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Abstract  

In this study, multiwall carbon nanotubes (MWCNT) were employed as reinforcement elements in the hybrid 
composites of ZA27-Al2O3 produced through a powder metallurgy routine. The MWCNTs were incorporated at 
concentrations of 1%, 3%, and 5% in the samples. The preparation involved planetary ball milling for 4 hours, 
utilizing 10-diameter steel balls, followed by pressing the powders using a 20-ton capacity manual press machine 
after sintering at 400 °C. The composites' microstructures were analyzed using an optical microscope, and their 
densities were measured following the principle of Archimedes. Furthermore, the mechanical properties were 
evaluated by conducting Vickers hardness tests. The results indicate that the addition of MWCNTs resulted in an 
increase in hardness values. The sample with ZA27-Al2O3-5% MWCNT exhibited the highest hardness scale value 

Keywords: Mechanical alloying, hybrid composites, ZA-27 zinc alloy, carbon nanotube. 
 

1. Introduction  

Zinc-Aluminum (ZA) alloys have gained popularity as metal matrix composites due to their 
exceptional strength, hardness, and wear resistance. These qualities position them as viable 
alternatives to traditional materials such as aluminum, brass, bronze, or iron for designers 
working on structures and machine parts. Consequently, the increasing utilization of ZA alloys 
across various industrial applications (,such as automotive, building, sporting goods, toys, 
hardware, decoration and white goods[1]) is becoming a notable trend[2]. Moreover, ZA-27-
based composites have emerged as a cutting-edge generation of metal matrix composites, 
showcasing the potential to fulfill the evolving demands of advanced engineering in bearing and 
bushing applications[3]. Nevertheless, the alloyed system does exhibit certain limitations, 
notably its diminished performance at elevated temperatures exceeding 120°C and a relatively 
high coefficient of thermal expansion[4]. One of the possible solutions for overcoming these 
deficiencies is the reinforcement of the ZA alloy by incorporation of a thermally stable second 
phase[5]. To address these shortcomings, one potential approach is the incorporation of a 
thermally stable second phase to reinforce the ZA alloy. This strategy has proven successful in 
enhancing the properties of aluminum-based alloys through the addition of ceramic particles. 
Consequently, a growing number of researchers have been drawn to explore the production and 
analysis of ceramic-reinforced composites[6-10].  

Incorporating hard and thermally stable ceramic reinforcements into ZA alloys significantly 
enhances their hardness[11], elastic modulus[12], and reduces the coefficient of thermal 
expansion at ambient temperature. Furthermore, as the content of the reinforcing phase increases, 
there is a continuous improvement in the properties of the composite material. The increase in 
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hardness could be accompanied by[5] or without a decrease in strength[13]. Kumar et. al[14] 
reported zirconium diboride (ZrB2) reinforced zinc aluminum-based alloys. Results indicate the 
mechanical properties of the composites were improved. At 9 vol% of ZrB2, the matrix grains 
are refined by 48%, and the hardness value is improved by 68% compared to pure ZA alloy. 
Khan et al[15] studied titanium carbide (TiC)-reinforced ZA-27 alloy composites prepared by 
using the powder + liquid metallurgy route. It was observed that increasing the TiC 
reinforcement content from 5 wt % to 10 wt % results in improved wear resistance in the ZA-
based composite[16].  

Hybrid metal matrix composites (HMMCs) are second-generation composites where more than 
one type, shape, and size of reinforcements are used to obtain better properties[17]. Hybrid 
composites possess better properties compared with single-reinforced composites as they 
combine the advantages of their constituent reinforcements. A study conducted by 
Marigoudar[18] depicts an experimental model for investigating the mechanism and nature of 
chip formation during the machining of silicon carbide (SiC)-reinforced mono and SiC and 
graphite-reinforced ZA43 HMMCs. It was observed that hybrid composite being more brittle 
than mono composite material produces short segmental chips. the work is concentrated on the 
production of ZA-27 alloy and hybrid composite reinforced with 1.5 weight percentage of SiC 
and 0.5 weight percentage of graphite (Gr). The ultrasonic-assisted stir casting method is used 
for the preparation of the ZA-27/SiC/Gr hybrid metal matrix composite. The mechanical 
properties of the hybrid composite increase as compared to the base metal. 

Specifically, carbon nanotubes can be utilized as reinforcing elements in composites due to their 
exceptional properties[19-28]. A carbon nanotube is a unique form of carbon structure, exhibiting 
both elasticity and flexibility, yet possessing remarkable hardness, being ten times stronger than 
steel. It also boasts excellent electrical conductivity and an impressive melting point exceeding 
3550°C, which piques interest for its diverse applications in mechanical, electrical, and thermal 
realms. Leveraging its exceptional mechanical properties, carbon nanotubes serve as an ideal 
reinforcement in metal composites. 

In this study, we present the first-ever production of multi-wall carbon nanotube (MWCNT)-
reinforced zinc-based hybrid composites through a mechanical alloying routine. We investigate 
the impact of varying MWCNT ratios on the resulting HMMCs. Additionally, we conduct 
microstructural, density, and mechanical analyses to gain comprehensive insights into the 
performance of these innovative materials. 

2. Materials and Method 

To create MWCNT-reinforced zinc-alumina-based hybrid alloys, elemental powder precursors 
of Al, Zn, Cu, Al2O3, and MWCNT were initially employed. The composition of the zinc alloy 
resembled ZA-27 zinc alloy. The mechanical alloying process was carried out using a Retsch 
PM-100 model planetary high-energetic ball mill with 120 mL stainless steel grinding jars 
rotating at 250 rpm. The milling direction was reversed after every 7 minutes, and the total 
milling duration was 4 hours. The ball-powder weight ratio was maintained at 7:1, with 10 mm 
diameter stainless steel balls. To prevent overheating, the planetary mill was paused for 2 minutes 
after every 5 minutes of operation. Additionally, 5 ml of water was used as a wet medium agent. 
To achieve a homogenous distribution, the powder samples underwent 10 minutes of mechanical 
stirring and were then cold pressed in a steel die at 200 MPa to form bulk alloys. The bulk samples 
were subsequently sintered at 400 °C for 2 hours, followed by immediate cooling at room 
temperature. 
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3. Results and Discussion 

Aluminum (99.9% purity, ~44 µm), zinc (99.8% purity, ~44 µm), and copper (99.9% purity, ~44 
µm) powders were procured from Nanografi, while Al2O3 powders (99.9% purity, ~44 µm) were 
supplied by EGE Nano A.Ş. The chemical composition of the ZA-27 alloy is outlined in Table 
1. 

Table 1. Bulk chemical composition of ZA-27 alloy 
Al(%) Cu(%) Zn(%) 
27 2.5 70.5 

 

In this experimental study, a powder mixture of ZA-27 and Al2O3 was employed as the matrix 
material, while multi-wall carbon nanotubes (MWCNT) served as the reinforcing element. The 
technical properties of the MWCNT can be found in Table 2. The weight ratio of ZA-27 alloy to 
Al2O3 was maintained at 10:1. 

Table 2.  Some technical properties of MWCNT 
Multiwalled carbon nanotubes 
Purity (%)                                 >96 
Density (True) (g/cm3 )          2.4 
Outer diameter (nm)              8–18 
 Surface area (m2 /g)              >210 
Inner diameter (nm)               5–10 
Length (μm)                            10–35 
Density (tap) (g/cm3 )             0.3 

 

To fabricate the MWCNT-reinforced Al-Zn-Mg-Cu composites, MWCNTs were incorporated at 
weight percentages of 1%, 3%, and 5%. The densities of the investigated materials were 
determined using the Archimedean principle. The measured density of the composites with 
varying MWCNT weight percentages is illustrated in Figure 1, showcasing a decrease in density 
with the addition of MWCNTs. These findings align with a similar study conducted by Garg et 
al.[29]. The incorporation of graphene into aluminum composites resulted in a reduction in their 
density values. This phenomenon can be attributed to the decreased intergranular friction forces 
between graphene and other elements. Interestingly, the density values exhibited a further 
decrease after the sintering process (refer to Figure 1). This behavior can be rationalized by 
considering the densification stage, where the elimination of unstable materials creates 
opportunities for the formation of internal pores with varying volumes and shapes. During this 
process, small pores and/or concave surface morphologies have the ability to shrink through mass 
transfer via inward atomic diffusion from the particle's bulk towards the pore surface. This 
mechanism effectively fills the pore space. In contrast, large pores and/or convex surface 
morphologies are unable to shrink as mass transfer is dominated by outward atomic diffusion 
from the pore surface towards the particle's bulk. This dominance enlarges the pore space, 
resulting in what is commonly referred to as the foaming process, ultimately leading to a 
reduction in density. 
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Fig. 1. Measured density of the given materials 

The metallographic processes, including sanding, polishing, and etching, were employed 
sequentially. The sanding technique involved the use of 1000 and 2000 mesh sanders to treat the 
material surfaces. Subsequently, the specimens were polished using 6 µ diamond suspension 
followed by 3 µ diamond suspension to achieve a smoother finish. Finally, the samples 
underwent the etching process using diluted nitrate solutions. 

For hardness testing of the studied composites, measurements were performed using an AOB 
Vickers Microhardness tester with a load of 0.5 kgf and a dwell time of 15 seconds. Five 
indentations were made for each sample, and the mean hardness values were recorded. The 
Vickers hardness values are presented in Figure 2. Notably, the hybrid composite (ZA27-Al2O3) 
exhibited a 7% higher hardness compared to the pure alloy. The addition of MWCNTs 
significantly increased the hardness values. However, it was observed that the MWCNTs were 
not uniformly distributed throughout the structure, particularly evident in the ZA27-Al2O3-3% 
MWCNT composite (refer to Figure 2), where a decrease in hardness value was observed in 
comparison to the ZA27-Al2O3-1% MWCNT composite. 

Fig. 2. Vickers hardness values of the given materials 
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Figure 3 presents the optical images of the analyzed structures. A comparison with Figure 6 (c-
e) reveals a noticeable refinement of the grain boundaries. This observation aligns with previous 
studies on the subject [30]. Furthermore, it can be observed that agglomerations are present in 
several regions, with dense MWCNT reinforcement particles clustering around and adhering to 
the surfaces of ZA27 and Al2O3 particles. These agglomerations have a detrimental effect on the 
mechanical properties of the materials, which is consistent with the findings from the Vickers 
hardness tests. 

  
a) ZA27 b)ZA27-Al2O3 

  
c) ZA27-Al2O3-%1MWCNT d) ZA27-Al2O3-%3MWCNT 

 
e) ZA27-Al2O3-%5WCNT 

Fig. 3. Optical microscope images of the given materials 
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4. Conclusion 

This study focused on the fabrication of zinc-based hybrid composites reinforced with multi-wall 
carbon nanotubes (MWCNTs) using a powder metallurgy routine. ZA-27 and Al2O3 were 
chosen as the matrix materials, while MWCNTs were employed as the reinforcing element. The 
primary objective was to investigate the impact of varying MWCNT ratios on the properties of 
the hybrid metal matrix composites. 

The incorporation of MWCNTs resulted in a reduction in density values, which can be attributed 
to the diminished intergranular friction forces between the MWCNTs and other elements within 
the composite. Surprisingly, the sintering process further contributed to decreased density, 
contrary to its intended purpose. This phenomenon can be explained by the loss of unstable 
materials during densification, leading to the formation of internal pores with distinct volumes 
and shapes. 

To evaluate the hardness properties of the composites, measurements were conducted using an 
AOB Vickers Microhardness tester with a load of 0.5 kgf and a dwell time of 15 seconds. The 
hardness values of the ZA27-Al2O3 composites were found to be 7% higher compared to those 
of the pure alloy, highlighting the reinforcing effect of alumina. Additionally, the introduction of 
MWCNTs significantly enhanced the hardness values. 

Optical examination of the studied structures revealed that an increase in the MWCNT ratio 
resulted in finer grain boundaries. Furthermore, prominent agglomerations of dense MWCNT 
reinforcement particles were observed in various regions, adhering to the surfaces of ZA27 and 
Al2O3 powders. These agglomerations contributed to a decrease in the hardness values of the 
powders, consistent with the findings from the Vickers hardness tests. 
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Abstract  

In research, composite parts adhesively joined with single-lap joint (SLJ) and intermediated material under tensile 
load were examined by finite element analysis (FEA). While T700 Carbon/epoxy was used for composite parts and 
intermediate material, DP 410 type was preferred for adhesive. The numerical studies were carried out by ANSYS 
14.5 based on finite elements method. The von-Mises failure criteria and the Tsai-wu failure criteria were 
respectively considered for adhesive and composites. The analyses were firstly actualized to determine the failure 
loads for each parameter situation. The stresses at obtained failure load for each parameter state were investigated. 
The critical equivalent stresses on adhesive layers were examined and the critical stress lines for length and width 
was determined. The distributions of normal and shear stresses in all directions were obtained by considering 
critical stress line on adhesive layers. Similarly, the von-Mises stress distributions were obtained. Considering 
critical stress lines, the stress distributions on width and length of overlap dimensional were compared. The effects 
of overlap dimensional, orientation angle and intermediated material on effect of joint zone were investigated. 

Keywords: Intermediated material, finite element analysis, orientation angles, stress analysis, adhesive, joint design. 

1. Introduction 

Composite materials is preferred many industries, such as aircraft, aerospace, automotive, 
marine, sport equipment and various areas such as lightweight and excellent structural 
performance [1-3].The use of adhesive bonding for combining structures as different from other 
conventional methods is created many advantages. It enables a simple and efficient joint 
procedure while obtaining any weight decrease and limiting material failure [4]. Also, due to 
easy application and good mechanical properties of adhesives, there is also an increasing demand 
for adhesives for repairing and joining damaged parts [5].  

Adhesive applications are widely used to be joined many materials. Important factors in bonding 
processes are the working life and strength of the joined area. Therefore, many researches about 
joint design are carried out. Single-lap joint (SLJ) joining techniques are also used in composite-
metal connections in different loading situations. When the effect of the adhesive to different 
types of materials cannot be similar, it will show different mechanical behavior as a result of 
combining different materials [6-8]. Moreover, different studies on SLJ are available in the 
literature. Shang and et al. [9] fabricated and tested SLJs with a hard and brittle adhesive. It was 
shown that SLJs joined with the tough adhesive failed by interlaminar delamination in the CFRP, 
SLJs bonded with the brittle adhesive failed cohesively in the adhesive. In a study on joint 
lifetimes, tensile tests were actualized on the SLJs to define the highest loads for fatigue tests and 
also to evaluate their quasi-static behaviors. They determined fatigue loads according to the test 
results and conducted studies at different adherents thicknesses. Also, they determined the fatigue 
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loads according to the test results and conducted studies on the strength of SLJs with different 
adherents thicknesses [10]. 

Moreover, Huang and et al. [11] investigated the influence of temperature, impact energy and 
stiffness combination on residual tensile properties. It was noted that both temperature and 
impact energy now have a strong correlation with the static properties, and decreasing the relative 
stiffness ratio can decrease the residual tensile strength of SLJs. In another study, Shi and et al. 
[12] carried out numerical studies and experimental on the FT durability of basalt FRP (BFRP) 
SLJs. It was noted that the tensile properties of different BFRPs were not affected by FT cycling, 
while significant deterioration was seen for the bonding behavior of the epoxy resin and fiber-
matrix interface. Choudhury and Debnath [13] have experimentally examined mechanical 
characterization of adhesively joined SLJ of green composites under tensile and compressive 
loads. They found that increasing the overlap length dimensions positively affects the mechanical 
performance. Moreover, there were studies on the joining of different materials using the single-
lap joint method and the mechanical performance of the joint area. In most studies, parameters 
such as different overlap sizes, adhesive thickness, different loadings, adhesive type and 
orientation angle of composites have been taken into account [13-20].  

In this investigative, composite plates adhesively joined with SLJ and intermediated materials 
were investigated by non-linear FEA. In this joint design, composite layer between adhesive 
layers were put into. Failure loads were obtained for parameters such as over-lap dimensional 
and orientation angles. Due to be important the adhesive zone, shear stresses, stresses at all 
directions and the equivalent stress on adhesive layers were determined at the time of the failure. 
The aim of the research is to demonstrate that the adhesive is easy to use, high strength and more 
practical in composite plates for the industry. 

2. 3-D Finite Element Modeling 

Composite plates bonded with intermediated material under tensile load were presented in Fig. 
1. Composite adherends were eight layered, intermediated material was one layered composite. 
Composites and adhesive were considered carbon/epoxy (T700) and DP 410 respectively. The 
material constants of adhesive in Table 1 and composites Table 2 were presented. The parameters 
in Table 3 were considered for orientation angles. The σ-ε behavior of adhesive was shown in 
Fig. 2.  

The each layer thickness and the thickness of intermediated composite material were 0.2 mm (t), 
the total thickness of composite plates was 8 x t, and the thickness of adhesive layer was 0.2 mm 
(t1). The lengths (L) of the composite parts were 62.5 mm, the over-lap lengths (L1) and widths 
were 15 mm, 20 mm, 25 mm. Orientation angle of intermediated composite material was 
considered Type I for all joints. 
 

Table 1. Material properties for DP 410 adhesive [18-22] 
Properties DP 410 

(MPa)aYoung’s modulusE 2567.45 
Poisson’s ratio 0.31 

(MPa)ys Yield strength 38 
(MPa)tsUltimate tensile strength 40.79 

)1-(mm∙mm te Ultimate tensile strain 0.027 
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Fig. 1.Composite plates joined with SLJ and intermediated material 
 

In the non-linear FEM, composite plates bonded with SLJ and intermediated materials were simulated via 
FEM. 3D-FEM was generated during the analysis of joint with SLJ and intermediated materials. In the 
model, SOLID186 was considered in the macro ANSYS 14.5 version generated. Its properties were 20 
node isoperimetric quadrangular elements and three degrees of freedom for each node in all directions. 
One end of plates jointed was fixed nodal in all directions, other one was fixed in y and z directions. In 
Fig. 3, the joint design configuration, detailed mesh status and boundary conditions considered in research 
were presented. Failure analyses were realized for joints with SLJ and intermediated materials. The von-
Mises failure criteria and Tsai-wu failure criteria were respectively considered for the adhesive and the 
composite [18-22]. 
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Table 2. Material properties for T700 [23] 
Properties Carbon/epoxy (T700) 
Ex  (MPa) 132000 
Ey  (MPa) 10300 
Ez (MPa) 10300 
Gxy(MPa) 6500 
Gyz(MPa) 3910 
Gxz (MPa) 6500 

νxy 0.25 
νyz 0.38 
νxz 0.25 

Tx (MPa) 2100 
Ty (MPa) 24 
Tz (MPa) 24 
Cx (MPa) 1050 
Cy (MPa) 132 
Cz (MPa) 132 
Sxy(MPa) 75 
Syz(MPa) 75 
Sxz(MPa) 75 

 
Table 3. Angle parameters 

Orientation angles(0)  
[0/ 0/ 0/ 0/ 0/ 0/ 0/ 0] Type I 

[15/ -15/ 15/ -15/ 15/ -15/ 15/ -15] Type II 
[30/ -30/ 30/ -30/ 30/ -30/ 30/ -30] Type III 
[45/ -45/ 45/ -45/ 45/ -45/ 45/ -45] Type IV 
[60/ -60/ 60/ -60/ 60/ -60/ 60/ -60] Type V 
[75/ -75/ 75/ -75/ 75/ -75/ 75/ -75] Type VI 

[90/ 90/ 90/ 90/ 90/ 90/ 90/ 90 ] Type VII 
 

 
Fig. 2.Tensile stress–strain curve of DP 410 [18-22] 
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Fig. 3.Detailed mesh structure and boundary conditions on the model 

3. Results and Discussion 

3.1. Influence on stress distributions of L1 lengths and angles 

Stress distributions of joint with SLJ and intermediate material were researched, the analysis was realized 
considering the dimensional and all orientation angles parameters of the 20 mm strap joint. Failure always 
created on composite parts, but the strength of the adhesion surfaces of the adhesive is important in 
bonding processes. Therefore, bond-lines on the adhesive in the joint region (Fig. 1) were considered. In 
order the determination of critical lines on joint region, seqv distributions of the all lines on adhesive layers 
were checked.  The seqv on C-D and D-D1 were presented both maximum in Fig. 4a and Fig. 4b. So, the 
stresses were investigated for the C-D line on edges and the D-D1 line on width. 
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(a) (b) 

Fig. 4. Comparison the equivalent stresses throughout all lines (Fig. 1) for 20 mm of L1 and Type IV, a) 
On edges, b) On width 

The stress behaviors of the joints with intermediated material and SLJ were given in Figs. 5 to 6. 
The stresses on critical lines of joint were generally maximum at the C-D on edge and the D-D1 
on width. This was because the composite part on which the loading was made and the C-D and 
D-D1 lines on the adhesive were directly exposed to the damage load. 

Due to be critical area adhesive layers, the distributions of sx, sy, sz, sxy, sxz, syz and seqv on 
adhesive were determined at damage loads.  When Figs. 5 to 6 were investigated, the stresses 
were shown that were determined on critical lines as a result of joints with SLJ and intermediated 
material. 

In Figs. 5 to 6, the actions of angles on the adhesive layers were presented. It could be said that 
sx, sy, sz, sxy and seqv on critical line was the highest when composite parts with Type VII were 
used.  syz was the highest when joints with Type V were used. The sxz was the highest when 
joints with Type VI orientation angles were considered.   
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(a) 

 
(b) 

  
(c) (d) 

Fig. 5.Comparison of stresses for all orientations throughout C-D for 20 mm of L1, a) In x-direction, b) 
eqvdirection, d) Equivalent stress σ-zdirection, c) In -In y 
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)b( )a( 

 
)c( 

Fig. 6. Comparison of shear stresses for all orientations throughout C-D for 20 mm of L1, a) σxy,b) σyz,c) 
σxz 

The seqv stresses on C-D and D-D1 were examined in Fig. 7. Stress values in C-D and D-D1 
stress lines for each orientation angles were compared together on the same graphs. While there 
was a regular stress distribution in the C-D and D-D1 stress lines at the Type I, Type II and Type 
VII orientation angles, it was observed that there was no regular stress distribution at the other 
orientation angles. It was seen that the maximum values were reached in the middle sections, 
while it was minimum in the ends of overlap. But this situation seems to be different in Type III, 
Type IV, Type V and Type VI. Specially, effect of Type IV angle was more different. It could 
be stated that the angles are influential both across the edge and width in the overlap region. 
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a) b) 

  
c) d) 

  
e) f) 

 
g) 

Fig. 7.The equivalent stresses compared throughout C-D and D-D1 for 20 mm on adhesive layer, a) 
Type I, b) Type II, c) Type III, d) Type IV, e) Type V, f) Type VI, g) Type VII 
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a) b) 

Fig. 8. Comparison the equivalent stresses for different line length (Fig. 1) considering Type IV, a) On 
edges, b) On width 

 

In Figs. 8a and 8b, seqv distributions on adhesive layer were investigated for all overlap 
dimensional with Type IV. On the edge, it could be stated that seqv stresses distribution for all L1 
lengths was very close. Otherwise, seqv distributions for all overlap on width were different. seqv 
distributions over the widths were listed from maximum to minimum as 15 mm, 20 mm and 25 
mm, respectively. As a result, it could be said that different seqv distributions were observed at 
different width lengths. Therefore, it could be said that overlap s dimensional was important for 
joining. 
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a) b) 

 
c) 

Fig. 9. Comparison the equivalent stresses for C-D and D-D1 considering Type IV, a) for 15 mm, b) for 
20 mm, c) for 25 mm 

As shown in Fig. 9, the equivalent stresses on C-D and D-D1 were investigated for different 
overlap dimensional and Type IV orientation angle. Stress values in C-D and D-D1 stress lines 
for each overlap dimensional were compared together on the single graph. It could be said that 
as the overlap length increases, differences in stress distributions occur. The greatest change was 
observed at 25 mm overlap dimensional. 

3.2. Actions on failure load of L1 length and angles 

The damage conditions of composites adhesively bonded with intermediated materials and SLJ 
for different parameters were presented Table 4. In Fig. 2, σ-ε behavior for adhesive was 
presented. In order to predict the damage load of the adhesive, the ultimate strain the (ε∗) in Table 
1 was considered. The equivalent strain (εeqv) and the equivalent stress (σeqv) were computed by 
the von Misses yield criterion and it was assumed that the damage occurred when εeqv calculated 
reached the ultimate strain at any point of the adhesive layers. Also, for composites, damage 
control of composite parts and intermediate materials was carried out by Tsai-wu fracture 
criterion, taking into account the maximum strength values given in Table 2. A solution with 
nonlinear material behavior in the finite element analysis was reached by applying the load step 
by step to follow the equilibrium paths and iterating to a convergent solution with each load 
increase. Therefore, a pressure of 0.4 N/mm2 per mm2 area was for each load step. The remaining 
load was then applied in the last step [18-22, 24, 25]. 

Behaviors of sx, sy, sz, sxy, sxz, syz and seqv were generated considering tensile failure load on 
critical stress lines. The stresses in the interfaces of joint area were shown in Figs. 4a and 4b, the 
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biggest stresses on the bond-lines occur for C-D and D-D1. For that reason, stresses on these 
lines were investigated during the research. 

 

 
Fig. 10. The failure loads compared for all parameters 

 
Table 4. The numerical results for joint 

Specimen 
number 

L1 
(mm) 

Orientation angle  
)0( 

Failure load 
(N) 

1 

15 

Type I 96.0 
2 Type II 100.8 
3 Type III 120.0 
4 Type IV 206.4 
5 Type V 480.0 
6 Type VI 940.8 
7 Type VII 1161.6 
8 

20 

Type I 128.0 
9 Type II 128.0 
10 Type III 166.4 
11 Type IV 281.6 
12 Type V 652.8 
13 Type VI 1203.2 
14 Type VII 1497.6 
15 

25 

Type I 160.0 
16 Type II 160.0 
17 Type III 208.0 
18 Type IV 368.0 
19 Type V 816.0 
20 Type VI 1472.0 
21 Type VII 1824.0 
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As presented in Fig. 10 and Table 4, the failure load of the joint with 25 mm L1 length and Type 
VII orientation angle were bigger than other. Also, the minimum predicted damage loads of 
joining with SLJ and intermediated material were Type I, Type II orientation angles. Moreover, 
the highest failure loads of the joint with SLJ and intermediated material were Type VII for all 
overlap lengths. 

For 15 mm, 20 mm and 25 mm overlap dimensional; effects of angles were seen to be different 
in Table 4. Because failure regions were on composite part for all parameters and joint 
dimensional was different for each overlap length. Consequently, the highest damage loads were 
obtained in Type VII orientation angles, the smallest damage loads were obtained in Type I. 
Moreover, the largest damage load was obtained, since the joint area with 25 mm for L1 had the 
widest bond surface. 

4. Conclusions 

In the research, composite jointed with intermediated material were researched by FEM. The 
conclusions were as follows:   

• The C-D on edges and the D-D1 on width were considered as critical stress lines for joint with 
SLJ and intermediated material. 

• For joint with SLJ and intermediated material, sx, sy, sz, sxy and seqv on critical line of 
adhesive layer was the highest at Type VII orientation angle. 

• The syz was the highest on critical line of adhesive layer was the highest at Type V orientation 
angle.  

• The sxz was the highest on critical line of adhesive layer was the highest at Type VI orientation 
angle.  

• When the stresses on C-D and D-D1 were compared together, the highest stress values 
occurred in Type VII. 

• On the edge, the equivalent stresses for all L1 lengths were very similar. 

• The equivalent stresses on width were maximum for 15 mm. 

• When C-D and D-D1 stress lines were compared together for all overlap dimensional, the 
highest stress values occurred in 25 mm dimensional. 

• The failure load of the joint with 25 mm L1 length and Type VII orientation angle were bigger 
than other. 

• The highest failure loads were joint with Type VII for all overlap lengths. 

• The smallest damage loads were obtained in Type I orientation angle. 
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Abstract  

Concrete structures may be subjected to dynamic loadings like earthquakes, impact, and vehicular loads. These 
loads may cause considerable damage to infrastructures and shorten their life span. To reduce the effects, improving 
concrete’s dynamic properties is important. This can be done using granular elastic components and fibers in the 
production of concrete. This research explores the influence of using coated aggregates on the physical, mechanical, 
and dynamic properties of concrete. Experimental investigation on concrete with epoxy, epoxy-sand, and epoxy-
crumb rubber as a partial replacement of coarse aggregates at different volume fractions ranging from 5% to 20% 
was conducted. Furthermore, the dynamic modulus of elasticity of concrete with coated aggregate was determined 
by measuring the resonant frequencies of flexural vibrations in a prismatic beam using an impactor (hammer). 
Results indicate that partial replacement of epoxy-crumb rubber coated aggregates in concrete shows a reduction 
in mechanical proprieties. However, significant improvements in the mechanical and dynamic properties of concrete 
were observed by the partial replacement of coarse aggregates with epoxy and epoxy-sand coated aggregates. 
Compressive strength and dynamic elastic modulus were enhanced by 12% and 10%, respectively, when concrete 
with 15% epoxy-sand coated was used. The results showed that concrete specimens using epoxy and epoxy-sand 
coated as a partial replacement for coarse aggregate have higher mechanical properties as compared to those of 
concrete specimens with epoxy-crumb rubber-coated aggregates.  Moreover, the results showed that the calculated 
values of the dynamic modulus using the empirical relations proposed by Popovics and Hansen were overestimated 
as compared to the experimental values. 

Keywords: epoxy-sand coated, epoxy-crumb rubber coated, resonant frequencies, flexural vibrations, dynamic 
modulus 

1. Introduction 

As concrete is one of the most commonly used materials in the construction industry, it is critical 
to investigate its mechanical and dynamic properties. The vast application of concrete in the 
construction industry has led to increasing demand for improved performance against impact 
and dynamic loads. Several energy-absorbing materials were added to improve the ordinary 
concrete resistance to impact or dynamic loads and significant development has been achieved 
in this area [1]. Using coated aggregates is one of the recent interventions that may potentially 
affect; the interface bond between coarse aggregates and the matrix, the local dynamic response 
at the interfacial transition zone, moisture interaction between coarse aggregates and the matrix, 
etc. Coating of aggregates with different mixed solutions and their influence to the aggregate's 
properties and the properties of concrete was explored in this study. 

An aggregate particle's shape can be expressed by three independent properties: form, angularity, 
and surface texture. The shape reflects variations in a particle's proportion and the angularity 
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reflects variations at the corners. Surface texture describes the irregularity of the surface at a 
scale too small to affect the overall shape or angularity. The three properties can be distinguished 
based on their various particle size scales. These characteristics are distinct from one another, 
which means that any one of them may change significantly without having an effect on the 
other two [2]. Therefore, improving the surface texture of aggregate particle's has effects on 
properties of concrete. The improvements are utilized by means of coating aggregates with 
geopolymer [3], epoxy and polymers [4], palm oil clinker powder (POCP) [5], clay [6,7], plastics 
[8-13], silicon [14], hydrophobic polymers and styrene-butadiene rubber (SBR) [15], and other 
nanoparticles.  

Geopolymer coating of lightweight aggregates (LWA) has been investigated by Shahedan, N. 
F., et al., [3] and it has been proven to enhance the properties of lightweight aggregate. The 
coating of aggregate can decrease the water absorption, excellent durability and bonding 
strength. Geopolymer coatings are sustainable materials because of their low pollution, and 
environmental friendliness, as well as their superior performance. Lim, Taekyung, et al., [4] 
observed high-strength functional lightweight aggregates using epoxy-TiO2 coating. They also 
indicated the strength properties of the LWA are dependent on the concentration of epoxy and 
coating method. Abutaha, F., et. al, [5], investigated the mechanical properties of palm oil clinker 
(POC) concrete using palm oil clinker powder to fill up and coat the surface voids of POC coarse 
aggregate under different (0-100%) replacement of coarse aggregates. By providing enough 
paste to coat the POC surface voids, POCP coating greatly improved the compressive strength 
of the POC concrete [5].  

Clay-coated coarse aggregates were observed to cause higher values of drying shrinkage in 
concrete and adding extra water did not result in significant increases in its shrinkage property 
at later ages [6]. Moreover, a study conducted by [7] identified the effects of clay coating on 
concrete properties. The researchers selected four clay types: sodium montmorillonite (NaM), 
calcium montmorillonite (CaM), kaolin and illite to coat the coarse aggregate. Based on their 
findings, the compressive strength of clay-coated aggregates with NaM and CaM clays was 
significantly lower than that of the control mix by approximately 88% and 75%, respectively. 
Additionally, these two clay coatings also reduced the split tensile strength by 80% and 65%, 
respectively. However, kaolin and illite coatings essentially have no effect on compressive 
strength of concrete. 

Plastic wastes such as Polyethylene (PE), Polypropylene (PP) and Polystyrene (PS) by mixing 
with various types of hot bitumen were also used for coating coarse aggregates in concrete [8-
13]. Generally, these types of coating are described as Plastics Coated Aggregate (PCA).  

PCA at a higher percentage (up to 25%) were found to improve adhesion property and aggregate 
strength [8]. Experimental investigation, on partially replaced coarse aggregates with coated 
aggregates with polypropylene waste plastic resulted in reductions in crushing strength (by 
5.09%), impact strength (by 1.67%) and abrasion resistance (by 8.27%) as compared to uncoated 
coarse aggregates [9]. A separate study on PCA was observed to enhance binding capacity, 
Marshall stability, strength, and load bearing capacity for road construction application. In 
addition, the abrasion resistance and impact strength were improved when PCA was used [10-
12]. Interestingly, their technology not only strengthened road construction, but also increased 
road life with reduced environmental impact.  

According to Dawale, S. A. [13], plastic wastes (e.g., discarded carry bags, films, and cups) were 
used to coat coarse aggregates with bitumen. From the study, results indicated that there were 
improvements in properties such as water absorption, stripping value, and soundness. The PCA 
mixture has a lower penetration value and a higher softening point, as well as adequate ductility. 
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The study conducted by [14] investigated the effect of silicon coated aggregates on concrete 
properties. In the study, mechanical properties of concrete were investigated under different 
loading rates. Results revealed that, the compressive strength with silicon coated aggregates with 
5% replacement level had slightly increased. However, for 10% and 15% silicon coatings, the 
compressive strength was reduced in all loading rates. In addition, a higher reduction in static 
modulus of elasticity (30% - 43.5%) was exhibited. 

Furthermore, the study [15] investigated the effect of coating of scoria and Leca aggregates using 
hydrophobic polymers-polyvinyl acetate (PVA) and styrene-butadiene rubber (SBR) polymers 
on the mechanical and microstructural properties of lightweight concrete. Coatings were applied 
in single and double layers. Test results showed that, the compressive strength of mixtures 
containing scoria lightweight (coated with one or two layers) increased by 21%. Moreover, the 
compressive strength for mixes containing Leca lightweight aggregates increased by 13.5%. 

The focus of the previous researches discussed above is mainly on non-dynamic properties of 
concrete with coated aggregates. In this study, the effect of coating aggregates with epoxy, 
epoxy-sand and epoxy- crumb rubber on the mechanical as well as the dynamic properties of 
concrete were experimentally investigated. The dynamic modulus of elasticity as determined by 
the impact resonance method is compared with the theoretical results obtained from the static 
modulus using the relation proposed by Popovics [16]. Moreover, the dynamic modulus is 
compared with the results determined from the compressive strength using the relationship 
developed by Hansen [17]. 

2. Materials, Mix Design, and Experimental Program 

2.1. Material Characterization  

For the preparation of concrete mixtures, Portland OPC 42.5 grade cement, sand and crushed 
stone with a maximum size of 25 mm were used. In this study, to coat aggregates, Sika -161 and 
T 19 - 32/1000 epoxy resins were used. Furthermore, crumb rubber particle sizes ranging from 
2.5-3.5 mm and standard sand particle sizes ranging from 0.75-2.0 mm are used for coating 
aggregates. Table 1 shows the physical properties of standard sand, crumb rubber, sand and 
coarse aggregates. The gradation requirements of sand and coarse aggregates were checked and 
both aggregates satisfy the requirement set on ASTM C 136 [18]. Properties of epoxy resin (Sika 
- 161 and Epilox T 19-32/1000) and Polymeric coupling agent (BYK-C 8001) are presented in 
Table 2. 

 
Table 1. Physical properties of standard sand, sand, coarse aggregates and rubber 

Physical properties Standard 
sand Sand Coarse 

aggregate 
Crumb 
rubber 

Specific gravity 2.6 2.5 2.7 1.03 
Moisture content % < 0.2 2.4 1.3  

Water absorption % 0.7 2.04 1.02  

Unit weight kg/m³ 1580 1405 1615 720 
 

Concrete specimens of various sizes were cast and tested. Tests were carried out in accordance 
with EN (European Norm) and ASTM (American Society for Testing and Materials) standards. 
Concrete mixtures with replacement of maximum 20% coarse aggregate by epoxy, epoxy - sand 
and epoxy- crumb rubber coated aggregates with an increment of 5% are considered. 
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Table 2. Properties of Epoxy resins and Coupling Agent   

Sika -161 Epoxy [19] 
Epilox® 

T 19-32/1000 [20] 
Coupling Agent 

BYK-C 8001 [21] 

density approx.  
1.65 g/cm³ (23 °C) 
Shore D Hardness 
~76 (7 days / +23 °C) 
(DIN 53 505) 
Compressive Strength 
> 45 N/mm² (mortar 
screed, 28 days / +23 °C / 
50 % r.h.) (EN13892-2) 

density approx. 
1.14 g/cm³ (20 °C) 
liquid, solvent-free, 
crystallization-inhibited,  
low-molecular and low 
viscosity epoxy resin 
viscosity at 25 °C  
(1.0-1.3 (Pa·s)) 
 
 

density 1.035 g/cm³ (20 °C) 
melting point/range < -76 °F 
(< -60 °C)  
initial boiling point 194 °C 
(1,013 hPa) 
vapor pressure 
ca. 0.55 hPa (20 °C) 
Viscosity, dynamic 34 mPa.s  
(68 °F (20 °C)) 

 

The control mix is designated as CM-0, concrete with epoxy coated aggregates as ECA-n, with 
sand coated aggregates as SCA-n and with crumb rubber coated aggregates as RCA-n. The letter 
n indicates the replacement level (e.g., ECA-15 represents concrete with 15% replacement of 
coarse aggregate by epoxy-coated aggregates). 

2.2. Mix Design 

The proportion of materials is determined using a volume-based mix design method. Concrete 
mixtures incorporating coated aggregates with epoxy, epoxy-sand and epoxy-crumb rubber at 
0%, 5%, 10%, 15% and 20% substitution of coarse aggregate were prepared. Cement, sand and 
coarse aggregate mix proportion of 1:1.5:3 was used, with a water-cement ratio for all mixtures 
was 0.45.  

Manual coating is used for each of the coatings used in the study. For the epoxy coated 
aggregates, the aggregates are only coated with epoxy. For the epoxy-sand and epoxy-crumb 
rubber coated aggregates, initially the aggregates are coated with epoxy and are left for 45-60 
min. The epoxy coated aggregates, and then thoroughly blended with the standard sand for the 
epoxy-sand coated aggregates and with crumb rubber for the epoxy-crumb rubber coated 
aggregates. During this process, the sand and crumb rubber stick on the surface of the epoxy 
coated aggregates (see Figs. 2b and 2c). Finally, the coated aggregates are allowed to dry for 
three days (under a temperature T = 20oC and relative humidity RH=70%) before being used to 
make concrete mixtures. It can be observed that the sand and crumb rubber particles are well 
distributed over the surface of the aggregates, see Figs. 2b and 2c.  

Fig 1 shows samples of crumb rubber and standard sand used in this study for coating the natural 
coarse aggregates. Moreover, samples of coated aggregates with epoxy, epoxy-sand, and epoxy-
crumb rubber are shown in Fig 2. 
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(a) crumb rubber (b) standard sand 

Fig. 1. Crumb rubber and standard sand samples 
 

 

   
(a)  (b)  (c)  

Fig. 2.  (a) epoxy coated   (b) epoxy-sand coated   (c) epoxy-crumb rubber coated aggregates 

2.3. Experimental Program 

2.3.1. Test Methods 

Testing procedures for measuring the mechanical and dynamic properties of concrete, such as 
compressive strength, split tensile strength, static and dynamic moduli of elasticity of concrete 
are conducted in accordance with ASTM and EN test standards and tests are carried out on 28th 
days aged concrete specimens. 

Compressive strength test (cube specimens with 150 mm dimensions) is conducted following EN 
12390-4: 2019 testing procedure [22]. For split tensile strength test (cylindrical specimens with 
dimensions of 300 mm in length and 150 mm diameter), ASTM C496-96 [23] and EN 12390-6 
[24] test procedures were performed. The static modulus of elasticity (cylindrical specimens with 
dimensions of 300 mm in length and 150 mm diameter) is determined as per EN 12390-
13:2021[25] standard. Moreover, for dynamic modulus of elasticity test (beam specimen with 
100mm×100mm×500mm), impact resonance testing was performed as per ASTM C215-08 
standard [26].  
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2.3.2. Fundamental Transverse Resonant Frequencies  

In the experimental program, using the Impact Resonance Testing (IRT), the fundamental 
transverse resonant frequency of concrete specimens was measured and the corresponding 
dynamic modulus of elasticity of concrete is calculated. For transverse vibration, the support 
nodes are located at a distance equal to 0.224 times the length of the specimen (L) away from the 
ends of the specimen. The schematic diagram of a test setup for a rectangular concrete prism with 
square dimensions of 100 mm and a length of 500 mm is shown in Fig. 3. 
 

 
Fig. 3. Schematic of transverse mode (ASTM C215-08) 

A hammer (small impactor of 750 gm), an accelerometer (Arduino type, MPU-6050) and a 
computer are used to test the impact resonance frequency. The impact point was at the mid span 
of the prism's top face, and the accelerometer was attached to the specimen's positioned 20 mm 
from the edge. The locations of the accelerometer, impact point, and boundary conditions 
remained consistent across all concrete specimens. To allow free vibration in the fundamental 
transverse mode with a free-free boundary condition, the supports are placed at nodal points. The 
instrumentation and experimental test setup employed in this study is shown in Fig. 4. 
 

  
Fig. 4. Experimental Test set-up: accelerometer (Arduino type, MPU-6050) and impactor  

2.3.3. Determination of Resonant Frequencies  

Under free-free boundary conditions, a supported prismatic beam specimen is struck manually 
with an impact hammer to produce vibration. The Arduino UNO board was connected to a 
computer via Arduino software to record time domain signal of the specimen response received 
from the accelerometer and then transformed the recorded time domain signal into amplitude-
frequency domain using MATLAB code based on Fast Fourier Transform (FFT). The resonant 
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frequency (frequency corresponding to the peak amplitude) is then determined from the 
Frequency Response Function (FRF). 

2.3.4. Dynamic Modulus of Elasticity  

In this section, IRT method, which is a dynamic young's modulus measurement technique, is 
briefly described. According to ASTM C215-08, the dynamic modulus of elasticity of concrete, 
Ed, is calculated from the fundamental transverse frequency, mass, and dimensions of the test 
specimen.  For the prismatic specimen, the dynamic modulus of elasticity (Ed) can be given by 
the following Eq. (1) [26]:  
 

 (1) 

where Ed is the dynamic modulus of elasticity (Pa), M is the mass of prism (kg), n is the 
fundamental transverse resonant frequency (Hz), L is the prism Length (m), b, t are the cross-
sectional dimensions of the prism (m), and T is the correction factor. 

The correction factor depends on the ratio of the radius of gyration, K, (for a prism K = t/3.464), 
the length of the specimen (L) and the Poisson’s ratio. Numerical values of the correction factor 
for various values of Poisson’s ratio and K/L are given in ASTM C215-08 [26].  

3. Results and Discussions 

The mechanical and dynamic properties of conventional concrete and concrete with coated 
aggregates (epoxy resin, epoxy-sand and epoxy-crumb rubber coated) were tested and results are 
presented in the following subsections. 

3.1. Mechanical Properties 

Test results on the compressive strength, split tensile strength, and static modulus of elasticity of 
concrete with various coating fractions are presented in Table 3 below. Three tests were 
conducted on each sample, and average values are presented. Additionally, graphs of the test 
results are shown in Figs. 5-7. 
 

Table 3. Compressive, split tensile strength and static modulus of elasticity of concrete 

Percentage 
replacement  

(%) 

Compressive strength 
(MPa) 

Split tensile strength 
(MPa) 

Static Modulus  
(GPa) 

Epoxy 
coated 

Sand 
coated 

rubber 
coated 

Epoxy 
coated 

Sand 
coated 

rubber 
coated 

Epoxy 
coated 

Sand 
coated 

rubber 
coated 

0 37.79 37.79 37.79 2.37 2.37 2.37 29.98 29.98 29.98 
5 38.77 40.81 37.42 2.43 2.38 2.24 30.68 31.16 29.54 
10 37.28 41.03 36.64 2.25 2.49 2.16 27.70 29.68 28.05 
15 34.59 42.41 34.97 2.28 2.43 2.12 27.25 28.59 27.40 
20 33.46 41.17 34.11 2.16 2.30 2.08 28.22 29.73 25.64 
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Fig. 5. Compressive strength (MPa) 

Based on the test results shown in Table 3, the compressive strength of concrete with coated 
aggregates was in the range between 34.1 and 42.4 MPa. Optimal compressive strength of 
concrete was observed for SCA-15, which is an increment of 12%. The increment was observed 
due to the formation of rough texture of the surface when the aggregates were coated with epoxy-
sand, which enhances the bond between the matrix and the aggregate surface. However, the 
maximum reduction in compressive strength was at ECA-20, i.e., approximately 11% lost with 
respect to the control mix. The strength reduction may be caused due to weak interface strength 
between the epoxy coated aggregates and the matrix.  

For epoxy coated aggregates, a slight increment of 3% was noticed in its compressive strength at 
5% replacement level. This is due to the presence of smaller, locally formed micro-cracks that 
changes the crack patterns at this localized area. According to a study in [27], the presence of 
primary micro-cracks did not affect the compressive strength of concrete, but remarkable 
reduction was observed as the crack width and crack angle increased. However, beyond 5% 
replacement level of epoxy-coated aggregates, a reduction in compressive strength ranging from 
2% to 11% was observed. The reduction is caused by the development of smooth texture which 
decreases the contact area. This results a poor bond between the interface of aggregate and the 
matrix. For RCA-5, there is a slight reduction of 0.95% in compressive strength was achieved. 
For the other rubber coated aggregates, a reduction of 3% - 10% was observed.  
  
  

 

 

 
Fig. 6. Split tensile strength (MPa) Fig. 7. Static Modulus of Elasticity (GPa)  
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As shown in Fig. 6, for split tensile strength, there is a higher reduction up to 12% was observed. 
Maximum split tensile strength is obtained when SCA-10 concrete mix was used, resulting an 
increment of 5%. Moreover, as shown in Fig. 7, better results in static modulus were achieved if 
ECA-5 and SCA-5 coatings have been used. It is also observed that, the optimal static modulus 
(4% increment) was achieved if SCA-5 mix was used. Unlike ordinary concrete, the increase in 
compressive strength is not directly associated with the increase of static modulus with partial 
replacement of epoxy-sand coated aggregates. It can be observed that the compressive strength 
of the SCA concrete increases with the replacement of coated aggregates, however the static 
modulus reduces with the increase in replacement of epoxy-sand coated aggregates. 

3.2. Dynamic Modulus of Elasticity (Impact Resonance Method) 

The dynamic modulus of elasticity was determined by using the impact resonance method for 
concrete with coated aggregates of different coating materials. Samples of the acceleration time 
history is shown in Fig. 8 below. Moreover, Fig. 9 shows the Frequency Response Function 
(FRF) of SCA-5 and RCA-15 concrete specimens.  

 

  
(a) SCA -5  (b) RCA -15  

Fig. 8. Acceleration time history   

  
(a)  SCA -5 Test 2  (b)   RCA -15 Test 3 

Fig. 9. Samples of Frequency Response Function (FRF) 

The dynamic modulus of elasticity of concrete, Ed, is computed using Eq. (1) and the results are 
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presented in Table 4. For each concrete specimen, three repeated tests were performed and mean 
values of the resonant frequency were taken for the determination of the dynamic modulus of 
elasticity. For the tested specimen with a K/L ratio of 0.06 and a Poisson’s ratio of 0.24, the 
correction factor (T) is 1.29 [26]. 
 

Table 4. Resonant Frequency and Dynamic Modulus of Elasticity 

Notation 
Mass of Prism  

(kg) 

Average values CoV  
(%) 

Increment 
(%) Resonant 

Frequency (Hz) 
Dynamic 

Modulus (GPa) 
CM-0 10.55 1452.30 33.96 3.47 - 
ECA-5 10.72 1465.00 35.11 2.13 3.39 
ECA -10 10.47 1423.31 32.37 1.99 -4.68 
ECA -15 10.65 1385.43 31.20 1.17 -8.13 
ECA -20 10.75 1365.63 30.59 3.93 -9.92 
SCA -5 10.43 1457.04 33.79 2.60 -0.49 
SCA -10 10.95 1448.19 35.05 3.04 3.21 
SCA -15 10.98 1490.02 37.20 2.96 9.55 
SCA -20 10.95 1411.98 33.32 1.53 -1.89 
RCA-5 10.17 1499.16 34.88 1.37 2.72 
RCA -10 10.59 1438.86 33.46 3.48 -1.47 
RCA -15 10.95 1370.06 31.37 2.88 -7.63 
RCA -20 10.86 1344.67 29.97 3.29 -11.75 

As shown in Table 4, an optimal dynamic modulus of elasticity is obtained with SCA-15, which 
resulting nearly 10% increment compared to the control mix. While, for 5% replacement of 
aggregates with epoxy and epoxy-crumb rubber coated aggregates, there was an increment of 3.4 
% and 2.7%, respectively. For RCA-20, a maximum reduction (approximately 12%) in dynamic 
modulus of elasticity is observed. In general, increasing the percentage level of coated aggregates 
with epoxy, epoxy-sand and epoxy-crumb rubber, reduction in the dynamic modulus of elasticity 
was exhibited. Moreover, concrete specimens with varying percentages of coated aggregate 
replacement, the CoV of the dynamic modulus of elasticity ranges from 1.17% to 3.93%. 
 

3.3. Relationship between Compressive Strength, Static and Dynamic Moduli of Concrete  

Many researchers have found relationships to correlate the static and dynamic moduli of 
elasticity. Based on a large sample of concrete specimens, with compressive strengths ranging 
from 24MPa to 161MPa, Popovics developed linear empirical relations that is given in the 
following Eq. (2) [16]. 

 
 (2) 

where Es is the static modulus of elasticity (GPa) and Ed is the dynamic modulus of concrete 
(GPa). 

According to Hansen, an empirical relationship for concrete’s dynamic modulus of elasticity and 
compressive strength is developed and given by the following expression [17]. 
 

 (3) 

s dE 0.83E=

0.5
d cE 5.31f 5.83= +
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where Ed is the dynamic modulus of elasticity of concrete (GPa) and fc is the compressive 
strength of concrete (MPa). 

For comparison, the dynamic modulus of elasticity of concrete obtained from experimental tests 
(impact resonance method) and values estimated from the empirical relations using Eqs. 2 and 3 
is presented in Table 5 below. 
 

Table 5. Dynamic Modulus of Elasticity (Experimental and predicted values) 

Notation 
Compressive 

Strength 
(MPa) 

Static 
Modulus 

(GPa) 

Dynamic Modulus (GPa) Ratio 

Hansen 
 (1) 

Popovics 
 (2) 

IRT method 
(3) (1)/(3) (2)/(3) 

CM-0 37.79 29.98 38.47 36.12 33.96 1.13 1.06 
ECA-5 38.77 30.68 38.89 36.96 35.11 1.11 1.05 
ECA -10 37.28 27.70 38.25 33.37 32.37 1.18 1.03 
ECA -15 34.59 27.25 37.06 32.83 31.2 1.19 1.05 
ECA -20 33.46 28.22 36.55 34.01 30.59 1.19 1.11 
SCA-5 40.81 31.16 39.75 37.54 33.79 1.18 1.11 
SCA -10 41.03 29.68 39.84 35.76 35.05 1.14 1.02 
SCA -15 42.41 28.59 40.41 34.45 37.20 1.09 0.93 
SCA -20 41.17 29.73 39.90 35.82 33.32 1.20 1.08 
RCA -5 37.42 29.54 38.31 35.59 34.88 1.10 1.02 
RCA -10 36.64 28.05 37.97 33.81 33.46 1.13 1.01 
RCA -15 34.97 27.40 37.23 33.01 31.37 1.19 1.05 
RCA -20 34.11 25.64 36.84 30.89 29.97 1.23 1.03 

Moreover, Figs. 7 and 8 show the dynamic modulus of elasticity of concrete determined by the 
impact resonance testing method (experimental values) and the predicted values obtained from 
the formulas proposed by Popovics and Hansen, respectively. 
 

 
Fig. 7. Comparison of experimental and predicted values (by Popovics’s formula) for the dynamic 

modulus of elasticity of concrete specimens 
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Fig. 8. Comparison of experimental and predicted values (by Hansen’s formula) for the dynamic 

modulus of elasticity of concrete specimens 

As shown in Table 5, the variation of the predicted dynamic modulus of elasticity of concrete 
calculated by Popovics's [16] formula to the corresponding experimental values ranges from 
1.5% to 11%. Moreover, experimental measurements and the computed dynamic modulus of 
elasticity using Hansen's [17] formula differ by 8% to 23%. The findings showed that the 
dynamic modulus of elasticity obtained by measuring experimental values using the IRT method 
yielded a lower value than the predicted values by using the empirical relations proposed by both 
Popovics and Hansen. The variation is observed due to that, the relations (Eqs. 2 and 3) are 
developed for conventional concrete, whereas in this study the coarse aggregates were partially 
coated with epoxy, epoxy-sand and epoxy-crumb rubber. Thus, for concrete with coated 
aggregates, the suggested formula, in particular Hansen's formula, has significant differences and 
is not appropriate for predicting the dynamic modulus of elasticity of concrete. 

4. Conclusions 

The experimental processes of coating aggregates with epoxy, epoxy-sand and epoxy-crumb 
rubber were successfully carried out and has effects on the mechanical and dynamic properties 
of concrete. Based on the findings obtained from this study, coating aggregates with epoxy-sand 
can be used for concrete, which makes rough-textured aggregate surface and provide better 
interlocking and a good bond between the aggregate and the mortar mix. 

Epoxy-sand coating of aggregates is found to enhance the compressive and splitting tensile 
strength of concrete up to a replacement of 15% of the natural coarse aggregates. Interestingly, 
the increase in compressive strength is not directly associated with the increase of static modulus 
for the concrete with partial replacement of epoxy-sand coated aggregates. 

Generally, partial replacement of coarse aggregates with epoxy and epoxy-crumb rubber coated 
aggregates significantly reduces the mechanical properties of concrete. This reduction is due to 
the increase in crack width and the formation of smooth surface which weakened the interface 
bond strength between the coated aggregates and the matrix. However, partially replacing the 
coarse aggregates by epoxy and epoxy-crumb rubber coated aggregates can improve the dynamic 
properties of concrete. 
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Notations  
 

b, t  Cross-sectional dimensions of prism 
Ed  Dynamic modulus of elasticity 
Es  Static modulus of elasticity  
fc  Compressive strength of concrete 
L Prism length 
M  Mass of prism  
n Fundamental transverse resonant frequency 
T Correction factor 

Abbreviations  
 
ASTM American Society for Testing and Materials 
CoV  Coefficient of variation 
EN European Norm 
FFT  Fast Fourier Transform 
FRF  Frequency Response Function 
IRT Impact Resonance Testing  
LWA Lightweight Aggregates 
PCA  Plastics Coated Aggregate  
PE  Polyethylene   
POC  Palm Oil Clinker 
POCP Palm Oil Clinker Powder 
PP Polypropylene   
PS Polystyrene 
PVA  Polyvinyl acetate 
SBR  Styrene-Butadiene Rubber  
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Abstract 

Cylindrical panels are one of the most essential structural members of engineering structures, with mechanical, 
civil, aeronautical, and marine engineering applications. They are subjected to a wide range of vibrational loads. 
This article presents a novel higher-order porosity distribution and a free vibration analysis for porous orthotropic 
cylindrical panels resting on elastic foundations under higher-order shear deformation theory. It is assumed that 
cylindrical panels are composed of porous materials with uniformly and non-uniformly distributed pores. The 
porous panels' material properties are distributed in the thickness direction using specific functions. The equations 
of motion are derived using Hamilton's principle based on trigonometrical shear deformation theory and solved 
by performing the Galerkin solution procedure with simply supported edge conditions. The accuracy of the 
obtained natural frequency equation is confirmed by comparing the results to those of previously published in 
literature. Under comprehensive parametric studies, the influence of porosity coefficient, porosity distribution 
patterns, radius-to-curve length ratio, orthotropy, and stiffness of elastic foundation parameters on the free 
vibration response of porous orthotropic cylindrical panels are discussed in detail.  

Keywords: Porous panel, vibration, shear deformation, elastic foundation, porosity. 

1. Introduction 

The investigation of structural components resting on elastic foundations has attracted much 
attention from researchers because of their application in various engineering fields, such as 
footings in building construction, pavements in roadways, and aeronautical engineering. A way 
to solve the above problems is to incorporate the elastic behavior of foundations in the equations 
of motion of structural components. Winkler and Pasternak's foundations are the two elastic 
foundation approaches considered commonly in the literature. A Winkler foundation called a 
one-parameter elastic foundation is represented as a separate spring. Pasternak added a shear 
layer over the springs to improve the assumption [1].  

The mechanical behavior of structural members is analyzed using classical plate (or shell) 
theory, first-order shear deformation theory, and higher-order shear deformation theory. After 
developing these theories, many parametric studies have been carried out on the vibration 
problems of plates and shells resting on elastic foundations. Zamani et al. [2] analyzed the free 
vibration response of laminated viscoelastic composite plates resting on a Pasternak viscoelastic 
medium. The composite plate comprises a linear viscoelastic matrix and isotropic elastic fibers. 
Duc et al. [3] investigated the nonlinear dynamic and vibration problems of spherical shells 
made of FG material placed on an elastic foundation in the thermal environment. Material 
properties are graded along the thickness using a sigmoid law. Zenkour and Radwan [4] studied 
the free vibration of sandwich plates resting on Pasternak foundations based on hyperbolic shear 
deformation theory. Using Reddy's third-order shear deformation theory, Quan and Duc [5] 
presented the nonlinear vibration behavior of imperfect FG double-curved shells resting on an 
elastic foundation. They modeled the temperature-dependent material properties through the 
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thickness via a power-law rule. Park and Kim [6] analyzed the natural frequencies of FG 
cylindrical fluid-filled shells. They assumed the shells partially rested on a Pasternak elastic 
foundation and material properties vary along the thickness. Ninh and Bich [7] studied the 
nonlinear vibration characteristics of toroidal shell segments with a ceramic-FG-metal layer 
surrounded by an elastic foundation based on classical shell theory. Jung et al. [8] proposed a 
refined-higher-order shear deformation theory for analyzing the free and forced vibration of FG 
plates on elastic foundations. Depending on two power-law distributions, they graded the 
material properties in the thickness direction. Kim [9] investigated the free vibration behavior 
of FG cylindrical shell partially rested on elastic foundations with an oblique edge using first-
order shear deformation theory. The material properties are modeled across the thickness via a 
four-parameter power-law. Asanjarani et al. [10] presented the influence of geometric 
parameters and elastic foundations on the free vibration of two-dimensional FG truncated 
conical shells based on the first-order shear deformation theory. The material properties are 
graded in the thickness and length directions using a power-law distribution. Ahmed [11] 
analyzed the free vibration characteristics of a non-homogeneous orthotropic elliptical 
cylindrical shell resting on a non-uniform Winkler foundation. Bich et al. [12] studied the 
nonlinear dynamic and vibration responses of imperfect eccentrically stiffened FG double-
curved shells placed on elastic foundation using first-order shear deformation theory. Thai et 
al. [13] proposed a simple refined shear deformation theory for analyzing the bending, buckling, 
and vibration behaviors of thick plates resting on the Pasternak foundation. Sobhy [14] focused 
on the buckling and vibration of exponentially graded sandwich plates on an elastic foundation. 
The sandwich plate is modeled as a fully ceramic core and exponentially graded face sheets.  

Porous materials play a significant role in many fields, such as energy management, vibration 
control, thermal insulation, and sound absorption. Porous materials such as porous metals, 
ceramics, and polymer foams favor various engineering applications Kamranfard et al. [15]. 
These superior properties of porous materials have attracted the attention of researchers. Static 
and dynamic behaviors of structural components made of porous materials have been studied 
in recent years. Turan [16] studied the free vibration response of porous orthotropic laminated 
plates with trigonometric porosity distribution via higher-order shear deformation theory.  
Wang [17] analyzed the electro-mechanical vibration of FG porous plates with porosity 
distribution in the thickness direction. Porous FG material properties are graded using a 
modified power-law rule containing the porosity effects. Rezaei and Saidi [18] presented an 
exact analytical approach based on the first-order shear deformation theory for free vibration 
analysis of fluid-saturated porous annular sector plates. They graded the material properties in 
the thickness direction using a cosine function. Kamranfard et al. [15] investigated the effects 
of porosity and geometrical parameters on the critical buckling loads and natural frequencies of 
moderately thick annular plates. Based on the refined shear deformation theory, Barati and 
Zenkour [19] studied the electro-thermoelastic vibration of FG piezoelectric porous plates. The 
material properties are varied along the thickness direction depending on the modified power-
law rule. Using first-order shear deformation theory, Barati [20] analyzed the natural 
frequencies of FG porous nanoshells with porosities evenly and unevenly distributed in the 
thickness direction. Wang and Wu [21] presented the free vibration response of FG porous 
cylindrical shell under sinusoidal shear deformation theory. They considered two types of 
graded porosity distribution patterns across thickness. Shojaeefard et al. [22] analyzed the 
influence of porosity and gradation index on the free vibration and thermal buckling behavior 
of micro temperature-dependent FG porous plates based on the first-order shear deformation 
theory. Akbaş [23] investigated FG porous plates' static and vibration analysis under first-order 
shear deformation theory. Porosity-dependent material properties are graded in the thickness 
direction via a power-law model with porosities. Rezaei and Saidi [24] discussed the porosity 
effect on the thick plates' free vibration response using Reddy's third-order shear deformation 
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theory. Material properties of porous plates are determined in the thickness direction using a 
cosine function.  

Furthermore, the literature has reported static and dynamic analysis of porous structural 
components on elastic foundations in recent years. Structural members on the elastic foundation 
are modeled depending on the Winkler and Pasternak interactions. Demir and Turan [25] 
investigated the critical buckling load of porous orthotropic cylindrical panels resting on the 
Winkler foundation. The porosity distribution is modeled in the thickness direction using a 
cosine function. Kumar et al. [26] analyzed the effect of porosity parameters, porosity 
distribution, and elastic foundation parameters on the natural frequencies of FG porous plates 
with variable thickness based on first-order shear deformation theory. The porosity-dependent 
material properties are graded using power-law, exponential-law, and sigmoid-law rules. Tran 
et al. [27] analyzed the static and free vibration behavior of FG porous nanoshell resting on an 
elastic foundation under extended four-unknown higher-order shear deformation theory. They 
graded the porous FG material using uneven porosity and logarithmic-uneven porosity 
distributions. Balak et al. [28] studied the free vibration response of an elliptical sandwich 
microplate made of a saturated porous core and two piezoelectric face sheets. The microplate 
is on the elastic foundation, and governing equations of the problem are derived using first-
order shear deformation theory. Pham et al. [29] focused on the static bending and hygro-
thermo-mechanical vibration behavior of porous FG sandwich double-curved shells on the 
elastic foundation via the four-unknown shear deformation theory. The shells comprised a full 
ceramic core and two porous face layers with uneven porosity distribution. Shahverdi and Barati 
[30] proposed a general nonlocal elasticity model to analyze the vibration of porous nanoplates 
resting on the elastic foundation. Material properties are modeled via a modified power-law and 
Mori-Tanaka models containing the porosity effects.  

By reviewing the above literature, the free vibration problem of porous orthotropic cylindrical 
panels resting on elastic foundations has not yet been investigated. Therefore, it is of great 
significance to fill the gaps in the study. Based on the trigonometrical shear deformation theory, 
this paper focuses on the natural frequencies of porous orthotropic cylindrical panels resting on 
the Pasternak foundation. Porous material properties such as Young's modulus, shear modulus, 
and mass density vary across the thickness via trigonometric functions. The governing 
equations of the problem are obtained using higher-order shear deformation theory and solved 
via the Galerkin solution procedure. The numerical results calculated by the present frequency 
equation indicate good convergence and accuracy by comparing with the literature results. The 
effect of porosity coefficients, porosity distribution patterns, geometrical parameters, 
orthotropy, and elastic foundation parameters on the free vibration response of porous 
orthotropic cylindrical panels are discussed in detail. 

2. Theoretical Formulations 

Fig. 1 shows the configuration of the porous orthotropic cylindrical panel with geometrical 
parameters: 𝑅 is the curvature radius; 𝑠, 𝑎 are the length of the curve and length in the 𝑦 
direction, respectively; ℎ is the thickness. The cylindrical panel resting on the elastic foundation 
(EF) consists of two parameters (𝑘', 𝑘(). In which 𝑘' is Pasternak stiffness, and 𝑘( is Winkler 
stiffness. 
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Fig. 1. Configuration of porous cylindrical panel resting on an EF 

2.1. Determination of the Material Properties of the Porous Panel 

This paper focuses on a non-uniform symmetric, a non-uniform asymmetric, and a uniform 
porosity distribution. The non-uniform symmetric porosity distribution is denoted by ND1, the 
non-uniform symmetric porosity distribution is abbreviated ND2, and UD indicates the uniform 
porosity distribution. The porosity-dependent material properties of the porous panel, including 
Young’s modulus 𝐸, shear modulus 𝐺, and mass density 𝜌 are varied continuously from the top 
surface (𝑧 = −0.5ℎ) to the bottom (𝑧 = +0.5ℎ) surface. The corresponding variations of 
material properties are given by Eqs (1)-(3) for the NDs and UD. 

ND1: 

3𝐸4, 𝐺6, 𝜌7 = 3𝐸84, 𝐺86, 𝜌87(1 − [𝜂8, 𝜂8, 𝜂8∗])
3.45
𝜋 𝑠𝑖𝑛E F

𝜋𝑧
ℎ G , 𝑖 = 1,2; 𝑗 = 12, 13, 23 (1a) 

ND2: 

3𝐸4, 𝐺6, 𝜌7 = 3𝐸84, 𝐺86, 𝜌87(1 − [𝜂8, 𝜂8, 𝜂8∗])
3.45
𝜋 𝑠𝑖𝑛 F

𝜋𝑧
ℎ G , 𝑖 = 1,2; 𝑗 = 12, 13, 23 (1b) 

UD: 

3𝐸4, 𝐺6, 𝜌7 = 3𝐸84, 𝐺86, 𝜌87[�̂�8, �̂�8, �̂�8∗], 𝑖 = 1,2; 𝑗 = 12, 13, 23 (1c) 

where 0 ≤ η8, �̂�8, 𝜂8∗, �̂�8∗ < 1 is the porosity coefficients and E8, G8 and ρ8 are corresponding 
values of the material with no porosity (𝜂8 = 0). The porous panel's Poisson ratio (𝜈SE) is 
assumed to be constant along the panel thickness. Fig. 2 presents the difference between the 
non-uniform symmetric porosity distribution (ND1) with the non-uniform asymmetric 
distribution (ND2).  

The typical mechanical properties of porous material in terms of mass density can be given as 
follows [31] 

𝐸TUV/𝐸T4X = (𝜌TUV/𝜌T4X)E (2) 

According to η8 = 1 − 𝐸4/𝐸84 and 𝜂8∗ = 1 − 𝜌/𝜌8, the following relation can be obtained using 
Eq. (2):  

𝜂8∗ = 1 − Y1 − 𝜂8, �̂�8∗ = Y�̂�8 (3a) 
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Without loss of generality, the 𝑈𝐷 and 𝑁𝐷S porous panels’ masses are set to be equal, and the 
relationship between  �̂�8 and 𝜂8 can be estimated using the following equation: 

�̂�8 = −2.7379𝜂8_ + 6.9529𝜂8a − 7.0465𝜂8b + 3.5157𝜂8c − 0.9543𝜂8E − 0.4356𝜂8
+ 0.9949 (3b) 

 
(a) 
 

 
(b) 

Fig. 2. (a) Three types of the porosity distribution patterns of porous material, (b) variation of 
Young’s modulus (ES) of the non-uniform symmetric and non-uniform asymmetric porosity 

distributions along the thickness direction 

2.2. Kinematic Relations 

This section contains the derivation of the cylindrical panel's kinematic relations. A cylindrical 
panel's displacement fields can be expressed based on the higher-order shear deformable plate 
theory as follows: 

𝑢V(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢S(𝑥, 𝑦, 𝑡) − 𝑧𝑢c,V + 𝜙(𝑧)𝛤V(𝑥, 𝑦, 𝑡)
𝑢i(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢E(𝑥, 𝑦, 𝑡) − 𝑧𝑢c,i + 𝜙(𝑧)𝛤i(𝑥, 𝑦, 𝑡)
𝑢j(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢c(𝑥, 𝑦, 𝑡)

 (4) 

where uS and uE are longitudinal and transverse displacements of the mid-surface, respectively; 
𝑢c is the deflection through the 𝑧-axis. Γm and Γn are the rotations of the cross-section about the 
y- and x-axis, respectively. ϕ(z) represents the shape function of shear deformation theory. The 
following equation defines the nonzero strains of the panel: 
 

𝜀VV = 𝜀VV8 − 𝑧𝜀VVS + 𝜙(𝑧)𝜀VVE , 𝜀ii = 𝜀ii8 − 𝑧𝜀iiS + 𝜙(𝑧)𝜀iiE  (5) 
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𝛾Vi = 𝛾Vi8 − 𝑧𝛾ViS + 𝜙(𝑧)𝛾ViE , 𝛾Vj = 𝜑(𝑧)𝛤V(𝑥, 𝑦, 𝑡), 𝛾ij = 𝜑(𝑧)𝛤i(𝑥, 𝑦, 𝑡)	 

where 

𝜀VV8 = 𝑢S,V − 𝑢c𝑅w, 𝜀ii8 = 𝑢E,i, 𝛾Vi8 = 𝑢S,i + 𝑢E,V
𝜀VVS = 𝑢c,VV, 𝜀iiS = 𝑢c,ii, 𝜀ViS = 2𝑢c,Vi	
𝜀VVE = 𝛤V,V, 𝜀iiE = 𝛤i,i, 𝜀ViE = 𝛤V,i + 𝛤i,V
𝜑(𝑧) = 𝜙,j(𝑧), 𝑅w = 1/𝑅	

 (6) 

In this paper, the following shape function is considered by Ebrahimi et al. [32]: 

𝜙(𝑧) =
ℎ𝑒j

ℎE + 𝜋E
y𝜋𝑠𝑖𝑛 F

𝜋𝑧
ℎ G

+ ℎ𝑐𝑜𝑠 F
𝜋𝑧
ℎ G

| −
ℎE

ℎE + 𝜋E
 (7) 

2.3. Equations of Motion 

Here, Hamilton’s principle can be performed to reach the Euler–Lagrange equations of a porous 
orthotropic cylindrical panel. This principle can be defined in the following form: 

}3𝛿𝑢' + 𝛿𝑢� − 𝛿𝑢�7𝑑𝑡

��

��

= 0 (8) 

where 𝛿𝑢', 𝛿𝑢� and 𝛿𝑢� are strain energy, elastic foundation’s potential energy, and kinetic 
energy, respectively. The variation of strain energy can be expressed as 

𝛿𝑢' = }3𝜎VV𝛿𝜀VV + 𝜎ii𝛿𝜀ii + 𝜏Vi𝛿𝛾Vi + 𝜏Vj𝛿𝛾Vj + 𝜏ij𝛿𝛾ij7𝑑𝑉
8

�

= }}y
𝑁VV𝛿𝜀VV8 + 𝑁ii𝛿𝜀ii8 + 𝑁Vi𝛿𝛾Vi8 + 𝑀VV𝛿𝜀VVS + 𝑀ii𝛿𝜀iiS + 𝑀Vi𝛿𝛾ViS

+𝑃VV𝛿𝜀VVE + 𝑃ii𝛿𝜀iiE + 𝑃Vi𝛿𝛾ViE + 𝑁Vj𝜀VVE + 𝑁ij𝜀iiE
|

�

8

𝑑𝑥𝑑𝑦
U

8

 (9) 

 
In Eq. (9), the axial forces, bending moments, higher-order moments, and shear forces can be 
defined as: 

(𝑁4,𝑀4, 𝑃4) = } (1, 𝑧, 𝜙(𝑧))𝜎4

8.a�

�8.a�

, 𝑖 = 𝑥𝑥, 𝑦𝑦,	 

3𝑁6,𝑀6, 𝑃67 = } (1, 𝑧, 𝜙(𝑧))𝜏6

8.a�

�8.a�

, 𝑗 = 𝑥𝑦,	 

(10) 
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𝑁� = } 𝜑(𝑧)𝜏�

8.a�

�8.a�

, 𝑘 = 𝑥𝑧, 𝑦𝑧 

The variation of the elastic foundation’s potential energy can be determined as: 

𝛿𝑢� = }}F𝑘(𝑢c − 𝑘'3𝑢c,VV + 𝑢c,ii7G 𝛿𝑢c

�

8

𝑑𝑥𝑑𝑦
U

8

 (11) 

The first variation of kinetic energy can be expressed as: 

𝛿𝑢� = }𝜌3�̇�V𝛿�̇�V + �̇�i𝛿�̇�i + �̇�j𝛿�̇�j7
�

𝑑𝑉

= 𝐼8 }}(�̇�S𝛿�̇�S + �̇�E𝛿�̇�E + �̇�c𝛿�̇�c)𝑑𝑥𝑑𝑦
�

8

U

8

+ 𝐼S }}3�̇�c,V𝛿�̇�c,V + �̇�c,i𝛿�̇�c,i7𝑑𝑥𝑑𝑦
�

8

U

8

+𝐼E }}3�̇�V,V𝛿�̇�V,V + �̇�i,i𝛿�̇�i,i7𝑑𝑥𝑑𝑦
�

8

U

8

 (12) 

In all the equations, the dot-superscript denotes the differentiation with respect to time, and the 
mass inertias used in the above equations are given in the following form: 

(𝐼8, 𝐼S, 𝐼E) = } 𝜌(1, 𝑧E, [𝜙(𝑧)]E)𝑑𝑧
8.a�

�8.a�

 (13) 

By substituting Eqs. (9), (11), and (12) into Eq. (8) and setting the coefficients of 𝛿𝑢S, 𝛿𝑢E, 
𝛿𝑢c, 𝛿ΓV, and 𝛿Γi to zero, the Euler–Lagrange equations of porous orthotropic cylindrical 
panels can be obtained as: 

𝑁VV,V + 𝑁Vi,i = 𝐼8�̈�S (14a) 

𝑁Vi,V + 𝑁ii,i = 𝐼8�̈�E (14b) 

𝑅w𝑁VV + 𝑀VV,VV + 2𝑀Vi,Vi + 𝑀ii,ii − 𝑘(𝑢c + 𝑘'3𝑢c,VV + 𝑢c,ii7

= 𝐼8�̈�c − 𝐼S3�̈�c,VV + �̈�c,ii7 (14c) 

𝑃VV,V + 𝑃Vi,i − 𝑁Vj = 𝐼2�̈�V (14d) 

𝑃Vi,V + 𝑃ii,i − 𝑁ij = 𝐼2�̈�i (14e) 

The inertial forces 𝐼8�̈�S and 𝐼8�̈�Eare assumed to be negligible in light of the assumption of 
(𝑢S, 𝑢E) ≪ 𝑢c. By deriving Eqs. (14a) and (14d) with respect to 𝑥, and Eqs. (14b) and (14e) 
with respect to 𝑦 gives us: 
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𝑁VV,VV + 𝑁Vi,Vi = 0 (15a) 

𝑁Vi,Vi + 𝑁ii,ii = 0 (15b) 

𝑅w𝑁VV + 𝑀VV,VV + 2𝑀Vi,Vi + 𝑀ii,ii − 𝑘(𝑢c + 𝑘'3𝑢c,VV + 𝑢c,ii7

= 𝐼8�̈�c − 𝐼S3�̈�c,VV + �̈�c,ii7 (15c) 

𝑃VV,VV + 𝑃Vi,Vi − 𝑁Vj,V = 𝐼E�̈�V,V (15d) 

𝑃Vi,Vi + 𝑃ii,ii − 𝑁ij,i = 𝐼E�̈�i,i (15e) 

2.4. Stress-Strain Relations 

The stress-strain relations of a porous orthotropic cylindrical panel can be written as the 
following equation using Hooke’s law.  

𝜎VV = 𝑒SS𝜀VV + 𝑒SE𝜀ii;	𝜎ii = 𝑒SE𝜀VV + 𝑒EE𝜀ii;	𝜏ij = 𝑒bb𝛾ij;	𝜏Vj = 𝑒aa𝛾Vj; 

𝜏Vi = 𝑒__𝛾Vi (16) 

where 

𝑒SS =
𝐸S

1 − 𝜈SE𝜈ES
, 𝑒SE =

𝜈ES𝐸S
1 − 𝜈SE𝜈ES

, 𝑒EE =
𝐸E

1 − 𝜈SE𝜈ES
, 𝑒bb = 𝐺Ec, 𝑒aa = 𝐺Sc, 

𝑒__ = 𝐺SE	 
(17) 

Substituting Eqs. (5), (6), and (16) into Eq. (10) gives the following equation:  
𝑁VV = 𝐴SS𝑢S,V + 𝐴SE𝑢E,i − 𝐵SS𝑢c,VV − 𝐵SE𝑢c,ii +	𝐶SS𝛤V,V + 𝐶SE𝛤i,i
𝑁ii = 𝐴SE𝑢S,V + 𝐴EE𝑢E,i − 𝐵SE𝑢c,VV − 𝐵EE𝑢c,ii +	𝐶SE𝛤V,V + 𝐶EE𝛤i,i
𝑁Vi = 𝐴__𝑢S,i + 𝐴__𝑢E,V − 2𝐵__𝑢c,Vi +	𝐶__𝛤V,i + 𝐶__𝛤i,V

 (18a) 

𝑀VV = 𝐵SS𝑢S,V + 𝐵SE𝑢E,i − 𝐷SS𝑢c,VV − 𝐷SE𝑢c,ii +	𝐸SS𝛤V,V + 𝐸SE𝛤i,i
𝑀ii = 𝐵SE𝑢S,V + 𝐵EE𝑢E,i − 𝐷SE𝑢c,VV − 𝐷EE𝑢c,ii +	𝐸SE𝛤V,V + 𝐸EE𝛤i,i
𝑀Vi = 𝐵__𝑢S,i + 𝐵__𝑢E,V − 2𝐷__𝑢c,Vi +	𝐸__𝛤V,i + 𝐸__𝛤i,V

 (18b) 

𝑃VV = 𝐶SS𝑢S,V + 𝐶SE𝑢E,i − 𝐸SS𝑢c,VV − 𝐸SE𝑢c,ii +	𝐹SS𝛤V,V + 𝐹SE𝛤i,i
𝑃ii = 𝐶SE𝑢S,V + 𝐶EE𝑢E,i − 𝐸SE𝑢c,VV − 𝐸EE𝑢c,ii +	𝐹SE𝛤V,V + 𝐹EE𝛤i,i
𝑃Vi = 𝐶__𝑢S,i + 𝐶__𝑢E,V − 2𝐸__𝑢c,Vi +	𝐹__𝛤V,i + 𝐹__𝛤i,V

 (18c) 

𝑁Vj = 	𝐷aa𝛤V
𝑁ij = 	𝐷bb𝛤i

 (18d) 

in which 

[𝐴4, 𝐵4, 𝐶4, 𝐷4, 𝐸4, 𝐹4] = } [1, 𝑧, 𝜙(𝑧), 𝑧E, 𝑧𝜙(𝑧), [𝜙(𝑧)]E]𝑒4𝑑𝑧
8.a�

�8.a�

, 𝑖 = 11,12,22,66 (19) 
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�𝐷6� = } [𝜑(𝑧)]E𝑒6𝑑𝑧
8.a�

�8.a�

, 𝑗 = 44,55 

2.5. Governing Equations 

The inertial forces caused by ΓV and Γi rotations in Eqs. (15d) and (15e) are minimal, so they 
are negligible. Substituting Eq. (18) into Eq. (15) gives the following partial differential 
governing equations:  

𝐴SS𝑢S,VVV + 𝐴__𝑢S,Vii + (𝐴SE + 𝐴__)𝑢E,VVi − 𝐵SS𝑢c,VVVV − (𝐵SE + 2𝐵__)𝑢c,VVii
+ 𝐶SS𝛤V,VVV + 𝐶__𝛤V,Vii + (𝐶SE + 𝐶__)𝛤i,VVi = 0 

(20a) 

(𝐴SE + 𝐴__)𝑢S,Vii + 𝐴EE𝑢E,iii + 𝐴__𝑢E,VVi − (𝐵SE + 2𝐵__)𝑢c,VVii − 𝐵EE𝑢c,iiii
+ (𝐶SE + 𝐶__)𝛤V,Vii + 𝐶EE𝛤i,iii + 𝐶__𝛤i,VVi = 0 (20b) 

𝐵SS𝑢S,VVV + (𝐵SE + 2𝐵__)3𝑢S,Vii + 𝑢E,VVi7 + 𝐵EE𝑢E,iii − 𝐷SS𝑢c,VVVV
− 2(𝐷SE + 2𝐷__)𝑢c,VVii − 𝐷EE𝑢c,iiii + 𝐸SS𝛤V,VVV

+ (𝐸SE + 2𝐸__)3𝛤V,Vii + 𝛤i,VVi7 + 𝐸EE𝛤i,iii

+ 𝑅w3𝐴SS𝑢S,V + 𝐴SE𝑢E,i − 𝐵SS𝑢c,VV − 𝐵SE𝑢c,ii + 𝐶SS𝛤V,V + 𝐶SE𝛤i,i7

− 𝑘(𝑢c + 𝑘'3𝑢c,VV + 𝑢c,ii7 − 𝐼8�̈�c + 𝐼S3�̈�c,VV + �̈�c,ii7 = 0 

(20c) 

𝐶SS𝑢S,VVV + 𝐶__𝑢S,Vii + (𝐶SE + 𝐶__)𝑢E,VVi − 𝐸SS𝑢c,VVVV − (𝐸SE + 2𝐸__)𝑢c,VVii
+ 𝐹SS𝛤V,VVV + 𝐹__𝛤V,Vii + (𝐹SE + 𝐹__)𝛤i,VVi − 𝐷aa𝛤V,V = 0 (20d) 

(𝐶SE + 𝐶__)𝑢S,Vii + 𝐶EE𝑢E,iii + 𝐶__𝑢E,VVi − (𝐸SE + 2𝐸__)𝑢c,VVii − 𝐸EE𝑢c,iiii
+ (𝐹SE + 𝐹__)𝛤V,Vii + 𝐹EE𝛤i,iii + 𝐹__𝛤i,VVi − 𝐷bb𝛤i,i = 0 (20e) 

3. Solution Technique 

Here, an analytical solution of the governing equations for free vibration of a porous orthotropic 
cylindrical panel with simply supported edges is presented. The boundary conditions for simply 
supported edges are given as follows: 

𝑢c = 𝑀VV = 𝛤i = 0		𝑎𝑡		𝑥 = 0, 𝑎
𝑢c = 𝑀ii = 𝛤V = 0		𝑎𝑡		𝑦 = 0, 𝑏 (21) 

The displacement fields are presented in the following form to satisfy the above boundary 
conditions: 

𝑢S = 𝑢SS𝑐𝑜 𝑠(𝜆S𝑥) 𝑠𝑖 𝑛(𝜆E𝑦) 𝑒4��, 𝑢E = 𝑢EE𝑠𝑖𝑛	(𝜆S𝑥)𝑐𝑜𝑠	(𝜆E𝑦)𝑒4��	 

𝑢c = 𝑢cc𝑠𝑖 𝑛(𝜆S𝑥) 𝑠𝑖 𝑛(𝜆E𝑦) 𝑒4��, 𝛤V = 𝑢bb𝑐𝑜𝑠	(𝜆S𝑥)𝑠𝑖𝑛	(𝜆E𝑦)𝑒4�� 
(22) 
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𝛤i = 𝑢aa𝑠𝑖𝑛	(𝜆S𝑥)𝑐𝑜𝑠	(𝜆E𝑦)𝑒4�� 

where (uSS, uEE, ucc, ubb, uaa) are the unknown coefficients (𝜆S = 𝑚𝜋/𝑠, 𝜆E = 𝑛𝜋/𝑎). 
Substituting Eq. (22) into Eq. (20) and then utilizing the Galerkin solution procedure leads to:  

𝐾SS𝑢SS + 𝐾SE𝑢EE + 𝐾Sc𝑢cc + 𝐾Sb𝑢bb + 𝐾Sa𝑢aa = 0
𝐾ES𝑢SS + 𝐾EE𝑢EE + 𝐾Ec𝑢cc + 𝐾Eb𝑢bb + 𝐾Ea𝑢aa = 0
𝐾cS𝑢SS + 𝐾cE𝑢EE + 𝐾cc𝑢cc + 𝐾cb𝑢bb + 𝐾ca𝑢aa − 𝐾�cc𝜔E𝑢cc = 0
𝐾bS𝑢SS + 𝐾bE𝑢EE + 𝐾bc𝑢cc + 𝐾bb𝑢bb + 𝐾ba𝑢aa = 0
𝐾aS𝑢SS + 𝐾aE𝑢EE + 𝐾ac𝑢cc + 𝐾ab𝑢bb + 𝐾aa𝑢aa = 0

 (23) 

where 
𝐾SS =

𝑠𝑎
4
(𝜆Sc𝐴SS + 𝜆S𝜆EE𝐴__);	𝐾SE =

𝑠𝑎
4 𝜆S

E𝜆E(𝐴SE + 𝐴__); 

𝐾Sc = −
𝑠𝑎
4 3𝜆S

b𝐵SS + 𝜆SE𝜆EE(𝐵SE + 2𝐵__)7;	𝐾Sb =
𝑠𝑎
4
(𝜆Sc𝐶SS + 𝜆S𝜆EE𝐶__);	 

𝐾Sa =
𝑠𝑎
4 𝜆S

E𝜆E(𝐶SE + 𝐶__);	𝐾ES =
𝑠𝑎
4 𝜆S𝜆E

E(𝐴SE + 𝐴__); 

	𝐾EE =
𝑠𝑎
4
(𝜆SE𝜆E𝐴__ + 𝜆Ec𝐴EE);	𝐾Ec = −

𝑠𝑎
4
(𝜆SE𝜆EE(𝐵SE + 2𝐵__) + 𝜆Eb𝐵EE); 

	𝐾Eb =
𝑠𝑎
4 𝜆S𝜆E

E(𝐶SE + 𝐶__);	𝐾Ea =
𝑠𝑎
4
(𝜆SE𝜆E𝐶__ + 𝜆Ec𝐶EE); 

	𝐾cS =
𝑠𝑎
4 3𝜆S

c𝐵SS + 𝜆S𝜆EE(𝐵SE + 2𝐵__) − 𝜆S𝐴SS𝑅w7;	 

𝐾cE =
𝑠𝑎
4 3𝜆S

E𝜆E(𝐵SE + 2𝐵__) + 𝜆Ec𝐵EE − 𝜆E𝐴SE𝑅w7; 

	𝐾cc = −
𝑠𝑎
4 F𝜆S

b𝐷SS + 2𝜆SE𝜆EE(𝐷SE + 2𝐷__) + 𝜆Eb𝐷EE − (𝜆SE𝐵SS + 𝜆EE𝐵SE)𝑅w + 𝑘(

+ 𝑘'(𝜆SE + 𝜆EE)G ;	𝐾cb =
𝑠𝑎
4 3𝜆S

c𝐸SS + 𝜆S𝜆EE(𝐸SE + 2𝐸__) − 𝜆S𝐶SS𝑅w7; 

	𝐾ca =
𝑠𝑎
4 3𝜆S

E𝜆E(𝐸SE + 2𝐸__) + 𝜆Ec𝐸EE − 𝜆E𝐶SE𝑅w7; 

	𝐾�cc = −
𝑠𝑎
4 3𝐼8 + 𝐼S

(𝜆SE + 𝜆EE)7;	𝐾bS =
𝑠𝑎
4
(𝜆Sc𝐶SS + 𝜆S𝜆EE𝐶__);	 

𝐾bE =
𝑠𝑎
4 𝜆S

E𝜆E(𝐶SE + 𝐶__);	𝐾bc = −
𝑠𝑎
4 3𝜆S

b𝐸SS + 𝜆SE𝜆EE(𝐸SE + 2𝐸__)7; 

𝐾bb =
𝑠𝑎
4
(𝜆Sc𝐹SS + 𝜆S𝜆EE𝐹__ + 𝜆S𝐷aa);	𝐾ba =

𝑠𝑎
4 𝜆S

E𝜆E(𝐹SE + 𝐹__); 

	𝐾aS =
𝑠𝑎
4 𝜆S𝜆E

E(𝐶SE + 𝐶__);	𝐾aE =
𝑠𝑎
4
(𝜆SE𝜆E𝐶__ + 𝜆Ec𝐶EE); 

	𝐾ac = −
𝑠𝑎
4
(𝜆SE𝜆EE(𝐸SE + 2𝐸__) + 𝜆Eb𝐸EE);	𝐾ab =

𝑠𝑎
4 𝜆S𝜆E

E(𝐹SE + 𝐹__); 

	𝐾aa =
𝑠𝑎
4
(𝜆SE𝜆E𝐹__ + 𝜆Ec𝐹EE + 𝜆E𝐷bb)	 

(24) 

By obtaining the determinant of the coefficient matrix of the following equation and setting this 
multinomial to zero, we can obtain Eq. (26): 
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⎣
⎢
⎢
⎢
⎡
𝐾SS 𝐾SE 𝐾Sc 𝐾Sb 𝐾Sa
𝐾ES 𝐾EE 𝐾Ec 𝐾Eb 𝐾Ea
𝐾cS 𝐾cE 𝐾cc − 𝜔E𝐾�cc 𝐾cb 𝐾ca
𝐾bS 𝐾bE 𝐾bc 𝐾bb 𝐾ba
𝐾aS 𝐾aE 𝐾ac 𝐾ab 𝐾aa⎦

⎥
⎥
⎥
⎤

⎩
⎪
⎨

⎪
⎧
𝑢SS
𝑢EE
𝑢cc
𝑢bb
𝑢aa⎭

⎪
⎬

⎪
⎫

= 0 (25) 

𝐾cS𝛼cS + 𝐾cE𝛼cE + 3𝐾cc − 𝜔E𝐾�cc7𝛼cc + 𝐾cb𝛼cb + 𝐾ca𝛼ca = 0 (26) 

where 𝛼c­(𝑗 = 1,2, . . ,5) are cofactors of the matrix in Eq. (25) and are presented in Appendix 
A. The porous orthotropic cylindrical panel’s natural frequency can be obtained as follows: 

𝜔 = ®(𝐾cS𝛼cS + 𝐾cE𝛼cE + 𝐾cc𝛼cc + 𝐾cb𝛼cb + 𝐾ca𝛼ca)/𝐾�cc𝛼cc (27) 

4. Numerical Results and Discussions 

In this section, the results are validated by comparing the obtained results with those of isotropic 
plates resting on the Pasternak foundation reported by Akhavan et al. [33] in Table 1 and those 
of porous isotropic cylindrical panel presented by Talebizadehsardari et al. [34] in Table 2. 
Then, the effect of porosity coefficients, porosity distribution patterns, orthotropy, geometrical 
parameters, and EF stiffness on the natural frequencies of porous orthotropic cylindrical panels 
resting on EF will be investigated. The non-dimensional parameters can be given as the relation 
in Eq. (28): 

�̄� = 𝜔𝑠EY𝜌8ℎ/𝐷8;	𝐷8 = 𝐸Sℎc/12(1 − 𝜈SE𝜈ES);	𝑘w( = 𝑘(𝑠b/𝐷8;	𝑘w' = 𝑘'𝑠E/𝐷8 (28) 

By studying Tables 1-2, it is found that the non-dimensional natural frequencies obtained in the 
present study are in good agreement with the results reported in the literature and thus validate 
the proposed solution method. 
 

Table 1. The fundamental frequency �̄� for isotropic (𝜈SE = 𝜈ES = 0.3) square plate (𝑅w → 0). 
 𝑘w(, 𝑘w' 
 Akhavan et al. [33] Present 

𝑠/ℎ (0,0) (10E, 10S) (10c, 10E) (0,0) (10E, 10S) (10c, 10E) 
5 17.5055 24.3074 56.0359 17.1126 23.9139 55.5262 
10 18.0840 25.6368 57.3969 19.0415 25.5961 57.3444 
1000 19.7391 26.2112 57.9961 19.7426 26.2138 57.9973 

 
Table 2. The fundamental natural frequency 𝜔± = (𝜔𝑎E ℎ⁄ )Y𝜌/𝐸 for the UD cylindrical panels (𝐸 =
70	𝐺𝑃𝑎, 𝜈 = 0.3, 𝜌 = 2702𝑘𝑔 𝑚c⁄ , ℎ = 0.2	𝑚, 𝑅 = 1.93	𝑚, 𝑠 = 1.011	𝑚, 𝑎 = 1	𝑚). 
𝜂8 Talebizadehsardari et al. [34] Present 
0 5.3650 5.3598 
0.2 5.1815 5.2104 
0.4 4.9651 5.0314 

4.1. Natural Vibration Analysis 
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The following study analyzes the natural vibration of the porous orthotropic cylindrical panel 
with three porosity distribution patterns. The material properties of the orthotropic cylindrical 
panel are selected as 𝐸8S = 53.78	𝐺𝑃𝑎, 𝐸8E = 17.93	𝐺𝑃𝑎, 𝐺8SE = 𝐺8Sc = 8.96	𝐺𝑃𝑎, 𝐺8Ec =
3.45	𝐺𝑃𝑎, 𝜈SE = 0.25, 𝜌8 = 1900	𝑘𝑔𝑚�c.  

Table 3 and Fig. 4 report the non-dimensional fundamental natural frequencies of porous 
orthotropic cylindrical panels with various porosity coefficients, EF stiffness, and porosity 
distribution patterns at 𝑠/ℎ = 50, 𝑠/𝑎 = 1, 𝑅/𝑠 = 5. The fundamental natural frequency 
decreases with increasing porosity coefficient for all porosity distribution patterns. The 
enormous and minor frequencies are obtained for ND2 and ND1 patterns. The most significant 
porosity effect is obtained in ND1 cylindrical panels. With increasing porosity coefficient from 
0 to 0.9, the ND1 pattern effect on the fundamental natural frequencies increases as (27%), 
(16%), and (7.5%) for no foundation, Winkler foundation, and Pasternak foundation, 
respectively. With an increasing porosity coefficient from 0 to 0.9 at no foundation case, the 
ND1 pattern effect on the fundamental natural frequencies increases (12%) and (16%) compared 
to the UD and ND2 patterns.  

 
Table 3. Variation of cylindrical panel's non-dimensional fundamental natural frequency with different 
foundation parameters, porosity coefficient, and distribution patterns. 

 𝑘w(, 𝑘w'         
 0,0   60,0   60,4   

𝜂8 𝑈𝐷 𝑁𝐷S 𝑁𝐷E 𝑈𝐷 𝑁𝐷S 𝑁𝐷E 𝑈𝐷 𝑁𝐷S 𝑁𝐷E 
0 17.904 17.904 17.904 19.507 19.507 19.507 21.434 21.434 21.434 
0.1 17.651 17.453 17.964 19.320 19.139 19.562 21.318 21.154 21.484 
0.2 17.383 16.977 17.935 19.125 18.758 19.535 21.201 20.872 21.460 
0.3 17.095 16.471 17.816 18.921 18.362 19.426 21.085 20.588 21.361 
0.4 16.786 15.932 17.606 18.708 17.952 19.233 20.970 20.306 21.185 
0.5 16.447 15.355 17.300 18.481 17.528 18.954 20.858 20.032 20.932 
0.6 16.070 14.735 16.895 18.240 17.096 18.585 20.751 19.777 20.599 
0.7 15.644 14.067 16.382 17.980 16.663 18.120 20.655 19.561 20.180 
0.8 15.131 13.352 15.750 17.689 16.260 17.550 20.576 19.434 19.670 
0.9 14.415 12.626 14.984 17.329 15.983 16.867 20.543 19.540 19.063 

 

 
Fig. 4. Variation of non-dimensional fundamental frequency versus porosity coefficients for 

various elastic foundation stiffness 

In the same case, the most significant ND2 pattern effect is (5.2%) compared to the UD pattern 
at  𝜂8 = 0.5. Depending on the rising porosity coefficient from 0 to 0.9, the Winkler foundation 
effect on the fundamental natural frequencies increases (11.3%), (17.6%), and (3.6%) for UD, 
ND1, and ND2 patterns, respectively. In the same case, the influence of the Pasternak foundation 
increases (22.8%), (35%), and (7.5%) for UD, ND1, and ND2 patterns, respectively.  
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Figs. 5 and 6 indicate the variation of the dimensionless fundamental natural frequency of 
porous orthotropic cylindrical panel resting on the Winkler and Pasternak foundations for 
different porosity coefficients and three porosity distributions at (𝑠/ℎ = 50, 𝑠/𝑎 = 1, 𝑅/𝑠 =
5). It is known that the growth of Winkler and Pasternak stiffness leads to increasing in 
dimensionless fundamental frequency for all porosity coefficients. Moreover, it is found that 
the effect of porosity on fundamental frequencies is more considerable with no elastic 
foundation. In other words, the influence of porosity decreases with increasing foundation 
stiffness. With an increasing Winkler foundation stiffness  from 0 to 150 at 𝜂8 = 0.6, the 
porosity effect diminishes as (7.4%), (10.5%), and (1.4%) for UD, ND1, and ND2 patterns, 
respectively. With an increasing Pasternak foundation stiffness from 0 to 15 at 𝜂8 = 0.8, the 
porosity effect decreases as (6.8%), (17.2%), and (4.7%) for UD, ND1, and ND2 patterns, 
respectively. With an increasing Pasternak foundation stiffness from 0 to 15 at 𝜂8 = 0.8, the 
ND1 pattern effect on the fundamental natural frequencies diminishes as (6%) compared to the 
UD pattern. It decreases by (8.5%) and then increases by (6.6%) compared to the ND2 pattern. 
Depending on the increase in the foundation stiffness, the effect of the elastic foundation on the 
dimensional fundamental frequencies increases as expected. 
 

 
Fig. 5. Variation of non-dimensional fundamental frequency versus Winkler elastic 

foundation stiffness for various porosity coefficients 
 

 
Fig. 6. Variation of non-dimensional fundamental frequency versus Pasternak elastic 

foundation stiffness for various porosity coefficients 

Fig. 7 and Table 4 show the influence of in-plane orthotropy on the free vibration behavior of 
porous orthotropic cylindrical panel resting on elastic foundation with respect to three porosity 
distributions at (𝑠/ℎ = 50, 𝑠/𝑎 = 1, 𝑅/𝑠 = 5). With an increasing orthotropy ratio from 5 to 
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60 at no foundation case, the porosity effect increases by (2.4%) and (5.4%) for ND1 and ND2 
patterns, respectively. It remains constant at (8%) for the UD pattern. With an increasing 
orthotropy ratio from 5 to 60 at the Pasternak foundation case, the porosity effect diminishes 
by (1.6%) and (3.6%) for UD and ND1 patterns, respectively. It increases by (1.7%) for the ND2 
pattern. With an increasing orthotropy ratio from 5 to 60 at the Pasternak foundation case, the 
ND1 pattern effect on the fundamental natural frequencies diminishes by (1.5%) compared to 
the UD pattern. It decreases by (3.3%) and then increases by (2%) compared to the ND2 pattern. 
Depending on the rising orthotropy ratio from 5 to 60, the Pasternak foundation effect on the 
fundamental natural frequencies increases (28%), (34.5%), and (28%) for UD, ND1, and ND2 
patterns, respectively.  
 
Table 4. The effect of orthotropy on the cylindrical panel's non-dimensional fundamental natural 
frequency with different foundation parameters, porosity coefficient, and distribution patterns. 

 𝜂8 = 0 𝜂8 = 0.5 
 𝑘w(, 𝑘w' 
 0,0 100,0.4 0,0 100,0.4 

𝐸S 𝐸E⁄  𝑈𝐷 𝑈𝐷 𝑈𝐷 𝑁𝐷S 𝑁𝐷E 𝑈𝐷 𝑁𝐷S 𝑁𝐷E 
5 15.360 18.540 14.110 13.095 14.625 18.079 17.320 17.936 
10 12.963 16.609 11.908 10.936 12.087 16.419 15.751 15.935 
15 12.011 15.877 11.033 10.071 11.071 15.796 15.163 15.179 
20 11.490 15.487 10.555 9.597 10.514 15.465 14.853 14.777 
25 11.156 15.241 10.248 9.295 10.157 15.258 14.659 14.526 
30 10.922 15.070 10.033 9.084 9.907 15.114 14.526 14.352 
35 10.746 14.943 9.871 8.927 9.721 15.007 14.429 14.224 
40 10.607 14.844 9.744 8.804 9.575 14.924 14.353 14.125 
45 10.494 14.763 9.640 8.706 9.458 14.856 14.293 14.045 
50 10.400 14.696 9.553 8.624 9.360 14.800 14.243 13.980 
55 10.319 14.639 9.479 8.555 9.277 14.752 14.201 13.924 
60 10.248 14.589 9.414 8.495 9.205 14.710 14.165 13.877 

 

 
Fig. 7. Variation of non-dimensional fundamental frequency versus in-plane orthotropy ratios 

To indicate the effects of the radius-to-curve length ratio on the dimensional fundamental 
frequency of porous orthotropic cylindrical panel resting on a Pasternak foundation for three 
porosity patterns, Fig. 8 and Table 5 present the fundamental frequencies versus the radius-to-
curve length ratio for both perfect (𝜂8 = 0) and porous (𝜂8 = 0.8) panels. It is seen that 
dimensional fundamental frequencies diminish depending on the increasing radius-to-curve 
length ratios. The difference between NDs and UD patterns’ frequency values increases with 
an increase in the radius-to-curve length ratio for the Pasternak foundation case. Also, the 
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difference between ND1 and ND2 patterns’ frequencies increases depending on the increasing 
radius-to-curve length ratio for both no foundation and Pasternak foundation cases. With an 
increasing radius-to-curve length ratio from 0.5 to 5 at no foundation case, the porosity effect 
increases by (9%) and (13.5%) for ND1 and ND2 patterns, respectively. It remains constant at 
(15.5%) for the UD pattern. With an increasing radius-to-curve length ratio from 0.5 to 5 at the 
Pasternak foundation case, the porosity effect decreases by (3.5%) and (0.5%) for UD and ND1 
patterns, respectively. It increases by (6.3%) for the ND2 pattern. With an increasing radius-to-
curve length ratio from 0.5 to 5 at the Pasternak foundation case, the ND1 pattern effect on the 
fundamental natural frequencies increases by (11%) and (4%) compared to the UD and ND2 
patterns, respectively. Depending on the rising radius-to-curve length ratio from 0.5 to 5, the 
Pasternak foundation effect on the fundamental natural frequencies increases (17%), (36%), 
and (23%) for UD, ND1, and ND2 patterns, respectively.  

 
Table 5. The effect of 𝑅/𝑠 ratio on the cylindrical panel's non-dimensional fundamental natural 
frequency with different foundation parameters, porosity coefficient, and distribution patterns. 

 𝜂8 = 0 𝜂8 = 0.8 
 𝑘w(, 𝑘w'        
 0,0 75,0.5 0,0 75,0.5 

𝑅/𝑠 𝑈𝐷 𝑈𝐷 𝑈𝐷 𝑁𝐷S 𝑁𝐷E 𝑈𝐷 𝑁𝐷S 𝑁𝐷E 
0.5 13.141 15.907 11.105 9.930 11.932 15.357 14.638 14.924 
1.0 11.232 14.370 9.492 7.813 9.372 14.234 13.293 12.968 
1.5 10.842 14.067 9.162 7.355 8.749 14.016 13.029 12.526 
2.0 10.702 13.960 9.044 7.187 8.497 13.939 12.935 12.351 
2.5 10.636 13.910 8.989 7.108 8.366 13.903 12.892 12.261 
3.0 10.601 13.882 8.959 7.065 8.289 13.884 12.868 12.209 
3.5 10.579 13.866 8.940 7.039 8.238 13.872 12.854 12.174 
4.0 10.565 13.855 8.929 7.022 8.203 13.864 12.844 12.150 
4.5 10.556 13.848 8.920 7.010 8.177 13.859 12.838 12.133 
5.0 10.549 13.843 8.915 7.002 8.157 13.855 12.833 12.119 

 

 
Fig. 8. Variation of non-dimensional fundamental frequency versus radius-to-curve length 

ratios 

5. Conclusions 

The paper studies the free vibration of porous orthotropic cylindrical panels resting on an elastic 
foundation within the higher-order shear deformation theory. Three types of porosity 
distributions are considered. Mechanical properties of the porous panel are modeled in the 
thickness direction based on specific functions. The equations of motion are derived by using 
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Hamilton’s principle. The Galerkin solution method is used to solve governing partial 
differential equations. It is indicated that the vibration responses of porous orthotropic 
cylindrical panels are significantly affected by various parameters such as elastic foundation 
stiffness, porosity coefficients, porosity distribution patterns, and geometrical parameters.  

This subject is a less-explored area in vibration analysis, and including porosity introduces 
complexities related to structure-foundation interactions. Incorporating an elastic foundation 
beneath the panels adds a layer of realism to the analysis. The interaction between the panel 
and the foundation significantly influences the panel's vibration response, making the study 
relevant for practical engineering applications. The utilization of shear deformation theory is a 
distinctive approach. This theory considers the effects of transverse shear deformation, which 
is particularly important for thin and composite structures like cylindrical panels. Its integration 
adds precision to the results compared to classical plate theories. This subject bridges structural 
mechanics, soil-structure interaction, and material science concepts. The novelty lies in 
combining these diverse fields to analyze a complex system's behavior comprehensively. The 
outcomes of this study can have implications for various engineering fields, such as aerospace, 
civil engineering, and mechanical engineering. Optimizing the design of structures with these 
characteristics could lead to improved performance and efficiency. 

Numerical results show that: 
• The ND2 cylindrical panels’ dimensional fundamental frequencies are more significant 

than the ND1 ones. 
• The effect of the ND1 pattern on the fundamental frequencies is more significant than the 

other patterns.  
• The elastic foundation effect on the fundamental frequencies increases with the rising 

porosity coefficient.   
• The influence of porosity on the dimensionless frequencies decreases with increasing 

elastic foundation stiffness.  
• The effect of porosity on the fundamental frequencies of cylindrical panels resting on the 

Pasternak foundation decreases with increasing orthotropy and radius-to-curve length 
ratios for UD and ND1 patterns. It increases for the ND2 pattern. 

• The influence of porosity on the fundamental frequencies of cylindrical panels with no 
foundation increases with increasing orthotropy and radius-to-curve length ratios for 
ND1 and ND2 patterns. It remains constant for the UD pattern. 

• The difference between ND1 and ND2 cylindrical panels’ frequencies increases 
depending on the increasing radius-to-curve length ratio. 

Appendix A 
 
𝛼cS = 𝐾SE𝐾Ec(𝐾bb𝐾aa − 𝐾ba𝐾ab) + 𝐾SE𝐾bc(𝐾Ea𝐾ab − 𝐾Eb𝐾aa) + 𝐾SE𝐾ac(𝐾Eb𝐾ba − 𝐾Ea𝐾bb)
+𝐾Sc𝐾ba(𝐾EE𝐾ab − 𝐾Eb𝐾aE) + 𝐾Sc𝐾bb(𝐾Ea𝐾aE − 𝐾EE𝐾aa) + 𝐾Sc𝐾bE(𝐾Eb𝐾aa − 𝐾Ea𝐾ab)
+𝐾Sb𝐾Ec(𝐾ba𝐾aE − 𝐾bE𝐾aa) + 𝐾Sb𝐾EE(𝐾bc𝐾aa − 𝐾ba𝐾ac) + 𝐾Sb𝐾Ea(𝐾bE𝐾ac − 𝐾bc𝐾aE)
+𝐾Sa𝐾ac(𝐾EE𝐾bb − 𝐾Eb𝐾bE) + 𝐾Sa𝐾bc(𝐾Eb𝐾aE − 𝐾EE𝐾ab) + 𝐾Sa𝐾Ec(𝐾bE𝐾ab − 𝐾bb𝐾aE)
 (A1) 
𝛼cE = −𝐾SS𝐾Ec(𝐾bb𝐾aa − 𝐾ba𝐾ab) − 𝐾SS𝐾bc(𝐾Ea𝐾ab − 𝐾Eb𝐾aa) − 𝐾SS𝐾ac(𝐾Eb𝐾ba − 𝐾Ea𝐾bb)
−𝐾Sc𝐾ba(𝐾ES𝐾ab − 𝐾Eb𝐾aS) − 𝐾Sc𝐾bb(𝐾Ea𝐾aS − 𝐾ES𝐾aa) − 𝐾Sc𝐾bS(𝐾Eb𝐾aa − 𝐾Ea𝐾ab)
−𝐾Sb𝐾Ec(𝐾ba𝐾aS − 𝐾bS𝐾aa) − 𝐾Sb𝐾ES(𝐾bc𝐾aa − 𝐾ba𝐾ac) − 𝐾Sb𝐾Ea(𝐾bS𝐾ac − 𝐾bc𝐾aS)
−𝐾Sa𝐾ES(𝐾bb𝐾ac − 𝐾bc𝐾ab) − 𝐾Sa𝐾bS(𝐾Ec𝐾ab − 𝐾Eb𝐾ac) − 𝐾Sa𝐾aS(𝐾Eb𝐾bc − 𝐾Ec𝐾bb)

(A2) 
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𝛼cc = 𝐾SS𝐾EE(𝐾bb𝐾aa − 𝐾ba𝐾ab) + 𝐾SS𝐾bE(𝐾Ea𝐾ab − 𝐾Eb𝐾aa) + 𝐾SS𝐾aE(𝐾Eb𝐾ba − 𝐾Ea𝐾bb)
+𝐾SE𝐾ES(𝐾ba𝐾ab − 𝐾bb𝐾aa) + 𝐾SE𝐾Eb(𝐾bS𝐾aa − 𝐾ba𝐾aS) + 𝐾SE𝐾Ea(𝐾bb𝐾aS − 𝐾bS𝐾ab)
+𝐾Sb𝐾bS(𝐾Ea𝐾aE − 𝐾EE𝐾aa) + 𝐾Sb𝐾ES(𝐾bE𝐾aa − 𝐾ba𝐾aE) + 𝐾Sb𝐾aS(𝐾EE𝐾ba − 𝐾Ea𝐾bE)
+𝐾Sa𝐾bS(𝐾EE𝐾ab − 𝐾Eb𝐾aE) + 𝐾Sa𝐾ES(𝐾bb𝐾aE − 𝐾bE𝐾ab) + 𝐾Sa𝐾aS(𝐾Eb𝐾bE − 𝐾EE𝐾bb)
 (A3) 
𝛼cb = −𝐾SS𝐾bE(𝐾Ea𝐾ac − 𝐾Ec𝐾aa) − 𝐾SS𝐾EE(𝐾bc𝐾aa − 𝐾ba𝐾ac) − 𝐾SS𝐾aE(𝐾Ec𝐾ba − 𝐾Ea𝐾bc)
−𝐾SE𝐾ES(𝐾ba𝐾ac − 𝐾bc𝐾aa) − 𝐾SE𝐾aS(𝐾Ea𝐾bc − 𝐾Ec𝐾ba) − 𝐾SE𝐾bS(𝐾Ec𝐾aa − 𝐾Ea𝐾ac)
−𝐾Sc𝐾bS(𝐾Ea𝐾aE − 𝐾EE𝐾aa) − 𝐾Sc𝐾ES(𝐾bE𝐾aa − 𝐾ba𝐾aE) − 𝐾Sc𝐾aS(𝐾EE𝐾ba − 𝐾Ea𝐾bE)
−𝐾Sa𝐾ES(𝐾bc𝐾aE − 𝐾bE𝐾ac) − 𝐾Sa𝐾aS(𝐾Ec𝐾bE − 𝐾EE𝐾bc) − 𝐾Sa𝐾bS(𝐾EE𝐾ac − 𝐾Ec𝐾aE)

(A4) 
𝛼ca = 𝐾SS𝐾EE(𝐾bc𝐾ab − 𝐾bb𝐾ac) + 𝐾SS𝐾bE(𝐾Eb𝐾ac − 𝐾Ec𝐾ab) + 𝐾SS𝐾aE(𝐾Ec𝐾bb − 𝐾Eb𝐾bc)
+𝐾SE𝐾bS(𝐾Ec𝐾ab − 𝐾Eb𝐾ac) + 𝐾SE𝐾ES(𝐾bb𝐾ac − 𝐾bc𝐾ab) + 𝐾SE𝐾aS(𝐾Eb𝐾bc − 𝐾Ec𝐾bb)
+𝐾Sc𝐾aS(𝐾EE𝐾bb − 𝐾Eb𝐾bE) + 𝐾Sc𝐾ES(𝐾bE𝐾ab − 𝐾bb𝐾aE) + 𝐾Sc𝐾bS(𝐾Eb𝐾aE − 𝐾EE𝐾ab)
+𝐾Sb𝐾bS(𝐾EE𝐾ac − 𝐾Ec𝐾aE) + 𝐾Sb𝐾ES(𝐾bc𝐾aE − 𝐾bE𝐾ac) + 𝐾Sb𝐾aS(𝐾Ec𝐾bE − 𝐾EE𝐾bc)
 (A5) 
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