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Solutions of Proportional Learning and Forgetting Models by Proportional Laplace Transform on
Time Scales

Ayse Cigdem YAR! , Emrah YILMAZ?**

1.2 Department of Mathematics, Faculty of Science, Firat University, Elazig, Tiirkiye
layseyar23@gmail.com, 2* emrah231983@gmail.com

(Gelis/Received: 21/01/2024; Kabul/Accepted: 22/03/2024)

Abstract: Knowledge is acquired as a result of some activities but is forgotten over time. Much work has been done on this
subject in fields such as mathematics, engineering and psychology. There are many learning and forgetting models in literature.
In this study, a learning and forgetting model considered in classical analysis is redefined with the help of proportional
derivative on time scales. The cases where the learning and forgetting rates are constant and the Arastirma Makalesi Arastirma
Makalesi learning function shows exponential and hyperbolic functions properties are analyzed. These models are solved with
the help of the proportional Laplace transform. Finally, the models considered with the general solution method of first-order
proportional dynamic equations were examined on the time scale.

Key words: Proportional derivative, proportional Laplace transform, time scale, learning and forgetting model.

Zaman Skalasinda Oransal Ogrenme ve Unutma Modellerinin Oransal Laplace Doniisiimii ile Coziimleri

Oz: Bilgi, baz1 faaliyetler sonucunda kazanilir ancak zamanla unutulur. Matematik, mithendislik ve psikoloji gibi alanlarda bu
konu iizerine pek ¢cok caligma yapilmistir. Literatiirde pek ¢ok 6grenme ve unutma modeli bulunmaktadir. Bu ¢aligmada, klasik
analizde ele alinan bir 63renme ve unutma modeli, zaman skalasinda oransal tiirev yardimiyla yeniden tanimlanmistir. Ogrenme
ve unutma oranlarinin sabit oldugu ve 6grenme fonksiyonunun iistel ve hiperbolik fonksiyon o6zellikleri gosterdigi durumlar
analiz edilmistir. Bu modeller oransal Laplace doniisiimii yardimiyla ¢dziilmektedir. Son olarak birinci mertebeden oransal
dinamik denklemlerin genel ¢ozlim yontemi ile ele alinan modeler zaman skalasinda incelenmistir.

Anahtar kelimeler: Oransal tiirev, oransal Laplace doniisiimil, zaman skalasi, grenme ve unutma modeli.

1. Introduction

Fractional calculus began to be studied shortly after the emergence of classical calculus. Fractional
calculus is deeply related to the dynamics of complex problems. Many mathematical models can be expressed and
solved by fractional order differential equations [1]. The fundamental theory of fractional calculus was developed
by Griinwald, Letnikov, Liouville and Riemann [2]. There are many types of fractional derivatives. Riemann-
Liouville, Caputo, Liouville-Griinwald, Marchaud, Hilfer, Conformable, and Proportional are a few of them.
Today, fractional calculus has been applied and solved in many mathematical fields such as engineering, biology,
physics, psychology, mechanics and economics [3-8]. Time scale theory, which is one of the important fields of
study, is preferred in many fields of study. One of these areas is fractional calculus. The idea of developing
fractional calculus on time scales originated with Ph.D. thesis of Bastos [9-10]. Now let us give the necessary
information about time scale calculus.

A time scale T is an arbitrary, non-empty, closed subset of R. It was introduced by Hilger to unify
continuous and discrete problems into a single theory [11]. In the following years, many important results have
been obtained on this theory. It’s basic concepts can be found in [12] and [13]. For an arbitrary time scale T,
following information can be given [12]. o: T — T is forward jump operator described by

o(t) =inf{s € T,s > t},
fort € T. And, u: T — [0, ) is graininess function as
u(t) =a(t) —t.

We also need a set T, which is reproduced from T as follows: T* = T — {m}, provided that T has a left-scattered
maximum m. In other cases, T* = T. Suppose f: T — R and t € T¥. Then, one can define f2(t) to be a number
(if it exists) with the property that given any € > 0, there is a neighborhood U of ¢t such that
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[f(e®) = F(] = fAO[o(®) —s]| < ela() — s,

for Vs € U. f2(t) is A- derivative of f at t. On the other hand, there exists a function F that is pre-differentiable
with a region of differentiation D and f is regulated. Then, indefinite delta integral of f is

[f®At = F(t) +C,

where f and F satisfy FA(t) = f(t) for Vt € D and C € R. By the same reasoning, Cauchy integral of f on [, s]
is

[ fOMt = F(s) = F(r),

forr,s € T.Leta,b € T and f € C,; where C,, is set of all rd-continuous functions on T. Moreover,

L. If [a, b] includes only isolated points, then
Leefany LB (D), ifa<b
[ fmat=1 o, if a=b.
—Deepay LWOf (@), ifa>Db
1L If T = Z, then

Yz f(), ifa<b
[ fmat=1 o, ifa=bh.
=285 (o), ifa>b

Now let us mention about proportional derivative, which is a variant of fractional derivative preferred in
this study. The advantage of the proportional derivative over other fractional derivatives is that proportional
fractional integrals have the semigroup property and provide a generalization to derivatives and integrals in
classical analysis [14]. Moreover, in the proportional derivative, the fact that D satisfies the identity operator
(D°f(t) = f(t)) and D* satisfies delta derivative operator (D*f(t) = f2(t)) on time scale T shows that it is
conformable with the classical operator. Here, proportional derivative D is order a € [0,1] [15-16]. The basic
definitions and theorems for proportional derivative used in this study are given in the next section.

Many dynamic processes occurring in real life can be modelled by some ordinary or partial differential
equations. As a result of taking the orders of these models outside the natural number, the theory of fractional
differential equations emerges [17]. Some studies on this subject are in the related references [18-25].

One of the methods used in the solution of mathematical models is Laplace transform. There are various
studies on this subject. The application of Laplace transform to fractional systems is given in [14]. Akgiil et al.
solved the proportional Caputo derivative by Laplace transform [26]. Also, Anderson and Georgiev defined the
proportional Laplace transform on T, which forms the basis of this work [16]. Detailed information about the
proportional Laplace transform will be given in the next section.

In this study, we reconstruct some versions of classical learning and forgetting model of Edelstein-Keshet
[27] using proportional derivatives. Let us now explain the learning and forgetting model in classical case. One of
the fields of study between mathematics and psychology is cognitive science and memory research. The learning
and forgetting model on T that we discuss in this study is an example of this research [28-29]. This model expresses
the change in memory power as a function of time in a mathematical way. The classical case of the learning and
forgetting model is as follows [27]:

ay _

=S fy@®, (1)
where y(t) is the amount of information a person has at time ¢t (in years), f = 0 is rate of forgettingand S = 0 is
rate of learning. The degree of learning requires a subjective interpretation of the material learnt. It is therefore
different for each individual. Knowledge with a better learning degree is more retained in the future compared to
less learnt knowledge. The act of forgetting provides an adaptation to environmental realities [30-32]. In this paper,
the classical model (1) is redefined with the help of the proportional derivative. We analysed the following models
obtained by taking the learning rates as a constant, a proportional exponential function and a proportional
hyperbolic function with the forgetting rate fixed. In this study, we choose S in different forms as Q, E, (¢, 0),

Coshy(t,0) and E,(t,0) + Coshgy(t,0), respectively where f and Q are fixed functions and +Q € R.. Leta €
2
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[0,1]. Here, following different versions of the proportional learning-forgetting models on time scales will be
solved.

D (t) = Q — fy(t),

D%y(t) = Eqo(t,0) — fy(0),

D%y(t) = Coshy(t,0) = fy (D),

D®y(t) = E4(t,0) + Coshy(t,0) — fy(t).

The most important difference of the study is the difficulties that the Laplace transform and time scale theory will
create in the proportional derivative.

2. Preliminaries

Here, important concepts and theorems related to proportional derivative on T, which form the basis of
the study are given. Let T be a time scale with forward jump operator ¢ and delta differentiation operator A. Also,
let a € [0,1]. Throughout this study, we suppose the below property (A1) holds.

(A1) kg, kq:[0,1] X T - [0, 00) are continuous functions such that
lim k;(a,t) =1, lim k;(a,t) =0,

x—0+ x—-1"

lim ky(a,t) =0, lim ky(a,t) =1,

x—0+ x—-1"

ki(a,t) #0,ko(a,t) #0,

where t € T and,a € [0,1) [16].

Definition 2.1. [16] Let f be A — differentiable at t € T¥. Proportional A—derivative of f at t is

DUf(t) = ky(a, )F (&) + ko(a, OOFA(), @ € [0,1].
This equation shows the relationship between proportional derivative on T and the delta derivative on T.

Definition 2.2. [16] f: T — R is proportional regressive if

ko(a,t) — u(t)k,(a, t) # 0,

and

ko(a, t) — u(®)(f(t) = ky(a, 1)) # 0,

for any a € (0,1] and t € T. The set of all proportional regressive functions on T is denoted by R..

Definition 2.3. [16] Suppose that @ € (0, 1], p € R.. For t, t, € T, proportional exponential function is as
follows

Ep (t' to) = ep;ki (t' tO)!
0

where ep-k, (t, t) is exponential function on T. Proportional exponential function is calculated using exponential
ko
function structure on T.

Remark 2.4. [12] If p € R, where R is the set of all rd-continuous, regressive functions on T, then exponential
function on T is defined by

e,(t,s) = exp (fst o) (p(‘[))A‘L’), s,teT.

Definition 2.5. [16] Let £f € R,. Proportional hyperbolic functions Cosh; and Sinh; are defined by

Ef+E_
Coshf= f f,
2

and

Sinky = L=,
Definition 2.6. [16] Let @ € (0, 1], and fix t € T. For h > 0, multi-valued proportional cylinder transformation
{r:C;, - Cis

3
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%log(l +h (Z_kl(a't))> forh+0

ko(at)
(h(2) = \ e o
Z—kqla, _
o(@D) forh =0,
where Cj, is given by
Cs = {z €ECz+ ki(at)— —k"(:'t)},

and log is the multi-valued complex logarithm function.

Definition 2.7. [16] Let f € C,4(T) where C,4(T) is set of all rd-continuous functions on T and k,(a,t) —
u()k,(a,t) # 0. Proportional antiderivative of f is

[Df()Agt = f(t) + cEy(t, ty), c€ER, tEeT,

and, proportional A — integral of f on [a, b] is
t
Jo f(8)Agys, t €Ja,b],

where A, s = %‘zg) As. Here, proportional integral is calculated by reducing it to delta integral on T.
o\,

Remark 2.8. [16] Let a € (0,1], ko, and k, satisfy (A1), ky € C}y(T) where C};(T) is the set of delta
differentiable functions whose delta derivatives are rd-continuous and |E,(0, 0)| < . Let h € 1,(T) and g €
R, be such that

zh?EZ(.,0) = —gE,(.,0), )

D*h — zhh® + (z — k,)h® —k,h =0,
h(0) =1,
for z € H.(h), where . (h) consists of all complex numbers z € R, for which z — k, € R, and

ko+h%°z(u—ky) #0.

Note that there exists a unique h € C2; that satisfies the second and third equations of the system (2). Hence,
there exists a unique g € R, that satisfies the first equation of (2).

Definition 2.9. [16] Let f: T — C be regulated. Then, proportional Laplace transform of f is defined by

L(F)(@) = [, FOR(B)EZ(t,0)Agwt,

for z € D (f), where D.(f) consists of all complex number z € H,(h) when the proportional improper integral
exists. Here, L7 is called proportional inverse Laplace transform which satisfies the property L;1(F)(z) =

f(.,0) with L.(f(.,0))(2) = F(2).

Remark 2.10. [12] f: T — Ris regulated if its right-sided limits exist (finite) at all right-dense points in T and its
left-sided limits exist (finite) at all left-dense points in T.

Theorem 2.11. [16] Let f, g: T — C be regulated functions and a, b € C. Then,
Lc(af +bg)(z) = aLl (f)(z) + bL.(9)(2),
forz € D.(f) N D.(9).

Here, it will be explained how the Laplace transform of proportional derivative is calculated, which will form the
basis of the study.

Theorem 2.12. [16] Letn € N, f: T — C be such that (D*)*f, k € {0,1, ..., n}, are regulated. Then
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LD ) (2) = z"L(F)(2) — Eo(e0,0)(f(0)z" 1 + DUf(0)z" 7% + -+ (DH)"1f(0))

for any

z € D(f)ND (D*(MH) N .. ND, (D)),

where
tlim((D“)" F(®OR()Ey(t,0)) =0, k €{0,1,...,n}.
Theorem 2.13. [16] The proportional Laplace transforms of some common functions are as follows.

i L)) =2 Eo(,0), z €D (1).

i L(E(,0)(@) = E"Z(j;‘”, f € R, and for those z € D, (E;(.,0)) where
lim (Ef(t,0)h(t)E,(t,0)) = 0.

ii.  L£(Coshe(.,0))(z) = ng(_";f), f € R, and for those z € D (E;(-,0) N E_;(-,0)) where

lim (Ef(t,0)h(t)E,(t,0)) = lim (E_;(t,0)h(t)E,(t,0)) = 0.

Now let's calculate the Laplace transform of the proportional sin-function.

Theorem 2.14. Let f € R, be a constant. Then, £, (Sinhs(.,0))(2) = fig(_o;f).

Proof. By the definition of Sinh;, we have

Ef(.,O)—E_f (,0)
2

L, (Sinhf(. ,0)) (2) =L, ( ) (2)

1 1
=1L, (Ef (. ,0)) (2) = 3L (E_f(. ,0)) (2)
— Eg(,0)  Eg(®,0)
2(z-f) 2(z+f)

_ fEo(0,0)
T oz2—p2

for those z € D, (E;(.,0) N E_£(.,0)) where lim (Ef(t,0)h(t)E,(t,0)) = lim (E_;(t,0)h(t)E,(t,0)) = 0.

Proportional Laplace transform is applied to proportional IVP’s as follows.
Theorem 2.15. [16] Consider the following proportional /VP
D)y + a,_ (D) Yy + -+ a; D% + agy = f(t), t>0, 3)
(D" y(0) = byy,

“
D*y(0) = by,
y(0) = by,

where a;,b; €C,i € {1,..,n—1}, f: T - Cis regulated. Apply proportional Laplace transform to both sides of
(3) and use initial conditions (4), we get

L)@ =L (D)"Y + an1 (D)"Y + -+ a, D%y + apy)(2)
= L((D)"y)(2) + an1 L(D*)71y)(2) + -+ + a1 L (DY) (2) + ap L (¥)(2)
= 2"L(¥)(2) = Eo(,0)(y(0)2""* + D*y(0)2""% + -+ + (D*)""'y(0))

+ @y (777L ) (2) = Ey(e0,0)(¥(0)2"72 + D¥y(0)2"73 + - + (D)™ 2y(0)) )
5
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+a, (2L () (2) = Eo(2, 0)y(0)) + apLc(7)(2)
=(@"+ap_1z" 1+ -+ a2+ ag) L. (V)(2) — Ep(0,0)(boz™ 1 + (by + b))z 2 + (by + by + by)z™ 3

+ ot (by_gy + by_y + 4 by + by) + by_y + by_y + -+ by + by).

1(z) = Ey(0,0)(bgz™ ! + (by + by)z"" 2 + (b, + by + by)z™3
44 (byg + by_y + -+ by +by) +by_y +by_y + -+ by + by).

Then

(" + ap12" + e+ ayz+ag)L(V)(2) = L()(2) + 1(2)

or
LM@W@ = s L(N@ + 1),

Hence,

y(t) = L5 ( (LN + l(z))) ,£20.

Theorem 2.16. [16] Let p, g € C,;(T). Consider

Doy = (p(t) + ky (@, )y +q(t), tET, 5)
y(to) = Yo (6)

where t, € T, y, € R. Suppose that
ko(a,t) + u®)p) #0, a € (0,1], teT.

Then the problem (5) — (6) has a unique solution represented in the form

t
y(t) = yOEp+k1 (t' tO) + fto Q(S)Eg (O-(S)' t)Aa,tsl S, te TK'

where
— Pluki—ko)
ko+up
Theorem 2.17.[16] Let p € C,.4(T) N R, and q € C,4(T). Consider
D%y =p)y+q®), teT" ™
y(to) = Yo, ®)

where t, € T, y, € R. We can rewrite the equation (7) in the form
D% = (p(t) — ky(a,t) + ky(a, 1))y + q(t) t €T~

Because p € R, we have

1+u@®)(p) —ky(a,t)) 0, a € (0,1], t €T~

Therefore, the solution y of (7) can be represented in the form

V() = YoEp (6, t0) + [, a()Ey(0(5), D)Ages, € E T,
where

g= (p—k1)(pk1—ko)
ko+u(p—k1)
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3. Main Results

In this section, we solve proportional versions of learning and forgetting models with proportional Laplace
transform on time scales. What these solutions mean in psychology can be examined by scientists interested in
that subject. Here, kq(a,t) and k, (e, t) satisfy condition (A1), f and Q are constants and a € [0,1].

Since differential equations are transformed into polynomials that are easier to solve with the Laplace
transform, it is used in modeling time-independent linear systems and solving differential equations, in various
problems such as the initial value theorem, final value theorem and boundary value problem, in probability theory,
and because it clearly shows the frequency characteristic of the relevant function. It is also used in processing.
There are various methods used when solving proportional dynamic equations on the time scale. Since the Laplace
transform has a detailed literature on the proportional time scale and its known functionality in the classical case,
the problem addressed in this study will be solved using proportional Laplace transform on time scale.

The model in the classical case has not only been generalized to proportional derivative on the time scale, but
also the functions in the classical case have been changed in various ways and solutions have been obtained with
the following theorems.

In the following theorems, proportional learning-forgetting models will be solved in four different situations
on T. Here, in addition to the Laplace transform, solutions were obtained for each model with two theorems used
for first-order proportional dynamic equations on time scales.

Theorem 3.1. Consider

D*y(t) = @ — fy(®), )
y(0) =8, BER

The solution of this proportional IVP is

y(©) = BE_;(t,0) = E_;(t,0) + 7.

Proof. If we apply proportional Laplace transform to both sides of (9) and consider Theorem 2.14, we get

L(D%())(2) = QL.(1) — fL(y(D)(2),

Eg(0,0)

2L,(y(0))(2) — Eo(0,0)y(0) = Q2=2 — ££ (y(1))(2),

Eg(0,0)

@+ HL(Y() @) = Q2ED + Ey(c0,0)y(0),

Eg(0,0) | Eo(,0)

L(y®)@ =@ z(z+f) | z+f

y(0).

By applying inverse proportional Laplace transform to last equation and set y(0) = 8, we get
y(t) = BE_;(t,0) = FE_(t,0) + 7.

Conclusion 3.2. From Theorem 2.17., the solution to problem (9) is

y(t) = BE_;(t,0) + [, QE,(a(s), )5, t €T,
where

g= (p—k1)(pk1—ko)
ko+u(p—k1)

Theorem 3.3. Consider
Dy (t) = Eo(t,0) — fy(0), (10)
y(0)=p8, BER
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The solution of this proportional IVP is
V() = BE_;(£,0) + 1= Eg(£,0) = 1= F_q (£,0).

Proof. Considering proportional Laplace transform for equation (10) and using Theorem 2.14, we can perform
the following operations;

LD ()@ = L (Eg(t,0)) = FL(¥(D) (2),

Ep(,0) (00 0)

2L (y())(2) — Eo(%0,0)y(0) = ~fL(y(®)@),

Eo(°° 0)

(z+L(y()(2) = + Eq (o0, 0)y(0),

Ey(0,0) E (0,0)
L(y®)@) = (Z;;)(Z_Q) 20 y(0).

If inverse proportional Laplace transform is applied to perform necessary calculations, we get
y(t) = BE_f(t,0) + EQ(t 0)— _f(t 0).
Conclusion 3.4. From Theorem 2.17., the solution to problem (10) is

Y(t) = BE_;(£,0) + [} Eq(s, 0)E, (0(), )Ag;s, t €T,
where

(p—k1)(pk1—ko)

9= ko+u(p—k1)

Theorem 3.5. Consider

Dy(t) = Coshy(t,0) — fy(t), (11)
y(0) =8, BER

The solution of this proportional IVP is

y(t) = BE_f(t,0) + sE_£(t,0) — CoshQ(t 0) + SlnhQ(t 0).

Proof. Now let us solve equation (11) by proportional Laplace transform. By applying proportional Laplace
transform to both sides of (11), we get

L£(D%y())(@) = £, (Coshy(t,0)) — f£.(y()) ()
2L.(y(0) (@) = By (o0, 0)y(0) = B2 — ££.(y(D)) (@),
ZE((0,0)

(2 + F)L(y())(2) = Eg(o0,0)y(0) + 202

E (oo 0 Eo(0,0)
L(y(®)(@) ====y(0) + (fo)o(TQz)-

If the necessary calculations are made and y(O) = [ is taken into consideration, we get

y() =BE_;(t,0) + 5—E_;(¢,0) — CoshQ(t 0) + SlnhQ(t 0).

2 f2
Conclusion 3.6. From Theorem 2.17., the solution to problem (11) is
y(t) = BE_;(t,0) + [, Coshqy(s,0)Ey(0(s), t)Ag;s, t € TX,

where
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(p—k1)(pk1—ko)

9= ko+u(p—k1)

Theorem 3.7. Consider

D*y(t) = Cosh,y(t,0) + E4(t,0) — fy(t), (12)
y(0) =8, BER,

The solution of this proportional IVP is

y() = BE_£(t,0) + — Q2 Iz E_((t,0) — Q2 Z Coshy(t,0) + SlnhQ(t 0) + EQ(t 0) — _f(t, 0).

Proof. Let us take the proportional Laplace transform in equation (12). Considering y(0) = 8 and Theorem 2.14,
the following calculations can be made;

L(D%y())(2) = £ (Coshg(t, 0)) + L (Eq(t,0)) — fL(y())(2),
2L:(y(0)(@) ~ Eo(0,0)y(0) = B2 + 222 — FL(y(0)) ),

z2-Q2 z—Q
(0,0) (0,0)
(2 + PL(Y(D) (@) = Eo(e0, 0)y(0) + 22 4+ 228

Eq(0,0) 2E(00,0) Eq(%,0)
L t =2""y(0 .
C(y ( ))(Z) zrr Y ( )+(Z+f)(22—02)+(2+f)(z—0)

)

If inverse proportional Laplace transform is applied to last equation, we get

y() = BE_;(t,0) + 5—=E_((t,0) — Coshy(t,0) + SlnhQ(t 0) + EQ(t 0) — _f(t, 0).

Q2 f2 Q2 f2

Conclusion 3.8. From Theorem 2.17., the solution to problem (12) is
y(t) = BE_;(t,0) + [, (Coshy(s,0) + Eo(s,00)E,(0(s), )Ays, t €T,

where

_ 0kn) (ks ko)

9 ko+u(p—k1)

4. Conclusion

Learning is the phenomenon obtained by the individual as a result of his/her experiences. Forgetting is
the change that occurs in learning over time. In this study, some proportional learning and forgetting models, which
are very important fields of study in psychology, is discussed. This model is reconstructed with the help of
proportional derivative and handled with various learning functions. These models are solved with the help of
proportional Laplace transform. After using the Laplace transform for each of the models considered, solutions
are presented with the help of two theorems that give the solutions of first-order proportional dynamic equations
on the time scale. These solutions can be evaluated especially by scientists working in the field of psychology.
With this study, the results obtained in the classical case have been generalized. Specific choices of time scale and
alpha value give the results obtained in the classical case.
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Ultrases Dalgasinin Cevher Hazirlama ve Zenginlestirme Islemlerinde Uygulamalar
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Oz: Ultrases dalgas1, maddesel bir ortama ihtiya¢ duyarak insan isitme limitinin {izerindeki frekanslarda yayilan bir ses
dalgasidir. Ultrases dalgas: sivilar igerisinde yayildiginda kavitasyon ad1 verilen kabarciklar olusturur. Kavitasyon kabarciklari
ultrasonik islemin en 6nemli 6zelligidir. Ultrases dalgasi, endiistrinin bir¢ok alaninda kullanilmasinin yanisira cevher hazirlama
ve zenginlestirme de kullanim alani bulmustur. Ultrases dalgas: basta flotasyon olmak {izere dgiitme, lig, kati-stvi ayrimi,
aglomerasyon, flokiilasyon gibi cevher hazirlama ve zenginlestirme proseslerinde kullanilmistir. Literatiirde ultrasonik islem
farkli cihazlar, frekanslar, yontemler kullanilarak flotasyonun degisik asamalarinda ve farkli minerallerin flotasyonunda
uygulanmistir. Flotasyon ile yapilan ¢aligsmalarin ¢cogu komiir flotasyonu iizerine yapilmistir. Bu ¢alismada ultrases dalgalarinin
ozellikleri detayli olarak incelenmistir. Ayrica, literatiirde yer alan ultrasonik iglemin cevher hazirlama ve zenginlestirme
proseslerinde kullanimu ile ilgili daha 6nceki ¢alismalar derlenmis ve sonuglari yorumlanmigtir.

Anahtar kelimeler: Ultrases, kavitasyon, flotasyon, li¢, sedimantasyon.

Applications of Ultrasound Wave in Mineral Preparation and Processing

Abstract: Ultrasound, a sound wave that spreads at frequencies above the human hearing limit, requiring a material medium.
When ultrasound is propagated in liquids, it creates bubbles called cavitation. Cavitation bubbles are the most important
characteristic of ultrasonic processing. In addition to being used in various fields of industry, ultrasonics has also found
application in ore preparation and mineral processing. Ultrasound is a sound wave that propagates at frequencies above the
limit of human hearing and requires a material medium. When ultrasound is propagated in liquids, it creates bubbles called
cavitation. Cavitation bubbles are the most important characteristic of ultrasonic processing. In addition to being used in various
fields of industry, ultrasonics has also found application in ore preparation and enrichment. Ultrasonic processing has been
used in ore preparation and enrichment processes such as flotation, grinding, leaching, solid-liquid separation, agglomeration,
and flocculation. In the literature, ultrasonic processing has been applied to different stages of flotation and flotation of different
minerals using different devices, frequencies, and methods. Most of the studies on flotation have been conducted on coal
flotation. In this study, the properties of ultrasound waves were studied in detail. In addition, previous studies on the use of
ultrasonic processing in ore preparation and enrichment processes in the literature have been compiled and their results have
been interpreted.

Keywords: Ultrasound, Cavitation, Flotation, Leaching, Sedimentation.

1. Giris

Yeni madencilik rezervlerinin kesfi ve maden yataklarinin ekonomik olarak isletilmesi, cevher hazirlama
teknolojilerinin kullanilmasini zorunlu kilmaktadir. Madenlerin ekonomik olarak isletilmesi cevher hazirlama
teknolojisine baglidir. Ulkelerin ekonomik gelisimi dogal kaynaklarin yiiksek katma degerle kullanilmasina ve
madencilik {iretimlerinin gelistirilmesine baghdir. Bu baglamda, cevher hazirlama ve zenginlestirme siirecinin
onemi artmaktadir; ¢linkii bu siire¢, cevherdeki mineralleri endiistrinin ihtiyag¢larin1 karsilayacak hale getirmek
icin yapilan islemleri kapsar [1]. Bu nedenle, zenginlestirme iglemlerinin gelistirilmesi i¢in pek ¢ok calisma
yapilmaktadir ve ultrasonik islem kullanimi da bu ¢aligmalar igerisinde kendine yer bulmustur.

Ses dalgalari, madde iginde titresim hareketi yaparak ilerler. Bu titresim hareketinin frekansi, insan kulaginin
duyabilme yetenegini belirler. insan kulaginin duyamadig1 frekanslardaki ses, ultrasonik, ultrases veya sesotesi
olarak adlandirilir. 20 kHz'nin lizerinde frekansa sahip mekanik titresim dalgasina ultrasonik dalga denir;
ultrasonik kavitasyon etkisi, minerallerin &zelliklerini veya durumunu degistirmektedir. Ultrasonik titresim
genellikle malzemelerin fiziksel 6zelliklerini karakterize etmek igin kullanilirken, ayn1 zamanda tibbi tasarimlarda,

: Sorumlu yazar: kesmeli@ktun.edu.tr. Yazarlarin ORCID Numarasi: ! 0000-0001-5699-5199.
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malzeme test yontemlerinde, temizleme siireclerinde, kaynak (eritme) siireglerinde ve birgok endiistride
emiilsiyonlarda pargacik stabilitesi saglamak i¢in de kullanilir [2,3].

Son yillarda, mineral zenginlestirme alaninda ultrasonik islem kullanimi daha fazla dikkat ¢ekmis ve 6zellikle
komiir flotasyonu iizerinde gesitli ¢aligmalar yapilmigtir [4-17]. Akustik kavitasyonun, kolektor etkisini artirarak
parcacik yiizeylerini temizlemesi ve bdylece slam kaplamalarini azaltmasi, ultrasonik islemin flotasyon
caligmalarinda basarili olmasinin nedenlerinden biri olarak belirtilmistir [18-20]. Ayrica, ultrasonik kavitasyon
sonucu olusan mikro kabarciklarin komiir-kabarcik yapisma verimini artirmak igin potansiyel oldugu da
belirtilmektedir [5]. Ote yandan, ultrasonun fiziksel ve kimyasal etkileri heniiz agiklanmamustir. Farkli ultrasonik
yogunluklar ve stirelerle ve farkli yontemlerle (6n islem ve eszamanli) kullanimi farkli sonuglara yol agmustir.

Bu ¢aligmada dncelikle ultrasonik ses dalgalar1 ve 6zellikleri hakkinda bilgi verilecek, ardindan ultrasonik
islemin cevher hazirlama ve zenginlestirme proseslerinde kullanimu ile ilgili yapilmis literatiirde bulunan 6nceki
caligmalar derlenip, yorumlanip, sonuglar karsilastirilacaktir.

2. Ultrasonik Kavitasyon Kabarciklari

Ultrases dalgasi, ardisik sikistirma ve seyreltme dongiilerinden olusan ii¢ boyutlu bir basing dalgasidir.
Seyreltme dongiisii negatif basinca sahiptir ve takip eden sikistirma dongiisii pozitif basinca sahiptir. Seyreltme
dongiisii, stviyr bir arada tutan ara molekiiler kuvvetleri asarak mikro kabarciklarin olusumuna neden olur,
ardindan sikistirma dongiisii anlik olarak lokalize bir enerji patlamasi1 meydana getirir. Bu olay, kavitasyon olarak
adlandirilmaktadir [20-22].

Kavitasyon Kabarciginin
:> Negatif Basingta Bliylimesi

Maksimum Kabarcik
Biiyiikliigi

Basingta Kabarciklarin
Sikismasi

Déngiliniin Tekrar Etmesi
Yeni Kabarciklarin Biyiimesi

Sekil. 1. Kavitasyon Kabarciklarinin Olusumu [23]

Kavitasyon kabarciklar1 "gecici kavitasyon" ve "kararli kavitasyon" olmak tizere iki tiire ayrilir [24]. Gegici
kavitasyon kabarciklari, boyutlar1 genislemesinden sonra pozitif basing yar1 dongiisiinde siddetli bir sekilde ¢oker
ve birgok kiiciik kabarciga boliiniir. Kararli kavitasyon kabarciklart ise bir ¢ekirdek olarak baglar ve difiizyonu
diizeltmeyle biiyiir. Kavitasyon kabarciklarinin yapisi, kabarciklar ile partikiiller arasindaki mineralizasyon
verimliligi a¢isindan 6nemlidir [24,25]. 20 ila 40 kHz frekans araligindaki diisiik frekansta ultrasonik, 6zellikle
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kavitasyon etkisiyle islem sonuglarina etki ederken, 400 kHz ve 1 MHz iizerindeki akustik akint1 etkisi belirleyici
bir rol oynar. Literatiirde yapilmis ¢aligmalara gore, diisiik frekansli bir ultrasonik iglem, kiigiik hacimlerde akustik
enerjiyi yogunlastirma 6zelligi nedeniyle cevher zenginlestirme siireglerinde etkin olabilecegi belirtilmistir [26].
Bu nedenle, kavitasyon, ince kdmiiriin flotasyon performansini artirmak i¢in baglica mekanizma olarak kabul
edilmektedir.

Ultrasonik Zaman >
]
Digiik \/,’\‘
Frekans Gegici Kavitasyon
Etki
2050 kHz . ®
)
Orta
Ultrasonik Frekans Akustik Radyasyon
Etki = » Kuvvet Etki
200-1000 kHz
. Oksidasyon Film
. Slam Kaplama
Yiiksek 0 o 000000 o Partikiil/yag
Frekans o o Akustik Radyasyon &L Gecici Kabarciklar
— Q Etk . .
>1 MHz 0 0 o 0 O Kararh Kabarciklar
0 o (000000 [om] [1] Serbest Radikaller

Sekil. 2. Kavitasyon Kabarciklari [17]

2.1. Ultrasonik islem cihazlar1 ve uygulama metotlar:

Ultrasonik islem pratikte ultrasonik problar ve banyolar olmak tizere iki farkli cihaz ile uygulanir. Ultrasonik
prob tarafindan iretilen ses dalgalari, korna tipi dalgalar olarak da adlandirilan trompet benzeri goriiniirler.
Dalgalarn tiirii, prob konumunda en yiiksek genligi iiretir ve bu nedenle ¢ok giiclii mekanik ve kimyasal etkiler
elde edebilir (Sekil 3a). Ultrasonik banyolarda ise ultrasonik doniistiiriiciiler genellikle banyo haznesinin alt
kismia konumlandirilmistir [25,27-29]. Prob tipi ultrasonik ekipmanla karsilastirildiginda, banyo tipi ultrasonik
ekipmanin en biiyiik 6zelligi, sensor tarafindan iiretilen duran dalgalarin paralel yayilim olmasidir. (Sekil 3b).
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Kararli Dalga Tipi
Prob Daldirmali Tipi

Kabarciklar
Biiytik Akustik
Genlik
™ ™ Kiiciik Akustik
/ Genlik
3 q
oo
Kabarciklar
o E
Ultrasonik
Transduser

Sekil. 3. Farkli ultrasonik cihazlar tarafindan iiretilen dalga formlar1 [29]

Ultrasonik 6n islem ve eszamanlt muamele minerallerin flotasyonunun iyilestirmek i¢in kullanilan iki
yaygin yontem olarak bilinmektedir. Ultrasonik 6n islem teknigi, flotasyondan 6nce 6n kosullanma siirecinde
uygulanmaktadir. Mineral taneciginin yiizeyi gecici kavitasyon etkisi ile temizlenmekte ve silispansiyon igine
eklenen flotasyon reaktifleri, mineral ylizeyi ile daha iyi bir bag olusturmak igin yeterince dagilma saglayarak
flotasyon basarisin1 artirmaktadir. Flotasyondan once ultrason uygulamasi, kabarciklarin yiikselmesi igin orta
derecede bir akis alam1 saglamaktadir. Flotasyondan bagimsiz bir siire¢ olan ultrasonik 6n islem yonteminde,
ultrasonik uygulama siiresi ve yogunlugu kolayca ayarlanabilmektedir. Ultrasonik islem es zamanli uygulama
yontemi ultrasonik 6n iglem ile karsilastirildiginda, ultrasonik islemin geleneksel flotasyon kabarciklari tizerindeki
etkisi daha belirgin olmaktadir [17,29]. Ultrasonik es zamanli uygulama teknigi, gelencksel flotasyon
kabarciklarini daha kiigiik bir boyuta boler, bu da ince partikiillerin flotasyonunu artirmaya yardimer olmaktadir.
Ancak, ultrason yogunlugu asir biiyiik oldugunda kabarciklar, reaktif ve tanecikler arasindaki ayrilma olasilig1 da
onemli dl¢lide artmaktadir. Bu yontemin daha ¢ok kimyasal kollektor adsorpsiyon gerektiren mineral flotasyonu
icin faydali oldugu belirtilmistir [15,16].

3. Ultrasesin Cevher Hazirlama ve Zenginlestirme Islemlerinde Kullanimi

3.1. Ogiitme isleminde kullanimi

Yerkovic vd. [30] yaptiklari ¢alismada, Sili porfiri bakir cevherinin ultrasonik islem etkisi altinda 6giitiilmesi
konusunda farkli sonuglara ulagmiglardir. Arastirmada, komiir ve kiregtagi gibi yumusak malzemelerin yani sira,
daha sert olan bakir cevherlerinin de ultrasonik merdaneli ogiitlicliyle basarili bir sekilde oOgiitebilecegi
gbozlemlenmistir. Bu c¢alisma, bakir cevherlerinin 6giitiilmesi i¢in umut verici bir alternatif olarak
degerlendirilmistir.

Gaeto- Garreton vd. [31] tarafindan yapilan ¢aligmada, arastirmacilar 6giitme islemi igin ultrasonik titresimin
kullanilabilirligini incelemislerdir. Ultrasonik enerji uygulamasiyla normal 6giitme kosullar1 karsilastirildiginda,
ultrasonik titresimin daha az enerji harcadigi sonucuna ulagilmistir.
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Ambedkar vd. [26] calismalarinda ultrasonik islemin farkli frekans degerlerine bagli olarak komiir tane
boyutuna etkisini arastirmiglar ve diisiik frekanstaki ultrasonik islemin kisa siirelerde uygulanmasiyla ortalama
tane boyutunu azalttigini belirtmislerdir. (Sekil 4).

40
o Islem gérmemis m2dk OS5dk
&
2 30}
2
3
>
@
(0] 20 3
c
©
I...
£
& 10 |
O
gt
0]
0

20 kHz Prob 25kHz Banyo  58/192 kHz Banyo 430 kHz Banyo

Frekans
Sekil 4. Ultrasonik frekansin farkli siirelerde kdmiir tane boyutu iizerine etkisi [26]

Komiir lizerinde yapilan baska bir ¢aligmada Kang vd. [32] ultrasonik iglemin tane boyutuna etkisini saptamak
amaciyla ultrasonik islemden once ve sonra elek analizleri yapmislardir. Sonug olarak, ultrasonik enerjinin
komiiriin tane boyutunu kiiciiltmede daha etkili oldugunu not etmislerdir.

Toraman [33] tarafindan yapilan ¢alismada, ultrasonik islem kullanilarak kalsit cevheri {izerinde yapilan
muamelelerin, partikiil biiylikligiiniin azaltilmasinda basarili sonuglar verdigi ifade edilmistir. Bu yontem
kullanilarak elde edilen ince partikiillerin daha homojen, diisiik boyutlu ve yiiksek yiizey alanina sahip oldugu
belirtilmistir. Ultrasonik islemin kalsit cevherinin ogiitiilmesini kolaylastirdigi ve endiistriyel uygulamalarda
avantaj saglayabilecegi sonucuna varilmistir.

3.2. Susuzlandirma islemlerinde kullanimi

Singh [34], vakum filtrasyonunda ince komiir susuzlandirma verimini artirmak i¢in sonik dalgalarin etkileri
iizerine bir arastirma yapmustir ve optimum kosullar altinda, atik kek neminin azaldigini ve filtrasyon hizinin da
artigini belirtmistir.

Swamy vd. [35] calismalarinda, susuzlandirma oncesi taneli drneklerin ses dalgalarinin etkisiyle nem
igeriginden arindirilabilecegi aragtirtlmistir. Bu ¢alismada, manyezit, kalsiyum karbonat, kum ve talag 6rnekleri
kullanilmistir. Sonug olarak, ultrasonik titresimin kullanildig: durumlarda nem igeriginde bir azalma oldugu tespit
edilmistir. Bu bulgular, ses dalgalarinin taneli orneklerin kurutulmasinda etkili bir yontem olabilecegini
gOstermistir.

Riera-Franco de Sarabia vd. [36] tarafinda yapilan ¢alismada, ince pargaciklari gaz ve sivi ortamlardan
ayirmak i¢in yliksek yogunluklu ultrasonik kullanmislardir. Calismanin sonuglari, yiiksek yogunluklu ultrasonik
titresimin pargaciklarin ayirilmasinda geleneksel yontemlere gore daha etkili oldugunu gostermektedir.

Onal vd. [20] tarafindan yapilan galismada, killerin sedimantasyonu igin ultrasonik enerji, flokiilant ilavesi
ve piilp yogunlugu gibi faktorlerin etkisi arastirilmistir. Calismada, farkl yerlerden alinan kil 6rnekleri kullanilmig
ve bu ornekler lizerinde deneyler gerceklestirilmistir. Sonuglar, ultrasonik iglemin sedimantasyon siiresini
kisalttigint gostermistir. Yani, kil 6rnekleri ultrasonik enerjiye maruz kaldiginda, ¢okelme iglemi daha hizli
gerceklesmistir. Ayrica, flokiilant ilavesi ve piilp yogunlugunun da sedimantasyon siiresi lizerinde etkili oldugu
belirlenmistir (Sekil 5). Bu ¢aligma, killerin susuzlagtirilmasi siirecinde ultrasonik iglemin kullaniminin faydali
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oldugunu ortaya koymaktadir. Ultrasonik enerji, kilin sedimantasyonunu hizlandirarak siireci daha verimli hale
getirmektedir. Bu bulgular, sanayide killerin susuzlagtirilmasi siirecinde ultrasonik islemin kullanilmasinin
avantajli olabilecegini gdostermektedir.
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Sekil 5. Kil sedimantasyonu {izerine ultrasonik iglemin etkisi (Flokiilant varliginda ve yoklugunda
karsilastirilmasi [20].

3.3. Flokiilasyon ve yag aglomerayonu islemlerinde kullanimi

Kat1 siv1 sistemlerinde biiylik etkiler gerceklestiren ultrasonik titresimin, flotasyon islemlerinin yaninda
secimli flokiillasyon ve yag aglomerasyonu islemlerinde kullanimina yonelik smirli sayida g¢aligmalar
bulunmaktadir. Burat vd. [37], yiiksek frekanshi bir titresimli elek kullanarak ince komiir partikiillerinin
susuzlandirmasinda ultrasonun etkilerini aragtirdilar ve ultrasonik islem ile daha diisiik nem igerigi elde ettiler.

Demir vd. [38] caligmalarinda, Tiirkiye'nin Agildere ve Hisarcik bolgelerinin bor atiklarmin flokiilasyon
iizerindeki etkisini, anyonik, katyonik ve non-iyonik flokiilantlarin varliginda incelemistir ve flokiilasyona destek
amagli ultrasonik iglem kullanilmistir. Sonuglar, ultrasonik uygulamanimn her iki numunenin ¢dkelme oranini
diistirmesine ragmen, ultrasonik islem varliginda daha kompakt bir ¢okelti yataginin olugsmasi nedeniyle Hisarcik
numunesi i¢in daha distik tortu yatagi yiiksekliklerinin elde edildigini gostermistir. Ding vd. [39] yaptiklari
¢alismada ultrasonik 6n muamelesinin flok boyutunda bir artisa (Sekil 6) neden oldugunu, bdylece komiir slam
suyunun ¢okelmesini arttirdigini belirtmislerdir. Ayrica, ultrasonik on islemin, yeni bir aktif yiizey olusturarak,
flokiilantin komiir slam pargaciklarinin yiizeyine adsorpsiyonunu artirarak ve pargacik istikrarsizlasmasini
destekleyen parcacik potansiyelini azaltarak komiir slam pargaciklarinin flokiilasyonuna ve ¢okelmesine katkida
bulundugu sonucuna varmiglardir.
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Sekil 6. Ultrasonik islemden 6nce ve sonra komiir slam floklarinin karsilastirilmasi (a: 0 dk, b: 4 dk, c: 8
dk) [39].

Ozkan ve Esmeli [40] kolemanit siispansiyon kararlilig: izerine ultrasonik islemin etkisini arastirmislardir.
Deneysel bulgular sonucunda, ultrasonik uygulamanin siispansiyon kararliligini azalttigini; yani, ultrasonik
islemin kolemanit siispansiyonunun flokiilasyonunu arttirdig1 sonucuna varmislardir. Ozkan ve Esmeli [41]
selestitin kollektorlerle gergeklestirilen makaslama flokiilasyon isleminde ultrasonik enerji kullanimim
arastirmiglar ve ultrasonik iglemin mineral siispansiyonlari i¢in 6n faz olarak kullanilmasi: durumunda, ince mineral
parcaciklarinin flokiilasyonunun iyilestirilebilecegini gostermislerdir. Ancak, ultrasonik islemin dogrudan
aglomerasyon asamasina uygulandiginda (yalnizca ultrason kaynakli ¢okeltme), selestit pargaciklariin
flokiilasyon siirecinin olumsuz etkilendigini kaydetmislerdir.

Sahinoglu ve Uslu'nun [42] ¢alismasinda, 9.5-72.8 Watt/cm? arasindaki ultrasonik gili¢ degerlerinin
kullanildig1 durumlarda, kiil uzaklastirma oranlarinin arttigi belirtilmistir. Bu c¢aligmada ultrasonik islem
uygulanan numunenin morfolojik analizi yapilmis ve komiir yiizeyinde bulunan ¢atlak ve kiriklarin ultrasonik
muameleden sonra azaldig1 komiir yiizeyinden kil ve diger mineral maddelerin uzaklastig1 tespit edilmistir. Bu
sebeple, ultrasonik islemin kavitasyon etkisiyle komiir yiizey iizerindeki oksitlenmis tabakay: azalttig1 ve daha
temiz komiir yiizeyleri ve bosluklari olusturdugu diisiiniilmektedir. Bu sonuglar, daha yiiksek ultrasonik gii¢
degerlerinin daha etkili kiil uzaklastirma sagladigini gostermektedir. Esmeli [43] tarafindan yapilan atik motor
yag1 ile komiir aglomerasyon ¢aligmasinda da benzer bulgular kaydedilmis, yiiksek gii¢c degerinde ultrasonik 6n
islem uygulanmasimin kdmiir siispansiyonunun kiil i¢erigini azaltirken, yanabilir verim de de azalmaya yol agtig1
kaydedilmistir (Sekil 7).
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Sekil 7. Linyit siispansiyonunun kiil i¢erigi ve yanabilir komiir verimi [43]
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Esmeli [44] calismasinda ultrasonik islemin barit cevherinin yag aglomerasyonu iizerindeki etkisini
arastirmistir ve ultrasonik iglemin, baritin yag aglomerasyonu siirecinde bir 6n iglem olarak uygulanmasi
durumunda baritin aglomerasyon verimini arttirmanin yani sira oleat ve gazyagi tiiketimini de azalttigini
kaydetmistir. Ayrica ultrasonik islemin temas agis1 degerlerini ultrasonsuz yapilan deneylere kiyasla artirdigi
belirtilmistir.

3.4. Li¢ islemlerinde kullanim

Slaczka [45], tarafindan yapilan ¢aligma, karbonatli ¢inko cevherlerinin amonyak liginde ultrasonik enerjinin
kullanilmasinin etkisini aragtirmay1 amaglamistir. Ultrasonik alanin uygulanmast, li¢ edilen cevherin yiizeyindeki
difiizyon tabakasinin kalinligin1 azaltarak licin daha hizli ger¢eklesmesini saglamigtir. Swamy vd. [46], nikel
cevherinin mikrobiyal li¢ islemine ultrasonik titresimin etkisini incelemistir. Ultrasonik islem ile gergeklestirilen
mikrobiyal li¢ islemi, siradan asit li¢lerinin kullanildig: igslemlerle karsilastirilmistir. Nikel veriminin ultrasonik
islem ile daha yiiksek oldugu tespit edilmistir. Bu sonu¢lar, ultrasonik titresimin mikrobiyal li¢ isleminde etkin bir
rol oynayabilecegini gdstermektedir.

Ultra ses destekli li¢ teknolojisi, kalkopirit [47], ¢inko oksit cevheri [48], nikel latarit cevheri [49], nadir
toprak cevheri [50], refrakter altin cevheri [51], refrakter giimiis cevheri [52], kuvars kumu [53], sfalerit [54,55]
gibi metal cevherlerinden degerli metallerin ¢ikarilmasinda yaygin olarak uygulanmigtir. Literatiirde yapilan
caligmalarda, ultra ses destekli licin, geleneksel mekanik karigtirmaya kiyasla, li¢ verimini artirma, li¢ siiresini
kisaltma, kimyasal reaktif tiikketimini azaltma vb. konularda biiyiik potansiyele sahip oldugu belirtilmistir.

Wang vd. [56] tarafindan yapilan ¢alismada ultrasonik etkisinin siilfirik asit li¢i iizerine etkisi arastirilmustir.
Sekil 8 de goriildiigii gibi, li¢ siiresi ve sicakligt li¢ verimini etkilemistir ve ultrasonik islemin gili¢ degerlerine
bagli olarak verim de artmistir.
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Sekil.8. Ultrason siiresinin li¢ verimine etkisi [56]

3.5. Flotasyon islemlerinde kullanimi

Tablo 1, ultrasonik islemin mineral flotasyonuna etkisi iizerine yapilmig calismalar1 6zetlemektedir.
Flotasyon g¢aligsmalarinda, ultrasonik islemin olumlu etkisi, ultrasonik iglemin reaktiflerin siispansiyon igerisinde
daha homojen dagilim saglayarak reaktiflerin performanslarini artirmasina baglanmistir [4,20]. Bagka bir etki ise
akustik kavitasyonun partikiil ylizeylerini temizlemesi ve slam tabakalarin olusmasini en aza indirgeyerek
reaktiflerin etkisini kolaylastirmasi ve buna bagli olarak reaktif tiikketimini azaltmasi olarak agiklanmaktadir.
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Tablol. Ultrasonik islemin mineral flotasyonuna etkisi iizerine yapilmis ¢aligmalar

Kiraz ESMELI

Kullanilan cevher Metot Sonug Referans

Barit-florit-kuvars Caligmalar sonucunda, ultrasonik 6n islemin

cevherinden baritin Ultrasonik iglem baritsin secimliligini ari[tlrdl“l bulunml? tur [46]

kazanim flotasyonu ¢ g J Stuf.

] Bu ¢aligmada ultrasonik islem ile metal veriminde

Bakir cevheri Ultrasonik islem % 6 oraninda daha fazla bir iyilesme saglandig [57]

flotasyonunda sonucuna varilmistir.

Ultrasonik islem, kolemaniti kaplayan kil

Kolemanit flotasyonu  Ultrasonik islem taneciklerinin se¢imli olarak ayrilmasina yardimci [4]
oldugu belirtilmistir.

?l/loizzeég isllélmlarlnln Ultrasonik es Ultrasonik islemin kopiik alma zamanini ve kdpiik 58]

kazan}lllmam zamanli flotasyon  kararliligini arttirdigini belirlemistir.

. o Ultrasonik islemin oksitli arsenopiritin oksit

Arsenopirit Ultrasonik ile 6n  tabakasini uzaklastirarak verimi arttirdig1 sonucuna [59]

flotasyonu kosullandirma varmuslardir.

Ultrasonik islemin, kalsit, galen ve barit flotasyon

Kuvars -kalsit barit - o verimi {izerinde olumlu etkisi olurken, kuvars

pirit -galen flotasyonu Ultrasonik islem flotasyon verimini lizerinde olumsuz bir etkiye [60]
sahip oldugunu tespit etmislerdir.

o . Ultrasonik islem sayesinde flotasyon se¢iciliginde

CBeegzz—r(iiemlr stlfiir ;ill:rrlzjl(l)flgofssyon ve veriminde 6nemli bir iyilesme gozlemlediler. [61]
Ultrasonik islemin mineral se¢iciligi lizerine etkisi

Barit ve kalkopirit Kopiik bolgesinde oldugu ve ultrasonik islem uygulanmis deneyler ile

flotasyonu ultrasonik islem uygulanmayan deneyler arasinda kabarcik dagilimi [62]
arasinda anlamli bir fark oldugu ileri stirlilmiistiir.

o Ultrasonik 6n muamele sonucunda %49 tendrlii
Kolemanit flotasyonu Ultrasonlk on %80 verim degerine sahip kolemanit konsantresi [63]
islem elde edilebilmistir.
Ultrasonik 6n islemin, ultrasonik temizleme

Kursun-ginko-bakir Ultrasonik &n banyosunda iiretilen kavitasyon kabarciklari

cevheri islem tarafindan salinan enerji nedeniyle ¢inko [64]
flotasyonunda tendrii ve verimi artirmistir.

Kuvars-amin _ Ultrasonik gii¢ degerinin artmasiyla flotasyon

flotasyonu Ultrasonik islem verimi %45 ten sirastyla %64 ve %66’ya ¢ikmustir. [65]

i]?;ekrlirne ulf‘}roz;séosr}llio'rig Ultrasonik es Atiklardan bakirin geri kazanilmasinda ultrasonik [66]

etkisi & zamanli flotasyon islem ile % 3.5 artis elde edilmistir.
Ultrasonikasyon, ultrasonun sadece flotasyon
strasinda kullanildig: piritin geri kazanimim

o ) Ultrasonik e 6nemli 6l¢iide iyilestirdi. Ek olarak,

Oksitli Pirit cevheri zamanli ﬂotssyon ultrasonikasyon, flotasyon hiicresinde pirit [67]
flotasyonu i¢in de faydali olan ince kabarciklarin
olugumunu artirmistir.

Ultrasonik &n Grafit slamindan grafit cevherinin geri kazanimim

Grafit islem snemli Slgiide artirabildigini buldu. [68]

Siderit varliginda o Kuvars flotasyon verimini ultrasonik islemden

kuvars flotasyon Ultrasonik islem sonra yaklasik%50 oraninda artirmistir. [69]

Pirotit-klorit Ultrasonik 6n Ultrasonik 6n iglem ile pirotitin kloritten flotasyon
ayrimini artirmistir. [70]

flotayonu

islem uygulamasi
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Zhou vd. [71] ¢aligmalarinda, kavitasyonun ince minerallerin flotasyonu {izerindeki olumlu etkisini iki faktore
baglamustir. Birincisi: Kavitasyonun, kabarciklar arasinda koprii olusturarak tane boyutunun biiylimesine sebep
oldugunu ve bunun da tane/kabarcik ¢arpisma olasiigini artirmasidir. Ikinci faktorii ise; Yiizeylerine kiiciik
kabarciklar yapigsmis tanelerin, flotasyon kabarciklarma daha kolay tutunmasiyla ve mineral tanesine kiigiik
kabarciklarin yapismasindan sonra tane-kiigiik kabarcik ikilisinin flotasyon boyutundaki kabarciga tutunup
birlesmesiyle agiklamaktadir.

3.5.1. Komiir flotasyonu iizerine ultrasonik islemin etkisi

Komiir flotasyonunda, ayrilma siireci biiylik 6l¢lide hava kabarciklarinin mineralizasyon diizeyine baghdir.
Ultrasonik kavitasyonun flotasyon kabarcik boyutu veya kopiik tabakasi {lizerindeki etkisi birgok bilim insani
tarafindan da rapor edilmistir. Ultrasonik etkisi ile olusan kavitasyon kabarciklarmin komiir tizerindeki fiziksel
mekanizmasi Sekil 9 'da gosterilmektedir. Kavitasyon kabarciklari ikincil bir kollektor gorevi yaparak partikiillerin
tutunma olasiligini arttirmakta, ayrilma olasiligini ise azaltmaktadir [72].

Kavitasyon

Sekil. 9. Kavitasyon ile ultrason destekli kabarciklarin 6nerilen mekanizmasi [72]

Cesitli aragtirmacilar tarafindan gergeklestirilen kdmiir flotasyonunda ultrasonik islem kullanimina iliskin
caligmalar Sekil 10 'da gosterildigi gibi, ultrasonik kavitasyon kabarciklari, ultrasonik emiilsiyonlastirtlmig reaktif,
ultrasonik 6n islem (yiizey temizligi, fiziksel islem ve kimyasal islem) ve es zamanli gergeklestirilen ultrasonik
flotasyon (ultrasonik prob veya banyo kullanilarak) gibi caligma alanlarini kapsamaktadir.

— Ultrasonik Kavitasyon
Kabarciklari

| — Ultrasonik Emiilsifiye
Reaktif

Fiziksel islem

ince Kémiir Flotasyonunda J
Ultrasonik Uygulamalari

{ Yiizey Temizleme
| Fiziksel Kinlma |

Komiir $lam

Ultrasonik On islem

Kimyasal islem

Ultrasonik Prob

Eszamanli Ultrasonik
Flotasyon

Ultrasonik Banyo

Sekil 10. Ince komiir flotasyonunda ultrason uygulamasi [13].
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Mao vd. [14] tarafindan yapilan flotasyon g¢aligmalarini, ultrasonik 6n islem flotasyonu ve ultrasonik es
zamanli flotasyonu kapsamaktadir ve ultrasonik 6n islem flotasyonunun geleneksel flotasyona gore kiil igerigini
azalttig1, ancak verimde kayda deger bir degisim olmadig1 belirtilmistir. Ancak, ultrasonik es zamanl flotasyon
yontemi ile hem kil igeriginde hem de verimde iyilesmeler gézlemlenmistir. Ayrica, komiir partikiillerinin piiriizli
yiizeyindeki kiigiik kabarciklarin kavitasyon davranisi nedeniyle kiil igerigini azalttigini tespit etmislerdir. Ayrica,
ultrasonun yiiksek gii¢ etkisi nedeniyle kabarciklarin birlestigini ve kiiresel sekillerini korudugu belirlenmistir ve
bu kabarciklardaki degisikligin verimde iyilesmenin nedenlerinden biri olabilecegini 6ne siirmiislerdir. Ozkan ve
Kuyumcu [6], eszamanli ultrasonik flotasyon sirasinda hava kabarciginin, geleneksel flotasyona kiyasla daha
homojen ve daha ince oldugunu gozlemlemislerdir. Ancak, kavitasyondan etkilenen kabarcik biiyiikligi ile
flotasyon performanst arasindaki iliski heniiz arastirilmamustir. Li vd. [73] ise ultrasonik es zamanli kok kdmiirii
flotasyonunu arastirmis ve geleneksel flotasyona kiyasla daha yiiksek yanabilir verim ve daha disiik kiil igerigi
bulmuslardir. Ayrica, taramali elektron mikroskobuyla ultrasonun, komiiriin yilizeyine yapigmis slami azalttigini
ortaya koymuslardir.

Xu vd. [9], oksitlenmis komiir flotasyonu iizerine ultrason 6n igleminin etkisini arastirmiglardir. Bu
calismada, komiir veriminin baglangigta arttigini daha sonra artan ultrasonik islem siiresi ile azaldigini
belirtmiglerdir. Kémiir veriminin baglangicta artmasi, oksijenli tabakanin uzaklagtirilmasiyla agiklanmistir, ancak
ardindan gelen verim azalmasini, uzun siireli ultrasonik isleme maruz kalmasi nedeniyle kdmiir yiizeyinin tekrar
oksitlenmesine baglamiglardir. Kang vd. [74], ultrasonik 6n kosullandirmanin yiiksek kiikiirt igerikli komiir
flotasyonu tizerindeki etkisini incelemislerdir. Bu ¢alismada, ultrasonik islemin komiir piilpiiniin yiizey yapisim
ve komiirlin yilizey yapisini degistirerek komiir flotasyonunda kiikiirt giderimini artirdigi belirlenmistir.

Fan vd. [72] ¢aligmalarinda nano kabarciklarin flotasyona etkilerini, tane boyutu, tane yogunlugu ve
ylizebilirlik 6zelliklerine bagli olarak arastirmistir. Bu ¢aligmada, mekanik ve kolon flotasyonunda nano kabarcik
kullaniminin flotasyon verimini %8 ile %27 degerleri arasinda bir iyilesme sagladigi tespit edilmistir. Peng vd.
[8], kavitasyon tarafindan {iretilen mikro-kabarciklarin varolussal durumunu nitel olarak analiz etmiglerdir.
Ultrasonik uygulama ve kopiirtiicii eklenmeksizin yapilan deneyler ile ultrasonik uygulamasi olmayan deneyler
arasinda kabarcik durumu agisindan onemli bir fark olmadigmni bulmuslardir. Ancak, flotasyon hiicresine
kopiirtiicii eklenmesi durumunda ultrasonik igslemle bir¢ok stabil mikro-kabarcik iiretildigi tespit edilmistir. Komiir
slaminda, kavitasyon tarafindan iiretilen bu mikro-kabarciklarin komiir ylizeyine yapisarak ve kabarcik-parcacik
baglanmasinda bir koprii vazifesi gorerek flotasyon konsantresinde kill miktarinin azalmasina yol actigi
belirtilmistir. Prozorov vd. [75] yaptiklar ¢alismada ultrasonik islem uygulanan ortamda tanelerin ¢arpigmasini
arastirmiglardir. Kavitasyon kabarciginin patlamasi sirasinda olusan sok dalgalarinin tanelerin yiiksek hizda
carpismasina sebebiyet verdigini belirtmislerdir. Bu ¢arpigsmalar sirasinda ¢arpisma noktasinda olusan yiiksek
1silarin birgok kati-sivi reaksiyonunu arttirdigini belirtmislerdir.

4. Sonuglar ve Oneriler

Ultrasonik islem, cevher hazirlama ve zenginlestirme proseslerinde yiizey temizleme ve verimi artirmak
icin kullanilabilir. Ultrasonik uygulama, 6n islem veya es zamanli olarak proseslerde uygulanabilmektedir.
Ultrasonik islemin etkilerini etkileyen faktorler arasinda cihazin 6zellikleri, uygulama sartlar1, uygulama asamasi
ve ortam sicakligl yer almaktadir. Ayrica ultrasonik cihazin uygulanma siiresi ve frekans degerleri de etkileyici
faktorler arasinda yer almaktadir. Ultrasonik islem 6zellikle flotasyon olmak iizere 6giitme, lig, kati-sivi ayrimu,
aglomerasyon, flokiilasyon gibi cevher hazirlama ve zenginlestirme proseslerinde kullanilmistir. Flotasyon
calismalarinda, ultrasonik islemin olumlu etkisi, reaktiflerin siispansiyon i¢inde daha homojen bir dagilim
saglayarak performanslarini artirmasina baglanmigtir. Bununla birlikte, akustik kavitasyonun partikiil yilizeylerini
temizleyerek ve slam tabakalarinin olusmasini en aza indirgeyerek reaktiflerin etkisini kolaylastirmasi ve reaktif
tiiketimini azaltmas1 gibi baska bir etkisi de vardir. Dolayisiyla, ultrasonik islemin yiizey temizleme ve slam
uzaklastirma yetenegi sayesinde flotasyon {iizerinde olumlu bir etkisi oldugu sdylenebilir. Bunun yani sira,
ultrasonik iglemin mineral-kollektdr arasindaki zayif baglar1 kirarak olumsuz etkilerinin olabilecegi de
diistiniilmektedir. Cevher zenginlestirme proseslerinde ultrasonik islem kullanimi genellikle laboratuvar 6lgeginde
denenmis olup pilot ve endiistriyel 6lgeklerde denemelerin yapilmasi, farkli frekans ve gii¢ seviyelerinde ultrasonik
enerji destekli zenginlestirme cihazlarinin tasarlanmasiyla zenginlestirme tesislerinde ultrasonik islemin
kullanilmast yaygin hale getirilebilir.
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Abstract: CuAINi shape memory alloys (SMAs) are one of the most prominent Cu-based SMAs mainly due to their shape
memory properties at high temperatures. Therefore, they are interested in high temperature SMA applications. Their good
thermal stability but brittleness originated from their coarse grain size are their other pros and cons. In this study, the low-cost
quaternary CuAINiCr high-temperature SMA (HTSMA) with a new unprecedented chemical composition including trace
amount of chromium element was fabricated by arc melting technique. After arc melting process, traditional homogenization
of small alloy samples in the high B-phase temperature region and quenching them in iced-brine water were proceeded. To
characterize the shape memory effect property of the alloy, differential calorimetry and microstructural X-ray diffraction (XRD)
tests were carried out. The cyclic DSC (differential scanning calorimetry) tests carried out at various heating/cooling rates
showed the splendid endothermic and exothermic peaks of reversible martensitic phase transformations in the temperature
range between around 150-220 °C, thence the produced alloy is qualified as a high-temperature SMA. Using DSC peak analysis
data, the finish and start temperatures of every martensitic phase transition, hysteresis gap, plus some other important
thermodynamic parameters' values were also determined. Among them, the high enthalpy change amounts occurred during the
transformations implied the good shape memory effect feature of the alloy. A DTA (differential thermal calorimetry) test taken
at only one heating/cooling rate revealed both the reversible martensitic transformation peaks and the other phase transition
peaks at higher temperatures. The consecutive phase transition step peaks of f'l— B1(L2;)—>B2—A2 on the heating-part of
the DTA thermogram curve of the alloy were observed as similar to those seen in the other Cu-based shape memory alloys.
Furthermore, at room temperature, the presence and types of the martensite phases formed in the alloy were revealed by the
XRD pattern of the alloy obtained by using CuKa radiation. The results showed that the novel CuAINiCr high-temperature
SMA can be useful in the high-temperature SMA applications.

Key words: High-temperature shape memory alloy, CuAINiCr, martensitic transformation, DSC, DTA.
Termodinamik ve Yapisal Sekil Hafiza Etkisinin Dortlii CuAINiCr YSSHA Karakteristikleri

Oz: CuAINi sekil hafizal alasimlar (SHA'lar), esas olarak yiiksek sicakhiklardaki sekil hafizali 6zelliklerinden dolay: en ¢ne
¢ikan Cu-bazli SHA'lardandir. Bu SHA'lara bu nedenle yiiksek sicaklik SHA uygulamalarinda ilgi duyulmaktadir. Tyi termal
kararliliklar1 ancak iri tane boyutlarindan kaynaklanan kirilganliklar1 diger artilar1 ve eksileridir. Bu ¢aligmada, eser miktarda
krom elementi igeren benzersiz bir kimyasal bilesime sahip dortlii CuAINiCr yiiksek sicaklik SHA (YSSHA), ark eritme teknigi
ile tretildi. Ark eritme isleminden sonra, kii¢iik alasim numunelerinin yiiksek [ fazi sicaklik bolgesinde geleneksel
homojenlestirilip tuzlu buzlu suda hizlica sogutuldu. Alasimin sekil hafiza etkisi 6zelligini karakterize etmek i¢in diferansiyel
kalorimetri ve mikroyapisal X-1511 kirmnimi (XRD) testleri gergeklestirildi. Farkli 1sitma/sogutma hizlarinda gergeklestirilen
diferansiyel taramali kalorimetri (DSC) testleri, yaklasik 150-220 °C arasindaki sicaklik araliginda tersinir martensitik faz
doniisiimlerinin olaganiistii ekzotermik ve endotermik piklerini gosterdi; bundan dolay: iiretilen alasim bir yiiksek sicaklik SHA
olarak smiflandirildi. DSC pik analizi verileri kullanilarak her bir martensitik faz doniisiimiiniin baslangi¢ ve bitis sicakliklari,
histeresiz aralig1 ve diger baz1 6nemli termodinamik parametreleri belirlendi. Bunlar arasinda, doniistimler sirasinda meydana
gelen yiiksek entalpi degisim miktarlari, alagimin iyi sekil hafiza etkisi 6zelligine sahip olduguna isaret etmistir. Tek bir
1sitma/sogutma hizinda daha yiiksek sicakliklara kadar ¢ikilarak yapilan diferansiyel termal kalorimetri (DTA) testi, hem
tersinir martensitik doniisiim piklerini yine ve hem de diger faz gecis piklerinin olustugunu gosterdi. Alasimin DTA egrisinin
1sinma kisminda B'1—B1(L2,)—B2—A2 ardisik faz gecis adimi pikleri diger Cu bazli sekil hafizali alagimlarda goriilenlere
benzer sekilde gozlendi. Ayrica oda sicakliginda alasimda olusan martensit fazlarin varligi, alasimin CuKo radyasyonu
kullanilarak elde edilen XRD deseni ile ortaya g¢ikarilmistir. Sonuglar, yeni CuAINiCr yiiksek sicaklik SHA'siin yiiksek
sicaklik SHA uygulamalarinda faydali olabilecegini gosterdi.

Anahtar kelimeler: Yiiksek sicaklik sekil hafizali alasim, CuAINiCr, martensitik doniisiim, DSC, DTA.
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5151-4576



Thermokinetic and Structural Shape Memory Effect Characteristics of Novel Quaternary CuAINiCr HTSMA

1. Introduction

As it is renowned, shape memory alloys (SMAs) [1,2], which are the second most commercial smart material
group after piezoelectrics, have been extensively studied due to their unique and magic-like shape memory effect
(SME), superelasticity and excellent damping properties. These properties made these materials very attractive
and useful in many industrial and technological application fields such as actuator, automotive, medical, aero-
space, robotics, construction, energy harvesting/converting, micro and nano electromechanic systems
(M/NEMSs), textile, etc. [1-8].

In most of applications nickel-titanium (NiTi) SMAs [9,10] are used due to their superior shape memory and
superelastic properties. Although NiTi SMAs have already been commercially used in numerous applications such
as medical, aerospace or automotive [9,11-14], thus having great importance, the processability or machinability
of these SMAs is relatively hard arising from their high ductility and deformation hardening, high chemical
reactivity, low thermal conductivity and elastic modulus which results in poor surface finish and poor tool life
[15,16]. But nearly ten times cheaper copper-based SMAs are thought as the nearest alternative to NiTi SMAs.
The mechanism of shape memory effect property of SMAs depends on a solid-to-solid phase transition known as
martensitic transformation. Martensitic transformations occur reversibly, atomically non-diffusional and
isostatical between two different solid phases of SMAs called as the product phase or martensite (low-temperature
phase) and the parent or austenite (high-temperature) phase [1]. A martensitic transformation can be occur when
SMAs are exposured to external forces such as heat or ellectric/magnetic fields, the internal crystal lattice stresses
occur by the external forces and these stesses impell the unit cell of a martensitic phase to change into the other
unite cell of other martensitic phase. The total changes of all unit cells results a macro size shape change in SMAs
that we can see. For example, when the temperature goes down to a critical level by cooling a NiTi SMA [9,17],
a cubic lattice structure of austenite phase can transform into a martensite phase with a monoclinic lattice structure.
This type of transformation from austenite to martensite is called as forward martensitic transformation. If
temperature increase up again, at this time a reverse martensitic transformation occurs from martensite to austenite.
The finish and start temperatures of reverse transformation (to parent phase) and forward (to martensite)
transformation reactions, from the highest to the lowest, are ranked as Ar> As> M; > Mr. Austenite phase becomes
disordered after a critical Ma (>Ar) temperature, and between Ar and M temperatures SMAs can exhibit
superelasticity (pseudoelasticity) [18,19]. If SMAs are made deformed plastically by a mechanical force or stress
(load) when they are in martensite phase, then if the load is removed away and they are exposured to heat, a reverse
transformation take place and accordingly they return back to their pre-deformed original shape. But when SMAs
are cooled down to the martensite temperature region they will not take the deformed shape back again and this is
known as one-way shape memory effect (OWSME), and if some extra training treatments applied they can also
show two-way shape memory effect (TWSME) [19].

NiTi, Cu-based (Cu-rich) and Fe-based (Fe-rich) SMA bases are three primary SMAs families. Among these,
practically and industrially NiTi SMAs are the most preffered ones due to their superlative SE and SME features.
But NiTi ones are much more expensive and arduously processable when compared to Cu-based ones showing
better SE and SME than those of iron-based SMAs. For this reason, Cu-based SMAs are deemed as the nearest
alternative to NiTi ones [20]. They are regarded as an alternative to be used in high-temperature operations and to
other commercial SMAs because of their lesser production costs, too [20]. In spite of that Cu-based SMAs have
been considerably investigated, they have still many issues to be overcome. Polycrystalline Cu-based SMAs
exhibit some drawbacks such as their brittleness, and thermal instability or instability of martensite and austenite
phases that affects transformation temperatures, hysteresis, strain recovery i.e. the shape memory properties. These
problems stems mainly from the coarse grains, defects or types of martensite and are also highly dependent on the
material production/processing history and the composition of these alloys [20]. A common way used to solve
these problems is adding some grain-refiner elements like Be, Ni, Ti, Mg, Fe, Zn, Mn, Co, etc. in these SMAs
[20-28]. The shape memory properties of the SMAs are extremely sensitive to their alloying compositions.

The shape memory effect mechanism of Cu-based SMAs depending on a martensitic transformation from
usually a cubic B-phase (DOs or L21) which is high symmetry austenite (A) phase to a low symmetry martensite
(M) phase. Martensite phase in Cu-based SMAs can mostly form in monoclinic (B”), orthorhombic (y”) or B’ (a
mix of B+y") forms depending on the alloy composition and also on the stress level of these alloys [5,20,27]. The
low-temperature martensitic phases that can be found in these alloys are: al’(3R) observed for low Al contents,
B1'(18R) for intermediate (9-14 wt.%) Al contents, and y1'(2H) that is predominant in alloys with high Al contents
[20,29].

The customary CuAINi and CuZnAl SMAs and CuAlMn, CuAlFeMn and CuAIBe SMAs are the most salient
Cu-based SMAs [1,20,24,30]. Cu-based SMAs, especially CuAINi ones, are more capable than NiTi SMAs in
terms of operating at high temperatures [5,31-44].

The effect of Cr element on CuAINi SMAs has not been adequately studied before, except only three studies
[45—-47] on CuAINiCr alloys, two of them with low martensitic transformation temperatures, and different alloying
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compositions have been found in the literature. Also, there were some other works but they are not about shape
memory aspects. The effects of adding chromium on CuAlINi , therefore, still have not understand well.

The addition of chromium (Cr) to copper-aluminum (Cu-Al) SMAs can significantly influence their
microstructure, phase stability, and transformation temperatures [48—50] , thereby enhancing their shape memory
properties and expanding their potential applications. Notably, the addition of Cr to Cu-Al SMAs has been reported
to enhance the thermal and compositional stability of the alloy, forming stable precipitates.

In this study, the quaternary CuAINiCr with unprecedented 72.56Cu-22.34A1-4.34Ni-0.77Cr (at.%)
composition was manufactured in an arc melter. The characteristic shape memory effect parameters were revealed
by differential calorimetric DSC and DTA measurements and based analyses and calculations, and by structural
XRD test.

2. Experimental

The CuAINiCr high-temperature SMA was manufactured by melting the pellets obtained by pressing powder
mixture of highly pure (%99.9) metal powders of Cu, Al, Ni, and Cr in a vacuum arc melter. After arc melting, the
alloy obtained as-casted ingot was sliced as proper test samples. Then these test samples were homogenized at 900
°C for | h and immediately immersed (quenched) in iced-brine water (to form martensitic structure in the alloy by
this rapid cooling). The DSC tests were performed out via using a Shimadzu-60A label DSC equipment at varied
heating/cooling rates of 10, 15, 20 and 25 °C/min under inert (argon) gas with a constant flow rate of 100 ml/min
for revealing thermally induced shape memory behavior. By using a Shimadzu DTG-60AH instrument the DTA
test was performed out at a single 25 °C/min of heating/cooling rate between room temperature and high beta-
phase temperature region under same inert gas condition to observe behavior of the alloy at high temperatures.
The XRD pattern of the alloy was obtained in room conditions via using a Rigaku Miniflex 600 model X-ray
diffractometer (by using CuKa wavelenght rays) for revealing the formed martensite phases in the alloy matrix.
The EDS analysis was made to determine the alloying composition of the CuAINiCr alloy by using a SEM-Hitachi
SU3500 instrument at room temperature.

3. Results and Discussion

The detected 72.56Cu-22.34A1-4.34Ni-0.77Cr (at.%) alloying composition of the CuAINiCr HTSMA
obtained by the EDS test result is given in Figure 1, and in Table 1. Average electron concentration per atom (e/a)
ratio of the CuAINiCr HTSMA was calculated as 1.49 by substituting the (at.%)-fractions of every metal element
of the detected alloy composition in the formula [27] expressed as e/a=2f:.vi, where frepresents the (at.%)-fractions
of the alloying elements and v refers to the corresponding valency (numbers) of these elements. Thus, the e/a ratio
of the CuAINiCr alloy was found as 1.49. This e/a parameter of the produced CuAINiCr alloy is fall in between
the e/a ratio range of 1.45-1.51 which range is regarded as a theoretical condition for copper-based alloys to exhibit
most probably a shape memory effect [1,27]. Also, in this e/a ratio range Cu-based SMAs are expected to have
two different martensite forms (f1’ and y1’) together.

I Spectrum 19
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Figure 1. The EDS test result of the CuAINiCr HTSMA.
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Table 1. The EDS alloy composition of the CuAINiCr HTSMA.

Cu Al Ni Cr

Atomic percentage 72.56 2234 4.34 0.77
(at.%)

The multi-curves DSC results each at different heating/cooling heating rate are given in Figure 2 show the
formation of down endothermic and up exothermic solid-to-solid reaction peaks indicating the reversible
martensitic phase transformations of the CuAINiCr HTSMA. The cycling DSC heating/cooling curves taken at
different 10 - 25 °C/min of rates show the highly stable reverse (martensite to austenite; M—A) transformation on
heating fragments of these thermograms and the forward austenite to martensite (A—M) transitions on cooling
fragments of these curves [18,27,51] due to very slightly changes of peak positions and no any peak splitting
observed as occurence of secondary phase transitons [52] on or near these peaks even after several time of DSC
runnings at different heating/cooling rates.
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0.00 4-;:. phase M
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(hizh temperature rezion)
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-20.001
heating —>> /\
-40.00
-0.00 50.00 100.00 150.00 200.00 250.00
Temperature (°C)

Figure 2. The multiple DSC curves of the CuAINiCr HTSMA obtained at different heating/cooling heating
rates.

The characteristic martensitic transformation temperatures and other thermodynamic parameter values of the
CuAINiCr HTSMA obtained from the DSC peak analyses data and calculations based on were given in Table 2.
In this table, the thermal equilibrium temperature (To) parameter values, at where there is zero gap between the
Gibbs (chemical) free energies of austenite and martensite phases, were determined by To=(Ar+M;)/2 formula [27].
And, the entropy change (AS) happened with M— A reactions were calculated by using the enthalpy AH change
values in ASy—4=AHy—4/Tp formula [27]. The high martensitic transformation temperatures of the produced
CuAINiCr alloy was found ranging in between 146.29 °C (the minimum Ms) and 204.45 °C (the maximum Ar)
temperatures range which range is found higher than the range of 37.53 °C and 113.22 °C [45], -44.66 °C and -
6.09 °C [46] reported in previous works. So, the transformation temperatures range determined in this work being
much higher than those reported in previous works [45,46] is found as unique and the only high-temperatures
range and thus the only high-temperature CuAINiCr shape memory alloy, too.
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Table 2. The characteristic temperatures of martensitic transformation and thermodynamic parameters of the
fabricated CuAINiCr HTSMA.

Heating/cooling rate As Ar Amax M M As-My To AHm—a  ASm-a
(°C/min) (W) (W) (W) (W) (W) (W) (W) Jig)  (J/g°C)

10 177.12 189.57 18339 169.58 15393 23.19 179.58 13.54 0.0754

15 179.38 194.00 186.54 169.63 150.89 28.49 181.82 13.57 0.0746

20 180.52  198.14 19131 169.46 148.02 3250 183.80 12.06 0.0656

25 17442 204.45 197.57 168.93 14629 28.13  186.69 8.97 0.0480

Avg. 177.86  196.54 189.70 169.40 149.78 28.08 182.97 12.04 0.0659

The transformation temperatures and thermodynamic parameters of CuAINiCr HTSMA changing with
heating/cooling rate were also displayed as plots given in Figure 3-a and -b. By the increase of heating/cooling
rate, while Ar and To temperatures are seen increased, Mr temperature is seen decreased, and the enthalpy and
entropy change values of reverse transformation are both seen decreased. The faster heating, the lower volume of
martensite allowed to transform to austenite. Because, for a fully transformation enough time keeping at same
isostatic temperature (more like a small temperature interval) is needed, since martensitic transformations occur
isostatically. When the heating rate is high the temperature goes up so rapidly leaving some of martensites un-
transformed behind. Some times, at much higher rates, a temperature lag (lag of Af) occurs as a sign of late
transformation of the rest un-transformed martensites [17].
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Figure 3. The plots showing a) the transformation temperatures and b) kinetic parameters of CuAINiCr
HTSMA changing with heating/cooling rate.

The kinetic activation energy (E.) is a determining parameter in formation of martensitic transformation
reaction and crystallization of the alloy. Here, for the activation energy of the CuAINiCr HTSMA the below-given
Kissinger formula in eq. (1) [27,53] was used;

d|ln %

where; T\ is maximum austenite formation (M—A) peak temperature (Amax), ¢ is heating/cooling rate, R is the
universal gas constant (R=8.314 J/mol.K). The plot of activation energy change of the reverse transformation of
the CuAINiCr HTSMA is given in Figure 4. The lineer fitting-slope of this plot represents the left term of the Eq.1.
By using slope value instead of the left term in Eq.1, the Ea activation energy value of the reverse martensitic phase
transition of the produced CuAINiCr HTSMA was computed as 102.55 kJ/mol.
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Figure 4. The activation energy change plot of the reverse martensitic transformation of the CuAINiCr HTSMA.

The cyclic DTA curve taken at single 25 °C/min of heating/cooling rate given in Figure 5 shows the reverse
and forward martensitic transformation peaks again and also the other thermally induced phase transitions
reactions in the CuAINiCr HTSMA at high temperatures. A phase transition chain observed on heating as follows:
martensite (B1") —austenite (81, L21) — B2 (metastable cubic) — precipitating — eutectoid recomposition — B2
(ordered cubic) —A2 (disordered cubic) [1,27,51,54,55] and this phase transitions chain is seen common in Cu-
based SMAs. The eutectoid point (this peak is seen formed at 500 °C circa on heating part, and vice versa on
cooling part) indicates the dissolution of precipitations (that form before this peak) into B (or B2) phase. Here, the
forward martensitic transformation (B1—1") peak is seen on cooling the CuAINiCr alloy become smaller as
compared with the sharp and large reverse one (1" —f1) seen on heating. The reason for this is that the alloy's
composition or structure might have been some changed in some local domains when passing through the high
temperature region of precipitating and eutectoid region. Precipitations occur by diffusion of atoms at high
temperatures, and they disarrange some of martensitic structure, i.e. lead to a reducement of some shape memory
capacity understood from the shrinking of transformation peak. By giving an extra heating of the CuAINiCr
HTSMA up to B-phase temperature region above its eutectoid point (the peak seen formed at 500 °C circa on
heating part) and then by rapidly quenching the alloy from that high temperature can be done to bring the forward
transformation peak (shape memory capacity) back to its normal size again.

DTA
uV
20.00 Austenite Exo-up!
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Figure 5. The DTA termogram of the CuAINiCr HTSMA.
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The XRD pattern of the CuAINiCr HTSMA is given in Figure 6 and it shows the formed martensitic phases
in the alloy at room temperature. Here, the main observed peak is f1'(122) martensite peak, and the others are also
some B1' and some y1’ type martensite peaks [25,27,28,38,56—59]. The XRD pattern of the CuAINiCr HTSMA
shows the co-existence of monoclinic 1’ (18R) and orthorhombic y1' (2H) type martensite phases just as above-
predicted over the e/a ratio of the alloy.

32'(122)

)1'a28)

Intensity (a.u.)

30 40 50 60 70
40 (°)
Figure 6. The XRD pattern of the CuAINiCr HTSMA.

The mean size of the ordered (crystalline) domains, i.e. the Debye-Scherrer crystallite size (D) of the alloy
was also calculated by using Debye-Scherrer formula [27] as below in (2);

0.91
- Bj cos 6 (2)
2

where; A refers to the used wavelength (CuKa radiation, A= 0.15406 nm) of X-ray diffracted from the surface of
the alloy in the XRD test, Bu. stands for the full width at half maximum (FWHM) value of the highest intensity
peak, and O represents the Bragg angle of the diffraction. The crystallite size D values were determined as 29.69
nm by using the FWHM value of the highest f1' (122) peak at the 28 angle of 40.14°.

4. Conclusions

The quaternary CuAINiCr HTSMA was manufactured succesfully by arc melting technique and the shape
memory effect characterization of the alloy was made by differential calorimetry (DSC, DTA) and structural
(XRD, EDS) measurements.

The DSC results showed the powerful and stable reversible martensitic transformation peaks at the
temperatures above 100 °C approximately between 150 °C and 200 °C, and also the DTA curve on heating showed
the multi-step phase transitions chain of B1’(or B1'+y1") — B1(L21) — B2 — A2 which is common to the Cu-
based shape memory alloys. Heating up above eutectoid point can reduce the enthalpy change of martensitic
transformation and shape memory effect capacity of the alloy due to some local compositional changes might have
been originated from some residual precipitations and intermetallic phases emerging during the heating and some
remaining during cooling back. In this case, an additional heating the alloy up to its high beta-phase temperature
region and quenching will probably be the convenient remedy to entirely re-build the martensitic structure of shape
memory mechanism in the alloy again.

The XRD result showed the co-existence of Bl’and yl’ type martensites which constitutes the base
crystallographic mechanism for the shape memory effect property of the CuAINiCr HTSMA.

The obtained results showed that the new composition CuAINiCr HTSMA can be useful in various HTSMA
related applications. The results obtained in this study on CuAINiCr HTSMA will help in research and
development on Cu-based SMAs, CuAINi SMAs and Cr incorporated CuAl-based SMAs which are demanded for
their low cost and some relatively more practical fabrication ease than NiTi SMAs, also brings new literature
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information that will be used by the researchers in their perspectives and in future works. Moreover, the next work
can be done on the ternary CuAlCr alloy with more amount of Cr addition to see the effect of Cr on CuAl-base
system and its shape memory and microstructure properties.
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Abstract: The dynamics of solid material dissolving in a solvent are fundamentally described by the Noyes-Whitney
equation. For the purpose of simulating intricate processes with memory effects and non-local behaviors, fractional calculus
offers a strong foundation. We explore the effects of memory and non-locality on dissolution kinetics by solving the Noyes-
Whitney equation using fractional derivatives. By means of mathematical analysis, we provide insights into the dissolving
processes in chemical engineering and pharmaceutical applications by clarifying the behavior of the Noyes-Whitney equation
with proportional fractional derivative. In this study, after discussing the characteristics and theories of the proportional
fractional derivative on a time scale, we solve the proportional fractional Noyes-Whitney dynamic equation in the presence of
the initial condition and give several examples on various time scales via the proportional fractional derivative.

Key words: Noyes-Whitney dynamic equation, fractional calculus, proportional fractional derivative.
Noyes-Whitney Dinamik Denkleminin Coziimlerinin Oransal Kesirli Tiireve Gore Incelenmesi

Oz: Kati maddenin bir ¢dziicii iginde ¢dziinmesinin dinamigi temel olarak Noyes-Whitney denklemi ile tanimlamr.
Karmasik stiregleri hafiza etkileri ve yerel olmayan davranislarla simiile etmek amacryla kesirli analiz gii¢lii bir temel sunar.
Noyes-Whitney denklemini kesirli tiirevler kullanarak ¢ozerek hafizanin ve yerel olmamanin ¢éziinme kinetigi iizerindeki
etkilerini arastirryoruz. Matematiksel analiz yoluyla, Noyes-Whitney denkleminin orantili kesirli tiirevle davramisimi agikliga
kavusturarak kimya miihendisligi ve farmasd&tik uygulamalardaki ¢oziinme siireglerine iliskin bilgiler sagliyoruz. Bu calismada
oransal kesirli tiirevin 6zelliklerini ve teorilerini zaman Olgeginde verdikten sonra oransal kesirli Noyes-Whitney dinamik
denklemini baslangi¢ kosulunun varli§inda ve oransal kesirli tiirev iizerinden ¢esitli zaman 6lgeklerinde birka¢ 6rnek vererek
¢ozilyoruz.

Anahtar kelimeler: Noyes-Whitney dinamik denklemi, kesirli hesap, oransal kesirli tiirev.
1. Introduction

Numerous industrial and scientific operations depend heavily on the kinetics of a solid substance's dissolution
in a solvent. Based on variables including surface area, diffusion coefficient, and concentration gradient, the
Noyes-Whitney equation [15,23,26,30,32,33] offers a standard model for explaining dissolution rates. We
introduce a proportional fractional derivative to the Noyes-Whitney equation in this study, inspired by the non-
local behaviors and memory effects found in dissolution events.

The classical fractional derivative operators [1,10,11,17,19,24,25,27,34] are extended by the new
conformable fractional derivative, named proportional fractional derivative [4,5,18], with parameters k, and k;.
If P° is the unit operator and P! is the classical differential operator, then the differential operator P is called a
proportional derivative where 8 € [0,1]. In order to overcome some constraints of the current fractional calculus
operators and offer a more adaptable framework for characterizing the behavior of complex systems with
fractional-order dynamics, the conformable fractional derivative was developed.

With respect to parameters k, and x,, the proportional fractional derivative is defined as follows:

Definition 1.1 [5] Assume that 8 € [0,1], ko, k;: [0,1] X R = R{ are continuous functions and that
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L}L%L Ko (ﬁl t) = 0' ﬁll)rgh_ Kl(ﬁ' t) = 1,
Jim k(B0 =1 lim k(8,6 =0, (1.1)
Ko(ﬁ' t) * O' ﬁ € (0:1]1 Kl(ﬁl t) * 0' .8 € [0'1)’

are true. In this situation, if the function ¢ is differentiable at t and (p’:%(p, then the differential operator P#
defined by

PEo(t)=k, (B, )9 () + o (B, D)@' (1), (1.2)
is said to be proportional.

It is possible to modify the behavior and characteristics of the proportional fractional derivative operator by
varying the parameters x, and ;. With respect to linearity, commutativity, and the chain rule, the proportional
fractional derivative with parameters x, and k; inherits some of the beneficial characteristics of conventional
fractional derivatives. Furthermore, when modeling complicated systems [8,31] with fractional-order dynamics, it
provides increased flexibility and adaptability. There are several applications of this fractional derivative in the
domains of signal processing, physics, engineering, biology, and finance [3,7,9,16,21,22,28]. Among the
phenomena displaying fractional-order behavior include viscoelasticity, anomalous diffusion, fractional-order
control systems, and so on. The features and behavior of this derivative are investigated through mathematical
modeling and analysis, utilizing experimental validation, numerical simulations, and analytical techniques. The
fractional derivative operator can be tailored to the unique properties of the system under study because to the
flexibility offered by the parameters k, and k,. In comparison to conventional fractional calculus operators, the
proportional fractional derivative with parameters k, and k; offers greater flexibility and versatility, making it a
useful tool for characterizing and comprehending the dynamics of complex systems with fractional-order behavior.

A time scale T is a closed, nonempty subset of the real numbers that denotes the domain of evolution of a
dynamic process. It offers a comprehensive framework for researching dynamic processes and systems that change
throughout different kinds and durations of time. Time scales having irregular or non-uniform time intervals can
be modeled using continuous, discrete, or hybrid time scales. Since its introduction by Stefan Hilger in 1988 [20],
time scale calculus has grown to be an essential tool for the study of dynamic systems with a wide range of temporal
features. Numerous disciplines, including engineering, physics, biology, economics, and finance, can benefit from
the use of time scale calculus. It is applied to population dynamics, mathematical biology, control theory, signal
processing, and other fields to model and understand dynamic systems.

A basic equation used to characterize the rate at which a solid material dissolves into a solvent is the Noyes-
Whitney equation, sometimes referred to as the Noyes-Whitney equation of dissolution kinetics. It offers a
numerical connection between the dissolution rate and other process-influencing variables.

The aim of the study is to obtain analytical solutions of the fractional derivative Noyes-Whitney Dynamic

Equation with proportional delay. The formula for the Noyes-Whitney problem is

2= 5(R;—R), R(0)=0. (1.3)
The solubility of the substance, or the concentration of its saturated solution, is represented by R; the concentration
at the expiration of the time ¢ is represented by R;; and & is a constant. This indicates that the solution profile, as
derived from the integration of Eq. (1.3), is exponential and reaches the plateau value R, in an indefinite amount
of time:

R =Ry(1—e~%). (1.4)

In this article, we consider the proportional fractional Noyes-Whitney dynamic equation
PBR(t) = 6(R; — R)(t). (1.5)
Firstly, we will give some properties and theories about the proportional fractional derivative on a time scale, and

then we will find the solution of Eq. (1.5) with the initial condition and give some examples on different time
scales.
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2. Preliminaries

Some basic definitions and features of proportional fractional calculus theories will be covered in this part.
Firstly, let us denote on a time scale T by u, p and o the graininess function, the backward and forward jump
operators, respectively, and additionally note that T*=T — {m} if there is a maximum m point of T; else, T*=T.
Detailed information about time scale calculation can be found in [2,6,12-15,23,26,30,33].

The proportional delta derivative of the function ¢ : T — R of order B € [0, 1] at point t € T* will now be
defined.

Let us define
3(’]1‘):{ @:T > R : PPo(t) exists and is finite for all t € 'I]'k},
as the collection of all proportional delta differentiable functions [29].

Theorem 2.1 [29] Let ¢ : T —» R be a function, t € T¥; k, and k; be continuous functions that fulfill the
conditions (1.1). In this case

PPo(t)=Ko(B, t) 9 (t) + K1(B, 1) @ (1), 2.1

defines the B-th order proportional derivative of ¢ at point t where 8 € [0, 1].

Lemma 2.2 [29] If ¢, ¢, : T = R are proportional delta differentiable at the point t € T* and x, and k, satisfy
the conditions (1.1) and are continuous functions, then the following properties are provided:

(i) PPlpg, + co,1=pPPp,] + ¢PPlp,], allp, ¢ ER;

(i) Pﬁ[‘ﬂﬁpz]: Qolopﬁ[‘Pz] + PP (P10, — 17 @211 (B, .);

v g [01] _ PPlodd 027 - 01PPl@a]l | ¢1° o
(iii) D Lpz] o +(p2a’€1(ﬁ:-): 02027 # 0

Definition 2.3 [29] Let 8 € [0, 1] and k,, x; : [0, 1] x T > R¢ be continuous functions that fulfill (1.1). p: T - R
is regarded as being S-regressive if the requirement

H%M(ﬂio, all t € T,
o\p,

is hold. The collection of all f-regressive and rd-continuous functions on T is represented by Rz=R; (T).

Definition 2.4 [29] Let B € (0, 1],p € Rs. Assume that ko, k; are continuous functions and p/rc, k/k, delta
integrable functions on T, and that (1.1) is satisfied.

E (t, s)=exp U —Log 1+W (‘[))A‘L’], 2.2)

= 1 B,
E,(t, s)=exp U mLog 1 — Kl(g TT) #(r))Ar] s,t €T,
N

defines the proportional exponential function on T for operator P#, where Log is the fundamental logarithm
function.

t
E - @ -ri (B0 _
E,(t, s)=exp US ( ) )AT], u() =0, (2.3)

Definition 2.5 [29] Letp : T — Rand 8 € (0, 1]. Let us use ERE to define all positive g-regressive components
of R, that is,
(@ —Kx1(B,7)
®i={pen: 1 +EO=BB D () > O,all e T}.
Theorem 2.6 [29] Ifp € ERE and B € (0, 1], the following properties are true:

@) E,(a(t), s)= ( 1+ %’;{f” ,u(t)) E,(t,);

37



Investigating Solutions of the Noyes-Whitney Dynamic Equation via Proportional Fractional Derivative

(ii) E (t,s)=

Ep (s 0’

(iii) E,(t, s)E,(s, 1)=E,(t,1);

@) Bt )= ( BE2E2) B, (1, 9).

Lemma 2.7 [29] Let 8 € (0,1] and p € R. For fixed s € T,
PEIE,(.,9)]=p®E,(,5),

and for the proportional exponential function E,,

| [ e@Eto@ 4 |_
P [f (5. At | =¢p(t). 2.4

Definition 2.8 [29] Assume that ¢ € C,4(R), B € (0,1], and ¢, € T. The indefinite proportional integral (anti
derivative) is defined as

[ PPo(t)A,t=p(t) + cEy(t, t,), VEET,c ER,

with respect to Lemma 2.7

t
t = _ P([@Ep(t, o(7)) —
J, 0(@Ey(t, (7)) 4pT = L T At, AgT= o(ﬁ 5 4%, (2.5)

describes the indefinite proportional integral (anti derivative) of ¢ on [a, b]y.

Lemma 2.9 [29] Let B € (0, 1], ¢ € C,4(R), and K, k; be continuous functions and satisfy (1.1). Then,

Pk Uat ¢(T)E0 (t,a(1)) Aﬁ‘[] =p(t). 26

Lemma 2.10 [29] If ¢ € J(T),

fPﬁW@H%@ﬂ@D%FﬂMﬂ%@ﬁ@MLm

Definition 2.11 [4] It is assumed that ¢ : T — C is regulated. Afterward, for each g € Hg(f), where Hgz(f) is
the set of all complex numbers that fulfill

Ko+ f79(u—K) #0, g—K €Ry,

—_ - h_K1
h gf*(1+u——)

0

the proportional fractional Laplace transform of ¢ is given as

(oo}

Ly(9)(w) = f P QEn(£0) Ag .

Theorem 2.12 [4] Assume that ¢4, ¢, : T — C are regulated; y,,y, € C. Thus, for u € Hﬁ(qu) n Hﬁ((pz),

Lp(y,0, +7,0,) @) = v,Lg(0,) (W) +v,L(9,) W)
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Lemma 2.13 [4] (i) Lg(1)(u) = %EO(OO,O), u € Hy(1),
_ Eg(0,0)

(i) Lg (Eq (00,0)) =

u-q

3. Main Results

Using the Laplace transform, solutions of the proportional fractional Noyes-Whitney problem

{ PER(t) = 8(R; — R)(Y), (3.1)
R(0) = R, (3.2)

for various time scales will be found in this section.

Theorem 3.1 The solutions of the proportional fractional Noyes-Whitney problem (3.1)-(3.2) is

R(t) = Ry + (Ry — ROE_5(t,0), (3.3)
where R (t) = R,.

Proof: Using the initial condition (3.2) and the proportional fractional Laplace transform of both sides of Eq. (3.1)
can result in the discovery that

Lg(PPRY(wW) = Lp(§(Rs — R))(w)
= 8(R, - R)Lp(1) ()
= 5RLp(1)() — SLp(R) (),
and then using lemma 2.13

_ Eq(00,0
uLg (R)(w) — RoEo(0,0) = &R, % ~ 8Lp(R)(w),
L B 6R, + Ryu g 0
g(R)(u) = o) 0(0,0),
= (B4 22) By (e0,0).

By applying the inverse proportional fractional Laplace transform to both sides,
R(t) = R; + (Ry — R)E_5(t,0),

1s found.

Example 3.2 Let T=7Zx,(8,t) = (1 — )32, Kky(B,t) = f317F)/2 In this case, the solution of the
problem

{ PV2R(t) = == (R, — R)(D), (34)

R(0) = R,, (3.5)
is

R(t) = Ry + (R, — Ry)exp[tLog?2].
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Solution Since u(t) = 1, from the definition of the proportional fractional exponential function (4), we have

t

3,3
F “2t2
E_s(t,0) = exp Log| 1-— Au

3
2

0

= exp [fot Log?2 Au]

= exp[Log2 Y5 1]
= exp[tLogZ].
Hence, the solution of (3.4)-(3.5) is given that
R(t) = Ry + (Ry — Ry)exp[tLog?2].

38
Example 3.3 Let T = 3N° K. (B,t) = (1 =), ko(B,t) = Btz. In this case, the solution of the problem is:
{ PY3R(t) = —=(Rs — R)(D), (3.6)
R(1) =R, 3.7
R(t) = R, + (R, — R,)3%.
t L 1
- +,
f ﬁLog(l— 7 32t>Au
s 3
‘1
= exp f —Log3 Aul
0 2u

exp [Log3 Zi/g 1]

Solution: Since u(t) = 2t, we get

E_s(t1) = exp

k-1
exp [Log3 Zgo 1]

exp|kLog3],
=3 t=3% keN,
and the solution can be obtained as

R(t) = R, + (R, — R,)3".

4. Conclusion

Following a discussion of the properties and theories of the proportional fractional derivative on a time scale, we
solve the proportional fractional Noyes-Whitney dynamic equation in this study while the initial condition is
present. We then provide multiple examples using the proportional fractional derivative on different time scales.
We provide light on the behavior of the Noyes-Whitney equation with proportional fractional derivative, so
offering insights into dissolving processes in chemical engineering and medicinal applications.
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