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Estimates of the norms of some cosine and sine series

JORGE BUSTAMANTE*

ABSTRACT. Inthe work, we estimate the L' norms of some special cosine and sine series used in studying fractional
integrals.

Keywords: Fourier series, Dirichlet kernel, cosine and sine sums.

2020 Mathematics Subject Classification: 42A10, 41A16.

1. INTRODUCTION

Let L! be the (class) of all 2r-periodic, Lebesgue integrable functions f on R such that

||f||1:%[ﬁ|f(x)|dx<m.

For 0 < v < 1, in this work, we study properties of the series

>, cos(kx > sin(kz
(1.1) oy (x) = Z # and Py (x) = Z ]57 )
k=1 k=1
in L.
Cosine series of the form
(1.2) f(z) = Z fn, €OS(NZT)
n=1

have been studied by several authors (see [1], [14], [12] and [11]). In particular, necessary and
sufficient conditions for the convergence in L' of the partial sums of the series (1.2) are known
(see [7], [8] and [3] and the references therein).

Here we are interested in the series given in (1.1), because of their applications in studying
fractional integrals (see [5, p. 422] and [6], where the complex case was considered).

In this work, we look for estimates of the L' norms of the functions in (1.1). We restrict the
analysis to the case 0 < v < 1, because it follows from a result proved by Young in [13] (see also
[4]) that, for v > 1, 1 + ¢, (z) > 0. Moreover there exists a number o such that, for 0 < v < «y,
the series ¢ () is not uniformly bounded below (see [9] or [14, p. 191]).

Here we proof that, if 0 < v < 1, then

1 . 1
sl <2 =50 amd <27 (14 ).
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Estimates of the norms of some cosine and sine series 143

2. NOTATIONS AND KNOWN RESULTS
Recall that, for 0 <| z |< 7w and n € N, the Dirichlet kernel is given by

sin((2n + 1)z /2)

sin(z/2) Do(z) =1,

D,(z)=1+ 22 cos(kx) =
k=1
while the Fejér kernel is defined by
- 1 sin((n 4+ 1)x/2)\2
Fo(x) = > De(a) = ——( (n + Lo/ ))

n+1& n+1 sin(z/2)
(2.3) :1+2kz_1(1— n+1)cos(kx)

(see [5, p. 42-43]).
The associated conjugate Dirichlet kernel is defined by (see [5, p. 48] or [14, p. 49])

cos(z/2) — cos((2n + 1)x/2)

(2.4) D,(x)=2 ; sin(kx) = Sn(z/2)
and the conjugate Fejér kernel is given by (see [14, p. 91])
~ 1 &= 1 1 sin((n+1)x)
F.(z) = D = - .
@) =37 ;::O ) = SN T 2t D) sin?(z/2)
Recall that, for n > 2 (see [10, p. 151]),
(2.5) |IDnllh €2+ 1Inn.

3. AUXILIARY RESULTS

As usually, for a given sequence {c; }, we denote Acy, = ¢ — ¢x41 and A%c, = ¢ — 2cp41 +

Ck+2-
The first identity in the next lemma is well known, but the second and third ones will help
us to simplify some computations.

k
Lemma 3.1. Let {c},}32, and {di}32, be two numerical sequences. Set Ej, = ) d;. Foreachn € N,

7=0
n>1,
n n—1 n—2 k
> crdy =cnEn+Acn 1 Y Ep+ Y Ay Ej,
k=0 k=0 k=0 3=0
n—2
Z(k + 1A%, = co — cp — nAcy_q
k=0
and
n+m—2
Z (k+1)A%;, = ¢ — Cnpm +nACh_1 — (N +M)ACnym_1.
k=n—1

Proof. The first identity is obtained by applying twice the Abel transform

n n n—1 k
(3.6) Z crdr = ¢, Z dy + Z(Ck — Ckt1) Z dj.
k=0 k=0 k=0 j=0
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That is
n n—1
COZ crdy = cp By, + Z(ck — cpt1) Bk
k=0 k=0
k
=c,FE, —l— Cn 1— ZEk+Z k—2ck+1+ck+2 ZE]
§=0
In particular, if
1, k=0,
(3.7) dy =
0, k>1,
one has F; = 1 (k > 0). Hence
n—2
co=¢p+n(cn_1—cpn)+ Z(k + D)(ek — 2¢k41 + Crt2)
k=0

and

n+m

0= Z crdy — chdk = Cptm — Cn + (N +M)ACh1m—1

n+m—2
—nAcp_1 + Z (k+1)A%c
k=n—1

Lemma 3.2. Ify > 0and ¢, = k=7 for k € N, then

(1 +7)

and 0 < cp —2¢k41 + Crra < e

Y
O<Ck_ck+1<k1+'y

Proof. Set f(z) =~ 7. If > 1, then
x+1 x+1 v v
fr(@) = fy(x+1) = —/ fé(y)dy=/ ylﬂdy <

i+

and

x+1
Fol@) = 26+ 1)+ Fy(e +2) = / (Frn () - f1+w(y+1))dy

(1 Tt de o (14)
+7) = ﬂ o

Proposition 3.1. If0 < v < land n > 2, then

1 [T | <& cos(kx) 1 1+4+Inn

— de <2 — — .

27r/_ﬂz = ’ o T o
Moreover, if m € N, then

n+m
1 (" cos(kx) 1+In(n+m) (3+Inn) 2n

338 - do < .
68) / 2 S T i m) T Jr(n—1)1+7

T k=n+1
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Proof. Setay =1/kY fork € N,agp =2 —1/27 and

(3.9) Lo(z)=2— 2% +2 zn: Coz(fx).
k=1
Notice that
ag—2a; +ax =0
and A2a;, > 0 for k > 0 (see Lemma 3.2).

Taking into account Lemma 3.1 (with dy = 1 and dj, = 2 cos(kx) for k > 1) and the definition
of the Dirichlet and Fejér kernels, we obtain

n—1 n—2 k
Ln(2) = anDp(2) + Aap_1 ¥ Di(x) + > A%a, y_ Dj(x)
k=0 k=0 3=0

n—2
= a, D () + nAay_1 Fooi(2) + Y (k+ 1)A%a, Fi ().
k=0

Hence
" cos(kx) =
2 o = —00+ an Dy (%) + nlan 1 Fy o (2) + > (k+1)A%a Fy ().
k=1 k=0

Recall that (see (2.3)) Fi.(z) > 0 and

1 s
g/ Fu(2)de = 1.

Taking into account (2.5) and Lemma 3.1, for n > 2 and 0 < v < 1, one has

n n—2
2 [T k
Z cos(kz) ‘dm <ao+an(2+1nn)+nAa,—1 + Z(k + 1)A2a;c

or . kY
k=1 k=0
=ap+ an(2+1nn) +nAa,_1+ ag — ap — nAa,_1
= 2ag + an(1 +1nn).
Moreover
(3.10) Lyim(z) = Ln(2) = animDnm(z) + (0 + M)At m—1Fnim-1()

n+m—2
—anDp(x) — nAap_1Fh—1(z) + Z (k +1)A%ay Fy(z).

k=n—1
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Therefore

2 (7 Tﬁzm cos(kz) zn: cos(kx) ‘dw
k=1 k=1

o ), kY kY
Com ),
<apntm(2+In(n+m))+ (n+m)Aanim—1+ an(2 +Inn) + nAa,—1

n+m-—2

+ > (k+1)A%

k=n—1
=tnim(2+In(n+m)) + (n+m)Aanitm-1+ an(2+1nn) + nAa,_;
+an — @npm +nAan_1 — (N +Mm)Atpim-1
=ntm(l +In(n +m)) + an(3 +1nn) + 2nAa,_1
141 3+1 2
< +n(n+m)+(+nn)+ n .
(n+m)Y ny (n—1)1+

Losm(z) — Ln(z) ‘dm

Remark 3.1. We know that (see [5, p. 50 and 43]), if 0 < § < mand n € N, then

1 1
sup | Dp(z) | ———— and sup F,(x) < - .
§<|e|<nm | Dnlz) | sin(6/2) 5<|a|<nm (@) (n +1)sin?(6/2)
Therefore, it follows from (3.10) that { L,, } is a Cauchy sequence in the uniform norm in [—m, —§)JU(8, 7].
Hence {L,,} converges uniformly to a continuous function in this fixed interval. Since 6 € (0, ) is
arbitrary, it implies continuity in the open interval. In particular

ag

or(2) = =2+ 5 Sk + 1A%y Fi(a).
k=0

1

2
We have not found good estimates for the L' norm of the conjugate of the Dirichlet kernel

in the existing literature, that is the reason why we include the following lemma.

Lemma 3.3. For eachn € N, one has
—/‘DN (t)‘dt < 2+2Inn
2 n — .

Proof. It is known that

2
—xgsinx, 0<z<m/2
T
and .
| sm.(nx) \ _ sm.(nz) <n 0<x</(2n).
| sinz | sin x

For instance, similar inequalities appeared in [10, p. 151]. Since the second one is less known,
we include a proof. Since the function cosz decreases in the interval (0,7/2], for 0 < z <
w/(2n), cos(nz) < coszx. If g(x) = sin(nz) — nsinz, then ¢'(z) = n(cos(nz) — cosx) < 0. Hence
g(z) decreases in [0, w/(2n). But g(0) = 0. Therefore

0 < sin(nz) < nsin(z), 0<z<m/(2n).



Estimates of the norms of some cosine and sine series 147

Since D,, is an odd function, taking into account the trigonometric identity

. sa+by . /b—a
cosa—cosszsm(T)sm( ),

2
one has
L[5 L[5 1 [ |cos(t/2) — cos((2n + 1)t/2
*/‘Dn(t)‘dtzf/‘Dn(t)‘dt:f/ cos(t/2) — cos((2n + 1)t/2)|
2m T m sin(t/2)
o 5 /
/2 /2
—g/ cos(s) — cos((2n +1)s) ds—é/ sin((n + 1)s) sin(ns) s
o sin s T in s
0 0
4 /2 A /(2n) ) /2
S*/ s gy < 2 / ndt + 2 / T
™ sSin s e T 2t
0 0 7/(2n)

:2—|—2(lnz—1nl> =2+2lnn.
2 2n

Lemma 3.4. If0 <y < landn > 3, then

1 /7r zn:Sin(kx)‘deZH"(l—F’ly)—l— (1—|—lnn).

o kv ny

T k=1

Moreover, if m € N, then

n+m . 1+
1 Z sin(kt) dtS1+ln(n+m)+(2+21+V)1+lnn+2 7.
2r ) 5 kY (n+m)Y ny ynY

—T

Proof. We use the notations of Lemma 3.1 by setting ¢y = 0, dy = 1, and ¢ = 1/k” and
dy, = di(z) = 2sin(kx), for k > 1. With these notations

k
> dj(z) =1+ Di(x), k=1,

Jj=1

If we set

M, (z) =2 Z e sin(kz) = Z crd(x),
k=1 k=0
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it follows from (3.6) that

n n—1 k
z)=cn Y dip(@)+ Y (cr—cre1) D dj()
k=0 k=0

j=0
=c, (1 + ﬁn(x)) —c1 + i(Ck - Ck+1)<1 + ﬁk(x))
n—1
=c, (1 + 5n(x)) —c + Z Ck — Ckt1) + Z cr — ck“)Dk( )
k=1
= ¢, Do (z) + i(ck — ¢ii1)Di(2).
k=1

Taking into account Lemmas 3.2 and 3.3, we obtain

(1+1Ink
—/|M ()] dt < 2¢,(1 + Inn) +272;7+f).

—T
In order to estimate the sum in the previous inequality, we include some computations. By
integration by part, we obtain

n—1

A4Ink) gy S AHIE) oy M1 (1+na)
VZ i =2 Zk+11+’y*2 Z RS

k=1
:21+V7/ 7(1+1nx)dx:21+7(1 _1thm +/” L dm)
1 1

rl+y nY o+
:21”(17 Lt nn +l(1— i)) < 21+7(1+l).
ny v nYy - ¥

We conclude that

1
2

Il sin(kt)| . 11
Z kv dt_22

x k=1

2 /
27
n+m—1

1/ - N R
:E / CnerDner(iL') - CnDn(x) + ]CZ (Ck; — C}c+1)Dk(1’)’d$

[ 1
/ | My (8) | dt < en(1 +1nn) +21+’Y(1 + 5).
Y

Moreover,
n+m n sin
y Z

ntm -l (1+1nk)
<enim(l+In(n+m) +20,(1+Inn) +29 Y o

k=n
(1+lnn) 2
nY ynv

<2 pm(1 +1In(n 4+ m)) 4 2¢,(1 + Inn) + 227
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Remark 3.2. It is known that (see [14, p. 92])
E,(t)signt >0,  te (—m,m).
Hence F, () is not a positive operator and different Cesaro means of D, (x) share this properties. That
is the reason why we use D, (x) instead of F,,(z).
4. MAIN RESULTS
Theorem 4.1. If0 < v < 1, then ¢, ¢, € L*,

1 Lin 1
||‘P'y”1§2—27 and ]l <2 <1+§).

Proof. If a series converges to a function f € L', then the series is the Fourier series of f (see [5,

p- 51]).
If
" cos(kx)
Ha(w) = > =5
k=1
equation (3.8) can be rewriten as
1 [ 1+In(n+m) (3+1nn) 2n
— H - H < .
0 /,7T ntm () n(a:))‘da: - (n+m) nYy (n—1)1+

Hence {H,} is a Cauchy sequence in L.*. Therefore there exists a function F' € L' such that
|F'—Hpllh = 0asn — oo. But F(z) = ¢, () a.e. . Since the series is continuous for 0 <| z |< ,
we have equality for x # 0.

Taking into account Proposition 3.1 (see also [2, p. 50]) and (3.9) with L,, defined as in (3.9),
one has

L [" L[ 1 141
5 WWHﬂZMn—/|Hmﬂﬁgmn@_7+;ﬂﬁ)

2 J_, n—oo0 2m J__ n—o00 27 2nY
1
=2 —.
27
The assertions for 1., follow analogously. O
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Toward the theory of semi-linear Beltrami equations

VLADIMIR GUTLYANSKII, OLGA NESMELOVA*, VLADIMIR RYAZANOV, AND EDUARD
YAKUBOV

ABSTRACT. We study the semi-linear Beltrami equation wz — p(2)w: = o(2)g(w(z)) and show that it is closely
related to the corresponding semi-linear equation of the form divA(z)V U(z) = G(2)Q(U(z)). Applying the theory
of completely continuous operators by Ahlfors-Bers and Leray-Schauder, we prove existence of regular solutions both
to the semi-linear Beltrami equation and to the given above semi-linear equation in the divergent form, see Theorems
1.1 and 5.2. We also derive their representation through solutions of the semi-linear Vekua type equations and gener-
alized analytic functions with sources. Finally, we apply Theorem 5.2 for several model equations describing physical
phenomena in anisotropic and inhomogeneous media.

Keywords: Semi-linear Beltrami equations, generalized analytic functions with sources, semi-linear Poisson type equa-
tions, generalized harmonic functions with sources.

2020 Mathematics Subject Classification: 30C62, 35]J61, 30G30, 31A35, 35Q035.

1. INTRODUCTION

Let D be a domain in the complex plane C. In this paper, we study semi-linear Beltrami
equations of the form

(1.1) wr — u(z)w, = o(2)q(w(z)), =€ D,

where the left hand side is presented by the linear Beltrami operator £(w) := w; — pw, with
measurable coefficient i : D — C, satisfying uniform ellipticity condition |u(z)] < k < 1 a.e.,
wz = (W + iwy)/2, w, = (Wy —iwy)/2, 2 = = + iy, w, and w, are partial derivatives of the
function w in = and y, respectively. The non-linear part of the equation is chosen in such a way
that o : D — Cbelongs to class L, (D), p > 2,and ¢ : C — Cis a continuous function, satisfying
the asymptotic condition

(1.2) lim aw) _ 0.

w—o0 W

One of the main goals of this paper is to establish close links between semi-linear Beltrami
equation (1.1) and semi-linear Poisson type equation of the form

(1.3) div[A(z) grad U(2)] = G(2)Q(U(2)),

the diffusion term of which is the divergence form elliptic operator L(u), whereas its reaction
term G(2)Q(U(z)) is such that G : D — R is a function of class L,/ (D), p’ > 1,and Q : R — R

Received: 08.02.2023; Accepted: 23.07.2023; Published Online: 18.08.2023
*Corresponding author: Olga Nesmelova; star-o@ukr.net
DOI: 10.33205/ cma. 1248692
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stands for a continuous function such that

Q)

(1.4) lim =0.
t—o00 t
From now on, A(z) = {a;;(#)} is symmetric matrix function with measurable entries and

det A(z) = 1, satisfying the uniform ellipticity condition
(15) FIEP < (A()E, € < KIeP aein D, 1<K <oo, VECR.

The semi-linear Poisson equation, when A = 1 in (1.3), was studied in [15], [28] and [29].
A rather comprehensive treatment of the present state of the general theory concerning semi-
linear Poisson equations can be found in the excellent books of M. Marcus and L. Véron [23]
and L. Véron [34]. For the classic case A = 1 and () = 1 of the Poisson equation, see e.g. the
recent article [32]. The model case G = 1 with general () and A was first investigated in [12],
see also the papers [13]-[14] and [16]-[17].

Links established by us open up new possibilities for the study both of equations (1.1) and
(1.3), because one can apply a wide range of effective methods of the potential theory as well
as comprehensively developed theory of quasiconformal mappings in the plane, see e.g. [1],
[3], [6] and [21]. In particular, it allows us to study in detail both the regularity properties for
solutions to the equations (1.1) and (1.3) and the proper representation of such solutions.

Before to formulate the main theorem on semi-linear Beltrami equation (1.1), we need to in-
troduce some definitions. Similarly to [2], see also monograph [1], we assume that the function
o : C — Cin equation (1.1) belongs to class L, (C) for some p > 2 with the condition

(1.6) EC, <1, k=l <1,

guaranteing the existence of suitable solutions of the equations (1.1), where C,, is the norm of
the known operator T' : L,(C) — L,(C) defined through the Cauchy principal limit of the
singular integral

— 1 9(2) o
1.7) (Tg9)(C) = il_l’)r(l) - / -7 dedy p, z=x +1iy .
lz=C|>e
As known, || Tg|l2 = |lg||2, i-e., C2 = 1, and by the Riesz convexity theorem C, — lasp — 2,

see e.g. Lemma 2 in [1] and Lemma 4 in [2]. Thus, there are such p, whatever the value of & in
(1.6).

Let us denote by B, the Banach space of functions w : C — C, which satisty a Holder
condition of order 1 — 2/p, which vanish at the origin, and whose generalized derivatives w,
and wy exist and belong to L, (C). The norm in B, is defined by

|w(21) — w(z2)|

1.8 w = sup ——————— + |wllp, + ||lwzllp -
(18) e, = swp P el + sl

21722
Theorem 1.1. Let pn: C — Cand o : C — C have compact supports, i € Lo (C) with k := ||pt]|cc <
1, 0 € L,(C) for some p > 2 satisfying (1.6). Suppose that ¢ : C — C is a continuous function
satisfying condition (1.2). Then the semi-linear Beltrami equation (1.1) has a solution w of the class
B, (C).

Moreover, we show that the given solution w has the representation as a composition H o f,
where f stands for a suitable quasiconformal mapping and H is a generalized analytic function,
see Section 2 and Remark 4.3.
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Theorem 1.1 together with the standard complexification approach allows us to prove the
corresponding existence, representation and regularity result for semi-linear Poisson type equa-
tions (1.3), see Theorem 5.2.

The paper is organized as follows. Section 2 contains some definitions and preliminary
results. The factoring of solutions for the semi-linear Beltrami equations (1.1) can be found in
Section 3. The proof of Theorem 1.1 is given in Section 4. Section 5 includes the statement
and the proof of Theorem 5.2. Finally, in Section 6 we apply Theorem 5.2 for several model
equations describing some physical phenomena in anisotropic and inhomogeneous media.

2. DEFINITIONS AND PRELIMINARY RESULTS

Recall that monograph [33] was devoted to generalized analytic functions, i.e., continuous
complex valued functions H(z) of one complex variable z = z + iy of class W\ in a domain
D satisfying the equations

2.9) O:H + al + bH = S, 0; = (9, +10,)/2,

with complex valued coefficients a,b, S € L,(D), p > 2. If a = 0 = b, then H will be called
generalized analytic functions with sources S. Later on, we also need some results on the
semi-linear Vekua type equation

(2.10) 0:H(z) = g(2)-q(H(2))

that have been obtained in our preceding papers [17], [18] and [28].

According to the works [15] and [28], a continuous function & : D — R of class Wi’cp is
also called a generalized harmonic function with a source s: D — Rin L,(D), p > 2,if h a.e.
satisfies the Poisson equation

(2.11) Ah(z) = s(z2),

where, as usual, A := 92/92% + §%/9y?, z = x + iy, is the Laplacian. Note that by the Sobolev
embedding theorem, see Theorem 1.10.2 in [31], such functions h belong to the class C*.
Let H be a generalized analytic function with a complex valued source S. Then we say that
afunction h : D — Ris a weak generalized harmonic function with the source S, if h = Re H.
It is well known that the homogeneous Beltrami equation

(2.12) fz=u(2)f.

is the basic equation in analytic theory of quasiconformal and quasiregular mappings in the
plane with numerous applications in nonlinear elasticity, gas flow, hydrodynamics and other
sections of natural sciences. For the corresponding quasilinear homogeneous Beltrami equa-
tions, when the complex coefficient 1 depends not only on z but also on f, see the recent papers
[10] and [30].

Recall that the equation (2.12) is said to be nondegenerate or uniformly elliptic if ||u||cc < 1,
ie.,if K, € Lo,

1+ |p(2)]
1= |u(z)|

Homeomorphic solutions f of nondegenerate equation (2.12) of the class - are called quasi-

conformal mappings or sometimes ;—conformal mappings. Its continuous solutions in W,
pping e ppings. loc

are called ;i—conformal functions. On the corresponding existence theorems for nondegener-
ate Beltrami equation (2.12), see e.g. [1], [6] and [21].

(2.13) K,(z) =
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The inhomogeneous Beltrami equations

(2.14) wr = w(z) w, + o(z)
have been introduced and investigated by L. Ahlfors and L. Bers in paper [2], see also the
Ahlfors monograph [1].

One of the principal results in [2], Theorem 1, is the following statement:
Theorem A. Let o € L,(C) for p > 2, satisfying condition (1.6). Then the equation (2.14) has a unique
solution w*° € B,,. This is its only solution with w(0) = 0 and w, € L,(C).

As a consequence one deduces, see Theorem 4 and Lemma 8 in [2],
Theorem B. Let i : C — C be in Loo(C) with compact support and ||p|lcoc < 1. Then there exists a
unique p—conformal mapping f* in C which vanishes at the origin and satisfies condition fI! — 1 €
L,(C) for any p > 2, satisfying (1.6). Moreover, f'(z) = z + w"(z).

3. FACTORING OF SOLUTIONS TO SEMI-LINEAR BELTRAMI EQUATIONS

Let us start with the following factorization lemma for the linear inhomogeneous Beltrami
equations (2.14).

Lemma 3.1. Let D be a bounded domain in C, y : D — C be in class Lo (D) with k = ||p]|ec < 1,
o : D — Cbein class L,(D), p > 2, with condition (1.6). Suppose that f#* : C — C is the
pu—conformal mapping from Theorem B with an arbitrary extension of p onto C keeping compact support
and condition (1.6).

Then each continuous solution w of equation (2.14) in D of class W'P(D) has the representation as
a composition H o f#|p, where H is a generalized analytic function in D, = f#(D) with the source

9 € Lp. (D), ps :=p?/2(p — 1) € (2,p),

(3.15) = (£ ) o(m
. g JH 5

where J" is the Jacobian of f*.

Vice versa, if H is a generalized analytic function with the source g € Ly, (D), p« > 2, in (3.15),
then w := H o f* is a solution of (2.14) of class C;, N VVlif (D), where o = 1 — 2/p* and p* :=
pi/2(ps — 1) € (2,p4)

Proof. To be short, let us apply here the notation f instead of f#. Let us consider the function
H :=wo f~'. First of all, note that by point (iii) of Theorem 5 in [2] f* := f~!|p~, D* := f(D),
is of class W' (D*). Then, arguing in a perfectly similar way as under the proof of Lemma 10
in [2], we obtain that H € WP~ (D*), where p. := p?/2(p—1) € (2,p). Hence it has no sense to

repeat these arguments here. Since w = H o f, we get also, see e.g. formulas (28) in [2], see also
formulas I.C(1) in [1], that

w. = (Heof)- fo + (Hzo f)- T,

ws = (Heof)- fz + (Hzo f)- T,
and, thus,

o(2) = ws — p2)w. = (Hzo f) fo (L= |u(2)]*) = (Hzo f)J(2)/ [,
where J(2) = |f.]? — | fz]? = | f-|*(1 — |u(2)|?) is the Jacobian of f, i.e.,
He = g(0) = ({, ~o> 0170

Similarly, applying Lemma 10 in [2] and the Sobolev embedding theorem, see Theorem 1.10.2
in [31], we come to the inverse conclusion. a
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Remark 3.1. Note that if H is a generalized analytic function with the source g in the domain D, then
h = H + A is so for any analytic function A in D,, but |A’'|P~ can be integrable only locally in D,.
By Lemma 3.1, the source in (3.15) is always in class L, (D.), ps := p*/2(p — 1) € (2,p), in view
of Theorem A with o extended onto C by zero outside of D. Here we may assume that p is extended
onto C by zero outside of D. However, any other extension of  keeping condition (1.6) is suitable here,
too. Moreover, we may apply here as f* any p—conformal mappings with different normalizations, in
particular, with the hydrodynamic normalization f*(z) = z + o(1) as z — oo.

Next statement makes it is possible to reduce the study of the semi-linear Beltrami equations
(1.1) to the study of the corresponding semi-linear Vekua type equations (2.10).

Lemma 3.2. Let D be a bounded domain in C, p : D — C be measurable with ||j1)|oo < 1,0 : D — C
be in class L,(D), p > 2. Suppose that q : C — C is continuous and f* : C — C is a p—conformal
mapping from Theorem B with an arbitrary extension of u onto C keeping compact support and condition
(1.6).

Then each continuous solution w of equation (1.1) in D of class WP(D) has the representation
as a composition H o f¥|p, where H is a continuous solution of (2.10) in class WI})’C”* (D), where
D, := f*(D), p. :==p*/2(p — 1) € (2,p), with the multiplier g in (2.10) of class L,,, (D.) defined by
formula (3.15).

Vice versa, if H is a continuous solution in class W,-P*(D..) of (2.10) with multiplier g € L, (D..),
D« > 2, given by (3.15), then w := H o f# is a solution of (1.1) in class C{%.N Wlif (D), a=1-2/p*,
where p* := p2/2(ps — 1) € (2,p.).

Proof. Indeed, if w is a continuous solution of (1.1) in D of class W17 (D), then w is a solution of
(2.14) in D with the source ¥ := ¢ - g ow in the same class. Then by Lemma 3.1 and Remark 3.1
w = H o f, where H is a generalized analytic function with the source G of class L,, (D.) after
replacement of o by ¥ in (3.15). Note that H € W,.?*(D..), see e.g. Theorems 1.16 and 1.37 in
[33]. The proof of the vice versa conclusion of Lemma 3.2 is similar and it is again based on its

reduction to Lemma 3.1. O

4. ON SOLUTIONS OF SEMI-LINEAR BELTRAMI EQUATIONS

First of all, recall that a completely continuous mapping from a metric space M; into a
metric space M, is defined as a continuous mapping on M; which takes bounded subsets of
M, into relatively compact subsets of My, i.e., with compact closures in space M;. When a
continuous mapping takes M; into a relatively compact subset of M, it is nowadays said to
be compact on M;. Note that the notion of completely continuous (compact) operators is due
essentially to Hilbert in a special space that, in reflexive spaces, is equivalent to Definition
VI.5.1 for the Banach spaces in [11], which is due to F. Riesz, see also further comments of
Section VI.12 in [11].

Recall some further definitions and one fundamental result of the celebrated paper [22].
Leray and Schauder extend as follows the Brouwer degree, see e.g. [7] and [9], to compact per-
turbations of the identity I in a Banach space B, i.e., a complete normed linear space. Namely,
given an open bounded set 2 C B, a compact mapping F': B = Band z ¢ ®(0Q), ®:=1-F,
the (Leray-Schauder) topological degree deg [®, (2, z] of ® in ) over z is constructed from the
Brouwer degree by approximating the mapping F' over 2 by mappings F, with range in a
finite-dimensional subspace B, (containing z) of B. It is showing that the Brouwer degrees
deg [®., ., 2] of @, := I, — F,, I. == I|p_, in Q. := QN B, over z stabilize for sufficiently small
positive ¢ to a common value defining deg [®, 2, 2] of ® in  over z.
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This topological degree algebraically counts the number of fixed points of F(-) — z in Q and
conserves the basic properties of the Brouwer degree as additivity and homotopy invariance.
Now, let a be an isolated fixed point of F'. Then the local (Leray-Schauder) index of a is defined
by ind [®, a] := deg[®, B(a,r),0] for small enough r > 0. ind [®, 0] is called by index of F. In
particular, if F' = 0, correspondingly, ® = I, then the index of F' is equal to 1. For our goals, we
need only the latter fact from the index theory.

Now, let us formulate one of the main results in the Leray-Schauder article [22], Theorem 1,
see also the survey [25].

Proposition 4.1. Let B be a Banach space, and let F'(-,7) : B — B be a family of operators with
7 € [0, 1]. Suppose that the following hypotheses hold:

(H1) F(-,T)1is completely continuous on B for each T € [0, 1] and uniformly continuous with respect
to the parameter T € [0, 1] on each bounded set in B;
(H2) the operator F' := F(-,0) has finite collection of fixed points whose total index is not equal to
zero;
(H3) the collection of all fixed points of the operators F'(-, ), T € [0, 1], is bounded in B.
Then the collection of all fixed points of the family of operators F'(-, T) contains a continuum along which
T takes all values in [0, 1].

For introduction in the modern fixed point theory, see e.g. survey [20] and monograph [26].

Remark 4.2. By Lemma 5 in [2] the mapping o — w*? from Theorem A is a bounded linear operator
from L, (C) to B, (C) with a bound that depends only on k and p in (1.6). In particular, this is a bounded
linear operator from L,(C) to C(C). Namely, by (15) in [2] we have that w*-? is Holder continuous:

4.16) Wi (21) — Wt (22)| < e |lollp- |21 — 2| ™2P Yz 2z €C,

where the constant ¢ may depend only on k and p in (1.6). Moreover, w7 (z) is locally bounded because
wh?(0) = 0. Thus, the linear operator o — w7 |g is completely continuous for each compact set S in
C by Arzela-Ascoli theorem, see e.g. Theorem IV.6.7 in [11].

Finally, we are ready to give a proof of Theorem 1.1.
Proof for Theorem 1.1. If ||o|l, = 0 or ||¢]lc = 0, then Theorem A above gives the desired
solution w := w"? of equation (1.1). Thus, we may assume that ||o||, # 0 and ||q||c # 0. Set

q«(t) = ‘mﬁ<x lg(w)|, t € RT := [0,00). Then the function ¢, : Rt — R* is continuous and
w|<t
nondecreasing and, moreover, by (1.2)
«(T
4.17) im &8 _
t—o00 t

Let us show that the family of operators F'(g;7) : Ly (C) — Lg(C),
(4.18) F(g;7) == 10-q(w"9) V7€l0,1],

where L7 (C) consists of functions g € L,(C) with supports in the support S of o, satisfies
hypotheses H1-H3 of Theorem 1 in [22], see Proposition 4.1 above. Indeed:

H1). First of all, the function F'(g;7) € L7 (C) for all 7 € [0,1] and g € Lg(C) because the
function g(w*9) is continuous and, furthermore, the operators F(-; 7) are completely continu-
ous for each 7 € [0, 1] and even uniformly continuous with respect to parameter 7 € [0, 1] by
Theorem A and Remark 4.2.

H?2). The index of the operator F'(g;0) is obviously equal to 1.

H3). Let us assume that the collection of all solutions of the equations g = F'(g;7), 7 € [0, 1],
is not bounded in L7 (C), i.e., there is a sequence of functions g,, € L7 (C) with ||g, |, — oo as
n — oo such that g, = F(g,;7,) forsome 7, € [0,1],n =1,2,....
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However, then by Remark 4.2, we have that

lgnlly < llollp g« (v [sllc) < llollp g (M lgnllp)

for some constant M > 0 and, consequently,

Q*(MHgan) > 1

(4.19) >
M ||gnllp M o]l

> 0.

The latter is impossible by condition (4.17). The obtained contradiction disproves the above
assumption.

Thus, by Theorem 1 in [22], see Proposition 4.1 above, there is a function g € L7 (C) with
F(g;1) = g, and then by Theorem A the function w := w9 gives the desired solution of (1.1).
O

Remark 4.3. By Lemma 3.2, w has the representation as a composition H o f*, where f#* : C — Cis
a p—conformal mapping from Theorem B and H is a continuous solution of (2.10) in class W5+ (C),

ps = p*/2(p — 1) € (2,p), with the multiplier g in (2.10) of class L, (C) defined by formula (3.15).
Note also that H is a generalized analytic function with a source of the same class.

Let us also give the following lemma on semi-linear Beltrami equations that may be of inde-
pendent interest and will be first applied in the next section.

Lemma 4.3. Let D be a bounded domain in C, p : D — Cin class Loo(D), k = ||ulleo < 1,
G : D — Cbeinclass Ly (D) for some p’ > 1and L : L, (D) — L,(D) be a linear bounded operator
for some p > 2 satisfying (1.6).

Suppose that ¢ : C — C is a continuous function satisfying condition (1.2). Then the semi-linear
Beltrami equation of the form

(4.20) wr = p(z) - w. + LIGgW)|(z), ze€D,

has a solution w of class C*(D) N WYP(D) with o = 1 — 2/p.

Proof. Indeed, arguing perfectly similar to the proof of Theorem 1.1 for
(4.21) F(gi7) == L[rGq(w"™)] : Lp(D) = Ly(D), 7 €[0,1]

with p, G and g extended by zero outside of D, we see that the family of the operators F(g; 7),
7 € [0,1], satisfies all the hypotheses of Theorem 1 in [22], see Proposition 4.1 above. Thus,
there is g € L,(C) with F(g;1) = ¢, and then by Theorem A the function w := w*9|p gives the
desired solution of (4.20). |

Remark 4.4. Moreover, arguing similarly to the proofs of Lemmas 3.1 and 3.2 one can show that
w = H o f*|p, where f* : C — C is a p—conformal mapping from Theorem B with p extended onto C
by zero outside of D and H : D, — C is a generalized analytic function in the domain D, := f*(D)
with the source

“w

(122) 5 {ﬂ-c[qu}o(f“)l e L.(D.).

where J* is the Jacobian of f* and p. := p?/2(p — 1) € (2,p).
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5. TOWARD SEMI-LINEAR POISSON TYPE EQUATIONS

For convenience of presentation, let us denote by S?*? the collection of all 2 x 2 matrices
with real valued elements

(5.23) A= [ @ a2 ]
a1 G2
which are symmetric, i.e., a12 = ag1, with det A = 1 and ellipticity condition det (I + A) > 0,
where I is the unit 2 x 2 matrix. The latter condition means in terms of elements of A that
(14 a11)(1 + azz) > arza2;.
Now, let us first consider in a domain D of the complex plane C the linear Poisson type
equation

(5.24) div [A(2) Vu(z)] = g(z),

where A : D — S?*2 is a measurable matrix valued function whose elements a;;(z), i,j = 1,2
are bounded, g : D — R is a scalar function in L joc, and here and further V denotes the
gradient of the corresponding functions.

Note that (5.24) is one of the main equations of hydromechanics (fluid mechanics) in aniso-
tropic and inhomogeneous media.

We say that a function v : D — Ris a generalized A—harmonic function with the source g,
cf. [19], if u is a weak solution of (5.24), i.e., if u € Wlf)’cl (D) and

(5.25) /(A(Z)Vu(z), Vi(z)) dm(z) + /g(z) P(z)dm(z) = 0
D D
forall ¢ € C§°(D), where C§°(D) denotes the collection of all infinitely differentiable functions
¢ : D — R with compact support in D, (a, b) means the scalar product of vectors a and b in R?,
and dm(z) corresponds to the Lebesgue measure in the plane C.
Later on, we use the logarithmic (Newtonian) potential of sources g € L (C) with compact
supports given by the formula:

(5.26) NI(z) == %/ln\z—uﬂg(w) dm(w) .
C

By Lemmas 3 in [14] and in [15], we have its following basic properties.

Remark 5.5. Let g : C — R has compact support. If g € Li(C), then N9 € L, 1,.(C) for all

r € [1,00), N9 € WEP(C) for all p € [1,2), moreover, there exist generalized derivatives by Sobolev

PN and PN satisfying the equalities, where /\ = 82 /0x% + 92)0y?, z = & + iy, is the Laplacian,
0202 BERE g theeq P

02N O*NY

: = ANY = 4.

020%Z 0z0z

Furthermore, if g € L, (C) for some p' > 1, then N9 € Wi’f/((C), moreover, N9 € W,.(C) for some

p > 2 and, consequently, N9 € C2 _(C) with « = 1 —2/p. Finally, if g € L,/ (C) for some p’ > 2, then

loc

N9 € CLY(C) witha =1 —2/p'.

(5.27) 4 =g ae..

Next, we say that a function v : D — R is A—conjugate of a generalized A—harmonic
function u with a source g : D — Rif v € W,\'(D) and

(5.28) Vo(z) = H[A()Vu(z) — VN9(z)] ae, H = [ ‘1) -1 } .
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Lemma 5.4. Let D be a bounded domain in C, g : D — R be in Ly (D) and let u be a weak solution of
equation (5.24) with a matrix function A : D — S**2 whose elements a;;(z), i,j = 1,2 are bounded
and measurable.

If v is A—conjugate of u, then w := u + iv satisfies the nondegenerate inhomogeneous Beltrami
equation (2.14) with

(5.29) M) = ald) = gy (9200 —an() = 2ian(a)]
(5.30) o(z) == NZ(z) + p(z) NZ(z).

Conversely, if w € W21 (D) is a solution of the nondegenerate inhomogeneous Beltrami equation

loc

(2.14) with o given by (5.30), then u := Rew is a weak solution of equation (5.24) with the matrix
valued function A : D — S**2,

it st
(5.31) AZ) = | el ol |

=lpx)P 1-[uz)?

whose elements are bounded and measurable.

Remark 5.6. Hence, in the case A = I and g € L,y(D), p' > 2, we conclude that every generalized
harmonic function u with the source g is a weak generalized harmonic function with the same source,
see e.g. Theorem 1.16 in [33]. The inverse conclusion is, generally speaking, not true and has no sense
at all because in the weak case the source can be complex, not real.

Proof of Lemma 5.4. Indeed, let u be a weak solution of equation (5.24) with g : D — Rin L'(D)
and a matrix function 4 : D — S**? whose elements are bounded and measurable. Then by
(5.27), because the Laplacian A = div grad, we have that u is a weak solution of the equation

(5.32) div[A(z) Vu(z)] = divVNY(z).

If v is A—conjugate of u, then by Theorem 16.1.6 in [3] the function w := u + iv satisfies the
nondegenerate inhomogeneous Beltrami equation (2.14) with y and o given by (5.29) and (5.30).

Conversely, if w € W,2!(D) is a solution of the nondegenerate inhomogeneous Beltrami
equation (2.14) with ¢ given by (5.30), then, again by Theorem 16.1.6 in [3], the functions u :=
Rew and v := Imw satisfy the relation (5.28) with the matrix function A : D — §?*2 given by
(5.31) whose elements a;;(z) are measurable in z € D and bounded because |a;;| < || K, oo-
Note that (5.28) is equivalent to the equation

(5.33) A(z)Vu(z) — VNI(z) = —HV v(z)

because H? = —I. As known, the curl of any gradient field is zero in the sense of distributions
and, moreover, the Hodge operator H transforms curl-free fields into divergence-free fields,
and vice versa, see e.g. 16.1.3 in [3]. Hence u is a weak solution of equation (5.32) as well as of

(5.24) in view of (5.27). O
Further we say that a function u : D — R is a weak solution of (1.3), if u € W,>! (D) and
(5.34) / (A(2)Vu(2), Vib(z / Gl W(z) dm(z) = 0
D

forall ¢ € C§°(D), where C§° (D) denotes the collection of all infinitely differentiable functions
¢ : D — R with compact support in D, (a, b) means the scalar product of vectors a and b in R?,
and d m(z) corresponds to the Lebesgue measure in the plane C.
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Theorem 5.2. Let D be a bounded domain in C, a scalar function G : D — R be in class L,/ (D) for
some p' > 1, a continuous function Q : R — R satisfy condition (1.4) and let A : D — S**? be a
matrix function whose elements a;;(z), i, j = 1,2 are bounded and measurable.

Then the semi-linear Poisson type equation (1.3) has a weak solution u of class C*(D) N W1P(D)
with o = 1 — 2/p for some p > 2.

Moreover, w = h o f*|p, where f'* : C — C is a p—conformal mapping from Theorem B and h is a
weak generalized harmonic function in the domain D, := f*(D) with the source

(5.35) 5= { L aform e L.

where J* is the Jacobian of f*, p. == p?/2(p — 1) € (2,p), p is defined by formula (5.29) and o is
calculated by formula (5.30) with g = G Q(u).

As itis clear from the proof below the degree p > 2 and the exponent @ € (0, 1) of the Holder
continuity, correspondingly, cannot be connected with p’ in an explicit form.

Proof. With no loss of generality, we may assume here that p’ € (1,2] and that g = 0 outside
of D, and then N9 € WP(D) for all p € (1,p*), where p* = 2p//(2 — p') > 2, see Lemma 3
in [14]. Hence later on, we may also assume that p > 2 satisfies condition (1.6) for y in (5.29).
Moreover, again by Lemma 3 in [14], the correspondence ¢ — N generates a completely
continuous linear operator L acting from real valued L, (D) to complex valued L,(D). Thus,
the linear operator £ := L + uL with the multiplier 4 € Lo, (D) is bounded. Then by Lemma
4.3, the semi-linear Beltrami equation (4.20) with ¢(w) := Q(Rew) has a solution w of class
C*(D)NWP(D) with a = 1 — 2/p. Moreover, by Lemma 5.4, the function u := Rew is a weak
solution of equation (5.24) of the given class. Finally, by Lemma 3.1, we conclude that u has the
representation as the composition & o f#|p, where f# : C — Cis a p—conformal mapping from
Theorem B and 7 is a weak generalized harmonic function in the domain D, := f#(D) with
the source (5.35). a

6. SOME EXAMPLES OF APPLICATIONS

We apply Theorem 5.2 for several model equations describing some physical phenomena in
anisotropic and inhomogeneous media.

The first group of such applications is relevant to reaction-diffusion problems. Problems of
this type are discussed in [8], p. 4, and, in details, in [4]. A nonlinear system is obtained for
the density U and the temperature 7" of the reactant. Upon eliminating 7" the system can be
reduced to equations of the form

(6.36) AU = o-Q(U)

with ¢ > 0 and, for isothermal reactions, Q(U) = U?*, where A\ > 0 that is called the order of
the reaction. It turns out that the density of the reactant U may be zero in a subdomain called
a dead core. A particularization of results in Chapter 1 of [8] shows that a dead core may exist
just if and only if 5 € (0, 1), see also the corresponding examples in [13].

In the case of anisotropic and inhomogeneous media, we come to the semi-linear Poisson
type equations (1.3). In this connection, the following statement may be of independent inte-
rest.

Corollary 6.1. Let D be a bounded domain in C, a scalar function o : D — R be in class L, (D) for
somep’ > 1and let A : D — S**2 be a matrix function whose elements a;;(z), 1,7 = 1,2 are bounded
and measurable.
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. . 1 .

Then there is a weak solution u : D — R of class C2. N W, ¥ with o« = 1 — 2/p for some p > 2 to
the semi-linear Poisson type equation

(6.37) div[A(z) Vu(2)] = o(2)-u z), 0 < X <1, aeinD.

Note also that certain mathematical models of a thermal evolution of a heated plasma lead
to nonlinear equations of the type (6.36). Indeed, it is known that some of them have the form
Ap(u) = f(u) with 1'(0) = oo and ' (u) > 0if u # 0 as, for instance, ¥(u) = |u|?lu under
0 < ¢ <1, see eg. [8]. With the replacement of the function U = ¢(u) = |u|? - signu, we
have that u = |U|? - sign U, Q = 1/q, and, with the choice f(u) = |u\q2 - sign u, we come to the
equation AU = |U|? - signU = 4(U). For anisotropic and inhomogeneous media, we obtain
the corresponding equation (6.38) below:

Corollary 6.2. Let D be a bounded domain in C, a scalar function o : D — R be in class L, (D) for
somep’ > 1and let A : D — S**2 be a matrix function whose elements a;;(z), 1,7 = 1,2 are bounded
and measurable.

Then there is a weak solution u : D — R of class C2, N W, with o = 1 — 2/p for some p > 2 to
the semi-linear Poisson type equation

(6.38) div[A(z) Vu(z)] = o(2) - |Ju(z)tu(z), 0 <A <1, ae.in D.

Finally, we recall that in the combustion theory, see e.g. [5] and [27] and the references
therein, the following model equation

takes a special part. Here v > 0 is the temperature of the medium. We restrict ourselves
here by the stationary case, although our approach makes it possible to study the parabolic
equation (6.39), see [13]. The corresponding equation of the type (1.3), see (6.40) below, appears

in anisotropic and inhomogeneous media with the function Q(u) = e~ that is uniformly
bounded at all.

(6.39)

Corollary 6.3. Let D be a bounded domain in C, a scalar function o : D — R be in class L, (D) for
somep’ > 1and let A : D — S**? be a matrix function whose elements a;;(z), 1,7 = 1,2 are bounded
and measurable.

Then there is a weak solution u : D — R of class CZ, N W,oP with a = 1 — 2/p for some p > 2 to
the semi-linear Poisson type equation

(6.40) div[A(z) Vu(z)] = o(z)-e &1 ge in D.

Remark 6.7. Such solutions u in Corollaries 6.1, 6.2, 6.3 have the representation as the composition
ho f¥|p, where f# : C — C is a u—conformal mapping in Theorem B with u extended onto C by
zero outside of D, and all h are weak generalized harmonic functions with sources of class Ly, (D),
D, := f*(D)and p, :=p*/2(p — 1) € (2,p).
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Generalizations of the drift Laplace equation over the
quaternions in a class of Grushin-type spaces

THOMAS BIESKE* AND KELLER L. BLACKWELL

ABSTRACT. Beals, Gaveau, and Greiner established a formula for the fundamental solution to the Laplace equation
with drift term in Grushin-type planes. The first author and Childers expanded these results by invoking a p-Laplace-
type generalization that encompasses these formulas while the authors explored a different natural generalization of
the p-Laplace equation with drift term that also encompasses these formulas. In both, the drift term lies in the complex
domain. We extend these results by considering a drift term in the quaternion realm and show our solutions are stable
under limits as p tends to infinity.

Keywords: p-Laplace equation, Grushin-type plane.
2020 Mathematics Subject Classification: 53C17, 35H20, 35A09, 35R03, 17B70.

1. MOTIVATION AND BACKGROUND

1.1. Motivation. In [2], Beals, Gaveau, and Greiner established a formula for the fundamen-
tal solution to the Laplace equation with drift term in a large class of sub-Riemannian spaces,
which includes the so-called Grushin-type planes. In [4], the first author and Childers ex-
panded these results by invoking a p-Laplace-type generalization that encompasses the formu-
las of [2] while in [3], the authors explored a different natural generalization of the p-Laplace
equation with drift term that also encompasses the formulas of [2]. In both cases, the drift term
lies in the complex domain. In this paper, we will consider both approaches, but with a drift
term in the quaternion realm and create an extension of both cases. We will then show our
solutions are stable under limits when p — co.

1.2. Grushin-type planes. We begin with a brief discussion of our environment. The Grushin-
type planes are a class of sub-Riemannian spaces lacking an algebraic group law. We begin
with R? possessing coordinates (y1,y2), ¢ € R, ¢ € R\ {0} and n € N. We use them to construct

the vector fields

0 0
Yi=—and Y5 =c(y; —a)" —.
1 8y1 2 (y1 ) 8y2

For these vector fields, the only (possibly) nonzero Lie bracket is

. 0

[V1,Ys] = en(y1 —a)" 187/2'

Because n € N, it follows that Hormander’s condition (see, for example, [1]) is satisfied by
these vector fields.
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We endow R? with a (singular) inner product, denoted (-, -), with related norm || - ||, so that
the collection {Y7,Y>} forms an orthonormal basis. We then have a sub-Riemannian space that
we will call g,,, which is also the tangent space to a generalized Grushin-type plane G,,. Points
in G,, will also be denoted by p = (y1,y2). The Carnot-Carathéodory distance on G,, is defined
for points p and ¢ as follows:

dolp.a) =it [ /(o)

with I" the set of curves y such that v(0) = p, v(1) = g and 7/(t) € span{Y1(v(¢)), Y2(v(¢))}. By
Chow’s theorem, this is an honest metric.

We shall now discuss calculus on the Grushin-type planes. Given a smooth function f on
Gy, we define the horizontal gradient of f as

Vof(p) = (Yif(p),Y2f(p)).

Using these derivatives, we consider a key operator on C3 functions, namely the p-Laplacian
for 1 < p < oo, given by

Apf = div([Vofl[P?Vof) = a([[VofIIP2Y1f) + Ya (I Vo f[P2Yaf)

(1.1) = %(P = 2IVofIP* (YilIVofIPYLf + Y2l Vo fI?Yaf)

+ Vo fIP2(ViYa f + YoYaf).

For more recent results concerning Grushin-type spaces, see [6] and references therein.

2. MOTIVATING RESULTS

2.1. Grushin-type Planes. The first author and Gong [5] proved the following in the Grushin-
type planes.

Theorem 2.1 ([5]). Let 1 < p < oo and define

f(ylaQQ) — 02(y1 _ a)(2n+2) + (7’L + 1)2(y2 _ b)2
For p # n + 2, consider
L__" +2—-p
P (2n+2)(1 - p)

so that in G,, \ {(a, b)} we have the well-defined function

,ll) — f(y17y2)Tp7 p;én-l'-z

i log f(y1,52), p=n+2
Then, Ay, = 0in G, \ {(a,b)}.
In the Grushin-type planes, Beals, Gaveau and Greiner [2] extended this equation as shown

in the following theorem.
Theorem 2.2 ([2]). Let L € R. Consider the following quantities
-n

(1+ L) and ﬂ:m

a:m (1_L)

We use these constants with the functions
9(y1,92) = c(yr — )" +i(n +1)(y2 — b)
h(yr,y2) = c(yr — a)"™ —i(n+1)(y2 — b)
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to define our main function f(y1,y2), given by
fyi,y2) = g(ylyy2)ah(y1ay2)6'
Then, D(f) := Aqof +iL[Y1,Ys]f =0in G, \ {(a,b)}.

Non-linear generalizations of Theorem 2.2 have been explored by the first author and Childers
in [4] and by the authors in [3]. The following theorem extends Theorem 2.2 through a p-
Laplace type divergence form.

Theorem 2.3 ([4]). For L € R with L # +1, consider the following parameters for p # n + 2:

n+2-p n+2-—p
=—— """ P (1+L) and B=——"""2 _(1-1
G T s R K
with the functions:
9(y1,2) = clyr — )" +i(n + 1) (32 — b)
h(y1,y2) = clyr — a)"™ —i(n +1)(y2 — b)
to define the main function:
. 9(y1,92)*h(y1, )", p#n+2
o log (9(y1, y2) " h(yr,y2)' "), p=n+2

Then

Yifor +ilYafp L
Yzfp,L - iLYlfp,L

p—2 (Y1fp,L + iLYgfp,L>> -0

Apfp.rL i=div <‘ Yofor —iLY1foL

The following theorem of the authors takes an alternative approach to extending Theorem
2.2 through a generalization of the drift term.

Theorem 2.4 ([3]). For L € R with:

n+2—p
L+A#+t——
7 n(l —p)

consider the parameters:

~n+2—-p—Ln(l-p) B
T myna-p MO

n+2—p+Ln(l—p)
2(n+1)1—p)

with the functions
9(y1,y2) = clyr — a)" ! +i(n +1)(y2 — b)
h(y1,y2) = clyr — a)"™ —i(n +1)(y2 — b)
to define the main function:
22) for(y1,12) = 9(y1,y2) Ry, y2)” .
Then on G, \ {(a,b)}, we have:
Gor (for) = Dpfor +iL V1, Ya] (Vo foLllP*for) = 0.

Main Question. We wish to extend the preceding generalizations of Theorem 2.2 over the quaternions,
denoted H. Recall that the solved partial differential equation of Theorem 2.2, namely

Aof +iL[Y1,Y2]f =0,
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features a drift term bearing the purely complex-imaginary coefficient iL € C. We ask if this coefficient
can be generalized to a purely quaternion-imaginary coefficient of the form

Q=Li+Mj+NkeH\R,

where the case of () = 0 reduces to the result of Theorem 2.1. With respect to Theorem 2.3, we explore

smooth solutions to the generalization
TR+ enn) _,
Yof = QY1 f '

With respect to Theorem 2.4, we explore smooth solutions to the generalization

Go (f) = Apf + Q V1, Y2] (I VofIIP~2f) = 0.

Yif+QYaf
Yof — QY1 f

AL f == div <‘

3. A p-LAPLACIAN TYPE GENERALIZATION OVER H
31 Case:L+ M+ N #0.

LetQ = Li+ Mj+ Nk € H\R with L+ M + N # 0. We consider the following parameters:

V1@l

I

T L+ M+ N
@
L+M+ N
£=VI|Q*(L+M+N)
_ n+2—p
a= (1—P)(2n+2)(1+£)
and 8 = nt2-p (1-9),

1-p)2n+2)
where ¢ # +1. We use these constants with the functions:
9(y1,y2) = pe(yr — a)" +w(n +1)(y2 — b)
h(y1,y2) = pe(yr — a)"* —w(n+ 1)(ya — b)
to define our main function:

_ 9(y1,y2)h(y1, y2)", p#n+2
(3.3) foalyr,92) = { log (g(y1,42)"*h(y1,52)'¢), p=n+2

Using equation 3.3, we have the following theorem.

Theorem 3.5. Let Q = Li+ Mj+ Nk e H\Rwith L+ M + N # 0. On G, \ {(a,b)}, we have:

-2
Yifeq + QVafpal[ (Ylfp,Q + Ql@fm) = 0.
1/Z.fp,Q - lefp,Q }/pr,Q - lefp,Q

Aipfp’Q = divg (‘

Proof. Suppressing arguments and subscripts, we let:

T <T1> _ <Y1f+QY2f>
T\ T Yof —QYif)~
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Observing that:
Apf =div (|[T]*7*T)
2
-2
=|r|p— <pQ ZYSHTH?L + |72 (ViYL + Yﬂz))
s=1
it suffices to show:
p—2¢
A= B ST+ TP T) + 1) =0

For p # n + 2, we compute the following:

Yif = pe(n+1)(y1 — a)"g* "B~ (ah + Bg)

Yof =we(n +1)(y1 — a)"g* 'hP~! (ah — Bg)
Yif 4+ QYaf = pe(n+1)(y1 —a)"g* "B (ah(1 — &) + Bg(1 +€))
Yof = QYif =we(n+ 1) (y1 — a)"g* ' (ah(1 - €) — Bg(1+¢€))

1
and || Y[|° = 2p°A(n + 1)?(y1 — a)*"g* PP RO (0P (1= €)2 4+ B2 (1 + €)?) .
We then calculate:

1
N +Y5Ts = g1+ €)1+ )2 1= p)(-2+ ) — g’

VITIE = ~ iy (20030 = €2+ D +2 = ) — )"

« ga+5—1ha+5—1 (M2C2(y1 _ a)2n+2 _ ’u2n(n + 1)(_1 +p)(y2 _ b)2))

1
and Ya||T||* = m2ﬂ403(1 — €)% (n+1)(n+2—p)*(1 +np)

X (y1 — a)®" (b — yo)g® TP po AL,

Using the above quantities, we compute:

2
p—2 1 .
(34) — Z Y [I1|?7rs = *mlﬁ&(*l +&)P(m+1)(n+2-p)?
s=1
% (yl _ a)4n92a+6—2ha+2,8—2(p _ 2)
1
and [|T[2 (Y1 Y1 + Y2 X)) = m#404(” +1)(y1 — a)*ngPtPm2pot2h—2

x(n+2-p)(-1+€&)°(p - 2)

whereby it follows that A = 0, as desired. The case p = n + 2 is similar and omitted.

32 Casel: L+ M+ N =0.
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Let@Q = Li+ Mj+ Nk € H\Rwith L + M + N = 0. We consider the following parameters:

€ =+/2|[LM + LN + MN|
n+2—-p
-T2 "
= Aoy Y
n+2—-p
(1fp)(2n+2)( 3
where £ # +1. We use these constants with the functions:
9(y1,y2) = Ec(yr — )" + Q(n + 1) (y2 — b)
h(y1,y2) = Ec(yr — )" = Q(n+ 1) (y2 — b)

to define our main function:

and 8 =

9(y1,y2)*h(y1, y2)”, p#£n+2
35 ) = )
) foalun,s2) { log (g(y1,y2) "h(y1,12)' %), p=n+2

Using equation 3.5, we have the following theorem.

Theorem 3.6. Let Q = Li+ Mj+ Nk € H\Rwith L+ M + N =0. On G, \ {(a,b)}, we have:

Yifog+QValro|” (Ylfp,Q + cmfp,Q) 0
Yofo.o — QY1fo,0 Yofo.0 — QYifp0 .

Proof. The proof of Theorem 3.6 is similar to that of Theorem 3.5 and left to the reader. O

Aipfp’Q = divg (‘

We then conclude the following corollary.

Corollary 3.1. Let p > n + 2. The function fy g, as above, is a nontrivial smooth solution to the
Dirichlet problem

{ A71%7(10,62(3’) =0, y€G,\{(a,b)}
0, y = (a" b)

4. A GENERALIZATION OF THE DRIFT TERM OVER H
41. Case:L+M + N # 0.

Let@ = Li+Mj+ Nk € H\Rwith L+ M + N # 0. We consider the following parameters:
Y o
|L+ M + N|
o Q
L+M+N
¢€=|Q*(L+ M+ N)
n+2—p—<¢&n(l—p)
2(n+1)(1 - p)
n+2-p+én(l—p)
2(n+1)(1—p)

o =

and 8 =

b

where:
n+2—-p

T
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We use these constants with the functions:

9(y1,y2) = pe(yr — a)" ™ +w(n +1)(y2 — b)
h(y1,y2) = pe(yr — a)"*t —w(n+ 1)(ya — b)

to define our main function:

(4.6) fo.o(yr,y2) = 9(y1:92)*P(y1,y2)".

Using equation 4.6, we have the following theorem.

Theorem 4.7. Let Q = Li + Mj + Nk e H\Rwith L+ M + N # 0. On G, \ {(a, b)}, we have:
Goa (fo2) = Bpfoq + Q1 Y2l (IVofollP 2 foq) = 0.

Proof. Suppressing arguments and subscripts, we compute the following:

47) Yif = pe(n+1)(y1 — a)"g* WP~ (ah + Bg)
Yif = pe(n+1)(y1 — a)"g" " h* (ag + Bh)
(4.8) Yof = we(n+1)(y1 — a)"g*'h?~ (ah — Bg)

Yaf = —we(n +1)(yr —a)"¢" " h* " (ag — Bh)
and |[Vof[|* = 2p%¢*(n + 1)*(y1 — a)*"g* TP R (o2 + 52) .

Using the above, we compute:
ViYif = pe(n+ 1)y — a)" Lg@2hP 2
x (ngh(ah + Bg) + pe(n+ 1)(y1 — a)™
x ((ah + Bg)((a = 1)h + (B —1)g) + gh(a + 5)))
YaYof = —p2c(n+1)%(yy — a)?"g*2nP 2
x ((ah = Bg)((a = 1)h — (B — 1)g) — gh(a + B))

(4.9) Vi|[Vofl? = 4P (n+ 1)%(y1 — a)®" 1 g TP 2R 072 (02 4 %)
x (ngh + p?(n+1)(y1 — a)*" (e + B — 1))
(4.10) V2| Vof|I? = —4w?1®E(n+ 1) (y1 — a)®" (yo — b)g* TP 2notF—2

x (®+ %) (@+5-1)
and

2
ZYS||VOf||2()/Sf) _ 4’u363(n + 1)3(y1 _ a)3n71g2a+ﬁ73ho¢+2ﬁ73(a2 + 52)

s=1

X ((ah + Bg) (ngh + pre*(n+1)(y1 — a)*" 2 (a+ B — 1))

+wpe(n+1)%(y1 —a)" (g2 = b)(a + B — 1)(ah — Bg))
IVo P (YiY1 + YaYaf) = 2% (n+ 1) (g1 — a) ™~ g7 =220

X (a2 + 52) (ngh(ah + Bg) + 4uc(n + 1)(y1 — a)"Jrlghoz,B)
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so that

2
AJ=HWJp4<@;%}:MWMWWUHWWMWHHf+EEﬁ>
s=1

— a —2)— a(p—: — p—=2
_ 752¥‘up716p71n2(n+]_)piZ(yl 7a)n(p71)7lg p+(f(f2> 2) ph (p 2)2+ﬁp P (Oé2+ﬂ2) 5

x (Spe(yr — a)" ' +w(l = p)(n+1)(y2 — D).
We then compute:
QY1 Y2l (IVofP72) =
QQprzluprCprl(nJr 1)p72(y1 _ a)n(pfl)fl (az + 52)
o aiyz ( ot Ble=2)=(p=2) ha(p—2>+25p—<p—z>)
= €27 P e 2 (n 4 1P 2 (yy — )P DN

(Epc(yr — a)" ™ +w(l —p)(n+1)(y2 — b))

p=2
pl

ﬂp-Hi(;—Z)—p ha(p—2)2+ﬁp—p

p=2
% (012 +52) 2
= —A.f.

42. Casel: L+ M+ N = 0.

Let Q = Li+ Mj+ Nk € H\ R with L+ M + N = 0. We consider the following parameters:

¢=+/2|LM + LN + MN]|
n+2—p—<£&n(l—p)

T T M+ -p)
- n+2-p+&n(l—p)
nd g = e i)
where: )
n+2-—-p
-

We use these constants with the functions:
9(y1,y2) = Eclyr — )"+ Q(n + 1) (y2 — b)
h(y,y2) = Ee(yr — )" = Q(n +1)(y2 — b)
to define our main function:
(4.11) fo.@W1,92) = g(y1, y2)*hly1, y2)”.
Using equation 4.11, we have the following theorem.
Theorem 4.8. Let Q = Li + Mj+ Nk e H\Rwith L+ M + N = 0. On G, \ {(a,b)}, we have:
Go.q (fo.0) = Dpfoq + Q1. Ye] (IVofooll” fog) = 0.

Proof. The computations proving Theorem 4.8 are similar to those of the proof of Theorem 4.7
and are left to the reader. O
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Observing that

n(p —1)
S

n+2)+n
n+§

én+2)—n
P

bl

implies p # ‘5(

we have immediately the following corollary.
Corollary 4.2. Let p > max{’g(":f?” )

nontrivial smooth solution to the Dirichlet problem

{ Gp.@ (fr.o(¥) =0, ¥y €Gn\{(a,0)}

n—

5(n+22—n | } Then the function f, o of equation 4.6 is a

0, y = (av b)

5. THE LIMIT AS p — o0

5.1. p-Laplacian Type Generalization over H. Recall that on G,, \ {(a,b)}, we have
Apf = dive(||TF7*T)

1
= || (2(p = 2) (V| TIPT1 + Yol T2 T2) + 172 (Y11 + Y'sz)),

where T defined by

T.:<T1>:<Y1f+QY2f>
' Ty Yof —QYAf )7

Formally letting p — oo, we obtain:

Asof = MTI*) Y1+ (Y2l T[*)Te.
51.1. Case: L+ M + N # 0.
Formally letting p — oo in equation 3.3, we obtain:

e Py
foo,0W1,12) = 9(y1,y2)27+2 h(y1, y2) 2n+2,

where we recall the functions ¢(y1,y2) and h(y1, y2) are given by:

9(y1,y2) = pe(yr — a)" "+ w(n + 1)(y2 — b)
h(y1, y2) = pe(yr — )" —w(n +1)(y2 - b).
We then have the following theorem.

Theorem 5.9. The function fo ¢, as above, is a smooth solution to the Dirichlet problem

{ Efoo,@(}’) =0, yeG, \ {(avb)}
0, y= (av b)

Proof. We may prove this theorem by letting o — oo in a prudent multiple of Equation (3.4)
and invoking continuity (cf. Corollary 3.1). For completeness, though, we compute formally.
We let:
_1+¢ o 1-¢
A=gqe ™ BEg
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and compute:

Yif = pe(n+1)(y1 —a)"g* P~ (A + Bg)
Yaf = we(n 4 1)(y1 — a)"g*'hB~1 (Ah — By)
Yif +QYaf = pe(n + 1)(y1 — a)"g" ~'h" 7 (AR(1 = €) + By(1 +€))
Yof = QY1f = we(n +1)(y1 — a)"g* 'R (AR(1 - €) - Bg(1+€))
12 = 20262 (n + 1)2(y1 — @) g B pATE=L (A2(1 = €)% 1 B2(1 + £)?).
We then have:
Y| T|* = 26%¢*(1 - €)?*n(n + 1)*(y1 — a)*" " (y2 — b)° (gh) e
Vall XI2 = 2wpc(1 - €2)?n(n + 1)(yn — a)*"(yz — b)(gh) +"
so that:

Vill€]26r = 21%¢H(1 = €2)%n(n + 1) (31 — a)™(y2 — b)2(gh) =1 g TRP
Yal[€]26s = —263c (1 — €2)Pn(n + 1)%(y1 — )" (y2 — b)*(gh) 71 g4~ RB,
The theorem follows. (]

51.2. Casell: L+ M + N = 0.

Formally letting p — oo in equation 3.5, we obtain:
Lte EETS
= 9y, 42) 72 hlyr, yo) 772,
and h(y1,y2) are given by:
91 y2) = &e(yr —a)" " + Q(n +1)(y2 - b)
h(y1,y2) = Ec(yr — )" = Q(n + 1)(y2 — b).
We then have the following theorem.

foo.@(y1, 92
where we recall the functions g(y1, y2

)
)

Theorem 5.10. The function f ¢, as above, is a smooth solution to the Dirichlet problem

{ A foo@y) =0, y€G,\{(a,0)}
0, y = (a,b)

Proof. The proof of Theorem 5.10 is similar to that of Theorem 5.9 and omitted. O

5.2. Generalization of the Drift Term over H. Recall that the drift p-Laplace equation in the
Grushin-type planes G,, is given by:

Go.o(f) = Apf + QY1 Yo] (Vo fIIF2f) = 0.

A routine expansion of the drift term yields the observation
Go.@(f) = Aof + Qenyr —a)" ™
< (BZ2ITA P (Vs ) £+ 190175 )
=0.
Dividing through by 252 ||V f||°~* and formally taking the limit p — oo, we obtain:
Goe.@(f) = Do f + Q1 Vo] (IVofI1?) f
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52.1. Casel: L+ M + N # 0. Considering equation 4.6 and formally letting p — oo yields:

s (1 1
oo, y2) = g(y1,y2) TF0 T Ry ) D 00,

where we recall the functions ¢(y1,y2) and h(y1, y2) are given by:

9(y1,2) = pe(yr — )"+ w(n+1)(y2 — b)
h(yr,y2) = pe(yr — )" = w(n + 1)(y2 - b).
We have the following theorem.

Theorem 5.11. The function f ¢, as above, is a smooth solution to the Dirichlet problem

{ goo7QfOO,Q(y) =0, yeG, \ {(avb)}
0, y = (av b)

Proof. We may prove this theorem by letting p — oo in Equations (4.7), (4.8), (4.9), (4.10) and
invoking continuity (cf. Corollary 4.2). However, for completeness we compute formally. We
let:
A= ! (1 —n&)and B = !
2(n+1)
and, suppressing arguments and subscripts, compute:
Y1f = pe(n+1)(y2 — a)"g* " "hP 1 (Ah + By)
Yaf =we(n+1)(y1 — a)"g* "' (AR — Bg)
IVofI2 = 2u2¢2(n + 1)2(y1 — )2 g A+ B-1pA+B=1 (42 4 B2)
Yi[|Vof|I? = 4p?c*(n + 1) (g1 — a)®" g E2RATE72(42 4 B?)
x (ngh+ p*c*(n+1)(y1 — a)** (A + B - 1))

Ya|[Vof|? = —dw?p?c* (n + 1) (y1 — @)*" (y2 — b) (A* + B*)(A+ B~ 1)
A+Bf2hA+Bf2

(14 nf)

X g
so that:
Aoof = Y1||Vof|PYif + Yol [Vof[I*Yaf
= 4P (n+1)% (A% + B?)(y1 — a)*" 1 g?AT P Ip A0S
x ((Ah + Bg)(ngh + 12 (n + 1)(A+ B — 1)(y; — a)?™+?)
+ wpe(n+1)%(y — @) (32 — b)(A+ B — 1)(4h - By))
_ 4§wp?’c3n2(n + 1)3(y1 . a)?mfl(yQ o b)g2A+B’2hA+QB’2(A2 + Bz)'

We also compute:

0
QY1 Ya] (IVofl?) f = Qg*h® (Cn(m - a)"_lam||vof2)
= —dgwp’n*(n +1)%(y1 — a)*" " (y2 — b)(A* + B?)
% gA+B72hA+372

The theorem follows. ]
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522. Casell: L + M + N = 0. Considering equation 4.11 and formally letting p — oo yields:

1 (11— 1
Joo,@W1,2) = g(ylayz)”"*”(l ng)h(yl’ y2)2‘”+1>(1+n§),

where we recall the functions ¢(y1,y2) and h(y1, y2) are given by:
9(y1,y2) = Ec(yr —a)" ' + Q(n+1)(y2 — b)
h(y1,y2) = Ec(yr — )" = Q(n + 1)(y2 — b).
We have the following theorem.

Theorem 5.12. The function f ¢, as above, is a smooth solution to the Dirichlet problem

{ goo,Qfoo,Q(Y) =0, ye€ Gn \ {(a,b)}
0, y = (a’ b)

Proof. The proof of Theorem 5.12 is similar to that of Theorem 5.11 and omitted. O
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Estimate of the spectral radii of Bessel multipliers and
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ABSTRACT. Bessel multipliers are operators defined from two Bessel sequences of elements of a Hilbert space and
a complex sequence, and have frame multipliers as particular cases. In this paper, an estimate of the spectral radius of
a Bessel multiplier is provided involving the cross Gram operator of the two sequences. As an upshot, it is possible to
individuate some regions of the complex plane, where the spectrum of a multiplier of dual frames is contained.
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1. INTRODUCTION

Bessel multipliers, as introduced in [2], are operators in a Hilbert space which have been
extensively studied [5, 11, 24, 25], occur in various fields of applications [4, 14, 21] and include
the class of frame multipliers [9, 10, 12, 19, 22]. Recently, in [10], given a frame multiplier
some regions of the complex plane containing the spectrum have been identified. In order to
present the main contributions of this paper, which follows the line of [10], we need to give
some definitions and preliminary results.

A Bessel sequence of a separable Hilbert space H (with inner product (-,-) and norm | - ||) is a
sequence ¢ = {©, nen of elements of H such that

ST en)P < BlIfI?,  VfeH
neN

for some B, > 0 (called a Bessel bound of ¢). A sequence ¢ = {¢,}nen is a frame for H if there
exist A,, B, > 0 such that

(1.1) ANFIP <D I en)? < BllfIIP, Ve,
neN

Given two Bessel sequences ¢ = {¢p}nen, ¥ = {¥n}neny of H and m = {m,, }nen a bounded
complex sequence (in short, m € ¢>°(N)) it is possible to define a bounded operator M,, ., ,, on
H in the following way

Mm#Pﬂ/’f = Zmn<f7 wn>SDn7 f € H

neN
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This operator is said the Bessel multiplier of ¢, 1 with symbol m. It thus consists of three pro-
cesses: analysis through the sequence ¢, multiplication of the analysis coefficients by m and
synthesis processes by ¢. When ¢ and v are frames, M,, ,  is called a frame multiplier.

Since a Bessel multiplier is a bounded operator, its spectrum is contained in some disk and,
more precisely, the following bound has been given.

Proposition 1.1 ([10, Proposition 1]). The spectrum o (M, ) of any Bessel multiplier M, , o is
contained in the closed disk centered the origin with radius sup,, \mn|BﬁB¢%, where B, and By, are
Bessel bounds of p and 1), respectively.

A special case occurs when ¢ and ) are dual frames, i.e. two frames satisfying the condition'
(12) F=Y (Fdn)on,  VfEH.
neN
In this setting, it was possible to find more precise regions where the spectra are contained, as
stated in the following result.
Proposition 1.2 ([10, Propositions 2 and 3]). Let @, be dual frames for H with upper bounds
B, By, respectively, and let m € (>°(N).
(1) If m is contained in the disk of center p with radius R, then o(M,y, ) is contained in the disk
of center p with radius RB,, 3 By 3
(2) If m is a real sequence, then (M., ) is contained in the disk of center

1
—(supm,, + inf m,,)
2 n n

with radius

1
5(81;}) My, — i%f mm)BgO%Bw%.

(3) If 1 is the canonical dual® of ¢, then o(M,, ;) is contained in the closed convex hull of m.

One of the two main results of this paper, which is right below, gives an estimate of the spec-
tral radius of a Bessel multiplier in terms of the cross Gram operator G, ; [3] of ¢ and ¢ which
is recalled in Section 2. A direct consequence, contained in the statement, is an improvement
of Proposition 1.1.

Theorem 1.1. Let @, 1) be Bessel sequences of H with cross Gram operator G, , and let m € {>°(N).
Let M,, be the multiplication operator by m on (*(N). Then, My, , » and M, G, , have the same
spectral radius

(13) ’I“(Mm#,ﬂ[,) = T‘(MmG%w).
In particular, the following bound holds
(1.4) (M, p.p) < sup [my|||Ge |-

Therefore, the spectrum of any Bessel multiplier M., . is contained in the closed disk centered the
origin with radius sup,, |my| |Gy |-

Lor, equivalently, the condition f = Z (f, pn)¥n for every f € H.
neN
2among all the dual frames of ¢ there is a special one called the canonical dual; the definition is given in Section 2.
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The second main result, i.e. Theorem 3.2, concerns dual frames and is the counterpart of
Proposition 1.2 in which the cross Gram operator is involved again. Both in Theorems 1.1 and
3.2, the constant BW%Bw% appearing in Propositions 1.1 and 1.2 is substituted by the norm
|G|l of Gy . Since the inequality |Gy, | < BwéBw% always holds, Theorems 1.1 and 3.2
improve in fact Propositions 1.1 and 1.2. In connections to the main results, throughout the
paper we will discuss some remarks and examples.

2. PRELIMINARIES

We denote by ¢%(N) (respectively, £>°(N)) the usual spaces of square summable (respectively,
bounded) complex sequences indexed by N.
Given two Bessel sequences ¢ and ¢ of H the following operators can be defined (see [3, 6]):
Cy, : H — (*(N), defined by C,, f = {(f, n)}, is the analysis operator of .
e D, : (*(N) = M, defined by Dy {c,} = >, o ¢non, is the synthesis operator of .
Sy H—MH, S, =D,C, is called the frame operator of ¢; the action of S, is

Sef = {fondpn,  fEMH.

neN

Gy 2(N) = 2(N), Gy = Cy Dy, is the cross Gram operator of ¢ and ¢ which acts as
Goplcn}y = {dr}, wheredy = 3 cn(@n, ¥r). In other words, G, 4, can be associated
to the matrix ({¢n, ¥i))n.ken-

Moreover, C,, and D, are one the adjoint of the other one, C, = D7, and ||C, || = || Dyl < BW%,
where B, is a Bessel bound of . Consequently, S, is a positive self-adjoint operator and
it is also invertible with bounded inverse S on H. We recall that in the introduction we
gave the definition of dual frames. A frame ¢ always has a dual frame, namely the sequence
{8, ¢n}nen, which is the so-called canonical dual of ¢.

Finally, we note that, introducing the operators D, and C,, it is possible to write M,, ,, 4 =
D,M,,Cy, where M,, is the multiplication operator by m on ¢*(N), defined by M,,{c,} =
{mpcy} for {c,} € £2(N).

3. PROOFS OF THE MAIN RESULTS

Theorem 1.1 concerns the spectral radius of a Bessel multiplier. For a bounded operator T :
H — H, we write o(T") for the spectrum and r(7T') := sup{|A| : A € o(T)} for the spectral radius
(see, for instance, [7, 20, 23]). The spectral radius represents then the radius of the smallest disk
centered in the origin and containing the spectrum. Propositions 1.1 and 1.2 can be restated in
terms of spectral radius. For example, we can say that for any Bessel multiplier M,, . ,, we
have (M, ,.4) < sup, |mn\B¢%Bw%.

For the proof of Theorem 1.1 below, we are going to use some classical results about the
spectral radius (see e.g. [7, Proposition 3.8]): for every bounded operator 7" : H — #, we have

o Nyt
(35) H(T) = tm [TV
and
(3.6) r(T) < |7

Proof of Theorem 1.1. 1If B, = 0, By, = 0 or m = 0, then (1.4) trivially holds, because both the
operators My, ., and M,,G, y are null. So we can assume that B, By, > 0 and that m is not
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identically null.
Since M,y = DMy, Cy and G,y = Cy D, then for N > 2 we have

MY = (DoMyCy)N = Dy(MpCy Dy )N~ My Cyy = Doy (M G )N~ My, Gl

Therefore,
1My ol S MG )N I Min|[[|Cy | Do |-

Thus, by (3.5),
"(Mm,py) = Jim M, Nl ™ < i (II(MmGw)N HIM o I Cy D [ ¥

. _ L L
= (M Go)™ s i (M lIClI D) = r(MnGo).

For the reverse inequality, we observe that
(MG )N = M Cy Dy (MG )N~ My Cyy Dy = My, Cy MY Do

Hence, with an analog calculation as before, we find that 7(M,,,G, ) < 7(Mm,p.), SO in con-
clusion (1.3) is proved. Lastly, (1.4) holds because by (1.3) and (3.6), we have

T (M) =1(MmGo,y) < || MnGy, m el = sup [mn| |Gy pll- u
Remark 3.1. (i) Inequality (1.4) may be strict. In fact, let {e,} be an orthonormal basis of H,
¢ = {en}, v = {3e1,2e2, 3€3,2eq,...} and m = {2,1,2, 1 ..} A trivial calculation

shows that My, ., . is the identity operator, so r(Mp, o) = 1, while sup,, |my,| |G| = 4.

(i) A Riesz basis ¢ for H is the image of an orthonormal basis {e} of H through an bounded
operator with bounded inverse defined on H [6]. A Riesz basis  is, in particular, a frame for H
and it has a unique dual 1) (the canonical one) which is a Riesz basis too. Moreover,

1 n==k
0 n # k.
Therefore, if ¢ is a Riesz basis for H and 1) is its canonical dual, then G, is the identity
operator on (?(N) and so |G, || = 1. Anyway, for this choice of ¢, 1, (1.4) is an immediate
consequence of the fact that o (M, ) is the closure of {m,, : n € N} (see [9, Proposition 4]).
(ii1) Since G,y = Cy D, we always have
1 1
(37) 1Gowll < C[l[|Dell < Byp= By 2.

Therefore, Theorem 1.1 is finer than Proposition 1.1. Moreover, if o = 1, then G, , = C,D, =
D} Dy, is a positive self-adjoint operator, so |Gy o || = || Dy .

<<pnawk> = 6n,k - {

Besides with (3.7) it is possible to estimate the norm of G, ,, with some other considerations
which we discuss below.

Remark 3.2. (i) An estimate of |G, || can be given if
(3.8) sup > [{@n, i) <T1 and sup Y (@, vi)| < Do
EN neN neN keN

Indeed, by Schur test (see for instance [15, Lemma 6.2.1]), we have |G, | < I‘%Fé.
(ii) Let @, be Bessel sequences of H such that <g0n, Vi) = 0 for n,k € Nwith |n — k| > d. As

particular case of the previous remark, if Z sup {©ns Ynti)| < T (where, with an abuse of
i=—d
notation, we mean \_gy1, ..., ¢Y_1,% = 0), then |Gy, 4| < T.
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(iii) Another use of conditions (3.8) can be made in the context of localized frames [1, 8, 16, 17].

In what follows, we give another example where in particular it is possible to exactly calcu-
late the norm of the cross Gram operator.

Example 3.1. Let G be a countable locally compact abelian group equipped with the discrete topology.
We write the group operation of G in the additive notation and we denote by G the dual group of G
(i.e. the multiplicative group of the characters on G). Since G is discrete, then G is compact (see [13,
Proposition 4.4]). Moreover, we will choose the Haar measure on G to be the counting measure; hence
by [13, Proposition 4.24], |G| = 1.

Let 7 be a unitary representation of G on H. In particular, let us assume that T is dual integrable
[18], i.e. there exist a Haar measure d€ and a function [-,-] : H X H — LY(G, d€) such that

(3.9) O T = /a[x,n}(é)e—g(é)d& Vg€ G, xum € H,

where e_,4(x) is the character induced by —g, namely e_ (&) = =299, and (-,-) is the duality
between G and G. The function [-,-] is called the bracket function. Classical examples (treated for
instance in [6, 15]) of this framework are

e G=17%G=T"H=L*R), (nf)(x) = (Tnf)(x) = f(x — k) for k € Z% and
Doml©) = ) XE+RAE+E),  eR x,nel*RY,
kezd
where X and 1) are the Fourier transforms of x and 1), respectively;
©G =2 x7, G =T, H=L2R) (rupf)x) = (Ldif)(x) = 27 f(x — k) for
(k,1) € 2% x 2 and
Denl(z.€) = Zx (2, ) Zn(x,€), =, R x,n € LA(RY),
where Zx(x,€) = jepa € 2T *Ex (@ — k) is the Zak transform of x € L*(R%).

After introducing this setting, we now consider two special sequences®. More precisely, let x,n € H
be such that ¢ = {Tyx}geg and o = {Tyn}geg are Bessel sequences* of H. As we are going to
see, the norm |G, || can be exactly calculated in terms of [x,n|. Indeed, for any complex sequences

{cgtgeg:{dy}geg € 12(G), we have
(Gowdeat (dg}) = (CuDpleg} {dg}) = (Do{eah, Dufda})

<ZC!JTgXangTg77> = Z cqdn (Tyx, Thm)

geg Y g,h€g

=Y el T = Y e /é[x,n}(é)eg—h(ﬁ)df

(310) g,heg g,heg

/gjxm](f) S eodey n(€)de

g,h€eg

- /é[x, O S epea(©) dnen(€)de.

g€g heg

3In this example, the sequences are indexed by the countable set G in contrast to the setting of the rest of the
paper. However, this does not change the validity of Theorems 1.1 and 3.2 since the series defining a multiplier is
unconditionally convergent so the ordering of a Bessel sequence is not relevant (see [6, 15]).

4This happen if and only if [x, x] and [n, n] are bounded above a.e. in G, see [18, Section 5].
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By the Pontrjagin duality theorem and by [13, Corollary 4.26], {e4},ecg is an orthonormal basis of
L*(G, d¢€). This fact, together with (3.10), implies that the Gram operator G, can be reduced to the
multiplication operator by [x,n] on L*(G, d€). Hence, we conclude that

s NGewleh ANl _
1Goull = P TESEAY p[x. 7] ()],

{eg}.{dg}£0 £eg

i.e. the essential supremum of [x, n] (see [20, Example 2.11 - Ch. III]). Thus, by Theorem 1.1, given a
bounded complex sequence m = {my}4eg we have

(M) < sup [mg| sup [[x, 7] (£)]-
9€9 1399

We now move to prove the result for dual frames. In particular, it provides regions contain-
ing the spectrum which are smaller than the disk of Theorem 1.1.

Theorem 3.2. Let o, be dual frames for H and let m € £>°(N).

(1) If mis contained in the disk of center p with radius R, then o(Mp, ) is contained in the disk
of center p with radius R||G .
(2) If mis real, then o (M, ) is contained in the disk of center

1
3 (supm,, + ir%f My,

with radius

1 .
5(sup My — 12f M) |Gyl

(3) If 4 is the canonical dual of ¢, then o(M,y, ) is contained in the closed convex hull of m.

Proof. To prove statement (i), let us consider a disk of center p with radius R containing the
sequence m. By (1.2), we have

me&b —pul = Z(mn - M)(fa wn>90n = Mmfu,w,wz
neN
where with m —  we mean the sequence {m,, — uu}. Therefore applying (1.4) to M, ¢, We
obtain
r(Mn.g.p — pl) < supfmn =l [Go || < R Goull;

which means that o (M, . .;) is contained in the disk of center ; with radius R||G, ||, because
(M) ={AN+p: A€ (Mp—ppw)}

Statement (ii) is a consequence of (i) taking y = %(supn my +inf, m,,)and R = %(supn My, —
inf,, m,,). Finally, statement (iii) was proved in [10, Proposition 2]. [l

By (3.7), we can make a similar observation of Remark 3.1(iii), that is Theorem 3.2 is stronger
than Proposition 1.2. We conclude with a comment for the case of a frame and its canonical
dual.

Remark 3.3. Let ¢ and ) be dual frames. Making use of inequality (1.4) (taking m,, = 1 for every
n € N), we find that |G, || > 1.
If, in particular, <) is the canonical dual of o, then

(Pn, V) = (Pn, S5 k) = (S 20, Sp % ).
In other words, G,y is equals to the Gram operator of the canonical tight frame x := S, : @ of p, which
is a Parseval frame (i.e. it satisfies condition (1.1) with A, = B, = 1, see [6, Theorem 6.1.1]). Thus,
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_1
for the initial observation and for Remark 3.1 (iii), if @ is a frame, 1 is its canonical dual and x = S, > ¢,
then we have 1 < | Gp| = | Dy|2 < By = 1,50 [ Gpol] = 1.
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1. INTRODUCTION AND PRELIMINARIES

The Banach contraction principle [7] is one of the fundamental foundations of the metrical
fixed theory. Many authors have come up with generalizations, extensions and applications of
this principle. They have studied many aspects of the Banach contraction principle and have
further developed their findings. One of the most popular topics is studying new classes of
spaces and their fundamental properties (see [9, 10, 11, 18, 20, 27]).

Amini-Harandi [6] introduced the concept of metric-like space and gave some fixed point
theorems on complete metric-like space. Later, some authors worked on fixed point theorems
for various new types of contraction conditions on the metric-like space. For more details, we
refer to [1, 5, 16, 21].

We start by recalling some definitions and lemmas about metric-like space.

Definition 1.1 ([6]). Let X be any non-empty set. A function p : X x X — [0,00) is said to be a
metric-like on X if for any a, b, ¢ € X the following conditions are satisfied:

(o1) pla,b) =0=a =1,

(02) p(aa b) = p(b? a)a

(03) p(a,b) < pla,c) + p(c,b).

The pair (X, p) is called a metric-like space. Each metric-like p on X generates a Tj topology
Tp on X which has as a base the family open p-balls

{B,(a,e) :a € X,e > 0},
where
Bya,e) = {b € X : pla,b) — pla,a)| < e}

foralla € X and e > 0.
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Definition 1.2 ([6]). (i) A sequence {a,,} in a metric-like space (X, p) converges to a point a € X if
and only if p(a,a) = lim,,_, o p(a, ay,).

(ii) A sequence {a,, } in a metric-like space (X, p) is called a Cauchy sequence if limy, 1,—s 00 P(An, G,
exists (and is finite) .

(iii) A metric-like space (X, p) is said to be complete if every Cauchy sequence {a,,} in X converges,
with respect to 7, to a point a € X such that

Jim pla,an) = pla,a) = lm  plan, am).

Lemma 1.1 ([16]). Let (X, p) be a metric-like space. Let {a,} be a sequence in X such that a,, — a,
where a € X and p(a,a) = 0. Then for all b € X, we have

Jim_p(an,b) = p(a,b).

Recently, Gordji et al. [12] extended the literature on metric spaces by introducing the notion
of orthogonality. In [12], they proved the Banach fixed point theorem using the orthogonality
such as:

Theorem 1.1 ([12]). Let (X, p, L) be an O-complete metric space (not necessarily complete metric
space) and 0 < A < 1. Let f : X — X be L-continuous, L-contraction (with Lipschitz constant \) and
L -preserving. Then f has a unique fixed point x* in X and is a Picard operator, that is, lim f"(z) = z*
forallx € X.

Also, they show that this theorem is a real extension of Banach'’s contraction principle.

Corollary 1.1 ([12]). Let (X, d) be a complete metric space and f : X — X be a mapping such that,
for some A € (0,1],

d(f(z), f(y)) < Ad(z,y)
forall x,y € X. Then f has a unique fixed point in X.

There are several applications of this new idea of orthogonal sets and also numerous forms
of orthogonality. We refer the reader to ([2, 3, 4, 8, 13, 14, 19, 22, 23, 24, 25]) for more details.

In this paper, we give some recent and new results for some contraction mappings on
O—complete metric-like space and also we give illustrative examples. At the end, we give
an application to show the existence of a solution of a differential equation. In order to do this,
we will first recall some basic definitions and notations of the orthogonality.

Definition 1.3 ([12]). Let X be a non-empty set and L be a binary relation defined on X. If binary
relation L fulfills the following criteria:

Hao(VbG X,bL (10) or (Vb € X,ag L b),

then pair (X, L) known as an orthogonal set. The element aq is called an orthogonal element. We denote
this O-set or orthogonal set by (X, L).

Definition 1.4 ([12]). Let (X, L) be an orthogonal set (O-set). Any two elements a,b € X such that
a L b, then a,b € X are said to be orthogonally related.

Definition 1.5 ([12]). A sequence {a,,} is called an orthogonal sequence (briefly O-sequence) if
(YneNja, Lapt1) or (Vne€Njapt1 L ay).

Similarly, a Cauchy sequence {ay} is said to be a orthogonally Cauchy sequence (briefly Cauchy O-
sequence) if
(YneN,a, Lapy1) or (Vn €N apt1 L ay).
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Definition 1.6 ([12]). Lef (X, L) be an orthogonal set and p be a metric on X. Then (X, L, p) is called
an orthogonal metric space (shortly O-metric space).

Definition 1.7 ([12]). Let (X, L, p) be an orthogonal metric space. Then X is said to be a O-complete
if every Cauchy O-sequence is converges in X.

Definition 1.8 ([12]). Let (X, L, p) be an orthogonal metric space. A function f : X — X is said to
be orthogonally continuous ( L-continuous ) at a if for each O-sequence {a,,} converging to a implies
flan) — f(a) asn — oco. Also f is L-continuous on X if f is L-continuous at every a € X.

Definition 1.9 ([12]). Let a pair (X, L) be an O-set, where X (# 0) be a non-empty set and L be a
binary relation on set X. A mapping f : X — X is said to be L-preserving if f(a) L f(b) whenever
a L band weakly L-preserving if f(a) L f(b)or f(b) L f(a) whenever a L b.

Definition 1.10 ([23]). We say that an O-set is a transitive orthogonal set if L is transitive.

Definition 1.11 ([23]). Let (X, L) be an O—set. A path of length k in L from a to b is a finite sequence
{ag,a1,...,ax} C X such that

ap = a, a = b,ai 1 Ai4+1 07 Qi1 1 a;
foralli=0,1,....k — 1 and also A(a,b, L) be denoted as all path of length k in L fromatob.

Before giving our main result, we want to remind some information about Geraghty con-
traction and also (%, ¢)-contraction.
Let A be the family of all functions 7 : [0, 00) — [0, 1) that satisfy the condition lim,,_, o 7(t,) =
1 implies lim,, o0 tn, = 0.
Furthermore, ¥ denotes the class of functions @ : [0, 00) — [0, c0) that satisfy the following
conditions:
e w is nondecreasing,
e w is continuous,
e w(t) =0if and ony if t = 0.
In [17], the authors proved the following particular result .

Theorem 1.2. Let (X, p) be a complete metric-like space and f : X — X be a mapping. Suppose that
there exists n € A such that

p(fa, fb) < n((p(a;b))p(a, b)
forall a,b € X. Then f has a unique fixed point v € X with p(u,u) = 0.
Recently, in [1], the authors considered a new type of Geraghty contractions in the class of

metric-like spaces and proved a fixed point theorem for this type of contractive mapping such
that:

Theorem 1.3. Let (X, p) be a complete metric-like space and f : X — X be a mapping. Suppose that
there exists n € A such that
(L1) p(fa, fb) < n((F (a.b)F (a,b)
forall a,b € X, where
r (aa b) = p(a7 b) + |p(a7 f(l) - p(ba fb)| .

Then f has a unique fixed point v € X with p(u,u) = 0.

On the other hand, in [15], Jleli et al. introduced a family H of functions % : [0, +oo[>—
[0, +o0] satisfying the following conditions:

(H1) max{a,b} < h(a,b,c) forall a, b, c € [0, +o0];
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(H2) h(0,0,0) =0;
(H3) his continuous.
Some examples of functions belonging to # are given as follows:
(i) Aa,b,c) =a+b+cforalla,b,c € [0,+o0];
(i) h(a,b,c) = max{a,b} + cforalla,b,c € [0,+00[;
(iii) A(a,b,c) =a+b+ab+ cforalla,b,c € [0,+o0].
Using a function &7 € H, the authors of [15] introduced the following notion of (%, ¢)-
contraction as:

Definition 1.12 ([15]). Let (M, p) be a metric space, ¢ : M — [0, +o00[ be a given function and h € H.
Then, f : M — M is called a (R, ¢)-contraction with respect to the metric p if and only if
ilp(fa, f0), o(fa), ¢(fb)) < kh(p(a,b), ¢(a), $(b)) forall a,be M,

for some constant k €10, 1].

Now, we set
Zy:={ae M:¢(a) =0},
Ff={a€eM: fa=a}.
Furthermore, we say that f is a ¢-Picard operator if and only if the following condition holds:
FynNZy={<} and f"a —¢, as n — 4oo foreach a € M.
Theorem 1.4 ([15]). Let (M,p) bea C.M.S, ¢ : M — [0,+o0[ be a given function and h € H.
Suppose that the following conditions hold:

(A1) ¢ is lower semi-continuous (l.s.c.);
(A2) f: M — M isa (h, §)-contraction with respect to the metric p.

Then

@) FyC Z¢,’
(if) f is a ¢-Picard operator;
(iii) for all a € M and for all n € N, we have

p("a5) < £ hp( o, ), 6(fa), 6(a))
where {<} =F fNZy =F ;.

2. MAIN RESULTS

2.1. A result for orthogonal @, —Geraghty contraction. In this section, we give a definition
of orthogonal w; —Geraghty contraction and we aim to obtain some results on O-complete
metric-like space (X, L, p).

Definition 2.13. Let (X, L, p) be an orthogonal metric-like space and f : X — X is a mapping. Then
we say that f is orthogonal w; —Geraghty contraction if there exist w € V and n € A such that

(2.2) @(p(fa, b)) < n(w(F (a,b)))w(F (a,b))
forall a,b € X with a L b, where
F(aab) = p(a7b> + |p(a,fa) - p(b7fb)| .

Theorem 2.5. Let (X, L, p) be an O-complete metric-like space, ag is an orthogonal element and f is a
self mapping on X satisfying the following conditions:
(1) (X, 1) is a transitive orthogonal set,
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(#3) fis L-preserving,
(t43) f is orthogonal wy —Geraghty contraction,
(v) fis L-continuous.

Then, f has an unique fixed point in X.
Proof. From the definition of the orthogonality, it follows that ag L f(ag) or f(ag) L ao. Let
ay == fag,as == fa; = f2ag, - ,a, = fan_1 = f"ao
for all n € N U {0}. Suppose that p(an,an+1) = 0 for some ng, so the proof is completed.
Consequently, we assume that
p(an; ant1) # 0
for all n. Since fis L —preserving, we have

an L apg1 0ransr L oay.

This implies that {a, } is an O-sequence. Since f is orthogonal w; —Geraghty contraction, we
have

@(p(an, ant1)) = @w(p(fan-1, fan))
(2.3) n(@(F (an-1,an)))@(F (an-1,an)), n =1,

where

IN

F(an—la an) = p(an—la an) + ‘p(an—la fan—l) - p(ana fan)|
= plan-1,an) + |plan-1,an) — p(an, an1)|-
Take p, = p(an—1,a,) and (2.3) becomes

(24) @(pnt1) < (@ (pn + pn = prt1))@((pn + |pn = prt1l)-
Assume that there exists n > 0 such that p,, < p,41. From (2.4), we get

@(pnt1) < n(@(pnt1))@(Pnt1) < @(pnt1)
which is a contradiction. Thus for all n > 0, p, > p,+1. Hence, we deduce that the sequence
{pn} is nonincreasing. Therefore, there exists » > 0 such that

lim p, =1
n— oo

Now, we shall prove that r = 0. Suppose that » > 0. From (2.2), we have

@ (p(an, ant1)) < n(@(F (an—1,an)))@(F (an-1,an))
which implies
@(pn+1) < N(@(2pn — pnt1))@ (2P0 — Prt1).
Hence

) < (@ (2pn — pn+1)) < 1.
@(20n — pnt1)

This implies that lim,, o, 7(@(2p, — pn+1)) = L. Since n € A, we have
lim w(2p, — prt1) =0

n—oo
which yields
(2.5) r= lim p(an,any1) =0

n—o0
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which is a contradiction. So r = 0. Now, we shall prove that {a,, } is a Cauchy O-sequence. We
will prove that

(2.6) lim p(an,am) =0.

n,m— 00
We argue by contradiction. Then there exists ¢ > 0 for which we can find subsequences { a,, ) }
and {ay, k) } of {an} with m(k) > n(k) > k such that for every k
2.7) P( (k) An(i)) = €.
Moreover corresponding to n(k), we can choose m(k) in such a way that is the smallest integer
with m(k) > n(k) and satisfying (2.7). Then
(28) p(a’m(k)—h an(k)) <é&.
Using (2.7) and (2.8)
e < p(am(k’)v an(k))

< p(@m(k)s Omk)—1) + P(Am(k) 15 Cn(k))

< P(@m(k)s Om(k)—1) + €.
By (2.5), we get
(2.9) 0 p(amr); angr)) = e

On the other hand, it is easy to see that

|P(am(k)—1, an(k)—l) - p(am(k:)a an(k))| < |p(am(k)—17am(k)) + P(an(k), an(k)—1)} .
Again by (2.5) and (2.9)
(2.10) Jim P (k)15 On(k)—1) = €.
We go back to (2.2) to have
w(e) < @(p(@m(k)> An(k)))

= w(p(famm)—1, fan)-1))

<@ (F (@mk)—15 Ank)—1)))T(F (Q(i)—1, An(iy—1)),
where

F(anz(k)—la an(k)—l) = p(am(k)—la an(k)—l) + |p(a’m(k)—13 fa7n(k)—1) - p(an(k)—h fan(k:)—l)| .
By (2.5) and (2.10)

(2.11) khirgo F(@m(k)—15An(k)—1) = €.

We deduce
lim n (w (F(am(k)—lﬂa‘n(k)—l))) =1

k—o0
Since n € n, we have

klggo (k)15 An(ky—1) =0

which is a contradiction with respect to (2.11). Thus {a, } is a Cauchy O-sequence in (X, p). So
there exists u* € X such that

Jim pan, u) = p(u’,u”) = lim_ plan, am)-

By (2.6), we write
lim p(an,u”) = pu*,u*)=0

n—oo
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because of O-completeness of X. Since f is L —continuous, we have
fut = f(lim fa,) = lim ayq ="
n—oo n—oo

and so u* is a fixed point of f.

Now, we can show the uniqueness of the fixed point. We shall prove that such v* verifying
p(u*,u*) = 0is the unique fixed point of f. We argue by contradiction. Assume that there exists
u* # w* so p(u*, w*) > 0 such that

ut = fu*, w* = fw*, p(u*,u*) = plw*,w*) =0.
Suppose that there exist two distinct fixed point v* and w*. Since A(a, b, L) is non-empty for all
a,b € X, there exists a path {zo, 21, ..., 2 } of some finite lenght k in L from «* to w* such that
up = u* up = w u; Lougq or gy L oug.
Since (X, 1) transitive orthogonal set, we get u* 1 w* or w* L u*. Then, we have
F(u™,w) =" p(u®,w*) +[p(u”, f2z) — p(w", fu")]
= p(u”, W) + |p(u”, w”) = p(w?, w")|
— p(u,w)
and using this equality in (2.2), we get
@(p(u”, w)) = w(p(fu”, fw"))
(@ (F (u",w")))w(F (u”,w))
(e (

<

= n(@(p(u”, w*)))w(p(u’, w"))

< @(p(u’,w"))
which is a contradiction. Thus there exists a unique v* € X such that u* = fu* with p(u*, u*) =
0. O

Example 2.1. Let X = [0, 1] and p(a,b) = a+b. Then (X, p) is O—complete metric-like space. Define
a relation L on X by
alb< abe {a,b}.

0, z=1

fo= { g1
Then we can see that f is L-preserving and also L-continuous. Take w(t) = L and n(a) = L, then it is
clear that f is a orthogonal w; —Geraghty contraction and f has a fixed point v = 0 with o(u,u) = 0.

Define f : X — X by

In Theorem 2.5, if we get w(t) = ¢, then we obtain the following corollary.
Corollary 2.2. Let (X, L, p) be an O-complete metric-like space with an orthogonal elements ag and f
be a self mapping on X satisfying the following conditions:

(1) (X, 1) is a transitive orthogonal set,
(73) fis L-preserving,
(¢4i) f is orthogonal Geraghty contraction such that
w@p(fa, [b) <n((F (a;b)))F (a,b)
forall a,b € X with a L b, where
F(a,b) = pla,b) + |p(a, fa) = p(b, fO)],
(iv) fis L-continuous.
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Then, f has a fixed point in X.

2.2. A result for orthogonal (7, ¢)-contraction. Now, we give a definition of (%, ¢)-contraction
on orthogonal metric-like space and prove a fixed point theorem for this type contraction.

Definition 2.14. Let (X, p) be a orthogonal metric-like space and f : X — X be a mapping. f is called
a orthogonal (h, ¢)-contraction if there exist h € H and ¢ : M — [0, 400[ s.t.

(2.12) W(p(fa, fb), 6(fa), (fb))) < F(h(p(a,b), ¢(a), 4(b)))

forall a,b € M witha L.

Lemma 2.2. Let (X, p) be a orthogonal metric-like space and f : X — X be a (h, ¢)-contraction. If
{an} is a sequence of Picard starting at ay € X, then

lim h(p(anfh an)a (b(anfl)a ¢(an)) =0,

n——+oo
and hence
lim p(ap—1,0,) =0 and lim ¢(a,) = 0.

n—+00 n——4oo
Proof. By replacing the contradiction in [26, (3.2)] with contradiction (2.12) and following the
proof of [26, Lemma 3.1], we immediately have the desired result. O

Theorem 2.6. Let (X, L, p) be an O-complete metric-like space and ag is an orthogonal element of X
and f be a self-mapping on X such that:
i) Foralla,b e X witha L b

(2.13) h(p(fa, f0), 6 (fa), ¢ (fb)) < khi(p(a,b),¢(a), ¢ (b))

forsome k € (0,1), h € Hand ¢ : X — [0, 0) is lower-semicontinuous function,
ii) f is L-preserving,

iii) (X, L) is transitive orthogonal set.

Then f has a unique fixed point.

Proof. First, we shall prove the uniqueness. Suppose that a*, b* are two fixed point of f such
that a* # b*. Since A (a, b, L) is non-empty for all a,b € X, there exists a path {zo, z1,--- , 2} of
some finite lenght k in L from a to b such that

2=a" 2,k =b"2141 L z; foralli=0,1,2,---  k — 1.
Since (X, 1) transitive orthogonal set, we get a* L b* or b* L a*. From i), we have
i(p(a® %), ¢ (a"), ¢ (0%)) = h(p(fa’, f07), ¢ (fa*), ¢ (fb7))
< kh(p(a®,0%),¢(a%), ¢ (0%))
<h(p(a®b7),0 ("), (b))

so, this is a contradiction. Then f has a unique fixed point.
Now, assume that ¢ € X is a fixed point of f. Applying (2.13) witha =b =¢,a L b, we have

1(0,0(5), 6 () < kh(0,6(5),¢ (<)),
which implies (since k € (0, 1)) that

(2.14) h(0,¢(s),¢(s)) = 0.
Moreover, from (H1), we have
(2.15) ¢ (<) <h(0,¢(s),0(c)).

Using (2.14) and (2.15), we obtain ¢ (s) = 0.
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Now ii) from the definition of orthogonality, it follows that
ag L fagor fag L ag.
Let
ay = fag,az = far = f2a0, -+ ,an = fan_1 = f"ag

forall n € NU {0}. If ap» = ap+41 for some n* € N U {0}, then

Z=0pr = Apry1 = fapx = f2
and z is a fixed point of f such that ¢ (z) = 0. In fact by Lemma 2.2,
fi(p(an<—1,an) ¢ (an<—1), ¢ (an+)) =0

and by the property (H1), of the function #, we have ¢ (z) = 0. So, we assume that a,, # an+1
for all n € NU {0}. Thus, we have

Gn L apyiorany L oay.

This implies that {a,, } is a O-sequence. Since f is an orthogonal (%, ¢)-contraction, we have

h(p(an, ani1), ¢ (an), ¢ (ani1))
=h(p(fan-1,fan), ¢ (fan-1),¢(fan))
<kh(p(an-1,an), ¢ (an-1),¢ (an))
<k"h(p(ao,a1), ¢ (ao), ¢ (a1))
=k"h(p (a0, fao) ¢ (a0), ¢ (fao)),n € NU{0}
which implies by property (H1) that for all n € NU {0}

max {,0 (CLTU CLn+1) 7¢ (an)} < k”ﬁ(p (a’Oa faO) 7(725 (a0) 7¢ (faO)) .
Then, we obtain

p (an, any1) < k" (p(ao, fao), ¢ (ao), ¢ (fao)), n € NU{0}

which implies that {a,} is a Cauchy O-sequence. Since X is O-complete then, there exists
a* € X such thata,, — a* asn — oo.
Since f is orthogonal (%, ¢)-contraction, taking into account that ¢ is lower-semicontinuous
function, we have
0< ¢(a*) <lim inf ¢ (an) =0,
n—oo

that is, ¢ (a*) = 0. Now, show that a* is a fixed point f.

If there exists a subsequence {a,, } of {a,} such that a,, = a* or fa,, = fa* forall k € N,
then o™ is a fixed point. Otherwise, we can assume that a,, # a* and fa, # fa* for alln € N.
So, using f is an (%, ¢)-contraction, we deduce that for all n € N

hip(fan, fa*), ¢ (fan), ¢ (fa")) < kh(p(an,a”), ¢ (an), ¢ (a"))

<h(p(an,a®),¢(an),d(a")),
and so,
p(a”, fa*) < p(a”, ant1) + p (fan, fa7)
< p(a”,ant1) + h(p(fan, fa*), ¢ (fan), ¢ (fa"))
<p(a® ans1) + h(p(an,a”), ¢ (an), ¢ (a")) forall neN.
Finally, letting n — oo in the above calculations and using that # is continuous in (0, 0,0), we
deduce that
p(a®, fa*) <1 (0,0,0)
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thatis, a* = fa*. O
Remark 2.1. In the Theorem?.6, if we assume that f is 1-continuous, we have
* . . *
fw=r ( lim un) = lim pinp1 =p
n—oo n—oo
and p* is a fixed point of f.

2.3. A result for rational F'—contraction. In this part, we modify definition of rational type

F—contraction using orthogonality and then give some results for this type contraction on

O—complete metric-like space. But firstly, we want to give some information about /'—contraction.
Let F be the set of all functions F : (0,00) — R satisfying the following conditions:

(F1) F is strictly increasing, i.e., for all o, 8 € (0, 00) such that o < 3, F(a) < F(5),
(F2) for each sequence {a, } of positive numbers,

lim a, =0ifand only if lim F(a,) = —oo,
n—oo n—oo

(F3) there exists k € (0,1) such that lim,_,¢+ o* F(a) = 0.

Definition 2.15 ([28]). Let (X, p) be a metric space and f : X — X be a mapping. Given F € F, f is
called as F-contraction if there exists T > 0 such that

a,b € M, p(fa, b) > 0= 7+ F(p(fa, f5)) < F(p(a,b)).

Definition 2.16. Let (X, L, p) be an orthogonal metric-like space. We say that f : X — X is an
orthogonal rational type F'—contraction if there are F' € F and T > 0 such that the following condition
holds:

(2.16) Va,b e X witha L b; [p(fa, fb) > 0= 71+ F(p(fa, b)) < F(M(a,b))],

where

p(a,b), p(a, fa), p(b, fb),

pla,fa)p(b,fb) p(a,fa)p(b,fb)
1+p(ab) ' 1+p(fa,fb)

M(a,b) = max

Theorem 2.7. Let (X, L, p) be an O—complete orthogonal metric-like space, ay is an orthogonal ele-
ment of X and f bea L —preserving and L —continuous mapping with satisfying (2.16). Also we
assume that (X, L) is a transitive orthogonal set, then, f has a unique fixed point in X.

Proof. Using the definition of the orthogonality, we have ay L f(ao) or f(ag) L ao. Let
ay = fag,as = fa1 = fag, - ,an == fan_1 = fag

for all n € N U {0}. Suppose that p(an,ant+1) = 0 for some ng, so the proof is completed.
Consequently, we assume that

p(anyan—i-l) 7é 0
for all n. Thus, we get p(an, ant+1) > 0 for alln € NU {0}. Then, we obtain

ap L apyyr0ranyr Loay
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from L —preserving of f and then we say that {a,} is an O—sequence. From (2.16), for all
n € N, we have

F(p(anvanJrl))
:F(p(fanfly fan))
<F(M(an—1,an)) — T

p(an—la an)a p(an—lv fan—l)v p(an» fan)7

=F | max -7
plan—1,fan—1)p(an,fan) plan—1,fan—1)p(an,fan)
1+p(an—1,an) ’ 1+p(fan—1,fan)
(2.17) <F(plan—1,an)) — 7.
Let av, := p(an, any1) for all n € N and from (2.17), we have
(2.18) F(an) < Flap—1) =T < F(ap—2) =27 < --- < F(ag) — n7.
From (2.18), we get lim,,_, o F'(cv,) = —o0. Thus, from (F2), we have
(2.19) lim «, =0.
n—oo

By the property (F3), there exists k € (0, 1) such that

(2.20) lim afF(ay) =0.
By (2.18), we get
(2.21) aFFlay) — of F(ag) < —afnr <0

for all n € N. Letting n — oo in (2.21), we get
(2.22) lim na® = 0.

n— oo

From (2.22), there exits n; € N such that na* <1 forall n > n;. So we have

for all n > n,. In order to show that {a,} is a Cauchy O—sequence, consider m,n € N such
that m > n > n;. Using the triangular inequality for the metric and from (2.23), we have

P(an, am) < p(an7an+1) + P(an+17 an+2) +- 4+ p(amfl»am)
=0np+apy1+ -+ A1

m—1
-y

i=n

m—1 1
<2

i=n

Hence {a,} is a Cauchy O—sequence in M. Because of the O—completeness of X, we have
a* € M such that a,, = a* as n — oo. Using L — continuous of f, we have

= Jlm 0n) = Ji ot =

and so a* is a fixed point of f.
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Now, we can show the uniqueness of the fixed point. We shall prove that such a* verifying
p(a*,a*) = 0is the unique fixed point of f. We argue by contradiction. Assume that there exists
a* # w* so p(a*,w*) > 0 such that

a* = fa*, w* = fw*, p(a*,a*) = p(w*,w*) = 0.
Suppose that there exist two distinct fixed point a* and w*. Since A(a, b, L) is non-empty for all
a,b € X, there exists a path {zg, 21, ..., 2 } of some finite lenght k in L from a* to w* such that
up = a*,up = w*,u; L uigpq or ugpy L ouy.
Since (X, 1) transitive orthogonal set, we get u* L w* or w* L u*. Then, we get
7+ F(p(a”, w"))
=7+ F(p(fa®, fw"))
< F(M(a®,w"))
pla®, w*), p(a”, fa*), p(w”, fw"),

pla”.fa")p(w”, fw”) pa”,fa”)p(w”,fw")
1+p(a*,w*) ’ 1+p(fa*,fw*)

= F | max

= F(C(a",w"))

which is a contradiction. Thus there exists a unique a* € X such that a* = fa* with p(a*,a*) =
0. O

Corollary 2.3. Let (X, L, p) be an O—complete metric-like space with an orthogonal elements ay and
fbea L —preserving and 1 —continuous self mapping on M such that

Va,b € X witha L b; [p(fa, fb) > 0= 7+ F(p(fa, fb)) < F(p(a,b))].

Then, T has a unique fixed point in M.

3. APPLICATIONS

Recall that, for any 1 < p < oo, the space L7 (X, F, i) (or L? (X)) consists of all complex-
valued measurable functions x on the underlying space X satisfying

/If@(p)lp dp () ,

where F is the o-algebra of measurable sets and p is the measure. When p = 1, the space
1P (X) consists of all integrable functions x on X and we define the L'-norm of x by

||K||1=/\f<(@)\du(p)-
M

In the section, using Theorem 2.7, we show the existence of a solution of the following dif-
ferential equation:

(3.24) { Z(g)):: i’(t,u(t)), e ' e :=1[0,T]

where f: I x R — Ris an integrable function satisfying the following conditions:
(i) f(s,m) >0foralln > 0and s € I;
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(i1) for each g,y €L (I) with p (s) v (s) > @ (s) or p(s) v (s) > v (s) for all s € I, there exist
k €k (I) and 7 > 0 such that

(3.25) I (s, (5)) =1 (s,7(s))] <

and

9 (s) =7 (s)] < ki (s) e

forall s € I, where A (s) := f |k (w)] dw.
0

Theorem 3.8. Consider the differential equation (3.24). If (i) and (ii) are satisfied, then the differential
equation (3.24) has a unique positive solution.

Proof. Let X = {u € C(I,R) : u(t) > 0forallt € I'}. Define the orthogonality relation L on X
by
ply<=p(s)7(s)>p(s) orp(s)y(s) >~v(s) forallt e I.

¢
Since A (t) = [ |k (s)| ds, we have A’ (t) = |k (t)| for almost everywhere ¢ € 1.
0
Define a mapping d (p,7) = |p — 7|4, = supe™*® |p(s) — v (s)| for all p,y € X. Thus,
tel

(X, d) is a metric-like space and also a complete metric-like space. Define a mapping £ : X —

X by
t

(#9) () = a+ [1(s.0(5)) ds.
0
Then, we see that £ is 1L -continuous.
Now, we show that £ is L- preserving. For each g,y € X with p 1 yand ¢t € I, we have

t

(Ap) (t) = a+/f(s,p(s))ds > 1.

0

It follows that [(£g) (t)] [(£7) (£)] > (A7) (t) and so (£p) (¢) L (£7) (t) . Then £is L-preserving.
Now, we can say that £ satisfies Corollary 2.3 with F(«) = \’/—é Hence the differential equa-

tion (3.24) has a unique positive solution. O
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