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Some Applications Related to Differential Inclusions
Based on the Use of a Weighted Space

Serkan Ilter!-:

' Department of Mathematics, Faculty of Science, Istanbul University, Istanbul, Tiirkiye
Tilters@istanbul.edu.tr

Article Information Abstract
Keywords: Differential inclusion; In this paper, we present an existence theorem for the problem of discontinuous dynamical system
Existence; Weighted space related to ordinary differential inclusion, based on the use of the concepts related to weighted spaces

introduced by Gérka and Rybka, without using any fixed point theorem. The solution concept in
this theorem is considered to belong to the weighted space. For comparison with the classical case
and as an application of the theorem, we give an example problem that has such a solution but no
continuously differentiable solution.

AMS 2020 Classification: 34A60;
34A12

1. Introduction

In the mathematical modeling of systems with dynamic behavior in various fields of the real-world and in the qualitative and
numerical analysis of these systems, differential equations with initial or boundary conditions and the existence and uniqueness
of solutions and numerical approach techniques to solutions for these equations appear as important mathematical tools (see,
e.g. [1], [2], [3], [4], [5], [6], [71, [8], [9], [10], [11]). (Ordinary) differential inclusions, which are generalized forms of
ordinary differential equations and started to be studied after the advances in right-side discontinuous differential equations
and solution methods for the problems related to these equations in the 1960s, have a similarly important role in applied
mathematics since using directly in modeling and especially in the necessary and sufficient results of optimal control problems
of discontinuous systems (see, e.g. [12], [13], [2], [14], [15], [16]). In the literature, differential inclusions specific to various
fields such as engineering, biology, economics, and special types of differential inclusions that arise from the use of different
notions are also encountered (see, e.g. [17], [7], [14], [16]). Fuzzy differential inclusions, measure differential inclusions,
Volterra differential inclusions, and impulsive differential inclusions are a few of them.

Gorka and Rybka in [18] obtained some results about the existence of a solution for ordinary differential equation with an
initial condition based on the use of the weighted space equipped with the weighted norm. Here, they used Banach fixed point
theorem under the boundedness assumption and the assumption of a special type of Lipschitz continuity (with /(z) /¢ depending
upon t).

In this paper, we present some results about the existence of a global solution for the discontinuous differential inclusion with
an initial condition, based on the use of the weighted space, without boundedness assumption in nonconvex case. For this
purpose, we construct a sequence, based on the uses of the weighted norm and approximations mentioned in [13], without
using any fixed point theorem to derive the solution.

Since our results are true for the discontinuous ordinary differential equations as well, these results can be applied to the system
described by the differential equation in [18] without boundedness assumption. In addition, an illustrative example satisfying
the assumptions mentioned in the results is also given in this paper.

2. Preliminaries

For unexplained terminology and the basic results on the weighted spaces and differential inclusion theory we refer to [17],
[19], [18], [15], [16]. For a fixed b > 0, C([0,b] ,R") denotes Banach space of all continuous functions g : [0,5] — R” with the
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supremum norm ||g||., = sup |g(¢)|, where |-| denotes the Euclidean norm on R”. Let us fixed o« € ]0, 1] and r € R". Now, let
r€[0,b]

g €C([0,b],R") and we put

g0 —r|

. r

1€]0,b]

The collection of all functions g € C ([0,b],R") satisfying |g, , < = is denoted by W, 4 = W,.¢ ([0,5],R"). It is clear that
g(0) = r whenever g € W,.q, and that |~|0’a is a norm when r = 0. Note that the function p defined as

p(gvh) = |g_h|0,a fOI‘gJ’l € Wr,OC-

is a metric on W, . Moreover, (W,.q, p) is a complete metric space (for details, see [18]).

Let S be a subset of R” and ® : § — R” a set-valued map. For @ € R", we denote the projection of a onto S by 7 (a,S), that
is, w(a,S)={s€S:la—s|=d(x,S)} where d (a,S) =inf{|a—s| : s € S}. If w(a,S) is nonempty, then each element of it is
called the closest point in S to a. It is known that 7 (a,S) is nonempty and compact if S is closed (for details, see [20], [15]).
A single-valued function ¢ : S — R”" is said to be a measurable selection from & if ¢ is measurable in the usual sense and
¢ (s) € D(s) forall sin S. Let E and Z be nonempty bounded subsets of R”. The ball of radius 0 around E is defined as

Os(E) = { reR":d(E,r)= 1g£ x—r| < 5} .

The Hausdorff distance between E and Z is defined as
dy(E,Z)=inf{8 >0:05(E) 2Z,05(Z) D E}.

Note that the existence of corresponding finite 6 > 0 follows from the boundedness of sets E, Z.

Letm > 1. let £ and %™ be the collection of Lebesgue measurable subsets of [0, b] and Borel subsets of R, respectively. The
smallest 6 —algebra of subsets of [0,b] x R™ generated by Cartesian products of sets in .# and %" is denoted by .¥ x $"™.
By L}, and ||-||,, we denote the space of all Lebesgue integrable functions from [0, 5] into R” and the norm on L}, as usual,
respectively. Let ¥ : [0,5] x R™ — R" a set-valued map. ¥ is said to be .Z x %"-measurable if the set ¥~! (V) lies in
£ x 2™ for all open subset V of R"”. We say that ¥ is w-integrably bounded (with 1) if there exists a non-negative function
1 € L} withav(n,b) < o satisfying ¥(s,y) C n(s)B forall (s,y) € [0,5] x R™, where av(1,b) := sup 1 [(1(s)ds and B s

t€]0,b]

the closed unit ball of R”. We say that ¥ satisfies the w-Kamke-type Lipschitz condition (with ¢) if there exists a non-negative
function ¢ € L} satisfying av (¢,b) < 1 and

()

dp (¥(1,),¥(1,5)) < —

|y —x]
for any (¢,x) and (z,y) in ]0,b] x R".
We now consider the following Cauchy problem related to a discontinuous differential inclusion,

x(t) € F(t,x(t)), x(0) =r 2.1

where F : [0,b] x R" — R" is a given set-valued map.

We say that the absolutely continuous function x € W, ([0, 5] ,R") satisfying the initial condition r and the differential inclusion
in (2.1) a.e. on [0, b] is a (global) solution of the problem.

Throughout this paper, “a.e. on [0,b]” is denoted by “a.e” briefly. AC denotes the space of absolutely continuous functions
from [0, 5] to R”. For any g (-) € AC, the function ¥, define by O,(r) =d (¢(r),F(r,(r))) a.e.

Proposition 2.1. (see, [15]) Suppose that a sequence {@, }in L' ([0,b],R") converges to a function ¢ € L'([0,b],R") in |-||;-.

Then there exists a subsequence of {@,} that converges pointwise to ¢ a.e.

3. Main results
Theorem 3.1. Let F be the £ x $B™-measurable set-valued map with nonempty closed values satisfying w-Kamke-type
Lipschitz condition (with £). Then for any g € W1 NAC satisfying ¥, € L% and av (Vq,b) < oo, there exists a solution of the

fz(a?fxg) and Bg(g) is the open ball of (W,1,p) with

problem (2.1) in Bg(g). Here, 0 is a positive number satisfying 6 <
radius 6.

Proof. The main idea in the proof of this theorem would be to construct a Cauchy sequence {g,} (approximations) in the
complete (W,.1, p). Here, it will be determined on the basis of choosing g, (¢) as the closest point in F (¢,g,—1(¢)) to g,—1(¢), and
the desired solution will be obtained with the limit of the sequence. With this goal, let go = g € W,.1. By using Proposition 2.3.2
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in [16] and Corollary 8.2.13 in [17] together, it can be easily observed that there exists a measurable selection ¢o = ¢ (go (-))
from 7 (g0 (-),F(-,g0(-))). Since the inequality |@(t)| < |g0(t)| + O, (t) holds a.e. and U, € L}, we get ¢y € L. Thus we
can define an operator I for ¢ € [0,b] as
t
~0(0)+ [ on(s)ds

Now put g; = Ip. It is clear that g; € AC. Then g; = ¢p and |¢] — go| = ¥y, a.e. It follows from the relation

l81(0) — golt |</|g1 (s |ds—/z9g0 3.1)

that (|g1 (£) — g0(0)] /1) < av (By,,b) +|g0l,.) a.e. Asav (¥,,b) < oo then g € W;.1. Moreover, by using the above inequalities,
the basic properties of the Hausdorff distance notion and the Lipschitz condition, we have

U, (1) < 181(2) = o(t)| + Dy (1) +du (F (1,80 (1)), F (2,80 (1))
< 20 (1) + (£(2) /1) [81(2) — 8o (1)
< 20, (1) +(£(2) /1) / gy (5)ds
< 20 (1) +L£(1) av (Vgy,b) ace.

So it can easily be concluded that ¥, € L and av (0, ,b) < .
In this way, by defining g, := I,_; and ¢, and using induction on n = 1,2, ..., we get a sequence {g,} in W,.;. Let us prove that
the sequence {g, } is Cauchy in W,.;. By definition of {g,} and {¢,}, forn =0,2, ... we get

gnJrl - ¢n, |gn+l _gn| = ﬂgn a.c.
Oae. forn=1,2,.

)=
d(n(1),F(1,8n-1(1))) +du (F (1,801 (1)), F (1, 8n (1))
(£(2) /1) [8n(t) — gn—1(1)] ae. (3.2)

From the equality d (¢,(¢),F (t,g,—1(t))

O, <
<

Taking integral from both sides, we have

s)—gu_1(s 4
w1 (1) —a0) <  sup 1SV ON) [y (33)
5€]0,b] S 0
Therefore, it can be easily verified that
P (8n+1:8n) < av(,b)p (tn,un—1). (3.4)
Note that the last inequality implies
P(gn+178n) < (av(&b))”p(glng)' (3.5)
From here, we derive that
|gn|x0,1 < p(gn7g0)+‘g0|x0,l
< P (&nign—1)+-.+p(81,80) +80[yy 1 <o°

Thus g, € W,,1. In addition, the relations p (g1,80) < Ug,(as a result of (3.1)) and (3.5) implies that,
p(gn;80) < p(gn:&u-1)+...+p(g1,80)

n—1 .
< By ) (av(6b)). (3.6)

As av(¢,b) < 1, the relation (3.5) implies that the sequence {g, } is Cauchy, W,.; being complete, it converges uniformly to
some function y € W, 1. Taking into account (3.2) and (3.3), we get

b
9= 6ol <P (gnvga1) [ €(5)ds
so that {¢,} is a Cauchy sequence in L}. Let ¢ be the limit of {¢, }. One can easily have y(t) = r+ [j ¢ (s) ds. Moreover,

< [8nia (0) =) +d (1), F(2,3(1))) +dp (F(1,8n41 (1)), F (2, (1)))
< (1) =@+ B (1) + (€(1) /1) [8n41 (1) —¥(1)] ace.

B,

8En+1

N
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Thus,

|l98n+1 (t) - 19y(’)| <¢ (t)p (gnH a)’) + |¢n(t) _Y(t)‘ a.ce. 3.7
From Proposition 2.1, there exists a subsequence {q)nk (t)} converging to ¢ (¢) a.e. Replacing ¢, with the ¢, in (3.7), we
derive that ¥y(r) = lim ¥, ., (7) a.e. By the inequality (3.2) one can get,

= ki—>oo gnk+l
By(t) < £(1) lim p (gnr1:8n,) ac.

which implies 9y (r) = 0 a.e. From here, we conclude that y € W,.; is a solution. Moreover, by using (3.6), one can easily have
p(r.g) <é. [

Remark that the following Corollary is a consequence of Theorem 3.1 for g =r.

Corollary 3.2. Let F be the £ x B"-measurable set-valued map with nonempty closed values satisfying w-Kamke-type
Lipschitz condition (with £). If O, € L} and av (0,,b) < o, then the problem (2.1) has at least one solution (in Wy ).

Corollary 3.3. Let F be the £ X B"-measurable set-valued map with nonempty closed values satisfying w-Kamke-type
Lipschitz condition (with £). Suppose further that F is w-integrably bounded (with 1). Then the problem (2.1) has at least one
solution (in W;1).

Proof. Let the function i* = (hy,ha,...hy) : [0,T] — R" defined by h; (t) = r; + [ (s)ds. We choose g = h*. By hypotheses
we get ¢ = (1,1,...1), B (t) < (1++/n) N () ae. and g € W,y NAC. Thus, 9, € L! and av(9,b) < e. By Theorem 3.1,
we have desired conclusion. O

Remark 3.4. Let h: [0,b] x R" — R”" be single-valued function. Consider F as set-valued map with value F(s,z) = {h(s,z)}.
Then the problem (2.1) turns into the following Cauchy problem related to a discontinuous differential equation:

z2(s) =h(s,z(s)), z(0) =r. (3.8)

It is known that the uniqueness and existence results for the problem (2.1) can be obtained from hypotheses of Theorem 2.6
and Theorem 3.1 in [18]. Note that hypotheses of Corollary 3.2 are similar to these hypotheses except for the boundedness
hypothesis (that is, for every ¢ > 0 there exists a non-negative function m. € L} such that |z| < c implies |h(s,z)| < m,(s)
for a.e.). It follows from Corollary 3.2 that the following existence result still holds without boundedness assumption. The
uniqueness result can be obtained easily with the same proofin [18].

Corollary 3.5. Let h: [0,b] X R" — R”" be the function satisfying the following:

(a) his L x B™-measurable,
(b) there exists a non-negative function { € L% with av (¢,b) < 1 satisfying
| (s,y) —h(t,2)| < (€(s) /s) |y ==z
for any (s,y) and (s,z) in]0,b] x R",
(c) |h(-,r)| € L} and av(|h(-,r)|,b) < oo.
Then the problem (3.8) has a unique solution (in W, ).
Example 3.6. Letr >0, b € ] %,Zr[ and consider the following problem:

2 r
_ Wl $2 3

h(S,Z) { OS " OSSS% 7S€[O7b]
is) = his,z), z(0)=r.

The problem has no a continuously differentiable solution. It can be easily verified that h is £ x 9™ -measurable, and that h
satisfies the Lipschitz condition with [ (defined by 1 (s) = 3) given in Corollary 3.5. Moreover, |h(-,r)| is Riemann integrable

on [0,b] and av (| (-,r)|,b) < eo. As the hypotheses of Corollary 3.2 are satisfied, the problem has a unique solution (in W1 ).
Note that the solution is the function z : [0,b] — R defined by z(s) = s+ 5 if 5 <s <band z(s) = rif0 < s < 3.

4. Conclusion

In this paper, an existence result for the discontinuous differential inclusion with an initial condition, where the solution lies in
the weighted space, is given in Theorem 3.1. Here, unlike the classical existence results, the concepts related to the weighted
space and the topology of this space are used in the nonconvex and unbounded case. As a consequence of the theorem, the
existence result of the differential equations in [18] is generalized to differential inclusions without boundedness assumption.
In addition, in the proof of the theorem, the approximations mentioned in [13] is used to be members of the weighted space.
Considering recent studies using similar approximations in various fields related to differential inclusion theory (see, e.g. [21],
[22], [23]), this paper will contribute to the theory by providing the generalized results based on the use of the concepts and the
approximations related to the weighted space.
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1. Introduction

The Weierstrass approximation theorem is a fundamental result in mathematical analysis which states that any continuous
function on a closed interval can be uniformly approximated by a polynomial function (see [1]). Bernstein provides a simple
and constructive proof to the Weierstrass Approximation Theorem for C[0, 1], where C[0, 1] is the set of all continuous functions
(see [2], [3]). Because of the importance of the Bernstein Operators, many researchers lead to the discovery of their numerous
generalizations such as [4], [5], [6], [7], [8], [9], [10]. For a function f belonging to the space C[0, ), the Szdsz-Mirakjan
operators are introduced by

n

Su(f3x) =ki)sn,k(x)f<k>, (1.1)

where,

e ()"

Sn,k(x) =e T (1.2)

for any x € [0,00), in [11] and [12]. However, this kind of operators do not suitable for discontinuous functions. P. L. Butzer
introduced the Kantorovich type Szdsz-Mirakjan operators for Lebesque-integrable function space, in [13] as:

k+1
n

Su(f:%) :nisn,k(x)/( F)dr, (1.3)
k=0 n

n

where s, (x) is defined in (1.2). Szdsz-Mirakjan operators, Kantorovich type Szdsz-Mirakjan operators and some of their
generalizations have been the subject of extensive research by various scholars as documented [14], [15], [16], [17], [18], [19],
[20]. For further developments in this area, interested readers are encouraged to explore the insights provided in [21], [22],
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(23], [24], [25], [26].
In this article, we introduce a new family of Kantorovich type Szdsz-Mirakjan operators K, ; as:

Ky (f3x): ank / <kJ;t>dt, (1.4)

where s, x(x) is given in (1.2) and y € R™. Note that, K, y are positive and linear. One can easily obtain that, in (1.4) the
classical Szazs-Mirakjan Kantorovich operators can be produced, by choosing ¥ = 1. We observe that, the error estimation of
K,y decreases by increasing the value y. Therefore, in cases where we choose the ¥ value greater than 1, it can be seen that the
error estimation is less than the classical case. Therefore, this modification gives better approximation results than classical
one, when ¥ > 1. It should be stressed out that this kind of Kantorovich type operators for the Bernstein polynomials was
defined and studied in [27] by Ozarslan, and Duman.

After giving geometric properties and significant results of K, y in Section 2, direct and local approximation properties,
theoretical proofs, and numerical examples for better error estimations are given for these operators in Section 3. Then,
applying slight modification to the operators K, y, a new family of these operators is introduced, that preserves affine functions.
In Section 5, bivariate cases of these operators are introduced and studied.

2. Some basic results

In this part, we provide some geometric properties of K, y and significant results of K, y which will be used in the next sections.
Theorem 2.1. Let 0 <y <ocoandn €N, then,

1. If the function f is increasing (or decreasing) on [0,00), then K, 4(f;x) is also increasing (or decreasing) on [0,c0).
2. If the function f is convex (or concave) function on [0,00), then K, y(f;x) is also convex (or concave) on [0, ).

Proof. 1. Taking the first derivative of K, (f;x) we get,

oo

(Kuy) (fx) = Y 5,(%) / <k+t>dt

k=0 n

N - >’< k()Y 1k

= ko[ +e i }/Of( . )dt
oo k—1

= Z[ne (nx)}/of<k+ty>dt nZe Olf(k—;ﬂ)dt
k=1 :

> x)k k+1+17 = _M(nx)k k+1¥

/;)e /f(n )dt—nkzae k!/of(n >dt
> x)k k+1+17 U (k+1tY

B (e ()
isnk /Ah <kJ;ﬂ>dt, 2.1

whereh:%andnzl,Z,....

For an increasing function f on [0,), we have

Y Y Y
A,,f(kﬂ )_f(k+1+t >_f<k+t >>07 2.2

n n

Il
3

where k=0, 1,... and 7 € [0, 1]. Therefore, combining (2.1) and (2.2), we obtain

(Kw)/ (f;x) > 0 for each x € [0, ).

In other words, K, y(f;x) is increasing on [0, ).

2. Similarly, the second derivative of K, ,(f;x) is

1 k Y
( ny) (fix)=n ank /()A%,f(—:)dt (2.3)

where h = % forn=1,2,3,.... Let f is convex on [0,c0), then for any k =0, 1,... we have

Y 4 4
<k+t <k+t +1<k+t +2S1

n n n
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Theorem 3.2.2 in [[28], p.59] implies that
k+t
Ahf< 4’; > >0.

Therefore, combining (2.3) and (2.4) we get,

(Kny) (f:x)>0

Vx € [0,00). As a conclusion, K, y(f;x) is convex on [0, o).

Lemma 2.2. Recall the first 3 moments of (1.1)
1. S,(Lx)=1
2. Sp(tsx) =x

3. Su(t%x) =x>+ g
n

Lemma 2.3. Let y € (0,0) and x € [0,0), then

1. K,y(lix) =1

2. K,w(t;x) =X+ ﬁ
(y+3)x 1

(y+Dn  (2y+1)n?

3. Ky y(tx) =x +

Proof. For each y € (0,e0) and x € [0,0), using Lemma 2.2, we get

1.
oo 1
Kug(1:0) = Y sua(x) / di=1.
k=0 0
2.
Uk 4t7
"Vtx ank /Td
= ) X dl‘—|—f Ky X /tdt
o) [ Yoo |
- k 1 1 &
= 7_’_77
Lonel)y 4 gy L oneld)
L]
=X .
(v+1)n
3.

k+17\>
nyt 3X) ank / < —”; > dt
k2 4 2kt” + 1Y
:an,k(x)/ <2> dt
k=0 0 n

> Kol 2 & k
= — — _ Y 27
]gosmk(x)nz ./0 dt+nk§6s"’k(x)n/0 t dt—|— ank / dt
Z Sk (x)
k=0

2 — k 1

o0 2
- kgos”*k(x)ﬁ HCES k;)ﬁs”-"‘(x) NS

(v+3) 1
(y+ 0 T 2yt e

:x2+

(2.4)
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In the following lemma, we establish the connection between the moments of the operators K, y and S,,. Consequently, we can

compute higher-order moments of K, y by utilizing classical Szdzs-Mirakjan operators S,,.

Lemma 2.4. Consider n € N, x € [0,00), and v € (0,00), we get

i

1 & (m n :
Ky y(f"x) = — — S, (¢
) nm§(i>y<m—i>+1 (0
where S, is defined in (1.1).

Proof. From (1.4), we get

k=0 0
- L is k(x)/lz ) ki rom=i) gy
"0 ! 0\
1 & ool .
= Ym0 ) (rf’)k’ / 1y
k=0 i=0 \ ! 0
1 & 2om\ 1
= n s
% ’k(x),zo<l) Yom—i)+1
1 & (m) n i ( )ki
= e Snk\X)—
nm =\ i) ym—i)+1 /= Y

Corollary 2.5. We obtain,

1
1. K, ,(t—x;x) =
=) (Y+Dn
1
)2 =2
2. Kuy((t—x)73x) = 5 + yrim

3. Direct and local approximation properties of K, ,,

2.5)

We now turn our focus to direct and local approximation properties of K, ;. To begin, let’s remember that Cp[0, o) signifies the
set of all real-valued functions f on [0,e0) that are both uniformly bounded and continuous. We measure the norm of such

functions using ||.|| defined as:

Il = sup [f(x)].

x€[0,00)

Theorem 3.1. For any A € R™, let f € Cp[0,A], and y € (0,0), then K, ,(f;x) is uniformly convergent to f(x) on [0,A].

Proof. According to the Bohman-Korovkin Theorem (see [30]), it suffices to establish that

lim sup |K,,(t';x) —1| =0,
s e

fori=0,1,2. As a result of Lemma 2.3, one can easily see that (3.1) is hold for i =0, 1,2. So, the proof is done.

For each A € R, the operators K, , on Cg[0,A] satisfies K, y(1;x) = 1. Therefore, for all € > 0 we get

2
Kol ri) < e+ K02

(3.1)
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where x € [0,A]. Here § comes from the uniform continuity of f. Therefore, the order of approximation of K, ;(f;x) to f is

much better controlled by the term K, ,( (¢ —x)?;x).

Let A € (0,) and f € Cp[0,A]. If we consider ¥ > 0 and x € [0,A] such that

Ky ((t =x)%2) < Ka((r = x)%:).

(3.2)

We can compare how well the operators K, ,(f;x) and K, (f;x) approximate the function f. From Lemma 2.3 and equation

(3.2),
Ko y((t —x):)

X 1
nl (2y+1)n?

1
@2y+ 1)
1

IN

IN

IN

K ((t fx)z;x)
by 1
w3

1
3n2
Y.

Hence, for every ¥ > 1, the accuracy of the approximation K, y(f;x) to f(x) outperforms that of the classical Szdsz-Mirakjan
Kantorovich operators for any f € Cg[0,A] and x € [0,A]. Additionally, the approximation error of K, y(f;x) to f(x) diminishes
with increasing 7.

Now, we give some graphical and numerical results to illustrate that we have better error estimation by increasing the value 7.

— =1
=5
+=10

—~=20

07 08 0.9 1

Figure 1: Error of approximation K, ,((t —x)%;x) for, y=1, y=5, y= 10, y= 20, when n =5 and x € [0, 1].

X Ks 1 ((t—x)%x) | Kss((t—x)%x) | Ksi0((t—x)%x) | Kso0((f —x)%x)
0.00 | 0.0133 0.0036 0.0019 0.0010
0.10 | 0.0333 0.0236 0.0219 0.0210
0.20 | 0.0533 0.0436 0.0419 0.0410
0.30 | 0.0733 0.0636 0.0619 0.0610
0.40 | 0.0733 0.0836 0.0819 0.0810
0.50 | 0.1133 0.1036 0.1019 0.1010
0.60 | 0.1333 0.1236 0.1219 0.1210
0.70 | 0.1533 0.1436 0.1419 0.1410
0.80 | 0.1733 0.1636 0.1619 0.1610
0.90 | 0.1933 0.1836 0.1819 0.1810
1.00 | 0.2133 0.2036 0.2019 0.2010

Table 1: Table captions the different values of x.

Now, let’s delve into the local approximation properties of K, y. Recall that, in the case of f € Cg[0,0), the modulus of
continuity (see [29]) is

w(f38) = supop<ssupxe(o.o) | f(x+h) — f(x)].
Theorem 3.2. Let f € Cp[0,), and y € (0,0), we obtain,

X 1
Koyl 12— /()] <20 (f; o+ mﬂ))
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Figure 2: Error of approximation Ky, ,((t —x)%;x) for, y=1,y=2,y=3, y=4, whenn =8 and x € [2,3].
X Kg1((t—x)%x) | Ksa((t—x)%x) | Ksa((t—x)%5x) | Kga((t—x)%x)
2.00 | 0.2552 0.2531 0.2522 0.2517
2.10 | 0.2677 0.2656 0.2647 0.2642
2.20 | 0.2802 0.2781 0.2772 0.2767
2.30 | 0.2927 0.2906 0.2897 0.2892
2.40 | 0.3052 0.3031 0.3022 0.3017
2.50 | 0.3177 0.3156 0.3147 0.3142
2.60 | 0.3302 0.3281 0.3272 0.3267
2.70 | 0.3427 0.3406 0.3397 0.3392
2.80 | 0.3552 0.3531 0.3522 0.3517
2.90 | 0.3677 0.3656 0.3647 0.3642
3.00 | 0.3802 0.3781 0.3772 0.3767
Table 2: Table captions the different values of x.
Jor all x € [0,0).
Proof. According to the positivity of K, , and the equality K, ,(1;x) = 1, we have,
= Vo (k+t?
|Kny(fix) = f(0)| < ) s,,,k(x)/o ‘f < - > — f(x)|dt. (3.3)
k=0
Applying the property of the modulus of continuity, which is
—f(AM)] < 6 —Al )
FE) = fA) = {1+ =5— | o(f:9)
to (3.3). We obtain,
I & k417
[Kag () = £ < 0(£:8) | 145 ¥ona() [ —x|dt ]
k=0 ol n
Applying Cauchy-Schwarz inequality,
1 | & U k+eY 2
Kagfi0)— @] < 0(:8) | 145, Lsnx(o) [ ) di
k=0 0 n
1 [x 1
= O) 14+ =/ ~+——-—].
olf )< i n+(2’}/+1)n2>
Choosing 6 = , /3 + W, we have the desired result. O
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Lemma 3.3. Let y € (0,0), then for each f € Cgl0,0), we get
1Ky (F5 )< NI

where ||.|| denotes the uniform norm of Cg[0, o).

The Peetre-K functional is
Ka(f:8) = infreqio e {If — Tl + 817"}, (8 > 0)
where ®%[0,%) = {7 € Cp[0,0) : 7/,7" € Cp[0,0) }.Furthermore, 3 C > 0 (See [31]) such that
Ky(f38) < Can(f3V§)
where @, (f \/3) is the modulus of smoothness for f € Cg[0,0) defined as
O(f3V/8) = supocnzosupae o | £ (x+2h) = 2f (x+h) + f(x)].
Theorem 3.4. Assume thatn € N, y € (0,00) and f € Cg[0,e0). Then, 3C € R" such that

1 /x 1 1 ? !
Ky () — f(2)| < Cay f;z\/n+(2y+l)n2+<(7+1)n> )er(f;(yﬂ)n)

Vx € [0,00).
Proof. Let

Ko (f32) = Kny(f3) + () = f (x+ mln) .

From Lemma 2.3, we obtain

K, ,(Lx)=1,
and
K, ,(t —x;x) =0.

Now, assume that T € @2[0,0). By the Taylor’s expansion,

(1) = 7(x) + (1 — )7 (x) + / (= u)e (u)du.

Applying the operators K, ,, for both sides, we get

K (tx) = »c(x)+1<;y( /Xt(t—u) @ (u)du; x)

= T(x)+Kny (/xt(tu) "(u)du; x) /XH(HII)" <x+ (y—&—ll)n u) 7" (u)du.

K (22) — 7(x) = Koy ( / " —u)T”(u)du;x) - / o (x+ (7+1 o —u) o (w)du.

By using above equation, we get

Hence;

. t T+ 1 ,

KL (e5x) — 1) < KM( [ -y ) [T e 0
< Kn’y( /t (u)du x) Jr/H(Hll)n x+ (7‘: I ul| " (u)| du
= Kn7<‘/t| (£ —u)ldu x) HT//||+/ o y+11) —u|dul|T"||
< Kl + (v ) e

I<"]l-

.t (2y+11)n2 * ((Y—i—ll)n>2

(3.4)

(3.5)

(3.6)
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So, we have

1 1 2,
Ky (T:20) = T(x)| < [ 27 +((y+1)n) ] <" (3.7)

Also, from Lemma 3.3 and the equation (3.5), we get
Koy (£3)] <3111l (3.8)
for all f € C[0,0) and x € [0, o).

For f € Cp[0,) and T € ®>[0,), using (3.7) and (3.8), we observe that

@Aﬂ@—ﬂ@+f@+ - )

1
(7+1)n)
1
)~ Koy (50) K )ﬁﬁHw—ﬂWHG+WHM)#@‘

{Kn,y(ﬂx) - f(x)| =

< |K; T+ K (T r(x)‘+|r(x)—f(x)|+‘f(x+(erll)n>—f(x)‘

R

Hence, by taking the infimum on the right-hand side over all T € ®@2[0, ), we obtain:

IN

4lf =l +

*Xwin *(wiwﬂz

2
o+ + (2
n (27+1)n2 ((7+l) ) 1
Kny(f3x) — < 4K | fy ;
Kur £~ 0] < 4K |/ ; ro (i
1 [x 1 IR 1
= C Vs + tol|fi——m)-
@(fZVn G+ QwHM)) (")
So, the proof is completed. O

Recall that the usual Lipschitz class for0 <a <1 and M > 0 is
Lipy(a) :={f € Cp[0,%) : |f(p) — f(0)| < M|p — 6|}
Vp,o € [0,0).

Theorem 3.5. For every f € Lipy/(a), we have

* Rk
|Kny(f30) = f(x)] <M [n+(2y+l)n2] '

Proof. Assume that f € Lipy(a), then,

|Kny(f32) = f)] < ank (k:t )—f(x) dt
— k+1t7 a
MY s,i(x —x| dt.
< ;%*u%; : :

Utilizing Holder’s inequality, we obtain

’Kn,y(ﬁx) _f(x)|

IN

M L;smk(x)/ol (k-;ﬂ’ _x)zdt] 2 L;sn,k(x) ./(;ldl] =

+WT-

Therefore, the proof is completed. O

Il
<
1
S

—
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Now, we present graphical and numerical results to illustrate the convergence of K, ,(f;x) to certain functions f(x). Addition-
ally, we compare the newly defined operators K, ,(f;x) with the classical Szdsz-Mirakjan Kantorovich operators K, (f;x) for
different values of v and n. As anticipated, the results of these comparisons consistently demonstrate that, for any y chosen to
be greater than 1, the approximation of K, y(f;x) to f(x) surpasses that of K,(f;x). Moreover, as the value of y increases, the
convergence of the operators K, (f;x) to the functions f(x) improves.

In the following Figure 3, we compare the approximation of the operators Ko 1 (f3x), K204 (f3x), K20,16(f3x) to

I+x(x—1)(x—-2), 0<x<2
fx) =

1, otherwise.

Here, Ky, (f;x) is the classical Szdzs-Mirakjan Kantorovich operators. Then, the graphics show that choosing v > 1 we get
better approximation results to the function. Furthermore Figure 4 gives that the graphics of the error of approximation and
Table 3 shows the numerical results of the error of approximation of these operators.

Figure 4: Error of approximation &, y(f(x)) = |Kn,y(f:x) — f(x)| for y=1, y=4and y = 16 when n = 20.

Now, in Figure 5, we compare the approximation of the operators Kso 3(f;x), Kio03(f3X), Ki503(f3x) to the function f(x)
where

(=)= PE—P)E-DEr-2)(x—-3)(x—4), 0<x<4

0, x> 4.

As expected, increasing the value of n we get better approximation results. Moreover, we give error of the approximation for
these operators in Figure 6, graphically. And Table 4 shows the error of approximation, numerically.
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X | [ K01 (f3%) = f0) | | [ Kaoa(fsx) = f () | | | K2016(f5%) = f(x) |
0.0 | 0.0475 0.0192 0.0057
0.2 | 0.0017 0.0147 0.0209
0.4 | 0.0330 0.0341 0.0347
0.6 | 0.0462 0.0391 0.0359
0.8 | 0.0415 0.0298 0.0243
1.0 | 0.0187 0.0060 0.0000
1.2 | 0.0220 0.0322 0.0370
1.4 | 0.0808 0.0847 0.0867
1.6 | 0.1575 0.1517 0.1491
1.8 | 0.2523 0.2331 0.2242
2.0 | 0.3650 0.3288 0.3120

Table 3: Table captions the different values of x.

—f(x)
n=50
n=100

“l-- n=150

35

Figure 5: Approximation of K, y(f;x) to f(x) for n =50, n =100 and n = 150 when y = 3.

n=50
n=100
--n=150

35

Figure 6: Error of approximation &, y(f(x)) = |Kn,y(f;x) — f(x)| for n =50, n =100, and n = 150 when y = 3.

4. A new modification of K, , for preserving affine functions
Classical Szasz—Mirakjan—Kantorovich operators do not preserve affine functions. But in 2020, Bustamante modified these

operators by a new technique (see [32]) and this new family of operators preserve affine functions. In this section, we apply
this kind of modification to K, ;(f;x) so that they preserves affine functions. We set,

e ! k+ 17
An’y(f’x)_kzbsn’k(x)/o f<ak - )dt,

A.1)

(y+ Dk

where ay = m



204

Fundamental Journal of Mathematics and Applications

| Ki003(f5x) — f(x) |

| Kis03(f3x) — f(x) |

X | Ksos(f;x)— f(x) ]
0.00 | 0.4545
0.35 | 0.2641
0.70 | 0.1873
1.05 | 0.1073
1.40 | 0.2967
1.75 | 0.3755
2.10 | 0.0963
2.45 | 0.6568
2.80 | 0.4962
3.15 | 0.6018
3.50 | 0.7171

0.2310
0.1341
0.0984
0.0572
0.1535
0.1984
0.0457
0.3473
0.2794
0.3206
0.5902

0.1549
0.0899
0.0667
0.0390
0.1035
0.1347
0.0298
0.2358
0.1939
0.2163
0.4409

Table 4: Table captions the different values of x.

We also set,

.un.k(t) - [(

2

Y+ Dnt +1]?

to use in Lemma 4.2 to investigate the moments of the operator Ay, ;.

Lemma 4.1. Let k,n € N and y € (0,00), then we have:

n

k417 k
1. fol(ak 4’; )dt:

Y\ 2 2 2
2. 4 (akk+t ) dt:k—2+ rk 5
ns o 2y+Dr?[(y+ Dk+1]
(DK
Whereak_i[(y—i—l)k—i—l]'

Lemma 4.2. Foreachn € N, y € (0,00) and x € [0,o0) we obtain,

1. Any(Lix) =1
2. Apyltsx) =x
2 2. X 7
3. An,y(t ;X) =x+ ;4‘ 2')/+ lSn(/.L,l,k(t);x).

where S, is defined in (1.1).

Remark 4.3. The operators A, y(f:x) in (4.1) reproduce linear polynomials, that is

Apy(ct+d;x) = cx+d,

where ¢,d € R.

Remark 4.4. If y=11in (4.1), then A, y reduce to the operators in [32], which is introduced and studied by Bustamante.

Theorem 4.5. Let A > 0, then for any f € Cg[0,A], and y € (0,00), we obtain that A, y(f;x) are uniformly convergent to f(x)

on [0,A].

Proof. From Korovkin Theorem, it sufficies to demonstrate that 1imnﬁ°oAn7y(ti;x) = x' where i = 0,1,2. Evidently, as a
consequence of Lemma 4.2, lim,, ;e A, y(1;x) = 1 and lim,,_,o, A, y(#;x) = x. Moreover, we can establish that

,),2

X
Any(t%5x) =2+ = + Sl (1)3%).

Taking limit for both sides as n — oo, we get

n 2y+1

lim A, (2:x) = lim 2 + lim = + lim

n—oo n—oo

n—eo n

n—soo 2’)/—|— 1

Sy (.u-n,k (t) ;x) .
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From the convergence of classical Szdsz—Mirakjan operators limy, e, Sy (U «(¢);x) = 0 because of limy, e ty 1 (x) = 0. As a
result,

. 2.7 .2
}}g&AW(I X)) =X
Hence, Korovkin theorem conditions are hold for A, y. Then, the proof is completed. O

Note that, A, 1 are the operators which is defined by Bustamante. In the following graph, we compare the error estimation
results of A, 1 and A, y for different values of ¥, by using central moments. One can easily observe that, A, y have better error
estimation when decreasing the value y. Therefore, for any 0 < y < 1, the operators A, y have better error estimation than A, ;.

=1 |
0.66 — ~y=1/2
e e U1

3 31 3.2 33 3.4 35 36 37 38 39 4

Figure 7: Error of approximation A, ((t —x)%;x) fory=1, y = % and y= % when n = 6.
Now, we present graphical and numerical results to compare the convergence of the operators A, ,(f;x) to f(x), where
1 —|—x—|—x2, 0<x<2
fx) =
7, x> 2,

for different values of 7.

0 0.2 0.4 0.6 0.8 1 12 14 16 18 2

Figure 8: Approximation of A, ,(f;x) to f(x) for y = %, y=1, and y =2 when n = 10.

As anticipated, Figure 8 and Table 5 illustrate that the approximation results of A, ,(f;x) to a specific function f(x) improve as
the value of y decreases. Now, in the upcoming figure, we compare the operators A, y( f;x) with the function f(x), where

x(x—1)x—75), 0<x<l1

=

0, otherwise,

with different choices of n.
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X | A1 (50 = F@) || [Aw0a (0 = FR) || [Awa(f3x) = f(¥) |
0.0 | 0.0000 0.0000 0.0000
0.2 | 0.0203 0.0205 0.0206
0.4 | 0.0404 0.0406 0.0407
0.6 | 0.0604 0.0607 0.0608
0.8 | 0.0805 0.0807 0.0808
1.0 | 0.1005 0.1007 0.1008
1.2 | 0.1205 0.1208 0.1208
1.4 | 0.1405 0.1408 0.1408
1.6 | 0.1605 0.1608 0.1609
1.8 | 0.1805 0.1808 0.1809
2.0 | 0.2005 0.2008 0.2009

Table 5: Table captions the different values of x.

—f(x)
n=5 ||
n=10

Figure 9: Approximation of A, y(f;x) to f(x) forn =5, n =10, and n = 25 when y = %

5. The bivariate case of K,

Favard [34] introduced and studied bivariate case of classical Szasz—Mirakjan operators. Then, many researchers investigated
these operators and their generalizations such as in [33] [35], [36], [37]. In this part, we define and investigate the bivariate case
of K,, y. Consider, Cg ([0,0) x [0,20)) is the space of uniformly bounded and continuous bivariate functions on [0,0) x [0, o).
We define the operators KZ{ j,’,% as

nd nd Lol ki thy k2+t7
KN2(fixy) = Y sua (%) Y, Snz,kz(y)/ / f(172) dndty, (5.1)
ki =0 k=0 0 J0 m m

where (x,y) € [0,00) X [0,00) and 71,7 € (0,0) for an integrable functions f : [0,e0) x [0,0) — R.

Note that, the operators K/ | Zi are linear and positive. Furthermore, choosing ¥ = 9 = 1 in (5.1), then we get the classical

Bivariate Szasz-Mirakjan Kantorovich operators.
Lemma 5.1. For (x,y) € [0,00) x [0,%) and 1, 7> € (0,), we have

I KPR (Lx,y) =1

2. K,Zinyzz (t1;x,y) =x+

(ri+1)ny
1
3. KYIaYZ t ; = i~
nn (123%,9) = y + (p+1)n
+3)x 1
4 KIB@Ry) =2+ 0
”17”2( 1 y) (’yl —|— 1)”1 (2% + l)n%
(1o +3)y 1

5. KPR (3x,y) =y +

(p+1)n  2p+1)n3

Corollary 5.2. From Lemma 5.1, we have the following central moments:
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1
L KR (n—xix,y) = M+ Dm = Py (%)
1
2. K (o =yix,y) = m——x— =iy
1 2( ysXx y) ()/2+1)n2 p 20’2()’)
1
3K (1 —x)%xy) = m = Qny iy (%)
, y 1
4. KR ((—y)%xy) = + m = Qny (V)

Theorem 5.3. Let Ay,A; >0, then for each v1, € (0,00) and f € Cp ([0,A1] x [0,A3]), the operators K'Y (f3x,y) uniformly
convergent to f as ny,ny — o on [0,A1] x [0,A2].

Proof. Volkov in [38] gives the conditions for the uniformly convergence of bivariate positive linear operators to continous
functions. Using Lemma 5.1, one can easily see that the conditions for Volkov’s theorem are hold. So, proof is completed. [

For any f € C([0,0) x [0,e0)), the modulus of continuity for the bivariate case is

w(f;61,62): sup {|f(l‘],l‘2)—f(p,0)|Z(ll,lz),(p,G)E[O,W)X[O,OO)}

[t1—p|<61,l—0]<8
where 81,6, € R*.
Moreover, the function @(f; 8, 8,) has the following inequality,
th—O
)=o)l < (149520 (1422 (s,

Theorem 5.4. Assume that f € C([0,00) x [0,00)) and Y1,7> € (0,00). Then for each (x,y) € [0,0) x [0,0) we get,

LB (Fixy) = FEn)] <40 (£4) 00 (0, 002 ()
where @y, v, (x) and @y, 4, () are given in Corollary 5.2.

Proof. Due to the linearity and positivity of K72 (f;x,y), we are able to write

KB (fixy) = f(xy)] < KR (1f(0,0)— f(x,y)]x,y)

7,0 - T ;
<1+Kn1,n2 (|t161 x,x,y)> <1+Kn1, (|t262 y’x’y)>a)(f;51,5z)~

IA

Using Cauchy-Schwarz inequality,

Bl

2
K1 (n —xlixy) < [K1 (0 -275x5) ]

and
1
2
K2 (| —ylix,y) < [KZ{’ZZZ ((tz —y)z;x,yﬂ :
Therefore,
VERB (0 —x:x,y) VELE (2 =y ix)
KN B (fixy)—fey)] < [1+ 5 1+ 5 o(f;61,8)
— <1+ (Pnlm (.X)) <1+ (Pnzjfz(y)>w(f’61,62)
01 oy
Finally, by choosing 8; = /@y, 5, (x) and & = /@y, 3, (v), we get the desired result. O
For 0 < ay,a; < 1 the Lipschitz class Lipys(aj,a;) for bivariate case is defined as
LipM(a1,a2) = {f(x,y)EC([O,OO)X[O,OO)) |f(t17t2)_f(xay)| SM|tl_x|al|t2_y‘a2}

where M > 0 and (x,y), (#],#2) € [0,00) X [0,0).
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Theorem 5.5. If f € Lipy(ay,az), then we have,

a 2
‘Kr}zlirjl% (f;xay) _f(xay)‘ S M [(pﬂls% ()C)] . [(pnzﬁ’z (y)] :
hold for all (x,y) € [0,00) X [0,00), where @y, y, (x) and @y, 4, (y) are given in Corollary 5.2.
Proof. Let f € Lipy(ay,az), then we have

|KN % (fix,y) — f(x,y)] K2 (|f(n,0) — f(x,)]:x,9)

MK (1 =X | —y|x,y)

ny,ny

MER T (Jnn =[x y) I (12 =51 1x,).

ny,ny

[VANVAN

2
andpzzf,tnzi
ar 2—a

2
We apply Holder’s inequality with p; = —, q; = , to get
aj 2

2—(,11

ay a
(K2 (fixy) = fxy)| < MERE((0—x)%x0) 2 KR (2 —y)%ix,y) 2
a

= M[@u 5 ()] F [@ny )] %

Now, we illustrate the approximation of K,’,/} jnyé (f;x,y) to f(x,y) for different choices of ¥;, ¥, for, where

4+ (=)0 =)0 - DE-DE=-3)0-2), 0<xy<2
fxy) =

4, x,y>2.

Figure 10: Approximation of K,/"%2 (f:x,y) to f(x,y) for 11,75 = 1, 71,12 = 10, 71, % = 100 when ny,ny = 50.

6. Conclusion

We have introduced a novel generalization of the Szasz-Mirakjan Kantorovich operators, denoted as K, ,(f;x), defined by

o 1 'y
Ky y(f3x) = Z smk(x)/o f <k—|r—lt )dt.
k=0

It’s important to note that when y = 1, these operators reduce to the classical case.

The operators K, , has the following features:

* Uniformly convergent to any function f € Cg[0,A] on the interval [0,A] for each A,y € R*.

* When 7 is chosen to be greater than 1, these operators give improved error estimation compared to the classical case.
Moreover, as the value of ¥ increases, the error estimation becomes smaller.

» Having shape preserving properties.

Furthermore, we introduced a new family of operators A, y(f;x). These operators reproduce linear(affine) polynomials. Note
that, choosing y = 1, the new operators A,, ,(f;x) reduce to classical case which is introduced and studied by Bustamante in
[32]. These operators have better error estimation than classical case if ¥ is choosen less than 1. Moreover, decreasing the
value 7, the error is getting smaller. Finally, we defined the bivariate case of K,, y(f;x), and investigated their approximation
properties. As expected, increasing the value of 7, and 7», we got better error estimation than classical bivariate case.
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Article Information Abstract
Keywords: Asymptotical equiva- With this work, we present the asymptotical strongly p-deferred invariant and asymptotical deferred
lence; Deferred statistical conver- invariant statistical equivalence of order & (0 < o < 1) for sequences of sets in the Wijsman sense.
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1. Introduction and backgrounds

One of the convergence concepts for sequences of sets (Ss) is convergence in the Wijsman sense (Ws) (see, [1, 2]). The
statistical convergence in Ws was first introduced by Nuray and Rhoades [3]. Then, Ulusu and Nuray [4] studied the
lacunary statistical convergence in Ws. Also, Pancaroglu and Nuray [5] presented the invariant statistical convergence in Ws.
Furthermore, Ulusu and Nuray [6] and Pancaroglu et al. [7] introduced the asymptotical-asymptotical statistical equivalence
and asymptotical invariant-asymptotical invariant statistical equivalence in Ws, respectively.
Agnew [8] first introduced the deferred Cesaro mean for real (complex) sequences. Subsequently, the deferred statistical
convergence was studied by Kiigiikaslan and Yilmaztiirk [9]. Then, Nuray [10] presented the deferred invariant and deferred
invariant statistical convergence.
The deferred statistical convergence in Ws for Ss was introduced by Altinok et al. [11]. Also, Et and Yilmazer [12] studied on
this concept. Then, Giille [13] presented the deferred invariant statistical convergence of order o in Ws. Furthermore, Altinok
et al. [14] and Et et al. [15] studied the asymptotical deferred statistical and asymptotical deferred statistical equivalence of
order & in Ws, respectively.
In the metric space (U,d), the distance function p(u,C) := p,(C) is defined by

pu(C) = infd(u,c)

ceC

for each # € U and non-empty C C U.
For a function f : N — 2U (power set) is defined by f (j))=Cje 2U for each j € N (the set of natural numbers), the sequence
{Cj} ={C1,C,,...} is called sequence of sets.
Throughout the study, unless otherwise specified, (U,d) is regarded as a metric space and C, C;,D;, E;, F; as non-empty closed
subsets of U.
The Ss {C;} is called convergent in W5 to the set C if for each u € U

lim p, (Cj) = pu(C)
Jreo
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- . W
and it is denoted in C; — C format.

An invariant mean, also known as a ¢-mean, is a continuous linear functional y in the bounded sequences space that adhere to
the subsequent conditions:

(1) w(x;) > 0 when the sequence (x;) consists of non-negative elements for all 7,
(2) y(e)=1fore=(1,1,1,...),
(3) ¥(xs()) = Y(x) for all the bounded sequences (x;),

where ¢ is a mapping from the set of non-negative integers into itself.

The mappings o are regarded as one-to-one and 67 (¢) # ¢ (jth iterate of &) for all positive integers j. Therefore, ¥ expands
the limit functional on the convergent sequences space ¢ such that y(x,) = limx, for all (x;) € c.

The Ss {C;} is called;

(i) strongly invariant convergent in Ws to the set C if

n

1
lim — Z ’Pu(cc.f(t)) _p“<C>‘ =0,

J—en i=1

(ii) invariant statistically convergent in Ws to the set C if for every € > 0

S AP
tim | {j < 1Pu(Cai) —Pu(C)] = £}| =0

n—eo

for each u € U and uniformly in z. These convergences are denoted in C; W[j)} C and C; W(i;)) C formats, respectively.

For any non-empty closed subsets C;j,D; € U such that p,(C;) > 0 and p,(D;) > 0 for each u € U, the Ss {C;} and {D,} are
called asymptotically equivalent to multiple 1 in Ws if for each u € U

p(u,Cj)) =1

lim
Joe P u,Dj

and it is denoted in C; W D; format. These sequences are referred to as asymptotically equivalent in Ws when 1 = 1.
For any non-empty closed subsets C;j,D; € U such that p,(C;) > 0 and p,(D;) > 0 for each u € U, the Ss {C;} and {D;} are
called;

(i) asymptotically strongly deferred Cesaro equivalent to multiple 1) in Ws if
s(i)

fim— L )

i s(i) = (i) =

p(u,Cj) -
p(”’Dj) n‘

(i) asymptotically deferred statistical equivalent to multiple 17 in Ws if for every € > 0

{r(i)<j§s(i):)mn‘zg}‘_o

M SO =r0)

for each u € U, where (r(i)) and (s(i)) are sequences of non-negative integers satisfying

r(i) < s(i) and lims(i) = oo. (1.1)

11—

n n

These equivalences are denoted in C; Vrvg D; and C; Wf{\ES) D; formats, respectively.

Throughout the paper, unless otherwise specified, (r(i)) and (s(i)) is regarded as non-negative integer sequences satisfying
(1.1).

An increasing sequence of integers 6 = (k;) is called a lacunary sequence when it satisfies two conditions: ky = 0 and
hi=ki—ki_ —>ocasi— oo,

For more study on the concepts of convergence, invariant summability, deferred mean and asymptotical equivalence for real or
set sequences, we refer to [16, 17, 18, 19, 20, 21, 22].

From now on, for short, we will use the term p,, (D—]> instead of the term P

p(“?Dj) .

J
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2. Main results

With this section, we present the asymptotical strongly p-deferred invariant and asymptotical deferred invariant statistical
equivalence of order & (0 < a < 1) in Ws for Ss. Furthermore, we investigate the connections between these concepts and
conduct their properties.

Definition 2.1. For any non-empty closed subsets C;,D; € U such that p,(C;) > 0 and p,(D;) > 0 for each u € U, the Ss
{C;} and {D;} are said to be asymptotically strongly p-deferred invariant equivalent to multiple 1 of order o in Ws if for
eachu el

. . . . Wl v&r .
uniformly in t, where 0 < p < o and 0 < o0 < 1. For this case, the notation C; 0D ; is used, and these sequences are

referred to as asymptotically strongly p-deferred invariant equivalent of order o in Ws when 1 = 1.

Example 2.2. Let us take X = R? and the Ss {C;} and {D;} as follows:

c {(x1,:2) € RZ:x2+ (- 1) = %} ; if j is a square integer
" {(-1,0)} i not
and
X1,X2) € X7+ (e + == ; If J1s a square integer
D . Rz % 1 2 ; . .. .
. {(~1,0)} . ifnot.
Then, the Ss {C;} and {D;} are asymptotically strongly p-deferred invariant equivalent of order o, (0 < ot < 1) in Ws.
Remark 2.3.

(i) For Ss, the asymptotical strongly p-deferred invariant equivalence of order o and asymptotical strongly p-invariant
equivalence given in [7] coincide when r(i) =0, s(i) =i and o0 = 1.

(ii) For Ss, the asymptotical strongly p-deferred invariant equivalence of order o and asymptotical strongly p-lacunary
invariant equivalence given in [7] coincide when r(i) = ki1, s(i) = k; and o = 1.

Theorem 2.4. Let 0 < p <ooand 0 < a < 3 < 1. Then,

AL LA
Cj' ~ Dj = Cj ~ Dj.

Wn[VO‘]I’ )
Proof. Assume that 0 < a < 8 < 1and C; 47 D;. For each u € U, we can write

1 Sﬁ‘i (ch(t))—np< 1 s(i) ) (ch(t))—np
(SO)—rUDﬁj:4m+1 Dsi) T (s =r(@)" 2 T i
: o . wivgp
for all ¢. Since the right side converges to 0 for i — oo based on our assumption, we have C; “~" " Dj. [

The following corollary is obtained for 8 = 1 in Theorem 2.4.

AL A N .
Corollary 2.5. Let0<p<ooand0<a <1 IfC; “~ Dj thenC; “~ " D;which this concept has not been studied
yet.
Theorem 2.6. Let 0 < p < g <ooand0 < a < 1. Then,

anaq Wﬂvap
Cj g Dj=C;j e D;.

Wn Vg
Proof. Assume that 0 < p < g < o and C; ¢ [NG] D;. By the Holder inequality, for each u € U, we can write

Coi(r) U Coi(r)
pM(DG}‘([>) n (s(i)—r(i))a j=r(zi)+1 pu(Dci(t)) 1

p
<

q

. . . . . Wl [v&p
for all ¢. Since the right side converges to 0 for i — o based on our assumption, we have C; ‘D - O
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Definition 2.7. For any non-empty closed subsets C;,D; € U such that p,(C;) > 0 and p,(D;) > 0 for each u € U, the Ss
{Cj} and {D;} are said to be asymptotically deferred invariant statistical equivalent to multiple n of order o in Ws if for

every € >0 and eachu € U
o) 1|2
—n|>¢€e;|=0
pu (Dc-f(z) ) n -

Wﬂ OC)
uniformly in t, where 0 < o0 < 1. For this case, the notation C; 3D ; is used, and these sequences are referred to as
asymptotically deferred invariant statistical equivalent of order o in Ws when 1 = 1.

lim———
i (s(i) = r(i))*

{ro<s=s0:

The set {de (S%)} represents all Ss that asymptotically deferred invariant statistical equivalent of order o.
Example 2.8. Let us take X = R* and the Ss {C i} and {D,} as follows:
c {(xl,xz) ER?: (x1+j)*+x3 = l} ; if j is a square integer
T {(1,0)} L ifnot
and
D {(x1,x2) € R2: (x; — j)*+x3 = 1} ifjisasquare integer
T {(1,0)} ; ifnot.
Then, the Ss {C;} and {D;} are asymptotically deferred invariant statistical equivalent order o (0 < a@ < 1) in Ws.
Remark 2.9.

(i) For Ss, the asymptotical deferred invariant statistical equivalence of order o and asymptotical invariant statistical
equivalence given in [7] coincide when r(i) =0, s(i) =i and o0 = 1.

(ii) For Ss, the asymptotical deferred invariant statistical equivalence of order a and asymptotical lacunary invariant
statistical equivalence given in [7] coincide when r(i) = ki1, s(i) = k; and ot = 1.

Theorem 2.10. Let 0 < o < B < 1. Then

W (S%) W (s5)
Cj ~ Dj :>Cj ~ Dj.

W (S&
Proof. Assume that 0 < oo < 8 < 1 and C dA(JG) D;. For every € > 0 and each u € U, we can write

1 ‘ { . . . Ccf'(t) 1 . . . Caf(t)
5[y <J<s6): | 0|z ep| Sy S r(0) < <s(): o —n|>e
(s(0) ()" (D) (s(0) = (1) (52,0
: o . W (s6)
for all ¢. Since the right side converges to 0 for i — o based on our assumption, we have C; “~ " D;. O

The following corollary is obtained for 8 = 1 in Theorem 2.10.

w(s%) W (So) . :
Corollary 2.11. LetO<a < 1. If C; “~ " Dj, thenC; "~ Dj which this concept has not been studied yet.
Theorem 2.12. Ifthe Ss {C;} and {D;} are asymptotically strongly p-deferred invariant equivalent to multiple 1 of order o
in Ws, then the sequences are asymptotically deferred invariant statistical equivalent to multiple N of order o in Ws, where
O0<a<l

wlvep .
Proof. Assume that 0 < a <1 and C; 17 D;. For every € > 0 and each u € U, we can write

W Coiyy | L Coitn _ |
u -n > u -n
jZV(Zi)H (Dofm ) jz%ﬂ (D"j(’> )
o) o

Vv
o
>
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and so,
1 s(i) (Ccf(t) ) p 1 CO'!(t)
D MY R Sl {ro<i<s]p (G2 <n| 2 e}
e (s()) = r(0)" )/ | \Pait) (s() = r(0)" Doi
[ (55)
for all ¢. Since the left side converges to 0 for i — oo based on our assumption, we have C; “~"" D; O

In the case of or = 1, the opposite of Theorem 2.12 is provided.

Theorem 2.13. Ler p,(C;) O p,(D;). If the Ss {C;} and {D,} are asymptotically deferred invariant statistical equivalent to
multiple 1 in Ws, then the sequences are asymptotically strongly p-deferred invariant equivalent to multiple 1 in Ws.

W] (Se
Proof. Suppose that p,(C;) O p,(D;) and C; 48 Dj. Since p,(C;j) O py(Dj), then there exists an M > 0 such that

(o) <

for all ¢ and each u € U. For every € > 0, we can write

1 Sf 5 (Ccf(t))inp _ 1 S(Z’) (ng(t)>7n”
S(l) - r(l) j=r(i)+1 ! Do'j(t) S(l) - r(l) j=r(i)+1 ! D()'.f([)
(Ccl(r)
Pu de(t) —n|>€
1 s(i) C_: p
+ : u( o) ) -1
s(l) - I"(l) j=r(i)+1 ch(t)
C ;
(o)l
E o) >
< - r(i) < j<s(i 3 —nl>ell+er
w1070 () -
. , . : AG
for all ¢. Since the left side converges to 0 for i — oo based on our assumption, we have C; “~ " D;. O

3. Auxiliary results
With this section, first of all, we define the asymptotical invariant statistical equivalence to multiple 1) of order o in Ws for

Ss, then we examine the relationship between this concept and the asymptotical deferred invariant statistical equivalence to
multiple n of order .

Definition 3.1. For any non-empty closed subsets C;,D; € U such that p,(C;) > 0 and p,(D;) > 0 for each u € U, the Ss
{C;} and {D;} are said to be asymptotically invariant statistical equivalent to multiple 1 of order o in Ws if for every € > 0

and eachu € U
{j <n:
W (s%)

uniformly in t, where 0 < oo < 1. For this case, the notation C; ~°' D ; is used, and these sequences are referred to as
asymptotically invariant statistical equivalent of order o in Ws when 11 = 1.

. 1
lim —
n—oo n&

pu(ZZj((i)))_nlzg}‘ZO

The set {W"(S%)} represents all Ss that asymptotically invariant statistical equivalent of order a.
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Theorem 3.2. If{s(z)r(—l)r(l)} is bounded, then {W"(S%)} C {W] (S%)}, where 0 < o < 1.

W (52
Proof. Suppose that 0 < a < 1 and C; Ja) D;. Then, for every € > 0 and each u € U, we have

. Coi(r)
<n: u - Z -
{J =P <DG-/(t)) n‘ EH 0

uniformly in ¢. Here using the well-known fact,

{jédO:

C,)
ou( j_(’))n‘ 26} c {0<j§s(i>:

. 1
lim —
n—oo p&

. 1
M G0)e

(o) 1fe)|

is hold uniformly in ¢. Also, since

{rto<s=s:

o (522) 1)

we can write

Hr(i)<jﬁs(i)3‘l)u(ccj(l))_n‘ ZSH < HO<JSS(1')¢

Dgjp)

) -n|zef]

for all z. Thus, the inequality is handled:

1 N Coitr) ‘ }‘ r(i) \* 1 { o Coitr) ’
(i) < j<s(i): |pu —nize| < (1+— - - 0<j<s(i):|pu —nl>e¢
s {0 <0 () (+5—m) G0 <=0 |plpg,)

If {s()r(l)r()} is bounded in above inequality, then the desired result is obtained for i — oo. O

l)—r(t

4. Conclusion

In this study, as a combination of asymptotical equivalence, deferred statistical convergence, invariant summability and order
a, we defined new concepts for sequences of sets and obtained noteworthy results.
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Article Information Abstract

Keywords: Locally asymptotic This article deals with the qualitative analysis of a general class of difference equations. That is, we
stable; Qualitative analysis; Three examine the periodicity nature and the stability character of some non-linear second-order difference
periodic solutions; Two periodic so- equations. Homogeneous functions are used while examining the character of the solutions of
lutions introduced difference equations. Moreover, a new technique available in the literature is used to

. . examine the periodic solutions of these equations.
AMS 2020 Classification: 39A05;

39A23; 39A30

1. Introduction

Although it is known that the theory of difference equations emerged with the rabbit problem introduced by the famous Italian
mathematician Fibonacci in 1202 has been a field of study that has been of interest to many scientists, especially in the last 30
years (see [1, 2, 3,4, 5, 6,7, 8, 9]). Difference equations are an important field of study in many applied sciences, including
mathematics, physics, chemistry, statistics, sociology, psychology, and engineering. Different mathematical models are needed
to examine situations related to different living conditions, such as the climate crisis, the arms race, plant populations, animal
populations, human populations, birth and death rates, migration rates, the spread of diseases. Here, difference equations
come into play, and ecological, biological, economic, statistical, sociological and psychological mathematical models that
can be used in different fields of science are created (see [10, 11, 12, 13, 14, 15, 16, 17]). In this context, the examination of
difference equations (because it models various systems) is of great importance in that it is applicable not only in mathematics
but also in different branches.

In recent years, many studies have been done on difference equations in mathematics, sub-branches of mathematics and other
sciences (see [18, 19, 20]). Any quantitative and qualitative research, especially in the field of difference equations, is very
important. Detailed qualitative studies in this field are invaluable when considering any result obtained by examining the
global behavior, asymptotic behavior, boundedness nature and the stability character of solutions of difference equations.
However, considering difference equation theory, it should be noted that there are not many general theorems and techniques
that study difference equation classes. The structure of higher-order non-linear difference equation classes is quite complex
and challenging. For this reason, although there are many articles and books on linear difference equations, there are not many
sources on higher-order non-linear difference equations. On account of this, it is very important to examine various difference
equations that will both contribute to the literature and expand and improve the difference equation theory.

In [21], Elsayed introduced a new method for the prime period two solutions and the prime period three solutions of the
rational difference equation

), ()
"yl oh=o0,1,...
Wy—1 (0%

W1 :.u_|'¢

where the parameters (L, ¢, 7Y and initial values w_;, @y are positive real numbers. Besides, the global convergence and the
boundedness nature were investigated.
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In [22], Moaaz et al. examined the asymptotic behavior, that is, the stability, the oscillation and the periodicity character of
solutions of a general class of difference equations

Zn+1:g(zzzazn—l)7 n=0,1,...

where the initial conditions z_1,z¢ are real numbers and g is a continuous homogeneous function with degree zero.
In [23], Moaaz investigated the asymptotic behavior of solutions of the following general class of difference equations

W41 = g(wnfla a)nfk)

where [, k are positive integers, the initial conditions @_y, ®_y+1,..., @ are real numbers for yu = max{/,k} and g is a
continuous homogeneous real function of degree y. Namely, the periodic solutions, the global attractiveness and the stability
have been examined.

In [24], Stevic has shown that the claim given in Theorem 3.3 in [23] is not true. Essentially, he has improved and expanded
global attractiveness results.

In [25], Abdelrahman e al. investigated the local stability, the periodicity and the boundedness character of solutions of a new
class of the difference equations

W11 :Cwnfl+(Pwn7k+g(wnfl7wn7k)7 I’l:(),l,... (LD

where [,k are non-negative integers, the parameters , ¢ are non-negative real numbers and the initial values @_;, @0_g 1, ..., @y
are positive real numbers for s = max{/,k} and g : (0,%0)? — (0,0) is a continuous homogeneous function with degree zero.
In [26], Abdelrahman investigated the dynamical behavior of solutions of a general class of difference equations

Xmt1 = 8(XmyXm—1y- -y Xm—i), m=0,1,...

where g : (0,00)f*1 — (0,0) is a continuously homogeneous function of degree zero and k is a positive integer. That is, the
stability, the periodicity and the oscillatory have been examined.

In [27], Moaaz et al. examined the existence and non-existence of periodic solutions of some non-linear difference equations.
Especially, they studied the existence of periodic solutions of the difference equation

Opt1 = YOy 1 F (@, 0y—1)

where the parameter ¥ is positive real number, the initial values @_1, @y are positive real numbers and F is a homothetic
function, namely there exists a strictly increasing function F; : R — R and F> : R2— R are homogenous function with degree
p, such that F = Fj (F3) and also studied the following second-order difference equation

p
—1

Oy =U+N
! h ( Wy, Dy—1 )

where p is a positive real number, the parameters p,n are arbitrary real numbers, the initial values @w_, @y arbitrary real

numbers and # is a continuous homogeneous function with degree p. Finally, they obtained the periodicity results of the

closed-form difference equations
W41 = C(wna confl)
and

Oyy1 = (0, 0,—2)

where { € C ((0,<><>)27 (0,00)) and the initial values @_», @_1, @y are positive arbitrary real numbers.
In [28], Giimiis and Egilmez investigated the global behavior of solutions, that is, the prime period two solutions, the prime
period three solutions and the stability character of a new general class of the second-order difference equation

Om, O
Oyl = GH-Cfi( mk m 1), m=0,1,...
5m—1
where the parameters ®,{ € R, the initial conditions §_1,8 € R and f : (0,%)? — (0,) is a continuous homogeneous
function with degree f3.

This paper aims to investigate the global dynamics of solutions for a new general class of the second-order difference equations

Oy, O
Ot =c+§g(”7y’”‘), m=0,1,... (1.2)
o
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Y
W
oy =0+f———, m=0,1,... (1.3)
" g(c’)maa)mfl)7 o
where the parameters o, { are arbitrary real numbers, the initial conditions @_ 1, @y are arbitrary real numbers and g : (0,00)? —

(0,0) is a continuous homogeneous function with degree . In other words, the prime period two solutions, the prime period
three solutions and the stability character are discussed in detail. Also, periodic solutions are studied using a new technique.
In addition, stability analysis of the equilibrium point is performed and new sufficient conditions for stability character are
specified.

In the following, we will give a very useful theorem to examine the stability character of the solutions of difference equations,
which we will benefit from in this paper.

Theorem 1.1. [19] (Clark Theorem) Assume that ap,a; € R and k € {0,1,...}. Then, the difference equation
Ynt1 +ao¥m+a1Ym—r =0, m=0,1,....
is the asymptotic stability if
lao| + |a1| < 1.

wrmwm—l)

2. The behavior of solutions of the difference equation ®,,,| = ¢+ {$ ( o

This section is devoted to investigating the dynamical behavior of solutions, that is, the two periodic solutions, the three
periodic solutions and the local stability of second-order rational difference equation (1.2).
Here, we can easily find the positive equilibrium point of Eq.(1.2) as

®=0+8g(1,1).
Now, let’s define the function f : (0,00)? — (0,0) by

Sfu,v) :6+C$;v>.

Hence, we get the partial derivatives of the function f

ﬁ(u,v) — Cugu(u,v) —J/g(u,v)

du ur+l

and

af v(u,v)
= (uy) = ggT.

In the next theorem, the locally asymptotic stability of Eq.(1.2) will be examined.
Theorem 2.1. The equilibrium point of Eq.(1.2) @ = o+ {g(1,1) is locally asymptotically stable if

G—|—Cg(1,1)‘
|

Proof. By using the Euler’s Homogeneous Function Theorem, we obtain that

|gu<1,1>—Yg<1,1>|+gv<1,1>|<] @

fu(a_)v(b) =

and

fv(a_)’(b) =
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Now, by applying Clark Theorem, we find

‘Cgu(la 1) —_Yg(l, 1)

<1

0D psll)

Since @ = o+ {g(1,1), we find

’Cgu(l,l)—yg(l»l)‘+’g gv(1,1)

(0 +Eg(1,1)) (6+Cg(1,1))’<1’

and so

l2(1,1) = ye(1, D]+ [go(1, )] < "”58(11)’

¢

The proof is completed.
In the next theorem, the two periodic solutions of Eq.(1.2) will be examined.

Theorem 2.2. Eq.(1.2) has the prime period two solution
ey 0,9,0,0,....
if and only if

Qg(l,5) — 9% (5.1)
(1-9Q)

o=¢

where Q = %, QeR—{0,+1}.

Proof. Suppose that Eq.(1.2) has a prime period two solution in the following form

ey 0,0,0,0,. ...
Let’s define @, (254 1) = ¢ and ®,—o; = ¥ for s =0,1,2,.... From Eq.(1.2), we obtain
_ 8(9,9)
0= G—’_CTa
and
_ 8(9,9)

Since g is a continuous homogeneous function of degree ¥, we obtain

o7 QJ
¢—G—|—Cgl(9i):>¢—o+gﬁ7’g(;2,l>,
and
(Pyg(la%) 1
13=G+Cw:>19=(7+€g<1,g).

By using the fact ¢ — Q9 =0, we find

0=9-Q¥=0+(Q'g (é,l) Q<G+Cg (Lé))a

o(1-9Q) = Qlg (1, é) _catg (;2 1) .

and so

Therefore, we get

Qg (l,5) — Q% (5. 1)

N Ty

2.2)

2.3)

(2.4)
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Thus, from (2.3) and (2.4) respectively, we find

o = QCg(l,é()l:f;)!"g(é,l)+Cng<’1)
_ L Qg(lg) Qe (g, 1)

and

_ QCg(l,i)fCQYg(i,l) 1
v o= (= *Cg(l’ﬂ)
g(l.g) Q% (§.1)

(1-9Q)

= ¢
Secondly, assume (2.2) holds. Let’s choose the initial conditions
0_1=¢ and ®y =9,
where ¢, ¥ are defined as (2.3) and (2.4), respectively. Hence, we obtain that

, O_
w = G+Cg(a)0wy 1)

0

_ 0+Cg(g;,¢)

_ 0Le(h) -t (h)  08(5)

(1-9Q) By
o QLg(l,5)—6Q%(5.1) 1
- e ee(g)
Qg (1.4) -9 g (1)
(1-9)

= ¢ -9,

and

o,
o — G+Cﬁ1fm
o

(¢,9)
= G+Cg7
_ o) -gane(h) , 5(13)
(1-9Q) o
_ QCe(lg) — 9% (g,1) 1
ey et (1g)
g(1,5) —Q%(g.1)

= ¢ 1-9) =0

Then, by induction, we can obtain that for all n > 0
Wy—1 = (P and Wy, = U.

Hence, Eq.(1.2) has a prime period two solution. The proof is completed.

In the following theorem, the prime period three solution of Eq.(1.2) will be investigated.

Theorem 2.3. Eq.(1.2) has the prime period three solution {®,}__, where

¢, forn=3z—1
w, = ¥, forn=3z , z=0,1,...
v, forn=3z+1

2.5)

(2.6)
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if and only if
n@rﬁiﬂ%nﬁ = o+Gg(l,y) (2.7)
WO’H&“W"O = G+éﬂ@W)

where = andl// ¢7n,WER—{O,$1}.

Proof. Suppose that Eq.(1.2) has a prime period three solution in the following form

0,0, v,0,0,v,.. ..
From Eq.(1.2), we obtain that
_ g(v,9)
¢—G+CT7
8(¢,v)
Y= 6+C o7
and
)
v—G+C( ¢).

By using the homogeneous function definition, we can find the equalities

0= G+C¢ﬂw,):¢ G+€(wn)

yY
19:G+ngd()ly’w:>19:6+§g(l,w)
and
v—o+5%:>v—c+é (Z 1>

Therefore, we can easily see that

9 o+ Le(ly)

and

2(n,1

Thus, we can rewrite the equalities

(y,n)
n(o+¢gw)=a+ag<l,w>,

s(w.n)\ _ g, 1)
W<G+CW>—G+C T’Y .
Secondly, assume (2.7) holds. Let’s choose the initial conditions for all n, y € R—{0,F1}

g(y,n)
qﬂ’

w_1=0+¢
and
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Thus, we obtain that

and

,0_
0+Cg(w0wy 1)

0
g(o+Cs(ly) o+ LG

(o+Cs(1,w))
g(n(o+ R o+ csn)

(o5

c+¢

c+¢

T o))

g <G+Cg($ﬂyn)7a+§g(g&l)>
(555
g(o+ L8y (gt )
(o555
(o+¢452) e (1)
(555
o+Cg(ly)="9.

c+¢

c+¢

o+¢

Then, by induction, we can obtain that for all n > 0.

W31 = ¢7 W3, = ¥ and W3p41 = V.

Hence, Eq.(1.2) has a prime period three solution. The proof is completed. O

3. The behavior of solutions of the difference equation @, = o0+ o

__on
wm»wmfl)

This section is devoted to examining the asymptotic behavior of the solutions of non-linear rational difference equation (1.3).
Here, we can easily obtain the positive equilibrium point of Eq.(1.3) as

9

O=0+ .
g(1,1)
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Now, let’s define the function z : (0,00)% — (0,0) as

)=+
V) =0+ .
by g(u,v)
Therefore, we find
9z yu' g (u,v) — gu(u, v)u?
) = T )
and
EET N (R
3= e

In the next theorem, the locally asymptotic stability for Eq.(1.3) will be examined.
Theorem 3.1. The equilibrium point of Eq.(1.3) ® = ¢ + ﬁ is locally asymptotically stable if

(o+ ﬁ) 2(1,1) |

[78(1,1) —gu(1, 1) +[gv(1,1)] < z

Proof. Since g is a homogeneous function with degree 7, the partial derivatives are of degree Y — 1. Thus, we obtain that

u(®,0) =

and

= —_ C —
Now, by using Clark Theorem, we obtain

}/g(l,l)gu(l,l)‘ ‘C gv(171)
@g2<1’1) (Dgz(],l)

’C ‘<1.

Since the equilibrium point @ = 6 + ¢ m7 we find

1,1)—g,(1,1 (1,1
Cyg( 2 gi ) +le gc( )2 -1
(6+m>g (1,1) (c+g(171))g (1,1)
and so,
o+ {in) (1 1)
78(1,1) — gu(1, 1) + [gu(1, 1)| < ( s €>)
This completes the proof. .

In the next theorem, the prime period two solutions of Eq.(1.3) will be investigated.
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Theorem 3.2. Eq.(1.3) has the prime period two solution

e 0,0,0,0,..

if and only if

Q 1
cy:(1—CQ) <g(1,5)_mg(gp1)> G-D
where Q = %, QeR-{0,£1}.
Proof. Suppose that Eq.(1.3) has a prime period two solution in the following form
ey 0,9,0,0, ...

Let’s define ®,_(2,,1) = ¢ and @,—»; = ¥ fors =0, 1,2,... . From Eq.(1.3), we find

b=+
= o'+ —_—,
8(%,9)
and
oY
d=0+¢ .
8(9,9)
From the definition of the homogeneous function, we can easily obtain that
b0t — ot (32)
=0+ =¢0=0+ .
07¢ (gl) Qg (g,1)
and
Y
d=otl— sv-orC (3.3)
Wg(l,%) g(lg)
Now, by using the fact ¢ — Q3 =0, we find
¢ ¢
0=¢0-Qb=0+—"7=-Q| 0+
Q7g (5.1 g(l.5)
and so,
Q 1
o(1-Q)=¢ -
(g(laé) mg(g‘pl)>
Hence, we find
o 4 Q 1
(1-9) \g(1,5) Qrg(s.1)
Then, from Eq.(3.2) and (3.3), we obtain
¢ = o+ # (3.4)

Il
™
VRS

—

|
2
x|
—
fells
SN—"

|
—

|

)
SN—
2|~
o
—~
fells
=

|
b/—\
~— | —
2| |
o O
— |~
\'"_‘
=
~__—
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and
v = O'+C; 3.5
g(L.5)
Q 1 1
= ° Ty i +¢ i
(1-9Q) g(laﬁ) ng(ﬁ,l) g(l’ﬁ)
_ ¢ Q - 1 n (1-9Q)
(1-Q)g(l,5) (1-2Q7(g,1) (1-Q)g(l,5)
_ ¢ 1 - 1
(1-Q)g(1,8) (1-@Qg(.1))
On the other hand, suppose (3.1) holds. Let’s choose the initial conditions
0_1=¢ and y =9,
where ¢, ¥ are defined as (3.2) and (3.3), respectively. Therefore, we find
Y
@
o = o+{—2> —
: Cg(wo,wfl)
3V
Cg(ﬁ,f/))
Q 1 1
= CQ 1\ I +¢
(1-Q)\g(l,5) Q%g(g.1) ng(%J)
_ ¢ Q _ 1 n (1-Q)
_ ¢ Q _ Q —¢
and
v
o
w»m = O+
Cg(whwo)
¢7
° 59.9)
Q 1
= ° N I +¢ I
(1-9) \g(l,5) Q%(g1) (1)
_ ¢ Q 1 n (1-9Q)
1 1
Then, by induction, we can obtain that for all n > 0
Wp—1 = ¢ and Wy = U.
Hence, Eq.(1.3) has a prime period two solution. The proof is completed. O

In the following theorem, the three periodic solutions of Eq.(1.3) will be studied.

Theorem 3.3. Eq.(1.3) has a prime period three solution {®,}__, where

¢, forn=3z—1
w, = ¥, forn=3z , z=0,1,...
v, forn=3z+1
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if and only if
v ) - ! 3.6
1 (G+cg(w,n) GJFCg(Lw) G0
4 ) _ n’
l’/(CHCg(II/m) cHgg(n,l)

where ) = g and y = %,n,y/e R—{0,%1}.

Proof. Suppose that Eq.(1.3) has a prime period three solution in the following form
0,0, v, 0,0, v,

From Eq.(1.3), we obtain that
Y

A%
(P:(Hgg(v,ﬁ)’

¥ ¢ il
=0+
g(9,v)
and
V4
v=0o+{——.
g(%,9)
Since g is a homogeneous function with degree 7y, we obtain the equalities
II/V
¢ =0+ C ;
g(y,n)
d=0+¢ !
g(1,y)
and
n
v=0c+¢{
g(n,1)
Hence, we find
1
3 C+lay

and
177
v _S+imm

= o
¢ G*’Cﬂwm)

Thus, we obtain that

v\ 1
1 <G+Cg(w7n)> *Hcg(l,w)’

llly _ r’y
"’("“gwm) =t )

Now, assume (3.6) holds. Let’s choose the initial values for all ), y € R—{0,+1}

"I/y
g(v,n)

w_1=0+¢



Fundamental Journal of Mathematics and Applications

229

and

Therefore, we obtain

and

Then, by induction, we obtain for all n > 0

c+(

)

Y
g(“*‘:ig(?m)"’“:igu{w)

(v(o+ )

g(v(o+ ot ) (o+Ebs))

(v(o+ Cg(%)))y

(o+¢50m) s twom)

=9

II/V
g(w,m)

G+Cg(w27w1)

(o+¢3vm)
s(o+¢alaot i)
(o+3vm)”
g(c+§%,y(a+€%))
(o+¢am)
(o0+¢aens) e w)

c+¢

c+¢

c+¢

1
MR

03p-1 =@, 3, =V and 3,41 = V.

Hence, Eq.(1.3) has a prime period three solution. The proof is completed.
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4. Conclusions and suggestions

In this article, we have considered the detailed qualitative behavior of a general class of difference equations, which can
be seen as an extension of [22, 23, 24, 25, 26, 27]. The qualitative behavior of the solutions of the introduced non-linear
difference equations has been examined. In other words, the two periodic solutions, the three periodic solutions and the
stability character of difference equations have been discussed. Qualitative research of mathematical models created using
difference equations has an important place in mathematics, sub-branches of mathematics and other applied sciences. Here, the
two periodic solutions of Eq.(1.2) and Eq.(1.3) in Theorem 3.2 and Theorem 2.2 and the three periodic solutions in Theorem
3.3 and Theorem 2.3 have been examined in detail. In these theorems, using the new technique, the periodicity character of
Eq.(1.2) and Eq.(1.3) have been determined and necessary and sufficient conditions have been created for the existence of
periodic solutions. In addition, the equilibrium points of Eq.(1.2) and Eq.(1.3) have been investigated and sufficient conditions
have been obtained for the local asymptotic stability of these equilibrium points.

It can be suggested to those who do research in this field that research can be done in the equations established with the help of
homogeneous functions. Difference equations created with these functions are very convenient and useful for researching
general classes of difference equations.

In our future studies, we will aim to investigate some general classes of difference equations formed by homogeneous functions
of different degrees.
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Article Information Abstract
Keywords: General solution; Lu- In this paper, we represent the admissible solutions of the system of second-order rational difference
cas numbers; Fibonacci numbers; equations given below in terms of Lucas and Fibonacci sequences:
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o Yyeg = Lingo + Lin1yn—1 it = L2+ Lyt 120-1
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Lm+2 + Lm+lwn—1 _ Lm+2 +Lm+1xn—l

- - Wn+l -_—"-_ =

in+1 = I

s .
m+3 + Lint2Wn—1 L3+ Lipy2xn—1

where n € Ny, {L, ;;:_m is Lucas sequence and the initial conditions x_1, xg, Y_1, Y0, Z—1» 20>
. L3 .
w_1, wg are arbitrary real numbers such that v_; # —LmJ“ ,wherev_; =x_;,y_j,z—i,w_;, i=0,1
m+2

and m € Z.

1. Introduction and preliminaries

Recently, there has been a growing interest in the study of finding closed-form solutions of difference equations and systems of
difference equations. Some of the forms of solutions of these equations are representable via well-known integer sequences
such as Fibonacci numbers [1, 2], Horadam numbers [3], Lucas numbers [4, 5], and Padovan numbers [6]. For more on
Fibonacci and Lucas numbers, one can see [7, 8], for more on difference equations and systems of difference equations solvable
in closed form, one can see [9]-[24].

The Lucas sequence has the same recursive relationship as the Fibonacci sequence, where each term is the sum of the
two previous terms, and defined as follows:

Lyyiv=Ly+Ly 1, n>1, (1.1)
but with different initial values , Lo = 2, L; = 1. The solution of Equation (1.1) is given by the formula
Ln = ai’l + ﬁna

where

1++/5 1-v/5
a=— and B = 7

The formula of terms with negative indices in the Lucas sequence is

L,=(-1)"L,.
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In [25], the authors represented the general solution of the following difference equation

1

— € No, 1.2
1+x, " 0 (1.2

Xn41 =

in terms of the initial value xy and Fibonacci sequence. It was proved by induction that, every well-defined solution of equation

(1.2) can be written in the following form
- Fo+F,_1x9

Fo1 + Fuxo ’
where {F, }_ is Fibonacci sequence. They also proved that, every well-defined solution of the equation

€ Ny,

X1 = n € Np, (1.3)

—1+x,’

can be written in the following form
Fa A+ F X0

F_(ny1) +Fonxo

where the terms of the Fibonacci sequence with negative indices are calculated by the formula

Xn , n€ Ny,

Fp=Fo—F,n, neN,
where Fp =0and F; = 1.
Khelifa et al. [5] give some theoretical explanations related to the representation of the general solution to the system
of three higher-order rational difference equations

1+2y,,_k N 1+22n—k z o 1+2xn_k
3+yn7k ) Yn+l 3+Zn7k ’ n+1 3+x”7k ’

where n,k € Ny, giving its solution in terms of Fibonacci and Lucas sequences.

Xn+1 =

Recently in Khelifa et al. [4], the following higher-order rational difference equations

@) 3) (1)
(1 1+ 2xn—k 2 _ 1+ an—k o @p+l) 1+ an—k
Xnt1 = SN » Xpg1 = B 0 K T m
+xn7k 3 +xn7k 3 +xn7k

in terms of Fibonacci and Lucas sequences, where the initial values x(l)k, x@( IRTRRE ,x@l and x(()’), i=1,2,---,2p+1 are
real numbers such that, the denominator does not equal zero in each equation. Some theoretical explanations related to the

representation of the general solution are also given.

Consider the difference equation
anrl:f(xn;xnfla"';xn—k)7n:0717'”' (14)

The Good set to Equation (1.4) is the set of all initial points (xo,x_1,...,x_¢) for which the corresponding solution {x,}__, is
well-defined or admissible solution.

Here, we list a set of identities concerning the Fibonacci and Lucas sequences that may be used in the paper [7, 8].

For s,m,r,0 € N, we have

o« F = Fyr1Fp—s +F:YFm7(S+1) )

Ly = Fyy1Lim—s +FsLm—(s+1) ’

- FsLyny3+Fs—1Lyt2 = Lytm+2,

. LrL(Ofl)rJrl +Lr—1L(67])r =5Fy,,
Lr+1L(971)r "l‘LrL(Bfl)rfl = 5Fp,,

- LriLig—1yr41 +LiLg—1)r = SForv1,
- LyLig—1)r+Lr—1Lg—1)r—1 =5Fp,—1,
- Lom+2)-1 T Lom+2)+1 = SFg(m+2) -

0NN A WN R~

Now, consider the system of second-order rational difference equations

Xprl = L2+ Ly1yn—1 Vol = L2+ Lint12n—1
" L3+ Ly oyn—1 ’ " Ly 3+ Lypy2zn—1 ’
(1.5)
L2+ Linr1wn— L2+ Lipt1xn—1
Zngl = s Wnpl =

b)
L3+ Ly own— L3+ Linyoxn
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where {L,,},} .,

is Lucas sequence and the initial conditions x_1, xo, y—1, Yo, Z—1,20 and w_1,wq are arbitrary real numbers

L )
such that v_; # —L'"E, wherev_;=x_;,y_i,z_i,w_;, i=0,1and m € Z.
m

In this paper, we shall represent the admissible solutions of the system (1.5) in terms of Fibonacci and Lucas sequences.

2. Solvability of system (1.5)

In this section, we investigate the solvability of the system (1.5).

From (1.5), we can write fort =0, 1

X Lyt + Lint1y2n—+ y _ Lyto+ L1200
2(n+1)—t — 2(n+1)—t —
(n+1) L3+ Linyoyon—s ’ (n+1) L3+ Liny222n—+ ’
. Lo+ Linpiwon—t w Lo+ Lint1xon—
2(n+1)—t — . 2(n+1)—t — .
(n1) L3+ Lint2won—t (n+1) L3+ Lin2Xon—1
Let
r_ r /o /] 2.1
Xy = X2n—ty Yy = Y2n—ts Zn = Ln—1s Wy = Won—t, (2.1
where t =0, 1.

Then, the system (1.5) becomes

/ L2+ Lm+ly;1 / L2+ Ly Z;

X = y =
U Lys 4 L2y, MY Lgs + Linsod),’
(2.2)
Z _ Lm+2 + Lm+l W;l ’ _ Lm+2 + Lerlx;
ntl L3+ Lyow), ’ n L3+ Lipgox),
If we use the second recurrence relation in (2.2) in the first, we obtain
, Poya+ Pz,
Xyl = —, n=>1
Fomys + Famtaz,
The substitution of zj, | into x), , |, leads to
, Lamt6+ Lamisw,_,
Xpa1 = 7 , n Z 2.
L7 + LamteW,_o
Finally, after substituting with w/,_, into x/, ;, we get
o Famis + Famyrx, s
Xy = —, n>3
Famyo + F4m+8xn,3
Therefore, the system (2.2) can be written in the following form:
Fams8 + Famy7x),
My = 2 TS >3, 2.3)
Fimto + Fam+8X,_3
Let us introduce the notation
j) _ N 2.4
An”" = Xapy n € Ny, (2.4)
where j € {0,1,2,3}.
Using this notation, Equation (2.3) can be written as
j) _ Famis+ F4m+7x;/1(j) .
X = o )€ {0,1,2,3} and n > 3. (2.5)
Fant9 + Famigxn
Now consider the equation
E. + F u
) = D8 F Fayrtln g (2.6)

)
Fimt9 + Famygun
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The solution of Equation (2.6) is (can be found in [20])

 Finimi2) + Fan(mi2)-140

U , n € Np,

B F4n(m+2)+l + F4n(m+2) uo

where (F,)~ _ is Fibonacci sequence.

Then the solution of Equation (2.5) is given by
N F F /(J)
x’(]) _ Pan(m+2) T Fan(m+2)-1%g
=

F4n(m+2)+l + F4n(m+2)x:)(j>

, j€{0,1,2,3} andn € Ny.

Therefore, the solution of Equation (2.5) can be written as

, Fanin+2) + Fanim+2)-1%
x4n+j = F4
n

/
I )

, j€{0,1,2,3} and n € Ny.
(m+2)+1 +F4n(m—&-2)x/j

Theorem 2.1. Let (X),,Yy,2,,Wy,) >0 be an admissible solution of the system (2.2). Then we get

o F4n(m+2) + F4n(m+2)f lx/O o F4n(m+2) + F4n(m+2)71Z6

x, = s Z/ = 3
o F4n(m+2)+l + F4n(m+2)x6 o F4n(m+2)+1 + F4n(m+2) Z6
Y _ L4n(m+2)+(m+2) + L4n(m+2)+(m+l)y6 / N L4n(m+2)+(m+2) +L4n(m+2)+(m+l)W6
it Lin(ms2)+(m+3) + Lanim+2)+m+2)Y0 At Lin(mt2)+(m+3) + Lan(m+2)+(ms2)Wo
.X/ - F4n(m+2)+(2m+4) + F4n(m+2)+(2m+3)z6 Z, o F4n(m+2)+(2m+4) + F4n(m+2)+(2m+3)-x6
dnt2 F4n(m+2)+(2m+5) + F4n(m+2)+(2m+4)z6 ’ A2 F4n(m+2)+(2m+5) + F4n(m+2)+(2m+4)x6 7
v  Lan(m12)+(3m+6) + Lan(mt2) 1 (3m+5)Wo y  Ln(m12)1+3mr6) + Lan(m12)+(3m+5)Y0
dnt3 Lan(ms2)+Gms7) + Langnioys Gmagywy Lan(m+2)+Gm+7) T Lan(m+2)+Gm+6)Y0
2.7)
y  Fyuns2) T Fan(mi2)-130 W  Fanmi2) T Fan(mi2)- 10
o Fynm+2)+1 + Fanms2)Yo o Fanims2)+1 + Fan(mi2)Wo
y _ Lan(mt2)+(m+2) + Lan(ms2)+(m+1)20 W _ Lan(m+2)+(m+2) + Lan(ms2)+(m+1)%0
bl Lun(m+2)+(m+3) + Lan(m+2)+(m+2)20 At Lan(m+2)+(m+3) + Lanm+2)+m+2)%0
y _ Fapmt2)+2m+a) + Fan(m+2)+ (2m+3)Wo W _ Fap(mr2)+m+a) + Fan(m+2)+m+3)Y0
nt2 Fyn(m+2)+2m+5) T Fan(me2)+ ma)Wo i Fin(m+2)+(2m+5) T Fanmr2)+2m+4)Y0o
, _ Lanmi2)+(3m+6) + Lin(m-+2)+(3m+5)%0 , _ Layn+2)+(3m+6) + Lin(m+2)+(3m+5)20
Yan+3 Wan+3

B L4n(m+2)+(3m+7) +L4n(m+2)+(3m+6)x6 ’ B L4n(m+2)+(3m+7) +L4n(m+2)+(3m+6)16 7

is Lucas sequence and (F,,) "

o
m=—oo

where n € No, (L)

oo
m—=—oo

is Fibonacci sequence.

Proof. Let (x,,,, 2, Wy),> be a solution to system (2.2). Then, (x;,),>0 is a solution to Equation (2.5) and so

, Fanmi2) + Fan(mi2) 1%
n

/
J
(m+2)+1 + F4n(m+2)x/j

where m € Z, j € {0,1,2,3}. For j = 0, we have

v Fanmr2) + Fan(mi2)-1%0
Xap =

F4n(m+2)+1 + F4n(m+2)x6 .

We also have ,
/ F4n(m+2) + F4n(m+2)7 1X]

Xany1 = /0
F4n(m+2)+l + F4n(m+2)x1

Lo+ Lm+1y6

where x| = -
Lii3 + Lint2yy

Using identity (2), we get

, Lun(ms2)+(m+2) + Lan(me2)+(m+1)Y0
Xap+1 =

Lin(mt2)+(m+3) + Lan(ms2)+(m+2)Y0
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Similarly,

, Finims2) + Fan(mi2)—1%
Xapt2 = F,
n

(m+2)+1 1 F4n(m+2)x/2 ’

/
h ; BPanya+ Fomiazg
where x, = ——————=0

Fonys + Famiaz

Using identity (1), we get
F4n(m+2)+2m+4 + F4n(m+2)+2m+3)z/0

/
Xap42 = .
" F4n(m+2)+2m+5 + F4n(m+2)+2m+4z6
Finally, for j = 3, we have
, Finim+2) + Fan(m2)—1%5
x4ﬂ+3 = F, F, /0
4n(m+2)+1 1 Fan(m+2)%3
L L !
where ¥, = 3m+6 + 3m+5w9.
Lamt7 + Lam+6Wy
Again using identity (2), we get
N o L4n(m+2)+3m+6 + L4n(m+2)+3m+5 W6
4n+3 = .
" L4n(m+2)+3m+7 + L4n(m+2)+3m+6w6
Then
¥ - F4n(m+2) + F4n(m+2)71x6
dn F4n(m+2)+l + F4n(m+2)x6 ’
x, . L4n(m+2)+(m+2) +L4n(m+2)+(m+1)y6
dntl L4n(m+2)+(m+3) +L4n(m+2)+(m+2)y6 ’
v  Fan(mi2)+ 2m+4) + Fan(mi2)+(2m13)20
A2 F4n(m+2)+(2m+5) + F4n(m+2)+(2m+4)Z6 7
o L4n(m+2)+(3m+6) + L4n(m+2)+(3m+5)W6
n+3

 Lanm+2)+G3m+7) + Lanm+2)+Gmr)Wo

In the same way, after some calculations and using the fact that

;L Lint2 +Lm+IZ:1,1 ;o L2 +Lm+1W:171 ;o L2 +Lm+1x:,,1
=— = W= .
L3+ Lm+2Z:l,1 " L3+ Lm+2W:1,1 " L3+ Lm+2x;,,1
we find
/ /
,  Fanimr2) T Fanm+2)-1)0 ,  Fapmro) T Fanim+2)-120
Van /0 Z4n /0

 Fanma2)+1 + Fan(mr2)Y0 " Fanme2)+1 + Fan(mi2)20

_ Laymi2)+(m+2) + Lan(m+2)+(m+1)20 _ Laym2)+(m+2) + Lin(m+2)+(m+1)Wo

/ /
y = ) < - ’
dntl Lan(m+2)+(m+3) + Lan(m+2)+(m+2)Z0 At Lan(m+2)+(m+3) + Lan(m+2)+(m+2)Wo
. ~ Fanimro)+mra) + Fn(m+2)+(2m+3)Wo y ~ Fan(mro)+m+a) + Fyn(m+2)+(2m+3)%0
dn+2 Fin(m+2)+(2m+5) T Fanimr2)+ m+4)Wo 2 Fin(m+2)+(2m+5) T Fanmr2)+ 2m+4)X0
, _ Laygni2)+(3m+6) + Lin(m-+2)+(3m+5)%0 , ~ Layim+2)+(3m+6) + Lan(m+2)+(3m+5)Y0
Yan+3 Lan+3

B L4n(m+2)+(3m+7) +L4n(m+2)+(3m+6)x6 ’ B L4n(m+2)+(3m+7) +L4n(m+2)+(3m+6)y(/) 7

 Fanmi2) T Fan(mi2)- 10

/
w - )
4n F4n(m+2)+1 + F4n(m+2)w6
W, = Lan(m+2)+(m+2) + Lan(m+2)+(m+1)%0
i L4n(m+2)+(m+3) + L4n(m+2)+(m+2)x6
W _ Fanmi2)+ m+4) T Fan(mi2)+(2m13)Y0
At Fanmt2)+@m+5) T Fan(m+2)+(2mr4)Y0
,  Lun(ms2)+(3m+6) + Lan(m12)+ (3m+5)%0
Wapt3z =

Lin(m+2)+(3m+7) + Lan(m+2)+(3m+6)20
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The following theorem is our main result that shows the solvability of the system (1.5).

Theorem 2.2. Let {x,Yn,2n, Wn }n>—1 be an admissible solution of system (1.5). Then for n € N, we get

. Fanm+2) + Fan(m+2)-1%-1 . Fanm+2)+@m+4) T Fan(m+2)+(2m+3)2-1
Sn—1 = ; 8n+3 =
" Fanm+2)+1 + Fan(m+2)%-1 " Fyn(m+2)+2m+s) T Fan(ms2)+ emra) -1
. _ Fan(mr2) T Fanm+2)-1%0 . Fanm+2)+@m+4) T Fan(m+2)+(2m+3)20
8n — ) 8n+4 = ’
" Fayma2)+1+ Fan(ms2)%0 " Fanm+2)+@m+5) T Fan(m+2)+(2m+4)20
; Lan(n+2)+(m+2) + Lan(m+2)+(m+1)Y—1 . Lin(m+2)+Gm+6) T Lan(m+2)+(3m+5W—1
Bnt1 = 8n+5 = ;
" Lun(m+2)+(m+3) + Lantm+2)+(ms2) Y1 " Lyn(m+2)+Gm+7) + Lan(m+2)+(3m+6)W—1
Langn+2)+(m+2) + Lan(m+2)+(m+1)Y0 Lyn(m+2)+(3m+6) + Lan(m+2)+(3m+5Wo
X8n+2 = ’ X8n4+-6 = )
Lyn(m+2)+(m+3) T Lan(m+2)+(m+2)Y0 Lyn(m+2)+(3m+7) + Lan(m+2)+(3m+6)Wo
y Fanm+2) + Fan(m+2)-1Y-1 y Fanm+2)+@m+4) T Fan(m+2)+@2m+3)W—1
Sn—1 = ; 8n+3 = ;
" Fanm+2)+1 + Fan(m+2)y-1 " Fanm+2)+@m+5) T Fan(m+2)+2m+a)W—1
y Fanm+2) + Fan(m+2)-10 y Fanm+2)+@m+4) T Fan(m+2)+(2m+3)Wo
8n = ) 8n+4 = )
B O " Fanm+2)+@m+5) T Fan(m+2)+(2m+4)Wo
y Lngm+2)+(m+2) + Lan(m+2)+ (m+1)2—1 y Lan(m+2)+(3m+6) T Lan(m+2)+(3m+5)%—1
8n+1 = 8n+5 =
" L4n(m+2)+(m+3) +L4n(m+2)+(m+2)zfl 7 " L4n(m+2)+(3m+7) + L4n(m+2)+(3m+6)x71 7
Vo — Lyn(m+2)+(m+2) T Lan(m+2)+(m+1)20 Vo — Lin(m+2)+(3m+6) T Lan(m+2)+(3m+5)X0
+2 — +6 —
" Lun(m+2)+(m+3) + Lanim+2)+(ms2)20 " Lan(m+2)+G3m+7) + Lan(m+2)+ (3m+6)X0
. Fanmy2) + Fan(mr2)-12-1 . Fan(mi2)+(2m+4) T Fan(me2)+(2m+3)X—1
8n—1 — ) 8n+3 — )
" Finmi2)+1 + Fan(mi2)2-1 " Fanmi2)+2m+5) T Fan(me2)+(2m+4)X—1
. Fangn+2) + Fan(m+2)-120 . Fyn(m+2)+@m+4) T Fan(m+2)+(2m+3)%0
8n — ) 8n+4 — )
" F4n(m+2)+] + F4n(m+2)Z0 " F4n(m+2)+(2m+5) + F4n(m+2)+(2m+4)x0
. Lan(m+2)+(m+2) T Lanm+2)+ (mr1yW—-1 . Lin(m+2)+(3m+6) + Lan(m+2)+(3m+5)Y-1
8n+1 = y  L8n+5 =
" Lynns2)+(m+3) T Lan(ma2)+(me2)W-1 " Lyn(mi2)+Gm+7) + Lan(m+2)+ (3m+6)Y -1
. Lyn(m12)+(m+2) T Lan(m+2)+(m+1)Wo0 . Lyn(mi2)+Gm+6) + Lan(m+2)+(3m+5)Y0
8n+2 — ) 8n+6 —
" Ln(m+2)+(m+3) T Lan(m+2)+ (m+2)Wo 8 Lyn(mi2)+Gm+7) + Lan(m+2)+ (3m+6)Y0
and
" Fapm+2) + Fan(m+2)-1w-1 " Fanim+2)+@m+4) T Fan(m+2)+(2m+3)Y-1
8n—1 — ) 8n+3 — )
" P21 + Fan(mry w1 " Fapm+2)+@m+5) T Fan(m+2)+@m+4)Y—1
" Fapnm+2) + Fan(m+2)-1w0 " Fanm+2)+@m+4) T Fan(m+2)+@2m+3)Y0
8n = ) 8n+4 — ’
" F4n(m+2)+1 + F4n(m+2)W0 " F4n(m+2)+(2m+5) + F4n(m+2)+(2m+4)y0
" Lin(m+2)+(m+2) + Lan(m+2)+ (m+1)X—1 W Lin(m+2)+Gm+6) + Lan(m+2)+(3m+5)2—1
8n+1 = ’ 8n+5 = ’
" Lan(m+2)+(m+3) + Lan(m+2)+(m+2)X—1 " Lyn(m+2)+Gm+7) + Lan(m+2)+ (3m+6)2—1
w Lan(m+2)+(m+2) + Lan(m+2)+ (m+1)X0 - Lin(m+2)+Gm+6) + Lan(m+2)+(3m+5)20
8n+2 — ) 8n+6 — )
" Lyn(m+2)+(m+3) T Lan(m+2)+ (m+2)X0 " Lin(m+2)+Gm+7) + Lan(m+2)+(3m+6)20
where (Lm):,rlsz is the Lucas sequence, (Fm);:ﬂx is the Fibonacci sequence.

Proof. We have

/ /! / /
xn = X2n—t, yn :)’Zn—t, Zn = n—t, Wn = W2n—t, = O; 1
Then fort =0, 1, we have
/ / / /
Xan = X8n—ts Yan = Y8n—ts Zan = Z8n—t> Way = W8n—t,
and

/ / / /
X0 =X—t; Yo = V-1, 20 = Z=1, Wo = W—s-
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Using Theorem (2.1), we can write fort =0, 1

Wen—t =

Also, for t = 0,1, we have

n(m+2 +F4n(m+2) 1X—t

n(m+2)+1 + F4n(m+2) —t

+2 +F4n(m+2) 1Y—t

3

 Fyy
Fy (
_ Fyy
Fy (

n(m+2 +F4n(m+2) 18—t

E‘JE’

)
)
)
n(m+2)+1 T Fanme2)y—1
)
)

(
n(m+2)+1+ F4n(m+2)Z

Fan(mr2) T Fan(my2)-1W—

F4n(m+2)+l + F4n(m+2)W—t '

/ / / /
Xgpt1 = X8n+2—15> Vant1 = Y8n+2—15> Zan1 = Z8n4+2—t» Wapr1 = W8n42—¢-

Using Theorem (2.1), we get fort =0, 1

L4n(m+2)+(m+2) + L4n(m+2)+(m+1)yft

X8n+2—t =

Lan(m+2)+(m+3) + Lanim+2)+(m+2)Y—1

L4n(m+2)+(m+2) +L4n(m+2)+(m+1)14

Y8n42—1t =

Lan(m-+2)+(m+3) T Lan(m+2)+(m+2) 2t ’

Lan(m+2)+(m+2) + Lan(ma2)+ mr )W—1

8n+2—t =

L4n(m+2)+(m+3) +L4n(m+2)+(m+2)wft 7

L4n(m+2)+(m+2) + L4n(m+2)+(m+1)x7l

Wen+2—t =

In the same way, we get forr =0, 1

Lan(m+2)+(m+3) + Lan(mt2)+ (m+2)X '

Fan(ms2)+2m+4) T Fanm+2)+(2m+3) 2t

X8n-+4—t =

Fanm+2)+@m+4) T Fan(m+2)+(2m+3

F4n(m+2) (2m+5)+F4n(m+2) (2m+4)27t7

—t

Y8n+4—t =

Fanim+2)+@m+5) T Fanim+2)+(

bl

w
2m+4) —t

F4n(m+2)+(2m+4) +F4n(m +2)+(2m+3)X—1

28n+4—t =

F4n(m+2 )+(2m+5) + F4n(m

)
2)4(2m+4)X— t

2m+4) T Fan(mr2)+@m+3)Y—

Wentd—t =

and

L4n(m+2

e
2

3

Jr

»
g

2mt5) T Fan(m2)+2msa)y—1

+(3m+6) T Lan(m+2)+(Gm+s5)W—t

)+(
)+(

)
L4n(m+2 +(3m+7) +L4n (m+2)+ (3m+6)w—t ’

Lay(m+2)+Gm+6) T Lan(m+2)+@m+5)X—

Y8n+6—1t =

L4n m+2)+(3m+6

)
m+2)+3m+7

m+2)+(3m+5)Y—1

i8n+6—t =

(
(
(
(

L4n(m+2)+(3m+6) + L4n(m

)
Ly m+2)+(3m+7

( ) )+(
( ) )+(
( ) )+ (
( ) m+2)+(3m+6)Y—t 7

+2)+(3m+5)%—t

W8n+6—t =

L4n(m+2)+(3m+7) + L4n(m+2

)+(3m+6)<—

This completes the proof. O
3. Special cases
We end this paper by illustrating the cases m = —1 and m = 0 in system (1.5).
Case m = —1 When m = —1 in system (1.5), we obtain the system of difference equations
. 142y, 142z, . 142w, w 1+ 2x neN
n+1 = 34+yn71 )y Yl = 34+Zn71 yZn+1 = 3+4Wn71 ) n+1 = 3+x, 0- (3.1)
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For system (3.1), by applying Theorem (2.2) we get

- Fap+ Fyp_1x_1 , Xenis = Fanio+ Fanv12-1 ,
Fip1 + Fapx—y Finis+ Fanioz1
g = Fan ~+ Fan_1x0 ’ Noed — Fini2 + Fani120 7
Funi1 + Fapxo Fani 3 + Fany220
Nonel = Lap+1+ Lany— | Xgnes = Lany3 + Lapyow—1 7
Lo+ Lany1y—1 Lania+ Lapyzw_y
Yoy — Lay+1+ Lanyo g = Lani3 + Lan+owo 7
Lapyo + Lapt1y0 Lapya 4 Lany3wo
_ FytFip1y _ Fypo+Fappiw—g
Yon-1= Fipp1+Fany-1’ Yone3 = Fini3+ Fapow_y
_ Fau+Fan-1yo _ Fypo + Fapriwo
Yon = Fini1+ Fanyo’ Yoned = Fini3+ Fanpawo’
_ Lapyy + Lanz _ Lany3+ Laniox—y
Yontl = Lapio+Lapi1z-1" Yonts = Lapsa+Lapysx_y’
_ Lapy1 + Lanzo _ Lapi3+ Lanyoxo
Yont2 = Lanio+Lapi120 Yont6 = Linta+ Lani3xo’
S Fapn+ Fapn—_1z—1 ’ Znis — Fanio+ Fanp1x-1 7
Fin1 + Fanz—1 Finy3 + Fianyox—1
20 = Fup+ Fiyn_120 ’ Znes — Finy2 + Fapy1x0 7
Finy1+ Finzo Fin+3 + Fant2%0
I Lapy1+ Lapw—y  Zgs = Lyni3+Lapy2y—1 7
Lani2+ Lapriw— Lanta+Lany3y—1
- Lant1 + Lapwo  Zene = Lyt +3+ Lant2yo0 7
Lani2+ Lapy1wo Lanta+ Lany3y0
ey | — Fap+ Fap1w_q e Fanio+ Fany1y-1 ’
Fan1+ Fapw—q Fini3 + Fapioy—1
e, — Fyp + Fan_1wo ’ Wenia = Fant2 + Fany1yo 7
Fypr1+ Fapwo Finy3 + Fany2yo
Wans1 = Lany1+ Lanx—1  Wenis = Lany3 + Lany2z-1 7
Lyni2+ Lapy1x— Lanta+Lany3z-1
Wenia = Lant1+ Lanxo Wanso = Lani3 + Lant220

b b
Lyni2 + Lany1x0 Lanta+ Lany320

Case m =0 When m = 0 in system (1.5), we obtain the system of difference equations

34+ Y1 34201 34+ w1 3+ x,-1

_—, :77Z = 5 w = B I’lEN
4143y, "N T A3, M T A 8w, M T a3, 0

Xn+1 = (3.2)

For system (3.2), applying Theorem (2.2) we get

- Fgp + Fgn—1x-1 , Xones = Fna+ Fgni32-1 7
Fgp1 +Fgpx—g Fnts + Fgniaz—1
g, = Fen + Fgn—1x0 , Xones = Fsnta+ Fgni320 7
Fg1 + Fguxo Fgnys5 + Fyniazo
T Lgni2+ Lgny1y-1  Xgnes = Lgn 6+ Lgnisw—1 7
Lgny3+Lgpioy—1 Lgy17+ Lgnyew—1
Nein = Lgnt2 + Lsn+1y0 o= Lgny6 + Lgnyswo ’
Lgny3 + Lgnt2y0 Lgn+7+ Lgnr6wo
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n

XY ZoW,

n

20

< 10

I
W

XY Z o

Example 3.1. Fig.l. (left) represents system (3.1) withx_1 =2, x0=—1.29,y_1=7,y0=0.7,z-1=2,z0=—1.8, w_1 =24,

wo = —3.28

Example 3.2. Fig.l. (right) represents system (3.2) withx_1 =4, xo = —1.6, y_1 =142, yo = —1.28, z_1 = =5, z0 = 2.8,

w_i1 = 3.1, wo = —5.28.

15 20 25 30

0 5 10 15 20 25 30

Figure 1: System (3.1) (left) and System (3.2) (right).

Fgp+ Fgn—1y—1

_ Fprat+Fgppzw—g

Y8n—1 = Y8nt+3 =
Feng1 + Fyny—1’ Fpys+ Fenpaw_1’
Yo = Fn+ Fgn—1)0 Vonia = Fnra + Fsny3wo
n = o o 4 =,
Fsny1+ Fsnyo Fsnys+ Fsnyawo
Veni1 = Lgnyo +Lgny12-1 S Lgni6+ Lgnisx_1
= 5= T
! Lgni3+Lgnioz1’ Lgn+7+ Lgniex—1’
Vonia = Lgnt2 + Lsn+120 Vense = Lgy16 + Lgn+5X0
L8n+3 +L8n+220 ’ L8n+7 +L8n+6x0 ’
. Fgp +Fgn—12-1 o3 = Fgnia+ Fgni3x_q
T 3 =
" Fypi1 +Fgnz-1” Fgnys + Fypax—1’
. Fg + Fgu—120 o = Fynta + Fgni3x0
= g = —nt T _Sn370
Fani1+ Fenzo Fsnys + Fgntax0
. Lgnio + Lgnr1iw—1 . _ Lgnt6 + Lgntsy—1
n+l = y W5 =,
Lgni3 + Lgniow_1 Lgni7+ Leny6y-1
2o — Lgnt2 + Lan+1wo Zoe = Lgy+6 + Lsn+5Y0
N2 = 6=
Lgni3 + Lgniowo Lgn+7+ Lgni6Y0
Wey | = Fen + Fgn—1w—1 Wapis = Fenoa+ Fni3y_1
n-1= - T o . > 3=
Feny1 + Fgnw_1 Fipis + Fypaay_1
e, = Fgn + Fgn—1wo Weia = Fsnia+ Fny3y0
n= = N4 — = —
Fyni1+ Fgawo ' Fnys + Fyniayo’
Lgni2+ Lan+1x-1 Lgn+6+ Lgnts5z—1
Wepp] = 7, Wguys5 =7+,
Lgy13+ Lgniox—1 Lgni7+ Lgni6z-1
_ Lgn2+ Lgnt1x0 _ Lgnye6+ Lgnyszo
Wgpp = — Weni6 = — 70

Lgn+3+ Lgni2x0

b
Lgn17+ Lgny620
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4. Conclusion

In this paper, we showed that the system of difference equations

X Lm+2 +Lm+1yn71 y Lm+2 +Lm+lzn71
Ml = Yntl =,

L3+ L oyn—1 L3+ Liny2zp-1

L2+ Ly iwn—1 L2+ Ly 1%,

in+l = Wpntl = 7775

L3+ Linyown—1 ’ Ly 3+ Liny2Xn—1 ’

where the coefficients are the well-known Lucas numbers is solvable in closed form.

In fact, its solution is represented in terms of Lucas and Fibonacci numbers.

We also provided two illustrative examples for the case m = —1 and m = 0.

We conjecture that, the results in this paper can be satisfied to a more general case of the aforementioned system.
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