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Article Info Abstract

Keywords: Iterative methods, Smooth-  In this study, the system of nonlinear inequalities (SNI) problem is investigated. First, a
ing, System of non-linear inequalities. SNI is reformulated as a system of nonsmooth and nonlinear equations (SNNE). Second, a
2010 AMS: 65D10, 90C53 new smoothing technique for the “max” function is proposed and the smoothing technique
Received: 9 March 2023 is employed for each element of the SNNE. Then, a new smoothing algorithm is developed
Revised: 5 June 2023 in order to solve SNNE by combining the smoothing technique with the iterative method.
Accepted: 19 June 2023 The new algorithm is applied to some numerical examples to show the efficiency of our
First Online: 24 August 2023 algorithm.

Published: 30 September 2023

1. Introduction

In this paper, the following system of non-linear inequalities is considered:
H(x) <0, (1.1)

where, H(x) := (hy (x),h2(x), ..., hy(x))T with h; : R" — R is continuously differentiable for any i € {1,...,n} [1,2]. The SNI
has been emerged in many real-world applications such as image restoration problems, data analysis, supply chain problems,
computer aided design problems, compressive sensing problems and set separation problems [2—4]. In recent years, motion
control involving two—joint planar robotic manipulator are modelled as SNI in [5] and it is faced a problem of SNI in process
of designing parallel manipulator for aliquoting of biomaterials [6]. Depending on all of these practical applications, SNI has
been extensively studied over the years [7-10].

There are many interesting methods have been proposed to solve the problem (1.1) such as modified Newton methods [11],
smoothing Newton methods [1,2,8], Broyden-like methods [12], Conjugate Gradient methods [13, 14], trust-region method [15],
homotopy method [16] and etc. Although there is a parameter that must be tune to construct a smoothing function, among
the all methods the smoothing Newton methods come into prominance due to their excellent numerical performance [17].
Smoothing Newton methods developed by modifiying the line search strategies such as exact, inexact, bactracking and etc.
types line search techniques [18, 19]. One of the main tool of smoothing Newton method is smoothing functions. The
smoothing function is defined as follows:

Definition 1.1. [20] A function H : R" x R — R™ is called a smoothing function of a non-smooth function H : R* — R™ if,
for any € > 0, H(x,€) is continuously differentiable and

lim A(z,e) =H(x)

z—x,€00

for any x € R".
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Smoothing functions have been studied by many scholars [21-24] and they have been applied to solve many interesting non-
smooth problems over the years [25-27]. The comprehensive overview on smoothing approaches can be found in [20, 28, 29].
Among the smoothing functions, the smoothing function studied in [30] distinguishes itself from the others due to different
structure, formulations and useful properties.

In this study, we propose a new smoothing function inspiring from the smoothing methods given in [30] based on the
problem (1.1). By the help of this smoothing approach, we design a family of smooth equations which is surrogate for the
original problem (1.1). A practical and user-friendly algorithm is developed to solve the surrogate system. The algorithm is
implemented to some test problems in the literature in order to demonstrate the numerical performance of it. The comparison
with corner stone studies has been presented in order to show the superiority of our algorithm.

Throughout the paper, R"+ denotes the non-negative part of R”, I denotes n x n identity matrix. For any vector u € R", u”
denotes the transpose of u and the Euclidean norm of u is denoted by ||u||. In the following section, we present the new
smoothing technique and a new formulation of system of non-linear inequalities. In Section 3, some numerical experiments are
illustrated and comparison with the other methods is presented. Some concluding remarks are given in the last section.

2. Main Results

In the first subsection, we re-formulate the SNI (2.9) as a system of nonsmooth and nonlinear equations, then we propose a
new smoothing technique to make smooth the each element of reformulated problem. In the next, we propose an algorithm to
solve smoothed reformulated problem.

2.1. Smoothing Techniques
Let us define the function for any y € R”
yy := (max{0,y; },...,max{0,y, 1) . 2.1)
Then, problem (1.1) is reformulated as the following system of nonlinear equations:
H(x), =0. (2.2)

By considering the smoothing techniques proposed in our another study [30] and adapt it for “max” function. For any ¢ € R,
define the function ¢ (#) = max{z,0} which is also stated as

o(t) =ty(t), (2.3)
where,
0, <0,
() = (2.4)
I, t>0

0, < —¢g,
yli(t,e) =< Dj(t,e), —e<t<e, (2.5)
1, t>€,
where,
D (1 8)—_—t3+it+ !
e 4¢3 T4e 2
and 3 10 15 1
Dy(t,&)= —<t"——=+—t+,

16€3 16€3 l6e 2
for j = 1,2. Based on the smoothing functions of indicator function, the smoothing function of ¢(¢) in (2.3) is defined as

o'i(t,e) =1yli(t,e), (2.6)
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Figure 2.1: The graphics of smoothing functions of indicator functions and smoothing functions of max function.

for j=1,2.

We illustrate all the smoothing process by using graphs. The graphs of w/(¢) and i (z,€) is illustrated in Fig. 2.1 (a) and (b).
In Fig. 2.1 (a), the blue and solid graph indicates the function y(¢) and the red and dotted one indicates w1 (¢, €) and, Fig. 2.1
(b) the blue and solid graph again indicates the function y(¢) and the green and dashed one indicates W2 (¢, €) for € = 1.

The graphs of ¢(t) and ¢% (¢, €) is illustrated in Fig. 2.1 (c) and (d). In Fig. 2.1 (c), the blue and solid graph indicates the
function ¢ (¢) and the red and dotted one indicates ¢’ (¢, &) and, Fig. 2.1 (d) the blue and solid graph again indicates the
function y(¢) and the green and dashed one indicates ¢*2(z,€) for & = 1.

Lemma 2.1. Let ¢l : R x R, — R be defined as in (2.6) then,

i. ¢li is continuously differentiable att € R,
ii. limg_00'i(t,€) = (1) foranyt € R,

forany € >0 and j = 1,2. Moreover " is second order continuously differentiable.

Proof. i. The derivative of the smoothing functions ¢’ are

where,

with

and

and

for j=1,2.

% (¢lj (;,g)) —vli(t,e) +t% (wl-" (taf)) ;

0, t < —¢&,

d d

S(viee) =1 4jne), —e<r<e,
0, t>E,

d 3, 3
Z(Di(t,e) = —1*+ —
dt( 11,€)) 4g3 Jr48’

d 15 , 30 , 15
—(Dy(t,€)) = ——=<t"— ——t"+ —
4 P28 = 15t~ 16t Hge

d> 15 15
— (Da(1,€)) = —12— —1t
a2 P2(18) = 15t = 1t
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ii.

0< (1)~ 9"(r,€)

Now, let 7 € [0, €] then, we have

0< (1)~ 0" (t.e)

IN

IN

IN

IN

Forany € >0and? ¢ I = [—¢,¢], then ¢y,(t,€) = ¢(z) for j = 1,2. Assume that 7 € [—¢,0], since y(¢) = 0 we have

Fw(e) - (1,€)

—“I/lj (t7 8)
&€

>

1y (t) —1y'i(t, )
t(l —v/’f(t,s))

s
5

From the above results the ¢'i(z,€) — ¢(t) as € — 0 for j = 1,2.

The proof is completed.

O

By considering the functions ¢’i(z,€) instead of ¢(¢), the corresponding smoothing function of ¢ (h;(x)) is obtained, for
j=1,2andi=1,2,...,n. The resulting smoothing approximation of H(x) is stated as a system of smooth nonlinear

equations by

where

H(x,e) =0,
-0 ;
¢lj (x,s)
0, (x.€)
H(x,€)

6 (x,€)]

2.7)

and 9’ (x,€) = ¢ (1 (x). ). ¢,/ (x,€) = 0" (a(x).£)...... 9 (x,€) = ' (hn(x). &) for £ > 0.
Theorem 2.2. Assume the functions H(x) . and H(x,€) be stated as in (1.1) and (2.7), respectively. Then, we obtain

Proof. For any € > 0,

|15 (x)+ —H(x,€)]?

for j = 1,2. This completes the proof.

|~ Axe)| < 5 Vi

-

Il
—_

=

IN

(

=
INILE

9i(x) — ¢ (x, )

en2
3)

‘ 2

Theorem 2.3. The function H(x,€) is continuously differentiable and the Jacobian of H(x,€) is obtained as

forany € > 0.

26y (v.2)
axl

l:
99;/ (x.£)
axl

26, (x.)
axl

26y (x.2)
8x2

l:
99y’ (x.)
8x2

26, (x.£)
8x2

20/ (xe) |

Xy,

1.
99, (x.€)
dxpn

26, (x.)
X,

5 (2.8)
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2.2. Algorithm

Define the following function
Glx.2) = () P
and its smooth approximation
Glx o) = S I (x,e) P
where A,€ > 0.
Assumption 1. A'(x,€) is invertible for any x € R".
Theorem 2.4. Assume that the Assumption 1 is hold. Then, VG(x,A,€) = 0 if and only if H(x,€) = 0.
Proof. Let VG(x,A,€) = 0 for any A,& > 0. Then, we have that
VG(x,A,&e) = A[H (x,€)]"H(x,€) = 0. (2.9)

There are two different cases in solving (2.9). At the first one is H(x,€) = 0 in which the proof is directly obtained. At the
second one, H(x,&) # 0 and H'(x, €) = 0 are obtained. In this case, H'(x, &) = 0 contradicts the Assumption 1. O

It should be stated that the Assumption 1 is necessary to guarantee the equivalence of problems 2.2 and 2.10.
By considering Theorem 2.4, the following optimization problem

min G(x, A, €) (2.10)

xeR”
can be considered as a surrogate problem for H(x, ) = 0.
Remark 2.5. It should be stated that the Assumption 1 is necessary to guarantee the equivalence of problems 2.2 and 2.10.

Theorem 2.6. Let x* and X are local minimizers of G(x,A) and G(x, A, €), respectively. Then,

2
0<G(x*A)—G(TA€) < nl%.

Proof. From Theorem 2.2 we obtain

0<G(.2) -6l he) < & (JHE)I - |AEe)])

< %HH(x*)—I:I(x,s)HZ
< 2w -Ace)f
< nl%z.

It is easy to see that G(%,A,€) — G(x*, 1) as € — 0. We now give the following definition.

Definition 2.7. A point x is called as T—approximate solution for (1.1) if the condition
1H(x) ]| <

is hold.

The following algorithm is proposed in order to solve (2.10), numerically.

Algorithm 1:

Choose the starting point x” and tolerance parameter T = 10~%. Select the parameters A >0, " >0,L > 1,0 < n < 1 and
let k =0.

Solve the problem (2.10) by using x* as a starting point. Let x**! be the optimal solution.

If x*1 is T—approximate solution, then stop. Otherwise, update the parameters €1 = nek, A¥*1 = LA* and k = k+ 1, then
go to Step 2.

It should be noted that Quasi Newton method is used in Step 1. Now, we prove the convergence of the Algorithm I. First, we
define the level set as

L) = {xeR": [H@)? < IHG)+]1}

for a stating point x°.
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Assumption 2. For any € > 0 and for a starting point x°, the set
L) ={xeR": |Hxe)|* <|H,e)|?}
is bounded.

Theorem 2.8. Assume that Assumptions 1 and 2 are hold. Then, a sequence {xk } generated by Algorithm I converges to the
optimal solution of the problem (2.2).

Proof. It can be seen that x* € Z, (x°) for all k > 0. Since, -Z,«(x) is bounded then there exists set K C N such that {x} has
a limit point for k € K. Assume that X is a limit point of {x*}. We have to show that X is the optimal solution for (2.2). Thus, it
suffices to show that ¥ € .Z(x%) and ||F (%)||* < infyc o0 [|H (x) 2.
Let us consider the contrary that ¥ ¢ .#(x°), i.e. for sufficiently large k € K, there exist B > ||H(x"),||*> and i € {1,2,...,n}
such that

hﬁ)(xk) > o > 0.

Since x* is the global minimum according k—th values of the parameters €* and A%, for any x € . (xo) we have

G0, 2% ) > Gk Ak eh) = ’%k (¢i0(xk,e))2+ y (¢,-(xk,e))2 > %k/so.
7
If k — oo then, AK — oo and limy_,.. G(x*, A%, €¥) = oo, It contradicts with the boundedness of the .Z; (x°). Moreover, we have
Gk Ak eh) < G(x, A% eh)
for any x € .Z(x"). When k — oo, we have G(%,A,€) < G(x, A, €). O
3. Numerical Results

In this section, we implement the Algorithm I to some test problems in order to evaluate the efficiency of Algorithm I. We
compare our numerical results with the methods given in [2,7,8, 16]. The numerical experiments have been performed on a PC
with Intel Core i5-1035G1 CPU 1.00 GHz and 8GB RAM. The operating system is Windows 10 and the implementations
have been done in MATLAB. At the algorithm, the parameters are taken as £ = 10~! and 7 = 0.1. It is accepted that the
problem is solved, if the accuracy 10~* with respect to function value is obtained. The “fminunc” function is used as solver.
The numerical test problems 1 to 7 are of the form (1.1) and the details are presented as follows:

Problem 1. [],2] Consider the function H : R2 — R? such that

sin(x;)
H(x) =
cos(xz)

Problem 2. [],2] Consider the function H : R3 — R3 such that
(x1 —0.5)2 + (x2 — 1)> —0.25
H(x)= |—(x1—0.5)% — (x; — 1.1)> +x% —0.26
X +x§ —1

Problem 3. [1,2] Consider the function H : R® — RO such that

sin(x;) + €
—cos(x)+ €
X1 —3T+x3+€
Xy —T/24+x5+€

—X| —T+x3+E€

|~ — /242 +¢€

where € = 1077,
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Problem 4. [16] Consider H : R* — R? such that

—x%—x%—xl—&—l—i—s
H(x) =
fx%fx%+2x2+2+8

where € = 1077,
Problem 5. [16] Consider H : R5 — R? such that

sin(x;) + €

—cos(xp)+ €
_ 2442

H(x) = |2x; —x{+x5+¢|,

2x, —x%—i—xﬁ—i—s

| X1 —x2+x§+£_

where € = 107",
Problem 6. [16] Consider H : R? — R3 such that
xl(xl - 2)()61 — 3) +é&

H(x) = X —3x+2+¢
x% — X2 +x§+£
where € = 1077,

Problem 7. [8] Consider H : R?> — R2 such that
d+xi-1+¢
H(x) =
—x3 —x3+(0.999)% + ¢
where € = 1075,

We apply our algorithm also to test problems of the following form:

where I = {1,2,...,m} and J = {m+,m~+2,...,n}. The function A; : R” — R™ is defined as

hi(x)
ha(x)
hy =
- hm’ -
and Ay : R" — R" ™ is defined as
() T
hm+1 <x>
hy =

)

3.1)
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where the component functions f;, f; : R” — R are continuously differentiable. In other words, the function H : R" — R" is
defined as

hy(x)
It is easy to see that when the set J is empty, the system (3.1) corresponds to the system (1.1). Now consider the following test
problems which are of the form (3.1).

Problem 8. [8] Consider H : R> — R? such that

x1+x3—1.6+¢
X223 —1.25,
hi(x) = |1.333x2+x4 —3+¢ and  hy(x) = ,
x> +1.5x4 -3
—X3 —X4+X5+E
where € = 1075,
Problem 9. /8] Consider H : R? — R3 such that
x| 4126085 416 4 g
hi(x) = and  hy(x) = [x; +x2+x3—0.2605] ,
2 +x3+x3-52675+¢€
where € = 1077,
Problem 10. [8] Consider H : R? — R3 such that
1.21e" +¢e%2 —
hy(x) = [0.8 — 12 4 ¢] and  hy(x) = ,
x%—i—x%—i—xz —0.1135
where € = 1075,
Problem 11. /8] Consider H : R® — R3 such that
—0.7sin(x;) —0.2cos(xz)
hi(x) = [} +x34+x3—10000+¢€]  and  hy(x)= ,

x2 —0.7cos(x;) +0.2sin(xy)

where € = 1077,

Table 1: The numerical results

PN SP FSP TIN TFE SFV FV Time
I (0,1 (3.2471e — 06,0.3155) 2 12 2.9236e—06 1.0544e—11 0.2738
2 (1,1,1) (0.8759,0.6721,0.57163) 14 72 62936e—07 3.3391e—08 0.3742
3 (0,1,1,1,1,1) (0.0000,0.3156,1.0000,1.0000,1.0000,1.0000) 2 28  7.1189e—05 9.2784e—08 0.3744
4 (L1 (2,1) 1 6 0 0 0.3342
5 (=1,0,1,2,2) (—1.3024,—0.3418,1,0.8945,0.9801) 11 90  4.4538¢—08 1.800le—11 0.3986
6 (1,2,2) (—0.5814,2.0039,0.8772) 2 16 52416e—05 15545¢—05 03118
7 (0,5 (—2.0903¢ — 09,0.9994) 6 36  7.4149e—05 0 0.3498
8  (05,2,1,0,0) (0.5018,2.0535,0.9991,0.0382,0) 4 48 73160e—09 7.275¢—09  0.3065
9 (=1,1,1) (—0.8353,—-0.8601,1.9564) 16 84  59864¢—06 1.5566e—05 0.3715
10 (0,0,0) (—0.1015,0.0992,0) 4 32 40599 —05 4.0599—05 0.3504
11 (0,1,0) (0.4968,0.6296,0) 6 36 3.0136e—06 3.0136e—06 0.3166

The results of the numerical experiments are presented in Table 1. In the Table 1, the problem number (PN), the starting point
(SP), total iteration number (TIN), total function evaluation (TFE), founded solution point (FSP), the norm value of each
smoothed problem ||H (x,€)| in the problem (SFV), the norm value of each problem ||H(x)|| in the problem (FV) and total
CPU time (Time) are reported. The satisfactory results are obtained for all test problems. Since, our smoothing functions has
the same value with the original function at the same location, the minimum value is obtained with lower number of iteration.
This property is the main advantage of our method.

The results are compared with the results obtained from the methods suggested in [2,7,8,16] in terms of “TIN” and "TFE”. The
results are presented in Table 2 and it is observed that all of the test problems are successfully solved by using our algorithm.
Moreover our algorithm presents better results in 82% of all the test problems than other methods in terms of “TIN”.
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Table 2: The comparison of the numerical results with the competing algorithms

Algorithm I Algorithm 3.1 in [2] Algorithm in [16] Algorithm 2.1 in [8] Algorithm 3.1 in [7]

PN TIN TFE  TIN TFE TIN  TFE TIN TFE TIN TFE
1 212 3 - - - - - 3 3
2 4 72 4 - - - - - - -
3 2 28 5 - - - - - 6 8
4 1 6 - - 2 - - - ; ;
5 11 90 - - 14 - - - - -
6 216 - - 18 - - - - ;
7 6 36 - - - - 8 12 8 9
8 4 48 - - - - 5 6 4 4
9 16 84 - - - - 24 39 5 5
10 4 3R - - - - 6 8 4 4
11 6 36 - - - - 10 16 9 14

4. Conclusion

A new algorithm with the new smoothing approach is proposed to solve SNI and the convergence of the algorithm is
theoretically presented. The efficiency of our algorithm is illustrated on test problems in the literature. The superiority of our
method among the similar algorithms is proved numerically by considering Table 2. According to the comparison of the results
with the other methods, it is shown that the Algorithm I has many advantages in terms of computational costs. On the other
hand, this study presents a methodology to solve these kinds of problems.

For future works, the proposed smoothing approach can also be applied to other non-smooth problems such as min-max,
complementarity, exact penalty, /; signal reconstruction and etc. Furthermore, the smoothing function can be used along
with the other algorithms such as Newton type and Conjugate gradient algorithms, and related numerical performance can be
investigated accordingly.
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1. Introduction

Partial differential equations are usually used in cancer modeling to describe the tumors progression, and they provide a
valuable tool for cancer researchers to understand and predict the behavior of tumors, and to develop new therapies to combat
the cancer disease.

The reaction-diffusion equations used in [1, 14] to model cancer, are unified in the general partial derivatives equation

uy = V- (D(x)Vu) + f(u,c), (x,t) € Qx [0,T], (1.1a)

wheret € [0,7] CR; (0< T < o) and x € Q C R™ (m € N*) denote time and position dependent of therapy by the vector
valued function ¢(x,7) € R’ (£ € N*) on the tumor density by the scalar valued function u(x,?) € R,

c:QOx[0,T] = Randu: Qx[0,T] — R,

while 1, and V denote the temporal derivative d;u and the spatial gradient operator (d/0dx;)1<;<m, respectively, furthermore
D(x) € L=(Q) is the spatially varying scalar diffusion coefficient, as well as the reaction-control term f(u,c) is given.
The partial differential equation (1.1a) is supplied with the boundary condition

n-Vu=0,(x,7) € dQ x[0,T], (1.1b)
where 7 is the normal vector on the boundary dQ, and augmented by the initial condition
u(x,0) = ug(x), for almost all x € Q, where the initial state uy € L*(Q). (1.1c)

Several studies have been conducted on the system (1.1). [1] Uses Crank-Nicolson scheme to solve three models of glioma. [2]
Presents an alternative fractional differential equation, to investigate the concentration of glioblastomas by using the theory of
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fractional calculus. [3] Introduces a weighted parameter diffusion of brain glioma. [4] Uses statistical procedures to estimate
intra- and inter-patient heterogeneity for tumor growth model. [S] Investigates the stability of the Fisher-Stefan equation. [6]
Analyzes a spectral regularization of a time-reversed model problem. [7] Solves a constrained optimization problem to calibrate
tumor growth model. [8] Introduces and studies model to explain the dynamics of cancer propagation. [9] Presents numerical
scheme driven from Fibonacci wavelets to solve Burgess model of brain tumor growth. [10] Focuses on the Fisher-KPP model
of tumor growth. [11] Investigates the bang-bang property under spatio-temporal controls. [12] Uses equation to simulate the
growth of the glioblastoma and radiotherapy prevention. [13] Solves equation governing tumor growth in human brain under
radiotherapy. [14] Derives a nonlinear conjugate gradient method for identifying treatment parameter of brain tumors under
therapy.

The originality of this paper is that the set-valued methods developed to feedback stabilize the tumor density u(z),

u(t) — 0, when t — oo,
subject to the odes [15, 16, 17]
a(t) = f(t,u,c),u(0) = uo,
¢r) = glo),
and to the odes [18, 19, 20, 21, 22, 23]
a(t) = fu,v,¢),u(0) = uo,
() = gu,v,c),v(0) =,

where the time dependent vector v = v(¢) € R¥ (k € N*) denotes densities of interactive cells with the tumor density u(t);
will be adapted here to stabilize the tumor density u(x,), subject to the partial differential equation (1.1), and applied on the
following models.

Model Aim Reference
u =V - (D(x)Vu)+pu(l —u)—c(x,t)u | Develops a gradient based algorithm to optimize chemotherapy. [24]
uy =V - (D(x)Vu) + pu—c(x,t)u Extends Swanson’s equation to consider the radiotherapy effect. [25]
uy = V- (D(x)Vu) — pulnu — c(x,t)u Shows the effects of combined radiotherapy with chemotherapy. [26]

Table 1: Samples of reaction-diffusion equations with: logistic, exponential, and Gompertz growth laws, under chemotherapy and or
radiotherapy.

The structure of this paper is: section 1 introduced preceding papers [1, 14] on cancer modeling and analysis, section 2 proposes
to solve the associated stabilizing problem in the viability framework, section 3 applies the obtained results to therapeutic
models implying chemotherapy and or radiotherapy, and section 4 concludes by the effectiveness of the combination of
chemotherapy and radiotherapy.

2. Problem statement and viability approach

This section considers the general distributed control system (2.1) and associates the corresponding control problem 1, gives
the definition 2.1 to the viability property of the state solution, sets the closed subsets (2.4) to express the problem 1 in the
viability sens by the proposition 2.2, characterizes the viability property by the regulation map (2.6) in the corollary 2.4, recalls
the lemma 2.5 for the contingent cone calculus, and gets useful expression of the regulation law (2.8) in the corollary 2.6 by
(2.10).

* State equation
u = Au+ f(u,c), (2.1a)

where A is an elliptic differential operator and f is a function from R x % to R, where % is a Hilbert space of controls.
» State-dependent feedback controls

c(x,t) € U(x,u(x,t)), for almost all (x,7) € Q x [0,T], (2.1b)

where U is a multifunction from Q x R to % .
¢ Dirichlet constraint

u(x,t)|9q =0, forallt € [0,T]. (2.1¢)
¢ Neumann constraint

n-Vu(x,t)|0 =0, forall 1 € [0,T]. (2.1d)
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* Onset state
u(x,0) = up(x), for almost all x € Q. (2.1e)
Problem 1. Find a control ¢ € L*(Q, %) rending the tumor density u € L*(Q) asymptotically stable, i.e.,
u(x,r) = 0, when t — oo, for almost all x € Q. (2.2)

Definition 2.1. System (2.1) is viable in a closed subset K C L*(Q), if for any initial state uo € K the system (2.1) admits
viable solution uin K, i.e.,

Vi > 0,u(-,t) €K. (2.3)
Let be the subsets
Ko := {u € L*(Q),u >0 and yo(u) <0, almost everywhere}, (2.4a)
where the function Yy expression is
Yo (u)(x,7) = u(x,t) — up(x) exp(—at), (2.4b)
and parameter o is as follows
@ eRY. (2.40)

Proposition 2.2. [fc € LZ(Q, % ) rends viable the distributed control system (2.1) in a subset (2.4), then c is solution to the
problem 1.

Proof. For almost all x € Q

Yo (u)(x,0) = u(x,0) —up(x)exp(—a x 0)
= u(x,0) —up(x)
07

which imlplies that ug € K.
And forallt >0

uckKy = u(x,t)—up(x)exp(—atr) <0
=  u(x,7) <u
= limu(x,7) =0.

The initial state ug in (2.1e) is supposed regular enough (for example upper bounded) so that ug(x) exp(—at) admits null
limit. -

Remark 2.3. The non-negative reel parameter o. is introduced to further reduce the tumor density u(x,t).
Assumption 1. Let introduce the following hypotheses for the next corollary.
(HO0): The subset Q is bounded open such that the trace operators
y:H'(Q) — H'Y?0Q)
ux) = u(x)|se
and

§:H'(Q) — H'?0Q)
ux) = n-Vux)|sa

are surjective continuous linear.
(H1): The single-valued map f is continuous affine to ¢ and linear growth to c,

sup £ (u,c)| < §(flell +1). (2.5)
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(H2): The set-valued map U : L*(Q) ~ L*(Q, %) defined by
U(u(-)) :={c(-) € LX(Q,%),c(x) € U(x,u(x)), for almost all x € Q},

is bounded and upper semicontinuous with closed convex images.

Corollary 2.4 ([27, Corollary 13.4.2]). Let K C L*(Q) be a closed subset such that some ||ug HH& (@) < K belongs to its interior

in L*(Q). Then K is viable when and only when the regulation map
Rk (1) := {c € U(u),Au+ f(u,c) € Tx(u)},
where Ty (u) is the contingent cone, enjoys non-emptiness property, in the sens that
Yu € K,Rg(u) £ 0,
and viable solution u is given by regulation law c,
c(x,t) € Rx(u(x,1)), for almost all (x,t) € Q x [0,T].
Lemma 2.5 ([16, Lemma 3.3]). The belonging of directions i in Tk, (u) is characterized by both inequalities
>0 if u(xt)=0,
Dy (u(x,)i <0 if  Wo(u(x,t)) =0,
where D denotes the differential operator.
Corollary 2.6. The regulation law c of the regulation map Rk, is characterized by
Au(x,t) + f(u(x,1),c(x,2)) >0 if u(x,t)=0,
Dy (u(x,1))(Au(x,1) + f(u(x,1),¢(x,1)) <O if - Yo (u(x,1)) =0
Proof. By definition of the regulation map R,
c(x,t) € Ri, (u(x,1)),
if and only if
Au(x,t) + f(u(x,t),c(x,1)) € Tk, (u(x,t)),
and by characterization (2.9) of contingent cone Tk, (u(x,?)) of the subsets K, at u(x,)
Au(x,t) + f(u(x,t),c(x,2)) >0 if u(x,t)=
Do (u(x,1)) (Au(x,t) + f(u(x,t),c(x,2)) <0 if  yu(u(x,t)) =

7

3. Therapy application

2.6)

2.7)

(2.8)

(2.92)
(2.9b)

(2.10a)
(2.10b)

This section is a numerical application of the theoretical results in the previous section 2, for chemotherapy and or radiotherapy,
we consider the three representative models in the Table 1, with the regular domain Q =]0, 1] for the hypothesis (HO), and the
Neumann boundary condition (2.1d) (even (1.1b)), without any state-constraint controls (2.1b) (no need to check hypothesis

(H2)). For all given simulations the parameter o = 1 (2.4c).
3.1. Chemotherapy

Let consider the numerical model [24]

w = V-(0.65Vu)+0.012(1 —u)u—c(x,f)u, (x,7)€]0,1[x[0,T],
n-Vu = 0, (x,1)€{0,1}x][0,T],
u(x,0) = 0.5+0.5cos*(zx), foralmost all x €]0, 1],
for (H1) hypothesis
sup |f(u,c)] = sup|0.012(1 —u)u— cu|
uck; uck;
<

1 0
+|\C\|xgg§[u(x )

IA

llell+1,

(3.1a)
(3.1b)
3.1¢)
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as for (2.10a)
V- (0.65Vu(x,t)) +0.012(1 — u(x,7))u(x,t) — c(x,t)u(x,t) = 0 if u(x,t) = 0,

only (2.10b) is used to simulate chemotherapy control ¢(x,¢) in Figure 3.3.

u(z, t)

Time ¢ 0 o

Position x

Figure 3.1: Spatio-temporal tumor evolution u(x,#) subject to (3.1).

0.8

0.6

u(x,t)

0.4

0.2

o

0.6

0.4

Time t 0 o Position x

Figure 3.2: Spatio-temporal tumor response u(x,7) subject to (3.1) by spatio-temporal chemotherapy control ¢(x,7) in Figure 3.3.

0.6

0.4

Time t 0 o Position z

Figure 3.3: Spatio-temporal chemotherapy control c(x,#) given by (2.10b).
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3.2. Radiotherapy

Let consider the numerical model [25]

u, = V-(1.43Vu)+16.25u—c(x,t)u, (x,1) €]0,1[x[0,T], (3.2a)
n-Vu = 0, (x,¢)€{0,1}x][0,T], (3.2b)
u(x,0) = 20%exp(—100x%), for almost all x €]0, 1], (3.2¢)
as for (H1) hypothesis
sup | f(u,c)] = sup [16.25u — cu
ucky uck
<

16.25 max u(x,0) + ||c|| max u(x,0)
x€]0,1] x€]0,1]

IN

16.25 x 20%(|lc|| + 1),
as for (2.10a)
V- (1.43Vu(x,t)) + 16.25u(x,t) — c(x,t)u(x,r) = 0 if u(x,t) = 0,

only (2.10b) is used to simulate radiotherapy control ¢(x,7) in Figure 3.6.

u(z, t)

0.5 0.6

0.4

Time ¢ 0 o Position x

Figure 3.4: Spatio-temporal tumor evolution u(x,#) subject to (3.2).

8000
6000

4000

u(x, t)

2000

RO

0.5 0.6

0.4

Time ¢ 0 o Position

Figure 3.5: Spatio-temporal tumor response u(x, ) subject to (3.2) by spatio-temporal radiotherapy control ¢(x,#) in Figure 3.6.



Fundamental Journal of Mathematics and Applications 153
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15

c(x,t)

0.5

[=X=)

0.5 0.6

0.4

Time ¢ 0 o Position z

Figure 3.6: Spatio-temporal radiotherapy control c(x,) given by (2.10b).

3.3. Combination therapy

Let consider the numerical model [26]

u, = V-(Vu)—0.012uln(u) —0.0552¢; (x,t)u — co(x,t)u, (x,t) €]0,1[x[0,T], (3.3a)

n-Vu = 0, (x,2)e€{0,1}x][0,T], (3.3b)
2

u(x,0) = 1.25exp <025> , for almost all x €]0, 1], (3.3¢)

as for (H1) hypothesis

sup |f(u,c)] = sup|—0.012uln(u) —0.0552¢c|u — cru
uck uck
< 1+ cl] max u(x,0)
x€]0,1]
< 1.25(|lcl[+ 1),

as for (2.10a)

V- (Vu(x,1)) —0.012u(x,) In(u(x,)) — 0.0552¢ (x,t)u(x,7) — co(x,t)u(x,t) = 0 if u(x,7) = 0,( im ulnu =0)

u—0t

only (2.10b) is used to simulate chemotherapy control 0.0552c¢; (x,¢) in Figure 3.9 and radiotherapy control ¢;(x,¢) in Figure
3.10.

15

u(z,t)

0.4

Time ¢t 0 o Position z

Figure 3.7: Spatio-temporal tumor evolution u(x,#) subject to (3.3).
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15

u(z,t)

0.6

0.4

Time ¢t 0 o Position z

Figure 3.8: Spatio-temporal tumor response u(x,7) subject to (3.3) by spatio-temporal chemotherapy control 0.0552¢; (x,#) in Figure 3.9
combined with radiotherapy control ¢;(x,) in Figure 3.10.

0.0552¢; (x, t

0.6

0.4

Time ¢ 0 o Position z

Figure 3.9: Spatio-temporal chemotherapy control 0.0552¢ (x,#), where ¢; is given by (2.10b).

25

15

ez, t)

0.6
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Figure 3.10: Spatio-temporal radiotherapy control c;(x,#) given by (2.10b).
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u(0,t)
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0.5 . -
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Time ¢

Figure 3.11: Temporal tumor response #(0,) subject to (3.3) by temporal chemotherapy control 0.0552¢;(0,¢) in Figure 3.9 and or
radiotherapy control ¢ (0,¢) in Figure 3.10.

4. Conclusion

The control problem 1 is associated to the general system (1.1) in order to stabilize tumor density (2.2). Proposition 2.2 proves
that any control rending the system (2.1) viable in a subset of the type (2.4) is a solution to the problem 1. Such control is
obtained as the regulation law (2.10) of the regulation map (2.6). Simulation results in Figures 3.2, 3.5 and 3.8 show the
effectiveness to stabilize the tumor densities, by the regulation laws in Figures 3.3, 3.6 and 3.9-3.10, on the models (3.1),
(3.2) and (3.3) in Figures 3.1, 3.4 and 3.7 respectively. Furthermore, Figure 3.11 shows that chemotherapy and radiotherapy
combination 0.0552¢1 (x,1) 4 ¢ (x,1), is more effective to reduce tumor density than using either treatment alone 0.0552¢ (x,1)
or ¢z (x,t). Overall, this paper is a contribution to the field of cancer treatment, and proposes an effective control to stabilize
the class of cancer models (2.1).

Article Information

Acknowledgements: The authors would like to express their sincere thanks to the editor and the anonymous reviewers for
their helpful comments and suggestions.

Author’s Contributions: The authors contributed equally to the writing of this paper.
Conflict of Interest Disclosure: No potential conflict of interest was declared by the author.

Copyright Statement: Authors own the copyright of their work published in the journal and their work is published under the
CC BY-NC 4.0 license.

Supporting/Supporting Organizations: No grants were received from any public, private or non-profit organizations for this
research.

Ethical Approval and Participant Consent: It is declared that during the preparation process of this study, scientific and
ethical principles were followed and all the studies benefited from are stated in the bibliography.

Plagiarism Statement: This article was scanned by the plagiarism program. No plagiarism detected.

Availability of Data and Materials: Not applicable.

References

[1] V. Noviantri, T. Tomy, A. Chowanda, Linear and nonlinear model of brain tumor growth simulation using finite difference method, Procedia Comput.
Sci., 179 (2021), 297-304.

[2] F. Mohd, H. Sulaiman, N. A. Alias, Modified Swanson’s equation to detect the growth of glioblastomas multiforme (GBM) tumour, Int. J. Adv. Res.
Eng. Inniv., 3(1) (2021), 1-18.

[3]1 Y. Zhang, P. X. Liu, W. Hou, Modeling of glioma growth using modified reaction-diffusion equation on brain MR images, Comput. Methods Programs
Biomed., 227 (2022), 107233.

[4] N. Henscheid, Generating patient-specific virtual tumor populations with reaction-diffusion models and molecular imaging data, Math. Biosci. Eng.,
17(6) (2020), 6531-6556.

[5] A.K.Y. Tam, M. J. Simpson, Pattern formation and front stability for a moving-boundary model of biological invasion and recession, Phys. D:
Nonlinear Phenom., 444 (2023), 133593.

[6] V. A. Khoa, Convergence of a spectral regularization of a time-reversed reaction-diffusion problem with high-order Sobolev-Gevrey smoothness, J.
Math. Anal. Appl., 518(1) (2023), 126666.

[7]1 B. Liang, L. Lozenski, U. Villa, D. Faghihi, PDE-constrained optimization formulation for tumor growth model calibration, ArXiv Preprint
ArXiv:2302.06445, (2023).



156 Fundamental Journal of Mathematics and Applications
[8] K. N. Soltanov, Behavior of solutions nonlinear reaction-diffusion PDE’s relation to dynamics of propagation of cancer, ArXiv Preprint
ArXiv:2108.03023, (2021).
[91 N. A. Nayied, F. A. Shah, K. S. Nisar, M. A. Khanday, S. Habeeb, Numerical assessment of the brain tumor growth model via fibonacci and haar
wavelets, Fractals, 31(2) (2023), 2340017.
[10] R.Everett, K. B. Flores, N. Henscheid, J. Lagergren, K. Larripa, D. Li, T. J. Nardini, P.T.T. Nguyen, E. B. Pitman, E. M. Rutter, A tutorial review of
mathematical techniques for quantifying tumor heterogeneity, Math. Biosci. Eng., 17(4) (2020), 3660-3709.
[11] 1. Mazari, The bang-bang property in some parabolic bilinear optimal control problems via two-scale asymptotic expansions, J. Funct. Anal., 284(10)
(2023), 109855.
[12] N. Moshtaghi-Kashanian, H. Niroomand-Oscuii, N. Meghdadi, Simulating glioblastoma growth consisting both visible and invisible parts of the tumor
using a diffusion—reaction model followed by resection and radiotherapy, Acta Neurol. Belg., 120 (2020), 629-637.
[13] M. S. Igbal, N. Ahmed, R. Naeem, A. Akgiil, A. Razzaque, M. Inc, H. Khurshid, Dynamical behavior of cancer cell densities in two dimensional
domain by the representation theory of solitons, Phys. Lett. A, 463 (2023), 128670.
[14] G. Baravdish, B. T. Johansson, O. Svensson, W. Ssebunjo, Identifying a response parameter in a model of brain tumor evolution under therapy, IMA J.
Appl. Math., (2023), 1-27.
[15] A. Moustafid, General chemotherapy protocols, J. Appl. Dyn. Syst. Control, 4(2) (2021), 18-25.
[16] A. Moustafid, Set-valued control of cancer by combination chemotherapy, J. Math. Sci. Model.,6(1) (2023), 7-16.
[17] A. Moustafid, Viability control of chemo-immunotherapy and radiotherapy by set-valued analysis, Int. J. Inform. Appl. Math., 6(1) (2023), 40-60.
[18] A.Moustafid, Set-valued analysis of anti-angiogenic therapy and radiotherapy, Math. Model. Numer. Simul. Appl., 2(3) (2022), 187-196.
[19] K. Kassara, A. Moustafid, Angiogenesis inhibition and tumor-immune interactions with chemotherapy by a control set-valued method, Math. Biosci.,
231(2) (2011), 135-143.
[20] A. Moustafid, General anti-angiogenic therapy protocols with chemotherapy, Int. J. Math. Model. Comput., 11(3) (2021), 1-14.
[21] A. Moustafid, Feedback protocols for anti-angiogenic therapy in the treatment of cancer tumors by chemotherapy, Int. J. Optim. Appl., 2 (2022), 17-24.
[22] L. Boujallal, M. Elhia, O. Balatif, A novel control set-valued approach with application to epidemic models, J. Appl. Math. Comput., 65 (2021),
295-319.
[23] K. Kassara, A unified set-valued approach to control immunotherapy, SIAM J. Control Optim., 48(2) (2009), 909-924.
[24] M. Yousefnezhad, C. Y. Kao, S. A. Mohammadi, Optimal chemotherapy for brain tumor growth in a reaction-diffusion model, SIAM J. Appl. Math.,
81(3) (2021), 1077-1097.
[25] R.Rockne, E. C. Alvord, J. K. Rockhill, K. R. Swanson, A mathematical model for brain tumor response to radiation therapy, J. Math. Biol., 58 (2009),
561-578.
[26] G. B. Powathil, Modeling of Brain Tumors:  Effects of Microenvironment and Associated Therapeutic Strategies, (2009),
http://hdl.handle.net/10012/4738.
[27] J. Aubin, Viability Theory, Springer Science & Business Media, (2009).



Fundamental Journal of Mathematics and Applications, 6 (3) (2023) 157-169
Research Article

% FuMA Fundamental Journal of Mathematics and Applications

Journal Homepage: www.dergipark.org.tr/en/pub/fujma
ISSN: 2645-8845
doi: https://dx.doi.org/10.33401/fujma.1315178

Helicoidal Surfaces with Prescribed Curvatures in Some
Conformally Flat Pseudo-Spaces of Dimensional Three

Biisra Sanci1! and Firat Yerlikaya””

Unstitute of Graduate Education, Ondokuz Mays University, Samsun, Turkey
2Department of Mathematics, Faculty of Science, Ondokuz Mayis University, Samsun, Turkey
* Corresponding author

Article Info Abstract
Keywords:  Conformally flat pseudo- In this work, we consider the problem of finding explicit parametrizations for non-degenerate
metric, conformally flat pseudo-space, helicoidal surfaces with prescribed curvatures in some conformally flat pseudo-spaces with

Extrinsic curvature, Helicoidal surface
2010 AMS: 53C18, 53C21, 53C42
Received: 15 June 2023

conformal pseudo-metrics whose conformal factors are related to three types of generic
cylindrical functions. In the first two, we get a two-parameter family of these surfaces with
prescribed extrinsic curvature or mean curvature given by smooth functions. In the last
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1. Introduction

Mathematics is a branch of science that examines the properties of both abstract shapes and measurable quantities through
equivalences. When the abstract shape is a smooth manifold, the term diffeomorphism refers to the idea that two manifolds are
equivalent in terms of differentiability. Isometry is a concept that expresses metrical equivalence between two Riemannian
manifolds. The angle and distance between two directions are both preserved in the concept of isometry. Furthermore, the
term conformal is a more general concept than isometry, in which only the angle is preserved but not the distance. Let g and g
denote the metrics of two Riemannian (or pseudo-Riemannian) manifolds, respectively. These Riemannian manifolds are said
to be conformally equivalent if there exists a differentiable function A, known as a conformal factor, that provides the equality

1
gzﬁg.

It is common knowledge that when the metric g is the Euclidean metric, the Euclidean space R? is conformally equivalent
to the sphere S* (or the hyperbolic space H?) through suitable conformal factors. The Minkowski space Rf and the de Sitter
S? (or the anti-de Sitter H?) are conformally equivalent in accordance with the Minkowski metric g. Conformally flat spaces
with a bounded conformal factor have gained more attention in recent years. Keep in mind that selecting such a conformal
factor results in the metric becoming complete, and as a result, the space in question is referred to as a complete Riemannian
manifold.

Particular types of special surfaces, such as rotational and helicoidal surfaces, are surveyed in conformally flat spaces. The
construction of a helicoidal surface, in contrast to that of a rotational surface, is performed using screw motions, which include
a translation in addition to a rotation around an axis. The problem of finding the explicit parameterization of helicoidal
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surfaces are done in a wide variety of spaces. It should not be surprising that the properties of such surfaces remain unchanged
under screw motions. So, it is important to determine the proper conformal factor if you want to conduct surveys of the
above-mentioned surfaces in conformally flat spaces. A function f is said to be invariant under a transformation 7 of space
into itself if the property f (Tx) = f (x) holds for all x. If the conformal factor A is a function satisfying this condition, then it
makes sense to think of such surfaces in conformally flat spaces. An estimation for this kind of function can be found in the
cartesian equation of standard geometric shapes like the sphere and the cylinder. Unlike the spherical function, which is only
invariant under rotational symmetry, the cylindrical function is invariant under both rotational symmetry and translational
symmetry. See [1, 2] for information on surveys carried out in the context of the spherical function. Refer to [3, 4, 5, 6, 7, 8]
for the other one.

In a recent survey, Yerlikaya introduces the conformally flat pseudo-space of dimensional three and presents a non-degenerate
surface’s curvatures in this space. After investigating the presence of helicoidal surfaces in some conformally flat pseudo-spaces,
the author works on the problem of determining the explicit parametrization of those surfaces. The author means by “some
pseudo-spaces” that it is a conformally flat pseudo-space with a pseudo-metric that corresponds to the determined conformal
factor, where the author preferred such a way that this pseudo-metric is a solution to the famous Einstein field equation. The
process for determining such a conformal factor, which was just explained as being significant, is carried out in accordance
with the causal character of the axis of helicoidal surfaces (see [8] for detail). In this study, we discuss the same problem for
generic cylindrical conformal factors, taking the causal character of the axis into account once again.

2. Preliminaries
2.1. Basic Notations

Equipped the Minkowski space R? with a conformally flat pseudo-metric specified by the angle-bracket notation

1
<W17W2>gl = W<W17W2>L7 Ywi,wy € TPR?, VpER?,

p
the resulting space is said to be the complete pseudo-Riemannian manifold if the conformal factor A is bounded. From now on,
unless otherwise stated, we shall refer to this pseudo-manifold as the conformally flat pseudo-space and represented by IF%
Here, note that the pseudo-metric (,); is the Minkowski metric whose coefficients are

(e1,e1), =—1, <e,-7ej>L:1 for 2<i=j<3,

<ei,ej>L:O, for 1 Sl;ﬁjg?)

On the other hand, let M be a non-degenerate surface in IF% Given the Gaussian curvature K and the mean curvature H of the
surface M in R%, both the extrinsic and mean curvatures of M are calculated as

Kp —eh?—2HAh+A2K @2.1)

and

~

H =AH-—¢h, €=(N,N) 2.2)

respectively. For the unit normal vector field N of M, the function 4 holds h = h(s,t) = 23:1 N/ 37’1 where x; for 1 < j <3is
J

an usual coordinate system of R% [8].
2.2. The Process for Determining Proper Conformal Factors

Conformally flat spaces acquire special qualities by means of their conformal factors. If a space with a conformal factor A
has a transformation T that satisfies the equation A (Tx) = A4 (x) for all x, then the space is invariant under the transformation
T along an axis, as stated in the introduction. Thereby, it makes sense in this space to consider surfaces generated by the
transformation 7', because the properties of such surfaces remain unchanged under the one 7'. The infinitesimal isometry group,
which consists of both the rotation and translation transformations of space, is represented by its Killing vector field. In [8], the
author performs a calculation to determine the Killing vector field for conformal factors that correspond to the causal character
of the axis.

Since we will be discussing helicoidal surfaces in this work, we consider that the transformation 7" must be both rotational and
translational. The type of function that is invariant under both rotational and translational transformations is of the cylindrical

type.
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The spacelike axis: In this case, we take the conformal factor A in

A :R? =R, (x1,x2,x3) = Ay (x1,%2,x3) = /x5 —x3,

which is directly related to a Lorentzian hyperbolic cylinder with x3-axis in R?. In [8], taking the procedure of determining the
Killing vector field into account, for the determined conformal factor above, we compute the Killing vector field V in (]F%) 2, 3

N A T
R 8x| M 8)62 2 aX3

for some constants c¢; and c¢;. This means that the corresponding isometry group consists of the translation along the x3 axis
given by

T (x1,x2,X3) = (x1,%2,X3 +1) (2.3)
and the rotation around the x3 axis given by
R(x1,x2,x3) = (x1 coshz + x; sinhz, x| sinh7 + x; cosh?,x3) , (2.4)
where (x1,x2,%3) € R} and 7 € R.

Remark 2.1. When considering the conformal factor Ay, it is evident that Egs. (2.3) and (2.4) both satisfy the function
invariance mentioned in the introduction.

So, we can maintain the following process.

When applying the profile curve y(s) = (0,s,n(s)) to Eq. (2.4) together with Eq. (2.3), i.e.,

cosht sinhz 0 0 0
sinht cosht 0 s +c| 0 |,
0 0 1 n(s) t

the resulting surface is said to be a helicoidal surface in (]F;) PR with the spacelike axis of rotation, and so its parametrization is
represented by

X:IxR— (F%)xh ((5,1) = X (s,1) = (ssinht,scosht,n(s) —|—ct>, (2.5

where n(s) is a smooth function and c is a constant.

The timelike axis: In this case, we determine the conformal factor A, as

e iR} =R, (x1,%2,x3) = Ay (x1,%2,%3) = /23 +23.

This is related to a Lorentzian circular cylinder with x;-axis in R?. Similarly, we compute the Killing vector field V in (IF%) i
as

AN S )
- Bxl 2 = axZ 2 8x3

for some constants c¢; and ¢;. This means that the corresponding isometry group consists of the translation along the x; axis
given by

T (x1,%2,x3) = (x1 +1,%2,%3) (2.6)
and the rotation around the x| axis given by
R (x1,x2,x3) = (x1,x2 cost — x3sint,xp sint 4 x3 cost), 2.7
where (x,x2,%3) € R and 7 € R.

Remark 2.2. When considering the conformal factor A, it is evident that Egs. (2.6) and (2.7) both satisfy the function
invariance mentioned in the introduction.
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In a manner that is analogous to the process that was just outlined, using Eq. (2.7) together with Eq. (2.6), we get a helicoidal

surface in (IF;) 5. With the timelike axis of rotation, and so its parametrization is represented by

X:IxR— (]Fé)h;(s,t) =X (s,t) = (n(s) +ct,scost,ssint>. (2.8)

The lightlike axis: In this case, we determine the conformal factor ),p as

),p . R% — R7 (xl,)Cz7X3) — ),p (xl,)Cz7X3) =\/X2 —X1.

This is related to a Lorentzian parabolic cylinder with (1,1,0)-axis in Ri’. Thus, we compute the Killing vector field V in
(F3),, as
74

V= _ i, i+(f + )i + i+i
- 3 8x1 s 8x2 TR a)C3 e axl 3x2 '

for some constants ¢ and ¢,. This means that the corresponding isometry group consists of the translation along the (1,1,0)
axis given by

T (x1,x2,X3) = (x1 +1,x2+1,x3) (2.9)

and the rotation around the (1, 1,0) axis given by
R(x1,%2,%3) = ((1 +12/2) x) — (2 /2) x2 + tx3, (12/2) x1 + (1 — 17 /2) X2 + tx3, 1x1 — 1x +x3), (2.10)

where (x,x2,x3) € R and 7 € R.
Remark 2.3. When considering the conformal factor A,, it is evident that Eqs. (2.9) and (2.10) both satisfy the function
invariance mentioned in the introduction.

Similarly, from Egs. (2.10) and (2.9), we have a helicoidal surface in (IF}), with the lightlike axis of rotation generated by
P

the profile curve y(s) = (s,n(s),0). A parametrization of this surface is as follows
X:IxR— (Fé)/lp (8,8) = X (s5,8) = ((l —|—t2/2) s— (t2/2) n(s) +ct, (t2/2) s+ (1 —t2/2) n(s) +ct, (s—n(s))t). (2.11)

3. Results

Firstly, let’s take a look at the helicoidal surface with the spacelike axis of rotation given by Eq. (2.5). For this surface, we have

s3n’n” + C2

K = Carear a2+

3.1)

and

2..13 ! 2 2 " 2 2
sn”+n (—2c+s7) +sn" (—c"+s
H(s) = — ( ) (=< )1, (3.2)
2=+ 2 (1+n?)]|-c2+s*(1+n?)]2

where the first one is the Gaussian curvature and the other one is the mean curvature. Assuming that EG — F? = ¢* —

s* (1+n"?) < 0, meanings that this surface is timelike, Egs. (3.1) and (3.2) yield

311 2
K(s) = — > te (3.3)

[02 +s2(1 +n’2)] ’

and

213 r(_oc2 2 n({_ 2 2
H(s):_sn +n( C +s)+sn ( c —|—s)’ (3.4)

2 [—cz +52(1 +n’2)}

(T[N
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respectively. For the determined conformal factor 4;, we have

/

3
Y N = - . (3.5)
= —c2+52(1+n?)

Inserting Egs. (3.3), (3.4) and (3.5) into Egs. (2.1) and (2.2), we get

s2( sn'n” ( A4 2s2) + 2520/ + n'? (2s2 — 36‘2) + c2>
Kg, = 5 (3.6)
{—cz +s2(1 —|—n’2)}

and
s<sn” (fc2 +52) +3s23 + 0 (352 — 402)>
: . 3.7)
2 [62 +s2(1 +n’2)]

H;, = —

In order to find a solution to Eq. (3.6), we turn Eq. (3.6) into

5 4s 4 2~
!
A (S) + (S + 76‘2 — ZSZ)A(S) = 7C2 _252 + sizKElh (S), (38)
where
sn'? —s
A ) =——F5——+—. 3.9
(5) —c2+52(1+n?) (3:9)
The general solution to Eq. (3.8) becomes
c? —2s2 $ 4 2~
Als) = 5 /c2—2s2{c2—2s2 +S7KEAh (5)}ds+cl ) (3.10)
where ¢ is constant. When we compare Eq. (3.9) with Eq. (3.10), we obtain
{s%s“l]/(s))}n'z(s) =50+ (5% = c2) w(s), (3.11)
where
SS 4 ~
v(s) = (> —257) / 52\ @ o + SZKEA () pds+cy (3.12)

The next theorem can now be established:

Theorem 3.1. Let y(s) = (0,s,n(s)) be a profile curve of the timelike helicoidal surface (2.5) in (]F%)Ah. Assuming its extrinsic

curvature at the point (0,s,n(s)) is represented by K Ey, (s), there exists an open subinterval I C I concerning cy such that the

Sunction n(s) is

/- \/‘36—&— 52 —c?
ds—i—cz, (3.13)
[s]y/s*

where y(s) is given by Eq.(3.12) and c; is a constant. Also, for the designated constant ¢y and some constants ¢ and c», there
exists the two-parameter family of curves such that

|50+ (s —¢?) (s)‘

|s|v/s*

¥(s; KEA (8),¢,¢1,¢2) 0,s :I:/ \/ ds+c |, seln (R\(c/ﬁ,c/x@)) (3.14)
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Proof. For the known function IN( By, I — R referred to as the extrinsic curvature of the helicoidal surface (2.5), we have Eq.

(3.11). For an arbitrary number ¢, we establish a function .%# (s,c|) = st — v on the product of sub-intervals containing the
numbers sy and ¢; which satisfy the equality

~ $ 4 2~
a=- (/ 2 —2s? { 22t siKElll () }ds (s0).-

Based on the function .# to be continuous, we find a product set / x J where Eq. (3.11) turns into

O+ (s2=c?) y(s)

52 (s4 - l//(s))

which is the equation whose integration gives Eq. (3.13). Combining Egs. (3.9) and (3.10), we obtain Eq. (3.14). O

n/Z(S) _

)

Theorem 3.2. Let ¢ and ¢ be arbitrary constants. Thus, for any ¢\ and a smooth function IN( By, setting an open subinterval 7
of I in which the functton n(s) given by Eq. (3.13) is defined, we can construct the two- parameter family of timelike heltcotdal

surfaces defined on IxRC R?, with the extrinsic curvature I(EA (s), with the profile curve Y(s; KEM (8),¢,c1,¢2), S € 1.

Proof. Eq. (3.13) is a solution to Eq. (3.8), which implies the requirement that concludes the proof. When considering the

sub-intervals that are stated in the proof of Theorem (3.1), for two numbers ¢ € J, ¢; € R, a function IN( By, (s)and c € R, we
obtain the desired family defined on 1xR Cc R2. O

Now considering Eq. (3.7), we constitute

4 2~
B'(s)—|—;B(s) = —S—ZH,lh(s)7 s#0 (3.15)
where
/
B(s) = " , (3.16)
—C2 +S2 (1 +n/2)

which implies that the general solution to Eq. (3.15) becomes

B(s) = —514 l/ZSZITI;Lh (s) ds+c1 |, (3.17)

where ¢ is constant. With Eqgs. (3.16) and (3.17), we have

[sz <s6 - </2szljl,1h(s) ds+c1)2>]n’2(s) = (- ) (/2s2211h(s> ds+q)2.

Theorem 3.3. Let y(s) = (0,s,n(s)) be a profile curve of the timelike helicoidal surface (2.5) in (F é) . Assuming its mean

curvature at the point (0,s,n(s)) is represented by H A, (8), there exists an open subinterval IcI relating to ¢ such that the
Sfunction n(s) is

fZSZITIlh (s)ds+ci

e
: ds+co, (3.18)

)

where c; is a constant. Also, for the designated constant c1 and some constants ¢ and cy, there exists the two-parameter family
of curves such that

n(s):j:/

- 2
<f2s2H;Lh(s) ds+c1)

V2 —c? fZSZITI;Lh (s) ds+cy

-ds+c |, sE?ﬁ(R\(—c,c)). (3.19)

s <s6 - (120t 9 ds+c1)2> i

Y(s;Hy, (s),c,c1,¢2) = 07S,/



Fundamental Journal of Mathematics and Applications 163

- 2
Proof. Define the function .% to be (s,c1) — 5% — < [25%H,;, (s) ds+ cl) . So, the technique for proving that Eqgs. (3.18) and

(3.19) can be obtained for the known function I; 2, teferred to as the mean curvature of the helicoidal surface (2.5) is the same
as that of Theorem (3.1). O]

Example 3.4. Let the mean curvature be H;, (s) = —%, which implies that the function F amounts s® — (s> +c1)?. So, we get

the inequality s*(1—s) < c¢1 < s*(1+s) such that F is positive. Establish two functions f(s) := s*(1+s) and g(s) := s*(1 —s).
For ¢y =0, consider the interval (11/10, ﬁ) Thus, the number c| falls in the interval (2 — \/§,2+ \/g) In this way, we

determine the sub-interval 7 of I to be (l 1/10, \ﬁ) in accordance with the positivity of %. Ultimately, for c; =0 and ¢ = 1,
Eq. (3.19) lead into

¥s) = (Qs,lns), s (11/10,v2).

Replacing the last one into Eq. (2.5), we get
X (s,8) = (ssinht,scosht,lns—i—t),

which is the parametrization of a timelike helicoidal surface.

Figure 3.1: The graphic belongs to a timelike helicoidal surface of spacelike axis of rotation with ;I 1, (8) = —%

Theorem 3.5. Let ¢ and c3 be arbitrary constants. Thus, for any c¢i and a smooth function H,, setting an open subinterval [
of I in which the function n(s) given by Eq. (3.18) is defined, we can construct the two-parameter family of timelike helicoidal

surfaces defined on I x R C R?, with the mean curvature H;, (s), with the profile curve y(s;Hj, (s),c,c1,¢2), s € 1.

Proof. The process for proving that the desired family can be construct is the same as that of Theorem (3.2). O

Remark 3.6. It is important to remember that analogous outcomes may be obtained if we pick EG — F* = ¢* — s (1 + n’2) >0,
meanings that the helicoidal surface in (IF;) A is spacelike.

Now, we consider the helicoidal surface given by Eq. (2.8). For this surface, taking EG — F*> = —c* + 5° (1 — n’z) > 0 into
account, we have

—S3n/n” + c2

o Ferenom] o
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and

23+ n (2c2 — s2) —sn” (—c2 —|—s2)

H(s) = (3.21)

3
3
2 {cz +s2(1— n’z)}

Also, we get

/

3
Z - S . (3.22)
= —c2+52(1—-n'?)

Considering Egs. (3.20), (3.21) and (3.22) together, from Eqgs. (2.1) and (2.2), we obtain

s2| sn'n” ( 2_ 2s2) + 250" + n'? (302 — 2s2) +62>
Ke, = ; (3.23)
{—cz +s52(1— n’z)}

and

s(sn (¢ —s%) +3sn" + (402_352))'

H), = 3 (3.24)
2
2 [—cz +s%(1— n’2)]
In a similar way, Eq. (3.23) turns into
5 4s 4 2~
!/ .
A'(s)+ (s EEr c2>A(s) =222 S—zKE,LC (s), (3.25)
where
s+
Als) = ——F———+. 2
(5) —c2+52(1—n"?) (3.26)
The general solution to Eq. (3.25) becomes
252 —¢ 4 2~
A(s) = l 52 —c2{2s2 —5 — 3K, (s )}ds+cl , (3.27)
where c; is constant. Comparing Eqgs. (3.26) with (3.27), we have
[sz (s4 + l;/(s))} n%(s) = —s+ (s2 - cz) y(s), (3.28)
where
2 2 $ 4 2~ i
v(s) = (25> —¢%) /2s2—02 Fom i s—zKEM(s) ds+ci|.
. . . 54 (ZA'Z —c? ) .
In light of the assumed sign of EG — F2, it follows that s* + y(s) = v o o M 0. Thus, from (3.28), we can write
s6‘
ds+c (3.29)
Is|\/s* +w(s)

Theorem 3.7. Let y(s) = (n(s),s,0) be a profile curve of the spacelike helicoidal surface (2.8) in (F}) 7o Assuming its extrinsic

curvature at the point (n(s),s,0) is represented by Kg, (s), for some constant ¢, ¢i and c,, there exists the two-parameter
family of the spacelike helicoidal surface constituted by curves

ff#-wi
Y(s;KE, c,¢1,¢2) / ds+c2,5,0 |, s€R\(—c,c).
(53K (). . Wv \(=e.0)
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Inversely, let ¢ and ¢y be arbitrary constants. Thus, for any ci and a smooth function K Ej. (s), we can construct the two-
parameter family of spacelike helicoidal surfaces defined on I x R C R?, with the extrinsic curvature K Ej, (s), with the profile
curve Y(s;Kg,_(s),c,c1,¢2), s € 1.

Proof. For the known function K £, » itis seen that the function n(s) takes Eq. (3.29), which means that concludes the necessity.

By defining the function .# to be

2N
(s,c1) = 5"+ ( l/zs — {Zs — SzKEAC(S)}dS"'Cl

)

it is possible to perform the inverse of the proof in a manner similar to Theorem (3.1). O
~ 2 4
Example 3.8. Let the extrinsic curvature be K, (s) = W Forcy =0, we find y(s) = —%. For ¢y, using Eq.
S+ .

(3.29), we get the profile curve to be y(s) = (\@s +V2+1,s, O). Thus, we write the parametrization of the corresponding
helicoidal surface as

X (s,1) = (\/§s+ ﬁ—l—t,scost,ssint) .

=2
=4
{)_
1_
W o
:J._
4_
S_
I o5 o T e . e e
0 -'1 080604 02 0 -02040608
v
. . . o L . . e 25*(652+5)
Figure 3.2: The graphic belongs to a spacelike helicoidal surface of timelike axis of rotation with K By, (s) = ey
In a similar way, from Eq. (3.24), we write
, 4 2~
B(s)+-B(s)=—5H;(s), s#0 (3.30)
where
!
n
(3.31)

Bls) = —2+s52(1 —n’z).

The general solution to Eq. (3.30) becomes

(3.32)

b

1 ~
B(s) = —— [/2s2H,16(s) ds+cy
s
where ¢ is constant. From Eq. (3.31) and Eq. (3.32), we obtain

N )
s):i/ rds+c,

s <s6 + (25 (9 ds+c1)2> i

fZvalTI;LC (s)ds+ci
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Theorem 3.9. Let ¥(s) = (n(s),s,0) be a profile curve of the spacelike helicoidal surface (2.8) in (F}) 7 Assuming its mean

curvature at the point (n(s),s,0) is represented by H)_(s), for some constant c, ¢| and c,, there exists the two-parameter family
of the spacelike helicoidal surface constituted by curves

Vs —ctlf 2s21T1;LC (s) ds+cy

}/(s;ljl,lc(s),c,cl,q): / 7ds+c2,50 |, s€R\(—c,c)

s <s6+ (7229 ds+c1)2> 2

Inversely, let ¢ and cy be arbitrary constants. Thus, for any c| and a smooth function H,_(s), we can construct the two-
parameter family of spacelike helicoidal surfaces defined on I x R C R?, with the mean curvature H A (8), with the profile
curve Y(s;H;,_(s),c,c1,¢2), s€ 1.

Proof. If the function H 2. (s) is known and by defining the function .7 to be

o 2
(s,c1) = O+ </252H,1£(s) ds+cl> ,

then the proof is reduced to nothing more than the proof of Theorem (3.7). O

Remark 3.10. It is important to remember that analogous outcomes may be obtained if we pick EG — F* = —c? 452 (1 —n 2) <
0, meanings that the helicoidal surface in (F%) 5. is timelike.

Finally, for the helicoidal surface given by Eq. (2.11), we have
" 3 2 n3
— 1—
K(s) = nin—s) (1= . (3.33)
(1—n') {(n—s)z (n+1)+c2(1 —n’)]

and

H(s) = o (n—s)+22(1—n')’ +(n—s)* (W' +1)(1 _n,)z‘ (334)

2[(1 ) ((n—s)z(n’+l)+c2(l —n’))} ’

2

Assuming EG — F? < 0, observe that 1 — ' > 0 and taking the conformal factor A, into account, we compute as

3 o1 — )
Y NAj= n_s-n) . (3.35)
=1

2\/(1 —n') ((n—s)z(nf+1)+c2(1 —n’))

Inserting Egs. (3.33), (3.34) and (3.35) into Egs. (2.1) and (2.2), we get

3(n—s) <2n" (n—s5)*+(n—s)* (W' +1) (1 =n')? +3c2(1 n')3>

Ki, = (3.36)

2
4(1—n') (n—s)z(n’—i-l)—kcz(l—n’)]

and

\/n—s<n”(n—s)3—|—2(n—s)2(n’+1)(1—n’)2—|—302(1—n’)3)

H) =- : (3.37)

2[(1 —n') ((n—s)Z(n’+ )4c2(1 —nf)ﬂ

It is difficult to determine the general solution to Egs. (3.36) and (3.37) unless in a few specific cases.
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First, we look at the case where both K £y, and H 2, amount mutually to zero. Thus, by using n(s) # s, Egs. (3.36) and (3.37)
turn into

2" (n—s)> +(n—s5)> ("' +1) (1 =) +32 (1-n)’ =0 (3.38)
W (n—s)>+2(n—s)> (0 +1) (1—n')> 433 (1-n')’ =0. (3.39)
By Egs. (3.38) and (3.39) , we obtain
(n—s)*(1+n)+*(1-n) =0. (3.40)
Assigned n(s) —s = p(s), we turn Eq. (3.40) into
(p*—c*) p +2p*=0. (3.41)

Then, the general solution to Eq. (3.41) is
p(s) = —(st+ec) £/ (s+a)’ =,
where ¢ is an integration constant. From n(s) —s = p(s), we find
n(s) =cr£1/(s+c¢1)* =2, c1 €R.
Hence, we construct a one-parameter family of curves
Y(s;n(s),c,c1) = (s,q +1/(s+c1)? —cz,O) .

As aresult, with Eq. (2.11), the helicoidal surface turns into

X (s,0) = ((1+t22>s—t22 (clim> +ct,§s+ (1—;2) (cli (s+c1)2—c2) +ct,
((s—cliF (s+c1)2—c2)>t>.

We will talk about what Eq. (3.36) turns into when the extrinsic curvature IN( By, is zero, which is the situation in which Eq.
(3.38) only is valid. In that case, we turn Eq. (3.36) into

2p3p// =+ (pZ _ 3C2) p/3 +2p2p/2 _ 07 (342)

where n(s) —s = p(s). Assigned p'(s) to p(s), Eq. (3.42) turns into

!
1 11 p*=3c
(N) ) (3.43)

=

If we put £ = w(p), Eq. (3.43) turns into
p

—=0. (3.44)

The general solution to Eq. (3.44) is

(p) = 2e1p3 —p? 4+
w(p)= 2p2 )
where ¢ is a constant. Thus, the function n = n(s) supplies the equality
on® — (Bers+ l)n2 + (3cls2 — 2cz) n—cis>+2cs+s>—c? =0, (3.45)

where c; is an integration constant.
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Example 3.11. For c) =0, from Eq. (3.45), we find n(s) = —cy £/ (s +¢2)* = ¢2,5 € (—o0, —¢ — ¢2) U (¢ — €3, 00). Using Eq.
(2.11), we write

X (s,t) = <<1+t22>s_t22 (—CZ:I: (s+c2)2—c2> +ctés+ (1—;2) (—czim> +ct,
((S—l—cz:F\/(s—l—cz)z—cz))t).

We now plot it putting for co = 0 and ¢ = 3.

Figure 3.3: The graphic belongs to a minimal timelike helicoidal surface of lightlike axes of rotation with K Ey, = 0

Finally, we take an interest in Eq. (3.39), which requires a timelike helicoidal minimal surface. Similarly, the function n(s)
provides

201n6 — 1261sn5 + 3Ocls2n4 — 40c153n3 +5 (6cls4 — 1) n* (3.46)

-2 (6cls5 + 502) n—i—2c1s6 +557+ 10cys — 5¢2 =0.

Example 3.12. For ¢; =0, from Eq. (3.46), we get n(s) = —cp + (s+cz)2 —5c%s€ (—00, —V/5¢— cz) U (\@c — cz7oo),
in which by Eq. (2.11), the parametric form of a timelike helicoidal minimal surface turns into

2 2
X (s,1) = <<1+t2>s—2 <—cz:|: (s+cz)2—5c2) +ct,

12 2 5
Es—i- (1 — 2) (—czi (s+c2) —5c2> +ct,

<<s+cz¢ (s+cz)2502)>t>.

We now plot it putting for co = 0 and ¢ = 3.
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Figure 3.4: The graphic belongs to a minimal timelike helicoidal surface of lightlike axes of rotation with K Ey, = 0

Remark 3.13. Observe that both helicoidal surfaces mentioned above, say Examples (3.11) and (3.12) satisfy both K B, = 0
and H Ay = 0.

Remark 3.14. It is important to remember that analogous outcomes may be obtained if we pick
EG-F*= (n'—1) ((n—s)2 (n'+1) —? (n' — 1)) > 0.

Article Information

Acknowledgements: The authors would like to express their sincere thanks to the editor and the anonymous reviewers for
their helpful comments and suggestions.

Author’s Contributions: The authors contributed equally to the writing of this paper.
Conflict of Interest Disclosure: No potential conflict of interest was declared by the author.

Copyright Statement: Authors own the copyright of their work published in the journal and their work is published under the
CC BY-NC 4.0 license.

Supporting/Supporting Organizations: No grants were received from any public, private or non-profit organizations for this
research.

Ethical Approval and Participant Consent: It is declared that during the preparation process of this study, scientific and
ethical principles were followed and all the studies benefited from are stated in the bibliography.

Plagiarism Statement: This article was scanned by the plagiarism program. No plagiarism detected.

Availability of Data and Materials: Not applicable.

References

[11 A. V. Corro, R. Pina, M. A. Souza, Surfaces of rotation with constant extrinsic curvature in a conformally flat 3-space, Results Math., 60 (2011),
225-234.

[2] A.V.Corro, M. A. Souza, R. Pina, Classes of Weingarten surfaces in S x R, Houston J. Math., 46 (2020), 651-654.

[3] B.P.Lima, P. A. Souza, B. M. Vieira, Helicoidal hypersurfaces and graphs in conformally flat spaces, Results Math., 77 (2022), 1-16.

[4] K. O. Araujo, N. Cui, R. S. Pina, Helicoidal minimal surfaces in a conformally flat 3-space, Bull. Korean Math., 53(2) (2016), 531-540.

[5] K. O. Araujo, A. V. Corro, R. S. Pina, M. A. Souza, Complete surfaces with zero curvatures in conformally flat spaces, Publ. Math. Debrecen., 96(3-4)
(2020), 363-376.

[6] C.W.Lee,J. W. Lee, D. W. Yoon, On helicoidal surfaces in a conformally flat 3-space, Mediterr. J. Math., 14 (2017), 1-9.

[71 C. W. Lee, J. W. Lee, D. W. Yoon, Helicoidal surfaces with prescribed curvatures in a conformally flat 3-space, Georgian Math. J., 28(5) (2021),

755-763.
[8] F. Yerlikaya, Helicoidal surfaces in some conformally flat pseudo-spaces of dimensional three, Int. J. Geom. Methods Mod., 20(3) (2023), 2350052-76



Fundamental Journal of Mathematics and Applications, 6 (3) (2023) 170-176
Research Article

% FuMA Fundamental Journal of Mathematics and Applications

Journal Homepage: www.dergipark.org.tr/en/pub/fujma
ISSN: 2645-8845
doi: https://dx.doi.org/10.33401/fujma. 1248680

Identification of the Solely Time-Dependent Zero-Order
Coefficient in a Linear Bi-Flux Diffusion Equation from an
Integral Measurement

Ibrahim Tekin'* and Mehmet Akif Cetin’

| Department of Fundamental Sciences, Rafet Kayis Faculty of Engineering, Alanya Alaaddin Keykubat University, 07425 Antalya, Tiirkiye
2ALTSO Vocational School, Alanya Alaaddin Keykubat University, 07425 Antalya, Tiirkiye

*Corresponding author

Article Info Abstract

Keywords: Bi-flux equation, Fourier Bi-flux diffusion equation, can be easily affected by the existence of external factors, is
method, Inverse problem known as an anomalous diffusion. In this paper, the inverse problem (IP) of determining
2010 AMS: 35R30, 35402 the solely time-dependent zero-order coefficient in a linear Bi-flux diffusion equation with
Received: 7 February 2023 initial and homogeneous boundary conditions from an integral additional specification of
Revised: 12 July 2023 the energy is considered. The unique solvability of the inverse problem is demonstrated by
Accepted: 28 September 2023 using the contraction principle for sufficiently small times.

First Online: 29 September 2023
Published: 30 September 2023

1. Introduction

The classical diffusion model is contingent on Fick’s law and, this generally describes some practical problems such as heat
and mass diffusion, bacterial infection diffusion, and predator-prey models, [1, 2, 3]. However, a number of sensitive particle
systems, for example population systems arise in biology, are known as an anomalous diffusion. Because the diffusion motion
of particles can be easily affected by the existence of the disturbing exogenous agents. To model this anomalous diffusion,
the Bi-flux approach to diffusion problems was introduced in [4, 5, 6, 7] to deal with bizarre evolutionary processes by using
a discrete formulation. The theory leads the flux to bifurcate into two separate currents corresponding to two independent
potentials. The 1st and 2nd flows derive from the classical Fick potential and a new potential, respectively. From this theory
the Bi-flux diffusion equation is derived as:

Ze(2,7) +B(1=B)RZyyyy (x:T) — BDZyy (x,7) = H(X,7,Z), (L.1)

where Z(x, 7) is the particle concentration, D is the diffusion coefficient, R is the reaction coefficient, H(¥,7,Z) linear or
nonlinear reaction function, and 8 (0 < 8 < 1) is the fraction of particles displaced regarding to the Fick’s law.

If B = 0, the homogeneous equation (1.1) (H(¥,T,Z) = 0) reduces to a stationary equation and Z(), T) =constant. If § =1,
the equation (1.1) reduces to the classical diffusion model which arises in many physical processes such as thermodynamics
[8], predator-prey problems [2], bio-heat conduction [9], heat exchangers [10], and mass transport in groundwater [11]. If the
diffusion coefficient D = 0, the equation (1.1) is Mullin’s equation which arises in thermal grooving by surface diffusion [12].
If the reaction function H(y,7,Z) is linear and in the form H(y,7,Z) = k(7)Z(x,7) + h(),7), then the eq. (1.1) can be
rewritten as
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Ze(%,7) + B(1 = B)RZyy3x (X, %) = BDZyn (%, 7) = k(1) Z(%,T) + h(%, T)- (1.2)

In this work we consider an IP of recovering the time-dependent zero-order coefficient k(7) in a linear Bi-flux diffusion
equation (1.2) together with the particle concentration Z(, 7) in the rectangle domain ITr = {(x,7) : (x,7) € [0,1] x [0, T]}
for some fixed 7' > 0, subject to the initial condition (IC)

Z(X70):ZO(%)3 XE[O,I], (13)
and the boundary conditions (BCs)
and the additional condition (AC)
1
[ 2.w)ax =m(z), cefo.1], (1.5)
0

where, D and R are the positive diffusion and reaction coefficients respectively, 0 < 8 < 1, (), 7) is the source term, zo() is
the initial particle concentration, and m(7) is the extra integral measurement, which often refers specification of the energy/mass,
to obtain the solution of the IP.

The IPs for the classical diffusion equation ( = 1) are satisfactorily studied theoretically and numerically. For instance, IPs
of determining the time-dependent heat source are studied in [13, 14, 15, 16], and IPs of reconstructing the time-dependent
reaction coefficient are investigated in [17, 18, 19, 20, 21] with different boundary conditions (local, non-local or non-classical
conditions).

On contrary to the IPs for the classical diffusion equation, our aim is to study the Bi-flux diffusion equation to identify the
time-dependent zero-order coefficient k(7) along with the particle concentration Z(y, 7) theoretically, for the first time, in the
rectangular domain, using the IC (1.3), homogeneous BCs (1.4) and the AC (1.5).

The paper is organized as follows. In Section 2, the equivalent IP formulation is derived. In Section 3, the equivalent IP
reduced to a system of Volterra integral equations with respect to the unknown functions Z(x, 7), and k(7). Then the theorem
of the existence and uniqueness of the solution of the IP is phrased and proved by means of the contraction principle.

2. Mathematical formulation of the equivalent IP

In this section, first we will give the classical solution of the IP (1.2)-(1.5), and then reduce the considered IP to the equivalent
problem.

Definition 2.1. The classical solution of the IP (1.2)-(1.5) is the pair {Z(x,),k(t)} subject to the following properties:

@) Z(x,7) € C*(Dr),

(i) k(t) € C[0,T],

(iii) the pair {Z(x,7),k(T)} satisfies the eq. (1.2) and the conditions (1.3)-(1.5) in ordinary sense.

Z(x,7) € C*!(I17) means that Z(),) and its partial derivatives with respect to y upto fourth and 7 upto first order are

continuous on I17.
Let us reduce the IP (1.2)-(1.5) to the equivalent inverse problem to prove the existence and uniqueness theorem for the IP.

Lemma 2.2. Let zo(x) € C*[0,1], m(t) € C'[0,T], m(t) # 0 for all T € [0,T] and

20(0) = z0(1) = z5(0) = z5(1) =0,

/0 o) = m(0),

are satisfied. Then the problem of finding the classical solution of the IP (1.2)-(1.5) is equivalent to the problem of finding the
classical solution of the IP from the eq. (1.2) with the IC (1.3), the BCs (1.4) and the AC

1 1 1
m’(f)+ﬁ(1fB)R/o Zxxxx(laf)dX*ﬁD/O Zxx(x,f)dx:k(f)m(fH/o h(x,7)dx. (2.1)

Proof. 1t is obvious that if the pair {Z(),7),k(7)} is the classical solution of the IP (1.2)-(1.5), then the AC (2.1) is also
satisfied.
Let us show that the condition (1.5) is fulfilled if the pair {Z(x,7),k(7)} is a classical solution of the IP (1.2)-(1.4) with the
AC (2.1).
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Integrating the eq. (1.2) with respect to ¥ from 0 to 1 yields

1Z d 1 R 1Z d D 1Z dy =k 1Z d lh d 2.2
||z + BO-BIR | Zy ez —BD [ Zy(x 5y =k(e) [ 20wy + [ hxodx. @2

Considering the difference of the equations (2.2) and (2.1) gives the following initial value problem

ey _
{ Y'(1) k(T)YY(g):—O(? €0,7], (2.3)
where Y (1) = fol Z(x,7)dx —m(t). The Cauchy problem (2.3) has only a trivial solution Y (7) = 0. i.e.
/01 Z(x,t)dx =m(t), T1€[0,T].
Thus the condition (1.5) is fulfilled. ]

3. Unique Solvability of the IP

The elements of the system {y,(x)}_, = { v2sin(t.x - are bi-orthonormal on [0, 1] with y, = nx foreachn=1,2, ...,
Y n=1 H 1

ie.:
1 ;m=n
OnhomO) = [ satim(ax={ o

Also the system {y,(x)},_, is complete and forms a Riesz basis in L, [0, 1].
The following lemma is useful to prove the unique solvability of the IP:

Lemma 3.1. Suppose that the assumptions

A1 20(x) €C?0,1], 2P (x) € L2[0,1], 20(0) =
Az h(x,7) e C(T )hxxxx( T) € L2[0,1], h(0,7) = h(

are satisfied. Then

o 3 (4) S 0)
ng,llin |20n| < €1 |29 HLZ[O,l]’ ng,llin |zon| < €2 ‘Zo HLZ[O,”’
and
Z | <C1Hhxxxx HL201 Z.u% |h )| <CZ||hXXZX ||L2[01

hold. Here zon = (20(+),¥n(+)), hn(7) = (h(-,7),y(-)), and

o 1/2 1 © 1/2 |
Cl:(;“&) :%, 022(};HS> :7945.

Proof. Let us prove first one of these estimates. The others can be proved analogously. By applying integration by parts four
times we get

Hazon = 143 (20() () = i /1 2000(X)dx = uﬁuﬂ/olzf{” (X)yn(x)dx = uln/olsz” (Ov()dx = ui (27 Cm).

By using Cauchy-Schwartz and Bessel inequalities

@ =1\ (& 2\ 4)
@ost)<(E) (El@0x0)) <alkd],,,

. - 1/2
with ¢] = (Zn:1 ui%) = %. O

Z#n |z0n| = Z IvT
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Since the system {y,(x)},._, forms a Riesz basis, we can seek the solution of the IP (1.2)-(1.4) and (2.1) as

 ngk

Z(x,7) = ) Za(®)ya(2), 3.1)

n=1

where

1
z%) = [ 2 om (.
Applying Fourier method yields Z,(7), n = 1,2, ... satisfy the following initial-value problems (IVPs)

Zill(’r) +KnZ’l(1‘-) = HH(T;ZJ()a

(3.2)
Z,(0) = zon, n=1,2, ..,
where K, = utB(1— B)R+ u2BD, H,(7;Z,k) = k(7)Z,(T) + hp (7).
The solution of the IVPs (3.2) are
T
Z,(T) = zonexp(—K,T) + /0 H,(s;Z,k)exp(—K, (T —s))ds. (3.3)

Substituting (3.3) into (3.1) we get the classical solution of the IP (1.2)-(1.4) (or the first component of the pair {Z(x,7),k(7)})
as

Z(x,7) = i [zgnexp( K,T +/ (5;Z,k) exp(—Kn(T—5))ds| yu(x)- 3.9

n=1

To derive the equations for the unknown coefficient k(7) consider

1
/0 Zxxxx(l,f)dXZ/ ZH;:Z x)dx,

and

/ ZXX xX,T dx——/ Z,u dX7

into the AC (2.1). Then we get
1

KO =

[ml(’t) — /’lim(f)

_|_\f2nil (1_(;2)’1)[(" {zonexp(—Kn‘L') —&—/OTH,,(s;Z,a) exp(—Kn(r—s))ds}] , (3.5)

where hi (7) = [o h(x,T)dy.

The equations (3.4) and (3.5) are Volterra type integral equations with regard to Z(,7), and k(7) and form the system of
integral equations. The inverse problem (1.2)-(1.4) and (2.1) reduced to the system of equations (3.4) and (3.5). Thus, we
can conclude that solving the system of integral equations (3.4) and (3.5) and the inverse problem (1.2)-(1.4) and (2.1) are
equivalent.

Before setting and proving the existence and uniqueness theorem of the solution of the system (3.4) and (3.5), let us give the
following Banach spaces which will be used in the proof of the main theorem:

I

Br = {Z(x,r) = iZn(T)yn(x)i Z,(t) e Clo,T],
_ 12
<Z, 1y 1Z, llcjo,71) > <ee o,

1/2
and the norm of Z(y, 7) defined as ||Z| 5, = ():;c':l(/.i,f HZnHC[o,T])2> .
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II Ey = By X C[0,T] is the space of the all pairs x(),7) = {Z(x,7),k(t)} and the norm is

Ixllg, = 1Zll5, + Ikl co.ry -

Theorem 3.2. Let the assumptions of the Lemma 2.2 and 3.1 are satisfied. Then, the system (3.4) and (3.5) (or the IP (1.2)-(1.4)
and (2.1)) has a unique solution for small T.

Proof. Let k(x,7) ={Z(x,7),k(7)} is an arbitrary element belongs to Ey = Br x C[0,T]. Then the system of equations (3.4)
and (3.5) we can be rewritten into the operator equation form as

K =®(k)

where ®(x) = {¢;,¢,} and

i [Zonexp —K,T +/ H,(s;Z,k)exp(—K, (T —s))ds| yu(X),

n=1
and

0a(x) = ﬁ (%) — i ()

> (1—-(=1)"K, t
Wiy ((u)) {zOnexp(—KnT)—i—/O Hn(s;Z,k)exp(—K,,(’E—s))ds}] .
n=1 n
It is obvious that
Ky =uB(1—B)R+p;BD>0,n=1,2,.
Thus
exp(—K,7) <1, and exp(—K,(7—5)) <1for0<s<7,0<7<T.

Let us prove that @ is a contraction operator in two steps by considering these estimates.

I) Firstly prove that ® is a continuous onto map on E7 — E7. It means that we require to prove ¢; (k) € By and ¢»(x) € C[0,T]
for an arbitrary element x(x,7) = {Z(x,7),k(7)} € Er with Z(x, ) € Br, k() € C[0,T] .

Let us verify that

- 1/2
(z (i 1l(on) |C0T]>> < oo,

where (1), () = RHS(Z,(7)). In other words let us show that ¢ (k) € Br. Under the assumptions of the Lemma 3.1 and
Theorem 3.2, we obtain

4
Jr(g1) <2 Hzé )HL2[0 g T 1zl oo,y + 2T Ikl eo.ry 12115, - (3.6)
Since Z(x,7) € Br, and k(t) € C[0,T], the norms [[k||c(o 7. [|Z] s, are finite. Therefore, J7(¢1) is also finite. Thus ¢, (k)

belongs to the space Br.
Now let’s demonstrate that ¢»(x) € C[0,T]. From the eq. (3.5), we obtain

1
192(9) o) < - |17l o 71+ i or

+M<Hzo H o] T””xxxxHLz[o,]]"‘Tk|c[0,T]||Z||BT)] (3.7)

where 01<ni£T Im(t)| > & >0, M =2v/2(c18(1 — B)R+c28D).
<t<

As in the previous part we can conclude that [[¢2 (k)| (o 7| is bounded. So ¢»(k) € C[0,T].
From the egs. (3.6) and (3.7), we can obtain

19() 1, < Li(T) +La(T) [kl cpo.r 125,
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where

M M 1
b= (2+ a) [ <2+ a) Iz lyon * g o+ Wil

L(T)=T <2+IZ> .

Since L (T') tends to zero as T — 0, and L;(T') is a continuous function of T, there exists a sufficiently small 7 > 0 such that
(Li(T)+1)*Ly(T) < 1.
Let us define a ball A := {K €Er :[|xllp, <Li(T)+ 1} for the fixed 7. Then, for every k € A, we get

D) lg, < Li(T)+La(T) [lkllcpory 1215,

< L\(T)+Ly(T) (Li(T)+1)* < L (T) +1.

Thus, @ is an onto continuous map on E7.
II) This step our aim is to prove that the operator @ is a contraction mapping operator. Assume that let z; and z, be
any two elements of E7. According to the definition of the space Er yields || (k1) — @(k2) |, = [[1(k1) — ¢1(Kk2)||p, +

192(%1) — 92(k2) [l 0,7 Here &; = {Z'(x, ©),k'(¢) }, i = 1,2. consider the following differences

oo

o1(x1) — 91 (1) = Y UOT [Ha(s:Z' k") — Hy(5:2%,K%)] exp(—Kn (T — 5))ds | yu(X),

n=1

and

V2 & (1= (=1)"K, [*
ou(w) a0 = Y2 3 LZEUIE [ 0 40y 522.02) x5 )
n=1 n
We can obtain from the last equations

1 (%1) — ¢1(K2)||BT <2r (HZZHBT Hkl _kZHC[O,T] + ”kl Hc[o,T] HZI _ZZHBT) )

and

™
192(x1) — d2(2)llcpo,r) < —- (HZZHBT IS _kZHC[O,T] + (1% | cpo.zy 1! _ZZHBT> :

o
From the these inequalities it follows that
[@(k1) = @(12) |, < La(T)C(K', 2% |1 = K2 g,
where L,(T) =T (2+ %), and C(k',2%) = max{Hk1 ||C[07T] , HZzHBT} =Li(T)+1.
Since L; (T) +1 < (L (T)+1)?,
0 < Ly(T)C(k', 2%) = Lo(T) (L (T) + 1) < Lo(T) (La(T) +1)* < 1,

i.e. 0 < Ly(T)C(k',Z?) < 1. Therefore, the operator ® is contraction mapping operator.
Thus we can conclude that the operator ® is contraction mapping and it is a continuous onto map on E7. Then the solution of
kK = ®(k) exists and unique regarding to Banach fixed point theorem. O

Example 3.3. Consider the IP (1.2)-(1.5) with unknown smooth k(t) and inputs:
2
20(x) = sin(my), m(e) = —e*, h(x,7) = [(1+ n'B(1—B)R+n’BD)e" —1] sin(my).
These inputs satisfy the conditions of the Lemma 2.2 and Lemma 3.1, i.e.

20(x) € 210,1], 2" (x) € L2[0,1], 20(0) = z0(1) = 2(0) = 25 (1) =0,

h(X>T) € C3YO(HT>, h%ll%('af) €l [Oa l]a /’l(O,‘C) = h(LT) = h%l(oa T) = hll(lvr) =0,

and

m(t) € C'[0,T],m(t) # 0 for all T € [0,T] and /olz()(x)dx =m(0) = %

According to the Theorem 3.2, the solution of the inverse problem (1.2)-(1.5) exists and unique and the solution is

{Z(x, 7). k(7)} = {e"sin(my),e"}.
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4. Conclusion

The manuscript studies the IP of obtaining the solely time-dependent zero-order coefficient in a linear Bi-flux diffusion
equation from an extra integral observation. The theorem of existence and uniqueness of the solution of the IP is proved for an
adequately small time interval by applying the contraction mapping principle. This work is new and has never been studied
theoretical or numerical before. The numerical method of the IP will be considered with a suitable scheme as a future work.
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1. Introduction

The category of simplicial groups with Moore complex of length 1 is equivalent to the category of Whitehead’s crossed
modules [6]. This structure can be considered as an algebraic model for homotopy connected 2-types. Conduché [2] has proven
2-dimensional version of this result by giving the definition of a crossed module of length 2. He proved that the category of
such objects are equivalent to the category of simplicial groups with Moore complex of length 2. The structure of a crossed
square has been introduced by Guin-Walery and Loday [4]. This structure is a model for homotopy connected 3-types. The
commutative algebra version of crossed modules has been defined by Porter in [11]. On the other hand crossed squares of
commutative algebras has been investigated by Ellis [5]. Conduché also, [3], gave the close relationships among bisimplicial
groups with crossed squares for the version of groups, and he proved that Loday’s mapping cone complex of a crossed square
gives a 2-crossed module.

Carrasco and Cegarra, [10], give a general version of the Dold-Kan theorem for the equivalence between simplicial groups and
non-Abelian chain complexes. Porter in [12] has proven the equivalence between the category of n-types of simplicial groups
and the category of crossed n-cubes. In [9], Glirmen-Alansal and Ulualan generalised these pairings for the Moore bicomplex
in bisimplicial groups. It can be seen the role of these pairings for the relations among bisimplicial groups and crossed squares.
Arvasi and Porter [13], using the Carrasco and Cegarra pairing operators for a Moore complex in a simplicial (commutative)
algebra, and they have defined the functions Cy g functions, and as an application, they proved that the category of 2-crossed
modules of commutative algebras introduced by Grandjedn and Vale in [1] is equivalent to that of simplicial commutative
algebras with Moore complex of length 2. Of course, this is the commutative algebra version of Conduché’s result [2].

Our first aim in this work is to define the functions Cy, g for 2-dimensional simplicial algebras (or bisimplicial algebras) and
second aim is to give the relationship between crossed squares and bisimplicial algebras by use of the functions Cy g.

2. Preliminaries

The simplicial set analogue has been studied in [8, 7, 13]. We give the following statements from [13]. Define the set P(n)
consisting of the pairs of elements in the form (¢, ) from S(n) with aNB =0 and B < o where & = (iy,...,i1), B =
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(jss---»J1) € S(n). The k-linear morphisms are,
{Ca_ﬁ :NEn—#a ®NEn7#ﬁ — NEn|(Ot,ﬁ) S [)(l’l)7 0 < n}

given by composing:

Cop(xa®yg) = pu(sa®sp)(xa@yp)
= p(sa(xa)sp(xp))
= (I=sp-1dp—1)-.-(1=s0do)(sa(xa)sp(xp))
where
Sop = Si, -+ S8i; ZNEH,#O( —)En, Sg = Sj; -5 :NEn—#,B *)En,
p: E, — NE, is given as composite projections p = p,_1 ... po With

pj=1—s;djfor j=0,1,...,n—1

and u : E, ® E,, — E, denotes multiplication.
Arvasi and Porter in [13] studied the truncated simplicial algebras and their properties. By using Cy, g functions they then
proved the following result:

Proposition 2.1. Suppose that E is a simplicial algebra. We denote its Moore complex by NE. Then

NE»/d;(NE3 N D3) N NE, — > NE,
is a 2-crossed module of algebras with the Peiffer lifting map
{—,—}:NE|®NE| — NE,/d;(NE3 N D3)
given by (x®y) = {x,y} = C(g)(1)(x®y) + A3(NE3ND3) = 51(x)(s1y — s0y) + J3(NE3 N D3) for all x,y € NE.
3. Hypercrossed Complex Pairings for Bisimplicial Algebras

In this section, we define the Cy g functions in Moore bicomplex of a bisimplicial algebra. Let A be the category whose
objects are the ordered sets [n = {0 < 1 <2--- < n}| and whose morphisms are non decreasing maps between them. Suppose
A X A is the product category. Its objects are the pairs ([p], [g]), the morphisms are the pairs of increasing maps. The functor
E :(AxA)°P — Alg can be considered as a bisimplicial algebra. Therefore, E__is equivalent to giving for each (p,¢) an
algebra E,, ;, and morphisms:

npa)
l' .

(pq) .
; CEpg— Epgi, qg=>j=>0

hpa) .
di " Epg—Ep14; s

(
vV
dj

Epg = Eptrgy  p2i20
rq)
“Epg = Epg-13 s

 respectively for d"" """

(pq) (pa) h(pq)

commute with @ s

vpa
9 1

and that the homomorphisms d}f“’q) iy

where the maps djv.(pq) ,s;
These maps satisfy the simplicial identities.

We consider of d""" ,s}?(m as the vertical operators and dih(pq) s as the horizontal operators. If E_ is a bisimplicial algebra,

an element of E, ;, can be thought as a product of a p-simplex and a g-simplex. Let BiSimpAlg be the category whose
objects are bisimplicial algebras given by the functors E. : (A x A)°? — Alg and whose morphisms are natural transformations
between the functors E. and E’ .

The Moore bicomplex for a bisimplicial algebra is

(n—1,m—1)
NE,,= () Kerd!™ nKerd!
(1.)=(0.0)

nm)

with the boundary homomorphisms
oM™ NEypm — NEy 1 m

and )
8; :NE, n — NE, 1

obtained by the maps dl.h("m) and djv-("m) where 0 < j<m, 0<i<n, nm#0.

We can denote this Moore bicomplex by Figure 3.1.
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NE1’2 h<.12) NEo,
a|
9;(12) 35(02)
NE | o NEy
() A (o1)
oy oy
NE o NEy .
, al,l<10)

Figure 3.1: Moore bicomplex

Now, we give the functions Cy, g for bisimplicial algebras.

Given k = (n,m) € N x N. Let S (k) = S (n) x S (m) with the partial product order. Take a, 8 € S (k) where & = (o1, 02), B =
(B1,B2) for 0y, Bi € S(n) and a, B2 € S (m). The 2-dimensional case of the Cq, g functions given for any simplicial algebra
[13] can be obtained as follows. We will need that the Pairings

{CQ,E:NEK—#Q XNE]S,#E *)NE& | Q%E, g,ﬁ € S(k)}

are obtained by creating of the maps given in the diagram

Cop
NEn —#oy ,m— #O!2®NE11 #ﬁlm #ﬁz %NEnm

(sa®sp) I4

En,m @ En,m Enm

Figure 3.2: Construction of Cy g

h h

where s : sglsaz, and where sq = 57 - -sf»’l for o) = (i, ,i1) € S(n), similarly Sp ﬁ 13 , and where sﬁ = sh

Y?l for

1= .S7 Tty ] . i p ) . - .
Bi=( J1) € S(n). We can define the maps similarly sg,, sp, in S (m). Note that sé, ") = id is the identity map. By the
composing the projections given below, the map p is defined as

p= (p,’iflmp’&) (1P 3.1

where pg-h’v) (x)=x—s; hov) g h H ( ), and p is given by the multiplication.

J
Thus for & = (011, 02), B = (B1,B2) € S(n) x S(m), it is obtained from the Figure 3.2 by composing the maps that

Cap (x®y) = pu(sa®sp)(x®y)

= PH(Sy Sty (%) @5, 55, ()

= p (sl shy () 5,55, 00)
for x € NE, 40y m—#o, and y € NE, _ug, ,,_4p,, Where p is given by

p:En,m — NEnm
h_v

a = Paye PUoPp - pipo(a) = (1=sy_ydyy) - (1= s5dg) (1 =55, 1y ) -+~ (1= spdp) (a)

for all a € E, ;,. Note that we obtain
Cop(x®y) =Cpa(y®x)

for x € NE,—soy m—#o, andy € NE, g, 1 _4p,-
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4. Low Dimensions Cases
4.1. The case (n,m) = (0,1) or (1,0).

Take (n,m) = (0,1) or (n,m) = (1,0). Firstly we calculate here Cy g functions whose codomain NEo; or NEjo. Let
(n,m) = (0,1). So S(n,m) = S(0) x S(1) = {(0,0),(0,(0))}, a = ((D,(Z))?mdﬁz (,(0)). Thus the function Cy g given by

C0.0).(0.0)) : NEo,1 ® NEy o —> NEp 1

is obtained by

C(0.0),(0,(0)(X®Y) —Pu(S@S@( )®S@S ( )) = plid(x )SEO)( )
)5y g™ (s ")
"y - dv“”( ")
= x5! (y) (- x € NEgy, _kerdo““ )

forx € NEy 1,y € NEy.
Assume that (n,m) = (1,0). After this, we take S(1) x S(0) = {(0,0),((0),0)}. Let @ = (0,0) and B = ((0),0). Then the
function N

C0.0).((0).0) : NE1o®@NEypo — NE) o

is defined as
Co).((0)0)(x®y) =x(sh % (y))
for x € NE o, y € NEy.

4.2. The case (n,m) = (1,1).
Let (n,m) = (1,1). Define the set
S(1) x S(1) ={(0,0), ((0),(0)), (,(0)), ((0),0)}.
1. For o = (0,0), B = (0,(0)), the function Cy g is from NE; | ® NE o to NEj 1. The map can be defined by

(10

)
Cl0,.0),(0,0)(x®y) =xs5  (v); xENE11, y € NEj.

((0),0). Then, the function Cy g is from NE; | ® NEo | to NE 1. The map can be calculated by

2. For o = (0,0), B

h(()l)
C(0.0),((0)0)(x®y) =xs5  (y); xENE11, y € NEp,.
3. For a = (0,0), B = ((0),(0)), the map C(g,9) ((0),(0)) : NE1,1 @ NEo o — NE) 1 is given by

»(00) p(01)
C((Z),(ZJ),(( 0),(0 ))(x®y) —x( Sg (y)); x€NE|1,y€ENEyp.

4. Take o = ((0),0) and B = (,(0)). Then the map
C((0).0),(0,(0)) : NEon @ NE1 g — NEj

can be calculated for any x € NEg 1,y € NEj o as

Clo)m0,0)x®y) = pllsa®sp)x®y)
= pbrb(sh” ()sh on
= ph(sh" s ) - ”’(@“”(x)sa“‘”(y)))
= 2h(s6" @ o) s s ™ sy )
= (" s ;) xekerd” ")
= (" @ o) - 68" 05" )
= (séw‘)(>s5“°><y>—s3<°”<)’o‘”)do” 5 0) (-.-dg“”ss“’”:id>
= (" s o) s s 6™ ) o™y = 5™ ™)
= (4" @) Coyekerd” =NE)
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5. For o = ((0),0) and B = ((0),(0)). Then the map
C((O)A,(ZJ),((O),(O)) :NEy1 QNEyo — NE7

can be given for any x € NEg 1,y € NEg as

Pl 155

5(01) Voo (

C((0).0).((0),(0) (x*®Y)

— o (x y))
00)

)sh
jAU KO (10) ,(11) , p(01) ,(01) ,,(00)
st ()0 o =sh 8 s 5™ 0))
h u> 0 (10) (1) 4(01) ,(00)
V) - @y "y st 6™ )
)

<>h““ <y) (xekerdy”)

(01 #(01) ,(00) Kl 1, (01) (01) ,(00)
60 ()s6 sy ) =s6dy (b (@)sh s (y)))

(O1) ,(00)

(o1) (01) ,(00)
st (y)—ss sty ) Codp

01)

= id)

I
S~
s
2
=
SN—
o

6. For a = (0,(0)) and B = ((0),(0)), the map
C(0,(0)).((0),(0)) : NE1o@NEoo — NE 1
is the zero map as given in the previous step.
4.3. The case (n,m) = (0,2) or (2,0) and crossed modules

In this section, by considering (n,m)= (2,0) and (0,2), we can compute the possible non zero operators with codomain NE» g,
NEjy, respectively. We give an application of these operators to the crossed modules.
For (n,m) = (2,0). From the set

5(2) x 8(0) = {((0),0), (0,0), ((1),0), ((1,0),0)},

we can choose & = ((1),0), B = ((0),0). Then Cy g is a map from NE1 o @ NE1o to NE; 0. This map can be given by for
v,y €NEj
Ci1.0),(00y®Y) = PM(Sa ®Sﬁ)()’®yl)
= b sk 0)
- h“°> 05 01 =54 0) € NEzo.
We have similarly
A Cmoorey) = #E ;e 0 -4 0)

00) (10
= ysg df  ())—yy €NEig.

Now suppose (n,m) = (0,2). From the set
5(0) x 5(2) ={(0,0),(0,(0)),(0,(1)), (0,(1,0))},

we can find the functions Cy g with codomain NEy . In this case, the only non zero operator Cy g can be calculated by
choosing & = (0, (1)) and B = (0, (0)). Therefore, this is a map from NEo 1 ® NEo to NEy . For x,x' € NEj 1, we obtain

Cio.1)).0.0)(x®x) = pu(sa®@sp)(x®@x)
v vy (0D ,(01)
= P1P0(51 (x )So (X))
= "W ) 5" () € NEoa.
‘We have also
L(02) SO0, 0 L01)
a5 (Co,(),0,0)(x®X)) = B st sy () = st ()

= xs}’) d}’ )(x’)—xx/ENEo_rl.
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Proposition 4.1. Assume that E, . is a bisimplicial algebra. Consider its Moore bicomplex NE, .. For p+q = 2, if
NE, , = {0}, then the map
d: NEy1 X NE1 o — NEp

given by
(o1) (10)
Ixy)=di  (x)+di ()

. . . 01 10
orx € NEy 1,y € NE| g is a crossed module of commutative algebras. In particular, the maps dV< ) and dh< ) are crossed
BER , 8 p Ps dy 1
modules.

Proof. The action of t € NEg on (x,y) € NEg ;1 X NE| g is given by
,(00) (00)
() = (55" 0%, (6™ )
For this action we get

At (ey)) = (55" (s 1))

(00) (00)

(o) (10)
= di (s Ox+df (s 1)y)
(o1) (10)
tdy () +di ()
= 1d(x,y)
and this is the first axiom of the crossed module.
Now for (x,y), (x',)") € NEy x NE| ¢, we obtain
(10) (10)
xy)- () = (5" @ ) +al™ ), <dv Y ()l <y>>y’)
_ (sv(oo dv(m dh(l )( ) d" ( ) oo)dh )y )
,(00) (01) (11) Vl()) V(u 01) (00 (10)
= (S d ()’ +dh (v )x’7d1 (x)y’ +S’6 »)y)
( h(IO —dh h(UU)dV(Ol) :d]( )SS(OI))
(00) (01) (00) (o1) (10)
= (50 (), 56 dh 0y) Cosg (x),85 (v) € NEyy ={0}).

Since NEj, = {0}, we obtain for x,x’ € NEy

1(02) L,(00) _(01)
9 (Co,.00)« @x)=xs5 d  (x) —xx=0

and therefore,
00) . (01)
dy (x)x = xx'.

Similarly, since NE, o = {0}, we obtain for y,y’ € NE| o

(20) (00) 7(10)
25 (C1y.0)(00) Y @) =Ysh di () —Yy=0

and therefore,
00) p(10)
di )y =y

Thus, we have

I(xy)- () = (' p)
() ()

and this is the second axiom of crossed module. O

5. Crossed squares and Bisimplicial Algebras

If we take (n,m)= (2,1) and (1,2), we will define the possible non zero operators Cy g Whose codomain NE| ; and NE; |
respectively. We give an application of these operators to the crossed squares. B

Assume now that (n,m) = (2,1). We think the set S(2) x S(1). We can choose appropriate pairs ¢,  from the set S(2) x S(1),
we can compute similarly all the non zero maps with codomain NE; ;. To get these maps, we take the possible «, 8 as follows.

Loa=((1),0), B=((0),0)
2. a=((1),0), B=1(0,(0)
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3. a= ((0)70), = 0’( )
4. a=((1),(0)), EZ(( ),0)
5. a=((0),(0)), E: ((1),0).

For (a, B), the necessary unctions can be given as follows:

Cop fu
1. Take a = ((1),0) and B = ((0),0), we have that the oparetor
C((]),o)’((o),@) INEL] ®NE171 HNEQJ.

This operator can be given by

(11) (11) (11)
Ci1)0),(00)(x®@y) =51 (X)(s5 () =5 (¥) ENEy,

for x,y € NEy 1.
2. For o = ((1),0),B = (0,(0)), we get the operator

C((1).0),0,(0)) * NE11 ®NEy o — NE3
defined by

(02)

AU
Ci)o),@,0)x®1) =51 (x)sy (1) € NEp,

forx € NEi 1 andt € NEy .
3. For a = ((0),0),8 = (0,(0)), we get the operator
C((0),0),0,0)) : NE11 @ NEy g — NEa

given by
A0, | (02)
Cl00.0.0)(x®1) =55 (x)sh (1) € NEp,
forx € NEj1,t € NEy.
4. For ¢ = ((1),(0)),B = ((0),0), we get the following operator

C((1),0)),((0).0) : NE10®NE1 1 —> NE3 ;.

It is given by (1) ,(10)
sTUsh T (x)s

(11)
Cl(1),0),((0).0) X ®@y) =515 (

0 (y) ENEy,

forx € NE1p,y € NEy 1.
5. For a = ((0),(0)),8 = ((1),0), we obtain the following operator

This can be defined as ) 0 L0
Clon (o) (x®y) =55 sy (X)si(y) € NEa

fOI‘xENElj(),yENEL’l.
For (n,m) = (1,2), we set
5(1) x $(2) = {(0,0),((0),(0)),(@,(0)),(0,(1)), ((0),(1,0)), (0,(1,0)), ((0),0), ((0), (1))}
S

1
In the following calculations, if we take the appropriate pairs ¢, B from the set S(1) x S(2), we will give all the non zero maps
for NE) ». To get these maps, we can choose the possible &, 8 from the set S(1) x S(2) as follows

loa=(0,(1), B=(0,(0)
2. a=(0,(1)), B=1((0),0)
3. a=(0,(0)), B=1((0),0)
4. a=((0),(1), B=1(0,(0))
5. 2=((0),(0), B=(0,(1)).

Now we compute the functions Cy g for these pairings (., B).
1. For a = (0,(1)) and B = (0, (0)), we obtain the operator
C((Z),(l)),((b,(o)) :NE| 1 QNE; | — NE .

This operator can be calculated by

11) Neh)

S0
Clo.(1)).0,0)(x®@y) =51 "(x)(sog () —s7 (v) ENE12

for x,y € NE1 1.
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2. For o = (0,(1)),B = ((0),0), we obtain the operator
C@’(]))}((O)’@) INE1,1 ®NE()72 — NE172

given by

(02)

)
Co(1)),(0)0)(x®1) =57 (x)s§ (1) ENE1,

forx € NE1!1 andt € NE()72.
3. For a = (0,(0)),B = ((0),0), we have the following operator

C(@,(O))‘,((O),O) :NE| 1 ® NEy, — NE|

given by

(02)

H(1)
Co,(0)),((0)0)(x®1) =55 (x)sg (1) ENE1,

forx € NE1!1 andt € NE()72.
4. For a = ((0),(1)),B = (0,(0)), we get the following operator

C((0),(1)),(0,(0)) : NEoj @ NE1; — NEj »

given by
©)
Clo).).0.0)(x@Y) =55 s}

(o1) 11)

(
(x)so " (y) €NE1
forx € NE()J, yE NEl_’l.
5. For o = ((0),(0)) and B = (0,(1)), we get the following operator
C((0),(0)),(0,(1)) : NEo1 @ NE1 1 — NE1 2

given by
©)
Cl0).0).0.0)(x&Y) =55 5t

(o1) 11)

(
(x)sy (v) ENEr
forx € NE()J andy S NE171.

Thus, we can give the following result.

Proposition 5.1. Let E, . be a bisimplicial algebra with Moore bicomplex NE, ... If for p > 2 or g > 2, NE, , = {0}, then,
Figure 5.1

Figure 5.1: Crossed square of Moore bicomplex

is a crossed square together with the h-map
h: NE()J X NELO — NE171

given by
RO ,(10)
h(x,y) = C(0),0),0,00)(Xx®@Y) =55 " (x)sg  (¥)
forall x € NEy and y € NE o, where ((0),0),(0,(0)) € S(1) x S(1). (This result is the commutative algebra version of
Conduché’s result given in [3].)

Proof. Our purpose is to see the role of the functions Cy, g in the structure.

Since NE| 2 = NEy o = NEg» = NE,; = {0}, the maps 81"“0) , 81V<01> ; 8{‘(“) and 81V(“) are crossed modules.

An actionof x € NEjgony € NEy is givenby x-y =y-x = sg(oo)df‘m) (x)y, similarly, the action of a € NEg ; on b € NE| ¢ is
. _p00) (01

givenbya-b=s; d| (a)b.
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For y € No,1 and x € NE o, we obtain

(11) (1), p(01) (10)
8{1 h(y,x) = 81 ( s (x))
. 3 p(11) V (10) (x)
= 1
i o
= y-x
We obtain similarly for a € NEy | and b € NE o
11) (1) , plon) (10)
" n(ab) = 91 (s (a)sy (b))
= h(m)(a)bx
= " ()b
= a~b.

11 01 .
Now we show that A(x, 81V( )c) =x-cforx € NEy) and c € NE| ;. For sg( >(x),c € NE, |, we obtain

(12) (01) (12) y(11) - p(01) y(11) (11) (12)
a5 ool e = & (5" " @ns @ -5 0) e ™ (VE)
(01) (10)  (11)
= 55 @ d (e)—o)
(o1) ,(10) (o1)
= " sy " (@) —sh" (e =0. (~NE,=0)
Thus, we have for x € NEy | and ¢ € NE 1,

nw oo = s s e (o)
h(Ol)

= 55 () (- NE2=0)

= X-C.

Fora € NE and y € NE| , we obtain
R(11) ;(01) gl (10)
" @)y =sh " d" (@) ().

10 .
For s(V)( )(y),a € NE, |, we obtain

(21 »(10) K21 K1) ,(10) (11) (1) (21
4™ (Cmooa@s ) = @ (380" @-51" @) e ™ (VEw)
H(10) (o1) 7(11)
" )" " (@)~ a)

»(10) (10)

RO (1)
so (V)so di(a)—sp

(y)a =0. ( NE2,1 = O)

Thus, we have

K1) h(on) Kl (10)
h(d" (a),y) = " (@sy" (v)
»(10)
= asy (¥)
= a-y
We leave other crossed square axioms to the reader. O

Arvasi, in [14], proved that Loday’s mapping cone complex

— !
[ A SN VR e

of the crossed square for commutative algebras in the Figure 5.2
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Figure 5.2: Crossed square

gives a 2-crossed module analogously to that given by Conduché in the group case [3].
Thus, we obtain the following result.
Let E, , be a bisimplicial algebra with Moore bicomplex NE, . If for p > 2 org > 2, NE, , = {0}, then

(CatID) gu1D) 210 5110

NE;| ——— = NEy| x NE; g — > NEj
is a 2-crossed module together with Peiffer lifting map
{—,—}:(NEyp,1 X NE| ) ® (NEy,1 x NEi9) — NE

given by
,(10)

(on)
{(x,3), ()} = Cop0).0.0) @) =56 (X)sh (Y)
for all x,x’ € NEy; and y,y’ € NE) ¢, where ((0),0),(0,(0)) € S(1) x S(1).

6. Conclusion

In this paper, we give the hypercrossed complex pairings for a Moore bicomplex of a bisimplicial algebra and we calculate in
dimension 2 explicitly these pairings in the Moore bicomplex to see what the importance of these relations in the structures,
for example crossed squares and 2-crossed modules. This idea can be extended to Lie algebra case. Defining these operators
for bisimplicial Lie algebras and using these pairings the connection between bisimplicial Lie algebras and crossed squares
over Lie algebras can be obtained similarly.
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