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Abstract

In the present framework, the coupled mathematical model of the atmosphere-ocean system called El Nino-Southern
Oscillation (ENSO) is analyzed with the aid Adams-Bashforth numerical scheme. The fundamental aim of the present
work is to demonstrate the chaotic behaviour of the coupled fractional-order system. The existence and uniqueness are
demonstrated within the frame of the fixed-point hypothesis with the Caputo Fabrizio fractional operator. Moreover, we
captured the chaotic behaviour for the attained results with diverse order. The effect of the perturbation parameter and
others associated with the model is captured. The obtained results elucidate that, the present study helps to understand the
importance of fractional order and also initial conditions for the nonlinear models to analyze and capture the corresponding
consequence of the fractional-order dynamical systems.

Key words : Caputo Fabrizio derivative; El Nino-Southern oscillation model; fixed point theorem
AMS 2020 Classification  : 34A08; 26A33; 65L05

1 Introduction

The study of mathematical models is always a venue for innovation. It attracted researchers to illustrate their viewpoints and
forecast the future significances of the associated phenomena. In this regard, the most efficient and reliable tool is calculus
with both integral and differential operators. Most of the phenomena associated with the rate of change are modelled to assist
these operators in the modernization of day-day life. For instance, the security of the country, biological processes, economic
status, physical mechanism, chemical reaction, weather forecast, coastal and ocean engineering, and many others are examined
as well moderated with the aid of mathematical modelling. Moreover, it becomes an interdisciplinary subject due to its ability to
exemplify complex phenomena, and also it plays a vital role in creating a bridge between diverse areas. However, many researchers
proved that the generalization of classical calculus is very essential to capture the more complex nature of the nonlinear problems
associated with daily life. Later, they suggest the concept of calculus with fractional order called fractional calculus (FC) [1, 2, 3, 4, 5].
Even though it originated earlier, it recently fascinated scholars to investigate more essential behaviours the mathematical models
described by differential equations [6, 7, 8, 9, 10].

On the other hand, the study of climate with irregularly intervallic changes in sea surface and wind temperatures is a hot topic
in the present era due to its significance in diverse fields associated with living beings. Here, we consider the mathematical
model exemplifying the atmospheric component coupled with the sea temperature change high air surface pressure, called El
Nino-Southern Oscillation (ENSO) [11, 12, 13, 14]. In the tropical western Pacific, La Nifia is with low air surface pressure and El
Nifio with high air surface pressure. The dynamics of recount the oscillating physical mechanism of the ENSO model with the
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thermocline depth anomaly v(t) and temperature of the eastern equatorial Pacific Sea surface u (t) is presented with perturbation
coefficient " as [15, 16, 17, 18] follows

u(® u+ v ud
dt
dv (t)
= u v,
dt
where , , and are physical constants. The projected coupled system plays an important role in various phenomena. The

projected system is analysed by many researchers to present their viewpoints and also capture linear and complex nature using
many semi-analytical and numerical schemes [11, 12, 13, 14, 15, 16, 17, 18]. In the literature, we have distinct fractional operators,
each one has its own limitation while examining the complex phenomena. In the present investigation, we consider the fractional
operator without singular kernel, called Caputo-Fabrizio (CF) operator in Caputo sense [6], to examine the projected system. Due
to more ability to capture the complex nature associated with history-based consequences and memory-related properties, FC is an
interdisciplinary subject. Its fundamentals and theories are considered to study diverse real-world problems and attain numerous
essential results [19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29]. Notably, results associated with hereditary, memory, random walk, long-
range memory, non-Markovian processes, anomalous diffusion, and others highly necessitate the concept of FC. In this regard,
authors in [36], the effect of generalizing the classical concept with the newly defined fractional operator to investigate about the
HBV infection with antibody immune response, the nature of Belousov Zhabotinskii reaction systems have been captured within
the frame of Atangana Baleanu fractional-order derivative by researchers in [37], some ingesting results are derived by authors
in [38] about the vector born disease with the help of efficient scheme and Caputo Fabrizio derivative, the strong interacting
internal waves model has been examined with the reliable numerical method with a novel fractional operator in [39], and authors
in [40, 41, 42, 43, 44, 45] derived some essential properties of the fractional operators.

Here, we consider Eq. (1) with the CF operator as follows
OC':Dt u(ty= u+ v " us,
E,:FDt v(t)y= u v,
where E):FDt is a CF derivative with order

The rest of the investigation is organized as follows: we recalled basic definitions of the considered fractional operator in the next
section. In Section 3, the basic algorithm of the considered method is presented, and in the next section, the condition for the
existence and uniqueness of solutions for the projected system is illustrated. The results and discussion on the derived results are
illustrated in Section 5, and concluding remarks are presented in the lost section.

2 Preliminaries

The basic notions of FC are recalled in the present segment [30, 31].

(€

&)

Areal function f(t),t>0issaidtobeinspace C , 2 Rifthere existsareal number k(> ),suchthat f(t)= tkfl, where fq(t) 2 C[0, 1),

which is also in space if and only if uM2c ,n2N.
Definition 1.  The Caputo fractional derivative of f 2 C] is presented as
Z
1 t  dn
D, f(ty= ———— (& #)" —f (#) d#.
0= 5 ¢ O T gt
Definition 2. The Caputo-Fabrizio (CF) fractional derivative in Caputo sense for a function f2 H(a, by( b>a)is [6]
Z
CF, _ N 0 t #
0 Dot ) = 1 L] of (#) exp % a#,
where N [ ] (N [0] =N []1] =1) is normalization function.
But, in case the function u does not belong to Hl(a, b), the CF derivative for this version is defined as
Z

gFDo,t f(t) =% ;f(t) f (#) exp iti#) di

Later, Losada and Nieto in [20] modified the above CF fractional derivative as follows

Z
CF _@ N[ (t_#)
D,, f(t) = ——— f (#)ex — d#.
0P 1O =5y e
Definition 3.  The Caputo-Fabrizio (CF) fractional integral for 2 (0,1) is defined as
Z
CF, 1
I f@) = f(t) + f#)d#,t 0.
ol T NT ] N[ o (#)
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3 Numerical method

In this segment, with the Caputo Fabrizio operator, the two-step Adams Bashforth method is hired [32, 33, 34]

Z
N 0 t #
6D, (u(t) = # u(#)exp T d#. @)
0
Now, the grid size for some integer N for finite difference method is k = % Further, the grid points are presented in the time
interval [0, T]as thy =nk, n=0,1,2, ..., TN. At the grid point, the value of the function U; = u t; . For the fractional-order
Caputo Fabrizio derivative, a discrete approximation is presented as [34]
z
N n o t #
o, weny = 1L " een T g ©
0
By the assist of first-order approximation, the above equation simplifies
Z ! #
N X Sk k+1 k t. #
f):':Dt u tj N[ u+0( t) exp ] d# . (20)
1 =1 (1) k t 1
But
) ) ! " #
NT ] xn uitl i ij tj #
+0O( 1) exp — d#, (11)
L t (D k 1
j=1
N (41 !
N u*t ol
6o, u y = L] T to( ) di (12)
j=1
where
d = j+ 1 K j 13
|k = exp (n j+1) exp 0 (13)
Finally, we obtained
!
N Xyt N
§%, (u(tn)) =~ T T ) (14)
j=1 j=1

4 Existence and uniqueness of solutions

Here, present the existence and uniqueness of the hired model within the frame of the fixed-point theorem. The system defined
in Eqg. (2) hired as follows

§D UMl =Gt uy= u+ v "’

(15)
6D, V()] =G (,bv)=  u V.
Now, using Eg. (2), we have
n 0
u(t) u(0)=6:':|t u+r v "ud
vy vy =g, { u w. (16)
Then we have from [35] as follows
Z
2 t 2(1 )
u(t) u@®=———-—— G1( ,u)yd + —————=> Gy (t,u),
OO 0N T Y
2 t 2(1 )
v(t) v(0)= —F—— G( ,v)d + —————Gy (t,V). a7
O YOTe NG 20V T vt
Theorem 1. The kernels G; and G, satisfies the Lipschitz condition and contraction if O + o " a2+bZ2+ab < 1and

0 ( 1+ ) <1, satisfies respectively.
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Proof. We consider the two functions u and uj to prove the required result, then

KGi(t, u) Gi(t, upk = [uy uyn]+ vy "[ud ud(tnl

(U@ ul+ v "l +u? ) Fumuelu  ut)

+ v(t) " a?+bZ+ab  u(t) u(ty
+ 5 " a?+bZ+ab u(t) u(ty) , (18)
where kv (t)k 2 be the bounded function. Since u and uj are bounded, we have ku(t)k a and ku(tj))k b. Setting 1 =
+ o " aZ + b2 +ab in the above inequality, then we have
kGq(t, u) Gy(t, upk 1ku(t) u(tpk. (29)
Eq. (19) provides the Lipschitz condition for G1. Similarly, we can see that if 0 + o, " a?+b%2+ab <1, then itimplies
the contraction. In the same way for 2= 1+ ,we can prove
kGy (t, V) G (t,v)k 2kv(t) v(tpk. (20)
By the assist of Eq. (20), Eq. (17) gives
Z
21 )
ut)=u(@0)+ ——— Gy( ,u)yd + Gy (t,uy,
OO TN o0 e Y
2 t 2(1 )
v(t)=v(0)+ ————— Gy( ,»d + —————~ G (t,V). (21)
OO TNy (20N T n (=Y
Then obtain the recursive form as
unp (t) = 2 ZtG(u )yd + 2d_) Gi(t,un1)
U@ N () o @2 N () ot
2 2(1 )
ty= —— G s d + —————72 _Gq(t, . 22
Vn (1) 2 N o 1( +Vn1) 2 N 1(tVn1) (22)
The associated initial conditions are
u(0) =up(t) andv (0) =vq (t). (23)
Now, between the terms the successive difference is presented as
ty=un(t) u I-MGtu Gy (t,u +2721Gtu Gy (t,u d
in () =un(t) una (1) @ N )( 1(tun1) Gi(t,Un2)) @ N{ )ZO( 1(tUn1) Ga(t,unz))d ,
)y =vn (1) Vv t—z(li)etv Gy (t,V, +27tetv Gy (t,V, d (24)
an () =vn(t) Vo1 (Y 2 N )( 2 (LVvn1) G2(tvn2)) 2 N () O( 2 (t,vn1) Ga(t,vn2))d .
Notice that
X
Un (t) = 1 (1)
i=1
Vn (1) = 2i (1) (25)
i=1
Therefore
k m(k=kun(t) upp (Hk= 2d_) (Gi(t,un1) Gi(t,unz)) + 2 (Gi(t,un1) Gi(t,upz ) d (26)
= = — y , 2 —_— , s 2 .
In n nl (2 )N() 1 nl 1 n (2 )N() o 1 nl 1 n
The above equation simplifies with the assist of the triangular inequality, as
k t)k = kun (t u )k = 2@ ) k(Gy(t,u Gi(t,u k + 2 ZTGtu Gy (t,u d 27)
1 () n(t) una (t) @ )N()(1(1nl) 1(t Un2 ) 2z ON(O) O(1(,n1) 1(t Un2 ) .
Then we have for u admitting the Lipschitz condition
k (hk =kun (t) up1 (DK 22 ) (ty + 2 “ (ty d (28)
In = kun 1 S,y L Sy L .
" 2 HN() & D 2 IN() To D
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Similarly, one can get

Z

2 21 )
k on ()k —_— 2 d + ————— 2 2 t
n (1) 2 N() 2, 21y () 2 IN() 21y (M
Now, we state the following theorem with the assist of the above attained results:
Theorem 2 . If we have specific tg , then the solution for Eq. (2) will exist and be unique. Further, we have for i=1, 2.

20 ), 2
@ IN()Y' (2 HIN()

ito <1,

Proof. Let u(t) and v (t) be the bounded functions admitting the Lipschitz condition. Then, we get by Egs. (28) and (29)

2 2(1 n
it + ( ) 1

(2 IN() @ IN()
2 2(1 ) n
2t + 2 -

(2 IN() @ IN()

i)k u(O)k

20 () k vn(O)k

Therefore, for the obtained solutions, continuity and existence are verified. Now, to prove the Eq. (30) is a solution for Eq. (2), we
consider

u(t) u(0)=un(t) Kun(t),
v(t) Vv(0)=vn(t) Kon(t).
Let us consider
Z;

2
(2 IN() o
Zt

kKln(t)k=kL)) Gi(t,u) Gy(t, un1) + (G1( ,u) Gi( .upp))dk

L))k(Gl(t,u) Gy(t, Uny)k+ K(C( W) G Una)kd

2
(2 IN() o
2(1 ) 2

1ku up1k+ 1ku up1kt.

@ IN() 2 HN()
This process gives
n+l
KK 1 (t)k 2 a—C M*Im,
(2 HN(C) @ IN()
Similarly, at tgwe can obtain
n+1
KK 10 (1) k 2 2d_) T*Im,

2 nOTE N0

Asn!l andfromEq. (33), kK, (t)k! 0. Similarly, we can verify for kK 2n (t)k. Next, for the solution of the projected model, we

prove its uniqueness. Suppose u (t) and v (t), be the set of other solutions, then

@ ) 2 4

2
by UM =g )N()Gl(t,u) Gy t,u +moel(,u) G ,u d.

Now, employing the norm on the above equation, we get

u() u (t) = _2a ) Gy(t,u) Gy t,u + 274 G(,u G ,u d
@ IN() (2 IN() o
2 itouty u () M CD Uty u (b
(2 IN() @ IN()
On solving
2 2(1 )
OOt e v Y e oyt
From Eq. (36), it is clear that u(ty=u (t),if
2 21 ) 0
e vt e w7

Hence, Eq. (37) proves our required proof.

(29)

(30)

(1)

(32

(33)

(34)

(35)

(36)

@7
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5 Results and discussion

The study of complex nature associated with real-world models always attracted young researchers to present their viewpoints
and illustrated novel properties of the corresponding system. In this work, we hired coupled system exemplifying the atmospheric
ocean, namely ENSO model using a novel fractional derivative. The considered coupled system is analysed with the initial conditions

u(0) = up (t) =1 and v(0) = vg (t) = 1. The nature of hired model for different is captured in Figure 1. From these figures, we can
observe that as order increase, the complex nature reduces, specifically for = 0.85 we can observe more cycles in the plots. For
different values of the perturbation parameter, the response of the achieved results is captured and cited in Figure 2. For =4,
we can evidence the more complex nature as compared to = 2. Similarly, we captured the nature for distinct and presented

it in Figure 3. The present investigation confirms that the slight changes in the physical parameters associated to systems and
furthers will help us investigate and predict the corresponding essential behaviour of the system. The fractional operator allows
us to capture the more complex nature of the same system associated with time-based properties.

1.0- =0.85
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0.0
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-1.0-

- 15

u(t) t

1.0
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-15
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v [ =0.99
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0.0

v(t)

-05
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=20 . i
10 -05 00 05 10 15 20 2 2 2 0 80 100

u(t)

(©

Figure 1. Behaviour of the results achieved for (&) =085 (b) =090and (¢ =0.99at =1, =1, =1, =land =01
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- 1.0r
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0.0

-05

-1.0
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Figure 2. Nature of the results achieved for (@ =2and (b) =4at =1, =095 =1, =1land =0.1
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Figure 3. Response of the results achieved for ~ (a) =2, (b) =3and () =4at =1,

6 Conclusion

=1,

=095 =land =0.1.

In the present study, we analysed the atmospheric ocean model within the frame of the novel fractional operator using an efferent
numerical scheme. The complex nature of the considered ENSO model captured for distinct fractional order in parametric plots.
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The behaviour for different parameters associated with coupled system is analysed and presented in plots. The conditions for
both existence and uniqueness are archived in the present study for the considered system with the aid of Fixed-point theory and
Banach space.

The capture plots show that the hired system is exceptionally reliant on the fractional operator. The projected method finds the
solution for the employed system without making any perturbation, transformations, or discretization. The consequences attained

in the present study are simulating as related to results available in the literature. Moreover, the hired system plays an important
part in weather forecast and ocean consequences related to the daily life of the living beings. Hence, the present investigation
can aid the researchers to investigate more regarding the model and opens the door for innovation. Finally, the efficiency and
reliability of both considered operator and algorithm can be evidence with the help of the present investigation and further, they
can employ for the complex model to study corresponding consequences.
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Abstract

In the present paper, we implement a novel numerical method for solving differential equations with fractional variable-
order in the Caputo sense to research the dynamics of a circulant Halvorsen system. Control laws are derived analytically to
make synchronization of two identical commensurate Halvorsen systems with fractional variable-order time derivatives.
The chaotic dynamics of the Halvorsen system with variable-order fractional derivatives are investigated and the identical
synchronization between two systems is achieved. Moreover, graph simulations are provided to validate the theoretical
analysis.
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1 Introduction

Recently chaos theory has attracted the scientific community. It has revalorized the evolution of science and technology immedi-
ately its appearance in 1963 [1]. This is primarily due to the unpredictable dynamic behavior and the sensitivity to initial conditions.

The concept of chaotic science is extensively referred to the science of revelations, of the unpredictable and nonlinear. Therefore,
when studying chaotic phenomena one should expect the unexpected. Besides, chaos theory has become an effective research area,
because of the various applications of chaos in several disciplines like economy, chemistry, physics, engineering, ecology, robotics,
secure communications etc [2]. In the literature, there are many familiar chaotic systems like: Lorenz system, Lu system, lkeda
system, Sprott-Linz system, Jerk system etc [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28,
29, 30, 31].

Moreover, the modeling of problems in physics, engineering, and real-life phenomena reflects the mathematical tools available

at the time of their development. Therefore, most real-life problems have been described by means of differential equations with
non-integer order derivatives [32]. Recently, many papers focused their attention on ODEs and PDEs with non-integer-order
derivatives owing to their common aspect in assorted applications in finance, medical, fluid mechanics, viscoelasticity, biology,
physics, and engineering [33, 34, 35, 36, 37]. Therefore, there is abundant literature developed touching the applications of frac-
tional differential equations in non-linear dynamics [38, 39, 40, 41, 42, 43, 44]. Accordingly, considerable attention of fractional
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equations and their solutions have been given [45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61]. Nowadays, the
variable-order fractional calculus (VOFC) is becoming a very useful instrument, due to the numerous applications in science and
engineering [62] and a few studies have been declared in the literature using derivatives with variable-order [63, 64]. More re-
cently, in [65], a physical empirical study that includes the variable-order operators has been investigated.

In this paper, we will discuss a novel numerical method for obtaining the solutions of ODEs with variable-order time-fractional
derivatives (VOFD). We then study the chaotic dynamics of a Halvorsen system with VOFD and achieve the identical synchroniza-
tion between two systems.

Our paper organization is as follows: Section 2 deals with some fundamental definitions of VOFC and stability theory as well as
it introduces a new numerical scheme for solving fractional-ordered DEs. Besides three illustrative examples explain the compar-
isons between solutions we obtained and the results in the literature in this section. In section 3, a circulant chaotic system with
fractional-order derivatives is presented, its qualitative properties are explained in detail. Section 4 deals with the synchronization
results. In section 5, numerical simulations are reported. Finally, in section 6, the main conclusions are outlined.

2 Preliminaries
Preliminaries for variable-order fractional calculus

In this section, we recall some definitions and properties of the VOFC; they are obtained by changing the order of the fractional
derivation by a continuous bounded function in the counterparts.

Definition 1 [66] For any bounded function (t), the variable-order Caputo fractional derivative (VOCFD) of a function is given by

1 Z ()
(r (M) o (t 9 (1 r

h i
aslong as the integral exists, withr 1< (t) r,r= maxg 1t (1) +1,where[ ]istheintegerpartof ,and (. isthe Gamma function.

D" ()=

ds, (1)

When (t) is a constant, then we retrieve the constant-order fractional derivative in the Caputo sense.
Remark 1  Throughout this paper we think that the function (t) is defined such that the integral in the previous definition exists.

Remark 2 Theoretical analysis on existence of solutions of various initial value problems with VOFDs has been given in some
studies (see for instance [62] and [67]).

The stability theorem
Consider a general variable-order fractional (VOF) system
% 0. Vx(0 = 1xy.2)
D,y = 2(xv.2), @
:
0. Vz() = 3(xy.2)

where  (t) 2 (0, 1] is the order function that is bounded and continuous, t 0, and initial conditions ( x(0), y(0), z(0)) = ( Xo. Yo, Z0)-
The equilibrium of system (2) can be deduced via solving the coupled equations

% (x,y,2)=0
1(X,y,2) =0,

E 2(x,y,2) =0, )
" 3(xy.2) =0,
and the Jacobian of system (2) is shown as follows
=i 5 % @
@s @3 @3
@ @ @
The stability of system (2) counts on the stability of eigenvalues ; of the Jacobian J. To categorize the equilibrium point of system

(2), we will use the extended necessary stability condition for VOF systems [66].
We denote g=maxgy ; 1 (t)and =min g 1 (1)

Theorem 1 Say that E is a given equilibrium point of the following autonomous system

D, X(1) = F(X), ®)
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where X(0) = Xg,0< (t) 1isbounded and continuous and X 2 R".
Ifthe | values ofJ = & hold

larg( )I> 5w ®

in that case system (5) is locally asymptotically stable at the balance value E. Else, if  |arg( ;)| < - r system (5)is unstable.

A numerical scheme for solving VOF differential equations

Taking into account that variable-order fractional differentiation is a generalization constant-order fractional differentiation
(COFD), some well-known relations including composition and sequential derivative rules for COFD do not remain valid for VOFD.
Consequently, solving differential equations under variable-order derivatives needs different methodologies, modifications, and/or
generalizations for the known concepts. Inspired by the recent works [68] and [69], we introduce in what follows a new scheme
for solving FDEs with variable-order.

Let us take the following VOF system:

Sox Oty =F(t,x(t)) foro< t T,

7
x(0) = xo, @
where Fis a general nonlinear function, 0 < (t) 1 and Xxg is the initial condition.
Applying the operator | (® on both sides of equation (7) we get
IR
X(ty=xg+ ——— F(s,x(9) (t 9 1 gs, (8)
() o
Now we choose the following uniform grid:
T
h= N’ th =nh, for n=0,1,2,..., N, tg =0and Tp = T.
For a given t = tn41, n=0,1,2:::,Nityields
Z
1 th+1
X(ths1) = Xo+ F(s,X(9) (ther 8 Pds
(@M o
1 X Ztk+1
= Xt o) F (s, x(9)) (th+1 9) 01 gs, 9)
k=0 'k
It is well-known that composite Lagrange interpolation consists in splitting the interval into many subintervals, and uses a
lower order Lagrange interpolation in each subinterval, in order to have a good approximation of a function. Therefore, on each
subinterval  t,,t,,, , we approximate F(s, x(s)) with a Lagrange interpolation polynomial:
_ s 1y, S
Pe() = T FlioX e F X b
ko k1 ko k1
F t,xt Ft,,xt
- k . k s tkl k1 - k1 (S tk)
F t,, X Ft X
ko Xk k1%
—h S W1 o s o
Coming back to (9), we get the following
Z
1 XFE ¢, x e
Xmel = Xo+ ke Tk Sty (e 9 Pds (10)
(O ., "y
1 XOF ., x ZTk 1
: klh k1 s ty (th+x 9 01 gs,
(O t

Next, we compute the following coefficients

Z
tk+1 t)1
A (k1= . s tyg (th+r 9 ® ds,
k

and

z,

k+1 t)1
B k2 = . s t (th+r 9 ®
k

ds.
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23
A simple integration leads to

A

S+l kO k24 (1)
(t),k1 "~
and

(n Kk Om k+2+2 (1)
M (H+1) '

_(n+1 Ky O
B k2=

m k) Om k+1+ (1)
M (H+1) '
Inserting (11) and (12) in equation (10) gives the following approximation
xn
Xp+1 = Xt Q (n+1 k) O n k+2+ (t) n kK (t)(n
k=0
xn

k+2+2 (1)

= h OF(t0x)

Qg (M+1 k O Ky Om k+1+ (1)
k=0
( (1)+2)

h OFt,,,
and Q1 = ((('i)iz))(kl)

obtained results via other known methods.

To prove the accuracy and the applicability of the above described method, we give some examples and find their solutions. The
obtained numerical solutions are compared with the exact solutions if the case arises, otherwise, we made a comparison with

Example 1  First we take the following linear FDE, where the fractional operator is taken in the Caputo sense:

8
2 D Wx(t)y=cos2t), t2]o, T]
x(0) = 0.

The application of the fractional integral on both sides of (14) gives the following exact solution:

x(t) =

232 Ot (LS () +1/2,32,2 y+2t W12 (4
2 2+ (1) t
(t)y+1/2 LS ( (.t)

+3/2,1/2,2 1)
2 2+ ()t '

+2t (t)+1/2 2

where LS is the Lommel's function. Let us take

(t)=0.9 005 -t

I+
algorithm furnishes accurate numerical results.

solve equation (14) numerically using the above proposed scheme for a
step-size h = 0.01, N = 1000 and T = 10. Figure 1 plots the profile of numerical solution vs exact solution of (14), it is clear that the suggested

I ] 7|
™ Y I f
i3 i I j
044 § [ | \
i 1 ! 1
f | ] L
L
0244 | { 1 !
1 | ]
1 ! !
| \ 1
i i i i
0 | 1 i
1
! 1 !
| 1 |
\ v 1
-0.2- } } | 1
1 ; ;
] | 1
' 1
1
-0.4 | ! v
\ ! ]
i o f w,
:\‘." LW r
0 2 4 6 g 10
t
Exact solution MNumerical solution

Figure 1. Exact vs numerical solution of (14) for

()=09 005

1+t

14

(11)

(12)
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Now we take into account the following equation
(15)

Example 2

Similarly, we get the following exact solution for equation (15)
112 el w2 (ty, 12 (t)+1/2 1)

x(t) =
t@+ (1) ()
L2 Oet w2 +1,12 (L2
@M@+ @ '

(1) =094+ & sin & ,h =005 and T = 10. Figure 2

where W is the Whittaker function.
To prove the high accuracy of the novel method, we solve equation (15) by taking

shows that an excellent agreement between the exact and numerical solution of (15)

0.9
0.8
0.74 /
/
0.6 i
i
054 f
x(f !
0ad |
I
i
0.3
I
!
0.2 I
f
0.1}
(!
0 T T T T ,
0 2 4 6 g 10
i
Exact solution MNumerical solution
Figure 2. Exact vs numerical solution of (15) for (t) =0.94 + % sin é
Example 3 Let us now consider the problem for the VFO Duffing oscillator [32]
8 t
2 X0ty +0.2 D, Dx(t) + x(t) + x3(1) = p(t),
(16)
x(0)=0, x%0) =0,
where
> s tlve tet
exp( t), and p(t)=2+ t“+t° +04 . a7
et 1+et

M=1

The exact solution of Eq. (16) is x (t) = t2.In Figure 3, we remark that the solution we obtained and the exact solution are in high agreement for

h=0.01.
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o 05 1 1.5

[¥]

Exact solution TNum erical solution |

Figure 3. Exact vs numerical solution of (16) for (t)=1 exp( t).

3 A variable-order fractional Halvorsen system

This section aims to present a study of a 3D circulant system, called the Halvorsen system [3] with variable fractional-order
derivative in Caputo sense, which is described by the following

8
% Dg(t)x = ax by bz y2,
é Dg(t)y = ay bz bx Z2 (18)

Dg(t)z: az bx by X2,

It is clear that system (18) is symmetric respectively to cyclic interchanges of the states X, ¥, and z. According to Halvorsen,

system (18) is chaotic for the values of the parameters are given as a = 1.3 and b = 4 (for the classical case q(t) = 1). In what

follows, we describe the qualitative properties of the Halvorsen chaotic system (18). Throughout this section we will take q(t) =
exp(_t)

0.7+0.2 Trexp(

Dissipativity

As in [3], the Halvorsen system (18) can be written as

DIOX(1) = FX(V), (9)
2
X f2(X)
where X = § y £ F=§ f2(X) £ and
z fa(X)

8 2
% fi(X)= ax by bz y4,
§ fo(X)= ay bz bx z%,

f3(X)= az bx by X2,

The divergence of the vector field f on R3 is expressed as

. @, @, @3
dvF= —+ ==+ —2=39<0. 20
& @ @ 20
Let us denote by a subset of R3 with a smooth boundary such that ()= ¢( )where istheflowof F. Additionally, let V(t)
refers to the hypervolume of (t). By the Liouville's theorem, we get
A

d—v = div Fdxdydz. (21)

dt (1)
Replacing div F from (20) into (21), we get

z

— =39 dxdydz = 3.9 V(t), (22)
dt 0
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Integrating equation (22) we obtain
V(t) = V(0)exp(3.9 t). (23)

According to Eq. (23), V(t) is converging to zero exponentially as t becomes infinite. Consequently, the VOF Halvorsen system (18)
is a dissipative one.

Equilibrium point and the stability

The equilibria of the VOF Halvorsen system (18) are deduced by solving the following system

8 2
% ax by bz y° =0,
E ay bz bx z2=0, (24)

az bx by X2 = 0.

We find that (24) has two equilibrium points, namely

Ep =(0,0,0) and E; =(9.27, 9.27, 9.27). (25)
The Jacobian matrix of the VOF Halvorsen system (24) at Ep is obtained as
2
1.27 4 4
J, = g 4 1.27 4 (26)
4 4 1.27
The matrix JEO has the eigenvalues
1= 2.73,
8 ,=927, & (@7
3=2.73.
Similarly, the Jacobian matrix of system (24) at E, is given as
2 3
1.27 1454 4
¥ = § 4 127 1454 . (28)

14.54 4 1.27

The eigenvalues of J, are:

1= 6.54 +16.0561109861635 i,

2 2 = 6.54 16.0561109861635 |, g (29)
3= 9.27.
We conclude that the equilibrium point Eg is a saddle then it is unstable. Therefore, the necessary condition to ensure chaos is

satisfied.

Quantitative characterization of VOFD Halvorsen system

The computation of Lyapunov exponents (LE) is a basic problem in the study of dynamical systems since they provide a quantifi-
cation of the exponential divergence of initially close state-space trajectories and measure the amount of chaos in a given system
[3]. Actually, a positive (LE) is sufficient to claim the presence of chaos in a dynamical system.

A numerical calculation using the Gram-Schmidt orthonormalization procedure for the initial conditions ( X,Y,z) =(0.2,0.6,0.2)
reveals that system (24) when q(t)=0.7+0.2 %p(t)t), has the following Lyapunov exponents :

L, = 0.7935801,
8 L,=00002000, 5% (30)
Lg = 4.6037936.
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Since L1+ Ly + L3 = 3.8100045 < 0, the VOF Halvorsen chaotic system (24) is dissipative.
Moreover, the Kaplan-Yorke dimension of the VOF Halvorsen chaotic system (24) is obtained as

L1+ Lo

Dy =2+ = 2.1724206533, (31

3|

which is fractional.

4 Active control synchronization

The synchronization of two coupled chaotic systems is an important topic due to its applications in various fields of science and
engineering, for instance, secure communication, cryptography, analog and digital signals, control processing, time series analy-
sis, as well as earthquake dynamics [70]. Moreover, numerous techniques have been investigated for chaos synchronization like
linear and nonlinear feedback control [71], back stepping nonlinear control approach [72], sliding mode control [73], adaptive
control [74], etc. In this paper, we will design active nonlinear controllers to synchronize two identical Halvorsen systems with
variable-order time-fractional derivatives.

To achieve synchronization, we define the drive-response scheme of two VOF identical Halvorsen systems, namely
8
t
% D?( Yxi= ax; by1 bz Vi,
Drive th(t)yl = ayi bzl bxl Z%, (32)

:

D?(t)zlz az; bxy byp x%.

%DW&=Mzwzmzﬁ+wm
Response _ DIy, = ay, bz, bx, 23+ Up(1), (33)
:
D?mzz = azp, bxo bys x% + Usz(1),
where U;(t); i = 1,2,3 are unknown active control functions to be computer lated. Recall that the initial conditions ( X1,0+ ¥1,0: Z1,0)

and (x2,0,Y2,0,22,0) are different and we target to synchronize the signals even if there is discrepancy between the initial conditions.
First, we define the error vector e(t) as the following

€2 =Y2 VY1 34)

Subtracting (32) from (33) and using (34), we find
8 a(t) 2 2
% D"’e1= ae; be; bez (y; vyi)+ Ui(t)
§ D?(t)ez = aep bez bey ( Z% Z%) + Ux(t), (35)

DIVe;= ae3 be; bey (3 x3)+ Us(t).

Let

8
Eum=w+muﬁyﬁ
E Ua(t)= (25 22)+ bes, (36)

Us() = (%3 x8).

Consequently, the fractional-order error dynamical system is reduced to

8
% Dg(t) €1= aey,
é D?(t) e, = aep bey, (37)

Df'(t) e be; bey aes.
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Theorem 2 For any initial conditions, the drive and response defined by the synchronization scheme (32) and (33) are with the control law
(36).

Proof The above error system (37) has a unique equilibrium point (0, 0, 0) and the Jacobian matrix at this point is

300.0) :E 4 13 4 z

Clearly, = 1.3is triple eigenvalue of J(o 0.0) and Jarg( )| =  which is always greater than 0y - Therefore, based on the stability
theorem, we conclude that it is direct to see that the error dynamics converge to the manifold ( e, e,e3) = (0,0,0)as t!1
Consequently, the synchronization between two identical systems (32) and (33) is achieved via the control law (36).

5 Numerical simulations

This section presents the numerical simulations of Sections 3 and 4. The time step is fixed to h = 0.01 and the calculations are
: _ exp(_t)
= + =R
carried out for q(t)=0.7+0.2 Trexp( 0

& 6

P .

o o

= BER ¥ -4

. _s

—s 4 -5

—104 -10-

-124 -12 4

o 10 EID 30 40 50 60 o 10 20 30 40 50 60
b (@ b (b)
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Figure 4. Time series of system (18) : (a) X(t), (b) y(t) and (c) z(t).
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Figure 5. (a) Phase plane x vy, (b) Phase plane x z, (c) Phase plane y =z and (d) The attractor x y z.

—104
—104

-154

o 5 10 15 20 o 5 10 15 20
@ )
54 €]
2
2
o
o
=]
_s
_a ]
_s
_10]
_s
10
15
Z12 4
o 5 10 15 20 o 5 10 15
=1 =2 (© =1 =2 =3 d)

Figure 6. Synchronization of the VOF system (18): (a) x1(t) vs x2(t), (b) y1(t) vs y2(t), (c) zi(t) vs z2(t) and (d) The error functions ey(t), e2(t), e3(t)! Oast!l

6 Conclusion

This paper introduced a novel numerical method for solving ordinary differential equations with variable-order time-fractional
derivatives. It is shown that there is no computational complexity in the algorithm, the method is easy to program. The accuracy
of the method is demonstrated through numerical examples. Moreover, the chaotic dynamics of a Halvorsen system with variable-
order fractional derivatives are investigated and the identical synchronization between two systems is achieved. Besides, the
results of this paper reveal that the variable-order derivation can be very useful for describing chaotic phenomena, their control,
and synchronization.
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Abstract

In this study, an alternative method has been applied to obtain the new wave solution of mathematical equations used in
physics, engineering, and many applied sciences. We argue that this method can be used for some special nonlinear partial
differential equations (NPDESs) in which the balancing methods are not integer. A number of new complex hyperbolic
trigonometric traveling wave solutions have been successfully generated in the Eckhaus equation (EE) and nonlinear Klein-
Gordon (nKG) equation models associated with the Schrodinger equation. The graphs representing the stationary wave are
presented by giving specific values to the parameters contained in these solutions. Finally, some discussions about new
complex solutions are given. It is discussed by giving physical meaning to the constants in traveling wave solutions, which
are physically important as well as mathematically. These discussions are supported by three-dimensional simulation. In
order to eliminate the complexity of the process and to save time, computer package programs have been utilized.

Key words : Eckhaus equation; nonlinear Klein Gordon equation; complex hyperbolic trigonometric travelling wave solu-
tions; non-integer balancing term
AMS 2020 Classification  : 35C07; 37M05; 83C15

1 Introduction

The proposed method has been shown to be an effective mathematical instrument to solve the nonlinear wave of equations in
mathematics, physics, and engineering. So the discussion of NPDEs exact solutions in the nonlinear sciences is very important.
Over the past few years, many researchers have used this beneficial method extensively, for example, the Jacobi elliptic expansion
method [1], modified Kudryashov method [2, 3], the tanh method [4], sub-equation analytical method [5], the inverse scattering
method [6], the first integral method[7, 8], the extended tanh-function method [9, 10], the Hirota's direct method [11], the auxil-

iary equation method [12], improved Bernoulli sub-equation function method [13], expansion method [14], ( GY% G, 1/G) expansion
method [15, 16, 17], generalized exponential rational function method [18, 19, 24], Sinh Gordon function method [20], Sine-Gordon
expansion method [21], Bernoulli sub-equation method [22], ( G% @) expansion method [23].

The equation of the Eckhaus is as follows [25]:
i 2 4. _
Ug + Uxx +2(] ul“)xu +|ul"u =0, (1)

where u = u(x, t) is a complex function. Eq. (1) is of the Schrédinger nonlinear type and recognizes a linearization of the Schrédinger
linear equation that depends on free time. The EE has been found as a multi-scale asymptotic reduction of certain classes of NPDE.
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The EE was linearized by a variation of the dependent variable. Many scientists have worked with this equation for example, the
first-integral method [25], weakly nonlinear effects [26], the Laplace transform [27], the EE was linearized by an appropriate
change of variable [28], many of the properties of the EE were researched [29], the EE can be integrated by a change of dependent
variable [30], the intent of this work is to discover exact solutions of the EE by expansion method.

In this work, we use the expansion method to contract several new cases with the exact solutions for some NPDEs such as the
nKG equation, which in mathematical physics is very important and many researchers paid attention to the balance number, not
integer. In this paper, we analyze the nKG equation [31] as follows:
ug ! 2uxx+ u W+ U =0, 2)
where ! , | ,and are arbitrary constant. In many scientific applications, these equations play an important role, such as the
quantum field theory [32], the solid state physics [33], the nKG equations, and found many types of exact traveling wave solutions
including compact solutions, periodic solutions, soliton solution using the tanh-function method [34], generalized Kudryashov
method [35], Homotopy Perturbation Method [36].
The nonlinear Klein-Godon equation, which is directly related to the Schrédinger equation, has become famous in the literature as
the relativistic wave equation[37]. It is also one of the indispensable equations of relativistic quantum mechanics, which examines
the behavior of particles exposed to high energy. Space and rocket industry, nuclear and medical waste treatment, earthquake,
high energy, and plasma physics are the application areas.

2 The methodology of the (1/ G -expansion method

In this segment, general realities of the (1/ GY-expansion method [38, 39, 40] are displayed. To start with, we consider the general
type of nonlinear PDE that depends on t and x variables.

W(u, Uy, Ux, Uxx, -..) =0, 3)

here is u(x, t) a function that depends on xand t, =Kk(x 2 at)inthe formof wu(x,t)= U (@+bt) \where k, a and b are constants that
are not zero. PDE referred to as Eq. (3), using this conversions

QU, W% U1y =0, (4
the ODE is shaped. On the other hand, the solution of the linear ODE is given below G=0G( ).
00 0
G + G+ =0 5)

The solution of nonlinear ODE given by Eq. (4) can be written as follows.

xn 1 m
u()= oA 6
i=1
here are aj,ap,..., , constants and m is the balancing term. The term balance is a fixed number obtained in any non-linear
ODE between the highest order linear term and the highest order non - linear term. This n%(rj‘nber Eqg. (6) is written in place and
then the needful derivatives for the solution are obtained. In such derivatives, G = G taken as (1/ G? is a polynomial and

homogeneous equation. Here (1/  G)™, m 2 Q equals the coefficients of the terms to zero and a system of algebraic equations is
built. This algebraic system of equations is calculated by using computer technology. These constants are written in place in Eq.

(6). The -linked solution must provide Eq. (4). After the necessary controls, the wave transformation is reversed and we reach

the solution of Eqg. (3).

3 Application 1

In this section, the solution given by Eq. (1) with (1/ GY-expansion method will be obtained. We can choose the following trans-
formation of the wave for Eq. (1):

u(x, t) = U( )@ = kx 2 at), @)
under Eq. (1) wave transformation, Eq. (1) is converted to ODE as follows:
k2U% ( b+a?)u+4kuU?+ U =0. (®)

In Eqg. (8), the balancing constant between the highest order linear term U%and the highest nonlinear term USisthat m = % is
not integer. The solution of the ODE obtained in the form of Eq. (8) can be given in the following way considering Eq. (6):

1

1 2
U():alao ) 9)
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r r
we take the 1st and 2nd derivatives of Eq. (9) and put them in Eq. (8), we get a polynomial with UG 2, r2 Nvariable. 1/G° 2
the polynomial term coefficients equal to zero.
1
& 7 afap bap+ 3k 2a;=0,
3
éo 2 k2 ap+2k af=0, (10)
5
& 2 3K Zag+2k al+a; =0
The system of Eq. (10) can be solved with the help of a computer package program. The solutions obtained here are put into Eq.
(9). Finally, the conversion is reversed and a new complex hyperbolic trigonometric travelling wave solution for Eq. (1) is obtained.
The results are as follows:
Pp _
ag= | pkli ’ — 2’ a?+b,
2 k
0 112 (11)
2
B i(a><+bt)’J - i X
u(xlt): le pik @ n h B 1 h B i
2 ?;Tb+Acosh 2(x2 at) aZ+b +Asinh 2(x2 at) aZ+b
as+
Re(u(x, t))
Re(u(x, 7))
Re(u(x, 1))
1.0
—
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Figure 1. In terms of the Eq (11), for the constants

4 Application 2

a=1b=1 A=5

-0.5

k=1,
Eq. (1).

10

0.2

0.0l M—

<l

-10-8 -6

-4-2 0 2 4
X

= 6 the new complex hyperbolic trigonometric travelling wave solution of

In this section, we use the proposed method to solve the nKG equation. We can choose the following transformation of the wave

for Eq. (2):

ux,ty=uU(),

=x Vit

where V is constant. The travelling wave variable Eq. (12) allows us to convert Eq. (2) to the following ODE for

V2

12 U

i+ U =o,

12
U=uU():

(13
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In Eq. (13), the balancing constant between the highest order linear term U%and the highest nonlinear term USisthat m = % i
not integer. The solution of the ODE obtained in the form of Eqg. (13) can be given in the following way considering Eq. (6).

1

1
U( )=a; & s
r
we take the 1st and 2nd derivatives of Eq. (14) and put them in Eq. (13), we get a polynomial with UG 2, r2 Nvariable. 1/G°
the polynomial term coefficients equal to zero.
1
&7 a7 2a+ h? Zag=0,
3
&% 1?2 a+v? oa aj=0o, (15)
5
&2 312 %2+ 3 2a+ ay=0,

The system of Eq. (15) can be solved with the help of a computer package program. The solutions obtained here are put into
Eqg. (14). Finally, the conversion is reversed and a new complex hyperbolic type trigonometric travelling wave solution to Eq. (2)
is obtained. The results are as follows:

(14

PP — 2 P2z
= pp—, =31 yv= A 77
5P P — (16)
utx v = p_—p p 2 2 P 2 2 %
T _+Acosh x+L 4 % Agnh el 4 * 2 °
Re(u(x, t))
Re(u(x, 1))
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0.20
—
0.1
of10
0.05
‘10 5 5 10 X
Im(u(x, t))
Im(u(x, 1)
Im(u(x, 1))
25
—
2.0
15
10
o,
4
10 s 5 10 X
Figure 2. In terms of Eq. (16), for the constants =2, =1,A=3, k=25, =1, =1,! =0.001the new complex hyperbolic trigonometric travelling wave

solution of Eq. (2).

5 Results and discussions

In this study, we have introduced a new method for a new complex hyperbolic trigonometric travelling wave solution of partial

differential equations that are not integer in the balancing term. We have implemented the application here for the balancing

term m = % . In next studies, both m<0and m & % can be used for balancing terms that m is not integer. For Eq. (1), the
complex hyperbolic trigonometric travelling wave solution presented in the form of Eq. (11), and for Eq. (2), the complex hyper-

bolic trigonometric travelling wave solution presented in the form of Eq. (16) is new and the solutions provide Eq. (1) and Eq. (2).
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By giving special values to the parameters in these solutions, we can present the three-dimensional graphics representing the

constant wave as follows.

The traveling wave solutions obtained in this study are valuable physically as well as mathematically. In order to understand its

physical value, the constants in the obtained traveling wave solutions must be given physical meaning. In physics, the mathe-

matical model representing the assumption that the envelope of a forward-moving wave pulse changes slowly in time and space

compared to a period or wavelength can be represented by Eq. (7) [41]. In Eq. (7), = k(x 2 at) is the variable of the traveling
wave. U( ) represents an amplitude of the traveling wave solution. In addition, ka and a represent the velocity and frequency of
the traveling wave, respectively, which is physically prominent in this study and whose different values will be analyzed for the

behavior of the traveling wave. The a parameter is directly related to both the speed of the wave and the length of the wave. So

let us analyze the behavior simulation of the traveling wave solution for different values of a in Eq. (11) traveling wave solution
produced by the (1/ G expansion method for Eg. (1).

{Re(u(x, 9)), a=3}

{Re(u(x, 1)), a=4} {Re(u(x, 1)), a=5}

Figure 3. In terms real part of Eq. (11), for the constants b=1 A=5 k=1, = 1 the new complex hyperbolic trigonometric travelling wave solution of Eq. (1).
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Figure 4. In terms imaginary part of Eq. (11), for the constants b=1 A=5 k=1, = 1 the new complex hyperbolic trigonometric travelling wave solution of
Eq. (1).
Physically, we can observe in Figs. 3 and 4 that the parameter a is related to both the velocity and the frequency of the traveling
wave. As the frequency increases, the wavelength of the traveling wave decreases while its speed increases. When a =, the

traveling wave exhibits triangular wave behavior. The frequency of the traveling wave is directly related to the wave number. As
the frequency increases, the number of waves increases. We can support the validity of this discussion with Figs. 3 and 4. In
addition, the interpretations are similar as it exhibits similar behaviors for the real and imaginary parts.

The Klein-Gordon equation is related to the Schrédinger equation and is known as the relativistic wave equation. In physics,
relativistic quantum mechanics studies the behavior of particles exposed to high energy [37]. We think that the Klein-Gordon
equation, whose traveling wave solution is produced in this study, can be a mathematical model of a high-energy seismic wave.
Traveling wave solutions, which play an important role in the transfer of energy from one point to another, may lead to different
discussions about earthquakes in the future.

6 Conclusions

In this paper, we explored a new application (1/ @) -expansion method, we obtained exact solutions of the EE and nKG equation,
and obtained new types of complex hyperbolic trigonometric travelling wave solution for the EE and nKG equation. Many scientists

were less interested, when the balancing term used in the expansion methods was non-integer or negative. In order to increase this
interest, the method can be applied for non-integer balancing terms of partial differential equations. This paper presented wider
applicability using the (1/ GO) -expansion method to handle nonlinear evolutionary equations. The parameters in the obtained
traveling wave solution were given physical meaning. A three-dimensional simulation of the wave behavior is constructed for
different values of the a parameter, which affects the frequency and speed of the traveling wave. The dynamics of the wave
supported by simulation are discussed. Results show that this method was effective. The new wave solution obtained in this paper

can present different perspectives on future researches.
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Abstract

The theory of convexity plays an important role in various branches of science and engineering. The main objective of

this work is to introduce the idea of a generalized convex function by unifying stype mconvex function and Raina type
function. In addition, some beautiful algebraic properties and examples are discussed. Applying this new definition,

we explore a new sort of Hermite-Hadamard inequality. Furthermore, to enhance the paper we investigate several new
estimations of Hermite-Hadamard type inequality. The concepts and tools of this paper may invigorate and revitalize for

additional research in this mesmerizing and absorbing field of mathematics.

Key words : Convex function;  m-convex function; s-type convex function; Holder's inequality; improved power-mean
integral inequality
AMS 2020 Classification  : 26A51; 26A33; 26D07; 26D10; 26D15

1 Introduction

The expression "convexity" is the main, intriguing, regular, and principal documentations in mathematical analysis. For the first
time, it was utilized generally in a book by Hardy, Little, and Polya (see [1]). As of late, the hypothesis of convexity assumes an
exceptionally entrancing and astonishing part in the realm of science, hence anyone working, especially in the field of inequalities
cannot ignore its importance and significance. Numerous analysts consistently attempt to utilize novel thoughts for the pleasure
and beautification of convexity theory. This hypothesis gives us fascinating and amazing mathematical strategies to tackle and to
take care of a great deal of the issue which emerges in pure and applied sciences. During the last few decades, numerous scientists
specially mathematicians have added to the advancement of the theory of convex analysis in different directions. For the attention
of the readers, we encourage the references [2, 3, 4, 5, 6, 7] to see.

The theory of inequality is one of the most important aspects in many branches of mathematics such as functional analysis,
theory of differential and integral equations, probability theory, mechanics, and other sciences. In this manner, the hypothesis
of inequalities might be viewed as an autonomous field of mathematical analysis. As of late, the idea of convex analysis and the

a4 Received: 20.08.2021 & Revised: 31.08.2021 & Accepted: 01.09.2021 & Published: 04.09.2021
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concept of inequality have been generalized, improved and extended in many directions. The relationship between these two fields
has roused numerous scientists specially mathematicians because of its broad applications. For some related papers on convexity,
see the references [8, 9, 10, 11].

As everybody knows, there exists a class of numerical models depicted by differential equations, for example, Malthus population
model. In any case, a great deal of a differential equation does not have a specific arrangement. Under this case, integral inequalities
are critical for researching the boundedness, stability, asymptotic behavior of solutions to differential equations.

Motivated by the ongoing research activities, the aim of this paper is to introduce a new class of a convex function, called a
generalized stype m convex function of Raina type. Next, we explore some of its algebraic properties and examples. As main
results, a new version of Hermite Hadamard inequality and its refinements in support of the new definition are presented.

2 Preliminaries

Definiton 1 [3]Let : 1! R bearealvalued function. A function is said to be convex, if
(fax+(1 Daz) [ (d)+@2 ) (22)

holds forall az,a2 2 land [ 2 [0, 1].

The most important inequality concerning convex functions is Hermite Hadamard inequality [12] given as:

Theorem1 If :[a1,a2]! Risaconvexfunction,then

Z
+ az +
ap +az 1 (x)dx (a)+ (az2)
2 az ar g 2

Since its discovery, many researchers have presented various generalizations and improvements with reference to different types of
generalized convex functions like s- convex functions, m- convex functions, Harmonically convex functions, log-convex functions,
exponentially convex functions, and many more. This inequality along with inequalities such as Ostrowski inequality, Simpson
inequality, Bullen type inequality, Opial type inequality, and Mercer type inequality have accumulated a lot of attention among
mathematicians due to their widespread view and applications in the field of mathematical analysis.

In 2005, Raina [13] introduced a new class of function defined formally by

S G
(k+)

F (2)= F ©), (@), (2) =
' k=0

where =( (0), :::, (k),:::)and , >0,]|z| < R. The above class of functions is a generalization of the classical Mittag Leffler
function and the Kummer function.

Cortez [14, 15] established a new class of set and function involving the Raina's function, which is said to be a generalized convex
set and a convex function.

Definiton 2 [15]Let =( (0), :::, (k),:::)and , >0.AsetX86 ; issaidtobe generalized convex, if
az+[F (a1 az2)2X,

forall az,a2 2 Xand[ 2 [0, 1].
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Definiton 3 ~ [15] Let  denote a bounded sequence, then =( (), :::, (k)y:::)and , >0.If : X ! R satisfies the following

inequality
az+[F (a1 a2) [ (an)+(@ 1) (a2),

forall a1,a2 2 X, where a; <azand[ 2 [0,1], then s called a generalized convex function.

Remark 1 We have F (a1 az)= a1 az >0, and so we obtain Definition 1.

Condition A:  Let X R be an open generalized convex subset with respect to (w.r.t.) F (). Forany ai,az 2 Xand [ 2 [0,1],

F a2 (a+[F (a1 a2) = [F (a1 a2),

Fooar a2+[F (a1 a2) =@ [F (a1 a2).

Note that, for every ajz, a2 2 X and forall [4, [2 2 [0, 1], using Condition A, we have

Foax+[2F (a1 a2) (a2+[1F (a1 a2)) =([2 [DF (a1 a2).

®)

(6)
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Definition 4 [16] A non-negative function : Al Ris said to be an s type convex function if the following inequality for ai,az 2 A,
s2 [0,1] and [ 2 [0, 1] holds true:

(far+(1 Daz) 1 (s(@ [) (ar)+[1 s[] (a2). (1)
Definition 5 [3] An inequality of the form
( (az) (a2)( (a1) (a2)) O, 8ai,a22R, (8)

is said to be similarly ordered.

Inspired and excited by the ongoing research activities, the construction of this paper is marked as follows. First of all, in section 3,
we discuss the new definition of the generalized stype ( m) convex function of Raina type and its algebraic properties. In section
4, on the basis of a new identity, we attain the refinements of Hermite Hadamard type inequality employing the new definition.

3 Generalized Preinvex function and its algebraic properties

In this section, we present the definition of a new class of convex functions called generalized stype m convex function of Raina
type and also discuss its algebraic properties.

Definition 6 Let X be a nonempty generalized convex setw.r.t. F : X X! R.Then the nonnegative function : X! Rissaidtobea
generalized s type m convex function of Raina type for fixed mm 2 (0,1] (0,1], if

(@+[F (a1 a2) (1 s) (ag)+ 1 (st ) m = ©

holds forevery ai1,a2 2 X, =( (0), :::, (k),:::), , >0,s2[0,1],and[ 2 [0,1].

Remark 2 (i) Takings = m = 1in Definition 6, we attain the definition of a generalized convex function of Raina type which was explored by
Cortez [14, 15].

(ii) Takihg m =1and F ’ (a1 a2)= a1 ay in Definition 6, we attain the definition of s type convex function which was given by «3can et
al. [16].

(i) Takings =m =1and F (a1 az)= a1 a inDefinition 6, we obtain the definition, namely a convex function which was investigated
by Niculescu et al. [3].

Lemma 1 The following inequalities
[ @ (s@ ) and 1 [ 1 o
hold, forall [ 2 [0,1] ,m 2 (0,1] ands 2 [0,1].

Proof The rest of the proof is clearly seen.

Proposition 1  Every nonnegative generalized m convex function of Raina type is a generalized s type m convex function of Raina type for
s2 [0,1],m2 (0,1] and [ 2 [0, 1].

Proof By using Lemma 1 and the definition of a generalized m convex function of Raina type for s2 [0,1], m2 (0,1]and [ 2 [0,1],
we have

(@2+[F (a1 a2) @ D (ag)+m[ o=

ai

(1 sl) (az)+ 1 (s(@ [) m

Proposition 2~ Every non-negative generalized stype  m convex function of Raina type fors 2 [0,1], m 2 (0,1],n 2 Nand [ 2 [0,1], isa
generalized (h, m) convex function of Rainatype withh ([)= 1 (s(1 [)) .

Proof Using the definition of a generalized stype m convex function of Raina type for s2 [0,1], m2 (0,1]and [ 2 [0,1] and in
view of the conditon  h([)= 1 (s(1 [)) ,we have

(2+[F (a1 a2)) (1 s) (a)+ 1 (sl [) m % ,

ha D (@2)+hm(D) ().

Now, we will investigate some algebraic properties of the new definition.
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Theorem?2 Let , :A=[az,a2]! R.If , aretwogeneralizedstype m convex functions of Rainatype w.r.t. the same F ,then
(i) Thesumof and isagainageneralized stype m convex function of Raina type w.r.t. F

(ii) The scalar multiplication of the function is a generalized stype m convex function of Raina type w.r.t. F .

Proof (i) Let , be generalized stype m convex functions of Raina type w.r.t. the F ,thenforall aj,az2 2 X,s2 [0,1],

m 2 (0,1] and [ 2 [0, 1], we have

( + )(a+[F (a1 a2)
= (az+[F (a1 az2))+ (az+[F (a1 a2))
(L sh) @+1(se pm 2
f(1 o) @)+ 1 (s@ ) m i ‘
1

(L s (az)+ (a2)]+ 1 (s [) m ?n—l +m arln—l

(1 s)( + Ya)+ 1 (s [) m( + )(%1)_

(ii) Let be a generalized stype m convex function of Raina type w.r.t. F ,thenforall ai,az2 2 A,s2 [0,1], c2 R(c 0),
m 2 (0,1] and [ 2 [0, 1], we have

(c )(az+[F (a1 a2)

c@sh) @+1(sa pm T

(L sf)c (az)+ 1 (s [) cm F

(1 s)(c )(a)+ 1 (s [) mc) =

It is the required proof.

Theorem 3 Let :A! Ybeageneralizedstype m convexfunction of Rainatype w.r.t. F and :Y! Rbeanon-decreasing function.
Then the function is a generalized stype m convex function of Raina type w.r.t. F fors2 [0,1],m 2 (0,1] and [ 2 [0,1] .

Proof Forall ai,a2 2 A,s2 [0,1], m2 (0,1] and [ 2 [0,1], we have

( )@+ [F (a1 a2)

= ( (a2+[F (a1 a2))
ail

(L s)) (az)+ 1 (s [) m

(L sh) ( @)+ 1 (st )mm )
=@ DE)r (e pomo) 2
It is the required proof.
Remark 3 (i) If n = s=1in Theorem 3, then
( )(maz+[ (anazm) @ D D@)+m* () 2

(i) If s = m = 1in Theorem 3, then
( y(az+[F (a1 a2)) (1 I[X ) (az) + [( ) (a1).
(ii) fweput m=21and (a1,a2,m)= a1 mazinTheorem 3, then

( )([ar+(@ Daz) (@ s[) )(az) + (1 (s@ DX ) (a) .

Theorem4 LetO < aj < az, i A =Ja1,az] ! [0,+ 1) beaclass of generalized s type m convex functions of Raina type w.r.t. F
and (u) = sup j(u). Then is a generalized stype m convex function of Raina type fors 2 [0,1], m 2 (0,1] and [ 2 [0,1], and
U={ 2[a1,a2]: ( ;)<1}isaninterval
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Proof Let az,a22 U,s2 [0,1], m2 (0,1] and [ 2 [0, 1], then

(a2+[F (a1 a2))

=sup j(az+[F (a1 @a2)
J

al
(1 sl)sup j(az)+ 1 (s(1 [)) msup ;
i i
ai
=@ 8) (a2)+ 1 (s@ [) m o <1.

This is the required proof.
Theorem 5 If ;: R" I Risageneralized stype m convex function of Raina type w.r.t. Fo fors 2 [0,1] ,m 2 (0,1] and [ 2 [0, 1], then
thesetM={ 2R: ;() 0,i=12,3,.. n}isageneralized m convex set.
Proof Since ;( ), (i=1,2,3,..., n)are generalized stype m convex functions of Raina type for s2 [0,1], m2 (0,1] and [ 2 [O,1],

then forall aj,az 2 R"
(a2 +[F (a1 a2) (1 &) (a)+ 1 (s ) m 2,

holds, where i=1,2,3,..., n
When a1,az 2 M, we know (@) Oand ;(a2) O, from the above inequality, it yields that

i(@2+[F (a1 a2) O, i=123,.,n
Thatis a2 +[ F (a1 az) 2 M. Hence, M is a generalized m convex set.

Theorem6 If :A R"! Risageneralizedstype m convex function of Raina type w.r.t. F fors 2 [0,1],m 2 (0,1] and [ 2 [O, 1],
then the function is also a generalized quasi m convex function of Raina type on a generalized m convex set of Rainatype Aw..t. F .

Proof Since is a generalized stype m convex function of Raina type w.r.t. F for s2 [0,1], m2 (0,1] and [ 2 [0,1], and we
assume that m (aﬁl) (a2), then for all ajz,az 2 A, we have

(a2+[F (a1 a2))

(T s @+ 1(sa pm 2

(s ) +(@ s) (az)

(a2).
In the same manner, let (a2) m (aﬁl), forall ai,a2 2 A. We can also get
ai
(a2+[F (a1 az) m —
' m
Consequently,
(a2+[F (a1 a2)) max{ (a1), (a2)}
That is, A R"! Risageneralized quasi m convex function of Raina type on a generalized m convex set of Raina type A
wrt F .
Theorem7 If : R ! R isageneralized stype m convex function of Raina type w.r.t. F 'R R 0,1 ' R fors 2 [0,1],

m 2 (0,1] and [ 2 [0,1] . Assume that is monotone decreasing, F is monotone increasint::] regarding m for fixed az,a2 2 R and
my mp (mg,my2 (0,1]) . If isanstype mqpreinvexfunctionon R w.rt. F ,then isanstype my preinvexfunctionon R w.r.t.
F .

Proof Since is a generalized stype m;j convex function of Raina type, for all ai,a2 2 R
a
(2+[F (a1 az) (1 o) @)+ 1(sa D) m =
Combining the monotone decreasing of the function with the monotone increasing of the mapping F  regarding m for fixed

ai,a2 2 R and my my, it follows that

(@ s) (a2)+ 1 (s@ [) my 2—11
ﬂ

(1 sl) (a)+ 1 (st ) m2 my
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Finally, we have

al

(a2+[F (az a2)) (1 ) (az)+ 1 (s(1 [) my M
Hence, is a generalized stype my convex function of Raina type on R w.rt for fixed s2 [0,1] and m 2 [0, 1], which ends
the proof.
Theorem8 Let , :A=J[ai,a2]! R.If , are two generalized s type m convex functions of Raina type w.r.t. Fo and , are
similarly ordered functionsand 1 (s(1 [)) +[1 9] 1, then the product is a generalized stype m convex function of Raina type
wrt. F fors2[0,1],m2 (0,1] and [ 2 [0,1] .
Proof Let , be ageneralized stype m convex function of Raina type w.r.t. same F .s2 [0,1], m2 (0,1]and [ 2 [0, 1], then

(a2+[F (a1 a2)) (az+[F (a1 a2))

(1 s) (az)+ 1 (s [) m —

(1 s[) (az)+ 1 (s(@ [) m "
(s’ (@ @+ 1 (s D ’m? (2 (2

st @ shim () @)+ (@m (2y

+

2 2 2 a1, a1
(1 ) (az) (az)+[1 (s@ N m* () ()

1 ) 1D m? (3 Ee (a2) (a2

(L s) (@) ()+@ (sa m? (2 (3

(st [) +(1 o)
aij_

(1 s) (a2) (@)+ 1 (s ) m* (-

ai
) (3.

This completes the proof.

Remark 4 Taking m=1and F i (a1,a2,m)= a1 maz in Theorem 8, then

(flar+ (1 [)az2) ([ar+( [Daz2) [1 (s(@ )] (a1) (a)+[1 S[] (a2) (a2).

4 Hermite Hadamard type inequality via a generalized convex function of Raina type

The principal intention of this section is to establish a novel version of Hermite Hadamard type inequality in the mode of the
newly discussed concept.

Theorem 9 Let :[a1,az] 2 Rbeageneralizedstype m convex function of Raina type, if a1 <azand 2 L[a1,az], then the following
Hermite Hadamard type inequalities hold:

z z,
X 2
(E)dx"' maz+F (a1 maz) (X)dx

m

@ 3 az+F (a1 az)

1
(a2 + 5 F (a1 a2) m a2

@ 9 @+m (2.

Proof Since aj,a2 2 X and X is a generalized convex set with respect to F for every m 2 (0,1] and [ 2 [0, 1], we have
a+[ F (a1 az) 2 X . For the first inequality, using the Definition of generalized s-type m-convex function of Raina type, and
condition C for F and integrating over [0, 1],

(y+[F (x y) @ (s) M+@ s DYm (%)
)+ oy -

1 S X
(y+ > Fo(x y) 1 5 M (E
Put x=az+[F (a1 az)and my=maz+(1 [)F (ar maz)in above inequality, the L.H.S of above inequality becomes

V+3F ()= (@2t F  (a a2)
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Now,
1
(a2 + > F (a1 a2)
Z z
s az+[F (a1 a2) 1 @ n
1 5 Om ( m )l + o (az+?F (a1 mag))d[
1 s 1 Zay+ F (a1 az) X d Za, q
> . - “Vdx + )
2 = (al az) as m (m) X ma 2+ F ’m(al ma 2) (X) X
For the proof of the second inequality, using the definition of generalized stype m convex function, as a result we attain
1 Zay+F (a1 az) X Zay
F (a1 a2) a (a)dx+ magz+ F Im(al maz) (X)dx
2 2 @D
o (az+[F (a1 a2))dl+ o (az + — F. (a1 mag))d
Z; Z as
(1 (s) (az)di+ (1 (s@ DPYm (—)d
0 0 m
Z Z a1
+ (1 (s D) (a)ydi+ (1 shm (—=)d
0 0 m
2

— @+ @+m em (2
ai
@9 @+m (2.

This completes the proof.

Corollary 1 Ifs=m=1and F (a1 a2)= a1 azinTheorem?9,then asaresult, we attain the classical Hermite-Hadamard type inequality
in[12].

5 Estimations of Hermite Hadamard type inequality

The subjective aim of this section is to derive the estimations of (H H) type inequality for a generalized stype m convex function
of Raina type.

Lemma 2 LetX Rbeageneralized convexsubsetw.rt. F X X! Randaj,az2 2 Xwith F (a1 a2) 60.Supposethat : X! R
is a differentiable function. If isintegrableonthe F | then the following equality holds:
(a)+ (az+ F (a1 a2)) 1 Zag+F (a1 a2)
. + (x)dx
2 F (a1 a2) a

F (a1 a2) 21 0
= 0(1 2[) (az+[F (a1 a2)d.

2
Proof Suppose that a1, a2 2 X. Since X is a generalized convex set w.r.t. F ,forevery [ 2 [0,1], we have az+[ F ’ (a1 az)2 X.
Integrating by parts
Z;
@20 Yaz+[F | (a1 az)d[
Zz
(120 (a2+[F (a1 a2) 1! 2 1
= : + (a2+[F (a1 a2))d
F (a1 a2) o F (a1 a2) o ’
(a2)+ (az+ F (a1 a2)) 1 Zaz+F (a1 a2)
= : + (x)dx.
2 F (a1 a2) q
This completes the proof.
Theorem 10 Suppose| isageneralized convex setw.r.t. F and | R ! Risadifferentiable mappingonl ,ai1,az 2 | with a; < az

and suppose that 92 L[az,az2]. If | 9 isageneralized stype m convex function of Rainatype on L [a1,a2] for [ 2 [0,1], m 2 (0,1] and
s2 [0,1],then

(a2)+ (az+ F (a1 a2)) 1 Zag+F (a1 a2)

2 Fo(aa a2) a

(x)dx

ai

2
1P @ oal = A m G %l

where A is the arithmetic mean.
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Proof Assume that aj,a2 2 1 . Since | is a generalized convex set w.r.t. F ,forany [ 2 [0,1], we have a2 +[ F ) (a1 az2)21 .
Using Lemma 2, generalized  stype m convex function of Raina type of | 9 and properties of modulus, we have
(a)+ (a2+ F (a1 a)) 1 Zag+F (a1 az) .
: x) dx
2 F (a1 a2) a
F (a1 a4t o
——5— @ 2D %a2+[F (a a)d
|F (a1 az)l & 0 0 a1
5 [L20 @ (s (a)l+@ ( s@ DYyml (=) d
0 m
Z Zz
|F (a1 a2) 1 ap, 1
— I %az)l 1120 (spdi+ml A 1L 200@ (s D)
0 m= o
| F (a1 a2)l 0 2 0gal, 2 s
- JE— + -
5 | %a2)l Im % =
2 s 0, a1 0
F — A —
IF (@ a2l = A ml (L Ya2)l
This is the required proof.
Corollary 2 Ifwe put m =1ands = 1in Theorem 10, then we obtain Theorem (2.1) in [17].
Corollary 3 Ifweputs =m =1and F ’ (a1 az)= a1 azinTheorem 10, we getinequality (4.1) in [18].
Theorem 11 Suppose | is a generalized convex setw.rt. F and o R ! R be a differentiable mappingon| ,a1,a2 2 | with

a1 < az,q>1, % + ql = 1and suppose that 02 L[a1, az]. If | 0|q is a generalized s type m convex function of RainatypeonL [az,a2] for

[2[0,1],m 2 (0,1] ands 2 [0,1], then

z

(a2)+ (az+ F (a1 a2)) 1 a2+ F (a1 az)
- (x)dx
2 F (a1 a2) a
|F (a1 a)l 1 5 2 s a1 0 a1
R T Z_ > "Aq 2lya 0 q
2 P+l 5 ml GO @)t

where A is the arithmetic mean.

Proof Assume that aj,a2 2 1 . Since | is a generalized convex set w.r.t.
Using Lemma 2, Holder's integral inequality and generalized
modulus, we have

F ,forany [ 2 [0,1], we have a2 +[ F
stype m convex function of Raina type of |

: (a1 az)21 .
99 and properties of

V4

(a2)+ (a2+ F (a1 a2)) 1 az+F (a1 az)
: (x)dx
2 F (a1 a2) a
Fo(a1 ap) 4 0
——— @20 %@+lF (a1 a)d
IF (a1 a2l “ ;A i
) 21 - 2P " | %az+iF (a1 az) %
0 0
IF (@ a)l 1 5 o A A A g 3
5 b 1 | (a2)l 0(1 (sDydl+ Oml (F)l @ (s DHd
| F (a1 a2)l 1 5 2 s a1 0,8lyq, O© q
> 1z AT I @l

which is the required proof.

Corollary 4 If m =1ands = 1in Theorem 11, then we attain Theorem (2.2) in [17]

Corollary 5 Ifweput m=s=1and F (a1 az)=ai azinTheorem 11, thenwe getinequality (4.2) [18]

Theorem 12 Suppose | is a generalized convex set w.rt. F and s R ! R is adifferentiable mappingon!| ,ai,a2 2 | with

ai; <az,q 1,andsupposethat 92 L[a1,a2].1f| 99isageneralizedstype m convexfunction of RainatypeonL [a1,az] forfor [ 2 [0,1],
m 2 (0,1] ands 2 [0,1], then

(a2)+ (az+ F (a1 a2)) 1 Zay+F (a1 az) ood
- X) dx
2 F ) (a1 a2) ar
|F (a1 @) 11§ 2 s 7 1 o a1
P N g q alya 0 q
5 5 7 AT ml O @)t

where A is the arithmetic mean.
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Proof Assume that aj,a2 2 1 . Since | is a generalized convex set w.r.t. F ,forany [ 2 [0,1], we have a2 +[ F ) (a1 az2)21 .
Suppose that q > 1. Using Lemma 2, power-mean inequality and generalized stype m convex function of Raina type of | 99 and
properties of modulus, we have
(a2)+ (a2+ F (a1 a2)) 1 Zay+ F (a1 az) 00d
: x)dx
2 F , (al aZ) az
F (a1 az) 1 0
— 0(1 2[) (az+[F (a1 a2)d
z 1 Z 1
|F (a1 az) “1 g 2 g
—— It 20d 1L 20 Yaz+[F (a1 a2)) %
0 0
Z 1
|F (a1 a2 113 4 a
—— 5 Jr2ia e Y@t sao ol Xl d
|F (a1 a2l 1 13
2 2
! ! a1 a
(I %a2)l® Jr2ue csd+ o2 (il CE (s pyd
[F (a1 a2 1§ 2 s a1 a
= S A ml YN Yar)

1
2 2 4

For the case g =1, we apply the same technique step by step as used in the Theorem 10. This completes the proof.

Corollary 6 Ifweputn =m =1lands = 1in Theorem 12, then

(a2)+ (a2+ F (a1 a2) 1 Zay+ F (a1 a2) ood
: x)dx
2 F ) (a1 a2) a,
F (a1 a2) 1
— A7 | Yal®l %a2)? .
Corollary 7 Ifs=m=1and F , (a1 az)= a1 a2inTheorem 12, we getinequality (4.3) in [18].
Theorem 13 Suppose | is a generalized convex set w.rt. F and o R ! Ris adifferentiable mappingon| ,ai,a2 2 | with

a1 <az,q>1, % + % = 1and suppose that 02 L[az,az2]. If| 0|q is ageneralized stype m convex function of RainatypeonL [a1,a2], then

z

(a2)+ (az+ F (a1 a)) 1 az+F (a1 az)
: (x)dx
2 F , (al a2) az
IF (a1 a2l 1
2 2(p+1)
1
0 a1 q3ZS+ 0 q3sﬁ+ 0 a1 q3 S, O g3 2s d
ml ==+ Y@ T m A==+ Ya) =
holdsfor [ 2 [0,1] ,m 2 (0,1] ands 2 [0,1] .
Proof Suppose that aj,a2 2 | . Since | is a generalized convex set w.r.t. F ,forany [ 2 [0,1], we have az+[ F i (a1 a2)21 .
Using Lemma 2, Holder-+scan integral inequality and generalized stype m convex function of Raina type of | 99 and properties
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of modulus, we have
(a)+ (a2+ F (a1 a2)) 1 Zag+F (a1 az) 04
. X)ax
2 Fo(aa a2) a
[F (a1 a2l &1 0
5 Oll 20l "az+[F (a1 az)ld
Z 1 Z 1
| F (a1 a2) “1 p 1 q
2 @ DLz nPd T @ Dl YazrlF o (ar a2)l O
| = (al a2)| Zl 1 Zl 1
: 1 20Pd ° [l Ya2+[F (a1 a2) %
2 o 0 :
[F (a1 a)l 1 &
2 2(p+1)
! ! a1 a
I %a2)l 9 ,4 e Csdi+ @ pmi CN9a (s pyd
Z Z 1
|F (a1 a2 1P, 1 1 a i
) q 08lyq q
+ 5 20+ 1) [ (a2)l O[(l (sDydl + Oml (m)l [@ (s@ Dyd
[F (a a2l 1 3
2 2(p+1)
1 1
Oaiq325 0 q3 s a oaiquis 0 g3 2s ad
m| (m)l 5 +| H(a2)] - m| (m)l o +| (a2)l 5 ,
which is the required proof.
Corollary 8 If m =1ands = 1in Theorem 13, then
(a2)+ (a2+ F (a1 a2) 1 Zay+ F (a1 az) 00d
. X)ax
2 F (a1 a2) a
IF, (@ a2l 1 5 | Ya)l®, 2 Ya)l? 7, 2 Ya)l?, | %a2)l? a
4 p+1 3 3 3 3 '
Corollary 9 Ifweputs =m=1and F (a1 az)=a1 azinTheorem 13, we getinequality (4.4) in [18].

Theorem 14  Suppose | is a generalized convex set w.rt. F : and s R ! R s a differentiable mappingon| ,az,a2 2 | with
a1 <az,q landsuppose that 02 Lla1, a2]. If | °|q is a generalized stype m convex function of RainatypeonL [a1,a2], then
(a2)+ (a2+ F (a1 a2) 1 err @)
: X) dx
2 F , (al az) az
|F (a1 a)l 1 234
2 2
a 1 a 1
1 q 1 q
ml Nk + 1 Y@l ka9 "+ ml Tk (9+ ] a2 k(s
holds for [ 2 [0,1] ,m 2 (0,1] ands 2 [0,1] . Where
Z Z
ky(s) = 0(1 DI 2 [I(X (s(@ Dnd = 0[Il 2 0l ( shydl,
Z; Z;
ka(s) = 0[|1 2 [ (s Dyd = 0(1 DIL 2 [I(x ( sD)dl.
Proof Suppose that aj,a2 2 | . Since | is a generalized convex set w.r.t. F ,forany [ 2 [0,1], we have az+[ F i (a1 a2)21 .

Suppose that g > 1. Using Lemma 2, improved power-mean integral inequality and generalized stype m convex function of Raina
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type of | 0| 9 and properties of modulus, we have

(a2)+ (a2+ F (a1 a2)) 1 Zag+F (a1 az)
: (x)dx
2 F (a1 a2) a
|F (a1 a2 & 0
2l YeerlF (a1 a)id
|F (a1 ax)] 4 1t 4 . 1
5 @ D2 S DIt 20 Ye2r[F | (ar a2))
[F (a a) 4 13 4 i
T AL S IS TR CEE R R SR
|F (a1 a)l 1 23
2 2
0 Zl Zl o0, a1 al
| @I @ DIt 2 (@ Csde @ DIt 2 Omb DI (e Dyl
0 Zl Zl o, a1 %
£ @I (L2 0 Ccsopde L2 iml fEHI (s Dy
|F (a a)l 1 23
2 2
1 1

q

m 0D a9+ Ya2)lYa(9) T+ ml D) ka9 4] Aa2)] Kal9)

For the case g =1, we apply the same technique step by step as used in the Theorem 10. This completes the proof.

Corollary 10 Ifwe put m =1ands = 1in Theorem 14, then

(a2)+ (az+ F (a1 a2)) 1 Zap+F (a1 a2) e
- x) dx
2 F (a1 a2) a
|F, @1 a2l | Yayl? 3 Ya)l? 7, 3 Yal?, | Ya)l? 3
8 4 4 4 4

Corollary 11 Ifweputs =m =1and F i (a1 az)= a1 azinTheorem 14, we getinequality (4.5) in [18].

Note : We pass the some comments regarding comparison on the above estimations of the mentioned lemma. On Lemma 2, we
examined Theorem 11 and Theorem 13, in which we used the Hoélder and Holder-scan inequality. On the comparison, Theorem

13 gives a better result as compared to Theorem 11. Similarly, on Lemma 2, we examined Theorem 12 and Theorem 14, in which
we used power mean and improved power mean inequality. On the comparison, Theorem 14 gives a better result as compare to

Theorem 12.

6 Conclusion

In the development of this paper, some results have been established that generalize, from the definition of Raina integral operator
and the use of stype m convex function. In particular, those concerning the integral inequality of Hermite Hadamard. Some
algebraic properties are attained in relation to the newly introduced definition. In addition, we described the novel variant of
Hermite Hadamard type inequality in the manner of a generalized stype m convex function of Raina type. Our attaining results
in the order of lemma can be considered as refinements and remarkable extensions to the new family of generalized convex
functions of Raina type. In the future, we hope the results of this paper and the new idea can be extended in different directions
like fractional calculus, quantum calculus, time scale calculus, etc. We hope the consequences and techniques of this article will
energize and inspire the researcher to explore a more interesting sequel in this area.
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Abstract

In this paper, a fractional-order generalization of the susceptible-infected-recovered (SIR) epidemic model for predicting
the spread of an infectious disease is presented. Also, an incommensurate fractional-order differential equations system
involving the Caputo meaning fractional derivative is used. The equilibria are calculated and their stability conditions are
investigated. Finally, numerical simulations are presented to illustrate the obtained theoretical results.

Key words : SIR mathematical model; incommensurate order differential equation; fractional-derivative; stability analysis
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1 Introduction

The topic of fractional calculus (FC) has gained considerable popularity and importance in the last three decades, mainly because
of its wide variety of applications in science and engineering. Also, it has been found that many systems can be described with
fractional differential equations in many interdisciplinary fields [1]. Fractional-order differential equation (FODE) models have
advantages over classical ordinary differential equation (ODE) and/or delayed differential equation models because integer deriva-
tives are used to obtain information about only local properties of a state, while fractional derivatives describe the entire space.
In other words, in FODE models, the next precise location for a physical phenomenon depends not only on the current situation,
but also on all historical situations. Thus, these models not only give more realistic biological models involving memory but also
expand the stability region of states [2]. Fractional-order systems (FOSs) are can be considered in two parts, as commensurate
FOS (CFOS) and incommensurate FOS (IFOS) according to the derivative orders in the system. CFOS can be considered as a special
case of derivative orders in IFOS [3]. Given the fact that the stability theorem of fractional differential equations favors stability
analysis and controller synthesis, this motivates us to adopt stability criteria for the field of incommensurate fractional-order
nonlinear systems and give sufficient conditions for determining stability [4]. Therefore, modeling of biological dynamics with
IFOS is more comprehensive in terms of predicting the behavior of the system [5]. Furthermore, theorems of existence, uniqueness
and dependence upon initial conditions according to some special conditions of IFOS are given in [6, 7].

There are many recent studies in the literature on the stability of IFOS [8, 9, 10, 11]. In addition, modeling and stability analysis
of biological systems by IFOS has been frequently discussed in the literature recently [12, 13, 5, 7, 14] and CFOS [15, 16, 17, 18, 19,
20, 21, 22, 23, 24] .

In the field of epidemiology, many schemes have been developed to mathematically model various infectious epidemics. Compart-
ment models such as SIR modeling, which divide communities into certain main classes, are the most widely used models. The
interactions between these classes are mainly determined by certain pre-mathematical formulas. The classical SIR epidemiological
model was first introduced by Kermack and McKendrick in 1927. This ordinary differential equation system (ODES) models the

a4 Received: 17.09.2021 & Revised: 28.09.2021 & Accepted: 29.09.2021 & Published: 30.09.2021
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spread of an epidemic in a population. More recently, there has been increased interest in extending SIR models through the inclu-
sion of fractional derivatives [27]. Modified SIR mathematical modeling through CFOS are in recent years analyzed in [28, 29, 30].
In here, the time-dependent changes in sizes of susceptible, infected and recovered individuals in a population in case of an
infectious disease were investigated by mathematically modeling with IFOS. An innovation has been presented to the literature in
terms of the use of IFOS in the model. In addition, the results were supported by numerical studies.
The remainder of the article is arranged as follows:
~ In Section 2, the existence of equilibrium points of the proposed model and their stabilities are analyzed.
~ In Section 3, the mathematical formulation of the proposed SIR model is presented. Furthermore, the threshold parameter is
presented.
" Section 4 proposes the stability conditions of the mentioned biological system.
~ Section 5 backs up the qualitative analysis results of the proposed IFOS. In this respect, numerical simulations are performed.
" The article ends in Section 6 with some concluding remarks.
2 Preliminaries and definitions
In here, it is given some basic definitions and notations with respect to follows: FODE with Caputo derivatives and locally asymp-
totically stability (LAS) of the equilibrium point of an n-dimensional FOS, respectively.
Definition 1 According to the definition of Caputo sense, the fractional derivative of the function f (t) is defined as
va n
c 1 da "7 no1 d
D, f(t) =—— — t X —  f(x)dx,n 1< n, 1
R R S ) w ™ &)
R
where (.) is the Gamma function, which is described by~ (x) = [1) t*le dt,f: (0,+1)! Rand >0 [31].
The Caputo fractional order sense is used in this study.
Remark 1 The nonlinear FOS can be defined as following
d X(t)
——==F(t, X (1)), 2
A CPO) @
where it is considered initial conditions by X (0) =Xp, the state vectors by X (t) =[xq (t), X2 () ,::: , Xn (t)]T2 R", the functions by
F=fq,fo,:00 , fn Ty R, i1 [0,+1) xR" R,(i=1,2,::: ,n) and the derivative-ordersby —=[ 41, 2,:::, n]Tsuch that
- iT
d X)) _ d Ixgt) d 2xp(t) ... d "xn(t)
dt ~ dt 1 ' dt2 ' dton (32].
For the rest of the article, i isin (0, 1| .
Definition 2 For system (2) , autonomous IFOS can be presented as
d Xt
TD:F(X(t)) , X(0) =Xp. (3)
Also, the equilibrium point of system  (3) isfound fromF X =0 for X= (X1, X2, ::: ,%n) [6].
Lemmal Eigenvalues ;fori=1,2,:::,m( 1+ »+ + p)ofsystem (3) are obtained from
det diag ™ M2, M0 3 X =0 (4)
where mis the smallest of the common multiples of the denominators of rational numbers 1, 2,:::, nandJ X = g% - Ifall eigenvalues
; obtained from equation (4) satisfy
ari Lo>— 5
9 i >3 (©)]
then X is LAS for system (3) [33, 34].
As aresult, Figure 1 shows the stability conditions of the incommensurate order SIR model given in (3), where 16 28 n<l

and for i=1,2,::0, m( 1+ 2+ + p).
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Figure 1. Regions of stability and instability of the equilibrium point in terms of the roots of the characteristic equation of the system (3) [5].

3 The SIR model through IFOS

We consider a SIR epidemic disease model. Define the following dependent-time t:

Table 1. State variables and their meanings

State Variable Meaning

S(t) The susceptible individuals at the t-time

I(t) The infected symptomatic individuals at the t-time
R(t) The recovered individuals at the t-time

Therefore, the dynamics is governed by a system of three FODE as follows:

d s .

< - + R IS ( +b)S

d 2t

Tg) = IS ( +d+byl, (6)
d 3Rt

s 3() = S+ | ( +bR

where t 0, ;2 (0,1] for i =1,2,3. Also, the initial conditions are S(tg) = S >0, I(tg) =lp >0 and R(tg) = Rg >0 for t > tg.
Restrictions are imposed on the parameters to ensure that solutions are nonnegative. Therefore, the following conditions hold

+ 4 . b, d>0 )

In Table 2, it is illustrated parameters with their meaning.

Table 2. Parameters and their meanings in the proposed model

Parameter Meaning
The constant birth number in the overall population
\Y The immunity loss rate of recovered individuals

The contact number, the average number of successful contacts resulting
in infection and made by one infected individual

Rate of the vaccinated susceptible individuals

b The death rate due to the different conditions other than the disease for
the overall population.

Recovery rate of the infected individual

d Average fatality rate of the infected individual due to infectious disease

Therefore, Figure 2 is obtained from system (6).

Definition 3~ The baseline reproduction number, often denoted as R g, describes the average number of secondary infections caused by an
infected individual in a fully susceptible population. This number indicates whether the infection will spread to the population or not [35].

For the proposed model, it is described this parameter as

_ (b+ )
T( +d+byb (b+ + )’

Ro (8)
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Figure 2. The movement of the individuals between compartments in the proposed model

It is clear that
Ro >0, 9)

due to the inequalities in (7).

4 Stability analysis

Proposition 1 Let us consider the equations, ddtlsgt) =0, ddt2|gt) =0, dd: R3(t) =0, for equilibrium points. The proposed model has two

I . . R . (b+ ) . A
types of the equilibrium points. These are disease free equilibriumpointE ¢ B or ¥ ),0, NCED) andthe endemic equilibriumE 1(S ,I ,R)
when
R 0> 1. (10)
In here, itis
8 g = ((*d+b)
% | = S(Rol)b+ +)
+d+b+ %+ ' (11)
§ 1
_ S(Rol)b+ +).s
R= =>2E02 )% )4yS |
+d+b+ d+ (b+)
Proposition 2 Considering the proposed model in (6) , there are follows.
i. Let 1= o= 3 1ForCFOS,itis satisfied the followings:
a) If Rg < 1,the equilibrium pointE g, namely trivial disease-free equilibrium, is LAS.
b) If
I +( +b) +( +b) I ( +b)+ S +b( + +bh) I ( +b) S + >0, (12)

then the equilibrium point E 1, existing biologically meaningwhen R > 1,is LAS.
ii. ForlFOSinsystem (6) ,where 16 , 6 3 <1, itissatisfied the followings:

a) If Rg <1landallroots i fori =1,2,::: ,m 1+ 3 founded from the equation

m( 1t 3) 4 m 1 +by+ M3 +by+b( + +b)=0

satisfy Routh-Hurwitz stability criteria [36] or the condition ag ; > ﬁl - [37] as seen inequalities (5) , then the equilibrium pointE ¢ is
LAS.
b) LetRg >1Ifallroots ;fori =1,2,:::,m 1+ 5+ 3 founded from the equation
m( 1t 2t 8) 4 M2t 2 +by+ MO 2t 3) (| +( +b)y+ M 2( 1 ( +by+b( + +b)
+ M3 +d+b) | + | (( +d+b)( +b)+ ) =0 satisfy Routh-Hurwitz stability criteria or the condition aag ; > ml?, then

the equilibrium pointE 1 is LAS.
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Proof By the equations in (6), the Jacobian matrix evaluated at the equilibrium point E S ILR for i=0,1is
0 _ _ 1
I+( +b) S
JE =% i S ( +d+b) 0 § (13)
( *+b)
i. The system in (6) translates to CFOS, when 0 < 1= 2= 3 1
!
a) For Ep, the eigenvalues are obtained by considering the equation Det J(SI, R=Ey - 0 ) o I3xg =0. Ac-
(b+ + ) b (b+ + )

cordingly, it is

( ( +d+b)(Ro 1)) 2+ (( +by+( +b)+( + +b) =0 (14

Therefore, the eigenvalues obtained from equation in (14) are determined as followings:

1=( +d+b(Ro 1), (15)
and , and 3 are found by solving the equation
24 +byr( +b)yF( + +b). (16)
It can be observed that (( +b)+( +b)) >0and ( + +b) >0, due to inequalities in (7). The LAS conditions for Eg are
provided for the eigenvalues 2 and 3. Thus, it is sufficient to examine the sign of 1. If
Rg<1, (17)
then 1 is a negative real number due to inequalities (7). Routh-Hurwitz stability conditions are satisfied. In this case, Eg is
LAS.
b) Let Rg > 1. There is positive equilibrium point. Charasteristic equation obtained from Det ‘](SI, R)=Ex(S .| R ) Iax3 =0
for the equilibrium point E; is founded as
3+aLl 2+a2 +a3=0, (18)
where
a;= | +( +by+( +b) ,ap= | ( +b)y+ S +b( + +b) ,az= | ( +b) S+ | . (19)
Let us consider that Routh-Hurwitz stability criteria. It is already clear that ajp, az>0 due to inequalities in (7) and (9). In
addition, we have
ajap ag= I +( +b) +( +b) I ( +b)+ S +b( + +bh) I ( +b) S +
If
I +( +b) +( +b) I ( +b)+ S +Db( + +b) I ( +b) S + >0, (20)

then ajap az > 0. Hence, Ejis LAS when inequality in (20) is satisfied.
i. Incaseof0< 16 28 3<1,we have IFOS of (6). In this sense, the determinant found by the equation

m 1 m > m

det diag , s .](Xl’ Xo,t )= (K025 %) =0 (21)
is
M1+ J+( +h) S
[} m 2 S ( +d+b) 0 =0. (22)
| M 3+( +b)
a) Firstly, if the determinant in (22) evaluates in the point Eg ) o _Or) o
Y p b (b+ + )" ( +b) b (b+ + )
Eo ( *d*b) p 0,0, (*d*b)p o Wwith respect to (8), then it is achieved the equations:

( +b)

M2 ( +d+b)(Ro 1)=0, (23)
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and
Mis( +b) M 3+( +b) =0. C)

These equations are examined as the followings: Taking into consideration the equation in (23), it is found that
M2=( +d+b)(Rg 1).If

Ro <1, (25)

then ™ 2 s anegative real number due to inequalities in (7). Otherwise, at least one root of (23) would be a positive real num-
>0 duetﬂ (7),(25)
z_— __H——{

ber, in which case the equilibrium point Eg would be unstable. By De-Moivre formulas, we have M2=( +d+b)(1 Rg)cis ,
1 —

andso, = ( +d+b)(1 Rg) M 2cis %kz for k=0,1,2, ::: ,(m 2 1),suchthat cis =cos +isin ,i:pl.AIso,We

have

|arg ( o0)| = my

3
larg ( 1)| = m

" RRUOKKRRRRAR  /ARRXXKKRRRRXRARRY O

(26)
_ (2m 2 1 )
ag  (m o,1) mo,
Considering the conditions |arg ()| > o for the stability of the equilibrium point, the stability condition for Ep is given as
3 L. 2m o1
e meg ,ﬁm—22L> 5+ and so,
8 , <2,
g 2 <6,
3 (27)
2<2(2m 5 1).
Inequalities in (27) have been always provided since the derivative-orders 0 < 1. 2, 3 1in(6) are already satisfied.
On the other hand, we have considered the equation (24)). If this equation is arranged, then
M1t )+ M +py+ M3 +by+b( + +b)=0 (28)

is obtained. If the eigenvalues, which are the roots of equation (28), satisfy Routh-Hurwitz stability condition or the conditions

ag ; > mfor i=1,2,:::,m 1+ g3 ,then EgisLAS.

b) Let R > 1. In this case, the equilibrium point E; emerges as positive definite. By calculating the determinant (22) at this
equilibrium point, it is obtained the following characteristic equation

mC 2t 2t 3) 4 MOt 2 wpy+ MO 2 3) (| o+ +by+
M2 ( +by+b( + +b)+ (29)
M3 +d+b)y I + | (( +d+b)( +b)+ )=0.

When the signs of the terms of the last equation are examined according to Descartes' sign rule [38], it is clear that the equation
does not have a positive real root. This does not disturb the stability of the equilibrium point. Therefore, if the eigenvalues

jfori=1,2,:::,m 41+ >+ 3, which are the roots of the equation (29), satisfy Routh-Hurwitz stability condition or the
conditons arg ; > %7, the equilibrium point E; is LAS.

Therefore, the proof is completed.
As a result, it can be reached to Table 3.

Corollary 1  Let us consider Table 3. If R < 1 and some additional conditions are satisfied, then the equilibrium point E 0, always existing, is
LAS. However, the equilibrium point E 1 biologically exists when R g > 1. In this context, it can be said the followings:

i. In case the unexistence of E 1, Eg can be a stable equilibrium point,
ii. Incase the unstability of E o, where R > 1, E; exists.

Therefore, these two points cannot be stable under the same conditions.
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Table 3. The existence conditions for the equilibrium points of system (6) and the stability conditions of these points according to
different states of its derivative orders

Equilibrium Point The exis- Derivative-orders Stability conditions
tence con-
) dition

__br) o
E, PO+ Always 1= 2= 3 1 IfRo<1

b (b+ + ) 1

_ (bt ) 0,
Eo b (b+ + ) Always 16 .6 3, If Ro < 1andallroots ; for i =1,2,:::,m( 1+ 3) founded

D) 1 2, 32 (0,1 from the equation m( 13 4 M 4y + M3 +b) +

b( + +b) =0 satisfy Routh-Hurwitz stability criteria or the
condition |arg ( )| > & 5.

Ei(S.1 ,R) Ro>1 1= 2% 3 1 (1 +( +b)y+( +b)( I (( +by+ S)+b( + +b)
L *b) S+ )>0
Ei1(S.I .R) Ro>1 16 26 3, If all roots i for i = 1,2,:::,m( 1+ 2+ 3) founded
1 2, 32(0,1) from the equation m( 1r 2t 3) 4+ M1t 2 ( +b) 4+
P2 (1w b))+ T Z( 1 ( +b)+b( + +D)
M +d+b) I+ 1 (( +d+b)( +bB)+ ) = 0O

satisfy Routh-Hurwitz stability criteria or the condition

|arg( |)| > %7'
where R is in (8) and the components S,1 and R of E arein (11).

5 Numerical results

To highlight the stability analysis results of this work using the proposed model for both CFOS and IFOS, two numerical examples
are investigated. To do this, it is examined the behavior of the solutions of the model by valuing the parameters. It has been used
Matlab R2012b. The parameter values are given in Table 4.

Table 4. The considered values of the parameters

Parameter Value ! Value 2 Unit
100 1000 individuals
v 0.001 0.01 day !
0.0001 0.0001 day !
0.045 0.05 day !
b 0.0032 0.15 day !
0.25 0.25 day !
d 0.022 0.022 day !
1 0.9 0.8 Rational
number
2 0.9 0.6 Rational
number
3 0.9 0.4 Rational
number
Value ! is used in numerical study 1.
Value 2 is used in numerical study 2.

Numerical study 1

Consider Value 1in Table 4. Itisfoundas R  0.969. This only means the existence of the equilibrium point Ep (2668, 0,28582 ).
In addition, since R <1, it is seen that the equilibrium point Ep for CFOS ( 1= 2= 3 =0.9)is stable according to Table 3. This
situation with initial conditions S lo Rp = [1000 1000 10000 ] can be seen in Figures 3 and 4.

Numerical study 2

When the values in Table 4 are used, the threshold parameter is found as Ro 1.2. Also, the ftrivial equilibrium point is
Eg (5079, 0,1587 ). Since R > 1, the positive equilibrium point E1 (4220,409,1958 ) exists and Egp is an unstable point according to
Table 3. Only the stability of E; can be examined.

Derivatives-orders are given as 1 2 3 = 0.80.604 .Since m isthe leastcommon multiple of the denominators of derivative-
orders, it is 5. Equation (29) translates to

2

94016 7+0.2409 °+0.038044 °3+0.0172598 2 +0.002863818 = 0. (30)
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Figure 3. Time-dependent variation of susceptible and infectious populations for CFOS in (6)

Figure 4. Time-dependent variation of the recovered population for CFOS in (6)

Roots of (30) are

1= 0.4990 + 0.5267 i,

2 = 0.4990 0.5267 i,

3= 0.5039 + 0.4542 i,

4=05039 04542 i,

5 = 0.4042,

¢ = 0.2018 + 0.3738 i,

7=0.2018 0.3738 i,

g = 0.0047 + 0.4025 i,

g = 0.0047 0.4025 .
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Also, we have

arg ;= 133.4530°,

arg o =226.5470 °,

arg 3 =42.0305 °,

arg 4 =317.9695 °,

arg 5 =180°,

arg ¢ = 61.6371°,

arg 7 =298.3629 °,

arg g =90.6690 °,

9 =269.3310 °.
Eigenvalues ; for i=1,2,:::,9 are greater than  » = 18°. Therefore E; is LAS.
Let the initial conditions by So lo Rp = [10000 100 100]. In this case, the numerical simulation is obtained along the following

Figures 5, 6 and 7.

Figure 5. Time-dependent variation of susceptible population for IFOS in (6)

6 Conclusions

In this study, it is suggested the newly IFOS SIR model including the three time-dependent variables: susceptible, infected and
recovered individuals in a population. This model proposed in system (6) is the form of nonlinear IFOS with the Caputo fractional

derivative, accepted as rational numbers in the interval (0,1]. In this context, the general situation regarding the stability of

proposed model was investigated. Considering the derivative-orders, a new perspective was presented to the literature.

The model has an infection-free equilibrium point Eo 5 (b(i’:) i O‘, BB and a positive equilibrium point

Ey S = (_*d+b) o= S (Rol)b* + ),R = SRol)br*),s ——— . For these equilibrium points, their existence were
+d+b+ %+ +d+b+ g+ (b+ )

analyzed according to the threshold parameter R o and their stability were examined according to both R ¢ and eigenvalues obtained

from characteristic equation roots. These results about the stability analysis are summarized in Table 3. In general, the SIRmodels

in literature trying to explain the infection progress in a population with respect to the only parameter Rp. According to qualitative

analysis of our model, it was found followings:
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Figure 6. Time-dependent variation of infected population for IFOS in (6)

Figure 7. Time-dependent variation of recovered population for IFOS in (6)

i. Disease-free equilibrium point always exists and is LAS,

If Rg <1 incase of 1= 2= 3 1.
If Rg <land (28) meetconditons arg ; > 5 inother cases.
ii. Positive equilibrium point exists when Rp>1. This point is LAS,
If Rp>1 (also the existence condition) in case of 1= 2= 3 1.
If (29) meet conditions arg ; > 5z  in other cases.

In numerical studies, the results of the qualitative analysis given in Table 3 are supported by graphics for the proposed SIR model.

For this, the stability of Eg for CFOS is shown in the first numerical study, while the stability of E; for IFOS is shown in the second
numerical study.
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