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ABSTRACT. The amazing idea of soft sets was first claimed by Molodtsov [1§],
a new mathematical tool for dealing with uncertainties free from the other
theories’ limitations. After the advent of soft set theory, bipolar soft sets,
as a generalization of soft sets, a new model of uncertain information, were
introduced by Shabir and Naz [2I]. The primary purpose of this paper is to
introduce and investigate the structures of bipolar soft continuity, bipolar soft
openness, bipolar soft closedness and bipolar soft homeomorphism.

1. Introduction

Mainly since the problems in many vital areas of our lives, such as economics,
environment, and engineering, cannot be solved due to the inherent difficulties
of conventional methods, many theories have been put forward to combat these
problems. In 1999, Molodtsov [I8] introduced a practical theory called soft set
theory which is free from the other theories. The amazing idea of soft sets was
given as a new mathematical tool for dealing with uncertainties free from the other
theories’ limitations. At present, many studies on soft set theory have been carried
out different areas by some researchers [11, [5, [6] O] T3], [T6], 2] B].

After the advent of soft set theory, bipolar soft sets, a new model of uncertain
information, were introduced by Shabir and Naz [21]. It is known that the structure
of a bipolar soft set consists of two mappings. Since these mappings explain both
positive information and opposite approximation, the idea of the bipolar soft set
has recently gained momentum among many researchers. Aslam et al. [4] combined
the concept of a bipolar fuzzy set and a soft set. In addition, they introduced the
notion of bipolar fuzzy soft set and studied fundamental properties. Naz and Shabir
[22] gave algebraic structures of bipolar fuzzy soft sets. Hayat et al. [14] applied the
concept of bipolar soft sets to hemirings. Karaaslan and Karatag [I5] redefined the
idea of bipolar soft set and bipolar soft set operations as more functional than Shabir
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12 C. GUNDUZ ARAS AND C. METIN

and Naz’s definition and operations. In 2017, Shabir and Bakhtawar [23] employed
the notion of bipolar soft sets to give the concept of bipolar soft topological spaces,
which are extensions of soft topological space. They gave some new important
structures in bipolar soft topological spaces, such as bipolar soft connected spaces,
bipolar soft disconnected spaces and bipolar soft compact spaces. Since the concept
of bipolar soft topology has great importance, the topological structures of bipolar
soft sets have been studied by many authors [7, 19, 20]. Gunduz et al. [10] recently
defined a new bipolar soft point. By using the bipolar soft point, Gunduz et al.
[12] examined some important properties of bipolar soft functions.

Since functions are one of the most critical concepts in mathematics, they have
many applications. Many studies have been done on soft functions in soft topolog-
ical spaces in [II}, [I7]. The concept of bipolar soft functions was defined in [§] as
the generalization of soft functions and given the notion of bipolar soft image and
inverse image.

The primary purpose of this paper is to introduce and investigate the structures
of bipolar soft continuity, bipolar soft openness, bipolar soft closedness and bipolar
soft homeomorphism and show these examples.

2. Preliminaries

Throughout this section, the symbols U, E = EU-E and P(U) denote the initial
universe, a set of parameters, and the power set of U, respectively.

Definition 2.1. [I6] Let E = {e; : i =1,2,...,n} be a set of parameters. The not
set of E, denoted by —F, is defined by ~E = {—e; : i =1,2,...,n}, where —e; = not
e; for all i.

Definition 2.2. [21] A bipolar soft set (F, E) on U is defined as
Fz = {(e;, F (i), F (—ei)) : e; € E},

where F : E — P(U) such that F (¢) N F (—e) = @, for each ¢ € E.
In this paper, a bipolar soft set denoted by F; instead of (F , E) . The collection
of all bipolar soft sets on U is denoted by BS (U ) .

B
Definition 2.3. [21] Let Fz, Gz € BS (U,). Then,

1. FEQGE, if F'(e) C G (e) and G (—e) C F (—e), for each e € E.

2. FE‘ = GE’ if FE‘EGE and GEQFE

3. FzUGp = Hp where H (e) = (FUG)(e) = F(e) UG (e) and H (—e) =
(FUG) (—e) = F(—e) NG (—e), for each e € E.

4. FpNGp = Zz where Z(e) = (FNG)(e) = F(e) NG (e) and Z(—e) =
(FNG)(—e)=F(-e)UG (—e), for each e € E.

Definition 2.4. [2I] The bipolar soft complement of Fg, denoted by FJ%, where
Fe: E — P(U) is a mapping defined by F° () = F (=€) and F©(=e) = F (e), for
each e € E.

Definition 2.5. [21] If F'(e) = @ and F (—e) = U for each e € E ,®5 is called

a null bipolar soft set. Also, if F'(e) = U and F (—e) = @ for each e € E, Uy is
called an absolute bipolar soft set.
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Symbolically, ®z = {(e;, @,U) : ¢; € E} and ﬁE ={(e;,U, ) :¢e; € E}.

Definition 2.6. [23] Let 7 C BS (UE) . T 1is said to be a bipolar soft topology on
U, if T confirms the following conditions:

(1) ®z,Up € 7.

(2) The union of any number of bipolar soft sets in T belongs to T.

(8) The intersection of any two bipolar soft sets in T belongs to T.

(U, T, E) 1s called bipolar soft topological space and the family of all bipolar soft
topological space on U denoted as BSTS.

Definition 2.7. [23] Let (U, T, E) be a bipolar soft topological space on U and Fg
€ BS (UE) . Fg is called

(1) a bipolar soft open set, if it belongs to 7.
(2) a bipolar soft closed set, if 'z belongs to 7.

Definition 2.8. [1] Let (U,7,E) be a BSTS and Fy € BS(U,). Then, the

bipolar soft interior of Fg, denoted by F]%, is the union of all bipolar soft open
subsets of F'z.

Definition 2.9. [1] Let (U,7,E) be a BSTS and Fy € BS (U,). Then, the

bipolar soft closure of Fg, denoted by TE, s the intersection of all bipolar soft
closed sets containing Fg.

Theorem 2.1. [ Let (U,7,E) be a BSTS and Fy; € BS (U,). Then, [Fg]° =
(r5)
Theorem 2.2. [7] Let <U, 7, E) be a BSTS and Fy € BS (U,). Then, @ -
il

3. CONTINUOUS FUNCTIONS ON BIPOLAR SOFT TOPOLOGICAL SPACES

We mention, in this section, some important concepts, such as bipolar soft image
and bipolar soft pre-image for the bipolar soft sets on U whose set of parameters
is a subset of F. In addition, we recall the relationship between the image and
the inverse image of bipolar soft sets. This is followed by the definition of bipolar
soft continuous function associated with some of its results. Later, we will give a
detailed investigation of bipolar soft continuous functions.

E and E’, respectively, stand for the sets of parameters of U and V; & #
FEi,Ey ,E3 C E and @ 7& Ei,Eé C E.

Definition 3.1. [8] Let f : U — V be an injective function, ¢ : E — E’ and
¥ 2E — —E be two functions where ¥ (—e) = —p(e), for all e € =E. Then,
Vo9 BS (UE) — BS (VE/) is called a bipolar soft function.

Definition 3.2. [8] Let ¢f,9 : BS (UE) — BS (Vé) be a bipolar soft function

7

and Fg € BS (UE) . Then, the image of F under ¢y,
Urpo (F) = (Urp0 (F (€)) s ¥sp0 (F (7€), E)
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is defined as follows: for all ¢’ € E’,

U Fe ) if -1 e’ NnE @,
¢fsm9 (F) (6/) = f (ee p=1(e)NE; ( )> ¥ ( ) 17
g, otherwise.

and

N F(—e) ], if 971 (=Y N—E; # @,
Vipo (F) (m€) = f (ﬂee 91 (e )= B ( )> () 17
V, otherwise.

Remark. The condition that the function f is an injective function is essential.

U

Fz e BS (U ) . Then, Vo0 (FE) is a bipolar soft set in BS (VE/) .

Proposition 3.1. Let 9s,9 : BS (UE) — BS (VE ) be a bipolar soft function and
B
Proof. For all €’ € E’,
F)(e')n F)(=e) = U F N N F (=
bror ()0 () = 1(w F@)ar( o Pee)

= U
Then, ¥ ¢49 (FE) is a bipolar soft set in BS (Vgl) . ]

Definition 3.3. [8] Let ¢¢,9 : BS (UE) — BS (VE/> be a bipolar soft function.
Then,

(1) If f and ¢ are surjective functions, then s,y is called a bipolar soft surjective
function.

(2) If f and ¢ are injective functions, then 1)s,y is called a bipolar soft injective
function.

(3) If f and ¢ are bijective functions, then v,y is called a bipolar soft bijective
function.

Remark. [§] It is clear that ¢ ¢,9 is a bipolar soft surjective if and only if ¢, ((75) =

Vi

Remark. [§] If the bipolar soft sets have the same set of parameters, for each
Fg\ Gy, € BS(U,), when brpo (Fg; ) = Yreo (G ) » we obtain Fy = G,
i.e. Yy 15 a bipolar soft injective function.
Theorem 3.2. [8] Let ¢ty : BS (UE) — BS (VE/) be a bipolar soft function. If
FE’GE € BS (UE) , then
)
SMRAETS
) Fi CGp = treov (FEVI) C Yppo (GE;) :

1) ¥pe0 (F50GE, ) = ¥reo (Fg ) O ¥ren (G, ) -

(5) Yroo0 (FNGR,)  reo (Fa ) P reo (G, ) - 1 tpp0 is & bipolar soft
injective function, then the equality holds.
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Definition 3.4. [8] Let ¢y,9 : BS (U.) — BS (VE/> be a bipolar soft function.
The inverse image of the bipolar soft set Hy; € BS (VE/) under Yy,
1

Uiko (Hg;) = (W70 (H (€) w7k (H (~€))  E)

is given as follows: for all e € F,

“H(H (p(e), if p(e) € B,

Vrao (H (€)= {é if ¢ (e) ¢ Ef.
silatir ) = { J OO

Proposition 3.3. Let 9,9 : BS ( =
-1
Hy € BS (VE) . Then, ¥}, (H

B

) — BS (VE/) be a bipolar soft function and
is a bipolar soft set in BS (UE) .

Proof. For all e € E,

Vigo (H () N7y (H (me)) = 7
= [TH(H (¢ (e)) N H (9 (e))))
= f'(9)

%)

Thus, w;;ﬁ (HEZ) is a bipolar soft set in B.S (UE) . O

Remark. Although the image of the inverse image of a set for any classical function
is a subset of this set, this is not true in bipolar soft functions. A condition must
be added to enable this property.

Theorem 3.4. [8] Let ¢ty : BS (UE) — BS (VE/) be a bipolar soft function. If
Hg. Qg € BS (V) then

-1 (-1 -
0 072 (1) - (072 (1)
Now, we consider the relationships between the image and inverse image of
bipolar soft sets.

Theorem 3.5. [8] Let ¥y : BS (UE) — BS (VE/> be a bipolar soft function,
Fg € BS (U,) and Hy € BS (V) . Then,

(1) Fﬁi 1/);;19 (wfwg (FE)) If By = E and 9,4 is a bipolar soft injective
function, then the equality holds.
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(2) If f is a surjective function, then s,y (1&;;19HE7) EHE:, If 1 f,p is a bipolar
soft surjective function, the equality holds.

Now, we consider the concept of bipolar soft point followed by some relations
between them.

Definition 3.5. [10] A bipolar soft subset F'z of 175 is called a bipolar soft point
if there exist x,y € U, (x # y need not be true) e € E satisfying

1%} ife# e
Yy _ ’ ’
Te (61)—{ {z}, ife=e.

and

U—{z,y}, ife=e.
The bipolar soft point will be shortly denoted by x¥.

ey ={ y 0o el

Definition 3.6. Let ¥ and 21}, be two bipolar soft points over U. Then, x¥ and

xll’;l are called different bipolar soft points, if © # x1 or e # ey.

Definition 3.7. [20] Let x¥ be a bipolar soft point and Fiz € BS (U,). We said
that ¥ belongs to the bipolar soft set Fiz, denoted by x¥€F 5, if x¥ () = {a} C F (e)
and z¥ (—e) D F (—e).

Remark. Every bipolar soft set can be written as a union of its bipolar soft points.
Example 3.1. Let U = {x1, 20, 23,24}, E = {e1,e2} and
FE = {(617 {‘Tlv IQ} ) {:174}) ) (627 {sz ‘T3} ) {‘Tlv ‘T4})} .

Then, we can write F as a union of some bipolar soft points. Indeed, forey,es € E,

Fen) = (a72, Uat Uayl Uay?) (er),

F(—e1) (12, Ni2 Nagl Nag? ) (mer),
Fley) = (a52,Ua32)) (ea),

F(mes) = (232, Na32,) (e2),

where

vie, (@) = Ao}, 2%, (er) = {3, 24},
aie, (e1) = Az}, 27, (mer) = {z2, 24},
25, (e1) = {z2}, 23, (me1) = {z3, 24},
ze, (e1) = A{z2}, 23 (mer) = {z1, 24},
r5e, (e2) = A{ma}, 23, (me2) = {z1, 24},
x50, (e2) = Axs}, x32, (me2) = {z1, 24}

Definition 3.8. [20] Let (U T, E) be a BSTS, Fgz € BS (U_) and x¥ be a bipolar
soft point in U. Then, F'z is said to be a bipolar soft neighbourhood of xY, if there
exists a bipolar soft open set G such that :chGEQFE.
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Definition 3.9. Let (U, T, E) and (V, 77’, ﬁ) be two bipolar soft topological spaces

over U and V, respectively and 1y, : (U, T, E) — (V, 7T’,EV’) be a function. For
each bipolar soft neighbourhood H; olejfwg (2¥), if there exists a bipolar soft neigh-

bourhood Fg of xY such that 1,y ( ) CH=
continuous functwn at z¥.

5o then Yy is called a bipolar soft

Moreover, ¥f,y is called bipolar soft continuous function on U if 91,4 is a bipolar
soft continuous function for all Y.

Theorem 3.6. Let (U7 T, E) and (V,;’,Ev’> be two bipolar soft topological spaces
over U and V, respectively and 7,y : (U, T, E) — (V, 77’,/Ev’) be a mapping. Then,

the following conditions are equivalent:
(1) Yrew : (U, T, E) — (V,;/, E) is a bipolar soft continuous function,
(2) For each G € 7/, ¥}, (Gg) € 7,

3) For each bipolar soft closed set H= over V, 17} (H=) is a bipolar soft
E feo \11E
closed set over U,

(4) For each Fiz € BS (U,) , Y500 (F) Stgpo (F),
(5) For each D € BS (VA ) 7L (Dg)C o7y (D)

(6) For each Dy € BS (V. ), v7ky (D% ) € (4r00 (D))"

Proof. (1) = (2) Let G € 7 and x”ewﬁpﬂ (G#) - Then, ¥yu9 (x¥) €G- Since
Yoy : (U,T,E) — (V,T ,E/> is a bipolar soft continuous mapping, there is
TYEFET such that (Yy,9) (Fz) CGg . Hence, 2 €F5 Cz/sz (G ) - This implies
that Tﬂf;g (G ) is a bipolar soft open set over U.

(2) = (1) Let #¥ be any bipolar soft point and (¢5,9) (z¥) EGg be an arbitrary
bipolar soft neighbourhood of 1,9 (2¥). Then, x¥ éd}ﬂlﬂ (GE/) is a bipolar soft

neighbourhood and (¢ f49) (z/wa (G )) CGx
(2) = (3) From the definition of complement of bipolar soft set, it is obtained.
(3) = (4) Let Fz € BS (UE) . Since

(Vre0) (Fz) C(Wre0) (Fg),

FE§¢;;ﬂ(¢f¢§) (Fg) is obtained. By part (3), since 97 (1 40) (Fg) is a bipolar

soft closed set over U, Fiﬁiw;;ﬂ(djfwg) (Fz). Thus, (¢re0) (Fz) C(Wsen) (Fg) is
satisfied.
(4) = (5) Let Dy € BS (VEN) and (549) " (Dg) = F5. By part (4),

Wreo) (Fg) = (drev) (wﬁﬁ (DEN))
EWren) (¥709 (D) ) D5

Then, (1/1;;19 (DE:,)) = ( )Cwﬁpﬁ( ~,) is obtained.
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(5) = (6) Let Dy € BS (Vg) . Substituting D%, for condition in (5). Then,

wﬁiﬂ (D%)éwﬁiﬁ (Di%/) - Since D = (Di%l)c, then

ot () = vl ((P5)).
= (v (75)))
g (wf;ﬁ (D%,))

(6) = (2) Let D% € 7. Since

then w;;ﬁ (D@) €

(1#,7;19 (Drﬁ))o c (Wﬁﬁ (DE“/))

I
—~
<=
=
€~
53
—
-
5]
N
N—

T. O

Example 3.2. Let U = {x1, 22, 23,24}, V = {41, Y2, Y3, Y4} be two sets and E =
E' = {e1, e} be two sets of parameters. Then,

7= {05, Up Figs Pop Py, P |

is a bipolar soft topology over U and

77/ = {¢E7‘7§7G153G257G357G4E}

is a bipolar soft topology over V, where

i

F

Fs_

Fy
and

G

G,
Gy,

E

G,

Let f : U — V be
¢ : E — E be defined as ¢ (e;) = e; and the function ¥ : =E — —E be defined as

U (—e;) = - (e;), i =1,2. Then, Yy : (U,?, E‘) — (V,;’,’EV’) is a bipolar soft

continuous function.

{(er, {ar, 22}, {z3}) , (€2, {@1, 23}, {z2, 2a})},
{(er, {ar, za} , {z2,23}) , (€2, {22, 23} . {za})}
{(er, {z1, w2, wa} {zs}) , (e2, {w1, 2, 23}, {wa})},
{(er, {z1}, {x2, 23}) , (e2, {ws}, {2, wa})}

{(e1, {y1, 92} s {ws}) » (e2, {y1, ys}, {y2,94})}
{(ers{y1,ya} {y2,u3}) s (e2, {v2, ys} ., {va})}
{(er, {y1,y2,9a} . {ys}), (e2, {y1, y2, ys}  {wa})},
{(er, {y1}, {v2,y3}) . (e2, {ys} {y2, va})}.

a function defined as f(x;) = yi, i = 1,2,3,4, the function
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Theorem 3.7. Let e 9 : (U7 T, E) — (V, 77’,@) be a bipolar soft continuous
function. Then, the functions f, : (U, T, E) — (V,7',E') and f, : (U,7,-E) —
(V,7',—E") are soft continuous functions.

Proof. The proof is clear. [l
Remark. If ¢,y : (U, T, E) — (V, ;/,Ev/) is a bipolar soft continuous function,
then fo @ (U,1e) — (V, Tw(e)) and fo @ (U,Toe) — (V, Tiw(e)) are continuous
function on topological spaces, for each e € E.

Example 3.3. Consider the bipolar soft function defined previous example. Then,
for the parameter e; € E,i=1,2,

Te, = {2,U{x1,x2},{z1, 24}, {21, 20,24}, {21}}, Toey = {9, U, {x3}, {22, 23}},
Te, = {9,U{zx1,23},{x2, 23}, {21, 22,23} ,{x3}}, 7252 ={o,U,{z2,24},{z4}},
7o, = A2, Vi{yi} Ay vet Ay vad  {vi, v, vat) s ﬁel = {2,V {ys}, {v2,43}},
7o, = A9, Vi{ys} Ay ust Ay, vt {vi v, w3t} he, = {9, Vi{va)  {y2,va}}

Therefore, fe, : (U,Te,) = (V,7.,) and [, : (U,7-¢,) = (V,7.,,) are continuous
functions on topological spaces, fori=1,2.

Example 3.4. Let U = {z1,22,23}, V = {y1,92,y3} and E = E' = {ey,ea}.
Then, T = {@E,ﬁ’é,FlE7FQE7F3E,F4E} is a bipolar soft topology over U and

= {@57 XN/E,GE} is a bipolar soft topology over V, where
i = {(er, {w1, 23}, {72}), (€2, {w1}, {w2, w3})},

F2E = {(617{5627‘%'3} {ml}) (62,{.%'1,.%'3},{5(:2})},
ng = {(6 ) (62,{(E1,.’E3},{(E2})},
F4E = {(617{x3} {zlva}) (62,{$1},{$2,$3})},

and

G ={(er,{y1}, {v2,u3}), (e2, {y1, 92}, {ya})} -
Let f : U — V be a function defined as f (x1) = ya, [ (x2) = 11, [ (x3) = ys3, the
function ¢ : E — E be defined as ¢ (e;) = e; and the function ¥ : =E — —F be

defined as ¥ (—e;) = - (e;), i = 1,2. Since wﬁiﬁ (G.) ¢ 7, trpo : (U7 T, E‘) —

(V, 77’,@) is mot a bipolar soft continuous function. Here,

Uray (G)(e1) = f7HG (p(e1) = {aa},
Uil (G)(mer) = fTHG O (=er))) = {21, 23},
Uray (G)(e2) = fH(G (p(e2)) = {w1, 22},

Vip (@) (me2) = [7H(G (9 (—ea))) = {3}

Theorem 3.8. Let (U,?, E) , (V,;’,E‘V’> and (VV,;’,EV*) be bipolar soft topo-
logical spaces over U,V and W, respectively. If ¥y, 9 : (U, T, E) — (V7 77’,’Ev’)
and wgp 4. - (V,TN’,E) — (VV, 77’,E'v*) are bipolar soft continuous functions, then
<w9<P1191 ) wfwﬂ) : (U7 T, E) — (VV7 77’7E’;) s a bipolar soft continuous function.
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Proof. Let K € 7. Let us show that (wW“91 ° wfwg)_l Kz €7 . Since

(Wapror 0 Vro0) (K)(e) = 7 (g (K ((soloso><>>>)
(Wop,o, ©Urpn) (K)(me) = f7 (g7 (K ((th 09) (=e))))

and wg, , is a bipolar soft continuous function, then gfl( ((<p1 op)(e))) €

Also, since 9 7,9 is a bipolar soft continuous function, then f=* (g7 (K ((1 0 ¢) ( )))) €

7. That is,

(wgwlrol O¢fw9)_1 Kg et

and (wwl 9, © Vre0) is a bipolar soft continuous function. O

Definition 3.10. Let (U, T, E) and (V, 77’, E/’) be two bipolar soft topological spaces
and Yy (U, T, E‘) — (V,;’,E) be a bipolar soft function.

(1) If the image ¥y (Fg) € 7/ for any Fz € 7, then 1,y is called a bipolar
soft open function,

(2) If the image 5,0 (GE) is a bipolar soft closed set in V' for any bipolar soft
closed set G in U, then v,y is called a bipolar soft closed function.

Proposition 3.9. Let sy : (U, T, E) — (V, , ﬁ) be a bipolar soft open (closed)

function. Then, the functions f, : (U, T, E) — (V,7',E') and f, : (U,17,-E) —
(V,7',~E") are soft open (closed) functions.

Proof. The proof is obtained from the definition of bipolar soft open (closed) func-
tion. (]

Proposition 3.10. If 1y, : (U, T, E) — (V,;/, E) be a bipolar soft open (closed)

function, for each e € E, then f.: (U, 1.) — (V7 T@(e)> is a open (closed) function

on topological spaces, for each e € E.

Proof. The proof of the proposition is straightforward. ([l

Example 3.5. Let U = {x1,22}, V = {y1,y2} and E = E' = {e1,ea}. Then 7 =
{@E, (7157F1?;} is a bipolar soft topology over U and 7 = {@E,XN/E,Glﬁ,GQE,G357G4E}

is a bipolar soft topology over V, where

Fo={(e1,{z1},{z2}) , (€2, {22}, 2)},

and
Gy, = {(en,{yi} . {v2}). (e2,{v2},9)},
Gz, = {ler,{yi} {w2}), (e2,{xa}, @)},
Gz, = {ler.{yi} . {v2}), (e2.{y1, 92}, 2)},
Gayp = {len{yi} . {y2}) (e2,9,9)}.

Let f : U — V be a function defined as f(x1) = y1, f(x2) = yo, the function
¢ : E — E be defined as ¢ (e;) = e; and the function ¥ : =E — —F be defined
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as 9 (—e;) = —p(e;), i = 1,2. Then, since '(/};4,}19 (Ggé) ¢ T, Yreo : (U, 7, E) —

(V, ;’,Ev’) is mot a bipolar soft continuous function. Here,

Vg (G2) (e1) = [T (G5 (p(er))) = {1},
Vg (Ga) (mer) = f71(G5 (9(=er))) = {a2},
iy (G2) (e2) = 1G5 (p(e2))) = {2},
Vrop (G2) (mea) = [ (G5 (V(-e2))) = @

f
Since Yy (FE) =G, € T~’, Yoo (U, T, E) — (V7 T/,E/) is a bipolar soft open
function.

Theorem 3.11. Let (U, T, E) and (V, TN’, E) be two bipolar soft topological spaces
and Yy (U, T, E) — (V,;’,E) be a bipolar soft function.

(1) ¥ spw is a bipolar soft open function if and only if for any F'_ € BS (UE) ,

Vroo (F7) € (rew (Fy))".
(2) Wgpo is a bipolar soft closed function if and only if for any F_ € BS (U,),

(Vrev (Fy)) Sren(F)-
Proof. (1) Let 1yp9 be a bipolar soft open function and F. € BS (UE). Then,
Fg € 7 and FEEFE Since 9 y,9 is a bipolar soft open function, ¥y, (Fg) e

and Vs (Fg) §¢fw9 (FE) . Thus,

b (FE) C (¢ren (Fy))°

is obtained.
Conversely, let F'_ € 7. Then, F_ = F];’ From the condition of theorem,

[e]

Ve (FE) C (Yypn (F,))"
Hence,
Uroo (Fy) = Yro0 (F2) € (Vrp0 (F,))° Stoppo (F,).

It is clear that s,y (FE) = (djﬂmg (FE))O ,i.e. Yyep is a bipolar soft open function.

(2) Let 5,9 be a bipolar soft closed function and F'_ € BS (UE) . Since Y49
is a bipolar soft closed function, ¢y,s (F.) is a bipolar soft closed set in V' and
Vreo (F) Cppo (F) . Henceforth 1y (F, ) Cthrps (F) is obtained.

Conversely, now let F_ be any bipolar soft closed set over U. Then, F_ = Fié
From the condition of theorem, (wfwg (FE))QZZJfW (FE) =Yro9 (FE) é(?ﬁfwg (FE))
It is clear that ¥,y (FE) = (wfwg (FE)), i.e. y,p is a bipolar soft closed func-
tion. (]
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Definition 3.11. Let (U, T, E) and (V, 77’, ﬁ) be two bipolar soft topological spaces
and Yyop : (U, T, E) — (V, 77’,2?7) be a bipolar soft function. .4 is called a
bipolar soft homeomorphism from (U, T, E) to (V,?,E) , if Yroo is both bipolar

soft bijective and bipolar soft continuous, 1/1;;19 18 a bipolar soft continuous function.

Theorem 3.12. Let (U7 T, E) and (V, T~/, E) be two bipolar soft topological spaces
and Yoy : (U7 T, E) — (V7 77’7va’) be a bipolar soft function. Then, the following

conditions are equivalent:

(1) ¥ypv is a bipolar soft homeomorphism,
(2) ¥yp0 is both a bipolar soft continuous and bipolar soft closed function,
(3) ¥r,u is both a bipolar soft continuous and bipolar soft open function.

Proof. The proof is clear. O

4. CONCLUSION

Since we have defined the concepts of bipolar soft continuity, bipolar soft open-
ness, bipolar soft closedness and bipolar soft homeomorphism, this paper con-
tributes to the topology field from a bipolar view. Theorems and examples support
the concepts given. In forthcoming works, we aim to give the concept bipolar in-
fra soft topology and examine some structures such as connectedness and different
separation axioms.
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ABSTRACT. In this paper, we construct a characteristic determinant of the
spectral problem of a first-order differential equation on an interval with an
integral perturbation in the boundary value condition, which is an entire ana-
lytic function of the spectral parameter. Based on the formula for the charac-
teristic determinant, conclusions are drawn about the asymptotic behavior of
the spectrum of the perturbed spectral problem depending on the modulus of
continuity of the subinteral function.

1. INTRODUCTION

Works [T1, 2, B, [4] are devoted to studies of zeros of entire functions with an in-
tegral representation. Sometimes entire functions coincide with quasi-polynomials,
zeros of which were investigated in papers [5, [6]. Connection between the zeros of
quasi-polynomials and spectral problems is reflected in papers [7], 8, @, 10, 11 [12].
Eigenvalue problems for some classes of differential operators on an interval are
reduced to a similar problem. In particular, spectral problem for a first-order equa-
tion on an interval with a spectral parameter in a boundary-value condition with
integral perturbation leads to the studied problem [I3].

Asymptotic properties of entire functions with a given law of distribution of
roots were deeply investigated in the doctoral dissertation of V.B. Sherstyukov, on
its basis, the paper [14] was published.

The questions on location of the zeros of an entire function: on one ray, on a
straight line, on several rays, in an angle or arbitrarily in the complex plane were
studied in the works [1], [3], [9], [I1] and [15].

Meramorphic functions of completely regular growth in the upper half-plane
with respect to the growth function have been studied in one of the last works
of K.G. Malyutin and M.V. Cabanco [16]. In the paper of Rabha W., Ibrahim,
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Ibtisam Aldawish [I7], a new symmetric differential operator associated with a
special class of meromorphic - multivalent functions in a punctured unit disc is
presented. This study explories some of its geometric properties. A new class of
holomorphic functions related by a symmetric differential operator is considered.

The paper is devoted to construction of a characteristic determinant of the spec-
tral problem for the differentiation operator on an interval with an integral pertur-
bation in the boundary value condition, which is an entire holomorphic function,
where the integrand function has continuity property. Based on the formula for the
characteristic determinant, conclusions are established about asymptotics of the
spectrum of the perturbed spectral problem depending on the continuity modulus
of the integrand function.The considered problem belongs to the nonlocal type of
spectral problems. Such problems have been studied many times before. Among
the recent publications, we note works [I8] 19} 20, 21]. The main fundamental fea-
ture of such problems is their non-self-adjointness. This causes the main difficulties
in their study.

1.1. Problem Statement . In the space W3 (—1,1) we consider the following
problem on eigenvalues of the operator:

Liy=y(t)=Xy(t), —-1<t<1 (1.1)

with boundary value condition
1
y(-1) = y(1) = [y(o)-o(o)ar, (12)
Z1

where ®(t) is a continuous function on the interval [—1,1] and ®(—1) = &(1) =1,
A is a complex number, spectral parameter.

It is required to find those complex value of A, in which the operator equation
has a nonzero solution.

2. MAIN RESULTS

We introduce the general solution of the equation (1.1)) by the formula y(t) =
CeM, VC > 0, and satisfing the boundary value condition ([1.2), we obtain the
characteristical determinant of the problem (1.1f) — (1.2):

1
AN =er—et - /e“ - ®(t)dt, (2.1)

which is an entire analytical function of the variable A\ = x 41y, ReA = z, ImA =y,
i=+/—1

If the function ®(t) = 0, then we get that Ag()\) = e~* — e* is a characteristical
determinant of the following spectral problem:

Loy=y'(t) =XMy(t), —-1<t<1, y(-1)=y(1). (2.2)

The numbers \) = inw, n = 0,+1,+2,4+3,44,..., are eigenvalues, moreover,
VC > 0, 42, = C - e are eigen functions of the operator Lg, which forms a
complete orthonormal system in Lo(—1,1), and forms a basis in Ly(—1,1).
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In our case, the function ®(¢) is continuous on the interval [—1,1]. Due to
well-known Rouche’s theorem [22], we introduce the function in (2.1)):

A1(N) = Ag(N\) — f(N), where Ag(A) = e — ¢,

1
fo = [ - a,
-1
where all of these functions are entire analytical functions. We estimate the function
Ap(A) from below:
AN > e — el > 7 g2,

Distribution of zeros of the entire function f(\) is investigated separately. We

split the interval [—1,1] into 2m equal parts. Then the function f(\) takes the
following form:

1 =S A
FO = / M B (1)t = / M D)t + / M. D(t)dt
-1 -1 =3(m—1)
2(32—771) 1 . %
+ / AN D)+ ...+ / D)t = Y /e“ ®(t)dt
2(2—m) 2(m—1) p=—m+1,7,

Let us show that f()) does not have zeros outside the domain (|z| < nrw(2), for
some n). Due to the Rouche’s theorem [22], we introduce the designation

and
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Let ReA > 0. We compute the integrals included in the function h(A).

= 3 s (%) - o ()
p=—m+1

+d(—1+ %) (e)‘(_H%) - e’\(_l""i)) +...+P(1 - %) (e’\(l_%) — eA(l_%)>
1 1 1 2
FO(1— ) (eA(l—%) _ eA(1—,i))] =5 |:e>\(—1+ﬁ,b) (q,(_l + %) —B(—1+ m))

m

1) <<1>(—1 + 3) —P(—1+ 3)) ) <<I>(—1 + i) —P(—1+ ))
m m m m

—d(—-1+ %)e*A o+ ) <<1>(1 - %) - q>(1)> + <I>(1)6A] .

Grouping the exponents in pairs, we have

h(\) = X [e,\(H;) <q>(_1 + %) —®(—1+ sl)) - O(—1+ %)6*,\

- % [eM—Hé) <<I>(—1 +—) = o(-1+ Ti)) + e‘;Z@(—l) —®(-1+ m))
—o(—1)e 4.+ 07w (@(1 - %) - @(1)) + @(1)&]
We denote
mO) = 5 (20 = (-] = 1 [*— ),
and
o) =3 | (o141 a1+ 2))
e (@(—1) —P(—1+ )) +o ) (<I>(1 - %) - ¢>(1))]
_ ipziﬂewﬂ (o) - a(2))
Then

S / - (a0 - a( L)) ar+ C (o) - o))

p=—m-+1 pe1

m

We estimate the function hq(A) from below, at the same time as the remaining
terms, that is, the function u()) is estimated from above

l[hi (V)] = ‘i (er —e )| > ﬁe)‘ - |—i‘ |g(67)‘)| . (2.3)
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We estimate the function () from above:

P
m

m )\(L—l) 1
p e m p p
()] < [ 141 ow - o 2]t + ]@( ) —o(L)
p:§+1 L m Al m m
£ m
m m o p 61’(”7—;1)
< ) et sup @(t)fé(—)‘dtJrT sup | ®(¢) — (7))
p=—m+1 |7, i<z m Al [t—7|<%

We introduce module of continuity of the function ®(¢) by the formula

1
w(—) = sup [®(t)— (7).
m \t—7’\<%
Then
pr
m W p—1
1 er5m) 1 1. e*—e™®
< (= | <w(—)———.
pl < 3| [ et S | < e S 24
p=—m+1 7,

Therefore, due to (2.3)), (2.4, we come to the estimation:

1 1 (2,1 1 et +e”

N> e — — [5(—])] —w(—) [T,
01> e = 7 o] - i) ()
Assuming that, |\| = r, m = [r], we have
. wbr o eTrw(d)
Q) = 1A 2 e = T e T (25)
For the final approval, we will choose n so that
1
‘w(i)r + 6—29: +€—2x X Tw(;) < 1
T T 2

as r > nrw(%) It is possible, since value of the left part of the last inequality is

defined in the main first term.

By the condition of the Rouche’s theorem [22], defining the main part of the
function A;()), due to lower estimation of the function Ag(A) and f1(A) in (2.5),
ie. [Aog(A)| > |f1(N)|, we come to the following theorem:

Theorem 2.1. If the function ®(t) is continuous on the interval [—1,1] and satis-
fies the condition ®(—1) = ®(1) = 1, then all eigenvalues of the operator Ly lie in
the |ReX| < nrw() at some n, where A = x+iy, ReX =z, and w(6) is a continuity
madule of the function ®(t), r = |)|.

Remark. If ®(t) is continuous on [—1,1] and ®(—1) = ®(1) = 1, then all eigenval-
ues of the operator Ly are lie in the |ReX| < nrw(%) on the complex plane X, which
expands depending on properties of the continuity module w(d) of the function ®(t).
Theorem 2.2. Let ®(t) be a continuous function on [—1,1] and ®(—1) = ®(1) = 1.
Then set of zeros of the entire function Ai(X) asn — 0o, A, = imn + o(nw (L)),
where w(h) is a continuity module of ®(t).
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Proof. To prove Theorem we used two functions hi(A) and p(A), such that
F(A) = hi(A\) + u(N). Zeros of the functions Ag()\) and hy(\) have the form A\ =
imn, n = £1,£2,.... We consider a square 1" with sides 2¢ and with a center at
the point A2 on the complex plane A. Assume that, sides of T" are parallel to real
and imaginary axes of the A\ variable. Proof of Theorem consists in choosing &
so that conditions of Rouche’s Theorem [22] were satisfied for the functions Ag(\),
h1(M\) and p(A) on the sides of the square T. First, we consider the right half of
the square T, that is, in the case ReX > 0. Divide the side of the square T into two
parts 0 < Rel < C and C < Re\ < e, where C' > 0, which we will choose later.

2.1 Case. Let 0 < ReX < C. Since zeros of the functions Ag(A\) and hq(A)
are the same and these functions are equal to each other, therefore, it is enough
to estimate the function hy(\). Let’s compare the modules of functions hq(\)e™>
and p(\)e~*. Taking into account boundedness of the corresponding derivative, we
obtain the following estimate:

a4
d\

hi(Ne - |A=A0| > G €.

(Ve = (Ve = hi(Ap)e | = | AL

Due to boundedness of modules of exponents, included in u(A), we write the
inequalities

_ 1
(Ve < Cow(-).
Therefore, to satisfy conditions of Rouche’s Theorem it is enough to take € from

1
e = olmu( 1)),
since module of A behaves like A = n(1 4 9(1)).
2.2 Case. Let C < ReA <e. When C > 0, the module of hq()) is estimated by

the module of one of the exponents included in hq(\):
oA _ oA

A

1e*

= > -

We note that C' must be chosen from the inequality C' > In . Since modules of
the exponents included in the function p(X) are bounded from above by the next
exponent e”, it is true that

[N < ePw(=)Cs.

Hence, it follows that in order to satisfy the condition of Rouche’s Theorem [22],
it suffices to take ¢ from bound of the form

1
€= g(nw(g))
Thus, Theorem [2.2]is completely proved. O

Remark. One of the features of the considered problem is that the conjugate to
- is the spectral problem for the loaded differential equation:

Liv=1'(t) + ®(t)v(1) = Av(t),

v(l) =v(-1).
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In [23], eigenvalues of a loaded differential operator of the first order with general
boundary value conditions on an interval were found, and in the papers [20], [24]
and [25] questions on stability of basis properties of the root vectors of a loaded
operator of multiple differentiation were studied in the space L2(0,1).
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ABSTRACT. This study is dedicated to make an attempt to define different
types of separation axioms in neutrosophic topological spaces. The relation-
ships among them are shown with a diagram and counterexamples. We also
introduce some new terms such as introduced neutrosophic topology, neutro-
sophic regular space, neutrosophic normal space, neutrosophic subspace.

1. INTRODUCTION

Undoubtedly, the concept of separation axioms has always been an indispensable
character in the world of topology. This concept formed the basis of many valuable
researches in general topology. And, these researches played very important roles
in many parts of real life and the findings of these researches came to life in many
applications. But, as technology advances and the industry evolves, peoples needs
have changed and general topology has become inadequate in real life. So, the
impact of these findings on real life has diminished. Then,scientists went on to find
different types of topological spaces and separation axioms occupied an important
place in these topological spaces. In [I7], Smarandache offered the concept of
neutrosophic set. This idea became the leading actor in numerous studies as in
[ 2L 3L 4 5L 6l 7, [8, @ 10l 11, 12| [14], 16]. Also, by using this new concept, Salma
and Alblowi introduced the theory of neutrosophic topological space in [15]. In this
study, we present different types of separation axioms in neutrosophic topological
spaces as a new instrument for real life applications and new terms that we think
benefit in other investigations. Throughout the paper, without any explanation, we
use the symbols and definitions introduced in [I3], 15 [I7]. For the sake of shortness
we use the notation N instead of neutrosophic.
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2. SOME REQUIRED DEFINITIONS

In this section, we give newest predefined definitions that will be required in the
next section. Also, some new definitions are given.

Definition 2.1. [4] An N-point x, s is said to be N-quasi-coincident (N-g-coincident,
for short) with F, denoted by ;1 qF iff xrts C F°. If x4 is not N-quasi-
coincident with F', we denote by x,; ;qF.

Definition 2.2. [4] An N-set F' in an N-topological space (X, T) is said to be an
N-g-neighborhood of an N-point x,. . iff there exists an N-open set G such that
ZTrt,sqG C F.

Definition 2.3. [4] An N-set G is said to be N-quasi-coincident (N-g-coincident,
for short) with F, denoted by GgF iff G € F€. If G is not N-quasi-coincident with
F, we denote by GGF .

Definition 2.4. Consider that (X, 7) is an N-topological space andY C X. Let H

be an N-set over Y such that
1, z€Y 0, z€Y
Fy(z) = {

1, z€Y _
TH(x):{o, sdY’ IH(x)_{o, e dY’ 1, z¢Y

Consider that v = {HNF : F € 7}, then (Y, 7y) is called N-subspace of (X, T).
If H e T (resp. H® € 1 ), then (Y, 7y) is called N-open (resp. closed) subspace of
(X, 7).

Definition 2.5. [4] An N-point .. s is said to be an N-cluster point of an N-set
F iff every N-open g-neighborhood G of x,+ s is q-coincident with F'. The union of
all N-cluster points of F' is called the N-closure of F' and denoted by F'.

Definition 2.6. [4] Consider that f is a function from X to Y. Let A be an
N-set in X with membership funtion Ta(z), indeterminacy function I4(x) and
non-membership function Fa(x).The image of A under f, written as f(A), is
an N-subset of Y whose membership function, indeterminacy function and non-
membership function are defined as

SUp,¢ - Ta(z Lif £~ (y) is not empty,
Tron () :{ er1piTax)} if f7(y) Yy

0 Jif f7H (y) is empty,
I (y) = sup,e -1,y {La(2)} if f71(y) is not empty,
o 0 Lif f7(y) is empty,
Fron(y) = inf.err(){Fa(2)} if f~(y)is not empty,
o 1 Jif 71 (y) is empty,

for ally in'Y, where f~1(y) = {x : f(z) =y}, respectively.

If f is a bijective function from X toY, then it is an invertible N-function.
Conversely, consider that B is an N-set in Y with membership funtion Tg(y),
indeterminacy function Ig(y) and non-membership function Fp(y). Then, the in-
verse image of B under f, written as f~1(B), is an N-subset of X whose member-
ship function, indeterminacy function and non-membership function are defined as
Ty (3 (@) = To(F(@)), Ip1(5) () = Ip(f(x)) and Fy-(s)(x) = Fp(f(x)) for al
x in X, respectively.
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Definition 2.7. Consider that (X,7), (Y,d) are N-topological spaces and f :
(X,7) — (Y,0) is an N-function. The function [ is said to be N-continuous, if
fYG) €T for any G € 6.

Definition 2.8. Consider that (X,7), (Y,d) are N-topological spaces and f :
(X,7) = (Y,9) is an N-function. The function f is said to be N-open, if f(F) € ¢
forany F € 7.

3. N-T;-Spaces (i=0, 1, 2)

In this section, we present different types of separation axioms and investigate
their properties. Also, the relationships among them are shown with a diagram and
counterexamples. Additionally, we analyze their characteristics in N-topological
subspaces.

Definition 3.1. An N-topological space (X, T) is said to be an N-Ty-space if for
every pair of N-points Tog~ , Ya',p',y, Whose supports are different, there exist
N-open sets I, G such that xa 8~ € F, Yyor,p v € F° 01 20y € G, Yyor 3 € G.

Theorem 3.1. Consider that (X, 7) is an N-topological space, then (X,T) is N-
To-space iff, for any two N-points, Ta g.~, Yo',5',~, Whose supports are different,
To,p.~qYa’ By OT Ta,pyqYal By -

Proof. Consider that (X, 7) is an N-Ty-space and 24 8, Yo, g,y are two N-points
with different supports. Then, there exist N-open sets F', G such that z, g, € F,
Yor,8 v € FC or Tapgy € G Yor,py € G. This implies that y.. g ,GF or
Ta,844G. S0, Ta,840Ua’ .34 O Tag~qYarp - Let (X,7) be an N-topological
space such that, for any two N-points g, Ya’,8,, With different supports,
TaB~0Yal B OF Tap~GYar,3 - Then, there exists an N-open set F' such that
ZTapy € F, yor g GF or there exists an N-open set G such that y. g+ € G,
Za,8,y¢G. This implies that a5y € F, Yor gy € F€or Ta 5~y € G, Yor g € G.
Therefore, (X, 7) is an N-Ty-space. |

Definition 3.2. An N-topological space (X,7) is said to be an N-Ty-space if for
every pair of N-points To. 8.~ » Ya',p',y'» Whose supports are different, there exist N-
open sets ', G such that xo 5 € F, yor g € F° and xo,, € G°, Yyor 5 4 € G.

Theorem 3.2. Consider that (X,7) is an N-topological space, then (X, 7) is N-
T - space iff, for any two N-points, Ta g~, Ya',p' 4, Whose supports are different,

Lo, By4Ya’ B,y and l'a,ﬁ,'y(jya’,ﬁ’,w“

Proof. The proof of this theorem is similar to that of above theorem. So, it is
omitted. 0

Theorem 3.3. Consider that (X,7) is an N-topological space. If every N-point
Top~ 8 N-closed in (X, T), then (X, 7) is an N-Ti-space.

Proof. Consider any two N-points &4 8, Yar,5’ 4 it (X, 7) such that 4 g qYa’ g+
- Then, Za5,4 C (Yar,5,5)" and Yar 777 C (Ta,p,7) Where (yar,gr,5)¢ and (Za,p.4)¢
are N-open sets in (X, 7). Since, 24 8~G(Ta.8,4)¢ and Yor g7 1 G(Yar g4 ) (X, T) is
an N-Tj-space. O

The converse statement is not always true as seen in the example below.
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Example 3.1. Consider the set X = {z,y} and the family 7 = {{za,a1-0,Ys,81-8} : @, B € [0,1]}.
Then, T is an N-topology over X. It is easily seen that (X,T) is an N-Ti-space.
But, the N-point x0,2,0,2,0,7 s not closed in 7. Because, £2,0,2,0,7 % £0.2,0.2,0,7-

Definition 3.3. An N-topological space T is said to be an N-Ts-space, if, for every
pair of N-points T g.~s Ya',5',v, Whose supports are different, there exists N-open
sets F', G such that a3~ € F, Yo gy € F, Your gy € G, To gy € G° and FgG.

For an N-topological space (X, 7) we have the following diagram:
N-T»-space
1
N-Ti-space
J
N-Ty-space

Converse statements may not be true as shown in the examples below;
Example 3.2. Consider the set X = {x,y} and the family

T = {{l'aya’l,a,yg,gylfg} A [0, 1},ﬁ S [0, 1)}

Then, T is an N-topology over X. It is easily seen that (X,T) is an N-Ty-space.
But, it is not an N-T1-space. Because, x1,1,0 and y1,1,0 are N-points in (X, ) with
different supports and the only N-open set that contains y1,1,0 is 1x.

Example 3.3. Consider that X = N 1is the set of naturel numbers. For any
n € N, ni 1,0 is an N-point. Clearly, there is a one-to-one compatibility between N
and {n11,0:n € N}. Then, we can define a cofinite topology on {n11,0:n € N}.
That is, an N-set F' is N-open iff it is constituted by discarding a finite number of
elements from {ni10:n € N}. Hence, this cofinite topological space is an N-T1-
space. But, it is not an N-Ts-space.

Theorem 3.4. An N-subspace (Y,7y) of an N-T;-space (X, 1) is an N-T;-space
(i=0,1,2).

Proof. (Case i = 0) Consider that (X, 7) is an N-Ty-space and (Y, 7y) is an N-
subspace of (X,7). Take any two N-points 4~ and yas g~ in (Y,7y) with
different supports. Then, x4 3~ and Yo/ g, are also N-points in (X, 7). Since
(X, 7) is an N-T-space, there exist N-sets F' and G such that x5, € F, yor /.4 €
F¢or yo g~ € G, 2ap,y € G°. Consider an N-set H as given in Definition
Then, F N H and G N H are N-open sets in (Y, 7y) such that 245, € F N H,
Yar,py € (FNH)® or or Yo g1y € GNH, 24,3~ € (GN H)®. This implies that
(Y, 7y) is N-T. 0

In the other cases in which ¢ = 1 and i = 2, we can make the proofs in similar
ways. So, they are omitted.

4. N-R;-SPACES (i=0, 1)

In this section, we introduce N-Ry and N-R; spaces. Their connections with N-
T1 and N-T5 spaces are investigated. Also, we define the concept of N-topological
space induced by a topological space and some implications are given in induced
N-topological spaces. Additionally, it is shown that inverse statements of these
implications are not always true with counter examples.
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Definition 4.1. An N-topological space (X, T) is said to be an N- Ry-space iff, for
any two N-points T~ and Yor g' v if Ta, 8o 8~ then To g ~GUar 37 -

Definition 4.2. An N-topological space (X, T) is said to be an N-Ry -space iff, for
any two N-points o 5, and Yo g~ then o g, if Ta,8,vYa’ '~ then there exists
two N-open sets F' and G in (X, T) such that xo 3~ € F, yor g~ € G and FGG.

Theorem 4.1. Every N-T;-space (X, 7) is an N-R;_1-space (i =1,2).
Proof. Obvious. O

Theorem 4.2. An N-topological space (X, T) is an N-T;-space iff it is N-T;_1 and
N-R;_; (i=1,2).

Proof. (Case i = 2) The necessity is obvious from Theorem and the diagram
given after Definition Consider an N-topological space (X,7) which is N-T;
and N- R;. Take two N-points 24 5,4 and yas g~ in (X, 7) with different supports.
Then, zq,8,~qYar,p',y - Since (X, 7) is N-T1, Za,8,,GUa’,3 - Then, there exists two
N-open sets F' and G in (X, 7) such that x4 34 € F, yor,p,+ € G and FGG for
(X,7) is N-Ry. Hence, (X, 7) is N-T5. In the cases in which ¢ = 1, we can make
the proof in similar way. So, it is omitted. ]

Definition 4.3. Consider that (X, T) is a topological space and A is a subset of
X. Let the N-set X 4 be whose is with membership function Tx ,(x), indeterminacy
function Ix ,(x) and non-membership function Fx ,(x) defined as follows;

T (@) {1 Jifz € A,

0 ,ifz¢A,

)1 Lifre A
IXA(x)_{O ,ifl’%A,
1 ifr e A,
FXA(x)_{o i A

X 4 is called an N-set induced by A and the family 6, = {Xa : A € X} is called an
N-topology over X induced by 7.

Theorem 4.3. Consider that (X,7) is a topological space and (X,d;) is an N-
topological space, where 0, is an N-topology induced by 7. If (X,0,) is N-Tp-space
then (X, 1) is a Ty-space.

Proof. Take any two distinct points z,y € X. Then, 21,10 and y;,1,0 are two N-
points in (X, d,) with different supports. Since (X,d,) is N-Ty-space, there exist
N-sets F', G such that x110 € F, y1,1,0 € F°or y1,10 € G and x11,0 € G°. Then
there exists Op € 7 such that x € Op, y ¢ Op, where F = Xj,. € &, or there
exists Og € 7 such that y € Og,z ¢ Og, where G = Xo, € d,. Hence, (X,7) is a
To-space. (I

Theorem 4.4. Consider that (X,7) is a topological space and (X,d;) is an N-
topological space, where 6, is an N-topology induced by 7. If (X,0,) is N-Ty-space
then (X, 1) is a T1-space.

Proof. The proof is similar to that of above theorem. O
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The converse statements may not be true as seen in then following examples.

Example 4.1. Consider that X = {x,y, z}. Then, the familyT = {0, X, {z},{z},{=, 2}}
is a topology over X and d, = {0x,1x,211,0,21,1,0, {%1,1,0,21,1,0} } @5 an N-topology
over X induced by . Then, (X,7) is a Ty-space. But, (X,0,) is not N-Ty-space.

Example 4.2. Consider that X = {z}. Then, the family 7 = {0, X} is a topology
over X and 6, = {0x,1x} is an N-topology over X induced by 7. Then, (X,T) is
a Ty -space. But, (X,d,;) is not N-T}-space.

5. N-REGULAR, N-NORMAL AND N-T;-SPACES (i=3, 4)

In this section, we first introduce N-regular spaces and N-normal spaces. Some
of their characteristics are given and the relationships with N-Ry and N-R; spaces
are investigated. Then, we introduce N-Tj5 spaces, N-T, spaces and examine their
relations.

Definition 5.1. An N-topological space (X, T) is said to be an N-regular (N-Rs-
space, for short) space iff, for any N-points xq 3.~ and any N-closed set H in (X, T)
such that x4p~GH, there exists two N-open sets F' and G in (X,T) such that
ZTap~y €F, HCG and FgG.

Definition 5.2. An N-topological space (X,7) is said to be an N-normal (N-Rs-
space, for short) space iff, for any two N-closed sets H and K in (X,T) such that
HGK, there exists two N-open sets F and G in (X, 7) such that H C F, K C G
and FqG.

Theorem 5.1. Consider that (X,7) and (Y,0) are N-topological spaces and f :
(X,7) = (Y,9) is an N-function which is bijective, N-continuous and N-open. If
(X,7) is N-normal, then (Y, ) is also N-normal.

Proof. Consider that F and G is N-closed sets in (Y, §) such that FigG. Since f is N-
continuous, f~1(F) and f~1(G) are also N-closed sets in (X, 7) and f~*(F)qf~*(G).
Then, there exists N-open sets K and L such that f~1(F) ¢ K, f~Y(G) C L
and KGL. Tt follows that F C f(f~Y(F)) C f(K), G C f(f~YQ)) c f(L)
and f(K)Gf(L). Since, f is N-open, f(K) and f(L) are N-open sets such that
FC f(K),GcC f(L) and f(K)Gf(L). Hence, (Y,4) is N-normal. O

Theorem 5.2. Consider that (X,7) and (Y,0) are N-topological spaces and f :
(X,7) = (Y,9) is an N-function which is bijective, N-continuous and N-open. If
(X, 7) is N-regular, then (Y, d) is also N-regular.

Proof. Tt is similar. O

Theorem 5.3. Consider that (X, 7) is an N-topological space and g~ is any
N-point in (X, 7). Then, (X, 7) is an N-Ry-space iff, for every N-open set I such
that xo.5, € F, there exists an N-open set G such that xo5, € G and G C F.

Proof. Consider that (X, ) is an N-Ry-space and 24,5, is any N-point in (X, 7).
Let an N-open set F be in (X, 7) such that x4 s, € F. Then, F* is an N-closed set
in (X, 7). It is clear that FGF°. Since x4, € F, Za,3~GF°. There exist N-open
sets G and H such that z, s, € G, F'* C H and G¢H. This implies that G C H°.
Since H® is an N-closed set in (X, 7), G C H¢. Conversely, let x4 g be an N-point
in (X,7) and F be an N-closed set such that x4 ,GF. Then, x4 3., € F° and F°
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is an N-open set in (XLT). From our hypoihesis, there exists an N-open set G such
that 43, € G and G C F°. So, F C (G)¢ and G¢(G)°. Clearly, GG(G)¢. This
implies that (X, 7) is an N-Ra-space. |

Theorem 5.4. Consider that (X,7) is an N-topological space. Then, (X, T) is
an N-Rs-space iff, for every N-point x4 5.~ and N-closed set F' in (X,T) such that
Za,8,~GF, there exist N-open sets G and H such that x5, € G, F C H and GGH.

Proof. Consider that (X, 7) is an N-Ry-space. Take an N-point z, g, and an N-
closed set F' in (X, 7) such that x4 3~GF. Then, there exist N-open sets G and
H such that zo 5, € G, F' C H and G¢gH. So, H C G°. Since G° is N-closed
in (X,7), H C G°. Clearly, HGG. 1t is easily seen that x4 5-GH. Since (X,7)
is an N-Rj-space, there exist N-open sets K and L such that 2,3~ € K, HCL
and KGL. So, K C L¢. Since L¢ is N-closed in (X,7), K C L°¢. Clearly, KL .
Therefore, KGH.

The proof of the converse statement is obvious. So, it is omitted. O

Theorem 5.5. Consider that (X, ) is an N-topological space and F is any N-
closed set in (X, 7). Then, (X, 7) is an N-R3-space iff, for every N-open set G such
that F' C G, there exists an N-open set H such that F C H and H C G.

Proof. The proof is analogous to that of Theorem O

Theorem 5.6. Consider that (X, T) is an N-topological space. Then, (X, T) is an
N-R3-space iff, for every N-closed sets F', G in (X,ng:h that FqG, there exist
N-open sets K and H such that F C K, G C H and K¢H.

Proof. The proof is analogous to that of Theorem [5.4] O

Theorem 5.7. Consider that (X, 7) is an N-topological space. If (X, T) is an N-Rqy
then it is an N-Rj-space.

Proof. 1t is obvious. O

Theorem 5.8. Consider that (X, T) is an N-topological space. If (X, T) is an N-R3
and N-Ry- space then it is an N-Rs-space.

Proof. Consider that (X, 7) is an N-R3 and N-Ry-space. Take an N-point x4 g,
and an N-closed set F' in (X, 7) such that z, g ,GF. Since (X, 7) is an N-Ry-space,
TapqF. Since (X,7) is an N-Rs-space, there exist N-open sets G and H such
that To 5, C G, F C H and GGH. Hence, (X, 7) is an N-Ry-space. O

Corollary 5.9. Let (X,7) be an N-topological space. If (X,7) is an N-R3 and
N-Ry-space then it is an N-R-space.

Proof. 1t follows from Theorem [5.7] and Theorem O

Definition 5.3. An N-topological space (X, 7) is said to be an N-Ts-space iff, it is
both an N-Ry and N-T1-space.

Definition 5.4. An N-topological space (X, T) is said to be an N-Ty-space iff, it is
both an N-Rs3 and N-Tj-space.

Theorem 5.10. Consider that (X, 7) is an N-topological space. If (X,T) is an
N-Ty - space then it is an N-T5-space.
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Proof. Consider that (X, 7) is an N-Ty-space. Then, it is both N-R3 and N-T;.
From Theorem |4.1}, it is N-Ry. Take an N-point z, g, and an N-closed set F' such
that x4, g,,GF. This implies that T4 5,,¢F. Then, there exist N-open sets G and H
such that To 3, C G, F C H and GGH. Thus, (X,7) is N-Ry. Hence, we obtain
the result. |

Theorem 5.11. Consider that (X,7) is an N-topological space. If (X, T) is an
N-Ts-space then it is an N-Th-space.

Proof. Tt follows from Theorem and Theorem O
Theorem 5.12. An N-subspace (Y, 7y) of an N-Ts-space (X, 1) is N-T5.

Proof. Consider that (X, 7) is an N-T3-space, Y C X and (Y, 7y) is an N-subspace
as described in Definition Let x4, and yar 54 in (Y,7y) be N-points in
(Y,7y) such that x4 8~GYar,p',y- It is obvious that x4, and ya g 4 are also
N-points in (X, 7). Since (X, 7) is an N-Tj-space, there exists N-open sets F' and G
in (X, 7) such that x4 5~ € F, yar,5/, € G and FGG. Then, there exists N- open
sets H and K in (Y, 7y) such that H = FNY and K = GNY. Clearly, 2,54 € H,
Yar,p~ € K and HGK. This implies that (Y, 7y) is N-T;. Now, we must show
that (Y, 7y) is also an N-regular space. Let G be an N-closed set in (Y, 7y) and
Za. 8~ be an N-point in (Y, 7y) such that z, g ,GG. It is obvious that z, g is also
an N-point in (X, 7) and there exists a N-closed set F in (X,7), G = FNY. It
is obvious that x4 g,GF . Since (X, 7) is a N-regular space, there exists N-open
sets H and L in (X, 7) such that x4 3, € H, F C L and HGL. Then, there exists
N-open sets K and M in (Y, 7y ) such that K = HNY and M = LNY. Clearly,
Tap~y € K, G C M and KgM. This implies that (Y, 7y) is N-regular. Hence,
(Y, y) is a N-Ts-space. O

Theorem 5.13. An N-subspace (Y, 7y) of a N-Ty-space (X, 1) is N-Ty.
Proof. The proof is similar to that of Theorem O

6. CONCLUSION

Thus, we have brought a new perspective to the world of topology on separation
axioms in N-topological spaces. In addition, we have given a new definition for
N-subspace that we think will benefit the other mathematical studies especially in
topology. It is our wish that the new terms and concepts we offer will help other
scientists around the world to create new fields of work and make inventions that
will benefit people. Besides, among our expectations, this study will pave the way
for studies in the fields of statistics, medicine, economics, engineering and many
different sciences, and to minimize the problems people face in their daily lives.
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ABSTRACT. We remind two facts for topological spaces. The one is that in a
Hausdorff space X each convergent sequence has a unique limit. This allows
us to have a function from the set of all convergent sequences in X to X.
Another is that in the first countable spaces, some topological objects such
as open subsets, closed subsets, closures and interiors of the sets, continuous
functions and many others can be defined in terms of convergent sequences.

In this paper we compare these notions with their sequential versions in
topological spaces. We will take the product spaces into account and give
some results.

1. INTRODUCTION

Convergent sequences are important not only in pure mathematics but also in
some others such as information theory, biological science and dynamical systems.

The convergent sequences enable us to give sequential definitions of open and
closed subsets; and then to do these for some other topological concepts defined in
terms of open and closed subsets. For example continuous maps, connectedness and
compactness are among those notions. Sequential definitions of topological objects
give us a relief in some proofs and solutions of the problems. Hence many authors
have been in afford to find the sequential definitions of some topological objects.

In addition to the convergent sequences, in the literature there exist some vari-
eties of other different types of convergences. The readers are referred for example
to a large number of the works [7], Posner [24], Iwinski [I7], Srinivasan [25], Antoni
[2], Antoni and Salat [3], Spigel and Krupnik [26], Oztiirk [27], Savag and Das [28],
Savag [29], Borsik and Salat [5], [4] [13], Di Maio and Koéinac [19].

Connor and Grosse-Erdmann in [I4] replacing the sequential convergence with a
function defined on a subspace of the real sequences introduced G-methods. Then
following this, Cakalli studied G- continuity in [I0] (see also [I5] and [II] for some
other types of continuities), G-compactness in [I2] and the G-connectedness in [9]

2010 Mathematics Subject Classification. Primary: 40J05 ; 22A05.

Key words and phrases. Sequentially convegence, product space, sequentially closed subset,
sequentially hull, sequentially closure.
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(see also [8]). Mucuk and Sahan in [23] considered the notions of G-open subsets
and G-neighbourhoods together with some extra properties of G-continuities.

Lin and Liu in [I8] extended G-methods to arbitrary sets rather than topological
spaces and presented G-hulls, G-closures, G-kernels and G-interiors. Mucuk and
Cakalli recently improved G-connectedness in [21] and G-compactness in [22] for the
topological groups with operations which generalises topological groups [6]. The au-
thors in the paper [I] extend these ideas to the direction of neutrosophic topological
spaces. We refer [20] and [16] for some sequential definitions and discussions.

In this paper we give an exposition of sequential definitions of some topological
notions in product spaces.

We acknowledge that this paper forms some parts of thesis [30].

2. PRELIMINARIES

Let X be a topological space. We use the boldface letters x, y, ... to denote the
sequences X = (), ¥ = (Yn), ... of the terms in X; and s(X) and ¢(X) respectively
the sets of all sequences and convergent sequences in X. A sequence x = (x,,) is
said to be convergent to ¢ € X when any open neighbourhood U of a € X includes
almost all terms of x , that means, except for a finite number of terms, all terms
stay in U.

Let A be a subset of X and x € X. The point x € X is said to be in the
sequentially hull of A if there exists a sequence x = (z,,) in A with limit . The
sequentially hull of A is denoted by [A]® and A is said to be sequentially closed
if [A]* C A. Hence A is not sequentially closed whenever there exists a sequence
x = (2,,) in A with a limit ¢ which is not in A.

We note that for a € A, the constant sequence a = (a,a,...) has limit a and
therefore we have that A C [A]°. Hence A is sequentially-closed if and only if
[A]* = A. A subset A C X is called sequentially open if X \ A is sequentially closed.
A subset U C X is a sequentially neighborhood of a if there exists a sequentially
open subset A of X such that a € A C U.

The sequentially closure of A, denoted by A°, is defined to be the intersection
of all sequentially closed subsets containing A, which is also a sequentially closed
subset, because the intersection of squentially closed subsets is also sequentially
closed. If A C K and K is a sequentially closed subset, then [A]* C [K]®* C K.
Taking the intersection of all sequentially closed subsets including A, we conclude
that [A]s C A",

We remind that a point a in first countable space X is an interior point of the
subset A if any sequence x = (z,) converging to a is almost in A. Therefore we
define a point a in any topological space to be sequential interior point of A and
write a € A% whenever any sequence x = (z,,) with limit a is almost in A or
equivalently there is no any sequence x = (x,,) in X \ A with limit a.

We say that A is sequentially open if A C A%. By the fact that the constant
sequence (z,,) = (a,a,...) converges to a, one can see that A% C A and therefore
A is sequentially open when A C A% or equivalently A% = A.

3. MAIN RESULTS

Let X x Y be the product space and A X B a subset of X x Y. A point (x,y) of
X xY is said to be in the hull of A x B if there exists a sequence (a,,b,) in A x B
with limit (z,y). The set of all hull points of A x B is denoted by [A x B]*. The
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subset A x B is sequentially closed if [A x B]®* C A x B. We can check that for the
subsets A and B in X x Y, we have [A x B]®* = [A]® x [B]*

Theorem 3.1. For a topological space X ; and the subsets A, B C X, we have the
following

(i) [AN BJ*  [4] 0 [B]".

(i) [AU B]® = [A]° U [B]®.

Proof. (i) For an x € [AN B]g, there exists a sequence x = (z,,) of the terms in
AN B with the limit . Hence the sequence x is in both A and B; and therefore
x € [A]g and x € N[B]g, which means x € [A]* U [B]®.

(ii) If x € [AU B]®, then there exists a sequence x = (x,,) in AU B with limit z.
Hence we can choose either a subsequence a = (a,,) in A or a subsequence b = (b,,)
in B with limit 2. Otherwise the sequence x = (z,,) is almost in X \ A and X \ B;
and therefore x = (x,,) is almost in X \ A)N X \ B = X \ (AU B). This concludes
that x € [A]* U [B]*.

Let « € [A]* U [B]®. Then either there exists a sequence a = (a,) in A or a
sequence b = (b,,) in B with limit . Hence we can choose a sequence x = (x,,) in
AU B with limit x; and therefore z € [AU Bl . O

As a result of this theorem we can say that the finite intersections and unions of
sequentially closed subsets are also sequentially closed.

Theorem 3.2. For a topological space X and subsets A, B C X, we have the
following:

(a) Ax BC[AxB]* CAxB’;

(b) A x B is sequentially closed if and only if [A x B]* C A x B;

(c) A x B is sequentially closed if and only if [A x B]* = A x B;

(d) If A and B are closed, then it is A X B is sequentially closed.

(e) A x B is sequentially closed if and only each convergence sequence in A X B
has a limit in A x B.

Proof. (a) For any point (a,b) € Ax B, the constant sequence (a,, b,) = ((a,b), (a,b),...)
convergences to (a,b). Hence (a,b) € [A x B]®. Further if (z,y) € [A x B]®, there
exists a sequence (ay, by ) in Ax B which converges to (z,y). Hence (z,y) € Ax B'.

(b) This is just the definition of a sequentially closed subset.

(c) This is a direct result of (a) and (b).

(d) If A and B are closed, then A x B is closed and therefore A x B* = A x B.
Hence by (a) [A x B]®* = A x B, that means A x B is sequentially closed.

(e) This is obvious by the definition of a sequentially closed subset. O

Example 3.3. If X x Y has co-countable topology, then a sequence (x,y) =
(zn,yn) converges to (a,b) if and only if the terms are almost (a,b). Hence all
subsets of X X Y are sequentially closed but not necessarily closed.

Theorem 3.4. Let X x Y be product topological spaces and let {A; x B; |i € I}
be a class of sets of X x Y. Then we have the following

(a) Ujer[Ai x Bil* C [U;ep Ai x Bi]*

(b) [Mier Ai x Bil* € e [Ai ¥ Bil*.
Proof. (a) If (x,y) € U,;c;[Ai x Bi]*, then (z,y) € [A;, x By,]* for an ip € I and
therefore there is a sequence (an, b,) in A;, X B;, with limit (x,y). That means we
have a sequence (an, b,) in (J;c; Ai x B; and therefore (z,y) € [U;c; 4i x Bil®.
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(b) For (z,y) € [N;e; Ai X Bj]®, there exists a sequence (an,by,) in (;c; A; X B;
with limit (z,y). This means (a,,b,) is a sequence in each A; x B; for i € I. Hence
(w,y) € [Ai x B;]*, and therefore (x,y) € (,c;[4i x Bi]*.

]

Theorem 3.5. For a topological space X and the subsets A, B C X, we have the
following

(i) (AN B)% = A% n BYs.

(ii) A% U B% C (AU B)%.

Proof. (i) If a € (AN B)* and x = (z,) is a sequence with limit a, then the
sequence x = (z,,) is almost in AN B. Hence (z,,) is almost in both A and B and
therefore a € A% N BY.

On the other hand if a € A%° N A%" and (z,,) is a sequence with limit a, then
(xy,) is almost in both A and B which means (z,,) is almost in AN B and therefore
a€ (AN B)°”

(i) Let a € A% U B and let the sequence x = (z,,) have the limit a. a € A%
means that the sequence x = (x,,) is almost in A and similarly a € B% means that
the sequence x = (x,,) is almost in B. Hence in both case the sequence is almost
in AU B, which means that te sequence x = (x,,) is almost in A then x is almost
either in A or in B; and therefore a € (AU B)°”

(|

As a result of Theorem [3.5] we can state that finite intersections and unions of
sequentially open subsets are also sequentially open.

Theorem 3.6. If X is a topological space and A is a subset A C X, then we have
the following:

(a) (Ax B)° C (Ax B)" C (A x B);

(b) A x B is sequentially open if and only if A x B C (A x B)°®;

(c) A x B is sequentially open if and only if A x B = (A x B)°® ;

(d) If A and B are respectively open in X and Y, then (A x B) is sequentially
open.

Proof. (a) (A x B)? is an open subset and therefore if (a,b) € (A x B)°, then any
sequence converging to (a,b) stays almost in (4 x B)Y € A x B. Hence (a,b) €
(A x B)%. Moreover if (a,b) € (A x B)%, then any sequence converging to (a,b)
becomes almost in A x B. Since the constant sequence (an,b,) = ((a,b), (a,b),...)
has limit (a,b) and therefore (a,b) € A x B.

(b) This is just the definition of sequentially open subset.

(c) This is a direct result of (a) and (b).

(d) If A and B are open, then A x B is open in X x Y; and therefore (A x B)? =
A x B. Hence by (a), we have that A x B = (A x B)% which means A x B is
sequentially open. (Il

Example 3.7. Let us consider X X Y with the co-countable topology. Then any
subset A x B of X x Y is sequentially open but not necessarily open.

Theorem 3.8. For a product topological space X XY ;| a subset AX B is sequentially
open if and only if X X Y \ (A x B) is sequentially closed.

Proof. Assuming A x B C (A x B)% we need to prove that [X x Y \ (4 x B)]* C
X XY\ (Ax B). For (z,y) € [ X xY \ (A x B)]®, there exists a sequence (z,,yn)
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in X xY \ A x B with limit (z,y). Hence we have that (z,y) € X xY \ A x B.
Otherwise if (z,) € A x B, then by the assumption A x B C (A x B)? we have
(r,y) € (A x B)? and therefore the sequence (x,,,y,) is almost in A x B. This is
a contradiction since (x,,y,) is a sequence in X x Y\ A x B.

On the other hand assume [X x Y\ A x B]* C X xY \ A x B and prove that
Ax B C (Ax B)%. If (a,b) € A x B and (2, y,) is a sequence with limit (a,b),
then the sequence (x,,y, ) is almost in A x B. Otherwise there exists a subsequence
(Tny s Yny ) Of (T, Y ) of the terms of X x Y\ Ax B which has limit (a, b) and therefore
(a,b) € [X x Y\ Ax B]* C X xY \ Ax B which means (a,b) € X x Y \ A x B.
This is a contradiction because (a,b) € A x B. O

Theorem 3.9. Assume that {A; x B; | i € I} is a class of the subsets in product
space X X Y. Then the following are satisfied.

() (Nies Ai X B € Miey(As x By)™.

(b) User(Ai x Bi)™ € (Ujer Ai x Bi)™.

Proof. (a) Assume that (a,b) € (N;c; Ai x B;)?*. We prove that (a,b) € ;o (4 x
B;)%. Let (an,b,) be a sequence with limit (a,b). By assumption we have that the
sequence (an, by,) is almost in (., A; x By, and therefore in A; x B; for each i € I.
Hence (a,b) € (4; x B;)" for each i € I and therefore (a,b) € (;c;(Ai x B;)%.
(b) Assume (a,b) € ;e (Ai x B;)? and (an, b, ) is a sequence with limit (a, b).
By assumption (a,b) € (A;, x B;,)* for an iy € I and therefore the sequence

(an,by) is almost in A;, x B;,. That means the sequence (an,b,) is almost in
(U;er Ai x B;) and therefore (a,b) € (U, Ai X B;i). O

4. CONCLUSION

We call a topological space X sequentially connected if it has no any sequentially
open and closed proper subset. If X is not connected it has an open and closed
proper subset A C X. Hence A is sequentially open and closed; and therefore
X is not sequentially connected. Equivalently sequentially connected spaces are
connected, but the converse is not always true. For example if X is uncountable
set, then with co-countable X is connected but not sequentially connected, because
all subsets of X a both re sequentially open and closed.
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ABSTRACT. By making use of the Taylor polynomials, new proofs are presented
for three binomial identities including Abel’s convolution formula.

§1. Introduction. There are numerous identities in mathematical literature. Among
them, Newton’s binomial theorem is well known

kzn:_o (Z)x’“y"k = (z+y)"

Abel [I] (see [1, §3.1], for example) discovered the following deep generalizations of
it with an extra A-parameter:

n

Z (Z)m(x RNy — kAR = (@ 4 y)™ (1)

k=0

This convolution identity is fundamental in enumerative combinatorics and num-
ber theory. The reader can refer to [I9] for a historical note. The known proofs can
briefly be described as follows:

o Generating function method; see [9] and Chu [3].

e Series rearrangement and finite differences: Chu [4].

e The classical Lagrange expansion formula; see [I7, §4.5].

e Lattice path combinatorics; see [15], §4.5] and [16, Appendix].

e The Cauchy residue method of integral representation; see [8] §2.1].

e Gould-Hsu Inverse series relations: Gould-Hsu [12] and Chu-Hsu [6] 2].
e Riordan arrays (which can trace back to Lagrange expansion); see [18].

The aim of this short article is to offer new and simple proofs for and two
other binomial identities via Taylor polynomials.
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§2. Proof of (). Denote by P(y) the binomial sum in (). Its mth derivative at
y = —x is determined by

PM™(—z) =z ") (@ 4+ kAR Ly — kAR
k y=—z

_ nlx nm_ nem—k [T —m - n—m—1
——(n_m)!g( 1) ( B )( +kN) : (2)

To evaluate the last sum, we recall the difference operator A, which is defined
for a function f(y) at the point y by

Af(y) = fly+1)— f(y).

By applying n times of A, we have the nth difference

A”f@ﬁ==§é(—D"‘k(Z>wi+k)

k=0

In particular, when f(y) is a polynomial of degree m < n with the leading coefficient
Cm, then by induction, it is not hard to prove the important identity (see [L3|
Equation 5.42])

Anf(y) =nlcn X(m = n)7 (3)

where x is the logical function given by y(true) = 1 and x(false) = 0.

Therefore, the sum in results in the (n — m)th difference of a polynomial of
degree n —m — 1. Consequently, P"™) (—x) vanishes for 0 < m < n and P (—z) =
nl.

Because P(y) is a polynomial of degree n, we confirm Abel’s identity by

expressing P(y) in terms of the Taylor polynomial at y = —z as follows:
(o)
P =2 T P = 0
m=0

§3. A binomial transformation. Gould [I1] Equation 1.10] recorded a binomial
transformation which can be reproduced equivalently as

> (=S ()

Observing that both sides of the above equality are polynomials of degree n in
y. Denote by Q(y) the sum on the right-hand side. Its Maclaurin polynomial
expression reads as

- y, *®) (0
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Then we confirm by computing the kth derivative of Q(y) in the following

wo-e2(2)()

i=k

- —r—1\[/-k-1
=R Ry (T
(=1) ; ( n—i i—k
—k—z-2 x+1
= k(=1 k(" = k!
(=1) ( n—k ) <n - k:)’
where the last step is justified by the Chu—Vandermonde convolution formula. O

§4. A binomial sum identity. Let m and n be the two nonnegative integers
with m < n. There is an interesting binomial sum (see [20])

B g

pars z+k z (T

Clearly, this is an identity between two polynomials of degree m in y. Let R(y)
stand for the sum on the left. Then its Taylor polynomial at y = x A is given by

R(y) =) 8 ;/\)j R (a).
7=0

Evaluate the jth derivative by

RW(z)) = j! (T) AmI é(nk <Z> (z+ k)7L

When 0 < j < m, the last sum with respect to & is the nth difference of a polynomial
of degree m — j — 1 < n that equals zero in view of . Instead, we have for j =m

ROV () = 3 (1) (Z) s

k=0

Consequently, will be confirmed if we can show that

S () e

k=0
where the shifted factorial is defined by

(x)o=1 and (2),=z(z+1)---(x4+n—-1) for n=1,2,---.

In fact, it is routine to check that @ follows from the partial fraction decomposition
(®)n+1 otk
with the connection coefficients being determined by

~ lim n!(x+k): n\ Lk
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§5. Two companion formulae. For the formula (L)), Abel [I] found also a com-
panion one

5 (ot B0 = ) = AP = Gy )"
k=0

Besides, there exists a third one of Jensen type (cf. [I4]) found by Gould [10]

n

> L e D O T

Both of them reduce to the usual binomial theorem when A = 0. They can be proved
by carrying out exactly the same procedure. The interested reader is encouraged
to do it as an exercise.
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