such that FE is the ellipse that passes through the five (x;,y;) ‘s
and u(FE| FE) = a.
Proof .
We examine the proof in two different cases that (i) u(FE|FE) « a and (ii) u(FE|FE) * a.
(i) By contrast, let assume that u(FE|FE) < a. In that case, by the definition of u(FE|FE), there exist
(x0, Vo) in FE such that (x,,y,) € FE and
u((x0,¥0)|FE) < a. Let say u((xo,vo)|FE) = f5. Since (x,,V,) € FE and FE is an ellipse that joins the
five same-points with membership degree «,

Y:where (x,y) lies on the ellipse

u((x0,¥0)|FE) = sup{ that joins the five same points ; = a.
with membership degree

But this contradicts our acceptance 8 < a. So, u(FE|FE) < a.

a: where (x, y) lies on

(ii) It is clear that u(FE|FE) # a. Since u(FE|FE) = min{FE and u(FE|FE) = a

}, and all the points

(x;,vi),i =1,2,3,4,5lie on FE.
Therefore u(FE|FE) = a is obtained.

N

Figure 3.2 Fuzzy Ellipse (towards completing the fuzzy ellipse in the Figure 3.1)



Secil Ozekinci et al. / IKJM/ 5(1) (2023) 20-38 27

The complete fuzzy ellipse FE is depicted in Figure 3.2. The region between the curves f,L and f,U is
the support of the FE. The core ellipse is the curve CE on which the five core points 4; of the fuzzy points

E, lies.

Let mention the line perpendicular to CE = FE (1) that we take as the CD line in Figure 3.2. Along the
CD, there exist a LR type fuzzy number that we denoted by (F/G/H)g. If we explain LR type fuzzy
number like this, L and R are reference functions L and R: [0, +) — [0,1] that doesn’t decrease and
satisfies two conditions L(x) = L(—x) and L(0) = 1. Where a and 3 are positive and 4 is a fuzzy number,

u(x|A) can be written as:
( L(?) ifx<m
u(x|A) = ‘—m

R( ) ifx=>m

B
The notation (m —a/ m/m + ) is used to represent an LR-type fuzzy number. That is, all fuzzy

ellipses can be visualized as a three-dimensional figure. (a subset of (x, y) X [0,1] ) whose cross-section

across FE is a fuzzy number such as (F/G /H) .

Let (F/G/H) g is a fuzzy number on fuzzy ellipse FE and take a convex region on FE(0) such that,
except F and H, all points on the line segment [FH] are inner of convex region. When we take a fuzzy
point E such that the membership function is u((x,y)| E) = ,u((x, WI(F/G/H)R), if (x,y) € [FH] ,
1(Ge M E) < u((x,y)| FE). Only at G, u((x,y)| E) = 1. Membership degree decreases gradually to ‘0’
that approach F or H.

3.2. Construction of Membership Function

The membership degree y((x, 521 ﬁ) might not always be simple to evaluate. Furthermore, it is really
a difficult task to obtain the closed form of the membership function of FE. Because, the membership
degree at a particular point is the supremum of a set of real numbers that is obtained by solving a set of

nonlinear equations. First, we get the closed form of membership function of FE .

We note that the definition of fuzzy ellipse implies

a:where (x,y) lies in an ellipse that
1((x,¥)| FE ) = sup{ passes through five same points in E;, .
i =1,2,3,4,5 with membership degree a
For obtaining u((x, V)| ﬁ), first we must find five same-points with membership degree a € [0,1].
Then, all possible values of a are identified for which (x, y) lies on the ellipse that joins five same-points

with membership degrees. The evaluation of @ may require to solving a nonlinear equation. From the
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solution of the equation, there may be real values between 0 and 1. The supremum of all these real a
values is the membership degree of u((x, 521 ﬁ) We refer the ellipse for which the supremum is

attained as the adjoining ellipse of the points (x, y).

Now, we obtain a systematic procedure to identify the membership degree of a point (x,, y,) in a fuzzy
ellipse FE which passes through five fuzzy points E;, i = 1,2,3,4,5 We show the expansion of the same-
points on E;’s as (x§, y%),i = 1,2,3,45(0 < 6 < 2w, a € [0,1])

As a result, we will have to examine the existence of solution of non-linear equations by giving various

values to 6 and determining the « membership degrees according to the angle 6.

Letthe angle 6 = 6, (0 < 6 < 27) and Sy s are the sets of membership degrees that can be compatible

with respect to the various angle 6.

We assume that the supremum of the set Sq, as sg,. It can be seen from the given examples that non-
linear equation systems may not have a solution for some 6. Fuzzy ellipse FE are obtained by
determining and giving appropriate values. Then the membership degree of (xq,y,) in the FE fuzzy

ellipse is given by
M((xo'}’oﬂﬁ) = Sl(;p S,

The explanation of this part is given also in this section where the membership function is explained.

Let give the application of the procedure with following examples.

The following examples illustrate the procedure numerically.

Example 3.1: Let E;(0,1),E, (1 4\/_) E; ( 2 «/_) E4( \/§) and Es (1 4\3{—) be five fuzzy points.

Let’s get the fuzzy ellipse that passes through these points. The equation of the core ellipse through the

points is

2
{(x,y):x2 +yT = 1}

In this example we take core of that the points are in different regions on the curve.
The membership function of these five fuzzy points are circular and elliptical cones with bases,

respectively.

{(x,y): (x — 1)? + y? < 1} (circular)

2 2
z(x, V): (x - %) +4 <y — 45£> < 1} (eliptical)
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2 2
{(x, y): (x + l) + <y - E) < 1} (circular)

4 2
2
{(x, y): (x + %) + (y + \/§)2 < 1} (eliptical)

2 2
{(x, y): (x — %) + <y - 43£> < 1} (circular)

The vertices of the membership functions are (1,0), (%,ig),(—%,ﬁ), (—%,—\/?) and G,ﬂ)

respectively.

Now, for a € [0,1], we may find the same-points with membership degree a on Ey, E;, E5, E, and Eg as

below;

Qf: (xf,yf9) =1+ (1 —a)cos,(1—a)sinb)

0%: (%, %) <1+(1 VG RS . )
1 (x5p, =|—-= —-a ’ -«
20° (X26, Y20 5 1+ 3sin28 5 1+ 3sin?6

1 V15
Q%9 (x5, v50) = <_Z+ 1-a) cos@,T+ 1-a) sin9>

0%: (x& y“)—(—l+(1—a)& _\/§+(1_Q)$)
407740 740 2 VI+3sin20 V1+3sin20
1 W2
Q% (x9,v3) = <§ +(1-a) cos@,T + (1 — a)sin 9) €))

The ellipse E§ that passes through Q7y, Q55, @59, Q59 and Q<y can be determinant by the equation

a%x? 4+ 2h%xy + bFy? +2g%x + 2f¥y+c5 =0 2
0 0 0 0 0 ‘]
, 2
with hg” < ag.bg where
—xfoyiy vyt xfy vl 1
18V1 1 1
a .« a 2 a a
2R —X20Y20 Y20 X20 Y20 1
a _ 0 a .« a 2 a a
g = kg —X39Y39 Y3g X39 Yze 1
a .a a2 a a
—X30Ys0 Yio X260 Yap 1
a . a a 2 a a
—Xs9Y19 Yso Xse YVse 1
a2 a .« a a
X1~ —X19Y16 X106 Yie 1
a 2 a .a a a
2h X20 —X20Y20 X260 Y20 1
0 2
bg = kg X39" —X39Y39 X3g Yzg 1
a 2 a .a a a
Xsp ~ —XapYap Xap Yag 1
a2 a .a a a
Xsg  —Xs9¥1ig Xz Vs 1
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and

xixez J/ixez
xgez }’gez
x?ez }’gez
xffez }’fez
x?ez }’gez
xfez J/ixez
xgez J/gez
x?ez J/gez
xffez J/fez
x?ez ygez
xfez y{xez
xgez ygez
x?ez ygez
xffez }’fez
xgez ygez
xfez Yfez
xgez ygez
xgez 3’?92
xfez J’fez
xgez ygez

These determinants are composed by writing column

[—xf‘e
—X29
—X3¢
—X40
—Xs5g
instead of columns in determinant
xfez Yfez
xgez J’gez
xézez J’gez
xffez Yfez
xgez ygez

—X{g¥1ie Yio 1
—X20Y29 Y2o 1
—X39Y39 V3o 1
—X30Ys0 Yip 1
—X59Ys9 Ysg 1
Xig —X{e¥ig 1
X309 —X20¥29 1
X359 —X39¥39 1
X3o —XiVse 1
Xs9 —XsgVsp 1
Xig Yie —XigYie
X329 Y0 —X20Y29
X39 Y36 —X30Y39
X0 Yig —XigYVio
X9 Yso —X59YVsg
Xlo Vi 1
X39 Yag 1
X39 Y3g 1f
X0 Yap 1
Xs9 Yso 1
Yfe]

Y20

Y30

Va0

V30

Xig yig 1

X39 Y30 1

X35 V3o 1

X3 Yag 1

Xs9 Ysp 1

30

Let A,B,C,F,G and K be the determinant values used to find the values of ag, bg,cg, fs', g4 and kg

respectively. So,
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218
218
218
6
fea=@-F
6
k§ =K )

are obtained.

The fuzzy ellipse FE that passes through E; ‘s, i = 1,2,3,4,5 is the union of all possible ellipse E§ ‘s that

lies between Qf, and Q%4 s.

That

(x,y) = agx®+ 2h§xy + b§y?

FE =
a€l0,1] 8€[0,27] +2ggx + 2fg'y +cg =0

Now we find the membership degree of the point (1,0.5) on the fuzzy ellipse FE. First, we adjust the set
of ellipses E§ ‘s which the point (1,0.5) lies.

Let replace point (1,0.5) in Equation (2). We need to identify the passible values of a. Then, we get the

equation below;
ag.(1)?+ 2.h§.(1).(0.5) + bg.(0.5)% +2.g5.(1) + 2. f55.(0.5) + c§ =0
which simplifies to
ag + hg +0.25bg +2gg + f5' +¢c§ =0 (4)
Now let’s examine the angular values that L lines make with the x-axis.
First, we admit that 6, = 45°. We calculate above determinant values for this angle and will find kg

using the Maple program.

kE =K
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32

_ 012 [(1 — @) sin 45°]? e
[i + 8 a% cos :;]2 (1 — @ sin45°]? 1+ (1 — @) cos 45° 8 - a% s;njg 1
— a) cos o~ /- = — o — @) sin45°
g+7\/ﬁ] [\/1 ¥ 3sin? 45°] 1, (A= a)cos4s N TS 1
1+ 3sin®45 . VIS , 5 V1+3sin245° \/_1+3sm 45
1 o 1 15
K= [_Z+(1_a)cos4.5°] [T+(1—a)sm45] —Z+(1—a)cos45° T+(1—a)sin45° 1=
1 (1- a)cos45° (1-a)sina5°p? _1 (1 — @) cos 45° 3+ (1 — a)sin 45° 1
T2 Tt 3emran [_ " 1+3sin245c>] 2 VTHEsas 5 V+ 3sin? 45°
2 42
-+ (1 —a)cos45°| ‘=2 — i °
[ +(1—a)cos45] [—+(1—a)51n45] [3 ( ) 3 + (1 —a)sin45 1

But this angle is not suitable for calculating ag, bg,cg, f5* and gg. Because, it makes equations (3)

undefined.

Then we put 8, = 30° in (3.3) and we calculate ag, bg, gg, f5', c§ and kg.

a _
kS =K
. 2 1
[1+ (1 —a)cos 30°]2 [(1 - a)sin 30:] 1+ (1 - a)cos30° (1 — a) sin 30°
[ (1-a) cos 30° (1-a)sin 30°] (1-a) cos 30° (1-a) sin 30° 1
Vit3sinZ30° V143 sin? 30° P T 1352300
2
K= [—Z+(1—a)cos30°] [‘/_+(1—a)sm30] ——+(1—a)cos30° ?+(1—a)sin30° 1
1 (1-a) cos 30° 2 (1 ) sin 30° 2 1 (1-a) cos 30° _ (1-a)sin 30°
R = I R ER = T2t e f@ e 1
2 2 1 _ o 42 . R
E+(1—a)cos30°] [—+(1—a)sm30] 3T (1= a)cos30 5 (1 —a)sin30 .
and
K =—-0,02a® + 0,37a? + 0,69a — 1,02
We continue to find the other determinant values.
For the value of 4,
. 2 1
—[14+ (1 — @) cos 30°][(1 — @) cos 30°] [(1 - a)sin 302] 1+ (1 — @) cos 30° (1 — a)sin30°
_ [l n (1-a) cos 30"] (1-a) cos 30°] [(17_0‘) sin 300] (1-a) cos 30° (1-a)sin30° 1
5  V1+3sin?30°) lV1+3sin?30° V1+3sin?30° 5 5 " Vit3sinZ30° V1+35in?30°
—[—i+(1—a)cos30°] [E+a-osin30?] [Z+a-a)sin30°] -1+ -a)cos30° L4 (1-a)sin30° 1
_ (1-a) cos30°1 [ _ (1-a) sin 30° (1-a) sin 30°12 1, (1-a)cos30° _ (1-a) sin 30°
[ VI+3sin?30° ] [ V3 V1+3sin?30° [_\/§ * et 2 ' J1+3sin?30° V3 + Vi+3sinz30° 1
° 42 . ° 2 l 1-— o 42 . °
_[§+(1—a)cos30][T+(1—a)51n30] [¥+(1—a)sin30°] 3+( @) cos 30 T+(1—a)sm30 )

=0.011a3

For the value of B,

—0.477a? + 3.221a — 1.696
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- o]2 —1+@a- 30°][(1 — 30°

1 (1 @)cos30 ]2 [1 +((1 - Z))ccc?sssof’][(u —?)i(;i 30°] 1+ (1 —a)cos30°
_+(1—a)cos30° _[§+ — H — ] (1 — a)cos 30°
5" VIt 3sin230° 2 ) V1 + 35sin230°] |V1 + 3sin% 30 ot Tt 3sn230°
[—%+(1—a)c0530°] [ +(1—“)COS30][—+(1—“)51“30] —%+(1—a)cos30°
1 (1-a)cos30° [ 1 (1—a)cos30 “ (1—a)sm30°] _l+ (1 - a)cos30°
[_5+~/—1+3sin2 30° 2" V1+3sin230° V1 + 35in?30° 2 \1+35sin%30°
2 42 1 .

E + (1 —a)cos 30°] - [§+ (1 - a)cos 30°] [T + (1 —a)sin 300] 3+ (- a@cos30

=0.033a3 — 0.255a? + 0.230a + 0.717

For the value of G,

33

(1 — a)sin30°
(1 —-a)sin30°
V1 + 3sin? 30°
V15
- + (1 — a)sin30°
1—a)sin30°
_y3 4 dZ@)sin30°
V1 + 3sin? 30°
w2

T+ (1 - a)sin30°

1
o — 3 o]2
[1+ (1 - a)cos30°? [(1-a) 51n302] —[1+ (1 — @) cos 30°][(1 — a) cos 30°] (1 — a)sin30°
[1 4 (1-a) cos 30°]2 [(1—“) sin 30° _ [ (1 a) cos 30° ] [(1 a) cos 30°] (1-a) sin 30° 1
5  V1+3sin?30° V1+3sin?30° s Vi+3sin230°] [vi+3sinZ30° V1+3sin%30°
2
[—1+(1—a)cos30°] [+ (1 - a) sin307] —[——+(1—a)cos3o][ S+ -a)sin30°] L4 (1-a)sin30° 1
(1-a) 30° (1-a) sin 30° 2 [_1 (1 a) cos 30° _ (1-a) sin 30° _ (1-a)sin 30°
[_ \/% [_‘/§ + Vit3sin230° [ V1+3sin?30° ] [ V3+ V1+3sin? 3o°] V3+ V1+3sin?30° 1
2 4‘\/5 : o
E+(1—a)c0530°] [43_\/7_'_(1_(1)5111300] [ +(1—a)cos30][ +(1—a)sm30] T+(1—a)sm30
1
=-0.555a3 + 5.777a? — 10.915a + 5.693
For the value of F,
. 2 1
[1+ (1 - a)cos30°]? [(A-a) st 302] 1+ (1 — a) cos 30° —[1+ (1 = a) cos 30°][(1 — @) cos 30°]
[l + (1-a) cos 300]2 [(1—0() sin 30°] (1-a) cos 30° _ [E + (1-a) cos 30°] (1-a) cos 30"] 1
5  V1+3sin230° V1+3sin?30° 5 " Vix3sinZ30° 5  V1+3sin?30°] lV1+3sin230°
2
[-3+ (1 ) cos 307 [—+(1—a)sm30] ——+(1—a)cos30° —[—3+(1—a)cos30°][§+(1—a)sin30°] 1
(1 @) cos 30° 2 (1-a) sin 30° 1 (1-a) cos 30° 1 (1 a) cos 30° _ (1—-a) sin 30°
[_ Vit3sin230° [_\/g + Vit3sinZ30° 2 V1+3sin?30° [ V1+3sinZ30° ] [ V3 + V1+3sin? 30° 1
2 l —_ o 42 : o
f+a-@eos3o] [24a-gsnzo] 3 FETD00 i (- ayeos30°] [5E+ (- ) sin30r]
1

=0.057a3 + 0.141a? + 0.649a — 0.848

For the value of C,

- °]2 1 o 1 o
[1+ (1= a)cos30% [(1 — @) sin 30°]? 1+ (1 - a) cos 30° (1 - a)sin30 _[1+(1_a) cos

30°][(1 — ) cos 30°]

2
2 M2 300 1 - ° ° + (1 — @) cos 30°
[E+ (1 - @ cos30°] [*2+ @ -asin30e]  +-a@)cos30° 41— g)sin30 -f+a-o

—0.194a* + 2.264a3 — 5.842a% + 6.232a — 3.518

Let substitute these values in the equation (3) and we obtain the coefficients ag, bg, cg, f5,

(1-a) sin30° 2 (1 a) cos 30°] [(1—a) cos 30°
1 (1-a) cos 30"]2 [7] _ o (1-a)sin 30°
-t V1+3sin230° 1, (1-a)cos30 = —
[5 V1+3sinZ 30° — . ) ) St e EFETTCRTE ) 1+3sin230°) lV1+3sinZ 30 - i
[~2+ @ - a) cos30°] [52+ (- @ysin30°] ~1+ (1 -a)cos30° T4 (1-a)sin30° _[_Z+(1_“)°°S3°HT+(1—“)S‘“3°]
(1-a)sin30° _ o _[_1, (-a)cos30° _\/— (1-a) sin 30°
1 (1-a)cos30°]? [ /3 + ] _ 1, (-a)cos30 -3 (1-a) sin 30° [ +
[_5"' Vit3sinZ30° 300] 1+3sin?30° 2 J1+3sin?30° 3+ V1+35sin230° 2 ViH3sin®30° 1+3sin30°

H +(1—a)sm30]

g6 and cg.

If we substitude these coefficients in the conic equation (4) and simplify the equation with hg (h§ # 0),

we obtain the following equation;

—0,389a* + 3,475a3 — 0,692a? — 1,706a — 0,555 = 0

By solving the equation (5), the real values of ;

)
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0.98,0.85

As alpha represents the grade of membership, it must be [0,1].

So the appropriate alpha real number is 6 = 0.98 as it is supremum. Thus for 6, = 30°, the set Sq, of all

passible value of «a is the set {0.98}.

We vary 6, across [0,27] and keep an identifying the value of Sy, . Finally, we get supremum of all Sg_’s.

One can easily verify that the supremum value for the considered point is 0,98 which is attained for the
value of 8, = 30°. Eventually, we note that the conic passing through to the same points for 8, = 30°

and a = 0,98. As a result, we find that the conic which passing through to the same-points are;
(1.01,0.01) € E;,(0.21,1.96) € E,, (—0.23,1.94) € E;,(—0.48,—1.72) € E,,  and (0.35,1.89) € E5

Then we obtain the conic equation (6) which passing through to the same -points:
0.96x2 — 0.04xy + 0.27y? + 0.05x — 0.03y — 1.03 =0 (6)
This conic equation contains the point (1, 0.5). And, we have
1((1,0.5)|FE) = 0.98

alpha cut of fuzzy ellipse.

Now we give an example of a fuzzy ellipse whose core ellipse is decentralized.

Example 3.2. Let E; = (14),F; = (0,22°), F; = (-2,2V3),F; = (=3, %) and F; = (4,~2V3) are

fuzzy poinys. We get the fuzzy ellipse that passes through these points.

The core ellipse equation is that passes through these points;

(k=17 y?
{(X,y).T-FE = 1}

Now let take the membership functions of these five ellipses as circle, ellipse, circle, circle and ellipse

respectively;
{oy):(x-1)?+(y-4)* <1}

2
{(x,y):x2 +9 (y — 23@> < 1}
{(x, y):(x+2)*+ (v + 2\/5_’)2 < 1}

2
{(x.y): (+3)2+ (;v " 47@> B 1}
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{(x, Y9 —4)? + (y +2v3) < 1}

. . . V35 V5
The vertices of the membership function are (1,4), (0, 23ﬁ)’ (—2,2\/§), (—3,—4?5) and (4,—2\/§)

respectively. Now let write five same-points on E;, E;, E5, E, and Es whose membership degrees are

alpha

Q7 (xf9,yf) =1+ (1 —a).cos0,4+ (1 — a).sin6)

cos @ 2v35 sin @
, +(1-a)——
V1 +8sin26 3 V1 + 8sin2 6

Qz0: (x29,¥20) = (1 — ).
Q% (x55,¥59) = (—2+ (1 — ). cos0,2v3 + (1 — a).sin 9)

45
Qi (i, Vip) = <—3 + (1 —a).cosf,———+ (1 —a).sin 9)

3
cos 6 sin6
Qa :(xa , a ) = (4-+ (1 —0()—;_2‘/5"' (1 _a)—)
56° (X590, Y50 1+ 8cos20 V1 +8cos?6

The ellipse Eg that passes through Qf, @55, @59, Q1 and Q< can be determinant by the equation below

again as in the previous example;
agx? + 2hgxy + b§y* + 2g6x + 2 f§fy +c§ =0

with h§* < ag.bg.

We gave on the previous example how to find ag, bg, gg, fg' and cg.In this example we apply the same.
The fuzzy ellipse FE; s that passes through E; ‘s i = 1,2,3,4,5 is the union of all possible ellipse E§ ‘s

that lies between Q7 and Q<5 ‘s. That s,

o (x,¥) = agx* + 2h§xy + bgy?
FE; 5=
a€l0,1] 6€[0,27] +2ggx +2fgy +cg =0

Now we find the membership degree of the point (1,4.1) on the fuzzy ellipse FE. We adjust the set of
ellipses E§ ‘s on which the point (1,4.1) lies.

Let replace point (1, 4.1) in equation (2) we need to identify the possible values of a. Then, we get the

equation below:
ag ()% + 2h§ (D). (4.1) + bF(4.1)% + 295 (1) + 2f§(0.5) +c§ =0
which simplifies to

ag + 8.2hg + 16.81bg + 294 +8.2f5 +¢cf =0 (7)
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Then we put 8, = 45° in (7) and we calculate ag, bg, g§, f5 and cg.

We find them and replace in (7) then we obtain the following non-linear equation which determinants

are found:
—31.18a* — 1303.24a® — 5634.93a% — 6568.61a + 10404.88 = 0
By solving this equation, real alpha values are found;
a = 0.85,—-2.78

But we get 0.85 from 0 to 1 from these real two values.
Thus, for 6, = 45°, the set Sg of all passible value of a is the set {0.85}.

We vary 6, across [0,27] and keep an identifying the value of sq,. Finaly, we get supremum of all sq,’s.
One can easily verify that the supremum value fort he considered point is 0,85 which is attained for the
value of 8, = 45°. Eventually, we note that the conic passing through to the same points, for 6, = 45°

and ¢ = 0,85.

As a result, we find that the conic which passing through to the same-points are;
(1.31,4.31) € E{,(0.13,4.08) € E,, (—1.68,3.77) € Ej,
(—2.68,—2.67) € E,,(4.13,-3.32) € Es
Then we obtain the following conic equation (8) which passing through to the same-points:
—524.84x2 + 74.07xy — 2027.74y? + 1902.47x + 907.46y + 28574.06 = 0 (8)
This conic equation contains the point (1,4.1). And, we have
1((1,4.D|FE) = 0.85

alpha cut of fuzzy ellipse and membership degree of a core ellipse in a fuzzy ellipse.

4. Conclusion

The concept of fuzzy ellipse has been initiated and basic properties of fuzzy ellipse have been explained
in this study in details. The membership degrees of fuzzy points have a specific role for the graph of
ellipse. The needed explanations based on these roles were made on the drawn graphics. Equations of
conics such as hyperbola and ellipse can be obtained by determining five points. Starting from these, we
developed a method for obtaining the fuzzy ellipse equation in the study. But we can’t do this with five
random points. We used the points which called the same-points. In the study, we have presented a

method by determining the necessary properties for selecting points. As seen in the figures, the fuzzy
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ellipses can be depicted with different curves. Depending on the degree of membership Fuzzy ellipse
can be use kidney stones crushing machines, billiard games, aerospace engineering and laser technology
etc. We have shown the applicability of the method in the examples. When we create the fuzzy ellipse
equations in the 3rd section, it is seen that the necessary coefficients for the calculation of these
equations will be made with high-dimensional determinants. In the examples given, the maple program
was used to calculate the membership of the coefficients using the selected points and angles. Thus, it
will be possible to find fuzzy ellipses at different point and angle selections. The determinants we

presented in section 3 can be easily calculated with mathematical programs.

Fuzzy ellipse can be use kidney stones crushing machines, billiard games, aerospace engineering and
laser technology etc. The method and applications we have shown in this study will be a guide for studies

in these areas.
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1.Introduction

One of the most important scientific topics is difference equations, often known as discrete dynamical sys-
tems. The study of the qualitative properties of rational difference equations has sparked a lot of attention

recently.

Many researchers have opted to utilize difference equations in mathematical models to explain the prob-
lems in various sciences, including allowing scientists to introduce their study’s predictions and producing

more precise results.

It is particularly fascinating to look into the behavior of the solutions to a system of nonlinear differential
equations and examine the local asymptotic stability of their equilibrium points. Numerous studies have
been conducted on the technique of identifying the general form of the solution for some special cases of
the problem. The systems and behavior of rational difference equations have been the subject of numerous

works (can be obtained in the references).
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Alayachi et al. [3] studied the qualitative properties of:

Byn-1Yn-3
=Ayp1+ —m"F.
Yn+1 Yn-1 Cyn_s+Dyn_s
Almatrafi et al. [6] studied the global behavior of:

IBX% +YXnXn-1+ 67(3;_1
AXG+ BXnXn-1+0X5_,

Xn+1=Q)n+

Alzubaidi and Elsayed [8] examined the dynamics behavior and gave the general form of:

BPn-19n-—2

= ot
Pn+1 = APp-2 '}’(Pn—zié(l)n—4

Ibrahim et al. [26] investigated the global stability and boundedness of solutions for:

YnYn—k

k
Ypri=a+ Y a; Y, i+ .
B+ X bjYn-j
Jj=0

i=0

Kara and Yazlik [27] found the exact formulas for the solutions of the system:

Yo = Xn-22n-3
n — »
Zn-1(an+bpxp-_22n-3)
_ Yn-2Xn-3
_Vn - 1]
Xn—1(@n+ PnYn-—2Xn-3)
Zn-2Yn-3

B Yn-1(Ap+Buzn_2yn-3) '

Karatas et al. [28] investigated the solutions of:

Un—5

Upsj1 = ———=>
n+l 1+ bUn_zUn_5

Abdul Khaliq et al. [30] investigated the asymptotic behavior of the solutions of:

Bwn

e = O o)
n n—-r

In [35] Muna and Mohammad deal with:

_ ((,Z+,5Vn)
" (A+BV,+CV,_p)

Vi1

40

The goal of this paper is to find a general solution to some special cases of the fractional recursive equation

YV, o¥,-
\I/n+1=a\yn_2+m, n=0,1,2,...,
Y¥Yn-3+6¥, 6

where a, 8,y and § are arbitrary positive real numbers.

€Y)
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2. Local Stability of the Critical Point

The critical point of Eq.(1), is given by
N
VY=a¥ + ——,
YV +06v

1-a)V¥= ﬁqu_ = (1-a)(y+6)¥* = gy
y+6)¥

Thus,
[A-a)y+8)-B] P =0.

If (1 - a)(y +0) # B then the unique critical point is ¥ =0.

Assume @ : (0,00)3 — (0,00) be a C! function defined by

_ Bw wo
O(wy, wp, w3) = qwy + ——————. 2)
Yw2 +6ws
In consequence,
0o 0o 6 0o -pé
—a+ ﬁ wo _ ﬂ w1 ws _ ﬂ w1 Wz (3)

ow, - yws+6ws’ Ows  (yws+0ws3)? dws (yws+O6ws)?

At ¥ =0, we see that

9 Gy —ar L -
ow, y+5_yl
T S L @)
dw, T (y+06)? ~ 72
_ _ _ _ﬁ5
WY, = — 2y
ws = Geor

Hence,

_ Jij _Llﬁ_) Llﬁ_) _
Zn+1 (a+ y+o Zn-2 (Y+6)2 Zn-3+ (Y+6)2 Zn-6=0.

Theorem 2.1. The critical point ¥ =0 is locally asymptotically stable if

By +38) < (1—a)(y+6)>.

Proof.

By using the values in the Eq.(4) and by Lemma 1 in [30], ensures that Eq.(1) is asymptotically stable if

Iyi]+]yz|+|ys| <1,

B ’ po -pé
'a+y+5 * (y +6)2 (y +6)2 ’
o 1) 0 0
a+,5(7’+ ) B B

(y+6)2  (y+6)2 " (y +6)2 <b
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Py +3p0

(y+5)2 < (1 - a)’

therefore,
By +38) < (1—a)(y+6)>.

3. Global Attractive of the Critical Point

In this section, we aim to investigate the global asymptotic stability of the positive solutions of Eq.(1).

Theorem 3.1. The critical point ¥ =0of Eq.(1) is a global attracting if
y(l-a)#pB.

Proof.
From Eq.(3), we note that, the function ®(w,, w», ws) is increasing in w; and w, and is decreasing in ws.

Assume that whenever (H, h) is a solution of the system

H:q)(H;Hyh)l
h=®(h,h, H),
then, we have
BH? BH?
H:aH—}——, 3(1—a)H= y
YH+6h YH+6h
y(1-a)H*+8(1 - a)hH = BH. (5)
h2 hZ
h=ah+'6—,=(l—a)h= b .
Yh+0H Yh+0H
y(1—a)h?*+8(1—a)hH = Bh. (6)

By substrate Eq.(5) from Eq.(6) we obtain

[y - @) -] (H? - h*) =0.

In consequence, H = hif y(1 — a) # B. It follows by Theorem 1 in [30] the equilibrium point ¥ =0 of Eq.(1)

is a global attractor.

4.Boundedness of solutions

Here, we demonstrate how the positive solutions to Eq.(1) have boundedness.

Theorem 4.1. Every solution of Eq.(1) is bounded if

(a+§)<1.
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Proof.

Assume that {¥,}9°._, be a solution of Eq.(1), then

,B\Pn—z\l"n—fl
Y¥n-3+6¥n-s
ﬁ‘Pn—z‘I’n—s

Y¥n-3

= (a + g) V,_o.

VYyrn=a¥y2+

<a¥, o+

Hence,
V1=V, foralln=0.

This implies that the subsequences are bounded from above by

Wimax = max{¥_¢, ¥ _5,¥_4,¥_3,¥_»,¥Y_1,¥ol

5. General Solution for Special Cases

In this section, we will find expressions of solution for some special cases of Eq.(1)

5.1. First Equation

In this subsection, we will find the solution of Eq.(1) when a = =6 =y =1, so the Eq.(1) become as

\Pn—z\Pn—?z

Yo =¥Ypot o——)
“Pn—3 +\I]n—6

n=0,12,..,

where the initial conditions W _g, W _5, ¥ _4, ¥ _3,¥_»,¥_; and ¥ are arbitrary positive real numbers.

Theorem 5.1. Assume {¥,} _. be a solution of Eq.(7). Thus for n=0,1,2,...,

n-l (Fei+3N + Fei+20) (Fpirs A + Foiral) (Feir70 + FoireT) (Fsir3( + Foir2K)
i20 Foivon + Foi010) (Foival + Foivsl) (Foir60 + FoivsT) (Fpival + Fis1K)

Yion-2=0

Wi = A'ﬁl (F6i+sN + Fei+a0) (Fsir1A + Foirel) (Fei+30 + Fpi2T) (Foir5( + Fpivak)
" 120 (Foivan + F6i430) (FoireA + Foirs ) (Foir20 + Fois1 1) (Fpisal + Foirsk)

=V (Fivtn + Foir60) (FoiraA + Foivol) (Foir50 + FpisaT) (Fisrl + Fois6K)

v = ,
12n =1 E) (F6ir6N + F6i+50) (Feira A + Feir1 1) (Foi+a0 + Fpi13T) (Feirel + Foir5K)

b (Fei-3n + Fei-a0) (Foi-1 A + Foi21) (Fpi+10 + F6iT) (Fpi+30 + Fpi42K)
10 (Foi—an + Foi—50) (Foi—2A + Fi—3 1) (F6i0 + F6i1T) (F6ir2( + Fir1K)

Yione1 =0

e (Fei-1M + Fei—20) (Foir1 A+ Foi 1) (Fei+30 + Fpiv2T) (Foi-1{ + Fei—2K)

¥ =A ,
fanz ,-l:% (Foi—on + F6i—30) (F6i A + Fpi—1 1) (F6i+20 + Fpi1T) (Fpi—2( + Fpi_3K)

B (Foiv1N + F6i0) (FeirsA + Foival) (Fei-10 + Fpi—2T) (Feir1({ + F6iK)

b4 = R
fan3 771_1:!) (F6in + Fo6i-10) (Foir2A + Foiv1 ) (Fe6i—20 + Fpi3T) (Fpi( + Foi-1K)

43
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M (Foivan + Feir2) (Foi-1 A+ Foi—2l) (F6ir10 + F6iT) (Fpi+30 + Feir2K)
i=0 (Feiran+ Foi110) (Foi—2A + Fi—ap) (Fi0 + Fi17) (Foi 420 + Foir1K)

Yiona=0

(Fei-1M+ Fi—20) (Fpir1 A + Foi ) (Fi+30 + Fir2T) (Foir5( + Fpitak)
0 (Foi—2n + F6i—30) (Feid + Fgi—1 W) (Foi+20 + Foir17) (Foisal + Fpir3K)’

Wi2n+s = /11_[

(Fsiv1N + F6i () (FsirsA + Foirol) (Foi+50 + FoivaT) (Fpir1( + F6iK)
0 (F6in + Foi-10) (Fpis2 A + Fois1 W) (Foi+a0 + Fpi43T) (Foil + Fgi-1K)

Yi2n+6 = 171_[

b (Feiran + Feir20) (Foirs A+ Foivall) (Fois10 + FpiT) (Fpi 430 + Fpir2K)
i20 Foiron + F6i10) (Foiral + Foira ) (F6i0 + Fpi-17) (Fpis2l + Fpir1K)’

Yioner =0

(Fei+sN + Foi+a0) (Fpir1 A + Foi ) (Foi+30 + Foir2T) (Foirs( + Fpitak)
0 (Foiran + F6ir30) (Foid + Foi—1 W) (Foir20 + Foir1T) (Foisal + Foirsk)’

Wi2n+8 = /11_[

(g61+177+g61()(g61+3/1+961+2,U)(9.61+50+g61+4T)(961+7C+g61+6K)
0 (F6in + Foi-10) (Foisod + Foir1 1) (Foi+40 + Foir37) (Foir6( + Foir5K)

Yi2n+9 = 771_[

where ¥V _g=x,¥Y_5=7,Y_4 =,V 3=V r=0,Y_1=1,¥Yy=nand {9,-}‘1.’2_5 ={1,1,1,1,1,1,1,1,2,

3,5,8,13,21,...,}.

Proof.
For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for n — 1, that is

=2 (Fpirsl + Foi+20) (FoirsA + Foirall) (Foi70 + FoireT) (Foir3( + Foir2K)

Yion-u=0

2 (Foirsn + Foiral) (FoistA + Foivoll) (Foir30 + FoivaT) (Foirs( + Foirak)

=0 Foivan + Foi10) (Foival + Foisst) (Foir60 + FoivsT) (Foival + Fpis1K)

Y =A
fen=15 = H 0 Foivan + Foir30) (Foire A + Foiss ) (Foir20 + Foir1T) (Foiral + Foirsk)

2(Foirtn + Foir6() (FoissA + Foival) (Foir50 + FoiaT) (Foir7( + FoireK)

v
12n=12 =1] H 0 Foiven + Foi150) (FoivoA + Fois1 1) (Foi+a0 + FoisaT) (Foivel + Foissk)

N (Foi-3n + Fgi-a0) (Foi-1 A + Foi—2 ) (F6i+10 + FeiT) (Foir3( + Foir2K)
i=0 (Foi-an + F6i—50) (Foi-2 A + Foi-31) (F6i0 + Fei—1T)(Feir2{ + Fois1K)

Yion-11=0

Y (Fi1m + Fei—20) (Foii A+ Foi ) (Foi+30 + FoivaT) (Foi-1{ + Fpi—2K)
0 Foi-2n+ Foi—30) (Feid + Fi-1 1) (F6i+20 + Fis1T) (Fpi-20 + Fei-3K)

Wi2n-10=41 H

Wipng= T]H (961+177+9751(:)(961+37L+§6[+2p)(961 10+961 27)(g61+1(+g617<)
" 0 (F6in + Foi-10)(Feir2A + Foi1 1) (Foi-20 + Foi-3T)(Feil + Foi-1K)’

M Foiran + Foi+20) (Foi—1 A + Foi—o ) (F6i+10 + F6iT)(Foi430 + Fpis2K)
120 Fsivan + Foi110) (Fsi-2A + Foi—3 1) (F6i0 + Fgi-1T) (Fgiv2l + Foir1K)’

Yion-g=0

L (Foi1m + Fei—20) (Foi1 A+ Foi ) (Foi 130 + FoisoT) (Foirs{ + Foirak)
0 (Foian + Foi—30) (Feid + Fei—1 W) (Foi+20 + Foir1T) (Foiral + Foirsk)’

Wion- 7—/11_[

U (Foi1m + F6i() (Foisa + Foivoll) (Foirs0 + FoisaT) (Foir1{ + Feik)
(g&n"'gﬁz 1()(961+21+961+1/J)(g61+40+J61+37)(961(+g61 IK)

Yi2n-6 = 771_[

N (Foir3n + Foi+20) (FoirsA + Foivall) (Foi10 + FoiT) (Foi+3( + Foir2K)
i=0 (Foivon + Foi10) (Fpisal + Foir3 ) (F6i0 + Foi1 1) (Fpis2l + Foir1K)

Yion-5=0

44
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M (Feisn + Foiral) (Foin1 A+ Filt) (F6i430 + Fpi2T) (Foi 45 + Foi14K)
Wion-a=AJ]

(J61+177 + F6i0) (Foir3A + Foival) (Foi+50 + FoiraT) (Foir70 + Fsir6K)
(Jﬁln+961 1()(J’61+2/1+g6l+l,u)(961+40'+J61+3T)(=g:6l+6(+961+57<)

Wi2n- 3—771_[

Now, we prove that the results are holds for n. From Eq.(7), it follows that

Y121n-5%¥12n-6
Wizn-6+Yi2n-9
N (Foivan + Foir20) (Foirs A+ Foiral) (Fois10 + Foi 1) (Foir3( + Fpirak)

Yiono2=Y%Yions5+

120 Foivan) + F6i430) (Foid + Foi-1 1) (F6i120 + Fis1T) (Fgival + Foir3k)’

i=0 Fei+2N + F6i+10) (Foivad + Feir3) (F6i0 + Fi-17) (Fgi+20 + Fei+1K)

n—1
1—[ (Foi1N+F6i() (FoirsA+Foiso ) (Foirs0+FeisaT) (Foi1 {+F6iK)
n g (F6in+F6i-10) (Foir2A+F6i11 1) (Foi 140 +Fpi43T) (Fei( +Fpi-1K)

1+

n—1
1—[ (Foi1N+F6i() (FoirsA+Foiro ) (Foirs0+FeiaT) (Foir1 {+F6iK)
n g (F6in+F6i-10) (F6i+2 A+ Fpi+110) (F6i 140 +F6i13T) (F6i ( +F6i-1K)

n—1
1—[ (Foi 1N+ F6i8) (Foir3 A+ Fivolt) (Foi—10+F6i—2T) (Foi1 {+ F6iK)
n ) (F6in+F6i-10) (Foiso A+ Foi1 ) (Fpi—20 +Fi3T) (F6i (+Fsi-1K)

N (Foiran + Foi+20) (FoirsA + Foivall) (Foi10 + FoiT) (Foi+3( + Foir2K)
i—o (Feir2N + Fi+10) (Foival + Fpi3 ) (F6i0 + F6i1T) (Foi+20 + Fpir1K)

1:[ (F6i+50+Fpi4aT)
- (g6z+40'+g61+37)

1+

-1
(F6i 450 +Fpi+aT) (Fpi10+Fi2T)

o (F6i+40+F5i437) | 5 (Foi-20+Fi-3T)
= i=

NV (Foir3n + Foir20) (FoirsA + Foivald) (Foir10 + FiT) (Fgir3l + Foir2K)
i—0 (Feir2n + Foi+10) (Foival + Fpir3 ) (F6i0 + F6i1T) (Fpi+20 + Foir1K)
(g611710'+§6n72‘r)
(Fen—20+Fep_3T)

(Fon-10+Fen-»7) +1
(Fon-20+Fen-3T)

1+

N (Fsirsn + Foi+20) (FoirsA + Foivall) (Foir10 + FoiT) (Foir3( + Foir2K)
i—0 Foi+o + F6i+10) (Foival + Foirsp) (Fei0 + Fi-1T) (Fpi+2( + F6i+1K)
(Fon-10 + Fop-2T)
(Fon-10 + Fep—27) + (Fen—20 + Fpp_37)

1+

N (FoivsN + Foi420) (Foiss A + Foiralt) (Foir10 + Foi 1) (Fpis3l + Foivak)
i=0 Feir2+ F6i+10) (Foival + Foir3) (F6i0 + F6i-1T) (F6i+20 + Fpi+1K)
[1 N (Fon-10 + Fep-2T)
(Fen0 + Fpp_1T)

45
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1 (Feiran + Fois20) (Foirs A+ Foirall) (Fois10 + Foi 1) (Foir3( + Foi42K)
i0 (Feir2n + Fei+10) (Foival + Foi3 ) (F6i0 + F6i-1T) (Foi+20 + Fpit1K)
(F6n0 + Fepn-17) + (Fen-10 + Fep_27)
(Fen0 + Fp_17)

U (Foiran + Foi420) (FoirsA + Foival) (Foir10 + FiT) (Foir3l + Foir2K) [ (Fon+10 + FonT))
ico Foivon + F6i10) (Foival + Fivst) (Fei0 + Foi1T) (Foir2l + Foir1K) | (Fon0 + Fon17) |

Hence, we get

N (Foiran + Foi420) (FoirsA + Foivald) (Foi170 + FoiveT) (Foir3l + Foir2K)
i=0 Feiran) + Foir10) (Foival + Foirst) (Foir60 + FpissT) (Fpisol + Fgis1K)

Yiono2=0

Other expressions can be investigated in the same way. The proof has been completed.

5.2.Second Equation

In this subsection, we will find the solution of Eq.(1) when @« =y = =1 and § = —1, so the Eq.(1) become
as

v =¥, o+——— n=0,1,2,.., 8
n+l n-2 \I]n—S_\Pn—G (8)

where the initial conditions W_g, ¥ _5,¥_4,¥Y_3,¥_»,¥_; and ¥ are arbitrary positive real numbers.
Theorem 5.2. Assume {\I’n}"’f:_6 be a solution of Eq.(8). Thus for n=0,1,2,...,

N (F3i130 — F3i410) (F3ira — F3i12 ) (F3i450 — F3i43T) (F3i430 — F3i41K)
ico (Fainn— F3i210)(Faisod — F3i ) (F3i430 — F3i1 1) (Fais1{ — F3i-1K)

Yiono2=0

(P304 — F3i420) (F3ir5A — F3i4310) (F3i430 — F3i41T) (F3i 440 — F3i42K)

Wion-1=41
" ,-11) (F3ir2n — F3i0)(F3i43A — F3i01 W) (F3i410 — F3i1T) (F3i 120 — F3iK)

)y

N (Fsivsn — F3ie30) (Fsi3d — Fais1 W) (F3i140 — F3i427) (F3i45( — F3i13K)

Wion = ,
tzn ",E, (F3i43N = F3i110) (F3i41A — F31 ) (F3i 420 — F3,T) (F3i 430 — F3i11K)

Wiprss = 020 — k) " (Fai430 — F3i110) (F3i 14l — F3i2 ) (F3i450 — F3i13T) (F3i16¢ — F3i44K)
" C=Kx) g (Fzisin—F3i-10)(F3iroA — Fai ) (F3i130 — F3i417) (F3i44( — F3i12K)
v _ AR = 1) " (F3i1an — F3i420) (F3i45A — F3i131) (F3i160 — F3i14T) (F3i14( — F3142K)
12n+2 — ’
" (0-1) oo (F3ivan—F3i0)(F3i130 — F3i4110) (F3i+40 — F3i12T) (F3i12( — F3iK)
v QA - W) " (Fzivsn = F31430) (F3is6A = F3iral) (F3i140 — F3i1407) (F3i15( — F3i13K)
12n+3 —

A—w) g (Fzis3n—F3i10)(F3ivad — F3i2l) (F3i420 — F3iT) (Fai430 — F3i41K)

(F3i+6N — F3i+40) (F3i 44 — F3i4210)
v 02— @0 —x) "= (F3i150 = F3i43T)(F3i460 — F3i+4K)
12n+4 = ,
m=-0C-1 i (F3i1aN — F3i420) (F3i12A — F3i 1)

(F3i+30 — F3i11T)(F3j 440 — F3i12K)
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(F3i14M — F3i420) (F3i45A — F3i13 1)
A20 -1)3C —x) "=l (F3i+60 — F3i+4T) (F3i47C — F3i45K)

Wio2n+s = I1 ,
(lo-1) i=0  (F3i42N— F3i0)(F3i43A — F3is1 1)
(F3i440 — F3i427) (F3i 450 — F3i43K)
(F3i+5N — F3i430) (F3i16A — F3i4ald)
N@eA-wBo—1) "5 (F3i+70 = F3i457) (F3i450 — F3i13K)
Wion+6 =

od-p i=0 (F3i+3N — F3i+10) (F3irad — F3is2ll)

(F3i+50 — F3i43T) (F3i430 — F3i41K)

(=)

(F3i+6M — F3i+40) (F3i17A — F3i4510)
o@2n-0BA- W@ -x) "5 (F3i50 = F3i43T) (F3i160 — F3i14K)

Yi2n+7 = I1 )

A= -x) i=0 (F3iral) — F3i+20) (F3irsA — F3iv3lL)

(F3i+30 — F3i41T) (F3i 440 — F3i42K)

(F3i17M — F3i450) (F3i15A — F3i13 1)

v ABN-0Ro -1)(3( —Kx) "=l (F3i160 — F3i44T)(F3i470 — F3i45K)
12748 = ,

néo -1 i=0 (F3irsN — F3i+30) (F3ir3A — F3iv1 1)

(F3i+40 — F3i42T) (F3i450 — F3i43K)

(F3i+5M — F3i+30) (F3ir6A — F3itald)

N@RA— ) (B0 —1)(5¢ —2k) "=l (F3i170 — F3i45T)(F3i+80 — F3i+6K)

Wions9 =

o(A=WEf-x) i=0 (F3i43N — F3i410) (F3i4+4A — F3i4210)
(F3i+50 — F3i+37) (F3i 160 — F3i4+4K)

where ¥V _g=x,¥Y_5=7,Y_4=u,¥Y 3=V 2=0,Y_1=1,¥)=nand {%; ci’i_l ={1,0,1,1,2,3,5,8,13,

21,..}.

Proof.

For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for n — 1, that is

"2 (F3i43N — F3i+10) (F3i0ad — F3ir2l) (F3i150 — F31437) (F3i43( — F3i41K)

WYion-14=0

ino (Fsinn— F3i-10) (Fsis2d — F3i ) (F3i430 — F3i1 1) (Fi41 — F3i-1K)

n-2

3 (F3i4a — F3i120) (F3i15A — F3i131) (F3i430 — F3i11T) (F3i 140 — F3i42K)
Wion-13=A[]

izo (F3iv2n — F3i0)(F3i 430 — F3i 1 W) (F3i410 — F3i-1T) (F3420 — F3K)

n-2

S—— (F3iv5M — F3i430) (F3i13A — F3i 1 1) (F3i 440 — F3i12T) (F3i 450 — F3i43K)
" i=0 (F3i+3N — F3i+10)(F3i+1Ad — F3_1 1) (F3i420 — F3iT) (F3i430 — F3i41K) ’

Wiy = 02 —x) 'ﬁz (F3i+3N — F3i110) (F3isad — F3i120) (F31450 — F3143T) (F3i460 — F3i44K)
" =%) oo (Fzinn—F3i10)(F3is2Ad — F3il) (F31430 — F3i417) (F3i4al — F3i10K)

A2o—-1)"
Wi2n-10=

2 (F3ival — F3i+20) (F3i15A — F3i4310) (F3i+60 — F3i+4T) (F3i+4l — F3i42K)

(o-1)

o (Fzivon = F3i0)(F3i43A0 — F3i+110) (F31+40 — F3i12T) (F31120 — F3iK)
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NRA— ) =2 (F3i+5M — F3i+30) (Fsise A — F3ival) (F3i440 — F3i42T) (F3i5( — F3i43K)

\P —9 = )
12n=9 A=) iZy (F3ie3N = F3i+10)(F3i1ad — F3i10 ) (F3i420 — F3;T) (F3i 130 — F3i41K)
(F3ir6N — F3i+40) (F3i44A — F3i42/0)
o2n-02f—x) "= (F3i+50 — F3i+37) (F3i+6( — F3i+4K)
Frens == 0 H ’
n- K i=0  (Fsisan— F3i120) (Faivad — F3i )
(F3i430 — F3i1T) (F3i140 — F3i12K)
(F3i44N — F3i+20) (F3i45A — F3i431)
v ARo-1)3BL-x) l:[ (F3i+60 — F3i44T) (F3i 470 — F3i45K)
12]’1-7 y
¢lo-1) i=0  (F3iv2n — F3i0) (F3i13A — F3i01 1)
(F3i+40 — F3i42T) (F3i 450 — F3i43K)
(F3i+5N — F3i+30) (F3i16A — F3i44lh)
v N@A—wBo —1) =2 (F3i+70 = F3i157) (F3i+5( — F3i13K)
12n-6 = )
ocA-p i=0 (F3i43N — F3i410) (F3i4ad — F3i4210)
(F3i+50 — F3i+37)(F3i 430 — F3i41K)
(F3iv6M — F3i+40) (F3i47A — F3i451)
v o2n-0BA-w R -x) 1:[ (F3i+50 — F3i+37) (F3i+60 — F3i+4K)
12n-5 = »
A =€ =x) i=0 (3441 — F3i+20) (F3i15A — F3i431)
(F3i+30 — F3i41T) (F3i140 — F3i12K)
(F3i17M — F3i450) (F3i15A — F3i43 1)
¥ ABN -0 2o -1)(3( —«) 1:[ (F3i+60 — F3i44T) (F3i 470 — F3i45K)
12n-4 = )
né(o —7) i=0 (345N — F3i+30) (F3i13A — F3i4114)
(F3i+40 — F3i42T) (F3i450 — F3i43K)
(F3i+51 — F3i+30) (F3i+6A — F3ivafl)
v N@RA— ) (B30 —1)(5¢ —2k) =2 (F3i170 — F3i45T)(F3i+80 — F3i+6K)
12n-3 =

oA-wEC-x) i=0 (F3i43N — F3i410) (F3iad — F3i4210)
(F3i450 — F3i437) (F3i+60 — F3i+4K)
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Now, we prove that the results are holds for n. From Eq.(8), it follows that

WYi2n-5¥12n-6

Yion-2=Y12n-5
Yi2n-6 — Y12n-9

(F3ir6N — F3i+40) (F3i47A — F3i45 1)

_o2n-0BA-wQL-Kk) 1= (F3i4+50 — F3i43T) (F3i160 — F3i+4K)
A =0 ~x) i=0 (F3i1aM — F3i420) (F3i45A — F3i43M0)
(F3i430 — F3i017) (F3i 140 — F3i42K)

nRA-p) (3o —1) 1:[ (F31+5N—F31430) (F31406A—F3i 14 ) (F31470 — F3115T) (F3i45( — F3143K)
o(A-p) L1 (F3i431=F3i010) (F3i44A=F 3142 11) (F 31450 = F3i137T) (F3i430 —F3i11K)
1+ =

n-2
nRA-w)(30-1) (F3i+5N—F3i430) (F3is6A—F3ira ) (F3i170 = F3i15T) (F3i45{ —F3i+3K)
o(A-p) (93”377 F3i10) (F3iia A= F3i2 ) (F31450 —F3i13T) (Fair3 —F3i11K)

A-w (Z3i+3N—F 3110 (F3i4a A= F3i120) (F3i 420 —F3; T) (F3i130 — F3i11K)

nR2A-u) H 93”577—9"3”3()(93i+6/1—93i+4u (F3i+40—F3i+2T) (F3i45( ~F3i+3K)

(F3i+6M — F3i+40) (F3i17A — F3i45140)

_on-0BA-wL-Kk) =P (F3i450 — F3i13T) (F3i+6¢ — F3i+4K)
A= -x) i=0 (F3iral) — F3i+20) (F3irsA — F3i43l0)
(F3i+30 — F3i41T) (F3i 440 — F3i42K)

1:[ (F3i470 = F3i45T)
L (Z3i150—F3i43T)

1+

n-2
(F3i170—=F3i15T) _ (93i+40—93i+27)

0 (F3i150—F3i43T) b (F3i420—F3;T)

(F3i+6N — F3i+40) (F3ir7A — F3iv510)

_0@2n-0BA-w@{-x) 1:[ (F3i+50 — F3i13T) (F3i+6( — F3i+4K)
A =€ =) i=0 (F3i+4n — F3i+20)(F3i+5A — F3i431)
(F31430 — F3111T) (F3i+4( — F342K)

(F3n+10—F3p17)

(F3n-10—F3-3T)
(F3n+10=F3n17) _
(F3n-10—F33-37)

1+

(F3i+60 — F3i+40) (F3i 474 — F3i1510)
_o@n-BA-wRI-K) 2 (F3i450 — F3i13T) (F3i+6{ — F3i+4K)
A =0 -x) i=0 (F3i+40— F3i+20) (F3ir5A — F3i13 1)
(F3i+30 — F3i117)(F3i+4( — F3i12K)
(F3n+10 — F3p-1T)
(F3n+10 — F3p-1T) — (F3n-10 — F3,-3T)

1+
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(F3iv6M — F3i+40) (F3i17A — F3i4510)

_02n-0BA-wR{-K) *ﬁZ (F3i4+50 — F3i13T) (F3i16¢ — F3i14K)
A =0 ~x) i=0 (F3i141 — F3i420) (F3i45A — F3i4310)
(F3i430 — F3i417)(F3i+4{ — F3i12K)

(F3n+10 — F35-17)
(F3n0 — F3p-27T)

1+

(F3i+6M — F3i+40) (F3i17A — F3i451)
_02n-0BA-w2{-x) 'ﬁz (F3i+50 — F3i+3T) (F3i+6( — F3i+4K)
A =€ -x) i=0 (F3i+an — F3i+20) (F3i+50 — F3i43 1)
(F3i+30 — F3i41T) (F3 440 — F3i12K)
(F3n0 — F3p—2T) + (F3n410 — F35-17)
(F3n0 — F3p-27)

(F3i46N — F3i+40) (F3i17A — F3i4510)

_o2n-DBA- W@ —x) 122 (F3i+50 — F3i437) (F3i+60 — F3i+4K)
A =0 ~x) i=0 (F3i141 — F3i420) (F3i45A — F3i431)
(F3i430 — F3i417) (F3i+4( — F3i12K)

(F3p420 — F3,T)
(F3n0 — Fap21) |

Therefore,

N1 (F3i030 — F3i010) (F3isad — Fair2l) (F3i450 — F3i43T) (F3i43( — F3i41K)

WYion-2=0 .
1=z iz0 (F3ie1N — F3i-10)(F3i42A4 — F3i 1) (F3i+30 — F3i+17) (F3i+1( — F3i-1K)

The following cases can be proved using a similar technique.
5.3. Third Equation

In this subsection, we will find the solution of Eq.(1) when @« =y =6 =1 and 8 = —1, so the Eq.(1) become
as

\PI’H—l = \Pn—Z -, h= 0; 1; 2) weey (9)

where the initial conditions W_g, ¥V _5,¥_4,¥Y_3,¥_», ¥_; and ¥ are arbitrary positive real numbers.

Theorem 5.3. Assume {¥,}%_. be a solution of Eq.(9). Thus for n=0,1,2,...,

L (Fgin+ F3in ) (Fsin A+ Faiof) (F3i100 + F3i13T) (F3i + Fzi41K)
i20 (Fzin + F3i4020) (F3ivoA + F3i4310) (F3i430 + F3i4aT) (F3i41{ + F3i42K)

Yiono2=0

Wip = A’ﬁl (F3i01N + F3i420) (F3i42A + F3i43 1) (F3i0 + F3i11T) (F3i 410 + F3i42K)
" i20 (Fzivon + F3i430) (F3ir3A + F3iwa ) (F3i410 + Fi42T) (Fais2l + F3i43K)
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N H (F3i42M + F3i430) (F3i A + F3i 41 1) (F3i410 + F3i42T) (F3i 120 + F3i43K)
T (Fie3n + F3i0al) (P A+ Faivo ) (Fai420 + F3i3T) (Fziral + Faisax)

ok " (Fain+ F3in10)(Faia A+ F3ivoll) (F3i120 + F3i3T) (Fair3( + F3i44K)

Wioni = ,
BT w) iz (F3ie1N + F3i420) (F3i42A + F3i 430 (F3i 430 + F344T) (F3 440 + F3i45K)

v l:[ F3i1N + F3i120) (F3i42A + F3i43 ) (F31430 + F3144T) (F3i410 + F3i12K)
12742 = ,
" ( +7) 2o (F3iv2n + F3i430) (F3i43A + F3i440) (F3i1+40 + F3i15T) (F3i120 + F3i13K)

e " Fsivon + Fai30) (FsivzA + Fsiva ) (F3i110 + Fais2T) (Faisal + F3i43K)

v = ,
ST ) i=0 (F3i43N + F31440) (F3i404A + F3i450) (F3i420 + F31437T) (F3i+3C + F3+4K)

(F3i+3N + F3i+40) (F3i41A + F3i42140)
(F3i420 + F3i43T) (F3i+30 + F3i14K)

Wion+a = H
Y +O(C+K =0 (3’73z+477+93z+5f)(931+2/1+3331+3u)

(F3i430 + F3i44T)(F3i 440 + F3i15K)

(F3i11N + F3i420) (F3i12A + F3i43 1)

AT +x) 5l (F3i430 + F3i14T) (F3i440 + F3i45K)
Wion+s = G tDC+20) H ,
o+t Kli=0 (Fsison + F3i430) (F3ir3A + F3ipal)
(F3i440 + F3i457) (F3i15( + F3i46K)
(F3ir2M + F3i430) (F3i+3A + F3i1ald)
nuo+1) "=l (F3i440 + F3i57) (Fiv2l + F3i43K)
Yizne = 7 o von | H ’
K i=0 (F3i43N + F3i440) (F3i14A + F3i4510)
(F3i+50 + F3i46T)(F3i43( + F3i44K)
(F3i13N + F3i440) (F3i1ad + F3i4514)
olKk(A+ ) n=l (F3i120 + F3i+37) (F3i430 + F3i14K)
Yione7 =

M+OA+2WE+x) i (F3i1an + F3i150) (F3i15A + F3i1610) ,
(531430 + F344T) (F3i 440 + F3i15K)

(F3i+an + F3i450) (F3i2A + F34310)
A+ +x) "=l (F3i430 + F3i404T) (F31440 + F3i45K)

Wionig = ,
Mm+20) 0 +1){(+2x) ;1 (F3i+5N + F3i160) (FivaA + F3ivald)
(F3i4+40 + F3i45T) (F3i450 + F3i46K)
(F3irom + F3i430) (F3i43A + F3i1alh)
nu(o + 1) +2x) (F3i+40 + F3i15T) (F3i+5( + F3i+6K)
Wionio =

ﬁ
(A+ (o +27)(20 +3K) (g31+377+531+4()(931+4/1+931+5#)

(F3i450 + F3i46T) (F3i160 + F3i47K)

whereW_¢=x,¥Y_5=7,Y_4=u,¥Y_3=(¥Y_2=0,¥Y_1=1,¥Yo=nand {#}72,=10,1,1,2,3,5,8,13,21,..., }.
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Proof.

For n = 0 the result holds. Now suppose that 7 > 0 and our assumption holds for n — 1, that is

N2 (Fain+ F3i010) (Fairi A + Faivoll) (Fair20 + F3i37) (F3il + F3i11K)
i20 (Fzin1N + F3i420) (Faivod + F3ir3 ) (F3i430 + F3i4aT) (Fais1{ + F3i10K)

Yion-14=0

Wipy1s = A’ﬁz (F3i41M + F3i420) (F3i12A + F3i31) (F3i0 + F3i01T) (F3i410 + F3i42K)
" ico (Faivon + F3i130) (F3ir3A + Fairall) (F3i410 + F3i42T) (Faivol + F3i3K)’

Wipyo1p = n'ﬁz (F3i+2n + F3i130) (F3i A + F3i41 W) (F3i410 + F3i12T) (F31420 + F3113K)
12n-12 — »
" i—0 (F3i+3N + F3i140) (F3i 1A + F3i121) (F31420 + F3143T) (F31430 + F3144K)

ok "2 (F3in+ F3i010) (Faini A + Fsivoll) (Fair20 + Faira1) (F3ivsl + Fairak)

Wion_11= |
12n-11 (C+x) i=0 (F3i1N + F3i120) (F3it2A + F3i 130 (F3i430 + F3i44T) (F3i140 + F3i45K)
Wipn10 = AT =2 (F3i1N + F3i420) (F3iroA + F3i 30 (F3i430 + F3i44T) (F3i110 + F3i12K)
U040 ing (Fsivan + F3i030) (FainaA + Faisaft) (F3ia0 + FaissT) (Fsirol + Faia36)]
v _ i T (Fsivon + F3i30) (Faiws A + Faivat) (F3i10 + Fai2T) (Fsival + F3ivsK)
12n-9 —

A+ 1) j=o (Fzir30 + F3i440) (F3i0aA + F3i 5 10) (F3i120 + F3i43T) (F3i430 + F3i44K)

(F3i+3N + F3i+40) (F3i41 A + F3i1210)
olx 122 (F3i+20 + F3i43T) (F3i430 + F3i44K)

WYion-g= ,
M +0) € +x) i (F3iran + F3i450) (F3i12A + F3i43 1)

(F3i430 + F3i44T) (F3i 440 + F3i15K)

(F3i1N + F3i420) (F3i12A + F3i43 1)
AT +x) =2 (F3i430 + F3i14T) (F3i+40 + F3i45K)

Pizn-7= (@ +7)(( +2K) [1 ’
i=0 (F3ip2n + F3i430) (F3i3A + F3jrapt)

(F3i440 + F3i45T) (F3i 450 + F3i16K)

(Fziv2l) + F3i430) (F3i+3A + F3iral)
nuo+1)  "=2 (F3i140 + F3i45T) (F3i420 + F3i43K)

Yi2n-6 = I1 )
A+ (0 +27) 25 (Fgyy3m + Faisal) (Faisad + Faivstl)
(F3i+50 + F3i46T)(F3i43( + F3i44K)
(F3i13N + F3i140) (F3i1ad + F3i4514)
o{x(A+ p) n=2 (F3i+20 + F3i+37) (F3i+30 + F3+4K)
Yion-s5=

M+ A +2W(C+K) i (Fyipan + Fairs)) (FaivsA+ Faivoll) ,
(F3i+30 + F3i44T) (F3i 440 + F3i45K)
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(F3i1aM + F3i450) (F3i12A + F3i43 1)
MM+ +x) =2 (F3i430 + F3i447) (F3i 440 + F3i15K)

WYion-4= )
M+200+1)C+2K) 20 (P50 + Fair60) (Fairsh+ Fairapd)
(F3i+40 + F3i15T) (F3i15( + F3i16K)
(F3i+2N + F3i+30) (F3i434 + F3i4410)
v o+ +2x) =2 (F3i440 + F3i457) (F3i45¢ + F3i16K)
12n-3 =

(F3i4+50 + F3i46T) (F3i16(0 + F3i47K)

Now, we prove that the results are holds for n. From Eq.(9), it follows that
W12n-5¥12n-6
Wi2n-6+¥i2n-9
(F3i43N + F3i+40) (F3i44A + F3i4510)
B olx(A+ ) n=2 (F3i4+20 + F3i+37)(F3i+30 + F3+4K)
MR 20CHK) o (Fypan+ Fiss) Faissh+ Faisohd)
(F3i+30 + F3i+4T) (F3i44( + F345K)

WYion—2=Yi2n-5—

A+ (0 +20@+3K) i20 (Fyian + Fyiral) (Faisad + Faiaspt)

nu(o+1) 1—[ (F3i42M+F3i430) (F3i43A+F3i14 1) (F3i440 +F3i15T) (F3i42{ + F3i13K)

A+ (o+27)
1-

(F3i 130+ F3i140) (F3144 A+ F3i 15 10) (F31450 +F3146T) (F31430 +F314K)

nuo+1) (93i+277+93i+3() (F3i+3A+ P304 10) (F3i+40 + F3i45T) (F3i+20 +F3i43K)

H (93i+zn+93i+3() (F3i+3A+ P31 04 ) (F3i+10+F3i42T) (F3i12{ + F3i43K)
/1+u) (F3i 130+ F3i140) (F3144 A+ F3i1510) (F31420 +F3143T) (F3i 430 +F3144K)

(F3i+3N + F3i+40) (F3i1aA + F3i1510)
_ olk(A+p) 122 (F3i20 + F3i437) (F3i430 + F314K)
-+ HA+2p ) i (F3ival) + F3i450) (F3ir5A + F3ivelh)
(F3i+30 + F3i+4T) (F3i 440 + F3+5K)

(g3z+4g+931+57)
93;+5U+93z+6ﬂ

(F3i440+F3145T) (93i+10+93i+21’)
(F3i+50+F3i16T) | ] (F3i120+F3i43T)
i=0 i=

A+w) a+2r) (§3i+3n+93i+4() (F3i+aA+F3i45 1) (F31450+F3i46T) (F3i430 +F3144K)

53
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(F3i+30 + F3i+40) (F3i4aA + F3i15 1)
B olxk(A+p) n=2 (3420 + F3i137)(F3i+3( + F3i+4K)
M+ OA+2W+K) g (F3i+4N + F3i+50) (F3i45A + F3i4610)
(F3i+30 + F3i+4T) (F3i 440 + F34+5K)

(F3n—20+F3n-17)
_ (F3p-10+F3,T)
(F3n—20+F3-17) +1
(F3n-10+F3,T)

1

(F3i+3N + F3i+40) (F3i+4A + F3i1510)
B olK(A+ ) n=2 (%3420 + F3;137)(F3i+30 + F3+4K)
- OHOAF2EHO) 20 (Fypa+ Fai50)(Faiesh+ Faaof)
(F3i+30 + F3i+4T)(F3i 440 + F345K)

B (F3n—20 + F3517)
(F3n—20 +F3p,17) + (F3p-10 + F3,T)

1

(F3i+3N + F3i+40) (F3i1aA + F3i1510)
_ ol (A + ) n=2 (3420 +F3i137) (F3i+3( + F3i4+4K)
O+ OAF2WCHK) 20 (Fypy4n+ Faias0) (Faissh+ Faisoll)
(F3i+30 + F3i+4T) (F3i 44 + F3+5K)

(F3n0 + F33417) = (F3n-—20 + F3,,-17)
(F3n0 + F35417)

(F3i+3N + F3i+40) (F3i14A + F3i1510)
B olKk(A+ ) n=2 (F3i+20 + F3i+37)(F3i+30 + F3i1+4K)
RO 20 (Fypa+ Fai5O)(Faiesh+ Faroh)
(F3i+30 + F3i+4T) (F3i44( + F34+5K)

(F3n-10 + F3,7T)
(F3n0 + F35417) '

Thus,

=l (Fain + Fain10) (Faini A+ Fsivoll) (Fair20 + Fair31) (Fsil + Fai41K)
i20 (TN + F3i020) (Fsivod + F3is3 1) (F3i430 + F3i4aT) (F3i 410 + F3i42K)

Yion2=0

Other relations can be proved in the same way.
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5.4. Fourth Equation

In this subsection, we will find the solution of Eq.(1) when ¢ =y =1, and = § = —1, so the Eq.(1) become
as

-——F—FF—, n=01,2,.., (10)
“Pn—?: _\IJn—G

where the initial conditions W _g, W _5, ¥ _4, ¥V _3,¥_»,¥_; and ¥ are arbitrary positive real numbers.

Theorem 5.4. Assume {¥,}°° _. be a solution of Eq.(10). Thus for n=0,1,2,...,

n=—6

(_l)nnn'un(o. _ T)n

WYi2n-6= ,
12n-6 U”K”_l(/l—/.t)"
\P B O.n(nKn(A_H)n
IS T Angn=1q —yn(( —on’
g CDA -0 - x)"
12n-4 = T 1) ,
” _ =D"y"u" (o -1)"
12n-3 — O'"K”(A—p)” )
v ~ 0.n+1(nKn()L_'u)n
12n-2 — ﬂ"T”(T]—()"((—K)”,
(_l)nAn+1Tn(n_On(C_K)n
Vizp-1= prye— )
't (o —1)"
(_l)nnn+lﬂn(o._.r)n
Wizn = P——" ,
ok (A— "
o.n+1(nKn+l(/1_u)n
Wizpe = - :
12n+1 Anrn(n_c)n((_K)lﬁl
B (_1)n+1/1n+11.n+1(n _()I’l((_,,()n
Yizns2 = Nt (o — 1)+ ’
(_1)n+lnn+1“n+l(o._.[)n
Wiznes = SRR = ] )
O'n+1fn+11<n+1(ﬂ—p)n
¥ = ,
12n+4 ﬂ”T"(T}—()”“(C—K)”H
(_1)n+1/1n+1.[n+1(n_On(c_K)rHl
Yi2n+5 = )

nncn+1,un(o- _ T)n+1

where ¥V _g=x,¥Y_5=17,¥Y_4 =,V 3=V 2=0,Y_1=1,¥y=1.

Proof.

For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for n — 1, that is
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(_Dn—lnn—l'un—l (0. _ T)n_l

Wion-18 = O'n_lKn_z(/l_H)n_l ’
O.n—lcn—lkn—l(/l_”)n—l
Yion-17= /1’7_1‘["_2(7] —On L —x)n-! ’
(_anl/ln—l.[n—l(n_()nfl((_K)”*1
Wi2n-16 = pn1gn=1n=2(g — gyn-1 ’
N o iy 07 L
12n-15 = O_n_lkn—l(;t_u)n—l !
O'ncn_lK"_l(/l—/J)n_l
'Y 4= )
1 T An—Tpn=1() —qyn=1({ — )1
I L S A et O (et O e
\Plzn—lfﬁ - nn_lcn_]un_](a_.[)n—] )
O G VL T Gt ) L
12n-12 — U”_lKn_l(ﬂ—/,l)n_l ’
ngn=lgncy _ yn-l1
Yion-11=- o - p) ’
An=ten=lp =l —x)"
D" -0 k)
\P]2n—10 - nn_lcn—lﬂn—l(a-_-[)n ’
Do -
Wion-9 = O_n_lKn_l(A_H)n ’
v _ O'n(nKn(A—[J)n_l
12 T AT gn=T( — n (¢ —x)"
(=D"A T - - 1"
Wiop-7= :

17”_1(”;1”_1(0' —T7)n

Now, we prove that the results are holds for n. From Eq.(10), it follows that

Yi2n-9%¥12n-10

Yi2n6=%Yi2n-9—

Yi2n-10—Y120-13

(_l)nnnun (0’—‘[)"_1 (—1)"1"‘["(1}—()"_1 ((—K)”_]

B (_l)nnnun(g—‘[)n_l 3 o Ik T (A=) LT (g )N
on=1gn=1(A — pn ED"AMT M= (C - (DA (=) (€ -x) !
nn—l(n—lﬂn—l(o-_-[)n nn—l(n—llun—l(o—_-[)n—l
_ (_1)"77nl~ln(0_7)n_1 (_l)n/ln.[n(n_()n—l((_K)n—l
B (_1)’11]"””(0'_‘[)” 1 3 oIk T (A= )" I T (g —p)n
0'"_1K"_1(/1 _ H)n (_l)n—l/ln-[n—l (n_on—l((_x)n—l [—‘L’—O’+‘L’]

3 (_l)nnnun(a_

nn—l(n—lﬂn—l (o-1)"
T)n—l (_Dnnnlun,[(o._.[)n—l

o'”_lK”_l(A—

_ (_l)nnn“n(o._

'u)n O'”K"_l(/l—,u)"
)" o - 1]

anKn—l (/1 _ 'u)n

So we have

(_Drznn'un(o. _ T)n
O'"K"_l(ﬂ _ H)n

Yi2n-6=
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Similarly,

Yi2n-8¥12n-9

WYion-5=%¥i2n-8—
Yi2n-9—Y12n-12

Un(nKn(/l_M)n—l (_l)nnnun(o._.r)n—l

B O-H(HKH(AI_‘“)H*I An—lTn—l(n_()n((_K)n 0’"711(”71(/1—/1)”

= An—lT’l—l(n—()n((—K)n (_l)i,nnllin(o._.[)n—l _ (_Dnjlnnftn—l(o-_-i)n—l
o IKn 1(1_”)n on IKn 1(/1_”)11 1
O.n(nKn(A_u)n—l (_Unnnun(o._.[)n—l

B a'n(nKn(A—‘u)n_l An—lrn—l(n_c)n((_K)n G-n—lKn—l(A_“)n

CAL g -n CD T o0 Al

o-nflanl(/l_'u)n
Un(nKn()L_'u)n—l (Tn(n[,tKn(/l—[,t)n_l

= An—lTn—l(n_()n(C_K)n - /ln.rn—l(n_on((_K)n
B O.I’l(nKn(/’L_'u)n—l[A_u]
S A= -on

Hence, we obtain
Un(n,Kn(A _ 'u)n

AT = O )™

Similarly, by using the same method, we can investigate other relations.

Wion-s5=

6. Numerical Examples

For our prior results, we present some numerical examples to explain the solution behavior of Eq.(1).

Example 1. In numerical simulation they assumed that for Eq.(7) the initial value are ¥_g = 0.3,¥_5 =
06,¥Y_4=09,¥_3=12,¥Y_,=1.5,¥_; =1.8and ¥y =2.1. Then the solution appear in Figure 1.

x 10

0 . . . . . . | |
0 10 20 30 40 50 60 70 80 90 100

Figure 1. Plotting the solution of ¥;,41 =¥ ,,_» + %

Example 2. Numerically when the initial value are W_5 =4.6,¥V_5=25¥Y_4,=14,¥Y_3=3,¥Y_»,=45Y¥Y_; =
6.3 and ¥, = 3.5. Figure 2 shows the results of Eq.(8).
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0 10 20 30 40 50 60 70 80 90 100
n

Figure 2. Plotting the solution of ¥, = ¥,,_» + M

n—3_"Pn—6 )

Example 3. Figures 3 depict the behavior of Eq.(9), with initial conditions are ¥_g =2.8,¥_5 =5.9,¥Y_4 =
85,¥Y_3=42,¥_»,=74,¥_;=3.2and ¥, =6.7.

—t L

0
0 5 10 15 20 25 30 35 40 45 50
n
. . . _ _ \Pn—z\ljn—?:
Figure 3. Plotting the solution of ¥;,41 =¥, T

Example 4. For Eq.(10) the initial conditions are set as follows: W_g = 2.2,¥_5 =39,¥_4, =7.5¥Y_3 =
4.2,¥_,=4.8,¥Y_; =3.2and ¥, = 6.7, results shows in Figure 4.
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400 T T T T T T T T T

300} 1

200

1001

-100~

-200~

_30 L L L L L L L L L
0 5 10 15 20 25 30 35 40 45 50

n
Wy2oWn-3

Figure 4. Plotting the solution of ¥,41 =¥-2 — P

7.Conclusions

Studying the dynamics of such equations is a very significant mathematical topic since these equations are
strongly related to models in population dynamics and biological sciences. The basic goal of equations
dynamics is to predict the global behavior of a equation based on the information of its current state. In this
article, we have found general form of the solutions of rational difference equations and we investigated
the dynamics of equilibrium point. In sections 2 and 3, we have investigated the existence and uniqueness
of equilibrium point and the solutions qualitative behavior is explored, such as local and global stability.
Also, we have proven that the solution is bounded in section 4. In section 5, we have obtained expressions
of solutions of four special cases of the studied equations 7,8,9 and 10, as applications of Eq.(1). Finally, to

support our theoretical discussion some illustrative examples are provided in section 6.
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Keywords Abstract — To investigate the instantaneous properties of a planar motion, Roth and Bottema [1]
Geometric Kinematics, obtain the instantaneous invariants of a planar motion using Veldkamp’s canonical frame [7]. We
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ants to thrid order and their instantaneous invariants are obtained by using the Lie algebra to the planar

. motion group near identity element.
Lie Algebra, group Y

Time Independent

Planar Motion

Subject Classification (2020): 53730, 70E17, 70G65.

1. Introduction

Lie theory connects almost every branch of mathematics. It has a wide range of applications from harmonic
analysis to quantum groups. In this work, our interest is Lie algebra in plane kinematics [4]. The group of
rigid body motions are all related to Lie groups. Planar motion group, Spherical motion group and Spatial

motion group are represented by SE(2), SO(3) and SE(3) respectively.

Rigid body motions in R? has a 3 x 3 homogeneous matrix representation. Any element of planar motion

o
G= (1.1)
0 1

where R is the (2 x 2) rotation matrix and the vector 7 is a (2 x 1) translation vector. Well known Mozzi-

group is given by,

Chasles’s theorem says that each spatial motion is a screw motion. That is, any spatial displacement can
be seen as a rotation about a line, the screw axis, and followed by a translation parallel to that line. In the

planar case, there is a fixed point instead of a line. Any planar motion is a rotation about this fixed point.

To study planar motion, we attach a coordinate frame, M, to the moving body and a coordinate frame, F to
the ground (reference frame). In plane kinematics, except pure translations, there is a single point whose

coordinates are the same both in the fixed frame and in the moving frame before and after the displacement.
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This point is called the pole point of the planar displacement. The rotation angle 8 and the pole points are

the geometric invariants of planar kinematics.

Any rigid transformation is the combination of a rotation followed by a translation, given by,

-

X=RX+1 (1.2)

where ¥ is the coordinates of a point in the moving frame M and X is the coordinates of the point in the

fixed frame F. In 1.2 the rotation matrix R and the translation vector 7 are given by,
cosf —sinf . |[a
R=| f= . (1.3)
sinf cos6 b
Then the fundamental equations of the plane kinematics can be written as;

X =xcosf - ysinf +a, (1.4)

Y = xsinf + ycos@ + b.

If 6, a and b are functions of a time parameter , one can determine a continuous motion of a point with
its positions, velocity, accelaration etc. The parameters depending on p are the concerns of time-dependent
kinematics of the motion. But some other properties are independent of time; such as curves, tangents,

poles etc. which are called the geometric kinematics of the motion. In this case

X =xcosfO—ysinf+ a(0), (1.5)
Y = xsinf + ycos@ + b(0)

where 0 is the only parameter for the planar motion, and a, b are the functions of 6 [1, 3]. In the equation
1.5 the planar motion is completely defined by the functions a(8) and b(0). The equation 1.5 is called time-

independent motion.
2.Veldkamp’s Canonical Frame

To discuss the instantaneous geometric invariants of a planar motion, we introduce Veldkamp’s canonical

frame. In his dissertation [7], for a given time-independent motion a(f) and b(0) are the power series of ;

a®) =} an(—), bO)= 3 ba(—) 2.1)
n=0 n. n=0 n.

and the following are satisfield:

i) The moving and fixed frame are chosen such that they coincide in the "zero-position", so we have from
2.land 1.5
ap=by=0. (2.2)

ii) At the moment 6 = 0 we place common origin of the frames at the pole, which implies

a) = b1 =0. (2.3)
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iii) The axes Ox and O, are chosen along the common tangent of the pole curves (at the pole), which yields

az=0. 2.4)

iv) Assuming b, # 0, we can take the possitive direction of the X axis as to set b, > 0. The coinciding frames
Oxy and Oy, defined by i)-iv) are called canonical. Here Oxy and Oy, denote the fixed frame and the
moving frame respectively. These canonical frames can be used to study instantaneous kinematics, for

details see [1, 7].

Roth and Bottema [1] obtained the geometry of the planar motion by differentiating the coordinate axes

given in equation 1.5.

X = x X =-y X =-x X =y+as
(2.5)
Y =y Y =x Y =—y+b Y =—-Xx+bs

at 8 = 0, where dot over an alphabet denotes the derivative with respect to 8. Hence instantaneous prop-
erties of the motion depend on the constants as, ay, ..., as,... and by, b3, by, ..., by,.... which are called the

instantaneous invariants of the kinematics.
2.1.The Group Planar Motions and Its Lie Algebra

The (3 x 3) matrix G in equation 1.1 represents the planar motion group, it is the element of the Lie group
SE(2). The time independent motion in equation 1.5 defines a one parameter subgroup of SE(2). Let D(8)

denotes the planar displacement defined in equation 1.5 in the homogeneous matrix representation,

cosf -—sinf a(d)
D@)=|sin® cosO® b |.
0 0 1

If we consider an initial point P(0), then the transfomed point P () is written by,

PO P
( )) =D(@) ( © (2.6)
Differentiating the equation 2.6 gives,
14C) P@©
( E) )) =Dr(0) ©) ) 2.7

where Dr(6) is the derivative with respect to the fixed frame. The geometric velocity matrix Dr(0) of the

group element D(6) can be found as,

0 -1 a@®+bO
Dr@) =D@OD® =1 0 -a®+b©)]. (2.8)
0 O 0
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Let (X,Y,1)! and (x, »1) “be the homogeneous coordinates of P(0) in the fixed frame and the moving frame

respectively. Then the equation 2.7 at 8 = 0 gives,

X X 0 -1 g\[X
Y|=DrO)|Y]|=|1 0 Bb||Y]|. (2.9)
0 1 0 0 0]\1

Since the moving frame and the fixed frame are coincident at 8 = 0, we get
X=—y+a1 Y =x+Db.
In equation 2.3 a; and b, are equal to zero. Hence,
X=-y Y=x
The second derivatives can be obtained by differentiating the equation 2.7,

J2102) P©)
( 0 )=DF2(9)

) (2.10)

where DF, (0) denotes the second derivative matrix with respect to the fixed frame. The matrix D, (0) can

be written as follows,
-1 0 a®+ad

Dr,(0)=Dr@)+D%2@)=| 0 -1 b@)+bh®)|. (2.11)
0 0 0

Then the equation 2.10 at 8 =0 is,

X X -1 0 a)[X
Y|=DrO|Y|=]0 -1 b]|Y]. (2.12)
0 1 0 0 o])\1

Since a, = 0in 2.4 and the frames are coincident at 6 =0,

X=-x Y=-y+bs.

Finally, the third derivative of the equation 2.6 can be found as,

P P
[#9)- by ).
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where Dp, (0) denotes the third derivative with respect to the fixed frame. The third order derivative matrix

Dp, (0) can be found as follows,

D, (0) = Dr(0) +2Dp(0)Dr(0) + DE(0) D () + D3.(6)
0 1 d@-bO

(2.14)
=|1-1 0 a@)+b@)]|.
0 O 0
Then the equation 2.13 at 0 =0 is,
X X 0 1 as|[X
V|=DrO|Y|=[-1 0 b3||Y]. (2.15)
0 1 0 0 O 1

That is,
X:y+ag Y =—x+bs.

Hence the kinematic invariants of time-independent planar motion are obtained by using the elements of
Lie algebra, se(2) to the planar motion group, SE(2). Similarly, higher order terms in the equation 2.5 can

be obtained by using the higher order derivatives of equation 2.6.
3. Conclusion

Instantaneous properties of a planar motion are obtained by Bottema and Roth [1] using canonical frame
which was introduced by Veldkamp [7]. In this study, the derivatives of time-independent planar motions
with respect to the fixed frame are given and the instantaneous invariants of planar motions are obtained

by using the Lie algebra to SE(2).
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