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Global Solution and Blow-up for a Thermoelastic
System of p-Laplacian Type with Logarithmic Source

Carlos Alberto Raposo da Cunha*, Adriano Pedreira Cattai, Octavio Paulo Vera Villagran,
Ganesh Chandra Gorain and Ducival Carvalho Pereira

Abstract
This manuscript deals with global solution, polynomial stability and blow-up behavior at a finite time for
the nonlinear system
u — Apu+ 0+ av’ = |ul’ " uln |yl
0 — A0 =’
where A, is the nonlinear p-Laplacian operator, 2 < p < oco. Taking into account that the initial data is in
a suitable stability set created from the Nehari manifold, the global solution is constructed by means of

the Faedo-Galerkin approximations. Polynomial decay is proven for a subcritical level of initial energy.
The blow-up behavior is shown on an instability set with negative energy values.

Keywords: Global solution; blow-up; thermoelastic system of p-Laplacian type; logarithmic source.
AMS Subject Classification (2020): Primary: 35A01 ; Secondary: 35B40; 74F05; 93D20.
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1. Introduction

A thermoelastic system is the result of the coupling of a hyperbolic equation with a parabolic equation. As is
well known, these systems describe the elastic and thermal behavior of elastic, heat-conducting media, especially
the interactions between elastic stresses and temperature differences. The pioneering work on thermoelasticity
without p -Laplacian was presented by C. M. Dafermos [1] in 1968. Since then, a great interest has been aroused in
different contexts and nowadays there are many results on global and local solutions, stability, and burst behavior
of solutions in thermoelasticity theory. We can cite [2-11] with references therein.
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Thermoelastic system of p-Laplacian type with logarithmic source 113

Nonlinear hyperbolic problems have always been much studied by mathematicians and physicists. From the math-
ematical point of view, in [12] was investigated the initial boundary value problem of a nonlinear wave equation
with weak and strong damping terms and logarithmic term, and in [13] the viscoelastic wave equation with a
strong damping and nonlinearity logarithmic source was considered. In physics, the nonlinear logarithmic source
|u|P~%u In |u| arises in inflation cosmology, supersymmetric led theories, quantum mechanics, nuclear physics, and
fluid mechanics, [14-17].

Regarding global solution for wave equation of p-Laplacian type without an additional dissipation term
u’ — Ayu =0, (1.1)

for n = 1, M. Derher [18] proved the local in time existence of solution and showed by a generic counter-example
that the global in time solution can not be expected. Adding a strong damping —Au’ in (1.1) the well-posedness and
asymptotic behavior was studied by J. M. Greenberg [19]. In fact, the strong damping plays an important role on the
existence and stability for p-Laplacian wave equation see for instance for n > 2 [20-27]. Nevertheless, if the strong
damping is replaced by a weaker damping ', then global existence and uniqueness are only know for n = 1;2,
see [28]. For the intermediary damping given by (—A)*w/, with 0 < a < 1, in [29] was proved the global solution
depending on the growth of a forcing term. The background of these problems are in physics, especially in solid
mechanics. The p-Laplacian problem for the electromagnetic effects in high-temperature Type II superconductors
is considered in [30] where authors presented an extension of previous work on relaxation schemes applied to
degenerate parabolic problems. Global boundedness of weak solution in an attraction-repulsion chemotaxis system
with p-Laplacian diffusion was considered in [31]. In [32], the entire blow-up solutions for a quasilinear p-Laplacian
Schrodinger elliptic equation with a non-square diffusion term. By using the dual approach and some new iterative
techniques, the difficulty due to the non-square diffusion term and the p-Laplacian operator is overcome and the
nonexistence and existence of entire blow-up solutions are established.

Thermoelastic problems involving the p-Laplacian are becoming the new object of research. The following thermoe-
lastic system which contains corner-edge Laplacian and p-Laplacian type operators with potential function

" — Apxu—eV(@)u+ 6 = [u|* tu,
0 — Agu =/,

with a > 1 was studied in [33] where K is the stretched manifold with respect to the manifold K with corner-edge
singularity and Z € K. The operator A, x + £V (Z) with p # 2 arises from a diversity of physical phenomena, like in
reaction-diffusion problems, in nonlinear elasticity, in non-Newtonian fluids and petroleum extraction. In [34] the
relationship with non-Newtonian Mechanics was considered. Authors present a full classification of the short-time
behavior of the interfaces and local solutions to the nonlinear parabolic p-Laplacian type reaction-diffusion equation
of non-Newtonian elastic filtration

u = (el ?ug)  + P =0, 1<p<2 B>0.
In [35] was studied the problem for a parabolic equation involving fractional p-Laplacian with logarithmic
nonlinearity. For 2 < p < oo the existence of a global solution for the thermoelastic system of p-Laplacian type given
by

0N = . (1.2)

has been proven in [36]. Later, in [37], by employing the potential well theory, authors discuss the properties of
finite-time blow-up and give the lower and upper bounds of blow-up time to the solutions.

{u”—Apu—i—O = |u|""lu,

Regarding the model (1.2) in this manuscript, we analyze the competition between the weak damping au’, a > 0
and the logarithmic source |u["~” uIn |u|. To our goal we consider the following system

U= Apu+0+au = [uP P ulnful, (z,t) € QxR (1.3)

0 — A0 =, (z,t) € QxRT, (1.4)

u(z,0) = up(z), u'(z,0) =ui(x), 6(x,0)=0y(x), =€, (1.5)
u(z,t) =0(z,t) =0 on 990 x [0,0). (1.6)



114 C. A. Raposo da Cunha, A. P. Cattai, O. P. V. Villagran, G. C. Gorain & D. C. Pereira

This paper is organized as follows. In the Section 2, we introduce the notation and some technical lemmas.
Section 3 deals with the potential well, we introduce some notations and the stability set for the problem. In the
section 4 we introduce a suitable Galerkin basis necessary to deal with the operator p-Laplacian. In the section 5 we
prove the existence of global solution by Faedo-Galerkin method. In section 6 we prove the polynomial. Finally in
section 7 we prove the blow-up in finite time for initial data in the instability set.

2. Preliminaries
The duality pairing between the space W, () and its dual W—"#'(Q2) will be denoted using the form (-, - ),,.
According to Poincaré’s inequality, the standard norm || - HWS'”(Q) is equivalent to the norm ||V - ||, on W, ?(Q).
Henceforth, we put || - Hwol,p(ﬂ) = ||V - |[. Wedenote || - [|z2(q) = | - |2 and the usual inner product by (-, -).

Let B be a Banach space and u : [0,7] — B a mensurable function. We denote by

T 1/p
LP(0,T;B) =< u : (/ ||u(t)|%dt> <oo,if 1<p<ooy,
0

L>(0,T;B) =< u : supess||u(t)||p < oo, if p=o0 .
t€(0,T)

The p-Laplacian operator is given by Aju = div (|[Vu[P~2Vu). A,u can be extended to a monotone, bounded,
hemicontinuos and coercive operator between the spaces W, ” () and its dual by

—A,: WP(Q) = WL (), (=Apu,v), = / |VulP~2Vu - Vo da.
Q
We assume that the parameter p satisfies the following assumptions.

2n — 2
i if n> 3.

H:p>2 if n=1,2and2<p<
n—

By (H) we have
Wy ?P(Q) = HE(Q) < L2(9).

Now, we present some results that will be used in this manuscript.

Lemma 2.1 (Kim [38], Lemma 1.4 ). Let u,, be a sequence of functions such that as m — oo
u™ 5 win L0, T; H?(Q)), weakly star,
u™ = uy in L2(0,T; H*(Q)), weakly,
where —1 < a < B < 1. Then, we have
u™ = uwin C([0,T]; H"(QY)), forany n < f.

Lemma 2.2 (Lions [39], Lemma 1.3 ). Let Q = Q x (0,T), T > 0 a bounded open set of R"* x Rand g,,,9 : Q@ - R
functions of LP(0,T; LP(2)) = L(Q), 1 < p < oo such that ||gm||1rq) < C, gm — g a.e. in Q. Then

gm — g in LP(0,T; LP(Q)) as m — oo.
Lemma 2.3 (Lions-Aubin [39], Theorem 5.1). Let T > 0, 1 < pg, p1 < oo. Consider By C B C By Banach spaces, By, By

reflexives, By with compact immersion in B. Define W = {u | uw € LP°(0,T; By), v’ € LP1(0,T; By)} equipped with the
norm ||ullw = ||ul|Lro 0,7;80) + |tl|Lr1 (0,7;8,)- Then, W has compact immersion in LP°(0,T; B).
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Lemma 2.4 (Martinez [40]). Let E : (0,00) — (0, c0) be a nonincreasing function and ¢ : [0,00) — [0, c0) an increasing
C* function such that $(0) = 0 and ¢(t) — co ast — oo.
Assume that there exist o > —1 and w > 0 such that

/ B (1) (t) dt < E"(O)E( ), 0< S < o0.

Then
(t)—OVt>E(‘O)| Lif—l<o<0,
w(o
1+o 1/o .
< _ >
E(t)fE(O)(l_qub(t)) vVt >0, ifo >0,

E(t) < E(0)e!?® vt >0, ifo =0.

Lemma 2.5 (Levine [41], Qin-Rivera [42]). Suppose that $(t) € C?[0, 00) is a positive function satisfying
$(t)d" () — (1 +7)(¢(1)* = —2C16(1)¢' (t) — Ca(9(t)?,

being C1,Cy > 0and ~ > 0 are constants. If

Cy+Cy > 0,6(0) > 0,6/(0) + v2%¢(0> >0,

then
tgr%l, $(t) = +oo,
where
L [w(o +99/(0) }
2,/C? +~Cy  [720(0) +7¢'(0
and

71 =—C1+4/CF +7C2, 7o =~C1 —/C7 +Ca.

3. The potential well

In this section we use the potential theory, a power full tool in the study of the global existence of solution to
partial differential equation. See Payne-Sattinger [43]. It is well-known that the energy of a PDE system, in some
sense, splits into the kinetic and the potential energy.

The energy of the problem (1.3)-(1.6) is given by

/|u \de+—/|u )P dz + - /|9 t)*de + = /|Vu )|pdxff/|u )P In |u(t)| da.

Mutiplying (1.3) by v/, (1.4) by 6, performing integration by parts and using (1.6) we obtain

d

3 B0 = —all Ol — [IVO)ll3: (3.1)

We introduce the functional

J(u(t)) = /\u )P da + — /|Vu(t |pdx—f/|u )P Inu(t)| de.

The Nehari functional associated with J(u(t)) is I : Wy (Q) N WO1 2(p=1) (©) — R defined by

I(u(t)) = /Q [Vu(t) P dx—/|u(t)|pln|u(t)\dx. (3.2)
Q
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Associated with the J(\u(t)) we have the well known Nehari Manifold given by
N {u(t) € WP (Q) n w2~ (Q)/{o0} : [;)\I()\u(t))} — o}
A=1

:{u(t) € WP (Q) n w2~ (Q)/{0} : /Q |Vu(t)|P dz = /Q |u(t)plnu(t)|dx}.

Now, we introduce the potential well (stable set)

Wy = {u(t) € Wr(Q) n w2~ (@) /{o0} : /Q \Vu(t)|P dz > /Q lu(®)|P In |u(t)] dx} u {0}
and the unstable set
Wy = {u(t) € WEP(Q) N WA () /{0 : /Q Vu(t)|P de < /Q ()P In |u(t)] dx} .

We define as in the Mountain Pass theorem due to Ambrosetti and Rabinowitz [44],

a% inf sup J(Au(t)).
u(t)EW, P (£2)/{0} 0<A

It is well-known that under H the depth of the well d is a strictly positive constant, see [[45], Theorem 4.2], and

d= inf J(u(t)).
oo (u(t))

The source term induces a potential energy in the system that act in opposed to effect of the stabilizing mechanism.
In this sense, it is possible that the energy from the source term destabilize all the system and produce a blow-up a
finite time. For provide a global solution, the stability set W, create a valley or a well of the depth d, see Y. Ye [27],
where the potential energy of the solution can never escape the potential well.

We will prove that W, is invariant set for sub-critical initial energy.
Proposition 3.1. Let ug € Wy, ug € L3(Q), 0y € HL(Q). If E(0) < d then u(t) € Wy.
Proof. Let T' > 0 be the maximum existence time. From (3.1) we get

E(t) < E(0) < d, forall t € [0,T).

and then,
%/ [u' (t)|? d + %/ 10(t)|> dz + J(u(t)) < d, forall t € [0,T),
Q Q

that is,
E(t) <d, forallt € [0,T). (3.3)

Arguing by contradiction, we suppose that there exists a first ¢y € (0, T") such that I(u(ty)) = 0 and I(u(t)) > 0 for
all 0 <t < ¢y, that is,

/ [Vu(to)|P doe = / |u(to)|P In |u(to)| d.
Q Q
From the definition of A/, we have that u(ty) € N, which leads to

> i =d.
J(u(to)) = u(ltr)lef/\f J(u(t)) =d
By definition of E(t),
%/ [u' (t)]? da + %/ 10(t0)|? dz + J(u(to)) > d, it holds that, E(tq) > d,
Q Q

which contradicts with (3.3). Then u(t) € W, forallt € [0,T). O
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4. Galerkin basis

From Sobolev immersion, we have

1 1k
W (Q) = W™ (@), —=—-— .
S o W), =
Choosing g, =p, v —k =1, and g = 2, we get
-2
po14 oo =2
2 p 2p

and we obtain a Hilbert Space Hj (€?) such that
HE(Q) = Wy (Q) = Wy (Q).
Let s an integer for which s > v. We have
HE(Q) = WyP(Q) = Wy *P™(Q) — HY(Q) < L2 ().

According to the Rellich-Kondrachov theorem, H{ () — L%(Q) is compact, so is also the immersion H§(Q2) —
L?(€). From spectral theory, there exists an operator defined by

{H5(Q), L2(Q), (- Dz}
and a sequence of eigenvectors (v;) ey of this operator such that
((Uj, U))HS Q) = )\j (Uj7 U), forall v € HS (Q)

with \; >0, \; < Aj41, and \; — +oo as j — +00. Moreover (v;) ey is a complete orthonormal system in L?(€2)

and (wj = \77 is a complete orthonormal system in H§ (). Then (w;);en yields a “Galerkin basis” for both
7/ jeEN

Wy (Q) and L2(Q).

5. Global solution

Theorem 5.1. Consider E(0) < d. Given ug € Wi, u1 € L*(Q), 6y € Hi (), there exist functions u, 6: Q2 x (0,7) — R
in the class

u e L®(0,T; Wy P(Q)),
u' € L0, T; L*()),
0 € L=(0,T; Hy(Q)),

such that, for all € WP (Q), ¢ € L*(Q)

%(UC )+ (=Apu, @)y + (0,¢) = (JulP*uln |u], ¢) in D'(0,T), (5.1)
%(07 ) + (=A0,9) = (v, ) in D'(0,T), (5.2)
u(z,0) = ug(z), v (z,0)=wui(z), 0(x,0)=0(z) a.e. in Q. (5.3)

Proof. Let’s use the Galerkin basis obtained in the previous section. For each m € N, let us put
Vin = Span{wy, wa, ..., wn}.

We search for functions

urn(t) = Z fj’m(t)wja e’m(t) = Zgj’m(t)wjv
j=1 j=1
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such that any ¢,y € V;,,, u,, (t) and 6,,, (¢) satisfies the following approximate problem

d
3 (Um0 D) H(=Bpum (1), $)p + (O (1), ¢) = (i ()P~ 20 (8) It [t (8)], 6), (5.4)
d
with the initial conditions u,,(0) = wom, ., (0) = w1, and 6,,(0) = Oo,,, where ugy,, t1, and by, are choose so that
Uom — Uy € WOLP(Q), Ulm — U1 1N L2(Q) and 0y, — 0g in H& (Q) (56)

Putting ¢ = w;, ¥ = w;, 1 =1,2,...,m, and using

Upy (8) = Z f]’lm(t)w] (@), Apum(t Z fim () Apw; (@),

= Zg}m(t)wj@% Abm(t) = Zgjm(t)ﬁwj (),

Jj=1

we observe that (5.4)-(5.5) leads to a system of ODEs in the variable ¢ that has a local solution u,,(t), 0., (t) in a
interval [0, ¢,,,) by virtue of Carathéodory’s theorem. In the next step we obtain a priori estimates for the solution
U (1), 0 (t) so that they can be extended to the whole interval [0,7], T > 0.

5.1 A priori estimates
Replacing ¢ = ul,(t), ¥ = 0,,(t) in the approximate equation (5.4), (5.5) we get

(U (), U (8) (= Byt (8,0 () Or(8), 0 (1) = (s (OF () (O] 0, (1), (57
(B (6. 60n(1) + (=8, (), B0 (1)) = (s (1), 1)), 68)
Let z € D(0, t,,). We denote by (-, -) the duality pairing between D’ and D. So we have

(W in0):2) = (5 [ 0,2, 69)
(= Apum (t), 1, < i / |Vt (£) P da z> (5.10)
(8 0, (1), :< [ P ans), G

<(|um 20 (1) Iy (2), 0l (1)), < /|um(t)|plnum(t)dz,z>
< 5 / g (8)|P daz z> (5.12)
(00,0002 = (55 [ 1m0 a5, 613
(=20 (1), 0, (1)), 2) = </Q VGm(t)|2dx,z> . (5.14)

Replacing (5.9), (5.10), (5.11), (5.12), (5.13), (5.14) in (5.7) and (5.8) we obtain in D' (0, #,,)

d /
&Em(t) :*/ﬂ |V6m(t)|2dxf/g|um(t)|2dx, (5.15)

from where follows that the approximate energy
En(t) = /\ , \de+f/|um @)Pde+ - /\9 ) dz + = /|Vum t)|pdx—f/|um )P In |y, ()] de
/\u ®))*dz + = /|9 ()] da + J(u(t))
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satisfies

En(t) < En(0)

1 1
=5 | lun(0))*dz + */ [0 (0) ] dz + J (um 0)).
2 Ja 2 Jo

We have that J(u,,,(0)) < d in W;. By to convergence of initial data (5.6), there exists a constant C' > 0 independent
of t and m such that

1 1
5 [P dz 5 [ o0 ds <.
2 Ja 2 Ja

With the estimate E,,(t) < E,,(0) < C we can extend the approximate solutions w,,(t), 6., (t) to the interval
[0,7],T > 0. By using (5.15) we deduce

T T p T T
2 / 2 2 / 2
/O/Q|V0m(t)| dxdt—i—/o/ﬂ|um(t)| dxdtg/o/ﬂwem(m dxdt+/o/ﬂ|um(t)\ dxdt—f—Em(t)gEm(O)TC.)
5.16

To prove that (1.4)-(1.6) carrying a good energy structure in W;, we need show that the forcing term is L2(0, T; L*(12)).
Consider Q2 = Q1 U Q5 where

D ={z€Q: lun®)(x)] <1} and Qy ={x € Q : |Jun(t)(x)] > 1}.

From
/Q [t (8) P2t (8) I [t ()] iz = /Q et (8) Pt (£) I s (8)| [Pl + /Q et (8)[P 2t (£) I () i
We have
/ et (8) [P~ 220 (£) I [ (8)]|2 dz < |€2]. (5.17)
Q
Note that,
[ O 2010 (01 d = [ (O (62 1 i 0] s
(923 Qo
< / t (8) 27 ot (£) ] 11 i (1) ?
Qo
- / t (£) 27 1t [t ()
Qo

= [ Mm@ I fup (8)]]? da.

Q2
Taking into account that u,, () € W; we obtain
/ o ()2t () I 11y (8)] |2 e < / IVl da. (5.18)
Qo Q
From (5.17) and (5.18) we get
/ [t () [P~ 2 (£) It |1, (8) ]2 dz < |9 +/ |VulP dz < C. (5.19)
Q Q
Then we have
um(t) isbounded in L>(0,T; W,y (Q)), (5.20)
ul (t) isboundedin L>(0,T;L*()), (5.21)
u! (t) isboundedin L?*(0,T;L*(Q)), (5.22)
|t (8) [P~ 2, (£) Iy, () is bounded in  L2(0, T; L*(9)), (5.23)
—Apun,(t) isboundedin L™(0,T; W1 (), (5.24)
0,,(t) isboundedin L°°(0,T;L3*(Q)), (5.25)
~A0,,(t) isboundedin L*(0,T;L*(Q)). (5.26)
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Since our Galerkin basis was taken in the Hilbert space L?({2) we can use the standard projection arguments
as described in Lions [39], pages 75-76, to obtain an estimate for ., (t). Let P,, be the orthogonal projection
Py, : L*(Q) — V,,, that is

Pnh = (hwj)w;, he L*(Q).
n=1

Approximated problem (5.7) leads to
ull (1) = PrAptin (t) — PO (t) — Poyttly, () + Po |t (8) P2 (£) I [, (2)]-
As —Apu,, (t) € L0, T; (W57 (Q)), from estimates (5.23), (5.25) we obtain
W’ (t) isboundedin L>(0,T; W1 (). (5.27)
5.2 Passage to the limit

From (5.20)-(5.27) going to the suitable subsequence if necessary (which we continue to denote in the same way),
there exist u(t), 6(¢) such that

Um(t) = w(t)in L=(0,T; Wy P (Q)), (5.28)

ul (1) = W/(t) in L™=(0,T; L*(Q)), (5.29)

ul (t) — W/(t)in L*(0,T; L*(Q)), (5.30)
Apunm(t) 2 24(t) in L0, T; W12 (Q)), (5.31)

[t (1) [P 20 () Iy (8)  —  Xo(t) in L2(0,T; L*(K2)), (5.32)
O,,(t) — 6(t) in L*(0,T; L*()), (5.33)

—Ab,(t) = —A0(t) in L>=(0,T; L*(Q). (5.34)

Applying the Lions-Aubin compactness lemma, from (5.27), (5.28) and (5.29) we get
up(t) —  u(t) strongly in L*(0,T; L*(Q2)) and a.e.in Q, (5.35)
ul, (t) — /(t) strongly in L?(0,T; L*(Q)) and a.e. in Q. (5.36)
We need to prove that X; (t) = —Apu(t). The following elementary inequality
||2P =22 — Jy[P~2y| < C (JalP 7> + [yIP~2) |z — y] (5.37)
is a consequence of the Mean Value Theorem. Using (5.37) and Holder generalized inequality with

p—2 1 1
o4 =1,
2p—1) 2 2(p-1)

we deduce, for z € D(0,T) and v € V,,, that

’ /O (=Dt (£)) — (~Ayut)), v) (1)t

T
= ‘// (IVm (8) P2V (t) — [Vu(t)[P72Vu(t)) Vo dez(t) dt
0JQ
T
SC\GIOC// (IV ()P 72 + [ Vu(t)P72) [Vt (£) — Vu(t)|| Vo dedt
0J/Q
g p—2 2
< Cl/o (IIVum(t)IIS(_p_l) + HVU(t)HS(;_U) [Vum (t) = Vu@)] [ Vvll2p-1)dt,
that leads to

T T
‘ /0 (=D (1)) — (=Apu(t)), v), 2(t) dt| < C /O IV (t) — Vau(t)| dt. (5.38)
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Now, from (5.28) and (5.29), by lemma 2.1 we have
U, — win C([0,T]; L*(Q)).
whence
Vi, (t) = Vu(t) a. e. in [0, T.
Therefore, by (5.31) and (5.38) we have X (t) = —Apu, that is
— Ayt (t) = —Ayu(t) in L2(0,T; W17 (Q)), (5.39)
Now we will prove X»(t) = |u(t)[P~2u(t) Inu(t). From (5.19) we have
[ | 2t 10 |y, | is bounded in L2 (0, T; L* () = L*(Q). (5.40)
Using continuity of function s — |s|P~2s1n |s| and (5.35) we have
[ |P ™ 2ty I |, | — |u|p_2uln lu| a.e. in Q. (5.41)
Then, by using Lions’s lemma, (5.40) and (5.41) leads to
[t [P 2ty I [t | = P~ ln [u] in L2(0, T; L2(92)). (5.42)

Now, with the convergences (5.29), (5.39), (5.42), (5.33) and (5.34) we can pass to the limit in the approximate
system and we get (5.1),(5.2). The verification of the initial data is a routine procedure. The prove of existence is

complete.

6. Polynomial decay for £(0) < d

In this section, we prove the ||u||} decay polynomially for subcritical level of initial energy.

O

Theorem 6.1. Let uq in the stability set Wy, u; € L*(Q), 6 € Hi(Q). If E(0) < d then the weak solution u(t) of the

problem (1.3)-(1.6) decay polynomially. That is,

1
1+0]”

lu@I5 < llu(0)[I5 L ot

1 [lu(0)[15]”
where o > i,w =@

Proof. AsIn |u| < |u|, we have

,C > 0.

[ il ds < [ Jut o = fulzf.
Q Q
By Holder inequality we obtain
lallp iy < lally @V a0, v € (0,1).
Applying Young inequality
C
ulPt] < ;HuH;(pH)p + %HUHZ(FW(HU

p+l S

1 1
with — + = =1, ¢ < p, and then,
p q

1 € v —v

JulPiy < ];IIUHP(”“”’ + C(e) ul|g* @+,
1

Forv = 3 we have

1_ € ptl 2l
AwmmmmstLégwwzw+awM&”?
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We define
L(t) = Nuly 1 4 |Vl - /Q (uf? In u| dz. 62)
As u € Wi we get L(t) > 0. By using (6.1) and Poincaré inequality in (6.2) we obtain
L(t) = Nljully= % + Cylullg — [lul2t}
> Nlully T+ Cylluly = ully ™ — €(e) ully

(2 ]a p € =N
> (¥ = O ull ™ + ulg (o = 5)

Choosing N, e > 0 such that C), — % >C >0and N — C(e) > 0 we have

p+1
2

L(t) = C [[lullp)]

Asp > 2,
p+tl _p 1 p 1 p 1
=t l4l=2—-+41
o Ta2ta gty itlTo gt
1
= 1 —.
oc+1, o> 5
Then B 1
[(257] +1
lulp =" = [lulp)™™ o> 5 and
we obtain
P o+1 1
L(t) = CllIllp]" o> 5. (6.3)
By other hand
d d
I <p* 4 B() <0,

d
that is, |lu(t)||} is nonincreasing function. Then f&Hu(t)Hg > 0. Foreachoo > T > S > 0, lett > 0 such that
t € (S,T) and define

d
a={resmi gl > 10}
If t € (S,T) satisfy
d
__ P <
Lol < 20
consider 0 < 7(t) < oo such that
d
L ol > Lo,
and take 4
A={re s - gl > 1o |

Let -
n=sup{nt); t€ A, 0 <n(t) < oo}.

/STL(t)dt—/AL(t) dt+/ZL(t)dt

Tod
<@t [ -Gl
S

<@ +n)[uS)p, VS =0. (6.4)

Then 0 < n < oo and
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From (6.3) and (6.4)
T T
[ o) ae<et [ owa
S S
<O (1S
< = [Ju(O) ) Ju(S)1E
u(0) 517
where w = - 1(1_577)

From Lemma 2.4, with E(t) = |lu(t)||} and ¢(t) = t we obtain

140 g

P < 0)]|2

ol < o)l |17
1

wherea>§,w>O,C>0. O

7. Blow-up in finite time
As in section 3 we can prove that W, is invariant for sub-critical initial energy, that is,
Proposition 7.1. Let ug € Wa, u1 € L3(Q), 0y € H}(Q). If E(0) < d then u(t) € Ws.

Theorem 7.1. Let ug in the instability set Wa, u; € L*(Q), 6y € HE(Q) and r > 1 a fixed real number. If |Jug||3 <
V1 — 1(ug,u1) and E(0) < d then the weak solution u(t) of the problem (1.3)-(1.6) will blow up at finite time. Namely, the
maximum existence time T’ < oo and
lim Hu(t)||£ = +00,
t—=T_

where

1 (r — 1) (uo, u1) + Vr — 1]|uol3

T < In .
r—1 (r — 1) (uo, u1) — vr — 1||uol|3

Proof. By contradiction, suppose that the solution u(t) € W is global. That is, we let T' = oc. Let ¢(t) = |u(t)|*. We
have ¢'(t) = 2(u(t), v/ (t)). Applying Holder inequality we get

2(u(t), u'(t)) < 2Ju(®)] [u'(1)]

and
[ ()] < 4lu(t)® |/ (1)
that leads to

& (O] < 40(0)|u' (1) )

We have

(0, u(t) = = Fu(O); = [ u0(e)de =G Llu®F + [ )P fute) do.
Note that,

§'(1) = 20 () + 2(u(), ()

Ny D d 2 p
— 2 (1) —2\|Vu(t)||p—2/ﬂu(t)0(t) dz — L fu(t) +2/Q\u(t)| In [u(t)| dz.

By using

I(u(t)) = IIVU(t)IIZ—/QIU(t)Ip1HIU(t)\dw
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we get
@ (t) = 2\u' ()|? — 21 (u(t)) — Q/Q [u(®)? In |u(t)| dz — Q/Qu(t)Q(t) dz — a%\u(tﬂ2 + Z/Q lu(®)[? In |u(t)| dx.
that is
d
¢"(t) = 2u/ ()[* — 21 (u(t)) — 2/QU(t)O(t) dz — a[u(®)]*.
Let r > 0 be a real number. By using (7.1) we obtain

_rt3
4

$(t)¢" () (@'(1)* = ¢(t) <2IU’(¢)2 = 2I(u(t)) - 2/9%(1‘)9(75) dm) - a¢(t)%|u(t)\2 = (r +3)g(t)|u’ (1)

Applying Young inequality we get

B0 (1) — "2 W) 2 6(0) [~ + DI (O — 20(u(t) — O ~100)P] — ad() TP (72
From, ) )
E(t) = 31/ (O + 5100 + T(u(®)).
we get
Lvwr=-teor+e J
SO == S0P + () — J(u(t)),
< — 16 + E(O) ~ T(u(t)),
< OO + d - T(u(t).
Then,
—(r+ D @) > (r+ D)) + 2(r + 1)(J(u(t)) — d). (7.3)
By using (7.3) in (7.2) we obtain
B9 () — T2 (@0 2 6(0)[(r + VIO ~ 10(1)P]

00 [20r + ) (u(0) — )] + 0(0)[ 20 (u(r))]
— ad(t) ) — 60 ().
Now, observe that [(r + 1)[8()[2 — [6(t)[2] > 0, —2I(u(t)) > 0in Wy, and J(u(t)) — d > 0 because
d= inf J(u).

Namely, we have

$(t)0" (t) — (1 +7)(0(1)* > —2c16()¢' (¢) — e2((1))%,

—1
where ¢; = %, co=1,v= ! T By v/r — 1(ug,u1) > |ug|? c1 4+ ca > 0, $(0) > 0 we get ¢'(0) + 727~ 1(0) > 0, for
VvVr—1 r—1
Mm= and yo = — 5

Finally, from Lemma 2.5 we concludes that
. P> . 2 _
thr%l, [[u(t)[D cthl}li |u(t)]® = 400,

where

1 I (r — 1) (uo, uy) + vr — 1|ug|?
Vr—1 (r — 1) (ug,u1) — vVr — L|ug|?]’

which contradicts T' = oo. Then u(t) blows up in finite time. O

T <
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8. Final comment

In recent years, results on global well-posedness, local well-posedness, blow-up, and asymptotic behavior of
thermoelastic system have been studied. However, when considering the p-Laplacian operator, few results are
known. We analyze the competition between the logarithmic source and the stabilization power given by the
temperature difference. We show the existence of a global solution and the polynomial decay in a suitable stability
set created from the Nehari Manifold. On the other hand, we prove the blow-up in finite time out of the stability set.
We hope that the results presented here will be a font of inspiration for future research related to the topic.
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Abstract

type and Meir-Keeler type contractions.

Fixed-figure problem has been introduced as a generalization of fixed circle problem and investigated a
geometric generalization of fixed point theory. In this sense, we prove new fixed-figure results with some
illustrative examples on metric spaces. For this purpose, we use K M K-type contractions, that is, Kannan
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1. Introduction

In recent years, fixed-point theory has been generalized using the geometric approaches. For this purpose, fixed-
circle problem has been occurred as a geometric generalization to the fixed-point theory when the self-mapping
T : X — X has more than one fixed point [1]. In many studies, there are different solutions to this problem with
applications on metric and some generalized metric spaces (for example, see [2], [3], [4], [5], [6], [7], [8] and [9]).
After than, this problem has been extended to fixed-figure problem [10]. For this problem, the following notions

were defined (see [11], [12], [1] and [10]).
Let (%,0) be a metric space, ¥ : X — X a self-mapping and 1o, 11,12 € X, v € [0,00). Then,
(@) the circle ¢, . is defined by
Croe ={r€X:0(r,10) =1}.

(b) the disc Dy, . is defined by
Do = {r € X:0(x,x0) <t}

(¢) the ellipse & (r1,12) is defined by

C(r,r2) ={reX:0(x,11) +0(x,x2) = v}
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(Cite as "N. Tus, Interpolative K M K-Type Fixed-Figure Results, Math. Sci. Appl. E-Notes, 11(3) (2023), 129-137")
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(d) the hyperbola £ (1, r2) is defined by

5:(?1,?2) = {F S x: |D (2@?1) 70(F7?2)| :t}'

(e) the Cassini curve €, (r1,12) is defined by

Cerr,r2) ={reX:0(rr)o(r ) =1}.

(f) the Apollonius circle . (z1,r2) is defined by

Ae(rr,12) = {; €x— {p}: LBH) :t}.

0 (r,x2)

(9) the k-ellipse € [r1, 12, . .., Ik; t] is defined by

k
€lri,r2, .kt = {x €X:) v(nm) —t}.
=1

A geometric figure F contained in the fixed point set Fiz (T) = {r € X : r = Tr} is called a fixed figure (a fixed
circle, a fixed disc, a fixed ellipse, a fixed hyperbola, a fixed Cassini curve, etc.) of the self-mapping ¥ (see [10]).
Some fixed-figure results were obtained using different aspects (see [13], [11], [12], [3], [10], [14] and [15] for more
details).

In this paper, we investigate some solutions to the fixed-figure problem on metric spaces. To do this, we modify
the Kannan type and Meir-Keeler type contractions used in the fixed-point theorems. We give some illustrative
examples related to the proved fixed-figure results.

2. Main results

In this section, we present some solutions to the fixed-figure problem using Kannan type (see [16] and [17]) and
Meir-Keeler type (see [18]) contractions on metric spaces. To do this, we inspire the used approaches in [19] and
[20].

In the sequel, let ¥ : X — X be a self-mapping of a metric space (X,9) and the number ¢ defined as

v=inf {0(x,%x) : ¢ ¢ Fiz(%)}. (2.1)

Also, in the examples of this section, we use the usual metric 0.
The following theorem can be considered as a new fixed-disc or fixed-circle theorem.

Theorem 2.1. If there exist ro € X and -y € (0,1) such that
(a) There exists a 6(t) > 0 so that

< Pl T Plexo)) 7 < 5 +3(r) = ATrro) <t

N

forally € X — Fiz(%),
(b)
1< 0(x, Tr) < [o(x, Tag)]” P(xo, T0)]' 7,
forally € X — Fix(%), then we have
(i) o € Fiz(%),
(1) Dyy,e € Fiz(T),
(ii) €5« C Fiz(T).

Proof. (i) Letro € X — Fiz(%). Using the condition (b), we have
1 < 2(x0, Tro) < [0(x0, Txo)]” [0(x0, Tro)]' " = 2(x0, Two),

a contradiction. So it should be ¢ € Fiz(%).
(#2) If v = 0, then we have ®,, . = {10} and from the condition (7), we get D, . C Fiz(%).
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Lett > 0andy € ®,,  such thatr € X — Fiz(¥). Using the condition (b), we get

1< 0(r, %) < o(r, Txo)]” [0, T2)]" 7

and by the condition (a), we have

5 <PETIPlew)]' T < 5 +6() = 2(Trr) <.

If we combine the inequalities (2.2) and (2.3), we obtain
1 <0(x, Tr) < [o(r, Txp)]” [P(ro, T)]) 77 < v < 2(x, ),

a contradiction. It should be ¢ € Fiz(%). Consequently, we get D, . C Fiz(%).
(447) It can be easily seen that €;, . C Fiz(¥) since &, . is a boundary of D ..

Example 2.1. Let X = {—1,0, 1, 2}. Define the self-mapping ¥ : X — X as

1.0 1 2
%_<1 0 1 1>'

for all r € X. Then T validates the hypotheses of Theorem 2.1 for rg = 0, v = 4 and 6(x) = 2.

v=inf{o(r,Tr):r =2} =1
and
Fiz(%) ={-1,0,1}
Consequently, 0 € Fiz(%), D91 = {-1,0,1} C Fiz(¥)and €y ; = {-1,1} C Fiz(%).

Theorem 2.2. If there exist r1,12 € X and v € (0, 1) such that
(a) There exists a 6(t) > 0 so that

o< PETON PlEn) F o) T < < +6()

2 2
= (%1, 1) +0(%r,12) <,

forally € X — Fiz(%),
(b)

1<, Tr) < oy, Try) + 0, Trp)]” P(x1, Tr) + 0(x2, Tr)] 7,

forally € X — Fiz(%),
(c) 11,12 € Fiz(T),
then we have
€c(r1,12) C Fiz(%).

Proof. Lett = 0. Then we have €.(r1,12) = {r1} = {r2}. From the condition (c¢), we get

€E(r1,12) C Fiz(%).
Lett > 0and ¢ € &,(r1,12) such that ¢ € X — Fiz(T). Using the condition (b), we get

1<0(x,Tr) < [o(r, Tay) + 0(x, Taa)] " P(x1, Tx) + 0(x2, T1)]' 7

and by the condition (a), we have
5 < RSO Pln) o) T < 5+ a()
= Trm) +0(Trr2) <7
If we combine the inequalities (2.4) and (2.5), we obtain
1<0(r, Tp) <tv<0(r, %x),
a contradiction. It should be ¢ € Fiz(%). Consequently, we get
€e(r1,12) € Fiz(T).

Also, we have
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Example 2.2. Let X = {—1, 1,2, 3}. Define the self-mapping T : X — X as
-1 1 2 3
= ( -11 2 1 ) ’
for all y € X. Then ¥ validates the hypotheses of Theorem 2.2 fory; = -1, 12 =1,v = % and ¢(tr) = 2. Also, we have

v=inf {o(r,%x) :x =3} =2

and
Fix(%)={-1,1,2}

Consequently, —1,1 € Fiz(%) and €2(—1,1) = {-1,1} C Fiz(%).
Theorem 2.3. If there exist r1,12 € X,y € (0,1) and v > 0 such that
(a) There exists a 6(t) > 0 so that
v _ t
5 < DPETPEn) o) < 5 0
= [(Tr,1) —3(Trr2)| <,

forally € X — Fix(%),
(0)
1<, Tr) < [o(x, Tey) — 0(x, Teo)| " [0(x1, Tx) — (a2, )| 7,
forally € X — Fiz(%),
(¢) r1,x2 € Fiz(%),
then we have
9e(r1,12) C Fiz(%).

Proof. Lety € 9:(r1,12) such thatr € X — Fiz(¥). Using the condition (b), we get
1< o(r, Tr) < [0(r Try) — 0x, Teo) | [0(51, Fx) = 0(x2, Te)|' 7 (2.6)

and by the condition (a), we have

5 < RSO PlEn) o) < S+ d() 27)
= [o(%rn) — 0T ) <
If we combine the inequalities (2.6) and (2.7), we obtain
1<0(r, %x) <t <0(x, %),
a contradiction. It should be ¢ € Fiz(%). Consequently, we get

Ne(r1,12) C Fiz(T).

Example 2.3. Let X = {—1,11,2, 5 3,4}. Define the self-mapping T : X — X as
-1 3 4
fr= ( -1 3 4 )

for all r € X. Then ¥ validates the hypotheses of Theorem 2.3 fory; = —1,ro = 1,7 = % and ¢(t) = 2. Also, we have

1 2
1 2

N|ORO | =
Njowo|

t:inf{b(;,f;):;: ;} =2

and

Piz(%) = {_1,1,2,;,3,4}

Consequently, —1,1 € Fiz(T) and $H2(—1,1) = {-1,1,2,5,3,4} C Fiz(%).
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Theorem 2.4. If there exist r1,ro € X and v € (0, 1) such that
(a) There exists a 6(t) > 0 so that

S < RET PEn)E )] T < 2+ )
= (T, )d(Tr,r2) <,

forally € X — Fiz(%),
(b)
1< 0(r, %) < o(r, Tay)0(E, Try)]” (1, Tr)o (2, T2)] 7,

forally € X — Fiz(%),
(C) 1,82 € FZCE(S),
then we have
Q:t(gl,;g) g FZ.L'(T)
Proof. Lett = 0. Then we have € (z1,12) = {r1} = {r2}. From the condition (c), we get
Ce(r1,r2) € Fiz(%).
Lett > 0and r € €(r1,1r2) such thatr € X — Fiz(¥). Using the condition (b), we get
1< (5, ) < [0(r, T1)0(r Tap)]” [0(e1, Tr)O(r2, Tr)) 7 (2.8)
and by the condition (a), we have
t _ T
3 < DPETRERRER)]TT <5+ (2.9)
= (Tr,11)0(Tr,12) < v
If we combine the inequalities (2.8) and (2.9), we obtain
1 <0(y, %) <rv<0(xr, Tx),
a contradiction. It should be ¢ € Fiz(¥). Consequently, we get

Ce(r1,12) C Fiz(%).

Example 2.4. Let X = {—/3,-1,0,1,V/3,2}. Define the self-mapping T : X — X as

-3 -1 0 1 V3 2
TF:<\/§ 1 01\/§0>’

for all r € X. Then ¥ validates the hypotheses of Theorem 2.4 fory; = —1,ro =1,y = g and 6(t) = 4. Also, we have

b2

Fin(T) = {~v3,-1,0,1,V3}

Consequently, —1,1 € Fiz(T) and €5(—1,1) = {—V/3,V3} C Fiz(%).

DO | =

t = inf {a(;,z;) r=

and

Theorem 2.5. If there exist r1,12 € X and ~y € (0, 1) such that
(a) There exists a 6(t) > 0 so that

N e
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forally € X — Fiz(%),
(b)

D(zc,Txl)r {D(n,%)]l”/

forally € X — Fiz(%),
(c) 11,12 € Fiz(%),
then we have
Ae(r1,12) € Fi(T).

Proof. Lett = 0. Then we have 2. (¢1,r2) = {r1} = {r2}. From the condition (c), we get
Ae(x1,182) C Fix(T).

Lett > 0and ¢ € A (11, r2) such that r € X — Fiz(T). Using the condition (b), we get

¥ 1=
voem <[] ) @19
and by the condition (a), we have
* <o RER)TTCE — 2EE) @1
If we combine the inequalities (2.10) and (2.11), we obtain
1<y, Tr) <t <0(r, Ty),
a contradiction. It should be ¢ € Fiz(T). Consequently, we get
Ae(r1,12) C Fiz(T).
O

Example 2.5. Let X = {—1, 0, %7 1,2, 3}. Define the self-mapping T : X — X as
-1 0 12 3
‘Ix(1 0o L1 3)’
for all z € X. Then T validates the hypotheses of Theorem 2.5 forr; = —1,120 =1,7 = % and ¢(tr) = 4. Also, we have

1

and

Fiz(T) = {—1,0,;,1,3}

Consequently, —1,1 € Fiz(T) and Az(—1,1) = {1,3} C Fiz(%).

Theorem 2.6. If there exist r1,¥2,...1x € X and v € (0, 1) such that
(a) There exists a 6(t) > 0 so that

k 1=y
Zou,m] <5+

% < [O(x,Tx)]”l

k
= ) AT <v,

i=1

forally € X — Fiz(%),
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(b)
k 1=y
1<, Tr) < [Z v, Tr;) {Z aTew)|
i=1

forally € X — Fiz(%),

(¢) r1,22,.- -tk € Fiz(%),
then we have

¢ [F1>X27 s a;k;t] c FZ‘Z'(T)

Proof. Lett = 0. Then we have & [r1,12,.... 5kt = {r1} = ... = {&x}. From the condition (c), we get

€[r1,r2, ..., ks 1) C Fiz(%).

Letv>0andy € €[r1,10, ..., 1% t] such thatr € X — Fiz(¥). Using the condition (b), we get

k vy k 1—y
1<o(r,Tr) < | Do Tr) [ZD T, 1)
i=1 i=1
and by the condition (a), we have
k 1=y
t
5 < o, %)) ZD(LE)] < §+5(t)
i=1

k
= D AT <t
=1

If we combine the inequalities (2.12) and (2.13), we obtain
1<, %) <v<2(r,%x),
a contradiction. It should be ¢ € Fiz(¥). Consequently, we get

€[r1,x2, ..., ks 1) C Fiz(%).

Example 2.6. Let X = {—1,0, 1,2}. Define the self-mapping T : X — X as

-10 1 2
I“(1 0 1 0)'

(2.12)

(2.13)

for all r € X. Then T validates the hypotheses of Theorem 2.6 forr; = —1, 12 =0,r3=1,7 = % and §(r) = 4. Also,

we have
1
t = inf {D(;,‘Zg) r= 2} =2

and
Fiz(T) = {-1,0,1}

Consequently, —1,0,1 € Fiz(%) and ¢[—-1,0, 1;2] = {0} C Fiz(%).

3. Conclusion and future works

This paper is an example of the geometric approaches to fixed-point theory. The aim of this paper is to gain new
solutions to the fixed-figure problem. For this paper, we use K M K-type contractions, that is, Kannan type and
Meir-Keeler type contractions on metric spaces. This problem can be studied with different approaches on both
metric spaces and some generalized metric spaces (for example, see [21], [22], [23] and the references therein).
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We introduce a new class of analytic functions with negative coefficients by using the g—analogue of
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1. Introduction

Let A (j) denote the class of analytic functions of the form
fe)=z+ Y a2 (jeN={1,2,3,.}) (1.1)
k=j+1

which are analytic in the open unit disk U = {z € C : |z] < 1} and let A (1) = A. For functions f(z) given by (1.1)
and g(z) given by

g(z)=z+ > Wb (jeN), (1.2)
k=j+1
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the Hadamard product or convolution of f(z) and g(z) is defined by

(fx9)(z) =2+ > arbpz® = (gxf)(2). (1.3)

k=j+1

Quantum calculus or g—calculus is an ordinary calculus without limit. In recent years, the study of g—theory
attracted the researches due to its applications in various branches of mathematics and physics, for example, in
the areas of special functions, ordinary fractional calculus, g—difference, g—integral equations and in g—transform

analysis (see, for instance, [1], [2], [3], [4], [5], [6], [7], [8], [9] and [10]).
For f € A(j) givenby (1.1) and 0 < ¢ < 1, the g—derivative of f is defined by (see [11], [12], [13], [14], [15] and

[16])
1/(0) if z =0,
Dyjf(z) = { f(a - (J;)(»ZZ) if2 40, (1.4)
and D2 ; f(z) = Dy j (Dy,; f(2)). From (1.1) and (1.4), we deduce that

Dy if(z) =1+ Z g a2 (G EN; 2 #£0), (1.5)
k=j+1

where [k], is g—integer number & defined by

1—
kg = 1_qq =14q+@P+..+¢"1 (0<qg<1). (1.6)

We note that D, f(z) = D, f(z) and

lim Dy, f(z) = lim LG =S

q—1- —1- (1—q)z

= f/(z)7

for a function f which is differentiable in a given subset of C. As a right inverse, the g—integral of f is introduced by

/z ft)ydgt=2(1—q)>_ ¢"f (2d")
0 k=0

provided that the series converges (see [17] and [18]). For a function f given by (1.1), we observe that

/ft)dt Z{;’“il

and
22 a2t
| =—
qin{lof() 2+k k1 /f
where [ f (t) dt is the ordinary integral.

Makmg use of the g—derivative D, ; f(z), we introduce the subclasses S, ; (o) and C, ; («) of the class A (j) for
0<g<1l,jeNand 0 < a < 1 as follows:

quj(oe)—{fG.A() R ;’Zf)()>a,z€TU}, (1.7)
Cqj (@) = {f €A(): %W >a,z€ IU}, (1.8)

From (1.7) and (1.8), we have
fe Cq,j (Oz) =4 Zqujf S Sq’j (a) .
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We note that S, 1 (a) = S, () and C; 1 (o) = Cy (o) (see [16]) and
lim Sg1(a) =S () and lim Cyq(a) =C(a),

q—1- q—1—

where S («) and C () are, respectively, the classes of starlike of order o and convex of order « in U.
Now, we define the g—analogue of multiplier transformation operator

T AG) = A@G) (>-1;meNyg=NU{0};jeN),

as follows:
g 0se = B [ o rnar s e,
l z
T2 ) = Hzl”q [t 0@t e,
0
z
s - B fegga cen,
0
Toi (D f(2) = f(2) (€U,
Zl*l
Jos W f(z) = Ty P (z'f(2)) (z€U),
Zl*l
ijJ D f(z) = m Dy, (leql,j (0 f (Z)) (z€0).
Zl_l
Tgs D) f(2) = S De; (T (D) f(2) (2€D).

We see that for f € A(j), we have

Tgs ) f(z) =2+ Z ( ) a2 (1.9)

0<qg<L;l>-1;meZ={0,£1,%£2,..};5 € N).
It is readily verified from (1.9) that
q' 2Dqj (T () f(2)) =L+ 1, Ty (O f(2) = [, T (D f(2) (meZ). (1.10)

We observe that the operator J."; (/) generalize several previously familiar operators, and we will show some of the
interesting particular cases as follows:

(i) T (0) f (2) = S f (=) and T4 (0) f (2) = 87 (2) (m € Ny) (see [19]);

(if) Timg1- T4 (0) £ (2) D'"f( ) (€ o) (s [20], [21], [22] and [23)

(ifi) limy 1 7% () f (2) = I f (2) and limg oy~ T2 (1) f (2) = I f (2) (I = 0;m € No) (see [24] and [25]);
(iv) Tim,i- T4 (1) f (=) = D’”f (2) (m € No) (see [261)

(v) lim,1- Ty (1) £ (2) = I (2) (m € Ny) (see [27]);
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(vi) limg_,;- jq_,ll (o) f(2) = Fof (z) = L& [¢e71 f (t) dt (¢ > —1) is the well-known Bernardi integral operator
0
[28].

With the help of the operator J,"; (1), we say that a function f belonging to the class A (j) is in the class
Ly (I, A, «; j) if and only if

o[ D0 (T35 1 (2) + 222D, (T 0 1 ()| )
(1 =X) T (1) f(2) + XeDy 5 (T3 (1) £ (2))
(zeUmeZ0<qg<;l>-10<A<1;0<a<1).
Let 7 (j) denote the subclass of A (j) consisting of functions of the form:
f)=z2— Y a* (a>0j€N) (1.12)

k=j+1
Further, we define the class H;" (I, A, o; j) by
Hy' (LA a;5) = L4 (LA 05) N T (5).
We note that
(i) limg_,1- HJ (0, X, a;5) = P (j; A\, ,m) (m € N) (Aouf and Srivastava [29]);
(i) lim,_- 7—[2 (0,0,a;1) = S (o) and lim,,_,;- ’Hg (0,1,;1) = C () (Silverman [30]);

(iii) limg_,q- Hg (0,0,a;5) = S (s j) and lim,_,4- Hg (0,1,a;j) = C(c;j) (Chatterjea [31] and Srivastava et al.
[32]);

(iv) Hy' (0,\, a;5) = H (N, ;)

L D ST ) £ (S5 )| )
‘{f””)'%{ (01— NS () AeDyy (S7f () }> }

qJ

(V) liInq—)l_ H(Zn (l7 )‘: Oé,]) =H™ (lv Av O[,])

FeTU)RY - (@) +x2 (@) |
(L=NIZ"f (2) + Az (IZI}f(z))'

The present paper aims at providing a systematic investigation of the various interesting properties and
characteristics of the general class H;" (I, A, a; 7).

2. Coefficient estimates

Unless otherwise mentioned, we assume throughout this sectionthatm € Z, j e N0 < ¢ < 1,1 > -1,0< A <1,
0 <a<1,zeUand [k], is given by (1.6).

Theorem 2.1. Let the function f be defined by (1.12). Then f € H" (I, A, «; j) if and only if

5 (F) e (b= e

k=j+1
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Proof. Assume that the inequality (2.1) holds true. Then we find that

2Dq; (T (1) f (2) + 2z Dg 5 (T (1) £ (2))

(1275 07 () 432Dy (Tg5 OF )
k:Z; ( ) (%], —1){1+(k],—1) A }ar]z)"
1= 5 () " (1, )M el
kji () ™ (1w, =) {2+(1), 1) Y
s <l-a.
1_k:§+1([[l:); ) {1+(Mk],—1)A ban

This shows that the values of the function

2D (T (1) f (2)) + Aqz2D2; (T (1) f (2))

¢ (2) = (1 =N T (1) f(2) + AzDg 5 (..7(;3 () f (=)

(2.2)

lie in a circle which is centered at w = 1 and whose radius is 1 — «. Hence f satisfies the condition (1.11).
Conversely, assume that the function f is in the class H;" (I, A, «; j). Then we have

" { 2Dqi (T35 () £ (2) +2a2* D3, (T3 (1) £ (2)) }

(=X T () f (2) + AzDg 5 ( o (1) £ ()

. 1- k%ﬂ (Eﬁ}]) {1 + ([k]q - 1) )‘} aclel™ - (2.3)

=5 ()T )

k=

forsomea(0<a<1l),meZ0<qg<1l1l>-1,0< X <1and z € U. Choose values of z on the real axis so that ¢
given by (2.2) is real. Upon clearing the denominator in (2.3) and letting z — 1~ through real values, we can see that

-3 () o (1))

k=j+
= (l+K,\"
> - 1 - : :
_a(l > ([Hl} {1+([k]q 1)A}ak 2.4)
k=j+1 q
Thus we have the inequality (2.1). This completes the proof of Theorem 2.1. O

Corollary 2.1. Let the function f defined by (1.12) be in the class Hy" (I, A, «; j). Then

l1-—a
ay < " (k>j+1j€eN) (2.5)
[1+K],
(at) {2 (1= 1) 4 (1, =)
The equality in (2.5) is attained for the function f given by
11—« k . .
fz)=2z- 28 (k>j+1;5€N). (2.6)

() {1+ (1, = 1)} (19, = o)
Theorem 2.2. If0 < a3 < ag < 1, then

H(Zn (Z7A7a2;j) - Hzn (17A7a1;j)' (27)
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Proof. Let the function f defined by (1.12) be in the class H;" (I, A, @2; 7). Then, by Theorem 2.1, we have

oo <l+k> {1+ —1)A}([l€]q—a2)ak§1—a2 2.8)

and
1— (6D
—HArap < m/——— <1 (2.9)
k= J+1< > ) } b +1]g —a
Consequently,
q — J—
> () e (1) b (o, - o)
k=j+1 ‘1
+ m
= g 1 + —1)A — Q9
3 () e () (0 )
= (BH "
+(o2 —o1) Y <[l+1]q {1+([k}q_1) )‘}ak
k=j+1 q
< 1-aj. (2.10)
This completes the proof of Theorem 2.2 with the aid of Theorem 2.1. O

Theorem 2.3. If0 < A\ < A\ <1, then
Hy' (1, A2y 055) € H (1A, 055) (2.11)

Proof. It follows from Theorem 2.1 that

5 () e ()0

— Q) ag
k=j+1 + )
= (l+H,\"
< d — —
< > () {0 () @ -o)a
k=j+1 q

< 1-a.

for f € Hi' (I, A2, @; j). This completes the proof of Theorem 2.3 O

Similarly we can prove

Theorem 2.4. If m € Z, then
m—+1 . m .
Hq + (l) >\7a’-j) g Hq (l7)\’a7-])'

3. Distortion theorems and convex linear combinations
Theorem 3.1. Let the function f defined by (1.12) be in the class H;' (I, A, «; j). Then, for |z| <r <1,

l1—«
(CEY (e (e - )] (1), —)

1-— )
<r+4 e IEARS (3.1)

o (SEE) e (- ) (5, - )

The equality in (3.1) is attained for the function f given by

P < f (2)]

z)=2z— 1-a 2T .
T (S {1+ (+11, - 1) A} (I +1, —a) : .




144 T. M. Seoudy & M. K. Aouf

Proof. It is easy to see from Theorem 2.1 that

(“Fﬂ]lq]q)m {1 + ([j +1], - 1) /\} ([j +1], - a) kilak
=j+
< 5 () () e o)z
k=j+1
so that -
Z @ < l-a . 3.3)

Pl (”rlﬂi“)m {1 + ([j +1], - 1) /\} ([j +1], - a)

Making use of (3.3), we have

oo oo
lf(z)] > r-— Z apr® <r—pitt Z ag
k=j+1 k=j+1
> (L-a) i+l

Y (0 )0 (1, )

and

[ee] o0
@ < r+ D art <t Y

k=j+1 k=j+1
(1-a) Pt

(Y (e (41, - )] (1), —)

which prove the assertion (3.1). Finally, we note that the equality in (3.1) is attained for the function f defined by
(3.2). This completes the proof of Theorem 3.1. O

IN

T+

Now, we shall prove that the class H}" (I, A, o; j) is closed under convex linear combinations.
Theorem 3.2. H" (I, \, ; j) is a convex set.
Proof. Let the functions

foz)=2= > awr?® (aur > 00 =1,2;j €N) (3:4)
k=j+1

be in the class H;" (I, A, o; j). It is sufficient to show that the function & (2) defined by
h(z) =1 =) fi(z) +7f2(2) (0 <y < 1) (3.5)
is also in the class H;" (I, A, «; j). Since, for 0 < <1,
h(z)=2— Z {1 = %) a1 +vazi} 2", (3.6)
k=j+1

with the aid of Theorem 2.1, we have

S ()" {1k (11, — 1) A} (18, - ) {0~ 2w + 720} < 1 67)

which implies that h € H{" (I, A, «; j). Hence H* (I, A, a; j) is a convex set. O
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Theorem 3.3. Let f; (2) = z and

11—«

() o (-1 (1, -)

Then f is in the class H;' (I, A, «; j) if and only if it can be expressed in the form:

Z)ZZMka (/‘k>07k>j;2/‘k:1) : 3.9)
k=j

fe(z) ==z Fk>j+1j€eN). (3.8)

k=j

Proof. Assume that

11—«
Zukz =z- k§1 ([l+k ) {1 N ([k]q B 1) )\} ([k]q - a) 2" (3.10)

[+1]
Then it follows that
i ()" {1+( o~ DA}kl —) o "
. TR\ ™ 4
et (e ) " {1 (181, ~ 1) A} (18], —a)
D D T
k=j+1

So, by Theorem 2.1, f € Hy* (I, A, a; 5).
Conversely, assume that the function f defined by (1.12) belongs to the class H;" (I, A, @; j). Then

11—«

ax, < - (k>j+1jeN) (3.11)
[1+FK],
(k) {0+ (1 =1) 2 (1, )
Setting
[+F], 0\
() (e (=) (=)
k= T a (k>j+1;j€N) (3.12)
and -
Hi = 1- Z Mk,
k=j+1
we can see that f can be expressed in the form (3.9). This completes the proof of Theorem 3.3. O

4. Radii of close-to-convexity, starlikeness and convexity

Theorem 4.1. Let the function f defined by (1.12) be in the class H' (I, A, «; j). Then f is close-to-convex of order
p(0<p<l)in|z| <r, where

r1 = inf
i

(=) () " {1+ (R, A (R, =) | 777
[ () e (k>j+1). (4.1)
The result is sharp, the extremal function f being given by (2.6).
Proof. We must show that
’f/(z)fl‘ <1-p for |z| <ry,
where r; is given by (4.1). Indeed we find from the definition (1.12) that

_1‘ Z kay 2"t

k=j+1




146 T. M. Seoudy & M. K. Aouf

Thus )
F -1 <1-p,
if
— k -
Z Tk 2 <1
K=y P

But, by Theorem 2.1, (4.2) will be true if

ke o () {1 (B, 1) 2} (1), o)

ol 1—a

(1= o) ()™ {a (@, - 1) 3} (1, - ) |7
E(l—a)

b

that is, if

2] <

Theorem 4.1 follows easily from (4.3).

(k>j+1).

(4.2)

(4.3)

O

Theorem 4.2. Let the function f defined by (1.12) be in the class H}" (I, \, ; j). Then f is starlike of order p (0 < p < 1) in

|z| < 1o, where

k

[I+k]g \™ -1
(1—p) 4 1+ [k]qfl A [k]qfa )
ry = inf |: P <“+1]Q)(k{—p)((l—o() ) }( )‘| (k > J+ 1).

The result is sharp, the extremal function f being given by (2.6).

Proof. It is sufficient to show that
2 (2)
f(2)

where 73 is given by (4.4). Indeed we find, again from the definition (1.12), that

-1 <1—p for |z| < re,

, S (k—1)ag |2
JHON ’ _ ¥
f(2) 1— Z ar \z|k_1
k=j+1
Thus
zf (2)
—1|<1—p,
IO
if -
Z il P an 2t <1
~ 1—p
k=j+1

But, by Theorem 2.1, (4.5) will be true if

o () {re (18, -1) 4 (W, - o)

- 11—«

k—p
17

ay |2|

’

that is, if

. (1-p) (%)m{l-‘r([lﬂq—l) /\} ([k]q—a) o s ia),

(k=p)(1-a)

Theorem 4.2 follows easily from (4.6).

(4.4)

(4.5)
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Similarly, we can prove the following theorem.

Theorem 4.3. Let the function f defined by (1.12) be in the class H (I, A, a; j). Then f is convex of order p (0 < p < 1) in
|z| < 73, where
_1
e ()" e (i, -1) 3 (1, a) | T

r3 = Hlif R 0=a) (k>j+1). 4.7)

The result is sharp, the extremal function f being given by (2.6).

5. Modified Hadamard products and integral operator
Let the functions f, (v = 1,2) be defined by (3.4). The modified Hadamard product of f; and f> is defined by
(fix fo) (2) = 2 — i a1 pag 2" (5.1)
k=j+1
Theorem 5.1. Let each of the functions f, (z) (v = 1,2) defined by (3.4) be in the class H;* (I, A, a; j). Then
(fi+ f2) (2) € Hg" (LA B3 4)

where -
g () (el A, o)l 0o)° 52
() " (i (10, ~ )2 (1), —a) — (- '

The result is sharp.

Proof. Employing the technique used earlier by Schild and Silverman [33], we need to find the largest 3 such that

g () e (19— ) (1, 9)

: 1_ ﬁ a1,k02 k S 1. (53)
k=j+1
Since k]
+ m
o0 1 1+ ([k], —1) A} ([K], —
s () e} e) .
k=j+1 @
and k]
JF m
oo 4 1+ ([k], —1) A} (K], — @
Z <[l+1]q> { (1 4q ) }< q >02,k < 17 (55)
k=j+1 -
by the Cauchy-Schwarz inequality, we have
= () {1+ (-1 (W,-a)
Z 2 1— alt;@ag,k S 1. (56)
k=j+1 @
Thus it is sufficient to show that
) ™ L (R, —1)A (1R, — B ) " L (R, —)A (k] —a
(E3) " 0o ) ) e ) 5
that is, that
(-5 (], - ) |
V01,502 & < (k >+ 1) (5 8)
(1= a) (I, - 8)
Note that
Va1 gt < T l—a k>7+1). 59
1,42k (H:ﬂ:) {1+([k]q—1))\}([k]q—a) ( J ) ( )
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Consequently, we need only to prove that

o (1— ﬁ)([k] —a) i
T (o () S G B2, (5.10)

(s

or, equivalently, that

()" {2+ (18, = )A (K], =) = (8], (1=a)? ,
O (e (W, ) (=) (1= (k23+1). G4
Since o,
v, (k) = ([H—l ) {1 (1R, - 1)A} (18], ) J,(1-a) (k>j+1) (5.12)

(Eiﬂq) {1+ (e, =) A} (1w, ) (1-e)?

is an increasing function of k (k > j + 1), letting k = j + 1 in (5.12). we obtain

(”““]q "L (], DA (41, ) [+, (1-a)?
ST (G +1) = ) 5.13
Bt 1) ([l[ﬁfl ) {1+ (G+11, - 1) A} (G+1],—a)* ~(1-a)? (5.13)
which proves the main assertion of Theorem 5.1. Finally, by taking the functions
i(2) =2z — e l—a It 1=1,2), 5.14
RO = Ty e, e, o
we can see that the result is sharp. O
Theorem 5.2. Let f; € Hy' (I, A\, 5 §) (i = 1,2). Then (f1 * f2) € Hy' (I, A, 85 5), where
5 ([z;:lrl ) {1+ (41, 1)AH(+1] = ) ([ +1],—e2 ) = [i+1],(1—a1) (1—ax2) (5.15)
() " e (141, = )N} (1), =) (141, —a) = (1=an) (1—aa) '
The result is the best possible for the functions
1—oy .
fi() =2~ S : P (i=1,2). (5.16)
[+Hi+1], . .
(Uﬂu) {1+(b+uq—QA}<b+uq—aO
Proof. Proceeding as in the proof of Theorem 5.1, we get
[LRlg \™ 1+([k 71 A e k] —as)—[k] (1—a1)(1—«
5 < () " (01, —1)A} (1], =0 ) (18], —a2) =[k], (1—a1)(1—a2) (> it1). (5.17)

([mlq)’"{u([k] 71)>\}( a1 ([k],—az) —(1—a1)(1-a2) -

Since the right-hand side of (5.17) is an increasing function of k, setting k = j + 1 in (5.17), we obtain (5.15). This
completes the proof of Theorem 5.2. O

Theorem 5.3. Let each of the functions f; (i = 1,2) defined by (3.4) be in the class H;' (I, A, «; j). Then the function

h(z)=z— Z (a%k—ﬁ—a;k) 2k (5.18)
k=j+1
belongs to the class H" (1, \, (; ), where
['“J{”q 1+([+1], - 1)} (41, — ) —2[+1],(1—a)?
P e M R G e G e W 519)
(=, )" {14 (1], ~ )N+, —e)* —2(1-a)

The result is sharp for the functions f; (i = 1, 2) defined by (5.14).
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Proof. By virtue of Theorem 2.1, we obtain
2
00 L+k]‘1 " — —
g | () (e (- )Ap (=) |
_ I—a Lk
k=j+1
2
[i+k],
oo 1+ ([k], = 1) Ap (K], — o
[+1],
[ G0 ) ) .
k=j+1
and
2
[e'S) L+k]q " — _
> () {1+ (W, = 1)) (W, -a) |
- 11—« 2.k
k=j+1
2
[k, \™
o0 t 1+ ([k], —1) Ay ([k], —
[[+1], q q
RN COREAE DI -
k=j+1
It follows from (5.20) and (5.21) that
2
[1+k]
o0 1+ At (K], —
1
> oo (”“ ) { (1 )2 (1, ~e) (a3, +ad,) <1 (5.22)
k=j+1 -
Therefore, we need to find the largest ¢ such that
1+k] I4k] 2
()" {1+(k “O)AH(K, =) _ 1| () " (k=) A} (6, —e)
— < 5 T (5.23)
that is,
(”*’“ 1+ (1K), —1)A} (k] =) —2[k] , (1—a)?
<~ I k>j+1). 5.24
R (G T T o S 20
Since
o (k) = (ﬁif ) {1 (K], ~ 1) A}, —a) 2K, (1-a)? 525
q (Bﬁ}q) {1+ (181, —1) A} (18], —a)’—2(1-a)?
is an increasing function of k (k > j + 1), we readily have
lI4+5+1]4
. (71 {14 (410, ~ Al +1], —a) —2[+1], (1—a)?
< +1) =040 L 2 5.26
CExaUl () " {1 (1), )2 (1), —a) —2(1-a)? (520
and Theorem 5.3 follows at once. O

Theorem 5.4. Let the function f defined by (1.12) be in the class Hy* (I, A, a; j), and let ¢ be a real number such that ¢ > —1.

Then the function

c+1
5@ F(2)= ,qJ(Z)—[JF}/tc L) dgt (e> 1)

2C
0

also belongs to the class Hy' (I, A, ; j).

(5.27)
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Proof. From the representation (5.27) of F. 4 ; (), it follows that

Feqj(2)=2— Z brz®,

k=j+1
where b, = %ak (see [34] and [35]). Therefore, we have
= (l+k,\" .
> (o) {0 (1) (1) e
k=j+1 q
> [l+k]q>m [c+1]
= > 1+ ([k], —1) A ([K], — % 0,2
() (e () (0-o)
< (l+k,\" .
< 3 () o (- (- ) e
k=j+1 q
S ]- —Q,
since f € H' (I, A, a; j). Hence, by Theorem 2.1, Fr. , ; € H* (I, \, «; ). O

Remark 5.1. Taking [ = 0, m € Ny and ¢ — 17 in the above results, we obtain the results of Aouf and Srivastava [29]
for the class P (j; A, a, m).

Remark 5.2. Putting [ = 0 in the above results, we obtain the the corresponding results for the class 1" (A, «; j)
involving an operator S

Remark 5.3. Putting ¢ — 1~ in the above results, we obtain the corresponding results for the class H™ (I, A, o; j)
involving multiplier transformation operator Z;";.
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Abstract

In this paper, we consider a Kirchhoff-type viscoelastic equation with degenerate damping term have
initial and Dirichlet boundary conditions. We obtain the blow up and exponential growth of solutions
with negative initial energy.
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1. Introduction

We deal with the following nonlinear Kirchhoff-type viscoelastic problem:

t

Uy — M (||w||2) Au+ [g(t—s)Au(s)ds+ |u]”9j (ur) = [u] " u in Qx (0,+00),
0

u(z,0) =ug (z), u(x,0)=u () on z € (), (1.1)

u(x,t) =0 on x € 09,
here 05 (s) denotes the sub-differential j (s) [1], © is a bounded domain in R™ with a smooth boundary 9Q. M («) is
a nonnegative C! function for o > 0 satisfying
M(a)=1+0a", £>0.
The Kirchhoff type equations orginated from the nonlinear vibration of an elastic string and was firstly considered
by Kirchhoff for f =g=§=0:
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where0 < x < L,t > 0.

Now, we focus on a chronological literature overview. Eq. (1.2) with f = g = 0 was investigated by Nishihara
and Yamada [2]. The author studied the global solvability of solution for non-analytic initial data. In [3], Ikehata and
Matsuyama investigated Eq.(1.2) with § = 0, g = 0 |us["" u; and f = |u|"~" u, and employed the global solvability
and the energy decay of solution. Moreover, Ono [4] studied Eq. (1.2) with g = 0, the author employed the local and
the global existence, decay properties of solutions for degenerate and non-degenerate equations with a dissipative
term. Also, the author studied the blow up of solution with nonpositive and positive initial energy. The other work
related to Kirchhoff type equations is Taniguchis’s work. Taniguchi [5] considered the existence of local solution,
also discuss the global existence and exponential asymptotic behaviour of solutions for weakly damped Eq. (1.2).

In case of M = 1, the problem (1.1) discussed by Han and Wang [6] and the authors proved the global existence
of generalized solutions, weak solutions. Moreover, they studied finite time blow-up of solutions with negative
initial energy.

Furthermore, in case of M = 1 and g = 0, the problem (1.1) becomes the following form

upe — Au+ |ul’ 85 (ug) = Ju|"" " u,

has been studied by some authors see [7-11].
In [12], Ekinci and Pigkin studied following equation:

ug + A2 — M (||Vu||2> Au+ [u]” 95 (ug) = |u]""" u, (1.3)

with initial and boundary conditions. They studied blow up of solutions with arbitrary positive initial energy by
constructing a energy perturbation function.
In the work [13], Piskin investigated the following equation:

ug + A%u— M (||Vu||2) Au+ P g = Ju] " (1.4)

and proved the existence, decay and blow up of the solution. Then, Piskin and Irkil [14] investigated the same
problem treated in [13] and studied blow up results for positive initial energy. In 2018, Piskin and Yiiksekkaya [15]
considered problem (1.4) in case p = 1 and proved the blow up of solutions with positive and negative initial energy.
Furthermore, Periera et al. [16] discussed problem (1.4) in case p = 1 and studied existence of the global solutions
via the Faedo-Galerkin method. The authors also obtained the asymptotic behavior via the Nakao method. Then, in
2021, Periera et al. [17] investigated the existence and the energy decay estimate of global solutions for problem
(1.4)in case p > 1.

The hyperbolic models with degenerate damping also are of much interest in material science and physics.
It particularly appears in physics when the friction is modulated by the strains. There are a lot of studies have
Kirchhoff-type viscoelastic problem with degenerate damping term. But, most of these studies are system problem.
For instance, Pigkin and Ekinci [18] investigated the following system

{ wir = M(IVul*)Au+ [ 91(t = $)Au(s)ds + (Juf + ol ) furl” ™ w = £ (w,0), w5

v = M(IV0]*) A0+ [y ga(t = $)Av(s)ds + (ol +ul®) [l v = f (u,0),

in Q x (0,T) . The authors discussed global existence, general decay and blow up results of solutions. Recently,
Piskin and Ekinci [19] considered same problem and proved local existence result. In [20], the author studied blow
up of solutions with positive initial energy for problem (1.5) without viscoelastic term. In addition, they gave some
estimates for lower bound of the blow up time. On the other hand, the other some studies with degenerate damping
terms are see (see [21-29]).

The equation (1.5) in case M = 1, Pigkin et al. [29] studied local existence and uniqueness of the solution by
using the Faedo-Galerkin method. Furthermore, they proved the blow up of weak solutions.

To the best of our knowledge too many system problems with Kirchhoff type and degenerate damping terms.
But there are a few studies as single equation with degenerate damping and Kirchhoff type. Motivated by previous
works, we prove several results concerning the blow up and exponential growth of solution for the problem (1.1).

To analyze the blow up and growth of solution for problem (1.1), we are interested in effect caused by the source

term |u|"~" u, memory fot g(t — s)Au(s) ds and degenerate damping |u|”dj(u;). In our problem is that the source
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term of type |u|"~'u overcomes the stabilizing mechanisms, memory fof g(t — s)Au(s) ds and degenerate damping
|07 (ut), thus causing a destabilization of the model with the blow up of the solution at a finite time [30].

The remaining part of this paper is organized as follows: In the next section, we introduce some assumptions,
notations and present a lemma needed in the proof of our results. In Section 3, we prove the blow up of solution
with negative initial energy. In Section 4, we prove the exponential growth of solution with negative initial energy.

2. Preliminaries

Now, we present some preliminary material which will be helpful in the proof of our results. Throughout this
paper, we denote the standart L? (Q) norm by ||.|| = [l £2(q) and L7 () norm |||, = [|-| o (q) -
(Al)v,p>0,7r> v < A5 r+1< % if n > 3. There exists positive constants c, cg, ¢; such that for all
s,k € Rj(s): R— Rbea C" convex real function satisfies
ojls) >cls/",
e j' (s) is single valued and |5’ (s)| < ¢o |s|”,
o (j' (s) =4 (k) (s — k) = ex|s — k"
(A2) ug (x) € HE (), uy (z) € L2 (Q).
(A3) Assume g (1) : Rt — R satisfies

forall 7 € RT and

(A4) g g(s)ds < =51

We use the following notations

I = 17/09(7')d7',
wo0)®) = [ att=n [ 106)=0 ()] duar

Lemma 2.1. Suppose that (A1), (A2) and (A3) hold. Let u be a solution of (1.1). Then, E (t) is nonincreasing, namely,
E'(t) <0.

Proof. A multiplication of Eq.(1.1) by u; and integration over 2 give

B(0) = =590 IVl + 5’0 V) (0= [ [ (o))" () () dadr <0, @

where

0 = [+ (1= [ owas) ivale]

1(_1 2(r+1) 1 i1
#3 g IV 0o (0] =l 22)

Thus, we have
E(t) < E(0). (2.3)
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3. Blow up

In this section, we shall prove the blow up of solutions for problem (1.1).

Theorem 3.1. Let (A1)-(A4) hold. w be a any solution to (1.1) on the interval [0,T). Assume further that r > v + p,

E(0) < 0and
¢
K
> .
/0 g(s)ds > P

Then T is necessarily finite, i.e. u can’t be continued for all t > 0.

Proof. Set
H(t)=-E(t). 3.1)
By using (2.1), we have
H#) = —-E(@1)
1 1
= 59OVl = 5 o T O+ [ [u] () e
> [ ol () wds
Q
> co [ Julo)]ful"" da. (3.2)
Q
Thus, we arrive at
0<H(0)<H(t)< —ll I, t>o. (3.3)

Now, we define

L(t)y=H"* )+ e/ uurda,

Q

I r—p—v _r—1
where p = min { POED)? 20 )

By derivating L(t) and using Eq.(1.1), we obtain

} and ¢ is a positive constant.

L'(t) = (L=p)H? () H (1) + & |lue]|* — & | Vul* = & || Vul*FD
+5/t (t—s) /Vu ) Vu (t) dzds
*E/lu |V w (t) 85 (ug) (t) dz + & |Ju| 115
= (1-p)H" ”(t)H’()+€||ut\|2—suvu\|2
19l =< [ sy as| vl
+e /t (t —s) /VU (t) (Vu(s) — Vu(t)) dzds

75/ ot (O] w (£) 05 (ue) (£) dr + < ]2 (3.4)

By applying Young's inequality to estimate the fifth term of (3.4) as follows

[ att=5) [ Fut)(Vu(s) - Vu o) dads
0 Q

t , 1
< /Og<s>ds||w|| + (90 Vu) (1),
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From (A3), since 0 < [ < 1. Then it follows from the definition of H (¢) that

2 1 1
—[Vul® = TH®+ 7 lusl|* + 7 (9.0 V) (2)
1 2(k+1) r+1
-~ . 3.5
T 1V I(r+1) (3.5)

Combining (3.4)-(3.5), we obtain

POz a-pHrOr O+ (14 7) lul?
+€%H (t) +e (; — le> (goVu) (t) + € <l(/<;1+1) _ 1) |‘qu2(n+l)

v . 2 r4+1
_5/Q|u(t)| u(t)0j (ut) (t)dx + ¢ (1— l(7’+1)> HUHTL. (3.6)

By condition f; ¢ (s)ds < 1, wehave 1 — ;2245 > 0.

In order to estimate fifth term in (3.6), since 7 > v + p, from assumption (A1) and thanks to Holder’s inequality
and Young’s inequality, we get

\ [ O ©0 o) ()

Q
v pt1 P vtpt1 P
Co lu ()] |ug ()77 da |u ()] dz
Q Q

g @ ) o) S
Col0f 5 ([ O e P dn) ™ o), 7]

B )7 Ju (o), 71
B(67H O+ 5T, (37)

v4p41
lu (8)] 7T Jug ()| da

IN

IN

IN

IN

IN

__P_ r—v—
where constant § > 0 is specified later and 8 = CyCy ™ |Q| 71 ‘
Hence, (3.6) becomes

L) = [(1=p)H " (1) —eB5 5| H' (t)
+& (1 + ) || + & <Z(1+1) - 1) (|| 2FD
+5%H(t) +e <} - ) (goVu)(t)

ve (1= gy ) Wl - s IO )

The choice of § (1e §= % (% ﬁ) ||uH::f7p) , then

r+p+1 _ }_
€60 [|u (t)|; 1} _€<2 l(T+1)>

+1
lulls -
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Furthermore, since |[ul|,, > [(r +1) H (0)]$ by (3.3)and v +p—r+p(r+1)p <0, then

(1—p)H™P(t) —po™»
- H (@) [1 p—eBSTTHP (t)}

> H="@) |1 141 (1 1 v - phv—rip(rtl)p
N . (11 .
> H () |1-p-<B (2 WH)) (1) e
1 1 \r -
> H P |[1—p—efts (= —— ! 1) P 56T [ (0’ PO
- v [ poeh (2 It 1)) (r+1) (0)y1
= H7@®) {1 P EBH%X} ’ (3.9)

N ——
where x = (% — ﬁ) " (r+1)PTe0 H (0), 77F . Now, we choose ¢ to be sufficiently small such that

1—p— EBH'%X > 0.
Then (3.9) and (3.8) yield
L/ (t) > 2C [H (8) + |lus ()| + |l 3} + (9.0 Vo) (1)] (3.10)
where C' > 0 is a constant that does not depended on €. Especially, (3.10) means that L (t) is increasing on [0, T),
with

L(t)=H""(t)+ 5/ uugdr > H'7P (0) + E/ uour de.
Q Q
We also select ¢ to be sufficiently small such that L (0) > 0, thus L (¢) > L (0) > 0 for ¢ > 0.
Letn = Tlp' Since 0 < p < 3, it is evident that 2 > > 1. By using the following inequality
o+ yl" < 277 ([ + [yl") for n > 1,

applying Young’s inequality, we get

L) < 27N (H () +ellu@®]” lue @)
< C (H (8) + e (O] + fJu (2)] fﬁ) : 3.11)

1

By the choice of p, we have % P> g

Now applying the inequality

1
a"ﬁ(l-&-b)(b—l—a)7 a>0, 0<o<1, b>0,

and taking a = |u (t)H:ﬂ A

1 _ .
T )t D) < 1l,and b = H (0), we obtain

Hu(t)Hi%lp < (”Hl(())) (H(OHIIu(t)IIZﬁ)

C (H @+ lu@;5) (3.12)

IN

Combining (3.11) and (3.12) gives the inequality
@) < (B + @I+ u @)

< C(H®+lu@F +llu @I+ (g0 Vu) (1)) (3.13)

Thus, (3.10) and (3.13) arrive at

L'#)>CL"(t), te|0,T]. (3.14)
In the end, from (3.14) and n = 1T1p > 1, we see that L (t) = H'~” (t) + ¢ |, uusdz blow up in finite time. This
completes the proof. O
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4. Exponential growth

In this section, we aim to indicate that the energy grow up as an exponential function as time as goes to infinity.

Theorem 4.1. Let (A1)-(A3) hold. u be a any solution to (1.1). Suppose further that v > v + p and E (0) < 0 and

t
K
>
/0 9(s)ds 2 T
Then, the solution to (1.1) grows exponentially.

Proof. We define

F{)=H()+ 6/ uwde, (4.1)
Q

where H (t) = —E (t) and choose 0 < £ < 1 in this interval to obtain small perturbation of E(t) and we will indicate
that F (¢) grows exponentialy, namely F(t) satisfies a differential inequality of the form

dF (t)
dt

>TF(t).
By derivating (4.1) and using Eq.(1.1), we have

Fl(t) = H'(8)+eul? e | Vul? — e |[ul2e+D
t

+6/ g(tfs)/ Vu (s) Vu (t) deds
0 Q

e /Q (O] w (£) 95 (ur) (£) da + & )

= H' () + ¢ |lwl® — || Vul*

t
te / g (s)ds | Va2 — & [ a2+
0
t
+6/ gt —s) [ Vu(t)(Vu(s) — Vu(t))dxds
0 Q

e / o ()] 0 () 05 () (£) e + & 752 (42)

Terms in (4.2) is estimated as follows:

[ att=5) [ Fut)(Vuts) - Vu (o) dads
0 Q

, 1
< /Og<s>dsuwu +5 (g0 Vu) (1),

N | =
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1 t
Pz mOelul - (1o 5 [ o) 9l
1
—e||Val"" Y —e2 (g o Va) (1)
e / o (1) 1 (£) 0 () (1) -+ |7
1-1 [ g(s)d
> H () el e (L2t g e
t
l—fog(s)ds
1
—e IVl —e2 (g o V) (1)
e /Q (O] (£) 85 (ue) (8) dr + & [l
> H (1) + e el — G|Vl

1
||Vl — &3 (g o V) (1)

e / o (O] w (£) 05 (ue) (£) d + & ]2 (43)
Q

1-1 [Lg(s)ds

l—fot g(s)ds *
By using the assumption (A3) and the definition H (), wehave 0 <! < 1and
¢

Flt) = H (1) +e(+Q) ful? +g(+1_1> T2+

ve(c-g) wovwo e (1- ) Il

+%Uﬂﬂfelgwﬂfu@6ﬂmﬂﬂ@;

where ( =

By using (3.7), we get

FI(t) = [1—e80 3 | H' (1) 421+ ful
(- 1) I
+kaﬂw+e@1>@ovm@)
re (1= 2 ) Il - ool (44
T
88 L@ = (5 - 5 ) it

Furthermore, since [jul[, , > [(r + 1) H (0)]ﬁ by (3.3) and assumption v + p — r < 0, then

The choice of § (i.e. 5= % (% - r+1) |l U_p) , then

1—eB6w

_1

il ¢\ . covs

> 1—ep'te <2_r+1> (r+1) p<r+1)H(0)T+P1( )

> 1- aﬁH%K

r—uv—

) (r +1) o H (0),. fl(”” Now, we choose ¢ to be sufficiently small such that

—(1_
where K = (2 ]

1-— EBH_%K > 0.
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Thus,
F'(8) 2 eC [H (t) + [uc O + [ull ] + (9.0 Vo) (1) (45)

where C' > 0 is a constant that does not depended on ¢.
Now, applying Young's inequality, and Sobolev Poincare inequality we have

F(t) < H(t)+e|ull [Jul

< C(H®+ lul? +lul?).

Now, in order the estimate ||u||> term we apply the inequality o' < (a +1) < (1 + +)(a +b) for a = Hu||:ﬁ ,
l=2/r+1<1,b= H(0), wehave
lul® < Cllull?s
= ()™
1 r+1
< (14 ) (Wit + 7))
< (i +H®). (4.6)
Thus,
F(t) < C[H )+ u O + Jul 1 + (g0 Vu) ()] (47)
Therefore, (4.5) and (4.7) arrive at
F'(ty>¢F (), t>0
This completes the proof. O

5. Conclusion

As far as we know, there is not any blow up and exponential growth results in the literature known for
viscoelastic Kirchhoff type equation with degenerate damping term. Our work extends the works for some
viscoelastic Kirchhoff type equations treated in the literature to the viscoelastic Kirchhoff equations with degenerate
damping terms.
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Abstract

In this paper, the structures of the linear codes over a family of the rings A; =
Zylu, ... ug [{u? — ui, usu; — uju;) are given, where i, j = 1,2,...,t,i # j, Zy = {0,1,2,3}. A map
between the elements of the A; and the alphabet {A, T, C, G}Qt is constructed. The DNA codes are
obtained with three different methods, by using the cyclic, skew cyclic codes over a family of the rings A;
and 6;-set, where 6; is a non trivial automorphism on 4;, fori =1,2,...,t.
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1. Introduction

There are many methods in order to obtain DNA codes. In [1], it was used the cyclic codes over the finite ring
Fy[u]/{(u* — 1) in order to obtain DNA codes. The sufficient and necessary conditions of cyclic codes over the finite
ring satisfying the reverse complement constraints was given. By introducing a map, the DNA codes were obtained
from these types codes. In different method, it was used the skew cyclic codes over Z,[u, v]/{u? — u, v? — v, uv — vu)
in order to obtain reversible DNA codes, in [2]. Thanks to this, reversibility problem was solved for DNA 4-bases.
This problem arises from the fact that the pairing of nucleotides in two different strands of a DNA sequence is done
in opposite direction and reverse order. For example, take ¢t = 1. Let (a1, az) € A% be a codeword corresponding to
CTCG, where Ay = Zy + u1 Zy,u} = uy. The reverse of (a1, az) is (az, a1). The vector (as, o) corresponding to
CGCT. Itis not reverse of CT'CG. The reverse of CTCG is GCTC. In order to solve reversibility problem, there is
a different approach. In [3], it was used 6-set, where 6 is a non trivial automorphism on Fy[u, v]/{u?, v? — v, uv — vu)
in order to obtain reversible and reversible complement DNA codes.
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Moreover, there are similar papers in the literature, [4-6]. Motivated from all these works in which were
considered the codes over one ring and were used one method in order to DNA codes, we decide to consider the
codes over a family of rings and use three methods in order to obtain DNA codes.

In this paper, we use the cyclic, skew cyclic codes over a family of the rings A; = Zy[uy, . .., u]/(u? — u;, uuj —
uju;), wherei,j =1,2,...,t,i# jand Zs = {0, 1, 2, 3} and 6;-set, where 6; is a non trivial automorphism on A;, for
i=1,2,...,tin order to obtain DNA codes. Section 2 includes some knowledge about a family of the rings A4;. A
map ¢; is defined from 4; to A? |, fori=1,2,...,t. A map ¢ is defined from A; to {4, T, C, GY? fori=1,2,...,t
A Gray map is defined on 4;, fori = 1,. .., t. In the section 3 and 4, the structures of linear and cyclic codes over A;
are given, respectively. In the section 5.1 and 5.2 the sufficient and necessary conditions of cyclic codes over A,
satisfying the reverse and reverse complement constraints are given, respectively. The DNA codes are obtained
with first method. In the section 6, by defining a non trivial automorphism on A; fori =1, ..., the skew cyclic
codes over a family of the finite rings are introduced. By using the skew cyclic codes over A;, the DNA codes are
obtained with second method. In the section 7, by using the 6;-set, where 6, is a non trivial automorphism on 4;,
fori=1,2,...,t, the DNA codes are obtained with third method.

2. Preliminaries

A family of the finite rings 4; = Zy[us, ..., u]/(u? — wi, uju; — uju;), where i, j = 1,2,...,t,i # j contains the
commutative the finite rings with characteristic 4 and cardinality 42", The finite rings of the family are written as
recursively

Ar - Ar—l + u’r'A’r'—l

wherer = 1,2,...,tand A; = Z4 + uy Zy4,u? = uy, where Ay = Z, = {0,1,2, 3}.

We define a map as follows for every a; = x;_1 + w;yi—1 € A;,

qbi : Az — A74271
a; — ¢ (ai) = (zi—1, Tim1 + Yiz1)

wherei =1,2,...,tand

¢1 : A1 — A%

ar = o+ wyo — o1 (a1) = (zo, o + Yo)
where A() = Zy.

The map ¢, can be extended to A naturally, fori =1,...,t.

Let Sp, = {A,T, C, G} represent the DNA alphabet. The Watson Crick Complement is given A° = T,T° =
A,G° = C,C° = G. We use the same notation for the set Sp,, = {AA,TT,...,CG} which was presented in [7].
It is extended the notation to the elements of Sp,, such that AA® =TT, AT* =TA,...,GG° = CC. By using the
matching the elements of Ay and Sp, = {A4,T,C, G} which is given as £ (0) = A,&(1) =T,6(3) = C,&(2) =G
and by using the map ¢ from A; = Z, + u1Z4 to Z3, we defined a &; correspondence between the elements of the
finite ring A1 = Z, + w1 Z4, and DNA double pairs by a; = z + u1y0 — (£o(z0), &o(zo + o)) in [7],
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Elements a; DNA double pairs & (a1)

0 AA

1 TT

2 GG

3 cc
(5% AT

1 + Uy TG
Uy + 2 GC
uy + 3 CA
2“1 AG
2+ 2uq GA
3’LL1 AC

Table 1. Identifying codons with the elements of the ring A;.

By using the map ¢, and &;, we established &, correspondence between the elements of A; and DNA 4-bases by
az = x1 +uyr = (§(21), &1 (@1 + 1)) as follows in [2],

Elements a; DNA 4-bases £2(a2)

0 AAAA
1 TTTT
2 GGGG
3 cceco

u9 AATT

Table 2. Identifying codons with the elements of the ring As.

By using the map ¢, and §;_1, we can establish &; correspondence between the element of 4, and DNA 2¢-bases for
1 =1,..,t as follows.

&1 A — A2, — {A,T,C,G}*

; = Tic1 + UiYic1 — @i (as) = (Tim1, Tic1 +Yic1) — Y (¢ (a4)) = (Eim1(xiz1), &i—1(Tiz1 + Yiz1))

where ¢; = 7;¢; and the map ~; is defined from A? | to DNA 2‘-bases as follows,

Yi(si-1,tiz1) = (&i—1(si-1),&i—1(tiz1))

where Si—1,ti—1 € A;_q, fori = 1,....t.
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We established &; correspondence between the elements of A; and DNA 2i-bases as follows

Elements a; DNA 2%-bases &;(a;)
0 AA.. A
—_—

27 times

1 IrT...T
——

2% times

2 GG...G
———

2% times

3 cc...C
—

27 times

Uy ATAT ... AT
—_—

27 times

Table 3. Identifying codons with the elements of the ring A;.

fori=1,...,t.
We can also express an element of A, as follows uniquely.

Let BC {1,2,...,t} and up = ][ u;. In particular ug = 1. Each element of A; is of the form )  apup, where

ieB

ap € Zy, P, is the power set of the set {1,2,...,t}. For A, B C {1,2,...,t}, we have that usup = uayup which gives

that > apup. Y. Bcuc = >, < > aB,BC) up. Moreover,
BeP; CeP, DeP, \BUC=D

e =11 ()P Y ug

BeP,;
and the number of e, is (é)
eu, = ui + (=1)/FF " g

i€ BEP;,
B>2

fori=1,2,...,tand the number of e, is (}).

_ Bl+2
Cuu; = Uillj + (=)!5l g UuB
v<d i,jEBEP,
|B|>3

fori,j =1,2,...,t and the number of e, is (5).

- B|+3
Cuuju, = Uilljls + (—1)‘ | E up

i<j<s i,j,s€ BEP;,
|B|>4
fori,j,s =1,2,...,t and the number of ey, . is (%)

euluz...ut = UrU2 ... Ut

and the number of €, 4,. 4, iS (:)

Then we have Y e,, = 1,(eu;)? = ey, and eype,, = 0if A # B for any A,B C {1,2,...,t}. Hence

BeP;

A= @ Aiew, = @ Zsey,. So every element z of A; can be uniquely expressed as z = 3 ay €y, Where

BeP, BeP,
Ay p € Zy.
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Example 2.1. Lett be 3. Then A3 = Z4 + uq Z4 + UQZ4 + U3Z4 + U1UQZ4 + U1U3Z4 + UQU3Z4 + U1UQU3Z4. Consider
the elements of A3 below

Eyy = €1 = 1 —up —us — uz + urus + ugus + Usuz — U U2U3

€yp = U1 — UTUZ — UTUZ + UTULUZ
Eyy = U2 — UIU2 — U2U3 + UIULU3
Cuy = U3 — ULUZ — U2U3 + UTU2U3

Cujup, = ULU2 — UTU2UZ

Cuiuz = ULU3 — U1U2U3

Cusuz = U2U3 — UTU2UZ

Cuiusug — U1UU3Z

We can also define Gray map as follows,

P p—
z= Z Qupeus +—— Pi(z) =7
BeP;
2 Qups Do Qugyr--oy D, Gups Do OQug, D Qups---;
B=0 BC{1} BC{t} BC{1,2} BC{1,3}
where v = S Gupys S Gupes S Qupse-es > Gy and a,, € Z4, for i,j,s,... €
BC{ij}, BC{1,2,3} BC{ij,s}, BC{1,2,...,t}
1<J 1<j<s
{1,2,...,t}.
The map ¥, can be extended from A}, naturally.
Example 2.2. Lett = 3. Then
g : A3 — ZE
z= Z Qupeus +—— PY3(z) =7

BePs
Where,—y = (a17al +au17afl +au27al +au3;a1 +au1 +au2 +au1u27al +au1 +au3 +au1u37 al +au2 +au3 +au2u33al +

Qu,y + Oy + Qug + Ouyuy + Auaug + Quyug + auruzu:s)'

The Lee weight on Z,, denoted wy, is defined as wr(p) = 0if p =0, wr(p) = lifp=1orp =3, wr(p) = 2if
p=2.Foranyz = ) ayye., € A, the Gray weight of z is defined as

BeP;
2t
wa () = wr(Ve(z) =Y wy(x;)
i=1
where U;(z) = (x1,...,29:) and z; € Zy fori = 1,2,...,2" The Gray weight of a vector a = (ay,...,a,) € A} is

defined to be a rational sum of the Gray weight of its components. Moreover, for any c,d € A7}, the Gray distance
between c and d is defined as d¢(c,d) = wg(c — d).

Theorem 2.1. The map V; is a linear and distance preserving map, fori =1,...,t.
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3. Linear codes over A,

A non empty subset C' C A} is called linear code over A, if C is a submodule of A;.
Let x = (zo,21,...,2n—1) and y = (yo,¥1,-..,Yn—1) be two vectors in A}. The Euclidean inner product of x
and y is defined by

n—1

(x,y) = Z L5Yj
j=0

where the operations are performed in the ring A,.
Dual of the code C' C A} is the code

Ct ={xecA?: (x,y) =0,Vy € C}.

Clearly, C* is also linear.

Denoter = (r®,....r(=1) € A7 wherer) = " ajy,eq, fori=0,1,2,...,n — 1. Then r can be uniquely
BeP,
expressed asr = Y ay,ey,, where a,, = (Goug, Glug, - - - In—1up ), €ach B € P;.
BeP,
Let

Ri®..O Ry ={ri+...+ra|r; € Rsi=1,...,2"},
Ri&®...0 Ryt :{(7"17...,7'2t)|7"i€Ri,i:17...72t}.

Define the codes C,,,, as follows

Cuy = C1 ={ay, € Z}|3a,, s € Zy, Z ay,eu; €C}

BeP;
Cu, ={au, € Z}|Fa,, pxp1y € 27, Z a,,eu; € C}
BeP,
Cuy = {au, € Z}|Fay, pa(2) € 215 Y Augeu, € C}
BeP;

Cu, = {au, € Z}|3a,, B2y € Z4, Z ayzeus € C}
BeP,

Curus = {Auuy € ZmaauB,B#{LZ} € Zy, Z aypeu; €CY
BeP,

CU1“2~~ut = {aulw-.»ut € ZZLBauB,B#{L---,t} € ZE’ Z AupCup € C}’
BeP,

The number of C,,, is 2!. Clearly C,,,, is a linear code of length n over Z,. C can be uniquely decomposed into

C= P Cuseus

BeP,;

and hence we have |C| = [] |Cuyl-
BeP,
The following theorems can be proved as in [8].

Theorem 3.1. Let C = @ C.,,eu, be alinear code of length n over A;. Then the dual C+ = @ C.,, " eu, isalsoa
BeP, BeP,
linear code of length n over Ay.
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Theorem 3.2. If C is a (n, M, dg) linear code over A;, then W;(C) is a (2'n, M,dy,) linear code over Zy fori = 1,...,t,
where dg = d.

Theorem 3.3. Let C be a linear code of length n over A;. Then U,(C) = @Q Cup, fori=1,...,t
BeP;
4. Cyclic codes over A,

In [9], the structures of cyclic codes of length n over Z, were determined as follows. By using this, we will obtain
the structures of cyclic codes over 4; fori =1,...,t.

Theorem 4.1. [9] Let C be a cyclic code of length n over R,, = Zy[x]/{z™ — 1).

1. If nis odd, then R,, is a principal ideal ring and C = (g(z),2a(z)) = (g9(x) + 2a(z)), where g(z) and a(x) are polynomials
with a(z)|g(z)|2™ — 1 ( mod 4).

2. If n is not odd, then

i. If g(x) = a(x), then C = (g(z) + 2a(z)), where g(z)|z"™ — 1 ( mod 2), g(x) 4+ 2a(z)|z™ — 1 ( mod 4),
ii. C = (g(z) + 2p(x), 2a(z)), where g(z), a(x) and p(x) are polynomials with g(x)|z™ — 1 ( mod 2) and
a(z)[p(x) (¢ = 1/g(2)) ( mod 2), deg a(x) > deg p(x).
Theorem 4.2. Let C = @ Cy,ew,; bea linear code over A,. Then C is a cyclic code over Ay if and only if C,,,, are cyclic

BeP;
codes over Zy for all B € P,. Moreover, if C' is a cyclic code over Ay, then

C= <f1 (x)el, fu1 (x)eul Yoo fut (x)eutv fulug (x)euluza ceey fulug...ut (l‘)eu1U2...ut>
where f,,, (x) are generator polynomials of C.,,, for all B € Py, respectively.

Proof. This can be proven similarly to [7]. O

5. The reversible codes and reversible complement codes

In [7], the sufficient and necessary conditions of cyclic codes over A; satisfying the reverse constraint and reverse
complement constraint were given. In this section, the sufficient and necessary conditions of cyclic codes over A;

satisfying the reverse constraint and reverse complement constraint are given fori =2, ..., .
Definition 5.1. A cyclic code C of length n over A; is said to be reversible if x" = (z,_1,...,20) € C, for all
x = (2gy...,Tpn-1) € C.

Definition 5.2. For each polynomial ¢(z) = ¢y + c1z + ... + ¢pz™ with ¢, # 0, the reciprocal polynomial of ¢(x) is
defined to be the polynomial ¢*(z) = 2™c(z~!). The polynomial ¢(z) and c*(z) always have the same degree. The
polynomial ¢(x) is called reciprocal if and only if ¢(z) = ¢* ().

Lemma 5.1. Let f(x) and g(x) be polynomials in A.[x]. Suppose that deg f(x)-deg g(x) = m, then
(f(z).g9(x))" = f*(z)g"(x)

and

(f (@) +g(2))" = [ (x) + 2™ g" (2).

5.1 The reversible codes
In [9], the author studied the reversible codes over Zy as follows, by using this, the sufficient and necessary
conditions of cyclic codes over A; satisfying the reverse constraint are given fori = 2,...,t.

Lemma 5.2. [9] Let C = (g(x),2a(x)) = (g(z) + 2a(z)) be a cyclic code of odd length n over Z,. Then C'is reversible if
and only if both g(x) and a(x) are self reciprocal.

Theorem 5.1. [9] Let C = (g(x) + 2p(x)) be a cyclic code of even length n over Z,. Then C'is reversible if and only if

i. g(x) is self reciprocal,
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ii. a(z)| (z'p*(x) + p(x)), where i =deg g(x)- deg p(x).

Theorem 5.2. [9] Let C' = (g(x) + 2p(z), 2a(x)) with g(x)|z™—1( mod 2), a(z)|g(x) ( mod 2), a(x)|p(z)| (™ — 1/g(x)) ( mod 2)
and deg a(x) > deg p(x) be a cyclic code of even length n over Zy. Then C'is reversible if and only if

i. g(x) and a(z) are self reciprocal,
ii. a(z)|(x'p* (x) + p(z)), where i =deg g(x)-deg p(z).

Theorem 5.3. Let C = @ Cy,eq, be a cyclic code of length n over A;. Then C'is reversible if and only if C,,,, are
BEP,
reversible, where C., , are cyclic codes over Zy, for all B € P,.

Proof. This can be proven similarly to [7]. O

5.2 The reversible complement codes
In this section, the sufficient and necessary conditions of cyclic codes over A; satisfying the reverse complement

constraint are given for ¢ = 2,...,t and DNA codes are obtained by using cyclic DNA codes over A;.
Definition 5.3. A cyclic code C of length n over A; is said to be complement if x° = (z§,...,z5_;) € C, for all
x = (gy...,Tn-1) € C.

A cyclic code C of length n over A, is said to be reversible complement if x™ = (z_,,...,z§) € C, for all

X = (xo,...,l'n_l) eC.
A cyclic code C of length n over A; that has reversible complement property is said to be cyclic DNA code.

Lemma 5.3. The following conditions hold,
i. For any element a; € A;, a5 = (x;—1 + uiyi—1)° = x5_1 + 3u;yi—1, Where x;_1,y;—1 € A;j—1,1=1,2,... ¢t
ii. Forall a € Ay, we have a + a® = 1.
iii. For all a,b € Ay, we have (a + b)¢ = a® + b° + 3.

Proof. i.,ii. According the tables, the computations are easy.
iii. Let a,b € A;. Fromii., (a+b)°=1—-(a+b)=(1—-a)+(1—-0) —1=a®+b°+3. O

Theorem 5.4. Let C = @ C,,en,, bea cyclic code of length n over A;. Then C'is reversible complement if and only if C
BeP;
is reversible and (0, ...,0°) € C, where C,,, are cyclic codes over Zy, for all B € P.

Proof. This can be proven similarly to [7]. O

Corollary 5.1. Let C be a cyclic DNA code of length n over A, and minimum Hamming distance d. Then & (C') is a DNA
code of length 2'n over the alphabet { A, C, G, T} with minimum Hamming distance at least d.

6. Skew cyclic codes over A,

For i = 2, the reversibility problem was solved in [2]. In this section, by using the skew cyclic codes over A;, the
reversibility problem for DNA 2‘-mers is solved fori = 1,3,...,t.

Definition 6.1. Let B be a finite ring and 6 be a non trivial automorphism over B. A subset C of B" is called a skew
cyclic code of length n if C satisfies the following conditions,

i. C is a submodule of B™
ii. If ¢ = (co, ..., cn—1) € C, then gy(c) = (0(cn-1),0(co),-..,0(cn_2)) € C,

where oy is the skew cyclic shift operator.
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By defining a non trivial automorphism on A, as follows, we can define the skew cyclic codes over A;.
0; A — A
i1t uiyior > Oici(@io1 +yim1) — wibio1(yio1)
and
6 A — A
zo+uyo > (To+¥o) — uilo

wherei = 2,3,...,t. The order of 0; is 2, wherei = 1,2, ..., 1.

The rings
Az, 0] = {bf + bz + ... +b, 2" b € AymeNi=1,...,tj=0,...,n—1}
are called skew polynomial rings with the usual polynomial addition and the multiplication as follows
(0z*)(nz") = ob; (n)z**"
where ¢ = 1,...,t. They are non commutative rings.

The set Ag, , = A;lz,0;]/ (™ — 1) = {fi(z) + (™ = 1) : fi(z) € A;[x,0;]} is a left A;[z, §;]-module with the
multiplication from left as follows,

ri(@)(fi(x) + (@™ = 1)) = ri(x) fi(x) + (" = 1)

where for any r;(z) € A;[x,0;], fori=1,...,t.

A code C; over A; of length n is a skew cyclic code if and only if C; is a left A;[z, §;]-submodule of Ay, ,,, where
i=1,...,t. Let f;(z) be a polynomial in C; of minimal degree. If the leading cofficient of f;(x) is a unitin A;, then
C; = {fi(x)) , where f;(x) is a right divisor of 2™ — 1.

We can express the matching the elements A; and Sp,, = {AA,TT,..., GG} by means of the automorphism 6,
as follows.

Each element oy = z¢ + u1yo € A; and 6y («1) are mapped to DNA 2-bases which are reverse of each other. Let
&1 be a correspondence the elements of the finite ring A; and DNA 2-bases. For example

&1(ur) = AT, while & (61 (uy)) = TA
By using a map &; = v; o ¢;, where the map ~; is defined from A? ;| to DNA 2‘-bases as foolows

Yi(si-1,tiz1) = (&i—1(si-1),&i—1(tiz1))

where s;_1,t;—1 € A;_1,fori=1,...,t, we can explain a relationship between skew cyclic codes and DNA codes.
Actually, &(r;) and &, (0;(r;)) are DNA reverse of each other, where r; = a;_1 + w;b;—1, a;_1,b;—1 € A;_; for
i=1,...,t.

Forr; = a;_1 + u;b;_1 € A;, we have

&i(rs) = vi(gi(ai—1 +usbi—1)) = v (@i—1,ai—1 + bi—1)
(&i—1(ai—1),&i—1(@i—1 + bi—1))

On the other hand,
& (0i(ri)) = & (Oii(ai—1 +bi—1) —uibi—1(bi—1))
= 7 (¢i (Oim1(ai—1 +bi—1) —uibi—1(bi—1)))
= 7 (0iz1(ai—1 +bi—1),0i—1(ai—1))
= (&i—1(0i—1(ai—1 +bi—1)), &1 (0i-1(ai-1)))
wherei=1,..., ¢t ' _
This map can be extended as follows. For any s; = (s{,...,s,_;) € A7,

(& (s) & (51) oo & (1)) = (& (0: (1)) oo & (0: (1)) L & (65 (sh)))

wherei =1,2,... ¢t
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Example 6.1. If ro = 1 + w3 + uz (2 + 3uy) € Ag, then we have

§2(r2) = 72(d2(r3)) =2 (1+u1,3)
(&1 (1+u1),6(3)) = (TG,CC)

On the other hand,

§2(02(r2)) = &(01(3) — u261 (24 3u1))
Y2(01(3), 01(1 + u1))
(£1(01(3)), &1 (01(1 4+ u1)))
(CC,GT)

Definition 6.2. Let C; be a code of length n over A;, for i = 1,...,t. If {(c)” € &(C;) for all ¢ € C;, then C; or
equivalently &;(C;) is called a reversible DNA code, fori =1, ...,t.

The skew cyclic code of odd length over A; with respect to §; is a cyclic code, as the order of f; is2 fori =1,...,¢
So we will take the length n to be even.

Definition 6.3. Let g;(x) = b} + biz + biz? + ... + biz® be a polynomial of degree s over A;, fori =1,...,t. g;(z) is
called a palindromic polynomial if bs =0, forall j € {0,1,...,s}. gi(x) is called a 6;-palindromic polynomial if
bZ—G( ;) forallj € {0,1,... s}, fori=1,... ¢

Theorem 6.1. Let C; = (f; (v)) be a skew cyclic code of length n over A;, for i = 1,3, ..., t, where f;(x) is a right divisor of
" — 1 and deg(fi(z)) is odd. If f;(x) is a 6;-palindromic polynomial then &;(C;) is a reversible DNA code.

Proof. Let f;(x) be a §;-palindromic polynomial and f;(z) = af +ajx +...+ab,_2** . So a} = 0;(ab, ,_;), forall
j=0,1,...,s—1,i=1,3,...,t. Let h(x) = h{+hiz+...+hi,_ 2**"1. Let b} be the coefficient of 27 in h; () fi(z).
For any « < n/2, the coefficient of 2* in h;(z) f; () is

Z hi6!(a

2k—1—3
1702

M=

and the coefficient of 2"~V is bf, )

= > hb, (aby | (5= ])) fori=1,3,...,t

0

<.
I

The polynomial h;(z) fi(z) = i hia? f;(x) corresponds a vector b = (b, b, ...,bl, ;) € Cj, fori=1,3,...,t
p=0

The vector & (b) " = ((& (b)) . & (bi),....& (b5_1)))" is equal to the vector &; (z), where the vector z corresponds
2%—1

the polynomial Y 6;(h})z**~1=7fi(z)fori =1,3,...,t. So &(C;) is a reversible DNA code. O
p=0

Theorem 6.2. Let C; = (f; (x)) be a skew cyclic code of length n over A;, fori =1,3,...,t, where f;(x) is a right divisor of
™ — 1 and deg(f;(x)) is even. If f;(x) is a palindromic polynomial then &;(C;) is a reversible DNA code.

Proof. Let f;(z) be a palindromic polynomial with even degree filx) = af +adlz+ ...+ b2 and o} = a,_,, for
allp=0,1,...,s,fori=1,3,...,t Let hy(z) = h{ + hiz + ... + hi,z?*. Let bl be the coefficient of z in h;(x) f;().
For any x < n/2, the coefficient of =" in h;(z) f;(x) is

théﬂ

and the coefficient of z" "V =" is b, ) = 3" hiy, ]01(%) Na, (wjy)s fori=1,3,.

2%k -
The polynomial h;(x)fi(x) = Y hiaP fi(x) corresponds a vector b = (bf, b}, ...,bl, ;) € C;, fori =1,3,.
p=0

The vector & (b) " = ((& (b)) . & (b%),....& (b),_,)))" is equal to the vector &; (z), where the vector z corresponds
2%k

the polynomial Y 6;(hi)z* 77 f;(x). So &(C;) is a reversible DNA code. O
p=0
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7. 0;,—set

In this section, we will obtain DNA codes by using 6;—set, where §; is a non trivial automorphism on A; for
i1=1,..,t

Definition 7.1. Let fo1,. .., fo 2: be polynomials dividing ™ — 1 over Z4 and let f;_1 1, fi—1,2 be polynomials with
deg fi—1,1 =dij—1,1,deg fi_12 = d;_12 and both are over A;_; fori =1,2,...,t. Let

fi=wificig+ A +w)fic12 € Aifz]

and
ficin = wimificon + (1 +uim1)fic22
fic12 = wicifices+ (1 +ui—1)fi—24
ficon = wi—ofi—sa+ (1 +ui—2)fi—s2
fic22 = wi—ofi—zz+ (1 +ui—2)fi—za
ficos = wi—afi—ss+ (1 +ui—2)fi—se
ficoa = wiofisr+ (1 +ui—2)fi—zs
fin = uwifoq+ (1 +ui)foe
fie = wifos+ (1 +u)foa

frai-r =uifooi 1+ (1+u1)fo
Let m; = min{n — d;_1,1,n — d;_1,2}. The set L(f;) is called a #;-set and is defined as

L(fl) = {EO:Ely"'7Emi717F07F17'-'7Fmi71}

where E; = 27 f;, F; = 296;(h;),0 < j <m; — 1,i=1,2,... ¢t
If deg fo,25 > deg fo,26—1,

higs = wq pdes fo,2s—deg .f0,2571f072871 + (14 u1) fo.2

otherwise
1 deg fo,2s—1—deg fo,2s
hi,Ls - ulfO,stl ( ul) x o o )0,25

where s =1,2,...,2 1 and
If deg hj1,2¢ > deghy1,20-1,

deg fii1.2¢—deg fi t—
it = ugpdosfinzmdegfiracip, | o 4 (14 ug) by o

otherwise
deg fi 1,2¢—1—deg fii
hi,2,t — Uth,l,Zt—l + (1 + ’U,g) T eg fi,1,2t—1 egf«l‘chLl’Qt

wheret =1,2,...,2"" 2 and

If deg h;i—2,20 > deghii—2 201,
deg hi i—2,20—deghii_2,20—
Rii—1,0 = wj_qxte8NHi-220 7R RLi=2 201 ], 0 o o0 0+ (14 wi—1) Ry im2,20

otherwise
degh; i—2.20v—1—degh; i—
hii—1,0 = Ui—1Rii—220—1 + (1 +uy_q) x@08 1 Him220m1 7B Riz220 0 o o),

where v = 1,2 and
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If deg hj ;1,2 > degh;i—11,
deg hii—1,2—degh; 1,
hi = uzCe8tiim 2T ER T b, gy 4+ (1 wi) hiia,2
otherwise
dC'hi qi— —de hi i—1,2
hi = wihii—11 + (14 u;) 008t 7B, 0 g 5.

L(f:) generates a linear code C; over A;, where i = 1,2, ..., t. It will be denoted by C; = (fi),, or C; = (L(f3)).
It means that it is A;-submodule generated by the set L(f;), wherei = 1,2,...,t. Let f; = af + ajz + ... + ala? €
A;lx], 0;(h;) = by + biz + ...+ bia®, wherei =1,2,...,t. The A;-submodule can be considered to be generated by
the rows of the following matrix

F B T
Bl e oa @ a0 . 0
E, b bll_ by, b;&l b, 0 0

L(f) = Fr | |0 aé ai ay e ay 0 0 , 0
E, 0 by b ce e b 0
Fy . .

Theorem 7.1. Let fo,1, ..., fo,2: be self reciprocal polynomials dividing ™ — 1 over Zy. Then C; = (L(f;)) is a linear code
over A; and &;(C;) is a reversible DNA code, where the map &; is from C; to Sgr,fori =1,2,...,t

Proof. 1t is proved as in the proof of the Theorem 4.3 in [3]. O

Corollary 7.1. Let fo1,..., fo 2 be self reciprocal polynomials dividing ™ — 1 over Z4 and C; = (L(f;)) be a cyclic code
over A; fori=1,...,¢t. ] “”;:11 € C;, then &;(C;) is a reversible complement DNA code.

Example 7.1.

Joa(z) = 2(z+1)
foolz) = a* =2 +2? —x+1

where all of them divide z'° — 1 over Z4. Hence,
fi=uifor+ (1 +wur) foe

over A;. Thatis
f2 = (1+U1)I’4— (1+U1).’L‘3+(1+U1).’L’2 — (1 —U1)$+1+3U1.

We get h1 = u1x3h1,071+(1+u1)h170,2 = (1 + 3U1) .274—(1 — ul) .273—1—(1 + ul) .172—(1 + ul) 17—|—].—|—U1 SO, 01 (hl) =
- EO -

Fy

£y

urzt —ur 2 +(2 + 3u1) 22— (2 + 3u1) 2+2+3u;. Since m; = 6, we consider the generator matrix of C Fi | where
Es
| F5 ]
Eo=fi,By =af1,By =21, B3 =23 f1,Ey = a* 1, E5 = 2 f1, Fy = 01 () , F1 = xb (hy) , F> = 2?0y (hy), F3 =
1391 (hl) ,F4 = .1‘401 (hl) ,F5 = 513591 (hl) If we take Qo = 0,0[l = 1,042 = U1,z = 07014 = 0,0[5 = 0,/3)0 = 1,51 =
0,82 =1,83=0,04 =0, 85 = 3, then vo Eg+ 1 E1 +ao By +azEs+ou By +as Es+ Bo Fo + B1F1 + BoFo + B F3 + B4 Fy +
BaFy = 3urx® +ug xS+ (2+up)z” + (2 + 2up) 28+ (3 + 3uy) 2° + (1 + uy) 2+ (3+up )2 + (34 3uy ) z? + 32+ 2+ 3u;.
It corresponds to the codeword

d, = (2+3u1,3,3+3u1,3+u1,1+u1,3+3u1,2+2u1,2+u1,u1,3u1)

Hence, 51 (dl) = GTCCCGCATGCGGAGCATAC. Moreover, 91 (Oéo) F5 + 91 (Oll) F4 + 91 (OZQ) F3 -+ 91 (O[g) F2 +
01 (aa) Fi + 01 (a5) Fo + 61 (Bo) E5 + 01 (B1) Ex + 61 (B2) E3 + 61 (B3) E2 + 01 (Ba) Ex + 61 (B5) B = (1 +u1) 2 +
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328 + (2 + w1)a” 4+ 3urz® + (2 + 3ug) 2° + (2 + w1) 2t + 2uy 23 + (3 4 3ug)2? + (1 + 3uy) 2 + 3 + u corresponds to
the codeword

d2 = (3 +’U,1, 1+ 3U1,3 + 3U1,2’U,1,2 + U1,2 + 3U173U1,2 + U173, 1 +U1)
Hence, & (ds) = CATACGAGGCGTACGCCCTG. So, (£1(ds))" = &1(dy).

Example 7.2.

fo1(z) z+1
foo(x) = 2*+ax+1
fos(x) = 25+2°+1
foalz) = z+1

where all of them divide z° — 1 over Z4. Hence,
fo=wua (U1 fo1+ (1 +u1) fo2) + (14 u2)
over A,. Thatis
fo=uy (14 up) 2% +uy (14 up) 2> + up (14 uy) 2 + (14 ug + 2us + 3ugus)  + 1 4 2uy + 2us.

Since h27111 = uleo,l + (1 + ul)f()g and h2’1’2 = U1f0,3 + .1‘5(1 + Ul)f0,4/ we get h2 = UQ.ZAhQ’Ll + (1 +
Ug)h271,2 = (1 + 2u1 + 2U2) .’L‘G + (1 —+ up + QUQ + 3U1UQ) 1’5 + (1 + ul)uQx4 + (1 +UQ)U1.”L'3 +U1(1 + UQ). SO, 02 (hg) =
(14 2uy + 2ug) 254(3 + 3ug + 3uyug) 25+(2 + 3uy + 2ug + ugug) 28 +(2 + 2uy + 3ug + uguz) ¥3+(2 + 2u; + 3ug + uiusg).
Ey
Fo
Ey
Fy
Ey
F
(92 (hQ),Fl = ./L'QQ (hg) ,Fg = JJ292 (hg) If we take Qp = 0,0[1 = 0,0[2 = 3,ﬁ0 = O,ﬁl = Q,ﬁg = 0, then
O[(]E() + OélEl + O[QEQ + ﬁoFQ + 61F1 + B2F2 = 3’LL1(]. + ’U,Q).Z‘S + 2.177 + (2 + 2’LL2 + 2u1u2) IG + (u1 + U1UQ).Z‘5 +
(u2 + uruz)z* + (3 + 3ug + 2us + uruz)z® + (3 + 2ug + 2uz) 2% + (2uz + 2uquz) . It corresponds to the codeword

Since my = 3, we consider the generator matrix of C , where By = fo,E1 = xfs, By = 225, Fy =

d = O,QUQ+2U1U2,3+2U1+2UQ73+3U1+2U,2+U1UQ,
V7 wo 4 wius, un 4 urus, 2 + 2us + 2uqug, 2, 3ur + 3uqus

Hence, &2(d1) = AAAAAAGACTTCCGTTAATGATAGGGAGGGGGACAG. Moreover, 05 (o) Fa+62 (1) Fr +
03 (a2) Fo+ 02 (B0) B2+ 02 (B1) E1+ 02 (B2) Eg = 2u1 (1 +u2)z” + (3 + 2ug + 2u2) 28+ (1 4+ ug + ugug) w5 + (2+ 3ug +
2ug + uug)rt + (2 + 2ug + 3uz + ugug)x® + (2 + 2uy + 2ugug) 2% + 22 + 2 + 2uy + uz + 3ujug corresponds to the
codeword
do — ( 2 4 2uq + us + 3uius, 2,2 + 2ug + 2uqug, 2 + 2uy + 3ug + ujus, >
2= 24 3U1 + 2’LL2 + UiuU2, 1+ U + Uiug, 3+ 2u1 + 2U2, 2’LL1 + 2U1U27 0

Hence, &(dy) = GACAGGGGGAGGGATAGT AATTGCCTTCAGAAAAAA. So, (&5(ds))” = &(dy).

8. Conclusion

The DNA codes are obtained with three different methods by using cyclic, skew cyclic codes and 6;-set over
a family of the rings A;. A one to one correspondence between A; and {A,T,C, G}* is constructed by using a
map.The sufficient and necessary conditions of cyclic codes over A, satisfying the reverse and reverse complement
constraints are given, respectively. By defining a non trivial automorphism 6¢; on A;, the skew cyclic codes are
introduced. By using the skew cyclic codes over A; and the 6;-set, the DNA codes are obtained. In a future work, it
can be identified the new ring family and its associated Gray map reversible and reversible complement codes to
search for optimal DNA codes that meet all or some of the constraints.
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