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ABSTRACT. A development of an algebraic system with N-dimensional ladder-
type operators associated with the discrete Fourier transform is described,
following an analogy with the canonical commutation relations of the conti-
nuous case. It is found that a Hermitian Toeplitz matrix Zy, which plays the
role of the identity, is sufficient to satisfy the Jacobi identity and, by solving
some compatibility relations, a family of ladder operators with corresponding
Hamiltonians can be constructed. The behaviour of the matrix Zy for large
N is elaborated. It is shown that this system can be also realized in terms
of the Heun operator W, associated with the discrete Fourier transform, thus
providing deeper insight on the underlying algebraic structure.

1. INTRODUCTION

The study of discrete structures is significant for the theory of signal processing,
entanglement, quantum computation and more [I], and it serves as a source of
interesting and surprising considerations worth studying. The problem of the con-
struction of a system of eigenvectors for the discrete Fourier transform (DFT) is
still open and has been approached from several directions since J. H. McClellan
and T. W. Parks [2]. Recent results of M. K. Atakishiyeva and N. M. Atakishiyev
(AA) [3]-5] aim to enrich the resulting eigensystem with the quality of being cano-
nical. Techniques for associating eigensystems with the DFT include the use of
an uncertainty principle associated with cyclic groups of prime order [6], as well
as commutative matrices construction for a matrix that commutes with the DFT,
thus ensuring that both matrices share the same set of eigenvectors, which provides
an orthonormal eigenbasis for the DFT [7]—[9]. This last method is employed in [3],
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where raising and lowering operators has been found to construct a number ope-
rator A/ commuting with the DFT, in complete analogy with the linear quantum
harmonic oscillator of the continuous case. It is this analogy that motivates the
present work targeting the establishment of a broader framework to deal with this
problem even more systematically. Can we extend this analogy of the harmonic
oscillator for the DFT to mimic the continuous case? To what extent can we make
an analogy of the canonical commutation relations (CCR) for finite dimensional
Hilbert spaces? This is the common thread that guides us to put forward an al-
gebraic system through some compatibility relations that admit operator solutions
of ladder type, beginning with the use of a Hermitian Toeplitz matrix Zp, which
plays the role of the identity. We establish a remarkable relationship between this
treatment and the A A-approach, by using the Heun operator W of the latter, thus
leading naturally to the proposal of a complete realization of the algebraic system.

The paper is organized as follows: In Section [2] we briefly review some quantum
foundations about the CCR. In Section [3] we present the mathematical background
necessary for discrete structures in finite dimensional Hilbert space. In Section [4]
we establish the discrete commutation relations and show they satisfy the Jacobi
identity. In Section[5] we give an explicit matrix representation for Zy and conduct
a brief investigation into the nature of this operator for large N as well. Section
[6] is devoted to the main results of this work, namely, the proposal of an algebraic
system in terms of the Hermitian Toeplitz operator Zx and through compatibility
relations, whose solutions consist of ladder-type operators. From these operators
a family of Hamiltonians #€ can be obtained for each N; this solutions, however,
fulfill at least two of the four requirements of the proposed algebraic system and
not necessarily the other two. In Section [7] we show then how the operators @ and
P, which generate Zy, are related to the raising and lowering operators, as well as
the Heun operator W of the AA-approach, through the exponential map. Thus we
conclude that this connection could provide a complete realization of the algebraic
system; that is, the fulfillment of the four requirements which comprise it. Finally,
Section [§] offers concluding remarks on the outstanding issues.

2. QUANTUM FOUNDATIONS

Canonical commutation relations.

We seek a suitable analogy between continuous and discrete realizations of the
canonical commutation relations that underlie the Heisenberg algebra, briefly ana-
lyzing the parallels between Classical Mechanics (CM) and Quantum Mechanics
(QM)[10].

e Observables in CM are smooth functions on R?".

e Hermitian operators in QM are regarded as infinitesimal canonical trans-
formations or infinitesimal automorphisms, the vector fields are used to
obtain (local) canonical transformations by integrating Hamilton’s equa-
tions. Similarly, Hermitian operators A are employed to derive skew-adjoint
operators 2miA, which upon the exponentiation yield a one-parameter uni-
tary group.

e The automorphisms of the underlying set R?"*! are considered, where
R2"*! corresponds to a Lie algebra or a Lie group, depending on whether
a bracket operation or a group law is defined.
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e The Fourier transform arises naturally from the very wavy nature of QM
in an idealized basis of basic plane wave packets (eigenfunctions of the
momentum) e¢(z) = e*™%¢ the momentum of which is h¢.

e By constructing the j-th component of momentum through the correspon-
dence of Borel measures with its Hermitian operators, one finds that the
Fourier transform intertwines it with the position operator

P =hFQ,F ' = P; = h 9 _up, (2.1)
I J T omiox; '

e It has been proven that the action of the exponentials of momentum and
position operators is on the functions on L? and represents a translation in
momentum space and a translation in position space, respectively.

e The basic observables Q); and P; satisfy the canonical cammutation rela-
tions (CCR) (see [10], p.15)

ho;p
[Pj, Px] = [Q;, Qi) = 0, [P, Qk] = T;il' (2.2)
Following Seligman’s treatment of representation theory [11], the Heinsenberg-Weyl
Lie algebra of QM, denoted by b, with elements @, P and I over the field of com-
plex numbers is considered. This algebra is defined by the following commutation
relations:

[Q,P] =i, Q.11 =0, [P, 1] = 0. (2.3)

The elements (), P and I form a basis for the algebra b, so we can express any
element F in b as:

E=x2Q+yP+zI, =z,y,z¢€C.

Taking @ and P is sufficient for an algebraic basis of h), as I can be derived from the
Lie bracket in the first of equations (2.3). The elements of interest in this abstract
scheme are

R=—(Q-iP), L=

7 (Q+1P), (2.4)

Sl

which satisfy:
[L,R] =1, [L,I] =0, [R,I] =0. (2.5)

These operators also form a basis for h and thus define h as well. The primary goal
in this approach is to construct concrete models through representations of h with
sets of linear operators representable by matrices; this is always feasible since every
Lie algebra over C is isomorphic to some matrix algebra. It may be interesting
to note that our search for different bases for representations of the algebra b is
intimately related with the fact that different bases for the same representations
of the Lie group lead to different special functions and provide a group theoretical
underpinning for all of these functions (see [I2] for a more detailed discussion of
this point).

The Heisenberg-Weyl group

For the Heisenberg-Weyl algebra § defined in (2.3), we can use its faithful re-
presentation and subalgebra of gl(3,C), denoted by b/, to build its corresponding
Lie Group HY, which is a subgroup of GL(3,C), through the exponential map
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exp : b/ — H7_ such that h7 constitutes the tangent space of H/ at the identity.

The exponential map
o0

el = %A"
n=0

exists since the exponential of an arbitrary matrix with finite elements is an abso-
lutely convergent series that yields an invertible matrix; this map sends the zero
element in h7 to the identity element in H/. As a manifold, the parameters which
form a canonical coordinate system of H/ are given by the Lie group elements of

HI:
x
G(z,y,2) = expi(zQ’ + yP/ + 2I7) = exp 0 (2.6)

1z

< O O
o O O

From the properties of the exponential map, one can derive the composition law of
the abstract corresponding group H:

1
9(x1,91,21)9(72, Y2, 22) = 9(1’1 +22,y1 +Y2,21 + 22+ §[y1172 - fElyz]), (2.7)

6:9(07070)7 g(z,y,zfl :g(fxa 73/772)' (28)
This group is named the Heisenberg-Weyl (or simply Heisenberg) group. All pa-
rameters range over R so the group manifold is isomorphic to R?, non-compact and
simply connected.

3. MATHEMATICAL BACKGROUND FOR DISCRETE STRUCTURES

In this section, we explore the discrete structure in finite dimensions, considering
the intricacies involved. To address specific nuances, the action of a group G on
a set X is represented by a function f : G x X — X such that for all z in X,
f(e,x) = z, where e is the identity element of G. An N-dimensional representation
of a group G over a field K is a group homomorphism ¢ : G — GL(V), where V is
an N-dimensional vector space on K, and GL(V) is the group of linear operators on
V. If ¢(g) is a unitary operator for every g in G, and its corresponding conjugate
transpose satisfies ¢(g)7 = ¢(g)~!, we say the representation ¢ is unitary. We
consider discrete groups to be Lie groups endowed with the discrete topology; a
finite group G acts on itself by automorphisms and can be embedded in some
permutation group Sy, which admit a representation on K%V, with K a field.

The Fourier transform arises naturally from the harmonic periodic behaviour
of quantum systems, where periodicity is somehow fundamental. Thus, we focus
on the finite cyclic abelian group Zy which is isomorphic to the additive group of
integers modulo N, denoted Z/NZ. We also consider the geometric series:

1-2N)/(1—-2), ifz#1

. 3.1
N, ifz=1 (3:1)

I+z+224.. 4271 :{
Define w = €2™/N with i = v/—1, to be the N-th primitive root of unity, then
the set of N-th roots of unity, {w*}, ¥ = 0,...,N — 1, is a group and satisfies
l+w4w?+...+wV=1 =0, since 2™ — 1 = 0. Such a group is isomorphic to Zy
and is denoted by Cpy. Let’s consider Hom(Z/NZ) as the set of homomorphisms
of Z/NZ into Cy. A vector in C" is denoted by v and its components by v;, the
canonical basis of CV is represented as ey, = {(0k,0,---,0k,n-1) : k=0,...,N—1},
where dy; is the Kronecker delta function. Operators are denoted by capital letter
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T and their matrix entries by 1;,,,. With an abuse of notation, operators and matrix
representations of them are denoted with the same letter, unless otherwise specified.

Most of what will be mentioned in this section without proof, can be found in
[13].

As discussed in Section [2] the position and momentum operators generate trans-
lations in the underlying group, thus we consider a notion of translation in our space
of complex-valued functions on Z/NZ. First we endow it with an inner product to
turn it into a Hilbert space L?(Z/NZ) by means of

)= S flaygl@,

€Z/NZ

where T denotes the complex conjugate of x in C. A translation operator T, :
L?(Z/NZ) — L*(Z/NZ), for every a € Z/NZ, is defined by the action of Z/NZ
on L?(Z/NZ) given by

T.f(b) := f(b—a), Va,be Z/NZ.

It can be shown that an orthonormal basis for L?(Z/NZ) is {f.}, 0 < a < (N —1),
where

1 ifa=0
fa(b) = {0 o4 b a,b € Z/NZ.

If we look for a matrix representation V' of T in the {f,} basis, we can take the
range of f € L?(Z/NZ), ordered by its argument from 0,..., N — 1, as a vector
(f(0), f(1),..., f(N — 1)) € CN. This means that the set {f,} is represented in
C" by the canonical basis {e;}; therefore the matrix representation V of T,—; := T
in the {f,} basis is the N x N matrix given by

0 0 0 0 1
100 --- 00
010 --- 00
V= ;
000 --- 00
000 --- 10

note that V' = CT, where C' is the circulant permutation matrix with entries Cy; =
Sk.1—1. Thus the full set of matrices, defined as V; = V7, are unitary and V¥ =
I,0<j < (N —1). These matrices V; are well known in the literature as the shift
matrices and are a basis for the algebra of circulant matrices [14].

On the other hand, the regular representation p : Zy — GL(L?(Z/NZ)) of the
cyclic group Zy is given by p(a;) =V;, 0 < j < (N —1) ([15], p.4), this implies
that the matrix representation of the translation operators on the function space
L?(Z/N7Z) is the regular representation of the N-cyclic group, which in turn is
completely reducible. Moreover, since Z/NZ is abelian, it can be decomposed into
a direct sum of one-dimensional irreducible representations. This simple decompo-
sition is the source of a rather intricate structure which gives rise to the Fourier
analysis, structure that is employed in this work.

Let C3 be the multiplicative group of complex numbers of absolute value 1, a
character on Z/NZ is a group homomorphism A : Z/NZ —s C3;. Taking characters
in A1, \a € Hom(Z/NZ) and defining (A1+X2)(a) := A1 (a)A2(a) Ya € Z/NZ, it can
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be concluded that Z/NZ = Hom(Z/NZ) = Cy. It can be shown that Hom(Z/NZ)
consists of elements of the form

A = 1 o—2mil/N

1=0,...,N—1,

= 7% ,
and the set {\;}, 1 =0,..., N —1, is an orthonormal basis of L?(Z/NZ), which is a
consequence of the geometric series (3.1). We call this basis {\}, 0 <1 < (N —1),
the normalized character basis, NCB, for L?(Z/NZ). Because of this, we can expand
f € L3(Z/NZ) as a linear combination of the {)\;} basis, namely

f= 1AL frec;
=0

such expansion is the (Nth partial sum of the discrete) Fourier series of f. The
coefficients f; can be obtained applying orthonormality of the NCB as usual:

N—-1 ) N-1 .
(FAm) = O fidsdm) = 1\ Am)
=0 =0
N—-1

whereby

f;n = <f7 )\m> = Z f(n))‘m(n) = f(n)e%rimn/N’ 0<m< (N - 1)

n=0
This is clearly the mth component of a matrix multiplication with the vector
(f(0), f(1),..., f(IN—1)). We give a name to the underlying linear transformation.

Definition 3.1. Let {\,}, | = 0,...,N — 1, be the normalized character basis
and define fn, as (Pnf)(m). The discrete Fourier transform (DFT) is the linear
operator ®n : L>(Z/NZ) — L*(Z/NZ), defined by

@xhm) = (.0} = o= 3 fn)exp (igm@

n€Z/NZ

The DFT is known to satisfy the following properties:
(1) @y is a unitary operator,
(2) ®% = I, where I is the identity operator,
(3) the matrix representation of ®x in {fz} is

o
(@N)mn = exp (mmn> , 0<m,n< (N —-1);

1
VN
this implies that the columns of the DFT matrix are an orthonormal basis {¢ } for
C¥. We call this basis the normalized Fourier basis (NFB).

Next we get back to the shift matrices to connect them with the DFT. Since the
V; are unitary, they must be unitarily similar to a diagonal matrix because of the
spectral theorem. Thus the DFT plays a fundamental role in this work because the
following holds:
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Theorem 3.1. The DFT ®x simultaneously diagonalizes the V; matrices, with

eigenvalues
2mi

ajl:exp(le)a OSJ,IS(N_I),
and the columns of the DFT as eigenvectors.

Let p1 : G — U(H1) and ps : G — U(Hz) be unitary representations on G
over the Hilbert spaces H; and Hy. We say that the operator A : H; — Ha
intertwines p; and po if Ap1(g) = p2(g9)A4, Vg € G; thus p; and py are said to be
unitarily equivalent if A is unitary and the operator A is called an intertwining
operator. If U is the diagonal operator, obtained through diagonalization of V' by
the DFT, then U; and V} are unitarily equivalent representations of Z/NZ with
the DFT as intertwining operator. Namely, V; = <I>NUj‘1>}rV, 7 =0,....,N — 1.
With w = exp(27i/N) the Nth primitive root of unity, {e;} the NFB and {ej} the
canonical basis, the previous theorem implies that

(1) The eigenvectors of U and V satisfy
Vier = whe;, and Ujer, = wey,
(2) V acts as a shift on the eigenvectors of U and viceversa
Vier = exy; and Ujep = €4y,

(3) Un =1,

due to these properties, the matrices U; are called the clock matrices.
Finally, by applying these properties, UVey, = Uepyq = wFleprr = wwPeryr;

VUe, = Vwke, = wkVe, = wk€k+1. Combining these results, we get (UV —
wVU)e, = 0,Vk € Z/NZ, whereof we conclude that the shift and clock matrices V'

2mi

and U satisfy the so-called Weyl commutation relation, namely, UV = e~ VU.

4. AN ALGEBRA WITH DISCRETE COMMUTATION RELATIONS

Because of the very definition of translation, the operator V' generates translations
in the underlying space L?(Z/NZ), thus, we look for Hermitian solutions P, whose
exponentiation yields the unitary 7T in complete analogy with eq.. This request
establishes the connection with the quantum picture. This idea is not new; it was
previously explored by Santhanam and Tekumalla [16] using a different approach.

Theorem 4.1. Let j be an element of Z/N7Z. Then a hermitian operator P; €
GL(L*(Z/NZ)), which is a solution of the equation V; = exp(inP;), where n is a
real parameter, is given by

27 . . N
P; = — ®ndiag(0,7,...,(N — 1)j)<I>N1. (4.1)
nN
Proof. Due to the unitarity of @,
27 T
Pl = —((I) diag(0, 7, ... N—1'<I>T)
j 7]N N lag( »Js 7( )]) N

27 . . o gt
= n—N o ydiag(0,7,...,(N —1)j)®y = P},
thus confirming that P; is Hermitian. Now we show that under exponentiation, we
certainly recover V. As said before, exponentiation of P; is well defined since P;
is a matrix with finite elements, it is a series of P; which converges absolutely and
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yields a matrix which is invertible; moreover, when multiplied by the imaginary unit
i, this matrix becomes a skew-adjoint matrix, which upon exponentiation produces
a unitary matrix. Then let n € R and let’s compute the matrix representation of
exp (inP;) in the canonical basis {e;}; using the unitarity of ®x

. 2w . . N
exp (inP;) exp (11717N<I>Nd1ag(0,], ooy (N = 1)])<I>N1>

9mii
= dpyexp (X;jdiag(o7 1,...,N — 1) @E%
multiplying by ® 5 on the right and applying ¢;, we get

| ot
i B e = By le; + @N%diag(o, 1,...,N —1)g

i)
gy (27) diag?(0,1,...,N — 1)e; + - --

2IN2
B 2mij - (2mif)? ,
_¢N(1+ BT A

= Oy IN ey = Dy Uje, Vi, 1€ {0,1,...,N —1}.
Whereby, using the intertwining property of ®y, it follows

P e = @N‘I’;r\fvjq)Nel =Vi®ye;, Vj,1€{0,1,...,N —1}.
Thus,

(" ®y —VIidy)e =0, Vj,l€{0,1,...,N—1},
and consequently
ePidy =Vidy, Vje{0,1,...,N -1},
from which it follows that
et =vi vje{0,1,...,N—1}.
O

Remark. Clearly, the eigenvalues of P; are 2mjl/(nN) with the NFB as eigenvec-
tors. Similarly, by exponentiating the U;, we obtain the same eigenvalues.

Let the diagonal operators be denoted as
2 . . .
Qj = Wdlag(oajv ey (N - 1)j)a

thus the DFT intertwines the operators P; and @); as in eq.. Thereby the DFT
intertwines operators at the group level (the V;’s) and at some algebra level as well
(the P;’s); this is a direct consequence of the exponential map and the unitarity of
the DFT. Thus intertwining is a necessary condition to build possible algebras at
the Schrodinger realization level, but not sufficient.

Next, we consider commutators of skew-adjoint operators,

SQ.1P) =1(@. P
with
Q := ——diag(0,1,...,N — 1), P = dnQd,. (4.2)
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Remark. The real number n is a coupling parameter which will take appropriate
values according to the finite discrete (DFT), infinite discrete (Fourier series) or
continuous (integral Fourier transform) cases we deal with.

Since [@, P] remains constant for the unitary transformation uniparametric group
{V;}j=0,...,n—1, this suggest the following definition.

Definition 4.1. Let the commutator of Q : CV — CVN and P : CVN — CV be
defined by Zn through

Zn :=1[Q, P].
Thus we get
Corollary 4.2. The operators Q, P, Zn satisfy the Jacobi identity
[Q, [P, ZN]] + [P, [Zn, Q] + [Zn.[Q, P]] = 0.
Proof. Direct computation of the commutators yields
[Q, [P, Zn]] = i(2(QP)* — Q°P* — 2(PQ)* + P*Q?),
[P,[Zn,Qll =i(2(PQ)* — P*Q* — 2(QP)* + Q°P?),

[ZNv [Q)P] =0;
therefore
[Q, [P, ZN]] + [P, [Zn, QI + [Zn, [Q, P]] = 0.

In addition, the following relationships are established.

Corollary 4.3. The operators Q;, P, and Zy, j,k = 0,...,N — 1, satisfy the
discrete commutation relations

[Py, Pe] =0, [Q;,Qk] =0, [P}, Q] =1jkZn.
Proof. Since

P
Q= n—;diag(o,l,...,N— 1),

then, by Theoremand eqs.(4.2), Q; = jQ, thereby P; = @NQjCIJX,l = <I>NjQ<I>;\,1 =
jP,sothat [Pj,Qx] = P;Qr—QrP; = jk(PQ—QP) = —i%jk[P, Q] = —ijki[P,Q] =
ijkZx. The other commutators are trivially satisfied. [l

Therefore, Zx plays the role of the identity in this discrete algebra.

5. ABOUT THE NATURE OF Zy

As discussed in the previous section, the operator Zy plays the role of the identity
in this context. In this section we explore more the operator Zy and suggest that
in the limit when N — oo, Zy — 4, where ¢ is the Dirac delta distribution, which
is the identity in distributions under convolution.
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5.1. The explicit form of Zy. First we need to know the explicit form of Zy.
So we compute the action of the operators @); and P; on the NFB, to get the
explicit form of the matrix entries of [Q;, Py]. It is clear that P; is in the canonical
representation; since the DFT diagonalizes it, its inverse acts as a transition matrix
from {e;} to {¢}, resulting Q;, which is in the NFB representation (note that the
definition we are using for the DFT is with positive sign in the exponent). Since
eigenvectors are preserved under the exponential map, the eigenvectors of P; are the
NFB, and because @; is diagonal, those of it are the {e;}. Also, the corresponding
eigenvalues are the exponents of those of V;, U;, namely,

2mjk 2mjk

77]\f €k, Qjek: 77N

PjEk = €L, (51)

and

€L = Z @mkem, Cp — Z ¢’;L}€em’ (52)

where ®,,; stands for the matrix entries of ® .
We now compute the transformation of the NFB by the operator PrQ); and
express it in terms of itself.

Lemma 5.1. The operator P,Q; transforms the NFB as

o 4772‘7.]{: 1 n(m—-n') ; /
PLQjenm = ZZnnw eny, 0<k,jymmnn <(N-1).

n2N3 -
Proof. First we compute Qj€en, 0 < j,m < (N — 1) by using the first of eqgs.(5.2)),
to apply the eigenvalue property of @);; then the second of egs.(5.1) to obtain the

corresponding eigenvalues; finally the second of eqs.(5.2) to express the result in
the NFB basis:

Qjem = Qj Z % w"e, = Z = wanjen
_ \/72 W 271—] en 2’/Tj nmnzw nn' €

= 3]7:[]2 Zan”(m ”)e ’ (5.3)

Next we get

2.
Pijem _ 277_] Z ann(m n )e /27rk‘n 6 = 2177;]\?5 Z Znn/wn(m—n/)enl.

n n'

O

Therefore the matrix elements of the commutator satisfy the following
Theorem 5.2. The matriz elements of [Q;, Py] in the NFB are given by
_ axi

T 2N3 —
where j,k,l,mn=20,..., N —1.

(m — Dnw™ ™,

Qj, Prlim
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Proof. Let [Q;, Pilim be the (I,m) entry of the matrix representation of [Q;, P] in
the NFB, then, because of eq.(5.3]), Lemma[5.1] and orthonormality, it follows that

Qi Pl = (e1Q Plew) = (e, 2" e s~ PiQyem)

:<€l’nTnN2 ;an Dew

T N3 Znn’ ey

47r ik '
T8 > SISO
47'(' k —n'
B W2N73 DD (m= ™ e, )
n n!

42k nlm—
= NG (m — Dnw™m ),
where bilinearity of (,) has been used. O

To estimate the behaviour of Zy for large NN, it is necessary to recenter the
matrix elements of [Q;, P;] with respect to its entries Im. Set

N=2L+1, ¥A=1L
- )
N =2M, T=M"
we define new centered indices I, m’, n’ the by means of n’ = n—r, m’ = m—r, n’ =
n —r, then

471'2 "1y (! —1'
[Q, Plim = Wuﬂm DTN =)0 =) ),

n’

thereby
Plim = w™7(Q, PIF, 5.4
[Qu ]lm =w [Qu }l’m’a ( . )

where [Q, P]G , is given as in the following definition.

Definition 5.1. [Q, P],, is called the centered version of [Q, Plim, and is given
by
472

[Q:P]chm' = W (m/ - l/)(“/ + r)wn/(m/_l/),

where
N—1 N-1 :
Vol omf e J T T T if N is odd
m',n = NN )
N ) is even

The centered version can be simplified.

Proposition 5.3. The centered version of [Q, P] satisfies

_ / / n m' =1’
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Proof. We take from Definition [5.1] the sum with factor 1/N and split it into two
terms; so on account that m’ — 1" = m — [ one can write

]. !’ ’7 ’ ]_ ’ !’ 7
N Z(m/ o l/)(n/ + T)wn (m'=1") _ N Z(m/ o l/)n/wn (m'=1")

1 ’ ’ ’
ty Z(m’ — ™ M=)

n’

where the second term vanishies,

N—-1
1 ;o ! —1 m-—n —r)(m—1
1 e ) P 3 W=y
N >_(m N

n=0

1 N—-1
— (m _ Z),rwfr(mfl)ﬁ Z wn(mfl)
n=0
= (m—=Dro "™ V5, =0,V m,1=0,...,N —1.

The Kronecker delta d,,; appears after using the geometric series in eq.(3.1)); there-
fore, putting this in the Definition [5.1} we get the assertion. O

So the centered version is the non-centered times the phase factor w=(™=Y" for each
matrix entry.

Corollary 5.4. Zy =i[Q, P] is a traceless Hermitian Toeplitz operator.

Proof. This clearly follows from Theorem [5.2} O

5.2. On the behaviour of Zy for large N. We are now in a position to roughly
estimate the behaviour of Zy = i@, P] for large N, provided that a restriction
on the n parameter is given. In this subsection, we relax formality and rigor to
gain intuition on Zy. We are going to deal a little with tempered distributions
as continuous linear functionals on the space of Schwartz functions and also with
the Fourier transform of distributions. A gentle treatment of this concepts can be
found in [I7] and a rigorous one in [18].

Let F be the set of square integrable periodic functions f : [-7, 7] — C with
convergent Fourier series in the basis {\,(t) = e ™ : n=0,1,..., N — 1}. Then

f(t) = ane—int’

with

U = o= [ T ft)emtdt = fo: (5.5)
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with f,, the Fourier transform of f defined through the inner product (,) on the
corresponding Hilbert space H. Then, introducing the Nth partial sum of f,

00 N
£ _—int _ 1: £ _—int
E fne = lim E fne
N—o00
—o00 n=—N

N 00 N 00
_ : Npint’ g1 —int N in(t' —t) g47
Nh_r)r:éo E /oof(t )e™t dt'e 1\}1—{%0 j /_OO f(&)e dt

n=—N""" —-N

f(t)

N—oc0

oo N o0
= lim / F) N et har = Jim fYDn( —t)dt', (5.6)
—00
- n=—N -

where Dy is a well known kernel:

Definition 5.2. The sequence of functions {Dn}, N € N, is called Nth Dirichlet
kernel,

N
Dn(t):= > €™
n=—N

It is also well known ([I9]) that, using the geometric series (3.1]), the Dirichlet kernel
obeys, after inserting a factor of 2w /Nin the variable ¢

sin [(N+1)¢t
(1) Dy(t) = 22,

(2) [T Dn(t)dt =1,
(3) Dn(0) =2N + 1.
Due to these facts, the Dirichlet kernel is taken as an approximating sequence of
functions for the Dirac delta distribution 4. So in the sense of distributions we can
write
lim Dy =6. (5.7)
N —o00

Definition 5.3. If f and g are two integrable 2w periodic functions, then

1

(P =5 [ 1wate-vis = o [ -ty

is the convolution of f and g.

Hence, it inmediately follows that the partial sums in eq.(5.6)) satisfy
N T
Sw(NE) = S de = oo [ FEIDNE ~ 0t = (7 Dy)(0)
~ 2r J_,

thus f(t) = limy oo (Dn * f)(t), Yt € (—m,7), V f € F, so, using eq.(5.7)), we can
write
oxf=1f VfeF, (5.8)
because f determines a well defined tempered distribution through its action on
test functions ¢ under the integral sign and, with an abuse of notation, it is common
to write f instead of its induced distribution T';. This means we can consider § as
the identity under convolution in the distributional sense.
Unfortunately, the Dirichlet kernel is known to be problematic as a kernel func-
tion and is not a good kernel in the sense of [19], pp. 99, 102, since as N — oo the
area between the curves and the z-axis measured in absolute value diverges. This
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makes the kernel very difficult to work with and one has to be very careful when
dealing with integrals with absolute value because they may not converge. To avoid
this difficulty, it is usual to use the so-called Fejér kernel instead, obtained through
arithmetic mean of Dg, D1,..., Dy_1, which is named a Cesaro mean. This reme-
dy the problems because averaging frequently make things better behaved; thus, a
non-negative good kernel is obtained (cf.[19], Remark 5, p.103). But convergence of
the partial sums Sy (f)(t) is guaranteed however, if f is Lipschitz or differentiable,
then they converge pointwise everywhere.
Let us take the derivative of Dy:
N

dDy (¥ —t) (-
/ o L _ in(t'—t)
Dyt —1t):= — = Z ine'™ )
n=—N
so that
N
(t' =)D (' —t) = Y in(t' — )™,
n=—N

Now we take a sample of N data given by ¢’ = %Tm,t = QW’” € [-m,w]. When
coupling continuous and discrete treatments, I, m and n are taken according to
Definition [5.3] This avoids changing the 27 factor in the exponential. Therefore,
using Lemma m and completing necessary factors we get

N :
(m—0DDy\(m—=1) = Z n(m — 1) exp (%an(m—l))

n=—N
Ar? N3pA & wmny N3n2.
T N3 4n? n; (m =70 = Z5i(Q, Plim
. 27
= Zim, provided n= W;
that is,
Zim = (m — D) Dy (m —1). (5.9)

A refined computation can be made if we consider a continuum of frequencies; then
the Fourier series is replaced by the integral Fourier transform and 7 would take
the value /27 /N.

The eq. suggests the following claim: in the limit as N — oo, it is expected
that Zj,,, — (' —t)¢'(t' —t). Then, since f(t)d'(t) = —f'(t)d(t), taking f(t) =t' —t,
it is found that Z;,,, = —(=1)d(t' —t) = §(t' — t) as N — oo. Thus, in accordance
with eq., the limit of Z is conjectured to be the identity under convolution in
the vector space of tempered distributions. In addition, since Zy is represented by
a Toeplitz matrix, it is natural to ask if its entries are the coefficients of the Fourier
series of a real valued function, as it happens for Toeplitz matrices when their entries
are the Fourier coefficients of an L' function or of a Radon function, converging
to zero as N — oo for the former and remaining bounded for the latter. Thus, as
N — oo we wonder what is this real valued function whose Fourier transform is
the Dirac §. It is known that such a function is 1; that is to say, to be precise, the
Fourier transform of the distribution 7} induced by 1 is the distribution ¢ (see [17],
p-203). In the study of algebras of Toeplitz operators, such a real valued function
is called the symbol of the Toeplitz operator; thus, in our context, the symbol of
the limit of the Toeplitz Zy is the constant 1 as a distribution. The issues about
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boundedness and compactness is analyzed in [20] for symbols as functions and in
[21] for symbols as distributions. Finally, the formal analysis about the veracity of
these claims requires the rigorous application of distribution theory and it is the
topic for future work.

6. AN ALGEBRAIC SYSTEM ASSOCIATED WITH THE DFT

Now we proceed to the construction of operators with the ladder property, starting
from their generic definition and giving to Zy its role as a form of identity in its
own right. We do not use the traditional definitions (1/v/2)(Q + iP) since there
is no a priori reason to assume they should be valid in the context of the discrete
commutation relations. This implies relaxing the condition of the “canonical com-
mutation relations (CCR) equal to a constant” ([22], [23]) and give enough freedom
to look for solutions associated to the DFT, involving new operators #, L~ and
L, but taking a sort of compatibility relations as elemental and even lift them to
a fundamental postulate in the context we are dealing with. These compatibility
relations are also named compatibility of Hamilton’s equations with the Heisenberg
equations in [24], p.5 and [25], p.3., as well as Heisenberg-Schrodinger consistency
relations. A similar study can be found in [26].

6.1. Discrete algebraic system from Zy. To obtain the form of the compatibi-
lity relations in the context we are dealing with, let us take for a while the standard
definitions L = (1/v/2)(Q +iP), R = (1/v/2)(Q — iP) and notice that they imply
that

o= ARLY, 7y =R I]
From this it follows that the commutation relations
B = —5{R Zn},  1#,1] = 3L, 2,
are valid and one gets
{R, L}, Rl = —{R, Zn},  [{R, L}, L] ={L, Zn}.

We call the above relations the discrete compatibility relations (DCR) and refer
to the operator #€ as the Hamiltonian operator. Now we leave the standard defi-
nitions of L and R and at the same time, leverage such relations as a fundamental
postulate in the context of the discrete commutation relations, for their continu-
ous counterpart is not guaranteed to be so in quantum mechanics as is mentioned
by Wigner in [27]. Further, the fact that Zny, N € N, determines a sequence of
Hermitian Toeplitz matrices according to Corollary allows to naturally connect
those relations with the DFT, in the sense that the entries of Zx are linked to an
approximating sequence of a distribution, whose Fourier transform is the Dirac 9,
namely, the distribution 77 induced by the constant 1, as discussed above.

On the other hand, Toeplitz matrices can be split into two parts, so that

N-1 N-1
N = Z Z_k(BT)k + Z ZkBk,
k=1 k=0

where B is the backward shift matrix satisfying BT = KBK with K the reversal
matrix defined by ones in the antidiagonal and zero otherwise.
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Taking the parity operator, used in the AA-approach, as S = KV with V the
basic circulant matrix, there seems to be an enriched structure which provides a
possible framework that we believe it is worthwhile analyzing.

Summarizing, the following algebraic system is proposed (note that we will also
refer to it as an algebraic scheme in this work).

Construct operators L~ : CY — CY and Lt : CN — CV such that

(1) The operator # := (1/2){L", L~} is Hermitian (semi-)positive definite;
(2) The discrete compatibility relations (DCR) must be satisfied,

[{L+7L7}’L+] = *{LJF, ZN}a [{L+7L7}7L7] = {Liva}; (61)

(3) Parity—point reflection—condition: to split the eigenvectors in even and odd
parts,
{L*.L7}.5]=0; (6.2)

(4) Commutation with the DFT: to obtain an eigensystem for ®y from the
Hamiltonian €,

[{L+7L_}7©N] =0. (63)

In this scheme, non-equally spaced eigenvalues of the Hamiltonian are allowed, for
this property plays a key role in quantum information processes. To see if there
exist models for this system, the general form for a discrete Hermitian operator is

used
N-1

n=0
where ¢,, is an eigenbasis of #€. Then use the ladder-type generic form to construct
creation and annihilation operators through

N-1 N-1
LT = rabnir(bn, ) L= lndn1(dn,").
n=0 n=0

Sufficient conditions to solve this scheme are provided in what follows.

6.2. Solving the discrete compatibility relations. Following the algebraic sys-
tem proposed in the last paragraph, we establish now sufficient criteria to find so-
lutions for the first two requirements, at least. We aim to establish the conditions
under which Hamiltonians can be constructed and to understand their relationship
with the DFT within the framework of the DCR. In what follows, bra-ket notation
is used.
Let #€ be a (semi-)positive definite Hermitian operator on L?(Z/NZ) and {|¢;)|j =

0,...,N — 1} be a complete set of eigenvectors of #€, such that

K1) = &1€5), (6.4)
also

N-1

Z €0 ) (&nl =1,

n=0
therefore

N—-1
P =" &alén) (Gl

n=0
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Definition 6.1. The creation and annihilation linear operators LT,L~ : CV —
CN, are defined by

N-1 N-1
LV =Y )Gl LT =) 1) Eal-

n=0 n=0
We establish some results to determine under which conditions solutions L* can
be found, such that

[{L+7L_}’L+] :_{L+’ZN}’ [{L+’L_}7L_] :{L_7ZN}

holds. Thus we have the following
Lemma 6.1. [;) is an eigenvector of {L*, L™} with eigenvalue ljtll; + l;-rljjrl.

Proof. We compute directly, using definitions and orthonormality, that

(LY, L7Yg)) = (YL +L7LY)g)
N-1 N-1
= L+ Z l;|£”71><§"|£ﬂ> + L~ Z l:|€n+l><€n|§7>
n=0 n=0

= LY |&-0) + LTI |g4)
N—-1 N—-1

= D )Gl 1g-1) + > Iy len—1) (€l 1541)
n=0 n=0

= (Il +1150)18)

(]

Lemma 6.2. The matriz representations for [{L*, L=}, L] in the {|¢;)} basis,
are given by

[{L+7L_}7L_]ij = (ljtﬂj_q - ljlj_ﬂ)l;r(sk,j—la

HL L5 PG = (U lihs = Uyl 6k,
respectively.

Proof. Computing the commutator with L~ using the previous Lemma
HLT. L7hL7g) = ({LT.L7}” — L7{L*, L7 }g)

N-1

= (LT, L7} Il (Gnls) — L™ (1415 + 117 )1E)
n=0

= ALY LM 1g-1) = Gl + L) 1€-1)
= (ol = G ) [€-1),
whereby, the orthonormality of {|¢;)} implies
(Eel{LT LT3 L7NIg) = (&l (ol — L)1 16)
(ol = ) Ok

The second equation is obtained similarly. [
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Next, we obtain the matrix representation of {L*, Zx}. Let wa be the matrix
representation of Zy in {|£;)} basis and recall that {|e;)} is the canonical basis. It

is clear then that, if Cop := (£a|em) represents the transition matrix from {|e;)} to
{I¢;)}, we have

anmZe C;B - Z OOémZ:;Lnéﬁn = Z<£a‘em>zﬁln<en‘€ﬁ>;

since C is a unitary matrix.

Lemma 6.3. The matriz representations of {L*, Zx'} in the {|€;)} basis, are given
by

{L*,Zx Y5, = 5 2,

e FUEZy s k=01, N1,

where Ziﬁ are the entries of the matriz representation of Zn in the {|&;)} basis.

Proof. Since Zgﬂ is the representation of Zy in the {|{;)} basis, then the action of
Zn on a basis vector can be expanded as Zn|&;) = >, Zt ;l€a), so that

{L*,Zx}, = (&lL*Zn + ZnLEg) = &\Liz iléa) + (€l Zn1F|E 1)

+ A
§k|ZZaJ a‘fail ‘H ij:tl lk:mZk:Fu ‘H k]:tl

O

Therefore, putting all this together, one can readily see that the DCR are equivalent
to

(G g =V D) O jr = FlE Zi FIEZ) 1y, Vh,G=0,1,...,N=1. (6.5)

Now conjugate transposition between the L* operators is imposed, and the Her-
miticity of Zn becomes essential to employ.

Proposition 6.4. Let’s suppose that the DCR hold. If (L))" = L*, then

(1) the DCR are equivalent, and
(2) they reduce to

(L P = 1y )5 ko1 = Ly Zir s + 15 23y, VEG=0,1,...,N — 1. (6.6)
Proof. First consider that

N-1
(L)) = (Z z,:sk_1><£k|> &) = (Zl €k {6 1|> &)
k=0
N-1
= > e, k—1=3,
k=0
= l;+1‘§j+1>3
on the other hand L*|¢;) = l+|£j+1> thus, if (L7)" = L*, we necessarily have
(lj_+1 )|£]+1> =0,Vj=0,. — 1, whereby lj = [~ j41. Therefore, using

this and eq.(6.5] . we get for the DCR

(|lj_+2|2 |l |)g+15k3+1 lkZIE—lj l]_+1 k,j+1°
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(\1311\2 - |lj_+1|2)lj_5k,j—1 = l]:+1Z]§+l7j + lj_Zlijfl'
So to probe part 1 of the proposition, it is enough to conjugate transpose anyone of
the last equations to obtain the other using the Hermiticity of Zy (Corollary
and a change of index. Part 2 clearly follows as a consequence of the equivalence
in part 1 picking the second expression. (I

Thus, when imposing the conjugate transposition condition, we can deal with
only one of the DCR contained in eq., namely that of part 2 of the last propo-
sition; it deploys into the following two equations after applying the definition of
the Kronecker delta:

AP =P =Zy+ Zj1 o1, k=35 —1, (6.7)

ll;+1ZI§+l,j + lgzlg,j—l =0, k#j -1 (6.8)

This means that we have a set of N? equations, which we would like to solve for
= ={ly,l{,...,ly_1}; or equivalently, to solve 2N — 1 recurrence relations: the

first one given by eq. with k£ = j — 1 and the other remaining ones correspond
tok=j-N+1,j—N,j—N—-1,...,5—-2,4,i+1,j4+2,...,7+ N — 2 given
by eq.. We make the following correspondence about the indices: N — 0 and
—1 — N —1, for instance, Iy = lp and [_1; = [y_1. Expanding the first recurrence
relation, we deploy N of the N? equations as

vl = 11 Z50+ 25 1o J=0,k=N—1

o> =l 7 = Zi +Z5, j=1k=0,
TP —lis1? = Z5,+ 25, j=2k=1,
: (6.9)
vl =1l = ZJ£\I—1,N—1 + ZJEV—Q,N—Qa Jj=N-1k=N-2.

To solve this recurrence relation for a given N, we need to express everything in
terms of an initial |Ig|?; it turns out that this is possible for N odd only, whereas
for N even, l] is additionally required, whence we have to treat the even and odd
cases separately. The solution is summarized in the following theorem, in which
another of the remarkable properties of Zy is required, namely, its tracelessness.

Theorem 6.5. The solutions for the recurrence relation satisfy the following
hyperbolic relations:

(1) for N odd,

|ZRI—1|2 - |l5‘2 = Z]E\f—l,N—D
P =P = ~Z;
(2) for N even,
ool =g = Z]§V72,N72 + ZJ£V71,N71’
v P =117 = Zho

Proof. Note the [;" are interrelated by even and odd indices in 1@} SO we separate
the equations in sets of even and odd indices, which means we will have one no
interrelating equation when N is even. Then we solve the even and odd cases for
N separately.
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Case 1: N odd. Lets separate the indices of j = {0,1,..., N — 1} in even and odd
integers. Solving eqs. for j=2m,m=1,2,...,(N —1)/2 in terms of {; and
substituting recursively,

12 = g1 = Z5 — 25,
P = g = 2§ — 25 — Z5, — Zs,
: (6.10)
in_1? = g+ 23 —Tr(Zn).
N-1 0 N-1,N-1 N
Similarly for j = 2m — 1 in reverse order,
Iv_ol® = ligP+ Zzgvszfz + Z1€V71,N71a
Iv_al® = ligP+ Zzgv—4,N—4 + ZJE\I—3,N—3 + Z]£V—2,N—2 + Z]f\f—l,N—lv
: (6.11)
P = iy P = Zgo + Tr(Zn).

Case 2: N even. This case can be handled similarly, just that it is not possible to
express everything in terms of only |l |2, but |I] |* becomes also necessary.

For j =2m in
N-3
ol = llg P =~ Zims
m=0
for j=2m—1
N—2
v P =P =Y Zoms
m=1
which are equivalent to
liy_ol® = llg 1>+ ngv—Q,N—Q + ZIEV—l,N—l - Tr(Zn),

v al® = 10 + 28 — Tx(Zw).
Finally we get the result, stated in this theorem, remembering that Zy is traceless,
in accordance with Corollary O

Note that the odd case requires only three parameters [, ,l7,ly_;, whereas the
even case requires four. The fact that only the modules of the lj_ are involved,

anticipates the existence of many operators L* and so, many hamiltonians 7€.
Hitherto two main properties of Zn have been used: its Hermiticity and its
tracelessness; now its diagonalizability is needed.

Corollary 6.6. An annihilation operator L~ which is a solution of the DCR, exists

if the parameters Iy 17,1y _1,ly_o satisfy the hyperbolic relations and {|¢;)}
is a complete basis of eigenvectors of Zy .

Proof. Since I, , 11 ,ly_1,y_o satisfies the relations , then the recurrence
is fulfilled. As for the remaining 2/N — 2 recurrences in (6.8]), the fact that |£;) are
eigenvectors of Z, implies Zf\, is diagonal, therefore Zk,jfl = ZI§+1,j =0VEk=
j—=N+1,j—N,....,7—2,4,74+1,...,j+ N —2; that is, the off-diagonal elements
of ZJEV vanish, thus, eq. is satisfied. O
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Therefore, the construction of the operators L is recursively given by (6.10) and
(16.11)) starting with solutions of the hyperbolic relations.

Example 6.1. We can obtain a numeric example running code to compute Zn =
i[Q, P] for N = 13 in Wolfram-Mathematica, this program yields the following
eigenvalues for Zy3

Z§, = 111582, 7%, = —0.371055,
whereby the corresponding hyperbolic relations of Theorem which solve the re-
currence relation are

15l = Iy * = Z5o + Zt915 = 107872,

71— |lg |? = —11.1582.

This implies that |17 |> = |lg |* — 11.1582, and therefore |ly |*> > 11.1582. So if we
take |lg | = 12, then the circle Cy = {lp € C||ly| = 12} determines an infinite
set of solutions. We choose building on the imaginary axis, so we take Iy = 12i;
hence |I7 |* = 144 — 11.1582, or|l{ | = 11.5257, thus we take l{ = 11.5257i; also,
l1a]* = |I7 [* 4 10.7872 mplies that l;; = 11.9845i. The remaining l; are given
recursively by eqs, and ,

Corollary 6.7. Let hy be the set of Hamiltonians # = S{L*, L™}, such that
{LT, L=}, L7 ={L",ZnN}, then [#,Zn] =0,V S € hy.

Proof. Now this is clear because of construction since we are taking as {|¢;)} the
eigenvectors of Zy, which in turn are also eigenvectors of #€ in accordance with eq.
(6.4); this is, they have the same set of eigenvectors, so they must commute. (I

Definition 6.2. The number operator N': CN — CV is defined as N := LY L~.
Corollary 6.8. [NV, #] =[N, Zy]| =0.

Proof. Tt is enough to probe that the eigenvectors of N are those of the set {|¢;)}.
Using the definitions of L™ and L™, we have
N—1N-1

N = LYL =) Y ) Gl -0 &

3=0 j'=0

IN—
Z FU51€541)05. 51 (&0 = Zl i 1€541) (i1l

I
Z <. Z
L&M

= 1 P41 )(E
J

Il
=3

since lj+ = FjJr] (see the proof of Proposition ; therefore

N-1
Nlga) = D 5 lPlE)(€aléa) = 1l Plé).
j=0
Thus N has the same eigenvectors as J€, as desired. O

With these results requirements 1 and 2 of the proposed algebraic scheme are
satisfied.
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7. ON THE AA-APPROACH

The purpose of this work is to provide a framework for analysing eigensystems,
associated with the DFT for arbitrary N, either by using an operator not necessarily
commuting with the DFT, as in the realization in terms of the operator Zy, or by
employing an operator W, which does commute with the DFT. In this section
we propose a possible realization for the algebraic scheme [6.1] by using the Heun
operator W from the Atakishiyeva and Atakishiyev (AA) approach, which could
provide the fulfilment of its four requirements. This can be done due to the existence
of a significant connection between the operators () and P and the raising and
lowering operators A and AT of the AA-approach through the exponential map.
Thus, we show how these operators are related and establish corresponding DCR
which naturally follow in this approach.

The A and A" operators, also called intertwining operators, are linear transfor-
mations A, AT : CN — C¥ such that (see [3, 4] for more on the subject)

A=X+iy, Al =X -1y,

where X = diag(So, S1,-..,Sn_1), Sn = 2sin(2mn/N),n € Zy, and Y = i(VT —
V). Since X and Y are Hermitian they can be identified as position and momentum
operators, respectively. Note that the operators A and A' satisfy the intertwining
relations

Ady =iDA, Atd = —id AT,
By using them it is possible to prove the following important result: if the discrete
number operator is defined as N := AT A, then

[qu)N] = Oa

hence they have the same eigenvectors.
On the other hand, it is not hard to see that the operator X satisfies the relation
(see [M], p. 89)
1

- 2 (v_yut
X_%w Uuh,
from which it follows that
1 /N
A vt v iUt —
A== Vi-v+i(Ut-v)],

m:iwfp_vhdw—Wﬂ,

where, as we know from Section [3| the operators U and V are intertwined by the
DFT.

In [4], Theorem 3.1, p.86, it was shown that the set of unitary operators defined
as

u(l;m,n) := VNG'VU™, 0<l,m,n<N -1,

form an irreducible unitary representation U(N) on CV of the finite Heisenberg
group H. Additionally, as is proved in [15], Theorem 1.5, p.19, the matrix elements
of the unitary, irreducible representations of H are a complete orthonormal set for
the vector space of the regular representation C[H| of H, which in turn is obtained
by a basis indexed by the elements of H. It is possible to turn C[H] into an
algebra by means of the product v4v, = vgn, g,h € H and extending it linearly;
the resulting algebra is the group algebra CH of H on the field C. Therefore, the
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matrix elements of A and A" are elements of the group algebra CH. Recall that,
by virtue of Theorem
V7 = exp(inP;),

which implies that the raising and lowering operators A and A' can also be inter-
preted as linear combinations of exponentiations of the operators ) and P, with
matrix elements belonging to the group algebra CH. These arguments probe the
deep connection between @, P, A and A" as desired. Shortly, we can say that the
operators Q, P, LT, L™ and Zy lie at the level of representations of the Heisen-
berg algebra b, whereas the operators X, Y, A, At and W lie at the level of
representations of the Heisenberg group H — turned into a group algebra CH — and
connected through the exponential map, with underlying finite-dimensional Hilbert
space L?(Z/NZ).

Thus, we have gained insight on the mathematical structure underlying the DFT
and now we are in a position to lay down a possible realization for lying natu-
rally in the AA-approach. It would be desirable, not mandatory though, that A
was Hermitian; this condition is not fulfilled, however, since A and Af generate
a cubic algebra (for more details see [28]). Fortunately, it has been possible to
find a transformation 7', which turns N into an Hermitian matrix by means of a
symmetrization with respect to the parity operator S extendable to arbitrary N;
this implies that A is diagonalizable and so there exists an orthonormal eigenbasis
of A and it has been already constructed [5] (at least for N =5 up to the writing
of this paper). This means we could use such basis to build an associated family of
ladder operators apart from the AA’s raising and lowering operators. The natural
candidate that plays the role of Zy is the Heun operator

W= —2i[X,Y] = [4, AT,

defined in [2§], p.7, which additionally can be chosen to commute with ®5. So
despite the fact that W may not have the Toeplitz property, we could remarkably
have in exchange, the fulfilment of the whole four requirements of the algebraic
scheme in The Toeplitz property will only be relevant when we formally study
the intrinsic nature of Zy, so its absence here is not detrimental to the scheme
under analysis, for the existence of solutions of the DCR only required hermiticity,
tracelessness and diagonalizability, as we learned in the previous section. Therefore
it is important to determine whether or not it is possible to construct operators L+
and L~ such that

[{L+’L7}3L+] = _{LJra W}a [{LJraLi}vLi] = {Li’W}

If solutions exist for these equations, then the proposed algebraic scheme will have
been solved completely, since

W, @n] = 0.
These observations undoubtedly help to deeply understand the mathematical struc-
ture underlying the behaviour of @, P, A and Af, and we think this can be useful
for further developments on the subject.

8. CONCLUDING REMARKS

In this paper we have established a set of discrete commutation relations obtained
from a Hermitian Toeplitz operator Zy, which plays the role of the identity. Thus,
by means of the formulation of the discrete compatibility relations, the algebraic
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system[6.1] was proposed and it has been shown to admit solutions featuring ladder-
type operators that lead to the construction of families of Hamiltonians #€ for each
N. Also, it was established a remarkable relationship between the operators ) and
P, and those of the AA-approach, A and Af, in the sense that these are linear
combinations of exponentiations of the former, with matrix elements belonging
to the group algebra CH. Then we proposed that the condition [W,®x] = 0 can
naturally lead to the fulfilment of the four requirements of the algebraic system and
thereby provide a complete model of it, obtaining insight on the underlying algebraic
structure of the DFT. We believe this can lead to a well formulated framework for
systematically studying discrete systems in finite dimensional Hilbert spaces.

Further analysis is needed to formally deal with the conjectured relationship
between Zx and the ¢ distribution, as well as to determine whether analytic ex-
pressions for the eigenvectors of Zy can be obtained. It is also important the study
of the asymptotics —i.e. upper and lower bounds— of the extreme eigenvalues, if any,
trying to follow procedures similar to those in [30]. The establishment of three-term
recurrence relations for eigenvectors of the DFT, leading to associated polynomials
through Rodrigues-type difference formulas, as well as the extension of the results
to the multivariate case still remains pending.

The possible recovery of the continuous case withing the scope of the Limit Cen-
tral Theorem, would be desirable and lies on the veracity of the limit of Zy as the
Dirac distribution, and the knowledge of the explicit form of its eigenvectors. If this
limit holds, then Zy has Schwartz distributional behaviour. Therefore one needs
to find an appropriate analog of the identity operator in the CCR , instead of
employing the identity operator under convolution in the distributional sense of the
discrete conmutation relations (4.3). This is due to the fact that Schwartz distri-
butions are a bit different notion than the usual probability distributions. Never-
theless, this is not detrimental to the algebra of the discrete commutation relations
because in our study under discussion we prioritize a correspondence principle from
Tarasov. This principle states (see [31] p.4) that the correspondence between dis-
crete and continuous quantum theories lies not so much in the limiting agreement
when the step of discretization tends to zero, as in the fact that mathematical
operations on the two theories obey, in many cases, the same laws. Finally, the
problem of the recovery of the continuous case, associated with the Heun operator,
or if the limit of Zy turns out to be a bounded operator, is left open.

Acknowledgments. NMA is grateful to Alexei Zhedanov for illuminating discus-
sions.
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ABSTRACT. In this study, a new perspective in neutrosophic topology is brought
to some open set definitions in general topology and previously interpreted in
different ways in some other non-standard topological spaces. Then, some
types of functions and continuity are introduced using these new open sets. In
addition to these, the relations between the types of open sets, which we have
brought different perspectives, with the continuity and function types that we
reinterpreted in neutrosophic topology, are examined and these relations are
clarified by giving examples and counterexamples.

1. INTRODUCTION

The concept of neutrosophic sets was introduced by Smarandache in his classical
paper [10]. After the discovery of the neutrosophic subsets, much attention has
been paid to generalize the basic concepts of classical topology in neutrosophic
setting and thus a modern theory of neutrosophic topology is developed. The
notion of neutrosophic subsets naturally plays a significant role in the study of
neutrosophic topology which was introduced by Salama and Alblowi [9] in 2012. In
2021, Acikgoz et. all [I], introduced the concepts of neutrosophic quasi-coincidence
and neutrosophic g-neighbourhoods. As in [2] [3], these new concepts were used
very effectively and gave some mathematicians the opportunity to reconsider some
of the cornerstones of the world of topology in neutrosophic setting. In 1985, Rose
[8] defined weakly open functions in a topological spaces. In 1997 J.H. Park et. all
[7] introduced the notion of weakly open functions for a fuzzy topological space. In
[], Caldas et. all, introduced and discussed the concept of fuzzy weakly semiopen
function which is weaker than fuzzy weakly open and fuzzy almost open functions
introduced by [7] and Nanda [0] respectively and obtained several properties and
characterizations of these functions comparing with the other functions. In this
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study, using the concepts of neutrosophic quasi-coincidence and neutrosophic g¢-
neighbourhoods, we reinterpreted this function and open set variants and got reality
of that neutrosophic semiopenness implied neutrosophic weakly semiopenness but
converse was not true. We also showed that the reverse statement was also true
when certain conditions were met.

2. PRELIMINARIES
In this section, we present the basic definitions related to neutrosophic set theory.

Definition 2.1. [9)A neutrosophic set A on the universe set X is defined as:
A={{z,Ta(x),Ia(z),Fa(x)): 2 € X},
where T, I, F: X —=]70,1 [ and 0 < Ty (z) + I (z) + Fa (x) < 3T.
Scientifically, membership functions, indeterminacy functions and non-membership
functions of a neutrosophic set take value from real standart or nonstandart subsets
of |70,17[. However, these subsets are sometimes inconvenient to be used in real
life applications such as economical and engineering problems. On account of this

fact, we consider the neutrosophic sets, whose membership function, indeterminacy
functions and non-membership functions take values from subsets of [0, 1].

Definition 2.2. [B] Let X be a nonempty set. If r, t, s are real standard or non
standard subsets of |70,1%[ then the neutrosophic set x5 is called a neutrosophic
point in X given by
 (rtys), ifx=umx,
Fras(p) = { 0,0,1), ifx+#a,
Forx, €X, it is called the support of x4 s, where r denotes the degree of membership

value, t denotes the degree of indeterminacy and s is the degree of non-membership
value of x4 s.

Definition 2.3. [8] Let A be a neutrosophic set over the universe set X. The
complement of A is denoted by A° and is defined by:

A¢ — {<x, Fpy(@),1 = T (@), Tiy (x)> = X}.
It is obuvious that [A°]¢ = A.

Definition 2.4. [§] Let A and B be two neutrosophic sets over the universe set X .
A is said to be a neutrosophic subset of B if Ta(z) < Tp(x), [a(x) < Ip(x), Fa(z) >
Fg(z), every x in X. It is denoted by A C B. A is said to be neutrosophic soft
equal to B if AC B and B C A. It is denoted by A = B.

Definition 2.5. [8] Let Fy and Fy be two neutrosophic soft sets over the universe
set X. Then their union is denoted by Fy U Fy = F3 is defined by:

Fy = {(z,Tr,(2), I, (v), Fp,(z) : ® € X)},
where
TFS(I) = maX{TFl(-T)V TF2 ({E)},
IF3(35) = maX{IFl(:C)VIFQ ({E)},

Fpy () = min{ Fp, (2), Fr, ()}
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Definition 2.6. [8] Let Fy and Fy be two neutrosophic soft sets over the universe
set X. Then their intersection is denoted by Fy N Fy = Fy is defined by:

Fy = {<x7TF4($)7IF4($)7FF4(x) HES X>}7
where

TF4(95) = min{TF1(1)7 TF2 ({E)},
IF4(97) = min{IF1(1)7IF2 (‘r)}7

FF4(z) = max{FFl(m), F‘F2 (SC)}

Definition 2.7. [R]A neutrosophic set F over the universe set X is said to be a
null neutrosophic set if Tp(z) = 0, Ip(z) = 0, Fp(x) = 1, every x € X. It is
denoted by Ox .

Definition 2.8. [8] A neutrosophic set F' over the universe set X is said to be an
absolute neutrosophic set if Tp(x) =1, Ip(z) =1, Fp(x) =0, every x € X. It is
denoted by 1x.

Clearly 0% = 1x and 1§ = Ox.

Definition 2.9. [8] Let NS(X) be the family of all neutrosophic sets over the
universe the set X and 7 C NS(X). Then T is said to be a neutrosophic topology
on X if:

1) 0x and 1x belong to 7;

2) The union of any number of neutrosophic soft sets in T belongs to 7;

3) The intersection of a finite number of neutrosophic soft sets in T belongs to
T.
Then (X, T) is said to be a neutrosophic topological space over X. Each member of
T 18 said to be a neutrosophic open set [§].

Definition 2.10. [8] Let (X, 7) be a neutrosophic topological space over X and F
be a neutrosophic set over X. Then F is said to be a neutrosophic closed set iff its
complement is a neutrosophic open set.

Definition 2.11. [2] A neutrosophic point x,, s is said to be neutrosophic quasi-
coincident (neutrosophic g-coincident, for short) with F, denoted by x,: s q F if
and only if T s € FC. If 2,4 is not neutrosophic quasi-coincident with F, we
denote by x,45 g F.

Definition 2.12. [2] A neutrosophic set F in a neutrosophic topological space
(X,7) is said to be a neutrosophic g-neighborhood of a neutrosophic point x,
if and only if there exists a neutrosophic open set G such that

ZTrts q G CF.

Definition 2.13. [2] A neutrosophic set G is said to be mneutrosophic quasi-
coincident (neutrosophic g-coincident, for short) with F, denoted by G q F if and
only if G ¢ F°. If G is not neutrosophic quasi-coincident with F, we denote by G
qF.

Definition 2.14. [3] A neutrosophic point x, . s is said to be a neutrosophic interior
point of a neutrosophic set F if and only if there exists a meutrosophic open q-
neighborhood G' of x, 1 s such that G C F. The union of all neutrosophic interior
points of F is called the neutrosophic interior of F' and denoted by F°.
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Definition 2.15. [2] A neutrosophic point x,, s is said to be a neurosophic cluster
point of a neutrosophic set F if and only if every neutrosophic open q-neighborhood
G of xy+ s is q-coincident with F. The union of all neutrosophic cluster points of
F is called the neutrosophic closure of F and denoted by F.

Definition 2.16. [2] Let f be a function from X to Y. Let B be a neutrosophic
set in' Y with members hip function Tg(y), indeterminacy function Ig(y) and non-
membership function Fg(y). Then, the inverse image of B under f, wrilten as
f~YB), is a neutrosophic subset of X whose membership function, indetermi-
nacy function and non-membership function are defined as Ty-1(g)(x) = T (f(x)),
Is-1(gy(z) = Ig(f(x)) and Fy-1(py(x) = Fp(f(x)) for all v in X, respectively.
Conversely, let A be a neutrosophic set in X with membership function Ta(x), in-
determinacy function 14(x) and non-membership function Fa(x). The image of A
under f, written as f(A), is a neutrosophic subset of Y whose membership function,
indeterminacy function and non-membership function are defined as

_ supsep-1){Ta(2)}, if £~ (y) is not empty,
Tra () = { 0, if f71(y) is empty,

SUP, e f— Ix(2)}, if f~1(y) is not empty,
Lo (y) :{ pzcr () {1a(2)} f Iy pty

0, if f7'(y) is empty,
_ sup.cp-i{Fa(z)}, if f~(y) is not empty,
Fren() = { 0, if f~1(y) is empty,

for ally inY, where f~Y(y) = {x : f(x) =y}, respectively.

3. SOME DEFINITIONS

This section provides some new definitions that form the cornerstones of the
sections that follow.

Definition 3.1. A neutrosophic set F' in a neutrosophic topological space (X, ) is
said to be

a) Neutrosophic semiopen, if F C FO),

b) Neutrosophic semiclosed, if (F)O CF,
¢) Neutrosophic preopen, F C (F)O,

d) Neutrosophic regular open, if F' = (F)O,

o

e) Neutrosophic a-open, if F' C ((F°)> ,

[e]
f) Neutrosophic 5-open, F C <F) . Equivalently, if there exists a
neutrosophic preopen set A such that A C F C A.

Definition 3.2. If, F' be a neutrosophic set in neutrosophic topological space (X, 1)
then, Fy = ({F : F C A, Aisneutrosophic semiclosed} (resp. F° = |J{F : F C
A, Ais neutrosophic semiopen}) is called a neutrosophic semiclosure of F (resp.
neutrosophic semi-interior of F).

A neutrosophic set F' in a neutrosophic topological space Q( ,T) is neutrosophic
semiclosed (resp. neutrosophic semiopen) if and only if F' = F'; (resp. F' = F?).
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Definition 3.3. Let f : (X,7) — (Y,0) be a function from a neutrosophic topo-
logical space (X, T) into a neutrosophic topological space (Y,0). The function f is
said to be:

a) Neutrosophic semiopen, if f(F) is a neutrosophic semiopen set

of Y for each neutrosophic open set F in X.

b) Neutrosophic weakly open, if f(F) C <f(F)> is for each neu-

trosophic open set F in X.

¢) Neutrosophic almost open, if f(F) is a neutrosophic open set of
Y for each neutrosophic reqular open set F' in X.

d) Neutrosophic B-open, if f (F) is a neutrosophic B-open set of Y
for each neutrosophic open set F' in X.

Definition 3.4. Let f : (X,7) — (Y,0) be a function from a neutrosophic topo-
logical space (X, T) into a neutrosophic topological space (Y,0). The function f is
said to be nmeutrosophic semicontinuous, if f~1(A) is a neutrosophic semiopen set
of X, for each A € 0.

4. NEUTROSOPHIC WEAKLY SEMIOPEN FUNCTIONS

Since the concepts of neutrosophic semicontinuity and neutrosophic semiopen-
ness are indispensable for each other, how the concepts of neutrosophic weak
semiopenness and the neutrosophic weak semicontinuity is clarified in this study.

Definition 4.1. Let f : (X,7) — (Y,0) be a function from a neutrosophic topo-
logical space (X, T) into a neutrosophic topological space (Y,0). The function f is
o

said to be neutrosophic weakly semiopen, if f(A) C (f <A>> , for each A € 0.

S
Obviously, every neutrosophic weakly open function is neutrosophic weakly semiopen
and every neutrosophic semiopen function is also neutrosophic weakly semiopen.

Example 4.1. Let X = z,y,z, Y = a,b,c and neutrosophic sets A and u are
defined as: A = {(x,0,0,1),(y,0.3,0.3,0.7) , (2,0.2,0.2,0.8) }
w={{a,0,0,1),(b,0.2,0.2,0.8) , (¢,0.1,0.1,0.9) }

Let 7 = {0,\, 1} and 0 = {0, u,1}. Then the mapping [ : (X,7) — (Y,0) defined
by f(x) = a, f(y) = b and f(2) = c is neutrosophic weakly semiopen but neither
neutrosophic semiopen nor neutrosophic weakly open.

Definition 4.2. A neutrosophic point x,; s is said to be a neutrosophic 0-cluster
point of a neutrosophic set X, if, for every neutrosophic open q-nbd j of Tr1s , It
is q-coincident with . The set of all neutrosophic 0-cluster points of A is called
the neutrosophic 9-closure of A and will be denoted by Ag. A neutrosophic A will
be called neutrosophic 0-closed if and only if X = Xg. The complement of a neutro-
sophic 0-closed set is called of neutrosophic 6-open and the neutrosophic 0-interior
of X denoted by Aj is defined as Ay = {x,1s | for some neutrosophic open q —
nbd? ﬁ Of -’If‘nt,sag c )\}

Lemma 4.1. Let A be a neutrosophic set in a neutrosophic topological space X,
then:

1) X is a neutrosophic 6-open if and only if A = Aj.

2) (N5)" = (A)y and (X)y = (X))
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3) Xo is a neutrosophic closed set but not necessarily is a neutro-
sophic 0-closed set.

Theorem 4.2. Let f : (X,7) — (Y, 0) be a function from a neutrosophic topological
space (X, T) into a neutrosophic topological space (Y, o). Then, following conditions
are equivalent:

(i) f is neutrosophic weakly semiopen;

(i) f()\g) C (f()\)): for every neutrosophic subset \ of X;

(iii) <f1(ﬁ)) C f71(B2) for every neutrosophic subset 3 of Y ;
0

(i) f=1 (&) - (f‘l (,8)) for every neutrosophic subset 8 of Y ;
0

(v) For each neutrosophic @-open set X in X, f(X) is neutrosophic
semiopen in Y ;

(vi) For any neutrosophic set B of Y and any neutrosophic -closed
set X in X containing f~1(83), where X is a neutrosophic reqular
space, there exists a neutrosophic semiclosed set § in'Y containing
B such that f~1(5) C \.

Proof. (i) = (ii): Let A be any neutrosophic subset of X and z,; s be a neutrosophic
point in Ag. Then, there exists a neutrosophic open g — nbd 7 of x, ¢ such that
v C 75 C A Then, f(v) C f(7) C f(A). Since f is neutrosophic weakly semiopen,
F) C(f®@)S C (f(N)g. It implies that f(z,,s) is a point in (f(A))S. This shows
that @,.0,0 € /- L((F(V)S). Thus A3 € F~1((F(V)2), and so F(A3) € (F(A))S.
(ii)= (i): Let u be a neutrosophic open set in X. As p C ()5 implies,

f(r) € f((m)g) € (f(m))S. Hence f is neutrosophic weakly semiopen.

(ii) = (iii): Let 2 be any neutrosophic subset of Y. Then by (ii), f((f~*(8))g) C B2.
Therefore, (f71(8))g C f~1(B2).

(iii) = (ii): This is obvious.

(iii) = (iv): Let § be any neutrosophic subset of Y. Using (iii), we have

(@), =
()] =
[ 2], e (692) -

( ) 1]

Therefore, we obtain f~(85) C (f=1(8)),-
(iv) = (iii): Similary we obtain, [ - ( 9)e C(f~H(B))g)e, for every neutrosophic
subset B of Y, i.e., (f71(B))g C [~ (52)
(iv) = (v): Let X be a neutrosophic #-open set in X. Then, (f(\))€ is a neutrosophic
set in Y and by (iv),

(@0, ) < (o)

0

Therefore, ( > C W = X°. Then, we have A € f~1((f(\)?)

which implies f(A (M\))2. Hence f(A) is neutrosophic semiopen in Y .
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(v) = (vi): Let 8 be any neutrosophic set in Y and A be a neutrosophic 6-closed set
in X such that f=1(8) C \. Since \¢ is neutrosophic f-open in X, by (v), f(\°) is
neutrosophic semiopen in Y. Let § = [ f ()\C)]C. Then 0 is neutrosophic semiclosed
and also 8 C 6. Now, f=1(d) = f~H([f(A)]°) = [fH(F(N)]* € A

(vi) = (iv): Let 8 be any neutrosophic set in Y. Then, A = f~1(), is neutrosophic
f-closed set in X and neutrosophic f~1(8) C A. Then, there exists a neutrosophic
semiclosed set ¢ in Y containing 3 such that f=1(§) C A. Since ¢ is neutrosophic

semiclosed f~1(3,) C f71(8) C f~1(B),- =

Furthermore, we can prove the following.

Theorem 4.3. Let f: (X,7) — (Y,0) be a bijective function. Then the following

statements are equivalent:
(i) f is neutrosophic weakly semiopen.

(i) f(N), C f(X) for each neutrosophic open set X in X.
(111) f(B°), € f(B) for each neutrosophic closed set B in X.

Proof. (i) = (iii): Let 8 be a neutrosophic closed set in X. Then we have
189 = (£8)" < (£(B°)),
and so (f(ﬁ))c - (f(ﬁo)s)c- Hence (ﬂo)s - f(ﬁ)
(iii) = (ii): Let A be a neutrosophic open set in X. Since ) is a neutrosophic closed
set and A C (X) by (iii) we have f(A), € F((3)°), € F(V)-
(i) = (iii): Similar to (iii) — (ii).
(iii) = (i) : Clear. O

For the following theorem, the proof is mostly straightforward and is omitted.

Theorem 4.4. For a function f : (X,7) — (Y,0) the following conditions are
equivalent: We define one additional near neutrosophic semiopen condition. This
condition when combined with neutrosophic weak semiopenness imply neutrosophic
semiopenness.
(i) f is neutrosophic weakly semiopen;
(ii) For each neutrosophic closed subset B of X, f(8°) C
(iii) For each neutrosophic open subset \ of X, f((X)o) C
(iv) For each neutrosophic regular open subset A of X
(F(N)s
(v) For every neutrosophic preopen subset A of X, f()\) C (f (X)):,
(vi) For every neutrosophic a-open subset A of X, f()\) - (f (X)):

(F(8))s;
(F(N),:
I

A C

U
o
S

)

We define one additional near neutrosophic semiopen condition. This con-
dition when combined with neutrosophic weak semiopenness imply neutrosophic
semiopenness.

Definition 4.3. A function f: (X,7) — (Y,0) is said to satisfy the neutrosophic
weakly semiopen interiority condition if (f(X))z - f()\) for every neutrosophic
open subset X of X.

Definition 4.4. A function f : (X,7) — (Y, 0) is said to be neutrosophic strongly
continuous, if for every neutrosophic subset \ of X, f()\) - f()\)
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Obviously, every neutrosophic strongly continuous function satisfies the neutro-
sophic weakly semiopen interiority condition but the converse does not hold as is
shown by the following example.

Example 4.2. Let X = {a,b}, Y = {x,y} and neutrosophic sets A and p are de-
fined as: A = {{a,0.3,0.3,0.7), (b,0.4,0.4,0.6)} p = {(x,0.7,0.7,0.3), (y,0.8,0.8,0.2) }.
Let 7 = {0,\,1} and o = {0,u,1}. Then the mapping f : (X,7) — (Y,0) defined
by f(a) =z, f(b) =y satisfies neutrosophic weakly semiopen interiority but is not
neutrosophic strongly continuous.

Theorem 4.5. Every function that satisfies the neutrosophic weakly semiopen in-
teriority condition into a meutrosophic discrete topological space is neutrosophic
strongly continuous.

Theorem 4.6. If f : (X,7) — (Y,0) is neutrosophic weakly semiopen and satis-
fies the neutrosophic weakly semiopen interiority condition, then f is neutrosophic
semiopen.

Proof. Let A be a neutrosophic open subset of X. Since f is neutrosophic weakly
semiopen f(A) C (f (X))Z However, because f satisfies the neutrosophic weakly
semiopen interiority condition, f ()\) = ( f (X))z and therefore f()) is neutrosophic
semiopen. O

Corollary 4.7. If f : (X,7) — (Y, 0) is neutrosophic weakly semiopen and neu-
trosophic strongly continuous, then f is neutrosophic semiopen.

The following example shows that neither of this neutrosophic interiority condi-
tion yield a decomposition of neutrosophic semiopenness.

Example 4.3. Let X = {a,b,c}, Y = {x,y,2}. Define X\ and p as follows : X\ =
{{a,0,0,1), (h,0.2,0.2,0.8), (¢,0.7,0.7,0.3) }, u = {(x,0,0, 1), (y,0.2,0.2,0.8), (2,0.2,0.2,0.8) }.
Let 7 = {0,\, 1} and 0 = {0, u,1}. Then the mapping [ : (X,7) — (Y,0) defined

by f(a) =z, f(b) =y and f(c) = z is neutrosophic semiopen but not neutrosophic

weakly semiopen interiority .

A function f : (X,7) — (Y,0) is said to be neutrosophic contra-open (resp.
neutrosophic contra-closed) if f()) is a neutrosophic closed set (resp. neutrosophic
open set) of Y for each neutrosophic open (resp. neutrosophic closed) set A in X.

Theorem 4.8. Let f : (X,7) — (Y,0) be a neutrosophic function. Then, the
following statements hold.
(i) If f : (X, 1) = (Y, 0) is neutrosophic preopen and neutrosophic
contra-open, then f is a neutrosophic weakly semiopen function.
(i) If f: (X,7) = (Y, 0) is neutrosophic contra-closed, then f is a
neutrosophic weakly semiopen function.

Proof. (i) Let X\ be a neutrosophic open subset of X. Since f is neutrosophic pre-

open f(A) C (f(A))° and since f is neutrosophic contra-open, f()\) is neutrosophic
closed. Therefore f(A) C (f(N))° = (f(\)° C (F(V))°.

(ii) Let A be an neutrosophic open subset of X. Then, we have f(A) C f()\)

C
(FN)3- O

The converse of Theorem 4.6 does not hold. Can be seen in Example 4.1.
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Theorem 4.9. Let X be a neutrosophic reqular space. Then, f: (X, 7) = (Y,0)
is neutrosophic weakly semiopen if and only if f is neutrosophic semiopen.

Proof. The sufficiency is clear.

Necessity. Let A be a non-null neutrosophic open subset of X. For each z,
neutrosophic point in A, let p,, . be a neutrosophic open set such that z,,; €
M, © Trst © A Hence, we obtain that

A= U{,u:cr,s,t Trst € >\} = U{xr,s,t P Zrst € /\}

and
fN) = U{f(/’l’zr,s,t) @5 € A} CUL(f(@rsn))s 1 st € A} C
(f(U{Trsi : 2rse € AD))S = (F(N)5-
Thus, f is semiopen. ([l

Note that, f : (X,7) — (Y,0) is said to be neutrosophic contra-pre-semiclosed
provide that f(\) is neutrosophic semi-open for each neutrosophic semi-closed sub-
set A of X.

Theorem 4.10. If f : (X,7) — (Y, 0) is neutrosophic weakly semiopen andY has
the property that union of neutrosophic semi-closed sets is neutrosophic semi-closed
and if for each neutrosophic semi-closed subset 8 of X and each fiber

fﬁl(yr,s,t) - ﬂc

there exists a neutrosophic open subset pu of X for which 3 C u and =~ (yrs.+)qH,
then f is neutrosophic contra-pre-semiclosed.

Proof. Assume £ is a neutrosophic semi-closed subset of X and let y, s, € (f(5))°.
Thus, f~(y,s:) C B¢ and hence there exists a neutrosophic open subset p of X

for which 8 C p and f~!(y,s+))G. Therefore, y,. 5. € (f(1))¢ C (f(8))°. Since f
is neutrosophic weakly semiopen f(u) C (f(@))S. By complement, we obtain

yrst € (F()°, S (F(B))°

Let oy, ., = (f(7))¢,. Thend,, , is a neutrosophic semi-closed subset of Y contain-

ing y, s+ Hence (f(8))° = U{éyt tYrst € (f(8))°} is neutrosophic semi-closed
and therefore f() is neutrosophic semi-open. O

Theorem 4.11. If f : (X,7) — (Y,0) is an neutrosophic almost open function,
then it is neutrosophic weakly semiopen. The converse is not generally true.

Proof. Let A be a neutrosophic open set in X. Since f is neutrosophic almost open
and (A)° is neutrosophic regular open, f((A)°) is neutrosophic open in Y and hence
FO) C £((N)°) € (F(N)° € (f(N)2. This shows that f is neutrosophic weakly

S
semiopen. (I

Example 4.4. The function f defined in Ezxample 4.3 is neutrosophic weakly
semiopen but not neutrosophic almost open.

Lemma 4.12. If f : (X,7) — (Y,0) is a neutrosophic continuous function, then
for any neutrosophic subset \ of X, f(X) C (f()\)).

Theorem 4.13. If f : (X,7) — (Y,0) is a neutrosophic weakly semiopen and
neutrosophic continuous function, then f is a neutrosophic B-open function.
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Proof. Let A be a neutrosophic open set in X. Then, by neutrosophic weak

semiopenness of f , f(A) C (f()\))S. Since f is neutrosophic continuous f(\) C f(\)
and since for any neutrosophic subset 8 of X, (5)° C 8N ((8)°), we obtain that,

FO) € (F)2 € ((FN))2 € (((f(N)°)- Thus, f(A) € (((f(A))°) which shows
that f(A) is a neutrosophic S-open set in Y. Hence, f is a neutrosophic S-open
function. O

Corollary 4.14. If f : (X, 7) — (Y, 0) is a neutrosophic weakly semiopen and neu-
trosophic strongly continuous function. Then f is a neutrosophic B-open function.

Definition 4.5. A neutrosophic topological space (X, T) is said to be a neutrosophic
connected space, if there don’t exist neutrosophic clopen sets A and 3 such that \qp3
and \°GB°.

Definition 4.6. A neutrosophic topological space (X, T) is said to be a neutrosophic

semiconnected space, if there don’t exist neutrosophic semiclopen sets X\ and 3 such
that A\GB and A°qB°.

Theorem 4.15. If f : (X, 7) — (Y, 0) is a neutrosophic weakly semiopen of a space
X onto a neutrosophic semiconnected space Y, then X is neutrosophic connected.

Proof. Let X be not connected. Then there exist neutrosophic open sets g and ~ in
X such that 8gy and 3°¢y°. This implies that f(8)Gf(y) and f(58°)qf(v°). Since f

is neutrosophic weakly semiopen, we have f(8) C (f(8))s and f(v) C (f(%))S and

since 8 and ~y are neutrosophic open and also neutrosophic closed, we have f(8) =
f(B), f(&) = f(). Hence f(B) and f(v) are neutrosophic semiopen and semiclosed
in (Y, o) such that f(8)Gf(y) and ((f8))°G(f(v))°. Hence, this contrary to the fact
that Y is neutrosophic semi-connected. Thus X is neutrosophic connected. O

Definition 4.7. A space X is said to be neutrosophic hyperconnected if every non-
null neutrosophic open subset of X is neutrosophic dense in X.

Theorem 4.16. If X is a neutrosophic hyperconnected space, then a function
f:(X,7) = (Y,0) is neutrosophic weakly semiopen if and only if f(X) is neutro-
sophic semi-open in'Y .

Proof. The necessity is clear.
For the sufficiency observe that for any neutrosophic open subset A of X,

f) € F(X) = (f(X)g = (FN)s. O
5. CONCLUSION

In this study, after presenting the factors that inspired us to focus on this subject
and giving the necessary preliminary information, in the third section, we adapted
some open set types previously defined in the general topology to neutrosophic
spaces, and then we defined some types of functions and continuity using these
open set types. In the fourth section, we continued to present new open set and
continuity types and illustrated the relationships between them by enriching them
with examples. Additionally, we examined the properties of these new types of con-
tinuities and open sets and brought a new perspective to the concept of connected
space. Our expectation from this study is that it will be one of the cornerstones
of various studies to be carried out in the world of mathematics and that it will
encourage scientists to conduct various research related to our study.
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ABSTRACT. In this paper, we study the stability and convergence of fully dis-
crete finite element method with grad-div stabilization for the incompressible
non-isothermal fluid flows. The proposed scheme uses finite element discretiza-
tion in space and linearly extrapolated blended Backward Differentiation For-
mula (BLEBDF) in time. We prove the unconditional stability over finite time
interval and optimally convergence of the scheme. We also present numerical
experiments to verify our theoretical convergence rates and show the reliability
of the scheme.

1. INTRODUCTION

Most of practical engineering problems including insulating in windows, solar
collectors, cooling in electronics are modelled by natural convection flows. In the
dimensionless form, the equations governed by these flows are given on the domain
Q C R4(d =2 or 3) and a time interval (0,t*], t* < oo, as follows

u + (u-V)u—vAu+ Vp = RiT¢ +f, (1.1)
V-u=0, (1.2)
T, + (u- V)T — kAT = g, (1.3)

where u is the velocity filed, p the pressure, T the temperature and f and g are
the external forcing and thermal source. £ is the unit vector in the direction of
the gravitational acceleration, v is the dimensionless kinematic viscosity which is
inversely proportional to the Reynolds number, i.e. v = Re~!, x the thermal con-
ductivity defined as Kk = Re~'Pr~! where Pr is the Prandtl number and Ri the
Richardson number, and Rayleigh number is defined by Ra = RiRe?Pr. The sys-
tem is complemented with the appropriate initial and boundary conditions.
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This system is well posed under some restriction on the Rayleigh and Prandtl num-
bers [21I]. Simulations with standard Galerkin finite element method of —
for high Rayleigh number leads to severe computational problems and can exhibit
global spurious oscillations, [21 [0, 18]. One remedy to overcome this issue is to
use the grad-div stabilization. This type of stabilization adds the penalization term
vV(V - u) to the momentum equation which leads to v(V - up, V - v,) in the dis-
cretization. It was originally proposed in [3] and since then it has studied from both
theoretical and computational points of view. The studies on grad-div stabiliza-
tion show that this stabilization improves mass conservation, leads to much more
accurate approximate solutions for the Stokes/Navier-Stokes and related coupled
multiphysics flow problems, [5l 12} 14} [15], 19} 20].

The aim of this study is to use this advantage of grad-div stabilized finite element
for approximating of the natural convection flows. For the temporal discretization,
a new second order time stepping scheme called an blended three step Backward
Differentiation Formula (BDF) is used. This selection is due to the fact that such
scheme is of second order accuracy with a smaller constant in truncation error term,
A-stable and is more accurate than two-step BDF scheme, [22] [16], [2] [10].

The remaining of the paper is organized as follows. Section 2 presents some mathe-
matical preliminaries necessary for the finite element analysis. Section 3 introduces
the numerical scheme. Section 4 and 5 provides theoretical results of the stability
and convergence. We show that approximate solutions are unconditionally stable
over finite time interval and converge both in time and space quadratically. Sec-
tion 6 provides two numerical experiments. The first one verifies the second order
convergence in space and time. The second one, on the other hand, tests the re-
liability and efficiency of the algorithm. For this aim, we compare the solutions
of the scheme with BLEBDF (without the stabilization) on Marsigli’s experiment.
The results show that our method captures very well the flow pattern at each time
level.

2. MATHEMATICAL PRELIMINARIES

We consider the domain Q C R?,d = 2,3 to be a convex polygon or polyhedra.
The L2-inner product and its induced norm will be denoted as (-,-) and || - ||, the
H*-norm by || - |, and the L>-norm by || - ||z, [1]. Continuous velocity, pressure
and temperature spaces are given by respectively:

X:=HQ) = {ve (L*)():VveLX(Q)% v=0on o},
Q:=I13(Q) = {ge I2(Q) /quxzox

Y = H} Q).

Further, we define the space V C X to be the divergence free subset of X. The
dual space of X is denoted by H~! with the norm

(£, v)|
fl|_1:= sup .
Il 0#veX [Vv]]

We frequently use the Poincaré-Friedrich’s inequality, [I1]: there exists a constant
Cp such that
vl < Cp||Vv|, ¥veX.
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Define the skew symmetrized trilinear form for the non-linear terms to ensure sta-
bility of the numerical method

bi(u,v,w) := - [(u-Vv,w) — (u-Vw,v)], u,v,weX,

ba(1,0,®) := - [(u-V0,P) — (u-VP,0)], ueX,0,0€cY.

N~ DN —

Lemma 2.1. For u,v,w € X and v,Vv € L, the skew symmetrized trilinear
form b(-,-,-) is bounded as follows, [13]

bi(u, v, w) < C[|[Vul[[|Vv|[[Vw], (2.1)

bi(u,v,w) < Cllu|| ([[Vv][Ls + [[v][Le) [VW]. (2.2)

We assume that 7, is a regular, conforming mesh with a maximum diameter h,
and X C X, @Qp C Q, Y, CY be conforming finite element spaces which satisfy

approximation properties of piece-wise polynomials of local degree k,k — 1, and k
with k& > 1 respectively, [7]

inf {[lu—va|| + hlIV(a = vi)[l} < CAEulls,
vheXy
inf |[p — qull < CR*|Ip|-
ot llp = anll < Ch¥lpllx
inf {|T = Tp|l + 2| V(T = Tu) [} < CR*H|T |41
Th€Yn
We also assume that the velocity-pressure finite element pair, (Xy,, @), satisfy the

discrete inf-sup condition:
) V-
inf  sup 7(% Vi)
0 €Qn vy ex, Vv [l an ||
We denote the discretely divergence-free space by V;, and defined as
V= {Vh e Xy : (V . vh,qh) = O, th c Qh}
We also introduce the following norms on time interval [0,¢*]: 1 < p < oo
1/p

o
[@llp.k == /Ilsb(tw)llidt i N@lloo == sup [|6(t,-)[loo
J 0<t<t*

> [ > 0.

and discrete norms

0<n<N

N-1 1/p
lllp.x == (At >l -)Z) s Mélllook := max [[(t", )k,
n=0
where t" = nAt, n=0,1,2,... N =t*/At.
We also introduce the following notations for the stability and convergence analysis
5 5 1
8"t = §¢n+1 - §¢n +om ! — 6¢n_2’ (2.3)
E[¢"T] = g™t = 3¢" 4+ 3¢" 71 — 9", (2.4)
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and estimates which are the conclusion of the use of Taylor’s Theorem with integral
remainder term, [I0]:

tn+1

n 5 n+1 7
for+t = e < Lot [ owelar, (25)
tn72
tn+1
| [ < 9AF / e, (2.6)

t
To simplify our finite element analysis, we use the G-stability framework as in [§].
For third order backward differentiation, the positive definite matrix G-matrix and
the associated norm are given as

L[ 19 —12 03
G=—| -12 10 =3 |, |UE=U,GU), Ue L*(Q).
21 3 3 1

For Y™+t .= [u"*t! w" u"‘l]T, Vul € L?(2), the following identity holds, [2]
1
(B[, u ) = U™ G = U™ g + S I B 1% (2.7)

The G- and L?-norms are equivalent in the sense that: there exist C;,C, > 0
positive constants such that
2 2 2
Clltle < lU)” < Culltd]e- (2.8)
We also use Young’s inequality and the discrete version of Gronwall Lemma.

Lemma 2.2. Let a,b be non-negative real numbers. Then for any e > 0,

—a/p 1 1
c b, —+=-=1, and 1<p,q< .
P q
Lemma 2.3 (Gronwall Lemma). Let At, H and ay,, by, ¢n, d, be non-negative num-

bers such that

€
ab < —a?P +
p

N N—-1 N—-1
ay + ALY by SAEY  dan + At Y e+ H, for N > 0.
n=0 n=0 n=0

Then for all At >0

N N-1 N-1
an —i—Athn < exp (At Z dn> <At Z cn—i—H) .

n=0 n=0 n=0
3. NUMERICAL SCHEME

The proposed numerical scheme uses three-step backward differentiation in time
and finite element in space.

Algorithm 3.1. Let forcing terms £ € L*(0,t*;H™Y(Q)), g € L2(0,t*; H-1(Q2))
Choose an end time t* and a time step At such that t* = N At. Denote the discrete
solutions at time levels t" := nAt by

uy = u,(t"), pp=pp(t"), T} =T,(t"), n=0,1,2,...,N.
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Let initial conditions u;, %, u; ', ) € L2(Q) and T;, %, T, ', TP € L*() be given.
Forn =0,..,N — 1, find (uZ‘H, pﬁ“,T[L"H) such that the equations below are
satisﬁed: V(Vhthth) € (XhanMYh)

5[“2“] no__ n—1 n—2 n+1 n+1
A7 , Vi | + by (Suh 3u,” 4+ u," %, uy ,vh)+y(Vuh ,Vvh)

+y (V-uptt, Vevy) — (0 Ve vi) = Ri((3T7 — 3101+ 17 2)€,vi)
+ (f"+1,vh), (3.1)
(V . uZ‘H, qh) =0, (3.2)

: Xh) +bo(3up —3up T+ w2 T X)) + & (VI Vi)

=(¢"""xn). (3.3)

(5

4. STABILITY ANALYSIS

This section is devoted to proving the stability of Algorithm We show that
the proposed algorithm’s solutions are stable over finite time interval without any
time step restriction.

Lemma 4.1. The solutions of Algom'thm are unconditionally stable over (0,t*)
and they satisfy the bound: for any At >0
N—1

1 i 1
1T 11 + iﬁAt Z ITE 12 < (ITNE + 3h gl 20,005 m-1(0)) = Kry (4.1)
n=0
and
=, N-1
4112 + FvAt SV Ay VP
n=0 n=0

. L1
< |U|E + 2Ty RiPCEC, Kr|€)*t +5v eI 2 00m -1y = Kue (4:2)

Proof. We will first obtain the bound on discrete temperature solution. Letting
xn = AtT in (3.3), which vanishes the non-linear term, and then using (2.7)
followed by the Cauchy-Schwarz and Young’s inequalities we obtain

1T+ ~ TR + 5 NBET I 4+ st T 2
- il 1)
< Alg™ g VTP
< on Bl By + o RAVITHP. (43)
From which, reordering terms gives
T2 = T + 5 BI04 SRAd VT2 < 2at Atllg™ .

Dropping the third left hand side term and summing over time steps gives the bound
on temperature solution. To get the stability bound on velocity, set ¢, = pﬁ“ in
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(3:2) and v, = Atup*! in (B.). The pressure and the non-linear terms vanishes,
and using the same identity produces
n n 1 n n n
I 1E = Mg 11E + B P + v A Va2 AtV - w2
= AtRi((3Ty — 3T "+ Ty %) & up ™) + At (£ up ™). (4.4)

Using Cauchy-Schwarz, Young’s and the Poincaré-Friedrich’s inequalities together
with (2.8]) and (4.1]) on the first right hand side term, we have

AtRi((3T3 — 3Ty~ + T %) €, upth)
< AtRi [B|T3| + 31T + 1T 2 (1] €l Cp vy

- ) n n— n— 1 n
< 27 T AERECH [T + T+ T2 J8f2 + pvAe|Vag 2
1
< 270 ALRECRC, | TR B8 + v A a2

1
< 2TV AtRi2C%:C, Kr|€* + iuAt||VuZ+1H27
and for the forcing term use Cauchy-Schwarz and Young’s inequalities to get
n n — n 1 n
AL(E"H up ™) < vt AYIEZL + ZuA1t||vuh+1||2.
Combining these estimates together with (4.4]) gives

n n 1 n v At n n
||uh+1‘|2G — ||Z’lh ||é —+ E“E[uh+1]|‘2 + T‘|Vuh+1‘|2 +")/At||v . uh+1||2
<270 'AtRPCRCLKrl€)* + v ALE T30 (45)

Summing over time steps, dropping the third left hand side term gives the desired
stability bound on the velocity. O

5. CONVERGENCE ANALYSIS

This section is devoted to the finite element error analysis of Algorithm
We will show that the finite element solutions convergences to the true solutions
quadratically both in time and space. In the analysis, we will use the following
error notations: Vn =0,1,..., N

e, =u"—uy, ep:=T"-1, (5.1)
and error’s decomposition
n

[ ) n n ._ .mn ~n n._ ..n ~n
u = T — ¢h,u7 ¢h,u =AUy Uy, Ty =W Uy,

no._ ,mn n n_._mm n n ._ mn n
€r ‘=N — ¢h,Ta ¢h,T =Ty =Ty, np=T" =T,

e

© (5.2)
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True solutions at t"*! satisfies the following equations:

6[un+1] n n—1 n—2 n+1 n+1
NS +b6(3u” = 3u" " +u" T u T vy + (VU Vvy)

+ (V- Vv = (" Ve vy) = Ri((3T" — 3T + T 2)€, vi)
+ (£ vi) 4+ A (u, T, vy), (5.3)
(V-u™ gn) =0, (5.4)

5[Tn+1} n n—1 n—2 n+1 m+1
A Xn +b2(3u” = 3u" T Hu" T T x) + R(VTTT, Vi)
= (gn+1’ Xh) + A2 (11, Ta Xh)a (55)
where
5[un+1] n+1 n+1 n+1
A(u,T,vp) := —u" vy ) — b1 (Eu ,u"mt vy
At t
+ Ri(E[T"TYE, vy), (5.6)
5[Tn+1] n+1 n+1 n+1
Ma(w T = (S =T ) (B T ) ()

are consistency errors. We now give the bounds for the consistency errors.

Lemma 5.1.

‘Al(u7T7 Vh)l
9 _ .
sV TAL (CHVU-TH_IHQHvuttt”%Z(t"*?,t”+1;L2) + RZ2C}23|£|2”TtttH%z(t"*?,t"+1;L2))
7T
+ 57 LA Ol wseel[T2(n-2, g1, 12y + e[ VVa]?, (5-8)
and
|A2(u7 Ta Xh)|

9 . _
<5 Crx PAS VTP Va1 32 (pn-2 pnir, 12

7T _
K ARt Bz s, 1) + e8IVl (5.9)

Proof. Using the Cauchy-Schwarz, Young’s and Poincaré-Friedrich’s inequalities
together with (2.1)) produces the bounds. O

Theorem 5.2. Assume that true solutions (u,p,T) satisfies the following reqularity
conditions

ue L0, T HMH(Q), T eL>(0,T;H(Q), pelL?0,T;H"(Q),
w, € L*(0,T; H(Q)), T, € L*(0,T; H'(Q)), Ty € L*(0,T; L(2)),
w € L2(0,T; L*(Q) N HY()).
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Then the errors defined in (5.1)) satisfy the following bound:

N-1
1 n n
led & + et & + 3 > BRI + Bl 1)
n=0
N-1 N-1
At n R 7AN n
+ 5 2 [IVeRtt 2+ kI Vet ] + 255 3 9 et
n=0 n=0

< C(At* + 1),
where C' is the general constant independent of h and At.
Proof. We divide the error analysis into thee parts. In the first part, we will give
the bounds for the velocity error equation and in the second part, the bounds for

the temperature. In the third part, we will apply the Gronwall Lemma and triangle
inequality to the error terms to finish the proof.

Step 1 [The error bound for the velocity]

Subtracting (3.1] . from and using error notations given in

produces: th € Qy

5 n+1
( [eAut }7vh> + (Ve Vvy) +y(V - el Vevy) — (0" — g, V- vi)

+ 0 (3u” = 3u" !+ u R u M vy) — by (3uf - 3ul T ul u vy
= Ri((3eh — 3el™ ! + el g, vi) + A (w, T, vy), (5.10)
(V-e™ q,) =0,(5.11)
Using error decomposition’s in (5.2)) and setting vj, = At¢"+1 and applying (2.7)

gives

g 11 = ||¢>Z,u||%~+ S 1B WP + vA VR UI1P + ALV - o) I
— < e, ¢"+1) + AL (Tt Vo) At (Vv ontl)

o At (anrl o Qh,v . d)nJrl) +Atb1 <3un o 3un71 _i_un72’un+l7 Zj;l)

h,u
— Atby (Su’,} —3up ! Fup T up Ztl)
— Ri At ((377% =30+ e, ”“)

+ Ri At ((3¢;T 36n 7 + S 2E, ¢”+1)—Am1 (uTqS”H). (5.12)

We now bound below the right hand side terms of (5.12]).The first term is zero
due to the L%-projection. The next three terms are bounded below by using the
Cauchy-Schwarz and Young’s inequalities as fOHOWS'

vt (Vi V) < vl v+ Y2 Iven s

AL (Vg ) < AAlt 2+ T e

At
At ( n+1 _q}“v ¢n+1> < ’y_lAt inf Hpn+1 _ hH2 7 ||V ¢n+lH2

ahEQn
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For the non-linear terms, we add and subtract the terms below
bi(3u) — 3up "t +u) % um Ztl)
to get
bi(3u” — 3u" w2 wt Y gt < py (3uz —3up a2 upt ¢”+1)
= bi(Bmy — 30yt T uT G = bi(B3¢h w — 365+ 0h w6 )
+ b1 (Bup — 3uh +u;” 2 gt Ztl)
For the first non-linear term, we apply to get
Atby (305 — 3y~ g 2wt gptt)
< CAt (3[[Vag ]l + 3V~ + 1Vag2l) Ve [ Ve
<108C Atv™h (VR + Vg 1P + [Vag=2)1%) [V |2 + IIV¢”+1H2
For the second term, use (2.2)) together with Young’s inequality Wthh leads to
Atby (367w — 305" + a2 ut, o)
< CAt||3¢p o — 3¢Z§f + o I (Ve s + a1 HV¢"+1||
<16 ALY ([[VuHH|Ts + [[u"™ 2w ) 136w — 3053 + oh ]l + HV¢Z 2.
For the last non-linear term, we apply and Young’s inequality to get
Atby(3up — 3up "t +up 7 gt gpth

< CAL|V (3up = 3up ™' +up 2 [[[|[ Ve[ Ver Ll

<8CuAYY (uf - 3up ! w7 [PTR + S e
The next two terms are estimated in a similar way:
Ri &t (3650 — 3057 + 0 )E o)
< RiAt]|3¢, 7 — 3¢ 7 + ), T2|||£|CPIIV¢”“II
< 16CE Ri*v ™' At||3¢h o — 3¢5 1 + o 2117 1€17 + ||v¢n+1 2,
and
Ri st (30— 30+ 2)E, ok
< Ri Atl[3n7 = 3np" +np 2 [[[€1CP VO, L]
<160} Ri%w At — 3u5" + i 2 PIE + S0l IV P

Now take vy, = Z"[‘l in (5.8)) with ¢ = 3/32. Then considering the resulting inequal-

ity and all these estimates above on the right hand side of (5.12) and combining
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like terms yields
onEH I — 1ok ull?: +t 133 ||E[¢"+1]H2 IIVcb"“II2 HV or it
< (v+17)At IIVn"“II2 + v 'At inf IIp’”1 —qnl?
anEQR

+108C v AL (Va2 + Vg™ 1+ 1Vn5211) IIVun“II2

+ 160y ([[Vu s + w12 1307w — 30k + oh 2l

+8C v I AH|V (3uy — 3uj ! +u)?) |12 ||vn"+1||2

+ 16CERi>v ™ A3} 1+ — 307 7 + ¢h 2 1I°1€)°

+16C% Ri*v = At|3n¢ = 307~ +np 2|2 [€)°

+Cv (A (”TtttH%Q(tn*?,t”*l;L2) + Vs F2 g2 s, g2y + ||uttt||%2(tn—2,tn+1;L2)>
(5.13)

Step 2 [The error bound for the temperature] First subtract (3.3)) from (5.5)
and consider error notations given in (5.1)) to get

At
— by (3u} — 3uy Tt + w2 T ) = Aa(u, T, xa). (5.14)
Then using error decomposmons setting xp = At(b”“ and recalling ([2.7) gives

5 n+1
( [CT ]7Xh) + H(Ve?j_l,vxh) + b2(3u” . 3un71 + un72’Tn+1’Xh)

1657 11E = 16h.211& + 15 IIE[QS"“]II2 +RAL Vo2

(6[,’7n+1] n+1) 1 kA? (Vﬁ:rﬂ v¢n+1)
+ Athy(3u™ — 3u™ ! +u" 2 T Zi}l)
— Atby(3uf — 3up ! ur 2 TP grtl) - AtAz( ¢"+1). (5.15)

Proceeding in a similar way as in Step 1, we can bound the right hand side of ([5.15|)

as follows

n kAL
lor i I1E = lon 712 t 13 ||1'3[925"+1]||2 + 7||V¢"+1H2

< KAVt ? + 1080&‘1 At (IIVnuII2 + IV + V212 (1T
+16Cx T (IVT™HTs + 1T 3) 1365 7 — 361 1 + o 2217
+8C KAV (Bup — 3up 4+ up?) PVt 2

+ Cr AN (CRITt|Faen2, v 1) + V322, prer 1)) - (5.16)
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Step 3 [The application of the Gronwall Lemma] Add (5.13) to (5.16) to
get

(1635 1% + 1672 12) — (167.all% + 16821%) + =5 (1EISEEI2 + 1Bl 117)
VAL, _ kAL At N
+ S IVt + S IV I + LIV - 6 +1||2

<+ DAV AT 1 ‘At inf [p - o
h h

+ 108 CAL [ M|V 12 + &7 HIVTHHP] [IV0Rll? + (Va1 + Va2 )17
+16Cy AL [V Ts + [0 7] 136w — 3054 + 365 212

F16CK AL [[ VT[T + T2 ] 1307w — 305 o + 365 2117

+8CAL Vg1 + fi‘ll\Vn”“H )1V (3ujy — 3uZ frup?))?

+ 160PRZ2V_1At||3¢h,T 3¢ P+ b Z1P1€l?

+ 1603 Ri*v =" At|13n% — 307" + 0y 2| [€)?

+ O (A (V32,1 12+ [Tt Bagon—2, i 12 + a3z, s, 1))

+ CrH (A (”vuttt”%Z(t"*?,t"*l;L2) + HTtttH%?(t"*{t"*l;L2)) .
Then summing over time steps and using approximating properties produces

N-1

9l + 6l + 7 3 [IBIREIIZ + 1265 1P]
n=0

At < ntl2 nt1 W’At nt1)2
+ 5 2 VIV + sV 2] + Z IV it
n=0

N—-1

< CAtY. M 13650 — 367 + Gp 2P + 1365 — 3057 + 0572
n=0
N—-1

+ ALY AC [ Va4 s VP IV (Bup — Bup T g
n=0

+Cw T+ R Dna B0 + CRPvH g I3 0
+C~y'oinf
v~ mf [l

+CA [+ w7 (Va3 + 1 Tuael13,0) + v

+ 160, ulle: + loh 711
where

ML= max{lGC’l/_l[||Vu"+1H2L3 + ™12 ], 16C’l£_1[||VT”+1||2L3 + | T2 ],
16C3Ri%v g% ).

2.0]
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Now apply the Gronwall’s Lemma to get

N-1
1 n n
o ullE +lloNrlZ + 5 - [I1Een S + 1Bl 1]
n=0
+2US [Ivers I + sl va 1] + Z IV gl
n=0
N—-1
<e <At Mn+1>
n=0
—1
(a £SOt ) 9 -3 R O e B
n=0

+ CRPv Mgt 130 + Cy~1 inf [llp — aulll3.0
g €EQH

+ CAt [+ s71)(

2 )+ v el 3o] )

Using the stability result on the right hand side, drooping the third left hand side
term and applying the triangle inequality to the error terms finishes the proof. [

6. NUMERICAL STUDIES

In this section, we impose two numerical experiments. The first numerical ex-
periment verify our convergence rates obtained in Theorem [5.2] while the second
one reveals the effectiveness of the proposed algorithm. The numerical experiment
was implemented using the software package FreeFem++, [9].

6.1. Convergence rate verification. To verify theoretical findings, we pick true
velocity, pressure and temperature solutions

(9 Yot
p(x,t) = sin(z + y) (1 + %), T(x,t) = sin(rz) + y exp(t),

on region ) = (0,1) x (0,1) with v = k = Ri = v = 1.0. Forcing terms f and g are
calculated from (|1.1)-(1.2). We impose the following boundary conditions:

up(x,t) = u(x,t), Th(x,t) =T(x,t) on Of.

To verify the spatial convergence rates, fix end time t* = 0.001 with a time step
At =t*/8, and use (P3, P, P») finite elements Then we run Algorithm 3.1 on suc-
cessively mesh refinements. The calculated rates show that the spatial convergence
for both velocity and temperate are of second order, see Table[l] .

For the temporal convergence rate verification, we fix mesh size h = 1/128, and
take end time t* = 1. Then we calculate the solutions of Algorithm [3.1] for
At = 1/4,1/8,1/16,1/32,1/64. The errors and rates obtained from these cal-
culations are presented in Table [2| and verify our theoretical findings.
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h [[[V(a—w)lz0 Rate [[[V(T —T,)l20 Rate

1/4 8.8479e-5 - 6.2564e-5 -

1/8 2.2657e-5 1.9653 1.6021e-5 1.9978
1/16 5.6982¢-6 1.9914  4.0292e-6 1.9654
1/32 1.4267e-6 1.9978 1.0088e-6 1.9978
1/64 3.5681e-7 1.9995 2.52230e-7 1.9994

TasLe 1. Spatial velocity and temporal errors and rates.

At |[IV(u—up)|ll20 Rate  [[[V(T —Ty)ll|l20 Rate

1/4 2.0299e-3 - 1.4317e-3 -

1/8 5.1350e-4 1.9829  3.6024e-2 1.9840
1/16 1.2974e-4 1.9845 9.0220e-5 1.9829
1/32 3.2319e-5 2.0052  2.2566e-5 1.9993
1/64 8.0195e-6 2.0108 5.6420e-6 1.9999

Tasre 2. Temporal velocity and temperature errors and rates.

6.2. Marsigli’s experiment. This numerical experiment tests and aims to show
the effectiveness of Algorithm [3.I] on a physical situation which demonstrates that
when two fluids with different densities meet, a motion driven by the gravitational
force is created: the fluid with higher density rises over the lower one. Since the
density differences can be modelled by the temperature differences with the help
of the Boussinesq approximation, this physical problem is modelled by the incom-
pressible Boussinesq system (L.1)-(L.3) studied herein. For the experiment’s set-up,
we follow the paper written by Johnston and co-workers, [I7]. The domain is an
insulated box, Q = [0, 8] x [0, 1] and dimensionless flow parameters are set to be

Re = 1.000, Ri = 4.0, Pr = 1.0, v = 1.0.

We take time step At = 0.2 and use (P, Pi, P) finite element spaces for the
velocity, the pressure and temperature. We run both our algorithm and BLEBDF
without grad-div stabilization. The obtained results presented in Figure (1| and
Figure [2| indicate that Algorithm catches very well the flow pattern at each
time level. However, BLEBDF without grad-div stabilization creates very poor
solutions and builds significant oscillations as time progresses.
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FIGURE 1. The temperature contours and velocity streamlines of
BLEBDF without grad-div stabilization and of Algorithm [3.1] re-
spectively, from a coarse mesh computation at t* = 2, 4.
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FIGURE 2. The temperature contours and velocity streamlines of
BLEBDF without grad-div stabilization and of Algorithm [3.1] re-
spectively, from a coarse mesh computation at t* = 6, 8.
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7. CONCLUSION

In this paper, we used grad-div stabilized finite element method for approximat-
ing natural convection flow problems. We applied a new class second order time
stepping called linearized blended tree-step BDF in time. The proposed scheme is
unconditionally stable over finite time interval and of second order convergent both
in time and space. The numerical experiments presented here verifies theoretical
convergence rates, and reveals the reliability of the proposed scheme.
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ABSTRACT. Several generalized Simpson tensorial type inequalities for selfad-
joint operators have been obtained with variation depending on the conditions
imposed on the function f

|

éf(/\‘zt®1+(1—>\)1®25)+ 1_Af<(1+>\m®1+(1_/\)1®8)

3 2
A A1+ 2-NMN1B\ 1 1 14+A—¢ P+ (1—=N)
et (PR ) [ (550 Jrernen (S52) )
coteB A1 -1 +1) 1
- 144 I4o0

1. INTRODUCTION AND PRELIMINARIES

The concept we now call a “tensor” wasn’t originally named that way. When
Josiah Willard Gibbs first described the idea in the late 19th century, he used
the term “dyadic.” Today, mathematicians define a tensor as the mathematical
embodiment of Gibbs’ initial concept. Tensors and inequalities are natural part-
ners, thanks to the widespread use of inequalities in mathematics. These math-
ematical statements about comparisons have a profound impact on various scien-
tific disciplines. While many types of inequalities exist, some of the most signif-
icant ones include Jensen’s, Ostrowski’s, Hermite-Hadamard’s, and Minkowski’s
inequalities. For those interested in delving deeper, references [21] and [23] provide
more details about inequalities and their fascinating history. Regarding the gen-
eralizations of the aforementioned inequalities, numerous studies have been pub-
lished; for additional information, check the following and the references therein
I8, 241 25, 221, (17, [16}, (15, 28], 29], 30}, [ &2, 3, @, 5 17, @], [10].

Classical inequalities of Simpson type have been given by Hezenci et al. [I9] and
Sarikaya et al. [26]. To enhance the presentation of this work, we will demonstrate
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new developments in the theory of inequalities in Hilbert spaces. One such devel-

opment is the Dragomir’s inequality for normal operators given by the following
[11]:

Theorem 1.1. Let (4¢;(.,.)) be a Hilbert space and T : A — S a normal linear
operator on . Then

1
ITal® 2 5 (ITall® + (@, 2)]) > (T, 2)]2,
for any x € H, ||z|| = 1. The constant % is the best possible.

The Hermite-Hadamard inequality in the selfadjoint operator sense, as provided
by Dragomir [12], is another intriguing conclusion.

Theorem 1.2. Let f : I — R be an operator convex function on the interval I.
Then for any selfadjoint operators U and B with spectra in I we have the inequality

A+ B 3A+ B A+ 38
(7)< (5) o (57)

1
g/o f((1 — 6% + tB)dt

_ 1[f<’2[+25)+f(’21)w;f(23)} < f) +(3)

=2 2 = 2
The first paper related to tensorial inequalities in Hilbert space was written by

Dragomir [I4]. In the paper, he proved the tensorial version of the Ostrowski type
inequality given by the following.

Theorem 1.3. Assume that f is continuously differentiable on I with f'||; , ., :=

sup;e; |f (£)] < 400 and A, B are selfadjoint operators with Sp(A), Sp(B) C I. Then
the following inequality holds:

for A € [0,1].

1
f(1=MNAR1+A1@3)— | f(1-w)AR1+ul ®@B)du
0

(1.1)

1 1\
<l [1+(A-3) |0 B-281

Recently, various inequalities in the same tensorial surrounding have been ob-
tained. The following result of Simpson type was obtained by Stojiljkovié [31].

Theorem 1.4. Assume that f is continuously differentiable on I and |f’| is convex
and U, B are selfadjoint operators with Sp(A), Sp(B) C I. Then the following
inequality holds:

Hé <f(?l)®1+4f<w> +1®f(25)>

1 ! 1—k 1+k o1
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+/01f((1—§>ﬂ®1+§1®3) (l—kz)"‘ldk)H

(IF"O1 + If"B)I) (30 + 8 +7)

<lesd-uAx1|?
=lte @1 (a +2)(24 + 24)

for aa> 0.

The following inequality has been recently obtained by the same author [32].

Theorem 1.5. Assume that f is continuously differentiable on I with Hf/HI,-‘roo =
sup;e; |f'(£)] < 400 and A, B are selfadjoint operators with Sp(A), Sp(B) C I. Then
the following inequality holds:

1
‘/ f((l—A)Q(@l—kAl@B)dA—f(W)H
0
<Ped-uAx1)’ 10 o
h 24

Recently, the following inequality of Ostrowski type was obtained by Stojiljkovi¢
et al. [33] which generalized the recently obtained results by Dragomir [14].

Theorem 1.6. The formulation is the same as the one given by Dragomir in his
Ostrowski type Theorem given above (1.1) with an exception that o > 0, then

H </\a . A)“)f((l CNAS T4 M ®B)
—a((l - )\)“/0 (1= N1 = A1+ (u+ (1 — u)A)1 ® B)(1 — u)°Ldu

%WAiﬂ*mu—m+uu—MW®1+““®3”0H

/\a+1 (1 _ )\)a+1
<hes-we1) (3 + U ) Il

Stojiljkovié¢ et al., [34] recently obtained a Trapezoid type tensorial inequality
which is given by the following.

Theorem 1.7. Assume that f is continuously differentiable on I with |||, , . =

supyer If (8)] < +00 and A, B are selfadjoint operators with Sp(A), Sp(B) C I. Then
the following inequality holds for o > 0:

Hmw®1+www» (1.2)

_a[/()l(l_x)a‘lf(n ®zs+(1—A>?I®1>d“/o1 Aa_lf(M®5+(l_A)ﬂ®l)dA} H

1 _
<red-uel|—— 22"l 4o
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In order to derive similar inequalities of the tensorial type, we need the following
introduction and preliminaries.
Let Iy,...,I; be intervals from R and let f : I; x ... X [z — R be an essentially
bounded real function defined on the product of the intervals. Let A = (Ay, ..., Ay)
be a k-tuple of bounded selfadjoint operators on Hilbert spaces Hi, ..., Hi such that
the spectrum of A; is contained in I; for i = 1, ..., k. We say that such a k-tuple is
in the domain of f. If

¥ = / NdEi(\)
I;

is the spectral resolution of A; for ¢ = 1,..., k by following , we define
f(ﬂl,...,ﬂk) Z:/ f()\l,,)\k)dEl()\l)Q@®dEk()\k)
Iy Iy

as bounded selfadjoint operator on the tensorial product H; ® ... ® H.

If the Hilbert spaces are of finite dimension, then the above integrals become finite
sums, and we may consider the functional calculus for arbitrary real functions. This
construction [6] extends the definition of Koranyi [20] for functions of two variables
and have the property that

fUp, . U) =F1 (A1) @ .. @ Fr(Ap),

whenever f can be separated as a product f(tq, ..., t5) = fi(¢1)...f5(tx) of k functions
each depending on only one variable.
Recall the following property of the tensorial product

(AC) R (BRD) = (AR B)(CR D)

that holds for any A, B,EC,® € B(J7).
From the property we can deduce easily the following consequences

A" QB = (ARB)",n >0,
A1) =133)(A®1)=AR B,
which can be extended, for two natural numbers m,n we have
ARID"(1RB"=(13B)"(UAR)" =A" B™.

For more information, consult the following book related to tensors [I8]. The
following Lemma which we require can be found in a paper of Dragomir [13].

Lemma 1.8. Assume A and B are selfadjoint operators with Sp(A) C I, Sp(B) C J
and having the spectral resolutions . Let f;b be continuous on I,8,E continuous on
J and ¢ and v continuous on an interval K that contains the sum of the intervals

f(I) + u(J); b(1) +B(J),then
S(f() © 1+ 10 8(B))Y(b(A) © 1+ 1))
I

- / / H(7(t) + 5(5) b (b(t) + B(5))dE, ® dF,. (1.3)

In the paper written by Sarikaya and Bardak [27], the following Lemma is given,
which is used to obtain inequalities generalized Simpson type inequalities.
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Lemma 1.9. Letf: I C R — R be a differentiable function on I1°, a,b € I° with
a<b. Iff € L[a,b], then the following equality holds:

S LGl
B[ -5

:éf(w)—i—?)(l)l(l){(w—a)f(a;w) +(b—w)f(w;b)] —bla/a;f(x)dx,

where w = pa + (1 — p)b,Yu € [0, 1].

This paper delves into a novel area of mathematics: tensorial inequalities of the
Simpson type for differentiable functions within a tensorial Hilbert space. This field
is young and ripe for exploration, and obtaining new bounds for various combina-
tions of convex functions is crucial for its advancement. The paper is structured
logically. The ”"Main Results” section unveils the key findings that contribute to
the novelty of this work. Subsequently, the ”Examples and Consequences” sec-
tion showcases practical applications of the obtained results. By choosing specific
convex functions, we generate numerous tensorial Simpson-type inequalities and
bounds. Finally, the ”Conclusion” section summarizes the paper’s contributions
and highlights its significance for the development of tensorial inequalities. In the
following theorem, you’ll find a fundamental result that serves as the foundation
for deriving further inequalities throughout the paper.

2. MAIN RESULTS
The following Lemma will be crucial in obtaining the inequalities which follow.

Lemma 2.1. Assume that f is continuously differentiable on I, A and B are self-
adjoint operators with Sp(A), Sp(B) C I, then

%f()&[®1+(1—>\)1®8)+ 1;Af((1+”u®1;<1_m®5) (2.1)

+;f(xu®1+ (ZA)1®3>;/01f<<1+;¢)u®1+1®3 (W) >d¢
(

1-)\) ko1 1+k, 1—k 14k
T(l@%—?{@l)/{) (2 3)f <<2)\+2>21®1+2(1—)\)1®23> dk

A2(1®52—2(®1) /01 (; _ ’;) f/( (“2’“”2@1%(1 - A(12+k)> 1®8)dk.

Proof. We will start the proof with Lemma 1.9 (eq. (1.4)). Introducing the substi-
tutions on the right hand side and simplifying the integral, then assuming that A
and B have the spectral resolutions

A= / LAE(t) and B = / sdF(s)

If we take the integral [, [, over dE; ® dF, , then we get

//( fONE+ ( 1)\))+13>‘f<(1+)\)t;(1/\)5>
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[ (e (2 e
LI (305 )
D (1) (L) (- 28)- Yoo

By utilizing the Fubini’s Theorem and Lemma 1.8 (eq. (1.3) for appropriate
choices of the functions involved, we have successively

//f(/\t+(1—>\)s)dEt®dFs —fAART+(1-N)10B),
I1JI

LI LA 52)es (2572 Jaoams e an
:/O /1/f<<w)t+s<¢+(1)‘)> AE, © dF,dg
:/O <(1+A ¢>u®1+< (2 ”1@3)@,

//s—t/ <;>f/(<1;k)\+1;k)t+1;k(lA)s)dkdEt®dFs
:/0 (2—;>/I/I(s—t)f'<(1;k/\+1;k>t+1—i2_k(1—)\)s>dEt®dFsdk

! 1
:(1@3—2{@1)/ EOVe (A o Yo+ 2R 1w s ak.
. 273 > 2 >

Following the same principle for other terms, the equality follows.

O

Theorem 2.2. Assume that f is continuously differentiable on I with
707 4 oo = SuPses I (1) < +o00 and A, B are selfadjoint operators with Sp(A), Sp(B) C
I,Ae€0,1], then

‘1 (1+)\)2(®1+(1—)\)1®25> 22)

1—A
6f()\21®1+(1—/\)1®25)+ 3 f( >

A /AART+(2-N13\ 1 [* 1+XA—¢ d+(1-N)
() [ (= e (B5) )|

_Blled Aol A1+ .
144 I,+o0

Proof. If we take the operator norm of the previously obtained Lemma (2.1]) and
use the triangle inequality, we get

2

A AADT+2-M10B\ 1 (1 ((1+X-0¢ d+(1—N)
() [ (Pt rernen (S )|

Héf(m®1+(1—>\)1®8)+ 1;/\f<(1+/\)‘2l®1+(1—/\)1®25)
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g(l A =R 2(®1||/ f—% ((1’;]3+12k>u®1+1;]€(1—A>1®3>Hdk
2
JEd\LE S (2 aen) o (1208 )

Realize here that by Lemma 1.8,

(<1+kx+12k>u®1+1;k(1—x)1®5)‘

<(1+k 1;k>t+1;k(1)\)s> 'dEt®dFs.

1+ k 1—k 1+k
f<( o 155 e )| < e
If we take the integral [, [, over dE; ® dFy, then we get

1 1 1
((*’“Hk)mu““(l—m@a)‘

2 2 2

1 1-— 1

://f’(( AL k>t+ +k(1—)\)s> ‘dEt®dFs

1J1

Al [ [ aBco dE =, e

2 2 2
From which we get the following,

Since

itk 1+k,. 1—-k +k
- — = — A+ — AR L+ ——(1 - N1 B )| dk
/032((2+2)®+2()®)H
L1 k: 511l
< |If Ml gk = = 2oe

Evaluation of the second part is analogous, summing everything up we obtain the
desired equality. O

Theorem 2.3. Assume that f is continuously differentiable on I and |f'| is convex
and U, B are selfadjoint operators with Sp(A), Sp(B) C I, X € [0,1], then

HfXZI®1+(1—/\)1®23 f(1+A2(®1+(1—)\)1®23> (2.3)
+§f(X21®1+(2—A)1®25>_1 ((1+A ¢)ﬂ®1+1®5(¢+(;—A))>d¢H

| I QO[] (AA(122) — 93) + 3) +29) + [[f'(B)I] (A((273 — 122X)A — 183) + 61)

<MeB-A®1| 1296

Proof. Since |f'| is convex on I, then we get

(<1+k/\+12k)t+1;k(1>\)5) ‘ < <1;]€A+1) lf()l+ﬂ(1 NI (s)]
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for all k € [0,1] and ¢,s € I.
If we take the integral [, [, over dE; ® dFs, then we get

1 1 1
((*%d+k>ﬂ®1+;ku—xn®s)‘

2 2
((1+k 1;k)t+1;rk(1—>\)s) ‘dEt®dFs
//Kw“lf) |f<>l+#<1— )f’(S)@dEt@dFs

- (S5 5 raie 1+ S - s @)

for all k£ € [0,1].
If we take the norm in the inequality, we get the following

[ (1+k 1+k
f<(22A+2>ﬂ®1+2O—Aﬂ®B>H

<HC§fﬁ+1>W()®1+l+k@ ﬂ@W@mH

g(fﬁk+1>w(n®w+ﬁfa—)M®ﬁwﬂ

— 1+k
= — - - (1- ! }
(55 150 el + SR a - v @)
Therefore, we obtain

1
0

2 3

E_ H ((”’m o LR IEY IIf’(B)) a

)| (61X +29) + 61| (B)]| (1 = 1))

648
Simplifying the other term and adding them, we obtain the desired inequality.

O

We recall that the function f: I — R is quasi-convex, if

f((1 = At + As) < max(f(t),f(s)) = 5(f(£) + f(s) + [f(s) = f(£)])
holds for all ¢,s € I and X € [0, 1].
Theorem 2.4. Assume that f is continuously differentiable on I with |f'| is quasi-
convex on I, A and B are selfadjoint operators with Sp(A), Sp(B) C I, «, then

14+NALT+(1-N1®B
; )

+Af<m[®1+(§>\)1®23> _;/(Jlf<(w5)%®1+1®ls(w>>d¢“

clled-Ael|@ -1+
— 171 4oc - 24)

éf(/\?l®1+(1—/\)1®25)+13Af<
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Proof. Since |f'| is quasi-convex on I, then we get

(S5 155 e R0 s ) | < S0 @1 e+ 0] e

for all k € [0,1] and t,s € I. If we take the integral [, [, over dE; ® dF;, then we

get
1 1 1
LkAJr—k ?(®1+ik(1—/\)1®5
2 2 2
1+ k 1—-k 1+k
= ’<< JQF A+ 5 )t+ ; (l—A)s)‘dEt@)dFs

1 , . ) /
S 5/1/#” O+ 7 ()] + [IF ()] - IF ()| dE, @ dF,

= %(If’(?l)\ ®1+1ef(B) +[f (W @1 -1 [f(B))

for all k € [0,1].
If we take the norm, then we get

1+k, 1—k 14k
f((:zA+2>%®1+2“_Aﬂ®3>H

<[sorene o r@r+ e - 1e @)

< % (I (0@ 1+ 1 f @)+ IIf )] © 1 -1 | (B))

Which when applied in our case, we get

(<1+k 12k)u 1+1;kaAn®zQHM

H( IF @ 1 +10F® >||+|||f'<'u>®11®|f'<zs>|||>>dk

Whlch when simplified, we obtain the desired inequality. [

3. SOME EXAMPLES AND CONSEQUENCES

In the following sequel we provide examples to the obtained Theorems in Main
section. Examples consist of taking f to be an exponential operator and applying
various conditions as given by the Theorems.

Corollary 3.1. If U, B are selfadjoint operators with Sp(A), Sp(B) C [m, M| and
1B —-A®1 is invertible, then by , we get
Y <u+mu®1+aAn®3>

exp 5

A AT+ (2-N10B 1 (! 14+ X— 1—A
+3exp( ® +(2 )1® )—2/0 exp<<+2 ¢>'2[®1—|—1®8(¢+(2 ))>d¢H

LolleB-ue 1A -1+ 1)
144

1
H6exp(/\2l®1+(1—)\)1®23)+

exp(M). (3.1)
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Corollary 3.2. Since for f(t) = exp(t),t € R, |f| is convex, then by ([2.3)

1+ NADT+(1-N)1®B
: )

1
+;\exp<)\2[®1+(z_>\)l®8) —%/0 exp(<1+;_¢>ﬂ®1+1®3<¢+(;_)\))>d¢H

lexcp(2)[| (A(A(122X — 93) + 3) + 29) + [lexp(B)[| (A((273 — 122X)A — 183) + 61)
1296

1 1-A
HGexp(XZI®1+(1—)\)1®23)+ 3 exp(

< H1®z§—’u®1|||

(3.2) |

Setting \ = %, we obtain

1 AR +10B ART+10B
cP\ T 2 ) Te\ T 1

1

6
1 A1+3-108\ 1 [ 3_¢ o+ 3)
+6€Xp< 5 )—2/0 exp<(22 >2t®1+1®25< 22>)d¢H

5([lexp(U)| + [lexp(B)]|
288

<leBd3-A1| (3.3)

4. CONCLUSION

Tensors have become important in various fields, for example in physics because
they provide a concise mathematical framework for formulating and solving physical
problems in fields such as mechanics, electromagnetism, quantum mechanics, and
many others. As such inequalities are crucial in numerical aspects. Reflected in
this work is the tensorial Sarikaya and Bardak’s Lemma, which as a consequence
enabled us to obtain Simpson type inequalities in Hilbert space. New Simpson type
inequalities are given, examples of specific convex functions and their inequalities
using our results are given in the section some examples and consequences. Plans for
future research can be reflected in the fact that the obtained inequalities in this work
can be sharpened or generalized by using other methods. An interesting perspective
can be seen in incorporating other techniques for Hilbert space inequalities with the
techniques shown in this paper. One direction is the technique of the Mond-Pecaric
inequality, on which we will work on.
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ABSTRACT. In this study, we first define the concept of neutrosophic S-open
set. Then, using this new set definition, we present neutrosophic 3-compact
and neutrosophic S-closed spaces and examine their properties. Also, we clas-
sify these spaces using the concept of neutrosophic filterbase, which is intro-
duced for the first time in this study. And, relationships between these different
types and forms of compactness are investigated.

1. INTRODUCTION

The concept of compactness is one of the indispensable characters of general
topology and other topology forms. In general topology, these concepts of S-open
sets and [-continuous functions were first introduced by Abd El-Monsef [I]. Later,
these concepts were adapted to different topology forms and some interesting prop-
erties of them were investigated in different forms of topology as in [4, [6 [§]. By
using these notions, the basic classical results that have been going on in the general
topology from the very beginning are generalized. The aim of this paper is to de-
fine and investigate the concepts of neutrosophic S-compactness and neutrosophic
[B-closed spaces. Also, the concept of neutrosophic filterbases is presented and by
using this, we characterize these new types of compactness and space. Additionally,
the relationship between these new types and some different forms of compactness
in neutrosophic topology is clarified and a comparison between them is established.

2. PRELIMINARIES

In this section, we present the basic definitions related to neutrosophic set theory.
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Definition 2.1. ([10]) A neutrosophic set A on the universe set X is defined as:
A={{z,Ts(x),1s(z),Fa(x)):x € X},
where T, I, F: X — 170,11 [and ~0 < T4 (z) + La (x) + Fa (z) < 3T.
Scientifically, membership functions, indeterminacy functions and non-membership
functions of a neutrosophic set take value from real standart or nonstandart subsets
of ]70,17[. However, these subsets are sometimes inconvenient to be used in real
life applications such as economical and engineering problems. On account of this

fact, we consider the neutrosophic sets, whose membership function, indeterminacy
functions and non-membership functions take values from subsets of [0, 1].

Definition 2.2. ([7]) Let X be a nonempty set. If r, t, s are real standard or non
standard subsets of | 70, 1*[ then the neutrosophic set z, s is called a neutrosophic
point in X given by
f (rtys), ifr=ux,
xr,t,s(xp) - { (O, 07 1), if ¢ 7& T,
For z, €X, it is called the support of z, s, where r denotes the degree of mem-

bership value, t denotes the degree of indeterminacy and s is the degree of non-
membership value of 2,4 5.

Definition 2.3. ([9]) Let A be a neutrosophic set over the universe set X. The com-
plement of A is denoted by A€ and is defined by: A¢ = {<x, F (),1— It (z), Tr(e (x)> (x € X}.
It is obvious that [A€]® = A.

Definition 2.4. ([9]) Let A and B be two neutrosophic sets over the universe
set X. A is said to be a neutrosophic subset of B if Tx(z) < Tg(x),la(z) <
Ip(x),Fa(x) > Fp(x), every zinX. It is denoted by A C B. A is said to be
neutrosophic soft equal to B if A C B and B C A. It is denoted by A = B.

Definition 2.5. ([9]) Let F; and F; be two neutrosophic soft sets over the universe

set X. Then their union is denoted by F} U Fy = Fj is defined by:

F3 = {(2,TF, (), Ip, (), Fp,(2) - € X)},
where
TFS(E) = maX{TF1(I)’TF2 (J])},

IF3(ac) = maX{IFl(x)a IF2 (LE)},

FF3($) = min{FFl (93)7 FF2 (Z‘)}
Definition 2.6. ([9]) Let F; and F; be two neutrosophic soft sets over the universe

set X. Then their intersection is denoted by F} N Fy, = Fy is defined by:

F4 = {<$,TF4($),IF4(JZ),FF4(Q;‘) 1T e X>},
where
TF4(E) = min{TFl(I)7TF2 (.”L')},

IF4($) = min{IF1(x)a IF2 (LE)},
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Fr,(z) = max{Fr, (), F'r, ()}

Definition 2.7. ([9]) A neutrosophic set F' over the universe set X is said to be
a null neutrosophic set if Tp(x) = 0, Ip(x) = 0, Fp(x) = 1, every z € X. It is
denoted by Ox.

Definition 2.8. ([9]) A neutrosophic set F' over the universe set X is said to be
an absolute neutrosophic set if Tr(z) = 1, Ip(z) =1, Fr(x) =0, every z € X. It
is denoted by 1x.

Clearly 0% = 1x and 1§ = 0x.

Definition 2.9. ([9]) Let NS(X) be the family of all neutrosophic sets over the
universe the set X and 7 C NS(X). Then 7 is said to be a neutrosophic topology
on X if:

1) 0x and 1x belong to 7;

2) the union of any number of neutrosophic soft sets in 7 belongs to 7;

3) the intersection of a finite number of neutrosophic soft sets in 7 belongs to 7.
Then (X, 7) is said to be a neutrosophic topological space over X. Each member
of 7 is said to be a neutrosophic open set [9].

Definition 2.10. ([9]) Let (X, 7) be a neutrosophic topological space over X and
F' be a neutrosophic set over X. Then F' is said to be a neutrosophic closed set iff
its complement is a neutrosophic open set.

Definition 2.11. ([2]) A neutrosophic point z, ;s is said to be neutrosophic quasi-
coincident (neutrosophic g-coincident, for short) with F, denoted by z,s q¢ F if
and only if z, s Q Fe¢. If 2, is not neutrosophic quasi-coincident with F', we
denote by x,.+ s G F.

Definition 2.12. ([2]) A neutrosophic set F' in a neutrosophic topological space
(X, 7) is said to be a neutrosophic g-neighborhood of a neutrosophic point x,; s if
and only if there exists a neutrosophic open set G such that z,, s ¢ G C F.

Definition 2.13. ([2]) A neutrosophic set G is said to be neutrosophic quasi-
coincident (neutrosophic q-coincident, for short) with F, denoted by G ¢ F if and
only if G ¢ F°. If G is not neutrosophic quasi-coincident with F', we denote by G
q F.

Definition 2.14. ([3]) A neutrosophic point z,; s is said to be a neutrosophic
interior point of a neutrosophic set F' if and only if there exists a neutrosophic open
g-neighborhood G of x4 s such that G C F'. The union of all neutrosophic interior
points of F is called the neutrosophic interior of F' and denoted by F*°.

Definition 2.15. ([2]) A neutrosophic point z,; s is said to be a neurosophic cluster
point of a neutrosophic set F' if and only if every neutrosophic open ¢g-neighborhood
G of z,; ¢ is g-coincident with F'. The union of all neutrosophic cluster points of
F' is called the neutrosophic closure of F' and denoted by F".

Definition 2.16. ([2]) Let f be a function from X to Y. Let B be a neutro-
sophic set in Y with members hip function Tx(y), indeterminacy function Ip(y)
and non-membership function Fg(y). Then, the inverse image of B under f, written
as f~1(B), is a neutrosophic subset of X whose membership function, indetermi-
nacy function and non-membership function are defined as Ty-1(p)(z) = Tr(f()),
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If—l(B)(fL') = IB(f(:r,)) and Ff—l(B) (ZIJ) = FB(f(l‘)) for all z in )(7 respectively.
Conversely, let A be a neutrosophic set in X with membership function T4(z), in-
determinacy function I4(z) and non-membership function F4(x). The image of A
under f, written as f(A), is a neutrosophic subset of Y whose membership function,
indeterminacy function and non-membership function are defined as

supzef ipiTa(2)}, if f~Y(y) is not empty,
if 71 (y) is empty,

if £~ (y) is empty,

{supzef L(y) {IA( )y, if f71(y) is not empty,
supzef 1(y) {Fa(2)}, if f~1(y) is not empty,
if [~ (y) is empty,

for all y in Y, where f~!(y) = {x : f(z) = y}, respectively.

3. SOME DEFINITIONS

This section provides some new definitions that form the cornerstones of the
sections that follow.

Definition 3.1. A neutrosophic set F' in a neutrosophic topological space (X, ) is
said to be

Neutrosophic semiopen, if F Fi
Neutrosophic preopen, F C (

v

Neutrosophic 3-open, F C (F)°. EquivalentLy, if there exists a neu-
trosophic preopen set A such that A C F C A.

It is obvious that each neutrosophic semiopen and neutrosophic preopen neutro-
sophic set implies neutrosophic S-open.

Definition 3.2. If, F' be a neutrosophic set in neutrosophic topological space (X, 1)
then, F, = (W{F' : F C A, Ais neutrosophic preclosed} (resp. Fy = [J{F :
F C A, Aisneutrosophicpreopen}) is called a neutrosophic preclosure of F (resp.
neutrosophic preinterior of I).

Definition 3.3. If, F' be a neutrosophic set in neutrosophic topological space (X, T)
then, F; = ({F : F C A, Aisneutrosophic semiclosed} (resp. FS = J{F : F C
A, Ais neutrosophic semiopen}) is called a neutrosophic semiclosure of F (resp.
neutrosophic semi-interior of F).

Definition 3.4. If, F' be a neutrosophic set in neutrosophic topological space (X, 1)
then, Fg = ({F : FF C A, Ais neutrosophic 8 — closed} (resp. Fy =J{F: F C
A, A is neutrosophic B — open}) is called a neutrosophic S-closure of F (resp.
neutrosophic B-interior of F).

It is obvious that (F'¢); = (F5)° and (F°)3 = (F3)°.
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Definition 3.5. Let f : (X,7) — (Y,0) be a function from a neutrosophic topo-
logical space (X, T) into a neutrosophic topological space (Y,0). The function f is
said to be neutrosophic B-continuous, if f~*(A) is a neutrosophic (3-open set of X,
for each A € 0.

Definition 3.6. Let f : (X,7) — (Y,0) be a function from a neutrosophic topo-
logical space (X, T) into a neutrosophic topological space (Y, o). The function f is
said to be neutrosophic M [3-continuous, if f~*(A) is a neutrosophic B-open set of
X, for each neutrosophic -open set A in (Y, 0).

Lemma 3.1. Let f: (X,7) = (Y,0) be a function from a neutrosophic topological
space (X, T) into a neutrosophic topological space (Y,o). Then the following are
equivalent:

a) [ is neutrosophic M B-continuous.
b) f(F5) € (f(F))3, for every neutrosophic set I in (X, 7):

Proof. a) == b): Let F be a neutrosophic set in (X, 7), then f(F))3 is neutro-
sophic f-closed. By (a), f~(f(F))3 is neutrosophic f-closed and so f~'(f(F)); =
(fH(FF))p)p- Since F' C f7HF(F), F © (f T (F(F))p € (FHFEDR)s =
FHS(F))p). Hence f(F5) € (f(F))5.

b) = a): Let G be a neutrosophic -closed in (Y,0): By (b), if F = f~}(G);
then (FHG))5 € /MU UGN € 17H(G5) = FHG). Since [1(E) C
(f~H@))g, then f~1(G) = (f~1(G))3. Hence f~'(G) is a neutrosophic S-closed in
set in (X, 7). Hence f is neutrosophic M -continuous. |

Lemma 3.2. Let f: (X,7) = (Y,0) be a function from a neutrosophic topological
space (X, T) into a neutrosophic topological space (Y,0). Then the following are
equivalent:

a) f is neutrosophic B-continuous.
b) f(F5) C (f(F)), for every neutrosophic set I in (X, 7):

Proof. Obvious. O

Theorem 3.3. If f : (X,7) — (Y,0) is neutrosophic open function[d], then
fFHG) C(f~HQ)) for every neutrosophic set G in (Y, o).

Definition 3.7. A collection of neutrosophic subsets w of a neutrosophic topological
space (X, T) is said to form a neutrosophic filterbases if and only if, for every finite
collection {F; : i =1,...n}, Ni_, F; # 0,.

Definition 3.8. A collection ¢ of neutrosophic sets in a neutrosophic topologi-
cal space (X, ) is said to be cover of a neutrosophic set G of X if and only if,
Tpe,r)(®) =0, [upe py(7) =0 and Fiy, . r)(z) =0, where x is any support in
G. A neutrosophic cover ¢ of a neutrosophic set G in a neutrosophic topological
space (X, 1) is said to have a finite subcover if and only if, there exists a finite subcol-
lection p = {Fi, ..., Fn} of p such that Tyyr_ r,y(z) > Ta(x), Iyr_, r)(2) > Ig(z),
and Fyr_ r,)(z) > Fa(x), where x is any support in G.

Definition 3.9. A neutrosophic topological space (X, T) is said to be neutrosophic
strongly compact if and only if, every neutrosophic preopen cover of X has a finite
subcover.
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Definition 3.10. A neutrosophic topological space (X, T) is said to be neutrosophic
semicompact if and only if, every neutrosophic semiopen cover of X has a finite
subcover.

Definition 3.11. A neutrosophic topological space (X, T) is said to be neutrosophic
almost compact if and only if, every neutrosophic open cover of X has a finite
subcollection whose closures cover X .

Definition 3.12. A neutrosophic topological space (X, T) is said to be neutrosophic
S-closed if and only if, every neutrosophic semiopen cover of X has a finite subcol-
lection whose closures cover X.

Definition 3.13. A neutrosophic topological space (X, T) is said to be neutrosophic
s-closed if and only if, every neutrosophic semiopen cover of X has a finite subcol-
lection whose semiclosures cover X.

Definition 3.14. A neutrosophic topological space (X, T) is said to be neutrosophic
P-closed if and only if, every neutrosophic preopen cover of X has a finite subcol-
lection whose preclosures cover X.

4. NEUTROSOPHIC [3-COMPACT SPACE

In this subheading, we introduce the term neutrosophic g-compactness, which
forms the basis of our study. Then, we examine the relationship of this new concept
we introduced with other concepts introduced for the first time in this study and
conduct an in-depth research on its properties.

Definition 4.1. A neutrosophic topological space (X, T) is said to be neutrosophic
B-compact if and only if, for every family ¢ of neutrosophic -open sets such that
UceoG = 1x, there is a finite subfamily w C ¢ such that Uge,G = 1x.

Definition 4.2. A neutrosophic set § in a neutrosophic topological space (X, T) is
said to be neutrosophic B -compact relative to (X, 7) if and only if, for every family
¢ of neutrosophic B-open sets such that T\, r)(z) > T5(x), LUpe, F)(z) > I5(T)
and Fiy,e, ry(z) < F5(x), where z is any support in G, there is a finite subfamily
p C ¢ such that T(up.,ry(x) > T5(x), Lupe,my(T) > Is(z) and Fy,, r(T) <
Fs(x), where x is any support in G.

Remark. Since each of neutrosophic semiopenness and neutrosophic preopenness
implies neutrosophic B-openness, it is clear that every neutrosophic B-compactness
implies each of neutrosophic strongly compactness and neutrosophic semicompact-
ness. But the converse need not to be true.

Theorem 4.1. A neutrosophic topological space (X, T) is neutrosophic [3-compact
if and only if, for every collection {F; : i € I} of neutrosophic [3-closed neutrosophic
sets in (X, T) having the finite intersection property (\;c; Fy # 0.

Proof. Let {F; :i € I} be a collection of neutrosophic f-closed sets with the finite
intersection property. Suppose that ();.; Fi = Ox. Then, {J;c; F¥ = 1x. Since
{F¢ :i € I} is a collection of neutrosophic S-open sets cover of X, then from the
neutrosophic S-compactness of X it follows that there exists a finite subset J C I
such that {J;c; Fy = 1x. Then, (;.; Fj = Ox, which gives a contradiction and
therefore [, Fi # Ox.

Conversely, Let {F; : ¢ € I} be a collection of neutrosophic S-open sets cover of
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X. Suppose that for every finite subset J C I, we have Uj6 s F; # 1x. Then,
Njes Iy # 0x. Hence {Ff : i € I} satisfies the finite intersection property. Then,
from the hypothesis we have [),.; FY # Ox, which implies UjeJ F; # 1x and this
contradicting that {F; : ¢ € I} is a neutrosophic -open cover of X. Thus, X is
neutrosophic S-compact. (I

Now, we give some results of neutrosophic S-compactness in terms of neutro-
sophic filterbases.

Theorem 4.2. A neutrosophic topological space (X, T) is neutrosophic 3-compact
if and only if, every filterbases p in (X, 7), Ny, Hi # Ox.

Proof. Let ¢ be a neutrosophic S-open cover of X and ¢ have no a finite subcover.
Then, for every finite subcollection {F1, ..., F,,} of ¢, there exists x € X such that
Tp;(z) <1or Ip(z) <1or Fp(z) >0 for every j = 1,...,n. Then, Tpe(z) > 0
or Ipe(z) > 0 or Fre(x) < 1. So, (s Fy # Ox. {Fy : Fj € ¢} forms a filterbases
in (X, 7). Since ¢ is neutrosophic $-open cover of X , then Tp, (x) =1, Ir,(z) = 1
and Fp, (z) = 0 for every « € X and hence (. c,(F})3 = g, Fj = Ox which is
a contradiction. Then, every neutrosophic -open cover of X has a finite subcover
and hence X is neutrosophic -compact.

Conversely, suppose there exists a filterbases p such that (. Hs = 0x. So,
Ume,(Hp) = 1x. Hence, {(H3)® : H € p} is a neutrosophic S-open cover
in (X,7). Since X is neutrosophic S-compact, then there exists a finite sub-

cover {((H1)p)% vvveennnennn. , (Hn)3)}. Then, U;Z; ((H1)3)¢ = 1x and hence
Ul (H:)¢ = 1x. So, N, H; = 0x, which is a contradiction, since the H; are
members of filterbases . Therefore, (. u Hj # Ox every filterbases p. O

Theorem 4.3. A neutrosophic set « in a neutrosophic topological space (X, 1) is
neutrosophic 3-compact relative to X if and only if, for every filterbase u such that
every finite number of members of p is neutrosophic quasi-coincident with c,

([ Hp) Ne #0x.

Hep
Proof. Suppose that « is not be neutrosophic S-compact relative to X, then there
exists a neutrosophic S-open cover ¢ of «, which has a finite subcover. Then, for
every finite subcover § of ¢, a € Uy, s Hi- So, Npy,es Hf € a® # 0x. Then,
p={H;)°: H; € } forms a filterbases and ([, s H;)ge. From our assumption,
(Np,es(H)z) N # 0x. Clearly, (Ny,c5 HY Na # 0x. Then, (Ny,es HY # Ox.
This implies that (|J 1,es Hi # 1x. From this contradiction, « is neutrosophic j-
compact relative to X. Conversely, suppose that there exists a filterbases p such
that every finite number of members of p is neutrosophic quasi-coincident with «
and (e, Hz) Na=0x.
This implies o C ((; € uH3)¢. So, o C Uy € u(Hp). Then, o = {(Hp): H € pu}
is neutrosophic B-open cover of a. Since « is neutrosophic g-compact relative to X,

then there exists a finite subcover d of ¢, say 6 = {((H;)3)¢, - vvvoovvenn. ((Hn)5) )
such that a C i, ((H;)3)¢. Then, (., (H;)3 € a°. This means that ((;_, (H:)j)da.

From thi contradiction, it is clear that, for every filterbase p such that every finite
number of members of y is neutrosophic quasi-coincident with «, (¢ u H;g) Na #
0x.
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Theorem 4.4. FEvery neutrosophic B-closed subset of a neutrosophic B-compact
space is neutrosophic 3-compact relative to X.

Proof. Let ¢ be a neutrosophic filterbases in X such that ag((\{H : H € ¢}) holds
for every finite subcollection § of ¢ and a neutrosophic S-closed set a. Consider
©* = {a}Ug. For any finite subcollection 6* of ¢*, if & ¢ * then (6* # 0x. If a €
0% and since aq(({H : H € §*—{a}}), then () d* # 0x. Hence §* is a neutrosophic
filterbases in X. Since X is neutrosophic S-compact, then (N € ¢*(Hjz) # Ox.
So, (Ny € p(Hz)Na= (g € ¢(Hg) Nay # 0x. Hence by Theorem 4.3, we have
« is neutrosophic S-compact relative to X. ([l

Theorem 4.5. If a function [ : (X,7) — (Y, 0) is neutrosophic M 3-continuous
and « is neutrosophic S-compact relative to X, then so is f(«).

Proof. Let {F; : i € I} be a neutrosophic -open cover of f(«). Since f is
neutrosophic M B-continuous, {f~!(F;) : i € I} is neutrosophic S-open cover of
«. Since « is neutrosophic [(-compact relative to X, there is a finite subfam-

ily {f7YF;) : i =1,...... ,n} such that o C |J, f~'(F;). Then, f(a) C
FUL, fY(F)) € U, F;. Therefore, f(c) is neutrosophic S-compact relative
toY. 0

Lemma 4.6. If f : (X,7) — (Y, 0) is neutrosophic open and neutrosophic contin-
uous function, then f is neutrosophic M [3-continuous.

Proof. Let w be a neutrosophic S-open set in Y then w C (w)°. So, f~(w)
fH((@)°) € f~1(w)°) . Since f is neutrosophic continuous[5], then f~1((@)°)
(f71(®@)°)). Also by Theorem 3.3, f~(@)°) = (/"' ((®@)°))° € (/7' @))°
(f~Y(w))°. Thus, f~Hw) C f~1((@)°) C ((f~1(w)))°). This implies that f~*(w
is neutrosophic -open. So, f is neutrosophic M -continuous.

NN

o<

Corollary 4.7. Let f : (X,7) — (Y,0) be neutrosophic open and neutrosophic
continuous function. Consider that X is neutrosophic B-compact. Then, f(X) is
neutrosophic 3-compact .

Proof. 1t is follows directly from Lemma 4.6 and Theorem 4.5. (]

Definition 4.3. A function f: (X,7) — (Y, 0) is said to be neutrosophic M B-open
if and only if, the image of every neutrosophic B-open set in X is neutrosophic 3-
open in Y.

Theorem 4.8. Let f: (X,7) — (Y,0) be a neutrosophic M -open bijective func-
tion and Y is neutrosophic B-compact, then X neutrosophic 3-compact.

Proof. Let {F; :i € I} be a neutrosophic S-open cover of X. Then, {f(F;):i¢€ I}
is a neutrosophic -open cover of Y. Since Y is neutrosophic S-compact, there is
a finite subset J C I such that {F; : j € J} is a neutrosophic S-open cover of
Y. So, 1y = Ujle(Fi). Since f is a neutrosophic M -open bijective function,
lx = fYly) = f_l(f(UjeJ Fj)) = U,ey Fj. Therefore, X is neutrosophic -
compact. [
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5. NEUTROSOPHIC (3-CLOSED SPACES

Definition 5.1. A neutrosophic set o in a neutrosophic topological space (X, 1)
is said to be a neutrosophic [ q-neighborhood of a neutrosophic point x,; s in X, if
there exists a neutrosophic B-open set F' C o such that x,+ sqF.

Proof. Let x,+ s € oy and there exists a neutrosophic Sg-neighborhood G of z; ;s
, Gga.. Then there exists a neutrosophic open set F' C G in X such that z, sqF,
which implies F'ga and hence o C F°. Since F° neutrosophic S-closed, oy C FC.
From z,.s ¢ F°, we see that x, ;s ¢ ag. This is a contradiction. Conversely, let
Trps & ay = (W F : Fisp — closedinX,« C F}. Then, there exists a neutrosophic
B-closed set F such that x,; s ¢ F and o C F. Hence, 2,1 qF°¢ and agF°, where
F¢ is neutrosophic S-open in X. Then, F¢ is a neutrosophic Sq-neighborhood of
ZTrt,s and agFe. O

Definition 5.2. A neutrosophic topological space (X,7) is said to be neutrosophic
B-closed if and only if, for every family ¢ of neutrosophic B-open sets such that
Une, H = 1x, there is a finite subfamily 6 C ¢ such that Uy s Hz = 1x.

Remark. From the above definition and other types of neutrosophic compactness,
one can draw the following diagram:

Neutrosophic semi — compact — N eutrosophic s — closed — N eutrosophic S — closed

3 1
Neutrosophic 8 — compact — Neutrosophic 8 — closed
A 1

Neutrosophic strongly compact — Neutrosophic P — closed

Example 5.1. Let (X,7) be a neutrosophic topological and neutrosphic sets cu,
be defined as a, = {(z,1— 1,1 -1 1y 2 € X} for each n € NT. Consider a
neutrosophic topological space (X, 7) that {ay, : n € N1} is a neutrosophic base for
7. Then, {ay, : n € N1} is obviously a neutrosophic 3-open cover of X. In (X, 1),
(an)b = 1x for eachn > 3. Then, X is neutrosophic 5-closed but not neutrosophic

[B-compact.

Remark. FEzample 5.1 also shows that:

(i) Each of the concepts neutrosphic s-closed, neutrosphic S-closed
and neutrosphic P-closed spaces does not imply neutrosphic 3-compact.
(i1) Since {a, : n € N} is also neutrosophic semiopen cover of
X, then X s also neutrosophic 5-closed space but not neutrosophic
semi-compact space.

(111) Since {ay, : m € NT} is also neutrosophic preopen cover of
X, then X is also neutrosophic B-closed space but not neutrosophic
strongly compact space.

Example 5.2. Let X = [0,1] and consider the following neutrosophic sets
o = {(z, 5L, 51— Ly s e XY, = {2, B2, 1B 1 LB e XY, ag =

1 7327 ﬁ:a’z\/g’ 1 7?3/2§ T%;OT?;BQO v 1,7320
e Vs ’17\7/352(;51 1_73;\{)% : xlf?,j(fs}’ o= Vi s )ir e
as = {{z, RV ,1— 73 ).z € X}, where v/3 = 1,7320508075688. . . ...

Let p ={a;:i € NT}U{0x,1x}. It is clear that ¢ is a neutrosophic topology on
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X. Now, the collection {c; : i € NT} is a neutrosophic semiopen (resp. mneutro-
sophic preopen) cover of X but not has a finite subcover. So X is not neutrosophic
semicompact space (resp. neutrosophic strongly compact space). Since the neutro-
sophic semi-closure (resp. neutrosophic pre-closure) of every neutrosophic semiopen
(resp. neutrosophic preopen) set of X is 1x, then X is neutrosophic s-closed (resp.
neutrosophic P-closed).

Remark. Ezample 5.2 is also shows that each of the concepts neutrosophic S-closed
and neutrosophic P-closed spaces does not imply each of neutrosophic semicompact
and neutrosophic strongly compact spaces.

Remark. From the remark just after, Definition 4.2, Example 5.1,
the remark just after Example 5.1, Example 5.2 and the remark just
after Example 5.2, it is clear that:

(i) Neutrosophic S-closed and neutrosophic P-closed spaces are in-
dependent notions.

(i) Neutrosophic S-closed and neutrosophic strongly compact spaces
are independent notions.

(iii) Neutrosophic P-closed and neutrosophic semicompact spaces
are independent notions.

(iv) Neutrosophic [3-compact, neutrosophic semicompact and neu-
trosophic strongly compact spaces are independent notions.

Theorem 5.1. A neutrosophic topological space (X, 1) is neutrosophic B-closed if
and only if, for every neutrosophic B-open filterbases ¢ in (X,7), (\ye, H # Ox.

Proof. Let § be a neutrosophic -open cover of X and let for every finite subfamily
pof 8, Uge, By # 1x. Then, 0x C (¢, (Bp). Thus, p = {(B3)°: B € §} forms
a neutrosophic S-open filterbases in X. Since § is a neutrosophic S-open cover of
X, Npes B¢ = 0x. For B C By, (Bb)c C B°. As B¢ is neutrosophic [-closed,
((B3)9)s € B¢ So, Npes((B3)9)s = 0x. This contradicts with our assumption.
This means that every neutrosophic S-open cover of X has a finite subfamily p such
that UBEp B = 1x. Hence, X is neutrosophic S-closed.

Conversely, suppose there exists a neutrosophic S-open filterbases ¢ in X such
that Ny, Hy = Ox. So, Uye,(Hz)® = 1x. Then, 6 = {(Hp)° : B € ¢} is
a neutrosophic S-open cover of X. Since X is neutrosophic S-closed, then § has
a finite subfamily p such that Uy, ((H3))5 = 1x. So, Ny, ((Hp)9)3)¢ = Ox.
Thus, €p H = 0x. This contradicts with our assumption that ¢ is a neutrosophic
filterbese in (X, 7). O

Definition 5.3. A neutrosophic set a in a neutrosophic topological space (X,T) is
said to be neutrosophic B-closed relative to X if and only if, for every family § of
neutrosophic 3-open sets such that | Jp.s B = a, there is a finite subfamily p C 0
such that a € Upe, Bj-

Theorem 5.2. A neutrosophic set a in a neutrosophic topological space (X, T)
is neutrosophic B-closed relative to X if and only if, every neutrosophic [B-open
filterbases ¢ in (X,7), (nH€<p Hj)Na = 0x, there exists a finite subfamily w of ¢
such that (e, H)qo.

Proof. Let o be a neutrosophic S-closed relative to X; suppose ¢ is a neutro-
sophic S-open filterbases in (X, 7) such that for every finite subfamily w of ¢,
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(Nerew H)aabut (Nye, Hz) Na = 0x. For every support z in a, T, ;) (x) =
0, .I(QHGW HZ;)(:C) =0 and F(ﬂHew H;S)(as) = 1. This implies that, for every support
T m o, T(nHew(Hfa)c)($) = 1, I(nHew(Hfs)C)(x) =1 and F(ﬂHew(HZi)c)(x) = 0. Then,
6 = {(H3)°) : B € p} is neutrosophic S-open cover of o and hence there exists a
finite subfamily w C ¢ such that o C (Upe,((Hp)%)5- So, Npe, ((H)9)5)¢ C
a®. Then, Nye,(((Hz)z € o This means that (., H C a° Therefore,
(Ngew, H)gac. This is a contradiction.

Conversely, let « not be a neutrosophic S-closed set relative to X; then there ex-
ists a neutrosophic S-open cover § of « such that every finite subfamily p C 9§,
Use, Bp ¢ a. Then, a¢ ¢ (Bp)°. This implies that (g ,(B3)° # 0x. So,
¢ = {(B3)¢ : B € ¢} forms a neutrosophic S-open filterbases in (X,7). Let
there exists a finite subfamily {(Bj)° : B € p} such that ((\pc,(Bj))do. Then,
a C UBepB;j' Hence, exists a finite subfamily p C § such that o C UBEpB;;’

which is a contradiction. Then, for each finite subfamily w = {(B3)° : B € p}
of ¢, we have ((pc,(B3))ge. From our assumption, ((\ps((B)9)z Na # Ox.
So, Npes(((B3)9)3)° U ac # 1x. Clearly, Npes(((B3)9)5)° U a® # 1x. Then,
Upes(((B3)z # 1x. So, Upes B # 1x. This contradicts with the fact that ¢ is
a neutrosophic S-open cover of a. Therefore « is neutrosophic §-closed relative to
X. (I

Definition 5.4. A neutrosophic set « in a neutrosophic topological space (X, T) is
said to be neutrosophic B-regular, if it is both neutrosophic 3-open and neutrosophic
(B-closed set.

Proposition 5.3. If « is neutrosophic 3-open set in (X, 1), then o 1s neutrosophic
B-regqular.

Proof. Since a is neutrosophic (B-closed, we must show that @ is neutrosophic
B-open. Since a is neutrosophic S-open in (X,7), 9 C a C ¢ holds for some
neutrosophic preopen set ¥ in (X, 7). Therefore, we have ¢ C U5 Caz C 9 and
hence aj is neutrosophic [B-open. [l

Theorem 5.4. For a neutrosophic topological space (X, 1), the following are equiv-
alent:

(a) (X,T) is a neutrosophic B-space.

(b) Every neutrosophic B-regular cover of X has a finite subcover.

(¢) For every collection {B; : i € I} of neutrosophic f-reqular sets

such that ((;c; Bi = Ox, there exists a finite subset G C I such

that (miEG Bz = Ox.

Proof. Tt is obvious from Proposition 5.3 and from the facts that, for every col-

lection {B; : i € I}, (U;er Bi)® = Micr(Ba)¢, (Mier Bi)¢ = User(Bi)© and B is
neutrosophic S-open set if and only if, B¢ is neutrosophic S-closed set. O

Theorem 5.5. Let f : (X,7) = (Y,0) be a neutrosophic B-continuous surjection
function. If (X, T) is neutrosophic B-closed space, then (Y, o) is neutrosophic almost
compact.

Proof. Let {B; : i € I} be a neutrosophic open cover of Y. Then, {f~*(B;) :i € I}
is a neutrosophic S-open cover of X. By hypothesis, there exists a finite subset G C
I such that (;cq(f~'(Bi))3 = 1x. From the surjectivity of f and by Lemma 3.2,
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ly = f(1x) = f(Uicc(fH(Bi))3) € Uiea(F(f7H(Bi)))s = Uieq(Bi)" Hence

(Y, o) is neutrosophic almost compact. O

Using Lemma 3.1, we have also the following theorem which can proved similarly
to Theorem 5.5.

Theorem 5.6. If f : (X,7) — (Y,0) is neutrosophic M [3-continuous surjection
function and (X, 7) is neutrosophic 5-closed space, then (Y, o) is so.

6. CONCLUSION

In our article, first of all, all the factors that make it necessary for us to do
this study and the definitions that form the cornerstones of our study are given in
the introduction and preliminaries section, respectively. In the third chapter, some
types of open sets and continuities, which have already been introduced and whose
properties have been examined in detail in general topology, but have never been
introduced before in neutrosophic spaces, are given and some properties of these
concepts are given. In the fourth and fifth sections, some types of space are given
using the new concepts given in the third section, and the relationships between
these spaces are shown through diagrams. In order to better demonstrate these
relationships, reverse examples were also given.
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