UJMA

Uniyersall Jowral o
Mathemalics arnd
Applicalions

VOLUME VI
INN18) 0N AY

ISSN 2619-9653
http://dergipark.gov.tr/ujma



VOLUME VI ISSUE IV December 2023
ISSN 2619-9653 http://dergipark.gov.tr/ujma

UNIVERSAL JOURNAL OF
MATHEMATICS AND
APPLICATIONS

UJMA



Editor in Chief

Merve Ilkhan Kara

Department of Mathematics,

Faculty of Arts and Sciences, Diizce University,
Diizce-TURKIYE

merveilkhan@duzce.edu.tr

Managing Editors

Mahmut Akyigit Emrah Evren Kara
Department of Mathematics, Department of Mathematics,
Faculty of Science, Sakarya University, Faculty of Arts and Sciences, Diizce University,
Sakarya-TURKIYE Diizce-TURKIYE
mahmutakyigit@gmail.com eevrenkara@duzce.edu.tr

Editorial Board of Universal Journal of Mathematics and Applications

Vildan Oztiirk Sidney Allen Morris
Ankara Hac1 Bayram Veli University, Federation University,
TURKIYE AUSTRALIA
Yanlin Li Stoil 1. Ivanov
Hangzhou Normal University, University of Plovdiv Paisii Hilendarski,
CHINA BULGARIA
Feng Qi Murad Ozkog
Henan Polytechnic University, Mugla Sitki Kogman University,
CHINA TURKIYE
Cristina Flaut Onder Gokmen Yildiz
Ovidius University, Bilecik Seyh Edebali University,
ROMANITA TURKIYE

Statistics Editor
Yesim Giiney,
Ankara University,
TURKIYE

Technical Editor

Zehra i§bilir

Department of Mathematics,
Faculty of Arts and Sciences,

Diizce University,
Diizce-TURKIYE



Contents

1

Pseudostarlikeness and Pseudoconvexity of Multiple Dirichlet Series
Myroslav SHEREMETA

Some f-Divergence Measures Related to Jensen’s One
Sever DRAGOMIR

On Strongly Lacunary Z3-Convergence and Strongly Lacunary Z3-Cauchy Sequence
Erding DUNDAR, Nimet AKIN, Esra GULLE

The New Class L, ¢ of s-Type Operators
Piwnar ZENGIN ALP

Lifts of Hypersurfaces on a Sasakian Manifold with a Quartersymmetric Semimetric

Connection (QSSC) to Its Tangent Bundle
Mohammad Nazrul Islam KHAN, Lovejoy Swapan Kumar DAS

ii

130 - 139
140 - 154
155 - 161
162 - 169
170 - 175



UJIMA

Universal Journal of Mathematics and Applications, 6 (4) (2023) 130-139

Universal Journal of Mathematics and Applications

Research paper

Journal Homepage: www.dergipark.gov.tr/ujma
ISSN 2619-9653
DOI: https://doi.org/10.32323/ujma. 1359248

Pseudostarlikeness and Pseudoconvexity of Multiple

Dirichlet Series

M. Myroslav Sheremeta

Ivan Franko National University of Lviv, Universytetska Str. 1, Lviv, 79000, Ukraine

Article Info

Keywords: Differential equation,
Hadamard  composition,  Multiple
Dirichlet series, Neighborhood, Pseu-
dostarlikeness, Pseudoconvexity

2010 AMS: 30B50, 30D45

Received: 12 September 2023
Accepted: 29 October 2023

Abstract

LetpeN, s=(s1,...,5p) €CP, h=(hy,...,hp) €RE, (n) = (ny,...,n,) € NP and the
sequences A,y = (/I,E,”,...,/'L,Ef)) are such that 0 < klm < /'Lk(j) < lk(i)l 1 o0 as k — oo for
every j=1,...,p. Fora=(ay,...,ap) and c = (c1,...,cp) let (a,c) = ajc; + ...+ apcp,

and we say thata > cif a; > ¢ forall 1 < j < p. For a multiple Dirichlet series

F(s) ="M+ Y fonexp{(Ap.9)}

Ay>h
Available online: 22 November 2023 ">
absolutely converges in Hg = {s:Res < 0}, concepts of pseudostarlikeness and pseudo-
convexity are introduced and criteria for pseudostarlikeness and the pseudoconvexity are
proved. Using the obtained results, we investigated neighborhoods of multiple Dirichlet
series, Hadamard compositions, and properties of solutions of some differential equations.

1. Introduction

Let S be a class of functions f(z) =z+ Yy, f»2" analytic univalent in D = {z: |z| < 1}. The function f € § is said to be starlike if f(ID) is
a starlike domain concerning the origin. It is well-known [1] (see p. 202) that the condition

Re{zf'(2)/f(2)} > 0 (:€D)

is necessary and sufficient for the starlikeness of f. A. W. Goodman [2] (see also [3] p. 9) proved that if ¥'>> , n|f,| < 1 then function f € §
is starlike.

The concept of the starlikeness of function f € S got the series of generalizations. 1. S. Jack [4] studied starlike functions of order o € [0, 1),
1. e. such functions f € S, for which

Re{zf'(z)/f(z)} > a (z€ D).

It is proved [4], ([3], p. 13) thatif ¥ ,(n— o)|f,4| < 1 — o then function f € § is starlike function of order ¢. V. P. Gupta [5] introduced
the concept of starlike function of order ¢ € [0, 1) and type 8 € (0, 1]. A function f € S is so named for that

[2f'(2)/ f(z) =1 < Blef'(2) / f(2) + 1 - 20

It is proved [5] that if

forall ze€D.

oo

Y A +B)n—B2a—1)-1)}fl <2B(1-a)

n=2

then function f € S is starlike function of the order o and the type 3.

Email address and ORCID number: m.m.sheremeta@gmail.com, 0000-0002-8691-7463
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For f € S, following A. W. Goodman [6] and S. Ruscheweyh [7], its neighborhood is called a set

Ns(f) = {8(2) =1+ Y e €8: Y kg —fil < 6}.
k=2 k=2

The neighborhoods of various classes of analytical in D functions were studied by many authors (we indicate here only in articles [§—14]).
For power series

i@ =Y s (=12
k=0
the series
(fixf2)(z ka 1fiead

is called the Hadamard composition (product) [15]. Obtained by J. Hadamard properties of this composition find the applications [16—18] in
the theory of the analytic continuation of the functions represented by power series. Many authors (see for example [7, 19-22]) have studied
Hadamard compositions of univalent, starlike, meromorphically starlike functions.

Let h > 1, A = () be an increasing to +oo sequence of positive numbers (4; > k) and S(A) be a class of Dirichlet series

F(s)=¢e"+ i Srexp{sA} (s=o+ir)
k=1

absolutely convergent in half-plane ITy = {s: Res < 0}. It is known [24], ( [3], p. 135) that each function F € S(A) is non-univalent in ITy,
but there exist conformal in Iy functions F € S(A), and if

Y Alfil <
=2

then function F' is conformal in I1y. A conformal function F in I1j is said to be pseudostarlike if
Re{F'(s)/F(s)} > 0(s € IIy).

In [24] (see also [3], p. 139) it is proved that if
Y Al fil <
k=2

then function F is pseudostarlike. A conformal function F € S(A) is said to be pseudostarlike of the order o if
Re{F'(s)/F(s)} >a€[0,1) forall s&Ilp.

Since the inequality |w — k| < |w — (20t — k)| holds if and only if Rew > ¢, function F € S(A) is pseudostarlike of the order ¢ if and only if
|F'(s)/F(s)—h| < |F'(s)/F(s) — (2a — h)| fors € TI,.

Therefore, as in [25], we call a conformal function F € S(A) in ITj pseudostarlike of the order o € [0, 1) and the type 8 € (0, 1] if
|F'(s)/F(s)—h| < B|F'(s)/F(s) — 2 —h)| for s€T.

In [25], it is proved that if

o

Y A +B) A —2Bo—h(1=B)}|fil <2B(h—a)

k=1

then F is pseudostarlike of the order o and the type . If in the definition of the pseudostarlikeness instead of F’/F to put F” /F’ then we
will get the definition of the pseudoconvexity.
S. M. Shah [26] indicated conditions on real parameters Yy, V1, %> of the differential equation

z ﬁ +zf + (0 +nz+p)w
under which there exists an entire transcendental solution f(z) = z+ Y, f2" such that f and all its derivatives are close-to-convex in I.
The convexity of solutions of the Shah equation has been studied in [27,28]. Substituting z = ¢* we obtain the differential equation

2

d“w
F*’(Yoe

e+ y)w =

with & = 1. The pseudoconvexity and pseudostarlikeness of solutions of the last equation have been studied in [3] (see p. 147-153).
In the proposed article we will get similar results for multiple Dirichlet series. The theorems proved here complement the results of the
papers [29-31].



132 Universal Journal of Mathematics and Applications

2. Pseudostarlikeness and Pseudoconvexity
Letpe N, h=(hy,...,hp) € Rﬁ, (n) = (n1,...,np) € NP and the sequences l(,,) = (A,EP,...,)L,E?) are such that

O<7Ll(j)<l,£j)<l,§'j31?+oo as k—oo forevery j=1,...,p

We denote H= 11y ... p, A,y = (l,gln~...~...l,£f)).Alsolets=(s],...,sp)E(Cp,sj=0'j+itj,G:(Gl,...,dp),andforaz(a],...,ap)

and ¢ = (cy,...,¢p) let (a,c) = ajc; + ... +apcp. Wesay thata > cifa; > cjforall 1 < j < p.
Suppose that the multiple Dirichlet series

F(s)=e""+ Y fonexp{(A).s)} 2.1

;L(n) >h

absolutely converges in T} = {s : Res < 0}, where Res < 0 <= (Res; <0,...,Res, <0).
For the definition of the pseudostarlikeness of the function (2.1) can be used either by one variable or in joint variables or in the direction.
Here we will look at the pseudostarlikeness in joint variables.

We denote
IPF (s) IPFP) (s) 9%PF (s)
FP) () = d F@P)(s) = = .
(s) dsy-...-dsp an (s) dsi-...-dsp  d%sy-...-9%sp
We say that function (2.1) is pseudostarlike of the order a € [0, H) and the type 8 > 0 in joint variables if
FP)(s) FP)(s)
-H —(2a—-H 1. 2.2
F(s) <Pl “Ce-H). sell @2

and function (2.1) is pseudoconvex of the order & € [0, H) and the type 8 > 0 in joint variables if

F2)(s)
F) (s)

F@r)(s)
Fl(s)

—(2a—H)‘, sel’.

Theorem 2.1. Let o € [0, H) and B > 0. If
Y {1+ B)Aw —2Ba—H(1 = B)}{f,)| <2B(H-a) 23)

},(,,)>I’l
then function (2.1) is pseudostarlike of the order o and the type B in joint variables. If

Y Aw{(1+B)Ap) —2B0—H(1 = B)} fi| < 2HB(H— ) (2.4)
A(,,)>/’l

then function (2.1) is pseudoconvex of the order o, and the type B in joint variables.

Proof. Since

FP)(s) =Hel"™ 1+ ¥ A(n) fin exp{(Agn), )}
A.(n)>h

we have

F)(s) ~HF (s)| = B|FP)(s) ~ 2~ H)F ()| =| ¥ (A(n) ~H)f(y) exp{ (A, 9)}

—B2(H=0)e™ + ¥ (A(n) +H=20) f( exp{ (A 5)} -
Ay >h

Suppose that o < H. Since —|a+b| < —|a| + |b| and 6 < 0, hence in view of (2.3) we get

’F(p) (s) HF(S)‘ B ‘F(m (s)— (2o — H)F(s)‘

< Y (A(m) —H) fyexp{(A(n),s) }2[3 (H— o)™ | +|B Y (Ayy+H—20) ) exp{(Ay).9)}
A‘(n)>h A(n)>h

sz (A(n) = H)|f) lexp{(A(y), 0)} — 2B (H— )" +BAZ ) TH=2a)|f(|exp{(A(,), 0)}
(w>h () >h

=€<“"h)< )Y {(1+ﬁ)/\<n>ZBQH(lﬁ)}If(n)exp{(Mn)h,G))}2l3(Ha))

A(n)>h

< Y A +B)Aw) —2Ba—H(1 = B)}| | —2B(H—a) <0,

k(,,) >h
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FP)(s) —HF (s)

—B ’F(m (s)— 2a—H)F(s)| <0, seIll. 2.5)

Since conditions (2.2) and (2.5) are equivalent, function (2.1) is pseudostarlike of the order & and the type B in joint variables.
Since F(2P)(s)/F(P) (s) = GP) (5) /G(s), where

Gs)=¢"+ ¥ gwexp{(Aw:)}h 8w = fo
l(,,)>h

the function F is pseudoconvex of the order o € [0, H) and the type B > 0 in joint variables if and only if the function G is pseudostarlike
of the order o € [0, H) and the type 8 > 0 in joint variables. Therefore, if (2.4) holds then the function F is pseudoconvex of the order
o € [0, H) and the type B > 0 in joint variables. The proof of Theorem 2.1 is complete. O

The following theorem complements the statement of Theorem 2.1.

Theorem 2.2. Let o € [0, H) and > 0. If function (2.1) is pseudostarlike of the order o and the type B in joint variables and all f(m) <0
then (2.3) holds. If function (2.1) is pseudoconvex of the order o and the type B in joint variables and all Sim) < 0 then (2.4) holds.

Proof. If function (2.1) is pseudostarlike of the order & and the type 8 in joint variables and Sy =— | f<m)\ then in view of (2.5) as above
we have for all s € Hg

— L (An)=H)|fimlexp{(A(),5)}
)>h F(P)(s) —HF (s)

A _
2(H - a)elssh) — .\ L h(A(") +H=200)| f) lexp{(Any,8)} | |FP)(s) — (20— H)F (s) <P
(n) >

and therefore,

L (A(n) —H)[f()lexp{(A(). )}
Ay >h

)
2= e~ T (M) B 20) i exp )] P
n) >

A

Re

whence for all ¢ < 0 we obtain
L (A(n) —H)|fn|exp{(A(n),0)}
},(,,)>h

2(H—a)el®h — ¥ (A(n) +H=200)|f,)|exp{(An), 0)}
},(n)>h

<B

Letting 0 — 0 from here we get
by (A(n) - H)‘f(n)'
;\,(,,)>/1

2H-a)— . Z>h(/\(n) +H=2a),[fil
(n)

<B

whence (2.3) follows. The first part of Theorem 2.2 is proved. The second part is proved similarly. O

Theorems 2.1 and 2.2 imply the following statements.

Corollary 2.3. In order that the function (2.1) is pseudostarlike of the order o € [0, H) in joint variables, it is sufficient and in the case,
when all f(,;y <0, it is necessary that

Y {Aw— )} fl <H-a (2.6)
l( )>h

In order that the function (2.1) is pseudoconvex of the order o € [0, H) in joint variables, it is sufficient and in the case, when all fin) 0.t
is necessary that

Y Aw{Aw — S| <HH- ).
A.(n)>h

Corollary 2.4. In order that the function (2.1) is pseudostarlike in joint variables, it is sufficient and in the case, when all fi,,) <0, it is
necessary that

Y Awlfwl <H
l(,,)>h

In order that the function (2.1) is pseudoconvex in joint variables, it is sufficient and in the case, when all f(,) <0, it is necessary that

Y (Ap)* Sl <HZ

(,,)>/’L
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3. Neighborhoods of Multiple Dirichlet Series

Here the class of series (2.1) absolutely convergent in Hg we denote by D and we say that F € D* if F € D and all fn) £0. By PSDy, g
we denote a class of pseudostarlike functions (2.1) of the order a and the type f3 in joint variables, and by PCD, p we denote a class of
pseudoconvex functions (2.1) of the order & and the type B in joint variables.

For j > 0 and 8 > 0 we define the neighborhood of F € D in joint variables as follows

0j5(F)={G(s)=e"M+ ¥ gexp{(Ay).5)€D: Y, A{n)\g(n)—f(n)|§5

Awy>h Ay >
Similarly, for F € D*
s(F)=1G(s) ="Mt ¥ g exp{(A),9)} €D : Y AJ )& =S| <8
2,(,,)>/1 A(,,)>h

Here we will establish a connection between classes PSDy, g, PCDy g and O; 5(F), 0;‘. 5(F). We need the following lemma.

G F)
Lemma 3.1. Let F € D. Then G € O, y5(F) if and only ifT €015| 4 |

H

Indeed,

FP)

? eSh+ Z f(n)exp{( )} €D.

Ay >h
(n)
Gr) Fp) A )

Therefore, € 05 (H if and only if l():>hA " IE;> Foy— #g(’l) <9d,i.e. GE Oy ys(F).
At first, we consider the case when F(s) = E(s) := ¢("*) and we prove such theorem.

Theorem 3.2. For the function E(s) = e3) the following correlations are correct: O1H(E) CPSDy, Of y(E) = PSDy 1 D", O, g2 (E) C
PCDyy and 03 g (E) = PCDy 1 D"

Proof. If G € 01_H(E) thenGe Dand Y A(n) \g(,,)\ < H. Since
Ay >h

GP)(s) =Hel™™ 1+ ¥ An)g(u exp{(A(u):5)},

Z,(,l)>h
we have
G (s A
0609 =| ¥ g exp{(Ry )} - X g exp{(A5))
A.(,,)>h A,(,,)>I’l
S ) el (.9}
/,)>h
An
< £ (G01) kwlewiin.on
l(n)>h
- 1) exp{Au) 0)} = X lglexp{iu), o)}
l(n)>h }.”)>h
<exp{h,0)} Z H gl = X 180lexp{A.0)}
l( >h A(,l)>h
<exp{h,0)} = Y lg(mlexp{A);0)}-
Ay >h
On the other hand,
1G(s)| = (") + Y [g()|expfAg,0)} = e — ¥ g letter®)
A,(,,)>h A(,,)>h
and thus G(P>(s) —G(s)| <[G(s)],i. e G(1’>(s) —1| < I forall s € TT). From hence it follows that Re G(m(s) >0,i.e. G€ PSD
ITH = Y THG(s) = 0 HG(s) o 0.1

and 017H(E) C PSDQ,I .
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From above it follows that O} ;(E) C PSDg 1. On the other hand, if G € D and G € PSDg 1 then by Corollary 2 Y, h/\(,l) lgm <H.i. e.
(>

G € O] y(E). Thus, PSDy 1 D C O] x(E) and PSDy,1 D" = O7 y(E).

Since G € PCDy ; if and only if G(» /H € PSDy,1, and by Lemma 3.1 G € O, gs(E) if and only if G /He 0, S(E/H) =0, 5(E), one
can easily obtain the corresponding results for pseudoconvex functions.

For example, if G € 027Hz( ) then G /H € 0, H(E) and, thus, GV /H e PSDq1 and G'P) € PSDy . Therefore, O, w2 (E) C PCDy ;.
The proof of Theorem 3.2 is completed. O

Now we investigate the neighborhoods of a pseudostarlike function of the order . The following theorem is true.

H-oa H-qo

A—
Theorem 3.3. Let0§a1<a<H,A:min{A : An) > h}, 6; = (ot — al) 82* A (x+Af

Then O 5 (F) C PSDg, 1 and D*(\PSDq, | C O} 5 (F), O3 ys (F )CPSDallandD NPSDg, 1 C O 5, (F).

) and F € D*(PSDg, ;.

Proof. Let G € 0’1‘ 5 (F). Since F € PSDg 1, by Corollary 2.3 condition (2.6) holds. Therefore, for o;; < o we get

Y (Aw—adlewl < Y {Aw —atew —fnl+ Y {Aw — a1}l

A(,,)>/’l ﬁ.(“)>/‘l l(,,)>h
Y {Aw —aidlgm —fwl+ Y, {Aw —Hfwl+(@—a) Y Ifw
Ay>h Ay >h Ay >h
<§+H-a+(o—ap) Z o)
A(n)>h

But in view of (2.6)

- H-«a

Z |fn|< Z ni'f(n)lS .

Awy>h Ay >h A-a A-a
Therefore,

H-
Y Ap-—allgml <S+H-—a+(a— ) ®<H-o

),(,,)>I’l

i. e. by Corollary 2.3 the function G € PSDy, 1 and, thus, OF 5 (F) C PSDg, 1
Now suppose that G € Djj(\PSDg, 1. Then in view of (2.6) we have

A
(n)
Z A(n)|g(n)_f(n)|: Z ﬁ(/\(n)_alﬂg(n)_f(n)'
A,(,,)>h l(n)>h (”) 1
<P Y (A gy fin)
= n) — W n) — J(n
Ama X, o o~
A — o
< (A = 0u)lgm)| + ~ (A — )| Syl
< H-o A H-o))| =6
Ao 1+A_ ( )| =6,

i.e. G €0} 4 (F) and, thus, D*\PSDq, 1 C O; 5 (F).

F) G F)
Finally, since ' € PCDy ; if and only if H € PSDy,1, and by Lemma 1 G € O, ys(F) if and only if H €05 (H , one can

) ) ) ) ) G F(P)
easily obtain the corresponding results for pseudoconvex functions. For example, if G € O, g5, (F) then H) €05 (H and, thus,
G

H € PSDq, 1 and G € PCDy, 1. Therefore, O, g5, (F) C PCDy, 1. The proof of Theorem 3.3 is completed. O

Finally, we consider the generalized case when the function F is a pseudostarlike in joint variables of the order o and the type . The
following theorem is true.

Theorem 3.4. Let0<a<H 0<fB <f; <],

(+p)A-2pa—HA-p) o 2(H—0)(f —0f)
(1+B)A—2Ba—H(1-p) = '~ 1+ B

0=

2B (H—a)A . 2B(H— a)A
(1+B)A-H(1—-p1)—2ap  (1+B)A-H(1-B)—-2aB’

& =
and

F eD*(\PSDyp.
Then, O} 5, (F) C PSDg,p,, and D*(\PSDq g, C O} 5 (F), O3 ys (F) C PSDy g, and D*(\PSDg p, C O g5 (F).
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Proof. At first we remark that in view of the conditions 0 < @ < Hand 0 < 8 < f3; <1
i (L+B1)Ap) — 2B —H(1 - By)

Awy>h (1+B)A(n)—2ﬁa—H(l—ﬁ)
and B; —Qf > 0. For 0 < B < 1 < 1, we have
Y {(+B)Aw —2Ba—H1—=B)}ew | < Y {(1+B1)Aw —2B1a—H(1 = Bi)}Hewm) — fin]

2,(,,)>h l(,,) >h

+ Y {0 +B)AE) —2B1a—H(1 = B1)} fn)|

),(,l)>h

=0

3.1)

If G € 07 4 (F), then

Y {4+ B)AG —2Bia—H(1 =)} — fi| < (L+B1) Y. A lgm) — Ffim| < (1+B1)d1,

Awy>h Ay >h
and, since F' € D*(1PSD,, g, by Theorem 2.1
(L+B1)A) — 2B —H(1 - By)

Y {0 +B)A —2Bia—H(1—B)}fuml= Y {(T+B)Ap) —2Ba—H(1 =)}/l

Ay h ren (1+B)AG) —2Bo—H(1—B)
<0 Y {(1+B)Ap) —2Ba—H(1-B)}fin| <20BH-a).
Awy>h

Therefore, (3.1) implies
Y {(+B)AG) —2Ba—H(1 = Bi)}Hgg| < (1+B1)8 +20B(H—a) = 2B (H - a),

A(,,)>I’l

i. e. by Theorem 2.2 G € PSD, g . Theorem 3.4 is proved. O
4. Hadamard Compositions of Multiple Dirichlet Series

For Dirichlet series Fj(s) = e + ¥ fin),j€xP{(A(n)»5)} (j = 1,2) the Hadamard composition has the form
l(,,)>

(FixFa(s) = e+ Y fo 1 fim)2€xp{ (A()5) }- 4.1
2,(,,)>h
Theorem 2.1 and Corollary 2.3 imply the following statements.

Corollary 4.1. If the functions Fj € D* are pseudostarlike of the orders o; € [0, H) then Hadamard composition Fy x F; is pseudostarlike
of the order o = max{o, 0 }.

If the functions F; € D* are pseudoconvex of the orders o; € [0, H) then Hadamard composition Fj x F5 is pseudoconvex of the order
o= max{ocl s OCQ}.

Indeed, since Fj € D* that is f(,) ; < 0 for all n and j, from (2.6) it follows that |f(,) ;| < (H—a;)/(A,) — ;) < 1 for A,y > h and
therefore,

o o
Y o fmafmal = Z il <1
A(,,)>h H_al k=1

for each k =1 and k = 2, i. e. the function F} x F is pseudostarlike of the order ¢ and of the order 0, and thus, F} * F; is pseudostarlike of
the order o = max{ o, 05 }.
The proof of the pseudoconvexity of F| * F, is similar.

Corollary 4.2. If the functions Fj € D* are pseudostarlike of the order o € [0, H) and the type B; > 0 then Hadamard composition Fy * F>
is pseudostarlike of the order o and the type B = min{f, B> }.

If the functions F; € D* are pseudoconvex of the order o € [0, H) and the type f8; > 0 then Hadamard composition Fj % F; is pseudoconvex
of the order a and the type f = min{f, »}.
Indeed, from (2.3) it follows that

2B;(H—a)
(l+ﬁj)/\(n> -(1-B)H-2B;a

for A(,) > h and therefore, as above we have

Z (1 +ﬁj)A(n) —(1-B)H-2B;x
Ay >h Zﬁj(H_ )

<1

‘f(n),j' <

‘f(n),l”f(n),2|§17 j=12

Hence it follows that Fj x F; is pseudostarlike of the order o and the type 3; for each j and thus, Fi * F> is pseudostarlike of the order o and

the type f = min{f, B> }.
The proof of the pseudoconvexity of F| * F, is similar.
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5. Differential Equation

Here we consider a differential equation

Pw

2(s,h) (s,h) _
8s1,...,95p+(yoe +1e¥ +pw=0 5.1

and we will find out at what conditions on the parameters Yy, 71, 7> this equation has solution (2.1) pseudostarlike in joint variables of the
order o € [0,H) and the type 8 > 0.
We will look for a solution to the equation in the form

=) =

F(s) ="M+ Y fyexp{((n+1)h,s)} = + ¥ fi exp{(n+1)(h,s)}, (5.2)

n=1 n=1

where (n) = (n,...,n) (p times) and A,y = (n+ 1) = ((n+1)hy,...,(n+1)hy). Since

s

FP) (s) = He(") + (n+ 1)PHfyyexp{(n+1)(h,s)},

1

n

we have

(n+ 1)PH (g exp{(n+1)(h.5)} + 7> +9% Y fmyexp{(n+3)(h,5)} +ne*s"
1 n=1

s

HeM +

n

o

+71 Y S exp{(n+2) ()} + 1 + 1 Y finyexpf(n+1)(h,5)} =0,

n=1 n=1

=

(H+13)e™M + 91200 4903 4 (2PH+ 1) fi1) 2P + (3PH+ 1) fia) P + 1 )0 + Y {((n+ DPHA 1) fim)

n=3

>3+ fim-1)+ Wfn-2texp{(n+1)(h,s)} =0.
Hence it follows that

H+p=0, Q2"H+n)fq)+n =0, G"H+n)fo)+nfay+1n=0
and

(n+DPH+ %) fin) + N fn-1) + Wln-2)texp{(n+1)(h,s), n>3.
Therefore, the following lemma is correct.
Lemma 5.1. Function (5.2) satisfies differential equation (5.1) if and only if

_ I/ _ nhwtw

r= H7 f(l)f (2[)*1)H7 f(Z)* (3[771)71)H

and
1))+ _
fomy = — NS (n-1)) + 1S (n—2)) (n>3). (5.3)

(n+ 1P —1DH

Using Lemma 5.1 now we prove the following theorem.

2
Theorem 5.2. Let o € [0,H), B >0, » = —Hand |p|+ 71| < %(H — ). Then differential equation (5.1) has entire solution (5.2)

pseudostarlike in joint variables of the order o and the type B.

Proof. Recall that the function (2.1) is called pseudostarlike in joint variables of the order & € [0,H) and type 8 > 0 if
|[FP)(s)/F(s)—H| < BIFP)(5)/F (5) = (2a — H).

Also, we remark that function F is a solution of differential equation (5.1) if and only if
FO(s) + (1200 + 70 1) F () = 0.

Hence it follows that F is pseudostarlike in joint variables of the order a € [0,H) and the type 8 > 0 if and only if

|~ (e + 71l ) —H| < B — (02N + 1M 1) — 20 —H)|, seIl],

125N £ 1 eS| < Blpe? M) 4 yeh —2H—-a)|, selll,
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and thus,
1 2H—a) »
B T pe2Gh) +yelsh) | s €.

Since |w— 1| > |w| — 1, this inequality holds if

2H-a) L
Woe2(sah) ~|»’y]e(5~,h) ﬁ’
i.e.if
20(H—-
‘Y()e +Yle( )|<ﬁ§fﬁa), seng.

The last condition holds because
2B
90X + 1l < 3] + |y |1 < 3] + | < -

and thus, function (5.2) is pseudostarlike in joint variables of the order o and the type f3.
Finally, since for every 6 € R” there exits ny = ng(c) > 1 such that

(Il +Inl)exp{2(h,0)}
n?H

<

D | =

in view of (5.3) we have

Z |f(n>|exp{(n+1)(67h)} < Z In |f(n—1)| n(0.) g(osh) 4 Z ‘70|fn 2| Sn=1)(e.h) 2(0.h)

P & (n+1)P—DH® & (nr1)P—DH
1711w (n+1)(0.h) (0.h) - 1701 f(m)| (n+1)(0.h) 2(0.h)
w1 <<n+z>p71>He D YO (e
(Inl+ 1)) (n+1)(0 k) 7m0l et 1yom)
<n2no n’H 'f e "o+ 1p—nH®
+ 1701 fing—2)| o+ 1)(eh) 70| fny-1)| o(m+2)(0.h)
((np+1)»—1)H (n+2)»—1HH

1 oo
5 Z nylexp{(n+1)(o,h)} + const,
i. e. Dirichlet series (5.2) is entire (absolutely convergent in C?). The proof of Theorem 5.2 is completed. O
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and provide some inequalities between these measures and a combination of Csiszar’s
f-divergence, f-midpoint divergence and f-integral divergence measures.

1. Introduction

Let (X, /) be a measurable space satisfying |.7| > 2 and t be a o-finite measure on (X,.27) . Let &2 be the set of all probability measures

on (X,27) which are absolutely continuous with respect to . For P, Q € &, let p = Z—ﬁ and g = % denote the Radon-Nikodym derivatives

of P and Q with respect to L.
Two probability measures P, Q € & are said to be orthogonal and we denote this by Q L P if

P({g=0})=0({p=0})=1.

Let f :[0,00) — (—o0, 0] be a convex function that is continuous at 0, i.e., £ (0) = lim, | f (u).
In 1963, I. Csiszar [1] introduced the concept of f-divergence as follows.

Definition 1.1. Let P, Q € &. Then

y@.r) = [ pwr| 25 aut. Ly

is called the f-divergence of the probability distributions Q and P.

Remark 1.2. Observe that, the integrand in the formula (1.1) is undefined when p (x) = 0. The way to overcome this problem is to postulate
for f as above that

or[12] =g o (1)] v as

We now give some examples of f-divergences that are well-known and often used in the literature (see also [2]).
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Cite as: S. S. Dragomir, Some f-Divergence Measures Related to Jensen’s One, Univers. J. Math. Appl., 6(4) (2023), 140-154.



https://orcid.org/0000-0003-2902-6805

Universal Journal of Mathematics and Applications 141

1.1. The class of y*-divergences
The f-divergences of this class, which is generated by the function Y%, a € [1,e0), defined by
xa (”) = ‘uf 1‘067 ue [0700)

have the form

o
If(QyP)=/Xp‘1%fl du=/xpl‘°‘|qu|°‘du~ 1.3)

From this class only the parameter o = 1 provides a distance in the topological sense, namely the fotal variation distance
V(Q,P) = [x|g— p|du. The most prominent special case of this class is, however, Karl Pearson’s y*-divergence

2 q*
x°(0,P)= / —dp—1

Jx p

that is obtained for o = 2.

1.2. Dichotomy class

From this class, generated by the function fg : [0,00) = R

u—1—1Inu for a =0;
fo(u) = ﬁ[azﬂrlf(xfua] for a € R\{0,1};
1—u-+ulnu for a=1;

only the parameter o = % (f 1 (u) =2(Vu— 1)2> provides a distance, namely, the Hellinger distance

H(Q.P)= [/Xw—mzduf.

Another important divergence is the Kullback-Leibler divergence obtained for o =1,

KL(Q,P) :/qun (%) du.

1.3. Matsushita’s divergences
The elements of this class, which is generated by the function @q, o € (0,1] given by
1
Qo () :=|1—u%@, uecl0,o),
are prototypes of metric divergences, providing the distances [I% (Q,P)] ¢,
1.4. Puri-Vincze divergences

This class is generated by the functions ®¢, a € [1,00) given by
[ —ul

D (1) := W7

u € [0,00).

It has been shown in [3] that this class provides the distances [Ip, (Q,P)]é .
1.5. Divergences of Arimoto-type

This class is generated by the functions

S [0ruE -2 (14| for ae (0,)\ {1}
Wo(u): =9 (1+u)n2+ulnu—(14+u)in(1+u) for o =1;
$1—ul for o =oo.

: 1
It has been shown in [4] that this class provides the distances [y, (Q,P)]mm(a"a) for o € (0,0) and %V (Q,P) for ot = oo.
For f continuous convex on [0,0) we obtain the *-conjugate function of f by

rw=ur (L), ueo)
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and

£1(0) =lim * (u).

ul0

It is also known that if f is continuous convex on [0, ) then so is f*.
The following two theorems contain the most basic properties of f-divergences. For their proofs we refer the reader to Chapter 1 of [5] (see
also [2]).

Theorem 1.3 (Uniqueness and Symmetry Theorem). Let f, f| be continuous convex on [0,0). We have

Ifl (Q7P) :If(Q7P)7

Sforall P, Q € & if and only if there exists a constant ¢ € R such that

Srlw) =f ) +c(u=1),
forany u € [0,0).

Theorem 1.4 (Range of Values Theorem). Let f : [0,00) — R be a continuous convex function on [0,). For any P,Q € &, we have the
double inequality

F() <1 (Q,P) < £(0)+£7(0). (1.4)
(i) If P = Q, then the equality holds in the first part of (1.4).
If f is strictly convex at 1, then the equality holds in the first part of (1.4) if and only if P = Q;
(ii) If Q L P, then the equality holds in the second part of (1.4).
If £(0) + f*(0) < oo, then equality holds in the second part of (1.4) if and only if Q L P.
The following result is a refinement of the second inequality in Theorem 1.4 (see [2, Theorem 3]).

Theorem 1.5. Let f be a continuous convex function on [0,00) with f (1) =0 (f is normalised) and f (0) + f* (0) < oo. Then

0<11(Q.P) < 3 F(0)+ £ O]V (Q.P) (15

forany Q, P € Z.

For other inequalities for f-divergence see [6—20].

2. Some Preliminary Facts
For a function f defined on an interval  of the real line R , by following the paper by Burbea & Rao [21], we consider the _# -divergence
between the elements ¢, s € I given by

#rits)i= 30+ 1015 (5))

As important examples of such divergences, we can consider [21],

(a—1)"1 [% (1% +5%) — (”T‘)“] ,a# 1,
Halt,s):=

[tIn(t)+sln(s)— (t+s)In(52)], a=1.

If f is convex on /, then 7y (t,s) > O forall (¢,5) € I x 1.
The following result concerning the joint convexity of _# also holds:

Theorem 2.1 (Burbea-Rao, 1982 [21]). Let f be a c? function on an interval I. Then ¥ is convex (concave) on I x 1, if and only if f is
convex (concave) and # is concave (convex) on 1.

We define the Hermite-Hadamard trapezoid and mid-point divergences

0= A0+ PO [ 101~ +5)de @
and
M (t5) = /Olf((l—r)mm)dr—f(%) 2.2)

forall (r,s) e I x I.
We observe that

Sy (t,5) = Ty (t,5) + .My (t,5) (2.3)
forall (1,5) e I X I.
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If f is convex on I, then by Hermite-Hadamard inequalities

M Z/OIf((l_r)a+rb)dr2f(a+b)

2
for all a, b € I, we have the following fundamental facts
Ty (t,s) > 0and .#(t,5) >0 2.4)

forall (¢,s) € I x1.
Using Bullen’s inequality, see for instance [22, p. 2],

0< /(;lf((l —r)a+rb)dr—f(a+b)

2
f(a)+f(b)

<
B 2

—/(;lf((l —T)a+1h)dt
we also have

0< My (t,s) < Ty(t,s). 2.5)
Let us recall the following special means:

a) The arithmetic mean

_a+b

Al(a,b) , a,b>0,

b) The geometric mean
G(a,b) :=Vab; a,b>0,

¢) The harmonic mean

H(a,b) :=

b—a
7) if ba

;a,b>0
a if b=a
e) The logarithmic mean

b—a

Inb—1Ina it b7a

L(a,b) := ; a,b>0

a if b=a

f) The p-logarithmic mean

1
bp+l 7ap+l );

L, (a,b) := (m if b#a peR\{-1,0}

; a,b>0.
a if b=a
If we put Lo (a,b) :=1I(a,b) and L_; (a,b) := L(a,b), then it is well known that the function R 3p + L, (a,b) is monotonic increasing on

R.
We observe that for p € R\ {—1,0} we have

/l [(1-t)a+tb]’dt =L} (a,b), /1 [(1—1t)a+b] 'dt=L""(a,b)
0 0
and

/(;lln[(l —1)a+1bldt =1nl(a,b).

Using these notations we can define the following divergences for (z,s) € I" x I" where [ is an interval of positive numbers:

Tp(t,s) :=A(",sP) = LD (1,5)
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and
My (t,5) =L (t,5) — AP (t,5)
forall p e R\ {—1,0},

T (t,s) :=H " (t,5) =L (1,5)

and
A (15) = L7 (1,5) ~ A7 (1.9)
for p= —1 and
na-a(53)
and
()
for p = 0.

Since the function f(7) = 77, T > 0 is convex for p € (—o0,0) U (1,00), then we have
%(LS% //fp(f»S)ZO (26)

forall (r,s) e I x I.
For p € (0,1) the function f () = 77, T > 0 and for p = 0, the function f () = In7 are concave, then we have for p € [0, 1) that

Ty (t,5), Mp(t,5) <0 @7

forall (1,5) e I X I.
Finally for p = 1 we have both .7 (¢,s) = .# (t,s) =0 forall (¢,s) € I X I.
We need the following convexity result that is a consequence of Burbea-Rao’s theorem above:

Lemma 2.2. Let f be a C2 function on an interval I. Then Ty and My are convex (concave) on I x 1, if and only if f is convex (concave)
and # is concave (convex) on 1.

Proof. If Iy and .4 are convex on I x I then the sum .Fy 4.4y = ¥y is convex on I x I, which, by Burbea-Rao theorem implies that f is
convex and % is concave on /.

Now, if f is convex and j% is concave on /, then by the same theorem we have that the function #7:7x1—R

#rits)i= 310+ £01-5 (57)

is convex.
Lett, s, u, v € I. We define

o(1):=_Zr(1=7)(t,5)+7(u,v)) = Zr (1 =7)t+7u, (1 —7)s+1Tv))

_ 1 (I=1)t+tu+(1—1)s+1v

_5[f((l—T)t—i—‘m)—i—f((l—r)s—f—rv)]—f( : )
! t+s | utv

:5[f((l*T)I+TM)+f((lfT)s+rv)]7f<(171)T+T . >

fort € [0,1].
Let 7, 7 € [0,1] and &, B > 0 with & + 8 = 1. By the convexity of _#; we have
¢ (at +Bn)
= Jr((l—atn = Bn) (t,5)+ (et + B72) (u,v))
= Jr((a+B—an—Bn)(ts) + (a1 +Bw)(u,v))
= Jr(a(l-n)(t,5)+B(1-1)(ts)+ar (u,v)+ B (1))
= Jr(al(l—7)@t,s)+ 7 (u,v)]+B[(1—-7) (t,5) + 72 (u,v)])
<o gy (L=n)@s)+ 7 (wv)+B 7 (1 —1) (t,5)+ 72 (u,v))
=a¢(n)+pe(n),

which proves that @ is convex on [0,1] forall 7, s, u, v € I.
Applying the Hermite-Hadamard inequality for ¢ we get

1 1
S0+ ()= [ g(mar 8)
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and since

and

‘/Ol(p(T)d :%{/f (1—=7)t+7u) dr+/f 1—T)S+Tv)dr] ./Olf((l—r)?-i- u—;—v)dt7

hence by (2.8) we get
{30001 (50) 3u@ron-r () 23 [ r-ormars [ -5 mar

1 t+s  utv
/Of((l—r) 5 +7T > )dt

Re-arranging this inequality, we get

! [M [ —r)t+w)dr} . {W [ —r>s+rv)dr}

() ) Lo

which is equivalent to

3170+ 7,600) 2 7 (51 15Y) = 77 (G 00+ 5 6

for all (¢,u), (s,v) € I x I, which shows that .7} is Jensen’s convex on I x I. Since .7} is continuous on I x I, hence .7 is convex in the usual
sense on [ x I.
Now, if we use the second Hermite-Hadamard inequality for ¢ on [0,1], we have

/Olw(r)drzw(%)‘ 2.9)
) ) )

hence by (2.9) we have
[/f (1=1)t+1u) dr+/f (I1=1)s+1v)d } / (171 H—S+ u;‘))dr
Zé{f(ﬂru)_'_f(wrv)} —f(%(hLS u+v))
which is equivalent to
%[/Olf((l—r)t+ru)dr—f<t+Tuﬂ [/f (1=1)s+1v)dT— f(s+v)}
1 t+s utv 1 /t+s u+tv
Z/Of(“")T+ > )‘“‘f<5<7+ > >)

that can be written as

Since

) oty 50)) =ty (5015 ) =ty (00 5 60)

1
2 2

for all (z,u), (s,v) € I x I, which shows that .#; is Jensen’s convex on I x I. Since ./ is continuous on I x I, hence .# is convex in the
usual sense on [ x I. O

The following reverses of the Hermite-Hadamard inequality hold:
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Lemma 2.3 (Dragomir, 2002 [10] and [11]). Let h: [a,b] — R be a convex function on [a,b]. Then

ogé{m (“;b)—h_ (a;b)}(b—a) (2.10)

@) 1 a‘bhmm

and

0 n (0) - ()| -0 < o [h@ar-n(50) < g 0 - @ 6-a), @11

The constant % is best possible in all inequalities from (2.10) and (2.11).
We also have:

Lemma 2.4. Let f be a C' convex function on an interval I. Ifi is the interior of I, then for all (t,s) € I x [ we have

0< My(t,s) < Ty(t,s) < %%f, (t,5) (2.12)
where

Cp(t,5) = [f ()= f (5)] (t —). (2.13)
Proof. Since for b # a

1
b—a

b 1
/Hf(t)dt:/of((l—t)m—zb)dt,

then from (2.10) we get

s 1
HOEIS [ (- oy esyar < g [0 -7 9] (—9)
forall (¢,s) € I x 1. O
Remark 2.5. [f

Y= infu‘f, (t) and T = sup f/ (1)
tel tel

are finite, then
Cp(t,s) < (C=7)lt—s

and by (2.12) we get the simpler upper bound

—_

0.4y (1,3) < Ty (1,5) < 5 (T=7) e —s].
Moreover, if t, s € [a,b] C I and since f is increasing on I, then we have the inequalities

0 < My(t,s) < Ty(t,s) < 2 [f (b)—f (a)] [t —s]. (2.14)

| —

Since Zg(t,s)= Ty (t,s)+ .My (t,s), hence

0< #1(s) < 3 [F B)— 7' @] .

Corollary 2.6. With the assumptions of Lemma 2.4 and if the derivative f' is Lipschitzian with the constant K > 0, namely
}f’(t) ff'(s)‘ <K|t—s| forallt, s,

then we have the inequality

og///f(z,s)gyf(t,s)<%1<(z—s)2. (2.15)
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3. Main Results

Let P, Q, W € & and f : (0,00) — R. We define the following f-divergence

o
#rP0wyi= [t sy (28 28 ) au

w(x) w(x)

(2 mers o (2] o (#555),

If we consider the mid-point divergence measure My defined by

My (@.2w) = [ 7|1 o a o

for any Q, P, W € &2, then from (3.1) we get

S5 (POW) = L1 (BW) 1 (0.W)] - My (Q.PW).

We can also consider the integral divergence measure

agtewyi= [ ([ o[ D o)y au ).

w(x)

We introduce the related f-divergences

7o) = [ w0 77 (205 288 Y au

= Ll W) 1 @W)] - A (@.PW)

and

M (P.OW) ;:/);w(x)t//f (”(") , q(x))du )

w(x) " w(x)
=As(Q,P,W)—Ms(Q,PW).

We observe that

S (P.QW)=T5(P.QW)+.4; (P,O,W).
If f is convex on (0,c0) then by the Hermite-Hadamard and Bullen’s inequalities we have the positivity properties

0<.#;(P.Q.W)< T; (PO, W)
and

0< 77 (PO,W)

forP, Q,W € 2.
We have the following result:

3.1)

(3.2)

(3.3)

34)

Theorem 3.1. Let f be a C? function on an interval (0,0) . If f is convex on (0,%) and # is concave on (0,e0) , then for all W € 2, the

mappings
PxP PO~ Jr(POW), My (POW), Ty (PQW)
are convex.

Proof. Let (P1,01), (P,02) € Z x & and a, B > 0 with  + f = 1. We have

/f(a(Pvalv )+B(P,02,W)) = _Z¢(aP + BP, Q1+ B0O2,W)
(05171 x)+ Bp2 () 05611(x)+ﬁfh(x))d#(x)

w(x) ’ w(x)

W
X

= [ w7 ( ))+Blzf(%),azvl(())+ﬁ€v(%))du(@
:/XW (e (m(%)?ﬁ(%))”(?f((x; n))auts

Now, by the convexity of #; on I x I proved in Theorem 2.1, we have that

(e () v (o)) < e (i) ) oo ( (i
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for x € X. If we multiply by w (x) > 0 and integrate over du (x), then we get
(1) q1(x) ([ P2(x) g2 (x) .
vs foro | (5 505 ) +07 (R S ) Jaweo
p1(x) qi(x P2(x) g2 (x)
— o [t g (28 A 45 [ wieo sy (2 LY

w(x)
:ajf(Pvah )+B/f(P27Q27 )7

which proves the convexity of & x & 5(P,Q) — #(P,Q,W)forall W € Z.
The convexity of the other two mappings follows in a similar way and we omit the details. O

=

N

Theorem 3.2. Let f be a C' function on an interval (0,0) . If f is convex on (0,0) , then for all W € P

0.7 (POW) < T3 (BOW) < (Ap(Q.LW) (5
where
ap@ewy= [ |7 (49) s (23| @ - peoyanco. (6)

Proof. From the inequality (2.12) we have

V() G - (om0t el )orss (0 ()~ (6) (55 -3569)

forallx € X.
If we multiply by w (x) > 0 and integrate on X we get

%[If(P’W)“f(PaW)} —Af(Q,PW) < é/xw(x) f/(P(X) _f,(

which implies the desired inequality. O

Corollary 3.3. With the assumptions of Theorem 3.2 and if f' is Lipschitzian with the constant K > 0, namely

|f (s)=f ()| <Kl[s—1| forallt, s € (0,00),
then
0.7 (P.OW) < 75 (BOW) < (Kdyp (Q.EW), 67
where
[ @@ -pE)
dp (Q.PW) = /X A (). (3.8)

Remark 3.4. Ifthere exists 0 < r < 1 < R < oo such that the following condition holds

r< fv((’;))zg <R for p-a.e. x€X, (@R)
then

0<.41(BOW) < Tp(BOW) < ¢ [ (R)~ £ ()] di (@.P) (39)
where

H(Q.P)i= [ 1g() = p(ldu ().

Moreover, if f is twice differentiable and

£ r) o == sup \f )| < (3.10)
then

0< . (P,OQW)< T (POW) < *Hf”H[rRm dy (Q,PW). (3.11)

We also have:
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Theorem 3.5. Let f be a C? function on an interval (0,0) . If f is convex on (0,0) and # is concave on (0,00) , then for all W € 2,

0< 77 (P.OW) < % ¥y (PO,W)+¥p (Q,PW)], (3.12)
where
oy [ |7 (29— (1952 | (o) -w)au ).

Proof. It is well known that if the function of two independent variables F : D C R x R — R is convex on the convex domain D and has
partial derivatives %—i and ‘3—5 on D then for all (¢,s), (u,v) € D we have the gradient inequalities

aFa(;’s) (t—u)+ %;S) (5—v) > F (t,5)— F (,v) > aFa(Z’”) (t—u)+ aF;i’V) (s—). 3.13)
Now, if we take F : (0,00) x (0,00) — R given by
P =30+ 1017 (5
and observe that
L Lro-r ()]
and
e Lro-r (%)
and since F is convex on (0,e0) x (0,00) , then by (3.13) we get
slro-r (55| ez |ro-r (57)| -0
> 5@+ re0-1(55) - sU@roner (45) 6.1
> slrw-r (50 e-w+ 3 [ro-r (5w
If we take u = v =1 in (3.14), then we have
slro-r (5 e+ 3 lro-r (57) 6=z jrose-s (5 20 615

and s = <( ) in (3.15) then we obtain

s (5) - (™) (5 M (£55) (55 (25 1)
23 (n) o ()| - (M) =0

By multiplying this inequality with w (x) > 0 we get

oo () i (2] i (5)
() (v (2 (258 -
forall x € X. O

Corollary 3.6. With the assumptions of Theorem 3.2 and if f' is Lipschitzian with the constant K > 0, then

0< 75 (P0.W) < 3 [ 1p0—a0l[| 205 < 1) [ 205 1 au o). (.16)

w(x) w(x)
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Proof. We have that

¥, (P,O,W) < /X

(28) (19220 1y - iy
)4
,

(

(x)  qx)+px)
<K/ CRT) |p (x) —w(x)|dp (x)
_ (x) —q(x)
=K/ () Ip (x) —w(x)|du (x)

and similarly

1 q(x)
Yo (PQ,W)< =K - —1|d .
(oW < 3 [ 19 =gl £ < 1]au
Finally, by the use of (3.12) we get the desired result. O

Remark 3.7. If there exist 0 < r < 1 < R < oo such that the following condition (r,R) holds and if f is twice differentiable and (3.10) is
valid, then

0 F1(POW) < 1"y f 100 =al || 205 =1 | £ <1 | auco. 61
Since

'58—1 , z((’;) —1’§max{R—1,1—r}
and

= I

'poc) 4| _

w(x)  w(x)
hence by (3.17) we get the simpler bound
1
0< 77 (POW) < 5 Hf”H[rA,R],oo (R—r)max{R—1,1—r}. (3.18)
We also have:

Theorem 3.8. With the assumptions of Theorem 3.2 and if f' is Lipschitzian with the constant K > 0, then

0< 7R < ¢ [ 1p()-a(o) || 205 <1+ |20 1

Proof. Let (x,y), (u,v) € (0,00) x (0,00). If we take F : (0,00) X (0,00) — R given by

} du (x). (3.19)

Flt,s) = M—/{)lf((l—r)t—krs)d‘r

then
L) _ 0= [ =07 (- ayar
:/01(1—17) [f ()= (1=1)t+71s)]dT

and

p J .1 /
a7}):?0 (s)—/ Tf (1-1)t+715)d7

= 1ﬂc[f’(s)—f/((l—1:)14—1's)]d17

0
and since F is convex on (0,c0) X (0,00), then by (3.1) we get
1 1
(tfu)/o (=) [f' ()~ £/ (1 - )1+ 15)] d‘c+(s7v)/0 t[f' (5)— £ (1 - 0)t+ 15)] dt
S T YA A AU (PP (320

1

> (t—u)/ol(l—r) [f’(u)—f’(u—r)u+w)}dr+(s—v)/o t[f () = £ (1= D) u+ )] de
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forall (z,s), (u,v) € (0,00) X (0,00).
If we take u = v = 1 in (3.20), then we have

(t—l)/ol(l =) [ (1) = f (1 —=7)t+75)] dT—l—(s—l)./OlT[f/(s)—f’((l—T)t-i—’rs)}d’r

zﬂ)%f /f (I1-1)t+715)dT>0
for all (u,v) € (0,00) x (0,00).
If we take r = v[:Ex)) and s = ( in (3.21) then we get

()0 w2 022
232) ([ (20) (00238
, T) w<x>>_/Olf((l_f)ig’gﬂi((i)))drzo.

Since f’ is Lipschitzian with the constant K > 0, hence

B @)
<f(5<x));f(i<x>) [ (002 1),

- w(x)  w(x)

e Lo (o) (oot
el () - (0 i et ) e

SK’fvg 1"58 Z@?) /O*u_f)fm,( fv(?fl‘i(i;—q((?) /O'ul_f)m
k|25 - 2 |25 1]« | 2B 1]

If we multiply this inequality by w (x) > 0 and integrate, then we get the desired result (3.19).

(3.21)

(3.22)

O

Corollary 3.9. If there exist 0 < r < 1 < R < oo such that the condition (r,R) holds and if f is twice differentiable and (3.10) is valid, then

0<.9;(P.QW)< —]|f”||rR] —r)max{R—1,1—r}.
Finally, we also have:
Theorem 3.10. With the assumptions of Theorem 3.2 and if f' is Lipschitzian with the constant K > 0, then

q(x) }du(x).

wx)
o) — R given by

p(x)
w(x)
Proof. Let (t,s), (u,v) € (0,00) x (0,00). If we take F : (0,00) x (0,

(z,5) /f (I-7)t+71s)dt— f<t+s)

0<.4;(P.0W) < g [ 1p() (o)

l‘+

then
3Fa()tc’s) :/0‘1(1—7:)]‘ ((1—1:)[4_“)‘11_7]( (f;rs)
:/04(14) [f’((lff)tﬂs)ff,(%ﬂdn
aFa(;S) - ((1—T)t+rs)df_,f (I;s)

\\

f
[ (1—7)t+71s)— f(?)}dr
o,

and since F is convex on (0,c) X (0,00), then by (3.1) we get

(t—u) {/01(171) {f/((I*T)IJrTs) 1 ( ;S)}dr}ﬂsﬂ)) {/Olf{f’((lfr)mrs)ff’ (%)}M}
/f (I=7)r+1s)dr— f<t+s) /f (1=T)ut1v dr+f(u+v>

Z(tfu){/01(1717)[f’((lfr)u+rv)ff'< )} } / { (1—T)utv)— f’(”;”ﬂdc.

(3.23)

(3.24)

(3.25)
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If we take u = v = 1 in (3.25), then we have

(t—1) {/01(1—1) {f’((l—r)t—l—rs)—f’(HTs)}dT}+(s_1) er{f,((l_r)lﬂs)_f/ (HTS)}M}

/ F(1 = 1)t +15)dT — f(tH) >0 o2
for all (z,s5) € (0,00) x (0,00).
If we take £ = 2% and s = £ in (3.26) then we get
ozfps(n-atg i) ("5
<(iig )b e-alr (oot enies) - (5]
(20 (102 e28) (58
ety (£ 0 (00 esi) (o« i
X [9/((); ' ((117 (;)T) iqu(()(%; TE]V((?)> N (j(;)v;g(x:)(ﬂdf} px) g !
k| 251|565 - 63| 4 - sleme S [ 56 - S5 L -]
Since
/01(1717) rf% dr:%,
hence
o folo-ogt o) <y
E) szzlmxuelti)[()iy this inequality by w (x) > 0 and integrate, then we get the desired result (3.19). O

Corollary 3.11. [f there exist 0 < r < 1 < R < oo such that the condition (r,R) holds and if f is twice differentiable and (3.10) is valid, then
0<.4;(POW)< 7||f”H[1R R—r)max{R—1,1—r}. (3.28)

4. Some Examples

The Dichotomy class of f-divergences are generated by the functions fy : [0,00) — R defined as

u—1—Inu for a =0;
fa(u) = ﬁ[abﬂrlf(xfua] for o € R\ {0,1};
1—u+ulnu for a =1.
Observe that
u% for o0 =0;
fa) =14 u*?% for a € R\{0,1};
% for ¢ =1.

In this family of functions only the functions fi with o € [1,2) are both convex and with % concave on (0,).
We have

(x @@ W' ™ @) p* () dp ()~ 1], a e (1,2),
Iy, (PaW)=/XW(X)fa (p(

Jep()in (23 ) du(x), a=1,
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and

ey [ [£522] w2 e () 1], @ e (1,2)
My (@.PW) = |

X

7|2 i ) -

B 428 . 1.

We also have

/(;1[(1—t)a+tb]ln[(1—t)a+tb]dl:%(b—o—a)lnl(az,bz):%A(a,b)lnl(az,bz).
Therefore
An@EW)= [ < s “")‘3(8)“”(” dt)w(x)dli(x)
aary [ ke (2. 2 ) w@dp () - 1], ae (1,2)
| (2 2w () (2)° e
We have

S (P.QW) = 3 17, (PIW) +15, (Q.W)] ~ My, (Q.2W),

Ty (P.OW) = % (1, (BW) +1r, (Q.W)] = A, (Q.P,W)

and
My, (P,QW)=As, (Q,P,W)—My, (Q,P,W).

According to Theorem 3.1, for all a € [1,2), the mappings
PxP>(PQ)— Jr, (P.OW), My, (P.OW), 7, (P.Q,W)

are convex for all W € 2.
If0<r<1<R,then

1
H ZH[r,R],w = S‘f[}’qf& ()= T a for a € [1,2).
telr,

If there exists 0 < r < 1 < R < oo such that the following condition holds

() p()
()" w(x)

then by (3.18), (3.23) and (3.28) we get

<
<

r<

<Rfor u-ae xeX, ((tR))

=
S

l 7
0< 74, (P,Q,W)gEHf k1.0 (R—r)max{R—1,1—r}, 4.1
1(R—r)
OSZ-‘Z(P,Q,W)Sg o max{R—1,1—r} “4.2)
and
1 (R—r)
0< A, (P,OW)< 1 7a max{R—1,1—r}, 4.3)

forall @ € [1,2) and W € £.
The interested reader may apply the above general results for other particular divergences of interest generated by the convex functions
provided in the introduction. We omit the details.
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2

1. Introduction and Definitions

In the mathematical literature, some types of convergence in summability theory and some applications and properties of these convergence
types have been studied by many mathematicians. Especially recently, some types of convergence of double-indexed sequences have been
frequently studied in summability theory. Also, the types of convergence defined in summability theory using the lacunary sequence have
been studied by many authors. These studies were carried out by generalizing the theorems that give some similar properties in single-index
sequences to double-index sequences. Classical convergence in real number sequences was generalized to the statistical convergence by
Schoenberg [1] and Fast [2], independently. The ideal convergence, a generalization of statistical convergence that would later inspire many
researchers, was first defined by Kostyrko et al. [3]. Nabiev [4] studied on the .# -Cauchy and .# *-Cauchy sequences with their characteristics.
In the topology generated by n-normed spaces, the lacunary ideal convergence, lacunary ideal Cauchy sequence and their some important
characteristics investigated by Yamanci and Giirdal [5]. The ideal lacunary convergence was introduced by Tripathy et al. [6]. In recent times,
using the lacunary sequence, the .#g-convergence, strongly .#;-convergence, .#5-Cauchy sequence and strongly .#-Cauchy sequence were
introduced by Akin and Diindar [7, 8]. The concept of ideal convergence and some of its important characteristics defined for single-index
sequences have also been defined for double-index sequences in the linear metric space by many mathematicians [9-11] and many useful
works have been done in this sense. In addition, the ideal convergence and strong ideal convergence and some of its characteristic properties
using the lacunary sequence for single-index sequences were also introduced to the literature by Hazarika [12], Diindar et al. [13] and Akin
and Diindar [14] for double sequences and double set sequences in metric spaces and normed spaces.

In recently, some convergence types such as classical convergence, statistical convergence and ideal convergence in some metric spaces and
normed spaces were studied in summability theory by a lot of mathematicians. In the study conducted here, using the lacunary sequence,
we have given the concept of strongly fé‘z-convergence and we have investigated the relations between fé‘z -convergence and strongly
fe*z -convergence and also between strongly .#g,-convergence and strongly ﬂg*z -convergence. Furthermore, using the lacunary sequence, we
have given the concept of strongly ]9*2 -Cauchy sequence and examined the relations between strongly .#g,-Cauchy sequence and strongly
fe*z—Cauchy sequence.

Some basic definitions, concepts and characteristics that will be used throughout the study and are available in the literature will now be
noted (see [3-8,10, 11, 14-21]).

Firstly, we want to give the ideas of ideal, filter and some properties about these ideas are used in our study.

For .# C 2N, if the following propositions
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() 0.7,
(i) IfT,U € .7, then TUU € .7,
(iii) fT € £ andU C T, then U € .¥

are hold, then .¥ C 2N is named as an ideal.
If N ¢ .7, then .¥ is named as a non-trivial ideal. Also, if {k} € .# for each k € N, then a non-trivial ideal is named as an admissible ideal.
For . C 2N, if the following propositions

() 0¢ .7,
(i) f T,U € F,then TNU € .F,
(i) T e andU DT, thenU € &

are hold, then .% C 2N is named as a filter.

For a non-trivial ideal .# C 2N, .#(#) = {T C N: T = N\U for 3U € .#} is named as the filter corresponding with .#.

Here, we want to give the ideas of lacunary sequence and some properties about lacunary sequence are used in our studypaper.

The increasing integer sequence 6 = {k,} is named as a lacunary sequence when it satisfies the propositions ky = 0,

r

kr—l

hy = kyr — ky—| — oo, (r — o). During the study, I, = (k,_1,k,] and g, represent the intervals determined by {k,} and the ratio

respectively.
Then after this, we regard 0 = {k,} as a lacunary sequence and .% C 2N as a non-trivial admissible ideal.
For a sequence (x;) C R, if

1
lim — xy—f =0
Jim 5, 2 b=
is hold, then (xy) is strongly lacunary convergent to £ € R.
For a sequence (x;) C R, if

1
{reN: — Y I~/ 28} € .#, (forevery € > 0)
h’kel,

is hold, then (x;) is strongly lacunary .#-convergent to £ € R and denoted with x; — £[.Zp].
For a sequence (x;) C R, if for every € > 0 there exists an N = N(¢€) such that

1
{rEN:— Z |xk—xN|28}€f,
h’ke],‘

then (xy) is strongly lacunary .#-Cauchy sequence.
For a sequence (x;) C R, iff there exists a set G = {g] < gp < -+- < g <---} C Nsuch that for the set G' = {re N: gy € I,} € F(.¥)

1
Jim =} g, — =0
(reG’) " kel,

is hold, then (x;) is strongly lacunary .#*-convergent to £ € R and denoted with x; — £[.7,].
For a sequence (x;) C R, iff there exists aset G = {g; < go <--- < gy <---} C Nsuch that fortheset G’ ={reN: g, €l,} € F(F)

fim Y g —xg, [ =0
(FEG/) k,p€el;,
is hold, then (xy) is strongly lacunary .#*-Cauchy sequence.
For each k € N and a non-trivial ideal .#, C ZNZ, if {k} xN € .% and N x {k} € %, then .9, is named as strongly admissible ideal.
I ={T CN*: (3m(T) €N)(i,j >m(T) = (i,j) € T)} ideal is a strongly admissible ideal. Furthermore, it is clearly that .% is a strongly
admissible iff fzo C .
It can be clearly seen that a strongly admissible ideal .%, C 2 is an admissible ideal.
The following set

F(S)={T CN*:T=N*\UforIU € 5}

is named a filter corresponding with .%.

For an admissible ideal %, C ZNZ, if for every countable mutually disjoint set family {7},75,...} € .#;, there exists a countable set family
{U},U,,...} such that TyAU;, € 2, that is, TrAUj is involved in finite union of rows and columns in N? for each k € N and U = Uiz Uk e A
Uy € A for each k € N), then .#; is named satisfying the property (AP2).

If for each € > 0 there exists ne € N such that |x;; — €| < €, for all k, j > ne, then the double sequence x = (x;;) C R is convergent to £ € R

and denoted with lim x;; =Cor lim x;; = (.
k,j—oo k,j—ro0

Now, we want to give the idea of double lacunary sequence and some properties about it are used in our manuscript.
The double sequence 6, = {(k, j,)} is named as a double lacunary sequence when two increasing integer sequences satisfy the propositions

ko=0, hy=kr—kr—1 —>o0and jo=0, hu = Ju— ju—1 =0,
for r,u — oo. We take the following screenings for double lacunary sequence:

krw =k jus  hru = by, Ly = {(k7]) thko1 <k<k and j, 1 <j< ]M}7
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k J
qr:kr and q, = ‘u .

r—1 Ju—1

Then after this, we regard %, C 2N asa strongly admissible ideal and 6, = {(k, j,)} as a double lacunary sequence.
For a double sequence (x;;) C R, if

lim - Y |- =0
(koj) €

is hold, then (x;) is strongly lacunary convergent to £ € R.
For a double sequence (x;;) C R, if

. 1
lim — Z x5 —xs| =0
(k.J),(s:) €l

is hold, therefore (x ) is strongly lacunary Cauchy double sequence.
For a double sequence (x;;) C R, if for every £ >0

{(r,u) €N2'L Z |xkjf€’ 28} [SB 2

hru (ko j) €l

is hold, then (x;) is strongly lacunary .#-convergent to £ € R and denoted with x;; — £[.7g,].
For a double sequence (x;) C R, if for every € > 0, there exist N = N(¢) and § = S(¢) such that

1
{(r,u) eEN?: — Z |xkj—xN5’ > 8} € 9,
" (k.j) €l

then (xz;) is strongly lacunary .#>-Cauchy double sequence.
Now, let’s give a useful lemma that we will use in our work.

Lemma 1.1 ([10]). Let .F (%) be a filter corresponding with a strongly admissible ideal .%> with (AP2). Thus, there exists a set T C N?
such that T € F (%) and the set T\Ty is finite for all k, where {T; }7_, is a countable collection of subsets of N> such that Ty, € F(.%,) for
each k.

2. Main Results

In the original part of our work, using the lacunary sequence, we will define for double-indexed sequences the definitions and concepts
available in the literature for single-indexed sequences. For double sequences, we first defined lacunary .#;'-convergence and strongly
lacunary .#"-convergence with theorems examining the relationship between these new convergence types.

Definition 2.1. A double sequence (x;) C R is lacunary .75 -convergent to { € R iff there exists a set G = {(k, j) € N*} such that for the

set G' = {(r,u) € N?: (k, j) € Iy} € F(5>), we have
1
lim — =
re ) Zz xj =4
(ra)ec) " k)€l

and so we can write xgj — (I, ).

Definition 2.2. A double sequence (xi;) C R is strongly lacunary 9, -convergent to £ € R iff there exists a set G = {(k, j) € N2} such that
for the set G' = {(r,u) e N? : (k, j) € 1,} € F(5), we have

. 1
Jim, o= Y =] =0
(rw)ec) ™ (ef)El

and so we can write x; — ([ |.

Theorem 2.3. If a double sequence (x;) C R is strongly ]9*2 -convergent to £ € R, then it is Jé‘z-convergent to same point.

Proof. As per our assumption, let x;; — {[.%]. Therefore, there exists a set G = {(k,j) € N2} such that for the set
G ={(ru) e N?: (k,j) € I,} € F(5) (i.e.,U = N*\G' € .#,) and for every € > 0 there exists g = ro(€) € N such that for all
r,u > ry we have

1
. Z ‘xkj—€| <&, ((nu) €G).
T (k. j) €L

Therefore, for every € > 0 and all r,u > ry we have

1
(ks j) €l

< 1 Y |x—t <e ((ru)ed)
b gye,

and so x; — £(Sg,). O
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Theorem 2.4. If a double sequence (x i) C Ris strongly fe*z—convergent to £ € R, then this sequence is strongly g, -convergent to same
point.

Proof. As per our assumption, let xz; — {[.%]. Therefore, there exists a set G = {(k,j) € N2} such that for the set
G ={(ru) eN?: (k,j) €I,y € F(H) (i.e.,U=N\G € %) there is a ry = ry(€) € N such that for all r,u > ry we have

1
- Z }xkjfﬂ‘ <&, ((nu) €G).
ru (k,j)GIm
Then,
Ae) = {(r,u) EN?: hi Z |xkj74’ > 8} cUu [G/ﬂ (({1,2,~~ ;o xN)U(Nx{1,2,--- 7ro}))].
(k. j) €l

Since .#; is a strongly admissible ideal, we have
UU[G'n(({1,2,--,r0} xN)U(Nx {1,2,---,r0}))] € #.
Thus A(S) € % and Xgj — f[ﬂez} O

Theorem 2.5. Let a strongly admissible ideal .7, with (AP2). If a double sequence (xi;) C R is strongly g, -convergent to £ € R, then this
sequence is strongly .7 -convergent to same point.

Proof. As per our assumption, let x ; — £[.%,]. Then, for every £ > 0,

/f(s)—{(nmeNz'l )y xkj—flze}eyz.

hru (=

Let us take

///1—{(r,u)eN2;hl Y ]xkj—€|21} and

(k. j) el

1 1 1
Mp= (ru)eN": - < — Y |y—t]<— 3,
B (ko) Elr p-1
for a natural number 8 > 2. Obviously, .#y N.#y =0 for a # y and .#y € 7, for each o € N. Also, by (AP2), there is a sequence
{7} pen such that .#y A7 is involved in finite union of rows and columns in N? for each o € N and

41/: UVQGJQ

a=1

We prove that

. 1
Jim o= ) | = =0,
(ruw)eG’) " (k )€l

1
for G’ = N?\ ¥ € .Z(%). For § > 0 select ¢ € N with the inequality — < §. Therefore,
q

-1

1 q

{(r,u)ENz: Z |xkj—€’>5}CU<//lj.
" (k) €l J=1

Since oAV is a finite set for a € {1,2,---,q— 1}, there exists ry € N such that

q—1 g—1
U///j ﬂ{(r,u)eszrzro/\uzro}: U‘//j ﬂ{(r,u)€N2:r2r0/\quo}.
j=1 j=1

If r > rg and (r,u) ¢ V, then

g—1 g—1
(ru) ¢ U ¥; and so (ru) ¢ U M.
j=1 j=1
We have
Loy ot <t<s
hry q

(k.J) €l
And so from this inequality, we have
. 1
Jim o=} = =0
(rwyec) ™ (kj)El

Therefore, we have x; — ([.7) |. O
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Now, for double sequences, we have defined .#; -Cauchy and strongly .#; -Cauchy sequence with theorems examining the relation-
ships between fé‘z -Cauchy sequence and strongly .#g -Cauchy sequence, and also between strongly fe*z -Cauchy sequence and strongly
Fg,-Cauchy sequence. )

Definition 2.6. A double sequence (xij) C R is lacunary 75 -Cauchy sequence iff there exists a set G = {(k, j) € N2} such that for the set
G' = {(r,u) eN?: (k, j) € I,} € F(5>), we have

. 1
lim — Z (X j —xst) = 0.

((?,Z):Z') firu (k.J)(5.0) €L

Definition 2.7. A double sequence (x;) C R is strongly lacunary 75 -Cauchy sequence iff there exists a set G = {(k, j) € N2} such that for
the set G' = {(r,u) € N? : (k, j) € I,} € F(52), we have

. 1
lim . Z |xyj — x| = 0.
(rw)e@) ™ (ef)y(s:t) €l
Theorem 2.8. If a double sequence (x;) C R is strongly lacunary %5 -Cauchy sequence, then (xi;) is lacunary %5 -Cauchy sequence.

Proof. As per our assumption, let (x;;) is strongly lacunary .#; -Cauchy sequence. Thus, there exists a set G = {(k, /) € N2} such that for
the set G' = {(r,u) € N?: (k, j) € Ly} € F () (i.e.,H=N>*\G' € %) and for every & > 0 there exists ryp = ro(€) € N, we have
1
- Z e — x| <&, ((nu)eG)
(K, )s(550) Edru

for all r,u > ry. Then, we have

1

hf (xkj_xxt) < — Z |xkj_xsl‘ <Eg, ((nu) € Gl)
ru

1
(kd)o ()l hra 4y et

for every € > 0 and all r,u > ry and so (xi;) is lacunary .#*-Cauchy sequence. O

Theorem 2.9. If a double sequence (xij) C R is strongly lacunary .7 -Cauchy sequence, then (xi;) is strongly lacunary %»-Cauchy
sequence.

Proof. As per our assumption, let (xy;) is strongly lacunary .#;'-Cauchy sequence. Then, there exists a set G = {(k, j) € N2} such that for
the set G’ = {(r,u) € N2 : (k, j) € I, } € F(5) (i.e.,U = N*\G' € %) and for every € > 0 there exists rg = r(€) € N, we have

1

/’lf Z |xkj7x3f| <§g, ((F,M)EG/)
ru

(k.j),(5,0) €L
for all r,u > rg. Let N = N(€) € Iy 1 4y+1 and S = S(€) € I, 11 uo+1 Then, for every £ > 0 and all ,u > ry = ro(&)
— L -l <e ((hu) €6,

T (k) €l

Now, let U = N2\ G'. 1t is clear that U € .%,. Then,

Ae) = {(r,u) eN?: hi Y x| > e} cUu[Gdn(({1,2,---,r0} xN)UNx {1,2,---,r0}))].
" (k) €l
Since .#, is a strongly admissible ideal, we have
UulG'n(({1,2,-+ 0} xN)UN X {1,2,---,r0}))] € A
and so A(€) € #,. Hence, (x;;) is strongly lacunary .#>-Cauchy sequence. O

Theorem 2.10. Let a strongly admissible ideal .%> with (AP2). If a double sequence (x;;) C R is strongly lacunary %5-Cauchy sequence,
then (xx;) is strongly lacunary 75 -Cauchy sequence.

Proof. As per our assumption, let (x;;) is strongly lacunary .#>-Cauchy sequence. Then, for every £ > 0 there exist N = N(¢) and S = S(¢)
such that

1
A(s)_{(ﬂu)ENZ:h Y Iij—xNS>£}€ﬂ2~
" (k) €l
Let us take
1

1 .
Tj—{(nu)eszh Z |xkj—xmj,,j|2_},]—1,2,...,
U (K, ) €D J
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1 1
where m; = P (J) andn; =S (J) It is clear that T; € % (%) for j=1,2,---. Since % has the (AP2) property, then by Lemma 1.1,

there exists a set 7 C N? such that T € .% (.%;) and T \ T is finite for all j. Now, we demonstrate that

. 1
L Y -l =0
((rwyer) " (k) (s:0)€l,
2
To show this, let € > 0 and a natural number m be m > pe If (ru) € T, then T \ T, is a finite set, so there exists ry = ro(m) such that
(r,u) € T, for all r,u > ro(m). Therefore, for all r,u > ro(m)
1 1 1 1
e Y Xl < and -— ) Jxor = x| < m
T (k,j)Ely T (s,t)el,
Hence, for all r,u > ro(m) it follows that

1 1 1 1 1

hru Y s Tow Y g o[+ 7 Y x| < ot <e
" )i, « e b2,

Therefore, for any € > 0 there exists rg = ro(€) such that for r,u > ro(€) and (r,u) € T € .F (%)

1

. Z |xe; —xst| < €.
T (k.j), (5.0 €D
This demonstrates that (xy;) is strongly lacunary .#; -Cauchy sequence. O

Theorem 2.11. If a double sequence (xi;) C R is strongly ﬂe*z-convergent to {, then (xi;) is strongly Sq,-Cauchy double sequence.

Proof. As per our assumption, let x;; — £[.#] ]. Therefore, there exists a set G = {(k, j) € N2} such that for the set G' = {(r,u) € N?:
(k,j) € L}y € F () (i.e.,U =N*\G' € %) there is a ry = rp(€) € N such that for all r,u > ry we have

1 £
. Z }xkjf£‘<§, ((r,u) € G)).
ru (k,j)GI,—u
Since
1 1 1 £ € ,
. Z |xj — x5,|_h Z |xkjfé\+— Z \xsff€|<§+§=8, ((hu) e G)
T (k,j),(s,0) EL " (k,j)ElLy T (s,0)Ely
for all r,u > ry and so we have
. 1
rle ﬁ Z ‘.ij _xSll =0
(rayeG’y " (k) (s:t) €l
That is, (xt;) is a strongly .#g -Cauchy sequence. Thus,(x;) is a strongly %, -Cauchy sequence by Theorem 2.9. O

3. Conclusion

Using the lacunary sequence, for double sequences, we have first defined lacunary . -convergence and strongly lacunary .#,'-convergence
with theorems examining the relationship between these new convergence types. Furthermore, we have defined .#, -Cauchy and strongly
fe -Cauchy sequence with theorems examining the relationships between ﬂe -Cauchy sequence and strongly fez -Cauchy sequence, and
also between strongly .7, -Cauchy sequence and strongly .#5,-Cauchy sequence. In the future, these studies are also debatable in terms of
regularly convergence for double sequences.
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1. Introduction

In this study, all natural numbers are symbolized by N and all non-negative real numbers are symbolized by R . If the dimension of the
range space of a bounded linear operator is finite, it is called a finite rank operator [1].

Throughout this study, E and F represent real or complex Banach spaces. The space of all bounded linear operators from E to F is denoted
by #(E,F) and the space of all bounded linear operators from an arbitrary Banach space to another arbitrary Banach space is denoted by .
The operator ideal theory is a very important field in functional analysis. The theory of normed operator ideals first appeared in the 1950s
in [2]. In functional analysis, most of the operator ideals are constructed via different scalar sequence spaces. s-number sequence is one of the
most important example of this. For more information about operator ideals and s—numbers, we refer to [3—8]. The definition of s-numbers
goes back to E. Schmidt [9] who used this concept in the theory of non-selfadjoint integral equations. In Banach spaces, there are many
different possibilities of defining some equivalents for s-numbers, namely Kolmogorov numbers, Gelfand numbers, approximation numbers,
etc. In the following years, Pietsch developed the concept of s-number sequence to collect all s-numbers in a single definition [10-12].

A map

S:K — (s/(K))

which assigns a non-negative scalar sequence to each operator, is called an s-number sequence if for all Banach spaces E, F, Ey, and Fj the
following conditions are satisfied:

@ ||K||=s1(K)>s2(K)>...>0,forevery K € Z(E,F),

(i) Spr—1 (L+K) <5, (L) +5,(K) forevery L, K € #(E,F) and p, r €N,
@ii) sy (MLK) < ||M||sr (L) ||K|| for some M € B (F,Fy), L€ B(E,F)and K € % (Ey,E), where Ey, Fy are arbitrary Banach spaces,
(iv) If rank (K) < r, then s, (K) =0,

() sy (Ir) = 1, where I, is the identity map of r-dimensional Hilbert space 15 to itself [13].

sy (K) represents the r-th s—number of the operator K.
Pietsch defined approximation numbers, which are frequently used examples of s-number sequence, a, (K), the r-th approximation number
of a bounded linear operator as

ar(K) =inf{ |[K—A| :A€ B(E,F), rank(A) <r},

where K € B (E,F) and r e N[10]. Let K € Z (E,F) and r € N. Gel’ fand numbers (c, (K)), Kolmogorov numbers (d, (K)), Weyl numbers
(xr (K)), Chang numbers (y, (K)), Hilbert numbers (h, (K)), are some other examples of s-number sequences. For more information about
these sequences, we refer to [1].
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Some necessary properties of s—number sequences are given in the sequel.
Let # € % (F,Fy) be a metric injection. If the sequence s = (s,) satisfies s, (K) = s, (_#K) for all K € Z(E,F) the sequence of s-number
is named injective [14, p.90].
Proposition 1.1. [14, p.90-94] The number sequences (¢, (K)) and (x, (K)) are injective.
Let . € #(Ey,E) be a metric surjection. If the sequence s = (s,) satisfies s, (K) = s, (K.%) for all K € # (E, F) the s-number sequence is
named surjective [14, p.95].
Proposition 1.2. [14, p.95] The number sequences (d, (K)) and (y, (K)) are surjective.
Proposition 1.3. [14, p.115] Let K € B (E,F). Then, the following inequalities hold.:
(i) hy (K) <Xxr (K) <c¢r (K) <ar (K),
(ii) hy (K) <, (K) < d; (K) < a, (K).
Lemma 1.4. [11]Let S,K € B(E,F), then |s, (K) —s,(S)| < |[K—S|| for r=1,2,....
Let the space of all real-valued sequences be denoted by w. Then, a sequence space is any vector subspace of ®.
Maddox defined the linear space [ (p) as follows in [15]:

l(p)—{xea): i|x,,p"<°°},

n=1
where(py,) is a bounded sequence of strictly positive real numbers.
If an operator K € % (E, F) satisfies Z (an (K))? < eofor 0 < p < oo, K is defined as an [,— type operator in [10] by Pietsch. Afterward

ces-p type operators which is a new class obtained via Cesaro sequence space are introduced by Constantin [16]. Later on, Tita in [17],
proved that the class of [, type operators and ces-p type operators coincide.
In this paper ¢ denotes the Euler function. For every u € N with u > 1, @(u) is the number of positive integers less than u which are coprime

with u and @(1) = 1. If p{' p5*...pi" is the prime factorization of a natural number u > 1 then

Also, the equality
u=y o)
tlu

holds for every u € N and @(ujup) = @(u1)@(uz), where uy,up € N are coprime [18].
In [19] the sequence space £, (®) is defined as:

é,,(CID):{x:(xn)ea):Z Z(p X

n t\n

<oo} (1< p<oo).

Let E*, the dual of E, be the set of continuous linear functionals on E. The map X® y: E — F is defined as
(¥ @y) () = )y

where x € E, x € E* andyeF.
A subcollection® of 4 is said to be an operator ideal if for each component ¥ (E,F) = ¥ N % (E, F) the following conditions are hold:

(i) ifx €E*,yEF,thenx @y € S (E,F),
(ii) if LK € O (E,F), then L+K € ® (E,F),
i) if Le O (E,F), K € B(Ep,E) and M € B (F,Fy), then MLK € 9 (Eq, Fy) [12].

Let ¥ be an operator ideal and p : ¥ — R™ be a function on . Then, if the following conditions are hold:

(i) if X € E*,y € F, then p <x’ ®y> - HxH E
(i) if 3% > 1 such that p (L+K) <% [p (L) +p (K)];
(iii) if L€ © (E,F),K € B (Ey,E) and M € B (F,F), then p (MLK) < |M||p (L) ||K].

p is called a quasi-norm on the operator ideal ¥ [12].

For special case 4’ = 1, p is a norm on the operator ideal .

If p is a quasi-norm on an operator ideal ¥, it is denoted by [9, p]. Also, if every component ¥ (E,F) is complete with the quasi-norm p,
[¥, p] is called a quasi-Banach operator ideal.

Let [¢, p] be a quasi-normed operator ideal and _# € % (F, Fy) be a metric injection. If for every operator K € Z(E,F) and 7K € ¥ (E, F)
we have K € ¥ (E,F) and p (_#K) = p (K), [$,p] is called an injective quasi-normed operator ideal. Furthermore, let [$}, p] be a quasi-
normed operator ideal and . € B (Ey,E) be a metric surjection. If for every operator K € B (E,F) and K.¥ € O (Ey,F) we have
K e ¥ (E,F)and p(K.¥)=p(K), [0,p] is called a surjective quasi-normed operator ideal [12].

Let K* be the dual of K. An s—number sequence is called symmetric and completely symmetric if for all K € 4, s, (K) > s, (K*) and
sy (K) = s (K*), respectively [12].

The dual of an operator ideal ¥ is denoted by ¥* and it is defined as

O*(E,F)={Ke#B(E,F):K €9 (F",E")}

[12].
An operator ideal ¥ is called symmetric if ¥ C ¥* and is called completely symmetric if % = 9* [12].
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2. Main Results

An operator K € % (E, F) is in the class of s—type £,(®) if

Z( Y o(n)si(k >p<°° (1< p<oo).

n tln
The class of all s—type £,(®) operators is denoted by L, ¢ (E,F).

Theorem 2.1. The class Ly, g is a quasi-normed operator ideal by

N
(Z, (,‘, ;¢<t>s,<1<>> )
1K) = ~— "

- , (1< p<eo).

Proof. In this proof we show that the class L, ¢ satisfies the conditions of an operator ideal and ||K]|| .o satisfies the conditions for a

quasi-norm. Let x € E*and y € F. Then,

’g,l ( %q’ si(x @y )P = (%(P(I)Sz(xI@)y ) (;tz;‘(p si(x @y )p+ (;tz;’(p(t)st(x’®y))p+...
= (ot em) + (Jommten) + (Sommeen) +.
= (sl(x’®y)>p<1+(%)P+(%)P+..,)
< oo,

Since the operator x ®y has rank one, s, (x’ ®y) = 0 for n > 2. Therefore, x ®y € Lpo(E,F).

And also,
oo P %
oy B feoe))
x ®y = 1
’ (nogl (%)p)p
) K ( ®y))p(1+(%)”+(%>p+ )F
(L)
=s1(x ®y) =[x @yl = Ix |l
Hence [[¥ @y = I¥llIyl.

LetL KEL,,q)( F). Then,

F (3Ee00w) <= £ (GLo0nm) <=

n=1 tln n=1 tln
To show that L+ K € L, ¢(E,F), let begin with
Y 0(0)si (L+K) < ¥ (2t — Vsay 1 (L+K) + Y 0(2)s (L+K)

tln tln tln

<Y (921 = 1)+ 9(21)) 521 (L+K)

tln
<Y Co(t)su1(L+K)

tln

< %<z<p<r>s,<m+z<p<r>s,<1<>)

tln tln

since 3% > 1 which satisfies ¢(2r — 1) + @(2t) < G (7).
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By using Minkowski inequality, we get;

. N "\
(Zl (;zm@m) ) gc(z (jlz<p<r>sf<L>+;ansm) )

tln

Hence, L+K € L, o(E, F). Additionally,

p
(,El (}llz (p(t)st(LnLK)) >

IL+K] o= i

==

(£0r) + (50r)
=C[ILllpo + Kl pa)-

Let M € #(F,Fy),S€ L, &(E,F) and K € B(Ey,E). Then,

; <;Z(p(z)s,(MLK)) < ; (;ZW)IIRI&(L)IKII)

tin tin

n=1

) p
< IRIP |71 Y (;Zwr)s,(m) <o

tln
So MLK € L, ¢(Eo Fp). Furthermore,

1

oo p P
< X <,11 ‘Z <P(f)Sr(MLK)> )
n— tn
IMLK]|, ¢ = T
SNAN
(L)
n=1
« P\ ¥
(z (,Lz«za(z)sf(L)) )
n=1 tn
<RIl T = IR, @ K1
o »
(L)
n=1
Therefore, L, o (E, F) is an operator ideal, and || K||, ¢, is a quasi-norm on this operator ideal. O

Theorem 2.2. Let 1 < p < co. [Lp@(E,F), |\K||pﬁ¢,} be a quasi-Banach operator ideal.

Proof. Let E,F be any two Banach spaces and 1 < p < 0. The following inequality holds

- K
X (), ;«p(z)sm)

L)

ag

1Kl pe = = [IK][ = s1(K)

forK € L, »(E,F).
Let (K;,;) be a Cauchy sequence in L, o (E, F). Then, for every € > 0, there exists ng € N such that

1Kn—Killpo < € 2.1
for all m,l > ng. It follows that

[Kn = Ki|| < | K = Kil,, <€
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Then, (K,) is a Cauchy sequence in Z (E,F). B (E,F) i
for K € % (E,F). Now we show that [|Ky, — K|, ¢, = 0asm — e for K € L, o (E.F).
The operators K; — K;;, K — K, are in the class ,%’(E F) for K, K;,K € B (E,F). Then,

|sn (K1 = Kin) — sn (K — Kin)| < |K; — K — (K — K || = |K; — K]
Since K; — T as | — oo that is ||K; — K| < € we obtain
5n (Kj — Kin) = sp (K — Ky) as [ — oo, 2.2)

It follows from (2.1) that the statement

Ph
; 1( I‘Zq)() 5t (K Kz))
||Km7Kl||pﬁ¢’: (l)/’

™38

<€

s

n=

valid for all m,l > ng, From (2.2) the following inequality is obtained.

-
ngl ( t)‘:(P( )St(Km_K)>

<E§, as [ — oo,

Hence we have
[ Km — K|, o < €, forall m > no.
Finally, we show that K € L, o (E,F).

Y o)si(K) <Y @2t — 1)z 1(K) + Y. 9(21)52:(K)

tn tln tln

<Y (@2t —1)+@(21)) 5211 (K — Ky + Kin)

tln

< Z%(P(t)sh—l (K = Kin + Kin)

tn

s%(2¢m&w—ma+z¢w»wm)

tln tn

By using Minkowski inequality; since Ky, € L, ¢ (E, F) for all m and || — K|, ¢, — 0 as m — co, we have

(£ sgromn)) (& (g igooma) )

(s Km)p>"+(2< e )|

which means K € L, ¢ (E,F). O

Definition 2.3. Ler u = (u; (K)) be one of the sequences s = (s, (K)), ¢ = (cp(K)), d = (dn(K)), x = (x,(K)), y = (yn (K)) and
h=(h, (K)). Then, the space Lfy‘g generated via L = (U; (K)) is defined as

L;%(E,F):{KGQEF Z( Y o(6) (K ) oo,(1<p<m)},

n tln

The corresponding norm ||K ||E)“ % for each class is defined as

NG
<Z (L):tp(t)uz(K)> )
G _ \r=r\" i
Ik = .
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a) < yla )

Proposition 2.4. The inclusion L »d S q holds for 1 < p < g < .

Proof. Since [, C I, for 1 < p < g <o we have Ll(ua?b LE,% O

Theorem 2.5. Let 1 < p < co. The quasi-Banach operator ideal [L;)<I>7 HTH;S,ZD} is injective if the sequence s,(K) is injective.

Proof. Letl < p<oandK € #(E,F)and ¢ € % (F,Fy) be any metric injection. Suppose that # K € Lg)q, (E,Fp). Then,

¥ (Zows(sK)

tln

Since s = (s,) is injective, we have

sr(K)=s,(#K) forallK € Z(E,F),r=1,2,.... (2.3)
Hence, we get

P
Z( Y o()si (K > z( Y ol &jko <o
n tin n tn

Thus K € Lif)cp (E,F) and we have from (2.3)

~ P »
L (,,m )»(/T))
|/ Ko = [ =
)
n=1
- pqt
Y | 2 Zo)s(K)
S i N — IIK]|%)
= = =Kl -
£
So, the operator ideal {LS}I,, 1K Hgb] is injective. O

Corollary 2.6. It is known that (c,(K)) and (x-(K)) are injective, therefore the quasi-Banach operator ideals [L‘E;:zb, IK H‘E:Zb} and
{LSTZD, ||K\|1(Dx21>] are injective [14, p.90-94].

Theorem 2.7. Let 1 < p < o0. The quasi-Banach operator ideal [Lf;)q), IIK ng)cb] is surjective if the sequence (s;(K)) is surjective.

Proof. Let1 < p<ecoand K € #(E,F) and .¥ € % (Ey,E) be any metric surjection. Suppose that K. € Lm (Eo,F). Then,

Z( Y ol &Kyo <o

n tln
Since s = (s,) is surjective, we have

s (K)=s,(K) forall K € B(E,F),r=1,2,.... 2.4)
Hence, we get

P p
Z( Y o()si (K > Z< Y ol waQ <o,
tln n tln

Thus, K € LSZD (E,F) and we have from (2.4)

- P ?
zl( FE ol wm)
IKh = | =

n§1< )

- ph

2<;zwﬂ()>

- | = 1)

L)
n=1 "

Hence, the operator ideal [LS,ZI,, IIK Hf;)q)] is surjective. O
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Corollary 2.8. It is known that (d,(K)) and (y,(K)) are surjective, therefore, quasi-Banach operator ideals [L;il()b, |IK ch)p] and [ngb, IK H<py’ ED]
are surjective [14, p.95].
Theorem 2.9. The inclusion relations in the sequel hold for 1 < p < oo:

(i) L% C LYy LV < LU,

(i) LY C L(d) C L(” cLl,

Proof. LetK € L\")._ Then,

B (igoomn) <

tn

where 1 < p < . And from Proposition 1.3, we have;

¥ (1 Xotm(k )gz( Y ol (K )

n t|n tln
(o xeon)
Z ( %‘P ar(K )
e
and
L (3 Zo0n®) <L (o)
<¥(3Ze0am)
SYEHEOAT)E
e
Thus, the proof is completed. 0

(h)

Theorem 2.10. For 1 < p < oo, L‘E:ZD is a symmetric operator ideal, and Lpﬁq, is a completely symmetric operator ideal.

Proof. Let 1 < p < oo,
Firstly, we show that L( @) & 18 symmetric in other words L(a‘)b (L(‘fzp> holds. Let K € Lﬁfc)b. Then,

Z( Y o()ar(K ) <o,

tln

It follows from [12, p.152] a, (K*) < a, (K) for K € 4. Hence, we get

Z( Yol akK*)pég( Y o()ar(K ) < oo

n tln tln
Therefore, K € <L(a) >* Thus L(a) is symmetric
’ p2) - Epa 18 8Y :

*
Let show that the equation L(/_l()b = (Lg%,) is satisfied. It follows from [14, p.97] that h, (K*) = h, (K) for K € 8. Then, we can write

@wa ) i@ZZh@JW

vk

k=1 jeEy k=1j€EE;
1 “ 1 p
¥ (Lyoomx)) =¥ S ZOOE))
n tln n tln
Hence, Lg?()b is completely symmetric. O

Theorem 2.11. Let 1 < p < oo. Lgpq) = (LE,%) and L;d()b C (L;%) holds. Also, for any compact operators L;d)b = <L<;'2D> holds.

Proof. Let1 < p <eo.For T € A itis known from [14] that ¢, (K) = d, (K*) and ¢, (T*) < d, (K) . Also, when K is a compact operator,
the equality ¢, (K*) = d, (K) holds. So the proof is complete. O

NNk *
Theorem 2.12. L\, = (LU} ) and LYy = (L) hold

Proof. Let 1 < p < co. For K € 2 we have from [14] that x,, (K) = y, (K*) and y;, (K) = x,, (K*) . Thus the proof is clear. O
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Riemannian connection and a QSSC to the tangent bundle on a Sasakian manifold. The
geometrical properties of a Sasakian manifold to its tangent bundle are also discussed.

1. Introduction

A quartersymmetric linear connection with an affine connection V in differentiable manifolds was defined and studied by
Golab [1]. Let Ty be a torsion tensor defied as

To(Xo,Yo) = u(Yo)$Xo — u(Xo)9Yo, (1.1)

where u € 3} (M), ¢ € 31(M), then V is known as a quarter symmetric connection.

Several authors made precious contributions to a QSSC including ( [2], [3]). Dida et. al. ( [4], [5]) studied the geometry of II
order tangent bundle and Ricci soliton on the tangent bundle with semisymmetric metric connection. Golden Riemannian
structure on tangent bundles were studied and some basic results was proved on it by Peyghan et. al. [6]. Recently, Altunbas
et. al. [7] introduced and obtained fundamental results on Ricci soliton on tangent bundles by applying complete lifts.
Some theorems on a Lorentzian para-Sasakian manifold with a quartersymmetric metric connection on tangent bundles are
determined [8].

In this study, we apply the complete and vertical lifts on tensor fields and connections. The development of the theory of
hypersurfaces prolonged to tangent bundle with respect to complete lifts of metric tensor of a Riemannian manifold is attributed
to Tani [9]. In 2022, Khan [10] studied submanifolds of a Riemannian manifold endowed with a new type of semi-symmetric
non-metric connection in the tangent bundle. Different geometers have studied and defined different types of connections and
structures which can be seen in ( [11]- [17]).

Lifts of hypersurface from a Sasakian manifold to its tangent bundle connected to a QSSC are examined in the proposed work.
Key findings include the following:
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* We proved the induced connection on a Sasakian manifold with QSSC concerning the unit normal is also a QSSC.
+ We determined the formula for V€ and @Cowith aQSSCon TM.

* We developed a relation between a QSSC V¢ with respect to Riemannian connection V€ in (7', g).

* We proved some theorems on geometrical properties with respect to VC and VC.

2. Preliminaries
Let M (dim= n) be a Riemannian manifold. For ¢ € 31(M),no € 3%(M),& € 3} (M) fulfilling

¢*X = —Xo+10(X0)¢, 2.1)

M is called an almost contact manifold [18] and the structure (¢, &, 1)) is called an almost contact structure on M. In addition,
there exists a metric tensor g satisfying

8(0Xo,0Yy) =g(Xo,Yo) — Mo(Xo)10(Yo),
8(Xo0,8) =10(Xo),

then M is called an almost contact metric manifold [19].
The vector field & is said to be a Killing vector field if it generates a group of isometries or equivalently if g(Vx,&,Yo) +

8(Vy,&,Xo) = 0.
If £ is a Killing vector field then the contact metric manifold (¢,&,179) is called a K-contact structure, and such a manifold
is called a K-contact manifold [19]. A K-contact Riemannian manifold (M, g) is called a Sasakian manifold ( [2], [20]) if

VXo,Y) € S(l)(M), we have

(Vx,0)(Yo) = g(Yo,X0)E — 10(Y0)Xo. (2.2)
Besides the relations (2.1) and (2.2), the following relations also hold in a Sasakian manifold

¢& =0, Mo(§) =1, Vx,&=—0Xo, g(¢Xo,Y0)+8(Xo,9¥) =0,

VX0, Yo € 34(M).
The torsion tensor T with the Levi-Civita connection V and the linear connection V is defined as

To(Xo,Yo) = @XOYAO - @y*o)fo — [Xo,Yol, (2.3)

vXo,Y € 35 (M).
A QSSC Vin (M, §) is defined as [21]

Vi, Yo = Vi Yo —11(X0)§Yo + £(9Xo, Yo), 24
which satisfies
(Vy,8(Xo, Yo) =211 (X0)8 (Yo, Z0) — 11 (Y0)8(9X0, Z0) + 1 (Z0) (9 X0, o), (2.5)

~

VXo,Yo € 34(M), where V is a Riemannian connection in (M, §) and P € 3} (M) given by (P, Xo) = A (Xo).

Let TM be the tangent bundle of M. Superscripts C and V denote the complete and vertical lifts of the tensor fields. The
following characteristics of these lifts ( [10,22,23]):

]
¢V (%) =9°(X%") = (3(X0))" 1 4" (%) =0,
jo" (%0°) =(1io(X0))" 5 110C (%) = (1i(%0))
(X" %) =g (%" ") = (8% Vo))", (2.6)
2 (%" ) =(8(X0, Y0))S,
VE(X ") =(V (X0, Yo))
Ve Yo ) =(V(Xo. Vo)),
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Let S (dim= n — 1) be a manifold such that a mapping B : S — M. The tangent map of B represented by B : T(TS) — T(TM),
where B : TS — TM. The hypersurface S is a Riemannian manifold and g is induce metric on S such that

8(Xo,Yo) = &(BXo,BY),
and
Vix,BYo = B(Vx,Yo) + h(Xo, Yo)N, 2.7)

VX, Yo € 3(1)(M ), where V is induced connection, N is the unit normal vector field and / is the second fundamental tensor field
on (S,g) ([9,24]). The relation

h(Xo,Yo) = g(HXo,Yo),H € 31(S).

Definition 2.1 (i) If 2 = 0 then S is said to be totally geodesic with respectto V.
(ii) If & is proportional to g then S is said to be totally umbilical with respect to V [25].

3. Lifts of a QSSC to the Tangent Bundle on a Sasakian Manifold

Let Visa QSSC induced on the hypersurface S from V, fulfills
Vix,BYo = B(Vx,Yo) +h(Xo, Yo)N, 3.1)

VXo,Yo € 34(S),m € 33(S).
Putting M = H — A1, we get the relation

m(X()vYO) = g(MX7Y0)7

VI € 31(S).

Definition 3.1 (i) If m = 0 then S is said to be totally geodesic with respect to V.
(i) If m o< g then § is said to be totally umbilical with respect to V.

In view of (2.4), we infer

VixBY = VpxBY —1jo(BX)BoY, + §(BXo, BY )€, (3.2)

VXo,Yo € 34(S).
Using equations (2.7), (3.1) and (3.2), we obtain

B(%XOYO) +m(X0,Y0)N = B(VXOY()) —|—h(X0,Y0)N — ﬁo(BXo)B¢Y0 +§(B¢X0,BY0)(B§ +AN),

Put E = BE + AN, where A is a function, & € 3}(S) and 9 € 3?(5) determined by 1o(Xo) = 1o(BXo) ( [19,27,28]).
Comparing the tangential and normal parts from both sides, we infer

Vi, Yo =VxY —100(X0)0Yo + (0 X0, Y0)E,
m(Xo,Yo) =h(Xo,Yo) + Ag(9Xo,Yo).

Hence, we state the following:

Theorem 3.1. The connection induced on a Riemannian manifold’s hypersurfaces with a QSSC on a Sasakian manifold with
respect to the unit normal is also a QSSC.

Let ¢ be an element of M and the complete lift §€ be the element of TM. The induced metric on T'S from g€ by g. Then
g(X§,Y$) = g5 (BXS , BYS ), ¥Xo,Yo € 3Y(S).

Let Riemannian connection V be an element of (M, §), then VE will be an element of (TM, g€). Let V be an induced connection
in (S,g), then VC is an element of (TM, g).
We shall first state known results ( [6,29])

Theorem 3.2. If Ty is torsion tensor of V in (M, §), then foc is torsion tensor of V€ in (TM, ).

Theorem 3.3. VXY, € 3}(S)
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where # represents an operation of restriction and C and V represent complete and vertical lifts operatons on n&l ((S)).
Applying the complete lifts on (2.4) and with the help of (2.6), we infer

~ =

(VixBY)© =(VixBY ) — (10 (BX)BYYo) + (&(B9Xo, BY )§)°
(VaxBY)C =(V BxBn — (10(BX))€ (B9 Yo)C +1i0(BX))" (B9Yp)")
+(2 <B¢xo,BY>>C’$>V +(£(B9Xo,BY))" €)C
e BYS =V BYS — 100 (BXE)(B(9%0)") — 1io” (BXG) (B(9Y0) )

+(8°(B (¢Xo)c,g(¢X0)C§)V+(§C(B(¢X0)V,E’(¢Xo) E)x.

We have
VixeBYo = Vi e BXG — X5, Y5 ] = - 10" (BXS ) (B(9Y0)") — 1o (BXS ) (B(9Y0)) + 11" (BYS ) (B(9X0)" )
+1io" (BY§ ) (B($X0) ).
From equation (2.3) and Theorem 3.2, we get
TC(BXC,BYC) =" (BYy ) (B(9X0)" ) + 1l (BYs ) (B(9X0)) — 11" (BXG ) (B(9Y0)") — 1io” (BXS ) (B(9¥0) ). (3.3)
Now,

C
g (VBXC

BYS . BZG) + 6 (BYS Vi o BZG) =4 (Ve BYS —1io” (BXS) (B(9¥0)") — 1o (BYS) (B(9X0)")
+8°(B(90X0)C, BYO)EY +°(B(9Xo)¥ . BYS)EC, BZS)
+§C(BYoﬁ§XgI§Z€ — 170" (BXS) (B(920)")
— 10" (BXS ) (B(920)) + & (B(¢Xo)", BZ)E"
+gC< B(¢Xo)",BZ)E)
85 (V5 CBYO ¥ ,BZG) + 8°(BYy VS, CBZC)

+ (110(BZ))" (8(B9Xo, BY))“
+ (110(BZ0))“ (8(Bo X0, BYy))Y + (1i0(BYo))" (2(B9Xo, BZ0))“
+ (110(BYo))“ (8(BoXo, BZo))"
—(BX§)§ (BY , BZf) + (1i0(BZ0))" (8(BoXo, BYn))©
+ (110(BZ0))“ (8(BoXo, BY0))" + (1o (BYo)) (8(BoXo, BZ0))
+ (10(BYo))€ (8(B9Xo, BZp))" .
On solving, we get
AC(VgchYquZg) = (0(BZ))" (8(B¢Xo,BY0))“
+  (10(BZ))"(8(B9Xo,BYp))”
+  (Mo(BYo))" (8(B9Xo, BZp))
+  (110(BY0))“ (8(B¢Xo,BZ))" . (3.4)

Hence, we state the following:

Theorem 3.4. Let V be a QSSC with respect to Vin (M, 8) that fulfills equations (2.4) and (2.5). Then the QSSC V€ on a
Sasakian manifold with respect to V in (TM, §€) is represented by (3.4).

Now, applying the complete lifts on (2.4) and with the help of (2.6), we infer
(VexBY)C =(VpxBY)C — (1i0(BX ) (B9Yo))C + (8(BoXo,BY)E)C,
(VexBY)C =(VpxBY)C — (1io(BX )€ (BoYo)" +1io(BX)Y (B9Yn)C) + (8(BoXo, BY))°E)" + (8(B9Xo,BY)) €)C,
Ve BYS =V BYS — 10 (BXS) (BoYy ) +8°(B(9X0), BYS))E)” +8(B(9X0)" . BYS))E)C

for arbitrary vector fields Xy and Y; in S. Hence, from the equation (2.7) and the equation (3.1), we get

(B(VxY)+m(Xo, Yo)N) =(B(VxY)+h(Xo, ¥o)N)< — 11" (BXS ) (B(9¥0)") — 1ho (BXS ) (B(9¥0) )
°(B(9X0)“, BYS)) (BE) +2VN") +¢ (3(¢Xo) JBYS))(BE)E+ AN+ ACNY),
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B(VxY)< =B(VxY)© — 1l (BXS ) (B(9Y0)") — 1io” (BXS ) (B(9Y0) ) + & (B(9X0), BY§ ) (BE)”

m (XS, Y§INC +mC (X5 YEINT =h" (X§ Y INC + hE (XS, YSINT) + 1Y 8 (B(9X0), BYS IN')
+AGE(B(0X0)C, BYSINC) + A5 (B(0X0)C, BYEINY).

(Vx¥) =(Vx¥)C =0 (X§)(9%0)" =g (X§) (9%0) +8((9X0) ¥§)EY +2((9%0)" ¥§)EC, Vi K
=Vie¥s =5 (XG)(9%0)" —ng (X5)(9%0) +Z((9X0),¥5)EY +&((9X0)" . ¥7)E
We have
VRS = VieXs — X5 Y] = m§ (V) (9X0)" -+ g (V) (9X0) — 0§ (X§) (9%0)" — i (X5 (9%0)°

Similarly,

(3.5)

(3.6)

(3.7)
(3.8)

g(%f(ochCng) =X5 (8(Y5,Z5)) + (M0(20))" (9 X0), Y5) + (10(20))“&((9X0)" . Y5 ) + (1m0(¥o)) " 8((9X0), Z5)

+ (10 (Y0))“&((9X0) . Zg ),

6§ch)(YoC,Z€) =(10(Z0))" &((9X0),Y5) + (10(Z0)) & ((9X0)" . ¥y )
+(M0(¥0))"&((9X0) . Z5) + (110(¥0))“&((9X0)" . Z5)..

Hence, we state the following:

(3.9)

Theorem 3.5. Let V be a OSSC with respect to V in (S,g). Then the QSSC V€ on a Sasakian manifold with respect to V€ in

(TS,8) is represented by (3.9).
The QSSC V€ on (TS, ) is defined as

VEHS = VXS~ (X)(6%)" = 1 (X5) (9¥0)° + 8((9X0), ¥§)E¥ +((9%X0)" ¥§)EC.
On applying the complete lifts of (3.1), we get

ngOcEYoC :E(%)";()CY(?) +m (X5, Y§IN +mC (X5 Y5 NV
From the equation (3.6), we acquire

m (X§ . Yg) =h" (X5, Y5 ) + A8 (B(9Xo)" . BYG)

m (X Y§) =h" (X5 Y§) + 2" (B(0X0), BYS) + A¢° (B(9X0)" . BYSINY).
Thus, T'S is totally umbilical iff

m (Xo,Yo) =6§(Xo,Yo),

m (X0, Yo) =p&(Xo, Yo),

VXo,Yo € 34(S), where & and p are differentiable functions. If § = u = 0, then T'S is totally geodesic.
Hence, we state the following:

Theorem 3.6. T'S is totally umbilical corresponding to the QSSC VC on a Sasakian manifold iff it is totally umbilical or totally

geodesic with respect to VC.

4. Conclusion

We introduced and studied a Sasakian manifold immersed with a QSSM connection to the tangent bundle and some fundamental
results are obtained of it. Certain theorems on geometrical properties like totally umbilical, totally geodesic on a Sasakian

manifold on the tangent bundle are proved.
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