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Keywords: Abstract — In this study, the inverses of lines with respect to the taxicab circle inversion are

Taxicab circle inversion, investigated. It is shown that the image of a line not passing through the inversion center is a closed

Taxicab inverses of lines, CUrve consisting of two parabola arcs or a parabola arc and a line segment in taxicab plane. The

Taxicab plane. properties of closed curves, which are taxicab circle inverses of lines are analytically determined
according to vertical, horizontal, steep, gradual or separator line types. The distinctive properties of the
taxicab circle inverses of lines are presented.

Subject Classification (2020): 51B20; 51F99; 51K99.

1. Introduction

The circle inversion is one of the most important and interesting geometric transformations. The
inversion in a circle was introduced by Apollonius of Perga in his work "Plane Loci" and systematically
studied by Steiner in 1830s. Since inversions have attracted attention of scientists from past to present,
there are a lot of studies about them.

The circle inversions preserve angles and transform straight lines and circles into straight lines and/or
circles. Many challenging problems in geometry become much more manageable when inversion is
applied. Numerous scientists have studied and continue to study various aspects of this concept. Several
generalizations of the inversion transformation have been introduced in the literature. In [7,9], the
inversions with respect to the central conics were defined in Euclidean plane.

Non-Euclidean metric geometries have various applications in mathematics, physics, computer science,
engineering and other fields, depending on the specific properties and distance functions they use.
Among these geometries equipped with non-Euclidean metrics, taxicab geometry and maximum plane
geometry have arich literature [1-3,6,10,17-18,23]. The inversion with respect to taxicab circle has been
defined and some properties such as cross ratio and harmonic conjugates have been given in [5].
Subsequently, the inversion in alpha plane [15], Chinese-Checker plane [21] and maximum plane [24]
have been presented, and their corresponding features were examined. The circle inversion has been
generalized to the spherical inversion in the three-dimensional taxicab space [20], Chinese-Checker
space [19] and maximum space [8], utilizing a sphere. In [22], p-circle inversion which generalizes the
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classical inversion with respect to a circle (p = 2) and the taxicab inversion (p = 1), is defined, and new
fractal patterns were obtained by applying this transformation to well-known fractals. A generalization
of the alpha circle inversion fractal is also provided in [16].

In Euclidean geometry, the inverses of lines differ depending on whether they pass through the
inversion center or not. In Euclidean circle inversion, inversion transforms the lines not passing through
the inversion center into circles passing through the inversion center, circles passing through the
inversion center into lines not passing through the center, and circles not passing through the center
into circles not passing through the center. In some studies on circle inversion in non-Euclidean planes,
the inverses of lines with this feature have been examined in the literature. However, it has been
observed that this feature alone is not sufficient to classify the images of lines under the circle inversion
in the taxicab plane and the maximum plane [4,11-17]. Therefore, in this study, it is aimed to determine
the circle inversion of lines and their properties according to their types in the taxicab plane.

In this paper, the properties of images under the taxicab circle inversion have been analyzed analytically
according to the types of lines. It is shown that the image of a line which does not pass through the center
of the taxicab circle inversion is a closed curve different from a taxicab circle. The properties of these
closed curves, which are taxicab circle inverses of lines, are determined according to vertical, horizontal,
steep, gradual or separator line types. It is also demonstrated that the parallel line pencil forms a closed
curve pencil passing through the inversion center under inversion with respect to the taxicab circle.

2. Preliminaries

We summarize below some definitions and theorems from the literature that are necessary for this
study

The taxicab plane RZ is almost the same as the Euclidean plane R%. The points and the lines are the
same, and the angles are measured in the same way. However, the distance function is different. In
general, the taxicab distance between two points is measured as the sum of the change in horizontal and
vertical directions between the two points, where Euclidean geometry is measured using the
Pythagorean theorem.

Definition 2.1. Let P; and P, be two points whose coordinates are (x4, y;) and (x,, y,) in analytical plane,
respectively. The taxicab distance between these points is d;(Py, P,) = |x; — x2| + |y1 — V2l

The isometry group of taxicab plane is the semi direct product of D(4) and T(2) where D(4) is the
symmetry group of Euclidean square and T(2) is the group of all translations in the plane [23].

In [18], Krause classified lines depending on their slope as the following definition:

Definition 2.2 Let m be the slope of the line [ in taxicab plane. The line [ is called the steep line, the
gradual line and the separator line in the cases of | m |>1, | m |<1 and | m |=1, respectively. In the
special cases that the line [ is parallel to x-axis or y-axis, [ is named as the horizontal line or the vertical
line, respectively [18].

Definition 2.3. The taxicab circle C; with the center M and the radius r consists of the points X which
satisfies the equation d(M, X) = r. The point Mis called center of the taxicab circle, and r is called the
length of the radius or simply the radius of the taxicab circle.

Every taxicab circle in the taxicab plane is an Euclidean square having sides with slopes +1. It is seen by
definition 2.3 that the taxicab circle centered at the point M = (m,, m,) with the radiusris theset C; =
{(x,y):|x; — my| + |y — my| = r}. As particular case, the taxicab unit circle is the set {(x, y): |x| + |y| =

1}.
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In the taxicab plane, the inversion with respect to the circle C; with the center O and the radius rry is
denoted by Iy and is defined as follows: For the collinear points Othe point £, and its image P’on the

ray OP, d;(0,P).d;(0,P") = r?, where d;(0, P) represents the taxicab distance between Oand 2, [5].

Clearly, if P' is the inverse point of P, then P is the inverse point of the P’. Note that if P is in the interior
of Cr, P' is exterior to Cy; and vice-versa. So, the interior of C; except for O is mapped to the exterior and
the exterior to the interior. Cy itself is left by the inversion pointwise fixed. O has no image, and no point
of the plane is mapped to 0. However, we can add to the taxicab plane a single point at infinite O, which
is the inverse of the center O of taxicab inversion circle Cr. So, the taxicab circle inversion I(g y is one-

to-one map of extended taxicab plane.

Now in the extended taxicab plane R% U {0}, the definition of inversion with respect to a taxicab circle
Cy can be given as follows:

Definition 2.4. The transformation
I(O,T): R%‘ U {Ooo} - R%‘ U {Ooo}
P = lorn(P) =P

defined by the circle Cr is called the taxicab circle inversion. The circle C; is known as taxicab inversion
circle, Ois called the center of the taxicab inversion, r is called the taxicab inversion radius, and P’ is
called the taxicab circle inverse of the point 7, [5].

For any point P on the taxicab inversion circle, the taxicab circle inversion map has the property
Iior(P) = P.

Theorem 2.5. The taxicab circle inversion maps the point inside of the taxicab inversion circle to the
point outside of it, and vice versa, [5].

Teorem 2.6. If the points P = (x,y) and P’ = (x',y") are a pair of the inverse points in the taxicab circle
inversion with the center O = (0,0) and radius r, the following equality exists between the coordinates
of Pand P’

r2x ry )

oy = <(|x| T2 Oxl + D2

[5]-

Corollary 2.7. If the points P = (x,y) and P’ = (x',y") are a pair of the inverse points in the taxicab circle
inversion with the center O = (a, b) and radius r, the following equality exists between the coordinates
of Pand P’

roary r?(x-a) r?(y-b)
(x ,y ) — ((lx_a|+|y_b|)2J(lx_a|+|y—b|)2)l

[5].
Since the translation transformation preserves the taxicab distance in the taxicab plane, the center of

the taxicab inversion circle can be taken as the origin without loss of generality. Therefore, throughout
this paper, the taxicab inversion center will be considered as the origin unless otherwise stated.
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3. Images of the lines under the taxicab circle inversion

In the Euclidean circle, inversion transforms the lines not passing through the inversion center into
circles passing through the inversion center, circles passing through the inversion center into lines not
passing through the center and circles not passing through the center into circles not passing through
the center. In taxicab plane and maximum plane, lines passing through the inversion center are invariant
under the inversion transformation, but the images of the lines not passing through the center have
different shapes [4, 5, 11, 24].

In this section, the images of lines not passing through the inversion center in the extended taxicab plane
are analytically considered and their properties are presented depending on their positions in the plane.

Theorem 3.1. Lines not passing through the center of the taxicab inversion circle do not remain invariant
under taxicab circle inversion.

Proof. Let O = (0,0) be the center of the taxicab inversion circle C; with radius r; and let | be a line
defined by the equation ax + by + ¢ = 0, where at least one of a and b is non-zero, ¢ # 0,a,b,c € R.
The image of [ under the taxicab inversion I r is given by the equation ar?x + br?y + c(|x| + [y])? =
0. Since the coefficient c is not zero, the equation does not specify a line in the taxicab plane. Therefore,
in the extented taxicab plane, lines that do not pass through the center of inversion do not remain
invariant under the taxicab inversion transformation. This concludes the proof.

Theorem 3.2. The inverses of horizontal lines with respect to the taxicab circle are closed curves formed
by the union of segments of two orthogonal parabolas passing through the inversion center."

Proof. Let O = (0,0) be the center of the taxicab inversion circle with radiusrand let | be aline defined

by the equationy = k, k # 0, k € R. The inverse of the line I in Cr is the closed curve with equationy =
k(|x| + |y|)?. This means that the image is the closed curve consisting the union of two orthogonal
parabola arcs passing through the origin and having the equations y = k(x — y)? and y = k(—x + v)>.

. . 1
The axes of symmetry of the parabola segments forming this closed curve are y = o |x| and
directrices are y = — T |x|. So, the axes and directrices are perpendicular to each other since their

slopes are 1 and -1. Hence, the inverses of the lines paralel to x-axis with respect to the taxicab circle are
closed curves formed by the union of two parabola segments passing through the center of inversion
and whose axes and directrices are perpendicular to each other.

In addition, when the slope of the symmetry axis is -1, the vertex and the focus of the parabola segment

are obtained as T; = (%,ﬁ) and 0; = (BLk'é)' respectively. If the slope of the symmetry axis of the
parabola is +1, the vertex and the focus of the parabola are obtained as T, = (—%,ﬁ) and 0, =

1

(- e E)' respectively.

Also, the following result are immediately obtained from the proof of Theorem 3.2.

Corollary 3.3. The taxicab inversion of a pencil of horizontal parallel lines not passing through the
inversion center consists of a pencil of closed curves formed by the union of two parabola segments with
symmetry axes are parallel to the separator lines. Also, each curve pencil in the taxicab inversion passes
through the inversion center and is symmetric with respect to the perpendicular line passing through
the inversion center.

Example 3.4. In Figure 1 (left), we show the taxicab inverse /() with the equation y = k(|x| + |y|)? in
the taxicab unit circle centered at origin O of the line /with the equation y = 1; in Figure 1 (right), we
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illustrate the taxicab inversion with respect to the taxicab unit circle centered at the origin O for a pencil
of horizontal parallel lines that do not intersect the inversion center.

Figure 1. The taxicab circle inverses of parallel lines

Theorem 3.5. The symmetry axes and directrices of two parabola segments forming the inversion of a
horizontal line with respect to a taxicab circle define a taxicab circle whose center is the center of
inversion.

Proof. Inversion of the horizontal line with the equation y = k, k # n, k € R with respect to a taxicab
circle with center (m,n) and radius ris a closed curve with equation (k —n)(|]x —m| + |y — n|)? =

r2(y — n). This closed curve consists of the parabola segments with the symmetry axis y = —x + m +
T'Z 2

n+ 4(k—n)

and with the directrix y =x+n—-—m — and the parabola segment with symmetry axis

r
4(k—n)
2

rz T
4(k-n)

4(k—n)

y=x+n—-m-— and with the directrix y = —x+n+m — respectively. The axes and

T

. . . . 2 Tz Tz
directrices of these parabolas intersect at the points (m, n+ 4(k_n)) , (m,n - 4(k_n)) , (m + Yo n)

2
and (m - 4(’:_n) , n). Thus, the taxicab circle is formed, whose vertices are these points and whose edges
2
are on the axes and directrices of the parabolas, with the equation |x —m|+ |y —n|= 4(;_11). This

completes the proof.

The reflection transformations with respect to the lines y = x and y = —x in the taxicab plane are
isometries. Therefore, the theorems given for the taxicab inverses of horizontal lines can be given for
taxicab inverses of vertical lines, too.

Theorem 3.6. The inverse of a vertical line with respect to the taxicab circle is closed curve formed by
the union of two parabola arcs with axes and directrices perpendicular to each other and passing
through inversion center.

Proof. Since the reflection transformation in the taxicab plane with respect to the line y = x is an
isometry, it can be easily proved by substituting the unknowns xand yin the proof of Theorem 3.2.

Corollary 3.7. The taxicab inversion of a pencil of vertical parallel lines with respect to the taxicab circle
consists of a pencil of closed curves such that each closed curve in the pencil passes through the
inversion center and is symmetric with respect to the horizontal line passing through the inversion
center.

Proof. Since the inverse of each line in the vertical parallel line pencil with respect to the taxicab circle
is closed curve formed by the union of two parabolas with axes and directrices perpendicular to each
other and passing through the center of inversion, the proof is obvious.
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Theorem 3.8. The axes and directrices of two parabola segments, which together compose the taxicab
circle inverse of a vertical line with respect to a taxicab circle, determine a taxicab circle centered at the
inversion center.

Proof. It can be easily proved by substituting the unknowns xand yin the proof of Theorem 3.4.

Theorem 3.9. The inverse of a separator line not passing through the center of the inversion circle is a
closed figure consisting of a parabola arc with the vertex at the inversion center and a line segment.

Proof. Let 0 = (0,0) be the center of the taxicab inversion circle C; with radiusr, and let I bea separator
line. So, the line | can be defined by the equations x + y+c=0orx —y+c =0, wherec #0,c € R.

The image of the line I with equation x + y + ¢ = 0 under taxicab circular inversion is a closed curve
with equation the equation 2x + 72y + c(|x| + |y|)? = 0. This equation gives a line segment with the

2
equationx +y + % = 0 parallel to the edge of the inversion circle when xand ycoordinate values have

the same sign, and a parabola segment with the equation 72x + r2y + c(x — ¥)? = 0 with the vertex at
the origin and the symmetry axis the line y = x when x and y have opposite signs. Similarly, the taxicab

circular inverse of the line | with the equation x-y+c=0is a closed curve with the equationr?x — r2y +
2
c(]x] + |y|)? = 0. This equation represents a separator line segment with the equation x —y + % =0

when x and y coordinate values have opposite signs, and a parabola segment with the equation r%x —

r2y + c(x — y)? = 0 with its vertex at the origin, and its symmetry axis is y = x when x and y have the
same sign. So, the proofis completed.

Theorem 3.10. The inverse of a gradual line or a step line in the taxicab plane not passing through the
inversion center in taxicab circle is a closed curve consisting of two parabola arcs with axes
perpendicular to each other and passing through the inversion center.

Proof. Suppose /be a gradual line not passing through origin in the taxicab plane. Then the equation of
lis y = mx 4+ n, where m,n € R and m # 0,+1,0 and n # 0. The inverse of / in the taxicab circle
centered at 0 = (0,0) with the radius r has the equation mr2x — r2y + n(|x| + |y|)? = 0. This means
that the image is the closed curve passing through the inversion center, formed by the union of two
parabola arcs with equations mr?x — r2y + n(x + y)? = 0 for x and y coordinate values with the same
sign, and mr?x —r?y + n(x —y)?> = 0 for x and y coordinate values with the different signs. The

(m-1)r? (m+1D)r? =0,

4n
respectively. Since the slopes of the symmetry axes of these parabolas are 1 and -1, they are
perpendicular to each other. This completes the proof.

symmetry axis of these two parabolas have the equations x + y + =0andx—y+

and

(1-m)(3+m) , (1-m)(1+3m) 2)

The  vertices of these parabola arcs are ( ,
16n(m+1) 16n(m+1)

((m+1)(3—m) 2 (m+1)3m-1)

(m-1)16n e 16n(m—1) r ): reSpECtlvely.

Example 3.11. In Fig. 2 (left) we show the taxicab inversion in the taxicab unit circle of the separator
line x +y = 2; In Fig. 2 (right) we show the taxicab inverse with respect to the taxicab unit circle of the
gradual line /with y = 0.5x — 0.25.
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Figure 2. The taxicab circle inverses of separator line and gradual line
4. Conclusion

In In the present paper, we have explored the inverses of lines with respect to the taxicab circle inversion
in the taxicab plane. We observed that the inverse of a line, different from the separator line and does
not pass through the inversion center under the taxicab circle inversion, is the closed curve consisting
of two parabola segments passing through the inversion center. On the other hand, the inverse of a
separator line yields a closed curve comprising a line segment parallel to an edge of the inversion circle
and a parabola segment. At the same time, it was seen that the axes and directrices of the parabola
segments that form the inverse of a horizontal or vertical line determine a taxi circle whose center is the
inversion center. It is also shown that the taxicab inversion of a pencil of parallel lines that do not pass
through the center of inversion is a pencil of closed curves that are tangent at the center of inversion.
In conclusion, it is evident that taxicab circle inverses of lines in the analytic plane exhibit significantly
different properties compared to Euclidean circle inverses.
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Trans-Sasakian Indefinite Finsler Manifolds
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Abstract — In this paper we introduce some properties and results for trans-Sasakian structures on
indefinite Finsler manifolds and give the examples of such manifolds. These structures are established
on the (M®)" and (M°)” vector subbundles, where M is an (2n + 1) dimensional C* manifold, M° =
(MO" @ (M°)? is a non-empty open submanifold of TM. F* is the fundamental Finsler function
B —Kenmotsu manifold,  5nq pan+1 = (M, M° F*) is an indefinite Finsler manifold. We use the Sasaki Finsler metric G =

Keywords:
Trans-Sasakian manifold,
o —Sasakian manifold ,

Pseudo-Finsler metric, G + G = gl dx' @ dx’ + gf; 6y' ® Sy'. Furthermore, we give some formulas for o —Sasakian
Indefinite Finsler and B —Kenmotsu Finsler manifolds with pseudo-Finsler metric. Finally, it is shown that the
manifold conformally flat trans-Sasakian indefinite Finsler manifolds ((M®)", ¢H, &H nH,GH) and

(M%7, ¢V, &Y, 1",GY) are the n — Einstein manifolds if and only ifa.§ = 0, where «,f are
constant functions defined on (M®)" and (M°)?.

Subject Classification (2020): 53B30, 53B35, 53B40

1. Introduction

Oubina introduced the idea of trans-Sasakian manifold of classification (a,3). Indefinite Sasakian
manifold is a notable category of indefinite trans-Sasakian manifold for a=1, =0. Also, indefinite
cosymplectic manifold is the other category of indefinite trans-Sasakian manifold for a=0, B=0.
Indefinite Kenmotsu manifold is given with a=0, f=1. M. D. Siddiqi, A. N. Siddiqui and O. Bahadir study
the trans-Sasakian manifolds with a quarter-symmetric nonmetric connection [12]. R. Prasad, U. K.
Gautam, J. Prakash and A. K. Rai study (¢)—Lorentzian trans-Sasakian manifolds [16].

The papers interested in contact structures with Riemannian metric or pseudo-Riemannian metric but
in this paper, we are also related to the contact structures with pseudo-Finsler metric.

After Finsler published his thesis about curves and surfaces, a lot of articles are dedicated to Finsler
geometry, see references [4, 5, 10, 13, 14, 15] but the theory of indefinite Finsler manifold has been
investigated by few researchers [1, 2, 7, 8, 9]. We also make reference to the reader to the recent
monograph for detailed information in this field.

Hence, our aim is to present trans-Sasakian indefinite Finsler manifolds and to obtain the formulas for
a —Sasakian and f —Kenmotsu indefinite Finsler manifolds. The paper is organized as follows: after
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introduction and background, we give some preliminaries about indefinite Finsler manifolds. Then, we
deal with the trans-Sasakian indefinite Finsler manifolds, @ —Sasakian and f —Kenmotsu indefinite
Finsler manifolds. Finally, it is shown that the conformally flat trans-Sasakian indefinite Finsler
manifolds (MO, pH, 1 pH, GH) and (M%7, ¢V, &V, nY,G") are then —
Einstein manifolds if and only if @. § = 0, where aandf are constant functions defined on
(M%" and (M%)V.

2. Preliminaries

2.1. Indefinite Finsler Manifolds

Let M be a real (2n + 1) — dimensional smooth manifold and TM be the tangent bundle of M. A
coordinate system in M can be stated with {(U, ¢):x}, ..., x?2™*1}, where U is an open subset of M; for
anyx € U, p: U - R?"*1 js a diffeomorphism of U onto ¢ (U),and ¢(x) = (x1,...,x2"*1).0n M, denote
by 7 the canonical projection of TM and by T, M the fibre, at x € M, i.e., T,M = m~1(x). Through the
coordinate system {(U,¢):x'} in M, we can describe a new coordinate system
{(U", @); x, ..., x2"*1 y1, ., y2"* 1} or shortly {(U*, ®):x',¥' } in TM, where U* = n=1(U) and &: U* -
R*"*2 js a diffeomorphism of U* on ¢(U) x R?™*! and ®(y,) = (x3,...,x2"*1,y1, .., y2**1) for any
x € U and y, € T, M. Let M° be a non-empty open submanifold of TM such that r(M°) = M and 8(M) N
M° = @, where 6 is the zero section of TM. Assume that M2 = T, M n M° is a positive conic set, for any
k >0 andy € M2. we have ky € MQ. Obviously, the largest M° holding the above circumstances is
TM \ 8(M), ordinarily given with the description of a Finsler manifold.

We now consider a smooth function F: M® - (0,) and take F* = F2. Then suppose that for any
coordinate system {(UO, ®02); xt,yt } in MY, the following conditions are fulfilled:

(F1) F is positively homogenous of degree one regarding (y?, ..., y?™*1),i.e., we get, for all k > 0 and
(x,y) € ®°(UY),

F(Oxl, o, x? L kyt, L ky? ) = Kk F(xL, . x2 L ) L, y20t )

(F2) At any point (x,y) € ®°(U?),

ZF*

gij(x,y) =5 (x,y), i,j €{1,2,..,2n+ 1}

are the components of a positive definite quadratic form on R?"**+1,

We say that the triple F2"**1 = (M, M° F) is a Finsler manifold, and F is the fundamental function of
F2n+1_

Certainly, condition (F2) is not appropriate for some applications of Finsler geometry. To remove this
inconvenience we consider a positive integer 0 < ¢ < 2n+ 1, and a smooth function F*: M? - R,
where M°is as above. Moreover, suppose that for any coordinate system {(U°, ®°); x,y* } in M°, the
following conditions are fulfilled:

(F1*) F* is positively homogenous of degree two regarding (v, ...,y?"*1), we get, for all k > 0 and
(x,y) € ®°(U®),

F*(xl, o, x? L kyt, L ky?™ ) = k2F*(xt, L, x2 Lyt L 2D

(F2*) Atall point (x,y) € ®°(U?),

0°F*
gij(x,y) =5

(x,y), i,je{1,2,..2n+ 1}
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are the components of a quadratic form on R?"*1 with (2n + 1) — q positive eigenvalues and q negative
eigenvalues (0 < g < 2n + 1). In this state F2"*1 = (M, M°, F*) is called indefinite Finsler manifolds
with index q. Particularly, if chosing g = 1, we get Lorentzian indefinite Finsler manifolds [2].

Consider the structure of F2"*1 = (M, M°, F*) indefinite Finsler manifold with index g. Then the tangent
mapping m,: TM® - TM of the submersion m: M°—>M and define the vector bundle (TM°)V = kerm,. As
locally, mh(x,y) = xt, we obtain

% (aa]) &} and m! (aa]) =0, on the coordinate neighborhood U° c M°. Thus, {il} is a basis of

ay

r ((TMO)Vluo). We call (TM®)V the vertical vector bundle of F2"*1, Locally, on a coordinate
neighborhood U c M°. we have
XV =Xi(x,y) 3
of (TM®)V. Thus a Finsler 1-form is smooth section of (T*M°)V. Assume {8y?, ..., 5y?™*1}is a dual basis

to {aiyl’“ ayfnﬂ} ie., 8y! ( ) 5‘ Then each forw € (T*M°)V, w” = wi(x,y) 6y‘, where wi(x, y) =

w (%) 1, 2].

The complementary distribution (TM®)¥ to (TM°)" in TM? is said a horizontal distribution (non- linear
connection) on M°. Thus we can write

TM® = (TM®)* @ (TM°)"

where X! smooth functions on U°. After we denote by (T*M°) the dual vector bundle

) 1)
Sxl’ ) §x2ntl
5 9 ;0

Sxi oxt ¢ 6_yJ

The set of the local vector fields { is a basis in T((TM°)*). Then

Let X be a vector field on M°. Then locally we get

X=X— d + X — o
Sxt ayt
Clearly, for X!(x,y) = 0, we obtain the subbundle of (M®)"* c M° and for X(x,y) = 0, we obtain the
s s s
subbundle of (M°)” c M°. Suppose {dx?,...,dx?"*1} is a dual basis to {5 -, .. ’W} ie, dx! (5 1) =

&}. Then eachw € I'(T*M®)" is locally written as w/ = W;(x, y)dx', where W; = w; — N/w;. Thus we

can write
Syt = dy' + Nji(x, y)dx’
Consider a w, 1-form, then
w = W;(x, y)dx'+w;(x,y) 6y’
Also, w(XV) = 0,w¥(X") = 0, wherew = wf + w¥ [2].
Definition 2.1. A Finsler connection is a linear connection V= FT with the property that the horizontal
linear space (T(x_y)MO)H, (x,y) € MP° of the distribution N is parallel with respect to V.

Similarly, a Finsler connection is called linear connection V= FI' with the vertical linear space

(T(x,y)MO)V, (x,y) € MP° of the distribution N parallel relative to V.

Necessary and sulfficient condition for linear connection V on M° to be Finsler connection is

(WYY =0, (")
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VyY = VEYH + 7)YV
foreach X,Y € T(y,,)M°.
Vyw = VEWH + 7Y wY

forallw € T(, ... M°[15].

Let V be a Finsler connection and the curvature of this connection is given with the below equation.
R(X,Y)Z = VyWyZ — VyVxZ — Vixy)Z = RE(X", Y ZH + RV (X", YV)Z"
where X,Y,Z € T(,, M° [14].

Theorem 2.1. The curvature of a Finsler connection V on T(x,y)MO is totally stated with the following
Finsler tensor fields equations:

RHE(XH,YMZH = VynVynZH — VynVynZ" = Viyn yuy 2%
RV XV, Y)Z" = VyVyZ" = VyVywZ" = Viyv 2"
[14].
2.2. Almost Contact Pseudo-Metric Finsler Structures

Consider tensor field ¢, 1-form n and vector field ¢ given as below:

="+ 0" = ¢/ (x,) ;- @ dxl + ] (x,) 7 ® 5y @1)
n=n"+n"=n(x,y)dx" +7,(x,y)8y" (2.2)
i S & a
f=§H+fv=f(x'Y)5—m+f(x'3’)a—yi (2.3)
Then, we can write the following statements.

(@")2xXH = X" + 9" (X") &1, ()XY = X" + " (X") &Y (2.4)

@M =n"¢" =1 (2.5)

"M =¢"E")=0 (2.6)

nfeph=n"op" =0 2.7)

rank(¢pt) = rank(¢pV) = 2n (2.8)

Thus, (¢, &%, nM) and (¢",£Y,n") are called the almost contact Finsler structures on vector bundles
(MH"  and  (M°)Vrespectively,  where M° = (MO D (M®)¥. Also, we call
that (MO, ¢, &%, n")and ((M°)",¢Y,¢Y,n") are almost contact Finsler manifolds [3].

Let F2n+1 = (M, MO, F*) be an indefinite Finsler manifold. Then, we define
g7 :T(TM®)Y x T(TM®)Y - F(MP),

* * a a
95 6 3) = 9" G5, 0 0.

Obviously, gF" is a symmetric Finsler tensor field. g7 is called the pseudo-Finsler metric of F2"*1, Thus,

g% is thought to be a pseudo-Riemannian metric on (TM®)".

Similarly, @—we  define the metric for horizontal distrubituon as  following:
g™ :T(TMO" x T(TM*)* - F(MO),
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5 6
Sxt’ 8xi

95 @) = g" ( )% Y)
[1, 2]. A Finsler vector can be described with below statements.

g7 (X, X) = 0and X # 0 = light-like

gF (X, X) > 0 or X = 0 = space-like

9" (X, X) < 0 = time-like,
where X € T, ,yM°, (x,y) € M°. The Finsler norm of X is a nonnegative number and || X|| is described
(x.y) 8

with following equation:

X 1
1l = |7 @, 20|

If gF" (X, X) = 1, X is called unit space-like Finsler vector or gF" (X, X) = —1, X is called unit time-like
Finsler vector. gF*(X, X) = € and ¢ is said the signature of X when X is a unit Finsler vector.

Also,
G: F(TMO) X F(TMO) N %(MO)
GX,Y)=GHX,Y)+G"(X,Y).

is defined. Obviously, G is a symmetric tensor field of type (0,2), non-degenerate and pseudo-
Riemannian metric on M°® with index 2q. Then, G is called Sasaki Finsler metric on M°. Then, G can be
defined as below.

G =G"+G" =gl dx' @ dx/ + gf; 6y' ® &y
[1,2].

Definition 2.2. Suppose that (¢, &, n") and (¢",&V,n") are almost contact structures on horizontal
and vertical Finsler vector bundles (M®)" and (M°)?. If the G¥ and G satisfy the following conditions,

GH (X", pY™) = GH(X™,YH) — en™ (X")n™ (¥H)
G"(pXV,¢Y") = GV(XV,YV) —enV (X")n"(Y")
nf (X" = e GH(XH, M), 0" (XV) = e 6V (X",¢Y)

where £ = 1, then (¢, &%, 91,G") and (¢",£Y,n",G") are called almost contact pseudo-metric
Finsler structures on (M°)" and (M°)".

Now, we define
NX,)Y)=G6X,¢Y), QH(xH yH) = GH(XH, ¢pYH), 0V(XV,YV)=GY(XY,pY")
and call it the fundamental 2-form [4].
The fundamental 2-form, defined above, satisfies the following equations:
QF(pXH, pYH) = QF(XH,YH), 0Y(px", pY") = ' (X", Y")
NHYH X1 = —HXH, YH), QV(YY, XV) = -Q"X",YV)
Proposition 2.1. Let V be a Finsler connection on M?and {2 be the fundamental 2-form which satisfies
dn’ (xV,YV) = Q" (X", YY), dnf (XH, yH) = QH (xH yH),
QX" Y ") = (Vi) (™) — (WX + 9 (T(XT, YH)),



A.F. Saglamer et al. / IKIM/ 6(1) (2024) 9-20 14

Q'Y YY) = (Vi) @Y) — (W)Y + V(T (XY, Y9)).

Then the almost contact pseudo-metric Finsler structure is called almost € —Sasakian Finsler structure
on MO,

(pH, &M, nH, 6" and (¢",&Y,1Y,GV) are called almost & —Sasakian Finsler structures on (M°)"

and (M°)Y, respectively [4].

Theorem 2.2. Let 2 be the fundamental 2-form and almost € —Sasakian Finsler connection V on MO is
torsion free then

Qf (X", y") = (Vi) (rH) — (Viin)(xH)
Q"X YY) = (Vin"H(Y) — (vynV)(XY)

[4].

Definition 2.3. An almost £ —Sasakian Finsler structure on MO is said to be an & —Sasakian Finsler
structure if the 1-form 7 is a killing vector field, i.e.,

(VEHY (Y™ + (Vi) (X" = 0, (Vin")(YY) + (Vin")(XY) =0
QF (xH, Yy = 2(vint(Y™), Q¥ (XY, YY) = 2(Vin") (YY)
[4].

3. Trans- Sasakian Indefinite Finsler Manifolds

We introduce trans-Sasakian indefinite Finsler manifolds in our main results. Also, we give the special
case of these structures @ —Sasakian and f§ —Kenmotsu indefinite Finsler manifolds.

The almost contact pseudo-metric Finsler manifolds ((M%)", ¢, &H,nf, G and (M®)?, ¢", &Y, 1", G")
are said to be trans-Sasakian indefinite Finsler manifolds if and only if the following conditions are hold.

(VHo™YH = 2{GH XM, yM)eH — ent! (Y X!} + L {eG (px™, Y)gH — nH (Y xH} 3B.1)
(V5 IV = S{GY (X, Y")E = en” (V)XV} + £ {eGY (9X”,Y")E" =0V ()X} (3.2)

where a and 8 are smooth functions on (M®)"* and (M°)” then we say such a structure the trans-
Sasakian pseudo-metric Finsler structure of type (a,f). If «,f =constant, then the getting
a, f =constant from (3.1) and (3.2) we get

(Vje) = —e 2 pxH + L et —pit (xtyety (3.3)
(V5") = —e5 oxV + L (xV =1V (xV)e¥) (3.4)
(Vinf)(YH) = 2GH(XH, pYH) + e £.6H (XM, pYH) (3.5)
V() =567 (X", ¢YV) +e£67 (9XV,p1") (3.6)

Theorem 3.1. In the trans-Sasakian indefinite Finsler manifolds ((M°)", ¢, ", 0", G") and
(M%), ¢",&Y,1Y,GV) the following relations hold.
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RI(xt, yiygH = CoBD it (X — (Y + e ! (Y px — ' (e )y )
RY(XV,y")g" =BV (rxY — V)YV + e L (rVgxY —n¥ (XV)pr")

2 p2
R et iy = D o, yiyen g iy

+ e S (KT — G (X, )
RV, XV)YY = @{scﬂ(ﬂ. YE — ' (r)x"}
+e DL (r)gx” — eV (XY, Y)Y}
N RH (XM, Y ZH) = S GH (v, 2t (et — GH (e, 2 (r )
+ L H (XF)G(PYH, ) — 1 (Y)GH (px ™, 2H))
0’ (RY (X, ¥)2%) = e CE2(GY (vV, 20’ (V) — 6V (xV, 2"V (v}
+L 0" (X)G(PYY,Z") — 1" (YV)GY (pXV, 2)
n"(RA(XH, Y)EM) = 0,77 (RY (X7, ¥")E")=0
SH e, gy = n B pH (), sV (xV ) = n v (xY)
s, e=n S sV Y,y = i)

(aZ_BZ) EV

2_p2 2_p2 2_p2
Qxt=en By oxV =en XV, Qet = n @ el g = n O

Proof:

RIKH,Y)ER = VinVing! = VinVing! = Vou, yu_gn yné"

=V {=e5 oY + 2 (VH —nH(H)E ] = Vil {~eF X +2(XH —nH (x)g)

_gH H H H
vaHYHE +Vv;’Hfo

B

= eS{VYPMXH - (WY + 2

then we get following equation

15

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
(3.13)

(3.14)
(3.15)

(3.16)

{(V¥nXHER — (Vin)YHER + nH (XH)ViEH —nH (YH) VY EH}
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= eZ{—eSn (XY + eBGH (@Y, XH) = S (XY™ + £y (XM + S () px ] +
Ll (rH, gxtet — e nt (x)GrH + Znt (xHyyH —EnH (X ynH (YH)eH + e SnH () pxH -

Lt (rmyxH + Sy (xHymH (r)eH ),
If we rearrange last equation, then we have the following one and the proof is completed

2 _ p2
ROt ynye = B gty ety e S g (it - gt ot ypry

By using similar processing steps, we can obtain the proof for vertical distribution.

Using the equations G# (RH(XH, YH)¢H, wH) = GH(RH(EH, WH) XH,YH)and GV (RV(XV,Y)EV,WV) =
GY(RV(EV, W)XV, YY), we get

RH(gH, W) xH =SB (e GH WM, XM)EH — (W} + e L (e pwH — eGY (gWH, XEM,
and
RY(€" WYY X7 =B e 6V WY XV — " WY+ e L0 (X)W — 6V (gWY, XV)E")
We have from equations (3.7) and (3.8), we get
" (RH(XH,YH)ZH) = eG(RP (XM, YH)ZH, &1y = —eG(RM (X", YH)EH, ZH)
(a?-

— G (TBZ){nH(yH)XH — " (XH)YHY + go;_ﬁ{nH(YH)¢XH — " (XH)pYH} ’ZH)

= e B (GH (v H, 2y () — GH (XM, 2t (v H))

+ X Gy, 2y — (e GH (9", )

and
1’ (RV(XV,YV)Z") = eG(RV (X", Y")Z",&") = —G(RV (X", Y")§",Z")
=—gG( (‘xzz—ﬁz){nV(yV)XV _ T]V(XV)YV} + gg{nV(YV)¢XV _ nV(XV)quV}i}, ZV)

2 _ p2
= s%{cvm, ZV VX" - 6cV (XY, Z"n" (YV)}
+ L Y XV)G(pYY,Z") 1" (V)G (pX", 2"},
Putting 2% = ¢ and 2" = £V, we getn! (R (X", yH)¢H) = 0,7" (RV (X", Y")§")=0.

For the trans-Sasakian indefinite Finsler manifolds (M%), ¢, &H, nH,GH) and ((M®),¢",E",n¥,G"),
the Ricci tensor S and scalar curvature r is defined by

SHXH,YH) = Y2 & 6P (RH(EF,XH)YH EF) + £ GH(RH (&9, x")YH, M),
rH = y2n i GHEH EHY ¢V = y2n i gV(EY EY),

SY(XV, YY) = X7 & GY(RV(E!,XV)YVE)) + e GV (RV(EY,XV)YV,&Y),
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where { Efl,EJ, ...,E}L, &%} is orthonormal basis field in (M®)*and G (EF,Ef) = ¢
(similarly, { EY ,EY,...,EY,, €'} is orthonormal basis field in (M®)”and GY(E},E}) = ¢).
Replacing Y¥ by &#, we get

SH(XH, §M) = Xy & M (RM(E, XT)EH E[) + & G (RM(EH, X)EM, &)
=y g GH ((a B ){ H(XH)EH — H(EiIJ)XH}+€‘xZ_B{nH(XH)¢E{-I_nH(EiH)d)XH}’EiH)+
e GH (B g (xy g — i (£)XHY 4 £ XL [ (XH) g — P (EM)$XHY, 61,
where, since GH (RH (&, XH)EH, £H) =0 we get
SH(XH, i) = n L&) B (22282 (g, sH(gH, gH) = 2—,’32)_
The Ricci operatdr Qgiven by
SH(XH, YH) = GH(QX",Y") and SV(X",YV) = GV (QX",Y").
By using SH(XH,&1) = GH(QX", &%) and SV (X",&Y) = GV(QX",£&"), we obtain
Q¥ = e M)y, et e MEE) et ang x7 = £ M) (xv), eti= e M gy,

Example 3.1. Consider the structure of F3 = (R3, (R?)°, F*) indefinite Finsler manifold. (R3)%= R® \
{0} is a real 6-dimensional C* manifold and TR? is the tangent bundle of R3. A coordinate system in
R3can be stated with {(U, ): x,x2,x3}, where U is an open subset of R3; for any x € U, ¢: U » R3 is
a diffeomorphism of U onto ¢(U),and ¢(x) = (x1,x2,x3).0n R3, denote by 7 the canonical projection
of TR? and by T, M the fibre, at x € R3, i.e, TyR® = w~1(x). Through the coordinate system {(U, ¢): x'}
inR3 , we can describe a new coordinate system {(U* ®);x% x2 x3;y,y% 3} or shortly
{(U",®):x%,y" } in TR®, where U* = n~}(U) and ®: U* - R® is a diffeomorphism of U* on ¢ (U) X R,
and ®(y,) = (x%,x2%,x3;y1,y2,y3) for any x € U and y, € T,R3. Let (R®)° be a non-empty open
submanifold of TR3? such that m((R3)%) = R3 and 8( R3) n (R3)? = @, where 6 is the zero section of
TR3. Assume that (R3)2 =T,R3n (R3)° is a positive conic set, for any k >0 andy € (R%)2.
we have ky € (R3)2. Obviously, the largest (R3)° holding the above circumstances is TR3 \ (M),

ordinarily given with the description of a Finsler manifold. The set of the local vector fields {661 6; , 5‘; }
a 9. o
is abasisin (T(R3)%)# and {ayl V37 ’6y3} is a basis in (T( R3)%)V. We get
5
XV X}’(xy)—+X¥(xy)—+Xé’(xy)a3,XH=X{'(xy)—+X£'(xy) +X§(xy)53, or

any XV € (T(R3)%"and X# € (T(R®)®)?. Thus, for any X T(R3)?, X = X/ (x, y) -+ X! (x, y)

( i =1, 2, 3). Consider a 7, 1-form, n =n" +n" =" (x,y)dx + n;" (x,y)6y" ( i =1, 2, 3),
n" € (T"(R*)°)" and " € (T*(R*)")".

G is a symmetric tensor field of type (0,2), non-degenerate and pseudo-Riemannian metric on ( R3)°.
Then, G is called Sasaki Finsler metric on ( R3)° . Then, G can be defined as below:

G=G"+G" =gf dx' @ dx/ + gf; 6y' ® 6y’ (i=1,2,3).

The vector fields



27

s H _ g H _ S _:H
s 0 B =xaga o By =xaps =4

Efl = x;
are linear independent at every point of ((R®)°)". Let G be the Sasaki Finsler pseudo-metric given by
GH(EY,§") = GM(Ef ES) = GM(Ef,§") =0
GY(E{,Ef") = G"(EJEf) = 1,61 (§",§") = e=-1,
Let n be the 1-form derscribed by
nf(Z") = =G (Z", §") = —GH(zEf + 2B + 238", §") =25, v Z7 € (T(R*)D.
Consider ¢* the (1, 1) tensor field stated by
o (EM) = — Ef' ,¢"(ES) =Ef', ¢" (") =0.
Then using the linearity of ¢, we have
ZH =z Ef + 2,E¥ + 2, &% ,WH = w EF + woEY + wy EH
" (Z") = " (2 Ef + 2,EF + 238" ) = 2" (Ef) + 2,07 (EF) + 25 p" (&)
¢"(Z") = —z B} + 2B
o (WH) = oM (WET + WES + w3 &) = wigH (B + wa " (E]) + ws ¢ (§7)
o (WH) = —w, B} + wyEf!
(¢™?(Z") = —z,Ef — zEfl = -Z+n"(Z")¢"
Thus we get
GH(@M(Z™), ¢ W) = GH(Z", W) +n"(Z") n" (W)

v ZH e (T(R*)9H and v WH € (T(R3)%)H. Thus the structure (((R*)®)", ¢!, &H,nt,GH) define the
almost contact pseudo-metric Finsler structure on ((R3)%)",

Let V be the Levi-Civita connection with respect to pseudo-metric G*. Then we have
[Ef,Ef1=0, [E,§"] = —Ef', [E],§"] = — E].
The connection V of the pseudo-metric G¥ is given by
261 (VynYH, ZH) = XHGH(YH, ZH) + YHGH (xH, ZH) — ZHGH (X1, YH)
—GH(XxH,[YH, ZH]) —GH(YH, [XH, ZH]) + cH(zH, [xH,YH]) (3.17)
Which is known as Koszul’s formula. Using this formula, we have
26¥ (Vpnd®, E) = —GH (BL, [§, EI' 1) —GH(§%, [ EY, E)) + G¥ (Bf [ E, "))
=2GH(—E{, E).
Thus,
VE{@H = —Ef', VenE{' = 0.
Again by using Koszul's formula we obtain
26H (Vpng®, EY') = —GH (BY, 1§, B 1) -G (5", L EY, ES]) + G (EY [ B4, ¢"])
=267 (- Ef, E).
Thus,
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VEZHfH = —E' |, VenE}' =0,
Also by using Koszul’s formula we obtain
26H (Vyp BY, §7) = GH(EL, (€%, EY 1) +GH (&%, [ EY, ES]) — GM (B} [ Ef, §"])=0.

Thus,

VenEf' =0, Ve E[=0
Similarly we get

264 (Vgn Bf!, §) = — GH(EL [EN,§7 1) +G" (§™, [ B, E']) — G (Bf' [ B, §))

=261 (E, Ef) = -26"(¢", &),

Thus,
Vpn Eff = = ¢
(3.17) further yields
Ven Ef' = — &M, Ven Ef' =0, Vou Eff = 0,Vp Eff = 0.
If we use the equations we found
(V)I?S(H) = xlvgffH + XZVEZHS(H = (—x1) Ef = (x2 )EzHr

v X1 e (T(R3)%)H,

The above equations tell us the almost contact pseudo-metric Finsler manifold
(RO, pH, e, M, GH) satisfy (3.3) for a =0, =-2, e = —1.

With the help of the above results it can be verified that
RUCEY, N Ef = EY,  RMQEM, ENEF =¢%, RUCE(, §M)¢M = —Eff
RU(EF, §") " =—Ef,  RY(EY, EfDE{f'= Ej, RY({" EfNE! = ¢
SHEH, ¢ = GHRY(ET, §™) ¢, EfY) + G (RM(ES, §) &%, EX)=G" (—E{, E{)+G" (—E5, E5)
2_p2
steh, gty =n )= 2

Example 3.2. Consider the structure of F3 = (R3, (R?)°, F*) indefinite Finsler manifold. (R3)%=R® \
{0} is a real 6-dimensional C* manifold and TR3 is the tangent bundle of R3. A coordinate system in
R3 can be stated with {(U, ¢): x1, x2, x3}, where U is an open subset of R3 ; forany x € U, ¢: U - R3 is
a diffeomorphism of U onto ¢(U),and ¢(x) = (x1,x2,x3).0n R3, denote by m the canonical projection
of TR? and by T, M the fibre, at x € R3, i.e, T,R® = 7~ (x). Through the coordinate system {(U, ¢): x'}
inR3 , we can describe a new coordinate system {(U* ®);x! x2 x3;y,y% 3} or shortly
{(U*, ®): xt, yt } in TR3, where U* = n~1(U) and ®: U* - R® is a diffeomorphism of U* on ¢ (U) X R3,
and ®(y,) = (x1,x2%,x3;y1,y2,y3) for any x € U and y, € T,R3. Let (R3)° be a non-empty open
submanifold of TR3? such that ((R3)%) = R3 and 8( R3) n (R3)? = @, where 6 is the zero section of
TR3. Assume that (R%)% =T,R3n (R is a positive conic set, for any k >0 andy € (R®)J.

we have ky € (R3)%. Obviously, the largest (R3)? holding the above circumstances is TR3 \ 6(M),
ordinarily given with the description of a Finsler manifold. The set of the local vector fields {% , & , %}
a a a

isabasisin (T(R*)?)# and {B_yl R

} is a basis in (T( R3)%)V. We get
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)
&x3’

d d d s s
XV = Xil(xJ’)a—yl+X¥(XIJ’)6—3,2+X§/(XJ}’)6—3,3 , X=X 00y) s+ X (0 y) 55+ X4 ()

any XV € (T(R3)%"and X# € (T(R®)®)?. Thus, for any X T(R3)?, X = X/ (x, y)% + X7 (x, y)aiyi

for

( i=1, 2, 3). Consider a 1, 1-form, n=7n" +1" =0 (x,y)dx' +n (x,y)6y" ( i=1, 2, 3),
77H € (T*(R3)O)H and T]V € (T*(R3)0)V

G is a symmetric tensor field of type (0,2), non-degenerate and pseudo-Riemannian metric on ( R?)°.
Then, G is called Sasaki Finsler metric on ( ]R3)0 . Then, G can be defined as below:

G=G"+G" =gl dx'@dx) + gl 6y' ® 6y (i=1,2,3).
The vector fields

H_%1 6 H_ %2 6 H 5_€H

1T T xgexl 2 72 T xgexz 0 73 Sx3

are linear independent at every point of ((R3)%)". Let G be the Sasaki Finsler pseudo-metric of index
2 given by

GH(Ef, ") = GH(Ef ES) = G"(Ef,§") =0
GH(E! ET = GM(EY ES) = 1,67 ("¢ =e=1.
Let n! be the 1-form derscribed by
(") =G"(Z", ¢) = GM (2 Ef' + 2B + 258", §M) =23, v Z" € (T(R*)%)".
Consider ¢* the (1, 1) tensoér field stated by
o™ (Ef) = E5 ,¢"(E]) =—Ef, ¢" (") =0.
Then using the linearity of ¢!, we have
ZH = 2.EFf + z,EY + 2, &0, WH = w EF + woEll + wy EH
" (Z") = " (2 Ef' + 2,Ef + 2387 ) = 2" (Ef) + 2,0" (EF) + 25 " (&)
¢"(Z") = 2B} — 2Bl
" W) = wip" (EY) + wo 9" (ES) + w3 9" (&) = wiEf — w,Ef
(¢™2*(2") = —z,Ef — zEY' = -Z+n"(Z")¢"
Thus we get
GH (" (™M), " W) = 6H(zH, wH) —n" @) n" W)
v ZH € (T(R»)OH and v W € (T(R®)?)H. Thus the structure ((R*)O",¢H, &M, nH, G1) define the
almost contact pseudo-metric Finsler structure on ((R3)%)",

Let V be the Levi-Civita connection with respect to pseudo-metric G*. Then we have

[Ef Ef1 =0, [Ef, §"] = B, [E}, €] = - Ef.

X3
The connection V of the pseudo-metric G¥ is given by
261 (VynYH, ZH) = XHGH(YH, ZH) + YHGH (X", Z") — ZHGH (X", YH) — GH (X!, [YH, ZH])
—g(YH, [XH,ZH]) + cH(zH, [xH,YH])

Which is known as Koszul’s formula. Using this formula, we have
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26" (Vyug", E) = —GM(BL, (6", Ef' 1) —GM (€™ [ Ef!, E)) + GM (B [Ef, €"])
= 26" (=El, EfY).
X3
Thus,
1
VE{IfH = x—SEf’, VenEfl = 0.
Again by using Koszul's formula we obtain
26¥ (Vpé®, EY) = —GH (BY, 1€, BY 1) —GH(§%, [ EY, ES]) + G¥ (Bf [ EY, ¢"])
=26%(= E}, ES).
X3
Thus,
1
VE£-I€H = EE VSeHEé'I =0.
Also by using Koszul’s formula we obtain
26" (Vgn EY, €7) = G (B [€7, Ef 1) +(£", [ B, ES) - GM (&Y [ EX, €"D)=0.
Thus,
VE{qEéi =0, VEng{’:O
Similarly we get
26" (Vy EYf, €7) = — GH(BI, [EX, €7 1) +(€™ [ Y, EX']) — 6" (B, [ EY, €"])
— 9cH(LXpH pHY__ 2 _9opH( L zH
- ZG (XgEl’El)__x:;_ZG (96'3f ’f )
Thus,

1
vEfIE1H=£fH.

If we use the equations we found
1 1
(ViEh) = x1VEfS(H + xZVEé'IfH =X E{' + x, x_sEfll
v X1 e (T(R3)%)H,
The above equations tell wus the almost contact pseudo-metric Finsler manifold
(RO, pH, &1, M, GH) satisty (3.3) fora =0, B = xi, e= 1.
3
3.1. a —Sasakian Indefinite Finsler Manifolds

F?2n*1 = (M, M°, F*) be an indefinite Finsler manifold. The almost contact pseudo-metric Finsler structures
(pH, &M, pH, 61 and (¢V,¢V,1V,GY) on (M®)" and (M°)V are the a —Sasakian pseudo-metric Finsler
structures if and only if

(VMY = Z{GH (xH, YH)gH — ent (YH)xH} (3.18)

(Vxp" YV = 2{GV (X", Y)§" —en’ (Y")X"} (3.19)
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and
HgHY @ H Vely — @ v
(Vx¢ )——SE(PX , (Vx¢ )——€E¢X :
Moreover, from (3.18) and (3.19) we obtain

(Vi) = SR, Y = Z6M (X, ¥

(Vi)"Y = S0 (XY, YY) = 26V (XY, 1)

Thus, these structures are the a —Sasakian pseudo-metric structures in the a —Sasakian indefinite Finsler
manifolds ((M®)", ¢, &1, nH,GH) and (M°)Y, ¢, &Y, 1", G"). Also, the following relations hold.

2

RH(XH, YH)EH = S (r)xH — g (xtyvHy
2

RVGKY,YV)EY = (¥ (V)XY =’ (X)YY)

2
! RAK, YD ZH) = e (GM(rH, 2 (XM) = GH (X, 2" (v}

aZ

' RY(XY,YN)ZY) = {67 (", 2" (X") = 6" (X", 2" " (Y )}

a? 1
(VHRM) (X, YH)EH = e (GH (Y™, Z9)X" — G (X", Z#)Y ¥} — = RH (x¥, YH)Z"

a? 1
(VZRDXY, Y)Y = e {67 (VY. 2NDXY = 6V (XY, 2)Y"} =5 RV (XY, Y")Z¥

RH(XH yH)zH = S%Z{GH(YH,ZH)XH - GH(XH, zMYH}
RV(XV,Y"ZV = S%Z{GV(YV, ZINXV - G6V(XY,ZV)YV}
RA (X", My = %Z{HH(Y”)X” —eG™ (X", Y"EMy
RV(XV, &MYV = %Z{WV(YV)XV —eG" (X", Y")¢v}

2
RH(EH, XMYH = = (eGH (XM, Y — (v x!)

2
RV, XYY = (6" (¥, Y)E" = (Y)XV)

2n —
a? ( 2 q) ,&8 is a space — like vector

2(2n—q+1
* 4

SHEH,EM) =

), &H is a time — like vector
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2n —
a? ( q) ,&V is a space — like vector

VeV ZVy — 4
SELED=y g1y L,
a (T),E is a time — like vector
( 2(2M =\ popny ph ;
a ( 2 )n (X™),&" is a space — like vector
H(yH gHY —
STXEET) =4 S(2n—q+ 1\ o , ,
(@ (T>n (X™),&" is a time — like vector
2(2M =4\ v vy v ;
a ( 2 )n (X"),&" is a space — like vector
ViyV gVy —
S(le)_< Zzn_q+1 v v v ] ]
a (T>n (X"), &Y is a time — like vector

If £# and &V are the space-like vectors, then we get

q—2n
4

SH(@X, ¥™) = SHCXH, ) + o (T8t (X (v )

q—2n
4

SY@XY, YY) = $Y (X, V) + o () 0V e o),

If £ and & are the time-like vectors, then we get

q—2n-—1

SH(@X, Y)Y = S1CXH, M) + o (T2 et ()

SV (@xY, gr") = 70, vy 4 o (T2 e (e (o,

3.2. f —Kenmotsu Indefinite Finsler Manifolds

Let F2"*1 = (M,M° F*) be an indefinite Finsler manifold with the warped product space M?"*1 =

t
R X7 N2". We suppose that (N%)?" = TN?" \ 6 is a Kahlerian manifold and f(t) = cePz. For the almost
Kenmotsu pseudo-metric Finsler structures (¢, %, 7%, G%) and (¢",¢",nV,G") on (M°)"* and (M°)¥
resp., 1-forms n*’ and ¥ and 2-forms O and QV satisfy the below conditions.

dnfi=dn" =0, dnf =pnA0", dn¥ =pn"AQY
where [ being a non-zero real constant.

The almost contact pseudo-metric Finsler structures (¢, &H,nf,G") and (¢",¢",1n",G") on (M%)"
and (M°)Y resp., are the f-Kenmotsu pseudo-metric Finsler structures if and only if

(Vi)Y =L {eG (px", v)gH — nH (YH)pxH} (3:20)
(VEpIYY =L eV (9x",v)E" — ¥ (v")px"} (321)
and
HecHY ﬁ H H HN\cHY — ﬁ 2yvH
(V&™) =5 (X7 =" (X" = -5 ¢°X
Wiy =L —praneny = L pxr,

Moreover from (3.20) and (3.21) we obtain
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@iy =L enix, grty = £ o, v

i) Y) =267 (@x", ¢v") = L0V (¢x7,vV).
Thus, these structures are the § —Kenmotsu pseudo-metric Finsler structures.
In the § —Kenmotsu indefinite Finsler manifolds ((M°)", ¢#,&#,n¥, ") and((M°)¥,¢",€",1",GY),
the following relations hold.
ﬁz

RE(XH, YIEH = 2= (" (XY —nH (v ™)X ™)

2
RV, v E =t eyt — o)

2
R (KH, Y2 = €5 Gk, (v — 6 (v, 20 )

2
n'(R(X",YNZY) = e GV (YY, 2" m" (¥¥) = 67 (v",2")n" (X")}

ﬂZ

1
(VERM)(XH,yH)eH = e§{GH(XH,ZH)YH — GH(YH, zH)xH} — 3 RH(XH yH)zH

2
1
(VZROXY,Y)EY = e {GY (XY, Z)YY = 6V (¥Y, ZV)XV} — o RV (XY, Y")Z"

,82

RH(XH, YH)ZH - _ ST

{GH ", zMx" —¢"(x",zMy"}

2
RV(XV,Y")ZV = — ST{GV(YV,ZV)XV -G (XY, Z")Y"}

2
R, Xy = b e vy ¢ ent (v

2
RV XYY = e (6" (XY, Y")EY + en¥ (V)X

—2n
B> (q ).EH is a space — like vector

HezH zHY _ 4
G R
ﬁz (T),g‘H is a time — like vector
2 (4~ 2n\ ., . .
B ” ,€" is a space — like vector
VeV zVy —
S(glf)_ zq_zn_l . . '
B (T)'E is a time — like vector
—2n
Wt ey ﬁz(q ) )r]H(XH),fHisaspace—likevector
ST(XH,EM) =

—-2n-1
B2 (QT) nf (XM, &% is a time — like vector
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n
2 )nV(XV), &V is a space — like vector

32
SY(XY,¢) = (

—2n—-1
B2 (qT) nV(X"),&" is a time — like vector

SH(¢)XH,¢)YH) — SH(XH,YH) +,82 (2714—

L)ty (v
S (gxY,pr") = 7, vy + g2 () e (.

4, Conformally Flat Trans-Sasakian Indefinite Finsler Manifolds

We consider conformally flat trans-Sasakian indefinite Finsler manifolds ((M°)", ¢H,&é#,n#,G") and
(M%), ¢",&Y,1Y,GV). The conformal curvature tensor field C is given by

CH(xH, yMzH = RH(xH, yHZH — [SH(YH, ZH)XH — SH(xH, ZHYYH + GH(YH, Z7H)QXxH —

(Zn 1)
GH (X", ZMQYH] +

— (2n SIGH (Y, ZM)x " — GH XM,z (4.1)

and
CY (XY, Y2V = RV (X", Y2V — s [SV (Y, ZV)XV SYXY, 2V + 6V (vY, 2)Qx¥ —

GV(XV, ZV)QYV]

Zn@n 1)[GV(YV ZNXV -GV (XY, ZV)YV] (4.2),

where RY, S#,Q" and r are the curvature tensor, the Ricci tensor, the Ricci operator and the scalar
curvature tensor of the (M%) respectively.(RY, S¥,Q" andr are the curvature tensor, the Ricci
tensor, the Ricci operator and the scalar curvature tensor of the (M°)?). If the trans-Sasakian indefinite
Finsler manifolds ((M®)", ¢, &%, 9", G") and (M°)¥,¢",€Y,n",G") are conformally flat,i.e.
CH =0and C” = 0,then from (4.1) and (4.2), we have

RH(XH, yHYzH = ——[SH(YH, ZH)XH SH(xH, zZyYH + gH(YH, zM)ox" — GH(xH, zH)QYH] —
[GH(YH, zH)xH — GH(xH, ZH)YH]

(Zn 1)

2n(2n 1)

RV(XV, Y7V = ——

@D [SV(YV ZV)XV _ SV(XV ZV)YV + GV(YV, ZV)QXV _ GV(XV, ZV)QYV] _

|4 |4 \%4 |4 4 14 4 vV
Zn(zn SI6Y (Y, ZNXY — 6V (X", 2V)Y]

Now, taking scalar product on both side of above equations with W and WV, we have
GH(RA(X™, Y)ZH, W)= G (5 [ST (Y™, Z2M)x™ — STXH, 2MY ™ + GH(Y", Z27)QX™ —

GH(XH, ZH)QYH] [GH(YH ZH)XH GH(XH, ZH)YH],WH)

2n(2n 1)
and

G (R (XY, Y)Z", W)= 6" (——I[S" (YY", Z)X" — s"(xV, Z)Y" + 6" (¥", 2V)QX" —

(Zn 1)
GV(XV, ZV)QYV] — (2 [GV(YV ZV)XV GV(XV, ZV)YV],WV)
GH(RM (X, Y ZH, WH) = = [SH(v™, ZM)GH (x, W) — "¢, ZH)GH(vH, wi) +

GH(YH, ZH)GH(QXH, WH) GH(XH, ZH)GH(QYH, WH)]
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Zn(Zn 1)[GH(YH ZHeHxH, why — gH(xH, zHeHyH, why,

on putting W = & we get
GH(RH(XH, YH)ZH, EH):(an_l) [SH(YH, ZH)ST]H(XH)— SH(XH ZH)EnH(YH)+GH(YH
ZM) SHxXH, &) — " (x™, ZM) SH(Y ™, M) — ¢ [G7(YH, ZH) n" (XT)—GT(XH, ZH) n"(YH)].

2n(2n 1)

Replacing Y¥ by é¥ in equation (3.11) we have

G (RM (¥, §1) 21, 61) = e ! (R (M, 1) 21)= S5 (et Gy (21 = G (X, 21)
—e L {GH (@K™, 2= [ ST (M, ZM) P (X — £ SHXH, Z) 4 e (Z)SH (X, M) -
GH(xH, ZH> sH(f”, §0 = s @ " (X) — e GH (x", ZM)].

by using equations (3.14), (3.15) and (3.16)

(a®=B*)

GH(xH, zH
2 ( )

SH(xH, 7H) = [ o (2n-1)

2+ T (4n — e (2n — D] (27 0 (X7) + L (20— 1){GH ($X*, 21

2n

and

(a® = B

VszV
2 GV (X",Z")

SY(xV,z") = [ St ((2n—1) —e(2n))

LG ‘B ) (4n— e @n— DI @) ¥ XV) + L (2n — D{GV(¢x",Z")}

2n

Hence we have the following theorem

Theorem 4.1. The conformally flat trans-Sasakian indefinite Finsler manifolds ((M%)", ¢!, &%, 9", G*)
and ((M°)?,¢",&V,n",GV) are the n — Einstein manifolds ifand only if «. # = 0, where «,f are
constant functions defined on (M°)"* and (M°)".

Corollary 4.1. The conformally flat & -Sasakian indefinite Finsler manifolds ((M°)", ¢, &%, 1, G") and
(M%7, ¢V, &Y,1nV,G") are the n — Einstein manifolds.

Corollary 4.2. The conformally flat 5 -Kenmotsu indefinite Finsler manifolds ((M°)", ¢, &%, 9", ") and
(M%7, ¢V, &Y,1nV,G") are the n — Einstein manifolds.

5. Conclusion

In this article, we study indefinite trans-Sasakian structures on indefinite Finsler manifolds by using
pseudo-Finsler metric. Also, @ —Sasakianand [ —Kenmotsu indefinite Finsler manifolds are presented.
The conformally flat trans-Sasakian indefinite Finsler manifolds ((Mo)h, ¢H, fH, r]H, GH) and
(M%7, ¢V, &Y,1Y,G") are the n — Einstein manifolds if and only if a. § = 0, where a,f are constant
functions defined on (M®)" and (M°)”.
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Application of Bipolar Near Soft Sets

Hatice Tasbozan'
Keywords Abstract — The bipolar soft set is supplied with two soft sets, one positive and the other negative.
Soft sets, Whichever feature is stronger can be selected to find the object we want. In this paper, the notion
Near sets, of bipolar near soft set, which near set features are added to a bipolar soft set, and its fundamental
Near soft sets, properties are introduced. In this new set, its features can be restricted and the basic properties and
Bipolar set, topology of the set can be examined accordingly. With the soft set close to bipolar, it will be easier
Bipolar Near Soft set for us to decide to find the most suitable object in the set of objects. This new idea is illustrated

with real-life examples. With the help of the bipolar near soft set, we make it easy to choose the one
closest to the criteria we want in decision making. Among the many given objects, we can find the

one with the properties we want by using the ones with similar properties.

Subject Classification (2020): 54H25, 97E60, 54A05.

1. Introduction

The models used for each uncertainty problem are different from each other. For this, different set concepts
have been created. With the help of objects and features on these objects, Pawlak [17] first presented the
concept of rough set and then Peters [18, 19] presented the concept of near set, in which he examined sets
close to each other with these features. Another set, the soft set, was created by Molodtsov [14] and has been
studied by many people both in practice and in theory [1-3, 5-7, 12, 13, 15]. Feng and Li [9], on the other
hand, established a new concept by integrating the concepts of soft set and near set. Similarly, Tasbozan et
al. [22] combined the concepts of near and soft set. These concepts have been developed and produced in
the topology [23, 24].

The idea of bipolar soft set was presented by Shabir and Naz [20] and later this definition was used by many
researchers in applications. Karaaslan and Karatas [10] created the idea of bipolar soft cluster and used it in
applications. Mahmood [11] gave the bipolar soft set approach and its application. The notion of bipolar
soft set, which is a set in which human decisions are made with two types of notice, positive and negative,
was defined [4, 8, 10, 11, 16, 21]. Parameters with positive or negative properties give us information about
objects. In some uncertainty problems, a decision making approach should be established in order to make
the most accurate object selection under these conditions with the parameters determined by the decision

maker. The construction of all these mathematical models is up to the decision maker. By restricting this
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information to the selected parameters, we have obtained the concept of bipolar near soft set in order to
distinguish the ones with similar properties more quickly. In the application with bipolar near soft sets,
practicality can be provided in decision making so that we can find the object we will choose. Therefore, it
can be applied to multi-criteria decision making problems. Today, bipolar theory is used in the evaluation
system to understand people’s positive or negative opinions about objects. In this way, organizations can

track how much their products are liked or help buyers find the products closest to their needs.

In this study, the necessary definitions were given in the first part, and in the other part, we reached the
concept of bipolar near soft sets, in which we added set characteristics near to bipolar sets. It is exemplified
how this concept can be applied in an environment of uncertainty. In order to find the one with the features
we want among many objects, we were restricted to the features desired by the decision maker, and with
the choices we made, we were able to see the objects with similar features more clearly. This has provided

us with the practice of choosing the most suitable products for us that we need.
2. Preliminary

Let © be an objects set, & be a set of parameters that define properties on objects and £2(0) is the set of all
subsets of 0.

Definition 2.1. [3] Let B< % and F: B — Z2(0), then (F, B) is a soft set(SS) over ©.

Definition 2.2. [22] Let NAS = (0, %, ~pr, N;,uN,) be a nearness approximation space, B be a non-empty
subsets of & and (F, B) be a SS over G. Then

Ny #((F B)) = (Np*(F(k) =U{x €0 : [x]gr < F(k)}, B))

and
N ((FB)) = (N; (F(k) =U{x€ 0 :[x]g- N F(k) # @}, B))

are lower and upper near approximation operators where [x] 5, be equivalence classes denoted by the sub-
script r for the cardinality of the restricted subset B;. The SS N, ((F, B)) with Bndy, (g)((F,B)) > 0 called a
near soft set(\NSS) where

Bndy, ) ((F,B)) = N; ((F, B)\N;*((F, B)).

Definition 2.3. [21] Let F : B — P(0) and G : =B — P(0) be a mappings which F(k) n G(—k) = @, Yk € B.
(F, G, B) is called a bipolar soft set (BSS) over O .

3. Bipolar Near Soft Set

In this section, by introducing the bipolar set, we have reached the concept of bipolar near soft sets, to
which we add near set properties. How this concept can be applied in an environment of uncertainty is
discussed with assumptions about the values of the data on the example. Thus, in order to find the one with
the features we want among many objects, we can select objects with similar features by limiting them to

the features the decision maker wants.

Definition 3.1. Let 0 = (F,B), N,(0) bea NSS and (F,G,B) bea BSSover 0. F: B — P(0) and G: 7B — P(0)
are mappings which F(k)nG(—k) = @, Yk € B. Then the triplet N(F, G, B) is called a bipolar near soft set over
O (BNSS).
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Definition 3.2. Let N(F, G5, A) and N(F;, Gy, B) be BNSS over O, if
1. AcB,
2. Fg(k) € Fy(k) and Gy (k) € Gs(—k), Yk € A,
3. For N.(0) = N.(Fs(k), A) of a set (Fs, A) and N, (u) = N, (F1(k), B) of aset (F1,B), N.(0) < N.(u),

then N(Fs, Gs, A) is a bipolar near soft subset BN Ss of N(Fy, G, B) and denoted by N (Fs, G, A) < N(F1, Gy, B).

Definition 3.3. If N(F,, G5, A) is a BNSs of N(F;,G1,B) and N(F;,Gy,B) is a BNSs of N(Fs, G, A), then
N(F;, G, A) and N(Fy, Gy, B) are equal BNSS over 0.

Definition 3.4. Let F¢ and G® be mappings where F°(k) = G(=k) and G°(=k) = F(k), Vk € A. N(EG, A)°¢
= N(F¢,G*, A) is a complement of a BNSS.

Definition 3.5. If (k) = @ and N(©O(~k)) = O, for all k € A, then N(®,0, A) isanull BNSS over O.
Definition 3.6. If N(©(k)) = © and N(®(—k)) = @, for all k € A, then N(O,®, A) is an absolute BNSS over 0.

Definition 3.7. Let N(F, G, A) and N(F;, Gy, B) be two BNSS over @. The intersection of N(F, G, A) and
N(Fy, Gy, B),denoted by N(H, I,C) = N(F,G,A)nN(F;,Gy,B), Vk € C= AnBwhere H = FnF; and I = GNGy,
the union of N(F, G, A) and N(F;, G, B) where denoted by N(H, I,C), Vke C= Au B where H = FU F; and
I=GuUG.

Example 3.8. Let O = {y1, 2, ¥3, 4, y5} be a five person and B = {ky, k»} S & = {k1, ko, ks, k4} be a set of pa-
rameters, where ki, ko, ks, k4 stand for tall, strong, well dressed and intelligent, respectively. Sample values

of the k;,i =1,2,3,4 functions are shown

Wile, = Ayuyah 2l =12, ¥3, 5}

Wilk, = Ayuyah 2l =y, y3}b yslk, = 1ysh
Wlk,ke, = Y1 yah
2l e, = {y2,y3h
Wslkk, = 1ysh

Let B = {kj, k2} and (F, B) be a SS defined by (F, B) = ((k1, {y1, y4}), (k2,{y3, y5})) isa NSSwithr =1 and r = 2.
We get
N, ((F,B)) = (F«(kp), B) = {(k2,{ys}))}, fork, € B

and
N*((E,B)) ={(k2,{y2,y3,y51)}, forki, kz € B.

Hence, Bndpy (o) =0, then (F,B) isa NSS.

Let F: B— P(0) and G : —B — P(0) be mappings given as follows:

F(k1) = {y1,y4},G(0k1) ={ys},
F(ky) {y3, 5}, G(0k2) = @.

Then
N(F G,B) ={(k1,{y1,ya}, {y3}), (k2,1y3, ¥5}, B)}
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isa BNSS.

Definition 3.9. Let (F, B) be a NSS over €, u € 0. Then N(F,; Gy; B) denotes the bipolar near soft set over
O and (uy, u;_k), B) called a bipolar near soft point, defined by F,, (k) = {u} and Fu(k’) =gforallk € B— {k}
and G,(-k) =0—{u} = v, for each k € B.

Definition 3.10. Let u = N(F, G, B) be a BNSS over @ and 7 be the collection of BNSs of . If the following

are provided

i) (¢,G,B),0,G,B)eT,
ii) N(Fl) GI)B))N(FZ) GZ)B) €1 then N(FI’GDB) mN(FZ) GZ»B) €T,

iii) N(F;,G;,B),Yke Bthen UN(F;,G;,B) €,
1

then N(0, 7, B,—B) is a bipolar near soft topological space(BNSTS).

Definition 3.11. Let N(@, 1, B,—B) be called a BNSTS over . Then the collection 1 = {F (k) : N(F, G, B) € 1}
for each k € B defines a topology on ©.

Definition 3.12. Let N(O,t,B,—B) be a BNSTS over @ and N(F,G,B) be a BNSS over . Then N(F,G, B) is
said to be bipolar near soft closed (BNSC) if and only if N(F,G, B)¢ in 1. Then (O, , B,—B) isa BNSTS over
O and the members of are bipolar near soft open (BNSO) setsin 0.

Definition 3.13. Let N(F,G,B) be a BNSS over © and Y # @ < ©. Then the BNSS of N(F,G, B) over Y is
defined as follows: Y F(k) = Y N F(k) and ¥ G(-k) = Y n G(=k); for each k € B and denoted by N EY G,B).
Definition 3.14. Let N(O,1,B,—B)bea BNSTSoverCandY #@ <@. Thenty = (INYEYG,B): N(E,G,B) €
T}isa BNSTon'Y.

Definition 3.15. Let N(0, 7, B,—B) be a BNST'S over G. Then the collection consisting of BNSS, N(F,G, B)
such that (F,B) € 1, G(—k) = F'(k) =O\F(k) V — k € —B, defined a BNST over .

Example 3.16. Let 0, B be sets, F: B— P(0) and G: —B — P(0) be two maps as in Example 16. Then

N(F1,G1,B) = {(k1,{y1, ya}, (D), (k2 {y3, ¥51, D)},
N(F,,G2,B) = {(k1,{y1,y4, y2}, {nD), (ko, {ys}, @)},
N(F3,G3,B) = {(k1,{y1,ya}, n}), (k2 {ys}, @)}

are BNSS. Also, we obtained
T ={N(F1,G1,B), N(F>, Gz, B), N(F3,G3,B), (8,G,B), (O, G, B)}.

Then, N(@,1,B,—B)isa BNSTS.

Definition 3.17. Let Y # @ and Y < @, then the whole BNSS, N(Y, G, B) over @ for which Y (k) = Y, for all
k € B.

Definition 3.18. Let N(F,G,B) bea BNSSover0, Y # ¢ and Y < ©. Then the BNSsS of N(F,G, B) over Y is
defined as follows:
YF(k)=YNnF(k),YkeB

and denoted by N EG,B).
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Definition 3.19. Let N(K3, P1, B) and N(K>, P2, D) be two BNSS over 0 and 0>, respectively. The cartesian
product N(Kl, Pl,B) X N(Kz, Pz, D) is defined by (K1 X KZ)(BXC) where (K1 X KZ)(BXD) (]C, m) = Kl(k) X Kz(m),
V(k,m) € B x D. According to this definition, the soft set N(Ky, P1, B) x N(K», P2,D) isa BNSS over 1 x 0>

and its parameter universe is B x D.

Definition 3.20. Let N(@,t,B,—B) be a BNSTS over €, then the members of 7 are said to be bipolar near
soft open(BNSO) setsin @.

Definition 3.21. Let N(@,t,B,—B) be a BNSTS and N(F,G, B) be a BNSS over @. Then the BNS closure
N(F, G, B)™ is the intersection of all BN SC sets of (F, G, B) is the smallest BNSC over @ and the BN S interior
N(F, G, B)° is the combination of all BNSO sets of N(F, G, B) is the biggest BNSO set over 0.

3.1. Application of Bipolar Near Soft Sets

In this part, we will use the notion of bipolar near soft sets to make the best choice available to us. In order

to do this, we will follow some steps. Let us now consider this with an example.

Example 3.22. Assume that a house selling firm has a set of houses @ with a set of parameters &. Let

O = {y1,¥2,¥3, Va,.-, Y12} be a set of twelve house and B = {ks, k7} =< F = {kj, k2, ks, ..., k7} be a set of seven

” » « » «

parameters, where k;, i = (1,2,3,4,5,6,7) stand for “expensive,”“cheap,” “modern,” “earthquake resistant”

» «

“good location,” “multi-storey,”and “quality material,”respectively. We should noted that -k; does not de-
note “cheap” and -k, does not denote “expensive.” Now, assume that a house selling firm categorises these

houses with interest to the set of parameters using a concept of a BNSS, N(F, G, B) as follows:

Fki) = {yi:i=1,2,57,9},G(—ki) =1{y;:i=3,4,10},
F(ky) = {yi:i=3,58,11,12},G(—kp) = {y; : i =1,2,9,10},
F(ks) = {yi:i=1,7,8,9,12},G(~ks) = {y; : i =2,5,10},
F(ky) = {yi:i=1,58,9,11,12},G(—ks) = {y; :i =2,3,4},
F(ks) = 1{yi:i=1,2,7,8,9,10,11,12},G(—ks) = {y; : i = 4,5},

Fk;) = {yi:i=812},G(~ks) ={y;:i=6711.

Now, suppose that we want to select a house with respect to B = {ks, k7} < &. We will construct table respect
with F: B— P(0) and G: —B — P(0).
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Table 1

ki -k ko -k ks —ky ki —ka ks ~—ks ks —ks ki —kz

n 1 0 0 -1 1 0 1 0 1 0 0 0 0 0
V2 1 0 0 -1 0 -1 0 -1 1 0 1 0 0 0
3 0 -1 1 0 0 0 0 -1 0 0 0 0o 0 0
V4 0 -1 0 0 0 0 0 -1 0 -1 0 0 0 0
V5 1 0 1 0 0 -1 1 0o 0 -1 0 0o 0 0
V6 0 0 0 0 0 0 0 0 0 0 0 0 0 -1
y7 1 0 0 0 1 0 0 0 1 0 0 -1 0 -1
V8 0 0 1 0 1 0 1 0 1 0 0 0 1 0
Y9 1 0 0 -1 1 0 1 0 1 0 0 -1 0 0
yio O -1 0 -1 0 -1 0 0 1 0 1 0o 0 0
yir 0 0 1 0 0 0 1 0 1 0 0 -1 0 -1
yiz 0 0 1 0 1 0 1 0 1 0 0 0 1 0

We determine the value of (y,, F(k;)) and (y,, G(—k;)) by the following two roles and construct table:

1, yne F(kl)

(Yn, F(k;)) =
0, ynt¢ F(k;)

If we combine it using F(k;) N G(—k;) = ¢ for each k; € &, we get the following table:

(Vn, (F(ki),G(=k)) =4 -1, yneG(—k;)
0, yn¢Flk)UuG(-k;)

Table 2

(k1,—k1)  (k2,—k2) (k3,—k3) (ka,—ks) (ks,—ks) (ke,—ke) (k7,—k7) Sum

V1 1 -1 1 1 1 0 0 3
V2 1 -1 -1 -1 1 1 0 0
V3 -1 1 0 -1 0 0 0 -1
Y4 -1 0 0 -1 -1 0 0 -3
V5 1 1 -1 1 -1 0 0 1
6 0 0 0 0 0 0 -1 -1
¥7 1 0 1 0 1 -1 -1 1
V8 0 1 1 1 1 0 1 5
Yo 1 -1 1 1 1 -1 0 2
Y10 -1 -1 -1 0 1 1 0 -1
yu 0 1 0 1 1 -1 -1 1

Y12 0 1 1 1 1 0 1 5
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Enumerate the values by the rule

7
Sumn=y_(yn, (F(ki), G(=k)).

i=1
Find the verdict, denoted by d, for which d = {maxSumn : n = 1,2,...,s}, where s = |y|. Then, d is the

suitable select house. If d has more than one value, any of them can be selected.

Let 0 = (F,B), B = {ks, k7} be a SS defined by

N(E G, B) = ((ks, {y1, Y2, Y7, Y8, Y9, Y10, Y11, Y125, {Va, Y51, (k7,{ys, Y12}, {6, 7, Y111)) is @ BNSS with r = 2. From
the table, we obtained

Wl = Y2 Y7, Y8 Y9, Y10, Y11, Yizh [Vslk, = {¥3, V4, V5, Veb,
ele, = {ys yi2h nlk, = {1, Y23, ¥4, ¥5, 6, Y7, Y9, Y10, Y11}
(¥8lks, by = 1¥8yY12h
Wilks,kr = V1 Y2, Y7, Y9, Y10, y11h
3l r, = 13, Y4 ¥5 ek

Hence, we get

N«(o) = N«(F(k),B)
= (N«F(k),B)
= (F«(k),B)
= (F«(k7),B)
= {(k7,{ys, y12})}, for kzeB

and

N*(0) (F*(k), B)

{((ks, {1, Y2, Y7, Y8, Y9, V10, Y11, Y12D), (kz, {ys, yi2)} - for ks, k7 € B.

Then, N(F, G, B) isa BNSS.
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Table 3

(ks,—ks)  (k7,—k7) Sum

N 1 0 1
Y2 1 0 1
Y3 0 0 0
Va -1 0 -1
Vs -1 0 -1
V6 0 -1 -1
y7 1 -1 0
8 1 1 2
Y9 1 0 1
Y10 1 0 1
m 1 -1 0
Y12 1 1 2

From the table, we obtained

7
Sumn =Y (yn, (F(k;),G(=k;))) = 2.

i=1
Now, one can note from table that houses yg and y;» are the optimal houses. Therefore, any of them can be
chosen by us to get the house, we want. Accordingly, we find the most suitable house or houses according

to the k5 and k; features.
4. Conclusions

In order to find the one with the properties we want among the many objects given in this study, we reached
the concept of near soft sets, which we obtained that have properties near to each other, with a bipolar
approach. The concept of bipolar near soft set enabled us to see more clearly what we want, namely the
practice of choosing the best products. It reduced the features so we could choose what we needed. We aim

to obtain similar examples according to the definitions we will find in future studies.
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1. Introduction

In the realm of group theory, the interplay between groups and their actions on one another is a subject of
profound importance. Central to this discourse is the notion that the action of a group on another group
is intricately determined by the automorphism group. This relationship is encapsulated in the form of a
homomorphism, mapping the acting group to the automorphism group of the target group. Moreover, any
extension of groups also finds its roots in such homomorphisms, further underscoring their significance in

understanding the dynamics between groups.

Extending beyond the confines of group theory, similar principles resonate in the domain of algebra, where
the action of an algebra on another is closely intertwined with the concept of multiplication algebras. The
seminal work of Maclane [1] lays the foundation for this concept, elucidating its pivotal role in algebraic
structures. Building upon this framework, Ege and Arvasi [2] introduce actor crossed modules of commuta-
tive algebras, leveraging multiplication algebras to generalize aspects from commutative algebras to crossed
modules [13], [14].

Within the realm of R-algebroids, a branch of algebraic structures, significant attention has been directed
towards their study, notably by Mitchell [3], [4], [5] and Amgott [6]. Mitchell’s categorical definition of R-
algebroids and Mosa’s introduction of crossed modules of R-algeb-

roids serve as pivotal contributions to this field. Notably, the equivalence between crossed modules of R-

algebroids and special double algebroids with connections, established by Mosa [7], further enriches our
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understanding of these structures. Subsequent investigations by Akca and Avcioglu [8], [9], [10], [11], [12]
delve deeper into crossed modules of R-algebroids, unraveling intricate connections and properties. By
means of algebra action, the 2-crossed module structure is defined [15] and the equivalence of 2-crossed
modules to simplicial algebras is shown [16]. There are also studies [17], [18], [19], [20], [21] on 2-crossed

modules.

In this paper, we embark on a journey to explore the multifaceted landscape of R-algebroids, with a specific
focus on their actions and associated properties. Our endeavor begins with the introduction of the set de-
noted Bim(M), comprising multipliers of an R-algebroid M. Through a rigorous exposition, we establish that
this set itself forms an R-algebroid, aptly termed the multiplication R-algebroid, by defining suitable oper-
ations. Leveraging this newfound structure, we define an R-algebroid morphism from an arbitrary algebra
to Bim(M), thereby elucidating the mechanism through which actions manifest. Finally, we undertake a
comprehensive examination of the properties entailed by this action, shedding light on its intricacies and
implications.

Throughout our discourse, we maintain R as a fixed commutative ring, anchoring our investigations within
a well-defined mathematical framework. As we delve deeper into the intricacies of R-algebroids and their

actions, we aim to uncover novel insights and forge connections that resonate across various mathematical

domains.

Throughout this paper R will be a fixed commutative ring.
1.1. Preliminaries

Most of the following data can be found in [3-5].

Definition 1.1. An R-category is defined as a category in which each homset possesses an R-module struc-
ture, and the composition is R-bilinear. Consequently, a category earns the designation of an R-category

only when it satisfies these conditions.

Specifically, a small R-category, termed as an R-algebroid, delineates a more specialized class within this
framework. This classification is attributed to a category where homsets exhibit an R-module structure,

composition is R-bilinear, and additionally, the category is small in size.

Definition 1.2. An R-linear functor, denoted as an R-functor, denotes a functorial mapping between two
R-categories, preserving the R-module structures inherent in their homsets. This functor encapsulates the

essence of R-linearity within the categorical framework.

Moreover, within the realm of R-algebroids, an R-functor between two such structures assumes the appel-
lation of an R-algebroid morphism. This morphism elucidates the preservation of the algebraic structure,

including R-linearity and compositionality, between the respective R-algebroids.

Definition 1.3. Let A be a pre-R-algebroid, and consider the family I = {I(x;y) < A(x;y) : x,y € Ap} of R-
submodules. If ab,ba’ € Iforall be I, a,a’ € Awith ta= sb, tb = sd’, then I is denoted as a two-sided ideal
of A.

Definition 1.4. Let A and N be two pre-R-algebroids sharing the same object set Ag. Consider a family of
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maps defined for all x, y, z € Ag as follows:

N(x,y) x A(y,z2) — N(x,2)

(n,a) — n
is called a right action of A on N if the conditions

1. nhta=ph L po 4, (n'n)=n'n?
2. (m+mn)%=nf{+ng 5 r.n?=(r.n%=n"4

3. (na)a’ — naa’

and the condition n' = n, whenever 1,, exists, are satisfied for all r € R, a,a’,a;,a> € A, n,n’,n;,ny € N

with compatible sources and targets.

In a similar vein, a left action of A on N is established, albeit with a distinction in the side of application.
Additionally, if A exhibits both a right and a left action on N, and if the actions conform to the condition
@)% = “n%)forall n€ N, a, ' € Awith ta = sn and tn = sa’, where t denotes the target map and s
denotes the source map, then A is termed to possess an associative action on N, or to act associatively on
N.

Corollary 1.5. Given two pre-R-algebroids A and N with the same object set
i. if Ahas aleft action on N then %4@sm = 040,y and ~%n = 4(-n) = -%n,
ii. if A has aright action on N then n%tm» = 045,y and =% = (-n)¥ = —n®
forallne N,a,a' € A x,y € Ay with ta=sn,tn=sa'.

Definition 1.6. Let M is an R-Algebroid, for all m, m’, m" € M, with t(m) = s(m’) and t(m") = s(m)
AnnyM={me M:mm'=0,m"m=0,m',m" e M}

is called Annihilator of M R-Algebroid.
Definition 1.7. [7] For R-algebroids A and M sharing the same object sets and with A exhibiting an asso-

ciative action on M, an R-algebroid morphism 1 : M — A is termed a crossed module of R-algebroids if it

satisfies the following conditions:

CM1. n(*m)=an(m)
nm<) =nmya
CM2. m"™m) = pm! =N !

2. Bimultipliers of an R-algebroid

In this section, we commence our exploration by defining the bimultipliers of an R-algebroid M. Subse-
quently, we embark on a rigorous proof, establishing that the set of bimultipliers of M indeed forms an
R-algebroid, which we aptly term the multiplication R-algebroid. This designation arises from the inherent

structure and operations defined on this set, which align with the fundamental principles of R-algebroids.

Definition 2.1. Let M is an R-Algebroid and f,g: M — M be an R-Linear mappings with identity on object
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set satisfying the following equations for m, m' € M with t(m) = s(m’),

fimm') =mf(m')
gmm') =gmm’

fmym' =mg(m’)

The pair (f, g) is called bimultipliers of M. Set of all bimultipliers of M are denoted by Bimi(M).
Theorem 2.2. Let Bim(M) be a set of bimultipliers of M. Bim (M) is an R-Algebroid with single object and

with the following operations,
fe+(gh =(f+fg+8"
(f,80(f,8) =(f'of,g°8")
r-(f,g) =-fr-g

Proof.

r-((f,e+(f.g)n =r-(f+f.g+g"
=(r-f+r-flir-g+r-g)
=r-(f,)+r-(f,g"

(ri+r2)-(f,8) =Wr1+r2)-f,(r1+r2)-8
=(r-f+r2-firi-g+r2-8
=(r-fin-g+02fr2-8
=n-(f,9+r2-(f,8

(rr)-(f, 8 (rir2- f,rir2-g)
rnr-f,r2-8)

=r1-(r2-(f, 8)

r-(f,8e(f,g) =0-f,r-go(f,g"
=((r-fNof,(r-gog)
=(r-(flof),r-(gog"
=r-(f'of,g°8"
=r-((f,8)°(f, 8"

(f,8)er-(f,8) =(f,8)or-fr-g)

=((r-fof,go(r-g"

= (flof),r-(gog

=r-(flef,go8"

=r-((f,go(f' g
In the realm of group theory, the characterization of an action is facilitated by the automorphism group.
Specifically, for any group 4, its action on itself is delineated by a homomorphism A — Aut(A). However,
in certain algebraic contexts, the mere structure of automorphisms proves insufficient to define an action.

Unlike groups, the set of automorphisms of an algebra typically does not form an algebra itself.
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In the study conducted by Arvasi and Ege [2], attention is directed towards the case of commutative algebras,
where the limitations of the automorphism structure are explored. Furthermore, MacLane [1] delves into
the realm of associative algebras, introducing the notion of the bimultiplication algebra Bim(M) associated
with an associative algebra M. This concept serves as an alternative to the automorphism group, effectively

fulfilling the role of providing an action within the associative algebraic framework.

Definition 2.3. Let A and M be R-Algebroids with same object we define the set
M ;%s M= {(m,m') € M x M: t(m) = s(a), t(a) = s(m’)}

foranae€ A.

Theorem 2.4. Let A and M be R-Algebroids with same object set and Ann(M) =0 or M? = M. For the maps
fa . M — M

m— fo(m) =m*

and
8a: M—-M

ml — ga(ml) —a ml

foran ae€ Awith (m,m')e M tfgs M, let (f4, 84) € Bim(M). Then the R-Algebroid morphism

¢: A— Bim(M)
a—¢a)=¢q=(fa 8a)

gives an R-Algebroid action of A on M.

Proof.

(i) Since ¢ is an R-algebroid homomorphism, then
r-pa=¢(r-a)=>r-¢la=d¢(-a

forae A and
r-pa(m,m’) =r-(fa g)(m,m)

=r1-(fa(m), ga(m")
=(r- fa(m),r-g.(m")

¢r.alm, m) = (fr-a &r-a)(m, m')

= (fr~a(m)»gr-a(m’))
for (m,mYe M ,QS M. Therefore we get

fram)=r-fam)=>m"*=r-m*

1ay 1@ ! Ay

gr‘a(m’) =r 'ga(m’) = ml(r~a) =r-(m
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(ii) Since ¢ is an R-Algebroid homomorphism, then

(7[)(6“ + a2) = (y[)(al) + (p(aZ) = (,ba1+u2 = ()bal + (pbdz

for a;, ay € Awith s(a;) = s(ap), t(a1) = t(ap) and

¢u1+a2 (m) m,) = (f(ul+a2)rg(a1+u2))(m; m,)

ba,(m,m) +pg,(m,m") = (fa, (M), ga, (M) + (fu, (M), ga,(M")
= (fa, (M) + fu, (M), 8a, (M) + ga,(M"))

for (m,m') € Mtgs M.

Therefore we get

+
fay+a, (M) = fa, (M) + fo,(m) > M™% = m™ + m®

! ! / a+a !/ a ! | a !/
gu1+az(m)=ga1(m)+gu2(m):’ T2 m =" m+" m

(iii) Since ¢, = (fu,84) € Bim(M) for a € A, then,

Pal(my, m})) + (ma, m5)) = pa(my, my) + Palima, ms)
and
Pa((my, m)) +(mz,my)) = pa(my +my, mj +ms)
= (fa(m1 + my), ga(m] + my))

= ((my + mp)%,% (m} + my)),

Palmy, m)) +Pa(ma, my) = (fa(mi), 8a(m))) + (fa(my), ga(my))
= (m{,*m}) + (mg,% mj)

= (m{ + m§,* m} +“ m))
for (my, m}), (mz, m,) e M tzs M, (s(my) = s(my)) and (t(m}) = t(m,)) therefore we get
(my +mp)* =m{ +mg

and

“(m] + my) =* my +% mj,.
(iv) Since ¢, = (fa,84) € Bim(M) for a € A, then

Palmymy, mimy) = (fa, a)(M1m2, mymy)
= (falmimy), ga(m/l mlz))

= ((mymp)*,* (m}mj))

and
(falmimy), ga(mymy)) = (m1 fa(my), ga(my) my)

= (my(m$), (“m})my))

35
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for (mymy, miym;) e M tﬁs M and t(my) = s(my), t(m}) = s(m) therefore we get
mymg = my(my)*

and

“mymy = (“mymj).
(v) Since ¢ is an R-Algebroid homomorphism, then
(paar = (Pu o (,ba’

Gaa = (faa’,gaa’)
Gaocpy = (fu, 8o (fu, 8a)
=(fwofar8ac8a)

for a,a’ € Awith t(a) = s(a’) and

Gaa (M, m) = (faa” 8aa) (M, m')
= (fcm’(m), gaa’(m’))
— (maa”aa’ m/)

((,ba °<Pa’)(m, m’) = (fa’ ofa) 8a Oga’)(m, m/)

= ((fa’ ° fu)(m)» (8ao ga’)(ml))

= (fa (fa(m)), ga(ga (M")))

= (fa (m®), ga(“ m")

= (M9, " (“ m"))
for (m,me M taf; M, therefore we get m = (m%? and %9 m' =% (7 m').
Thus, ¢ : A — Bim(M) R-Algebroid morphism induces an R-Algebroid action of A on M.
Definition 2.5. Let A be an R-Algebroid. For an R-Algebroid morphism

¢$:A — Bim(A)
a — (,b(d) = (fa;ga)

the pair (f,, gq)(a',a") = (fy(d),ga(a")) = (d'a,aa”) is called inner bimultipliers of A for (a’,a”) € A [QS A.
Set of all bimultipliers of A are denoted by I(A) and I(A) = Im(¢) .

Theorem 2.6. Let M be an R-Algebroid. The kernel of homomorphism

¢: M— Bim(M)

is Annihilator of M.

Proof.
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The annihilator of M is

Anny(M)={meM: fru(m)=m'm=0,g,(m")=m"m=0,m',m" e M.

Frum, (M) =m!(mymy)
= (m'my)m;
= fim,(m'my)
= fm, (fm, (M")
= (fmy © fmy) (M)

Emym, (M) = (mymy)(m")
= my(mpm")
=8m (mym'")
=8m (gmz(m"))
= (&m, © &m,)(m")

and
bdmim, = (Fmymy) &mym,)
= (fm, © fimy» &my © &my)
= (fmy» 8my) © (fmyr my)
= (Pm; Pm,)
for (m',m") e M ;x> M. Also

meKer¢p < dm=(fm, gm)=(0,0)

and

fn(m)=0,g,,(m" =0 m'm=0,mm" =0 me Anny (M)

for (m',m"eM trgs M. Thus Ker¢p = Anny(M).
Theorem 2.7. Let I(M) be image of ¢ : M — Bim (M) algebroid homomorphism. I(M) is ideal of Bim(M) .

Proof.
For (fm, gm) € I(M) and (f',g") € Bim(M) and (m',m") € M ;X s M.

I(M) xBim(M) — I(M)
((fmygm),(f’yg’)) — ((frnrgm)o(f,;g,)) = ((flofm);(gmog,))

f'fmm) =f'tm'm)
— m/f/(m)
= ff’(rn)(m’)

gmg'(m")  =mg'(m")
= fgr(mr/) (m)
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and

Bim(M) xI(M) — I(M)
((f, 8 (fin, gm)) — ((f',8") 0 (fin, gm)) = (fmo [, (g o gm))

fmf'(m) = f'(m"hm
= & (m)

g/gm(ml/) — gl(mml/)
— gl(m)mll

= gg’(m)(m,,)

Thus I(M) is ideal of Bim(M).
Definition 2.8. Let I(M) be ideal of Bim(M) algebroid,

O(M) =Bim(M)/1(M)

division algebroid is called the outer multiplication of M algebroid and denoted by O(M).
Theorem 2.9. Let M be an R-Algebroid such that Ann(M) =0 or M?> = M and

n:M — Bim(M)
m  —nm) = (fin,&m)

be an R-Algebroid morphism with the pair (f;,;, gm) (m', m") = (fin(m'), gm(m')) = (m' m, mm") for (m', m") €

M [?ZS M. Then (M, Bim(M),n) is a crossed module.

Proof.
Bim(M) acts on M by
BimM)xM —-M
((f,ghmh) —(f,gh-m=gm)
and
MxBim(M) —M
m",(f',g) —m'-(f,g)=f'(m"

for (m',m") e Mtrgs M and
fi,rM —M
m' —f,(mh=m'm

and
gn:M —M
mll — g;n(m//) — mml/

such that
n:M — Bim(M)

m —n(m) = (fi, 8m)-
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CML.
=n(g'(m)(m', m")

- (fé”(rn)’gé’(m))(m,’ m")
=(m'g'(m),g' (mym")
=(f'(m"hm, g (mm"))

= ([ (f'(m"), &' (g}, (m")))
= (finf' &' gm)(m',m")
=(f",8) o (fin 8m)(m',m")

n((f', g)-mm',m")

then
=(f, g o (fr &m)
=(f',g)onim)

n((f',g")-m)

=n(f'(m))(m',m")

- (f}’(m)’g}’(m))(m,’ m")

= (m'f'(m), f'(m)m")

= (f"(m'm), mg'(m"))

= (f'(f),(m"), g, (g’ (m"))
=(f"fin &ngH M, m")

= (fy &) o (f', g (m',m")

nim-(f',gNm', m'")

then
=(fp&m)o(f, 8"
=nm)o (f',g")

nim-(f',g")

CM2.
nm'y-m =(f &)
=g, (m)

=m'm

=m'-(fr, &m)
= f;.(m")

=m'm

m'-n(m)

Thus (M, Bim(M),n) is a crossed module.
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1. Introduction

Recently, examining the properties of polynomials with operator theory and deriving special

numbers with the help of operators are among the trendy topics in mathematics. Because

special numbers and polynomials are among the basic tools that can be easily applied in
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mathematical modeling problems used in problem solving. Especially the special numbers
and polynomials have also been used in almost all areas of mathematics, and in all applied
sciences (cf. [1]-[40]). Investigating formulas and finite sums for certain family of polynomi-
als and numbers using operators and Volkenborn integral methods also form the basis of the

motivation of this article.

We use the following basic standard notations and definitions:
N=1{1,2,3,...}, No=Nu{0},

C denotes a set of complex numbers,

0" = 1, (n=0)
0, (neN)

and

’

(A) ()L) A=D1 A-v+]) DY
=1 and = =

v v! v!
where veN, 1 € C (see [1]-[40]).

The Bernoulli polynomials B, (x) are defined by

P & t"
Sy L DEIC (1.1)

el

where |f| < 27 and when x = 0, we have B,, := B,,(0) denotes the Bernoulli numbers (see [1]-
[40]).

The Euler numbers are defined by

2 X "
-y E,—,
+1 ,;0 " n!

h(t) = o

where |t| < 7 (see [1]-[40]).

The Euler polynomials are defined by
ix [e°] tn
g(t,x) = h(t)e =;0En(x)ﬁ, (1.2)

which satisfies E;, := E;(0) (see [1]-[40]).

The Stirling numbers of the second kind S»(n, k) are defined by means of the following gen-
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erating function:

G D
Fs(t,k)=T=nZ::082(n,k)E, (1.3)
which satisfies
So(n, k) =0

if n<kork<0and k€N (see [1]-[40]).

By combining (1.2) and (1.3), assuming |et - 1| < 1, we reach the following functional equa-

tion:
g, 0=hn Y (:; miF(t, m) (1.4)
m=0
and
g = 3 (x;” miE,(t, m). (1.5)
m=0

By using Eq. (1.4), we obtain

(e8] tn oo n v X tn
’;OEn(x)a =) 2 En_,,mzzo(m)m!sz(v, m—.

n=0v=0

n
v

By equalizing the coefficients of % found on both sides of the previous equation, we reach

the proof of the following theorem:

Theorem 1.1. Let n € Ny. Then we have

n
E,(x)= Z (Z

v=0

S
|
En_y rnZ:O(m) m.Sz(l}, m).

By using Eq. (1.5), we obtain

n

Y x+)t==3) ) U sy (n, m)—.
n=0 n! S=om=o\ m n!

By equalizing the coefficients of % found on both sides of the previous equation, we reach

the proof of the following theorem:

Theorem 1.2. Let n, v € Ny. Then we have

X+v
m

x+0)"= ) ( )m!Sg(n,m). (1.6)
m=0
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When v =0, Eq. (1.6) reduces to
m=0 m

=Yy (x)m!SZ(n,m) (1.7)

(cf. 16,27, 28, 39]).

The A-array polynomials S}’ (x; 1) are defined by means of the following generating function:

Lo et —1)f= 3 S )= (1.8)

k! e Y ’
(see [1, 28]).
Substituting A = 1 into (1.8), we have

n Q1Y 1 k k—-j k .\ N
Spx) = Sk(x,l)—EZ(—l) | (x+7) (1.9)
" j=0 J
with
So(x) =S8"(x) =1,S8(x) = x".

If k > n, then

SZ(x) =0
(see [1, 3, 28]; and also the references cited therein).

The Fubini-type numbers and polynomials of order k are defined, respectively, by

BRI
= !
and
2 k ; 00 . tﬂ
(2 et) el = Za;)(x)ﬁ (1.11)
- n=0 .

which satisfies aﬁ,k) = aﬁik) (0) (see [9]; and also [8, 10, 12, 13, 36]).
When k =11in (1.10), we have

an:=a'l

and

" [n
an=2)_ (j)wg(j)wg(n—j),
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where wg(n) denote the Fubini numbers which are defined by

o0 [I’l
= We(n)— 1.12
o n;o g (1.12)

(see [4]; and also [8-10, 12, 13, 36]).

Using (1.3) and (1.12), we have the following well-known relation [4]:

wg(n) = ZOJ'!Sz(n,j).
j:

From (1.11) and (1.3), Kilar and Simsek [9] gave the following formula:

n 2k (2k\(n
=25 Y (-1 ; (r J1S2(r, palP, (x). (1.13)

r=0;=0

1.1.The operators 0, [ f;a,b] and T} | f; a, b]

Let
E4[fl0)=fx+a),

(see [1, 18, 23, 37]). We [30] gave the following operator G [ fa, b] for real parameters A, a
and b:

Or[f;a,b] (x) = AE“[f] (x) + E [ f] (x0), (1.14)
where x € R and [ ]
' _O)r|f;a,b|(x)
Ty [f;a,b] (x) = PETAEE (1.15)

We [30] showed that

%Tl [£;0,0] (x) = I[f](x), (dentity Operator)
-2T_1[f;1,0] (x) = A[f](x), (Forward Difference Operator)
I[f]x)+ % Ti(f;-1,-1](x) = V][f](«), (Backward Difference Operator)
T1(f;1,0](x) = M][f]x), (Means Operator)

1 1
-4 [f;i’_i

(x) = &[f] ), (Central Difference Operator)

1 1 1
> T [ f; > (x) = p[f]x), (Averaging Difference Operator)
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and also

-(a+b+1)T-1[f;a+Db,a] (x)
2T [f;1,0](x) = Ax[f] .

ApE*[f] (%), (a# b, Gould Operator)

For details about the above operators and their applications, see [30] and also [38].

We [32] modified the operators 0} [ f; a, b] and T} | f; a, b] as follows:
Yap[fia b (x) = AE*[f] (x) + BE" [ f] (x) (1.16)

and
Yap[fiab] (%) =,B@% [f;a,b](x)=pa+b+1) T% [f;a,b] (0,

where A and f are complex or real parameters, a and b are real parameters.

We [32] showed that
Y_a1[f31,0] () = =AMy [f] (x)

(see also [1]),
E*[f] @) =Y10[f;a,0] (x)

and
Aa[f](x)=Y1,21[f;a,0] (x),

where A, denotes the forward difference operator,
Vop[f]=Y1,-1[f;0,-Db],

which yields
Y1,-1[f35,0] Y10 [f;-b,0] = Y121 [f;b,0] Y1,0[f;0,-D],

where V_j, denotes the backward difference operator.
a a
Salfl=Y11|fi5 -5 ),
where § ; denotes the central difference operator. The Gould operator

Gap|f]=Y10[f;a+b,0]-Y10][f;a,0],
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where a # b. Let k € N. With the aid of (1.14), we [32] also showed that

k
Viglfiablw=}

(’;)Akjﬂjf(x+jb+(k—j)a). (1.17)
j=0

Putting b=0and = -1in (1.17), we have

Jj=0

k k . .
Y [fL0lm=) (j)/lk"(—l)’f(x+ (k—ja) =AY [f] (x)

(see [1, p. 155, Eq. (29)], [32]).

Putting b =0 and = —1 in the above equation, we have

Vi (x50l = Af[x"]w)
= Sp(x,A)
(cf. 11, p. 155], [32]).
Therefore,
n 1 k[r.n
Sg (0 = 787 [x"]

(cf [1, p. 155], [3], [32D).
The results of this article are briefly summarized for the reader as follows, section by section.

In Section 2, some basic properties of the Euler polynomials are given with the help of op-
erators. We also give formulas for the Fubini-type polynomials, the Stirling numbers of the

second kind and the Euler polynomials.

In Section 3, we derive some formulas, identities and finite sums for the Bernoulli numbers
and polynomials, the Euler numbers and polynomials, the array polynomials, and the Stirling

numbers of the second kind with the aid of operators and Volkenborn integrals.

In Section 4, we give a conclusion section.
2. Formulas for Euler Polynomials in terms of Operators

The purpose of this section is to study the Euler polynomials with the help of operators and
to provide an introductory discussion of some of their properties and applications. Here, we

note that the operators Ty [ f;a, b] and derivative operator D action the variable x (see [22, p.
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406]). Using the averaging operator

MIf=Ti 1530 = 2 (7],

we have
Th [En(x);1,0] (x) = x", 2.1)

which satisfies
En(x+1)+Ep(x) _ o

2
and
Ep(x) = T7'[x™%1,0] (0).
Thus, we see that
(&) .
En(x)=) (T-1[x"1,0] (0).
j=0
For j > n,
A {x"} =0,
the Euler polynomials are given by
e VL.
Ep(x) =) ——N {x"} 2.2)
j=0 %

(see [22, p. 406]).
Applying derivative operator D to the equation (2.1) yields

D[M[En(x)]] = D{x"}.

Therefore
D{En(x+ 12) + Ep(x) } el

Combining the above equation with the following derivative formula for the Euler polynomi-

als, which are members of Appell polynomials,

DA{E,(x)} = nEp-1(x),
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we get
Ep1(x+1)+E;p—1(x) — -l

2

Thus we get
D{MI[Ep ()} = M[Ep-1(x)].

From the above equation, we get

M DM [E,(x0)}] = Ep_1(x).

Hence )
M [D{MIE,
D{E, ()} = [D{M] (x)]}]’
n
and
MWPE, +(x), 1<sk<n
D*{E,(0)} = K, n=k
0, n<k

(see [22, p. 406]).
Combining (1.13) with (2.2), we have the following result:

Corollary 2.1. Let k, n € Ng. Then we have

i n 2k 21\ (n ) W
T1[En(x);1,00(x) =275 )" Y (=17~ !1S2(r, ay?, (x).
r:0j:() ] r
or, equivalently,
pe1 o & i(2k|[n) . . (k)
Ep(x+1)+Ep(x) =27 )" Y (-1)/| ", J1S2(r, pay?  (x).
r=0j=0 T\

3. Formulas for the Bernoulli and Euler Numbers and Polynomials with the
aid of Operators and Volkenborn Integrals

The purpose of this section is to derive formulas, finite sums and relations involving the
Bernoulli and Euler numbers and polynomials, and the Stirling numbers using operators and

applications of the Volkenborn integral.

Before giving the essential formulas of this section, the following some properties of the

Volkenborn integral are given with a very brief introduction.
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Let Z, be a set of p-adic integers. Let f : Z, — Cj,, where C,, is a field of p-adic completion
of algebraic closure of set of p-adic rational numbers. f is called a uniformly differential

function at a point a € Z,, if f satisfies the following conditions:
If the difference quotients ®¢: 7, x Z,, — Cj, such that

f-f

Qp(x,y) = —y

have a limit f'(z) as (x,y) — (0,0) (with x # y). A set of uniformly differential functions is
briefly indicated by f € UD(Z),) or f € C'(Z,, — Cp).

The Volkenborn integral of the uniformly differential function f is given as follows:
J T
f@du (x) = lim — [, @.1)
7 N—ocop N x=0
p

where ) (x) denote the Haar distribution, given by
(x) :
H1(X) = —%
pN
(see 7,15, 17, 21, 25, 31, 34, 40]).

Let n € Np. Some examples for p-adic integrals are given as follows:

B, :/x"dul (x) (3.2)
Zl”
and
Bu(y) :f(x+y)"d,u1 (x), (3.3)
ZF’

where B;, and B, (y) denote the Bernoulli numbers and the Bernoulli polynomials, respec-
tively (see [7, 15, 16, 21, 25, 31, 34]).

By applying the Volkenborn integral to the Eq. (2.2), we obtain

no(_1)J .
fEn(x)dul =) (2].) fAJ {x"}dp (x).

—
Z, / z,
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Combining the above equation with the following well-known formulas
A=E-1I

and
od j
A =3 (17| |EY
v=0 v
we get

i J
fEn(x)dul(x) Z (2]) Z( 1) ( )f(x+ vtdu (x).
ZP

j=0 v=0
Zy

Combining the above equation with (3.3) yields the following theorem:

Theorem 3.1. Let n € Ng. Then we have

- J
‘[l%xxkhn(x) }:( D > (- 1)( )Bnun (3.4)

7 j=0 2] v=0
p
By combining (3.4) with the following known formula:

xn_va,

n
E,(x)= Z (Z

v=0

n o (_ n (n
-
j=0 v=0\V

Combining the above equation with (3.2), we arrive at the following theorem:

we also get

E,,fx”_”dul (x).
Zp

Theorem 3.2. Let n € Ny. Then we have

(B+E)" = ( )Bn(y)»

where
n

n
B+E)" = | |EvBr-v
v=0

and after applying binomial expansion, each index of B" and E” are to be replaced by the

corresponding suffix: B, and E,, respectively.
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By applying the Volkenborn integral to the Eq. (1.6), we get

m=0

f(x+ v)'dp (x)= ) miSy(n,m) (x;v)dm ().
Z, z

p

Combining the left-hand side of the above equation with (3.3), we obtain

m=0

n +
B,(v)=Y. miSy(n,m) (xmy)dul ).
VA

P

Combining the right-hand side of the above equation with the following formula
x+v uu e v 1
d = -1 -
f( m ) () ,CZ:O( ) (m—k)k+1
ZP

(see [34, p. 21]), we arrive at the following theorem:

Theorem 3.3. Let n, v € Ny. Then we have

L N m!Ss(n, m)
Bn(v)—mzzogo( 1) (m—k)—k+1 : (3.5)

Combining (3.4) with (3.5), we also arrive at the following theorem:

Theorem 3.4. Let n € Ny. Then we have

no—ndJ ;
fEn(x)dul(x) = Z(Zj) Z(—l)”(])

Zp

nom 1S, (n, m)
o v | misatnm)
I

[k ;
st = g 2e0(fee
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By applying the Volkenborn integral to the above equation, we get
n (n .
> j|820:0 f X" dp (x)
j=0 Z,
1 & _ilk .
= > (-nF ’(j) f(x+1)”du1 (x).

Combining the above equation with (3.3), we obtain the following theorem:

Theorem 3.5. Let n, k € Ny. Then we have

n

n . 1 & w—ilk .
> j SZ(],k)Bn—j=ﬁZ(—1) ] ; B, (j). (3.6)
.]:0

j=0

Here we note that using (3.6), we set the following sequences of numbers:

n

Yip(n, k) =) (;.1)82(j»k)Bn—j 3.7
j=0

and

1 & ,
Yia(n, k) =7 3 (=D |Ba()). (3.8)
. ]':0

k
J

Thus, generating function for the numbers Yy (n, k) is defined by

[e.°] tn
F()= ) Yio(nk— (3.9)
n=0 n:
and generating function for the numbers Y7 (%, k) is defined by
[e®] tﬂ
G =) Yulnk— (3.10)

n=0 n! .

Examination of the fundamental properties of the functions F(¢) and G(¢) is left to the reader.
With the help of these functions, interesting and applicable results can be derived by exam-

ining the fundamental properties of the numbers Yyo(n, k) and Yy (n, k).

Let us end our article with guiding tips by giving the reader a brief introduction about the
functions F(¢) and G(1).
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Observe that
t(et _ l)k—l
F(t):T, (3.11)

where k is a positive integer. By using the above function, we get

n+l

kn!

n

Yio(n,k)— =) Sa(n,k—1)
n=0

X t
n=0 n!

(3.12)

By equalizing the coefficients of % found on both sides of the previous equation, we reach

the proof of the following theorem:

Theorem 3.6. Let n2, k € N. Then we have

Yio(n, k) =%Sg(n—1,k—1). (3.13)

Thus, by combining (3.6) and (3.7) with (3.13), we also have the following result:

Theorem 3.7. Let n, k € N. Then we have

Sg(l’l—l,k—l)zfz(’?)Sg(j,k)Bn_j. (3.14)
ni=o\J

With the help of similar operations and methods above, new and applicable formulas can be

achieved by performing the function G(#) and the numbers Y;; (7, k).
4. Conclusions

We gave generating functions for the Bernoulli numbers and polynomials, the Euler numbers
and polynomials, the Fubini-type polynomials, and the Stirling numbers. We also gave some
properties of the operator. Some properties of the Euler polynomials were examined with the

aid of operators.

By using operators and the Volkenborn integrals, we derived some formulas, identities and
finite sums involving the Bernoulli numbers and polynomials, the Euler numbers and poly-

nomials, the Fubini numbers and polynomials, the array polynomials, and Stirling numbers.

With the help of Theorem 3.5, we set new special number families with their generating func-

tions, and gave very important footnotes about their definitions and properties.

We think that these formulas will have the potential to be used in mathematics, mathematical

physics, and engineering.
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