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This special issue is dedicated to Prof. Dr. Paolo Emilio Ricci: on the occasion of his 80th birthday
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The ” A two days conference on Approximation Theory and Applications”
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who contributed to the conference’s success, attending with great interest, and sincere enthusiasm. Special thanks
are due to the Prof. Tuncer Acar, Editor in Chief of Constructive Mathematical Analysis, for agreeing to publish
this Special Issue. Finally, we thank all the anonymous referees for their insightful and accurate work.
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On discrete orthogonal U-Bernoulli Korobov-type polynomials

Dedicated to Professor Paolo Emilio Ricci, on occasion of his 80th birthday, with respect and friendship.

WILLIAM RAMIREZ, URIELES ALEJANDRO, AND CLEMENTE CESARANO*

ABSTRACT. The primary objective of this paper is to introduce and examine the new class of discrete orthogonal
polynomials called U-Bernoulli Korobov-type polynomials. Furthermore, we derive essential recurrence relations and
explicit representations for this polynomial class. Most of the results are proven through the utilization of generating
function methods. Lastly, we place particular emphasis on investigating the orthogonality relation associated with
these polynomials.

Keywords: Bernoulli polynomials, U-Bernoulli Korobov, discrete orthogonal polynomials.

2020 Mathematics Subject Classification: 11B68, 11B83, 11B39, 05A19.

1. INTRODUCTION

The study of discrete Appell polynomials is significant in mathematics due to their spe-
cial properties and wide range of applications. Analogous to continuous Appell polynomials,
they feature a discrete shift operator as their primary differential operator. Moreover, they
are closely related to orthogonal polynomials, such as Hermite and Chebyshev polynomials,
which are vital in areas like approximation theory and quantum mechanics. Together, these
polynomials contribute to the development of special functions that are applied across diverse
fields, including mathematics, physics, engineering, and statistics (see, [7, 10, 17]).

In this context, let f : Z — R be any function of the natural numbers, and consider the
discrete operator Af(x) = f(xr + 1) — f(x). This operator plays a crucial role in the defini-
tion and analysis of discrete Appell polynomials, further highlighting their importance in both
theoretical and applied mathematics.

A discrete Appell sequence {p, ()}, is a sequence of polynomials such that (see, [6]):

Api(x) = pr(z + 1) — pr(z) = kpr—1(x), k>1.

It is known that a Taylor series expansion can define Appell sequences (see, [1]):
Trz __ - Zn
(1.1) A(z)e™ = Z%Pn(m)ﬁ,

where A(z) is a function analytic at z = 0 with A(0) # 0; similarly, discrete Appell sequences
can be defined by a Taylor generating expansion

Received: 19.06.2024; Accepted: 12.10.2024; Published Online: 16.12.2024
*Corresponding author: Clemente Cesarano; c.cesarano@uninettunouniversity.net
DOI: 10.33205/cma. 1502670
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1.2) )(1 + 2) an =,

where A(z) is a function analytic at z = 0 with A(0) # 0.

There is a substantial body of mathematical literature devoted to studying the families of
Appell sequences. Typical examples include the trivial case {z* }:;0, whose generating func-
tion is given by (1.1) with A(z) = 1, and the Bernoulli polynomials, which were used by Euler
in 1740 to sum Y | 1/n?*. Their generating function is (1.1) with A(z) = =

In the case of discrete Appell sequences, the trivial case, obtained from (1.2) with A(¢) = 1,
is the family {«£}°  where

k—1

Igzx<x,1)...(x7k+1):H(&C*J‘)

Jj=0

is the falling factorial (various notations have been used for these polynomials; here we fol-
low [11] and [8, p. 47]). The discrete counterpart to the Bernoulli polynomials is the so-called
Bernoulli polynomials of the second kind (see [3]), denoted by by (x), which were indepen-
dently introduced by Jordan [9] and Rey Pastor [16] in 1929. These polynomials, also known
as Rey Pastor polynomials (see, [2]), are now defined by a generating function as in (1.1) via

z - P
m(l +2)* = Zbk(x)*

We consider the discrete orthonormal polynomials {p(x)},>¢ corresponding to a positive mea-
sure with respect to a discrete weight w(k) and satisfies the conditions

(1-3) an(k)pm(k)w(k) = 5m,n;

where 6., ,, is the Kronecker delta (cf., [14, pp. 586]).
The moments y,, of the discrete weight w(k) in (1.3) are given by

= Z k"w(k), n > 0.
k=0

In the special case when the discrete weight has the special form
wk) =c(k)2*, z>0,

which is the case for the Charlier polynomials C,, (k; z) and the Meixner polynomials M,, (k; «; z)
(see, [5, 13]), then

= iy = Z k"e(k)2"
k=0

Considering the aforementioned context, the main objective of this work is to define and study
the discrete U-Bernoulli Korobov-type polynomial. We study the algebraic and differential
properties associated with this particular family of polynomials. Furthermore, we introduce
an orthogonality relation that satisfies these polynomials.
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2. NOTATION AND BACKGROUND

Throughout this paper, let N, Ny, Z, R, and C denote, respectively, the set of all natural num-
bers, the set of all non-negative integers, the set of all integers, the set of all real numbers, and
the set of all complex numbers.

The Korobov polynomials K, (z; A) of the first kind are given by the generating function (cf.,

[12])
(1_’_2\;14—2 ZK x/\

When z = 0, K,,(A\) = K,(0, \) are called the Korobov number.
In [4], L. Carlitz considered the degenerate Bernoulli polynomials which are given by the
generating function to be

;
(14 X2)x —
From (2.4), we have limy_,g %, (z; \) = By (z), (n>0).

Additionally, for n € Ny, we defined the new family U-Bernoulli polynomials M, (z) of de-

gree n in the variable = by the power series expansion at 0 of the following generating function
(see, [15]):

(2.4) (14 A2)% = Z@ x)\

fla;z) =

e“——g M, (r)— zZ| < 2m.
-z _ 1’
e *—1 : n!

3 1
My(z) = -1, Ms(x) = 23 — 55(12 + 3%
1 1
Ml(x):x—? My(x) = —x* + 223 $2+%,
1 ) 5 1
Mg(x):—x2—|—x—6, M5(x):x5—§m4+§x3—6x.

When 2 = 0 in (2), the U-Bernoulli numbers are defined by the generating function

z > 2"
fO) = o= Tl <on

Some of these numbers are

1 1 1
My=-1; My=-5; My=——; M;=0; M4=%5 Ms = 0.

3. U-BERNOULLI KOROBOV-TYPE DISCRETE POLYNOMIALS

In this section, we introduce the U-Bernoulli Korobov-type discrete polynomials and derive
several key results for these polynomials.

Definition 3.1. The new family of U-Bernoulli Korobov-type discrete polynomials &,,(x) of degree n
in « € N are defined by the generating function

z
(3.5) (e_z_ ) (14 2)* Z% 7, 2| < 2.
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The first six U-Bernoulli Korobov-type discrete polynomials &7, (x), are

3
Po(x) = -1, Py(x) = —a3 + 53:2 -z,
1
91(@:—36—5, Py(x) = —x* + 423 — 4a2? +3x+%
1 15 65 55 33
Py(x) = —a? 6 Ps(z) = —2° + Efl - gﬂcg ?mQ - 63@

For z = 0 in (3.5) the U-Bernoulli Korobov-type discrete numbers 7, (0) are defined by the
generating function

(3.6)

— = ZJ%H’ 2| < 2.
Some of these numbers are
1 1 1
:—1' = — = e — = . [ p—
P ;A P 5 P3=0; P4 300
A consequence of (3.5) and (3.6) is the following proposition, which highlights several proper-
ties satisfied by this family of polynomials.

Ps = 0.

Proposition 3.1. The U-Bernoulli Korobov-type discrete polynomials in the variable x, they satisfy the
following relations

@ Pn(x+y) = Zn: (Z) (W Pn—r(2),
k=0
(i Palz) = Zn(” ey ()2,
(i) ;) WECITEE kz_% (1) 2 s
(iv) = Pn +:Z: Fl) ( 1) (@)k+1Pn—1-k;
\ k:ZO (2) Pk
(vi) Do) = Po(x+1) —n%,l(x).

Proof. (see (iii)). Let’s consider the following expressions

(.7) < “ 1)(1+z)x:i<@n(m)z

e % — n!
n=0

and

(3.8) < 1) 1+zy—Z@
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Of (3.7) and (3.8), we have

Therefore,

O

Theorem 3.1 (Differential expressions). Forn € N, let { 2, () }n>0 be the sequences of U-Bernoulli
Korobov-type discrete polynomials in the variable x € N, they satisfy the following relations

(1)

(n—1)2,(z) — nY(x; z)%@n_l(x) =0,

where
T e ?

{(z + 1) log(z + 1) + (e —1)log(z+1) |’

n—1
T =S

k=0

Y(x52) =

(2)

Proof. For the proof of (1). Consider the following equations

(3.9) L(z;2) = gﬂn(x)j:,
(3.10) L(z;z) = eij_l(1+z)z.

Partially differentiating with respect to z in (3.9) and (3.10) , the result is

OL(z;2) nz"1
0z B nZ:jo Zn(z) n!
and
OL(x; z) 1+ 2)* z1+2)"] = 2(14+2)*] e *
A1 = .
3-11) 0z e—z—l+ e *—1 1+z+ e —1]e*-1
Partially differentiating with respect to = in (3.10) , we have
OL(xz;2)  zlog(z +1)(1+2)*

or e % —1
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Of (3.11), we have

0 OL(z;2)  (L+2)* {zlog(z—&—l)(l—i—z)x} T
0z e % —1 e~*—1 (14 2)log(z+1)
B {zlog(z—kl)(l—i—z)w} e
e~ —1 (e —1)log(z + 1)
_ 20L(z;2) zx ze? OL(x;2)  z(1+2)"
0= 0z [(1 + z)log(z 4+ 1) + (e —1)log(z + 1)} Ox e=?—1

3 nZ" N o e * 9] nz
0= nzzogzn(x)F B nZ:o [(1 + 2)log(z+1) + (== — 1) log(z + 1)} %«@nﬂ(x)?
=3 Pule)’
n=0

0=(n—1)P(z) -

T e *
[(1 + 2)log(z + 1) + (e=# —1)log(z + 1)
This completes the proof of (1).
For the proof of (2). Partially differentiating with respect to z in (3.1), we have

z 0 2"
(ezl>8 [(+2)° Za

= 2" N 1 z"

(o) (5 ) ICEICE

n=0

oo n—1 n—1
Zzyn1k($)(_1)k( k )(k+1 Zax

n=0 k=0

} na%%,l(x).

TL

n

z
Comparing the coefficients of —- in both sides of the equation, the result is
n!

i (n N 1) )kk]i 1P n—k-1(2).

4. ORTHOGONALITY RELATION OF THE U-BERNOULLI KOROBOV-TYPE DISCRETE
POLYNOMIALS

In this section, we will present a comprehensive demonstration of the orthogonality rela-
tionship associated with the U-Bernoulli Korobov-type discrete polynomials.

Theorem 4.2. The U-Bernoulli Korobov-type discrete polynomials &, (x), fulfill the following orthog-
onality relation

[ Pni@) Zata)duta) = (1) i
0

where

(1—eM)(1—e"t)e

du(z) = w(z, A1, 01)dz = '
x!

withx € N, z,v € C,and A\ € Re(z),01 € Re(v).

dx,




On discrete orthogonal U-Bernoulli Korobov-type polynomials 7

Proof. Let’s consider the following equality

Lz, 2) = (ef 1) (1427 =Y yn(x)%f, 2] < 2m.
n=0
Then
4.12) L(z,2) = (ef_ 1) (1+2)"
B oo n T {@nik Zn

23 (e
(4.13) L(z,2) = Ln(x)2",

n=0
where we get

-2 (e

(4.14) Ln(x):Z%( (x—l)(x—?)---(x—k—i—l))m.

Note that (4.14) is a polynomial of degree n and L, (z), which coincides with the so-called
U-Bernoulli Korobov-type discrete polynomial.

On the other hand, let
L(z,v) = f(v)g(z,v)
v xT
(4.15) = <e_1, — ) 1+0)
S (1) 2
m=0k=0 \ (m —k)!
(4.16) L(z,v) = Y Lp(z)v™,
m=0
where it is obtained
_ - €T y’m k
In(z) =2, () i

Considering the product of (4.12) and (4.15), we obtain

L(z,2)L(z,v) = (e_j_ 1) (1+2)° <e_”_1) (1+v)°

} (14 2)°(1 4+ )°]

then,

L(x,2)L(z,v) = {( 2vest?

1_62)(1_61))} (14 2)(1+v)]".
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For any k = x, we have

z+v
(DF L) Do) = | e | D@+ 0+ o
Then,
o (—1)*L(z,2)L(z,v) zve* T [ (14 2)(1+v))*
; k! (1 —e?)(1—ev) Z k!
=0 k=0
2ve* T
s 67(1+z)(1+v)
(1—e*)(1—ev)
J— zv 6_1 —Zv
B [(1 —e) —evJ c
Therefore,
— (—1)*L(z,2)L(z,v) we (=1)" ] 2"
(17) g;; k! _nE::o [(l—ez)(l—e”)} n! "’
from (4.13) and (4.16) on (4.17) left side we have
(4.18) .- (_l)kLm(kk>'Z)Ln(k7v) _ i i L (k), Ly (k) (_kll)k PUILLE
k=0 ’ m ,n=0 k=0 ’

From (4.17) and (4.18) we get

> zve_l _1\n P > 0 _1\k
(4.19) > [(1 (=1) ] =y ZLm(k),Ln(k)(kll) PRI

= —e*)(1—ev)| n!

Which gives:

5 [l o - [

Therefore, in (4.19) we have

> e (=1t ] nzm® nk o
(4.20) > {(1—;)(1)—@)] Z ZL (k!) 2™,

n=0

by comparing the coefficients in (4.20), one has

c- —1)* () e - ; iftm=n
(4.21) ZLm(:c)Ln(m)( D) z{ n! [(162)(161’)]’ f '

k=0 0; if m # n.

In (4.21), we note that {L,,(2)},,> , is a sequence of orthogonal polynomials with respect to the

(=D*

k!

weight function , k=0,1,2,...
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Remark 4.1. We define about (4.21) the functional £ as follows:

_1\k _1\n—1
(4.22) X{Lm(x)Ln(x)( '] _ (=1

-1
k! - n € 7/}71 5m,na

where
n

(1—e*)(1—ev)’

Therefore (4.22) can be expressed in terms of the Riemann-Stieltjes integral as follows.

qun:

s _1\k _1\n—1 -1
(4.23) [ Lo@La(a) L LAY
0

In (4.13) and (4.16), we have that,

L(z,2) = Z L,(x)z" and L(z,v) = Z Ly (z)v™.
n=0

m=0
Therefore,
P(x) P ()
(4.24) L,(z) = ' and Ly (z) = '
n! m!
Of (4.24) and (4.23) we obtain
7 _1yn—1 -1
(4.25) / P’”(,x ) P”(.x) dA = % Dn Smons
m! n! n!
0
where
_1\k
PR ) dr, k=0,1,2,
k!
(4.26) [ Pul@) Pato) dua) = (<17 b
0
—1)*
where du(z) = # dx.
x!
(Il
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Dedicated to Professor Paolo Emilio Ricci, on occasion of his 80th birthday, with respect and friendship.
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ABSTRACT. The paper considers the problem of representation and extension of Horn’s confluent functions by a
special family of functions — branched continued fractions. An estimate of the rate of convergence for the branched
continued fraction expansions of the ratios of Horn’s confluent functions Hg¢ with real parameters is established in a
new region. Here, the region refers to a domain (an open connected set) which may include all, part, or none of its
boundary. Additionally, a new domain of the analytical continuation of the above-mentioned ratios is established, using
their branched continued fraction expansions whose elements are polynomials in the space C2. These expansions can
approximate solutions to certain differential equations and analytic functions represented by Horn’s confluent functions
He.

Keywords: Horn’s hypergeometric function, branched continued fraction, holomorphic functions of several complex
variables, analytic continuation, convergence
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1. INTRODUCTION

Hypergeometric functions have been and continue to be the subject of research for a century,
surprisingly appearing in various applications in many sciences [8, 20, 28, 27, 29, 31]. Among
the problems associated with the study of these functions, one of the most interesting and
difficult is the representation and analytical expansion through a special family of functions —
branched continued fractions [7, 14, 19]. A generalization of the classical Gaussian method is
used to construct formal branched continued fraction expansions of hypergeometric functions
[13, 21, 30], and the PC and PF methods are used to establish domains of analytical continuation
of these functions [4, 16, 18].

In this paper, we consider the Horn’s confluent function Hg, which is defined by the following
double power series (see, [25])
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()2ptq 272

He(a, B52) = e
(5= D Bire pal

where o, 8 € C, B & {0,—1,-2,...}, () is the Pochhammer symbol, z = (21, 22) € C%.
Let 30 = {1, 2, 3}, Z(k‘) = (io,il,ig, ey ik), and

.'rf -1 . '7’7 -1
Jk:{i(k): i0€30,2—{112} <zr<3—{112]71<7"<k}7 k> 1,

|[21] < 1/4, 22| < 400,
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where []
In [5],

(1.1)

where 6/

(1.2)

for i(k +

(1.3) =
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denotes an integer part.

it is formally established that for each iy € Jy
Hﬁ(av Bv Z)
He(a + 0, + 07,8+ 067 + 93 ;2)
3—[(i0—1)/2]
«Q ui(l)(z)
=1-— —43
25510 + ‘ _2[(2:1)/2] 3-li-1)/2 . (@) ;
1= 20 'Ui(l) + i(2)

ia=2- 1 -1)/2) VT

denotes the Kronecker delta, and, for i(1) € J;,

_2a+1

21, lf’LO:]., ’i1:2,
22 L. .
= ifig =1, i1 =3,

(28 — a)(a+1) . .
—_—— o, if iy =2, iy =2,
wy@) =3 PO
NECERY
ifi():?), i1:17

27 !
26(B+1)

22, le():Q, il :3,

292, ifio 23, i1 22,

1) € Tpg1, k> 1,

ui(k+1)(z)
2a+k+1-30)062)
Btk —Yr ol
z2 e .
— =) y if 1 = ].7 U+1 = 3,
ﬁ+k_zr:05l§’”1 k—1
(a—=28—k—=3,"0(02 =26} ))(a+k+1—-3"76)
B+k—Sr 0o (B+k+1—r04!)
B—a+Yr (0% o) L .
- e - — 1 29, if i, = 2, g1 = 3,
Btk =200 )B+k+1=30000,)
a+k— Zr:o 55
208 +k— Y55 8%)
otk i 8
208+k— 00 )(B+k+1-Y0 5 6))

ir

21, if Zk = 17 ik+1 = 27

21, if ik = 2, ik+1 = 2,

if iy =3, g1 =1,

29, if iy = 3, ik+1 = 2,

and, for i(k) € Jp, k> 1,

(1.4)

oz—|—k—zk_153 3

r=0 "1,

28+ k-2 goL)

Vi(k) = 1 —

Here it is shown that if

(1.5)

a >0, BZOH—I—HS}U for iy € Jo,
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and there exist the positive numbers vy, v2, v3, 111, p2, and p3 such that

21/1 < . {1 120} 1 120} } [%:3 + < 1
—— > mn — M1 = oy L p2 ) H3 > 5
2 Bus (B+1)us (B4 1)p2 2

then
Qurvgs = {2 € C?: |22] — Re(z2) < 2us, |2x] + Re(zr) < 2up, k=1,2,}

is the domain of the analytical continuation of the function on the left side of (1.1).

The results of the study of branched continued fraction expansions of the other Horn's
hypergeometric functions can be found in [1, 17, 23, 24].

In the next section, we give the formula for the difference of two approximants of branched
continued fraction expansions of the ratios of Horn’s confluent functions Hg with real parameters
and prove the auxiliary Theorem 2.1 on the estimation of the rate of convergence for these
expansions in a new region of the space R? (that is, a domain (an open connected set) which
may include all, part, or none of its boundary). In Section 3, we prove Theorem 3.2 on the new
domain of the analytical extension of the above-mentioned ratios in the space C? and give an
important Corollary 3.1 from it.

2. AUXILIARY RESULTS

Let iy be an arbitrary index in Jy. We set, for i(n) € J,,,n > 1,

(2.6) FZ'((Z))(Z) = Vi(n)»
and fori(k) € Jp, 1 <k<n—-1,n>2,

3—[(ix=1)/2] |
Fiy@=vwm+ > ——— i)
inp1=2—[(i—1)/2] RHD T 3—[(in—1-1)/2]
4

in=2—[(ina—1)/2) i

This gives the following recurrence relations

3—[(ix—1)/2] T (Z)
@7)  ER@=vm+ > S k) €T 1<k<n-1,n>2,
ini1=2 (G —1)/2) Figy) (2)

and also the following expressions

3—[(i0—1)/2]
(10)(g) =1 — 263
(2.8) [0 (z) =1 0o + Z F) (Z)
i1=2—[(i0—1)/2] 7 i(1)

Ui(1) (Z)

n>1.

Suppose that F(k)( z) # 0 forall i(k) € J;,1 < k < n,n > 1. Using the method suggested in
([11, p. 28]), we show that forn > land k > 1

3—[(i0—1)/2] 3—[(in—1)/2] (71) Hn+ ( )

(i0) io . r=1 Yi(r)\Z
@9) L@@ = 3 T
=2l =2 ey ITE By Y @ T2 Fi) (2)
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On the first step we obtain

£ (2) — £ (z)

5 [(i0-1)/2] 5 [(i0—1)/2)
a ;1) (2) o ;1) (2)
=1- 5+ > 1=+ >
io k) io n)
287 e la-na Fi (@) 267l B ()
8-[(i0-1)/2)

B ui(l)(z) (F(n+k)(z) _ g™ (z)).

- n+k n i(1) i(1)
o EG P @) @)

For an arbitrary integer r such that 1 <+ <n — 1, we have

n+k n
Fiy (@) = Fi) (2)

3—[(ir—1)/2]

i1=2—[(i0—1)

3—[(i,—1)/2]

B Ui(r41)(2) Ui(r41)(2)
=Vi(r) + Z F(n+k)(z = | vty T Z () (2)
irp1=2—[(ir—1)/2] Ti(r+1) irp1=2=[(ir—1)/2] ~i(r+1)
3—[(ir—1)/2]
B Ui(ry1)(2) (n+k) (n)
(210) = — Z F(Tl+k) (Z)F(n) (Z) (Fi(r+1) (Z) - F,L‘(T+1) (Z)) .
irp1=2—[(ir—1)/2] Yi(r+1) i(r4+1)
Since
3—[(in—1)/2]
(n+k) (n) . Ui(n+1) (z)
Foy @-Fo@= " > oy

inp1=210m-1)/2) Fitn11)(2)

using the recurrence relation (2.10), at the nth step we obtain (2.9). For convenience, we rewrite
(2.9) as follows

3=[(f0—-1)/2] 3—[(in—1)/2]

. i . ui(l)(z)
O R R O e D SR DR (2)
i=2-[l0=1)/2]  ins1=2-[(in=1)/2] Ti(1)
n n/2
[(n+1)/2] U2k (Z) e Ui(2k+1)(2)

(2.11) < II 11

(p) (p) (@) (@)
k=1 Fiék_l)(Z)Fi(gk)(Z) k=1 Fi(qzk)(Z)Fi(qzkH)(Z)

where g =n+k,p=mn,ifniseven,and ¢ = n, p = n + k, if n is odd.
The following theorem is true:

)

Theorem 2.1. Suppose that o and (3 are real constants such that satisfy inequalities (1.5). Then for each
io € Jo :
(A) The branched continued fraction (1.1) converges to a finite value f("0)(z) for each z € O, 1,
where

(212) @ll,lQZ{ZERZZ -l <z <0, OSZQSZQ}, l1>0, O<l2<§,
in addition, it converges uniformly on every compact subset of an interior of the region Oy, i, .

B) If fio) (z) denotes the nth approximant of the branched continued fraction (1.1), then for each
VAS @11,12

|f(i0)(z) _ féio)(zﬂ < C (i) <Q—|—QI> , n>1,
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where
m(a+1xﬂ+1) mz.
! (2(6 2l)(+1)1) 2 (ﬁf O _) )
(i0) _ 1 o+ 2 .
213 ¢ BB—2+1) B 0T
o) n Lo ifio — 3
208—2y)  28(B-2p+1)" 7"
and

- 2AW(B+1) 2\ B B L2
(2.14) gmaX{<5_212+1+5>5_4z2’5_252+2(6—212+1)}'

Proof. We will carry out the proof in the same way as in [5, Theorem 3.2]. In [5, Formula (3.22)],
it is shown that

atk—3r 55
2842k —23 "1 41

r=0 i,

Vik-1),3 =1 —

(2.15) > i(k—1) €Ty, k> 2,

L\J\H

are valid under the condition (1.5).
Let n be an arbitrary natural number and z be an arbitrary fixed point in (2.12). We set
2 2l2 1
= 1 - —, = 1 - S - —.
91 3 92 B+1 93=73

By induction on k, we prove that
(216) F})\(2) > gi,,

where i(k) € T, 1 < k < n.

Taking into account (1.4), (2.6), (2.12), and (2.15), it is clear that for k£ = n inequalities (2.16)
hold for i, = 1,2,3. Let (2.16) hold for k = r + 1 such that r + 1 < nand for all i(r + 1) € J,.
Then from (2.7) for k = r and for any i(r — 1) € J,_1, we have

FZ(( % + Z uz r+1 Z
Grt1=2 z(r+1)(Z)
l
> Ui(,n) (Z) — 252
2
B
- 917
ifi, =1,
™ (z) > 5 L2
L(T')( ) Vi(r) B+1
2
=1— b
B+1
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if i,, = 2, and
Ff{ii () > vi(r)
1
> -
-2
= 93,
ifi,. = 3.

Let now n be an arbitrary integer such that n > 2. We show that

3—[(ix—1)/2] |Ui(k+1)(2)] ¢

(2.17) Z - - < ,
i1 =2—[(in—1)/2] ‘Fi((k)—&-l)(z)Fi((k))(Z)‘ e+l

where i(k) € J;, 1 <k <n —1, and g is defined by (2.14), or the same as

3=[(ix—1)/2] 3—[(ix—1)/2]

|Uz k41 (Z)| n |Ui k+1 (Z)|
Yoo BRI <o [ IFS) @) - D
IE | (2)] IE | (2)]
inp1=2—[(ix—1)/2] Wi(k+1) in1=2—[(ik—1)/2] IWi(k+1)

where i(k) € T, 1 <k <n-1.
Using (1.2)—(1.4), (2.12), (2.15), and (2.16), for any i(k) € Ji, 1 < k < n — 1, and for any
z € ©,,;, we have

(n) > \Ui(k+1)(z)| > |Ui(k),3(z)|
|F> 2 (z)| — Z —_—— > 22—

i(k) n -
ip41=2 |Fz((k)+1)<z)| g3
o 2 Iz2|
- k-1 ¢1
B+k—=3.2, 6; 93
4l
>1- 2
- B
and
3 k—1
Z [Ui(k+1)(2)] <20<+/€_Er:05?r+1@+ 1 22|
n = k—1 k—1
Wl IF @) T BE=3008E 92 Bk -0 6] 9
< 20(B+1) | 2
T B4+1-2 B
412>
é 0 1—— )
(-5
ifig, =1,
3
(n) |ui(k+1)(z)| |ui(k)73(z)‘
Fin(@l = > g 212 e
i1 =2 | i(k+1)(z)|
L B—a+3 (68 —d) 22|
B+k—02g 0 )(B+k+1— Y05 6k) 93
415

>1-
- B+1
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and
23: Juigen) (@) _ (26 — ot k4 3505508 — 26))) (o +k+1- 377 82) |2
W IEG (@) (Btk—Yr g8l )(B+k—1-0250}) 93
B—a+3,25(5 —d |22

B+k—SF 0o )B+k+1-Yr0060) 03
- 201 (B +1) 2,
“B+1-2 pB+1

2W(B+1) 2,

B+1-21,

if i, = 2, and last

2
n |ul k41 (Z)|
|Fi((k)) (z)| — Z 7((@ ) 2 Vi(k)

ipg1=1 \Fl.(k+1)(z)|
> g3
_1
2
and
5 Pu@l _atk- S d 1
n = k—1
W |G (@) T 28+ k=550l )
) a+k—Yr) 8 |2
Brhk—Sr 1ol )B+k+1-Y "tol)
B ly
< +
~2(B8-2l2)  2(B+1-2l)
1
< =
= 2&%

if i, = 3. Hence, due to the arbitrariness of i(k), the validity of inequalities (2.17) follows.

Now from (1.2), (2.12), (2.13), and (2.16) it follows that
3—[(io—1)/2
(@)

7@ @) <C for igeJy and ¢>1.
i(1)\#

(2.18)
=2 {(io—1)/2] |

Indeed,
lu2(2)| | Juia(z)] _ 26(a+1)(B+1) L2

F\%(2)  |F4(=)|  BB-2+1) 5
20(1)7
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ifig = 1,
u22(z)| | Jus(@)| _ h(28-a)(a+1)(B+1)  2b(8-a)
F9@)|  F9@)]  BB+DB-2+1) BB+
_h2B-a)a+1)  2(B-a)
B(B =2y +1) B(B+1)
=0,
if io = 2,
usa(z)| | lusa(z)] . of | La(B+1)
E @) FD@) 26— 2k) ' 2B(B+ (B -2+ 1)
o (¢4 n laac
T 2(8-20)  28(8 -2y +1)
=B,
if io = 3.

From (2.12) and (2.16) it is clear that FZ.((‘Q)(Z) #0fori(k) € 3k, 1 <k <gq,¢>1,and forall
z € Oy, 1,. Thus, using (2.17) and (2.18), from (2.11) for any z € ©;, ;, we have

3—[(io—1)/2] n
(z ) ; [ui1)(2)] 0
ri(2) = £ (2)] < 2 IF (z)] \e+1
i1=2—[(i0—1)/2] 1*'i(1)

<O<ZO>( +1) o on>1,k>1,
0

where ¢ = n + k, if n is even, and ¢ = n, if n is odd. Finally, (A) and (B) follow when n — oo
and k — oo, respectively. O

3. ANALYTICAL CONTINUATION
In this section, we prove the following result:

Theorem 3.2. Let v and (3 be real constants satisfying the inequalities (1.5), and vy, va, vs, i1, [i2, 13
be positive numbers such that

211 . vy vy } K V3 1
3.19 — <minq1l—pg———, 1—ppo————"-——7, —+——-—-—< = —pus,
G { M Bus BT B D N CES A
where 0 < k < 1. Then for each iy € Jy :
(A) The branched continued fraction (1.1) converges uniformly on every compact subset of the domain

— —
(320) Sy ,vg,vs — U Sw1,ve,v3,00

pe(—m/4,m/4)
tg(p)<vk
where
— Re(z0e7%%) |zk| + Re(zre™2%)
321) Sy v = dzec?: 2
020 Zsniny = {2 0 (g) cos?(¢)

to the function f(0)(z) holomorphic in the domain =,,, ., ..,
(B) The function () (z) is an analytic continuation of branched continued fraction (1.1) in the
domain (3.20).

< 2vs, < 2y, k—l,?},
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Proof. To prove (A), we use the convergence continuation theorem (see, [3, Theorem 3] and also
[11, Theorem 2.17], [34, Theorem 24.2]), which extends the domain of convergence of a branched
continued fraction, which is already known for a small domain, to a larger domain.

Let i be an arbitrary index in Jy. Let us show that {f{*)(z)}, where f{*)(z), n > 1, are
defined by (2.8), is a sequence of functions holomorphic in the domain (3.20). Since each
approximant of the branched continued fraction (1.1) is an entire function, it suffices to show
that

Fi(g))(z) #0 for i(1)€Jy, n>1, and for z€Z, 1.,

Let ¢ be an arbitrary real in (—7 /4, 7/4) such that tg(¢) < v/k and z be an arbitrary fixed point
in the domain (3.21). Under the condition (1.5) and (2.15), from (1.4) for any i(k — 1) € Jx, k > 2,
we have

—i O“"k_zlrc:l‘s? —i
Re(vik-1)3e” ") = 1— " — | Re(e™)
28+ 2k — 25 1 4]

r=0 Y1,

and for i, =1 or i, = 2 we get

Re(vi(k)e_w) = Re(e™ %)
= cos(y).

Now, using (1.4), (1.5), (2.15), and (3.21), from (1.3) for any i(k) € J, k > 2, herewith i;, = 1 we
obtain

Ao+ k—SF 13 +1)

r=0 "1,

B+k—Y ks

r=0 ",

(I21] + Re(z1e7%%))

‘ui(k)72(z)| - Re(ui(k)z(z)e*Qi@) _

< 4vy cos®(p),
|z2] 4 Re(z2e2%%)
B k—1

ﬁ + k— Z’I‘IO 6217

|wik),3(2)] — Re(ug) 3(z)e ")

21/2 2
< —-cos ,
5 (%)
and, thus,
3 _2;
U; z)| — Re(u; z)e ¥ 4 )
Z [Ui(k+1)(2)] (Wigk+1)(2) ) _ A cos(i) + vy cos()
ipp1=2 Hijoia cos(p) 2 Bus

< 2(1 = p1) cos(yp)
= 2(Re(virye™ %) — p cos(p)).
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When i, = 2 we have
[wicky,2(2)] — Re(ur) 2(2)e %)
_(2B-atk 3506 — 200 ))(a+k -3 8 +1) (21] 4 Re(z1e=7%))
(B+k— 0000 )(B+k— 2058k +1)

<4v1 cos®(p),

[wick),3(2)| — Re(u;r),3(z)e %)

B—a+y,5(8 —d) N
N TN R TR AR
= Zur=0 Y%, — 2.r=0 Y%,
<%C0S2(<p),

and, thus,

3 —2i
w; z)| — Re(u; z)e %) 4 2
) |wi(kt1) (2)] (wigh+1)(2) ) < os(p) + 2
Wiy, €OS() H2 (B4 s

< 2(Re(vi(rye™ ") — pa cos(p))-

cos(¢p)

Tp41=2

If i, = 3, we obtain

a+k—F 08 a+k— 21’3;7{ 5

(k)1 (2)] — Re(ui), (z)e %) = — - — cos(2¢)
R ot 2B+k— Y Lat)  2AB+k— > iol)

1
5(1 — cos(2¢))
< kcos?(p),
(a+k — Y2070 02 )(|22] — Re(zae~2%))
2B+ k= 200 )(B+k 4137260

IA

N

\ui(k)’g(zﬂ — Re(ui(k),g(z)e_%”’) =

2
< 3 —7—31 cos(y),
and, thus,
9 )
[uik+1)(2)] — Re(uey1y(2)e %) & 2v3
< —cos(p) + —5———— cos(p
2 i <OS() O G, W)

ikp1=1
< Q(Re(vi(k)e*w) — psz cos(p)).
From [6, Proposition 2], with g;) = pi,, i(k) € Jx, k > 1, it follows that
(3.22) Re(F\})(2)e™™) > pux cos(p) > 0
fori(k) € 3y, 1<k<n,n>1andforz € E,, ., .,,,. Hence,
Fi(g))(z) #0 for i(1)€J;,n>1, and for z€Z, 1,0,

and, therefore, due to the arbitrariness of ¢ and for z € Z,, ,, ... Thus, each approximants of
the branched continued fraction (1.1) is a function holomorphic in the domain (3.20).
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Again, let ¢ be an arbitrary real in (—7 /4, 7/4) such that tg(¢) < /kand let Y, ,, ., , isan
arbitrary compact subset of the domain (3.21). Then there exists an open ball with center at
the origin and radius p containing Y., ., v, Using (3.22), from (2.8) forany z € Y., ., 1., We
have

- o, liezn/
L@+ gg0 D
i1=2—[(i0—1)/2]

= M(io)(TVthW?,#P) for n> L,

|Ui(1)(z)|
Hi(1) cos(p)

where
T G T )
552 cos(p) ?Ns cos(¢)
MO (T, ) =414 (28 —a)(a+1)p (B—a)p Cifig =2,

B(B+ 1)z cos(p)  B(B+ 1)uzcos(p)
R cp
28 2Buicos(p)  2B(B+ 1)ugcos(p)’

that is, the sequence { fr(fo)(z)} is uniformly bounded on Y,, ,, .., and, at the same time,
uniformly bounded on every compact subset of the domain (3.21).

Now, let T,, ., ., is an arbitrary compact subset of the domain (3.20). Let us cover T, ., s
with domains of form =, ., ., . From this cover we choose the finite subcover

if ip = 3,

—_

Su1,v2,03,00 0 Su1v,v5,0) 5y Buy v ug,0 ) -
We set

M(io)(Tl,hVQm) = max M(io)(T

1<r<k V1,V27V3#P(r>)'

Then forany z € T, 1, ., we have
|f7(1i0)(z)| < M(iO)(Tthz,Va) for n>1,

that is, the sequence { #iio) (z)} is uniformly bounded on YT, ., .., and, hence, it is uniformly
bounded on every compact subset of the domain (3.20).
Next, let

T = min {ll, lo, V9 cos2(<p)} .
Then, according to Theorem 2.1, the branched continued fraction (1.1) converges in the domain
A, ={zeR*: -7 < —x <Re(z1) <0, 0 < Re(z2) < x < 7}.

It is clear that A, is contained in the domain (3.20) for each 0 < x < 7, in particular, A/, C
Zu1.vs,05- Therefore, (A) follows by Theorem 3 [3].
To prove (B), we use the PC method (see, [2, 3]). Let ig be an arbitrary index in Jy. We set

Ho(a+n— "0 03 B+n— 3" 0t ;2)

3.23 R™ (z) = r=0 %, _ 5o
(3.29) 0 = ot 1- S o0 Btntl-3  ol:z) in) €3, n21,
and
3—[(ix—1)/2]
Uigk+1) (2)
Rg(nk)) (Z) = Vi(k) + " - ( . ) ’
ip=2=f-n/2) TEED T sl
- Ui(n) (2)

)
in=2—((in1-1)/2) Bin)(2)



22 Roman Dmytryshyn, Tamara Antonova and Marta Dmytryshyn

where i(k) € 3,1 < k <n—1,n > 2. Then itis clear that

. 3—[(ix—1)/2] Uiges ) (2)
(3.24) Ry (2) = vigey + ) M’
ipr1=2—[(¢x—1)/2] “Yi(k+1)

where i(k) € 3,1 <k <n—1,n > 2. It follows that forn > 1

HG(OZ, ﬁ? Z)
Hg(a + 51»10 + 5fo,ﬂ + 51.20 + (5?0;2)
3—[(i0—1)/2]
—1- 2 4 OZ i) (2)
287 : vi1) + 3—[(ins1—1)/2]
i1=2—(io—1)/2] .. o Ui(nt1)(2)

. Z i(n+1)

R(nJrl)

i2=2_[(in+1_1)/2] ’L(”+1)(Z)
3—[(i0—1)/2]

@)
B Y .
) (n+1)
28 ey Biny (@)

ui(l)(z)

Since FZ.(&))(O) = 1 and RE&))(O) = 1forany i(k) € 3,1 < k < n,n > 1, then there exist

A(1/ Fi(&))) and A(1/ REZC))) (here, A(-) is the Taylor expansion of a function holomorphic in some
neighborhood of the origin). Moreover, it is clear that Fi((?)(z) # 0 and RZ(,ZC)) (z) £ 0 for all
indices. Using (2.6), (2.8), (3.23), and (3.24) from (2.9) for n > 1, we have

He (v, B; 2) — flio)(5)
He(a + 6L + 62,8+ 02 +02;2) "
3—[(i0—1)/2] 3—[(in—1)/2] Hn+1 Ui (2)
r=1 "ur

=(-1)" > e > AT p(ntD)

n (n) ’
i1=2—[(i0—-1)/2]  int1=2—[(in—1)/2] IL2 i(r) (Z)Hr:1Fi(7~)(Z)

From this formula in a neighborhood of origin for any n > 1, we have

He (v, 3;2) ) ; (n) k1
A( *A(fr(fo)): Crl #1725
He(a + 6’10 + 6’20’6 + 630 + 6?"; z) k+l>[n+zé.1:+6.2 172 7
k>0, 150 ©

where c,i’fl), k>0,1>0,k+1>[n+0d} +62]/2, are some coefficients. It follows that

0

_ He (v, B; 2) (io)
vn = A (A (Hg(a TS e p ot rolim) MUY

=[n+6) +62]/2

(o]

(here, A(+) is a function defined on the set of all formal double power series L(z) at the origin as
follows: if L(z) = 0 then A\(L) = oo; if L(z) # 0 then A(L) = k, where k is the smallest degree of
homogeneous terms for which at least one coefficient is different from zero) tends monotonically
toocoasn — oo.

Therefore, the branched continued fraction (1.1) corresponds at the origin to

A He(a, B;2)
He(a+ 6} 4+ 02,8+ 02 +6;:2) )
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Let © be a neighborhood of the origin, which is contained in the domain (3.20), and in which

He (o, 8; 2) _ = kI
(3:25) A <H6(a+5}0 Y02, B+62 +0%;2)) D i %

io? i’ k,1=0

According to (A) and Weierstrass’s theorem (see, [32, p. 288]) for arbitrary k +1, k > 0,1 > 0, we
have _
3k+lf7(:0)(z) 5k+lf(io) (Z)
02802, 02%02,

on each compact subset of (3.20), and to the above proven, the expansion of each approximant

as n — oo

Fio) (z), n > 1, into formal double power series and (3.25) agree for all homogeneous terms up
to and including degree ([n + 6 + 67 ]/2 — 1). Then for any k + 1, k > 0,1 > 0, we obtain

o+l ’r(liO) r+1 £(io)
lim (f(o)> A N

n—oo \ 0270z} 025024
= k'l'ckl
For all z € O, it follows that
) > 1 ak+lf(z’0)
190 =3 (G ©) 4
k;@ K1Y\ 02502 !
== Z ck,lzfzé.
k,1=0
Finally, by the principle of analytic continuation (see, [33, p. 53]) follows (B). O
Note that if
P B SIS 1
— 4 Vl_VQ_V3_205 H1 = M2 = 3 = 57 R = 1507

then it is clear that the inequalities (3.19) hold.
Setting oo = 0 and iy = 1 (or iy = 2 and replacing 3 by 3 — 1) in Theorem 3.2, we obtain the
following result:

Corollary 3.1. Let /3 be real constant such that 8 > 2, and vy, ve, vs, ji1, fi2, i3 be positive numbers
satisfying (3.19), where 0 < k < 1. Then for iy = 1 (or iy = 2):

(A) The branched continued fraction

1
3 )
ui(l)(z)
bt Z 3—[(i1—-1)/2] _
i1=2 v + Z Ui (2) (Z)
i(1
W i9=2—[(i1—1)/2] Yi(2) +,. 3—[(ik—1—1)/2] i ()
_ i(k)
=2 [(in_1—1)/2) Vi) T
where for i(1) € 3y
2 o
——=Z1, lel = 2,
wiy(z) =4 5,

—2 ifi, =3,
5
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fori(k+1) € Jpq1, k> 1,
k—
2k 1=
k—1
B+k— lz— >y 0F

2 e, .
— yifig =1, tgp1 = 3,
Btk—1-Y 1ol f i i
(201 —B) — k=S¥ (03 — 201 ))(k — S 62 +1)
B+k—1-3r 10 )(B+E—3r16})
titk+n) (2) = B-1+3,71(5% —3L)

— 2o, if iy =2, igi1 =3,
Grho 1oy lo )@k la) > TH=nmn

k—Youl 62
28 +k—1-Yr_1o})
k=326
28 +k—1— Y0210} ) etk —>02)6t)
and for i(k) € Ty, k > 1,

21, l'flk; = 17 ik+1 = 27

21, zflk = 2a ik-i—l = 27

ifiy =3, dky1 = 1,

22, lflk = 3a ik:-‘rl = 27

E-Yo%
U'L(k) =1- k-1 ¢1 ig?
2B+k—1-3>216;)
converges uniformly on every compact subset of (3.20) to the function f()(z) holomorphic
in (3.20).
(B) The function f(")(z) is an analytic continuation of He(1, c; z) in the domain (3.20).

Note that Theorem 3.2 and Corollary 3.1 are generalizations of Theorem 3.3 and Corollary 3.1
in [5], respectively.

4. CONCLUSIONS

In the paper, a new domain of analytical expansion of the ratios of Horn’s confluent func-
tions Hg due to their branched continued fraction expansions is obtained. These expansions can
be used as an efficient approximation tool for approximating special functions and solutions
of differential equations represented by the Horn’s confluent functions Hg. Recent studies of
branched continued fractions (see, [9, 10, 15, 22]) open up good prospects for establishing new
domains of analytical continuation of hypergeometric functions and conducting analysis of
truncation errors and computational stability of their branched continued fraction expansions.
Our further investigation will be devoted to the development of the approach proposed in [22]
to the study of numerical stability for the above-mentioned expansions.
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ABSTRACT. Algebraic theory of coding is one of the modern fields of applications of algebra. Genetic matrices and
algebraic biology have been the latest advances in further understanding of the patterns and rules of genetic code. Ge-
netics code is encoded in combinations of the four nucleotides (A, C, G, T) found in DNA and then RNA. DNA defines
the structure and function of an organism and contains complete genetic information. DNA paired bases of (A, C, G,
T) form a geometric curve of double helix, define the 64 standard genetic triplets, and further degenerate 64 genetic
codons into 20 amino acids. In trigonometry, four basic trigonometric functions (sin x, tan z, cos z, cot ) provided
bases for Fourier analysis to encode signal information. In this paper, we use these 4 paired bases of trigonometric
functions (sin x, tan x, cos x, and cot x) to generate 64 trigonometric triplets like 64 standard genetic code, further ex-
amine these 64 trigonometric functions and obtained 20 trigonometric triplets like 20 amino acids. This parallel shows
a similarity connection between universal genetic codes and the universality of trigonometric functions. This connec-
tion may provide a bridge to further uncover patterns of genetic code. This demonstrates that matrix algebra is one of
promising instruments and of adequate languages in bioinformatics and algebraic biology.

Keywords: Hadamard matrix, trigonometric functions, genetic code, algebraic biology.
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1. INTRODUCTION

The genetic code is encoded in combinations of the four nucleotides (A, C, G, T) found in
DNA and the four nucleotides (A, C, G, U) found in RNA.The complementary pairs of the four
nitrogenous bases in DNA are A-T (adenine and thymine), C-G (cytosine and guanine). The
following table gives a complete list of 64 triplets (codons) with corresponding 20 amino acids
with three (one) letter code and stop codons.

Table 1 shows that there are 64 triplets or codons. One can see that some amino acids are
encoded by several different but related base triplets. Also three triplets (UAA, UAG, and
UGA) are stop codons. No amino acids are corresponding to their code. The remaining 61
triplets represent 20 different amino acids. Petoukhov [18] showed the "Biperiodic table of
genetic code" as illustrated below:

8 x 8 matrix table Table 2 shows a great symmetrical structure and has led to many dis-
coveries [8, 9, 10, 11, 12]. By using three fundamental attributive mappings, the stochastic
characteristic of the biperiodic table and symmetries in structure of genetic code were recently
investigated in [8, 9, 10, 11, 12].
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TABLE 1. The universal genetic code and amino acids.

First Position T Sec<():nd Position of godon G Third Position
UUU Phe [F] | UCUSer [S] | UAU Tyr [Y] UGU Cys [C] U
U UUC Phe [F] | UCCSer[S] | UAC Tyr [Y] UGC Cys [C] C
UUA Leu [L] | UCA Ser [S] | UAA Ter [end] | UGA Ter [end] A
UUG Leu [L] | UCG Ser [S] | UAG Ter [end] | UGG Trp [W] G
CUULeu|L] | CCUPro[P] | CAUHis[H] | CGU Arg [R] U
C CUCLeu[L] | CCCPro[P] | CACHis[H] CGC Arg [R] C
CUA Leu[L] | CCAPro[P] | CAAGIn[Q] CGA Arg [R] A
CUG Leu[L] | CCGPro[P] | CAGGIn|[Q] CGG Arg [R] G
AUUIle[I] | ACUThr[T] | AAU Asn [N] AGU Ser [S] U
A AUCIle[I] | ACCThr[T] | AAC Asn [N] AGC Ser [S] C
AUAIle[l] | ACAThr[T] | AAA Lys[K] AGA Arg [R] A
AUG Met [M] | ACGThr [T] | AAG Lys [K] AGG Arg [R] G
GUU Val [V] | GCU Ala[A] | GAU Asp [D] | GGU Gly [G] U
G GUC Val [V] | GCC Ala[A] | GAC Asp [D] | GGC Gly [G] C
GUA Val[V] | GCA Ala[A] | GAA Glu [E] GGA Gly [G] A
GUG Val [V] | GCG Ala[A] | GAG Glu [E] GGG Gly [G] G
TABLE 2. Biperiodic table of genetic code.

CCC | CCA | CAC | CAA | ACC | ACA | AAC | AAA

CCU | CCG | CAU | CAG | ACU | ACG | AAU | AAG

CUC | CUA | CGC | CGA | AUC | AUA | AGC | AGA

CUU | CUG | CGU | CGG | AUU | AUG | AGU | AGG

UCC | UCA | UAC | UAA | GCC | GCA | GAC | GAA

UCU | UCG | UAU | UAG | GCU | GCG | GAU | GAG

UUC | UUA | UGC | UGA | GUC | GUA | GGC | GGA

UUU | UUG | UGU | UGG | GUU | GUG | GGU | GGG

Genetic information is transferred by means of discrete elements: 4 letters of the genetic al-
phabet, 64 triplets, 20 amino acids, etc. General theory of signal processing utilizes the encod-
ing of discrete signals by means of special mathematical matrices and spectral representations
of signals to increase reliability and efficiency of information transfer [25, 1]. This paper con-
siders classical trignometric functions of sin z, cos z, tan « and cot z. These four functions form
the complementary pairs sinz and cosz, tanx and cot z. In this paper, we use these 4 paired
bases of trigonometric functions (sin x, cos x, tan , and cot =) to generate 64 triplets similar to
64 standard genetic code, further examine these 64 trigonometric functions and obtained 20
trigonometric functions similar to 20 amino acids. This parallel shows a similarity connection
between universal genetic codes and the universality of trigonometric functions. This connec-
tion may provide a bridge to further uncover patterns of genetic code. This deomnstrates that
matrix algebra is one of promising instruments and of adequate languages in bioinformatics
and algebraic biology.
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2. HADAMARD MATRICES

"non

By a definition a Hadamard matrix of dimension "n" is the (n x n)—matrix H (n) with ele-
ments "+1" and "—1". It satisfies the condition

2.1) H(n)+« H )" =nxlI,,

where H (n)" is the transposed matrix and H (n) is the (n * n)-identity matrix. The Hadamard
matrices of dimension 2 are formed, for example, by the recursive formula H (2%) = H (2)*) =
H (2)® H (271) for 2 < k € N, where ® denotes the Kronecker (or tensor) product, (k) means
the Kronecker exponentiation, k and N are integers, H (2) is showed in Figure 1. In this article,
we will mark by black (white) color all cells in Hadamard matrices which contain the element
"+1" (the element "—1" correspondingly).

Rows of a Hadamard matrix are mutually orthogonal. It means that every two different
rows in a Hadamard matrix represent two perpendicular vectors, a scalar product of which is

equal to 0. The element "—1" can be disposed in any of four positions in a Hadamard matrix
H(2).

1 1 -1 -1 | H(2M) H(25)

H2=\-1 |1 |\, 5809=-1 |-1 [T |1 |: HY= |- |H

FIGURE 1. The family of Hadamard matrices H (2*) based on the Kronecker
product. Matrix cells with elements "41" are marked by black color.

A Kronecker product of two Hadamard matrices is a Hadamard matrix as well. A per-
mutation of any columns or rows of a Hadamard matrix leads to a new Hadamard matrix.
Hadamard matrices and their Kronecker powers are used widely in spectral methods of anal-
ysis and processing of discrete signals and in quantum computers. A transform of a vector a
by means of a Hadamard matrix H gives the vector @ = H * &, which is named Hadamard
spectrum. A greater analogy between Hadamard transforms and Fourier transforms exists [1].
In particular the fast Hadamard transform exists in parallel with the fast Fourier transform.
The whole class of multichannel "spectrometers with Hadamard transforms" is known [27],
where the principle of tape masks (or chain masks) is used, and it reminds one of the princi-
ples of a chain construction of genetic texts in DNA. Hadamard matrices are used widely in
the theory of coding (for example, they are connected with Reed-Muller error correcting codes
and with Hadamard codes [17]), the theory of compression of signals and images, a realization
of Boolean functions by means of spectral methods, the theory of planning of multiple-factor
experiments and in many other branches of mathematics.

Rows of Hadamard matrices are called Walsh functions or Hadamard functions which are
used for a spectral presentation and a transfer of discrete signals [1, 3, 31]. Walsh functions
can be represented in terms of product of Rademacher functions r,, (t) = sign (sin2"xt),n =
1,2,3,..., which accept the two values "+1" and "—1" only (here "sign" is the function of a
sign on argument). Sets of numerated Walsh functions (or Hadamard functions), when they
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are united in square matrices, form systems depending on features of such union. Hadamard
matrices are connected with Walsh-Hadamard transforms, which are the most famous among
non-sinusoidal orthogonal transforms and which can be calculated by means of mathematical
operations of addition and subtraction only (see more details in [1, 28, 31]). Hereinafter we will
use the simplified designations of matrix elements on illustrations of Hadamard matrices: the
symbol "+" or the black color of a matrix cell means the element "+1"; the the symbol "—" or the
white color of a matrix cell means the element "—1". The theory of discrete signals pays special
attention to quantities of changes of signs "+" and "—" along each row and each column in
Hadamard matrices. These quantities are connected with an important notion of "sequency" as
a generalization of notion of "frequency” [1, p. 85]. Normalized Hadamard matrices are unitary
operators. They serve as one of the important instruments to create quantum computers, which
utilize so called Hadamard gates (as evolution of the closed quantum system is unitary) [16].

Algebraic biology knows already examples of applications of Walsh functions (alongside
with other systems of basic functions) to spectral analysis of various aspects of genetic algo-
rithms and sequences [6, 2, 5, 14, 24, 31, 32]. The book [32] contains a review of investiga-
tions made by various authors about Walsh orthogonal functions in physiological systems of
supra-cellular levels as well. We investigate whether structures of the genetic code have such
direct relations with Hadamard matrices which can justify systematic applications of Walsh-
Hadamard functions to spectral and other analysis of many inherited biological structures of
various levels. This paper proposes relevant evidences about connections of Hadamard matri-
ces with the genetic code in its Kronecker’s matrix form of presentation.

We note that standard genetic code can be constructed by Kronecker product process from a
2 x 2to 4 x 4 and then 8 x 8 matrices as illustrated in Figure 2.

ccc | cca [ cac | cas facc [Aca [AAC | aaa
CC | CA JAC | Aa ccu | cci | cau | cac B AcU | ACG | AAU [ AAG
cuc | cUA | cec | cGA fauc | aua | ace | AcA
_ cU | cG | au | ac
Initial CUU | CUG | CGU | CGG B AUU | AUG § AGU [ AGG
Nitrogen -
= =
Uc |va]Ge |ca vcc | ucA | uac | uaa Bcec | Gea | Gac | Gaa
ucy | uce | vau | uac B ceu | 6ee | Gau | cac
— S
uuc | vua Juse | uca Beuc ’-GUA GGC | GGA
UU | UG JGU | GG vuu | vuc | ucu | ucc Beuu | cue | GGu | e

FIGURE 2. Genetic code matrices.

This 8 x 8 matrix represents a universal genetic code. It served as a basis for the central
dogma of microbiology (DNA—RNA—Protein). The shapes of DNA motions form DNA dou-
ble hélix [7]. Mathematical structure of DNA code has been viewed as the other secrets of
life [26]. Four bases of trignometric functions of sin z, cos , tan x, and cot x may offer further
insights of DNA bases of A, C, G, and T.

3. HADAMARD MATRIX OF TRIGONOMETRIC FUNCTIONS

The fundamental elements of trigonometry are sin z, cos x, tan «, and cot z. These 4 elements
form the trigonometry relation base pairs T' = [sin x, tan x; cos z, cot x] like DNA base pairs [A,
T; G, C]. This T matrix evolves from a 2 x 2 matrix to a 4 x 4 matrix and then to an 8 x 8 matrix
as illustrated below:
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TABLE 3. 2 x 2 matrix T,

sinx

tanx

cotx

CoS T

TABLE 4. 4 x 4 matrix T2l

sinzsinx | sinxtanx | tanzsinz | tanxtanz
sinxcotx | sinxcosz | tanxcotx | tanx cosx
cotxsinz | cotxtanx | coszsinx | cosxtanz
cotxcotx | cotxzcosx | cosxcotx | cosxcosx
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TABLE 5. 8 x 8 matrix 713,

sinzsinx sinx

sinx sinz tan x

sinz tan x sin

sinx tanz tan x

tanxsinxsinz

tanzsinz tanx

tan x tanz sinx

tanz tanz tanx

sinx sinx cot

sin x sin x cos =

sin x tan x cot

sin x tan x cos

tan x sin x cot x

tan x sinx cos

tanx tan x cot

tan z tanx cosx

sinx cot x sinx

sin x cot x tan x

sinx cos x sinx

sin x cos x tan

tan x cot x sin ¢

tan z cot x tanx

tan x cosx sinx

tanx cosx tanx

sinx cot x cot x

sin x cot  cos ©

sinx cos x cot x

sin & cos x cos &

tan x cot x cot &

tanx cot x cos x

tan x cot x cos x

tanx cosx cos

cot zsinxsinx

cotzsinztane

cotztanxsinz

cot x tanx tanx

coszsinzsinx

coszsinx tanx

cosztanxsinz

cosx tanx tanx

cot xsinx cot x

cotzsinx cosz

cot x tanx cot &

cot xtanx cosx

coszsinx cot

COS T Sin x cos T

cos x tanx cot

cos x tan x cos T

cot x cot xsinx

cot x cot ztanx

cotx cosxsinx

cot x cosxtanx

cosx cot xsinw

cos x cot x tan

CC COS nr

cos T cos T tan

cot x cot x cot &

cot x cot T cos z

cot x cos z cot =

cot x cos T cos T

cos x cot x cot T

€0S T cot, T cos T

COS T COS T cot T

COS T COS X COST

Either addition or multiplication can be applied to each cell of these 64 triplets as illustrated
below in the case of multiplication operation:

TABLE 6. 8 x 8 matrix 73 with multiplication (x).

sin®

sin? z tan

sin? & tan

tan? 2 sin =

sin? z tan

tan? z sin

tan? z sin

tan® x

sin? z cot

sin? & cos

sin tan x cot x

sinx tan x cos x

tan z sin x cot

tan z sin x cos x

tan? x cot =

tan? z cosx

sin? z cot

sinx cot x tan

sin? z cos

sinx cos x tan x

tanz cot xsina

tan? x cot

tanz cosx sinaz

tan? z cosx

cot? zsinz

sinz cot x cos ©

sinx cos z cot

cos? xsinz

cos? xtanz

tan x cot x cos x

tan x cos x cot

cos? rtanz
2

2

sin” x cot x

cot x sinx tan x

cot x tan x sinx

tan? x cot =

2

sin® z cos x

cosxsinztanx

cosztanxsinz

tan“ x cosx

cot? zsinz

cot xsinx cosx

cot? rtanx

cot r tanx cos x

cos zsinx cot x

cos? rsinz

cosx tanx cot

cos? rtanz

cot? zsinz

cot? rtanzx

cotxcosxsina

cot x cosx tanx

cosz cot xsinx

cosx cot x tanx

cos? rsinx

cos? rtanx

cot® x

cot? x cosx

cot? xcosx

cos? x cot T

cot? x cos

cos? x cot

cos? x cos T

cos® x

This 8 x 8 matrix has 64 cells. Applying addition or multiplication operation to each cell,
it degenerates into 20 different cells due to the commutative nature of addition/multiplication
operation like 20 amino were acids degenerated from the 64 universal genetic code. These 20
different cells and frequency distribution are illustrated below:
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TABLE 7. Trigonometric functions.

Different Matrix Cell with Addition (+)

Different Matrix Cell with Addition (x)

Frequency from 8 x 8 Matrix T’

3sinz sin® 2 1
3cosx cos® 1
3tanx tan® x 1
3cotx cot3 1
2sinx 4 cosx sin” z cos x 3
2sinz + tanx sin? z tan 3
2sinx 4 cotx sin” & cot x 3
2cosx +sinz cos? rsinx 3
2cosx + tanx cos? ztan x 3
2cosx + cotx cos? z cot 3
2tanx + sinx tan? z sin 3
2tanx + cosx tan?  cos 3
2tanz + cot tan?  cot x 3
2cotx 4 sinx cot? xsinx 3
2cotx 4 cosx cot? x cos 3
2cotx 4 tanx cot? z tan x 3
sinx 4 cosx + tanx sin x cos x tan x 6
sinx + cos x + cot x sin x cos x cot x 6
sinx + tanx + cot x sin x tan x cot x 6
cosx + tanx + cot x cosz tan x cot x 6
20 20 64

Each cell of this matrix represents an relation curve. The graphical representations of these

curves (with addition/multiplication) are shown below:

FIGURE 3. Twenty trigonometric curves with addition.
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FIGURE 4. Twenty trigonometric curves with multiplication.

These curves are either bounded or unbounded. These curves may serve as basis to model
the expressions of human thoughts like the 20 amino acids as the building blocks of the pro-
teins. The orthogonal relationships of sine and cosine functions along with these building
blocks of thinking frequency curves provide the basis for Fourier series that can be used to rep-
resent various thinking frequency curves. Throughout the history of humankind, trigonometry
as human mind activities, has been applied in almost every area from geometry to nature [24].

4. MATRIX GENETICS AND ALGEBRAIC BIOLOGY

Matrix genetics which can be interpreted as a part of algebraic biology on the genetic systems
by means of their matrix forms of presentation. One can name additionally the following main
reasons for an initial choice of such form of presentation of molecular ensembles of the genetic

code:

o Information is usually stored in computers in the form of matrices.
o Noise-immunity codes are constructed on the basis of matrices.
e Quantum mechanics utilizes matrix operators through the connections with matrix

forms of presentation of the genetic code. The significance of matrix approach is em-
phasized by the fact that quantum mechanics arises in a form of matrix mechanics as
formulated by W. Heisenberg.

Complex and hypercomplex numbers, which are utilized in physics and mathematics,
possess matrix forms of their presentation. The notion of number is the main notion
of mathematics and mathematical natural sciences. In view of this, investigation of a
possible connection of the genetic code to multi-dimensional numbers in their matrix
presentations can lead to very significant results.
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e Matrix analysis is one of the main investigation tools in mathematical natural sciences.
The study of possible analogies between matrices, which are specific for the genetic
code, and famous matrices from other branches of sciences can be heuristic and useful.

e Matrices, which are a kind of union of many components in a single whole, are subor-
dinated to certain mathematical operations, which determine substantial connections
between collectives of many components. These kinds of connections can be essential
for collectives of genetic elements of different levels as well.

Matrix genetics are developed during last decade intensively [8, 9, 10, 11, 18, 19, 20, 21, 22]. Let
us list some of interesting results which were obtained in these works:

new phenomenological rules of evolution of the genetic code;

multi-dimensional algebras for modelling and for analysing the genetic code systems;
hidden interrelations between the golden section and parameters of genetic multiplets;
relations between the Pythagorean musical scale and an important class of quint genetic
matrices which show a molecular genetic basis with a sense of musical harmony and of
aesthetics of proportions;

e cyclic algebraic principles in the structure of matrices of the genetic code;

e materials for a chronocyclic conception, which connects structures of the genetic system
with chrono-medicine and a problem of an internal clock of organisms, etc.

Spectral methods of decomposition of signals on orthogonal systems of functions such as
sin (x) and cos (x) have proved themselves for a long time as especially important in the theory
of signals and informatics in general. Researchers of genetic informatics attempt to address
to them already (see, for example, the works [13, 15] which pay attention to the importance
of spectral methods in this field). But an infinite quantity of orthogonal systems of functions
exists. It is difficult for researchers of molecular-genetic systems to make a choice of one of
infinite number of possible orthogonal systems as an adequate one for spectral methods in the
field of genetic informatics. They should make here rather a volitional choice, risking the waste
of many years of work in the case of the failure of such a choice. They make this choice usually,
proceeding from secondary reasons, which do not have a direct relation to genetic systems. For
example, they choose the system of orthogonal harmonious functions, which is applied in the
classical frequency Fourier-analysis, because this system has extensive applications in technical
fields.

The results described in our article show the relation of the genetic code with the orthog-
onal systems of functions, which relate to Hadamard matrices, and which possess a special
meaning for genetic informatics and its spectral methods. The orthogonal systems of func-
tions connected with Hadamard matrixes are picked out by nature from the infinite set of basic
systems for their deep connection with an essence of molecular-genetic coding. A consistent
investigation of bioinformatics systems should be done from the viewpoint of the theory of
Hadamard matrices and their applications. In particular, the comparative analysis of various
genetic sequences on their Hadamard spectrums is interesting. The described results give im-
portant help in a choice of research tool from an infinite set of orthogonal systems of functions
and from a set of variants of noise-immunity codes.

In the spectral analysis of genetic sequences (for example, their correlation functions), it is
meaningful to spend their decomposition on orthogonal vectors-rows of Hadamard genoma-
trices, instead of on trigonometric functions of the frequency Fourier-analysis. Investigations
of Hadamard spectrums in mathematical genetics are perspective and well-founded. Espe-
cially since some works are already known as applications of Walsh functions (alongside with
other systems of basic functions) to spectral analysis of various aspects of genetic algorithms
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and sequences [6, 2, 5, 14, 23, 29, 30]. The book [32, p. 416] contains a review of works about
applications of Walsh orthogonal functions in some other fields of physiology.

The discovery of connections of the genetic matrices with Hadamard matrices leads to many
new possible investigations using methods of symmetries, of spectral analysis, etc. One can ex-
pect that those Walsh-Hadamard functions, which are related to the described genetic Hadamard
matrices, will be used effectively in the spectral analysis of genetic sequences. It seems that in-
vestigations of structural and functional principles of bio-information systems from the view-
point of quantum computers and of unitary Hadamard operators are very promising. A com-
parison of orthogonal systems of Walsh-Hadamard functions in molecular-genetic structures
and in genetically inherited macro-physiological systems can give new understanding to an
interrelation of various levels in biological organisms. Data about the genetic Hadamard ma-
trices together with data about algebras of the genetic code can lead to new understanding of
genetic code systems, to new effective algorithms of information processing and, perhaps, to
new directions in the field of quantum computers.
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1. INTRODUCTION

The Jinc-function naturally emerges in problems such as the diffraction of spherical/plane
waves converging on circular apertures [2, 5].
Its definition involves the use of the cylindrical Bessel of first order, according to the identity

[1]:

Jinc(x) = Jléx)

» 6
| Jo(x) = (f) i i % = ath — order first kind cylindrical bessel
¢ 2 Tir+a+1)r! Y '

A current definition is Jinc(z) = Ji(z)/x, but the adoption of the form in equation 1.1 is
more convenient for the generalizations considered in this article. In the case of the Fraunhofer
diffraction by circular apertures, the scattered Airy pattern distribution exhibits a Jinc-like be-
havior, with respect to the radial coordinate, namely [9, 3]:

(1.2) F(z,y) = Jinc (\/mQ + y2) .

In order to fix the terms of the forthcoming discussion, we start from equation (1.1) rewritten

as:
| - (_1)7" (E 2r
(1.3) Jinc(x) = Z (1_'_74)2'2'

r=0
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The umbral image [15] of (1.3) is a simple Gaussian and can be written as:

N2

(1.4) Jinc(x) = éeié(§> ©o-

The operator ¢ is the umbral operator, satisfying the property:

(1.5) eoeh = et

and characterized by the following action on the umbral vacuum g:
1

(1.6) oo = Tat1)

Since we have reduced the Jinc-function to a Gaussian, namely an elementary transcendent
function, we can evaluate the relevant integral using straightforward methods. Therefore, writ-
ing

o7} 400 en2
(1.7) / Jine(zx)dx = é/ e—e(3) dzpg
—o0 —o0
and, treating the umbral operator ¢ as an ordinary constant, we find:
—+oo
(1.8) é / e (2) dpgy = 2éﬁ¢0 — 2/ g,
o ¢
The use of equations (1.5) and (1.5) yields:
1

(1.9) 2/me% gy = 2V

°(3)
and, therefore, we eventually find:
(1.10) / Jinc(z) dx = 4.

The function in equation (1.2) realizes what is known as sombrero (somb(x)) function and, from
the mathematical point of view, is the Fourier transform of the 2-d circle function [10, 6].
Although this aspect of the problem will be touched on in the final section, here we like to
mention another important property.

Thus, we consider the integral:

(1.11) L(z) = /+OO Jinc (\/W) dy.

The use of the previously outlined umbral technique yields:
+oo

+oo @ \2 Ly \2
/ Jinc (\/x2+y2) dy = ce—e(%) / e—e(%) dyeo

—0o0 — 00

r!

2r
o2’ = G
=2 c2e \2 =9 1)y — 2/
(112) Vméze ®o ﬁ;( ) ®o
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In conclusion, if we apply the definition of Bessel function in equation (1.1), we end up with:
J1(x)

1

2
(E)%'

2

For future convenience we also note that the use of the series definition of the Struve function
[7,11,12],

(1.13) L(z) =27

- (=1)"
(1.14) Ha(z) = z
7Z—OF(T+§)F<7=+04+) <2

m)27>+o¢+1

allows to write:
oo 8
(1.15) / Jinc (\/xz + yz) dy = ?H_% (z).
This introduction has been addressed to assess the formal environment in which we develop
the forthcoming discussion. The paper consists of two further sections, in which we propose

a generalization of the Jinc and their link with previously known families of special functions
and the concluding section is dedicated to comments on the relevant applications.

2. GENERALIZED FORMS OF JINC’S
The genesis of the function (1.1) is associated with the Fourier transform of the circ(x) func-
tion, which is defined as:
1r<1

(2.16) cire(r) = %770 =0
0,7 > 0.

The relevant Fourier transform is:

F (cire(r)) = somb(p)

2.17) !
somb(p) = 27 Jinc (27p) .

The analogy with the sinc(x) = sin(z)/z has a twofold origin. It is, indeed, associated with the
Fourier transform of the step function, but it is also corroborated by the analogy between the
first two cylindrical Bessel (Jy 1(z)) with the circular functions (cos(z), sin(z)). Postponing a
deeper discussion on this point to the final section, here we note that the jinc function is well
behaved at the origin:

(2.18) lim Jinc(z) =1

z—0

If we introduce the n-th order Jinc as (with n any real):
Jn(x)
xT n»
(3)
we find that they are well behaved at the origin (Jinc, (0) = 1/I'(n + 1)) and that:
L(z) = 2y/mJincy (z)

Jinc(z) = Jincy(x).

(2.19) Jincy,(x) =

(2.20)
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The point we like to rise is that the function defined in eq. (2.19) are by no means new. They
are indeed expressible in terms of the so called Tricomi fuctions, namely:

et (71)7‘357‘
(2.21) Cp(z) = Z% EINCEwY
so that:
2.22) Jincn(z) = Cy, (— (”26)2) .

Most of the properties of the Tricomi functions can be extended to the Jinc functions as it will
be shown below. The 0-th order Tricomi is known as the Laguerre exponential and is an eigen-
functions of the Laguerre derivative [14], namely:

(2.23) [0p20;] Co(Azx) = —ACh(Ax)
which, translated to the Jinco(z), yields:

1
(2.24) —0px0, Jinco(Ax) = =\ Jinco(\x)
X

while for the associated differential equation we find:

w2+ 2 +xz(x) =0
(2.25) .
z = Jinco(x).
The n-th order Tricomi are eigenfunctions of the operator — [0,29; + nd,], therefore the equa-
tions for the Jinc, (x) writes:
22" +(1+n)2 +22(x) =0
(2.26) ,
z = Jincy(x).

The previous equations exhibit a Bessel-like form and will be further discussed in the forth-
coming section.

As already noted the umbral methods offer an efficient tool to work out the relevant properties.
Accordingly, it is straightforward to get:

Al T 2
Jincy (x) = ane=e(%) ©0

(2.27) o0 Hoo o, . Jr
Jinc, (x)dx = &" —(%)" g =/ 2y =2 — Y .
[m inep(z)de = ¢ [m e TP Ve T 2 Tt D)
Furthermore, the use of the following properties of the Gaussian under successive derivatives

3267‘”2 = (-1)"H,(2az, —a)e*‘””2

(228) L%J xn—err

H =n! —_—

n(@y) =n Z (n — 2r)!r!
r=0

can be exploited to work out, in finite terms, the following higher order derivatives:
(2.29) M Jinen (x) = (—1)™e"H,y, (;m —Z) e=(5)" .
The use of the second of equation (2.28) and of the first of (2.27) yields the desired result:
2.30 o Ji NS CLmmla™”
(2.30) o Jincy (x) = D) Z “(m—2r)lr! iNCmgn—r ().

r=0
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Itis evident that the use of the mathematical means, we have outlined, is fairly useful to explore
the properties of a Bessel-like family of functions, which have been only tangentially studied
within the context of the relevant applications.

In the recent past [2], the possibility of introducing more general forms of Jinc functions has
been discussed within the context of studies regarding their application to focusing and diffrac-
tion of circular apertures.

The functions introduced in [2], in terms of Jinc, (z) reads:

(2.31) Dinc,(x) = 1 Z(—l)’"(nnlr)!JinCTH (x)

In umbral terms equation (2.31) we can cast eq. (2.31) as a combination of Gaussians, namely:

~ n

(2.32) @incn(a;)z—gz:(—w n! &re=(3)" o,

and, according to equation (2.27), we obtain:

(2.33) / o incy, (x - Z L

oo 'I‘(r+ 3y

Furthermore, keeping the derivative of the ®inc as expressed in equation (2.32), we obtain:

| 2\2
0 Pinc, (z) = T (=" " ort2 *C(f) ©o

(2.34) = OO
= ﬁ [(I)incn+1(x) + %Jmcl (x)

the n-th derivative can be computed in finite form, using the procedure leading to equation
(2.30).

Before closing this section, we discuss the evaluation of the generating function of the ®inc, in
particular we consider the derivation of the following infinite sum:

(2.35) Go(z;€) = Z f: dinec, (x).

n=0

In order to write equation (2.35) in finite form, we note that, on account of the fact that r! =
fooo e~ 't"dt, it is possible to set:

TL' r 7 'r’ni! ooeit ar
(2.36) ;(71) (n—r* =21 (”—T)!/o (ta)" dt
= /OO 67t (1 _ ta)n dt
0

applying this identity to the umbral form in equation (2.32), we find:

é — n! 22 & [ o
(237) —— 1" érefc(j) 0o = 77/ 1 ot neftdte—c(i) 0
2 ;( ) (n—r) 0 2 Jo ( ) 0

and, accordingly:
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(2.38)

Therefore, in conclusion, we find:

Z = szncn — Lt /OO efteié(ter(%)g)dtgoo
0

(2.39)

The same technique eventually yields:

(2.40) Z =— Jmcn = Jincy (2 t& + (§)2> .

In the forthcoming section we discuss, along with the relevant use in applications, the impact
Jincy (z) in the study of further Bessel-like functions.

3. JINC FUNCTIONS , CIRCULAR FUNCTIONS, PRODUCTS OF JINC FUNCTIONS AND DOUBLE
VACUA UMBRAL IMAGES

The use of the Umbral/Algebraic methods, touched in the previous sections, has allowed
a fairly significant level of freedom in defining a class of functions, “interpolating” between
Bessel and circular functions [15]. A step further in this direction allows the possibility of
defining the cosine function in terms of its Gaussian image [15]:

cos(z) = e~@nde’
(3.41) o D(k+1)
’ I'(ak+B)

The sine function can accordingly be written as:

(3.42) sin(x) = 23}(2’1)&6_2’1&?62’}/0
thus, getting the following Gaussian image for the sinc:
(3.43) sinc(z) = 2(2_’1)626_2'162962’70.

The use of the paradigm underlying the derivation of the integrals discussed in the previous
section, yields the well- known result:

+o0 - T (é)
(3.44) / sinc(z) do = 221)d2v0 =272 =7

— 00



The Jinc- function: a note on the relevant generalizations and applications 43

which leads to further mathematical speculations, associated with the derivation of integrals
like

+oo O aass N 5
/ sinc(az? + fx)dr = 2(2’1)d/ e—end(as ‘H”)dx%

(3.45) -
—9 /E(Q’I)Cﬁe(szif?%
e

which has been obtained by writing in umbral form the elementary Gaussian identity:

+oo
(3.46) / o—(aat+B3) gy _ feﬁ
oo @

The point to be clarified is whether the last term in equation (3.45) has any meaning from the
mathematical point of view. The use of the properties of the umbral operator, ;d yields (the
correctness of the result has been checked numerically):

/ :" sine(v/az? + fz) d
(3.47) _2\/32 r!?((;(:—&—gi)) (2?/5)%

_T (P
“Va '\ 2ya
providing a further example of integral representation of O-th order cylindrical Bessel, whose

implications will be discussed in a forthcoming dedicated article.
Regarding however the case involving the Jinc functions we obtain:

2

oo L B
(3.48) / Jine,(2v/ az? + fz)dr = \/>Jmcn_1/2 () .
oo o 4o
We have so far used the Gaussian as umbral image of Bessel-like functions. It is however well
known that any image can be used to get an umbral representation of a given function and
the choice is matter of convenience and one can choose the most suitable for the solution of a
given problem. In the following we apply this statement to the derivation of integrals involving
squares of Jinc functions.

To this aim we remind that the squares of Bessel functions can be written as [4]:

o (—1)" <§>2r+277« r [27“ + 1]

2 2
(3.49) n ()] —;0 rPD(r +n + 1)2

Therefore, defining

2
(3.50) JJincy, (z) = [(?;(;;)]
2
we find:
©  \r(z 27 T
(3.51) JJinea(@) =3 ( j»?zr(<2r)+ n f Z)t :

r=0
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The function Jy(z) can usefully be exploited as umbral image J.Jinc, (x) and, indeed, we write:

JJinc,(z) = ¢"Jy (\/z:r> Yo
(3:52) A T(2r+1)

T

Furthermore, by keeping into account that

(3.53) / A (\/Bx) de = %
we find:
Foo - F2(n-4%)+1 I'(2n)
3.54 JJine, (z) de = 2b""2pp = 2 =
Os [ i) de =20y =2 =2

Let us now remind that:

(=) (2)7T T 20 4 1]

(3.55) ()] = ;O r2D(r +n+1)2

A final point we touch here is the study of the following generalized Jinc function :

‘ (@) () (=D (v +p+ 2k +1) x\ 2k
(8.56)  JJincu.y (@) = (2)"F Z KT+ k+D)T(u+k+ OD(n+v+k+1) (2)

which can be reduced to a easily manageable image by the use of the following two vacuum

operators

9
= eu 0z

v

> O
=

(3.57)

9
B HBs
by = e"?=2
acting on the vacuum

F(Zl + 29 + 1)

(3.58) po =

in such a way that:

Mp+v+1)
T(u+ )I(v+1)

(3.59) By bE 002 =00 =

If we use now the image

(3.60) Jinc, 4, (x) = Jyﬂ:b(fu)a
(3)

we can end up with

(3.61) JJinc, ,(x) = l;lfl;gJinc,L+y(\/ bybyx) o
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and get the relevant infinite integral as reported below:

+oo
by bl / Jinc, 4., (\/ bibox)dx oo

—00

(3.62) W

P(p+v)
F([L+V+%)F(,u+%)r(l/+%).

=21

We have so far treated the Jinc functions and the associated generalizations using a fairly ab-
stract point of view, in the forthcoming part we will discuss physical applications where this
type of functions are used. In particular we discuss the case of the Fraunhofer diffraction in
two-iris wave-particle duality experiments, where integrals Involving functions of the type
Jinc, 4, (x) play a crucial role.

4. RELEVANT APPLICATIONS OF JINC FUNCTIONS IN PHYSICS

Jinc functions play a fundamental role in several contexts of physics, due to the fact that the
Fourier transform of a uniform distribution over a finite circular area of radius ry coincides
with the area of the circle mrZ multiplied by a Jinc function:

2m e} ) 70

(4.63) / d(p/ drreire (r) e tkreos(9=¢) — 277/ drrJo(kr) = wrg Jine(kro).
0 0 To 0

In the following we are going to list a few topical applications of the above result.

4.1. High-power lasers. Chirped Pulse Amplification (CPA) is the most common technique
used to amplify laser beams to unprecedented levels of peak power, up to the PetaWatt level.
CPA is based on the principle that a short seed pulse is amplified while stretched, to avoid
damages in the active media. A laser beam that enters the amplifier with a gaussian profile (or
any other bell-shape distribution), is firstly amplified on-axis, where there is a larger amount
of seeding energy. Once the saturation level is reached by the photon energy amplified on-axis,
the tails of the profile start accumulating energy more efficiently than the central part of the
beam. For high-gain, multi-pass amplifiers, the final effect on the seed beam, at the end of the
amplification process, is that of a super-gaussian distribution, which can be assimilated to a cir-
cular uniform distribution of radius ry. The flat-profile beam is then recompressed and focused
for laser-matter interactions at high-intensity. Considering an aperture of the focusing element
that is much larger than the beam diameter, the laser field at the focal plane is evaluated via
the Kirchoff’s integral [8]:

(4.64)

—i ““(f_%) o0 / . ik(f-%)
E(r,z=f)= meﬁ‘/o dr'r' Bo(r') Jo (k?}T) _ ike : 7T7"(2)Jz'nc <k7;)r> |

where f is the focal length and k£ = 27/\, with A the radiation wavelength. The flat-profile
of the laser beam impinging on the focusing optics has been defined as Ey(r) = Eycirc(r/ro).
Thus, the radiation intensity in the focal point is:

(4.65) =50

= SYE( f)P = 05 Jine
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where c is the speed of light in vacuum and ¢ is the vacuum dielectric constant. A criterion
to evaluate the beam radius R at the focal plane, is to impose that the argument of the Jinc
function is equal to the first zero of the Bessel J;, defined as j; ~ 3.832:

k’r‘oR _ _ M _ ]1)\f

f )1 kro 2mro
Typical values are A = 1 ym, f = 1 m, 7o = 0.1 m. This means that the focal spot radius is
R ~ 6 ym << rg. The evaluation of the total laser energy passes through an integral of the

type:
oo k oo
/ drrJinc? <TOT> :/ drrJinc? (kr)
0 f 0
(1)

0o PP (2) 2 r2 2
:éﬂbl/‘ drre=t1(F) a5 g ) _ 261200 00 2 NS 2R
0

(4.66) — R

(4.67)

K2 (¢4 + ¢é2) K2 27r27"3 J3

)

where we have defined the action of the entangled umbral operators ¢; and é; on the double

vacuum cpél) @éz) as:

A A [0}

C1C2 (1), (2) _ 1
(4.68) <61+62> P09 =Tty
4.2. Diffraction limits in optics, acoustics and telecommunications. The Jinc function is also
known as Airy pattern. The first zero of the Bessel J; determines the limits of the so-called
Airy disk. The airy patterns were discovered in the context of astronomical observation, where
it was observed that the size of stars appeared different depending on the instrumentation. The
aperture of the lenses of telescopes limits the resolution of these instruments. This can be seen
using Eq. 4.66. Let’s assume here a lens of radius 79, used to focus a uniform wavefront of light
of larger size compared to the optical aperture. If the distance between two far objects is d,
then 6 = d/ f will be, approximately, the angular separation from the observer’s point of view,
placed at the focal plane. The minimum resolvable distance is then [8]:

d A
4.69 —~0~122—.
(4.69) 7 5r
The same limits and description apply to focusing elements used in acoustics and to antennas
exploited in telecommunications.

4.3. Fraunhofer diffraction in two-iris wave-particle duality experiments. Fraunhofer diffrac-
tion affects any plane wavefront passing through a circular aperture, determining a a Jinc func-
tion pattern (see Eq. 4.64). This description also underlies the two-iris experiment for the
verification of the wave-particle duality. Considering a quantum particle that can pass a wall
only through two different circular holes, with centers in = +a, both of radius ry, the wave
function ¢ of the particle evaluated at a certain distance R from the holes is given in the Born
approximation by [8]:

(4.70)

;BT
R

b =11+ 1o, ra(rt) ~ € 4 f0(0,0,)%

r

mVoL [T . mVpLrd . . a\?
f1,2(05,0,) = — ; / drrdo (qr,2m) = —702 % Jine(Gi2r0), qr2 p (9x F *) + 02,
ZA 2 h R

where Vj and L are empirical constants, m is the mass of the particle, 7 is the Planck constant,
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FIGURE 1. Probability density [/ + 2| for the two-iris experiment. From left
to right the momentum of the particle decreases.

0, are the observation angles in the plane of the two holes and in the perpendicular one, re-
spectively, and p is the momentum of the particle. The partial wave functions v o, represent
the passage of the particle through one or the other iris, respectively. Fig. 1 shows the outcome
of the two-iris experiment, based on the Eq. 4.70. From left to right the momentum of the parti-
cle decreases, reaching values comparable to /1/7o, leading to diffraction phenomena. From the
leftest situation, showing very localized particle states, mirroring the two entrance irises, one
moves to the rightest situation where the interference is such to create a maximum probability
at the center. The normalization of the wavefunction is achieved via integrals of the type:

/d@z/deJinc(dlro)Jinc(dgro)

JO _ei (o) g (327032 (1) (2 Amh? . 2parg
:c1cz/d9x/d9ye 1(150) o= (%) <P(())<P((J)= v Jmc( TR

/dﬁw/dﬁyJinCQ(dl72ro)

. (41,2702 _e, ((Tn270 2 bl o
:élég/dGI/dHye_cl( z ) e 2( Z ) 4,981)90(()2) = A7 (Acf% ) cp(()l)gpgf) =4n.
C1 [65)

(4.71)

It is worth noting that integrals in Eqs. 4.71 would, normally, be very difficult to solve without
the umbral approach.

5. DISCUSSION

The article has provided a comprehensive treatment of Jinc functions and of the relevant
applications. The mathematical tools we have employed to study the relevant properties has
been the use of the indicial umbral calculus [15]. Such a choice has been dictated by mere
convenience and other means can be usefully exploited. To give an example we consider the
use of the generating function method.

To this aim we remind the Jacobi-Anger generating function [4]

+oo
(5.72) 3t a(a) = eF ()

which, once applied to the Jinc, yields:

+00 5
(5.73) Z t"Jinc, (z) = '~ %,

n=—oo
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We use this last identity to evaluate the integral:

+oo 5
(5.74) Iine, (o) :/ e~ " Jiney (24/ B x)dx

—00

Multiplying both sides of (5.74) by t" and summing on the index n we find:

too 2 Ba m 52
5.75 t" Tinc,( = Ty = [ —e' i
(5.75) Z incy(a.f) = e/ e z —e i

n=-—o00 -

In order to get the explicit expression of the integral in (5.74) we note that:

+oo
TE = 3 @ CP (@)
(5.76) A

2s

C(l 2)

Mg

(n + 2s) (n 4+ 2s)ls!”
s=0

where C(z) is an n-th order Bessel-Wright function [13]. Therefore expanding the rhs of
(5.75) and equating the t-like power coefficients, we end up with:

(5.77) Iinc, (o, B) = \/Zc,?) <f;) .
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ABSTRACT. We investigate the linear hardening phenomena with a method that is not standard in the literature,
i.e. with a hemivariational method. As a result, we do not introduce any flow rules, and the number of assumptions
is reduced to the generalized variational principle with proper definition of a new set of kinematic descriptors and,
as a function of them, with a new definition of the energy functional. The variational framework guarantees the
rationality of the deduction. Analytical derivation of the force displacement hysteretic loop is also derived and, finally,
the dissipation energy is furnished with respect to either the final value of the dissipation energy potential or the
corresponding area of the hysteretic loop.

Keywords: Linear hardening, hysteretic loop, variational method, plasticity.
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1. INTRODUCTION

Linear hardening behavior of a class of materials is well-known in the literature [7, 21], and
the methods for its study are also explored in many aspects [74, 75]. However, we will exam-
ine the possibility of a new approach with some advantages. The first is that the number of
assumptions is reduced, and the second is that analytical solutions [18, 78] are derived with
no use of flow rules. We need to say that elastic models can be derived in different ways,
i.e. by assuming the balance of forces, of moments and therefore of the corresponding Par-
tial Differential Equations (PDEs) and Boundary Conditions (BCs) as first principles or by as-
suming an energetic approach, where the assumptions are based on an action principle, and
the PDEs and BCs are derived as a consequence of these first assumptions [8, 27, 23, 36, 32].
In standard continuum elastic models, fundamental problems arise, see e.g. [19, 49, 50], as
well as the necessity of higher order gradient generalization [4, 35, 1] also for the dynamic
case [33, 57]. These kinds of generalizations are particularly important for materials with
microstructures, made e.g. with additive manufacturing techniques [10, 11, 12], for fiber-
reinforced composites [13, 29, 46, 52, 51, 69], for composite structure [34], and for biological
applications [43, 44, 76, 61, 2]. Thus, variational approaches have been developed also for mi-
crostructural materials [26, 28]. Also thermomechanical problems [53, 56, 70, 72] can be used
via a purely variational procedure [40]. Besides, the use of 3D printers has improved the inves-
tigation of metamaterials, made with a microstructure that can be designed, as pantographic
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materials [15, 24, 25, 31, 80], where higher order gradient is essential for the modelling. Higher
order gradient elastic theories are therefore suitable for those materials with microstructure.
However, the number of constitutive parameters of a general higher order gradient theory is
so large that the problem of their identification is an open one, and deserves specific techniques
[38, 37]. In order to avoid the identification of a large number of parameters, one can use the
same strategy of Cauchy and Navier [14, 62] for homogeneous linear and isotropic materials
aimed to solve the elastic granular micromechanic problem [9] for anisotropic [30] and gener-
alized continuous [45, 47, 64, 63, 81, 82]. Granular micromechanic is ideal for concrete [16, 17]
and for any materials with a strengthening microstructure [20] with the necessity to model the
bond behavior [48]. Variational principles for elastic materials are therefore standard. For the
dissipative case, e.g. for the viscoelastic case [41, 42, 54], the variational strategy must be gen-
eralized [71, 5, 65]. For damage [83, 77, 79] and plasticity [3] such a strategy is also different.
Variational approaches in plasticity are not new [39, 22, 55]. The aim of this work is to use
a hemivariational procedure, conceived for granular micromechanics [59, 58, 60, 66, 67], for a
one degree of freedom problem with linear hardening behavior. Such a one degree of freedom
model can be used into two ways to construct a continuum model with the same linear harden-
ing behavior. The first is to build a discrete mode and use standard homogenization technique
[68, 73]. The second is to use granular micromechanics [66]. As an outlook of this work, we
will consider the fatigue problem [6].

2. FORMULATION OF THE PROBLEM
2.1. Definition of the Action functional and plastic kinematic descriptors. The action A
tri
(2.1) A= [{U+W U} dt
tin

is a functional of the fundamental kinematical quantities u, A, and A, i.e. of the functions, 4,
5\t and 5\0,

2.2) A=A (u M, Xc) .
i, \¢, and ), are all functions of time ¢ (where t;, is the initial time and ¢y; is the final time),
(2.3) u=a(t), A=A, A=),  VtE[tin,tsi],

and called, respectively, the displacement and plastic multipliers in tension and compression.
The plastic multipliers are also called, respectively, the tension and the compression plastic dis-
placement accumulations. The reason for these names is as follows. The elastic displacement
Uel

(2.4) Uel = U — Upy,

is defined as the difference between the total displacement v and the plastic displacement u,;,
that is defined as the difference between the tension and compression plastic accumulations,
i.e. between the two plastic multipliers, viz.,

(2.5) Upt = At — Ac.

The values U, W, and U®*t are the elastic, the dissipation, and the external energies which are
functionals of the fundamental kinematical fields,

U=u (a,it,ﬁc) L W=w (Xt,ic) LUt =yt (q).
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The explicit form of the functionals &/, W and U*** is prescribed constitutively. Here we restrict
to the condition that the dissipation energy functionals depend only upon the plastic multipli-
ers and the external energy functional ¢/*** only upon the total displacement.

2.2. Kinematic and thermodynamic restrictions of motion.

2.2.1. Boundary conditions in time. An initial datum on plastic multipliers must be assumed at
t="tin,

(26) >\t0 = 5\1‘, (t = tin) ) )\CO = 5\c (t = tvn) )
as well as initial and final displacements,
(27) Ui, = fL (tm) , Uf,; = fL (tfi) 5

both at the initial ¢ = ¢;,, and at the final ¢ = t4; instants of times. Conditions (2.7) can also be
omitted in the present quasi-static formulation but they should be taken into account when the
kinetic energy in (2.1) is considered.

2.2.2. Definition of motion. A motion is defined as a family, fulfilling (2.6) and (2.7), of displace-

ments u = @ (t) and of plastic multipliers A, = A, (t) and A, = A. (¢) for those discrete values of
times defined as follows,

t =t; = t;, +iAt, Vi=0,...,N, tin = to, tfi:tN:to—l-NAt.

The increments, across two successive instants of times, of displacement

(28) Au = ﬁ (ti+1) — ’a (tz) 5
and of plastic multipliers
(2.9) AN =N (tiv1) = N (B), Ahe = Ao (tig1) — Ae (£2)

at time t = ¢; are defined in (2.8) and (2.9).

2.2.3. Admissible variation of motion. The set AM, is that of kinematically admissible displace-
ments (2.3), fulfilling the (2.7) in the non-quasi-static case and any kinematical restrictions
imposed by the problem, e.g., by the external constraints, at time ¢. The set AV; is that of their
admissible variations,

u € AM;, ou € AV,.

Two examples are as follows. The first is for a force-control problem, where the displacement
u is not prescribed, the variation 4 is arbitrary, and we have
AV, =R, Vt € (tin,tsi)

for any values of time, in the non-quasi-static case different from the initial and the final ones
because of (2.7). The second is for a displacement-control problem, where the displacement is
prescribed, and the only admissible value for its variation 64 is zero, i.e. & = 0; as a conse-
quence the set of admissible variations

AV, = {0}, Yt € [tin, tfi]

is composed only of the zero value. The kinematical quantities A; and A. are assumed to be
irreversible and therefore can not reduce their values. Thus, their admissible variations are all
the positive numbers, viz.,

(2.10) S\ € RY, §A\. e RY.

The kinematical irreversibility of the plastic multipliers justifies the relation of their names
with the accumulation of tension and compression plastic displacements. It is worth noting
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that the plastic displacement defined in (2.5) is not irreversible. The irreversibility conditions
on the two plastic multipliers that are assumed in (2.10), induce the necessity to generalize the
variational principle into a hemivariational principle, that is discussed in the next subsection.

2.3. The hemivariational principle. The variation 6.4 of the action functional (2.2) is defined
with respect to the variations of the kinematic descriptors (2.3),

2.11) 0A = A+ 60, A + 05, Ac + 03 ) — A (1,3, c)

and its increment AA is defined with respect to those increments defined in (2.8) and (2.9), that
yields

2.12) AA=A (u + Al A+ Al Ao + Axc) Y (u e, Xc) .

The hemivariational principle is formulated as follows: The following variational inequality
holds

(2.13) AA <A
for the solution (2.3) and for any admissible variations
(2.14) Voéu € AV;, Yo\ € RY, VoA, €RF.

Finally, the only thermodynamic restriction, among the positive definiteness of the elastic en-
ergy functional i, involves the dissipation energy, that is assumed to be a non-decreasing func-
tion of time,

(2.15) AW (Xt, XC) -Ww (Xt + A A+ AS\C) W (Xt, XC) >0.

3. THE CASE OF AN ELASTO-PLASTIC LINEAR KINEMATIC HARDENING SPRING

3.1. Definition of the energy functionals. The elastic energy is assumed to be quadratic with
respect to the elastic displacement u,; defined in (2.4) and proportional to the elastic stiffness
kel ’ ie. y

P 1 1 1
(3.16) U=u (u A Ac) = Skau? = Fka (u— up)? = Shet (=X + Ae).

The dissipation energy is defined with the following incomplete quadratic form of the irre-
versible plastic kinematic descriptors,

1
(3.17) W =0\ +A) + 5h (A — Ae)?,

where ¢ is the initial plastic yielding point, and h is the hardening parameter. Positive defini-
tion of the numbers of the three constitutive coefficients of the model, i.e.,
ker > 0, o >0, h >0,

guarantees not only the positive definiteness of the elastic energy functional ¢/ but also the
assumed thermodynamic restriction (2.15).
The external energy

(3.18) Ut =Y (i) = Fu,
is defined with the external force F, that is a function of time,

(3.19) F=F(t).
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Thus, the action functional is given by the insertion of (3.16), (3.17) and (3.18) into (2.1)
tyi
1 1
(3.20) A= / [2/%1 (w—=Ai+A)> 40 A+ Ae) + ih (At — Ae)® — Fu| dt,

tin

and its variation is,
thi
0A = /{[k:e, (u—XM+ ) — F] du
tin
ket (= A+ Ae) + 0+ B (A = A)] GAs + [ker (u— A+ Ac) +0 = h (A = A)] 6Ac}dt,
or, in compact form,
tri

(3.21) 0A = /{[kel (u —up) — F] 04+ [ke; + R [()\t — Aiy) St + (Ae — Aey) 55\6} }dt,
tin

where )\, and )., are the plastic yielding tension and the plastic yielding compression, respec-
tively, i.e.,

kgu—o

22 = e 7

(3 ) )‘ty )‘c + kel I h )
kau+ o

3.23 Aoy = A\p — ——.
( ) Y 1 kel + h

The increment AA of the action functional (2.12) is derived from (3.21),
tri
024) Ad= [{lkur(w= N A0) = F) At [k -+ B [ (0 = d) Ak + (= Aoy) A3 .
tin
3.2. Euler-Lagrange equations for the linear kinematic hardening spring. The variational
inequality (2.13) is valid for any admissible variations in (2.14). Let us define an arbitrary
function of time f € AV, belonging to the admissible displacement variations AV; and calculate
the variational inequality (2.13) with the following admissible variation
(90,9, 0A.) = (£, 80,84 )
and then with another admissible variation that is similar to the previous one but with opposite
f, ie.,
(60,05, 08.) = (=£. 40, A4,
both for arbitrary f € AV;. Thus, we obtain two inequalities, that imply the following Euler-
Lagrange equation

(3.25) ket (u— A+ X)) = F] f=0, Vf e AV,

that, by assuming no restrictions on f € AV;, we easily derive the standard form of the elasto-
plastic linear kinematic hardening spring response,

(3.26) ker (u— A +Ac) = ket (u — Upl) =F
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Thus, let us calculate the variational inequality (2.13) by assuming the following particular
admissible variation evaluated on the corresponding increment of the solution but doubling
that of the tension plastic multiplier,

(3.27) (5@,5%5&6) - (Aa,QAXt,AS\C) ,

and then with another admissible variation that is similar to the previous one but keeping the
plastic multiplier in tension at zero,

(3.28) (5@, 6&,5&) - (Aa,o,mc) .

It is easy to derive that the two obtained inequalities imply another Euler-Lagrange equation
for the plastic multiplier in tension in the form of the following KKT condition,

In the same way we obtain the other plastic KKT conditions,
(3.30) [Ae — Aey] AXe = 0.

It is worth to be noted that the variations (3.27) and (3.28) are both admissible because the
increments on the solutions are always non-negative as it is prescribed in (2.14). Besides, a
variation 6\; = —AM\,, for the same reason, is not admissible.

3.3. A resume of the governing equations. The governing equations of the present linear
hardening spring are given by the coupling effects of eqns. (3.26), (3.29) and (3.30) with the
insertion, respectively, of (2.5), (3.22) and (3.23),

kaqu—o B
(3.31) [)\t — A — ]w] AN =0,
kau+ o
32 — — | AN, =
(3 3 ) |:Ac At + kel + h :l )\c 07
(3.33) kep(u—M+ ) = F.

The explicit method consists of the following numerical strategy once the displacement history
u is prescribed for all the time steps. From (3.31), we evaluate )\; by assuming the other mul-
tiplier A. at the previous time step. Thus, from (3.32), we evaluate A. by assuming the other
multiplier A\; at the previous time step. Finally, we calculate the reaction F' from (3.33) and
repeat this scheme for every time steps.

4. THE CYCLING LOADING OF THE ELASTO-PLASTIC LINEAR KINEMATIC HARDENING SPRING

4.1. The cyclic loading history. The cyclic loading history is prescribed in terms of the dis-
placement field and graphically represented in Fig. 1. The period of oscillation of the imposed
displacement is 4¢. The oscillation range is 2@, where @ is assumed to be larger than o /k,;.

We investigate, in the following six subsections of Section 4, the six phases of the loading
history. We will call these stages of the loading history as follows: elastic reversible one, plastic
irreversible one, elastic reversible two, plastic irreversible two, elastic reversible three, and
plastic irreversible three. We will later justify the names of these phases. It is worth noting here
that in the elastic phases, the dissipation energy is constant with respect to time, and in the
plastic phases, the dissipation energy is an increasing function with respect to time. Besides,
on the one hand, during the elastic phases, an eventual unloading process follows the loading
path (reversibility of the process), and on the other hand, during the plastic phases, an eventual
unloading process follows another path (irreversibility of the process).
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FIGURE 1. The cyclic loading history in terms of the imposed displacement u
vs the time ¢. Each period is divided into six phases. Three phases (red-thick
lines) are denoted elastic and three (green-dashed lines) are denoted plastic.

ot t
kou

FIGURE 2. Elastic reversible phase one of the loading history in terms of the
imposed displacement u vs time ¢.

4.2. Elastic reversible phase one. At the beginning of the loading history (i.e. at ¢ = ¢;, = 0)
the displacement and both the plastic multipliers are null

(4.34) u(t=1tin =0)=A(t=tin =0) =X\ (t =t;» =0)=0.

Besides, the displacement v is imposed to evolve according to Fig. 1, and it is therefore limited,
in the elastic reversible phase one, to be

o ot
4.35 — vt € [0, —
(4.35) U< €| ’kem]’

lower than the ratio o/ke; as remarked in Fig. 2. Besides, the plastic yielding tension and
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compression are at the beginning from (3.22), (3.23) and (4.34) both negative,

g g

Aey (t =t = 0) = —
kez+h<0’ u ( 0) kei + h

On the one hand, from (3.23) and because u is an increasing function of time for this elastic
reversible phase one (see Fig. 2), the plastic yielding compression )., is a decreasing function
of time, which guarantees that it is constrained to be negative for all the times in this initial part
of the loading history,

< 0.

(4.36) Ay (t = tin = 0) = —

k‘el’ll g %
<0, = Ayt <0, vt e |0, —].
kel +h Y ( ) [ k‘elu}
Thus, the KKT condition (3.30) is satisfied only by setting to zero the increment A\, and there-

fore also the values of the plastic multiplier in compression A. for all the times in this initial
part of the loading history,

W>0, = Ay=—

Sl

437 A () =0, Vtelo,
(4:37) (H)=0 € =

On the other hand, from (3.22) and because u is an increasing function of time for this elastic
reversible phase one (see Fig. 2), the plastic yielding tension )\, is an increasing function of
time. However, from (3.22), (4.35) and (4.37), it remains negative for all times in this initial part
of the loading history,
kaqu—0  kqu—o ot
Aty () = Ae = 0, vt e [0, —].
W=t T T vk <0
Thus, also the KKT condition (3.29) is satisfied only setting to zero the increment A); and
therefore also the values of the plastic multiplier in tension for all the times in this initial part
of the loading history,

i]
koau ’
The conditions (4.37) and (4.38) justify to call elastic this first part of the loading history. The
spring response has been derived from (3.26), (4.37) and (4.38), and takes the following simple

form

(4.38) A () =0, Vtelo,

t
(4.39) kqu=F, Vtelo, ko'f],

el

that is also represented in Fig. 3.

If, in an arbitrary moment of this elastic reversible phase we change the sign of the load-
ing velocity 4 then the KKT conditions (3.29) and (3.30) will be both satisfied with the same
constant values of plastic multipliers (4.37) and (4.38) and therefore the response is the same
calculated in (4.39) and graphically reported in Fig. 3. This reversible behavior justifies the
name “reversible” of this phase of the loading history.

4.3. The plastic irreversible phase one. In the second part of the loading history, the displace-
ment v is imposed to evolve according to Fig. 1, and it is therefore limited, in the plastic
irreversible phase one, to be

o ot -

— U vt e |[——,1

for <u<u, E[kezﬁ ]

as represented in Fig. 4. Thus, the yielding compression from (3.23) is still a decreasing function
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FIGURE 3. Elastic reversible phase one response. We plot the reaction force ¥
vs the imposed displacement w.

o
kel

ot t
kot

FIGURE 4. The plastic irreversible phase one of the loading history in terms of
the imposed displacement u vs time ¢.

of time, and therefore, it remains negative,

ot
4.40 Aey <0, vVt € [—,t].
(4.40) ’ =]
This means that the KKT condition (3.30) can be satisfied only setting to zero the increment
A, and therefore also the values of the plastic multiplier in compression for all the times in
this part of the loading history,

ot

(4.41) e () =0, vt e [——, 1.

kelu



Analytical results for a linear hardening elasto-plastic spring investigated via a hemivariational formulation

tr k.o k. h
F = el + el

Koy + R ky+ht

FIGURE 5. Plastic irreversible phase one response is highlighted with the
green-dashed line. We plot the reaction force F' vs the imposed displacement
u.

Besides, the yielding tension from (3.22) and (4.41) becomes positive,

kelu — 0
ket +h
and the KKT condition (3.29) is satisfied in terms of the plastic multiplier in tension by

ot -
ivt]v

Aty - k u

>0, vt e |

kau — o ot

4.42 M) =Xy = ——— te[—t].
( ) t() ty kel‘i‘h’ V E[k‘e[ﬂaj
The spring response, according to (3.26), (4.41) and (4.42), is as follows,
kgu — o ot
k @)+ () =k —— | =F te[——,t
=20+ 0 (0) =k (0= KT R e [T
that means
hu+o ke hke ot
44 F = = ¥
(4.43) kez<kel+h> o T VtE[kelHJ,
that is a spring with a residual (with no displacement u = 0) force equal to
kel
b + 0
and a stiffness
hke
4.44
(444) "

59

that is the equivalent stiffness of the series of two springs, one with stiffness k.; and one with
stiffness h. The response is therefore represented in Fig. 5. As a matter of fact, from (4.42) the

final value of the plastic multiplier in tension is

kgt — o
4.4 ME=1)=2"_ "~
( 5) t( 3 ol h >0
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and from (4.43), the final value of the reaction force is

- — o+ hu
(4.46) F(tii)iFikelkel—&—h'
In this phase, the dissipation energy is derived by the insertion of (4.41) and (4.42) into (3.17).
If, in an arbitrary moment t = f at u = u (t= tN) = u of this plastic irreversible phase, we
change the sign of the loading velocity , then the KKT conditions (3.29) and (3.30) would both
be satisfied setting to zero the increments A\, and A)., and therefore, the value of the plastic
multiplier in compression would be still the same of that already calculated in (4.41)

Ae(t) =X =0,  Vt>1,
and that in tension would be from (4.42)

< kali— _
Mt):%:ﬁ, vt > 1,

and therefore the response would be
keﬂj — O
ket +h

that is different from that calculated in (4.43). In particular, the tangent stiffness would be &,
and not the series reported in (4.44). This irreversible behavior justifies the name “irreversible”
of this phase of the loading history.

kel(u—XtJrXc):kel(u— ):F, vt > 1,

4.4. The elastic reversible phase two. In the third part of the loading history, the displacement
u is imposed to evolve according to Fig. 1. Thus, it changes the sign of its time derivative 4,
and therefore, the spring is in an unloading phase. Besides, in this elastic reversible phase two,
it is limited to be

- t
—a-2L <u<a, Vte E,HQI:J,

4.47
( ) kel elU

2

and it is graphically represented in Fig. 6. Thus, the yielding tension is from (3.22) a decreasing
function of time, and therefore, it is always lower than the final value \; (¢t = ¢) of the plastic
multiplier in tension calculated in (4.45), that is the last one taken during the previous plastic
irreversible one part of the loading history,

T _ ot
44 A M(t=t) = —— telt,t+2 .
( 8) ty< t( 3 kel“‘h’ Véf, + k‘elﬂ]
The KKT condition (3.29) is satisfied only setting to zero the increment A),, and therefore, also
keeping constant the values of the plastic multiplier in tension for all the times in this part of
the loading history,

kot — o _ ot
4.49 A () = ——— Vte [t t+2 .
( ) t( ) kel +h ’ € rv + kelﬂ]
Besides, the yielding compression is from (3.23) an increasing function of time,
kgt —o  kqu+o ke (u—u)— 20 _ ot
4.50 Acy = - = 0, Vteft,t+2—],
( ) Y kel +h kel +h kel +h < c r * kelu]

but it remains negative in the prescribed range (4.47) of the present third phase of the loading
history so that we still have that the KKT condition (3.30) can be satisfied only by setting to
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AU

FIGURE 6. The elastic reversible phase two of the loading history in terms of
the imposed displacement u vs time ¢.

zero the increment A)., and therefore, also the values of the plastic multiplier in compression
for all the times in this part of the loading history,
_ ot
(4.51) Ae (t) =0, Vi e[t t+2—].
kelu

The spring response is, according to (3.26), (4.49) and (4.51), as follows,

) _F—F(), Ve ﬁ,ﬂgk"ﬂ],

el

kgt — o
kel +h

that is a spring with a residual (with no displacement u = 0) force equal to
o — kot
kel ( kel +h ) )

Kei.
The two plastic multipliers do not change their values, and this justifies calling elastic this part

of the loading history. The response is therefore represented according to Fig. 7. As a matter of
fact the final value of the reaction force is from (4.52)

(452 kot (u— A () + Ao (8)) = ko (u -

and the same initial elastic stiffness

F:F(t:t+2 7! ) —F=F-2.

kelu
If, in an arbitrary moment of this elastic reversible phase, we change the sign of the loading
velocity #, then the KKT conditions (3.29) and (3.30) will be both satisfied with the same con-
stant values of plastic multipliers (4.49) and (4.51), and therefore, the response is the same as
calculated in (4.52) and graphically reported in Fig. 7. This reversible behavior justifies the
name “reversible” for this phase of the loading history.
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FIGURE 7. Elastic reversible phase two response is highlighted with the red-
thick line. We plot the reaction force F vs the imposed displacement w.
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FIGURE 8. The plastic irreversible phase two of the loading history in terms of
the imposed displacement u vs time ¢.

4.5. The plastic irreversible phase two. In the fourth part of loading history, the displacement
u is imposed to evolve according to Fig. 1. Besides, in this plastic irreversible phase two, the
spring is still in an unloading phase and it is limited to be

ot

(4.53) fﬂ<u<ﬂf2ki, Vt e[+ 2——, 31,

el ke ’
and it is graphically represented in Fig. 8.
The yielding tension is from (3.22) again a decreasing function of time (because the displace-
ment u is a decreasing function of time), and therefore, it continues to be always lower than the
value (that was constant in the previous stage) of the plastic multiplier \; in (4.49),

ot \ _ kqu—o
kelﬂ B kel +h ’

(4.54) Aty < At (t =742 Vt € [t + 2k, 37).
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Thus, the KKT condition is satisfied only setting to zero the increment A\, and therefore also
the values of the plastic multiplier in tension for all the times in this part of the loading history,

kot — o _ ot
4.55 A (t) = ———— Vt e [t+2——, 3t].
( ) t( ) kel +h ? 6 [ + k_6lﬂ7 7
Besides, the yielding compression is from (3.23) an increasing function of time (because the
displacement u is a decreasing function of time),

(4.56)

ki —o0 kqu+to ke (u—u)—20 _ ot ot
Aoy (1) = = —= == Ae [T+2 =0 YVt e [t+2——, 3t
o= R kb baeh ) =0 e

but now it is positive (and therefore because of (4.51) greater than the plastic multiplier in com-

pression in the previous stage) in the prescribed range (4.53) of the fourth part of the loading

history so that the KKT condition condition (3.30) is satisfied by,

ke (u—u) — 20
kel +h

The spring response is, according to (3.26), (4.55) and (4.57), as follows,

(4.57) Ae () = Ay () = . Vteft+ 9 ot

37].

kelu’

fut = 0 (0) 4 2c (0) = b (= S 27 4 B G022
that means
(4.58) Feth u—kg—2— = F (1), vt € ﬁ+2a—t,3ﬂ,
ket +h ket +h ke

that is a spring with a residual (with no displacement u = 0) force equal to
o
kel
: kel +h

and a stiffness (4.44), that is the equivalent stiffness of the series of two springs, one with
stiffness k.; and one with stiffness h. The response is therefore represented according to Fig. 9.

As a matter of facts, from (4.57) the final value of plastic multiplier in compression is

ke (u—u(t=3t)—20 kg(u—(—ua))—20 kau—o
4.59 Ae (= 3t) = = =2 ,
(4.59) ( 3t) ke +h kei +h ke +h
and from (4.58) the final value of the reaction response is
. kerh o kah _ o o+ hu —
(t 3E> kel + hu (t 37?) kel kel + h kel + hu kel kel + h “ kel + h

If, in an arbitrary moment t = ¢ atu = u (¢t =) = U of this plastic irreversible phase, we
change the sign of the loading velocity « then the KKT conditions (3.29) and (3.30) would both
be satisfied setting to zero the increments A\; and A\, and therefore, the value of the plastic
multiplier in tension would be still the same of that already calculated in (4.55)

~ kgu — o ~
t) = = — t>1
)\t ( ) At kel +h ) vt > P
and that in compression would be from (4.57)
M(t) =X, = FalizW) =20

kel+h ’
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FIGURE 9. Plastic irreversible phase two response is highlighted with the
green-dashed line. We plot the reaction force F' vs the imposed displacement
u.

and therefore, the response would be

katu—0 ke (u—1u)—20 i (0 2kt — ket + 0

ke + ke + h — el ket + It
=F  Vt>t,

kel (u —Xt +XC) = ke (u—

that is different from that calculated in (4.58). In particular the tangent stiffness would be &,
and not the series reported in (4.44). This irreversible behavior justifies the name “irreversible”
of this phase of the loading history.

4.6. The elastic reversible phase three. In the fifth part of the loading history, the displace-
ment v is imposed to evolve according to Fig. 1. Thus, it changes the sign of its time derivative
@ and therefore the spring is again in a loading phase. Besides, in this elastic reversible phase
three it is limited to be

ot

(4.60) —G<u<-a+2—,  Vte[3E,3E+2
kel el

I,

and it is graphically represented in Fig. 10. The yielding compression is from (3.23) a decreasing
function of time (because the displacement « is an increasing function of time) so that it remains
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FIGURE 10. The elastic reversible phase three of the loading history in terms
of the imposed displacement u vs time ¢.
always lower than the last value (4.59) of the previous stage of the loading history,
kot — o o ot
_— t t,3t+ 2 .
harh BRI
Thus, the KKT condition (3.30) for the plastic multiplier in compression is satisfied only set-

ting to zero the increment A\, and therefore it yields also constant the function of the plastic
multiplier in compression for all the times in this part of the loading history,

Aey (B) < Ay (£ = 3F) = Ao (t = 3) = 2

kau —o = o7 ot

P vt € [3t,3t + 2k6lﬂ].

Besides, the yielding tension (because the displacement  is an increasing function of time) is
an increasing function of time but still lower than the previous value \; (¢ = 3t) of the plastic
multiplier in tension

(4.61) Ao (t) =2

kgt —0  kqu—o kot — o o ot
+ _—, Vt € [3t,3t +2—].
ke +h ke +h ke +h [ kelu]
Thus, the KKT condition (3.29) for the plastic multiplier in tension is satisfied only setting to

zero the increment A\, and therefore it yields also constant the function of the plastic multiplier
in tension for all the times in this part of the loading history,

Aty =2 <M\ (t=3t) =

kot — o o ot

_— t t,3t+ 2 .

kel +h ’ vie [3 73 * k/’ela}

From (4.61) and (4.62) we have that plastic multipliers are constant and this justifies to call
elastic the present fifth phase of the loading history. The spring response is, according to (3.26),

(4.61) and (4.62), as follows,

Eep(uw—Ae (1) + A (1)) = ke (u -

(4.62) A (t) = A (t = 3F) =

kau — o kau — o
2 =F
ko +h ke +h > ’

that means

. o t
(4.63) Koyt + ke ( > = F(t), Vte[3t3t+ 2;7},

el

kau —o
kel +h

that is a spring with a residual (with no displacement u = 0) force equal to

kgu—o
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FIGURE 11. Elastic reversible phase three response is highlighted with the red-
thick line. We plot the reaction force F’ vs the imposed displacement w.

and a stiffness
Ker.
The response is therefore graphically represented in Fig. 11.
As a matter of facts the final value of the reaction force is from (4.63)

2 (t = 3t+2kzltu> = ke (ﬂ+21;> Y (M) — 20 — kel% =2 —F=-F.

If, in an arbitrary moment of this elastic reversible phase we change the sign of the loading
velocity @ then the KKT conditions (3.29) and (3.30) will be both satisfied with the same con-
stant values of plastic multipliers (4.61) and (4.62) and therefore the response is the same as
calculated in (4.63) and graphically reported in Fig. 11. This reversible behavior justifies the
name “reversible” for this phase of the loading history.

4.7. The plastic irreversible phase three. In the sixth part of the loading history the displace-
ment v is imposed to evolve according to Fig. 1. Besides, in this plastic irreversible phase three,
the spring is still in a loading phase and it is limited to be
_ t -
(4.64) —G+22 <u<a, Ve [3T+2——, 5,
kel k:elu

and it is graphically represented in Fig. 12. The yielding compression is from (3.23) again
a decreasing function of time (because the displacement wu is still an increasing function of
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FIGURE 12. The plastic irreversible phase three of the loading history in terms
of the imposed displacement u vs time ¢.

time), and therefore it is always lower than the final value in (4.61) of the plastic multiplier in
compression of the previous part of the loading history

_ ot kot — o _ ot

4. Ay <A [t=3T+2"— ] =2 ,  Vte[3T+2-—,51

(4.65) y < ( 3t + kw) P € [3t+ ot 7]

Thus, the KKT condition (3.30) is satisfied only setting to zero the increment A\, and therefore
it yields also constant the function of the plastic multiplier in compression for all the times in
this part of the loading history,

kot —o - ot

4.66 Ae () = 2—, vt € [3t + 2——, 5t].

Besides, the yielding tension is from (3.22) an increasing function of time (because the displace-
ment w is still an increasing function of time),

(4.67)

Ay () =2

kaqu—0 kqu—0 kgQu+u)—30c  kgu—o _ ot
— — N\ (t=30), Vie3t+2-2- 51
ko +h ka1 h bt h hain (=30 [3t42,— 751

It is greater than, because of (4.62), the value of the plastic multiplier in tension \; (t = 3¢) at
the previous last instant of time of the fifth part of the loading history. Thus, the KKT condition
(3.29) is satisfied by,

ker (204 u) — 30 _ ot __
. = = vt € [3t + 2——, 51].
(4.68) A (t) = Ay (2) o , € 3t + gt ]
The spring response is, according to (3.26), (4.66) and (4.68), as follows,
ke (20 +u) — 30 n lela -0
kel +h kel +h '

F=kg(u—X )+ A (t)) = ke <u—

that means

kerh o . _ ot
o hg—2 = F(),  Vte[3t+2-21 51,

s nt R = F O [ pakl

that is a spring with a residual (with no displacement u = 0) force equal to

(4.69)

g

kj———
elk’el-i-h’



68 Luca Placidi, Anil Misra, Abdou Kandalaft, Mohammad Mahdi Nayeban and Nurettin Yilmaz

/—\
F= kelJ kelh

v

FIGURE 13. Plastic irreversible phase three response is highlighted with the
green-dashed line. We plot the reaction force F' vs the imposed displacement
u.

and a stiffness (4.44), that is the equivalent stiffness of the series of two springs, one with
stiffness ke; and one with stiffness h. The response is therefore represented according to Fig.
13.

As a matter of facts, from (4.68) the final value of plastic multiplier in tension is

ke 2u+u(t=5t) —30 kg (2u+a)— 30 kot — o
4.70 At (t=5t) = = =3
(4.70) e (t=5) ket + h ket + h ket + B
and from (4.69) the final value of the reaction response is
. kerh o kah _ o oc+hu —
F(t=5f) = t = 5) + ke = k. =k, =F.
( _) kel+hU( _>+ lkel+h kel+hu+ lkel+h lkel+h

If, in an arbitrary moment t = ¢ atu = u (¢t =) = U of this plastic irreversible phase, we
change the sign of the loading velocity u then the KKT conditions (3.29) and (3.30) would both
be satisfied setting to zero the increments A\, and A\, and therefore the value of the plastic
multiplier in compression would be still the same of that already calculated in (4.66)

kgt — o

c :Nc:277 N’
Ao (t) = X o Vt > 1

and that in tension would be from (4.68)

~ kel (271 + ﬂ) — 30

A1’(15):)%: kl+h ) \V/t>£
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=

el

FIGURE 14. Measures for calculating the dissipated area of the hysteretic loop.

and therefore the response would be
ke (20 + ) — 30 2kelu—a — oy [ kagu—o
ket + R ket + h ke +h
=F  Vt>t,

ke (u—xt -‘rxc) = ke <u—

that is different from that calculated in (4.69). In particular the tangent stiffness would be &,
and not the series reported in (4.44). This irreversible behavior justifies the name “irreversible”
of this phase of the loading history.

4.8. Dissipated energy per unit cycle. The dissipated energy per unit cycle can be calculated
into two ways. The first is simply by measuring the area within the hysteretic loop
The area of the external rectangle R, is

R, =2F20 = 40F.
The areas A above and bottom the hysteretic area H, are the same so that
Hy=R.—2A=R.-2(R, +T1 +T,) .
Such areas are composed by two triangles and one small rectangle R, with area

Ry = (2F 20) 22,
el
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Let us consider the below area. The below triangle 7 is

1/, 20 —
Tl:2<2u—kel> (2F —20),

the above triangle 7, is

1 /20
To=2{-—)(20).
2 <kel> (20)
Combining the previous equations, we obtain
= — 20 1 20 — 1 (20 F
Hy=40F -2 |(2F -20) —+ - (2u—— | (2F -2 |+ )(Q20o)| =40 |u—-—
Y 7 ( O—) kel+2(u kel)( 0)+2<kel>(o—):| U(u k’el>7
that, from (4.46) we have
kau — o
Hy=40—— ).
Y 7 ( ket +h >

Another way is to calculate the dissipation energy (3.17) at the displacement within the plastic
irreversible phase three (4.64)

o
B kel i
From (4.66) we have
kogu — o
AN =2—
¢ kel +h ’

and from (4.68)

ke (2’12 + ﬁ) — 30
A = ° ,
‘ kel +h

that implies that the two accumulations are the same and the dissipation(3.17) is

kg —o
W =40—+— = H,
Tk +h Y

that is consistent with the area H,, of the hysteretic cycle.

4.9. Evolution of the plastic multipliers. In the previous subsections, we have calculated an-
alytically, among the reaction force evolution F, also both the plastic multipliers A; and ..
Besides, a graphical evolution of the hysteretic loop is also furnished. In this subsection, we
want to give an analogous graphical evolution also of the plastic multipliers A; and A, and, be-
cause of (2.5) also of the plastic displacement u,,. In Fig. 15, we show such an evolution versus
time. We observe that for elastic phases both \; and A, are constant. As a consequence, also
the plastic displacement u,,; is constant. Besides, the investigated plastic phases are 3. During
the first and the third plastic phase, only A. is constant, and \; linearly evolves. During the
second plastic phase only ), is constant, and . linearly evolves. As a consequence, during the
first and the third plastic phase, the plastic displacement u,; linearly increases, and during the
second plastic phase, it linearly decreases.
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kelﬁ — 0
key+h
4 At’ AC! upl = At AC ~
_____________ kelu — 0
! i / ko +h
E| / X
!_ ! ;
at ,_A__
— — ot
keiu t+2 —
kelu
kelﬁ — 0
key+h

FIGURE 15. Evolutions of the plastic multipliers A; (blue line) and . (red line)
and of plastic displacement u,; = A\; — A, (green line) are shown as a function
of time.

5. CONCLUSION

A hemivariational derivation of the linear hardening spring is derived analytically. Three
kinematical descriptors have been used, i.e. one displacement v and two plastic multipliers A,
and .. The two plastic multipliers are interpreted as the plastic displacement accumulation in
tension and in compression, and the plastic displacement w,, is therefore simply assumed to
be the difference u,; = A+ — A between the two plastic multipliers. On the one hand, variation
of displacement du is assumed to be arbitrary. On the other hand, mono-lateral constraints
A > 0and A, > 0 are assumed on both the plastic multipliers, i.e. their variations dA; and J A,
can only be positive d\; > 0 and d\. > 0 because they can only increase with time. This is
the reason why a hemivariational principle has been used. The last assumptions concern only
the functional form of the elastic energy U, that is quadratic with respect to the elastic part
Uel = U — uyp of the displacement function, of the dissipation energy W, that is assumed to be
quadratic with respect to the plastic displacement u,; and on the external energy U°*?, that is
assumed to be linear with the displacement . Besides, the elastic energy is also assumed to
be proportional with respect to the elastic stiffness k.;, the dissipation energy is assumed to be
proportional to the hardening coefficient h, and the external energy is proportional to the dual
of the displacement, that is the external force F'. Thus, only two constitutive coefficients k.,
and h have been assumed and no flow rules has been introduced. Models for linear harden-
ing phenomena are present in the literature. These models are equivalent to the present one.
However, in this approach, the generalization of the response is easier because it is connected
only to the form of the dissipation energy. Thus, we finally observe that linearity of the hard-
ening behaviour explored in this paper has been achieved by considering a quadratic term in
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the dissipation energy (3.17). This has had the consequence of a linear evolution of the plas-
tic multipliers with respect to the imposed displacement. Thus, adding higher order terms of
plastic multipliers in the form of the dissipation energy would modify such a linear hardening
behavior. For example, a quartic dissipation energy would imply a cubic hardening behavior.
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ABSTRACT. In this article, we present an adaptive residual subsampling scheme designed for kernel based inter-
polation. For an optimal choice of the kernel shape parameter we consider some cross validation (CV) criteria, using
efficient algorithms of k-fold CV and leave-one-out CV (LOOCYV) as a special case. In this framework, the selection of
the shape parameter within the residual subsampling method is totally automatic, provides highly reliable and accu-
rate results for any kind of kernel, and guarantees existence and uniqueness of the kernel based interpolant. Numerical
results show the performance of this new adaptive scheme, also giving a comparison with other computational tech-
niques.

Keywords: Adaptive interpolation, meshfree methods, radial basis function approximation, shape parameter opti-
mization, cross validation schemes.
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1. INTRODUCTION

In [12] an adaptive residual subsampling method depending on radial basis function (RBF)
interpolation is presented. The computational technique guarantees, on the one hand, the non-
singularity of the interpolation matrix (and so existence and uniqueness of the interpolant) and,
on the other, allows an optimal selection of the kernel shape parameter through application of a
maximum profile likelihood estimation criterion. This twofold advantage is obtained by using
strictly positive definite kernels that are radially symmetric [19]. Each of these positive features
do not usually occur in the original method [18], as well as in its modified version [40]. Indeed,
while in [18] the adaptive method is characterized by a kernel shape parameter that can vary
at each node, thus breaking the above-mentioned symmetry and accordingly compromising
the proof of matrix non-singularity, in [12] this issue is solved by an optimal choice of a unique
shape parameter for all nodes. As a result, for practical purposes, any kind of radial kernel
can be used and the adaptive scheme can be iteratively and automatically applied without any
user’s action. Other examples of adaptive interpolation algorithms can be found in literature,
see e.g. [1, 7, 24, 38] and references therein.

In this work, we propose a change in the decision strategy regarding the choice of the opti-
mal shape parameter associated with the kernel within the residual subsampling method [12].
In this context, we opt for use of some cross validation (CV) criteria. In fact, CV is a popular
technique in statistics which, instead of the usually unknown solution, makes use of the given
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data to predict optimal values of model parameters for data fitting. The main idea is to split the
data into a training set and a validation one, then utilizing some form of error norm obtained
by gauging the accuracy of the fit built from information on the training set at points of the val-
idation set [21]. Here, we focus on some possible options of CV algorithms to be applied within
the residual subsampling method. More precisely, we consider the k-fold CV formulated as an
extended version of Rippa’s scheme [30], which includes original Rippa’s algorithm [34] as a
particular case. The latter is an especially popular version of CV, known as leave-one-out cross
validation (LOOCYV), and corresponds to using a training set consisting of all of the data points
except one, which in turn is the sole member of the validation set. In the setting of kernel or
RBF methods the LOOCV scheme appears in several papers such as [7, 22, 26, 36, 37], to name
a few. Since the LOOCV method is also efficiently implemented in the MATLAB crossval
routine [31], it will also be used in this study as a term of comparison for our procedures.

The aim of this work is therefore to introduce a CV criterion for an optimal choice of the ker-
nel shape parameter within the adaptive residual subsampling method. The use of k-fold CV
or LOOCYV strategies provides greater flexibility and sometimes efficiency than the maximum
profile likelihood estimation criterion in [12]. Indeed, this study shows how the CV techniques
are valid alternative within residual subsampling schemes, even if — due to several variables
involved — is not possible to declare a clear and complete superiority of a specific CV scheme
compared to other ones. However, the resulting algorithm allows a totally automatic compu-
tation of the shape parameter, i.e., any user’s action is not required, either initially, and a single
optimal shape parameter is found at any iteration and for each data point set. In this frame-
work, the interpolation problem is well-posed and hence the kernel interpolant exists uniquely,
obviously provided that the kernel matrix is positive definite (see e.g. [21]). Moreover, the use
of CV techniques has some predictive role to control the ill-conditioning of the interpolation
matrix, in particular when in the iterative /adaptive method the number of interpolation points
grows. Finally, as our numerical results show, an application of CV criteria formulated in the
framework of extended Rippa’s scheme generally results in an adaptive interpolation scheme
more efficient than commonly used MATLAB routines. The new adaptive method is tested
in one and two dimensions and highlights good performance in term of both computational
accuracy and efficiency.

The paper is organized as follows. In Section 2, we introduce some preliminaries on multi-
variate RBF/kernel based interpolation. Section 3 presents CV criteria to find optimal values
of the kernel shape parameter in the interpolation method. In Section 4, we describe the adap-
tive residual subsampling scheme. In Section 5, we report some numerical results, showing
accuracy and efficiency of the different CV schemes and providing a comparison with other
algorithms. Section 6 concludes this article.

2. PRELIMINARIES

RBF or kernel based methods are powerful and effective tools for multivariate data inter-
polation. In this section, we introduce some basic notations and a few theoretical results for
kernel based interpolation. For further details, we refer the reader to [3, 21, 39].

2.1. Multivariate interpolation and positive definite functions. Scattered data fitting is in
general one of the fundamental problems in the field of approximation theory and its appli-
cations. In order to have a well-posed problem formulation, we need to recall the concepts
of positive definite matrices, and strictly positive definite functions. Indeed, such functions
provide a direct entry into meshfree approximation methods [19].
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To give a precise definition of the scattered data interpolation problem, we assume to have
a finite set X = {z;}V, C Q of data points (or nodes) for some region  in R?, d > 1, and the
corresponding scalar-valued data f; € R. These values are often obtained by sampling some
(unknown) function f at the data points, i.e. y; = f(x;), i =1,..., N. So we are now ready for
a precise formulation of the multivariate interpolation problem.

Problem 2.1. Given data (x;,v;),i=1,..., N, withx; € R, d > 1,and y; € R, find a (continuous)
function s such that
(2.1) s(xi) = yi, i=1,...,N.

A suitable and common approach to solving this problem is to take the function s as a linear
combination of certain basis functions B}, i.e.,

N
(2.2) s(x) = chBj(a:), x e
j=1
Solving the interpolation problem under this assumption leads to a linear system of the form
Ac=1y,
where the entries of the interpolation matrix A are given by A;; = Bj(x;), 4,5 = 1,..., N,
c=(c1,ca,...,en)l, and y = (y1,...,yn)".

Problem 2.1 is well-posed, i.e., a solution to a problem exists and is unique, if and only if the
matrix A is non-singular.

In order to have basis functions Bj, j = 1, ..., N, that generate non-singular matrices A for
any set of distinct nodes, we recall the special class of positive definite (PD) matrices.

Definition 2.1. A real symmetric matrix A is called positive semi-definite if its associated quadratic
form is non-negative, i.e.,

N N
(23) Z Z CiCinj Z O
i=1j=1

fore = (ci1,...,en)T € RN, If the quadratic form (2.3) is zero only for ¢ = 0, then A is called positive
definite.

An important property which involves all PD matrices is that, if A is a PD matrix, all its
eigenvalues are positive and therefore A is non-singular (but not vice versa). In general, then,
it is convenient to consider basis functions B; of the form (2.2) which are the shifts of a certain
function centred at z;, i.e. Bj(-) = ®(- — x;), so that interpolation matrix is positive definite.
For this reason, we introduce the concept of strictly positive definite (SPD) function.

Definition 2.2. A complex-valued continuous function ® : R — C is called positive definite on R?

if
N N
(2.4) Z Z cic;® (x; — CL’j) >0
i=1j=1
for any N pairwise different data points x1,...,zx € R%, and ¢ = (c1,...,cn)T € CV. The function

@ is called strictly positive definite on R if the quadratic form (2.4) is zero only for ¢ = 0.

It is also possible to characterize real-valued (S)PD functions using only real coefficients.
In fact, Definition 2.2 implies that only functions whose quadratic form is real are candidates
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for (S)PD functions. A characterization of such functions is given in the following theoretical
result.

Theorem 2.1 ([19]). A real-valued continuous function ® is positive definite on R? if and only if it is
even and

N N
(25) chich)(wi —iL'j) >0

i=1j=1
for any N pairwise different data points z1,...,zx € R%, and ¢ = (cy,...,cn)T € RY. The function

@ is called strictly positive definite on R? if the quadratic form (2.5) is zero only for ¢ = 0.

A celebrated result on PD functions is the integral characterization given by Bochner’s the-
orem.

Theorem 2.2 (Bochner, [19]). A (complex-valued) function ® € C(RY) is positive definite on RY if
and only if it is the Fourier transform of a finite non-negative Borel measure y on R®, i.e

e Yy x € RY.

B(w) = () = W/

2.2. Kernel based interpolation. Given a compact domain Q C R¢, we assume that the N
distinct data points are defined by the set X = {z;}Y; C Q, while the associated data values
are givenby y; = f(z;) € R, i =1,..., N, the latter being obtained by sampling some function
f + Q2 — R. For Problem 2.1 we want to determine a function s : {2 — R satisfying the
interpolation conditions (2.1).

We can thus express the interpolant s as a linear combination of kernels . : & x Q@ — R
depending on the so-called shape parameter ¢ > 0, i.e.

(2.6) s(x) = chns(w,mj), z e

The solution of this interpolation problem results in the symmetric linear system
(2.7) Acc=y,

where A, is the interpolation (or kernel) matrix with entries (A.);; = ke(x;, ), 4, =1,..., N,
while ¢ and y are defined as above. Specifically, we remark that if the kernel «. is symmetric
and SPD, the matrix A, is PD for any data point set X, and the coefficients c; in (2.6) can
uniquely be found.

Starting from the kernel . in (2.6) we may define a SPD RBF ¢ : R — R such that

re(@,a5) = dc(|| — ajl]2) = ¢e(r) = gler),  Va,z; €9,

where || - || denotes the Euclidean norm on R?. It is noteworthy to observe that the choice of
a suitable shape parameter ¢ is usually relevant in radial kernel methods, even if it is known
to be a big issue (see e.g. [13, 20, 25, 32], or [21, Chapter 14]). Some popular examples of SPD
RBFs are listed below, together with their smoothness degrees and related abbreviations (see
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[19]):
exp(—e2r?), Gaussian C* GA
(1+e2r2)~1/2, Inverse MultiQuadric C>° IMQ
de(r) = exp(—er)(e3r® + 6e2r? + 15er + 15), Matérn C M6
exp(—er)(e2r? + 3er + 3), Matérn C* M4
exp(—er)(er + 1), Matérn C? M2.

Additionally, the solution of the linear system (2.7) turns out often to be quite sensitive to
changes in the data, and the choice of ¢ can greatly influence the numerical result. A way
to measure the computational stability of this interpolation method consists in calculating the
condition number of A.. As the kernel &, is symmetric and SPD, the conditioning of the kernel
matrix A, can simply be computed as the ratio between the largest and the smallest eigenvalue
(Amax and Anin, respectively) of A, as:

_ Amax
(2.8) cond(A.) = [|A:][2[|AZ 1]z = T

)\mln

In order to give some error estimates, we introduce the so-called native space associated with
the kernel ., which is a reproducing kernel Hilbert space NV, (Q2) with inner product (-, -) x._ (),
ie, f(x) = (f,re(-,®)) N, (o), forall f € N, () and z € Q. Moreover, H,,_(Q) = span{.(-, z),
x € 1} is a pre-Hilbert space with reproducing kernel x. and equipped with the bilinear form
(,*)x.. The native space N,_(2) of k. is its completion w.r.t. the x.-norm || - || so that
fllw. = |Iflln._(o) forall f € H,_ () (see [19]). Now, we can thus provide a generic error
bound in terms of the well-known power function P,_ x.

Theorem 2.3 ([19]). Let Q C RY, k. € C (2 x Q) be strictly positive definite on R?, and suppose that
X = {z;} Y| has distinct points. Then, for all f € N,._(Q), we have
[f(@) = s(@)] < Po. x (@)|flln o) ® €

The first error estimate of Theorem 2.3 can then be improved as shown in the following
theorem.

Theorem 2.4 ([19]). Let Q C R? be bounded and satisfy an interior cone condition. Suppose that
ke € C?K(Q x Q) is symmetric and strictly positive definite. Then, for all f € N,._(Q), there exist
constants hy, C > 0 (independent of x, f and k) such that

f(x) = s(z)| < Ok o/ Cr. () 1 a2
provided hx o < hg. Here

Cy.(x) = max max D ko(w, 2)|,

|B|=2k, w,zeQNB(x,c2hx Q)

with B(x, cohx o) denoting the ball of radius cohx o centred at x, and hx o being the fill distance

hx q = sup mln ||z — x|z
zeQ @ €X
Theorem 2.4 says that interpolation with a C?* smooth kernel «. has approximation order
k. Accordingly, we can deduce that:
(a) for U SPD kernels, the approximation order k is arbitrarily high;
(b) for SPD kernels with limited smoothness, the approximation order is limited by the
kernel smoothness.

For more refined error bounds, the reader may refer to [39].
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3. CROSS VALIDATION CRITERIA FOR THE SHAPE PARAMETER CHOICE

In Section 2, we compute the interpolant s in (2.6) by solving the linear system (2.7), where
the kernel matrix A, is symmetric and PD. By the uncertainty or trade-off principle [35, 33]
we know that using a standard RBF one cannot have high accuracy and stability at the same
time. In fact, when the best level of accuracy is typically achieved, i.e., in the flat limit ¢ — 0,
the interpolation matrix may be very ill-conditioned. A good compromise between numerical
accuracy and computational stability needs to be found. It is therefore important to devise
suitable techniques that allow us to make a reliable prediction of . In fact, the approximation
quality is often strongly influenced by the shape parameter, and consequently several strategies
have been proposed in the literature for its tuning, see e.g. [8, 15, 23, 36] and [21, Chapter 14].

In this work, we discuss three possible versions of CV algorithms, which we will apply in the
residual subsampling method for kernel based interpolation. Hereinafter, firstly we consider
the k-fold CV formulated as an extended version of Rippa’s algorithm [30], including original
Rippa’s LOOCV scheme [34] as a particular case (i.e., when k¥ = N); then, we refer to the
LOOCYV method that is implemented in the MATLAB crossval routine [31].

3.1. Extended Rippa’s scheme. Supposing to have N data points, in the k-fold CV the data
set is divided into k (possibly equal-sized) disjoint subsets, & < N. Then, iteratively, k € N
different models are built upon k — 1 training folds and their performance is evaluated on the
respective remaining validation fold. An alternative CV scheme is the so-called leave-p-out
cross validation (LpOCV) [16], p € N, p < N, where all possible combinations of p elements of
the data set are taken into account as validation set. Since such a computation is very demand-
ing in many situations, k-fold CV is usually preferred. In this work, with an abuse of notation,
we refer to LpOCV meaning k-fold CV with £ ~ N/p. A stochastic extension of extended
Rippa’s scheme can be found in [29].

To formulate extended Rippa’s scheme in the k-fold CV setting [30], considering one of the &
folds, we define a vector p = (p1,...,p,)" of distinct validation indices pj €{1,...,N},veN,
v < N. The data set is subdivided into a training data set 7 consisting of N — v points (x;, y;)
with j ¢ p, meaning the indices that are not elements of p, and a validation data set V formed
by the remaining v points (x,,,¥p;),j = 1,...,v.

For a fixed e, we define the partial RBF interpolant constructed upon 7 as

N
slPl(x) = Z cgp]ﬂs(w, x;).
j=1, j¢p

The column vector clP! = (cgp )

(3.9) APPclPl — 4P,

);¢p is found by solving the system of linear equations

where AP = (A.); ;, with 4, j ¢ p, and y? = (y;);¢p. Notice that by writing c? = (¢;)¢p and
cp = (cj)jep We are, in practice, considering some subvectors of ¢, while c[P! represents the
solution of the linear system (3.9). Thus, in general, we have that clPl £ cp,

To extend Rippa’s algorithm, our aim is to compute the validation errors at V, i.e.,

(310) ep = ep(‘g) = yp - S[IJ] (wp) = (ypl - S[p} (33171)7 s Ypy, T S[p] (xpv))T
by means of (2.7) and without solving (3.9). Thus, from [30, Theorem 1], if A, and c are as in
(2.7), the vector of e-dependent errors e, = e,(¢) in (3.10) related to the points x,,, ..., x,, is

the unique solution of the linear system
(3.11) (AZY)p pep = Cp, e, € RY,
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where (AZ1)p» = (A7), with i, j € p, and ¢, = (¢;)iep, and the vectorized index p extracts

the i-th rows and j-th columns subsystem with 4, j € p of the original matrix.

Concatenating all & validation error vectors e(c) = (e;, ,.. ., e, )7 (¢) of all k folds yields the
vector of errors, and we define the LpOCV optimal value by
(3.12) g, = argmin||e(e)|],
where || - || is any norm used in the minimization problem, for instance, the co-norm. So from
(3.11) and (3.12) the LpOCV cost function to be minimized is given by
(3.13) LpOCV(e) = |le(e)|]oo-

In particular, by setting p = p € {1,...,N} in (3.10) and (3.11), we get to original Rippa’s
scheme [34], i.e.
e (e) =y — P (@) = — P
p(€) =p (zp) (Agl)p,p

Indeed, when we set k = N in the k-fold CV, this choice is equivalent to consider the LpOCV
with p = 1, thus defining the LOOCYV, because each validation fold consists of a single point.
The resulting LOOCYV scheme computes an exact N-fold CV, which has been widely employed
by the scientific community and also generalized to other contexts e.g. in [5, 10, 11, 14, 22].

3.2. Other MATLAB CV techniques. CV is a model assessment technique that is commonly
used to evaluate the performance of machine learning algorithms in making predictions on
new data sets that it has not been trained on. This is carried out by creating a partition of the
known data set in two subsets: a subset is used to train the algorithm, while the remaining one
is applied for model validation. More precisely, each CV phase involves randomly partitioning
the original data set into a training set and a validation set. The former is then used to train
a supervised learning algorithm, whereas the latter is considered to evaluate its performance.
This process is repeated several times and the average CV error is used as a performance indi-
cator [31].

Among the most usual techniques of CV, already implemented in MATLAB, we here men-
tion for our purposes only two as follows:

a) k-fold CV: It partitions data into k randomly chosen subsets (or folds) of roughly equal
size. One subset is employed for validation of the model trained using the remaining
subsets. This process is repeated k times such that each subset is used exactly once
for validation. Across all k partitions the average error is computed. This approach
is one of the most popular CV techniques even if it can be quite expensive from the
computational point of view since the model needs to be trained repeatedly.

b) LOOCV: It partitions data using the k-fold approach, k being equal to the total number
N of data. This data is used once as a validation set.

MATLAB software enables to use both k-fold CV and LOOCYV algorithms through suitable
application of crossval and cvpartition routines.

4. ADAPTIVE RESIDUAL SUBSAMPLING SCHEME

In this section, we present our adaptive residual subsampling procedure, which allows us
to refine and coarsen the node distribution by applying a kernel based interpolation process.
More precisely, this scheme is used to approximate an unknown target function on uniformly
distributed points, and then the residual error is evaluated at midpoints. The latter are added
to the point set when the residual is over a prescribed refinement threshold, whereas they are
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removed from that set when they are under a predefined coarsening threshold. Hereinafter,
we give a more detailed explanation of this adaptive scheme.

We firstly introduce a finite sequence of data point sets, which in the iterative procedure are
denoted by

xX©O x@® ... x(kmaz)
so that the (k + 1)-th set X(*+1 is obtained from the k-th one, ie. X® = {z" N7 after
applying some refinement and/or coarsening procedures till a maximum number kmaz of
iterations. This adaptive process thus brings to an update of the node distribution based on the
computation of residual errors evaluated on some suitable test points. The iterative scheme we
are constructing follows the common paradigm to solve, estimate, refine and/or coarsen till
stop criteria are satisfied, or kmax is reached.
N

Then, after defining a set of test points 7) = {tgk)}i:Tfk)

residual absolute error

414 )y = sty — ra® ") e T®
(4.14) §(¢; i i )| i ;

C Q, for k > 0, we compute the

the interpolating function s being here constructed on the set X (%), and Nray defining the
number of points belonging to 7).
The residual in (4.14) provides a measure of the error between the approximate solution

and the function value computed at the test set 7(®). In particular, the absolute error ¢ (tgk))

is expected to be small when the test point t,Ek)

is on or close to a smooth region, while it is
expected to be large when tgk) lies in a part of the domain characterized by a low regularity or

close to a discontinuous region.

Remark 4.1. At the earliest stage (i.e. for k = 0), the test set T'%) is defined by starting from X () = X,
whereas in the next iterations (i.e. for k > 1), the test set T(k) depends on both the sets X®) gnd x k-1,

The residual (4.14) is used as an error indicator to define two different sets of our adaptive
scheme, namely a refinement set and a coarsening one, called X (®) and Xc(:lé)arse/ respec-

refine
tively. Therefore, introducing two positive thresholds 0,4, and Ocoarse, with fcoarse <
we can act as follows:

Orefine’
(1) If the error £ (tl(-k)) in (4.14) is larger than 0 ofine,

x®. and so X(*) is replaced by X®) U X*).
refine refine

(2) If the error £ (tgk)) in (4.14) is smaller than fcoarse, the test point is moved from the set
X *) to the set X&) <o, and so X (*) is then updated with X ®\x (&) .

(k

the test point ¢; ) is added in the set

k+1

Accordingly, the set X (*+1) is adaptively obtained by adding the set Xﬁz)ﬁne to the set X %) and

deleting the set X((:Igarser ie,
k+1) _ k (k) (k)
X0+ = {X( ‘U Xreﬁne} \Xcoarse-

The iterative method concludes once the process of addition/removal was completed, return-
ing the final set X(*"), k* denoting the last iteration.

Analysing the proposed method, we note that it turns out to be dependent on the error
(4.14). Indeed, at each iteration &, the adaptive procedure generates a kernel based interpolant
of the form (2.6) defined on the set X (¥, thus requiring to make some extra evaluations of

the function f at the test points ™, Vi. Since the function evaluation might be costly (or,

i
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for instance, in real world applications, even not available at all), one could think of using an
alternative strategy creating a local approximation around tgk) and using the latter (instead of
function value) in (4.14). A pseudo-code of this adaptive scheme is outlined in Algorithm 1.
Similar computational techniques have already been studied in e.g. [6, 40].

Algorithm 1: Adaptive residual subsampling scheme
STEP1  Assume X(©) = X
STEP2  Fix Opafine

STEP3  While k < kmazx & Xr(?ﬁne U Xég)arse # 0
(k)

3.1:  Compute €, minimizing (3.13)

> fcoarse > 0

3.2:  Solve the system (2.7) on X ¥) and get the interpolant (2.6)
3.3:  Define T(®)

3.4:  Evaluate the residual £ (tgk)) in (4.14)
3.5:  Define

k k . k .
Xlse)fine - {tE Ler® f(tz(‘ )) > Opofiner ¢ = Lo+ Npaw }

Xélé)arse = {wgk) c X(k) : g(tgk)) < ecoarse, 1=1,..., NT(k)}
3.6: Construct the set

- k k
x (k+1) — {X(k) U Xﬁe)ﬁne} \Xéo)arse

5. NUMERICAL EXPERIMENTS

In this section, we analyze computational accuracy and efficiency of the residual subsam-
pling scheme, which is implemented in MATLAB for adaptive 1D and 2D interpolation. All
programs are run on a laptop with an Intel(R) Core(TM) i7-1065G7 CPU 1.50 GHz processor
with 16 GB RAM.

In these tests we highlight the performance of k-fold CV algorithms including LOOCV as
a special case, firstly focusing on approximation error and computational time and then em-
phasizing on iteration number (# iter), final number of points required to achieve convergence
(Nfin), and conditioning of the kernel matrix (cond(A.)). Furthermore, we also compare nu-
merical results obtained by considering a benchmark MATLAB implementation of LOOCV via
crossval routine and those deriving from the adaptive method in [12]. To show how the
adaptive CV based methods work, we consider various types of radial kernels involving both
infinity and finite regularity like GA, IMQ, M6, M4 and M2. In such a case, we select the shape
parameter € as discussed in Section 3. In particular, the optimal values of the shape parame-
ter are found by minimizing a cost function via the MATLAB fminbnd routine with a default
tolerance of 10~* and searching ¢ in the range [0.2, 20].

To analyze the precision of the adaptive scheme, we compute the root mean square error
(RMSE), i.e.,

L —slle= ii[f(&)* &)
\/]Te Sll2 = Ne i S$(84)]

i=1

RMSE =
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where the §; is a uniform (equally-spaced or gridded) data set consisting of N, evaluation
points.

The matrix conditioning in (2.8) is estimated by using the MATLAB cond command, whereas
the execution or CPU time of the adaptive algorithm is computed in seconds. We remark that
the CPU time reported in this article is the result of an average obtained by sequentially run-
ning the code 100 times.

5.1. Results in 1D interpolation. In this subsection, we focus on adaptive 1D interpolation.
All these tests are carried by starting from an initial point set X(*) = X, which consists of
N = 13 equally-spaced points in the interval Q2 = [~1, 1]. Then, to connect the sets X *) and
T*) within the adaptive method, for k > 0, we define the set T*) of test points that are the
midpoints taken from (sorted) interpolation nodes, i.e.
7" = (¢ = 050 +2M), i=1,... ,N® —1}.

The threshold values are assumed to be equal to 0 ofine = 107% and fcoarse = 1078, How-
ever, in the comparison among the different residual subsampling algorithms, the refinement
threshold Orefine Varies, while the coarsening one is kept fixed at the value fcoarse = 1075.

In order to validate in depth our adaptive algorithms, we consider the following benchmark
target (or test) functions:

1 10(z +1 .9z +1
ho) =g a5

where f; is the Runge function, and f> represents a trigonometric function (see [18, 40]).

In Tables 1, 2, 3 and 4, we present the results obtained by applying the adaptive residual sub-
sampling method and using 10-fold CV and LOOCYV schemes for the shape parameter choice.
From these tables we get some useful information regarding the algorithm execution, i.e. the
number of iterations and the final number of points required to achieve convergence. Specif-
ically, we remark that the average approximation error (RMSE) is significantly smaller than
the prescribed value 0, of0- Moreover, the automatic shape parameter choice also allows us
to control the conditioning of the interpolation matrix that is always smaller than 10717, At
the same time, we observe a high level of precision of the numerical method (roughly around
the order of 10~7 or 10~%). Indeed, taking into consideration the various situations, condition
number and execution time assume quite similar values.

fa(z) = 2sin (5) cos [

kernel || # iter | Ny, | RMSE | cond(A;) | time

GA 4 53 | 9.6e-8 | 2.3e+9 0.5
IMQ 4 51 | 1.8e-7 | 1.6e+8 0.4
Mé 24 37 | 29e-7 | 23e+14 | 1.7
M4 5 81 | 6.1e-8 | 2.7e+10 | 0.5

M2 12 107 | 1.9e-7 | 6.7e+11 | 1.1
TABLE 1. Results with 10-fold CV for f;.

In Tables 5 and 6, we compare our adaptive CV based methods, specifically the 10-fold CV
and LOOCYV, deriving from extended Rippa’s scheme in Subsection 3.1, with the method [12]
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kernel || # iter | Ny, | RMSE | cond(A;) | time
GA 4 51 | 2.3e-7 | 1.5e+10 0.4
MQ 4 51 | 9.4e-8 | 8.2e+13 0.4
M6 7 99 | 1.8e-7 1.3e+8 0.6
M4 11 55 | 1.6e-7 | 2.0e+9 0.8
M2 7 99 | 1.8e-7 | 1.3e+8 0.6

TABLE 2. Results with LOOCYV for f;.

kernel || # iter | Nt | RMSE | cond(A.) | time
GA 2 25 | 1.6e-7 | 3.9e+17 | 0.3
IMQ 3 49 | 2.1e-8 | 8.8e+17 | 04
M6 9 52 | 1.1e-7 | 4.1e+15 0.7
M4 7 66 | 2.5e-7 | 7.2e+15 0.7
M2 12 118 | 2.5e-7 | 6.8e+13 1.0

TABLE 3. Results with 10-fold CV for fa.

kernel || # iter | Ny, | RMSE | cond(A;) | time

GA 3 20 | 7.8e-8 | 2.1e+14 | 03
IMQ 2 25 | 2.1e-7 | 12e+16 | 0.3
Mé 11 116 | 2.6e-7 | 6.1e+13 | 0.9
M4 10 53 | 1.8e-7 | 7.3e+13 | 0.7

M2 11 116 | 2.6e-7 | 6.1e+13 | 0.9
TABLE 4. Results with LOOCYV for f5.

and another one characterized by the implementation of LOOCYV, called LOOCV*, through the
MATLAB crossval routine, as described in Subsection 3.2. In this experimentation, all tests
have been run by M4 kernel. From the variation of the threshold O efines W€ can observe that,
on average, 10-fold CV and LOOCYV turn out to be comparable to method [12] in terms of both
number of nodes and execution time (necessary to achieve convergence). Though deducing
the superiority of one approach in regard to another is not easy, we can state that the LOOCV
is more efficient than LOOCV*. This fact is clearly evident when the value of 6 becomes
smaller and smaller and so the threshold request is more demanding.

refine

5.2. Results in 2D interpolation. In this subsection, we consider adaptive 2D interpolation.
These experiments are run by taking an initial node set X() = X, containing N(®©) = 320
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0 method [12] || 10-fold CV LOOCV LOOCV*

refine
Nyin | time || Nygy, | time || Ny, | time || Nygy, | time

le-04 33 0.3 33 0.3 33 0.3 31 0.3
le-05 39 0.4 39 0.3 39 0.3 39 0.4

le-06 54 1.4 81 | 04 55 | 0.7 47 | 1.7
TABLE 5. Comparison among residual subsampling methods using M4 for f;.
Note that * refers to the use of the MATLAB crossval routine [31].

0 method [12] || 10-fold CV LOOCV LOOCV*

refine
Nyin | time || Ny, | time || Ny, | time || Ny, | time

le-04 35 0.3 44 0.4 33 0.3 32 0.7
le-05 44 0.4 48 0.5 45 0.4 45 24

le-06 58 0.7 66 | 0.6 53 | 0.6 68 | 11.8
TABLE 6. Comparison among residual subsampling methods using M4 for f.
Note that * refers to the use of the MATLAB crossval routine [31].

uniformly distributed points on Q = [~1,1]2. Then, we update the node set X *) by applying
the adaptive subsampling procedure described in Section 4. To correlate the interpolation node
set X () with the corresponding test point set 7(®), for k > 0, we compute the halfway points of
T®*), as in [12]. As refinement threshold we set 6 10~4, while the coarsening threshold
is Ocoarse = 1075,

In our tests we analyze the performance of our algorithms taking the data values by three
test functions. The first is known as a Franke-type function [40], i.e.,

fa(z,y) = exp [-0.1 (z® + y*)] + exp [-5 ((z — 0.5)* + (y — 0.5)*)]
+exp [—15((z + 0.2)* + (y + 0.4)%)] + exp [-9 ((z +0.8)* + (y — 0.8)?)] .

The second is a hyperbolic tan function

refine —

fa(z,y) = %tanh B(y - 1‘)] + 1,

while the third is the exponential function [40] given by
fs(z,y) = exp [—60((z — 0.35)> + (y — 0.25)%)] + 0.2.

In Tables 7, 8, 9 and 10, we provide a numerical analysis to show how the adaptive residual
subsampling methods based on CV techniques work when they are applied to solve some
unknown functions characterized by quick variations in the domain 2. As already done in the
one dimensional case, in the above-mentioned tables we provide a detailed summary regarding
the performance of the bivariate algorithm. Specifically, it collects the number of iterations
needed to get convergence, the corresponding final number of nodes, the approximation error,
the condition number of the kernel matrix and the total CPU time. From this study we point
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out that both methods, involving 10-fold CV and LOOCYV, enable the algorithm to converge
in a relatively small number of iterations (namely, between 1 and 5). Moreover, the adaptive
procedure is able to avoid an excessive additions of points because —in all considered examples
— the final number of nodes is always less than 1000. This fact has a twofold importance: on the
one hand the conditioning is kept under control, on the other the executing time takes a few
seconds only. As regards the CPU time, we point the reader out that the type of radial kernel
and so its smoothness can influence the convergence speed of the numerical scheme, which is
subjected to an automatic addition or removal of points.

kernel || # iter | Ny, | RMSE | cond(A;) | time
GA 2 386 | 9.6e-6 | 5.1e+17 | 1.3
IMQ 2 321 | 5.0e-6 | 7.4e+15 | 1.0
Mé6 2 681 | 6.3e-6 | 3.2e+13 | 3.3
M4 3 496 | 1.5e-5 | 1.2e+13 | 2.5
M2 5 852 | 2.3e-5 | 7.9e+8 9.9

TABLE 7. Results with 10-fold CV for f3.

kernel || # iter | Ny, | RMSE | cond(A;) | time
GA 2 550 | 3.1e-7 | 1.2e+19 | 2.3
IMQ 1 315 | 7.4e-6 | 9.7e+12 | 0.5
M6 3 369 | 2.0e-5 | 59e+14 | 2.1
M4 5 508 | 2.1e-5 | 7.7e+9 4.3
M2 4 860 | 2.3e-5 | 7.9e+8 54

TABLE 8. Results with LOOCYV for fs.

kernel || # iter | Ny, | RMSE | cond(A;) | time
GA 3 806 | 1.8e-5 | 2.3e+13 | 5.1
IMQ 2 654 | 9.3e-6 | 3.7e+11 | 2.2
Mé6 2 623 | 1.1e-5 | 2.6e+8 2.8
M4 2 622 | 6.3e-6 | 8.le+8 24
M2 3 690 | 1.3e-5 | 1.5e+7 4.7

TABLE 9. Results with 10-fold CV for f,.
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kernel || # iter | Ny, | RMSE | cond(A;) | time
GA 3 938 | 1.2e-5 | 7.0e+11 | 59
MQ 1 320 | 24e-5 | 74e+11 0.6
M6 4 387 | 1.4e-5 5.1e+9 24
M4 3 428 | 1.0e-5 1.2e+9 2.0
M2 4 593 | 1.4e-5 4.9e+7 4.8

TABLE 10. Results with LOOCV for f;.

Finally, in order to highlight the benefit coming from the use of the new adaptive scheme, we
conclude this section by making a comparison among different k-fold CV methods. In Table 11
we report the numerical results obtained by considering some specific values of k in the k-fold
CV. Indeed, in this study we assume k = 5,25, 50,100 and k = N, where the latter results in the
particular case of LOOCV. From this table, we can observe that all the CV techniques produce
good results. The main differences in the algorithm performance seems to be dependent on the
kind of radial kernel used. Conversely, for a fixed kernel, as evident focusing on each row of
Table 11, the final number of interpolation points (required to satisfy the thresholds 6,.f0 and
Ocoarse) and the CPU time are enough similar. In conclusion, these numerical experiments for
2D adaptive interpolation show that the use of CV techniques are efficient and effective for the
selection of the kernel shape parameter but, at the same time, it is not possible to declare a clear
and complete superiority of a CV scheme compared to other ones.

5-fold CV 25-fold CV || 50-fold CV || 100-fold CV LOOCV
kernel

Nyipn | time || Ny | time || Ny, | time || Ny, | time || Nyyp, | time

GA 1243 | 13.1 || 1420 | 33.4 || 1330 | 19.6 || 1327 | 9.7 || 1231 | 9.7
IMQ 824 | 3.5 881 | 4.7 806 | 4.0 800 | 4.0 1053 | 7.4
WY 780 | 4.7 782 | 5.1 783 | 5.1 783 | 5.1 784 | 5.1
M4 683 | 7.2 683 | 7.6 684 | 7.0 689 7.7 682 | 7.0

M2 846 | 11.7 || 818 | 11.6 || 816 | 10.7 || 818 | 11.8 || 828 | 11.8
TABLE 11. Comparison among different k-fold CV methods for fs.

6. CONCLUSIONS

In this work, we proposed the use of various CV criteria for selecting optimal kernel shape
parameters within the adaptive residual subsampling method. More precisely, we focused on
extended Rippa’s scheme, considering k-fold CV and LOOCYV as a special case. The application
of such strategies in an interpolation framework showed that CV based techniques are valid
alternative compared to other computational methods such as maximum likelihood estimation
approaches. Indeed, the resulting CV based schemes revealed good level of flexibility and
accuracy, also turning out to be more efficient than commonly used MATLAB routines.
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As future work we expect to extend the application area of the adaptive CV based schemes
to variably scaled kernels and discontinuous functions (see e.g. [2, 17, 27, 28]). Moreover, we
also consider the chance to implement efficient residual subsampling algorithms for partition
of unity methods (see e.g. [4, 7, 9]).
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ABSTRACT. In the framework of the theory of semiclassical linear functionals in this contribution, we deal with the
sequence of orthogonal polynomials associated with the linear functional (L, p) = [ p(m)e_gchx, where p € P, the
linear space of polynomials with complex coefficients. The class of L is one and we deduce a differential / difference
equation (structure relation) for the sequence of orthogonal polynomials. The Laguerre-Freud equations that the coef-
ficients of the three term recurrence relation satisfy are deduced. The connection with discrete Painlevé IV equations is
emphasized. Finally, we analyze the lowering and raising operators (ladder operators) for such polynomials in order
to find a second order linear differential equation they satisfy. As a consequence, an electrostatic interpretation of their
zeros is formulated.

Keywords: Maxwell linear functional, Stieltjes function, Pearson equation, Ladder operators, Laguerre-Freud equa-
tions, electrostatic interpretation, Painlevé equations.
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1. INTRODUCTION

Let consider the sequence of orthogonal polynomials associated with a linear functional
L defined from a weight function w(z) = e supported on the positive real semi-axis by
(L,p) = [,° p(z)e~*"dx. The linear functional belongs to a wide class called semiclassical ([13]).
Indeed, they are semiclassical of class s = 1. The concept of class allows to introduce a hierar-
chy of linear functionals that constitutes an alternative to the Askey tableau based on the hyper-
geometric character of the corresponding sequence of orthogonal polynomials. Semiclassical
orthogonal polynomials appear in the seminal paper [16], where weight functions whose log-
arithmic derivatives are rational functions were considered. A second order linear differential
equation that the corresponding sequence of orthogonal polynomials is obtained. The theory of
semiclassical orthogonal polynomials has been developed by P. Maroni (see [12, 13]) and com-
bine techniques of functional analysis, distribution theory, z and Fourier transforms, ordinary
differential equations, among others, in order to deduce algebraic and structural properties of
such polynomials. Many of the most popular families of orthogonal polynomials coming from
Mathematical Physics as Hermite, Laguerre, Jacobi and Bessel are semiclassical (of class s = 0)
but other families appearing in the literature are also semiclassical. For instance, semiclassical
families of class s = 1 are described in [1]. As a sample in [7] truncated Hermite polynomials
associated with the normal distribution supported on a symmetric interval of the real line have
been considered. They are semiclassical of class s = 2.
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The coefficients of the three term relation satisfied by orthogonal polynomials associated
with a semiclassical linear functional satisfy coupled non linear difference equations (Laguerre-
Freud equations, see [2]) which are related to discrete Painlevé equations, see [11, 17] among
others. On the other hand, ladder operators (lowering and raising) are associated with semi-
classical orthogonal polynomials. Their construction is based on the so called first structure
relation , see [13], they satisfy. As a consequence, you can deduce a second order linear differ-
ential equation that the polynomials satisfy. Notice that the coefficients are polynomials with
degrees depending of the class.

In the framework of random matrices, several authors have considered Gaussian unitary
ensembles with one or two discontinuities (see [10]). Therein it is proved that the logarithmic
derivative of the Hankel determinants generated by the normal (Gaussian) weight with two
jump discontinuities in the scaled variables tends to the hamiltonian of a coupled Painlevé II
system and it satisfies a second order PDE. The asymptotics of the coefficients of the three term
recurrence relation for the corresponding orthogonal polynomials is deduced. They are related
to the solutions of the coupled Painlevé II system. The techniques are based on the analysis
of ladder operators associated with such orthogonal polynomials. For more information, see
[3, 4].

Integrable systems also provide nice examples of semiclassical orthogonal polynomials.
They are related to time perturbations of a weight function (Toda, Langmuir lattices). For
more information, see [18].

It is important to highlight that, according to S. Belmehdi and A. Ronveaux (see [2]), the
MOPS associated with the linear functional L defined as above is known as the family of

Maxwell polynomials. Nevertheless, in the literature, the name Maxwell polynomials is quoted
when you deal with the weight function w(z) = 22 supported on the positive real semi-
axis (see, for instance, [6]). They appear in many problems of kinetic theory since involve the
evaluation of averages over a Maxwellian distribution function f(c), where c is the particle

speed. The equilibrium average value of a function F'(c) is defined by
P [Pror@ic= = [ st .
VT o

Here fM(c) = (m/2nkT)3/2e=m<"/2kT 1 is the mass and © = (m/2kT)'/? is the dimesionless
speed. They are called speed polynomials.
In the literature, see [15], among others, Gaussian quadrature rules are analyzed for weight

functions w(z) = aPe " supported on the positive real semi-axis. They constitute an useful
tool in the solution of the Boltzman and/or Fokker-Planck equations. It is important to point
out that the coefficients of the three term recurrence relations for the corresponding sequences
of orthogonal polynomials satisfy nonlinear equations which are numerically unstable. In [15]
extended precision arithmetic is used to generate the recurrence coefficients to high order. As
a consequence, the polynomials and associated quadrature weights and nodes are deduced.

Maxwell polynomials are used in various fields for different purposes, such as in pseudo-
spectral collocation schemes. Among the numerous characteristics that make these polynomi-
als desirable for pseudo-spectral discretization schemes for the velocity variable, one may em-
phasize their capability to handle semi-infinite intervals, the convenient distribution of their
zeros that balances clustering around zero, where increased resolution is often needed, with
the sampling at increasingly larger distances from the origin, and their optimal location for the
computation of integrals involving a Maxwell-Boltzmann distribution. For further details, see
[9, 14].
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On the other hand, strong asymptotic properties of orthogonal polynomials with respect to
weights w(z) = 7%~ ?®), where a > —1 and Q is a polynomial of degree m with positive
leading coefficient, have been analyzed in [19]. An application to prove universality in random
matrix theory is also provided therein.

The presentation is structured as follows. In Section 2, a basic background concerning linear
functionals, orthogonal polynomials is given. The semiclassical case is emphasized. Section
3 deals with the Pearson equation associated with the Maxwell linear functional. As a con-
sequence you get the first order linear differential equation that the Stieltjes function satisfy.
Section 4 focuses the attention on the Laguerre-Freud equations satisfied by the coefficients of
the three-term recurrence relation associated with the Maxwell polynomials. The connection
with discrete IV Painlevé equation is stated. Finally, in Section 5, the expressions of the ladder
operators are given as well as the second order linear differential equation these polynomials
satisfy. The electrostatic interpretation of their zeros is deduced.

2. BASIC BACKGROUND

Let P be the linear space of polynomials in one variable with complex coefficients and let
P,, be the (n + 1)-dimensional subspace of polynomials of degree less than or equal to n. Let
L : P — C be a linear functional and denote by s, the moments of L on the monomial basis:

(2.1) L[z"™] = (L,z") := pn.

A sequence {p, } >0, with p,, € P,\P,,_; foralln > 0 (P_; = (), is said to be an orthogonal
polynomial sequence (OPS) with respect to L if

22) (L,pkpn) = hnlkm, k,n € NU{0},  hy, #0,

where Jj, ,, denotes the Kronecker delta symbol. We will denote by {P, },>¢ the OPS with P,
monic, for all n > 0 (MOPS) and by {pn}n>0 the orthonormal family (ONPS) i.e., h, = 1 in
(2.2), for all n > 0 (this family is unique under the condition that all the leading coefficients are
positive).

We recall (see [5]) that a linear functional L defined on P is said to be quasi-definite if an OPS
with respect to L exists. A quasi-definite linear functional L is positive-definite when h,, > 0in
(2.2), n > 0. In this case, L canbe represented in terms of a positive Borel measure 1 supported
on the real line as (L, p) fR ) for p € P, L has real moments and thus, MOPS and
ONPS have real coefficients. Also, the zeros of p,, are real, distinct, located in the interior of the
convex hull of the support of ;1 and they interlace with those of p,, 1.

It is very well known that MOPS and ONPS satisfy three term recurrence relations (TTRR).
Theorem 2.1. Let { Py}, and {pn},  be the MOPS and ONPS with respect to the linear functional
L given by (2.1), respectively. Define o, = <<LLI;> ,Vn > 0, and 5, = éL};g’? >1> > 0, Vm > L

Setting P_q(z) = p_1(x) =0, Py(z) = 1 and po(z) = m, then it holds for all n > 0,

(2.3) Poi1(z) = (2 — ayn) Po(z) — BnPr-1(2),
(24) zﬁn (l’) = 6n+1ﬁn+1(x) + O‘nﬁn (I’) + ﬂnﬁn—l(x)-

We consider also the reproducing kernel K, (z,y) = > _o Pr(z)pr(y), that satisfies the re-
producing property (L, K,,(z,vy)q(y)) = [ Kn(z,y)q(y) du(y) = q(z), for all ¢ € P,,. The well
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known Christoffel-Darboux and confluent formulas are

(25) Kn (1'7 y) = ﬂn+1 ' ﬁnJFl(x)ﬁn (ya): :in<x)ﬁn+1(y) ) x 7& Y,
(2.6) K (w,2) = /Bt - [Poga (€)Pn (@) = P (2)Pnra (z)] > 0,
respectively.

The following definition of D-semiclassical linear functionals (with respect to the derivative
operator) is a natural generalization of the D-classical functionals.

Definition 2.1. A quasi-definite functional L is said to be semiclassical if there exist nonzero polyno-
mials ¢ and 1, where ¢ is monic, deg ¢ > 0, and degy > 1, such that L satisfies the distributional
Pearson equation

(2.7) D(¢L) =9L.
Furthermore, an OPS associated with L is called a semiclassical sequence of orthogonal polynomials.
Recall that the adjoints of the derivative and multiplication operators are (DL,p) = — (L,p’) and

(xL,p) = (L, xp), respectively (see [13]).
One can observe that deg ¢ > 1. Indeed, if 1(x) = ¢y # 0, then
0=—(¢L,0) = (D(¢L),1) = (YL, 1) = (L, ¢) = thopro  with o =(L,1).

Thus, ;19 = 0, contradicting the quasi-definiteness of L. Clearly, we also need the polynomial
¢ to be nonzero in order to guarantee that L is quasi-definite. To prevent any potential conflict
arising from the quasi-definite nature of the semiclassical functional L, a new requirement has
to be imposed: if ¢(z) = S j_, axx® and (z) = S5 _, bz (r > 0, t > 1), then for any n > 0
it must hold na, + b1 # 0 when r = t + 1, to ensure that all the moments are well defined.
Indeed, from (2.7) we can write (D(¢L),z™) = (yu, z™), which implies (u, ngz™ " + ¢z") = 0
for all n > 0. So, the Pearson equation is equivalent for n > 0 in this case to

T r—1
n- Z Ak fontk—1 + Z bipinyr =0,
k=0 k=0
implying
r—2
(nar + br—l),un—i-r—l = - Z(nak+1 + bk)ﬂn+k — nNagfbn-1, n > 0.
k=0

Consequently, if there is ny such that noa, +b,—1 = 0, we see that p,,,+»—1 cannot be computed
from the previous identity. This circumstance may potentially give inconsistencies with the
quasi-definiteness of L. When L is semiclassical, it is possible that (2.7) not to be minimal due
to the non-uniqueness of the polynomials ¢ and . Specifically, for any non-zero polynomial ¢,
one can see that

D(q¢L) = ¢'¢L +qD(pL) = ¢'¢L + gL = (¢'¢ + qib) L.
Therefore, L satisfies D(QZL) =L, with ¢ = gq¢ and ¢ = ¢'¢ + qi. Moreover,
deg(q¢p) = degq+ deg ¢ and deg(q'é + q1p) = degq + max {deg ¢ — 1,deg )} .

Therefore, a semiclassical linear functional exhibits various Pearson equations based on the
choices of polynomials ¢ and ¢. Defining the class of a semiclassical linear functional L stems
from the minimum degree choices of ¢ and 1), given by

$(L) = minmax {deg ¢ — 2,degt) — 1},
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where the minimum is taken among all pairs of polynomials ¢ and # such that (2.7) holds. It
is noteworthy that D-classical linear functionals, such as Hermite, Laguerre, Jacobi, and Bessel
polynomials, fall under the category of semiclassical ones with class s = 0. In this respect, a
proof of the following two results can be found in [13].

Theorem 2.2. For any semiclassical linear functional L, the polynomials ¢ and ) in (2.7) such that
s(L) = max {deg ¢ — 2,deg 1) — 1} are unique up to a constant factor.

Proposition 2.1. Let L be a semiclassical linear functional and let ¢ and + be nonzero polynomials,
with deg ¢ = r and degv = t, such that (2.7) is satisfied. Consider s = max{r — 2,¢t — 1}. Then
s = s(L), if and only if

IT () = ¢l + (L. 8tp(2) — B26(x))]) > 0,
c: ¢p(c)=0

where
brae) o 42 =00

r—C

, qeP.

We can consider from the moment sequence its z-transform, that yields a formal power
series

oo

_ fin
(2.8) S(2) = S

that is referred in the literature as Stieltjes function (see [8, 13]). Semiclassical functionals are
introduced alongside various characterizations. It is worth noting that some of these charac-
terizations naturally extend the criteria used for defining class functions. We refer to [8, 13] for
the proof of the following:

Proposition 2.2. Let L be a quasi-definite functional, { P, },,>¢ its associated MOPS and s a nonneg-
ative integer. The following statements are equivalent:

(1) L is semiclassical of class s.

(2) There exist two non-zero polynomials ¢ and 1, with deg ¢ = r > 0 and degyp =t > 1, such
that the Stieltjes function S associated with L given by (2.8) satisfies ¢S’ + (¢/ — ) S = C,
with C =L -0y (¢ — ) + DL - 6y, where ¢, ¢' — ¢ and C are coprime (they do not share
common zeros). Notice that

rq\xr) —
L) = (L, 2@ =va)y — p.
r—y
(3) There exist a monic polynomial ¢, deg ¢ = r, with 0 < r < s+ 2, such that

n+r
(29) (,ZS(:Z?)PT,H_l(I’) = Z >\n+1,kpk(x)7 n Z S, )\n+1,n—s 7é 0

k=n—s
Ifs>1,r>1,and Ag11,0 # 0, then s is the class of L.
Now, using the TTRR (2.3) for MOPS, (2.9) can be rewritten in a shorter form (see [13]):

Theorem 2.3. Let L be a semiclassical functional of class s and {P,},>o its corresponding MOPS.
Then it holds (lowering operator)

Chit (33) - Cy (x)

(2.10) ¢(2)D, - >

Poy1(z) = =Dpy1(z)Po(z), n >0,
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where {C), }r>0 and { Dy, }n >0 satisfy

Q1) Cole) = () + #(@), Cosr(2) = —Cola) + 2Dg(””) (2 —an). n>0,
with D_y =0, Dy = (L - 0p¢)" — (L - 6p1)) and
Doir(a) = —o(a) + %Dn_mx) (- a2 g("”) (@ —an)Cal@), >0,

The expressions of the previous theorem lead to the so-called ladder operators associated
with the semiclassical functional L. Indeed, using (2.11) and the TTRR (2.9), we can deduce
from (2.10) that the raising operator is given by
Cry2(7) + Co(x) Dy ()

2 ﬂn-‘rl
This relation, together with (2.11) are essential to deduce a second-order linear differential
equation satisfied by the polynomials {P, },>¢ (see [8, 13]):
J(z,n)P (z) + K(z,n)P,  ,(x) + M(z,n)Pyy1(z) =0, n >0,
where, forn > 0,
J(x,n) = ¢(x)Dns1(),
K(2,n) = (¢/(@) + Co(2)) D) 1 (2) — $(2) Dy (a),

M(J?, Tl) _ Cn+1(x)2_ CO( )D»/,H-l( ) n—i—l(m)?_ CO(m) D7L+1 n+1 Z

¢(x)Dy + Poii(z) = P,io2(x), n>0.

Remark 2.1. Observe that the degrees of the polynomials J, K, M are at most 2s + 2, 2s + 1, and 2s,
respectively, where s denotes the class of the linear functional.

In [3, 4], assuming that the linear functional is positive-definite, it is associated with a weight
function, and under some integrability conditions, raising and lowering operators for orthog-
onal polynomials with respect to a weight function supported on the real line are derived,
as well as a second-order linear differential equation satisfied by these polynomials (particu-
larly, in [4], the case of orthogonal polynomials with discontinuous weights is studied). Let
—o00 < a <b<ooand {P, }n>0 be the MOPS associated with the linear functional L defined

over P such that (L, p) f p(z)w(x)dz, with w(z) := e~*(®), where v is a twice continuously
differentiable and convex functlon for x € [a,b]. If h, is given by (2.2) and «,,, 8, are the co-
efficients of the TTRR (2.3), then the actions of the ladder operators on P, and P,_; are (see

[3]):

2.12) (;;wn(x))  (2) = BuAn(2) P (@) > 1,
(213) - (d(i’ - Bn(m> - U/(l‘>> Pnfl(x) = Anfl(m)PnLT)an > 1,
where

b/ ) — v 2 w y=b
@19 Anle)i= - [ OO R dy + )

b () =
(215)  By(z):= hnli1 / v'( x)_ . ) Poa(y) Pu(y)w(y) dy + e -2 |
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Observe that A,, > 0 due to the convexity of v. Thus, the lowering and raising operators are
given, respectively, by
d d ,
L, = . + Bp(z) and R, =-— <d:z: — Bp(z) —wv (:c)) )
In addition, the coefficient functions in the ladder operators, A, (z) and B, (%), satisfy
Bn1(z) + Bu(2) = (2 — an) Ay (2) —v'(2),

Bn+1($) _ Bn(if) — ﬂn+1An+1(.’IJ) — 5711477,—1(1') 1 .

T — Qp

Remark 2.2. The raising and lowering operators are adjoint within the context of a Hilbert space en-

dowed with the inner product (f,g) = fab f(x)g(z)w(x)dz. Note that the adjoint relationship between
raising and lowering operators persists even within the framework of classical orthogonal polynomials,
which adds an intriguing layer to their general setting.

Furthermore, the combination of the raising and lowering operators leads to a second-order
linear differential equation.

Theorem 2.4 ([3]). Under the above conditions, the MOPS { P, },>0 associated with the linear func-
tional L satisfy

1
R | (LnPn@c))} _

hn— 1
hy

Ap_1(z)Pp(z), m>1,

or equivalently,
Pll(x) + Sp(z)P),(z) + Qn(x)Py(x) =0, n>1,

where .
() = — {U'(m) + A”Eg]
and
Qn(z) = A, () (ﬁ:gg) — Bu(2)[v'(z) + Bp(2)] + An(x) Ap_1 () h;,;l
=B/ (r) - Bn(m)m — Bn(z)[V'(z) + Bu(2)] + h;;lAn(x)An,l(x).

3. PEARSON EQUATION, MOMENTS AND STIELTJES FUNCTION

Throughout the rest of the paper we will focus our attention on the study of the truncated
Hermite positive-definite linear functional L, defined by

(3.16) Ll = Larp) = [ pla)e™™" do, peP=Eis)

We will recognize L, as a D-semiclassical functional of class s = 1. To prove this, we begin by
examining the associated Pearson equation. We will then derive a second-order linear recur-
rence equation for its moments. Using the z-transform of the moment sequence (the Stieltjes
function), we will obtain a first-order linear differential equation satisfied by this function. Sub-
sequently, we will derive the Laguerre-Freud equations. Finally, we will construct the ladder
operators and explore the electrostatic interpretation of the zeros of the corresponding orthog-
onal polynomials.
The Pearson equation representing the linear functional (3.16) can be expressed as follows.

Proposition 3.3. Let p € R[z], ¢(x) = x and 1(x) = 1 — 222, Then, the linear functional Ly, defined
by (3.16) satisfies the Pearson equation established in (2.7).
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Proof. For p € R[z] it follows that

2

(D(6Lar),p) = — (Lar, 69 = — / " by (@)e du

2

= [ o) (1= 20) e e = [plop)e ] = (Lo
0

=0

O

From Proposition 3.3 we see that L), is a D-semiclassical functional whose class does not
exceed s = 1. In Remark 3.4 we will show that the class is indeed s = 1, see further.

Remark 3.3. Sincep(x) = ¢'(x) —2x¢(x), the Pearson equation from Proposition 3.3 can be rewritten
as

(8.17) —(D(¢Ln),p) = (L, ¢p') = — (L, (¢ — 22¢)p) = (Lnr, (226 — ¢')p) -

Regarding the corresponding moments of the linear functional (3.16), by setting s = 2% we
can write for all n > 0,

e 1 [ 1 1
(3.18) pron = (Lag, 2*™) = / 22e " dy = f/ s""re fds == -T (n + ) ,
o 2 )y 2 2

e 1 [ 1 !
(3.19)  pang1 = (L, 2*" ) = / 22 e gy = 5/ s"e " °ds = 3 Tn+1)= %
0 0

To deduce a second-order homogeneous difference equation that characterizes the moments
associated with the linear functional L,;, we can make use of the Pearson equation given by
(3.17):

Proposition 3.4. Let i, = (Las,2™), n > 0. Then, {in},, satisfies
(3.20) 2pnto — (n+ Dy, =0, n>0,

with initial conditions po = @ and py = 1.

Proof. From (3.17) with p(z) = =™, we get

(3.21) (La,ng(x)z" ™) = (L, 2x¢(x) — ¢/ (2))2") .

Since ¢(r) = z and 2x¢(x)—¢' (z) = 2% —1, we can write (Lys, ng(x)z" 1) = n (L, 2™) = npy
and (Lys, (2xp(x) — ¢ (x))a™) = 2(Lar, 2" 2) — (Las, ™) = 24nyo — pin. Therefore, (3.21) is
equivalent to (3.20). The initial conditions follows directly by taking n» = 0 in (3.18)-(3.19). O

Concerning the corresponding Stieltjes function (2.8), we can prove the following

Proposition 3.5. Let w,, = (Lar, ™), n > 0. Then, the Stieltjes function S(z) associated with the
linear functional L satisfies the first-order non-homogeneous linear ordinary differential equation

(3.22) 28/(2) + 2228(2) = 21 + 2p10),
or equivalently,

$(2)S'(2) + [¢'(2) = ¥(2)] S(2) = 2(m1 + ¢(2) o),
where ¢(z) = zand (z) = 1 — 222
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Proof. If we apply the z-transform to (3.20), we get

2ZMZI§ _Z +1)Zn+2 =0.

n=0 n=0
Since
> Pny2 Ho M1 —
n_Oz””_Z{S(z)_z_z?} and nz;)n—i—l n+2— —-D.,S(z),
it follows that
_Ho M1 "(5) =
22[3() - Z2}+5() 0
and we conclude (3.22). ]

Remark 3.4. Observe that from Proposition 2.2 and (3.22), we get
(3.23) C(2) = 2(p1 + 2p0)-
Taking into account that ¢(z) = z, ¥(z) = 1 — 222, ¢(0) = (¢' — ) (0) = 0 and C(0) = 2y # 0,
the Stieltjes function associated with Ly, satisfies
$(2)S'(2) +[¢(2) — ¥(2)] S(2) = C(a),

where C is given by (3.23) and ¢, ¢’ —, and C' are coprime. Therefore, from Proposition 2.2 we conclude
that Ly is a D-semiclassical functional of class s = 1.

4. LAGUERRE-FREUD EQUATIONS

The equations governing the coefficients of the TTRR (2.3), which are typically nonlinear in
nature, are recognized in the literature as Laguerre-Freud equations (see, for instance, [2]). It
is noteworthy that these equations can be viewed as discrete analogues of the well-established
Painlevé equations (see [11]). The aim of this section is to obtain the Laguerre-Freud equations
for the Maxwell linear functional given by (3.16). We start with a structure relation satisfied by
Maxwell polynomials:

Theorem 4.5. Let { P, },>0 be the MOPS associated with the linear functional defined in (3.16) and
O, Br, the corresponding coefficients in the TTRR (2.3). Then the polynomials P, satisfy the structure
relation

(4.24) ¢(1‘)P¢/L+1(x) =+ 1)P(z) + /\n+1,npn($) + >‘n+1,7z—1Pn—1($)7 n=>1,
where >\n+1,n = 2Bn+1 (an,+1 + an,) and )\n,+1,n—1 = 2Bn+1/8n~

Proof. From Proposition 2.2 with s = 1 and r = deg ¢ = 1, the structure relation satisfied by the
MOPS with respect to the semiclassical functional defined in (3.16) becomes for all n > 1,

QS( )PT,L+1( ) (Tl + ]-)Pn—i-l(x) + >\n+1,npn(x) + )\n+1,n—1pn—l(x)a

where

<L]\/f7 QS n+1Pn—1>
(| Pr—a[?

<L]\/[a¢ +1P >
1P 2

)\n+1,n == and An—i—l,n—l
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Indeed, one can observe that if we write 2P, | = (n+ 1)Ppi1 + Y 1o An+1,6 Pk, then

(La,aP 1 Py (Lag,@ [(Poy1Pe) — Paya P)

S YL I
(L, (Pos1Pr) = Poga Py — (D (xLn), Pur1iPy) — (Lo, Poy1 Py
- 1P| N 1P|
= ((1—22%) Ly, Puy1 Pr) — (Lag, Poy PY)
B 1P ’

where we have used (3.17) in the last equality. Hence,

0, fk<n—1,
gl Pns1 I if h=n—1
Ant1k = § “|[Posl’ =n
L 2Pni1Pn .
ot PupsP) g — .

From the TTRR (2.3) we can write

{ Poi1(2) = Poga(2) + ant1Put1(2) + Bny1 Po(2),
xP( ): ( )+anPn(w)+6nPnfl($)7

which implies that
(Lar,2* Py Po) = (Lo, 2P 13 Py) = gt | Prgtl|” + @Bt [ Pl
Therefore, for all n > 1 we get

>\n+1,n =2 (anJranJrl + aanJrl) = 2ﬁn+1 (an+1 + an) 9
/\n+1,n—1 = 2/Bn+15n7

and the proof is concluded. O

Theorem 4.6. The coefficients o, and (3, of the TTRR (2.3) for the linear functional defined in (3.16)
satisfy for all n > 1 the Laguerre-Freud equations

1
(4.25) O+ Bug1 + Bn=n+ 5,
(426) 2Bn+2an+2 + (07705 ] (2571-&-2 - 26’n+1 - 1) - 20‘71571-&-1 - 07
with initial conditions 81 = LBy = )2 ) and oy = (ﬂ_g)ﬁ.

Proof. Let {P,}, -, be the MOPS with respect to the linear functional Ly, given by (3.16). Tak-
ing p = P2 in (2.7) with ¢(z) = z and ¢ (x) = 1 — 222, we get

The right side of (4.27) can be rewritten as

(4.28) (La, P2y = (L, (1 =22%) P2) = (Lag, P2) — 2(Lag,2°P2), n>1.

n
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From (2.2) we have that (L, P2) = h,, and
P2 Po() = & [Pasr (2) + 4 Pa() + Bu P (2)
= 2Pp11(2) + anxPp(z) + BnaPr_1(x)
= Poya(2) + ani1 Pus1 (2) + Buga Po(2) + an Py (2) + af Po ()
+ B Po—1(x) + BnPr(x) + an—18n Pr—1(x) + BnBn—1Pn—2(x)
= Pyyo(x) + (ang1 + on) Poga(z) + (@ + Bnyar + Bn) Pal)
+ Bn(an + an_1)Pr1(%) + Bnfn_1Pn_2(),

so (4.28) is equivalent to
429) (L, P2y =hy —2(ak + Bus1 + Bn) hn = [1 =2 (02 + Bug1 + Bn) | bn, n>1.
In addition, from (4.24) we have that
d(x) Py, (2) = nPu(x) + 2Bn (n + an—1) Pu1(2) + 26,801 Pr2(x), n>1,
so the left side of (4.27) becomes

-2 <LM7 Pn¢P7/1> = -2 <L]\/I7 Pn [nPn + 26n (an + Oénfl) Pnfl + 2/8n6n71Pn72]>

4.
(4.30) = —2nh,.

Finally, equating (4.29) and (4.30) we obtain —2n = 1 — 2 (a% + Bnt1 + ﬁn) and (4.25) is de-
duced.
On the other hand, since 2P, , | = (2Py41)" — Pyt1 and (Las, Pos1 P,) = 0, we see that

<LMa'TP1/1+1Pn> _ <LM7 (xPn-‘rl)/ Pn>

>\n+1,n -

1P 1P
- <LM’ (PTILH - anHP;l;l i ﬁnﬂp;l) Pn> - <LM’ P;L+22Pn> + app1(n+1).
| | [Pl
Let us write
n+1
Poyo(z) =22 + Z 5n+2,k33k ="+ 5n+2,n+1%‘n+1 +..
k=0
SO
n+1
! () = (n+2)z" T + Z Edpyort™ = (n+2)2" ™ + (n 4 D)dpgonsia™ + ...
k=1

It follows that
<LM,P7’H2Pn> _ (n+2) <LM,x”+1Pn>

+ (n+1)dnt2nt1-

2 2
[l 1l

Since 2" = Ppy1(2) — Sp41,02" — ..., wehave (Las, 2" Py) = —6pq1n | Pl Then,

(4.31) Anttpn = —(n+2)0ny10 + (04 1)0nt2,n11 + (04 Do

Alternatively, identifying coefficients of 2™ in (4.24), we can observe that

/\n+1,n + (n + 1)5n+1,n = n6n+1,n = >\n+1,n = _5n+1,n-
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Since JZPn_H(J?) = Pn+2(l‘) + an_;,_an_,_l(a:) + ,Bn_HPn(l‘) we get 5n+1,n = 5n+1,n+1 + g1, and
this allows us to recover (4.31). Therefore, we can write

2Bn+1(an+1 + an) = _5n+1,na
2ﬂn+2(an+2 + an+1) = *5n+2,n+17

and this implies

Apt1 = 2ﬁn+2(an+2 + an-i—l) - Qﬁn-i-l(an-i-l + an)v n Z 1.

which is equivalent to (4.26). The initial values «;, 81 and 82 can be obtained by direct compu-
tation (see Remark 4.5 and Theorem 4.8 further). ]

A second recurrence relation for the parameters of the TTRR (2.3) which is of interest can be
obtained as follows. Let {p,, }»>0 be the ONPS associated with the linear functional defined in
(3.16), with TTRR given by (2.4) and p,, = \/%Pn with h,, defined in (2.2). If we multiply by

22" in the confluent formula (2.6) and we integrate over [0, 00), it follows that

(432 Z/ e o= | [ s e = [ pa @ e ).

The integration by parts in the first member of (4.32) yields

R _z2? 1 Ry . . 2
[ st@aeae =3 [ [ + 2@ @] e do
0 0

1 bl . 2 1
-+ xpr(2)pr, (x)e™* dx = B + k.
0

2

Therefore, we have that

(4.33) Z/ P (@ *‘”d:z:fz bhe L n+1)

Regarding the right-hand side of (4.32), notice that

| @@ ae—n [ @)V e o
==/ - | " (@) (25 (@) ) do - / " i (@), (2)e " do
w2 " i @)@y s
=—n\/Bn+1 — 2¢/Bnt1 — 1/ Bns1

2+ 1)/ Bry +2 /O " st () () e .
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Now, from (2.4) we get
Pu(@) =v/Buer |V Burabasa(®) + QnsiBris (@) + V/Brpiba()]
o |[VBuriBur1 (@) + 0ubu(@) + v/Bupuo ()
/B [VBubn (@) + Qn-1n-1(@) + /Ba-1n—a ()]

=V Bnt1Bnt2Pn+2(x) + (\/ Brt10m41 + any/ 5n+1> Pn+1()
+ (611—0—1 + 04121 + 6n) ﬁn(l’),
and by making use of the TTRR (2.4) with n replaced by n + 1 it follows that
/ 56313"_5_1(1‘)]5”(.73)67126[.13 = v/ Bn+1 [ﬁn+2 + g1 (Qng1 + an) + Bug1 + Oéi + Bn] )
0
which implies that the right-hand side of (4.32) reads as

(434) 2671-&-1 [/Bn+2 + an+1 (an+1 + an) + /Bn—i-l + (131 + Bn - (’Il + 1)] .
If we equate (4.33) and (4.34),

(n + 1)2 = 4/8n+1 [6n+2 + [e77ES] (a7z+1 + a?z) + Bn-‘rl + 04721 + ﬁn - (Tl + 1)]

3
:4/8n+1 |:n+2+an(an+an+l)+5nn1:|

1
= 4ﬁn+1 |:2 + Bn + ap (an + an-‘rl):l .
Therefore, we have proved the following

Theorem 4.7. The coefficients o, and (3, of the TTRR (2.3) for the linear functional defined in (3.16)
satisfy the Laguerre-Freud equations (4.25) and

1
(4.35) 46,11 {2 + Bn + ap (o + an+1)] =(n+ 1)27 n>1,

with initial conditions B = + — L, 85 = 7{:1;;32) and aq = W

Moreover, one can easily see that (4.35) can be rewritten as

(n+1)> =481 [; +ananyr +n+ % - ﬂn+1:| =4Bnr1n+ 1= Buy1 + ananga],
which implies that
ABn10momi1 = (n+1)2 = 4(n+1)Bns1 + 48511 = (n+ 1 - 2Bp41),
or equivalently,
(4.36) 1667 10n 041 = (41— 28,11)"

On the other hand, from (4.25) we have that 283,11 + 28, + 222 = 2n + 1 and hence, 222 =
n+1—28,+1+n—208,. Thus, (4.36) becomes

482 (n+1 =281+ n—28,)(n+2—2Bpi0+n+1—28,41) = (n+1—28,41)",
or, alternatively,

4
9 n+1 n n -+ 2 n+1 n+1
n+1 (2 _Bn-‘rl +§ _ﬂn> ( 9 _ﬁn+2+ 2 _ﬁn-l-l = 2 _ﬁn—i-l .
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Setting g, = § — B35, the previous equation turns into

2
n+1
Grp1 = ( 5 —gn+1> (Gn+19n) (Gns2 + gny1), n>1,

which is a discrete Painlevé IV equation (denoted in the literature as d — Pry). We refer to [17,
p- 10] and [18, Section 4] for more details.
Finally, one can observe that

1 1 n
O‘?L:n+§7ﬂn7Bﬂ+1:n+§+(gn7§) :97:,+9n+1-

Remark 4.5. Concerning the initial conditions, from the relation 3, = = - (n > 1) that follows

from Theorem 2.1, where h,, = ||P,||*> = (Lar, P2), and from the explicit expressions for the moments
(3.18)-(3.19) it is an easy exercise to check that

1 s 4 — 7
Po(x)El’ Pl(],‘):l‘—ﬁy PQ(:E):J:2_7T\/_>2$+2(7T—2)’
which implies B = % — % and By = ’(:57:;;32) . Therefore, we get
1 1 B B n(r—3) 4-=
(4.37) 9175*517;, 92*1*52*1*@_2)2*@_2)2'

Thus, the following result has been proved.

Theorem 4.8. Let o, and (3, be the coefficients of the TTRR (2.3) for the linear functional defined in
(3.16) and let { g, }n>0 be defined by g, = § — Bn. Then, {gn }n>0 satisfy the d — Ppy equation

2
n+1
9ﬁ+1 = <2 - 9n+1> (n+1 +9n) (Gni2 + gny1), n>1,

with initial conditions given by (4.37). In addition, for all n > 1 we have &2 = g,, + gn1.-

To conclude this section, we will study the asymptotic behavior of the coefficients o, and
Br. Our aim is to find the leading behavior of an asymptotic series solution for the recurrence
relations discussed previously, that is, the first term in the expansion. Since «,, and (3, are all
positive and approach infinity as n — oo, we can write

ap,=n"a&, and S, = nsém

where &, and f3, approach positive constants A and B respectively, as n — co. Hence, let us
consider o,, ~ An" and 3, ~ Bn® as n — oo, where r and s are unknown positive constants
and ~ means asymptotic to. Substituting these asymptotic forms into the recurrence relation
(4.25) yields

1
B%n? +24An°* =n + 2

We require that this equation hold for all n > 0 so that s = 1 and 2r = 1. Then, the coefficients
A and B satisfy the equation

(4.38) B?4+24=1.

On the other hand, if we replace the asymptotic expressions in (4.35), then

1 1 1 1
4A(n+1) [2 + An + Bn?2 (Bn§ + B(n+ 1)2)] = (n+1)3,
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which is equivalent to

4A

%+An+B2n <1+(1+i)é>] =(n+1).

Again, since this equation also hold for all n > 0, we have
(4.39) 4A(A+2B%) =1.

Now, we need to solve the nonlinear system of equations formed by (4.38) and (4.39). Note
that we can write 2B% = 2 — 44 due to (4.38), so (4.39) can be turned into 44 (2 — 34) = 1 &

1242 —8A+1 = 0, whose solutions are A; = £ = By =0and Ay = § = By = \/g Given that

o, and f3,, are positive for all n, so A and B must both be positive. Thus, A = % and By = %

is the only possible solution, so the leading behavior is given by

1 /2
anwgn and 0§, ~ ?n

5. LADDER OPERATORS AND ELECTROSTATIC INTERPRETATION OF THE ZEROS

In this section, we construct first the ladder operators for the semiclassical functional of class
s = 1 defined by (3.16). Then, a second-order linear differential equation (in z) for the Maxwell
polynomial P, ; will be obtained, as well as the electrostatic interpretation of the zeros of these
polynomials.

Theorem 5.9. Let the lowering operator L, be defined by L, +1 = A,41(x)Dy — Bpyi(x) for all
n > 0, where
P(x)

A, = d B,
+1($) Qﬁn-i-l (1‘ - arL) + )\n-‘rl,n o +1(m)

o n+1-— 25n+1
2671-&-1(33 - an) + An-{-l,n,

with ¢(x) = x and \pi1,n = 2Bn+1(an+1 + an). Then,
(5.40) Lps1Poi1 =P, n>0.
Proof. From (4.24) we have that
O(@) Py y1(2) = (n+ 1) Poy1(2) + Ang1,0 P () + 28541 B0 Pa—1(2).-

Using the TTRR (2.3), we can see that 5, P,,—1(z) = (z — o) P, (x) — Pot1(x), so the previous
expression is equivalent to

d)(;v)PfH_l(z) = (n =+ 1)Pn+1(55) + /\n+1,npn(x) +20Bn41 [(x - O‘n)Pn(m) - Pn+1(z)]

G4 (14 1= 2B) Pasa (&) + 2801 (2 — @) + Anprn] Pa(a).

Therefore, we can write

[¢D1 - (’I”L +1- Zﬁn—&-l)] Pn+1(1') = [25n+1($ - an) + )\n—&-l,n] Pn(x)a

and (5.40) follows. O
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Theorem 5.10. Let the raising operator R, 1 be defined by R,,11 = Cyy1(2)Dy + Eyy1(z), for all
n > 0, where

¢(x)
Cn_H(l’) = - b )
_ ntl,n
2(x — ay) + e
n+1-— Qﬂn-l—l =+ (2( ) + E++11n) (17 — Oén+1)
E’VL"rl(x) = n+1 n 5
2(x — ) + E—
with ¢(z) = v and Api1,n = 20n+41(ant1 + ). Then,
(5.42) Ryt1Pnt1 = Ppyo, n > 0.

Proof. Using the TTRR (2.3), it is clear that P,, = ﬁ%ﬂ [(z — apnt1)Pus1 — Pryo), where 3,41 >
0, so (5.41) can be rewritten as

1
®Pry1 = (n+1=2Bn41) Poy1+ — e [28nt1(z — an) + Ant1,n] [(T — ant1) Pry1 — Pago]
>\n+1,n
=n+1-26nt1+(2(x—an) + s (x — ang1)| Pryr
n+1

ATL n
— (2(:6 —an) + +1 ) Poio.

ﬂn+1

Thus,

>\n+1,n

¢Dy —n—1+ Qﬁn-i-l - 2(17 - O‘n) +— (1‘ - an+1) Py
BnJrl
)\n—i-l,n
=— 2z —an)+ ——— ) Pria,
n+1

and (5.42) follows. O

Considering the definition of the lowering operator L, in Theorem 5.9, we can derive a
second-order linear differential equation in terms of « for P, ;1.

Theorem 5.11. Let the second-order linear differential operator D,, 11 be defined for all n > 0 by
Dpi1 =06, A n( ) n+1( )Di

+ Bn (An( )(Aln-s-l( ) — Bn-&-l(x)) An+1(I)Bn(I)> + anAni1(z) — 2Ani1(2)| Dy

+6n [Bn(x)Bn+l - An(x)B’:LJrl(x)} + #Bpi1(2) — anBnyi(x) + 1.
Then, Dyp1+1 P11 =0, foralln > 0.

Proof. By (2.3), we have that 2P, (z) = Py41(2) + an Py (x) + 5n Pr—1(z), which can be rewritten
in terms of (5.40) as

xL'rH-an-‘rl(x) = PrH—l(x) + a’rLLn—i-lPrH-l(x) + ﬁnLnLn—&-IPn—i-l(x)-
For a function f of z, we can observe that
LyLpi1f(2) = [An(2) Dy — Bn(2)] - [Ans1(2) f'(2) = Bnya(2) f(2)]
= An(2) [A 1 (@) /(@) + Angr (2) f7 () = By (2) f(2) = Buga (2) f'(2)]
— B () [An1(2) f'(2) = Buya(2) f(2)] -




Maxwell orthogonal polynomials 109

Hence, for f = P41 it follows that
0=[BnLnLln+1 —xLpt1 + anLlpyr + 1] f(2)
= BnAn(x)Apyi(x) f" (2)
+ B [An(2) (A7 41(2) = But1(2)) — Apsa(2)Ba(@)] f'(2)
+ lonAnt1(z) — 2An41(2)] f(2)
+ B [Bu (@) Buyr — An(2) By (7)) f(2)
+ [#Bnt1(2) — an By () + 1] f(2),
and the result is obtained. |

Let us consider the ladder operators discussed in [3, 4] so that we can obtain the electrostatic
interpretation of the zeros in a simpler way. Let P, be the monic orthogonal polynomial of
degree n associated with the linear functional in (3.16). Recalling (2.12) and (2.13), we have

1 d = =
T (e ) o) = P, 21,
and

1 d 5 ,
—— - _ = — _ = >
1@ (d;z: B, (z) — v (x)) P,_1(z) = Py(z), n>1,
where A, (x) and B, () are given by (2.14) and (2.15), respectively. In the case of the linear

functional L), defined in (3.16), we observe that a = 0, b = oo, v(z) = 2? and w(z) = e,
Therefore, since ( Ly, P?) = hy, and (L, P, P,—1) = 0, we have

. 2 [ 2 Pyl V[T 2 1 P%(0)
A — P2(y)e Y AN VA — Ly, P2y + — -2
n('r) hn /0 n(y)e dy+ hn(y—x) =0 hn < M n> + hn T
1 P20)
= 2 —_— n
+ hn x
5 2 > —y? Pn(y)Pn—l(y)eiyz e
B, (x) = P, _ P,(y)e Y dy +
@ == | PP ey S B
2 1 Py(0)P_1(0) 1 Pu(0)P,_1(0)
= Ly, PP : = . .
hnfl < My Lnin 1> + hn—l z hn—l T
Then, the lowering and raising operators are also determined, respectively, by
- 1 d
(5.43) L, = ( + By(x )) n>1,
BnAn(x) \dz
- 1 d -
(5.44) Ro=-—(——Bu@)—-22), n>1
Anfl(x) dx

Moreover, from Theorem 2.4, we have that P, satisfies the second-order linear ordinary differ-
ential equation

P"(z) — (2%8 — 293) Pl (z)+ Qn(z)Py(z) =0, n>1,

where -
Ap(z) P2(0)
An(z)  w(2hnz + P2(0))
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and
oA s hot ¢
— _ — —
Qula) = =Bi(a) = Bulw) 3 5 = Bule) [Balw) = 20] + 5= A0} Anoa (o)
_ PS(())Pnfl(O) _ PE(O)Pr% 1(0)+hnflpn(0)Pnfl(0)
(5.45) a1 2Rz + PE(0) hZ_a?
+ hnq + 47 hn o 2 .
1 PYQL(O) n— 1(0)
>
+ ol 2 , n>1

Therefore, we have proved the following

Theorem 5.12. Let the lowering and the raising operators be defined by (5.43) and (5.44), respectively.
Then, R, P, = Pny1 and L, P, = P,_;, for n > 1. Moreover, if we define the second-order linear
differential operator D,, as

(5.46) D, = D? + i) +22 ) Dy 4+ Qu(z), n>1
. n — x $(2hn$+Pg(0)) x n 9 S

where Q,, is given by (5.45), then D, P, =0, foralln > 1.
To end, we can obtain an electrostatic interpretation of the zeros of the corresponding OPS
by means of Theorem 5.12. Indeed, let us denote by {z,, 1 }}_, the zeros of P, in increasing

order, i.e.,
P (znr)=0,1<k<n, and zp,1 <zp2<-<ZTpn-

Evaluating the operator D,, given by (5.46) at = ,, 1., we see that
Pl(enk) _ _ PR0)
P!(znr)  z(2h,x + P2(0))

where 4, is given by

(5.47) — 221 = Dy |In(A, (1)) | — 200k, n>1,

1 P}0) _ 2huz+ P2(0)
B, x hn '

Theorem 5.13. The zeros of P, (z) correspond to the equilibrium positions of n unit-charged particles
distributed within the interval (0, co) under the influence of the potential

(5.48) Ap(z) =2+

P2(0
(5.49) Vo(z) = 2% + In|z| — In z+% .
Proof. If we write P, (z) = [[;_,(z — k), then according to [8, Ch. 10],
Pl () i
P’I/L-‘rl(x) — J=1,j£k zn k— &n,j
and so, (5.47) implies that
" 2 P2%(0)
— + 2z + -
j:§¢k Tnk — Tn,j T k(2R Tk + P2(0))
= z”: _ + 2z, — D, [ln(fln(xn k)| =0
Ty k= T j ’ ’ ’

j=1,j#k =™ ™
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or equivalently,

OFE,
=0, k=1,...,n,
8xn,k "
where the total energy of the system, E,, := E,, (2.1, .., %) is given by
(5.50) E,=-2 Z In |2, r — 2nj| + Z [xik —1In (An(xnk))} .
1<j<k<n k=1

Due to (5.48), it is clear that

j:gz; - D, [m (An(z))] - D, [m (2hnz + pg(o)) T (hnl,”

B 2hy,
T 2+ P200) 1 L4 B0 g

Therefore, we can rewrite (5.50) as

= P2(0
E, =-2 Z In|z,k — xn,j| + Z [Jciyk +1n @y kx| — In |,k + %n) }
1<j<k<n k=1
and consequently, the external potential V;, is expressed as (5.49). O

Remark 5.6. Regarding the value of P,,(0), it is important to note that it can be generated iteratively.
Indeed, by the TTRR (2.3), one has that

1
Pry1(0) + a, P (0) + B, P—1(0) =0, n>1, Py(0)=1, P(0)= 7
ideri P2 (0) P2 (0) iti i
Moreover, considering that —37—= > 0, we have an extra charge located at — =37~ < 0. Additionally, it

can be observed that there is a negative charge at the origin, which attracts the p?)sitive ones.

6. CONCLUDING REMARKS

In this paper, we have analyzed a semiclassical linear functional of class 1 defined by the

weight function w(z) = e supported in the positive real semi-axis. We deduce the Laguerre-

Freud equations for the coefficients of the three term recurrence relation that the corresponding
sequence of orthogonal polynomials satisfy. These coefficients are given in terms of a sequence
satisfying a discrete Painlevé IV equation. In a next step the ladder operators associated with
such a sequence of orthogonal polynomials are obtained. As a consequence, we get a second or-
der linear differential equation with polynomial coefficients that such orthogonal polynomials
satisfy. Thus an electrostatic interpretation of their zeros is discussed.
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ABSTRACT. In the present paper, is proposed a method to approximate the Hilbert transform of a given function
f on (0, +00) employing truncated de la Vallée discrete polynomials recently studied in [25]. The method generalizes
and improves in some sense that introduced in [24] based on a truncated Lagrange interpolating polynomial, since is
faster convergent and simpler to apply. Moreover, the additional parameter defining de la Vallée polynomials helps to
attain better pointwise approximations. Stability and convergence are studied in weighted uniform spaces and some
numerical tests are provided to asses the performance of the procedure.
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1. INTRODUCTION

Let H(f,t) be the Hilbert transform of f

[e.¢]
(1.1) H(f,t) = Mw(x)dx,
0o T—t

where w(z) = e”*x* is a Laguerre weight, and the integral in (1.1) is understood in the Cauchy
principal value sense. In numerical analysis and in approximation theory, the approximation
of Hilbert transforms over bounded or unbounded regions, represents a relevant topic, since
it arises in several problems of the applied sciences, such as image analysis, optics, signal pro-
cessing, fluid mechanics, electrodynamics. A collection of problems can be found in [13, Vol
I, II]. In addition, Hilbert transforms and their derivatives can appear in singular and hyper-
singular integral equations, which in turn are possible tools to model several physics problems
[20, 14, 15]. The literature dealing with numerical methods to approximate Hilbert transforms
is rich. We cite among them [9, 21, 1, 12, 3, 5, 22, 7, 8, 10, 23] and the references contained in it.
Concerning the approximation of #( f,t) by global methods based on Laguerre zeros, we recall
two product-type integration rules, one obtained by approximating f by truncated Lagrange
polynomials [5], the other by discrete de la Vallée Poussin polynomials [25]. In both these
rules, the coefficients are obtained by recurrence relations depending on ¢, and hence requiring
a considerable computational effort when 7 (f,t) is needed for a large number of points. So
they are efficient, but “expensive”. Another significant and reliable approach is given by the
truncated Gauss-Laguerre rule, suitable “modified” to overcome numerical instability due to
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the closeness of some Gaussian node to the singularity ¢ [8]. Such rule largely applied also
in other contexts (see e.g. [4, 8, 2]) is simpler than the previous ones, but not employable in
methods for solving integral equations, since it requires the choice between two sequence of
Gauss-Laguerre nodes, according to the position of the singularity ¢. To overcome in some
sense the aforesaid issues, in [24] it was introduced a method to approximate the function

0 r—1

by means of suitable truncated Lagrange polynomials based on Laguerre zeros (say it L-method),
and to compute H(f,t) = F(f,t) + f(t)H(1,t). By this way, for any ¢ are required always the
same samples of F(f). In the present paper, we want to generalize the L-method and im-
prove it in some sense, proposing to approximate F( f) by the sequence of discrete de la Vallée
Poussin (VP) polynomials V,)* (w, F(f)), recently introduced and studied in [25]. Analogously
to the L-method, the polynomial V,"(w, F(f)) requires the samples of the function F(f) at
j << n zeros of the Laguerre polynomial p,,(w). Moreover, V" (w, F(f)) depends on the ad-
ditional parameter 1 < m < n — 1, which in turns can be fruitfully used to reduce possible
Gibbs phenomenon. As it is known, the latter affects Lagrange interpolating approximation,
especially when the interpolated function presents isolated “pathologies” (peaks, cusps, etc.).
In addition, the Lebesgue constants associated to VP polynomials, are uniformly bounded in
weighted spaces of continuous functions, whereas those of the Lagrange processes diverge
logarithmically at least.

The outline of the paper is as follows. In Section 2 are collected some notations and prelimi-
nary results useful to introduce the proposed numerical method. The latter is stated in Section
3, accompanied by the study of the stability and convergence, and error estimates in suitable
spaces of functions. Finally, in Section 4, a selection of numerical tests is proposed.

]:(fvt):

2. NOTATIONS AND PRELIMINARY RESULTS

Along all the paper the notation C will be used several times to denote a positive constant
having different values in different formulas. We will write C # C(a,b,...) in order to say
that C is independent of the parameters a,b, ..., and C = C(a,b,...) to say that C depends on
a,b,.... Moreover, if A, B > 0 are quantities depending on some parameters, we will write
A ~ B, if there exists an absolute constant C > 0, independent on such parameters, such that
C'B<A<CB.

Denote by IP,,, the space of all algebraic polynomials of degree at most m.

2.1. Orthogonal Polynomials. For w(z) = e *z%, « > —1, let {p,(w)}, be the correspond-
ing sequence of orthonormal polynomials with positive leading coefficients, i.e.

Pn(w, ) = v, (w)a™ + terms of lower degree, v, (w) > 0.

Denoted by {z,, x(w)}7_, the zeros of p, (w), it is known that [27]
C 1
(2.2) —< ZTp1(w) < zp2(w) < ... < zpp(w) <4n+2a —Cns, C #C(n).
For any fixed 0 < p < 1 the node z,, ;, j = j(n), is defined as
(2.3) T, ;(w) = min {z, (W) : Ty x(w) > 4np, k=1,2,..,n}.
As it is known, the zeros of p,, (w) interlace those of p,,1(w), i.e.

(2.4) Tot1, k(W) < Ty k(W) < Tpg1 k41 (W), k=1,2,...,n.
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Moreover, inside the interval [0, ,,+1_j, (w)] where j; is defined as
(2.5) Tna1,j; (W) = min {zp41 (W) : Tpy1x(w) > 4(n+1)p, k=1,2,..,n+1},

the distance between two consecutive zeros of p,,11(w)p,(w) can be estimated as [4, Lemma
21]

(26) In,k(w) 7In+1,k’(w) > C xn%’k((w)a k= 1325"'aj7

uniformly in n € N.
Finally, we recall the “truncated” Gauss-Laguerre rule introduced in [18] and based on the
first j zeros of p, (w), j defined in (2.3),

27) /0 T p@w)dr = 3 Fln p(w) k(W) + Bulf),
k=1

where {\,, r(w)}}_, are the Christoffel numbers w.r.t. w and R,,(f) is the remainder term.

2.2. Function Spaces. Introducing the weight u(z) = e~ 227, v > 0, we consider the space
C,, of the functions f continuous in any closed subset of |0, co|, such that

hm (fu)( )= and, if v > 0, also lim+(fu)(:c) =0,
T— x—0

endowed with the norm || f||c, = sup,>¢ |f(z)|u(z). The error of best approximation of f € C,,
by algebraic polynomials of degree < n is defined as

En(f)u= s 1(f = P)ullco-

n

For s € N, s > 1, let W,(u) be the Sobolev-type space
Ww) = {f € Cu: 470 € ACRY) If D pulloe < 00f . () = Va,

where AC(R") denotes the set of the functions which are absolutely continuous on every
closed subset of R", equipped with the norm

(2.8) £ llw. @y = I llew + 117D ulloo-
In order to deal with more refined subspaces of C,, for any A € R' let Z A(u) be the Zygmund-
type space
QL0 )
Zx(u) = {f eCy : SupLA) < +oo}
>0 t
of parameter 0 < A < r, r € N, where

Q;(fv t)u = Sup ||/U/A2Lpf||1rh’ t>0
0<h<t

is the main part of the r—th ¢—modulus of smoothness, I, = [4r2h2, h2] being C a fixed
positive constant, and
T - r
o 0) = 01 ()1 0+ Bt = ).
k=0

equipped with the norm

1l zywy = I fllc. +Sup£.
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E, (f)u can be estimated in Zygmund and Sobolev subspaces as follows [6, 16]
1 fllw, ()
vns

< C
u > /anHf”ZA(u)?
where in both the cases C # C(n, f).

(2.9 E,(f)u <C Ve Ws(u),

(2.10) Ea(f) Vf € Zx(u),

2.3. VP filtered approximation. For a given n € N and withm € Ns.t. 1 <m <n —1, the
discrete VP filtered polynomial V" (w, f) approximating a given function f € C, is defined as
[25]

(2.11) (w, f,x) zj:f (T, (w)) P (), x>0
k=1
with j defined in (2.3), and the fundamental VP polynomials defined as
n+m 1
(212) k(@) = An o (w Z e iPi(W, Tk (W))ps (w, @),

where p;'; are called “filter coefficients”

1 if i=0,...,n—m,
(2.13) Moy == n+m—i

if n—m+1<i<n+m-—1.
2m

The polynomial V)" (w, f) € Py,4m,—1 and does not interpolate f.

One of the main features proved in [25] is the boundedness of the map V,”*(w) : f € C,, = Cy
under proper assumptions on w and u. This means to deal with a polynomial sequence uni-
formly convergent to any function f € C,, behaving as a near—best approximation polynomial
sequence. This property similarly holds in [—1, 1] for filtered de la Vallée Poussin polynomials
w.r.t. Jacobi polynomials, introduced and studied in [28].

Theorem 2.1 ([25]). Forany f € C,, under the assumption

a 1 o T
(2.14) max{24, 0}<'y<m1n{2+6,a+1}

then, fixing 6 € (0, 1) and choosing m = |n@|, the map V,*(w) : C,, = C,, is uniformly bounded w.r.t.
n, i.e.

(2.15) Vo (w, flle, <Cllflle., VfeCu,  C#C(n,m,f).
Moreover, with 0 < p < 1 fixed to define the index j in (2.3),

2.16) (f — V" (w, M) llew < C(By(f)u+e 4 fllc,) qum{”‘m’ L”(lim“’

with the positive constants C, A independent of n,m, f.

We point out that Theorem 2.1 has been proved in [25], under more general relationships
between n and m.
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2.4. Truncated Lagrange interpolation. With j defined in (2.3), in [17] it was introduced the
truncated Lagrange polynomial L, , ; (w, f) defined as

J

2.17) Ly (w, o) =Y fanr(w))ln (),
k=1
where
(2.18) lople) = - 2elwer) _An=r gy

ol (z)(x — xp) 4n — 3

are fundamental Lagrange polynomials based on the zeros of p,(w,z)(4n — x). L}, (w, f)
interpolates the function at the first j zeros of p,, (w) and vanishes at the remaining nodal points
T j+1(w), ..., Ty n(w),4n. In particular, for p = 1 L}, (w, f) coincides with the Lagrange
polynomial L, 11 (w, f), interpolating f at all the zeros of p,, (w, x)(4n — z). It is known that the
norm of the operator L, (w) : f € C, = C,, i.e. the weighted Lebesgue constant

u(x)

(2.19) L = sup ||L}. ;i (w, f)ul|| =sup ln _
N Z| I e 1

as n — oo diverge at least as log n. To be more precise, the following result holds

Theorem 2.2 ([17]). Let w(x) = e *2%, a > —land u(x) = e~ 227, v > 0. Under the assumption

a 1 a 5

) i Thl )<y
(2.20) mln(0,2+4)_’7_2+4,
we have
(2.21) 171 (w, e, <Cliflle,logn, VfeCu,  C#Cn, f).
Remark 2.1. We point out that in [19] it was proved that
(2.22) [Lnsr(w, Alle. <Clflle.logn, VfeCu,  C#C(n, f),
if and only if the assumption (2.20) holds.

3. THE METHOD
Let us start from the relation
e —J(t
62) W0 =Fro+foun, 7= [ 1T,
0 _

and assume from now on « < 1, since in the case o > 1 we deal equivalently with ’;Q( g,t) ==

I %uﬁ(m)dm, g(x) := f(x)zld,  @(x) = e7"2~ 1%l Now, taking into account that (1, )

can be computed by [11, p. 1086, 9.213]

| —e'Ei(t), a=0
(3.24) L) = {—m‘“e‘t cot((1+ a)m) + ()1 F1(1,1 —a,—t), a#0,

where Ei(t) and 1F1(a, b, z) are the exponential integral function and the Confluent Hypergeo-
metric function, respectively, we focus on the approximation of F(f). To this end, we recall a
result proved in [24], which relates the smoothness of F(f) to that of f.
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Lemma 3.1. Forany f € Z1(u), under the assumption 0 < v < o+ 1, the function F(f) € Zx(u),
and

Hf||ZA+1(u)
VA
Belonging F(f) to a subspace of C,, allows to approximate F(f) by the sequence of VP

polynomials defined in (2.11), i.e. to consider

(3.25) En(F(f))u<C C#C(n, f).

(3.26) F(ft) ~ Z@ F(f n ().

By Lemma 3.1, and Theorem 2.1 combined with estimate (2.10), under the assumption

A | QP
max y o = 7, Sy<a+o,

F(f) can be uniformly approximated by V)" (w, F(f)), and the error is

m Hf||Z)\+1(u)
(3.27) IF(f) = Vi (w, F(H))lle, <€ N
However, the computational problem in constructing (3.26) is the lack of the samples
{F(f, znyk(w))}f;:l, unknown in the general case. To overcome this problem, the integrals
F(f,zni(w)), k = 1,2,...,j are approximated by the (n + 1)-th truncated Gauss-Laguerre
rules w.r.t. the weight w, i.e.,

Vf S Z,\_H(U).

F(f, np(w Z/\nﬂz f@nilw)) = fanelw))

Tn+1,i (w) — xn,k(w)

being for every fixed p € (0,1) the index j; defined in (2.5). Note that possible numerical
cancellation arising in case ¢ is “too close” to any Gauss-Laguerre nodes is avoided, since the
zeros of p,(w) are far enough from the Gaussian nodes z, 11 (w) in view of (2.6). Now we
prove that these further approximations F(f, x, x(w)) ~ Fpi1(f, zn r(w)), induce errors of the
same orders as || F(f) — V™ (w, F(f))|lc,- This is stated in the next lemma.

Lemma 3.2. Forany f € Zx;1(u), under the assumption 0 < y < o+ 1, the following error estimate
holds true
VX

Proof. First we recall that under the assumption 0 < v < a + %, for any f € Zxi1(u) in [24,
Lemmas 5.5, 5.7] there were proved F,,+1(f) € Zx41(u) and

||fHZ,\+1(u)

(3.29) En(Fu(f))u <C N

As a consequence, for any P, € P,

IF(f) = Fa(Hlle, < CE(F())u+ En(Fulf))u)
and in view of estimates (3.25) and (3.29), (3.28) follows. O

In conclusion, we approximate the function F( f) by the sequence {V,”* (w, Fr+1(f))}n, i-e.,

(330) ]:(fv t) = ETL(‘F7 t) + en,m(fv t)v 5
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being

En(f, t) :

O () Fna1 (f, 2n i (w))

M- I

anrl,i(w)) - f(xn,k(w)) )

xn—&-l,i(w) - -rn,k(w)

J1
() S A i) L
=1

o

=1
Next Theorem states conditions under which formula (3.30) is stable and convergent

Theorem 3.3. Forany f € Zxy1(u), A > 0, under the assumption

a 1 1
. o5 7 < n
(3.31) mao((O,2 4)_’y<a+4,
(332) Hzn(f)”Cu < C”fHZ)\Jrl(u)v
and
||fHZ>\+1(")
(3.33) lenm(fllc. < 077
¢ #Cn, f).

Proof. First we prove (3.32). Using X,,(f,t) = V. (w, Frn41(f),t), by Theorem 2.1, under the
assumption (3.31),

1Zn(Hlle. < ClFna (e
and by Lemma 3.2 and (3.25), (3.32) follows. To estimate (3.33), start from
len.m (f,0)[u(t) = [F(f, 1) = V" (w, Frga (), 1) |u(t)

S |‘F(f7 t) - Fn—&-l(fa t)|u(t)

+ |-Fn+1(f7 t) - Vr;n(wvfnJrl(f)vt”u(t)
(3.34) =: A1 (t) + Aa().
Under the assumption f € Zy41(u) by Lemma 3.2

||fHZ>\+1(u)

(3.35) Aq(t) < 677

and by Theorem 2.1 combined with estimate (3.29), we get

||f||Z>\+1(u)
NCY I
and (3.33) follows combining (3.35),(3.36) with (3.34) a

(3'36) AQ(t) < C Eq(]:n+1(f))u < C

3.1. Comparison between VP-method and L-method. As previously said, in [24] the function
F(f,t) has been approximated by using truncated Lagrange polynomials interpolating F( f, t)
and based on Laguerre zeros. To be more precise, denoted by w*(z) = e %2t w™(z) =
e~z in the case o > 0, the following work-scheme has been considered:

LZ+1,1(w+,fn+1(f),t) —i <a<0

(337) ]:(f,t)'\’ {L;+2(W,fn(f)vt)7 Ot>0,

where Foy1(f,8) = S0y Apyr i (w) HEsil= IO pe - (wt, Fu g1 (f), ) is the truncated La-
znyl(er)

grange polynomial based on the knots {x,, ,(w™)}7_, U {4n} U {t1}, with t; = ===~ and
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L o(w™, Fn(f),t) is the truncated polynomial based on the knots {,,+1,1(w™)}p_; U {4n}. It
was necessary introduce two different paths, in order to consider interpolation processes hav-
ing Lebesgue constants behaving always as log n, for any choice of «, v satisfying (3.31). The
VP-method, unlike the L-method, is simpler to construct, since involves only one approximant,
without distinguishing two cases, whatever are the values of « and + satisfying (3.31).

About the rate of convergence, the L-method results a little bit slower than the VP-method,
due to the presence of the extra factor logn (see [24, Theorems 3.2-3.3]. In conclusion from the
theoretical and computational point of view, the VP-method represents a simpler strategy to
obtain a little bit faster convergence.

4. NUMERICAL EXAMPLES

We have tested the VP-method and compared the results with those taken by using the L-
method on some test functions. Here we go to propose a selection of three examples which
seem to be more exhaustive to highlight the performance of the VP-method in comparison
with the L-method. In each tests we have considered the approximation only of the function
F(f), this being the main topic we are dealing with. We precise that:

ey (‘77 t) = |V,,T(w,]-'n+1(f),t) - ]:(fv t)|u(t)v

eﬁag(fv t) = |L:L+1(]:n+1(f)v t) - f(fa t)‘u(t)v
are the weighted pointwise errors related to the approximation of 7( f) only.

n,m

vprP _ VP

lenm (F)| = maxey, 5, (F, 1),
Lag _ Lag

llew® (F)Il = max e (F, ),

are the maximum weighted errors on Y, where Y is a sufficiently large mesh of equis-
paced points in the range (0, a) with a > 0 sufficiently large.

o The parameter § € (0, 1) defining m = [n8] in V> (w, Fnt1(f),t), has been selected as
that giving the minimal absolute error e} ¥’ (F,t).

o The exact values, always unknown, have been computed for n = 2048, m = n/2.

o All the computations have been performed in double-machine precision (eps ~ 2.22044e—
16).

o In each test we have selected two values of ¢ > 0 providing the pointwise absolute er-
rors |e) I’ (F, t)|u(t) (first column), the values of n and 6 in the first and second columns,
respectively. The errors |e£?9(F, t)|u(t) are reported in the fifth column, while the third
column contains the number j of functions evaluations in both the VP-rule and the L-
rule. Moreover, in each tests are given also the maximum absolute errors taken over
proper ranges of ¢.

e Some graphs are stated to highlight the benefits offered by the VP-method, by suitably
modulating the parameter m to reduce pointwise errors, especially in case f presents
isolated “pathologies” (peaks, cusps, etc.), i.e. reducing Gibbs phenomenon, which af-
fects Lagrange interpolating polynomials not only around the localized “pathological”
point, but also along subinterval “far” from the point itself.

Example 4.1.
Fay = [T 0t ) 2

_ — 0.6.
100 + 10(z — 32" *
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According to the conditions stated for both the VP-method and L-method, we take the parameter v =
0.05. In Tables 1, are reported the results related to the pointwise approximation for t = 3, and t = 10.
The approximate values are in this case

F(f,3)u(3) ~ 2.0516¢ — 04, F(f,10)u(10) ~ —5.0389¢ — 06.

In this case f(x) € Zx(u), Y\ > 0, and presents a peak for v = 3. As Table 1 shows, better results are
attained on average by VP-method, and the machine precision is catched for some n.

n_ |0 | lemm(F:t)lu(t) | [ex(F,t)[u(t)
20 [1.0e-01 [19]  1.00e-07 9.23¢-08
50 | 1.0e-01 [ 32|  3.52e-09 2.20e-09
150 | 3.0e-01 | 56 | 1.47e-14 1.35¢-12
250 | 1.0e-01 | 73 6.62e-15 6.02e-15
350 | 2.0e-01 | 87|  3.36e-17 1.07¢-16
n_ |0 g | lenm(Ft)lu(t) | [er(F,t)[u(t)
20 [5.0e01 |19  1.12¢-08 3.23¢-08
50 [3.0e-01 32| 2.18e11 1.43¢-09
150 | 1.0e-01 | 56 | 1.09e-13 2.47¢-13
250 | 2.0e-01 | 73 1.30e-16 4.84e-16
350 | 1.0e-01 | 87 | 1.65e-18 1.25¢-17

TABLE 1. Ex.1: t = 3 (up), t = 10 (down)

In Table 2 are given the maximum absolute errors attained for increasing values of n in [0, 10], and a
moderate better performance of the VP-method w.r.t. the L-method is confirmed.

n_ | llenm(F)ull | lex (Ful
20 | 6.66e-:07 | 6.27¢-07
50 | 6.98¢-09 | 1.87¢-08
150 | 1.98e-12 | 1.02e-11
250 | 8.11e-15 | 1.49¢-14

350 1.04e-15 2.76e-15

TABLE 2. Ex.1: maximum errors in [0, 10]

We conclude proposing the graph of the pointwise absolute errors attained for n = 150, choosing the
“optimal” 0 for any point t (Fig. 1), and as expected, and the pointwise errors by the VP-method are
better than those attained by the L-method. In addition, we have produced in Fig. 2 also the graph of the
pointwise absolute errors for 6 = 0.1, to highlight that also for 6 fixed, the previous trend is confirmed.

Example 4.2.

00 _ —x z/4
]—'(f,t):/o wef dz, f(x):(lj_w7 a=—1/8 v =05

In this test f € Zx(u),YA > 0, and grows exponentially as x — +oc. In Table 3 are reported the
pointwise errors for t = 1 and t = 15. The approximate values are

F(f, Du(1) ~ —3.9662¢ — 01,  F(f,15)u(15) ~ —7.0825¢ — 05.
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FIGURE 1. Ex. 1: pointwise absolute errors for n = 150, 6 optimal
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Lag

0.8
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FIGURE 2. Ex. 1: pointwise absolute errors for n = 150, 6 = 0.1
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In Table 4 are given the maximum absolute errors attained for increasing values of n in [0, 10], and a

moderate better performance of the VP-method w.r.t. the L-method is confirmed.
Example 4.3.
F(f,t)= / Wefzdx, fx) =z —1"°lz - 15" a=0,v=0.
o —
The approximate values for t = 1 and t = 1.5 are

F(f, Du(1) ~ 5.6531e — 02,  F(f,1.5)u(1.5) ~ 2.4085¢ — 01.
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n 16 i | lenm(FOu) | lex® (F, t)[u(?)
50 | 3.0e-01 | 34 2.20e-05 1.41e-04
150 | 5.0e-01 | 61 4.38¢-07 7.81e-07
250 | 2.0e-01 | 79 4.46¢-09 7.36¢-09
350 | 1.0e-01 | 93 2.67¢-10 3.03¢-10
450 | 1.0e-01 | 106 1.51e-11 1.42¢-11
550 | 1.0e-01 | 117 | 8.56¢-13 7.58¢-13
650 | 1.0e-01 | 127 |  4.38¢-13 3.56e-13
n 16 i e (F Out) | leq™ (F, t)lul?)
50 | 5.0e-01 | 34 1.92¢-05 7.87¢-05
150 | 1.0e-01 | 61 3.69¢-08 1.64¢-07
250 | 2.0e-01 | 79 9.14¢-10 3.30e-09
350 | 1.0e-01 | 93 1.05e-11 1.02¢-11
450 | 1.0e-01 | 106 2.93¢-12 1.81e-12
550 | 1.0e-01 | 117 1.56e-14 3.78¢-14
650 | 2.0e-01 | 127 1.92¢-14 2.03¢-13

TABLE 3. Ex.2: t =1 (up), t = 15 (down)

n_ | lenm(F)ull | eg®(Ful
50 | 4.17e-04 | 6.8490e-04
150 | 2.64e-06 | 2.5247¢-06
250 | 1.82¢-08 1.27¢-08
350 | 5.34e-10 6.18¢-10
450 | 3.19e-11 3.06e-11
550 | 2.16e-12 2.08e-12

650 1.40e-12 2.46e-12

TABLE 4. Ex.2: maximum errors in [0, 10]

The graph of the function F(f,t)u(t), in a range including the critical points 1 and 1.5 is shown in
Figure 3. In Table 6 are given the maximum absolute errors attained for increasing values of n in [0, 10].

We conclude with the pointwise absolute errors for n = 200, in the case of 6 chosen “optimal” for
each t (Figure 4 ), and for 0 fixed, namely 6 = 0.5 (Figure 5).

CONCLUSIONS

We have proposed a method to approximate the Hilbert transform with a Laguerre weight.
It employs filtered VP approximation of the function F(f), and improves a previous method
based on the interpolation of the same function by truncated Lagrange polynomials. Indeed,
w.r.t. to this, the new method converges a little bit faster. Moreover, while the Lagrange based
method requires two different approaches, according to o > 0 or not, the proposed rule does
not. The algorithm, easier to implement, essentially requires zeros and weights of the Gauss-
Laguerre rule, efficiently computable by the Golub-Welsh algorithm. Moreover, differently
from the modified Gauss-Laguerre rule [8], we use always the same samples of the density
function f at the Laguerre zeros, whatever are the values of ¢ for which to compute F(f),?).
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0.4

n [0 i [T F 0l b (7, )
50 9.00e-01 | 41 7.21e-04 3.76e-03
100 | 8.00e-01 | 60 2.87e-04 1.44e-03
200 | 1.00e-01 | 86 1.10e-03 1.06e-03
400 | 9.00e-01 | 122 4.16e-04 5.16e-04
800 | 1.00e-01 | 173 1.63e-04 1.51e-04
1000 | 9.00e-01 | 194 1.21e-04 1.55e-04
n 0 J e m(F Olu) | leg™(F, )u(?)
50 1.00e-01 | 41 2.41e-03 2.28¢-03
100 | 8.00e-01 | 60 2.10e-05 4.86¢-04
200 | 7.00e-01 | 86 6.85¢-05 3.13e-04
400 | 6.00e-01 | 122 6.83e-05 9.85¢-05
800 | 4.00e-01 | 173 2.75e-06 6.14¢-05
1000 | 2.00e-01 | 194 4.74e-07 4.90e-06
TABLE 5. Ex.3: ¢t =1 (up), t = 1.5 (down)

031

0.2

0.1r

— F(f,hu®)

1.2

1.4 1.6

1.8 2

FIGURE 3. Graph of F(f,t)u(t), t € [0.8,2.1]

n_ 1Syl [ e (Fu]
50 2.6824e-03 6.4905e-03
100 | 6.9861e-04 2.6261e-03
200 | 2.3962¢-03 2.3353e-03
400 | 1.0617e-03 1.0656¢-03
800 | 7.7203e-04 7.5605e-04

TABLE 6. Ex.3: maximum errors in [0, 10]
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None recurrence relation is required as in product integration type rules [26]. In addition, due
to the presence of the localizing parameter 0 < m < n, oscillations and overshoots around



126 Donatella Occorsio

-3
25 x10 ‘
—VP
Lag
2 -
151
1 -
0.5
0 . h |
0.8 1 1.2 1.4 1.6 1.8 2

7

FIGURE 4. Ex. 3: pointwise absolute errors for n = 200, § optimal
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FIGURE 5. Ex. 3: pointwise absolute errors for n = 200, § = 0.5

“pathological” points of the function to be approximated, more present in Lagrange interpola-

tion, are reduced.
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ABSTRACT. In this paper, we consider a linear elliptic operator F with real constant coefficients of order 2m in two
independent variables without lower order terms. For this equation, we consider linear BVPs in which the boundary
operators 11, . . ., T, are of order m and satisfy the Lopatinskii-Shapiro condition with respect to £. We prove bound-
ary completeness properties for the system {(T1wg, . .., Tmwk)}, where {wy} is a system of polynomial solutions of
the equation Eu = 0.

Keywords: Completeness theorems, Lopatinskii condition, elliptic equations of higher order, partial differential equa-
tions with constant coefficients.
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1. INTRODUCTION

The problem of the completeness of particular sequences of solutions of a PDE on the bound-
ary of a domain has a long history. The prototype of such results is the theorem which states
that harmonic polynomials are complete in L?(99Q) (1 < p < oc) or in C°(912), where Q is a
bounded domain in R™ and R™ \ 2 is connected. This result has been proved by Fichera [5].
Since then, many other results have been obtained. They are related to different BVPs for sev-
eral PDEs, including some systems. We refer to [4, Section 2] for an introduction to the subject
and a quite updated bibliography. Here we mention that there are numerical methods that are
founded on the boundary completeness properties of certain sequences of solutions of a given
PDE (see [8, p.36-37]).

In the present paper, we deal with a linear elliptic operator £ with real constant coefficients
of order 2m in two independent variables without lower order terms. For this equation, we
consider the BVP in a bounded domain © C R? in which the boundary conditions are given by
m linear differential operators 77, ..., T,, of order m. We assume that the operators 7} satisfy
the Lopatinskii-Shapiro condition with respect to E and that R? \  is connected.

The aim of this paper is to prove that the system {(Tiws, . . ., Typwi) }, where {wy } is a system
of polynomial solutions of the equation Fu = 0, is complete in the subspace of [LP(0€Q)]™
constituted by the vectors which satisfy the compatibility conditions of the BVP: Eu = 0 in
Q, Tju = ; on 0Q (j = 1,...,m). We also prove a similar and more delicate result in the
uniform norm. The BVP Eu = 0in €, Tju = 0 on 09 (j = 1,...,m) was considered by Paolo
Emilio Ricci in his paper [13]. There Ricci developed a theory of the simple layer potential
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for such BVP, mainly using results from complex analysis related to singular integral systems.
Our results hinge on Ricci’s paper. Later BVPs with higher order boundary conditions were
considered in [10]. The present paper could probably be extended to these more general BVPs,
using the results contained in [11, 12]. We plan to investigate this topic in future work.

The present paper is organized as follows. In Section 2, after some preliminaries, we recall
some of the results obtained by Ricci. Section 3 is devoted to the completeness of the system
{(Thwg, . .., Tmws) } in LP norm. The completeness in C° norm is proved in Section 4.

2. RICCI’S RESULTS

Let us consider an elliptic operator of order 2m

2m 82m
FE = -
kzo k p2m— Foyk

ay, being real coefficients. The ellipticity condition we assume is

2m

D ap R £ 0, V(€ n) e R*\{(0,0)}.

k=0
Let 2 be a bounded domain in R? and denote its boundary by %, which is supposed to be C'*+*
(0 < h < 1). Let us consider the following BVP

{EuzO inQ

2.1
( ) Tju:w]’ on X (j:l,...,m),

where the T); are m boundary operators of order m. This means that we can write

m
. om ~
T; = Z%(@W + 1,
h=0 Yy
m—1m—1—s am_l_s
Z i,m—1— 9 8xm—1—s—1ay17

I
o

s =0

where » = = + iy. We assume that all the functions b, and bimflfs belong to H(X), the space
of real valued Holder continuous functions defined on .
Let us denote by L(w) the characteristic polynomial of E

2m
— 2 aszmfk
k=0

and by L;(w, z) the characteristic polynomial of the boundary operator 7}, i.e.

)= b (j=12...,m).
h=0

Let us consider also the polynomial
L (w) = (w —wi)" -+ (w = wp)",

where w1, ..., w, are the zeros of polynomial L with negative imaginary part (w; # w; if i # j,
vi+- v, =m).
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We recall that the operators T} satisfy the Lopatinskii condition with respect to F if, for any
z € ¥, there are no complex constants cy, . . . , ¢, such that the polynomial L) (w) divides the
polynomial

Z ¢ Lij(w, z) .
j=1

From now on, we assume that this condition is satisfied.

Let I be a rectifiable Jordan curve in the complex w-plane enclosing the zeros of L(w) in the
lower half-plane and oriented in the positive direction. Agmon [1, p.189-190] showed that the
function

P(z()Re{

~1 [(z = Ow + (y —n)]*"*log[(z — E)w + (y — 1)
212(2m — 2)! /+F L(w) dw} ’

(z =z +1iy, ( = £ + in), where some fixed determination of the logarithm has been chosen, is
a fundamental solution of the operator E.

In [7], Fichera gave the concept of simple layer potential for a class of linear elliptic operators
of higher order in two independent variables. In the case of the operator E, it is given by

m—1 8m71
u(z) = kX:% /E%(C)mp(z —(Q)dsc¢,

the functions ¢}, being real valued. It is clear that this definition extends the classical one related
to the Laplace operator

22) u(z) = 5o [ Q) gz = clasc.
The following jump formula holds (see [7, p. 65-66], [13, p. 7])
92m—1
Zlg?ar g @(C)MP(Z’ —()ds¢
23) = () - Im e

o o1 L(w) (Fow + o)
w2m717l

1
_WRe/Zgo(C)dsCLF T(w) [(ﬂco—ﬁ)wﬁ-(yo—n)]dw’ o0<ig<2m-1).

Here zy € ¥ and z — %o from the interior of {2 and the dot denotes the derivative with respect
to the arc length on Y. In [13] these formulas have been proved for any z, € ¥ assuming the
Holder continuity of the density ¢, but they are still valid a.e. on X if ¢ € L'(X) (see, e.g., [3]).
Similarly one can prove that

an—l

21_1)11% . @(C)MP(«Z —()ds¢
2m—1—1
Q4  —p(m) —Tm [ — g

2 Jor L(w) (dow + 9o)
w2m717l

1
WIRe/Ecp(C)dSCAF T(w) [(xo—f)w-i-(yo—n)]dw’ 0<l<2m—1),

where 2z — 2o from the exterior of ().
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Using jump formulas (2.3), Ricci [13] showed that, given the functions ¢, € H(X) (j =
1,...,m), there exists a solution of BVP (2.1) in the form of a simple layer potential (2.2) if and
only if there exists a solution of the following singular integral system on the boundary

m.om 1 ; me—l—h—k
— — b (2) pr(2) Im — dw
2.2 o hn@n | )
e 1 w2m—1—h—k
- — by (2 Re/ ()ds / dw
25) 2.2 5 th@Re [ Qs | Tt gut )
m m—1m—1—s 82m72—s
J _
DI NP LEENC 010 g e — s

=(-1)"""(2), j=1,...,m.

In [13] it is also proved that this singular integral system can be written in the canonical form

1 ®(¢)
06 A)B(:) + —B(:) /+ o [ MG 000

=(-1)" 1271 ¥(z), zeX.

Here ¥ and @ are the vectors

A
v =| | em=| 7
wm(z) @m—l(z)
and
A(z) ={Aju(2)};  B(2) ={Bj(2)}; M(z,¢) = {Mjr(z,0)},
where
() = —Im Li(w,z)wm=1=Fk
@) = = B
Bjk(z) = iReLF z(w’) GwTd) dw

and Mj(z,() are weakly singular kernels.
Ricci [13] proved the following result:

Theorem 2.1. The singular integral system (2.6) is regular (i.e. det(A + B) # 0; det(A — B) # 0) if
and only if the BVP (2.1) satisfies the Lopatinskii condition.

_ Lj(w,z)wm 1=k }
A + B - / J ’ 5 B d )
UL St
. m—1—k
A-p=i [ LI,
v L(w) (Fw +9)
from which it follows that system (2.6) is of regular type if and only if the function

5o(2) = det {/+ Ljlw 2) “’m_l_kdw}

r L(w) (dw+9)

By (2.7) we get
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never vanishes on X ([13, p.14]).

It is well known (see, e.g., [14]) that if a singular system is of regular type, then the associ-
ated homogeneous system has a finite number of eigensolutions and there exists a solution of
the system if and only if the data satisfies a finite number of compatibility conditions. More
precisely, there exists a complex valued solution of the system (2.6) if and only if the given
vector VU is such that

/ UvXdi=0

+3

for any (complex valued) eigensolution X of the homogeneous adjoint system

(2.8) A'(2)X (z) — iB/(z)/ X(©) d¢ + N(,2)X(Q)d(=0, ze€X.
™ (-2 +2

Here A’ and B’ are the transposed matrices of A and B, respectively, and
1 B'(Q)— B'(2)
N =M - 7
(2) = M(C2) = =
M’ (¢, z) being the transposed matrix of M (¢, z) (see [13, p.12-13]).

We remark that, if we denote by K ® and K’ X the left hand side of (2.6) and (2.8) respectively,
we have

(2.9) / XKdd( = ®K'XdC¢
+3 +3
for any (complex valued) Holder continuous vector ®, X (see [13, p.13]).

3. COMPLETENESS THEOREMS IN LP NORM

From now on, we assume that R? \ € is connected.

Let us denote by {w;} (k € N) a complete system of polynomial solutions of the equation
Evu = 0. This means that any polynomial solution of the equation Eu = 0 can be written as
a finite linear combination of elements of {wy}. A method for the explicit construction of the
system {wy, } is given in [2].

Let us denote by X1,..., X a base of the eigenspace related to the equation (2.8). It is well
known that these vectors are Holder continuous.

Letl < p<ooand

Ap:{G:(gl,...,gm)e[Lp(E)}m‘ G X dC =0, h:1,...,s}.

+3

We remark that (g1, ..., g ) are real valued functions.
Let us denote by K* : [L9(X)]™ — [LY(X)]™ (¢ = p/(p — 1)) the operator defined by

/GK*Fds:/FKGds.
N b

Recalling (2.9), we have
/ FKGds = / FKGCdC
b +3

= | GK.(ZF)d¢ = / G K. (ZF)(ds
+3 )

and then K*F = { K/ (ZF). This shows that (X1, ..., (X, are (complex valued) eigensolutions
of the equation K*F = 0. Since the operator K* maps real vectors to real vectors, we have
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that Re(¢ X;) and Tm(¢ X ;) are (not necessarily linearly independent) real eigensolutions of the
equation K*= = 0 and that the kernel Ker(K*) is spanned by

{Re((X1), Im(CX1), ..., Re(¢X,), Im((X,)}
We note that A? is the annihilator of the kernel of K*:
(3.10) AP = tKer(K*).
This follows from the remark that if G € AP, we have

OAEGthC/ZGXhéds/EGRe(C.Xh)ds+i/EGHm(C'Xh)dS

and then
/ G Re((Xy)ds = / GIm((Xp)ds=0 (h=1,...,s).
2 b))

We remark that K* has the following expression

. m m j 2m 1-h—k
KkF(Z):_;hz::o by, (2 ]Im/ xw—l—y)dw
m m L ; ' w2m—1—h—k
(3.11) 220w Re/zbh“) B [ T —gara =

m m—1m—1—s ) 82m72—s
AN S [ B OB g P~ Odsc

Note that we have also used the property P(z — () = P(¢ — z) (see [1, p.189]).
Let us consider the system {Twy,} = {(Thwg, - .., Tmwsk)}. Itis clear that it is contained in AP.
We aim to show that it is complete in AP. Let us begin with a couple of lemmas.

Lemma 3.1. Let

(§w +n)*(zw + y)*
(312) pk,s(ZaC) pk,s(xayvgvn) [H" L(UJ)
where k € N, s € Z. The function py, , is homogeneous of degree k + s. For any fixed z € C, py s is a
homogeneous polynomial of degree k in £, n and is a solution of the equation E¢py, s = 0. For any fixed
¢ € C, py s is a homogeneous function (a homogeneous polynomial, if s > 0) of degree s in x, y and is a
solution of the equation E.py s = 0.

dw,

Proof. Clearly py. s(Ax, Ay, A&, An) = NeFspp ((2,9,&,m) (A > 0). It is obvious that, for any fixed
z € C, pi,s is a homogeneous polynomial of degree k in £, 7). Therefore, if k& < 2m — 1, it satisfies
the equation E¢py s = 0. Let k£ > 2m. We have

= 9% /<5w+n>k<xw+y>s

Eg“pk,s:zah T dw
= ogtmThon L(w)

= Z apk(k—1)---(k—2m +1) /+F (Ew + 77)’“—2”;(5;1; + y)swzm_h "

=k(k—=1)---(k—2m+1) Ar(gw + )72 (zw 4 y)* dw

The holomorphy of (£ - +1)*=2™(z - +y)* in the interior of I" gives the result.
A similar argument works for a fixed (. O
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Lemma 3.2. There exists R > 0 such that, for any |z| > R, we have

1 P& (2m — 2\ (—1)
(3-13) P(Z—C) ZQO(»%C)*' m}; jz::O ( j >(h)Repj+h,2m—2—j—h(Z7C)

uniformly for ¢ varying on ¥, where qq is, for any fixed z € C, a polynomial of degree at most 2m — 2
in &, n (and then satisfies Ecqo = 0). The series (3.13) can be differentiated with respect to &, n) term by
term and the differentiated series converge uniformly for ¢ varying on X.

Proof. We first prove that there exists R > 0 such that

w+n

14
(3.14) po——

<

for any |z| > R, { € ¥, w € I'. Let us consider the function

Y(u,v,9) = v/(ucos 9 + sind)2 + v2 cos? 9

and set

m = 1min u, v, M = max w, v, ).
196[0’27‘—] 11[}( b 9 ), 196[0’277] w( ) ) )
utivel u+ivel

It is easy to see that m > 0. Then we can write

§w+n
TWw + Y

MK

<

m 2]

Choosing

we have that (3.14) is satisfied for any |z| > R. If |2| > Rand ( € £, w € T', we have

log[(z — §)w + (y —n)] = log[(zw +y) — (§w + )]
= log [(:cw +y) <1 - W)}

W+ Y
= log(zw + y) + log (1— w),
Tw + Yy

w+n
Tw+y

y) is chosen so that this formula holds. Therefore, fixed |z| > R,

where we take the principal determination of log (1 - ) and the determination of log(zw+

% h
log[(z — &)w + (y — n)] = log(zw + ) — Z% <€w+77>

P Tw+Yy
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where, thanks to (3.14), the series uniformly converges for ¢ € ¥, w € I'. Then
/ [(z = Qu+ (y—n)PPr?logl(z —Qu+ y—n)] ,
+T L(w)

/ [(z = Qu+ (y =) ?loglew +y)
L(w)

N
1 [ (@ = Ow+(y—n)PPm? (ew+n)\"
_};hAF L(w) (xw+y> dw

[ lemgurao P egen ),
+T L(w)

- oo 2m—2 2 — 1)] (£w+n)j+h(xw+y)2m72fj7h "
2 2 "5, L(w) -

We have then proved (3.13), where
1 / [(z = w+ (y —m)]*" " log(zw + y)
2m2(2m —2)! [, L(w)
which is clearly a polynomial in , 7 of degree at most 2m — 2.
In the same manner, we can see the uniform convergence of differentiated series. O

QO(Z7C) = —Re

dw ,

Theorem 3.2. The system {Twy} is complete in AP (1 < p < oo).

Proof. We have to show that, if a functional © € ([LP(X)]™)* vanishes on {Twy}, i.e. if
(©,Twy) =0, VkeN,

then it vanishes on A?:
(©,G) =0, VGeA”.

Let 1 < p < co and suppose that © = (01,...,0,,) € [LI(X)]™ is such that

(3.15) / OTwrds =0, VkeN.
b

Let us denote by wy 1, . ..,ws,., a basis of the (real) linear span generated by all the homoge-
neous real polynomials of degree k satisfying the equation Fu = 0 (see [2, p.34-35]). Since for
any z € C, the polynomials (3.12) are homogeneous and satisfy the equation Fu = 0, Lemma
3.2 shows that there exist real functions ¢ ;(z) such that, for any |z| > R,

oo
E ,E :Ck,J z) wi,j (¢

k=0 j=1

uniformly for ( € ¥. The same holds for differentiated series. Then, for any |z| > R, we can

write
o0 Vi

/ @ T(P(Z - dSC chﬂ / @ ka J dSC
k=0 j=1
In view of (3.15), we have
u(z) =0

for any |z| > R, where



Completeness theorems related to BVPs satisfying the Lopatinskii condition for higher order elliptic equations 137

The function u being analytic in C \ X, we find
u(z) =0, VzeC\Q
Then we can write

. om
/E@j(g) th(C) WP(Z —()ds¢

hE
M=

0

.
Il
—

+ 0;(Q)TjcP(z —C)dsc =0

NE
o i

.
I
-

for any z € C\ Q. This implies

m m 8m7 1 am

Z Z /2 0;(0)03(¢) Dxm—1—kgyk agmfhanhfp(z = Q)ds¢

j=1h=0

m - 6m71
+Z/E@j(C)Tj,<m7’(z—C)d8<:0, k=0,...,m—1
Jj=1

forany z € C\ €, ie.

” m.om ) 82m—1
Com3sy [ 8508 g P — s
m m—1m—1—s i 8’”_1_5 am_l
+> Z - OO O g g T~ s

for any z € C\ Q. Applying (2.4), we get

m m 1 i w2m—1—h—k
. ; f; 5-9(2) b}, (2) Im T GuTd) dw
m.om 1 ) me—l—h—k
— 0,(C) b] d
REpRE e 050 || rrrm g™

m m—1m—1—s
. a2m—2—s
+ Z Z / 6](4) bg,m—l—s(c) 8§2m_2_s_i_k6ni+kp(z - C)dsC = 07

k=0,..,m—1,a.e. onX. Comparing this formula with (3.11), we see that this system coincides
with K*© = 0, i.e. © belongs to Ker(K*). Recalling (3.10) we have

/@Gds:O
b

for any G € AP. This completes the proof when 1 < p < co.
If p = 1, we observe that if © € [L>(X)]™, then © € [L*(X)]™ for any s > 1. Then we can
repeat the proof. O
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4. COMPLETENESS THEOREMS IN C° NORM

In this section, we prove that the completeness property obtained in the previous section is
also valid in the uniform norm. Namely, we want to prove the completeness in the space

Aoz{G:(gl,...,gm)e[Co(E)]m’ G X, d¢ =0, h:l,...,s}.

+Z

Theorem 4.3. The system {Twy} is complete in A°.
Proof. We have to show that, if a functional in © € ([C°(X)]™)* vanishes on {Tw;}, i.e. if
(4.16) (0,Twg) =0, YkeN,

then it vanishes on A°:
(©,G) =0, VG e

It is well known that a functional © € ([C°(X)]™)* can be represented as © = (u',...,u™),
where 1/ are Borel measures defined on X. Therefore conditions (4.16) can be written as

(4.17) Z/ Tjwpdy’ =0, VEkeN.
j=17%
The same arguments used in the first part of the proof of Theorem 3.2 lead to
> [ TP dul =0
j=1"%

for any z € C\ Q. This implies

. 8m71 am .
J _ J
L bh(é) axm_l_kayk agm_hanhp(z C) d:u“C

M
NE

<
Il
-
>
Il

0

- m—1 .
+ /T aip(zfodlué:o? k=0,....m-1
3

FAS 83?7”_1_k8yk

IR

Il
—

j
forany z € C\ Q, i.e.

82m71

"I [ B0 g G~ O

=1 h=0

m m—1m—1—s 8’”‘1‘5 8m_1

T Z Z Z /E bg,mflfs(g) dEm—1=s—igni zm—1-kQyk P(z =) dﬂé

j=1 s=0 =0
=0, k=0,....m—1

for any z € C \ Q. Let us introduce a family of “parallel curves” 3,. Let us denote by 7(z) a
unit vector of class C1(2) such that 7(2) - v(2) = By > 0, v being the exterior unit normal to X.
We can choose ¢ > 0 in such a way that the curve X, defined by z, = z + ¢7(2), z € %, is the
boundary of a domain containing 2 (contained in Q) if 0 < ¢ < go (if —go < ¢ < 0). One can
prove that if ¥ € C! such a vector does exist (see [9, p.273-275]). For 0 < ¢ < go and for any
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fe € HX) (k=0,...,m— 1), we may write
a2m—1

i (20) [ZZ/ b7, (¢ a€2m—1—h—k8nh+kp(zg_c) d,ué

e j=1h=0

m m—1m—1—s
82m7275 .
2> > / on-1-+) ggmmasirgyrr P2 — ) dit | dsz, = 0.

Due to the weak singularity of the kernel, we have that

] 82m 2—s .
lim / fk %o dszg/ i,m—1— s(C)aggm,Q,S,i,kanH,kP(z_C) dﬂ%

0—0+

(4.18)

82m7275
v/ ¢)d - , —()ds,.
/ t,m—1— 3 MC/ fk 8527”—2—s—z—k8nl+klp(z C) §

Concerning the first term in (4.18), we may write

. 82m 1 .
[ s, [ W00 g P~ O dud

j j an 1
= /Z bh(C) d,ug Lg fk(zg) 6€2m_1_h_kanh+kp(zg - C)dszg

and
an— 1

/Eg fr(2o) a§2m717h7kanh+k7)(29 —()ds.,

a?m—l
5, Ji(z) 3§2m—1—h—kanh+kp(ze — () dsz,

62m—1
- [ 5O g g P o) s

an—l
+/Efk(z) 3€2m717h71¢3nh+k7}(z —(-0)ds:.

By means of the results proved in [6] (see also [3, p.58-60]) and recalling (2.3), we see that

anfl

o </29 filze) 8§2m717h7k577h+k7)(39 = ()dsz,

o—0t

82177, 1
_/Efk(z) 8§2m—1—h—k6nh+kp(2 - 49)d52> =0

2m—1
i, | ) gzt Pz — () ds.

and

0—0+ a§2m 17h7k877h+k:
. 6277'7,—1
- gli%h / fi(z 3£2m—1—h—kanh+k7)(§fg —z)ds.

w2m—1—h—k

== 5O 2! /+r L(w) o)

) ,w2m 1—-h—k
_WRG/ka(Z)dSZ/JrF L(w) [(g_g;)w+(n—y)]dw
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uniformly for ¢ varying on X. So, letting ¢ — 07 in (4.18) and keeping in mind (2.5), we get

419 K. fdu =
(@.19) ;LngO

forany f = (fo,..., fm—-1) € [H(X)]™. Thanks to Theorem 2.1 the operator K can be reduced
on the left (and on the right). This means that there exists a singular integral operator S of the
form

9(©)

n(—2

&@=cwma+?maﬂ dc

Uy

such that
K&x@:gw>+/’fuaog«ma

+3
where R(z,¢) = {R;x(2,¢)} is a kernel with a weak singularity. Taking f = Sg in (4.19), we
find

> [ K Sgdw =0, VgelHE)"
i—1
ie.,
Z&WHZLMﬁﬁmeMﬂ,wwmw
j=1 jk=1

By Tonelli and Fubini’s theorems, we get

m

ZA%WZ—ZLJ%WA&W@WLvﬁmﬁw

jik=1

This shows that ;7 are absolutely continuous measures and their Radon Nykodym derivatives
with respect to the one-dimensional Lebesgue measure on ¥ belong to L"(X) for some r > 1.
In other words, there exist ©7 € L"(X) (r > 1) such that

dp/ = @%ds (07 € L"(X)).

Conditions (4.17) become

Z/Tjkajds:O, VEkeN.
j=1"%

But this coincides with (3.15) and the result follows from what we have proved in Theorem
3.2. ([l
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ABSTRACT. The paper presents an overview of the existing literature concerning radial kernel meshfree meth-
ods for the numerical treatment of second-kind Fredholm integral equations. More in detail, it briefly recalls radial
basis function (RBF) interpolation and cubature to properly describe numerical methods for two-dimensional linear
Fredholm equations. The RBF approach allows us to consider the case when the involved functions are not known
analytically, but only as vectors of scattered data samples. The described methods do not require any underlying mesh
and hence are also independent on the geometry of the domain.

Keywords: Radial basis functions, Fredholm integral equations, meshfree methods, scattered data.
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1. INTRODUCTION

A huge variety of problems arising in mathematical physics, engineering and mechanics
can be described by Fredholm integral equations. Some examples are the rendering equa-
tion [31, 32] that generalizes a great variety of known rendering algorithms for computer graph-
ics, and Love’s equation [35] that arises in the electrostatic problem of a circular plate condenser
in an unbounded perfect fluid. Furthermore, solving a related Fredholm equation is the key in
broadband dielectric spectroscopy [45] to study molecular dynamics in complex systems such
as glass-forming liquids and liquid crystalline materials, the image deblurring problem [30],
the diffraction theory [41] and the study of microtearing modes [18] as an explanation for the
anomalous electron thermal transport in tokamak experiments. Many numerical procedures to
approximate the solution of Fredholm integral equations, such as projection and iterated pro-
jection methods, Nystrom methods [14, 3, 29, 36, 38], discrete Galerkin methods [4] and Monte
Carlo methods [19, 17] are widely available in the current literature. However, most of these
methods are based on piecewise approximating polynomials or rely on zeros of orthogonal
polynomials. Hence, to guarantee accurate results, they require that all the involved functions
should be known in their analytical form or, at least, sampled at the zeros of orthogonal poly-
nomials. Another possible approach is to consider the case where the involved functions are
only known as samples over grids of equally spaced points. This research topic has been ap-
proached during the last twenty years and led to the development of some numerical methods
based on the generalized Bernstein operator [39, 40] and the constrained mock-Chebyshev op-
erator [16], respectively. Nonetheless, it is a common occurrence that in real-life applications
the available data are scattered and, consequently, all the previous accurate methods are not
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*Corresponding author: Domenico Mezzanotte; domenico.mezzanotte@unito.it
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applicable. In this context, meshless methods, in particular those based on radial basis func-
tion (RBF) interpolation [6, 47], are an adequate tool to tackle this problem. RBF interpolation
has been extensively studied also to develop methods for the numerical treatment of partial
differential equations (PDEs) [20, 21, 8] or cubature formulae to approximate integrals start-
ing from scattered data [9, 12, 46]. It is worth noting that a huge variety of RBFs are scaled
in terms of a shape parameter and the task of finding the optimal one to increase the accu-
racy of the interpolation is still a key topic in the literature [10, 23, 27, 37]. Other approaches
can involve the use of variably scaled kernels [5, 43] or the construction of stable bases like
RBF-QR [24, 26], Hilbert-Schmidt SVD [13, 22], WSVD [7, 15], and greedy algorithms for the
convergence of RBF approximants [48]. More recently, meshless methods based on machine
learning have emerged as a novel approach for the numerical treatment of integral equations,
offering data-driven techniques that complement traditional strategies [28, 49].

This paper aims to collect recent results about the employment of RBF interpolation in the
context of the numerical treatment of Fredholm integral equations of the second kind, focusing
on the bivariate case in particular. To our knowledge, the literature about this topic is fragmen-
tary and not so wide. So we decided to gather all the known information about it, intending
to work on it in the future. We consider the following two-dimensional Fredholm integral
equation of the second kind

(L1) fay) — /Q Kz, g, 5,0 f (s, t)dsdt = g(.y).  (v,9) € D,

where 2 C R? is a bi-dimensional bounded domain, f is the unknown solution, g is the right-
hand side term, k is the kernel and ;. is a non-zero real parameter.

The paper is structured as follows. Section 2 recalls some basic definitions and properties
about radial basis functions, while Section 3 is devoted to a RBF cubature rule for scattered
data. In Section 4, the available methods for the numerical treatment of Fredholm integral
equations are described. Finally, Section 5 concludes the paper.

2. RADIAL BASIS FUNCTIONS

Suppose that we are given a compact domain @ C R?, aset X = {Py,..., Py} C Q, of
scattered data P; = (x;,v;), ¢ = 1,..., N, and the corresponding data (or function) value set
F ={f1,..., f~} C R that is obtained by possibly sampling any (unknown) function f : Q —
R.

Let x : xQ — Rbe a given radial kernel. Starting from x, we may defineaRBF ¢ : R, — R
that is strictly conditionally positive definite (SCPD) of order m by setting

(2.2) K(P, P;) = ¢i(P) = ¢(||P — Pi|l2) = ¢(r),

we can find a unique interpolating function ¢ : @ — R of the form

N N+M
$(P) = cir(P,P)+ > cimion(P)
(2.3) 121 N:\Jj -
= Zci¢i(P) + Z cimi-n(P),
i=1 i=N+1

where {m;}}L | generate a basis for the M = (”'*])-dimensional linear space P2, _, of bivariate
real valued polynomials of total degree less than or equal to m — 1, and || - |2 is the Euclidean

norm. The coefficients c1, ..., ¢y are determined by enforcing the interpolation conditions
V(P = fi, i=1,...,N.
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Since these conditions lead to a system of IV linear equations in the N + M unknowns c¢;, one
usually adds the M additional conditions

N
Zciﬂ'k(Pi)ZO, k=1,..., M,
=1

to ensure a unique solution. Moreover, from theory it is known that a SCPD function of order
0 is strictly positive definite (SPD), and so in this case the polynomial part in (2.3) is omitted.
Solving the interpolation problem for a SCPD function ¢ of order m leads to a symmetric linear
system

(2.4) Ac=h,

(g ol

The interpolation matrix A in (2.4) has entries

Am:(rb(”})l*PJ”Q)a Q’Lk‘:ﬂ-k(}D’L)) Za]:]-avak:]-vaMa

where

and O isa M x M zero matrix. Moreover, ¢ = [c,...,exya)?, £ = [f1,-.., f~]T and O is a
zero vector of length M. Note that for a SPD RBF ¢ the matrix reduces to A = A, and hence the
polynomial part vanishes. Recalling that every SCPD kernel has an associated normalized PD
kernel [44], from now on we confine our treatise to the case of SPD kernels.

In the literature, many kernels are dependent on a shape parameter ¢ > 0 such that, by
recalling (2.2), it is

Ke(P, P;) = ¢e(||P = Pil2) = ¢e(r) = d(er).
In what follows, to simplify the notation, we refer to ¢.(|P — F;||2) as ¢.(P), VP, P, € Q,
omitting the subscript ¢ when clear from context.

RBF e (1) SCPD order
Gaussian C*° (GA) e 0
Inverse quadratic C* (IQ) (1+e2r?)~t 0
Inverse Multiquadric C*® (IMQ) (1 + ¢2r2)~1/2 0
Multiquadric C> (MQ) (1+ e2r2)1/2 1
Wendland C? (W2) max(1 — er,0)*(der + 1) 0
Wendland C* (W4) max(1 — er,0)%(35¢%r% + 18er +3) 0
Matérn C° (MO) e er 0
Matérn C? (M2) e (er +1) 0

TABLE 1. Some examples of well-known RBFs depending on a shape parameter.

3. A CUBATURE RULE ON SCATTERED DATA

A key role in the numerical treatment of integral equations of the type (1.1) is played by the
cubature rule used to approximate the integral operator

(3.5) (Zf)(z,y) = /Q K(z,y,,)f (s, t)dsdt.
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A cubature rule for integrals of the type
h(P)dP,
Q

where h(P) is an integrable function, can be obtained by replacing the function / with its RBF
interpolant (2.3), i.e.

N+M

(3.6) /h )dP ~ /w )dP = Zcz/@ dP+ZcZ/mN

i=N-+1

Denoting by

I= Ug¢1(P)dP,...,/Q(;SN(P)dP,/Qm(P)dP,...,/QWM(P)dP]T,

the moment vector and by < -, > the scalar product in R?, we have

(3.7) /h( )P ~ /z/J JAP =< ¢, I>=< A" b, I>=<f,w >= Zwlfz
Q

i=1

In fact, by symmetry of the matrix A and noting that Aw = I, the cubature formula (3.6) can
be easily rewritten in the usual form of a weighted sum of the sampled values.
By employing the cubature rule (3.7), the integral operator (3.5) is approximated as follows:

(38) If LL' y sz LU y7$27yz)f(xi7yi)'

The accuracy of the rule can be improved by choosing the optimal RBF shape parameter. For
a comprehensive study of the influence of the shape parameter scaling on the accuracy of the
RBF interpolation the reader can refer to [34] and the references therein.

A technique to estimate the optimal shape parameter is the leave one out cross validation
(LOOCV) method. The strategy underlying this algorithm is to minimize a cost function that
collects the errors for a sequence of partial fits to the data. More in detail, the data are split into
two sets:

e a training set of N — 1 data to obtain a “partial” interpolation;
o a validation set with the remaining data to compute the error.

After iterating this procedure N times (one for each given data), the cost function uses the
so-obtained vector of error estimates to determine the optimal shape parameter. More details
about the RBF moments computation and the LOOCYV method can be found in [12, 11, 42].

4. METHODS FOR FREDHOLM INTEGRAL EQUATIONS

4.1. Method 1. The discrete collocation method introduced in [2] assumes that the unknown
solution of the Fredholm integral equation (1.1) is approximated by

N
y) = cid;(x,y),
j=1

and hence consider the equation

Riz,y) = Fle.y) — /Q k(. 5, 5,8) F(s, O)dsdt — g(z,y),
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where R(z, y) is the residual of the RBF approximation. Then, collocating at the points (z;,y;) €
X C Q and requiring that

R(l’i,yi):(), V’izl,...,N,
the following system is obtained

N

(49) Z |:¢]<x7,7yl) - /L/Qk(ml,y“S,t)(bJ(S,t)det Cj = 9(371‘71/1‘)’ i=1,.. '7N'

j=1

To approximate the integrals in (4.9), the authors in [2] introduce a composite Gauss-Legendre
cubature rule in the case the domain (2 is of the type

(4.10) Q={(z,y) €R? : a<a<b a(r) <y<Bz)},

with a,b € R and «, f continuous functions of . They also consider the case when (2 is union
of domains of the type (4.10).
The rule is achieved recalling that for any function h(z, y) continuous on 2 of the type (4.10),

we have
b rB(x) b
/h(x,y)dxdy:/ / h(m,y)dxdy:/ H(x)dx
Q a Ja(x) a

B(x)
H(z) /( ) h(z,y)dy.

Hence, applying a composite m y-point Gauss-Legendre quadrature rule first to the integral

H(z) and then to the integral fab H(z)dx (both conveniently shifted into the interval [—1, 1]),
we get

with

/ k(.. 5,0)6; (s, )dsdt = G (2, y),
Q

M mpy h M mn
1 At(0
GV (r,9) = o SO S we 2 SOSN8 00000 1),

h=1k=1 =1 =1
where
iy = = te),
4.11) 9,@]\14[2’“”;_1} h=1,....,M, k=1,...,my,
T}LZAZ[ZLJFZ“}, {=1,...,.M, v=1,...,mp,

M is the number of subintervals employed and {zj,wy};'", are the zeros and weights of the
my-point Gauss-Legendre rule, respectively.

Finally, the linear system is

(412) Z (bj xlayz MQ%N(CE“%)] Cj = g(xivyi)a i = 13 . '7N'
j=1
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4.2. Method 2. The spectral meshless radial point interpolation (SMRPI) method has been pro-
posed as a combination of meshless methods and spectral collocation techniques. More specifi-
cally, the point interpolation method with the help of RBFs is used to construct shape functions
®, so that

1, i=yj, ..
413 d;(P;) = i=1,...,n.
(4.13) (7)) {0’ e b n

Moreover, the shape functions satisfy the following partition of the unity property

(4.14) Zn: o;(P) = 1.
=1

In [25], the authors assume to work only with SPD RBFs. Hence, the function f at a point of
interest P € 2 is expressed in the form

(4.15) f(P) ~(P) = Z cipi(P).

The idea is that here the coefficients ¢; are determined taking into consideration a support
domain for the point of interest that includes n < N nodes of 2. More precisely, the coeffi-
cients are determined by solving a linear system of the type (2.4), obtained by requiring that
equation (4.15) is satisfied at the n nodes surrounding the point of interest P in the support
domain. Note that the support domain Dp C € is usually a disk of radius 7p and centred at
the considered point of interest P.

Consequently, we have the following linear system

Ancn:fn7
with Cc, = [Cl, .. .,Cn]T and fn = [flw . ~7f7L]T and
o1(P1)  ¢1(P2) ... ¢1(Pn)
G2(P1)  G2(P2) ... ¢2(Pn)

n =

6u(P1) 6n(P2) ... Ou(Py)
Since A,, is a symmetric positive definite matrix, it follows that
(4.16) c, = A,
Setting r(P) = [¢1(P),...,d,(P)]T, equation (4.15) can be rewritten as
f(P)=rT(P)c.
By (4.16), we have

(4.17) H(P) =xT(P)ATIE, = ®T(P)E, = 3 fi04(P),

i=1
being ®7(P) =rT(P)A,} = [®1(P),...,®,(P)]. The n functions in the vector ®(P) are called
the radial point interpolation method (RPIM) shape functions corresponding to the nodal dis-
placements and satisfy the properties (4.13) and (4.14).
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Remark 4.1. We point out that the number n of nodes included in the support domain Dp clearly
depends on the point of interest P. When necessary, to underline this dependence we write it as np.
Moreover, we can rewrite the RPIM approximation of f as follows

N
P)y=>"f;®;(P
j=1

noting that for any
PjGD%ZZ{Pj2Pj¢Dp}
we have ®;(P) = 0.

The SMRPI method is constructed by replacing the unknown solution f(z,y) in (1.1) with
its RPIM approximation

N
(4.18) bla,y) =Y f%5(,y)
Jj=1

This leads to
N N
> () _Nij/Q z,y,s,t)P;(s, t)dsdt = g(z,y).
j=1 j=1

By Remark 4.1, the above integral can be rewritten as follows

(4.19) Z@ z,y)f quj/ k(z,y,s,t)®;(s, t)dsdt = g(x,y),

Py

where Dp, is the support domain of the point P; = (z;,y;). Collocating equation (4.19) at the
points of X C (), we obtain the following system of order IV

Z JUmyz IU’G(xuy’L)] f] :g(xzvyb)7 7‘:1’7]\]

Jj=1

Approximating the integral by a suitable Gaussian cubature rule
(4.20) Gj(zi,y:) = / k(xi, yi,8,t)®;(s,t)dsdt, i=1,...,N,
Dp,

and recalling the Kronecker delta property (4.13), we finally obtain the linear system

(4.21) Z — uGji(zy,y)) fi = 9(zi,ys), i=1,...,N,

j=1
that can also be written in the following matrix form
I-pG)f =g,

where I is the identity matrix of order N, the square matrix G has entries G;(z;,v;), ,j =
'7N/ g = [917"'agN]T Wlthgl = g(xiayi)a 1 = 1a"'7Nr andf = [fla"'7fN]T Wlth fl -
fxi7yi)ai:17"'7N'
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4.3. Method 3. The method introduced in [1] is based on hybrid kernels. A hybrid kernel is a
combination of radial kernels, usually one infinitely smooth depending on a shape parame-
ter along with one of finite smoothness that is shape-parameter-free, in order to combine their
benefits and reduce the respective drawbacks. It is known that infinitely smooth kernels gener-
ally have a high order of convergence while their stability usually decreases by decreasing the
shape parameter and increasing the number of points. Conversely, kernels of finite smoothness
often provide lower accuracy and convergence order but better stability in the computations.

RBF o(r)
Thin Plate Spline (TPS) r?logr
Cubic (CU) r3
Polyharmonic (P7) r’

TABLE 2. Some examples of shape-parameter-free RBFs.

A family of hybrid radial kernels (HRKSs) is constructed as follows:
(422) \Ps,z(P):¢el(P)+p¢l(P)7 12177N7

where ¢, ; is an infinitely smooth radial kernel with shape parameter ¢, ¢; is a piecewise smooth
shape-parameter-free radial kernel and p € R is the HRK weight parameter. The shape parame-
ter e and the weight parameter p control the accuracy and the stability of the HRK interpolation
of the function f that is given by

N N N+M
(4.23) (P) =Y &W  (P)+ > &min(P).
i=1 i=N+1
The coefficients ¢, ...,¢én+n are also in this case determined by enforcing the interpolation

conditions

/lZ(PZ):f’H 7’.:17"'7N7
and the M additional conditions

N
Y am(P) =0, k=1,..,M,
=1

with the polynomial part in (4.23) omitted if dealing with SPD hybrid radial kernels. Conse-
quently, we obtain the following symmetric linear system

(4.24) HE = b,
where 0 ¢
H
=g 8 v lo)

Hlj:\I/51(Pj)a Qik:ﬂ-k(Pi)v ivj:]-v"'vak:]-v"'aMa
€ =1[¢,...,én1m|T the HRK coefficient vector and f = [f1,..., fx]|” the scattered data vector.
We recall that for a SPD HRK U ; the matrix in (4.24) reduces to H = H.
The HRK method is constructed by replacing the unknown solution f(z,y) in (1.1) with its
HRK approximation

with

N
@Z(l’, y) = Z 6i\116,i(x7 y)
i=1
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in the case of SPD hybrid kernels obtaining
N

Z [‘I’ Jlzy) / k(z,y,s,t)Uc (s, t)dsdt} ¢ =g(x,y).

j=1

By collocating the previous equation at the points (z;,;) € X C €, we get the following
system:

N

(4.25) Z {\Ile,j(mhyi) . /1,/ k(xi,yi,s,t)\IlE,j(&t)dsdt} ¢ =g(xi,y), t=1,...,N.

i=1 @
To approximate the integrals in (4.25), the authors in [1] apply the composite Gauss-Legendre
cubature rule that we have recalled in Subsection 4.1

/Q k(. y, 5, )W, (s, )dsdt = GM_(z,y),

M mpy M my
Q%ny MZZ ZZU}L zyvokvm) Ej(ekvnl)
h=1k=1 =1 =1

with At(s), 0% and n defined as in (4.11). Hence, the following linear system is finally obtained

N
Z |:\I,6,7(x7,7y2) - MQ%N (x'myl)] Ej = g('rzayl)7 1= 1a ey N.

Regarding the search for the optimal parameter values of the hybrid kernels, the authors in [1]
present a global particle swarm optimization (PSO) method. PSO is a robust algorithm in-
troduced by Kennedy and Eberhart [33] that uses swarm intelligence for solving optimiza-
tion problems. A swarm in the PSO algorithm comprises a group of particles navigating the
problem’s search-space, with each particle assigned a fitness value that represents a potential
solution to the optimization problem at hand. Key advantages of PSO include its straight-
forward implementation, information sharing, mutual cooperation among particles, memory
utilization, fast convergence, and low computational complexity. However, the conventional
PSO algorithm is susceptible to premature convergence and can easily become trapped in local
optima. To address these limitations, the authors in [1] introduced some modifications to the
standard PSO algorithm to enhance its performance and the reader can refer to their article for
further details about it.

4.4. Advantages and drawbacks. The three methods presented in this review paper all rely
on RBFs and, consequently, face similar challenges, particularly in selecting an optimal shape
parameter. At first glance, the hybrid kernel method might seem preferable, as it combines
the strengths of two different RBFs: one dependent on a shape parameter and another that is
shape-parameter-free. However, this introduces a new challenge: optimizing both the shape
parameter and the weight parameter, p, which balances the contributions of the two RBFs.
While algorithms such as LOOCV and PSO can optimize both parameters, the computational
effort increases because these algorithms must now handle two parameters instead of one.
In contrast, the SMRPI method is more computationally expensive due to the construction of
the shape functions ®;, as described in (4.17), whereas the discrete collocation method is the
simplest to implement. Regarding the cubature rule used to approximate the integral in (1.1),
all three methods rely on Gaussian-type rules. Despite these differences, it is important to note
that all three methods are reliable and exhibit comparable performance as far as we know.
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5. CONCLUSIONS AND FUTURE RESEARCH

In this paper, we reviewed three methods for the numerical treatment of Fredholm integral
equations of the second kind using RBFs. The described methods are meshless, independent
of the geometry of the domain, and reduce the problem to solving a linear system of algebraic
equations. To our knowledge, this research topic has not yet been fully explored. Our future
goal is to further engage in this field by introducing Nystrom-type methods, which, as far as we
know, have not yet been considered. Additionally, we plan to carry out a comparison with the
methods discussed in this review paper, providing multiple numerical examples. This work
could help strengthen the connections between RBF interpolation and the theory of integral
equations.
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