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Kenmotsu manifolds, Perfect fluid, Weyl  Bach almost soliton (g, £, A), we explored the characteristics of the norm of Ricci operator.
tensor

Besides, we gave the necessary condition for (LPK),, (m > 4) admitting Bach almost soliton
to be an n-Einstein manifold. Afterwards, we proved that Bach almost solitons are always
steady when a Lorentzian para-Kenmotsu manifold of dimension three has Bach almost
soliton.
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1. Introduction

In 1976, the concept of almost paracontact manifolds was proposed by Sato [1]. An almost paracontact structure on a semi-Riemannian
manifold .# was established by Kaneyuki and Kozai in [2]. They created almost paracomplex shape on .# x R. According to Kaneyuki et
al. [3], the key variation among an almost paracontact manifold is the signature of metric. In 1995, the authors Sinha and Prasad described
para-Kenmotsu as well as special para-Kenmotsu manifolds and found significant properties of para-Kenmotsu manifolds [4]. Afterwards,
para-Kenmotsu manifolds drew huge attention and a number of mathematicians brought forward the significant characteristics of such
manifolds [5-9].

Semi-Riemannian geometry, used in the relativity theory, was studied in [10]. About four decades ago, Kaigorodov has explored the curvature
structure of the spacetime [11]. Raychaudhuri et al. [12] extended the above concepts of the general theory of spacetime. Recently, Haseeb
and Rajendra introduced and studied the Lorentzian para-Kenmotsu manifolds [13, 14].

1921 was the year, when Bach initiated Bach tensor [15] to explore conformal geometry. He proved that the Bach tensor is a rank 2 trace-free
tensor and is conformally invariant in dimension 4. So, in lieu of Hilbert-Einstein functional, the functional is taken in the following way

W (g) = / € ||?dv,,
©= [ 1%12av,
where, .7 is a manifold of dimension-four and € repersents the Weyl tensor of type (1,3) given by

CUIW =RU VYW + ﬁ[ﬁ(U,W)“l/ — SV WU +g(UN)2V —g(V W) QU]

a (1.1)
BRI ED L S

here, Z represents the Riemannian curvature tensor, 2 is the Ricci operator and . denotes the Ricci tensor, such that, g(2U,¥) = . (U, V),
V differentiable vector fields U, #', . Bach tensor of type (0,2) on a semi-Riemannian manifold (.#™, g) of dimension m(> 3) is given by

BU,V) =

Z glej(vg,vg (g/)(U’éi'?éoj?y/)
(m=3) i€{l,...m} je{l,....m} !

1 /
+ﬁ Z Z slgjy(giaéaj)cg (U7£27éaj77/)7
n ie{l,...m} je{l,..m}
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here, g(&,6) = &, g(C U, V)W, %) =€ (U, ¥, W, %) and {{&}"', & = {} is alocal orthonormal frame at each point p of T,

=1
Relation (1.1), together with contracting Bianchi second identity, we obtain

(m—3)
(m=2)

where, Cy is Cotton tensor [16] given by

dive =

Co, (1.3)

CU, Y ==(Vy X YU W)+ Vo)V W)+ (Vr)gU, #) = (Urg(V, 7). (1.4)

1
2(m—1)
In view of equation (1.3), together with equation (1.2), the Bach tensor takes the form,

1
(m—2)

ie{l,....m} ie{l,....m} je{l,...m}
V differentiable vector fields U, #". For dimension three, the Weyl tensor vanishes. Therefore, Bach tensor given in equation (1.5) reduces to

BUY)=Y &(VgC)(&U)Y. (1.6)
ie{1,2,3}

For further study, the references [17-24] may be seen.

In 2012, Das and Kar [25] studied different characteristics of Bach flow on product manifolds and analysed their outcomes with the Ricci
flow. Bach flow is suggested in [26] to specify the Harava-Lifschitz gravity in general relativity. In 2011, Bahuaud and Helliwell in [27]
studied the presence of Bach flow for short time. Cao and Chen, in the year 2013, explored Bach flat Ricci solitons [28]. Subsequently,
Ho [29] worked comprehensively on the solitons of Bach flow. He also studied the Bach flows on Lie group of dimension 4. In 2020,
Helliwell specified Bach flow of dimension 4 on locally homogeneous product manifolds [30]. In recent times, Ghosh [31] investigated the
Bach almost solitons (g, {,A) in semi-Riemannian geometry and is given by

(£98+2B—228)(U, V) =0, (1.7)

here, £ 4- is the Lie derivative operator along .2"; 2" is a potential vector field and A € C*(.#™). The Bach almost solitons (g, {, 1) is said
to be expanding, steady and shrinking according to A < 0, A =0 and A > 0, respectively.

This article is organized in the following manner: Section 1 contains introduction, based on development of almost paracontact manifold and
other concepts. Preliminaries are given in Section 2, based on (LPK),,. Section 3 contains the work on (g,{,A) in (LPK),,. In Section 4, we
examine (LPK);, of dimension 3, which admits Bach almost solitons.

2. Preliminaries

An m-dimensional smooth manifold .#™ is called Lorentzian almost paracontact manifold, if it is equipped with a (1,1)-tensor field ¢, a
contravariant vector field {, a 1-form 1 and a Lorentzian metric g of type (0, 2). The following relations for an m-dimensional Lorentzian
metric manifold hold [32],

9*(U) =U+nU)C, n(&)+1=0, @2.1)

g(U,8)=n(U), g@U,¢7)=nU)n(¥)+gU,7), 22

YU,¥ on.#"™, and the structure (¢, {,7n,g) is named the Lorentzian almost paracontact structure. An .#™ endowed with (¢,,1,g) is
known as Lorentzian almost paracontact manifold and holding the following results:

0 =0, n(eU) =0, QU,?)=Q(¥,U), (2.3)
here, Q(U,¥) = g(U,@¥).
Definition 2.1. A Lorentzian almost paracontact manifold 4™ is known as (LPK),, if
(Vuo)(V) = —n(¥)oU —g(eU,7)¢,
YU and ¥V on ™.
Further, for (LPK),,, following results hold good:

Vyl+U+nU){ =0, (2.4)

(Vun)(¥) +gU,7)+nU)n(¥) =0, (2.5)

ZU, ) =n()U-nU)Y, (2.6)
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#8770 =¢(U,7)E—nU)V,

Z(C,U)E=U+n(U)¢E,

(U, 8) = (m=1)nU),

2 = (m-1)¢,

L(O7,9U) =7 (V,U)+ (m—1)n(¥)n(U),

2.7)

(2.8)

(2.9)

(2.10)

@2.11)

Y U,?, % on (LPK), [33,34]. In the above results, V represents the covariant differentiation operator w.r.t. g in semi-Riemannian

manifolds.

Proposition 2.2. We assume . to be an (LPK),,. Subsequently, we have
(U, 7)) =S (U,¢7),

YU, ¥ on (LPK),,.

Proof. Setting ¢U for U in (2.11), we get,
S (92,07 = (U, ¥) + (m—1)n(9U)n(¥).

Using equations (2.1) and (2.3) in the foregoing equation, we yield
LU+nU)E,¢7) =7 (9U, 7).

From equation (2.13), the Proposition 2.2 follows.

3. Bach Almost Solitons and (LPK),,

Definition 3.1. A semi-Riemannnian manifold is called Bach perfect fluid if Bach almost tensor is given by
AU, V)=BnUn()+agU,7), VV.U,
where, o and B are scalars.
Let (LPK),, admit (g,{,A). Then (1.7) holds and thus, we have
(£c8)(U, V) +28U, V) =2A8U. 7).
As we have
(£c9)(U, V) =8(Vu$, 7)) +g(U,Vy ().
The result (2.4), together with (3.2) yields
(£ee) (U, 7)+2[g(U, V) +n(Un(¥)] =0.
Putting the preceding result (3.3) in (3.1), we lead to
BV, U)=(1+1)g(¥,.U)+n(¥)nU).
Result (3.4) shows the succeeding proposition:

Proposition 3.2. An (LPK),, admitting a Bach almost soliton (g,{, L) is Bach perfect fluid.
Replacing # by  in (1.1), we have

CU, V) =2U,v)+

(m—1)(m—2)

g VLY~ S DU U027 —5(7.0) 2]

[s(U,8)7 —e(V, Q)UI,

V differentiable vector fields U, ¥’. Operating 2 in (3.5) and using relations (2.2), (2.6), (2.7) and (2.10), we get

LU = I ED S n©)27 410 2U] - s 02U ()2

(m=2)

2.12)

(2.13)

3.1)

3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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The inner product of (3.6) with 2" leads to

(r—m+1)
(m—1)(m-2)

(miz) M()e(22U, 2) ~n(U)g(2*7, 2).

82U, 7)), 2) = M(V)g(2U,27) —nU)g(27, 27)]

3.7)

Let {{&}™", &, = {} be an orthonormal frame at each point p of T),.#. Now, setting ¥ = 2~ = &; in (3.7) with summation i = 1 to m
and on evaluation, we get

(r—m—&—l)2

Y es(2¢(U,5)0).8) =- (m—1)(m—2)

ie{l,..,m}

1
n(U)+(m_z)[\a@lzf(mfl)z]n(U) (3.8)

Setting { in place of # in relation (1.4) gives
1

Co(U, ) E=3((Vu2)V,§)—g((Vy2)U.{) - m[U(r)n(”f/) =7 (rn(U)]. (3.9)
From equation (2.12), we have the relation
O2U = 2¢U. (3.10)
From the equation (3.10), we also have
Applying above equation (3.11) in (3.9), it gives
1
Co(Uﬁf/)C=fm[U(r)n(”f/)*“V(r)n(U)}- (3.12)

After differentiating covariantly the above relation w.r.t. %" and using the relation (2.5), we obtain

(Vi C)(U, V)8 = =(Vy ) U )+ (Vo) (VW)

1 (3.13)

2y BV 2RO ) gV 7r 0 (U)),

here 2 represents the gradient operator. Let {{&;}" ', &, = {} be the orthonormal frame at each point p of Ty, # . Replacing U =W = &;

=1
with summation over i = 1 to m in equation (3.13), this gives

Y a(Val)(& 1)L =5 ldivann () - sV zr )] - . (.14
ie{l,....m} ‘ z(mi 1) 2
Now, by rewriting the equation (1.5), we have
1 /
M=2) (i, . m} ie{l,....m} je{l,...m}
After evaluation, the second term of the above equation takes the form
Z Eiejy(éai7£})%/(U>éai7£}77/) = Z Z Elsjg(°@£;7éaj)g((g(l/7éol)%7gj)7
ie{l,....,m} je{l1,...m} ie{l,...,m} je{l,...m}
=— ) &s(2(4U.6)Y).E).
ie{l,...,m}
Taking the above equation and equation (3.15) together, we obtain
1
BU,V)= sl X &(VsQ)&u)r - ) @g(2(¢U.E)V),E). (3.16)
(m—2) ic{l, .. m} ie{l,...m}
Replacing ¥ for { in the above relation (3.16), it gives
p 1
A(U,C) = m=2) [ ) &a(VeG)(& U~ ), &g(2(6(U.6)0),&)) (3.17)
mn ie{l,...m} ie{l, .. m}
Equations (3.8), (3.14) and (3.17) taken together give
1 U(r) 1 .
= _—t —g(V
(3.18)
(r—m+ 1)2 1

10~ gy 128~ (m=1)2n)]
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Setting ¥ for { in equation (3.4), we get
#(U,¢) =An(U).
Relation (3.18) and (3.19), taken together give

M) = i (@ gnn(©) - Ve n0))
(r—m+ 1)2

(m—1)(m-2)
Setting U for ¢U in relation (3.20), we obtain

1 oU(r) 1
(m72)[_ 2 2m—1)

g(Vg@f,(])U)} =0.
This implies that

8§V Ir,oU) = (m—1)g(Zr,¢U).
This gives

OVeIr= (m—1)¢2r.

Taking covariant differentiation of equation (2.10) w.r.t. U and using the relations (2.3) and (2.4), we get

(Vu2){ = 2U — (m—1)U.

Contracting the preceding equation w.r.t. U, we have

Y as(Va)t.5) = ¥ ale( 266~ (n— el

i{l,....m} i=1

or,
(div2), =r—(m—1)m,

or,
£(r) = 2[r —m(m— 1)),

which can be written as
£er=2r—2m(m—1).

Applying the exterior derivative in the above relation, we have
dfer=2dr.

Since, d and the Lie derivative commutes, therefore, we have
£edr="2dr.

Writing the above relation in the form of gradient operator, we have
£e Dr=29r,

or,
VePr—Vg,§=29r.

Using the relation (2.4) in the above relation, we lead to

Ve9r=9r—¢(r)¢.

Applying ¢ in the above relation (3.24) and using the relations in (2.3) and (3.21), we get

O9r=0.
This implies
Ir=-L(r)¢.

Differentiating (3.25) covariantly w.r.t. 27, it yields

Vo 9r=—8(Va7r.8)¢ —8(Ir,2)¢ —8(9r,8) 2 —28(Ir,En(2)E],

1
M)~ gy (128~ m = D2n@)).

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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which by contracting over 2 gives
(divar) = (m—3)E(r).

Relations (3.24) and (3.25) give
VeDr=-2L(r)¢.

Using relations (3.25), (3.27) and (3.28) in (3.20), we obtain

ainwy=— 15wy -

{(m=3)C(n(U) +25(rn(U)}

(m—2)" 2 2(m—1)
(r+1-—m)? 1 ST
+(m—l)(m—2)n(U) (m_z){la@\ (m—=1)"n(U)].

On simplification, relation (3.29) gives

1 (r+1—m)?

A= e

+(m—1)—|2P].

In the light of the relation (3.30), succeeding theorem holds:

Theorem 3.3. The Bach almost solitons (g,§,A) on an (LPK),, are expanding, steady and shrinking according as

(r+1 fm)z

[ (r+lfm)2 (r+17m)2
(m—1)

(m—1) (m—1)

Consider a Lorentzian para-Kenmotsu space form of m-dimension. Then by relation (3.23), we have r = m(m — 1). Hence,

+(m—-1)2>272 | +(m—-1)?=|2? and | +(m—-1)?%< |2

1
A= W[’"(’”— 1)?—|27].

The above relation leads the following corollary:

(3.27)

(3.28)

(3.29)

(3.30)

Corollary 3.4. The Bach almost solitons (g,§,A) on an LP-Kenmotsu space form of dimension m is expanding, steady and shrinking

according as m(m —1)> > | 2|2, m(m—1)* = |2]> and m(m —1)? < | 2%

Definition 3.5. An (LPK),, is named n-Einstein if its . satisfies [35]
SV, U) =ag(V,U)+bn(¥)n(U),

YV ¥ ,U, where, a and b are scalars.

Now, replacing U = ¢ in relation (3.13), we have

(VuCo)(§INE = ~(Vy INEH )+ (Ve NI A >*2(T1_1)

Taking the inner product of relation (3.26) with ¥ and replacing 2" by #, we obtain
gV Zr V) ==18(Vy Zr,on(V) = g(Zr, W I(V) —g(2r.0)s(V, W) = 28(Zr,E)n(VIn(W)].

The relations (3.22), (3.31) and (3.32) give

[6(Vy 2,8 (V) = 8(Voy Zr, 7 )N (S)].

¢(r)
2(m—1)

(Vi Co)(&,V)E =e((Ve D)V, W) —a((Vy 2)8 W) — (V) (V).

In an (LPK),,, the following result holds (for perusal, see [36])
(Ve2)V =227 —2(m—1)7.

Applying relations (3.22) and (3.34) into (3.33), it yields

(T COEA I =2V 1) = =0V )= 5 2o ) £ P

If (Vi Co)(&,¥)E =0 and (3.23), then (3.35) leads to

gV )+ (—— —mm (P ().

SO = m—1

The relation (3.36) leads the following theorem:

Theorem 3.6. An (LPK),, (m > 4) admitting (g,§,A) is an n-Einstein manifold provided (V4 Co)({, V), =0,V ¥V, ¥ .

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)
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4. 3-Dimensional Bach Perfect Fluid Lorentzian Para-Kenmotsu Manifold

We consider an (LPK )3 admitting (g, {,A). Curvature tensor of Riemannian manifold in dimension 3 states
RUINNYW ==L UV +L(V W)U —gU W)LV +g(V,#)2U — %[g(U,V//)’Vfg(’V,W)UL 4.1)

V differentiable vector fields U, ¥ and #'.
Replacing U = # = { in (4.1) and using (2.1), (2.8), (2.9) and (2.10), we obtain

29 = (5 -3mNE+ (517 “2)
The preceding result gives

2¢=¢2.
The equation (4.2), together with (2.4), gives

(Vu2){ =2U-2U. 4.3)

Equation (3.12), together with (4.3) leads to

CoU, #)¢ = [ (W)~ U]

The covariant differentiation of above result w.r.t. # yields
1
(Vi Co)U, V)8 == (Vy YU ) = (VoL )V W) = 1 [s(Vy ZrUm(Y) —g(Vy 71,7 ) (U)]-

Putting %/ = U = &; and taking sum over i = 1,2,3 in above relation, where {&’,6>,63 = {} is orthonormal frame at each point p of T),.#,
we have

V4 1
Y aVeC)& e =20 Mananmr) —s(vam ) (@)
i€{1,2,3}
Taking ¥ = ¢ in (1.6), we have
BU, 0= Y &(VsC)(&,U)E. (4.5)

i€{1,2,3}

Equations (3.4),(4.4) and (4.5) taken together give

AnU) = —%g(@r, U)-— %[(div@r)n (U)—g(Ve2nU)). (4.6)
Replacing ¢U for U in (4.6), we get

OV Dr=299r. 4.7
We have the relation (3.23) and (3.24), for m = 3, which yields

VeDr=2r-2(r—6)¢. (4.8)
The relations (4.7) and (4.8) provide

Dr=-2(r—6)¢. “.9)
By the covariant diffentiation of (4.9) w.r.t. 2" yields

Vo 9r=-28(2r,2),+2(r—6)2 +2(r—6)n(Z)¢. (4.10)
By contracting the relation (4.10) over 2Z°, we get

(divar) =0. (4.11)
Using relations (4.8), (4.9) and (4.11) in (4.6), it yields

A=0. (4.12)
With the help of (4.12), the relation (3.4) reduces to

BU,Y)=nUNV) +5U. ).
The above results imply the succeeding theorem:

Theorem 4.1. Let (LPK)3 admit a (g,§, ), then the manifold is a Bach perfect fluid and (g,§,A) is always steady.
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5. Example

We assume a manifold .#°> = {(u1,v1,m) € R :w > 0}, here (uy,v1,w;) are the general coordinates in R3. Consider &, 4, &, the vector
fields on .#3 given as
. 0 A 0 d
& =w— & =wi— S =w— =
P=wig 2=wigs =W ¢
and are linearly independent at each point of .#>. This implies

0, 1<i#j<3,
g(7i7(goj): 713 l:]: 1727

0, otherwise.

S

Suppose that 1) is 1-form on .3 given by n(U) = g(U,&3) = g(U, ),V U € x(.#3). Again, assume that ¢ is (1,1) tensor field on .2>
given below:

06 =—&, 0ér = -4, 9&3=0.
The linear property of g and ¢ give the following relations

() =5(£.8)=-1,> =U+nU)L, ¢U.L)=nU), n(¢U) =0, g(9U,¢7) =n(U)n(¥) +5(U, 7).
Assuming V to be Levi-Civita connection w.r.t. Lorentzian metric g, then

(6,6 =0, [&,61] =&, (65,6 = b

Applying Koszul’s formula, we can comfortably obtain

75537 l:]:1,27
V6= ~&, i=12j=3, (5.1)

Of

0, otherwise

Let U € x(.#3), then the following relations can also be verified

Vul+U+nU)E =0, (Vug)V =—g(oU,7)E—n(V)9(U).

For U, ¥, W € y(43).
Equation (5.1) helps to get the following non-vanishing values:

{%(5?17%2)%1 = —@fz» %(i?h 53) 51 = _(A%’ (1, 6)6 =4,
K(&2,63)6) = —&3,%(62,83) 63 = —63.
The above results help to verify

RUINW =—gUW)V +g(V, #)U. (5.2)
Hence, .#? is a Lorentzian para-Kenmotsu manifold of constant curvature. By contracting (5.2) over W, we obtain

SUY) =28V H).
This implies

r==06.

Then, (4.6) provides A = 0. Hence, in this manifold, the Bach almost solitons are steady.
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In this paper, we explore the dynamics of adhering to a rational difference formula

_ Xn—29
1 X, 5% 11%0—17%0—23%n—29

)

Xn+1

where the initials are arbitrary nonzero real numbers.

1. Introduction

A particular natural phenomenon’s evolution is frequently explained over a period of time employing differential equations. Nevertheless,
in certain instances, numerous real-life issues can be modeled using discrete time intervals, resulting in difference equations. As a result,
recursive equations play an influential and potent role in mathematics. They are effectively employed to explore various applications in
engineering, physics, biology, economics, and other fields [1-5]. For example, recursive equations have been effectively employed in
modeling various natural phenomena, including population size, the Fibonacci sequence, drug concentrations in the bloodstream, information
transmission, pricing dynamics of certain commodities, propagation patterns of annual plants, and more [6—12]. Additionally, certain
scholars have utilized difference equations to obtain numerical solutions for certain differential equations. In particular, discretizing a
given differential equation produces a corresponding difference equation. For example, the Runge-Kutta scheme arises from discretizing
a first-order differential equation. This prompts consideration regarding the convergence of the difference scheme to the solution of a
differential equation. The study discussed in reference [13] is dedicated to investigating the preservation of a solution bounded on the entire
axis during the transition from differential to difference equations and vice versa. In reference [14], analogous inquiries were undertaken
to maintain the oscillatory nature of solutions to second-order equations. Advancements in technology have spurred the utilization of
recurrence equations as approximations to partial differential equations. It’s noteworthy that fractional-order difference equations are
frequently employed to study certain real-life phenomena that arise in nonlinear sciences. Almatrafi et. al. in [15] aim to analyzed the
asymptotic stability, global stability, periodicity of the solution of an eighth-order difference equation. Sanbo et. al. in [16], discussed the
periodicity, stability, and some solutions of a fifth-order recursive equation. Yenicerioglu et. al. in [17], examined the behavior of solutions
of the neutral functional differential equations. Using a suitable real root of the corresponding characteristic equation, they explained the
asymptotic behavior of the solutions and the stability of the trivial solution. Ahmed et al. [18] discovered new solutions and conducted a
dynamical analysis for certain nonlinear difference relations of fifteenth order. Berkal et. al. in [19], have derived the forbidden set and
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determined the solutions of the difference equation that contains a quadratic term. Ogul et. al. in [20], examined soluttions of the sixth-order
difference equations.

The inspiration behind this article stems from the exploration of eighteenth-order difference equations outlined in [21]. As such, the objective
of this study is to analyze various dynamical properties including equilibrium points, local and global behaviors, boundedness, and analytic
solutions of the nonlinear recursive equations (1.1).

Xp—29 .
1 X, 5% 11%0—17%0—23%—29

Xppl = (1.1)
Here, the initial values x_59,x_»8,X_27,...,X_2,X_1,Xq, are arbitrary non-zero real numbers. In this work, we also illustrate some 2D figures
with the help of Wolfram Mathematica to validate the obtained results.

In this study, stability, periodicity and global asymptotic stability definitions and theorems in the [1] source were used.

Xn—29
L+X, 5% 11%n—17%0—23%n—29

2. Solution of the Difference Equation x, | =

In this section, we give a specific form of the solutions of the difference equation below, provided that the initial conditions are arbitrary real
numbers.

Xp—
Tl = | 2 : Q.1
+ Xp—5Xp—11Xn—17Xn—23%n—29

where,
X_29 =A30, X_28=An9, X 27=A8, X 26=Ay, X 25=Az, X 24=A2s5, x_23=A, x_2=A3,
X_21=Apn, Xx_0=A2, Xx_19=A, x_18=Ay, x_17=A1g, X_16=A17, x_15=A16, xX_14=A415, (22)
X 13=An, x_1p=Ai, x_11=Ap, x_10=A4A411, x.9=Aj, x_g=Ay, X_7 =Ag, X_¢=A7,

X_5=A¢, X_4 =As, x_3=Aq, X_p =As, x_1 =Ay, X0 =Ar.

Theorem 2.1. Let {x,};__,q be a solution of (2.1). Then,

o A3o ITio(1+5iA6A12A18424430) X30n4+2 = A29 H ' o(145iAsA11A17A23A29)
o(1+(Si+1)AsA12A18424430) + (5i+ 1)AsA[1A17A23A0)
o Ast o(1+5iA4A10A16A20428) Cons A27 H, o(145iA3A9A 5421 A7)
o(1+(5i+1)A4A10A16A422428) +(5i+ 1)A3A0A15A21A7)
o Ast Lo(1+5iA2A8A14A2042) X30n+6 = Azs H, o(1+5iA1A7A134104)5)
o(1+ (Si+1)A2A3A14A20A26) " o(1+ (5i+1)A1A7A13A10425)
N A g?zo(l + (.5i+ DAsA12418424430) - ApTTo(1+ (.5i+ 1)AsA1A17A234%)
o1+ (5i+2)A6A12A18424430) (14 (5i+2)AsA11A17A23A29)
X3me9 = An 9?:0(1 + (.5i+ DA4A10A16422428) R A T (1 + (.5i+ 1)A3A49A15421427)
o1+ (5i+2)A4A10A16422428) " o(1+ (5i+2)A3A0A 5421 A7)
P Az 9?:0(1 + (5i+1)A248A1442042) Conets = A1oITio(1+ (Si+ 1)A1A7A413419425)
o1+ (5i+2)A2A3A14A20A26) [T o(1+ (5i+2)A1A7A13A19A25)
Xyomi13 = Ats El?:o(l + (.5i+ 2)AsA12418424430) o 1a = A [T (1 + (.Si +2)AsA11A17A23A29)
o(14(5i+3)AsA12418424A30) " o(1+(5i+3)AsA11A17A23A09)
X3omi1s = Ale El?:o(l + (.5i+ 2)AsA10A16420428) R AsTTio(1+ (.Si +2)A349A1542147)
Lo(1+(5i+3)A4A10A16A22428) 7 (14 (5i 4+ 3)A3A9A 15421 Ap7)
P A4 Elf':o(l + (5i+2)A2A8A14A20A2) o5 = ATio(1+ (5i+2)A1A7413419425)
io(1+4 (5i+3)A2A5A14A20A26) " o(1+ (5i+3)A1A7A13A10425)
X3omi10 = A12£If':0(1 + (.5i+ 3)AsA12418424430) O Anllie(1+ (.5i+ 3)AsA11A17423A29)
o1+ (5i+4)A6A12A18424430) (14 (5i+4)AsA11A17A23A29)
Xyomial = Alo 9?:0(1 + (.5i+ 3)AsA10416420408) N Ag[To(1+ (:Si +3)A340A 15421 Ar7)
o1+ (5i+4)A4A10A16422428) " o(1+ (5i+4)A3A9A15A21A27)
Xaomi23 = Ag I;I?:o(l + (:51' +3)A2AsA14A20A2) Naomaas — AT (1 + (.Si +3)A1A7A13A10425)
1:0(1 +(5i+ 4)A2A8A14A20A26) ?:0(1 + (51 + 4)A1A7A13A19A25)
X3omia5 = As I;I?:o(l + (Si+4HAsA12A18424A30) A AsTTi o (14 (5i+4)AsA11A17423420)
o(14(5i+5)A6A12418A424430) "o (14 (5i45)As5A11A17A23A29)
AgTT (14 (5i+4)A4A10A16A22A23) A3 Hi:O(l + (5i4+4)A3A0A 15421 A27)
X30n427 = . : X30n4+28 = —— . .
Lo (1+(5i+5)A4A10A16A22A28) 7o (14 (5i+5)A349A 5A71 A7)
N Ao TT o (14 (5i+4)A2A8A14A20A2) N AT o(1+ (5i+4)A1A7A13A19425)

io(14(5i+45)A2AgA14A420A26) L o(1+(5i+5)A1A7A13A19475)

where, xq,...,x_n9 defines as in (2.2).
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Proof of Theorem 2.1. The proof of each formula are carried out in similar way. So, we will demonstrate proof using one of the formula. We
will employ the mathematical induction method. Let’s posit that, with n being greater than zero and supposing our assumption is true for

n=1. That is,
s A3o Hf’ "o (14 5iAgA12413A24A30)
30n=29 = ] + (Sl + ])A6A12A13A24A30)
sona A28H o (1+35iA4A10A16A2A23)
30n—27 — ’
o (1+ (Si+1)AsA10A16A22A08)
R AzeH "o (1+5iA2AgA 14A20A26)
" T (14 (5i+ 1)A2A34 14A20A2)
N Ao T (1+ (Si+ 1)A6A12A18A24A30)
" [T (14 (5i+2)AA12A18A24430)
R ApTT Sy (14 (5i+ 1)AsA10A16420428)
" T (14 (5i+2)AsA10A16A20428)
. Ano T (1+ (Si+ 1)A248A14420426)
o9 T (1+ (5i+2)A2A3414A20A2)
riop 17 — AT, (1+ (5i+2)A6A12A18424450)
" T (14 (5i+3)AA12418A24430)
. AT (1+ (Si +2)A4A10A16A22A28)
30n—15 =
" T (1+ (5i+3)AsA10A16A2408)
o A TT g (1+ (5i +2)A2A5A144204%) |
o T (14 (5i+3)A2A3414A20A2)
A AT ](1+(5l+3)A6A12A18A24A30)
" [T (1+ (5i+4)AA12A18A24430)
- Aol (1+ (5i+3)A4A10A16420428)
o 1720 (1+ (Si+4)A4A10A16420A08)
. AT (1+ (Si+ 3)A2A8A14420426)
.=
" T2 (1+ (5i+4)A2A3414A20A26)
- AeTT! g (1+(5i +4A6A1A18A2A0)
" H,'Lol( + (5i+45)AsA12A18A24A30)
ragy s — AT (1+ (Si +4)A4A10A16A22A28)
" T (1+ (5i+5)AsA10A16A2408)
[ ATy (1+(5i +4)A2A8A14420426)
o H?:ol( + (5i+5)A2A8A 14A20A26)

Now, using the main (2.1), one has

X30n—29

X30n+1 =
1+ X30n—5%30n—11X30n—17X30n—23X301—29

R Afg le.l;()l(l.-i- SiAsANA17423429)
2 o1+ (5i+1)AsA 1A 17A23A29)
. A7 TT7) (1+5iA3A0A15A21 A7) ,
T (14 (5i+ 1)A3A0A15A21Az7)
. Aps TPy (14 5iA1A7A13A19A05) ’
T/ (1+ (5i+ 1)A1A7A13A19A25)
A AT (1+ (Si+ DAsANA7A3A%)
T (1+ (5i+2)AsA11A17A23A20)
. A T (1+ (Si+ D)A3A9A15A21427)
H;LOI( + (5i42)A3A9A15A421A27)
. AT, (1+(51+1)A1A7A13A19A25)
T (14 (5i+2)A1A7A13A10425)
. ATl (1 + (5i+2)A5A11A17423429)
H;LO‘( +(5i+3)AsA11A17A23A29)
I ArsTTg (1+ (Si+ 2)A3A9A15421427)
1720 (1+ (5i+3)A3A0A 5421 An7)
. ATl (1 + (5i+2)A1A7A13419425)
H;LOI( +(5i+3)A1A7413410425)
— A T (1+ (5i+3)AsA, 1A17423429)
1720 (1+ (5i+4)AsA11A17A23429)
s AT (1+ (5i+ 3)A3A0A15421427)
H?—ol( + (5i+4)A3A0A15A21A27)
e A7TT, (1+(51+3)A1A7A13A19A25)
1720 (1+ (Si+4)A1A7A13410A05)
o s _ASTI o (1+(5i +4)A5A11A17A23A29)
H;LOI( +(5i+5)AsA11A17A23A29)
o ASTTZ) (1 + (5i +4)A349415421427)
1729 (1+ (5i+5)A340A15421An7)
s — ANTTZ) (1+ (5i+4)A1A7A13A19A05)
Hf':ol( +(5i+5)A1A7A13A19A25)

A30ITI g (1+5iA6A 124 15A24430)
TT} g (14+(5i+ 1464124 15424430)

T (145iA6A 104 13A24A30) TP 0 (1+(5i+

1DA46412415424430) TZ) (1+(51-2)A6A 124 18A24430) T}

(1+(51+?)A6A]2A13A74A‘40) T2 (1+(5-+4)464 124 18424 430)

1+AgA 12418424430

(145iiAgA12A 18A24A3)

Az [T 1+(51+1)1A5A]2A1gA24A30)

jy l('+("+'>A6A12418A74A30) I l(1+ 5i+2)AsA12A18424430) T} 0] (14(5i+3)A6A 124 18424430)

TI1=) (1+(5i+4)A6A 124 18A24430) TT/Zg (1+(5i+5)46A412418424430)

n—1

1 +5iA6A 12418424430

1+5iAcA1pA18A24A30

1
A3 H 14 (5i+1)iAgA12A 18424430 ( 1 + — AsApAisAnds )

1+5’A6A12A18A24A30Hz 0 TF(5i+5)AsAnArshrnAn

14 (5i—

n—1

1+ 5iAcA12418424A30

14+(5i—5)AsA12A138A24A3
5)AsA12A 18424430

14301—[1

(

. _A ﬁ 14 5iA6A12A18A24A30
30n+1 =430 1+ (5i+1)AcA12A18424A30

-|- 51+1 A6A12A18A24A30 l-l-(Si

Hence, we have

Similarly,

—4)AsA12A18A424A3

)
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X30n—28
1 + X30n—4X30n—10X30n—16X30n—22X30n—28
Agg I (1+5iA5A 1 A17473429)
T, 1+ (57 1)AsA11A17A23A29)
L AT o] (14(5i+4)A5A4| | A17423A29) A“nf o (1(5+3)A5A 1 A7493429) Ap7 [T (14+(51+2)A5A1 1A 17423429) A23 n;‘ L (5i+1)A5A 1 1 A 7A03A09) Agg TP (145iA5A1 1A 17423409
] (14+(5i+5)AsA 1 [A17A03409) [T (1+(5i+4)AsA 1 A7A03A09) [ (1+(5i+3)AsA11A17403A09) [T/ ( (1+(5i+2)A5A1 1 Aj7403409) [T (IH (i DAsA 1 A17423429)

X30n+2 =

| (145iAsA1A14534%)
AT, 1+(5,+1§A:4 Az 29"1—11 1+ 5iA5A11A17A23A29 ( 1
1+ TF i

1 + 5iA5A11A17A23A29 [T, 1+5iAsA11 A7 Az3Ax 1 + 5! + 1)A5A11A17A23429 SiAsANA17A23 A%

" 0 T (55 A Ay 5)AsA11A17A23429
A29"I_[1 1+5iAsA1A17A3A2 (14 (5i=5)AsA11417423A2
1+ (5i+1)AsA11A17A23A29 \ 1+ (5i —4)AsA11A17A23A09

Therefore, we have

. A ﬁ 1+5iAsA11A17A3A2
0m2 I LT+ (5i+ 1)iAsA11A17AzA%

Additional relationships can be acquired in the same way, thereby completing the proof. O

Theorem 2.2. The equation (2.1) has a unique equilibrium point which is the number zero and this equilibrium is not locally asymptotically
stable. Also X is non hyperbolic.

Proof of Theorem 2.2. For the equilibriums of equation (2.1), we have

X

then

+x=x =0

In consequence, the equilibrium point of (2.1), is X = 0.
Consider f : (0,00)7 — (0,00) as the function defined by

_ s
f(€7v7p7%7K)_ 1+évpx;(.
Therefore, it is deduced that,
1 —&%pxo —&E2vyx
7v7 ) 7K:77 v y PR VYAY) 7v7 b 7’(:7,
Je(&,v,p, 2, %) 0+ Evpre)? (& v,px.K) = (T evprn? fp(&,v,p, 2, %) T+ Evprr)
—§%vpk —-&*vap
\Y , —_— v , s
T2 v.p.x,x) = A+ &vpre? fe(&vip, 2, 6) = (T Evpyr)?
We see that,
fé (i )? f X f) - 1 fv(j7j127x7x) = 07 fp(x7x7juf7x) = 07 f}((f7x7j7j7j) = 07 f,((f,fjj,f) =0.
The proof now follows by using Theorem 2.1. O
: : : _ Xn—29
3. Solution of the Difference Equation x, ;| = BT T

In this part, we furnish a specific pattern for the solutions of the difference equation given, assuming that the initial conditions are arbitrary
real numbers, where, xg, ...,x_»g9 defines as in (2.2)

Xn—29 .
1 — X, 5Xn—11%0—17Xn—23%n—29

(3.1)

Xnt+1 =



Universal Journal of Mathematics and Applications

115

Theorem 3.1. Let’s {x,}°

X30n+1 =

X30n+3 =

X30n+5 =

X30n+7 =

X30n+9 =

X30n+11 =

X30n+13 =

X30n+15 =

X30n+17 =

X30n+19 =

X30n+21 =

X30n+23 =

X30n+25 =

X30n+27 =

X30n+29 =

holds.

n=—2
A30 ITi o (1 —5iA6A12A18424430)
L o(I=(5i41)A6A12A18424A30)
Azs H, o(1 —5iA4A10416A20428)
o1+ (5i+1)A4A10A16422A08)
Aze [Tizo (1 — 5iA2A5A14420426)
o(1—(5i+1)A2A3A14A20A6)

A24 Hi:0(1 — (5i+ DAsA12A18424A30)

1 o(I=(5i4+2)A6A12A18424A30)

Ay H;-’:o(l — (5i4+ 1)A4A10A16420428)

(1 —(5i+2)A4A10A16A22A23)
Azo Lo(1 = (Si+1)A2A48A414A2042)
,:0(1 — (5i42)A2A3A14420A26)

AT o(1 — (5i+2)AsA12A18424430)

(1= (5i+3)A6A12418424A30)

AreITizo(1 = (5i+2)AsA10A16420428)

o1 = (5i+3)A4A10A16422A08)
ATz (1 = (5i+2)ArA8A14420A2)
o1 = (5i+3)A2AgA14420426)

Anllizo(1 = (5i+3)AsA1A18424430)

o(1—(5i+4)A6A12A18424430)

Ao ITiZo(1 = (5i+3)A4A1041642048)

o(1—(5i+4)A4A10A16422428)
AgITi—o(1 = (5i +3)A2A8A14420426)
o(1—(5i+4)A2AgA14420A26)
AsITio(1 = (5i+4)AcA12A18424430)
o(1—(5i+5)AsA12418A24430)
AgTT (1 — (5i+4)A4A10A16A22428)
1 o(1—(5i45)A4A10A16A224238)
AT o (1 — (5i+4)A2A3A14A20A26)
01— (5i+5)A2A3A14420A26)

>

o be a solution of equation (3.1). Accordingly,
X30n+2 =

X30n+4 =

X30n+6 =

X30n+8 =

A30n+10 =

A30n+12 =

X30n+14 =

A30n+16 =

A30n+18 =

A30n+20 =

X30n+22 =

X30n-+24 =

X30n+26 =

X30n+28 =

X30n-+30 =

A [T (1 = 5iAsA11A17423429)
(1= (5i+1)A5A11417A23A29)
Ao7 [T o (1 = 5iA3A9A15A21427)
Lo(L+ (5i+1)A349A15421A27)
ol
—(

Ast" 1 —5iA1A7A13A19A05)
' o(1—(5i+1)AjA7A13A19A25)
A23 Hi:()(l — (5l-‘r 1)A5A11A17A23A29) ’
(1= (5i+2)A5A11417A23A29)
A [TiZo(1 = (514 1)A340415421407)
(1= (5i+2)A349A15A421427)
Ap[Tio(1 = (514 1)A1A7413410425)
(1= (5i+2)A1A7A13A19425)
A ITo(1 = (5i+2)AsA11A17423A29)
o1 —(5i+3)AsA11A17A23A29)
AisITZo(1 = (514 2)A340415421407)
(1= (5i+3)A349A15421427)
A ITZo(1 = (51 +2)A147413410425)
io(1—(5i+3)A1A7A13A19A25)
AnITo(1 = (5i+3)AsA11417423A29)
o1 —(5i+4)AsA11A17A23A29)
Ag[Ti=o(1 = (5i+3)A349415421427)
[T (1 — (5i+4)A3A9A15A21A27)
AT o (1 — (5i+3)A1A7A13A19A05)
o(1—(5i+4)A1A7A13A19425)
AsITiZo(1 = (5i+4)AsA11417423429)
:1:0(1 — (5i+ 5)A5A1 1A17A23A29)
A3 [T (1 = (5i+4)A340A1542147)
o(1—(5i+5)A3A9A15A21427)
AT (1 — (5i+4)A1A7A13A19A05)
:1:0(1 — (5i+5)A1A7A13A19A25)

Proof of Theorem 3.1. Let’s suppose that n is greater than 0, and our assumption remains valid for n=1. That is,

X30n—29 =

X30n—-27 =

X30n—25 =

X30n—23 =

X30n—21 =

X30n—19 =

X30n—17 =

X30n—-15 =

X30n—13 =

A30TT} ) (1 — SiAcA12A18A24A30)
[T/ (1= (Si+ 1)AeA12A13424A3)) ,
Axs TTI=, (1 — 5iAsA10A16A20A28)
TT 0 (1= (5i+ 1)A4A10A 16A20A28) ’
Az TT (1 — 5iArAgA14A20As6)
T/ (1= (5i+ 1)A2AgA14A20A26) ’
Ay TT g (1— (5i+ DAsA12418424450)

I (1= (5i+2)AA12413A24430)
A TTy (1— (Si+ 1)A4A10A16A22A28)

T/ (1= (5i+2)A4A10A16A20A28)
Ay [T}y (1—(5i+ 1)A2A3414420426)
T (1= (5i+2)ArAgA 1442042
ATl (1— (5i+2)A6A12A18424450)

T (1= (5i+3)AeA12A18A24430)
AT (1— (Si +2)A4A10A16A22A28)

1720 (1= (5i+3)A4A10A16422A08)
A TT) (1— (Si+ 2)A2A8A14A20A26)
T (1= (5i+3)A2A3414A20A2)

X30n—28 =

X30n—26 =

X30n—24 =

A30n—22 =

X30n—20 =

X30n—18 =

X30n—16 =

X30n—14 =

X30n—12 =

A29 17y (1 —5iAsA11A17A23A29)
0 (1*(51+1)A5A11A17A23Az9)

A TT! =g (1 — 5iA3A0A15A21A27) ,
T2y (1= (5i+ 1)A3A9A 15421 A7)
Ast o (1—5iA1A7A13A19A25) 7
I (1= (5i+ 1)A1A7A13A10A25)
ATy (1—(5i+ DAsA11A17A23429)
IT7=0 (1= (5i+2)AsA11A17423A2)
ATy (1= (5i+ DA3A0A15421427)
I (1= (5i+2)A3A0A15A21Az7)
AT (1*(5l+1)A1A7A13A19A25)
170 (1= (5i+2)A1A7A13A104,5)
ATy (1 (5i42)AsA, 1A17423429)
T (1= (5i+3)AsA11A17A23A20)
AgsTT g (1— (5i+2)A340A15421427)
[T (1= (5i+3)A3A0A15A21A27)
ATy (1- (5i+2)A147A13A1945)
I (1 — (5i+3)A1A7A13A10425)
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A ATl (1- (5l+3)A6A12A18Az4A30) 3m10 = A TT o (1 (5i43)AsA, 1A17A23A29)
- T/ (1= (Si+4)AgA12A18A24A30) " TT7-) (1= (5i+4)AsA11A17A23A20)
- ATl (1— (5i+3)A4A10A16420428) T AoTT} ) (1— (5i+3)A3A40A15421407)
" [T7=) (1 — (5i+4)A4A10A16A20A08) " 17, (1 — (5i+4)A3A0A15A21A27)
I AT (1— (Si+ 3)A2A8A14A20A26) - AT (1= (5i Jr3)141147A13A19Azs)
7 = L
T2 (1= (5i+4)A2A3414A20A2) 5 Ty (1— (5i+4)A1A7A13A19A25)
— ATy (1— (Si+4)A6A12A18424430) N3y — AsTT} ) (1— (5i+4)A5A11A17423429)
" T/ (1= (5i+5)A6A12418A24A30) " TT/ g (1= (5i+5)AsA11A17A23A29)
Yy — AsTT (1 (5i +4)A4A10A16A22A28) [ A3TT ) (1— (5i Jr4)1431“9A15A21Az7)
n— - n—sL —
T (1= (5i+5)AsA10A16A2428) 1y (1— (5i+5)A349A15A21427)
[ ATy (1—(5i +4)A2A8A1442042) . ATT S, (1= (5i +4)A1A7A13A19425)
o 17— (1= (5i+5)A2AgA14A20A2) " Ty (1= (5i+5)A1A7A13A10A25)

Now, using the main equation (3.1), one has

X30n—29
1- X30n—5X30n—11X30n—17X30n—23X30n—29

A30 nﬁ’ o (14546414 13424 430)

X30n+1 =

_ T (1-(5i+1)A6A A 18A24430)
LA AT AT A Hf’ o (1=SiAgA1pA 18A24430) T (1=( l)AsAMAISAsz) 1720 (1-(5+2)A6A 12418424430) T2 (1=(5i+3)A6A 124 18424430) [T (1=(5i+4)A6A 124 18424430)
GrIaTIsT 30“ o (1=(5i+1)AgA 124 18A24430) TIV 0‘(1 (5 +2)AgA12A18424430) TI} 0( ~(5i+3)AgA12A18424430) TI} 0'(1 (5i+4)46A12A18A24430) TI—( (1=(5i+5)A6412418424430)
(1-5iAgA12A18A24A30)
A3o H (51+l)1A(,A12A13A74A30) Ao I—I — S5iAgA12A18424A30 1
1 _ 1-5iAsA12A18A2A30 1— 51+1 iAcA1rA 1A A - AsA12A13A24A5
1+lA6A12A18A24A30H, 0 To (545 AcA s s Ang 6412418424430 \ 1 — —egiusaa

_4A 'i—ll 1 —5iAsA12A 18424430 1—(5i=5)A6A12A18424A30 ) |
AT = (5i+ 1)A6A1A18A24A430 \ 1 — (5i — 4)AsA 12418424430

Hence, we have
Az [T o (1 — 5iAcA12418A24A30)

X30n41 = . :
" o1 = (5i41)AsA12A18A24A30)
Similarly,
X304—28
X30n42 =

1 — X301 —4X30n—10X30n— 16X30n—22%30n—28
Agg T} (1-5iA5A 11 A 7A23409)
7o (1 (577 DAsA| A 7A23A29)
ASTI g (1-(5i+4)A5A11A17493429) A1y T (1-(5i+3)A5411417423429) A7 T (1-(5i+2)A5411417423A99) Ax3 [T (1=(Si-+1)AsA11417A3429) Az [T7() (1-5iAsA11417423429)

I+

g (1-(5+5)A5A11417423409) T 01(1 (i+4)AsA1A17803409)  TIg (1=(5i+3)A5A11A174034%9) T (1=(5i+2)A541 1 A1749309)  Timg(I=(5i+DAsA11417423429)
A I—In 1 (1-5iAsA11A17A23A2) 1
290 1i=o (]—(51+1)A5A11A17A23Az9) Ao H 1 —5iA5A11A17A23A29 1
1— 51A5A11A17A2}A29 17 Sl IA A A A A _ 5[A5A]1A17A23A29
1+51A5A11A17A23A29H, 0 To(5i+5)AsAr A ooz +1)AsA11A17A23429 \ 1 R v sy

Ao H —5iAsA11A17A23A29 (1 - (5i—5)A5A11A17A23A29> .
1— 5l +1)AsA11A17A23A29 \ 1 — (5i —4)AsA11A17A23A29
Therefore, we have
o 1—-5iAsA11A17A23A09

—A .
*30n+2 » ;[:—‘([) 1— (5i+ 1)iA5A] 1A17A23A29

In a similar way, it is readily achieved in extra relationships. O
Theorem 3.2. In (3.1) there is a unique equilibrium point located at X = 0, yet it does not fulfill the criteria for local asymptotic stability.
Proof of Theorem 3.2. The proof follows the same procedure as the proof of Theorem 2.2, thus it is not detailed. O

Xn—29
— 14X, 5% 11%0—17%n—23%n—29

4. Solution of the Difference Equation x, | =
In this case, we give a specific form of the solutions of the difference equation below, provided that the initial conditions are arbitrary real
numbers,

Xy—
Tl = S : @1
— 1+ Xy 5Xp—11Xn—17%n—23Xn—29

where, X0y .-+ 3X_20 defines as in (2.2) with X_5X_11X-17X-23X_29 75 1, X_4X_10X—-16X—-22X_-28 75 1, X_3X_9X_15X_21X_27 # 1,
X_0X_8X_14X_20%_26 # 1, X_1X_7X_13X_19X 25 # 1, XoX_eX_12%_18X¥_24 # 1.
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X60n+1 = A

1= ,

" —1+AgA12418424A30
_ Ay

X60n4+-4 =

—1+A3A9A15A21A27

Xe0n+7 = A24(—1+AA12418424A30)
Xe0nt+10 = Az1 (=14 A349A15421A27)
. _ Alg i

60m 3 ] F AgA 1A 184230

Ais i

—1+A3A9A15A21A27
Xe0n+19 = A12(—1+AgA12418424430)
Xeon+22 = Ag(—1+4-A3A9A15421427)

X60n+16 =

Ae
o025 = T +AgA12A18A2A3)
Az
X = >
60n28 = A3A0A 5A21A 27

Xeon+31 =A30,  Xeon+32 = A29,

X60on+38 =A23,  Xeon+39 = A22,

X60n+33 = A2g,
X60n+40 = A1,

X _ Ang i
60mH2 = Y 1 AsA 1A 17 AR A
. _ Adg :
60mH3 ™ 1 1 ApAgA 14A20A %
X60n+8 = A23(—1+A5A11A17A23429)>
Xeont11 = Az0(—1+A2AgA 144204 26)

. _ Ay
OOt T AsA 1 A7 An3 A
-~ Alg
X60n+17 =

—1+A2A8A14A20A26
Xe0n+20 = A11(—1+As5A11417423429)
Xe0n+23 = Ag(—1+A2A5A1442042)

As
X = >
60n+26 = 1 L AsA 1A 17A03A0
Aj
X60n4+29 =

—1+AyAgA 14A%0As

X60n+34 = A27,
X60n+41 = A20,

X60n+35 = A2g,
X6on+42 = A19,

X60n+3 =

X60n-+6

X60n-+9
X60n-+12

X60n+15 =

X60n+18

X60n+21

X60n-+24

X60n+27

X60n+30

X60n+36 = A2s,
X60n+43 = A18,

Theorem 4.1. Each solution {x,};__,q of equation (4.1) recurs every sixty units and has the structure,

Ang i
—1+A4A10A16422428
_ Ass )
 —14+A1A7A 13419475
=Ap(—1+A4410A16422428)
=A19(—1+A147A13A19A25)

Aje )
—1+A4A10A16422428
_ A3 )
 —14+A1A7A134194)5
=A1o(—1+A4410416422428)
=A7(=1+A1A7413419455)

Ay
—1+AsA10A16A0A%

Ay
—1+A1A7A3A9ALs

X60n+37 = A24,
X60n+44 = A17,

X60n+45 =A16;  X6on+46 =A15,  Xeon+47 =A14,  Xeon+48 =A13,  X60n+49 =A12,  X60n+50 =A11,  Xeon+51 = Al0,
Xeon+s2 =A9,  Xeon+53 =A8,  Xeon+s4 =A7,  Xeon+55 =Aes  Xeon+56 =As,  Xeon+57 =Ad4,  Xeon+58 = A3,
X60n+59 =A2,  Xeon+60 =A1-
The solutions consist of 60 periods.
Proof of Theorem 4.1. Suppose,
X60n—59 = As0 ’ X60n—58 = A2 ) X60n—57 = Ao ’
—1+AgA12A184244A30 —14+AsA11A17A23A29 —14+A4A10A16A22428
X60n—56 = Az ) X60n—55 = £26 ) X60n—54 = Aas ’
—1+A340A15421A27 —1+A2A8A14A20A2 —1+A1A7A13A19A25
Xe0n—53 = A2a(—1+AcA12418424430)>  X60n—52 = A23(—1+A5A11417423A29) > X60n—51 = A2a(—1+A4A10416A22428)
Xo0n—50 = A21 (=1 +A3A0A15421427)°  Xeon—a9 = A20(—1+A248A14420426)°  X6on—a8 = A19(—1+A147413A419425)>
X60n—47 = Aus s X60n—46 — Aur > X60n—4a5 = Als >
—14+AsA12A18424A30 —14+AsA11A17A23A29 —1+A4A10A 16422428
X60n—44 = A1 ) X60n—43 = A1 ’ X60n—42 = Az ’
—1+A340A15421A27 —1+A2A8414A20A2 —1+A1A7A13A19A25
Xoon—a1 = A12(—1+AcA12418424A30)>  X60n—a0 = A11(—1+A5A11417423A29) > X60n—39 = A10(—1+A1410416422428) >
Xo0n—38 = Ag(—1+A340A15421427)>  X60n-37 = As(—1 +A2AgA14420A2)>  Xeon—36 = A7(—1+A1A7413A19A25)>
Ag As Ay
038 S AgA A gAnsAs) o034 AsA L AAgAyy O0n=33 = AA A L6An Az
A3 Ap Aj
0 A3AgA Ay Ay OO Ay AgA 4Ar0Ans o030 = A A7A 3A 10405

X60n—29 = A30,

Xe0n—22 = A23,

X60n—15 = A16,
Xgon—8 = Ag,
Xgon—1 = Az,

X60n—28 = A29,

Xeon—21 = A2,

Xeon—14 = A1s,
Xeon—7 = As,
Xeon = At

X60n—27 = A2g,

Xe0n—26 = A27,

X60n—25 = A2g,

Xeon—24 =A25,  Xeon—23 = A4,

X60n—17 =A18,  Xeon—16 = A17,
X60n—10 =A11,  X60n—9 = A10,

Xeon—3 = Ag, Xeon—2 = A3,

Now, it follows from equation (4.1) that

X60n—29

X60n—20 =A21,  Xeon—19 =A20,  X60n—18 =A19,
X60n—13 =A14,  Xeon—12 =A13,  Xeon—11 =A12,
Xeon—6 = A7, Xgon—5 = Ag, Xeon—4 = As,
Az

X60n+1 =

— 1+ X60n—5%60n—11X60n—17%60n—23%60n—29 ~ —1 +AcA12A18424430
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Then, we have

X60n+1 = A3 :
T 1+ AgA 1A 13A2A)
Other relation can be given by the same way. O

Theorem 4.2. Equation (4.1) has three equilibrium points which 0,4++/2, and these equilibrium points aren’t locally asymptotically stable.

Proof of Theorem 4. The proof follows the same procedure as the proof of Theorem 2.2, thus it is not detailed. O

Xpn—29
— =X 511X 17%n—23Xn—29

5. Solution of the Difference Equation x,, | =

In this case, we give a specific form of the solutions of the difference equation below, provided that the initial conditions are arbitrary real
numbers,

Xp—29

I R 5.1)
— =X —5X—-11Xn—17Xn—23Xn—29

Xn+1 =

where, x, ...,x_p9 defines as in (2.2) with x_sx_11x_17x_23x_29 # —1, Xx_4x_joxX_16X_22X_28 # 1, X_3x_9x_j5x_p1x_p7 # —1,

X_oX_gX_ 14X 20X_26 7# —1, X_1x_7x_13x_ 19X 25 # —1, xox_gx_1px_18x 24 # —1.

Theorem 5.1. Each solution {x,};.__,q of equation (4.1) is periodic with period sixty and is of the form,

X60n+1 = A ’ X60n+2 = A2 ’ X60n+3 = Az ’
—1—AgA12A18424A30 —1—AsA11A17A23A29 —1—A4A10A 16422428
Any Az Azs
o0 T A3 AoA 5401 Ayy | o0 Ay AsA 1A roAns O0mtS = T A A7A A 0Ars |

Xe0n+7 = A24(—1 —AgA12A18A24A30)
Xeont+10 = A1 (=1 —A3A9A5421A27)

X60n+8 = A23(—1—A5A11A17A234A29)>
Xeont11 = A0(—1 —A2AgA 144204 76)-

Xe0n+9 = A2a(—1—A4A10A16A224A08)
Xeont+12 = A19(—1 —A1A7A13A19425)>

X60n+13 = Ats , X60n-+14 = An ) X60n+15 = Ao ,
—1—AgA12A18424A30 —1—AsA11A17A23A29 —1—A4A10A 16422428
Ars Alg A1z
o016 = T A AgA 5An 1Ay, 00T = T Ay AgA aAsoAs 6018 = T A ArA 3 A L9A s

Xe0n+19 = A12(—1 —AgA12418424430)
Xeon+22 = Ag(—1 —A3A9A15421427)

Xe0n+20 = A11(—1 —As5A11A17423429)
Xoon+23 = Ag(—1 —ArAgA14420As6)

X6on+21 = A10(—1 —A4A10A16A422428)
X60n+24 = A7(—1 —A1A7413A19A25)

Ag As Ay
X60n-+25 = ) X60n-+26 = , X60n+27 =
—1—AgA12A18424430 —1—AsA11A17A23A29 —1—A4A10A16A0A%’
_ A3 _ Ar _ Ay
X60n-+28 = X60n+29 = X60n+30 =

—1-A3A9A15421A27

—1—A2A3A14A20A%6

—1—A1A7A13A19A25

X60n+31 = A30,
X60n+38 = A23,
X60n+45 = A16,
X60n+52 = Ag,
X60n+59 = A2,

X60n-+32 = A29,
X60n+39 = A22,
X60on+46 = A1s,
X60n+53 = A8,
X60n+60 = A1

The solutions consist of 60 periods.

X60n-+33 = A28,
X60n+40 = A2,
X60n+47 = A14,
X6on-+54 = A7,

X6on-+34 = A27,
Xe0n-+41 = A20,
Xeon-+48 = A13,
X60n+55 = A6,

X60n-+35 = A6,
X6on+42 = A19,
X60n+49 = A12,
X60n-+56 = As.s

Proof. The proof mirrors the proof of Theorem 4.1, and hence, it is not elaborated upon.

X60n+36 = A2s,
X60n+43 = A18,
X60n+50 = A11,
X60n+57 = A4,

X60n-+37 = A24,
Xe0n-+44 = A17,
X6on+51 = A10,
X60n+58 = A3,

O

Theorem 5.2. Equation (5.1) has three equilibrium points which 0,4+/—2, and these equilibrium points are not locally asymptotically

stable.

Proof. The proof follows the same procedure as the proof of Theorem 2.2, thus it is not detailed.
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6. Numerical Investigation

We devote this section to verifying the theoretical work obtained in this article.

Example 6.1. For Eq. 2.1 and 3.1 we consider following initial conditions.

X_p9g=3.2, X_pg = 3.3, X_o7 =34, X_26 =3.5, X_p5 =3.6, X_p4=3.7,
x_p3 =3.8, X_22 =3.9, xX_o1 =4, Xx_p0=4.1, xX_19=4.2, x_13 =4.3,
x_17 =44, x_16 =4.5, x_15=4.6, x_14 =41, x_13=4.38, x_12=4.9,
x_11 =5, x_10=15.1, x_9g=>5.2, x_g=>5.3, x_7=54, x_g=>5.5,
X_5=15.6, X_4=57, x_3=2>5.8, x_p =59, x_1=6.1, xg = 6.

Example 6.2. For Eq. 4.1 and 5.1 we consider following initial conditions.

X_29 = 0.327 X_28 = 0.33, X_27 = 0.34, X_26 = 0.357 X_25 = 0.367 X_24 = 0.377
X_23 = 0.387 X_22 = 0.39, X_21 = 0.4, X_20 = 0.417 X_19 = 0.42, X_18 = 0.4-37
X_17 = 0.4-4—7 X_16 = 0.45, X_15 = 0.4—67 X_14 = 0.477 X_13 = 0,48, X_12 = 0.49,
x_1; =0.5, x_10=0.51, x_g = 0.52, x_g=0.53 x_7 = 0.54, x_g=0.55,
x_s = 0.56, x_4 =057, x_3 = 0.58, x_p = 0.59, x_1 =061, x = 0.6.

X(n) X(n)

s 5

4 4

3 3

1 1

50 100 J 150 " 200 " - B 100 ] 150 " 200 "
Figure 6.1: Plot illustrates the stability of Eq. 2.1 Figure 6.2: Plot illustrates the stability of Eq. 3.1

x(n) x(n)

NENENENENESE

Figure 6.3: Plot illustrates the stability of Eq. 4.1 Figure 6.4: Plot illustrates the stability of Eq. 5.1

7. Conclusion

This article extensively explores the qualitative behaviors of difference equations. It effectively examines local stability, periodicity,
oscillation, and solutions. Traditional iteration methods are employed to derive exact solutions for the relevant equations.
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function. The approaches are applied to find sufficient conditions of the L-index bound-
edness in a direction b € C" \ {0}, where the continuous function L satisfies some growth
condition and the condition of positivity in the unit polydisc. The investigation is based on
a counterpart of the Hayman Theorem for the class of analytic functions in the polydisc
and a counterpart of logarithmic criterion describing local conduct of logarithmic derivative
modulus outside some neighborhoods of zeros. The established results are new advances
for the functions analytic in the polydisc and in multidimensional value distribution theory.

1. Main Definitions and Notations

We will use notations from [1,2]. Let C" be an n-dimensional complex vector space, 0 = (0, ...,0), and b = (by,...,b,) € C"\ {0} be a
fixed direction. Other denotations are the following: R, = (0, +c0), the unit polydisc D" is the Cartesian products of the discs with radius 1,
ie. D"={zeC":|zj| < lforevery j € {1,2,...,n}}. A continuous function L : D" — R is such that for any z = (z1,22,...,2,) € D"

1b;]
L(z) > B max ——,
@)>F 12720 T— [2)]

B =const> 1. (1.1)
Recently, Salo T. with her co-authors [1] introduced a notion of the directional L-index for functions analytic in the polydisc. They proved
many criteria belonging functions to the class. They describe the local behavior of the function and its directional derivative and its value
distribution on all slices generated by the vector b and give estimates of logarithmic derivative modulus in the same vector. Now we justify
some application of the results to related topics. In particular, we will examine some compositions of a function analytic in C" and a function
analytic in the D", and will present sufficient conditions of boundedness of the L-index in direction for such a composition. Note there are
results [3,4] on the finiteness of the index for analytic functions of single variable for which multidimensional analogs are still unknown.
The notation .27 (D") we use for the class of functions which are analytic in D". Similarly, .27 (C") means the class of entire functions of n
complex variables.

Let us remind the main definition from [1]. A function F € o7 (D") is said to be of bounded L-index in a direction b, if it is possible to find
mg € Z4 such that for every non-negative integer m and for any point z from the polydisc one has

of'F k

Mgmax M: forevery k € {0,1,...,mp} 7, (1.2)
m!L™(z) K\LX(z)
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where 81?F (z) matches with the function F, dyF (2) is the dot product of the gradient of the function F and the conjugate of the vector b,
a{;F(Z) =0 (8{)"1F(z)>, k > 2. The definition firstly appeared for entire functions of single variable in the paper of B. Lepson [S]if L=1,

b = 1 and in paper [6] if L is an arbitrary positive continuous function and b = 1. If such least integer no = mg(b) exists then it is is called
the L-index in the direction b of F. The value m( will be denoted by Ny, (F,L).

For a fixed point z* = (z],...,z;) from the polydisc by D, we denote an intersection of the D" and a complex line crossing the point in a
given direction b, i.e. D+ = {r € C: (z] +1by,...,z, +1b,) € D"}. In other words, D, = {re C: |t| < min1§j<n \b i ‘} Hereif b; =0
then we suppose I b\z‘, |- = +-o0. Denote
L(w+ s7b) ¢
A(8) = sup sup {7: 51— < — .
)= 380, 0, VL) ¥ %2 infL e sab) L+ b))

As in [1] the Oy (D) denotes a class of continuous functions L : D" — R, which satisfy (1.1) and for each { from the segment [0, 3] the
quantity Ay (&) is finite (the parameter f3 is defined in condition (1.1)).

2. Boundedness of L-index in Direction for Composition of Analytic Functions in the Polydisc

For simplicity, we suppose that for ¥ € o7 (D") there exist k¥ > 0 and natural p such that for all z € D" and for all integer m € {0,1,...,p}
next inequality is fulfilled

|op ¥ (2)| < K|o'¥(2)|™. 2.1)

For functions 4 : C" — C (or R instead of C) and g : D" — C by h,,g we denote such a composition h(g(z),...,g(z)) The following
——

m times
proposition was early deduced for the unit ball [7] and n-dimensional complex space [8]. Now we formulate it for the class . (D).

Theorem 2.1. Let b be non-zero n-dimensional complex vector, f € o/ (C™), ¥ € o7 (D") and its derivative in the direction b has empty zero
set. Suppose that function | belongs to the class Q' and its values are not lesser than 1, and the function L is defined as L(z |8b‘I‘ ‘l W¥(z)
and it belongs to the class Qp(D").

If the l-index in the direction 1 of the function f € o/ (C™) is finite and the function ¥ satisfies (2.1) with Ny(f,l) instead of p then the
L-index in the direction b of the function F(z) = f;¥(z) is also finite.

And if the function F (z) = f,¥(z) has finite Ny, (F, L) and inequality (2.1) is fulfilled for the function ¥ and p = Ny, (F, L) then Ny(f,[) is
finite.

Let us formulate some auxiliary propositions. They are counterparts the Hayman Theorem for the class <7 (C") [9] and the class <7 (D") [1],
It was firstly proved by W. Hayman [10] for entire functions of one variable having bounded index.

Theorem 2.2 ([9]). LetL € Qp. A function F € o/ (C") is of bounded L-index in the direction b if and only if there exist numbers p € Z,
R > 0 and C > 0 such that for every z € C" outside the disc of radii R one has

00 F(2)| 0§F (2)]
MSCmax{zk(Z).ke{o,...,p} ) 2.2)

Theorem 2.3 ([1]). Let L € Qp(D"). A function F € </ (D") has finite Ny, (F, L) if and only if for some positive integer p and positive real
C, and for every z belonging the polydisc inequality (2.2) holds.

Proof of Theorem 2.1. Denote Vf =y f = X, ng , VK f = 0k f for k > 2. Firstly, we present two following formulas from [7,8, 11]

8II)CF(Z) = kar(r)l ( )(ab\P + Z ijm Qj, ( ) (2.3)

where

Qi)=Y Cmm (B¥()" (aﬁ‘{’(z)yz“‘(aﬁ’(z))nk’
"ol i

Cj ko, Ar€ NON-negative integer numbers, and

k .
VE oW (z) = RF(2) (T(2)) "+ (hP(2) Z HF(2) (W¥(2)) Q" (z:.k), Q2.4)
J=1
with
0" (z::K) = )3 bt (0P (R9E) " (3) "

my+2my+...+kmg=2(k— j)

b km,,..,m, are some integer coefficients. Their detailed proofs were presented in [7] for the unit ball and use the mathematical induction
method. Obviously, their proofs for the polydisc is the same, so we omit them.
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Suppose that Ny (f,1) is finite and f belongs to the class <7 (C™). By Theorem 2.2 inequality (2.2) holds forn=m, F = f,L=1,b=1.
Taking into account (2.1) and (2.3), for k = p+ 1 we obtain

V2 @IQ) p+1 ()] _

‘a'f+1F(Z)‘ < |Vp+lfr?1 ()l |ablP ‘p+l+z : Js
Lrtl(z) B

O I
VA (2)] 1Qjp+1(2)] IVE ¥ @)
gmax{ oW kE{O,...,p}} (C—}—jZl(l;l\P()piler]I&bly |p+l)<max{ ow()) .kG{O.,....,p}}x

@) (3RPE)™ . (3 W)™

P
x| C+ Z Z Cjp+ln,..n - 0 <

j:1/x]+2n2+.,.+(/7+l)n’7+|:p+1 1 e (lm\IJ(Z) l)+ ]‘ab‘P Z |P+

0<n <j—1
. 1 k

‘ kfm (Z ‘ P Cjp+lng ., kPt ‘V ¥ z)|

§max{ ke {0,....,p} p | C+ e <C; max .
2Q)F DR (11 e i o) TR
0<m <j—1

Now we substitute the right-hand side of (2.4) instead of VX f ¥(z) and perform some algrebraic transformations:

k o k k—1 j S j k—1 S
\Vofm‘l’(zk\ < |5 f( 2)| Z \9 F(z )kHQ (z 1722\ < max oy F (2 ( Z IQ (z34,K)| ) <
(1ln¥(2)) (P (@) ()1 = ( oW (2) P71 ~i<j<k Li(z ~ ( )K= (oW (2) 2k

X . k—1 ( 2 ) ny o (8"‘1’(1))”” ‘
< max  SL7(2)|9hF(2) } <1+ 1B km ml N b <
j€{1,2,“.,k}{ b S om %mk i) SR Mk (m (2))k=7 |9y W (2) |2(k=))
oF - b k dF
< max ‘ bA (Z)‘ 1§]§k 1+ Z Z | j.,/;,ml,...,lik_l"C C max ‘ b ( )l
LJ(Z) J=1my+2my+...+kmy=2(k—j) (lm‘P(Z)) ! I<j<k U()
Hence, it follows that
o5 (2)] KRF(2)|
G < C1Cymax 5 ke {0,...,p} ;.

The last inequality is the same as (2.2) in Theorem 2.3. It means that the theorem is applicable. Hence, we conclude that the directional

L-index of the function F is bounded. The first part is proved.
Now we will start coinsiderations vice versa. Assume that the L-index in the direction b of the function F' is bounded. In view of Hayman’s

Theorem the function must satisfies (2.2). Using (2.1) and (2.4), we will estimate

VPR 1)) f |af @IQ" (zj.p+ 1)
GPE) = P aeEPT = 0 P(@))P oy () 22T —
|96 F (2)] | 4 0 (z:j,p+1)]
Smax{ Lk(Z) ke {0,...,p} C+]; I2¥(z 17+1 J|ab\11( )| 2(p+1-j) <
m m Myt
e B o llery oy J@FO™ (%) ()
< max N yeres P i, T ° _ —j —
L¥(2) s P Sl (1 (2))P+11| 9y W () |P(P+1-])
=2(p+1-j)
‘alI)(F(Z)l d ‘bijrl mlﬁ...m,+1|K2p+272j |8kF( )|
< max 1ke{0,...,p C+ L <C ax —— =
{ i KEOeeriplerh Y ) el LFG)
=2(p+1-J)

Instead Qll)‘F (z) in previous expression we substitute (2.3) and again deduce

FQ)  [VE )P A IV Faw()]10;4(2)]
5@ - 15(3) ; IF(z) =

Vi)l S 10ul) Vil
<o { (i 104 (14 K gwmaneen) < o] Gty e 2

It implies that

VP (o) VI o (o)
(58 ()r {a,an( €10 ”’}}'

Application of Theorem 2.2 for such values n =m, F = f, L =1, b = 1 give us finiteness of the /-index in the direction b. O

< C3C4max
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Theorem 2.4. Let b be a fixed n-dimensional non-zero complex direction, the functions 1, f, ¥ belong to the classes Qf, </ (C"), o/ (D"),
respectively. For each w € C™ the values of I(w) are not lesser than 1, and the l-index in the direction 1 of the function f is bounded.
Suppose that the function L(z) = max {1, |dy¥(z)|} ;¥ (z) belongs to the class Qn(D") and for every point z from the polydisc D" and for
each k € {1,2,...,Ny(f,1)+ 1} the function ¥ satisfies

108 (2)| < x(I5¥(2)) /MDD 10w () K, (1 < kappa = const). 2.5)

Then the function F(z) = f,¥(z) belongs to the function class having bounded L-index in the direction b.

Proof of Theorem 2.4. As above, we will merge methods from appropriate statements in [7, 8].
Denote Ly(z) = [,,¥(z)|dp¥(z)|. We estimate Equation (2.3) with Ly instead of L by modulus and substitute /,,'¥(z)|dp¥(z)| instead of the
function Ly, for k = p+ 1 we conclude

roo .
BFEIL @) < IV LREIL @R+ LV (L (@) <
p=
VRN VIR 10 ()15 ()
IO e = W G e N G O

(2.6)

Let us remind that f € o7 (C™) has finite M, (f,/) (by hypothesis of the assertion). Theorem 2.2 yields validity of inequality (2.2) in this form

VPt (o)l VEf (o)l
St =

for such values of parameters n =m, F = f, L=1,b =1 and p = Ny(f,!). We enhance (2.6), if we substitute previous inequality with
=Y., ¥@)
—_———

m times

(VteC™): : ke{O,...,p}}

R VErow()| 101 (3PP
T <™ Uy 0 ”’}}<C+,§ L

VIl (e @) (RRE)" . (3 w@)" \

< X o= + Cjp+lng,.n 5 -
ke{0,...p} (I5¥(2))k lemzm +<§1 — Js 1o Mps] (lm\I'(z))p+1—J\z9b‘I’(z)|p+1

0<nm <j—1

2.7)

Now we use condition (2.5) for the function W. Then inequality (2.7) transforms in the following

9 F@I (V)
e T U GER)F
x <c+ S S S Nt ) [ A O ) <

—i 1
Jln st (e Oy =pd (¥ (2))PH1=7 |9y (2) [P
0<nm <j—1

ke{o,l,...,p}}x

IV f®(2)] c Clpt ity KO
<max{ ——=————:ke€{0,1,2,...,p} [ C+ 2 e . (2.8)
e LG D M e

0<n; <j—1
Since the values of the function / are not lesser than 1, the composition /,;,¥(z) is also not lesser than 1. We substitute it in (2.8)

0 F(2)l
Lg+1 (Z)

V¥ ()]

R ke {0,...,p}}, (2.9)

<(C; max{

. _ +1yp ) : VR
with C; = C+ kP ):j:l Y Cjp+lny,...nyy - 1O estimate the fraction U IEIER
ny+2my+ A (pHn,  =p+1
0<m <j—-1

we find the modulus of equality (2.4)

VA (2)] |95 F (2)] = afF )10* (z:4,k)]
GO = TP P @F & U@ o P

10]¥(2)| &l |0* (23 j,k)]
<ﬂ?f‘i‘k{( ()oY )] }(”;(z;\y(z))k—j|abq:(z)\z<k—j>) =

%) <+Z 5 b k|<abw<z>>ml<a§lv<z>>mz...(amz))mw>_ o0

< max 2¥(02) P Jemy..m o : -
1<j<k (1;¥(2))7] 0¥ (2) J= L m - 2my ek =2(k— ) ' (Ln ¥ (2))F |9y W (2) | 2k—)




Universal Journal of Mathematics and Applications 125

Since /(w) > 1 and for s € {1,2,...,N1(f,]) + 1} and Ny(f,!) > 1 one has s/2 > 1/(Ny(f,I) + 1), inequality (2.5) can be reinforced
100 (2)| < kI*/2(P(2))|op¥(z)|*. Applying this inequality to (2.10), we deduce

V@l IRFE) (HZ

max b m m K.ml+mz+m+mk><
(l \P( ))k 1<]<k (l lP( )) ‘ablp J=tmy+2my+...+kmp=2(k j)l plemt k|
(l;qu(z))(ml+2m2+m+kmk)/2|ablp(z)|m1+2m2+...+kmk) ‘alqj( )‘
- - <Cymaxy ——w—————: jE{1,2,... )k
(¥ (2) )T |0 (2)[2k=1) = {(l,%‘l‘( HESIGIA { }
with
k—
C2 =1 + Z Z |bj,k,m1,..<,mk|Kml+m2+m+mk~
J=1my+2my+...+kmy=2(k—j)
Then from inequality (2.9) we get
05 F () RIS LEI N Z69)) OgF ()| . .
————<C <(C|C - 1 jeA{0,..., , 2.11
070 = il GE@F S aman IR 7 1

p = Ni1(f,1). Remind that inequality (2.11) is proved for all z outside zero set of the function d,® and with usage the condtion Ny (f,1) > 1
If N1(f,1) = 0 then the parameter p also equals zero and estimate (2.9) yields

|obF (2)]
Lo(z)

Thus, (2.11) is proved for all possible finite values of the directional /-index for the function f.
Since L(z) = (I;¥(z) max{1,|dy'P(z)|}, we can rewrite inequality (2.11):

<Gilfa¥ @) =GlF ()]

}%’HF(Z)‘ LP-H(Z) }akF(Z)|Lk(Z)
() .Lgﬂ(z) <C1szax{zk(Z)L]6(Z): ke {07.“7[)}}.

Then
’8{,)+1F(Z)‘ LP+1(Z) |8kF(z)| Lk(Z)
LPHI(z) §C1C2Lg+1(z) ma { Zk@ L’g(z): ke {0,...,p}} <
() |0KF (z)] L*z) GG (Lo(2)/L(z))P ! 10kF (2)|
§C1C2L2+1(Z) max{ k@) ke {0,...,p}}max{L]6(Z) tke {0,...717}} ) {Igin }(Lo(z)/L( BIE ke{oui(.p}T(z)'
€0,..,p
2.12)

Let fo =1(z) = Lo(z)/L(z) and kg < p (ko € Z ) be such that ()% = minge o, .. ) t&. One should observe that 7y € (0,1] and p+1—ko > 1.

i pHi—ko (Lo(z)/L(z))"*"! pt1-ko : :
Hence, tﬁ“ =1, <ty9 < 1. Therefore, i 0,01 (Lo (@) LEF =1 <t9 < 1. Thus, from inequality (2.12) we get
ap+l (Z)‘ } k
(. OpF(2)|
——— < C1Cymaxs ————: ke {0,..., 2.13
iz — ' { Lk (z) { P} @13

for all z outside zero set of the b-directional derivative of the function W.

If for some point z from the polydisc D" the b-directional derivative of the function ¥ vanishes then for any natural value of k does not
exceeding N(f,/) + 1 condition (2.5) means that k-th order b-directional derivative of the function P also vanishes at this same point.
Substituting this point in (2.3) we conclude that k-th order b-directional derivative of the function ¥ also vanishes at this same point for each
natural 1 <k < N(f,l)+ 1. Hence, for all points z belonging zero set of the b-directional derivative of the function P inequality (2.13) is
true.

Applying Theorem 2.3 we establish that the function F belong to the class of functions with bounded L-index in the direction b. O

3. Application of Logarithmic Criterion to Composition

In this section, we consider an application of the logarithmic criterion to investigation of the index boundedness for a composition of functions
from the classes .7 (D") and .7 (C™). Another applications of the statement in function theory of bounded index are decribed in [12-15].
Let us introduce the slice function as g;(t) := F(z+1b) (z € D"). If one has for some z from the unit polydisc the slice function g,( ) has

empty zero set, then we put GP(F, z) := @; otherwise if g, () identically equals zero then we put G®(F,z) := {z+1b: |t| < {mn . |_b i l}

And last possible case is if g;() # 0 and ay . are zeros of g.(t), then we denote GP (F, z) := |, {z—i—tb [t —ap | < T +aA TeTad) } ,r>0.
Let GP(F) = Upepe GR(F,2°), n(r, 2, 1/F) = Z\ag\gr 1 is the counting function of zeros (ak) of the function F(z° +tb) in the disk

{t € C: |t] <r}. Below we formulate two auxiliary propositions proved in [1]. The first of them is the logarithmic criterion analog, and the
second of them is weaker sufficient conditions for functions belonging to the class .2 (D").
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Theorem 3.1. /1] LetF :€ o/ (D"), L € Qp(D") and D" \Gg (F) # 2. The function F has finite Ny (F, L) if and only if

1) for every radius r belonging to the half-closed interval (0, 8] there exists a positive real P = P(r) such that for every point z € D"
outside the set GP(F) the following directional logarithmic derivative estimate is true

|obF (2)| < PL(2)|F(2)]; (3.1

2) for every radius r belonging to the segment [0, 3] and some n(r) € Z amount of zeros for the slice function in some circles within the
unit polydisc is uniformly bounded, i.e.

n (r/L(zO),zo, 1 /F) <7(r). (3.2)

for each 20 € D" with F (z° +1b) # 0.
Theorem 3.2. [1] Let L € Qp(D"), D"\ Glé (F)#£0, F : D" — C be an analytic function. If the following conditions are satisfied

1) there exists r; € (0,/2) (or there exists ri € [B/2,B) and (Vz € D") : L(z) > B such that n(ry) € [—1;00);

1-12|

2) there exist ry € (0,), P> 0 such that 2ry -n(ry) < ry/Ay(r1) and for all z € D"\G,,(F) inequality (3.1) holds,
then the function F has bounded L-index in the direction b.

Within the notion of bounded index the local properties of analytic solutions of ordinary [5, 16, 17], directional [13] and partial differential
equations [18] and their systems [19] are considered in many papers. Moreover, application of the Hayman theorem and its analogs is main
method to justify sufficent conditions for boundedness of L-index in direction, if they are applied to composition of entire [4, 8, 15] and
analytic functions [2,7].

Below there are presented other results on functions’ composition from the classes <7 (D") and </ (C™). They are proved with usage of
logarithmic criterion analog for the unit polydisc (similar results for the unit ball see in [2]). In this section we suppose that 1= (1,...,1) e R™.

Proposition 3.3. Let ¥ € o7 (D"), f € o7 (C™) with an empty zero set.

1) Suppose that | € Q1(C™), L € Qy(D") and for every point z from the unit polydisc the value L(z) is not lesser than |op¥(2) |1, (2). If the
1-directional l-index of the function f is finite, then the function F(z) = f,¥(z) has finite Ny(F,L).

2) Suppose that L € Qp(D"), the b-directional derivative of the function ¥ has empty zero set and | € Q1(C™) and such a function 1,,¥(z)
is not lesser than L(z)/}&b‘l—'(z) | for every point z from the polydisc D". And if the function F (z) = f;¥(z) is of bounded L-index in the
direction b, then the 1-directional l-index of the function f is also finite.

Proof. 1t is not difficult to verify that

W F(z) = fn¥(2) h¥(2). (3.3)

Remind that zero set of f is empty. So such a function f5,¥(z) has also empty zero set. Then G?(F) = @. Thus, it leaves to validate
condition 2) in Theorem 3.2. Indeed, we need to justify inequality (3.1) for every point z belonging the polydisc D”. Using (3.3) for the
directional logarithmic derivative estimate we obtain

|bF (2)/F(2)| = |01 /¥ (2)] - [9¥(2)| /17 ¥(2)] (34

Let f be of bounded /-index in the direction 1. By Theorem 3.1 (see also [20]) for ther multivariate entire functions inequality (3.1) is valid
for the function f and for all w € C™ :

[o1f (W) < PL(w) - [ f(w)] (3.5)

After substitution w = (¥(z),...,¥(z) in (3.5) and usage (3.4) the following estimate become valid
—_—

[ F (2)I/1F (2)] = Plp'¥(2) - [ ¥(2)| < PL(2)- 3.6)

The function F also does not vanish. Thus, we have proved validity of condition 2) in Theorem 3.1. It means that the function F belongs to
the class of functions with bounded L-index in the direction b.
By analogy to the first part of the proof we can justify the second part of the assertion. O

By 1; we denote m-dimensional complex vector, in which j-th component equals one, other components are zeros.

Proposition 3.4. Let ¥; € o/ (D") and | € Q’l"f for je{l,....m}, f € o/ (C™) with empty zero set. Suppose that L € Qn(D") and
L(z) > Z;":l |ab‘P,(z) }l(‘I’l (2),¥2(2), ..., ¥u(2)) for every point z within the polydisc D". If for every j € {1,...,m} the function f is of
bounded I-index in the direction 1j, then the composite function F(z) = f(¥1(z),¥2(2),...,¥m(2)) is of bounded L-index in the direction b.

Proof. Using direct calculations it can be substantiated

WF(z) =

™

fo,(#1(2),%2(2), .. ¥ (2)) ¥ (2).- 37
1

J
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Since f has empty zero set, the composite function f(¥|(z),¥2(z),...,¥m(z)) does not vanish for all z from the polydisc D" that is
GP(F) = @. It leaves to validate inequality (3.1) within the polydisc D" because it is equivalent condition 2) in Theorem 3.2. From (3.7) it
follows that

F (2)|/|F(2) Z ¥ (2),¥2(2),- -, ¥m(2))

~ | f(¥1(z),¥2(2), ..., ¥m(2)) oY (2)] 58

Since f is of bounded /-index in each direction 1}, by analog of Theorem 3.1 for entire functions of m complex variables (see [20]) inequality
(3.1) holds for the function f and for all w € C™ :
|91,f (W)
|f(w)]

Replacing w by (¥ (z), ¥2(z), ..., ¥m(z)) in (3.9) and using it in (3.8) we establish such a directional logarithmic derivative estimate

< Pl(w) (3.9)

O F (2)|/|F (2)| = PI(W1(2), ¥2(2), ..., W, Z ob¥(2)| < PL(z). (3.10)

Since function F has not zero points as the function f, from (3.10) it follows that by Theorem 3.1 b-directional L-index of the function F' is
finite. Proposition 3.4 is proved. O

The condition of absence zero points in the function f can be replaced by another condition on the function ¥ generated of the notion of
multidimensional directional multivalence.

Let us remind the definition of function having bounded value L-distribution in a direction.

Function F € 7 (D") is called [1] a function of bounded value L-distribution in the direction b, if for some natural p and for any complex
w and for every point zg within the polydisc D" such that the slice function F (z° +rb) does not equal identically w, the inequality holds
n(1/L(z°),2% 1/(F —w)) < p, i.e. the equation F(z° +b) = w has at most p solutions in the disc {¢: [t| < 1/L(z°)}. Using the one-
dimensional notion of multivalence, we can claim that the slice function F(z0 +b) is p-valent in every disc {¢ : |¢| < 1/L(z°)} for every
point z° € ID”. For another classes of multivariate analytic and slice holomorphic functions the notion is considered in [21]. Ifn=1,b =1
and L = 1 then the notion matches with a definition of function of bounded value distribution [22-25], andifn =1,b =1, L=1% 1 then it is
a definition of function of bounded value /-distribution [6,26]. Another approach to multivalence of bivariate function is considered in [27].
Our main result on this topic is the following

Proposition 3.5. Let ¥ € o/ (D"), f € &(S), F(z) = foP(z). | € Q, L € Qp(ID") be such that L(z) > |op¥(2) |l 0 ¥(2) for any z with D".
If these functions satisfy such hypotheses

1) N(f,1) is finite;

2) the function ¥ has bounded value L-distribution in the direction b,

3) for any ry € (0; B] there exist ry > 0 and r3 > 0 for which the following inclusion G,,(f;1) C lI’(Glr’l (F;L)) C Gy (f31) is true,

then F is of bounded L-index in the direction b.

Proof. The condition 3) allows us to prove inequality (3.6) by similarity to Proposition 3.3.

Inequality (3.2) is valid for F because equality F(z° +tb) = 0 yields the equation W(z° + rb) = ¢, where c; span whole zero set of the
function f, k € N. Since ¥ has bounded value L-distribution in the direction b, the last equation ¥(z° 4-tb) = ¢; has at most p(r|) solutions
for given k at the disc {r: [t| < )} if r; € (0; B). Condition 3) means that the set {® (% +1b) : |t| < ﬁ} includes at most n(r3) zeros

of f. Thus, such a set {z0 +b : |t\ < L(z”)} holds at most p(ry) -n(r3) zeros of F. In other words, zeros of the F are uniformly distributed in

the sense of validity (3.2). Then by the logarithnmic criterion analog (Theorem 3.2) the function F is of bounded L-index in the direction
b. O

It is worth recognizing that Theorems 2.1 and 2.4, Propositions 3.3 and 3.5 are varied assumptions by the outer and inner function of the
composition. But their consequence is the similar: a composite function is of bounded L-index in the direction b with alike functions

= |b¥(2)| - 15%¥(2) or L(z) = max {1,|dp ¥ ()|} - [¥(2).

But there were presented examples of analytic functions in the unit ball which dissatisfy concurrently assumptions of these statements (see
examples in [2]).

4. Conclusion

Proposition 3.5 has not an analog for another multidimensional approach — so-called index in joint variables. Recent results for composite
entire functions with bounded index in joint variables were deduced in [28]. They are similar to Theorem 2.1 and Theorem 2.4. Proposition
3.5 uses the notion of bounded value distribution in a direction. For multivariate complexvalued entire functions F. Nuray [27] introduced a
notion of multivalence and indicated some connection between multivalued functions and functions with finite index in joint variables. The
multivalence means bounded value distribution in some sense. But we do not know whether is it possible to deduce analogs of Propositon
3.5 for this class of functions which is intensively examined in papers of F. Nuray and R. Patterson [19,29-31].

Let us present a brief description of possible investigations. Other important meanings of the obtained results is their application to composite
differential equations. Changing variables we can reduce such a equation to simpler form and investigate the form by index boundedness of
its solution. Further, we perform the inverse changing variables and obtain composition of analytic solutions of simpler equations and a
mapping given by the changing variables. Therefore, we can apply the obtained results to such compositions and conclude about L-index
boundedness in direction of primary equation for some function L and direction b.
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Initially, we establish the existence of at least one and two positive symmetric solutions
for the fourth order problem using Krasnosel’skii fixed point theorem. Subsequently, we
establish the existence of at least three positive symmetric solutions by applying five-
functionals fixed point theorem.

1. Introduction

Boundary value problems (BVPs) associated with ordinary differential equations play a significant role in various fields, including physics,
chemistry, engineering, biotechnology, and social sciences. The higher order differential equations with specific types of iterative differential
equations are important for analyzing the characteristics like monotonicity, convexity, equivariance, smoothness, and numerical solutions
(see [1-5]). It is also worth noting that differential equations with integral boundary conditions are crucial in modeling phenomena such as
plasma physics, underground water flow, chemical engineering, heat conduction, and thermo-elasticity.

In the theory of differential equations, one of the most significant operators is one dimensional p-Laplacian operator and is defined as
0p(2) = |Z|p721., where p > 1, ¢ - ¢q and é + é = 1. Such problems can be found in the mathematical modeling of image processing,
heat radiation, glaciology, biophysics, plasma physics, rheology, plastic molding, etc (see [6,7]). In particular, fourth-order BVPs with the
p-Laplacian operator, have diverse applications in brain warping, fluids in lungs, ice formation, beam theory, and designing special curves on
surfaces. The applications highlight the wide range of uses and significance of the p-Laplacian operator in several fields (see [8—14]). Various
approaches, like fixed point theorems, iterative techniques, and shooting methods, are employed to establish the existence of solutions for
such problems (see [15—17]). In 2000, Avery and Henderson [18] considered the problem

and established the existence of at least three symmetric positive solutions by using the generalization of Leggett-Williams fixed point
theorem. In 2015, Akcan and Hamal [19] established the existence of concave symmetric positive solutions for the BVP

¥'(2) +£(z,5(2),) () =0, 0 <z < 1,

¥(0) w/
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where y,n € (0,1) by applying monotone iterative technique. In 2016, [20] Ding established the existence of symmetric positive solutions
for the p-Laplacian BVP

(6p(Y(2))) +£(z,5(2),'(2)) =0, 0<z< 1,

= [ ystax
0

by using the fixed point theorem due to Avery and Peterson. In 2020, [21] Asaduzzamana and Ali established the existence of symmetric
positive solutions for the BVP

— () =£(yv), z€0.1],

—vW(2) =£(y,v), z€ [0,1],

y(2) =y(1=2), y"(0) =" (1) =y"(z21) +"(z2),

v(z) =v(1=2), Y (0)=v"(1) =v"(z1) +V"(z2), 0<z1 <2 < 1,

by applying Krasnoselskii’s fixed point theorem. Following that, the researchers have explored the study of symmetric positive solutions,
see [22-30]. Inspired by the works mentioned above, we investigate the existence of multiple positive symmetric solutions for the fourth
order p-Laplacian iterative system with integral boundary conditions

(0o (v(2)¥a(2))" =w(2)fa(z,yn41(2), 1<n<i, 71 <z< 2, m
yir1(2) =y1(2), 71 <z<2, '

satisfying boundary conditions

u(e) = [ glepa(e)s, sn(e) = /“g<s>yn<s>ds, 1<n<i,
2 (1.2)

dp(v(z1)yn (1)) / h(s)@p(v(s)yn(s))ds, 9p(v(z2)yn(22)) / h(s)@p(v(s)yn(s))ds, 1 <n<i

where i € N with 2z < 22, ¢p(2) = |2[P7%2z, p > 1, ¢1;1 = g, % + é = 1. The following conditions are presumed to be valid in the entire
paper:

(I1) £q:[z1,22] X [z1,90) = [21,°0) is continuous, £y (22 +21 —2z,¥) = £a(z,y), 1 <n<iforall (z,y) € [z1,22] X [z1,°0). (For existence of
solution)

(12) v(z),w(z) € L'[z1,22] are positive, symmetric on [z1,22] (i.e.,v(z2 +21 —2z) = v(z) for z € [z1,22]). (For positive symmetric solution)

(13) g(z),h(z) € L! [z1,22] are non-negative, symmetric on [z1,25], and py, W € (z1,22), U1 = fzzlz g(s)ds, U= fzzlz h(s)ds. (For positive
symmetric solution)

The organization of the remaining part of the paper is as follows. In Section 2, we construct Green’s function and estimate the bounds for
Green’s function for the problem (1.1)-(1.2). In section 3, we establish the existence of at least one and two positive symmetric solutions by
using Krasnoselskii’s fixed point theorem. Using the five-functional fixed point theorem, we establish the existence of at least three positive
symmetric solutions. In Section 4, we provide examples to check the validity of the results.

2. Green’s Function and Its Bounds

Here, we determine the solution of (1.1)-(1.2) as a solution of the integral equation that includes Green’s function. After that, we establish a
few characteristics of the Green’s function which are useful in establishing our main results.

Lemma 2.1. Assume that (12) — (I3) hold. Then for any u(z) € C([z1,22],R), the BVP

(@] (2) =u1(z), 21 <2< 2, @2.1)
) = / " g(s)yi(s)ds, yi(2) = fg<s>y1<s>ds, 22)

has one and only one solution

3@ == [ 1 Ol (),

21

where Hi(z,1) is the Green’s function and is given by

22
() =G+ o ./m G(s,1)g(s)ds, 23)
in which
1 (z—z)(z2—1), z<1,
Glz,1) = 24
S sz{(tm)(zzz), 1<z @9



Universal Journal of Mathematics and Applications 131

Proof. Integrating (2.1) twice from z; to z, we get
"z
1@ = [ =0y Oyl (a4 ei - a1)
21
By using boundary conditions (2.2), we get
"22

= [T O, and &= [~ g(s)y(s)as,

21

So, we have

7@ = [ v eyt ——— [z -0v O+ [~ glem (s)as

2 =2 Jzy

—— [T Gle v (0)6g(r (1)ar+ /fg<s>y1<s>ds.

21

After certain computations, we obtain

® g(e)y1(s)ds = ’lm / ® G, v (1) (11 (1) .

21 - 2

Therefore,

n@ == [ Gl ()t - | [ ey 0640 (@) aras

Jz 1=

— /:2 |:G(Z,l) + ljul /ZIZ2 G(S,t)g(s)ds] Vﬁl(t)(Pq(M](t))d[
== _/:2H1(z,t)v’l(t)(pq(ul(t))dt_

Lemma 2.2. Suppose (I3) holds. For A € (z1,%), let 6(A) = Z’tiﬁ‘l ,

o= ]_—lﬂl Then G(z,t), Hi(z,t) have the following properties:

< G(z,t) <G(1,1), Vz,t € [z1,22],

<Hi(z,1) < uG(t,1), ¥ 2,1 € [21,22],

G(z,t) 2 0(A)G(t,1), Vz € [A,zp—A] and t € [z1,22],

1(z,0) =2 0(A)oyG(t,1), Vz € [A,zp — A and t € [z1,22],

G(za+z1 —z,20+21 —1) =G(z,1), Hi (o +21 — 2,22 +21 — 1) = Hi(z,1), V 2,1 € [21,22].

Proof. From (2.3) and (2.4), it is clear that the properties (A1) and (A2) hold.

For inequality (A3), letz € [A,zp —A] and z < ¢, then

G(z,t)  (z—z)(z2—1)
G~ i—eGn -

and for 7 < z,

G(zt)  (t—z1)(z2—2)
Gt () —n) > )

Hence, the inequality (A3). For the inequality (A4), consider

22
G(s,t)g(s)ds
= | ateete)

>6(A)G(t,1) + 1—1u1 /ZZG(A)G(r,z)g(s)ds.

21

Hi(z,t) = G(z,1) +

Hence, H|(z,t) > o(A)a;G(z,t). For inequality (A5), consider

n+u—z—zu)(—(2t+zu-1), 2+u—z<2+z -1,
1<

(
22—z | (nt+za—t—z)(n2—(24+21—2), 2+u—-t<n+2 -2
(
(

1
_Z2_Z1

=G(z,1).

1
Glzptzi—z0+z1—1) = {

z—21)(z2—1), z<1t,

t—721)(z2—2), t<z,
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Consider

H(nn+z—-z22+z2—1)=Glzn+z—-z2+za—1)+

G(s,zo+z1 -t ds
o [ Glsata -0k

=G(z,1)

1—s,20+21 —1)g(z2+z1 —s)d(zp+21 —8)

“ G(s,1)g(s)ds

=G(z,1) +
( ) 1_/J'l 21

=Hi(z,1).

Lemma 2.3. Assume that (I2) — (I3) hold. Then for any u(z) € C([z1,22],R), the BVP

(0o (v(2)y{(2))" = ua(2), 21 <2< 22,

satisfying boundary conditions

ne)= [ g@m(e)s, ()= / (e (e)as

o0 )) = [ h@)p((a] ()ds. op(v(ea{ () = [ hla)gp(v(ehe)ds,

21

has a unique solution

0@ = [“man0n] [ s o

21

where Hy (z,t) is given in (2.3) and

Hy(z,t) = G(z,1) +

Proof. Let, u; (z) = ¢p(v(2)y](z)) for z; < z < zp. Then the BVP

(@ (v(2)y[(2))" =12(2), 11 <2< 2,

b)) = [ h(e)op(v(s)y(s))ds. dy(v()y](z2)) / h(s)9p(v(s)y(s))ds

21

is equivalent to the problem

Uy (z2) =ua(z), 21 <z< 20, (2.5)

ui(z1) = .Zz h(s)ui(s)ds, ui(z2) = N h(s)u(s)ds. 2.6)

21 21
By Lemma 2.1, the BVP (2.5)-(2.6) has unique solution u; (z) = — [ Hy(z,)ua(t)dz. That is
I 22
Pp(v(2)y) (2)) = — / Hy (2, )up(r)dt 2.7)
21

Again by Lemma 2.1, the differential equation (2.7) with boundary conditions

yi(z1) =y1(z2) = '/:zg(s)yl (s)ds
has a unique solution
yi(2) = / " @y (10 { /Z o, s)ug(s)ds} ar.

21

This completes the proof. O

Lemma 2.4. Suppose (I3) holds. For A € (z1,%), let 6(A) = AU gy = . Then, Hy(z,t) has the following properties:

72— Zl
(A6) 0< HZ(Z l) aZG(t7t)7 Vzte [117Z2]7

(A7) Hy(z,2) = 0(A)0pG(t,t), Vz €A, 20— A] and t € [z1,22],
(A8) Ha(zo+z1 —2,220+721 —1) =Ha(z,2), V2,1 € [21,22]-
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Note that an i-tuple (y(z),y2(z),- -+ ,yi(z)) is a solution of (1.1)-(1.2) if and only if

yn(Z) = \/Z2 Hl(zvtl)vil(tl)(pq {/ZzH2(tlJ2)W(t2)fn(t2»)’n+l(Q))dtZ} dth n= 1727"' 7i7

21 21

yir1(z) =y1(2), z€[z1,22), 1 <n<i,

22

y1(z) :/Z2H1(Z,t1)v71(t1)¢q{./:2 Hz(tl,tz)w(tz)fl(tz,/:zHl(tz,tg)v’l(g)q)qU Hy(t3,14)w(tg)

21 21

22 22
fo-fi (l2i—27/ Hl(IZi—ZatZi—l)V_l(t2i—1)¢q|:/ Hy (ti—1, 12i)w(t2i) £ (20, y1 (12:))

21 21

d.l‘2,'j| dlz,’,l) e dl4] dl3) dl‘2:| dry.

3. Existence of Positive Symmetric Solutions

Let B = {y:y € C([z1,22],R)} be a Banach space with norm ||y|| = max |y(z)|. For A € (z,%), we define the cone K C B as
Z€|21,22

K= {y € B :y(z) = 0,y(z) is concave, symmetric on [z1,z3] and [inin y(z) > G(?L)HyH}.
ZEN, 2 —

Al
Define operator T: K — B by

22

Ty (2) :/Z] Hl(z,tl)v’l(tl)qbq[/:2 Hz(tl,tz)w(tz)fl(tz,/szl (tz,tg)v’l(g)(pq{/:z Ha(t3,14)w(t4)E0 - £1_y (tz,-,z,

1 1 1

21 21

22 22
/ Hi(ti—2,12i-1)v " (12i-1)$q {/ HZ(tZi—l7t2i)W(t2i)fi(l‘2iay1(tZi))dei:| dtzm) '-'dt4} dt3)dt2} dry.

Let,

21 1

"22 22
m< 061/ G(t;,4)v " (1)) {/ fG(tj+17U+1)W(tj+l)dtj+1:|dfﬁj: 1,2,---2i—1,
z

r2—A

M=ol /;H G 1:)v ™ (17)9q [/z

Lemma 3.1. For each A € (z1,%), T(K) C Kand T: K — K is completely continuous.

G(A)szG(fjH7tj+1)W(fj+1)dtj+1}dtj-,j: 1,2,---2i— 1.

Proof. Since Hj(z,1) >0, Hy(z,2) >0, V z,¢ € [z1,22], (Ty1)(z) = 0. Lety; € K, then consider

(Ty1)(z2 +21 —2) :/Zz Hi(z2+z21 —Z,tl)vfl(fl)q)q{/Zsz(lhtz)W(fz)ﬁ <t2,[h H1(¢2J3)V71(f3)¢q[/Zzﬁz(f&m)

z 21 <1 21

<1

22 %)
w(ty)fa - £i (t2i727/ Hy (f2i-2,12i—1)v " (12i-1) g {/ Hy (t2i—1,t2:)w(t2i) £i (121, y1(12:))
Z 7

1

dt2i:| dtzi_l) . ~dt4} dt3) dl2:| dn

21 22 22
=/ Hi(za+z1 —zz2+z —0)v Nz +21—1)ég {/ Hy(z2 421 —t1,02)w(t2) £ (127/ Hi(t,13)
22

21 21

<1

22
g {/ Hy (t2i1,t2i)w(t2i)£i(t2i, 01 (tZi))dZZi:| dtzH) - -dt4} dt3) dlz} d(za+z1—11)

21

22 Z1
:/ H1(th1)vfl(t1)¢q[/ Hy(z2+21 —t1,22+21 —)w(za +21 — b))y (Zz +21 -1,
J22

21

22 22
/ Hi(z2+21 —12,13) - g {/ H2(12i—1,t2i)W(t2i)fi(t2i»)’l(ZZi))dtZi:| dlzi—l) “-dt4} dls)
21

<1

d(z2 421 *lz)} dry

21 1 21 21

:/Z2H1(Z711)V71(t1)¢q[/;2 Hy(t1,2)w(t2)f1 (%/ZZ Hi(t2,13)v "' (13) g U.ZZHz(tmm)W(M)fz'“
fiq (l2i—27 /ZZHI (t2i-2,12i-1)v " (t2i-1)¢q {/Zz Hy(t2i—1,t2i)w(t2;)£i(t2i, 31 (tzi))dtz,} dtZi_l)

‘1 -1

e dl4:| d[3) dt2:| dn

=(Ty1)(2)-
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Hence Ty; is symmetric on [z1,z]. From Lemma 2.2, we get

(Ty1)(z) = /ZzHl(ZJl)Vfl(fl)(Pq [/: Hy(t1,02)w(t2)f1 (tz,/:z Hi(t2,13)v " (13) g U: Hy(t3,14)w(t4) - £ 1 (t25727

21

/ZZ Hi(fi—2,12i-1)v " (t2i-1)$q [ /:2 Hy (tai—1,t2:)w(t2i) i (21, y1 (tzi))dtm} dtzi—1> x 'dt4} dl3) dlz} dr
Otl/ G(r,n)v ll)¢q{/ Hy(t1,12)w(t2)f) (fz,/ZZHI(12713)"_1(’3)%{/Z2 Hy(t3,14)w(tg)f2 - £ (Izi—z,

21 21
22
/ Hy (tyi—2,t2i— 1)V (ZZi—l)q)q[/ H2(12i71:t2i)W(t2i)fi(t2i7y1(t2i))dt2i:| d12i71>"'dt4:| dl3>dlz}dt1-
21 21

So,

22

(ITy1 ]| <oy ./;2 G(t1,01)v " (t1)¢q {/ZZZHz(llJz)W(tz)fl (tz,/

J21

Hi(12,13)v" ' (13)¢q {/jz Hy(t3,14)w(ta)f2 -+ £, (tzl‘fz,

21 21

22 22
/ Hi(fio2,12i-1)v " (t2i-1)$q {/ Hy (t2i—1,10i)w(t2i) £i(t2i5 )1 (t2i))dt2i:| dfzi—1) '“dt4} dls)dlz] dry.

Again from Lemma 2.2, we get

min_ (@} =_min [ oe] [T e (o[ e e [ wen)

€A, —A] z€[A,—A]Jz

22 22
W(l4)f2"'fi71(t2i727/ H (t2i—2,t2i-1)v " (t2i1 ¢’q|:/ Hy (t2i—1, 1) w(t2:) i (21, y1 (t2:))

Y21

dl‘2i:| dl‘z,'_]) e dl‘4:| dl3> dlz] dr

s 02) [ 000y )6y [t (o |

21

22

1

Hy (t2,13)v 1(13)¢q[/221'12(13,t4)

21
"22

22
w(ty)fr---£i1 (121'727/ Hi (fai—2,12i—1)v " (12i-1) g {/ Hy (t2i—1, 02i)w(t2:) i (21, y1 (t2:))
21 Z

1
dt2,2| dl‘21;1> . ~dt4:| dt3) dlz] dry.

By using above two inequalities one can write

min ()@} > o ()Tl

So, Ty; € K and thus T(K) C K. By using Arzela-Ascoli theorem and standard methods it can be prove T is completely continuous. O

Theorem 3.2. Ler (I1) — (I3) hold. Also assume that the following hold,

f f
(14) tim &Y o pim BEY i e L)

y=0t Bp(y) Ty Gp(y)

Then the BVP (1.1)-(1.2) has at least one positive symmetric solution.

£
Proof. Since lim n(2.))

y=0t @p(¥)

= 0, there exists /; > 0 such that

m

1
£a(23) < M0p(3), 0<y < Iy 2€ [1,22], where 7 < ¢p( )

Let® ={yeB:|y| <}, ify; € KNIdOy, and for tp;_» € [z1,22], we have

22 r22
/ Hi (fai—2,12i-1)v " (12i-1)¢q [/ Hy (t2i—1,02i)w(t2) i (120,31 (tZi))dIZi} dtyi_1
z 21

1
22

22
< | ouG(taio1,t2i-1)v  (t2i-1)9g {/ 0 G(t2i, 12i)w(t2i) N Pp (V1 (tZi))dl2i:| dni_

21
22

22
<gmanly [ Gltaioi,t2im1)v ' (t2i-1)8g {/ OlzG(fziJzi)W(lzi)dlzi} dni
21

21
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Similarly for tp;_4 € [11 ,zﬂ

22 22 22
/ Hi(fi—a,12i3)v" " (t2im )¢q[/ H2(’2i—3:t2i72)w(t2i—2)fi71(ZZi—Za/ Hi (fi—2,t2i-1)v " (t2i-1)

“lL

21

22
< /
21

< oq(n)auly

2

21

Hy(t2i—1,t2i)w(t2i)Ei (12171 (t2i))dt2i] dtzm) dtzH} dni_3

22 22
</ Hl(l2i—47t2i73)"71(t2i—3)¢q|:/ Hz(t2i737t2i—2)W(t2i72)fi—1(tZifzall)dl‘Zi—lj|dt2i73
21

22
o1G(ti—4,0i-3)v " (12i-3)9q {/ 0 G(t2i—3,t0i2)w(t2i2)NPp(I1)dt;i - 1} drpi_3
21

21

<himgg(n) <1p.

Continuing in this fashion, we get

22
G(tai—3,12i-3)v " (t2im )‘Pq{/ aZG(t2i727[2i72)w(12i72)dt2i71:|df2i73
21

)= w06 [ (o B 0] [T o

21

21

2 21

22 22
/ Hi (fi—2,12i-1)v " (12i-1)$q {/ Hy (t2i 1, t0:)w(t2i) £ (12i5 )1 (t2i))d[2i:| dt2i—l) "'dt4} dta)dtz} dr

21

= oo, there exists [, > 0 such that

1

<l =l
So | Tyt || < ||ly1]| forally; € KNd®.
Since lim n(z7)
y=teo @p(y)
fn(Z:}’) > €¢p(y)7 y 257

Letl, = max{ZZl7 o

min

z€[A,z2—A]

x)’l&)?

For 1 5 € [Z] ,Zz], we have

7 € [z1,22], where § > q)p(M).

} and @, = {y € B: |ly| < l»}. Fory; € KNdO,, we have

o(M)lyill > e(A)n > b.

JZ

22 22
/ Hl(t2i72>t2i71)V71(t2i71)¢’q[/ HZ(ZZi—l7t2i)W(t2i)fi(t2i-,y1(tZi))dIZi}dt2i—1
21

Z.Z*A
> /
A

> gu(§oRents [

= hbM

¢q(§) 2 h

Similarly for #,;_4 € [Zl ,zﬂ

22 22
/ Hi (fai—a,12i-3)v" (t2im )¢q[/ 2(ti—3, i )W(IZi—Z)fFl(lZi—Za/ Hi (fai—2,t2i—1)v " (12i-1)

—A

(W) Gltair i v~ (1210 { / 2 () eaGlis 1w (t20) Ly (m))dzz,} diiy

-2
G(tai—1,12i-1)v " (t2i-1)¢q {/}1 G(/l)azG(fzulzi)W(lzi)dlzz} dnij

21

0q / Hy (i1, 12i)w (tZi)fi(t2i7y1(tZi))dtZi:|dtZifl)dtZifl]dtZif3

- [u
S

> 64(§)o(2 >alzz/f

22
Hy (t2i—4, i S)V_l(tZi—3)¢q|:/ Hy (ti—3,12i—2)W(tai—2)fi—1 (tZi—Zalz)dZZi—1:|dt2i—3

A

= hM¢q(8) > b.

Continuing in this fashion, we get

Tyi(z) =

v 21

21

—A

[ mGny e { [t iy (rz, [t @, { [ Bl twieses 1

Z b= [nll.

21

2—A
)0 G(tai—a,12i—3)v " (t2i )¢q{/ G(l)azG(lzi—z,fzi—z)W(fzi—z)Cq)p(ll)dfzi—l}dtzi—a

22—A
G(ti—3,12i-3)v " (t2im )‘Pq{/ G(A)O‘ZG(QFL[2i—2)w(12i—2)dt2i71}dtZi—S

1 21

(Qi—z,

1 (tZifz,

22 22
/ H(f2i2,t2i-1)v " (2i-1)9q {/ Hy (t2i1,10:)w(t2i) £i(t2i, )1 (tZi))dIZi:| dfzi—1> “-dt4} dl‘3>dlz] dr
21

So ([ Ty1]| = [ly1]| for all y; € KN d®,. Consequently, Krasnoselskii’s fixed point theorem [31,32] guarantees that T has a fixed point

KN(©2\0y).

O
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Theorem 3.3. Let (I1) — (I3) hold. Also assume that the following conditions hold,

fn(Z7y) oo 3 fl‘l(zvy)

(I5) lim

, =0, 1 <n<i for z€ |z1,22]
B 0000) A4 0) e,

Then the BVP (1.1)-(1.2) has at least one positive symmetric solution.
Proof. We can establish the result by using the previous argument is in Theorem 3.2. O

Theorem 3.4. Ler (I1) — (I3) hold. Also assume that the following conditions hold,

o @y L fa@y)

=07 9p(y) Tyt ()
(17) There exists a constant ry such that £4(z,y) < @p(5L) fory € [0,r1], z € [z1,22).

(16)

=+oo, 1 <n<i for z€ [z1,22].

Then the BVP (1.1)-(1.2) has at least two positive symmetric solutions y| and y;* such that 0 < ||y}|| <ri < |ly{*|.

f
Proof. Since lim n(2,)
y—=0t Pp(y)

given in the proof of Theorem 3.2. Set @3 = {y € B : ||y|| < r«}. Fory; € KNdO3, and tp;_7 € [z1,22], we have

= oo, there exists 7, € (0,r1) such that £5(z,y) > {1 @p(y), for 0 <y < ry, 2 € [21,22], where {; > {; here { is

22 22
/ Hl(fzifszifl)WI(f2i71)¢q[/ H2([2i71:t2i)W(t2i)fi(t2i7y1(t2i))dt2i}dlZifl
21

21

22— 2—A
2/1 G(l)alG(IZi—latZi—l)‘Fl(t2i71)¢q{/h G()L)aZG(ZZiat2i)w(t2i)gl¢p()’1(tZi))dZZi:| di_j

22—A

22—A
> ¢q(§1)0(/1)0¢1r*/l G(tai—1,12i-1)v " (12i-1)¢q {//1

2 "*M(pq(Cl) 2 Iy

o(A) Gty f2i)w(t2i)dt25:| dni_i

Similarly for #p;_4 € [11 ,zﬂ

/21 21

22 22 22 22
/ Hl(t2i747t2i73)V71(t2i73)¢’q[/ Hy (t2i—3,t2i—2)W(t2i—2)Ei_1 (t2i727/ H (t2i—2,t2i-1)v " (t2i-1)9q {/ Hy(t2i—1,12)
JZ1 . J21
w(t)Ei(t2i, 71 (lzi))dle} droi— ) dt2i—l:| dni_3

22 22
2/ Hl([2i—4712i—3)"71(IZi—S)q)q{/ H2(t2i737t2i72)w(t2i72)fifl(t2i727r*)d12i71}d12i73
21

7
-7

2—A
> / (M) a1 G(tai—a,t2i3)v" " (t2i-3)9q {/

A A G()")aZG(ZZi—37t2i72)w(t2i72)€1¢p(r*)d12i71:|dt2i73

22—A -2
> ¢q(§1)0(l)a1r*A G(tai—3,12i-3)v " (12i-3)¢q {//1 G(l)aZG(tZifzvt2i—2)W(t2i—2)dt2571}df2i—3

2 "*M(pq(CI) 2 Iy

Continuing in this fashion, we get

Ty (z) = /ZZHI(Zutl)V_l(tl)(Pq {/zz Hy(t1,02)w(t)f) <t2,/ZZH1(tzyls)v_l(f3)¢q {/Zz Hy(t3,14)w(tg)f2 - £y (fzi—z,

21 21 21 21

22 22
/ Hi(fi—2,12i-1)v " (t2i-1)$q [/ HZ(ZZi—lat2i)W(t2i)fi(t2i7)’l(t2i))dt21} dt2i71> "'df4} dl3>dlz} dr
21

Z 21

2 re = |nll-
So,
[Tyi[| = [[y1]| for all y; € KNIOs. (3.1)
£
Since liT % = oo, there exists r* > ry such that £,(z,y) > &@p(y), fory > r*, z € [z1,22], where § > {; here { is given in the
y=rteo Pp(y

proof of Theorem 3.2. Choose r* > max{#;),rl} and set ®4 = {y € B : ||y|| < r*}. For any y; € KN 0Oy, we get

Vv

min  yi(z) > 6(A)[y1ll = o (A)r* > r".

1
) €A, —A]

Fort); o € [Z] ,22], we have
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22 22
/Hl(tzi—27t2i—l)v_1(f2i—l)q)q[/ Hz(lzi—l,tzi)W(tzi)fi(fzi,yl(fzi))dfzz}dl‘zi—l
21

21

22—A 2—A
> A G()’)alG(IZiflat2i71)V71(t2i71)¢q{/x G()*)aZG(IZiat2i)w(t2i)§2¢p()’l(t2i))d[21}dt2i71
_ =X | =M
> <l>q(§2)<7(7~)061r*/;L G(tai—1,1i-1)v" " (t2i-1)¢q {/A 0'(/1)062G(lzi7tzi)W(fzi)dlzi] dni_i
TM‘Pq(Cl)

Continuing in this fashion, we get

Tyi(z) = /ZzHl(Z,fl)Vfl(fl)% {/zzzﬂz(ll,tz)w(fz)fl <t2,/z2 H1(12J3)V71(f3)¢q{/zzzﬂz(f3yf4)w(f4)f2"'

21 21

22 22
fifl(IZi—Za/ Hl(t2i—27t2i—1)"71(t2i—1)¢q{/ H2(12i717tZi)W(IZi)fi(IZbyl(I2i))dt2i:|

21 21

dlzl;l) . -dt4] dt3) dt2:| dn

=r* =yl

So,
(ITy1]l = [ly1]| forally; € KNoBy. (3.2)

Let®s ={yeB:|y|| <r}, ify; € KNdOs, and for 15;_» € [z],22], we have

22
/ Hi(ti—2,12i-1)v " (12i1) g [/
21 JZ
<

22

Hy (t2i—1,t2:)w(t2i) i (21,31 (t2i))dt2i} dtyi_1

9l

22 _ 22 r
/alG(lzi—latZi—l)V ](t2i—1)¢q{/ O‘ZG(Qhlzi)W(ZZi)¢p(%1)dt21}dtzi—l
21

2
r

22 22
<o G(taim1, i)V (t2im1) g {/ aZG(t2i>t2i)W(12i)dt2i:| dni_i
21 21

N

<

Continuing in this fashion, we get

Ty (z) =/ZZ Hi(z,01)v™" (1) g [/Z2 Hy(t1,02)w(t2)f1 (%/jzﬂl (t2.13)v"" (13)¢g {/Zz Hy(t3,14)w(t4)f0 - £y (12#27

21 21 1 21

%) 22
/ Hi (fai—2,12i-1)v " (12i-1)¢q [/ H2(12i71:t2i)w(t2i)fi(t2i7y1(t2i))d52i:| dt2i71> "'dt4} dl3>dlz] dr
21 21

<=yl

So,
[ITy1]l < [ly1] for all y; € KNdOs. (3.3)

Sincel* < rp < r* and from (3.1), (3.2), aIEi (3.3) it follows from Krasnoselskii’s fixed point theorem [31,32] T has a fixed point y] in
KN (®s\ ©3) and a fixed point y{* in KN (04 \ Os) such that 0 < ||y|| < ri < [lyj*]. O

Theorem 3.5. Let (I1) — (I3) hold. Also assume that the following conditions hold,

(18) lim £n(2,y) . fa(z,y)

, lim =0, 1<n<i for z€[z1,22]
=0t () vt @p(y)
(I9) There exists a constant ry such that £4(z,y) = ¢p(33) fory € [6(A)ra, 1], z € [21,22]-
Then the BVP (1.1)-(1.2) has at least two positive symmetric solutions y; and y;* such that 0 < ||y}|| < ry <||y}*||.

Proof. We can establish the result by using the previous argument is in Theorem 3.4. O

Next, we establish sufficient conditions for the existence of at least three positive symmetric solutions for the BVP (1.1)-(1.2) by using

the five functionals fixed point theorem. For that we define the nonnegative continuous concave functionals Yy, ¥, and the nonnegative
continuous convex functionals 7;, 7,73 on K by

vi(y) =minly[, y2(y)=minly|, n()= max [y|, () =max|y, (y)=maxly,
zel zel z€l zel

2€[z1,22

y1(y) = min|y| < max |y| = p(y), (3.4)
zel zel,
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1 l

2€[z1,22]

where I = [A,20 — A], I} = [A1,A2], A <A1 <Ay < zp — A. Then for nonnegative numbers d;,d,,d3,dy, and ds, convex sets are defined as
follows

K(n,d3) ={y€K:n(y) <ds},

K(71,v1,d1,d3) = {y e K:di <y1(y);n(y) <ds},

K(1,%,d4,d3) = {y e K: pa(y) <dgsn(y) <ds},
K(n,%,v1,d1,d2,d3) ={y e K:di <y1(y):15(y) < dasvi(y) < ds}, and
K7, 72, ¥2,ds5,dg,d3) = {y € K:ds < (y); 2(y) < dasn (v) < ds}.

Theorem 3.6. Suppose that 0 < d; <dj < % < d3 such that £, satisfies the following conditions:

(110) £a(z,y) < 9p(D) fory € [6(A)d1,d1], z € [z1,22],
(111) £a(e,) > Gp(§5) for y € [do, 555 2 € 1.
(112) £a(z,) < 9p(L) fory € [0,d3], z € 21,22,

Then the BVP (1.1)-(1.2) has at least three positive symmetric solutions y§,yt*, and y{** such that v (y}) < di, dy < w1 (y}*) and
d] < ')/2( ***) with l[/l( ***) < d2

Proof. From Lemma 3.1 the operator T is completely continuous. From (3.4) and (3.5), for each y € K, y;(y) < %(y) and ||y|| < ﬁyl ().

Now to show that T: K(71,d3) — K(71,d3). Let y € K(71,d3), then 0 < [y| < d3
By (I12), and for 15, € [z1,22], we have

22 22
/Hl(t2i727t2ifl)V_I(IZifl)q)q[/ H2(12i—l,tzi)w(tzi)fi(hh)’l(Qi))dth}dt%—l

21 21

22 "22
</ alG(ZZifl7121'71)"71(t2i71)¢q{/ 0 G(to;, ti)w (lzz)ﬂfi’p( )dt2t:|d121 1
21

21

d3 22 - 22
< G(ti—1,0i—1)v 1(tzl‘71)¢q[/ a2G(t2i7t2i)W(t2i)dt2i} diyi < ds.
JZ1

J21

Continuing in this fashion, we get

7 (Ty1(z)) = max [/ZAIZZHl(M)V*l(ﬁ)(l’q U:z Hy(t1,12)w(t2)f1 (m/zzHl(fz,ts)"*l(fs)fl’q {/Zz Hy(t3,14)w(tg)f2 -

2€[21,22) 1 2 |

22 22
fio (t2i72»/ Hy (f2i-2,t2i-1)v " (2i-1)9q {/ Hz(tzmJzi)W(fzi)fi(tznyl(t2i))dt2i} dt2i71)
21

J21
dl‘4:| dl3) d12:| dl‘]:|

<ds.

Therefore T : K(y1,d3) — K(7;,d3). It obvious that
oWl ¢ gy ek do.—2 . d3): Y (y) > da} £0 and
o(1) y 7,1, Y1, 2’0(&)’ 3)- Y1y 2 al

d](c(l)-ﬂ—l) € {yEK(}’h'}’%‘l’%“(l)dlvdl»dﬁ : Yz(y) < dl} #0

,d3) ory € K(11,%, ¥2,06(A)d1,dy,d3). Then, ds < |y
, we have

Next, let y € K(71,%, ¥1,da, -
By (I11) and for fp; 5 € [z1,22

0-( G?i) anddjo(A) < |y <d;.

)’

22 22
/ H (t2i-2,12i-1)v " (t2i-1)9q {/ Hz(tzH7t2i)W(t25)fi(t2i7y1(Qi))dtzl} dtyi_q
Jz1 J21

-2 = 2= ds
2/ o(A)aiG(ti—1,t2i-1)v (Qi—l)%{/}l o(A) Gty t2i)w (121)¢P(M)dt21:| dty;_

Zz—l Zz—l
> MG(M(X'/;L G(tai1,ti—1)v " (t2i-1) g {/A O-()*)OQG(IZ:}fzi)w(tzi)dt%} droi
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Continuing in this fashion, we get

(@) =nin | [“mar 00| [ (i oy @] [ ams-

21 21 J2 21

22 22
fi ([21'72,/ HI(ZZi—ZatZi—l)Vil(t2i—1)¢q{/ H (t2i—1,t2i)w(t2i)Ei (12171 (lzi))dIZi] dlZi—l)

21 <1

dt4:| dl‘3) dl‘z:l d11:|

> ds.

By (I10), and for t5;_5 € [z1,22], we have

22 22
/ Hi (fai—2,12i-1)v " (12i-1)¢q [/ Hy (t2i—1,12i)w(t2i) £ (121,01 (tZi))dtZi:| dtpi_j
Z 21

1
22

< /ZZ 1 G(tai—1,t2i-1)v"  (t2i 1)¢q{/ G (t2i, i) w(t2i) NP (— )dle} dtyi 1

21
22
*061/ G(t2i—1,ti—1)v" (t2i—l)¢'q[/ a2G(12i7t2i)W(t2i)dt2i:|dlz;‘—]
Z 21
<d;.

Continuing in this fashion, we get

7(Ty1(2)) = max [/Z2H1(2711)V71(f1)¢q {/Zz Hy(t1,2)w(t2)f1 (127/:21‘1102»[3)"7](’3)¢q {/lzz Hy(t3,14)w(14)f2 -

21 <1

22 22
fifl(tZi—Za/ Hl(t2i—27t2i—1)V71(t2i—1)¢q{/ H2(l2i717t2i)w(t2i)fi(t2i7y1(IZi))in:ldtZi—l)"'

Z1 21

dt4] dt3) dt2:| dtl}

<d.

Next, let y € K(71, y1,dz,d3) with 13(Ty;(z)) > %. Then

v1(Ty1(z)) :f?el;l {/Zz Hi(z,0)v (1) 9q {/: Hy(t1,12)w(t2)f1 (t27 /zz Hl(l27t3)‘71(t3)<25q[/Zz Hy(t3,14)w(tg)f2 -

Jzi J21 721

22 22
fi (12;‘—2,/ Hy (22, 121V (t2i-1)9q [/ H2(72i—]7t2i)w(t2i)fi(t2i7}’l(t2i))dt2i:| dfzi—1>
21

21
dl‘4:| dl‘3) dt2:| dll]

> o) | [" ity ooy [“r i (. [y @ [Tmime -

1

22 22
fi1 (12i727/ Hy (t2i-2,12i-1)v " (t2i-1)9q {/ Hz(tZH,lzi)w(lzi)fi(l‘zuyl(tzi))dtzi] dt2i71)
21

21

dl‘4:| dl‘3> dt2:| dll]

> o(A) max [/ZZZ alG(Ihtl)V*l(ﬁ)(Pq{/Zsz(lhtz)W(fz)h(m/z Hi (o, 3)v" (13 ¢q[/ZZZH2 B3, 14)w(tg)f -

2€[21,22) 21 1

22 "22
fi (521'72/ Hi(t2im2, i)V (f2im1) 9 {/ H2(t2i—l7t2i)W(t2i)fi(t2i»yl(Qi))dtb} dt2i71)
21

21
dt4:| dt3) dl‘z} dll]

/ZZ (le(t],tl)v—l(tl)q)q{/Zsz(z],tz)w(tz)f] <t2,/z2 H, (t27z3)v—](t3)¢q{/zz Hy(13,14)w(tg)fn - -

21 21 <1 21

> o(A)max {
zel

22 22
fiog (121'—2:/ Hi (fai—2,12i-1)v " (t2i-1)$q {/ Hy (t2i 1, t2i)w(t2i) £i(t2i, 71 (fzi))dfzi] dtzm) e
21 21

dt4:| dl‘3) dt2:| dtl]

=0o(A)5(Ty(z) > da.

Lety € K(y1,%,d1,d3) with w»(Ty) < 6(A)d;. Then we have
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22

o :
Hy(13,14)w(ts)f2 -

(@) =max | [“mn 0o [ et (i [ we e @] [

€l 4l 4 4 d

22 22
fi ([21'—2:/ Hi (fi—2,12i-1)v " (t2i-1)$q {/ Hz(fzi—l,lzi)W(lzi)fi(IZi,YI(fzi))dlzi] dfzi—l)
z

1 21

dt4:| dt3) dlz:l d11:|

< max {/:Hl(z?tl)vfl(ll)q)q{/QHz(tl»tz)W(lz)ﬁ(m/:zH1(¢2,t3)vfl(t3)¢q[/zsz(f3,t4)W(t4)f2“'

z€[z1,22] 2 Jzy

22 22
fi (l2i—27/ Hi(fi—2,12i-1)v " (t2i-1)$q {/ HZ(tZi—l7l2i)W(l2i)fi(12i7yl(t2i))d12i] dtzi—l)
J21

21
dl‘4:| dl‘3) dl‘z:| d11:|

< sagmin | Lm0 [ (o By 0o [T

21 1 21

22 22
fi1 (t2i727/ Hy (tai—2,tai—1)v " (tai—1) g {/ Hy (ti—1, 12i)w(t2:)£i (20, y1 (tZi))dtZi] dt2i71)
B J21

21

dl‘4:| dl‘3> dl‘2:| d11:|

s | [ o] [ (o [ men o] [Trwmes:

G(ﬂ,) z€lh 2 21 21

N

22 22
fii (1‘21'727/ Hi (f2i—2,12i-1)v " (12i-1)$q {/ Hy(toi—1,t2i)w(t2;) £i(t2i, 1 (tzi))dZZi:| dtZi—l) e
Z Z

1 1

dt4:| dt3) dl‘z} dl1:|

— () <dr.

o(4)
So, proved all the conditions of the five functionals fixed point theorem [33]. Therefore, the BVP (1.1)-(1.2) has at least three positive
symmetric solutions y],y7*, and y7** such that p»(y]) < di, do < y1(y]*) and d; < p(y7**) with y; (y7**) < d». O

4. Examples

In this section, as an application, the results are demonstrated with examples.
Example 4.1.

Consider the following problem

(@ (v(2)ya(2)" = w(@)fa(e,yn+1(2), 1<0<2, 0<2<1, @
3(2) = y1(2), ’
satisfying boundary conditions
1 1
yn(0) = g(s)yn(s)ds, yu(l) = g(s)yn(s)ds,
/0 -/0 4.2)

(0000 = [ h(E0p0(e)ids, dpr(13A1) = [ (@) 0(e) ),

where v(z) =2+2z—22, w(z) = 10, g(z) = 1. h(2)

f1(zy) =f2(z,y) = {612(1 —2%%, (2.y)

After algebraic computations, we get U] = %, W = %, o = ‘3—‘, f= %,

1

Hi(z,1) = G(z,1) + G(s,1)g(s)ds,

I—w Jo
1
Hy(z,1) = G(z,1) + G(s,1)h(s)ds,
11— Jo
in which
Z(l_t)v Z<t,
G(z,1) =
(z,1) {t(l—z, <z
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G(z,t)
Figure 4.1: Pictorial representation of G(z,?)
Let A = 1® then 6(4) = 12 and M = 0.3790187963, M = 0.01103127360
£ 201 — )23 4
fim 2@ _ o TN L ( ) ¥ =0,
y=0" @p(y)  y=0* y y=0t \ 2
f.(z 6 2 1—z 2.2
fim 22 62N n 6% (0.0423)y =
yoe Pp(y) oy y y=
fa(z,y) S MPp(y) =2,z € [0,1], 0<y <5,
fa(z,y) = Ep(y) = 101y,Vz € [0, 1], y > 53.
Hence by Theorem 3.2, the BVP (4.1)-(4.2) has at least one positive symmetric solution.
Example 4.2.
Consider the following problem
(0p(v(2)y2(2)))" = w(@)En(z,ya11(2), 1<n<2, 1<2<3, 43
3(2) =y1(2),
satisfying boundary conditions
/ g(s)yn(s)ds, ya(3 / g(s)yn(s
4.4)

(A1) = [ h(E00(ele)ds, GG = [ hiodgp(v(aile)as
where v(z) =2, w(z) =2%(4—2)*, g(z) = 7, h(2) = 3,

%2(472))1, (z,¥) €[1,3] x (0,20];
4z(4—z2)+ (y —20)e”, (z,y) €[1,3] x [20,0).

f1(z,y) = f2(z,y) =

After algebraic computations, we get ] = %, U = %, o = %, f=

[1i9]

k]

Hi(z,t) = G(z,t) +

Hy(z,1) = G(z,1) +

in which



142 Universal Journal of Mathematics and Applications

G(z0)

Figure 4.2: Pictorial representation of G(z,t)

Let A = 1.5 then 6(A) = 0.25 and m = 11.276666,

1

14— B B y
li T2 Sy Ea(y) 442+ (=200
y=07 Pp(y) y vt 0p(y) Y

Choose a constant | = 20 such that

£a(2,3) < dp (51 ) = 76.07776843 for y € [0,20], z € [1,3].

= +oo forz € [1,3].

Hence by Theorem 3.4, the BVP (4.3)-(4.4) has at least two positive symmetric solutions y] and y}*. such that
0 < Iyill <20 < |Iyi"l.
Example 4.3.

Consider the following problem

(@ ((2)ya(2)" = w(@)fa(e,yn+1(2), 1<0<2, 0<2< 1, “5)
3(2) =»1(3), ’
satisfying boundary conditions
/ g(s)yn(s)ds, yn(l / g(s)yn(s
(4.6)

(v O00) = [ h(&0p(0(e)ds, dpr (131 = [ (@) e ),

where v(z) = %, w(z) =15, g(z) = sz =3 h(z) = 19,
- 4
17 ¢ Sm4(y) + 67, (z,y) €10, 1] x (0,5];
fl(Z:y) = fZ(Zvy) = sm( ) 3750
Z(] Z)+ 4y 7 (Zay)e [0,1]X[5,°°)

7
_10 _12 _17
After algebraic computations, we get UL =13, =17, 04 f=

H)(z,1) = s)ds,

Hy(z,t) = G(z,1) +

in which

Gler) = {Z(l—t , Z

<t
<

)
t(1—2z), ¢

Let A = { then 6(A) =  and m = .1471861472, M = 0.003791260308. Choose d; = 1.5, dp =5, d3 = 100 then
fa(z,y) < Pp =10.19117647 for y € [0.5,1.5], z € [0, 1],
tn(2,) = 0p =211.6628959 for y € [5,15], z€ 1,

=679.4521 for y € [0,100], z € [0, 1],

/\/\/\
|8 RIS 32
N—— —— —

fa (Zvy) < ¢P

Hence by Theorem 3.6, the BVP has (4.5)-(4.6) has at least three positive symmetric solutions y},y}*, and y;**. such that ,(y}) < 1.5,
5 <yi(y7") and 1.5 <y (y7™) with g (y]**) < 5.
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5. Conclusion

The current research work is devoted to establish the presence and characteristics of positive symmetric solutions for iterative system of
p-Laplacian problem with integral boundary conditions based on the Krasnoselskii’s and five functionals fixed point theorems. We anticipate
that our findings will inspire and serve as a reference for future developments in this field.
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summation of these binomial transforms are found by recurrence relations. Also, we
establish the relations between these transforms by deriving new formulas. Finally, the
Vajda, d’Ocagne, Catalan and Cassini formulas for these transforms are obtained.

1. Introduction

The study of number sequences has been the subject of several studies published in recent decades. Algebraic properties, generating function,
Binet’s formula and some well-known identities have been studied in this research topic.

In 2013, Cook and Bacon [1] introduced the notion of third-order Jacobsthal numbers {J,(,3) }a>N as an extension to the famous properties of
3)

the Jacobsthal sequence. The recurrence relation of this number is J;ﬁ)3 = 1(11)2 +Jr(jr)l + 2J,(13) for n > 0, where Jé3> =0andJ f3> = Jé =1.
A new study on the modified third-order Jacobsthal numbers K;Ei)z = J,(i)z +Jr(;3+)1 + 61,(13) was published in 2020 by Morales [2]. The

iz =Ko N +2K,<13> for n > 0, where K(()3) =3, K](S) =1 and Kz( = 3. In addition, Soykan et.
al. in [3] studied the binomial transforms of the generalized third-order Jacobsthal numbers.
Some generalizations of third-order Jacobsthal numbers can be obtained in various ways (see, €.g., [4-6]). A natural extension is to consider

recurrence relation of this number is K (3) Kfl3> +K (3) 3)

for x € C sequences of third-order Jacobsthal and modified third-order Jacobsthal polynomials {J,(ls) (x)}n>n and {K,?) (%) }n>N, respectively.
Third-order Jacobsthal and modified third-order Jacobsthal polynomials are defined by the recurrence relations

I ) = (= I @) + (= )73, )+ 2V (),

(1.1)
I8 =010 =1, 10 () =x—1

and
K3 ) = (o= DK, (1) + (= DK, (6) + 5K (),

(1.2)
kP =3 kP @) =x—1, KV x) =2 -1,

respectively. For more information, see [7].

On the other hand, some matrix-based transforms can be introduced for a given sequence. The binomial transform is one such transform
and there are also other transforms such as rising and falling binomial transforms (see, e.g., [8]). Also, there is an interesting study on
watermarking and the binomial transform. In [9], Falc6n and Plaza studied the binomial transforms of the k-Fibonacci sequences. In [10],
Prodinger gave some information about binomial transform. In [11], a novel Binomial transform based fragile watermarking technique
has been proposed for color image authentication. In [12], Yilmaz defined and studied the binomial transforms of the Balancing and

Email address and ORCID number: gamaliel.cerda.m @mail.pucv.cl, 0000-0003-3164-4434
Cite as: G. Morales, Binomial transforms of the third-order Jacobsthal and modified third-order Jacobsthal polynomials, Univers. J. Math. Appl.,
7(3) (2024), 144-151.
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Lucas-Balancing polynomials. In [13], Ozkog and Giindiiz studied the binomial transform for quadra Fibona-Pell sequence and quadra
Fibona-Pell quaternion. In [14], Yilmaz and Aktas studied special transforms of the generalized bivariate Fibonacci and Lucas polynomials.
Other examples can be reviewed in [15, 16].

Now we give some preliminaries related our study. Given an integer sequence ¥ = {yp, w1, ¥, - - - }, the binomial transform % of the
sequence ¥, B(¥) = {®, }, is given by

" /n
j=0 \J
Furthermore, in [17], Boyadzhiev studied the following properties of the binomial transform &,

n

Z()/W;fVl@ —®,_)

and
n n
Z ( )‘/’JJ =Yy "
j=1 j=1

Motivated essentially by the previous papers, the objective of this study is to apply the binomial transforms to the third-order Jacobsthal

{J,(f) (x)} and modified third-order Jacobsthal polynomials {K,(,3) (x)} in Egs. (1.1) and (1.2). Furthermore, the generating functions of
binomial transforms of third-order Jacobsthal and modified third-order Jacobsthal polynomials are found by recurrence relations. Also, we
describe the Vajda and d’Ocagne formulas and the relations between these transforms by deriving new formulas.

2. Binomial Transforms of Third-Order Jacobsthal Polynomials

In this section, we will mainly focus on binomial transforms of third-order Jacobsthal and modified third-order Jacobsthal polynomials to get
some important results. In fact, as a middle step, we will also present the recurrence relations, generating functions and Binet formulas.

Definition 2.1. Let #,(x) and J,(x) be the third-order Jacobsthal and modified third-order Jacobsthal polynomials, respectively. The
binomial transforms of these polynomials can be expressed as follows:

1. the binomial transform of the third-order Jacobsthal polynomial is

n n 3
A=Y ().
j=0\J
2. the binomial transform of the modified third-order Jacobsthal polynomial is
n n 3
a0 =3 1)k,
=0\

Before starting the results, it is useful to say (;’) =0forj>n.
The following lemma will be key to the proof of the next theorem.

Lemma 2.2. For n > 0, the following equalities hold:

Funr) = A0 = 3 (7)o e

j=o \J

i1 () ); ( ) peYe; 22

Proof. We will only prove Eq. (2.1) since the proof of Eq. (2.2) is analogous. By using Definition 2.1 and the well known binomial equality
for1<j<n

(ntl) - (’;) ! (ji 1)’ 2.3)

we obtain

n+l n
nv1(x) = < jl)‘]§3)(x)+](53)(x)

which is desired result. O
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Theorem 2.3. Forn > 0, we have to

1. the recurrence relation of sequences { #,(x)} is

An3(¥) = (4 +2) [Fn12(¥) = It (] + (x+1) Zn (), 24

with initial conditions _#o(x) =0, #1(x) =1and #(x) =x+1.
2. the recurrence relation of sequences { #,(x)} is

Hn3(x) = (¥ +2) [ A2 (x) — Hpp1 (0] + (x+ 1) A (%), 2.5)
with initial conditions Jo(x) = 3, 1 (x) = x+2 and It (x) = x> + 2x.

Proof. Similar to the proof of the previous theorem, only the first case (2.4) will be proved. We omit the other cases since the proofs are
similar. By considering Definition 2.1 and J(()3) (x) =0, we obtain

S =Y @SUCE :ZZ (1),

S\ j+1

By taking into account Eq. (2.3), we get

n42
n+1 n+1 n+1 3)
Xx) = . +2 . +( . J(x).
Fr3) ,»;)KHI) ( j > (J—l)} )
By considering recurrence relations of third-order Jacobsthal polynomials
3 3 3 3 .
13 @) = = DI, + - DI 0 +2 (), j >0,

and the equality (”H) () ( 1)> we obtain
n+2 n+1 3) n+2 n+1 3) n+2 n-+1 3)
B G o B i
S n 1\ 3 n+1\ 3)
-5 (7)o (] P
Ay ("“) (=170 + (= 17, ) +0 ()]

o

= In1 () +2( Fn2(x) = Fur1(x))

x”+2 n+1 (3)(, _"+2 n+1\ 3) .

=Y () J;](. e

j—1

Jj=0
n+2 n+1 3 n+2 n+1 3 n+2 ni1 3
(L) ey ()L (1)

Using Lemma 2.2 and ("H) (jfl) + (jfz), we have

n3(0) = Fni1(0) +2( Fn2(¥) = L1 (0) +x(Fnp2(x) = Fnr1(x) = Fug1(x)
n+2 n+1 n+2 n+2 n+2
L () (1) (1 )40 e L ()24

= /gnJrl( )+2(/n+2(x)_/n+l(x))+X(/n+2(x)—/,1+1(x )_/n+1(X) (x+1)/n( )
— Z < ) [;+1 (xfl)Jj(*)(x)f(xf1)]53_)1 (x),xjj(i)z(x)]
D ) S (1) )

which completes the proof in this case. O
Remark 2.4. Forn > 0 and x = 2 in Theorem 2.3, we have to
1. the recurrence relation of binomial transform for third-order Jacobsthal numbers J,,(3> is
I3 =4[ Ini2— Il +3 I,
with initial conditions #o =0, ¢ =1and ¢, =3.

2. the recurrence relation of binomial transform for modified third-order Jacobsthal numbers K,53) is
Kz =4[ Ko — A1) + 370,
with initial conditions #y =3, ] =4 and Jtp = 8.
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Also, the generating functions for third-order Jacobsthal and modified third-order Jacobsthal polynomials play a vital role in determining
some important identities of these new polynomial sequences. In the following theorem, we develop the generating functions for the binomial
transforms of third-order Jacobsthal and modified third-order Jacobsthal polynomials.

Theorem 2.5. The generating functions of the binomial transforms for { #,(x)} and { %, (x)} are

- ' A
g( n(x);1) :;)/j(x))u BTy e e Iy E (2.6)
and
, - - 3—(2x4+HA+ (x+2)A2
8 (Hn(x):2) _;(,%(XW T+ 2)A+ @ 2)AT—(x+ DAT @D

Proof. We omit the third-order Jacobsthal case in Eq. (2.6) since the proof is similar. For Eq. (2.7), assume that g (J%,(x); 1) is the
generating function of the binomial transform for {_%;(x)}. The, we obtain

g(An(x):A) = Y. HG(0)A = Ho(x) + A (x)A + A (x)A7 + -
j=0
Using Theorem 2.3, we have

§ (Ha(0):R) = H5(x) + A WA+ H5(0A2+ Y. ((v2) [H)1(6) = H-2(0)] + (34 1) 83 (0) A
j=3

= Ho(x) + (1 (x) = (x+2)H(x)) A + (A2 (x) — (x+2) (A (x) = Ho(x))) A*
+(x+2)A8 (Hn(x):A) — (x+2)2%g (Hn(x):4) — (x+ 1)A°g (Hn(x):2).

Now rearrangement the equation implies that

oy H0() + (H () — (x+2) Ao (x) A+ (A (x) — (x+2)(Hi (x) — Hp(x))) A2
g (Hnlx): 1) = QS EFEe ek oy e ’

which is equal to 77 % (x)A in the theorem. O

Further, we note that g (_#,(x);A) and g (J,;(x); 1) may be obtained from the generating functions of the third-order Jacobsthal and
third-order Jacobsthal polynomials in [7], we have

G)yya) — A
g(ln (X)JL)* 1—(x—DA—(x—1)A2—xA3

and

3 (x—DA—(x—1)A?
TI-@—D)A—(x—DAZ—xA3

3
g (K7 @3:2)
It is seen by using the following result proved by Prodinger in [10]:

S alx):h) = g (J,@(x); %)

and

To derive new identities of the binomial transform of third-order Jacobsthal and modified third-order Jacobsthal polynomials, we now present
an explicit formula for {_#,(x)} and {#;(x)} for n > 0.

Theorem 2.6. The Binet formulas of sequences {_#,(x)} and {¢,(x)} are

" wnfl wnfl
jn(x) _ X()C+ ) 1 2

T2 tatl (o) (o - o) (xtor) (o —o) 2%

and
Hn(x) = (x+1)" + of + @5,

where @| and @, are the conjugate roots of the characteristic equation 2> — (x+2)A% + (x+2)A — (x+1) =0.
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Proof. (2.8): From Theorem 2.5 and Eq. (2.6), we have

. A
= LSO S e G A

Using the partial fraction decomposition, g (_#,(x); A1) can be expressed as

o x ;E+o)  o(x+a)
g(/n(x)’)“)*@x) 17(x+1)/l+i\/§(17(011) ivV3(1—amA)

where ®(x) = x* +x+ 1.
However, note that ®; + @, = 1, ®; — @y = iv/3 and @; @, = 1. Then, we have

. 1 x wmExto)  oxt+a)
(Fn(x):4) = <I>(x){1—(x+1) +if3(1—w1/1) iﬂ(l—ahl)}
_ U S Ly 20t eol ot o)e)
=i I 0 it

x(x+1)" o o5
2txt+l ()0 —wm)  (x+o)(o - a)
Thus, by the equality of generating function, we get

x(x+1)" oy - _ @)~ ]

PHx+1 (x+w)(o—wm) (x+o)(o—wn)

Fn(x) =

The proof of the binomial transform of modified third-order Jacobsthal polynomials %, (x) can be seen by taking Theorem 2.5 and Eq.
2.7). O

3. Some Properties of Binomial Transforms of Third-Order Jacobsthal Polynomials

Now, we give the sums of binomial transforms for third-order Jacobsthal and modified third-order Jacobsthal polynomials.

Theorem 3.1. For n > 3, sums of sequences _Z,(x) and J#p(x) are

Z jx) /n+2( X) = (D) g1 (x) = Fn(x))] 3.1)
and

Z Hj(x) = = [Hppa(x) = (x+ 1) (K1 (x) = A (x)) +x— 1]. (3.2)

Proof. (3.1): By considering recurrence relation in Eq. (2.4), we have

A3(x) = (x+2) [ 22(x) = /()] + (x+ 1) Fo(x)
S4(x) = (x+2)[F3(x) = 2]+ (x+1) F1(x)
A5(x) = (¢ +2) [ Aa(x) = A3 ()] + (x +1) F2(x)

In-1(x) = (x+2) [ Fn2(x) = Fu3(x)]+ (x+1) Fy-a(x)
n(x) = (x+2) [/nfl(x) - /an(x)] + (x+ 1)fn73(x)-

Adding these equations, we obtain
Z (0= (542) fur () <x+1>"§/j<x>
=@+2) F1 () +(x+1) Z/J — (D[ () + I (x) + Fua(x)].
Then, using the relation 73 (x) = (x+2) [Zus2(x) — Zus1 ()] + (x+1)_73(x), we have
Z 50 = LA DA+ a0~ Frea 0] = L) — (4 D) I (0) — Sl

Similar to (3.1), by considering equation (2.5), Eq. (3.2) into account similar to the proof of (3.1). O

Now, we give the sums of the first n of binomial transforms for third-order Jacobsthal and modified third-order Jacobsthal polynomials with
even subscripts.
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Corollary 3.2. Sums of sequences _#,(x) and J£,(x) with even subscripts are
n
1
Y 220 = = [(643) Fara (@) = (2 435+ 3) i (x) + (267 +5x+3) f2a (1) =]
=0

and

1
Z%] =2 [x+3)<)£/2,,+2( ) — (8 +3x43) A1 (x) + (262 + 55+ 3) Ao, (x) — (2 + 762 +12x 4+ 15) | .

Proof. The proof can be easily established using [18, Theorem 2.1]. O

Now, we give the combinatorial equalities of the binomial transforms for third-order Jacobsthal and modified third-order Jacobsthal
polynomials.

Theorem 3.3. For n > 0, we have the equalities

£ (D)) (222) s = s 3

i=0,=0

and

( )(j> (-1 (ii?)i«%ﬂj(ﬂ = (x+ 1)7" 5, (x). (3.4)

Proof. (3.3): Let A stand for a root of the characteristic equation of Eq. (2.4). Then, we have A3 = (x+ 2)(7L —A)+x+ 1 and we can write
by considering binomial expansion with x+ 1 # O:

G -E0 G

3 () (e-n)
EOE()(5R) ()
53 (1) (e ()

If we replace to @; and @, by A and rearrange, then we obtain

/Sn(x) _ 1

x(x+1)3" o; B
D) 1) [ 24x+l (o) (o @)  (x+ o) (o — o)

Zo,zo()() 0 (22 i

where @, and @, are the roots of the characteristic equation A3 — (x+2)A% + (x4+2)A — (x+ 1) = 0. Finally, Eq. (3.4) can be obtained in a
similar way. O

n M-

™=

3n—1 3n—1
)

For simplicity of notation, let

%)= (xt+o)o] ' —(x+m)oy ! Ao} —Bo)
n o — o - (3.5)

[(c4+2) 211 (x) = (2x+ 1) Zu(x)],

1
W, = of =
" 1o 2 4+x+1
where A = awpx+ 1 and B= wx+ 1.

Further, the Binet formula of the binomial transforms for third-order Jacobsthal and modified third-order Jacobsthal polynomials are given
by

Hnlx) = [x(x+1)" + 25(x)] (3.6)

X2 4+x+1
and
Hal®) = (1) 4 H.

Note that 2,15 (x) = 2511 (x) — Z,12(x), with initial conditions Z((x) = —x and 27 (x) =
The Vajda’s identity for the sequence Z(x) and binomial transform of third-order Jacobsthal polynomials is given in the next theorem.
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Theorem 3.4. Letn >0, p >0, g > 0 be integers. Then, we have
L p(0) Ziig (%) = Z5(0) Zig pg () = (P +x+ 1) (X))

and

/ner (x) fnJrq (x)— jn (%) /nerJrq (x)

1 2 2 (3.8)
= T [P Dl R ) (Baipla) ~ 5+ 1 Bla)]
where <y = % and By(q) = Zyq(x) — (x+1)125(x).
Proof. (3.7): By using Eq. (3.5),A = wyx+1 and B= wx+ 1 and AB =x%+x+1, we have
L p (%) 2 q(x) — 230(x) Lt piq (%)
- (A0~ Bt ™) (A0 ™~ By ™) - (A0 — Bog) (Aw] 7~ Boy 1)
(@1 — )
1
=—— _ [AB(0’ — &?) (0! — ¢
(001—(02)2[ (o] 2)( I 2)]
= (P 4x+ 1).ot),.aty,
where &, = g‘l:(:f is the n-th companion sequence of 2 (x).
(3.8): By formulas (3.5), (3.6) and Eq. (2.4), we get
/nﬂ?(x) /n+q (x)— %1 (x)jn+p+q (x)
1 n n z n n O
S @it 1n [+ 1)"P 4 Z5y p(x)) (x(x+ 1) 4 Z5p g (x)) — (e + 1)+ Z5(0) (e + 1) P4+ 2 ()]
1 n n
= @ari)2 {%w(x)%w(x) — 20() Zns pirg () + X7 (x+ 1) B (q) — P (x+ 1) %ner(Q)]
1 n
T {(x2+x+ 1)ty — > (x+1)" (Buip(q) — (x+ I)P%n(q))} ;
where %,,(q) = Znq(x) — (x+1)125,(x). O

It is easily seen that for special values of p and g by Theorem 3.4, we get new identities for binomial transform of the third-order Jacobsthal
polynomials:

* Catalan’s identity: g = —p.
e Cassini’s identity: p =1, = —1.
e d’Ocagne’s identity: p =1, g =m —n, withm > n.

Corollary 3.5. Catalan identity for binomial transform of the third-order Jacobsthal polynomials. Let n > 0, p > 0 be integers such that
n> p. Then

Fntp () Fup(®) = (Fa(x)?
- m [ x4 D~ 2 1) (B ()~ (4 17 Za(p) .

Corollary 3.6. Cassini identity for binomial transform of the third-order Jacobsthal polynomials. Let n > 1 be an integer. Then

2
An1(0) Fn1(x) = (Fn(x))
1 2 2
e [_(x 1) =2+ 1) (B (—1) — (x+ 1)%,,(_1))] :
Corollary 3.7. d’Ocagne identity for binomial transform of the third-order Jacobsthal polynomials. Let n > 0, m > Q be integers such that
m > n. Then

jnJrl(x)/m(x) - /n(x)/erl(x)
= T [ D R ) (B () = s+ 1) Bom ).

4. Conclusion

In this paper, we first define the binomial transforms of third-order Jacobsthal polynomials _#,(x) and give some identities of this new
sequence of polynomials. By taking into account these transforms and its properties, identities of the binomial transforms of third-order
Jacobsthal and modified third-order Jacobsthal numbers can also be obtained. Furthermore, if we replace x =2 in _#,(x), we obtain the
binomial transform of third-order Jacobsthal numbers and if we replace x = 2 in J#;(x), we obtain the binomial transform of modified
third-order Jacobsthal numbers (in the same sense as Soykan in [3]). Finally, we obtained the generating functions, Binet formulas,
summations, and relationships for the binomial transforms of the third-order Jacobsthal and modified third-order Jacobsthal polynomials.
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