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A Modelling on the Exponential Curves as Cubic, 5"
and 7'* Bézier Curve in Plane

Seyda Kilicoglu'*, Semra Yurttancikmaz?

Abstract

In this study, it has been researched the exponential curve as a 3™, 5 and 7'* order Bézier curve in E2. Also,
the numerical matrix representations of these curves have been calculated using the Maclaurin series in the
plane via the control points.

Keywords: Bézier curves, Exponential curve, Maclaurin series, 5 and 7" order Bézier curve.
2010 AMS: 53A04, 53A05.

1. Introduction and Preliminaries

Bezier curves have special mathematical representations and are obtained with the help of polynomial functions. Since these
curves are used in computer aided geometric design and modelling [1], they have an important place in applied fields. The
Bezier curve has a control polygon that contains it, and only the start and end points are on the curve, so it provides an advantage
in terms of use in modelling. Thus, it provides the opportunity to make the desired changes over the control polygon. Users
outline the wanted path in Bézier curves, and the application creates the needed frames for the object to move along the path.
For three dimension animation Bézier curves are often used to define 3D paths as well as two dimension curves for keyframe
interpolation. Apart from the Bézier-curves’ frequent use in applied sciences, the theory has been studied by many researchers
in mathematical points of view. The matrix form was first coined in [2]. The derivatives of the Bezier curves in matrix notation
was studied in [3]. Particularly, the 5" order Bezier curve and its derivatives were studied by matrices in [4]. Besides, it has
been investigated approximation methods in matrix form for Helix, sin waves and cosin curves by different order Bézier curves
in [5-7]. The curve is also subjected to the differential geometry. For example: In [8], A dual unit spherical Bézier-like curve
corresponds to a ruled surface by using Study’s transference principle and closed ruled surfaces are determined via control
points and also, integral invariants of these surfaces are investigated. In [9], Bezier-curves with curvature and torsion continuity
has been examined. In [10-12], Bezier curves and surfaces has been given and Bezier curves are designed for Computer-Aided
Geometric [13]. Recently equivalence conditions of control points and application to planar Bézier curves have been examined.
In [14], Frenet apparatus of the cubic Bezier curves has been examined in E 3. In here, first 5 order Bezier curve and its first,
second and third derivatives have been examined based on the control points of 5" order Bezier Curve in E>. Subsequently,
in [15, 16] involutes of cubic Bezier curves, in [17] and [18] the Bertrand and the Mannheim mate of a cubic Bézier curve by
using matrix representation have been researched in E3. In [19], it has been researched the answer of the question “How to find
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a n'" order Bezier curve if we know the first, second and third derivatives?”.

Generally Bézier curves can be defined by n+ 1 control points Py, Py, ..., P, with the parametrization
SHEAW n—i
B()=) () (=0""([P] (L.1)
i=0

In this study, it will be researched the exponential curve as a 3", 5 and 7" order Bézier curve in E2. Also, the numerical
matrix representations of these curves will be calculated via the control points. For more detail, see respectively [20,21].

It is well known that Taylor series of a function f (x) = Z @ (a) (x;?) is an infinite sum of the functions derivatives at a
n=0

single point a, also a Maclaurin series f (x) = Zf () (0)
n=0

X

27 is a taylor series where a = 0.

2. The Curve ¢* as a Cubic Bézier Curve
We will examine the curve ¢* as a cubic or 3" order Bézier curve.

Theorem 2.1. The numerical matrix representation of the curve f (x) = €* as a cubic Bézier curve is

T

3 -1 3 -3 1 1

2 3 =6 3 0 L4

AN 3
(Be) =, 3 3 0 0 %%gl
1 1 0 0 0 18

where the control points Py, Py, P», and P; are

Py 0 1

I lgl
P | % §1
P; 1 3

Proof. For €* function cubic Maclaurin series expansion is
T =1+x+ ﬁ + xj
IR TR TR

It can be written as in parametric form and a 5 degree polynomial function

23
t t
N _ _ 3 2
(1,¢') = <t, Lrrd o+ 3'> = (r,a3t° +azt” + art +a) .
Also this can be written as a cubic Bézier curve in matrix representation with the coefficients
1
asz = ?7
az = 21
a) = 1,
ag = 1.

Hence we get the following equation

)= (

R
Py
P,

2 l‘3
T,1+I+E+§
#1°To &
12 0 5
t 1 1
1 0 1
00 0 1
0 0 11

13
1 1 1 1

)

o= O O

22—
—_

—_ =

S o o~

Py
P,
P
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where the coefficients matrix of any cubic Bézier curve and inverse matrix are respectively

-1 3 -3 1 00 0 1
3 -6 3 0 -1 0 0 1 1
371 3 _
[5°] = -3 3 0 0} 5] = 0 1 % 1
1 0 0 0 11 11
For more detail see in [18]. O

3. The Curve ¢“*? as a Cubic Bézier Curve

Theorem 3.1. The numerical matrix representation of the curve f (x) = e™ b as a cubic Bézier curve is

3 T Py

2
artb) _ | ¢ 3 Py
(t’e ) o t [B ] P,
Py

where the control points Py, Py, P», and P; are

Py 0 eb

Pl _ |3 j¢ (a+3)

P | % %eb (a2—|—4a—|—6)
P 1 éeb (a3+3a2+6a+6)

Proof. Taylor series of a function is an infinite sum of terms of the functions derivatives at a single point a , also a Maclaurin
series is a taylor series where a = 0. 5th degree Maclaurin series expansion for the function e™*? is

b ) (o X

— pax — n O -

S =t = s O
2 3
:eb+aebx+azeb%+a3eb%.

It can be written as in parametric form and a cubic polynomial function

3.b 2 b
a’e a‘e
(t,e‘””’) = (t, 7t3 + z‘tz—l—aebt—i—eb)

= (a3’ + axt* + art +ag) .

Also this can be written as a cubic Bézier curve in matrix representation with the coefficients

3,b
_ae
as = =3,
2,b

_ a’e
az = 5,
a; = ae’,
a():eb.

Hence we get the following equation

#7170 “;b £ -1 3 -3 17[n
s o <L |_|7 3. -6 3 0| A
t 1 ad® | -3 3 0 0P|
1 0 e 1 0 0 0][P
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P [0 0 0 1 0 <2
1 2 b
pi_ |0 (1) 3 1 0 <
P 0 3 5 1 1 ae
P3 1111 0 &
[0 e
B i 1 (a+3)
B 5 %eb (a2+4a+6)
! %eb (a®+3a>+6a+6)

4. The Curve ¢* as a 5" Order Bézier Curve

Now, we will examine the curve e as a 5 order Bézier curve. We have already known that the matrix representation of
a(t) = (t,ast® +agt* + a3t + axt® +aty +ap) is

tS T Py
* P
3
t 5 P
OC(I) - 12 [B } P
t Py
Ps

where the coefficient matrix and inverse matrix of 5 order Bézier curve are

-1 5 -10 10 -5 1 00 0 0 01
5 -20 30 -20 5 0 00 0 O % 1
— 1
[35}: —-10 30 -30 10 0 0 [35] I |00 0 5 !
10 20 10 0 0 0}/ 00 & 7 2 1
-5 5 0 0 0 O 0+ £ 2 21
10 0 0 0 0 111 1 11

Theorem 4.1. The numerical matrix representation of the curve f (x) = * as a 5" order Bézier curve is

A1 -1 5 —10 10 =5 1 0 0

4 5 -20 30 -20 5 0 % é

(1.e') = £3 ~10 30 -30 10 0 0 i3
’ t2 100 20 10 0 0 0 2 5

t -5 5 0O 0 0 0 Ll
1 1 0O 0 0 0 0 1 }T(%

where the control points Py, P, P>, P3, Py, and Ps are

Py 0 O
RN
Sl=l1 3
sl |1 %
Py 505
ps 1 19

Proof. 5th degree Maclaurin series expansion for the function ¢* is

¥ o X
X J— - i J—
e 71+x+2!+3!+4!+5!.
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It can be written as in parametric form and a 5" degree polynomial function

I S A
(te)=(t,1+t+=+=+—+— =<tat5+at4+at3+at2+at+a>
) ) 21 31 41 51 s U5 4 3 2 1 0)-

Also this can be written as a 5" order Bézier curve in matrix representation with the coefficients

[a5 as asz dz daj ao}:[% % % % 1 1}.
Hence we get the following equation
N (i1 S A A
(t,e)— t, +t+§+§+ﬂ+§
TS0 4 A1 -1 5 —10 10 -5 1 P
tt 0 4 t 5 -20 3 -20 5 0[P
8 0 % | _ |7 -10 30 -30 10 0 0 P
|2 0 5 | |7 10 -20 10 0 0 O P |’
t 11 t -5 5 0 0 0 0 Py
1 0 1 1 1 0 0 0 0 0 P
(] [O O 0 0 0 17[0 &
Py 00 0 O % 1 0
| |00 0 & 5 1 0 5
- 1 3 : )
pllsYww g |0
Ps 11 1 1 11 0 1

solving these equation we obtained the control numbers

Py 0 1
P 16
P R
L 1=13 B
Py 4 &
5 40
Ps 118

T
L
T
=
(=)

5. The Curve ¢~ *? as a 5" Order Bézier Curve

In this section we have investigated the curve e®**? as a 5 order Bézier curve.

(x) = ™7,
() = ae™*,
£ (x) = d2e™ P,
£ (x) = e TP,

fO (@) =ate ™,
f(s) (x) = aSeax-k—b’
FO (x) = aet?,
f(7) (x) = al e th.
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Theorem 5.1. The numerical matrix representation of the curve f (x) = ™+t as a 5™ order Bézier curve is

A1 =1 5 —10 10 =5 1 Py

4 5 20 30 -20 5 0 P

(t eaf+b) |2 -10 30 -30 10 0 0 P,
’ 2 10 =20 10 0 0 O P

t -5 5 0 0 0 0 P

1 1 0 0 0 0 0 Ps

where the control points Py, Py, Py, P3, Py and Ps are

P 0 eb

Py 1 (Cl + 5)

p| % 0 (a +8a+20)
P2 aie’ (a® +9a* +36a -+ 60)

P 2 20 (a +8a3 + 3642 + 96a + 120)

ps 1 Z5€ (a® +5a* +20a> + 60a* + 120a + 120)

Proof. Taylor series of a function is an infinite sum of terms of the functions derivatives at a single point a , also a Maclaurin
series is a taylor series where a = 0. 5th degree Maclaurin series expansion for the function e is

xn
f ax+b Z f

5
X
:eb+aebx+a e 2 +a e —Jra e —Jraseb—

31 4! 31
and it can be written as in parametric form and a 5" degree polynomial function
5,b 4 b 3,b 2,b

(t,eat+b) _ (t7a; t5+a4e‘z t4+a; t3+a2~“3 t2+aebt+eb)

= <t,a5t5 +a4t4+a3t3 +a2t2—|—a1t+a0) .

Also this can be written as a 5 order Bézier curve in matrix representation with the coefficients

5,b 4 ,b 3,b 2,b
[as ar a3 ay a 00}2{—“? e af o geb eb}.

Hence we get the following equation

5_b 4 b 3 b 2 b
(t,e“”'b) = (t, a; t5+a4f t4+a; t3+a; t2+ae”t+e”>
s17[0 % AS1°7T -1 5 —10 10 -5 1][hR
* 0 << * 5 —20 30 -20 5 0||A
| o @< | | -10 30 30 10 0 0 P
= 2 o 20 | T2 0 -2 10 0o o o||mp|
t L b t -5 5 0 0 0 0 A
0 o 1 1 0 0 0 0 0]]|nm
R 000 0 o0 17[0 2
P 00 0 0 L 1 0 <<
| _|00 0 g % 1 0 <<
By 05 5 5 5 1|1 a
Ps 1 1 1 1 11 L0 o |
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PQ 0 eb
P, % eb+§aeb
P | § %ebnﬂ—&—geba—i—eb
P % &eba3+£—oeba2+%eba+eb ’
Py % %eba“—&—%ebcﬁ+%eba2+%eba+eb
1 b5 1 b4, 1,b3 1,b,2 b b
Ps 1 ppe’a + yze’a’ +ge’a’ +5e’a” +-e’a+e
oo n
£ =Y (0)%

x" x" x" x" x" x" x"
f(x) — euerbi _"_aeaerhi _|_azeux+b7 +a3eax+b7 _~_a4eax+h7 +a5eax+h7 _|_a6eux+b7

0! 1! 2! 3! 4! 5!

6. The Curve ¢* as a 7" Order Bézier Curve
Theorem 6.1. The matrix of any 7" order Bézier curve is

(o) G
0 =
(0 () ()G
T T R ) GV =) W63 0
-0G) ()0 -0 (63 0 0
GG ~(Gs) (63 0 0 0
Gl G 0 0 0 0
L G 0 0 0 0 0
[ —1 7 21 35 -35 21 =7 i

7 —42 105 —140 105 —42
-21 105 -210 210 —105 21
35 —-140 210 —140 35 0

[eNeoNeBoNe e
S OO OO oo~

=35 105 —-105 35 0 0
21 —42 21 0 0 0
-7 7 0 0 0 0

1 0 0 0 0 0

Also the inverse matrix of 7" order Bézier curves in E? is

00 0 0 0 0 0 17

00 0 0 0 0%1

00 0 0 O 521

-1 o0 o o L L 27
8] = 1% 5]
0 0 0 35 35 7 71
oo L L 2 10 5 4
Y

037 5 35 7 5 7 1

11 1 1 1 1 1 1|

Now, we will examine the ¢* curve as a 7" order Bézier curve.

< +a7eax+b‘%.
O
Q6D O
(6) (7—7 0
0 0
0 0
0 0
0 0
0 0
0 0
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Theorem 6.2. The numerical matrix representation of the curve f (x) = ¢* as a 7" order Bézier curve is

r alel T T
T 0 ST 77 [Py ]
aﬁeb 0
1° 0 ‘o 10 Py
r 0 uS(,') o P,
4 b 4
t 0 << t 7 P;
te) = 7 = B
(7 ) t3 0 Beb t3 [ ] p4
]
12 ag’el’ 12 Ps
t 0 % t P
b 7
1 1 ae 1 P,
L J i 0 eb ] L a L ;.

where the control points Py, P, P»,...,P; are

T
P = o
P; 1 %
. ] &
S ISR
b .
Ps 5 %TS
P 6 11743
7 5&)40
IR D S B~

Proof. 7™ degree Maclaurin series expansion for the function ¢* is

f_q x2 x3 x4 xS )C6 )C7
e = +X+2*!+§+4*!+§+a+ﬂ

and it can be written as in parametric form and a 7" degree polynomial function

23 4 50 60 T
(t,¢') = 3 WL L AT L :(raﬂ+ut6+aﬁ+ﬂt4+aﬁ+ﬂt2+at+a)

’ ’ 203 T T s e T (A7 T Aeh At Al At @l A Ao )
Also this can be written as a 7' order Bézier curve in matrix representation with the coefficients. Hence we get the following

equation

(nﬁ:@lﬂ+ﬂ+ﬁ+ﬂ+ﬁ+ﬁ+ﬂ)
’ ’ 203141750 6! T
71770 %'T T 777" [Pyl
1° 0 & 1° 2
AL I L
1o lod] =] Fla|
1? 0 % 12 Ps
t 11 t Py
1] Lo 1] 1] | P
Rl [0 O 0O 0 0 0 0 1770 47
P 00 0 0 0 O il 0 &
P 00 0 0 0 5 7 | 0 5
P, _|0 0 0 O % i7 1 0 4
Py 00 0 3 = = 21 0 5
AR R
By 07 7 3 7 3 7 L1
L~ L1111 1 1 1 1)[0 1]
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7. The Curve ¢’ as a 7" Order Bézier Curve

In this section, we will research the curve ™% as a 7" order Bézier curve.

7
flo)=ett =} r
n=0
6 X/

3 4 5
ax+b ax—+b 2 ax+b”X 3 aerb)L 4 ax+bx7 5 ax+b£ 6 bi 7,0
+ae x+ae 2!+ae 3!+ae 4!—|—ae 5!+ae 6!+ae TR

ax+b

Theorem 7.1. The numerical matrix representation of the curve f (x) = e as a 7" order Bézier curve is

771 -1 07 =21 035 =35 21 -7 11[R]
16 7 —42 105 —140 105 -42 7 0 || A
£ 21 105 -210 210 —105 21 0 O || P
at+b * 35 —140 210 —140 35 0 0 0 P;
(”e ’ ) =al)=| 3 35 105 —105 35 0 0 0 0/||m
12 21 —-42 21 0 0 0 0 0 Ps
t 77 0 0 0 0o o0 ol|m

B 0 0 0 0 o 0 o0]|P]

where the control points Py, P, P>,...,P; are

[Py 0 el )
P 1 e + aeb
P, % 42e a+ ze ba+eb
Py |35 Z}Oebag + 14ebaz—|— 3(3 a+eb
P | % 8‘lmeha +105eha3—|—7 a2+ eba+ el
Ps % 25120eba + légeba“—i— 2leba3 + 57 ebaz—i— 5e a+e
Py 3 501406 a®+ 4206 ba + 566/5‘14Jr 1eba3+ 154teb‘12Jr gela+e’
L P, 1 ! S(}4Oeba7+7éoeba6+ léoebas—&—zaeba + leba3+ leba2+e a+e

Proof. 7" degree Maclaurin series expansion for the function e+ is

b _
f et Zf
2 B “ ¥
f(x) _ eax+b Jraea}c—&-bxJraZea}H—b +a3eax+b7 +a4eax+b7 +aSeaxH; Jra e il Jra7eb7’
2! 3! 4! 5! 6! 7!
and it can be written as in parametric form and a 5" degree polynomial function
2 ax+b 3 ax+b 4 ax-+b 5 ax-+b
at+b at+b artb, | &€ 2 de 3, 4a¢€ 4 e 5
(t, ) (te +ae r+ o -+ 3 "+ a0 "+ 5
£’ 6 S5 ,ax+b ax—+b ax+b ax—+b
t a’e a*e ale a’e
6 ,b° 5 4 ax—+b ax—+b
(lae7'+aeé‘+ 51 r+ a0 "+ 3 £+ o * +ae t+e )

= <t,a7t7 +a6t6+a4t4 +a3t3 +a2t2+a1t+ao) .

Also, this can be written as a 7' order Bézier curve in matrix representation with the coefficients. Hence we get the following
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equation
5 jax-+b 4 ax+b 3 ax+b 2 ,ax+b
ar+b\ _ ae 5,4¢€ 4 ae 3, a¢€ 2 ax+b ax+b
(t,e )7 (t, 31 "+ a0 "+ 3 "+ 2 " +ae t+e >7
7107 7" Ry
10 0 ‘o 10 P
l5 0 % l‘5 P
4 4 b 4
a+b) _ |t 0 << | _ |t 7| B
(e )= 6| [0 | =|e| BT A
r? 0 é r? Ps
t 2! t P7
1 ae’
L 1 d 0 @b L 1 d L P7 J
S ST ¢ "
Py 00 0 0 0 0 01 R
P 00 0 0 0 0 i 1 0 E
P 00 0 0 0 5 71 0 %=
| _|0 0 O (1) é i 1 1 0 aj‘e;b
Py 0 0 O 335 35 7 Z 1 0 (l;f',’b
P oo L L 2 10 5 4 5
, T S S S ' 0 %
i 6 07 7 7 37 7 371 | ae
N
R] [0 e 1
P % LeP(a+7)
P 7 ieb (az +12a +42)
P _ |z st5€” (@® +15a% +90a +210)
7 I - a0 (a* + 164> 4 120a* + 480a + 840) ’
Ps 2 se¢” (@ + 15a* 4 120a® + 600a> + 1800a +2520)
Ps 8 so€ (a®+12a° +90a* + 4804 + 1800a> + 43204 + 5040)
LB L1 ige? (@ +7a® +42a° +210a* + 840a® + 2520a% 4 5040a + 5040) |
and so, the result give us the proof. O
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Abstract
We explore the dynamics of adhering to rational difference formula
Yy 3Wn_s
W1 (:I:l + le—S\Pm75)

Wint1 = m € Ny

where the initials ¥_5, ¥_4, ¥_3,% ,, ¥_;, ¥ are arbitrary nonzero real numbers. Specifically, we examine
global asymptotically stability. We also give examples and solution diagrams for certain particular instances.
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1. Introduction

Because of its employment in discrete-time systems with microprocessors, difference equations are becoming increasingly
important in engineering. The study of rational difference equations and their qualitative features has recently sparked a surge
of interest. We refer the reader to [1-3] for some literature in this field.

Important rational difference equations were investigated by several authors. As examples:
Alogeili, [4] has actually gotten the solutions to the difference equation

lPm—l

| L
m+1 a—V¥, ¥,

Cinar [5], researched adhering to problems with positive first values:

mel

Yo ==l
T T A, Y,
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form=20,1,2,...
Geligken [6] investigated behaviors of
AM,, 31y
By +CiMyy 3k 1) k- 1Y Min—(k—1)
AW i1y
By + O 3k 1) Min— k1) -1y

‘Pm+1 =

My =

Karatag et al. [7] deal with

‘Pm75
1+%¥ 2%¥ns ’

Ogul et al. [8] deal with

leJrl =

W17
1+ lelePm—Slefég\mel I‘me 14'"Pm7 17

le+1 =

Simsek et al. [9] examine the equation

lPm713
1+ ‘Pm— 1 le—3‘Pm75le—7‘Pm—9le— 11

leJrl =

Yalcinkaya et al. [10] have studied

a¥y, i

=
" b+ch

For more related works we refer to [11-18].

_ WusWas
¥, 1 (E1+P,, 3%, s) 79/85

Our objective in this study is to check out actions of the solution of adhering to nonlinear difference formula

le—S\Pm75

lP =
il lefl (il :l:qlmffpm—S) ’

m € Ny
where the initials are arbitrary real numbers. Additionally, we obtain these types of solutions.

— lI"m—_%ll"me
lefl ( 1+lIIm73‘Pm75)

2. Solution of ¥, |

In this part we give the solutions of

le—3le75

Y = ,
i le,1 (1 + le73‘Pm—5)

m € Ny

where the initials are real numbers.

Theorem 2.1. Let {\¥),};,__s be a solution of (2.1). Then for m € Ny

” _ DFmth o 1+ (i)BD ” _ CEmTl o 1+ (i)CA
= g L\ T4 i+ 1)DF 2 = i T LA\ T i+ 1)CE
w, . _ B (14 (+1)DF g, L AT (14 (4 1)CE
3 = e T LA\ T i+ 1)BD et T e T LA\ T (i+ 1)CA
where, ¥_5s=F, Y_4=E Y 3=D, Y ,=C, ¥Y_ =B, Yy=A
Proof. Assume m > 0 and this our supposition remains true for m — 1.
That is,
DF™ )BD CE""=! (14 (i)CA
Wy — Win o=
dm=3 = "pm- H <1+ t+l)DF> 2T g U (1+(i+1)CE>’

2.1)

Bl /14 (i+1)DF Am+1 md 14 (i+1)CE B"
‘I‘ _ = =— —_— ‘P _ =
! Uo ( ' > I < +1)CA) T e H

Fm 1+ (i+1)BD Em 13
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At the present time, using the main (2.1), one has

WYin—3Yam—s
Wan—1 (1+Pam—3Pam—s)

WYyni1 =

DF™ rym—1 ( L+(i)BD ) B" ym—2 ( 1+(i_+1)DF)
. Bm 11i=0 \ 1+(i+1)DF ) Fm-1 LLi=0 \ 1+(i+1)BD
B () + e (B s () 2y (s

Hence, we have

Wapot = 13;”":1 " < 1 L+ ()BD ) .

to\1+(+1)DF

Similarly, it is easily obtained in other relationships. 0
Theorem 2.2. (2.1) has one equilibrium ¥ = 0 and this equilibrium isn’t locally asymptotically stable.
Proof. We may express the equilibrium points of (2.1) as

I

Y(14+Y¥)

¥ (147) =9,
After that

7' =0.
As a result, the equilibrium of (2.1) is ¥ = 0.
Assume that f : (0,00)* — (0,0) is the function defined by

T

f(r,x,p) = K‘(Tpfp)
As aresult, it follows that

fr(@&P)zﬁ’ fK(T,K,p)z—ﬁ, fp(T.K,p) = K(l—:fp)z'
We see that

f:(P, ¥, ¥) =1, (PP, P) =1, (PP =1.

O
We confirm our results with the following numerical examples.

Example 2.3. Assume that

¥Y_5=0.73, Y_4=0.32, Y_3=0.34, Y_, =0.36, Y_; =0.38, Yo =04.
See Figure 2.1.
Example 2.4. Assume that

Y_5=0.35, Y_4=0.32, Y_3=0.34, Y_, =0.38, ¥_; =042, Yo =0.43.

See Figure 2.2.
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A _ Win—3%¥m—s
3. Solution of ¥,,, | = T B
We deal with the difference equation
W 3Wn s
W — , meN. 3.1
i ‘mel (1 - le73le75) 0
Theorem 3.1. Let {\¥,,};,__ represent a solution of (3.1). In that case for m € Ny
v, DF™1 /14 (i))BD W, CE™'m / —1+(i)CA
4m+1 — B+l 11 —1+(i—|—1)DF ) 4m+2 — Am+l Py —1+(i—|—1)CE )
v _Bm+2 m (14 (i+1)DF ¥ _Am+2 " (—14+(i+1)CE
3 = e U LA C1 (i 1)BD ) ekt T T LA\ T i+ 1)CA )
where, lP,5 :F7 lI’_4:E7 IP_3 :D7 lP_z :C, q”—l :B7 ‘PO =A.
Proof. The proof is similar to the proof of Theorem 2.1 and therefore it will be omitted. O

Theorem 3.2. The unique equilibrium ¥ = 0 in (3.1) isn’t locally asymptotically stable.

Proof. For confirming outcomes of this section, we take into consideration mathematical instances which stand for various
kind of solutions to (3.1). O

Example 3.3. Figure 3.1 depicts the actions taken when
Y_5=3, Y_4=3.9, Y_3=3.1, Y_, =238, Y_; =25, Yo =3.5.
Example 3.4. Figure 3.2 depicts the actions taken when

Yo =51, Y, =409, W, =43, W, =53, W, =45, W, = 4.6.
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WYin3¥m s
m—1 (7 1 +\Pm—3lpm75)

4. Solutionof ¥, | =

In this part, we study

‘me?ﬁ‘meS

le - )
T, (1Y 3 Ws)

m € Ny. A.1)

Theorem 4.1. Let {W,,}',__s represent a solution of (4.1). In that case for, m =0,1,2,...

_DF2m+l (] +BD)m _CE2m+] (1 —‘y—AC)m B2m+2(] +DF)m+l

Wem+1 = B2m+1(1 4 DF)m+1° Fam2 = A2+ (1 L CE)m+1 Fami3 = F2n+1(1 4 BD)m+1”
. _ A2m+2(l +CE)m+1 - B DF2m+2(1+BD)m+1 ” _ CE2m+2(l +AC)m+1
Bm+4 = EZnH (1 +AC)m T Smts T Tpamt2 (1 4 pFyml 86 = A2 (] £ CE)mtT
32m+3(1 +DF)m+1 A2m+3(1 +CE)m+1
Wemi7 = ) WYenis = .
F2m+2(1 —i—BD)mH E2m+2(1 +Ac)m+l
Proof. Assume that m > 0 and our supposition hold for m — 1.
y. . _ —DF*"(1+BD)"! g, _ —CE(1+AC)" y. . B +DF)"
8m77 - B2’"(1 +DF)m b 8m—6 — Az’"(l +CE)m k) 8m—5 — Fzm(l +BD)m b
” _ A2m+1(1 +CE)m v B DF2m+1(1 _,’_BD)m v B CEZerl(l —|—AC)m
8m—4 — E2m(l +AC)m b) 8m—3 — Bzm+1(1 +DF)m b 8m—2 — A2m+1(1 +CE)m )
v B B2m+2(1 +DF)m v _ A2m+2(1 —|—CE)m
8m—1 = F2m+1(1+BD)y"’ 8m = E2H (1 +AC)™
Now, it follows from (4.1) that
Wy, | = Wen—3¥sm—s
" Wy (— 1+ W3 Pans)
DFZ"HI(I—}—BD)"' BZ);1+1(1+DF)m
. B2m+1(14DF)™  F2"(1+BD)"
_32m+2(1+DF)m B2m+2<1+DF)m DF2m+l(1+BD)m 32m+1(1+DF)m :
F2/71+1(1+BD>m F2m+1(1+BD)m BZm+1(1+DF>m F2m(1+BD)m
Then, we have
—DF?>"+1(1+ BD)"
lPSerl = 2, 1 1
B2m+ (1 —|—DF)’”Jr
The other relations can be provided in the same way. O

Theorem 4.2. (4.1) contains three equilibriums, 0, £v/2 and they aren’t locally asymptotically stable.
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Proof. The proof is similar to the proof of Theorem 2.2 and therefore it will be omitted. O

Example 4.3. Figure 4.1 depicts the actions taken when

Y_5=4.3, Y_,=47, Y_3=49, Y_,=338, ¥_, =3.6, ¥y =3.3.
Example 4.4. Figure 4.2 depicts the actions taken when
Y_s=4, Y_4 =45, ¥_3=5.3, V_,=4.7, Y_| =51, Py =5.5.

x(n) X(n)

35¢F

25+
30+

20 +
25+

20 - 15

[
T

66 10 20 30 40 50 60
Figure 4.2

10 iO Sb 4‘0 50
Figure 4.1

Wi 3% s
“Pm—l (* 1 *\'Pm—SLPm75)

5. Solution of ¥, | =

In this section, we find the solutions of

‘Pm73\Pm75

Wi = , meN. (5.1
W (C1 - )
Theorem 5.1. Assume that, {¥,,};,__s represent a solution of (5.1).
DF2m+1(71+BD)m CE2m+1(*1+AC)m BZm+2(71+DF)m+1
Fami1 = B2+~ N Pomi2 = 50 N Femi3 = 5,07 1
_ +DF)m+ A2m+ (_1 —&-CE)”H F2m+ (_] +BD)m+
A2m+2(_1 _|_CE)m+1 DF2m+2(_1_|_BD)m+l CEZm+2(_1 +Ac)m+l
lP8m+4 = E2m+1( 1 1’ lPSm—FS = 2m+2 10 \P8m+6 = ) 10
—1+AC)"* B?m+2(—1+4DF)m+ A2 +2(—1+CE)mt
BZm+3(_1+DF)m+1 A2m+3(_1+CE)m+l
lP8m+7 = F2m+2( 1 1’ ‘P8m+8 = 2 2 1°
—1+BD)"* E>n+2(—14+AC)™
Proof. The proof is similar to the proof of Theorem 4.1 and therefore it will be omitted. O
Theorem 5.2. (5.1) contains three equilibriums, 0, =1/ —2 and these aren’t locally asymptotically stable.
Proof. The proof is similar to the proof of Theorem 2.2 and therefore it will be omitted. O

Example 5.3. See Figure 5.1 for the initials

Y _5=2.85, Y_, =228, W_3=2.5, Y _,=27, ¥_| =2.6, Yy =2.55.
Example 5.4. We consider
Y 5=2, Y_, =228, Y_3=24 V_,=27, Y_| =23, Yy =2.5.

See Figure 5.2.
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6. Conclusion

We explore the behavior of the following difference equation

le73‘meS
Wi (il + le73\Pm75) ’

W1 = m € Np

with positive real integers as initials. Local stability is discussed. Furthermore, we obtain the solution to several exceptional
circumstances. Finally, a few numerical examples are shown.
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Abstract

The paper deals with the notion of quasi hemi-slant submersions from Lorentzian para Sasakian manifolds
onto Riemannian manifolds. These submersions are generalization of hemi-slant submersions and semi-slant
submersions. In this paper, we also study the geometry of leaves of distributions which are involved in the
definition of the submersion. Further, we obtain the conditions for such distributions to be integrable and totally
geodesic. Moreover, we also give the characterization theorems for proper quasi hemi-slant submersions and
provide some examples of it.
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1. Introduction

In differential geometry the theory of Riemannian submersions was firstly defined and studied by O’Neill [1] and Gray [2], in
1966 and 1967, respectively. In 1976, Watson [3] studied almost complex type of Riemannian submersions and introduced
almost Hermitian submersions between almost Hermitian manifolds. Latar on, Chinea [4] extended the idea of almost
Hermitian submersion to different sub-classes of almost contact manifolds. There are so many important and interesting
results about Riemannian and almost Hermitian submersion which are studied in ( [5]- [7]). As a natural generalization of
holomorphic submersions and totally real submersions, B. Sahin introduced the notion of slant submersions [8], semi-invariant
submersions [9] and hemi-slant Riemannian submersions from almost Hermitian manifolds onto Riemannian manifolds in 2011,
2013 and 2015 respectively. There are many research articles on Riemannian submersions between Riemannian manifolds
equipped with different structures have been published by several geometers ( [10]- [27]).

Magid and Falcitelli et. al. stablished the theory of Lorentzian submersions in [28] and [29], respectively. In 1989,
Matsumoto [30] introduced the notion of Lorentzian para Sasakian manifolds. Later, Mihai and Rosca studied the same notion
independently in [31]. Recently, Gunduzalp and Sahin studied paracontact and Lorentzian almost paracontact structures in [32]
and [33]. Kumar et. al. in [34] defined and studied conformal semi-slant submersions from Lorentzian para Sasakian manifolds
onto Riemannian manifolds. As a natural generalization of hemi-slant submersions, semi-slant submersions and bi-slant
submersions, Prasad, Shukla and Kumar in [35] introduced the notion of quasi bi-slant submersions from Kaehler manifold
onto a Riemannian manifold.

Beside the introduction this paper contains three sections. In the second section, we present some basic informations related
to quasi hemi-slant Riemannian submersion needed throughout this paper. In the third section, we obtain some results on quasi
hemi-slant Riemannian submersions from Lorentzian para Sasakian manifold onto Riemannian manifold. We also study the
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geometry of leaves of distribution involved in above submersion. Finally, we obtain certain conditions for such submersions to
be totally geodesic. In the last section, we provide some examples for such submersions.

2. Preliminaries

In this section, we recall main definitions and properties of Lorentzian para Sasakian manifolds.
An (2n+ 1)-dimensional differentiable manifold M; which admits a (1,1) tensor field ¢, a contravariant vector field &, a
1-form 7 is called Lorentzian para Sasakian manifold with Lorentzian metric gy, ( [31], [36]) which satisfy:

¢ = I+n®E  $0E=0, Mo =0, Q.1

ne&) = -1, gu(Z1,8)=n(Z1), (2.2)

e (921,022) = em(Z1,22) +n(Zi)N(Z2),  em (9Z1,22) = gm, (Z1,9Z2), (23)
Vz& = 07, (2.4)
(V2,0)Z2 = gm(Z1,22)8 +n(Z2)X +21n(Z1)n(Z)E, (2.5)

where V represents the operator of covariant differentiation with respect to the Lorentzian metric gy, and Z;,Z; vector fields
on M.
In a Lorentzian para Sasakian manifold, it is clear that

rank(¢) = 2n. (2.6)
Now, if we put

D(Z1,22) = P(22,21) = gm, (Z1,922) = gm, (921, 22) (2.7)
then the tensor field @ is symmetric (0,2) tensor field, for any vector fields Z; and Z, on M;.

Example 2.1 ( [36]). Ler R**! = {(x',x?,... XX y'y%, .. 05 2) i Xy ,z € R, i=1,2,....k}. Consider R*™ with the
following structure:

k ) ) ) L9 &9 &0
¢ <Z (Xi&xi‘FYi&yl) +Z&z> :_;KTM_ IXiTyi‘F;Yiy 22

i=1 =

1 & ; ; ; ; 1 koo d
1 = — - dx' @dx' +dy' @ dy' =—=|dz— 'dx! =2—.
SRk (n®77)+4i;(X® X +dy ®dy'), 1 2<z i;y x>, =25
Then, (R**1,¢ &, 1M, 8raw+1) s a Lorentzian para-Sasakian manifold. The vector fields E; = 28%,.,Ek+,- =2 (% —|—y’b%) and &
form a @-basis for the contact metric structure.

LetIT: (My,8um,) — (M>,8Mm,) be Riemannian submersions between Riemannian manifolds [7]. Define O’Neill’s tensors
J and « [1] by
dgL = IOV g VL+ VYV g L, 2.8)
JgL = HNVypgVL+VVyp L, 2.9)
for any vector fields E,L on M7, where V is the Levi-Civita connection of gy, . It is easy to see that J% and o7 are skew-

symmetric operators on the tangent bundle of M) reversing the vertical and the horizontal distributions.
From equations (2.8) and (2.9), we have

VnYa = Tyt ¥ Vyh, (2.10)
VnZi = HZi+ AT, @2.11)
VoY = g i+V VN, (2.12)
V2,20 = HVyZo+d,7) (2.13)

for Y1,Y> € T'(kerIl,) and Z;,Z, € T'(kerIL,)*, where JEVy, Z1 = 7,11, if Z; is basic. It is not difficult to observe that .7
acts on the fibers as the second fundamental form, while .7 acts on the horizontal distribution and measures the obstruction to
the integrability of this distribution.
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Since 7, is skew-symmetric, we observe that IT has totally geodesic fibres if and only if .7 = 0.
Let (My,¢,&,1m,8um,) be a Lorentzian para Sasakian manifold and (M>, gy, ) be a Riemannian manifold and I1: M; — M,
is smooth map. Then the second fundamental form of IT is given by

(VIL)(U1,Us) = VI ILU, —IL(Vy, Us) for Uy, Us € T(T,My), (2.14)

where we denote conveniently by V the Levi-Civita connections of the matrices gy, and gy, and VI is the pullback connection.
We recall that a differentiable map IT between two Riemannian manifolds is totally geodesic if

(VIL)(Uy,Us) =0 for all Uy, U, € T(TM;). (2.15)

A totally geodesic map is that it maps every geodesic in the total space into a geodesic in the base space in proportion to arc
lengths.
Now, we can easily prove the following lemma as in [12].

Lemma 2.2. Let I1 be a Riemannian submersion from a Lorentzian para Sasakian manifold (My,¢,&, 1M, gum, ) onto Riemannian
manifold (M», 8w, ), then we have

(i) (VIL)(Wi,W2) =0,
(ii) (VIL)(Z1,22) = —11.( 92, Z>) = —11.(Vz, Z2),
(iii) (VIL)(Wi,Z1) = —TL(V, Z1) = —TL.(cy, Z1),

where Wy, W, are horizontal vector fields and Zy,Z, are vertical vector fields.

3. Quasi Hemi-Slant Submersions

In this section, quasi hemi-slant submersions IT from a Lorentzian para Sasakian manifold (M1, ¢,&,n,gu, ) onto a Riemannian
manifold (M>, gu, ) is defined and studied.

Definition 3.1 ( [37]). Let (M1,¢,&,n,8m,) be a Lorentzian para Sasakian manifold and (M>,gu, ) a Riemannian manifold. A
Riemannian submersion I1: (My,¢,5,1,8m,) = (M2, 8m,) is called a quasi hemi-slant submersion if there exist four mutually
orthogonal distribution D,D® D and < & > such that

(i) kerIL, = D @yp D® ®open D @opin < & >,
(ii) (D) =D i.e., D is invariant,

(iii) for any non-zero vector field Z; € (D?),, p € My, the angle 6 between ¢$Z; and (D?),, is constant and independent of
the choice of point p and Z; in (De)p.

The angle 6 is called slant angle of the submersion, where D, D and D' are space like subspaces.
Let IT be quasi hemi-slant submersion from an almost contact metric manifold (M;,¢,&,1n,gum,) onto a Riemannian
manifold (M>, gu, ). Then, we have

TM; =kerIL, @ (kerIT,)" . 3.1
Now, for any vector field V; € I'(kerIL,), we put
Vi =PVi+QVi+RV; —n(V1)§, (3.2)

where P,Q and R are projection morphisms of kerIT, onto D, D? and D, respectively.
For Y € T'(kerIl,), we set

oY) = yY| + ol (3.3)

where yY; € I'(kerIl,) and ®Y; € T'(wD® & wD™).
Using equations (3.2) and (3.3), we have

Vi P (PV1)+¢(QV1) + ¢(RV1),
= Y(PV1)+o(PVi)+y(QV1) + o(OVi) + y(RV1) + @(RV1).
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Since ¢ (D) = D and ¢(D+) C (kerIL,)*, we get @(PV;) =0 and yw(RV;) = 0.
Hence above equation reduces to

OVi = w(PV)) + WOV, + ©QV; + &RV (3.4)
Thus we have the following decomposition

¢ (kerIL,) = D@ wD° © (wD® ® D), (3.5)
where @ denotes orthogonal direct sum. Since ®D® C (kerIL,)*, ®D* C (kerIL. ). So, we can write

(kerIL,)* = ©D® ® @D @ u,

where u is orthogonal complement of (@D © wD") in (kerIT,)*.
Also for any non-zero vector field W; € I'(kerIL,)*, we have

oW = BW; +CWy, 3.6)

where BW, € T'(kerIl,) and CW; € T'(u).
Span{&} = (£) defines time like vector field distribution. If Z; is a space-like vector field and is orthogonal to £, then

gm, (0Z1,02) = gu, (Z1,22) > 0,

so ¢Z; is also space like. Also yZ; is space-like.
For space-like vector fields the Cauchy-Schwartz inequality, gy, (Z1,22) <| Z; || Z | is verified.
Therefore the Wirtinger angle 6 is given by

g, (0Z1,vZy)
|02, || vZ2 |

aM, ‘kerF is non degenerate metric of index 1 at any point of M;. So (kerIL,) o 18 time like subspace of 7;M at any point of M,

cosO =

S0 (kerH*); is space like subspace of T,M; at any point g € M;.
We will denote a quasi hemi-slant submersion from a Lorentzian para Sasakian manifold (M, ¢,&, 1, gum, ) onto a Rieman-
nian manifold (M, gu,) by IL

Lemma 3.2. IfI1 be a quasi hemi-slant submersion then we have
ViU +BoU, =U +n(U))é, oyU;+ColU; =0, oBX,+C*X; =X,, yBX,+BCX; =0,
for all Uy € T(kerIL,) and X; € T'(kerIL,)*.
Proof. Using equations (2.1),(3.3) and (3.5), we have Lemma 3.2. O
Lemma 3.3. IfI1 be a quasi hemi-slant submersion then we have
(i) w*U; = (cos® ),

(i) g, (WU1,WU2) = cos® Bgyy, (Ur, V),

(iii) gu, (OU), ©U,) = sin® Ogy, (U1, U2),
for all Uy, U, € T(D?).

Proof. (i) Let IT be a quasi hemi-slant submersion from a Lorentzian para Sasakian manifold (M;,¢,&,n,8x,) onto a
Riemannian manifold (M>, gu, ) with the quasi hemi-slant angle 6.

Then for a non-vanishing vector field U; € T'(D?), we have

cosg = VU1 37

| oU |’
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and
U, yU
cos@ — S Uyl (38)
| Ut || U |
By using equations (2.1),(3.3) and (3.8) we have
U, yU
cos§ = S (YUL YUY
| UL || U |
Uy, y*U
cosO — M (3.9)
[OU: [yl |
From equations (3.8) and (3.9), we get y?U; = (cos® 8)Uj, for U; € T(DY).
(ii) For all U;,U, € T'(D?), using equations (2.3),(3.3) and Lemma 3.3 (i), we have
s (WULYL) = g, (9U1 — Uy, yl)
= &M (Ula IIIZUZ)
= 0082 Bng (Ul,UQ).
(iii) Using equation (2.3), (3.3) and Lemma 3.3 (i), (ii) we have Lemma 3.3 (iii).
O
Lemma 3.4. If11 be a quasi hemi-slant submersion then we have
VVy, s+ Ty, 0Ys — gy, (Y1,Y2)E —2n(Y1)n(Y2)E —n(Y2)Y1 = y¥'Vy, Yo + By, Ya, (3.10)
'%1 l[/Yz—l—%Vyla)Yz:a)7/Vle2+Ceyle27 (3.11)
V' Vy,BUy + oy, CU> — gu, (CUL, Un)E = waty, Us + BV, Us, (3.12)
JZfUIBUz—F%VUICUQ = a)sszl U, —|—C%VU| Us, (3.13)
A//VYIBUl—‘r:?YICU] ZW%1U1+B%VY1U1, (3.14)
Gy BU| + HVy,CU = 0 Ty, Ui +CHVy, Uy, (3.15)
VVuy, w1 + Ay, oY) = Baty, Y1 +y ¥ Vy 11, (3.16)
ﬂyl vY) —|—%VU1 Y| — T](Y] )U] = Cﬂfylyl + (1)7/le Y, (3.17)
for any Y1,Y, € T(kerIl,) and Uy,U, € T'(kerIL,)*.
Proof. Using equations (2.5), (2.10)-(2.13), (3.3) and (3.5), we get equations (3.10)-(3.17). ]
Now, we define
(VYl II/)Y2:7/VY| WY2_W’7/VY1Y27 (318)
(Vyl (D)Yz = %Vy] wY, — (IJqf/Vy1 Y, (3.19)
(Vx,C) Xy = 5V x,CXs —CHVx, Xa, (3.20)
(Vx,B)Xy = ¥'Vx,BXo — B Vx, X> (3.21)

for any ¥;,Y; € I'(kerIl,) and X1, X, € ['(kerIT,)*.
Lemma 3.5. If11 be a quasi hemi-slant submersion then we have
(Vr9)Y2 = BTy, Yo — Ty, 0Y2 + gu, (Y1, 12)E +2n(Y1)n(Y2)€ +n(Y2)Y1,
(VUI C)U2 = G)JZ{UI U, — JZ%UlBUz,
(Vu,B)U> = yty, Uy — y, CU> + g, (U1, U2)8,

for any vectors Yy, Y, € T'(kerIL,) and Uy, U, € T'(kerIL,)*.
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Proof. Using equations (3.10), (3.11), (3.12), (3.13) and (3.18)-(3.21), we get all equations of Lemma 3.5. O
If the tensors ¢ and @ are parallel with respect to the linear connection V on M| respectively, then
BIy, Yo = Ty, 02 — gy, (Y1,12) —2n(Y1)n(Y2)E —n(Y2)Y1,CF, Y2 = Ty, yYa
for any ¥1,Y» € T(TM,).
Theorem 3.6. Let I1 be a quasi hemi-slant submersion. Then, the invariant distribution D is integrable if and only if
am, (Tx,0X2 — Tx, 0X1, QY1 + ORY) = gu, (V' Vx,0X1 — V' Vx, 9 Xo, wOY1 ),
for X1,X, €T(D) and Y, € T(D® ©D*).
Proof. For X1,X, € (D), and Y; € T'(D® @ D), using equations (2.3), (2.5), (2.10), (3.2) and (3.3), we have

au, ([X1,X2],Y1) = gur, (Vx, 0X2,0Y1) — gu, (Vx, 0X1,011),
= &M, (%(1 ¢X2 - %(2¢X1 ) (DQY] + wRYl) +ng] (,val ¢X2 - qj/Vqu)Xl ) WQYI)a

which completes the proof. O
Theorem 3.7. Let I1 be a quasi hemi-slant submersion. Then, the slant distribution D is integrable if and only if
em, (FOV 7,0Z) — ANV 7,02, 9RX,) = gm, (T2, 0Zy — T7,0Z1 , 9 PX1) + gm, ( Tz, QY Zy — Tz, OYZ1, X))
forall Z,,Z, e T(D%) and X, € T(D & D).
Proof. Forall Z;,Z, ¢ T(D%) and X; € T(D @ D), we have
em ((21,2:),X1) = gm, (V2,22,X1) — gm, (V2. Z1, X1).
Using equations (2.3), (2.5), (3.2), (3.3) and Lemma 3.3, we have
e, ([Z1,22),X1) =8m, (0V 2,22, 0X1) — gm, (0V 2,21, 0X1)
=8m, (V2,0Z2,0X1) — gm, (V2,0Z1,0X1)
=gm, (Vz, W22, 0X1) + 8m, (Vz, 022, 9X1) — g, (V2, WZ1, 0X1) — guay (Vz, 0Z2, X1)

=cos” Ogur, (Vz,22,X1) — o8’ Ogur, (V2,21,X1) + gm, (T2, 0WZs — Tz, 09 Z1, X1
+8gm (AN 7,02y + T7, 02y, 9 PX1 + ORX1) — gu, (HV 72,021 + Tz, 0Z1, 9 PX1 + PRX ).

Now, we have

sin? 0gu, ([Z1,25],X1) =gm, (T2, 0Zs — Tz, 0Z1, 9PX1) + g, (HV 7, 02 — 7V 7,0Z1 , §RX )
+&m, (T2, OYZy — T7,0YZ1,X1),

which completes the proof. O
Theorem 3.8. Let I1 be a quasi hemi-slant submersion. Then the anti-invariant distribution D is always integrable.

Proof. The proof of the above theorem is exactly the same as that one for hemi-slant submersions, see Theorems 3.13 of [38].
So we omit it. O

Proposition 3.9. Let I1 be a quasi hemi-slant submersion. Then the vertical distribution (kerIl,) does not defines a totally
geodesic foliation on M.

Proof. Let Z; € T'(kerIl,) and Z, € I'(kerI1,)", using equation (2.4), we have

8M, (V21§7Z2) = &M, (¢ZI7Z2)7

since gu, (0Z1,Z>) # 0, s0 gu, (Vz,E,2Z,) # 0. Hence, (kerIL,) does not defines a totally geodesic foliation on M;. O
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Theorem 3.10. Ler I1 be a proper quasi hemi-slant submersion. Then the distribution (kerIl,)— < & > defines a totally
geodesic foliation on M if and only if

am, (T2, PZy +c0s* 0 7,072, V1) = —gu, (HV 2, 09 0Z2, V1) — gm, (Tz, ©Za, BVy) — gut, (H#V 7, 0Z3,CV7)
forall Z,Z, € T'(kerIl,)— < & > and V; € T'(kerIL,)*.
Proof. Forall Z,Z, € T'(kerIL,)— < & > and V| € I'(kerIL.)", using equations (2.3), (2.5) and (3.2), we have
am; (V2,22 V1) = g, (VZ, 0 P2, 0V1) + gm, (VZ, 0022, 0V ) + gm, (Vz, ORZy, V1 ).
Now, using equations (2.10), (2.11), (3.3), (3.5) and Lemma 3.3, we have
em, (V2,22,V1) =gum, (T3, PZ, V1) + cos® Ogu, (T2, 02, V1) + gu, (Y 7, 09025, V)
+8m, (Vz, (0PZy + 0QZ; + ORZ,), 9 V7).
Now, since WPZ, + ©QZ, + WRZy = wZ; and wPZ; = 0, we have
8, (V2,22,V1) =gu, (T2, PZy + cos® 0 75,025, V1) + g, (HV 2,09 Q2> V1) + g, (Tz, 02, BV )
+8m, (FEV 7, 02,,CVy),
which completes the proof. O

Theorem 3.11. Let I1 be a quasi hemi-slant submersion. Then, the horizontal distribution (kerIL)L does not defines a totally
geodesic foliation on M.

Proof. Let X1,X; € I'(kerIl, )", using equation ( 2.4), we have
e, (Vx, X2,8) = —gum, (X2, Vx, §) = —gum, (X2, 0X1),
since g, (X2, 0X1) # 0, so gu, (Vx, X2,&) # 0. Hence, (kerTI,)* does not defines a totally geodesic foliation on Mj. O

Proposition 3.12. Let I1 be a quasi hemi-slant submersion. Then the distribution D does not defines a totally geodesic foliation
on M.

Proof. For all Y,Y, € I'(D), using equation (2.4), we have
M, (VYlYZaé) = —8M; (Y27¢Y1)>
since gy, (Y2, 9Y1) # 0, s0 gu, (Vy, Y2, &) # 0. Hence D does not defines a totally geodesic foliation on M. O

Theorem 3.13. Let I1 be a quasi hemi-slant submersion. Then the distribution D® < & > defines a totally geodesic foliation if
and only if

gm, (Tx, 9PX2, 0QY1 + ORY1) = —gum, (V' Vx, 9 PXa, y QY1 ),
ng (7/VX1 ¢PX2vBY2) = _ng (%{1 ¢PX23CY2)7
forall X,,X, € (DD < & >),Y; = QY; +RY; € T(D? © D) and ¥ € T'(kerIl, )"+,
Proof. Forall X;,X, e T(D® < & >),Y; = QY +RY; € T(D? © D+) and Y5 € T'(kerIL, )", using equations (2.3), (2.5), (2.10),
(3.2) and (3.3), we have
g, (Vx, X2,Y1) =gum, (Vx, X2, 0Y1)
:ng (VXI ¢PX27 ¢QY1 + ¢RY1)
=8m, (Ix,9PX2, 0OY1 + ORY1) + gm, (V' Vx, 9 PX2, W OY1 ).
Now, again using equations (2.3), (2.5), (2.10), (3.2) and (3.5), we have
gm, (Vx, X2,Y2) =gm, (Vx, X2, 0Y2)
=gm, (Vx, §PX3,BY, +CY>)
=gm, (V' Vx,9PX2,BY2) + gm, (T, 9 PX2,CY>),

which completes the proof. O
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Proposition 3.14. Let I1 be a quasi hemi-slant submersion. Then the distribution D® does not defines a totally geodesic
foliation on M.

Proof. For all Z,Z, € T(D?), using equation (2.4), we have
em (Vz2,22,8) = —gm, (Z2,9Z1),
since gy, (Z2,9Z1) # 0, s0 gu, (Vz,Z2,&) # 0. Hence DP does not defines a totally geodesic foliation on M. O

Theorem 3.15. Let I1 be a quasi hemi-slant submersion. Then the distribution D®@® < & > defines a totally geodesic foliation
on My if and only if

gm, (T2, 092y, Xy) + g, ( Tz, 0Za, 9PX1) + gp, (HV 7, 0Zo, 9RX1) =1(Z2)gm, (Z1, 9 PX1),
gm, (FEV 7,0WZy, X5) + g, (FEV 7, 0Z>,CX2) + gum, (7, 0Zo,BX>) =1 (Z2)8m, (Z1,BX2),

forallZ,,Z, e T(D°® < & >),X; e (D@ D) and X, € T'(kerIT,)*.

Proof. Forall Zy,Z, c T(D%® < £ >), X; € [(D®D*) and X, € I'(kerI1,)*, using equations (2.3), (2.5), (2.11), (3.2), (3.3)
and Lemma 3.3, we have

gm (V2,22 X1) =gm, (V2,92Z2,9X1) — 1(Z2)gm, (Z1, X1 )
=8M, (VZI V7, (PXl) +8m, (VZI WZ, (PXI) - n(Z2)gM1 (Zl,¢PX1)
=cos” 018m, (Vz,Z2,X1) + 8m, (T2, OWZ2, X1) + g, (T20Z2, 9 PX) + gua, (HV 72,025, 9RX, )
—N(Z2)gm, (Z1,0PXy).

Now, we have
sin® 01gu, (V2. 22,X1) =gm, (T2, 0WZ2, X)) + gm, (T, 022, 9 PX1) + g, (Y 7, 0Z2, RXy) — 1(Z2)gma, (Z1, 9 PX) )
Next, from equations (2.3), (2.5), (2.11), (3.2), (3.3), (3.5) and Lemma 3.3, we have

e, (V2,22,X2) =g, (Vz,922,9X2) — 1 (Z2)gm, (Z1,9X2),
=gm, (V2. W22, 0X2) + 8m, (Vz, 02,9 X>) — 1(Z2)8m, (21, $X2),
=cos’ 018m, (Vzl 75,X7) +&m, (%Vzl 0oYZ,,X;) +&m, (%Vzl 0Z,,CX>) +8&m (%1 ®Z,,BX)
—N(22)gm, (Z1,BX,).

Now, we have
Sil’l2 Glng (VZ] ZQ,XQ) =8M, (%Vzl (OIIIZQ,XQ) +gM1 (%Vzl (J)Zz,CXQ) —|—ng (%] (I)ZQ,BXZ) — T](Zg)gM] (Z] ,BXz),
which completes the proof. O

Theorem 3.16. Let I1 be a quasi hemi-slant submersion. Then the distribution D defines a totally geodesic foliation on M if
and only if

gm, (%, X2, 0Y QY1) = —gm, (H'Vx, ORX>, 0Y1),
ng (’%(1 wRX27BY2) = ng (V(DRXZ ¢CY27 wRXl)a

forall X,,X, € T(DY),Y, e T(D@ D), and > € T'(kerm,)*.

Proof. For all X,X, € T(D*),Y; € (D@ D?), and > € T'(kerm,)*. Using equation (2.4), we have
am, (Vx, X2,8) = 0.

Next, using equations (2.3), (2.5), (3.2), (3.3) and Lemma 3.3, we have

gm, (Vx, X2, Y1) =gum, (9Vx, X2, 9PY) + wOY1) + gum, (Vx, X2, 0QY1),
am, (Vx, Xo, PY1 + QY1) =g, (Vx, X2, PY1) + cos® Ogar, (Vx, X2, OY1) + gm, (Vx, X2, @WOY1) + gur, (Vx, 9 X2, 0OV ).
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Now, using equations (2.10) and (2.11), we have
sin? Ogur, (Vx, X2, 0V1) = g, (Fx, X2, WOV ) + gu, (H'Vx, ORX,, ©Y1 ).
Next, using equations (2.3), (2.5), (2.11), (2.13), (3.3) and (3.5), we have
em, (Vx, X2,Y2) =gu, (Vx, ORX2,BY>) + g, (Vx, ORX>,CY>),
=gm, (Fx, ORX>,BY>) — gum, (FEV orx, CY>, ®RX1),
which is complete proof. 0
Using Proposition 3.9 and Theorem 3.11, one can give the following theorem:

Theorem 3.17. Let I1 be a quasi hemi-slant submersion. Then the map I1 is not a totally geodesic map.

4. Examples

Example 4.1. Consider the Euclidean space R'! with coordinates (xi,...,Xs,,Y1.....,ys,z) and base field {E;, Es.;,&} where
= 2 EE Esii=2 (% —|—y’b%>, i=1,...,5 and contravariant vector field & = 29%. Define Lorentzian almost para contact

structure on R'" as follows:

S99 9 S N N B N
¢ <; (Xla)C’+Yla)ﬂ> +Zaz> ——;Yig_zixia*yi +i:ZIYiy 7’

i=

d 1 S 1
§=24-. n=—3 (dz—Zy’dX’), g =—(Men)+ (de ®dx' +Zdy ®dy>
=1

i=1
Then (R, ¢,&, n,8g11 ) is Lorentzian para Sasakian manifold. Let the Riemannian metric tensor field gga is defined by

4

1
8rt = Z Z(dv,-@dv,-).
fay

on R*, where {v1,v2,v3,v4} is local coordinate system on R*.
LetT1: R'"' — R* be a map defined by

H(XI, ---7x57y1----7y57Z) = (-x27Sinax3 _Cosax47y17y4)'

which is quasi hemi-slant submersion map such that

X—28+a X, =2 ai+i+2aa+a X—Zi—ki

1 = ax YIa ) 2 = zCOS (9X3 y38Z s a y4az 3= axs ySaZ 5
0 0 0 0

x, = 22, x5=22 x =22 x—¢-22,

! dy> > oy © " %y 1=6= 2z

(kerIL,) = (DeD? @D @ < & >),

P 9 J
D= <x3 _2(8x5+y5(9Z) X6 —2(9y5>’
9 9 9 9 o
97 _ o v . - PR— = I
DY = <X2 =2coso <8x3 +y38Z) +2sina (3)64 ) 92) , X5 28y3>’

d 0 0 0
1 _ o . — — ) __
b ‘<X1‘2(ax1 ”‘az> X = ay> (©) <X7 28z>’

0 d 0 0 0 d d 0
L —_— _— — 1 — —_— —_— — —_— = — p— —_—
(kerIl,) —<V1—2(8x2+yzaz>,V2 251na<ax3 +yzaz> ZCosa<ax4+y1 aZ),x@ 2ay1,v4 2ay4>’

with quasi hemi-slant angle a. Also by direct computations, we obtain

d P P
MLV, =2—1, ILV3=2—1 ILVi=2

d
H*V =2 5 ) a,,
! &Vz aV3 81/4

8v1 ’



On Quasi Hemi-Slant Submersions — 95/97

Example 4.2. Consider R'' and R* has same structure as in Example 4.1. Let T1: R'' — R* be a map defined by

V3x1 +x2
H(xla"'ax5ay1a"'7y5vz): fv)&h)’l»% .

which is quasi hemi-slant submersion map such that

0 0 0 0 0 0
X1=2<a +y18> 2\f< +yza) X2:2<8x3+y38z) X3:2<8x5+y58z)’

d d d d

Xy =2—, Xs=2— X¢=2—! X;=2-.
dy2 dy4 dys 9z

(kerIL,) = (D& D & D @ < € >),

p={xi=2( 2L 4yl xs=2-2L
- 3= ax5 y5az A6 — ays 5
0 J 0
o s —n__
D —<X] Z(a)q +yi= ) 2\[< +yla ),X4 Zay2>,

d d d d
l_ — J— = ) — = = L—
D _<X5_2(ax3 +y3az>aX2 28y4>,<§> <X7 zaz >a

0 0 0 d 0 0 d
(kerH*) <V1_2\/7( +yla)+2<ax2+yzaz)7V2:2(ax4+}748Z>,V3:28ylyv4:28y3>7

with quasi hemi-slant angle 0 = %. Also by direct computations, we obtain

d d d
IV, =2—, ILVz=2-—, ILW=2

d
IV, =2 s ) 5
! 8\12 3V3 aV4

v’

5. Conclusion

In this paper, integrability conditions and conditions for defining a totally geodesic foliation by certain distributions were found.
Then, by applying the notion of quasi hemi-slant submersions from Lorentzian para Sasakian manifolds onto Riemannian
manifolds.
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Abstract

In this paper we report on a two parameter four-dimensional dynamical system with cyclic symmetry, namely
a circulant dynamical system. This system is a twelve-term polynomial system with four cubic nonlinearities.
Reported are some parameter-space diagrams for this system, all of them considering the same range of
parameters, but generated from different initial conditions. We show that such diagrams display the occurrence
of multistability in this system. Properly generated bifurcation diagrams confirm this finding. Basins of attraction
of coexisting attractors in the related phase-space are presented, as well as an example showing phase portraits

for periodic and chaotic coexisting attractors.
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1. Introduction

In this paper we report numerical results referring to a four-dimensional dynamical system with cyclic symmetry, the so-called
circulant dynamical system [1], which is modeled by an autonomous nonlinear set of four first-order ordinary differential
equations. Such a system was recently proposed by Rajagopal and co-workers [2], being given by

X =ax+by—y>,

y=ay+bz—2,

t=az+bw—w,

W=aw+bx—x°, (1.1)

where x, y, z, w are the dynamical variables, and a, b are the parameters responsible for the type of behavior presented by the
system. We draw attention to the fact that the only nonlinearity present in system (1.1) is of the cubic type, and that reports on
nonlinear models dominated by such terms are not abundant in the literature. Also, it is important to note that the parameter a
must always be negative to guarantee the existence of attractors in the respective phase-space. It is easy to see that negative
values of parameter a make system (1.1) dissipative, since is straightforward to show that the flow divergence is equal to 4a.
System (1.1) was investigated numerically in Ref. [2], both the integer and the fractional order versions. Also, system (1.1)
was investigated in Ref. [2] through a circuit design. Bifurcation diagrams with parameter a kept fixed, and parameter b being
considered as the bifurcation parameter, were used to detect the presence of the multistability phenomenon. Our contribution
to advancing knowledge of this system considers the simultaneous variation of both parameters a and b in the investigation
of multistability. In Sect. 2 we report (a,b) parameter-space diagrams which consider the same ranges for the parameters,
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but generated from different initial conditions. Such procedure will allow, as we will see in detail in the next section, the
detection of multistability areas, instead of the multistability lines obtained in the procedure that uses bifurcation diagrams for
this purpose. Finally, concluding remarks are given in Sect. 3.

2. The Dynamics in Parameter-Space

Here we report on a numerical experiment related to the investigation of the long-term dynamical behavior of system (1.1).
More specifically, five (a,b) parameter-space diagrams are presented, for —3.5 < a < —3.0 and 8.0 < b < 10.0. Each of these
diagrams was generated in a different way which we will detail in the following, but they all use the largest Lyapunov exponent
(LLE), computed by using the algorithm in Wolf and collaborators [3], to characterize the dynamical behavior for each choice
of a and b in the respective parameter-space diagram. For each of them the parameter interval was discretized in a grid of
800 x 800 points, being system (1.1) numerically integrated by using the fourth-order Runge-Kutta algorithm with a time step
equal to 1073, The average that must be considered in the computation of each of the 6.4 x 10° LLEs takes into account 4 x 10°
integration steps, after discarding an appropriate transient. As is well known, system (1.1) has four Lyapunov exponents for
each choice of parameters a and b, and its dynamical behavior is characterized by the LLE: (i) equilibrium point if LLE< 0,
(ii) periodic or quasi-periodic motion if LLE= 0, and (iii) chaotic or hyperchaotic motion if LLE> 0. The main purpose of
presenting these five diagrams is to detect differences between the parameter-spaces which, if any, will be a numerical proof of
the occurrence of multistability in system (1.1).

Figure 2.1 shows five versions of a same global view of the (a,b) parameter-space of system (1.1), for —3.5 <a < —-3.0
and 8.0 < b < 10.0. Color in each diagram is related to the magnitude of the LLE. Parameter regions with a positive LLE,
painted in a color that ranges from yellow to red, relate to chaotic behavior, while parameter regions in black color stand for
periodic solutions and have LLE= 0. The small gray region at the bottom left in each diagram, for which the LLE< 0, concerns
to parameters that lead the system to equilibrium points.

The diagram in Fig. 2.1(a) was generated always from a same arbitrary initial condition, regardless of the values of the
parameters a and b. Once the set of parameters is defined, system (1.1) is numerically integrated, the respective time series
obtained, and the related Lyapunov exponents spectrum is computed. In order to generate the diagram in Fig. 2.1(b) we fix
(a,b) = (—3.5,8.0), and initialize system (1.1) with an arbitrary initial condition. Then system (1.1) is numerically integrated,
the respective time series obtained, and the related Lyapunov exponents spectrum is computed. Parameter a is increased, and
system (1.1) is initialized with the variables related to the final point obtained for the prior value of a. The numerical integration
is performed, and a new Lyapunov exponents spectrum is computed from the new time series obtained. Such procedure is
repeated until the highest value of a, namely a = —3.0, is reached. Then parameter b is increased, and the entire procedure is
repeated until the parameter set (a,b) = (—3.0, 10.0) is considered in computing. The diagram in Fig. 2.1(c) is constructed in a
manner analogous to that in Fig. 2.1(b), but starting from (a,b) = (—3.0,8.0). Parameter a is decreased until @ = —3.5. For
each increased b until (a,b) = (—3.5,10.0), this last procedure is repeated. In short, the diagram in Fig. 2.1(b) [Fig. 2.1(c)] was
generated by using the method following the attractor along lines of constant b, increasing (decreasing) a from —3.5 (—3.0).

Diagrams in Figs. 2.1(d) and 2.1(e) also were generated by using the method following the attractor, but in a different way
from the one used in the generation of Figs. 2.1(b) and 2.1(c), where each time parameter b is changed the system (1.1) is
initialized from a same arbitrary initial condition. This time, however, this initialization happens only once for each of the
diagrams. In the case of Fig. 2.1(d), the parameters are fixed at the lowest values (a,b) = (—3.5,8.0), system (1.1) is initialized
from an arbitrary initial condition, and the attractor is followed until the highest values (a,b) = (—3.0,10.0) are reached. A
similar procedure allows generating Fig. 2.1(e), only now going from the highest values (a,b) = (—3.0,10.0) to the lowest
values (a,b) = (—3.5,8.0).

A cursory glance at the diagrams in Fig. 2.1 misleadingly concludes that they are all identical. However, a closer look
reveals that significant differences exist between them. One of these differences appears, for example, in the chaotic stripe
in yellow crossed by the small line segment in magenta, which is in the same geographical position in each of the diagrams.
In two of them, namely in Figs. 2.1(c) and 2.1(e), there is only one periodic stripe in black embedded in this chaotic stripe,
while in the other three diagrams there are two periodic stripes in black embedded. Thus, we have just identified a region in
the parameter-space of system (1.1), near the magenta line, whose long-term dynamical behavior can be different depending
on the initial condition adopted for the numerical integration of system (1.1). In other words, we can say that system (1.1)
presents at least more than one coexisting attractors in the phase-space, for a kept fixed set of parameters (a,b) in this region,
and this is a signature of the multistability phenomenon [4]. What makes multistable systems worth studying is the fact that this
phenomenon has been observed, for a long time, in mathematical models of nonlinear dynamical systems, in the most varied
fields of knowledge [5-9].
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Figure 2.1. Regions of different dynamical behaviors in the (a,b) parameter-space of system (1.1). Color in each diagram is
related to the magnitude of the largest Lyapunov exponent. (a) Same initial condition, regardless of the values of a and b. (b)
Following the attractor along lines of constant parameter b, from (a,b) = (—3.5,8.0) to (a,b) = (—3.0,10.0). (c) Following
the attractor along lines of constant parameter b, from (a,b) = (—3.0,8.0) to (a,b) = (—3.5,10.0). (d) Following the attractor
from (a,b) = (—3.5,8.0) to (a,b) = (—3.0,10.0). (e) Following the attractor from (a,b) = (—3.0,10.0) to

(a,b) = (-3.5,8.0).

Figure 2.2 shows two bifurcation diagrams for system (1.1), both generated by following the attractor, for points along
the line segment b = 4a + 22 in magenta connecting the points (a,b) = (—3.34,8.64) and (a,b) = (—3.31,8.76) in any of the
diagrams in Fig. 2.1. In each of them are shown the local maxima (the peaks) of the variable x, commonly called period and
denoted by x,,, for one thousand values of the parameter a. The diagram in blue was generated considering the increase of
the parameter a from —3.34 to —3.31, while that in red considers the decrease of @ from —3.31 to —3.34. There are clear
differences between the two bifurcation diagrams in Fig. 2.2 and, as a consequence, a clear evidence of the occurrence of
multistability. For example, in the right region, inside the green box for —3.318 < a < —3.316, we can observe the coexistence
of a chaotic attractor, in red, and a period-5 attractor, in blue.
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Figure 2.2. Two bifurcation diagrams for points along the line segment b = 4a 422 in any of the diagrams in Fig. 2.1.
Diagram in blue (red) considers the increase (decrease) of the parameter a.

The basins of attraction related to the chaotic and the period-5 attractors, in their respective colors, are shown in Fig. 2.3.
In fact, Fig. 2.3 shows a (xp,yo) initial condition cross-section of a four-dimensional (xo,yo,z0,wo) basin of attraction for
system (1.1), namely the one for which zo = wp = 3.0, and (a,b) = (—3.317,8.732), a point belonging to the line segment
b =4a+22 drawn in diagrams of Fig. 2.1. We can see that the basins of the chaotic (in red) and the period-5 (in blue) attractors
are not intermingled, that is, the points belonging to one basin are perfectly distinguishable from the points belonging to the
other basin. Therefore, the basins of attraction in Fig. 2.3 clearly indicate initial conditions leading to either of the two attractors.
Accordingly, since the parameters are kept fixed at (a,b) = (—3.317,8.732), and for zo = wy = 3.0, any initial condition point
(x0,¥0) chosen in the red region takes the system to a chaotic attractor in the phase-space, whereas any initial condition point
(x0,¥0) chosen in the blue region takes the system to a period-5 attractor.

4

-2 -1 0 1 2 3 4

Figure 2.3. Projection of basins of attraction for system (1.1) on the (xo,yo) initial condition plane, for zo = wy = 3.0. Blue
(Red) is related to the period-5 (chaotic) attractor basin.

Figure 2.4 shows two-dimensional projections of the two coexisting attractors, a period-5 and a chaotic, all of them
considering the variable x in the horizontal axis, and generated for (a,b) = (—3.317,8.732). For the period-5 attractor shown
in Figs. 2.4(a), 2.4(b), and 2.4(c), the initial condition is (xg,yo,z0,wo) = (1.5,1.0,3.0,3.0), corresponding to the point marked
with a plus sign in the blue region of Fig. 2.3, while for the chaotic attractor shown in Figs. 2.4(e), 2.4(f), and 2.4(g), the initial
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condition is (xg,yo,z0,wo) = (1.0,—1.0,3.0,3.0), corresponding to the point also marked with a plus sign, but this time in the
red region of the same Fig. 2.3. Figures 2.4(d) and 2.4(h) show the evolution over time of the variable x, respectively for the
periodic and the chaotic attractors.
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Figure 2.4. Two coexisting attractors for system (1.1). In (a) and (b) and (c) are shown projections of the period-5 attractor. In
(e) (f) and (g) are shown projections of a chaotic attractor. Diagrams in (d) and (h) show the time series for the variable x,
respectively for the period-5 and the chaotic attractors.

3. Summary and Outlook

We have investigated a two parameter four-dimensional dynamical system, namely a circulant dynamical system modeled
by an autonomous set of four first-order ordinary differential equations which presents cubic nonlinearities in all variables,
but no crossed nonlinearities. We have reported some versions of a same parameter-space plot of this system, obtained from
different initial conditions. Such diagrams present sensitive differences that allow us concluding that multistability is a possible
phenomenon in this system for some parameter values. Bifurcation diagrams confirm this finding. As a consequence of the
multistability phenomenon, we also have reported on basins of attraction for coexisting periodic and chaotic attractors.

Therefore, we locate and investigate a region in the parameter-space of the circulant dynamical system, in which the
model displays coexisting periodic and chaotic attractors, for a same set of parameters. It means the presence of an area in
the parameter-space where at least two attractors coexist, depending on the choice of the initial conditions in the numerical
integration of the system. As far as I know, such a result has never been reported in the literature of this field of study, for this
system. Therefore, this work represents an interesting contribution to advancing knowledge of the system under study, deserving
to be read. A possible future work consists of continuing to explore the parameter-space of the circulant dynamical system, in
search of other regions that present multistability, including other sets of coexisting attractors, namely periodic-periodic and
chaotic-chaotic. We understand, therefore, that the circulant dynamical system deserves further investigation.

With regard to the relevance of the occurrence of multistability in nonlinear dynamical systems, it is important to mention
that the phenomenon has been recently reported in several other systems, among them neuron models [10, 11], electronic
circuits [12,13], memristor oscillators [14,15], biological systems [16,17], couplings of Duffing and van der Pol Oscillators [18],
and snap and jerk systems [19,20], just to name a few among many examples.
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1. Introduction

The approximation of functions by using linear positive operators introduced via g-Calculus and (p, g)-Calculus is currently
under intensive research. Firstly, generalizations of Bernstein polynomials based on the g-integers has been investigated by
Lupas [1] and Phillips [2]. Later, generalized q-Bernstein operators and the g-generalization of other operators were studied in
[3]-[8]. Also, in recent years, a nonlinear modification of the classical Bernstein polynomial has been introduced by Bede and
Gal [9]. All the max-product operators are nonlinear and piecewise rational, and they present, for many subclasses of functions,
essentially better approximation properties than the classical linear operators. In [10]-[13], Favard-Sz4sz-Mirakjan operator of
max-product kind and Bernstein operator of max-product kind were studied. Duman constructed a nonlinear approximation
operator by modifying the g-Bernstein polynomial in [14].

In this study, we define nonlinear ¢g-Favard-Szdsz-Mirakjan operators of max-product kind. But, before that the classical
Favard-Szasz-Mirakjan operators (see [15]) and its g-generalization (see [16]) are given respectively by

Y (nx)* [k
Su(f:x) = k;)_k! f<n) (1.1)
and
O E (—nlo) Y (nlgx)* . ( Kl
Snalf0) =By (=lnlex) X = f(—[n]q), (12)
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where n € N, f is bounded, f € C[0,+), x € [0,4+), g € (0,1) and E,(x) = Z:f:oq@ ﬁ;,

The aim of this paper is to study the nonlinear approximation properties of g-Favard-Szasz-Mirakjan operators of max-
product kind.

We first recall some basic definitions in g-calculus. Let parameter g be a positive real number and n a non-negative integer.

[n], denotes a g integer, defined by

1=¢"
[n]q:{ T—¢° qg#1
n, g=1.

Let ¢ > 0 be given. We define a g-factorial, [n],! of k € N, as

n],! = { (1g[2]g---[nlg,

n=1,2,..
1, n=0.

The g-binomial coefficient [ﬂ by
q

2. Construction of the Operators

The approximation properties of the classical Favard-Szasz-Mirakjan operators of max-product kind were investigated in [9]. In
this section, we construct nonlinear g-Favard-Sz4sz-Mirakjan operators of max-product kind. We consider the operations V'
(maximum) and ”.” (product) over the interval [0, +o0). Then ([0, +o0), V,.) has a semiring structure and is called “max-product
algebra” (see, for instance [13]).

Let C[0,4) := {f : [0,4) — [0,4) : f is continuous on [0,+o)}. We define nonlinear g-Favard-Szasz-
Mirakjan operators of max-product kind as follows:

B Vicosnk(x,9)f (%)

M)

(
F - - 2.1
sq (f) (x) \/k:() Sni ()C, q) ( )
where n € N, f € C1[0,+00) , x € [0,+00), g € (0,1) and s,,4(x,q) is given by
_ ()
Sni(X,q) = W, 2.2)

Since it easy to check that F,fl,lf) ()(0) — f£(0) = 0 for all n, notice that in the notations, proofs and statements of all

approximation results in fact we always may suppose that x > 0.

Since f € C4[0,4e0) and s, x(x,q) is positive for all x € [0, 4-c0), Fn(ﬁ;]) (f)(x) is a positive operator. Now, we show that

Fn(ﬁ;[) (f)(x) is not linear operator on C4.[0, +o0) .

Let f,g € C4[0,4). Then, by definition we see that
M M
f<g = Fiy () <Y (). 23)
Thus, F,SZI) (f)(x) is increasing with respect to f € C [0, +o0). Besides, for any f,g € C;[0,4) we have

ES(f+8)(x) < E (N )+ Eiy (9) (). 2.4)

In general, @, (f,0), 6 > 0 denote the modulus of continuity of f € C, [0, +o) defined by

(Dl(f76) = Sup{'f(x) _f(y)‘ X,y € [Oa+°°)a ‘x_y| < 6}
Now, using (2.3), (2.4) and also applying Corollary 2.3 in [11] or Corollary 3 in [13], we have the following inequality:

(1)) — () < (1 T ;HFJ,’Z’R%)(x)) 01 (F,8), 25)

where n €N, f € C;[0,+00) ,x € [0,+00), g € (0,1) and @.(¢) = [x —1¢|.
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3. Auxiliary Results

For each k, j € {0,1,2,...} and x € [@ UH]"}, let us denote

(g [nlg
Sn,k<x7¢]) [ ]q x‘
Mk7n7j (‘x7 q) = s ( ) 9
n, j
Snk\X,q
M (%, 4) = snjgx qi'

It can easily see that if k > j+ 1 then

sn,k(xvq) (% —X)
S"J(xa Q)

Mk,n,j (X, Q) =

)

and if k < j— 1 then

s (-~ )

Mk,mj(xvCI): P '(X q)
n,j\Ay

Lemma 3.1. Let g € (0,1). Forallk,j € {0,1,2,...} and x € [@, UH]"}, we get

nlg” [nlq

My, j(x,) < 1

Proof. We consider two cases: (i) k > j and (ii) k < j.
Case (i). From (3.2), we have

mk,n,j(xa Q) _ [k+ 1]‘1 1
Mt 1,7 (X, q) [y x
Since the function A(x) = % is non-increasing on {%, U [: }11]‘1] , from here we get

Minj(6:q) _ [k+1]g [nlg

mkH,n,j(xa‘I) [”]q U‘f'l]q
k41,
RS

which immediately implies
Mjnj(X:q) = Mjs1,j(X,q) > Mo (x,q) >
Case (ii) We get

mk,n,j(x7Q) — @x> @@ _ @ >1

M 10,(x,q)  [klgo T [klg [nly Kl
which immediately implies
Mjnj(X,q) = mj1n,j(X,q) Zmj2nj(x,q) = ... 2 mopj(x,q).

Since m; ,, j(x,q) = 1 the proof of the lemma is finished.

s

Lemma 3.2. Letq <€ (0,1), j€{1,2,...} andx € [% [j[:ﬁ,] }

() Ifke{j+1,j+2,. }lssuchlhat [k+1] kk—i—l}q + 1]y, then My j(x,q) > Mis1,,j(x,q).

(ii) If k € {1,2,..., j — 1} is such that [k] \/ klg < [Jlg then
M1, (x,q) < M p,j(x,9)-

3.1)

(3.2)

(3.3)
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Proof. (i)Letk € {j+1,j+2,..} and [k+ 1], — \/¢*[k+ 1]4 > [j + 1],. Then, we can write that

Ky
My, j(x,9) _ k+1]g1 T,
Mic10,j(%,q) [l x kily
[]q
Mg R
[ clearly is decreasing on the interval {%, b [:] ]"} , we have
q q

Since the g(x) = % [ki]f’] "
Wy *
(4] [j+1q
[i+1], g Ty — Tl
> g
g(x)_g( [l [j+ 1], kg _ Litlg
(g [nq
nlg  [klg—[i+1

g kg [+ 1
Since the condition [k+ 1], — \/¢*[k+ 1], > [j+ 1], is equivalent to [k+ 1], — \/[k—i— 1]2 — [k]4[k +1]4 > [j+1]4 which implies
that [k +1]g ([klg — [j+ 1g) = [/ + g (k+1]g — [+ 1]g)-
So, we achieve that

Mk,n,j(-xvq) >1

MkJrl,n,j(xaQ) h
which proves Lemma 3.2 (i).
(ii) Letk € {1,2,...,j— 1} and [k]; — \/q*'[k]4 < [j];- Then, we can write that
o M
My j(x,q) _ @x [n]q
My—1j(x,q)  [Klg" x— Kl
[n]q
x— g 1ot
Since the h(x) = x [k['l]l"]q clearly is increasing on the interval [%, U [: }q}q] , we have
SO
g\ _ Ul T
> Ulg \ _ Llg Mg "tlq
e = () = e o
nly [nlq
_ @ j]q — [k]q
nlq Lilg— k=1
Since the condition [k], ++/¢*~ [k 4 1], < [j] is equivalent to [k], — | /[K]2 — [k]4[k1], <[], which implies that [f], ([/]4 — [k]¢) >
[Klg ([j]g = [k = 1g)-
So, we achieve that
My, j(x,q) > 1
O

Mkfl,n,j(xa CI)

which proves Lemma 3.2 (ii).
g [/""I]q}. We get

Lemma3.3. Letg € (0,1), j € {0,1,2,...} and x € [Wq’ 2
\/ sn,k(xa q) = Sn,j(x7('I)'
k=0
Proof. Firstly, we show that for fixed n € N and 0 < k we get

k+1
0< Sn,k-‘rl(xaq) < Sﬂ7k(x’q) = xE |:07 [ [l’l] ]q:| .
q
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k
Indeed, from s, (x,q) = q?/l}";) we have

0< Snk+1 (xa t]) < sn,k(x7Q)

() _ (o)t
O Tt = T,

which after simplifications is obviously equivalent to

[k+1]q.

0<x<
[n] q

So, if we take k =0, 1,2, ..., then we achieve that

ST
Sn,l(x»CI) S Sn,O(xaQ) — xc 07 & )
L [”]q_
[ 2]g]
Sn,z(X»CI) S Sn,l(xaq) — xc 07 )
L [”]q_
[ Blg ]
sn3(x,q) <spo(x,q) <= x€ |0, ,
L [”]q_
SO On,
k+ 1],
Snk+1 (x,q) < Sn7k(x7 CI) < x¢€ |0, [n} s
q

and so on.
From above inequalities, we can easily write:

[
if xe€ O,wq} then spi(x,q) <sno(x,q), for all k=0,1,2,..,
L Mg '
: Mg 2l _
if xe€ , then syi(x,q) <sni1(x,q), for all k=0,1,2,..,
Lnlg " [nq
: 2y Blg _
if xe€ , then sni(x,q) <sn2(x,q), for all k=0,1,2,..,
LInlg " [n]g
and so on, as a result, we obtain
e -
if xe€ @,U—’— ]q} then  $,(x,q) < snj(x,q), for all k=0,1,2,...,
LIl [nlq
which completes the proof of Lemma 3.3. O

4. Approximation Results

Theorem 4.1. Let f : [0,4c0) — [0,4c0) be bounded and continuous on [0,+e0) and g € (0,1). Then we get the following
estimation

(D) — 1) < s (f; v ) 7 @

[nly
where n € N, x € [0,40) and

@1 (f,8) = sup{|f(x) = f(¥)| : 2,y € [0, +eo), |x =y < &}
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Proof. Taking q = g, € (0,1) such that lim, g, = 1, we deduce lim,[n],, = c. From (2.5), we have

AP - s < (14 55 (00 a1(7.8) @2)

where @,(¢) = |x —¢|. Thus, it is enough to estimate

Viosnelea) | B —x
(M) [y
A’M](x) T F’l-,q ((PX)( ) - \/k Osnk( ) )

where x € [0, +o0). Letx € Hﬁ" [jfr]l] ] where j € {0,1,2,...} is fixed,

arbitrary. By Lemma 3.3 we can easily achieve

Ang(x) = max{Mpp,j(x,q) : x €

"} k=0,1,...}.

Firstly, we show that for j =0and k =0,1,2,... we obtain A, ,(x) < \/‘fr%] for all x € [ , @} .
([mg2)* | K

Indeed, for j = 0 we get My, 0(x,q) = o ﬁ —x‘ which for k = 0 gives My, 0(x,q) = x = y/x\/x < \/;C\/%T]
' q

< Ky and we obtain
[”]q

thermore, for any k = 1,2, ... we have ﬁ

O R S U R

[nl, [k—1], [k— l]q[n]kféq [”]t/

My no(x,q) < [klg!  [n]q

Now we claim that for each M, j(x,q) when j=1,2,...and k=0, 1,2,... the following inequality

oy < V[l i
M) € S, e | Ui “3)

which immediately will imply that

4
Ang(x) < ﬁ , Vx€0,),neN,
q
and taking 6, = \j‘[/% in (4.2) we complete the proof of Theorem 4.1.
g
In order to prove (4.3) we consider the following three cases: 1) k= j,2) k> j+1,3) k< j—1.
Case 1) If k = j then from (3.1) M; , j(x,q) = ‘[ﬂ —x‘ Since x € HJ]Z’ [/[:]l}q} we can easily see that M, ;(x,q) < ﬁ

Since j > 1 we have x > op ] which implies
1 1 1 1
— = <Vax ,
Mg VInlg VInlg Vg
Case 2) Subcase a) We suppose that k > j+ 1 and [k + 1], — \/¢*[k+ 1], < [j + 1]4. We have from Lemma 3.1 that

My j(x,q) = mycp j(x,q) (UC]" —x> < Ky @.

[n]y nlg [nlg

M;,j(x,q) <

By hypothesis, since

Q[k]q - qk[k+ uq < Q[j]rh

we have

klg [kl — \/‘1"72[1‘Jr 1, ¢qk72[k+ 1, .

My j(x,9) < T, I, - [n,
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Since k > 2 and g € (0,1), we obtain
Mk,n,j(-xa Q) S

But we necessarily have k < 3. Indeed, if we suppose that k > 3, then because g(k) = [k + 1], — \/¢* [k + 1], is increasing
with respect to k. Indeed, we can write that

g+ 1) = g(k) = [k+ 2]y — [k+ 1y + /gt k+ 1], — /g1 [k + 2],

> [kt 2y — [k g4/t + 1]y — gk +-2),

gt g ’£<\/[k+ Iy \/[k+2]q>

i qk+1q§
VIk+1]g = /Tk+2]g
— gkt (1 ‘I% )
V1] —/[k+2]
k+1 (1 1
= ( ﬂkmq—ﬂmz]q)
>0

Hence, we get that [j + 1], > [k+ 1], — \/¢*[k+ 1] > [3j + 1]g — \/¢%/[3j + 1], which implies the obvious contradiction

[3j+1],— [+ 1y < /@¥[3j+ 1], is to equivalent ¢/ 12 ], < /¢ [3j + 1],
As a result, we achieve

Vi1, _ VBi+1,

My j(%,q) < e = [nlg
VI PR e
[n]q "
j 21y V2 v
(I+4¢/)(144¢%) [n}qu\/E’

taking into account that /x > V
Subcase b) We suppose that k 2 j+land [k+ 1], — \/¢k[k+1], > [j + 1],. Since, the function
g(k) = [k+ 1], — \/qF[k + 1], is increasing with respect to k, it follows that there exits k € {0,1,2,...}, of maximum value,
such that
10y =/ g T+ 1]y < [+ 14
Let k = k+ 1. Then for all k > k we have
k+1]g—/d"k+ 1]y = [+ 1]

and

My, ;j(x,q) =myg, ;(x,q) <[:]‘1 x> < k+1]g @

Since
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we can see that

IN

necessarily implies k < 3 (see the similar reasoning in the above Subcase a)). Also, we get k > j+ 1. Indeed, this is a
consequence of the fact that g is increasing function and because it is easy to see that g(j) < [j +1],.

By Lemma 3.2, (i) it follows that

ME*’FI N, J (x7 Q) Z ME+2,n,j (x’ q) 2

So, we achieve My, j(x,q) < 4 VE for any k€ {k+1,k+2,...}.

[n]q

Case 3) Subcase a) We suppose that k < j — 1 and [k], + \/¢*~'[k]4 > [j];- We have from Lemma 3.1 that

(x.a) = mu . (x x—@ [j+1]q_&:[j]q+qj_@
M) =m0 (3= (i) < Fpp -t = - g

By hypothesis, we get

< [Kg + /4" Tklg + ¢’ kg

Mk.,n,j (xvq) [n]q m
Ve VRt
[n]q - [

VAV Ve SR SRRVA Vel VR
B [l Vinlg Vg
L 2Ve 5 V5

[”}q [n}q B [”]q .

Subcase b) We suppose that k < j— 1 and [k], +/¢*'[k], < [j]4- Let k € {0,1,2,...} be the minimum value such that

[kl +1/¢* [kl > [j]4- Then k =k — 1 satisfies [k — 1], +1/¢*2[k — 1], < [j],- Also we have

ME—I,n,j(xaCI) :mﬁ—l,n,j(va) X — [k—1q < [j+ 1], B k—1],
[T’l]q [l’l]q [n]q

g t+d’  [k—1],
[l [l
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Since [k]4 + 1/ ¢*~'[k]4 > [j]4. we obtain

<3

By Lemma 3.2, (ii) it follows that

My, ;(6q) 2 My, (x,q) = .. = Mo j(x,q).

. . VX . Llg [j‘*‘l]q}
So, we achieve My , ;(x,q) < I forany k < j—landxe {[,,]q, Wy |
Collecting all the above estimates we have (4.3), which completes the proof of Theorem 4.1. O

5. A-Statistical Approximation

In this section, we will give an A-statistical approximation theorem for the (2.1) operators. Firstly, we have to replace a fixed
q € (0,1) consider in the previous sections with an appropriate sequence (g,) whose terms are in the interval (0, 1). This idea
was first used by Philips [2] for the g-Bernstein polynomials.

Let (g, )is a real sequence satisfying the following conditions,

0<gy<1 for every neN, (GR))
sta —limg, =1 5.2)
n
and
sty —limg) = 1. (5.3)
n

Note that the notations in (5.2) and (5.3) denote the A-statistical limit of (g,) where A = [a;,], (j,n € N) is an infinite non-
negative regular summability matrix, i.e., a;, > 0 for every j,n € Nand lim;} ;> ; a;,x, = L provided that, for a given sequence
(x), we say that (x,) is A-statistically convergent to a number L if, for every € > 0, lim; Z;\x,,—L\ze ajnx, = 0 (see [17]).
We should remark that this method of convergence generalizes both the classical convergence and the concept of statistical
convergence which first introduced by Fast [18]. We give the following A-statistical approximation theorem.

Theorem 5.1. Let A = [a,j| be a non-negative regular summability matrix and (g,) be a sequence satisfying (5.1)-(5.3). Then
Jor every f € C[0,00) we have

sta n;,n< sup [E) (1) (x) f<x>]> ~0. (5.4)

€[0,00)

Proof. Let f € C[0,0). Replacing g with (g, ), taking supremum over x € [0,0) and using the monotonicity of the modulus
of continuity, we achieve from Theorem 4.1 that

E,:= sup
x€[0,00)

E (N0 -] < 80 <f; v ) , 5.5)

[n]q
holds for every n € N. Then, let we prove

sty —limE, = 0.
n
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From (5.1)-(5.3), we get
1

sty —lim ——— = 0.
n [n]qn
So we can write
sty —lim o, (f; ﬁ) =0. (5.6)
" [n]g
So, the proof of Theorem 5.1 follows from (5.1)-(5.6) immediately. O

We should note that the A-statistical approximation result in Theorem 5.1 includes the classical approximation by choosing
A = the identity matrix.
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