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Global Stability and Bifurcation Analysis in a
Discrete-Time Two Predator-One Prey Model with
Michaelis-Menten Type Prey Harvesting

Debasis Mukherjee!*

Abstract

This article studies a discrete-time Leslie-Gower two predator-one prey system with Michaelis-Menten type prey
harvesting. Positivity and boundedness of the model solution are investigated. Existence and stability of fixed
points are examined. Using an iteration scheme and the comparison principle of difference equations, we find
out the sufficient condition for global stability of the positive fixed point. It is shown that the sufficient criterion for
Neimark-Sacker bifurcation can be developed. It is observed that the system behaves in a chaotic manner when
a specific set of system parameters is chosen, which are regulated by a hybrid control method. Examples are
provided to illustrate our conclusions.

Keywords: Bifurcation, Chaos control, Leslie-Gower, Michaelis-Menten type harvesting, Predator-prey model,
Stability.
2010 AMS: cdddd39A28, 39A30, 92D25

1. Introduction

In the real world, the interaction between prey and their predator create a major interest to the researchers to explore the
dynamics of the system. Most of the existing predator-prey models come from the Lotka-Volterra system. The Lotka-Volterra
models cannot justify all the predator-prey interaction. For example, when the size of the prey decreases, then the predator will
search for other prey. This fact motivated Leslie to form an appropriate model known as Leslie-Gower predator-prey system to
investigate the behaviour of the system. Several studies have been done on modified Leslie-Gower model with various aspects
[1]-[3].

In spite of the vast research over the last few years, the knowledge about the effect of non-linear Michaelis-Menten type of
harvest on one prey-two predator models is insufficient. We observe that the ecological system is often perturbed by the growing
human needs for more food and more energy. For example, the fish population has decreased due to the rapid progress of fishing
technology and substantial growth in human populations. Therefore, the exploitation of renewable resources, which associates
immediately to sustainable development. Clark [4, 5] introduced harvesting of species through mathematical models. There are
three types of harvesting namely constant rate, proportionate and Michaelis-Menten type found in the literatures [6]-[9]. Out of
these, non-linear harvesting is more realistic and exhibits saturation effects with respect to both the stock abundance and effort
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level. Das et al. [10] analysed a prey-predator model considering Michaeli-Menten type harvesting on both the populations.
They discussed boundedness, local and global stability of the proposed system. Gupta and Chandra [8] followed the similar
type of harvesting in prey and derived different bifurcations such as transcritical, saddle-node, Hopf and Bogdanov-Takens
in the Leslie-Gower prey-predator model. Hu and Cao [11] discussed stability and bifurcation for a predator-prey system
with Michaelis-Menten type predator harvesting. Ang and Safuan [12] investigated the dynamical behaviour of an intraguild
prey-predator fishery model with the non-linear harvesting of prey species.

Mathematical models followed by differential equations are reasonable for the species in which populations are overlapped. In
case of non-overlapping generations, discrete-time models governed by difference equations are more appropriate than the
differential equations. In real ecosystem, a discrete time system can be seen, for example, fish populations reproduce at specific
timed moments or for insect populations, for which non-overlapping generations are occurring. Moreover, discrete-time models
also allow more efficient computational results for numerical simulations and exhibit a rich dynamics as compared to the
continuous ones [13]-[16]. Even discrete time models can admit chaotic dynamics [13, 14]. More interesting and significant
results on discrete prey-predator models can be seen in [17]-[21]. Ajaz et al. [22] investigated the dynamical behaviour of
a modified Leslie-Gower prey-predator model with harvesting in prey population and showed the existence and directions
of period doubling and Neimark-Sacker at positive fixed point and also indicated chaos control when chaos emerge through
bifurcation. Khan et al. [23] discussed a discrete-time Michaelis-Menten type prey harvesting in the modified Leslie-Gower
predator-prey model and obtained the conditions for the existence of flip and Neimark-Sacker bifurcations. Chen et al. [24]
studied a discrete Leslie-Gower predator-prey model with Michaelis-Menten prey harvesting and observed that the system can
exhibit fold, flip and Neimark-Sacker bifurcations by the application of center manifold theorem and bifurcation theory.

The above studies are mainly confined into two species models. However, it is a common fact that several predators compete
for a prey in the real world. To our knowledge, there is limited works that highlight discrete-time non-linear harvesting in the
modified Leslie-Gower Holling type II two-predator one-prey model.

Now we first present a model which is a modified Leslie-Gower two predator- one prey system with Michaelis-Menten type
prey harvesting:

dx ( c1y 27 qE )

— =x(r —ax— — —

dt ! htx htx dE+dx’’

dy fiy

ay _ o 1.1
dt y(r2 h] +X)7 ( )
%:z(r Sz )

dt ST hx”

where x, y and z denote the densities of prey, the first predator and the second predator respectively. ry,r,r3 stands for the
intrinsic growth rate of the prey and two predators respectively. a represents the intra-specific competition among the the prey
species. ¢; and ¢, denote the per-capita reduction of prey x. f; and f, carry the same meaning as of ¢; and ¢;. h; and hp
signifies the environmental protection for predator y and z respectively. In the prey harvesting term %, q is the catchability
coefficient, di and d, are the degree of competition in the harvesting business and handling time respectively. E describes the
harvesting effort.

For qualitative analysis, including global stability, bifurcation analysis and chaos control for a discrete analogue of system (1.1),
a piecewise constant argument is introduced to describe the following exponential form of nonlinear difference equations:

Xn1 = Xpexp{r) —ax, — Cln  _ _C2%n _ g9k }
mrl = A L X, htx, dE+dox,’’
flyn
f— —_ 1.2
Ynt+1 = Ynexp{r m +xn}’ (1.2)
fZZn
= () _—_—
Znt1 = 2neXp{r3 It xn}

where x,, y, and z, represent the densities of prey and both the predator at generation n € N respectively.

The rest of the paper is formatted as follows. Positivity and boundedness of solutions are presented in Section 2. The
existence and stability of the interior fixed point are discussed in Section 3. Global stability criterion is derived in Section 4.
Neimark-Sacker bifurcation and flip bifurcation are described in Section 5. Chaos control mechanism is presented in Section 6.
Numerical examples are given in Section 7. Section 8 concludes the paper.

2. Positivity and Boundedness of Solutions

In this section, we discuss positivity and boundedness of solutions of system (1.2). The first lemma follows immediately from
the system structure and its proof is omitted.
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Lemma 2.1. Solutions of system (1.2) with positive initial conditions remain positive.
To prove the boundedness of solutions of system (1.2), we require the following lemma:

Lemma 2.2. (see [25]) Suppose that x,, satisfies xo > 0 and X1 < xmexp[ot(1 — Bx,,)] for m € [my,00) where B is a positive
constant. Then limsup,,_, X, < ﬁexp(a —1).

We now state the theorem which ensures that every positive solution of system (1.2) is uniformly bounded.
Theorem 2.3. Every positive solution {(xu,yn,2n)} of system (1.2) is uniformly bounded.

Proof. Assume that {(x,,ys,2,)} be an arbitrary positive solution of system (1.2). From the first equation of system (1.2), we
get

Xn1 < xpexp(ry —axy),n=0,1,2,....
Assume that xp > 0, then following Lemma 2.2, we get limsup,,_, X, < éexp(rl —1) := M. From the second equation of
system (1.2),

Y1 < ynexp(ry — ),n=0,1,2,....

fi
h1+M1yn

It follows from Lemma 2.2 that limsup,,_, ..y, <
equation of system (1.2), we get

h1+M;
f

1 exp(r2 — 1) := M, whenever yg > 0. Assume that zo > 0. From the third

).

2
n+1 S ZneXp(”S - hz +M1 Zn

Applying again Lemma 2.2, we get

ho + M,

limsup,,_,..z, < exp(r3 — 1) := Ms.

Then it follows that limsup,,_,., (X, Yn,2,) < M, where M = max{M,M>,M}.
This completes the proof. L

3. Existence of Fixed Points

In this section, we determine the fixed points and their dynamics. Evidently, system (1.1) has at most twelve non-negative fixed
points Ey = (0,0,0). If ¢ < r;d, then the fixed point E; = (%,0,0) exists uniquely where

B r1d2—ad1E—|—\/(r1d2—ad1E)2—4ad2E(q—r1d1)
X = .
2ady

If ¢ > ridy,r1d> > ad\E and (r\dy — ad\E)? — 4ad2E(q — r1d;) > 0 then multiple fixed points exist Ej+ = (%+,0,0) where

_ rldz—adlEi\/(rldz—adlE)2—4ad2E(q—r1d1)
X4+ =
2ad2

There always exists E, = (0, %,O) and E3 = (0,0, r-}gz ). If gfi +dicirp < dirifi then there exists a unique fixed point
E2 = (%,9,0) where

dz(r1f1 7C1r2) 7af1d1E+ \/(dz(rlfl 7C1r2) 7af1d1E)2 74af1d2E(qf1 +d1C1r2 7d1r1f1)
2afd,

xA:

and

. n(h +x
5 (A1 +x)
i
If gfi +dicira > dirifi,r1 fidy > cirada +afidi E and {dy(r1 fi — c1r2) — afid\E}* > 4afidyE (qfi +dicira —dyri f1) then
there exists multiple fixed points Ejp1+ = (£+,9+,0) where

fi o dz(rlfl —C]I’z) —afldlE:I: \/(dz(rlfl —Clrz) —afldlE)2 —4af1d2E(qf1 +d1€1r2 — rlfldl)
B 2af1d>
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and
. n(h+xs)
= .
h
If g f> +dicars < diry f> then there exists a unique fixed point E3 = (¥,0,Z) where

dy(r1fo—car3) —afod\E+\/(do(r1 o — c2r3) — afod\E)? —4afodhE(qfo +dicors —dyri f2)
2afrdy

X

and

5 r3(h2 +x~)
Hho
If gf> +dicars > diri fo, 11 fody > corsda +afodi E and {da(r1 o — cor3) —afod EY? > dafodyE(qf> +dicars —diri fo) then
there exists multiple fixed points E3+ = (%+,0,Z+) where

o= do(r1fo— car3) —afod\E £ \/(do(r1 fo — car3) —afod\E)* —dafodyE(qf> +dicors — 11 fod) )
2afrdy

and

. r3(hp+xy)
Iy =

f2
There exists a unique fixed point Es3 = (0, %, r;’; ). To determine the positive fixed point E* = (x*,y*,z*) , we have to solve

the following system of equations:

c1y €22 qE
- —ax— — - 3.1
* x(rl ax h—+x hy+x d1E+d2x)’ 3.1
Sy
= — 3.2
y y(rZ hl Fx )v ( )
fz
= — . 33
4 z(r3 I +x) (3.3)
where x*,y* and z* are the positive solutions of equations (3.1), (3.2) and (3.3). Solving (3.2) and (3.3) we get y = W and
7= % and substituting the value of y and z in (3.1), we obtain the following equation:
AP +Bx+C=0 (3.4)
where

A= fifrady, B = fi fhadoE —do(ri fifo —cirafo—car3 f1),C = E{fi oq+di(cirfo+corsfi) —diri fi o}

If C < 0 then there exists a unique positive root x* of equation (3.4). In that case there exists a unique fixed point E* = (x*,y*,z*)
where

. —B+VB2—4AC , r(h+x%)
X =y =

2A fi

and

;= r3(hy +x*).

f2
If B < 0,C > 0 and B? > 4AC then there exists multiple fixed points E% = (x* ,y% ,z}) where
., —BEVB2—4AC , ra(h+xL)

YT T o YT A
and

2= r3(ho —l—x*i).

f2
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3.1 Stability of fixed points
To investigate the local stability of the fixed points of system (1.2), we require the following lemma.

Lemma 3.1. ([26]) Consider the cubic equation

AP+ piA*+pad+p3=0 (3.5)
where p1, pa and p3 are real numbers. Then necessary and sufficient conditions that all the roots of equation (3.5) lie in an
open disk |A| < 1 are |p1+ p3| < 1+ pa,|p1 —3p3| < 3—p2and p3+p>— p3p1 < 1.

The Jacobian matrix J(Ep) for system (1.2) is given by
exp(n—4) 0 0
J(Ep) = 0 expr; 0
0 0 expr3

Then it follows from J(Ey) that Ey is an unstable fixed point for system (1.2). Again

1 —ai+ qEdyx c1x X

(d1E4+dyx)? hi+% otk
J(Ey)) = 0 expry 0
0 0 expr3

From J(E}), we conclude that that E is an unstable fixed point for system (1.2). Similarly, it can be shown that E|. are also
unstable. Now

exp(r; — ;}% - d—q]) 0 0
J(EZ) = rf—ll 1—r 0
0 0 exprs3
It is obvious from J(E,) that E; is an unstable fixed point for system (1.2). For E3,
exp(r; — % - chl) 0 0
J(E3) = 02 eXpr2 0
% 0 1-— r3
Again we see that from J(E3) that Ej is an unstable fixed point for system (1.2). For Ej»,
s,y qEdy _af ok
I —%(a (h11+)e)22 (d1E+d2)?)2) e E=:
= f1Y I
J(En) CFSE I-7% O
0 0 exprs3

Again we see that from J(E)2) that E5 is an unstable fixed point for system (1.2). Similarly, it can be shown that E |, are also
unstable. For E|3,

~ (¥4 qEdy c1x X
1 —%(a— (ot (d1E+d2)E)2) ThitE T gt
J(Ep) = 0 expr2 0
2p S
(hy+5%)? 0 1= hy+%

It is clear from J(E}3) that E}3 is an unstable fixed point for system (1.2). Similarly, it can be shown that E|3 are also unstable.
Now

exp(r; — %2— % - ;—l) 0 0
J(Ex) = ;—i - 0
% 0 1—r3
If ry < r2bd +;12’22£d‘ +4Nl2 r) < 2 and r3 < 2 then it follows from J(E»3) that Eys is locally asymptotically stable fixed point

S
for system (1.2). Let E* = (x*,y*,z") be the unique interior fixed point of system (1.2). The Jacobian matrix for (1.2) at E* is
given by

_ e xt _ox*
ai 12 hp+x* hy+x*
Sy
J(x*y ) = (hy+x7)2 l—r 0
o2
0 1— r3

(hy+x*)?
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where
gEdsx* N Cox* 7 c1x*y”*
(d1E+d2x*)2 (ho +x*)2 (m +x*)2'

ajp=1—ax* +

The characteristic polynomial of J(E*) is given by

P(A) =27+ 1A%+ oA + p3 (3.6)
where

p1 = nr+r—-2-ai,

*, %2 %, %2

cLfix*y c2fox*z
pp = an(2—-rn-r)+(l-r)(l-rn)+ e tote)
K. %2 * %2
—1 —1

by = an(l—rz)(r3—l)+clflxy (3—1)  afix'z(n-1) 3.7)

(hl —|—x*)3 (h2—|—x*)3
We now use Lemma 3.1 to investigate stability of E*.

Lemma 3.2. Assume that C < 0 holds. Then, the fixed point E* is locally asymptotically stable if and only if the following
conditions are satisfied:

Ip1+p3| <14 p2,p1—3p3[ <3—p2
and p% + p2 — p3p1 < 1 where p1, p and p3 are defined in (3.7).

Remark 3.3. In case of multiple fixed points EY = (x'_,y%,2}.) , we can find similar type of conditions as in Lemma 3.2.

4. Global Stability

In this section, we will utilize the process of iteration scheme and the comparison principle of difference equations to investigate
the global stability of the positive fixed point of system (1.2). To establish global stability result, we require the following
lemmas:

Lemma4.1. ([27]) Let f(u) = uexp(6 — nu), where 6 and 1 are positive constants. Then f(u) is nondecreasing for u € (0, %]
Lemma 4.2. ([27]) Assume that the sequence u, satisfies
Unt1 = upexp(8 — Nuy),n=1,2,3,...

where & and 1 are positive constants and ug > 0. Then, (i) If § < 2, then limy,_,colt, = %
(ii) If § < 1, then u, < %n =2,3,...

Lemma 4.3. [28] Suppose that functions f,g : Z x [0,00) satisfy f(n,x) < g(n,x) (f(n,x) > g(n,x)) forn € Z and g(n,x)
is nondecreasing with respect to x. If u, are the nonnegative solutions of the difference equations

Xnt1 = f(nvxn)aun+1 = g(n,u”)
respectively, and xo < ug (xo > ug) then x, < u, (x, > u,) foralln > 0.

Theorem 4.4. Assume that C < 0, 22dldn)tonhhdldeintanlehly <y <1 b < ry < 1and 2 < r3 <1 hold,
Then, the fixed point E*(x*,y*,z") of system (1.2) is globally asymptotically stable.

Proof. Assume that (x,,ys,2,) is any solution of system (1.2) with initial values xo > 0,y9 > 0,z0 > 0. Let

U = limsup,_, . x,, Vi = liminf,_,e.xp,
U, = limsup,_,..yn, V2 = liminfy, ey,

U; = limsup,,_,.,2,, V3 = liminf,,_,c.2,.
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In the following, we will prove that Uy =V, =x*,U, =V, =y*, U3 = V3 = 7*.
First we show that U; < M7,U, < M{, Us < Mj;. From the first equation of system (1.2), we get

X1 < xpexp(r) —axy),n=0,1,2,...
Considering the auxiliary equation
Unt1 = uzexp(r; —auy) 4.1)

by Lemma 4.2 (ii), because of r| < 1, we get u, < é for all n > 2. By Lemma 4.1, we obtain f(u) = uexp(r| — au) is
nondecreasing for u € (0, %} Thus from Lemma 4.3, we get x,, < u,, for all n > 2, where u,, is the solution of equation (4.1)
with initial value u; = x;. By Lemma 4.2 (i), we get

. . ' a
U, = limsup,_, .x, < lim, ety = — = M.
a

Hence, for any sufficiently small € > 0, there exists a n; > 2 such that if n > ny, then x,, < M + €. From the second equation
of system (1.2), we obtain,

S

— = y),n=0,1,2,...
h +M{+£y") "

Ynr1 < ynexp(ra —

Again considering the auxiliary equation

S

42
h1+Mf+e“”) 4.2)

Un+1 = unexp(rz -
h+Mj+e

by Lemma 4.2 (ii), because of r, < 1, we get u,, < 1

hi+Mj+e

foralln > 2. By Lemma 4.1, we obtain f(u) = uexp(r, — MW“)

is nondecreasing for u € (0, - |. Thus from Lemma 4.3, we get x,, < u, for all n > 2, where u,, is the solution of Eq. (4.2)

with initial value u; = x;. By Lemma 4.2 (i), we get

ra(hy + M7+ €)
h

Hence, for any sufficiently small € > 0, there exists a ny > n; such that if n > n,, then y, < Mj + €. Similarly, from the third
equation of system (1.2) for r3 < 1, we obtain

. . A
U, = limsup,,_, . x, < lim,_olty, = = M{ .

h MY +¢
Us = limsup,,_,..zx, < limy_eolty = r3(ha + M +€)

- )
Hence, for any sufficiently small € > 0, there exists n3 > n such that for n > n3,z, < M} + €. Next we show that V| > Ny, V, >
N{ ,V3 > Ni. From the first equation of system (1.2), we have

A Az
2 M.

Ccl M +¢ c(Mi+¢€
Xpt1 > Xpexpla — ax, — (hll )— (hlz )—dil],nzn}

Consider the auxiliary equation

aMi+e) aMi+te) ¢ . 4.3)

Unt1 = Uyexplry — auy, —

hl h2 dil
Since we have r; — C‘(AZFS) — CZ(AZiH) - % < 1, by Lemma 4.2 (ii), we have, u,, < % for n > n3. By Lemma 4.1, we obtain
. Yy . Z
S (u) = uexp(r; — LI(AZ‘ ) LZ(AZ;H) — % — au) is nondecreasing for u € (0, ]. Thus from Lemma 4.3, we get x,, > u,, for all

n > n3. By Lemma 4.2 (i), we get

ci(M] +¢) _aMi+e) q
h hy d

.

.. . 1
V) = liminf, Xy > limy_elty = —[r] —
a

From the arbitrariness of € > 0, we have

1 cl(My-i—S) e (M:+¢) q
Vi>Ny=—~[r— 1 - 1 -1
1= a[rl hy hy d;

.
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Hence for any sufficiently small € > 0, there exists n4 > n3 such that for n > n4,x, > Ni — €. From the second equation of
system (1.2), we have

1
%yn]ﬂ’l Z ny.

By the same way, we can get

Yntl = yneXP[rz -

rah
i’

From the arbitrariness of € > 0, we have,

Vo = liminf,, ey, > limy,_eolt;, =

) rghl
Vo> Ny = ——.

Hence for any sufficiently small € > 0, there exists ns > ny such that for n > ns,y, > Nj — €. Similarly, from the third equation
of system (1.2), we have

f2
Zn+1 Z Znexp[r3 - EZHL” 2 ns.
with
r3hy
Hh

From the arbitrariness of € > 0, we have,

V3 = liminf,, ez, > limy,_colt,, =

h
V32Nf:r372

Hence for any sufficiently small € > 0, there exists ng > ns such that for n > ng,z, > N — €. Now we show that Uy < Mj5,U, <
M; and Uz < M5, where M3 < M7, M < M and M < M respectively. From the first equation of system (1.2) for n > ne, we
get

aV-€)  ali-e) gE
hi+Mi+e h+Mi+e dE+dy(M+e)

Xnt1 < xpexplry —ax, —

Consider the auxiliary equation

ci(Ny—g)  c(Ni—e¢) qE
h+M{+e h+Mi+e dE+d(Mf+e)

Upt1 = Uyexplry — auy — ] 4.4)

Using the similar argument as in above, we can get

) 1 ci(N{—€)  c(Ni—e¢) gE
U =1 <[n- - -
Ve lmSup e S N M e My te  diE (M T €)

B

since

. ci1(N] —¢) ) o(Nj—g) qE <1
VA Mite A Mite dE+d(Mte) T

From the arbitrariness of € > 0, we claim that

1 1(N] —¢ 2(Ni—€ E
Uy <M= ci( 1 ) 2l 1 ) B q
a

i AMite m+Mite diE+dr(M+e€)

]

Hence for any sufficiently small € > 0, there exists n7 > n¢ such that for n > n7,x, < M; + €. Similarly, from the second
equation of system (1.2) for n > n7, we get

S

T e

Y1 < ynexp[rz

Similarly to the above argument, we get
r (/’11 + Mg +é& )

Uy <M =
2 bil
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Hence for any sufficiently small € > 0, there exists ng > n7 such that for n > ng,y, < M3 + €. From the third equation of system
(1.2) for n > ng, we get

g

T Mire

Tn+1 < ZneXP[l’3

Similarly to the above argument, we get

M.x
U3 SMS _ l"3(h2—|— 2+£).
f2
Hence for any sufficiently small € > 0, there exists ng > ng such that for n > ng,z, < M5 + €. Now we show that V| > N5,V, >
N; and V3 > N3, where N3 > NY,N; > N{ and N; > N} respectively. Further, from the first equation of system (1.2) for n > n,
we get

ci(My+€)  o(M;+e) qE
> — — — — .
T 2Bl e T kN e diE T (V] —€)

Using a similar argument, we get

1 M) +¢€ M;+e E
Vi = liminf, o, > —[r] — c1(My+e¢) - c2(M;+e) — 4
a hi+Nf—€e hy+Nf—e dE+dy(Nf—e¢)

J<1

From the arbitrariness of € > 0, we claim that

1 (M) +¢ (M +¢ E
VlZNéC:*[rl_ ( 2x )_ ( 2X )_ q -
a h+N—€ hy+Nf—€ diE+d)(Nj—¢)

.

Hence for any sufficiently small € > 0, there exists njg > ng such that for n > njg,x, > N5 — €. Similarly, from the second
equation of system (1.2) for n > njo, we have

Ynt+1 2 Yn€Xp[r2 — }”Jrfﬁyn]
with
V, = liminf, .y, > w
h
From the arbitrariness of € > 0, we claim that V, > N} = % Hence for any sufficiently small € > 0, there exists

ny > njo such that forn > nyy,y, > Ng — €. Similarly, from the third equation of system (1.2) for n > ny;, we have

< i)
int+1 2 ZneXP[V3 - 7 +N§ ezn]~
with
hy+N; —¢€
Vs = liminf,,_yez, > M
12
From the arbitrariness of € > 0, we conclude that V3 > N = % Hence for any sufficiently small € > 0, there exists

ni2 > nyy such that for n > ny2,z, > N} — €. Repeating the above process, we ultimately get six sequences {M} }, {M; }, {M5}, {N;},
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{N;}, and {NZ} such that for all n > 2,

M — l[rl _aN, N, qE ]

" a h+M_, h+M_, dE+dM; |7
W rz(/l] +M,’l‘)

n f] ’
M — r3(h2 +M,);)

’ £ (4.5)
N 1[ oM M} qE ]

= — |1 — —_ —_ s

"T A T M AND, AN, diE+dNE
N ra(h1 +Ny)

n )

S

N7 — r3(h2 +N,’f)

" g '

Clearly, we have for any integer n > 0,
NI <V Uy < MEN < Va <Up < M3,and N; < Vs < Us < M.

In the following, we will prove that {M},{M;} and {MZ} are monotonically decreasing and {N*},{N}} and {N%} are
monotonically increasing, with the help of inductive method. Firstly, it is clear that

M5 < My,M5 < Mj,M; <M;,N5 > N{,N; > N;,and N; > N}.
For n = k(k > 2), we assume that

, )
My < My My < My Mg <Mi_ N > Ng Ny > Ni_p,and Nf > Ny

Now
v g — e ORME S MEND ) )N ol (NG N (MY k(N N}
kbt a (hy+ M) (hy + M) (o + M) (o + M5 )
. aERMMi)
(d\E +d2M/)f)(d1E +d2M,f_l) -
) r (Mg, — M)
A
r3(My,, — M)
M., —M; = <0
k+1 k f >
X NY _l[cl{(M1i+1N/f—1_MliN/f)*‘hl(MZH_M/{)}+CZ{(M1§+1N/)<C—1_M§N2)+h2(MI§+1_Mli)}
k1T "k a (hy+NY)(hi +N} ) (ha +NF) (o + N )
. BN ND
(dlE-f—dzN/f)(dlE-l-dle’:_l) -
r(Ngpy —Ny)
NNy = PR
S
Z Z r3(N/)cc+l_N/)cC)
—-N = —F 2 >0
k+1 k 2 =

This shows that {M2}, {M;} and {M3} are monotonically decreasing and {N'}, {N; } and {N3} are monotonically increasing.
Therefore, by the criterion of monotonic bounded, we have established that every one of this six sequences has a limit.
Let

. . . , . . . . .
limy, oMy, = x1,limy M) = X5, limy M- = x3,1imy N = y1,1imy N, = y2,1imy, N = y3.
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Passing to the limit as n — oo in (4.5), we get

= l[r _cay  cay3  gE ]
a h+x1 h+xy dE+dwx ’
h
o= 7 ( 1+x1)’
bj
h
. r3( ;+x1)7
2
1 [ Cc1X) CcrX3 qE ] (4.6)
1=—\n- - -
N hi+y1 hat+y  diE+dy
_ ra(h 1)
V2 =——7
bil
_ r3(ha+y1)
»B=———F"":
)
It is clear that x; = y;,xp = y, and x3 = y3. Thus we obtain x; = x*,x, = y*,x3 = z* as a solution of (15). Hence, the global
asymptotic stability of (x*,y*,z*) is obtained. This completes the proof of the theorem. O

5. Bifurcation Study

In this section, we discuss the parametric restrictions for obtaining Neimark-Sacker bifurcation at the interior fixed point E* of
system (1.2).

5.1 Neimark-Sacker bifurcation

To examine Neimark-Sacker bifurcation in system (1.2), we need the following result [29].

Lemma 5.1. Consider an n-dimensional discrete dynamical system Uy = f,,(Uy) where m € R is a bifurcation parameter.
Let U* be fixed point of f, and the characteristic polynomial for Jacobian matrix J(U*) = (bij)nxn of n-dimensional map
Sfm(Uy) is given by

Py(A) =A"+b A" o by A+ Dy, (5.1

where b; = bj(m,u),i = 1,2,3,--- .n and u is a control parameter or another parameter to be deduced. Let A(j)E (myu) =
I,Ali(m, u), -, A (m,u) be a sequence of determinants defined by Aii(m,u) =det(My £M;),i =1,2,3,--- ,n where

1 by by -+ b
0 1 by - bis
M = 0 0 1 o bij s
o o0 o0 - 1
bn—it1 bu—it2 -+ bp-1 bn
bn7i+2 bn7i+3 T by 0
by—1 b, 0 0
by 0 0 0

Moreover, the following conditions hold:
A1 Eigenvalue assignment

A, (mo,u) :0,A:{_1(mo,u) >0,Pyy (1) > 0,(=)"Ppy(—1) > O,Al?t(mo,u) >0,i=n—3,n—5,---,1(or2),

when n is even or odd, respectively.

A2 Transversality condition: [W} m=mq 7 0.

A3 Non-resonance condition:
cos(2m/j) # w,or resonance condition cos(2n/j) = ¥ wherej =3,4,5, -

and y =1—0.5P,,(1)A,_(mo,u)/A} ,(mo,u). Then Neimark-Sacker bifurcation occurs at my.
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Now we state bifurcation result by considering a as a bifurcation parameter of system (1.2).
Theorem 5.2. The fixed point E* of system (1.2) admits Neimark-Sacker bifurcation if the following conditions are satisfied:

1 —p2+p3(p1 —p3) =0,
L+ p2—p3(p1+p3) >0,
l+p1+p2+p3>0,
l—p1+p2—p3>0

(5.2)

where py, ps and p3 are defined in (3.7).
Proof. Following Lemma 4.1, we have found the following equalities and inequalities:

Ay (a*) =1—pr+p3(p1—p3) =0,
A} (a*) = 14 p2— p3(p1+p3) >0,
Pi(1)=1+4p1+p2+p3 >0,
(—1)°P(=1) =1=p1+p2—p3 > 0.

(5.3)

6. Chaos Control

Here, we examine chaos control for system (1.2). It is more pertinent for model related with biological species. It is normally
seen that discrete-time models are more chaotic and complicated than the continuous systems. Thus it is justifiable to execute
control method to prevent any uncertainty. We primarily apply hybrid control process discussed in [30]. This technique takes
a single control parameter which lies in the open unit interval. Various types of methods are available for regulating chaos
in discrete systems, for example, state feed back method, pole-placement technique and hybrid control method [31]-[?] in
which, hybrid control technique is most simple to apply. We use hybrid control technique to system (1.2) for controlling chaos
developed through bifurcation. Assume that the system admits Neimark-Sacker bifurcation at its fixed point (x*,y*,z*), then
the corresponding controlled system using the hybrid control method is given by:

C1Yn C22n qE
Xpr1 = pxzexp{ri —ax, — — — +(1—p)xy,
ntl = Pn p{ ! " hi+x, hy+x, d1E+d2x,,} ( P) "
flyn
= - 1- 6.1
Ynt+1 = PYn€Xp{ra hi+x, P+ (1=p)yn, (6.1)
Savn
= — 1- .
a1 = puexplrs — =t (1= p)an
where 0 < p < 1 is taken as a control parameter. The Jacobian matrix of controlled system (6.1) evaluated at E* is given by
oAk, Y et qEd _ px'c px*co
I=px'(a (hl-l‘-x*)z 2(/12-2%*)2 (d1E+d22X*)2) hl*"l* hytxt
Iy ) = i tpr 0 ¢
P S
(hy+x2)2 0 1 —pr3

The fixed point E* of controlled system (6.1) is locally asymptotically stable if all the roots of the characteristic polynomial of
(6.2) lie in an unit open disk.

7. Numerical Simulations

In this section, we present some numerical computations to justify our analytical results. We show the role of the intra-specific
competition coefficient among the prey species, harvesting effort and the maximum value of per capita reduction rate of y can
attain on the discrete system visually through numerical simulations.

Example 7.1. Suppose r; =0.8,r, =0.5,r3=0.4,c; =0.01,c, =0.02,hy =1, =1,di =1,dr, =1, =0.2,f, =0.1,a=
0.1, =0.1,E = 1 for system (1.2). Then all the conditions of Theorem 4.4 are satisfied. Thus the fixed point E* =
(6.878,19.94,30.72) is globally asymptotically stable (see Fig. 7.1). The Fig. 7.1) shows that initially all the population
increases and eventually all the interacting populations get their steady states and finally become globally asymptotically
stable.
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Example 7.2. Supposer; =3.5,1n=22,13=2,c1=02,c0=1,lh=1h=1,di=1,db=1,fi=15,=1,a=0.3,9=
0.2,E =1 initial points (0.5, 0.5, 0.) for system (2). Then the conditions of Lemma 3.2 are violated. Thus the fixed
point E* = (3.894,7.196,9.813) is unstable. Moreover, system (1.2) admits chaotic behaviour (see 7.2(a)). In order to
show the effectiveness of hybrid control method implemented in system (6.1), we choose p = 0.5 and other parameters are
same as in Example 7.2. The 7.2(b) shows that the solutions initiating from (0.5,0.5,0.5) approaches to the fixed point
E* =(3.894,7.196,9.813). i.e., the steady state for controlled system (6.1) is a sink.

Example 7.3. Suppose rn=3n=22rn=2c=02c=1h=1,h=1,d =1,d, = 1,f] = 1,f2 = 1,q:0.2,E =1
and initial points (0.5, 0.5, 0.5) and a € (0.1,1.5) in system (1.2) with the initial condition (xo,y0,20) = (0.5,0.5,0.5). When
a is considered as a bifurcation parameter, then at a = a* = 0.326, the interior fixed point E* = (1.46935,5.43257,4.9387)
becomes unstable and system (1.2) undergoes Neimark-Sacker bifurcation by Theorem 5.2. Bifurcation diagrams and maximum
Lyapunov exponents (MLE) respect to the parameter a of system (1.2) are depicted in Fig. 7.3. As a increases, we observe that
a transition from unstable to stable.

Example 7.4. Supposer; =298, =22,r3=2,c1=02,co=1,h=1hh=1,di=1,dy=1,f1i=1,/,=1,4=0.2,a=0.3
and initial points (0.5, 0.5, 0.5) and a € (0.5,1.5) in system (1.2) with the initial condition (xo,y0,20) = (0.5,0.5,0.5). When E
is considered as a bifurcation parameter, then at E = E, = 0.978, the interior fixed point E* = (1.435,5.373,4.884) becomes
unstable and system (1.2) undergoes Neimark-Sacker bifurcation by Theorem 5.2. Bifurcation diagrams and MLE respect to the
parameter E of system (1.2) are depicted in Fig. 7.4. As E increases, we observe that a transition from unstable to stable.

Example 7.5. Supposer; =298, =22,r3=2,c1=02,c,=1,h=1,hh=1,di=1,db=1,E=1,/,=1,4q=0.2,a=0.3
and initial points (0.5, 0.5, 0.5) and fi € (0.6,2) in system (2) with the initial condition (xo,y0,20) = (0.5,0.5,0.5). When f; is
considered as a bifurcation parameter, then at fi = f; = 0.998, the interior fixed point E* = (1.534,5.584,5.066) becomes
unstable and system (1.2) undergoes Neimark-Sacker bifurcation by Theorem 5.2. Bifurcation diagrams and MLE respect to the
parameter fi of system (1.2) are depicted in Fig. 7.5. As fi increases, we observe that a transition from stable to unstable and
then bifurcation within a limit cycle to a periodic window and finally to chaos.

Example 7.6. Suppose ri =5.8,r, =213 =3,c1=1l,co=1hh =1, =1,di=1,db =1,E=02,fi=1,/=1,q=
1,a = 1 and initial points (0.5, 3, 4) ,we obtained two interior fixed points E* = (0.523607,3.047214,4.570821) and E* =
(0.0763932,2.1527864,3.2291796) both are unstable (see Fig. 7.6). Fig. 7.6(b) represents the time series plot of system (2)
when E = 0.28

@W
o

35

<
B
W
o

30

n
a
n
o

n
o
T

o
T

Populations
Populations

o
o

&

o
o

—~
| “f’
) | | | /
0

0 20 40 60 80 100 120 20 40 60 80 100 120
n n

Figure 7.1. Time series plots of system (1.2) with parameter values
r1=0.8,1=0.5,r3=04,c1 =0.01,c,=0.02,hy =1,hh =1,d1=1,dp=1,/1=02,/,=0.1,a=0.1,g=0.1,E=1and
initial points (1, 2, 1) and (5, 1, 3).
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Figure 7.2. (a) Time series plots of system (1.2) with parameter values
rn=35rn=22rn=2c=02cc=1,h=1h=1,d =1,dy=1,fi=1.5,f,=1,a=0.3,4g=0.2,E = 1 with initial
points (0.5, 0.5, 0.5) and (b) phase portrait of controlled system (6.1) for p = 0.5
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Figure 7.3. Bifurcation diagrams and MLE for system (1.2) with parameter values
ri=3mn=22r=2c=02co=1Lh=1h=1d=1,d=1,fi=1,/=1,g=02,E=1,a€(0.1,1.5) and initial
point (0.5, 0.5, 0.5).
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8. Discussion

20

40

In this article, a discrete-time Leslie-Gower two predator-one prey system with Michaelis-Menten type prey harvesting is
investigated. To our knowledge, there are a few works that address the impact of non-linear harvesting on System (1.2). It is
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shown that the system has at most twelve fixed points. Qualitative analysis shows that all the boundary fixed points, excepting
E»3 are unstable. Under certain restrictions on the system parameters, £,3 may be stable, which in turn implies that that the prey
population goes into extinction. As the trivial fixed point always exists and unstable, the three species cannot go to extinction
together. It is established that multiple fixed points exist due to the presence of non-linear harvesting term. It is shown that
Neimark-Sacker bifurcation occurs at the unique positive fixed point when the parameters a, E, f] are varied. The choice of
these parameters is arbitrary, one may find similar type of bifurcations for other parameters also. Numerical simulations show
that when the parameters a and E exceed a certain critical value, the system becomes stable (see Figs. 7.3 and 7.4) whereas
the opposite holds f; is increased. In case of multiple fixed points, chaotic behaviour is observed. In particular, we observe
when the predator population is chaotic, the prey population ultimately tends to extinct. This fact is clear when we increase
the harvest rate from 0.2 to 0.28 (see Fig. 7.6 ). The proposed model admits more rich characteristics and more complicated
dynamics than that exist in the continuous case. We have derived the condition for global stability of the positive fixed point by
applying the iteration scheme and comparison principle of difference equations. Conditions of Theorem 4.4 indicate that when
the intrinsic growth rate of the three species remains below one, the positive fixed point is globally asymptotically stable.
Sometimes bifurcation and chaotic behaviour are in fact unwanted situations in discrete dynamical systems, because there may
be an extinction of the population due to chaos. So chaos control becomes a crucial issue. To prevent chaos, we have used the
hybrid control method so that the stability of the system can be regained.

To our understanding, the dynamical study of discrete time model considering a Leslie-Gower two predator-one prey system
with Michaelis-Menten type prey harvesting has not investigated yet.
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1. Introduction

Numerous studies on families of special polynomials, including the Bernoulli, Euler, Genocchi, and Fubini polynomials, as well
as their generalizations and unifications (see, for example, the most recent works in [1]- [6], have gained significant popularity
due to the wide range of their applications in various branches of mathematics, including p-adic analytic number theory, umbral
calculus, special functions, and mathematical analysis. The special functions of mathematical physics have undergone a major
evolution in recent years, especially in their generalized and multivariable forms. Thus, research on the multivariate Fubini
polynomials was done for this work. Now let’s go through the fundamental terms and theories that we will be using for the
duration of the entire study.

Forn >0, let
Fy=Y k!S(nk),
k=0

where S(n,k) denotes the Stirling numbers of the second kind [11]. In [12], the Fubini numbers F,, were connected with
preference arrangements and the recursion for F,, was derived. In [12], [13], the exponential generating function

1 _°°Ft"
2—6’_2 "l

n=0
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and an asymptotic estimate for F,, were established. In [14], the Fubini polynomials F,(y) were defined by
F.(y) = Z k!S(n,k)y*
k=0

and generated by

1 ad t"
m = ZFn()’)H-

n=0

It is clear that F,(1) = F,,. Due to the relation

ydy l_y_k:O _l—y m l—y ) y

in [15], one also calls F,(y) the geometric polynomials. In [16], the Fubini polynomials F,(x,y) of two variables x, y are defined
by means of the generating function

e & "
Y By,
1—y(et—1) n;) (x y)n!

It is apparent that F;,(0,y) = F,(y). In Particular, the special polynomials of two variables provided new means of analysis
for the solution of large classes of partial differential equations often encountered in physical problems. Most of the special
function of mathematical physics and their generalization has been suggested by physical problems (see, e.g., [7]-[10] and the

references therein). In [17], the bivariate Fubini polynomials F,,(r) (x,y) of order r, generated by

ext

[1=y(e' =1

oo ’ t”
= ZF"( )(x,y)— reN
n=0

n!’
were studied. It is obvious that F,1<1>(x, y) = F,(x,y). The generating functions of F;,, F,(y), F,(x,y) and £ (x,y) remind us to
consider the generating function

Xt 0

e t"
T 77 ivig — F, syl q) s Ay R 1.1
FE P ;0 (6.:2,9) 7, %,q € (1.1)

and the generalized Fubini polynomials F,(x,y,z,q) of four variables x, y, z, ¢ [18]. It is clear that, since

eX[ 7l eXl
[e—y(e =D} 20 [1=(y/2) (e = 1)’
we have
(r)
El I
Fn(xayaZ7Q) = M

ZF

The aim of this paper is to derive various families of multilinear and multilateral generating functions for the polynomials
F.(x,y,z,q) given by (1.1). We present some special cases of our results and also obtain some other properties for these special
cases.

2. Multilinear and Multilateral Generating Functions

The goal of this section is to derive several families of multilinear and multilateral generating functions for a class of polynomials
in four variables given by equation (1.1) with the help of the method considered in refs. [20], [21].

Lemma 2.1. The following addition formula holds for the generalized Fubini polynomials F,(x,y,z,q) :

n

n
F(xi4+x2,%,q1+q2) = Y, (m> Foem(x1,3,2,q1) Fn(x2,,2,2). 2.1

m=0
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Proof. Replacing x by x = x] +x, and g by g = ¢q; + g2 in (1.1), we obtain

oo " exll‘+x2t
Fixr+x,y,q1t+q2)— =
20 W T e
exlt eXzf

=y(e = D" f—y(e —1)]"

o mo m
= ZEl(XIa%Zaq])i’ ZEn(xzay7Z7q2)7'
n=0 =0 m:
o oo tn+m
= )Y Y Fl12,5q0)Fa(x2,5,2,¢2)
== nl.m!
oo n tn
= Z Z (ly;l)anm(x]7yaZan)Fm(x27y7Z7q2)7|'
n!
n=0m=0
From the coefficients of " on the both sides of the last equality, one can get the desired result. O
Theorem 2.2. Corresponding to an identically non-vanishing function Q (s, ...,s,) of r complex variables sy ,...,s, (r € N)
and of complex order U, y, let
Apy(st,....s:8) = Z Qi (51, ...,s,)ck,
k=0
[n/p] &k

Grlll,;)v(xvy7z’q;sla"'751’;5) = Z aan—pk(xvyvz7q)Q}L+Wk(sl7"'7*”)7"
= (n— pk)!

where ay # 0, n, p € N and the notation [n/p| means the greatest integer less than or equal p € N. Then, for p € N we have

elt’W(x’%Z’q;sl’“.’S ;ﬂ)tn = A s (S],...,S ’n)7 (22)
ngb o Tar =y — DY '
provided that each member of (2.2) exists.
Proof. For convenience, let S denote the first member of the assertion of Theorem 2.2. Then,
o [n/p) ‘ Pk
S = aka k(x,y,Z,q)Q + k(S],...7S )n YR
L L b e Gy
Replacing n by n+ pk; we may write that
o oo N
S = Z Zaan(xvyvzaQ)QIl"er(sla"'7sr)n 7’
n=0k=0 n:
. m o .
= ZFn(xayvzvq)JZak QM+Wk(S17"'7Sr)n
n=0 * k=0
ext
= ——A w8 M),
(e D eyt
]

which completes the proof.

Using Lemma 1, we have the following theorem.

Theorem 2.3. Corresponding to an identically non-vanishing function Qy (s1,...,s,) of r complex variables sy,...,s, (r € N)
and of complex order U, y, let

[n/p]
AR (X1 +X2,3,2,q1 + 23515y 5158) 1= Y @B (1 +22,9, 1 + @2) Qu oy (51,5, 5,8
=0
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where a; # 0, n, p € N. Then, for p € N, we have

n_[k/p] n—p .
Z Z aj ( B ) Fn—k(xl7y727q1)Fk—pl(x2,y727QZ)Qy-Hyl(Sl,-~-,Sr)t
= A/J,l[/(xl +X2,¥,2,q1 +92§51,-~-75r;f)a (2.3)

provided that each member of (2.3) exists.

Proof. For convenience, let T denote the first member of the assertion of Theorem 2.3. Then, upon substituting for the
polynomials Fy, (x| +x2,¥,2,qg1 +¢2) from the (2.3) into the left-hand side of (2.1), we obtain

[n/pn—pl <n —pl

r-yya(,

1=0 k=0

)Fnkpl(xl7)’,Z7611>Fk(x27y717612)gu+w1(517 "’:sr)tl

[n/p] n—pl n—pl ;
= Y a Z( ‘ )Fn—k—pz(xl,yyz,m)Fk(Xz,y,Z,%) Quiyi ($15-0,80)t

=0 k=0
[n/p] .

= Z arFy i (%1 +%2,5,q1 +q2)Quy yi (515,57 )t
=0

n‘ . .
= Aph(xi+xist,.850),

which completes the proof. L

3. Special Cases

When the multivariable function Qyi(s1,...,5,), k € No, r € Ng is expressed in terms of simpler functions of one and more
variables, then we can give further applications of the above theorems. We first set

Q,u+l[lk(sl ) "'7Sr) = leilw‘]fzifar’a) (S] s "'asr;s)

(051 ,a2~~~~,ar;oc

in Theorem 2.2, where the Lagrange-based Apostol- type polynomials T )(xl s, X3 X) [19], generated by

o r ! ¢
(01,06,...,050t) LN -0 2t Al .
T (X1, ey X3 X)" = <JI_11(1 —Xxjt) aj) (W) e’ (A0 €C) CRY

n=0

We are thus led to the following result which provides a class of bilateral generating functions for the Lagrange-based
(0!17062, 103 00) (x
1y

Apostol- type polynomials T, ..,xr;x) and the generalized Fubini polynomials F,(x,y,z,q).

Corollary 3.1. If
Ay (1,575 ) ZakTuTﬂzx;’ D515 (@ #£0, wyeC)

then, we have

o [n/p] (001 ,000,1s0y30) k " X
F, 3%y T o I > = A s S35 ), 32
L L, bl A 1) (o s = ey st G2

provided that each member of (3.2) exists.

(auaz‘--.,ar;a)

Remark 3.2. Using the generating relation (3.1) for the Lagrange-based Apostol-type polynomials T
and getting ay = 1, 4 =0, yw =1 in Corollary 1, we find that

o [1/p] (00 o) . tnfpk
Fopi (6,3,2,0) T2 (51, st —— —
nZ’OkZ’ n—p. kALl r (n—pk)!

exl r . 21 [0 \
- m (H(lsjn) j) <Aen+(111)1+1> e, (A eC; OC]'E(C).

j=1
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In the particular cases when [ =0, [ =1 in the Corollary 1 and Remak 1, we have bilateral generating functions the

Lagrange-based Apostol-Bernoulli polynomials B .., 8r;8), the Lagrange-based Apostol-Genocchi polynomials

G/((O;u-,az """ o )(sl, ,8r;s) and the generalized Fub1n1 polynomials [28].
If we set r =4 and
Qe (81,52,83,54) = Fupyr(s1,52,53,54)
in Theorem 2.2, we have the following bilinear generating functions for the generalized Fubini polynomils.

Corollary 3.3. If
Ayyw(Sl,SZ,S},Szt; G) = Z akF[J+l[Ik(sl7s21337S4)Cka ((lk 7& 0 I’L’ W € (C)
k=0

then, we have

o [n/p] k " et

n
arF,— k('x Y, q)F k(S],S2,S%,S4) = Ay, (51;527S3,S4§77)» (3.3)
ZOkZo ’ Y t7F (n—pk)!  —y(e =DV

provided that each member of (3.3) exists.

Remark 3.4. Using the generating relation (1.1) for the generalized Fubini polynomials F,(x,y,z,q) and getting

1
le:y7‘u:0,l[/:1

in Corollary 2, we find that

o [n/p] % tnfpk
—Fy_pi (%,3,2,9) Fe(s1,82,83,54)0" ———
nZZ)kZ' kP (n— pk)!
nk
= ZFn(x,y,zwi)aZFk(ShSz’SzaM)ﬁ
n= k=0
ext e.&‘]l

[e=y(e' =1 [s3—sa(e =
If we set r =1 and
Quiyk(s1) = Fuyi (3,52, 93)
in Theorem 2.3, we have the following summation formula for the generalized Fubini polynomials.
Corollary 3.5. If
. [n/p] .
AR (61 +52,3,2,q1 +G2:%3,5,2,q3:M) = Y, acFp_pic(x1 +X2,9,2,41 + G2) Fuyic(x3,5.2,93)0%
k=0
(ak750>l~1711/6(c)a
then, we have

n_[k/p]

Z Y az( > nk(¥1,3,2,40) i pi (%2, 2, 42) F sy (3,3, 2,43)n'
k=0 I=

= A,u,l//(xl +X2ay»1741+C]2§X3aya27‘I3§n), (34)
provided that each member of (3.4) exists.
Remark 3.6. Using (2.1) and taking

k
aq=1,p=0,y=1,p=1, nl:<l>

in Corollary 3, we have

Z Z ( ) < > n— k(xlvy:Z ql)Fk Z(.XZay7Z qz)F;(x3,y,z (,I3) F (xl +x2+x37y,Z,q1+qz+q3).
=0/=0
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Furthermore, for every suitable choice of the coefficients a; (k € Ny), if the multivariable functions Q yk(s1,...,5,), r €N,
are expressed as an appropriate product of several simpler functions, the assertions of Theorem 2.2, Theorem 2.3 can be applied
in order to derive various families of multilinear and multilateral generating functions for the family of the generalized Fubini
polynomials given explicitly by (1.1).

4. Miscellaneous Properties

In this section, we give some properties for the generalized Fubini polynomials Fy(x,y,z,q) given by (1.1).
Firstly, recall that the classical Frobenius-Euler polynomials H,Sr) (u;x) of order r are generated by (see, e.g., [22]-[26])

<el_“) ZH 4.1

where u # 1.
We note that, for r = 1 in (4 1) the H, (1)( x) = Hy,(u;x), which denotes the Frobenius-Euler polynomials and for
u=0in (4.1, the H" )(() x) = (x) which denotes the Frobenius-Euler numbers of order r. For x = —1 in (4.1), the

H,Er) (u;—1) = E,(u), which denotes the Euler polynomials (cf. [27]).
Theorem 4.1. Forn >0, y, z # 0; we have

Hr(lq) ( +y x)

Faln,y,,4) = ——— 4.2)
Proof. Using (1.1) and (4.1), we obtain

i Fo(x,y,z q)ﬂ — AR

e ST [z=y(e' = 1))

z+y 149
1 Yy ext
el — zty
Y

z+y ﬂ
- quH n!'

Hence, we have

H’Eq)(zty;x)
Fn(xvyaLQ) = Ta (y7 Z#O)v
or
+
Y (0 = 1R, (x,v.2,9).

Some special cases of Theorem 4.1 are examined below.
Corollary 4.2. Forn>0,q=1, z,y # 0; we have

zZ+ Z+
Hy( y)— W) = 2By 2,1).

Corollary 4.3. Forn >0, z= —y # 0; we have

7 (0:2) = B (x) = (=) Fax.y.—3,9).
Corollary 4.4. Forn>0,z,y #0, x = —1; we have

z+y.

Z+
; 1) =E, (-2

H”(lq>( ):Zan(_layaqu)-



Miscellaneous Properties of Generalized Fubini Polynomials — 25/30

‘We now discuss some miscellaneous recurrence relations of the generalized Fubini polynomials.
Theorem 4.5. The following (differential) recurrence relation for the generalized Fubini polynomials holds:
 Ficy2.0) = nFy A (6,2,9)
3. X, 0,2, =n.rp-1\x552,
ox " »2,q n—1\% 2,4

and deg F,(x,,2,q) = n.

Proof. If we take the derivative of (1.1) with respect to x both sides of the expression, we have

0 [ & " d et

e (};Fn(%%Zﬂ)nJ = o [[z—y(ef—l)]q}’
> 0 " te?
ngbgF (x»y,qu)E = m7
= 0 " d "
nz::OaF (x>y7ZaQ)a - t’;Fn(x:y7Zaq)a7
< 9 " oo tn+1
n;OaF (%)%Z;C])nj - an(x,y,z,q) n!
iiF(X L iF (63,2,9) —

ax Y24 n - = n—1\X,,%,4 (I’l*l)'

3
Il
—_

On equating like powers of " in the above expression, which completes the proof.

Theorem 4.6. The following (differential) recurrence relation for the generalized Fubini polynomials holds:

0 d 0
(Z+y)(7yFn(x,y,z7q)+qZFn(x,w q) yZ < > Fop(x,5,2,q +qZ <p> afyFn-p(w,z,q)

n=0
and deg Fy,(x,,2,q) = n.

Proof. 1f we take the derivative of (1.1) with respect to y both sides of the expression, we have
Jd & " d e
3. Fn X, V52 T Al g
8y,§z) wyndlg =5 [[zy(e’ 1)]”}

e n

Yy %Fn(x7y7Z7Q)E =" [q(z—y (¢ —1)] T (=1)(e — 1),

n=0

oo P o q(e’—l)
F,

X 5, er a0 = T e 1)

© oo

Hy)Za xy,zq) yZa qu) Z*—QZZF(X%ZCI, qza

*p=0 P' n=0p=0 p‘
CERID WETATREVI LU 3 W AER eI LGRS ) W AT T
Ty .\ %¥.2,4)— =y S\ 5Y:3,4)—— =4 X ¥:2,4
n=0 ay n! n=0p=0 ay n!p! n=0p= an ' n=0
o 0 " o d "
(Z+y) -k ('xay7Z7Q)7_y ——Fu- (xay7Z7Q)7
n;)ay " n! ,;)pg‘oc?y P (n—p)!p!
Y Y S F i) =g ¥ Faeyza)
= q “Fu—p(x,3,2,9 —q Fa(x,%,2,9)— 5
n=0p=0 ay " ( —p)'l?‘ n=0 ! n!

o t
7 —qun(xayaZﬂ)m»

(4.3)

4.4

n

xy,zq

n
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n

> 0
(z+y) Z? (x,5,2,9)— +qZF xy,zq)
n=0
n a tn oo n t”
gai xy,z Q)( gg xy,Z Q)( p)‘p|

Q.)‘Q_)

I
HMS

n

HyZa n(X6,3,2,9) = +qZny,zq)

n

yZZ() np(xxzq i;() Fop(63,2,0)

n=0p=0
which upon comparison of the coefficients of 57'1, yields our stated result (4.4). O
Theorem 4.7. The following (differential) recurrence relation for the generalized Fubini polynomials holds:
0
(43) 5 Falxy2.0) = Z Fop(%,5,2,9) — qFa(%,,2,9)
and deg F,(x,y,2,q) = n.
Proof. If we take the derivative of (1.1) with respect to z both sides of the expression, we have
o n a ext
Fy(x,y,z, q = {] )
2 =5z [Ea@ -7
- d Xt t —q-1
Z aZFn X2, q)f [ (—q [z—y(e' —1)] )} :
b a tn ext
-k X0.28,4)— = —4 )
L5y = I e e 1)
. o a tn o n
(Z_y(e - 1)) Z aian(xay7Z7q)E =—q Z Fn(%%%‘])ﬁ;
n=0 n=0
Y Bzt =2 Y 2k )ID I PR L SR
—q n\X%Y:2,4)— =<2 Xy V525 q -y n X W Zs q +y -\ % 0,2,49)
n=0 n! n=0 aZ ! n=0p=0 az p n=0 az n!
oo n a
—qZF(xmq _Zza xy,z,q) Y Y g Fepeyng) erZa xy,zq)*
n=0 n=0p=0 z ( ! n=0
(Z+y)i§Fn(Xy,zq) ina B p(63,2,9) 77 —qZF x%ZﬂI) pt
n=0 z : n=0p=0 ( p) P- n=0
oo a oo n 0 tn
(z+y)n;)aZF HER%S q Z, ; <p> oo (2, q)n. qy;)&(x,y,z,q);
From the coefficients of fli, on the both sides of the last equality, one can get the desired result. O

Theorem 4.8. The following (differential) recurrence relation for the generalized Fubini polynomials holds:

Fy(x,y,2,9) = Z Z( )( y>m+l (m+ 1P B p(x,3,2,9) = In(2+ ) Fa(x,3,2,9)

m=0 p=0

0
dq

and dean(x7y7Z7Q) =h
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Proof. If we take the derivative of (1.1) with respect to g both sides of the expression, we have

a . p a ext
g L Flenza) = 5 {[z—yw—l)]q] ’

n=0

> 0 " _
’;)a—an(x,y,w)a =e"((=1) [z—y(e' = 1)] “In(z—y(e' - 1)),
© 9 P ot ye!

7Fn IBARS] —_= 1 1- )
n;)aq (y2a) = T et - )

= n =)

J t" ye!
Z Tan(xay;Z7CI); - Z Fn(xvyvzaq)a [ln(z—i—y) +1n(1 - Z_|_y):| ’

n=0 : n=0

0 tn ! 0 n

d ye ;
- F X, 0,2, *:_]1’1 Z+ F X, ¥,2, ——ln]— F, X, 9,2,9)—,
L oMy N E ez - 20) Rz

= 0 " > " > "
7F IRARY) 7:—1 F IRERY) - F IRERY) R
T gefilenca)y =) T Aty - |20 r0.220)| B At
> 9 " - My, & (D) (25" = "
-—F (xayaZWI)* = _ln(z+y) F (x,y,Z7q)*+ et > F X PRy q)
Y 5gfleraa) P TR MG
oo a " +1( t)erl "
S F(x,3,2,9)— = —In(z+y) }_ Fa( xy,zq + Fa(x,3,2,9)(——=)" —
ngb&q " n! EJ anmZ’ " +y m+1 n!
o 0 " o v v Fal xy,zq) 117 (m+1)r 1"
Y 5 Falxy,2,0) = = In( Z+y)ZF X).2,4) = +Z Yy Y_ymt —,
= dq = e N 050 m+1 z—i—y p! n!

= n oo n oo =) =

Y %Fn(x,y,zvq); =—In(z+y) ), Fn(x,yaaq)% +Y X X F(xy,2,0)( Yyt (

| |
n=0 : n=0 ° n=0m=0p=0 +y p: n.

m-- 1)]771 tn+p

)

S Fu(x,3,2,9)— = —In(z+y) }_ Fu(x,y,7, q + Fap(x,3,2,9 ( )'"+1 ;
ngb&] " n! rg ! nzbmz’()[;) P p! (n—p)!
ICTUSERIE RN W ACSEIE TS v P ¥ (LN S EVII e o Ll ke

5 X 023,4)— = — Ty X, 0,2,4) — —p\ XV 9)\—— m -
=09 " n! = nt o Zom=0p=0 \P " Tty n!

On equating like powers of iTn, on both sides in the above expression and after some simplification, we arrive at our desired
result. O

Theorem 4.9. The following recurrence relation for the generalized Fubini polynomials holds:

n+1 n
n
(Z+y)F,,+1(X,y,Z,q) _X(Z+y)E1(x,y,Z7q) =y Z Fn7m+1(x7y7zvq)+(q_x)y Z <m>an(xay7Z7q)'

m=0 m=0
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Proof. If we take the derivative of (1.1) with respect to # both sides of the expression, we have

a s ZJ'I_
9. F IRERY) -
= ngo n(%.2,4)

tn—l_
”Fn(xa}’;Zﬂ)T

tnfl 1

s

= xe" [[z—y(elt — 1)](1] —q [z—y (e’ — 1)}[171 [—)’ez} e

Yoo o T o Fa(x,9,2,9) 5

oo "
n

nk,(x,,2,q) —x Y Fulx.y,2,0) = + :
= n! | L0 iy 1)
o tnfl . oo p
[z—y (e —1)] Z n(60,2,9)— =x[z=y(¢ = 1)] Y Fulxy,z, q) +61y): ZF,, m(X,),2, q)m,
n=1 n=0 n=0m=0 o
o0 tnfl
(z—y(e—1)) ZFn(x7y727Q)7
n=1
CELISEVTERD W) Y Y Fronncg) —o
= x(z+y) ) Falx,y,2,9) = —xy Fuom(x,3:2,q) +qy Foom(X,3,2,4) 7—~7—>
n=0 " n=0m=| o ( )'m' n=0m=0 o (n—m)‘m'
oo o n+l
(z+Y) Y Fui(x,y,2.9 f—yZ Z Fot-m(x,3,2, q)
n=o n=0m=|
oo oo n tl‘l
= x(z+y) ) F(x.y2.9) **xy Foom(%,,2,9) +qy Foem(X:3,2,4) >
L £ L fentonod) 0 & 3 Pt o
which yields our stated result. O
Theorem 4.10. The following integral representation
7 (B.3.2.0) ~ Fumr(.3.2.0)
/F (.X .2, q)d n+l ¥,.2,4 n+1 W24 (45)
n+1
o
holds for n > 0.
Proof. From (4.3), we derive that
B
1 d
/Fn(x7yaZaQ)dx = m/aFnJrl(xa)@qu)dx
o o
_ Eni(Boyzq) — Funi(@.5,2,9)
n+1 ’
which means the asserted result (4.5). O

5. Conclusion

In this paper, we have established some generating functions for the generalized Fubini polynomials by using series rearrange-
ment techniques. Also, some summation formulae for that polynomials are derived by using certain operational techniques and
by using different analytical means on its generating function. Further, many generating functions and summation formulae for
the polynomials related to generalized Fubini polynomials are obtained as applications of main results. The approach presented
in this paper is general and can be extended to establish other properties of special polynomials.
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Abstract
In this article, we discuss the global asymptotic stability of following system of difference equations with quadratic

terms: xj 1 = oc+l3y;‘21, Yit1 = a+[3xjc—‘_21 where «, B are positive numbers and the initial values are positive

1 1
numbers. We also study the rate of convergence and oscillation behaviour of the solutions of related system. We
will give also, some numerical examples to illustrate our results.
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solution, Qualitative properties of solutions of difference equations, Rational difference equations.
2010 AMS: Primary 39A11, 39A10, 39A99, 34C99

1. Introduction

The difference equations or systems have too many applications among many branches of science. over the last two decades,
difference equations or their systems have been huge interest between scholars which are mathematicians . For example, in [22]
discussed global dynamics of an one-dimensional discrete-time laser model. Further in [8] Din et al. discussed stability of a
discrete ecological model. Studies of difference equations are increasing day by day and will continue to increase. Therefore,
there are many papers related to applications of difference equations or systems. More specifically, some scientists studied
the dynamics of solutions of difference equations or systems (for example, see [1]-[5].[7, 9, 12], [14]-[21], [23], [25]-[30]).
Additionally, there are many results related to our study as follows:

In [31], Yang et al. studied the solutions, stability and asymptotic behaviour of the system of the two nonlinear difference
equations

gy = A B
n+1 1+y57 n+1 1+x5
In [11], Elabbasy et al. investigated the global behaviour of following system of difference equations
N = A _ b
n+1 ar+asy! y  Yntl by + byx! .

In [6], Bacani et al. discussed solutions of the following two nonlinear difference equations

—__ 4 —
Xntl = — > Yntl =

p+x, —p+y,
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In [24], Hadziabdic et al. examined the global behaviours of following system of difference equations

2 2
bix, a + ¢y,

X, = — =
n+1 A1+y%’ Yn+1

In [8], Burgic et al. investigated the global stability properties and asymptotic behaviour of solutions for the system of difference
equations

2
Xn

=
n+1 a+y%; n+1 b+x%
In [10], Beso et al. concentrates on discussing boundedness of solutions of following difference equation
X,
Xn+1 = 'y+ 1) 2” .
Xn—1

In [13], Tasdemir et al. discussed the global asymptotic stability of a system of difference equations with quadratic terms

X
Yor1 =A+B, Y1 =A+B"
n—m x”l*"‘l

They also studied global asymptotic stability of related difference equation. Motivated by difference equations and their systems,
we consider the following system of difference equations
- X1
xio = @k BIS yi = at B (L1)

1 ]

where a and f3 are positive numbers and the initial values are positive numbers. In this paper we study the stability, global
behaviour and rate of convergence of solutions of system (1.1). We also discussed the oscillation behaviour of solutions of
related system. In this here, we obtain two theorems which are used during this study.

Theorem 1.1. (Linearized Stability Theorem [25]) Assume that
Xin1=F(X;),i=0,1,...

is a system of difference equations such that X is a fixed point of F.

(i) If all eigenvalues of the Jacobian matrix B about X lie inside the open unit disk || < 1, that is, if all of them have absolute
value less than one, then X is locally asymptotically stable.

(ii) If at least one of them has a modulus greater than one, then X is unstable.

Theorem 1.2. [5] Let i € Nlj)' and g(i,u,v) be a decreasing function in u and v for any fixed n. Suppose that for i < iy, the
inqualities

vir1 < g(i,yi,vi-1)

uiv1 > g (i,yi,yi-1)
hold. Then

yi(J71 S ui()*layi() S Mi()
implies that

yi <uy,i > .

2. Linearized Stability of System (1.1)

First of all, we consider the change of the variables for system (1.1) as follows:
_ X i
Cl a I l a .
From this, system (1.1) transform into following system:

Gri=1+u L;l,nm =1l+u CZZI (2.1)
n; G

> (. From now on, we study the system (2.1).

B

where p = -5
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Lemma 2.1. Let u > 0. Unique positive equilibrium point of system (2.1) is

(E.7) = <1+\/21+4u71+\/21+4u>_

Now, we consider a transformation as follows:

(G, Ci—1,mimi-1) — (t,11,2,21)

wheret =1+ U;ZI hm=C,z=14+u CEZ' .21 = N; . Thus we get the jacobian matrix about equilibrium point (£, 7):
s 1
S
0 0 1 0
Thus, the linearized system of system (2.1) about the unique positive equilibrium point is given by X1 = B(&,1n)X;, where
Gi
Gi-1
X = ,
! nNi
Ni-1
S
0 0 1 0

Hence, the characteristic equation of B({,n) about the unique positive equilibrium point ({7 )is

2 2

YR P
a2t ot a2
Due to Q_' = 1], we can rearrange the characteristic equation such that

)L“—‘_LZAZ 4_7“2,1—4&2:0.
¢t ¢t ¢
Therefore, we obtain the four roots of characteristic equation as follows:

o+ p2—8u &2

\=———=—""

202

. p—/u2—8u 2
L it

202

,“+4/u2+8“ 72
A3 = ¢

282

—p—/p2+8u &2
A= = .
22
Now, we calculate é: 2 and write in Ay. Then we have
= P VU2 —4u(1+2u+ A +1)
1+2u++/4u+1
T —Au 4T+ 4R
N 1+2u++4p+1
CpATUHAp+Ap /T Api
N 1+2u++4p+1 '

0.

A%+

)

)

I
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Thus straightforward calculations show that

M= 2
WA

Additionally, we obtain similarly calculations that

2./2u
1++/T+4u

On the other hand, we consider A3 as follows:

e —U /U +4u +du/Au+1
14+2u+Au+1
_ B+ VGu VTR — 1 2p /At T
= 120t VAL T
—p+/Bu+VT+ap)?
1+2u++4p+1
2w VTEEE
1+2u+Ap+1 =

Moreover, we clearly see that 23 > 0. So 0 < A3 < 1 for all u > 0. Similar calculations we have that —1 < A4 < 0 for all
u>0.

2| =

N

Theorem 2.2. Suppose that yu > 0.Then the following cases hold for system (2.1):

(i) If u < 2 then the equilibrium point of system (2.1) is locally asymptotically stable.
(ii) If u = 2 then the equilibrium point of system (2.1) is a non-hyperbolic equilibrium .
(iii) If w > 2 then the equilibrium point of system (2.1) is a repeller.

Proof. Firstly we know that |A3],|A4| < 1 for all u > 0. Now we consider

2./2u
M| =1ha| = ——=—=-
14+/1+4u
If the equilibrium point of system (2.1) is locally asymptotically stable, then all roots of characteristic equation must lie the unit
disk. Therefore,we must show that |4;|,|A;| < 1. Hence

2+/2
M| = 4| = s

— <1

14++1+4u
Thus, we have 24/2u < 14 +/1+4pu. From this, we obtain that y < 2. The proofs of other cases can be obtained in a similar
way. O

3. An Oscillation Result of Solutions of System (2.1)

In this here, we investigate the oscillation behaviour of solutions of system (2.1).

Theorem 3.1. Assume {({;,n;)} be a positive solution of system (2.1) u > 0. Then for any i > 0 the following cases are true.
(i) if Giv1,Mi <& =1 < §i Mg then

(Givan-1)y < & < (Giran)is »

- _ = 3.D
(M2t )iz <7< (Mig2k—1)i=1 -
(i) if &Mt < =1 < L1, M then
(Giva)ims < & < (Gvan1)i s (3.2)

(Mir2k—1)r <0 < (Mi2r) ey -



Global Asymptotic Stability of a System of Difference Equations with Quadratic Terms — 35/43

Proof. Firstly we consider case (3.1). Assume that & 1,1; < { =) < §;,Mi41. Then we obtain that
Ni n

2 =1+ >1+Uu—=1=0¢,

2 ‘uni2+1 F‘nz =t

Mz = 140 e < 1+ 5 = =7,
i+1 ¢

Givs < CoMivs >0, Giva > CoMiva < 7.

Therefore we have by using induction

G, Givase s ik oo > € > G, G35 Gian 1 - -
Nit 15 Mit 35+ -y Mik2k—15 -+ > T > Niy Mik 25+ -+ Mik 2k - -+

Thus the proof of (3.1) is completed as desired. The proof of (3.2) is similar to proof of (3.1). ]

4. Boundedness of System (2.1)
Lemma 4.1. Let {(§;,n;)} be a positive solution of system (2.1) and &t > 0. Then §; > 1 and n; > 1 for i > 1.

Proof. Assume {({;,n;)} be a positive solution of system (2.1). Then we have from system (2.1):

n-1
Cl :1+IJ'7>1’
n2

0
m=1+u C;; > 1.
&
Therefore, we obtain by induction
G =1+p 15ty
n;
Nip1 =1+ g;l > 1.
&
So, the proof of lemma is completed. O

Theorem 4.2. [f0 < u < 1 then every solution of system (2.1) is bounded.

Proof. Firstly we have from system (2.1) §; > 1 and n; > 1 for i > 1 and p > 0. Moreover, every solution of system (2.1)
satisfies

G <l+u+u*g g, i>1, 4.1

which due to Theorem 1.2, means that §; < ¢;, i =0, 1,..., where {u;} satisfy
gy =1+ +p2 ug,i> 1, 4.2)
such that

Us = CsauﬁLl = §Y+17S € {_170717"'}7i 2 s.

Hence the solution u; of the difference equation (4.2) is

1 . .
"y = H—I—M’Cl +(—p)'c. (4.3)

Actually, we have from (4.2)
w1 = 1+ pu+pu g = A —p?> =0= A0 = +u.
From this, the homogeneous solution of difference equation (4.2) is

Up = .uicl + (_‘u)iCZ-
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In additon, from (4.2), the equilibrium solution of difference equation (4.2) is

Additionally, relations (4.1) and (4.2) imply that

Givt —uiv1 <P (G —us—1), i > 5,1 € (0,1).

Therefore we have
Gi<upi>s (4.4)
Hence, we obtain from (4.3), (4.4) and Lemma 4.1,

1 . .
1 < gi S m‘i‘ulC] +(_IJ-)1C2:N13

where
1 I+u
C1—2”<ﬂ§0+C1 1-#)’
1
= — (UG —Ci+1).
G ZM(HCO Ci+1)

Similarly we can write that

1 . .
l<n < T—u +u'C+(—u)'Ca =N,

where
iy 1+
G = o <MC0+51 1#)’
1
Cy (ub—C1+1).

T2

5. Convergence Results of Solutions of System (2.1)

Theorem 5.1. If §; > { and n; > 7 (resp., § > Candn; >0 )fori>sands e {—1,0,...} then the solution {(&,m;)} of
system (2.1) tends to equilibrium point { (C, T_]) } as i —» oo,

Proof. Let {({;,n;)} be a positive solution of system (2.1) such that

G>C mi>1,i>s, 5.1

where s € {—1,0,...}. Hence, we obtain from (5.1), system (2.1) and Lemma 4.1:

Gt <1+p+u?gi. (5.2)
uipr = 1+ o+ pluig, (5.3)
us = Csug) = Gor1,s € {—1,0,...}, i >s. (54)

Therefore, we get from the solution of the difference equation (5.3):

1 . .
uj = T—u +U'Cr+(—un)'C (5.5)
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where C1,C;, depent on { ,{;. 1. Moreover, we have from (5.2) and (5.3):
Givt — gy S P (Gimi —us—1), i>s (5.6)
Thus we obtain from (5.4), (5.6) and by induction
Gi<uj,i>s. (5.7

From (5.1), (5.5) and (5.7), we obtain that

lim§ = .
1—ro0
Then we similarly obtain that lim 1; = 7. The proof of the other case of this theorem is similar to this case, so we leave it to
i—yo0
readers. O

Theorem 5.2. Suppose that 0 < u < % Then the positive equilibrium point of system (2.1) is globally asymptotically stable.
Proof. We have from Theorem 4.2,
1<m = liminfci <N,
i—oo
1 <my =liminfn; <Ny,
i—o0
1<U = limsupCi <N,
i—yoo
1 < U, =limsupn; < N,.
[—o0

By system (2.1), we can write

U, my
U<l+u—m2>1+u—,
1> .um% 1= .u'Uzz

my
v

U
Up<1+p—5,my>1+p
ny 1

Hence we have
U,
)

m
U1+#7i §U1m2§m2+um2

U
Up + 122 < Upmy < my +p—>.
Uz ni
Therefore we obtain that
my my U, U,
U+ +U+ U <m+p—+m+u—,
U U, myp mj
m m U U
U+l A Us b s —my — i —my — i+ <0,
U, U, my my
(U )1 ! + ] + (U )1 ! + ! <0
—m —u|—+—= —m —u| —+ = .
1 1 u m U 2 2 u m U, <
In this here if 4 € (0,1) than
1 1
l—u(—+—1>o0,
“<m1+U1)
1 1
1— —+—]>0.
“<m2+U2)
Thus, we get that
U —m =0, Uy—mp=0.

So, U; = my and U, = my. The proof is completed as desired. O
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6. Rate of Convergence of System (2.1)
Now we study the rate of convergence of system (2.1). Hence, we consider the following system:
Eivi = (a+ B())E:, 6.1)
where E; is a k-dimensional vector, o € C*** is a constant matrix, and B : Z+ — C**¥ is a matrix function satisfying

I1B@ — o0, 6.2)

as [ — oo, where || - || denotes any matrix norm that is associated with the vector norm

1)l = Va2 +y2.

Theorem 6.1. (Perronas Theorem, [24]) Assume that condition (6.2) holds. If E; is a solution of (6.1), then either E; = 0 for
all as i — oo,0r

.hm \/i HEtH )
i—o0
or

o I
im ,
e

exists and is equal to modulus of one of the eigenvalues of matrix Q.

Theorem 6.2. Suppose that 0 < it < 3 and {({;,n;)} be a solution of the system (2.1) such that lim §; = ¢ and lim n; = 7).
1—o0 [—>00

Then the error vector

le Gi— C_
S I e B
31‘271 Ni-1—1N

of every solution of system (2.1) satisfies both of the following asymptotic relations:

limV/[|Ei|| = |Ai234 FJ(€77_1)}7
i—oo

E.
LB
e &

— |M,2,374 Fj(é7ﬁ)|.

where A1 234 F;(£, M) are the characteristic roots of the Jacobian matrix Fy(, ).
Proof. To find the error terms, we set
_ 1 _ 1
Gi1—C=Y Ap(tica—C)+ Y. Bu(zicn— 1),
n=0 n=0
1 _ 1
Niy1—7 = ZDn (Cifn - C) + Z Gn(Nin—1),
n=0 n=0

and e} = §;— C,e? = n; — 7}. Thus we have

1 1
o 1 2
et = Y, Aneiy+ ) Buei
n=0 n=0

1 1
o I 2
eiv1 = Y Dueiy+ ) Gueiy,
n=0 n=0
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where
Ag=A; =0,
P AU R )
0= "7 - —
n; nn;
b M —H(E+E)
o= D1=—% 57—
i CCI
Go=G; =0

Now we take the limits

lion = limA1 = 0,

[—yoo [—yoo
limBo = 45, limB = — 1,
—o0 TI [—yoo Tl
limDy= & limp, = =&,
i—oo Cz i—o0 CZ
hm G() = hm G1 =0.
i—o0 i—yo0
Hence
-2
By = %4—1957 B = ﬁzli +ri,
-2
Dy = %erh Dy = Tqurfiy

where b; — 0, r; — 0, di — 0, t; — 0 as i — co. Therefore, we obtain the system of the form (6.1)
Eiy1 = (a+B(i)E;

where

=
|

oE — o
D
=

o oo

(6.3)

o
R
3

S OO

and ||B(i)|| — 0 as i — oo. So, the limiting system of error terms about the equilibrium point can be written as follows:

)
el 00 5 [
el 1 0 0 0 el
2 = -2 2
€igl ﬁ Tfl 0 0 ¢
¢ 0 o 1 0 €1

which is same as linearized system of system (2.1) about equilibrium point(¢, 7). O
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7. Numerical Examples

In this section, we give two examples which include three figures to verify our theoretical results.

Example 7.1. We consider system (2.1) for it = 0.43. With the initial values {_; =1, {o = 1.2, n_; = 3 and 19 = 0.95 positive
equilibrium point of system (2.1) is globally asymptotically stable. Figures 7.1, 7.2 verify our theoretical results.

plot of y(n+1)
T

solution of y(n+1)
:
T

1.3
1.2 -
1.1+
1 1 1 1 1 1
0 5 10 15 20 25 30
n-iteration
Figure 7.1

Example 7.2. We consider system (2.1) for p = 2.2. With the initial values {1 = 2.08, § = 2.02, N1 = 2.03 and 1o = 2.08,
solutions of system (2.1) oscillate about positive equilibrium point (£, 1) = (0.0652,0.0652). Figure 7.3 verifies our theoretical
results.

1.42 T T T T T

1.38 -

1.34 -

1.32

1.3
0 5 10 15 20 25 30

n-iteration
Figure 7.2
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= 10%

0 5 10 15 20 25 30

n
Figure 7.3

8. Conclusions

In this paper we studied convergence results of a system of second order difference equations . Firstly we deal with the unique
positive equilibrium point of system(2.1). Then we analyse the bounded solutions of system (2.1). We also investigate the
oscillation of solutions of system. More specifically, we focus on the convergence results of solutions of system. According
to our results, if 0 < pu < % then the positive equilibrium point of system (2.1) is globally asymptotically stable. After this
we concentrates on discussing the rate of convergence of solutions of system(2.1). Moreover to this we give two numerical
examples to verify our theoretical results.
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Abstract

In this paper, we consider pseudosymmetric Lorentz Sasakian space forms admitting almost n—Ricci solitons
in some curvature tensors. Ricci pseudosymmetry concepts of Lorentz Sasakian space forms admits n—Ricci
soliton have introduced according to the choice of some special curvature tensors such as Riemann, concircular,
projective, .# —projective, W; and W,. Then, again according to the choice of the curvature tensor, necessary
conditions are given for Lorentz Sasakian space form admits n—Ricci soliton to be Ricci semisymmetric. Then
some characterizations are obtained and some classifications have made under the some conditions.
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1. Introduction

The notion of Ricci flow was introduced by Hamilton in 1982. With the help of this concept, Hamilton found the canonical
metric on a smooth manifold. Then Ricci flow has become a powerful tool for the study of Riemannian manifolds, especially
for those manifolds with positive curvature. Perelman used Ricci flow and it surgery to prove Poincare conjecture in [1, 2]. The
Ricci flow is an flow is an evolution equation for metrics on a Riemannian manifold defined as follows:

2 g) = -25(s(1).

A Ricci soliton emerges as the limit of the solitons of the Ricci flow. A solution to the Ricci flow is called Ricci soliton if it
moves only by a one parameter group of diffeomorphism and scaling.

During the last two decades, the geometry of Ricci solitons has been the focus of attention of many mathematicians. In
particular, it has become more important after Perelman applied Ricci solitons to solve the long standing Poincare conjecture
posed in 1904. In [3], Sharma studied the Ricci solitons in contact geometry. Thereafter Ricci solitons in contact metric
manifolds have been studied by various authors such as Ashoka et al. in [4, 5], Bagewadi et al. in [6], Ingalahalli in [7], Bejan
and Crasmareanu in [8], Blaga in [9], Chandra et al. in [10], Chen and Deshmukh in [11], Deshmukh et al. in [12], He and Zhu
[13], Atceken et al. in [14], Nagaraja and Premalatta in [15], Tripathi in [16] and many others.

¢ —sectional curvature plays an important role for Sasakian manifold. If the ¢ —sectional curvature of a Sasakian manifold
is constant, then the manifold is a Sasakian-space-form [17]. P. Alegre and D. Blair described generalized Sasakian space
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forms [18]. P. Alegre and D. Blair obtained important properties of generalized Sasakian space forms in their studies and
gave some examples. P. Alegre and A. Carriazo later discussed generalized indefinite Sasakian space forms [19]. Generalized
indefinite Sasakian space forms are also called Lorentz-Sasakian space forms, and Lorentz manifolds are of great importance
for Einstein’s theory of Relativity.

In this paper, we consider Lorentz Sasakian space form admitting almost 1 —Ricci solitons in some curvature tensors. Ricci
pseudosymmetry concepts of Lorentz Sasakian space form admits 11 —Ricci soliton have introduced according to the choice of
some special curvature tensors such as Riemannian, concircular, projective, .# —projective, W; and W,. Then, again according
to the choice of the curvature tensor, necessary conditions for Lorentz Sasakian space form admits 17—Ricci soliton to be Ricci
semisymmetric are given. Then some characterizations are obtained and some classifications have been made

2. Preliminaries

Let N be a (2m + 1)—dimensional Lorentz manifold. If the N Lorentz manifold with (¢,&,7,g) structure tensors satisfies the
following conditions, it is called a Lorentz-Sasakian manifold
97V =-Yi+nM)&n (&) =1,n(9n)=0,
g(p1,0Y2) =g(Y1,12) +n ()0 (Y2),n (V1) = —g (1, &),
(Vn9)Ya=—g(N.12)§ —n ()11, vy, & = -1,
where, v/ is the Levi-Civita connection according to the Riemannian metric g.
The plane section IT in TYIN . If the IT plane is spanned by Y; and ¢Y], this plane is called the ¢-section. The curvature of
the ¢-section is called the @-sectional curvature. If the Lorentz-Sasakian manifold has a constant ¢-sectional curvature, this

manifold is called the Lorentz-Sasakian space form and is denoted by N (c). The curvature tensor of the Lorentz-Sasakian
space form N (c) is defined as

R 1)Y= () {g(n.V3) 1 —g(V1,Y3) Yo}
+(41) {g (Y1, 0Y3) 0Y> — g (Y2,0Y3) 9,

2.1
+2¢(11,972) 9Ys+1 (Y2)n (Y3) Y1 —n (Y1) n (3) Yz

+e(Y1,Y3)n (Y2)§ —g (Y2, Y3)n (V1) &},
forall¥;,Y>,¥3 € x (N).

Lemma 2.1. Let N (c) be the (2m+ 1)—dimensional Lorentz-Sasakian space form. The following relations are hold for the
Lorentz-Sasakian space forms.

Vr & =—0Y1, 2.2)

(Vy, @) a=—g(.1n)E—n ()T,

(Vy,M) Y2 =g (oY1.Y2),

RV, 1) E=n(Y)Yi—n )Y, (2.3)

NRM,)Y3) =g ()a—n(2)1,13), (2.4)
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(m+2)c—(3m—2)
2

S(r,Y2) = { }g(YhYZ)

+%n(mn(m,

s0n.8) = | U= ), 3)

2

o, — [(m+2)c—(3m—2)} v (c+1)2(m+1)n v

(c+1)—4m

¢

08 =
where R, S are the Riemannian curvature tensor, Ricci curvature tensor of N (¢), respectively.
Precisely, Ricci soliton on a Riemannian manifold (N , g) is defined as a triple (g,&, k1) on N satisfying
Leg+2S+2K18 =0,

where Lg is the Lie derivative operator along the vector field § and j is a real constant. We note that if & is a Killing vector
field, then the Ricci soliton reduces to an Einstein metric (g, k) . Futhermore, in [20], generalization is the notion of n—Ricci
soliton defined by J.T. Cho and M. Kimura as a quadruple (g, &, k1, k») satisfying

Leg+25+2K18+210un @n =0, (2.6)

where k| and k; are real constants and 7 is the dual of & and S denotes the Ricci tensor of N. Furthermore if k; and %, are
smooth functions on N, then it called almost 11 —Ricci soliton on N [20].

Suppose the quartet (g, &, ki, k») is almost 7—Ricci soliton on manifold N. Then,

-If k1 < 0, then N is shrinking.

-If 5 = 0, then N is steady.

-If K > 0, then N is expanding.

3. Almost n—Ricci Solitons on Ricci Pseudosymmetric and Ricci Semisymmetric
Lorentz Sasakian Space Form

Now let (g,&, k1, k») be an almost )—Ricci soliton on Lorentz Sasakian space form. Then we have

(Leg) (V1,Y2) =Leg (V1,Y2) — g (L, Ya) —g (Y1, L Ya)

=&g(M,12) —g([E. 1], Y2) —g(11,[E, Y2])

=g(Ven,12) +g (1, Ve)a) —g (Vehi, 12)

+8(Vné.12) —g(Veha, Y1) +¢ (11, Vn8),
for all ¥1,Y, € T'(TM). By using ¢ is anti-symmetric and taking into account (2.2) we have

(Leg) (V1,Y2) =0. (3.1

Thus, in a Lorentz Sasakian space form, from (2.6) and (3.1) we have

S, Y2) +xi1g(V1,Y2) +1an (Y1)n (Y2) = 0. (3.2)
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It is clear from (3.2) that the (2m + 1)—dimensional Lorentz Sasakian 1 —Ricci soliton (]Vz’"“, g, &, xi, K2> is an n—Einstein
manifold.
For Y, = & in (3.2) this implies that

SE.1)=(x1—k)n{). (3.3)
Taking into account of (3.3) we conclude that
dm—(c+1)
K| — Ky = —

Definition 3.1. Let N (c) be an (2m+ 1) —dimensional Lorentz Sasakian space form. If R-S and Q (g,S) are linearly dependent,
then the N (c) is said to be Ricci pseudosymmetric.

In this case, there exists a function L; on N (¢) such that
R-S=1,0(g,S).

In particular, if L; = 0, the manifold N (¢) is said to be Ricci semisymmetric.
Let us now investigate the Ricci pseudosymmetry case of the (2m + 1) —dimensional Lorentz Sasakian space form.

Theorem 3.2. Let N (c) be Lorentz Sasakian space form and (g,&, k1, K») be almost n—Ricci soliton on N (c). If N (c) is a
Ricci pseudosymmetric, then

2k; — (c+1)+4m
dm—2K —(c+ 1)
provided 2y #4m— (c+1).

Proof. Let be assume that Lorentz Sasakian space form N (c) be Ricci pseudosymmetric and (g, &, k1, k) be almost 7—Ricci
soliton on Lorentz Sasakian space form N (c). Then we have

(R(V1,Y2)-S) (Ya,Ys) = L10(8,S) (Ys,Y5: Y1, Ya),
for all ¥;,Y,Y,,Ys € I'(TN) . From the last equation, we can easily write
S(R(M,Y2)Ya,Ys) +8 (Ya, R(Y1,2) ¥5)

L=

3.4
=L {S((Yl /\ng) Y4,Y5) +S(Y4, (Yl Ng Yz)YS)} .
If we choose Y5 = & in (3.4) we get
S(R(M,72)Ya,8) +8 (Ya,R(11,12) &)
=L {S(g(V2,Y4)Y1 —g(V1,Y4) Y2, 8) (3.5)
+S(Yae,n () 2—n () Y1)}
If we make use of (2.3) and (2.5) in (3.5) we have
- {W} N (R, Y2)Ys) +S(Ya,n (Y2) Y1 —n (Y1) Y2)
=L {— {W} gmM)Ya—n(V2)11,Ys) (3.6)
+S(Ya,m(M)Y2—n (Y2)11)}.
If we use (2.4) in the (3.6), we get
- {M} gM)Y—n(1r)Y,Ys)
+S((2) Y1 —n (M) 12, Ya)
3.7

=L {— [W}g(n ()2 —n(Y2)1,Ya)

+S(Ya,n (Y1) Y2 —n () 11)}.
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If we use (3.2) in the (3.7), we can write

KKI _ (c+1%—4m) i (Kl + (C+];—4m)L1:| %

(3.8)
gmM)Y2—n(¥2)1,Y) =0.
It is clear from (3.8)
L= 2x1—(c+1) +4m.
dm—2K —(c+ 1)
This completes the proof. L

Thus we have the following corollaries.

Corollary 3.3. Let N (c) be Lorentz Sasakian space form and (g,&, ki, K») be almost 1—Ricci soliton on N (¢). If N (c) is a

Ricci semisymmetric, then N (c) is an 11— Einstein manifold with Ky = W and 15 = (c+1) —4m.

Corollary 3.4. Let N (c) be Lorentz Sasakian space form and (g,&, ki, k2) be almost 1—Ricci soliton on N (c). If N (c) is a
Ricci semisymmetric, then we observe that:

i) N (¢) is expanding, if (c+1) > 4m.

ii) N (c) is shrinking, if (c+ 1) < 4m.

For a (2m+ 1) —dimensional semi-Riemannian manifold N, the concircular curvature tensor is defined as

C(Y],Yz)Y3 :R(Y],Yz)Y3— [g(YQ,Yg)Y] —g(Yl,Y3)Y2]. (39)

,
2m(2m+1)

For a (2m+ 1) —dimensional Lorentz Sasakian space form, if we choose ¥3 = £ in (3.9) we can write

CmE= 14 3t | M - mom) G.10

2m(2m+

and similarly if we take the inner product of both sides of (3.9) by &, we get

n(CY, 1) ¥s) — [1+ }g(n ()Y 1 (). 1s). G

.
2m(2m+1)

Definition 3.5. Let N (¢) be a (2m + 1) —dimensional Lorentz Sasakian space form. IfC-S and Q (g, S) are linearly dependent,
then it is said to be concircular Ricci pseudosymmetric.

In this case, there exists a function L, on N (c) such that
C-S=1,0(g,S).

In particular, if L, = 0, the manifold N (c) is said to be concircular Ricci semisymmetric.
Let us now investigate the concircular Ricci pseudosymmetry case of the Lorentz Sasakian space form.

Theorem 3.6. Let N (c) be Lorentz Sasakian space form and (g,&, ki, K») be almost n—Ricci soliton on N (c). If N (c) is a
concircular Ricci pseudosymmetric, then

I 2K — (c+1)+4m] 2m (2m+1) + 7]
2T T 2mm+ D) [Am—(c+ ) —2K1]

provided 4m # 2K) + (c+1).

Proof. Let be assume that Lorentz Sasakian space form N (¢) be concircular Ricci pseudosymmetric and (g, €, k1, k) be almost
n—Ricci soliton on Lorentz Sasakian space form N (c). That is mean

(C(Y],Yz) S) (Y47Y5) :LZQ(g7S) (Y47Y5;Y17Y2)7
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for all Y|,Y,Y4,Ys € T'(TN) . From the last equation, we can easily write

S(C(Y],Yz) Y4,Y5) +S(Y4,C(Y1,Y2)Y5)

=Ly {S((V1 AgY2) Y4, Ys) + S (Ya, (Y1 Ag Y2) Y5) } .
If we choose Y5 = & in (3.12) we get
S(C(YI7Y2)Y4a€)+S(Y4:C(Yl7Y2)€)

=L {S(g(Vr, Y1)V —g(Y1,Y4) 1, &)

+S(Yae,n(1)Y2—n(2)N)}.
If by using (2.5) and (3.10) in (3.13) we have

(Y4, {1 t 2D 2m+1 } [TI (Yg)Yl (Yl)Yg])
- e mn)

=L{-[“2] s -0 ®)1.1)

+SYa,n(N)2—n(2)N)}.
Substituting (3.11) in (3.14), we get

B

+ |:1 + 2m(2m+1)i| (77 (YZ)YI -1 (Y])Y27Y4)

=L2{— [W}g(n ()2 —n((2)N,Ys)

+S(mM)Ya—n(Y2)Y1,Ya)}.

If we use (3.2) in the (3.15), we can write
(1 352) () s+ 252)1] -

gmn)2—n(Y2)1,Ys) =0.
This implies that

[2K; — (c+1)+4m][2m (2m+ 1) + 7]
2m(2m+1)[dm— (c+1) —2K]

This completes the proof.

L=

We can give the following corollaries.

(3.12)

(3.13)

(3.14)

(3.15)

Corollary 3.7. Let N (c) be Lorentz Sasakian space form and (g,& %1, &) be almost n—Ricci soliton on N (¢). If N (¢) is a

concircular Ricci semisymmetric, then N (c) is either manifold with scalar curvature r = —2m (2m+ 1) or k| =

(c+1)—4m )

Corollary 3.8. Let N (c) be Lorentz Sasakian space form and (g,&, ki, k») be almost 1 —Ricci soliton on N (¢). If N (c) is a

concircular Ricci semisymmetric, then we conclude that:
i)Letr <2m(2m—+1).

a) N (¢) is expanding, if (c+1) > 4m.

b) N (c) is shrinking, if (c+ 1) < 4m.

ii) Letr >2m(2m+1).

¢) N (c) is shrinking, if (c+1) > 4m.

d)N (c) is expanding, if (c+1) < 4m.



Almost n—Ricci Solitons on Pseudosymmetric Lorentz Sasakian Space Forms — 50/59

For a (2m+ 1) —dimensional semi-Riemannian manifold N, the projective curvature tensor is defined as
1
P(Y1,Y2)3=R(Y1,Y2) V3 — m [S(Y2,¥3)Y1 —S(Y1,V3) Ya). (3.16)

For a (2m+ 1) —dimensional Lorentz Sasakian space form, if we choose Y3 = £ in (3.16) we can write

c+1
4m

P(Y1,12)§ = n(Y2)Y1 —n (V) Y], (3.17)

and in the same way if we take the inner product of both sides of (3.16) by &, we get

1
NPT = S e (n () Yo =0 (1)1 3s). (3.18)

Definition 3.9. Let N (c) be a (2m+ 1) —dimensional Lorentz Sasakian space form. If P- S and Q (g,S) are linearly dependent,
then the manifold is said to be projective Ricci pseudosymmetric.

In this case, there exists a function L3 on N (c) such that
P-S=130(g,9).

In particular, if L3 = 0, the manifold N (c) is said to be projective Ricci semisymmetric.
Let us now investigate the projective Ricci pseudosymmetry case of the Lorentz Sasakian space form.

Theorem 3.10. Let N (c) be Lorentz Sasakian space form and (g,&, &1, k>) be almost —Ricci soliton on N (c). If N (c) is a
projective Ricci pseudosymmetric, then
(c+1)[2K — (c+ 1) +4m]

2m[dm—(c+1)—-2Ky]

Ly=

provided 2K #4m — (c+1).

Proof. Let be assume that Lorentz Sasakian space form N (c) be projective Ricci pseudosymmetric and (g, &, k1, k2 ) be almost
n—Ricci soliton on Lorentz Sasakian space form N (¢). That is mean

(P(1,Y2)-S) (Ya,Y5) = L30(g,S) (Ya,Y5:Y1,Y2)
for all Y1,Y,,Y4,Ys € T (TN) . From the last equation, we can easily see

S(P(Y1,Y2)Ys,Y5) +S (Ya,P(Y1,Y2) Ys5)

= L3 {S((Yi Ag V2) Ya, ¥s) + 5 (Ya, (Vi Ag ¥a) ¥s) }. G2
If we choose Y5 = & in (3.19) we get

S(P(N,Y2)Y4,8) +S(Ya,P(1,Y2) S)

=L3{S(g(Y2,Ya) V1 —g(V1,Ya) 12,§) (3.20)

+S(Ya,m(M)Y2—n (Y2) 1)}
If we taking into account (2.5) and (3.17) in (3.20), then we have

S(Ys, 5 In () —n (M) Ya))

- {W} n(P(Y1,12)Ys)

(3.21)

=L {- [ s - )11

+S(Ya,n (Y1) Y2 —n () 11)}.
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If we use (3.18) in the (3.21), we get
- [W} (S g (M) Ya—n (Y2) Y1, Ys)

+($H S () —n ()2, Ys)
(3.22)

=L3{— [W}g(n M) —n ()11, Ya)

+SMM)Ya—n(Y2)Y1,Ya)}.

If we use (3.2) in the (3.22), we taking into account
{(Kl o (c+1%74m) (%) + (Kl + (c+1%74m) L3} %

gm)—n ()N, %) =0.
It is clear from (3.23)

(c+1)[2K — (c+ 1) +4m]
2mf4m—(c+1)—2xK1]

(3.23)

Lz =

This completes the proof. O
‘We have the following corollaries.

Corollary 3.11. Let N (c) be Lorentz Sasakian space form and (g,& ki, K») be almost n—Ricci soliton on N (c). If N (c) is a
1

(c+1)—4m

projective Ricci semisymmetric, then N (c) is either real space form with constant section curvature ¢ = —1 or K| = %
Corollary 3.12. Let N(c) be Lorentz Sasakian space form and (g,&, k1, K») be almost n—Ricci soliton on N (c). If N (c) is a
projective Ricci semisymmetric, then we conclude provided that c 4+ 1 # 0:

i) The soliton N (c) is expanding, if (c+1) > 4m.

ii) The soliton N (c) is shrinking, if (c+ 1) < 4m.

For a (2m+ 1) —dimensional semi-Riemannian manifold N, the .# —projective curvature tensor is defined as

M (Y1, 12)Y3 =R(V1,12) V3 — 5 [S (Y2, 13) Y1 =S (Y1,13)

2m

(3.24)
+g(12,Y3) QY1 — g (Y1, Y3) O]
For a (2m+ 1) —dimensional Lorentz Sasakian space form, if we choose Y3 = £ in (3.24) we can write
M) E =L N —n)Y]
(3.25)
+55 [ (Y2) QY1 — 11 (Y1) QY2].
On the other hand, if we take the inner product of both sides of (3.24) by &, we get
n(# (1, h)Ys) =G ()Ya—n ()N, 1)
(3.26)

—=S(N ()Y —n (1) 1a,Y3).

Definition 3.13. Let N (c) be a (2m+ 1) —dimensional Lorentz Sasakian space form. If 4 -S and Q(g,S) are linearly
dependent, then it is said to be ./# —projective Ricci pseudosymmetric.

In this case, there exists a function Ly on N (¢) such that
M-S =1L140(g,S).

In particular, if Ly = 0, the manifold N (c) is said to be .# —projective Ricci semisymmetric.
Let us now investigate the .# —projective Ricci pseudosymmetric case of the Lorentz Sasakian space form admitting almost
n—Ricci soliton.
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Theorem 3.14. Let N (c) be Lorentz Sasakian space form and (g,&, %1, k2) be almost —Ricci soliton on N (c). If N (c) is a
M —projective Ricci pseudosymmetric, then

L 4xy [(c+1) =2m] — (c+1)[(c+ 1) —4m] — 4K
‘T 4m 2K — (c+ 1) +4m] ’

provided 2xy # (c+ 1) —4m.

Proof. Let be assume that Lorentz Sasakian space form N (c) be .# —projective Ricci pseudosymmetric and (g, &, ki, k») be
almost 1—Ricci soliton on Lorentz Sasakian space form N (c). That is mean

(A (Y1,Y2)-S) (Ya,¥5) = LaQ(8,S) (Ya,Y5: Y1, 12),
for all ¥;,Y,,%,,Ys € I (TN) . From the last equation, we have

S(% (YlaY2) Y4>Y5) +S(Y47<% (Y17Y2) YS)
(3.27)
=Ly {S((V1 AgY2) Y4, Ys) + S (Ya, (Y1 Ag Y2) Y5) } .
If we choose Y5 = & in (3.27) we get
S( A (1, Y2)Ya,6) +S (Ya, M (Y1,12) &)
=Ly{S(g(Y2,Ya) Y1 —g(V1,Ya) 12,§) (3.28)

+SYo,m(M) Y2 —n(Y2)11)}.

If we make use of (2.5) and (3.25) in (3.28), we have
- [ (o () )
+S (Y2, 5 [N () Y1 = (M) Y
+a [N (Y2) QY1 — 7 (11) OY2)) (3.29)
= Li{ = [ e ()0 ()11
+SYam (M) —n()n)}

If we by using (3.26) in the (3.29), we get

Wg(n ()2 —n(Y2)¥1,Ys)

+W5(n )1 —n(N)h,Ys)

+S (Y%, 52 N (V) Y —n (1) Vo]

(3.30)
+ak [0 (Y2) QY1 =1 (Y1) OY2))
— Ly {_ [W} g(MM)Y2—n (Y2)11,Ys)

+SmM)Ya—n(Y2)Y1,Ya)} -
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If we use (3.2) in the (3.30), we can write

—Mg(n ()2 —n(Y2)¥1,Ys)

8m

—Rle Do (0 (V) Y -1 (V1) Ya, Ya)

-4 (ﬂl)g(ym n¥2)Y1—n()r)
(3.31)
—2LS(MM L)Y —n (1) Y2, Ys)

:L4{* {W} g —n(K)1,Ys)

—k1g(Yo,n(V1)2—n (V2)Y1,1a)}.
Again, if we use (3.2) in the (3.31), we obtain

(c+1)  (c+D)[(c+1)—4
1 et _ ferni(ei)—an)

{ K1 [(c+1)—4m]
4m

.y (et )] ¢ (3.32)

gn(M)—n(Y2)N,Ys) =0.
It is clear from (3.32)

L 4x1[(c+1) —2m] — (c+ 1) [(c+1) — 4m] — 4K
‘- Am 2K — (c+ 1) +4m]

b

which proves our assertion O
We have the following corollaries.

Corollary 3.15. Let N (c) be Lorentz Sasakian space form and (g,&, ki, k») be almost n—Ricci soliton on N (c). If N (c) is a
M —projective Ricci semisymmetric, then

c+1)—4m
or
K_c+1
=5

Corollary 3.16. Let N (c) be Lorentz Sasakian space form and (g,&, K1, K») be almost n—Ricci soliton on N (c). If N (c) is a
M —projective Ricci semisymmetric, then we observe that:

i) N (¢) is shrinking, if x| is between M and %7

ii) ]Y(C) is steady for k| = W and x| = %,

iii) N (¢) is expanding for other cases of k.

For a (2m+ 1) —dimensional semi-Riemannian manifold N, the W; —curvature tensor is defined as
1
Wi (Y1,02) Ys = R(Y1,Y2) Y3 + 2 [S (12, 13) Y1 = S (Y1, ¥3) Yal . (3.33)

For a (2m+ 1) —dimensional Lorentz Sasakian space form, if we choose Y3 = £ in (3.33), we can write

:8m—(c+1)

Wi (Y1,12) ¢ am

n(Y2)Y1—n ()Y, (3.34)

and similarly if we take the inner product of both sides of (3.33) by &, we get

8m—(c+1
( )g

nwi(1,hn)Y;) = o

M) —-n)hN, ). (3.35)
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Definition 3.17. Let N (c) be a (2m+ 1) —dimensional Lorentz Sasakian space form. If Wy -S and Q(g,S) are linearly
dependent, then the manifold is said to be W) —Ricci pseudosymmetric.

In this case, there exists a function Ls on N (c) such that
Wi -S=Ls0(g.S).

In particular, if Ls = 0, the manifold N (c) is said to be W; —Ricci semisymmetric.
Let us now investigate the W —Ricci pseudosymmetric case of the Lorentz Sasakian space form.

Theorem 3.18. Let N (c) be Lorentz Sasakian space form and (g,&, %1, K2) be almost —Ricci soliton on N (c). If N (¢) is a
W1 —Ricci pseudosymmetric, then

_ [8m—(c+1)][2Kx — (c+ 1) +4m]
N dmdm— (c+1) —2kK] ’

Ls

provided 2k #=4m — (c+1).

Proof. Let be assume that Lorentz Sasakian space form N (c) be W; —Ricci pseudosymmetric and (g,&, ki, k) be almost
n—Ricci soliton on Lorentz Sasakian space form N (c). That is mean

(Wi (Y1,Y2)-S) (Ya,Y5) = LsQ (8, S) (Ya,Y5: Y1, 12)
for all Y1,Y>,Y4,Ys €T (TIV ) . From the last equation, we have
S(Wy (Y1,Y2) Yy, Ys) + S (Ya, Wy (Y1,Y2) Ys)
(3.36)
=Ls {S((V1 AgY2) Ya,¥5) + S (Y, (Y1 A V) ¥5) } .
If we choose Y5 = & in (3.36) we get
S(Wi (Y1,Y2)Y4,8) +S (Y4, W) (Y1,Y2) E)
=Ls{S(g(V2,Y4) Y1 —g(V1,Y4) 12, &) (3.37)
+S(Ya,n(M)Y2—n(2)1)}.

If we make use of (2.5) and (3.34) in (3.37), we have

s (2. e I (o) Y - () 2]

- [ nwi () v
(3.38)

_ 5{_[W}g(nmm—n(n)n,n)
+S(Ya,n (Y1) Y2 —n (o)1)}

If we use (3.35) in the (3.38), we get

et Ulsm—(ctlg (1) (1) Y2 — 1 (V2) Y1, Ya)

+3 NS (n (B) Y -1 () Y. Ya)
(3.39)
= Ls{~ [ e (n(r) o —n ()1, )

+SmM)Ya—n(Y2)Y1,Ya)} -
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If we use (3.2) in the (3.39), we can write

{1 o o 0] 2]

(3.40)
gmM)Y2—n(2),Yy) =0
It is clear from (3.40)
L= [Bm—(c+ 1)][2k1 — (c+ 1) +4m] .
dmdm— (c+1) — 2kK]
This completes the proof. O

We can give the results obtained from this theorem as follows.

Corollary 3.19. Let N (c) be Lorentz Sasakian space form and (g,& k1, K») be almost n—Ricci soliton on N (c). If N (c) is a
(c+1)—4m

Wi —Ricci semisymmetric, then N (c) is either real space form with ¢ = 8m — 1 constant section curvature or K = =
Corollary 3.20. Let N (c) be Lorentz Sasakian space form and (g,&, k1, k2) be almost n—Ricci soliton on N (¢). If N (c) is a
W1 —Ricci semisymmetric, then we conclude that:

i) Let 8m > c+ 1.

a) N (c) is expanding, if (c+1) > 4m.

b) N (c) is shrinking, if (c+1) < 4m.

ii) Let 8m < c+ 1.

c) N (c) is shrinking, if (c+1) > 4m.

d) N (c) is expanding, if (c+1) < 4m.

For a (2m+ 1) —dimensional semi-Riemannian manifold N, the W, —curvature tensor is defined as
1
Wi (Y1,12) Y3 = R(11,12) V3 — m [¢(Y2,Y3) QY1 — g (11,Y3) QY] (3.41)

For a (2m + 1) —dimensional Lorentz Sasakian spacew form N (c), if we choose Y3 = & in (3.41), we can write

W2 (Y1,12)§ =[n(12)Y1 —n (1) 2]

(3.42)
—5= [N (Y1) QY, — 1 (V) QY]
Furthermore, if we take the inner product of both sides of (3.41) by &, we get
N, n)Y)=g(nM)2—n2)1,1)
(3.43)

+5-S(N (Y)Y —1 (Y2)Y1,Y3).

Definition 3.21. Let N (c) be a (2m+ 1) —dimensional Lorentz Sasakian space form. If W -S and Q(g,S) are linearly
dependent, then the manifold is said to be W,—Ricci pseudosymmetric.

In this case, there exists a function Lg on N (c) such that
Wy -§= L6Q(g7S) .

In particular, if Lg = 0, the manifold N (c) is said to be W —Ricci semisymmetric.
Let us now investigate the W, —Ricci pseudosymmetric of the Lorentz Sasakian space form.

Theorem 3.22. Let N (c) be Lorentz Sasakian space form and (g,&, &1, K>) be almost —Ricci soliton on N (c). If N (c) is a
Wh—Ricci pseudosymmetric, then

ki (1—2m)+m[(c+1)—4m] + «?

Le =
6 m2K; + (c+ 1) —4m]

’

provided 2k) # 4m— (c+1).
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Proof. Let be assume that Lorentz Sasakian space form be W, —Ricci pseudosymmetric and (g, €, ki, k») be almost 1)—Ricci
soliton on Lorentz Sasakian space form. That is mean

(W2 (Y17Y2> S) (Y47Y5) = L6Q(g,S) (Y47YS;Y17Y2) )
for all ¥1,Y>,Ys,Ys € T(TM). From the last equation, we can easily write

SWs (Y1,Y2)Y4,Ys)+S (Y, W5 (Y1,Y2) ¥5)
(3.44)
=Le {S((Y1 A Y2) Y4, Y5) +S(Ya, (Y1 Ag Y2) ¥5) } .

If putting Y5 = & in (3.44), we get
SW2 (Y1, 12)Ys,8) + S (Ya,W2 (11,Y2) )

=Le{S(g(V2,Ya) Y1 —g(V1,Y4) 12, &) (3.45)

+S(Ya,n(Y2) 1 —m (M) 2)}-
If we make use of (2.5) and (3.42) in (3.45), we have

— [ (W (1, ) )

5 (Yau [ (¥2) Yy = (1) ¥

— N (Y1) QY2 — 1 (Y2) OV1)) (3.46)
= Lo{~ [ s —n (1)1, 13)

+S(Ta,n(M)Y2—n(R)1)}.
If we use (3.43) in the (3.46), we get

[ g (n ()Y = m (1)1,
+5:5 (N (M) Ya—1n (2)Y1,Ya)
+S(Ya, [0 (Y2) Y1 —n (1) Y2
(3.47)
— [N (1) QY2 — 7 (Y2) QY]
=Le{S(Ys,m(M1)Y2—n(Y2)Y1)
- [W} g(n (Yl)Yz—n(Y2)Y1,Y4)}-
If we use (3.2) in the (3.47), we have
{KI — o 7(%1%74"'} g H—n )1, Y)
+oeS(M () Y2 =1 (Y2)11,Ya) (3.48)
=—Ls [M+M} g Kh—n)1.Ya)

Again, if we use (3.2) in (3.48), we obtain

(3.49)
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It is clear from (3.49)
LK (1=2m)+m[(c+1)—4m]+Kk?
6~ m2K; + (c+1) —4m] '
This completes the proof. O

We can give a result of this theorem as follows.

Corollary 3.23. Let N (c) be Lorentz Sasakian space form and (g,& k1, K») be almost n—Ricci soliton on N (c). If N (c) is a
W, — Ricci semisymmetric, then

Ki :—% {—(Zm—l)—k\/—4(c+2)m+20m2+1] ,

or

K1 :% [(Zm—l)—i-\/—4(c+2)m+20m2+1} .

Corollary 3.24. Let N (c) be Lorentz Sasakian space form and (g,& k1, K») be almost n—Ricci soliton on N (c). If N (c) is a
W, —Ricci semisymmetric, then we observe that

i) N (c) is shrinking, if ki is between —% {— (2m—1)++/—4(c+2)m+20m> + 1} and § {(Zm— 1)+ \/—4(c+2)m+20m2+1} )
ii) N (c) is steady for —% {— (2m—1)++/—4(c+2)m+20m? + l}
and ! [(mel)Jr\/74(c+2)m+20m2+1}7

iii) N (c) is expanding for other cases of k| .

4. Conclusion

In this paper, we consider pseudosymmetric Lorentz Sasakian space forms admitting almost 1 —Ricci solitons in some curvature
tensors. Ricci pseudosymmetry concepts of Lorentz Sasakian space forms admits 17 —Ricci soliton have introduced according
to the choice of some special curvature tensors such as Riemann, concircular, projective, .# —projective, Wi and W,. Then,
again according to the choice of the curvature tensor, necessary conditions are given for Lorentz Sasakian space form admits
n—Ricci soliton to be Ricci semisymmetric. Then some characterizations are obtained and some classifications have made
under the some conditions.
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Abstract

In the present paper four theorems connecting Stieltjes transform and Hankel transform are established. The
theorems are general in nature. Four integral formulae involving special functions are obtained with the help of
these theorems. Otherwise it is very difficult to evaluate such type of integrals. Other several integrals may be
evaluated with the help of these theorems.
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1. Introduction

Several authors have made significant contributions for the development of integral transforms through a series of papers.
Among other eminent authors, Bhonsle [1, 2], Sharma [5] Gupta and Agrawal [6], Goyal and Vasishta [7], Goyal and Jain
[8], Saxena [14], Srivastava [15, 16, 18], Srivastava and Vyas [17], Srivastava and Tuan [19], Srivastava and Yiirekli [20] and
Yakubovich and Martins [21] have studied and explored Laplace, Meijer, Stieltjes, H— function, Kontorovitch-Lebdev and
Hankel transforms at large in the form of generalizations, convolution and interconnecting theorems.

Bhonsle [1, 2], Sharma [5], Saxena [14], Srivastava [15, 16], Srivastava and Vyas [17] have obtained integral formulae involving
Legendre functions of the first kind, Bessel functions of the first kind and modified Bessel functions of the second kind.

In the present paper we have obtained four integral formulae involving Bessel functions of the first kind and second kind,
modified Bessel functions of the first kind and second kind, Struve’s functions and Anger functions.

Now, we define the Stieltjes transform and Hankel transform.

Definition 1.1. The Stieltjes transform [4, 8, 19] of a function f(x) € L(0,) is defined in the following manner.

G(f: ) = [ r+3)7" f)a

where y is a complex variable.

Definition 1.2. The Hankel transform [4, 5, 16] of order v of a function f(x) € L(0,0) is defined in the following manner.

(0= [ (€92 080 rwdx, £ >0,
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where J,(z) stands for the Bessel function of the first kind (3], Page 4, Equation (2)).

2. Main Theorems
In this section we establish four theorems connecting Stieltjes transform and Hankel transform.

Theorem 2.1. If{ >0, —1 <Re(v) < 1/2 and |arg y| < &, then

GLe ™ F0: yh = [ KO O mul: g, e.n
where
KO §) =22 0 T4 1/2) 4 012 27y see(vm) (V-0 (£3) = H )

where Y_,(z) and H_,(z) stand for the Bessel function of the second kind ([3], Page 4, Equation (4)) and Struve’s function ([3],
Page 38, Equation (55)) respectively.

Proof. We have by the Hankel inversion theorem [13] that

10 = [ 160" h(ss ©I(E0L. @2)
Hence

GL 2 ()i v = [l £) Gt (E): v} 2.3)

The change of order of integration is justified because { > 0, —1 <Re(v) < 1/2 and J,({x) is a bounded function for both the
variables for Landau’s bounds [9] (see also [10]) i.e

(@) < by '3 by =23 sup (Ai(x)) 24)
XER
and
(@) < el 713, e = sup (Jo(x)), 2.5)
XER

where Ai(x) stands for the familiar Airy function.
Now, using the following result ([4], Page 224, Equation (4)) in (2.3)

G{X" ! J(ax); y} =22 2a T T(v+1/2) + 27w yHsec(v) [V (ay) — H-,(ay)], (2.6)

provided that a > 0, —1 <Re(v) < 1/2 and |arg y| < ® we arrive at the desired result (2.1), where { >0, —1 <Re(v) < 1/2
and |arg y| < 7. O

Theorem 2.2. If{ > 0, Re(v) > —1 and |arg y| < =, then

GL 2 £ 3} = [ KOy O (s 0, @.7)
where

K(y, §) = ¢ m cosec(vr) [1u(Cy) = I ()],

where J,(2) and J,(z) stand for the Anger’s function ([3], Page 35, Equation (33)) and Bessel function of the first kind ([3],
Page 4, Equation (2)) respectively.

Proof. Again, by (2.2) we have that
G2 (@i} = [ EV (5 ©) GG y)L. @8

The change of order of integration is justified because { > 0, Re(v) > —1 and J,({x) is a bounded function for both the
variables for Landau’s bounds [9, 10] (see (2.4) and (2.5)).
Now, using the following result ([4], Page 224, Eq. (2)) in (2.8)

G{J,(ax); y} = w cosec(vm) [J,(ay) — J,(ay)],

provided that a > 0, Re(v) > —1 and |arg y| < ® we arrive at the desired result (2.7), where { > 0, Re(v) > —1 and
larg y| < m. O
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Theorem 2.3. [f0<a < {, —1 <Re(v) <3/2 and |arg y| < =, then

G2 sin(ax' ) £ v = [TK O ©) (s e, 2.9)
where

K(y, §) =22 2712 sinh(ay'?) Ky (§3'2),
where K, (z) stands for the modified Bessel function of the second kind or Basset’s function (3], Page 5, Equation (13)).
Proof. Again, by (2.2) we have that

G{x"273/% sin(ax'?) f(x'/2); y} = /0 TCV2(f; £) GV sin(ax12) (¢ /2); yhag. (2.10)

The change of order of integration is justified because 0 < a < {, —1 <Re(v) < 3/2 and J,,({x) is a bounded function for both
the variables for Landau’s bounds [9, 10] (see (2.4) and (2.5)).
Now, using the following result ([4], Page 226, Equation (18)) in (2.10)

G{xv/zfl/2 sin(axl/z) Jv(bxl/z); y}=2 y/2=1/2 sinh(ayl/z)Kv(byl/z), (2.11)

provided that 0 < a < b, —1 <Re(v) < 3/2 and |arg y| < 7 we arrive at the desired result (2.9), where 0 < a < §, —1 <Re(v) <
3/2 and |arg y| < 7. O

Theorem 2.4. If0 < { < a, Re(v) > —1/2 and |arg y| < =, then

G sin(ax! ) £ (612 ) = [T £ mulr: ), @12
where

K(y, §) ="y exp(=ay'?) L,(5Y'),
where 1,(z) stands for the modified Bessel function of the first kind ([3], Page 5, Equation (12)).

Proof. Again, by (2.2) we have that
G{x ">V sin(ax'?) F(x'/2); v} = /wgl/z ho(fs €) GLx2 sin(ax'/?) J,(Cx'2); y}dC. 2.13)
0

The change of order of integration is justified because 0 < { < a, Re(v) > —1/2 and J,,({x) is a bounded function for both the
variables for Landau’s bounds [9, 10] (see (2.4) and (2.5)).
Now, using the following result ([4], Page 226, Equation (19)) in (2.13)

G{x™"/? sin(ax"/?) J,(bx'/?); y} = 7w y™"/* exp(—ay'/?) I,(by'/?), (2.14)

provided that 0 < b < a, Re(v) > —1/2 and |arg y| < @ we arrive at the desired result (2.12), where 0 < § < a, Re(v) > —1/2
and |arg y| < 7. O

3. Applications

In this section we make applications of our theorems to obtain integral formulae.
Example 3.1. Let f(x) = x*"*1/2J,(ax), [a > 0, Re(v) > Re(u) > —1]. Then

G{x"12 f(x); y} = Gt Ju(ax); v} 3.1
Using the result (2.6) in (3.1), we get

G2 f(x)s yh =24 P a T D+ 1/2) 27w y* sec(um) Y-y (ay) — Hoy (ay)], (32)
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where a >0, —1 <Re(ut) < 1/2 and |arg y| < 7.
Now, we have

hy(fs €)= ht’{xﬂiv“/z Ju(ax); £}
Using the following result ([4], Page 48, Equation (8)) in (3.3)

2u—v+1au

u—v+1/2 . - - -
hy{x Ju(ax); y} C(v—p)y 12 (v

2 7(12)‘/7”71,
provided that Re(v) >Re(lt) > —1 and 0 < a <y < oo we get

2u7v+lu
h(f: 0) = o (=)

where Re(v) >Re(lt) > —1and 0 < a < § < oo,
Now, using the results (3.2) and (3.5) in (2.1), we get

/ a4 1/2)+ £ 2w see(vm) v MY (E) — Ho(G0)Y] €G- a) g

=2V g 12 g N Dy — ) 4y 29 B2 B D (v — 1) sec(u) [Y_p(ay) —H_p(ay)],

where a > 0, Re(v) >Re(pt) > —1, Re(v— ) > 0 and |arg y| < m.

Example 3.2. Ler f(x) =x"t'/2 [0 <x < 1, Re(v) > —1]. Then
G{x "2 f(x): y} = G{x"s y).

Using the following result ([4], Page 216, Equation (5)) in (3.7)
G{x"; y} = —m y" cosec(nv),

where —1 <Re(v) < 0 and |arg y| < &, we get
G{)c_l/2 f(x); y} = —my" cosec(mv),

where —1 <Re(v) < 0 and |arg y| < .
Now, we have

ho(f5 €)= hdx"1% ¢3.
Using the following result ([4], Page 22, Equation (6)) in (3.9)
hAx 2y =y 2 00 (),

where 0 <x < 1, Re(v) > —1 and y > 0, we get

m(f; §) =& B (0),

where 0 <x < 1, Re(v) > —1 and { > 0.
Now, using the results (3.8) and (3.10) in (2.7), we get

L) = 0@ (§)dE = -,

where —1 <Re(v) and |arg y| < 7.

Example 3.3. Let f(x) = x*"*1/2J,(bx), [b > 0, Re(v) > Re(ut) > —1]. Then

f(xl/Z) :x/,t/va/2+l/4JH(bxl/2)

(3.3)

34

(3.5)

(3.6)

3.7

(3.8)

(3.9)

(3.10)

3.11)
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and

GLx 3 sinfax ) (x12); v} = GLt P sin(ax ) g (' 2); 3).
Using the result (2.11) in (3.12), we get

G{x"/273/% sin(ax'/?) f(x'/2); y} =2 y*/>71/2 sinh(ay'/?) Ky (by'/?),

where 0 < a <b, —1 <Re(i) < 3/2 and |arg y| < .
Now, we have

h(f: §) = h{x* 2 1 (bx): £

Using the result (3.4) in (3.14), we get

oH—v+1pu
m(fs €)= (62—,

where Re(v) >Re(lt) > —1and 0 <b < § < oo,
Now, using the results (3.13) and (3.15) in (2.9), we get

| @ KAy g =2 R D — K ('),

where Re(v) > Re(l) > —1, Re(v—pu) > 0 and |arg y| < 7.

Example 3.4. Let f(x) = x""#+1/2J,(bx), [b > 0,—1 < Re(v) < Re(1)]. Then
f(xl/Z) _ xv/Z—u/2+1/4Ju (bxl/z)
and
G2V sin(ax?) f(x1/?); y} = G{x™H/? sin(ax'/?) J, (bx'/?); y}.
Using the result (2.14) in (3.17), we get
G2 sin(ax'?) f(12); v} = =y H2 exp(—ay'/?) L (by'/?),

where 0 < b < a, Re(it) > —1/2 and |arg y| < 7.
Now, we have

h(f3 §) = g1 2 g (b); C3.
Using the following result ([4], Page 48, Equation (7)) in (3.19)

ov—p+1 yv+l/2

hv{xv—ﬂ+l/2 JH (ax); y} = W

(az _yZ)M—V—l7

provided that a > 0, —1 <Re(v) <Re([) and 0 <y < a we get

ov—H+l1 Cv+l/2

Ty

hy(f: &) =

where b >0, —1 <Re(v) <Re(p) and 0 < § < b.
Now, using the results (3.18) and (3.20) in (2.12), we get

b
/0 CHH R = )R Gy P)a g = 2H T ok y TR () (by'),

where b > 0,—1 < Re(v) < Re(u), Re(tt —v) > 0 and |arg y| < 7.

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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4. Conclusion

Four integral formulae (3.6), (3.11), (3.16) and (3.21) involving special functions have been obtained with the help of the
theorems established in this paper. Several other integral formulae extending the results given in [11, 12] may be obtained with
the help of the theorems established in this paper and Stieltjes transforms available in [4].

Article Information

Acknowledgements: The authors would like to express their sincere thanks to the editor and the anonymous reviewers for
their helpful comments and suggestions.

Author’s contributions: All authors contributed equally to the writing of this paper. All authors read and approved the
final manuscript.

Conflict of Interest Disclosure: No potential conflict of interest was declared by the author.

Copyright Statement: Authors own the copyright of their work published in the journal and their work is published under
the CC BY-NC 4.0 license.

Supporting/Supporting Organizations: No grants were received from any public, private or non-profit organizations for
this research.

Ethical Approval and Participant Consent: It is declared that during the preparation process of this study, scientific and
ethical principles were followed and all the studies benefited from are stated in the bibliography.

Plagiarism Statement: This article was scanned by the plagiarism program. No plagiarism detected.

Availability of data and materials: Not applicable.

References

11 B. R. Bhonsle, A relation between Laplace and Hankel transforms, Proc. Glasgow Math. Assoc., 5(3) (1962), 114-115.
(21 B, R. Bhonsle, A relation between Laplace and Hankel transforms, Math. Japon., 10 (1965), 84-89.

31 A, Erdélyi, W. Magnus, F. Oberhettinger, F. G. Tricomi, Higher Transcendental Functions, vol. II, McGraw-Hill Book
Company, New York, 1953.

(41" A. Erdélyi, W. Magnus, F. Oberhettinger, F. G. Tricomi, Tables of Integral Transforms, vol. II, McGraw-Hill Book Company,
New York, 1954.

51 K. C. Sharma, Theorems relating Hankel and Meijer’s Bessel transforms, Proc. Glasgow Math. Assoc., 6 (1963), 107-112.

(6] K. C. Gupta, S. M. Agrawal, Unified theorems involving H-function transform and Meijer Bessel function transform, Proc.
Indian Acad. Sci. (Math. Sci.), 96 (2) (1987), 125-130.

[71'S. P . Goyal, S. K. Vasishta, Certain relations between generalized Kontorovitch-Lebdev transform and H-function
transform, Ranchi Univ. Math. Jour., 6 (1975), 95-102.

81 S. P. Goyal, R. M. Jain, Certain results for two-dimensional Laplace transform with applications, Proc. Nat. Acad. Sci.
India, 59(A) (II1) (1989), 407-414.

®1 L. Landau, Monotonicity and bounds for Bessel functions, Proceedings of the Symposium on Mathematical Physics and
Quantum Field Theory (Berkeley, California: June 11-13, 1999) (Warchall. H, Editor), Electron J. Differential Equations,
Conf. Vol. 04(2000), 147-154.

L. J. Landau, Bessel functions: Monotonicity and bounds, Journal of the London Mathematical Society, 61(1)(2000),
197-215.

A. P. Prudnikov, Yu. A. Brychkov, O. I, Maricheyv, Integrals and Series: Volume 2. Elementary Functions, Gordon and
Breach Science Publishers, New York, 1986.

A. P. Prudnikov, Yu. A. Brychkov, O. I, Marichev, Integrals and Series: Volume 2. Special Functions, Gordon and Breach
Science Publishers, New York, 1986.

(3] 1. N. Sneddon, Fourier Transforms, McGraw-Hill, New York, 1951.
U4l R K. Saxena, A relation between generalized Laplace and Hankel transforms, Math. Zeitschr., 81 (1963), 414-415.

[10]

[11]

[12]



Some Relations between Stieltjes Transform and Hankel Transform with Applications — 66/66

U5 H. M. Srivastava, A relation between Meijer and generalized Hankel transforms, Math. Japon., 11 (1966), 11-13.
6] H M. Srivastava, On a relation between Laplace and Hankel transforms, Matematiche (Catania), 21 (1966), 199-202.

(7] H. M. Srivastava, O. D. Vyas, A theorem relating generalized Hankel and Whittaker transforms, Indagationes Mathematicae
(Proceedings), 72(2) (1969), 140-144.

81 H. M. Srivastava, Some remarks on a generalization of the Stieltjes transform, Publ. Math. Debrecen, 23 (1976), 119-122.

191 H. M. Srivastava, V. K. Tuan, A new convolution theorem for the Stieltjes transform & its application to a class of singular
integral equations, Arch. Math. (Basel) 64(2) (1995), 144-149.

(201 H. M. Srivastava, O. Yiirekli, A theorem on a Stieltjes-type integral transform & its applications, Complex Variables,
Theory Appl., 28(2) (1995), 159-168.

(211 'S Yakubovich, M. Martins, On the iterated Stieltjes transform & its convolution with application to singular integral
equations, Integral Transforms Spec. Funct., 25(5) (2013), doi: 10.1080/10652469.2013.868457



	Introduction
	Positivity and Boundedness of Solutions
	Existence of Fixed Points
	Stability of fixed points

	Global Stability
	Bifurcation Study
	Neimark-Sacker bifurcation

	Chaos Control
	Numerical Simulations
	Discussion
	References
	Introduction
	Multilinear and Multilateral Generating Functions
	Special Cases
	Miscellaneous Properties
	Conclusion
	References
	Introduction
	Linearized Stability of System (1.1)
	An Oscillation Result of Solutions of System (2.1)
	Boundedness of System (2.1)
	Convergence Results of Solutions of System (2.1)
	Rate of Convergence of System (2.1)
	Numerical Examples
	Conclusions
	References
	Introduction
	Preliminaries
	Almost -Ricci Solitons on Ricci Pseudosymmetric and Ricci Semisymmetric Lorentz Sasakian Space Form
	Conclusion
	References
	Introduction
	Main Theorems
	Applications
	Conclusion
	References

