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Cobalancing Numbers: Another Way of
Demonstrating Their Properties
Arzu Ozkog Oztiirk'*, Volkan Kiilahli2

Abstract

In this study, previously obtained cobalancing numbers are considered from a different perspective, and the
properties of the numbers are re-examined. The main purpose is to change the recurrence relation of cobalancing
numbers and calculate some relations and properties in a more diverse and easier way. The reason that led us
to this method is that the recurrence relation of cobalancing numbers has a second-order but non-homogeneous
difference equations. Thus, it will be much easier to find the Binet formula, generating function, sum formulas,
and many other relations with a sequence that is homogeneous and has a third-degree recurrence relation. Also
some identities that have not been found before in the sequence are also included in this study.

Keywords: Binet formulas, Cobalancing numbers, Third-order recurrence relations
2010 AMS: 11B37, 11B83, 11D04

1. Introduction

Number sequences have been studied and researched by hundreds of mathematicians for many years. While the authors in
[1] work with a special equation, Diophantine equation,

14243+ 4+(n—1)=m+1)+m+2)+ -+ (n+7) (1.1)

on triangular numbers, obtained an interesting relation of the numbers 7 in the solutions (n,r), which they call balancing
numbers, with square triangular numbers. The number r in (n,r) is called the balancer corresponding to n. In the following
years, Behera and Panda continued their work rapidly and continued to find interesting features related to this new number
sequence. Later on, the first article that bridges the gap between Fibonacci numbers and balancing numbers was made by Panda
[2].

Behera and Panda [1] proved that the square of any balancing number is a triangular number. Subramaniam [3] is another
mathematician who established a relationship between balancing numbers and triangular numbers. Panda and Ray [4], studied
another Diophantine equation

14+243+---+n=m+1)+(n+2)+---+(n+r) (1.2)

on triangular numbers and call n a cobalancing number and r the cobalancer corresponding to n. Cobalancing numbers relate to
different triangular numbers that can be given as the product of two consecutive natural numbers or as the arithmetic mean
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of the squares of two approximately consecutive natural numbers [5]. Also, Liptai [5] mentioned his name in a study that
produced important results regarding balancing numbers.

Then, another article that aroused interest in other new topics by giving the literature the relationship between balancing
and cobalancing numbers was written by Panda [6].

There are many studies on the Fibonacci sequence, which is related to the golden ratio, and the Pell sequence, which is
related to the silver ratio, and these articles contain a lot of information that paves the way for integer sequences. Behera and
Panda [1], introduced the Diophantine equation (1.1), then they obtained the sequence {B, }, .y of balancing numbers and give
some interesting properties of this sequence. {B, }, .y is defined by the following recurrence relation of the second order, given
by

By,t1=6B,—B,—1 ,n>1 (1.3)
with initial terms By = 0 and B; = 1, where B,, denotes the n—th balancing number. Taking a; = 1+ V2anday =1— ﬁ, the
Binet formula for B,, can be written as,

_a-a

2

The (ordinary) generating function of a sequence {x, }, .+ of real or complex numbers is given by

B,

f(s) = ansn :xlsl +x252+x3s3 I (14

n=1
[7]. The generating function for the sequence of balancing numbers {B, },,c »is

N

8s) = 1—6s+s2

On the other hand, following Panda and Ray [4] a positive integer n is a cobalancing number with cobalancer r, if it
is the solution of the Diophantine equation (1.2). The sequence {b,}, . is defined by the following recurrence relation of
second-order given by

bpy1 =06by—bp1+2 ,n=2 (1.5)

with initial terms b; = 0 and b, = 2, where b,, denotes the n—th cobalancing number. We will denote cobalancing numbers
with {b(z)v”}nEN instead of {b, },cx to avoid confusion throughout the article. Because throughout the article, a sequence that
has a third-order recurrence relation with the new sequence that will be found shortly will be discussed. Since a cobalancing
number with a second-order recurrence relation is expressed here, this notation will be used. The Binet formula for cobalancing
numbers is given

boyn = —22——3. (1.6)

The generating function for the sequence of cobalancing numbers {b<2>7"}neN ,is

252
1—s)(1—6s5+s5%)

d®=( (1.7)

As can be seen, information was given about the sequences with quadratic recurrence relations. Note that the recurrence
relation we wrote with (1.5) has a non-homogeneous structure. Naturally, it is quite difficult to work with this recurrence, and
the results will be obtained more easily if it is transformed into a sequences with another third-order recurrence relation, which
makes it easier to use without changing the sequence. So, let’s get some ideas about sequence with third-order recurrence
relations [8]. The best known of these property is the tribonacci number sequence. The tribonacci sequence is defined by for

=T, +T,1+T,2,n> 2
with initial conditions

=0T =1,T, =1.
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Tribonacci sequence is a well known generalization of the Fibonacci sequence. The roots of characteristic equation of Tribonacci

numbers are o, Bi,7; for the x> —x?> —x — 1 = 0. The Binet formula of Tribonacci sequence is given by
ol n+1 a vt
T, = 1 + 1 + 4
(=PBi)(or—n) Bi—a)(Br—n) n—o)n—p)

[9]. The tribonacci numbers can also be computed using the generating function

Z

8() = l—z—72-2%

Now let’s talk about a method used for the recurrence change we mentioned above. In the study [10], as a result of the
process performed for the Leonardo sequence with a non-homogeneous second-order recurrence relation, a new sequence with
a third-order recurrence relation is obtained. Let’s obtain the third-order recurrence relation we target with a similar method.

Let’s write n = n— 1 and n = n in the equation (1.5)

boyn = 6boyp1—bo)n2+2

b(Z),n.H - 6b(2),n - b(2),n—1 +2.
Now we wrote last above and subtract it side by side then the third-order recurrence relation to be obtained is as follows
b@) a1 =763y 0 —TbE) a1+ b3 02 (1.8)

for the initial conditions b3y = 0,b(3) 1 = 0 and b(3), = 2. The roots of characteristic equation X —Tx*4+7x—1=0of
cobalancing numbers are

a=34+2V2,=3-2V2and y=1. 1.9)

In mathematics, a recurrence relation is an equation that defines a sequence recursively; each term of the sequence is defined
as a function of the preceding terms [11].

2. Cobalancing Numbers and Some Properties

In this section, it is aimed to find identities regarding cobalancing numbers. The first of these is to obtain the generating
function that was previously found for the sequence that has a second-order recurrence relation. The usual generating function
g(x) for the sequence (1.8) of real numbers is defined as:

g(x) = b(3)_y() + b(3),])€+ b(3)72)C2 + b(3>’3x3 +-+ b(3),,,x" + b<3)7n+])€n+l +---.
Now let’s write the g(x) generating function in a different way from (1.7).

Theorem 2.1.  Let b3, can be the cobalancing number. The generating function g(x), can be written as follows:

2x2

8(x) = 1—Tx+7x2—x3"

Proof. The generating function of the sequence (1.8) is
g(x) = b(3),0 + b(s),1x+b(3>,2x2 +b(3)"3)€3 +- 1t b<3)7nxn —|—b(3)7n+1){l+1 R

Let’s multiply the function g(x) by 7x, 7x* and x°.

g(x) = b0+bE) 1%+ D)0 + b3y + by X"+ by x4
Tx.g(x) = 7b(3)70x+7b(3)71x2 +7b(3)72x3 +7b<3>,3x4 +--- —|—7b(3),,,x"+1 +---
TPg(x) = 7b(3>70x2 + 7b(3)71x3 + 7b(3),2x4 +-- 4 7b<3>7n_1x"+1 +oe
gx) = b(3),ox3 + b<3>71x4 + b(3)_’2x5 + b(3),3x3 + b(3)7n,2x”+1 +oee
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Let’s take the necessary actions in the equations we have obtained and let’s get the (2.1) equality.
g(x) — Txg(x) + 7x°g(x) — xg(x) 2.1
= b3)0+b)ax+be)axt = Tbg) ox — Th(s) 13% + (bzy 3 — Th(3) 2 + T3y — b3y 0)x* + - (2.2)
+(b@y i1 —TbEyn+ T3y a1 —bEyaa)¥

Let’s take the left side of the equation into the g(x) bracket and write biy,0 =0,b3),1 =0and b3, =2 in the equality. In the
last case, we find the g(x) function written below.
gx)(1—=Tx+ X% — x3) = b<3>70 + b(3)’1x + b(3)’2x2 — 7b(3),0x — 7b(3),1x2 + 7b(3)A0x2
then
) = 2x?
EY T I e
O

If the generating function is expressed in terms of the roots of the characteristic equation in (1.9), the following result is
obtained.

Corollary 2.2. Let b3 , can be the cobalancing number. The generating function g(x), can be written as follows:

5—a 5-B

1
_ 2¢ _ T3 2B, AP
1-Tx+7x2—x3 1—-x l—ox 1-fx

g(x)

Proof. We can write the g(x) function as the sum of rational numbers as follows,

2x2 P 0 R

(1—x)(1—6x+x2) —x T 71 —Bx’

Let’s equalize the denominators and find the values P, Q and R using polynomial equality,
2x* = P(1 — ax)(1— Bx) + Q(1 —x)(1 — Bx) +R(1 —x) (1 — owx)

Let’s write x = 1 in the equation we found. P = f% is found. We can write the equality we have found in the following way:
2x* = (P+ QB +Ra)x* +(—6P— Q(B+1) —R(a+1))x+ P+ Q+R.

If we use the equality we have ended up with, we reach the following equations.

P+QB+Ra = 2
—6P—Q(B+1)—R(ax+1) = 0,
P+QO+R = 0.
Let’s write P = —% and let’s solve the following system of equations
1
OB+Ra = 2+ 5
1
O+R = -

2
Finally, Q = 2(51;_"‘ yand R = 2(511_—13/3) is found, and the function g(x) can be written as follows,

The result given below for [8] was found in another way. We will find the Binet formula for the sequence { b(3)_’”}n€N .
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Theorem 2.3. Let b3, , can be the cobalancing number. The Binet formula for the cobalancing number is as follows:

o N a?—2a+5)+ B (BE-2B+5) 1

by = 64 T2
Proof. Let’s write the following equation for the cobalancing sequence,
BT +7x-1 = 0,
(x—1)(x*—6x+1) = 0.
Let the roots of the equation we have arranged be (1.9), also
a+f+y = 7,
ofy = L
Let’s write b(3) , = A1" + Bo" + Cf" and let us obtain the following equations
forn = 0= b 0=A1"+Ba’+CB° = A+B+C=0, (2.3)
forn = 1= ba;=Al'+Ba'+CB' = A+Ba+CB =0, (2.4)
forn = 2=>ba9=A1"+Ba>+CB* = A+Ba>+Cp>=2. (2.5)
Let’s subtract (2.3) from (2.4), also subtract (2.3) from (2.5) and get the following system of equations
Bla—1)+C(B-1) = 0 (2.6)
B(a*—1)+C(B>—1) = 2.
Let’s multiply the (2.6) by —(o+ 1) and add the equations side by side.
CB—1)—C(B—1)(a+1) = 2
CB-1HP+1—-a-1) = 2
then we find
2
Cc = SBra_2 2.7
In the above equations, we have reached the (2.7) value by typing B2 =68 — 1 and a.f = 1. If C = 5ﬁ+72a—2 is written in (2.6),
B= ﬁ is found. Let’s write B = Wzﬁ—z and C = 5ﬁ+72a—2 in the (2.3). So
A+B+C = 0
A+5a+2ﬁ—2 + 5[3+2a—2 =0
then
A=-2 ( ! + ! ) . (2.8)
50+B8-2 58+o—2
If . =1 and a + B = 6 are written in the (2.8), A = —% is found. Let’s write the values we found in their places in the
equality b3, = A1" +Ba" + CB" then,
bajn = *% *35a +2ﬁ %+ 35 +2a —P

_1+2 (a”(5B+a—2)+ﬁ”(5a+ﬁ—2))
2 Ba+B-2)(5+a—2) '
In the last case, the Binet formula is as follows:

(P —2a+45)+ B (B2 -2B+5) 1

b= 64 T2
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Catalan, Cassini and d’Ocagne identities are given in [12], now let’s talk about their proof in a different way. It is the
Catalan identity in an identity that we can express with cobalancing numbers. We will show the correctness of this identity in
the following theorem.

Theorem 2.4. Let b3, can be the cobalancing number. The Catalan identity for the cobalancing number is as follows:

an—k(ak _ 1)2 ,Bn_k(ﬁk _ 1)2
50+B-2  Sp+a—2

1
b3 stk ~ Wy = 350 = B =

Proof. Let’s write b(3) uyx, b3)n—t> b(3),, then
1 2 2

b - __ n n
OF 2 5arp 2" +5ﬁ+oc L

1
b - 4= yntk n+k
(3).n+k 2 5012 +5/3+o¢ L

1 2 2
b - _ n—k n—k'
() 3 5a1p2% Tpra-2’

NowB:ﬁandC:wﬁalsowehavea—&—ﬁ:éamda.ﬁ:1.

11 1 1 1
b(3),n+kb(3),n—k = Z - EB(X”_k — Ecﬁn_k - EB(X"-H( *BBazn +BCa"+k[3"_k - Ecﬁn-i-k +BCan—an+k +CCﬁ2n
and
11 1
baabaia = 5~ 3B a — fC[i" Boc +BBo*" + BCa"B" — Cﬁ"—i—BCa”ﬁ”—i—CCBZ".

Let’s subtract the equations written above from side to side

Bc(<g>k—2+ (ﬁ)") _g(anfk_zan+an+k)_%(ﬁnfk_zﬁn_"_ﬁwrk)

b3y nikb@) ik — b(23),,1

a
ak B\ B, [adt 1 C., 1
- w2 ) e (o2 g) 5o (02 )
= BC(ak—Bk)z—%ﬁa”*k(ak—l) ;5ﬁ+a ZBn k(B )2'

Let’s show that B.C = 3'—2 fora:3—|—2ﬂandﬁ =3-2v2, wehave a+ B =6and a.f =1,

BC — 2 2
T sa+B-258+a-2
4
~ 26aB+5[(a+pB)2—20B]—12(a+B)+4
1
= 3—2.

The final state of equality is as follows:

n—k( ~k 2 n—k( Rk 2
o b o @Mt —1)7 BB 1)
by nirbe i =baa= 3@ =B ) 5 s T spra—2

One of the other identities for cobalancing numbers are

W _(a=p) o Na—1)> BN(B-1)

b3y n-1b(3) n+1 = b3y, D) Sa+p—2 SB+a—2

We will show the correctness of this identity in the following theorem. This identity is called the Cassini identity.
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Theorem 2.5. Let b3, , can be the cobalancing number. The Cassini identity for the cobalancing number is as follows:

B _(a=p)? o M(a—1)? B"'(B-1)

b3)n-1b3)nt1 — b3, 32 S0+ B2 SB+o—2

Proof. Let’s use the Binet formula for the cobalancing numbers and write the following equations

bayn-1 = —14‘#0‘"71 +#ﬁ"71,
’ 2 S5a+pB-2 5p+a—2
= _%+5a+2ﬁ_2an+1+5ﬁ+a ZBnH
Let’s write B = ia+ﬁ s and C = 5ﬁ+2(x72 in the above equations, let’s edit the b(3) ,—15(3) 511 _bé),n equation as follows:
bsym1b@ns = % 129 ntl _ ﬁn+1 o'+ B2a®" + BC(aB)" <g> _%anl +BC(aB)" <§> L2,
then
Do = 3 o€~ SB'— Da' B o BC(ap) — S B+ BC(aB) + OB

Let’s subtract the equations written above from side to side and get the expression by,_1b,+| — b,%,

2 B n+1 _ o 1 B c n—1 o n n
b(3),n—1b(3),n+l_b(3)vn = —2 ﬁ + + BC o —Eﬁ + BC E +Bo +Cﬁ —2BC
B , 1 " 1 B o
s (a+_2)_2ﬁ (=) ae(E-)
_ # n—1 _1\2 1 n—1 2
- 32( By~ 3satp_2® @l - 25B+a S5ra_ab B

The final state of equality is as follows

»2 (=B o '(a—1? p'(B—1)

Gn= "3 s5a+B-2 5B+o—2

b3y n-1b3)nr1 —
O

There are many identities for cobalancing numbers. Another one is d Ocagne's identity. This equality will be proved in the
following theorem.

Theorem 2.6. Let b3, can be the cobalancing number. The d ‘Ocagne’s identity for the cobalancing number is as follows:

bbme b = =) BN (e )

Proof. Helping by (1.8) sequence

1 2 2
b =—= o™ "
@m= "3 5a g 2% T 5ﬁ+o¢—2ﬁ
and
1 2
b — _ al’l-‘rl n+1
Gnt =5 55752 +5[5+o¢ L
is written. Let’s write 5a+2[3 5 =Band 5ﬁ+a 5 = C before multiplying the expressions b3) ,, and b(z) ;1 1.

1 B
2

b(3),mb(3)7n+] = Z ’l+1 ﬁnJrl OC —|—32 m—+n+1 +Bcaml3n+l ﬁm _~_Bcan+1ﬁm_~_c2ﬁm+n+l'
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Also from the following equations

1 2
b — - am+1 m+1
(3)m+1 2 5a1p 2 +5[3+oc L
1 2 2
b - __ an n
() 2 " Sarp—2 +5B+a—2ﬁ ’
we get
1 B, C, B
bamiiben = 75" —5B"—Ja" 4B

JrBCOCm-Hﬁn _ %ﬁm+1 +BC(Xnﬁm+1 +C2Bm+n+1.

Let’s show that BC = é before finding the b3 ,b(3) n+1 — b(3) m11b(3),. difference. For o0 =3 + 2v/2and B =3 —2v/2, we
have 0 +B =6 and a.f =1, so

BC — 2 2
T s5a+B-258+a-2
_ 4
~ 26aB+5[(a+B)r—2aB] - 12(a+B)+4
1
= %
Then
1 B
b mb@)at —bEmibea = 750" ﬁ"“ 06’”+C2 "+ BCa Bt — ﬁ’”+BC0¢”+‘I3"’+C2ﬁ’"+"*'
%_’_g 11_’_§ﬁn_’_ gaerl _B2am+n+l _Bcam+lﬁn+gﬁm+l _Bcanﬁm+] _C2ﬁm+n+l
C
= ( D{a" —a")+ (B - 1)(B" — B") + BC(a— B)(a"B™ — o™ B")
1 2 1 2
— - = _1 m __ n - - _l m __ n
2507 2@ D)+ (B 1) (B )

1
+25 (0= B)(a"B" — a™B").
32
The final state of equality is as follows.

b@E)mb3) a1 = bE)mi1bE)n = - ;;)io[;m_—zan) +& ;ﬁl )ilzcm—_zﬁn) 1 3)(an£m B

3. Sum of Cobalancing Numbers

By performing various operations, we can show the cobalancing numbers in the form of a different summation formulas.
Sum formulas of cobalancing numbers with positive subscripts are obtained in the following three theorem. The results
regarding the sum formulas can be obtained from the following theorems.

Theorem 3.1. Let b3, can be the cobalancing number. The following difference equation is valid:
(24 T)Wi — (14 T2)Wa — 142 = 2 (b3 13— T2 3 (b = Th(ay i)

where

n_2 n—2 '
= Zxk.b(3)7k+2 and W, = Z-x -b(3),k+3'
k=0 k=0
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Proof. Let’s leave the term b(3) ,_, alone in the (1.8) equation and add the following equations from side to side after writing
them

n = 2= xob(3)’0 = )Cob(3)73 7x07b(3))2 +X07b(3)A1

n = 3 = xlb(g,)’] = xlb(3>‘4 —xl7b(3)’3 +X17b(3)_’2

n = n = x”fzb@)’n,z = x”fzb@),n“ —)Cn727b(3)7n —|—x”727b<3)’,,,1

n = n+l = xn_lb(3)’n_1 = Xn_lb(3>’n+2 7)("_1717(3)7,,_5_1 +Xn_17b(3)7n
n = nt+2 = )alb(3)"n = x"b(3)7n+3 —x”7b<3>,,,+2 —|—x"7b(3)_n+1.

Let’s add the equations from side to side

n—2
ba)0+xb@)1 + (& +7) Y Hba) k2 + X Thg) it +X"Tb(3) 02
k=0

n—2
= ldx+ (147 Zxkb(S),k+3 +X"71b(3),n+2 +x"b3)ny3-
k=0

If the equations b(3) o = 0,b(3) 1 = 0,b(3)» = 2 are written in their places, the following equality is obtained

n—2 n—2
(X2 +7) Zxk.b(3))k+2 — (1 +7)C2) Zxk.b(3))k+3 — 14x
k=0 k=0

= X'(ba) i3 —Tbayara) X" (B3) a2 — ThE)at1)-

Now let the result be given that the even and odd terms of sums are in the same difference equation.

Lemma 3.2. Let b3, can be the cobalancing number. The following difference equation is valid:
(T+x)Ws — (1 +Tx)Wy =x" (b(3),2n+1 +(7 —|—x)b(3)72,,)

where
n X n—1 .
W3 = ZX b(3),2k and W4 = ZX b(3),2k+l'
k=1 k=1

Proof. Let’s leave the term 7b, alone in the (1.8) equation and add the following equations from side to side after writing them

Tb3) 0 =bE) a1 703 a1 —bE) a2

n = 2 = 7x1b(3)72 = x1b<3>73 +7x1b(3)71 —xlb(3),0

n = 4 = 7x2b(3))4 = x2b<3>75 + 7X2b(3))3 — xzb(3)72

n = 2n-2 = 7x”71b(3>,2n,2 = xnilb(g)’znfl +7ﬂ71b(3)72n,3 —xnilb(3)’2n,4
n = 2n = Ix"b3) 0, =x"b3) 2011+ TX"b3) 201 —X'b(3) 202

Let’s add the equations from side to side, then

n—1 n—1
xb(g)’o +(7+x) Zxk~b(3),2k =(1+7x) Zxk‘b(3)72k+l .
k=1 k=1

If the equations by = 0, are written in their places, the following equality is obtained

n—1 n—1
X'b3)yony1 = (7+x) Zxkb(3),2k —(1 +7X)Zfb(3),2k+1-
k=1 k=1
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Let’s add and subtract the term x" b, in the sum symbol located on the right side of the equation

n n—1
X'b3)yons1 = (7+x) Zxkb(3),2k —(1+7x) Zxkb(3),2k+1 = (T+x)(x"b3) 2n)-
k=1 =1

In the last case, the equality is most regularly as follows:

n n—1
(7+4x) Y x*b3) o5 — (14 7x) Y b3y st = 2" (b(3) 201 + (T+2)b(3) 20)-
k=1 k=1

Lemma 3.3. Let b(3), can be the cobalancing number. If x # 0, following equation is valid:

1 1
(7T+x)Ws — (; + 7)W6 = x”b(3)’2n+2 — (; —|—7)2x

where

n—1 n
WS = Z.Xkb(3)72k+1 and W6 = Z.Xkb@)gk.
k=1 k=1

Proof. Let’s leave the term 7b3) , alone in the (1.8) equation and add the following equations from side to side after writing
them

TbG3) 0 =bE) a1 703 01— bE) a2

n = 3 = 7X1b<3)’3 :le(3)74+7)€1b<3>‘2 —xlb(3)_’1

n = 5 = 7x2b(3)75 = X2b<3)76 + 7x2b(3)74 — x2b(3>,3

n = 2n—1 = 7.Xn71b<3)’2n,] = )Cnilb(:;),zn +7Xn71b(3),2n,2 —Xnilb@)’zn,:;
n = 2n+1 = Tx"b3)op41 = X"b3)2ns2 +74"b(3) 20 — X"b(3) 20-1-

Let’s multiply and divide the first terms to the right of the equal sign by x

1 x2b4 1 1
n = 3= "7x b(3)_]3 = ?"‘7)6 b(3),2 —X b(3)7l
X3b 3).6
n = 5= 7x2b(3)’5 = % +7x2b(3),4 _xzb(3):3
-~ x"b 3),2 _ —
n o= 2m—1= T by, = % + X" b) 202 =¥ (3 203
n = 2n + 1 = 7-xnb(3),2n+] = xnb(3)2n+2 —|—7x”b(3>l2n —x”b(S).zn*] .

Let’s add the equations side by side
n—1 1 n
xb) 1+ (7+x) Zxkb(3),2k+1 =x"b(3) 2p42 + (; +7) Zxkb(E»),Zk'
k=1 k=2
In the last case, let’s add the xb(3) , term to the sum term on the right side in the equality we obtained

n—1

. TR 1
xbe)q + (7 +x)k;xkb(3),2k+1 = X b(3),2n+2+(; +7)k;xkb(3),2k - (; +7)xb3) 2
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then
n—1 . 1 n X 1
(7T+x) Y b3 21 — (; +7)Y Hbayok = X'bE) i —xba) 1 — (; +7)xb(3) -
k=1 k=1
If it is written instead of b(3) | = 0 and b3) », = 2, the most regular form of equality is as follows:
n—1 . 1 n '
(7+x) Y b3 2001 — (; +7)Y b = X'ba)anin — 14x—2.
k=1 k=1
O
The results to be found now will be found with the help of the theorems given above.
Theorem 3.4. Let b3, can be the cobalancing number. The following equation is valid:
{ X (b3yans1 + (7 +x)b(3)20) (¥ +27x)
1 +(x"b —14x—2)(x+7x%)
k (3),2n+2
b = 3.1
k;x (3).2 X3 =352 +35x— | G-
and
{ X"(b(3) 2041 + (T +x)b(3) 24) (1 +Zx)
n-l +(x"b —14x—2)(7x+x*)
k (3),2n+2
b = . 32
k;x (3)-2k+1 X3 —35x2 +35x— 1 G2

Proof. The following equations have been proved in the previous lemmas

n n—1
(7+ x),;IXkb(3>’2k —(1+ 7x)kz,1xkb(3),2k+1) = X'(b@)ons1 +(T+x)b(3) 20)
and
n—1 1 n ,
(7+x) Y b i1 — (; +7) Y by = X'b)anee —14x—2.
k=1 k=1

n n—1
LetA; = Y xkb(3)72k and B; = ), xkb(3)72k+1. Let’s arrange the above equations in the following way and get a system of
k=1 k=1

equations
(7T+x)A1—(14+7x)B1 = X"(bi)ons1 +(T+2x)b(3)20) (3.3)
_()1? +NAL+(T+x)B1 = X"b(3) 2040 — 14x—2. (3.4)
Let’s multiply the first equation by % + 7 and multiply the second equation by 7 + x, then add the equations side by side
(% +7)(7+x)A; — (é +7)(1+70)B1 = X'(bz)on1 + (7 +x)b(3>72,,)(% +7)
—(% +7)(T+x)A1+(T4+x)(T+x)B1 = (X"b(3) 2042 — 14x—2)(7+x).

If the equations are added side by side, the following equality is found

X' (b@)ant1 + (T+x)b(3) 20) (1+7x) + (¥"b(3) 242 — 143 = 2)(Tx +2%)

Bi= X — 3522 +35x—1

Let’s multiply (3.3) by (74 x) and multiply (3.4) by (1 + 7x), then add the equations side by side
(T+x)(T+x)A = (T+x)(1+7x)B1 = x"(b3) 2041+ (T +X)b(3)2,) (7 +x)

1
—(; +7)(1+7x)A1 + (7+x) (14 7x)B) (X"b(3) pnp2 — 14x—2) (1 + 7x).
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When the above equations are added side by side, the equal of the expression A; will be as follows

X (b(3) 201+ (T4 X)b(3)20) (7 +7x) + (X"b(3) 042 — 141 —2) (x4 7x7)

A= 33524 35x—1

In the last case, the following equations are correct

{ xn(b(S),2n+1 + (7 —|—x)b<3)’2n)(x2+7x) }
i “b _ +(X"b(3) anp2 — 14x —2) (x+7x?)
k_lx (3)2k = T

{ X" (b(3) 2041 + (7T +x)b(3) 24) (1 + 7x) }

nkab _ +(x"b3) o2 — 14x = 2)(Tx +x%)
)2k 33522 +35x— 1
O
The following theorem is special cases of the summation formulas that we have found.
Theorem 3.5. Let bz, can be the cobalancing number. n > 0, we have the following sum formulas:
"k (1
L. k:l(_l) b@)2k+1 = 13- (6b3) 20+ b(3) 2041 T D3) 2042) + 1
n 1\
2. kgl(* 1)fb(3) 2 = %(617(3),2;1 +b3) 2041 —b3)2n12) — 1
n—2 & (—1y 1
3. kgo(_l) bayki2 = g (b3)at3 —8b@3) 2 T 15b3) 0r1) + 5
Proof. 1) Let’s write x = —1 in the (3.2) equation. Then
nil(*l)kb _ (=1)"(b3) 2041 +6b3)22) (—=6) + ((—1)"b(3) 2942 + 14 = 2)(—6)
= (3)2k+1 —1-35-35-1
(= D)"(=6)(b3) 2011 +6b(3) 20) + (= 1)"(—6)b3) 2042 L2
B 72 72
= (*1)11(61; +b +b )+1
= B (3),2n T 0(3) 2n+1 T D(3) 2n+2
As in other cases, it is proven in a similar way. O

4. Conclusions

In this study, cobalancing numbers, which are an integer sequence with a non-homogeneous second-order recurrence
relation, are transformed into a sequence with a homogeneous third-order recurrence relation, thus providing ease of operation.
Some of the results found are the generating function, Binet formula, specially defined Catalan, Cassini and d’Ocagne identities
and some sum formulas.
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Abstract

The concept of soft derivative, introduced by Molodtsov in 1999, is one of the fundamental concepts in soft analysis.
The handled paper defines partial soft derivative and studies some of its basic properties, such as the relation between
partial soft derivative and boundedness, some basic partial soft derivative rules, e.g., sum rule, constant multiple rule,
and difference rule, the relation between soft derivative and partial soft derivative, the relation between classical partial
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the theoretical part of the study and provides figures for the geometric interpretation. Finally, this study discusses the
need for further research.
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1. Introduction

Molodtsov [1] has introduced soft sets and discussed their relationships with several mathematical tools. Moreover, the
author has investigated soft sets’ applications to stability and regularization, game theory and operations research, and soft
analysis. Molodtsov has studied soft limit, soft approximator (soft derivative), and upper and lower Riemann and Perron
integrals in soft analysis. Afterward, the author has written a book entitled Soft Set Theory [2] that contains many topics related
to soft sets. Then, Molodtsov et al. [3] have widely explored the basic concepts of soft analysis. Further, Molodtsov [4] has
suggested higher-order soft derivative and higher-order almost soft derivative. Besides, the author [5, 6] has analyzed the basic
concepts of rational analysis. Additionally, Acharjee and Molodtsov [7] have proposed soft rational line integral. However,
since most of the aforesaid studies are in Russian, soft analysis studies have not become widespread.

On the other hand, despite the considerable developments in classical analysis, the fact that there are many types of
uncertainty in real-life problems and that increasing the need for new mathematical tools makes soft analysis worth studying.
Therefore, this paper focuses on the partial soft derivative, one of the essential concepts in soft analysis. Thus, this study aims
to increase the widespread impact and make soft analysis studies more accessible. Moreover, the partial soft derivative will
shed light on the concepts of higher-order partial soft derivative and soft gradients. Hence, this paper provides ideas concerning
further studies to researchers. Section 2 of the present study provides some basic definitions and properties to be required in the
next section. Section 3 defines partial soft derivative and studies some of its basic properties. The final section discusses the
need for future studies.
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2. Preliminaries

This section presents some of the basic definitions and properties to be needed for the following section. Across this paper,
the notations Z, R, R*, and R>° represent the set of integer, real, positive real, and non-negative real numbers, respectively.
Moreover, R? := R xR and P(U) denotes the set of all the classical subsets of U.

Definition 2.1. [1, 2] Let U be a universal set, E be a parameter set, and f : E — P(U) be a function. Then, f is called a soft
set parameterized via E over U (briefly over U).

Example 2.2. Let f : Z — P(R) be a function defined by f(x) = [x+2,x+4]. Then, f is a soft set over R.

Definition 2.3. [I, 2] Let M be a set called a model set, U be a universal set, E be a parameter set, and f : M X E — P(U) be
a function. Then, f is called a soft mapping parameterized via M X E over U (briefly over U).

Definition 2.4. [/, 2, 3] Let ACR, f: A — R be a function, a € A, 7¢(a) # 0, and L € R. Then, the real number L is called a
(7,&)-soft derivative of f at the point a if x € Ty(a) = | f(x) — f(@) — L(x — a)| < &(a). The set of all the (t,&)-soft derivatives of f
at the point a is denoted by D(f,a,7,€). If D(f,a,7,€) =0, then the (1,€)-soft derivative of f at the point a does not exist.

Here, 7: R — P(R) and € : R — R are two functions such that 7(a) is a set of points that are close to the point a but not
equal to a. In addition, 7¢(a) = t(a) NDom(f), for all a € R, where Dom(f) stands for the domain set of f.

3. Partial Soft Derivative

This section defines the concept of partial soft derivative and studies some of its basic properties. Throughout this section,
let7,A,x:R? - P(Rz), g a,B: R2 - R>0 and § : R - R* be seven functions such that 7(a,b), A(a,b), and k(a,b) are sets of
points that are close to the point (a,b) but not equal to (a,b). Besides, let 7¢(a,b) = 7(a,b) "Dom(f), for all (a,b) € R2.

Definition 3.1. The set of all the points belonging to 1(a,b) and the plane y = b is defined by t,(a,b) := t(a,b) N (R X {b}).
Similarly, the set of all the points belonging to (a,b) and the plane x = a is defined by ty(a,b) = t(a,b)N({a} XR). Therefore, the
set of all the points belonging to 1(a,b) and whose first components are greater than a is defined by t%(a,b) :=1(a,b)N((a,0) XR)
and the set of all the points belonging to t(a,b) and whose first components are less than a is defined by t7(a,b) := 1(a,b) N
((—c0,a) XR). Similarly, the set of all the points belonging to t(a,b) and whose second components are greater than b is defined
by T;(a, b) = 1(a,b) N (R X (b,0)) and the set of all the points belonging to 1(a,b) and whose second components are less than
b is defined by T;(a, b) :=71(a,b)N (R X (=00, b)).

Moreover; if (a,b) = 0, for all (a,b) € R?, then this mapping is called by t-right mapping, and if Tt (a,b) = 0, for all
(a,b) € R?, then this mapping is called by .-left mapping. Similarly, if 7y (a,b) =0, for all (a,b) € R2, then this mapping is
called by ty-right mapping and if T;' (a,b) = 0, for all (a,b) € R?, then this mapping is called by T,-left mapping.

Furthermore, t5(a,b) is defined by

75(a,b) = {(x,y) eR? :0< J(x—a?+(y-b)?<d, b)}

Thus, 7s(a,b) = 15(a,b) N ((a,00) X R), 7_s(a,b) = 75(a,b) N ((=00,a) XR), T;S(a,b) =1s5(a,b) N (R X (b, 0)), and 7,5(a. b) =
T5(a,b) N (R X (—00,b)).

Note 3.2. It must be noted that 7(a,b) = 7y(a,b) Uty (a,b), 7(a,b) = 7{(a,b) Ut} (a,b), 15(a,b) = 7(a,b) Ut 4(a,b), and
75(a,b) = 7i5(a,b) U T 5(a, b).

Definition 3.3. Let A X B C R?, f:AXB — R be a function, (a,b) € AX B, t¢(a,b) # 0, and L € R. Then, the real number L is
called a partial (t,&)-soft derivative of f with respect to x at the point (a,b) if (x,b) € T¢(a,b) = |f(x,b) - f(a,b) - L(x—a)| <
&(a,b). The set of all the partial (t,€)-soft derivatives of f with respect to x at the point (a,b) is denoted by Dy (f,(a,b),T,€). If
D, (f,(a,b),T,&) = 0, then the partial (t,&)-soft derivative of f with respect to x at the point (a,b) does not exist.

Definition 3.4. Let AX B CR?, f:AXB — R be a function, (a,b) € AX B, t¢(a,b) # 0, and L € R. Then, the real number L is
called a partial (t,&)-soft derivative of f with respect to 'y at the point (a,b) if (a,y) € T¢(a,b) = |f(a,y) — f(a,b) - L(y—b)| <
&(a,b). The set of all the partial (t,)-soft derivatives of f with respect to y at the point (a,b) is denoted by Dy (f,(a,b),t,&). If
Dy (f,(a,b),7,&) =0, then the partial (t,€)-soft derivative of f with respect to'y at the point (a,b) does not exist.

Note 3.5. Each of the concepts of partial (1,€)-soft derivative with respect to x and y is a soft mapping parameterized via
®(AxB,R)X(AX B) X CD(RZ,P(Rzg) x ®(R2,R>) over R such that 0 # Ax B C R”.
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Example 3.6. Let f : R?> — R be a function defined by f(x,y) = x> +2y* and £(~1,3) = 2. Since
(x3) e (-LIHNK* & 0< Ja+D?+3-372 <!
e 0<|x+1l<4
then, for all (x,3) € T1(-1.3)N R?,

1f(x,3) = f(=1,3)—L(x+ 1| <2 & B3 +1-Lx+ 1) <2

o —xX-1-2<-Lx+D)<-x*-1+2

3
x’+1 2 x’+1 2
@m_m<l< + —

2

& X

<:>L€[3 23

Therefore, Dy (f,(—1,3),7'%,8) = [%, 24—3] Similarly, as

(—l,y)eT%(—l,S)ﬂRz s 0< \/(—1+1)2+(y—3)23%
=3 0<|y—3|§%
then, for all (—1,y) ET%(—1,3)OR2,

If(=1.y) - f(-1.3)-L(y-3)| <2 & 2> - 18- L(y-3)| <2
& 22 +18-2<-L(y-3)<-2y>+18+2

22-18 2’18 | 2

e e =

S 2y+6-— <L<2y+6+|y 3
o Le9,15]

Thus, D, ( f,(—1,3),'r%,g) = [9.15].
Theorem 3.7. Let AX B C R?, f:AXB — R be a function, (a,b) € AX B, and t(a,b) be bounded. If D(f,(a,b),7,) # 0,
then z = f(x,b) is bounded on 7 ¢(a,b).
Proof. Let AXBC RZ, f1AxB — R be a function, (a,b) € AX B, t¢(a,b) be bounded, and D, (f,(a,b),7,&) # 0. Then,
T(a,b) # 0 and there exists an L € R such that
(x,b) e T¢(a,b) = |f(x,b)— f(a,b)— L(x—a)| < &(a,b)
= f(a,b)+L(x—a)—¢&(a,b) < f(x,b) < f(a,b) + L(x—a) + &(a,b)

= f(a,b)+ in(f b){L(x—a)} —&(a,b) < f(x,b) < f(a,b)+ sup {L(x—a)}+e(a,b)
xET/ a, xETf(a,b)

Since
f@a,b)+ inf {L(x—a)}—e(a,b)eR and f(a,b)+ sup {L(x—a)}+e(a,b)eR
xETf(u,h) xETf(u,h)
then z = f(x,b) is bounded on 7¢(a,b). O

Theorem 3.8. Let AXBCR?, f:AxB — R be a function, (a,b) € AX B, and Tr(a,b) # 0. If z= f(x,b) is bounded on 7 ¢(a,b),
then there exists a function € : R? = R such that D, ( f,(a,b),T,e) 0.
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Proof. Let AXBC RZ, f:AXB — R be a function, (a,b) € AX B, 7¢(a,b) # 0, and z = f(x,b) be bounded on 7(a,b). Then,
there exists an M € R such that |f(x,b)| < M, for all (x,y) € 7¢(a,b). Then,

(x,b) € t¢(a,b) = |f(x,b)| <M
= —-M- f(a,b) < f(x,b)— f(a,b) < M — f(a,b)
= |f(x,b) = f(a,b) —0(x —a)| < max{|M + f(a,b)|,|M — f(a,D)|}

Hence, for any function & : R> — R such that &(a,b) = max{|M + f(a,b)|,|M — f(a,b)|}, 0 € D(f,(a,b),t,&). Consequently,
DX(f?(avb)>T»8)¢®~ O

Theorem 3.9. Let AXBCR?, f:AxB— R be a function, (a,b) € Ax B, and 7(a,b) be bounded. If Dy(f,(a,b),t,&) # 0,
then z = f(a,y) is bounded on ty(a,b).

Theorem 3.10. Ler Ax B CR2, f1AXB — R be a function, (a,b) € AX B, and t¢(a,b) # 0. If z = f(a,y) is bounded on 7 r(a,b),
then there exists a function € : R2 - R such that Dy (f,(a,b),r,&) # 0.

The proofs are as in Theorems 3.7 and 3.8, respectively.

Theorem 3.11. Ler AX B C R, f 1 AXB — R be a function, and (a,b) € AX B. If D (f,(a,b),7,&) # 0, then

D, (f,(a,b),7,&) = [ sup

(x.b)et¢(a,b)

(f(x, b)-f(a,b) &(a,b) fx.b) - fla.b) S(a,b))]

x—a |x—al ),(.X,b)e‘ff(ll,b)( x—a |x—al

Proof. Let AXBC RZ, f:AxB — Rbe afunction, (a,b) € AX B, and D, (f,(a,b),7,&) # 0. Then, 7¢(a,b) # 0 and there exists
an L € R such that, for all (x,b) € 7¢(a,b),

|f(x,0) = f(a.b) - L(x —a)| < &(a,b) = —(f(x,b) - f(a,b)) —£(a,b) < ~L(x—a) < = (f(x,b) = f(a,b)) + £(a, b)

{ f&b)—fab) 8)(Ca_,11:) <L< f(x,b))c:i(a,b) 4 &ab) (x,b) € TH(a,b)NA X B

x—a x—a ’

fxb)-f(a,b) + ga,b) <L< fx,b)—f(a,b) _ &ab) ()C b) c T_(a b) NAXB
’ X )

xX—a x—a — T — x—a x—a’

x—a [x—al x—a \x al ®

{ f(x,b)—f(a,b) &(a, h) <L< f(Xb) f(llb) F(a b) (X b) €T+(Cl b)ﬂAXB

fb)~fla,b)  &lab) <L< Sfx,b)— f(ab) 4 gab) (x,b) € 77(a,b)NAX B
X—

x—a [x—al

* Teal

= f(X’b)*f(ll’b) 5(“ b) <L< fGx.b)—f(a,b) + &(a,b) (x’ b) c Tf(a,b)

X—a Tx=al X—a |x—al *
Hence,
fx.b)—f(a.b) _ &la.b) : fb)-flab) | sa.b)
su e <L and L< inf e
(x,b)e'r_If)(a,b)( x—a Tr=al ) (x,b)e-rf(u,b)( x—a [x—al )
Consequently,

Dx(f,(a,b),r,s)z[ sup (

(x.b)er¢(a,b)

Jf(x,b)—f(a,b) &la,b) f(x.b)~ fla.b) 8(a,b))]

x—a |x—al )’(x,b)erf(a,b)( x—a |x—al

Theorem 3.12. Let AX B C R, f:AXB — R be a function, and (a,b) € AXB. If Dy (f,(a,b),7,&) # 0, then

Dy (f,(a,b),7,e) = [ sup

(@y)ers(ab)

(f(a,y)—f(a,b)_s(a,b)) inf (f(a,y)—f(a,b)+£(a,b))
y=b ly = bl | @yersab) y—b [y -5l

The proof is as in Theorem 3.11.

Theorem 3.13. Let AXBCR?, f:Ax B — R be afunction, (a,b) € Ax B, and B(a,b) < a(a,b). If D, (f,(a,b),7,B) # 0, then
D, (f,(a,b),r,a) # 0. Moreover, Dy (f,(a,b),7,8) C D, (f,(a,b), T, ).
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Proof. Let AXBC RZ, f:AXB — Rbeafunction, (a,b) € AX B, B(a,b) < a(a,b), and D, (f,(a,b),7,5) # 0. Then, 7¢(a,b) # 0
and there exists an L € R such that

(x,b) e t¢(a,b) = |f(x,b) - f(a,b)— L(x—a)| < B(a,b) < a(a,b)

Therefore, D, (f,(a,b),,a) # 0. Moreover, since 8(a,b) < a(a,b), then

wp (f(x, b)—f(a,b) _a(a,b) ) . (f(x, b)=fla,b) _pa.b) )
(xbyer (@) x-a lx—al ]~ (cpersab x—a lx—al
and
(f(x,b)—f(a,b) ﬁ(a,b)) . (f(x,b)—f(a,b) a(a, b))
+ < inf +
(x.b)et f(a.b) x—a [x—al (x.b)et (a.b) x—a [x—al
Thus,

— b)-fla,b) _ pla,b) fb)-flab) | plab)
D (f,(a,b),'r,ﬂ) - su f(xf_f > T =
X (x,b)erfr)(a,b)( x—a |x a|) (x,b)erf(a,b)( x—a |x al)

fb)-flab) _ ala.b) fb)—fab) | ala.b)
[(x,h)ET]If)(a,b)< e el ) (X”’)Eff(“’h)( e bl )}

= Dx(f,(a,b),T,(Y)

O

Theorem 3.14. Ler A X B C R?, f:AXB — R be a function, (a,b) € AX B, and 5(a,b) < a(a,b). If D, (f,(a,b),7,p) # 0, then
Dy (f,(a,b),7,a) # 0. Moreover, Dy (f,(a,b),7,5) C D, (f,(a,b),T,a).

The proof is as in Theorem 3.13.

Theorem 3.15. Let AX B CR2, f:AXB — R be a function, (a,b) € AX B, and 0 + A¢(a,b) C t¢(a,b). If D, (f,(a,b),7,&) %0,
then D, (f,(a,b),A,&) £ 0. Moreover, D, (f,(a,b),T,&) C Dy (f,(a,b),4,¢).

Proof. Let AxBCR?, f:AxB — R be afunction, (a,b) € AXB, 0 # Ar(a,b) C1y(a,b), and D, (f,(a,b),7,&) # 0. Then, there
exists an L € R such that
(x,b) € A¢(a,b) = (x,b) € T¢(a,b)

= |f(x,b) = f(a,b) - L(x-a)| < &(a, b)
Therefore, D, (f,(a,b),A,&) # 0. Moreover, since 0 # A¢(a,b) C 7¢(a,b), then

sup (f(x,b)—f(a,b)_S(a,b))< sup (f(x,b)—f(a,b)_s(a,b))

(xb)eds(ab) X—a lx—al] " (xperpab) X—a |x—al
and
f(x,b)=f(a,b)  &(a,b) , J(x,b)— fla,b) &(a,b)
+ < inf +
(x.b)et (a.b) x—a |x—al ]~ (xbeds(ab) x—a [x—al
Thus,
fGb)—=fla.b) _ ela,b) . fGb)—flab) | ela,b)
D ( 9(a’b)’T’8) = su f(x—__ 5 lnf —_—— 4
" (x,b)ET_If)(u,b)( =) (x’b)ETf(“’b)( i)
fb)=flab) _ eab) : fb)=flab) | eab)
c su e =) inf B e
(x,b)E/l]Ic)(a,b)( e =l ) (xb)ed f(a,b)( xa be=al )

= Dx(f.(a.b),4.¢)
O

Theorem 3.16. Let AX B CR?, [ AXB — R be a function, (a,b) € AX B, and 0 # Af(a,b) C t¢(a,b). If Dy (f,(a,b),7,e) #0,
then Dy (f,(a,b),A,&) # 0. Moreover, D, (f,(a,b),7,&) € D, (f,(a,b),,¢).

The proof is as in Theorem 3.15.
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Theorem 3.17. Let AX BCR?, f.8:AXB — R be two functions, and (a,b) e AXB. If D (f,(a,b),r,a) # 0 and D (g,(a,b),,B) #
0, then D (f +g,(a,b),k,&) # 0 such that O # ky4g(a,b) C p(a,b) N Ag(a,b) and ala,b) +B(a,b) < &(a,b). Moreover,
D)C(f’(avb)7Taa)+Dx(g7(a’b)7laﬁ) g Dx(f+g7(a7b)ak98)

Proof. Let AXBC RZ, f,& : AX B — R be two functions, (a,b) € AX B, D, (f,(a,b),7,a) # 0, and D, (g,(a,b),1,B) # 0. Then,
there exist L, L, € R such that

(x,b) € t¢(a,b) = |f(x,b) - f(a,b) - Li(x—a)| < a(a,b)

and
(x,b) € A4(a,b) = |g(x,b) — g(a,b) — Lr(x—a)| < B(a,b)

Therefore,
(x,D) € kpig(a,b) = (x,b) € Ty(a,b) A(x,b) € Ag(a,b)

= |f(x,b) - f(a,b) - Li(x—a)| < a(a,b) A|g(x,b) — g(a,b) — La(x—a)| < (a,b)
= —a(a,b)-pB(a,b) < f(x,b)— f(a,b)— Li(x—a)+g(x,b) —g(a,b) — Lr(x—a) < a(a,b) + B(a,b)
= |(f +8)(x,b)— (f +g)a,b)— (L1 + L2) (x—a)| < a(a,b) +B(a,b) < &(a,b)
= Li+Lr, e D (f+g,(a,b),k,&)
= D,(f+g,(a,b),k,e)#0

Moreover, for all L € D, (f,(a,b), 7, @)+ D,(g,(a,b),A,B), there exist L; € D, (f,(a,b),r,a@) and L, € D (g, (a,b), A,) such that

L=L{+L,. Then,
(x,b) e tp(a,b) = |f(x,b) - f(a,b) = Li(x—a)| < a(a,b)

and
(x,D) € A4(a,b) = |g(x,b) — g(a,b) — Lo(x—a)| < B(a, D)
Hence,
(x,b) € kp1g(a,b) = |(f +8)(x,b) = (f + g)a,b) — (L1 + L) (x — a)| < a(a,b) +p(a,b) < &(a,b)
Therefore, L = Ly + Ly € Dy (f + g,(a,b),k, ). Thus, D, (f,(a,b),t,a@) + Dy (g,(a,b),A,8) C Dy (f + g,(a,b),k,&). O

Theorem 3.18. Ler Ax B CR2, f.8 :AXB— R betwo functions, and (a,b) € AXB. If D, (f,(a,b),7,a) # O and D, (g,(a,b),A,) #
0, then Dy (f +g,(a,b),k,&) # 0 such that ) # k. 4(a,b) C 7r(a,b) N Ay(a,b) and a(a,b) +B(a,b) < &(a,b). Moreover,

Dy (f’ (asb)’T9a) +Dy (g3 (aab),/l3ﬁ) g Dy (f+g’(a$b)sk’8)
The proof is as in Theorem 3.17.
Theorem 3.19. Let Ax BC R?, f:AXB — R be a function, (a,b) € AX B, and t # 0. Then, D, (f,(a,b),1,&) # 0 if and only if
D, (tf,(a,b),T,|tle) £ 0. Moreover,
th (f’ (a9b)’Ta 8) = D)C (tf7 (aab)7T’ |[|S)

Proof. Let AXBC RZ, f:AXB — Rbe a function, (a,b) € AX B, and ¢ # 0.
(=): Let D (f,(a,b),7,&) # 0. Then, 7¢(a,b) # 0 and there exists an L € R such that

(x,b) € typ(a,b) = (x,b) € t¢(a,b)
= |f(x,b)— f(a,b) - L(x—a)| < &(a,b)
= [l f(x,b) = f(a,b) - L(x—a)| < |f|e(a, b)
= |tf(x,b)—tf(a,b)—tL(x—a)| < |tle(a,b)
= [(/)(x,b) = (tf)(a,b) — tL(x - a)| < |f|e(a,b)

Thus, tL € D, (tf,(a,b),7,|tle). That is, D, (tf,(a,b),7,|tle) # 0.
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(e): Let Dy (tf,(a,b),7,|tle) # 0. Then, 7,7(a,b) # 0 and there exists an L € R such that

(x,b) € t¢(a,b) = (x,b) € 74¢(a,b)
= [(tf)(x.b) = (tf)a.b) - L(x - a)| < |tle(a,b)
= |tf(x,b)—tf(a,b)— L(x—a)| < |tle(a,b)
= [t f(x,b) - f(a,b) - £(x—a)| < |tle(a, b)

= |f(x.b) - f(a.b) - £(x—a)| < &(a.b)
Thus, ’7“ € Dy (f,(a,b),7,&). That is, D,(f,(a,b),7,e) # 0. Moreover, for all L € tD,(f,(a,b),T,&), there exists an L* €
D, (f,(a,b),7,&) such that L = ¢tL*. Since L* € D, (f,(a,b),7,&), then tL* € D, (tf,(a,b),T,|tle) from the proof of the existence.
That is, L € D, (tf,(a,b),T,|tle). Hence,
th (f’ (a’b)’Ta 8) g D)C (tf7 (a’b),T’ |t|8)

In addition, for all L € D, (tf,(a,b), T, |tle), % € D, (f,(a,b),, &) from the proof of the existence. Hence, L = t% etDy(f,(a,b),T,€).
Thus,

DX (tfa (Cl,b), T’ |t|8) g tDX (f» ((l, b)7T7 8)
Consequently, tD, (f,(a,b),t,&) = Dy (tf,(a,b),7,lt|e). O

Theorem 3.20. Let AX B CR?, f:AXB — R be a function, (a,b) € AX B, and t # 0. Then, Dy (f,(a,b),7,&) # 0 if and only if
Dy (tf,(a,b),7,|tle) # 0. Moreover,

tDy (f’ (a’ b)? T’ 8) = Dy (tf9 (Cl, b)’ T» |t|8)
The proof is as in Theorem 3.19.

Corollary 3.21. Let AXBC RZ, f,g:AXB — R be two functions, and (a,b) € AXB. If D (f,(a,b),r,a) # 0 and D, (g,(a,b),A,B) #
0, then Dy (f —g,(a,b),k,&) # 0 such that O # ky_g(a,b) C T¢(a,b) N\ Ag(a,b) and a(a,b) +B(a,b) < &(a,b). Moreover,

Dx (f’ (Cl,b),T,CL’) _D)C (gv(a’b)7ﬂ7ﬁ) Cc Dx(f_g7 (a,b),K,S)
Proof. Let A,BCR, f,g:AXB — R be two functions, (a,b) € AX B, D(f,(a,b),7,a) # 0, and D,(g,(a,b),A,8) # 0. From
Theorem 3.19, for t = —1, —D,(g,(a,b),A4,8) = D,(-g,(a,b), A,B). Therefore, from Theorem 3.17, D, (f — g, (a,b),«,&) # 0 such
that 0 # kr_4(a,b) € 7r(a,b) N Ag(a,b) and a(a,b) +B(a,b) < &(a,b). Moreover,
Dx(f’(a’b)sT’a) _Dx(ga(asb)v/lvﬂ) = Dx(f’ (Cl,b),T,al) +DX(_g’ (asb)’/l’ﬁ) c Dx(f+ (—g),(d,b),K,S) = Dx(f_g’ (Cl,b),K,S)

O

Corollary 3.22. Let AXBC RZ, f.8:AXB— R betwo functions, and (a,b) € AXB. If D, (f,(a,b),7,a) # 0 and D, (g,(a,b),A,) #
0, then Dy (f —g,(a,b),k,&) # 0 such that ) # kr_g(a,b) C 7r(a,b) N Ay(a,b), and a(a,b) +B(a,b) < &(a,b). Moreover,

Dy (f, (a9b)sT9a) _Dy (83 (asb)3/l3ﬁ) Cc Dy (f_g’(a$b)’K’8)
The proof is as in Corollary 3.21.

Theorem 3.23. Let AX BCR?, f,g: Ax B — R be two functions, (a,b) € AX B, and k,l € R. If g(x,y) = f(x,y) +kx +1y, for
all (x,y) € ¢(a,b) = t4(a,b), and D, (f,(a,b),t,&) # 0, then D,(g,(a,b),7,&) # 0. Moreover,

D, (g,(a,b),1,¢) = Di(f,(a,b),T,6)+k

Proof. Let AXBC R2, f.g : AX B — R be two functions, (a,b) € AXB, k,l € R, g(x,y) = f(x,y)+kx+ly, for all (x,y) €
Tr(a,b) = 14(a,b), and D, (f,(a,b),7,&) # 0. Then, 7¢(a,b) # 0 and there exists an L € R such that

(x,b) € Tp(a,b) = |f(x,b) - f(a,b) - L(x—a)| < &(a,b)



Therefore, for L* = k+ L and for all (x,b) € 7¢(a,b) = t4(a,b),
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lg(x,b)—g(a,b)—L*(x—a)| = |f(x,b) +kx+1b— f(a,b)—ka—1Ib—(k+L)(x—a)

|f(x,y) = f(a,b) - L(x - a)|
&(a)

IA

Thus, L* € D(g,(a,b),t,¢). Thatis, D, (g, (a,b),T,&) # 0. Moreover,

.b)—=g(a.b) _ ela,b) gx.b)—=gla.b) | ela,b)
x »(X,b)ETg(a,b)( X—a [x—al ) (x,b)ETg(u,/ﬂ)( x—a |x—al )
fx.b)+kx+Ib—f(a,b)—ka—Ib  &(a,b) fx.b)+kx+Ib—f(a,b)—ka—Ib | &(a,b)

= su - ) — + —

| ctrerat) roa ) oab)ev(a,w( rma e )]
_ fx,b)—f(ab)  e(ab) . fx,b)-f(ab) | e(ab)
= sup e Y 4 inf ol D S k

»(x,b)ETf(a,b) X—a [x—al ) (x,b)ETf(a,b)( x—a |x—al )
— sup (f xb)—flab) _ E(a,b)) (f (x.b)—f(a.b) S(a,b)) +k

ceran 0 Y N abeapt e ke
— sup (f(x,b)*f(a’b) _ 8(a,b)) i (f(x,b)ff(a,b) + e(a,b)) +k

[hersap)” 1 AP peryan el

D, (f,(a,b),1,e) +k

O

Theorem 3.24. Let AXBCR?, f,g: Ax B — R be two functions, (a,b) € AX B, and k,l € R. If g(x,y) = f(x,y) +kx +1y, for
all (x,y) € t¢(a,b) = t4(a,b), and Dy (f,(a,b),7,&) # 0, then D, (g,(a,b),7,&) # 0. Moreover,

Dy (g,(a,b),7,&) = Dy(f,(a,b),7,8) +1

The proof is as in Theorem 3.23

Example 3.25. Let f,g:R> >R, 1,4,k :R> > P(Rz), and a,B,& : R? = R0 be seven functions defined by f(x,y) = x> + 2y,

g(x,y) =2x+y, 7(x,y) = T1(x,),

_ 2 o2
/l(X,Y)Z{(X(),y())ERZ :0< \/(x 9)60) +(y 1;0) < 1}

K(x,y) =K1 (x,y), a(x,y) = x|+ [y, B(x,y) = max {|x],Iyl}, and &(x,y) = 2(|x| + [y]), respectively. Here, for all (x,y) € R?, 7(x,y) C
Ax,y), k(x,y) C1(x,y) N Ax,y), B(x,y) < a(x,y), and a(x,y) +B(x,y) < &(x,y). From Theorem 3.11, for (2,—1) € RZ,

and

D (f,2,-1),7.8) = [3,5]

4 8
D, (g,(2,-1),4,8) = [3’5}

From Theorem 3.13, since B(2,—1) < a(2,-1), D, (f,(2,-1),7,a) # 0. Therefore, from Theorem 3.11,

and thus,

Dx (f’ (2’_1)’7-’0') = [2’6]

Dx(f’(27_1)77-’ﬁ) = [375] - [276] = Dx(f’(27_1)77-’a,)

From Theorem 3.15, as t¢(2,-1) € A7(2,-1), Dx(g,(2,-1),7,B) # 0. Hence, from Theorem 3.11,

D, (g.(2,-1),7,8) =[0,4]
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a’ld lhus,
Dx(g’(27 1)’1’[3) 3’3

Moreover, from Theorem 3.19, D, (2f,(2,—1),7,12|a) # 0 and D, (—g,(2,—1),4,| - 1|8) # 0. Thereby, from Theorem 3.11,

c [034] = Dx (g’(z’ _l)’T’ﬁ)

D, 2f,(2,-1),7,[2a) = [4,12]

and

8 4
Dy (8.2~ 1), 0]~ 1|B) = [—5,—3]
Therefore,
2D, (f,2,-1), 1) =2[2,6] = [4,12] = D, 2f,(2,-1),7,|2|a)
and
Dy (82— 1)) = —[g 2} - [—2—‘5‘] = Dy(-g.2.~1). LI~ 18)

From Theorem 3.17, because 0 # Kp1(2,—1) C1£(2,-1)NA(2,-1) and a(2,-1)+B(2,~-1) < &(2,~-1), then D, (f + g,(2,~1),x,&) #
0. Hereby, from Theorem 3.11,
71 119
D + ’25_15’ =
o (f+8.2,-D).k.€) [ 1 4}
and thus,

= Dx(f+g’(27_1)sK»8)

From Corollary 3.21, since 0 # ky_g(2,—1) C17(2,—-1)NAg(2,~1) and a(2,-1)+p(2,~1) < &(2,-1), then D (f — g,(2,~-1),k,&) #
0. Herewith, from Theorem 3.11,

87 103
Dx(f_g7(2’_1)ak,8): |:_Z’ T:|
and thus,
D (f.(2,=1),7,@) = Dy (2,(2,-1),4.8) = [2,6]-[%.§]
-5 2]
= Dx(f_g’(za_l)ak98)

Besides, for the function h : RZ 5 R defined by h(x,y) = f(x,y) +3x—5y, from Theorem 3.23, D,(h,(2,-1),7,a) # 0. Hence,
from Theorem 3.11,

wIN

N

N
=%

Dy(h,(2,-1),7,a) =[5,9]

and thus,
Dx(f,(z,—l),T,CY)+3 = [296] +3 = [5»9] = Dx(h,(Z,—l),T,a)

Note 3.26. For the functions [ and T in Example 3.25, (a,b) = (2,-1), and £*(2,-1) = % D, (f,2,-1),71,&") = [%, %] and
Dy(f,(2,-1),7,&*) = 0. Similarly, for the function h : RZ SR defined by h(x,y) = 252 +y2, D, (h,2,-1),1,&") = 0 and
Dy (h,(2,-1),7,&") = [—%, —%] Hence, it is clear that the existence of partial soft derivative with respect to x does not require
the existence of partial soft derivative with respect to y and vice versa.

Note 3.27. As in classical analysis, for a function with the variables x and y, if taking the partial soft derivative with respect
to x, then y is fixed and vice versa. Thus, partial soft derivative turns into soft derivative. In other words, for a function
f:AXB — R and (a,b) € AXB, if L € D\(f,(a,b),7,€), then L € D(g,a,7",&") such that g : A - R, 7 : R —> P(R), and
£ 1R — RV are three functions defined by g(x) = f(x,b), 7"(x) = {x e R: (x,b) € 7(a,b)}, and &*(x) = &(x,b), for all x € A,
respectively. Similarly, for a function f : AXB — R and (a,b) € AX B, if L € Dy(f,(a,b),7,&), then L € D(h,b,v*,&") such
thath: B — R, 7 : R = P(R), and £* : R — R=" are three functions defined by h(y) = f(a,y), T*(y) = {y € R : (a,y) € 7(a,b)},
and £ (y) = &(a,y), for all y € B, respectively.
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In Theorems 3.28 and 3.29, the notations (A X B)° and (A X B)/ denote the set of all the interior and accumulation points of
A X B according to the usual topology in R?, respectively.

Theorem 3.28. Ler Ax B C R?, f:AXB — R be afunction, and (a,b) € (AX B)° N (A X B),. If fi(a,b) € R, then there exist T
and &* such that D,(f,(a,b),t,&*) # 0.

Proof. Let AXBC R2, f:AXB — R be a function, (a,b) € (AXB)°N(AX B),, and fy(a,b) € R. Then, there exists an L € R

such that b b
Fula,b) = lim LD =@b)
x—a Y—a
Therefore,
,b)— f(a,b
Ye>0,35,>03 ((x,b) € By((a,b),6:)NAXB = f(x,0) - f(a,b) P 8)
x—a

Thus,

Ve > 0,30, > 03 ((x.b) € Bo((a,b),6) NAX B = |f(x,b) - f(a,b) - L(x - a)| < &lx - al < £6,)

Hence, for an € > 0,
(x,b) € Ty(a,b) = | f(x,b) - f(a,b) - L(x—a)| < &"(a,b)

such that 7(a,b) = Bo((a,b),d.) and £*(a,b) = €d.. Thereby, L € D.(f,(a,b),7,&"). Consequently, D,(f, (a,b),t,&*) # 0. |

Theorem 3.29. Let Ax BCR?, f: Ax B — R be a function, and (a,b) € (Ax B)° N (A X B). If fy(a,b) € R, then there exist
and & such that Dy(f,(a,b),t,&") # 0.

The proof is as in Theorem 3.28.

Remark 3.30. The geometric interpretation of the partial soft derivative of a function f with respect to x at a point (a,b) is the
tangent of the slope angle of the bandwidth 2& bounded by two linear functions f(a,b)+ L(x —a) + &(a,b) and f(a,b) + L(x—
a) — &(a,b) which contain the entire graph of z = f(x,b) on the set T(a,b) "Dom(f). Similarly, the geometric interpretation of
the partial soft derivative of a function f with respect to y at a point (a,b) is the tangent of the slope angle of the bandwidth
2¢& bounded by two linear functions f(a,b)+ L(y —b) + &(a,b) and f(a,b) + L(y — b) — &(a, b) which contain the entire graph of
z = f(a,y) on the set Ty(a,b) NDom(f). For example, for the functions f, T, and a and the point (2,—1) € R? in Example 3.25,
D, (f,2,-1),7,a) = [2,6]. Moreover, consider the following linear functions and ordered pairs:

g1 =f2,-D+L(x-2)+a2,-1)=2x+5 A} =(x,g1(x))
hx)=f2,-D+L(x-2)—a2,-1)=2x—-1  Bj =(x,h1(x))
X)) =f2,-)+L(x-2)+a2,-1)=3x+3 Az =(x,8(x))
hx)=fQ2,-1)+L(x-2)—a2,-1)=3x-3 By =(x,h(x))
5 =f2,-D+L(x-2)+a2,-1)=4x+1 A3 =(x,83(x))
() =f2,-D+L(x-2)—a2,-1)=4x-5 B3 =(x,h3(x))
g4(0) = f(2,-D+L(x-2)+a2,-1)=5x-1 A4 =(x,84(x))
ha(x) = f2,-D+L(x-2)—a(2,-1)=5x-7 By =(x,hs(x))
&) =f2,-D+Lx-2)+a(2,-1)=6x-3  As=(x,85(x))
hs(x)=f2,-D+L(x-2)—a2,-1)=6x-9  Bs =(x,hs5(x))

for L=2¢€[2,6],

for L=3¢€][2,6],

for L=4€[2,6],

for L=5¢€[2,6],

for L=6€[2,6],

Then, it is clear that for all i € Is = {1,2,3,4,5} and for all (x,—1) € 7.(2,—1)NR?, hi(x) < f(x) < gi(x) and the Euclidean
distance of the ordered pairs A; = (x,gi{(x)) and B; = (x,h;(x)) is 2a such that |A;B;| = \/(x—)c)2 +(gi(x) — hi(x))* = 6 = 2a.

Figures 3.1 and 3.2 show the graphs of the functions hj, f, and g;, for all i € Is, on the set T«(2,—1)NR? from different
perspectives.
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flzyy) = =* + 2y*

hife) =22 —1

Figure 3.2. Graphs of the functions %;, f, and g;, for all i € I5, on the set 7,(2,—1)N R? (another perspective)

Besides, for all L € D,(f,(2,—1),7,@) = [2,6], the pairs of all the linear functions & and g form two bundles of lines (see
Figure 3.3).

4. Conclusion

This study defined partial soft derivative and investigated some of its basic properties. This paper demonstrated that
o Every function with a partial soft derivative is bounded,
e Every bounded function has a partial soft derivative under certain conditions,

e A partial soft derivative of a function can be considered a soft derivative of the function (see Note 3.27), and
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70 & /

=10 &

Figure 3.3. Bundles of lines formed by the pairs of all the linear functions 4 and g, for all L € [2,6]

e Every function with a classical partial derivative has a partial soft derivative under certain conditions

and investigated algebraic properties and the geometric interpretation of partial soft derivative. Moreover, it clarified the
theoretical section by examples and provided figures for the geometric interpretation. When the results herein are compared
with those of in the classical analysis, the following comments can be briefly made:

e While the classical partial derivative of a function (if any) is equal to a real number, the partial soft derivative of a function
(if any) is equal to a closed interval.

e While a bounded function does not always have a classical partial derivative, it has a partial soft derivative (see Theorems
3.8 and 3.10).

e While equality is valid for the sum rule in the partial derivative, inclusion is valid for the partial soft derivative. Similarly,
while equality holds for the difference rule in the partial derivative, inclusion holds for the partial soft derivative.

e Geometrically, while a tangent line is obtained in the partial derivative, two bundles of lines are obtained in the partial
soft derivative.

Partial soft derivative is a fundamental concept of soft analysis. Therefore, researchers can study this concept and its
applications. Moreover, the concepts of higher-order partial soft derivative and soft gradient, associated with partial soft
derivative, and the concept of directional soft derivative are also worth studying.
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Abstract

In this paper, by taking %,,—simulation function and Proinov type function into account, we set up a new
contraction mapping called Suzuki—Proinov Z*g*(a)—contraction, including both rational expressions that
possess quadratic terms and E£—type contractions. Furthermore, we demonstrate a common fixed point theorem
through the mappings endowed with triangular a—admissibility in the setting of modular b—metric spaces.
Besides that, we achieve some new outcomes that contribute to the current ones in the literature through the
main theorem, and, as an application, we examine the existence of solutions to a class of functional equations
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1. Introduction and Preliminaries

The symbol N is used throughout the research to represent all positive natural numbers, whereas R™ represents the set of all
non-negative real numbers.

Fixed point theory is a significant mathematical technique that finds applications in various scientific research areas. This
theory has played a crucial role in creating several significant concepts and approaches and is an exciting area of ongoing study
and advancement, which acts as an intermediary connecting topology and analysis and is commonly used in pure and applied
mathematics. For the past several years, researchers in this field have been exploring potential applications of this field to a
wide range of physically relevant engineering challenges. On the other hand, the metric fixed point theory is very attractive on
account of the Banach Fixed Point Theorem or Banach Contraction Principle, which was conferred by S. Banach [1] in 1922.
In this theorem, there is an answer about the existence and uniqueness of fixed point of contraction mappings in the setting
of complete metric space. Further, many studies have been done to enhance this theorem’s impressiveness, and it underwent
several changes and generalizations as time progressed, see [2]-[5]. Simultaneously, in this direction, many authors try to obtain
a more general metric space structure and diverse contractive conditions or both of them. Herewith, many new topological
structures and contraction mappings have emerged. The notation of b-metric is one of the popular generalizations of the metric
function, which was depicted by Bakhtin [6] and mainly, Czerwik [7, 8] in 1993 and 1998, as noted below.
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Definition 1.1. [7] A function p : U X U — R is a b—metric with T > 1 on a non—empty set U provided that the following
axioms hold, forall 1, §,z € U:

(p1) p(1, ) =01 =,
(p2) p(A,8)=p(L,A),
(p3) p(A,8) <tlp(A,2)+p(20)].

Thereupon, we say that the pair (U, p) is a b—metric space, and, by choosing T = 1, b—metric is reduced to ordinary metric.

Also, except for the continuity, other topological features of b—metric can be defined as in metric ones. For continuity, the
subsequent lemma can be a guide in b—metric.

Lemma 1.2. [9] Let (U, p) be a b—metric space with T > 1 and {Ay} and {{,)} be convergent to A and {, respectively. Then
1 . .
L p(2,€) < liminfp (A, &) < limsupp (R, &) < 2 (4, ).
T f—roo Hy—roo

Especially, if A = §, then lim p (Ay), §y) = 0. Also, for z € U, we have
n—eo

lp (A,2) <liminfp (Ay,z) <limsupp (Ay,z) < Tp (A,2).
T f—roo H—roo

On the other hand, in 2010, Chistyakov [10, 11] put forth a novel concept which is known as modular metric space.

Definition 1.3. [10, 11] A function i : (0,00) X U X U — [0,0|, defined by 1t (o,A,8) = g (A,8), is called a modular metric
on a non-void set U if it satisfies the below statements for all A, {,z € U:

(11) s (A,8)=0forallc >0= A=,

(H2) Mo (A,8) = o (C,A) forall o >0,

(3) Moty (4,8) < o (A, 2)+ iy (2,8) forall o, % > 0.
If instead of (1), the condition

(U]) Mo (A,A)=0forallc >0

is fulfilled, then p is said to be a (metric) pseudomodular on U.
By using the constant T > 1, the axiom (u3) is revised with the following one by M. E. Ege and C. Alaca [12], and in this
case, the function u is entitled as modular b—metric:

(,Lté) Ho+y (A’C) <7 [/'LG ()WZ) +“X (57C)] for all o, x> 0.

Consequently, the pair (U, it) is a modular b—metric space, which denotes M, M.
Note that the notation of modular b—metric and modular metric coincide when 7 = 1. Also, considering modular b—metric
W on U, a modular set is specified by

fu“:{Ce fu:Cﬁx},
where & is a binary relation on 7/ identified by A ~ < lim us (A,§)=0for A, € U. Moreover, the set
O—ro0

u, = {A € u: 36 = 6 (1) > 0 such that s (A, A) < oo} (A € U)

is mentioned as M, MS (around Ag).
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Example 1.4. [12] Consider the space

Ep:{(),‘,)cR: |l‘,1’<oo} 0<p<l,
j=1

0 € (0,%) and pis (A,8) = L) sych that

o

1

d(l,C)(i)LUC,,V’) A=A, =0y,
j=1

Eventually, one can conclude that (U, 1) is an M, MS.

Example 1.5. [13] Consider the equality g (1,8) = (06 (A,§))’, where (U, ®) is a modular metric space and s > 1.
Thereupon, take into Jensen inequality account, together with the convexity of the function P (L) = A* for A > 0, we get

(a+6) <257 (a* + 5°)
for a,6 € RT. Hence, (U, 1) is an M,MS with T =251
Definition 1.6. [12] Let Uy, be an M, MS and { Ay}, .y € Uj; be a sequence.
(c1) The sequence {Ay}, is L—convergent to A € Uy < lig (Ay,A) = 0, asy — e for all 6 > 0.

(¢c2) The {AU}UEN in Uy, is a ji—Cauchy sequence if‘)lirg Uo (Ay, Ap) =0 for all 6 > 0.

(¢3) The space Uy, is called u—complete provided that any L—Cauchy sequence in Uy, is l—convergent to the point of Uj,.
(ca) P: Uy — Uy is a pL—continuous mapping if e (Ay, A) — 0, provided to i (PAy, PA) — 0 as ) — oo.

Further, for more detail on modular b—metric, see [14]-[17].
As an auxiliary function, the class of simulation functions (briefly, S¥) was identified by Khojasteh et al. [18] in 2015, as
noted below.

Definition 1.7. [18] Let = : [O,oo) X [O’oo) S Rbea mapping. Ifthe axioms
(E’l) E(0,0) = O;
(B2) E(L,k) < k—Lforallt k>0,

(B3) if {Ly}, {ky} are sequences in (0,0) such that Ulglgo by = lim Ky >0, then limsup ZE (£y, k) <0

P—roo f)—>oo

are fulfilled, then, E is an $7, and Z represents the set of all SF. Also, note that, from (Z;), we have E (¢, ¢) < 0 for all
£>0.

Definition 1.8. [18] A self-mapping P : U — U on a metric space (U,d) is called Z-contraction with respect to E € Z provided
that, for all A, { € U, the subsequent inequality hold.:

E(d(?A,2C),d(4,8)) = 0.

Moreover, Banach contraction mapping can be expressed via SF E € z for which E (¢,£) = yk — £ for all £,k € [0,0) and
Y€ [0,1).

The following expression was used for the first time by Fulga and Proca [19] in 2017 and subsequently referred to as
E—contraction or E type contraction:

‘E(A,C):d()L,C)+|d(A,T)L)7d(C,IPC)|, (L.1)

whenever (U, d) is a complete metric space and A, € U. Also, some studies involve such contraction; see [20]-[22]. One of
them was presented by A. Fulga and E. Karapinar [23] via S in 2018, as indicated below:



On Suzuki—Proinov Type Contractions in Modular »—Metric Spaces with an Application — 30/41

Theorem 1.9. [23] Let P be a self-mapping on a complete metric space (U,d). If there exists E € Z satisfying, for all L, { € U,
E(d(PA,2C),E(A,{)) =0,
where E (A, §) is defined as in (1.1), then P owns a fixed point.
In 2014, A.H. Ansari [24] proposed C—class functions as characterized in the subsequent definition.

Definition 1.10. [24] A continuous function < : [0,00) X [0,00) — R is entitled C—class function if, for all £,k € [0,0), the
below statements hold:

() o (6,R) <L
(o) o (£, k) =L implies that either { =0 or K. = 0.
Let C—class functions symbolize as € .
In 2018, Radenovic et al. [25] identified the idea of €, —SF by means of the C—class functions and S¥.
Definition 1.11. [25] A mapping Q : [0,00)> — R is referred to as €.y —S¥ if the conditions
(Q1) Q¢ k) <o (kL) forall £,k > 0, where of : [0,) x [0,00) = R is a C—class functions,

(Q2) if {ly},{ky} € (0,00) are sequences such that Ulgrgo by = Ulgrgo Ky > 0 and Ky < £y, then li;njup Q(ly,ky) < Coy

are provided.
Presume that 27 symbolizes the family of all €, —S¥F.
Definition 1.12. [25] A mapping </ : [0,) x [0,00) — R has the property €y, if €.y > 0 exists such that
(1) & (£,K) > Coy implies £ > K,
(2) A (£,0) < Co forall £ € [0,00).

The following theorem has a new precondition added to a contractive mapping and was proved by Suzuki [26] in 2009.
Herewith, many authors have mentioned this notation as a Suzuki-type contraction.

Theorem 1.13. [26] Let P : U — U be a self-mapping on a compact metric space (U,d). If, for all distinc A,{ € U, the
statement

%d(l,f?/l) <d(A,0) = d(#h,20) < d(A,0)

is hold, then, P owns a unique fixed point.

Very recently, Proinov [27] demonstrated a novel fixed point theorem by introducing some auxiliary functions, and
subsequently, via this theorem, many significant results were obtained.

Definition 1.14. [27] Let P : U — U be a self mapping on a metric space (U,d) and F,Q : (0,00) — R are two functions that
provide the following features:

(i) ¥ is non-decreasing,
(ii) Q(s) < ¥ (s) foralls >0,

(iii) limsup Q (s) < F (so+) for any so > 0.

s—850+

If, forall A,§ € U and d (PA,PE) > 0, the inequality

F(d(PA,2C)) < Q(d(A,6))

is fulfilled, then P is called Proinov type contraction.
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Theorem 1.15. [27] Let P : U — U be a Proinov type contraction on a complete metric space (U, m). Then, P admits a unique
fixed point.

Various fixed point results involving Proinov type contraction appear in the literature. Some examples are in [28]-[35].
In 2012, Samet et al. [36] introduced the class of @ —admissible mappings, and subsequently, many new notations appear
via this mapping.
Definition 1.16. Let P, S : U — U be two mappings and & : U X U — R be a function. Then, we have the following ideas.
o) [36]If o (A,8) > 1implies & (PA,PE) > 1, then P is a—admissible,
o) [371if (A, PA) > limplies o (PA,P>() > 1, then, P is ot—orbital admissible,

Oy

(o)
(02)
(03) [37] together with (o), if & (A, &) > land ot (§,P8) > limply o (A, PE) > 1, then, P is triangular a—orbital admissible,
(au) [38] together with (o), if @ (A,z) > 1and ot (z,§) > 1 imply o (A,§) > 1, then P is triangular a— admissible,

(05)

o5) [39] together with (o), if ot (A,&) > 1 implies ot (PA,58) > 1 and a (SPA, BSE) > 1, then, the pair (P,S) is triangular

a—admissible.

Lemma 1.17. [37] Let P : U — U be a triangular o,—orbital admissible mapping. Assume that a Ay € U exists such that
o (Ao, PAy) > 1. Construct a sequence {Ay} by Ayy1 = PAy. Then we have o (Ay, Ay) > 1 for all y,m € N with ) < m.

2. Main Results

Primarily, it is necessary to mention the below conditions to guarantee the existence and uniqueness of fixed points in
M, MS owing to not having to be finite.

(€1) po(A,PA) <ooforallo >0and A € Uy,
(€2) po(A,8) <ooforallo >0and A,{ € Uy,

Next, we establish a new contraction mapping by defining Suzuki—Proinov Z* i’m}* (a)—contraction w.r.t Q in the sense of
M, MS, as follows.

Definition 2.1. Let 1, be an M, MS with constant T > 1 and let P, 5 : Uy — Uy and o : Uy X Uy, — R be mappings. Then,
we say that P and S are Suzuki—Proinov Z* %, () —contraction if there exists a €., —SF Q € Z* such that

o= min {116 (2,22, o (£,50)) < o (A,€)
implies

@ (a(2,0) 7 (¢uo(#1,5¢) . E" (1.0 R(2,0))) = €, @1
where the functions F,Q : (0,00) — R are hold the below requirement:
(c1) ¥ is lower semi-continuous and non-decreasing;

(c2) Qs) < F(s)foralls>0;
(c3) limsup Q(s) < F (so+) for any so > 0,

s—s0+

and also,

£°(4,8) = to (A, 8) +|ts (A, PA) — o (6, 58)|

and

to(A, PA) o (A, 5) + (o (A, §)I* + o (A, PA) s (A, §)
to (A, PA) + o (A, ) + o (A, 5E)

Sor all distinct A, § € U, us(PA,SE) > 0 and for all ¢ > 0.

R(%,8) =
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Theorem 2.2. Let Uy, be a [L—complete M, MS with constant T > 1 and P and S be a Suzuki—Proinov Z*;(* (a)—contraction
w.r.t. Q. Assume that the following conditions hold:

(i) the pair (P,S) is triangular o.—admissible,
(ii) there exists Ay € ‘UZ such that o (Ay, PAo) > 1,
(iii) P,S are UL—continuous,
(iv) there exists A, € Criy(P,S), where Crix (P, S) represents set of common fixed points of P and S, such that a (A,§) > 1.

In case of satisfying (€), there there exists A* € U}, such that 1* € Crix(®,S). Also, additionally, if (€2) is hold, then
Crix (T,S) = {/l*}

Proof. Let Ay € U be a specified point such that ot (A9, PAg) > 1. Construct an iterative sequence {Ay}, o in 7" such that
;\,QU+] = len and A«QU+2 = S;LG+], forally € N.
On the other hand, regarding that (?,.) is triangular o —admissible, we derive
o (P, A1) = o (A1, 42) > 1
o (Ao, 1) = a0 (Ao, PA9) = 1 = ¢ and
a (SPAo, PSA1) = @ (SA1,Phy) = ot (A2, A3) > 1.

Likewise, we get

o (P2, 543) = (A3, A4) > 1
o (A2,43) >1 = < and
06(5?12,?5)‘3) = (X(Sl3,?)~4) = Ot(lz,)@) >1.
Thereby, recursively, we conclude that

o (Aay, Aany1) > 1. (2.2)

Also, if there is some g € N such that Ay, = Ay, 11, then Crix (?,S5) = {9o}. Thereupon, we presume that A; # A for all
k € N, which indicates that Ug (A, Ax+1) > 0 for all ¢ > 0. Next, we assume that k = 2 for some t) € N. Because

% min { g (A2y, PA2y), o (A2y+1,8A2y 1)} = TIT min { g (A2y, A2y +1), Ho (A2g+1, A2y +2) }
< Uo(A2y, Aayt1),

from (2.1) and (@), we have

Cor <0 (0 (Rag, Aai1) 7 (FHo (PR, Ao 1)), QUE" (Ray, A 1) R (A2, hai1)) )
= Q@ (hay, A1) F (PHo(Rags1, A2 12)’ ) QUE (Ao, Aoy s1) R (Rgs Do)

< (QUE (Ray, Aoy 1) & (Ao Aoy 1)) @ Oz A2y ) F (P o (R 1, A2012)°) )

and by (c3), (2.2) and the properties €., we yield

7 (o (a1, 22942)”) < & (o, Aoy 1) F (PHo(Ragi,Aan+2)’) < QUE (A2, Aayin) R (R, Aa1)
(2.3)

< F(E" (Aay, Aoy+1) R (A2, A2y11))
where

E* (A, A2y +1) = Ho (A2y, A2n+1) + o (A2y, PA2y) — Uo (A2g+1,5A2n+1)

= Uo (A2y, A2n11) + |l (A2, A2y 1) — Mo (A2n 41, A2y 12)]
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and

Ho (12\) aTQLZ\))HG(AZ\; Shog+1)+ [.UG (1213 A2y +1 )}szllG ()LZn \Phay ).UU (1213 A2y 1 )

Ao, A =
R (A2y, A2y1) tio (Ao Py )+ Ho (Ao Aoy +1) o Aoy S Aoy 1)

Ho (P29, 229 11) Ho (Aay Aoy 12)+ [Ho (g A2y 11 )]zﬂia (R2y A2p11)to Aoy Aan 1)
tio (A2, A2g+1) o (A2y Aoy +1) o (Aay Aoy 42)

to (Aay Aoy 1) (o (Ray Aoy 12)+Ho (Aay Aoy 1) +ito (A2 A2g 1)
tto (A2y A2yt )+l (A Aoy s1 ) Hilo (Aay A2y 42)

= Uo (AZmAZ\)—H)-

Denote g (Ay, Ay+1) by &y. Now, if max {Kay, Koy+1} = Koy41, then, we get £ (Ao, Adoy+1) = Kay41 and R (Aay, Aoys1) =
K2y . Thereupon, (2.3) turns into

T (K22t]+l) <F <T6K22n+1) < Q(K‘zn+1.K‘2‘)) < f]'—(KZt)+1oK2n)7

such that, by utilizing the function #’s characteristics, we conclude that x| < k2. However, this contradicts our assumptions.
Thereby, we achieve max { Ky, Kay+1} = Koy, Which implies that £* (21, A2y11) = 2K2y — Kay41. Then, (2.3) becomes

T (KZZUH) < F (TGKZZUH) < Q((ZK‘ZU — Kop+1 ) KQU) <¥F ((ZKZU — Koy+1 ) KQU), 2.4)

by (c1), we obtain that

2 _ 2 2 2 2
K < (210y — Koyt1.) K2y & Ky < ZKZU K2y Koy 1 < 21(2\] Kot
&2K2 < 2K?
2p+1 2y

< Kap+1 < Kzy.

Likewise, one concludes that k»;, < Koy 1. So, we say that that {xy }, eN = {Uus (A,?,),H 1)}:) ey isa non—increasing.sequence
of non-negative real numbers. Also, a similar consequence can be obtained when k is an odd number. Then, there exists p > 0
such that lim Ky = p. Assume on the contrary, we aim to show that p > 0. Then, by (2.4), we have

§—reo

F(p*) < Ulgrgof (Kzzw) < ,}E}I}o Q((2K2y — Kapt1.) Kay) < nli_1>1307((21<29 — Koyi1.) Kay) = F (p?),

which emerges a contradiction, which means that, for all o > 0,
,}E&“ﬁ (A, Ay41) =0. 2.5)

Now, it is required to indicate {)"7}0 ¢ is a p—Cauchy sequence. Rather, presume that {A, } yen is not a 1—Cauchy sequence.
Then, for at least a € > 0 and vy; > m; > 4 whenever £ € NU{0} and let y; be the smallest index such that the following
expressions are provided:

Uo ()meﬁ,)Qnﬁ) >¢ and Ug (lgmﬁ,lznﬁ_z) <e¢g, forallo >0. (2.6)

By using (2.5), (2.6) and (u}), we yield
& < Mao (Aamg, Aay,) < Thoo (Aamgs Aamg+1) + T o (Aamg 41, A2y, 42)

+3 U2 (May,+2, Aoy, 41) + T2 lopa (A2y,+1, Aoy,

such that

. )
limsup o (Aamg+1, A2y, 42) > =

. 2.7
fi—yo0 72 ( )
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Also, we get

to (Aomg, Aoy, 41) < Thop (Aamg, Aag,—2) + T toja (Ao, —2, Aoy, —1)

2.8)
+T3“0/8 ()LZUﬁfl 712%) + 73“0/8 ()LZUH)LZUH‘) :
Thereby, by taking the limit superior in (2.8) and using (2.5), we obtain that
limsup g (Aam,, Aoy, +1) < TE. (2.9)
h—ro0
Also, from the (2.5) and (2.6), we achieve that
Ho (l2mﬁﬁkznﬁ+2) < Tlop (AmelanZ) + 72”0/4 (12%*27&2%*1)
+73 Uoss (A2y,—1, A2y, ) + T los16 (Aan, Aan 1) + T oo (A2n 41, A2y ,+2)
and letting # — oo, we attain
limsup Ug (lzmﬁ,lzgﬁz) < TE. (2.10)
h—ro0
Furthermore, if 1y, > my; > f for sufficiently large # € N, we assert
|
- min {IJ'G (A’zl)fﬂ LPA’ZU&) 7”(7 (AZmﬁfl ’52’2}1’!&7]) } S IJ“G (A’Zl)ﬁalzmﬁfl) . (2'1 1)

2T

Given the fact that, y; > my and {ls (Ay, Ay+1 )}‘7>1 is non-decreasing, we acquire

o (Aay, Phay,) = to (Aay,, Ay, +1) < to (Aamg, Aamg+1) < Mo (Aamg—1,A2m,) = Mo (Aamy—1,SAom,—1) -

Hence,

1 . 1 1
Emm{ﬂd (lznﬁvfpxﬁ)ﬁ) 1Ho (12’"5*175}’2"15*1)} = E”G ()“ZUA’TA'ZY)A) = E“G (lﬁjmlzwﬂ) :

According to (2.5), there exists f; € N such that for any £ > #,

e

Ho ()LZUH)LZ‘MH) < 2

Also, there exists Ay € N such that for any # > f,

Ho ()vaﬁ—h)LZmﬁ) < %

Hence, for any A > max {1, } and v, > m; > h, we get
€ < oo (Ao, Ao, ) < Tho Aoy, Aamg—1) + Tho (Aomy—1, Aam;) < Tho (A2y, s Aomy—1) + TZ%'
So, one can conclude that
2% < Uo (Aay,, Azm,—1) -
Thus, we deduce that for any £ > max {f;, s} and y; > m; > A,
Uo (Azy, s Aoy, +1) < % < Uo (Aay,, Aam,—1)

which implies that (2.11) is hold. Also, by using that (?,S) is triangular oc—admissible pair, we can write o (/lgmﬁ , )“leﬁ-ﬁ-l) > 1.
Therefore, from (2.1), we conclude that

%Q{ S Q (a (A'ZMﬁaklethl) :7: (1-6“0' (lemhatslznhﬁ’] )2) 9 Q,(f* (Atha)LZmﬁl) R ()LZMﬁalzthrl )))
=Q (06 (Aamg> Azg,41) F (Tﬁuc (?lzmﬁ,Slzgﬁl)z) L Q(E* (Aamy» A2y ,41) R (Ao, lznﬁl)))

< % (Q(E* (lZmﬁa/’LZn;lJr] ) K (12n15a12\35+1)) aa (A‘ZM/NA'Z\)H#»]) .‘7: (1’-6“0 (LPA‘Zinﬁ7~SA'2\)ﬁ+1 )2)> )
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and by the properties of €, and (¢ ), we deduce that
2 2
9: (Tﬁ.uG(Q)AZmHSAQUﬁ-Q—l) ) S o (A'Zmﬁazlejg-'rl) ,’F (Té.u'cf (TAme512ng+l) )

< Q(‘E* (AZmW)“ZUﬁ-H) K. <12m37121jﬁ+1)) (212)

<¥F (f* (12111&;&2\)&-5—1) R,(AZmﬁ,)“Znﬁ-H)) )

where
" (A'Zmﬁ7a’zl)g+l) = Uo (AZmWAZt)ﬁ—H) + ‘:uo' (AZWLﬁaTa’ZMﬁ) — Us ()‘2Uﬁ+1751’20ﬁ+1)|
2.13)
= Uo (AZmﬁ712nﬁ+l) + ‘HG (l2m57)"2mﬁ+1) —Ho ()"leﬁ+17)‘2ljﬁ+2>‘
and
K(A 2 ) _ Ho (AZmﬁvTAZmﬁ)IJG(Ath7512t)ﬁ+l)+{”O‘ (AZmﬁvl2|)ﬁ+l>]2+ﬂ0‘ (AZmﬁ-?AZmﬁ)IJO' (l2mﬁal2t)ﬁ+l)
2 M2ostl) = Ha(Mmﬁ’lemﬁ>+ﬂo<lzmﬁAlznﬁH)Hlo(lzmwﬁznﬁl)
(2.14)

Ko (lzmﬁ Mo 41 ) lo (/lzmﬁ 12'20ﬁ+2) + {Hc <12mﬁ ﬂznﬁlﬂ 2+ua (AZmﬁ Ao 41 ) o (lzmﬁ ,lzuﬁﬂ)
B Ho (lzmﬁ -,/12mﬁ+1)+,uo (lzmﬁ vlznﬁﬂ)ﬂlo (lzmﬁ -ﬂznﬁz) .

Next, letting £ — oo in (2.12), (2.13) and (2.14), and also, by using (2.5), (2.7), (2.9) and (2.10), we acquire that

2
F(1°e?) =7 (16<182) ) <limsup ¥ (1:6115 (fl’kzmﬁ,.skz.,ﬁ,)z)

n—roe

< limsup Q(E* (A'ZMﬁalZ\jh+l) K, (Azmﬁ712t)ﬁ+l))

n—poo

<limsup F (E* (Aomg. Aan,+1) R (Aamg, Aoy, 11))

n—poo

< (regsl) - (%),

This causes a contradictory, that is, {AU}UEN is a u—Cauchy sequence on a —complete M, MS. Thereby, a point A* exists in
1, such that

lim A, = A*. (2.15)

n—reo

Considering the continuity of the mappings and (2.15), we get

PA* = (lim 2,2‘)> = lim T}{Q‘) = lim A'Zrﬂ»l =A*
p—oo p—roo

n—reo

= lim A = lim SA
am Az 2 = Im SAzg-1

:5 (hm )‘2U+1> :51*
f—roo

Thereupon, we conclude that A* is a common fixed point of P and S. Finally, we prove that the point A* is unique. For this,
there is jL which is another common fixed point, such that A* # 2. So, from the condition (iv), we deduce that o (l*,i) > 1.
Hence, since

0= %min{ug (A" 20 o (A,50) } <o (272)),
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by using (2.1) and (®1), we gain

o0 (a(ar 1) (no(on 1)) o () 32)
(i) (o)) oo (322) 2 ()
<o (afe (1) 5 1)) (1) (R o-2)))

and by Definition 1.12 and (¢, ), we get

F <f6ua (A*,i)2> <a (l*,i) 7 (TGIJG (1*7502) < Q<f* (A*’i) R(”’i))

(2.16)

where
" (z*,i) . (z*,i) n \ua (A%, PA%) — g (?1,5?1) ] — o (A*,i)

and

~

g e PA o (A752) + o (x*,i)]2+ua (22 o (A1) po (A7.2)
K( ’ )_ ug(z*,@x*)wa(x*,i)+uG(A*,5i) 2

Consequently, considering the above equalities, the inequality (2.16) turns into
R A\ 2
.y o)) ()
7 (a2 < (o () 2 G ) o (AL

which causes a contradiction. In turn, we achieve that A* = 4, which means that Crix (?,5) = {A*}. This ends the proof. [J

3. Consequences

In this part of the study, we discuss some of the implications of the fundamental observation. Primarily, if the restriction

o min 1o, 2A), 16(¢. 50)} < 1o(A,0)

is ignored, Theorem 2.2 yields the subsequent consequence.

Corollary 3.1. Let Uj; be a L—complete MyMS with T > 1, a : U x U — R be a function and P, S : Uy — Uy, be two
self-mappings. Assume that the following assertions are true:

(i) there exists Coy—SF Q € Z* such that

Q(@(@.0)F (uo(#1.50)° ), QUE (1O R(A.L))) 2 Cur,

where F,Q, E(A,§) and R (A,{) are defined as in Definition 2.1 for all distinct A, § € U, us(PA,8&) > 0 and for all
>0,

(ii) the pair (?,S) is triangular ot—admissible and there exists Ay € Uy, such that o (Ao, PAo) > 1,

(iii) P,S are L—continuous,
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(iv) there exist A, € Crix(P,S) such that o (1,8) > 1.
Under the conditions (&) and (€2), A* € Uj; exists such that Crix (P, 5) = {1*}.
Moreover, take into ¢ (A, ) = 1 account in Corollary 3.1, the next result is determined.

Corollary 3.2. Let U}, be a ji—complete M, MS with T > 1 and P, S : Uy — Uy, be two self-mappings there exists €.y —SF
Q € Z* such that

Q(7 (P o(#1,50)°) QE" (MO R(A,0)) = oy,

where F,Q, E(A,§) and R (A,§) are defined as in Definition 2.1 for all distinct A,§ € U, Us(PA,S5E) > 0 and for all 6 > 0.
Thereupon, together with (€1) and (€3), we conclude that Crix (?,5) = {A*}.

Corollary 3.3. Let Uy, be a p—complete M, MS with a constant T > 1, o : Uy X Uy — R be a function and P : Uy — Uy, be a
self-mapping. Assume that the below requirements are met:

(i) there exists Coy—SF Q € Z* such that
1
o P2) < o (4,)
implies
0 (a(1,0) 7 (o (P2, 2)°), Q(E" (A, 0)R(2,0))) = E.r,
where the functions F,Q are as indicated in Definition 2.1 and also, E(A,§) as in (1.1) and

R (1) — Bl Ao (1 20) + 1o (RO + Ho (A PA ) o (1.8)
o= Ho (2, PA) + o (2, ) + fia (4, 2T)

for all distinct A, § € U, Us(PA,PE) > 0 and for all ¢ > 0,

(ii) P is a triangular a—orbital admissible mapping and there exists Ay € U}, such that & (Ao, PAo) > 1,
(iii) P is L—continuous,
(iv) there exist A,{ € Fix(®P) such that ot (A,{) > 1.
So, under the conditions (&) and (&3), P has a unique fixed point.
Proof. Letting P = S in Theorem 2.2, and by Lemma 1.17, we achieve the desired results. O

Corollary 3.4. Let U be a jl—complete M, MS with a constant T > 1, & : Uy x Uy — R be a function and P, S : Uy — Uy,
be two self-mappings. Assume that the following assertions are true:

(i) there exists € —SF Q € Z* such that

S min (1o (4, 22), o (£, 50)} < Ho(A,0)

implies
o(2,8) 7 (+uo(#4,50)) < QE* (A, R (1,0),

where F,Q, (A,§) and R (A, {) are defined as in Definition 2.1 for all distinct ,§ € Uj;, o (PA,S5E) > 0 and for all
c>0;

(ii) the pair (?,S) is triangular ot—admissible and there exists Ay € Uy, such that o (Ao, PAg) > 1,
(iii) P,S are L—continuous,
(iv) there exists A, { € Crix(P,S) such that a(A,8) > 1.
Thereupon, Crix (P,S) = {A*} provided that (€) and (&) are met.
Proof. Letting €y —SF Q € Z* with the properties 4, in Definition 1.12. O

Remark 3.5. Note that all of the results can be again evaluated with respect to E € Z in place of €.y—SF Q € Z*. Besides,
as in Corollary 3.3, different results can be obtained when P = S.
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4. An Application to Dynamic Programming

We assume that A and ® are Banach spaces, £ C A and Y C & such that X and Y are state space and decision space,
respectively. Consider the system of functional equations:

q(2) Z?gg{f(hC)JrG(LC,q(é (4,0}, Aex

where f:2xYT —-Rand G: X x Y xR — R are bounded, § : £ x Y — . Let U, = B(X) denotes the space of all bounded
real-valued functions on X. Consider the metric defined by

o (¢, @) = lmax|g(x) —@(A)|?, forall¢,m € Aand 6 > 0.
O iex

Then, Uy, is a yt—complete M, MS with T = 2. Moreover, let ? : U, — Uy be given by

PG (A) =sup{f(4,8)+G(4,8,6(5(%,8))}, .0

gex
where A € X and ¢ € U,,. If the functions f and G are bounded, then A and & are well-defined.
Theorem 4.1. Let P : Uy — Uy be an operator defined by (4.1) and suppose that the following conditions are hold:
(i) f and G are bounded;
(ii) forVg,®@ € Uy, VA € X,V €T, there exists 6 € (0,1) such that

G(2.£.6(2)~G(A. L, (1)) <8 (A)~@(2)].

Then, the function equation (4.1) has a bounded solution; that is, P has a fixed point.

Proof. Let € € RT be arbitrary, A € X and ¢ € Uy. Assume that ¢ # g. Then, {;,{, € Y exist such that

Pg(A) <f(A,6)+G(A,8,6(6 (A, 61))) +e, (4.2)
@A) <f(A,8)+G(A,6,@(5(2,61))) +e, 4.3)
Pg(A) 2 f (A, &) +G (A, 8,6 (5 (2, 8))), “.4)
@A) = f(A,8)+G(A,6,@(5(2,61)))- (4.5)

Then, from (4.2) and (4.5), we yield that
Pg(A)—@(A) <G(A,81,6(8(4,8)) —G(A,6,@(8(R,8))) +¢€
<IG(A4.01,6(8(2,6)) -G, &6,@(E(A,81)))|+¢
<84 c(A) —B Q)| +e.
Likewise, from (4.3) and (4.4), we get
BA)-2¢(A) <G, 5,0(5(4,8))—G(A,8,6(8(R,5))) +¢€
<G4, 8,@(8(4,8)) -G (4,5,6(E(A,5)))|+¢

<84 M) —@(A)| +e.
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Hence, by considering the above inequalities, we conclude that
1P6(A) @ (A)| <84 g ()~ @ (2)| +e,
and, for an arbitrary €
|25 (1) —@ (1) <8 g (M) - @ (1)
So, we have
o (26 (1), B (A)) = |2 (1) - B < 26" Ic(A) - BA) = 5" ho (5 (1), B (1)). @6

Now, in Theorem 2.2, we take Q (¢, k) = yk — £ with y€ (0,1), €,y =0and & ({,k) =¢— K, and also, & (A, §) =1, F (s) =,
Q(s) = 5 and lastly § = I, which means that

£ (¢(4),®(A)) = s ((A), @ (1)) + Us (¢ (1), PG (1))
and

_Ho(6(A),®(4)) 286 ($(4),P5(A)) + Ho (6 (4), B (A))]
Ho (6 (4),P6(R)) +2Us (5 (4), @ (1)) '

Thereby, by a simple calculation, Theorem 2.2 turns into
Ho (26 (2),0 (1))’ < FE* (6(2), B (1) R (5 (1), B (1))

< 15 o (6 (A), @ (A)) + o (6 (A), 25 (A)) s (6 (A) , @ (2))]-

Consequently, from the inequality (4.6), we deduce that
Ho (26 (2),@ (1))* < 8us(s(4), @ (A))?

<S[uo(s(4), @A)+ ko (5 (4),P5(4)) o (5 (A), @ (1))],

which means that, by taking 6 = % € (0,1), (4.7) is satisfied, that is, all the conditions of Theorem 2.2 are met. Thus, we gain
that © has a fixed point, i.e., the functional equation (4.1) has a bounded solution.

R(s(1),@ (1))

—|
o0

%))

O
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1. Introduction

Mersenne numbers, named after the French theologian, philosopher, mathematician, music theorist and priest Marin
Mersenne, who is known as the father of acoustics, in the first half of the 17th century, have an important place in number
theory and computer science. rth Mersenne number m;, is stated by m, = 2" — 1 with r € Nand N = {1,2,3,...} and this is
called as the Binet formula of the Mersenne sequence.

The Mersenne numbers m, can be described by the recurrence relations

r
Myyo =3mp41 —2m, and Z my =2m, —r.
s=1

The first 10 terms of the Mersenne sequence are as follows:
1,3,7,15,31,63,127,255,511,1023... ..

There are prime and non-prime Mersenne numbers, and studies on Mersenne primes have held an important place in the
fields of number theory and computer science until today. It is known that if m, is prime, then r must be a prime, but the its
reverse is not true.

Now, we may give basic information about sequence spaces and summability theory. ® represents all real or complex
sequence’s space and each I' C @ named as sequence space. The spaces (e, ¢, co and £, (1 < p < ) express the set
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of all bounded, convergent, null and convergent p-absolutely summable sequences’ well known spaces, respectively. The

spaces mentioned above are Banach spaces with |[ul|s,, = [[ul|c = ||ullcy = sup,cy [u,| and [[ull¢, = (¥, [u,P) 7, where ¥, [u,| =
Y, |ur]. Moreover, every finite sequences’ space is represented by Q and by cs, ¢so and bs, we mean the spaces of all
convergent, null and bounded series, respectively.

Banach spaces in which all coordinate functionals #, described with #;(u) = u, are continuous are called BK-spaces.
Additionally, metric vector spaces in which all coordinate functionals are continuous are called FK-spaces.

Let e() = (1,0,0,...), e® = (0,1,0,...), ¢® = (0,0,1,0,...)..... If each u = (u,) € I C ® can be expressed uniquely
as u =Y, ure’, in that case, it is said that the BK-space I" holds the AK-property. The spaces £, (1 < p < ) and co hold
AK-property however the spaces ¢ and /. do not hold.

For an infinite matrix B = (b,,) with real entries, B, represent the rth row for each r € N. The B-transform of u = (i) € ®
is described by (Bu), = ¥.; brsuts provided that the series is convergent for each » € N. If Bu € ¥, in that case it is said that B
is a matrix transformation from I" to W for all u € I'. The class of every matrices transform I to ¥ is represented by (I : ).
Matrix domain of B in I" is described as

I'p={ucw:Bucl}. (1.1

If " and P are two sequence spaces, then the multiplier set D(I" : W) is described as
DI:¥)= {x: (x) € 0:xu= (xur) €V forall (u,)e€ F}.

In that case, o-, 8- and y-duals of I are described as [* = D(I': £;),T® = D(I": ¢s) and IV = D(T": bs).

Sequences, their spaces and matrix domains have been seen as interesting topics in mathematics by the authors, and in recent
years, many studies have been done in this area. Researchers who want to get more detailed information about summability
theory, infinite matrices, sequences and their spaces, matrix domains and other related subjects can benefit from the studies
[1]-[10] and textbooks [11]-[13].

Special integer sequences have been used extensively in sequence space studies in recent years. In this context, the first
study done is the study with a tag [14] made by Basarir and Kara. After this study, some special integer sequences such as
Lucas, Padovan, Pell, Leanardo, Catalan, Bell, Schroder and Motzkin were used to define new sequence spaces in summability
theory. Researchers who want to get more detailed information about literature can benefit from the studies [15]-[25].

In parallel with the studies mentioned above, this article aims to construct a novel regular matrix operator L obtained by the
aid of Mersenne sequence and examine sequence spaces described as the domain of u in £, (1 < p <o), Itis investigated
algebraic and topological properties, established Schauder basis and stated @¢—, f— and y—duals of the aforementioned spaces
and additionally, it is featured the matrix classes from new sequence spaces to the classical sequence spaces. At the end, it is
studied the compactness of matrix operators on related sequence spaces.

2. Mersenne Matrix Operator and Mersenne Sequence Spaces

It is described the Mersenne matrix operator generated with the help of the Mersenne numbers and it is observed that this
aforementioned matrix is regular. After that, we introduced the normed spaces ¢,(u) and £, (1) and shown that these are
complete and linearly isomorphic to £, and /., respectively, for 1 < p < oo, Then, it is shown that except for the case p =2,
£,(1) is not a Hilbert space, it is established Schauder basis and to determine the location of the newly defined spaces among
the other spaces, it is given the inclusion relations at the end.

Now, we construct the Mersenne matrix operator U = (U,s) with the help of Mersenne numbers as follows:

ifl1<s<rv,

0 , ifs>r

for all r,s € N. The Mersenne matrix i can be expressed more clearly in the following form:

M1 o 0 o0 o0 -1

1 3

s =2 0 0 O

1t 1 3
S
=1 % % % 2 O

B A A 1

57 57 57 57 57
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From its definition, we can understand that u is a triangle. Moreover, u-transform of a sequence u = (uy) is stated as

= (uu), stus (reN). 2.1

2mr

It is known that, an infinite matrix is named as regular if it maps any convergent sequence into a convergent sequence with
the same limit.

Lemma 2.1. An infinite matrix B is regular if and only if the following conditions hold:
(1) Sup,en L [brs| < oo,

(i) limy o) bps =1,

(iii) lim, 0 bys =0.

Theorem 2.2. The Mersenne matrix (L is regular.

Proof. From the equality

Z|.urs|—z.urs—z s —1,

1 2mp —r

it is easily seen that the conditions (i) and (ii) hold. It is reached the validity of the condition (iii) from the equality

my .
lim y,s = lim = my. lim
fmresy r—e 2m, —r r—e0 2m, —r
= 5. im ——— =0.

Troe 2rtl —p 2
O

Now, let us introduce the sets £, (1) and £o. (i) of all Mersenne p-absolutely convergent and Mersenne bounded sequences
by

Y

S

G = {u:ws)ew )

r=

<°°} (1<p<e)

stus < 00}

In that case, the sets £, (i) can be rewritten as £, (1) = (¢,)y for 1 < p < o with the notation (1.1). If I' C @ is normed, in that
case I'() is called as a Mersenne sequence space.

Unless otherwise stated in the following parts of the study, 1 < p < oo will be assumed.

Wilansky [26] proved that, if B is triangle and I" is BK-space, in that case the domain I'p is BK-space too, with ||u||r, =
||Bu||r. Therefore, we are ready to give the theorem without proof regarding the BK-spaceness of the sets we just defined.

2m,

and

loo(pt) = {u—(us) € o :sup

reN

Zm,

Theorem 2.3. /,(u) and Lo (1) are BK-spaces with

>,t

Z mstt

Zm,—r

llulle, ) = (Z

r=1

and

Z mstt

el ) = sup |5
(1) — el

)

respectively.

Theorem 2.4. ¢,(11) and L () are linearly isomorphic to the spaces £, and L, respectively.



Mersenne Matrix Operator and Its Application in p—Summable Sequence Space — 45/55

Proof. Since, it can be shown similarly for the other spaces, the theorem will be proven only for the spaces £e. (1) and £e.
For the proof, it must be shown that there is a norm-preserving bijection between the aforementioned spaces. The linearity
of the function described for this purpose as & : fu(lt) — lw, &7 (u) = {u can be seen immediately. Besides this, from the
proposition o7 (1) = 0= u = 0, &/ is decided to be an injection.
By taking into account the sequences v = (V;) € e, and u = (u;) € @ whose terms are

K} dm — i
= Y (—pmimiiy,

m

with u; = vy for all s > 2, we reach the surjectivity of ./ from the expression

(Hu), = 2mr_ ;i Zm u
4 J ;2mi —i
= N —1) Ty
2m,—rsz‘1 i:g_’l( ) my
= V.
Additionally, since the relation |[u||,_,) = | ttu|l,., holds, then <7 keeps the norm. O

Theorem 2.5. Except for the case p =2, {,(lL) is not a Hilbert space.

Proof. If we consider that x = (1,1,—%,0,0,...) and y = (1,—3,3,0,0,...), in that case it is obtain that px = (1,1,0,0,...)
and uy = (1,—1,0,0,...) and

2 2 242 2 2
31,y o= 312,y = 8 #2545 =2 (2 )+ 191, ) -
Hence, the norm associated with the space £, (1) for p # 2 doesn’t hold the parallelogram equality, which is desired result. [

Consider the normed sequence space (I, ||.||) and (1,) € I'. In that case, (7)) is Schauder basis for I" if for any u € T, there
is a unique scalars’ sequence (0;) as

r
u—Y on;
s=1

as r — oo and it is written as u = Y 0;1;.

Now, it will be given the result that determines the Schauder basis of £, (u). It is concluded that the inverse image of the
basis (e!")),en of £, composes the basis of £, (1) because the function <7 : £,(u) — £, described above is an isomorphism. In
this way, we can present the following theorem about the Schauder basis without proof.

Theorem 2.6. Let us consider the sequences 6, = (fu), and n'®) = (’r]r(s)) € {,(u) described as

2mg —§
_1 r—s &) . _1 < o<
(). (=1) my ’ g =i=h

0 , otherwise.

In that case; the set 17(5> is a basis for the space £, (1) and the unique representation of any u € £,(1) is stated as u =Y Gsnm
for1 < p <eo

Theorem 2.7. The inclusion £,(u) C £5(u) strictly holds for 1 < p < p < oo,

Proof. Consider the sequence u = (us) € £,(ut) such that uu € £,,. Furthermore, it is known that £, C {5 for 1 <p < p < oo
and thus pu € £5. Consequently, we can write u = (us) € £5().
The strictness of inclusion can be easily seen when V = pii € £\ £, is taken. O

Theorem 2.8. The inclusion le C loo(LL) holds.
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Proof. By taking a sequence u = (i) € {., from the inequality

1 r
u = sup msu
H ”éw(u) N 2mr—’”£"1 sths
r
< ¢l sup m
el sp| 5t Y m
= lull.e <o,
it is reached that u € £.,(1t), which is desired result. O

Theorem 2.9. The inclusion £, C £,(1) holds.

Proof. By taking a sequence u = (uy) € £, for 1 < p < oo, from the inequality

- p

Y 5 ul

~ 2m,—r

=

p—1
r r
mg » my

(; 2mr*rlus| ) <\z‘1 2mrr>

r ms p
(Z’l 2mr—rlus| )

S=

2m,—r)’

r=s

=

Z |(uu),|? <

r=1

1™

IN
s

‘
I

|
[ agk

‘
Il

I
aok
B
=

©
Il
—_

we reach that H””?p(u) < N||u||fp for N = sup,.y { iy %} This implies that u € £,(1) and £, C £,,(11). It can be shown
that £; C ¢;(p) similarly. O

3. Dual Spaces

It will be calculated duals of the spaces £, (i) in the current part. Since, the following results related the duals can be seen
similar to the case 1 < p < oo, the proofs of results involving the case p = 1 will be omitted. In the rest of the paper, unless
otherwise stated, g = %] will be assumed and .% will represented the family of all finite subsets of N.

For the determination of duals, it may be given the following lemmas collected from the study [27] to characterize some
classical matrix classes:

Lemma 3.1. For 1 < p <oo, B=(by) € (£, : {1) if and only if

oo

sup Z Z by

E€T s=1|reE

q
< oo,

Lemma 3.2. For1 < p <oo, B= (by) € (¢ : ¢) if and only if

liﬁm by exists for all s € N, 3.1
sup Y |bys|? < oo. (3.2)

reNg=1
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Lemma 3.3. B = (b,) € (¢ : ¢) if and only if the conditions (3.1),

sup Z |bys| < oo,
reNg—1

fim =0

brs — lim brs
r—o0

hold.
Lemma 3.4. B = (b)) € (£ : L) ifand only if (3.2) holds for 1 < p < o,

Theorem 3.5. Let us consider the set @) and the infinite matrix G = (g,5) described by

- q
o :{T:(rs)ew: sup Z Zgrs <oo}

E€F s=1|reE
and
_2mg—s .
(-~ =—""r ifr—1<s<r,
my
8rs =
0 , otherwise.

In that case; [(,(1)]% = @) for 1 < p < oo,

Proof. By using the equality (2.1), we obtain that

r 2 _
TrlUy = T ( Z (_l)rslnssvs>
s

=r—1 nmy

— i ((1)f—52m"_sn> vs = (Gv),

s=r—1 my

(3.3)

for all » € N. Hence, it is obtained by the relation (3.3) that tu = (7,u,) € ¢; when u € ,,(u) if and only if Gv € £; when v € £,,.
In that case, it is reached the biconditional statement T € [£,( w)]% if and only if G € (¢ » 1 £1). By taking into consideration the
condition of Lemma 3.1 with together G = (g,y) in place of B = (b,s), it is seen that [¢,(u)]* = @y for 1 < p < oo, which is

desired result.

Theorem 3.6. Let us consider the sets sz(q), O3 and @4 by

T, T q
uw—w(S—ﬂ“)|<w}
ny Mgy

wz(q) _

Wy =

o3 = {’L‘—(‘L’S)Ga):sup
2m, —
{r:(rs)ea):lim n r'cr: }

In that case; [Kp(,u)]ﬁ = wz(q) N@s for 1 < p < e and [&Q(,u)]ﬁ = sz(l) N @y.

O

Proof. Let us choose two sequences T = (T,) € @ and u € £, (1) such that v € £, with the relation (2.1). Then, we reach that

Y, = Zr”’:sus = i Ts ( i (_1)S_i2mi_ivi>
s=1

s=1  \i=s—1 ms
r—1
T T, 2m, —r
= Y @2m—ys) (S _ ol ) Vi+ ——— 1V,
s—1 mg - Mgy my
= (0v),

34)



Mersenne Matrix Operator and Its Application in p—Summable Sequence Space — 48/55

where the matrix O = (0,y) is described as

T T
(2mg — ) <S—S+l> , 1<s<n
ms Mgy
Ops = 2mr - rTr . s=r, (35)
my
0 , otherwise.
It can be checked that
T T
lim 0,5 = (2mg —s) <5 - ”1) . (3.6)
r—reo ms  Mgiq

In that case, from the relation (3.4), it is infered that tu € cs whenever u = (u,) € £, (i) if and only if y = (y,) € ¢ when

vel, Thus, T € [ép(,u.)][3 if and only if O € (¢, : ¢) for 1 < p < eo. Hence, in view of (3.4), (3.6) and the conditions of Lemma
3.2, it is reached that

d T, a 2m, —
Y |@mg—s) ( Hl)‘ <o and sup M7l | < oo
s—1 ms Mg reN my
which is desired result.
It can be shown similarly for the case p = o by the aid of Lemma 3.3 and the relations (3.4) and (3.6). ]

Theorem 3.7. For 1 < p <o, [(,(u)]" = (Dz(Q) N @3-

Proof. It can be obtained with similar approach in the proof of the Theorem 3.6 by considering with together the Lemma 3.4
with the matrix O = (o,,) described by (3.5). O

4. Matrix Transformations
Current part aims to present the matrix classes (£, (i) : ¥), where ¥ € (£, ¢, o) and 1 < p < oo, For brevity, we take

Ors = (2my —s) <b”—b’*"“> 4.1)

m ms1q

in the rest for infinite matrices ® = (@) and B = (b,5) and r,s € N.
Consider that # and v with the relation (2.1). In that case, it is reached that

Z br& Us = Z ¢rs Vs + brn V. (42)

Now, it may be given the following conditions to characterize new matrix classes:

e — o

( s sbm) €l forall r € N, 4.3)
ms s=1

sup || < oo, 4.4)

rseN

sup Z |91 < oo, (4.5)

reN g—=

2ms —§ “

( bm> €coforallr e N, (4.6)
mg s=1

lim ¢, exists for all s € N, 4.7

r—voo

rlg{’l"s:zi |¢s — ps| = 0 for all s € N and (p;) € o, (4.8)

li_>rn |¢s| =0 for all s € N. 4.9)

=300

In that case; from the conditions of the matrix classes in [27] with together Theorem 3.6 and the relation (4.2), it may be given
the following results:
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Theorem 4.1. The following statements hold:

() B=(bys) € (l1(1) : beo) if and only if (4.3) and (4.4) hold.

(ii) B=(bys) € (¢1(u) : ¢) if and only if (4.3), (4.4) and (4.7) hold.

(iii) B = (bys) € (£1(1) : co) if and only if (4.3), (4.4) and (4.9) hold.

Theorem 4.2. For 1 < p < oo, the following statements hold:

(i) B= (b)) € ({p(1) : Le) if and only if (4.3) and (4.5) hold.

(i) B= (bss) € ({,(1) : ¢) if and only if (4.3), (4.5) and (4.7) hold.

(iii) B = (brs) € (£p(1) : co) if and only if (4.3), (4.5) and (4.9) hold.

Theorem 4.3. The following statements hold:

(i) B=(bys) € (b(t) : Lss) if and only if (4.5) and (4.6) hold with g = 1.

(ii) B=(bys) € (bu(l) : ¢) if and only if (4.5), (4.6), (4.7) and (4.8) hold with g = 1.
(iii) B = (bys) € (bu(l) : co) if and only if (4.6) and (4.8) hold for p; =0 and s € N.

5. Compactness by Hausdorff Measure of Non-compactness

This part aims to acquire the necessary and sufficient conditions for an operator to be compact from £, () to the space ¥,
where 1 < p <ooand ¥ € {cy, ¢, lw,{1,cs0,CS,bs}.
For a normed space I', Zr represents the unit sphere in I'. It is used the notation

Lusws

N

[[ullr = sup
xXeIr

for a BK-space I' D Q and u = (uy) € , where Q represents all finite sequences’s space and it is assumed that the series above
is exists and then it is reached that u € T'F.

Lemma 5.1. [28] The following statements hold:

() £ =ch= cg = {1 and ||u||} = ||ul|¢, for allu € £y and T € {lw,c,co}.
(i) ff = Lo and |[ul|7, = ||ull¢.. for all u € L.

(iii) Eﬁ =/{, and ||“H<e>,, = ||ulle, for all u € £4.

The set B(I": W) represents all bounded (continuous) linear operators’ set from I to .

Lemma 5.2. [28] Let T and ¥ are the BK-spaces. In that case, for all B € (I : V), there exists a linear operator £ € B(I' : ¥)
as £p(u) = Bu for every u € T..

Lemma 5.3. [28] Consider that " O Q is a BK-space. If B € (I : \¥), in that case || Zp|| = ||B|| (r:-w) = sup,ey ||Br[|f- < .

Let us consider a metric space I" and A C I" is bounded. The Hausdorff measure of non-compactness of A is represented
with ¥ (A) and it is described by

x(A) :inf{s >0:ACUjA(uj,nj),uj €L,n; <£,r€N},

where A(uj,n;) is the open ball centred at u; and radius n; for each j = 1,2,...,r. Researchers who want to get more detailed
information about Hausdorff measure of non-compactness can benefit from [28] and its references.

Theorem 5.4. [29] Let A C £, is bounded and the operator A, : £, — {,, described as Ay(u) = (uy,u2,u3,...,u,,0,0,...) for
every u= (us) € £, 1 < p <eoand each n € N. In that case, for the identity operator I on £, it is reached that

%(4) = lim (igna—an)(unup) .

n—o0
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For the Banach spaces I" and W, a linear operator . : I' — ¥ is named as compact operator if domain of .# is whole of
I" and Z(A) is totally bounded set in ¥ for all u = (u,) € o NT. Equivalently, .# is compact if (£ (u)) has a convergent
subsequence in ¥ for all u = (u;) € L NT.

Let ||.Z||x represents Hausdorff measure of non-compactness of . and it is described by ||.Z|x = x(-£L(Zr)). The
notions Hausdorff measure of non-compactness and compact operators have a distinct relationship of ”.Z is compact if and
only if ||.Z||x =0".

Readers can use the studies [30, 31, 32, 33, 34, 35] for sequence space studies where Hausdorff measure of non-compactness
is used to determine compact operators between BK-spaces.

Lemma 5.5. [30] Let T" D Q is BK-space. In that case:
() IfBe (I':cp), then || £, = limsup, ||B,||}- and ZLp is compact if and only if lim, || B, ||} = 0.

(ii) IfT has AK property orTU =l and B € (I : ¢), then

1. .
5 limsup |[B, — k|[p- < |||l < limsup B, — ]|y
r r

and £ is compact if

lim|B, — «||& =0
r

where ¥ = (k) and ks = lim, by.

(i) IfB € (I': {w), then 0 < || L3, < limsup, ||B,||}> and ZLp is compact if lim, ||B,||3- = 0.

)

and L is compact if and only if lim; (suPEeg?,- IX,ce B,||f~) =0, where .F represents the family of all finite subsets of

@iv) IfBe (T': ¢y), then

<

e

rek

e

rekE

) <||-Z%

x < 4.lijm ( sup

lim [ sup
J EcT; r EcT;

N and 7 is the subcollection of F consisting of subsets of N with elements that are greater than j.

In the sequel of the study, it is used the matrices ® = (¢,,) and B = (b,) connected with the relation (4.1).
Lemma 5.6. Let ¥ C 0. If B€ ({,(1) :'¥), then ® € (£, : ¥) and Bu = ®V hold for all u € £,,(1t) and 1 < p < oo,
Theorem 5.7. Let 1 < p < oo. In that case:

() IfBe (£y(1):co), then ||Lp|, = limsup, (¥, |¢,S|4)5 and L3 is compact if and only if lim, (¥ |¢rs|‘1)$ =0.
(i) IfBe (€,(u):c), then
1 g i
timsup (10 —al’) " < sl < timsup (L0~
and £ is compact if and only if lim, (¥, |@ps — as\q)% =0, where ag = lim, .
(i) IfB € (£,(1) : L), then O < || L3l < limsup, (L, |6,s]9)7 and Ly is compact if lim, (X, |9ys]4)7 =0,
(iv) IfBe (£,(1):¢1), thenlim; ||B||Ej) o S | -LB|; < 4.1im; HBHE;) and £p is compact if and only if lim; ||BHE;) =

) Cp(p): 1 (p(1):01) p():lr)
0, where ”BHEZ(M):EI) = SUPgeg; (X5 1XreE ¢rS|q)6-
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Proof. (i) Let B € ({,() : co). It is seen that

1
q
1B 117, (u) = 12+ ll7, = 1@l = <Z|¢m|‘7)

Thus, in view of Lemma 5.5-(i), it is reached that
1

. . q
|l = timsup 131, = timsp (o)
r r s

1
and .%} is compact if lim, (Y |@rs|7) 4.
(ii) Let B € (¢,(u) : c). In that case, @ € (¢, : ¢) by Lemma 5.6. From Lemma 5.1-(iii) it is concluded that

1
q
I, alf, = 1@ ~ali, = (T lon—at')" 5.1
s

By the aid of the Lemma 5.5-(ii), it is reached that

1. .

EhmsupHCIDr—aHZp < [|-Z5lly <limsup ||, —all7 . (5.2)

r r

Then, considering (5.1) and (5.2) together, it is obtained that

1 1

1. q . q
3 limsup <Z|¢rs _as|q> < [|-ZBlly <limsup (Z |Brs _asq)
r s r s

Moreover, it is seen by Lemma 5.5-(ii) that %5 is compact if and only if

1

lim (): 195 — axq) "o

(iii) This proof can be made analogous to that of (i) and (ii) considering Lemma 5.5-(iii).
(iv) It is reached that

q> q
Let B ({,(u) : £1), then by Lemma 5.6, ® € (¢, : £;) holds. In that case, by taking account the Lemma 5.5-(iv), it is
concluded that
,,) !

Z ¢rs

rek

I X Bl =1 X @, =1 X @1, = (Z

rek rekE N

Z (Prs

rekE

1
N
um<supz Y 6. ) <||xB||x<4nm<supz

J EcF; s |reE EcT; s

and % is compact if and only if

llm(supz Z%q):o.

J EEQ, s |reE

Lemma 5.8. [30] Let T" D Q is BK-space and

IBII{L,

In that case:

() IfB € (I':cso), then ||.£p||,, = limsup, ”B”Erllb and £y is compact if and only if lim, ||B||(F bs) = 0-
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(ii) IfT has AK and B € (T : cs), in that case

< <

Y B¢

n=1

< || -Zs||; < limsup
F r

1
i
5 1mrsup

Y B
n=1

T
and Ly is compact if and only if lim, || Y1 B, — & ||t = 0, where § = & with § =1im, 00 Y.}, by for each s € N.

(iii) IfB € (T : bs), then 0 < ||.Z||,, < limsup, HB|| (Tbs) And Zp is compact if lim, HBH (Tbs) = O-

Iy <

Theorem 5.9. Let 1 < p < oo. In that case:

() IfBe ({y(1):cso), then || LB, =limsup, (L] X, ¢,S\q)$ and L is compact if and only if lim, (Y| Y _, ¢,S|q)é =
(i) IfBe (€,(u):cs), then
q>:,

=0, where a = (ds) and dg = 1im, Y., _ | @ps.

r

Y Ous

n=1

1
a\ g .
711msup (Z ds > < |||y < limsup (Z Y ns—a
s r s |n=1

Q=

and L is compact if and only if lim, (¥ |Y0_ | @ns —ds|?)
(iii) IfB € (Ly(u) : bs), then

q> i
and L is compact if lim, (YY) @ns|?)

Proof. (i) It is clear that
O ( q) |
ly S

r o
=Y @ =
n=1
1
Hence, by using Lemma 5.8-(i), it is obtained that ||.Z3|,, = limsup, (¥, |¥,_; ¢s|?)7 and Zp is compact if and only if

EP
hmr(ZY|Zn 1 "”‘ )1'
a\ g
_ <Z . ) . (5.3)
£y s

(ii) We have
If Be (£,(u) : cs), in that case by Lemma 5.6, it is reached that ® € (£, : cs). In that case, by the aid of the Lemma 5.8-(b), it
is deduced that

r

Z ¢ns

n=1

0 <|Zsll, <limsup (Z
r K

Q=

=0.

<
r

Y 5,

n=1

Z (Pns

n=1

lp(p)

<

Y Ons

fond | f o s
n=1 n=1 n=1

Ly

(o] <o

f o a

1
glimsup < || -Z5||; < limsup

A

)

0

,
Y ®.—a
n=1

which on using (5.3) gives us

1
— limsup
2 r ( s |n=1

q> 7
and also, % is compact if and only if lim, (Y, |¥)_; @ns — ds|? ),, =0.
(iii) It can be done similarly to the proof of the first part, considering Lemma 5.8-(iii). O

1
a\ g -
a ) §||$B||x§1imsup<2 2 Ops — a
r

s |n=1

Theorem 5.10. (i) If B € ({(l) : o), in that case |||, = limsup, Y. |y| and ZLp is compact if lim, ¥ |@,s| = 0
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(ii) IfB € (Yo(l) : ), then

1., .
Ehmsup (Z|¢m—as|) < || -Z5l|; < limsup (Z|¢m—as|)
r s r K

and £p is compact if and only if lim, (¥ |¢,s — as|) = 0.
(i) If B € (loo(l) : o), in that case 0 < || Lp||, < limsup, Y. |@rs| and Lp is compact iflim, Y || = 0.

(iv) IfB€ (Lu(pt):¢1), thenlim; ||B||E£Q(”):£]> <||ZBll, <4.1lim; ||B||E;1(”)I/I> and Ly is compact if and only if lim HBHEQ(H):M =
0, where |BII(). 1.0, = SUPge 5, (Lo [Erer 9l) for all j € N,
Proof. 1t can be obtained in a similar way to the proof of Theorem 5.7. So, it is omitted. O

Theorem 5.11. (i) IfB < (¢1(u): co), in that case ||£B||, =limsup, (sup, |@,s|) and L is compact if and only iflim, (sup; |@s|) =
0.

(i) IfB e (¢1(n) : c), in that case

1
Elimsup <sup |y —as|) < || -ZB||; < limsup (sup |y —as>
r N r S

and £Lp is compact if and only if lim, (sup; |¢,s — as|) = 0.
(iii) IfB € (£1(1) : be), in that case 0 < || ZLp||,, < limsup, (supy |@r|) and Lp is compact if lim, (sup, |@,s|) = 0.

Proof. It can be acquired in a analogous procedure of Theorem 5.7. Thence, it is omitted, too. O
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Abstract
Let H be a Hilbert space. In this paper we show among others that, if the selfadjoint operators A and B satisfy
the condition 0 < m <A, B < M, for some constants m, M, then

A’®1+1QB?
0< —v(l-v) <f—A®3)

<(1-v)A®1+vI®B—A"V®BY
A2®1+1®B?

for all v € [0,1]. We also have the inequalities for Hadamard product

A%+ B?
2V(l—V)( i ol—AoB>
<[(1-v)A+VBJol1—-A""VoB"

v(1—v) (A2+32

ol —AoB>

forall v e[0,1].
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1. Introduction
The famous Young inequality for scalars says that if a, b > 0 and v € [0, 1], then
a Vb < (1—-Vv)a+vb (1.1)

with equality if and only if a = b. The inequality (1.1) is also called v-weighted arithmetic-geometric mean inequality.
We recall that Specht’s ratio is defined by [1]

1
hh—

T~ ifh € (0,1)U(1,)
S(h) == ”“(’“’") (12)
lifh=1.

It is well known that limy,_,; S (k) = 1, S(h) = S(7) > 1 for h > 0, h # 1. The function is decreasing on (0, 1) and increasing

n
on (1,e0).
The following inequality provides a refinement and a multiplicative reverse for Young’s inequality

S((g)) avhY < (17v)a+vb§5(g) a Vb, (1.3)

where a, b >0, v €[0,1], r=min{1 — v, v}.
The second inequality in (1.3) is due to Tominaga [2] while the first one is due to Furuichi [3].
Kittaneh and Manasrah [4, 5] provided a refinement and an additive reverse for Young inequality as follows:

r(\[*\/l;)zﬁ(1*V)G+beal_va§R(\f*\fb)2 14

where a, b >0, v €[0,1],r=min{1 —v,v} and R=max {l —v,v}.
We also consider the Kantorovich’s ratio defined by

(h+1)?
4h

K (h):= , h>0. (1.5)
The function K is decreasing on (0, 1) and increasing on [1,0), K (h) > 1 for any 7 > 0 and K (h) = K () for any h > 0.
The following multiplicative refinement and reverse of Young inequality in terms of Kantorovich’s ratio holds

K’(g) a"vbY < (1-v)a+vb< KR (%) a'vpY (1.6)

where a,b >0, v € [0,1], r=min{l —v,v} and R = max {1 — v, v}.

The first inequality in (1.6) was obtained by Zou et al. in [6] while the second by Liao et al. [7].

In [6] the authors also showed that K" (h) > S (h") for h > 0 and r € [0, }] implying that the lower bound in (1.6) is better
than the lower bound from (1.3).

In the recent paper [8] we obtained the following reverses of Young’s inequality as well:

0<(1—=v)a+vb—a'""Vb¥ <v(1—V)(a—b)(Ina—Inb) (1.7)
and
(1—V)a+Vb a
1< <exp [4v(17v) (K(Z)fl)}, (1.8)

where a,b >0, v € [0,1].
In [9], we obtained the following Young related inequalities:

Theorem 1.1. Forany a,b > 0 and v € [0,1] we have

1—-v)a+vb—a'='p" (1.9)

—~

1
SV(L=v) (Ina —Inb)* min {a,b} <

< =v(1—vV)(Ina—Inb)*max {a,b}

S
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and

1
exp Ev(lf (1.10)

(b—a)? (1—v)a+vb
) max? {a,b}] T

(b—a)’

1
< —v(l-V)———]|.
< exp [2 ( )minz{a,b}

For an equivalent form and a different approach in proving the results (1.9) and (1.10) see [10].

The second inequalities in (1.9) and (1.10) are better than the corresponding results obtained by Furuichi and Minculete in
[11] where instead of constant % they had the constant 1. Let Iy, ..., [; be intervals from R and let f: I} X ... x [, — R be an
essentially bounded real function defined on the product of the intervals. Let A = (Ay,...,A,) be a k-tuple of bounded selfadjoint
operators on Hilbert spaces Hy, ..., Hy such that the spectrum of A; is contained in /; for i = 1,...,k. We say that such a k-tuple is
in the domain of f. If

A,'Z/I.)L,'dE,' (QL,)
is the spectral resolution of A; for i = 1,...,k; by following [12], we define
F(AL AL ::/I o | 2 B (20) .0 dE () (1.11)
1 k

as a bounded selfadjoint operator on the tensorial product H ® ... ® H.

If the Hilbert spaces are of finite dimension, then the above integrals become finite sums, and we may consider the functional
calculus for arbitrary real functions. This construction [12] extends the definition of Koranyi [13] for functions of two variables
and have the property that

f(AL . A) = f1(A1) ® ... ® fi(Ak),

whenever f can be separated as a product f(¢1,...,%) = fi(t1)...fx(t) of k functions each depending on only one variable.
It is know that, if f is super-multiplicative (sub-multiplicative) on [0,0), namely

fst) > (<) f(s) f(r) forall s,z € [0,00)
and if f is continuous on [0,c0), then [14, p. 173]
f(A®B) > (<) f(A)®f(B) forall A, B > 0. (1.12)

This follows by observing that, if

A= [ tdE(r) and B= / sdF (s)
0:) 0:)

are the spectral resolutions of A and B, then
f(A®B)=/[O )/[0 ) dE ()@ dF (3 (1.13)

for the continuous function f on [0, ).
Recall the geometric operator mean for the positive operators A, B > 0

A#B = A2(A712BAT1/2)1A1 2,
where ¢ € [0,1] and

A#B = AV2(A12BA1/2)1 /24172,
By the definitions of # and ® we have

A#B = B#A and (A#B) ® (B#A) = (AQ B)#(B®A).
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In 2007, Wada [15] obtained the following Callebaut type inequalities for tensorial product
(A#B) ® (A#B) < — [(A#¢B) ® (A#|_oB) + (A#,_oB) ® (A#4B)] (1.14)

<-(A®B+B®A)

N = N =

forA,B>0and o € [0,1].
Recall that the Hadamard product of A and B in B(H) is defined to be the operator A o B € B(H) satisfying

((4oB)eje;) = (Aej.ej) (Bejre;)
for all j € N, where {e j}j c 18 an orthonormal basis for the separable Hilbert space H.
It is known that, see [16], we have the representation

AoB=U"(A®B)% (1.15)

where % : H — H ® H is the isometry defined by % ¢; = ¢;®e; for all j € N.
If f is super-multiplicative (sub-multiplicative) on [0,0) , then also [14, p. 173]

f(AoB) > (<)f(A)of(B) forall A, B> 0. (1.16)

We recall the following elementary inequalities for the Hadamard product
Al2oB2 < (A;FB> olforA, B>0

and Fiedler inequality

AoA™' > 1forA>0. (1.17)
As extension of Kadison’s Schwarz inequality on the Hadamard product, Ando [17] showed that

AoB< (A2 1) (B201)" fora, B>0
and Aujla and Vasudeva [18] gave an alternative upper bound

AoB < (4%0B%)"* for A, B>0.

It has been shown in [19] that (A% o 1)1/ 2 (B*o1) 2 and (A?0B?) 12 are incomparable for 2-square positive definite matrices
A and B.
Motivated by these results, in this paper we provide among others some upper and lower bounds for the Young differences

(1-v)AR1+vieB—-A"V®BY
and

[(1-V)A+vBJol —A'""VoBY
forve0,1]and A, B> 0.

2. Main Results

The first main result is as follows:

Theorem 2.1. Assume that the selfadjoint operators A and B satisfy the condition 0 <m < A, B < M, then

0< %mv(l —v)[(In*A) © 1+ 1® (In°B) —2InA®InB] (2.1)
<(1-v)A®l+vieB-A"V®B"
< %Mv(l ~v)[(In*A) ® 1+ 1® (I B) —2InA®InB|
< %v(lfV)M(lanlnm)z
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forallv e[0,1].
In particular,

0< %m [(In*A) ©141& (I’ B) —2InA®InB] (2.2)
§A®1+1®B—A1/2®B‘/2
[
< M[(n*A)©1+1@ (In*B) —2InA@InB]
% (InM —Inm)*.

Proof. If t, s € [m,M] C (0,0), then by (1.9) we get

0

IN

mv(1—v)(Int—Ins)> < (1—=v)i4vs—t'Vs" (2.3)

IN

Mv (1 —v) (Inf —Ins)?
M

IN
N = N =N =

v(1—v)(InM —Inm)*.

If

M M

tdE (t) and B = / sdF (s)

m m

A

are the spectral resolutions of A and B, then by taking in (2.3) the double integral [* [M over dE (1) @ dF (s), we get

0

IN
l\)\'—

l—v// (Inz —Ins)*dE (1) © dF (s) (2.4)

M

IN

/.M [(1=v)t+vs—t'"Vs"] dE (t) @ dF (s)

IN
3

oo\—‘l\)\

v(l—v // (Int —1Ins)? dE (t) @ dF (s)
M (InM — Inm) / / dE (1) © dF (s).

Now, observe that, by (1.11)

/ / (In7 —Ins)2dE (1) @ dF (s) /M/M 1%t —2Intlns +Ins) dE (1) @ dF (s)

m m

/M Y\ tdE () @ dF (5) + / / In? sdE (1) @ dF (s)

m m

M M
—2/ / InzInsdE (1) ® dF (s)
m m
=(In*A)®1+1® (In*B) —2InA®nB,

/M/M [(1= V)14 vs—1"Vs"]dE (1) @ dF (s) = (1~ v )/M/MtdE()®dF() V/M/MsdE(t)®dF(s)

m m m m
/ / VSVAE (1) @ dF (s)
=(1-v)A®1+vieB-A""VoB"

and

/mM/njwdE(t)@dF(S):l@l:l.

By employing (2.4), we then get the desired result (2.1). O
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Corollary 2.2. With the assumptions of Theorem 2.1,

o
IN
| =

mv(1—v)[(In*A+1n*B)o1—2InAolnB] (2.5)
1-Vv)A+VBlol1—A'""VoB’

IN

IN

Mv(1-v)[(In?A+1n*B)o1—2InAcInB|

IN
(ST S

v(1—v)M(InM —Inm)?

forallv e[0,1].

In particular,

0< ém [(In2A+1n*B) o1 —2InAolnB] (2.6)
< #M—AI/%BW

M [(In?A+1n’B) o1 —2InAcInB|

M

< (InM —Inm)*.

Proof. The proof follows from Theorem 2.1 by taking to the left 27 *, to the right %, where % : H — H ® H is the isometry
defined by % ej = ej®e; for all j € N and utilizing the representation (1.15). O

Remark 2.3. Ifwe take B= A in Corollary 2.2, then we get

0

IA A
- X =

v(1—-v)[(In?A)o1—InAolnA] <Aol-A'""VoAY (2.7)
v(1—v)[(In?A) o1 —InAolnA]

[
[

v(1—v)M (InM —Inm)?

IN
N

forallv e[0,1].

In particular,

0<-m[(In®A)ol—InAclnA] <Aol—AY20Al/? (2.8)

Bl— =

< -M[(In*A)o1—InAoclnA] < M (InM —Inm)>.

0| =

Theorem 2.4. With the assumptions of Theorem 2.1, we have
m
2M?
<(1-v)A®1+vieB—-A"V®BY

0< v(l-v)(A*’®1+1®B*—2A®B) (2.9)

M 2 2 M 2
gﬁv(l—v) (A>®14+1®B°—2A®B) §Wv(1—v)(M—m)

forallv e[0,1].
In particular,

m 2 2
OSW(A ®14+1®B*—2A®B) (2.10)
SA®1J£1®B_A1/2®BI/2
M o 2 M 2
<— (A’014+1®@B*—2A®B) < — (M —m)".
_sz( ®1+1Q® ®)_8m2( m)
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Proof. We observe that

1 Ina—1Inb 1
max{a,b} = a—b ~ min{a,b}’

0<

which implies that

- 1 < Ina—1Inb < 1
max?{a,b} — \ a—b ~ min®{a,b}

for all a,b > 0.
By making use of (1.9), we derive

1 » min{a,b}

g% (1—v)(Ina—Inb)*min{a,b} < (1-v)a+vb—a' Vb
l B 2 max{a,b}
=3 v(l=v)( min® {a,b}’

If ¢, s € [m,M] C (0,0), then by (2.11) we get

<— -V (t—s5)?<(1— —vY 2.12

0 3 SV(L=v)(t—s)" < (1=Vv)t+vs—t s (2.12)
M )

<—v(1=v)(t—s)*.

_2m2v( V) (t—s)

If

A— /MtdE (1) and B — /Mde(s)

m m

are the spectral resolutions of A and B, then by taking in (2.12) the double integral fnfl f,,’? over dE (1) @dF (s), we get

0< V(v (/ / (t—$)*E (1) @ dF (s) (2.13)
< Y [(1— V)t+vs—t'"VsV] E (1) @ dF (s)
2ﬁ I—v // (t—$)2E (1) @ dF (s).

Since, by (1.11)

[ [ e-srewsar

12 —2s+5%)E (1) @ dF (s)

=L [
/,;/m 2E (1) @ dF (s +// ) @dF (s //mE 1) @dF (s)

®1+19B*>—2A®B,

then by (2.13) we derive the first part of (2.9).
The last part follows by the fact that

(t=9)* < (M—m)

forallt, s € [m,M]. O
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Corollary 2.5. With the assumptions of Theorem 2.1, we have the following inequalities for the Hadamard product
A%+ B?
0< My (1-v) ( i
M?

<[1-=Vv)A+VvBJol—-A""oB"

ol—AoB) (2.14)

M A2+ B? M 5
<mzv(l—v)( 3 ol—AoB) <mv(1—v)(M—m)

forallv e[0,1].
In particular,

m (A>+B? A+B s w1/
0§4M2(201—A0B>§201—A/0B/ (2.15)
M [A?+B? M )

The proof of this corollary is similar to the one of Corollary 2.2 by utilizing Theorem 2.4 and we omit the details.

Remark 2.6. If we take B= A in Corollary 2.5, then we get
m _
OSWV(I—V)(Azol—AoA)SA—AI YoAY (2.16)

M ) M 2
gﬁv(l—v) (A’01—AocA) gﬂv(l—v)(M—m)

forallv e[0,1].
In particular,

0< o5 (4201 —AoA) Aol —4'onl/? 2.17)

Mo M 2
< m(A ol—AoA) < W(M—m) :
Further, we also have:
Theorem 2.7. Assume that the selfadjoint operators A and B satisfy the condition 0 < A, B < M, then
0<(1-v)A®1+vI®B—A"V®BY (2.18)

A'®B+A®B™! 1)
2

ng(l—v)(

forallv €[0,1].

In particular,

AR1+1®B 1 (A'®@B+A®B™!
O§®—;®—A1/2®BVZS4M( © ; © —1). (2.19)
Proof. Recall that if a, b > 0 and
h, .
lnbfilna ifa 7& b’
L(a,b):=
bifa=b

is the logarithmic mean and G (a,b) := /ab is the geometric mean, then L(a,b) > G (a,b) for all a, b > 0.
Then from (1.9) we have for a # b that

(1—V)a+vb—a'"""b" < —v(1—v)(Ina—Inb)* max {a,b}
Ina—1Inb\>
v (“Z_a“b) max {a, b}

(b—a)’

< v(l—v)Tmax{a,b}

D= R = R = N —

v(l—v) <Z+Zz) max {a,b}
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which implies that

1 b
(1-=v)a+vb—a'"Vb' < Ev(lfv) <+ZZ) max {a,b}
a

foralla, b > 0.
If ¢, s € [m,M] C (0,0), then by (2.20) we get

(1=v)t4vs—117Vs" <

v(l—v) (;+272>max{t,s}
Mv(1—v) (;+£—2).

By taking in (2.21) the double integral frﬁll fn]fl over dE (1) ® dF (s), we get

" M[(1—v)t+Vs—t]*VsV]dE(z)@dF(s)gle(l—v) Y
m Jm 2

m m

Since

/,,,MAM(SJF*—Z)dE ®dF (s // (1) @ dF (s) + /mM/njwts’ldE(t)éédF(s)
—/m/de(t)®dF(s)

=A'®@B+A®B ' -2,
hence by (2.22) we derive (2.18).
Corollary 2.8. With the assumptions of Theorem 2.7, we have the inequalities for the Hadamard product
0<[(1-v)A+VB]Jol—A""VoBY

A 'oB+AoB™!
SMV(I—V)(O;—O—Q

forallv e[0,1].

In particular,
-1 -1
ogA;zLBol—Al/zoBl/zgiM (AOB;AOB —1).

The proof of this corollary is similar to the one of Corollary 2.2 by utilizing Theorem 2.7.
We observe that, if we take B = A in Corollary 2.8, then we get

0<Aol—-A""YoA" <Mv(1-v)(A'oA-1)
forall v € [0,1].
In particular,

0<Aol—A"%0 A1/2<8M( loA—1).

We also have the following multiplicative results:

Theorem 2.9. Assume that the selfadjoint operators A and B satisfy the condition 0 <m <A, B <M, then

1-v \ 1 M—m 2] 1-v v
ATV ®BY <exp Ev(l—v) - ATV ®B

<(1-v)A®1+4+VvIQB

g 2]
<exp Ev(l—v) (m> A"V o BY
m

M(;+§_z)dE<t>®dF<s>-

(2.20)

221

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)
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forallv e[0,1].
In particular,

1-v v (1 (M —m\?] 1/2 1/2
ATV RBY <exp s\ A" ®B (2.28)

<A®1+1®B
- 2
1M —m\?

<exp <) A2 @ B2,
8 m

Proof. Since

(b—a)? (max{a,b}—min{mb})zz (1_ min{a,b}>2

max2{a,b} max {a,b} max {a,b}

and

- (melaomnlatl) (el 1))

hence by (1.10) we derive

1 min{a,b} \?| _ (1—=v)a+vb
~v(l- l—— < — 2.29
xp lZv( V) ( max{a,b}) ] - al=vpy (229)
1 max {a,b} 2
< —v(l-v) | ——=2 .
=P [ZV(l v)<min{a,b} 1) ]
If ¢, s € [m,M] C (0,0), then by (2.29) we get
1 M—m\> 1 M—m\>
- o o I-vv ~ o < - o o 1-v v .
exp[zv(l v)( I ) ]t sV <(1 v)t—ﬁ-wexp[zv(l v)( - >1t s (2.30)
Now, if we take the double integral [ [ over dE (t) @ dF (s) in (2.30), we derive the desired result (2.27). O

Corollary 2.10. With the assumptions of Theorem 2.9, we have the inequalities for Hadamard product
1-v \% -1 M—m 7] 1—-v v
A7V oB " <exp|zv(l—V)(———] |A" 0B (2.31)
<(l-v)A+vVB

1 M—m\?]
<exp 2v(1—v)<m> A'"VoBY

Sforallv e[0,1].
In particular,

1 (M—m\?
A1/20B1/2§exp [8 (M) ]Al/zoBl/z (232)

<ATB

2

2
m
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If we take B = A in Corollary 2.10, then we get the following inequalities for one operator A satisfying the condition

O<m<A<M,

1 M—m\?]
A7V oAY <exp Ev(l—v) (m) Al7VoaY

M

<Aol

1 M—m\?]
<exp Ev(l—v) <m> Al7VoAY

forall v € [0,1].
In particular,

2
A1/2OA1/2§exp I(I\/I—m) A2 54172

g\ M
<Aol
] N
< exp 1<M—m> A2 o412
8 m

3. Inequalities for Sums
We also have the following inequalities for sums of operators:

Proposition 3.1. Assume that 0 < m < A;, Bj <M and p;, qj > 0 fori € {1,...

Oy = 21;:1 qj. Then

n

1

n k
—V) Ok (Zm&) @14+ VR1® <Z qj
i=1

=1

M 2

and

n k
0<(1-v)0 (ZPiAi> @1+ Vh1® <Zq,~
i=1

=1

<Mv(l—v)x

k
m
0< 5 ( l (Zp-A%>®1+Pn1®<Zq,-
i j=1

™~

—_

q;B} >

Proof. From (2.9) we get
m 2 2
0< Wv(l—v) (A} ®1+1®B;—2A;®B))
<(1-Vv)A®l+vI®B;—A " ®B)
<-—v(1-v) (A ®1+1®B; —2A;®B))

v(1—v)(M—m)?

2

7n}7 j 6 {17"'7

n k
B;) -2 <ZP1‘A1‘> ® (Z qujﬂ
i=1 j=1
Bj> - (im&“) ® (
i=1
M U k n k
< W"(l—v) [Qk <ZP1A12> RNI+FI® (Z CHB?) -2 <ZpiAi> ® (Z quj>
=1 Jj=1 i=1 j=1

B,-> - (iz"%piA;V> ® (j{k:lqﬁo

(T pid ™) @ (Zf148) + (T pid) @ (T2 078 1>Pan

(2.33)

(2.34)

k}, and put P, :==Y" | pi,

3.1)

3.2)
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forall fori € {1,....,n}, j€{l,...,k} and v € [0,1].
If we multiply by p;q; > 0 and sum, then we get

n k
_m 5 ,
0< 7Y ;J;qml (A2@1+10B—24,0B)) (3.3)
n k
SZZ jpl A®1+V1®B Al V®BV]
M n k ,
Sﬁv(l—v);;q,pl@ ©1+1082—24;®B))
M 2 n k
S gV 1=V (M= qjpi-
2m l:le:Zl j
Observe that
n k
Y Y ajpi (A; ®1+1®B5—24,®B;)
i=1 j=1
n k nok -
=LY apaielt Y Yapil 0B =21 Y pidi e,

I
—_

i=1j=1 i=1j=1 i=1j=1

k n k
Ok (Zp,A%) RNI+FP1I® (Z C]jB§> -2 <ZP,’A,’> ® (Z quj>
i=1 j=1 i=1 Jj=1
k

k n k n
Y gipi[(1-V)A@1+vI®B; —A ™Y @B =(1-v) ZqupiAi®l+VZqupil®Bj
j=1 i=1j=1 i=1j=1

and

-

i=1

,qujplAl V®Bv

i=1j=

n k
Y (ZP;A,) @1+ Vh1® (Z quj>
i=1 j=1
n | k
—\ YAV e Y aBY ).
i=1 j=1
By (3.3) we then get the desired result (3.1).

The inequality (3.2) follows in a similar way from (2.18). ]

Corollary 3.2. With the assumptions of Proposition 3.1, we have the Hadamard product inequalities

o o) () <(5)- (o)
[o-vn(goe) o) o) ()
o) ) (8- (o)

34
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and
n k n k
0< [(1 —V) Ok (ZpiAl) +VP, (Z q;B,-)] ol— (ZpiA}V> o (Z qu,v) (3.5)
i=1 j=1 i=1 i=1
o iA_l ;Z: i
<My (1-v)x ( i=1P ) (): =19j )2(): | pid)o (Z, 19;B >Pan

If we take k = n, p; = g; and B; = A;, then we get the simpler inequalities

0< A’;l (1 —V P, <ZP1 > ol— (ipiAl) © (ipiAi>] 3.6)
=1 i=1
g ) i)
i=1 i=1 i=1
o)) ()
~ 2m2 n o [Z8 Y] l:l 41
< z%v(pv) (M —m)* P
and
0 < B (iPiAi) ol— (i piA}_V> o (i piA,-V> (3.7
i=1 i=1 i=1
) (5
i=1

for all v € [0,1], provided that 0 <m < A; <M and p; > O fori € {1,...,n}.
We also have the multiplicative inequalities:

Proposition 3.3. With the assumptions of Proposition 3.3,

" Al o v L M—m 1-v o v
Zp,Ai ® quBj <exp 2v(l V) Zp,A ® Zq,B] (3.8)
i=1 =1 =1
n k
—V) Ok (Zm&) @1+ VP1® <Zq,~B,~>
i=1 j=1

<exp EV(I_V)<M ’") 1 <ZP1A1 V) ® <jiqufv'>

<ipiA,-1_v> ° (i qJ'B,V-> < exp [;V(lv) (M ) ] (szAl V> ()k: q,-B,V-> (3.9
i=1 Jj=1 j=1
(1-v)Q (Zp, ,)ol—i—anlo(i )
—m 2 n k
<exp [;V(l —V) <Mm) ] (;p#\}v> ° (jZ:lqu}/> :

and

forallv e[0,1].
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If we take k = n, p; = g; and B; = A; in (3.9), then we get the simpler inequalities

3 o= Vo (3 par ) <exp | 2wt —v) (M=) | (3 parv Vo (3 g8
pidi " | o | Y piAl | <exp 2v(1 V) m Y pidi ™ ) o[ Y 4B} (3.10)
i=1 i=1 i=1 j=1

n
<h (Z PiAi> ol
i=1

2 n n
<exp [;v(l —V) (Mn;m> ] (Z{pﬁ}") o (Z{P,'A,y> )

forall v € [0,1], provided that 0 <m < A; <M and p; > 0 fori € {1,...,n}.

4. Conclusion

In this paper, by utilizing some recent refinements and reverses of scalar Young’s inequality, we provided some upper and
lower bounds for the Young differences

(1-v)A®1+vioB—-A"V@BY
and
[(1-v)A+VvBlol—A'""VoBY

for v € [0,1] and A, B > 0. The case of weighted sums for sequences of operators were also investigated.
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