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Abstract: Against the detrimental effects of ionizing radiation, time, distance, and shielding
are the three most significant protective methods. Lead is the material of choice for shielding,
particularly for personal protective equipment. However, lead's density, rigidity, and toxicity
are significant disadvantages. In recent years, tungsten-containing rubber (TCR) and other
lightweight, flexible, and non-toxic shielding materials have emerged as viable alternatives to
lead. The purpose of this study is to examine the X-ray absorption capacity of TCR material,
which can serve as an alternative to lead-based personal protective equipment. Using
GAMOS simulation, radiation absorption characteristics for 11 different X-ray energies
ranging from 30 to 1000 keV were obtained and compared with Phy-X/PSD data. While the
MFP value produced from the GAMOS code for the TCR with 100 keV energy X rays was
0.0204 cm, the Phy-X/PSD value was 0.0296 cm. The HVL value of the TCR material for X-
rays with an energy of 100 keV was 0.021 cm for Phy-X/PSD and 0.014 cm for GAMOS. It
has been observed to provide excellent radiation protection against X-rays in the diagnostic
imaging field. By providing greater flexibility than lead shielding materials, TCR can play a
crucial role in decreasing radiation exposure.

Key words: GAMOS, Phy-X PSD, Shielding

1. Introduction

Numerous radiation workers and patients are exposed to the adverse consequences of
ionizing radiation, particularly in interventional radiology [1]. As a result of the
stochastic effects of radiation [2], radiation workers are exposed to considerable dangers
such as cancer incidence and cataracts. Thanks to adequate shooting methods and the
capabilities of imaging technologies, measures are taken to limit patients' exposure to
radiation. Nevertheless, personal protective equipment is the most effective method for
protecting radiation workers from the damaging effects of ionizing radiation [3]. Lead is
the preferred material for manufacturing this equipment. In spite of the fact that lead
aprons are good at shielding X-rays, they have a variety of disadvantages for everyday
use. The first of these is the equipment's weight. It has been noted that regular use of
heavy personal protection equipment causes back pain or disc disease [4, 5]. In addition,
lead, which has very little flexibility, can cause movement restrictions during the
process. The radiation absorption capability of this personal protective equipment
degrades with time as a result of use-related cracking. Another drawback is that lead is
toxic to the human body and has negative environmental impacts [6-8].
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The Tungsten-containing rubber (TCR) produced by Hayakawa Rubber Co., Ltd.
(Hiroshima, Japan) is 0.5 mm thick and includes 90% tungsten powder by mass. TCR
element ratios (mol%) are as follows: 1.0% hydrogen, 6.5% carbon, 0.5% oxygen, and
90.0% tungsten [9]. As indicated in Table 1 [10], the dry mass, thickness, tensile
strength, wet strength, rip strength, and air resistance of the TCR were in accordance
with the Japanese Industrial Standards for paper manufacturing. The TCR was
determined to be a weak material in water, with a tensile strength of 118 N/15 mm in
dry conditions and 5.9 N/15 mm in wet conditions. With a thickness of 5.23 mm, the
TCR was similar to 3.32 mm of lead [11].

Table 1. The physical properties of TCR: The techniques of measurement for each property are provided
in the columns to the right [11].

Bone-dry basis weight (g.m?) 700 JIS-P8124
Thickness (mm) 0.3 JIS-P8119
Tensile strength (N/15 mm) 118 JIS-P8113
Wet strength (N/15 mm) 59 JIS-P8135
Tear strength (mN) 220 JIS-P8116

The purpose of this study is to examine the TCR's ability to absorb x-rays using a
GAMOS code. With the Architecture for Medicine-Oriented Simulations (GAMOS)
code, the linear attenuation coefficient (i), mass attenuation coefficient (um), half value
layer (HVL), tenth value layer (TVL), and mean free path (MFP) of TCR were
computed. GAMOS simulation data for TCR was compared with Phy-X/PSD software
data.

2. Material and Method

GAMOS v.6.2.0 software program was used for the simulations in this study. GAMOS
Is based on GEANT4 and is widely used for simulation studies in medical physics [12-
13]. 400 cm away from the radiation source, a 50x50x2 mm? polyvinyltoluene (PVT)
plastic scintillator was defined in the geometry file. The PMT on the top center of the
PVT was assumed to be 50 mm in diameter and 100 mm tall. At the middle between the
detector and the radiation source, TCR shielding material of 100 x 100 x 5 mm? was
positioned (Figure 1).

Figure 1. Simulation geometry.

In the input file, the physics, generator, and dose collection parameters were defined. In
the simulation, the electromagnetic physics package was utilized. As radiation sources,
gamma photons with energy of 30, 50, 60, 80, 100, 200, 300, 400, 500, 600, and 1000
keV were utilized, respectively. For scoring criteria, the amount of dose that reached the
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detector via "dose deposit™ was tallied. Although all physics processes were included
into the scoring, variance reduction techniques were not implemented. Photon intensity
values obtained with and without TCR in the simulation will be obtained as transmitted
(1) and primary (lo) intensities, respectively. A history of 10’ photons was utilized,
yielding sufficient results to improve the precision of the Monte Carlo simulations and
reduce statistical error.

I =1, e#® (1)
u values at different energies were calculated for TCR using Beer Lambert's law (Eq.
1). As shown in Equation 2, u,, is derived by dividing u by the density (p) of the
material.

Mass Attenuation Coef ficient (u,,) = u/p (2
The MFP is defined as the average distance at which a radiation can be stopped in a
material and is calculated using Equation 3.
Mean Free Path (MFP) = u~1! (3)
HVL and TVL are the shield material thicknesses corresponding to the half and tenth

values of the intensity of the incoming radiation, and they are given in Equations 4 and
5, respectively.

In2
Half Value Layer (HVL) = s 4)
In10
Tenth Value Layer (TVL) = T (5)

The physical properties of the TCR used in the GAMOS code were defined in the Phy-
X/PSD [14] program and the p, pum, HVL, TVL and MFP values were calculated.
GAMOS simulation and Phy-X/PSD data were compared with each other.

3. Results and Discussion

There are various forms of radiation, including neutrons, X-rays, gamma rays, and so
on. Different lead alloys and composites are used in the commercial market as gamma
radiation shielding materials. High lead content, however, prevents its widespread use
[15-17]. Tungsten, on the other hand, is a great gamma-ray shield because it is non-
toxic and has a large gamma-ray scattering cross-section [18-19]. There is a current
market demand for gamma-ray shielding items that are flexible, have a high gamma-ray
shielding ability, and have precise mechanical properties [20].

In this study, the ability of TCR to shield X-rays of different energies was investigated
by GAMOS simulation. The GAMOS simulation was used to get the TCR's radiation
absorption parameters (u, um, MFP, HVL, and TVL) for 11 different X-ray energies
ranging from 30 to 1000 keV (Table 2).
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Table 2. The u, um and, MFP values of TCR at different energies.

p(em?) um (cm?/g) MFP (cm)
Energy (keV) 51 X/PSD | GAMOS | Phy-X/PSD | GAMOS | Phy-X/PSD | GAMOS
30 172.976 169.830 22.611 22.346 0.0058 0.0059
50 81.198 77.316 5.920 5.018 0.0221 0.0358
60 28.260 27.897 3.694 3.671 0.0354 0.0222
80 50.432 64.008 7.769 8.685 0.0168 0.0151
100 33.771 40.951 4.414 5.441 0.0296 0.0204
200 5.975 9.270 0.781 1.220 0.1674 0.1079
300 2.469 3.212 0.323 0.423 0.4051 0.3113
400 1.469 1.247 0.192 0.164 0.6809 0.8019
500 1.052 0.790 0.138 0.104 0.9504 1.0659
600 0.835 0.559 0.109 0.074 1.1976 1.3882
1000 0.506 0.042 0.066 0.005 1.9756 2.0964

These parameters were then compared with the data from the Phy-X/PSD program. The
geometry presented in Figure 1 was used to calculate the radiation absorption properties
of the materials.

It is seen in Figure 2 that the p value decreases as the photon energy increases. A peak
between 80 and 90 keV was observed for the u value. The u value for 60 keV X-rays
was 28.260 and 27.897 cm™ for Phy-X/PSD, and GAMOS, respectively.
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Figure 2. The u values of TCR at different energies

The um value decreased as the photon energy increased (Figure 3). The um value for X-
rays with 400 keV energy was 0.192 and 0.164 g/cm? for Phy-X/PSD, and GAMOS,
respectively. As expected, maximum p and pum values were observed at lower photon
energies due to photoelectric interactions between photons and TCR atoms with high
atomic numbers. Later, as the probability of photon penetration increased with the
increased photon energy, these values rapidly decreased. On the other hand, the more
photon energy increased, the Compton scattering effect was overwhelmed, and the
weakening of TCR atoms was more dependent on the electron density than the atomic
number. Therefore, TCR’s mass attenuation coefficients have decreased with increased
gamma-ray energies.
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Figure 3. The um values of TCR at different energies

MFP values obtained using both GAMOS and Phy-X/PSD were directly proportional to
energy (Figure 4). The MFP value obtained from the GAMOS code for TCR with 100
keV energy X-rays was 0.0204 cm, while this value was 0.0296 cm for Phy-X/PSD.
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Figure 4. The MFP values of TCR at different energies

Xu et al. [21] found that the radiation absorption rates of tungsten-doped rubber
composites of 5 and 6 mm thickness at 0.667 MeV gamma-ray energy were 20.6% and
25%, respectively. The gamma ray shielding rate of tungsten-doped rubber composites
with a thickness of 10 mm is around 45.2%, demonstrating excellent gamma ray
shielding performance [10].
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The p values of hybrid elastomers doped with tungsten in various proportions ranges
from 0.078 cm™ for pure polymer (0% tungsten) to 0.688 cm™ for 88.1% tungsten.
Gamma rays with a wavelength of 0.662 MeV can be attenuated by 49.74% by a 1 cm
thick shielding material containing 88.1% tungsten by weight. In the same study, the un
increases from 0.0789 cm?/g at 0% wt to 0.1035 cm?/g at 88.1% wt [20]. Despite the
fact that the mass attenuation coefficient of pure tungsten is 0.0933 cm?/g [22], the TCR
has a greater value due to the lower density. In addition to possessing outstanding
shielding qualities, TCR also possesses elastomer-like properties. In our study, u values
obtained from GAMOS simulation for TCR ranged from 0.042 to 169.830 cm™. p
values were between 0.506 and 172.976 cm™ in the Phy-X/PSD program. The pm values
ranged between 0.005 and 22.346 cm?/g according to the GAMOS code. The pun values
obtained for TCR from the Phy-X/PSD program were between 0.066 and 22.611 cm?/g
and were consistent with the GAMOS results (Figure 2). As expected, the values of p
and pm decreased with the increase in incident photon energies. At lower energies,
where photoelectric absorption predominates, the um values have maximum values [24].
However, it has been demonstrated that TCR effectively absorbs photons and reduces
transmitted radiation. At medium and higher energies, however, the contribution of
Compton scattering is not negligible relative to photoelectric absorption. Therefore,
different ratios of the same material by weight cause a change in the mass attenuation
coefficient.

For the TCR, the HVL values calculated with the data obtained from GAMOS in the
energy range of 30-1000 keV varied between 0.004-1.470 cm (Figure 5). The HVL
value of the TCR material for X-rays with 100 keV energy was 0.021 and 0.014 cm for
Phy-X/PSD, and GAMOS, respectively (Table 3). In the 30-1000 keV energy range, the
TVL values calculated from the GAMOS code varied between 0.014 and 5.048 cm
(Figure 5) (Table 3).
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T 0,600
0,500
0,400
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0,200 l
0,100

30 50 60 80 100 200 300 400 500 600 1000
Energy (keV)

EHVL_Phy-X
mHVL_GAMOS

Figure 5. HVL values of TCR at different energies.
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Table 3. HVL and TVL values of TCR at different energies.

HVL (cm) TVL (cm)
Energy (keV) Phy-X/PSD GAMOS Phy-X/PSD GAMOS
30 0.004 0.004 0.013 0.014
50 0.015 0.025 0.051 0.051
60 0.025 0.015 0.081 0.083
80 0.012 0.011 0.039 0.035
100 0.021 0.014 0.068 0.047
200 0.116 0.075 0.385 0.248
300 0.281 0.226 0.933 0.717
400 0.472 0.556 1.568 1.846
500 0.659 0.777 2.188 2515
600 0.830 1.040 2.757 2518
1000 1.369 1.470 4549 5.048

Other parameters to compare the shielding efficiency of a material are its HVL and
TVL. HVL decreases from 8.88 to 1.01 cm with a change in weight percent of tungsten
from 0% to 88.1%. At 662 keV energy, the HVL of 88.1 wt% tungsten-loaded
composites is 1.01 cm [20]. Tungsten-lead wool blankets (T-Flex® W, 88% W by
mass) suspended in polymer are another material used for radiation shielding. At 662
keV, the HVL for T-Flex® W is 2.2 cm [24]. In our study, the TCR's HVLphy-x and
HVLcamos Vvalues for X-rays with 600 keV energies were found to be 0.830 and 1.040
cm, respectively. At higher photon energies, HVL and TVL values increased. The
exchange of HVL and TVL at different photon energies can be confirmed based on the
dominance of various photon interactions in different energy regions. In addition, the
HVL values increased at higher photon energies, and the HVL variation with the photon
energy in these samples could be justified based on the dominance of various photon
interaction processes in different energy regions, as discussed above in the mass
attenuation coefficients. Notably, lower HVL values were required for a better gamma-
ray shielding material as it provided a higher probability of photon interactions with the
material.

4. Conclusion

TCR is a new flexible protective material that contains a metal with a high atomic
number in rubber and has a shielding ability equivalent to or higher than lead. It has
been observed to provide excellent radiation protection against X-rays in the diagnostic
imaging field. It can help reduce radiation exposure in a big way because it is more
flexible than lead shielding materials.
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Abstract: Half-value layer (HVL) is energy dependent on the photon, much as the attenuation
coefficient. Increasing the penetrating energy of a photon stream causes an increase in a
substance's HVL. Before calculating the HVL value, the linear attenuation coefficient ()
must be established. A review of the literature indicated that there is presently no Monte
Carlo-based sufficient tool for direct calculation of the HVL value and direct computation
suitable for material design and all changes based on sophisticated simulation methods. This
study aims to calculate HVL data with GAMOS simulation in the 0.1-20 MeV energy range
for some anatomical structures defined in ICRU-44 (bone cortical, brain, gray/white matter,
breast tissue, eye lens, and testis). The HVL values of the anatomical structures used in the
GAMOS code were compared with the results in the literature. As a result, HVL values
obtained from GAMOS simulation for different materials and biological structures were
compatible with the literature.

Key words: GAMOS, Half-Value Layer, Radiation.

1. Introduction

X and gamma photons, commonly utilized for medical diagnosis and therapy, belong to
the class of ionizing radiation. When photons transfer some of their energy to electrons
in the medium, ionization and excitation occur, increasing the risk of future stochastic
and deterministic effects in biological systems [1]. Deterministic or stochastic effects of
radiation in biological environments are tried to be understood by using linear () or
mass (W/p) energy absorption coefficients. Both quantities show how likely it is that one
photon per unit mass of the absorbing medium will scatter or be absorbed or how likely
it is that energy will be taken in [2]. Absorption coefficient calculations can be made
with software such as FLUKA, GEANT, and MCNP based on the Monte Carlo
technique [3-5]. Estimating the absorption coefficient can be approximated using weight
ratios for biological tissues and chemical mixtures [6]. GAMOS is based on GEANT4
and is widely used for simulation studies in medical physics [7, 8]. It has not yet been
possible to derive the radiation absorption parameters of materials (Half-value layer
(HVL), tenth-value layer (TVVL), mean free path (MFP), etc.) from a generic formula.

HVL is one of the key characteristics associated with ionizing radiation [9, 10]. HVL
refers to the material thickness necessary to reduce the air kerma intensity of the photon
to half of its starting value. It is related to the material's linear attenuation coefficient
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and photon energy. As opposed to linear and mass attenuation coefficients, which
measure single energy rays, this coefficient is used to quantify polyenergetic rays [11].
The thickness of any substance in which fifty percent of incoming energy is absorbed is
known as the HVL. Despite being a metric unit, HVL depends on energy and p values.
Increasing the penetrating energy of a photon beam causes the HVL of a substance to
increase. The p must be established before calculating the HVL value. HVL can be
determined using p, but there should be alternative, realistic ways independent of
calculating the value of 1 at any given energy level [12-14].

Bircan et al., in their article titled "A New Equation for Calculation of Gamma and X-
ray Radiation Half Value Thickness"”, proposed an equation in which the half-value
layer thickness can be directly calculated in the energy range of 0.001-20 MeV (Eg. 1)
[15, 16].

(a + bE + cE* + dE3 + eE* + fE®) 1)

Half Value Layer (HVL) == F hE? + 153 + JE* + KEY)

They reported that the constants of the equation are specific for the radiation-absorbing
substance, and the variation of half-value thickness values with energy can be shown
[15].

This study aims to calculate HVL data with GAMOS simulation in the 0.1-20 MeV
energy range for some anatomical structures defined in ICRU-44 (bone cortical, brain,
gray/white matter, breast tissue, eye lens, and testis). The HVL values from the
GAMOS simulation were compared with those from Equation 1 [15] and the NIST
database [17].

2. Materials and Methods

GAMOS v.6.2.0 software was used for the simulations in this study. The geometry of
the simulation includes a point source, six different 10x10x1 cm?® absorbing targets
(anatomical structures) that are 50 cm away, and a 20x20x20 cm® detector that is 100
cm from the radiation source. To prevent photon interactions with materials outside the
sample, all components of the to-be-collected geometry were enclosed in a vacuum
cube (300x300x300 cm?®) (Figure 1).

Figure 1. Simulation geometry.
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The physics, generator, and dose collection parameters were defined in the input file. In
the simulation, the electromagnetic physics package was utilized. The simulations were
carried out at 9 different photon energies in the range of 0.1-20 MeV. The amount of
dose that reached the detector via "dose deposit” was tallied for scoring criteria.
Although all physics processes were included in the scoring, variance reduction
techniques were not implemented. The | and lo values were acquired by repeatedly
simulating the anatomical structures with and without shielding material. A history of
107 photons was utilized, yielding sufficient results to improve the precision of the
Monte Carlo simulations and reduce statistical error.

I=1yeCH+® )

B values at different energies were calculated for anatomical structures using Beer
Lambert's law (Eq. 2). As shown in Equation 2, u/p is derived by dividing u by the
density (p) of the material (Eq. 3).

Mass Attenuation Coef ficient = u/p 3)

HVL is the shield material thickness corresponding to the half-values of the intensity of
the incoming radiation, and they are given in Equation 4.

In2
Half Value Layer (HVL) = m 4)

HVL values of anatomical structures obtained from GAMOS simulation and Equation 1
were compared. The difference between the simulation and Equation 1 values of HVL
was calculated using Equation 5.

* HVL — HVL

Dif ference (%) = | VL

|X 100% 5)
In Equation 5, *HVL values were obtained by Equation 1, and HVL values were
obtained by GAMOS simulation.

3. Results and Discussion

In this study, the amount of X-ray absorption of different anatomical structures was
investigated by GAMOS simulation. The p and HVL parameters of some anatomical
structures in the ICRU-44 were obtained from GAMOS simulation for 9 different
photon energies ranging from 0.1-20 MeV. These parameters were compared with the
HVL data from Equation 1 [15].

Figure 2 presents the energy-dependent graph of p values obtained by the GAMOS
simulation. It is seen that the value of p decreases as the photon energy increases in all
anatomical structures. The p/energy curves for the brain, breast tissue, eye lens, and
testis, which have similar densities, gave close results as expected. Bone with a density
of 1.92 g/cm?® had a decreasing curve as energy increased, but 1 values were higher than
those of other anatomical structures (Figure 2).
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Figure 2. p values of anatomical structures at different energies

The HVL values obtained with the GAMOS code of the anatomical structures and
calculated with Equation 1 are shown in Table 1. HVL values obtained by both methods
were compatible with each other. It has been verified by GAMOS simulation that
Equation 1 can be used to quickly and reliably calculate the HVL value of a material.

Table 1. HVL values calculated using GAMOS, the NIST database and Equation 1.

HVLeone HVLeraIN HVLereast
Energy (cm) (cm) (cm)
e ey | g | o | s ] o | e | [ | o
0.1 1.946 1.944 1.940 3.918 3.923 3.923 3.923 | 4.029 4.025
0.3 3.244 3.243 3.250 5.643 5.648 5.648 5.648 | 5.756 5.763
1.0 5.498 5.501 5.488 9.471 9.478 9.478 9.478 | 9.667 9.663
2.0 7.836 7.846 7.835 13.555 | 13.563 | 13.563 | 13.563 | 13.846 | 13.837
3.0 9.640 9.653 9.635 16.886 | 16.894 | 16.894 | 16.894 | 17.282 | 17.257
4.0 11.084 11.087 11.082 19.701 | 19.707 | 19.707 | 19.707 | 20.199 | 20.167
5.0 12.254 12.244 12.252 | 22.128 | 22.128 | 22.128 | 22.128 | 22.709 | 22.685
10.0 15.601 15.609 15598 | 30.309 | 30.267 | 30.267 | 30.267 | 31.223 | 31.324
20.0 17.457 17.44 17.449 | 37.234 | 37.110 | 37.110 | 37.110 | 38.411 | 38.912

* Calculated with Equation 1 [15] **Calculated with NIST data [17].
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Table 1. HVL values calculated using GAMOS, NIST database and Equation 1. (continued)

HVLEvE LEns HVLtesTis
Energy (cm) (cm)
(MeV)
“NIST “Ref. Study | ThisStudy | ™NIST | "Ref. Study | This Study

0.1 3.858 3.855 3.857 3.923 3.884 3.885
0.3 5.541 5.54 5.540 5.648 5.59 5.593
1.0 9.295 9.3 9.293 9.478 9.396 9.386
2.0 13.305 13.299 13.302 13.563 13.431 13.431
3.0 16.576 16.576 16.573 16.894 16.732 16.730
4.0 19.343 19.351 19.339 19.707 19.523 19.515
5.0 21.731 21.734 21.726 22.128 21.916 21.912
10.0 29.798 29.796 29.791 30.267 29.983 29.973
20.0 36.661 36.658 36.653 37.110 36.749 36.748

* Calculated with Equation 1 [15] **Calculated with NIST data [17].

The HVL values calculated by both methods increased as the photon energy increased
for all anatomical structures. The HVL value for bone tissue of an x-ray photon with an
energy of 0.1 MeV has been reported to be 1.94 cm [18]. Jarrah et al., in the study in
which they compared the results obtained with the Monte Carlo simulation and the
Geometric Progression fitting method, the HVL value for the breast tissue is
approximately 30 cm [19]. Breast tissue was the anatomical structure with the highest
HVL value in all photon energies. It was observed that the large photon attenuation
effect of bone tissue made the HVL value lower than all other tissues examined.

The difference between the HVL values obtained by the two methods was below 2% for
all anatomical structures (Table 2). For the breast, the difference between GAMOS at 20
MeV energy and the HVL value calculated with the formula suggested in the reference
article is 1.3055% (Figure 3).

Table 2. Difference between HVL values obtained from GAMOS and reference article for each
anatomical structure.

Energy (MeV) Bone Brain Breast Eye Lens Testis
0.1 0.1900 0.1631 0.1005 0.0632 0.0164
0.3 0.2303 0.0493 0.1148 0.0058 0.0576
1.0 0.2298 0.0720 0.0405 0.0700 0.1100
2.0 0.1460 0.0213 0.0628 0.0209 0.0001
3.0 0.1847 0.0216 0.1441 0.0195 0.0117
4.0 0.0460 0.0665 0.1605 0.0619 0.0406
5.0 0.0636 0.0405 0.1063 0.0350 0.0167
10.0 0.0705 0.0124 0.3226 0.0157 0.0342
20.0 0.0520 0.0026 1.3055 0.0129 0.0018
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Figure 3. Difference between HVL values for each anatomical structure.

HVL is energy dependent on the photon, much as the attenuation coefficient. Increasing
the penetrating energy of a photon stream causes an increase in a substance's HVL. The
linear attenuation coefficient () must be known before calculating the HVL value.
While HVL can be computed using p, alternative and practical techniques independent
of the calculation of p, the value at any energy level should be available [12-14]. The
linear attenuation coefficient should be mainly obtained by experimental or theoretical
approaches to compute the HVL. Since the linear attenuation coefficient is calculated
for each energy value, the estimated HVL value will also include the half-value
thickness at the relevant energy [20].

When reviewing the literature, it is discovered that innovative methodologies for
computing HVL values are presented, which may give answers for medical and
industrial radiation applications [9, 10, 18, 19]. A review of the literature indicated that
there is presently no Monte Carlo-based sufficient tool for direct calculation of the HVL
value and direct computation suitable for material design and all changes based on
sophisticated simulation methods [9, 20]. The GAMOS code for all anatomical
structures and the HVL data obtained with the formula suggested in the reference article
were compatible.

4. Conclusion

In conclusion, the formula (Eq. 1) presented in the article "A New Equation for
Calculation of Gamma and X-ray Radiation Half VValue Thickness" agreed with the data
from the GAMOS simulation. It was observed that the data obtained from the GAMOS
simulation agreed with the findings obtained from both equation 1 presented in the
reference article and the NIST database. Different radiation parameters can be
formulated and brought to a level where they can be used, especially in medical physics.
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Abstract: In this study we construct new integral representations of Jost-type solutions of the
quadratic pencil of the Sturm-Liouville equation with the piece-wise constant coefficient on
the entire real line. Our aim is to express the special solutions of the Sturm-Liouville
quadratic pencil in the form of some integral operators which kernels is related with the
potential function of the Sturm-Liouville equation. This problem is technically diffucult due
to the discontinous coefficient which causes the kernel function to also have a jump
discontinuity.

Key words: Sturm-Liouville equation, operator pencil, transformation operator, diferantial
equation with discontinuous cofficients, Jost solution

1. Introduction

We will focus at the Sturm-Liouville equation

—y" + qwy + 2p(w)y = 2p(W)y, u € (—x, +x) 1)
which has the discontinuous coefficient

1 u>

paw={3 "IN @=ra>0), @)

where gq(u) and p(u) are real functions, 7 is a complex parameter, p(u) is absolutely
continuous on every closed interval of the real axis and

[ wetau <, [ @+ jub (lg@1+ p'eol)du < +o )

Equation (1) arises when solving the Klein-Gordon equation with a static potential and
zero charge in quantum scattering theory [7]. In addition, scattering problems arising in
the theory of transmission lines, theories of electromagnetism, and the theory of
elasticity are also reduced to equation (1). The transformation operators approach,
which Marchenko [8,1] used to solve the inverse problems for the Sturm-Liouville
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operator on a finite interval and on the half line, is an important method in inverse
problems theory.

When p(u) = 1, there are enough studies in the literature for the direct and inverse
problems of equation (1) [7, 6, 3, 11]. Inverse scattering problems related to the
discontinuous Sturm-Liouville have been considered by many authors, for details we
refer to [2, 9, 4, 5]. The direct and inverse scattering problems for equation (1) with
p(u) = 0 in various settings have been investigated [4, 5, 13] where some integral
representations, similar transformations operators for the Jost solutions (Js) of the
Schroedinger equation, are obtained and applied for studying the discussed problems. In
this study we construct new integral representations of Jost-type solutions of equation
(1) on the entire axis under conditions (2) and (3). Our aim is to express the special
solutions of the Sturm-Liouville quadratic pencil in the form of some integral operators
which kernel is related with the potential of the equation (1). This problem is technically
diffucult due to the discontinous coefficient which causes the kernel function to also
have a jJump discontinuity.

2. Integral representation of the Jost solutions

Let g (u, 7) are the solutions of (1) with the condition at infinity
ull)r}_goo g+, Dexp(uit(w)) =1,
1
where exp(u) = e" and u(w) = u[p(w)]z . g+(u,7) and g_(u,t) are called the right
and the left Jost solutions (rlJs) of (1) respectively. First, let's transform the given

differential equation with the above conditions at infinity into an equivalent tintegral
equation. We easily have

g+, 1) = Fy(u,7) + f N(u,t,7) (q(t) + 21p(t)) g+ (t, T)dt 4)
where,
F,(u,t)=F (u,p_%(u),T) +F (u, —p_%(u), —‘L')
F (u,7)=F (u, —ap_%(u),r) +F (u, ap_%(u), —T)
with
F(u,h(u),7) = %(1 + h(u))e™®
and
u(@®)+u(w)
1 2 L
N(u,t,7) = 3 <p 2(t) — p 2(u) f costsds
° u(®)—p(w)

1/ 1 L
+§<p 2(t) — p 2(u)> f costsds
0
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Think about the solution g, (u, 7). It is known that [6, 3] for u > 0 and all Imt > 0 the
solution g (u, ) has the representation

4o

g+, 1) = exp(itu + iwy(uw)) + f At (u, t) exp(itt) dt, (5)

u

where w, (1) = fu+°°p(t)dt and the function A* (u, t) satisfies

f A (1w, B)] < Colexp(a™(w)) — 1) (6)

for some constant C, > 0 and o* (u) = (fu+°°(s —w)|q(®)| + 2|p(t)|)dt. Furthermore,
the kernel function A* (u, t) satisfies the condition

+o0

1
At =5 [ 1o +p* @t - ip@) |exp(ioo, (). )

u

For convenience afterwards we set A*(u,t) = Ft(w,z) withw —z=u,w+z=t.

Now we investigate the case u < 0 for the solution g, (u, 7). Letus set ay = %(1 + i)
In this case the equation (4) takes the form of

9+(u, 1) = a, exp(iatu) + a_ exp(—iatu)
0

sinat(u — s)
e

q(s)g+(s,7)ds

Yoo (8)
. + . _
4 f [a‘ sint(au + s) ot sint(au — s)
T T

0

* [q(0) + 2tp()]g.+ (s, )ds

We easily reveal that equation (8) has the solution
g+, ) = Ry(wexp(iatu) + R_(w)exp(—iatu)

+ 00

+ f B*(u,s) exp(its)ds,Imt = 0,u <0 ©)

au

where
0

Re() = azexp (i, (0) £ - [ p(8)ap)

u
and B*(u,s) = GT(w,z) (au=w — z,s = w + z) is defined after replacing g, (u, 7)
in equation (8) with formulas (5), (9) and transforming some integrals of the Fourier
type:
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0 0 .
6t =5 [ a® R @B+ 5 [a®R- B8 —5p(5) R, (2)

e (DR (@D 5[ awevas

0

z
— &f q(B)elw+® gp — la__p(z)eiw+(2)

+at def qly —s)Z* (y,s)dy —a” defCI(V—S)Z+ (v,s)dy

0

Z +00
1
;defq G*(%S)dy+la+f p(y —)Z* (y,s)dy
0 w z
o
- f (z—8)At (2, 6)d6+—j ———)Z* (w,86)ds
0
1 ‘ y
o L +
3 p(a a)G (v,z)dy, z>0,w<0
w
+00 +o
+ a* iw4 () a iw4(B) la_ iw4(2)
6w =5 [ a@e e @ ap+ 5[ a@re e ® dp - p@ret:
w
+00
ia, ‘

~ SEpw)el ™) + ot f ds f (v — $)Z* (1, 5)dy

Z + oo Z +oo
var [ds [ a-97 @iy +a [ ds [ a0 =92t @.9ay
Oz WZ 0
—a” jdqu(y—s)A’f(y—s y + s)dy
w
1 Z + oo
gdeIq G*(%S)dy+ wuf p(y —2)Z* (v, 2)dy
w w Z
— la, j pw—68)ZT (w,8)dé
0
w + oo
—ia_ f p(z—6)Z" (2,6)d6 + ia_ f p(y —w)Z* (y,w)dy
0 Z w (20)
1 w S
_ _ +
+ 3| P (a a) G* (w,s)ds
2 w
1[ (y Z)G+( Ydy,0 <w < 11
— | P{; 7 v,2)dy,0 <w <z. (11)

w

Here we assume At (u,t) = 0 fort <uand B*(u,t) = 0 for t < au.
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Similarly, when we consider the solution g_(u, t) , we get for u < 0

au

g-(u, 1) = exp(—iatu + iw_(u)) + f A~ (u,t) exp(—itt)dt ,Imt =0, (12)

— 00

where w_(u) = éfpr(t)dt and the kernel function A= (u,s) =Z"(w,z),u =w +
z,s = a(w — z) satisfies the integral equation
w

w Z

1
Z=(w,z) =5 fq(s)ds+2m2

p(w)eiw-) 4 fd)/fq()/H)Z‘ (v, s)ds
R

1 z
+ af p(w + 8) A~ (w, 5)d5
0

w
1
T j p(y+2)A"(y,2)dyyw< —-z<0 (13)
which implies -

au

f A~ (u, O)dt] < C; (exp(o™(w)) — 1) (14)

for some constant C; >0 and o (u) = (f_uoo(u —5)|q(®)] +§|p(t)|)dt. Here
A~ (u,t) = 0 for t > au. Moreover, the kernel function A~ (u, t) satisfies the condition

A (u,qu) = %( j [q(t) + %pz(t)] dt + %p(u)) exp(iw_(w)). (15)

As in the case of the (rJs) we have foru > 0

g-(u,t) =T, (Wexp(itu) + T_(u)exp(—itu)
U

+ f B~ (u,t) exp(—itt)dt,Imt = 0,u >0 (16)

where
Ty(u) = l(1 + a)ei“’—(o)iif(flp(s)ds
- 2
and B~(u,s) = G~ (w,z),u =w +z,5 =w — z With
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w

0 0
- . + . 1
6D =5 [ a@e P+ S [a@e-Oap 3 [ a@rTi(p)ap
1 o - —
w5 [ao T @as+5p () ) - Zpenr o)
0

+ %p(z)TJ,(Z) + aa” f ds f qly +s)Z~(y,s)dy
0

—Z

a

=S

ds f q(y +s)Z~ (V,S)d)/+fd5fq()/+5)6 (y,s)dy

— 00

+aat

QINO\QlN

+ia_ jp —+y (_—Z,)/)d)’
z .
+ia, ]p(y+§)Z‘ (y,g)dy+i jp(y+z)G‘(y,z)dy
“o0 Sz (17)

zZ

— ijp(w+s)G‘(w,s)ds w>0,z>0

0
-z

)= | aePap- | awe i

lzip( a~1z)eiw-(-a72) —inp(a ly)eiw-(a7tw)
T -
+a«a jds qly +s)Z~(y,s)dy
> =
— a‘af ds f q(y +s)Z=(y,s)dy
%, 3
+ aa*f ds f q(y +s)Z~(y,s)dy
0 5 —00
a -5
+aat fds J qly +s)Z~(y,s)dy + st jq(y+s)6‘(y,s)dy
-w —00 -w —-s
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p(y—g)Z‘(%W)d)W ia_fp(—gﬂﬁ)Z‘ (—5,6) dé
0

|
§ ———=r|s

—ia_
a
+ia, fp(y+§)2‘(y,§)dy
5 N ”
—ia+f p(g+6)Z‘ (5,6)d6+i fp(y+z)G‘(y,z)dy
0 Zz (18)

— if p(w—-8)G"(w,6)ds ,—z<w<0

0

and B~ (u,t) = 0 for t > u. Estimating (10), (11) and (17), (18) and for some C > 0,
we easily achieve

+

[0e]

+ | |BE(u, t)|dt < C{exp(c*(au)) — 1} (19)

—

a

<

At(u,t) ,fu=>0

Bf(u,t) ,tu<o0
we may derive the following theorems.

As a result of setting K*(u,t) = { and combining all of our results,

Theorem 1. If (3) is satisfied and Imt >0 then the (Js) g,(u,7) has the

representation
+00

g+, 7) = Ry (w)e™ ™ + R_(u)e™+® + f K*(u,t) e*tdt, (20)
u(u)

where,
+00

1 L 1
R+(u)=§(1+(p(u)) Z)exp f i(p(0) 2pdt |,

u
+ 00

R =5 (1= (o) =) e 1 [ (o) Fp@sgntat |

u(u) = u[p(u)]_% and K+ (u, t) satisfies

f |K*(u, t)|dt < C{exp(at(u)) — 1} (C > 0). (21)
pu)

Furthermore,
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1 e 1 3
K (w,p(w) = Ry (W) {— | (0@ +p5pe) ds

2
+ 2 1 2 (22)
4 ) (58 e
v |\ pi(x)
K, O
1+oo 1 3
= R.1{; f (v '5(s>q<s)+p‘5<s)p2(s))sgnsds

@3)

AT (e ) o)
2 p2(s) ,02(96)

where sgn s is the sign function.

Theorem 2. If (3) is satisfied and Imt > 0 then the (Js) g_(u,t) of equation (1) has
the representation
pu(uw)

g-(u, ) = T, (W)e™ W 4+ T_(u)e!™ ) + j K~ (u,t) e 'ttt (24)

— 00

where,
u

1 _1 1
Ty(u) = > (1 —a(p(w)) 2) exp( f —ip(t) zp(t) Sgntdt>.

— 00
u

) =5 (1+a(pw)” )exp< | tp(t)‘ip(t)dt)

ulu) = u[p(u)] z and K~ (u, t) satisfies the inequality
u(uw)

j K- (u 6)|dt < Clexp(o=(u)) — 1} (€ > 0). (25)

Furthermore,_the following expressions are fulfilled:

u

K~ (wp) =T-() {1 J( ‘i(S)q(s)+p‘§(s)p2(S)) ds

i [ pz(x) ,
—= +(1- p (s)ds ¢,
? f (pz(s)> ( pz(s)> \ }

(26)
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K‘(u, t)|t=—u(u)+0

t=—pu(u)-0
1 H 1 3
=T, (u) > f (p'f(s)q(s) +p'5(S)p2(S)) sgnsds
s (27)
u l 2
+%f 1+ 1_M p'(s)ds ¢,
o pz(x)

where sgns is the sign function.
4. Conclusion

In this paper, new integral representations for the quadratic pencil of Sturm-Liouville
equation with discontinuous coefficients are obtained and, with their help, a connection
is established between the potential functions of the equation and the kernel in the
representation of the solution. This result is important in studying the properties of
spectral data and in solving the inverse scattering problem.
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