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On Characterization of Smarandache Curves
Constructed by Modified Orthogonal Frame

Kemal Eren* and Soley Ersoy

Abstract

In this study, we investigate Smarandache curves constructed by a space curve with a modified orthogonal
frame. Firstly, the relations between the Frenet frame and the modified orthogonal frame are summarized.
Later, the Smarandache curves based on the modified orthogonal frame are obtained. Finally, the tangent,
normal, binormal vectors and the curvatures of the Smarandache curves are determined. A special curve
known as the Gerono lemniscate curve whose curvature is not differentiable, the principal normal and
binormal vectors are discontinuous at zero point is considered as an example and the Smarandache
curves of this curve are obtained by the aid of its modified orthogonal frame, and their graphics are given.

Keywords: Gerono lemniscate curve, Modified orthogonal frame, Smarandache curves
AMS Subject Classification (2020): 53A04; 14H50

*Corresponding author

1. Introduction

Curve theory is one of the most important and interesting research topics of differential geometry. Many studies
have been done about curves in the scientific world and the characterizations of curves have been examined by
considering different spaces. Even in prehistoric times, curves seem to have an important place in the fields of
art and decoration. Curves are used frequently in many related fields such as computer graphics, animation, and
modeling. In this study, we investigated the Smarandache curves using the modified orthogonal frame to give a
new perspective to curves. The Smarandache curves are characterized using different frames in Euclidean and
non-Euclidean spaces [1-9]. The Smarandache curves obtained from spacelike Salkowski and anti-Salkowski curves
are given by Eren and Senyurt in Minkowski space [10-13]. Also, the Smarandache curves are characterized using
the positional adapted frame by Ozen et al. [14, 15]. However, the Serret-Frenet frame is insufficient at points where
the curvature of the space curve is zero. Because at points where the curvature is zero, the principal normal and
binormal vector of a space curve becomes discontinuous. Sasai has defined the modified orthogonal frame as an
alternative to the Frenet frame to solve this problem [16]. Then, the modified orthogonal frame was defined by
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Biik¢ti and Karaca for the curvature and the torsion of non-zero space curves in Minkowski 3-space [17]. This study
aims to investigate the geometric properties of the Smarandache curves according to the modified orthogonal frame.
First of all, the equations of the Smarandache curves according to the modified orthogonal frame are obtained.
Then, the graphs of the obtained Smarandache curves are drawn. Therefore, it is aimed to contribute to the world
of science with the newly obtained curves.

2. Preliminaries

In Euclidean 3-space, Euclidean inner product is given by <, >= da? + da3 + daj where a = (o, a0, a3) € E5.
Norm of a vector a € E? is | a|| = \/< o, @ >. For any the space curve q, if ||o/(s)|| = 1, then the curve « is unit
speed curve in Euclidean 3-space. Let o be a moving space curve with respect to the arc-length s in Euclidean
3-space E3. t, n, and b are tangent, principal normal, and binormal unit vectors at a(s) point of the curve «,
respectively. Then, there exists an orthogonal frame {¢, n, b} which satisfies the Frenet-Serret equation

t' = kn,
n' = —kt + b,
b =—mn

where x and 7 are the curvature and the torsion of the space curve o, respectively. For the reason that the principal
normal and binormal vectors in the Frenet frame of a space curve are discontinuous at the points where the
curvature is zero, the modified orthogonal frame was introduced by Sasai as an alternative to the Frenet frame.
In this sense, we assume that the curvature  (s) of the space curve « is not zero and then we define the modified
orthogonal frame {7, N, B} as follow:

do dT
T=— N =— B=TAN
ds’ ds’

where T'A N is the vector product of 7" and N. The relations between the modified orthogonal frame {T', N, B} and
Serret-Frenet frame {¢,n, b} at non-zero points of « are

T=t, N=kn, B=&b

From these equations, it is known that the differentiation of the elements of the modified orthogonal frame {T', N, B}
satisfy

N’ (s) = —K*T (s) + %/N (s)+7B(s),

B’ (s)=—7N (s) + %/B (s)

dct(al 704” .,Ot’”)

where x’ denotes the differentiation of the curvature with respect to the arc-length parameter s and 7 = —

is the torsion of the space curve a. Moreover, the modified orthogonal frame {T, N, B} satisfies

(I, T) =1, (N,N) = (B,B) = %, (T,N) = (T, B) = (N, B) = 0.

3. Smarandache curves constructed by modified orthogonal frame

In this section, we investigate the Smarandache curves according to the modified orthogonal frame {T', N, B} in
Euclidean 3-space. Let & = «a(s) be unit speed regular curve with arc-length parameter s.

Definition 3.1. Let « be a space curve with modified orthogonal frame {7, N, B}, then the Smarandache curve
obtained from the unit vectors 7"and N of the curve « can be defined as
1

Pi(s*) = NG (T'(s) + N(s)) (3.1)

such that s* is the arc-length parameter of the Smarandache curve ;.
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Now, we investigate the Frenet apparatus of the Smarandache curve §; obtained from the curve «. Taking the
differential of the equation (3.1) according to s, we get

/_dﬁlds*_i

— — T/ N/
Bi= G s = 75 T+ N)
and s ) ,
as _ 2 (_,2 s
58 (e (1) o on)
where
ds* 1 K\ 2
= - 4 1 . 2
ds \/E\/K +< + K) +7
or

dst _ 1 P 2+ 2 (3.2)
— = = = - T . .
ds \/§P1, P1 P

So, the tangent vector of the Smarandache curve §; is written as follows:

- (—nzT + (1 : %) N+ TB) | .
1

By differentiating the equation (3.3) with respect to s, we obtain

dT‘g1 ds* o >\1T+7]1N+,LtlB

- = 3.4
ds* ds Kp12 (34)
where
M=% (=p1 (k+3K") + rpy)
m=—r*pr = K'p'y =k (7? +p'1) + o1 (K + K",
p =2p17R + K (=7p'y + p1 (T + 7).
Substituting the equation (3.2) into the equation (3.4), we get
V2
Tél = @ (MT +mN+ uB).
Then, the curvature and the normal vector of the Smarandache curve 3, are
/ \/2 (M2 +m? + m?)
kg, = HT 51” = leg
and MT +mN + B
Ng _ 14+ U + M1 (35)

VAT

respectively. From the equations (3.3) and (3.5), the binormal vector of the Smarandache curve 5, is found as

1 / /
B, = — ((‘7717+M1 (1 + KJ)) T+ (M7 + mr®) N — <>\1 (1 + Ii) +771/<52> B) ,
P1q1 K K

where ¢1 = V\? + m? + p12. To calculate the torsion of the curve, we differentiate the curve ]

"o 191T+01N+wlB
1 \/5/{

where
V1 = —k%(k +3K'),

o1=—k (K +7) + Kk + £,

wi =27k + k(T +7')



104 K. Eren & S. Ersoy

and similarly

1
= NP (T +&N+GB)

where
G =k (n4 + 1272 =367 — k(3K + 4&")) ,

G=—rT+K 2r+37)+ 315" + 5 (-7 + 7 +17),
G =— (K +6K°K +37°K + k7 (14 37) — K" — K?).

As a result, we get the torsion of the Smarandache curve /3 as follows:

V2 ((wl (1 + %) — 017) ¢+ (wm2 — 1917') & — (O’ll€2 + (1 + %)) Cl)

(w1 (14 %) —017)° + (@ik? — h7)? + (o162 + 01 (1+ =)

1

Definition 3.2. Let « be a space curve with modified orthogonal frame {T', N, B}, then the Smarandache curve
obtained from the unit vectors 7" and B of the curve « can be defined as
1

Ba2(s™) = 7 (T(s)+ B(s)). (3.6)

Here s* is the arc-length parameter of the Smarandache curve .

We research the Frenet apparatus of the Smarandache /5, obtained from the curve «. Taking the differential of
the equation (3.6) according to s, we get

, dfadst 1

e a4 /
/82 - ds* ds - \/i (T (S) + B (S))
and e ) ,
s K
where
ds* 1 9 K\ 2
ds 2 (A=m)"+ </$)
or
ds* 1 B 9 K\ 2
ds EP% p2 = \/(1 —-7) + (H) : (37)

So, the tangent vector of the Smarandache curve 3, is written as follows

Iy — ((1 —7)N+ %B) | 69
P2

By differentiating the equation (3.8) with respect to s, we obtain

dTﬂz ds* )\2T + T]QN + ,ugB
— = (3.9)
ds* ds K p2?

where )
Ao = pgmd(fl +7),

e = p2(k’ — K7') + K(=1+7)p,
w2 = K pa' — pa(k(=1+ 7)1 + K".
Substituting the equation (3.7) into the equation (3.9), we get
V2
TéQ = — (/\2T + 2N + peB) .

Kp23
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Then, the curvature and the normal vector of the Smarandache curve 3, are

\/2 (A2® +m2% + p2?)

Kpo3

KBy = HTIB2|| =

and
_ )\2T + 772N + ,ugB
’ \/)\22-1-7722—|',U227

respectively. From the equations (3.8) and (3.10), the binormal vector of the Smarandache curve 3, is found as

Ng

(3.10)

/

1 !
Bgz = — (<—772H+/142(1—T)>T+)\2F;N+)\2(T—1)B>
P292 K K

where g5 = / Ao + 122 + p22. To calculate the torsion of the curve, we differentiate the curve /) and we get

"o 192T—|—0'2N—|—LUQB
2 \/2%

where
Vg = K3 (=14 7),
o9 =K' — KT,
wo =k(—1+7T)T+k

"

and similarly

111 1
— — (@T+&N +GB
2 = 7, (s2 &2 (2B)

where
G2 = K2R (=3 +27) + 27,

L=r(-1+47) =T+ 1+ 1) +r((-1+7)r>=7"),
G =rT"(1=37)+ (=2+71)76" + £").

As a result, we get the torsion of the Smarandache curve $; as follows

V2 (Q (W2 (1-7)- 02%) + 52192% + V2 (T — 1))
(WQ (177')*0'2%’)2+(192%)2+(192 (771))2 :

T2 =

Definition 3.3. Let « be a space curve with modified orthogonal frame {7, N, B}, then the Smarandache curve
obtained from the unit vectors N and B of the curve « can be defined as
1

P3(s*) = 7 (N(s) + B(s)) (3.11)

such that s* is the arc-length parameter of the Smarandache curve fs.

We investigate the Frenet apparatus of the Smarandache curve 33 obtained from the curve «. Taking the
differential of the equation (3.11) according to s, we get

dpPs ds* 1
= R (V) B ()

ds* 1 9 K K
TBSE—% (_K, T+ (/{_T)N+ (Kj—i_T) B)

ds* 1 A
= 4 . 2

B

and

where
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or

ds* 1 4 K 2 5
E:EP& p3 = ,|K*+2 " +7°]. (3.12)

So, the tangent vector of the Smarandache curve f5 is written as follows:

o LT (1))
3

By differentiating the equation (3.13) with respect to s, we obtain

dTs, ds* AT+ 13N + i3

—_—= 3.14
ds* ds Kp3? (314
where
A3 = —3Kpsk’ + K° (p3' + Tp3),
s = —2k'Tp3 — ps' + w(—p3(T> + ') + 7p3") — ps (v° + £")
ps =K' (27p3 — p3’) + k(ps(—7> +7') — 7p3’) + psr”.
Substituting the equation (3.12) into the equation (3.14), we get
V2
T, = —— (\T N B).
B3 np33(3 +n3N + pzB)
Then, the curvature and the normal vector of the Smarandache curve 33 are
) \/2 (As? + 132 + p13?)
Kpg = HT ,33” = /<;p33
and AT N B
N, = 34 + 3N + s (3.15)

’ \//\32+7732+,u327

respectively. From the equations (3.13) and (3.15), the binormal vector of the Smarandache curve 33 is found as

1 !/ ! ! /
ool o) () e ) o))
P343 K K K K

where g3 = /3% + 132 + p32. To calculate the torsion of the curve, we differentiate the equation of the curve 34

" 3T + 03N + w3 B
3 \/ili

where

93 = K37 — 3K2K/

o3 =~k =216 — k(T2 +7') + K’

wy = 4276 + k(=12 + 1) + K
and similarly

7 ]‘
= — (3T + &N+ (3B
3 \/in(?’ &3 (3B)

where )
63 = K>+ K3 (12 +277) + 4% (TR — K") — 3kK"",

&3 = k3T — 6k%K + k(T3 =377 —1") + (=3K' (7% + 7') = 37K" + K"),

G=—r3T+ 36 (=72 + 1)+ 376" + k(=72 = 377" +7") + K.
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As a result, we get the torsion of the Smarandache curve (3 as follows

V([ (F o) o () st (0 (5 1)) 6 (o0 00 (5 7)) )

a (ws (£ = 7) 403 (£ +7))° + (wsn2 — U5 (2 +7))° + (0362 + 05 (2 — 7))°

3

Definition 3.4. Let o be a space curve with modified orthogonal frame {7, NV, B}, then the Smarandache curve
obtained from the unit vectors T, N and B of the curve « can be defined as
1

Ba(s™) = % (T(s)+ N(s)+ B(9)). (3.16)

s* is the arc-length parameter of the Smarandache curve f;.

We investigate the Frenet apparatus of the Smarandache curve (4 obtained from the curve «. Taking the
differential of the equation (3.16) according to s, we get

dpy ds* 1
bi=geas = 7 TO+TN G +B ()
and d* 1 / !
as 2 (2 A ~
des_ﬁ( ﬁn(ﬂ T+1)N+(H+T)B>
where
L S PR P S A
ds /3 " P P
or

ds” _ 1 w5 i (5 : (3.17)
—_—=— = — =7 —+7]) . .
ds \/§p4, P4 K K

So, the tangent vector of the Smarandache curve 8, is written as follows:

(—ﬁ2T+(%—T+1)N+<%+T>B)

Ts = 3.18
Ba 1 ( )
By differentiating the equation (3.18) with respect to s, we obtain
dTg, ds* _ MT +mN + B (3.19)
ds* ds Kp4?
where .
Mg = —3K%par’ + K2 (=14 T)pa + pd'),
=K ((1=27)ps = pa’) + K(=pa(r® +7') = (1 = 7)ps") — pa (k* = &") ,
pa = &'(21ps — pa') + £(pa(T(1 = 7) + 7') = 7ps’) + par”.
Substituting the equation (3.17) into the equation (3.19), we get
V3
r_
T, = o~ (AT +naN + paB) .
Then, the curvature and the normal vector of the Smarandache curve 3, are
, \/3 (Ma® + na® + 114?)
Kpy = HT ﬁ4|| = Kpa®
and AT N B
N, = ALV (3.20)

! v>\42+n42+u427
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respectively. From the equations (3.18) and (3.20), the binormal vector of the Smarandache curve 3, is found as

K K K
() )
B, = p4q4 K

— ()\4 (/{ —T+1) —&—774/@2) B

where ¢4 = V4% + 142 + 1142 To calculate the torsion of the curve, we differentiate the curve B4

6” - 194T+ 04N +W4B
4 \/gﬂ

where
9y = K31 — 1) — 3r%K/,
1

o4 = —k>+ K1 =27) = k(T>+7) + K",
ws =27+ K(T(L—7) +7") + K"
and similarly

" ]‘
= — (UT+ &N+ 4B
1= g, T HaN TG

where
o =K+ 3% +27) + K2((=3 + 47)K — 4K") — 3kK'%,
€a=r(=14+7) =65 + k(T((=1+7)7 =37") = 7"+ (=3x' (72 + 1) + K" = 37x" + K""),
Co=—K3T+ (—73 +7 =317+ 1"+ K (2= 37)7 + 37") + 37x" + K.

As a result, we get the torsion of the Smarandache curve j, as follows:

V(o (5 +r) 4 (5 —r 1)) et Qu (54 7) +a) & - (0 (5 -7 +1) +m?) )
(—na (B 47)+pa (B -7+ 1))2 + (M (E+7) +,u4/$2)2 + (M (E—-7+1) +774Ii2)2

Ty =

Example 3.1. Let’s plot the graphics of the Smarandache curves based on the modified orthogonal frame of the
eight curve which is known as Gerono lemniscate curve [18]. The parametric equation of this curve is given by

a(s) = (sin(s),sin (s) cos(s),s).

The elements of the Frenet trihedron of the curve « (s) are obtained as

-1.0 =

0.5

0.0 .
0.5

Figure 1. The Gerono lemniscate curve
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(V2cos (s),v2cos (25),v2)

t(s) =
/4 + cos (2s) + cos (4s)
n(s) = ((—1 + 4 cos (2s) + cos (4s)) sin (s) , — sin (25) (6 + cos (25)) , sin (2s) + 2sin (4s)) ’
V/4+ cos (2s) + cos (4s) \/(27 + 24 cos (2s) + cos (45)) sin (s)*
b(s) = (4sin (2s),—2sin (s), —3sin (s) — sin (3s)) .

\/5\/(27 + 24 cos (2s) + cos (45)) sin (s)?

The curvature of the curve « (s) is found as

2\/(27 + 24 cos (2s) + cos (4s)) sin (s)?
3/2

K(s) =

(4 + cos (2s) + cos (4s))

24/(27+24 cos(2s)+cos(4s)) sin (s)>
(4+cos(2s)+cos(4s))3/?
vectors are discontinuous at s = 0 since ny # n_ and by # b_ for ny

Besides the curvature  (s) =

is not differentiable, the principal normal and binormal

= lim n(s), n_ =
s—0+ ( )’

lim n(s) and
s—0~

by = lirgr)lJr b(s), b = lirgl b (s). Looking for a solution to this problem, Sasai has defined the modified orthogonal
S—r s—0~

frame as an alternative to the Frenet frame. The elements of the modified orthogonal frame of the curve « (s) are
obtained as

V2 (cos (s) , cos (25), 1)

T(s) = ,
\/4 + cos (2s) + cos (4s)
N (s) = 2 (sin (s) (—1 + 4 cos (2s) + cos (4s)) , —sin (2s) (6 + cos (2s)) , (sin (2s) + 2sin (4s)))
(4 + cos (25) + cos (4s)) ’
B(s) = V2 (4sin (2s), —2sin (s), — (3sin (s) + sin (35)))

(4 + cos (2s) + cos (45))3/2

The Smarandache curves 81, 52, 83 and 84 obtained from the curve « are given as

V2 cos (s) —6sin (s) + 3sin (3s) + sin (5s) V2 cos (2s)
5 = /4 + cos (2s) + cos (4s) (4+ cos (25) + cos (4s))> /4 + cos (25) + cos (4s)
 2sin(2s) (6 + cos (2s)) V2 2 (sin (2s) + 2sin (4s)) ’
(4 + cos (25) + cos (45)) " \/4 + cos (25) + cos (4s) (4 + cos (2s) + cos (4s))?
9cos (s) + 2cos (3s) + cos (5s) + 8sin (2s) 1+ 9cos (2s) + cos (4s) + cos (6s) — 4 sin (s)
By = V2(4 + cos (2s) + cos (45))3/2 V2(4 + cos (2s) + cos (45))3/2 ’

2 (4 + cos (2s) + cos (4s) — 3sin (s) — sin (3s)) ’
V2(4 + cos (2s) + cos (48))3/2

25sin (s) (4 cos (2s) + cos (4s) — 1) 4+/2sin (25)
(4 4 cos (2s) + cos (4s))* (4 + cos (2s) + cos (45))*/?
—2sin (s) (13 cos (s) + cos (3s)) 2v/2sin (s)

Ps = (4 + cos (2s) + cos (45))?

(4 4 cos (2s) + cos (43))3/2 7

V2 (3sin (s) + sin (3s))

2 (sin (2s) + 25sin (4s))
2

(4 + cos (2s) + cos (4s)

(4 4 cos (2s) + cos (4s))

3/2
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V2 cos (s) 2sin (s) (4 cos (2s) + cos (4s) — 1) 4+/2 sin (2s)
/4 + cos (2s) + cos (4s) (4 + cos (2s) + cos (45))? (4 + cos (2s) + cos (45))3/2 ’
B, = V2 cos (2s) ~ 2sin (s) (13 cos (s) 4 cos (3s)) 2v/2sin (s)
\/4 + cos (2s) + cos (4s) (4 4 cos (2s) + cos (45))° (4 + cos (2s) + cos (43))3/2 ’
V2 2 (sin (2s) + 2sin (4s)) V2 (3sin (s) 4 sin (3s))

/4 + cos (2s) + cos (4s) (4 + cos (2s) + cos (45))°

10

(a) The Smarandache curve /31

(c) The Smarandache curve 83

(4 + cos (2s) + cos (45))3/2

~
SV -10

(b) The Smarandache curve B2

(d) The Smarandache curve 34

Figure 2. The Smarandache curves for s € [—2, 2]

4. Conclusion

In this paper, we investigate the geometric properties of the Smarandache curves with respect to the modified
orthogonal frame. Sasai presented the modified orthogonal frame as an alternative to the Frenet frame. Because the
principal normal and binormal vectors of the Frenet frame of a space curve become discontinuous at the points
where the curvature is zero, However, the Smarandache curves have not been examined under these conditions yet.

For this reason, this research is a new study in the geometry field.
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Abstract

In this work, we characterize some rings in terms of dual self-CS-Baer modules (briefly, ds-CS-Baer
modules). We prove that any ring R is a left and right artinian serial ring with J%(R) = 0 iff R® M is
ds-CS-Baer for every right R-module M. If R is a commutative ring, then we prove that R is an artinian
serial ring iff R is perfect and every R-module is a direct sum of ds-CS-Baer R-modules. Also, we show
that R is a right perfect ring iff all countably generated free right R-modules are ds-CS-Baer.

Keywords: Dual self-CS-Baer module, Harada ring, Lifting module, Perfect ring, QF-ring, Serial ring
AMS Subject Classification (2020): 16D10;16L30

*Corresponding author

1. Introduction

Throughout the paper, all rings will have an identity element and all modules will be unitary right modules
unless otherwise stated. Let M be a module and N a submodule of M. Then N < M means that N is a small
submodule of M (namely, M is different from N 4 K for every proper submodule K of M). J(R) will denote the
Jacobson radical of any ring R and Rad(M) will denote the radical of any module M.

A module M is called lifting (or satisfies (D1)), if every submodule N of M lies above a direct summand, that
is, N contains a direct summand X of M such that N/X <« M/X (see [1] and [2]). A module M is said to be dual
self-CS-Baer (briefly, ds-CS-Baer) if for every family (f;)ie; of homomorphisms f; : M — M, ., Im(f;) lies above
a direct summand of M (see [3]). Clearly, every lifting module is ds-CS-Baer. Moreover, if R is a right Harada ring,
then every injective right R-module is ds-CS-Baer. Because, remember that any ring R is called a right Harada ring if
every injective right R-module is lifting (see [1]). Recall that any right R-module M is called hollow, if every proper
submodule of M is small in M (see [2, Definition 4.1]) and it is called local, if it is hollow and Rad(M) # M. Note
that M is local iff M is cyclic and has a unique maximal submodule (see [4, page 357]). It is not hard to see that
every hollow module and so every local module is a lifting module.

In recent years, ds-CS-Baer modules and their related topics have been studied by Crivei, Keskin Tiittincii, Radu
and Tribak (see for example [3], [5] and [6]). In this paper, we continue the study of ds-CS-Baer modules.

In section 2, we characterize some rings in terms of ds-CS-Baer modules. Among others, we mainly prove the
followings:

Received : 30-03-2024, Accepted : 30-04-2024, Available online : 30-04-2024
(Cite as "N. Eroglu, Rings Whose Certain Modules are Dual Self-CS-Baer, Math. Sci. Appl. E-Notes, 12(3) (2024), 113-118")
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(A) Let R be aring. Then R is an artinian serial ring with J?(R) = 0 iff for every right R-module M, R & M is
ds-CS-Baer (Theorem 2.1).

(B) Let R be a right self-injective ring. Then R is a QF-ring iff every injective right R-module is ds-CS-Baer
(Theorem 2.3).

(C) Let Rbe aring. Then R is a right perfect ring iff every free right R-module is ds-CS-Baer (Theorem 2.4).
(D) Let R be a commutative ring. Then R is semiperfect iff every cyclic R-module is ds-CS-Baer (Proposition 2.1).
(E) Let R be a commutative ring. Then R is an artinian serial ring iff R is perfect and every 2-f.p. R-module is a

finite direct sum of ds-CS-Baer modules (Proposition 2.4).

2. Results

We first give the following easy observation.
Lemma 2.1. Let R be a ring. Let M be a free right R-module. Then M is lifting iff it is ds-CS-Baer.

Proof. Let M be a free right R-module. Then we can assume that M = ®;c;R. Now the result is obvious by the
proof of [3, Proposition 9.4]. O

Let R be ring and M a module. M is called uniserial if its submodules are linearly ordered by inclusion and
is called serial if it is a direct sum of uniserial submodules. The ring R is called right (left) serial if the right (left)
R-module Ry (rR) is serial. Also R is called artinian serial if it is both right and left artinian serial. By [4, Theorem
32.3], we know that if R is an artinian serial ring, then every right R-module and every left R-module is a direct
sum of uniserial R-modules.

Now, we characterize artinian serial rings with J2(R) = 0 via ds-CS-Baer modules.

Theorem 2.1. Let R be a ring. Then the following assertions are equivalent:
(1) R is an artinian serial ring with J*>(R) = 0.
(2) Every right R-module is lifting.
(3) For every right R-module M, R & M is lifting.
(4) For every right R-module M, R & M is ds-CS-Baer.

Proof. (1) < (2): It is satisfied by [1, 29.10].
(3) & (4): It is proved in [3, Proposition 9.4].
(2) = (3): Itis clear.
(3) = (2): Itis clear since lifting property is preserved by direct summands (see for example [1, Lemma 22.6]). O

The next result is a consequence of Theorem 2.1.

Corollary 2.1. Let R be a ring. Then R is an artinian serial ring with J*(R) = 0 iff every (finitely generated) right R-module
is ds-CS-Baer.

Proof. This follows from [7, Theorem 3.15], [3, Proposition 9.4] and Theorem 2.1 and the fact that being ds-CS-Baer
or lifting is preserved by taking direct summands.
O

Remark 2.1. The left-handed versions of Theorem 2.1 and Corollary 2.1 are equal to being artinian serial ring with
J?(R) = 0.
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A finitely generated right R-module M is said to be finitely presented in case in every exact sequence
0—K-—F-—M-—70

with F finitely generated and free the kernel K is also finitely generated. An exact sequence of right R-modules

PP —M—0

is called a minimal projective presentation of M in case P; and P are finitely generated projective and Kerf < P, and
Imf <« Py. Let M a finitely presented right R-module with no nonzero projective direct summands. Following
[4], M is called a 2-f.p. module if there are primitive idempotents e, e; and e, of R and there is a minimal projective
presentation

eR— et R®esR— M — 0.

Therefore a 2-f.p. module is both 2-primitive generated and finitely presented.

Recall from [8] that a module M is called w-local if it has a unique maximal submodule. Clearly, a module M is
local if and only if M is a cyclic w-local module.

Next, we can give the following.

Theorem 2.2. Let R be a ring. Consider the following statements:

(1) R is serial and every direct sum of two ds-CS-Baer right R-modules and every direct sum of two ds-CS-Baer left
R-modules is ds-CS-Baer.

(2) Ewvery finitely presented right R-module and finitely presented left R-module is ds-CS-Baer.

(8) Every 2-generated finitely presented right R-module and 2-f.p. left R-module is ds-CS-Baer.

(4) R is semiperfect and every 2-f.p. right R-module and 2-f.p. left R-module is ds-CS-Baer.
Then (1) = (2) = (3) = (4).

Proof. (1) = (2): Let M be a finitely presented right R-module and N a finitely presented left R-module. By [9,
Corollary 3.4], M and N are finite direct sum of cyclic w-local submodules. In particular, they are finite direct sum
of local submodules. Since local modules are lifting, they are also ds-CS-Baer. Therefore M and N are ds-CS-Baer
by (1).

(2) = (3) = (4): These are clear by definitions and [3, Proposition 5.9]. O

Inspired by Theorem 2.1, we give the following theorem that characterizes () F'-rings. First, remember that any
ring R is called a QF'-ring, if R is noetherian and injective as a left (or right) R-module (see for example [4, page
333])).

Theorem 2.3. Let R be a right self-injective ring. Then the following assertions are equivalent:
(1) Risa QF-ring.
(2) Risaright Harada ring.
(8) For every injective right R-module M, R & M is lifting.
(4) For every injective right R-module M, R ® M is ds-CS-Baer.
(5) Every injective right R-module is ds-CS-Baer.

Proof. (1) < (2): Itis clear by [1, 28.10 and 28.16].

(3) & (4): It is clear by [3, Proposition 9.4].

(2) = (3): Let M be an injective right R-module. By hypothesis, R @ M is an injective right R-module. Since R is
right Harada, it follows that R @ M is lifting.

(8) = (2): Let M be an injective right R-module. By (3), R @ M is lifting. Therefore, M is lifting. Hence, R is a
right Harada ring.

(4) & (5): Itis clear. O
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In the following, we characterize right perfect rings in terms of ds-CS-Baer modules. Firstly, remember that any
module M is called @-supplemented, if for every submodule N of M there exists a direct summand K of M with
M = N + K and N N K small in K. This notion is a generalization of lifting modules (see [2]).

Theorem 2.4. Let R be a ring. Then the following assertions are equivalent:
(1) Ris aright perfect ring.
(2) R is a ds-CS-Baer right R-module.
(8) Every countably generated free right R-module is ds-CS-Baer.
(4) Every free right R-module is ds-CS-Baer.

Proof. (1) = (2): Assume that R is a right perfect ring. Consider the right R-module M = R™. By [2, Theorem
4.41], M is lifting, and so it is ds-CS-Baer by definitions.

(2) = (1): Assume that the right R-module RM is ds-CS-Baer. Since it is free, by Lemma 2.1, it is lifting. Hence
it is @-supplemented. Therefore, R is a right perfect ring by [7, Theorem 2.10].

(1) = (4): Let M be a free right R-module. Then M is projective. So, M is lifting by [2, Theorem 4.41]. Thus, M
is ds-CS-Baer by definitions.

(4) = (1): Assume that every free right R-module is ds-CS-Baer. Then every free right R-module is lifting by
Lemma 2.1. By [2, Theorem 4.41], R is a right perfect ring.

(4) = (3) = (2): These are clear. O

Next, we give a characterization of commutative semiperfect rings in terms of cyclic dual self-CS-Baer modules.
Proposition 2.1. Let R be a commutative ring. Then R is semiperfect iff every cyclic R-module is ds-CS-Baer.

Proof. Let R be a semiperfect ring. Let M be a cyclic R-module. Assume that M = xR, where z € M. We know that
M = R/I, for some ideal I of R. By [1, 4.9 (1)], since [ is fully invariant in R, R/I is quasi-projective and hence M
is quasi-projective. Then by [2, Theorem 4.41], M is lifting and so M is ds-CS-Baer.

Conversely, assume that every cyclic R-module is ds-CS-Baer. Then R is a ds-CS-Baer R-module. Therefore by
[3, Proposition 5.9], R is semiperfect. O

Now, we give a characterization of commutative semiperfect FGC-rings. Let R be a commutative ring. R is
called an FGC-ring, if every finitely generated R-module is a direct sum of cyclic modules (see [10]).

Proposition 2.2. Let R be a commutative ring. Then the following assertions are equivalent:
(1) Every finitely generated R-module is &-supplemented.
(2) Every finitely generated R-module is a finite direct sum of ds-CS-Baer modules.
(3) R is a semiperfect FGC-ring.
(4) R is adirect sum of almost maximal valuation rings.

Proof. (1) < (3) < (4): These are proved in [7, Proposition 2.8].

(1) = (2): Let M be a finitely generated R-module. By (1), M is ®-supplemented. By [7, Corollary 2.6],
M = @}_,x;R. Note that each z; R is quasi-projective since R is commutative. Therefore by [2, Theorem 4.41], each
x; R is lifting and so ds-CS-Baer.

(2) = (1): Let M be a finitely generated R-module. By (2), M = ®}_,z;R, where each z;R is ds-CS-Baer.
By [3, Proposition 5.12], each z; R is lifting and hence ®-supplemented. Therefore by [11, Theorem 1.4], M is
@-supplemented. O

Corollary 2.2. Let R be a commutative indecomposable ring. Then R is an almost maximal valuation ring iff every finitely
generated R-module is a direct sum of cyclic ds-CS-Baer R-modules.

Next, we characterize commutative serial rings via direct sums of cyclic ds-CS-Baer modules.
Proposition 2.3. Let R be a commutative ring. Then the following assertions are equivalent:

(1) R is serial.
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(2) R is semiperfect and every 2.f.p. R-module is ®-supplemented.

(8) R is semiperfect and every finitely presented R-module is a finite direct sum of ds-CS-Baer modules.

(4) R is semiperfect and every 2-generated finitely presented R-module is a finite direct sum of ds-CS-Baer modules.
(5) R is semiperfect and every 2-f.p. R-module is a finite direct sum of ds-CS-Baer modules.

Proof. (1) < (2): This follows from [7, Theorem 3.5].

(1) = (3): Clearly, R is semiperfect. Now, let M be a finitely presented R-module. Note that M is finitely
generated. By [9, Corollary 3.4], M = @}, M;, where each M, is w-local and cyclic. Note that each M; (1 <i < n)is
a local module. Hence each M; is ds-CS-Baer.

(3) = (4) = (5): These are clear.

(5) = (2): Let M be a 2-f.p. R-module. By (5), M = @}, M;, where each M; is a cyclic ds-CS-Baer R-module. By
[3, Proposition 5.12], each M; is lifting and hence @-supplemented. Hence M is @-supplemented by [11, Theorem
1.4]. O

Finally, we characterize commutative artinian serial rings as follows.
Proposition 2.4. Let R be a commutative ring. Then the following assertions are equivalent:
(1) R isan artinian serial ring.
(2) R is petfect and every 2-f.p. R-module is ®-supplemented.
(3) R is perfect and every R-module is a direct sum of ds-CS-Baer modules.
(4) R is perfect and every countably generated R-module is a direct sum of ds-CS-Baer modules.
(5) R is perfect and every finitely presented R-module is a finite direct sum of ds-CS-Baer modules.
(6) R is perfect and every 2-f.p. R-module is a finite direct sum of ds-CS-Baer modules.

Proof. (1) < (2): It is proved in [7, Corollary 3.13].

(1) = (3): By [4, Corollary 28.8], R is a perfect ring. Now, let M be any R-module. By [4, Theorem 32.3],
M = ®;c1M;, where each M; is uniserial. Clearly every uniserial module is hollow. Since R is perfect, then each M;
has small radical (see [4, Remark 28.5]). Therefore, each M, is local, and so cyclic. Hence M is a direct sum of cyclic
ds-CS-Baer modules.

(3) = (4) = (5) = (6): These are clear.

(6) = (2): Let M be a 2-f.p. R-module. By (6), M = @&} ; M;, where each M, is a cyclic ds-CS-Baer R-module.
By [3, Proposition 5.12], each M; is lifting and hence @-supplemented. Therefore M is @-supplemented by [11,
Theorem 1.4]. O

Propositions 2.3 and 2.4 are not true over noncommutative rings as we see in the following example.

Example 2.1. (see [7, Example 3.16]) Let R be a local artinian ring with Jacobson radical J(R) such that J2?(R) =
0,Q = R/J(R) is commutative, dim(gJ(R)) = 1 and dim(J(R)q) = 2. Then R is left serial but not right serial. Let
J(R) =uR®vR. Ay = R/J(R), A2 = R/uR and A3 = Rp, are the only three isomorphism types of indecomposable
right R-modules. Here each A; is lifting and hence ds-CS-Baer. Note that every right R-module is a direct sum of
indecomposable modules, and hence a direct sum of cyclic ds-CS-Baer modules. However, R is not a serial ring.
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Abstract

In this paper, we study nonself-adjoint Sturm-Liouville operator containing both the discontinuous
coefficient and discontinuity conditions at some point on the positive half-line. The eigenvalues and
the spectral singularities of this problem are examined and it is proved that this problem has a finite
number of spectral singularities and eigenvalues with finite multiplicities under two different additional
conditions. Furthermore, the principal functions corresponding to the eigenvalues and the spectral
singularities of this operator are determined.

Keywords: Discontinuous coefficient, Discontinuity conditions, Eigenvalues and spectral singularities, Nonself-adjoint Sturm-
Liouville operator, Principal functions
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1. Introduction

The development of discontinuous boundary value problems has been great interest recently. It has an important
role and making progress in the different field of mathematics and engineering such as mechanics, mathematical
physics, geophysics (see [1-4]) and etc. Therefore, discontinuous Sturm-Liouville problems have attracted attention
and numerous studies have been done on this subject. The difference between this study from others is that the
nonself-adjoint discontinuous Sturm-Liouville problem which includes both a discontinuous coefficient and the
discontinuity conditions at the point on the positive half line is investigated. Namely, we take into account the
following nonself-adjoint problem created by the Sturm-Liouville equation with discontinuous coefficient

Up) = —¢" +al&)p = 12p(&)p, €€ (0,a)U(a,00), (1.1)
with the discontinuity conditions

pla—0)=ap(a+0), ¢'(a—0)=a"'¢(a+0) (1.2)
Received : 27-12-2023, Accepted : 02-06-2024, Available online : 22-06-2024

(Cite as "O. Akgay, N. Palamut Kogar, Investigation of the Spectrum of Nonself-Adjoint Discontinuous Sturm-Liouville Operator, Math. Sci. Appl. E-Notes,
12(3) (2024), 119-130")
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and boundary condition
¢(0) =0, (1.3)

where 0 < a # 1, i1 is a complex parameter, p(¢) is the piecewise continuous functions

2 a
p(f)Z{ f 0=t=a

a < &< oo

with 0 < 8 # 1, ¢(€) is a complex-valued function and satisfies the condition

A £lq(€)|de < co. (1.4)

The spectral theory of nonself-adjoint operator in the classical case (i.e., p(§) = 1 and o = 1) was studied by Naimark
[5, 6]. He shows that some poles of the resolvent kernel are not the eigenvalues of the operator and belong to the
continuous spectrum; moreover, these poles are called spectral singularities and were first introduced by Schwartz
[7]. In the self-adjoint case, the operator has a finite number of eigenvalues under the condition (1.4) (see [8]);
however, in the nonself-adjoint case, the operator has a finite number of eigenvalues under the additional restriction.
For example, the condition
sup {|g(§)[ exp(e€)} < o0, >0
0<E<o0

was introduced by Naimark (see [5]) and it is shown that the number of eigenvalues is finite under this condition.
Then, Pavlov weakened this additional condition as follows (see [9]):

sup {1() exp(ev/E) } < 00, >0

0<E<o0

and demonstrates that the operator has a finite number of eigenvalues. Moreover, Adivar and Akbulut [10] obtain
that the operator has a finite number of the eigenvalues under the following additional condition:

sup {\q(§)|exp(5§§)}<oo, e >0, 1§5<1.

0<€<o0 2

Note that for any 0 < § < 1, the condition does not provide that the number of eigenvalues is finite (see [11]). The
spectral singularities have an essential role in the spectral analysis of the nonself-adjoint operator and Lyantse
[12, 13] investigated the influence of the spectral singularities in the spectral expansion with respect to the principal
functions of the operator. The investigations on the spectrum, principal functions and the spectral expansion with
respect to the principal functions of the nonself-adjoint operator are very attractive and there are many works on the
nonself-adjoint operator under different boundary conditions (see [14—22] and the references therein). Moreover, the
nonself-adjoint operator with discontinuous coefficient is studied in [10], some spectral properties of the impulsive
Sturm-Liouville operator is worked in [23].

To purpose of this study is to investigate the spectrum and the principal functions of the nonself-adjoint
discontinuous problem (1.1)-(1.3). In examining this problem, we use new Jost solution of the equation (1.1) with
discontinuity condition (1.2). The presence of the discontinuous parameter p(¢) and the discontinuity condition
(1.2) strongly influence the structure of the representation of the Jost solution, so the triangular property of the
Jost solution representation is lost and the kernel function has a discontinuity along the line s = 5(a — &) + a for
&£ € (0,a) (see [24]).

2. Preliminaries
Assume that the function e(¢, ) satisfies the equation (1.1), discontinuity conditions (1.2) and condition at
infinity
lim e "e(&, p) = 1.

E—o0

Note that the function e(&, 1) is defined as a Jost solution of equation (1.1).
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Theorem 2.1. Let a complex-valued function q(&) satisfies equation (1.4). Then for all y1 from the closed upper half-plane,
there exists the Jost solution e(&, ) of equation (1.1) with discontinuity conditions (1.2), it is unique and representable in the
form

e(€.0 = col.n) + | JRGDES 1)
where
ete, E>a
co(&p) = g ein(BE—a)ta) L g—pin(=BE-a)ta) (< ¢ < q,

with 6% = 1 (aj: a—lﬁ) and 6T + 1607 > 1,
_ )& £>a,
() = {ﬁ(§—a)+a, 0<¢&<a,
the kernel function k(€,.) € L1(7(£), 00) for each fixed £ € (0, a) U (a, 00) and satisfies the inequality
[ kEslds <@ -1 o©) = [ dlatolar, c= 0% +107, @2
(&) 3

Remark 2.1. The above theorem is proved in [24] when the ¢(§) is real valued function. In case the ¢(¢) is complex
valued function, the theorem is proved in the same way.

Lemma 2.1. The following estimate holds:

(&, )] < %U (T(£)2‘|’ 8) e(m—l)crl(é)7 c=6" + 167, (2.3)

Proof. The function k(¢, s) is in the form for 0 < £ < a:

a s+B(¢=¢) s+(+B(a—§)—a
k(e s) = , w)dud¢ + — w)dud
€0 = k&g [0 [ 7 e S [Ta@ [ Tk wauig
(a— s)+a s—C+B(a—€)+a 9- sHC+B(E—a)—a
2 e Kewdudc+ 5 [© (0 (G, w)dudg,
+(+B(E—a)—a Bla—&)+a s—¢+B(a—8)+a
where for (€ —a) +a<s< fla—§) +a
9+ 0- a 9+ . 0- s+/3(a2*£)+u
069 = 55 [ 0O+ 35 [ 0O+ | aac- [ (i, @Y
and for f(a — &) +a < s < o0
o+ o [
wes) =5 [ aac+ [ e, 25

and for the kernel k(&, s) has the form for £ > a

1 [ s+¢—¢
k' B - k 9 o k ) d d )
(€9 = k(e 5 [ a0 [ kG e
where

h6s) =3 [ a@dc

When £ > a, we face the classical case (see [6]) and we have

k(€. 5)| < 3o (5;) |
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Now, let us examine the case 0 < £ < a. Set

s+6(¢—¢)

1
km ) = 54 m— ’ dud
€9 = g5 [ 00 [ b (Cuuic
o+ s+C+B(a—€)—a
+7[} l m—l(gu)dUdC

(+B(E—a)+a

g Bla—O+a s—CHBla—E)+a
S wof b (G, )
a s+¢+p(E—a)—a

g- [ s+(+B(E—a)—a
& «© [ et (G w)dudC, m=1,2...
2 J(a-¢)+a s—C+B(a—&)+a

and ko (&, s) is determined by the formulas (2.4) and (2.5). Then, we obtain for 0 < { < a:
c s+ —a)+a
ol o) < o (HAEZDE),

c(34BE=0)+a) (c+ )" ()"
onte9)l< 5o ) -

2 m!

This implies that the series > ~_ kn (€, s) converges and its sum k(&, s) satisfies the inequality

k(& 5)I< 5o (W) LADN© o< ¢ <

ki€ 9l< e o (S5,

we obtain that for £ € (0,a) U (a, c0) the inequality (2.3) is valid. O

Moreover, since for £ > a

Now, we define é(¢, 1) as the solution of the equation (1.1) with discontinuity conditions (1.2) and satisfies

hm emte(e, ) =1

and when ¢(¢) = 0 in equation (1.1), the solution has the form:

) B e~ inE, £>a,
(& 1) =\ gre-in(-Bla-9+a) 4 g-e-inBla-Ota) (< ¢ < q.

The Wronskian of the solutions e(&, 1) and é(, i) is obtained as

wle(§, p), (& w)] = =2ip, Imp > 0.

3. The eigenvalues and spectral singularities

Denote the boundary value problem (1.1)-(1.3) by an operator L operating on the Hilbert space L ,(0, c0).
The values A = u? for which the operator L has a non-zero solution are said eigenvalues and the corresponding
nontrivial solutions are defined as eigenfunctions.

Consider é(&, u) = e(&, —p) with Imp < 0 and the Wronskian of e(€, 1) and é(&, p) is in the form:

wle(§, p), é(&, p)] = —2ip, Imp = 0. (3.1)

Let us describe s(&, 11) as the solution of the equation (1.1) under the discontinuity conditions (1.2) and the initial
conditions
s(0,u) =0, §(0,u)=1.
It is obtained that (0, pelE. 1) — (0. (€. )
ey, eg, — ey, =
s( ) = SRS o RS
i

The following lemma is proved in the same way as in [6]:

, Imp > 0. (3.2)
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Lemma 3.1. 1. The nonself-adjoint operator L does not have positive eigenvalues.
2. The necessary and sufficient conditions that X # 0 be an eigenvalue of L are that
e(0,p) =0, A= p? Imu>0.
3. The set of eigenvalues of L is bounded, is no more than countable and its limit points can lie only on the half-axis A > 0.

All numbers ) of the form A = p2, Imu > 0, ¢(0, 1) # 0 belongs to the resolvent set of L. Assume that A = p2

belongs to the resolvent set of L. Then, the resolvent operator R,2 = (L — %) ! exists and has the following
representation:

Ra() = [ r(esi)fs)as

where

€0, p)e(€ ple(s,p) _ e(&me(s,n)
Bipe(O) T g & <8 <00,

(&, s %) =

eO,pme(€ pes,n) _ e(§p)é(s,p)
éiu@(g,u) = MZiu =, 0<s <&

Note that all number X > 0 belongs to the continuous spectrum of L (see [6]).

The spectral singularities is defined as the poles of the kernel function of the resolvent operator and belong to
the continuous spectrum. The operator L which has the compact set of spectral singularities, has zero measure in
the sense of Lebesgue. This is provided from the boundary uniqueness theorem of analytic functions [25] (also, see

[10]).

Denote the eigenvalues and spectral singularities of the operator L, respectively, as follows:
oa(L) ={A: X=p? Imp >0, e(0,p) =0},

oos(L) = {X: A=y Imp =0, n#0, e(0,p) =0}.
Moreover, the multiplicity of the corresponding eigenvalue and spectral singularity of L is called the multiplicity of
the zero of e(0, p).

3.1 The finiteness of eigenvalues and spectral singularities

Now, we will demonstrate that the nonself-adjoint operator L has a finite number of eigenvalues and spectral
singularities under the two different additional restrictions, respectively.

Additional restriction 1:

/ e“lq(é)]d < o0, € >0, (3.3)
0
This condition is introduced by M. A. Naimark (see [6]).

Theorem 3.1. Assume that the condition (3.3) is valid. Then, the operator L has finite number of eigenvalues and spectral
singularities with finite multiplicity.

Proof. The condition (3.3) implies that

o(6) = /g la(t)]dt < Cee=t,

01 (€) = L ta(t)|dt < Coes,

where C, > 0, Co > 0and 0 < €’ < ¢ (see [6]). Using these relations and the estimate (2.3), we have

k(€, 5)| <Cexp{—e (7(5)—&—5)}’ (3.4)

2

where C' = £c.eletVde ¢ = 9+ + 07> 1, ¢. > 0 and d. > 0. It is obtained from (3.4) that the function e(0, 1) has
an analytic continuation from the real axis to the half plane Imu > —35. Then, there is no limit points of the sets
of the eigenvalues 04(L) and the spectral singularities o,5(L) on the positive real line. Since o4(L) and o45(L) are
bounded and ¢(0, 1) is holomorphic in the half plane Imyu > —§, the operator L has finite number of eigenvalues
and spectral singularities with finite multiplicity. O
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Additional restriction 2:

1
sup {cxp €€9))q(&) } <oo, €>0, =<d<1. (3.5)
0<€<o0 2

To prove the finiteness of the eigenvalues and spectral singularities under the condition (3.5), firstly we define the
set of zeros of e(0, 1) in the closed upper half plane Imyu > 0 :

M= {p: peCy,e(0,n) =0}, Mo:={n: p€R, u#0, e(0,u) =0},

moreover, define the sets of all limit points of M; and M, as M3 and M,, respectively and the set of all zeros of
e(0, 1) with infinite multiplicity as Ms. We have

MiNMs=0, Ms C My, My C My, Ms C M,
from the uniqueness theorem of analytic functions (see [26]) and
Ms C Ms, My C Ms (3.6)
from the continuity of all derivatives of the function e(0, 1) up to the real axis.
Lemma 3.2. Assume that the condition (3.5) is satisfied, then Mz = (.

Proof. To prove this lemma, we use the following theorem (see [9], also [10, 14]): Suppose that the function v is
holomorphic function on the upper half plane without real line and all of its derivatives are also continuous on the
real axis, and there exists T > 0 such that

W ()| < Kpy, m=0,1,...2€ Cy, |2| < 2T, (3.7)
and
T Infy(6) > Iy (¢)
\/ ) g <o, | [ ] < o 69

If the set @ with linear Lebesgue measure zero is the set of all zeros of the function v with infinite multiplicity and if

h
/ In F(s)du(Qs) = —o0, (3.9)
0

then ¢(z) = 0, where F(s) = inf,, K;jlf ,m=0,1,..., 1(Qs) is the linear Lebesgue measure of s-neighborhood of @
and h is an arbitrary positive constant.
Now, it is obtained from the relation (2.3) and the condition (3.5) that

)
k(€,5)|< Cexp {—e (T(€)2+ S) } , C = gcee(cﬂ)c‘, c=0"+107]> 1

Then, the function e(0, 11) is analytic in C, all of its derivatives are continuous up to the real axis and we have

d™e(0, )
dum

K, = 5’(5a+a)m {1 +/OO smexp{—e (;)é}ds}, m=1,2,...
0

Moreover, since the set of zeros of (0, i) is bounded, for sufficiently large 7' the function e(0, i) satisfies the
condition (3.8). Thus, it follows from this fact and the relation (3.10) that e(0, 41) provides the conditions (3.7) and
(3.8). Since the function (0, u) # 0, from (3.9), we have

<Kp,peCyrym=1,2,..., (3.10)

where

/ " P(s) (M) > —oc, (3.11)
0
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K Z; and p(Ms ) is the Lebesgue measure of the s-neighborhood of Mj. The following estimate

where F(s) = inf,,
holds: N
K,, < (C’(Ba Fa)™ de) m™ml, (3.12)

where D = 4%6_%(771 +1) and d = 4(Ba + a)e 5. In fact, we can write
- . < s\ 0
C(Ba+ a) {1—|—/0 s eXp{—E (5) }ds}

~ o(m+1)
< CBa+a)™ {1—|— 3 e )(2m+2)m+1m!}

~ 22(m+1) m41 1\™
C(,Ba+a)m{1—|— 3 P <1—|—m> (m—|—1)mmm!}

< (6(6(1 +a)™+ de) m"™ml.

K

IN

Putting the estimate (3.12) into F'(s), we get
F(s) < Cinf{(8a+a)"m™s™} + Dinf {d"m™s™}
< 5exp{—(ﬁa+a)_13_16_l} +Dexp{—d s e}, (3.13)

Then, taking into account (3.11) and (3.13), we have

"1
/ —dp(Ms ) < oo.
0 S

This inequality is valid for an arbitrary s if and only if du(M5 ) = 0 or M5 = 0. O

Theorem 3.2. If the condition (3.5) is satisfied, then the operator L has finite number of eigenvalues and spectral singularities
with finite multiplicity.

Proof. Tt follows from (3.6) and Lemma 3.2 that M3 = () and M, = (). For this reason, the bounded sets M; and M,
do not have limit points. Thus, the finiteness of the sets of eigenvalues 04(L) and spectral singularities o,5(L) are
found. Moreover, due to M5 = (), the eigenvalues and spectral singularities have finite multiplicities. O

4. Principal functions

In this section, we examine the principal functions of the nonself-adjoint operator L. Now, assume that the
condition (3.5) is provided.

Denote p1, pio, ..., fte by the zeros of e(0, ) in C; with multiplicities nq,ng, ..., ng, respectively (note that
w3, 13, ..., p? are the eigenvalues of the operator L). We can write

{j:;vv[e@,m,s(f,m]}u_m - {";em,u)}u_m ~0 @)

form =0,1,...,n; — 1, j = 1,£. In case of m = 0, we have

(€ ny) = ro(py)s(& k), rolpy) #0, j=1,L (4.2)

Lemma 4.1. The following relation

om m m 61’
e 5 = . m—i : ) 4.3
{ o ete u)}#_w ;_0:< ! )m { Sl u)}u_ﬂj (43)

is valid for m = 0,n; — 1, j = 1,0 and here kg, K1..., ki, depend on p;.
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Proof. To prove of this theorem, we use the mathematical induction. Consider m = 0. It follows from the relation
(4.2) that the proof is trivial. Now, suppose that the formula (4.3) holds for mg such that 0 < mg < n; — 2. That s,

grme <[ m g
{gcten) =3 (" ) mme{gaen @4

H=H5
Then, we will show that the formula (4.3) is satisfied for mg + 1. If ¢ (¢, ) is the solution of (1.1), then we find

Hw=p;

m m—1 m—2

2
{—552 +a(§) — ;ﬂp(é‘)} 8Tmso(ﬁ, ) = 2ump(§)W¢(£,u) +m(m — 1)p(§)W@(f,u). (4.5)

Since the functions e(¢, 1) and s(&, u) are solutions of the equation (1.1), using (4.4) and (4.5), we calculate

2
{—jgz L) - u?p(f)} By 11 (60 117) = 0,

where
amo +1

mo+1 mo -+ 1 81
. — — 0 . P
hmoJrl(g?MJ) - {aum0+1 6(57 /1’)} ; ( i > Rmo+1—i {8Mi8(£7u)}ll_uj .

H=Hj

It follows from (4.1) that

dm()Jrl
Wl a6 ) s(6 )] = { S Wi stenll} = (46)
p=p;
Then, this shows that
Pong+1(&, 1) = Kmg+1(p5)s(&s p1g), = 1,¢€.
Consequently, we obtain that the formula (4.3) is satisfied for m = mg + 1. O
Now, we define the functions
gm m m ) { az’ }

m(&, ) =< ——el(E, = : Km—i 4 =—s(&, 4.7
Um(€, ) {3um (¢ u)}#_w ; ( ; ot Eny (47)

form =0,n; —1,j =1,0and \; = pi2.

Theorem 4.1. ,,(§, \;) € Ly 5(0,00), m=0,n; —1, j=1,L

Proof. Since

5
k(& 5)|< Cexp {—6 (7(5)24—8> } , C = gcee(cﬂ)cﬁ, c=0"+107]>1,

using the integral representation (2.1), we have for 0 < { < a

’{i:%e(&u)}

< §7n9+6_17nﬂjf + (ﬂ(a _ 5) + a)m‘e—|e—1m;tj(,3(a—§)+a)

H=H;
0o _ 8
+C s™ exp {_6 (W> } e~ Imiis g (4.8)
B(&—a)+a 2
and fora < £ < o0
m oo 3
{ i e(f»ﬂ)} < gmemImuit 4 C/ s exp § —€ (5 i s> e Imrisds, 4.9)
a,um =g, 13 2

Since \; = M?, j = 1,7 are eigenvalues of the operator L, it is obtained from (4.8) and (4.9) for Imy; > 0 that

{gme(gaﬂ)} € L2,p(0700)7 m = Ovnj - ]-7 ] = ]-7@'
H K=

Consequently, from (4.7) we have ¢, (&, \;) € L2 ,(0,00), m =0,n; — 1, j =1, L. O
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Definition 4.1. The functions ¥(&, Aj), ¥1(&, Aj),-../¥n; —1(&, A;) are called the principal functions associated with
eigenvalues \; = ,u?, j = 1,£ of the operator L. The function (&, A;) is the eigenfunction, ¢ (£, \;), ¥2(&, Aj),...,
Yn;—1(&, A;) are the associated functions of 1y (¢, \;) corresponding to eigenvalue A;.

Now, we define the spectral singularities of L: o1, fte+2, ..., tp are the zeros of the function e(0, 1) in R — {0}
with multiplicities ns41,n¢42, ..., np, respectively. Then, using the similar way in Lemma 4.1, we obtain

[Zreem) =3 (1 )rso { osten)} (@.10)
8/[’7 y e = ] n—j\Hr 5,u] ) K p— .
forn=0,n,.—1,r=£¢+1,0+2,...,p. Denote the functions
S Ar) =1 —e(€, = o T () § =——s(&, 4.11
w62 = {graelen} (7 )t gasent @1

forn=0,n, —1,r=0+1,0+2,..,pand \; = 3.
Theorem 4.2. The functions 1), (&, A) do not belong to Lo ,(0,00),n =0,n, — 1, r =L+ 1,0+2,...,p.

Proof. Take into account the relations (4.8) and (4.9) for pp = p, 7 = £+ 1,£ 4 2, ..., p and since Impu, = 0 for the
spectral singularities, we have

on
{We(gap’)} ¢ L2,p(0700)7 n= Oanr - 13 r=14{ + 17€+ 23 s D
H=pr

As a result, from the definition of the functions (4.11), we find ¢,,(§, \,) € L2 ,(0,00), 1 =0,n, — 1, r =04+ 1,0+
2,0, D. O

Now, we introduce the Hilbert spaces

Hep= {10, <o0), Hocp={fIfl_c, <00}, (=12

with the norms

oo

1712, = / T )X Pols)ds, [f12e, = / (1 4+ 7(5))"%| £(s) Po(s)ds,

respectively and evidently, Hy , = L2 ,(0, 00).
Let ng denotes the greatest of the multiplicities of the spectral singularities of L:

no = max {Net1, Met2, .oy Np} -
We put
Hy p=Hugv1),py Ho = H_(ngt1),0

Then, we have
Hy,C Ly ,(0,00) C H_,

and for all f € Hap, Ifl., = 11, = I£1_, where [y, = oo, I, = o, (see [6]). We are
particularly interested in the space H , because the space H_ , contains the principal functions for the spectral
singularities. Now, we will prove this claim by using following lemma.

Lemma 4.2. The following relation holds:

|e(n)(§)‘u)‘ ) ( d >n
sup ———=—< o0, e =—1| e, Imu=0, n=0,1,2,... (4.12)
0<e<oo (1 +7(E)" dp
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Proof. Using the integral representation (2.1), we obtain for Imu =0

00 )
le™) (&, ) §§"9++(5(a—€)+a)”|9_|+5/ s”exp{—e (WS> }ds, 0<f<a (4.13)
B

(6-a)+a 2
and
(n) n ~ n §+ S ’
e (& u)| <"+ C s"exp § —e | To— ds, a<§&<oo. (4.14)
3
Then, taking into account (4.13) and (4.14), we find supy<¢ L"fjli(é)‘;l‘ < oo for Imp = 0. O

Theorem 4.3. v,,(§,\) € H_(;11),p,n=0,n, —Lr =L+ 1,0+2,...,p.

Proof. Using the relation (4.12), we have

2 g p)
He(")(ﬁ,u)H_(nHLp = /0 |W\2f>(f)d§ < 0.

That is, the functions e (¢, u) = %e(f, w) € H_(y41y for Imp=0and n =0,1,2,.... Then, we get

{gmeen} em
S e& € H_(n41),
Opn H=pr e

for Imy, = 0,n = O,n, —land r = £+ 1, + 2,...,p. Consequently, it follows from the formula (4.11) that
(& ) € H_ny1y,prn=0,np —Lr =L+ 1,0+2,...,p. O

Definition 4.2. The functions (&, Ar), ¥1(€, Ar), ..., ¥n.—1(&, Ar) are defined as the principal functions associated
with the spectral singularities A\, = u2, r = £ + 1,£ + 2, ..., p of operator L. The function (¢, A;) is the generalized
eigenfunction, ¢ (&, Ar), ..., ¥n,—1(§, M) are the generalized associated functions of (&, \,) corresponding to
spectral singularity A,.

5. Conclusion

In this paper, we examine the spectrum and the principal functions of the nonself-adjoint discontinuous Sturm-
Liouville operator which contains the discontinuous coefficient and the discontinuity conditions at the point on the
positive half line. When examining the spectrum of the considered problem (1.1)-(1.3), we use the newly constructed
Jost solution of the equation (1.1) with discontinuity condition (1.3). This solution is completely different from the
classical Jost solution because of the presence of the discontinuous coefficient p(¢) and discontinuity condition
(1.2). We point out that the triangular property of the Jost solution representation is lost and the kernel function
has a discontinuity along the line s = 5({ — a) + a for £ € (0,a). Under two different additional conditions, it is
proved that the problem (1.1)-(1.3) has finite number of eigenvalues and spectral singularities with finite multiplicity.
Finally using the additional restriction (3.5) which is weaker than the restriction (3.3), we determine the principal
functions corresponding to the eigenvalues and the spectral singularities of the problem (1.1)-(1.3).
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In this work, a novel form of contra continuity entitled as contra 7gs-continuity is examined, which has
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1. Introduction

After defining semi-open sets [1] in 1963, Levine introduced the concept of g-closed sets [2] in 1970. This
interesting new set type has led to the emergence of different types of generalized closed sets. Dontchev and Noiri
defined mg-closed sets [3] in 2000. In 2006, Aslim et al. introduced the 7wgs-closed set [4] definition, which has an
important place in this study, to the literature.

The idea of LC-continuous functions was first introduced and analyzed by Ganster and Reilly [5] in 1989.
Dontchev [6] produced contra-continuity, as a more robust variant of LC-continuity in 1996. As a very interesting
subject, contra continuous functions have continued to attract the attention of many researchers over the years. After
Ekici gave the definition of contra 7g-continuous functions [7] in 2008, contra mgs-continuous [8] functions were
also defined in Caldas et al.’s studies in 2010, which essentially introduced and examined contra mgp-continuous
functions [8].

The requirement that every open set in the codomain possesses a preimage that is Tgs-closed in the domain
identifies contra mgs-continuous functions [8]. A milder version of contra-continuity [6] and contra gs-continuity [9]
is contra wgs-continuity. Crucial characteristics of contra wgs-continuous functions are also examined.

2. Preliminaries

Unless otherwise specified, topological spaces in this work always refer to on which no separation axioms are
required; ¥ will stand for the topological space (¥, T) and ® will stand for the topological space (®, L); 8 will
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stand for any subset of the space U. The interior of X is indicated as int(X) and the closure of X in indicated as c/(R).
Whenever R = int(cl(X)) (correspondingly, & = cl(int(R))), afterwards R is a regular closed set (correspondingly,
regular open set) [10]. Whenever X C cl(int(R)), afterwards R is considered as a semi-open set [1]. Whenever R
could be expressed as union of regular open sets, afterwards it is accepted as a 6-open set [11]. Complementary of
semi-open set (correspondingly J-open set) is introduced as semi-closed (correspondingly J-closed). The intersection
of whole semi-closed sets involving X is known as semi-closure [12] of X which is expressed by scl(R). Dually the
semi-interior [12] of X is characterized as union of whole semi-open sets involved in X and indicated by sint(X).

v € VU is termed d-cluster point [11] of 8, when int(cl(F )) N X # @ for every f € O(v, ¥), where O(v, ¥) stands
for all open subsets of ¥ containing the point v. Whole §-cluster points of & composes d-closure [11] of X that is
shown with cl5(R).

When R C cl(int(cls(R))), then X is named as an e*-open set [13]. We speak of an e*-closed [13] set as comple-
mentary of an e*-open. The e*-closure [13] of X is the intersection of whole e*-closed sets involving subset X and it
is symbolized by e*-cl(R).

Whenever e*-cl(f ) N R # @ for each e*-open set / involving point v, afterwards v is identified as e*-6-cluster
point [14] of R. The e*-f-closure [14] of X is the set of whole e*-f-cluster points of X, and is expressed by e*-cly(R).
For X = e*-clp(N), then N is e*-0-closed [15]. e*-0C(¥) is the notion for the collection of whole e*-8-closed subsets of
space .

When for every v in X, if there exists an e*-open set / comprising v such that / \ X is countable, then X is termed
we*-open [16]. A we*-closed [16] set is the complementary of an we*-open.

When X C cl(int(R)) U int(cl(R)), subsequently X is named as b-open [17] (or sp-open [18] or vy-open [19]).
A b-closed [17] (or ~y-closed [20, 21]) set is the complementary of a b-open (or y-open). The b-closure [17] (or
~-closure [20]) of X is expressed as bcl(R) (or yel(R)) and it is the intersection of whole b-closed (or y-closed) sets
comprising X. The set N is said to be pre-closed [22] if cl(int(X)) C X. The intersection of all pre-closed sets
containing X is called pre-closure [20] of X and denoted by pcl(X).

A subset X of a space U is characterized as a g-closed [23] set, if c/(R) C F, whenever F is a semi-open set
satisfying the condition X C [ . g-open sets [23] are the complement of §-closed sets. When bcl(X) C / whenever
N C F and F is a g-open setin U, N is a bg-closed [24] set. A bg-open [25] is the complementary of a bg-closed set.
When scl(R) C F whenever X C F and F is a bg-open set in ¥, X is called as a sbg-closed [26] set.

m-open [27] corresponds to the finite union of regular open sets. w-closed represents the complementary of a
m-open. When R C / and [ is open (correspondingly, m-open), afterwards X is regarded as a generalized closed
(briefly, g-closed) [2] (correspondingly, mg-closed [17]) if cl(R) C F . g-open [24] (correspondingly, mg-open [7]) is the
complementary of g-closed (correspondingly, mg-closed). While X C f and f is open (correspondingly, m-open),
afterwards R is regarded to be generalized semi-closed (briefly, gs-closed) [28] (correspondingly, mgs-closed [4]) if
scl(R) C F. gs-open [24] (correspondingly, mgs-open) constitutes the complementary of a gs-closed (correspond-
ingly, mgs-closed) set. If pcl(X) C F for all F which are m-open sets containing , then X is called as wgp-closed [29].
The set X is called as mgy-closed [20], if vcI(X) C F for all m-open sets | containing X.

The entire mgs-closed (correspondingly, mgs-open, mgp-closed, mgy-closed, gs-closed, gs-open, closed, semi-
closed, semi-open, y-open, m-open, mg-open, regular open, regular closed, g-closed, wg-closed, we*-closed, e*-closed,
e*f-closed, bg-closed, sbg-closed) subsets of ¥ are expressed by 7GSC(¥) (correspondingly, tGSO(¥), tGPC(¥),
7mGyC(¥), GSC(V), GSO(¥), C(¥), SC(¥), SO(¥), vO(¥), mO(¥), tGO(¥), RO(¥), RC(¥), GC(¥), rGC(T),
we*C(¥), e*C(V), e*0C(¥), bgC(¥), sbgC()).

7GSC (v, ¥) (correspondingly, tGSO(v, ¥), RO(v, V), C(v, ¥), SO(v, ¥), O(v, ¥)) means the collection of whole
mgs-closed (correspondingly, mgs-open, regular open, closed, semi open, open) sets of ¥ comprising point v € W.

mgs-closure of the set XN is denoted by ¢l 45(X), which is the intersection of whole mgs-closed sets involving X. On
the other hand, mgs-interior of a set X is expressed by int,4s(X), which corresponds to the union of whole wgs-open
sets included in X.

Definition 2.1. A topological space ¥ is said to be:

(1) strongly S-closed [6] while a finite subcover matching could found for each closed cover of ¥,

(vi1) strongly countably S-closed [7] when a finite subcover matching found for each countable cover of ¥ consisting
of closed sets,

(t411) strongly S-Lindelof [7] when a countable subcover matching could found for each closed cover of ¥,

(i) ultra normal [30] if each pair of non-empty disjoint closed sets can be separated by disjoint clopen sets,

(ty) ultra Hausdorff [30] if for each couple of distinct points, 14 and v, in U there exist clopen sets X; and N,
comprising v; and v, correspondingly, providing N; N N, = () equality.

Definition 2.2. When R in ¥ is strongly S-closed as a subspace, then X is named strongly S-closed [6].
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Definition 2.3. N in ¥ is called:

(¢;) c-open [31] whenever R C int(cl(int(R))),

(t41) preopen [22] or nearly open [5] whenever X C int(cl(R)),

(1451) B-open [32] or semi-preopen [33] whenever X C cl(int(cl(R))).

Complement of an a-open (correspondingly, preopen, $-open) set is introduced as a-closed (correspondingly,
preclosed, 8-closed) set [7]. aO(¥) (correspondingly, PO(¥), 5O(¥)) stands for the collection of whole a-open
(correspondingly, preopen, S-open) subsets of W.

Lemma 2.1. Whenever X C ¥,
(14) Clngs (W\R) = W\int s (N);
(i) V € Clags(R) & VF € tGSO(v, ), XN F # (.

Proof. Before starting the proof, let’s remind the definitions of wgs-interior and wgs-closure of a set in a topological
space. Let (I, T) be a topological space, X C ¥. Then, wgs-closure of R is cl4s(R) = ({© : R C 0,0 € nGSC(V)}
and mgs-interior of N is int,4s(X) = [J{D : © C X,0 € 1GSO(¥)}. Now we can start the proof.

(¢;): We will complete the proof by showing that the sets claimed to be equal include each other.

Let (¥, T) be a topological space and X C U.

(=): Let v € clrgs(P\R). Assume that v ¢ U\int.4(R). Since v € intr4(R) = |J{© : © C R,0 € nGSO(¥)},
it can be said that there exists a set f € 7GSO(v,¥) such that F C . S0 © = U\F € nGSC(¥), v ¢ © and
VAR C ©. This brings us to the contradiction v ¢ cl4:(¥\R) contrary to our assumption. Hence as a result
Clrgs(P\R) C U\ intrgs(R).

(<): Let v € W\intrys(R). So it can be clearly seen that v ¢ int,,s(R) = J{D: 0 C X,0 € 7GSO(¥)}. Then for all
of the sets © € 7GSO(¥) such that © C X we have v ¢ O. This means that for all sets ¥\0 € #GSC(¥) such that
VAR C ¥\o we have v € ¥\O. So v € clrgs(V\R). Hence as a result W\int,4s(R) C clrgs(T\R).

Now we will give the proof of (v;;).

(Lii)l

(=): Let v € clrys(R). Assume that there exists a set © € TGSO(v, ¥) such that © N X = (. Under this assumption,
for the set © = ¥\ it can be said that v ¢ © and X C O. These results brings us to the contradiction v ¢ cl;4s(R)
contrary to our assumption.

(<): Let v € ¥ and let for all sets © € nGSO(v, ¥) we have © N X # (). Assume that v ¢ cl4s(X). Then using
(vi) wehave v € W\clrgs(N) = U\ (V\intgs(P\X)) = intrqs(V\R). So there exists a set /' € TGSO(v, ¥) such that
I~ C U\R, which means that / N X = () which is a contradiction. So v € clrgs(R).

Thus the proof is completed. 0

While R is mgs-closed, then cl.,s(X) = R. Typically, the opposite of this implication doesn’t hold true, as
demonstrated in the subsequent example:

Example 2.1. Consider the subset X = {vy, 15} of the set ¥ = {11, 12,13, 14,15} and the topological space (¥, T),
where T = {0, {v1}, {va}, {v1, 2}, {v1, 2, v3}, U}. Then the set R is an acceptable sample that fits the given situation
just above, since X = cl4:(X), while X ¢ 71GSC(¥).

ker(U) [34] means (\{F € T : U C F } which is known as the kernel of U.

Lemma 2.2. [35] The subsequent characteristics apply to subsets | and U of U:
(t))v eker(F)& (VO € C(v,¥))(F NO #0);

(tis) F C ker(F);

(Lm) Fev=[f = ker(F);

(tiv) F C U = ker(F) C ker(U).

3. Contra mgs-continuous functions

In this section, first the characterization of contra mgs-continuous functions is presented. Afterwards, the
relationships between some types of contra continuous functions and contra mgs-continuous functions were
examined. In addition, some new definitions in relation with wgs-open sets are given in order to examine various
properties of contra 7gs-continuous functions, and these properties are presented through theorems and results.

Definition 3.1. A : (U, T) — (@, L) is referred as contra wgs-continuous [8], whenever A~ (U) € 1GSC(¥) for
eachU e L.
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Theorem 3.1. Under the assumption nGSO(W) is closed under arbitrary unions (or likewise 1GSC (V) is closed under
arbitrary intersections), subsequent statements are coequal for A : (U, T) — (®, L).

(ti) A is contra wgs-continuous;

(1i;) U € C(®) = A™HD) e tGSO(V);

(ti11) (Vv € U)(VO € C(A(v),®))(IF € nGSO(v, ))(A(F) C ©);

(L) NC T = A(clﬂgs( )) C ker(A (N));

(to) @ C P = clrgs(ATHQ)) € A7 (ker(2)).

Proof. Let A: (U, T) — (®, L) be a function, where (¥, T) and (®, L) are two topological spaces and let tGSO(T)
be closed under arbitrary unions (or likewise 7G.SC(¥) be closed under arbitrary intersections).

(1i) = (1i;): Let © € C(®). Then ®\O is open in ®. Since A is contra rgs-continuous, P\A~ (0) = A~ (®\0) is
ngs-closed in ¥. Therefore, AT(O)is mwgs-open in V.

(ti5) = (1;): Obvious.

(ti) = (15ii): Let v € W and © € C(A(v), ®). Then by (1;), we have A~ (0) € 7GSO(V). Choosing F = A~ (O) we
obtain that F € 7GSO(v,¥)and A(F) C ©.

(ti1i) = (153): Let © € C(®) and v € A™ (O). Since A(v) € O, by (i;;) there exist a mgs-open set F, € TGSO(v, ¥)
such that A(F,) C ©. Sowehaver € F, C A (©)and hence A (8) = J{F, : v € A" (O)} is mgs-open in ¥
since TGSO(¥) is closed under arbitrary unions.

(tii) = (Liw): Let X be any subset of ¥. Suppose that there exist an element p of A(clrq45(R)) such that p ¢ ker(A(R)).
Then there exists an open set / of ® such that A(X) C F and i ¢ F. Hence, there exists © = ®\F € C(u, ®) such
that A(R) N O = 0 and cl,45(R) N A" (©) = (). From here we obtain that A(clrgs(R))N O =0 and p & A(clrgs(R))
which is a contradiction. ) o

(tiv) = (tv): Let Q be any subset of ®. Then A (Q) C V. By (tiv), A(clrgs(A () C ker(A(A (Q))) C ker(Q).
Hence, clrgs (A~ () € AL (ker(€2)).

(tv) = (1:): Let F be any open subset of ®. Then by (1,,) and by Lemma 2.2, clrgs (A~ (F)) C A~ (ker(F)) = A~ (F).
So we have cl,TgS(Afl (F)) = A" (F). Since TGSO(¥) is closed under arbitrary unions, TGSC(¥) is closed under
arbitrary intersections and hence AT (F)= cl7rgs(A7l (F)) is mgs-closed. O

Remark 3.1. Statements (¢;) and (¢;;) in Theorem 3.1 are identical even if TGSO(¥) is not closed under arbitrary
unions (or likewise, TGSC(¥) is not closed under arbitrary intersections).

Definition 3.2. A : (¥, T) — (®, L) is categorized as:

(11) perfectly continuous [36] - (F € L= A ' (F) e TNC(D)),

(12) RC-continuous [9] :< (F € L = A~ (F) € RC(V)),

(t3) strongly continuous [37] :< (F C @ = AT(F)eTncow)) (identically (R C ¥ = A(cl(R)) C A(R))),
(14) contra-continuous [6] :& (F € L = AT (F) e C(D)),

(t5) contra-super-continuous [38]:< (Vv € \I')(VG) € C(A(v),®)(3F € RO(v, ¥))(A(F) C ©),

(16) contra-semicontinuous [9] :< (F € L = A~ (F) € SC(V)),
(t7) contra g-continuous [39] :< (F € L = ATN(F) e GO(W)),
(18) contra gs-continuous [9] 1< (F € L= A~ (F) € GSC(¥)),
(t9) contra wg-continuous [7] :< (F € L = AT(F ) e 1GC(V)),

(110) contra we*-continuous [16] 1< (F € L = A~ (F) € we*C(T)),

(111) contra e*f-continuous [40] 1= (F € L= A~ (F) € e*0C(D)),

(112) contra e*-continuous [41] & (F € L= A" (F) € e*C’(\I/)),

(113) almost contra e*-continuous [42] :& (F € RO(®) = 1(F) € e*C(V)),

( K AT(F) € e*0C(W)),

(115) contra bg-continuous [25]:& (F € L= A (F) € bgC(¥)),

(116) contra sbg-continuous [43]:< (F € L= A '(F) € sbgC(\Il))

(117) contra wgp-continuous function [8] 1< (F € L = A ( TGPC(¥))

(

)

)

)

)
t14) almost contra e*f-continuous [42] :< (F € RO(®) =

)

)

) ) € )
118) contra wgy-continuous function [20] := (F € L= A (F) € nGAC(D)).
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Remark 3.2.
g Ly S Ll <— Lo <— L1 <— L3

ol

g < 7

Lol

contra wgs-continuous < tg

Lo

L18 < l17

Remark 3.3. As can be seen from the samples below, reversibility of the consequences in the above diagram need not
to be true.

Example 3.1. T = {@, {1/2}, {1/17 1/4}, {1/2, 1/3}7 {1/1, vy, V4}, {Vl, Vo, V3, 1/4}7 \If} is the tOpOlOgy onV¥ = {1/1, Vo, V3,Vy, 1/5}.
Since mappings under A : ¥ — ¥ are listed as A(v1) = v1, A(va) = vo, A(vs) = v3, A(vs) = vs, A(vs) = vy the
contra mgs-continuity of A is evident. However, it is neither contra 7g-continuous nor contra gs-continuous since

A7 () = {n} ¢ nGC(V) and A~ ({n}) = {1} ¢ TGSC(D).
Example 3.2. Let ¥ = {vy, 00,153,104}, T = {0, {tn}, {v2}, {v1, 12}, U}. Match-ups for A : ¥ — ¥ are
A(vr) = A(ve) = Avs) = v1, A(vg) = vs.

A is contra mgs-continuous, but it is not contra e*¢-continuous since A~ ({11}) = A~ ({v1,2}) = {11, v2, 13} is not
e*f-closed w.rt. T.

Example 3.3. Given ¥ = {vy,vo,v3,v4}, T = {0, {v1}, {va}, {v1, 12}, ¥}. Match-ups for A : ¥ — ¥ are
A(V1> = U3, A(I/g) =, A(l/g) = A(V4) = 4.

Although A is contra mgs-continuous, it is not almost contra e*-continuous,since {vy,v3} is regular open and

A" ({v1,v3}) = {v1, 12} is not an e*-closed. By checking the connections between these class of functions in [42] we
can easily state that A cannot be almost contra e*§-continuous, contra e*¢-continuous and contra e*-continuous.

Example 3.4. T = {0, {11}, {0}, {vo, 1}, {vs, 11}, {v1, 05,02}, {v1, 12,04}, U} is a topology on U = {1y, v, 13,14}
Match-ups of A : ¥ — W are

A(rr) =11, A(v2) = vo, A(vs) = A(vg) = vy.

. -1 -1 . . irs
Since A ({v1,12}) = A ({v1,v9,v3}) = {v1,1} ¢ TGSC(¥), A is not contra wgs-continuous. However, it is
contra e*f-continuous. So it is contra e*-continuous, almost contra e*#-continuous and almost contra e*-continuous.

As seen from the examples above contra 7gs-continuity does not require almost contra e*#-continuity, almost
contra e*-continuity, contra e*f-continuity and contra e*-continuity. It is also clear that almost contra e*f-continuity,
almost contra e*-continuity, contra e*¢-continuity and contra e*-continuity does not require contra mgs-continuity.
As another result we can state that contra we*-continuity does not require contra wgs-continuity.

Research Question Does contra mgs-continuity require contra we*-continuity?

Example 3.5. T = {0, {11}, {1}, {v1, 0}, {vs, 11}, {v1,v5, 12}, {ve, v1,v4}, U} is a topology on U = {1, v, v3, 14}
Match-ups of A : ¥ — W are

A(n) =3, A(va) = vo, A(vs) = v1, A(vy) = 19

A is contra mgs-continuous, but it is not contra bg-continuous since A~ ({11, v5}) = {11, v3} is not bj-closed. So it
cannot be contra sbg-continuous.

Example 3.6. T = {0, {v1,v5},{va,va}, {v1,12,v4,v5}, ¥} is a topology on ¥ = {vy, v, 3,14, v5}. Match-ups of
A: V¥ — Vare
A1) = v1, A(re) = 12, A(rs) = A(ns) = v3, A(vs) = vs

A is contra bg-continuous. However, since A ({v1,va,v4,05}) = {v1,1v2,v5} ¢ TGSC(P), it is not contra 7gs-
continuous.
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As seen from the examples above there is no relation between contra bg-continuity and contra wgs-continuity.
As another result we see that a contra 7gs-continuity does not require contra sbg-continuity.

Research Question Does contra sbg-continuity require contra 7gs-continuity?

Example 3.7. [8] Let T = {0, {11}, {v2}, {v1, 02}, {vs, 12}, {vs, 10,11}, ¥} and L = {0, {v1}, ¥} be two topologies
on ¥ = {vy,19,v3,14}. The identity function A : (¥, T) — (¥, L) is contra mgs-continuous, but it is not contra
Tgp-continuous.

Example 3.8. [8] Let T = {0, {va}, {vs, v}, {v1,va}, {v1,v2,va}, {v1,v0, 4,3}, ¥} and L = {0, {v4}, U} be two
topologies on U = {v1, 15, V3, v4,v5}. The identity function A : (¥, T) — (¥, 1) is contra mgp-continuous and contra
wgy-continuous, but it is not contra wgs-continuous.

As seen from Example 3.7 and Example 3.8 there is no connection between contra mgp-continuity and contra
mgs-continuity. Example 3.8 also shows that contra 7gy-continuity does not require contra mgs-continuity.

Theorem 3.2. [4] Let X C U, afterwards X € RO(¥) if and only if X € 7O(¥) N wGSC ().

Definition 3.3. A : ¥ — ¢ is called as:

(t1) m-continuous [3] : & (F € L=A (F) € 7O(¥)),

(12) mg-continuous [3] 1= (F € L = A~ (F) € 7GO(¥)),

(13) mgs-continuous [4] 1= (F € C(®) = A~ (F) € 1GSC(V)),
(t4) completely continuous [44] :< (F € L = AT (F) € RO(V)).

Theorem 3.3. Whenever A : U — ®, afterwards the statement below is satisfied:
A is contra wgs-continuous and w-continuous if and only if A is completely continuous.

Proof. Obvious from Theorem 3.2. O

Theorem 3.4. Under the circumstance 1GSO(W) is closed under arbitrary unions, it can be stated that whenever A : ¥ — &
is contra wgs-continuous and ® is regular, afterwards A is wgs-continuous.

Definition 3.4. Whenever nGSC(¥) C SC(V) afterwards ¥ is accepted as mgs-T'; [4].

Theorem 3.5. Whenever W is considered as mgs-T'y space afterwards, contra wgs-continuity, contra-semicontinuity and
contra gs-continuity of A : U — & are identical.

Proof. Assume that ¥ as a mgs-T} space. Since SC(¥) C 7GSC(¥), we have SC(¥) = nGSC(¥). Using the relation
SC(¥) C GSC(¥), we obtain tGSC(¥) C GSC(¥). Since GSC(¥) C 71GSC(V), we have GSC (V) = nGSC(¥).
Therefore tGSC(¥) = SC(¥) = GSC (V). O

Theorem 3.6. For each i € I, p; stands for projection of [[ ®; onto ®;. If A : U — [[ ®, is contra mgs-continuous, then
p; o AW — ®; is contra mgs-continuous for each i € I.

Proof. Since p; is continuous and A is contra mgs-continuous, we can state that p; ") is open in []Y; for any
Ui € Liand (p;o A) (U) =A™ (p, (Uy)) € TGSC(V). Hereby, p; oA is contra rgs-continuous. O

Definition 3.5. A topological space ¥ is said to be locally wgs-indiscrete if tGSO(¥) C C(T).

Theorem 3.7. The fact that ¥ is locally 7gs-indiscrete for contra wgs-continuous A : W — @ requires that A is continuous.

Proof. Allow f € L. Since A is contra wgs-continuous, A~ (f) € 7GSC(¥). Since V¥ is locally rgs-indiscrete,
AT(F)eT. O

Theorem 3.8. Whenever V is a wgs-T for any A : W — @, afterwards following are equivalent :
(t1) A is completely continuous;

(t2) A is w-continuous and contra mgs-continuous;

(t3) A is w-continuous and contra gs-continuous;
(ta)

ta) A is w-continuous and contra-semicontinuous.
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Proof. Equivalence of (i2), (t3) and (t4) is obvious from Theorem 3.5 and the equivalence of (¢1) and (:2) can be
easily seen from Theorem 3.2. O

Definition 3.6. The topological space (¥, T) is called:
(11) submaximal [45] := (VR C U)(cdI(R) =T =R e T),
(t2) extremally disconnected [45] := (VR C U)(Re T = (X)) € T).

Definition 3.7. A : ¥ — @ is called contra a-continuous [46] (correspondingly contra precontinuous [46], contra
B-continuous [47], contra y-continuous [48]) if the preimage of every open subsets of ® is a-closed (correspondingly
preclosed, S-closed, y-closed) in W.

Lemma 3.1. Forany (¥, T), if tGSC(¥) is closed under finite unions then, 7gs-T = {U C VU : cls(V\U) = V\U}.

Theorem 3.9. Whenever W is extremally disconnected, submaximal and wgs-T} for any A : W — @, afterwards the following
are equivalent:

(¢1) A is contra wgs-continuous;

(12) A is contra gs-continuous;

(¢3) A is contra-semicontinuous;

(v4) A is contra-continuous;

(v5) A is contra precontinuous;

(16) A is contra B-continuous;

(¢7) A is contra a-continuous;

(1) A is contra ~y-continuous.

Proof. In an extremally disconnected submaximal space (¥, T),
T=a0(¥) =50(¥) = PO(¥) =~0(¥) = O(V).

From this fact we can say that (¢3), (¢4), (t5), (t6), (¢7), (tg) are equivalent. The equivalence of (¢1), (t2), (¢3) is obvious
from Theorem 3.5. O

Theorem 3.10. Whenever WV is said to be extremally disconnected, afterwards any A : ¥ — @ is contra wgs-continuous and
mgs-continuous.

Definition 3.8. A : U — & is said to be wgs-irresolute [4] if A~ (F) € TGSO(V) for each F € 1GSO(®).

Theorem 3.11. For A : ¥ — ® and p : & — ( following properties hold:

(¢1) If A is wgs-irresolute and p is contra wgs-continuous, then p o A is contra mgs-continuous;

(t2) If A is contra mgs-continuous and p is continuous, then p o A is contra wgs-continuous;

(v3) If A is contra wgs-continuous and p is RC-continuous, then p o A is wgs-continuous;

(va) If A is wgs-continuous and p is contra continuous, then p o A is contra wgs-continuous;

(v5) If A is mgs-irresolute and p is RC-continuous (correspondingly contra m-continuous, contra-continuous, contra g-
continuous, contra wg-continuous, contra-semicontinuous, contra gs-continuous), then p o A is contra wgs-continuous.

Definition 3.9. A : ¥ — ® is characterized as wgs-open if A(R) is mgs-open in ® for each mgs-open subset X of ¥.

Theorem 3.12. A : ¥ — ®and p : ® — ¢ be two functions and suppose that tGSC(®) is closed under arbitrary
intersections. Whenever A is surjective wgs-open function and p o A is contra wgs-continuous, afterwards p is contra
T gS-continuous.

Proof. Suppose i € ® and © € C(p(p), (). Since A is surjective, existence of v € ¥ satisfying A(v) = p is clear.
Naturally, © € C(p o A(v), (). Since p o A is contra mgs-continuous, © € 7GSO(v, ¥) naturally appears satisfying
po A(D) C O relation. Since A is mgs-open, A(D) is an element of TGSO(, ®). Hence, for each p € ® and for each
© € C(p(p),¢), existence of A(D) = F € nGSO(u, P) is natural satisfying p(F) C ©. By Theorem 3.1 p is contra
Tgs-continuous. 0

Corollary 3.1. Whenever nGSC(®) is closed under arbitrary intersections and A : ¥ — & is surjective mwgs-irresolute and
wgs-open, afterwards for any p : ® — (, p o A is contra wgs-continuous if and only if p is contra wgs-continuous.

Proof. Obvious from Theorems 3.11 and 3.12. O
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Definition 3.10. A : U — @ is characterized as weakly contra mgs-continuous whenever v € ¥ and © € C(A(v), ?),
afterwards a set F € 7GSO(v, ¥) exists satisfying int(A(F)) C ©.

Definition 3.11. A function A : ¥ — & is called as (wgs-s)-open whenever A(F) € SO(®) for all F € 7GSO(¥).

Theorem 3.13. Whenever A : U — & is a weakly contra wgs-continuous and (wgs-s)-open and 1GSO(¥) is closed under
arbitrary unions, afterwards A is contra wgs-continuous.

Proof. Whenever v € ¥ and © € C(A(v),®), with the weakly contra mgs-continuity of A, as a result the set
F € nGSO(v, V) appears satisfying int(A(F)) C © . Since A is (wgs-s)-open, A(F) is semi-open in ®. Hence,
A(F) Ccl(int(A(F))) C c(©) = 6. O

Definition 3.12. fr,4(R) stands for mgs-frontier of X € ¥ and characterized as cl;4s(R) N clrgs(T\R).

Theorem 3.14. Let A : U — ® be a function. Whenever tGSC(¥) is closed under arbitrary intersections then, the set of
whole points v € ¥ at which A is not contra mgs-continuous is equal to U{frwgs(Af1 (©):0 e C(A(v),D)}.

Proof. Let v be any element of ¥ at which A is not contra mgs-continuous. Then, there exists a closed subset © of ¢
comprising A(v) such that A(F) is not contained in © for every f € 71GSO(v, V). So F N (W\A"'(0)) # 0. Then,
we have v € clrgs(W\A ™~ (0)). Since v € A~ (O) C clrgs(A (0)), v € frrgs(A (0)).

For the converse, assume that A is contra rgs-continuous at v € ¥ and © € C(A(v), ®). Naturally a set [ €
7GSO(v, ¥) appears satisfying f C A" (©). Therefore, v € int,rgs(A71 (©)). Hence, v ¢ fr,rgs(Af1 (©)). O
Corollary 3.2. Forany A : U — &, whenever tGSC(¥) is closed under arbitrary intersections, afterwards A is not contra

—1

wgs-continuous at v if and only if © € C(A(v), ®) appears satisfying v € froqs(A (0)).

4. Preservation theorems

In this section, new separation axioms, connected spaces, compact spaces, covers and graphs related to mgs-open
sets are defined and various results are presented by examining the properties of these new concepts.

Definition 4.1. U is said to be mgs-T1 whenever v and p in ¥ are distinct points, sets F € 7GSO(v, ¥) and
U € mGSO(p, V) naturally appears satisfying 1o ¢ f and v ¢ U.

Definition 4.2. ¥ is said to be wgs-T> whenever v and p in ¥ are distinct points, sets F € 7GSO(v, ¥) and
U € 1GSO(p, V) naturally appears satisfying £ N U = 0.

Theorem 4.1. Under the assumption U is an Uryshon space, whenever v and y are distinct points in W a function A : ¥ — &
naturally appears that is contra wgs-continuous at v and p and for which A(v) # A(w), afterwards ¥ is wgs-Th.

Proof. Assume that v and p as distinct points in ¥. Also, let A : ¥ — & be contra mgs-continuous at v and x such
that A(v) # A(p). Letting v" = A(v) and p° = A(u) with the knowlegde of @ is Urysohn, existence of © € O(v/', ®)
and f € O(y', ®) guaranteed such that (D) N ¢l(F ) = 0. Since A is contra Tgs-continuous at v and y, there exist
mgs-open subsets X and  of ¥ comprising v and 4, correspondingly, such that A(R) C ¢l(9) and A(R2) C cl(F).
Hereby, ARN Q) C AR)NA(Q) C (D) Nel(F) = 0 which implies that XN Q = (). Hence, ¥ is mgs-T5. O

Corollary 4.1. Whenever A : ¥ — & is contra wgs-continuous injection and ® is an Urysohn space, afterwards U is wgs-T.

Definition 4.3. The topological space ¥ is called as,
(¢1) mgs-connected space :< ¥ is not the union of two disjoint non-empty 7gs-open sets,
(12) gs-connected space [15] :<= U is not the union of two disjoint non-empty gs-open sets.

Remark 4.1. Although 7gs-connected spaces are gs-connected, the contrary implication is not valid in general.

Example 4.1. Let U = {v,u} and T = {0, {v}, U}. ¥ is gs-connected, but it is not wgs-connected since {v} and {u}
are non-empty disjoint Tgs-open subsets of .

Theorem 4.2. For a topological space U the following are equivalent:

(¢1) ¥ is wgs-connected;

(t2) The only subsets of U which are both wgs-open and wgs-closed are () and ¥;

(t3) Each wgs-continuous function of U into a discrete space ® with at least two points is a constant function.
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Proof. Firstly let ¥ be a topological space.

(t1) = (t2) Suppose that X is a proper non-empty subset of ¥ which is both 7mgs-open and mgs-closed. Then, U\X is
a proper non-empty subset of ¥ which is both mgs-open and mgs-closed, R N (¥\X) = ) and XU (V\R) = V. But
this result contradicts with the 7gs-connectedness of ¥. Hence, the only subsets of ¥ which are both wgs-open and
mwgs-closed § and U.

(t2) = (1) Suppose that ¥ is not mgs-connected. Then as a result two non-empty disjoint Tgs-open subsets X and
of ¥ appears such that R U Q) = W. Since X = ¥\Q and 2 = ¥\X, X and 2 are proper non-empty subsets of ¥ which
are both mgs-open and mgs-closed, but this is a contradiction. Hereby, ¥ is wgs-connected.

(t2) = (t3) Let ® be any discrete space with at least two elements and A : ¥ — & be any contra mgs-continuous
function. Since ® is discrete, {11} is clopen in ® for each u € ®. Therefore, {11} is both wgs-open and wgs-closed in ®
for each € ®. We also have ¥ = A~1(®) = AL (U{{p} : p € ®}) = U{A ' ({p}) : p € ®}. By (12), A~ {u}) =0
or A= ({u}) = U for each p € ®. If A= ({u}) = 0 for some u € ¢ then, A would not be a function anymore. If
there exist at least two distinct elements a and b in ® such that A=*({a}) = ¥ = A~1({b}), then A would not be
a function anymore. Therefore, there exists only one element i of ® such that A~!({x}) = ¥, which means that
A(T) = {u}. Hence, A is a constant function.

(t3) = (12) Let P be a non-empty set such that P € 1GSO(¥) N7GSC(¥), ® be any discrete space with at least two
elements and contra mgs-continuous A : ¥ — & defined as A(P) = {¢} and A(¥\P) = {n}, for distinct elements ¢
and 7 of ®. Since A is constant by (c3), ¥\ P = (). Therefore, P = V. O

Theorem 4.3. Let A : ¥ — @ be a surjective contra wgs-continuous function. While ¥ is wgs-connected, ® cannot be a
discrete space.

Proof. Assume ¢ as a discrete space. Let X be any proper non-empty subset of ®. Since X is clopen in ¢ and
A : ¥ — @ is contra Tgs-continuous surjection, A~ (R) € TGSO(¥) N 7GSC(¥P) is a proper non-empty subset of V.
But this result contradicts with the mgs-connectedness of ¥. Hence, ® is not a discrete space. O

Theorem 4.4. While whole contra mwgs-continuous functions with a domain ¥ into any T, space ® is constant, ¥ has to be
wgs-connected.

Proof. Assume that ¥ is not mgs-connected. So, at least one proper non-empty subset X € 1GSO(¥) N 7GSC(T)
appears. Let ® = {¢,n} and L = {0,{s},{n},®}. Let A : ¥ — & be a function such that A(RX) = {¢} and
A(T\X) = {n}. Then, ® is a T space and A is a contra wgs-continuous function which is not constant. But this is a
contradiction. Hereby, ¥ has to be mgs-connected. O

Theorem 4.5. Whenever A : ¥ — ® is surjective contra wgs-continuous function and ¥ is wgs-connected, afterwards ® has
to be connected.

Proof. Suppose that ® as a disconnected space. So two non-empty disjoint open sets X and {2 of ® appear, so that
RUQ=0.So ATI(R) £ 0, A7HQ) £ 0, AT (R) N ATHQ) =0, A~ (R) UATL(Q) = U since A is surjective. Since
A is contra mgs-continuous, A~!(R) and A~!(Q2) are both mgs-open and mgs-closed in V. Therefore, we reach the
result that ¥ is not mgs-connected which is a contradiction. Hereby, ® is connected. O

Theorem 4.6. The projection functions py : ¥ x ® — ¥ and pp : ¥ x & — & are wygs-irresolute.

Proof. Let py : ¥ x & — W be the projection function from ¥ x ¢ onto ¥ and X be any mgs-closed subset of ¥. Then,
pw “H(R) =N x @. Let / be any m-open subset of ¥ x ® involving R x ®. Then, there exists a m-open subset U of ¥
involving X such that / = U x ®. Since N is mgs-closed in ¥, scl(X) C U. Therefore, scl(X) x ® C U x ® = F. Since
scl(R x @) C scl(R) x &, we have scl(R x ®) C . So R x & = p'(X) is mgs-closed in ¥ x ®. Hence, projection
function py : ¥ x & — ¥ is mgs-irresolute. The proof for the other projection function pg : ¥ x & — @ is similar. O

Theorem 4.7. Whenever A : ¥ — & is a wgs-irresolute surjection and ¥ is wgs-connected, afterwards ® has to be
wgs-connected.

Proof. Assume that ¢ is not mgs-connected. Naturally, two non-empty disjoint mgs-open subsets / and 2 of ®
appears so that f UQ = ®. Then A~!(F ) and A~!(Q) are non-empty mgs-open subsets of ¥, since A is surjective
and wgs-irresolute. Besides, ) = A=L(F N Q) = A~} (F)NA~Y(Q)and ¥ = A~(F) U A~Y(Q). Therefore, we reach
the result that ¥ is not mgs-connected which is a contradiction. Hereby, ® is 7gs-connected. O

Theorem 4.8. Whenever the product space of two non-empty spaces is wgs-connected, each factor space has to be mgs-
connected.
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Proof. Accept ¥ and ¢ as non-empty topological spaces and the product space ¥ x ® as mgs-connected. Since the
projection functions are mgs-irresolute and surjective, by Theorem 4.7, ¥ and ® are wgs-connected. O

Definition 4.4. A topological space V is called as:

(11) mgs-compact if every mgs-open cover of ¥ has a finite subcover,

(t2) countably mgs-compact if every countable cover of ¥ by mgs-open sets has a finite subcover,
(13) mgs-Lindelof if every mgs-open cover of ¥ has a countable subcover.

Definition 4.5. X € ¥ is characterized to be mgs-compact relative to ¥ whenever every mgs-open cover of X by
mgs-open sets of ¥ has a finite subcover.

Theorem 4.9. Whenever A : ¥ — & is contra wgs-continuous and X C V is wgs-compact relative to ¥, afterwards A(X)
has to be strongly S-closed.

Proof. Let {©; : i € I} be a closed cover of A(R) by closed subsets of the subspace A(X). Then for each i € I,
there exits a closed set X; in ® such that AR) = [ J{©; :i € I} = U{XNAN) : i e I} = (U{N; : i € I}) NA(R)
and ©; = ®; N A(R). Since for each v € X, we have A(v) € A(R) and since A is contra wgs-continuous, for
each v € N there exists i(v) € I and there exists /', € 1GSO(v, V) such that A(v) € N,y and A(F ) C N;).
Then, {f, : v € N} is a cover of X by mgs-open sets of ¥. Since XN is mgs-compact relative to ¥, there exists a
finite subset Xy of X such that 8 C [J{F, : v € Ro}. Then, we obtain A(R) C [J{¥;,) : v € No}. Therefore,
AR) = AR) N (Ui v € Nop) = U{AR) Ry 1 v € Ro} = U{O;0) : v € Ro} and this means that
{©iw) : v € o} is a finite subcover of {©; : i € I}. Hence, A(R) is strongly S-closed. O

Corollary 4.2. Whenever A : ¥ — & is a contra mgs-continuous surjection and ¥ is wgs-compact, afterwards ® has to be
strongly S-closed.

Theorem 4.10. Whenever the product space of two non-empty spaces is wgs-compact, afterwards each factor space has to be
Tgs-compact.

Proof. Let ¥ x ® be the product space of the non-empty topological spaces ¥ and ® and ¥ x ¢ be mgs-compact. Let
{9 :i € I'} be any mgs-open cover of U. Then, ¥ x ® = p,* (V) = py' (U{D: : i € I}) = U{py' (D) : i € I}. Since
py is mgs-irresolute, p;l(ai) =0; X ®is mgs-openin ¥ x & for each ¢ € I. Therefore, {O; x ® : i € I} is a mgs-open
cover of U x ®. Since ¥ x ® is wgs-compact, there exists a finite subset Iy of I such that | J{0; x @ : i € Iy} = ¥ x .
Then, ¥ = pg(¥ x @) = po(J{Oi x @ : i € Ip}) = pu(U{D: : i € Io}) x ®) = {0 : i € Ip}. Hence, ¥ is
wgs-compact. The proof for the space ¢ is similar. O

Theorem 4.11. Contra wgs-continuous images of wgs-Lindeldf (correspondingly countably mgs-compact) spaces are strongly
S-Lindelof (correspondingly strongly countably S-closed).

Proof. Let ¥ be a mgs-Lindelof space and A : ¥ — & be a surjective contra 7gs-continuous function. Let {©; : i € I}
be a closed cover of ®. Since A is contra Tgs-continuous, {A~1(0;) : i € I} is a mgs-open cover of ¥. Since ¥
is mgs-Lindeldf, there exists a countable subset I of I such that [J{A71(0;) : i € I} = V. Since A is surjective,
O =AT) =A(U{AT(O;) rieIp}) = U{AATHO)) :i € In} =U{O; : i € Iy} and then ® = [ J{O; : i € Ip}.
Hence, @ is strongly S-Lindelof. The proof for the contra mgs-continuous images of countably 7gs-compact spaces
is similar. O

Definition 4.6. The graph G(A) of A : ¥ — @ is said to be a contra wgs-graph if for each (v, 1) in (¥ x ®)\G(A),
there exist a set X in TGSO(v, ¥) and a set Q2 in C(p, @) such that (R x Q) N G(A) = 0.

Theorem 4.12. The following are equivalent for the graph G(A) of any A : ¥ — &,

(¢1) G(A) is contra mgs-graph;

(t2) Forall (v, 1) € (¥ x ®)\G(A), there exist a mgs-open set X C U comprising v and a closed set Q@ C ® comprising p
such that A(R) N Q = (.

Theorem 4.13. Whenever A : ¥ — & is contra wgs-continuous and ® is an Uryshon space, afterwards G(A) has to be a
contra wgs-graph.

Proof. Forall (v, ) € (¥ x ®)\G(A), itis clear that A(v) # p. Since ® is Uryshon space, there exist open sets 0, and
O, in ® comprising A(v) and p, correspondingly, such that c/(9,) N cl(9,) = 0. Since A is contra 7gs-continuous, a
N e 1GSO(v, ¥) appears so that A(R) C cl(9,). Then, A(R) N ¢l(9,) = 0. Hereby, G(A) is contra wgs-graph. O
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Theorem 4.14. Let A : U — & be a function and p : ¥ — U x ® be the graph function of A defined as p(v) = (v, A(v)) for
every v € V. If p is contra wgs-continuous, then A is contra wgs-continuous.

Proof. For all open set F C ®, itis clear that ¥ x F is openin ¥ x ®. Since p is a contra mgs-continuous function,
A7Y(F) = p~}(¥ x F) is mgs-closed in V. Hence, A is contra mgs-continuous. O

Theorem 4.15. Let A : ¥ — ®and p : ¥ — ® be two contra wgs-continuous functions. If ® is an Uryshon space and
7GSO(V) is closed under finite intersections then, the set E = {v € U : A(v) = p(v)} is mgs-closed in .

Proof. 1If we show that “v ¢ E = v ¢ cl.4s(E)”, then the theorem will be proved. Let v € U\ E. Then, A(v) # p(v).
Since ¢ is Uryshon, there exist open subsets / and U of & comprising A(v) and p(v), correspondingly, such that
cl(F)Nel(V) = 0. Since A and p are contra mgs-continuous, A~ (cl(F)) and p~!(cl(U)) are mgs-open in . Let
A~Ycl(F)) =01 and p~1(cl(V)) = O2. Then, v € D1 NDsy. Let X = 01 N Dy. Since 1GSO(VP) is closed under finite
intersections, N is a mgs-open set in ¥ comprising v. So, A(R) N p(R) = @. Hence, XN E = (. By Lemma 2.1,
V& Clrgs(E). O

Definition 4.7. For a subset X of space U, if ¢l 45(R) = ¥ then N is said to be mgs-dense in V.

Theorem 4.16. Let A : W — ®and p : ¥ — & be two functions. If

(¢1) @ is an Uryshon space and G SO(W) is closed under finite intersections,
(t2) A and p are contra wgs-continuous,

(t3) A = pona mgs-dense subset X of ¥,

then A =pon W,

Proof. By Theorem 4.15, the set E = {v € ¥ : A(v) = p(v)} is mgs-closed in ¥. Since A = p on a mgs-dense subset R,
wehave X C E. Then, ¥ = cl,4s(R) C clrgs(E) = E. Hence, E = V. O

Definition 4.8. ¥ is characterized to be weakly Hausdorff [49] if each element of ¥ is an intersection of regular
closed sets.

Theorem 4.17. Let A : ¥ — ® be an injective contra wgs-continuous function. If ® is weakly Hausdorff then, U is mgs-T}.

Proof. Let v and p be any two elements in ¥ such that v # p. Since A is injective, A(v) # A(u). Since ® is weakly
Hausdorff, regular closed subsets ©; and ©5 of & comprising A(v) and A(u), correspondingly, appears such that
A(v) ¢ O3 and A(p) ¢ ©;. Since regular closed sets are closed and A is contra mgs-continuous, A~!(0;) and
A~1(0,) are Tgs-open subsets of ¥ comprising v and y, correspondingly, such that u ¢ A~1(©;) and v ¢ A~(O2).
Hence, V is wgs-T7. O

Theorem 4.18. If A : ¥ — & is an injective function whose graph G(A) is contra mwgs-graph then, ¥ is wgs-T.

Proof. Let v and p be any two elements in ¥ such that v # u. Since A is injective, (v, A(u)) € (¥ x ®)\G(A). Since
G(A) is contra mgs-graph, there exists a mgs-open subset O of ¥ and a closed subset © of ® comprising v and A(u),
correspondingly, such that A(9)N© = @. Then A~}(©)No = P and p ¢ O. Similarly, since (A(v), u) € (T xP)\G(A),
there exists a mgs-open subset Q2 of ¥ comprising p such that v ¢ ). Hence, ¥ is wgs-T1. O

Theorem 4.19. Let A : ¥ — ® be an injective contra wgs-continuous function. Whenever ® is an ultra Hausdorff space, ¥
has to be wgs-Ts.

Proof. Let v and p be any two elements in ¥ such that v # p. Since A is injective, A(v) # A(u). Since @ is an ultra
Hausdorff space, there exist disjoint clopen subsets 0; and 0, of ® comprising A(v) and A(y), correspondingly.
Then, A~1(9;) and A~1(D2) are disjoint subsets of ¥ comprising v and p, correspondingly, which are both Tgs-open
and mgs-closed in W since A is contra wgs-continuous. Hence, ¥ is wgs-T5. O

Definition 4.9. A space V is said to be mgs-normal if each pair of non-empty disjoint closed sets can be seperated
by disjoint Tgs-open sets.

Theorem 4.20. Let A : ¥ — & be an injective closed contra wgs-continuous function. If ® is ultra normal, then ¥ is
wgs-normal.

Proof. Let ©1 and ©4 be any two non-empty disjoint closed subsets of ¥. Since A is injective and closed, A(©4) and
A(©2) are non-empty disjoint closed subsets of ®. Since ® is ultra normal, there exist disjoint clopen subsets o4
and O3 of ® such that A(0©;) C 91 and A(O2) C O3 . Since A is contra mgs-continuous, A~1(9;) and A~1(0,) are
disjoint Tgs-open subsets of ¥ such that ©; C A~!(9;) and ©; C A~1(D3). Hence, ¥ is mgs-normal. O
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5. Conclusion

It is understood from the studies of many researchers on contra continuity, which is one of the types of continuity
that has been frequently studied recently as in the past, still arouses curiosity today. Researchers have not only
examined various properties of the different types of contra continuous functions they have identified, but also
examined the relationships between different contra continuities. In this study, we not only share the concept of
contra wgs-continuity [8] related with mgs-open sets defined by Caksu [4], but also investigated various properties
of contra mgs-continuous functions and examined the relationships between different contra continuities. Remark
3.2 clearly shows that the concept of contra 7gs-continuity is weaker than the concepts of contra 7g-continuity [7],
contra gs-continuity [9], contra g-continuity [39], contra semicontinuity [9], contra super continuity [38], contra
continuity [6], strong contra continuity [37], perfect continuity [35] and RC continuity [9]. We also obtained
important results by examining various properties related to separation axioms, connectedness, compactness,
cover and graph concepts. We believe that our study will shed light on the studies researchers interested in contra
continuous functions.
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In this article, the new sequence space M is acquainted, described as the domain of the 4d (4-dimensional)
g-Cesaro matrix operator, which is the g-analogue of the first order 4d Cesaro matrix operator, on the
space of bounded double sequences. In the continuation of the study, the completeness of the new space
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1. Introduction

Obtaining g-analoques of known results has recently been found interesting by researchers. The ¢g-analogue of a
mathematical expression is the result that contains the parameter ¢ and is more general than that expression, but
reduces to the basic expression for ¢ — 1. According to the basic information about g-calculus acquired from [1],
the ¢g-analogue of any nonnegative number r is described as

‘s

1—¢q

. q# L
T , qg=1.

A little after the concept of convergence of double series with real terms (convergence in the Pringsheim’s sense)
introduced by Pringsheim [2], Hardy [3] introduced regular convergence, which also requires convergence according
to each index. Zeltser [4] also contributed to these developments by comprehensively examining the topological
structure of double sequences. The spaces of all double sequences that are convergent in the Pringsheim’s sense (Cp),
regularly convergent (C,), p-absolutely summable (£,) and bounded (M,,) can be given as examples of the most
basic double sequence spaces. It is known that a convergent double sequences in the Pringsheim’s sense (shortly
‘P-convergent) need not be bounded. The space of bounded and P-convergent double sequences is specifically
denoted by Cyp. Additionally, for p = 1, the space £, [5] is reduced to the space £, [6]. The linear space of all
double sequences with real terms is represented by €.
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If u = (w) € Q1is ¥-convergent to a limit point M, in that case, it is expressed as ¥ — lim; ;00 Ui = M for
¥ € {P,bP,r}. Zeltser [6] described the double sequences ™ = (e]* ) by

rk { 1, if (r,k) = (I, m)

et = .
tm 0 , otherwise

and eby e = Y e, where Y- e =372 (372 (e, If by = 0 for I > 7 or m > k or both, the 4d matrix
B = (bygm) is called as triangular matrix and also if b,4,+ # 0, then the 4d triangular matrix B is named as triangle
forallr, k,i,m € N, where N = {0,1,2,3, ...}.

Consider that ¥, A € Q, u = (w,) € ¥ and the 4d matrix B = (bykim). If (Bu)rry = 9 — >, briimUim (the
B-transform of u) is in A, in that case B is called as a matrix mapping from W into A and it is denoted by B : ¥ — A
for all u = (u;,,,) € . Moreover, B € (U : A) if and only if B, € (") and Bu € A, where B,x = (bykim)i.men,
(U:A)={B = (byim)| B: ¥ — A} forall 7,k € Nand U#") is the 5(«9) dual of U.

The ¥-summability domain \I'(g) of the 4d matrix B is expressed as

U = Lu= (um) € Q: Bui= (9= bomtiim exists, Bue U C Q ». (1.1)
l,m
r,keN

The 4d matrix that transforms bounded and P-convergent double sequences into P-convergent double sequences
with the same limit is called as RH regular [7, 8].

The double series spaces BS and CSy spaces, whose sequences of partial sums are in the spaces M, and Cy,
respectively, are described by Altay and Basar [9]. In addition to other related studies on single and double sequence
spaces, some g-analogue studies and their references can be also expressed as [10-34].

Recently, Erdem and Demiriz [35] constructed a new double sequence space using the domain in £, space of
the 4d g-Cesaro matrix operator (¢-analogue of the ordinary 4d Cesaro matrix) presented by Cinar and Et [36] and
examined some algebraic and topological properties of this space.

As a continuation of the studies mentioned above, this article aims to acquaint the new double sequence space
/\?tg as the domain of the 4d ¢g-Cesaro matrix on the space M, to examine its completeness, to determine its duals
and to present some matrix mappings classes related aforementioned space.

2. g-Cesaro bounded double sequence space M?

In this section, the space MY € Q is constructed and we obtain that M¢ is Banach space and linearly isomorphic
to M,,. Finally, an inclusion relation is presented about the space M.
The 4d Cesaro matrix C' = (¢, ) of order one is given by

1
- N<i< 0< <k
r+DE+1) =e=T, S ma s

Crklm = (21)

0 , otherwise,

for all r,k,1,m € N. The 4d g-Cesaro matrix C(y,1)(q) = (cznik(q)) that is the g-analogue of the matrix C' and
presented by Cinar and Et [36], is in the form below:

qler
m , 0<Ii<r,0<m<k,
C'rklm(q) = r q q (22)
0 , otherwise.

In the same study, the authors showed that C 1)(¢) is RH-regular for ¢ > 1. The inverse (C(Ll)(q))_l of the
C(,1)(q) is presented by

(,1)T+k*(l+m)% , r—1<i<r,k—1<m<k,
qT

C';kller(q) = (23)

0 , otherwise.
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From the mentioned above, it can be seen that the C(; 1)(¢)-transform of a u = (us) € Q is denoted by

vk = (C1,1)(@)u)rk = Z ¢, (rk €N). (24)

[T_Fl ql7n 0

It can be said that for the case ¢ — 1, C(1,1)(¢q) will be reduced to C.
Now, it is acquainted the set M of all g-Cesaro bounded double sequences by

./\;IZ = {u_(ulm)EQ:Sup ﬁ Z q Ulm <OO}

rk [

Thus, M¢ can be rephrased as Ma = (Mu)0<1,1>(q) with the impression (1.1) and it can be called as ¢-Cesaro
bounded double sequence space.

When ¢ approaches 1, Mg is reduced to the space M, presented in [37]. From now on, any term with a negative
index will be ignored and assumed to be ¢ > 1.

Theorem 2.1. The set MY is a Banach space with

r,keN

HU”M‘f = ||O(1,1)(Q)UHMu = (sup [r—i—l—k—i—l Z q " U, ) . (2.5)

Proof. Tt is a known procedure to show that MY is a normed linear space with (2.5) and it is omitted.
Consider the Cauchy sequence u(™) = (ul(;? ) € M4 for n € N. In that case, Ve > 0, 3M € N such that

Ju® —u gy = (su,g —[r—l—l Zq”m( o ufﬁZ))

' qlmO

- (gl (o),

for all n,z > M and it is reached that {(C’(M)(q)u("))rk}neN is Cauchy in M,,. From the completeness of M,,
{(C(Ll)(q)u("))m}neN converges and it can be written that {(C(Ll)(q)u(”))rk}neN = (Can(qu),, forn — co. In
that case, we may define the sequence (C(1,1y(¢)u),,. After all of these, it must be proven that (C(1,1)(q)u) , €
M,. From {(C(Ll)(Q)“(n)>rk}neN € My, it is obtained that (sup,. |(C(171)(q)u("))rk|) < 0. So, we see that
(Ca(u),, € M, from

) <e (2.6)

I (0(1,1)(Q)U>7.k m, = (SUP|< (1) (Qu )71@‘)

T7

< (STUI? ‘ (0(1,1)(Q)U(n)>rk - (0(1,1)(Q)u)rk )
+ (SUP ’ (0(1,1)(Q)U(n)> > <0
rk rk
by applying limit on (2.6) for z — co. Consequently, u € MZ and MY is complete with ||.|| - O

Theorem 2.2. MY is linearly norm isomorphic to M,,.

Proof. The linearity of the mapping described as Y : M% — M., T (u) = C1,1y(q)u is obvious for u = (uim) € M.
Additionally, from the expression Y (u) = 0 = u = 0, Y is injective.
Let us consider the sequences v = (v,,,) € M, and u = (uy,) as follows:
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1
U= e S > ()T fm 4 g (k€ N) (2.7)
l=r—1m=k—1
Then, from the equality
1 rk
lul| o0 = | sup|———— Mgy,
M rke |1+ gk +1]q l7§0
rk l m
= (ol 20 X X 0
7ok [ + qlmO i=l—1j=m—
= (SHEIVM) = [Vllm, < oo,
it is seen that T is surjective. Finally, since |[u|| yys = [[¢| A, in that case T is norm keeping. O

Theorem 2.3. The inclusion M,, C /\;IZ holds.

Proof. Consider that u = (uj,) € M,. In that case, it can be written that sup, ,,, [uim| < ¢ for at least positive real
number §. Consequently, it is achieved that

_ l+m
u|| = sup|————— q
< sup|l————— qH'm Ul
rb ([ gl +1]g lmZO |
1 rk
< dsup Jgtmi =46
r.k [r Hq[k + 1]q 17;0
and thus M,, € M4. O

3. Dual spaces

In this section, the a-, (P)-, 8(bP)-and ~-duals of M are determined. For ¥, A € Q, the set D(¥ : A) is defined
by

D(T:A) = {T = (7rk) € Q:7u= (Trpurr) €A forall (uyg) € \II}

Then, a-, 5(9)- and ~y-duals of ¥ are defined as
U =D(V:L,), VD) =DW:CSy) and ¥ = D(¥:BS).
Theorem 3.1. [MZ} "t = Ly
Proof. Consider the sequences u = (u,) € /\;IZ with v = (v,) € M, and 7 = (7,,) € L. In that case,

[Vim| < N < oo for atleast N > 0 for all [, m € N.
By using the equality (2.7), it is obtained the inequality
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! m 1)lm—(i+3)
D I mmtm| =Y |7im Z > T[i + 1g[f + gwig
l,m I,m i=l—1j=m—
! m 1)bm—(i+3)
< NZ |7im| Z Z —[i + 1l + 1]
= NZ |Tlm| < 00
l,m
which gives that 7 € [/\?tg} * and thus £,, C [Mg} ..
On the other hand, consider that 7 € [/\;lﬂ ¢ \Ly. In that case, Zl,m |TimUim | < oo for all w = (uyy,) € /\;lg. For
choosing e € /\?tg, since Te = T ¢ L,, it is reached the contradiction 7 ¢ [Mg} a. Thus, it should be 7 € L,,. O

We can express the necessary conditions for the matrix class characterizations that will be used in this and the

next section and the matrix classes with the help of a lemma as follows:

sup Z ‘brklml < 00,

T kENlm

Jdaym € C>9 — lim bygym = apm  Subsists,
r,k—00

VieN, Fmg 3 brkm =0, Vm > myg,
VYmeN, Ty bm =0, VI>I,

sup |brklm‘ < 00,
rk,l,meN

P
bupE |brim|” < 00,
rkEN

da;, €C>  bp— T%igloo lz: |b7"klm - alm| =0,
,m

T

bp — lim brkim subsists, Vm €N,
r,k—o00
1=0
k
bp — lim brgim subsists, VI €N,
r,k—o00 foor

Z |brkim| converges,

L,m
where § + - = 1.
Lemma 3.1. [6, 7, 38] For B = (byni) € €, the following statements hold:
(i) B € (M, : M,,) iff the condition (3.1) holds.
(ii) B € (M, : Cp) iff the conditions (3.2), (3.3) and (3.4) hold.
(iii) B € (M, : Cyp) iff the conditions (3.1), (3.2), (3.7), (3.8), (3.9) and (3.10) hold.
(iv) B € (Cyp : My, :) iff the condition (3.1) holds.
(V) For0 <p <1, B e (L,: M,) iff the condition (3.5) holds.
(vi) For1l < p < oo, B € (L, : M,) iff the condition (3.6) holds.

(3.1)

(3.2)

(3.3)
(3.4)
(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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It can be given the abbreviations to be used in the next theorem as follows:

A Tim - Tim  Ti41,m + Tim+1 + Ti+1,m+1
11 g™ - g™ g rmtl gtmtz )
A Tik Tik Ti+1,k
10 gtk gtk - gkt )
Trm o Trm Tr,m+1
Aot <q+n) = <qr+m - qr+m+1> :
(3.11)
Theorem 3.2. Consider that ¥ C Q, 7 = (1,,) € Q2 and the 4d infinite matrix O = (0,kim ) described by
Tim
1+ 1]4[m + 1],A11 ql+m) , 0<i<r—-1, 0<m<k—-1,
Tik
[l+1]q[k+l]qA10 quf) 5 OSZST—:L m:k,
Orklm = Trm 3.12
kit [7"+1]q[m+1}qA()1 m s Ogmgk_].7 l:T', ( )
[T+1]Q[k:1]q7—rk , m=k, l=m
qt
0 , elsewhere
forallr,k,l,m e N.
In that case;
R0
@) [Mg} = {1 = (1) : O € (M : Cg)}, where 0 € {P,bP}.

(i) [Mgr = (7= (1) : O € (My : M)}

Proof. (i) Consider the sequences 7 = (7;,,) € Q and u € M? with v € M,, with the relation (2.4). By bearing in
mind the equation (2.7), it is reached that

Ork

+

1,m=0 1,m=0 i=l—1j 1

r.k r.k 1 l m
g TimUlm = E Tim +m § E
q e

(_1)l+mf(i+j) [i + 1], + 1]q,,ij)

k—1
[0+ 1,k + 1, A0 (q) v+ I+ Uglm + 1y A0 (q ) Vom (3.13)

r+m

m=0

m +1],k+1 Tr
[l + 1]q[m + l]qul <q7l-im) Vim + [T ]qq[rJrk ]q kl/rk- = (OV)rk

for O = (0rpim) is defined by (3.12). Thus, by using (3.13), we reach that 7u = (7mwm) € CSy whenever
- ~ 1B(9)
u = (wm) € MIiff 0 = (0,) € Cy whenever v € M,. Consequently, 7 € [MZ} iff O € (M, : Cy) for

v e {P,bP}.

(ii) It can be shown to be similar to the first part using the definition of y-dual. So, it is omitted. O

4. Matrix mappings

This section contains the characterizations of matrix classes (M2 : A) and (¥ : M%), where A € {M,,,Cp,Cyp}
and ¥ € {M,,Cyp,L,} for 0 < p < occ.
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Theorem 4.1. Consider that 4d matrices B = (bygim) and H = (hyjim,) with the equality

b/" oL
bk = [+ Uylm + 1,A17 ( s ) . (@.1)

Then, B € (Mg : A) iff H € (M, : A) and
By € (Mq) e 4.2)

Proof. Suppose that B € (./\;lg : A). Then, Bu € A for all u € MY with v = C(y,1)(q)u € M,,. Thus, it is obtained

-~ \B)
that B, € (MZ) . For the (4, j)th partial sums of the series Zl,m by kim Wim, 1t is reached that

(Bu)l! = > brktmtiim

l,m=0
= brki brri
m relm lj rklj
S 3D DI AT MRS (- P Z i+ ,al (222
=0 m=0
j—1 . .
. im bT’fim v+ 1 J + 1
+ [i + 1]g[m + 1]gAg] ( i+m) + [ ]3J[rj ]qbrki]‘ (4.3)
m=0 q q
forallr, k,1, 7 € N. Let us define the 4d infinite matrix H,; = (hgll:i) as

bT’ m . .
1t + 8l (BH2) L 0i<io1 osmeyon,
] br j . .
[l—"_l}Q[]—’—l]qAé]O(qlilj?) ) OSZSZ_L m=7,
i [i + 1]g[m + 1], AT i;”) , 0<m<j—1, l=i,
L+ 107 + 1
R
0 , otherwise

the relation (4.3) can be restated as

(Bu)y[jl;j] = (Hriv) [i,] ° (4.4)
Moreover, if we take ¥-limit on H,.;, = (h£ ]’M]L) for i, j — oo, it is obtained that
. rk m br m
0 — Limi jsoohlm = [+ Lglm + 1],Al < ql’fm ) . (4.5)
From (4.5), it can be defined the 4d matrix H = (h,im) by
bT‘ m
Bokim = [+ 1)g[m + 1],A? (qlffm ) . (4.6)

If we take ¥-limit on (4.4) for i, j — co, we see that Bu = Hv. Thus, Hv € A whilev € M, and H € (M, : A).

~ \B) -
Conversely, suppose that B, € (MZ) and H € (My : A). Letu € M with v = C; 1y(q)u € M. In this
case, Bu exists. By the (i, j)th partial sums of Zt, & DantkUek, it is obtained the equality

0,
§ brk:lmulm - E h”lmylm

I,m=0 I,m=0
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forall r, k,l,m € N. If we take ¥-limit as 4, j — oo on the equation above, we reach that Bu = Hv. Consequently,
Be (Mg ). 0

Corollary 4.1. Consider that 4d matrices B = (byiim) and H = (hygim ) with (4.1). Then;

(i) Be (/\?tg : Mu) iff the condition (3.1) holds with H in place of B and the condition (4.2) holds.
(ii) B € (M;{ : Cp) iff the conditions (3.2), (3.3) and (3.4) hold with H in place of B and the condition (4.2) holds.

(iii) B € (./\;lg : Cbp) iff the conditions (3.1), (3.2), (3.7), (3.8), (3.9) and (3.10) hold with H in place of B and the condition
(4.2) holds.

Lemma 4.1. [39] Suppose that ¥,A C 2, a 4d matrix B = (bygim) and 4d triangle Y = (Yrkim ). Then, B € (U : Ay) iff
YBe (U:A).

Corollary 4.2. Consider the 4d matrices B = (bykim) and W = (Wi, ) with the equality

r.k
Wrklm = E Crkij (q)bz]lm

l,m=0

In that case;

() Be (Mu : /\;IZ) iff the condition (3.1) holds with W instead of B.
(ii) B € (Cbp MY :) iff the condition (3.1) holds with W instead of B.
(iii) For0<s<1,B € (Es : ./\;lg) iff the condition (3.5) holds with W instead of B.

(iv) For1 <s< oo, B € (ES : Mg) iff the condition (3.6) holds with W instead of B.
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