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The relationship between modular metrics and fuzzy metrics
revisited

SALVADOR ROMAGUERA*

ABSTRACT. In a famous article published in 1975, Kramosil and Michélek introduced a notion of fuzzy metric
that was the origin of numerous researches and publications in several frameworks and fields. In 2010, Chistyakov
introduced and discussed in detail the concept of modular metric. Since then, some authors have investigated the
problem of establishing connections between the notions of fuzzy metric and modular metric, obtaining positive partial
solutions. In this paper, we are interested in determining the precise relationship between these two concepts. To
achieve this goal, we examine a proof, based on the use of uniformities, of the important result that the topology
induced by a fuzzy metric is metrizable. As a consequence of that analysis, we introduce the notion of a weak fuzzy
metric and show that every weak fuzzy metric, with continuous t-norm the minimum t-norm, generates a modular
metric and, conversely, we show that every modular metric generates a weak fuzzy metric, with continuous t-norm
the product t-norm. It follows that every modular metric can be generated from a suitable weak fuzzy metric, and that
several examples and properties of modular metrics can be directly deduced from those previously obtained in the
field of fuzzy metrics.

Keywords: fuzzy metric, weak fuzzy metric, modular metric

2020 Mathematics Subject Classification: 54E35, 54A40.

1. INTRODUCTION

With the aim in offering a fuzzy approach of statistical metric spaces and Menger spaces,
Kramosil and Michdlek introduced in [13] the fruitful notions of fuzzy metric and fuzzy metric
space. Modifications of these concepts were proposed by Grabiec [8], and George and Veera-
mani [6]. These structures have been extensively explored both from the point of view of their
topological and metric properties, as well as the development of a fixed point theory for them,
and their application to various fields. There are obviously numerous relevant publications on
fuzzy metric spaces and related structures. In order not to make the reference section too long,
we will limit ourselves to cite the books [3, 10] and the very recent [7] joint with the references
therein.

On the other hand and partly motivated by the studies about modulars on vector spaces
([14, 15, 16, 17]) Chistyakov introduced and discussed in [4] (see also [5]) the concepts of mod-
ular metric and modular metric space. Looking at Chistyakov’s definition, it can be well in-
tuited that there is a strong connection between modular metrics and fuzzy metrics. In fact,
some authors have explored such a connection when working in the construction of a fixed
point theory for modular metric spaces, obtaining various positive partial solutions (see, e.g.,
[11, 20]). In this paper, we are interested in determining the precise relationship between these
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The relationship between modular metrics and fuzzy metrics revisited 91

two concepts. To achieve this goal, we examine a proof, based on the use of uniformities, of the
important result that the topology induced by a fuzzy metric is metrizable. As a consequence of
that analysis, we introduce the notion of a weak fuzzy metric and show that every weak fuzzy
metric, with continuous t-norm the minimum t-norm, generates a modular metric such that
the induced topologies agree; and, conversely, we show that every modular metric generates a
weak fuzzy metric, with continuous t-norm the product t-norm, such that the induced topolo-
gies agree. It follows that every modular metric can be generated from a suitable weak fuzzy
metric, and that several examples and properties of modular metrics can be directly deduced
from those previously obtained in the field of fuzzy metrics.

2. REMARKS ON THE NOTION OF FUZZY METRIC

First, we emphasize that our notation and terminology will be standard. By R*, we design
the set of non-negative real numbers and by N the set of natural numbers.

Now, we recall the notions of fuzzy metric and fuzzy metric space in the aforementioned
senses. To this end, the following well-known concept will play a fundamental role.

Definition 2.1. A binary operation = : [0,1] x [0,1] — [0, 1] is said to be a continuous triangular
norm (continuous t-norm in short) if ([0, 1], %) is a topological Abelian monoid with neutral 1 such that
axc<bxcifa<b, witha,b,c € [0,1].

As distinguished examples of continuous t-norm that will be used throughout this paper,
we have the minimum t-norm A, the product t-norm *p and the Lukasiewicz t-norm *,, which
are defined as follows: a A b = min{a,b}, a xp b = ab, and a x;, b = max{a + b — 1,0}, for all
a,b € [0,1]. Recall that A > p > x,. In fact, A > * for any continuous t-norm .

The books [10, 12] provide suitable sources to the study of continuous t-norms.

Now, consider the following axioms for a set X, a fuzzy set M in X x X xR" ,and z,y, 2z € X:
(KM1) M(z,y,0) =0;

(GV1) M(z,y,t) > 0forallt > 0;

(KM2) z = yif and only if M (z,y,t) = 1 for all ¢ > 0;

(GV2) M(z,z,t) =1forallt > 0,and M(x,y,t) < 1 whenever y # x;
(KM3) M(z,y,t) = M(y,x,t) forall t > 0;

(KM4) M(z,z,t+s) > M(z,y,t) * M(y, z,s) for all t, s > 0;

(KM5) the function t — M (z,y,t) is left continuous on R™;

(GV5) the function t — M (xz,y,t) is continuous on RT;

(KM6) limy—yoo M (z,y,t) = 1.

The triple (X, M, %) is a fuzzy metric space in the sense of Kramosil and Michélek [13] pro-
vided that axioms (KM1), (KM2), (KM3), (KM4), (KM5) and (KM6) are fulfilled. In that case,
we will say that the pair (M, ), or simply M, is a KM-fuzzy metric.

In [8], Grabiec removed axiom (KMS6) in the definition of fuzzy metric space because it was
not necessary for his research about fixed point theory on fuzzy metric spaces. Then, a fuzzy
metric (M, %), or simply M, in Grabiec’s sense will be called a Gr-fuzzy metric.

Later, George and Veeramani [6] defined a fuzzy metric space as a triple (X, M, ), where X
is a set, M is a fuzzy setin X x X x (0, c0) and x is a continuous t-norm such that axioms (GV1),
(GV2), (KM3), (KM4) and (GV5) are fulfilled. In that case, we will say that the pair (M, ), or
simply M, is a GV-fuzzy metric.

Note that every GV-fuzzy metric (M, x) can be considered as a Gr-fuzzy metric simply defin-
ing M(z,y,0) =0forallz,y € X.

In [8, Lemma 4], Grabiec stated assertion (1) of Lemma 2.1 below in the framework of Gr-
fuzzy metrics.
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Lemma 2.1. Let X be a set, M be a fuzzy set in X x X x R* and = be a continuous t-norm for which
axioms (KM1), (KM2) and (KM4) are fulfilled. Then, for each x,y € X, we get

(1) The function t — M (x,y,t) is nondecreasing on RY,
(2) x =vyifand only if M(x,y,t) >1—tforallt > 0.

Proof.

(1) Fixz,y € X.Lets,t € Rt such that 0 < s < t.If s = 0, we get M (z,y, s) = 0 by (KM1).
If s > Owe get M(z,y,t) > M(z,z,t—s)*M(x,y,s) = M(z,y, s) by (KM2) and (KM4).
(2) Suppose that x = y. Then, M(x,y,t) > 1 — ¢ for all ¢t > 0 by (KM2). Conversely,
suppose that z # y. By (KM2), there aret > 0 and ¢ € (0,1) such that M (z,y,t) < 1—24.
It follows from hypothesis and assertion (1) that, for any s € (0,¢),1 — s < M(z,y,s) <

M(z,y,t) <1—4,acontradiction.
(Il

Every Gr-fuzzy metric M on a set X induces in a natural way a topology T»; on X. We show
that axioms (KM1), (KM2) and (KM4) are sufficient to construct such a topology.

Lemma 2.2. Let X be a set, M be a fuzzy set in X x X x R* and = be a continuous t-norm for
which axioms (KM1), (KM2) and (KM4) are fulfilled. For each x € X,e € (0,1) and t > 0, set
Buy(z,e,t) ={y € X : M(x,y,t) > 1 —e}. Then, the family

I ={ACX: foreachx € Athereise € (0,1) and t > 0 such that By(x,e,t) C A},
is a topology on X.

Proof. It is obvious that the union of any family of members of T, belongs to T5;. Now, let
Ay, ..., Ay, be a finite family of members of Tj;. Let z € ();_, Ax. For each k € {1, ...,n} there
iser € (0,1) and ¢, > 0 such that Bys(x,eg,t;) C Ag. Pute = min{ey : k € {1,...,n}} and
t = min{ty : k € {1,...,n}}. It follows from Lemma 2.1 that By (z,¢e,t) C By (x, ek, ty) for all
k € {1,...,n}. Therefore, Bys(x,¢e,t) gﬂ;;l Ay. We conclude that T, is a topology on X. O

Remark 2.1. It is well known that the topology s is metrizable, i.e., there is a metric on X such that
its induced topology agrees with Tyr. Next, we present an outline of a proof of this fundamental result
based on the construction of a suitable uniformity (see, e.g., [9, 19]) and emphasizing about those axioms
that are really used. The conclusions derived from this examination will be key later on.

Indeed, let X be a set, M be a fuzzy set in X x X x RY and « be a continuous t-norm for which
axioms (KM1), (KM2), (KM3) and (KM4) are fulfilled. For each n € N put

Up,={(z,y) € X x X : M(z,y,1/n) >1—1/n}.
Then, we obtain
o {(z,z):x€ X} =2, U, by (KM1), (KM2) and (KM4) (Lemma 2.1),

o U, =U," forall n € N by (KM3),
e foreach n € N there is m € N such that U2, C U,, by continuity of x and (KM4).
Therefore, the family {U,, : n € N} is a (countable) base for a uniformity on X whose induced
topology agrees with T s, which implies that T s is a metrizable topology on X.

Next, we remind some typical and well-known examples of KM, Gr and GV fuzzy metric
spaces. In all cases we will assume, without explicit mention, that axiom (KM1) is satisfied.

Example 2.1. Let (X, d) be a metric space and * be a continuous t-norm. Let My : X x X xRt — [0, 1]
given by

Mg(z,y,t) = t+dz.y)
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forall z,y € X and t > 0. Then, the pair (Mg, *) is a GV-fuzzy metric on X, whose induced topology
coincides with the topology induced by d.

Example 2.2. Let (X, d) be a metric space and * be a continuous t-norm. Let Mpy : X x X x RT —
[0,1] given by Mo1(z,y,t) = Lifd(z,y) < t, and Moi(z,y,t) = 0if d(z,y) > ¢, forall z,y € X
and t > 0. Then, the pair (Mo1, *) is a KM-fuzzy metric on X whose induced topology coincides with
the topology induced by d. Clearly, (Mo1, *) is not a GV-fuzzy metric whenever | X| > 2 because axiom
(GV1) is not satisfied.

Example 2.3. Let X = [0,1] and let = be a continuous t-norm. Then, the pair (M., *) is a Gr-fuzzy
metric on X, where M, (z,xz,t) =1forallz € X andt > 0, and M(z,y,t) = x*y forallx,y € X
with x # y, and t > 0. Clearly, (M., *) is not a KM-fuzzy metric because axiom (KM6) is not satisfied.
Moreover, it is not a GV-fuzzy metric because M, (0,y,t) = 0 whenever y # 0.

Example 2.4. Let (X,d) be a metric space such that d(x,y) < 1 for all x,y € X. Then, the pair
(M, *1) is a Gr-fuzzy metric on X, where Mi(x,y,t) = 1 —d(z,y) forall z,y € X and ¢t >
0. Moreover, the topologies induced by (M, *) and d coincide. Note also that if there are x,y €
X such that d(x,y) = 1, then (My,*y) is not a GV-fuzzy metric because axiom (GV1) is not be
satisfied. Moreover, (M, *y,) is not a KM-fuzzy metric whenever | X| > 2 because axiom (KM6) is not
be satisfied.

Remark 2.2. It is well known (see, e.g., [6, Result 3.2]) that for every Gr-fuzzy metric M on a set X
the balls Bys(z,€,t) are Tpr-open sets. To show it axiom (KMb5) is essential. Fortunately, this result
will not be relevant for our targets.

By virtue of Remark 2.1, we propose the following notion.

Definition 2.2. A weak fuzzy metric space is a triple (X, M, «), where X is a set, M is a fuzzy set in
X x X x R* and x is a continuous t-norm for which axioms (KM1), (KM2), (KM3) and (KM4) are
fulfilled. In this case, we say that the pair (M, %), or simply M, is a weak fuzzy metric on X.

Remark 2.3. Let (X, M, %) be a weak fuzzy metric space. It follows from Remark 2.1 that a sequence
(@) in X is Tpy-convergent to a x € X if and only if, for each t > 0, lim,, oo M (z, z,,t) = 1.

Remark 2.4. Recall that Kramosil and Michdlek added axioms (KM5) and (KM6) in their definition
with the aim of having that, for each x,y € X, the function t — M (z,y,t) be a (generalized) distribu-
tion function, as occurs for statistical metric spaces. Note also that axiom (KM6) is crucial in the realm
of fuzzy normed spaces, concretely, to show that every fuzzy normed space is a topological vector space
(see [1, 3, 18]).

We conclude this section with three examples of weak fuzzy metrics that are not Gr-fuzzy
metric, obtained by suitable modifications in Examples 2.1, 2.2 and 2.3, respectively.

Example 2.5. Let (X, d) be a metric space and * be a continuous t-norm. Let My, : X x X x RT —
[0, 1] given by
t
Md,w(xayat> - t+d(.’£,y)

forall z,y € X andt € (0,1), and My (z,y,t) = 1 forall z,y € X and t > 1. Then, the pair
(Mg, %) is a weak fuzzy metric on X whose induced topology coincides with the topology induced
by d. Note that (Mg, *) is not a Gr-fuzzy metric if | X| > 2 because, for x # y, the function t —
Mg w(x,y,t) is not left continuous at t = 1.

Example 2.6. Let (X, d) be a metric space and = be a continuous t-norm. Let My1 ., @ X x X X
Rt — [0, 1] giU@Tl by M017w($,y,t) =1 lfd(d?,y) < t, MOl’w(.:E,y,t) = 1/2 lfd(z,y) = t, and
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Mo (z,y,t) = 0ifd(z,y) > t, forall z,y € X and t > 0. Then, the pair (Mo1 ., *) is a weak fuzzy
metric on X whose induced topology coincides with the topology induced by d. Note that (Mo1 ), *)
is not a Gr-fuzzy metric if | X| > 2 because, for x # y, the function t — My ., (z,y,t) is not left
continuous at t = d(x,y). Note also that the “open” ball By .,(x,1,1) is not necessarily a T p-open
set because Bo1 . (x,1,1) = {y € X : d(z,y) < 1}.

Example 2.7. Let X = [0, 1]. Then, the pair (Mx, \) is a weak fuzzy metric on X, where Ma(x, x,t) =
lforallz € Xandt > 0, M(z,y,t) = x ANy forall z,y € X withx # yandt € (0,1), and
M(z,y,t) = 1forall x,y € X and t > 1. Clearly, (Mx, ) is not a Gr-fuzzy metric because the
function t — M (x,y,t) is not left continuous at t = 1 for x # y.

3. MODULAR METRICS AND THEIR RELATION WITH FUZZY METRICS
We start this section recalling the notion of modular metric as given by Chistyakov ([4, 5]).

Definition 3.3. A modular metric on a set X is a function w : (0,00) x X x X — [0, 00| that fulfills
the following axioms for all x,y,z € X:

(MM1) x =y ifand only if w(t,z,y) = 0 for all t > 0;

(MM2) w(t,z,y) = w(t,y,x) forall t > 0;

(MM3) w(t+s,z,y) <w(t,z,z)+w(s, z,y) forallt,s > 0.

A modular metric space is a pair (X, w) such that X is a set and w is a modular metric on X.

Let w be a modular metric on a set X. Foreach z € X, and ¢,t > 0, set By, (z,¢,t) = {y € X :
w(t,z,y) < e}. Since, for each z,y € X, the function ¢ — w(¢, x,y) is nonincreasing on (0, co)
([4, p. 3]), we deduce, similarly to the proof of Lemma 2.2, that the family

Tw={AC X : foreach z € Athere exist g, > 0 such that B,,(x,e,t) C A},
is a topology on X.

Remark 3.5. If, for each x,y € X, the function t — w(t, x,y) is left continuous on (0, 00), then each
ball B, (z,e,t) is a T,,-open set. Indeed, suppose that y € By, (x,¢,t) for some x € X and ,¢t > 0.
Put § = e —w(t,z,y) and choose r € (0,t) such that w(t — r,z,y) < w(t, z,y) + 6/2. Thus, for each
z € By(y,8/2,1), we have

w(t,z,2) <w(t —r,z,y) +w(ry,z) <wlt,z,y)+6/2+5/2=¢.
We conclude that B, (y,0/2,7) C By (z,€,t), and hence, B,,(x,¢,t) is a T,,-open set.
In the light of the preceding remark, and by analogy with the fuzzy metric case, by a Gr-
modular metric on a set X we will mean a modular metric w on X satisfying that, for each z,y €

X, the function t — w(t,z,y) is left continuous on (0,00). If, in addition, w satisfies that
lim oo w(t,z,y) = 0 for all z,y € X, we will say that w is a KM-modular metric on X.

Proposition 3.1. Let (M, *) be a weak fuzzy metric on a set X such that « = A. Then, the function
wp 2 X x X x (0,00) — [0, 0] defined by
1—M(z,y,t)
M(z,y,t)
forall x,y € X and t > 0, is a modular metric on X such that the topologies Ty and T.,,, coincide

on X. Furthermore, if (M, N) is a Gr-fuzzy metric (resp. a KM-fuzzy metric) on X, then wys is a
Gr-modular metric (resp. a KM-modular metric) on X.

B.1) wy (t,x,y) =

Proof. We first note that wj, satisfies axioms (MM1) and (MM2) as a direct consequence of
(KM2) and (KM3), respectively.
In order to verify that w), satisfies (MM3) we shall distinguish two cases.



The relationship between modular metrics and fuzzy metrics revisited 95

Case 1. min{M (z, z, 1),
Case 2. min{M (z, z,1),
Put a = M(z,z,t),b =

M(z,y,s)} = 0. Then, max{wp (¢, z, z), wpr (s, z,y)} = oo.

M(z,y,s)} > 0. Then, M(z,y,t+s) > 0 by (KM4).

M(z,y,s)and ¢ = M (z,y,t + s). Then,a+b—ab>aV b, so

cla+b—ab) > (a Ab)(a+b—ab) > ab.

Hence, c(a + b — 2ab) > (1 — ¢)ab, and, thus

l—-¢c 1—a 1-0
< +

c T a b
We conclude that wj, is a modular metric on X.

The fact that the topologies Tj; and ¥, coincide on X is a consequence from the following
easy relations:

wM(t+$7‘T7y): :wM(t,x,z)+wM(s,z,y).

By (z,e/L,t) C By, (x,e,t) C By (z,¢,t)
forallz € X, e € (0,1)and ¢ > 0, where L > 1 +&.
Finally, it is obvious that if (M, A) is a Gr-fuzzy metric (resp. a KM-fuzzy metric) on X, then
wyy is a Gr-modular metric (resp. a KM-modular metric) on X. (]

Conversely, we have:
Proposition 3.2. Let w be a modular metric on a set X and let M, the fuzzy set in X x X x R
defined by M,,(x,y,0) =0 forall x,y € X and
1
1y w(t, z,y)
forall z,y € X andt > 0. Then, the pair (M., *p) is a weak fuzzy metric on X such that the topologies

Tw and Ty, coincide on X. Furthermore, if w is a Gr-modular metric (resp. a KM-modular metric) on
X, then (M., *p) is a Gr-fuzzy metric (resp. a KM-fuzzy metric) on X.

(3.2) My (z,y,t)

Proof. We first note that M, satisfies axioms (KM2) and (KM3) as a direct consequence of
(MM1) and (MM2), respectively.

To show that (M, *p) is a weak fuzzy metric on X it remains to verify that wy, satisfies
(KM4). To this end, let z,y, z € X and ¢, s > 0. If min{¢, s} = 0, we have M,,(z,y,t +s) > 0 =
My (z, z,t) *p M(z,y,s) = 0 by the definition of M,,. So, we will assume that ¢ > 0 and s > 0.
Then, we obtain

1 S 1
1+wt+s,xy) — 1+wtxz)+w(s, z,y)
1 1
>
T 14wtz z) 14+ w(s, z,y)
Similarly to the proof of Proposition 3.1, the fact that the topologies ¥, and T, coincide on X
is a consequence from the following easy inclusions:

(3.3) By, (2,e/2,t) C By(z,e/2,t) € By, (,¢,t)
forallz € X,e € (0,1) and ¢ > 0. O

My(2,y,t +s) =

= MU,(I, Z,t) *p MU,(Z, Y, 5)'

Remark 3.6. Remark 2.1 and relations (3.3) imply that the topology ¥, is metrizable. Moreover,
by Remark 2.3, we get that a sequence (x,,), in X is T,-convergent to a x € X if and only if, for
each t > 0, lim,_,o w(t,z,2,) = 0, thus recovering an important result by Chystiakov (compare [4,
Theorem 2.13]).

With the help of Proposition 3.1 and examples given in Section 2, it is easy to obtain several
instances of modular metrics (compare [4, Examples 2.4]).
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Example 3.8.

(A) Let (X,d) be a metric space. By applying Example 2.1 and Proposition 3.1 (formula (3.1)), we
immediately deduce that the function w : (0,00) X X x X — [0, 00| given by w(t,z,y) =
d(z,y)/t forall z,y € X and t > 0, is a KM-modular metric on X. If we apply Example 2.5
instead of Example 2.1, we obtain that the function w : (0,00) x X x X — [0, 00| given by
w(t,z,y) = d(z,y)/t forall z,y € Xandt € (0,1), and w(t,x,y) = 0 forall x,y € X
and t > 1, is a modular metric on X that is not a Gr-modular metric whenever | X| > 2.

(B) Let (X,d) be a metric space. By applying Example 2.2 and Proposition 3.1 (formula (3.1)), we
immediately deduce that the function w : (0,00) x X x X — [0, o0] given by w(t,z,y) = 0
ifd(z,y) < t,and w(t,z,y) = oo if d(x,y) > t, is a KM-modular metric on X. If we apply
Example 2.6 instead of Example 2.2, we obtain that the function w : (0,00) x X x X — [0, o0]
given by w(t,z,y) = 0if d(z,y) < t, w(t,z,y) = 1ifd(z,y) = t, and w(t,z,y) = oo if
d(z,y) > t, is a modular metric on X that is not a Gr-modular metric whenever | X| > 2.

(C) Let X = [0,1]. By applying Example 2.3, with « = A, and Proposition 3.1 (formula (3.1)) we
immediately deduce that the function w : (0,00) x X x X — [0, 00] given by w(t,z,z) = 0
forallxz € X andt > 0, and w(t,z,y) = (1/(x ANy)) — 1 whenever x # yand t > 0, is a Gr-
modular metric on X that is not a KM-modular metric on X. If we apply Example 2.7 instead of
Example 2.3, we obtain that the function w : (0,00) x X x X — [0, 00| given by w(t, z,z) =0
forallz € Xandt > 0, w(t,z,y) = (1/(x Ny)) — 1 whenever x # yand t € (0,1), and
w(t, z,y) = 0 whenever x # y and t > 1, is a modular metric on X that is not a Gr-modular
metric on X.

Note that Propositions 3.1 and 3.2 imply the following statements:

(s1) If (M, A) is a weak fuzzy metric on a set X, then M = M,
(s2) If w is a modular metric on a set X, then w = w)y

M
w *

In turn, statements (s1) and (s2) suggest the next notions.

Definition 3.4.

(i) A weak fuzzy metric (M, *) on a set X is called modulable if there is a modular metric w on X
such that M = M,,.

(ii) A modular metric w on a set X is called fuzziable if there is a weak fuzzy metric (M, *) on X
such that w = w)y.

Therefore, we obtain:

Proposition 3.3.

(a) Every fuzzy metric (M, *) on a set X such that x = A is modulable.
(b) Every modular metric on a set X is fuzziable.

We finish the paper by recalling that precedents of Propositions 3.1 and 3.2 can be found in
[11] and [20], respectively. Thus, in [11] it was proved Proposition 3.1 for the case that (M, %)
is a triangular GV-fuzzy metric in the sense of [2], while that in [20] is was proved that under
the assumption that w is a non-Archimedean modular metric on a set X such that, for each
xz,y € X, the function t — w(t,z,y) is continuous on (0,0), and condition w(t,z,y) > 0
whenever z # y is also satisfied, then equality (3.2) defines a non-Archimedean triangular
GV-fuzzy metric on X for the product t-norm.
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ABSTRACT. In this paper, we introduce a unified method for generating ideals of Mobius-invariant Banach-valued
Bloch mappings on the complex open unit disc D, through the composition with the members of a Banach operator
ideal Z. Using the linearization of derivatives of Banach-valued normalized Bloch mapplngs on D, this composition
method yields the so-called ideals of Z-factorizable normalized Bloch mappings Z o B, where B denotes the class of
normalized Bloch mappings on D. We present new examples of them as ideals of separable (Rosenthal, Asplund)
normalized Bloch mappings and p-integral (strictly p-integral, p-nuclear) normalized Bloch mappings for any p €
(1, 00). Moreover, the Bloch dual ideal 7B-dual of an operator ideal 7 is introduced and shown that it coincides with
the composition ideal 742! o .
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1. INTRODUCTION

Let D be the complex open unit disc, let X be a complex Banach space and let #(D, X') be
the space of all holomorphic mappings from D into X. The Bloch space B(D, X) is the linear
space of all mappings f € H(D, X) such that

ps(f) = sup{(1 — [z[*)[If'(2)]: 2 € D} < oo,

under the Bloch seminorm pj, and the normalized Bloch space B(D, X) is the closed subspace
of B(D,X) formed by all those maps f for which f(0) = 0, under the Bloch norm pp. For
simplicity, it is usual to write B (D) := B(D,C) and B (D) := B(D,C). These spaces of Bloch
mappings have been studied by some authors and we know a lot of their properties (see, e.g.,
(2]

A useful procedure for constructing new X-valued Bloch mappings on D consists of com-
posing the X-valued Bloch mappings on D with operators of some distinguished Banach oper-
ator ideal Z. This process was used in [13] to characterize X -valued Bloch mappings on D that
have a Bloch range which is relatively (weakly) compact in X or such that the linear hull of its
Bloch range is a finite-dimensional subspace of X. Furthermore, these latter function spaces
enjoy the property of being invariant under the action of Mobius transformations of the unit
disc.

Motivated by these results, our main purpose here is to present a unified method of com-
position for generating ideals of Mobius-invariant Z-factorizable Bloch mappings Z o 3, where

Received: 18.07.2024; Accepted: 07.08.2024; Published Online: 09.08.2024
*Corresponding author: A. Jiménez-Vargas; ajimenez@ual.es
DOI: 10.33205/cma.1518651

98



New ideals of Bloch mappings which are Z-factorizable and Mobius-invariant 99

7 is a Banach operator ideal and B is the class of Bloch mappings on D. For a first study of
Mobius invariant function spaces, we refer the reader to [3].

In the literature, we can find some interesting papers where this composition method has
been applied for constructing new classes of functions in different contexts as, for example,
the Lipschitz setting in [1] by Achour, Rueda, Sdnchez-Pérez and Yahi and [18] by Saadi; the
polynomial and holomorphic contexts in [4] by Aron, Botelho, Pellegrino and Rueda; the poly-
nomial and multilinear settings in [5] by Belaada, Saadi and Tiaiba and [7] by Botelho, Pelle-
grino and Rueda; and the bounded holomorphic setting in [8] by Cabrera-Padilla and the same
authors of this paper.

This note is organized as follows: Section 2 presents the composition method for generating
Banach (normalized) Bloch ideals for a given Banach operator ideal Z. In the normalized case,
our approach is based on the characterization of normalized Z-factorizable Bloch mappings in
terms of their linearizations on a suitable Banach predual space of B(ID) and, towards this end,
we will first recall some definitions and results of the theory of Bloch maps.

Section 3 contains a complete study on some new ideals of Banach (normalized) Bloch ideals
which can be generated by composition with a Banach operator ideal. This is the case of sepa-
rable (Rosenthal, Asplund) Bloch mappings and p-integral (strictly p-integral, p-nuclear) Bloch
mappings where p € [1, 00).

Section 4 deals the notion of Bloch dual ideal Z5-9"2! of an operator ideal Z with the aid of
the transpose of a Bloch mapping. To this end, let us recall that the dual Z9"*! of an operator
ideal 7 is an operator ideal, and it consists for any normed spaces X,Y of those T' € £(X,Y)
such that T* € Z(Y*, X*). Thus, we will be able to prove that Z5-4?! is justly the composition
ideal generated by 792!, Analogous studies have been done in some other nonlinear contexts
such as the Lipschitz setting in [1, 18], or the polynomial and multilinear settings in [6, 11, 16].

Notation. Throughout this paper, X and Y will denote complex Banach spaces. As usual,
Bx and X* stand for the closed unit ball and the dual space of X, respectively. xx denotes
the canonical isometric linear embedding from X into X**. T represents the set of all complex
numbers with modulus 1. For aset A C X, lin(A), lin(A) and aco(A) denote the linear hull, the
norm-closed linear hull and the norm-closed absolutely convex hull of A in X, respectively. We
denote by £(X,Y) the Banach space of all continuous linear operators from X to Y endowed
with the operator canonical norm, and by F(X,Y) the linear space of all finite-rank bounded
linear operators from X to Y. We denote by B(ID, D) the set of all Bloch functions 2: D — D,
and by B(D, D) its subset formed by all those % so that 2(0) = 0.

2. Z-FACTORIZABLE BLOCH MAPPINGS

We begin by introducing these types of Bloch mappings. A complete information on opera-
tor ideals may be seen in the monograph [15] by Pietsch.

Definition 2.1. Let X be a complex Banach space and let T be an operator ideal. A mapping f €
H(D, X) is said to be Z-factorizable Bloch if there exist a complex Banach space Y, an operator T €
Z(Y, X) and a mapping g € B(D,Y) such that f =T o g, that is, the following diagram commutes
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Y

The set of all Z-factorizable Bloch mappings from D into X is denoted by ZoB(D, X). If in the preceding
factorization of f, the mapping g satisfies in addition that g(0) = O, then the set of all such mappings f
is denoted by T o B(D, X).

If[Z,]|-|7] is a normed operator ideal and f € T o B(D, X), we set

Yzo8(f) = f {|| Tz p5(9)},

where the infimum extends over all possible factorizations of f as above. In particular, we will write
| f|l 7o instead of yzop whenever f € I o B(D, X).

An easy argument will show that the functions introduced are in fact Bloch and by the way
we will see that they are invariant by Mobius transformations of D.

The Mébius group of D is formed by all one-to-one holomorphic maps ¢ that send D onto D.
This set is denoted by Aut(ID), and each ¢ € Aut(ID) has the form ¢ = n¢, for some n € T and
a € D, where ¢,(z) = (a — 2)/(1 — az) for all z € D.

Let us recall that a seminormed space (A(D, X), p4) of holomorphic maps from D into X is
said to be Mobius-invariant if the following two conditions are satisfied:

(1) A(D,X) C B(D, X) and there exists k > 0 such that pg(f) < kpa(f) forall f € A(D, X),
(2) fope AD,X) with pa(fod)=pa(f)forevery f € A(D, X) and ¢ € Aut(D).

Proposition 2.1. Let X be a complex Banach space and let [T, || - ||z] be a normed operator ideal. Then
(Z o B(D, X),vzo8) is a Mobius-invariant space.

Proof. Let f € T o B(D, X) and assume that f = T o g for some complex Banach space Y, an
operator T' € Z(Y, X) and a mapping g € B(D,Y).
(1) Then f' = T o ¢’. Therefore

A= zP) IF )l = 1 = PTG ) < @ =[P ITIg ) < 1T ps(9)

forall z € D, and so f € B(D,X) with pg(f) < ||T|lps(g). Taking the infimum
over all such factorizations of f, we conclude that pp(f) < vzop(f). If A € C, then
Af = AT o g, hence A\f € T o B(D, X) with vzo5(Af) < ||XT|| ps(g9) = |A | T|| ps(g) and
taking the infimum over all the factorizations of f yields vzog(Af) < |A|yzos(f). Con-
versely, if A # 0, this implies that vzo5(f) = Yzos( A7 (Af)) < A" yzos(Af) and thus
N Yzo8(f) < Yzos(Af), while if X = 0, it is clear that yzo5(A\f) = 0 = || Y705 (f).

If f1,fo € ZoB(D, X), givene > 0, for each ¢ = 1,2, we can find a complex Banach
space Y;, an operator T; € Z(Y;, X) and a mapping g; € B(D,Y;) with pp(¢g;) = 1 and
| Ti|l 7 < vzoB(fi) +€/2 such that f; = T; o g;. Consider the Banach space Y =Y; ® Y
and define the mappings T: Y — X and g: D — Y by T'(y1, y2) = T1(y1) + T2(y2) for
all (y1,y2) € Y and g(z) = (g1(2), g2(2)) for all z € D, respectively. An easy calculation
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shows that T € Z(Y, X) with ||T|; < ||T1]|; + || T2]|; and g € B(D,Y') with pg(g) < 1.
Clearly, T o g = f1 + f2,and so f1 + fo € Z o B(D, X) with

Yzo8(f1 + f2) < Tz p8(9) < | Tillz + 1 T2ll7 < vz0B(f1) +v208(f2) + €.

The arbitrariness of £ > 0 ensures that vz.5(f1 + f2) < vzo8(f1) + vzoB(f2). So we have
proved that (Z o B(D, X), vzo5) is a seminormed space.

(2) Let ¢ € Aut(D). Then fod =T o go ¢, where go ¢ € B(D,Y) with ps(g o ¢) = pg(g).
Hence fo ¢ € ToB(D,X) and yzop(f o ¢) < ||T|| ps(g). Passing to the infimum over
all the factorizations of f yields yzop(f o ¢) < vzos(f). The converse inequality follows
from what we have proved.

O

Motivated by [13, Definition 5.11] (see the definition that follows Theorem 2.2), we say that
a seminormed ideal of Bloch mappings (or simply, a seminormed Bloch ideal) is a subclass 7%
of the class of all Bloch mappings B, equipped with a function pzs: 8 — R, such that for each
complex Banach space X, the components

75(D, X) := 7% N B(D, X)
satisfy the properties:
(P1) (ZB(D, X), pzs) is a seminormed space with pg(f) < pzs(f) forall f € Z3(D, X),
(P2) for any g € B(D) and = € X, the mapping g - : z — g(2)z from D to X is in Z5(D, X)
with pzs(g - 2) = ps(9) [,
(P3) theideal property: if f € Z5(D, X), h € B(D,D) and T € £(X,Y) where Y is a complex
Banach space, then T' o f o his in Z5(D,Y) with pzs(T o f o h) < ||T|| pzs(f)-

Proposition 2.2. Let [Z,|| - ||z] be a normed operator ideal. Then [ o B, vzo5] is a seminormed Bloch
ideal.

Proof. (P1): It has been proved in Proposition 2.1.

(P2): Take g and z as in (P2), note that g - « = M, o g, where M, € F(C,X) C Z(C, X) is the
operator defined by M, (X\) = Az forall A € C,and so g -z € Z o B(D, X) with yz.5(g - ) <
1M, 7 p5(9) = M. | ps(g) = o]l pis(g) and, conversely, pi(g) 2]l = ps(g - @) < vzon(g - 7) by
the inequality in (P1).

(P3): Take f € To B(D, X), and h and T as in (P3). We can write f = S o g for some complex
Banach space Z, an operator S € Z(Z, X ) and a mapping g € B(D, Z). Hence T'o foh = T'oSogo
h. Therefore To foh € ToB(D,Y) with yzog(T'o foh) < ||T o S|z ps(goh) < ||T| ISz rs(9)-
Note that ps(g o h) < ps(g) since (1 — |z]?)|W/(2)] < 1 — |h(2)|* for all z € D by the Pick—
Schwarz Lemma. Taking the infimum over all the factorizations of f gives yzop(T o f o h) <
IT) 2o (f)- 0

Our next goal is to characterize Z-factorizable normalized Bloch mappings by means of their
linearizations on a strongly unique predual of B(DD), called Bloch-free Banach space over D.
With this purpose, we now recall some basic concepts of the theory initiated in [13] on this
predual. A similar technique of linearization of Bloch mappings has been applied in the recent
paper [17] by Quang.

For each z € D, a Bloch atom of D is the functional . € B(D)* defined by ~.(f) = f’(z) for
all f € B(D). The elements of lin({v.: z € D}) C B(D)* are referred to as Bloch molecules of I,
and the Bloch-free Banach space over D is the space G(D) := lin({7.: z € D}) C B(D)*.

We collect some basic properties of G(D) in the following result.
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Theorem 2.1 ([13]).
(i) The mapping T': D — G(ID), defined by T'(z) = ~, for all z € D, is holomorphic with ||7.| =
1/(1— 2.
(ii) The space B(D) is isometrically isomorphic to G(D)*, via A: B(D) — G(D)* given by

= Z /\kf’(zk) (f € B Z AkYz, € lin( ))) :
k=1

(iii) The closed unit ball of G(D) coincides with aco(M (D)), where M(D) = {(1 — [z[*)7.: z € D}.

(iv) For each function h € B(D,D), the composition operator Cy,: B(D) — B(D), defined by
Ch(f) = fohforal f € B(D), is linear and continuous with |Gl < 1.

(v) For each function h € B(D, D), there exists a unique operator h € L(G(D), G(D)) such that
hoT =W - (T oh). Furthermore, ||h|| = ||Ch||.

(vi) For every complex Banach space X and every mapping f € B(D, X), there exists a unique
operator Sy € L(G(D), X) such that S o' = f'. Furthermore, ||S¢|| = ps(f).

(vii) The mapping f + Sy is an isometric isomorphism from B(D, X ) onto L(G(D), X ).

(viii) Given f € B(D, X), the mapping f': X* — B(D), defined by f'(z*) = x* o f forall z* € X*
and called Bloch transpose of f, is linear and continuous with || ft|| = ps(f). Furthermore,
ft= o (Sf)*, where (S¢)*: X* — G(ID)* is the adjoint operator of Sy. O

We are now prepared to establish the announced result.

Theorem 2.2. Let X be a complex Banach space and f € B(D, X). Given an operator ideal I, the
following conditions are equivalent:

(1) f belongs to T o B(D, X),

(2) Sy belongs to Z(G(D), X).
If, in addition, [T, ||-||;] is a normed operator ideal, we have ||f|| ;.5 = ||S¢||z, where the infimum
|| fll 7o is attained at Sy o I'. Furthermore, the mapping f — Sy is an isometric isomorphism from
(Z o B(D, X), [|l|zo) 0nto (Z(G(D), X)), |-l 2)-

Proof. (1) = (2): If f € T o B(D, X), then we can find a complex Banach space Y, an operator
T € Z(Y, X) and a mapping g € B(D,Y) such that f = T' o g. Since ¢’ = S, o I' by Theorem
2.1, it follows that f' = T'o g’ = (T 0 S;) o', and since T' 0 S, € L(G(D), X), we have that
S§ =T o S, by Theorem 2.1, and thus Sy € Z(G(D), X) by the ideal property of Z. Further, if
the ideal [I ||-||7] is normed, we have
1S¢llz = 1T 0 Sgllz < WTllz 15gll = Tz p5(9),

and taking the infimum over all factorizations of f as above, we deduce that ||S¢||z < || f|l7o5-

(2) = (1): Assume that Sy € Z(G(D), X). We can write f’ = Sy oI' by Theorem 2.1. Since
I' € #(D,G(D)) by Theorem 2.1, an application of [13, Lemma 2.9] provides a mapping T €
H(D, G(D)) with T(0) = 0 such that Y’ = I". Furthermore, (1—|2]?)||Y'(2)| = (1—|2/*)|IT(2)| =
1forall z € D, and thus T € B(D,G(D)) with ps(T) = 1. Hence f' = Sy o T’. We claim that
f=S5p0Y.Indeed, since f' = (SyoY), wehave (z*of) = z*of' = 2*0(SfoT) = (z*0S;oX)
forall * € X*, this implies that 2*o f = 2*0S;oY forall z* € X* since z*o f,z*0S;oY € H(D)
and z* o f(0) = 2* 0 Sy 0 T(0) = 0, and our claim follows because X * separates the point of X.
Hence f € Z o B(D, X). If now [Z, |-l 7] is normed, we have

1 llzoss < 15llz p5(T) = 1Syl -
The last assertion of the statement follows readily from Theorem 2.1 and the proof above. [J
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We will now show that the ideal property of Z is inherited by Z o B. Towards this end, we
first recall the concept of normalized Bloch ideal introduced in [13] and some of its properties.

A normed (Banach) normalized Bloch ideal is a subclass 78 of the class of all normalized

Bloch mappings 5, endowed with a function ||-|| 78" I8 — R, such that for every complex
Banach space X, the components

78D, X) == I8 N B(D, X),
satisfy the following properties:
(Q1) (Z8(D, X), ||-||,s) is a normed (Banach) space with ps(f) < ||f||;s forall f € Z8(D, X).
(Q2) g-z € IB(D, X) with [|g - x| ;5 = ps(g) ||z|| for every g € B(D) and z € X.
(Q3) The ideal property: T o foh € IB(ID),Y) with ||[T o f o hlzs < [|T| ||f|;z whenever
fe IB(D7 X),h € B(D,D)and T € L(X,Y) where Y is a complex Banach space.
Let us recall (see [15, Chapter B.3]) that if X and Y are Banach spacesand T" € £(X,Y), then

T is called a metric injection if ||T'(z)|| = ||z|| for all z € X, and T is called a metric surjection if
T is surjective and | T'(z)|| = inf {||y|| : T(y) = T'(z)} forall x € X.
A normed normalized Bloch ideal (Z7, | - ||;5) is said to be:

(I) Injective if for any f € B(D, X), any complex Banach space Y and any metric in-
jection t: X — Y, one has that f € IB(D,X) with || f||zz = |[to f|l;s whenever
Lo feIB(D,Y).

(S) Surjective if for any complex Banach space X, any f € B(D, X) and any = € B(D,D)
such that 7 is a metric surjection, it holds that f € 78 (D, X) with || f||z5 = ||f o 7|15 if
foreIB(D,X).

(R) Regular if for any f € B(D, X), we have that f ¢ Ié(D,X) with || f|lzs = [[kx © fllzs
whenever kx o f € IB(]D), X*).

Corollary 2.1. We have:

(1) If [Z,|||l;] is a normed (Banach) operator ideal, then [T o B, |-l 7o) is @ normed (Banach)
normalized Bloch ideal.

(2) If [Z,||||;) is an injective (surjective, regular) normed operator ideal, then [ o B, ||-||;, ;5] is an
injective (surjective, regular) normed normalized Bloch ideal.

Proof.

(1) Let [Z, |-||l;] be a normed operator ideal. Then [Z o B, |||/, is a seminormed Bloch
ideal by Proposition 2.2. Furthermore, if f € ZoB(D, X) and || f|| 7.5 = 0, the inequality
p5(f) < || fllzop implies that f = 0, and thus ||-|| ;. is a norm on Z o B(D, X).

Since (Z o B(D, X), |-l 7o) is isometrically isomorphic to (Z(G(D), X), ||-|;) by The-
orem 2.2, then [Z o B, ||-|| 7. 5] is a Banach space whenever [Z, ||-||] is so.

(2) Suppose that the normed operator ideal [Z, ||-||] is injective (surjective, regular). We
have:

(I) AssumethatiofeZo 5’(11])7 Y'), where Y is a complex Banach spaceand t: X — Y
is a metric injection. Since to Sy = S0y € Z(G(D),Y) by Theorems 2.1 and 2.2, and
the operator ideal 7 is injective, we deduce that Sy € Z(G(D), X) with ||Sf||z =
||t 0 S¢||z, thus f € T o B(D, X) by Theorem 2.2 with

1fllzos = IS¢l = lle 0 S¢llz = [ISiorllz = lle© flizos »
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and this proves that [Z o B, |- | zo5] is injective.

(S) Suppose that fom € Zo B(D, X), where 7 € B(D,D) such that # is a metric
surjection. Since S; o T = Sfor € Z(G(D), X) by Theorems 2.1 and 2.2, and the
operator ideal 7 is surjective, we have that Sy € Z(G(D), X) with ||S¢||z = ||Sf o
#||z, hence f € T o B(D, X) by Theorem 2.2 with

1fllzos = [1S¢llz = 1S5 o Fllz = 1Ssonllz = I o 7lizop

and thus [Z o B, ||-|| 1, 5] is surjective.
(R) It follows with a proof similar to that of (I).

3. NEW EXAMPLES OF IDEALS OF Z-FACTORIZABLE BLOCH MAPPINGS

In this section, we will present some notable subclasses of Bloch mappings: separable (Rosen-
thal, Asplund) Bloch mappings and p-integral (strictly p-integral, p-nuclear) Bloch mappings
for any p € [1,00). We will show their most important properties and demonstrate that they
correspond to Z-factorizable Bloch mappings when 7 is the corresponding operator ideal.

Given two normed normalized Bloch ideals [Z7, ||-|| ;5] and [T, ||-]| ;5], we will write
2, llz8] < [T, 111l 7]

to indicate that for any Banach space X, we have Z8(D, X) C J3(D, X) and £l 78 < I fllzs
forall f € T8(D, X).

3.1. Mappings whose Bloch range is separable, Rosenthal or Asplund. Given a Banach space
X, let us recall that a set A C X is called:

o Rosenthal if every sequence in A admits a weak Cauchy subsequence,
e Asplund if A is bounded and for any countable set D C A, the seminormed space
(X*, |l - || p) is separable, where ||z*||p = sup,ep |2*(x)|.

Let us recall that an operator T' € £(X,Y) is said to be compact (resp., weakly compact, sep-
arable, Rosenthal, Asplund) if T'(Bx) is a relatively compact (resp., relatively weakly compact,
separable, Rosenthal, Asplund) subset of Y.

ForZ = F,F,K,W,S, R, AS, we will denote by Z(X,Y) the linear space of all finite-rank
(approximable, compact, weakly compact, separable, Rosenthal, Asplund) bounded linear op-
erators from X to Y, respectively. We refer to the monograph [15] for a complete study of the
ideal structure of such operators. The following inclusions are known:

FX,)Y)CF(X,)Y)CK(X,Y) CW(X,Y) CR(X,Y)NAS(X,Y),
K(X,Y)C S(X,Y).

Our aim is to study some Bloch variants of these classes of operators introduced with the
aid of the following set. Given a complex Banach space X and a mapping f € H(D, X), the
Bloch range of f is defined as

rangg(f) == {(1 — |2|*)f'(2): z€ D} C X.

Note that f € H(D, X) is Bloch if and only if rangg(f) is a norm-bounded subset of X. Some
of the following concepts were introduced in [13, Definitions 5.1 and 5.2].
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Definition 3.2. Let X be a complex Banach space. A mapping f € H(D, X) is said to be compact (resp.,
weakly compact, separable, Rosenthal, Asplund) if rang(f) is a relatively compact (resp., relatively
weakly compact, separable, Rosenthal, Asplund) subset of X.

A mapping f € H(D, X) is said to have finite dimensional Bloch rank if lin(rangyz(f)) is a finite
dimensional subspace of X, and f is said to be approximable Bloch if it is the limit in the Bloch seminorm
pB of a sequence of finite-rank Bloch mappings of B(D, X).

ForZ = F,F,K,W,S8, R, AS, we denote by Bz(D, X) the linear space of all finite-rank (resp.,
approximable, compact, weakly compact, separable, Rosenthal, Asplund) Bloch mappings from D into
X. We write Bz(D, X) to represent the subspace consisting of all functions f € Bz(DD, X) so that
f(0)=o0.

The following two results were established in [13] for the cases Z = F,F,K,W. We now
complete it here for 7 = S, R, AS with similar proofs.

Proposition 3.3. Let X be a complex Banach space. For T = S, R, AS, the space (Bz(D, X), pi) is
Mobius-invariant.

Proof. Given f € H(D, X) and ¢ € Aut(D), for all z € D we have

(L= [21*)(f 0 9)'(2) = (1= |21")f'(9(2))¢' (2) = (1 - |¢(2)I2)f’(¢(2))m-
Hence rangg(f o ¢) C Trangg(f), and thus if rangz(f) has the Z-property (the terminology
should be self-explanatory), it is readily seen that f o ¢ has the Z-property with pp(f o ¢) =

p5(f)- O

We next analyse the relationship of a mapping f in Bz(D, X) with its linearization Sy in
L(G(D), X).

Theorem 3.3. Let X be a complex Banach space and f € B(D, X). For the operator ideal T =
S, R, AS, the following conditions are equivalent:

(1) f belongs to Bz (D, X),

(2) S§ belongs to Z(G(D), X).
Furthermore, f v Sy is an isometric isomorphism from (Bz(ID, X), ps) onto (Z(G(D), X), ||-|))-

Proof. First, using Theorem 2.1, we obtain the relations:

rangg(f) = Sy(Ms(D)) € S5 (Bgm)) = Sy(aco(Mz(D)))
C aco(Sy(Mp(D))) = aco(rangg(f))-

(1) = (2): Assume Z = S, R, AS. If f € Bz(D,X), then rangs(f) has the Z-property. It is
known that aco(ranggz(f)) has the Z-property and since the Z-property is hereditary,
the second inclusion above tells us that Sy (Bgm)) has the Z-property. This means that
Sy e Z(G(D), X).

(2)=(1): If Sy € Z(G(D), X), then S;(Bgm)) has the Z-property, hence rang;(f) has the Z-
property by the first inclusion above, and this means that f € Bz(DD, X).

The last assertion of the statement follows using Theorem 2.1 and what was proved above.
(|

It is known that the Banach operator ideals S, R, AS are injective and surjective (see [15] or
a list of such examples in [12]). In view of Theorem 3.3, the combination of Theorem 2.2 and
Corollary 2.1 yield the following.
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Proposition 3.4. For 7 = S, R, AS, we have Bz, ps) = [Z o B, ||-|| 73] and, in particular, Bz, ) is
a surjective and injective Banach normalized Bloch ideal. O

3.2. p-Integral Bloch mappings. Following [15, Section 19.2], given two Banach spaces X,Y
and p € [1,00), an operator T' € L£(X,Y) is said to be p-integral if there exist a probability
measure p and two operators R € L(L,(p),Y*)and S € L(X, Lo (1)) such that

ky oT' = Roll, oS,

being 1%, ,: Loo(it) — Lp(1) the formal identity. The set of all p-integral operators from X into
Y is denoted by Z,,(X,Y"), and the p-integralnorm of T' € Z,,(X,Y) is

wp(T) = f{[[ R[S},

where the infimum is taken over all such factorizations of xy o T as above. It is well known
that [Z,, 1] is a Banach operator ideal.
We now introduce a Bloch variant of this concept.

Definition 3.3. Let X be a complex Banach space and p € [1,00). A mapping f € H(D, X) is said to
be p-integral Bloch if there exists a probability measure p, an operator T € L(Ly,(p), X**) and a Bloch
mapping g € B(D, Loo (1)) such that the following diagram commutes

K
D f X X X
g T
IP’
Loo (1) = Ly(w)

The triple (T, 1L, ,,, g) is termed a p-integral Bloch representation of f. We define
tp (f) =t {1 Tllps(9)}

where the infimum is taken over all p-integral Bloch representations of f. The set of all p-integral Bloch
mappings from D into X is denoted by I5(D, X). If in the factorization of kx o f, g verifies also that

g(0) = 0, then the set of such mappings f is denoted by If(]D), X).
A proof similar to that of Proposition 2.1 shows the following fact.

Proposition 3.5. Let X be a complex Banach space and p € [1,00). Then (Z5 (D, X),.5) is Mobius-
invariant. O

Proof. Let f € If (D, X) and (T, 1%, ,,, g) be a p-integral Bloch representation of f. Hence xx o
f=TolIt og.
(1) Then kx o f' =T oIk, , o g'. Therefore, for all z € D, we have
A= 2P IF G = (= ) ax (F () = (1= |21) | T4 (4" ()]
< (1= =P ITI g ()N < 1T ps(9),
and so f € B(D, X) with ps(f) < ||T']| ps(g)- Taking the infimum over all such (7', I%, , g),
we have pis(f) < 1£(f).
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(2) Let ¢ € Aut(D). Then kx o fo¢p = T oIl ,ogo¢p wherego¢p € B(D,Y) with
pB(g o @) = ps(g). Hence fo¢ € IB(D,X) and (5(f o ¢) < ||T| ps(g). Taking the
infimum over all p-integral Bloch representations of f, we obtain . (f o ¢) < (5(f). The
converse inequality follows from what we have proved.

O
We now study the linearization of p-integral normalized Bloch mappings.

Theorem 3.4. Let X be a complex Banach space, p € [1,00) and f € B(D, X). Then f If(]D), X)
if and only if Sy € I,(G(D),X). In this case, LE(f) = 1,(Sy). Moreover, (If(}D),X),LE) and

7P

(Z,(G(D), X), tpp) are isometrically isomorphic through the map f — Sjy.

Proof. Assume that f € IE(ID)7 X) and let € > 0. Then there exist a probability measure p, a
mapping g € B(D, Lo (1)) and an operator T' € £(L,(u), X**) such that

I+
kxof=TolIk og:D% Loo(u) =% L,(n) L x,
with || T[|ps(g) < 5 (f) + &. By Theorem 2.1, from the equality
,quSfoF:,thof’:To]é‘o7p<>g':To[é‘o’poSgol_‘7

we infer that kx o Sy = T o I, , 05, where S, € L(G(D), Lo (11)). Hence Sy € Z,(G(D), X)
with
tp(S5) < ITISgll = ITllps(g) < e (f) +e.

Letting e — 0 yields 1,(Sy) < (B5(f).
Conversely, suppose that Sy € Z,(G(D), X). Then, for each ¢ > 0 there exist a probability
measure 4 and two operators T' € L(L,(p), X**) and S € £(G(D), Lo (1)) such that

"
IDO

kxoS;=Toll 08:G(D) > Loo(u) =2 Ly(n) = X*,

with | T||[|S]| < ¢p(Sf) +e. As Sol' € H(D, Lo (1)), [13, Lemma 2.9] provides a mapping
g € H(D, Lo (1)) with g(0) = 0 such that ¢’ = S oI, and hence

(1= 12llg' @)l = A=z e D)) < IS (2 € D).
Thus, g € B(D, Loo (1)) with ps(g) < ||S]. Moreover
(hxof) =rxof =nxoS;oT =Tolt ,0SoT=Tolt og =(Tolt og),
which implies that kx o f = T o I£ o g, and then f € Z5(D, X) with
i (F) I Tlps(9) < ITIISI < 6p(Sp) +e.
Just letting ¢ — 0, the proof can be concluded. O

Since [Z,,,] is a Banach operator ideal, Theorems 2.2 and 3.4 and Corollary 2.1 yield the
following result.

Corollary 3.2. Let p € [1,00). Then [If, Bl =T, 0 B, ||'||z,,oz§]' In particular, [157 15 is a Banach

ideal of normalized Bloch mappings. O
Applying Theorem 3.4 and [15, Proposition 19.2.10], we deduce immediately the following.

Corollary 3.3. If 1 < p < ¢ < oo, then [Z5,.5] < [Z5,.5]. O
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Let us recall from [9] that a mapping f € H(D, X) is said to be p-summing Bloch for p €
[1,00) if there is a constant C' > 0 such that forany n € N, A1,..., A, € Cand z,...,2, € D,
we have

9€Bsm) \i=1

(ZIA PIlf" (= II”>1<C sup <ZI/\ IPlg’ (2:) )

The least of all the constants C' for which such an inequality holds, denoted 75 (f), defines a
norm on the linear space of all p-summing Bloch map f: D — X so that f(0) = 0, denoted
15(D, X).

We can connect p-integral Bloch mappings with this class of Bloch maps. Compare the fol-
lowing result with [10, Proposition 5.5] and [15, Proposition 19.2.12].

Corollary 3.4. Letp € [1,00). Then:
(1) [IB B] [HB B}

P p P’ p

Proof. Let f € If(]D),X). Then Sy € Z,,(G(D), X ) with ¢,,(Sy) = LB(f) by Theorem 3.4:
(1) Then Sy € II,(G(D), X') with Wp(Sf) < 1,(S¢) by [10, Proposition 5.5]. It is immediate
to prove that f € HE (D, X) and 75 (f) < m,(Sy), and this completes the proof.
(2) Now, Sy € W(G(D), X) with [|Sf|| < ¢,(Sy) by [15, Proposition 19.2.12]. Hence f €
By (D, X) with pg(f) = ||S¢|| by [13, Theorem 5.6], and we have finished.
(]

3.3. Strictly p-integral Bloch mappings. In the linear context, an important subclass of p-
integral operators appears in [14] when the passage to the bidual in their definition is super-
fluous. Given two Banach spaces X,Y and p € [1,0), an operator T € L(X,Y) is said to be
strictly p-integral (or Pietsch p-integral) if there exist a probability measure ;. and two operators
R € L(Lp(p),Y)and S € L(X, Lo(p)) such that T'= Ro If, , 0 S. We set

up(T) = if{[|RI| [|S]]},

where the infimum is taken over all such factorizations of 1" as above. The set of all strictly
p-integral operators from X into Y is denoted by PZ,(X,Y’), and it is known that [PZ,,,v,] is a
Banach operator ideal.

The corresponding Bloch version of this concept introduces a new class of Bloch mappings.

Definition 3.4. Given p € [1,00), a mapping f € H(ID, X) is said to be strictly p-integral Bloch or
Pietsch p-integral Bloch if there exist a probability measure p, an operator T € L(L,(u), X) and a Bloch
mapping g € B(D, Lo (1)) giving rise the commutative diagram

D——mmX
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The triple (T, I, ,,, g) is called a strictly p-integral Bloch representation of f. We denote by PIf (D, X)
the set of all strictly p-integral Bloch maps from D to X.. If in the factorization of f, we also demand that

g(0) = 0, then the set of such maps f is represented by PIS (D, X). We set

vy (f) = inf{||T | ps(9)},
where the infimum is taken over all strictly p-integral Bloch representations of f.

From Definitions 3.3 and 3.4, it is clear that PIE’(]D, X) C If(]D), X)and 5 (f) < v5(f) for

all f € PIE(D, X).
With proofs similar to those of Subsection 3.2, we establish the following results.

Proposition 3.6. Let X be a complex Banach space and p € [1,00). Then (PIf (D, X),vB) is Mobius-
invariant. O

Theorem 3.5. Let X be a complex Banach space, p € [1,00) and f € B(D, X). Then f € PIE(]D, X)

ifand only if Sy € PZ,(G(D), X), in whose case vf(f) = vp(Sy). As a consequence,

(1) f > Sy is an isometric isomorphism from (PIII?(ID)7 X),vB) onto (PZ,(G(D), X),vp),
(2) [PZ5,vB] = [PT o B, ||| prog), and thus [PT5,v5] is a Banach normalized Bloch ideal. [

P> Yp P> Yp
3.4. p-Nuclear Bloch mappings. Let us recall from [15, Definition 18.1.1] that an operator 7" €
L(X,Y)issaid to be p-nuclear for p € [1,00) if T' = RoMyo0S,where S € L(X,l), R € L({,,Y)
and M, denotes the diagonal operator from ¢, to ¢, defined by M, ((x,)) = (A,x,,) for all
(@) € o, being A = (A,,) € £,. We denote N, (X,Y) to the set of all p-nuclear operators from
X into Y. It is known that \,, is a Banach operator ideal under the norm

vp(T) = if{[| B[ IA[[,, 151},
where the infimum is taken over all representations of 1" as above.

Next, we introduce the analogue to the concept of p-nuclear operator in the Bloch setting.

Definition 3.5. Let p € [1,00), let X be a complex Banach space and f € H(D, X). We say that f is
p-nuclear Bloch if the following diagram commutes

f

D——m X

where g € B(D, ), T € L(4p, X) and X = (N\,) € £,. We say that the triple (T, My, g) is a p-
nuclear Bloch representation of f. The set of all p-nuclear Bloch mappings from D to X is denoted by
J\ff(D, X). If in the factorization of f, we also require that g(0) = 0, then NPB(]D), X) stands the set of
all such mappings f. Define

vy (f) = mf{| T 1A, p5(9)},
where the infimum is taken over all the above factorizations.

As in the preceding sections, we can prove the following.
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Proposition 3.7. Let X be a complex Banach space and p € [1,00). Then (NF(D, X ), v5) is Mobius-
invariant. O

We first study the relationship between a p-nuclear Bloch mapping and its linearization.

Theorem 3.6. Let p € [1,00), let X bea complex Banach spaceand f € B(D, X). Then f € Nf(]l)), X)
if and only if Sy € N,(G(D), X). In this case, v5(f) = v,(Sy). Furthermore, (NE(D,X), vB) and
(N, (G(D), X)), vyp) are isometrically isomorphic via the mapping f — Sy.

Proof. Let f € Nf(]D),X). We can write f = T o My o g, where T € L({,,X), A € {, and g €

B(D, /). An application of Theorem 2.1 shows that Sy = T'o M o Sy where S, € L(G(D), ).
Hence Sy € N,(G(D), X) with

vp(S5) < ITIIMxlp 1ol = ITI[[Mx]lp p5(9)-

Taking the infimum over all p-nuclear Bloch representations of f, we conclude that v,(Sy) <
VB (f).

" Conversely, suppose that Sy € N, (G(D), X) and lete > 0. Hence we can assure the existence
of A € {,, R € L(G(D),ls) and S € L({,, X) such that Sy = S o My o R and [|S|||| Al [|R] <
(1+e)vp(Sy). Thus f' = S;fol’ =SoMyoRoT.

Since RoI' € H(D, (), by [13, Lemma 2.9], we can find h € H(D, ¢»,) with h(0) = 0 such
that 2’ = RoT, and in fact h € B(D, (s, ) with pg(h) < ||R||. Hence we have

f'=SoMyoRoT =SoMyoh' =(SoMoh).
It follows that f = S o M) o h, and therefore f € ./\/pé (D, X) with
VB (£) < ISIINp ps(h) < ISHIAL IR < (1 + 2)up(S)).
Just letting & — 0, we obtain v (f) < v,(Sy). O
In view of Theorem 3.6, both Theorems 2.2 and Corollary 2.1 yield the following.

Corollary 3.5. Let p € [1,00). Then [Nf VB = [N, o B, I-llnr, 0] In particular, [./\/f vBlisa

'’ p 'Y p
Banach ideal of normalized Bloch mappings. O
Applying Theorem 3.6, [10, Corollary 5.24] and [13, Theorem 5.9] gives some relations.
Corollary 3.6. (1) [NPB, vp] < [J\/'f, vP] whenever 1 < p < q < oo,
(2) [J\/f, v < [PZ],vB] and [Nf,uf] < [Bx, ps) whenever 1 < p < oc.

(|
With Theorems 5.27 and 5.28 of [10] in mind, it is natural to expect some composition results.
Corollary 3.7. Let p € [1,00), let X be a complex Banach space and f € B(D, X). The following are
equivalent:
(1) feNED,X).
(2) There exist a complex Banach spaceY, T € K(Y, X) and g € Ig(]]]), Y)suchthat f =T og.
(3) There is a complex Banach space Y, T € PZ,(Y, X ) and g € B (D, Y ) such that f =T o g.
In this case, taking the infimum extended over all such factorizations yields
vy (f) = inf {| 71| 15} (9)} = inf {vp(T)p5(9)} -
Proof.
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=@ Iffe /\/f(D,X), then Sy € N,(G(D), X) with v5(f) = v,(Sy) by Theorem 3.6. Given
e > 0, by [10, Theorem 5.27], we can take a complex Banach space Y, T' € K(Y,X)
and S € Z,(G(D),Y) such that Sy = T o S and ||T|| t,(S) < v,(Sy) + €. By Theorem
3.4, thereisa g € If(]D),Y) such that S, = § and Lff(g) = 1,(S). Hence Sy = T 0 5,
therefore f/ = SyoI' =T o0S,0T =T og' = (T o g) and this implies that f = T o g.
Further, ||T| Lf(g) = |7 tp(S) < vp(Sy)+e= Vf(f) +¢, and the arbitrariness of ¢ gives
T 5 () < vE(f). A

(2) = (1): Assumethat f =TogwithT € K(Y,X) and g € IpB(]D), Y') for some complex Banach
space Y. Hence Sy = T o S, with 5, € Z,,(G(DD),Y) and ¢,(S,) = 15 (g) by Theorem 3 4.
Then Sy € N,(G(D), X) with v,(Sy) < ||T|| tp(Sg) by [10, Theorem 5.27]. We conclude
that f € Nf([le) with v5(f) = v,(S¢) by Theorem 3.6. Moreover, v5(f) < || T|| (5 (g)
and since we are working with an arbitrary factorization T'og for f, we get that v5(f) <
inf{HT” Lf(g)}.

(1) < (3): This can be proved as the preceding implications by using now [10, Theorem 5.28] and
[13, Theorem 5.4] instead of [10, Theorem 5.27] and Theorem 3.4, respectively.

O

4. BLOCH DUAL IDEAL OF AN OPERATOR IDEAL

Following [15, Section 4.4], given a normed operator ideal [Z, ||-|| /], recall that for any normed
spaces X and Y, the components

IMN(X,Y) = {T € L(X,Y): T* € I(Y*, X")},
endowed with the norm
T o = IT*; (T € Z"(X,Y)),

define a normed operator ideal [Z4%#!, ||-|| ;] called dual ideal of Z. Moreover, [Z, ||-||,] is called
symmetric if [Z, [|-|| 7] < [Z9, ||| auwa ] In the case [Z, ||| 7] = [Z9%, || || zawat ], the operator ideal
is said to be completely symmetric.

With the aid of the notion of transpose of a Bloch mapping, we now introduce the next
concept.

Definition 4.6. Let 7 be an operator ideal. For any complex Banach space X, we define
7B, X) = {f € B, X): ' € T(X*, BD))}.
If[Z,]|-|7] is a normed operator ideal, we set
1Fllgana = Iflz (f € ZMND, X)).
We now show that [Ié'd“al, || - [| 75-auat] is really an ideal of normalized Bloch mappings.

Theorem 4.7. Let X be a complex Banach space and f € B(D, X). If T is an operator ideal, then
f e I8N(D, X) ifand only if f € T o B(D, X). Moreover, if (Z, ||-||;) is a normed operator ideal,
then || f|| zsaue = |1/ || zouiop for all f € T54MU(D, X).

Proof. Let us assume that f € 78-dual (D, X). Then ft € Z(X*, B(D)). By Theorem 2.1, there ex-
ists S§ € L(G(D), X) such that Sy oI’ = f"and also (Sy)* = Ao f. Hence (Sf)* € Z(X*,G(D)*)
and therefore S; € 7% (G(D), X). Thus, by Theorem 2.2, we have f € Z%! o B(D, X) with
1l goussog = 15700 Further,

£l zawmop = 1S¢llzasa = 1(S)llz = IA o F¥llz < AN Iz = £l 280
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Conversely, let f € 79! o B(ID, X). Then there are a complex Banach space Y, a mapping
g € B(D,Y) and an operator T € Z9%(Y, X) such that f = T o g. Given z* € X*, we have

fia)=(Tog)'(z") =a"o(Tog)=(z"0T)og=T"(z")og=g"(T"(z")) = (¢" o T")(a"),
and thus f* = ¢' o T*. Since T* € Z(X*,Y*) and ¢' € L(Y*,B(D)), we obtain that f* €
Z(X*, B(D)). Hence f € Z8a(]), X) and moreover, we have

1Fllz8awn = £l = [lg* o %[l < [lg" [ 1Tz = p(9) I Tll zasar

and taking the infimum over all representations 7" o g of f, we conclude that || f||;5.qua <
|1l zauato - O

An immediate consequence of Theorem 4.7 is the following.

Corollary 4.8. [Z5-dul || | zsaw] = [Z 0 B, ||| 7o) whenever [Z,|-||] is a completely symmetric
normed operator ideal. O

Since the ideal Z = F, F, K, W is completely symmetric by [15, Proposition 4.4.7], Corollary
4.8 combined with Theorem 2.2 and [13, Theorems 5.4, 5.6, 5.7 and 5.9] yield the following
identifications.

Corollary 4.9. [Z59) || || g = [Bz, ps for T = F, F, K, W. O

Since the normed operator ideal [Z1,¢1] is completely symmetric by [10, Theorem 5.15],
Corollaries 4.8 and 3.2 give the following result.

Corollary 4.10. [(Zy)54 || - || 7, 5] = [ZF, 5], O

5. CONCLUSIONS

This study has presented a unified method for generating ideals of Mobius-invariant Bloch
mappings by composition of a member of a distinguished Banach operator ideal and a Bloch
mapping on the complex unit open disc. Our approach is based on the application of a known
technique of linearization of Bloch mappings. The aforementioned method permits an ex-
tensive exploration into new classes of Bloch mappings in connection with known Banach
operator ideals. This highlights the close interconnection between the linear setting and the
holomorphic setting. Notably, the study has drawn meaningful results which contributes to
understanding of richness of Bloch mappings.

Funding. This research has been supported in part by grant PID2021-122126NB-C31 funded
by MCIN/AEI/ 10.13039/501100011033 and by “ERDF A way of making Europe”, and by
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and new results

OSMAN ALAGOZ*

ABSTRACT. In this paper, we collect some recent results on the approximation properties of generalized sampling
operators and Kantorovich operators, focusing on pointwise and uniform convergence, rate of convergence, and
Voronovskaya-type theorems in weighted spaces of functions. In the second part of the paper, we introduce a new
generalization of sampling Durrmeyer operators including a special function p which satisfies certain assumptions.
For the family of newly constructed operators, we obtain pointwise convergence, uniform convergence and rate of
convergence for functions belonging to weighted spaces of functions.

Keywords: Sampling series, generalized sampling operator, Kantorovich operator, Durrmeyer type sampling operator,
weighted approximation.
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1. INTRODUCTION

The reconstruction of a function from its sample values is an extensively studied problem in
approximation theory. Butzer and his school extended the approximation to the entire real axis
(see [9, 10, 11, 12]) by defining the family of generalized sampling operators:

(1.1) (S 1)t Zf( > (wt — k), zeR,w>0,

kEZ
where ¢ : R — R is a kernel that meets specific approximate identities, and f : R — Risa
bounded, continuous function on R.

The series given by (1.1) is meaningful for functions that make the series converge and pro-
vides an approximation method in the case, where the function f is continuous. However,
the reconstruction problem of functions that do not need to be continuous was solved in [7],
by replacmg the data (sample) points £, for k € Z and w > 0, with the integral mean value
w f u) du and defining the generalized sampling Kantorovich operators, which are the L'

w,

version of the generalized sampling operators

w

(1.2) (KXf)(x) = Z {w/ f(u) du} x(wz —k), xeR.
keZ w

Here, f : R — R is a locally integrable function and x : R — R is a kernel satisfying certain
suitable conditions.
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The generalized sampling Kantorovich operators, represented by (1.2), have been effectively
utilized in the engineering fields. Significant numerical results have been obtained, particularly
in the study of thermal bridges and the behavior of buildings under seismic actions using
thermographic images (see, [6, 13, 18]).

While the sampling Kantorovich series offers an approximation for functions belonging to
the L' space, it does not provide an approximation for functions in L? spaces. To solve this
problem, C. Bardaro and I. Mantellini [14] introduced the sampling Durrmeyer series, mean-
ingful for L?, 1 < p < oo, by taking the convolution of function f with a kernel function instead
of the mean values of f. This is given by

(1.3) (SEY ) () == Z(p(wz - k)w/Rw(wu —k)f(u)du, z€R, w>D0.

keZ

For more recent papers about sampling type series see [16, 17].

2. PRELIMINARIES

Throughout this paper, we denote the sets of all positive integers, integers, and real num-
bers by N, Z, and R, respectively. The space of all continuous functions on R (not necessarily
bounded) is represented by C(R). The space of all bounded continuous functions on R, de-
noted by Cg(R), is equipped with the norm || f|| := sup,cg |f(z)|. Additionally, UC(R) refers
to the subspace of Cz(R) that includes all uniformly continuous functions and for r € R, we
denote the space of C"(R) which consists of all r-times continuously differentiable functions
on R.

A function x : R — R is called a kernel function if it satisfies the following assumptions:

(x1) x is continuous on R.
(x2) The discrete algebraic moment of order 0

mo(x,u) = Z x(u—k)=1 foreveryuecR.
keZ

(x3) There exists 5 > 0 such that the discrete absolute moment of order (3 is finite, i.e.,

Mp(x) =sup »_ |x(u—k)[ju— k|’ < +oc.
u€eR keZ

Lemma 2.1 ([7]). Let x be a kernel satisfying (x1) and (x3). For every 6 > 0 there holds:
lim Z [x(wz — k)| =0

w—+00
|k—wz|>wd

uniformly with respect to x € R.

From [15, Lemma 2.1 (i)], if x satisfies the assumptions (x1) and (x3), it follows that

My (x) =sup > [x(u—k)|lu— k|7 < 400
ueR ez

forevery 0 < v < 6.
Now, we recall the weighted spaces of continuous functions. A function w is said to be
a weight function if it is a positive continuous function on the whole real axis R. Here, we
consider the weight function
1

w(x)
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By B.,(R), we denote the space
B,(R) = {f :R = R:supw(z)|f(z)| € R} .
z€R
The following natural subspaces of B,,(R) will be used in the rest of the paper

C.,(R) := C(R) N B, (R),

Ci(R) = {f € Cy(R) : wglinocw(x)f(m) € R} ,

U,(R) :={f € Cy(R) : wf is uniformly continuous}.
The linear space of functions B,,(R), and its above subspaces are normed spaces with the norm

[flles := supw(z)[ f ()]
z€R

(see[3,4,5,8,19,20]).
The weighted modulus of continuity, considered in [22] and denoted by Q(f;-) is defined
for f € C,(R) by
[f(z+h) = f@)|
2.4 Q(f;0) = su for 6 > 0.
ey FO = e G a2)

Some elementary properties of (f; ) are collected in the following lemma.
Lemma 2.2 ([22]). Let § > 0, z € R. Then,
(i) Q(f;9) is an increasing function of 9,

(ii) limgs_,o+ Q(f;0) = 0 when f € C:(R),
(iii) Foreach A > 0and f € C,(R),

(2.5) Q(f;A6) <2(1+A) (1+6%) Q(f;6).

Remark 2.1 ([1]). Using the inequality (2.5) with A = “’g'”', z,y € R, 6 > 0and choosing 0 < § <1,
we get

)~ )] <160+ o) (1+ L)
for every f € C,(R), z,y € R.

In a very recent paper [23], Turgay and Acar introduced a new generalization of generalized
sampling operators (1.1) by considering a special function p.
Let p : R — R be a strictly increasing function that satisfies the following conditions:

(p1) p€CR);
(p2) p(0) =0, limy_ 1o p(z) = Lo0.
Let 7 € C(R) and ¢ € L'(R) be functions such that for every u,z € R,
(2.6) mf(r,z) =Y _t(p(x) —k) =1, mo(p,u) = / o(u)du = 1.
kEL R
For any 8 € Ny, let us define the p-algebraic moment of order 8 of 7 and algebric moment of
order S5 of ¢, respectively, by

mf(r,2) = Y 7(p(x) = k) (k — p(x))°

kEZ

M (9, 1) = / o (w)uPdu
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and for a > 0 the p-absolute moment of order o of 7 and absolute moment of order « of ¢,
respectively, by

—SupZ\T R)[|(k = p(2))|*

TR ez

o) = / (a0 | .

From now on, 7 will be called a p-kernel and ¢ will be called a kernel, if they satisfy the condi-
tion (2.6) such that there exists 7, > 0 with M (1) < 400 and M, () < +o0.
Lemma 2.3 ([1]). Let 7 be a kernel satisfying the conditions

(1) T is continuous on R,
(2) there exists o > 0, such that

—supZ\T B[k — p(u)]”
u€R keZ
is finite.
For every 6 > 0 there holds:

Bm Y [rwp() — k) =0
|k—wp(z)|>wd

uniformly with respect to x € R.
Now, we introduce the modified Durrmeyer type sampling operators as follows
@) (557 D)) = 3 rlwpla) = byw [ plwu—k)(fop™)(wdu
k€EZ

Remark 2.2. The operator (2.7) is well-defined if, for example, f is bounded. Indeed, if | f(x)| < L for
every x € R, then fop~! is also bounded function. Then

((Su? ) (@) =) |m(wp(x) — k)|w | |e(wu —k)[|(fop™")(u)|du
kezz P /IR ' 14
<L |T(wp(z) — K)|lw | |p(wu — k)|du
k% p /Rw

<LML(r)Mo(p) < .

Remark 2.3. In the special case of p(x) = x (it is clear that (p1) and (p2) are satisfied), the operators
(2.7) reduce to the classical sampling Durrmeyer operators

(537 Pla) = 3 rlwa = Ry [ pln =) f(u)du

keZ

which was introduced in [14].

3. RECENT RESULTS

In this section, we present some recent results on the convergence theorems of generalized
sampling operators and Kantorovich forms in weighted spaces of continuous functions. The
proofs of these theorems are omitted here. For further details, readers are referred to the origi-
nal sources (see [1, 2]).
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3.1. Pointwise and uniform convergences of G and K in weighted spaces.
Theorem 3.1 ([1]). Let x be a kernel satisfying the assumptions (x1), (x2), and (x3) for § = 2.
Moreover, let f € C,,(R) be fixed. Then,
Jim (G3f)(2) = f(x)
holds for every « € R. Moreover, if f € U, (R), then
Jim [ GEf  fll =0,

Theorem 3.2 ([2]). Let x be a kernel satisfying (x1), (x2), and (x3) for 8 = 2and f € C,,(R) be fixed.
Then,
im (K3f)(x) = f(2)

holds for every x € R. Moreover, if f € U, (R), then

X
i KNS Sl =0.

3.2. Rate of convergences of G and K in weighted spaces.

Theorem 3.3 ([1]). Let x be a kernel satisfying the assumptions (x1), (x2), and (x3) for 8 = 3. Then,
for f € C:(R), we have
IGYf = fllo < 16Q(f3w™ ) (Mo(x) + Ms(x)), forw > 1.

Theorem 3.4 ([2]). Let x be a kernel satisfying the assumptions (x1), (x2) and (x3) with 8 = 3. For
f € C:(R), we have

1B f = fll < 32Q(f; 0 ™) [Mo(x) + 2Ms5(x)]
for every w > 1.
3.3. Voronovskaja type formulae for G, and KX.
A quantitative form of Voronovskaja theorem for the operators (1.1) was obtained as
following.

Theorem 3.5 ([1]). Let x be a kernel satisfying the assumptions (x1), (x2) and (xs) for 8 =
Furthermore, we assume in addition that the first-order algebraic moment of  is constant, i.e.:

mi(x,z) =mi(x) € R\ {0} for every z € R.
If f € CX(R), then we have for x € R that
[w(GY (@) = flz) = f(2)mi ()] < 16(1 +2*)Q(f 5w ) (Mi(x) + Ma(x)) -

If we suppose in addition m;(x,x) = 0, forevery x € R, for j = 1,...,r — 1, r € N, that (x3)
is satisfied for § = r + 3, and m,(x,x) = m,(x) € R\ {0}, for every = € R, then we have for
) € C*(R) that

m(x)

W (GEN@) — f@) = [ @)™

Theorem 3.6 ([2]). Let x be a kernel satisfying the assumptions (x1), (x2), and (x3) for 8 = r + 3,
r € N. Then, for f € C"(R) such that ") € C*(R), there holds

< %(1 +2?)Q(F50 ™) (M (x) + Mrts(X)) -

iz f) zf.wﬁ?;(')m\

r+3
27 (14 z?)Q (f(r)’w—1> l:Mr(X) + ]\f(j: 1) 8 Mo (x)

r+4

+ 8Mr+3( ) +

— wrr!
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4. NEW RESULTS

In [23], Turgay and Acar studied the approximation properties of the modified generalized
sampling operators in weighted spaces of continuous functions. In this section, we present
the approximation properties of the modified Durrmeyer type sampling operators in weighted
spaces of continuous functions. For the weight function ¢ : R — R, defined by ¢(z) = 1+p?(z),
we consider the following classes of functions:

By (R) = {f ‘R — R | for every z € R, iii;' < Mf},

Cy(R) = C(R) N By (R),

vo®) = { 1 < e | 1

where My is a constant depending only on f. These spaces are normed linear spaces with the

nom ()]
X
£l =SUP )

is uniformly continuous on R} ,

The weighted modulus of continuity, defined in [21], is given by

|f(t) = f(2)]
-5) = YRy
wy(f59) x,teR,\p?}fl)Izp(w)lfﬁ »(t) + ()

for each f € Cy(R) and for every 6 > 0. We observe that
wy (f;0) =0

for every f € Cy(R), and the function wy(f; ) is nonnegative and nondecreasing with respect
to ¢ for f € C,(R). Additionally,

lim wy (f;0) =0
6—0
for every f € Uy(R) (for more details, see [21]).
We recall the following auxiliary lemma to obtain an estimate for | f(u) — f(z)].

Lemma 4.4 ([21]). Forevery f € Cy(R) and § >0

“8) ) = 1)1 < ) + v (24 L2 o 5.5)
holds for all z,u € R.
Remark 4.4 ([23]). If we consider inequality (4.8), since
) + (@) < 8+ 20%(2) + 2|p(2)|5 whenever |p(u) — pla)| < 4,
and
V() + (0) < (52 +20(0) + 2p()l0)

by choosing § < 1, it turns out that

whenever  |p(u) — p(z)| > 4,

lp(w) — p(a)]\*
)

53

As a first main result of this section, we present the well-definiteness of the family of oper-
ators (S7:¥) in weighted spaces of continuous functions. To prove this, we need the following
proposition.

(4.9) |F(u) = f(@)] <91+ |p(2)]) 2w, (f30) (1 + IMWW”) ,
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Lemma 4.5. Let 7 be a p- kernel and o be a kernel with 8 = 2. Further we denote by v(x) := 1+ p?(x),
x € Rand for any fixed w > 0. Then the following inequality holds:

@10)  |(STe0)(@)] M) (2 Molp) + —5 Ma(g) + 4% (@) Mo(g)) + 5 ME(r) Mo().

Proof. By using the definition and linearity of the operators, we get

(SE#0)@)] < 3 Irlwpta) =Bl | ptwu =R+ 6 ()
keZ

§Z|T(wp |w/|<p wu — k |du+Z|T wp — k) |w/|g0 wu — k) |udu

kEZ keZ

<3 r(wp(z) — k) / (e — k)| du

kEZ

+$ Z |T(wp(z) — k)| /]R lo(wu — k)| (wu — k + k)*du

kEZ

<ML (T)Mo(p) + %Z |T(wp(z) — k)| /R lo(wu — k)| (Jwu — k]* + k*)du

kEZ
<ME( |7 (w — k)| | Je(wu — k)| (wu — k)*du
0 kZEZ p(x /R 2
+§ S~ Irtwp(o) ~ B [ lptwu = Ik - wple) + wp(z)*du
kEZ

<ME(T)Mo(e )+—M”( YJMa ()

+%(Z|T(w0(w)— (k —wp(z /|%0w“— )du

keZ

) 3 [rlwpta) =) [ lptwu = b)ldu)

kEZ

<M (r) Mol(p) + 25 ME(T) M () + —5 ME (7)Mo () + 492 () MG (7)Mo )

<M () (Molg) + 5 Ma(0) + 4% (1) Mo(9) ) + —g ME(T) Mo(s).

This completes the proof.
a

Now, we give the well definiteness of modified sampling Durrmeyer type operator and some conver-
gence results.

Theorem 4.7. Let 7 be a p- kernel and o be a kernel with 5 = 2. For any fixed w > 0 the operator S7;%¢
is a linear operator from By (R) to By, (R) and the inequality

2 4
155 Al 1oy < ME(T) (Mol9) + —5 Ma(e) + 4Mo(9)) + — ME(T) Mo ()
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holds.

Proof. By using the Lemma (4.5), we can easily obtain the inequality

(S50) @) < 3 rwpla) = Bl [ o= 1)1 ()i

k€EZ
S ) F(o~ () T
=3 Irtwpta) =B [ letwn =B S (£ 67 w)e
<fllo S r(wpla) — k) / [o(wu — k)|(1+ o (w))du

keZ R

< flho [ME () (Mol) + 5 Ma () + 49 (@) Mo(9)) + —5 ME(T) Mol

Now if we multiply both sides with , we get

R
1+ 72(@)

|(S5#f) ()]

DAL < 1l [MEr) (Moli) + 5 Malie) + 4Mo()) + 25 ME (7)Mol

for every x € R. By assumptions, we conclude that ||S7;? f||, < 4o thatis S};¥ € By (R). Now
taking supremum over z € R and the supremum with respect to f € By (R) with ||f|| < 1, it
turns out

2 4
1S5 o+ Bury < MET) (M) + —5 Ma() +4Mo() ) + — ME(r) M),

Theorem 4.8. Let 7 be a p- kernel and o be a kernel with 8 = 2. and f € Cy(R). Then, we have

(4.11) lim (S5%f)(z) = f(z).

w—r 00

Proof. By straightforward calculations, we have

(S5)) = 1@ < 3 [r(wpla) =Bl | Te(wn =B [(Fop™)w = Fe)]du

kEZ
“H(w)|

<3 Ir(wp(o) ~ ko | '90(7”“—’“)'{&*1)@

keZ
(oo™l _ f@)),

VO o~ g}
(412) 2211 + IQ.

|(Wop™")(u) — ¥ (x)]

Let’s first estimate I;. Since f € Cy(R), we have
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1 <l S r(wp(@) — ) Iw/\w wu— k)|[u? — p?())du

kEZ

<Iflly Y Ir(wp(a Iw/\w wu —k Iu— z)|lu+ p(x)]| du

keZ

<0 5™ rwp(o) - 0] [ lotwn = Bllwu - wplo)lfuu + wp(e)lau

kEZ

I 57 —kl/\wwu— (= K+ ks — wp(a))(jwu — b + I + wp(x)) b

k€EZ

§7||f||¢ Z\T(w |/ lo(wu — k |wu—k|2+|wu—k\|k+wp( )|
w

kEZ

k= wp(@)|Jwu — k| + [k —wp<x>||k+wp<x>|}du

<MV TS rwpte) ~ 1) [ fotwn = k) - kP

keZ

+ 30 Irtwp(e) = )k +wpta)] | Tetwn =Bl ki
keZ

+ 30 Irtwp(e) = k)l = wpla)] | Te(wn Bl ki
kEZ

+ 3 Ir(wp(w) - B)IIk — wp(a)]k + wple |/|<ﬂ wu — k)| du
keZ

(4.13)

=ha+hLao+Liz+ 14

Since |k + wp(x)| = |k — wp(x) + 2wp(x)|] < |k — wp(x)| + |2p(x)|, it is clear to see that the
following statements hold

1 =10 [ )Mo ) + 2hup (@)1 () Mo )]
If we substitute I 1, [1 2, 1.3 and I; 4 in (4.13), we can get
1 <M [hig ) Mo 0) + MP(PIMu(9) + 2000 M (1) M1 ) + ME(TIM () + ME(r) Mol)

+2u]p(2)| M (1) Mo(y )}

||f||¢ [ )+ 2MP ()M () + 2w|p(:17)|<M6)(T)M1(80) + M{’(T)Mo(s0>)
+M”( )Moy ))
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Now lets consider I,. Let z € R and € > 0 be fixed. Then there exists § > 0 such that

‘ (fop~'(u)
(op=t(u)

when |p~1(u) — x| < 6. Hence we can write

0 -1 u X
0 Y Irtwpta) — ko [ fetwn =1L - S

(x;‘<e

kEZ _I(U) (x
=wi(x T(wp(x) — wu — ( P (u) - f(x) U
—wi( )[lkw%‘)wl (wp@) =R | 90 )“( vop~(u) zp(z)‘d
T(wp(x) — wu — k op 1(u f(x u
+ Y Ir(wple) — k) ] 5 [ |‘ (Wop—L(u)  (z ‘d

[k—wp(x)| <5

fX ) -] [ et l| S T

wd
|k—wp(z)|> 45>

=wy(x) {12.1 + 122+ 12.3} :
wd wo
For |k —wp(z)| < > if |lwu — k| < - we have

lu—p(z )|<|u—*|+|*—p z)| <6
Since f € Cy(R), we get
Iy < eMg(T)Mo(p).
Taking supremum for u € R, we can write

La<2fle Y Ir(wple) K [p(wu — )ldu

_ ws
[k—wp(a)|< %2 frou=kl>%
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and ﬁwu%bﬂ lo(wu — k)|du = fltbﬂ lo(t)|dt — 0 as w — oo for sufficiently large w. Hence,
2 2

we get
2
Lo < EHwaMop(T)@
Finally, by Lemma (2.3), since

lim > Ir(wp(z) = k) =0,

w—+00 5
k—wp(z)|> %2

then we get
2
Irs < EHfHd)MO(SO)ﬁ
for sufficiently large w. Combining the above estimates, we have

|(Susef)(@) = f(@)| <h + Ioa + 2o+ Ias
<o [aspr ot + 3000 (7101 () + @) MM ()]

(4.14) () [e(ME () Mo(9) + 20/l ME(T) + 21l Mo(9)) |-

By taking limit as w — oo, we get the desired result.
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fop™!

Theorem 4.9. Let 7 be a p- kernel and ¢ be a kernel with 8 = 2 and — € Uy(R). Then
pop

1 TP f _ —
Jim [ISEEf = flly =0
holds.

Proof. For functions f € Uy(R), let us follow the same steps with the proof of Theorem (4.11)
fop™*
bop~!

and replace § with corresponding parameter of the uniform continuity of € Uy(R) also

considering the inequality (4.14), we have

(525 @) = F@ _ Tlle [y ’ ,
e w20 [ME M) +3MY () M1 (o) + Hp@)| MY (7)Ma )

e (ME(r) Mo () + 21 £l ME(T) + 2] Fls Mo())
and taking supremum over x € R we obtain the desired result. O
Theorem 4.10. Let 7 be a p- kernel and ¢ be a kernel with § = 3. Then for f € Cy(R), we get
(572 ) (@)= F(@)] < 91+ |p()]) 2w (Fop™ 5 w™) (ME(7) Mo(i)+4(ME (7) M ()M (1) Mo() )

Proof. Using the definition of the operators S;;¥ and (4.9), we have

(5% ) 2)] <) r(wp(x) = k)w [ |p(wu —k)|(fop™ (u) — f(z)|du
> Ir(upla) =0 | I = |
<9uw(1 + |p(@)]) 2w, (£6) Y lwp(x) k|/|¢, wu — k \(1+| 53(x)| )du
kEZ
=9w(1 + |p(z)|)*we (f;9) lwp(x) — k| [ |o(wu —k)|du
pla [kZEZ pla /Rso

+5%Z|wp<x>fk\ [ tetwu=h)lu= plo)au

kez
=9w(1 + |p(x)])we (fop™ ' 0) (11 + I2).
It can be easily seen that
I < MEMo().
Now, we need to estimate /5. By elementary calculations, we have

B <5 3 lwp(o) = H| [ Tp(wu =) (ju= |+ = p(o)]) du

keZ

4
<y S lupla) — k1 [ Tt~ 1) (o P+ [k = (o)) du
kEZ

zﬁ (M) Ms(0) + ME(TMol)).

Substituting I; and I and choosing § = w™!, we immediately obtain the result.
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C-symmetric Toeplitz operators on Hardy spaces
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ABSTRACT. We characterize all the Toeplitz operators that are complex symmetric with respect to a class of conju-
gations induced by a permutation. Our results provide an affirmative answer to a conjecture from a paper of Chat-
topadhyay et al. (2023) [1].
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1. INTRODUCTION

Let D be the unit disk {z € C : |z| < 1} in the complex plane C and T be the unit circle
{z € C: |z| = 1}. The Hardy space H? of D consists of all analytic functions f on D such that

27
sup / |f(rei9)\2dm < 0,
o<r<1.Jo

where m is the normalized Lebesgue measure on T, i.e., dm := df/2r. If f € H?, its radial limit
() := lim f(re)
r—1—

exists m-a.e. on T and the mapping f — f* is an isometry of H? onto a closed subspace of
L?(T,dm). The extension of f to D := {z € C : |z| < 1}, also denoted by f, is defined such that
flr = f*. It is known that H? is a Hilbert space with the inner product (-, -) given by

2m
(F9)mz = | f(e“)g(e¥)dm forall f.g € H*.
0
The standard orthonormal basis for H? is {1, z, 2%, ... }. Given ¢ € L*>°(T), the Toeplitz operator
T, : H?> — H? is defined by

Tyf = P(¢f) forevery f € H?,

where P is the orthogonal projection from L?(T, dm) onto H2. A more detailed introduction of
Toeplitz operators is available in [2, 18]. These operators have also been studied extensively in
the literature, for example in [3, 4, 10, 11].

Let H be a separable complex Hilbert space. A mapping A : H — H is said to be a conjuga-
tion if it satisfies the following conditions:

(i) anti-linear (or conjugate-linear), i.e., A(ax + by) = aAx + bAy for all z,y € H and
a,beC,
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*Corresponding author: Ching-on Lo; co.lo@cpce-polyu.edu.hk
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(ii) involutive, i.e., A%> = I, the identity operator, and
(iii) isometric, i.e., ||Az| = ||z| for each z € H.

The adjoint A* of a bounded and anti-linear operator A is defined to satisfy the property that
(Az,y) = (x, A*y) = (A*y,x) forallz,y € H.

In view of (ii) and (iii), we also have A* = A, i.e., A is self-adjoint.

A bounded linear operator 7" : ‘H — H is said to be complex symmetric if there exists a
conjugation C' : H — H such that CTC = T* (or equivalently, CT* = T'C). In this case, we
say T' is C-symmetric (or complex symmetric with respect to C). The study of complex sym-
metric operators was initiated by Garcia et al. in [5, 6, 7, 8]. These operators play a significant
role in control theory, signal processing and non-Hermitian quantum mechanics. Examples of
complex symmetric maps include normal operators, Hankel operators, Volterra operators and
truncated Toeplitz operators.

Investigation of the complex symmetry of Toeplitz operators on Hilbert spaces of analytic
functions was motivated by [9], in which the question of characterizing complex symmetric
Toeplitz operators on H? was posed. Ko and Lee provided a necessary and sufficient condi-
tion for T, to be complex symmetric with respect to a special class of conjugations on H? [12,
Theorem 2.4]. This result, together with [13, Theorem 2.11(a)] and [16, Theorem 3.6], was gener-
alized by the authors in [17, Theorem 3.4]. Complex symmetric Toeplitz operators on Bergman
and Dirichlet spaces have been studied in [14] and [15], respectively.

Let p be a fixed positive integer. In [1], Chattopadhyay et al. introduced the conjugation
C, : H> — H? defined as

oo p—1 oo p—1
Cg E E (lpl+TZpl+T = E E g apl+ Zp +T

=0 r=0 =0 r=0
where
; 00 p—1 l 2
() 21:0 ZT:O Appy 2P e H?,
(ii) o is a permutation on the set {ap;, apit1,...,ap+p—1} forl=0,1,...,and

(iii) the order of ¢ is 2.
A special case of C, is the operator C}7 : H> — H? given by

co p—1 oo p—1
I+ +i
szij E : E :apl+rzp " E :apl-i-]Zp + } [y 4 E E : apl+rzp+
1=0 =0 —0 =0

rtig

where 4, j are any fixed integers such that 0 < i < j < p. They characterized all C}/-symmetric
Toeplitz operators on H? with additional assumptions on i, j and p [1, Theorem 2.2]. In the next
section, we provide an affirmative answer to Remark 2.3 therein that these characterizations are
valid whenever 0 <i < j < p.

2. MAIN RESULTS

We will characterize all the Toeplitz operators T}, on H? that are complex symmetric with
respect to C}7 in terms of the Fourier coefficients of ¢.

Theorem 2.1. Let ¢(z) = 300 ¢(n)z" € L°(T) and i, j, p be integers such that 0 < i < j < p.
Then the operator Ty is C},7-symmetric if and only if

o(pl) = ¢(—pl)
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and
d(pl+71)=0
for every integer land r = 1,2,...,p— 1.

Proof. Suppose (;Ab(pl) = (;AS(—pl) and q@(pl +7r) =0 forall integersland r = 1,2,...,p — 1. Let I/
be any fixed non-negative integer. Then,

S ny
T¢O;7J LPU+ T¢zpl +J

=P ((5(0)2;;!1!’+j + Z é(pl)(zp(l"’_l,)"'j +Zplzpl/+j)>

=1

_J d(0)2PH 4 37 G(pl) 2P ifl"=0;
T B0)27 T 0 Gl O 4 Y G(pl)2r D i1 > 1

and

i, pl'+i _ i pl+i
Cp Tsz = Cp T z

Cz,]P ((ZS(O)ZPI +1i + Z ¢ pl Zp(l+l )+ + zplzpl +z)>

=1

Ci (B(0)2P"+ 4 3072, (pl)zp”“’)“) if I = 0;
Cy (B(0)27"+ + 3252, (ph) P+ 4+ 00 (pl) P+ ) i 1 > 1
40027+ 4 ST p(pl) U ifl' =0;
T )+ T, Bpl) O 4 Y Gy i > 1.
Similarly,
T¢C;,jzpl’+j — C;Vjngpl/H_
Whenr =0,1,...,p — 1 with r # 4, j, we have
T¢C£’jz”l/+r = Ci’jT*z”l”’T
_ [ G0 T g i1/ = 0,
T B0 £ ST B(pl) P S G(pl) 2P DA i > 1,

Thus, T,C}7 = CpiTy.
Conversely, assume Ty is Cj/-symmetric. Let [, m be any non-negative integers. We first
show that ¢(n) = 0 for |n| = pl + i, ..., pl + j. Since

(@), Cpizm) = (T, CRizm) = (e, Ty,

H?2
_ m i,J pl+i _ 1. m 1,5 pl+1i
= (2", TyCp 2 > <T¢z , Oz >H2

- <$Zm ZPH‘] < i ¢ n72pl+j>
H?2

n=—oo

= ¢(m —pl — j)
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and {C}7 2™ is an orthonormal basis for H?, it follows that

m 0
|P@=+9)]? Z (P@#),Cp02m) | = 3 dm—pl == > |6
m=0 n=—pl—j
On the other hand,
_ ) oo _ ' pl+i _ .
P<¢zpl“>=P< > as(n)zpl“”) = > St
and so,
pl+1i
HP ¢)Zpl+z Z |¢
Thus,
0o ) pl+i )
1) Yo lemPP= Y [ém).
n=—pl—j n=—oo
By considering P($2P'*7), we obtain
5% . pl+j )
(22) Y. bmP= Y em)
n=—pl—1 n=—oo
in a similar fashion. From (2.1) and (2.2),
—pl—i—1 . pl+j A
oo bmP== Y lém)?
n=—pl—j n=pl+i+1
which implies
(2.3) d(n)=0 for|n|=pl+i+1,...,pl+j.
Note that
T¢C’;’jzpl+i =T, SPIT < Z ¢ Zpl+j+n>
(2.4) = Y )T = "d(n—pl - j)z
n=—pl—j n=0
and

CHITy 2P = c;;jp< > &(n)zplﬂ‘—n)

n=—oo

pl+i
_ C;,j < Z qg(n)zpl+in>

n=—oo

(2.5) =i (i o(pl +1i — n)z"> :
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Similarly,
(2.6) T¢C;’jzpl+j = Z d(n —pl—i)z
n=0
and
2.7) CHITy P = Cpd (Z d(pl+j — n)z”> :

Suppose i # 0 and k is any integer such that 0 < k& < i — 1. We claim that ¢(n) = 0 for
In| = pl + i — k. Comparing the coefficients of z* in the right most expressions of (2.4) and (2.5)
as well as those of z* in (2.6) and (2.7), we have

(28) Ok —pl—j) = ¢(pl+i—k) and Gk —pl —i) = S(pl +j — k),
respectively. Since ¢ < j, we also have
(2.9) pl+i—k<pl+j—-1—-Fk<pl+j.

When k£ = 0, it follows from (2.8) and the fact gZA)(—pl —j)=0= qg(pl + j) that qg(n) =0
for [n| = pl + i. Assume there exists an integer &’ such that 0 < k¥’ < i — 1 and ¢(n) = 0 if
In| =pl+1i—Fk,...,pl +i. By taking k = k' + 1 and k = k" in (2.8) and (2.9) respectively, it
follows from the induction assumption and (2.3) that dpl+i—K —1)=0=¢(k +1—pl—1i).
Therefore,
(2.10) d(n) =0 for|n|=pl+1,...,pl+j
(if i = 0, then (2.10) is also true in light of (2.3)).

It remains to show that ¢(n) = 0 for |n| = pl + k, where k is any integer with j + 1 < k <
p — 1. Since p does not divide 2pl + k, we have 2pl + i + k # pl’ + i for all I’ € N. Moreover,
2pl + i+ k # pl' + j for every I’ € N. Otherwise, i — j + k = p(I’ — 2{). This equality is absurd,
becausei+1<i—j+k<p—1+i—j<p-—2<p Comparing the coefficients of 22P!*i+* in
the right most expressions of (2.4) and (2.5) as well as those of 22P!*i+* in (2.6) and (2.7) gives

(2.11) dlpl+i—j+k)=d(—pl—k) and d(pl + k) = (—pl —i+ j — k),
respectively. Furthermore,
(2.12) pl+i+1<pl+i—j+k<pl+k—1.

When k = j + 1, it follows from (2.11) and the fact ¢(pl +i + 1) = 0 = ¢(—pl — i — 1) that
d(n) = 0 for [n| = pl + j + 1. Assume there is an integer k" for which j + 1 < ¥’ < p — 1 and
qAS(n) =0for|n|=pl+j+1,...,pl + k' Taking k = k' + 1 in (2.11) and (2.12), it follows from
the induction assumption, (2.3), (2.11) and (2.12) that $(n) = 0for |n| = pl + k' + 1.

Hence (;Aﬁ(pl +r) = 0 for all integers [ and r = 1,...,p — 1. Comparing the coefficients of 27
in the right most expressions of (2.4) and (2.5), we have

$(—pl) = d(pl)
for all non-negative integers [. The proof of the theorem is now complete. O

Chattopadhyaya et al. introduced another special case of C,, in [1], namely the operator
C, : H?> — H? defined by

oo n—1 oo n—1
l l
Cn Z Z anl+rzn +r Z Z Anl+n—r— lzn +T7

=0 r=0 =0 r=0
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where 27° S22 a2 € H? and n is any fixed positive integer. They also obtained the
following characterizations for T to be C,-symmetric.

Theorem 2.2. [1, Theorem 3.1] Let ¢(z) = Yoo ¢(k)z* € L°(T). Then the operator T} is
C-symmetric if and only if

¢(nl) = ¢(—nl)
and
p(nl+7)=0

for every integer land r = 1,2,... ,n— L.

The method adopted in proving Theorem 2.1 furnishes an alternative proof to the necessity
part of Theorem 2.2: Assume T}, is C,,-symmetric. Since C,z™ = zn+n=1 we have

(P(¢z™), Cpnz™) gz = dp(m —nl —n +1)
for all non-negative integers [ and m. The fact that {C,,2™}°°_,, is an orthonormal basis for H>
implies

o0

[P Z pm—nl—n+DP= > [o(k)*
k=—nl—n+1
Moreover,
|P@="))” Z |b(k
k=—o
Thus,
%) R nl R
(2.13) Yoo BRP= D k)’
k=—nl—n+1 k=—o0
Considering P(¢z"*"~1) likewise, we obtain
%) R nl4+n—1 R
(2.14) DoIsRIP= D I8k
k=—nl k=—o0
Now, it follows from (2.13) and (2.14) that
—nl—1 R nl+n—1 )
Yoo BRP== Y lek)P,
k=—nl—n+1 k=nl+1

ie., (k) = 0for |k| =nl+1,...,nl 4+ n — 1. Furthermore,

TyCrz™ 1 =Ty2" = P ( > q@(k)zn”’“)

k=—o0

(2.15) ié MR — Z¢ —nl)z
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and
CnT£an+n71 _ CnP Z J)(k)znlJrnflfk
k=—oc0
nl+n—1
=C, Z d)(k)znlqtnflfk
k=—o0
(2.16) =C, d(nl+n—1—k)*
k=0

Upon comparing the constant terms in the right most expressions of (2.15) and (2.16), we have

d(—nl) = p(nl).
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ABSTRACT. In this article, we consider a class of nonlinear elliptic problems, where anisotropic leading differential
operator incorporates the unbounded coefficients and the nonlinear term is a convection term. We prove the solv-
ability of degenerate Dirichlet problem with convection, i.e. the existence of at least one bounded weak solution via
the theory of pseudomonotone operators, Nemytskii-type operator and a priori estimate in the degenerate anisotropic
Sobolev spaces.
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1. INTRODUCTION

Anisotropic partial differential equations have various applications in the mathematical
modelling of physical and mechanical processes. In particular, they are used in models for
the dynamics of fluids in anisotropic media when the conductivities of the media are distinct
in different directions, or in biology as a model for the propagation of epidemic diseases in
nonhomogeneous clusters. The interest in anisotropic problems has deeply increased recently,
because many difficulties arise in passing from the isotropic setting to the anisotropic one. For
example some fundamental tools available for the isotropic problem (such as the strong maxi-
mum principle) cannot be extended to the anisotropic problem (see [1-5,7-9,13,19-21,23-28]
and the references therein).

One of the most interesting problem in a bounded domain  C R¥ is the isotropic case of
the degenerate quasilinear Dirichlet elliptic equations with convection

(1.1) —div(a(x)|VulP~2Vu) = f(z,u, Vu).

Motreanu and Tornatore [17] developed a sub-supersolution approach to prove the existence
of nontrivial, nonnegative and bounded solutions for (1.1). In the anisotropic setting, they
analyzed the problem (see [19]),

(1.2) fz o ( \ iQ;Z‘i) = F(x,u, Vu),
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Solutions for nonhomogeneous degenerate quasilinear anisotropic problems 135

where the coefficients in the principal part are unbounded from above, and obtained the ex-
istence of solutions in a weak sense for degenerate anisotropic quasilinear Dirichlet problem
(1.2).
In the present work, we extend the results above to a more general case. We consider the
problem
P2 By
(1.3) Zz: O

312-

ou
8:51

)zf(x,u,Vu) in
on 01,

where Q@ C R is a bounded domain with N > 3 with a Lipschitz boundary 0%, p; are given
real numbers (1 < p; < 00, i =1,2,...,N)and, f : QxR xR" is a Carathéodory function. The
function f depends on the solution and its gradient (usually called convection term) satisfies
hypotheses (H;) and (H2) (see Section 2). Notice that the problem (1.3) includes the differential
operator which is anisotropic with measurable coefficients v;(z,t) (i = 1,2,..., N) that can be
written in the form v;(z,t) = a;(x)g;(|t]) with functions a,; and g; that will be defined in Section
2.

The novelty of the paper is the new extension of problems (1.1) and (1.2) to a degenerate one
in the anisotropic setting. The extended problem (1.3) is degenerate because the weight func-
tions are decomposed in two parts. The first part, a;(x) can approach zero or be unbounded,
the second part g;(t) can be unbounded from above. Thus, we need to consider the degenerate
anisotropic Sobolev space W, 7(d, 2) (see Section 2) as a suitable function space. By using the
theory of pseudomonotone operators, as well as Nemytskii-type operator, and considering an
appropriate truncation and a priori estimate in the anisotropic Sobolev spaces, we prove the
existence of at least a bounded weak solution for (1.3) as well as the existence of a uniform
bound for the solution set in the anisotropic setting. Our existence result for problem (1.3) is
formulated as follows:

Theorem 1.1. Assume that the weight functions v; :  x R — R have the structure in (2.4) with
positive functions a; € L}, () and continuous functions g; : [0,+00) — [ay,+00) with a; > 0
for i = 1,2,..., N satisfying the condition (H,). Assume also that the Carathéodory function f :
Q x R x RN — R satisfies the conditions (Hs) and (Hs). Then, problem (1.3) possesses at least a
bounded weak solution u € Wol’ﬁ(c?, 0) N L (Q) in the sense of Definition 3.2.

The rest of the paper is organized as follows. In Section 2, we state the main hypotheses and
the structure of the problem (1.3) and we review some facts about the degenerate anisotropic
Sobolev spaces which will be used in the sequel. In Section 3, we study the estimate of the

solution set of problem (1.3) in W, ?(a, Q). In Section 4, we prove the solvability of the aux-
iliary problem (4.26) obtained, which is used as an appropriate truncation, via the theory of
pseudomonotone operators and we prove that the problem (1.3) possesses at least a bounded
weak solution u € W #(&,) in the sense of Definition 3.2.

2. PRELIMINARIES

In this section, first, we state the main hypotheses and the structure of the problem (1.3)

in Sec. 2.1. Then we recall some facts about the suitable function space W,**(a@, 2) which is
necessary for studying the problem (1.3) in Sec. 2.2.
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2.1. Structure of the problem. The structure that we admit for the weights v; entering problem
(1.3) is of the form

(2.4) vi(z,t) := a;(x)g;(|t|) for a.e. z € Q and for all ¢t € R,

with positive functions a; € L}, (£2) and positive continuous functions g; : [0, +oo[— [, +00],
with o; > 0fori=1,2,..., N. Moreover, for the functions a; we assume the following hypoth-
esis

(Hy) a;® € LY(Q) for some s; € (max{;)y L },+oo> fori=1,2,...,N.

g i’ pi—1

We point out that the problem (1.3) is degenerate because the weight functions are decomposed
in two parts, the first part a;(«) can approach zero or be unbounded, the second part g;(t) can

be unbounded from above. We set 7 := (p1,p2,...,0n), @ = (a1,as,...,ay) and ps, := (ps)i =
Pivt fori = 1,2,..., N, where the real numbers s; are given by hypothesis (1) and consider

the vector gs = (ps,, ..., Psy)- Wesay ¢ < p iff ¢; <p; forall i=1,2,..., N, notice that the
definition of p; implies ps < p. Using (H; ), we have

pe; >1, i=1,2,...,N

and we assume

N
(2.5) S,

im1 Psi
and we set the critical exponent

§ N

(2.6) Py = S — .
We introduce
(2.7) p*i=max{p1,...,pn}and p~ :=min{py,...,pn},
and assume that
(2.8) pr<pi.

For the nonlinear term f : Q x R x RY, we assume the following hypotheses
(H) there exist the constants b; > 0, by > 0, b3 > 0 and q € (p™, p¥) such that

N e
|f($,t,§)| §b1+b2|t|q71+b3 <Zav|& pi) 5

=1

(H3) there exist the constants ¢; > 0, co > 0 with ¢ +con? NP ~1 < o foralli =1,2,..., N
and a function ¢ € L(2) such that

Pi 4 colt|P + o(x)

N
fla .9t <e) ai(@)lé
=1

forallz € Q,t € R, ¢ € RN, where ) is given by (2.11).
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2.2. Function space. In this section, we define the degenerate anisotropic Sobolev spaces (see
[14,15,21,22,26,27] and references therein). Set

—

b= (p17p27"'7pN)

with 1 < p1,pe,...,py < oo and Zfil i > 1. We introduce p™, p~ and p* as in (2.7) and (2.6),

respectively. We recall the anisotropic Sobolev space

WHP(Q) = {u e Whi(Q): % e LP(Q), i=1,2,.. .,N}
with the norm ||ul|y1.70) = llullz1 @) + Ef\il ||§%HLM (©)- The space Wolﬁ(Q) is the closure of

C§°(§2) with respect to this norm.
We recall the following theorem [12, Theorem 1].

Theorem 2.2. Let Q C RY be an open bounded domain with Lipschitz boundary. If
1
pi > 1, foralli=1,2,... N, g — >1,
— Pi

then for all r € [1,poo] where, poo = max{p*, p'}, there is a continuous embedding Wol’ﬁ Q) c
L™(2). For r < poo, the embedding is compact.

1
loc

The degenerate Banach space with weight a € L
L'(Q) for some s € (pﬂ +00) N [ﬁ, +00) is

20
i

(Q) which satisfies the condition a™° €

LP(a,Q) := {u : QQ — R : uis measurable and / a(z)|u(z)|Pide < oo}
Q

endowed with the norm

1wl Lri (a,0) = (/Q a(x)u(:c)|’”dx> .

The degenerate weighted Sobolev space is defined by

WiPi(q,Q) = {u € LP () : /Qa(x)\u(x)

and endowed with the norm

Pidy < oo}

lullwrri .0y = lullLe: @) + 1VulllLei @,0)-

The space W, (a, Q) is the closure of C2°(2) with respect to the norm lullw i (a,0)- Further-
more,

(2.9) ||uHW01,p(a,Q) = (/Qa(a:)|Vu(a:)|Pda:> »

for all u € Wy"*(a,Q), is an equivalent norm on W, *(a, ) for which W, ”(a, ) becomes a
uniformly convex Banach space.

Now, we recall the next Proposition from [16, Proposition 1] which establishes the con-
tinuous embedding of degenerate Sobolev space W1¥(q, ) into the classical Sobolev space
Whe=(Q).
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Proposition 2.1. Let be p > 1 and a € L} () which satisfies the condition a=* € L*(Q) for some

loc
s € (5, +00) N [11, +00). Then, there are continuous embeddings

WhP(a, Q) — WhPs(Q) — LP(Q),

where p, = 5. In addition, the embedding WP+ (Q) < LP(Q) is compact.

Letbe p = (p1,p2,...,pn) and @ = (a1, as,...,ayn) such that condition (H;) holds, the de-
generate anisotropic Sobolev space is given by

= 0
WhP(@, Q) = {u e whi(Q): a—;f € LP(a;,Q) fori=1,.. .,N}
with the norm ||lully1.5a,0) = [[ullL @) + Zf\il H%HLW (a;,)- The anisotropic Sobolev space

W P(@,Q) is the closure of C§°(Q) with respect to this norm. W, ?(a, Q) with the following

norm
N

el = lullyom gy = D
1

1=

o
al‘i

LPi(a;,Q)
is a separable and reflexive Banach space [11,15].
Finally, by Proposition 2.1, we can prove the following proposition.

Proposition 2.2. Assume that (H,), (2.5), (2.6) and (2.8) hold. There are continuous embeddings
(2.10) WeP(a@,Q) < WP (Q) — L"(Q)

forall 1 < r < py* In addition, the embedding W1P(a, Q) — L"(Q) is compact for r < py*. Further-
more Wo'P (@, Q) is a uniformly convex Banach space.

Proof. In order to prove the first inclusion in (2.10), let u € Wy (&, Q). Using Holder’s inequal-
ity and condition (H;) (note ps, < p;), we infer that

[2 |§7u Psidx :L <a¢(x) p:; |aa; ps,i) az‘(x)fp:; I

9 ”;ii __ps; %
< ([ astolgtpean) ™ ([ o) 7 Han )
1 Ou ||Pei
<oy Iy || o -
L (Q) 8331 LPi (ai,ﬂ)
This implies that
N LN
ou Ps; —L_ ou
U ypr15s oy = Poidy < a; " 5oy | 3=
Il =3 ([ 15 Pee) ™ < b5 [
N
0
<1y |50 =T Jlu]
i 1Ol e (a,0)
1 -
where T = max{|la; *'||[i( : @ = 1,2,...,N}. The continuous inclusion WyP(@,Q) —

WP+ () is proven.
Also we know by Theorem 2.2 and using (2.8) that the embedding W, 7*(Q) «— L"(2) for
1 <r < p} is compact, then the compactness of the second inclusion in (2.10) follows.
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It remains to show that W, P(@,Q) is a uniformly convex Banach space. It suffices to have

a, "l € LY(Q) foralli=1,2,..., N(see [10, Theorem 1.3]). From hypothesis (H1), it is known

K2

thata; * € L' (Q2) with s; > ﬁ, foralli=1,2,..., N, which results in

/ai(x)_ﬁdx:/ ai(ac)_ﬁ +/ ai(x)_ml*l
Q {a;(z)<1} {a;(x)>1}
< [t 419 <
Q

where || denotes the Lebesgue measure of Q2. Thus completing the proof. O

Taking into account Proposition 2.2, definition of p, (2.7) and (2.8), there exists a positive
constant 7 such that

(2.11) [ull -y < mllull,  forallu e Wy(a@,Q).

The degenerate anisotropic p-Laplacian operator with the weights a; € L}, .(Q),i=1,2,...,N
is defined by the map

*

" 3”) Wi P(@,Q) — WaP(@, Q) .

ox;

=3 (0] 5

This means that

6u pi=? > Bu v
Za ( ) Z / ailw 6371 i O,
forall u, v € W'P(@, Q).
The definition makes sense as can be seen through Holder’s inequality
Z / a; " Gu v dx
! 83:1 Ox; Ox;
ou [Pt 1| Ov
< Pi i Pi
Z/ ( oz, ) (al(x) . ) dx
ou | e ov | o
< i — .
Z (/ oz, ) (/Q a;(x) oz, dx) <00

Remark 2.1. The ordinary definition of p-Laplacian is recovered when p; = p and a;(z) = 1 in §, for
i=1,2,...,N.

Before ending this section we recall the definition of pseudomonotone map.

Definition 2.1. The map A : X — X* is called pseudomonotone if for each sequence {u,} C X
satisfying w, — win X and limsup,,_, .o (A(uy,), u, — u) <0, it holds
(A(v),u —v) < lirginf<A(un),un —wv) forallv € X.
n—oo

The main theorem for pseudomonotone operators reads as follows (see, e.g., [6, Theorem
2.99)).

Theorem 2.3. Let X be a reflexive Banach space. If the mapping A : X — X* is pseudomonotone,
bounded and coercive, then it is surjective.
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3. BOUNDED SOLUTIONS

We start with the estimate of the solution set of problem (1.3) in W, ?(,9). But before that,
we recall the definition of a weak solution for problem (1.3).

Definition 3.2. The function u € W, (a, Q) is called a weak solution to problem (1.3) if f(xz,u, Vu)v

and v;(z,u) gf pi—20u Dv o fori=1,2,..., N areintegrable on X and
(3.12) Z/ vi(x,u) a;i aa;:l gﬂi x:/ﬂf(x,u,Vu)vdac

forall v € WP (@, Q).

Lemma 3.1. Under assumptions (Hy) and (H3), the set of solutions to problem (1.3) is bounded in
WP (@, Q) with a bound depending on g; only through its lower bound o, fori = 1,2, ..., N.

Proof. Setv = u € WyP(@,€) in (3.12), we get

é/ﬂm(w,u)

Hypothesis (Hs), p; > 1fori=1,2,..., N in conjunction with (2.4) and Proposition 2.2 ensures
that

Pi
dx:/f(m,u,Vu)udx.
Q

Oul”
6xi

LPi(a;,Q)

Pi
dx:/f(x,u,Vu)udx
Q

" dx) + ¢ (/Q lul? dx) +/Q,Q(m)dx

| o) ol - g + el

o
ox;

N .
Au ||P _ _
< p P
_61; 0% || 1o, (a:,92) e’ flull” HQHLl(Q)
<a +can? + el @)
i=1 Oz LPi(a;,8) i=1 Oz L”i(ai Q)
N .
8u Pi _
<a +ean? NPT + llellz @)
; 5'%’ LPi(a;,Q) 5.%1 LPi (ai,9)
Thus
N
. oulP L
D (i —er— e NV | < loll oy + car? N7
i=1 Oz LPi(a;,Q)

But a; —c; —con? NP ~1 > 0foralli =1,2,...,N and g € L'(Q2) hence the proof is complete.
O
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Theorem 3.4. Assume that conditions (H. ), (Hz) and (Hs) are fulfilled. Then there exists a constant

C > 0 such that for each weak solution u € Wo'(a@, Q) to problem (1.3) it holds the uniform estimate
lull o) < C. The constant C depends on g;, for i = 1,2,...,n, only through its lower bound o
(i=1,2,...,N).

Proof. Letu € W, 7(,2) be a weak solution to problem (1.3). We can write u = u™ —u~, where
ut = max{u,0} and v~ = max{—u,0}. We have to show that u™ and u~ are both uniformly
bounded by a constant independent of u. We only provide the proof for u™ because in the case
of u~ one can argue similarly.

Our first goal is to prove that

(3.13) ut € L"(Q) forall r € [1,+00).

To this end we insert in (3.12) the test function v = u+u:pj € Wol’ﬁ(c?, ), where uy, := min{u™, h}
with arbitrary constants & > 0, £ > 0and 1 < j < N, thus obtaining

N
(3.14) ; /Q vi(x,u)

By means of (2.4) the left-hand side of (3.14) can be estimated from below as

Z / i) Cou
! 8% 8%
(3.15) 72 / ai(x)gi(

" ou (u’Z”” —au + kpjutupi T 1a“h>dx

P w9
8:& aIZ

ou
8o:i

(+kp7 dx—/facuVu) p"dx.

&El

87@2» Ox; “n Ox;
+ out |
>Zal kp; +1)/ (:Jﬂ)uip7 -— d{,C > Zal/ a;i( kp’ B dx.
i=1 g

On the other hand the right hand side of (3.14) by (H3) implies
/ f(z,u, Vu)zﬁuﬁpj dx

1
pi\ 4
3.16 <b / a;(x wtu’Pide + b / w2yt p’dx—i—b /u udeac
( ) 3 <Z arl ) h 2 Q‘ | 1 0
1| ou |7 + kp; kp kp
§b4z a;(z) wdr | +be [ ()P de 4+ by | utu de
: o) Q Q

9z,
with a constant by > 0. We observe that through Young’s inequality, for any ¢ > 0 and a
constant c(e) > 0 we get

N 1
b4;</ﬂa T

out

N N
zez/ﬂai(x) —-— uﬁpjdx—i—C(a)Z/Q(u quhpjdas
i=1 i=1

taking into account of previous relation and since

/thﬁuﬁpjdxS/Q(u+)qu:pjdx+|ﬂ|

(3.17)

Di
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from (3.15) we obtain

f(z,u,Vu ut Ul dy
h
o
out|?

N
SEZ/Qai(x) B UZPJ dzx + bs ( /Q(qu)quiPidx + 1)
i=1 ¢ i=1

with a constant b5 > 0. Then, we derive by (3.15) and (3.18)

(3.18)

N

8U+ pi kp s kD
3.19) Z(ai — 5)/ ai(z) |5—| " dz < bg /(u+)quhp] dx + 1) ,
i=1 Q O L
with a constant bs > 0 and for every j =1,2,..., N.
We observe that .
(wtul)| < (b + 1yuf | 22
o0x; h71 = hl o,

Taking into account this relation, from (3.19) if ¢ > 0 is sufficiently small, we obtain for each
j=1,2,...,N

k,+ 1 B;
(3.20) Ha(uhu) < (k+1)by < / ()0 de + 1>
9z e (a;,9) Q
By hypothesis (H>), we can find r € (p;, ¢) satisfying
(3.21) Mﬁp:, j=1,2,...,N.
r—DPp;

We can estimate the left-hand side of (3.19), using Holder’s inequality getting for any k£ > 0

[ e = [ ) () e
Q Q

(a—pj)r i
< (/ (ut) 7 da:)
Q

J Py
(/ (uﬁu"’)r dac)
Q
<Mt g,

where M > 01is a constant that does not depend on the solution u of (1.3). The independence of
M with respect to the solution u is a consequence of Lemma 3.1 and the continuous embedding

(a—pj)r
W, P(@,Q) < L 7 (Q) that follows from Proposition 2.2 and (3.21), morover constant M
depends on g;, fori =1,2,..., N, only for its lower bound «;.
Inserting the previous inequality into (3.20), we obtain

O(uput)
al'j

1

1
< (k+ 0bg” (Mlfufut |y +1) ™

LPi (aj sQ)
Summing on j from 1 to N, we have

h < (b +1)beN (”UﬁUJrHLT(Q) +1)

with a constant b7 > 0.

From the continuous embedding Wl’ﬁ (@, Q) = LP:(Q) and using Fatou’s lemma, we get

s LP
(3.22) [ut || Lernrns <b’“+1 (k+ 1) N (|Jut]| i) + 1)

with a constant bg > 0.
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Without loss of generality, we may suppose that [[u* || ;x+1)-(q) > 1 except for finitely many

k (otherwise conclusion readily follows), moreover, since the sequence (k+ 1) T s bounded,
(3.22) gives rise to a constant b > 0 such that accordingly, (3.22) amounts to saying that

1
(3.23) [u (| sz gy SOVEFT[[ut || osenrn (e

with a constant b > 0 independent of k and of the solution u, and for which the dependence on
gi, fori = 1,2,..., N, reduces to the dependence on «;. At this point, we can implement the
Moser iteration with (k,, + 1)r = (k,—1 + 1)p; posing (ki + 1)r = pj if [[u™ || Le+1)r () > 1 for all
kand (ki + 1)r = (ko + 1)p} if [[u™ || ko+1r () < 1and [[u™|[Lc+1r(q) > 1 for all & > ko. Then
(3.23) renders

>

R S
(3.24) ||u+||L(,M+1)p§(Q) <OTIEET VEAL || e () foralln > 1.

Letting n — oo in (3.24) since the series converges and k, — 400 as n — oo the uniform
boundedness of the solution set of (1.3) is achieved then there exists a positive constant C
such that [Jul[z~q) < C. A careful reading of the proof shows that the dependence of the
uniform bound C on g;, for ¢ = 1,2,..., N, arises just through the lower bound «; of g; for
i=1,2,...,N. This completes the proof. O

4. TRUNCATED WEIGHT AND ASSOCIATED OPERATOR

For any number R > 0 we consider the following truncation of the weights v;(x, u), for
i=1,2,..., N in problem (1.3):

vir(z,t) = a;(x)g;r(|t]), forall (z,t) € Q x R,

where
_ [ g(t) if te]0,R],

(429 gin(t) = { g(R) if t>R.
Corresponding to the truncation in (4.25), we state the auxiliary problem

N 9

0 Ou |77 Ou .

(4.26) - oz, (um(:mu) prs &m) = f(z,u,Vu) in

i=1

u=20 on 09,

Our approach to study problem (4.26) is based on the theory of pseudomonotone operators. In
this respect, we introduce the mapping, corresponding to an R > 0

Ap : WEP(E,Q) —» WP (a,Q)
as
(4.27) Ap=A-N,
with the degenerate anisotropic operator associated to the truncated weights v;r(z,t) (i =

1,2,...,N), A: Wh?(@,Q) » W27 Q)" defined by

N
Ou Ou Ov >
—_ ) pi—2 1o/ >
(4.28) (A(u),v) = iil /Q vir(z,u)| s | oz, 9z, dz for all u,v € W,*(a@, Q)

and a Nemytskii-type operator N : Wy?(&, Q) — LP (Q) defined by

(4.29) (N (u),v) = /Qf(x, u(z), Vu(z))v(x)dz for all u,v € Wol’ﬁ(&’, Q).
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Remark 4.2. Orne has that u € W, P(a@, Q) is a (weak) solution to problem (4.26) if and only if it solves
the equation Ag(u) = 0 with Ag given in (4.27).

The next propositions focus on the properties of the operators A and V.
Proposition 4.3. Given R > 0, let A : WlP(a@,Q) — WrP(a,Q) be as in (4.28). Then, A is
well defined, bounded and continuous, moreover it has the S, -property, that is, any sequence {u,} C
WP (@, Q) with u, — uin Wy ?(a, Q) and
(4.30) lim sup(A(uy, ), 4y, —u) <0

n—-+oo
satisfies u, — u in Wy’ (@, Q).

Proof. By (2.4), (4.25), the continuity of g;, for i = 1,2,..., N and Holder’s inequality, we get

N
ou |? v
o) <Z/az-<x>gm<u>\am, e
ou |P v
< () [ as(x) |2 d
<3 2}33;] D@ |g| Jon| @
N pi—1
ov
= Z 837 ox;
i=1 t I LPi(a;,92) I LPi(a;,92)

for all u,v € Wol’ﬁ(c"i, ), where G = max;<;<n (maxte[o’R] gi(t)). The operator A in (4.28) is
thus well defined and bounded. B .

Assume that u,, — u in W, ?(d@,2) we can prove that A(u,) — A(u) in Wy?(@,Q) . We
observe that

||~A Un - ( )HWlP(aQ)

) pi—1
GZN: / Oun | | Ou [P ou |
p Q ox; ox; ox; ox;
N Di bi—d
_»i_ | OQu Pi
" / ai(2) |gir(|un|) — gir(lul)[ 7= dm)
N Pi—2 pi—2
GZ ouy, ouy, B ou ou
ox; o0x; ox; Ox; || pi=t
i=1 L ?i (a;,Q)
N i—1
au pi
+Z (gir(Junl) — ng(|U|)) / 8x- :
i=1 t1LPi(a:,9)
Applying Lebesgue’s Dominated Convergence Theorem on the basis of the continuity of g;
(t=1,2,...,N) and the strong convergence u,, — u in Wol”’(a, Q) we have
o, |72 ou,, | Ou Pi=2 gy,  0and
83’51‘ 81‘,‘ Oati 6331 _Pi
Lpi—1 (ai,Q)
ou
Hng |un|) ng(|uD|p171 a —0
Li |l LPi (as,9)
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as n — oo which establishes the desired conclusion.
Let {u,} € W, P(d@,Q)bea sequence which satisfies (4.30). By (4.28) and Holder’s inequality,
we have

(A(un) — A(w), up — u)

—ZN:/CLZ )gir(|un|) (

o
&ri

pi—2
ouy,

dx;

ou,,

Pim2 gy ou, Ou
Gu) (L T gy
al P2 0w O(uy — u)

ou
B B R R R o M e
>a- Z [ unl by = 5 ) Bt = i )
ou |P 7% Ou A(uy — u)
+§ [ ast@) ) = guntil) | | 92 =,
with @~ = min{ey, ..., ax}. The assumptions u,, — u in W, (@, ) and (4.30) imply
(4.32) lim sup(Ag(un) — Ar(u), u, —u) <0.

n—oo
We also have

P2 O Oy — u)

Ry 0z dr = 0.

N ou
039 i S [ o) Gl gl |

Indeed, through Holder’s inequality and the boundedness of {u,} in W, ?(a,Q) (note that
u, — u), there is a constant & > 0 such that

ou

pi—2
ou O(up, —u

pi—1

ga; < /Q os(a)linlun) ~ gin(lu| 5 |52 )

Then (4.33) is achieved by applying Lebesgue’s Dominated Convergence Theorem on the basis
of the continuity of g; (i = 1,2, ..., N). Combining (4.31), (4.32) and (4.33) we have

dx

‘au

i

lim ’ ou,, ||P ’ ou |7t ‘ Oup, _’ ou _0
n—o00 al‘z Lri (ai,Q) 8:62 LPi (ai,Q) axz LPi (ai_’Q) 8x1 LPi (ai 79) .
Then
1im’a“” :’8“ . i=1,2,...,N.
nreo LPi(a;,Q) O (| 1, (ai,Q)

Since the space W, (@, Q) is uniformly convex (see Proposition 2.2), we obtain u, — u in
W, P (@,), this proves the S -property of the operator A. O

Proposition 4.4. Assume that hypotheses (Hy)-(Hs) hold. Then the map N : W, P(d,Q) — L7 (Q)
in (4.29) is well defined, continuous and bounded.
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Proof. Assumption (H>) yields

/|fmu|qdz<9(/il( D12

(3|

i=1

> dx +/ |u|?dx + 1)

+ ||u||qu(Q) + 1)

DPi

ZillLPi(a;,Q)

forall u € Wol’ﬁ(d’, Q) with a constant . Hence N'(u) € LY (Q2) whenever u € Wol’ﬁ(d’, Q), Thus
the previous estimate shows that

N WEP(@, Q) — LY (Q)

is well defined and bounded. Therefore the mapping \ is continuous. Let u,, — uin W, ?(a, ),
so 8“" — a" in L?i(a;,Q) (¢ = 1,2,...,N and u,, — win LY(Q). Hypothesis (Hz) and Kras-
noselesku s theorem on Nemitskii operator assure that f(z, u,, Vu,) = f(z,u, Vu) in L ()
whence N is a continuous operator. O

Now we are able to prove the solvability of auxiliary problem (4.26).

Theorem 4.5. Assume that the weights v; : Q@ x R — R has the structure in (2.4) with a positive
functions a; € Li,,(Q) satisfying the condition (Hy) and continuous functions g;r : [0,+00) —
[vi, +00) with a; > 0and i = 1,2,...,N. If f : Q@ x R x RN — R is a Carathéodory function
satisfying the conditions (Hy) and (Hs), then problem (4.26) has a weak solution ur € Wol’ﬁ(c"i, Q) for
every R > 0.

Proof. We are going to apply Theorem 2.3 to the operator Ay in (4.27) with any fixed R > 0. By
Propositions 4.3 and 4.4 it is known that the mapping Ar is bounded. Let us show that Ag is a
pseudomonotone operator. To this end, let u,, — u in W, *(a, ) and

(4.34) lim sup(Ag(uy), un —u) < 0.
n—oo

There holds

(4.35) lim sup(N (up,), u, — u) =0
n—oo

as can be noticed from Proposition 4.3 since
[N (un), un = u)| < [N (un)ll Lo o) lun = oo

and u, — win L9(€2) (refer to the compact embedding of W **(a@, ©2) into L(2) and that A (u,,)
is bounded in L7 (2)).

On the basis of (4.27) and (4.35), we note that (4.34) reduces to (4.30). We are thus enabled
to apply Proposition 4.3 obtaining the strong convergence u, — u in W, P(@,Q). In view of
the continuity of the maps A : Wol’ﬁ(d',fl) — W&‘ﬁ(d,ﬁ)* and NV : Wol'ﬁ(d’,ﬂ) — L7(Q) for
which we address to Proposition 4.3 and Proposition 4.4, we infer that Ar(u,) — Ar(u) in
Wol’ﬁ([i7 Q)* and (Ag(un), un) = (Ar(u),u), thus Ag is pseudomonotone.

We turn our attention to show that the operator Ap in (4.27) is coercive which reads as

(4.36) i AR

lull—oo  [lull



Solutions for nonhomogeneous degenerate quasilinear anisotropic problems 147

The proof is carried out by making use of hypothesis (Hs) that implies for ||u|| > 1 we have

<AR(U),U>
N
:Z/ym(x,u)|%|p*dx—/f(x,u,Vu)udx

N
22 /a7( )|—pldxfclz/ a;(x pldzf@/ |u|P dzf/ o(x)dx
i=1 Q
a2 —ealull? - o~ lellzrcon
i=1 ZillLri (a;,0 Ti|lLpi (a;,0)
N - ou -
Z Z(ai —C1 — CQ’I]p NP _1) o o) — anp NP — ||Q||L1(Q)
i=1 ¢ LPi(as,

Since a; — ¢; — con? NP ~! > Oforalli = 1,2,...,N and p~ > 1, we infer that (4.36) holds
true. Therefore it is allowed to apply Theorem 2.3, which provides a solution up € Wy*(a@, )
for the operator equation Ar(ur) = 0. Invoking Remark 4.2, ur represents a weak solution to
equation (4.26). The proof is complete. O

Now we can state the proof of the main result, i.e. the proof of Theorem 1.1.

Proof. Theorem 3.4 ensures that the entire set of solutions of problem (1.3) is uniformly bounded,
that is, there exists a constant C' > 0 such that ||ul[;~o) < C for all weak solutions u €

W P(@, ) to problem (1.3). The truncated problem (4.26) satisfies exactly the same hypothe-
ses, and with the same coefficients, as the original problem (1.3) with g;r in place of g;. It is
essential to note that the inequality a; —c; —can? NP ~! > 0Oforalli=1,2,..., N, assumed in
hypothesis (H3) is independent of R > 0. Consequently, Theorem 3.4 applies to the truncated
problem (4.26) involving the truncation g;z and produces the same uniform bound C' > 0 for
the solution set of (4.26) with any R > 0. Actually, the statements of Theorem 3.4 and Lemma
3.1 show that the uniform bound C > 0 for the solution set depends on the function g; only
through the lower bound «; of g;, which is the same for each truncation g;r. In particular, we
have that the solution ur € W, ?(d@, Q) to problem (4.26) provided by Theorem 4.5 satisfies the
estimate |[ug||1~ o) < C whenever R > 0.
Now choose R > C'. Then the estimate ||ur||r~(q) < C and (4.25) imply

gir(lur(x)]) = gi(lur(x)]) forallz € Qand i =1,2,..., N,
hence due to (2.4),
vir(z,up(x)) = vi(z,ug(x)) forallz € Qand i =1,2,..., N.

It follows that the solution ug € W, ?(@,9) to the auxiliary problem (4.26) is a bounded weak
solution to the original problem (1.3), which completes the proof of Theorem 1.1. O

Remark 4.3. We end this section by observing that, in the case of variable exponents, that is when
p; = pj(x), there are many applications to electrorheological fluids, thermorheological fluids, elastic
materials, and image restoration. Thus (1.3) can be studied in the case of variable exponents, for the
future studies.
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5. CONCLUSION

We study the nonlinear elliptic problem (1.3) characterized by an anisotropic leading dif-
ferential operator that includes unbounded coefficients, with the nonlinear component being
a convection term. This problem is a new extension of problems (1.1) and (1.2) to a degener-
ate one in the anisotropic setting. Our result shows the solvability of the degenerate Dirichlet
problem associated with convection, demonstrating the existence of at least one bounded weak
solution. This is achieved through the application of the theory of pseudomonotone opera-
tors, the Nemytskii-type operator, and a priori estimates within the framework of degenerate
anisotropic Sobolev spaces. To the best of our knowledge, our result represents the first result
in this literature.

Acknowledgments. Author E. Tornatore is member of GNAMPA. This research is partially
supported by FFR2024-Tornatore and PRIN 2022-Progetti di Ricerca di rilevante Interesse
Nazionale-Nonlinear differential problems with applications to real phenomena (Project N.
2022ZXZTN2)

REFERENCES

[1] Y. Ahakkoud, J. Bennouna and M. Elmassoudi: Existence of a renormalized solutions for parabolic-elliptic system in
anisotropic Orlicz-Sobolev spaces, Rend. Circ. Mat. Palermo, II. Ser (2024).
[2] M. Allalou, M. El Ouaarabi and A. Raji: On a class of nonhomogeneous anisotropic elliptic problem with variable
exponents, Rend. Circ. Mat. Palermo, II. Ser (2024).
[3] M. Bohner, G. Caristi, A. Ghobadi and S. Heidarkhani: Three solutions for discrete anisotropic Kirchhoff-type
problems, Dem. Math., 56 (1) (2023), Article ID: 20220209.
[4] B. Brandolini, F. C. Cirstea: Singular anisotropic elliptic equations with gradient-dependent lower order terms, Nonlinear
Differ. Equ. Appl. NoDEA, 30 (2023), Article ID:58.
[5] B. Brandolini, E.C. Cirstea: Anisotropic elliptic equations with gradient-dependent lower order terms in L' data, Math-
ematics in Engineering, 5 (4) (2023), 1-33.
[6] S. Carl, V. K. Le and D. Motreanu: Nonsmooth variational problems and their inequalities, in: Comparison Principles
and Applications, Springer, New York (2007).
[7]1 S. Ciani, V. Vespri: On Holder continuity and equivalent formulation of intrinsic Harnack estimates for an anisotropic
parabolic degenerate prototype equation, Constr. Math. Anal., 4 (1) (2021), 93-103.
[8] G. di Blasio, F. Feo and G. Zecca: Regularity results for local solutions to some anisotropic elliptic equations, Isr. J.
Math., 261 (2023), 1-35.
[9] G. di Blasio, F. Feo and G. Zecca: Existence and uniqueness of solutions to some anisotropic elliptic equations with
singular convection term, https://doi.org/10.48550/arXiv.2307.13564
[10] P. Drabek, A. Kufner and F. Nicolosi: Quasilinear Eliptic Equations with Degenerations and Singularities, De Gruyter
Series in Nonlinear Analysis and Applications, 5; Walter de Gruyter & Co.: Berlin, Germany (1997).
[11] X. Fan: Anisotropic variable exponent Sobolev spaces and P (x)-Laplacian equations, Complex Var. Elliptic Equ., 56 (79)
(2011), 623-642.
[12] 1. Fragala, F. Gazzola and B. Kawohl: Existence and nonexistence results for anisotropic quasilinear elliptic equations,
Ann. Inst. H. Poincaré Anal. Non Linéaire, 21 (5) (2004), 715-734.
[13] V. Gutlyanskii, O. Nesmelova, V. Ryazanov and E. Yakubov: Toward the theory of semi-linear Beltrami equations,
Constr. Math. Anal,, 6 (3) (2023), 151-163.
[14] M. Mihailescu, G. Morosanu: On an eigenvalue problem for an anisotropic elliptic equation involving variable exponents,
Glasgow Math. J., 52 (2010), 517-527.
[15] M. Mihdilescu, P. Pucci and V. D. Rddulescu: Eigenvalue problems for anisotropic quasilinear elliptic equations with
variable exponent, J. Math. Anal. Appl., 340 (2008), 687-698.
[16] D. Motreanu: Degenerated and competing dirichlet problems with weights and convection, Axioms, 10 (4) (2021), Article
1D: 271.
[17] D. Motreanu, E. Tornatore: Quasilinear Dirichlet problems with degenerated p-Laplacian and convection term, Mathe-
matics, 9 (2) (2021), Article ID: 139.
[18] D. Motreanu, E. Tornatore: Nonhomogeneous degenerate quasilinear problems with convection, Nonlinear Anal. Real
World Appl., 71 (2023), Article ID: 103800.


https://doi.org/10.48550/arXiv.2307.13564

Solutions for nonhomogeneous degenerate quasilinear anisotropic problems 149

[19] D. Motreanu, E. Tornatore: Dirichlet problems with anisotropic principal part involving unbounded coefficients, Electron.
J. Differ. Equ., 2024 (11), 1-13.

[20] V.A. Nghiem Thi, A.T. Vu, D.L. Le and V.N. Doan: On the source problem for the diffusion equations with conformable
derivative, Modern Math. Methods, 2 (2) (2024), 55-64.

[21] V.D. Radulescu: Isotropic and anisotropic double-phase problems: Old and new, Opuscula Math., 39 (2) (2019), 259-279.

[22] ]J. Rakosnik: Some remarks to anisotropic Sobolev spaces I, Beitr. Anal., 13 (1979), 55-68.

[23] A. Razani: Nonstandard competing anisotropic (p, q)-Laplacians with convolution, Bound. Value Probl., 2022 (2022),
Article ID:87.

[24] A. Razani: Entire weak solutions for an anisotropic equation in the Heisenberg group, Proc. Amer. Math. Soc., 151 (11)
(2023), 4771-4779.

[25] A. Razani, G.S. Costa and G. M. Figueiredo: A positive solution for a weighted anisotropic p-Laplace equation involving
vanishing potential, Mediterr. J. Math., 21 (2024), Article ID: 59.

[26] A. Razani, G. M. Figueiredo: A positive solution for an anisotropic p&q-Laplacian, Discrete Contin. Dyn. Syst. Ser. S,
16 (6) (2023), 1629-1643.

[27] A. Razani, G. M. Figueiredo: Existence of infinitely many solutions for an anisotropic equation using genus theory,
Math. Methods Appl. Sci., 45 (12) (2022), 7591-7606.

[28] A. Razani, G. M. Figueiredo: Degenerated and competing anisotropic (p, q)-Laplacians with weights, Appl. Anal., 102
(16) (2023), 4471-4488.

ABDOLRAHMAN RAZANI

IMAM KHOMEINI INTERNATIONAL UNIVERSITY
DEPARTMENT OF PURE MATHEMATICS, FACULTY OF SCIENCE
POSTAL CODE: 3414896818, QAZVIN, IRAN

ORCID: 0000-0002-3092-3530

Email address: razani@sci.ikiu.ac.ir

ELISABETTA TORNATORE

UNIVERSITY OF PALERMO

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE
90123 PALERMO, ITALY

ORCID: 0000-0003-1446-5530

Email address: elisa.tornatore@unipa.it



	kapak
	7.3
	1
	1. Introduction
	2. Remarks on the notion of fuzzy metric
	3. Modular metrics and their relation with fuzzy metrics
	References

	2
	1. Introduction
	2. I-factorizable Bloch mappings
	3. New examples of ideals of I-factorizable Bloch mappings
	3.1. Mappings whose Bloch range is separable, Rosenthal or Asplund
	3.2. p-Integral Bloch mappings
	3.3. Strictly p-integral Bloch mappings
	3.4. p-Nuclear Bloch mappings

	4. Bloch dual ideal of an operator ideal
	5. Conclusions
	References

	3
	1. Introduction
	2. Preliminaries
	3. Recent Results
	3.1. Pointwise and uniform convergences of Gw and Kw in weighted spaces
	3.2. Rate of convergences of Gw and Kw in weighted spaces
	3.3. Voronovskaja type formulae for Gw and Kw

	4. New Results
	References

	4
	1. Introduction
	2. Main Results
	References

	5
	1. Introduction
	2. Preliminaries
	2.1. Structure of the problem
	2.2. Function space

	3. Bounded solutions
	4. Truncated weight and associated operator
	5. Conclusion
	Acknowledgments

	References




