2023
@ Volume: s

Issue :2

lkonion
 Journal of

iy " £'M ATLCS

https://dergipark.org.tr/ikjm

ISSN: 2687-6531



Volume : 5 2023
Issue : 2 https://dergipark.org.tr/en/pub/ikjm

[KONITON

JOURNAL OF MATHEMATICS

ISSN: 2687-6531



Honary Editor

Prof.Dr. Hari Mohan
SRIVASTAVA

Editors in Chief

Assoc.Prof.Dr. Nihat AKGUNES
Turkey

nihatakgunes@gmail.com

Assoc.Prof.Dr. Melek ERDOGDU
Turkey

melekrdgd@gmail.com

Editorial Board

Prof.Dr. Abdulkadir Ceylan COKEN
Turkey

ceylancoken@akdeniz.edu.tr

Prof. Dr. Ayman BADAWI
USA

abadawi@aus.edu

Prof.Dr. Emilija NESOVi¢
Serbia

emilijanesovic95@gmail.com

Prof.Dr. Ibrahim YALCINKAYA
Turkey

iyalcinkaya@erbakan.edu.tr

Prof. Dr. Kinkar Ch. DAS
Korea

kinkardas2003@googlemail.com

Prof.Dr. Nesip AKTAN
Turkey

konuralpnesip@gmail.com

Prof.Dr. Arkadiusz JADCZYK
France

azjadczyk@gmail.com

Prof.Dr. Cengiz CINAR
Turkey

cengizcinar@gazi.edu.tr

Prof.Dr. Emine Gok¢gen KOCER
Turkey

ekocer@erbakan.edu.tr

Prof.Dr. Ismail Naci CANGUL
Turkey

ncangul@gmail.com

Prof. Dr. Mustafa OZDEMIR
Turkey

mozdemir@akdeniz.edu.tr

Prof. Dr. Ummahan Ege ARSLAN
Turkey
uege@ogu.edu.tr

Secretary List

Aslt AYDIN

Biisra AYDIN

Beyza URLU

Sahin Veli YUKSEL



CONTENTS

1. A Note on the Maximum Circle Inverses of Lines in the Maximum Plane 1-9
S. Ekmekgi

2. A New Hybrid Block Method via Combined Hermite Polynomials and Exponential Functions
as Basis Function 10-23
H. Orapine, Z. Donald, Ali A. Baidu, J. Oladele

3. A New Soft Set Operation: Complementary Soft Binary Piecewise Star (*) Operation 24 - 52
A. Sezgin, A. M. Demirci

4. On Data Dependency and Solutions of Nonlinear Fredholm Integral Equations with the
Three-Step Iteration Method 53 -64
L. Cona, K. Sengiil

5. Approximate Solutions for A Fractional Shallow Water Flow Model 65- 75
H. Tanq, H. Rezazadeh, M. Senol, O. Tasbozan, A. Kurt

6. The Numerical Solutions of the Conformable Time-Fractional Noyes Field
Model via a New Hybrid Method 76 -91
B. K. Oner, H. Anac



Ikonion Journal of Mathematics 5(2) (2023) 1-9

Ikonion Journal of Mathematics
https://dergipark.org.tr/tr/pub/ikjm

Research Article

Open Access
https://doi.org/10.54286 /ikjm.1319223

ISSN: 2687-6531

A Note on The Maximum Circle Inverses of Lines in The Maximum Plane

Siiheyla Ekmekgi 1*

Keywords: Abstract — In this study, the images of lines under inversion in maximum circle are analytically
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el positions of their end points. In addition, it is seen that the inversion in maximum circle transforms the
circle,

pencil of parallel lines (except line passing the center) to the set of the closed curves passing the center
of inversion. Also, the images of the concurrent lines under inversion with respect to a maximum circle
are considered and the results are presented.

Maximum distance.

Subject Classification (2020): 51B20; 51F99; 51K99.

1. Introduction and Preliminaries

In the real plane and space, the distance between two points is measured in various ways using different
distance functions. The most well-known distance functions include the Euclidean distance, the
maximum distance, the taxicab distance. The analytical planes equipped with these distance functions
are the non-Euclidean geometries. There have been many studies that contributed to the literature in
non-Euclidean planes and spaces, [1-4,6,12,21]. Maximum distance, also known as the Chebyshev
distance or Ly,-distance (the limit of the L,-distances when p — ), is a way of measuring the distance
between any two points. In analytical plane, the maximum distance between two points 4; = (xq,y1)
and A, = (x3,Y,) is given by dy (41, 4,) = max{|x; — 1|, |x; — ¥2|}. Its simple formula and intuitive
interpretation make it a useful tool in computer science and engineering applications, especially when
dealing with problems that involve movement in a grid or lattice.

Inversion in a circle is a geometric transformation such that a point in analytical plane invert another
point. Apollonoius of Perga introduced the inversion in circle in his work with the title “Plane Loci”. In
the 1830s, Steiner studied the inversion in circle, systematically. Many researchers have studied the
inversions in circle and contributed to them development since then, [7]. Moreover, inversion maps in
an elipse, a sphere, an ellipsoid, parallel lines, central cones, star shape sets were defined and
introduced, [8],[11],[18-20]. Besides, inversions with respect to a circle and a sphere in some non-
Euclidean geometries such as the taxicab geometry, the Chinese Checkers geometry, the maximum
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geometry were defined and their basic properties were given, [5], [9], [10], [14-17], [22]. In this article,
the images of lines under inversion in maximum circle have been analytically examined. It has been
observed that the image of line not passing through the center of the inversion is not a maximum circle,
but the closed curve. Properties regarding their images as the position of lines have been introduced.
Then, the images of line segments have been examined according to the fact that the end points of them
lie in the regions determined by the separator lines passing through the center of inversion. In addition,
it has been seen that the inversion in maximum circle transforms the pencil of parallel lines (except line
passing the center) to the set of the closed curves passing the center of inversion. Furthermore, the
images of the concurrent lines under inversion with respect to a maximum circle have been examined
and the results were presented.

In sequel, the some definitions, concepts and theorems required for this study are summarized as the
following:

Definition 1.1. Let A; and A, be two points whose coordinates are (xq,y;) and (x;,y,) in analytical
plane, respectively. The maximum distance between these points is

dy (A1, A7) = max{|x; —y|, |x; — ¥y 1}

It is clear by definition 1.1 that the maximum distance between these points is equal to the greatest of
the lengths of the line segments parallel to the coordinates axes in the right triangle with the hypotenuse
AA,.

The maximum plane is the analytical plane endowed with the maximum distance and symbolized by
R%. The maximum plane closely resembles the Euclidean plane with the exception of its distance
measurement. While the points and lines of the maximum plane are the same as the Euclidean plane,
and the angles are measured the same way as the Euclidean plane, the defining characteristic lies in its
distance function. Krause classified lines depending on their slope as the following definition:

Definition 1.2. Let m be the slope of the line [ in maximum plane. The line [ is called the steep line, the
gradual line and the separator line in the cases of | m |>1, | m |<1 and | m |=1, respectively. In the
special cases that the line [ is parallel to x-axis or y-axis, [ is named as the horizontal line or the vertical
line, respectively,[13].

A circle is a set of points that are equidistant from a given point. Since the maximum distance used to
measure this equidistance is different from the Euclidean distance, a circle in maximum plane has a
different shape than in Euclidean geometry.

Definition 1.3. The set of all points on the maximum plane which are the given r maximum distance from
the given point M = (im,, m,) is called the maximum circle centered at M = (imm,, m,) and radius r.

It is seen by definition 1.3 that the maximum circle centered at the point M = (in,, m,) and radius r is
the set
C = {(x, y):max{lx —my|,ly —m,| =7}.
As particular case, the maximum unit circle is
€ = {(x, y):max{|x|, |y| = 1},

that is the square.
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Every Euclidean translation preserves the maximum distance. So, it is an isometry in the maximum
plane. Reflections in the coordinate axes and the separator lines through the origin and rotations about
the origin by integer multiples of g are isometries in maximum plane, [21].

2. The Inversion in the Maximum Circle

Let C be the maximum circle centered at the point 0 and radius r in R%. The inversion in the maximum
circle C is

Ie: Ri\{0} = Ry \{0}
XX =X

where the point X' is on the ray 0X and dy; (0, X). dy (0, X") = 2. C is called the circle of the maximum
circle inversion; O is called the center of the maximum circle inversion; r is called the radius of the
maximum circle inversion; and the point X' is called the maximum circle inverse of the point X with
respect to I. For any point X different from O in the maximum plane, the maximum circle inversion map
has the property I.%(X) = X.

Theorem 2.1. The maximum circle inversion maps the point (except the inversion center ) inside of the
maximum inversion circle to the point outside of it, and vice versa, [9,10,22].

Teorem 2.2. Let C be the maximum circle with centered at the point O = (0,0) and radius r. If the points
P =(x,y)and P' = (x',y") are a pair of the maximum circle inverse points by I , then the following
equality between the coordinates of P and P’ are obtained

,',.2

o) = Gt Ty &

[9,10,22].

Corollary 2.3. Let C be the maximum circle with centered at the point O = (a, b) and radius r. For every
point P different from O, if the points P = (x,y) and P’ = (x',y") are a pair of the maximum circle
inverse points with respect to I, then the following equalities between the coordinates of P and P’ are
obtained

I} + rz(x—a)
x'=a
(max{|lx — al, |y — b|})?
2
—b
Y =b+ r*(y—b)

(max{|x —al,ly — b|N¥
[9,10,22].

Since translations are isometries in maximum plane, no generality is lost to take the center of maximum
circle inversion at origin. Therefore, throughout this study, the center Ois the origin unless otherwise
stated.

2.1. Images of the Lines Under the Inversion in the Maximum Circle

In this section, the images of the lines under the inversion in the maximum circle are discussed
analytically and the results are presented. The inversion in a Euclidean circle leaves fixed lines passing
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through the inversion center, while it tranforms lines not passing through the inversion center to circles
passing through the inversion center. While similar results are obtained for the image of the line passing
through the center of the maximum circle inversion, it has been observed that the images of the lines
not passing through the center have different shapes and properties depending on their positions. These
properties are given in the following theorems.

Theorem 2.1.1. The inversion in the maximum circle maps the lines passing through the center of
inversion to themselves, [9, 10, 22].

Theorem 2.1.2. The inversion in maximum circle maps a line not passing through the center of the
inversion to the closed curve passing through the center of the maximum inversion.

Proof. Suppose that I, and ¢ are the inversion in the maximum circle C centered at 0 = (0,0) with the
radius r and the line with the equation ax + by + ¢ = 0 where a,b,c € R and a’?+b%>+0,c#0,
respectively. I maps the point X = (x,y) on the line £ to the maximum inverse point X' = (x',y")
satisfying the equation

c
ax' + by’ + r—z(max{lx'l, ly’'ID? = 0.
This means that the image is the closed curve consisting the union of two parabola arcs with equations
’ ’ 4 ’ ’ ’ ’ 1 c ’ 1 ’
ax' + by +r—2(x)2 =0 for |x'| >|y'| and ax’ + by’ +=(y")? =0 for |x'| <|y'|. They are not

r2
maximum pabola arcs. It is seen that the both of arcs pass through O and the line ax’ + by’ =0 is
(a?+b*)r?

and x =
4bc

tangent to them at 0. Since the directrices of two parabolas have the equations y =

(a?+b?)r? . m

v parabola arcs are on two orthogonal parabolas whose vertices are T = (?\,7\;) and S =
2 2

(%,ﬁ) where m is the slope of £, A = —% and f = —bzic, (Fig.1 (a)). In addition, in cases of |m| < 2,

lm| > %and me [—2, - %] U E 2], only the vertex T, only the vertex S and both vertices lie on the image,

respectively. If the line £ does not intersect C, dy; (0, X) > r for every point X on . From Theorem 2.1,
dy(0,X") < r where the point X’ is the maximum circle inverse of the point X. And, the image of £ is in
interior of C. Thus, I maps the line £ not intersecting the inversion circle to the closed curve not
intersecting the inversion circle.

In the case of a = 0 or b = 0, the line £ is parallel to the coordinate axis. Suppose that a = 0. Then I,
maps the point X = (x, y) on the line ¢ to the maximum inverse point X' = (x',y") satisfying the equation

Cc
by’ + = (max{[x'| y'[)* = 0.

This means that the image is the closed curve consisting the union of the line segment and the parabola

arc. The the parabola arc is on the parabola whose vertex is the point 0, whose directrix is the line with

2
y = %, and whose axis of symmetry is the y- axis. So, it is observed that I (¥) pass through O and the

x-axis is tangent to I (¥) at 0. Note that the parabola arc is symmetric about the axis of symmetry. Also,
it is seen that the line segment in the image I-(¥), the directrix and the line ¢ are parallel, (Fig.1 (b)). If
the line £ meet C, then I leaves the intersection points fixed. In special cases fora = +1,b = +1, line ¢
is a separator line. I transforms the separator line £ with the equation x + y 4+ ¢ = 0 to the closed curve
with the equation

c
x4y + = (max{lx'L Iy )? = 0.

It states that the image I;(¥) consists of two parabola arcs such that they are on two orthogonal
parabolas passing through the center of the maximum inversion. Since the reflection in the separator



Siiheyla Ekmekci / IKIM/ 5(2) (2023) 1-9 S

line y' = x’ through the inversion center maps each of the parabola arcs to the other, the image is
symmetric about the line y' = x'". If the separator line £ does not meet the inversion circle, then the image

is interior of the inversion circle. In the other case, the intersection points are invariant under I.
v

(a) (b)
Figure 1. The maximum circle inverse of the line £

Also, the following results are immediately obtained from the proof of the Theorem 2.1.2.

Corollary 2.1.3. The inversion in maximum circle maps a gradual or steep line not passing through the
center of the inversion to the closed curve having the following properties:
i) It passes through the center of the maximum inversion,

ii) It consists of two parabola arcs on two orthogonal parabolas, also it pass through two vertices of

them when the slope of the given line is in [—2, — %] U E, 2],

iii) Its tangent at the center of inversion is the line through the center parallel to the given line.

Corollary 2.1.4. The inversion in maximum circle maps a horizontal or vertical line not passing through
the center of the inversion to the closed curve having the following properties:

i) It passes through the center of the maximum inversion,

ii) It consists of the line segment and the parabola arc,

iii) The coordinate axis parallel to the given line is tangent to it at the center of inversion

iv) Itis symmetric about the coordinate axis perpendicular to the given line,

v) The line segment in the image, the directrix of the parabola containing the parabola arc and the given
line are parallel.

Corollary 2.1.5. The inversion in maximum circle maps the seperator line not passing through the center
of inversion to the closed curve having the following properties:

i) It passes through the center of the maximum inversion,

ii) It consists of two parabola arcs on two orthogonal parabolas,

iii) It is symmetric about the separator line through the center of the maximum inversion,

iv) The separator line passing through the center of inversion parallel to the given separator line is
tangent to it.

2.2. The Line Segments Under the Inversion in the Maximum Circle

Let A and B be two distinct points in the maximum plane. It will be that the image of the line segment joining
points A and B under the inversion in maximum circle is on the image of the line passing through points A and
B. If the completion of the line segment AB passes through the center of maximum circle inversion, then the
line AB inverts to itself. Therefore, the image A'B’ lie on the line AB. If the completion of the line segment AB
does not pass through the center of maximum circle inversion, then its image is the closed curve passing
through the inversion center. The inverse points A" and B’ are the intersection points where the rays 0A and
OB meet this curve. The image of the line segment AB is the curve segment between points A" and B’ such
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that it does not include the point O. The image A’B’ has different shapes depending on the position the points
A and B. The classification of the images can be given by using the regions formed by the separator lines
through the point O as the following:

a) Let the end points of the line segment AB be in the same region. If AB is on the line perpendicular to the
coordinate axis in this region, the image A’B’ is a line segment. In the remain cases, the image A'B’ is a parabola
arc, (Fig.2).

E i
Ro et 7 N
. ﬁ' N 4
B : \,,
(a) : ®)
Figure 2. The maximum circle inverse of a line segment when its end points lie on same region.

b) Let the end points of the line segment AB be in two different neighboring regions. If AB is on the line
parallel to the coordinate axes, then the image A'B’ consists of a line segment parallel to AB and a parabola
arc. In the other cases, the image A'B’ consists of two parabola arcs, (Fig.3).

Figure 3. The maximum circle inverse of a line segment when its end points lie on neighboring regions.

c) Let the end points of the line segment AB be in two alternate regions. If AB is on the line parallel to the
coordinate axis, then the image A'B’ is formed a line segment parallel to AB and two parabola arc. In the other
cases, the image A'B’ consists of three parabola arcs, (Fig.4).

v

i‘.l
A

B

Figure 4. The maximum circle inverse of a line segment when its end points lie on alternate regions.

2.3. Images of Parallel Lines Under the Inversion in the Maximum Circle

In this section, the image of the pencil of all lines parallel to the given line is investigated. Suppose that I and
£, are the inversion in the maximum circle C with the center O = (0,0) and radius r and the line through O
with the equation ax + by = 0 where a? + b? = 0, respectively. The pencil of all lines parallel to the line £,
is the set {£: € | £,}, where ¢ has the line with equation ax + by + ¢ =0, ¢ € R. The image of this pencil

under I, is the set of inverses of all lines parallel to the line £,. It is clear from theorem 2.1.2 that the maximum
circle inversion maps lines in pencil (except €,) to the closed curves through the inversion center O such that
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the line £, is tangent to them at the inversion center. The set of these closed curves forms the image of the
pencil under /. In the case that a # 0 and b # 0, it is known from theorem 2.1.2 and corollary 2.1.3 that every
closed curve in the image of the pencil is the union of two parabola arcs through O and tangent to 4, at the
point 0. Additionally, each curve in the image is on two orthogonal parabolas where their vertices are on the

linesy = —%x andy = —%ax, (Fig 5 (a)). Inthe case that a = 0 or b = 0, it is seen from theorem 2.1.2 and

corollary 2.1.4 that every closed curve in the image of the pencil is the union of a parabola arc and a line
segment parallel to £,. Also, all curves contain the vertex O and are symmetric about the coordinate axis. And,
the line 4, is tangent to them at the point O, (Fig 5 (b)).

N7

@ (b)
Figure 5. Images of parallel lines under the maximum circle inversion.

2.4. Images of Concurrent Lines Under the Inversion in the Maximum Circle

In this part, it is examined how their images behave when an inversion transform is applied to
concurrent lines. Concurrent lines are lines that intersect at a point. It is observed that image of
concurrent lines under the maximum circle inversion can vary depending on lines and the inversion
circle. Also, it is well known that inversion in a Euclidean circle preserves the angles between
intersecting lines. By considering inversion in maximum circle, this property is examined as the
following.

Theorem 2.4.1. The angle between the two intersecting lines is the same as the angle between their
maximum circle inverses at the center of maximum circle inversion.

Proof. Let 0 be the angle between the intersecting lines #; and £, at the point N. Suppose that I is the
inversion in the maximum circle C with the center O = (0,0), the radius r. If the lines #; and ¥, pass
through the inversion center, then the intersection point of £; and £, mustbe N = O. Since Io(¥1) = ¥4
and I-(¥;) = ¥,, angle between the images is 0. In the case that only the line #; passes through the
inversion center, then I-(¥;) = ¥¢; and I-(¥,) is the closed curve whose tangent at the inversion center
is parallel to #,. So, angle between I-(#;) and I¢(¥;) is 0. If £; and £, do not pass through the inversion
center, then I-(¢;) and Iz(£,) are two closed curves through the inversion center such that tangents of
I-(£1) and I¢(¥,) at the inversion center are parallel to #; and ¥,, respectively. Thus, angle between
I-(£1) and I (¥;) at the inversion center is 6.

Corollary 2.4.2. The maximum circle inverses of two orthogonal lines are orthogonal at the inversion
center.

Now, considering the set of concurrent lines. This set is also called the pencil of concurrent lines. The
properties regarding the image of this pencil under the maximum circle inversion are introduced in the
following corollary.
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Corollary 2.4.3. Let N be a point in the maximum plane. The maximum circle inverse of the pencil of
concurrent lines at the point N has in the following properties:

i) If the point N is the inversion center, then /¢ leaves the pencil fixed.

ii) If the point N is on the maximum inversion circle, then /- maps all lines in the pencil, except the line
ON, to closed curves passing through point N and the inversion center O, (Fig 6 (a)).

iii) If the point N is not on the maximum inversion circle, then I, maps all lines in the pencil, except the
line ON, to closed curves passing through the inversion center O and the inverse N'of N, (Fig 6 (b)).

v

/ “ 1/ o
. IR T

(a) (b)
Figure 6. Images of concurrent lines under the maximum circle inversion

3. Conclusion

In this study, the focus was on the examination of the images of lines under inversion in a maximum
circle. Through a detailed analytical analysis, several observations were made. It was found that when a
line does not pass through the center of inversion, its image does not form a maximum circle but instead
becomes a closed curve containing at least one parabolic arc. The study also introduced various
properties related to the images of lines under maximum circle inversion. Furthermore, the
investigation extended to the examination of line segments and their images, considering the positions
of their endpoints. This analysis provided valuable insights into how the inversion in a maximum circle
affects the geometric configuration consisting line segments. Another finding was that the inversion in
a maximum circle transforms a pencil of parallel lines (excluding the line passing through the center of
inversion) into a set of closed curves that all pass through the center of inversion. Additionally, it was
examined the images of concurrent lines under inversion with respect to a maximum circle and results
were obtained. These findings provide to our understanding of how parallel and concurrent lines are
affected by inversion. Consequently, it is thought that the results obtained in this study contribute to the
literature including the subject of inversion in non-Euclidean geometry.
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Keywords: Abstract — The development and implementation of a hybrid block method of order nine for
PBasis function, first-order initial value problems (IVPs) of ordinary differential equations (ODEs) that are stiff
Collocation, or oscillatory in nature are presented in this paper. The hybrid block method was created using
Exponential function, continuous collocation and interpolation techniques by combining Hermite polynomials and
Hermite polynomials, exponential functions as the basis function to produce a continuous implicit linear multistep
Hybrid block method, method (LMM). The method’s properties were studied and proven to be consistent, convergent,
Interpolation, and zero-stable with an A-stable region of absolute stability, making it a suitable approach for
Ordinary Differential stiff and oscillatory ODEs. The application of a combined basis in the generation of LMMs is an

Equations. approach that should be widely adopted. The technique shows that continuous LMMs can be
derived from a combination of any polynomials and exponential functions through an
interpolation and collocation approach. On two sampled stiff and oscillatory problems, the new
integrator was tested. The numerical findings demonstrate that our hybrid block integrator is
computationally efficient and outperforms previous methods of similar derivations in stability
and accuracy of results.

Subject Classification (2020): 65L04, 65L05, 65L6, 65L20.

1. Introduction

We investigate a numerical solution to first-order initial value problems (IVPs) of the ordinary
differential equations (ODEs) that may exhibit stiffness or oscillatory behaviour given by

y' =f(ty®), y(to) =y, Vast<b, (1.0)

where t is the initial point, y, is the solution at ty, and f is assumed to be continuous and satisfy the
Lipchitz theorem for the existence and uniqueness of the solution.

The problem (1.0) frequently arises in studying dynamic systems and electrical networks [4]. According
to [10], equation (1.0) is used to simulate population growth, particle trajectory, simple harmonic
motion, beam deflection, and other phenomena. Notably, mixture models, the basic Susceptible,
Infection, and Recovery (SIR) models, and other related models may all be formulated as problems of
the form (1.0).

*hycienthorapine@naub.edu.ng (Corresponding Author);

1 Department of Mathematics, Nigerian Army University Biu, Borno State, Nigeria;

2 Department of Mathematics, Adamawa State University Mubi-Nigeria;

3 Air Force Institute of Technology, Kaduna-Nigeria.

Article History: Received: 09.01.2023 — Accepted: 11.07.2023 — Published: 12.09.2023


https://orcid.org/0000-0002-7990-3338
https://orcid.org/0000-0001-9494-2223
https://orcid.org/0000-0002-0491-0461
https://orcid.org/0000-0003-1668-8500
https://dergipark.org.tr/tr/pub/ikjm
https://doi.org/10.54286/ikjm.1227629

H. 0. Orapine et al. / IKIM/ 5(2) (2023) 10-23 11

The solutions of nonlinear, stiff, and oscillatory problems of ODEs such as (1.0) are often highly unstable
[11].

Definition 1.1 [8]. A differential equation is considered to be stiff if Re( Ej) <0,j=1,2,..,m, here&is

the Eigenvalue of the given differential equation.

Definition 1.2 [13]. A differential equation with at least one oscillating solution is said to be oscillatory.
If a nontrivial solution (function) of an ODE converges not to a finite limit (or diverges), it is said to be
oscillating. (i.e. if the function has an infinity of results).

To deal with this class of problems, researchers have historically focused on developing efficient, stable,
and high-order linear multistep methods (LMMs). Because LMMs do not start on their own, they require
initial values from one-step methods like Euler's method and the Runge-Kutta family of methods. Ref.
[11] gives the k-step generalized LMM as

k k

Y @iy =h ) Bifurss  @GH+hoE0 @ =1 (1.1)
=0

j=0

where @; and B; are uniquely determined, h = step length, such that ¢, — t; = nh.

According to [11], existing LMMs for solving ODEs may be derived using approaches such as Taylor's
series, numerical integration, determining the order of the LMM, and the interpolation approach, all of
which are major discrete schemes constrained by assuming the order of convergence.

Ref. [1] and [11] reported that several researchers have shifted to employing the continuous collocation
and interpolation process, resulting in the emergence of continuous LMMs of the form

k k

YO = ) GOynj +h ) Bi(Ofnss, (12)
j j=0

Jj=0 J=

where ¢;(t) and ;(t) are continuous functions of t that should be differentiable at least once.

The continuous collocation and interpolation approach is a milestone in numerical analysis and
computation for it is widely used. In this study consequently, we will derive continuous LMM and
implement it in block form to eliminate its non-self-starting drawback.

Scholars have used continuous collocation technique to derive LMMs using a variety of single basis
functions, including power series, Lagrange polynomials, Chebychev polynomials, Legendre
polynomials, Hermite polynomials, and exponential functions among others.

It is established that the efficiency of these methods depends mainly on the basis functions chosen and
the problem to be solved [2], [9], and [11]. Consequently, in search of a method with better efficiency
and stability properties, [13] introduced a combined basis function for the derivation of LMM for the
problem (1.0) of the form
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r+n—-1 r+n P
) alt!
y(t) = z a;t! + ayip — (1.3)
j=0 =)

this combines power series and exponential functions. We improve upon this in terms of the
methodology of the derivation, and the order and stability of the method.

In this paper, therefore, we proposed a different combined basis function, which is Hermite polynomials
and exponential functions for the derivation of LMM to generate a higher order and efficiently stable
hybrid block method for the solution of problem (1.0).

2. Methodology

The collocation procedure for continuous LMM in equation (1.2) intended for ODEs such as equation
(1.0) is in general based on a basic idea: identify a function of a defined form that exactly satisfies the
differential equation at a given set of points. The approximation function must also meet some additional
conditions placed by the nature of the problem under consideration.

In this study, we concatenate Probabilist’'s Hermite polynomials and exponential functions to be an
approximate solution to the problem (1.0) in the form

y(t)—ZarH () + Z Zarﬁj,t], m=i+c. (1.4)

r=k+1 j=

Equation (1.4) is called the basis function and is continuously differentiable. where c¢ denotes the
number of collocation points, i is the number of interpolation points and g € R.

The coefficientsa,- € R, r =0,1,...,m of the series (1.4), are determined over the interval of
integration [a, b], fora =t, <t; <-- <ty =b, with a constant step size h given by h=1t,,; —
ty,; n=0,1,...,N — 1. H.(t) are the Probabilist’s Hermite polynomials generated by the formula

n

H,(t) = (=1D)"e (tz) a” e(_g) = (1 —i) -1, (1.5)
dth dt
and whose recursive relation is
Hn11(8) = tHy(8) — Hp () . (1.6)
The first ten probabilist’'s Hermite polynomials are:
Hy =1, H =t H, =t?—1, Hy = t3 — 3¢, H,=t*—6t>+3
Hg =t>—10t3 +15t, Hg =t —15t*+45t> — 15, H, = t’ — 21t%+ 105t3 — 105¢
Hg = t8 —28t%+210t* — 420t%2 — 105, Hy =1t° —36t7 + 378t°> — 1260t3 — 945¢
Now, obtaining the first derivative of (1.4) we have
pIv! .
y(t)—ZarH(t)+z ar(]_l)', m=i+c. (1.7)

r=k+1 j=

Interpolating equation (1.4) at t = t,, and collocating equation (1.7) at t = t,,,., ¢ € R; a system of
nonlinear equations is produced, which is compactly expressed in the form
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k

Yn = ZarHr(tn) + Z ar_.'n,
r=0 r=k+1j=0 J:
r (1.8)
it)
fose = zarH (tn+e) + z '8 n+C, .
r=k+1 (] a 1)' J
j=

The unknown constants a, in equation (1.8) are determmed using standard methods like Gaussian
elimination or matrices inversion method and substituted into equation (1.4). Thus, applying the

. t—t
transformation x = —=

form in equation (1.2) is obtained for different values of m, and it is implemented in block form.
3. Derivation of Hybrid block Method

The approximate solution to the problem (1.0) is the equation (1.4) wherem =9, i.e.

JtJ
y(t) = ag + a;t + ay(t? — 1) + a3(t3 — 3t) + a,(t* — 6t + 3) + as(t> — 10t3 + 15t) + aGZﬂ_—'
j=0

9 .
Jt] JtJ It
+a7z_+a82‘8 agzﬁj_|. (19)
j=0 °

Taking the first derivative of equation (1.9) and substituting in equation (1.0) gives

Jgi-1
F(t,) = a + 2a5t +3a5(t? — 1) + 4a,(t> — 3t) + Sas(t* — 6t2 +3) + aszm
j=1 '

Bftf 1 8 piti—1 Jti=
+Cl7 (] — 1)' _=1m + a9j=1m . (110)

Now, interpolating equation (1.9) at point ¢,,,;, i = 0and collocating equation (1.10) at point t, ., ¢ =

O,%, i, %, % g i ; and 1, the following nonlinear system of equations is obtained
B-A=1U, (1.11)
where

_ T
A = (ag, aq,az,a3,04,0as, g, A7,dg, Ag) ",

U= (v for Frats Fusts Frsts FastoFusss Futs Fua fos) and
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16, -1 @-3t) G-6E+3) (G-108+15,)  Ni,Et y L4 oy fa oy ]
01 2, 3D 43 S@oel+d)  yp,LE Zizlfff’]f; YN L
01 2. 3(ya-1) (g -sna) SCu-erL ) I u"f}’” i (1"3‘/3 e o“fifﬂ Zj 0”31373
0 1 2t 3(ta-1) 4(5a-36.) 5L -6:+3) T, (,"Z;"‘ T U"Z}“ T @“S." by (,’”13,"
O LI 3(0:=1) 4(2-3t,) 5s—6t7:+3) Ti, U”E,’” . (1"3,/3 ) O“Z;.’E X (}”;;,’B .
0 1 2t 3(2.-1) 4(8.-30a) SEa-6.+3) XL U";{Z I 15:";{2 e f;f“;(z LA
0 1 2t 3(2s-1) 4(2s-36,) Sa-62:43) X5, U_S’ X (jf)"!f“ ¥, (jf;“ ¥ (jf)"jg
01z 3(gym1) a(Bgmang) seledyrn dTER LSRR SR LT
0 1 2, 3(2;-1) 4(8;-380,:) S, -67:+3) Y, U";,’“ E?;fﬁi{s Eﬁzlﬁﬁifs E?zlﬂz;f;fa
0 1 2t B(E.-1) AGL -36.) S(E.— bR, +3) Do, l0m 57 Pte e P g S |

Solving equation (1.11) in maple soft, using the matrix inversion method, the value of the unknown
column vector A is obtained. The value of the vector A is then substituted in equation (1.9) to give a

(t_ n)

continuous implicit scheme. Thus, applying the transformation x = , and algebraic manipulation

for all values of § € R we have a continuous implicit hybrid LMM of the form in equation (1.2) given as

1
y() = @GOV +h| D B @ s . (113)

j=0

315 . . .
5 18 2' 8 2’ 8and1 fnsj = f(tn + jh,y(ty + jR)), while ay(x) and Bj(x)

represent continuous coefficients which are obtained as follow

where j= 0

a, =1
Bo = 28350(1310720x — 6635520x” + 14376960x° — 17418240x° + 12930624x* — 6055560x° + 1771860x2 — 308205x + 28350)
p1= —14175 (16384-Ox — 806400x° + 1681920x° — 1932000x* + 1326528x% — 549675x% + 129870x — 14175)
8
8x
p1= 14175 (2293760x — 10967040x° + 22026240x5 — 24057600x* + 15411312x% — 5781195x2 + 1173690x — 99225)
4
32x%h
Bz =— 14175 (1146880x — 5322240x% + 10298880x° — 10735200x* + 6483456x% — 2259495x2 + 420630x — 33075)
8
2x (1.14)
p1= 2835(4-587520)6 — 20643840x° + 38522880x° — 38492160x* + 22161888x% — 7343280x2 + 1305990x — 99225)
2
PBs = 14175 — 4999680x° + 9008640x° — 8672160x* + 4810176x% — 1540665x% + 266490x — 19845)
8
ps = 14175 (2293760x — 9676800x° + 16865280x° — 15724800x* + 8476272x% — 2650725x% + 450030x — 33075)
Z
32x%h
7 = ~ 14175 (163840x7 — 668160x° + 1128960x° — 1024800x* + 540288x3 — 166005x2 + 27810x — 2025)
8
2
B, = 28350(1310720x — 5160960x° + 8478720x° — 7526400x* + 3898944x° — 1181880x% + 196020x — 14175)

. . 1 1 3 1 5 3
When equation (1.13) isevaluatedatt = =, -, =, =, =, =
8’ 4’ 8" 2’ 8" 4’

OOI\I

, 1 and implemented in block form, it yields
a discrete hybrid block method of the type

AOy = Ey. +hDf(y,) + hBF(Y,,), (1.15)
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Where

T
Vin = [V Vst Vi Vst Vi Ysto Voo Yoss |
T
yw{n%n%%%n%n%n%n%hy
T
FO) = [t frito P Foito P Fruizo s fo]

T
o0 = | fupfusFusfusFusfosfust])

1 0 0 0 0 0 0 0
01000000
00100000

A®=[0 00 100 00
000010 0 0|
00000O0T100
00000O0GO0T10
0 000000 1
0 00 00 0 0 1
00000O0O0 1
00000O0O0O0 1

g—[0 00 00 00 1
000000 O0 1/
00000O0O0 1
00000O0O0O0 1
0 000000 1

0 0 0 0 0 o o 070017

29030400
00 0 0 o 32377
907200
0000000 0
358400
4063

Do 113400
41705 |

1161216
401

11200
149527

4147200

0 0000 0O 089
L 28350 -
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- 2233547 2302297 2797679 31457 1573169 645607 156437 33953 1
14515200 14515200 14515200 181440 14515200 14515200 14515200 29030400
22823 21247 15011 2903 9341 15577 953 119
113400 453600 113400 22680 113400 453600 113400 129600
35451 1719 39967 351 17217 7031 243 369
179200 179200 179200 2240 179200 179200 25600 358400
2822 61 4094 227 1154 989 122 107

5| 14175 28350 14175 2835 14175 28350 14175 113400
115075 3775 159175 125 85465 24575 5725 175
580608 580608 580608 36288 580608 580608 580608 165888

279 9 403 9 333 79 9 9
1400 5600 1400 280 1400 5600 1400 711200
408317 24353 542969 343 368039 261023 111587 8183
2073600 2073600 2073600 25920 2073600 2073600 2073600 4147200
2944 464 5248 454 5248 464 2944 989
L 14175 14175 14175 2835 14175 14175 14175 28350

4. Analysis of the Method

4.1 . Zero Stability of the Method

Definition 4.1: [3] if the roots r,, n=1,2, ...,k of the characteristics polynomial P(r) given by

P(r) = |(rA(°) — E)| satisfies |ry| < 1 and every root satisfying |r,| < 1 has a multiplicity not greater

than the order of the differential equation, then the Block Integrator (1.15) is said to be zero-stable,
Furthermore, as h - 0,P(r) = r* *(r — 1)* where p is the order of the differential equation, « is the

order of the matrices A(®and E (see also [7]).

Thus, for our block integrator, we have

P(r) =

PI) = (r =117 = 0,=>7 =15 =

1

S OO OO OO

0

[N e oNolollS

0

0 0 O
0 0 O
1 0 0
0 1 0
0 0 1
0 0 O
0 0 O
0 0 O

S OPRrRr OO OOoOOo
OCrRr OO OOoOOoOOo
O P OO OO OOO

I
Ny
I

Hence, our block integrator is zero-stable.

4.2. Order and Error Constant

e
I
_

S OO OO O OO

SO OO OO OO

S OO OO O OO
S OO OO O OO
S OO OO O OO

S OO OO O OO

SO OO OO OO

PR R R R R R

=0. (1.16)

Using the approach described in [6] and [13]. In equation (1.15), we define the linear difference

operator connected with the new hybrid block method as

L{y(t),h} = A®Y,, — Ey, — h[Df (y,) + BF(Y,,)]

(1.17)

We assume y(t) has higher derivatives, as such when the Taylor series is used to expand equation
(1.17) and the coefficients of h are compared, the result is
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L{y (), h} = coy(t) + c;hy' () + c;h2y"" () + csh®y""(£) + -+ + c,hPYP (t) + ¢y APy PHI(6) 4 o) (1.18)

where
1 k K
Cp == ijaj - psz‘lﬂj ,p=0,1,2,3,..,n. (1.19)
P\ & -
j=1 j=1
Definition 4.2. According to [6], if co=c;=c;=c3=--=¢, =0, cpyq #0, then the linear

difference operator and the corresponding continuous LMM are considered to be of the order p. The
Cp+1 is termed the error constant and the local truncation error is defined by

To+k = Cppr hPTDy@PH(¢)) + 0(hP+D) (1.20)

Thus from equation (1.15), we have that

r2233547 2302297 2797679 31457 1573169 645607 156437 33953
14515200 14515200 14515200 181440 14515200 14515200 14515200 25030400
22823 21247 15011 2903 9341 15577 953 119
113400 453600 113400 22680 113400 453600 113400 129600
v 35451 1719 39967 351 17217 7031 243 369 |[/net
L 000000 voa| T* 179200 179200 179200 2240 179200 179200 25600 3358400 | ([}
0010000 ol |1 w2 e s 7 ns o s am o 107 |f
L]0 © 0 1 0 0 o of[na| [if | B 28350 14175 2835 14175 28350 14175 113400 [|f.af _
' 0000100 Oyl [t 115075 3775 159175 125 85465 24575 5725 175 fri
00000010 0fys] |1 530608 580608 580608 36288 580608 580608 580608 163888 ||f .
PR | 54 I b 275 9 403 9 333 79 9 9
0 000O0O0TU01 |k Fuel
Yot 1400 5600 1400 "280 1400 5600 1400 o0 |[p]
408317 24353 542969 343 368039 261023 111587 8183 "
2073600 2073600 2073600 23920 2073600 2073600 2073600 4147200
2944 464 5248 454 5248 464 2944 989
L 14175 14175 14175 2835 14175 14175 14175 28350

Expanding equation (1.21) in the Taylor series and evaluating the coefficients using equation (1.19) we
have

Cg =C =€ =03 =C4 =Cg =Cg = Cg = Cg:D.
Therefore the hybrid block method has an order of nine (9) and an error constant as:

c10 = [7.3505E — 12, 5.9871EF — 12, 6.4964E — 12, 6.1760E — 12, 6.4964E — 12,
5.9871E — 12, 7.3505E — 12]"

Region of Absolute Stability of the Method

Definition 4.2 [14]: A region of absolute stability is one in which r = Ah in the complex z plane.

For all initial conditions, it is well-defined as the values for which the numerical solutions of y' =
—Ay satisfy y; - 0 asi — oo.

To establish the region of absolute stability of our block integrator, the boundary locus approach is
used. This is accomplished by substituting the test equation

y' ==,
into the block formula in equation (1.15). This gives

o o 0 o O o O o

(121)
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AOY. (r) = Ey,,(r) — hADy,(r) — hABY ,, (7). (1.22)
Given that, h = Ah and r = e'?, thus we have

AQy, (1) - Eyn(r))

(1.23)

h(r) = _< Dy, (r) + BY (1)

which is the characteristics/stability polynomial. Using equation (1.23), we obtain the stability
polynomial for our block method as:

E( ) = ( 1 8 1 7) he 4 ( 761 8 761 7) B
") =\150994944" ~ 150994944 2642411520 2642411520
N ( 29531 29531 7) 6+_< 89 ., 89 7>h5
3963617280 3963617280 655360 655360

1069 1069 9 9 91 91
8 _ 7 h4 _ - .8 __- .7 h3 (_ 8__ = 7)h2
+ (589824r 589824 ) *’( 512’ 512 ) T 768" 768"

1 1
+ <—§r8 —§r7>h + r8— 77,

This gives us the absolute stability region shown in Figure 4.1 below.

1400

1200

1000

800

Im(z)

600

400

200

0 SE——
4 -3 ) 1 0 1 2 3
Re(z) x10°

Figure 4.1: Showing the Absolute Stability Region of the Block Method

According to Figure 4.1, the new hybrid block method is effective in handling stiff problems since its
RAS (Region of the Absolute Stability) is unbounded [6]. A numerical scheme is considered A-stable if
its region of absolute stability R covers the entire complex plane C, which is defined as, i.e. R ={Z €
C/ Re(Z) < 0} [7]. This confirms that the hybrid block method is an A-stable method.

4.2 Consistency of the Method

If a block method has an order greater than one, it is considered to be consistent [7]. The foregoing
analysis shows that our block integrator is consistent.

4.3 Convergence of the Method

An LMM is considered convergent if and only if it satisfies both the requirements of consistency and
zero stability [5]. Hence our block integrator is convergent.
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5. Numerical Implementations

We compare the results of our method to those obtained by similar methods on some of the most
difficult stiff and oscillatory problems in the literature.

The following notations are used in the results tables.

ERROR: The absolute value difference between the exact solution and the computed numerical result
is an error. Le.

i. ERROR = |Exact solution — Numerical result|.

ii.  Ycomputea = Numerical result using the new hybrid block method.

iii. Yexact = Exact solution.

Example 5.1: Consider the stiff first-order ODE in [12].

1
() _yA-y

- 5
2}/——1 B y(O) = g,O <t< 1, (124)

with the analytical solution y(t) = % + % - % et

Example 5.2: The Prothero-Robinson Oscillatory ODE
We also study the Prothero-Robinson Oscillatory problem solved by [13].
y' = L(y —sint) + cost, L=-1, y(0)=0 (1.25)

with the analytical solution y(t) = sint.

The results obtained at different values of time ¢, are shown in figures 5.1-5.2, and the absolute error in
tables 5.1-5.2.

0.96] |

0.94 — *  Yexact solution |

—4— Ycomputed solution

.82l ! ! ! ! L
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

t

Figure 5.1: Showing the results of Example 5.1 using both analytical and numerical approaches.



H. O. Orapine et al. /IKIM/ 5(2) (2023) 10-23

20

ERROR ERROR
h yExuct ycomputed
in New Method in [12]
10~! | 0.85260195175848715618 | 0.85260195175848714034 1.584E-17 5.63131E-5
1072 | 0.83539987872083210020 0.83539987872083210018 2.0E-20 6.83365E-8
1073 | 0.83354149753621050416 | 0.83354149753621050415 1.0E-20 7.00620E-11
10~* | 0.83335416497409883587 | 0.83335416497409883586 1.0E-20 7.03881E-14
1075 | 0.83333541664973972384 | 0.83333541664973972383 1.0E-20 7.24374E-19
Table 5.1: Results and Absolute Errors of Example 5.1.
0.9
0.8 - -
0.7 *  Yexact solution -
=—+—Ycomputed Result
0.6 — =
0.5 — =
s
0.4 - -
0.3~ -
02— =
01— =
0 | \ \ J \ | \ \ |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 5.2: Presenting the results of Example 5.2 using both analytical and numerical approaches.
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ERROR ERROR
YExact Y computed

in New Method in [13]
0.1 0.099833416646828152307 | 0.099833416646828152301 | 6.0E-21 1.822016E-14
0.2 0.19866933079506121546 0.19866933079506121544 | 2.0E-20 2.271482E-14
0.3 0.29552020666133957511 0.29552020666133957508 | 3.0E-20 4.241108E-14
0.4 0.38941834230865049167 0.38941834230865049164 | 3.0E-20 1.364169E-14
0.5 0.47942553860420300027 0.47942553860420300024 | 3.0E-20 6.502551E-14
0.6 0.56464247339503535720 0.56464247339503535714 | 6.0E-20 9.103963E-14
0.7 0.64421768723769105367 0.64421768723769105357 | 1.0E-20 1.951339E-14
0.8 0.71735609089952276163 0.71735609089952276154 | 9.0E-20 7.155093E-14
0.9 0.78332690962748338846 0.78332690962748338836 | 1.0E-20 5.921081E-14
1.0 0.84147098480789650665 0.84147098480789650656 | 9.0E-20 8.457038E-14

Table 5.2: Results and Absolute Errors of Example 5.2.

5.1. Discussion of the Results

In this article, we investigated the effectiveness of a new hybrid block method by testing it on two
numerical problems: one involving stiff ODEs and the other involving oscillatory ODEs. The stiff problem
was previously solved using a seven-step block LMM by [12], while the oscillatory problem was
previously solved using a similar derivation of the order seven block method by [13]. Tables 5.1 and 5.2
display the comparative results of problem 5.1 in equation (1.24) and problem 5.2 in equation (1.25),
respectively. The new hybrid block method was evaluated against the exact solutions of the two
numerical problems, and the results are shown in Figures 5.1-5.2. Our findings demonstrate that the
recently developed hybrid block integrator is highly computationally efficient and offers superior
performance in precision and stability compared to current methods.

6. Conclusion

This paper presents a novel hybrid block integrator that uses a continuous collocation and
interpolation approach to solve stiff and oscillatory first-order ODEs. The hybrid LMM used in this study
employs a unique basis function that combines Hermite polynomials and exponential functions, which
differs from the approaches used by other researchers. Additionally, the derived LMM is distinct from
previous methods. The hybrid block method is both convergent and consistent, with zero stability and
an A-stable region of absolute stability. As such, it is well-suited for solving both stiff and oscillatory
ODEs.

In terms of accuracy, the novel hybrid block method has outperformed previous methods of similar
derivations. The use of combined basis functions in the generation of LMMs is worthy of universal
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acceptance. The technique indicates that continuous LMMs can be derived from any combination of
polynomials and exponential functions utilizing an interpolation and collocation approach.
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examining the distribution of complementary soft binary piecewise star operations over other
type of soft set operations, we aim to identify the relationship between this new soft set operation
and others to contribute to the soft set literature. Since proposing a new soft set operation and
deriving its algebraic properties and implementations provide several new perspectives for
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1. Introduction

Problems in many fields, such as economics, environmental sciences, health sciences, and engineering,
have certain uncertainties that prevent them from being successfully solved using classical methods. There are
three well-known basic theories that can be considered as mathematical tools for dealing with uncertainty as
probability theory, fuzzy set theory, and interval mathematics. However, since each of these theories has its
own drawbacks, Molodtsov [21] introduced soft set theory as a mathematical tool to overcome these
uncertainties. Since then, this theory has ben applied to many fields including information systems, decision
making [6-9,23,24], optimization theory, game theory, operations research, measurement theory, algebraic
structures [25] and so on. Soft sets and fuzzy soft sets, one of the first theories in which parameterization tools
are used to manage the decision process of uncertainty problems as accurately as possible were discussed in
detail by Dalkilig [10] and these sets were reevaluated and the concept of pure (fuzzy) soft sets was proposed
with its properties and examples. First contributions as regards soft set operations were made by Maji et. al
[20] and Pei and Miao [26]. After then, several soft set operations (restricted and extended soft set operations)
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were introduced and examined by Ali et. al [2]. Basic properties of soft set operations were discussed and the
interconnections of soft set operations with each other were illustrated by Sezgin and Atagiin [29]. They also
defined the notion of restricted symmetric difference of soft sets and investigated its properties. A new soft set
operation called extended difference of soft sets was defined by Sezgin et.al [37] and extended symmetric
difference of soft sets was defined and its properties were investigated by Stojanovic [42]. When the studies
are examined, we see that the operations in soft set theory proceed under two main headings, as restricted soft
set operations and extended soft set operations. For more about the studies regarding the operation of soft sets,
we refer to: [3,4,11-19,22,27-44]

Two conditional complements of sets, i.e. the inclusive complement and the exclusive complement, were
proposed as new concepts in set theory, and the relationships between them were studied by Cagman [5].
Inspired by this work, some new complements and then several new additions and to soft set theory as new
restricted and extended soft set operations were defined by Aybek [4]. Akbulut [1], Demirci [11], Sarialioglu
[28] defined a new type of extended operation by changing the form of extended soft set operations using the
complement at the first and second row of the piecewise function of extended soft set operations and studied
the basic properties of them in detail. Moreover, a new type of soft difference operations was defined in Eren
and Calisic1 [12] and by being inspired this study Yavuz [44] defined some new soft set operations, which ise
called soft binary piecewise operations and their basic properties were studied in detail. Also, Sezgin and
Sarialioglu [36], Sezgin and Atagiin [30], Sezgin and Aybek [31], Sezgin et. al [32,33], Sezgin and Cagman
[34] continued their work on soft set operations by defining a new type of soft binary piecewise operation.
They changed the form of soft binary piecewise operation by using the complement at the first row of the soft
binary piecewise operations.

The purpose of this work is to contribute to the soft set theory literature by describing a new soft set
operation called the “complementary soft binary piecewise star operation”. For this aim, the definition of the
operation and its examples are given, and algebraic properties such as closure, associativity, unity, inverse,
and abelian properties of this new operation are examined in detail. In particular, we aim to contribute to the
soft set literature by obtaining the distributions of complementary soft binary piecewise star operations over
other types of soft set operations. The concept of soft set operations is a core concept similar to basic number
operations in classical algebra and basic set operations in classical set theory. Proposing new soft set operations
and obtaining algebraic properties and their implementations offers new perspectives for solving problems
involving parametric data as regards decision-making methods and new cryptographic methods. Also, studying
the algebraic structure of soft sets from the perspective of new operations provides deep insight into the
algebraic structure of soft sets. This document is organized as follows: Section 2 reminds the basic definitions
regarding soft sets. Section 3 provides definitions and examples of the new soft set operation. This is followed
by a full analysis of the algebraic properties of this new soft set operation, including closure, associativity,
unity, inverse, and abelian properties. To enhance the knowledge of soft sets, Section 4 presents the distribution
of complementary soft binary piecewise star operation over extended soft set operations, complementary
extended soft set operations, soft binary piecewise operations, complementary soft binary piecewise operations
and restricted soft set operation. The conclusion section considers the significance of the research findings and
their possible impact on the subject.

2. Preliminaries

In this section, some basic concepts related to soft set theory are compiled and given.
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Definition 2.1. Let U be the universal set, E be the parameter set, P(U) be the power set of U and A € E.
A pair (F,A) is called a soft set over U where F is a set-valued function such that F: A - P(U) [21].

Here, note that Cagman and Enginoglu [6] redefined the definition of Molodstov’s soft sets; however in
this paper, we use the Molodtsov’s soft set definition by staying faithful to the original definition. Throughout
this paper, the set of all the soft sets over U (no matter what the parameter set is) is designated by Sg(U). Let
A be a fixed subset of E and S,(U) be the collection of all soft sets over U with the fixed parameters set A.
Clearly, S5 (U) is a subset of Sg(U) and, in fact, all the soft sets are the elements of Sg(U).

Definition 2.2. (D, X) is called a relative null soft set (with respect to the parameter set X), denoted by @y,
if D(t) = @ for all teX and (D, X) is called a relative whole soft set (with respect to the parameter set X),
denoted by Uy if D(t) = U for all teX. The relative whole soft set Ug with respect to the universe set of
parameters E is called the absolute soft set over U [2].

Definition 2.3. For two soft sets (D, X) and (J,R), we say that (D, X) is a soft subset of (J,R) and it is
denoted by (D,R) € (J,R), if X € Rand D(t) € J(t), vVt €X. Two soft sets (D,X) and (J, R) are said to be
soft equal if (D, X) is a soft subset of (J,R) and (J, R) is a soft subset of (D, X) [26].

Definition 2.4. The relative complement of a soft set (D, X), denoted by (D, X)¥, is defined by (D, X)" =
(D", X), where D": X —» P(U) is a mapping given by (D,X)" = U\D(t) for all t € & [2]. From now on,
U\D(t)=[D(t)]" will be designated by D’(s) for the sake of designation.

Two conditional complements of sets as new concepts of set theory, that is, inclusive complement and
exclusive complement were defined by Cagman [5]. For the ease of illustration, we show these complements
as + and 0, respectively. These complements are binary operations and are defined as follows: Let Q and R be
two subsets of U. R-inclusive complement of Q is defined by, Q+R= Q’UR and R-Exlusive complement of Q
is defined by Q8 R = Q’NR’. Here, U refers to a universe, Q’ is the complement of Q over U. For more
information, we refer to [35].

The relations between these two complements were examined in detail by Sezgin et.al [35] and they also
introduced such new three complements as binary operations of sets as follows: Let Q and R be two subsets
of U. Then, Q*R=Q’UR’, QyR= Q’NR, QAR=QUR'. These set operations were also conveyed to soft sets by
Aybek [4] and restricted and extended soft set operations were defined and their properties were examined.

As a summary for soft set operations, we can categorize all types of soft set operations as follows: Let "V"
be used to represent the set operations (i.e., here V can be N, U\, A, +,0, *, A,y), then restricted soft set
operations, extended soft set operations, complementary extended soft set operations, soft binary piecewise
operations, complementary soft binary piecewise operations are defined in soft set theory as follows:

Definition 2.5. Let (D, X) and (], R) be soft sets over U. The restricted V operation of (D, &) and (J,R) is
the soft set (Y,S), denoted by (D,X)Vr(J,R) = (Y,S), where S=XNR =@ and Vt €S, Y(t) =D(S)V J(t)
[2,29].
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Definition 2.6. Let (D, X) and (], R) be soft sets over U. The extended V operation of (D, X) and (J,R) is the
soft set (Y,S) denoted by, (D, X)V:(J,R) = (Y,S), where S =X URand Vt € S,

D(t), t € N\R,
Y(s) =4 J(, t € R\X,
D(t)VJ(t), teXNR
[2,4,20,37,42]

Definition 2.7. Let (D, R) and (J,R) be soft sets over U. The complementary extended V operation of
*
(D, X) and (J, R) is the soft set (Y,S) denoted by, (D,X)  (J,R) = (Y,S), where S =X URand vt € 5,
€

D'(t), t € X\R
Y&) =94 J(O©, t € R\X,
D(H)V](t), teXNR.
[1,28].

Definition 2.8. Let (D, X) and (J, R) be soft sets over U. The soft binary piecewise V operation of (D, X) and
(J,R) is the soft set (Y, X), denoted by (D, N)V (J,R) = (Y, X), where VseR,
D(s), seR\R
Y(s)=
D(s) VJI(s), seXNR
[12,44].

Definition 2.9. Let (D,X) and (J,R) be soft sets over U. The complementary soft binary piecewise V

*
operation of (D, ®) and (J, R) is the soft set (Y, X) denoted by, (D,X) ~ (J,R) = (Y, X), where VseX;
\
D’(s), seX\R
Y(s)=
D(s) VJI(s), seXNR
[30-34,36].

3. Complementary Soft Binary Piecewise Star (*) Operation And Its Properties

Definition 3.1. Let (D, X) and (J, R) be soft sets over U. The complementary soft binary piecewise star
*

( *) operation of (D, X) and (J, R) is the soft set (Y, X) denoted by, (D, X) ~ (J,R) = (Y, X), where VseR,
sk

D’(s), seX\R
Y(s)=
D’(s) UJ(s), seXNR
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Example 3.2. Let E={e;,e;,e3,e4 5} be the parameter set X={e;, e3 es} and R={e,, e;, e,} be the subsets

of E and U={h;,h,,h3,hy,hs} be the initial universe set. Assume that (D,X) and (J,R) are the soft sets over U

defined as follows: (D,N):{( el, {hl,h3})1 (e3 v{hZ 1h4-})’ (eSa{hZah4! h5})}! (JvR):{( el!{h1!h4})v
*

(eZ'{hZ!h3})v(e4v{ h4' hS})} Let (D' N) ~ (J’R):(Y’N) Then,

k
D’(s), seX\R
Y(s)= D’(s) UJ’(s), seXNR
Since N:{el, e3'es} and N\R={e3’, es}, SO Y(63) = D'(e3):{ hl,h3,h5}, Y(es) = D’(es):{ hl,h3}. And Slnce
*
NNR={e;} soY(e;)=D’(e;)U)’(e;)={h;,hy, hs}u{h, hs,hs}={h,,h3,hy, hs}. Thus, (D,X)~ (J,R)={(e;.{
*
hy,hg, hy, hs),} (e3,{hy, hs,hs)), (es, {hy, hsH}-
Algebraic Properties of the Operation
*
1) The set Sg(U) is closed under the operation ~. That is, when (D,X) and (J,R) are two soft sets over U,
*
% %k
then so is (D, X) ~ (J,R). Hence, the set Sg(U) is closed under the operation ~.
* *
* * * *
2) [(D,X) ~ (ILR)] ~ (Y, %) # (D, X) ~ [(,X) ~ (Y, N)]
* * * *

*
Proof: Let (D, R) ~ (J,X)=(T,X), where VSeR;
*
D’(s), SeEX\N=0

T(s)=
D’(s) UJ’(s), SEXNN=N

Let (T.X) ~ (Y, X) =(M,X), where VseX;

%k
~T(s), SER\X=0
M(s)= |
T’(s) UY’(s), SeERNN=N
Thus,
- T(s), SER\R=0
M(s)=
| [DG6) NJ(s)] UY’(s), SERNR=X
%k

Let (J,X) ~ (Y,X)=(L,X), where VseX;
*
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I(s), SEX\N=0
L(s)=
I(s) UY’(s), SERNN=N
*
Let (D, R) ~ (L,X) =(N,N), where VseX;
*
D’(s), seER\N=0
N(s)=
D’(s) UL’(s), SEXNNN=N
Thus,
D’(s), seR\R=0
N(s)=

D’(s) U [J(s) NY(S)], SERNN=KR

It is seen that (M,X)=(N,X).
*

That is, for the soft sets whose parameter set are the same, the operation ~ does not have associativity property.
*

Moreover, we have the following:

* * * *
3) [(D,R)~ (JR)] ~(Y.S) # (D, X) ~[(J,R) ~(Y.S)]
* * * *
*
Proof: Let (D, X) ~ (J,R)=(T,X), where VSeX;
*
D’(s), seX\R 7
T(s)=
D’(s) UJ’(s), seXMNR
*
Let (T,X) ~(Y,S) =(M,X), where VSeR;
*
rT°(s), SEN\S
M(s)= _
T°(s) UY’(s), seXNS
Thus,
D(s), se(R\R)\S=RNR’NS’
M(s)= | D(s) N ](s), Se(NNR)\S=KRNRNS’
) D(s) UY’(s), se(R\R)NS=NXNR’NS
[ D(s) NI(S)] UY’(s), se(RNR) NS=RNRNS
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Let (J,R) t (Y,S)=(K,R), where VseR,;

*

I’(s), seR\S
K(s)=

I(s) UY’(s), seRNS

*
Let (D, X) ~ (K,R) =(S,X), wher VseN;

*

D’(s), seX\R
S(s)=

D’(s) UK’(s), seNNR
Thus,

D’(s), seX\R
S(s)= - D’(s) U]J(s), SeXRN(R\S)=XNRNS’

D’(s) U [I(s) NY(s)],  seRN(RNS)=RNRNS

30

Here let’s handle seX\R in the second equation of the first line. Since X\R= XNR’, if seR’, then seS\R or
se(RUS)’. Hence, if seX\R, then seXNR’NS’ or seXNR’NS. Thus, it is seen that (M,X)#(S,X), that is, for the

soft sets whose parameter set are not the same, the operation ~ does not have associativity property on the

set Sg(V).
* *

4) (D,®) ~ (JLR)#(,R) ~ (D,N).
* *

E 3
Proof: Let (D, R) ~ (J,R)=(Y,X). Then, VseX;
%
D’(s), seX\R
Y(s)=
D’(s) UJ’(s), seXNR
E 3
Let (J,R) ~ (D,X)=(T,R). Then, VseR;
%
J(s)s seR\X
T(s)=
J’(s) U D'(s), SERNN

Here, while the parameter set of the soft set of the left hand side is X; the parameter set of the soft set of the

right hand side is R. Thus, by the definition of soft equality
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* *
(D, ®) ~ (LR)#(,R) ~ (D, X).
* *
*
Hence, the operation ~ does not have commutative property in the set Sg(U), where the parameter sets of the
k

soft sets are different. However it is easy to see that

* *
(D, R) ~ (J,R)=(J.8) ~ (D, R).
* *
*
That is to say, the operation ~ does have commutative property where the parameter sets of the soft sets are
*
the same.
*
5) (D,X)~ (D,X)=(D,X)".
*
%
Proof: Let (D, R) ~ (D,X)=(Y,X). Then, VSeN;
*
D’(s), sEXWN =@
Y(s)=
D’(s) U D’ (s), SERNN =X
*
Here, VseX, Y(s)= D’(s) U D’(s)= D’(s), hence (Y,X)=(D,R)". That is, the operation ~ does not have
*
idempotency property on the set Sg(U).
* *
6) (D,X)~ @x=0x~ (D, X)=Uy.
* *
%
Proof: Let @x=(S,X). Hence, VSeX; S(s)=@. Let (D,X) ~ (S,X)=(Y,X). Then, VSeX,
*
D’(s), seEX\NX =0
Y(s)=
D’(s) US’(s), SERNN =X
Thus, VseR, Y(s)=D’(s) US’(s)= D’(s) UU= U. Hence (Y,X)= Ug.
* *
7) (D,X) ~ Pg=@g ~ (D, X)=Uy.
* *
*

Proof: Let @g =(S,E). Hence VseE; S(s)=0. Let (D,X)~ (S,E)=(Y,X). Thus, VseX,
*
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D’(s), seX-E =0
Y(s)=
D’(s) US’(s), SENNE=KR
Hence, VseX, Y(s)=D’(s) US’(s)=D’(s) UU=U, so (Y,N)= Uy

* *
8) (D,X)~ Uyg=Uyx ~ (D,X)=(D,R)".
* *
*
Proof: Let Ug=(T,X). Hence, VseX, T(s)=U. Let (D,X) ~ (T, X)=(Y,X). Hence, VSeR;
*
D’(s), SeX\X =0
Y(s)=
D’(s) U T’(s), SEXNN =N
Hence, VseR, Y(s)=D’(s)UT’(s)= D’(s) U @=D’(s), so (Y,X)= (D, X)".
* *
9) (D,P)~Ug=Ug ~ (D,X)=(D,X)".
* *
*
Proof: Let Ug =(T,E). Hence, VseE, T(s)=U. Let (D, X) ~ (T, E)=(Y,X), then VseX ;
*
D’(s), seX-E =0
Y(s)=
D’(s) UT(s), seXNE=KR
Hence, VseR, Y(s)=D’(s) UT’(s)=D’(s) U @ = D’(s), so (Y,X)= (D, RX)"
* *
10) (D, X)) ~ (D, X)'=(D, X)" ~ (D, X)= Uy.
* *
*
Proof: Let (D, X)"™=(Y,X), so VseR, Y(s)=D’(s). Let (D,P)~ (Y, R)=(T,X), so VSeR,
*
D’(s), SENX\N =0
T(s)=
D’(s) UY’(s), SENNN =N
Hence, VseX, T(s)=D’(s) UY’(s)= D’(s) UD(s)= U, so (T,N)= Uy.
*

11) [(D, R) ~ (J,R)]'=(D, ®) A(J,R).
*

32
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*
Proof: Let (D, X) ~(J,R)=(Y,X). Then, VSeR,
*
" D(s), seX\R

Y(s)=—
MD’(S) ul’(s), seXNR
Let (H, X)"'=(T,X), so VSeR,

" D(s), seX\R
T(s)= —

D(s) NI(s), seXMNR
Thus, (T,X) =(D, X) N (J,R).

In classical theory, RUR =@ © X = @ and R = @. Now, we have the following:

*
12) (D,®) ~(J,R)= @y <(D,X) = Uy and (J,R) = Ugngr-
*
*
Proof: Let (D,X) ~ (J,R) = (T,X). Hence, VSeX,
*
D’(s), seX\R

T(s)=
D’(s) UP(s),  seXNR

Since (T,X) = @g, VseR, T(s)= @. Hence, VseX\R, D’(s)= @, thus D(s)=U and VseXNR, T(s)= D’(s)
Ul’(s)=0 & Vs eXNR, D’(s)=0 and J’(s)= 0 & VseX, D(s)=U and for Vs € X N R, J(s)=U (D, R) = Uy
and (J,R) = Ugng-

*
13) (D,®) ~ (], ¥)= @y ©(D,R) = (J, X) = Uy.
*
*
Proof: Let (D,R)~ (J,X) = (T,X). Hence, VsSeX,
*
D’(s), SEN\R=0

T(s)=

D’(s) UJ’(s), seXNN =K
Since (T, X) = @x, VseR, T(s)= @. Hence, VseRX, T(s)=D’(S)UT’(s)=0 & Vs e X, D’(s)=@ and I’'(s)=0 &
vseX, D(s)=U and J(s)= U (D, X) = (J,X) = Uy.

In classical theory, for all X, @ < X. Now, we have the following:

% *
14) ¢4 € (D,X) ~(J,R) and 0 € (J,R) ~ (D, X).
* *
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In classical theory, for all X, X € U. Now, we have the following:

% *
15) (D,RX)~(J,R) &€ Ugand (J,R) ~(D,X) & Uy
b3 b3

In classical theory, X< X U R. Now, we have the following:

* *
16) (D.X)" € (D, R) ~ (J,R), however (J,R)" needs not to be a soft subset of (D, X) ~ (J,R).
* *
*
Proof: Let (D, X) ~(J,R)=(Y,X). First of all, X  X. Moreover, VSeR,
*
D’(s), seX\R

Y(s)=
D’(s) UJ’(s), seXNR
Since VseR\R, D’(s) € D’(s) and VSeXNR, D’(s) € D’(s) U J'(s), hence VseX, D’(s) € Y(s). Therefore, (D,X)"

*
€ (Y.X)=(D,R) ~(J,R),
*
* *
19) (D, X)" € (D, X) ~ (J,X), moreover (], X)" € (D, X) ~ (J,X).
* *
*
Proof: Let (D, X) ~(J,X)=(Y,X). First of all, X S X. Moreover, VSeR,
*
D’(s), SEX\R=0
Y(s)=
D’(s) UJ’(s),  seXNR=K
*
Since VseX,Y(s)=D’(s)S D’(s) UJ'(s), hence (D, X)' € (Y,R) = (D, R) ~ (J,X).
*

4. Distribution Rules

In this section, distributions of complementary soft binary piecewise star (*) operation over other soft set
operations such as extended soft set operations, complementary extended soft set operations, restricted soft set
operations, soft binary piecewise operations and complementary soft binary piecewise operation are examined
in detail and many interesting results are obtained.

Proposition 4.1. Let (D,X), (J,R) and (Y,S) be soft sets over U. Then, for the distributions of
complementary soft binary piecewise star (x) operation over extended soft set operations, we have the
followings:

* * *

) (D, %)~ [BRIN(Y,S)] = [(D,X)~ (R)] Uz [(D,R)~ (Y,9)].
E 3 E 3 %
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Proof: Let’s first handle the left hand side of the equality and let (J,R)N¢(Y,S)=(M,RUS), so VseRUS,

J(s), seR\S
M(s) = Y(s), seS\R
J(s)NY(s), seRNS
*
Let (D, X) ~ (M,RUS)=(N,X), VseR,
*
D’(s), seX\(RUS)
N(s)=
D’(s) UM’(s), seXN(RUS)
Hence
D(s), seR\(RUS) =XNR’NS’
NG)= | D(s) Ul(s), seRN(R\S)= RNRNS’
D) U Y’(s), seRN(S\R)= RNR’NS
D’(s)U [(J°(s) UY’(s)], seRNRNS=&NRNS
- * *
Now let’s handle the right hand side of the equality, that is, [(D,X) ~ (J,R)] U, [(D,X)~ (Y,S)]. Assume
§ * *
that (D, X) ~ (J,R)=(V,RX), then for VSeR,
*
D’(s), seX\R
V(s)=
D’(s) UJ (s), seNNR
*
Now let (D, X )~ (Y,S)=(W,X). Then, VSeR,
*
D’(s), seX\S
W(s)=
D’(s) UY’(s), seXNS

Assume that (V,X) U (W, X)=(T,X), then VSeR,

V(s), SER\R=0
T(s)= = W(s), SeEX\N=0
8 V(s) UW(s), SERNN=N
- D(s) UD'(s), se(R\R)N(X\S)
T(s)= | D(s)u [D’(s) UY’(s)], se(R\R)N(RNS)
7 [D(s) uT(s)] UD'(s), se(RNR)N(R\S)
[D’(s) Ul (s)] U [D’(s) UY’(s)],  SE(RNR)N(RNS)
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Thus,
i D’(s), seRNR’NS’
T(s)= | D’(s) UY’(s), seXNR’NS
| D’(s) UI'(s), seXNRNS’
| [D’(s) ur(s)] U [D(s) UY’(s)], SeXNRNS

It is seen that (N,X)= (T,X).

* * *
i) (D,X)~ [(J,R) U:(Y,9)] = [(D,X)~ (J,R)] U, [(D,R)~(Y,S)], where RNRNS =0.
* * *
* * *
iii) (D, X))~ [(J,R) 1 ¢(Y,S)] = [(D,X)~ (J,R)] A [(Y,S) ~ (D,X)], where RNR’NS=0.
* * A
* * %
iv) (D,X)~ [(J,R)\e(Y,S)] = [(D,®)~ (J,R)] T [(Y,S) ~ (D,X)] where RNR’NS =0.
% * A
* * *
v) [(D,X) U (J,R)] ~ (Y,9)= [(D,X)~ (Y,S)] n, [JR)~ (Y,S)]
* * *
Proof: Let’s first handle the left hand side of the equality and let (D, X) N.(J,R)=(M,XUR), so VSeXUR,
D(s), seX\R
M(s) = J(s), seR\X
D(s)uJ(s), seXNR
*
Let (M,XUR) ~ (Y,S)=(N,XUR), so VSeXUR,
*
M’(s), se(RUR)\S
N(s)=
M’(s) UY’(s), se(®RUR)NS
Thus,
- D’(s), se(R\R)\S=RNR’NS’
I(s), se(R\RN\S=X’NRNS’
N(s)= | D’(s) NJ’(s), se(RNR)\S=KXNRNS’
7 D’(s) UY(s), se(R\R)NS=RNR’NS
I(s) UY’(s), se(R\RX)NS=X’NRNS
[D’(s)NI(s) ] UY’(s), se(RNR)NS=RNRNS
- * *
Now let’s handle the right hand side of the equality: [(D,X)~ (Y,S)] ng [(J,R) ~ (Y,S). Let
%k %

E 3
(D, ®) ~ (Y,S)=(V,X), so VseX,
3
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D’(s), seX\S
V(s)=
D’(s) UY’(s), seXNS
*
Let (J,R) ~ (Y,S)=(W,R), so VseR,
*
(T(s), seR\S
W(s)= -
_J,(S) uY’(s), seRNS

Assume that (V,X) Nz (W,R)=(T,XUR), so VSeXUR,
V(s), seX\R
T(s)= J WC(s), seR\X

V(s)NW(s), seXMNR

Thus,
T D(s), S€(R\S)\R=RNR’NS’
D’(s) UY(s), s€(RNS)\R=XNR’NS
1(s), se(R\S)\R=X"NRNS’
T(s)= I(s) UY(s), s€(RNS)\R=X’NRNS
| ps)nres), se(R\S)N(R\S)=XNRNS’
D’(s) N [I(s) UY’(s)], se(R\S)N(RNS)=0
[ D’(s) UY’(s)] NI’(s), se(XNS)N(R\S)= @
L [D’s)UY’(s)] N [I(s)UY’(s)],  se(RNS)N(RNS)=RNRNS

It is seen that (N,XUR)=(T,NUR).

% * *
vi) [(D,®) N, (,R)] ~ (Y,8)= [(D,X)~ (Y,S)] Us [(J,R) ~ (Y.9)]
* * *
% * %k
Vi) [(D,X) 1 . (J,R)] ~ (Y,S)=[(D,X) ~ (Y,S)] n: [(J,R) ~ (Y,S)], where RNRNS’= X’NRNS =@.
* * A
%k * k
viii) [(D, ®)\¢ (J,R)]~ (Y,S)=[(D,®) ~ (Y,S)] Us [(J,R) ~ (Y,S)], where RNRNS’=X’NRNS =@.
%k * A

Proposition 4.2. Let (D, X), (J,R) and (Y,S) be soft sets over U. Then, for the distributions of complementary
soft binary piecewise star (x) operation over complementary extended soft set operations, we have the
followings:

* " * *
i) (D,X) ~ [(J,R) es(Y,S)] = [(D,®) ~ (J,R)] U, [(D,R)~ (Y,S)], where RNRNS=0

* + +
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*
Proof: Let’s first handle the left hand side of the equality. Assume (J, R) 0 (Y,S)=(M,RUS), so VseRUS,
£

I’(s), seR\S
M(s)= 1 Y’(s), seS\R
P(s)NY’(s), seRNS
Let (D, X) j (M,RUS)=(N,X), then VseX,
*
D’(s), seX\(RUS)
N(s)=
D’(s) UM’(s), seXN(RUS)
Hence,
[ D’(s), seX\(RUS) =RNR’NS’
D’(s) UJ(s), SeRN(R\S)= RNRNS’
N(s)= | D’(s) UY(s), seXN(S\R)= RNR’NS
D’(s) U [(J(s) UY(S)], SeXNRNS=XNRNS
* * *
Now let’s handle the right hand side of the equality: [(D,RX) ~ (J,R)] U, [(D,X)~ (Y,S)]. Let (D,R)~
(J,R)=(V,X), so VseR, " " ’
D’(s), seX\R
V(s)=
D’(s) UJ (s), seXNR
Let (D, R) t (Y,S)=(W,X), hence VSeX,
+
[ D(s), seX\S
W(s)=
| D’(s) UY(s),, seXNS
Assume that (V,X) Ug(W,X)=(T,X), hence VSeX,
V(s), SER\R=0
T(s)=J W(s), SeX\N=@
V(s) UW(s), SERNN=X
Hence,
" D’(s) UD’(s), se(R\R)N(R\S)
Ts)= | D’(s) U[D’(s) UY(S)], se(R\R)N(XNR)
1 D) vIE)T UD(s), Se(RNR)N(R\S)
[D’(s) UJ(s)] U [D’(s) UY(S)], se(RNR)N(RNS)
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Thus,
" D(s), SERNR’NS’
T(s)= | D’(s) UY(s), SEXNR’NS
b D’(s) UJ(s), SEXNRNS’
L [D’(s) ud(s)] U [D’(s) UY(s)], seXNRNS

It is seen that (N,X)=(T,X).
%k * k %k
i) O,®)~ [UR) 4 (Y.9)]= [(D,X)~ (LR)] U [(D,R)~(Y.S)] where RNRNS=0.
* ¢ + +
%k * k %k
iii)(D,X)~ [(J,R) + (Y,9)] = [(D,®)~ (JR)] N [(Y,S) ~ (D,X)] where RNR’NS=0.
0 € + *
%k * * *
iv) (D,X)~ [(,R) v (Y,S)]=[(D,®) ~ (J,R)] T[(Y,S) ~ (D,X)] where RNR’NS= 0.
* c + *
* * ~ ~
v) [(D,R) , QORI ~ (Y.8)= [(D,RAY,S)] ng [URAY,S)].
£ *

*
Proof: Let’s first handle the left hand side of the equality. Assume (D,X) , (J,R)=(M,XUR) and VseXUR,
€

D’(s), seX\R
M(s)= 4 J(s), SeR\X
D’(s)ul’(s), seXNR
k
Let (M,RUR) ~ (Y,S)=(N,XUR) and VSeXUR,
*
M’(s), s€(RUR)\S
N(s)=
M’(s) UY’(s),  s€(RUR)NS
Thus,
" D(s), se(R\R)\S=RNR’NS’
J(s), se(RWX)\S=X’NRNS’
N(s)=| D(s)NI(s), s€(RNR)\S=XNRNS’
| D)UY (s), se(R\R)NS=RNR’NS
J(S) UY’(s), s€(R\WK)NS=R"NRNS
[D(s)NJ(s) ] UY’(s), s€(RNR)NS=RNRNS
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Now let’s handle the right hand side of the equality: [(D,R)A(Y,S)] n. [(J,R) A(Y,S)]. Let (D,R)A
(Y,S)=(V,X) and VseX

" D(s), seX\S

V(s)=_
D(s) UY’(s), seXNS
Let (J,R) A (Y,S)=(W,R) and VseR,
" 36), seR\S

W(s)=_

J(S) UY’(s), seRNS
Assume that (V,X)N, (W,R)=(T,XUR) and VseXUR,

V(s), SeXIR
T(s)= — W(s), seR\X
V(s)NW(s), seXNR
Hence,
D), SE(R\S)\R=RNR’NS’
D(s) UY’(s) se(RNS)R=KRNR’NS
16), s€(R\S)\R=X’NRNS’
T(s)= | () UY’(s), se(RNS)\R=K'NRNS
1 D)), s€(R\S)N(R\S)=RNRNS’
D(s) N[I(s) UY*(s)], S€(R\S)N(RNS)=0
[ D(s) UY’(s)]NJ(s), se(RNS)N(R\S)=0
[D(s) UY’()]NIE) UY' ()], SE(RNS)N(RNS)=RNRNS

It is seen that (N,RUR)=(T,XRUR).

. * * ~ -
vi) [(D,R) 0 J,R)] ~ (Y,S)= [(D,X)A(Y,S)] us [(J,R) A(Y,S)]
& *
* * ~ ~
vii) [(D, X) v J,R)]~ (Y,S)=[(D, Xy (Y.S)IUe [U,R) 4 (Y.S)] where XNRNS’= &’NRNS =@.
g *
* * ~ ~
viii)[(D, R) n J,R)] ~ (Y,9)=[(D, Xy (Y9l [(J,R) 5 (Y.S)], where RNRNS’= RNRNS =0.
& *
Proposition 4.3. Let (D, X), (J,R) and (Y,S) be soft sets over U. Then, for the distributions of complementary
soft binary piecewise star (*) operation over soft binary piecewise operations, we have the followings:
* * *
i) (D,X)~ [J,R) T(Y,9)] = [(D,X)~ (J,R)] N [(Y,S)~ (D, N)].
* * *

Proof: Let’s first handle the left hand side of the equality and let (J,R) U (Y,S)=(M,R), so VseRUS,
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J(s), seR\S
M(s)=
J(S) UY(s), seRNS
*
(D, ®) ~ (M,R)=(N,X), where VseN;
*
D’(s), seX\R
N(s)=
D’(s) UM’(s), seXNR
Thus,
D’(s), seX\R
N(s)=— D’(s) UJ’(s), seXN(R\S)= RNRNS’

D’(s) U [I’(s)NY’(s)], SeRNRNS=RNRNS

*

41

Now let’s handle the right hand side of the equality: [(D,X)~ (J,R)] A [(Y,S)~ (D,X)]. Assume that

*

(D,X) t (J,R)=(V,X), then for VSeX,
*
D’(s), seX\R
V(s)=
D’(s) UJ’(s), seXNR
*
Now let (Y,S)~ (D, X)=(W,S). Then, VseS,
*
Y’(s), seS\N
W(s)=
Y’(s) U D'(s), seSNN
Assume that (V,X) N(W,S)=(T,X), then VSeN,
V(s), SeX\S
T(s)= {V(s) NW(s), SeXNS
Thus,
D),

T(s)= D’(s) UJ’(s)

D’(s) NY’(s),

] D) Ny uDE),
[D’(s) UF($)] NY(s)

[D°(s) UIP(s)] N [Y’(s) U D’(s)],

se(R\R)\S= RNR’NS’
se(RNR)\S=RNR’NS
se(R\R)N(S\X)= 0
Se(R\R)N(SNK) = RNR’NS
se(RNR)N(S\X) =@
se(RNR)N(SNR)=RNRNS
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Thus,
[ D(s), se(R\R)\S= XNR’NS’
D’(s) UT’(s) se(RXNR)\S= XNRNS’
D’(s) NY’(s), se(X\R)N(S\R)=0
T(s)2 D’(s) se(P\R)N(SNX)= RNR’NS
[D’(s) UT(s)] NY(s) Se(RNR)N(S\X)= @
[D’(s) UT(s)] N [Y’(s) U D'(5)], se(RNR)N(SNX)= RNRNS

42

Since X\R= RNR’, if seR’, then seS\R or se(RUS)’. Hence, if seX\R, SeXNR’NS’ or seXNR’NS. Thus, it is

seen that (N,X)=(T,X).

3 3
i) (D, X)~ [(J,R) A (Y,9)] = [(D,X)~ (JR)] A
3 k
%k 3
i) (D, X)~ [(J,R) 1 (Y.9)] = [(D,®)~ (R A
% %
3 k
iv) (D, )~ [GLR)N(Y.9)] = [(D,R) ~ @RI A [(Y.S) ~(D,X)].
3 3
k 3

V) [OR)AER)I] ~ (Y.S)= [(D,®)~ (Y.5] T [(R) ~ (YV.5)]

* *

Proof: Let’s first handle the left hand side of the equality. Suppose (D, X) N (J,R)=(M,R), so VseX igin,

D(s), SEXIR
M(s)=
D(s)NJ(s), seXNR
"
Let (M,R) ~ (Y,S)=(N,R), 50 VSeX,
E 3
M’(s), SeX\S
N(s)=
M’(s) UY(s),  seXNS
Thus,
[ D(s), se(R\R)\S=RNR’NS’
NGE)= | D'(s)UT(s), se(RNR)\S=XNRNS’
| Ds) uY(9), s€(R\R)NS=RNR’NS
[D’(s)UJ(s)] UY’(s),  s&(RNR)NS=XNRNS

[(Y,S)~ (D, X)] where R"NRNS=0

[(Y,S) ~ (D,N)].
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Now let’s handle the right hand side of the equality: [(D, N)t (Y,S)] U [(,R) t (Y,S)]. Let (D, N)t
(Y,S)=(V,X), so VseR, ) ) "
D’(s), seX\S
V(s)=
D’(s) UY’(s), seXNS
Let (J,R) t (Y,S)=(W,R), so VseR,
*
I(s), seR\S
W(s)=
P(s) UY’(s), seRNS
Assume that (V,X)U (W,R)=(T,X), so VSeR,
V(s), seX\R
T(s)=
V(S)UW(s), seXNR
Hence,
[ D(s), se(X\S)\R=KNR’NS’
D’(s) UY’(s), se(RNS)\R=RNR’NS
TGs)=| D'(s5)Ur(s), s€(R\S)N(R\S)=XNRNS’
1 D)u ) uYs), Se(R\S)N(RNS)=0
[D’(s) UY’(s)] UT'(s), se(RNS)N(R\S)=0
| [DEUYE] U FEUYE] se®NS)NRNS)=RNRNS

Itis seen that (N,X)=(T,RX).

* * *
vi) [(D,®) TR ~ (Y.5)= [(D,R)~ (Y,5)] A [JR) ~ (Y,9)]
* * *

D

* *

vii) [(D, ) \Q.R)] ~ (Y,8)= [(D,®)~ (Y,9)] T [R)A(Y.9)]
* *

C

* *
viii) [(D, X) TUR)] ~ (Y.9)= [(D,X)~ (Y,S)] A [(,R)R (Y.9)].

* *
Proposition 4.4. Let (D, X), (J,R) and (Y,S) be soft sets over U. Then, for the distributions of complementary
soft binary piecewise star (*) operation over complementary soft binary piecewise operations we have the
followings:

b3 b3 b3 3
DD, %) ~[(J,R) ~ (Y.9)=[(D,X) ~ (,R)] A [(D,X)~ (Y,S)] where RNRNS’=@
* * + +
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Proof: Let’s first handle the left hand side of the equality, suppose (], R) t (Y,S)=(M,R), so VseR,
*
I(s), seR\S
M(s)=
F(s) UY’(s), seRNS
*
Let (D, R) ~ (M,R)=(N,X), so VSeERN,
*
D’(s), seX\R
N(s)=
D’(s) UM’(s), se(XNR
Thus,
D’(s), seX\R
NG)=) D’(s) ud(s), seXN(R\S)= XNRNS’
D’(s)U [(JS) NH ()],  seRNRNS=RNRNS
* *
Now let’s handle the right hand side of the equality:(D,X)~(J,R)] N [(D,X)~ (Y,S)]. Let
+ +

(J,R)=(V,X), s0 VseX,

’(s), seX\R
V(s)=
D’(s) UJ(s), seXRNR
*

Let (D, &) ~ (Y,S)=(W,X), so VseX,

+
D’(s), seX\S
W(s)=
D’(s) UY(S), seXNS
Assume that (V,R)N(W,R)=(T,X), so VseX,
V(s), SEX\N=0
T(s)=
V(s) NW(s), SE(RNN=N
Thus,
[ D’(s) se(R\R)N(R\S)= RNR’NS’
D’(s) N [D’(s) UY(s)], se(X\R)N(XNS)= XNR’NS
T(s)= |[D’(s) UIES)] N D’(s), se(RNR)N(X\S)= XNRNS’
[D’(s) U(S)] N [D’(D) U Y(D)], se(RNR)N(RNS)= RNRNS

44

%k
(D, N) ~
+
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Thus,
(D’(s) se(R\R)N(R\S)= XNR’NS’
D’(s), se(R\R)N(XNS)= XNR’NS
TGs)y= | D(s), se(RNR)N(X\S)= XNRNS’
[D’(s) UJ(s)] N [D’(D) UY(D)], se(RNR)N(RNS)= XNRNS

45

Since X\R= XNR’, if seR’, then seS\R or se(RUS)’. Hence, if seR\R, SeXNR’NS’ or seXNR’NS. Thus, it is

seen that (N,X)=(T,X).

%k * * *
i) (D, X)~[(J,R) ~ (Y,9)]=[(D,®) ~ (J,R)] T [(D,X)~ (Y,S)], where XNR’NS=0
* 0 + +
%k * %k %k
iii) (D,X)~ [(J,R) ~(Y,9)] = [(D,®)~ (J,R)] T [(Y,S) ~ (D,X)], where RNR’NS=0
* Y + *
%k %k * *
iv) (D, X))~ [(J,R) ~ (Y,9)] = [(D,®)~ (J,R)] A [(Y,S) ~ (D,N)]
* + + *
%k %k *
v) (D,R) ~[(J,R) ~ (Y,9)]=[(D,R) ~ (J,R)IT[(Y,S) ~ (D,X)], where RNRNS’=@ and RNR’NS=0.
%k N *
%k %k

vi) [(D,X) ~ J,R)] ~ (Y,S)= [(D,®)A(Y,S)] T [(,R)X (Y,S)]

0 *

Proof: Let’s first handle the left hand side of the equality. Let (D, X) ~ (J,R)=(M,X), so VSeR,

D’(s), seX\R
M(s)=
D’(s)NI(s), SERNR
*
Let (M,X) ~ (Y,S)=(N,RX), so VSeN,
*
M’(s), SeX\S
N(s)=
M’(s)UY’(s), seXNS
Thus,
" D(s), se(R\R)\S =RNR’NS’

N(S)3  D(s)ud(s), SE(RNR\S= RNRNS’
| D) uY's), se(R\R) NS = XNR’NS
[DUIS)] UY'(s),  seRNRNS=RNRNS

*

0
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Now let’s handle the right hand side of the equality: [(D,R)A(Y,S)] U [(J,RA(Y,S)]. Let
(D, R)A(Y,S)=(V,R), so VseR,

D(s), SeX\S
V(s)=

D(s) UY’(s), seXNS
Let (J,R) A (Y,S)=(W,R), so VseR,

J(s), seR\S

W(s)=

J(s) UY’(s), seRNS

Let (V,X) U (W,R)=(T,R), so VseX,

V(s), SER\R
T(s)=
V(s)UW(s), seRNR
Thus,
" D(s), se((P\S)\R=RNR’NS’
D(s) UY’(s), s€(RNS)\R=RNR’NS
T(s)= | D(s)ud(s), se(R\S)N(R\S)=KNRNS’
D(s)U [3(s) UY’(s)], se(R\S)N(RNS)=0
[ D(s) UY’()]Ud(s), se(RNS)N(R\S)=¢
[D(s) UY’(s)]UJ([s) UY’(s)], SE(RNS)N(RNS)=RNRNS

It is seen that (N,X)=(T,X).

%k %k

vii) (D,P) ~ (J,R)] ~ (Y,S)= [(D,R)A(Y,S)] A [(,R)A(Y,S)]
%k %k
* % N N

viii)[ (D, P) ~ QR)] ~ (Y.S)= [(D,®); (Y.9)] T [(U,R) 4 (Y,S)], where RNRNS’ =@
y %
* * - *

) [(D,P) ~ QR)] ~ (Y.S)= [(D,X); (Y.)] A LJ,R) ~ (Y,S)], where RNRNS=0
+ * A

Proposition 4.5. Let (D, X), (J,R) and (Y,S) be soft sets over U. Then, for the distributions of complementary
soft binary piecewise star (*) operation over restricted soft set operations, we have the followings:

% % E 3
)(D,X) ~[(,R) Nr(Y,9)]= [(D,R) ~ (,R)]Ng L[(D,R)~ (Y,S)], where RNRNS=0.
b3 % E 3

Proof: Let’s first handle the left hand side of the equality, suppose (J, R) Nr(Y,S)=(M,RNS) and so VYseRNS,
*

M(s)=J(s) NY(s). Let (D, X) ~ (M,RNS)=(N,N), so VSeR,
*
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D'(s), seX\(RNS)
N(s)=
D’(s) UM’(s), seXN(RNS)
Thus,
D(s), SEX\(RNS)
N(s)=
D'(s)U [’(s)U Y'(s)], seNN(RNS)
* * *
Now let’s handle the right hand side of the equality: [(D,X) ~ (J,R)] ng [(D,X)~ (Y,S)]. Let (D,X)~
* * *

(JLR)=(V,X), so VseR,

D’(s), seX\R
V(s)=
D’(s) UJ’(s), seXNR
*
Let (D,R)~ (Y,S)=(W,X), so VSeR,
*
D’(s), seX\S
W(s)=

D’(s) UY’(s), seXNS
Assume that (V,X) Ng (W,X)=(T,X), and so VseR, T(s) =V(s) N W(s),

[ D’(s) N D'(s), se(P\R)N(X\S)
T(s)= | D’(s) N[D’(s) UY’(s)], se(R\R)N(RNS)
1 D(s) U (8)1N D'(8), SE(RNR)N(R\S)
[D’(s) U (s)]N[D’(s) UY’(S)], se(RNR)N(RNS)
Hence,—
[ D(s), SERNR’NS’
T(s)=| D’(s), SERNR’NS
| D’(s), seXNRNS’
| [D’(s) NP(]U[D(s) NY*(s)],  seXNRNS

Considering the parameter set of the first equation of the first row, that is, X\(RNS); since XR\(RNS) =XN(RNS)',
an element in (RNS)"' may be in R\S, in S\R or (RUS). Then, XR\(RNS) is equivalent to the following 3 states:
NN(RNSY), RA(R'NS) and RN(R'NS"). Hence, (N,X)=(T,X).

* * *

iN(D,X)~ [(J,R) Ug(Y,S)] = [(D,X)~ (J,R)] ng [(D,R)~ (Y,9)].
%k * %k
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% k k
iii) (D,X)~ [(,R) *g (Y,5)] = [(D,X)~ (R ng [(D,R)~ (Y.S)].
* - +
% %k %
iv) (D, X) ~ [(J, R) 8 (Y,S)]=[(D, ®) ~ (,R)]NR[(D, ®) ~ (Y.S)], where RN\RNS=0.
* + +
%k % %
v) O,X)~ [O,R)\r (Y,9)I=[D, %) ~ Q,R)] ng [(D, &)~ (Y. S)].
% E3 +
% % k
vi) D, X))~ [(,R) +r(Y.S)] = [(D,X)~ (JR)] ng [(D,X)~ (Y,9)].
* + *
% % b3
vi) (D,®)~ [(,R)Yr(Y.S)] =[(D,R)~ (,R)]Ug [(D,R) ~ (Y,S)], where RNRNS =@.
% Y 0
* % %
viii) [(D,X) Ur GR)T ~ (Y,9)= [(D,X)~ (Y.9)] ng [(,R) ~ (Y.9)].
* % *

Proof: Let’s first handle the left hand side of the equality, suppose (D, X) Ur(J,R)=(M,XNR) so, VSeXNR,

M(s)=D(s)UJ(s). Let (M,RNR) : (Y,S) =(N,8NR), s0 VseXNR,
*
M’(s), s€(RNR)\S
N(s)=
M’(5) UY’(s),  se(RNR)NS
Hence,
D’(s)NJ*(s), se(RNR)\S= RNRNS’
N(s)=
[D’(s)NI’(s)] UY’(s), se(RNR)NS
* * *
Now let’s handle the right hand side of the equality: [(D,X)~ (Y,S)] ng [(J,R) ~ (Y,S)]. Let (D,R) ~
* * *

(Y,S)=(V,X), so VSeR,

D’(s), seN\S
V(s)=
D’(s) UY’(s), seXNS
*
Let (J,R) ~ (Y,S)=(W,R), so VseR,
*
I’(s), seR\S
W(s)=

P(s) UY'(s), seRNS
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Suppose that (V,X)Ng (W,R)=(T,XNR), so VSeRNR, T(s)=V(s)NW(s). Thus,

T D (s)NI(s), S€(R\S)N(R\S)=XNRNS’
Ts)= | D'(s) N [I’(s) UY’ ()], se(R\S)N(RNS)=0
| D(s) UY ()] NI(s), se(RNS)N(R\S)=0
[D’(s) UY’(9)]ND°() UY’ (5)],  SE(RNS)N(RNS)=RNRNS

It is seen that (N,XNR)= (T,XNR),

k 3 3
iX)[(D,®) Nng J,R)] ~ (Y.S)= [(D,X)~ (Y.S)] ug [U,R) ~ (Y.S)].
b3 3 3
%
X) [(D,R) * g B,R)] ~ (Y,S)= [(D,®A(Y,S)] ng [J,R)A(Y,9)].
%
%
xi) [(D, R)0r(,R)] ~ (Y.,S)= [(D,®)\(Y,9)] ur [0, R\ (Y.9)]
%

5. Conclusion

The concept of soft set operations is an essential concept similar to fundamental operations on numbers and
basic operations on sets. Proposing new soft operations and deriving their algebraic properties and
implementations provide new perspectives for dealing with problems related to parametric data. The operations
in soft set theory have proceed under two main headings up to now, as restricted soft set operations and
extended soft set operations. In this paper, we contribute to the soft set literature by defining a new kind of soft
set operation. Inspired by these ideas, in this paper we have defined a new soft set operation which we call
complementary soft binary piecewise star operation. The basic algebraic properties of the operations have been
investigated. Moreoverby examining the distribution rules, we have obtained the relationships between this
new soft set operation and other types of soft set operations such as extended soft set operations,
complementary extended soft set operations, soft binary piecewise operations, complementary soft binary
piecewise operations and restricted soft set operations. This paper can be regarded as a theoretical study for
soft sets and some future studies may continue by examining the distribution of other soft set operations over
complementary soft binary piecewise star operation. Furthermore, since soft sets are a powerful mathematical
tool for detecting insecure objects, researchers may be able to propose new cryptographic or decision methods
based on soft sets with the help of this new soft set operation. Also, the study of soft algebraic structures can
be handled again in terms of algebraic properties by the operations defined in this article and thus studying the
algebraic structure of soft sets from the perspective of this new operation provides deep insight into the
algebraic structure of soft sets.
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1. Introduction

The widely used fixed point theory has its origins in the approximation methods of Liouville, Cauchy,
Lipschitz, Peano and Picard towards the end of the 19th century (for more detail see [2],[3],[7],[9],[10]).
In 1922, Stephan Banach introduced the Banach fixed point theorem, which proved the existence and
uniqueness of the fixed point under various conditions [22]. One of the important results obtained is
that the sequence obtained by Picard iteration converges to the fixed point [6]. Since iteration methods
have wide application areas, many researches have been done on this subject. This process, which
started with Picard, has developed and has survived to the present day. There are two main points to
consider when defining the iteration method. The first is that the iteration to be defined is faster than
existing iteration methods, and the second is that this iteration method is simple. For detailed
information about iteration methods frequently used in the literature, you can refer to the following
sources: [1], [10]- [20].

In addition to many iteration methods developed in this process, the strong convergence of these
methods, convergence equivalence, convergence speed and whether the fixed points of these
transformations are data dependent were investigated for certain transformation classes
([41,[8],[10],[11],[20]- [24]).-The knowledge of which method converges faster for two iteration
methods whose convergence is equivalent is of great importance in applied mathematics. Another
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transformation, called the approximation operator, can be used, which is close to the one used when
constructing an iteration. Since this approximation operator has a different fixed point, the questions of
how close the fixed point of the transformation and the fixed point of the approximation operator are to
each other and how to calculate the distance between them bring up the concept of data dependency of
fixed points.

One of the most common uses of fixed point theory, especially in applied mathematics, is the theory
of integral equations. It is very important to determine the existence and uniqueness of integral
equations. Fixed point theory is one of the most important tools used for this purpose. In our study,
Fredholm integral equations, which are used in modeling many current problems, are discussed with
the new three-step iteration method developed by Karakaya et al [14]. The reason why we use this
iteration algorithm is that it has been proven to be faster than many iteration algorithms such as Picard,
Mann, Ishikawa, Noor, SP, CR, Sahu-S and Picard-S [3]. Briefly, our study examines the strong
convergence of the sequence obtained from the new three-step iteration method to the solution and the
dependence of this solution on the data, under operators corresponding to nonlinear Fredholm integral
equations.

2. Known Results
Definition 1. Let (X, d) be a metric spaceand T : X — X be amapping. T is called a Lipschitzian mapping,
if there isa 4 > 0 number such that
d(Tx,Ty) < Ad(x,y)
forallx,y € X [10].

Definition 2. Let (X,d) be a metric space and T : X = X be a Lipschitzian mapping. T is called a
contraction mapping, if there is at least one A € (0,1) real number such that

d(Tx,Ty) < Ad(x,y)

forall x,y € X. Ais called the contraction ratio [10].

Definition 3. Let X be anormed spaceand T : X — X be a Lipschitzian mapping. T is called a contraction
mapping, if there is at least one 1 € (0,1) real number such that

ITx = Tyll < llx = yll
forall x,y € X [10].

Geometrically, Definition 2 and Definition 3 can be interpreted as Tx and Ty, which are images of any x
and y points, are closer together than x and y [10].

Theorem 1. (Banach Fixed Point Theorem) If (X,d) is a complete metric space and T : X - X is a
contraction mapping,

¢ T has one and only one fixed point x € X.

* For any x,, € X, iteration sequence (T"x,) (ie iteration sequence (x,) defined by x,, = Tx,,_; for all
n € N) converges to unique fixed point of T [6].
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The following three-step iteration algorithm, defined by Karakaya et al. in 2017, has been shown to be
faster than many iteration algorithms such as Picard, Mann, Ishikawa, Noor, SP, S, CR and Picard-S [14]:

Definition 4. The iteration method

Xg EX

Xpt1 = Tyn

Yo = A = Bp)zy + BnTz,
z, = Tx,

€y

is called the three-step iteration method, where X is a Banach space, T : X — X is an operator and
{Br)m=o < [0,1] is a sequence satisfying certain conditions [14].

Definition 5. The integral equations in the form of

x(t) =2 ff k(t,s,x(s))ds, )
where k(t, s, x) is the known function defined over the region
D={(t,s,x) ER3:a<t,s<h —oo<x< oo}

and x(t) an unknown function whose solution is desired, and A is any numerical parameter, are called
the second type of nonlinear Fredholm integral equations. Here, k is called the kernel of the integral
equation [2].

Lemma 1. C([a, b], ||-||) is the space of all continuous functions in the interval [a, b] defined by
d(x,y) = sup [lx(&) =y ()l
tela,b]

Now, let the theorem be expressed which gives the existence and uniqueness conditions of the second
type of nonlinear Fredholm integral equations:

Theorem 2. Consider the operator T : C([a, b], ||-lle) = C([a, b], ||-||) defined by

Tx(t) = Aff k(t,s,x(s))ds. 3)
k(t, s, x) is continuous over the region

D={(ts,x)ER3:a<ts<h —oo<x< o}

and if L > 0 exists such that

lk(t,s,x;) — k(t,s,x3)| < Llx; — x,
for

V(t,s,x1),(t,s,x) €D, ={(t,s,x) ER3:a<t,s<bh, |x|<r (>0}

there is only one solution x*(t) of equation (2) in C([a, b]) when |1] < A,. Here
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1 r
2y = mi
o = il {L(b —a)’ rLib—a) + LO}

and

b
Lo = t’?é[aa{(b] {L |k(t,s, 0)|ds}.

The sequence (xn (t)) defined as

b
x,(t) = )Lf k(t, S, xn_l(s))ds , n=12,..

a

converges smoothly to the function x*(t) for any initial function x, € {C([a, b]), ||x|le < 7} [2].

Definition 6. Let A, A, : Y = Y be operators. If ||4;x — A,x|| < €for each x € Y and constant & > 0, then
A, is called the approximation operator of A; [24].

Lemma 2. Let {a,}y-o and {b,}n-o be two non-negative real sequences satisfting the following
condition:

nt1 = (1 - Mn)an + bn ’
where u,, € (0,1) for eachn > ng, YXp-o 4n = © and — — 0 asn - oo. Then lim,,_,,a,, = 0 [25].

b
HUn

Lemma 3. Let {a, };—o be a non-negative real sequence and there exists ny € N such that for eachn > n,
satisfting the following condition:

Aps1 < (1= pn)an + ¥y,
where u,, € (0,1) such that )5, i, = 0 and y,, = 0. Then the following inequality holds:
0 < lim supa, < lim supy,
n-oo n-oo
[24].
3. Main Results

Theorem 3. Let T : C([a, b], ||-|ls) = C([a, b], ||:|ls) be an operator and {8, }n=o < [0,1] be a sequence
satisfying certain conditions. In this case, the integral equation given by equation (2) has a unique
solution in the form of x* € C[a, b] and the sequence {x,};,-, obtained from the iteration algorithm
given by equation (1) converges to this solution.

Proof Consider the sequence {x,};-, obtained from the iteration algorithm given by equation (1)
constructed with the operator T : C([a, b], ||'ll) = C([a, b], ||-|l)- It will be shown that for n — oo is
x, — x*. Using equation (1), equation (2) and conditions of Theorem 2, we are obtained the following
inequality:

141 (8) = x* (O] = [Ty, (t) — Tx* (O]
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= |/1 f; k(t,s,yn(s))ds — Aff k(t, s,x*(s))ds|
= |7 |f:k(t, s,y (s)) — k(¢, s,x*(s))ds|

b
< Illf |k(t, s,yn(s)) — k(t, S,x*(s))|ds

<1 | )~ (9)lds

< AL = D llyn = "l

< AL = Dllyn — x|l - (4)
Similarly, by making the necessary calculations, the following inequalities are obtained:

lyn — %"l = 11 = B)zn + BnTzy — Tx* |l
= ”Zn —x"+ .Bn(TZn - Zn)”oo

< llzn = x"loo (5)
zZp —x"| = |Tx, — Tx"|
= |/1ff k(t,s,xn(s))ds — Aff k(t, s,x*(s))ds|
= |A| |f:k(t, s, %,(5)) — k(¢, s,x*(s))ds|
< |1 f: |k(t, s,xn(s)) — k(¢ s,x*(s))|ds

< AL [ () — x*(5)]ds
< |AIL( = @)l — X7 len

< ApL(b = d)lxn — x|l - (6)
Then, taking the supremum of both sides of inequality (6),
1zn = %"l < AoL(b — @)Xy, — X7l co 7
is obtained. If inequality (7) and inequality (5) are written in inequality (4),
41 () = x*(Olloo < AFL2(b — @)?[lxn — "Il
And by applying induction to the last inequality, the following inequality is obtained:
%n41 () = x* Olloo < a@?llxn — 7Moo
< a*llxp-1 — x"llo

< a®llxp-z2 = *"lloo

< a?™ D |lxg — x"loo

then
1%041(8) = x* (Ol < @2V |Ixg — x| oo,
is found. Thus, since 0 < a < 1,
T{ijgollxn+1(t) —x"(t)llo =0.

So, the proofis completed.
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Now, let us examine the data dependency of the solution of the integral equation given by equation (2)
using the iteration algorithm given in equation (1). On the other hand, for data dependency, consider
the integral equation

u(t) =1, f; h(t, s, u(s))ds, €))
where h(t, s, u) is a continuous function given over the region
D={(t,s,su)ER3:a<ts<h, —o<u< oo},

and A, is a parameter. If equation (8) is written with the operator S : C([a, b], ||[l) = C([a, b, ||-|l)

S(u@®) =214 ff h(t, s, u(s))ds 9

is obtained. If the iteration algorithm given in equation (1) is reconstructed with operators T(3) and
S(9), respectively,

X1 (8) = A J k(t, 5,y ())ds
Ya(6) = (1= )z () + B [A [ (2,5, 2 (5))ds] (10)
z,(t) = Af; k(t, s, x,(s))ds

and

U1 (6) = Ay [, h(t:5,0,(5))ds
vn(6) = (1 = Br)Wa(6) + B [ A1 [ B(t,5, W (5))ds] (11)
wy, () = A4 f; h(t, s, un(s))ds

iteration algorithms can be written.

Theorem 4. Let the sequence {8, }n=o < [0,1] satisfy the condition 8, > %for each n € N. Consider the

sequence {x, }n-, obtained from equation (10) and the sequence {u,},-, obtained from equation (11).
Let the solutions of equation (2) and equation (8) be x* and u*, respectively, with the conditions of
Theorem 2. Let the constant ¢ exists such that ||k(t,s,p(s)) — h(t,s,p(s))|| , < eforeacha<t,s<b

and —o < p < . k(t,s,p) and h(t, s, p) are continuous functions given over the region
A={(ts,p)ER3:a<t,s<bh —oo<p< oo}

A and A, are parameters.

If x,, = x* and u,, - u* asn — oo, then the inequality

3eAmax(b — @)
1= Amax(h — @)L

llx* —ull <

is valid, with A, = max{|A], |1,]}.

Proof With the hypotheses of the theorem, the following inequality is obtained:

%ns1 = Unsallo =

b b
)LJ k(t, S, yn(s))ds —Alf h(t, S, vn(s))ds

[oe]
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Similarly,

and

||yn - Un”oo < (1 - ﬁn)”zn - Wn”oo + ﬁn

<

b (k(t,5,9,(5)) — k(t,5,v,(5))
Amasx fa <+k(t, s, vn(s)) - h(t, s, vn(s))) ds
L [} 1yn(s) = va(9)lleods
T\ 4+ f: k(¢ s, vn(s)) — h(t,s, vn(s))”OOdS
< Amax(b - a)(LHYn - vn”oo + 5)
< Amax(b — LlYn — Vnlleo + Amax(b — @)e. (12)

[oe]

b b
/1] k(t,s, z,)ds — Alf h(t,s, wy)ds
a a

b
< (1= Bu)llzn = Walleo + Bn | Amax [, K(t,5,2) = h(t,5,wp)ds ||

b
< (1 - ﬂn)”zn - Wn”oo + ﬂnlmax fa ||k(t, S, Zn) - h(t; S, Wn)”oods
k(t,s, z,) — k(t,s,wy)

+k(t,s,wy,) — h(t,s,wy) ds

[ee)

b
= (1 - .Bn)”Zn - Wn”oo + .Bn/lmax fa

b b
<1 -BIzn — Wwnlloo + BrAmax (Lf |z, — wpllods + f sds)
a a
< (1 - .Bn)”Zn - Wn”oo + .Bn)lmax(b - a)(L”Zn - Wn”oo + 5)

< [1 = Bp + Bndmax(b — @) L]l|z, — Wyl + Brdmax(b — a)e (13)

b b
Iz, — wplleo = Hxlf k(t,s, x,)ds — /11] h(t,s, uy)ds
a

a 9]

b
S lmax fa k(t' S, xn) - h(t, S, un)dS”oo
b ||k(t, s, x,) — k(t,s,uy)
<
< Amax Iy +k(t,s,u,) — h(t,s,ux)ll ds

b b
< Amas (L J; 116 = nlloods + f, eds)

< Amax(b — @) (Lllxy, — uplleo + €)
< Amax(b - a)L”xn - un”oo + lmax(b - a)g

< ”xn - un”oo + Amax(b - a)g (14)

are found. If inequality (14) is written in inequality (13),

lyn = vnlle < [1 = Bn + BrAmax(b — @)L]|zy, — Wylloo + BrnAmax(b — a)e
< [1 =B + BnAmax(b — @) L][llxy — uplleo + Amax(b — @)e] + BpAmax(b — a)e
< [1 =B + BnAmax(b — @) L]l[xy, — uplleo + [Amax(b — @)e] + BpAmax(b — a)e

< [1 = Bn + Budmax(b — a)L]llxy — Uyl + €EAmax(b — a)(1 + Br)

is obtained. If the last inequality is written in inequality (12),

”xn+1 - un+1”oo < ||Yn - Un”oo + Amax(b - a)g

< [1 - .Bn + .Bn/lmax(b - a)L]”xn - un”oo + glmax(b - a)(l + ﬁn) + Amax(b - a)g
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< [1 = Bn + Budmax(b — @)L]llxy — uplle + EAmax(b — a)(2 + By)
< {1 = Bn(1 = Apax(b — A)L)}HIxn — uplleo +eAmax(b — ) (2 + Br)
3eAmax(b—a)

< {1 = Bn(1 = Amax(b — L)}t — unlleo + Bn(1 = Amax(b — @)L) 7720 =70 (15)
is found. If is chosen a,, , i, , ¥», as follows in inequality (15), satisfies the conditions of Lemma 3.

an = ”xn - un”oo;
Un = Brn(1 = Apax(b —a)L) € (0,1),
3eAmax(b — @)

= > 0.
T 1 —Amax(b —a)L — 0

Pn = %requires Y=o Bn = oo for each n € N. Then,

0<li I o < li li 3eAmax(b —a)
< lImsup|ix,, —u o = 11ImSsu = 11msu
n_)oop n n n_)oopyn n_mop 1= Ay (b — @)L

is obtained. Since x,, = x* and u,, » u*asn — oo,

3eAmax(b—a)

* *
- <
[x* —u*[o < A (bl

(16)

is found.

Example 1.

(t_17f1 1 4
x )_64 o 1+x2(s) s

where k(t,s,x) = is a continuous function given over the region

1
1+x2(s)
D={(tsx):0<t,s<1, —oo<x< o}
The partial derivative of k(t, s, x):
ok 2x

ax  (A+x)?
is bounded over the region D.
6k| _ | 2x <1, )eD
oxl | @+x)2 = s

In this case, k(t, s, x) satisfies the Lipschitz condition with the coefficient L = 1.

17
/1=a, a=0, b=1, a=|/1|L(b—a)=a<1.

The equation in question has only one continuous solution x* on [0,1].

Let’s define the following algorithm with the operator

7"(1:)—17f1 S
i) = e o 1+x2(s) y

for the solution:
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17 (* 1
Xn+1(t) = Ty, (t) = af mds
0 n

17 (* 1
Ya(t) = (1= Bp)zn(t) + BnTzy (t) = (1 = Bp)zy (1) + B <@f0 1+ z4(s) dS)

©=T (t)—”fl L4
=T = | Tr 2 ™

On the other hand, let’s consider the integral equation

0 = 65 J‘l s p
=256 ), 1+u2(s) ™

where

N
h(t, S, u) = m

is a continuous function given over the region
G={(tsu):0<ts<1l, —oo<u< o},
The partial derivative of h(t, s, u):
dh 2su

ou (1+u?)?
is bounded over the region G.
6h| B | 2su
oul | (1 +u?)?

<1, (t,s,u)€G

In this case, h(t, s, u) satisfies the Lipschitz condition with the coefficient L = 1.

=2 a0 b=t — |A,IL(b _%
159567 27 P @714 @) =355 <1

The equation in question has only one continuous solution u*on [0,1].

Let’s define the following algorithm with the operator

65 (1 s
S(un (D) = 256_[0 T2

for the solution:

S
1025

65 1!
tia (6) = Sun(®) = 5 |
0

65 (1 s
V(1) = (1 = Bwn(t) + BrSwy(t) = (1 — B)wy(t) + By (256_[ 1+ w2(s) ds)
0

=S (t)—65j1 4
W8 =2Unl) =956 ), T+ u2(s) ™
Thus,
o eI = 17 65y 17
max = MAXUAL 141 _max{64'256}_64

is found. Let the constant ¢ exists such that
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1 S
I€es5:p ) = h(es L = =137
< 1
- ||1+p2 o
<l=¢

for each (t, s, p) € A.So, all the conditions of Theorem 4 are satisfied. Therefore, inequation (16) is valid.
If the found values are written in the inequation (16),

17
I Il < 3¢Amax(b—a) 3-1-@-1 _ 51
Y oUle =TT -l . 17 .. 47
64"

=~ 1.085

1 1.1

is obtained. Indeed, x* = iand u* = éare found. So,
" = ull —”1 1” — L0125 <1085
xu°°_4800_8_'_'
is found. Thus, the theorem is supported by this example.

4. Conclusion

Many real-life problems are expressed non-linearly. In the modeling of these problems, nonlinear
integral equations are mostly used. Fixed point theory is very important for solving these integral
equations. The basic idea here is to construct algorithms called iterations by including the equation in
an operator class under certain conditions, and to determine the appropriate conditions for the
sequence obtained from this iteration to converge to the fixed point of the operator, in other words, to
the solution of the equation.In this study, the solution of the second type of homogeneous nonlinear
Fredholm integral equations is investigated using a three-step iteration algorithm. In other words, the
aim of this study is to show that the sequence obtained from equation (1) iteration method converges
strongly to the solution of equation (2). It has been shown that the sequences obtained from this
algorithm converge to the solution of the mentioned equations. In addition, data dependence was
obtained for the second type of homogeneous nonlinear Fredholm integral equations and this result was
supported by an example. Interested researchers can reconstruct the newly described three-step
iteration method for more general transformation classes and apply it to many types of integral
equations to examine the results of strong convergence and data dependence.
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Keywords Abstract — This paper presents the solutions of fractional Drinfeld-Sokolov-Wilson (DSW) equa-
Conformable Calculus; tions that occur in shallow water flow models using the residual power series method. The fractional
Residual Power Series derivatives and integrals are considered in the conformable sense. In addition, surface plots of the
Method, solutions are given. The solutions and results show that the present method is very efficient and

. effective due to the lack of a need for complex calculations and that the method also has a wide
Drinfeld-Sokolov-

. . range of practicability in the resolution of partial differential fractional equations.
Wilson Equation,

Shallow water waves.

Subject Classification (2020): 34KXX, 39AXX.

1. Introduction

The use of fractional differential operators and integral operators in mathematical models has become in-
creasingly popular in recent decades. Fractional calculus has, therefore, found numerous applications in
different technical and scientific fields, such as fluid mechanics [1], signal processing [2], thermodynamics

[3], biology [4], economics [5], viscoelasticity [6], control [7] and many other physical mechanisms.

In conjunction with these efforts in research, fractional differential equations (FDEs) have also been pro-
posed and implemented in modeling several physical and engineering problems. As a result, an active
consulting firm has been involved in discovering reliable and effective methods for resolving FDEs. Since,
it is not easy to find the exact solutions of most FDEs, some approximate and numerical schemes must
be produced. Some of the numerical methods used to solve FDEs are differential transform method [8]
for fractional partial differential equation from finance, Adams-Bashforth method [9] for chaotic differen-
tial equations and Fisher’s equation, homotopy analysis method [10] for Nizhnik-Novikov-Veselov system,
g-homotopy analysis method [11] for seventh-order time-fractional Lax’s Korteweg-de Vries and Sawada-

Kotera equations, Shehu transform method [12] for Burgers-Fisher, backward Klomogorov and Klein-Gordon
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equations and some other systems, perturbation-iteration algorithm [13] for fuzzy partial differential equa-

tions and Adomian decomposition method [14] for Burger-Huxley’s equation.

Besides, as analytical methods, the functional variable method [15] for the Zakharov-Kuznetsov equation,
the Benjamin-Bona-Mahony equation and the Korteweg-de Vries equation, Sine-Gordon expansion method
[16] for RLW-class equations, modified Khater method and sech-tanh functions expansion method [17] for
emerging telecommunication model, Exp(—¢(¢))-expansion method [18] for nematicons, new extended
direct algebraic method [19] for Konno-Ono equation and Kudryashov’s method [20] for nonlinear schrodinger

equation are worth mentioning.

In this piece of research, the residual power series method [21-23] is used to obtain new approximate so-
lutions for below mentioned time-fractional Drinfeld-Sokolov-Wilson equation that arise in shallow water
flow models. We successfully solved differential equations with this method before [26-29]. Also Jaradat et.

al.[30] used RPSM for solving DSW equation where the fractional derivatives are in Caputo sense.

Consider the following nonlinear conformable time-fractional DSW equation, as

a“w(x,t)+ o(x t)av(x, 2] —0
ora  HURETET SR -
6"‘v(x,t)+ 63v(x,t)+ ( t)av(x,t)+€( t)dw(x,t) 0 o<a<l )
w(x, v(x,t)—— =0, a<l,
are 1 Y dx
subject to the initial conditions
w(x,0) = h(x),
(1.2)
v(x,0) = R(x).

The purpose of this study is to construct a power series solution for Eqs. (1.1) and (1.2) by its power series
expansion among its truncated residual function.The major improvement of the RPSM is that by choosing
suitable initial conditions, it can be applied directly to the problem without perturbation, linearization or
discretization, in other words, without any adjustments. Furthermore, present method is capable of obtain-

ing results without complicated calculations.

The remainder of the study is carried out as follows: In Section 2, we present essential definitions and results
for RPSM. Within Section 3, general procedure of the RPSM is summarized In Sections 4, Implementation of
RPSM for Drinfeld-Sokolov-Wilson system is presented. In Section 5, numerical results illustrated. Finally,

Section 5 is reserved for conclusion.
2. Essential Definitions and Results for RPSM

Suppose that f is an infinitely a-differentiable function, for some « € (0,1] at a neighborhood of a point
t = tp then f has the following conformable fractional power series expansion [24, 25]:
X (TP HP (1~ to)P®

fo=>

p=0

. fo<t<ty+RY* R>0. 2.1
aPp!

where (T2 f)P) is the application of the fractional derivative p times. [23, 25] A power series of the form
Z‘;O:O 8p (x)(1)P* for 0 = m—1 < a < m is called multiple fractional power series about #, = 0, where gp’s are

functions of x called the coefficients of the series.  [25] Suppose that u(x, ¢) has the following multiple
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fractional power series representation at #y = 0:

oo
utx,t)=) gy0)tP%, O<a<lxel,0<t<R'% 2.2)
p=0
1If 1P i I%(0,RY%), k=0,1,2,..., th TAC)
u; (x,r) are continuous on I x (0, ), k=0,1,2,..., t engp(x)— arp]

3. General Procedure of the RPSM

The main steps of this procedure are described as follows:
Step 1. Suppose that the solution of Eq. (1.1) and Eq. (1.2) is expressed in the form of fractional power series

expansion about the initial point £ =0, as

[e°] l.pa
wx, =) hplx)—,
(x, 1) ,;o p )app!
oo oo 1 (3.1)
v(x,)=) zp(x)——, O<a<l,xel,0<r<Ra.
p=0 aPp!

The RPSM guarantees that the analytical approximate solution for Eq. (1.1) and Eq. (1.2) are in the form of
an infinite fractional power series. To obtain the numerical values from these series, let wy(x, ) and vi(x, t)

denotes the k-th truncated series of w(x, f) and v(x, 1), respectively. i.e.,

k o
wi(x,t) = hy(x)—,
k(x, 1) p;o p( )app!
f (3.2)
pa L
Vi(x, t) = Zp(X) ——, O<a<l xel,0<t<Rea.
k(x, ) p;o p )app!

Take k = 0 and by the initial condition, the 0-th residual power series approximate solution of w(x, ) and

v(x, ) can be written in the following form, as

wy(x, 1) = ho(x) = w(x,0) = h(x),

(3.3)
Vo(x, 1) = zo(x) = v(x,0) = R(x).
The Eq. (3.2) can be rewritten, as
k e
wi(x, ) = h(x) + p; hp(x) e
(3.4)
k pa
Vi(x, 1) =R(x) +p§1zp(x)a7p!, O<a<l xel,0<t¢,

where k=1,2,3,.... By viewing the representations of wy(x, ) and vi(x, t), the k-th residual power series
approximate solutions will be obtained after h,(x), z,(x), p =1,2,3, ..., k, are available.

Step 2. Define the residual function, for Eq. (1.1) and Eq. (1.2), as

0%w(x, 1) ov(x, 1)
Resw(x, ) =———— + pu(x, ) ———,

a“a(ta N 8vx 1) ov(x, 1) dw(x, 1) 5.5
Res,(x,t) = AL vy +yw(x, ) S +&v(x, 1) W

are 1T o3 ox ox
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and the k-th residual functions, k =1,2,3,..., can be expressed, as

0 b 0 N
Reswk(x; t) :M+Hyk(xr t)My
’ ot ox (3.6)
0%vy(x, t Buvp(x, t ovi(x, t Qwy(x, t '
Res, i (x,1) = K )+17 k( )+)/wk(x, )+)+6 vi(x, L

0% 0x3 O0x

From [25], some useful results for Res,, (x, t) and Res, i (x, t) which are essential in the residual power

series solution for j =0,1,2,..., k are stated as follows:

(i) Resy(x,t) =0,Resy(x, 1) =0,

(ii) lim Resy k(x,t) = Resy(x, 1), lim Res,i(x,t) = Resy(x,t), foreachxelandt=0,
k—o0 ’ k—oo ’ 3.7

ja ja ja ja

0
(lll) Resw(x 0) = Reswk(x 0) = 6 Resy(x 0) = Resvk(x 0)=

Step 3. Substitute the k-th truncated series of w(x, t) and v(x, t) into Eq. (3.6) and calculate the fractional
derivative at(k vz Of Resy, i (x, ) and Res, i (x, 1), k=1,2,3,... at £ = 0, together with Eq. (3.7), the following
algebraic systems are obtained:

6(k—1)0¢

at(k——l)aReS“’vk(x’O) =0,

0(k—1)a (3.8)

at(k—l)aReSv'k(x’O)ZO’ 0<a51, k:1,2,3,,,_‘

Step 4. After solving the systems (3.8), the values of the coefficients h,(x), z,(x), p=1,2,3,..., k are obtained.

Thus, the k-th residual power series approximate solutions is derived.
In the next discussion, the 1st, 2nd, 3rd and 4th residual power series approximate solutions are determined
in detail by following the above steps.

4.Implementation of RPSM

For k =1, the 1st-residual power series solutions can be written, as

a

wy(x, 1) = h(x) + (x)%,

o (4.1)
v1(x, 1) = R(x) + 21 (x) —.
a
The 1st-residual functions can be written, as
o b 0 b
Reswl(x’ t):M +IJ/U1(x, t)M,
’ ot® 0x 4.2)
%vi(x, 1)  ui(x, 1) v1(x, 1) dw; (x, 1) '
Resyy (o= 0000 0D D e, )1—

o T o3 ox
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Substitute the 1st truncated series, w;(x,t) and v;(x, f) into the 1st residual functions, Res,,(x, ) and

Res, 1 (x, 1), respectively. i.e.,

Resu (6,0) = () + (R0 + 2100 =) (RO )+ 20 (0 = )
_ ) 3 1 ) (W 0
Res, 1 (x, 1) = 210 + (X900 + 2 () - )+ y(hto + o - )(N () + 20 () — )

t? t*
+E(R@+ 20— (MY + AP =)
a a
From Eq. (3.8) and Eq. (4.3), it can be written, as

By (x) = = (LRORY (1)),
z1(x) = = (ERE) AV (1) + yAx)RD (x) + nRP (1).

The 1st RPS approximate solutions can be written in the following form, as

a

—ho - M
w1 (6, 0) = h) - —(RWRY (),

(5, =R = — (EREOAD 00 + YRR () + 78 ()

For k = 2, the 2nd-residual power series solution can be written, as

% tZa
wi(x, 1) = h(x) + hi(X)— + h2 (x) =,
a 2a?

@ 2a
v1(x, 1) = R(X) + 21 (X) — + 22(%) 5.
a 2a

Substitute the 2nd truncated series u» (x, t) into the 2nd residual function Res,(x, 1), i.e.,

a a

2a a 2a
Resw(x, 1) = Iy (%) + ha (x) % + u(N(x) +z (x)% +2 (x)t—)(xﬂ’ (x) + 2" (x)t— 20 (x) —)

Resyo(x, 1) = 21 (x) + 22(%) t— + n(x‘?’) ) +2% (x)t— 2% (x) ) + y(ﬁ(x) +hy (x)—

a
+ Iy (x)—) (N(D (x) + 2V (x) + 20 (x) ) + e(N(x) +21 (x)t—
T\ (50 W
+ 2p(x) Zaz)(h (x) + 1y (x) o hy” (x) 2a2)

From Eq.(3.8) and Eq.(4.7), it can be written, as

ha(x) = —(,Uzl(x)N(D (x) + pR(x0) 2V (x)),
22 (x)=- (Q(.Zl (X)h(l) (x)+ fN(x)hgl) (x) + th (JC)N(D (x)

+ yh(x)zil) (x) + nzgs) (x))

(4.3)

(4.4)

(4.5)

(4.6)

4.7)

(4.8)
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The 2nd residual power series approximate solutions can be written in the following form, as

2a
ws(x, 1) = h(x) - —(ux(xm(”(x)) (uzl XD () + R0 2" (),

2a
vy, 1) = N(x)——(éN(x)h(D(x)+yh(x)N(”(x)+nN(3)(x)) L (Eaton 4.9

+ &R AP (0 + YR (R (x0) + Y h(x) 2P (x) + 2 (x)).

For k = 3, substitute the 3rd truncated series,
a 2a 3a
ws(x, 1) = h(x) + (x)— +ha(X) 55 + h3(X) 3,

ta 2a 3a ’ (4.10)
v3(X, 1) = R(X) + 21 (X) — + 22(X) — + 23(X) —.
a 2a? ad

of Eq. (1.1) and Eq. (1.2) into the 3rd residual function, Ress(x, t), of Eq.(3.6), i.e.,

a tZa ta t2a 3
Resus(x, 1) = Iy () + Iy (x)— () + N(N(x) 20—+ 20 + 20 )(N(” x)

+z1”(x) +z2”(x) +z31)( )—)

a a 3a
Resyas, =210+ 220 o+ 230 L (8004 200 5 4 2P0 4 )

2a (4.11)
+ y(ﬁ(x) +h (x)— +hy (x)— + hg(x) )(Nm x) +2" (x)

o 2a m 3 1% t2a 3 W
+A o+ 4 W )+5(N(x)+z1(x)—+zz(x) 5+ 505 )(h ()

+ hil) (x) + h(l)( ) + h(l)( ) )
Now, solving the equation %Resk(x, 0) =0, for k = 3 gives the required value of g3(x), as

B3 (x) = —(,uzz RV () + 2021 (020 (1) + R () 280 (x)),
230) = =(£220RD (0 +2621 (A () + RO () + Y ha (DR () (4.12)

+2yh (x)zll) (x) +yh(x) 221) (x) + nz(3) (x))

Based on the previous results for gy (x), g1 (x) and g2 (x), the 3rd residual power series approximate solution
becomes

2a
wale, =000 = (“N(xmm )3 - 573 (ke R ) + pr 2 ()
3a
- @ (IJZZ (X)N(l) (x) +2uz1 ()C)Zil) (%) + ,UN(X)ZS) (X)),

- _ﬁ @ 1 3) _tz_a 1)
3 1) =R~ —[ERWAY ) + 7R () + 8O () = 2 (€21 AP () w13

+ERWAY (0 + Y (ORY () +yh(x) 2 (0 + 72 ()
3a
— %(&z(x)h(l) (x)+28z (x)hil)(x) +€N(x)h§” ) +Yh2(X)N(1)(x)

+2yh (x)z1 Vi) + Yh(x) ZZD (x)+ nz(g) (x)).
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For k = 4, substitute the 4th truncated series

wa(x, 1) = h0) + hy (0 5 + hp(0) gy + ha (0 £ + (0 5hr, va(x, 8) = RO + 21 (05 + 20 (0) ey + 25 (0) 55 +

2404‘“
zﬂx)%; of Eq. (1.1) and Eq. (1.2) into the 4th residual function,Resy(x, t), of Eq.(3.6), i.e, Resy(x,t) is

equals to

1% 2a 3a a 2a
Resya(x,t) = hy(x)+ hy (x)— + h3 (x) 5+ h4(x) ! 3+ ,u(N(x) + 21 (x)t— + 2 (x)—

t3oc 4a o W 2 " t?,a
2500 +Z4(x)24 4)(N W +20 = +z2 (x)—+z3 ()=
(1)
™) 24a 4)
% 2a t3a Al
Resya(x, 1) =z21(x) + 22 (x)— + Z3(x) =tz (x) —+ n(N(‘o’) (x)+ z(s) (x) —
20 (4.14)
2 (x) 2 (x) 2o 4) + Y(h(x) U AE LA
() o tw =+ ha(x) a3 )(N(D () + z(“(x) + 20 (x) +z D(x) sa
24(14 1 2 3
W t4a t% 2a 3a
+e 0 )+6(N(x)+z1(x)— + 2005 + 20—
+ z4(x) t4 )(h(l)(x) + h(l)(x) h(l)(x) h(l)(X)j + h(l (x) t4a )
244 1 4at
From Eq. (3.8) and Eq. (4.14), it can be written, as
ha(x) = —(uZ3(x)N(1)(x) +31z2 (020 (%) + 321 (1) 25" (x) + PR (x) 25" (x)),
2400 = =(£250RY () + Y hs IR () + 3822 () A () + 3821 () A () + ER D RSP () (4.15)

+2Yhp(x) 27 (x) + 3y hy (0) 25° (x) + Yh(x0) 2{" (x) + 02l (x))

Based on the previous results for h(x), h1(x), ho(x) and hs(x) and zy(x), z1(x), z2(x) and z3(x), the 4th

residual power series approximate solution can be obtained. For the convergence analysis, see [25]
5. Numerical Results

To illustrate the authenticity of the RPSM method to solve the nonlinear conformable time-fractional Drinfeld-
Sokolov-Wilson equation, three applications are considered. Consider the following time-fractional Drinfeld-

Sokolov-Wilson equation, as

0%w(x, 1) ov(x, t)
—— +3v(x, f)———— =0,

ot 0x 5.1)
Ov(x 1) a3u(x D 4o t)av(x, D 4 e t)aw(x, D_o0 o<a<l '

ot 0x3 ’ ’ ox ’

subject to the initial conditions
w(x,0) = 3sech®(x),
(5.2)

v(x,0) =2sech(x).
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The exact solution of this problem for @ =1 is given in, as

w(x,t) = 3sech? (x—21),
(5.3)
v(x,t) =2sech(x—2t).

It can be observed that numerical results are agreement with the exact solution with a high accuracy. Also,
it is clear that the adding new terms of the residual power series approximations can make the overall error

smaller.

Figure 1. 3D surface plots for the 4th residual power series solution wy(x, f) witha. a =0.8and b. ¢ =0.9
for Example 5

Exact Solution Approgimate Solution

Figure 2. 3D surface plots of exact solution and approximate solution wy(x, t) at « = 1 of Example 5.

6. Conclusion

In this research, we have given an algorithm, namely the Residual Power Series Method (RPSM), for the ap-
proximate solution of the fractional Drinfeld - Sokolov - Wilson equation system. The scheme is based on
the power series and the solutions are determined in the form of a converging series with simple calcula-
tions. The approach offers approximate solutions with a good level of precision. Summing up these results,
we can conclude that the residual power series method, in its general form, offers a fair amount of calcu-
lations, is an efficient method and simple to apply for nonlinear fractional differential equations in general

form.
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Figure 3. 3D surface plots for the 4th residual power series solution v4(x, ) witha. @ =0.8 and b. a = 0.9 for
Example 5

Exact Solution Approximate Soltion

Figure 4. 3D surface plots of exact solution and approximate solution vy4(x, t) at & = 1 of Example 5.

-4 -1 2 L)

Figure 5. 2D plot of solutions ws at ¢ = 0.1 for Example 5.
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Figure 6. 2D plot of solutions v; at ¢t = 0.1 for Example 5.

Author Contributions

All authors contributed equally to this work. They all read and approved the final version of the manuscript.

Conflicts of Interest

The authors declare no conflict of interest.

References

(1]

(2]

(3]

(4]

(5]

[6]

(7]

8]

Kulish, V. V,, Lage, J. L. (2002). Application of fractional calculus to fluid mechanics. J. Fluids Eng.,
124(3), 803-806.

Cruz Duarte, J.M., Rosales Garcia, J., Correa Cely, C.R., Garcia Perez, A., Avina Cervantes, J.G. (2018).
A closed form expression for the Gaussian-based Caputo-Fabrizio fractional derivative for signal pro-

cessing applications. Communications in Nonlinear Science and Numerical Simulation, 61, 138-148.

He, J.H., Ji, EY. (2019). Two-scale mathematics and fractional calculus for thermodynamics. Thermal
Science, 23(4), 2131-2133.

Landman, K. A., Pettet, G. J., Newgreen, D. E (2003). Mathematical models of cell colonization of uni-

formly growing domains. Bulletin of mathematical biology, 65(2), 235-262.

Tarasov, V. E. (2019). On history of mathematical economics: Application of fractional calculus. Math-
ematics, 7(6), 509.

Ionescuy, C., Kelly, J.E (2017). Fractional calculus for respiratory mechanics: Power law impedance,

viscoelasticity, and tissue heterogeneity. Chaos, Solitons & Fractals, 102, 433-440.

Tufenkci, S., Senol, B., Alagoz, B. B. (2019, September). Disturbance Rejection Fractional Order PID
Controller Design in v-domain by Particle Swarm Optimization. In 2019 International Artificial Intelli-

gence and Data Processing Symposium (IDAP) (pp. 1-6). IEEE.

Yavuz, M., Ozdemir, N., Okur, Y. Y. (2016, July). Generalized differential transform method for fractional

partial differential equation from finance. In Proceedings, International Conference on Fractional Dif-



Hira Tariq et al. / IKJM / 5(2) (2023) 65-75 75

91

[10]

(11]

[12]

[13]

(14]

[15]

[16]

[17]

(18]

[19]

(20]

(21]

(22]

(23]

ferentiation and its Applications, Novi Sad, Serbia (pp. 778-785).

Atangana, A., Owolabi, K.M. (2018). New numerical approach for fractional differential equations.
Mathematical Modelling of Natural Phenomena, 13(1), 3.

Kurt, A., Tasbozan, O., Baleanu, D. (2017). New solutions for conformable fractional Nizhnik-Novikov-
Veselov system via G'/G G'/G expansion method and homotopy analysis methods. Optical and Quan-

tum Electronics, 49, 1-16.

Akinyemi, L. (2019). g-Homotopy analysis method for solving the seventh-order time-fractional Laxas

Korteweg-de Vries and Sawada-Kotera equations. Computational and Applied Mathematics, 38(4), 191.

Akinyemi, L., Iyiola, O. S. (2020). Exact and approximate solutions of time-fractional models arising
from physics via Shehu transform. Mathematical Methods in the Applied Sciences, 43(12), 7442-7464.

Senol, M., Atpinar, S., Zararsiz, Z., Salahshour, S., Ahmadian, A. (2019). Approximate solution of time-
fractional fuzzy partial differential equations. Computational and Applied Mathematics, 38(1), 1-18.

Hammouch, Z., Mekkaoui, T. (2012). Adomian decomposition method for solving a time-fractional

Burger-Huxley’s equation. Nonlinear Studies, 19(3).

Rezazadeh, H., Vahidi, J., Zafar, A., Bekir, A. (2019). The Functional Variable Method to Find New Exact
Solutions of the Nonlinear Evolution Equations with Dual-Power-Law Nonlinearity. International Jour-

nal of Nonlinear Sciences and Numerical Simulation. DOI: https://doi.org/10.1515/ijnsns-2019-0064.

Korkmaz, A., Hepson, O. E., Hosseini, K., Rezazadeh, H., Eslami, M. (2018). Sine-Gordon expansion
method for exact solutions to conformable time fractional equations in RELW-class. Journal of King
Saud University-Science. 32 (1), 567-574.

Park, C., Khater, M.M., Abdel-Aty, A.H., Attia, R.A., Rezazadeh, H., Zidan, A.M., Mohamed, A.B. (2020).
Dynamical analysis of the nonlinear complex fractional emerging telecommunication model with

higherdorder dispersive cubic-quintic. Alexandria Engineering Journal, 59(3), 1425-1433.

Raza, N., Afzal, U., Butt, A. R., Rezazadeh, H. (2019). Optical solitons in nematic liquid crystals with

Kerr and parabolic law nonlinearities. Optical and Quantum Electronics, 51(4), 107.

Mirhosseini-Alizamini, S. M., Rezazadeh, H., Srinivasa, K., Bekir, A. (2020). New closed form solutions
of the new coupled Konno-Oono equation using the new extended direct algebraic method. Pramana,
94, 1-12.

Biswas, A., Rezazadeh, H., Mirzazadeh, M., Eslami, M., Zhou, Q., Moshokoa, S. P, & Belic, M. (2018).

Optical solitons having weak non-local nonlinearity by two integration schemes. Optik, 164, 380-384.

Arqub, O. A. (2013). Series solution of fuzzy differential equations under strongly generalized differen-

tiability. Journal of Advanced Research in Applied Mathematics, 5(1), 31-52.

Arqub, O. A, El-Ajou, A,, Bataineh, A. S., Hashim, I. (2013, January). A representation of the exact so-
lution of generalized Lane-Emden equations using a new analytical method. In Abstract and Applied
Analysis (Vol. 2013). Hindawi.

El-Ajou, A., Arqub, O. A., Zhour, Z. A., Momani, S. (2013). New results on fractional power series: theo-
ries and applications. Entropy, 15(12), 5305-5323.



Hira Tarig et al. / IKIM / 5(2) (2023) 65-75 76

(24]

(25]

(26]

(27]

(28]

(29]

(30]

Abdeljawad, T. (2015). On conformable fractional calculus. Journal of computational and Applied
Mathematics, 279, 57-66.

Senol, M., Tasbozan, O., Kurt, A. (2019). Numerical solutions of fractional Burgers’ type equations with

conformable derivative. Chinese Journal of Physics, 58, 75-84.

Tariq, H., Akram, G. (2017). New traveling wave exact and approximate solutions for the nonlinear

Cahn-Allen equation: evolution of a nonconserved quantity. Nonlinear Dynamics, 88, 581-594.

Tariq, H., Sadaf, M., Akram, G., Rezazadeh, H., Baili, J., Lv, Y.P, Ahmad, H. (2021). Computational study
for the conformable nonlinear Schrodinger equation with cubic-quintic-septic nonlinearities. Results
in Physics, 30, 104839.

Tariq, H., Glinerhan, H., Rezazadeh, H., Adel, W. (2021). A numerical approach for the nonlinear tem-
poral conformable fractional foam drainage equation. Asian-European Journal of Mathematics, 14(06),
2150089.

Tariq, H., Akram, G. (2017). Residual power series method for solving time-space-fractional Benney-
Lin equation arising in falling film problems. Journal of Applied Mathematics and Computing, 55(1),
683-708.

Jaradat, H. M., Al-Shara, S., Khan, Q. J., Alquran, M., Al-Khaled, K. (2016). Analytical solution of time-
fractional Drinfeld-Sokolov-Wilson system using residual power series method. IAENG International
Journal of Applied Mathematics, 46(1), 64-70.



Ikonion Journal of Mathematics 5(2) (2023) 76-91

Ikonion Journal of Mathematics
https://dergipark.org.tr/tr/pub/ikjm

Research Article

Open Access
https://doi.org/10.54286/ikjm.1335660

ISSN: 2687-6531

The Numerical Solutions of the Conformable Time-Fractional Noyes Field
Model via a New Hybrid Method

Bedir Kaan ONER 1 ©, Halil ANAG 2

Keywords: Abstract — This article employs a novel method, namely the conformable q-Sawi homotopy
Conformable time- analysis transform method (Cq-SHATM) to investigate the numerical solutions of the nonlinear
fractional Noyes Field conformable time-fractional Noyes-Field model. The proposed method, namely Cq-SHATM, is a
model, hybrid approach that integrates the g-homotopy analysis transform method and the Sawi
q-Sawi homotopy transform using the concept of conformable derivative. 3D graps of the solutions obtained with
analysis transform this method were drawn. Additionally, 2D graphs of the solutions were obtained in the Maple
method, software program. The computer simulations were conducted in order to validate the efficacy
Conformable Sawi and reliability of the proposed method.

transform

Subject Classification (2020): 65H05,26A33,35R11.

1. Introduction

Beyond the integer order of calculus is the arbitrary order of fractional calculus (FC). When renowned
scientists Leibniz and L'Hospital first spoke to one another in roughly 1695, it was discussed. Because
fractional calculus may be used to accurately describe a wide variety of nonlinear phenomena, several
writers have recently begun to investigate it. Differential equations of the fractional order variety have
an impact on both genetic material and non-local material features. Many well-known mathematicians
have studied and written on fractional calculus. They created the foundation for fractional calculus
through their work. Nowadays, systems that vary over time are frequently studied and nonlinear models
created using fractional partial differential equations. Numerous concepts, including chaos theory, have
been connected to fractional-order calculus theory. In order to characterize the characteristics of
natural systems that don't behave linearly, fractional differential equations are used. We obtain precise
answers to fractional differential equations that model nonlinear processes using a variety of analytical
and numerical techniques [1-13].

Mohand and Mahgoub [14] introduced a novel integral transform known as the Sawi transform.
Problems with population increase and decay were satisfactorily explained using the Sawi transform
[15]. In [16], it introduces the "Sawi decomposition method," a novel approach for solving Volterra
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integral equations and its application. The Sawi transformation is employed in the computation of
solutions for systems of ordinary differential equations, specifically in the context of determining the
concentration of chemical reactants involved in a series chemical reaction [17]. A novel double fuzzy
transform, referred to as the double fuzzy Sawi transform, is proposed. This paper presents a formal
proof of fundamental properties associated with the single fuzzy Sawi transform and the double fuzzy
Sawi transform. The present study employs a technique to derive the precise solution of a non-
homogeneous linear fuzzy telegraph equation, incorporating a generalized Hukuhara partial
differentiability [18].

The Belousov-Zhabotinsky (B-Z) reaction is a classic example of a chemical oscillating reaction. It was
discovered independently by Boris Belousov and Anatol Zhabotinsky in the 1950s. The B-Z reaction is a
type of non-equilibrium chemical system that exhibits periodic changes in color, indicating oscillations
between different chemical states. One of the remarkable aspects of the B-Z reaction is its ability to
exhibit spontaneous oscillations in concentrations of different chemical species. These oscillations are
typically observed through changes in color, and the reaction cycles through various states over time.
The reaction is autocatalytic, meaning that one of the products of the reaction catalyzes its own
formation. This positive feedback loop is essential for the oscillatory behavior observed in the system.
The B-Z reaction is relatively complex and involves the interaction of multiple chemical species. It
typically includes the oxidation of an organic compound by bromate ions in the presence of various
catalysts, such as cerium ions. While the B-Z reaction itself is a fascinating example of chemical kinetics
and nonlinear dynamics, its practical applications are limited. However, the principles learned from
studying such systems contribute to our understanding of complex dynamic behavior in chemical
systems. The Belousov-Zhabotinsky reaction has been of interest in the fields of chemistry and physics,
particularly for its ability to illustrate concepts related to chaos and nonlinear dynamics. Researchers
have also explored its potential relevance to understanding certain biological processes, as oscillatory
behavior is observed in various biological systems. The B-Z reaction is often demonstrated in
educational settings to illustrate the dynamic and unpredictable behavior that can arise in chemical
systems, challenging the common perception of chemical reactions as static processes.In the current
study, we take into consideration the Belousov-Zhabotinsky (B-Z) nonlinear oscillatory system with
conformable time-fractional derivative in Caputo sense. The B-Z family of oscillating chemical reactions
is intriguing because it can exhibit both spatial traveling concentration waves and temporal oscillations,
both of which are accompanied by striking color changes [19]. In a closed system, this reaction can
produce up to many thousands of oscillatory cycles, making it possible to study the chemical waves and
patterns without having to constantly replace the reactants [20].

For this B-Z, the streamlined conformable time-fractional Noyes-Field model is given as

9%p(x,t) 5
cup(x,t) = 191? + pow(x, t) + p — p° — Spw(x,t),
1
2°w(x,t) 1)
Law(x, t) = 9, ————+yw(x, t) — Ap(x, hHw(x, t).

0x

where, T, is conformable time-fractional oder u € (0,1] in Caputo sense and 0 < t < 1.
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Since the operator in a nonlinear problem with fractional order is described by an integral, these issues
are frequently more challenging to solve. The exact and numerical solutions to the fractional problems,
however, have been investigated using a variety of computing approaches that have been created. Some
of the utilized methods are Adomian decomposition method (ADM) [21-23], variational iteration
method (VIM) [24], homotopy analysis method (HAM) [25-28], differential transform method (DTM)
[29-30], homotopy perturbation method (HPM) [31-33], residual power series method (RPSM) [34-36],
Laplace decomposition method (LDM) [37], q-homotopy analysis method (q-HAM) [38-44], g-
homotopy analysis transform method (q-HATM) [45], fractional reduced differential transfofrm method
(FRDTM) [45], conformable fractional Elzaki decomposition method (CFEDM) [46], conformable g-
homotopy analysis transform method (Cq-HATM) [47], conformable Shehu homotopy perturbation
method (CSHPM) [47], conformable fractional q-Shehu homotopy analysis transform method (CFg-
SHATM) [48], conformable Shehu transform decomposition method (CSTDM) [48]. The main goal of
this study is to come up with a new method: the conformable q-Sawi homotopy analysis transform
method (Cq-SHATM).

Hereis alist of the rest of the study. The basics of conformable fractional calculus and the Sawi transform
are explained in the second part. In Section 3, the new conformable fractional numerical methods are
presented. Section 4 shows an example of the conformable time-fractional Noyes Field model. In Section
5, the result is given.

2. Preliminaries
Now let's give the definitions to be used in the study.

Definition 2.1. [49-52] Let a function f: [0, ) — R. Then, the conformable fractional derivative of f
order u is described by

fe+ex™) = f(x0)

T.(H@) = lim - @
forallx > 0,u € (0, 1].
Theorem 2.1. [49-50, 52] Let 1 € (0,1] and f, g be u —differentiable at a point x > 0. Then
() T,(af + bg) = aT,(f) + bT,(g),foralla,b € R, 3)
(ii) T, (xP) = pxP~1,forallp € R, 4
(iii) T,(zr) = 0, for all constant functions, f(t) = 1, (5)
) T,(F9) = fTu(9) + 9T, (f), (6)
f _ gTu(f) _fTu(g)
W) T, (5) _ = . )

Definition 2.2. Let 0 < u < 1, f:[0,0) - R be real valued function. Then, the conformable fractional
Sawi transform (CFST) of order u of f is defined by
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o

1
Sl O1W) = Ry@) = = [ exp
0

—tH

W) fOt*1dt,v > 0. (8)

Definition 2.3. Let 0 < u <1, f:[0,0) - R be real valued function. The conformable fractional Sawi
transform for the conformable fractional-order derivative of the function f € C,(n = —1) is defined by

-1 . u—(k-1)

1
SOl = —R@ =) () fROHe-1<psa ©)

k=0

3. Conformable g-Sawi Homotopy Analysis Transform Method

We will introduce a new method. Consider the conformable time-fractional nonlinear partial differential
equation (CTFNPDE) to explain the fundamental idea of Cq-SHATM:

Tuw(x, t) + Aw(x, t) + Hw(x,t) = f(x,t),n—1<p <n, (10)

where A is a linear operator, H is a nonlinear operator, f (x, t) is a source term, and ¢l isa conformable

time-fractional derivative of order u.

Applying the conformable fractional Sawi transform to Eq. (10) and utilizing the initial condition, then

we have
m-—1
S, , 1 u—(k-1)
W > (E) w90 = Slfe 0 - ) - Hw o). (11)

k=0

Rearranging the last equation, then we get

et s k=1)
Sulw(x, )] —v# z (1) w® (x,0) + v# SulAw(x, t) + Hw(x, t)]
= (12)
— vk S,f(x, )] = 0.

With the help of HAM, we can describe the nonlinear operator for real function ¢ (x, t; q) as follows:
o Ho kD)
Mo t]= Sdectpl-v¢ ) (3) oW @607+ S0 6 q)
k=0

+Ho(x, t; q)] — v¥ Mq[f (x, D], (13)

where ge [O, %]
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We construct a homotopy as follows:

(1 —nq) Sqlo(x,t;q) —wo(x, t)] = hgH"(x, )H[p(x, t; q)], (14)

where, h # 0 is an auxiliary parameter and .S, represents conformable fractional Sawi transform. For

gq=0andq = %, the results of Eq. (14) are as follows:

1
o(x,t;0) =wy(x, t), (x, t;ﬁ) = w(x,t). (15)

Thus, by amplifying g from 0 to %, then the solution ¢(x, t; q) converges from wy(x, t) to the solution

w(x, t).

Using the Taylor theorem around g and then expanding ¢ (x, t; q), we get

P06 6:0) = ol t) + ) win(x,00™, (16)
i1
where
10"p(x, t;q)
Wi (x, ) = an—mlqzo- 17)

Eqg. (16) converges atq = % for the appropriate wy(x, t), n and h. Then, we have

m

w(x, t) = wy(x, t) + i Wi (x, t) (%) . (18)
m=1

If we differentiate the zeroth order deformation Eq. (14) m-times with respect to g and we divide by m!,
respectively, then for g = 0, we acquire

Salwm(x, £) = kW1 (x, )] = hH* (x, )Ry (Wip—1), (19)
where the vectors are described by

Wy, = {wo(x, t), wy (x,t), ..., w, (x, t)}. (20)

Applying the inverse conformable fractional Sawi transform to Eq. (20), we get
-1 N
W (x, t) = kw1 (x, £) + h( csa) [H* (%, )Ry Whp—1)], (21)
where
., k) 1
RinWim—1) = Salwim_1(x, )] - (1 - 7) ;Wo(x; t) + v cSu[AWm—l(x; t)

+Hm—1(x' t)_f(x' t)]' (22)
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and

0, m<1,

n, m>1. (23)

o= |

Here, H;,, is homotopy polynomial and presented by

x 1 0Mp(xt;q)
Hiy = o5 o lg=0 and 9(x,t:q) = 9o + g + q°pz + - 29

m!

Using Egs. (21) - (22), we get

o
Win (6, 8) = (i + W)W () = (1= 2w (3, 1)

(25)
+h( oSe) [P* eSulAWn_1 (6, ) + Hpy (6, )—F (, D]]-

When Cq-SHATM is utilized, the series solution is given by

m

w(x, t) = i Wy (2, ) (}l) . (26)
m=0

4. Applications
Example 4.1. [45] Consider the conformable time-fractional Noyes Field model

oHp(x,t)  9%p(x,t) 5
S ax2 +p —p°—6pw(x,t),

Hw(x,t)  9*w(x,t)
atk  0Ox?

27)

— Apw(x, t),

where A # 1 and § are positive constants, x € [—10,10],¢t € [0,1],0 < u < 1, subject to initial
conditions

(en{i)
ool ool fr)r) (29
(ool i)

p(x,0) =

w(x,0) =

Cq-SHATM solution

Implementing the conformable fractional Sawi transform to Egs. (27) and using Egs. (28), then it is
obtained as

+p—p?=6pw(x,t)|, (29)

cSy[P(x't)]_P(X,O)_ g 0%p(x,t)
v v2 R 9x2
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Sulw(xt)] _w(x0) _

4

v2

92w (x,t)

= CSH[ 2 —/lpw(x,t)]. (30)

Rearranging Eqs.(29)-(30), then we have

cSM [o(x, )] =

,D(xl 0) azp(xJ t)
» cS;t [T +p - p2 —dpw(x, t)|, (31D
2
S0 =5 [ e 0] o

We define the nonlinear operators by using Egs. (31)-(32), as

1

N t;@)] = Sulextq)] - >

o(oo( ) 1)

%p(x,t;q) (33)

S|z e ta) — 9t 6:q) = e (x, & Y (x 6 @),
(1-A)exp <\/%x> (exp( %x) + 1)
Nz[l/)(x,t; qQ)]= CS#[l/)(x,t; Q]- 2
v (exp (\/%x) + 1)

0*Y(x, t; q) (34)

+v S, o2 Ap(x, t; q)P(x, t; Q)]-
By applying the proposed algorithm, the m — th order deformation equations are defined by

cSu [om (X, 1) — kpppm—1(x, t)] = hR1m [Brm-1], (35)
cSu [Wm (x: t) - kam—l(x' t)] = h:RZ,m [Wm—l]' (36)

where

K
RimlPm-11 = SulPm-1(x, )] = (1 _ _)

_vC

Su

0%pm—1(x,t)
0x2

1

ol

m-—1 m-—1

FPmaa® 0 = Y om0 =8 )t OWma O] (37)
r=0 r=0

n 2
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i )(1 —A)exp (\/%x) <exp<\/%x> + 1)
" ov <exp <\/%x> + 1)2
0%Wy_1(x, 1)

m-—1
-v cSu [T -4 Z pr(x: t)Wm—l—r(xv t)] (38)
r=0

RomlFma] = el (6,01 = (1=

On applying inverse conformable Sawi transform to Egs. (35)-(36), then we have

Pm (%, ) = kpmpm-1(x,t) + h( cSy)_l{fRLm[ﬁm—ﬂ]; (39

_1 SN
Win (%, 8) = kW1 (6, 8) + A( Sy) ~ {Rom[Win-1]}- (40)
By the use of initial conditions, then we obtain

1
pO(xlt): 2

= ))
- yss [ oo fox) +2)

wo(x, t) = 5 . (42)
1) <exp <\/%x> + 1)

To find the values of p; (x, t) and w; (x, t), putting m = 1 in Egs. (39)-(40), then we obtain

pl(x' t)
tH exp <x 66/1> (((% + /1) 5+ %/1 — %) exp (@) + (—% + 3) § +31-3) (43)
=—=h
3 4
ué (exp (x%ﬁ) + 1>

th(=1+ A)dexp (@)

wi(x, t) = 3 T (44)
ué <exp <\/%x> + 1>

In the same way, if we put m = 2 in Egs. (39)-(40), we can obtain the values of p,(x,t) and w, (x, t)
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_5h(n + h)tA(=1 + DA exp <" 66’1>

s oo i) 1)

wy(x,t) =

8
_|_
9u2852 A
u?6% | exp e +1

h26282(~1 + 1) exp <@> (%9(—1 + )6 = 1) exp (@) + ((5 b2 ),1 + 965

X
6

9 61\ 3 5 61\ 25
__) exp <x - ) + Z<_3 + @3 +§) 1435 exp (g) - 3—2/16)] . )

In this way, the other terms can be found. So, the Cq-SHATM solutions of the Eq. (27) are given by

o0 = o)+ o) (2) 47)
m=1

w(x, t) = wy(x, t) + i W (x, t) (%)m (48)
m=1

Ifweputy =1,n=1, h=—1inEgs. (47)-(48), then the obtained results

1o t) (2) Sl w0 (2)”

converges to the exact solutions

p(x,t) = jxp(%t) —w (x6) = (1-2) eXp< \[gx><:xp< \Exz :Ze:p(%tD
(exp(\gx)ﬂxp(?f)) 5(exp<\/;x>+eXp(?t)>

of the Egs. (27) when M — oo.

Figure 1 shows the 3D graphs of p(x, t) solution for Cq-SHATM, w(x, t)solution for Cq-SHATM, exact
solutions of p(x, t), w(x, t) and absolute errors.
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Figure 1. (a) Nature of p(x, t)solution with Cq-SHATM (b) Nature of w(x, t)solution with Cq-SHATM (c) Exact of
p(x,t) solution (d) Exact of w(x, t) solution (e) Nature of absolute err0r=|pemct = Pcq-sH ATM| (f) Nature of

absolute error=|wexact - ch_SHATM| ath=-1,n=1u=1,1=3,6 = 2 for Egs. (37).

Figure 2 depicts comparison 2D plots of p(x,t) solution with Cq-SHATM, w(x,t) solution with Cq-
SHATM, and exact solutions for distinct u values.

(b)
1000 1500
800+
10004
6004
ps.d w(x.t)
400
2004
0
0
t t
mu=0.7 mu=0.6 mu=0.8 mu=0.8 mu=0.7 mu=0.9
mu=1 mu=10.9 mu=1 amu=0_6

Figure 2. The comparison of the p(x, t) solution with Cq-SHATM and exact solution (b) The comparison of the
w(x, t) solution with Cq-SHATM and exact solutionat h = —1,n = 1,x = 0.5, A = 3,8 = 2 with different u for
Egs. (37).
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A comparison of the absolute error for p(x,t) between Cq-SHATM and FRDTM [45] for Eq. (37) with
u=1,1=3,6 =2,h =—1,n = 1is presented in Table 1.

0.001 0.003 0.005 0.007
Cg-SHATM 0.00 0.0001878902 0.0005660070 0.0009472246 0.0013315278
FRDTM 1.0149996100 1.0137464930 1.0124902750 1.0112309720
Cg-SHATM 1.00 0.0000976247 0.0002956422 0.0004973550 0.0007027695
FRDTM 0.8256007700 0.8248666560 0.8241288453 0.8233873339
Cqg-SHATM 2.00 0.0000370568 0.0001128071 0.0001907491 0.0002708944
FRDTM 0.4254561817 0.4251463250 0.4248342767 0.4245200242
Cqg-SHATM 3.00 0.0000114341 0.0000349498 0.0000593341 0.0000845935
FRDTM 0.1584645226 0.1583613457 0.1582572998 0.1581523788

Table 1. Comparison of absolute error for p(x, t) between Cq-SHATM and FRDTM [45] for Eq. (37) with
u=1,1=36=2h=-1,n=1.

Comparing the absolute errors for w(x, t) for Eq. (37) with u =1,A=3,§ =2,h = —-1,n =1 for Cq-
SHATM and FRDTM [45] is provided in Table 2.

X
0.001 0.003 0.005 0.07
Cqg-SHATM 0.00 39x1077 3.5%x107° 9.7 x 107 1.9x107°
FRDTM 1.0149996100 1.0137464930 1.0124902750 1.0112309720
Cq-SHATM 1.00 4.6 x 1077 41x%x107° 0.0000115353 0.0000226217
FRDTM 0.8256007696 0.8248666555 0.8241288453 0.8233873341
Cg-SHATM 2.00 2.7 x1077 24 x107° 6.8 x107° 0.0000134002
FRDTM 0.4254561817 0.4251463250 0.4248342767 0.4245200246
Cq-SHATM 3.00 1.0 x 1077 9.6 X 1077 2.7x 107 5.3x 107
FRDTM 0.1584645226 0.1583613454 0.1582572998 0.1581523789

Table 2. Comparison of absolute error for w(x, t) between Cq-SHATM and FRDTM [45] for Eq. (37) with

u=1,1=3,66=2,h=-1,n=1.
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5. Conclusion (if necessary)

Figure 1 displays the three-dimensional graphs of the Cq-SHATM solutions p(x, t) and w(x, t), the exact
solutions of p(x,t) and w(x,t), as well as the absolute errors for Eq. (27). Figure 2 illustrates a
comparison of two-dimensional plots of the solutions p(x, t) and w(x, t) obtained using the Cq-SHATM,
as well as the corresponding exact solutions for different values of . Table 1 presents a comparison of
the absolute error for the function p(x, t) between the Cq-SHATM and FRDTM methods [45] for Eq. (27),
with the parameter valuesu = 1,4 = 3,6 = 2,h = —1,and n = 1. Table 2 presents a comparison of the
absolute errors of w(x,t) for Eq. (27) with the given parameter values p = 1,1 =3,§ =2,h = —1,
and n = 1, between Cq-SHATM and FRDTM in [45]. The data presented in Tables 1-2 indicates that the
Cg-SHATM exhibits a significantly lower error rate in comparison to the FRDTM in [45]. The results
presented in Tables 1-2 demonstrate that the techniques proposed in this study yield significantly
superior outcomes compared to those achieved through the utilization of FRDTM.

The present study aims to examine the behavior of conformable time-fractional Noyes Field model
through the utilization of Cq-SHATM. In addition, the utilization of the MAPLE software has been
employed to generate two-dimensional and three-dimensional graphs that illustrate the solutions to Eq.
(37) for various values of 4 = 1. Observations have been made regarding the variations in the overall
structure of the surface graphs produced by the Maple computational software for Eq. (37). Differences
in the overall configuration of surface graphs generated by the Maple software for Eq. (37) have been
observed. The study findings indicated that the approaches presented in Tables 1-2 produced results
that are much better than those obtained through the use of FRDTM, with the independent variable
being t and x being held at a constant value. A new hybrid method is proposed. This method is Cq-
SHATM, which is a combination of the conformable Sawi transform and the gq-homotopy analysis
transform method. With this new method, new numerical solutions of the conformable Noyes-Field
model have been obtained. It has been observed that this solution provides better results than the
FRDTM existing in the literature. The effectiveness and advantages of the recently developed method
for tackling nonlinear conformable time-fractional models have been acknowledged. The recent method
proposed for the resolution of nonlinear conformable time-fractional models have been determined to
possess distinct advantages and demonstrate notable efficacy.
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