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Existence and uniqueness of viscosity solutions to the infinity
Laplacian relative to a class of Grushin-type vector fields

THOMAS BIESKE AND ZACHARY FORREST*

ABSTRACT. In this paper, we pose the co-Laplace equation as a Dirichlet Problem in a class of Grushin-type spaces

whose vector fields are of the form 5
Xk(p) == or(p)5—
oxy,
and oy, is not a polynomial for indices m + 1 < k < n. Solutions to the co-Laplacian in the viscosity sense have been
shown to exist and be unique in [3], when o}, is a polynomial; we extend these results by exploiting the relationship
between Grushin-type and Euclidean second-order jets and utilizing estimates on the viscosity derivatives of sub- and

supersolutions in order to produce a comparison principle for semicontinuous functions.
Keywords: co-Laplace equation, viscosity solution, Grushin-type spaces.

2020 Mathematics Subject Classification: Primary 53C17, 35D40, 35]94; Secondary 35H20, 22E25, 17B70.

1. INTRODUCTION
In [3] the author considers the Dirichlet Problem

Asw = in 2
(1.1) w=0 1in
w=g on 0f)
and establishes conditions under which a viscosity solution (see Section 3) to (1.1) exists and
is unique when the problem is posed in a wide variety of Grushin-type spaces. The goal of
the current paper is to extend the existence/uniqueness results of [3] to a more general class of
Grushin-type spaces.
The spaces under consideration in [3] are defined by Lie Algebras consisting of vector fields
of the form
0
(1.2) Yi(p) := Pu(p)5— for k <n,
ox k
where P is a polynomial in the variables z; (i < k—1) and P, = 1. The current paper considers
the situation when the vector fields are of the form
0
(1.3) Xi(p) :=ok(p) 75— for k <mn,
8l‘k
where o : R — R need not be a polynomial when k£ > m > 1. Grushin-type spaces defined
by vector fields as in (1.2) are known to possess certain desirable properties — e.g. it is known
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that the vector fields Y; and their commutators
[}/}7 Yk]7 [}/37 [kanHa [}/;’ [Yka [na Ym]]]v cee

span R™ and hence we may apply Chow’s Theorem to conclude that points of the related
Grushin-type space may be connected by appropriately smooth curves. Spaces defined by
vector fields as in (1.3), however, can not be treated this way and require modified techniques.

The article will proceed as follows. In Section 2 we will define the spaces of interest and
consider notions of geometry and calculus. The trappings of viscosity theory are introduced in
Section 3, and a lemma relating Euclidean and Grushin second-order jets is presented. We con-
clude with Section 4 in which we produce results necessary to establish a comparison principle
for sub- and supersolutions and existence of solutions — the culmination of these results is the
theorem below.

Main Theorem. Let G be a Grushin-type space whose Lie Algebra consists of vectors fields as defined
in the forthcoming section. Then there exists a unique solution to the Dirichlet Problem (1.1).

2. THE GRUSHIN-TYPE ENVIRONMENT G

Letn > 2and 1 < m < n be given. Fixing any p = (z1,...,z,) € R", consider the frame
{X;, X} containing the vector fields

(2.4) Xi(p) =5~ (1<i<m)

and
25) X;(p) = 0(p)m— (m+1<j <n),

where we will assume that:
(1) o(p) = o(z1,...,zy). Thatis, o(p) is independent of z,,+1, ..., Tn.
(2) o is Euclidean C? (denoted C? , for what follows).
(3) The set of zeroes for o is given by Z x R"~", where Z is a discrete subset of R".

In the case that ¢ is a polynomial the frame {X;, X} defines a generalized Grushin space such
as the ones under consideration in [3]; otherwise {X;, X} corresponds to a member of a more
general class of Grushin-type spaces.

The Lie Algebra g := span {X;, X} may be endowed with an inner-product (-,-) which
is singular on Z x R"~"™ and makes {X;, X,} an orthonormal basis otherwise. Defining the
space G to be the image of g under the exponential map, note that points of G are also n-tuples
p = (x1,...,2,) and that the tangent space to G at any point p is g(p). One consequence of
this definition is that G is not a group: Indeed, the dimension of the tangent space to G at p is
dim g(p) which equals m if p € Z x R"~™ and otherwise equals n.

The natural metric to impose upon G is the Carnot-Carathéodory (or CC) metric

1
2.6) dwmwaﬁ/www
yel’ 0

where I' is the collection of all curves ~ satisfying (i) v(0) = p,v(1) = g and (ii) 7' € g. Because
X; =0o0n Z x R"™™, Chow’s Theorem (see, for example, [5]) does not apply. However, since
the vector fields X; are nonzero, points of G can always be connected by concatenating curves
-soI' # @ and dce (-, -) is an honest metric.

We may therefore define balls in G by

B(po,r) :={p € G: dcc (po,p) <7}
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and consider notions of bounded domains, which we shall typically denote by Q2 € G.

Given a smooth function u : O — R where O C G is open, the gradient of v in G is defined
by

Veu:= (Xiu,...,X,u)
and the second derivative matrix (D?u) * is the symmetric n x n matrix whose entries are given
by
1
(D*u) ke = 5 (XeXpu + X Xeu)

We also have notions of regularity.

Definition 2.1. A function u : O — R is said to be C}(O) if Xyu is continuous for each 1 < k < n.
The function u is CZ(O) if X Xxu is continuous for each 1 < k, £ < n.
Finally, given 1 < p < oo, we also may define the function spaces L?(0), L} (O), W*(0)

and Wli’cp(O) in the obvious way.
3. JETS & VISCOSITY SOLUTIONS

With the appropriate definitions of derivatives and function spaces introduced in the previ-
ous section, we turn our attention to homogeneous PDEs of the form
3.7) H(p,n,X)=0
for n € R" and symmetric n x n matrices X (frequently denoted X € S™). The operators H
will be continuous and proper in the sense of [6]: That is, for X <Y we will have H(p,7,Y) <
H(p,n, X). Specifically, assuming that w is smooth, we will have interest in the co-Laplace
operator

Ao w := — <(D2w)* Vew, Vg w> ;
the related p-Laplace operators (for 1 < p < o0)
Apw = —div (|| Ve w|[P % Vg w)

= —||Vguw|]P~? Z X, X,w+ (p —2)|| Ve w|[P™* Ag w;
a=1
and Jensen’s Auxiliary Functions (see [7])
Fe(p, Vg w, (D2w)*) = min {|| Vg w||®* — %, Axg w}
and
ge(pv VG w, (Dzw)*) ‘= max {62 - || VG w”za Aoo U)} )
where ¢ € Rwill be given. In what follows, we will use H to represent any of the four operators
above.
In order to introduce the machinery of viscosity solutions to Hw = 0, we first must consider
the following classes of test functions which “touch” the function v : © — R. Given an open

set O C G, a point pg € O, and a function u : O — R, we have the so-called “touching above”
functions

T A(u, po) := { € CE(Q) : 0=p(po) — ulpo) < ¢(p) — u(p) near po} ;
we have also the “touching below” functions at py defined by
TB(u,po) := {0 € CE(Q) : 0=1u(po) — ¢(po) < u(p) — ¢(p) near po} .

Comparisons between the derivatives of smooth functions w and the touching functions ¢, and
between the operations Hw, H then lead us to make the following definition.
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Definition 3.2. Let Q € G be a domain and let w € USC(§Y). We say that w is a viscosity subsolution
to (3.7) in Q) if the following is satisfied: For every p € Q2 and each ¢ € T A(u,p),

H(p,Ve ¢(p), (D*¢)"(p)) < 0.

We say that v € LSC(R2) is a viscosity supersolution to Equation (3.7) if —v is a viscosity subsolution
to Equation (3.7). We say that w € C() is a viscosity solution to Equation (3.7) if it is both a viscosity
sub- and supersolution.

When convenient, we may also speak in terms of “jets” for a function « at a point po.

Definition 3.3. Given u : O — R, we define the second-order upper jet for u by
J5 T u(po) = {(VG ©(po), (Dzw)*(po)) ER"x8": pe TA(u,po)}

and the second-order lower jet for u by J*~ u(po) := — J>T[—u](po). We say that the ordered pair

(n,X) € R™ x 8™ belongs to the closure of the upper jet, written (n, X) € 7t u(po), if there exists
(pr) C O and jet entries (ng, Xi) € J>+ u(py) so that

(Pr> w(Pr), Mk, Xie) = (po, u(po), 0, X);
the definition for T~ u(po) is similar.

Remark 3.1. Definition 3.2 above can also be stated equivalently through the lens of the jet closures:
u € USC(RQ) is a viscosity subsolution if for every p €

H(p,n,X) <0

foreach (n,X) € 7 u(p). Similar restatements can be made for viscosity supersolutions and viscosity
solutions.

Remark 3.2. If it should happen that H = A, then we will call solutions to (3.7) p-harmonic; if
H = A, then we call solutions to (3.7) infinite harmonic.

The jets for G can be related to Euclidean jets via the following lemma, which is an applica-
tion of [4, Corollary 3.2].

Lemma 3.1 (The G Twisting Lemma). Let O C G be open, let u : O — R, and let py € O. Suppose
that we know (1, X) € J2 (u, po): Then

eucl
(3:8) (A@o) - 1, A(po) - X - AT(po) + M(1,p0)) € J* (u, o),
where
1, k=0<m
(39 (A(po))pe = opo), m+1<k=(<n
0, otherwise
and
L 90 (po)ne, 1<k<m<{l<n
2 8$k
(3.10) (M(n.p0))ye = L. 92

S

otherwise.
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Proof. The result in (3.8) is known (see [4, Corollary 3.2] and [1, Lemma 3]); we shall restrict
our attention to verifying Equations (3.9) and (3.10). The n x n matrix A is defined by [4] as
A(p) := (Age(p)), where

Xe() = Y Au) -
(=1

The definitions (2.4) and (2.5) imply:
(1) A =0ifk #£ 4
(2) Agpr=1lifk<mand Ay, =cifm+1<k<n.
This justifies (3.9).
To verify (3.10), recall the definition of M (7, po) in [4]:

% i i (Aks(po)aAh (po) + Aés(po)aaim(po)) Npy k#L

(M (1,0)) e = W' =0 8Akraxs
21 21 AkS(pO) 8$ (po)nT7 k? - g

Because A,, = 0 whenever r # s, we may simplify the equation above:

1o DAy, 0Ak,
(M(1n,p0))1e =5 Ak (P0) === (po) + 0 ) + (04 Awe(po) === (po) | |y

2 oxy, Oz
(3.11) r=1

1 0A 0A .

=3 (Akk(po)axi%po)nﬁmz(po) o <po)nk) if k£ L,
and
i O0Ay, O0Aky, .

(3.12) (M(n,p0)) i = ;Akk(Po) 02, (po)nr = Akr(po) R (po)mk if k= 2.
First consider Equation (3.12). If £ = 1,...,m, then 0Ak,/0x;, = 0. If k = m+1,...,n
we also have 0Ay,/dz, = 0 because o is independent of the variables z,,41,...,2,. Hence,

(M(T]7p0))kk =0 fOr all k S n.
Turning our attention to Equation (3.11), we reduce the expression utilizing Item 2 and the
definition of o:

e If k. ¢ < m,then Ay, =1 = Ay, and hence

1
(M(Uapo))u:5(1'0'77£+1'0'77k):0.

o If k <m < ¢ < n, then Ay, = 1 and Ay = o. Since o is constant with respect to

Tm41s-++9Lny
1 Jo
(M(n,0))1e =5 | 1+ 75— (po)ne +(po) - 0 1k
2 oz,
1 Jo
5 : T%(po)nz
e If / < m < k < n, then work similar to the above shows
1 Oo
M = — )
( (n’po))ke 2 Dy (Po)k

e If m < k,/ <n,then Ay, = 0 = Ay and so

(M(n,p0))y, = +

2(‘7(p0)'0'77e+0(p0)-0-77;€):O.
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We conclude from the above that the matrix given by (3.10) is indeed M (7, po). d

4. UNIQUENESS OF INFINITE HARMONIC FUNCTIONS

It is standard knowledge (see, for example, [2] and [8]) that there exist solutions to the Equa-
tion (3.7), so we turn our attention to uniqueness of these solutions. This will be achieved by
proving uniqueness for the operators 7° and G¢, and will rely upon the properties of jet entries.

4.1. Iterated Maximum Principle & Estimates on Derivatives. The focus of this subsection is
Lemma 4.4, which requires the Iterated Maximum Principle of [3]. As we shall show in Lemma
4.4, the Iterated Maximum Principle gives conditions for finding points possessing nonempty
jet closures for viscosity sub- and supersolutions — this will enable us to produce necessary
estimates on the “viscosity derivatives”. As in [6], we will have need for a “penalty function”;
specifically, we make use of the function

1 n
Pr1,72,73,0,Tn ( ) 2 p, : 5 § Tk — yk ,
k=1
where the entries of 7 = (71, 72, 73, .. ., T,) are positive, real numbers. The use of n real param-

eters as opposed to the one employed by [6] allows us to take the set Z x R"~™ into account.

Lemma 4.2 (The Iterated Maximum Principle). Let Q € G be a domain, uw € USC(R2), and v €
LSC(2); assume that there exists some pg € 2 so that

u(po) — v(po) > 0.

Let 7 = (11,72,7s,...,Tn) € R™ have positive coordinates and, for each pair of points in G p =
(.Tl, T2, T3, .. axn)v q= (2/17 Y2,Y3, .- 7yn) deﬁne thefu?’lCtiO]’lS

1
Pr1,72,T3,0 T (p7 Q) = 5 ZTk(xk: - yk)2
1 2
Prasera (P2) 1= 5 Z_: (ke — yr)

Lo
Pryrera (P:0) 1= 5 ; (T — y1,)?

Prp, (p7 Q) = 77-11(3;71 - yn)2
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Appealing to the compactness of Q and to upper semicontinuity, we may also define

M rarasrn = sup {u(p) —v(q) - Pr1,72,73500Tn (r,a)}
QxQ

- U(pn,'rg,rg,.‘.,rn) - U(QT1,72,T3,-~,T7L) = PT1,72,T3,0 T (pleTz,Tzwan’ quaT2,7—37~~~an)

Mo, zg,...m 2= sup {u(p) — v(q) = Oryyrg,r (P5@) * T1 = Y1}
QxQ

= u(p72,73,~~~,‘rn) - U(quﬂ'a,ann) — P17, (pTz’Ta,uan?QT2,T37~~~,Tn)

Mo,z = sup {u(p) = v(q) = @ry ., (P, @) + T = i, kK =1,2}
QxQ

= u(p7—37"'57—77.) - ,U(qT?))HwT’n) — Pra,Th (p7—37~~a7—n7 q7—35~~~77-71.)

MTn, = EUB{U(p) - U(q) — PrsyTh (p’ q) Tk = Yk, k= 13 s, — 1}
QxQ

=u(pr,) = v(qr,) = ¢r, (Pr,» @r,)-

Then
lim - lim L lim My, ry e = u(po) — o(p0)
T —>00 T3—>00 T2 —00 T1 —> 00
and
T}linoo ’ T\}l_%o Tzh—I>noorlh—r>noo SOT17T277—37“')T7L(pT1)T27T37“‘77—717q7—177-27‘r3)-“77—n) =0.

Additionally, the first £ coordinates of p,. . ...+, and g, , ... -, are identical — that is,

T ooy T, T ceey Ty
xk€+17 ) n:yké+11 ’ 717 k:17...7€.

The proof of the Iterated Maximum Principle leads immediately to the following results
which permit us to take the parameters 7, — oo in any order, and to speak of the full limit as
Thkyy Thoy 3Tk, — OO.

Corollary 4.1 (cf. [3, Corollary 4.4]). Under the conditions of Lemma 4.2, each iterated limit of
My, zyory....r, exists and is equal to u(po) — v(po) — in other words,

lim --- lim lim Im M: 7m0 = w(po) — v(po).
Tk1—>OO Tkn_Q—H)O Tkn_1—>oo Tk”—ﬂ)o
Consequently,
lim - lim lim lim Pr1,72,T3,0,Tn (pTl’Tz,T:«;,m,Tnv qu,Tz,Tz,m,Tn) =0.
Tkl—)oc Tkn—2_>00 Tkn—l_N)o Thy —00

Lemma 4.3 (cf. [3, Lemma 4.5]). Under the conditions of Lemma 4.2, the full limit of M, 7, 7.7,
exists and is equal to u(po) — v(po) — more precisely,

lim M7'177'27T3,..47Tn = u(pO) - U(p0)~
Tnse-5T3,72,T1—>00
In addition,
lim 907'1,7'277'37---,7% (p7—177—277—3a-“77-n7q7—177—2;7—37--<77—n) =0.

Ty yT3,T2,T1 —> 00

Remark 4.3. Owing to Lemma 4.3, there is no ambiguity in relabeling the intermediate points pr, 1y z4.....7,s

Qry 12,75, ANA function o, -, - . as pz,qz, and pz. We will also denote the coordinates of pz, ¢z
as xj, yj, respectively.

Applying the results above and [6, Theorem 3.2], we have the following estimates.
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Lemma 4.4. Let u,v, 9z, and (pz, qz) be as in Lemma 4.2 and assume additionally that at least one of
u, v is locally G-Lipschitz. Then:

(A) There exist (nt, Xz) € T ulps) and (n=,Yz) € T v(gs).
(B) Define (poq)y, to be the point whose k-th coordinate coincides with q and whose other coordinates
coincide with p — in other words,

(Po@k = (T1, s The1, Yks Tht 15+ -, Tn)-
Then for each index k,
(4.13) (2 — yp)? < doc (p7, (pr o g)k) -
For the indices 1 < m,
(4.14) Ti |xf - yf’ =0(1) as 7, — 0.
(C) The vector estimate
(4.15) \Hmin - Hm?!ﬂ =o0(1) as mx — oo forall k <n
holds.
(D) The matrix estimate
(4.16) (X7t k) — (Y nz.nz)=0(1) as 7, — oo forall k <n
holds.

Proof. For clarity, we split the proof between the items above.
Item (A).

[6, Theorem 3.2] guarantees the existence of elements in the Euclidean jet closures: In partic-
ular, for each fixed § > 0 we will have

7 —=2,+ 7 —2,—
(Dpz(pz,q7), X7) € Jaqu(pz) and (—Dgp#(pz, q7),Y") € Jaav(az).

Applying the G Twisting Lemma (Lemma 3.1) produces the members (ni, Xz) € T u(ps)
- =2,
and (n-,YVz) € J7 v(gz).
Item (B).
By the definition of the points pz, ¢z, for all points p, ¢ € § the inequality
u(p) = v(q) = ¢7(p,q) < ulpz) —vlgz) — p7(pr, ¢7)
is satisfied. Hence assuming (without loss of generality) that u is G-Lipschitz, decreeing p :=
(p7 ¢ ¢7)r and ¢ := ¢z, and recollecting terms, we obtain
(], — yz)z = ¢7(pz,q7) — 7 (P7 © ¢7)k, 47)
(4.17) <ulpz) — u((pr o gr)k)
< Kdcc (pr, (p7 0 q7)k) »

where K is the Lipschitz constant for «. This is Inequality (4.13), so to complete 4.4 we turn our
attention to to the expression 7; |27 — y7 | (i <m). If 2] # y] then (4.17) shows

;o L Kdcc(pr, (07 047)i)

N — 7| = 1 (2T —y7)2-
(418) = |x1 y7,| 7i(x Yi) ’xj*yﬂ = ’mf*yﬂ

as Ty, , Ty — O0.

Note that
(4.19) doc (p7, (progr)i) < |o] — ] |
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as a consequence of [5, Theorem 7.34]. Combining (4.18) and (4.19) proves Equation (4.14) and
completes the proof of 4.4.
Item (O).

Observe that

B . .
me(m, qz) = Te(T), — q5) = o ©(p7, q7);

consequently, referring back to the definition of the matrix A, the coordinates of n} and 7 are

], = (2} — YL), ifk<m
Tk (@] —yp)o(pz), fm+1<k<n
and
[77:} _ Tk(ZU;: — y,j), ifk<m
T (2] —yh)o(gz), ifm+1<k<n.
Fixing 7 for the moment, this leads to the estimate
n
(4.20) \||?7$||2 - Hmf\lz\ < 3 |oPpr) — 0%(ar)| -7 (af —vi)
k=m+1

The values 7; for i < m are not present in Inequality (4.20). Taking the iterated limits of (4.20)
as 7; — oo, recalling that o(p) depends only upon the first m coordinates of p, and applying the
Iterated Maximum Principle yields

. . 412 —112| _
Jim et o | ] = o
The above implies
. . . . 2 2
JLETORRI L g | 0

concluding Item (C).
Item (D).
[6, Theorem 3.2] and the Twisting Lemma imply

(XTnZnf) = Vnznz) = I+ I,
where we define
1= ((Alps) - X7 A (p2)) -0t ) = ((Alr) Y7 - AT(g2) -z 07 )
and
(4.21) Iy := (M(Dppz(pz,qz),pz) - 12 %) — (M(Dgpz(pz,q7),q7) - 0z, 0= ) -

Writing € := A(pz) - €,k := A(gr) - k to mean the twisting of ¢, k € R™ according to the Twisting
Lemma,

(Alps)- X7 AT(pr)ee) — (Algr) - Y7 A(g)r ) = (X7 E8) = (Y7 - K.)
<(C-T,7),

where T := (¢, k) and C is a 2n x 2n block matrix resulting from [6, Theorem 3.2] of the form

(5 )
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and

Ta+2072, a=b
[B]ab =
0, a #b.

(Recall that § is a consequence of [6, Theorem 3.2].) Choosing ¢ := 77;1 and « := 7., the above
shows

I < <B- (mi—n;) 7 —n;>
(4.22) - 2y 2 2 2 2,7 7\2
= Y (e +207) (0 (pr) — 0®(42))* - 7 (af — wi)*.
k=m+1

The right-hand side of Relation (4.22) is free of the 7; for i < m, so proceeding as in the proof
of Item (C), we find

lim .-+ lim I; =0
Tm —> 00 T1—00
so that
(4.23) lim --- lim lim --- lim I; =0.
T —>00 Tim+41—00 Ty —00 T1—00

For the term I, let us begin by simplifying the notation for the matrix M (-, -). Appealing to
Equation (3.10) in the Twisting Lemma, we see that

M©yortor.o) = (0 *F)

and
M (Dgz(pz, q7), 47) = (5(;)T S(g?)) ,

where, permitting ¢ to represent either the point p- or ¢z, the m x (n —m) matrix S(t) is defined

by

=S S P gy el — )R] — o)

l=m+1r=1

We adopt the notation

- ~ S oo - ~ = ~ Oo
o im taf = )t~ (o) () = (e = E0r2(el o (oo ) )

for the (r, £)-term of I,. Since the Iterated Maximum Principle implies

0 0 .7 7 0 o, 7 7
pr = (], T, Ty gy xy) and gz = (27, T, Yi s> Yn)
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asT,...7; — 00 (i <m),andsincel <r <m < ¢ <nando € C? ,, we obtain the iterated

S eucl”
limit

. . = 7 = 60’ 7 o
lim --- lim T = 7.(x] —y2 )78 (2] —y; )? ( . a) (z9,... ,x?,le, cexr)
T;—00  T1—00
L . .. (00 . .
e = )T~ (o ) et
Ty
if i < r;if r < i we may apply Item 4.4, Inequality (4.14), and arrive at

. (0o . .
lim -+ lim T~ 72(x) — )% | =— o) (2%, ...,2%, 27, ,..., 27
o0 oo 4 E( 4 yé) 8277« ( 1 s i Li1s ) n)

. /o 3 3
2 2 0 0,7
—7i(x; — i) (8:10 -a) (T, X Yits > Yn)-
r

This second limit in particular implies that

. ..o . B}
lim .-+ lim T =~ 72(z] — 4] )> N O U R
e o Tl E( /4 yf) 8.’L‘T ( 1> sbms Lm+415 ) n)

(4.24)

. /0o 3 3
el o (G0 ) e et
T

for all r < m. Since o,90/0z, depend only upon the first m coordinates of points p, (4.24)
implies

lim --- lim I, =0
Tm —> 00 T1—00
and hence
(4.25) lim --- lim lim --- lim I, =0.
T —>00 Tin41—>00 Ty —00 T1—00
Equation (4.16) then follows from (4.23) and (4.25). ]

4.2. A Comparison Principle & Uniqueness. With the completion of Lemma 4.4, we prove a
comparison principle for viscosity solutions to the Dirichlet problems

(4.26) {F (b, Vo w(®), (D*w)" (1)) = min {|| Vo w@)|® - %, Asw(p)} =0, peQ

w(p) = g(p), p € 0N
and
(4.27) {QE <p7 Ve w(p), (D2W)*(p)) = max {e? — || Vg w(p)[|>, Acw(p)} =0, pe
w(p) = g(p), p € N

in order to prove the uniqueness of solutions to
A w(p) = <D2w(p) -Vew(p), Vg w(p)> =0, pen
w(p) = g(p), pE N

As before, Q is a bounded domain; we also assume g € C(92). In the interest of maintaining
clear notation, we establish the following convention.

(4.28)

Definition 4.4. A viscosity supersolution to Problems (4.26), (4.27), or (4.28) is a viscosity supersolu-
tion v to the equations F¢ = 0, G = 0, or A, = 0 (respectively) such that v > g on 0%); a viscosity
supersolution u to Problems (4.26), (4.27), or (4.28) is defined similarly. A viscosity solution to any of
the above three Dirichlet problems is both a viscosity sub- and supersolution to the problem in the above
sense.
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Theorem 4.1. Suppose that u, v are sub- and supersolutions to Problem (4.26) or Problem (4.27) such
that at least one of the functions is locally G-Lipschitz in Q0. Then v < v in QL.

Proof. We will complete the proof for Problem (4.26) and note that the proof for Problem (4.27)
is similar. Suppose, to the contrary of the theorem, that there exists some pg € (2 such that

u(po) — v(po) = mﬁax(u —v) > 0.

Appealing to Lemma 5.1 and Theorem 5.3 in [2], we may assume that v is a strict viscosity
supersolution to F° = 0 — that is, there exists p(p) > 0 so that

7 (Vev(p), (D%)' (1) = u(p) > 0

holds in the viscosity sense for each p € Q. Applying Lemma 4.4 to produce the sequence of
ordered pairs (pz, g7) €  x Q, we have

0 < plgz) < F° (nz,Y7) = F° (nf, &7)

(4.29) = min { nz " = =2, = W70z 0z ) b — min {nd || = <2, = (70t if) |
< max {[ln |* = [l |* . (270 0 ) - <3ﬁm?»n$>} :
[2, Lemma 5.1], [2, Theorem 5.3], Lemma 4.4, and Lemma 4.2 imply
(4.30) w(gz) — p(po) >0
and that
1) e { o = [ | (0 n) = (977 )} 0
as 7i,...,T, — 00; in other words, for 7, ..., 7, sufficiently large, we may combine (4.29),
(4.30), and (4.31) and produce a contradiction. O

Because viscosity solutions are both viscosity sub- and supersolutions, Theorem 4.1 implies
that solutions to (4.26) and (4.27) are unique. Observing that viscosity solutions to (4.26) are
viscosity supersolutions to (4.28) and that viscosity solutions to (4.27) are viscosity subsolutions
to (4.28), we may therefore conclude that solutions to (4.28) are unique by an application of the
lemma below.

Lemma 4.5 (cf. [2, Lemma 5.6]). Let u® and u. be solutions to the Dirichlet Problems (4.26) and
(4.27) respectively. Given 6 > 0, there exists € > 0 such that

ue < u® < wue + 0.
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ABSTRACT. We prove the unique existence of the functions r,, (n = 1,2,...) on [0, 1] such that the corresponding
sequence of King operators approximates each continuous function on [0, 1] and preserves the functions ep(z) = 1
and ej(z) = 29, where j € {2,3, ...} is fixed. We establish the essential properties of 7, and the rate of convergence
of the new sequence of King operators will be estimated by the usual modulus of continuity. Finally, we show that the
introduced operators are not polynomial and we obtain quantitative Voronovskaja type theorems for these operators.
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1. INTRODUCTION
Let II,, be the space of all algebraic polynomials of degree not greater than n. The Bernstein

operators B,, : C[0,1] — II,, are given by

a B @) =S pur) (1),
k=0

wheren =1,2,...,z € [0,1], f € C[0,1] and py, x(z) = (})2"(1 —x)"*. For j = 0,1,2,..., we
denote by e; the power function e;(z) = 27, x € [0, 1]. It is well-known [6, p. 3] that

1
(1.2) (Bneo)(z) =1, (Bpei)(x) =z, (Bpes)(x) = 2% + gx(l —z), x € [0,1].

Studying the connection between regular summability matrices and convergent positive lin-
ear operators, King [14, pp. 204-205] introduced the operators V,, : C[0,1] — C[0,1] defined
by

13) Vaf)0) =S partria)s ().
k=0

n

where

149 w={" ——T s,
. ri(x) = 1 - n ) .
" —W—F m$2+m, 1fn:2,3,...
Taking into account (1.1)-(1.3), we have (V,,f)(z) = (Bn.f)(r)(x)), € [0,1] and V,,eq = eo,
Vine2 = ez. The uniform convergence lim V, f = f and a quantitative estimation are also
n—oo
discussed in [14, p. 204 and p. 206]. We mention that in [8] we obtained direct and converse
Received: 03.03.2023; Accepted: 10.05.2023; Published Online: 16.05.2023
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approximation theorems for (1.3). The existence of a sequence of linear positive bounded poly-
nomial operators on C|0, 1], possessing eq and e, as fixed points, was proved in [9]. Main results
concerning certain King type modifications of the Bernstein operators and the Szész-Mirakyan
operators were presented in the survey paper [1].

Replacing f (£) in (1.1) with f ( ' %), n > j > 2, Aldaz, Kounchev and Ren-
der [3, p. 12, Proposition 11] defined a new King type operator, which preserves the functions
ep and e;, where j € {2,3,...} is fixed. In [10], we proved that there exist infinitely many se-
quences of Bernstein type operators (L,,),>1, which approximate each continuous function on

[0,1] and have the functions ey and e; as fixed points, where j € {1,2,...} is given and

ank nlc )7 fEC[Oal]

and A, ; € C*[0, 1] are bounded positive linear functionals. Further properties of the Bernstein
type operators of Aldaz, Kounchev and Render were obtained in the papers [2], [4], [5] and
[13]. In [11], among others, we studied the approximation properties of the operators U,
C10,1] — €0, 1] defined by

(15) Unf an k Tn <fl> )

where the functions r,, € C[0, 1] were constructed such that U,, preserves the functions ey and
eo;, with ¢ € {1,2,...} given. The main goal of the present paper is to prove the unique ex-
istence of the functions 7, : [0,1] — [0,1] (n = 1,2,...) such that the corresponding King
operators given by (1.5) approximate each continuous function on [0, 1] and satisfy the condi-
tions Upeg = eg and Upe; = ej, where j € {2,3,...} is fixed. The essential properties of r,
(n=1,2,...) will be established. A necessary and sufficient condition is given for the uniform
convergence of (U, f),>1 to f € C[0,1]. The quantitative estimates for the operators (1.5) are
obtained with the aid of the usual modulus of continuity. Finally, we show that U,, cannot be
polynomial operator of degree n, and we obtain a quantitative Voronovskaja type theorem for
the operators (1.5).

2. THE CONSTRUCTION OF 7,

At first we prove the following lemma.

Lemma 2.1. Let f, g : [a,b] — [«, 0] be strictly increasing and continuous functions such that f(a) =
a=g(a), f(b) =B = g(b)and f(u) < g(u) for all u € [a,b]. Then, the inverse mappings f=*, g ' :
(v, B] = [a, b] exist and are strictly increasing and continuous on [c, 3] such that g=*(v) < f~1(v) for
all v € [o, B].

Proof. The existence of f~! and g~! is the consequence of the following continuous inverse theo-
rem: if ¢ : [a,b] — R is a strictly increasing and continuous function then the inverse mapping
o1 [p(a), p(b)] — [a, b] exists and is strictly increasing and continuous on [¢(a), ¢(b)]. Conse-
quently =1, ¢! : [, B] — [a, b] are strictly increasing and continuous on [a, 3]. Moreover, for
every v € [a, 3] there exists a unique u € [a, b] such that v = f(u). Then g~!(v) = g1 (f(u)) <
g YHg(u)) =u= f1(v), because f(u) < g(u) and g~! is strictly increasing. O

The next result contains the construction of the functions r,, (n = 1,2,...).
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Theorem 2.1. Forevery n = 1,2, ..., there exists the unique function r,, : [0, 1] — [0, 1] such that

26) > pua(ra) (£) ==

forall z € 0,1], being j € {2,3,. ..} fixed.
Proof. If n = 1 then the function 71 (z) = 27, z € [0, 1] satisfies the equality

pro(ri(z))-0+pia(ri(x))-1=27, z€l0,1].
Let n > 2 and consider the function ¢,, : [0,1] — R,

6u(y) = (Bue)(y ank ()

By (1.1)~(1.2), we have ¢,,(0) = 0, ¢,(1) = L and 0 < ¢,,(y) < (Bneo)(y) = 1 for every y € [0, 1].
Because
n—1
! y) = nzpn—l,k(y) |:f (kj;l) N f (’Ikl>:|
k=0

(see [6, p. 305, (2.2)]), we get
J J
$,(4) = (Bues) fnzpn wo [(F51) - (5) ]

n—1 9 n—1\’ n—2\’
n 1 _ _
(a5 - ()

(2.7) >0
forally € [0, 1]. Thus ¢, : [0,1] — [0, 1] is a strictly increasing and continuous function. But the
function e; is also strictly increasing and continuous on [0, 1] such that e;(0) = 0and e;(1) =1,
therefore if z € [0, 1] is arbitrary then the equation ¢,,(y) = 27 has a unique solution y = r,(z).
In view of the continuous inverse theorem, there exists the strictly increasing and continuous
inverse mapping ¢, *. Then
(2.8 m(z) = (¢,  oej)(z), x€0,1]
and satisfies (2.6). Moreover 0 = r,,(0) < r,(z) < r,(1) = 1 forall z € [0, 1]. O

The essential properties of 7, (n = 1,2,...) are gathered in the following theorem.

Theorem 2.2. Let 1y, : [0,1] — [0,1] (n = 1,2,...) be the function defined by (2.6). Then
a) Ty, is strictly increasing and continuous function on [0, 1];
b) 20 <rp(x) < rpya(x) <z forallz € [0,1];
c) hm rn(z) =z forall x € [0,1);
d) r 1s dlﬁferentiable on [0, 1].
Proof. a) By (2.8), we have that r,,(z) = (¢, *oe;)(z), z € [0,1], where ¢, ! is a strictly increasing

and continuous function on [0, 1]. Hence, we obtain that r,, is also a strictly increasing and
continuous function on [0, 1].
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b) In view of (1.2), we have Y p, (rn(2))£ = r,(z). Using (2.6) and Jensen’s inequality on
k=0
[0, 1] for the convex function e, we get

ank e (> (ipnk k>j:(rn(aj))j’gc€[0,l].

0

Hence r,(z) < z, z € [0,1].

Because (B, f)(y) > (Bnt+1f)(y), 0 < y < 1 for any strictly convex function f on [0, 1] (see
[6, p. 310, Corollary 4.2]), we obtain ¢, (y) = (Bne;)(y) > (Bnti1€;)(y) = ént1(y) fory € (0,1).
But ¢n( ) =0= ¢n+1( ) 0) and d)n( ) =1= ¢n+1(1)’ therefore d)n(y) > ¢n+1 (y)r Y€ [07 1]' Due to
Lemma 2.1, we have ¢, (z) < ¢,,1,(z), z € [0,1]. In particular ¢, ' (27) < ¢}, (2?), z € [0,1],
ie. r(r) < rppi(z), x € [0,1], because of (2.8). But ri(z) = 27, z € [0,1], thus 27 < r,(x),
z € 10,1].
¢) Because p,, 1 (k =0,1,...,n) are polynomials of degree n, we have, by Taylor’s formula for
x,y € [0, 1] that

1

Pu(y) = pui(@) + Tiph (@) (y — @) + iy

Pk @)= 2+ )y — )"

Hence, in view of (2.6) and (1.1),
k J n k J
(Bunej)( ank n(z (n> - kzzopn,k(x) (n>
J
=3 bastra(a) - s ()
k=0

2.9) -

On the other hand the Bernstein polynomial B,, P of a polynomial P of degree m is itself a
polynomial of degree m, if n > m (see [6, p. 306]). Then (B,e;)(z) = 0, z € [0,1] for
n > 1 > j. By (2.9), we get for n > j that

(ra(@) =)' (Bae;) ' (x).

(2.10) #) — (Bne;)(x) = Z .

1

~.

2

It is known that lim (Bnf) D (x) = fO(x),if z € [0,1] and f € C?[0,1] (see [6, p. 306, Theorem
2.1]). Thus

(2.11) lim (Bye;) D (z) = e (2) = j(j —1)... (G — i+ 1)ad ™,
n—oo
where z € [0,1] and ¢ € {1,2,...,j}. Furthermore, in view of b), the sequence (7, (z))n>1 is

convergent for all = € [0, 1]: there exists

(2.12) lim r,(x) =r(z), =z€]0,1].

n—oo
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Combining (2.10)-(2.12), we find that
0= lim (27 — (Bnej)(x))
n—00

Z% lim (rp(2) — 2)" lim (Bpe;)? (x)
; )'d

D@ =0 =G e =) (]) (r(x) —a)'a? ™

; : 1
=1 =1

=g + ZO (Z) (r(z) —2)'a? ™" = =29 + (r(z) —z + 2)7 = —27 + (r(x)).

I
| =

~

Hence r(x) = z, x € [0, 1], thus lim r,(z) = .
n— oo

d) Because ¢/,(y) > 0,y € [0,1] (see (2.7)) and 7, (z) = ¢, (z7), x € [0,1] (see (2.8)), it follows
that r, is a differentiable function on [0, 1]. Moreover

gt gt

@13) () =(6,") (@) (7)) = @) (rn(@))  (Bue;) (rn(@))’

because ¢,, (1, (7)) = 27. O

€ [0,1],

Remark 2.1. Due to (1.4), we have for all z € [0, 1] that
2z, ifn=1
(rp) () = -3 :
2o (50?4 k) o =23

The same result can be obtained from (2.13) for j = 2.
Indeed, by (2.7), (1.2) and (1.4), we have for z € [0, 1] and n > 2 that

E+1\>  [k\°

n _nzpn 1k <n) _(n> ]
n—1

2(n—1) k 1
:Tkz_opnq,k(r

[N

(B 82

Hence, by (2.13),

=

(Y () 2x n n_2 1 a
T xTr) = = X X
" (Bre2)'(ri(z)) n—-1 \n-1 4(n —1)2

3. THE APPROXIMATION PROPERTIES OF U,,

The operators U,, : C[0,1] — C]0, 1] given by (1.5) are positive linear and (U, f)(0) = f(0)
and (U, f)(1) = 1, because r,,(0) = 0 and r,(1) = 1. Moreover, by (1.2) and (2.6), we have
Uneo = ep and Upe; = e;. In the following theorem, we study the convergence U,, f — f in the
uniform norm defined by || f|| = sup{|f(z)| : € [0,1]}, f € C0, 1].
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Theorem 3.3. 1i_>m \Unf — fll = 0 for each f € C[0,1] if and only if 1i_>m |lrn — e1]] = O, where r,,
(n=1,2,...) are defined by (2.6).

Proof. Using (1.5), (1.1) and (1.2), we obtain

(3.14) (Uneo)(@) = 1, (Uner)(2) = rn(@), (Une2)(@) = (ra(@))® + %Tn(x)(l — (7).

Hence

(315) ||Un60 — 60” = 0,

(3.16) [Uner —e1 = [Irn — e

and

(3.17) |Unes — es]| < ||7“2—€2H+i<2||7“ —elH-i-i
" =n dn — 707 4n’

because r,,(z) € [0, 1] for x € [0, 1] (see Theorem 2.1).
On the other hand, the statements a), b) and c) of Theorem 2.2, and Dini’s theorem (see e.g.
[15, p. 150, 7.13. Theorem]) imply that

(3.18) lim |lr, —ei]] =0.

n—oo

Combining (3.15)-(3.18), in view of Korovkin theorem [6, pp. 8-10], we obtain the assertion
of our theorem. 0

The next result contains pointwise and uniform quantitative estimates for U,, (n = 1,2,...),
using the usual modulus of continuity of f € C[0, 1] given by

w(f;0) = sup{[f(u) = f(v)] : u,v € [0, 1], [u —v| <4}, 6> 0.
Theorem 3.4. Let (U,),,>1 be the sequence of operators defined by (1.5). Then for every f € C[0,1],

we have
@) [(Unf)(@) = F@)] < 20 (f31/ (@) = 2)2 + Fra(@)(1 = ra(@))), n = 1,2 € [0, 1;
b)

[(Unf)(x) = f(2)] < (f xu107 if j =2
21+ VO« ( m) ifj=34,...

wheren > j, x € [0, 1] and

(319) ) = G-y
¢)
UrL), ifj =2
Unf — [l £ )

where n > j and C(j) is defined by (3.19).
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Proof. a) For any sequence (L,,),>1 of positive linear operators on C|a, ], it is known [7, p. 30]
that for f € Cl[a,b] and z € [a, b], we have

[(Lnf) (@) = f(@)] < |f(2)] - |(Lneo)(x) — eo()]

Fw (/i) [(Lneom) L (L) @) (Ln(er — we0)) (@)

1/2
3 .

In our case [a,b] = [0,1] and U, eq = ¢ (see (3.14)), thus

(3.20) (Unf)@) = F@)] < 14671 ((Unler —2e0)?) @) ] w (£:0).
But, in view of (3.14), we have
(Un(er — xeo)?)(2) = (Unez)(x) — 22(Uner)(z) + 2*(Uneo)(x)

(3.21) = (rn(x) —2)* + %rn(az)(l —rp(x)).

Choosing 6 = ((ry,(z) — 2)? + L7, (2)(1 = 7y (2))) 2 in (3.20), we get the required estimate.
b) We will prove the following estimates below:

4 ar -
B 9 ~x(l—x), ifj=2
(3.22) (Un(e1 zeg) ) (x) < {Ce%)x(l —a), ifj>3

where z € [0, 1] is arbitrary. Hence, by (3.20) and the property w(f;Ad) < (1 + ANw(f;6), A >0,
we get for 6 = ((Uy(e1 — zeq)?) (95))1/2 that

(U @) = F@)] <200 (f5 ((Unler = weo)?) (2))?)

2w f;2\/$<1n””>>, ifj =2

<

20 (F/OTYET ) itz 3

6w (f; ”z\(/lﬁr)), ifj =2
<

2(1+/C())w (f; “?) L ifj>3
which was to be proved.
Now let us prove (3.22). Using Theorem 2.2 b), we have for z € [0, 1] that
(3.23) (@)1 —rp(z) <z(l—2)) =zl —2)(1+z+... + 277 < jaz(l — ).
For j = 2, we have in view of [8, p. 87, Lemma 1, d)] that 0 < z — r,,(z) < %(1 —x). Hence

(329 (2 = ra@))? = (@ = ra @)z rae)) < =

z(1— ).

Then (3.21), (3.24) and (3.23) imply (U, (e1 — weg)?) (z) < 2z(1 —2) + 2z(1 — 2) = 22(1 — z).
Let j > 3and n > j. By Theorem 2.1 and [11, pp. 102-103, Lemma 1 and Lemma 2], the

polynomial ¢,,(y) = P ;(y) = 3 pni(y) (%)J = apy’ + a1y’ + ... + aj_,y satisfies the
=0
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following conditions:

Py j(rn(@)) = 2;

1 .
aO:nj,l(n_1)(”_2)-~-(”_J+1)§ ai,...,aj-1>0; a0 +a1+...+aj_1 =1;
i1
0<]_—(L0<j('7 )
2n
Hence

=Y au(ra(@)y " = (ra(@))
k=0
= (ap — D(ra(2)) + > ar(rn(z))’ "
k=1
j—1 j—1
== ap(ra(@) + > ap(ra(x)) ="
k=1 k=1
=D ar(ra(@)’ ™" [1 = (ra(x))"]
k=1
j—1
= ak(rn(x)) (1 —rn( )) [1 + 7 ) + + (Tn(x))k_l]
k=1
j—1
<rp(x)(1—=r, Zkak< J=1Drp(@)(1 —rp(z Zak
k=1

Using (u — v)% < (v —v9)?, u,v € [0,1] (see [11, p. 103, Lemma 2, (b)]), we find that (z —
ra(@)2 < (27 — (ro(2)))2 < (& - 1)2)°, ie.

(3.25) 0<z—ry(z) <A{ %J(J -1

At the same time, due to Theorem 2.2 b), we obtain
(326) 0<z—rp(x)<z—a'=z(1—2' ) =z(1-2)Q4+z+...+2773) < (- Dzl —2).
Hence, in view of (3.21), (3.25), (3.26) and (3.23), we get

(Un(er — weo)?) (z) = (& = ra(2)) (@ — ra(x)) + %m(w)(l — ()

< {[geiti = 1026 - Dl - )+ Lot - 2) < Sa1 - ),

¢) Because z(1 — z) < 1 for x € [0, 1], the estimates formulated in c) follow from the statement
of b). |
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Remark 3.2. By Theorem 2.1, we have U, f = V,, f for j = 2. Then Vyeq = e and Vy,eo = ey, thus,
by (3.21), we get (V,,(e1 — zeo)?)(z) = 2x(x — r (). Applying Theorem 3.4, we obtain

(V@) = f@)] < 20 (£ V22(e = r2(@)  m = 1, @ € [0,1]
z(1—x)

n

|(Vaf) () = f(z)] < 6w (f; ) n=>2 zel0,1];

Vs = Al <0 (Figz) on =2
For the first estimate see [14, p. 206, Theorem 3.1].
Furthermore, we have the following theorem.

Theorem 3.5. Let U, : C[0,1] — C[0,1] (n = 1,2,...) be the operators given by (1.5) with r,
defined by (2.6). Then U, cannot be polynomial operator of degree n: there exists f € C|0, 1] such that
Unf ¢ 11,.

Proof. Let n > j and suppose that U, f € II, for all f € C[0,1]. Then U,e; = r, € II,, due
to (3.14). Furthermore B,e; is a polynomial of degree j, because n > j, and thus (Bpre;)(y) =
aoy’ +a1y’ "t +...+a;_1y, where ap > 0 (see [11, p. 102, Lemma 1]). Taking into account (2.6),
we have

! = (Une;j)(@) = (Bnej)(ra()) = ao(ra(2)) + a1 (ra(2)) ™' +... + aj_1r(@).

In view of r,, € II,, and ap > 0, we find that r,, is a first degree polynomial. By Theorem 2.1,
we have r,(0) = 0 and 7, (1) = 1, thus r,(z) = z, € [0,1]. Hence (U, f)(z) = (Bpf)(rn(x)) =
(Bnf)(z), x € [0,1]. But U,e; = e; (see (2.6)), therefore B,e; = e; on [0,1], contradiction,
because (B, f)(z) > f(z), 0 < z < 1 for any strictly convex function f on [0, 1] (see [6, p. 310,
Corollary 4.2]), in particular B,e; > e; on (0, 1).

Ifl<n<jandU,f €I, forall f € C[0,1], then Uy,e; = ¢; € II,, due to (2.6). Hence j < n,
contradiction. O

Finally, we have the following quantitative Voronovskaja type theorem for the operators
(1.5). We mention that similar result was established for the Bernstein type operators of Aldaz,
Kounchev and Render in [12].

Theorem 3.6. Let U,, (n =1,2,...) be given by (1.5). Then
a) | n((UnF)(@) = F@)) + (@) = 2f"@)nle = ra(@) |£ 22+ VED(1 — ) (17 )
forall z € [0,1], f € C?[0,1] and j = 2, where
0< hnrglgfn(m —rp(z)) < limsupn(z —r,(x)) <2

n— oo

b)

Vn((Unf)(z) = f(2)) +f( )V/n(Un(weo — 1)) (@) — 3" (2))9/n(Un(zeo — e1)?)() ‘
< VOHWCG) + V)2 - o (1" =4 )
forall z € [0,1], f € C?[0,1] andj > 3, where C(j) is defined by (3.19),

._3 119 1 1
Cl(J)—Z 5 +4( 1)%{ o1’ J2( -1t

and

0 < liminf v/n(U,(zeg — €1))(x) < limsup ¢/n(U,(zeo —e1))(z) < { %j(j—l)Q,

n—0o0 n—oo
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0 < liminf ¥/n (U, (zeg — e1)?)(x) < limsup v/n(Uy, (zeg — e1)?)(z) < iC(j).

n—00 n—oo

Proof. For f € C?[0,1] and z,t € [0, 1], by Taylor’s formula, we have

£ = 1@)+ £@)(t =)+ 5@ =2 + [ (77w = @)~ v)du

Hence
(U )(&) = F(@) + /(@) (Unler — e0)) () + 51" (x) Unlaeo — 1)) )
(3.27) + U, (/:(f”(u) — (@)t —u) du;x) .
Because
/w(f () = (@) (t — ) du |< \/ 1)~ 1" (@)t~ ul du |
<| [ |u—x|>|t—u|du] /I<1+6 = a3 6) It =l du|

=w(f";6) / (|t —u| + 6 Hu — z|[t — ul) du ‘g w(f";8) (Jt— 2>+ 6t —2*),
where 6 > 0, we get, by (3.27) and Holder’s inequality that
(U )(@) ~ F(@)) + £ (@) Unlreo — 1) (&) — 5 () (Unler — we0)*) @) |
< w(f";8) {(Un(er — weo)*) (@) + 07" (Unler — weol*)(x) }

<w(f";9)
x{ (Uner = weg)?)(@) + 57 [Unler — we0))(@)]"* [(Unler = weo) ) (@)] 7}

Using the first four moments of the Bernstein polynomials [6, p. 304], we have

(Un(er — zeo)h) anm <k_$>4

k

= pustra(a) [(n - m(x)) Foute) -]

(3.28)

_ank (T <k—7”n(5€)>4 )—w ank Tn (T (k—rn(x))g
- 6(ra(e) — ) ank ol (k—rn<x>)2
+ d(r() — ) ank (ra(a (’“ —rn(x)) + (ra(z) — z)*

%m@s)) (1= ra@)? + 5 (@) (1 = rae)) = 6(ra(@)) (1~ ra(a))?
G2 a(r (@) — ) g (1= 20 (@) (1~ () + 6(ra(e) — ) Lra(z) (1~ ra(e)

+(rp(z) — )%
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a) If j = 2, then r,(x)(1 — rp(z)) < 22(1 — ), € [0,1], due to (3.23). Hence, by (3.29) and
(3.24),
(Un(er — weo)*)(x)
< %wQ(l —x)? + %x(l —2)(1 4 6r,(z)(1 — rp(x))

a1 =) — @)1+ 2r(@) + (= @)~ ra(e))? + (@~ (@)’

n

3 2 3
24 12 21 4 1
+$m(1—x)+;x(l —x)n4 + x(l—x)z

39
(3.30) = ﬁm(l —z).
Then (3.28), (3.22) and (3.30) imply that

| AU f) @) = £@) + @)U e — 1)) @) — 57" (@n(Unler = we0)?)(z)

<w(f";9) {4x(1 —x)+ 5_12\\;27933(1 - x)} :

Choosing 6 = and taking into account that (U, (zeg — e1))(x) = = — rp(x) and (U, (e —

reg)?)(z) = 2x(x —rp(x)), we obtain the desired estimate.
Furthermore, in view of [8, p. 87, Lemma 1, d)], we have 0 < 2 — r,(z) < 2(1 —z) < 2,
z €1[0,1], thus 0 < hmlnfn(x —ru(z)) < hmsupn(x —rp(z)) < 2.

b) If j > 3, then (3.29), (3.23), (3.25) and (3. 26) 1mply that
(Un(er — zeg)*)(x)
<§’232x2(1 2)? + %jx(l —2)(1+ 6 (@) (1 = 7o ()

+%jff(1 —x)(z = rn(2))(1 + 2 (2)) + gjx(l —a)(x = r(2))* + (2 = ra (@)

352 57
<qet(l=a)+ g
125 3j
T el mE g

(1—x)

20— 1D~ 1 a1~ )

i —1)%z(1 — J
J =% =) + ) o

1 3, 119 1 N
(3.31) SWx(l—x){4 +?j+4( —1)? 64]2(‘7_1)4}: Wa:(l—x)

Using (3.28), (3.22) and (3.31), we get

/n((Unf)(@) — f(2)) + f'(2)/n(Un(zeo — €1))(x) — 1f”(x))\j/ﬁ(Un(el — zeg)?)(x)
<w(f";9) {C’(j) (1—2)+0 1~ Ci(j)z(1 — =z }

Choosing § = - {F we obtain the desired estimate.
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Finally, by (3.25) and (3.22), we get

0 < liminf ¢n(Un (zeo — e1))(x) < limsup (Un(reo — e)(w) < {/ 330~ 1)

n—oo n—oo
and )
0 < liminf ¥/n(Uy, (zeo — e1)?)(x) < limsup ¥/n(Uy, (zeg — e1)?)(z) < ZC(j)
n—oo n—oo
which completes the proof of the theorem. O
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ABSTRACT. The purpose is to provide a generalization of Carleson’s Theorem on interpolating sequences when
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belonging to a weighted Bergman space of infinite order on a unit Hilbert ball and we furnish explicitly the upper
bound corresponding to the interpolation constant.

Keywords: Analytic functions, interpolation sequences, weighted Bergman spaces, pseudohyberbolic distance, Fréchet
differentiable functions.

2020 Mathematics Subject Classification: 30A99, 30H05, 32A36, 28E99, 46A04.

1. INTRODUCTION

Let us recall a known result that it has been shown that a sequence I' = (a)xen is interpo-
lated by a function in B2 (D"), the set of holomorphic functions f on the complex unit ball D"
such that ¢ f is bounded, where ¢ is strictly positive continuous function on [0, 1) satisfying a
few meaningful assumptions and the power c is a strictly positive constant [3]. Precisely, it has
been shown the following theorem.

Theorem 1.1 ([3]). Let I' = (ax)ren be a sequence in D™ and [ ;cx (3 1%a, (ar)| = @(laxl]) for

all k € N. Then T is interpolated by a function in BZ:(D"). Furthermore, an upper bound of the
interpolation constant is given explicitly and it is independent of n and .

|¥a; (ax)| is the pseudohyperbolic distance between a; and aj, such that v, (-) is the D"-
valued Mobius map on D™. Apropos of the proof of Theorem 1.1, concisely the author sets up
an interpolating function belonging in BZ2(D") given in terms of a series of functions.

The goal of the present article is to show that Theorem 1.1 remains true when we swap D"
by a unit Hilbert ball, so we give a positive response on a question raised in Remark 3.1 in
[3]. Therefore, let By = {x € H : ||z||g < 1} be the open unit ball in H = (H,(, Yg; | - [|u),
an infinite dimensional complex Hilbert space endowed with the inner product (-, -) 7 and the
norm |- ||g. E.g., H = L2(X, p1), the space of square-integrable measurable functions on X with

respect to the measure p such that (f, g) g = [ f(2)g(z)du(z) and || f|| g = (fX|f(x)\2du(x))%.
Instead to use a holomorphic function, we employ a complex-valued analytic function on
By, i.e., a Fréchet differentiable function at all points in B.
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2. PRELIMINARIES AND STATEMENT OF THE MAIN THEOREM

Let A(Bg) be the space of analytic functions on By, ¢ be a strictly positive continuous func-
tionon [0, 1), where its inverse is logarithmically convex. Let L (By) = (L‘X’ Ba), || - lloo, ¢) be

the space of complex-valued measurable functions f on By such that ¢(||z| z). f(x) is bounded
forall z € By and || f||co,¢ = Sup,ep,, ¢(|z||m)|f(z)] < co.
The weighted Bergman space of infinite order on By is defined by

By (By) = {f complex measurable functions on By : f € A(By) N LF (By)} .

The space B3°(Br) is endowed with the induced norm |||, 4. We suppose that the continuous
function ¢ is not identically equal to one which implies that B3° (B ) contains strictly > (B ),
the Hardy space of order infinity on By. We recall that interpolating a sequence by a function
in H>(Bpy) has been conducted in [8].

Let (137, [| - [li=) be the weighted space of bounded sequences with respect to the sequence
(zk)ken in By and which is defined by

l;o = {’U = ('Uk)keN € C such that (gb(H.TkHH”’UkaGN € loo}

such that [[v[|ize = supyen (@(||zx[|m)lvk|) - In the sequel, we need the following definition of an
interpolation sequence.

Definition 2.1. Let ¢ be a positive constant, we say that I' = (z1)ken is an interpolation sequence
for B (B ) if for every complex-valued sequence v = (v )wen € I32-4, there is f € B (By) such
that f (ak) = vg. The associated interpolation constant is the smaller constant M such that || fl|ec.¢ <
Ml _,-
"
The pseudohyperbolic distance between two points z, y belonging to By is defined by ||®,, ()| &
such that ®,(x) is the Mobius transformation on By defined by ®,(z) = (s,Qy + Py)my(z)

such that my, is the By-valued analytic map on By and defined as m, (z) = =755, Py(z) =

|2 Ly, Qy(z) =z — Py(x),and s, = /1 — [ly|%. It is known (see Page 99 in [5]) that

IIy\

(L — [l=[F) A = [lyllZ)

@) Iy (@) =1 = s

Our main result states

Theorem 2.2. Let I' = (xx)ren be a sequence in By such that [;cy oy [| P, (20) | 2 ¢kl m)
for all k € N such that ¢ be a strictly positive continuous function on [0,1) such that its inverse is
logarithmically convex. Then T' is interpolated by a function belonging to B32 (B ) and an upper bound
of the associated interpolation constant is provided explicitly and does not rely on the weight function ¢.

As we observe that the announcement of the main result is almost the same as the one stated
in Theorem 1.1, where D, is substituted by B,, and the complex modulus is substituted by || - || .
The novelty of the proof of Theorem 2.2 is that we use the pseudohyperbolic distance between
two points in By and essentially Equality (2.1).

In the following section, we furnish the proof of Theorem 2.2 in two parts and we employ
the techniques used in [2, 3, 6, 7]. The first part is on building an interpolation function, see
Subsection 3.1, and the second one focuses on the interpolation constant, see Subsection 3.2.
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3. PROOF OF THE MAIN THEOREM

3.1. On an appropriate interpolating function. Let us consider the following series of func-
tions on By

(oo}

(3.2) = uG(x) for z € By,
k=1

where (v )ren € l(‘;‘j,4 such that each G}, is an analytic function on By defined as

Gk($)<1_”mk”%{) W(zg, z)V(xk, x) H <(I)xj(xk)’q>””f(x)>H,

1— <$k,$>H JENV{k} ||q>wj('rk)||?{

where © € By, (21 )ken is a sequence in By, W(xy, -) and V(xk, -) are two analytic functions on
By;. Precisely,

(1 = llemllF) A = llzxlF)

1 —|(@m, zr)m|?

Wik, x) = exp [— > (f(2) = i)
meN

with f(x) = ﬂ% which is well defined due the fact by using Cauchy-Schwarz inequality,
wehave 1—(z,, 2) i > 0and V(wy, ) = exp(du((wr))-( (@)~ (21))), where du(d (). (¢(z) -
1 (zy)) is the inner product in C” between du(i(zy)) and ¢ (z) — 1b(z;) where u is a real-valued
convex function on C" and ¢ is a C"-valued surjective map on By. Consequently, from the
definitions of W and V, we have G (z)) = 1 and for j # k we have G (z;) = 0 this due to the
fact that @, (z;) = 0, see (2.1). Whence, the sequence (ay)ren is interpolated by G and in the
next subsectlon we prove that G € B3 (By) and provide explicitly an upper bound associated
to the interpolation constant.

3.2. On the interpolation constant. By using the hypothesis of Theorem 2.2, that is, for each
k €N, [Tjem guy 1P, (z) || is bigger than ¢([|zk[|m), we have

1—Jlzel \* _

63 Gl = (12 ) W) Vo)l
1 — <£Ek, QS>H

Let us look an upper bound for [W(xy, z)|. So, since that we work in a complex Hilbert space,

_ 1-[em.2)ul|?
we have Rf(z) = IS ES Whence, we have

xm; H|2 (1 - Hx'mH%I)(l - ||xk||%l>
W(zp,x)| = ex
W) p[ n%@ @) 1= {2 an)uP
(1~ el — llzeli3)
3.4 X ex .
G4 pLZN [EEmE

Let us show that the terms exp {Z (=llzm |5) (1~ |‘:”"|‘H)} is upper bounded by exp(1)¢~2(|| k|| i)-

meN [1—(zm,zr) m]?
For z > 0, we have 1 — z < exp(—xz), thus by employing, successively, this inequality with

A—llem 7)) A= llzkll)
‘1 <‘L7n7-Lk>H‘

Ym,k = > 0, the square of the pseudohyperbolic distance equality (2.1), and
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the assumption of Theorem 2.2, we obtain

exp [— > ym,k‘| = ] ep(—ym)

meN meN
= exp(—1) H exp(—Ym. k)
meN\{k}
>exp(=1) [ 12s, (@0)lF = exp(=1)é* (|lzxllx)-
meN\{k}
Hence, Equality (3.4) implies
exp(1
3.5) IW(zk, z)| < 7exp A k(x
= el O | 2

_ 1 lemaya|® A=llznlz) A=llzllF)
such that A,, x(z) = |1_<xm7x)2|2 1_“;;7%)}{'; H),
Let us reorder the sequence (zj)xrcn, for obtaining an increasing sequence (||zx|| #)ken, then

L—|(zm,2) o]? L—|lzm

by using the fact that T {om o) 02 > STz 2T
see Lemmas 3.8 and 3.9 in [8], and Inequality (3.5) becomes

exp(1) . _&
< Bl © p{ 3 }

such that X = - lzelis  ang g > (Mf
- 2 k= 2m>k \TT .

1—|{xk,z)u —(Tm,z)H|

whenever ||z, ||z > ||zk| z, for the proof

(3.6) W(zg, z)

Let by, (x) = (%) , then thanks to the triangle inequality, we have by(z) < 4X2
and we observe that the function gx(7) = X?exp (—&7) for 7 > 0, is at most equal h(r) =

min (1 A). Accordingly, Inequality (3.6) becomes

? exp(2)72
e )
‘ S Pl TS

4dexp(1)
— *llzxlla)
Now, from the definition of V and the use the properties of the convex function u, we have
V(zk, z)| < exp(u(y(z)) —u(y(zy))). Furthermore, since that the inverse of ¢ is logarithmically

3.7) h (%) .

convex, let us choose u(i(x)) = —clog(o(||z|| ;7)) and we have

(3.8) V()] < o°([larllm)o™(ll«]lm)-

We recall that G, satisfies

1— |lzll? \* _
69) Gl = (=2 ) o) Va0l )
1-—- <‘rk‘7 x>H

Whence, by using Inequalities (3.7)-(3.9) we obtain

(3.10) ¢ (Il )"~ (lakllzr)|Gr ()] < 4exp(1)br(a)h (Te).

The function h(7) decreases on [Ty41, Tk, then by using Inequality (3.10), we have
Tk

(3.11) ¢ (Il )¢~ (lwellz)|Gr ()] < dexp(1 )/: h(r)dr.
k+1
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Therefore, by using the definition of i (7) and Inequality (3.11), we have

Tk
D6 (lellm)d*(lerlln)|Gr(@)] < 4exp(1) Z/ h(r)dr

keN keN Y Trt1
< 4exp(l) /OO h(r)dr
(3.12) = 47.0886. ’
We recall that G(z) = >~ vk G (z), then from (3.12), we have

G@)| <Y lorllGr(@)] < llollis_, Y 6" (lax])|Gr(@)]
k=1 k=1

< 47.0886([v]i=_, 6~ *(l|| ).

c—4

Thus, |Gllcc,¢ = SUPsep,, o°(||z]|x)|G ()] < 47.0886||v\|lzok4 < o0, ie, G € BE(By), conse-

quently the sequence I' is interpolated by the function G, furthermore an upper bound of the
interpolation constant is equal to 47.0886. The proof of Theorem 2.2 is complete.

On an extension

We are asking whether it possible to state an analogue result of Theorem 2.2, for a proper
subspace of a suitable weighted Bergman space of infinite order on By and containing a proper
subspace of H>*(Bp). E.g., interpolating sequences for a proper space of H>(D) has been
conducted by Dyakonov [1]. Also, we are asking whether our result remains true for a function
belonging to a Bloch-type space on By, see, e.g., [9].
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ABSTRACT. Let Q be a bounded domain in R” with C%:1 boundary, and let do : © — R be the distance function
dg (x) := dist (z, Q) . Our aim in this paper is to study the existence and properties of principal eigenvalues of self-
adjoint elliptic operators with weight function and singular potential, whose model problem is —Au + bu = Amu in
Q,u=00n0Q u > 0in, whereb : @ — R is a nonnegative function such that d3,b € L (Q), m : @ — Risa
nonidentically zero function in L>° (€2) that may change sign, and the solutions are understood in weak sense.
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1. INTRODUCTION

Let Q be a bounded domain in R" with C'! boundary if n > 1, let m be a real valued
function defined on (2, let A € R, and let £ be a second order elliptic linear operator on €.
We recall that X is said a principal eigenvalue of the operator £ with weight function m and
Dirichlet boundary condition, if there exists a solution u to the problem

Lu = dmu in €,
(1.1) u = 0 on 01,
u>0inQand v #Z 0in Q.

These problems have received a lot of attention in the literature, in part because they appear
naturally when one studies semilinear bifurcation problems via the implicit function theorem
(for details see e.g., [8], Chapter 5, Section 5.3). Let us recall some works related to problem
(1.1).

Manes and Micheletti in [15] studied the problem (with the solutions understood in weak
sense and belonging to H} () N C (Q))

—div (AVu) = dmu in €,
(1.2) u = 0on 0%,
u>01inQ

in the case when m € L" (Q) for some r > % and A = (a;; (x)) is a symmetric uniformly

elliptic n x n whose coefficients belong to C%! () . They proved, by variational methods, the
following facts:
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a) If m > 0, then problem (1.2) has a principal eigenvalue A\, (m), which is positive and
simple, and that it is the first positive eigenvalue of the problem

{ —div (AVu) = Mmuin Q,

(13) u = 0 on 01,

that is, if A is any other eigenvalue X of (1.3), then A > A\ (m).

b) If m < 0, then problem (1.2) has a principal eigenvalue A_; (m), which is negative and
simple, and satisfies that A < A_; (m) for any other eigenvalue X of problem (1.3).

¢) If m* # 0and m~ # 0, then problem (1.2) has two principal eigenvalues \; (m) and
A_1(m), with A; (m) > 0 and A_; (m) < 0; both of them are simple eigenvalues, and
A ¢ (A1 (m), A (m)) for any eigenvalue A of problem (1.3).

They proved also a maximum principle with weight, which reads as: If h € L?(2) for some
g>mnand 0 < h # 0, and if either m™ # 0,m~ £ 0and A_1(m) < A < A;(m), orm > 0 and
A < Ai(m),orm < 0and A > A_;(m), then the problem

(1.4)

—div (AVu) = dmu + hin Q,
u = 0on 0N

has a unique solution, and it is positive in 2.

On the other hand, motivated by problems of genetic population dynamics, Brown and Lin
in [4] studied the existence and properties of principal eigenvalues for problem (1.2) in the case
of the Laplace operator with homogeneous Neumann boundary condition, Hess and Kato in
[13] investigated principal eigenvalue problems with weight for a general uniformly elliptic
second order linear operator

Lu:=— Z ij () axzax]—i— Zaz

1<i,5<n 1<i<n

(z) u.

Indeed, they studied the problem

Lu = Admu in €,
(1.5) u = 0 on 092,
u > 0in €,

where the weight m may change sign and belongs to C7 () for some v € (0,1) , and with the
solutions understood in classical sense (i.e., u € C*(Q) N C (2)). Under standard regularity
assumptions on the coefficients of £ (among them that ay € C7 () for some v € (0, 1)), they
proved, by using the Krein Rutman theorem, that if ¢y > 0 in , and m™* # 0 (respectively
m~ # 0), then problem (1.5) admits a unique positive (resp. negative) principal eigenvalue
A1 (m) (resp A1 (m)) which is simple. They also showed that the solutions u of (1.5) belong to
C! (Q) and satisfy, for some positive constants ¢; and ¢z,

c1da < u < cadg in €.

They proved also the following maximum principle with weight: If ap > 0 in ©, and if m™ # 0
(respectively m~ # 0) and if 0 < X < A\q (m) (resp. A_; (m) < A < 0) then, for any nonidenti-
cally zero h such that 0 < h € C7 (Q2) , the problem

{Eu:)\mu—I—hinQ,

(1.6) u = 0 on 09
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has a unique (classical) solution u and it is positive in 2.

Hess and Senn in [18] studied problem (1.5) with the Dirichlet replaced by the Neumann
boundary condition.

Lopez-Gomez in [14] addressed problem (1.5) in the case when a is not necessarily non-
negative and, by using arguments relying on the maximum principle, they stated sufficient
conditions for the existence and the nonexistence of principal eigenvalues.

Hernandez, Mancebo and Vega (see [10], Section 2), studied problem (1.5) in situations
where some coefficients of £ and the weight m are allowed to have a certain kind of singu-
larity along 02. They assumed that:

1) Qis a bounded domain in R™ with C3™ boundary for some v € (0, 1),
2) A(z) = (a;; (z)) is a symmetric n x n matrix, uniformly and strongly elliptic in 2, and
foreach i, j,a;; € C3(Q)NC (Q),

3) a; € C?(Q) and there exists a constant K and a € (—1,1) such that %2: + Ja;| <
K (1+4d3) and 33,2%2 + gg’f < Kd?fl forallz € Qand 1 < 4,5 < n; and their

assumptions on the functions a¢ and m were:
4)aoeClﬁnamiﬁﬂaHk:1J“wn¢%ﬂﬂ%%’EL“Gﬂ,wﬂhaasm3L
5) m is strictly positive in 2 and satisfies the conditions in 4).

Under the hypothesis 1)-5), they proved (see [10, Theorem 2.6]), that there exists a unique real
eigenvalue A with an associated eigenfunction u in the interior of the positive cone of C* (Q)
(i.e., such that v > 01in £ and % < 0 on 912, where v denotes the unit outward normal to 01?),
and that such a ) is a simple eigenvalue of problem (1.5).

Let us mention also that Berestycki, Varadhan an Nirenberg in [2] studied, in a generalized
sense, problem (1.5) in the case where each a;; € C (), ap € L™ (), and a; € L* (Q) fori =
1,2,...,n. Additional results and more references concerning principal eigenvalues for elliptic
problems can be found in [6].

Principal eigenvalue problems for periodic parabolic operators with Dirichlet boundary con-
dition were studied by Beltramo and Hess in [1], and applications to semilinear periodic para-
bolic problems were given in [11]. A very good exposition of these results, including problems
with either Neumann or Robin boundary conditions and its nonlinear applications, as well as
additional references, can be found in the book [12].

Problems of the form

—Au + bu = Amu in €,
(1.7) u = 0 on 01,
u > 0in €,
were studied in [9] in the case when m is a nonnegative and nonidentically zero function be-
longing to L> (2) , and b is a singular potential of the form b = av=*~!, where:

1) 0<a<3,
2’) a € L™ (Q) and there exists 6 > Osuch thatessinf4, a > 0,, with A; := {z € Q : dq (z) < 6},
3) v € Dy := {veH}(Q):9;'ve L>(Q) and essinfo I v > 0}, where ¥, = dg if

1
0<a<l, ¥ :=dq (log (%)) *, where w is an arbitrary constant greater than the

2
diameter of 2, and ¥, :=d,"" if 1 < a < 3.

Under these assumptions, Lemmas 4.3 and 4.4 in [9] state the existence of a positive principal
eigenvalue for problem (1.7), and a maximum principle with weight.
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Our aim in this paper is to study principal eigenvalue problems with singular potential and
bounded weight function of the form
—div (AVu) + bu = Amu in €,
(1.8) u = 0 on 0,
u > 0in €,
where the solution u is understood in weak sense (see Definition 1.1 below), and 2, A, band m
satisfy the following assumptions:

H1) Qis a bounded domain in R", with C*! boundary if n > 1.

H2) A:Q — M, (R), with A = (a;; (z)) uniformly elliptic (i.e., there exists a constant v > 0
such that (A (z)¢&,€) > v[¢|? for any z € Q and € € R") and such that a;; € C%! (Q),
Qi :ajiforl SZ,] <n.

H3) The potential b : Q@ — R is nonnegative and bd3 € L™ (), where dg, :  — R denotes
the distance function given by

(1.9 dg (x) = dist (x,00).
H4) me L* (Q)and m £Z0in Q, i.e., |[{z € Q : m(z) # 0} > 0.
Observe that H3) allows b to be singular along 02 and H4) allows m to change sign in €2. The

notion of weak solution we use is the usual one, given by the following;:

Definition 1.1. Let f : Q — R be such that fo € L' (Q) forany o € HE (Q), and let u : Q@ — R. We
say that w is a weak solution of the problem

—div(AVu) = fin Q,
u=0o0n 9N

ifue HY (Q)and [, (AVu, V) = [, f forany p € H ().

The paper is organized as follows: In Section 2, we present some general facts need later. In
Section 3, following the approach of [13] we study, for each A € R and under the assumptions
H1)-H4), the principal eigenvalue problem without weight (i.e., with weight 1)

—div (AVu) + bu = Amu + pu in Q,
(1.10) u = 0 on 01,
u > 0in €.

We prove that, for each A € R, problem (1.10) has a unique principal eigenvalue p = i (A),
which has the variational characterization

(1.11) s (V) o= o Jo (AVw, Vw) + [, (b — Am) w? |
’ weHL()\{0} Jo w?

We prove also that the eigenspace V), , () corresponding to fi,,, 5 (\) is one dimensional, and
thatif 0 # u € V,,,, ) then u € Hj () N C* (Q) and either u = 0in Q, or u > 0in Q, or
u < 0in Q. In addition, we show that p,, ; is a concave function which satisfies (i, 5 (0) > 0,
Mmoo fimp (A) = —o0 if m™ # 0, and limy—, oo fmp (A) = —o0 if m™ # 0. We show also
that if m > 0in Q then p,,,, (A) > 0 for any A < 0, and that if m < 0 in Q then g, (A) >
0 for any A > 0. From these facts, it follows that if m changes sign in 2 then the equation
tmp (A) = 0 has exactly two roots, A = A_;1 (m,b) < 0and A = Ay (m,b) > 0, whereas if
m > 0 (respectively m < 0) the same equation has a unique solution A = Ay (m,b) > 0 (resp.
A = A_1(m,b) < 0). From these facts, and since the principal eigenvalues of problem (1.8)
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are exactly the roots of the equation y,, , (A\) = 0, we state, in Section 4 (see Theorem 4.1) the
corresponding results for the principal eigenvalues of (1.8). A maximum principle with weight
is given in Theorem 4.2, the variational formula for the principal eigenvalues of problem (1.8)
is given in Theorem 4.3. In Theorem 4.4 we prove that the eigenfunctions corresponding to
these eigenvalues belong to H{ () N C* (2) N C (Q) and we give lower and upper estimates
for them (in terms of powers of dg), and in Theorem 4.5 we study the continuity of the maps
(m,b) = A1 (m,b) and (m,b) — P, 5, where &, ; is the positive eigenfunction associated to
A1 (m, b) and normalized by || @y, p| 2y = 1-

2. PRELIMINARIES

For 1 < p < oo, we will write p’ for the Holder conjugate exponent defined by % + ; =1
(with the convention that é = 0); and p* will denote the Sobolev critical exponent defined by
L =1 1ifp<nandbyp* := oo otherwise.

p*  p
For a measurable function v : @ — R such that vp € L' (Q) for any » € H} (), we will
write S, to denote the functional S, : Hj (2) — R defined by S, (¢) := [, ve; and we will
say v € (H} () to mean that S, € (Hg () and, in this case, if no confusion arises, we will
write sometimes v instead of S,,. We will denote by dq, the distance to the boundary function
do : Q — R defined by

dq (x) = dist (z,09) .
From now on, £, will denote the operator £y : Hj (Q) — (Hg (Q))/ defined by Lou :=

—div (AVu) and, for ¢ € (H} (), £5* (¢) will denote the unique weak solution u € H{ ()
(given by the Riesz theorem) to the problem Lou = { in §2, u = 0 on 992,

Remark 2.1. Let us recall the following well known facts:

i) (Poincaré’s inequality, see e.g., [16], Proposition 1.9.6) If n > 2 then there exists a positive
constant ¢ such that ||¢[| 2 o) < c|[Vellp2(q) forall ¢ € H} (Q) and, if n = 2 then for
each q € [1,00) there exists a positive constant cq such that ||¢| L. q) < ¢q V@l p2(q) for all
v € Hy (Q).

ii) (Hardy’s inequality, see e.g., [3], p. 313) There exists a positive constant ¢ such that ‘
clIVell L2 (o) for all ¢ € Hg ().

iii) (weak maximum principle, see e.g., [8], Theorem 1.3.7) If g : @ — R is nonnegative and belongs
to (H¢ ()", then L5'g > 0.

iv) (weak comparison principle) If g : Q@ — Rand h : Q — R belong to (H} (Q))/ and g < hin
Q, then Ly g < Lo h.

P
da

L2(Q)

Remark 2.2. Let v : Q@ — R. From the Poincaré’s and Hardy’s inequalities of Remark 2.1, it follows
immediately that if either v € L") (Q) or dov € L? (Q) , then:

i) The functional S, : H{ () — R is well defined, belongs to (H} ()", and there exists a
positive constant ¢, independent of v, such that: If v € L") (Q) then || S, < ¢ [v]l g~y and
if dov € L? (Q) then ||S,|| < c||dqvll, -

ii) The problem Loz = v in Q, z = 0 on 99Q, has a unique weak solution z € H} (), and
it satisfies, for some positive constant c independent of v, ”Z”Hé(ﬂ) < c|lvll gy when v €

LY (Q), and 12l 2 0y < clldeull, when dov € L? (Q).
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Remark 2.3. Ifv: Q — R be a measurable function such that vp € L' (Q) for any ¢ € H{ (Q) and if
S, € (H} ()", then, by the Riesz theorem, the problen
Loz=vinQ, z=0o0no

has a unique weak solution z € H () , and it satisfies HZHHg(m = ||SUH(H1(Q))/.
0

If g and h are real functions defined a.e. in 2, we will write sometimes f = g to mean that there
exist positive constants ¢; and ¢, such that ¢, f < g < cof a.e. in Q. We will write also f < g to
mean that there exists a positive constant ¢ such that f < cg a.e. in Q.

For o > 0,weset Qs :={z € Q:dq(z) > d}.

Lemma 2.1. If w and  belong to H} (), then dg*wp € L' (Q) and there exists a positive constant,
independent of w and ¢, such that
2.12) ldg*well, < cllwll gy Il e -
Proof. The lemma follows immediately from the Hardy’s inequality. O
Lemma 2.2. Let b : Q — R be a nonnegative function such that dyb € L> (Q), and let h : Q@ — R
be such that h € (H} (Q))" . Then:
i) There exists a unique weak solution u € H} (Q) to the problem
Lou+ bu = hin Q,
{ u = 0 on 09Q.

ii) If h > 0, and if u is the weak solution of (2.13), then v > 0 a.e in €.

iii) If h > 0 and h # 0, and if u is the weak solution of (2.13), then, for any § > 0 such that
Qs # @, there exists a positive constant c such that u > cdq; a.e in Q5. In particular, w > 0
a.e. in Q.

Proof. Let B : H} () x Hj () — R be defined by

B(pt) = /Q (A, Vi) + bt

By Lemma 2.1, B is a continuous bilinear form on H} (Q) x H{ () and, since b > 0, B is also
coercive. Then i) follows from the Lax Milgram theorem. Suppose now i > 0. By taking —u~
as a test function in (2.13), we get

(v vu)y +5 @) = [ (AVa=Vur) b)) = = [ h <o,

Q

(2.13)

which gives u~ = 0 a.e. in Q. Thus 7) holds.

To prove iii), observe thatif h > 0 a.ein Q and i # 0 in Q, then, for ¢ positive and small
enough, there exist ¢ > 0 and a measurable set E C 5 such that |E| > 0 and h > exg in 5.
For such a ¢, let O’ be a regular domain such that 25 CC Y ccC Q, and consider the problem

—Loz +bz=exgin (Y,
z=0o0no.

Since 0 < bjgr € L™ (') and exp € L™ ('), by the inner elliptic estimates in ([7], Theorem
9.11), we have 2 € W2 (Q')NW,** () forany ¢ € [1,00) and so 2 € C' (') . By the maximum
principle (as stated e.g., in [7, Theorem 9.1]) we have z (z) > 0 for any « € €, and by the Hopf’s
boundary lemma (as stated e.g., in [17, Theorem 1.1]), we have also % < 0 on 09 and from
these two facts it follows that z belongs to the interior of the positive cone of C* (V) , and so
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there exists a constant ¢ > 0 (which may depend on ') such that z > c¢dgq in €. Therefore,
since dgy > dg, in {15, we have z > cdq; in Q5. Now,
Lo(u—2)+bu—2)=h—exrg>0in D' (),
u—z>0ono,
with the inequality on 0§’ understood in the sense of the trace. Thus, by the maximum princi-
ple (as stated, e.g., in [7, Theorem 9.1]), © > zin Q' and then u > cdg; a.e. in 5. Thus ii7) holds

for ¢ positive and small enough, and so 7ii) holds also for any ¢ > 0 such that 25 # @ (because
if 0 < 01 < 02 and Qs, # @ then dg, < dg, in Qs,). O

Remark 2.4. Let b : Q — R be a nonnegative function such that d3b € L> (), and let (Lo + b)~":
L2 (Q) — H} (Q) be the solution operator of problem (2.13), i.e., the operator defined by (Lo + b) ™" h =
u, where u is the weak solution of (2.13). Then (Lo +b)"" : L2 (Q) — H} () is continuous and

(Lo+b)~" : L2(Q) — L2 (Q) is a compact operator. Indeed, for h € L? () and u = (Lo +b) "' h,
we have

el < [ AV + [ 00 = [ b <ol fellgyo
where c is the ellipticity constant of A and cp is the constant of the Poincaré’s inequality, and so, if
u # 0, then ||u||H3(Q) < ¢ Yep ||hl|, . Since clearly this inequality holds also when u = 0, it follows
that (Lo +b)~" : L2(Q) — HE (Q) is continuous. Then, since HL () has compact inclusion in
L2 (Q) , we conclude that (Lo +b) ™" : L2 (Q) — L2 (Q) is a compact operator.

3. A ONE PARAMETER EIGENVALUE PROBLEM WITH SINGULAR POTENTIAL

From now on, b and m will denote, respectively, a nonnegative function b : & — R such that
dib € L™ (Q), and a nonidentically zero function m € L> (2), which (except if otherwise is
explicitly stated) may change sign.
Definition 3.2. For A € R, let

" Jo (AVw, V) + [, (b — Am) w?

in .
weH} (2)\{0} Jo w?

(3.14) i (V) =
Notice that, by the Hardy’s inequality,

2
w 2 2
(3.15) os/ﬁbw%/ﬂdéb? < Jld&l| o vl @) < ellwliay @)
Q

for any w € Hj (2) , where ¢ is a positive constant independent of w. Also,
Jo (AVw, Vw) + [, (b— Am) w?
Jow?
N Jo (AVw, V) + [, bw?
a Jow?

and then p,,,  (A) is well defined and finite for any A € R.

Proposition 3.1. For any A € R, we have:
i) If p € R and if u is a weak solution of the problem
{ —div (AVu) + bu = dmu + pu in Q,

(3.16) u = 0on o
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then u € C* (Q) and iy () < p.
it) The infimum in (3.14) is achieved at some nonnegative and nonidentically zero u € H} (Q2).

Proof. To prove i), it is enough to see that: if u is a weak solution of (3.16), and if €’ is an
arbitrary regular domain such that ' cC Q, then u € C' (€’). We consider first the case
n = 2. For Q' as above, let Uj be a regular domain such that @ >> Uy D> . Since n = 2,
we have u € H} () € L4(Q) for any q € [1,00), and so u € LI (Up), Amu + pu € L7 (Uyp)
for some ¢ > 2. Also, b € L™ (Up). Then, taking into account (3.16), and the inner elliptic
estimates in ([7], Theorem 9.11), we get u € W27 (Q’) C C'(Q'). Suppose now n > 2, and
let {5} ooy and {U;} ey oy Pe two sequences of regular domains such that £ = € and
Q; DD U; DD Q41 DD ¥ forall j € NU {0} . For j € NU {0}, let ¢; be inductively defined by
qo = 2,and by ¢; 41 = ¢} (with ¢} := o0 if ¢; > n). Let jo = max {j € NU{0} : ¢} < oo} . Thus
¢j, < nand gj, > n. Let us show, inductively, that

(3.17) u € W% (Qj41) for j =0,1,..., jo.

Since u € L?(Q), we have u € L% (Uy), Amu + pu € L? (Up). Also, b € L* (Up) and thus,
by (3.16) and ([7], Theorem 9.11), u € W22 (Q;) = W?2% (Qy). Then (3.17) holds for j = 0.
Suppose now that (3.17) holds for some j € {0,1,...,jo — 1} . Thenu € L% (Uj41), Amu+ pu €
L% (Uj41), and also b € L (Uj41), and so, again now from (3.16) and ([7], Theorem 9.11),
u € W29 (Qjua) = W9+ (Qj,9) , which completes the inductive proof of (3.17). Then u €
W20 (9j,41) and so, by using again now the above argument, u € W*%o (Q;,12) . If g, >n
then W2%o (Qjy+2) C C' (Qj,42) € C* () and we are done. If ¢}, = n then W2 %o (Qjo42) C
L" (Qj,+2) forany r € [1,00) . We take r > n to obtain, proceeding as above, u € W2" (Q,13) C
C! (Qj,+3) C C' (). Thus the first assertion of ) holds.
On the other hand, from (3.16),

/Q(<AVU,VU>+(b7>\m)u2) :u/qﬁ

Q

and so pu = (g, u2)_1 Jo ((AVu, Vu) + (b — Am) u?) > i (A), the last inequality by (3.14),
which completes the proof of ). To prove i) consider a minimizing sequence {w; } ;.\ for (3.14).
After normalizing it, and by replacing, if necessary, w; by |w;| we can assume that w; > 0 and
|wjl|, = 1 for each j. From (3.14), we have

(3.18) tmp (A) = lim (/ (AVw;, Vw;) +/ (b — Am) w?)
3.19) > liminf [ (AVw;, Vw;) — |A| |m]|
j—oo Jo

and so, after pass to a further subsequence if necessary, we can assume that {w; } ;. is bounded
in H; () . Thus there exist u € H (2) and a subsequence, still denoted by {w;}, y , such that
{Vw;},cy converges weakly in L? (Q,R"™) to Vu and {w, }jen converges strongly in L?(Q) to
u. Thus ||u|, = 1. After pass to a further subsequence if necessary, we can assume also that
{w;},cn converges to u a.e.in 2 and so, since each w; is nonnegative, we have u > 0. Let k € R
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such that b — Am + k > 0. From the equality in (3.18) and since ||w; ||, = 1, we have

tmp (A) + k= lim </ (AVw;, Vw;) +/
Q

Jj—00 Q

(b— Am+k)wl2>

> lim inf/ (AVw;, Vw;) + lim inf/ (b—Am + k) w}
Q j—00

J—00 Q

Z/Q(AVU,VW—F/Q(IJ—/\m—&-k)zf

:/ <Avu,vu>+/ (b—Am)u® +k,
Q Q

where in the last inequality it was used the Fatou’s Lemma and the fact that ||(AVu, Vu)||, <
liminf;_, o [(AVw;, Vw;)|l, . Then ppp (A) > [ (AVu, Vu) 4+ [, (b —Am)u?. On the other
hand, from the definition of /i, 5 (A) , we get the opposite inequality. Then /i, (A) = [, (AVu, Vu)+
Jo (b= Am)u? and so i) holds. O

Proposition 3.2. For any A € R, we have:

i) If uis a minimizer of (3.14), then w is a weak solution of the problem

—div (AVu) + bu = dmu + pimp (A win Q,
(3:20) { u = 0on ON.

ii) For p € R, if wis a nonidentically zero weak solution of the problem

{ —div (AVu) + bu = dmu + pu in Q,

(3.21) u = 0on 0N

such that w > 0in Q, then p = p, p (X) and w is a minimizer of (3.14).
Proof. To prove i), consider a minimizer w of (3.14). Thus
B Jo ((AVw, Vw) + (b— Am) w2)

Jow?

Let ) € H} (Q2) . Then there exists g > 0 such that w + ¢ty € H{ (Q) \ {0} for any ¢ € (—eo, o) -
Then, for such a ¢,

(3.22) fim,b (A)

(3.23) ) < Ja ((AV (w+ 1),V (w+tp)) + (b — Am) (w + tz/))Q)
| e Joo (w +1)? '

From (3.23), a computation using gives that, for ¢ € (0, <o),

s ) ([ wo 5 [ 02)

t t
< / (<AVw, Vi) + 3 (AVY, Vi) + (b — Am) (ww + 2w2>) ,
Q
and so, by taking lim;_,o+ we get fim b (A) [, w < [, (AVw, Vip) + (b — Am) wip) . By replac-
ing ¢ by —1, the reversed inequality is obtained, and thus ) holds.
To prove ii), suppose that u € H} () is a nonidentically zero weak solution of (3.16) such

thatw > 0in Q. Let w € C° (2) and let ¢ > 0. Then % € H} (). We take % as a test
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function in (3.16) to obtain

a2
/ AV, (u+e) 2wVw2 w*Vu +/ pw? Y
Q (u+e) o ute

:A/mwa u +/w2ﬂ7
o) u—+e Q u-—+e

that is
2
/<AVU, 2wVw>/ AVU,LVUQ +/bw2 u
Q u+e Q (u+e) Q u+e
:>\ mw2 u +\/w2ﬂ’
Q u—+e Qo u-+e
ie.,
/2<AwV1n(u+5),Vw>f/ <AwV1n(u+5),wV1n(u+5)>+/bw2 4
Q Q o ute
:)\/mw2 “ +/w27/¢u
QO u—+e Q U/+E’
that is
—/<A(wV1n(u—|—6)—Vw),len(u+5)—Vw)—|—/(AVw,Vw>+ buw? —~
Q o o ute
= /mw2L+u/w2 Y ,
Q u+e o u-+e
and so

(3.24) /wzﬂ g/ (AVw, Vw) +/ buw? — —)\/ mw? ——.

o u-te Q Q u—+e Q u—+e
From (3.24), by taking lim. o+ and using the Lebesgue’s dominated convergence theorem, we
get

(3.25) u/ w? < / (AVw,Vw)—i—/ bwz—/\/ mw?.
Q Q Q Q

Since this holds for any w € C2° (), and taking into account Lemma 2.1, a density argument
gives that (3.25) holds also for any w € Hj (Q) . Therefore,
- Jo (AVw, V) + [ bw? = X [, mw?
"= Jow?
forany w € H} (92)\ {0} . On the other hand, by taking w = w as a test function in (3.14), we get

1= (fou?) [ ((AVu, Vu) + bu? — Amu?) . Thus, from this fact and (3.26), y = fim5 (A) . Then
i) holds. 0

(3.26)

Proposition 3.3. For any A € R, we have:

i) If wis a nonidentically zero weak solution of problem (3.20), then either u > 0in Q or u < 0 in
Q.
ii) The space of the weak solutions v of (3.20) is one dimensional.



Principal eigenvalue problems with singular potential and bounded weight 117

Proof. To prove i) we follow, partly, [15] (see also [5, Theorem 1.13]). We proceed by the way of
contradiction. Suppose that u € Hg () \ {0} is a weak solution of (3.20), and that u™ # 0 and
u~ # 0. Let

a ::/ ((AVu, Vu) + (b — Am)u?), B = / u?,
Q Q
2 2
o ::/Q <<AVu+7Vu+> + (b—Am) (u+) ) , By = /Q (u+) ,
Qo ::/Q <<AVu_,Vu_> + (b—Am) (u_)z) , By = /Q (u_)Q.

Thus a = a1 + as and 8 = (81 + (2. Now,

o1 + Qo
m A) = ;
fm.b (A) 5 B,

and so, since u™ and v~ belong to H} () \ {0},

aptax o

B+ B2 _E

ap+ oy Qg

B1+ B2 _57

and

that is

(3.27) a1B1 + azfr < Brag + Baay,

a1f2 + azfe < fraz + faraz,
ie., % > % and % < % Then% = % and so %iigg = % = % Thus pm.p (A) = % = %
Therefore ut and u~ are nonnegative minimizers of (3.14) and then, by Proposition 3.1 i), they
are nonnegative and nonidentically zero weak solutions of (3.20) and so, for ¢ € R such that
b—Am+q > 0and g (A) + ¢ > 0 we have, in weak sense,

{ —div (AVu®) + (b= 2dm+ q)ut = (ttmp (A) + @) ut in Q,

3.28
(328) u™ = 0 on 9.

Thus, from Lemma 2.2 (used with b replaced by b—Am-+q and with h replaced by (pm b (A) + ¢) u),
we get that, for any 6 > 0 such that 25 # @, there exists a positive constant ¢ such that
ut > cdg, in Q. In particular, vt > 0 in 2, and so u~ = 0 in 2, which contradicts our as-
sumptions. Then 7) holds.

To prove ii), suppose that v and w are two linearly independent solutions of (3.20) and
let zp € €. Taking into account i) and Proposition 3.1, we can assume (by replacing, if
necessary, v and/or w by —v and/or —w respectively) that v (z¢) > 0 and w (z9) > 0. Let

to = (v (:co))_1 w (xp) and let z := tyv — w. Then ¢, > 0 and z is a solution of (3.20) such
that z (z9) = 0. Thus, by %), z is identically zero on 2, which contradicts the assumed linear
independence of v and w. O

Proposition 3.4. Let b : Q — R be a nonnegative function such that d4b € L> (Q), let m € L> ()
be a nonidentically zero function, and, for A\ € R, let i, ,, (N) be defined by (3.14). Then:

i) The map A\ — b (N) is concave and fiy, p (0) > 0.
ii) Ifm™* % 0 then limy_s o0 fim,p (A) = —o0; and there exists a unique X > 0 such that fi, p (\) =
0. If, in addition, m > 0 in Q, then fiy, 5 (A) > 0 for any X < 0.
iif) If m™ # 0 then limy_,_o b (A) = —oo; and there exists a unique A < 0 such that
b (X) = 0. If, in addition, m < 0 in Q, then fiy, , (X) > 0 for any X > 0.
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Proof. The first assertion of i) follows from the facts that p,, , (A) is finite for any A € R, and that
A= (fo w2)71 (Jo (AVw, Vw) + [, (b — Am) w?) is an affine function for any w € Hg (2)\ {0}.
Observe also that, from Proposition 3.1 ii), Proposition 3.2 ¢) and Proposition 3.3 7), all of them
used with A = 0, the problem
—div (AVu) + bu = iy, (0) win €,
(3.29) u = 0on 0,
u > 0in

has a weak solution . By taking u as a test function in (3.29), we get

/Q<AVU,VU>+/Qbu2:um (0)/Qu2

which gives p,, (0) > 0. Thus ) holds.

To see ii), suppose m™ # 0 and let wy € Hg () \ {0} such that [, mw3 > 0. By nor-
malizing wy, if necessary, we can assume that fQ mwg = 1. Then, for any A\ € R, i, (A) <
Jo (AVw, Vwe) + [, bwi — A [, mw§. From this fact, and since fi,,, is concave and i, (0) > 0, it
follows that lim o fhm. b (A) = —00; and that there exists a unique A > 0 such that i, 5, (A) = 0.
On the other hand, if m > 0in Q and A < 0, and if w is a positive solution of the problem

—div (AVu) + bu = Amau + fimp (A) win Q,
u = 0 on 01,
u > 0in €,

then, by taking u as a test function, we get

/Q(<AVU,VU)+bu2) :)\/QmuQ—&-um,b ()\)/Qu2

and so [, u? > 0, which implies fi,, 5 (A) > 0. Thus ii) holds.
Finally, ii7) follows from i7) by using that, by (3.14), tim,p (A) = pi—m (=) . O

4. PRINCIPAL EIGENVALUES PROBLEMS WITH SINGULAR POTENTIAL AND BOUNDED WEIGHT

Definition 4.3. Let b : Q — R be a nonnegative function such that d3b € L* () and let m €
L> () \ {0}. We say that X € R is a principal eigenvalue of the operator Ly + b on Q, with weight
function m and homogeneous Dirichlet boundary condition, if the problem

{ —div (AV¢) + bp = Ame in Q,

(4-30) ¢ =00n0Q

has a weak solution ¢ € Hy (Q) such that ¢ > 0 a.e. in Q and ¢ # 0 in Q. In such a case, any
nonidentically zero solution of (4.30) will be called a principal eigenfunction associated to the principal
eigenvalue \.

Theorem 4.1. Let b: Q — R be a nonnegative function such that d3b € L> (Q) and let m € L> (Q2)
be such that m # 0. Then:
i) X € Ris a principal eigenvalue for problem (4.30) if, and only if, i, (A) = 0.
ii) If m™ # 0 (respectively if m~ # 0) there exists a unique positive (resp. a unique negative)
principal eigenvalue for problem (4.30), which will be denoted by Ay (m, b) (resp. by A_1 (m)).
iit) If m > 0 (respectively if m < 0), then Ay (m,b) (resp. A_1 (m)) is the unique principal
eigenvalue for problem (4.30).
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iv) If A € R is a principal eigenvalue for problem (4.30), and if w is an associated eigengunction,
then uw € H} () N C (Q) . Moreover, if u € H} () nonidentically zero then either u > 0 in
Qoru < 0in .

v) The space of solutions of (4.30) is one dimensional.

Proof. The proposition follows directly from Propositions 3.1, 3.2, 3.3, and 3.4. O

The following form of the maximum principle for problems with singular potential and weight
function holds:

Theorem 4.2. Let b : Q@ — R be a nonnegative function such that d3b € L> (Q) and let m € L> ()
be a nonidentically zero function. For A € R, let i, (\) be defined by (3.14) and let h : Q@ — R be

such that h € (H§ (). Then:
i) If b (X) > 0, the problem

{ —div (AVu) 4 bu = Amu + h in €,

(4.31) u = 0on o0

has a unique weak solution.
ii) If pimp (A) > 0and 0 # h > 0, then the solution w of (4.31) is positive a.e in .
iii) If0 # h > 0 and if (4.31) has a nonnegative solution, then iy, , (A) > 0.
iv) If0 £ h > 0and i, p (A) = 0, then (4.31) has no weak solutions.

Proof. To prove i), suppose ftm, (A) > 0 and let k& € [0,00) be such that b — Am + k > 0. Let
T: L2 (Q) — L2 (Q) be defined by T := (Lo + b — Am + k)" . Thus T is a continuous, compact,
linear and it is self-adjoint operator on L? () . Notice that p is an eigenvalue of 7T if and only
if p = ﬁ with p an eigenvalue of £y + b + k — Am with (homogeneous Dirichlet boundary
condition). By Proposition 3.1 ), we have u > fiy b4k (A) = pmp () +k > 0, and so p < %
Thus, by the Fredholm alternative theorem, +1 — T : L*(Q) — L*(Q) is bijective, and so the

problem ;u — Tu = +Th has a unique weak solution u € H} (2), that is, the problem

%(£0+b—/\m+k)u—u:%hin9,
u = 0on 00

has a unique weak solution u. Then ¢) holds.
To see ii) observe that if ., (A) > 0 and if u € H} () is a weak solution of
—div (AVu) + (b— dm)u = hin Q,
u =0 on 0N

then, by taking —u~ as a test function,
Hm,b ()\)/ (U7)2 < / (<AVU7,Vu7> + (b—AIm) (u7)2> =— [ hu” <0
Q Q Q

and so u~ = 0. Thus u > 0. In addition, since —div (AVu) + (b—AIm +k)u = h + ku and
0 # h+ ku > 0, Lemma 2.2 gives u > 0 in Q. Thus i) holds.

To see iii) suppose that 0 # h > 0 and that u is a nonnegative solution of (4.31). Take k& as in
the proof of i), to get

—div(AVu) + (b—Adm+k)u=h+ kuinQ,
u = 0 on 90
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Then, by Lemma 2.2 i), u > 0 a.e. in Q. Now we can repeat, line by line, the first part of the
proof of Lemma 3.2 ii), replacing there, in each appearance, jiu by h, to obtain, instead of (3.24),
that for any w € C2° () and € > 0,

/w2 h /(AVU} Vw) + /bw2 ¢ f)\/mwQ 4
Q u-+e Q u+e Q u+e

and so, by taking lim inf, o+

(4.32) 0§/<AVw,Vw)+liminf (/ bw? —~ —)\/mwQ u )
Q e—=0t Q u—+e Q u—+e

Notice that u > 0 a.e. in Q, lim._,+ bw?® ;7 = bw? a.e. in Q, and lim._,o+ mw? 1 = mw? a.e.

in . Also, bw? # < bw? and mw ﬁrs < muw?. Observe also that, by Lemma 2.1 and that,
from our assumption on b, bw? € L' (Q2). Also, clearly mw? € L' (Q). Thus, from (4.32) and
the Lebesgue’s dominated convergence theorem,

0§/(AVw,Vw>+/bw2—)\/mw2
Q Q Q

Jo ((AVw, V) + bw? — Amw?)
Jow?
and thus, since w — [, bw? and w — [, mw? are continuous on Hj (2) , the same inequality
holds for any w € H} (22) \ {0}. Thus iy, (A) > 0. If f1,,,5 () = 0, then there exists ¢ € H{ (Q2)
such that

and so

>0

—div (AV¢) + b = Am¢ in Q,
(4.33) ¢ = 0 on 09,
¢ >0in Q.
Then , [, ((AV®, Vu) + bou) = A [, mpu and also [, ((AVu, Vo) + bug) = A [, mou + [, hqb
Then fQ h¢ = 0, which is impossible.
Remark 4.5. From Proposition 3.4, it follows immediately that:
D) Ifm>0inQ, then{\€R: pymp (A) >0} = (—00,A1 (m, b)) .
i) Ifm <0inQ, then {A\ € R: pyp (A) >0} =(A_1(m),0).
iti) m* £ 0and m~ £ 0, then {\ € R : pp (A) >0} = (A1 (m), A\ (m,b)).

Theorem 4.3. If m™* # 0, then

(4.34) A1 (m, b) = inf fQ ((AVw, Vw2> + bw2)
{wEH&(Q):fQ mw2>0} fQ muw

ot, equivalently,

(4.35) A1 (m,b) = inf ((AVw, Vw) + bw?),
weW,m, Q

where W, := {w € H} (Q) : [mw® =1}.
Proof. For A > 0, from (3.14), we have i, 5 (A) = 0 if and only if
nf Jo (AVw, Vw) + (b — Am) w?
{weH} (@): mu?>0} J rw?

i.e., if and only if (4.34) holds. ]

),
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Remark 4.6. From proposition 4.3, it is clear that the following three facts follow:
i) Let b; : Q — R, i = 1,2, be nonnegative functions such that dab; € L> (), i = 1,2 and let
m € L> (Q) \ {0} be such that m™ 2 0. If by < by in Q, then Ay (m,b1) < Ay (m, ba).
ii) Letb: Q — R, i = 1,2, be a nonnegative function such that d4b € L*> (), and let m; : Q@ —
R, i = 1,2, be functions in L> () such that mf Z 0. Ifmy < mgin ), then Ay (my,b) >
)\1 (’I”I”LQ7 b) .
iii) Let 1, Qo be bounded domains in R™ such that Oy C Qq, let m € L () be such that
m* # 0in Qy and let b : Qy — R be a nonnegative function such that dg, b € L™ () . Let
A1 (m,b,Q), @ = 1,2, be the positive principal eigenvalue of the operator Ly + b on §; with
weight function m. Then {w € Hy () : Jo, mw? = 1} C {w € Hy (Q) @ [, mw? = 1}
and so A1 (m7 b, Qg) <X\ (m, b, Q ) .
For § > 0, we set Ay := {x € Q : dist (z,00) < d}.
Remark 4.7. Let b : Q — R be a nonnegative function such that dab € L™ (), and let § > 0 be such
that Qs # @. If v € H* (Q) N C (Q) and Lov + bv > 0in D' (As), v > 0 0on OAs then v > 0 in
Ajs. Indeed, we have v~ € H' (A5) N C (Q) and v= = 0 0n A5, and so v~ € Hj (As) . Let {9}y
be a sequence in CZ° (As) such that {¢;} .\ converges to v~ in H{ (As) . By replacing {p; Fien by

{ /% + L - %} - if necessary, we can assume that each y; is nonnegative. Then
je

/ <<AVU7, Vo ) +b (v7)2) = lim ((AVo™, Vi) + v~ g;))

5 J]—00 As
=—lim | ((AVu,Vg;) +bvp;) <0
j—o Jo

and sov~ = 0on As.

In the case when 0 < b € L™ (Q2) (and m such that m € L>® () and m™ # 0), it is well
known that any positive eigenfunction u associated to A; (b, m) satisfies u ~ dq in 2 (because
u € C (Q) and 2% < 0 on 9, see e.g., [5], Proposition 1.6 and the Remark immediately before
it). Let us mention that, if we require only that b > 0 and d3b € L™ (Q2), the assertion that
u = dg in 2 may not hold, as the following example shows:

Example 4.1. Let v1 > 1 and let o1 be a principal eigenfunction for the problem without weight
—Ap1 = M1 in Q, o1 = 00n 09, g1 > 0in Q. A computation shows that —A (¢]) = yA\1p] —
Yy =1 @] 2 Vel ie, —A(]) + bp] = yhig] in Q, where b= (y—1) ¢ |Vei|?, and,
since 1 = dq in Qand |V, € L™ (Q), we have b > 0 and djb € L> (). It is easy to see that
©] € H} () and that o] satisfies, in weak sense, —A (¢]) + bp] = v 1] in Q, ] = 0o0n O, and
so @] is a principal eigenfunction corresponding to the potential b and the weight m = 1, and clearly
gOiy "75 dg in .
In order to prove the next theorem, we need the following elementary lemma:

Lemma 4.3. For § > 0 such that Qs # &, we have

(4.36) {r € Q:dist(x,00) =3} CQs.

2

Proof. If x € Q and dist (x, 0Q2) = 0, then dist (z, 893) =L foranyz € 99 , and so there exists
p. € Q such that |z — p,| = g. Now,
J

N O

1
\x—z|=\x—pz—(z—pz)\Z\x—pz|—|z—pz|:|x—pz|—§25—
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then, since z € 92 5 was arbitrary, we conclude that dist (x, o0 g ) > %. Thus (4.36) holds. O

Theorem 4.4. Let b : Q — R be a nonnegative function such that dab € L™ (Q), let m € L™ (Q)
such that m % 0in Q, and let X € R. If u € H{ (Q) is a weak solution of the problem

—div (AVu) + bu = dmu in Q,
(4.37) u = 0on 09,
u>0in§,

then:
i) There exists a positive constant ¢y such that u < cidq in ).
i) ue C(Q).
iit) If, in addition, dgb € L> () for some 3 < 2, then for any v > 1 there exists a positive
constant ¢y such that w > cody, in Q.

Proof. Since Am = —\ (—m) it is enough to consider the case when A > 0. Notice that, for & > 0,
the equation Lou + bu = Amu can be written as Lou + (b + A\k) u = A (m + k) v and that b + Ak
satisfies the condition on b assumed in the statements of the lemma. Therefore, by taking &
positive and large enough, we can assume that m > 1.

We first prove ¢) and ii). For § > 0 such that Q5 # @ let b5 := bxq,. Then 0 < bs € L* (Q)
and, in weak sense, Lou + bsu < Lou + bu = Amu in Q. Thus

(4.38) 0<u<(Lo+bs) " (Amu) in Q.

If 2 = oo (ie., if n = 1,2) then (Lo +bs) " (Amu) € L7 (Q) for any r € [1,00) (because
Amu € L? (Q)) and thus, by (4.38), u € L" (Q2) for any r € [1,00) . In particular, Amu € L" ()
for some r > n which implies (Lo + bs)~' (Amu) € C* (). Then, by (4.38), u is continuous
at 99 and, since by Proposition 3.1 i), u € C () we conclude that u € C (Q). Also, since
(Lo +b5) " (Amu) € C* (Q) and (Lo + bs) ™" (Amu) = 0 on 99, there exists a positive constant
¢ such that (Lo + b(s)_1 (Amu) < edg in 2, and then, by (4.38), u < cdg in .

In the case when 2* < oo, since u € H} (Q) we have u € L? (). Thus Amu € L? (Q) and
then (Lo + bs)~" (Amu) € L2 (Q) (when 2** < c0) and thus, from (4.38), u € L*”" (Q2) and so
Mmu € L2 (). By iterating this procedure, we get that Amu € L (Q) for some r > n. Then
(Lo +b5)"" (Amu) € O (Q) and thus, as above, we get that u € C () and that there exists a
positive constant ¢ such that u < cdg in Q. Thus ¢) and 4¢) hold.

To prove iii), assume that dgb € L™ () for some 3 < 2. Notice that if v > r then (since Q is
bounded) there exists a constant ¢, ; such that d}, < ¢, dg, in Q. Therefore it is enough to prove
i7i) when 1 < 7 < 2. Consider the solution ¢ € NM;<y<0 W29 (Q) N W, (Q) of the problem

Eo(ﬁ =lin Q,
{ 1 =0 on 01.

The regularity of 1) and the Hopf’s boundary lemma give that there exist § > 0 and a constant
c3 > 0 such that

(4.39) (AVY, Vip) > c§ in As.

From this fact, the strong maximum principle and the fact that ¢ € C*' (©2) , it follows that, for
some positive constants ¢4 and cs,

(4.40) cado < P < esdg in €.
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Let ¢ € (0,00) be such that d3b < ¢ in . A computation shows that
Lo (W7) + b7 =771 =5 (y = 1) (AVY, Vi) + b7 in ©,
and so, for § as above,
Lo(47) + by <73y = (y = 1) T dy T + oy
= dy? (—7 (v —1) el %2 + v tda + CGnggﬁH)
and thus, by diminishing ¢ if necessary,
Lo (7)) +byY” < 0in As.
Then, for any € > 0,
{Lo(u—e?)+b(u—e?)>0in D' (As).

Let us show that, for ¢ small enough, u — 9™ > 0 on 0A;. Indeed, clearly v — e = 0 on 0f2.
Also, by Lemma 2.2 i3i), there exists a positive constant c¢7 such that

(4.41) U > C7ng in Q%

Thus, since u € C (€2) we have

(4.42) u > 073 in Qig

Then, by (4.42), (4.36) and (4.40), for € small enough (perhaps depending on ) we have

] )
u—e? > Cog — ecidf, > o5~ ecld”

=5 (2 —ectg!) > 0i Q: dist (z,00) =

=0(5 —ecs >0in {z € Q: dist (x,00) = §}.
Then, by Remark 4.7,

u—ey? > 0in As.

On the other hand, since ¢y < M := csdiam () in Q, by diminishing ¢ if necessary we have
u—ep? > cgd —eM? > 0in Qs and sou —e¢)” > 0in Q5). Then u — €0 > 0 in Q and the
Proposition follows from (4.40). |

Let us to introduce some convenient notation. We set
B:={b:Q—R:djbe L™ (Q)}

and for b € B, we set ||b]| 5 := Hd%b“oo and BT := {be€ B:b>0}. Thus (B, ) is a Banach
space and B™ is its positive cone. We set also P := {m € L*> (Q) : m™ # 0} .

For m € P and b € Bt, we will write \; (m,b) for the (unique) positive principal eigen-
value of problem (4.33), and we will denote by ¢,, ; the (unique) associated positive principal
eigenfunction, normalized by || ¢y ||, = 1.

Lemma4.4. Let (m,b) € PxB* and let {(m;, bj)},en be asequencein PxB* such that {(m;, bj)}jen
converges to (m, b) in P x B (with P endowed with the topology of the norm of L>° (Q) and B* endowed
with the topology of the norm ||.|| z). Then:

1) {1 (my, b5)} e is bounded.

ii) {bm,; ., }jeN is bounded in H} (£2) .
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Proof. To see i), consider an arbitrarily chosen function z € H{ () N L> (Q2) such that z > 0
a.e.in Q. Since {b; },_ converges to b in B, there exists a positive constant c such that b; < cdy, 2

a.e.in Q for any j € N and, by Lemma 2.1, fQ d5222 < 0o. Then, for j € N,
(4.43) bzt <’
Q

with ¢ a positive constant independent of j. Also, taking into account that {m;},_y con-
verges to m in L (Q2) and that z? € L' (Q), the Lebesgue’s dominated convergence gives

lim; o0 [, mjz* = [, mz? > 0. Then there exists a positive constant ¢’ such that, for any
Jjen,
(4.44) / m;z* > "

Q

then i) follows from (4.43), (4.44) and from the fact that

I [|VZ|2 + bj,z?}

fQ m;z?

/\1 (mj, bj S

To prove ii), observe that

/‘V(bmj,b’ = A1 (my, b, /mj¢m b, /ijféfnj,bj <M (mjvbj)/gmjdﬁilj,bj’

and so, since {m;},\ is bounded in L* (12) , ii) follows from ). O

Theorem 4.5. i) The map (m,b) — A1 (m, b) is continuous from P x By into R.
ii) The map (m,b) — ¢u,.p is continuous from P x By into HE ().

Proof. To prove the lemma, it is enough to see that if (m,b) € P x By and if {(m;,b;)},cy
is a sequence in P x Bi which converges to (m,b) in P x B, then there exists a subsequence

{0 b5) b epy stch that iy o Ay (mg,, b3,) = At (m,b) and limy o |6, b, = G

H(Q
0. To do it, consider a pair (m,b) € P x By and a sequence {(m;,b;)},.y C P x By such Ech)a’c
lim;_, o (my,; ) = (m, b) with convergence in P x . From Lemma 4.4 z) and 1), after pass to a
subsequence if necessary (still denoted by {(m;, b )}JGN, we can assume that {A; (m;,b;)};
converges to some p € [0, 00) , and that there exists ¢ € H{} (€2) such that { ¢y, s, }j oy converges
to ¢ strongly in L? () and a.e. in Q, and {V ¢, », }jeN converges weakly to V¢ in L? (Q,R™) .
In particular, this implies |4, = 1, and then ¢ is nonnegative (because each ¢,,, ., is positive)
and nonidentically zero in ).

Let us show that {¢y,, 5, }j oy converges to ¢ strongly in Hg (). For j,k € N we have, in

weak sense,

445) Lo (dmy 5, — Do) = — (b0, 6, — bkbmy )
+ M (mj’ b]) mj¢mj,bj -\ (mk, bk) mk¢mk7bk in Q’
¢mj7bj - d)mk.,bk = 0on 012,

and so, by taking ¢, 5, — dm, b, as a test function in (4.45), we get

/Q (AV (dm; 0, — P bn) > (P by — Gmeson) ) = Lisk + 1L 1,
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where

Ik = _/Q (bj¢mj,bj - bk(bmk,bk) ((bmj,bj - ¢mk,bk) )

IIj,k: = / ()\1 (m]‘, b_]) mj¢mj,bj - )\1 (mk, bk) mkdjnzk,bk) (d)?nj,bj - (bmk,bk) .
Q

Now, b; = f;dg,? in Q, with 8; € L> () such that, for some positive constant ¢ and for all
JjeEN, ||5J|| < c¢. Thus

446) L= /Q (b — b) Suns s (D ) — s — /Q b (s 0, — D)’

S / (bmj,bj |bj - bk‘ |¢m]',b]' - ¢mk,bk‘
/ sy g2 1y | Sty = ma
do

_ ¢mj, b; ‘Qsmj U ¢mk ug
B / do il '

Then, by the Hardy’s inequality,

Prm; b,
L < cllf = Bl s
2 2

< B = Brll H‘bmj’bj - ¢mk’kaH§(Q) H‘bmj,bj HH(}(Q)

d)Mj,bj - (bmk,bk
do

< e (5, k) || 6m, b, (bmkvkaHé(Q)’
where € (j, k) := ||3; — Bk||, and where ¢, ¢ and ¢” are positive constants independent of j and
k. Therefore
(447) I] k < C E ]7 ||¢m] ] d)mkvkaH&(Q) .
On the other hand,
(4.48) 11 < / | (A1 ( m]ab ) = A1 (mu, b)) m]¢m], by (¢7nj,bj - ¢mk,bk)|
/ | A1 (M, bi) (mj — mp) b, b, (Gmy by — )|

n /Q A (M o) e (Dm0 — Do) (D s — Do)
<84, k) || dm; .0, ¢mkabk||H5(Q)’
where ¢ is a positive constant independent of j and & and
8 (j, k) = || (A1 (my, bs) = A1 (m, b)) Mg b, b, ||
A (mi i) (5 = 100 [+ A (b e (S, = S| -

Now, lim; 00 (A1 (M, b5) = A1 (my, b)) = 0, {m;}, isbounded in L () , and {du, s, }jeN
converges to ¢ in L? (Q) . Then

Jim (| (m,b5) = M (mas 1)) 13 Syl =
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Also, {\1 (my, b) } ey is bounded, lim;_, o m; = m with convergence in L™ (Q) ,and { ¢y, u, }
is bounded in L? () . Thus

jEN
j)llcigloo H)\1 (mp, br) (Mj — M) G, HQ =0,

and, since {\1 (my,, bx) },cy and {my } .y are bounded in R and L (Q2) respectively, and { ¢y, 5, }jeN

converges to ¢ in L? (Q) , we have

Hm || Ay (m, b) 1k (G, b, — Gmir) ||, = 0

J,k—o00
Thenlim; ;0 0 (4, k) = 0 and, since {b, }jGN converges to bin B, we have also thatlim; .. € (4, k) =
0. Now,
2

Hqﬁmjvbj — P by ||H3(Q)

= Ljk + 1k

< Cgjk H(bmj,bj — Omy. by HH(}(Q) + 0'6.7-,;@ "¢mj>bj = Omy by HH&(Q)
and so

i [ Gus.0; = G| 1y ) = 0

Thus {¢,,Lj7bj }j o converges in H} () to some <;~S Since ¢, p, converges a.e. in ) to ¢, we
conclude that 5 = ¢. Therefore,

(4.49) {&m,.b, } ;e converges to ¢ in H)(Q).

To complete the proof of the lemma, it only remains to see that u = Ay (m,b) and ¢ = ¢y, 5. For
v € H} (Q) and j € N, we have

(450) A (<Av¢’rnj 050 V(p> + bj¢mj7bj 80) = Al (m.77 b]) /;2 mj¢77Ljvbj L)

and, by (4.49), lim; o0 [, (Vm, ;- V@) = [ (V, V) . Also, bjdm, ;¢ converges to by a.e.
in Q and, by Lemma 4.4 ¢), we have

bjdp| < edgo |9

with ¢ a positive constant independent of j and, by Lemma 2.1, d;,>¢ |¢| € L* (Q2) . Thus, by the
Lebesgue’s dominated convergence theorem,

i [ im0 = [ bos.
Q

Jj—o0 Jo
Also, since lim;j oo A1 (M, b;) = p, lim; oo m; = m with convergence in L>° (), and lim; o0 ¢, b, =

¢ with convergence in H} (2), we have

lim A\ (mj,bj)/ M Pm; b, P = /,6/ moop.
Then, from (4.50),
/Q ((AV9, Vo) + bdp) = u/ﬂ mep

and so = A1 (m,b) and ¢ = @y p- a
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ABSTRACT. We consider real univariate polynomials with all roots real. Such a polynomial with ¢ sign changes and
p sign preservations in the sequence of its coefficients has c positive and p negative roots counted with multiplicity.
Suppose that all moduli of roots are distinct; we consider them as ordered on the positive half-axis. We ask the question:
If the positions of the sign changes are known, what can the positions of the moduli of negative roots be? We prove
several new results which show how far from trivial the answer to this question is.
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1. INTRODUCTION

In the present paper, we study a problem related to a generalization of Descartes’ rule of
signs formulated in [5]. About this rule see [1], [2], [3], [4], [7], [9], [10], [16] or [17]. For its
tropical analog see [6]. A related problem concerning polynomials in one variable is considered
in [15]. A degree d real polynomial Q) := Z?:o aja’ is hyperbolic if all its roots are real. Suppose
that all coefficients a; are non-zero. For such a polynomial, Descartes’ rule of signs implies that
it has c positive and p negative roots (counted with multiplicity, so ¢ + p = d), where c is the
number of sign changes and p the number of sign preservations in the sequence of coefficients
of Q. The signs of these coefficients define the sign pattern (sgn(aq), sgn(agq—1), - - ., sgn(ag)). We
deal mainly with monic polynomials in which case sign patterns begin with a +. In this case,
we can use instead of and equivalently to a sign pattern the corresponding change-preservation
pattern which is a d-vector and (by some abuse of notation) whose jth component equals c if
aq—jr1a4—; < 0 and p if ag—j+1a4—; > 0. One can consider also the moduli of the roots of
a hyperbolic polynomial defining a given sign pattern. We study the generic case when all
moduli are distinct. A natural question to ask is:

Question 1.1. When these moduli are ordered on the real positive half-axis, at which positions can the
moduli of the negative roots be?

Descartes’ rule of signs provides no hint for the answer to this question. In the present
paper, we recall known and we introduce new results in this direction which show how far
from trivial the situation is.

Notation 1.1. (1) Wedenote by 0 < a1 < --- < a the positive and by 0 < v < -+ < 7y, the
moduli of the negative roots of a hyperbolic polynomial. We explain the notation of the order of
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Beyond Descartes’ rule of signs 129

these moduli on the positive half-axis by an example. Suppose that d = 6, ¢ = 2, p = 4 and
ap <71 <72 <o <7Y3<7Y4-

Then for the order of moduli we write PNNPNN, i. e. the letters P and N denote the relative
positions of the moduli of the positive and negative roots.

(2) A sign pattern beginning with i, signs + followed by iy signs — followed by i3 signs + etc. is
denoted by ;, i i,...-

In what follows, we consider for each given degree d couples of the form (change-preservation
pattern, order of moduli) (called couples for short). Such a couple is compatible with Descartes’
rule of signs if the number of components ¢ (resp. p) of the change-preservation pattern is equal
to the number of components P (resp. N) of the order of moduli. A couple is called realizable
if there exists a polynomial defining the change-preservation pattern of the couple and whose
moduli of roots define the given order.

Remark 1.1. For fixed d and c, there are (‘Z) change-preservation patterns and (‘Z) orders of moduli

hence (Ccl)2 compatible couples. Thus for a given degree d, the total number of compatible couples is

w506

This is the coefficient of z® in the polynomial (z + 1)%(x + 1)? = (z + 1)2%. Using Stirling’s formula
n! ~ V2mn(n/e)", one concludes that x(d) ~ 22 /v/xd.

Example 1.1. (1) For d = 1, the only compatible couples are (¢, P) and (p, N). They are realiz-
able respectively by the polynomials x — 1 and x + 1.

(2) For d = 2, there are (3) = 6 compatible couples. Out of these, the couples (cp, PN) and

(pe, N P) are not realizable. Indeed, for a hyperbolic polynomial 2% —ux —v (resp. z2 +uxr—v),

u > 0, v > 0, one has the order of moduli NP (resp. PN). The remaining 4 couples are

realizable. To see this one can consider the family of polynomials x* + a1z + ag. In the plane

of the variables (a1, ag) the domain of hyperbolic polynomials is the one below the parabola

P : ag = a} /4. We list the realizable couples and the open domains in which they are realizable:

(ce, PP) {a1 <0,0<ag<a?/4}, (pp, NN) {a1 >0, 0<ag<a?/4},

(ecp, NP) {a1 <0, ap <0}, (pc, PN) {a1 >0, ap <0} .
We can make Question 1.1 more precise:
Question 1.2. For a given degree d, which compatible couples are realizable?

The above example answers this question for d = 1 and 2. For d = 3, 4 and 5, the exhaustive
answer is given in Section 3.

Remark 1.2. There exist two commuting involutions acting on the set of degree d polynomials with
non-vanishing coefficients. These are

im ¢ Q) = (=1)7Q(=x) and i, : Q(x) = 2?Q(1/2)/Q(0).

The role of the factors (—1)% and 1/Q(0) is to preserve the set of monic polynomials. When acting on a
couple, the involution i,, changes the components c to p, P to N and vice versa while the involution i,
reads the vectors of a given couple from the right. A given couple is realizable or not simultaneously with
all other couples from its orbit under the action of i, and i,.. An orbit consists of four or two couples.
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Notation 1.2. For a sign pattern o, we denote by k* (o) the number of orders of moduli with which o
is realizable. For an order of moduli ), we denote by 1, () the number of sign patterns realizable with
). For a given d, we denote by 7*(d) the ratio between the numbers of realizable and of all compatible
couples.

Example 1.2. (1) For the sign pattern X3 3 1 one has k* (X3 3.1) = 6. Indeed, consider the polyno-
mial

(x —1)(z+ D)*(x —b)
=20 4+ (3 = b)2® + (2 — 3b)x* + (—2b —2)2® + (20— 3)x* + (3b— ) +b.

For b > 0 sufficiently small, it defines the sign pattern L3 3 1. One can perturb its 4-fold root
at —1 to obtain polynomials with the same sign pattern and with exactly k moduli of negative
roots which are > 1 and 4 — k moduli which are < 1, where k = 0, 1, . . ., 4; these moduli are
close to 1. On the other hand, the only other realizable order with this sign pattern is

<o <ax <y <y3<7v, il.e. NPPNNN,

see [11, Theorems 3 and 4], which makes a total of 6 orders of moduli realizable with ¥3 5 ;.
(2) Form > 1, n > 1, one has k*(2,,,) = 2min(m,n) — 1, see [11, Theorem 1 and Corol-
lary 1].

Our first result is the following theorem:

Theorem 1.1. (1) For d > 1, the only orders realizable with all compatible change-preservation
patterns are PP ... P and NN ...N. The corresponding change-preservation patterns are
cc...candpp...p.

(2) Forany d > 1, there exist sign patterns realizable with all compatible orders. For d > 5, there
exist sign patterns with ¢ = 2 which are realizable with all (g) compatible orders.

(3) There exists no sign pattern o such that k*(o) = 2.

(4) The only sign patterns o with k* (o) = 3 are the ones of the form Xo 4_1, i (L2 a—1), im(X2,4-1)
and irim(22,d—1)~

(6) Forany ¢ € N*, there exist a degree d and an order ) such that 1. (Q) = L.

The theorem is proved in Section 4. In Section 2, we recall some notions and known re-
sults and we continue the formulation of the new ones. In particular, for each of the 6 classes
of non-realizable couples introduced in Section 2, we compare the number of couples which
it contains with the number of all compatible couples, see (1.1). In all 6 cases, the limit of
their ratio as d — oo is 0 (see part (2) of Remarks 2.3, part (2) of Remarks 2.4, Remark 2.5,
Remark 2.6, Remark 2.7 and part (4) of Theorem 2.3). On the other hand, when considering
the cases d = 3, 4 and 5 in Section 3, we arrive to the conclusion that it is plausible to have
limg_,o 7*(d) = 0 (see Notation 1.2). This however cannot be explained by the presence of
the 6 classes of non-realizable couples, so for the moment it is not evident what the exhaustive
answer to Question 1.2 should be.

We finish this section by a result of geometric nature. Consider the space of coefficients
Oag_1---ap = R The hyperbolicity domain is the set of values of (a4—1, ..., ap) for which the
corresponding monic polynomial ) is hyperbolic. The resultant R := Res(Q(z), (—1)¢Q(—x), z)
vanishes exactly when @ has two opposite roots or a root at 0. When the coefficients a; are real,
the polynomials Q(z) and Q(—z) have a root in common either when Q(0) = 0 or when @ has
two opposite real non-zero roots or when @ has a pair of purely imaginary roots.

Example 1.3. For d = 1, 2 and 3, one obtains R = —2ag, R = 4apa? and R = —8ag(aza; — ap)?,
respectively.
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We denote by [.] the integer part and we set

Q= 19/2 | gy oqld/2-1 4 gy yald/2-2 4.
Q2 = adilx[(d_l)/m + ad73.’1:[(d_1)/2]_1 + adisx[(d_l)/2]_2 + .- and

Rg := Res(Q'(z), @*(x), 7)) .

Theorem 1.2. (1) One has R = (—1)l4/21+12d=[(d+1)/21+14, B2,
(2) The quantity Ry is an irreducible polynomial in the variables a;.

The theorem is proved in Section 5. Properties of the set { Ry = 0} and its pictures for d < 4
can be found in [8].

2. CANONICAL SIGN PATTERNS, RIGID ORDERS OF MODULI AND FURTHER RESULTS

Definition 2.1. For a given change-preservation pattern, the corresponding canonical order is obtained
by reading the pattern from the right and by replacing each component c (resp. p) by P (resp. by N).
E. g., the canonical order corresponding to the pattern ccpcp is NPNPP. This definition allows to
define the canonical order corresponding to each given sign pattern beginning with +.

Each sign or change-preservation pattern is realizable with its canonical order, see [12, Propo-
sition 1].

Definition 2.2. (1) A sign pattern (or equivalently a change-preservation pattern) realizable only
with its corresponding canonical order is called canonical.
(2) If all monic hyperbolic polynomials having a given order of moduli define one and the same sign
pattern, then the order is called rigid.

Remark 2.3. (1) It is shown in [13] that canonical are exactly these sign patterns which have no
four consecutive signs equal to
(+7+7_a_7) ) (_7_a+a+) ) (+a_a_7+) or (_5+7+7_) .

Hence canonical are these change-preservation patterns having no isolated sign changes and no
isolated sign preservations, i. e. having no three consecutive components cpc or pep.

(2) In the proof of Proposition 10 in [13], the set of all canonical change-preservation patterns is
represented as union of four subsets, namely of patterns beginning with a single p or c, patterns
ending by a single p or ¢, patterns both beginning and ending by a single p or ¢ and patterns
whose two first letters are equal and whose last two letters are also equal. For d > 100, the
number of patterns in each of these sets can be majorized by 2 - [d/2] - 2¢71926d1=1 Hence the
number of all canonical sign-preservation patterns is < 7(d) := 8 - [d/2] - 2¢710-264—1 gpd for
large d, the number of all non-realizable couples with canonical sign-preservation patterns is

d

<r(d)) ] (‘Z) =8-[d/2] - 227026471 < 924/ \/7d ~ x(d)

c=0
see Remark 1.1; we majorize one of the factors (‘ci) in (1.1) by 7(d).

Remark 2.4. (1) Itis proved in [14] that rigid are the orders of moduli PP ... P, NN ... N (defin-
ing the change-preservation patterns cc...c and pp...p, the two corresponding couples are
realizable by any polynomials having distinct positive or distinct negative roots) and also

(2.2) Py :=PNPNPN..., Np:=NPNPNP....
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Each of the latter two orders (we call them standard) defines, depending on the parity of d, one
of the sign patterns
(23) O+ = (+a+7_7_a+a+7_7_a"') or o- = (+a_a_7+7+a_a_7+7+a"') .

(2) For each fixed degree d, there are ([ dL/lQ]) compatible couples with the order Py and ([ dc/lz])
with the order Np, see (2.2). Hence there are 2([ d‘/iQ}) — 2 compatible couples in which the
order of moduli is rigid (more exactly standard) and which are not realizable, and one has
limd_mo(Q([d‘/ig]) —2)/x(d) =0, see (1.1) and use Stirling’s formula.

Definition 2.3. We call superposition of two standard orders of moduli 0y and Qo any order obtained
as follows. One inserts the components of 0y at any places between the components of Q0 or in front of
the first or after the last component of Q; by preserving their relative order. Example: the order

PNNPPNNPN issuperpositionof PNPN and NPNPN

(we overline in this superposition the moduli coming from Qs; in this example there is more than one
way to attribute the moduli of roots in the superposition as coming from 2y or Qo; the superposition of
two standard orders is not uniquely defined).

The following proposition explains how one can obtain new examples of non-realizable cou-
ples on the basis of standard orders.

Proposition 2.1. Each superposition of two standard orders is realizable only with sign patterns of the
form

(+7+a?a77?7+7?7ia"')7 (+7?777?7+a?77?"') or (+7ia?a+a?777?7+7"')
which are the “products” of sign patterns o o4, oyo_ and o_o_.

Proof. Indeed, suppose that in the superposition of standard orders, the roots coming from
the order §2; are roots of a polynomial 7;, ¢ = 1, 2. Then in the product 7175 every second
coefficient, the leading coefficient and the constant term are sums of products of a coefficient of
Ty and a coefficient of T5 either all with opposite or all with same signs, so the corresponding
components of the “products” of sign patterns are well-defined. O

Remark 2.5. The number of letters N in a standard order is equal to the number of letters P or differs
from the latter by 1. Hence in the superposition of two standard orders the modulus of this difference is
majorized by 2. Besides, not more than [d/2] of the signs of coefficients are not determined by the order
of moduli, so the number of non-realizable couples corresponding to superpositions of standard orders is

less than
? <([dc/i2]) i ([d/;]i— 1> * <[d/2?l_ 2)> 2 < 6([;2]) 2

which is ~ 12 - 23%/2 /\/7d (we use Stirling’s formula here). At the same time x(d) ~ 2%¢/\/md (see
Remark 1.1).

There exist other situations in which the order of moduli defines the signs of part of the
coefficients of the polynomial.

Example 2.4. Consider for d = 8k + 2, k € N*, and for ¢ = 2 the order of moduli
Q v < < gk <oy < g < Va1 < oo < Y8k -

It is realizable only with sign patterns having two sign changes. Denote by Uy and U, monic hyperbolic
degree 4k + 1 polynomials with roots

-7, -2 -2k —Y4k+1 —VAk+2 5 - —V6k » aq
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and

TV2k41 5 TV2k425 - T4k, TV6R4L s TV6R425 -, TV8E, (2
respectively. Hence they define sign patterns of the form ¥, ,, @ = 1, 2. According to [11, Theo-
rem 1], if n; < m;, then the polynomial U; has < 2n,; — 2 moduli of negative roots which are < «; if
n; > my, then it has < 2m,; — 2 moduli of negative roots which are > «;. Hence one has n; > k + 1
and m; > k + 1. This implies that the first k + 1 and the last k + 1 coefficients of the product U U, are
positive, i. e. the order of moduli §) is not realizable with sign patterns ¥;, ;, ;, which do not satisfy the
conditions j; > k + 1and j3 > k + 1.

Remark 2.6. There are (g)2 compatible couples with ¢ = 2 hence less than (g)2 non-realizable couples

concerned by Example 2.4. Using the involution i,, (see Remark 1.2), one can give as many such
examples with ¢ = d — 2. One has limg_, oo (3)2/x(d) =0, see (1.1).

The proposition and theorem that follow describe other situations in which certain compat-
ible couples are not realizable.

Proposition 2.2. Suppose that d is even, that the leading monomial and the constant term are positive
(hence cis even), that all coefficients of odd powers are negative and that ¢ < d. Then there is no modulus
of a negative root in any of the intervals (0, 1), (g, ), ..., (Qe—2, Qc—1), (Qc, 00).

Proof. Indeed, for a monic hyperbolic polynomial () satisfying these conditions one has Q(t) >
0, if ¢ belongs to any of the mentioned intervals. As all odd monomials are with negative
coefficients, one has also Q(—t) > Q(t) from which the proposition follows. O

Remark 2.7. For d even, the number of sign patterns as defined in Proposition 2.2 is < 2%/2 (half
of the signs of coefficients are fixed), so if d is large, then the number of such non-realizable
couples is

iy (i) = 9342 <y (d) ~ 22/ /rd,
see Remark 1.1. =

Theorem 2.3. (1) Suppose that

(2.4) c<p and oc<Vp, Q1 < Yp—1, ---, 01 < Vp_ctl -

Then aq—1 > 0. Hence a couple with aq—1 < 0 and order satisfying conditions (2.4) is not
realizable.
(2) For fixed d, the number of orders of moduli satisfying conditions (2.4) is

09 m= ()=o) -7 -5 (D) -

where C := (%) /(k + 1) is the k—th Catalan number.
(3) One has

. (d c _ (d\d—2c+1
@ = (o) () - (O T

(4) For the number v(d) of non-realizable couples satisfying condition (2.4) and with aq—, < 0 one
has limg_, oo v(d)/x(d) = 0, see (1.1).
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Remark 2.8. The quantity T5("") (resp. () (*.")) is the number of couples in which the change-
preservation pattern begins with p and the order satisfies condition (2.4) (resp. of all compatible couples
in which the change-preservation pattern begins with p). For c fixed, one has limy_,o, TS5/ (i) =1
Indeed, this is the ratio of two degree ¢ polynomials in d whose leading coefficients equal 1/c!.

Proof of Theorem 2.3. Part (1). Indeed, ag—1 =+ -+ —a1 — - —a. > 0.

Part (2). The first term in the right-hand side of (2.5) is the number of all orders with ¢
components equal to P. The second term is the number of orders beginning with P; they do
not satisfy conditions (2.4). The third (resp. the fourth) term is the number of orders beginning
with NPP (resp. with NPN PP or NN PPP). The fifth term is the number of orders beginning
with NPNPNPP, NNPPNPP, NPNNPPP, NNPNPPP or NNNPPPP etc.

That is, for k > 2, the kth term is the number of orders among whose first 2k — 1 compo-
nents there are k letters P and which are not included in one of the previous terms (excluding
the initial (?)). In an equivalent way, the kth term contains orders among whose 2k — 2 first
components there are exactly k — 1 letters P and for s < 2k — 2, among their s first letters there
are not less letters N than letters P. Hence this is the number of lattice paths in the plane with
possible steps (1,1) and (1, —1) going from (0, 0) to (2k — 2, 0) which do not descend below the
abscissa-axis. The number of such paths is Cj,_;.

Part (3). Formula (2.6) can be proved by induction on d. For d = 1 and 2 and for ¢ < d, itis
to be checked directly. Suppose that it is true for d < dy. Then for d = dy + 1, one applies to

any binomial coefficient in the formula the well-known equality (}) = (1) + (","). Thus

T =T, + T = () (1-2%) + () (1- #5h)

d c
- O (-7)
where the rightmost equality is to be checked straightforwardly.
Part (4). Suppose that d = 2k, k € N*. Set

P k(k—1)---(k—m+1) ] 2k (2K b
S )kt 2) - (ktm) 0 \k—m)  \ k)T
For k fixed, the sequence hy, ,,, is decreasmg in m; one has hj ¢ = 1. The sum Zc 0 ( ) of all
compatible couples equals b := (k) (1+2%F hi ). The number v(d) = v(2k) is bounded

by
k 2k
E: 2k 2k e 2k 2m+1 5
Ty E TE—m — Bl N
C_O< ) * m_0<km) 2 (k?) S ktmAl k.m

(we remind that the orders satisfying condition (2.4) are defined under the assumption that
¢ < p). Fix s € (0,1). Then

[sk] [sk]

2m+1 2 2[sk] +1
gl'_zk+m+1 km*k+ [sk] +1Z ey -
It is clear that g, < 25+L —oPirs

E+[sk]+1

2k 2[sk] +1 -
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For large values of k and for m > [sk] + 1, the quantity hy, ,,, is majorized by

(k—[sk/2])---(k—m+1) _ ( k — [sk/2] )[Sk][s’“/z] <k[sk]+1>m[5k}1 |

(k+ [sk/2] + 1) (k+m) k+ [sk/2] +1 k + [sk]
. _k—[sk/2 . k—[sk]+1
Set u := % and v := kf[s]k] . Hence
k sk|—|[sk o m—|sk|—
g2 = Zm:[sk:]+1 h%,m < ulskl=lsk/2] Zm:[sk]JrlU [ok] -1
_ uleRllsk/2 —  ylskl—[sk/2] kEIsk]
1—v 2[sk]+1 *

The latter quantity tends to 0 as &k — oo, therefore

2R\
i () =0

As

b 2m + 1

= St By ¥
93 Z [A—— kom < 925
m=[sk]+1

one obtains

O 2K\? -
(2.8) klgg()(}g) g3/b=0.

One has v(d) < (Qkk) ? (91+93). The coefficient of b in (2.7) can be made smaller than any positive
number by choosing s small enough. Therefore inequality (2.7) and equality (2.8) imply part
(4) of Theorem 2.3 for d even.

If d = 2k + 1, k € N¥, then one can prove part (4) in much the same way, so we point out
only some technical differences. One sets

hk,m =

k(k—1)--(k—m+1) 2% +1\  [2k+1
kt2)kt3)--(htmt1) <k—m>_( k )h’“’m’

~ X 2 .
and b = 2(2klj N1+ anzl h3. ). The definitions of the quantities gy, g and g3 are the same,

but with respect to the new formula for Ay ,,,. One sets u := % and v = Q;EZ}E

Inequality (2.7) and equality (2.8) remain the same.

3. REALIZABLE COUPLES FORd = 3,4 AND 5

We give the exhaustive answer to Question 1.2 for d = 3,4 and 5; for d = 1 and 2, this answer
is given by Example 1.1; one finds that 7*(1) = 1 and 7#*(2) = 2/3, see Notation 1.2. It is clear
from part (1) of Theorem 1.1 that 7*(1) < 1 for d > 1. We make use of the involution i,,, see
Remark 1.2, to consider only the cases with aq—; > 0. For d = 3, we give the list of sign patterns
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and (non)-realizable orders in the following table:

sign pattern realizable orders non — realizable orders
(4, +,+,—) PNN NPN, NNP
(+,+,—,—) PNN, NPN, NNP

(+,+,+,+) NNN

(+, 4+, —,+) PPN NPP, PNP.

Thus 7*(3) = 3/5. The (non)-realizability of these cases can be justified using the results in [11].
For d = 4, we list the sign patterns by the value of c:

¢  sign pattern realizable orders non — realizable orders
0 (+,+,+,+,+) NNNN
1 (.44, +—) PNNN NPNN, NNPN, NNNP
(+,4,+,—,—) PNNN, NPNN, NNPN NNNP
(+,+,—,—,—) NPNN, NNPN, NNNP PNNN
2 (+,+,—++) NPPN NNPP, NPNP, PNNP
PNPN , PPNN
(+,+,— —,+) PNPN, NPPN, NPNP, NNPP
PPNN, PNNP
(+,+,+,—+) PPNN PNPN, NPPN, NPNP
PNNP, NNPP
3 (+,+,—+—) PPPN NPPP, PNPP, PPNP
Hence 7*(4) = 3/7. The (non)-realizability of the cases can be proved using the results in [11].
The involution 4,, transforms the sign pattern with ¢ = 3 into (+, —, —, —, —). We illustrate the
realizability of the cases with the sign pattern (+, 4+, —, —, +) by examples:

PNPN (z+13)(z—1.2)(x+1.1)(x —1) =
z* +0.22% — 2.652% — 0.266x + 1.716

NPPN (z+2)(xz—1)(z —0.9)(x +0.8) =
2* 40923 —2.8222 — 0.52¢ + 1.44

PPNN (z+4+2)(x+1.1)(z—1)(x—0.1) =
zt 4+ 223 — 11122 = 2.11x + 0.22

PNNP (z—-2)(x+19)(z+1)(x—0.8) =
2%+ 0.123 — 4.6222 — 0.68z + 3.04 .
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For d = 5, we show for each sign pattern only the number of realizable and the total number
of orders compatible with the sign pattern and in some cases the realizable orders. To justify
the tables below, one can use the results in [11] and [13]. There are the following canonical sign
patterns:

c=0 (++,++++) 1/1 c=1 (+,+,+++,-) 1/5

c=2 (+,+,—++,+) 1/10 ¢=3 (+,+, —,+,— —) 1/10
(+7+7+a_7+1+) 1/10 (+7+>+a_7+7_) 1/10
(+7+a+7+7_5+) 1/10
c=4 (+,+,—+ —+) 1/5
The remaining sign patterns are:
c=1 (+,+,+,+,—,-) PNNNN |, 3/5
NPNNN , NNPNN
(+7+7+773777) 5/5
(+7+7_7_a_7_) NNPNN7 3/5

NNNPN, NNNNP

c=2 (++,—— —+) PPNNN , 5/10
PNPNN, PNNPN ,
PNNNP, NPPNN

(+,+,+,—,—,+) PPNNN, PNPNN, 4/10
PNNPN, NPPNN

(+’+7_7_a+7+) 10/10

c= 3 (+7+777+a+77) 5/10

(+7+7_7_7+7_) 4/].0

Therefore 7*(5) = 47/126. The two latter sign patterns (with ¢ = 3) are obtained from two of
the sign patterns with ¢ = 2 via the involution 4,4,
The realizability of the sign pattern (+, +, —, —, +, +) with all possible orders results from

(x+ 13z -1 =2’ 42" — 223 — 22 42+ 1.
Indeed, by perturbing the triple root at —1 and the double root at 1, one obtains polynomials

with the same sign pattern and with any order of the moduli of the roots, see the proof of part
(2) of Theorem 1.1.

Remark 3.9. We obtained the following sequence for the values of the quantity 7 (d): 1,2/3,3/5, 3/7,

47/126, . ... One could conjecture that the sequence is decreasing. For the sequence of the ratios of two
consecutive terms, one gets
2/3=0.66..., 9/10=09, 5/7=0.71..., 47/54=087....

It seems that the even and the odd terms form two adjacent sequences and that limg o 7*(d) = 07,

4. PROOF OF THEOREM 1.1

Part (1). As already mentioned, for the orders PP ... P and NN ... N, the only change-
preservation patterns compatible with them are cc...cand pp...p respectively and the corre-
sponding couples are realizable.
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Suppose that for given ¢ > 0 and p > 0, the order of moduli (2 is realizable with all compat-
ible change-preservation patterns. Then, in particular, it is realizable with the sign patterns ¢’
and 0", where ¢’ has all its ¢ sign changes at the beginning followed by its p sign preservations
and vice-versa for o”’. However, the sign patterns o’ and o” are canonical hence realizable only
with their respective canonical orders 2’ and ", see Definition 2.2. As €)' # Q”, the order Q is
not realizable with both ¢ and ¢”.

Part (2). For d > 1, the all-pluses sign pattern is realizable with its only compatible order
N ... N. To prove the rest of part (2) for d > 5, we construct sign patterns with ¢ = 2 which are
realizable with all compatible orders. Consider the polynomial

(z+ 1) 2@ =12 = (T (7)) @2 =20+ 1)

— d k . (d—2 d—2 d—2

= Dhoohwr® s b= (57) = 2(.00) + (23) -
It has two sign changes (so its sign pattern is of the form ¥;, ;, ;,). To understand in which
positions they are, one observes that

@-2! .

= k!(d—k)!(4k 4dk +d(d - 1)),

so hy, = 0 if and only if k = k4 := (d & V/d)/2. If d is not an exact square, then the sign changes
occur between the powers z°+ and 2+ 1!, where s < ki < s1 + 1. If d is an exact square, then
the coefficients of z*+ are 0.

Suppose that d is not an exact square. One can perturb the roots of the polynomial by keep-
ing the sign pattern the same. If d is an exact square, then one can perturb them so that all
coefficients become non-zero. One can choose such a perturbation for any possible order of
the moduli of roots which proves part (2). One can observe that as ky —k_ = V/d, ford > 5,
there are at least two consecutive negative coefficients (i. e. i > 2) and the sign pattern is not
canonical.

We prove part (3) of the theorem by induction on d. For d = 1, 2 and 3, the claim is to
be checked straightforwardly, see Example 1.1 and Section 3. Suppose that d > 4 and that
o is not canonical. Represent ¢ in the form (og, of,00), where o4 and oy are its first and last
components. Then at least one of the sign patterns (¢4,0") and (of, o) contains an isolated
sign change or an isolated sign preservation. Suppose that this is (o4, ). Then (04, 0T) is not
canonical and hence is realizable by at least three orders by polynomials P;. This means that o
is also realizable by at least three orders defined by the roots of the polynomials P;(z)(z + ¢),
where ¢ > 0 is small enough and the sign is + (resp. —) if the last two components of ¢ are
equal (resp. are different).

Part (4) is also proved by induction on d. For d < 4, it is to be checked directly. Suppose that
d > 5. If neither of the sign patterns (c4,0") and (o7, 5¢) contains an isolated sign change or
sign preservation, then this is the case of ¢ as well, so ¢ is canonical and k*(¢) = 1 — a contra-
diction. Hence at least one of these sign patterns is not canonical. Without loss of generality, we
suppose that this is (04, 07) (otherwise we apply the involution i,.). Hence k*((o4,01)) > 3, so
k*((04,01)) = 3, otherwise similarly to the proof of part (3) we obtain that k* (o) > 3. Applying
if necessary the involution 4,,, we assume that (og, UT) = Yy 4-2 Or ¥4_22. In the first case,
one has 0 = Y3 4_1. Indeed, if 0 = ¥3 421, then k*(0) > 3, see [11, Theorems 3 and 4]. In
the second case, either 0 = ¥4_33 and k*(c) = 5 (see [11, Theorem 1]) or 0 = ¥4_221 and
k*(o) = 4 (see [11, Theorems 3 and 4]).

Part (5). For d even, the order {2 := PNN ... N is realizable exactly with the sign patterns
S, m+n=d+1,n <m,see[ll, Theorem 1], so £, () = d/2.

Iy
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5. PROOF OF THEOREM 1.2

Proof of part (1). A) For a vector-row v of length 2d, we denote by v, the vector-row obtained
from v by shifting v by ¢ positions to the right (the rightmost ¢ positions are then lost and
the leftmost ¢ positions are filled with zeros). We represent R as determinant of the Sylvester
2d x 2d-matrix of the polynomials Q(x) and (—1)?Q(—x) whose first and (d + 1)st row equal
respectively

w:=(1 a1 a2 @4-3 Ag-a ... a a 0 ... 0)
and
wi=(1 —a41 ag2 —aq-3 aag—a ... (“1)%lag (=1)%ay 0 ... 0);

its second and (d + 2)nd rows equal u; and wy, its third and (d + 3)rd rows equal uy and w;, etc.
For d = 2 and d = 3, we obtain the determinants

1 a9 aiq Qo 0 0
1 a1 Qg 0 0 1 as ay apn 0
0 1 a1 Qo 0 0 1 a9 aiq ap
1 —ai ap 0 and 1 —as ay —ap 0 0
0 1 —a1 ag 0 1 —as a; —ag 0
0 0 1 —a9 ayp —ao

B) For j = 1, ..., d, we add the (j + d)th row to the jth row. Hence the first row of the
determinant is now

g2:(2 0 2ad,2 0 20,(1,4 2ad_2[d/2} 0 0 ... 0)

and the next d —1rowsequal g;, j = 1, ..., d—1. After this one subtracts the kth row multiplied
by 1/2 from the (d + k)thone, k =1, ..., d. Hence, the (d + 1)st row equals

h:=(0 —ag—1 0 —agq_3 0 ... —aq_2(d+1)/20+1 0 0 ... 0)

and the next d — 1 rows are of the form h;, j =1,...,d — 1. For d = 2 and d = 3, this gives

2 0 2, 0 0 0
2 0 2 O O 2 0 2 0 0
0 2 0 a 410 0 2 0 24 0
0 —a, 0 o] ™ 0 —az 0 —ay 0 0
0 0 — Q1 0 0 0 —as 0 —ap 0

0 0 0 —Qa9 0 —ap

C) We permute the rows of the determinant (which does not change the determinant up to
a sign). In the first d — [d/2] positions we place the first, third, fifth etc. rows, in the next [d/2]
positions the (d + 2)nd, (d + 4)th, (d + 6)th etc. rows, in the next [d/2] positions the second,
fourth, sixth etc. rows and in the last d — [d/2] positions the (d + 1)st, (d + 3)rd, (d + 5)th etc.
rows. After this permutation the first d rows have non-zero entries only in the odd and the last
d rows have non-zero entries only in the even columns.

Then we permute the columns of the determinant placing the odd columns in the first d
positions and the even columns in the last d positions by preserving the relative order of the



140 Vladimir Petrov Kostov

even and odd columns. For d = 2 and d = 3, the result is

2 2 O 0 0 0
2 2 0 0 0 2 24 0 0 0
0 —aq 0 0 0 —ag —Qg 0 0 0
0 0 22| ™ 1o 0 0 2 24 0
0 0 —aq 0 0 0 0 —as —ap 0

0 0 0 0 —Qag —ap

For any d > 2, the determinant is now block-diagonal, with two diagonal blocks d x d. For
d = 4, these blocks are

2 2(12 2(10 0 2 2(12 20,0 0
0 2 2@2 2(10 0 2 2@2 2(10
0 —az —ay 0 and —a3 —ap 0 0
0 0 —a3 —ai 0 —az —ay 0

The first and the (d + 1)st rows equal respectively
f] = ( 2 QCLd,Q Zad,4 2ad_2[d/g] 0 0 ... 0)

and gg. The first d — [d/2] rows equal §, g1, G2, - - -, Ja—[d/2]—1 While the rows with indices d + 1,
d+2,...,d+[d/2] are §i, Gat1, - - -» Ga+[d/2)—1- The (d — [d/2] + 1)st row equals

?l = (O —Qd—1 —Aaq4-3 —Qq-5 ... —ad,Q[(dJrl)/Q]Jrl 00 ... 0 ) .

The next [d/2] — 1 rows are hj, j = 1,...,[d/2] — 1. The last d — [d/2] rows equal hy, k = d — 1,

L 2d—[d/2] - 2.

The total number of transpositions of rows and columns is even, so the sign of the determi-
nant does not change.

D) One develops the determinant thus obtained w.r.t. its first and then w.r.t. its last column.
For d even (resp. for d odd), this yields —4a¢A (resp. —2apA), where the (2d — 2) x (2d — 2)-
determinant A is block-diagonal, with two diagonal blocks (d — 1) x (d — 1) each of which is
the Sylvester matrix of the polynomials 2Q" and —Q?. This implies part (1) of the theorem. [

Proof of part (2). One can assign quasi-homogeneous weights to the variables a; as follows: 0
toag_1,1toag_9 and ag_s3, 2 to ag—4 and a4_s5, 3 to aq—g and aq_7 etc., in accordance with the
fact that ag—92, ag—4, ... and aq_3/aq—1, aq—5/a4—1, ... are up to a sign elementary symmetric

polynomials of the roots of Q! and Q?. Hence Ry is a quasi-homogeneous polynomial of weight

do :=[(d — 1)/2][d/2]. For d even (resp. for d odd), it contains monomials oza([)(d_l)/ 2 a([id_/ f] and

ﬁa[ld/ 2], a # 0 # B (resp. fya[l(dfl)/ 2] a&df f] and (5a[0d/ 2], v # 0 # §), all other monomials containing
factors af and a3 only with k < [(d—1)/2] and s < [d/2] (resp. with k < [d/2] and s < [(d—1)/2]).
Hence R, cannot be the product of two quasi-homogeneous polynomials of weights b, and by,
0 < by,by < dp. O
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