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Abstract

In our observation, we have used an easy and reliable approach of the reduction perturbation method to obtain the solution of the
ion temperature gradient mode driven linear and nonlinear structures of relatively small amplitude. One can use that methodology
in the more complex environment of the plasma and can obtain a straightforward approach toward his studies. We have studied
different parameter impacts on the linear and nonlinear modes of the ITG by using data from tokamak plasma. Hence, our study is
related to the tokamak plasma and one that can apply to the nonlinear electrostatic study of stiller and interstellar regimes where
such types of plasma environment occur.

Key words: Ion temperature gradient; soliton; shock; electron-ion plasma; reduction perturbation method; linear and nonlinear
structures
AMS 2020 Classification: 70K60;35A09; 35G20

1 Introduction

Most of the research work has been done on the linear and nonlinear structures over the last few decades and its applications are compared
with the stiller and interstellar spaces where the medium is plasma [1, 2, 3]. For that purpose, many researchers investigated the electron
temperature gradient (ETG) and ion temperature gradient (ITG) drift mode in which some of them used the simplest slab geometry (4, 5]
and the other used some complex geometry like toroidal geometry [6]. Mathematically ITG coefficient is defined as n; = Ln/Ly [10] while
Ly =1/2xInT;,(x) and Ln = 1/3xInn;,(x) are the ion temperature and ion density scale lengths. For the first time, ITG driven mode was
studied by Sagdeev and Rudakov [4], then the work extended to the nonuniform number density of plasma species with a shear magnetic
field where ion kinetic effect was also introduced in their calculation. The same research was extended further with inhomogeneous plasma
configuration for the instability limits in the toroidal geometry. Further, the pressure effect in the same geometry was also observed [5].
Under the external magnetic field applied to the plasma, some of the new properties of the ITG mode were introduced by Hahm and Tang
[8]. Jerman et al. [10] using heat flux effect in the energy balancing equation and Braginskii’s equation to derive ITG mode equation for the
simple Maxwellian electron-ion plasma. The ITG and toroidal ITG modes were studied and coupled by Shukla [11, 12] the same scientists
also obtained theoretical calculations for the dipolar vortices. Zakir et al. [13] calculated the nonlinear structure of dipolar vortices in the
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plasma where electrons species were considered to be super-thermal. Adnan et al. [14] observed low-frequency electrostatic waves in an
inhomogeneous plasma. Whether the instability is of ne type or n; type these both are very strong as compared to the gyro-radius (pe/p;)
and driven fluxes effects [18]. In the ITG mode-driven instability both temperature gradient and number density fluctuations are out of
phase, and those types of modes are robust in the non-thermal regime. n; mode instabilities are produced due to the free energy that is
stored in the form of ITG mode [16, 15].

Fluid-like plasma is complex and nonlinear where the nonlinear structures like solitary shock waves can transport heat energy, mass,
and momentum inside the fluid from one to another, bringing instability in the [19, 20, 21, 22]. The nonlinear collision-less structures
were studied by Sabry et al. [23] in a plasma whose constituents are electron-positron and ions. Nonlinear solitary waves were studied by
many authors considering various models of plasma [24, 25], shocks [26] and vortices of the two dimensional by the authors [27, 28, 29].
For the first time, Zakir et al. [17] studied the linear and nonlinear solitary and shock waves structure in the ITG driven mode instability
by considering electron to be Maxwellian and ion dynamic. Khan et al. [30] extended the work by incorporating the entropy drift in the
momentum equation of the fluid and the effect of entropy in the ITG mode, his study revealed that entropy is an essential factor in the
transportation of instability in the plasma. Javed et al. [32] theoretically obtained the solitary wave potential solution from the kdv equation
in the ITG mode by homotopy perturbation method (HPM) and compare the solution of the analytical and HPM method and gives that both
types of solutions agree with each other if the time interval is taken very small. Aziz et al. [33] observed ITG mode soliton and shock in
electron-positron-ion magneto-plasma by taking electron and positron species as Maxwellian; the same work is carried out by Rehan et al.
[34] and investigated the linear and nonlinear mode in (e-p-i) plasma taking electron to be super-thermal. Zakir et al. [17] studied the
effects on the shock and solitary structure by taking the heat flux effect in the energy balancing equation of the ITG mode. Aziz et al. in [35]
studied electron-positron-ion magneto-plasma by considering the entropy effect has study shows that it is one of the dominant factors in
plasma parameters that can change the various linear and nonlinear structures magnificently in the fluid.

To observe different nonlinear structures like a soliton, shock, etc., in various compositions and models of a plasma, we can use the
reduction perturbation technique (RPT). The reduction perturbation technique was first introduced theoretically to the problem’s solution
by [36, 37]. RPT has advantages like flexibility and algorithmic methodology to solve different problems in various fields of physics. Taniuti
and Wei [38, 39] suggested RPT to be a generalized technique for obtaining the nonlinear partial differential equation of the corresponding
waves in a model plasma [40]. Different types of waves to which that technique has been successfully applied are ion-acoustic in a hot and
cold plasma, magnetosonic waves in both hot and cold plasma, etc. [41, 42]. As the literature shows us that no one has yet solved the shock
and solitary waves solution in ITG mode by reduction perturbation technique so we for the first time investigating the problem of ITG mode
driven soliton and shock formation in the electron-ion plasma by reduction perturbation method (RPT). This article is divided into the
following sections: Section 2 gives MHD equations and the linear root calculation by the RPM method. In sections 3 and 4, we study the
solitary and shock waves profiles; Section 5 concludes the related article.

2 Theory related to the model

We consider a nonuniform plasma consisting of two species as electron and ion, with a background magnetic field along the z-axis i.e., BoZ,
where 2 represents the unit vector along the z-axis and By is the magnitude of the magnetic field. We also considered the temperature and
number density gradients in the x—direction to simplify the calculation of the ion temperature gradient modes driven linear and nonlinear
study i.e., dxn;, 7 0 and dxTj, 7 O for ions, here n;,, T;, are the equilibrium number density and ions temperature. The inertial mass for an
electron in comparison to the ion is so small, therefor ions are taken dynamic while electrons are subjected to have Maxwellian distribution.
We assume here low-frequency ITG mode i.e., 9; < w; = (eB/m;c), ( here e stands for the ion charge, m; is for the ion mass, B is taken for
the magnitude of the magnetic field and ¢ denote the speed of light). The fluctuations are considered to be electrostatic in nature, so we have
taken v x E = 0 in our calculation. The first equation of our model plasma for the ion temperature gradient mode is the ion momentum
equation that is [13, 17],

e 1
(0t +Vv;.V)vi=——E—- —(Vp;) (1)
! ! m; myn; -

where E = —v ¢. Under the action of some external forces plasma species are driven so the inhomogeneity occurs in different parameters
of the plasmaie., n; = ny, + ny, T; = Tjy + Ty with nj; < ny, and T, < Tj; (here the quantities with subscript 0 denote the unperturbed
parameters while those with subscript 1 denotes the perturbed plasma parameters). Ion velocity in the limit 9; < w;, superposed by
different drifts that is given as [13, 17]

Vi = VE + Vp; + Vp; + Vi X, (2)

where vg = i (Zx VD), vp; = (2x VP andvy; = - #‘”Ci(at +V;.V)2 x v; are the E x B drift, ion diamagnetic drift and ion polarization

C
eBon;
drift. Here @, P; represents the normalized electrostatic potential, ions pressure, and v;,, the drift velocity’s x—component. Here P; = n;T;
is the ion pressure. The ion continuity equation is given by [13, 17]

atni + V(nlvl) =0. (3)
The energy balance equation is given as [13, 17]

1
% (at + Vi . V)Tl + T,(V . Vl')nl' = —n—iV. [(BTI/ZQB())? X VTJ ’ (4)

(5T;j/2eBo)2 x VT; is known as Righi-Leduce heat flux term for ions due to the ion temperature gradient. Now at the last Poission equation
(that is based on the Gauss’s law for electric flux) is as [13, 17]

V2o = 4me(n; — ne). (5)
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Now to incorporate drift speed of ion v; in the equations of (1-5) and after a little manipulation we can get the continuity equation as [13, 17]

i 1 5 -
DN + vy VO — ipiZT 13;VvX(T+N+ @)+ dzv, = 0. (6)
In above expression, the new terms introduced are defined as Di = (0¢ +vg. V) [13,17], vy = (%) vinn, x 2,t= %,T = ;—,’; ,N = r;{—;’;

and © = % The momentum equation obtained is as
(3 +Vi502)Vj, + C2V {CD + 1 T+ N)} =o. 7)

here ¢s = psw;. Using the drift approximation in Eq. (4) and neglected the Righi-Leduce heat flux term in the same equation we can get
the energy balance equation as

2 2
atT— 7atN: T (T]l— 7> Vm.V(D. (8)
3 3
While the Poisson equation in the form of
n
V2O = oy (L"cD—N>, (9)
Mo
2 3 . . . . . . .
where o = 4”‘;% in the Poisson equation which is based on the electric flux according to Gauss’s law.
Phase velocity

To get dispersion relation for the ITG mode, we use a compelling reduction perturbation method (RPM). From the dispersion relation,
we then can extract phase velocity for the same mode that will reveal the linear behavior of the ITG mode. To proceed further, we first
introduce the stretching coordinate to express all the differential equations of Egs. (1)-(5) in terms of £— the coordinate system as did by
[44]. The stretching coordinates are givenas & = e 3 (¥ -t)and ¢ =€ 3 t where the parameter e has a very small value that represents, the
weakness of the mode amplitude and u is the phase velocity of the mode. We write equations (6)-(9) in the stretching coordinate and then
use the following power series for the different normalized quantities i.e.,

N 1 N
Vix = o1y i n Vlgn) m is a higher order of the perturbation (10)
T - 1 n:l € T(’%) ) g p i

(0] 0 Q)(n)

which gives a number of equations. To express the lowest order of different normalized quantities in terms of each other we compare e
power one to both sides of each equation in the form of

N = Vi 1), Ve (11)
u u
@ = G [, 1 (@), N
Vix = US [q) +T (T + N )] , (12)
2 2\ Vpi
() - gN(l) e (ni _ §> #cp(n, (13)
N = ol (14)

When coupled equations of (11 — 14), we can get

_Tvm'_g 5T_1_ 2\ Vni | _
1 U 2 {1+ ) (m 3) u}_o. (15)

Eq. (15) is a cubic root equation w.r.t u, where u is the phase velocity for the ITG mode. By a little algebraic calculation, we can find easily the
roots of Eq. (15). As the phase velocity is obtained from the linear algebraic equations, we can describe the linear properties of the mode
from the roots. One root of Eq. (15) is as

(16)

u= —
r

61 {(ZVH,-TZ +(2 x V2133 + (5 + 31)))) e r} ’
T

1
where T = (s +5,)3, 51 = 332V T3 — 272V T3 + 92V T4 + 203,76 and

Sy = \/T3(—4(V%i”l'3 +2(5+31))3 + v2,13(2v2, 13 + ¢2(33 — 27n; + 97))2). In Fig. (1), the graph shows the phase velocity against the
electron to ion temperature ratio v and the ion temperature gradient coefficient n;. Observation of the graph shows that by enhancing the
electron to ion temperature ratio, the phase velocity of the ITG mode decreases to the negative values, but the effect reverses as n; value of
the plasma enlarge in value. On the other side, the phase velocity increases with the ion temperature coefficient n;. These observations
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Figure 1. ITG driven mode phase velocity against t and n;.

Figure 2. ITG driven mode phase velocity against t and v;.

1x108 O

Figure 3. ITG driven mode phase velocity against = and n;.
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remain valid with the mathematical reasoning because < is related inversely with the ion temperature of the plasma so t value increase
means that the ion temperature decreases in the plasma, therefore, the mobility of the ion species decreases and also the phase velocity. On
the other hand, the ion temperature coefficient is related directly to the change of ion temperature of the plasma, so an increase in the n;
value means increasing the value of the ion temperature in the plasma and the mobility of the ions phase velocity. Fig. (2) shows us that
with vy,; and t value the phase velocity of the linear mode can be enhanced here again. The ion drift speed v,; related directly with the ion
temperature of the plasma by increasing the v,;; value means to increase the value of the ion temperature and we can see from the Fig. (2)
that t value changes by minimal factor but with a significant chance of the v,,; the phase velocity of the mode change abruptly. Now Fig. (3)
reveals the same variation for the phase velocity against v,,; and n; as in the graph first of the article for  and ;.

3 Solitary waves

Now to obtain a nonlinear structure in the ITG driven mode (i.e., solitary and shock waves). We compare the next higher power of € in the
magnetohydrodynamics equations (such as in the continuity equation, momentum equation, energy balancing equation, and Poisson
equation). We obtained linear and nonlinear differential equations in the form

0N = Vil @ _ oy 0,0® - LPIT 53 (70) N, 9@ 4 1o,,@) = g 17)
1 - o TVpiOg DT g( ) uf&8vin =9 7
(1) 2
PN ¢ B W, ¢ @), -1 (72, N2 2 @, 1 (D, NOY] =
e Vi +%aavix +U$aa[d> +T (T + N )]+csae [CD +T (T + N )]_0, (18)
— 0, T + %aa NG =« (T'li - %) Vni (%aa‘bz + aeq’l) ) (19)
1
T 7ol = (N* - 0?), (20)

where, N (1), N®@) are the normalized ion-number density of order first and second, ® (1), ® (@) are the normalized perturbed potential of
order first and second, TV, T(2) are the normalized ion-temperature of order first and second, vjy, vg) are the ion-drift x-component of
order first and second, v,,; ion-number density drift, u phase velocity of the mode, p; ion gyro-radius, cs acoustic speed, n; ion-temperature
gradient coefficient, o; = (zmeznio)/Te, and t = Teo/T},. Now, combining Egs. (17)-(20) we get the following nonlinear Korteweg-de-Vries
(KdV) type of equation as

A9, @' + A, 010, ' + A3d3 @' = 0, (21)

2 -1
p?tlu < % -1 (ﬂi - %) %) + % CJ;“I } Dividing both sides of Eq. (21) by A; coefficient we get

2¢2 2 a 5tt 2
where Ay = ¢tV + U (1 + V) — 35 (n,- - ;)Vm- +F <1+ 3 ) 1Az = —u(u - tvy)* and
1
2

ae<D1+A<Dla£<D1+Ba3£<D1:O, (22)

Ay

where A = % and B = 32. The solution of Eq. (22) can be written (using a new variable as Q = & — u¢ where u is the speed of the solitory

waves in the ITG mode) as

_ 2 [Q
@ = dgsech [W} ) (23)

where 3! = @y and /42 = w.

Figure 4. ITG driven mode KDV equation nonlinear coefficient versus n;. under the effect of ion to electron temperature ratio.
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Figs. (4) and (5) show that the nonlinear A and dispersion B coefficients of the kdv equation become smaller in value with the ion to electron
temperature ratio T;/Te of the electron-ion plasma. So, we can observe the effects of different plasma parameters on the nonlinear and
dispersion coefficients that will affect the magnitude as well as the sign of the coefficients hence the solitary and shock wave structure in
the plasma can be changed from the compressional to the refractional type of soliton/shock.

0.272601

0.27255¢

0.272501

0.272451

0.272401

0.27235¢

0.27230

Figure 5. ITG driven mode KDV equation dispersion coefficient versus n; under the effect of ion to electron temperature ratio.

Figure 6. ITG driven mode solitary wave potential against the phase of the soliton n and n;.



Figure 7. ITG driven mode solitan potential against phase of the soliton Q and .

Figure 8. ITG driven mode solitary wave potential against phase of the soliton O and vy;.
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Figure 9. ITG driven mode solitary wave potential against phase of the soliton Q.
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Figure 10. ITG driven mode solitary wave potential against phase of the soliton Q.

That observation shows that both types of solitary waves can exist in the ITG mode at the low value of n;—mode plasma a depth type of
solitary waves are generated. In contrast, for n; > 1 hump type of solitary waves are generated in the plasma it depends on the sign of the
nonlinear coefficient of the KdV type of equation for a low value of ion temperature gradient coefficient its value is negative so refractive
solitary waves are produced. Still, when the ion temperature gradient coefficient value is more significant than one, the compressive type
of solitary waves is generated in the plasma. Also, dispersive properties of the solitary waves increase with the lowering of the n; value
while its amplitude is decreased by decreasing n; value. Fig.(7) has been sketched among the soliton potential ® against the soliton phase
Q, and its phase velocity u, which show that the solitary wave potential enhances in amplitude for low phase velocity while diminishing
for the high phase velocity and also the dispersion properties of the soliton increases with the high phase velocity of the solitary waves
in the electron-ion plasma. Fig. (8) is the graph of solitary wave potential against its phase and ion number density drift vni that shows
the same situation as the previous graph i.e., with the drift velocity of the ion number density soliton potential decreasing in amplitude
but its dispersive properties increases. Maybe the decrease in the amplitude of the solitary wave is due to the ion temperature and greater
ion number density of the plasma because these plasma parameters can change its viscosity and bring more dissipation in the plasma.
In Fig. (9) we have investigated the solitary wave potential against its phase Q , which shows that the amplitude of the solitary wave is
independent of the external magnetic field applied to the ITG mode driven electron-ion magnetoplasma. Still, the dispersion properties of
the small amplitude solitary waves decrease with the background magnetic field’s strength. While Fig. (9) shows the relation of the solitary
waves against the soliton phase, with the ion temperature coefficient ; the amplitude of the solitary wave becomes enhanced, and the
dispersion properties of the waves is also increased with n;. We can obtain the electric field from the solitary wave potential using a basic
definition, i.e., E = -V ®.

4 Shock wave

The shock wave can be generated in a fluid only when the dissipation effect is larger in a medium as compared to the dispersion. So,
2 : . . . . . . . . .
including the dissipative terms (i.e., ny %) in the ion momentum equation, we will get a nonlinear Burger-like differential equation
X

whose solution gives us the shock structure in the medium

A0 @' + A, 010 0 - A 070 = 0. (24)

2 2 2 -1
A, = {Tvni+u(1+TVm‘)_ % (ﬂi - %)Vm’ +F <1+ STg; )},
A, = —u(u — tv,;)?,and
A, =ny(u — tvy;) dividing both sides of Eq. (24) we get the nonlinear partial differential equation in the form as

3, @'+ A0 @' - CoZa’ = o, (25)

where A = ﬁ—f andC = ‘2—‘1‘ the solution of Eq (25). By using a new variable as Q = & — u¢ is given as

I

D = Dy {1—tanh<

i)

here 4 = @ and &L=z



Figure 11. ITG driven mode Shock wave potential against phase of the shock Q and n;.

Figure 12. ITG driven mode Shock wave potential against phase of the shock Q and .
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Figure 13. ITG driven mode Shock wave potential against phase of the shock Q and vy;.
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Figure 14. ITG driven mode Shock wave potential against phase of the shock Q.
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Figure 15. ITG driven mode Shock wave potential against phase of the shock Q.

Fig. (11) is a graph of the shock wave potential against the phase of the shock and ion temperature gradient coefficient n;. That figure
gives a very interesting observation about the shock wave profile that for n; < 1 then a rarefaction type of shock waves is produced in the
plasma while compression type of the shock waves is produced when n; > 1. Here the reason is the same as for the solitary waves because
the nonlinear and dissipation coefficients of the kdv-Burger equation Eq. (25) can change its sing by changing the values of the plasma
parameters. Fig. (12) reveals that the shock wave amplitude becomes smaller with the electron to ion temperature ratio, possibly, the
high temperature species electron of the plasma presents opposition to the shock wave in the plasma due to the ion species. Similarly,
the effect observed in Fig. (13) where the rise in the drift velocity of the ion can enlarge the shock wave amplitude and vice versa, may be
the high ion number density in the fluid offer resistance to the production of the shock wave. In Fig. (14) we have compared the shock
wave against its phase the 2-dimensional plot, here we can see that the amplitude of the shock with the ion temperature coefficient n;
increases and the same variation observed in Fig. (15) for the shock wave potential against its phase for the different values of the ion to
electron temperature ratios, here we see the vibration of the shock wave amplitude is larger as compare to the previous Fig. (14). We have
used the following parameters in analyzing the linear dispersion relation, nonlinear shock and solitory wave n = 10%4cm™3, By =1 x 1074,
Tj = 01Te, np = 0.001n¢ , 1; = 2, ¢s = 109 €M jon gyro-frequency w,; = 104194, in &-coordinates u = 106<M, « = 0.1rad. These values are in
agreement with the previous literature [13, 15, 17, 33, 35].

5 Conclusion

We have studied here the linear and nonlinear properties related to the ion temperature gradient (ITG) driven mode in the electron-ion
plasma. Ions are observed to have dynamics while electrons follow the Maxwellian distribution in our consideration. We have derived the
linear and nonlinear ITG modes by using a set of MHD equations for electron-ion plasma and then using the reduction perturbation method
to derive the phase velocity for the mode that was independent of the wavenumber k of the wave, as has been shown in the calculation.
Then we obtained a nonlinear structure in the form of solitary and shock waves in the same electron-ion magneto-plasma. We have shown
in our calculation that different parameters like ion temperature, ion number density, magnetic field, etc., can affect the phase velocity as
well as the shock and solitary waves in the electron-ion plasma.
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Abstract

In this paper, we consider the constructive equations of the fractional second-grade fluid. The considered fluid model is described
by the Caputo derivative. The problem consists to determine the exact analytical solution using the Laplace transform method. The
influence of the order of the used fractional operator has been presented in this paper. We also analyze the influence of the Prandtl
number in the dynamics of the temperature distribution according to the variation of the order of the Caputo derivative. The impact
of the second-grade parameter and the Grashof number in the dynamics of the velocity has been presented and discussed. The
influences of the parameters used in the modeling have been interpreted in terms of a fractional context. In general, it is shown
that the order of the fractional operator influences the diffusivity of the considered fluid. This influence can cause an increase or
decrease in the temperature and velocity distributions. The main findings of the paper have been illustrated using the graphical
representations of the considered distributions according to the order of the fractional operator.

Key words: Second-grade fluid; Grashof number; Prandtl number; Laplace transforms
AMS 2020 Classification: 26A33; 35C15; 42A38; 35K57

1 Introduction

The field of fractional calculus and its application has grown many attractions these last decade. There exist nowadays many theories and
applications related to the field of fractional calculus [1]. The attraction of this new field is due to the memory effect and the heredity noticed
in the fractional operators. We have many fractional operators as the Caputo derivative and the Riemann-Liouville derivative which are
known as the fractional derivative with singular kernels [2, 3]. We have also the so-called Atangana-Baleanu fractional operator and the
Caputo-Fabrizio derivative which are known as the fractional operators with non-singular kernels [4, 5]. These singular and non-singular
derivatives appear in many papers with applications to physical modeling [2, 6, 7], biological modeling [8, 9, 10, 11, 12, 13, 14], sciences
and engineering modeling [15, 16, 17, 18, 19], mathematical physics modeling [20, 21, 22, 23, 24, 25, 26], physics modeling [24, 27] and
others domains [28, 29, 30, 31, 32]. The field of fractional calculus is interesting but there also exist many questions without responses.
The following questions are asked in the field of fractional calculus: what is a fractional operator, why fractional operators, what are the
advantages, and the motivations of using the fractional operators? Some of these questions have responses but some of them are still
without concrete responses. Modeling fluid, and nanofluid with fractional operators have attracted many authors these last decade. The
investigations related to modeling fluid and nanofluid with the fractional operators can be found in the following papers (20, 33, 34].

The literature concerning the fluid and second-grade fluid models with fractional operators is long. In this part, we recall the literature
review. In [33], the authors have proposed a model related to free convection flow near a vertical plate described by Caputo derivative and
have considered its solution via Laplace transform method. In [20], the authors have taken into account the analytical solutions via Laplace
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transform for a fractional double convection problem of fractional viscous fluid particularly described by a Caputo fractional operator. Ali
etal. in [35] have proposed the exact analytical solution of MHD free convection flow of generalized Walters’-B fluid model described by
new fractional operator namely Caputo-Fabrizio derivative. In [36], the authors have obtained a solution for the free convection flow of
generalized Jeffrey fluid described by the Caputo-Fabrizio fractional. In [15], the authors have used the Laplace transform to get the exact
analytical solution of the MHD flow of water-based Brinkman type nanofluid. In [37], the authors have used the Caputo derivative to model
heat and mass transport of differential type fluid and have examined the exact analytical solution using the Laplace transform method.
In [38], the authors have studied the unsteady MHD free convection flow of Casson fluid past over an oscillating vertical plate embedded in
a porous medium, the Laplace transform has been used in such paper to get the analytical solutions. In [21], the authors have proposed a
comparative study between the Caputo-Fabrizio derivative and Atangana-Baleanu derivative in modeling the generalized Casson fluid
model with heat generation and chemical reaction. In [28], Tahir et al. have proposed the analytical solution of the heat transfer flow of
Maxwell fluid described by Caputo-Fabrizio time-fractional derivative. In [39], the authors have studied the MHD flow of a Casson fluid
over an exponentially shrinking sheet, the analytical solution of the proposed model has been proposed via the Adomian Decomposition
Method. In the same direction of investigations related to the determination of the analytical solution using Laplace transform for the
models with integer-order derivative see in [40].

In this work, we focus on the analytical solutions of the constructive equations of the second-grade fluid model described by the Caputo
fractional operator. We use in this paper the Laplace transform method for getting the analytical solution. The advantages of the present
investigations are we use the resolution of second-order differential equations which are not difficult to be performed. The second advantage
of the present paper is the analytical solutions can be rewritten using the exponential function, the Mittag-Leffler function, the wright
functions, and the Gaussian error function. The memories effect present in the Caputo derivative will also be an advantage in the present
paper because the order of the Caputo derivative will play accelerations or retardation effect on the dynamics of the velocity and the
temperature distribution of the considered model.

The contents of the present paper are structured as follows. In Section 2, we try to recall the fractional operators most used in the literature
of fractional calculus. It will permit the readers to be familiarized with the fractional operator. In Section 3, we describe the fractional model
using the Caputo derivative. In Section 4, we give the approaches to get the analytical solutions using the Laplace transform method. Note
that the Laplace transform of the Caputo derivative will be frequently used. Discussion and the interpretations of the influences of the
parameters utilized in the modeling have been provided in Section 5. We finish the paper with final remarks in Section 6.

2 Fractional operators

This section is devoted to giving the definitions of the fractional operators and the functions which will be used in this investigation. For
present works, we need the Caputo fractional operator, the Riemman-Liouville integral, the derivatives with son singular kernels, the
Mittag-Leffler functions, the wright function, and others. We also will recall the Laplace transform of the Caputo derivative because this
tool is fundamental in our investigations regarding the method utilized in the present paper. The Riemann-Liouville integral is described
in the following definition.

Definition1 [2, 3] The representation of the Riemann-Liouville integral of a considered function g : [0, +co[— R can be expressed as the

following form

t
(1%) (t) = ﬁ L (t - )% g(s)ds, )

the I'(...) denotes the Gamma function and with order « verifying the condition that « > 0.

The Riemann-Liouville integral has its associated fractional derivative known as the Riemann-Liouville derivative. We give its definition in
the following definition. This definition can be found in many papers in the literature.

Definition 2 [2, 3] The representation of the Riemann-Liouville derivative of the considered functiong : [0, +co[— R, of order « as the form

d (t -
D%g(t) = r(%_“)ajo g(s) (t —s)"~ds, (2)

thetimet > 0, is the order of the operator and satisfies the condition that « € (0,1) and I'(...) represents the Gamma Euler function.

The Riemann-Liouville derivative has an increasing reputation in the problems related to the existence and the uniqueness, the stability
analysis of the fractional differential problems. In modeling real words problems the initial condition makes this operator very limited
because the real-world problems’ initial conditions are not compatible with the Riemann-Liouville derivative. Therefore this derivative
is not used in modeling biological models, fractional chaotic systems, and other real applications. The Caputo derivative is adequate in
modeling real word problems and is defined in the following definition.

Definition 3 [2, 3] We denote the Caputo fractional derivative with the considered function g : [0, +oo[— R, of order « as the following
representation

wqpy o L tdg —«
D%g(t) = Fa-o) L ds (t—s)"*ds, (€))

witht > 0, and the order of the derivative obeys to the assumption that « € (0,1) and I'(...) is the Gamma Euler function.

The Caputo derivative is the most used derivative in the literature of fractional calculus. The motivation is due to the fact that this derivative
is compatible with the initial conditions used in modeling real word problems. In this paper the Laplace transform method is used for
getting the exact analytical solutions, therefore we define in the following line the Laplace transform of the Caputo derivative. We have the
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following representation (2, 3]
£{(D&g) O} = s*£{g(t)} — s*7'g(0). (4)

with the order « satisfies the condition that « € (0, 1). The symbol £ denotes the Laplace transform. The Laplace transform in Eq. (4) will
play a fundamental role in the present investigation.

Before closing this section, we recall the definitions of the fractional operators with non-singular kernels. These derivatives have many
applications these decades and many papers have been written to illustrate the applications of these derivatives in modeling physics, biology
models, science, and engineering.

Definition 4 [5] We represent by the following equation of the Caputo-Fabrizio derivative of the function g : [0, +co[— R, of order « in the
following term

t
D*%Fg(t) = SO [ g9y exp (1 (6= 9) s, %)

1-x Jo

where the following the condition t > 0, the order of the fractional derivative obeys to o € (0, 1) and CF(...) denotes the normalization term and
respects to the condition CF(0) = CF(1) = 1.

Definition 5 [4] The definition of the Atangana-Baleanu derivative of the function g : [0, +oco[— R, of order , that is

t
Do B(0) = 152 [ g sk (~ 1 oe-9)7) ds, (6)

respecting the condition thatt > 0, the order of the fractional derivative o € (0,1) and AB(...) is the normalization term and obeys to the condition
AB(0) = AB(1) = 1.

We finish this section by recalling the special functions which are used to express the analytical exact solutions in this paper. We have the
Mittag-Leffler function and the wright function represented in the following expressions [33],

%S} Xk
Eqyp(X) = go Tlak+ B)’ (7)

with « > 0, B € Rand x € C, and we define the Wright function [33] with three parameters as the following

Xn

¢(B,—0»X)=r§m: (8)

with the following conditions ¢ € (0,1), 3 ¢ Randx € C.

3 Fractional model under Caputo derivative

This section is devoted to the presentation of the second-grade fluid model subject of our investigations. To arrive at our end, we describe
the following procedure. The sketch of modeling can be found in the literature in the following papers (20, 33], the significant difference in
the model is the initial condition which play important role in the form of the analytical solutions. We take the plate vertical at x-direction
and we take y-direction perpendicular to the plane generated by the plane. We consider that at the initial time, then the fluid and the plate
are at rest to the constant temperature To,. At starting time, we suppose that the heat transfer from the plate to the considered fluid is
proportional to a local surface temperature denoted by T. For the rest of our modeling, we consider the use of the Boussinesq approximation
and then we get the following partial differential equations

ou o 9 92u B

% (V"'?a)aiyz"'gﬁ(’r Teo), (9)
ai,T = Lﬂ (10)
ot~ pcp oy?’

The initial and boundary conditions adopted in this present investigations are described as follows

v(u, 0)

0, T(x,0) = Teo, (11)

T(,f) = 0, T(0,1) = Teo + [Tw - Too] {H . (12)
0

The problem consists to get the exact analytical solutions of the model (9)-(10), and then we need more simplifications of the previous
model. Therefore we introduce the following changes variables

(13)

2
Gr=plw, Pr= 22, rs*:ﬂ@). (14)
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We use the dimensionless variable described in Eq. (13) and Eq. (14) into Eq.(9) to Eq. (12), we get a more simplified form of the fluid model
considered in this paper, it is represented by the following

ou ?2%u o3u

R + BiatayZ +Gry, (15)

op 1%y

ot T oy (16)

with initial and boundaries dimensionless conditions given

u(y,0) = (,0)=0o, (17)
u(o,t) = o, (18)
w(ot) = t (19)

Replacing the integer-order derivative by the Caputo derivative in Egs. (15)-(16) due to the memory effect and the heredity of the Caputo
derivative and the generalization of the integer-order derivative to non-integer partial differential equations, we get the following model
which will be the subject of our investigations

22%u o%u
D¥u = 2 + D™ <6T;2> +Gry, (20)
wy . 10%
DXy = Proy (21)

As initial and boundaries conditions which the velocity and the temperature satisfy, we consider the following relationships

U()/y 0) = 'Ll)(yv O) =0, (22)
u(o,t) = o, (23)
P(o,t) = ¢t (24)

Furthermore, we add the supplementary conditions that both the temperature (1) and the velocity (v) converge to zero when the y tends to
infinity. In the following Table 1, the names of the parameters used in our modeling described in this Section 3 are provided.

Table 1. Parameter descriptions

Parameters  Descriptions

Pr Prandtl number
Gr Grashof number

¢ Heat at a constant pressure

g Acceleration constant

B Volumetric coefficient of thermal expansion
v Kinematics viscosity of the fluid

K Thermal conductivity of the fluid
o Second grade parameter

p Fluid density

4 Analytical approaches

In this section, we consider the initial and boundary conditions in Egs. (22)-(24) to give the analytical solution of equations (20) and (21)
via the Laplace transform method. The basic tool here is solving the second-order differential equations via the Laplace transform. The
sketch of the proof consists in first getting the exact analytical solution of Eq. (21) and using this solution to determine also the analytical
solution of Eq. (20).

Here we begin with Equation (21) under initial and boundary conditions described in Egs. (22)-(24). Applying the Laplace transform to
both sides of Eq. (21), we have that

x. 7 cx—1 — 1 az‘i’
ST —s P(y,0) = WTyZ'
I
sy = Proy?’
o
Y2 Prs*yp = o. (25)

Before continuing the resolution we also apply the Laplace transform to the boundary condition (24), we get that y (0, s) = 1/s2. Then the
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analytical solution of the second-order differential equation (21) in terms of Laplace transform is given as the following form

) exp [—varle]
P (x5) = ——— (26)

The determination of the inverse of the Laplace transform needs to use the called wright function. This function is recalled to the preliminary
section. Then the inverse of the Laplace transform given by Eq. (26) is given by

¥ (X, t) = td (2, —af2, —x\/Frt“"/Z) ) (27)

We now consider a special case obtained when the order of the Caputo derivative converges to one, that is « = 1. We repeat the procedure of
the solution with Eg. (25). Let consider this equation with the case « = 1, we have the following relationship

) exp [—x\/ﬁ}
P (x,5) = — (28)

The final step of the resolution consists to apply the inverse of the Laplace transform to both sides of Eq. (28), it yields that

_ [ x?Pr xvPr xv/Prt x2Pr
L|)(X,t)—< > +t>erfc<2ﬁ>—2\/7,T exp(—7>. (29)

The second step of the determination of the exact analytical solution of our model will finish with the resolution of Eq. (20). The method is
similar to the procedure previously applied with the temperature distribution. In the step of the determination of the velocity, we apply the
Laplace transform to both sides of equation (20), we get that

s*a—s*ta(y,0) = (1+Bs%) o’ +Gr
) axz )
_ a%a -
sa = (1+ps%) Fe +Gr,
3201 s Gr €Xp [—x\/Prs“]
— u = — . (30)
0y2 1+ s« 1+ Bsx s2

The solution in terms of the Laplace transform of the second-order differential equation (30) with initial and boundary conditions taken
into account is given by the following relationship

c exp [—x\/W] _exp [—x1 /%

u(x,s) = T o ) (31)
where C is given as
572 Prs—2
€=—6r {1+ Bsx [3Prs°¢+Pr—1] ’ (32)

To get the analytical solution, we have to apply the inverse of the Laplace transform to both sides of Eq.(31) and use the convolution product
properties. We have the following analytical solution

t
U, ) = JO at - ) (b(x, 7) - c(x, 7)) d. 33)

For obtaining the form of function, we apply the inverse of Laplace transform of the function C, we need to utilize the Mittag-Leffler
function. That is

_ Grtltx 1.4 Pr—1,
a(x, t) - B |:Eoc,2+oc <_Et ) _Eoc,2+(x <_ pPr t )] - (34)

We continue with the inverse of the Laplace transform of the function represented as the following form

beaysy = SR LP] -

S o
which needs some manipulations. The inverse of the Laplace transform is given by the following relationship

b(x,t) = t* ¢ (oc, —af2, —y\/ﬁt‘“/z) . (36)
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We finish this procedure of inverse of the Laplace transforms by inverting the function defined as the form

i _exp [—x1 /%

c(x,8) = BT — (37)

and then propose the analytical solution of the Eq. (20). The inverse of the Laplace transform to both sides of Eq. (37) is given by the
following representation

) = [ my,we (0, ~oc,ut™) du, (38)
where
_,_ 2 ([ sin(u) —uut d
m,u) =1 T[\/E -[0 u(u2+1/\/g) P ([3 (u2+l/ﬁ)) . 2

We now consider a special case obtained when the order of the Caputo derivative converges to 1 that is « = 1, and the parameter g = 0. Note
that the parameter B is zero when o, = 0 in Eq. (14). In this case, we consider the Laplace transform described in Eq. (31) with the previous
assumptions, there is

) ~ Gr |exp[-xv5] exp [—x\/Prs]
108 = g [ = | (40)
We now apply the inverse of the Laplace transform, which is given by the following analytical form
_ Gr [t X
u(x,t)y = o1 L (t—T)erfc <2\—E> dt (41)
Gr |t xVPr
_ Pr—lJo (t—T)erfC<2ﬁ> dr. (42)

Before closing this section it is important to mention the method to get the Nusselt number. This number is obtained with the temperature
distribution by the following formula

—_p,p 1y acf)(X,S)
Nu=-L |:}1j% T:l . (43)

5 Discussion on the findings

In this section, we discuss the findings of the paper. We analyze the impact of the Caputo order derivative in the dynamics of the temperature
and the velocity distribution. The impact of the Prandtl number, Grashof number, time, and second-grade coefficient will be discussed in
terms of the variation of the Caputo derivative in detail.

The temperature distribution

We begin the discussion with the temperature distribution. In this part, the fractional-order and the Prandtl number will be analyzed in
terms of their impacts on the dynamics of the temperature distribution. In this section, we consider Eq. (27) in the graphical representations.
We fix the time t = 0.6 for Figures 1a, 1b and t = 10 for Figures 2a, 2b, and also we consider different values of the order of the Caputo
fractional operator. We have the following graphical results: We now analyze the behaviors of the dynamics presented in the previous
figures. Let the time t less than one, this assumption corresponds to Figures 1a, 1b. We observe that when the order of the Caputo derivative
increases with the increase of the state y, we note that, the temperature distribution decreases. These dynamics can be explained by the
fact for a short time the accumulation of the memory and heredity affects the diffusivity of the considered model. The increase in the order
increases the diffusivity which generates a decrease in the temperature of the fluid. The second conclusion concerns that when the time is
greater than 1, see Figures 2a, 2b, in this case, the accumulation of the memory effect and heredity makes the system more diffusive which
affects the temperature distribution 2a, 2b and causes its increase. In the considered cases in this part, we note that the Caputo derivative
plays an acceleration effect in the dynamics of the temperature distribution.

Let us now analyze the impact of the Prandtl number in the dynamics of the considered fluid particularly on the temperature distribution.
We take two different times t = 0.6 for Figures 3a, 3b, and t = 10 for Figures 4a, 4b, different orders of the derivative have been considered
and we increase the values of the Prandtl number. We have the following graphical representations:
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Figure 2. Temperature distribution for different values of the order « with Pr = 6 (a) and Pr = 12 (b).
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Figure 3. Temperature distribution for different values of the Prandtl number with « = 0.75 (@) and « = 0.95 (b).

The graphical representations 3a, 3b, 44, 4b inform us that when the values of the Pr increase then temperature distribution decreases as
well. These behaviors can be explained by the fact when the order of the fractional operator increases and the Prandtl number increases
then the diffusivity of the system is reduced, thus its impact on the temperature distribution decreases. Let us now see what happens
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(a) (b

Figure 4. Temperature distribution for different values of the Prandtl number with « = 0.75 (a) and « = 0.95 (b).

with the temperature distribution when the time varies significantly and the Prandtl number increases. We have the following figures

—®—Pr=6 | |
——Pr=12
——Pr=18 | |

Pr=24

(@) (b)

Figure 5. Temperature distribution for different values of Pr with t = 5(a)and t = 10.

(@) (b)

Figure 6. Temperature distribution for different values of Prwith t = 15 (a) and t = 20 (b).
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Comparing the Figures 5a, 5b, 6a, 6b, we can observe that when the Pr number increases, then the temperature distribution decreases.
In conclusion, the time does not play a role if the Prandtl number increase. For all considered times the increase of the Prandtl number
generates a decrease in the temperature distribution.

The velocity distribution

In this sub-section, we try to explain and interpret the dynamics generated by the velocity. We first consider analyzing the influence of
the fractional-order in the dynamics. In this section, we condition Eq. (33) in the graphical representations. In the second part, we will
analyze the influence of the parameters as the Grashof number Gr and second-grade coefficient 3. Let us represent the dynamics of the
velocity for different values of the Caputo fractional order in the following Figures 7a, 7b, 8a, 8b. Let thatt = 5, we have the following
graphics 7a, 7b, 8a, 8b for the velocity The influence of the order of the fractional derivative is analyzed in terms of the variation of the

3r —8—0=0.25| | 18 —8—0=0.25| -
—— =05 —e— 05
—e— =075 | —e— =075 |
a=0.95] 1 =095
B | S J
7 7
Y Y
(@) (b)
Figure 7. Velocity distribution for different values of the order « with Pr = 5 (a) Pr = 10 (b).
T4F 7 . . . . . — e . . . . . .
——0=0.25 ——0=0.25
—e— 005 1k —— 005 | -
12r —— =075 | —— =075
=095 =095

v
v

0.6 h

0.4 4

0.2 4

(a) (b)

Figure 8. Velocity distribution for different values of the order « with Pr = 15 (a) Pr = 20 (b).

Prandtl number. We observe that when the order of the Caputo derivative increases, the velocity increases. Thus, the fractional-order has
an acceleration effect in the present case. We also notice that when the Prandtl number increase, the velocity decreases, as well. The Prandtl
number has the same influence on the temperature distribution and the velocity. We now consider a second case where the time is greater
than 1 (t = 10) and the variation of the Grashof number is assumed. We have the following graphical representations 9a, 9b, 10a, 10b We can
observe that with the previous figures the increase in the order of the Caputo derivative generates an increase in the velocity. The increase
in the velocity is due to the fact when time is greater than 1, the Caputo derivative generates accumulation in the memory which causes an
increase in the value of the velocity. Here, the order of the Caputo derivative has an acceleration effect. We analyze the impact of the Grashof
number Gr, we can do it by analyzing the previous Figures 9a, 9b, 10a, 10b. Comparing the Figures 9a, 9b, 10a, 10b, we can observe that
when the Grashof number increases, it generates an increase in velocity. This increase in the velocity is explained by the fact that when the
Grashof number increases then we have increased in the thermal buoyancy force. Let us now analyze the second-grade parameter. We have
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Figure 9. Velocity distribution for different values of the order « with Gr = 5and Gr = 10.
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Figure 10. Velocity distribution for different values of the order o with Gr = 15and Gr = 20.

the following graphical representations 11a, 11b, 12a, 12b, when the value of the second-grade parameter increases When we compare the
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141 =095 =095
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Figure 11. Velocity distribution for different values of the order « with = 0 (a)and g = 0.5 (b).

values of the velocity in Figures 11a, 11b, 12a, 12b, we notice when the values of the second-grade parameter increase, then the velocity
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Figure 12. Velocity distribution for different values of the order « with g = 0 (a)and g = 0.5 (b).

decreases as well. This behavior is explained by the fact that in general the increase of the thickness of the boundary layer is caused by the
decrease of the second-grade parameter. The present investigations are similar to the investigations provided by Shah et al in [41]. In [41],
the authors consider the same model addressed in this paper with the fractional derivative with the exponential kernel. The main findings
in [41] and the results in the present paper are in good agreement. One of the main advantages of the present investigations regarding the
investigations existing in the literature is here we use the Caputo derivative which the application of the Laplace transform and its inverse
is trivial and the expressions of the exact analytical solutions of the considered fluid model can easily be expressed via Gaussian function,
exponential function, and Mittag-Leffler function.

6 Conclusion

In this paper, we have discussed the exact analytical solutions of the second-grade fluid model described by the Caputo fractional operator.
After modeling the fluid model via Caputo derivative, we have used the Laplace transform method to get the analytical solutions of the
fluid model considered in this paper. Many results have been proposed in our present paper. As the first finding, the order of the fractional
operator accelerates the diffusion or can have a retardation effect, that depends on the considered time. We noticed that with the increase of
the Prandtl number for a specific order of the Caputo derivative then the temperature distribution of the considered fluid decreases as
well. This behavior is due to the reduction of the diffusivity as previously mentioned in the paper. Note that with the increase of Grashof
number Gr then it generates an increase in the velocity distribution of the considered fluid. For the future direction of researches, the same
second-grade fluid model can be described by non-singular fractional operators as the Atangana-Baleanu derivative and Caputo-Fabrizio
derivative, and getting the exact solutions with the Laplace transform constitutes an open problem and can be focused on in the future.
Declarations

Consent for publication

Not applicable.

Conflicts of interest

The author declares that he has no known competing financial interests or personal relationships that could have appeared to influence the
work reported in this paper.

Funding

The author declares that there is no funding source for the reported research.

Author’s contributions

The research was carried out by the author and he accepts that the contributions and responsibilities belong to the author.

Acknowledgements

Not applicable.



24 | Mathematical Modelling and Numerical Simulation with Applications, 2022, Vol. 2, No. 1,13—25

References

[1

—

(2]
(3]
(4]
(5]

(6]

—

[7

(8]

—

9
[10]
[11]
[12]
(13]
(14]
[15)
[16]
(17]
[18]
(19]

(20]

[21]

[22]
(23]
[24]
[25]
[26]
(27]

(28]

[29]
(30]
(31]
(32]

(33]

Atangana, A., & Araz, S.1. Extension of Atangana-Seda numerical method to partial differential equations with integer and non-integer
order. Alexandria Engineering Journal, 59(4), 2355-2370, (2020). [CrossRef]

Kilbas, A.A., Srivastava, H.M., & Trujillo, J.J. Theory and applications of fractional differential equations (Vol. 204). Elsevier, (2006).
Podlubny, I. Fractional Differential Equations, Academic Press: New York, NY, USA (1999).

Atangana, A. & Baleanu, D. New fractional derivatives with nonlocal and non-singular kernel: theory and application to heat transfer
model, Thermal Sciences, 20(2), 763-769, (2016). [CrossRef]

Caputo, M., & Fabrizio, M. A new definition of fractional derivative without singular kernel. Progress in Fractional Differentiation and
Applications, 1(2), 1-13, (2015). [CrossRef]

Saad, K.M., Baleanu, D., & Atangana, A. New fractional derivatives applied to the Korteweg—de Vries and Korteweg—de Vries—Burger’s
equations. Computational and Applied Mathematics, 37(4), 5203-5216, (2018). [CrossRef]

Sene, N. Theory and applications of new fractional-order chaotic system under Caputo operator. An International Journal of Optimization
and Control: Theories & Applications (IJOCTA), 12(1), 20-38, (2022). [CrossRef]

Wang, X., Wang, Z., Huang, X., & Li, Y. Dynamic analysis of a delayed fractional-order SIR model with saturated incidence and
treatment functions. International Journal of Bifurcation and Chaos, 28(14), 1850180, (2018). [CrossRef]

Qureshi, S., Yusuf, A., Shaikh, A.A., & Inc, M. Transmission dynamics of varicella zoster virus modeled by classical and novel fractional
operators using real statistical data. Physica A: Statistical Mechanics and its Applications, 534, 122149, (2019). [CrossRef]

Sene, N. Fractional SIRI Model with Delay in Context of the Generalized Liouville—Caputo Fractional Derivative. In Mathematical
Modeling and Soft Computing in Epidemiology (pp. 107-125). CRC Press, (2020).

Shen, Z.H., Chu, Y.M., Khan, M.A., Muhammad, S., Al-Hartomy, O.A., & Higazy, M. Mathematical modeling and optimal control of
the COVID-19 dynamics. Results in Physics, 31, 105028, (2021). [CrossRef]

Li, X.P,, Wang, Y., Khan, M.A., Alshahrani, M.Y., & Muhammad, T. A dynamical study of SARS-COV-2: A study of third wave. Results in
Physics, 29, 104705, (2021). [CrossRef]

Yavuz, M., & Sene, N. Stability analysis and numerical computation of the fractional predator—prey model with the harvesting rate.
Fractal and Fractional, 4(3), 35, (2020). [CrossRef]

Kumar, P., & Erturk, V.S. Dynamics of cholera disease by using two recent fractional numerical methods. Mathematical Modelling and
Numerical Simulation with Applications, 1(2), 102-111, (2021). [CrossRef]

Ali, F., Gohar, M., & Khan, I. MHD flow of water-based Brinkman type nanofluid over a vertical plate embedded in a porous medium
with variable surface velocity, temperature and concentration. Journal of Molecular Liquids, 223, 412-419, (2016). [CrossRef]

Abro, K.A. A fractional and analytic investigation of thermo-diffusion process on free convection flow: an application to surface
modification technology. The European Physical Journal Plus, 135(1), 1-14, (2020). [CrossRef]

Sene, N. Stability and Convergence Analysis of Numerical Scheme for the Generalized Fractional Diffusion-Reaction Equation. In
Advanced Numerical Methods for Differential Equations (pp. 1-16). CRC Press, (2021).

Hammouch, Z., Yavuz, M., & Ozdemir, N. Numerical solutions and synchronization of a variable-order fractional chaotic system.
Mathematical Modelling and Numerical Simulation with Applications, 1(1), 11-23, (2021). [CrossRef]

Rashid, M., Kalsoom, A., Ghaffar, A., Inc, M., & Sene, N. A Multiple Fixed Point Result for-Type Contractions in the Partially Ordered-
Distance Spaces with an Application. Journal of Function Spaces, 2022, 6202981, (2022). [CrossRef]

Shah, N.A., Khan, L., Aleem, M., & Imran, M.A. Influence of magnetic field on double convection problem of fractional viscous fluid over
an exponentially moving vertical plate: New trends of Caputo time-fractional derivative model. Advances in Mechanical Engineering,
11(7), 1-11, (2019). [CrossRef]

Sheikh, N.A,, Ali, F., Saqib, M., Khan, L, Jan, S.A.A., Alshomrani, A.S., & Alghamdi, M.S. Comparison and analysis of the Atan-
gana—Baleanu and Caputo—Fabrizio fractional derivatives for generalized Casson fluid model with heat generation and chemical
reaction. Results in physics, 7, 789-800, (2017). [CrossRef]

Ahmad, H., Khan, T.A., Ahmad, L, Stanimirovi¢, P.S., & Chu, Y.M. A new analyzing technique for nonlinear time fractional Cauchy
reaction-diffusion model equations. Results in Physics, 19, 103462, (2020). [CrossRef]

Yavuz, M., & Sene, N. Approximate solutions of the model describing fluid flow using generalized p-Laplace transform method and
heat balance integral method. Axioms, 9(4), 123, (2020). [CrossRef]

Li, J.F., Ahmad, L., Ahmad, H., Shah, D., Chuy, Y.M., Thounthong, P., & Ayaz, M. Numerical solution of two-term time-fractional PDE
models arising in mathematical physics using local meshless method. Open Physics, 18(1), 1063-1072, (2020). [CrossRef]

Naik, P.A., Eskandari, Z., & Shahraki, H.E. Flip and generalized flip bifurcations of a two-dimensional discrete-time chemical model.
Mathematical Modelling and Numerical Simulation with Applications, 1(2), 95-101, (2021). [CrossRef]

Yavuz, M., & Sene, N. Fundamental calculus of the fractional derivative defined with Rabotnov exponential kernel and application to
nonlinear dispersive wave model. Journal of Ocean Engineering and Science, 6(2), 196-205, (2021). [CrossRef]

Panda, S.K., Ravichandran, C., & Hazarika, B. Results on system of Atangana—Baleanu fractional order Willis aneurysm and nonlinear
singularly perturbed boundary value problems. Chaos, Solitons & Fractals, 142, 110390, (2021). [CrossRef]

Tahir, M., Imran, M.A., Raza, N., Abdullah, M., & Aleem, M. Wall slip and non-integer order derivative effects on the heat transfer
flow of Maxwell fluid over an oscillating vertical plate with new definition of fractional Caputo-Fabrizio derivatives. Results in physics,
7,1887-1898, (2017). [CrossRef]

Ahmad, I., Ahmad, H., Thounthong, P,, Chu, Y.M., & Cesarano, C. Solution of multi-term time-fractional PDE models arising in
mathematical biology and physics by local meshless method. Symmetry, 12(7), 1195, (2020). [CrossRef]

Li, X.P, Gul, N., Khan, M.A,, Bilal, R., Ali, A., Alshahrani, MY., ... & Islam, S. A new Hepatitis B model in light of asymptomatic carriers
and vaccination study through Atangana—Baleanu derivative. Results in Physics, 29, 104603, (2021). [CrossRef]

Nisar, K.S., Jothimani, K., Kaliraj, K., & Ravichandran, C. An analysis of controllability results for nonlinear Hilfer neutral fractional
derivatives with non-dense domain. Chaos, Solitons & Fractals, 146, 110915, (2021). [CrossRef]

Bonyah, E., Yavuz, M., Baleanu, D., & Kumar, S. A robust study on the listeriosis disease by adopting fractal-fractional operators.
Alexandria Engineering Journal, 61(3), 2016-2028, (2022). [CrossRef]

Vieru, D., Fetecau, C., & Fetecau, C. Time-fractional free convection flow near a vertical plate with Newtonian heating and mass


https://doi.org/10.1016/j.aej.2020.02.031
https://doi.org/10.2298/TSCI160111018A
https://doi.org/10.12785/pfda/010201
https://doi.org/10.1007/s40314-018-0627-1
https://doi.org/10.11121/ijocta.2022.1108
https://doi.org/10.1142/S0218127418501808
https://doi.org/10.1016/j.physa.2019.122149
https://doi.org/10.1016/j.rinp.2021.105028
https://doi.org/10.1016/j.rinp.2021.104705
https://doi.org/10.3390/fractalfract4030035
https://doi.org/10.53391/mmnsa.2021.01.010
https://doi.org/10.1016/j.molliq.2016.08.068
https://doi.org/10.1140/epjp/s13360-019-00046-7
https://doi.org/10.53391/mmnsa.2021.01.002
https://doi.org/10.1155/2022/6202981
https://doi.org/10.1177/1687814019860384
https://doi.org/10.1016/j.rinp.2017.01.025
https://doi.org/10.1016/j.rinp.2020.103462
https://doi.org/10.3390/axioms9040123
https://doi.org/10.1515/phys-2020-0222
https://doi.org/10.53391/mmnsa.2021.01.009
https://doi.org/10.1016/j.joes.2020.10.004
https://doi.org/10.1016/j.chaos.2020.110390
https://doi.org/10.1016/j.rinp.2017.06.001
https://doi.org/10.3390/sym12071195
https://doi.org/10.1016/j.rinp.2021.104603
https://doi.org/10.1016/j.chaos.2021.110915
https://doi.org/10.1016/j.aej.2021.07.010

(34]
(35]
(36]
(37]
(38]
(39]
(40]

[41]

Sene | 25

diffusion. Thermal Science, 19(1), 85-98, (2015). [CrossRef]

Sene, N. Fractional diffusion equation with reaction term described by Caputo-Liouville generalized fractional derivative, Journal of
Fractional Calculus and Applications 13(1), 42-57, (2022).

Ali, F., Sagib, M., Khan, I., & Sheikh, N.A. Application of Caputo-Fabrizio derivatives to MHD free convection flow of generalized
Walters’-B fluid model. The European Physical Journal Plus, 131(10), 1-10, (2016). [CrossRef]

Saqgib, M., Ali, F., Khan, I., Sheikh, N.A., & Jan, S.A.A. Exact solutions for free convection flow of generalized Jeffrey fluid: a Caputo-
Fabrizio fractional model. Alexandria engineering journal, 57(3), 1849-1858, (2018). [CrossRef]

Imran, M.A., Khan, I., Ahmad, M., Shah, N.A., & Nazar, M. Heat and mass transport of differential type fluid with non-integer order
time-fractional Caputo derivatives. Journal of Molecular Liquids, 229, 67-75, (2017). [CrossRef]

Khalid, A., Khan, L., Khan, A., & Shafie, S. Unsteady MHD free convection flow of Casson fluid past over an oscillating vertical plate
embedded in a porous medium. Engineering Science and Technology, an International Journal, 18(3), 309-317, (2015). [CrossRef]
Nadeem, S., Haq, R.U., & Lee, C. MHD flow of a Casson fluid over an exponentially shrinking sheet. Scientia Iranica, 19(6), 1550-1553,
(2012). [CrossRef]

Narahari, M., & Dutta, B.K. Effects of thermal radiation and mass diffusion on free convection flow near a vertical plate with Newtonian
heating. Chemical Engineering Communications, 199(5), 628-643, (2012). [CrossRef]

Shah, N.A., & Khan, I. Heat transfer analysis in a second grade fluid over and oscillating vertical plate using fractional Caputo—Fabrizio
derivatives. The European Physical Journal C, 76(7), 1-11, (2016). [CrossRef]

Mathematical Modelling and Numerical Simulation with Applications (MMNSA) (http://www.mmnsa.org)

Copyright: © 2022 by the authors. This work is licensed under a Creative Commons Attribution 4.0 (CC BY) International License.
The authors retain ownership of the copyright for their article, but they allow anyone to download, reuse, reprint, modify, distribute,
and/or copy articles in MMINSA, so long as the original authors and source are credited. To see the complete license contents, please visit
(http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.2298/TSCI15S1S85V
https://doi.org/10.1140/epjp/i2016-16377-x
https://doi.org/10.1016/j.aej.2017.03.017
https://doi.org/10.1016/j.molliq.2016.11.095
https://doi.org/10.1016/j.jestch.2014.12.006
https://doi.org/10.1016/j.scient.2012.10.021
https://doi.org/10.1080/00986445.2011.611058
https://doi.org/10.1140/epjc/s10052-016-4209-3
http://www.mmnsa.org
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/.

CBLLING 4,

o~ a Mathematical Modelling and Numerical Simulation
é\J e £y with Applications, 2022, 2(1), 26—40
tI-< \ LZ https://www.mmnsa.org
i\‘r fz ISSN Online: 2791-8564 [ Open Access

LS e<>\y https://doi.org/10.53391/mmnsa.2022.01.003

7,
X
I/b’%n:tv Ly

RESEARCH PAPER

Bi-dimensional crime model based on anomalous
diffusion with law enforcement effect

Francisco Javier Martinez-Farias®1*¥, Anahi Alvarado-Sanchez©2*, Eduardo
Rangel-Cortes @1 and Arturo Hernandez-Hernandez®b*

Escuela Superior de Apan, Universidad Auténoma del Estado de Hidalgo, Carretera Apan-Calpulalpan Km 8, Col.
Chimalpa, C.P 43920, Apan, Hidalgo, México, *Instituto de Ciencias Nucleares, Universidad Nacional Auténoma de
México, Apdo. Postal 70-543, 04510, Cd.Mx., México

*Corresponding Author

*francisco,martinez@uaeh.edu.mx (Francisco Javier Martinez-Farias); anahi_a.s@ciencias.unam.mx (Anahi Alvarado-Sanchez);
eduardo_rangel@uaeh.edu.mx (Eduardo Rangel-Cortes); arturo_hernandez@uaeh.edu.mx (Arturo Hernandez-Hernandez)

Abstract

Several models based on discrete and continuous fields have been proposed to comprehend residential criminal dynamics. This
study introduces a two-dimensional model to describe residential burglaries diffusion, employing Lévy flights dynamics. A
continuous model is presented, introducing bidimensional fractional operator diffusion and its differences with the 1-dimensional
case. Our results show, graphically, the hotspot’s existence solution in a 2-dimensional attractiveness field, even fractional
derivative order is modified. We also provide qualitative evidence that steady-state approximation in one dimension by series
expansion is insufficient to capture similar original system behavior. At least for the case where series coefficients have a linear
relationship with derivative order. Our results show, graphically, the hotspot’s existence solution in a 2-dimensional attractiveness
field, even if fractional derivative order is modified. Two dynamic regimes emerge in maximum and total attractiveness magnitude
as a result of fractional derivative changes, these regimes can be understood as considerations about different urban environments.
Finally, we add a Law enforcement component, embodying the “Cops on dots” strategy; in the Laplacian diffusion dynamic, global
attractiveness levels are significantly reduced by Cops on dots policy but lose efficacy in Lévy flight-based diffusion regimen. The
four-step Preditor-Corrector method is used for numerical integration, and the fractional operator is approximated, getting the
advantage of the spectral methods to approximate spatial derivatives in two dimensions.

Key words: Residential burglary; Lévy flights; fractional operator; anomalous diffusion; hotspots; law enforcement
AMS 2020 Classification: 60K50;26A33;34D20

1 Introduction

The present work is motivated by the impact that insecurity produces for an urban area; evidently, there are different types of crimes,
and each one must be studied to later design prevention policies. This work studies criminal agents’ displacement effect, specialized in
house robbery, with the possibility of making long journeys in a short time, described by Lévy Flights in a two-dimensional environment.
We consider that this way of describing criminal diffusion is more realistic than models based on conventional diffusion. Understanding
the mobility of certain social groups within an urban area is of great relevance for policymakers, especially displacements at specific
geographical locations detrimental to security and forming specific patterns [1]. Several of today’s models focus on the displacement of
residential burglaries, this from the pioneering work by Short et al. [2, 3]. Both approximations show more significant criminal activity
areas, known as hotspots. This work inspired numerous modifications, generalizations, and theoretical studies that described dynamical
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properties, as in references (4, 5, 6, 7, 8, 9, 10, 11, 12, 13]. In these models, a local random walk with a certain degree of statistical bias defines
diffusion dynamics among the criminal population. The core of model dynamics is that home thief’s agents have a higher stochastical
preference for specific targets known as the highest attractive zones. Several studies have been used to assess the stability of certain kinds
of solutions to crime phenomena, as presented in references [12, 13, 14, 15]. This dynamic belongs to the so-called reaction-diffusion
models, which are known to comprise a broad set of spatial distribution patterns [16]. Biased Brownian motion displacement is the kernel
of the agent version when the agents are sensitive to environmental gradients. In the continuum limit, this phenomenon is modeled by of
cross-diffusion equation. It is represented by Keller-Segel operator [17, 18]. One of the cross-diffusion attributes is that the increments
represent a local displacement, where the criminal agent moves from site i to site j, and j is in the neighborhood of i. A more general model
allows agents to travel to sites outside the neighborhood. These models are known as non-local diffusion and belong to the so-called
anomalous diffusion models.

A non-local diffusion model would assume that criminals can make long jumps in a short time, thus moving towards more attractive areas.
For example, motorized mobility is an influencing factor. The cause that house burglars would incur greater risk when leaving a familiar
area may be due to real-time information received by other thieves. Sharing/receiving this information dynamically with other criminals
they compete with may seem unlikely. However, Calvo et al. [19] provide an analysis of conditions under which different criminal agents
are likely to collaborate. According to this, it is established that, once a home robbery agent has moved away to a specific area, he again uses
random walking as a strategy to locate a target. Chaturapruek et al. [6] propose that so-called Lévy flights can describe that above dynamic,
where the probability distribution of jumps length of robbery agents follows an inverse power law distribution. Thus, criminal agents
can move from site i to j, where j is no longer part of the i neighborhood. Considering continuous limit, the fractional Laplacian operator
appears analogously to the fractional Gierer Meinhardt model [20]. A particular property of fractional operator hotspots solutions is that
they decay algebraically. Chaohao et al. [11] show that if the jump length is truncated, then a version of the conventional Laplacian diffusion
model is obtained. It is considered that criminal agents do not leave a specific area, and the unique modification occurs in the diffusion
coefficient. That study is carried out in one dimension for discrete and continuous cases; it also incorporates police effects on the criminal’s
attractiveness perception. S. Criiz-Garcia et al. [21] propose an alternative method to Lévy flights, applying stochastic interference to the
Jones et al. model [4], which contemplates large jumps from a small set of criminal agents at each time step. S. Crtz also found that if
police presence is increased numerically in central hotspots, they will fragment into smaller areas. Other studies are based on discrete
agent algorithms that incorporate Lévy flights in two dimensions and analyze patterns formation, depending on the model’s parameters [22].

The police dissuasive influence is a multifaceted problem, and there are various proposals to be addressed, depending on the environmental
conditions and the police agency’s resources [23]. To illustrate this, the work of Jones [4] shows how police presence affects attractiveness
when this is incorporated into the law enforcement scheme. Jones analyzes different strategies, among which Cops on the dots and
Peripheral interdiction stand out; results from these studies depend on the urban environment’s characteristics. Camacho [9] also compares
these two strategies with one based on region partitioning into smaller areas (beats), within which cops can move, although they are not
able to cross borders. Law enforcement has also been incorporated into one-dimensional fractional diffusion [6], based on the cops on the
dots strategy; however, the parameter of criminal density diffusion are modified. In his work, Chaohao [11] also incorporates two forms of
police agent’s motion, one governed by biased Brownian diffusion and the second by Lévy flights. The main difference is that police shifts
based on Lévy flights reach the steady-state solution in a shorter time.

The present work shows a two-dimensional extension of the Chaturapruek continuous model, incorporating law enforcement with Cops on
dots strategy. These models have been published at the agent level (discrete) for the two-dimensional case, using Lévy flights, for example
Brantingham et. al. [1], but this work proposes a deduction for the continuous two-dimensional case based on the one already made by
Chaturapruek for one dimension. An interesting aspect is that it appears in our deduction, it is a new function that is the equivalent of
Riemman’s ¢ for two dimensions, and that modifies the criminal diffusion coefficient. The main aim is to show numerically that hotspot
solutions in attractiveness bi-dimensional fields are preserved by varying derivative order (in not truncated Lévy flights) using a spectral
approximation to bi-dimensional fractional derivative operator. However, they may change shape or intensity. We also present criminal
population spatial distribution patterns that reveal a more complex dynamic than the attractiveness field and exhibit strong dependence
on the fractional order. The Cops on the dots strategy assumes that police officers have restricted movements, this differentiates the
modeling behavior between house burglars with law enforcement. The investigatory police, who work within broader limits when apply-
ing their authority, represent a group that Lévy’s flights might better model. However, in the present work, we do not consider this approach.

This paper is divided as follows; in Section 2, we introduce a model deduction for a two-dimensional problem. Subsection 2 presents the
numerical method for model integration. Section 3 presents a qualitative analysis for stationary solutions, using a simplified attractiveness
version in one dimension. A numerical sensitivity analysis of the model concerning the derivative order is performed in Section 4. In
Section 5, we deduce the component that models law enforcement and present numerical results by changing fractional order, holding the
Cops on dots strategy. In the final of this manuscript, a nomenclature section is presented.

2 Continuum fractional model formulation

The two-dimensional model is deduced regarding an analogous formulation of a one-dimension problem by Chaturapruek [6]. The scenario
occurs in a lattice Q with size N x N, and the lattice spacing is | = 1/N. To simplify, we initiate the model derivation without including law
enforcement. The position of each site d in Q is represented by d = (dy, d,) € R?. At site d and time t, there is an attractiveness A 4(t), which
is made of two components, A;(t) = Ag + By(t), where Ag is the intrinsic attractiveness and Bj(t) is time-dependent attractiveness. The
evolution of A 4(t) depends on whatever occurs around it, i.e., a criminal agent can change attractiveness in a time interval 5t by deciding
whether or not to attack a d site, and he does so with the probability

eA4(t)

1+ eAy D)’ @

pg(t) =
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where e > 0 represents the effectiveness of the attractiveness at site d. Therefore, an increase in B; in the time interval 5t depends on E(t),
which indicates the number of criminal attacks on the same site during the same time interval

Bg4(t + 8t) = By(t) + OE4(t),

here 0 is the enhancement in attractiveness for a single criminal agent. Without considering that a criminal attack can exert influence in
neighborhood (broken window effect [24]), the expression for B,(t) is

By(t + 5t) = By(t)(1 — wst) + OE4(1),

where w represents attractiveness decay rate. Permitting the inclusion of the diffusive term for attractiveness, we have

By(t +8t) = [(1 - 1")By(t) + TTT ZBd,(t)](l — wst) + Bny(t)py(t), (2)
d/

heren* > 0 represents of attractiveness influence in position d to its immediate neighbors d’, for this work, a regular Cartesian lattice
is used, with d’ = 4. Therefore, replacing in Eq. (2) the number of criminal attacks on site d in the time interval 5t with the number of
criminals n,(t), also replacing the probability that they will attack p 4(t) and take the limit I, 5t — 0, keeping fixed the radius I?/5t, and
anew parameter ¢* = 05t, which represents the influence of the criminal presence in each position d, in a time interval (t, t + 5t) (the
detailed derivation can be seen in the work of Short et al. [2]), we have

3B(x,t) _ n*I? a L2
ot - WAB(X) t) wB(Xy t) te a p(X, t)A(X) t)r (3)

where p(x,t) = lim;_, nd(t)/l2 is the criminal density, and the position x € [0,1] x [0, 1] is defined as

X = (X1)X2) = N hn'} (dll,dzl), dl,dz € [1,N]
—0

—00,

For modeling criminal displacement agents in 2-D, we have the probability that a criminal will arrive at site d = (d;, d,) from i = (iy, i),
analogously to that defined by Chaohao et al. [11] for 1-D

w;
qg(t) = =—— =4 (4)
i—d ZjEZZ,j?T Wi_U' !
the relative weight w;_, ; is defined as
A .
Wi_q(t) = wefli-arree 1= 1 d”<oo, (5)
0, other case

with || - || the Euclidean norm. Lévy flight is an anomalous diffusion, where the density function of jump length probability possesses an

algebraic decay [20], so p is the exponent of the underlying power law. Thus, can be expressed the following

Ai(t)
— ] —
Z Wiy = Z li=jlw - Z

jez2j7 jez2j7 jez2j7

Al(H) - A(t)

A(t)
lli—jie

— 6
& Tl T ©

On the other hand, bearing in mind the Riemann sum definition, on the continuum limit ! << 1 for D dimensions, the operator £ can be
expressed as

£f00= 5 | (7Tl (LIRS S (Ve (I .

D —x||w In]ly —x|[n
yerd |y —x|| de b dsi [y —xIl

Eq. (7) can be compared with respect to the fractional operator definition in D dimensions [20]

_ 25 T((D +25)/2)

—(=A) -C J Md , C =9 , , 8
AT = Cos |y Ty —xiipeas B s =27 T ) ®

where f(x) : RP - R.To simplify notation, it is defined —(—A)S = A’ [6], therefore, is possible to relate £ with AS as follows
cf(x) = 17°Cp ,,A%f(x), and =D +2s. (9)

For bi-dimensional case (D = 2) implies p € (2, c0) (4 coincide with the usual Laplacian operator). For cases where the order of the
derivative s € =z, the operator AS is a local property (conventional differentiability) and loses this local property when s is a non-integer
[25]. A notable difference between cases 1 and 2-dimensions is explained in the following table:

Prefactors 2 and 4 in Table 1 are a consequence of the characteristic symmetries of the corresponding dimension. Non-integer values in the
norm have their origin in diagonals that connect the point i with j.
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Type of neighbors D=1 D=2

@i,) li—jl = i—jll =

first 1 1,2

second 2 2,v/5,2v2

third 3 3,V10, V13,3v2

r-th r VP + 12,V +22,..,1/2
i TR 2XRAar AX W

Table 1. The development in a series of accessible distances between the position i with j is shown.

Proposition 1 For u > 2 andr > 1the following inequality is satisfied:

1 1
- =

T[S o V2 2R

Proof1 Inessence, it is necessary to show rt < [Y_ 7 _o vr2 + «2]*, in particular for u > 2, expanding the series and factorizing terms, we need to
prove

r< i m:r r[ir(ﬂrl)éz”l)];

x=0

but, r(r+1)(2r +2)/6 =1+22 +3%2 ... +r> > 1andr > 1, then

therefore is satisfied r* < [3_' _, V2 + «2]* and the Proposition 1.

Using Proposition 1, it is possible to show

2 1 e 1
> ,
2 L, e

thus, we can define

20=2) & =20(w), andZ(w) =4 (10)
r=1

1
=1 (X o V(2 + a2’

where ¢ () is the Riemann function and Z(1) is a new function adapted to the 2-dimensional case, and is satisfied 1 Z(u)<z(p) for p > 2,
this implies that Z(.) is well defined, therefore,

jez2,j7

so, the probability g;_, ; could be expressed in terms of £ and Z = Z(p)

Ayt 1 LA; (DM
L= - . 11
Ua = i i (Zam 2A2(t) ) ()
The result of Eq. (11) is used below in Eq. (13). The derivation of the 2-D model, in essence, is the one developed by Chaturapruek [6] for 1-D,
which is clearly explained. However, an outline of the deduction is shown below.

The criminal dynamics agents can be highly complex, so limiting the model’s scope is required. For this, the following assumptions are
proposed:

- At position i for each time interval 5t, two things are possible: (a) Each criminal commits a crime with probability A; 5t, (b) He moves to
another location direction that is biased by the attractiveness distribution field.

- New criminals are being created everywhere, with a I spawn rate. This property allows a regular population of criminals to move
continuously to more attractive places.

- House burglars can only move from a site i to a site d by means of g;_, ; or otherwise be generatedat d, atarate T.

- Aportion A, proportional to house burglars n;(t), can cease to operate, leaving without committing a crime.

Expression (12) models the criminal dynamics, established on previous assumptions, such that

ng(t+st)= > ()1 —Ai(t)st) - q_q — Any(t)5t + Tst, (12)
iez2,izd
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subtracting n;(t) from both sides and dividing everything by 5t, we have

naltr e =g _ 1 { S 040 6 q- nd(t)] —Ang® + T, 13)
iez2,izd

considering only the term into the brackets of the previous equation, and replacing g;_, ; from Eq. (11)

Z ni(t)(l—Ai(t)ét)[”,Ad(t) ( 1 EAi(t)lu)]—nd(t)

icz2,izd i—dllw \za() ~ Z2A(1)>
_ n(t) . ) 1 _ ng(t)
_Ad(t)[(iez;,i;zd‘“i(t)(l A'(t)&)lli—dlluz) Ad(t)} az)

Ay cA()I
_i ; ni(t)(l—Ai(t)ét)mm,
€z2,izd i

based on the fact that n,(t) = 3_; c72,i=d %, truncating to order O(I*, 5t) and neglecting terms O(I*5t, I?*) [6], we have

DA om0 camn ®
A0  A© n(t) At n(t
~A4(t d T d — ot
d© 3 | izdiz " Ti-die (@20z) ||i—d||uz]’

iez2,izd
using the right side of the definition of operator £ in equation (7)

~ Ayt) |:%1L<ZZE2) - nd(t)i?g(i(tt))zlu - étnd(t)] , (15)

substituting the last result (15) in Eq. (13), applying the limit /, 5t — 0, and using Eq. (9) that relates the operator £, with A, we have

ng(t+st) —ng(t) _ I* sen(x, )\ n(x,t) s _ _
- " $ZCr A(x, H)A (A(X’ t)) s A (A(x, )| = n(x, DA, t) — An(x,t) + T, (16)
in agree to equation (8) for the case D = 2
_221(s+1)

2,25 — m)

dividing Eq. (16) by I2, using the limit 5t, — 0, and the definition p(x, t) = lim;_,,n d(t)/lz, we obtain the Lévy Flight Model approximation
for criminal density p(x, t), as shown in Eq. (18). On the other hand, from equation (3), is obtained directly Eq. (17) (using A(x,t) =
B(x, t) + A°(x)), as follows

A0 = A H - A - w1 - A) + ep(x, DA, 1), (1)
ap(x, 1) _ p(x,t) p(x,t)
o = M[A(x, t)AS< i t)> - AP AS(A(x, t))} — A(X, B)p(%,t) — Ap(x, ) + .
(18)
With the following definitions:
e I _r
U-mye—elva-myY—ﬁ~ (19)

Numerical integration

A straightforward way to approximate the two-dimensional fractional Laplacian operator is by Fast Fourier Transform (FFT) properties
[26, 27]. The underlying factor that allows us to take advantage of the Fourier transform is that by projecting the fractional Laplacian
operator to the Fourier modes space, differential operations are transformed into algebraic operations, which is relatively simple to compute.
Subsequently, the inverse transform is applied, thus completing the cycle to approximate the fractional operator. Therefore, the spectral
approximation [28] to AS is expressed as follows:

A’A = real{]-‘z_D1 — (k™ + kyzs)}‘zD{A}}},
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Figure 1. (a) Relative error approximation e as function of st = {0.5, 0.05, 0.01, 0.001} after integrating a time t = 200 using parameters defined in Fig. 2. (b) Values 5t>|;1,
i = 1...N? of discrete space operator of attractiveness. It can be seen that the stability condition 52| Amax| < 2.868 is satisfied, with Amax = max{A;}.

F,p represents the Fourier transform in two dimensions, and kx, ky € z, are the wavenumbers in each orthogonal direction, respectively.
Time derivatives (0A/dt, 3 p/at) are solved via a succession between an explicit and an implicit method, as explained below. Let

A(X,t)
f(Ap, pp) = ( api(j)t(,t)> .
ot

Step 1: A predictive step is made according to the explicit Adams-Bashforth method [29]

5 - dt
tasts Brese) = (Ae, 00 + 57 [55(Ar, 00) = 59 (Aestr 0e—se) *+ 37f(Ar-25t: Pt—250) = f Ar—35t: Pe-350)]- (20)

Step 2: A correction stage is now implemented, following the implicit Adams-Moulton method

dt ~ .
(Atssty Prest) = (A, pe) + i[gf(AHét’ Prest) + 19f(A¢, pe) — 5f(Ar—st, Pr—st) *+ f(At—ast) P—25t)]- (21)

A successive combination at each time step into explicit (20), and implicit (21) integration procedure, conforms a four-step Predictor-
Corrector method (PC4) [30]. Three additional steps are generated by applying a fourth-order Runge-Kutta method (RK4) to initiate
the integration process. The reason for using PC4 is because of its lower computational cost compared to RK4 [31]. However, exists
alternatives, for example, the proposed by C. Tadjeran and M. Meerschaert [32], explicitly designed for fractional operators. To evaluate
the convergence of the numerical solution, the definition of relative error e5; = max{[A;,5; — At)/A;} is used. The calculations of eg;
with 5t = {0.5,0.05,0.01, 0.001} are presented in graph (a) of Fig. 1 for n = {2.5, 3}, the rest of parameters are defined in Fig. 2. One
method to determine spectral stability in time depending on partial differential equations is to calculate the eigenvalues A;,i = 1. ..N?
of the spatial discretization of the operator A* = nA — w + ep(t,x) scaled by 5t> (two dimensions) [28]. Stability condition for PC4 is
5t2|Amax| < 720/251 ~ 2.868 [33]. In graph (b) of Fig. 1, the eigenvalues of the discretization of the spatial operator of attractiveness A
scaled by 5t are shown.

In Fig. 2 initial condition and numerical integration is shown. The parameter values are fixed in N = 256, dt = 1 x 1073, integration t = 200,
andn™* =3.94, A = 0.05, w = 0.05, T = 0.019, € = 0.10. (a) Initial condition is an attractiveness random map, the initial burglaries density
p(x)o, is a homogeneous distribution fixed at 0.2 and boundary conditions are periodic. In (b) u = 4.40 corresponds with s = 1.20. Maximum
attractiveness intensity showed an increase compared to the initial condition, achieving a maximum of ~ 0.8. (c) p = 2.50 corresponding
with derivative order s = 0.25, in this case, dominate Lévy flights over Gaussian diffusion, it can be seen how attractiveness is concentrated
in two principal regions (central hotspots) achieving a maximum of ~ 1.6. The non-local effect of fractional operator explains that this
plays a relevant role in how the crime field influences attractiveness distribution.

The preceding numerical examples show relatively distant cases compared to the fractional order. The most relevant aspect is the formation
of intense few hotspots (central hotspots) in issues where Lévy flights dominate. For example, this result has particular interest for modeling
metropolitan areas where attractiveness does not manifest homogeneous space of small hotspots distribution. Still, instead, a few hotspots
rise, as is usually the case with city centers, as shown in [21]. In the case of s ~ 1 were recovered Laplacian diffusion results.

3 Approximate analysis for stationary solutions in one dimension

For some nonlinear phenomena under specific continuity conditions, can be done a study through a power series approximation. This idea
is based on the assumption that solutions are analytical functions concerning some of their parameters. The series length is infinite, but an
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Figure 2. (a) Initial condition and (b-c) final state after integrating equations (17), (18) for a time t = 200. Boundary conditions are periodic for both examples. The parameters
are fixed in N = 256, n* = 3.94, A = 0.05, w = 0.05, " = 0.019 and e = 0.10. Case (b) p = 4.40 corresponding with s = 1.20, the number of hotspots has been reduced
compared to the initial condition, but the magnitude of the intensity has increased. (c) 1 = 2.50 equivalent to s = 0.25, in this instance Lévy flights (anomalous diffusion),
dominate over Laplacian diffusion, the formation of hotspots with a mayor intensity is observed (respect to (b)). These can be explained as the non-spatial locality effect of
the fractional operator, which allows the crime density field p to have a more significant influence on the appearance of a few high-intensity hotspots in the attractiveness A.

approximate model is obtained by truncating to a specific power order. The precision radius is usually a function of the power order trimmed
in the series. Expanding series analysis is applied to estimate the local phenomenology of the original system through an approximate
model. There are studies using series expansion on stationary solutions for the Short model (2, 7, 10]. Other studies have also been made to
assess their stability (3, 8, 15, 34] and bifurcation analysis [35, 36]. Our study proposes a series expansion analysis, considering the density
home burglaries field as an analytical function of attractiveness. A comparable analysis is undertaken in reference [6], although the ansatz
for expansion is different from the one suggested here, as shown below. Using equation (17) in the steady-state i.e. 9A/9t = 0, also, consider
special case A° = & (constant in all ), we propose

NAA - wA + eAp(A) + wi = 0, and p(A) = 3 B(s)A’, (22)
i=0

Replacing p(A), dividing by n, and ordering by powers of A, we have

)

aa- Wby, ePipa, By, o
n n

_w~
n n

renaming the coefficients, as 1 = (“’_nﬂ, fori>2p; = % and o = “{17", therefore,
AA = B1()A + Bo(S)A% + B3()A3 + ... = —«.

For qualitative analysis, we will work on one dimension (AA = Axx), and the last expression is truncated to the third power in A. Which
provides us with a non-homogeneous and non-linear ordinary differential equation

Axx — B1(S)A + B (5)A% + f53(5)A3 = - (23)
For the analysis, we propose changing the second-order differential equation (23) for two first-order equations, as follows:

AX = My
My = B1()A — B2()A* — p3A3 — «. (24)

One further approximation is required to introduce the functional relationship between 3;_, , 5, with respect to the derivative order s. In
a small disturbances scheme (concerning intrinsic attractiveness), a linear relationship is suggested for the three functions, such that
B;(s) = a;s. Fig. 3 presents the numerical solution for this approximation level. In Fig. 3 (a) the configuration space M(x) vs A(x) is plotted
for several values of derivative order s € [0.2,1.4]. In Fig. 3 (b) Solution of egs. (24) is shown with coefficients a; = 100, a, = 8, a3 = 8,
which resemble spike solutions. (c) For the complete model (egs. (17)-(18) in 1-Dimension) is shown M(x) vs A(x), with parameters
1 = 3.874, w = 0.05,A = 0.09, T =5 x 10‘6, e = 0.04, s € [0.2,1.4], the initial conditions are A(x, 0) = (1 — cos(27x)), p(X,0) = 0.1and the
subjacent attractiveness « = A°(x) = 0.1. (d) Are shown solutions of A(x, t = 200), for different derivative order values s € [0.2, 1.4]. In sub
Figs. (a)-(d), curves with the maximum amplitude correspond with lower values of s, and the amplitude decrease when s is incremented.
Visually, it can be seen that the behavior of the real and approximate solutions are qualitatively different. By tuning the parameters in the
approximate model, the amplitude and width of the curves can be adjusted, however, to modify the shape of the curve a different model is
required. With this observation, we can say that an approximation by a few terms is not enough to capture the dynamic of the attractiveness
represented by Eq. (17). Also, the linear relationship between the coefficients Bi=1,2,3 and the order of the derivative s, seems not to be
adequate to approximate the behavior of the system.
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Figure 3. Graphical comparison between complete (egs. (17) and (18) in 1-dimension) and approximated model (Eq. (24)). (a) Evolution of different derivative order values
s € [0.2,1.4] for M(x) = 9A(x)/9x vs A(x). (b) Spatial distribution of A(x) for s € [0.2, 1.4]. (c) Solution of the complete model (egs. (17), (18) in 1-dimension) for derivative
order s € [0.2,1.4]). (d) Spatial distribution of the solution A(x, t = 200) for s € (0.2, 1.4]. The parameters of the approximation (Eq. (24)) are B;(s) = a;s with a; = 100, a = 8,
az = 8. Parameters of the eqgs. (17) and (18) aren = 3.874, w = 0.05,A = 0.09,T" = 5 x 10‘6, e = 0.04and « = A°(x) = 0.1. It is appreciated that an approximation of a few
terms and linear relations of the Bi=1,2,3 coefficients and s does not consistently capture the dynamics of the complete model. However, the relation between curve amplitude
and fractional derivative is represented in a qualitative way.
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Figure 4. Numerical attractiveness solution A(x, t), after integrating for t = 200. (a), (b) and (c) represent the attractiveness field for s = {0.17, 0.25, 0.29} respectively. Figures
(d), (e) and (f) correspond to the criminal density distribution field for (a), (b) and (c) respectively. The three scenarios show in the attractiveness field a hotspot’s existence,
coupled spacially with hotspots in the criminal density field. For case (a)-(d), the attractiveness hotspots have a localized and intense dot at the center, and the criminal
density field exhibits similar behavior. In (b)-(d) appears an intense ring around the center of the hotspot. Those phenomena occur in attractiveness and criminal density
fields. In figures (c) -(f), the attractiveness increases marginally concerning the previous cases. The hotspots in crime density are less intense than (a)-(c) and (b)-(e).

4 Numerical analysis of fractional order in 2-dimensions

Using the integration method explained in Subsection 2, several bi-dimensional scenarios were calculated, while varying s. The initial
condition A (x) for all cases is composed of an array with 4 x 4 Gaussian distributions on the domain O = [0,1] x [0,1] and periodic
boundary conditions. In Fig. 4, the final state is shown after integrating by t = 200 for s = {0.19, 0.25, 0.29}, with parameters n = 3.947",
w =0.05,A = 0.05, T = 0.0019, e = 0.10. As observed in Figs (a)-(c) (attractiveness) and (d)-(f) (density criminal agents), exist different
behavior regimes for values of s < 0.45, which is where the Lévy flights dominate over conventional diffusion. Although there are not quite
significant changes in the attractiveness hotspots magnitude in (a)-(c), there are more noticeable changes in criminal agents density
distribution (d)-(f). To explain this change is necessary to understand criminal density dynamics, as we hypothesized below. In the space
of criminal density, Figs. (d)-(f) a descending difference in the magnitude of the hotspot can be observed, while s increases, simultaneously
the hotspot base becomes wider. The hypothesis is that stochastic flights are longer and directed to the most attractive areas, with greater
precision, while s < 1. When derivative order s increases, Lévy flights exist, but now they compete with Laplacian diffusion.

In agreement with numerical observations (Fig. 4), there are two-dimensional periodic solutions for different derivative order values
s. However, there are considerable differences between them, analogous to the one-dimensional case reported by Chaturapruek et al.
[6]. The magnitude and spatial distribution of the attractiveness field and the criminal density constitute most of these differences. The
results interpretation is that for s < 1, the fractional operator A® manifests its non-local nature. From graphs of Fig. 4, the maximum
attractiveness intensity variation is observed by changing parameter s. The two-dimensional system solutions are determined numerically
for s € [0.17,1.20]. To analyse results, we determine global properties max[A]/ max[Aq] (max for all x on Q), as a function of s.

In Fig. 5 it is observed how the total attractiveness I[As], defined in equation (25) shifts with respect to the total attractiveness of the initial
condition I[Ao]. In graphs (a) and (b) of Fig. 5, both properties are shown, as well as the integration time t = 200. Graph (a) for s < 0.5
corresponds to a regime where Lévy flights dominate Laplacian diffusion. The Maximum attractiveness reaches high values compared
to the rest of the graph. The region 0.5 < s shows max As/ max Ao has small variations, but it shows a local maximum at s ~ 1. In graphs
(a)-(b), it is observed that in the case s > 0.5, the attractiveness magnitude remains low (respect to the case s < 0.5) and continues with
this trend, for s explored in this experiment. The hypothesis to explain these two regimens is a behavior change between them from Lévy
flights diffusion to one where the Laplacian diffusion has relevant effects or dominates. As a result of the analysis of graphs, it can be said
that in an environment where criminal agents have high mobility, attractiveness increases significantly for usual Laplacian diffusion.

TMAs] = JQ As(x,t = Te)dxand T[Ag] = JQ Ao (X)dx. (25)

In Fig. 5 the substantial increase in both global attractiveness properties, for values of s < 0.45 reveals a significant criminal population is
leaving its neighborhood and is continually moving to the most attractive areas. This mechanism is reinforced by a cyclical process and
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Figure 5. In both graphs the parameters are fixed at Tc = 200, = 3.947, w = 0.05, A = 0.05, " = 0.0019, € = 0.10and s € [0.17,1.20]. (a) Evolution of max[As]/ max[Ao ],
which measures the maximum attractiveness values in Q. Graph (b) shows I[As]/I[Ao ], which represents a total attractiveness measurement in Q. As the previous graph,
this shows two attractiveness regimes with a transition zone between them, for the same values of Q, although, there is a significant decrease when s = 1, which corresponds
to the usual Laplacian diffusion. In both graphs, there is evidently a region for values of s < 0.4 where essentially there is great attractiveness, both at the maximum intensity
level, as in case (a), and global attractiveness, as in case (b). The explanation for this increase in attractiveness relates to greater mobility among the criminal population.

is only limited by local diffusion. In fact, for s < 0.37, the numerical solutions show a remarkable increase, as local criminal diffusion is
not enough to delocalize the high attractiveness concentration, and the integration process is numerically unstable. Another exciting
aspect is the apparition of a local maximum for s ~ 1 because evidence of a substantial change occurs within the usual Laplacian diffusion
regime (for the case s = 1, the conventional definition of the Laplacian operator is used) in this regime, an intense local diffusion increase
the attractiveness. In Fig. 5 (b) is shown the total attractiveness on Q, it has a similar trend to that of the graph (a), that is, the global
attractiveness also changes as a function of s.

5 Law enforcement of fractional bi-dimensional model

How police officers engage with the attractiveness field is fundamental to the model dynamics. As mentioned before, there are several law
enforcement strategies for Laplacian diffusion, and each one produces different results [4, 9, 11], particularly in the work of N. Rodriguez
[37], a complete study is made of different patterns on hotspot policing. The usual Laplacian diffusion models primarily represent these,
and those fractional models represent only one dimension. Two main components maintain the incorporation of police officers: (a)
Displacement dynamics over the environment, i.e., displacement rules. (b) The way criminals interact with the environment; what makes
criminals perceive particular sites as less attractive. The strategy applied in this work is cops on the dots, considering this as a typical law
enforcement example. Therefore, police agents’ existence modifies criminal attractiveness perception in the following way

Aq(t) = exka®4 (1), (26)

where x > 0 represents police influence on criminal perception. The probability that a criminal agent performs an attack on the sited € Q
attime t + 5t is expressed as

py(t) = —&—"_.
Pd) = A, )

A similar deduction to that described by the equations (1) and (3), is made, for attractiveness in the police presence A(x, t), and residential
burglaries p(x, t). In the continuous limit, we have

QA - 1AL, 1) - w(A(, ) - Ag) + A, Dp(x, ). (27)
In the case of p(x, t), the attractiveness change, expressed in equation (26), is exhibited in a variety of probability g; 4 to go from asiteitod
ina(t,t + t) period, as follows:

Qi g = Wi_d ,
7Y Ldez,dAiWind
where the weight w;_, ; is defined as
Ayt
" 40

i=d = el —dlw’



36 | Mathematical Modelling and Numerical Simulation with Applications, 2022, Vol. 2, No. 1,26—40

and the sum of the weights is

. Ag(t) = Ay(t) Ai(t)
2 Wia= D nqicde b 2 Wli—die

dez2,d+ dez2,d# dez2,d+

Using equation (9) for the operator £, and with a similar deduction to that shown in section 2, then we have:

0 p(Xy t) — A p(xy t) p(xy t) A A
o = D{A(x, A ( A t)) e AS (A(x, t))} — A, )p(x,t) + v. (28)

Values for D and -y are specified in equation (19). A relevant aspect of the cops on the dots strategy is that those police officers are biased
towards the most attractive areas. These phenomena generate a masking effect that reduces the attractiveness perception of criminals
concerning specific places, thus forcing them to move to less attractive areas or disappear from the scene without ever committing a crime.
The probability that a police officer will move from site i to site d is

_ A
qig}d(t) - ZiNdAi(t),

the expected number k of police agents at site d over time t + 5t is expressed as
kg(t+8t) = > ki(t)g;_,q(t).
Chaohao [11] make a similar deduction for the continuous limit, which, if adapted to the two-dimensional case, can be expressed as:

ok - 2k

;=D [vk - KVA], (29)
where D = wD. The equations (27)-(29) represent the fractional diffusion model with law enforcement, which will be used for the
simulations below. The model parameters were set in T¢ = 200, n* = 3.94, A = 0.05, w = 0.05, " = 0.019, € = 0.15, s € [0.17,1.20] and
the effect of the law enforcement x = 0.0, 0.86, 3.86. Similar to the section 4, the maximum and the attractiveness total sum over Q, is
determined integrating and divided by the maximum and the total sum, respectively, of the initial condition A,.

Arelevant aspect to the law enforcement incorporate, then integration of the system (Egs. (27)-(29)) becomes unstable for s < 0.5, although
it also depends on the value of x. This phenomenon is notorious because the system shows a large ring formation around the hotspot center
before blowing up.

In Fig. 6 (a) the max[As]/ max[A,] for x = 0.0, 0.86,3.86 indicated with blue, green and red colors respectively, are shown. The missing
points correspond to the cases with law enforcement x = 0.96, 3.86 and, it is where the model could not be integrated numerically for a
time t = 200 as observed for values s < 0.45, the maximum attractiveness magnitude, grows with the police presence, at least for case
x = 0.86, i.e., attenuation in the attractiveness by law enforcement was expected, but in a nonintuitive response of the system, it was
increased (s < 0.45). Reading this result is not easy and possibly not unique, but one interpretation is that criminal agents move relatively
easily to hotspots, while police officers move by Laplacian diffusion and therefore are slower. Thus, the police agents slowly concentrate on
some hotspots, but the criminals can create new hot zones without allowing the police agents to react adequately. For values s > 0.45, the
maximum attractiveness is reduced by the police presence, which is an expected result. Fig. (b), representing the total attractiveness in
Q, shows similar behavior to Fig. (a). A rapid criminal diffusion based on Lévy flights, and a slow police response, have increased global
attractiveness levels. It can be concluded that both graphs in Fig. 6 show two types of attractiveness response to law enforcement: First, for
a certain intensity of Lévy flights, the attractiveness increases with the law enforcement, and second, the attractiveness is attenuated when
the criminal diffusion is comparable to the police diffusion. It shows that different surveillance strategies should be evaluated to find an
effective response of police agents to avoid criminal attacks.

Fig. 7 (a)-(b) presents stable attractiveness results A(x,t = 200), for the values of s = 0.31 with x = 0.86 and s = 0.45 with x = 3.86
respectively. These results correspond to the first points on the left of the graphs in Fig. 6 with x > 0. In (a), a ring with less angular
symmetry is shown, and the intensity of attractiveness drops suddenly for a critical radius. In addition, isolated spots are observed inside
the ring. In numerical tests for values of s < 0.31, these isolated points grow without limit. The attractiveness dynamic resulting in the
spatial distribution observed in (a) is difficult to explain. However, a hypothesis is that a weak police presence in an environment of high
criminal mobility fragments usual hotspots into a more complex structure. In Fig. (b), conventional hotspots are observed, the deterrent
police influence can be appreciated too, in the attractiveness magnitude. However, a symmetry break has occurred. The upper right corner
hotspot began to grow more than the rest. For s < 0.45 and x = 3.86, structures similar to case (a) appear, but they blow up before the
integration time reaches t = 200.
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Figure 6. In both graphs the parameters are fixed in Tc = 200,11 = 3.94, A = 0.05, w = 0.05, T = 0.019, € = 0.15, s € [0.17,1.20]. (a) Evolution of max[As]/ max[Ag] (Ao is the
initial condition), Which is a measure of the maximum attractiveness values in Q, for x = 0.0, 0.86, 3.86. Graph (b) shows I[As]/I[Ao], which represents a measure of total
attractiveness in Q to x = 0.0, 0.86, 3.86. Like the previous graph, the existence of two attractiveness regimes exists, the first (s < 0.45) is dominated by Lévy flights, and the
second (s > 0.45) corresponds to a more conventional diffusion.
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Figure 7. Spatial distribution for the x = 3.86 and s = 0.31 cases, the rest of the parameters are those specified in Fig. 6. (a) Field of attractiveness: A type of hotspot with a
shape that varies from the classic one (circular) is visible. (b) The result of the integration is a more conventional hotspot distribution, however, some hotspots have started to
grow more than others.
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6 Conclusions

We have made a numerical study of the fractional model for the bi-dimensional case of home thieves dynamics, incorporating the police effect
and using the Cops on dots strategy. The fractional operator was approximated through two-dimensional Fourier transform properties. It is
observed that applying a Predictor-Corrector 4 schedule to a random initial attractiveness distribution, the number and hotspot magnitude
are related to the derivative order s of the fractional operator. In a 1-dimensional scenario, stationary solutions analysis found that a series
expansion and linear relations between series coefficients with derivative order are not adequate to approximate the functional relationship
between attractiveness and criminal density population, inclusive for the small attractiveness amplitudes. A global properties analysis is
made, the maximum and total attractiveness were used as estimators of the system evolution. The results from 2-dimensional scenarios
reveal two regions with highly contrasting attractiveness behavior. The hypothesis is that Lévy flights dominate the powerful attractiveness
region when derivative order (s < 0.45 super diffusive regimen). In the interval s € [0.45, 0.5], the dynamics combine the impact of Lévy
flights with Laplacian diffusion. An appreciable variation emerges due to a smooth change in global maximums attractiveness for s = 1; It is
explained by the functional form of the coefficient Ds. Still, the interpretation is that the local diffusion of criminal agents is based entirely
on Brownian motion and produces its maximum effect on attractiveness. Incorporating dissuasive police effect into the model, maximums
and total attractiveness are significantly reduced for s > 0.5. In case s < 0.5, which corresponds to a regimen where Lévy flights coexist
or dominate, it is observed that surveillance type cops on the dots increase attractiveness levels in localized areas, with a more complex
structure than hotspots. Also, it is interesting that the police presence induces an abrupt change in the system’s evolution concerning the
derivative order (s < 0.5). Numerical results with police influence showed an attractiveness distribution with a different symmetry than the
classical hotspots with circular symmetry. However, a more detailed study is required to determine its dynamical properties. Extending the
fractional model to the 2-dimensional case brings us closer to a possible application in realistic urban environments, implementing an
optimal control investigation. Furthermore, it can be adequate for government agencies to identify attractive home zones and implement
optimal surveillance strategies.

Nomenclature

Q 2-dimension lattice
N Size of O in each dimension
I Lattice space

d Position in coordinates (d;, d,), d;,d> = 1l,21,... NI
t

time
Ay(t) Attractiveness at position d at time t
Ad Intrinsic attractiveness at site d
By(t) Time t dependent attractiveness at site d
5t Minimal time interval
Py(t) Probability of a criminal attack at site d in time 5t
3 Effectiveness of the attractiveness at site d
E4(t) Number of criminal attacks on site d during a time 5t
0 Enhancement in attractiveness for a single criminal agent attack
w Attractiveness time decay rate
n* Attractiveness influence in position d to its immediate neighbors
d Number of neighbors of position d
ng(t) Number of criminals at site d at time t
e* Influence of the criminal presence in each position d
p(x,t)  Criminal density in position x at time t
X Position in 2-dimension domain x = (x;, Xx,)
D Dimension
Qi_,q(t)  Probability that a criminal will arrive at site d from i at time 5t
Wi_q Relative weight of going from site i to site d
n Exponent of the underlying power law in the Lévy distribution
L Conventional fractional operator
AS Fractional operator derived from Lévy flight diffusion
s Fractional order s > 0
() Riemann function
Z(w) Adapted function to the 2-dimensional fractional case
r Crime population growth rate across all sites
A Rate of house burglars leaving without committing a crime in 5t time

A(x,t) Attractiveness in position x = (x;, x,) at time t
Ap(x) Initial condition of attractiveness

n Rescaled attractiveness diffusion

v Rescaled Crime population growth rate

M Criminal fractional diffusion

I[Aq] Total attractiveness in [0, 1] x [0,1]

Ayt Modified criminal attractiveness perception
X Police influence on criminal perception

kq(t) Expected police agents at site d at time t
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Abstract

A three-dimensional system is introduced in this paper and its local stability is analyzed. Our study establishes the validity
and uniqueness of the linear feedback control for the proposed system and proves its existence and uniqueness. The numerical
simulation algorithm described by Atanackovic and Stankovic is finally applied. The analytical results are analyzed and the
dynamics of the system are explored in more detail.
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1 Introduction

Modeling and investigating actual phenomena can be accomplished with fractional dynamical systems. A dynamical system may exhibit
chaos as one of its important dynamics. Dynamical chaos disappears when the fractional order falls below a threshold in a fractional-order
chaotic system. There have been several articles discussing the minimum effective dimension below which the system remains chaotic,
[17 21 3] 4’7 57 6) 7]'

Chaos theory is a field of mathematics that has already attracted the attention of many researchers from different fields of science, engineer-
ing and medicine. Chaos theory describes the behavior of certain dynamical systems whose state evolves with time and are highly sensitive
to initial conditions. Because of the complexity of chaotic behavior in dynamical systems, it finds applications in a variety of fields, such as
science, technology and medicine [8, 9, 10, 11, 12, 13, 14]. Studying chaotic systems can be a very valuable endeavor. Sene [15] in his paper
studied the applications of the fractional-order chaotic system in the sense of Caputo fractional derivative. The presence or absence of chaotic
behaviors of their model was presented in terms of the Lyapunov exponents. For the model description, the circuit schematic was drawn
and simulated. Naik et al. [16] in their paper studied the chaotic dynamics of a fractional-order cancer model. A detailed analysis of the
equilibrium points was also considered. Theyalso calculated the Lyapunov exponents that give the existence of chaotic behavior of the model.

Leibniz in 1695 was the first to introduce the fractional calculus followed by Liouville in 1834, Riemann in 1892 and others [17]. Fractional
calculus represents the generalization of integrals and derivatives to non-integer order. After Leibniz fractional calculus has gained
increasing popularity and finds applications in various fields of science, technology and medicine [18, 19, 20, 21, 22, 23]. Recently, Ozkose
and Yavuz [24] in their paper studied in fractional-order case the relations between COVID-19 and diabetes diseases under the hereditary
traits then validated their model by the real data from Turkey. The Adams-Bashforth-Moulton predictor-corrector method was employed
for the numerical solution of their model. For the advantages of the fractional-order derivative, they considered the memory trace and
hereditary traits in the model. Fractional model, similar electrode-electrolyte, electromagnetic, and wave models have been found to
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explain many systems in the physical, chemical, and biological processes.

The rest of the paper is decorated as: after the introduction in Section 1, Section 2 gives some preliminaries and discusses a chaotic
three-dimensional system. Section 3 examines whether or not a proposed system solution exists and is unique. In Section 4, we introduced
the stability conditions of the equilibrium points of the system. The linear feedback control system studied in Section 5 is based on the
Routh-Hurwitz method. In Section 6, we present numerical simulations based on algorithmic methods and discuss the obtained results.
Finally, in Section 7, we conclude the study.

2 Preliminaries

Many well known fractional derivatives including Riemann-Liouville, Grunwald-Letnikov as well as Caputo exist in the literature and are
all common fractional derivative definitions. As a result, we investigate the fractional derivative of Caputo, as defined in [25]:

t
Dg(x) = s | (v = 0" g o)do (1)
m
=" (e ) @

It is defined as follows: m is integer, m — 1 < 1 < m and T" is the Gamma function, and j° is Riemann-Liouville integral operator.

t
9 = g5 [ (1= M@)o, <0 3)

Theorem 1 [26] An autonomous linear system

D" = Lx, x(0) = xo,
whereLisam x mmatrixand 0 < n < 1isasymptotically stable if and only if |arg(n)| > J* for all eigenvalues 1 of L. The components of the
solution x(t) decay to zero in this case, each component of solution x(t) decays toward or like T™". Also, this linear system is stable if and only if
larg(n)l > T and those critical eigenvalues that satisfy larg(w)| = LT that geometric multiplication is one. In Ref. [27], a chaotic system in three

dimensions is described by:

x1(7) = axg — X2%3,
X5() = =bxy + X1%3, (%)
X5(7) = —cx3 + %3,

where x1, X5, X3 are state variables, a, b, c € R* are constant parameters. For a = 6,b = 12, ¢ = 14, the chaotic attractors for system (4) are displayed
inFig. 1.

Three equilibrium points exist in the system

0=(0,0,0), 0= (\4/ abc2, ¥/a3c2/b, \/@) , Qy= (— ¥/abe2, - %/a3c2/b, — ab) )
3 Solution’s existence and uniqueness
Taking into account the initial value problem:

D'"W() = g(r,W(x)), 0<t<Q, WR©)=w® k=0,1,...,m-1 (5)

Theorem 2 (Existence [28]) Let us consider

E:= [0,W*] x [WS® — &, W(? + ],

1
with some W* > 0 and some ¢ > 0, and the functiong : E — Rx := min{x*, (eT'(n + 1)/11gl|1 % }. Then, there exists a function W : [0,x] — R
which solves the initial value problem (5).

Theorem 3 (Uniqueness [28]) Let us consider
E:=[0,x"] x [W(()O) — a,W(()O) +el,

with some x* > 0 and some ¢ > 0. Therefore the function f : E — Ris surrounded on E and regard the second variable, meet the Lipschitz condition,
ie.,

|g(TyW) _g(T)V)l S]lw_vly
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Figure 1. The chaotic attractors for system (4)

with constant] > 0 independent v, W and V. Then, describe x as Theorem (2), there exists one function W : [0, x] — R solving the initial value

problem (5).

Theorem 4 Inthe fractional-order three-dimensional system (4), the initial value problem can be expressed as follows:
D"x(7) = Ax(7) + x1(T)Bx(1) + X2(T)Cx(7),  x(0) = Xo,

whereo < t < Q,X(7) = (x;(7), X2(7), x3(1))? € R3,%(0) = (x40, X20,X30)

a o 0 0 0 O 0 0 -1
A=|o -b o), B=|lo o 1|, C=]0 0 o
0O 0 - 1 0 0O 0 O

If
0 = min{O*, (el + D/llgll) ¥, OF >0,

there exists a unique solution for (6).

Proof Consider

g(x(t)) = Ax(7) + x1(T)Bx(7) + x2(T)Cx(7T), x(7) € [0,Q*] x [X0 — &,X0 + €],

(6)
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for any Q*, € > 0. Moreover, one has

lg(x) = g = |A(x = y) + x;Bx — y1By + X;Cx — ,Cyl

(7
< HAI(x = y)| + Ix1Bx — y1Byl + x,Cx — y,Cyl,

where y(t) € [0, Q*] x [Xg — ¢,Xo + e],and | - | represents the matrix vector norm. Clearly

|X1Bx — y1By| = |X,Bx — y1Bx + y1Bx — y, Byl
[(x — x)=)Bx + y,B(x — )|
HBH(Ix] + lys D(1x = yl).

IN

Likewise, one has the following result:
[%5,Cx — y,Cyl < [ICH x| + Ty, D(x = y).
Eq. (7) gives the result that

lg(x) — g < THAI + HBI(Ix] + Ty 1) + Hell(xl + Ty DI0x = yl)
< (Al + (Bl + I 2lxo| +2€)1(1x = yl)
< L{Ix=yll),

where] = [|All + (IIBI] + [ICI[)(2|xo| + 2¢) > 0. Hence, the fractional-order dimensional system is Lipschitz-satisfying. Then, compatible

to the existence and uniqueness theorem of the fractional-order dimensional system the initial value problem of the commensurate order
system (6) has a unique solution in the interval

Q = min{Q*, (eT(n +1)/||g||oo))%}-

[ |
4 Conditions for the stability of equilibrium points
The characteristic equation of system (4) is determined by
p(w) = 3 +ru +rpu+r3 =0, (8)
whose discriminant D(p) is defined by
D(p) = R(p,p"), (9)
and
D(p) = 1811113 + 1315 — 4i3r3 — 413 — 27r§. (10)

If A4, A, and A3 are Routh-Hurwitz determinants Ay = rq, A, = :1 rl and A3 = r3. Thus we have the following stability conditions [28].
3 I

(I)IfD(p) < 0,a; > 0, a, > 0, a1a, = az, then the equilibrium point is locally asymptotically stable for alln € (0,1).

(I1) The condition r3 > 0, is the necessary condition for the equilibrium point to be locally asymptotically stable.

Some stability conditions for the equilibrium points Q,, Q; and Q,

The characteristic polynomial of equilibrium point Q is given by:
p(w) = 13 + p>(c+ b — a) + p(be — ac) — abc. (12)

Itis clear that r3 = —abc < 0, thus applying the stability condition (II) to characteristic equation (11) implies that E, in unstable. Similary,
the equilibrium point Q; and Q, have the same characteristic polynomial, which given as:

p(u) = u3 + (c+b — a)u® + (ac + be) + 4abe = o. (12)

Thus, applying the Routh-Hurwitz conditions and the necessary stability condition part (I), imply that equilibrium points Q;, Q, are
unstable.
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5 Linear feedback control of the chaotic system

Here, the control of fractional three-dimensional chaotic system (4) is discussed by using the linear feedback control.
The controlled fractional order chaotic system (4) is given by:

D"x;(t) = axy — x2X3 — k(X3 — %1)
D"x,(t) = =bx + x1X3 — k(X3 — X3) (13)
Dx;(t) = —cx3 + X2 — k3(x3 — %3),

where (kq, k,, k3) are feedback control and k;, k5, k3 > 0 and by suitable choice of feedback control according to stability conditions (I, II),
we can drive the system (13) trajectories to unstable equilibrium point Q;.

Controlling chaos for the equilibrium point Q,

In this section, we apply stability condition of chaotic system to study chaos control. For this, we obtain the characteristic equation of the
controlled system (13) evaluated at the equilibrium point by:

3+ (51 + 55 + Ky + b) + (515 + 2bs; + Kosq + Ka$5) + (5152)ka + bsy(c + k), (14)

where s; = (k; —a)and s, = (k3 + c). By applying the Routh-Hurwitz conditions (I, II) to equilibrium point (13) we find that: k;, k,, k3, are
all positive and defined by equation (13).

Furthermore, the inequality is enough conditions for stabilizing the controlled system (13) to the equilibrium point Q; and Q,: In the
system (13) we consider the fixed parameters a = 6, b = 12, ¢ = 4 and using the feedback control gains (k;, k5, k3) = (2.88,1.33,0.52).

For the above mentioned value parameters and feedback control gains, it becomes clear that the trajectories of controlled system (13) with
fractional order n converge to the equilibrium point Q;.

Fig. 2 shows the trajectories of controlled fractional system for = 0.98, which converges to the equilibrium point Q;.

However, when n = 1 the controlled system (13) is not stable near equilibrium point Q; (see Fig. 3).

6 Numerical simulations and discussion

For solving system (4), we employ a numerical technique developed by Atanackovic and Stankovic [29] to solve the fractional differential
equation, and we depict trajectories of system (4) using the well known Runge-Kutta method of order fourth for parametersa = 6, b = 12,
¢ = 4. We have the equilibrium point Q; = (135.764, 67.882, 8.485) and Q, = (—135.764, —67.882, —8.485).

Fig. 1 presents numerical values for system (4) for different values. An analysis of the local stability of a three-dimensional system is
presented in this paper. This study aims to verify the validity and uniqueness of linear feedback control for the proposed system and prove
its existence and uniqueness. An algorithm is finally applied to the numerical simulation.

()
81 —
z(t)
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Figure 2. The trajectories of the controlled system (13) by = 0.98
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Figure 3. The trajectories of the controlled system (13) byn = 1

7 Conclusions

In the present paper, we examined a three-dimensional fractional order chaotic system. The conditions that ensure the existence and
uniqueness of its solution were identified. We employed Routh-Hurwitz method to determine the stability conditions. We also employed
the feedback control of the chaotic system with fractional order. Through the numerical simulations, the performance and authenticity of
the proposed method were presented. The trajectories of the model (4) through the well known Runge-Kutta method of order fourth were
depicted. It is concluded from the obtained results that the fractional power of the derivative has a significant effect on the dynamic process.
Also, it is observed that the smaller fractional power of the derivative is the chaotic behavior of the system.
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Abstract

This paper addresses the mathematical modelling of aircraft landing gear based on the shock absorber system’s dynamics and
examination of results depending on different touchdown scenarios and design parameters. The proposed methodology relies
on determining an analytical formulation of the shock absorber system’s equation of motion, modelling this formulation on the
model-based environment (Matlab/Simulink), and integrating with an accurate aircraft nonlinear dynamic model to observe the
performance of landing gear in different touchdown or impact velocities. A suitable landing performance depends on different
parameters which are related to the shock absorber system’s working principle. There are three subsystems of the main system
which are hydraulic, pneumatic, and tire systems. Subsystems create a different sort of forces and behaviors. The air in the
pneumatic system is compressed by the impact effect so it behaves like a spring and creates pneumatic or air spring force so the
most effective parameter in this structure is determined as initial air volume. Hydraulic oil in the receptacle of the hydraulic system
flow in an orifice hole when impact occurs so it behaves as a damper and creates damping or hydraulic force. The same working
principle is acceptable for the air in the tire. The relationship between tire and ground creates a friction force based on dynamic
friction coefficient depending on aircraft dynamics. As a result of this study effect of the impact velocity and initial air volume
parameters on the system are examined and determined by optimization according to maximum initial load limits of aircraft and
displacement of strut and tire surface.

Key words: Shock absorber; landing-touchdown performance; oleo-pneumatic and strut; aircraft landing loads
AMS 2020 Classification: 37Mo05;37N35; 93C10; 93C35.

1 Introduction

Shock absorber systems have essential roles in aircraft structure. Accidents occur during both landing and takeoff. Shock absorber systems
in landing gear can absorb the touchdown loads. This system needs to be designed and controlled as it can provide a health touchdown
condition before the manufacturing process. There are two controlling ways observe the system’s qualification. The first one is an empirical
way that needs to test apparatuses [1]. Applying this way is expensive because there is a mechanic system to observe touchdown condition.
The second way is the analytic or simulation method. In this method, the dynamics of shock absorber systems, equations of motions, tire
behaviors etc. are simulated in computer programs (Matlab/Simulink) (2, 3, 4, 5].

In addition, according to international regulations and literature, there are a few landing conditions (three-point landing, two-point
landing) (6, 7, 8]. These conditions directly affect the response of the system. In one-gear landing conditions, the aircraft is in the level
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attitude. In this condition aircraft contact the runway on one main landing gear and touchdown velocity is the most important parameter
for the shock absorber to healthy landing. In two-point landing conditions, load factors and pitching accelerations are changed by time.
Main gear landing loads are critical in this condition. Changes in load factors are caused to differences in landing gear systems design
parameters. Examples of these parameters are hydraulic characteristics and oleo length. In three-point landing conditions, pitching
acceleration is equal to zero. the nose gear system and its structures are generally critical in this condition and the nose landing gear carries
%15 of the total weight of the aircraft in the static position [9]. One of the main function of the landing gear systems is the compensation of
the maximum critical load. The critical parameter which is the most important input to the model is a vertical component of touchdown
velocity. It directly affects the motion. Some experiments show the critical touchdown velocity is between the 3 — 5 m/s [10].

The discharge coefficient which is determining the buffer damping force is generally determined between 0.8-0.82 which is related to the
hydraulic flow motion [1]. The oleo-pneumatic shock absorber system has a few subsystems. In this system, the air is directly used to store
the impact energy. Air works like a spring and produces a spring force (air spring force). Air spring force depends on a few parameters.
For instance, the initial pressure of air which is generally determined firstly is can be calculating if the air vehicle mass is known. So,
initial pressure is a main design parameter. Desired air spring deflection is observed in static position of the air vehicle may determine
this parameter. The other store part for impact energy is the hydraulic damping. The behavior of hydraulic oil during corresponding
impact force is the product of hydraulic force. The tire which is working as a spring is needed to bear all produced forces. The tire spring
characterize is the most important parameter that can directly affect the tire behavior [11].

Different coefficients of friction in different runway conditions cause frictional force variation between the aircraft and the runway. Change
in friction force affects the friction force which is normal to the axis of the shock strut and friction force at the tire in the horizontal direction.
The dynamic friction coefficient between the tire and the runway is not a constant value and can be expressed as a dependent function of
forward velocity (u), the forward speed of the aircraft in the x direction. There is an inverse proportion between forward speed and dynamic
friction coefficient.

the shock absorber landing gear system is simulated with the integration of aircraft non-linear dynamic model in this paper. The most
important parameter that is impact velocity, is considered when landing maneuver scenarios creates. In this study, we want to develop a
generical model of the nose and main landing gears.

2 Methodology

In this section, the oleo-pneumatic shock strut system dynamic is explained and modelled. Figure 1 shows the schematic view of the
oleo-pneumatic shock strut where Aq is the net pneumatic area, Ap is the net orifice area, A, is the net hydraulic area.

/—Air

Fluid

Figure 1. Schematic view of the oleo-pneumatic shock strut [15].

Mathematical model

Pneumatic force
The mathematical model of the pneumatic force in shock strut is given as:

Vo n
Fq = AgPq, Vo —SsAa ) (1)
7z, - Z
SS = 1 2; (2)

cos¢
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where F is the pneumatic force (air-spring force), Aq is the pneumatic area, pq, is the initial strut air pressure, v, is the initial air volume,
n is the effective polytropic exponent for the nitrogen-compression process, Ss is the deflection of the shock strut, Z; and Z, are the vertical
displacement of sprung (aircraft structure) and the unsprung mass respectively and « is the anteversion angle of the strut [12, 13].

There are many reasons why nitrogen is used instead of air in the damper system. Firstly, since the air contains oxygen and hydrogen,
moisture formation may be observed during operation and this may increase the risk of cavitation. Therefore, using nitrogen is more
advantageous. Secondly, during operation, the nitrogen internal pressure is more consistent than the air internal pressure. Thirdly, since
the density of nitrogen is greater than the density of air, it can keep the damper pressure longer period of time. Finally, since nitrogen is an
inert gas, it does not react with other damper components [14].

Hydraulic force

The main orifice hydraulic force is:

A L
Fp=po | =5 | ISIS, 3)
2A3C%
1 1 20 I
=+ 1+z.257) )
Ca 0827- o.oossé Re ( d)’

where Fp, is the hydraulic force, p is the density of the fluid, Ay, is the hydraulic area, Ay is the sectional area of the orifice inlet, C; is the
discharge coefficient, S is the stroke telescoping velocity, Re is the Reynold number, [ is the orifice length, d is the orifice diameter. Hydraulic
force is the measurement of the pressure loss between the ends of the shock absorber. The discharge coefficient is calculated to find the
relationship between the shock absorber hydraulic force and the strut telescoping velocity. In this paper, the I/d ratio was assumed as greater
than 2. In line with the assumptions, the formula in Eq. 4 was used. According to the researches, C; value was determined approximately
0.8 and the C; value was assumed as 0.8 in [1, 15].

Friction force

The internal friction force in shock strut is;

s L-s
Ff— ElFN“I (H1+H2)m+li2 ) (5)
_ Wy . . . 6
Fyo = Elemoc+1-“,g sin o — W, sin o = Fg oS «, (6)
Fpg = Fugugr, @

where F, i is the friction force, $ is the stroke telescoping velocity, Fy « is the force normal to the axis of the shock strut applied at axle, u, is
the friction coefficient between inlet cylinder and stroke surface above the orifice area, ., is the friction coefficient between inlet cylinder
and stroke surface at below the orifice area, I, is the distance between the axle and orifice area, I, is the distance between orifice area and
upper of landing gear, o is the anteversion angle of shock strut, Fyg is the vertical force of tire, Fp,, is the horizontal force of tire, pgr is the
friction coefficient between ground and tire. There are two sources of friction which are tightness of seal and deformation of shock strut.
The friction forces acting on the direction of strut were considered [16].

Tire force

Vertical tire force which is acting during the landing progress results from the tire compression is given by:
Fyg=(1+ ZZCT)fZZv (8)

where Z, is the tire hub vertical velocity, Cr is the vertical damping coefficient of the tire, fZ, is the tire static compression curve. Figure 2
shows the tire footprint. Where P is the internal tire pressure, R}, is the loaded radius, Dy, is the diameter of tire, d is the collapse distance.
The dynamic friction coefficient changes depending on the forward speed of the aircraft in the x direction. The equation for the variable
dynamic friction coefficient is given in below;

n(A, v) = €SV [C (1 - e — A, ©)

where C; is the friction curve maximum value, C, is the friction curve shape, A is the slip ratio, u is the aircraft forward speed, C; is the
difference between the maximum value at A = 1and the maximum value of the friction curve, C, is in the range of 0.02 — 0.04s/m . For dry
concrete condition parameters which used in this paper are: C; = 1.2801, C, = 23.99, C3 = 0.52 and C,, = 0.03s/m [17]. Figure 3 shows the
relationship between slip ratio and friction coefficient.
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Figure 2. Tire footprint.
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Figure 3. Relationship between A and . at different horizontal landing speeds [17].

Equations of motions
Tire rotation and deformation in horizontal direction are not considered, the nonlinear equations of motions are given below;

mlzl =mqg- (Fa + Fh + Ff)COS(O(), (10)

MyZy = Myg + (Fq + Fpy + Ff) cos(«) = Fy, (11)

where Z; and Z, are the vertical displacements of sprung (aircraft structure) and unsprung mass respectively [1]. Figure 4 shows the landing
gear forces. R(l wixy) is the bearing reaction force at lower and upper, Fy; is the hydraulic force, F, is the air spring force, Fy is the friction
force, Fyg and F; are vertical and horizontal forces, « is anteversion angle of shock strut [18]. Figure 4 shows the free body diagram of the
total system as two degrees of freedom.
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Friction damping

<— Hydraulic damping

Tire spring
and mass

Figure 4. Forces on landing gear [1] and free body diagram of landing system.

3 Plant model development

Figure 5 shows the schematic of Simulink model. There is not any pneumatic force effect on aircraft at the initial time because there should
be a reaction force of the pneumatic system to hold the airspring force. There is a pneumatic force but it does not affect aircraft force
equilibrium. So, the initial force of the pneumatic system subtracts from the total strut force which directly affects the equations of motion.
Figure 5 also shows the schematic of the flight dynamic model and dynamic friction coefficient connection. Since the forward speed of the
aircraft v is a parameter that affects the dynamic friction coefficient function, the aircraft non-linear dynamic model is also considered in
this paper. Figure 6 shows the results of dynamic friction coefficient’s results depends on aircraft dynamics.

Figure 5. Schematic of Simulink model.
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Figure 6. Dynamic friction coefficient results.
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Table 1 shows the values of shock absorber system parameters.

Table 1. Parameter values and units

Parameters  Values Units
Aq 0.014 m?
Ay 0.013 m?
A 0.0006412 m?

n 1.6 -

) 0 deg

k 950000 N/m
Cr 25000 Ns/m
m 0.006 -

1o 0.006 -

4 Simulation results

To assess the optimum landing performance of an aircraft without any structural damage this section presents a series of simulation results
that illustrate the behavior of the shock absorber system reacting to different impact velocities and initial air pressure in pneumatic system.
According to the results of applying different impact velocities (2 m/s, 3 m/s, 4 m/s) to system, the displacement of sprung and unsprung
mass increase proportionally with increase of impact velocities. Maximum displacement in sprung (strut) mass determined as 37.55 cm
and displacement of unsprung (tire) mass determined as 15.31 cm in 4 m/s condition. Maximum loading on sprung mass that is critical
structure was determined as -5.6 g and loading on unsprung mass was determined as -11.85 g. The passing time of damping of systems is
inversely proportional to impact velocities because higher impact velocity creates more energy to absorb as shown on Figure 7 and Figure 8.
According to the examination of these results, optimum impact velocity is determined as 3 m/s. Because, according to the design limits of
sprung mass, the maximum load should be under -4.5 g. To reach the optimum performance, the impact velocity should be determined
according to minimum damping time, maximum load below structural limits. Forces acting on the system according to different impact
velocities as shown in Figure 9 and Figure 10.
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Figure 7. Sprung mass equations of motion results according to different impact velocities.
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Results of Unsprung Mas Equations of Motion According to Different Impact Velocities 2,3,4 m/s
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Figure 8. Unsprung mass equations of motion results according to different impact velocities.
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Figure 9. Forces acting on the system results according to different impact velocities.
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Figure 11. Sprung mass equations of motion results according to different initial air pressure.
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Results of Unsprung Mas Equations of Motion According to Different Initial Air Pressure 5,6,7 Mpa
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Figure 13. Forces acting on the system results according to different initial air pressure.
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The system has also been simulated by applying 5 MPa, 6 MPa and 7 MPa initial air pressures with the 3 m/s impact velocity scenario,
damping occurs in a short time of the displacement of sprung and unsprung mass in 7 MPa initial air pressure condition. In addition, when
initial air pressure increases, the pneumatic force dramatically increases. The maximum sprung mass displacement was observed in 5
MPa initial air pressure condition as value of 32.15 cm as shown in Figure 11. The maximum unsprung mass displacement is observed in 7
MPa initial air pressure condition as value of 15.32 cm shown in Figure 12. The maximum loading on sprung mass is measured as -4.3 g at
sprung mass in 7 MPa initial air pressure condition. The loading on unsprung mass is measured as -8.99 g at unsprung mass in 5 MPa
initial air pressured shock absorber. According to the result of applying different initial air pressure, low pressure is more effective for
sprung mass, high pressure is more effective for unsprung mass. Because high pressure in the pneumatic system behaves high spring
coefficient, it creates more force and more loading but low pressure creates more oscillations and high damping time as shown in Figure 13.
To sum up of the results, the most effective parameter on loading is determined as impact velocity so it is determined firstly, initial air
pressure is scaled for reach optimum loading, tire deflection and damping time.

i Results of Forces Acting on the System According to Different Initial Air Pressure 5,6,7 Mpa
7 I T T I I

= Ff[N][5 Mpa In. Press.]
———Ff[N][6 Mpa In. Press.] |

T

Friction Force (N)

I
—— Fs[N][5 Mpa In. Press.]
= Fs[N][6 Mpa In. Press.]
~———Fs[N]|[7 Mpa In. Press.] |-

Strut Force (N)

Figure 14. Forces acting on the system results according to different initial air pressure.

5 Conclusion

Landing gear shock absorber systems have a critical role in aircraft touchdown conditions. Because, there is an impact energy that
needs to damping. It is important for safe landing condition. Landing gear shock absorber system dynamics have to be modelled before
the manufacturing process to observe systems response. Thus, critical conditions can be predicted before a real flight and landing.
Traditionally, landing gear characteristic observes with test apparatuses. This way takes a long time and more cost. However, landing gear
dynamics which is modelled in model based environment such as Matlab/Simulink is cheaper and saves time. The paper has presented a
perspective for shock absorber landing gear systems integrated to aircraft dynamics performance criteria. The proposed methodology
relies on determining an analytical formulation of shock absorber system’s equation of motion, modelling this formulation on model based
environment (Matlab/Simulink) and integrating it with accurate aircraft nonlinear dynamic model to observe the performance of landing
gear in different touchdown or impact velocities. Air spring force, hydraulic force, tire force, friction force and stroke position are the most
important outputs of system to examine the results. The behavior of the system under different initial air pressure and impact velocities
are investigated and determined with results for suitable landing gear performance. The relationship between tire and ground creates a
friction force based on dynamic friction coefficient depending on aircraft dynamics. The quality of the result obtained clearly indicates that
the approximation of founding optimum impact velocity and initial air pressure are suitable to aircraft and landing gear design limits.
In this paper, the performance of the designed landing gear under different impact velocities and different design parameters has been
investigated. In studies on landing gear design and optimization, the effect of changes in parameters such as air pressure and impact
velocities on the system can be examined and system outputs can be compared with reference to this article. Therefore, this study will
contribute to the developing and designing process of a landing gear for a new aircraft with decreasing time and economical aspects in the
future.
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