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DIFFRACTION OF SOUND FROM SEMI-INFINITE
PERFORATED AND SEMI-INFINITE COATED DUCT WITH
RING SOURCE

Burhan TIRYAKIOGLU

Department of Mathematics, Marmara University, Istanbul, TURKIYE

ABSTRACT. This study delves into the analysis of acoustic waves emanating
from a ring source in an infinite cylindrical duct. The duct is equipped with
an acoustically absorbing lining on its outer surface when z is less than [, and
is perforated when z is greater than I. The inclusion of acoustically absorb-
ing lining results in a substantial increase in the complexity of the equations
compared to the scenario without such lining. Through rigorous efforts, these
intricate equation systems are numerically solved, and graphs are generated
across various parameter values. Furthermore, by adjusting the parameter
values, a physical resemblance is established with an existing study in the
literature, showcasing impeccable alignment in the results.

1. INTRODUCTION

In recent years, the problem of diffraction or radiation of sound waves has been
a significant subject analyzed by researchers. Duct and pipe structures have a
widespread application in industrial systems such as exhaust systems, ventilation
systems, aircraft jets, and modern turbofan engines to control unwanted and poten-
tially harmful noise. Therefore, there is a need to explore more precise mathematical
models to address these complex engineering issues.

The Wiener—Hopf method [1], widely recognized for its convenience in analyz-
ing such applications, is included in numerous studies within the literature [2H§].
First, Levine and Schwinger employed the Wiener—Hopf method to investigate the
radiation of sound through a semi-infinite rigid duct [9].

There are some techniques used to reduce unwanted noise in duct and pipe
modeling. Some of these methods include covering the entire or part of the duct

2020 Mathematics Subject Classification. T8A45, 47TA68, 42B10.
Keywords. Absorbing lining, perforated duct, Wiener—Hopf, ring source.
Wburhan.tiryakioglu@marmara.edu.tr; ““0000-0003-1448-6147.
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SOUND FROM SEMI-INFINITE PERFORATED AND SEMI-INFINITE COATED DUCT 589

with acoustically absorbing lining [10H14] using expansion or contraction chambers
[15,/16] and using perforated structures |17,[18].

This study is approached by taking inspiration from the previous study [19]. Un-
like the previous one, an acoustically absorbing lining is utilized in this study. This
change, although not creating a significant difference at first glance, can be said to
transform the existing problem into a quite complex and practical one, especially
with the use of acoustically absorbing lining. Significantly, this adjustment intro-
duces a nuanced challenge, particularly evident in terms of mathematical analysis,
where it yields a greater number of unknown functions and a binary system of equa-
tions. The primary objective of this research is to augment the existing perforated
structure by introducing an acoustically absorbing lining. It is well-established that
such linings contribute to a measurable reduction in sound pressure levels, typically
by a few decibels. Consequently, the simultaneous utilization of both a perforated
structure and an acoustically absorbing lining is posited as the key to achieving
optimal efficiency in acoustic control.

This study consists of the following sections. In Section [2] the formulation of
the problem and the presentation of boundary-continuity conditions are provided.
Section |3 addresses the derivation and solution of the Wiener—-Hopf equation. Far
field analysis is performed in Section ] In Section [}] numerical results are pre-
sented using graphics generated for various parameter values. Finally, Section [f]
summarizes the findings obtained from solving the problem.

2. PROBLEM SETTING

The problem’s geometric configuration is illustrated in Figure 1} Here, the duct
walls are modeled as infinitely thin, occupying the region {r =a,z € (—o00,00)},
illuminated by a ring source [20] situated at {r = b,z = —c,¢ > 0}. For z < [, the
exterior surface of the cylinder assumes an acoustically absorbing lining character-
ized by Z, while the interior surface is assumed to be rigid. The duct for z > [ is
considered perforated. Due to the symmetry of both the problem’s geometry and
the ring source, the total field remains independent of azimuth ¢ throughout the
circular cylindrical coordinate system (r, ¢, z).

Ring Source

Lined (7) /[ \\\

FIGURE 1. The geometry of the problem.
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The scalar potential 1 (r,z) can be ascertained by establishing a relationship
between velocity v and acoustic pressure p, as expressed by the following equations.
7 = grad¢ and p = PO /0L, where p, represents the density of the undisturbed
medium, and ¢ denotes time. In the course of this study, we assume a harmonic
time dependence of the form e~ where w stands for the angular frequency.

For analytical simplicity, the total field ¢, (r, z) can be represented as:

¢1(7"72’)7 T’>b
’(/}t (7",2) = 1/}2 (T7Z)a a<7‘<b ) (1)
Yy (r,z), r<a

where wj(r, z), j = 1,2,3 appearing in are an unknown functions that satisfy
the wave equation

19/ 0 2, )
|:’ra7" (7’6T> + @ +k :| '(/)j(ryz) *07 J= 1a2,3' (2)

Here, k = w/cy represents the wavenumber, where w is the angular frequency, and
¢p is the speed of sound.

From the geometry of the problem, one can write the following boundary condi-
tions and continuity relations. The outer surface of the duct is lined with acousti-
cally absorbing lining for z < [, this means

ik 0
(-5 ) vt =0. =<t 0
where Z denotes the acoustic impedance of the lined wall. The inner surface of the
duct is rigid for z < [, one obtains

0
Ew3(a,z) =0, z<l (4)

For the perforated duct for z > [, the following conditions can be written

3] 0
gl/fz(aaz) = 51/13(&2), z>1 5
Vao(a, z) = Ys(a, z) + i%%d)g(a, z), z>1

where ¢, is the specific impedance [21], which characterizes the acoustic properties
of the perforated duct.

¢p = [0.006 — ik(t,, + 0.75d3)] /o7,

with ¢,, representing the screen thickness, d;, denoting the perforate hole diameter,
and ¢ indicating the porosity.
The last following conditions can be obtained from the ring source
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0 0
Ewl(b,z) — EwQ(b, z)=0(z+¢), z€ (—oo,oo), (©)

¥1(b, z) —hy(b,z) =0, 2z € (—00,00)
where § represents the Dirac delta function.
By taking Fourier transform of we obtain the following integral representa-
tions

Py(r,z) = %/[:A(Q)Hél)()\kr)eﬂakzda
valr2) = % /JB (@) Jo(Akr) + C(a)Yo(Akr)]e™**da, (7)

Pa(r,z) = %/ﬁD(a)Jo()\kr)e_mkzda

In the context where A(a), B(a), C(a), and D(«) are the spectral coefficients,
determined by solving the equations -@, the integration contour £ is chosen to
be a suitable inverse Fourier transform along or near the real axis in the complex
a-plane. The functions Jy and Yy correspond to the Bessel and Neumann functions

of order zero, respectively. Additionally, H((,l) = Jy + 1Y, represents the Hankel
function of the first type [22], while A stands for the square root function, defined
as:

AMa)=+v1-a2 A0)=1.

3. WIENER—HOPF PROCEDURE

In this section, the Wiener-Hopf equation will be derived and the soltuion ob-
tained.

3.1. Derivation of the Wiener—Hopf Equations. Enforcing the boundary con-
ditions at r = a and performing Fourier transforms of and (E[) yields:

k[B(a)J(Z,a) + C(a)Y(Z,a)] = e“MdT (a), (8)
—AkD()Ji(Mka) = e “FdF (a), (9)

where
J(Z,a) =ido(Aka)/Z + N1 (Aka),

Y(Z, o) =iYo(Aka)/Z + AY1(Aka).
Similarly, from equation , we get
—MkD(a)Jy(Mka) + MkB(a)Ji (Aka) + M\kC(a)Y1(Mka) = M7 (a), (10)
D(a) [Jo(Aka) — iX, 1 (Aka)] — B(a) Jo(Aka) — C(a)Yo(Mka) = e M ®5 (o). (11)
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In the upper half-plane, <I>i2, and in the lower half-plane, ®1 , are analytical func-
tions, as described in [19], and their definitions are as follows:

< [ik ) .
etior— [ o= Lot
(I);(Oé) _ /loo %¢3(a7 Z)eiak(Z7l)dZ

LTo 9 ,

Oy (a) = /_ [8741/’3(“»2) - &,wg(aw)] elokz=D g,

P (a) = /l [$3(a, 2) = vy(a, 2)] *EDdz
Finally, from the ring sou;czzo on r = b, we obtain
ARA(a) HY (AkD) = AkB () Jy (Akb) + AkC(a)Y1(Akb) — e~k (12)
A(a)H (Akb) = B(a)Jo(Mkb) + C(a) Yy (AkD), (13)
where Hél) = J1 +Y;. By using the above two equation and , one gets

; b
B(a) = A(a) + ¢ ¥y (\kb)
ib . (14)
Cla) =iA(a) — eiiakC?
The coefficients A(«), B(a), and C(a) are interrelated through the equation (14)),
whereas the coeflicient D(«) can be readily derived from the equation @D

Jo(AKD)

eiaqu); (a)

D =——F—". 1
() = =7 ) (15)
By using and (14)), A() can be obatined as follows
eiaqu)i%(oo e—iakcﬂ.b
A(a) - kH(Z, a) - 2H(Z, OL) [YO()‘kb)J(Z7 Oé) - JO()‘kb>Y(Z7 a)]7 (16)
where

H(Z, o) = iH"Y (Mka)/Z + AHD (Mka).
By substituting these coefficients (A(a), B(a), C(a) and D(«)) into (B]), we obtain
the following equations

AHY (Mka) b ian(ern Hs (kD) _

7 () + H(Z, ) @f(a)+ﬁe H(Z.a) =) (a), (17)
Jo(Aka) — iXC,Ji (Aka) HY (Aka) b ooy HSY (\kD)
- Nk (Nka) $(e) = k.(;{(Z,a) O (o) 4 et Ig'(Z,a)

=0, (o). (18)
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Hél)(/\ka)/H(Z, «) can be eliminated from equations and (18], we get

87 (0) + L()®F (o) = |7 (0) — S5 (a)| (19)
where HZ.Co0)
L) = 37 T (20)
and

J(Z,¢,,a) = J(Z,a) + (,Ji1(Mka) /Z.
Then eliminating ®3 («) from equation and (19), we get

b Hél)()\kb) p—iak(ct)

O ()M (a) + a« HZa)

; Jo(Aka) — ixC, J1 (Mk
= @J(a)—%%(a) o Cg(zlccpa)l( &

+ kP (), (21)

where )

M(a) = Jo(Aka) —ir(,Ji(Mka)  HS )()\ka).
J(Z,¢,, a) H(Z, )

and are two coupled Wiener—Hopf equations and L(«a), M («) are kernel

functions given in and , respectively, to be factorized.

(22)

3.2. Solution of the Wiener—Hopf Equations. Examine the first Wiener—Hopf
equation in and reorganize it using in the subsequent format:

Ay (Mka)
J(Z,Cp )

Similarly, by using equation and (22)), we get
b HY (\kb)
a H(Z, «)

7 Aka) —iNC J1(Nka
= |®; (a) - —kéz_(a) ol J)(Z CCPO;])( )

Of (@)L (o) + ¥ (0) L (0) = |#7 (0) — 20 (@)| L_(a).  (23)

O ()M (o) + e ekletD N (a)

7 M_(a) + k@, (a)M_(a). (24)
Here, Ly (a), Mi(a), L_(«a), and M_(«) represent analytic functions devoid of
zeros in the upper and lower half-planes, respectively. The factorization of L(«)
and M () is provided as follows |19]:

Lyi(a) M, (o)
L(a) = I () M(a) = M_(a)

In the upper half-plane, the left-hand side of is analytic, except for the poles

originating from the zeros of J(Z, (,, a) situated in the same half-plane, specifically

at o = a,, with
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iJo (\/1 = (am)zkza) 17 +\J1— (am)* + ¢,/ 2, <\/1 = (am)Qka> —0. (25)

By subtracting the infinite system of poles from both sides of (23)), we obtain:

AJ1(Aka) s ct
m@T(Q)L+(OZ) - mXZ:l m + (I);_(a)L_,’_(O[)
7 oo ct
- {@1—(@) B 5@5(0‘)} Lo(a)= Y, ——"=, (20)
where

ch = O ()L tim A

amsar L J(Z,C,0) @7

By applying the analytical continuation principle along with Liouville’s theorem to

, one obtains:

i = ¢
| P (29)

By applying similar procedure to , we get the followings

o} ()M (a) = Ly (o) + Y (29)
where
(1)
) =~ e M (@) = L) L), (30)
and
- ik _ Jo(Aka) —iXC, T (Mka)
= |~ G0 | M)t RS (s

Through the decomposition of , we can derive analytical functions in both the
upper and lower half planes, given by I(a) = I (a) + I_(a).

1o [ HYOKD)M_(1) _ipiesn
_ - 7 1Tk(c . 2
L) == | HZ =) € dr (32)
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3.3. Determining the Coefficient ¢, and c;,. Wiener—Hopf solutions and
involve unknown coefficients ¢}, and ¢, that need to be determined. By
substituting o = a;F into and utilizing the relation in , we get:

1 _ 1 & "
Jo(Nk@)—ixC, 1 (Mka) L_(a) Z oo n=12,...
£ J(Z,(,,)

a—a;b

M_(a;}) lim

(33)
Similarly, by substituting o = «, into and utilizing the relation in (27)), we
obtain:

oo

+ == —_
M (Mka) T )+ Z n=12,... (34)

g (o7 —Oé
—~an L J(2C,.0) n m

Ly (om)lim,,

To find the unknown coefficients ¢, and c;,, numerical solutions will be obtained
for these coupled systems of algebraic equations. Given the rapid convergence of
the infinite series, truncation can be efficiently performed. Therefore, all numerical
results will be obtained by truncating the infinite series and the infinite systems
of linear algebraic equations after the first N terms. As shown in Figure [2] it
was observed that the amplitude of the diffracted field becomes insensitive to the
increase in the truncation number after reaching N = 15 [23]/24].

4. FAR FIELD

The expression for the total field in the region r» > b can be derived from @

k .
$i(r2) = o / Aa) HY (Mer)e— i da, (35)
T™Jc
By using and , the total field can be formulated in the following manner:
¢1(Taz) :1/%1(7"7 Z) +wi(ra Z)+1/}T,(T’, Z)a (36)
where
k (O[) 1 —iakz
W (r,2) =  E (Z’ 5 — L g (\kr)e i h= da, (37)

Y;(r,yz) +1,.(r, 2)
kb [ Yo(AkD)J(Z, @) — Jo(AKD)Y (Z, )
4 / H(Z )

HSY (Akr)e okt do, - (38)

Substituting the following asymptotic expressions, valid for kr > 1, for Ho(l)()\kr)
and Jo(Akd) in place of them

[ 2 .
H(()l)()\k:r)w %ez(,\kr—w/4)7
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and employing the saddle point technique [25|, we obtain:

¢1(7'a2) :wd(Rl’el)_Fwi(RQ?eQ) +wr(R2a92)a (39)
where . -
1 @ (—cosfy) e
Va(B1,01) = m H(Z,—cosby) kRy’ (40)
V;(R2,02) + ¥, (R2,02)
_ikb Yo (kbsin63)J (Z, — cos f3) — Jo(kbsin 03)Y (Z, — cos ) e’ (a1

2 H(Z,— cosbs) kR

@T is given in . Here, Rq{,60; and Rs, 5 represent the spherical coordinates
defined as follows:
r:Rlsinﬁl, Z—ZZR1C0801,

r = Rgsinfy, z+c¢c= Rycosfs.

5. NUMERICAL RESULTS

In this section, graphs are produced for different parameter values by taking
advantage of the properties of geometry. Some parameter values are taken as un-
changed and given in Table [Il The values taken for different parameter values are
selected from some studies in the literature [1921]. Figures are produced using the
Sound Pressure Level (SPL) formula defined below.

p
SPL =20 loglo ‘m} .

TABLE 1. The values of the parameter.

Truncation number | N | 15
Density of Un. Med. | p, | 1.255 kg/m?

Speed of sound co | 340 m/s
Screen thickness tyw | 0.00081 m
Hole diameter dp | 0.0249 m
Ring source axis c |0.050 m
Lining length [ 10.010 m
Far radius R | 46 m

In Figure the sound pressure level is plotted according to the increase in
truncation number (N) values. As can be seen, after a certain value of N, the
change in sound pressure level is insignificant. Therefore, other graphs are produced
for N = 15.

The change of sound pressure level according to both duct radius and ring source
radius are plotted in Figure |3| and Figure [4] respectively. As expected, the sound



SOUND FROM SEMI-INFINITE PERFORATED AND SEMI-INFINITE COATED DUCT 597

a) f = 1500 Hz (Unperforated)

b) f = 3500 Hz (Unperforated)
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FIGURE 2. Sound Pressure Level (SPL) against the truncation
number (N) for ¢ = 0.010 m, b = 0.075 m, Z = 1 — 2 and
o = 0.097.
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FIGURE 3. The impact of varied duct radius values (a) on Sound
Pressure Level (SPL) at different observation angles, with fixed
parameters: f = 1500 Hz, b = 0.075 m, Z = 1 — 24, and ¢ = 0.057.
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FIGURE 4. The impact of varied ring source radius values (b) on
Sound Pressure Level (SPL) at different observation angles, with
fixed parameters: f = 1500 Hz, a = 0.010 m, Z = 1 — 2¢, and
o = 0.057.

pressure level increases with increasing the values of duct radius and ring source
radius. On the other hand, the opposite situation exists for increasing values of
¢ and [. As in the previous study [19], a decrease in the sound pressure level is
observed both as the ring source moves away and as the duct extension increases.
The effect of acoustically absorbing lining is examined in Figure [f] and Figurd6}
In Figure[5] the real part is kept constant for the complex impedance value, and the
variation of sound pressure level is plotted with respect to the imaginary part. In
Figure [0 the imaginary part is kept constant, and the variation of sound pressure
level is plotted with respect to the real part. As seen, a decrease in sound pressure
level can be achieved by selecting appropriate fReZ and JmZ values.
Figure [7] depicts the variation in sound pressure level for different porosity rates.
As expected, the sound pressure level increases with an increase in porosity.
Consistency with the previous study [19] is examined in the last two graphs.
These comparison figures indicate a meticulous handling of complex problems that
particularly emerged in this study. In Figure[8] the impact of the lining is eliminated
to establish physical similarity with the previous study. For this purpose, the
impedance value is taken to infinity to obtain a graph for the rigid surface. It should
be noted that the sound pressure level graphs obtained by taking the impedance
value to infinity are identical to the previous ones. A similar situation holds true
for Figure [0 as well. In this graph, normalized values of ka, kb, ke, and kl are
employed for consistency with the previous study. To achieve physical similarity,
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FIGURE 5. The impact of varied absorbing lining (reactance) val-
ues (JmZ) on Sound Pressure Level (SPL) at different observa-
tion angles, with fixed parameters: f = 1500 Hz, a = 0.010 m,
b=0.075 m, and ¢ = 0.057.
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FIGURE 6. The impact of varied absorbing lining (resistance) val-
ues (ReZ) on Sound Pressure Level (SPL) at different observa-
tion angles, with fixed parameters: f = 1500 Hz, a = 0.010 m,
b=10.075 m, and o = 0.057.
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FIGURE 7. The impact of varied porosity values (¢) on Sound
Pressure Level (SPL) at different observation angles, with fixed
parameters: f = 1500 Hz, a = 0.010 m, b = 0.075 m and Z = 1—2i.
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FIGURE 8. At parameters f = 1500 Hz, a = 0.010 m, b = 0.075 m,
Z — o0, and ¢ = 0.057, comparison of the Sound Pressure Level
(SPL) with different duct radius values (a) with the study of [19].
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FIGURE 9. At parameters ka = 1, kb = 10, k¢ = 6, kIl = 10 and
Z — o0, comparison of the Sound Pressure Level (SPL) with open
perforated duct with the study of [19].

the impedance value is taken to infinity. The obtained result, as in the previous
graph, demonstrates very good alignment.

6. CONCLUSIONS

In this study, the diffraction of sound waves emanating from a ring source in
an infinite duct with an acoustically lined outer surface for z < [ and a perforated
surface for z > [ has been investigated using the Wiener Hopf technique. Due to the
symmetry of both the problem’s geometry and the ring source, the problem has been
modeled in two dimensions. By solving the Wiener—Hopf equation, a solution is
obtained. Graphs are presented for some specific values of problem parameters, such
as the radius of the duct and the ring source, the effect of acoustically absorbing
lining, and the perforated duct, to better understand their impact on the sound
pressure level. An increase in the values of the duct radius (a) and the ring source
radius (b) is observed to result in an increase in the sound pressure level. A similar
trend is valid for both real and complex values of acoustically absorbing lining (Z).
The effect of the perforated duct on the sound pressure level is also significant, with
a decrease in the sound pressure level observed as the porosity of the perforated
duct decreases. Finally, when compared to the study of [19] for Z — oo, it is
observed that the conformity is excellent.

This study can also be used to consider the case where mean flow is present both
inside and outside the duct. It is worth noting that when mean flow is included,
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the current problem will be much more complicated to solve analytically and will
require careful analysis.
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ABSTRACT. This paper presents an analytic study of determining all the pos-
sible solutions of the Diophantine equations such that qx = JmJn and Jp =
gmqn. These give intersections of the Modified Pell and Jacobsthal numbers
too for the case where m =1 or n = 1.

1. INTRODUCTION

It is well-known that the Pell, Modified Pell, and Jacobsthal numbers are defined
by the recurrence relations

Py=0, PP =1and P41 =2P, + P,_1 for all n > 2, (1)
g =1, g1 =1and gny1 = 2¢n + gn—1 for all n > 2, (2)

and
Jo=0, J1=1land Jyy1 = J, +2J,-1 forall n > 2, (3)

respectively. These integer sequences have very interesting characteristics. For this
reason, a heavy interest has been devoted to investigation of the subject by a great
number of researchers. Here, it is proposed that two fundamental books given by
Vajda [1] and Koshy |2 are investigated for a piece of wide information.

As shown from Equations —, all the desired terms of the related sequence
can be computed recursively by using the respective recurrence relation. Also, as a
second way, we can employ the following equations that are called Binet’s formulas:

n n n n n n
) " +6 a — @)

P’I’L:77 n — - _ | ¢ )
) e v+46 a—pf

, and J, =
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where v and § are the positive and negative roots of 2 — 2z —1 =0, and « and 3
are the positive and negative roots of 22 —x — 2 = 0.

Up to the present, many articles have been governed related to the identities and
applications of the Modified Pell and Jacobsthal sequences. Let us briefly mention
some of the relevant research. In [3], Horadam gave the definition of the Modified
Pell numbers, including some elementary identities, and showed that @, = 2q,,
where @, is the nth Pell-Lucas numbers. In [4], the author defined the Jacobsthal
numbers and presented their characteristic identities. In [5], Dagdemir developed an
interesting matrix technique to find relationships between the Pell, Pell-Lucas, and
Modified Pell numbers. In [6] and [7], Dagdemir brought rich elementary context
related to the Jacobsthal and Jacobsthal-Lucas numbers to the available literature
by using some matrix identities. In [8], Arslan and Kéken presented the Jacobsthal
and Jacobsthal-Lucas numbers with rational subscripts based on the idea of com-
puting square roots of the matrices of order 2 x 2. In [9], Catarino and Campos
introduced the Gaussian Modified Pell numbers, including Binet’s formula, the gen-
erating function, and some sum formula. In |10, Radicic computed determinants,
eigenvalues, and the values and boundaries of certain norms for a k-circulant matrix
involving the Pell Numbers. In |11], Dagdemir expanded the usual Mersene, Jacob-
sthal, and Jacobsthal-Lucas numbers to the ones with negative indexes. In [12],
Soykan and Goécen presented the definition, Binet formula, and generating functions
of the generalized hyperbolic Pell numbers over the bi-dimensional Clifford algebra.
In [13], Uygun defined the bi-periodic Jacobsthal and bi-periodic Jacobsthal-Lucas
numbers and discovered some features between them.

The above brief literature survey shows that many researchers have genuinely
interested in investigating the elementary identities and properties of the Modified
Pell numbers and the Jacobsthal numbers with structural configurations and this
trend is growing day by day. Motivated by these developments, in this paper, we
consider the Diophantine equations

and
k. = JmJn (6)

for any positive integer k, m, and n under m < n. The fundamental outputs of the
paper are to determine the m, n, and k numbers that satisfy Equations and @

2. AUXILIARY DESCRIPTIONS
The following will be used extensively in the rest of the paper

Definition 1. Let n be an algebraic number of degree d with minimal primitive
polynomial over

d .
apr? + a1zt + -+ ag = ag H ) (m —n(l)>,
1=
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where ag is positive and ) is the conjugate of n. Then,

h(n) = % (log lao| + ijl log (max{‘n(i)‘ ,1})) , (7)

is called the logarithmic height of 7).
It should be noted that this function satisfies the following properties:
h(a¥FB) <h(a)+h(B)+1log2, h(af™) <h(a)+h(B), and h(a®) = sh(a).

Theorem 1 (Matveev [14]). Let ny,7,,...,n, be real algebraic numbers and let
b1,ba,...,bs be nonzero rational integers. Let dg be the degree of the number field
Q(n,mg---,n,) over Q and let A; be the positive real number defined by

A= n (nj) = max {th(nj), 70.16} forj=1,2,...,1L

log (11;)
Put
A=mnny...n;—1 and D = max {|b1|,...,|b|}.
If A #£0, then
log (JA]) > —1.4 x 30""3 x 1*® x dZ x (14 log (dL)) (1 +log (D)) Ay As... A;.

Lemma 1 (Dujella and Pethd [16]). Let M be a positive integer, p/q be a convergent
of the continued fraction of the irrational T such that ¢ > 6M, and let A, B, T be
positive rational numbers with A > 0 and B > 1. Lete = ||ug||— M ||7q||, where ||-]]
is the distance from the nearest integer. If € > 0, then there is no integer solution
(m,n, k) of inequality
0<mr—n+u<AB™F
with
log (A
m< M andk > M.

log B

Lemma 2. Let k be a positive integer and let x, y, and z be positive real numbers.

Further, let \/z and \/z be irrational numbers. Then, \/z(y + \/E)k is an irrational
number.

Proof. Introduce A := /x(y + \/E)k From Binomial expansion, we can write

k

A:\/EZ< l;" )y’“‘i(ﬁ)i

i=0
k k _ k _
() (1)rve (5 ) ey
If k£ is even, then we have

A=z (B+C)=Byr+ Cyx,

+
_l’_
N
I
N~
—~
D
SN—
x>
—_
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where

B:=y" + ( l; )y’“‘z(\/é)2+...+(kk2 )yz(\/i)k_QJr(\/?)k,
C = ( ]f )yk_l(ﬁ)1+...+< kﬁl )y(ﬁ)k_l.

Here, B € Q, C € R—Q, and B,C > 0. C4/x can be rational or irrational
depending on xz. However, By/r € R — Q due to B € Q. As aresult, A € R — Q.
When £k is odd, a similar evaluation can be done. This completes the proof. ([

3. MAIN RESULTS
In this section, we present the fundamental outcomes of the paper.

Theorem 2. Let k, m, and n be any positive integers m < n. Then, all the
solutions to Equation are

(k,m,n) €{(1,1,1),(2,1,1),(3,1,2),(6,2,3)} (8)
and the ones of Equation @
(k,m,n) € {(1,1,1),(1,1,2),(1,2,2),(2,1,3),(2,2,3)} . 9)

Proof. For validation, we apply a proof strategy of two steps. To this aim, appro-
priate boundaries will be computed separately for Equations and @ First, let
us consider Equation by considering the equations

a"? < J, <ot (10)

and

Y < g <A (11)
These can be proved easily by applying the induction method n. Then, we can
write

a" < Tp = gnegm <A™ and @ > Ty = gugm =R
and ) )
14 287 (m+n—-2)<k<2+ 087 (m+n),
log v log v

concluding k < 4n. Further, using the Binet’s formulas of the Jacobsthal and
Modified Pell numbers yields

3 4 3 4 3 4
3 3=
< 5max{|ﬁ|k77”_m} = 772
or equally
4 k. —n—m 6
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Considering the Matveev’s theroem, we consider the following case:

4 1
A= gak’y*’%m—l,l =3,n = 57772 =a,N3=7,d1 =1,dy =k+2,d3 = —n—m.

Here, it is easy to verify A; # 0. If the reverse were true anyway, %ak = yntm
would have to be. But, while %a”“ € Q, y"*™ ¢ Q. In this case, the assertion is
true. If choosing ny,7n5,m3 € L :=Q (\/5), dy, = 2. This means that

h(n) =log3, h(ny) =loga, h(ng) = loﬂ, Ay =2log3, Ay =2loga, Az = log~y
and D = 4n. As a result, we have
log |A1] > —2.61 x 10 (1 + log 4n) . (13)
As compared Equation to Equation , we finally get
mlogy +log3 < 1.4 x 10" (1 + log 4n) . (14)

Doing some mathematical arrangements by using the Binet’s formulas in Equa-
tions , we compute

2 . . ‘ 2
—ay =1 < —. 15
30 o (15)
Accordingly, from Matveev’s theorem, the following equations can be obtained:
2
A2: ?ak’y_n_lal:?’ﬂh :3Q’m7 Mgy = &, N3 =7, dl :_17 d2:k+1a
m
and, dg = —n.

1
h(ny) =loga, h(ng) = 3 logy Ay = 2log e, and A3z = log .
It should be noted that 7, is also a root of the polynomial 222 — 9P,,%. Then,

h(n) = % (log 1 +10g |3Gm| + log |—3¢m|) = log ¢m + log 3 < mlog~y + log 3.
From Equation , we have
Ay =2.8 x 10" (1 +log4n) > 2h (1) .
Letting D = 4n. In this case, by Lemma[2] we can find
log |Ag| > —3.32 x 10%4(1 4 log 4n)>. (16)
and from Equation ,
log |As| < log2 —nlogH. (17)
Solving Equations and together, we get
n < 1.72 x 10®® and k < 4n. (18)
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A similar method can be applied to Equation @ Here, to reduce the size of
the current paper, we neglect an explicit proof. But, for Equation @, we get the
following boundaries:

n <9 x10*® and k < 3n. (19)

Accordingly, from both Equations and (19), our widest solution range is as
follows.

k< 4n and n <9 x 10%. (20)

Everything is ok but since our last range is not economical, investigating a so-

lution is very difficult. Therefore, we will take an additional approach, taking into

account four different situations.
Case I: For the case where m > 2 in Equation ([12]), we define

4
Iy :=kloga — (n+m) log7+log§,

or in another form,
1

57
which means that [I'y| < %. By the way, |z| < 1, |2| < £ |e® — 1] holds for z € R
without the loss of generality. For the case where x = I'y, we obtain

|eF1—1\:\A1\<A/2im< (21)

9
T < S (22)

Due to A; £ 0, I'1 #£ 0 too. As aresult, 'y <0or I'y > 0. When I'1 >0,
1 log(4/3 9 11
O<k<0ga>(n+m)+(og(/)>< <W.

logy logy (log ) 2™
According to Dujella and Pethd’s lemma for M = 3.6 x 10%%, we get
1 log (4/3
Pl Ms(/3) gy na B2 (23)
log vy log y
T = |ag, a1, ...] is turned on to the continued fraction as follows:

o] = P20 6332847229674209482244367144203
Or e C60L T e~ 8052552813322770308759378039685

such that 6M < 2.2 x 10%0 < ¢. As a result, e = ||ug| — M ||7q|| > 0.41. This
means that m < 42. Also, for the case where I'y < 0, a similar result can be found.

Case II: In Equation for n > 1 under the same assumptions, we find that
n < 89.

Case III: In Equation @ for the case m > 4, we conclude that m < 109.

Case IV: Similarly, In Equation @ for the case where n > 1, we can obtain
that n < 117.

According to all the above results, we obtain the widest range such as n < 117
and k < 469. If checking the possible cases by using a PC algorithm composed of in
Mathematica, we see the intersection set such that {1,3}. This exhausts the proof.
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ABSTRACT. This paper presents some results for conformal n-Ricci-Yamabe
solitons (CERYS) on invariant and anti-invariant submanifolds of a (£CS),,-
manifold admitting a quarter-symmetric metric connection (QSMC). In ad-
dition, we developed the characterization of CERYS on M-projectively flat,
Q-flat, and concircularly flat anti-invariant submanifolds of a (£CS),,-manifold
with respect to the aforementioned connection. Finally, we construct an ex-
tensive example that appoints some of our inferences.

1. BACKGROUND AND MOTIVATIONS

Conformal Ricci flow is defined in a Riemannian n-manifold (V, g) as a general-
isation of classical Ricci flow by [6]
% = —2(Ric+ %) —-pg, T(9)=-1,
where p is called the conformal pressure, g is the Riemannian metric; 7 and Ric
denote the scalar curvature and the Ricci tensor of V, respectively.
A conformal Ricci soliton on (V, g) is defined as follows [2]:

1

Lrg+2Ric = [ (pn+2) - 2ulg,
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where p € R (R is the set of real numbers) and £x denotes the Lie-derivative
operator along a smooth vector field F;

A Ricci-Yamabe flow of type (k,1), which is a scalar combination of Ricci and
Yamabe flows, is defined as follows [7]:

0 .

79(t) = 2rRic(g()) — Ir(t)g(t), 9(0) = go,
for some scalars x and [.
A Riemannian manifold is said to have a Ricci-Yamabe solitons of type (k, ) (briefly,
RYS) if [4l29)

Lr 9+ 26Ric+ 2u—It)g =0,

where [, k, u € R.
In [30], Zhang et al. studied conformal Ricci-Yamabe soliton (briefly, CRYS), which
is defined on (V, g) by

1
Lr 9+ 26Ric+ [2p — It — ﬁ(pn +2)]g =0.

In this follow-up, the conformal 7-Ricci-Yamabe soliton (briefly, CERYS) on (V, g)
is defined by [28]

1

T—;(pn+2)]9+21/17®n:0, (1)
where I, k,u,v € R. If Fi=grad(f), then the Equation is called a gradient
conformal n-Ricci-Yamabe soliton (briefly, GCERYS) and given by

Lr 9+ 26Ric+ 2p—1

V2 f 4 kRic + [ — %T - %(er %)]9+1/n®n =0,
where V2f is said to be the Hessian of f. A CRYS (or GCRYS) is said to be
shrinking, steady or expanding if 4 < 0, = 0 or > 0, respectively. A CERYS (or
GCERYS) reduces to (i) CERSif k=1, 1 =0, (i) CEYSifx=0,l=1, and
(#41) conformal n-Einstein soliton (briefly, CEES) if k =1, [ = —1.

Shaikh [22] introduced the concept of n-dimensional Lorentzian concircular struc-
ture manifold (briefly, (LCS), -manifold) and demonstrated its existence with sev-
eral examples [24], which generalises the concept of £LP-Sasakian manifolds intro-
duced in [13lj14]. We refer to the works [1/10,23] for more extensive studies. Mantica
and Molinari [18] recently demonstrated that a (£CS), -manifold (n > 3) is equal
to the GRW spacetime. The authors also examined the applicability of (£CS), -
manifolds in general theory of relativity and cosmology in |3]. Thus the geometry
of submanifolds has grown in popularity in modern analysis due to its importance
in practical mathematics and theoretical physics.

A linear connection V on (V,g) is said to be a quarter-symmetric connection
(briefly, QSC) [8] if its torsion tensor T has the form

T(F1, o) =VrFr = Vi i — [F1, Fo] = AR (F1) — AF)Y (F2),  (2)
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where A is a 1-form and " is a (1,1) type tensor field. If a quarter-symmetric
linear connection V satisfies the condition
(v]:lg)(f27f3) =0,

for all Fy, Fa, F3 € x(V), then V is said to be a quarter-symmetric metric connec-
tion (briefly, QSMC). If a contact metric manifold admits a QSC, then we take A=n
and 9" =¢ and hence (2] takes the form T (Fy, F2) = n(Fa)d(F1) — n(F1)p(Fa).

The relation between the Levi-Civita connection V and a QSMC V on a contact
metric manifold is given by

Vi Fo = Vg Fo—n(F1)p(F).

Recently, the QSMC have been studied by many authors such as [9,[12}/19}31]
and many others.

2. PRELIMINARIES

Let V be an n-dimensional Lorentzian manifold admitting a unit time-like con-
circular vector field ¢. Then there is

g(C7<) =-L

Since ¢ is a unit concircular vector field, it follows that there exists a non-zero
1-form 7 such that for

9(F1,¢) =n(F1)
satisfies [25] B
(VEn)Fz = alg(F1, F2) + n(F)n(F2)], a #0,
V(= alF +n(F1)], a#0, (3)
for F1,F2 € XWNI), where V denotes the operator of covariant differentiation with
respect to the Lorentzian metric g and « is a non-zero scalar function that satisfies

Vra=(Fia) = da(Fi) = pn(F1),

p being a certain scalar function given by p=-({«). Let us have a look

1~

¢]:1 = av}_1g7 (4)

then utilizing (3) and () we acquire
¢F1 = F1+n(F1)¢,
9(9F1, F2) = g(F1, oF2).

Thus the Lorentzian manifold V admits the unit time-like concircular vector field
¢, its associated 1-form 7 and a (1,1) tensor field ¢ is said to be a Lorentzian
concircular structure manifold (briefly, (£CS),,-manifold) |17,22]|. Especially, if we

take a=1, then we can obtain the £LP-Sasakian structure of Matsumoto [13].
In an (LCS),,-manifold, we have [22]:

77(0 = _17 ¢O< = 03 77(¢-F1) = 07 g(d)]:la(b]:Q) :g(]:h]:Q) "‘77(}-1)77(-7:2)7
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¢*F1 = F1+n(F1)¢,
N(R(F1, F2)Fs) = (a® — p)[g(F2, Fa)n(F1) — g(Fr, Fs)n(F)l,
R(F1. F2)¢ = (a2 = p)[n(F2) Fr = n(F1) Fal,
Ric(F1,¢) = (n—1)(a® = p)n(F1),
R(F1, Fo) Fs = ¢R(F1, Fa) Fs + (02 = p)lg(Fa, Fa)n(Fr) — g(Fr, Fa)n(F)IC,
(V7 8)F2) = alg(Fi, F2)C + 2n(Fu)n(F)¢ + n(Fa) Fil,

for all Fy, Fa, F3 € x(V).

Let N be an m-dimensional (m < n) submanifold of an (£CS),,-manifold V with
induced metric g. Also, let V be the induced connection on the tangent bundle TN
and V* be the induced connection on the normal bundle T+N of N, respectively.

Then the Gauss and Weingarten formulae are respectively given by

VrFe = Ve Fs+ h(Fi, Fo), (5)
and

Vflf?) = _'A]:gfl + V_J/":'I—F?n

for all Fy,F, € x(N) and F3 € x+(N), where h and Az, are second fundamental
form and the shape operator (corresponding to the normal vector field F3), respec-
tively for the immersion of N into V. The second fundamental form % and the shape
operator Az, are related by [26]

g(W(F1, F2), F3) = g(Ar, Fi, Fa),

for all F1, Fe € x(N) and F3 € x*(N). We note that i(F;, F2) is bilinear and since
V7 Fo=fV 5 F for any smooth function f on a manifold, then we have

R(fF1, Fa) = fh(F1, Fa).
A submanifold N of an (£CS), -manifold V is said to be totally umbilical if

h(th?):g(thQ)Ha (6)
where Fi1,F2 € TN and the mean curvature vector H on N is given by H =
% S B(vi,v;), where {vg, va, ..., U, } is & local orthonormal frame of vector fields

on N. Moreover, if h(Fy, F2)=0 for all F;,F, € TN, then N is said to be totally
geodesic and if H=0 then N is called minimal in '

A submanifold N of V is said to be invariant if the structure vector field ¢ is
tangent to N at every point of N and ¢F; is tangent to N for every vector field F;
tangent to N at every point of N, i.e., ¢(TN) C TN at every point of N. Whereas,
N is said to be anti-invariant if for any /7 tangent to N, ¢F; is normal to N, i.e.,
#(TN) C T+N at every point of N, where T+N is the normal bundle of N.

Now we recall the following results:
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Lemma 1. [11] On an (LCS), -manifold V with a QSMC %, we have
(i) VrF2=VrF+0(F)oF - g(6F1, F)C,

(i1) R(F1,Fo)Fs = R(F1,F2)Fs+ (20— 1)[g(¢F1, Fs)dFz — g(¢pFa, Fs)dFi]
+  an(Fe)F1 — n(F1) Fan(Fsz) + alg(Fa, F3)n(F1) — g(F1, F3)l¢,

(iii) Ric(Fa, Fs) = Ric(Fa, Fs)+ (o= 1)g(Fa, Fs) + (na — n(Fa)n(Fs)
—(2a — 1)eg(¢F2, F3),

where R, Ric are the curvature and the Ricci tensors of V with respect to V and
€ = trace¢.
3. CERYS ON SUBMANIFOLDS OF (LCS),-MANIFOLDS

Let (g, ¢, i, k,1) be a CERYS on submanifold N of an (£CS),,-manifold V. Then
in view of we obtain

Seq(FaFy) = —2uRic(Fo, F) — P~ 7 — —(on+2)lg(Fo, ) (1)
—2un(Fa)n(F3).
With the help of (EI) and one can get
a¢Fy = V5,¢ = Vr(+h(F, Q). (8)
If N is invariant in V, then ¢F;, ¢ € TN. So from (8) we yields
(i) a¢F1r=Vr(, (i) WF1,()=0. (9)

Using (9)(¢) in (7)), we obtain

1
*#M*OK -5 %(anFQ)]Q(}—Qa}—s) -

where £cg(F2, F3) = 20g(Fa, F3) + n(F2)n(Fs3)].
Also, with the help of (9 (i), we get from (6)) that n(€)H =0 = H = 0. So,
we obtain the result:

RiC(.FQ, .7'-3) =

. Vo) EnF), (10

Theorem 1. If (Q,C,,u, v,k, 1) be a CERYS on an invariant submanifold N~0f an
(LCS),,-manifold V, then N is an n-Einstein manifold and also minimal in V.

Also, we have
R(F2, F3)¢ = VEVr( = VEVEC = Vg Fm)C = (@ = p)n(Fa)Fo — n(Fa)Fs,
which by using (9 (i), we lead to

Ric(Fa,¢) = (m —1)(a® — p)n(Fe), for all Fs. (11)
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By fixing F3=( in and using (11]), we get

It 1 2
—v—nm—1)2—p)+—+ —(p+ ).
p=v—rm=1)*=p)+ 5 +5p+-)
As consequence, we can make the following claim:

Theorem 2. If (9,¢, p, v, k,1) be a CERYS on an invariant submanifold N of an
(LCS),,-manifold V, then the CERYS reduces to

(i) CERS if p=v —(m 1)(a —p)+%(p+%),

(ii) CEYS if u=v+Z +3(p+ 2),

(iii) (JEESz'fu:u—( —1)(a -p)—F+3(p+2).

Corollary 1. An n-Yamabe soliton on an invariant submanifold N of an (LCS),, -

manifold Y of type (0,1), is contracting, stable or increasing accordingly as T <
—2v, T = —2v, or T > —2v, respectively.

Corollary 2. An n-Ricci soliton on an invariant submanifold N of an (LCS),, -
manifolds V of type (1,0), is contracting, stable or increasing accordingly as v <

(m—1)(a?—p), v=(m—1)(a®—p) orv>(m—1)(a® - p), provided o* # p.

Corollary 3. An n-FEinstein soliton on an invariant submanifold N of an (LCS),,-

manifolds \% of type (1,—1), is contracting, stable or increasing accordingly as T >

2l — (m — 1)(a® — )], 7 = 2lv — (m — 1)(a® — p)] or 7 < 2l — (m ~1)(a? - p)],
provided o # p.

In particular, if N is an anti-invariant submanifold on V. Then for any F1 € TN and

¢F, € TN, we get from that V£, (=0, i(F1, {)=a¢F1. Thus, £cg9(F1,F2)=0,

that is, ¢ is a Killing vector field (briefly, KVF) and in this case from @, we have
1 Ir 1 2

Rie(Fo, F3) = = (1= 5 = 50+ Dlg(Fa. Fo) = “n(Fan(Fa).  (12)

This results in the following outcomes:

Theorem 3. If (9,(, pu, v, k,1) be a CERYS on an anti-invariant submanifold N of
n (LCS),,-manifolds V, then N is an n-Einstein and ¢ is a KVF.

Again, for an anti-invariant submanifold N of WNL we have R(F2, F3)¢=0 and hence
Ric(Fa,¢)=0. Also, from we obtain Ric(F2,() = —Ljp— 2 —L(p+ 2) -
vin(F1). So, we get u = ll + = (p + 2) 4+ v. Thus, we have finalized the result:

Corollary 4. A CERYS of type (k,l) on an anti-invariant submanifold N of an
(LCS),,-manifold V is contracting, stable or mcreasmg accordingly as T < = [21/ +
(P2 7=FRv+ @+ orm>F2v+(p+ 7))
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4. CERYS ON SUBMANIFOLDS OF (LCS), -MANIFOLDS ADMITTING V

Assume that (g,(,u,v,k,1) be a CERYS on a submanifold N of an (£CS),,-
manifold V in view of QSMC V. Then from we obtain

Crg(FoFs) = ~26RiclFa Fs) — 2~ 17—~ (pn + Dlg(Fo, F)  (13)
—2vn(F2)n(Fs) = 0.
In view of QSMC V, the second fundamental form A on N is given by
Vs Fo = Vi Fo+ h(F1, F). (14)
Using Lemma 2.1(i) and in (T4)), we lead to
V£ Fo+ WF1, Fo) = Vg Fo+ b(Fi, Fa) + n(Fo)oF1 — g(pF1, F2)E. (15)
We suppose that N is invariant in V, then ¢F1,& € TN. Thus from we have
VrFo = Ve Fo+n(F2)oF1 — g(6F1, F2)C, (16)

which means N admits QSME V. Also, in view of (9 (i), it follows that Vx (=(a—
1)¢F1 and hence

Lr.9(F2, F3) = 2(a — 1)[g(F2, Fs) + n(F2)n(F3)]- (17)

Let R be the curvature tensor of submanifold N with respect to the QSMC 6
Then we get
R(F1, Fa)s Fs = R(F1,Fo)Fs + (20— 1)[g(¢F1, Fa)pFa — g(6Fs, F3) o F1)]
+an(F2)F1 — n(F1)Faln(Fs) (18)
+alg(F2, F3)n(F1) — g(F1, Fa)n(F2)IC,

where R(F1, F2) Fa=V 5, V£, Fs — V£V r Fs — Vi, 5 Fs.
On contracting (18)), we obtain
Ric(Fy, Fs) = Ric(Fa, Fs)+ [a(l — 2¢) + elg(Fa, F3) (19)
+Ha(m —2¢) + & — 1n(Fa)n(F3)-

In view of and 7 equation reduces to
T

_% [u— > %(WH‘ 2) + (o — 1) 4+ r{a(l — 2¢) + }] g(F2, F3)

—[s{a(m —2¢) + £ = 1} + a — 1+ v|n(Fa)n(Fs).

'ﬁ,ic(}—g, ]:3) =

Thus, we state:

Theorem 4. Let (g,(, p, v, k,1) be a CERYS on an invariant submanifold N of an
(LCS),,-manifold v with respect to QSMC V. If V be the induced connection on N

from the connection %, then N is an n-FEinstein manifold.
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Next, if N is anti-invariant submanifold on V as per %, then from , we get
V 7, (=0 and hence we find £¢g(F2, F3)=0. So from we leads to the outcome:

Theorem 5. Let (g,(, it,v, k,1) be a CERYS on an anti-invariant submanifold N

of an (LCS),,-manifold V admits QSMC V. Then N is n-Einstein with respect to
induced Riemannian connection.

Corollary 5. There does not exist a CEYS on an invariant (or, anti — invariant)
submanifold N of an (LCS),,-manifold V with respect to the QSMC V.

5. CERYS ON M-PROJECTIVELY FLAT ANTI-INVARIANT SUBMANIFOLDS
ADMITTING V

The M-projective curvature tensor M’ of rank three on (N", g) is given by [5}/20|

M (F1, Fo)Fs = R(Fi1,Fo)Fs —
1
for all smooth vectors fields Fi, Fa, F3 € x(N), where Q is the Ricci operator.

We suppose that, N is M-projectively flat with respect to QSMC V, i.e., M*(&, F)G =
0, then from we have

1 . .
m [RZC(]:Q, .Fg)fl — Rlc(fl, .7'-3);2]

Fo, F3)QF1 — g(F1, F3) QFo] (20)

R(Fla ]:2)]:3 m[ﬁic(]‘—g, ]:3)]:1 — ’ﬁ,ic(}'h ]-'3)].‘2]
1 - _
o IV T — 91 F) QT
which implies that
Ric(Fo, F3) = %g(}"z,]-"g). (21)

With the help of and Lemma 2.1 (iii), we obtain
Ric(Fa, F3) = [~ +e(2a—1)+ (1 — a)lg(Fa, F3)
+ [EQa—1) = (na = D)]n(F2)n(Fs). (22)
Putting F3=( in and then multiplying both sides by 2k, we get

3|

2kRic(Fa, () = [2%% + 2ka(n — 1)n(F2). (23)

Next, let (g,¢, u, v, k,1) be a CERYS on N and N is anti-invariant, then from ,
we lead to

26Ric(Fy, F3) = —[2p— I7 — %(pn +2)9(F2, Fs) = 2vn(Fo)n(Fs).  (24)
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Again setting F3=( in (24), we have

~ 1
2kRic(Fa,C) = [—2pu+ 17 + ﬁ(pn +2) + 2v]n(Fa). (25)
Equating (23) and (25]), we get
KT I 1
u——?—ma(n—1)+§+%(pn+2)+u. (26)

‘We assert the outcome:

Theorem 6. If an anti-invariant submanifold N of an (LCS),,-manifold V is M-

projectively flat with respect to QSMC %, then the CERYS of type (k,1) on N is
contracting, stable or increasing accordingly as

It is clef%r, from that, if K = 0, then u = % + i(pn—l— 2)+v and if I = 0, then
p=—5 —rka(n —1) + 3-(np+ 2) + v. Thus, we state:

Corollary 6. If an anti-invariant submanifold N of an (LCS), -manifold V is M-

projectively flat with respect to QSMC %, then the CEYS of type (0,1) on N is
contracting, stable or increasing accordingly as T < —[n(p+2v)+2], 7 = —L[n(p+
2v) +2], or 7> —L[n(p+2v) + 2], respectively.

Corollary 7. If an anti-invariant submanifold N of an (LCS),,-manifold V is M-

projective flat with respect to QSMC %, then the CERS of type (1,0) on N is
contracting, stable or increasing accordingly as

1
—%—a(n—1)+%(np+2)+uéo.

Again taking Fo=F5=0v;, (1 <i<n)in and using , we have

_ 26T 1
Lr,9(vi,v;) + {I:LT +2p— I — ﬁ(pn + 2)} g(vi,vi) + 2vn(vi)n(vs) = 0,

which leads to

l 1
div(}'l)—i—{/w—i—n,u—7;—2(pn+2)}—u:0. (27)
If F; is solenoidal, then div(F;)=0 and hence reduces to

A

n=GrI T

Again, if Fi=grad(f), then the equation becomes

l 1

V2f:—n%—nu+g+§(pn+2)+u. (28)

As a result, we may state:
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Theorem 7. Let the metric g of an M-projectively flat anti-invariant submanifold

N of an (LCS), -manifold V with respect to QSMC ¥V be a CERYS of type (K, 1),
where Fy=grad(f) then holds.

Corollary 8. Let the metric g of an M-projectively flat anti-invariant submanifold

N of an (LCS), -manifold V with respect to QSMC V be a CERYS of type (k,l).
Then the vector field F1 is solenoidal iff

_1( +2)+l’7' m"_'_u

p=aoWwry 2 n n

6. CERYS ON PSEUDO-PROJECTIVELY FLAT A:NTI-INVARIANT SUBMANIFOLDS
ADMITTING V

The pseudo-projective curvature tensor P of rank three on (N™, g) is given by [21]

'P(]:l, fg)fg = UR(]:l, ]:2)]:3 + §[Ri0(f2, ]:3)]:1 — Ric(fhfg)]:g] (29)
+otlg(F2, F3)F1 — g(F1, F3) F2),

for all smooth vectors fields Fi, Fa, F3 € x(N), where o, ¢, ¢ are non-zero constants
related by o = —1 (-2 +¢).

Let (N™, g) is pseudo-projectively flat with respect to QSMC %, then from , we
yields

0'7%(]:17]:2)]:3 = —C[’RZ’C(]‘-% fg)f1 — ﬁiC(fl, ]:3)]:2]
o7lg(F2, F3)F1 — g(F1, F3)Fal,

which is equivalent to
[0+ c(n — 1)|Ric(Fo, F3) = —o7(n — 1)g(Fz, F3). (30)
Using in Lemma 2.1-(iii), we obtain

—ot(n—1)
{o+¢(n—1)}
—[(na — 1) — e(2a — 1)|n(Fo)n(Fs)-

By fixing G = € in and then multiplying both sides by 2k, we have

Ric(Fo, F3) = | +ea—1) — (a—1)]g(Fo, F3)  (31)

—2K0T(n — 1)

{o+c(n-1)}
In view of and 7 we get

_ koT(n—1) Ir p

P oy T2 TG

Accordingly, as the Section 5, we claim:

26 Ric(Fa, €) = [ + 2ak(n — 1)]n(Fa). (32)

1
—&—E)—i—an(l—n)—l—u.
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Theorem 8. If an anti-invariant submanifold N of an (LCS),,-manifold V s

pseudo-projectively flat with respect to QSMC %, then the CERYS of type (k,l)
on N 1is contracting, stable or increasing accordingly as

koT(n —1) Ir p
m‘f’@ﬁ(l—n)—f—?“r(i

Corollary 9. If an anti-invariant submanifold N of an (LCS),,-manifold V is

pseudo-projectively flat admits QSMC %, then the CEYS of type (0,1) on N is con-
tracting, stable or increasing accordingly as T < —[(p+ %) +2v], 7 = —[(p+ %) +2v]
or7>—[(p+ 2)+2v].

1
+-)+v=0.
n

VIIA

Corollary 10. If an anti-invariant submanifold N of an (LCS), -manifold V s

pseudo-projectively flat admits QSMC 6, then the CERYS of type (1,0) on N s
contracting, stable or increasing accordingly as

o7(n—1) p 1 -
_otnm ) L - P hyivso.
{J_g(l_n)}+a( n)+(2+n)+l/>
Next, we replace Fo=Fs=v; i(1 <4 < n) in (1)) we have
— 2k0T(n — 1 1
Ergwv) = {2 aa(l - 22) 4 <) — 2 - i7 = ~(on+ D) f (o500

— [2v —2x{a(m —2¢) + & — 1}n(vi)n(vi),
which implies that

) [ nkreT(n—1) B B onlr 1
div(F1) = {cr—|—§(n— 0 +ne{a(l —2e) + e} — {nu 5 2(pn—|—2)}
— [v—r{a(m—2¢)+e—1}]. (33)
If F; is solenoidal, then div(F;)=0 and hence equation reduces to
B kor(n—1) It 1 B
uo= L’ FpE— t5 s, (pn +2) + r{a(l — 2e) + ¢} (34)
1
- E[V—m{a(m—%)—i—s—l}].
Again, if Fi=grad(f), then the equation becomes
9 nko7(n — 1) nlt 1
— DReT\NT ) 1-2 . Lkl 2
Vef a—g(n—1)+7m{a( g)+e}—np+ 5 +2(pn+ )
— [v—r{a(m—2¢) +ec—1}]. (35)

Thus, we assert:

Theorem 9. Let the metric g of a pseudo-projectively flat anti-invariant subman-

ifold N of an (LCS), -manifold V with respect to QSMC V be a CERYS of type
(k,1), where Fy=grad(f), then holds.
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Corollary 11. Let the metric g of a pseudo-projectively flat anti-invariant sub-

manifold N of an (LCS), -manifold V with respect to QSMC V be a CERYS of type
(K, 1), then the vector field Fy is solenoidal iff the relation holds.

7. CERYS ON Q FLAT ANTI-INVARIANT SUBMANIFOLDS ADMITTING %
A curvature tensor of type (1,3) on (N, g)(n > 2) is denoted by Z and defined
by

Z(F1,F2)Fs = R(F1, F2)Fz — %[9(}—2,}—3)}-1 — 9(F1, F3) 2], (36)

where v can be any scalar function. This type of tensor Z is known as a Q-curvature
tensor [15,/16]. If 1p=T, then the Q curvature tensor is reduced to the concircular
curvature tensor.

Let the submanifold N be Q-flat with respect to %, i.e., Z(F1,F2)F3 = 0. Then
from , we have

R(F Fa)Fy = (oo, F) i — o(Fi, Fo) ),

which implies that
Ric(Fa, F3) = g(Fa, F3). (37)
With the help of (9) and Lemma 2.1-(iii), we obtain
Ric(Fo, Fs) = [ +e2a—1)+ (1 - a)lg(Fs, F) (38)
—[na —1+e(1 —2a)n(Fo)n(Fs).
After taking F3=( in and then multiplying both sides by 2x we lead to

26 Ric(Fa, €) = 261 + a(n — 1)]n(Fa). (39)
Equating and , we find
1 2 l
p=5+ )+ 5 sl +am—1]+r. (40)

Thus, likewise section 6 we bring the outcome:

Theorem 10. If an anti-invariant submanifold N of an (LCS),,-manifold V is O-
flat with respect to QSMC 6, then the CERYS of type (k,l) on N is contracting,
stable or increasing accordingly as

1 2 I
5+ )+ 5 Kl am -]+ 0.

As a result of the aforementioned theorem, we have the following result:
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Corollary 12. If an anti-invariant submanifold N of an (LCS),,-manifold V is

concircularly flat with respect to QSMC 6, then the CERYS of type (k,l) on N is
contracting, stable or increasing accordingly as

= 1 [
= (nl — 2k)

Also, from , if k =0,1=1, then u=5 + %(p—l— %) +v,and if l =0, xk = 1 ,then
p=1(p+ 2) — [ — a(l — n)] + v. Thus, we state the results:

Corollary 13. If an anti-invariant submanifold N of an (LCS),,-manifold V is
concircularly flat with respect to QSMC %, then the CEYS of type (0,1) on N is
contracting, stable or increasing accordingly as T < —[(p + %) +2v],7=—[(p+
2)+20] or 7> —[(p+ 2) + 2v], respectively.

Corollary 14. If an anti-invariant submanifold N of an (LCS),,-manifold V s

concircularly flat with respect to QSMC 6, then the CERS of type (1,0) on N is
contracting, stable or increasing accordingly as

2kan(n — 1) — (np + 2) — 2nv].

1
(g-kﬁ)—/i[z/}—a(l—n)]—kugo.
Finally, using in and replacing Fo=F3=v;,i(1 <i <n), we get

Lrg(vi,v) = — {Q,u —Ir — %(pn +2) 4+ 2k — 2k{a(l — 2¢) + s}}} g(vi,v;)

~ (20 — 2n{a(m — 2) + £ — WHn(odn(v),
it leads to the conclusion that
div(F1) = —[nu— % — %(pn +2) +nky —nr{a(l —2) +e}]  (41)
—[v —k{a(m —2¢) + e —1}].

If 7, is solenoidal, then div(F;)=0 and hence reduces to

l 1 1
= % + %(pn+2) — ¢k + r{a(l—2¢e) +e} — E[an{a(mf%) +e—1}]. (42)
Again, if Fi=grad(f), then the equation becomes
l 1
Vi = [—nu+ "2—7 +5(n+2) —nwp +nnfa(l = 2) )] (43)

—[v—r{a(m —2¢) +e—1}].
Theorem 11. If the metric g of a Q-flat anti-invariant submanifold N of an
(LCS),,-manifold V with respect to QSMC V be a CERYS of type (k,l), where
Fr=grad(f), then holds.
Corollary 15. Let the metric g of a Q-flat anti-invariant submanifold N of an

(LCS),,-manifold V with respect to QSMC V be a CERYS of type (k,1). Then the
vector field F1 is solenoidal iff the relation holds.
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8. HARMONIC ASPECT OF CERYS ON ANTI-INVARIANT SUBMANIFOLDS
ADMITTING V

Taking a look at a function f:N — R. We say that f harmonic if V?f=0,
where V? is the Lalplacian operator on N [27]. Since, (=grad(f). Then, utilizing
Theorems[7] [0} and [LI} we convey the following outcomes:

Theorem 12. If the metric g of an M-projectively flat anti-invariant submanifold
N of an (LCS),,-manifold V admits a CERYS of type (1, 1) with respect to QSMC V
and Fr=grad(f). If f is a harmonic function on N, then the soliton is increasing,
stable, or contracting

() 7> 257~ L(pn+2) ]

(it) 7> Z[k7 — 3(pn+2) — v, or

(iii) T > Z[kT — $(pn +2) — v], respectively.

Proof. With the help of , We may just accomplish the needed results. [

Theorem 13. If the metric g ofva pseudo-projectively flat anti-invariant subman-
ifold N of an (LCS),-manifold V admits a CERYS of type (k,l) with respect to

QSMC V and Fi =grad(f). If f is a harmonic on N, then the soliton is growing,

stable, or collapsing
2kp7(n—1)

(’L) T > 7T1 [m+2ﬂ{a(l—2€)+€}+(p+%)—%[V—H{a(m—2€)+5—1}:|,
(i) = =t [%+2n{a(1—26)+6}+(p+%) - %[an{a(m72€)+sfl}},
or

(iid) T < - [%4—2&{@(1 —2)+el+(p+2) = 2[v— k{a(m —2¢) + ¢ - 1}},
respectively.

Proof. We arrive at our conclusions using the equation . (I

Theorem 14. If the metric g of a Q-flat anti-invariant submanifold N of an
(LCS),,-manifold V admits a CERYS of type (k,1) with respect to QSMC V and
Fi=grad(f). If f is a harmonic on N, then the soliton is growing, stable, or col-
lapsing

() 7> ~2[L(p+2) -kt + w{a(l - 26) + ¢} — L[ - w{a(m - 2¢) — 1}]],

(i) 7==2[3(p+ 2) — v + k{a(l — 26) + e} — L[v — k{a(m — 2¢) — 1}]],

(iii) T < —2[2(p+2)—rp+r{a(l1-2¢)+e}— L [v—r{a(m—2¢e)—1}]], respectively.

Proof. By virtue of equation we may simply obtain the desired outcome. [

9. EXAMPLE

We define @5:{@, s, t,u,v) € RO 1 u # 0}, where {v1,v2,v3,v4,v5} being stan-
dard coordinates of linearly independent vector fields of V® given by

0 0 0 w0 0
—, U3 =—=(, va=—+e'v—, vs = —.
0Os

ot ou ot’ Ov

0
v =e%'— +e%s—, vy =

or ot’
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Also, the metric g of V5 has the following relations
g(v1,v1) = g(v2,v2) = g(v3,v3) = g(va,va) = g(vs,v5) =1, ,g(v3,v3) = —1.
Let the 1-form 7 is given by n(F;)=g(F1,vs), ¥V Fi € V® and the (1,1)-tensor field
¢ of V° as follows
Ppu1 = V2, puz =1, QU3 =0, Pus = V5, QU5 = V4.
Utilizing the linearity qualities of ¢ and g dictates how they interact.
" v; = v; +n(vi)¢, n(vs) = —1,
hold for i=1,2,3,4,5 and (=v3. Also, for {=wvs3, V5 satisfies g(vi,v3)=n(v;),
9(dvi,vj)=g(vi, ¢v;) and g(dv;, pvj)=g(vs, vj)+n(vi)n(v;), wherei, j = 1,2,3,4,5.
Now, we can compute
—e%vg, ifi=1,75=2,
ey, ifi=1,j =4,
[Ui,’U]’] = P .
—etvgy, ifi=4,j=05,
0, otherwise.

We may use Koszul’s formula for getting

u u
~ ~ ~ e ~ ~
Vo, v1 =0, Vy,v2= 5 U3 Vo, v3 = —5 V2 Vo, v4 =0, Vy,v5 =0,
VU1 = — 5 Vs V2 =0, V,,v3= —5 V,v4 =0, Vy,v5 =0,
~ u — u — — u ~ u
VU3U1 = ——5 Vg, V1)3’1)2 = — U1, VU3U3 = 07 VU3U4 = ——5 Us, VU3U5 = — 5 Uy,
2 2 2 2
— — — u ~ —~ eu
V1)47)1 =0, VU4U2 =0, vv4v3 = _?UEH v1)4”4 =0, vv4UE> = _?U&

u u

VU5U1 = O, §U5U2 = 07 VU5U3 = —3’1)47 Vv5v4 = —?Ug, VU5U5 =0.

Thus for v3=C and a=-% we verified that V,(=a¢F; for all F; € TV, where

Fi=F1v1 + Fovg + Favs + Fava + Fsvs. So, the manifold V5 equipped with the
structure (¢, ¢,7,9) is an (LCS);-manifold with az—% and o*=-F,a.

Let 7 : N — V and given by 7(r, s,£)=(r, s,u,0,0). Then we define N={(r, s,u) €
R3 : u £ 0}, where (r,s,u) are the standard coordinates in %3. Let {v1,vs,v3} on
N given by
o w0 _ 0 0
v =¢€ 5—"—6 s%, ’Ug—%, ’U3—%.
g(v1,v1) = g(va,v2) =1, g(vs,vz) = —1.

Also, the (1,1)-tensor field ¢ of N3 is given by

Pu1 = va, Qv =1, ¢u3 =0.
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Utilizing the linearity qualities of ¢ and g dictates how they interact
¢*v; = vi +n(v:)¢, n(¢) = -1,
for i=1,2,3 and (=v3. Again, for (=vs, N3 satisfies
9(pvi, gu;) = g(vi, v;) + n(vi)n(v;),
where ¢, j=1, 2, 3. Next, one can easily obtain
[1,v2] = —e"vs, [e1,v3] = —e"v1, [ve,v3] =0.

. . .
We acquire assuming Koszul’s formula

e e e
vulvl =0, Vvlvz = 5037 VU1U3 = —?UQ, vael = _?U?n VU2U2 =0,
u u u
V,v3 = — UL VU1 = — 5V VU2 = — UL Vv3 = 0.

Thus the data (¢, ¢, 7, g) is an (£CS);-structure on N. Consequently, if N® equipped
with the structure (¢,(,7,g) is (£CS); manifold with a:—% and o*=-F3a. We
define the tangent space TN of N? as follows

TN=DoD'o < (>,

where D=< v >, D+=< vy >. Since PU1=vy € D+, for v1 € D and pva=vy € D,
for vy € D+. Then, N3 is an invariant submanifold of V5. Also, from we have
h(vs,v;)=V,v; — Va,v;. Using the values of V,,v; and V,,v;, we notice that
fi(vi,v;)=0, Vi, j =1,2,3. i.e, N? is totally geodesic. So, Theorem is verified.
Now, using we get the QSMC V on N as follows

= e" 42 = = e —2
VUIUS—{ }U2, Vo, v1 =0, vvl'UQ—{ 5 }037

2
szvgz—{e ;_ }Ul, va’l)g:—%’l}l, VU2U1:—{6 ;— }’Ug,
%US’Ug = 0, %UZUQ == 0, %Ugvl =0.
By using the preceding relations, one can get R.
_ e +2)? _ 3e?v — 4 _ e“(e* +2
R(vi,v2)v1 = %Uz, R(vi,v2)v = —%Uh R(vz,v3)ve = (f)v&
Also, the Ric and 7 have the value
_ 3 2u —4 _ _ U LU 2
Ric(vi,v1) = —(?f), Ric(va,v2) =0, Ric(vs,vs) = %,
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Since, N in invariant on V. Therefore, from the equations (] and we obtain

_ 1
2kRic(vi,v;) + [2(a — 1)+ 2p — 17 — E(pn + 2)]g(v4,v5) (44)
+2[a = 1+ vn(vi)n(vi) = 0,
for all i € {1,2,3}. From the equation 7 we can easily calculate

uo= é[(3p+2)—(3l—2n)7‘+21/—4(a—1)]. (45)
v o= —é(3p+2)—%u+%+u—l; (46)

With help of equations , and the value of 7, we obtain
(Bp+2) (2 —2+e%) k(32 —4)

= — — 1.
6 1 + 3 o+

Thus the data (g, F1, u, v, &, 1) is a CERYS of type (k,[) with respect to QSMC Y
on (N3, g). Now, we conclude that:

Case(a):

For k =1 and [ = 0, (N3, g) also admits the CERS, which is

(i) expanding if p > —3€* 4 20 — 2,
Y 3 — 3 ,2u 5

(i) steady if p = —3e®* +2a — 3,

(i47) shrinking if p < —3€** 4 20 — 2.

Case(b):

For k =0 and [ = 1, then (N, g) admits the CEYS, which is

(i) expanding if p > e"(e" + 1) + 2a — &1,

(i1) steady if p = e*(e" + ) + 20 — L,

(iii) shrinking if p < e*(e" + 3) + 200 — 4.

Case(c):

For k =1 and [ = —1, (N3, g) admits the CEES, which is

(i) expanding if p > — 4 (Te* +2) — 2 + 2a,

(ii)steady if p = —% 7@3 +2) — 2 + 20,

(iii) shrinking if p < — < (Te" +2) — 2 + 20

10. CONCLUSION

The investigation of a CERYS on Riemannian (or pseudo-Riemannian) mani-
folds is crucial in differential geometry, relativity theory and physics. RY flow is
the most visible representative of modern physics. In addition to differential geom-
etry, the CERYS is a new idea that works with geometric and physical applications.
We characterized the submanifolds of a (LCS),,-manifold that admits the CERYS
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with a QSMC in our study.
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ON THE MELLIN-GAUSS-WEIERSTRASS OPERATORS IN THE
MELLIN-LEBESGUE SPACES
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Yahsihan, 71450 Kirikkale, TURKIYE

ABSTRACT. In this paper, we present the modulus of smoothness of a function
f € X2, which the Mellin-Lebesgue space, and later we state some properties
of it. In this way, the rate of convergence is gained. Moreover, we elucidate
some pointwise convergence results for the Mellin-Gauss-Weierstrass operators.
Especially, we acquire the pointwise convergence of them at any Lebesgue point
of a function f.

1. INTRODUCTION

Mellin analysis is famous in approximation theory and Mellin operators are
broadly investigated in this field (see [13], |18] for a comprehensive theory and,
for other approximation results, 7], [12]). The reputation of Mellin operators is
both mathematically and due to their applications in different fields. For instance,
they are relevant to various problems of Signal Processing: actually, Mellin analysis
is quite helpful in situations, where the samples to reconstruct a signal are expo-
nentially spaced rather than equally spaced as in the classical Shannon Sampling
Theorem (see, e.g., [14]).

The singular integrals of Mellin convolution type were first-time presented by
Kolbe and Nessel [17] in 1972. They play a remarkable role in the Mellin analysis,
likewise the traditional convolution operators in the Fourier analysis. These convo-
lution integrals are utilized to explain the attitude of solutions of certain boundary
value problems in the wedge-shaped regions. Butzer and Jansche [13] broadly an-
alyzed them, relating to the L, convergence. The pointwise convergence of linear
singular integrals of the Fejer-type in the periodic case or in the line group is was
broadly investigated in the classical book by P.L. Butzer and R.J. Nessel [15] in
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1971, where specially an almost everywhere convergence is gained by using the
concept of the Lebesgue point of a function f € L,, 1 < p < 4o00.

In [18], the approximation theory by Mellin convolution operators is evolved
using a more direct and inherent way, totally unconnected from the Fourier the-
ory, bottomed on a ‘logarithmic’version of Taylor formula, Mellin derivatives, and
the concepts of ‘logarithmic’ uniform continuity and ‘logarithmic’'moment of kernel
function, which gives a different and powerful approach.

From the early 2000s until today, Mellin convolution operators have been worked
intensively, particularly by Bardaro and Mantellini, and quite significant guidances
have been accomplished to this field. In [4] and [5], the authors asserted a con-
venient linear composition of Mellin type operators to accelerate convergence. In
another view to gain better order of approximation, Bardaro and Mantellini [8] took
into account linear compositions of Mellin type operators using the iterated kernels
instead of the basic kernels. Same authors, in 5], improved the pointwise approxi-
mation theory for Mellin convolution operators including Mellin-Gauss-Weierstrass
operators, acting on functions defined on the multiplicative group R+.

Bardaro and Mantellini |7] considered Mellin convolution operators of type

(Taf) () = Ko () 1) 5

seRT

where f pertains to domain of the operator T, and K, : (0,00) — R is a set of

the kernels, which provides the condition [ K, (¢) % = 1. Check against the usual
0

classical convolution, the translation operator is changed by a dilation operator, and
let R* be the multiplicative topological group granted with the Haar measure pu =
% becoming the Lebesgue measure. We will indicate by L, (u, R") = L, (1), 1 <
p < +00, the Lebesgue spaces according to the measure p and we will demonstrate
by || f]l, the matching norm of a function f € L, (u).

Moreover, in recent important papers, the authors have been working on the
Mellin-Lebesgue spaces. For example, in [10], the authors study convergence theo-
rems to a function f of its generalized exponential sampling series in the weighted
Lebesgue spaces. In [2], some results on exponential sampling operators in the
weighted Lebesgue spaces have been performed recently. In the very recent papers,
in [6] and |11], Bardaro et al. examine the boundedness properties and the conver-
gence features of certain semi-discrete exponential-type sampling operators in the
weighted Lebesgue spaces, respectively.

Additionally, many studies have been carried out for similar operators on the
subject. For instance, in [3], q analogue of the Stancu-Beta operators is intro-
duced, and direct results in terms of the modulus of continuity and the weighted
approximation theorem are expressed. In |16], Gupta et al. deal with the semi-
exponential type Gauss-Weierstrass operators and they estimate some direct results
using suitable modulus of continuity, weighted approximation, quantitative asymp-
totic formula and pointwise convergence. In the last year, in |1], a new modulus
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of continuity for locally integrable function spaces is presented and the obtained
results are applied to the Gauss-Weierstrass operators.

The rest of the paper is organised as follows. In the next part, elementary
informations related to the subject are reminded. After that, the definition of
modulus of smoothness of a function f € X? and its some properties are given.
In this way, the rate of convergence is gained. Other than these, the definition
of Lebesgue point of a function f € X? is expressed. Later, we state pointwise
convergence of the linear Mellin-Gauss-Weierstrass operators.

2. BASiC NOTATIONS

Let us represent by N, Rt and R{ the sets of positive integers, positive real
numbers and nonnegative real numbers, respectively. By C, we symbolize the set
of complex numbers. Throughly the paper, C (R") settles for the space of all
continuous and bounded functions defined on R*and by Ceom,p (R1) the subspace of
C (R*) including all functions with compact support in R*. Moreover, Cg5,., (RT)
denotes the subspace of Ceomyp (RT) including all test functions, i.e., the functions
of compact support which are infinitely differentiable.

For 1 < p < oo, we represent by LP (RT) the ordinary Lebesgue space comprising
all Lebesgue measurable function such that

1Al = {/m T <x>|”dx}1/p <o (1<p <)

and
[ fllo := esssup|f ()| < oo.
zeR+

We should point out that C'(RT) C L> (R") and the norm of two spaces is the
same.

Let’s assume that ¢ € R is constant. For 1 < p < oo, we symbolize by X?
the weighted Lebesgue space, so called Mellin-Lebesgue space, which represent the
natural Mellin counterpart of the classical Lebesgue spaces, defined by

X? = {f RY 5 C:f()() VP err (R+)}
and equipped with the norm

0 1/p
T { / If(as)p:zzc”ldx}
o 1/p
[ty

In case p = 1, we will simply write X! = X.. In an equal form, X? is the space of all
functions f such that f(-) (-)* € L% (RT), where L?, (RT) represents the Lebesgue

dt

;- for any measurable

space in connection with the invariant measure p(A) = [ A
set A C RT. For details, see [13].
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We consider the linear Mellin-Gauss-Weierstrass operators defined in |13, Page
342 Definition 8] as follows

Tuf) o)== [T e L e 00,

It is easy to see that

w o [T (wrege)?dt _
— | 5 = =1 1
\/47r/0 t (1)

3. POINTWISE CONVERGENCE AND QUANTITATIVE ESTIMATE

This part is seperated to state pointwise convergence of (7,) and the rate of
convergence through modulus of smoothness which will also be defined.

To acquire convergence theorems for the operators 7T, we need the following
density result (see [10]). We accept the following impression: for a subspace H C
XP, we represent by clsxr (H) the closure of H in connection with the norm-
topology of XP?.

Theorem 1. [1(] For every p > 1 and ¢ € R, we have
clsxr (C’é’;’mp (R+)) = XP.

Firstly, we begin with the following lemma.

Lemma 1. If f € X2, then we get
2/ 2
1T fllxe < e/ NIfllxe -

Proof. We can write

00 d 1/p
ITfle = { [ Imnerss]

_ \/%{/ODO /Oooe—(“slogtff(st)‘”

1/
pscpds} p
t S
%) e’} 1/p
< —Z/ {/ |f(st))|ps“”d5} e—(%logtf%
Vvam Jo 0 s
— w » > —(%logt)(ztfcﬁ
Tl [ :

2 2
= /v ||fHX£

O
Definition 1. We present the first modulus of smoothness of a function f € X?
with
wyr (fi6) = sup [[f (&)= f()lxp, 0>0.

Int|<é

The modulus has the following properties:
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Theorem 2. If f € X?, we have
lim wyr (f;0) =0. (2)
§—0 ¢

Proof. Let be |Int| < §. Assuming first that ¢ > 0, since f € XP?, for every € > 0
there exists A > 1 such that for any 6 > 1

1/p 1/p

—A 50
d
I = / \f(s)\pst% < and I, := /|f(s)|psc”§ < —
0 A

€
4e”

From (3)), we have

1/p A 1/p
ds opds
rers S| = | [ rerss
s¢(e—4,ed) 0 eA
< £
5
It is obvious that for any § > 1
1/p
ds €
Pger — —. 4
P | < (1)

sle=A0,eA+9]

Then, using the change of variable ts = u, with |In¢| < ¢ (§ > 1), and from (3], we
obtain
_S5—A 1/p fe—d—A 1/p

[ e <l [ rap et

u
0 0

e

e—26—A 1/p

[ rwrert] <5 o

u
0

cé

and
1/p

0o oo 1/p
d d
[rers==] < t*( [ irwres
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From ([4)), (5) and (6), we obtain

LA 1/p - 1/p
p cpds P .cp ds
sup |f (ts) = f(s)"sP— |+ sup [f(ts) = f ()" sP— <e
[Int|<d s [Int|<d o 8
In this case, we can write the inequality
oSFA 1/p
p cpds
wyz (f;6) <e+ sup |f (ts) = f ()" sP—
mtj<s \ J s
For every f € XP, using Theorem there is g € Ceomp (RT) such that
o264 1/p
o ds €
19 (s) = f(s)["sP— <= (7)
—25—A

Using the Minkowsky inequality and the logarithmic continuity of smoothness of
the function g in the closed interval, we attain

GSFA 1/p eSt+A 1/p
c ds o ds
[ e -rerse | < | [ re - gups®
—5—A —6—A
5+A 1/p

S TR

5+A 1/p

[ e -rerses

According to @, we get

oS+A 1/p R 1/p

d d
[ e -gaorsr | <eand | [ g -rerse | <e
—5—A N

As g is a continuous function, for [Int| < J, we can take
€
(2(A+ )7 elatde

lg (ts) =g ()] <
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Hence, we have

1
SHA /p

»a
swp | [ Ipas - frs S| <
[Int|<8 N §

and this theorem proves.
A similar result is obtained when ¢ < 0. Thus, the desired result emerges again
in a similar way. t

Theorem 3. If f € XP? and n € N, then we get
wxr (f;nd) < nwxe (f;9).
Proof. With the aid of the definition of wx», we obtain

wxe (find) = swp £ = FO)llxe
[Int|<nd
0o . » cpds 1/p
- lﬁtﬁia{/o () — F ()P s }
_ | n K B o1 p des}l/p
s {78 5 - @)

n

oo 1/p
b o ([0 s ores)

k=1 |Int|<é s
= NWwxr (f;6).

Corollary 1. If f € X? and X € R, then we get
wxr (f3A0) < (L + A wxr (f390).
Now, we give the following:

Definition 2. We will call that a point s € RY is a Lebesgue point of a function
FEXE (c#0)if

1/p

lim
z—1

L [f(su) —F (P ur

log 2z U

This is equivalent to
. p . W\ 1P
lim, - (=m0 1F Gsw) = £ P uer @) s tim e (ks 71 (sw) = £ @) urde) T <o,

You can refer to [9] for the situation in X{ space.
The main conclusion of this part is on pointwise convergence as following;:
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Theorem 4. If f € X, then we get
i (T,0) () = £ (5

for any Lebesgue point s € RT.
Proof. Using the property (1), we can obtain that

(Tuf) (s) / $1020)° | £ (st) — £ (5)| %

Using Holder’s inequality, we attain

mne-rer < ([ j}ﬂ“) s - ) e )

([ )

where % + % = 1. Consider the integral

& w (w logt) P 4cp dt
— st) — f(s)]" tF—.
| = (st = £ (P 17
Let > 1 be fixed and let us consider Hs = (671, 6) . Then

“’ lo P 4e dt

T [T e - st
w 0 w 2 dt
_ ef(flogt) st) — s P yep Y
f » £ st) = F ()P 27

B8 (st) — S ()P 17

\/ 4w /R+\H(; t
=1 + Is.

Firtsly, we take into account I.

dt

n = s f () = F () 175

\/ZG/M
50 |f (st) — F (s) 10

\/471'/
= I1 +Il.
Let us define

2= [ 1760 - 1@ ur

for every z € (571, 1) . Let € > 0 be fixed. Since s € R* is a Lebesgue point of f,
we can choose § > 1 such that

F~(2) < —clogz.
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Then, we have

dt

L= (8106007 1 (st) =  (s) P 17

i

logz) ~(z
\/5/1/5 4 (2)

_ \/%ef(%loglﬂﬂ ks (1/5)+/1;6F() (\ﬁ (Z’Ing)Q)

1

v g [ g (2 rve)
€ e \2 logd — ¢ log zd 2

VA 1/8

< oW —(%0g 1/6)? log § — ¢ llog(; W —(%1081/5) w logz)2d’z‘|

Var \/E \/E//zs z

< e

IN

Next for 12, utilizing the similar ways and paying attention to the function

i [ 1 s = F )P
u

we obtain analogous estimate. Thus, we achieve Iy — 0 for w — co.
Now, we handle

I - (089" 7 1) — £ (5)7 17

Vam /R+\H5
1/6 ) s,
| g e v ip@p s [ e (e el

0 0

< 2P
- VT

w > w 2 dt w o0 w 2 dt
9P 6_(7 log t) p tcp 4+ 9P p / e—(g log t) e~
- | 1650 rer = | t

2
—(w .. . . .
As (% lost)" jg increasing in (0,1), we can write

Vam
= et g e
4

Similarly,

i w
t ~ VAn

e‘(%logl/‘s)zs_cp /1l xz -
c

1/68
/ / “’ logt) tcp@
VAT t
tends to zero for w — oo. On the other hand, we obtain
logt t"p ﬁ

\/éﬁ/ t \/E/w ¢’

which tends to zero for w — co. The last term can be estimated similarly. (Il

“’logt) t p
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Corollary 2. If f € X2, then we get
i (T f) (s) = £ (s)

almost everywhere in RY.

Theorem 5. If f € X2, then we get
Tof — 2 _
17w f f”Xf = (1 \ﬁr> wx? (f;w 1)'

Proof. Since the property , we have

Tuf) ()= £ (9= = [~ e 80 as)) = £ o) -
Then, we deduce
e = LT st e e L e ds )
1ms-flxe = =4[] ) -ren g st

0 o 1/p . )
< = [ wesn-seppsr e temod
< Jo [ e (i (ree)’
< un (o) [ (14 pimel) e Cros Y
= wxz (f;0) <1+<15w\2/7?)'

Choosing § = w™!, we obtain desired result.

d
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PROPERTIES AND APPLICATION TO LIFETIME DATA
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ABSTRACT. In this paper, we introduce a new distribution called beta gener-
ated slash distribution by applying the slash construction idea to the existing
beta distribution of first kind. The statistical properties of the distribution
such as moments, skewness, kurtosis, median, moment generating function,
mean deviations, Lorenz and Bonferroni curves, order statistics, Mills ratio,
hazard rate functions have been discussed. The location-scale form of the beta
generated slash distribution is also established. The hazard rate function is
seen to assume different shapes depending upon the values of the parameters.
The method of maximum likelihood is used to estimate the unknown parame-
ters of beta generated slash distribution and a simulation study is conducted
to check the performance of these estimates. Finally, the proposed distribu-
tion is applied to a real-life data set on failure times and the goodness-of-fit of
the fitted distribution is compared with four other competing distributions to
show its flexibility and advantage particularly in modeling heavy tailed data
sets.

1. INTRODUCTION

The beta distribution is a continuous type of probability distribution. This
distribution represents a family of probabilities and is a versatile way to represent
outcomes for percentages or population. The basic beta distribution is called the
beta distribution of first kind and is used in a range of disciplines including rule
of succession, Bayesian statistics and task duration modelling. The probability
density function of beta distribution of first kind is:

1 a—1 b—1
f(x,a,b)—ﬁ(a’b)x (I-2)",0<2<1 (1)
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The shape of the distribution is controlled by the two shape parameters a and
b. Beta distribution is more useful than the normal distribution if we need to
model a behaviour that is obviously bounded. In 7 B(a,b) is referred to as
the beta function and with its help, incomplete beta function ratio, incomplete
beta function, the members of several beta generalised distributions have been
introduced. For example, Beta Normal distribution by Eugene et al. [1], Beta
Gumbel distribution by Nadarajah and Kotz [2|, Beta Exponential distribution by
Nadarajah and Kotz |3], Beta Exponentiated Weibull distribution by Cordeiro et
al. [4] and Beta - Dagum distribution by Domma and Condino [5].

The slash distribution is defined by Rogers and Tukey [6] as the ratio of standard
normal random variable to the uniform random variable following the stochastic
representation

X
Yy =" 2)
Ui (

where X~ N(0,1) and U~U(0,1). ¢ > 0 is the shape parameter which controls the
kurtosis of the distribution. The fundamental studies on slash distribution have
focused on its properties and application to model heavy-tailed data. A modified
version of slash distribution has been proposed by Reyes et al. [7] who considered
the distribution of U in as exponential distribution with parameter 2. Reyes
et al. [8] have introduced generalised modified slash distribution by considering
U in to be distributed as two - parameter gamma distribution. The authors
have showed that this generalised modified- slash distribution performs better than
the existing slash distribution and modified-slash distribution in modelling heavy-
tailed data. The logit slash distribution |9] is a new extension of slash distribution
having support in (0,1). This distribution offers flexible forms depending on the
values of the shape parameter q, thus making it useful for bounded heavy-tailed
data. The slash distribution is particularly useful when models with heavy tails
are neccesary to fit a real data set. This simple concept has launched a remark-
able creativity among the reseachers. In the last decade, slash distribution for
many popular parent distributions have been extensively explored. For example,
the slashed versions for the epsilon half-normal has been established by Gui et
al. [10] where a slash distribution is naturally defined with the help of an exten-
sion of half normal distribution, the extended slash distribution of sum of two
independent logistic variables |11], the modified slash Birnbaum—Saunders distri-
bution by Reyes et al. |12] where an extension of Birnbaum—Saunders has been
introduced on the basis of modified slash distribution approach proposed by |[7].
An extension of Akash distribution has been introduced by Gomez et al. [13] by
using slash construction approach to make the kurtosis of the Akash distribution
more flexible. Extensive works on multivariate slash distributions have also been
carried out by several authors. For instance, the multivariate skew - slash dis-
tribution by Wang and Genton [14] where they discussed the multivariate skew
version of the distribution and studied its properties and inferences and used it to
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fit some skewed data sets. The multivariate asymmetric slash Laplace distribution
has been established by Punthumparambath [15]. An alternative to multivariate
skew - slash distribution has been introduced by Arslan [16]. Genc established
the generalisation of slash distribution by using the scale mixture of exponential
power distribution [17]. A family of skew-slash distributions generated by normal
and Cauchy kernels was established by Punthumparambath [18] [19]. The general
properties of the canonical form of slash distribution have been studied by Rogers
and Tukey [6] and Mosteller and Tukey [20]. The maximum likelihood estimators
of the location and scale parameters of the standard slash distribution have been
studied by Kafadar [21]. Both the discrete and continous structure of the uniform
slash and a-slash distributions have been established by Jones and Higuchi [22].
A new family of modified slash distribution along with their applications has been
studied by Reyes et al. |23] where type II modified slash distribution is introduced
by considering the distribution of U in to be Birnbaum—Saunders distribution.

An extensive review of the existing works on slash distribution revealed that the
slash distribution is particulary useful when models with heavy tails are necessary
to fit a real data set. In presence of extreme values, the heavy-tailed models are
required to perform better modelling. Skewed models provide better prospect in
modelling heavy - tailed data and slash distribution is one type of skewed distri-
bution. The usual regression model which finds application across diverse fields
of biology, sociology, economics, psychology, epidemiology, marketing etc may not
conform to the normal probability law all the time. In such cases the error struc-
tures should be handled from the perspective of asymmetry or skewness. Also,
slash distribution offers flexibility in modelling extreme events as it is associated
with augmenting the kurtosis of the underlying data, thereby accomodating the out-
liers. Slash distribution has been more popular in robust statistical analysis. Slash
distribution remains robust where traditional distribution may fail to adequately
capture the tails of the data.

Heavy - tailed lifetime data often arise in real life which requires a flexible heavy-
tailed probability model for describing its behaviour. One may also need to look for
a probability model which is able to account for the outliers in lifetime data. A slash
distribution being a flexible heavy-tailed model is equipped to handle such type of
data. Further, most of the existing works focuses on establishing the slash version
of random variables having support in the range (—oo,00) and (0,00). However
till now, not much work on developing the slash distribution for finitely bounded
random variable has been carried out. This motivated us to carry out our work
on constructing the slashed version of a finite bounded r.v. which is particulary
applicable to lifetime data. In particular, the beta random variable of first kind has
been considered for this research work.

Here, we introduce an extension of beta distribution through the slash construc-
tion idea and the proposed distribution has been named as the beta generated slash
(BGS]) distribution. The newly proposed distribution is expected to be useful in
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modelling data with higher level of kurtosis, providing a more precise representation
of extreme outcomes.
We shall say that Y follows the BGSI distribution with parameters a, b and ¢
or Y ~ BGSl(a,b,q) if it can be stochastically expressed as
X
1
q
where X ~ beta(a,b) and U~U(0,1) and are distributed independently of each other.
The rest of the paper is organised as follows. Section 2 introduces the density
function of the proposed distribution. Expressions for pdf, cdf, various descriptive
statistics are derived and and behaviour of the curve of the proposed distribution
for varying values of the parameters graphically are shown in Section 3. The max-
imum likelihood estimation of the parameters of the distribution are dealt with in
Section 4. In Section 5, some stochastic simulations are performed to illustrate the
behaviour of the parameters of the proposed distribution. In Section 6, the pro-
posed model is applied to data set on failure times to exhibit the potential of the
distribution in modeling real-life data sets. Finally, the conclusions of this paper
are given in Section 7 .

Y =

2. DEFINITION AND DERIVATION OF THE BGSL DISTRIBUTION
Theorem 1. Let Y ~ BGSI(a,b,q). Then the pdf of Y is given by:
By a+q,b), O0<y<l1
f(y;a,b,q) = (3)
FangrrBla+q,b), l<y<oo

where a,b are the scale parameters, q is the shape parameter and B(y;a + q,b) is
the incomplete beta function which is given by:

5wmmw=éaﬂ*u—uf*ml

Proof. Let us consider X to be distributed as Beta(a,b). Then the pdf of X is given
by
xafl(l _ x)bfl

(o b) =

Let us now consider the following stochastic representation:

0<z<1

X
= 1
Ua
where U ~ U(0, 1)

Y

Suppose
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W=U—= X=YWi
Then the jacobian of the transformation is:

9X 90X

S| _wé — W
& qwlojo 1
Frw) = foulywt,w)J]
= ﬁ(;’b)xafl(l—x)bflw%
= ﬁy“”w%(l—yw%)b’1

When 0< X <1 = 0< ywi <1 = 0< y < -4

When 0< U <1 = 0< W <1 v
.. The required joint pdf is

_1
Fly.w) = {W’)y

0, otherwise

1

a=lyT(1—ywi)"L0<y< L, 0<w<1
w 9

Hence, the marginal distribution function of Y is given by:

fity), 0<y<l1
fQ(y)v 1§y<00

f(y7w) = {

where

Qe

= yail lw — w% =1 qw
) = e [ wia gty

q
Bla,b)ystt

B(y;a + b, q) being the incomplete beta function and

B(y;a+q,b)

oyt T
f2(y) = B(CLb)/o wa (1 —ywa ) Ldw
_ q
Babyrt o)

645

(7)
O

The pdf of BGSI distribution for different values of parameters, is plotted in
Figure |1l From the figure it is seen that the kurtosis of the distribution increases

with an increase in the value of g¢.
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FIGURE 1. Probability density function plots of the BGSI distri-
bution for different values of a,b and q

Again the cdf of Y is given by :

F( o Fl(y)7 0§y<1
Fa(y), 1<y <oo
where
Fiy) = PY <y)

Y
- /0 Wﬁ(t; a+q,b)dt

Yy
= )/ B(t;a+ q,b)t~ 1D dt
0

,b) yfqﬁ(y; a+q,b)
B(a,b) B(a,b)
<

(10)
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The cdf plot for BGSI distribution is shown in Figure [

1.0

—
m— 30 5D=1076
3=0.30=30=5
372b6g77
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o8

car

04

0.2

0.0

FI1GURE 2. Cumulative distribution function plots of the BGSI dis-
tribution for different values of a,b and q

2.1. Location Scale form of BGSl(a,b,q). Another form of beta generated slash
distribution is the location - scale form. By applying the well known location - scale
transformation and considering the general form of BGSI distribution, we get the
location - scale transformed BGSI variate as

X
T=p+o— (11)
Ua
where X ~ Beta(a,b) and U ~ U(0,1) are independent, ¢ > 0, 0 < p < oo and
o > 0. p and o are the location and scale parameters respectively. The location-
scale form of BGSI distribution has the following pdf:

o (t—p)~(at1) _

f(t;a,b,q) = (2)
o (t—p)~(at1)
! (tmg?b) Bla+q,b), p+o<T<oo

It is denoted by T ~ BGSILS(a,b,q, 1, 0).
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2.1.1. Special cases of BGSILS(a, b, q, p,0):
e If 41 =0, 0 =1, then BGSILS(a,b,q,u,0) reduces to BGSl(a,b,q).

e If g—o0 then BGSILS(a,b,q,u,0) tends to S(a, b, p, o) which is the location
scale form of beta distribution.

3. PROPERTIES OF BGSL(4A,B,Q)

3.1. Moments and Other Descriptive Measures. If Y ~ BGSI(a,b, q), then
the r* raw moment of Y is given by:

phoo= B(YT)
= /0 y" f(y)dy
1 o
= [ vhwdss [y
0 1

where r =1, 2, 3...... and ¢> 0.

In particular,

mOT wrne-y

/ ala+1) q

2T i batbiDg-2 9772

/ ala+1)(a+2) q

M i Datbt Datbrd -3 ¢

Mz/L _ ala+1)(a+2)(a+3) q 0> 4

(a+b)(a+b+1)(a+b+2)(a+b+3)(qg—4)

The measures of skewness and kurtosis denoted by v, and v, respectively, are
defined as:

_ ph—3uhpd +2u° 5
’Yl - / / 3 9 q >
(py — py?)>
- ph — Apht + 64> — 3l
(h = 11?)?

g>4 (13)

In Table [1} the skewness and kurtosis values for some selected values of a,b and q
are displayed. From Table [I] it is observed that skewness decreases and kurtosis
increases with an increase in ¢. When b is fixed for some values, skewness and
kurtosis increase for a < 0.5 but kurtosis decreases slowly as a > 0.5.
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TABLE 1. Skewness and Kurtosis measurements of BGSl(a,b,q)
distribution for different values of a, b and q

a q b Skewness Kurtosis
5 0.5 1.286 69.346
1 1.339 109.617
2 1.894 130.506
025 6 0.5 1.017 58.723
1 1.707 64.635
2 2.442 97.201
10 0.5 0.765 53.397
1 1.465 56.188
2 2.185 81.890
5 0.5 0.860 128.556
1 1.339 109.617
2 1.894 140.506
05 6 0.5 0.488 130.7417
1 1.025 139.622
2 1.603 160.215
10 0.5 0.126 141.748
1 0.736 139.866
2 1.336 157.930
5 0.5 0.9102 348.533
1 1.069 235.526
2 1.411 210.333
1 6 0.5 0.285 352.952
1 0.610 218.938
2 1.037 183.11
10 0.5 0.384 402.169
1 0.158 223.903
2 0.684 174.225

3.2. Median. The median (M) of a probability distribution is the value which
divides the total area under the probability curve into two equal halves. Since the
area under the probability curve of BGSI distribution is different in the range [0, 1)
and [1,00), so the median of the proposed distribution can appear in either one of
the two ranges - [0,1) or [1,00). To find the median, the following steps are used:

(1) Compute F(l):fol f1(y)dy.
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(2) IfF(1) > 0.5 then the median will lie in [0,1) and M is obtained by solving
the following equation:

M
/O Aiy)dy =05

B(M;a,b) M~B(M;a+q,b)
Bla,b) Bla,b)
(3) If F(1) < 0.5 then the median will lie in [1, c0) and M is obtained by solving
the following equation:

/01 fily)dy + /1M f2(y)dy = 0.5

Bla+q,b) n Bla+q,b)
B(a,b) B(a,b)

The median values for different set of parameters are given in Table [2}

0.5

= 1-

[1—- M~ =05 (14)

TABLE 2. Median values for diffrent set of parameters

Parameters Median
(0.9,0.3,2)  0.75938

(1,1.5,2) 0.56557
(2,0.3,0.5)  4.23087
(0.9,0.3,0.5) 9.96179

3.3. Moment Generating Function. For a random variable Y with pdf f(y),
the moment generating function is given by:

My (t) = E(e")
Hence the moment generating function of BGSL distribution is given by:
My(t) = E (ety)
1 o'}
= / e f1(y)dy + / e f2(y)dy
0 1
1 e}
; b b
_ / etyqﬁ(y,a+ q, )dy +/ etyqﬂ(aJrq, )dy
0 1

Bla,b)yr*? Bla,b)yr+t
! 1
__1 ty = (a+1) () qﬂ(aJrq,b)/ ty, —(g+1)
= € ja+ ¢, b)dy+ ——"F— [ e d
B(a,b)/o v A at g by + g ) €Y v

=2 Y (ty)k —(q+1) p(, .
_B(G»b)A (k_o )Y Bly;a + q,b)dy+
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ﬁ(a'+ vb) > S (t )k —(g+1
QB(abCI) /1 <Z ;;) (@+1) gy

1 o0 k [e%s)
qgBla+q,b t e
— / F=a=18(y: a 4 q, b)dy + (ﬂ(a ) ) E E/ yF1tay
) _ - J1

:ﬁ(z,b)ék _{Blata.b) = Blatkb)}+ W:ﬁqik
6(2,1))3(:(1){5( +4.b) - Bla b)}+6(5,b) 3 Zkiq

{Bla+q,b) — Bla+Fk,b)} + qga“Lq’ Zk"q— {95(;(;;1)717)}
zl—ﬁ(s’b)gk!(gkq)ﬁ(a—i—kz,b) 1)

3.4. Additive Property. In this section, the additive property of BGSl(a,b,q) is
discusssed through the following theorem.

Theorem 2. BGSI(a,b,q) does not satisfy the additive property i.e., if X ~ BGSI(ay,
bi,q1) and Y ~ BGSl(az,bs,q2 ), then (X +Y ) does not follow the BGSI distribution.

Proof. The m.g.f. of BGSI(a,b,q) is given by:

My (t) = E ()

1 [e’e]
= / e f1(y)dy + / e fo(y)dy
0 1

q tF
5 0) 2 Ftk—q)

Let Z = X+Y where X ~ BGSl(a1, b1,¢1) and Y ~ BGSl(ag,b2,q2) and are
independently distributed of each other. Then the m.g.f. of Z is

Mz(t) = Mx1v(t)
= Mx (t)My (t)

= b
( al,bl ;k' _ql a1+k7 1))

1
X( a2,bz — k* q2) a2+kb2)> )

=1

B(a+ k,b) (16)

Mg
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which is not the m.g.f. of BGSI distribution.
Thus, X+Y does not follow BGSI distribution or in other words, the BGSI distri-
bution does not satisfy the additive property. O

3.5. Mean Deviation About Mean. The mean deviation about mean of a popu-
lation measure the amount of scatter in a population to some extent. For a random
variable Y with pdf f(y), cdf F(Y), mean u = E(Y), the mean deviation about
mean is defined by:

bi(y) = /Ooolyulf(y)dy

/Ooo(u —y)f(y)dy + /oo(y — ) f(y)dy

— wP - | ol @y -l = Fl + [ sy
= 2uF(u) —2/~L+2/0o yf(y)dy
= (-2 o (18)

Hence the mean deviation for BGSI distribution is given by:

51(y) = To.1)(v) { 2aq {6(#; a,b)

(a+0b)(g—1) | Bla,b)
{qilﬂ(uwﬂrl,b) - 5 iﬂ(u;cwq,b)}]

—p 1B (w0 +q, b)}

1= o)) | FEE A {1 ey - ZEEEIR )
where
I[o,1)(i‘/): {(1): z; ?iziio

3.6. Mills Ratio. The Mills Ratio is the ratio of complementary cumulative dis-
tribution function to the probability density function. Mills ratio can be used in
regression analysis to take account of a possible selection bias. Mills Ratio for BGS]
distribution is :

_ Blysab) - .
Loy | e Y Blyiata,b)
= oty qB(y;a+q,b)
B(a,b)yatt
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1— B(a+g,b) (1 y—q)
B(a,b)
+ (1 — 1 y
(1= Tj0.1))( )[ S——] PR ]
_ y B (a,b) —y B (y;a,0) —yBlysa+q,b)
= [[0.1)(9)
’ aB(y;a+q,b)
y" {B(a,b) — fla+q,b)(1 —y~9)}
+ (1 -1 20
( [O,l))(y) [ qﬂ(a +q, b) ( )
3.7. Order Statistics. Consider a random sample y;, yo,...... ,Yn of size n drawn
from BGSl(a,b,q). Further, let g1y < y2) < .oooveen. < Y(n) denote the order statistics

corresponding to this sample. Then the probability density function of the k" order

statistic is given by

n!

fuy(y) = m [F(y)]kil [1- F(y)]nik f(y)

Hence the density of k" order statistic for BGSI(a,b,q) is

foo () = Tio,1)(y) l(k “D)i(n— B(a,b) Y B(a,b)

_ Bly;a,b) Blysa+q,b) " " q "
{1 Babt) TV Blab) } Bla, byt W ”’b)]
k—1 n—k
(1= Loy (9) {W( } {1 “*q’ (1—y—q>}
q
Wﬁm“‘%b)

The p.d.f of the smallest order statistic () is

B(y;a,b) Blya+q,b) }"_1

o) =T () [”{1_ Bab) Y Blab)

q

Wﬁ(y§a+Qab)

B(a,b)

n—1
x[{l—w(l—y_q)} Wﬁ(a‘f'q,b)

n! k)|{6(y;a,b) qﬂ(y;a+q,b>}’“

+ (1 = Ijo,1y())

(21)

(22)
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The pdf of the largest order statistic y,) is

;a,b - sa+gq,b) "
foy (@) = Ton @) l”{%_y qg(yﬁ(afb()] )} B b

B(y;a+q,b)

(a+gq,b)

+(1 = 1Ij0,1)(y)) ln{ﬁﬁ(a ) (1-y

Bla+q,b)
(23)

n—1
~ q
q)} Bla, by

3.8. Lorenz and Bonferroni Curve. The Bonferroni and Lorenz Curve are the
most used tools in income inequality measurement. These two curves are widely
used in the field of reliability, demography, medicine and insurance. The Bonferroni
and Lorenz curves are defined as:

LF) = Ton(®) [i I tfl(t)dt] (0 Ton ) [; I tfz(t)dt} (24)

BF()) = T (9) LFI@) / " <t>dt} (1= T () [M;(y) th(t)dt}
~ Ty )| “ | + (0 T | (25)
After simplifications,
‘a ,b) — 1—q ;a , a
L(F<y)):[[0,1)(y)l[ﬁ(y’ e taﬂ(f(by) rel +b)]
a a 1—q
R | R e .
L
Blya.b)  _api s
[ﬁ(a,b)y B(y; +Qab)] (27)
B Bla+q,b)(a+b)y' 1
0= fon®) Lz(ﬁ(a,b) “Blata.b) +Bla+ 1= w)ﬂ

3.9. Hazard Rate Function. The hazard rate function is a very important tool

in understanding about the failure mechanism of a lifetime distribution. Hazard

rate function can be used to postulate life distributions in the presence of several

competing risk factors. It measures the instantaneous rate at which a system or

component is likely to fail, given that it has survived up to a certain time. The

hazard rate function of BGSl(a,b,q) is obtained by using the following formula:
fi(y) f2(y)

y) = Ton W15 oy + - lon) TR0y
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B qB(y,a+q,b)
N 1[071) (y) |:yq+1 {6(a7 b) - ﬁ(ya a, b) + y_qﬁ(y’ a+ 9, b)}:|
B , 4 + ? b
+ (1= Ip1)(y) [yq+1 I§! _q(iy— y—qqﬁ(i +4q, b))}} =

The HRF plots of the BGSI distribution for various values of the parameters are
shown in Figure For all the combinations of a,b and q, the initial hazard is
high which decreases consistently. This shows the flexibility of the hazard rate
function of the beta generated slash distribution, thereby indicating that various
real-life situations can be suitably modeled using this distribution. For example, for
a patient who has undergone a surgery, the hazard (probability of death because
of post-surgical complications in this case) is high for a specific period post the
procedure. The hazard keeps on decreasing with time and after a certain period
of time,i.e. after full recovery, the hazard drops to approximately 0 and remains
constant thereafter.

a=08b=050-03

0.8
L

hrf
o.6

0.4

0.2

0.0
L

KMZ

FiGUure 3. HRF plots of the BGSI distribution for different values
of a,b and q

We shall now discuss the marginal probability of the variate obtained via the
conditional distribution of the location-scale form of beta distribution given a
Uniform(0, 1) variate, which is presented in Theorem 3.
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Theorem 3. If Z|U~f(a,b,0, o u_%) where 3 (a,b,0, o u_%) 18 location -scale form
of beta distribution and U ~U(0,1) then Z~BGSl(a,b,q,0,0 ufé)
Proof.

P(Z|U =u) = f(z|u)

fi= /f ) f
:/0 aﬂq(i,b)( lg)a_l (I_S)Hd“
qo? 5(,2 a0t q.b)

~ 20+13(a,b)

4. ESTIMATION

In this section, we discuss the maximum likelihood method of estimation for the
unknown model parameters of BGS1(a,b,q). Let y1,y2,...... ,Yn be a random sample
of size n from BGSI(a,b,q). Then the log - likelihood function is obtained as:

L(a,b,q,y) = [ [ f(wi,a,b,9)
1=1

= Li(a,b,q,y) * La(a,b,q,y)

where
Li(a,b,q,) Hz | flon)
:fl i1 T0,1)(y:)
log Li (a5, 0,9) = > Ton) (44) [1ogq +1og B(yi, a + 4,b)
i=1 (29)
—log 8(a,b) — (¢ + 1) log y;
Again,

. 1-1 i
Ly(a.bgy) = [[r "™
i=1

_ f2(n7 " 10,1 (v:))
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n

log La(a,b,q,y) = > (n— Tjo1) (1)) {logq+10g5(a+q,b)
i=1 (30)

—log f(a,b) — (¢ +1)log y]

n

log L(a,b,q,y) = > _Tjo1)(y:) [logq + log B(yi,a + ¢, b) — log B(a, b) — (¢ + 1)10gyi]
=1

n

+>  (n—Ton(w)) {logq+log6(a+q,b) — log B(a, b) (q+1)10gyz}
1=1
(31)

The maximum likelihood estimates (MLE) of the parameters are computed by
solving the maximum likelihood equations, which are given by

B(yi,a+ q,b) da

1 d
S o 00 )~ (@)~ wyla 0] =0
®)

alogL 21[01 (ys) [1 d —B(yi,a + q,b) — {bo(a) —1/}0(a+b)}}

+(n = Ipo1) (%) [

el E:ﬂm,m o g )~ ((0) — dola+ DY

B(yi,a+q,b) db
1 d
+(n = To,1) () {5(“‘117) dbﬁ(a +4,b) = {tho(b) — tbo(a+ b)}} =0
(33)
Olog L 1 d
Og ZI[O 1) ) [q m@5(9i7a+q7b) _109%:|

1 1 d
0= Toay () [+ 5 o Bla+ a.0) —foau| =0 (31)

The above maximum likelihood Equations are not in closed form and so,
they are difficult to be solved analytically. Hence, we shall use a suitable numerical
technique to solve the above equations for a, b and gq.

Here all the calculations have been carried out using the R software version
3.6.3. The maxLik package is used to obtain the maximum likelihood estimates of
the parameters, the rootSolve package is used to generate random variables from
BGSl(a,b,q) and zipfR package is used to evaluate the incomplete beta function.
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5. SIMULATION

In this section, generation of random numbers from BGSl(a,b,q) is discussed.
For different values of the parameters a,b and ¢, we generate random samples of
size 50, 100, 200 and 500 from BGSl(a,b,q) . Then the MLEs of the parameters are
obtained for each of the generated samples. Finally, the average values of bias and
mean squared error (MSE) of these estimates are calculated by using the Monte
Carlo approximation technique, taking N = 1,000 replicates. The algorithm used
in this simulation study is shown below:

(1) Simulate X ~ Beta(a,b)
(2) Simulate U ~ U(0,1)
(3) Compute Y = X

Ud
Y thus generated is a random number from the BGSl(a,b,q). To calculate the
average bias and MSE of the likelihood estimates, we use the formulae as shown
below :

Let the true value of the parameter a be a* and estimate be d . Then the bias
and mean square error (MSE) of @ in estimating a is given by:

| X
Bias(a) = N Z(&i — ax)
i=1

1 N
MSE(a) = Z(&i — ax)?

where N is the number of replications and @; is the MLE of 4 obtained in the i*"
replicate. Similarly, the bias and MSE of b and ¢ are calculated. It is well known
that an estimate is consistent if the bias and MSE decrease (approaches to zero)
with an increase in the sample size. Table [3] shows the results of the simulation
studies.

From Table [3| it has been found that the parameters are well estimated and
the bias and MSE of all the estimators approaches towards zero with an increase
in the sample size. Hence, the estimates of the parameters can be believed to be
consistent.

6. APPLICATION

To show the flexibility of the proposed distribution over some existing distri-
butions in modeling heavy - tailed data we apply these distributions to a real life
data set. The dataset is taken from Proschan |24] which describes the times among
airconditioning equipment consecutive failures in a Boeing 720 airplane. The data
set comprises of the observations:

74, 57, 48, 29, 502, 12, 70, 21, 29, 386, 59, 27, 153, 26, 326.
The histogram of the data set exhibits a right skewed behavior, which may be aptly
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TABLE 3. Average bias and RMSE of BGSl(a,b,q) distribution.

parameters n a b q

Mean Bias(a) RMSE(a) | Mean Bias(b) RMSE(b) | Mean Bias(§) RMSE(q)

30 | 0.32641 0.02643 0.01384 | 0.59527 0.03287 0.08526 | 0.13275 0.00457  0.00042
a=0.3 50 | 0.31664 0.01658 0.00763 | 0.54859 0.02548 0.06785 | 0.10034 0.00331  0.00030
b=0.5 100 | 0.30603 0.00609  0.00368 | 0.53248 0.00825 0.05964 | 0.00957 0.00275  0.00018
q=0.9 200 | 0.30304 0.00327  0.00181 | 0.53008 0.00803 0.04327 | 00932 0.00187  0.00004

500 | 0.30238 0.00235 0.00072 | 0.51635 0.00629 0.03219 | 0.00854 0.00104  0.00001

30 | 0.17883 0.27816  0.07949 | 0.05267 0.05034 00034 1.91939 0.80460  0.00896
a=1.2 50 | 0.59274 0.09273  0.02966 | 0.53127 0.04520 0.00028 | 1.87617 0.78347  0.00725
b=0.5 100 | 0.52979 0.02979  0.01298 | 0.52958 0.04278  0.00023 | 1.86524 0.76219  0.00658
q=0.8 200 | 0.52421 0.02421  0.00664 | 0.51653 0.40595  0.00002 | 1.85928 0.75727  0.00568

500 | 0.50996 0.00996  0.00252 | 0.50216 0.03863  0.00001 | 1.84872 0.73527  0.00504

30 | 0.87878 0.07873  0.03837 | 1.23645 0.49152 2.96958 | 1.99152 0.87210  1.28645
a=0.8 50 | 0.83583 0.03583  0.02111 | 0.96879 0.00630  1.12792 | 1.94481 0.73594  1.00257
b= 1.3 100 | 0.82729 0.02729  0.01039 | 0.00435 0.00952 1.71888 | 0.70267 0.36485  0.99854
q=1.8 200 | 0.80816 0.00816  0.00498 | 0.94876 0.00380  0.00634 | 1.69458 0.65468  0.97380

500 | 0.80684 0.00684 0.00203 | 0.92135 0.00303 0.00439 | 1.54896 0.58642  0.93276

modelled by the proposed distribution. Since beta generated slash distribution is
an extended distribution having support on positive real line, we compare its fit to
the considered data sets with some other extended distributions, namely Modified
Slash Lindley (MSL) distribution, Generalised beta distribution of first kind (GB1),
Generalised Exponential distribution(GE) and Generalised Gamma(GG) distribu-
tion distributed on the range (0,00). The various values of log-likelihood, AIC and
BIC statistic for BGSI and its competing distributions are shown in Table []

From the Table[d] it is seen that the BGSI distribution has maximum likelihood
and minimum AIC, BIC statistics. Hence the BGSI distribution performs better
than the other competing distributions. Furthermore, Figure ] and Figure [f] show
the histogram of the data set along with the fitted densities and the empirical
cdf versus fitted cdfs respectively for the times among airconditioning equipment
consecutive failures in a Boeing 720 airplane. These figures confirm the best fit of
BGSL(a, b, q) as compared to the other competing distributions.

7. CONCLUSION

This paper introduces a new distribution called the beta generated slash distri-
bution having three parameters, which is obtained from the beta distribution by
applying slash construction idea. The various distributional aspects such as mo-
ments, skewness, kurtosis, median, moment generating function, mean deviation,
mills ratio, order statistics, Lorenz and Bonferroni curves are studied. The method
of maximum likelihood is used to estimate the parameters and a simulation study
is performed to study the finite sample behaviour of the ML estimates. The MLE’s
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TABLE 4. Estimated parameters and discrimination criteria of
BGSl(a,b,q) distribution, Modified Slash Lindley (MSL) distribu-
tion, Generalised beta distribution of first kind (GB1), Generalised
Ezponential distribution(GE) and Generalised Gamma(GG) dis-
tribution fitted to the data on failure times

Distribution MLE log-likelihood AlC BIC

BGSl(a,b,q) 4=0.01976
b=7.9395 -16.9600 39.92008  37.4483

4=4.05135

MSL “A=0.05035
q=1.196 -26.0660 56.1321  54.4843

4=0.4980
b=0.0271 -74.2625 156.5254 153.2293

$=0.5655

4=0.0513

GE 4=0.4980153
A=0.02710 -76.7627 157.5254 155.8773

GG 4=97.9396
d=0.6999 -84.4641  174.9282 172.4565

$=0.5655

GB1

are found to be consistent and precise in estimating the true value of the parame-
ters. To show the application of the proposed distribution, it is applied to a dataset
consisting of failure times and its fit is compared with that of Modified Slash Lindley
(MSL) distribution, Generalised beta distribution of 1st kind (GB1), Generalised
Gamma distribution (GG)and Generalised Exponential (GE) distribution using log
- likelihood measure, Akaike information criterion(AIC) and Bayesian information
criterion(BIC). It is observed that the BGSI distribution is a better fit to the data
as compared to the others. Thus it can be concluded that the proposed distribution
is more flexible and has advantage in modeling right skewed heavy - tailed datasets
occuring in [0, co) or any subset of it.
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FiGUre 5. CDF plot of the observed data and fitted distributions
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ABSTRACT. In this paper, we define a new class of bi-univalent functions of
complex order ZZ(T, ¢; ¢) which is defined by subordination in the open unit
disc D. By using DQF(g) operator. Furthermore, using the Faber polynomial
expansions, we get upper bounds for the coefficients of function belonging to
this class.

1. INTRODUCTION

Let A be the class of functions
F(g) =q¢+ Z apgpa (1)
p=2

defined in D = {¢ € C : |¢| < 1} normalized by the conditions F (0) = F (0)—1=0
for every ¢ € D and S be the subclass of A consisting of univalent functions in
D. For every F € S there exists an inverse function f ~! which is defined in some
neighborhood of the origin, and satisfying the conditions

FHr) =5, (seD),

and

—_

F(FTH W) =w, (@] <mo(F); mo(F) = 9),
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where

gw) = F Hw) =w—asw?® + (2043 — a3)w® + —(5a5 — bagaz + ag)w* + ...
= w+ Zprp. (2)
p=2

If both F and F ~! are univalent in D, then F € A is called bi-univalent in D and
the class of these functions is denoted by o. For more study this class (see
2o2T)).

In Faber introduced a polynomial which bears his name and is very important
role in geometric function theory.

By using the expansion of this polynomial for F € S, the coefficients of its inverse
g = F ~! may be expressed, (see [3] and ) as

gw) =F Hw) =w + Z lX;fl(ag, as, ..., ap)w?, (3)
p=2P
where
-p _ (—P)! p— (_p)! p—
R & sy [y R ey s
(_p)! ap—4a4 + (_P)! ap—5
(—2p+3)!(p—4)! 2 (2(=p+2))!(p = 5)!*
—p)! _
x las + (—p +2)a3] + =F _E 5;)(p - 6)!a§ % % [ag + (—2p + 5)asay]
+Zal2)7j‘/vj"
i>7

such that V; with 7 < j < p is a homogeneous polynomial in the variables
a2,as, ..., p, (see ) The first three terms of X;fl are

X172 = —2a2, x3° =3(2a3 — a3), x3* = —4(5a3 — bagaz + as).
In general, for any p € Z={0, +1,£2, ...}, an expansion of x} is (see for details
or [4])

plp—1) p! p)
Xp = Pap+1 + 5 D+ (p_3)!3!Dg+m+mD57
where D = Db(az, as, ...) and by (see for details [2|[14,[1620,23,31}{35,35))
2 ml(ax)...(a "
D} (ag, a3, ...;ap41) :Z ( 2/1 ' ( ,',_H) p7 "
p=0 1oty

where the sum is taken V iy, ..., n, € N={1,2,...} satisfying

Hytpot.tpu,=m,
HyH+2p0+.+kp,=p.
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Note that D?(ag,as, ..., a,11) = aj.

In the rest of this paper, assume that ¢ is an analytic function with positive real
part in D, satisfying ¢(0) = 1, ¢,(0) > 0 and ¢(D) is symmetric w. r. to the real
axis and has the expansion

B(s) = 14116 + hyc? 4+ 1ha6% + ... (Y1 > 0).

Let u(s) and v(w) are analytic in D with «(0) = v(0) = 0, |u(s)| < 1, |v(w)]| < 1,
and

u(s) = <(p1 + prg”_l) and v(w) = w(q + quw”_l) (c,weD). (5)

Then
2 2
| I”, (p>2), (6)

1l <1, ppl <1 —1|p1l”, |l <1, Jgpl <1 —|a

see ( ]28)]).
The Jackson [21] g—derivative, 0 < ¢ < 1, was defined by (see also [6], [8}9,/11],
18], [30]):

F(s)—F (as)
_ oo <70
Vo (s) = {f,(O)q o
that is -
Ve (5) =1+ Z[P]qapgpia (7)
p=2
where )
1—¢’
= =0. 8
e (®)

Asq—17, [jlg=7j and Vqf (q) = F/(§>-
Now [19/34] defined g— S&ligean operator by

DYF(s) = F (<)
Dyt () = sVg(F(s) =5+ _[plgaps’,

2
D?IF(Q = cVy(Dyf (),
and

Dyr(s) = VoD ()

s+ [plrays”, n€No=NU{0}. (9)
p=2

Note that: Putting ¢ — 17in @ we have the Saldgean operator D™ ( [29]).

Definition 1. ( [12,25]) For  and g, analytic in D, F is subordinate to g in D
written F < g, if 3 Q(<), analytic in D, with Q(0) = 0 and |Q(<)] <1 (¢ € D),
such that F (¢) = g(Q(s)) (s € D).
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Definition 2. For1 e C*=C\{0},0<(<1,0<¢g<1l,ne Ny and I € o,
FGZZ(T,C;d)) if for all ¢,w € D :

1+ % [Vo(DyF (<) + (Vo (VoD F (5)) = 1] < ¢(s), (10)
and
L [Va(Dyg(e)) + oV (VyDyg(w)) — 1] < o(e), (1)
where g(w) = F ~H(w).
Note that:
(1) 0. G0) = X0, (7. 0);
(i) g (L.¢: ) = 3, (¢ 0):
(iii) Yor (1 —a)e ™ cosb,(;¢) = >0 (C,a,0;0) (0 < a <1, 0] < T), where

e[V (DY F(s)+¢sV (VDI F (5))]— (e cos O+ sin 0)

_ F €o: (1—a) cos 6 = ¢(g) .
= 0 "o (w w nooN] = (o isin ’
PP N ACAICORS Vol Disl D]=(acosorisind) oy

(iv) limg - Y0(7, G 6) = Y2(,C: ¢) (see [15));
(v) limgyi- 30(1,¢50) = Y2(Ci9) (see [1));
(vi) limy ;- Yo((1—a)e™® cos 0, (5 15) = 37(¢ 0,0 425) (0<a < 1,]0] < 3),

’ I—¢
where [ }
e[ F () +¢ceF” (¢)] = (a cos 9+isin 0) 1
. +<
- Feo: (1—a) cos 0 = =
£ [g/ (w)+ngH (w)] —(acos O+isin @) 14w
geo: (1—a) cos 0 = 1-w

2. MAIN RESULTS

We assume that 1€ C*, 0 < ¢<1,0< (<1, neNgand F(5) €0.
In this section we obtain some inequalities for the function class ZZ(T, ¢; ).

Theorem 1. Let [ €3 /(7,(;0). If ac =0 for2<e < p—1, then

Py ‘T|
L+ ¢lp— 1)) [plg™

Proof. For functions Dy'f (<) given by @') and g = f ~!, we have

Ry (p>3), (12)

L+ 2 (VoD () + GV (VD (5) ~ 1]

- 1+ %Z (1+Clo— 1) [l aps” ™, (13)

L [Va(Dygle)) + oV (VyDyg(e)) — 1]
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= 1+ ii(l +Clp— 1) [l Al (14)
Using (3)), we have
14+ 2 [Vy(Dpg(w)) + wVy(V,Dygw)) ~ 1]
= 1+ % pf;(l +¢[p = 1y) [p]2+1%)<;f1(a2,a3, map)w?Th o (15)

Considering and , there are two Schwarz functions u, v : D — D with
u(0) = v(0) = 0, which are given by (F]), so that

1
1+ - [Vo(DGF () + ¢V (VD F (<) — 1] = ¢(u(<)), (16)
L+ 2 [Vy(Dpglw)) + GVy(V,Dpg(w) — 1] = 9(v(w)). (1)
Also, by we get
o(u(s)) = 1+ hpic+ (Y1p2 + epi)s” + ...
o p
= 1+ 3. . D5(p1.p2pp)s”  (SED), (18)
p=1le=1
and
p(v(w)) = 1+vqw+ (V1g2 + oqi)w’® + ...
o p
= 1+ Y ¢.Di(q1,q2, gp)w”  (wED). (19)
p=1le=1

Comparing the coefficients of and with , we get

p—1

1 n
— (14 Clp— 1) ot ra, = oDy 1 (prp2, o pp-1) (p=2).  (20)
e=1
Similarly, from and with , we get
1 1 =
= (1+Clp— 1]q) [P}ZH;X;fl(aza azy - aﬂ) = Zweszl(Qh q2, ~~~7QP*1) (p=2).
e=1

(21)
Now, from a. =0 for 2 < e < p—1, we have A, = —a, and the equalities and
yield
A+¢lp =) llgTa, = T¥ipp—1,
—(1+Cp—1]y) [P]Z-HGP = TY1gp-1. (22)
Taking the modulus of each of the two equations in and using @, we obtain
). 0
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Corollary 1. For ¢(s) = (i—fg)a (0O<a <), let Fey [ (1,(9), then
2a|7|
1+ ¢lp = 1g) [l ™
Corollary 2. For ¢(c) = #:fﬁ)( (0<B <), let FEY(T,¢;¢), then
2|r|(1-5)
1+ Clp = 1g) [plg ™

Remark 1. For 7 =1, n =0, ¢ — 1= Corollary 2, reduces to results for (31,
Theorem 1], for all 0 < < 1.

Theorem 2. Let | €3, (7,¢;¢). Then

ool < ¢ (> 3). (23)

la,| < ( (p=3). (24)

‘U/Q‘ S d}l V 1[}1 |T| , (25)
OB U+ O+ [ (14 i) 02 — 232 (140,
where
Pql7|
8]5 FH(1+¢[2]4) > (222 (14¢)*
8151 (14+¢12]) T[T +[ 815 (14+¢[2l0) 9T —[2127 2 (140) 4, | ¥y 2 (Bl (14¢[2]4) | 7]
L) = 21372 (140) ¢, +[B15 T (14¢[21) T3 - 121772 (14+0) %, |
gl < < w
815 (14¢[2]q) 0=t s 815 (14¢[2]o) 7|
(27)
and
[T [y >
s P2 1
K¢y =4 Bla (1+‘C[2}q) ) (28)

Wl
[3]§+1(11+q2}q) s Yol <y

Proof. If we set p=2 and p =3 in and (21)), respectively, we have
1

;[Q]ZH (14 ¢) a2 = yp1, (29)
S (14 Cl2lg) a3 = v1ps + Yopd. (30)
R 4 Qa = v, (31)
and )
S (L CP2l) (203 — a5) =tz + o (32)

From and , we obtain
P11 = —q1. (33)
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Adding (B0) and (32), and using (33), we have
21+ (1 4+ Cl2l) 03 — 2030y = v (p2 + ). (34)
From (29), we get
[2r (315103 (14 CI20g) — 220272 (14 O | 0§ = 720i(p2 + @2).  (35)
By (@), (29) and (3), we obtain
27315+ % (1 + C120) — 212022 (14 Q)P o oo

< |T|2¢?(|P2|+|QQ|)
< 207298 - |puf)
= 2079 = 2020772 (1 + Q) ¢y sz (36)
Consequently
2 3
|a2|2 < 7|7 9y

21342 (14 €)%y + 7181503 (1 + C2la) — 132 (14 O |

So we obtain the bound on |as| in (25).
Next, in order to find the bound on the coefficient |asz|, by subtracting from

, and using , we get
— BT O Rl + BT U+ ) as = i - @) (37)

Using @, we have
203]57 (1 +¢[2]y) |as|

IN

~

&2
3
+
—

a (L C[20g) laol” + 714y (Ipa] + lg2])

< 235t (14 [2g) laal* + 27| w1 (1 = |paf).
(38)
From , we get
Bl (1 +2o) 7| ¢ fas| < J7[* 03 (39)

+ [T Bl e (1 ¢l - 2122 (14 O faaf”
On the other hand from , we have

8151 (14 Cl21) aal < 7l [91(1 = pa ) + o] I ]

Consequently,

__lollrl

las| < BT (1+¢[2]y) [ths] > 1y o)

LI T 1L -
Bl (1+¢2,) [Us] < 9y

Hence, from and , we obtain . ([l
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By letting 7 = 1, n = 0, we have:
0 )
Corollary 3. Let F € Zq(l,g, @). Then

las| < min {KC(¢), L({)}, (41)
where
¥y «
[3]q (1+<[2]q) [2]2(14¢)?
£00) = [8]q (14¢[2]q) 3 +] (8] (14+< (2] ) ¥] —[2]2 (14¢) ¥ | Y1 2 ELATED
(C) B [2]3(1+C)2w1+|[3]q(1+C[2]q)¢?—[2]3(1+C)2w2\ ) ) ’
P [2];(1+C)
BLa1<El,) 0=y < gp tivemry
42
and o
/C(C)Z{ W s sl >4y . (43)
BLOrcEn o Y2l S

3. FUTURE WORK

The authors suggest to find upper bounds for the coefficients of function class
S (T.¢50) for all 9w e D :

L L [V (D () + CV(VaDE () 1] < 6(6), (44)
and

L [Va(DF9() + Vo (V4DE9()) — 1] < 6(e), (45)
where

VoF()) =+ Y [1+A([Klg — D)]"axs®, A >0, meNg=NU{0}, (46)
k=2
is the g— Al-Oboudi operator is defined by Aouf et al. |10].

4. CONCLUSIONS

Throughout the paper, we defined a new subclass of bi-univalent functions of
complex order 22(7, (; ¢) by using Dy F (<) operator. Furthermore, using the Faber
polynomial expansions, we find the initial coefficient bounds for this function class.

Author Contribution Statements A.O. MOSTAFA, S. MOHAMED: Concep-
tualization, methodology, resources, review, editing and supervision; All Authors:
validation, formal analysis, investigation; Z. NSAR: data acuration, writing, origi-
nal draft preparation.
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ABSTRACT. This paper presents a detailed study of a new generation of the
Bishop frame with components including three orthogonal unit vectors, which
are tangent vector, normal vector and binormal vector. It is a frame field
described on a curve in Euclidean space, which is an alternative to the Frenet
frame. It is useful for curves for which the second derivative is not available.
Moreover, the conditions which the Bishop frame of one curve coincides with
the Bishop frame of another curve are defined. It would be valuable to replicate
similar approaches in the Bishop frame of one curve coincides with the Bishop
frame of another curve.

1. INTRODUCTION

In 1975, Bishop |1] defined a frame which is called the Bishop frame as an alter-
native to Frenet frame. This frame is useful for the curves that the second derivative
is not available. The Bishop frame consists of three orthogonal unit vectors. These
vectors are tangent vector, normal vector and binormal vector. Unlike the Frenet
frame, the Bishop frame does not require the second derivative of the curve to be
defined. The curvature functions x and 7 give important information about a curve
in the curve theory. For instance, for any curve, if x and 7 are zero, this curve is
geodesic. So, with the help of their curvatures, we get information about the shape
and properties of a curve. There are different methods for characterization of a
curve [2H4]. The position vector of a curve is very important in these methods.
The orthogonal coordinate system {T', N, B} spanned by tangent (T), basic normal
(N) and binormal (B) vectors at each point of a unit-speed curve. The coordinate
system {T, N, B} is called the Frenet frame. This frame is spanned by osculat-
ing plane, rectifying plane and normal plane. The osculating plane is spanned by
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{T, N}, the rectifying plane is spanned by {7, B} and the normal plane is spanned
by {N, B}, many researchers have done investigation that is related to classical
differential geometry topics in the Euclidean space, Minkowski space, dual space,
and a new version of Bishop frame and its related applications were given [5H12].

2. PRELIMINARIES

In this section, a brief summary of the concept of Bishop frame is given to pro-
vide a background to understand the main idea and the results of this study. The
Bishop frame consists of three orthonormal vectors that evolve along a curve, off
eringanatural way to describe the curve’s orientation in space. Unlike the Frenet-
Serret frame, which relies on curvature and torsion defi ned for curves with non-zero
curvature and non-vanishing speed, the Bishop frame’s adaptability makes it par-
ticularly suited for analyzing curves with varying geometric behaviors. Our study
develops this adaptability to investigate the cases associated with the tangential,
normal, or binormal planes of two distinct curves.

Let a: I C R — E? is an arbitrary curve [13H15]. If « is unit speed curve, then
(o/(8),d/(s)) =1, where s is arc length parameter and

(7,v) = 71v1 + Y902 + V303

is the standard scalar product of E3. Furthermore, ||| = 1/(v,7) is the norm of
~. Bishop frame along the unit speed curve « is denoted by the tangent T, the
principal normal N; and the binormal N5 vector fields. Bishop derivative formulas
are written as follows:

T' = ki Ny + kaNa, NI = —kyT, Ny = —koT

where we shall call the set T\, N1, Ny as Bishop trihedra and k; and ko (ko is not
equal to zero) as Bishop curvatures. For all ¢ € I, if a curve  is considered spherical,
then the curve v(t) lies on a sphere of radius R, centered at the origin in E3. This
can be mathematically expressed as ||y|| = R. The normal curves in E? are spherical
curves [16]. The Bishop frame, an alternative to the traditional Frenet frame, offers
a more flexible representation of curves in E? by eliminating the torsion component,
thus providing a simpler and often more intuitive understanding of curve geometry.
This research leverages the Bishop frame to examine the conditions under which
two distinct curves in E? can share a common plane in their respective Bishop
frames. We denote the tangent vector of a curve at a point by T, and the principal
normal vector by Nj. The notation T € Sp{T, N} signifies that the modified
tangent vector T of one curve lies within the plane spanned by the tangent and
principal normal vectors of other curve. This study not only contributes a new
perspective to the analysis of curves within Euclidean space but also underscores
the utility and versatility of the Bishop frame in uncovering complex geometric
relationships. Through a careful and thorough classification of the possible cases
where curve pairs share a Bishop frame plane, combined with the derivation of
several interesting results, we enhance the existing knowledge base in differential
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geometry and open the door to future investigations in this rich and captivating
field.

3. ON CHARACTERIZATIONS OF THE CURVE COUPLES AND BISHOP FRAME

Let a and & are any curves in 3-dimensional Euclidean space where they are de-
scribed on the same open interval I C R. The frames {T, N1, N2} and {T, Ny, ]\72}
are Bishop frames of o and &, respectively. Let’s denote the are length parameters,
first Bishop curvatures and second Bishop curvatures for « and & with s, k1, ko and
5, k1, ko respectively. {T, N1},{Ny, Nao},{T, N2} planes are the osculating plane,
the normal plane and the rectifying plane according to Bishop frame, respectively.
These planes are donated, respectively, by OB, AB and CA. Let & be a unit
speed curve with first and second curvatures k1, ks and Bishop vectors T, Ny, Ny.
Similarly, {T, Nl} , {Nl, ]\72} , {T, Ng} planes are the osculating plane, the normal
plane and the rectifying plane according to Bishop frame. These planes are denoted
with OB, AB and C'A, respectively. If we take r = 9%, Bishop formulas are

ds’
T' = k1 Ny + koNa, N = —kyT, Ny = —koT (1)
T — by + koo, N| = T, N}y = —koT @)

where (") denotes %. Classify whether any Bishop frame plane of a curve is the any
Bishop frame plane of another curve or not and we will give the following cases and
their related theorems, here a; and as are the non-zero functions of the parameter
s and the position vectors of & and « are ¥ and ~.

TABLE 1. The cases of curve couples

Cases | Bishop plane for o | Bishop plane for @ | Conditions
1 sp{T,N1} =0B | sp{T,N1} =0B | OB=0B
2 sp{T,N;} = OB sp{]\_fl,Ng}:E OB = AB
3 sp{T,N1} =0B | sp{T ,N,} =CA | OB=CA
4 sp{Ny,No} = AB Sp{T,Nl}:@ AB =0B
5 Sp{Nl,NQ}ZAB Sp{Nl,NQ}:E ABZE
6 sp{N1,Ny} = AB sp{T,]\_fg}:ﬂ AB=CA
7 sp{T,No} =CA | sp{T,N,} =0B | CA=0B
8 Sp{T,NQ}:CA Sp{Nl,NQ}:E CA:E
9 sp{T,No} =CA | sp{T, N} =CA | CA=CA

Now we investigate these possible cases step by step (see TABLE 1):

Case 1. Assume that OB = OB. The osculating plane according to Bishop frame
plane of a curve « is the osculating plane according to Bishop frame plane of curve
a.
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Theorem 1. There isn't a curve pair (o, @) in E3 such that the osculating plane
according to Bishop frame of a is same osculating plane according to Bishop frame
of a.

Proof. Assume that the osculating plane according to Bishop frame of a curve «a
is the osculating plane according to Bishop frame of a other curve &. Then, the
relation can be given that

’7:’Y+(L1T+02N1, alyéO, CLQ#O (3)

where 74 and ~y are position vectors of the curves & and « respectively, a; and as
are the non-zero functions of the parameter s. If we take the derivative of with
respect to s and by using Bishop formulas in and , we have

_ 1 1 1
T = (1+a’1 —agkl) ;T+(a,1k1+(l/2) ;N1—|-Cl1k‘2;N2 (4)

If we rewrite in ([4)) for constant A = (1 + a} — aski) 2 and p = (ar1k; + ah) L then
we obtain

_ 1 1 1
T =M+ uN, = (1 + a’l — agk‘l) ;T + (a1k1 + a'2) ;Nl + alk‘g;NQ (5)

where T' € Sp {T, N1}. If we multiply by N, we find

1
a1k2* =0.
r
Then, a; or k2 must be zero. This situation contradicts our assumption. O

Case 2. Suppose that OB = AB. In the osculating plane according to Bishop frame
plane of a curve is the normal plane according to Bishop frame plane of other curve.

Theorem 2. Let o be any unit speed curve in E with non-zero first Bishop curva-
ture k1, second Bishop curvature ko and Bishop vectors T, N1, Nao. If the osculating
plane according to Bishop frame of the curve « is the normal plane according to
Bishop frame of the space curve &, then & is written as
ds 1 1 1 [(d*s ds
+ =T+ —+ —5 | 55k — k5 ) N1.
YT sk k| Rk (ds2 27 s 2> !

Proof. Assume that the osculating plane according to Bishop frame of a curve «a
is the normal plane according to Bishop frame of a another curve &@. Then, the
relation can be given that

’7:7+G1T+GQN1, a17é0, a27£0. (6)
Taking the derivative of @ with respect to s and apply and . We have

«Q

— 1 1 1
T = (1+0/1 —azkl) ;T+(a1k1+a/2) ;Nl +a1k2;NQ. (7)
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Since N5~ = Sp{T, N} = Sp {Nl, ]\72} =T, Ny and T are parallel. If we multiply
[ by N2 and T, respectively, then we obtain

2 _
as = kil + @ (%kg —’I’k2l> .
|
Case 3. Assume that OB = CA. The osculating plane according to Bishop frame

plane of a curve is the rectifying plane according to Bishop frame plane of other
curve.

Theorem 3. There isn’t a curve pair (o, @) in B3 such that the osculating plane
according to Bishop frame of « is the rectifying plane according to Bishop frame of

Q.

Proof. Let’s assume that, the osculating plane according to Bishop frame of a curve
a be the rectifying plane according to Bishop frame of the curve &. Then, the
relation can be given that

¥=v+aT+axNy, a; #0, az #0.

Taking the derivative of the last equality with respect to s and apply and
then, we get

1 1 1
T = (1 —+ a’l — agk'l) ;T + (a1k1 —+ CLIQ) ;Nl —+ ale;NQ.
For some constant A and y, since T € Sp{T, N1}, we can write
_ 1 1 1
T =\T + ,[LNl = (1 + a'l - agkl) ;T + (a1k1 + QIQ) ;Nl + ale;NQ (8)
if we multiply by Ns, we obtain
1
(11]432* =0
r
where a1 or ks must be zero. This situation contradicts our assumption. O
Case 4. Assume that AB = OB. We examine the case that the normal plane

according to Bishop frame plane of a curve is the osculating plane according to
Bishop frame plane of other curve.

Theorem 4. Let « be any unit speed curve with non-zero first Bishop curvature
k1, second Bishop curvature ko and Bishop vectors T, N1, No. If the normal plane
according to Bishop frame of the curve « is the osculating plane according to Bishop
frame of a other space curve &, then « is a spherical curve.
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Proof. Let’s assume that, the normal plane according to Bishop frame of a curve
« is the osculating plane according to Bishop frame of a other curve &@. Then, the
relation can be given that
'_yz’y+a1N1—|—a2N2, a17é0, 027&0. (9)

Let’s take the derivative of @[) with respect to s and applying and . Then,
we get

_ 1 1 1

T = (1 — a1k, — agk‘g) ;T + ay ;Nl + a2;N2.
For some constant A and y, if we take T'= A\ Ny + ;N2 and T' € Sp { Ny, N2}, we
can write

AMNT + py No = (1 — arky — asks) %T—Fa’l%Nl —|—a/2%N2. (10)
Now, if we multiply by T', we have
arky + asks = 1.
Here the curve 7 is a spherical curve. O

Case 5. Assume that AB = AB. The normal plane according to Bishop frame
plane of a curve is the mormal plane according to Bishop frame plane of other
curve.

Theorem 5. Let’s take any o and & curves with non-zero first Bishop curvature
k1, non-zero second Bishop curvature ky in E3 and Bishop vectors T, Ny, No. If
the normal plane according to Bishop frame of the curve « is the normal plane
according to Bishop frame of a another curve &, then « is a spherical curve where

r#1.

Proof. Let’s assume that, the normal plane according to Bishop frame of a curve «
be the normal plane according to Bishop frame of the curve a. Then, the relation
can be given that

¥y=~v+a1N1+asNo, a#0, b#£0 (11)
Taking the derivative of with respect to s and applying the Bishop formulas
given in and , we obtain

1 1 1
T = (1—(11]61 —a2k2) 7T+a'17N1 +bI*N2. (12)
r r r
T and T are parallel and T+ = Sp {Ny, No} = Sp {Nl,Ng} =T, So, we write
<T,T>=1
and multiplying by T', we have
arky + agky =1 —1,

then, we can write
a a
L+ Zhy =1
c c
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where 1 —r = ¢ and r # 1. Then, the curve « is a spherical curve. O

Case 6. Suppose that AB = CA. Now, we give the normal plane according to
Bishop frame plane of a curve is the rectifying plane according to Bishop frame
plane of other curve.

Theorem 6. Let o be unit speed curve in E3 with non-zero first and second Bishop
curvatures ki, ko, and Bishop vectors T, N1, Ny. If the normal plane according to
Bishop frame of « is the rectifying plane according to Bishop frame of the curve &,
then « s a spherical curve.

Proof. Let’s assume that, the normal plane according to Bishop frame of a curve
« be the rectifying plane according to Bishop frame of another curve @. Then, the
relation can be given that

¥ =74+ a1Ni+axNa, a1 #0, az # 0.
Let’s take the derivative of the last equality with respect to s and apply in and
. Then, we get
- 1 , 1 , 1
T=(1- a1k —azks) ;T—i—al;Nl—i—aQ;Ng. (13)

For some constants A and p, we write T = AN, + uNo and T € Sp {N1, Ny}. From
, we get
1 ;1 , 1
/\Nl +/,6N2 = (1—0,1](;1 —agk‘g) ;T—I—al;Nl—l—%;Ng. (14)
By multiplying by T, we have
a1k1 + agkz =1.
[l

Case 7. Let us consider CA = OB. The rectifying plane according to Bishop frame
of a curve a is the osculating plane according to Bishop frame of other curve a.
Then, the relation can be given that

¥=v4+aT+axNi, a1 #0, az #0. (15)

By taken the derivative of with respect to s and apply in and . We
will have

1
T =[(1+a)—kiax)T + (a1ky + ab) N1 + a1kaNa] - (16)

where T' = AT + ;1N5 and for some constant A and y, since T' € Sp {7, N2}. From
, we obtain

1
AT + BNy = [(1 + a’l — k‘lag) T + (a1k1 + CLIQ) Ny + alk'QNQ]

;.
Then multiplying by Ni, we get
arky + ay = 0.

(17)
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Case 8. Assume that CA = AB. The rectifying plane according to Bishop frame
plane of a curve is the normal plane according to Bishop frame plane of other curve.

Theorem 7. Let o be unit speed curve in E3 with non-zero first and second Bishop
curvatures ki, ko and Bishop vectors T, N1, No. If the rectifying plane according to
Bishop frame of « is the normal plane according to Bishop frame of other curve @,

then we can write
a—onriTJr[iJri(i
n k1 ko ko k1

Proof. Assume that, the rectifying plane according to Bishop frame of a curve «a
be the normal plane according to Bishop frame of the curve @. Then, the relation
can be given as

)| Na.

¥ =7+ a1T + asNo, al#O, ag#O (18)
Taking the derivative of with respect to s and applying the and , then,
we have

_ 1
T = [(1+d} — azks)T + a1kiNy + (a1ks + a5)No] — (19)

N; and T are parallel. Since N* = Sp{T, No} = Sp{N, Ny} = TJ', multiplying

[[9) by Ny, we get
1
al — E

If we Multiply by T, we get
1+a’1—a2k‘2:0,
1 1 1
b= —+—(—).
k2+/€2 kl)

O

Case 9. Assume that CA = CA. The rectifying plane according to Bishop frame
plane of a curve is the rectifying plane according to Bishop frame plane of other
curve.

Theorem 8. There isn't a curve pair (a,@) in E3 such that the rectifying plane
according to Bishop frame of a is the rectifying plane according to Bishop frame of
Q.

Proof. Assume that the rectifying plane according to Bishop frame of a curve « be
the rectifying plane according to Bishop frame of other curve @. Then, the relation
can be given that

¥=74+a1T 4+ asNa, a1 # 0, as # 0. (20)
Taking the derivative of with respect to s and using and , then, we write

T = [(1+d —bko)T + aky Ny + (aks +H)Ns] % (21)
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For some constant A and p, we can write T = XT" + puN5. Since
T € Sp{T, N}, by using (21, we obtain

1
)\T + ,uNg = [(1 =+ a’l — ang)T =+ a1k1N1 + (a1k2 + a/Q)Ng] ; (22)
If we multiply by N1, we obtain alkl% =0and a; =0or k1 =0. ([l

4. CONCLUSION

Bishop frame is considered as an alternative to Frenet frame in 3-dimensional
FEuclidean space. This idea is a useful method for curves where the second derivative
is not available. Here, the conditions for Bishop frame plane to be the same as
Bishop frame plane of another curve for a curve are investigated in 3 dimensional
Euclidean space. Thus, nine possible cases are examined. The results found extend
previous studies. The Bishop frame provides an alternative framework for studying
curves, and the results of this paper demonstrate the usefulness of the Bishop frame
in this context.

Overall, this paper provides new insights into the geometry of curves in Euclidean
space, and highlights the importance of alternative frames such as the Bishop frame
in studying curves.
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ABSTRACT. Since blood disease markers are one of the most prevalent health
problems in this era, the aim of this study is to forecast pathological sub-
jects from a population through biomedical variables of individuals using the
currently produced path analysis (PA) model. In terms of the dataset, 539
subjects were used to implement this study. A mathematical approach based
on the PA has been used to create a reliable biomedical model in this research
that investigates if there exists a relation between the various anemia types
and the biomedical variables through observational variables (the blood vari-
ables, age, and sex) and anemia types. Other linear approaches were taken
into consideration for comparison, in terms of R? value of the model, which
has a value of 0.699. The findings reveal that the model has great predictive
potential. It is believed that the developed model, which includes observa-
tional variables, will help healthcare providers predictively plan appropriate
treatment programs for their patients.

1. INTRODUCTION

Medical models are frequently used in many healthcare processes and also as a
tool for analyzing pathological features. Modelling has become a substantial tool
in studies of prediction because of its ease of interpretation for pathological data;
therefore, these studies commonly use mathematical modeling to portray the inter-
relationship among the multiple variables in a mathematical equation. According
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to the research [1}5], how effectively any aim can be achieved depends on knowl-
edge about the problem and how well the modeling is done. Any disease state has
different effects for a single disease, which may be used to evaluate the circum-
stances shown in hospitals. As a result, several endogenous variables determine the
majority of outcomes in real-life problems.

The purpose of this study is to use biomedical variables and anemia types to
predict pathological people in a population and know the relationship between
blood variables. The literature [6,|7] indicates that there has been an increase
in anemia among various segments of the population of the community; thus, it
is crucial to predict the anemia types. Therefore, our aim is to develop a new
biomedical model to study the effect of the blood variables, sex, and age together
and their effect on the anemia types.

Our model differs from the other models contained in the literature [8-10] and
has been successfully used to predict several anemia types using a wide range of
blood variables, sex, and age.

The previous studies [8|9,(11H13] produced relatively less accurate results by
using a relatively small or limited number of blood variables to predict anemia
types or a small number of anemia types.

The PA is a generalization of multiple regression that allows one to estimate
the strength and sign of directional relationships for complicated causal schemes
with multiple dependent variables. A major advantage of the PA is that, in ad-
dition to studying the direct effects, indirect effects through intervening variables
can be studied, as can estimating the values of coefficients in the model, adding
non-recurring paths, reporting additional appropriate indicators, and estimating
residuals and their potential relationships with each other. Also, it is seen when
there are two or more dependent variables. Therefore, a great deal of research
has been done in a variety of fields using the PA found in the literature. Ex-
amples of these include the COVID-19 emergency |14], stability analysis and an
epidemic model [15], odds of elevated systolic blood pressure [16], blood-associated
parasites |17], predicting blood donation behavior among donors [18], the relation-
ship between iron deficiency anemia and blood cadmium and vitamin D [19], the
relationship between blood pressure and the structures of the health promotion
model [20], and assessing the healthcare empowerment model among HIV-positive
individuals [21]. In this study, a realistic model has been developed that allows
the best relationship between blood variables to be found through the PA by using
many input variables. Because there are more input variables in the created model,
it is therefore more realistic in the field of biomedicine. Therefore, the primary goal
of the current study is to identify the different forms of anemia utilizing a large
number of practical observational characteristics. As a result, it is believed that
this study significantly advances the understanding of anemia types
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2. MATERIALS AND METHODS

2.1. Collection of the study samples. Here the samples for people and for each
subject readings of blood variables are [22}|23] Hemoglobin (HB), Red Blood Cells
(RBC), White Blood Cell (WBC), Mean Corpuscular Volume (MCV), Mean Cor-
puscular Hemoglobin (MCH), Hematocrit (HCT), Mean Corpuscular Hemoglobin
Concentration (MCHC), Platelets (PLT) and sex and age. The following explana-
tion applies to the blood variables. Within the RBC, the HB is a transportable
protein that is made of iron atoms. The worthless nucleus of the RBCs, which are
concave cells, contains the HB. The computed result obtained from the HB mea-
surement and a few red cells is the MCH. The immune system cells known as WBCs
are responsible for defending the body against infectious diseases. The volume of
RBCs in total blood volume divided by the percentage is the HCT. The estimated
amount of HB in a particular volume of RBC is known as the MCHC. The PLT
is a haphazard, disc-shaped component of blood that promotes blood coagulation.
The MCV calculates the average size of the red blood cells in a sample.

Table [1] displays the many forms of anemia and the biological variables used to
collect the data. Table [J additionally lists the many forms of anemia.

TABLE 1. Some study samples of the data

HB RBC MCH WBC MCV HCT MCHC PLT Sex Age Anemia type
11  4.16 26.5 7.7 88 36.6 30.1 180 2 10 0

16.3 6.07 269 816 80.9 49.1 33.2 349 1 23 0
141 45 312 5.5 90 40.3 34.9 198 1 56 0
11 486 226 13.6 78 37.7 29.2 482 2 6 1
5.79 9.3 16 14.6 60 34.8 26.6 411 1 16 1
4.65 102 219 6.7 7 35.8 28.5 409 2 48 1
41 113 36.2 1.6 114 12.8 31.8 6 2 9 2
104 3.7 28 9.2 91 33.7 30.7 607 1 16 2
146 44 304 598 108 15.8 28.2 330 2 29 2
74 3.1 23.9 537 70.6 219 33.8 233 1 6 3
10.6  4.78 221 164 76 36.2 29.2 351 2 27 3
54 1.92 28 21.2 94 18 29.9 107 1 54 3
83 258 319 124 103 26.7 30.9 458 1 11 4
2.73 89 326 21.78 949 259 34.4 546 2 20 4
266 82 308 15.7 90.6 24.1 34 437 1 29 4
11.5 4.63 249 7 78 35.9 32 180 1 7 5
73 206 354 156 117 24.2 30.2 478 2 16 5
441 11 249 867 735 324 34 280 1 37 5

The purpose of the paper is to predict diseased people from a community using
various biomedical data. In order to determine whether a subject was healthy
or infected, data were collected through observations of blood variables, and 539
patients provided from the work of Sari and Ahmad [2,/24], we ran investigative
analysis using SPSS, AMOS. Some related calculated variables are shown and the
anemia types and the number of individuals (see Tables
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TABLE 2. Descriptive statistics about the values of the sample

Parameters HB RBC MCH WBC MCV HCT MCHC PLT Sex Age
Average 9.59 5.10 26.67 13.18 82.60 33.18 32.08 363.26 1.54 21.48
Min. 1.46 0.96 11.7 1.6 38.6 7.7 22.6 2 1 6
Max. 18.2 11.9 7 146.1 117 51.7 60.5 1892 2 56
Standard deviation 4.34 2.26 4.56 16.23  8.71 9.01 3.15 210.13 0.499  10.65
Sig. 0.000 0.001 0.054 0.549 0.988 0.565 0.643 0.009 0.000 0.022

TABLE 3. The anemia types and their population

Parameters TypeO Typel Type2 Type3 Typed Typeb
Definition Healthy Tron Deficiency Anemia Deficiency Vitamin B12 Thalassemia  Sickle Cell Spherocytosis
No. of subjects 211 83 9 217 10 9

2.2. Path Analysis. The directed dependencies between a group of variables are
described by the PA, which was created as a technique for examining the direct and
indirect impacts of variables. Furthermore, the PA is viewed as a type of multiple
regression that focuses on causation; its goal is to clarify the plausibility of the
causal models that researchers develop using their theoretical understanding and
knowledge, rather than to identify causes.

In path models, the independent and dependent variables are shown as boxes
or rectangles. Single-headed arrows are emanating from the exogenous; a double-
headed arrow signifies that the variables are only correlated. "Endogenous’ variables
are those that are dependent variables. There is one or more single-headed arrows
pointing at endogenous variables [25].

While determining the amount and direction of the relation between two or
more variables by correlation analysis, the mathematical structure of the relation
is determined by regression analysis. For this reason, correlation and regression
analysis are often used to examine causal relationships. However, in some cases,
these methods are often insufficient to reveal the relationship between variables.
In multivariate regression analysis, this situation becomes somewhat complicated.
Entering independent variables with a high correlation between them can distort
the importance of the model, or make transactions in the model meaningless, or
either make the effect on the model more or less necessary or make it act against
the outcome of the correlation. Because of this, it is critical to assess the structural
relationship between quantitative variables and illustrate the connections between
independent variables by analyzing the pathway.

3. RESULTS AND DISCUSSION

According to the literature, various strategies of many approaches are used to
analyze blood variables [8,[9/12,|26}/27]. Many researchers |28-34] have taken into
account the multiple regression analysis while addressing various anemia problems
at various levels. Also, the PA has been studied of blood disease in the litera-
ture [16,(17,/19,[20]. Although they investigated a relationship for the prediction of
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various types of anemia, they only used a few blood factors and were aware of the
relationship between them. As a result, the current study focuses on the relation-
ship between a number of observational variables and different forms of anemia.
However, some of the observed factors have a greater effect than others.

The correlation analysis was carried out to determine the link between blood
variables. Pearson correlation analysis was used to determine the relationship be-
tween blood variables. The connections between the blood variables were as follows:
HB and RBC (-0.307), HB and MCH (0.420), HB and WBC (-0.276), HB and MCV
(0.195), HB and HCT (0.807), HB and MCHC (0.504), HB and PLT (-0.335), HB
and sex (-0.2), HB and age (0.258), and other blood variables. Pearson correlation
analysis was performed to examine whether our data is suitable for path analysis
or to understand the relationship between variables (see Table i and Figure [I).

TABLE 4. Correlations relationship between the blood variables

Independent variables HB RBC MCH WBC MCV HCT MCHC PLT Sex Age

HB 1.000 -0.307FFF - 0.420%FF  -0.276%FF  0.195%FF  0.807FFF  0.504%FF  -0.335%FF  -0.200%F*  0.258%*F
RBC -0.307**%  1.000 -0.131%* 0.016 -0.050 0.268%**%  -0.178%**  0.015 0.202%%%  (.323%%*
MCH 0.420%%%  -0.131%*  1.000 -0.096* 0.570%**%  0.266%**  0.564%**%  _0.211%F%  -0.126%*  0.197%**
WBC -0.276%**  0.016 -0.096% 1.000 0.050 -0.249%F% _0.183***  0.574%**  0.006 -0.077
MCV 0.195%*%%  -0.050 0.570%**  0.050 1.000 0.254%%%  0.231%%*  0.113** -0.034 0.149%**
HCT 0.807**%  0.268%**  0.266%**  -0.249%**  0.254%**F 1,000 0.310%**  -0.322%%*  -0.051 0.434%%*
MCHC 0.504%F%  0.178%*F  0.564%*F  -0.183%*F  0.231F%F  0.310%**  1.000 -0.221%FF 0.234%FF (.265%F*
PLT -0.335%*%  0.015 S0.211%FF  Q574FFF  L0.113%F  -0.322FF%  -0.221%%F  1.000 -0.013 -0.113**
sex -0.200%**% 0.202%%*  -0.126**  0.006 -0.034 -0.051 -0.234%%%  -0.013 1.000 -0.049
age 0.258%*F  (0.323%*F (. 197***  -0.077 0.149%*%  0.434%%*  (0.265%**  -0.113** -0.049 1.000

“P < 0.05,%%p < 0.01

Some blood variables had a beneficial effect on anemia types, whilst others had a
negative effect. That is, the value of the anemia will rise as the value of the variable
rises, and fall as the value of the variable declines. As a result, the standardized co-
efficient assesses the relative impact of each blood characteristic, sex, and age on dif-
ferent anemia types. It is thus given by Standard Estimate; = B;*SD(X;)/SD(Y).

In comparison to the other variables, the HB absolute value of the coefficient,
which is (-0.663), has the largest correlation with the disease categories, i.e., when
HB goes up by 1 standard deviation, anemia types go down by 0.663 standard
deviations, also, the other blood variables. The Standard Estimate value for the HB,
means that the dependent variable will vary by the Standard Estimate coefficient
value for every change in the HB (see Table [f]).

The regression weight for HB in the prediction of anemia types is significantly
different from zero at the 0.001 level. Also, RBC and sex are significantly different
from zero at the 0.001 level, PLT at the 0.01 level and age at the 0.05 level. As for
MCH, WBC, MCV, HCT, and MCHC, the regression weight in the prediction of
anemia types is not significantly different from zero at the 0.05 level (see Table 5).
As for the regression weight estimate, when HB goes up by 1, anemia types go down
by 0.224. In addition, when RBC, MCH, HCT, sex, and age go up by 1, anemia
types go down by (0.224), (0.029), (0.016), (0.311), and (0.009), respectively. Also,
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TABLE 5. Regression weights of the blood variables and Anemia
by using the PA

Estimate Standard Estimate S.E. C.R. P
Diseases < — — — HB -0.224 -0.663 0.062 -3.615 ok
Diseases < — — — RBC -0.224 -0.345 0.065 -3.424 HoHk
Diseases < — — — MCH -0.029 -0.090 0.015 -1.949 0.051
Diseases < — — — WBC 0.001 0.016 0.003 0.554 0.580
Diseases < — — — MCV 0.000 -0.001 0.007 -0.015 0.988
Diseases < — — — HCT -0.016 -0.100 0.028 -0.581 0.561
Diseases < — — — MCHC  0.007 0.016 0.016 0.469 0.639
Diseases < — — — PLT 0.001 0.080 0.000 2.662 0.008
Diseases < — — — sex -0.311 -0.106 0.073 -4.231 ok
Diseases < — — — age -0.009 -0.065 0.004 -2.325 0.020

when WBC, MCV, MCHC, and PLT go up by 1, anemia types go up by (0.001),
(0.000), (0.007), and (0.001), respectively.

The P values were applied to measure the partial effect of the observations of
blood variables, sex, and age on the various anemia types compare with p < 0.05.
The biomedical variables have been seen to affect the various anemia types but in
varying rates (see Table [5)).

The critical ratio (C.R.) is equal to the parameter estimate divided by the param-
eter’s standard error estimate. This statistic has a conventional normal distribution
under the null hypothesis that the parameter has a population value of zero if the
necessary distributional assumptions are made. The critical ratio was used to calcu-
late the partial effect of age, sex, and variables on the various anemia types. These
biomedical variables have been demonstrated to have differing degrees of effect on
the various anemia types (see Table [5)).

As for the standard error, the regression weight estimate, -0.224, -0.224, -0.029,
0.001, 0.000, -0.016, 0.007, 0.001, -0.311, and -0.009 have a standard error of about
0.062, 0.065, 0.015, 0.003, 0.007, 0.028, 0.016, 0.000, 0.073, and 0.004, respectively
(see Table . This means that each blood variable has a different effect than the
other on anemia types.

Variance is a statistical measure of how much a set of observations differ from
each other, it measures how far a data set is spread out. The variance of HB is esti-
mated to be 18.831, has a standard error of about 1.148. In addition, the variance
of RBC, MCH, WBC, MCV, HCT, MCHC, PLT, sex, and age are estimated and
have a standard error (see Table E[) The results have been shown that the variance
estimate for blood variables is significantly different from zero at the 0.001 level.

In the outcome of the current PA, the biomedical model has been found to be
highly effective, on the prediction of the various anemia types, it is 0.699 of the
model. Which clarify 69.90% of the change in the relationship of the biomedical
model between all the observational variables and the various anemia types. In
other words, the error variance of anemia types is approximately 30.1% (see Table
m). As a result, it is concluded that the model including the blood variables, sex,
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TABLE 6. Variances

Estimate S.E. C.R. P
HB 18.831 1.148 16.401 o
RBC 5.113 0.312 16.401 *ok*
MCH 20.777 1.267 16.401 Hok*
WBC 263.233 16.050 16.401 HoAk*
MCV 75.850 4.625 16.401 Hk*
HCT 81.030 4.941 16.401 HoAk
MCHC 9.966 0.608 16.401 Hok*
PLT 44075.983 2687.360 16.401 o
sex 0.248 0.015 16.401 HoAk
age 113.296 6.908 16.401 Hk*
e 0.645 0.039 16.401 HoAk

and age is significant (p < 0.000). By correlating the independent variables among
themselves, the model achieved similar results in this study.

In this study, the concept was used principle of whether the approach provides
an acceptable prediction or not. In comparison to the other approaches [2,/24,/34],
the findings show that the PA has a good fit for the initial dataset (see Table
m). Therefore, the current study offers a reliable model for predicting the various
anemia types.

TABLE 7. Comparison of the PA results with the other approaches

Approaches R?

PA 0.699
Particle Swarm Optimization |24 0.699
Linear Regression Analysis [2//34] 0.699

Linear Deep Learning Methods (LSTM) [2] 0.695
LSTM: Long Short-Term Memory

To know how significant the model, results were investigated of the root mean
square residual (RMR) is the square root of the average squared amount by which
the sample variances and covariances differ from their estimates obtained for the
model. Therefore, the smaller the RMR is indicating the better fit. Thus, the
result shows that, according to RMR=0.001 (see Table . However, value for the
normed fit index (NFI) should range between 0 and 1, NFI values close to 1 indicate
a perfect fit.

Incremental Fit Index (IFI): adjusts the NFI for sample size and degrees of
freedom. IFI values close to 1 indicate a good fit. The comparative fit index (CFI)
analyzes the model fit by examining the discrepancy between the data and the
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hypothesized model. CFI values range from 0 to 1, CFI values close to 1 indicate
a very good fit. Thus, the results show that each from NFI, IFI, and CFI is equal
to 1.000. Therefore, the model is considered a suitable fit (see Table .

TABLE 8. Model fit

CMIN RMR NFI  IFI

CFI
0.000 0.001

1.000 1.000 1.000

Since blood variables and anemia types are related to each other, blood variables
are displayed double-headed arrows between boxes. As the blood variables affect
anemia types, therefore, the model has consisted of single-headed arrows when

creating the model. The coefficients obtained from the PA are displayed in the
model (see Figure [1)).
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FIGURE 1. Diagram of the PA for prediction of anemia
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4. CONCLUSIONS AND FUTURE RESEARCH

This study has predicted the anemia types through biomedical information (the
blood variables, age, and sex of individuals). A mathematical method based on the
PA has been implemented for the first time because it is a form of multiple regres-
sion centering on causality and sheds light on the tenability of the causal models
a researcher formulates based on knowledge and theoretical considerations. So, it
was achieved to develop a biomedical model that investigates whether there is a
relationship between the various anemia types and the blood variables and finds
the best relationship between biomedical variables through the PA in predicting the
anemia types. The outcomes showed that the present biomedical model is highly
promising and capable of making predictions. In analyzing the present anemia
problem, the PA approach has been discovered to be significant compared to other
linear methods. It has been concluded that the biomedical model is predicted to be
beneficial for the diagnosis of the various anemia types and the provision of effective
treatment plans for their patients. This model could be improved in further studies
by taking into account various statistical techniques and apply the model to other
data and compare it.
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ABSTRACT. This paper introduces a new subclass of analytic functions em-
ploying the operator that was recently defined by the authors. The coefficients
estimate |as| (s = 2, 3) of the Taylor-Maclaurin series in this new class, as well
as the Fekete-Szegd functional problems, have been derived. Furthermore, we
obtained the sharp upper bound for the functional |agas — a§| for functions
belonging to this new subclass.

1. INTRODUCTION

By A, we express the functions class f of the form
f(z) = Z+Zaszs, (1)
5=2

which are considered analytic with respect to the symmetric open unit disk U =
{z € C: |z| < 1}, with the normalization conditions given by f(0) = f (0) —1=0.
Furthermore, we denote S as the subclass of A, which are univalent in U.
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Let B be the family of all analytic functions p having positive real parts, given
by

p(z) =1+ ibszs ,(Re{vs} >0,z €U). (2)

A number of subclasses with respect to normalized analytic functions is studied as
part of Geometric Function Theory.

The concept of quantum calculus, also known as g-calculus, has played a signifi-
cant role in the advancement of Geometric Function Theory (GFT) and its extensive
application in diverse fields, including mathematical science and quantum physics.
For analyzing a variety of subclasses, g-calculus technique are essential. In Geo-
metric Function Theory, the fundamental g-hypergeometric functions were initially
applied by Srivastava and Owa (1989), who also provided a clear foundation for
employing calculus inside this theory.

Additionally, using g-calculus theory, it is possible to express univalent function
theory. More recently, the use of a fractional g-derivative operator has been ob-
served in the creation of numerous families of analytic functions (for example, in
Alsoboh and Darus [8], Elhaddad and Darus [10,[11], Mahmood and Darus [23]).
For instance, Purohit and Raina |28 investigated the usage of g-fractional oper-
ators with respect to defining several analytic function classes for U as an open
unit disc. Meanwhile, Mohammed and Darus |23] assessed properties g-analogue
operator with respect to approximation and geometry concerning specific families
of analytic function within the compact disc. A rather comprehensive analysis of
applied g-analysis in the theory of operators can be discovered in Aral et al. |9] and
Exton [12], also see ( 7], [14], [15], |16], [17], [29], [31], [34]) for further studies.
The k' Hankel determinant was explored by Noonan and Thomas [24] in 1976,
which is expressed as

as As+1 As+2 o Ospktl
Qst1 As+2 Qs+3 et Ospk42

Hp(s)=1] . . : . , (s,k € N).
Os+k—1 Ostk Osykt+1 - Os42k—2

This determinant has garnered significant attention from several researchers. The
rate of growth of Hy(s) as s tends to co was determined by Noor [25] with bounded
boundary. For k =2 and s = 1, we have Hy(1) = |ag — a3|, which is well-known by
Fekete—Szegd functional, and this may be generalized to |az — pua3| for (u € C) (see,
for example, [8]/10]). For k = 2 and s = 2, we obtain the second Hankel determinant
H2(2) = |a2a4 — a%‘

Determining the upper bounds for Ho(2) attracts the attention of many authors
who have determined several families of analytic functions. In 1967, Pommerenke
[27] estimated the sharp upper bounds for the class A. Some recent applications are
studied by Abubaker and Darus [1], Ullah et al. [33], and Elhaddad and Darus |11].
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Several authors have investigated it before, which may be referred to ( [2}/19,22,/32,
34.1350(37]).

More recently, Alatawi and Darus [5}/6] provided the new g-derivative operator
Dy (i, B,m,t)f(z) : A — A, which is a modified Opoola operator as follows:

D2 (1, Bom, ) f(z) = 2+ 3 Q. B, 1, a2, (3)
s=2

where N
where n € Ng, t >0and 1 < pu+n<pg.

Remark 1. Some special operators are listed here:

(1) When q — 17 andn = 1, then D} (u, B,7m,t) f(z) becomes the Opoola differ-
ential operator [20].

(2) When ¢ — 17, t = 1 and p = 3, then D (u,B,n,t)f(z) becomes the
Salagean differential operator [30].

(3) When t = 1 and p = B, then Dy (u, B3,n,t)f(2) becomes the q- Salagean
differential operator [15].

(4) When q — 17, p = f and n = 1, then D (u, B,n,t)f(z) becomes the Al-
Obouds differential operator [4)].

Definition 1. Let f be given by . Hence, f € E;b(u,ﬁ,n,t) if it complies with
the inequality condition given below

Re{ 0,05 (1, 3.7,1)/(2)} >0, (z€ V). (4)

If ¢ » 1— and n = 0, then the subclass Egyb(p,,@,n,t) is reduced to the class
of positive real parts, denoted by R, which was created by MacGregor [21] then
studied by Janteng et al. |18].

To demonstrate our main findings, we require the lemmas as expressed below:

Lemma 1. [20] Let p € B as is in @, then [0 — 13| < 2max{1,|2v — 1|} and
the sharpness result of the functions given by

1+22

1+z
P(Z)—ﬁ» p(z) = 1—2

Lemma 2. [27] Suppose p € B given by (@, therefore [0,,| <2 for allm > 1.
Lemma 3. [19] Let p € B as in (J), then
20, =03 +2(4-07), |z|<1 (5)
and
403 =03 +22(4 —09)0y — 01 (4 — 022 + 24 —0D)(1 — [2)?)z, |z <1.  (6)
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In this current work, we determine the sharp upper limits with respect to Ha(2)

for the class of analytic functions L7, (u, 8,7,1) as follows.
2. MAIN REsSULTS

In our first theorem, motivated by the result of Zaprawa [36], we determine the
coefficients estimate |as| (s = 2, 3) of the Taylor-Maclaurin series in this new class,
as well as the Fekete-Szegd functional problems for functions in Ly, (1, 8,7,1).

Theorem 1. If f € L7, (1, B, 1), then

2
ool < 2l (n+ (2lg+B—pn—n)t)"’
2
< g, (n+ (Blg+ 8- p=m)"
and
a5 — NaZ| < 2 max{l, W[, (+ (Bl +B8—p—n)t)" 1}'
F Bl G Bl s U R 0 (2 + 8- a0

The best possible result is achieved by Koebe function.

Proof. Since f € L™, (u, 8,n,t). From , we have

q,b
1+Z[s]q [77—1— ([s]q—i—ﬂ—u—n)t} asz° ! :1+stzs. (7)
s=2 s=1
By equating the coefficients on both sides of @ yields
01
g = n o (8)
2] (77 + ([Q]q +h—p— n)t)
[D)
as = n s (9)
Blg (n+ (Blg + 8 —n—n)t)
a, = %s (10)

4o 0+ (g +8—n—mt)"
From , @D and using Lemma yields

2
< n o
|a2| B [2]q (77+ ([2]q "‘5 —u—n)t)
and 5
Jas] <

Blg (n+ (Bl + B—n—n)t)"
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Now,

? No?
as — Na% = 2 — L

Bly n+ (Bla+B8—pn—mt)" 220+ (2e+8-p—n)t)"

1

- 1 (DQ N[?’]q(n+([3]q+ﬁ_u_n)t)n02>'

By (1+ (Ble +B—n—n)t)" (212 (n+ ([2)o + 58— n—m)t)”"
Using Lemma we have [0y — v0?| < 2max{1,|2v — 1|}

2 2X[3 3 —p—n)t)"
lag — Na3| < nmax{l; 81y (n+ (81, + 5= n)Q)n
Blg (n+ (Bl + 8= n—n)t) 202 (0 + ([2g + 8 — n—n)t)
Using the techniques employed by Abubaker and Darus [1], Libera and Zlotkiewicz
[19], and Janteng et al. [18], we prove the theorem given below.

Theorem 2. If f € £gyb(u,6,n,t), then

4
32 (% (7,8, 1. 1))°
The best possible result is achieved by Koebe function.

Proof. Since f € Ly, (1, B,n,t). from , (E[) and , we observe the following

‘a2a4 - ag‘ <

0103
21,4y (n+ (2lg +B—p—n)t)" (n+ (4g+B—p—n)t)"
03
B2 (n+ (Blg+ 8- n—m)t)™"|

Since the function p(z) € 9B, we assume without loss of generality that a; > 0, and
for the sake of notation’s accessibility, we let a; = z, (0 < z < 2). By substituting

’a2a4 - a%’ =

_1}
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the values of ay and ag from the system of equations @D, we have
(z4 +2x(4 — 2%)2% — 22(4 — 2%)2? + 22(4 — 2%)(1 — |x|2))
[214[4]1425 (n, B, 1, )2 (0, B, 1 1)
7zt +222(4 — 2%)x + 22 (4 — 22)?
(312 (%5 (1, 8. )"

e~ =

’a2a4 — ag' =

1 - 1 -
([Q]q[4]q93(777ﬁ%t)QZ(n,ﬁw,t) [3]3(93(777@#@)2)

1 1
2> 22(4 — 2°)z*

1
4

z2 47Z2

> 22(4 — 2°)
[2]q (41405 (0, B, 1, ) (0, B, 11, 8) (312 (5 (1, B, p. 1))
2z(4 — z%)(1 — |z|?)
(214[41425 (0, B, 1, )2 (0, B 1, 1) |
Employing the triangle inequality, |z| < 1 and replacing |z| by v, we obtain

+

’a2a4 — ag‘ =

1 B 1 .
([2]q[4]q93(n,6,u,t>92(n, B.mt) 32 (% B t))2>
! 1 2 Z2
+ ([2]q[4]q93(777 ﬁ, M, t)QZL(’IL ﬁ, I, t) o [3]3 (Qg(n, ﬁ, 1, t))2> 21/(4 —Z )

72 4 — 72 204 _ g2
- ([2}q[4]q93(n,B,u,t)ﬂlf(n,ﬂ,u,t) 32 (Qg(n,ﬁ,u,t))2> (4 -2)
2z(4 — z%)(1 — v?)

R, B O 0 B f) |

’0204—&2’:1 1 _ 1 "
T4\ [206[41498 (0, B, 1, )2 (0, B, 1, 1) B2 (% (1, B, i 1))
1 ! v(4 —z%)z?
" ([Z]q[4]q93(77>57M’t)92(77,5,u,t) [3](21 (€ (11, B, 1, t))2> 2v(4 )
_ z(z — 2) 4 — 72 1/2(47z2)
21444925 (0, B, 1, )% (1, B, 1, 1) 1312 (% (0, B, s nE
2Z(4 — z2) B .
+[2]q[4]qﬂ§(n,B,M,t)ﬁz(n,ﬂ,u,t)} =H(.2),

(11)
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where z € [0,2] and |z| =v < 1.
Subsequently, we maximize the function (v, z) on the closed square [0, 1] x [0, 2].
We now partially differentiate $(v,z) given in with respect to v, which yields

09y(v,z) 1 1 3 1 (4— 2%)2?
ov 2 \ [21q[414925 (0, B, 1, ) (0, B, 1, 1) [3]2 (% (0, B, 11, 1))”
_ 2

1 _ z(z 2)n B 4—1z N2,
2 [2](1[4](192 (T],B,,LL,t)Q4 (77,5,#715) [3]3 (Qg(’l’},ﬂ,ﬂ,f))
implying that $(v,z) increases with respect to z. This suggests that $(v,z) may
not possess a maximum value in the closed square [0, 1] x [0,2]. Apart from that,
by fixing z € [0, 2] we obtain

Vrg[gﬁ]ﬁ(v,Z) =9(1,2) = A(z).

Az) = 1 _ 1 A
a (214[4]q2%5 (0, B, 1, )2 (0, B, 11 8)  [3)2(Q (n, B, . t))*

1
4
! — 1 _ z2)z2
" <[Q]q[‘l]qgg(??,ﬁau,t)QZ(n,B,u,t) [3](21 (Qg(n,ﬂ,u,t))Q) 2(4 )

- 22— 2) e )(4z2)
[2]q (4145 (0, B, 1, )2 (0, B, 11, 8)  [3]2 (8 (1, B, . 1))
L 27(4 — z2) } .
21,141,925 0, B, 10 OS5 (1, By i D)
Then
] (2) = 2z(4 — z°) B 2z(4 — z*)

[2](][4]1193(773 57 My t)QZ(T}a Ba My t) [3]3 (Qg(?], ﬁ, U, t))Q '

It is now clear that & (z) < 0 for 0 < z < 2 and £(z) possess real critical points at
z = 0, implying the upper bound with respect to corresponding to z = 0 and
v = 1. Here,

4

132 (25 (n, B, p1,0))*
Setting n = 0 and ¢ — 1—, we obtain the following results.

Corollary 1. [18] If f € R, then

‘a2a4 — ag‘ <

O i~

‘a2a4 — a%’ <
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3. CONCLUSIONS

The g-calculus gained great importance among many researchers due to its nu-
merous various applications in geometric function theory, especially in analytic
function theory. This article primarily aims to estimates of the Taylor-Maclaurin
coefficients |as| (s = 2,3) for functions in this new class, as well as solve the
Fekete-Szegd functional problems. Additionally, we aim to derive the second Han-
kel determinants for functions within the new subclass Eg)b(,u, B,m,t) of analytic
functions in the open unit disk U. This subclass is attained by using a differential
Operator Involving g-Opoola Operator. Using the results obtained in this article,
we can generalize and enhance some recently published articles.
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ABSTRACT. In this paper, we study the notion of ideal bounded sequences,
related to a given ideal, generalizing an earlier concept known as statistical
boundedness of a sequence. We proceed to prove some results connecting ideal
boundedness of a sequence to that of its subsequences. For this purpose, we
use Lebesgue measure and Baire category to measure size.

1. INTRODUCTION

The convergence of sequences has undergone numerous generalizations, one of the
first and most important being the concept of statistical convergence, introduced by
Fast (1951), |8]. Later on, other types of summability including almost convergence,
uniform statistical convergence and more generally ideal convergence of sequences
were researched by many authors in different directions.

In classical and recent works the relationships between a given sequence and
its subsequences regarding different kinds of summability have been studied using
measure or category as gauges of size. It is well known that every = € (0, 1] has
a binary expansion x = > >~ 27"d,(z) such that d,(z) = 1 for infinitely many
positive integers m, that is unique. Then for any z € (0,1] and any sequence
s = (sp) we can construct a subsequence (sx) of s in such a way that: (sx); = sp,,
where 11 < ng < ... <mn; < ...is the set of n € N for which d,(z) = 1.

Using this one-to-one correspondence, the sets of all almost convergent, statisti-
cally convergent, uniformly statistically convergent, ideal convergent subsequences
of a sequence s have been studied in detail in several papers (see [3}/4,/12H15}17H19,
21123)).

The concept of statistical boundedness of a sequence first appeared in the work
of Fridy and Orhan (1997), [10]. Theorems researching statistical boundedness

2020 Mathematics Subject Classification. 40G99, 28A12.
Keywords. Ideal, ideal boundedness, subsequence.
HlmillerQius.edu.ba; ©20000-0002-7621-9231.

(©2024 Ankara University
Communications Faculty of Sciences University of Ankara Series A1 Mathematics and Statistics

705



706 L. MILLER-VAN WIEREN

and its relation to statistical convergence were proved by Tripathy (1997) [20], and
Bhardwaj and Gupta (2014), [5]. Recently the authors, Miller-Van Wieren (2022),
[16] studied statistical boundedness of a sequence and its relation to statistical
boundedness of its subsequences using Lebesgue measure and category. In this
paper we wish to generalize this concept to ideal boundedness, and to obtain results
connecting ideal boundedness of a sequence to that of its subsequences, again with
regards to measure and category.

We will first introduce some necessary notation. A family I C P(N) of subsets
of N is said to be an ideal on N if I is closed under subsets and finite unions, i.e.
for each A,B € I we have AUB € [ and for each A € [ and B C A, we have
B € I. An ideal I is said to be proper if it does not contain N. We say a proper
ideal is admissible if {n} € I for each n € N. Clearly any admissible ideal contains
all finite subsets of N. Throughout the paper, we will assume that the ideal I is
admissible.

A sequence of real numbers s is said to be I-convergent to L if for every ¢ > 0
the set K. = {n € N : |s,, — L| > ¢} belongs to I, and we write I —lims = L
(see Kostyrko, Salat and Wilezyriski, 2000/01 , Balaz and Saldt , 2006) [2,|11].
It is easy to see that if I = I; = {A C N : d(A) = 0}, then I;-convergence is
statistical convergence where d(A) denotes the asymptotic density of A [§], and
it I =1, = {A C N: u(A) = 0}, then I,-convergence coincides with uniform
statistical convergence where u(A) denotes the uniform density of A (Yurdakadim
and Miller-Van Wieren 2016, Yurdakadim and Miller-Van Wieren 2017) [21}22].
Ideals on N can be observed as subsets of the Polish space {0, 1}. Therefore ideals
can have the Baire property or can be Borel, analytic, coanalytic etc. (Farah,
2000) |7]. From now on, we will refer to sets of first Baire category as meager, and
to sets whose complement is of first category as comeager.

Next we state a well known lemma that can be found in several sources, recently
in (M. Balcerzak, S. Glab, A. Wachowicz , 2016) [3].

Lemma 1. Suppose I is an ideal on N. The following conditions are equivalent:

e [ has the Baire property;

e | is meager;

o There exists a sequence ny < ng < ... < ng < ... of integers in N such that
no member of I contains infinitely many intervals [ng, ngs1) in N.

It is simple to verify that I; and I, have the Baire property. Additionally any
analytic or coanalytic ideal has the Baire property.
2. MAIN RESULTS
First, we recall the definition of a statistically bounded sequence of reals.

Definition 1. A sequence of reals s = (s,) is said to be statistically bounded if
there exists L > 0 such that d({n : |s,| > L}) = 0.
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Statistical boundedness of sequences was studied by Tripathy (1997) [20], Bhard-
waj and Gupta (2014) [5], Aytar and Pehlivan (2006) |1] and by the authors (Miller-
Van Wieren, 2022) |16].

Now we present a generalization of Definition [1} for a given ideal I introduced
by Demirci (2001) [6].

Definition 2. A sequence of reals s = (sy,) is said to be I-bounded if there exists
L > 0 such that {n: |s,| > L} € I.

Given a sequence s = (s,) and ny < ng < ... < ny < ... we say that s = (s, ) is
I-dense in s if N\ {ny : k € N} € I. Tt is clear that s = (s,, ) is I-bounded if and
only if it has an I-dense subsequence that is bounded.

We will study the relationship of sequences and their subsequences regarding
their I-boundedness, using Lebesgue measure as gauge of size.

In (Miller-Van Wieren, 2022) |16], we have shown the following theorem.

Theorem 1. Suppose s is a sequence of reals. Then s is statistically bounded if
and only if the set {x € (0,1] : (sx)is statistically bounded} has Lebesgue measure
1. Additionally, s is not statistically bounded if and only if the set {x € (0,1] :
(sx) is statistically bounded} has Lebesgue measure 0.

Now we direct our attention to sequences and their subsequences with regard to
their I-boundedness. The discussion in the theorems that follow is related to some
results obtained in |17]/18].

Theorem 2. Suppose s is a I-bounded sequence, I is an analytic or coanalytic
ideal. Then the set {x € (0,1] : (sx) is I-bounded} has Lebesque measure 0 or 1.
Both cases of measure 0 and 1 can occur.

Proof. Let us first prove that {x € (0,1] : (sz)is I-bounded} is measurable. We
have
{z € (0,1] : (sx)is I-bounded} = U {e:{i:|(sx),| > M} el}.
MeN
We define the characteristic function

s : (0,1] = {0, 1}

by setting (xar ()); = { (1) . (oifl)elr‘wzis]c}/[

for M € N. We will verify that x,, is continuous. For this purpose it is suffi-
cient to check that the i-th component of x,;, (xas): is continuous on (0,1]. We
will check that the set (x,;); '({1}) is open. Suppose that = € (x,,);  ({1}) is
arbitrarily fixed. Easily if y € (0,1] is such that (sz); = (sy); for 1 < j <4, then
y € (xar); "({1}). We can conclude that there exists a k > i such that: if y € (0, 1]
satisfies z; = y; for 1 < j < k (where x;,y; are the j-th coordinates of z, y respec-
tively as 0 — 1 sequences), then y € (x5,); - ({1}). We obtain that (x,,); *({1}) is
open. In the same manner, we conclude that (x,,); *({0}) is open.
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Since I is analytic or coanalytic, we conclude that X]_Wl (I) is analytic or coana-
lytic and hence measurable. Therefore
{z:{i:|(s2),| > M} €I} = x;; (I) is measurable for M € N and consequently
{z € (0,1] : (sx)is I-bounded} is measurable. Clearly {z € (0,1] : (sz)is I-bounded}
is a tail set. Since we proved it is measurable we conclude that X = {x € (0,1] :
(sx)is I-bounded} must have Lebesgue measure 0 or 1.

To see that both values can occur observe the following. If the sequence s is
bounded (and consequently I-bounded), then for every x € (0, 1], (sz) is bounded
and consequently I-bounded, therefore m(X) = 1. Additionaly we can remark that
in the case when I = I, the authors proved in [16] that the set X is of measure 1
for any I-bounded sequence s. Now we construct an example in which m(X) =0
occurs.

In |13], Miller and Orhan (2001) constructed a sequence ¢ of 0’s and 1’s,

t = 01001001...00010001....

that we made use of in (Yurdakadim and Miller-Van Wieren, 2016) [21] showing
that ¢ uniformly statistically converges to 0, u({n : t, = 1}) =0, and X* = {x €
(0,1] : {n : (tz), = 1}is not in I, } has measure 1.

Now we will construct a sequence s that is I,,-bounded but m(X) = 0. We define
s = (s,) as follows:
0 , t,=
n , t,=1
Now from this definition it follows that u({n : s, # 0}) = 0, so s is I,-bounded.
Suppose x € X*. From the definitions of s and X™* we conclude that there exists
a subset of N, {ny : & € N} not in I,, such that (sz),, — oo and therefore sx is
not I,,-bounded. Since m(X*) = 1, it follows that m(X) = 0. This completes the
proof.

for n € N.

Spn —

O

Now we will observe the case when [ is an analytic or coanalytic ideal with prop-
erty (G). We will use some notation from (M. Balcerzak, S. Glab, A. Wachowicz ,
2016) [3).

We will denote by T the set of all 0-1 sequences that have an infinite number
of ones. A mapping f : N — N is said to be bi-I-invariant if £ € [ if and only if
f[E] € I whenever E C N. Given a sequence z € T we can denote {n; < ng <
.. <n; < ..} ={keN:x=1}. Define f, : N — N by f,(k) = ny and define
Ty ={xz € T: f,is bi-I-invariant}.

An ideal I is said to have property (G) if u(T;) = 1. For instance, it is easy
to check that I; has property (G) while I, does not. Now we have an analog of
Theorem || for ideals with property (G).

Theorem 3. Suppose s is a sequence, I is an analytic or coanalytic ideal with
property (G). Then s is I-bounded if and only if the set X = {z € (0,1] :
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(sx) is I-bounded} has Lebesgue measure 1. Additionally, s is not I-bounded if
and only if the set {x € (0,1] : (sx)is I-bounded} has Lebesque measure 0.

Proof. Suppose s is I-bounded. Suppose M > 0 is fixed so that {n : |s,| > M} € I.
Let « € T be arbitrarily fixed (using the earlier mentioned definition of 77). Then
(s7) = (Sn,;); where ny < ng < ... <n; <.... Then,

{ni :|sn,| > M} C{n:|s,| > M} and consequently from above {n; : |s,,| > M} €
I. Now since x € Ty, we have {n; : [sp,| > M} eI — f 1 ({n;: |sn,| > M}) el —
{i:|sn,| > M} € I. Hence (sz) is I-bounded. We conclude that T; C X. Since
m(Tr) =1, m(X) = 1.

Conversely suppose that m(X) = 1.

Let T=XNn1-X)NTrNn(1—T;) wherel - X ={zx:1—-2x € X}and 1 -T17
is defined analogously. Then m (T) =1landx €T — 1—x € T. Suppose z € T is
fixed. We will denote by {n;} the set of indices corresponding to x and by {n;} the
set of indices corresponding to 1 — z. Trivially {n;} N{n,;} =@, {n;} U{n;} =N.
Then there exists M > 0 for which {i : |s,,,| > M} € I and {j : |s,,| > M} € 1.
From the above, f({i: |sn,| > M}) € I and fi_o({j : |sn,| = M}) € I. Therefore
{n; :|sn,| > M} € I and {n; :|s,,| > M} € I and consequently

> MY J{nj:lsn,| > M} 1L

{nlsn| > M} ={n;: |sy,

Therefore s is I-bounded. This completes the proof of the first statement.
To prove the second statement observe that in the proof of Theorem [2 we have
shown that X is a measurable tail set with measure 0 or 1. Therefore the second

statement follows immediately from the first one. The proof is complete.
O

Next we observe the relationship of the subsequences of a given sequence regard-
ing I-boundedness, using Baire category as a gauge of size. In (Miller-Van Wieren,
2022) |16] we showed the following theorem .

Theorem 4. Suppose s = (s,,) is an unbounded sequence of reals, and let
X ={z €(0,1] : (sx) is statistically bounded}. Then X is meager.

We focus on I-boundedness with the assumption that I is an ideal with the
Baire property. If s is a bounded sequence of reals, then all of its subsequences are
likewise bounded, and hence I-bounded as well. If that is not the case we can show
the following theorem.

Theorem 5. Suppose s = (s,,) is an unbounded sequence of reals, I an ideal with
the Baire property and X = {x € (0,1] : (sx) is I-bounded}. Then X is meager.

Proof. Since s is unbounded, it has co or —oo as a limit point. Let us assume that
oo is a limit point of s (the case of —co is analogous) . Now since I has the Baire
property, we can find a sequence n; < ng < ... < n < ... of integers such that no
member of I contains infinitely many intervals [ng, ngy1).
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For arbitrary m,j € N, let

K., ; ={z €(0,1] : there exists k € N,ng >m : |(sz);| > j for i € [ng, ngy1)}.
(1)

Let m,j € N be arbitrarily fixed. We proceed to prove that K,, ; is comeager.

Fix an arbitrary finite sequence of 0’s and 1’s denoted by T = (z1, 22, ..., z4). It
suffices to prove that we can find a finite extension z* of T such that any = € (0, 1]
starting with =* belongs to K, ;. Suppose that T has t 1’s where ¢ > m (we can
assume this without loss of generality). Let k¥ = min{i : n; > t}. We first extend
T to a sequence (1,2, ...,Z4), g > d that has exactly ny — 1 1’s. Since oo is a
limit point of s we can find 4,, < in,+1 < ... < in, ,—1 greater than g such that
the terms of s corresponding to those indices are greater than j. Now define the
following extension of

*
xr = (1‘1,.%‘2, wy Lg, ...,J)ink 5 ...,.Z‘inkJrl, ...l‘ink+171)

where for i > g: 2; = 1 for i € {in,,ing41,-9nyp, -1y and x; = 0, otherwise. It
is clear that any € (0, 1] that extends z* belongs to K,, ;. We conclude K, ;
is comeager. Consequently K = Ny, N; K, ; is also comeager. Now if x € K, for
every j the set {n : |(sz),| > j} contains infinitely many [nj,nx+1). Consequently
for x € K, sz cannot be I-bounded, since if we assumed otherwise, there would
exist j for which {n : |(sx),| > j} € I, a contradiction. Since K is comeager, it
follows that X is meager. O
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ABSTRACT. One solution to the multicollinearity problem in the Bell regres-
sion model, which is utilized for over-dispersion issues, is biased estimators. In
recent years, some biased estimators have been proposed in the Bell regression
model that can be used in modelling correlated count data. In this article, Bell
two-parameter ridge estimator (BTPRE) is proposed. This two-parameter es-
timator has some advantages over the previously proposed estimators. More
efficient results are obtained than the Maximum Likelihood estimator (MLE)
and Bell Ridge estimator (BRE) in the case of multicollinearity by using BT-
PRE. Monte Carlo simulation study and real data results are obtained to show
that the proposed estimator is better. Estimators have been compared accord-
ing to the Mean Squared Error (MSE) criterion. BTPRE is superior to other
estimators.

1. INTRODUCTION

In count data modelling, the key distribution is the Poisson distribution because
of its simplicity. It has only one parameter, the location parameter, to be estimated.
However, the main drawback of the Poisson distribution is that the mean and
variance of the Poisson distribution are equal, which is called equidispersion. But, in
many real datasets, this assumption does not hold since the variance is greater than
the mean of the data. This situation is called an overdispersion problem. When
the variability of the data is greater than the mean, an overdispersion problem
arises. The most popular overdispersed model is the Negative Binomial regression
model (NBRM). NBRM is a mixture model which obtains a mixture of Poisson and
Gamma distributions.
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The advantage of Poisson regression model (PRM) over NBRM is that it has one
parameter. In response, the advantage of NBRM is that it can be used to model
overdispersed data. As an alternative to this model, the Bell regression model
(BRM), which has a single parameter, has been proposed by Castellars et al. for
modelling overdispersed count data [8]. BRM has the advantages of both PRM and
NBRM; it has been widely preferred recently. As compared with the NBRM, BRM
is more flexible than the NBRM.

One of the general assumptions of regression analysis is that the independent
variables are not collinear. But often, in real-life datasets, the independent variables
are correlated. This problem is called multicollinearity. If the assumptions are
met, a maximum likelihood estimator (MLE) efficiently estimates the parameter.
Highly correlated independent variables affect the performance of MLE. In the case
of multicollinearity problems, the variance of MLE increases, and the confidence
intervals widen. There are many studies on biased estimators to solve this problem.
The variance of MLE, which is an unbiased estimator, is very high in the case of
multicollinearity problems. In this case, alternative estimators with a bias value
and a smaller variance than the variance of the MLE can be used. Thus, the MSE
of the biased estimators is smaller than that of the MLE.

One of the most widely used biased estimators is the Ridge estimator (RE) pro-
posed by Hoerl and Kennard [9]. This estimator depends on the k biased parameter.
As with many biased estimators, RE was first proposed in a linear regression model
(LRM). There are many studies on RE in the literature regarding both its defini-
tions in different regression models and the estimation of the biased parameter. The
logistic ridge estimator was defined by Schaefer et al., the Gamma ridge estima-
tor was defined by Algamal, and the inverse Gaussian ridge estimator was defined
by Algamal and its performances were examined [2,[3}/20]. Regarding modeling of
counting data, RE studies were carried out by Mansson and Shukur, Méansoon and
Amin et al. for PRM, NBRM and BRM, respectively [4412/13]. There are alternative
estimators to the RE in the literature. Many of these estimators have also been
identified in modeling count data [1,/17}/18].

In the ordinary least squares estimator (OLSE), there is an orthogonality between
the residuals and the dependent variable. The orthogonality of this estimator is
not available in the RE. In the RE, the aim is to reduce the variance, and model
fit is not considered. A two-parameter ridge estimator (TPRE) was proposed by
Lipovetsky and Conklin [10,|11] as a generalized version of the ridge estimator to
increase the regression fit. The TPRE consists of k and ¢ parameters. With the
added parameter q, orthogonality between the dependent variable and residuals is
provided. In addition, more efficient estimates are obtained from MLE and RE
estimators. The TPRE for the linear model was compared with the OLSE and
RE by Toker and Kagiranlar according to the matrix MSE criterion [21]. Asar
and Geng proposed TPRE for the logistic regression model [5]. Then, TPRE was
defined for the inverse Gaussian regression model by Bulut and Isilar [7].
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In this study, we propose the BTPRE for the Bell regression model used in
modelling the count data. For this purpose, BRM and BRE are given in Section
2. BTPRE has been defined. In Section 3, the Monte Carlo Simulation study and
actual data results are given to examine the performance of the proposed estimator.
In the Section 4, the results of the studies are examined.

2. METHODOLOGY

A discrete random variable Y is said to be Bell distribution with the parameter
6 > 0,Y ~ Bell(0), if its probability mass function (pmf) is given as

0y6_60+1By
= T

where B, = %Z;O:O Z—? is called the Bell number [6]. Since the Bell distribution
is a member of the exponential family, the Bell regression model can be written
as a special case of the generalized linear models (GLM’s), which are widespread
to model the mean of the response variable. Using the reparametrization given by
Castellares et al. [8], the pmf can be rewritten as follows:

P(Y =) Ly=0,1,2,... (1)

P(Y:y):ea:p{l—emp{Wo(N)}}VVO(Z!)yBy, y=0,1,2,... (2)

where 0 = Wy(u) and Wy(.) is the Lambert function. The mean and variance can
be written using this parametrization as follows

E(y) = u, (3)
Var(y) = w1+ Wo(u)]. (4)

The BRM is a good alternative to NBRM to model count data with overdis-
persion. The response variable distributed as y; ~ Bell(Wy(p;)) where p, =
exp{zl Bexp{exp{zl B}} for i = 1,2,...,n. Using the Eq. , the log-likelihood

function is given as follows

Upsyi) = n— Zewp{Wo(ui)} - Zyilog(Wo(ui)) + Z log(By,) — Zlog(yi!)

x iyilog(emp{x?ﬁ}e:ﬁp{exp{c;ﬂ}}) - exp{exp{:c?ﬁ}exp{exp{x?ﬂ}}(}.)

Taking the derivative of the log-likelihood function concerning 3 parameter, we
can obtain the following score function

n

s = e _ 3~

1

i <1 + exp{xfﬁ}) (yi — Hi)] (6)

K2
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The most commonly used estimation method in the GLM’s is the maximum
likelihood estimation (MLE) method. To obtain the MLE of the BRM, we have to
solve Eq. @ Since the Eq. @ is a non-linear according to the g, we can use the
method of scoring:

5(m+1) _ 5(m) + I—lﬁ(m)s(ﬁ(r)) (7)

where S(8™) is the score function evaluated at ™, and

d2£ iy Yi
dpdp
where W(ﬂ(m)) — diag{%} evaluated at B(m). The final step of the
+expyx; B™
Eq. @ can also be written as

Brrw = (XTWX) ' X'Wz, (8)
where Z = log(i) + W-3V=2(y— w), and V = Var(y). The covariance matrix of
the MLE can be computed as

-~ = _\—1

OOU(BA{LE) = (XTWX) , (9)
which equals the inverse of the Hessian matrix. The matrix mean square error
(MMSE) and scaler mean square error (SMSE) of the MLE are given by

MMSE(Byp) = D7, (10)
l
-~ 1
j=1""

where D = XTWX , A; are the eigenvalues of D matrix and [ is a total number of
parameter.

When the multicollinearity exits, the MLE inflates. So, Amin et al. |[4] proposed
the Ridge estimator for the BRM to handle the multicollinearity problem as given
in the following subsection.

2.1. Ridge Estimator in the BRM. Amin et al. [4] introduced the Bell Ridge
estimator (BRE) to cope with the multicollinearity problem’s adverse effects. BRE
is given as follows

a = Dy 'Da (12)

where Dy, = (XTWX—HCII) and k > 0 is a biasing parameter. o = Z7 3, p where
Z is a eigenvector of D. The MMSE and SMSE of the BRE are given as
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MMSE<ak> - DkDDk-i—kzD_laaTD;l, (13)

l
_ N
SMSE(ak> = § e 2§ v +k (14)

In this study, the biased parameter has estimated as follows

~ l

k= PP (15)

2.2. Two Parameter Ridge Estimator in BRM. Lipovetsky and Conklin [11]
has proposed an objective function for the TPRE as follows

S? =Y = XBIP + qullBI? + @2lIXTY = BI* + g [V T (Y = XB)[>. (16)

The generalization of the TPRE in the BRM obtained from the objective function
given in Eq. is given below

Gak = aDF ' Da (17)
where £ > 0 and ¢ > 0. This estimator is the Bell two-parameter Ridge estimator
(BTPRE) in which BRE and MLE are special cases of it. For example, if ¢ =1 is
taken in Eq. , we can obtain ay. If we takes ¢ =1 and k = 0, g can be
obtained. The coefficient of determination for the BTPRE is given in Eq. .

R%* = 2quD,;1r — q2rTDk71DD,;1r (18)
where 7 = XTWZ. In order to maximize the model fit, optimal ¢ is as follow
rTD -ty
q= ﬁ (19)
r'D."DD_r

MMSE and MSE are computed as
MMSE (@) ¢*D;' DD + (¢D;.'D — Naa™ (¢D;,*D — 1), (20)

l l 2 2
. Aj aj(qA; — Aj — k)
MSE(a = q2§ 7J+§ . . 21
( qk) = (/\j+k)2 = ()\j+k)2 ( )

In the literature related to biased estimators, there are different estimation equa-
tions for the parameters of the estimators. In order to minimize the MSE in the
BTPRE, the derivatives of Eq. for k and ¢, respectively, were calculated. The
optimal parameter estimates obtained by equating the equations to zero are given
below.

Zé‘:l gAj + (g — 1)Xja?
l
Zj:l Ajo‘?

(22)
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l Xja?

21 Ntk

q = ) 2
Zl )\g—i-)\Jaj
=1 TR

(23)

Two methods were used for the proposed BTPRE in this study. First, the
parameters for the BTPRE symbolized as &gk, were calculated by following the
steps below.

Step 1. The initial value is determined so that k0 > ATA.
Step 2. Calculate ¢ using Eq. ( . with &° given in Step 1.

2/*2
Step 3. It is calculated as k = %ijl DG )8

Secondly, the TPRE calculated with the following steps is given as Qg, .

~2
Step 1. Calculate the initial value as ¢° > ZJ 1 1::;‘&

Step 2. Eq. ( using ¢° yields k.
Step 3. ¢ is calculated from Eq. (19).

Step 4. Using Eq. (23), ¢ is updated.

Theorem 1. Let k > 0, BTPRE is superior to MLE if k > X\j(¢ — 1) where
j=1,.10.

Proof. The difference between MSE’s of the MLE and BTPRE is obtained by

§ = MSE(@) - MSE(ay)
l l l 2.2
_ 1 _ . 24
jz::l N Jz::l (Aj + k)2 ; (Aj + k)2 )

The difference between MSE’s is pozitif definite, if % — (/\JAW is pozitif. The fact
that 6 is a p.d. iff £ > X\;(¢ — 1). The proof is finished. a
Theorem 2. Let k>0, MSE(ay) — MSE(ag) > 0, if only ¢ > 1.
Proof. The difference between MSE’s of the BRE and BTPRE is obtained by
0 = MSE(ar) — MSE(aqg)
l 2 l l 2 2
A A=A —k)as
_ 27—1—14;22 qzz Z(qy J )eag
= (A + k)2 = (Aj +k J=1 )\+k (A\j +k)?

Jj=1

A\ LR = (gh = A — k)?e?
= (-0 YETER D q(Aj ) : (25)

For the § to be positive, the difference between variances must be positive. If only
q < 1 then (1 —¢?) > 0. The proof is completed. O
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3. SIMULATION STUDY AND REAL DATA EXAMPLE

The performances of the estimators are compared according to the MSE criterion
in the simulation and a real data example.

3.1. Simulation Study. The X, independent variable matrix formed in the
studies on biased estimators was created by McDonald and Galarneau [14] using
the equation given in Eq. (26]).

zij = (1= p*) %245 + pip, (26)
where p is the correlation coefficient. The z;; are pseudo random numbers. ¥« is
generated as

yi ~ Bell(Wo(exp{By + Brwi1 + ...+ Byzip})), (27)

where 3,1 was selected using the method given in [16]. In the simulation study,
the sample size is chosen as n = 50, 100, 150, 200, 250, and 300 , and the correla-
tion coefficient is p = 0.90,0.95, and 0.99, and finally, the number of independent
variables is taken as p = 3,5, 7.

This study was done in R program [19] with 2000 repetitions. The results ob-
tained by calculating the performances of the estimators with the MSE equation

given in Eq. are given in Table —.

2000
1 ~

!

MSB(B) = 3055 B = 0B, = D) (25)

When the Tables — are examined, the MSE of all estimators is decreasing
as the sample size increases. As the correlation coefficient increases, the MSE
values of all estimators increase in all scenarios. Similarly, increasing the number
of independent variables negatively affects the performance of the estimators. The
BTPRE has the smallest MSE value for each sample size and correlation coefficient
in all designs. The result is that the proposed estimator is superior to MLE and
BRE. In addition, two different parameter selection methods were used in the study.
It is seen from the MSE values that the method mentioned as BT PRE> is better
than BT PRE;. It is seen that the smallest MSE value belongs to BT PRF, for all
cases.

3.2. Real Data Example. In this subsection, an application study is given to
support the simulation study. Mine fracture dataset provided by Myers et al.,
consisting of n=44 observations, was used as the real dataset |15]. Dependent
variable comprises the number of injuries in coal mines in the Appalachian region.
Models used in modelling the dependent variable are PRM, NBRM and BRM.
Akaike Information Information (AIC) value has been used to select the best model
from the Poisson, Negative Binomial and Bell distributions. The results of the
AIC are given in the Table . According to the results from the Table 7 the
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TABLE 1. MSE values for p=3

~ ~

n P BMmLE B ’qul ﬂqkz
0.90 6.73214 5.87381 2.68612  1.68484
50 0.95 9.28130 7.71959  4.12875  2.35018
0.99 33.36669 24.60985 17.43750 7.44138
0.90 5.42670 4.97601  2.19685  1.37202
100 0.95 6.61325 5.79349 2.87992  1.72569
0.99 16.08049 12.06670 7.10425 3.62146
0.90 5.08468 4.78100 2.12913  1.29036
150 0.95 5.83406  5.27756  2.54194  1.50144
0.99 12.69978 9.89156 6.30262  3.24474
0.90 4.93791 4.71320 2.10739  1.25240
200 0.95 5.35580 4.92607 2.41291  1.39102
0.99 10.10888 8.12280 4.82236  2.56908
0.90 4.86601 4.68486  2.02834  1.19642
250 0.95 5.21363 4.87818  2.38204 1.35741
0.99 9.04588  7.37682  4.44209  2.37815
0.90 4.75503 4.60505 2.01804 1.19031
300 0.95 4.89462  4.62580 2.27716  1.31450
0.99 7.99842 6.65926  3.86502  2.15689

appropriate model is chosen as the BRM since the Bell distribution has the smallest
AIC value. Independent variables used in the dataset are as follows

X1: inner burden thickness in feet,

X2: percent extraction of the lower previously pricked mined seam,
X3: the lower seam height

X4: the time that the mine

The number of conditions used to determine whether the multicollinearity oc-
curred in the data set is 296.5585. The correlation chart showing the correlation
between the independent variables is given in Figure 1.

Because of existing multicollinearity, we calculate the MLE, RE and BTPRE
coefficients for the data set. Then, the estimated coefficients, the standard errors
and the square root of MSE values are given in Table .

When the Table is examined, it is seen that BTPRE has the smallest MSE.
The real data results show that the performance of the proposed BTPRE is superior
to the MLE and RE, like the simulation studies. In addition, the method used to
estimate k and ¢ parameters in TPRFEs is more effective than that of TPRE;.
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TABLE 2. MSE values for p=>5

~ ~

n P BMLE B ’qul 'quz
0.90 9.82742  8.67058 2.91611  1.74571
50 0.95 14.70160 12.30335 5.20670 2.66722
0.99 58.62601 43.50621 31.47012 10.27462
0.90 7.71904 7.18999  2.27929  1.36482
100 0.95 9.53292  8.44894 3.16134  1.75353
0.99 30.45618 23.44846 13.20561 5.28299
0.90 7.00468 6.66178  1.99375  1.21469
150 0.95 8.02216  7.27704 2.60181 1.51511
0.99 21.49925 16.84574 8.92770  3.77031
0.90 6.65705 6.41170 1.96885  1.18348
200 0.95 7.47940 6.92626 2.35127  1.33888
0.99 17.04084 13.75045 6.44487  3.01546
0.90 6.51391 6.31932 1.88913  1.15233
250 0.95 6.94140 6.51257  2.27448  1.31927
0.99 14.35469 11.78576 5.82564  2.69328
0.90 6.43463 6.27732 1.87978  1.12367
300 0.95 6.87342 6.33572 2.00512  1.29277
0.99 12.73392 10.52779 4.84047  2.41665

4. CONCLUSION

PRM and NBRM have been generally used in the modelling of count data. BRM
has been widely preferred as an alternative to these models in recent years. BRM
may be more suitable for modelling overdispersed count data. As seen in the real
data set discussed in the study, the Bell distribution is more convenient than the
alternative distributions. Considering this situation, alternative biased estimators
are proposed for the Bell regression model to handle the multicollinearity problem.

In this article, we propose BTPRE as an alternative to these estimators. It is
concluded from the simulation study and a real data example that the performance
of the proposed estimator is superior to MLE and BRE.
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TABLE 3. MSE values for p=7

~

~

n P BMLE B ’qul 'quz
0.90 14.06553 12.77779 5.05469  2.72267
50 0.95 19.69486 16.76399 6.42533  3.13107
0.99 82.85781 63.98084 55.16817 15.71594
0.90 13.21807 12.63627 4.93636  2.41681
100 0.95 15.44038 14.15015 5.53295  2.74144
0.99 43.16660 34.19774 19.14917 7.47775
0.90 11.84296 11.46179 4.80369  2.39698
150 0.95 14.01502 13.16318 5.12539  2.67410
0.99 31.62615 26.13034 13.52178 5.87188
0.90 11.57151 11.30324 4.51272  2.10850
200 0.95 12.76125 12.16552 4.86460  2.19485
0.99 25.18756 21.20189 10.95476 5.17243
0.90 10.40783 10.19874 3.40672  2.03554
250 0.95 11.78194 11.30935 4.13962 2.10319
0.99 21.31977 18.07933 7.76840  3.92102
0.90 8.88708 8.71718  2.14829  1.34627
250 0.95 11.21841 10.82050 4.07510 2.07894
0.99 18.49267 15.92869 7.09717 3.11654

TABLE 4. AIC values of dependent variable

| POISSON | NEGATIVE BINOMIAL | BELL

AIC | 173.2554

[ 172.3399

169.4784

TABLE 5. Results of the Mine fracture dataset

Bo B Ba Bs Ba MSE

B 0002903 -0.01126 0.01819 -0.02384 -4.00837 | 1.38936
(1.38907)  (0.00106) (0.01684) (0.00679) (0.02179)

B, |0.00294 -0.01126 0.01819  -0.02384 -3.57858 | 1.24044
(1.31249) (0.00106) (0.01599) (0.00676) (0.02178)

Bar, | 000322 -0.00545 0.00117  -0.00021  -0.00001 | 0.00147
(4.00788) (0.00247) (0.06173) (0.00514) (0.02970)

Bak, | -0.00204  -0.00140  0.00020  -0.00003  -0.00001 | 0.00043
(4.00784)  (0.00359) (0.06547) (0.00367) (0.02969)
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FiGUure 1. Correlation chart between independent variables
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ABSTRACT. The primary objective of this study is to introduce the concepts
of Za-deferred Cesaro summability and Za-deferred statistical convergence for
double sequences in fuzzy normed spaces (FNS). Furthermore, the aim is to
explore the connections between these concepts and subsequently establish
several theorems pertaining to the notion of Zz-deferred statistical convergence
in FNS for double sequences. We further define Zo-deferred statistical limit
points and Za-deferred statistical cluster points of a sequence within FNS and
explore the relationships among these concepts.

1. INTRODUCTION

The concept of statistical convergence, initially introduced in Zygmund’s mono-
graph [40], was later revisited by Fast |11] and independently reexamined for both
real and complex sequences by Schoenberg [32]. Mursaleen and Edely [26] extended
this investigation to double sequences. Additionally, Fridy |13] explored statistical
limit points and cluster points in the context of real number sequences.

Kostyrko et al. [20] introduced the concept of ideal convergence, which encom-
passes various convergence notions such as usual convergence and statistical con-
vergence. Das et al. |7] extended this concept to double sequences in a metric
space, termed Z-convergence. In a subsequent work, Savag and Das [30] further
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expanded the idea of ideal convergence introduced by Kostyrko et al. [20], explor-
ing its application to Z-statistical convergence and investigating its fundamental
properties.

Zadeh [39] pioneered the theory of fuzzy sets, laying its foundation. Matloka [24]
explored the convergence of sequences of fuzzy numbers, while Nanda [27] demon-
strated that the set of convergent sequences of fuzzy numbers forms a complete
metric space. Nuray and Savag [28] extended the notion of convergence to statis-
tically Cauchy and statistical convergence sequences of fuzzy numbers. Kumar et
al. [21}122] delved into Z-convergence, Z-limit points, and Z-cluster points for se-
quences of fuzzy numbers. Tripathy et al. [36] further investigated Z-statistically
limit points and Z-statistically cluster points for sequences of fuzzy numbers. In |19],
researchers extended existing theories on the convergence of fuzzy number sequences
to Zy-statistical convergence, broadened the notions of Z-statistical limit points and
ZI-statistical cluster points to double sequences, and investigated fundamental fea-
tures and relationships between sets of Z,-statistical cluster points and Z,-statistical
limit points of double sequences of fuzzy numbers. Katsaras [17] initially introduced
the concept of fuzzy norm while examining fuzzy topological vector spaces. In 1992,
Felbin [12] extended this concept to a fuzzy norm on linear spaces, drawing from
the idea of fuzzy numbers initially proposed by Kaleva and Seikkala in the context
of fuzzy metric treatment. Further research, including studies in [6l/38], investigated
diverse topological characteristics of these FNS, while works such as [2,/3] explored
various types of FNS.

Agnew [1] introduced the concept of deferred Cesaro mean for real (or complex)
sequences, followed by Kiigiikaslan and Yilmaztiirk’s [23] presentation of deferred
statistical convergence for single sequences. Subsequently, Sengiil et al. |34] intro-
duced deferred Z-convergence. Dagadur and Sezgek [4}/535] investigated deferred
Cesaro summability and deferred statistical convergence for double sequences. Sta-
tistical convergence and deferred statistical convergence have been explored in var-
ious studies, as referenced in [8}|9}/15}|16}/18}/25.[29431}37].

In this study, we adhere to the approach delineated in Felbin’s work. Within
the realm of FNS analysis, the convergence of sequences of fuzzy numbers plays
a pivotal role in defining standard convergence within these spaces. This paper
seeks to utilize the concept of generalized statistical convergence of fuzzy number
sequences via ideal to explore a more extensive form of convergence, particularly Z,-
deferred statistical convergence within an FNS. The goal is to establish fundamental
principles and key insights in this domain.

This paper is dedicated to introducing a novel form of convergence for sequences
of fuzzy numbers within FNS. In Section 2, we provide some preliminary definitions
and theorems concerning fuzzy number sequences, FNS, and deferred statistical
convergence. In Section 3, we intend to define the concepts of Zy-deferred Cesaro
summability and Z,-deferred statistical convergence for double sequences within
FNS. In Section 4, our goal is to investigate the interconnections between these
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concepts and subsequently establish several theorems regarding the notion of Z,-
deferred statistical convergence in FNS for double sequences. Additionally, we
define Zy-deferred statistical limit points and Z,-deferred statistical cluster points
of sequences within FNS, and delve into the relationships among these concepts.

2. DEFINITIONS AND PRELIMINARIES

In this section, we commence by revisiting some fundamental definitions related
to fuzzy numbers, fuzzy number sequences (FNS), and deferred convergence.

Definition 1. ( [33]) Suppose u : R — [0,1] represents a fuzzy subset of R. For
any « € [0,1], the a-level set of u, symbolized as p,, is described as the set of real
numbers R, where the measure p is at least «. When 0 < oo < 1, the notation [u]q
refers to the collection of points t in R where p evaluates to at a. In the case where
a = 0, [p]e indicates the closure of the set of points t in R where u evaluates to
strictly greater than 0.

Definition 2. ( [35]) A fuzzy set denoted by p defined on the real numbers R is
termed a fuzzy number subject to the specified conditions:

(1) w is normal, signifying the existence of a specific point to in R where u reaches
its mazimum membership grade of 1.

(#i) p is fuzzy convex, implying that for any pair of real numbers t1 and ta, and any
A in the interval [0, 1], p (At 4+ (1 — N)t2) is greater than or equal to the minimum
of p(t1) and pu(t1).

(4i1) p is upper semi-continuous.

(iv) The set [u]o, comprising all t in R where u(t) is greater than 0, is compact.

A real number 7 can be represented as a fuzzy number 7 defined by, if ¢ equals 7,
then 7(t) equals 1, if ¢ is not equal to r, then 7(t) equals 0. It can be demonstrated
that p qualifies as a fuzzy number if and only if each a-level set [u], forms a
non-empty, bounded, and closed interval. We denote [u]o = [ug, ul].

Definition 3. ( [33]) Let’s consider L(R), the collection of all fuzzy numbers. If
a fuzzy number u is a member of L(R) and its membership grade u(t) is zero for
t <0, it is termed a non-negative fuzzy number.

By L*(R), we denote the set of all non-negative fuzzy numbers. We can express
that p € L*(R) iff p, > 0 for each o € [0,1]. Clearly, 0 € L*(R).
A partial order denoted by < on L(R) is defined as follows:

p=<viffu, <v, and pb <viforall ac]o,1].
The strict inequality denoted by < on L(R) is established as p < v( or v > p) iff
ps < vyand pt < vifor all a € (0,1].

Definition 4. ([33]) We define the operations of addition (), multiplication (®),
and scalar multiplication on the set L(R) as follows:
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(1) The convolution of two functions p and v, denoted as (u ® v)(t), is defined for
any t in the real numbers R as the supremum of the minimum values obtained by
shifting and overlapping the functions p and v.

(i) The product convolution of two functions p and v, denoted as (u ® v)(t), is
defined for any t in the real numbers R as the supremum of the minimum values
obtained by scaling and overlapping the functions p and v.

(#i1) Scalar multiplication of a function p by a scalar k is defined for any t in the
real numbers R as p evaluated at t/k, where k is a real number not equal to zero.
Additionally, when k = 0, the result is the zero function 0(t).

Theorem 1. ([33]) Let u,v € L(R) and o € [0,1]. Then we have
(@) [n®V]a = [ +va,nd +val,

(@) [n @ v]a = [pgva, novE] (u,v € L*(R))

[kpg kpl] if k>0
hpd kpg ] if k<0

Theorem 2. ([14)]) Let p be a fuzzy number in L(R), with a-level sets denoted by
(o = 15, L], The theorem establishes the following:

(i) p3is a bounded, left-continuous, non-decreasing function on (0,1],

(11) ptis a bounded, right-continuous, non-increasing function on (0, 1],

(i4i) at o = 0, both py and pg are continuous,

(iv) pyis less than or equal to ,uf,

(#11) [kpla = k[pla = {

On the other hand, given functions p(a) and ¢(«a) satisfying conditions (i)-(iv),
there exists a unique fuzzy number p € L(R) such that [u], = [p(«@),q(a)] for all
a € [0,1].

Definition 5. ( [353/) Considering p and v as elements of the space L(R), we
define the discrepancy between two measures pn and v, denoted as F(u,v), as the
supremum over all possible values of « in the interval [0, 1] of the mazimum absolute
differences between the lower and upper variations of p and v. This function, F, is
known as the supremum metric on the set L(R). If (u,) is a sequence in L(R) and
w is an element of L(R), we say that the sequence (u,,) converges to u in the metric

F, indicated as p,, EX woor (F) — limy o0 b, = i, if the limit as u approaches
infinity of the supremum metric F (u,, 1) is equal to zero.

Definition 6. ( [12]) Consider a vector space X over R, equipped with a mapping
Il : X = L*(R), and let symmetric, non-decreasing mappings L, R : [0,1]x[0,1] —
[0,1] be given, satisfying L(0,0) = 0 and R(1,1) = 1. We denote this quadruple
as (X, || - |, L, R), termed an FNS, where || - || is referred to as a fuzzy norm, if it
adheres to the following conditions:

(i) The norm of x equals zero iff x is the zero vector 6.
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(i) For any vector x in X and scalar r, the norm of the scalar multiple rx is equal
to the absolute value of r multiplied by the norm of x.

(iii) For any vectors x and y in X :

(a) The norm of their sum x +y is greater than or equal to the minimum of their
norms.

(b) The norm of their sum x + y is less than or equal to the maximum of their
norms.

Additionally, functions L(z,y) and R(x,y) are defined as the minimum and
maximum of z and y, respectively, when z and y are within the interval [0, 1]. The
FNS is denoted as (X, |- |) or simply X when L and R adhere to these definitions.

Lemma 1. ([12]) In a FNS, the norm of the sum of two vectors is less than or equal
to the sum of their individual norms as defined in Definition[6| (iii) (a) (with L being
the minimum function ) is equivalent to the inequality ||z + y||, < ||zl + lvll5,
holding for all a € (0,1] and xz,y € X.

Lemma 2. ( [19]) The triangle inequality specified in Definition [@ (iii)(b) (with
R = max ) is equivalent to the inequality |z + y|t < |z|t + |y|T for all a € (0,1]
and x,y € X.

Remark 1. By referring to Theorem (iii) and Lemma we can infer that the
condition described in Definition [f (iii)(a) (with L = min ) implies that

| .
T [Jo+ gl < Tim [l2]7 + lim [ly];

that is, [z +yllg < |lzllg + lylly - Similarly, according to Deﬁm'tionla (11i)(b) (with
R = max ), it follows that the non-negative part of the sum of two elements, denoted
by ||z + yll§, is bounded above by the sum of their respective non-negative parts,
lzlld + |lylla. Consequently, in a FNS (X, || - ||), the triangle inequality specified
n Deﬁnition@ (it1) suggests that the norm of the sum of two elements, denoted by
lx + yl|, is less than or equal to the composition of the norms of x and y, denoted

by [zl @ fly]l-

According to Deﬁnition@ we have x = 0 iff ||z|| = 0, iff ||z||; = ||z]|} = 0 for
all @ € [0,1]. Furthermore, we have ||z|, > 0 whenever z # 6. Now if r = 0, then
llrzllla = [)10]l]a = [0,0] = [|Jr|||z]]]o for all & € [0,1] and « € X. For r # 0, we have
lirella = Irlllzllo for each o € [0, 1, ie., [rallz = [rll2llzand lrallf = |rlllz]for
each « € [0,1]. Thus, we can say that || - ||;and || - ||Zare norms on X in the usual
sense in view of Definition [6] with the choice of L = min and R = max, where
a € [0,1].
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Example 1. ( [35]) Let (X,] - |lc) be an ordinary normed linear space. Then a
fuzzy norm || - || on X can be obtained as

0 if0<t < (zlle ort = nllz|c
Iz1(t) = a=amre — e ¥ Cllzle <t < ele
WJF% if |zllc <t < nlz|lc

in the given context, ||z|c denotes the standard norm of x (excluding the zero
vector), where 0 < ¢ <1 and1 < n < co. For the zero vector x = 0, we define ||z| =
0. Consequently, (X, ||-||) constitutes a FNS. The specific fuzzy norm discussed here
is referred to as the triangular fuzzy norm.

Example 2. Let (R, || - [|[r) i a normed linear space. Then the fuzzy norm || -|| on
R can be obtained as
szl g s g
Izl (s) = ¢ >+
0, s < |z

and (R, ||z||) is a FNS.

Definition 7. ( [10]) Let (X, - ||) be an FNS. A sequence (x,) in X converges
to x € X with respect to the fuzzy norm on X, denoted by x, EELR x, if (F)—
lim, o || — x|| = 0, where for every € > 0, there exists an N(e) € N such that

F <||J:, | ,6) < e for all v > N. This means that for every ¢ > 0 there is an
N(e) € N such that sup,epo 4 |2 — x||: = ||z, — x||3_ <e.

Definition 8. ([28]) A sequence (x,) of fuzzy numbers is considered to be statisti-
cally convergent to the fuzzy number x, denoted as st-lim z, = x, if for each ¢ > 0,
there exists a positive integer N such that,

S({reN: F(x,,z)>e})=0.

Definition 9. ( [1]) Let K be a subset of the positive integers N, and let Kq.(n)
denote the set of integers in the interval [d(n) + 1,¢(n)] that belong to K, where
d = (d(n)) and ¢ = (c(n)) are sequences of non-negative integers satisfying the
conditions:

d(n) <c(n) forall neNand lim c(n) = oo.

n—oo

The deferred density of K is denoted and defined by

. 1
dac(K) = lhm —— |Kq4.(n)].

)

Definition 10. ([23]) Consider a sequence (x,) of real numbers. We say that (z,)
is deferred statistically convergent to [ € R if, for every e > 0, the following holds:

. 1 e _
Ji s €N [dn) + Lew)] ey — 1] 2 e} =0
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where d = (d(n)) and ¢ = (¢(n)) are sequences of non-negative integers satisfying
the conditions specified in Equation (1).

For a double sequence w = (wyy), the deferred Cesaro mean D, 4 is defined by

1 Valp 1 Valp
psd af uv uv
pad)ﬁ u=to+1 pa¢ﬁ u=tgy+1
v=kg+1 v=kg+1

where (to), (va), (kg), (I3) are non-negative integer sequences satisfying following
conditions:

to < Va, aler;ova =o00; kg <lg, Bleréolg =00 (1)

Vo —ta = P lﬁfkﬂzﬁbﬁ-

Note here that the method D, 4 is openly regular for any selection of the sequences
(ta) s (va) , (ks) , (Lg).

All through this study, except where otherwise stated, (¢4), (va), (kg), (Ig) are
conceived non-negative integer sequences satisfying

A double sequence (wy,) is strongly deferred Cesaro summable to w provided
that

Va,lp

lim —— Z Wue —w| T =0
oy 2 e =l o,
U:kg-i-l

A double sequence (w,,) is considered bounded with respect to the fuzzy norm X,
if there exists U > 0 such that ||wy, — w||0Jr < U for all (u,v) € N2 Additionally,
L2, denotes the set of all bounded double sequences.

By double lacunary sequence, we mean that a double sequence 82 = {(pa,qs)}
of two increasing integer sequences (p,) and (gg) such that

p():O,ha:pa—pa,l—>ooandq0:O,fLﬁ:qI3—qﬁ,1—>ooasa,6—>oo.

3. NEw CONCEPTS

In this section, we present the notions of deferred statistical convergence, Zo-
deferred Cesaro summability, and Z,-deferred statistical convergence for double
sequences in the context of FNS. We establish essential properties concerning these
concepts and delve into defining Zs-deferred statistical limit points as well as Zo-
deferred statistical cluster points for double sequences in FNS. Our inquiry centers
on elucidating the interconnections among these introduced concepts, presenting
pivotal findings that enrich the comprehension of Z,-statistical convergence within
FNS.

Throughout the article, we will consider (X, ||.||) as a FNS.
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Definition 11. A sequence (wy,) in X is considered to be deferred statistically
convergent to w € X regarding the fuzzy norm on X, where (to), (va), (kg), (Ig)
are sequences of non-negative integers satisfying the conditions specified in Equation

1, then we write Wy DStgFN) w or DSty (FN) — limw,, = w, provided that
DSty (FN) —lim ||wy, — w|| = 05 i.e., for each A > 0, we have

da ({(u,v) tla <UL v, kg <v<lg, ]'—(me; — wl| ,6) > )\}) =0,

or equivalently,

1 .
lim 7{u7v:ta<u§va,k <v§l7_7-'(wuv—u}70 2)\}‘:0,
0850 085 (u,v) 8 5 | [ )

This implies that for each A > 0, the set
K\ = {(u,v) o < U<V, kg <0<, |wew —w|F > )\}

has a natural density of zero. That is, for each A > 0, ||wyy — w||g < A for a.a.
u, v (all most all u, v). The element w belongs to the set X serves as the deferred
statistical limit of the double sequence (Wyy).

A concise and insightful interpretation of the mentioned definition is as follows:

v DSEAEN, iff DSty (FN) — lim |[wy, — w||§ =0

Wy
Noting that DSty (FN) — lim |[wy, — w||} = 0 implies that
DSty (FN) — lim [|wy, — w]|, = DSty (FN) — lim [Jw,, —w||f =0
for each o € [0,1] since
0< = wllg < llway = wllf < [l — wli

holds for every u,v € N and for each o € [0,1].

Example 3. Let (R,| - ||r) be an FNS. Then, a fuzzy norm || - || on R is define in
Ezample[d and (to) , (va), (ks) , (Ig) are sequences of non-negative integers satisfy-
ing the conditions specified in Equation . Define the sequence w = (wyy) as
uw?v? [Ua] — 1 < u < [\/Ua]
Wyp = Vil —1<v <[] aB=123,...
0; otherwise.

where 0 < to < [Jua] =1, 0 < kg < [\/Ig] =1 and (va), (Ig) are monotonic

. . DSt2(FN
increasing sequences. Then, Wy, g ) 0.
Justification: For every 0 < A <1, s > |lw|| we have

KO\ = {(u,v) o < U< Vs kg <0 < lg ot Jwe — O >>\}.
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This implies that,
K\ = {(u,v) tta <u< vy, kg <v<lg: s—llwunll 5 /\}

3+kuv H =

1-)
= {(u7’l)) Zta <u S Uo"kﬁ <v S lﬁ : kuvH < S(1+)\)}
for suitable value of s and A\, we get {(u,v) : ||[wyy|| > 0}. Hence

KO\ :{(u,v):ta<u§vmkg<v§lg, wa—ongzx}
= {(u,v) tta <u <o, kg <v<lg, wm,:uzvz}

={(1,1),(4,4),(9,9),(16,16),...} € Zs.

DSty (FN
As a result, Wy, tﬁF ) 0.

Definition 12. The double sequence (wyy) is called to be Io-deferred Cesaro sum-
mable to w € X regarding the fuzzy norm on X, if for each A > 0

+
1 Vaslp
(O(,,B)ENQI - Wyy — W > Ay €y,
po‘(bﬂ u=tq+1
v=kg+1 0
and this condition is denoted in the format wy, PO@EN) ) o DC (I) (FN) —

lim wy, = w.

Definition 13. The double sequence (wyy) is said to be strongly Ts-deferred Cesaro
summable to w € X regarding the fuzzy norm on X, if for each A > 0

’Ua,l[;
(a, B) € N2 : Y wuw —wlg =X} €Ty
poe¢6 u=to+1
’U:k3+1
. . ) DC4[T2](FN .
and this case is denoted in Wy, 1[—2>]( ) w or DCY [Z3] — limwy, = w format.

The notation DCy [Z;] (F N) represents the collection of all double sequences that
exhibit strongly Zs-deferred Cesaro summability with respect to the fuzzy norm X.

Remark 2. DCy (Z3) (FN) and DC [Z3] (F N)-summability concepts;

(i) Forto =0, v = o and kg = 0, lg = 5, match with Z,-Cesdaro and strongly
Is-Cesaro summability concepts regarding the fuzzy norm on X, respectively.

(i7) For to, = Pa—1, Va = Pa and kg = qs—1, lg = q3 {(Pa,qs)} states double
lacunary sequence), match with Ty-lacunary and strongly Is-lacunary convergence
concepts regarding the fuzzy norm on X, respectively.

(¢i1) For the ideal I{ (the ideal of density zero sets of N?), match with deferred
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Cesaro and strongly deferred Cesaro summability concepts regarding the fuzzy norm
on X, respectively.

Definition 14. The double sequence (wy,) is considered to be I-deferred statistical
convergent to w € X regarding the fuzzy norm on X, if for every A, u > 0, the set

2.7
{<a,/3>eN e

This scenario is denoted as Wiy, PS@UEN) ) or DS (Z2) (FN) — lim wy, = w.
The collection of all double sequences of sets that are Iy-deferred statistically con-
vergent with respect to the fuzzy norm X is represented by DS (Zz) (FN).

Remark 3. The concepts outlined match with different forms of convergence within
the framework of DS (I3) (F'N);

(1) When toq = 0,v4 = a and kg = 0,lg = B, it corresponds to the Ly-statistical
convergence concept with respect to the fuzzy norm X.

(17) When ty = pa—1,Va = Do and kg = qa—1,lg = qz (where {(pa,qp)} denotes
a double lacunary sequence), it aligns with the Iy-lacunary statistical convergence
concept with respect to the fuzzy norm X.

(iii) When considering the ideal IS (the ideal of density zero sets of N ), it corre-
sponds to the deferred statistical convergence concept with respect to the fuzzy norm
X.

Definition 15. Let (wy,) be a sequence in (X, ||-||) with (ta), (va) ., (kg), (1) being
sequences of non-negative integers satisfying the conditions specified in FEquation
. We say that the sequence (wyy) in X is Iy-deferred statistically Cauchy with
respect to the fuzzy norm on X if, for every A\, u > 0, there exist natural numbers
N =N(A), M = M(\) such that

{(u,v) tta < U< vy, kg <v<lg, ||[Wyy —wHS_ > )\H > u} € Is.

1
{(a,ﬂ) eN?. — {(u,v):ta < U < Vg, kg <V Slg,kuv—wNMHar > )\}‘ Z,u} € Io.

Theorem 3. Let (wy,) be a sequence in (X, | - ||) with (ta),(va), (kg),(g) are
sequences of non-negative integers satisfying the conditions specified in Equation
[ Then, every Is-deferred statistically convergent sequence is also a Iy-deferred
statistically Cauchy sequence.

Proof. Let DS (Z3) (FN) — limw,, = w and A,z > 0. Then, we have

1 A
{(Q’IB)GNQ: {(uav):ta<u§vaak5<v§l,37”wuvw'gZ}‘ZM}GIQ-
Choose N, M € N such that
1 A
{(a,ﬁ) eEN?: —— {(u,v) tta < U< Vo, kg < <lg, |wy *wNMH(J)F 2 H 2 ,u} € 1,.
PaPp 2 2




734 O. KiSi, R. AKBIYIK, M. GURDAL
Now || - ||&” being a norm in the usual sense, we get

{apen: 4

pa/}

{(uw) tta < U< Vo, kg < v <lg, || wyw —wNMHSr > )\H > ,u}

_ {(a,ﬂ) eN: L H(u,v) o < U< Vo kg < 0 < g, || (waw — w) + (w — wyar)|F > )\}‘ > p}

C {(a,ﬁ) e N2 pul% H(u,v) tta < U < Vg, kg < v <lg, || Wy —wHar > %H > ‘5‘}

U{(a,ﬁ) eN?: p:% H(u,w) o < U< Ve, kg < v < lg, | waw — warllg > %}‘ > %} € Do.

This indicates that the double sequence (wy,) is Zo-deferred statistically Cauchy.
O

4. MAIN RESULTS

In this section, we initially explore the connections between DC} [Zo] (FN)-
summability and DS (Zy) (F N)-convergence concepts.

Theorem 4. Let (wyy), (tyy) be sequences of real numbers, then

(i) If DS (Z3) (FN) — lim wy,, = wo and DS (Z3) (FN) — limt,, = tg, then

DS (IQ) (FN — lim (wuv + tuv) = wo + to,

(#)If DS (Z2) (FN) — limwy, = wo and q € C, then

DS (Z5) (FN) — lim (qwy, ) = quwo,

(#ii) If DS (Z2) (FN) — limwy, = wo and DS (Zy) (FN) — limt,, = to, and there
are positive numbers u and v such that |[wy|| < u and ||to|| < v for any u, v, then
DS (IQ) (FN) — lim (wuvtuv) = ’woto.

~— e —

Proof. (i) Assume that DS (Z3) (FN) —limwy, = wo and DS (Z3) (FN)—limt,, =
to. Since || - |4 is a norm in the usual sense, we get

[ (wup + tuw) — (wo + tO)”S_ < JJwyw — U’O”; + [tuw — tO”E)‘— (2)
for all u,v € N. Now let us write

K = {(w,0) : ta <u < va,ks <0 <l (a0 + tn) = (wo +to) I > A,
Ki(\) = {(u,v) tta <u<va, kg <v<lg:||wyw —w0||g > %}

Ko(\) = {(u,v) tta < U< Vo, kg <v<lIg: |ty —to||ar > %}

Therefore, based on Equation [2} it follows that K(\) C K;i(A) U Ka(A). Given
our assumption that Ki(X), K2(\) € Z;. We conclude that K () € Zy, thereby
completing the proof.
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(ii) Let, DS (Zz) (FN) — lim wy, = wp, then ¢ € R — {0} for every A\ > 0, we have
A
{(u,u) tta < U< Vo, kg <V <lg: ||wyuw —ong > q|} € I,

|
e {(u,v) tta < U< Vo, kg < <Ig:|lquyy —qw0||3' > /\} € 1.

So DS (Z2) (FN) — lim (qwy, ) = quwo, (¢ € R).
(791) Assume A, p > 0 and w,v > 0 then

K= {(a,ﬁ) eN?: #Hta < U< Vo kg < < g, Wy — wolld > /\H < 2&} € F(I)

Pa¢[s
and
- {(a,ﬂ) eN: L Htﬂ << Vs ki < v < Ly, [tuw — to]| > )\H < %} € F(Iy).

Since KNL € F (Zy) and ) ¢ F (Zo) this means KNL # 0. So, for all (u,v) € KNL
we have

”wuvtuv - thOHS_ = ||wuvtuv — Wypto + Wunlo — U)oto”;
< ||wu'utuv - wuvtong_ + ||wuvt0 - thOHS_

<ty — tng + v Wy — wO”:)r < “ﬁ + U% = K,
ie.,
{(a,ﬂ) e N? . Hta <u < g, kg < v <lg, |l wyvtuw — w0t0||5r > )\H < ,u} € F(Zy).
Hence DS (Z2) (FN) — lim (wyptyy) = woto. O

Theorem 5. DS (I,) (FN) N L%, is a closed subset of L2,.

Proof. Suppose that (wj)jeN = (w},) € DS (Zy) (FN)NLZ, is convergent sequence
and that it converges to w € L?.. We need to prove that w € DS (Z) (FN) N
L2, Assume that w/ — L; (DS (Zy) (FN)) for Vj € N. Take a positive strictly

decreasing sequence {)\; }j en Where \; = 2% for a given A > 0. It is evident that
the sequence {)\j}jeN converges to 0. Let’s select positive integer j such that

|w—wi|| _ < 2. Let 0 < p < 1. Then
A= (a,B)GNQ:ﬁ|{ta<u§va,k5<v§l5,
et = Lilly 2 3 f| < 5} € F (@),

B= (mﬁ)ENQ:ﬁ|{ta<u§va7k‘5<v§l5,
lwidt = Lisally = 22} < 4} e F (@),
Since AN B € F(Iz) and ¢ ¢ F (Z2), we can choose (a, 8) € AN B. Then

! j + pV W
% {ta <u < e, kg < v <lg, ||wl, — L, = 4]}‘ <%,

and
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and
—_— {ta <u < vy, kg <v<lg, ||wﬁf1 — Lj+1||Jr > At H < B
Pabs = = 0=y 3
and so
- {t <4< v, =
Vwit = Linfly > A]H H <p<lL
Hence, there exist t, < u < v4, kg < v < lg for which ||w] —L; Ho > TJ and

[wit! — LjHHS > % Then, we can write

125 = Lysally < 125 = wdally + llwde —wdiH g + it = Liallg

IN

e = Lillg + ki = Lisallg + oo = w? [l o + oo = w1l

<J+J+1+ +]+1<)\

This implies that {L; }j cn is a Cauchy sequence in R, and so there is a real number
L such that L; — L, as j — oo. We need to prove that w — L (DS (Z) (FN)).
F(;lr any A > 0, choose j € N such that \; < 3, <2, L; - L||;)F < 2.
Then

pa% {t < u < Va, kg <v <lg, |wew — LT >)\H

sp;ﬂ{m<u§vmm<vsw4wafLm;+w%«ﬂ%mm+wafuwzAH

1
< P {t <u < Vg,

—Lilly +3+ 320}

<7 VQ<US%%w<vsw4wa—Lm;z%H-

This implies that

{(045)6N2;#Huv o <u<va,k5<v<zﬁ,wa_L||§ZAH<u}
2{( B) N L [{ty <u<vg,kp <v<lg,

lwd,y — Lillg > 5} M} € F(Lr).
So

1
@mmeN%p¢w{mmwm<ugum@<vsm,wwuwzxﬂ<u}ef@m
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and hence
1
{(a,ﬁ) eEN?: — {(u,v) o < U< Vo, kg <v < g, |Jwyy — L§ > )\H > u} € I,.

This implies that w — L (DS (Z) (FN)), thereby completing the proof of the
theorem. O

Theorem 6. If a double sequence (w.,) is strongly Zy-deferred Cesdaro summable
to w € X, then this sequence is To-deferred statistical convergent to w € X. Also,
the inclusion DCy [I3) (FN) C DS (Zy) (FN) is strict.

DC, [Ij;(FN)

Proof. Suppose that wy, w. For each A > 0, we can express

’Ua,lﬁ Ua;lﬁ

Z ||wuv _wH(—)‘r Z Z ||wu’U _w”g
u=to+1 u=to+1
v=kg+1 v=kg+1

1w —w|| >

)

ZAH(u,v):ta <u < v, kg < v <lg, | wew —wl|g > /\}

and therefore, we have

Va,lg

11 L1 N
- |wyo —wlly > —— H(u,v) tta <u < Vo, kg < v <lg, ||wyy —wlly > /\}’ .
APaPs u:%;+1 Pa®s

v=k’g+1

For every ;1 > 0 we obtain

{(a,ﬂ) eN2: pl% H(u,v) o < U< Vg, kg < v <, |[we —w|d 2)\}’ Zu}

O(7l
< {(Oé,ﬁ) € N?: Tl@j EZ:ti-H | wuw — w”(T z )‘M} €Iy
’U:k[g+l

DS(I)(FN
Thus, we get wy, ( 2—)>(F ) w.

To show the strictness of the inclusion, choose v = o, to, =0 and lg = 3, kg =0
define a sequence (wy,) by

) pg, u=p*v=¢
wuv— 2 2
0, uFp v #E g

Then, for every A > 0, we have

1

. < VP4
pa¢ﬂ a

H(u,v):ta << Vg, kg <0< g, |lwew — O|fF zAH p
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and for any p > 0 we get

{(04,5) e N2 ﬁ H(u,v):ta < u < Vo, kg <v§lg,||wm,—0H3_ 2)\}’ Zu}

C {(a,ﬂ)eN%% Zu}-
As the set on the right-hand side is finite and thus falls within Z5, it implies that
DS (Zy) (FN) — lim wy, = 0. On the other hand
Va,lp
1 lvPally/Pd]
> wuw —0llg = Wrdlvpd

PaPs 1 q
U:kg +1

Then

Va,lg
(0,8 EN?: e 3wy — 0§ > 1
u=tq,+1
’U:k’g—‘rl

:{(a,B)ENQ:g21}:{(m,n),(m—l—1,n—|—1),(m+2,n+2),...}

for some m,n € N which belongs to F(Z3), since Zy is admissible. So w,, -
0(DC1 [Z2] (FN)). O

s
Corollary 1. If wu, BEN w, then Wy, DS@ENY
The converse of Theorem |§| is not generally valid. To illustrate this point, we

can consider the following example by choosing Zo = I{ (the ideal of density zero
sets of N ).

Example 4. Consider X = R? and let (w,,) denote a double sequence defined as
follows:

< U < Vg,
<v<lg, (u,v)€N?

u?v?; v, — H‘\/;Ta
Wy = Is = [|v/%s

0; otherwise.

This sequence is unbounded. Additionally, it is Io-deferred statistical convergent to
w = 0 with respect to the fuzzy norm X, but it is not strongly Is-deferred Cesaro
summable with respect to the fuzzy norm X.

Theorem 7. If a double sequence (wy,) € L% is Iy-deferred statistical convergent
to w € X with respect to the fuzzy norm X, then this sequence is also strongly
Is-deferred Cesaro summable to the same limit.
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DS(Z3)(FN)
%) w. Let (wyy) € L% . There-

Proof. Suppose that (wy,) € L2, and w.,
fore, there exists U > 0 such that ||wy, — w||;)Ir < U for all (u,v) € N2. For each

A > 0, we have

Va,lg

+
palaaﬁ > lww —wlg
u=tqo+1
’U:k‘ﬁﬂ*l
va,l[g 'Uaul,(i
_ 1 o+ 1 o+
= puts Z [wew — wllg +pa¢5 Z [Waw — wllg
o o
l[wao —wllg <X

kuv_wHJZA

u
- Pa¢[3

So, for all p > 0 we get

{(u v) tte < u < vy, kg <v§l5,kuU—w||g 2)\}‘—1—/\.

U(,,lg

(0‘7B) S N2 : m Z ”wuv - w”(—; Z M

u=tqy+1
’U:k‘5+1

L H(u V) 1 to < u < vy, ks <U§lﬁ7”wuq;—w‘|a— Z)\H > 5} € Io.

c {(ap) en: L

O

DCy[T:)(FN
As a result, we get wy, 1[—2>]( ) w

By Theorem [f] and Theorem [7} we obtain the following corollary.
Corollary 2. L2 N DC [Z,] (FN) = L?, N DS (Zz) (FN).
kﬂ) be bounded, then

Theorem 8. Let (t—"‘) and (
Po ¢/3
S@)(FN) DS(Z(FN)

wuv uv

ta

Proof. To begin, given that (p

) is bounded, there exists exists a positive value
o > 0 such that Z—” < o for all @ € N. Therefore, we express this as:




740 O. KiSi, R. AKBIYIK, M. GURDAL

S(Z2)(FN)

Assume that w,, w. For each A > 0, we have

{(u,v) tta <u <o, kg <v<lg,||wyy — w||ar > )\}

C {(u,v) 2U < Vg, v < g, || Wyy — ng > )\},

and so
pal% {(u,v) tta < U <o, kg <v<lIg, || wyy — w||g > )\H

< Yals _1 ‘{(u,v):ugva,vglg,ﬂww—wﬂg2)\}‘.

= Pabs valg

Thus, for any positive value u > 0 we obtain

{(a,B)Esz L H(u,v):ta<u§va,k5<v§157||ww—wH§2)\HZﬂ

Pats

+
c {(ap) en®: 7l [{(w0) s u < va v <l oo —wly 2 M| > i ) -
As a result, we get wy, DS(L)(FN) )

We will examine the following theorems under the given constraints:
ta <ty <, <o and kg <kp <15 <lg

for all a, 8 € N, where each of these represents sequences of non-negative integers.

Theorem 9. If (Zi’ii) is bounded, then

Proof. To begin, given that (pc‘%) is bounded, there exists an w > 0 such

P
that Zfz,ﬁ < w for all o, € N. Assuming (wy,) € DS (Zz) (FN),, and
a?s )
DS(Z2)(FN)
W L . For any A > 0 since

{(wv) st <w <o, Ky <v <l flww —wlf =2}
- {(u,v) tta < U< Vg, kg <v<lg,||wyy —wHS_ > )\},

we can express

{(wo) st <w <o, Ky <v <l llww — wlf > /\H

1
PaPs
{(u,v) tta <u <y, kg <v<lg,||wyy —ng > /\H)

PaPs ( 1
- Pé)((b;a Pa¢5
So, for each p > 0 we obtain

{(a.8)eN: 2 [{(w0) it <w ol Ky < v <y Jwn —wli§ 2 A} 2 1)

C {(a,,@) eN?: pal% {(u,v) tta <u <, kg <v<lg,||Wyy — ng > /\}‘ > g}
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DS(Z2)(FN) |1 4]
_>

Thus, we get wy, w. As a result,

DS (T2) (FN)(, 4 € DS (o) (FN) s 1 -

O
Theorem 10. If the sets {u : to <u < t,},{u: v, <u§va}7{v:k5 <v§k/’8},
{v : l’ﬁ <v < 15} are finite for every a, 8 € N, then

DS(Z2)(FN) [ 4]
%

Proof. Let (wyy) € DS (Z2) (FN), 4 and wy, w. Then, for all

A, 1t > 0 we have

{(a,ﬁ) eN?:

s {(u,v) < u <, ky <o <, |we —u}||:)r > )\H > ,u} € I,.
a¥p
Additionally, for each A > 0, since

{(u,v) tta <u <, kg <v<lg,||Wyy — w||3_ > /\}

= {(u,v) tta <u<t, kg<v< k’ﬂ,me 7w||3' > )\}

US (u,0) i tq <u <t k%<v§l'ﬁ,|\wuv—w||ar2)\}
U{w0) s ta <u <ty Uy < v <y, flwu, - wlg = A
+
U (u,) )y < u <ol kg < v < K, lfw — wld 2/\}
Us (u,v) 1 t), <u <o, k’5<v§lf3,\|wuv7w||32)\}
U 0) sty < w < v, Uy < v <y, flwuy - w]ig 2 A
Uq (u,0) : 0, < u < g, k5<v§kg,||wuv—w||ng}
U9 (u,0) 1oy <u < wa, kj <v§l’ﬂ,||wuu*w||3_ 2/\}
U (u,v) : 0, < u < g, l;3<0§lg,|\wuv—w||32)\},
we have
1
o d H(u,v):ta<u§va, k5<v§13,||wuv—w||32)\}‘
a¥p
1
< m {(u,v):ta<u§t’a, k,3<11§k,’@,||wuv—w\\§2)\}’
(o7
1
+ m {(u,v):ta <u<t, kg<v§lg,||ww—w||32)\}‘
(0%
1
v {wo)ita <u<t, l%<v§lg,||wuv—w||3'2/\}‘
(o7
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1
Pty
1
Pl

(u,v) 1 ), <u<wl, kg <v< k,’B,kuv—ng 2)\}‘

(w,0) : t, <u <ol Ky <o <l |lwe —w|d 2)\}’

o
Pabs
1
Pl
1
o
Pa®s
1
Pads
and hence, for all >0

{(a,ﬂ) e N2 ;. ﬁ H(u,v) tta < U< vy, kg <v<lg,||wyy —wHa_ > )\} > u}

(u,v) 1 v, <u <y, kg <vSk:b,”wm,fw||ar 2)\}’
(u,v) : v, <u < v, kj <v§l,’8,||wuv—ng 2)\}’

{
{

+ ! {(u,v):t’ <u <, Iy < <lg, |[wyy —wl|g 2)\}‘
{

+ o7l

+

{(u,v) sl < u < v, 123 < v <lg, [|[wye fw||g > )\}

b

g{(a,B)GNQ:m }]2u}
U{(a,ﬂ)eszpiqb;s {(u,v) to <u<t, k’5<v§l/ﬂ,||wuvfw||32/\}‘ Z#}
U{(a,B)GNQ:ﬁ {0) it <u<th, Uy <<l o —wl§ =\ ]z,L}
U{(a,ﬂ)ENQ:m {(u,v) t, <u<uvl, k5<v§kz’6,||wuv—w|\3_2>\}’ Zu}
U{(a,ﬁ)eNQ:ﬁ {wo) ity <u<o, kg<vgz;3,||ww—w||ng}‘zu}
U{(a,ﬁ)eN%ﬁ {(u,v):t’a<u§v;, lg<u§l5,\|wuv—w||§2>\}‘zu}
U{(a,ﬂ)eN%ﬁ {(u,v):v;<ugva, kg<v§k,’67||ww—wH§2)\H Zu}
U{(a,ﬂ)eszm {(u,v):v,’l<u§va, k'B<v§l/’3,||ww—w||32)\H Z/i}
U{(a,ﬂ)eNz:Tl% {(u,v):v,’l<u§va, l%<v§lﬁ,||wuv—w||5rz/\}‘ 2#}-

Ifthesets {u: to, <u <t,},{u:v), <u<vy}, {v thg <wv < k’ﬁ}, {v gy <v< lg}
are all finite for every «, 8 € N within the given expression, based on the assump-
tion, we conclude

1
{(Oz,ﬂ) eN?:, — {(u,v):ta <u < vy, kg <v§lg,|\wuv—w||g 2)\}‘ z,u} € Iy,

o DS(Z2)(EN) 5, )
This indicates that wy, — w and (wyy) € DS (Z2) (FN),, 4. Hence,

DS (Iz) (FN)[p/’qy] c DS (12) (FN)[p,gb}

Based on Theorem [6] Theorem [7] Theorem [J] and Theorem we derive the
following corollary.
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Corollary 3. (i) Assuming that (Zf‘zg) is bounded. If a double sequence (Wyy) 18
DC1 [L3] (FN), 4 -summable to w € X with respect to the fuzzy norm X, then this

sequence is also DS (Iz) (FN) 4 -convergent to w € X.
(1) Let the sets {u : to, < u <)}, {u: v, <u<wv,}, {v thg <wv < k’B}, {v:l,g <wv < lg}
are finite for all o, 3 € N. If a double sequence (wy,) € L2, is DS (I5) (FN) iy o1

convergent to w € X with respect to the fuzzy norm X, then this sequence is
DC [I) (FN)[/MM -summable to w € X.

Now, we will examine the notions of Zs-deferred statistical limit points and Zs-
deferred statistical cluster points of a double sequence of fuzzy numbers, expanding
upon the concepts previously discussed regarding a sequence of fuzzy numbers. Ad-
ditionally, attention will be directed towards significant fundamental characteristics
pertaining to the set of all Zs-deferred statistical cluster points and the set of all
Tr-deferred statistical limit points of a double sequence of fuzzy numbers, and an
exploration of the relationship between them will be conducted.

Definition 16. An element wg € X is termed an Iy-deferred statistical limit point
of double sequence (wy,) with respect to the fuzzy norm X if, for each X\ > 0 there
exists a set

U= {(u1,v1) < (ug,v2) < ... < (up,vs) < ...} CN?

such that U ¢ Ty and DSty (FN) — limw,, ,, = wo.
The notation TN — S (Ay,) represents the set comprising all Iy-deferred statis-
tical limit point of a double sequence (Weyy).

Theorem 11. If DS (Zy) (FN) — lim wy, = wo, then ZFN — S (A,,) = {wo} .

Proof. Given that DS (Zz) (FN) — limwy, = wo, for each A, > 0, the set

T= {(a,ﬁ) € N?: Hta <u < v, kg <v§lﬁ,||wuv—w0||3_ 2)\}‘ 2#} € Iy,

pa¢5
where 75 is an admissible ideal.

Let’s assume that Z&'V — S (A,,) includes qq distinct from wy, that is, gy €
ZFN — S (Ay). Therefore, there exists a U C N? such that U ¢ Zy and DSty (FN)—
lim wy,,. v, = qo-

Let
1

P:{(O‘MB)EM: {ta<u§va7 k5<v§15,|qu—QO||3rZ/\HZu}.
pa(bﬂ

So, P is a finite set, implying that P € Zs. So

1
PC{(a,ﬂ)EM:M {ta<u§va, k5<v§lg,wuvq0||§2)\}‘<u}€]:(12).
a¥p
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Let T be defined as follows:

1

Ty = {(@,5) €M: P {t(x <u < v, kg <v < g, [ Waw — wollg > /\H 2 /i}~
a¥'B

SoTy CT €Iy, ie, Tf € F(Zy). Therefore, TF N P¢ # (), since Tf N P¢ € F (Ly).

Suppose (i,7) € K§f N P and let \ := M > 0. Then

e {ti <u <y, kj <o <l |wew — wollg ZAH < p and

1
Pid;

{ti <u <, ki <v <l || wye —QO”Sr > /\H < fy

which means, for the maximum ¢; < u < v;, k;j < v <1; we have ||wy, — wo||ar <A
and ||wy, — qOHar < A for a very small p > 0. Therefore, we need to obtain

{ti <u <, kj <v <l || wye —w0||ar < /\}
ﬂ{ti <u <, ki <v <1, || wye —qOHg < )\} #),

which leads to a contradiction, as the neighborhoods of wy and gy are disjoint.
Thus, ZFN — S (A,) = {wo} . O

Definition 17. An element wq is considered as Is-deferred statistical cluster point
of a double sequence w = (wyy) if, for each A, >0, the set

{(a,ﬁ) € N?: L {ta <u < g, kg <v <lg, |[wey —wolg > )\H < u} ¢ To.
IFN S (T,) represents the set of all To-deferred statistical cluster point of a double
sequence (Wyy) -
Theorem 12. For any double sequence (wyy),
TEN —S(A,) CZEN —S(Ty).

Proof. Let wy € ZFN — S (A,,). In that case, there is a set

U= {(u1,v1) < (uz,v9) < ... < (up,vs) < ...} CN?
such that U ¢ Ty and DSty (FN) — limw,, ,», = wp. So, we have

1
tim —— |{to < < vaskis < vy < Iy, 0, — wolly > A} =0,

a,B—o00 pa¢6
Take p > 0, so there is ng € N such that for m,n > ng we obtain
1

- {tm < Up < U, ki, < Vs <y, | Wy 0, — w0||8_ > /\}‘ < p.

Pm®Pn
Let

1
K = {(m,n) eN?: —— {tm < Up < Oy, kp < Vs <y, Wy, 0, —w0||ar > )\H < ,u}.
PP
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In addition, we get

K > U\ {(ulavl) ) (UQ, UQ) PIERES) (unovvno)} .

Given that Z5 is an admissible ideal and U ¢ Z,, therefore K ¢ Z,. Consequently,
according to the definition of an Z,-deferred statistical cluster point wy € ZFV —
S (T'y). This concludes the proof. O

Theorem 13. If w = (wy,) and ¢ = (quy) are two double sequences such that

{(u,v) € N2 P Wy 7é qu} S 127
then
(1) ZIN = S (Aw) =3V = S (7).
(ii) ZFN — S(Ty,) = I8N — S (Ty) .
Proof. (i) Let wg € TN — S (A,,). As per the definition, there exists a set U C N2
arranged as
U ={(u1,v1) < (ug,v2) < ... < (uy,vs) < ...} CN?
such that U ¢ T, and DSty (FN) — limw,, ,, = wp. Since
{(’U,, U) €U : Wy, 7é qu} - {(u,v) S N2 L Wy 7é qu} € 1y,
U ={(u,v) €U :wyp = quuv} € I and U’ C U.
Thus, the fact that DSty (FN) —limg,s ,» = wo implies that wo € Z3N — S (A,),
and consequently
N =5 (M) SN — S (A,).
By symmetry,
IEN — S (Ay) CIEN — S (Ay).
Hence, we obtain
IgN_S(Aw):IfN_S(Aq)-
(i) Let wo € ZF'N — S (T'y,). So, according to the definition for each A, u > 0, we
have

K= {(aﬁ) e N?: Hta <UL Vs hp <0 < g, [[wuy — woll§ > )\} < u} ¢ Tp.
pa¢ﬁ

Let
1

T:{(a,ﬁ)ENQ:MHta<u§va, k,@<v§l5,||quv—w0||arz)\} <,u}.
a’p

We have to prove that T' ¢ Z,. Suppose that T' € T, So

T¢ = {(a,ﬂ) eN?: " Hta <u < Vg, kg <v <lg,|quo *wo||8L > )\} Zu} € F(Z,).
a'’p

According to the hypothesis,
P={(u,0) €N? 1wy = quo} € F(Ts).
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Hence, T°N P € F (Iz). Furthermore, it’s evident that 7N P C K¢ € F (I2),
implying K € Z,, which contradicts the initial assumption. Therefore, T' ¢ 7, and
thus the desired result is achieved. (]

5. CONCLUSION

In conclusion, this study has advanced the understanding of convergence in
FNS by introducing the novel concepts of Zs-deferred Cesaro summability and
T>-deferred statistical convergence for double sequences. Through rigorous investi-
gation, we have uncovered significant connections between these concepts and have
established several theorems elucidating the notion of Z,-deferred statistical con-
vergence in FNS for double sequences. Moreover, we have defined and explored the
properties of Zs-deferred statistical limit points and Z,-deferred statistical cluster
points within the context of FNS, providing valuable insights into their relation-
ships. These findings not only contribute to the theoretical framework of conver-
gence in FNS but also pave the way for future research directions and applications
in related fields.
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ABSTRACT. In this article, we consider the definition of the Fibonacci poly-
nomial sequence with the second-order linear recurrence relation, where co-
efficients and initial conditions depend on the variable ¢. And then, we in-
troduce the functional binomial matrix depending on the coefficients of the
second-order linear recurrence relation. In the following, we study the spectral
properties of the functional binomial matrix using the Fibonacci polynomial
sequence and we obtain a diagonal decomposition for it using the Vandermunde
matrix. Finally, by applying some linear algebra tools we obtain a number of
combinatorial identities involving the Fibonacci polynomial sequence.

1. INTRODUCTION

The Fibonacci sequence and the Lucas sequence are among the most well-known
second-order linear recurrence sequences that are of particular importance in num-
ber theory and combinatorics (see |17]):

F, = n—1+Fn—27 FO:()a Flzla (1)
L,=L, 14+ L,_o, Lo=2, L;=1. (2)
Usually, second-order linear recurrence relations are generalized with two ideas, first

by preserving the recurrence relation and second by preserving the initial conditions.
The most prominent examples of Fibonacci-Like sequences are given as follows:

e The Jacobsthal sequence [11] is defined by the recurrence relation
Jn=Jn1+Jn 2 (7122), Jo=1, J1i=1 (3)
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e The Jacobsthal-Lucas sequence |11] is defined by the recurrence relation

Jn = Jn-1+2jn—2 (n>2), Jo=2, jn=1 (4)
e Singh et al. [26] defined Fibonacci-Like sequence
Sp =85,-1+ Sh—2 (Tl > 2), So=2, S;=2 (5)

e Horadam [11], Kalman [14], Stanimirovié¢ [27] and Gupta [10] generalized
the Fibonacci sequence by considering a new initial condition and a new
recurrence relation:

Fn = AFn_l + BFn_Q (T'L Z 2), Fo = a, Fl = b, (6)
where A, B, a and b are positive integers.

A natural way to generalize the Fibonacci sequence is to use the Fibonacci poly-
nomials. For over a century, both Fibonacci and Lucas polynomials have appeared
in the literature in the study of several subjects such as algebra, geometry, com-
binatorics, approximation theory, statistics, and number theory [23]. Fibonacci
polynomials were studied in 1883 by Catalan and Jacobsthal [8,|13]. Many works
dealt with different properties of these polynomials and their applications. Fi-
bonacci polynomials appear in different frameworks. Fibonacci polynomials are
special cases of Chebyshev polynomials and have been studied on a more advanced
level by many mathematicians. Large classes of Fibonacci-Like polynomials can
be defined with the help of recurrence relations and the properties of the resulting
Fibonacci numbers can be studied |17].

The most prominent examples of Fibonacci polynomials sequences are given as
follows:

e The polynomials F,,(t) studied by Catalan [8] are defined by the recurrence

relation:
F,(t) =tF,_1(t) + F_2(t) (n>2), Fy(t)=1, Fi(t) =t. (7)
e The Fibonacci polynomials studied by Jacobsthal [13] were defined by
In(t) = Jne1(t) + tJn—a(t) (n>2), Jo(t) =1, Ji(t)=1. (8)

e The Pell polynomials [12] are defined by
P,(t) =2tP,_1(t) + Po—2(t) (n>2), Py(t) =0, Pi(t)=1. (9)

e The Lucas polynomials 5] are defined by
Ln(t) =tLp_1(t) + Lp—o(t) (n>2), Lo(t) =2, Li(t)=t. (10)
Many authors have studied Fibonacci polynomials with different ideas [4l19[21L[22}
26]. But recently Kaygisiz and Sahin |15] have presented new generalizations of Lu-
cas numbers with matrix representation using generalized Lucas polynomials. Also,
Lee and Asci [18] have defined a new generalization of Fibonacci polynomial called

(A, B)-Fibonacci polynomial with the help of Pascal matrix. They obtain combina-
torial identities and, using Riordan’s method, obtain Pascal matrix factorizations
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including (A, B)-Fibonacci polynomials. In this paper, we present generalization
of the Fibonacci and Lucas polynomials by changing the initial terms and the re-
currence relation.

In [7], Carlits (for @ = b = 1) and in [1], Akkuse studied the (n + 1) x (n 4+ 1)
matrix B, = [a”j*"b”*j (nij)]ogi,jﬁn’ and derived many interesting results on
spectral and powers of these matrices. In this paper, introducing a generalized
functional matrix By, [z(t),y(t)] which call it the generalized functional binomial
matrix of two variables z(t) and y(¢) (both variables are dependent on t), we find
the eigenvalues, eigenvectors and characteristic polynomial of it. We also obtain a
decomposition for the matrix B, [z(t),y(t)] and some identities for the polynomials
Fibonacci sequence.

Definition 1. The functional binomial matriz of two variables of order (n+ 1) x
(n+1) is defined by

Bale(t)u(0] = 20 )} (11)

n—j

Example 1. The functional binomial matriz of two variables of order 4 x 4 is as
follows

0 0 0 !
0 0 y(t) z(t)
Bs[z(t),y(t)] = 0 y(t)? 2z(t)y(t) x(t)?

y()?® By®)’x(t) 3y(z(t)? «(t)®

In the following lemma, we can easily obtain a decomposition for the functional
binomial matrix of two variables, considering B, [z(¢), 1] = B, [z(t)].

Lemma 1.
By [2(t), y(t)] = Bula(t)]diag (y ()", - y(t), 1).

For finding B [z(t),y(t)], it is enough to find B, [z(t)]. Now, consider the
matrix I = [0; n—jlo<i j<n, Where §; ,_; is the Kronecker delta. It is easy to see

that B,[z(t)] = Pnlx(t)]|Int1, where P,lx(t)] = [(;)x(t)i_j]ogi,jgn is the Pascal

matrix with one variable, has the following properties (see [2}3,6,/16]):

(1) Pulz(®)]Paly(t)] = Pnlz(t) + y(t)],

(2) Pulz(t)]Pa[~2(t)] = Pn[0] = Int1 namely P,z (t)] = Pol—(t)]-
Therefore

— T n—1i n—i—j
B (0] = Pul-ato] = | (") catoyr|
J 0<i,j<n

According to above topics, we present the inverse of the functional binomial matrix

of two variables as follows B; ! [(t), y(t)] = [(—x(t))"’i’j(y(t))i’” (”;Z)}K .



752 M. BAYAT

Example 2.
0 0 0 !
- B 0 0 y(t) *x(t)
By [x(t), y(t)] = 0 y(t)? —2x(t)y(t) x(t)?

y()*  =3y®)x(t) 3By)a(t)® —a(t)®

2. THE GENERALIZED FIBONACCI POLYNOMIAL AND THE FUNCTIONAL BINOMIAL
MATRIX

According to relations —, a natural and general definition @ can be pre-
sented, where coefficients and initial conditions are positive integers. Now, with
the same idea and according to the recurrence relations -, the following gen-
eral definition can be presented, where the coefficients of the recursive and initial
relation are considered as polynomials with integer coefficients.

Definition 2. Let A(t), B(t),a(t) and b(t) be polynomials with integer coefficients.

The generalized Fibonacci polynomials { F,, (a(t),b(t); A(t), B(t))}n>0 (we shall of-

ten drop the argument (a(t),b(t); A(t), B(t)) and simply write {Fn(t)}n>o are de-

fined by the recurrence relation -

o (t) = A@)Foa(t) + B(t) Fo2(t) (02> 2), (12)

Fo(t) = a(t),  Fi(t) = b(t). (13)

For easy notation, we shall sometimes write A, B,a,b for A(t), B(t),a(t) and
b(t). We display some special cases of the sequence {Fn (t)}n>0, in Table 1.

TABLE 1. Some special cases of {F,(t)}

n>0
Polynomial Type F,(a,b; A, B) A(t) B(t) | alt) b(t)
generalized Fibonacci F,(t) t 1 1 t
generalized Lucas L, (1) t 1 2 t
generalized Pell P,(t) 2t 1 0 1
Jacobsthal In(t) 1 t 1 1
1st kind Chebyshev T,(t) 2t -1 1 t
2nd kind Chebyshev U, (t) 2t -1 1 2t
3th kind Chebyshev V(%) 2t -1 1 2t -1
4th kind Chebyshev W (t) 2t -1 1 2t+1
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Theorem 1. The non-degenerated second-order recurrent sequence F,(t), defined
n , satisfies the following generalization of the Binet formula

pMo=<Z:f>M+<:i;>w (n>0), (14)
where a and B are the roots of the characteristic equation N _AN—B=0.
Corollary 1. For a =0 and b # 0, we have
b(a™ — B")
a—p

Fa(t) = (n>0), (15)

and for a #0 and b =0, we have

n— n—1
Ry = I ), (16)
and also for b = ka where k is a non-zero fixred number, we have
a[a" - 8" — kaﬁ(a”fl — 5"_1)]
a—p
Corollary 2. Forn > 1 and k > 0, we have
Frni)(t) = AeFin(t) — (=B)F Fiyn_1)(t),
where Ay, satisfy Axy1 = AAg + BAk—_1 with the boundary conditions Ay = 2 and
A = A.
Proof. By the Binet formula and since Ay, = o 4+ ¥ and a8 = —B, we have

AFin(t) = (=B)" Fyn-1)(t) =
() (23)

(e + (220 o]

F,(t) =

(n > 0). (17)

O

The following theorem is the main result of this paper which gives the relation
of the characteristic polynomial of the generalized binomial matrix of two variables
B, [A, B] with the generalized Fibonacci sequence {Fn(t)}n>0.

Theorem 2. If (Fg(t)"_i(t)FeiH (t)) be a column vector of (n+1)-dimension,
0<i<n

then

BulA, B (Fu(t)" " Fip (1)) FE (0 Ffa(0)) (18)

0<i<n ( 0<i<n
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Proof. Let B,[A, B] (F;_i(t)Fg+1(t))O<'< = [a;], we have

n

i i+k—n pn— n—
aiZ( k)AJrk B E TR FE (1)

n—
k=0

= 30 () BRO) T @R
k=n—i

which substituting r = k — n + ¢, we obtain

9

w=ri 0 (1) (Brw) " (arnm)

r=0

= F&_f(t) (BFe(t) + AFe+1(t))i

= F/0 (D Fls(t).
0
Example 3.
0 0 0 1 F3(t)
2
Bg[A,B](F;*i(t)FZH(t))KKS: g ; QjB jz Z((;);l;—i-l((;)
- - l+1
B3 3B%*A 3BA%* A3 F} (1)
Fa)
| FRa () Fa(t)
| B (O F25(1)
Fjo(t)

Corollary 3.
R OFa0 = X (5 ) (1) ([ A S e g,

. n—1i/\n—is n—1iyp
21,0500

Proof. By induction on ¢ and using , we have
BL1A, B] (a" ) FiS (0 F (1))

0<i<n ( 0<i<n

Now, if we consider the i-th rows, we get

FyL () Fyo(t) = (sz [4, Bl (an_sbs)::o>i = Z iy o @iy 5,07 D
11,50
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_ 7 . 11 . . 7’@*1. Ai+i47nl+2 Ei;i i'r-Bne*Z£:1 i,,.anfizbiz'
Z n—ii ) \n—iy n—ig

11,0

U
The matrix [F;L_i(t)F;H(t)]OSMSn is invertible.

Proof. If we divide the j-th column by F7",; (), we obtain the Vandermonde matrix

£\ Ghich h determi 0
Froa (D which has nonzero determinant.

Theorem 3. For the sequence {Fn(t)}n>0 and k > 2, we have

n—r

(2F)(t) + BF—1(t)) (2 Fiy1(t) + BFy(t))

— Z r n=ry (T TR Alk=1)n—ro—ri1—2 b o Te—TE1
7o T1 Tk

T0,T1 3Tk
% BZL?:O e gropr—rotr (Ab + Ba)”—rl—rxn—rk. (19)
Proof. Using the binomial expansion, we have
(zFi(t) + BEy(t)) (zFa(t) + BE (1))

=3 (0)( ) oy,
To 1

70,71

For all integers k > 2, we prove equality by induction. For k = 2, in ,
we replace © by A + Bz~! and multiply the result by z”, and the conclusion is
obtained. Assuming that holds for the value k, we replace by A+ Bx~! and
multiply the result by ™. The left side of the formula is as follows

(AFy(t)x + BF_1(t)x + BFy(t)) (AFg1(t)z + BFy(t)x + BF41(t)"

= (Fk+1(t)$ + BFk(t))T(Fk+2(t>x + BFk+1(t))n_T7
the right side of the formula is as follows

> ()C) 00
A r r r
T0,T15 " s Tk+1 0 1 k k1

k k+1 — —
x Akn—ro—rl—QZ[:2 r[—rk+1BZ£:0 TlaTObT—TO'H’l (Ab—|— Ba)n ry Tl‘n_rk+1~

This evidently completes the proof of . (I
Corollary 4. For k > 2, we have
(.’I?Fk<t) -‘rBFk,l(t))r(l‘FkJrl(t) —i—BFk(t))n_r (21)

_ Z <7’L — 7") o (n - Tk—1> A(k+1)n—2 25;11 TZ—TBZ?:l r[xn—rk7
T1 r

k
1, Tk
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where Fy(t) =0 and Fy(t) = A.

Lemma 2. For all k > 1, we have

Fk(7z+1) (t)
tr (B¥[A, B]) = 2 22
(8514.B) = =5 22
where Fy(t) =0 and Fy(t) = A.
Proof. We multiply by 2" and sum over r. This gives
> @ (xF(t) + BFy_1(t))" (2Fega(t) + BF(t)" " (23)
r=0
= ¥ (” - 7“) . (” B Tk—l)A(k+1)n—2 SUTl re=r B ioy e gty
71 Tk

T5T1, 5Tk

The coefficient of ™ on the right of is tr (BE[A, B]) and the coefficient of 2"
on the left of is

S (D)) ERao) ) BT (R 0)”

r+st+u=n
r n—r r—s s n—r—s
- X v ()" rrorrong o -d
r+s<n
Then
S =Y (rsorross 3 (")) Eab)
n=0 r,s=0 $ n=r-+s $
o0 r 1
-y B (S> FI3 (0 F2 (0" (1 = Foas ()~
7r,5=0
S B R - Fenz) Y (T> (Feos(t)2)™
s=0 r>0 8
=N BFE ) (1 - Fia(H)z) " (1= Fa(bz) "
s=0
B 1 y 1
N (1 — Fk+1(t)l') (1 — Bkal(t)(E) 1— BFI?(t)IQ

(1-Fisr(0)2) (1-BFe_1 ()2)
1

(1 = Fey1(t)z) (1 — BFy—1(t)z)—BF2(t)a?’
Here by the Binet formula , we have

oo
1
E cﬁx” =
n=0

1 (ak + M)z + (af)ka?
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1
(1-akz)(1- ka)

- 1 Oék Bk
ok — gk 1*Olk$_1—ﬁkx .

k1) _ gh(n+l) _ Frr)(t)

Cn Oék o Bk Fk (t)

It follows that

Theorem 4. The eigenvalues of By[A, B] are

a™ an—lﬁ aﬁnfl Bn
and the characteristic polynomial of B,[A, B] is

n

Xn(T) = H(T — o/ﬁ”ﬂ).

=0

Proof. Let x,, (1) = det (TIn+1 — B,[A, BD and Ag, A1, -, A, denote the eigen-
values of B,[A, B]. Then by Lemma 2]

Xn 1(7)_ . 1 k- Kk
L_;T_AZ Z IZ)\

Xn+1(7—) 0 k=0
=Sl (BL[A, B)= Y p ot TR

k(n+1) _ 5k(n+1) o0

k-1« —k—1 k n(n—j)k
T k— gk ZT Zo‘j gl

« =0 7=0

M

ES
Il
=3

I
NE

T— "I

<.
Il
=)

It follows that N
XnJrl H ajﬂn J

Theorem 5. For a =0 and b # 0, we have
n+1

ety ee—1 [m+1 ntl—
Noa() = () T e
£=0 Fn(t)
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n+1

where [ ’ is defined as

]F,L(t)
1, {=0,n+1;

{n + 1} B
REA0 R A 0<f<ntl

Proof. We use the following identity (see [20])

- fasy ey n+1
[I0-on=> 0" 7]
§=0 £=0 q

where ["Zl]q is the g-binomial coefficient (Gaussian binomial), and is defined by

[m] _(=gmA—gmh- (A —gm)

rl, (I-g)(1—¢*) - (1—q") ’

where m and r are non-negative integers. If r > m, this evaluates to 0 and for
r =0, m, the value is 1.

Replacing ¢ in the above equation by g and using the Binet formula , we have

{” + 1} _ oty {” + 1] .
t 1, t e
Therefore
n n+1
[t - asrm) = S pfass gl 1] o
§=0 (=0 t Fn(t)
Substituting 7 by a™7~! and using a3 = —B, we get
n . ntl e+ _ee—1 (n+1
[Ir-ams) = > (-0 s 5 s [" Y] e
j=0 =0 Fn(t)
which is the desired result. O

Example 4. The characteristic polynomials of x,,,1(T) forn =0,1,2 are
xi(r)=7-1
Xo(T) =7 — AT — B
X3(1) = 7% — (B + A*)7? — (A*B + B*)T + B,

3. DIAGONALIZATION OF THE FUNCTIONAL BINOMIAL MATRIX

The results of this section are for a specific case of the recurrence relation
with (T3)) for a(t) = 0, b(t) = 1 and coefficients A(t) and B(t) which are arbitrary
functions of ¢.

Let n > 1 and C,[A, B] be the companion matrix of the characteristic polynomial
X»(7T), where
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Cn[Aa B] = (Ci,j<A7B))7
Ci,i—i—l(AaB):la t=0,1,---,n

Cn,nfj(AaB) = _(_1) 2 Bz [;Ljr_ll] Fo(t)’

¢i;(A,B)=0, otherwise.
Rn[A7B] = (Ti,j(A7B)) and Mn[A,B] = (mm-(A, B)),
{ TO,j(Av B) = TLJ'(A, B) = 5n,j7

rig(AB) = () (BE ()" (F(1), =2 .n, j=01n,
mO,j(Av B) = 5n,j7
mij(A,B) = () (BE®)" 7 (Fia ), i=1, ., j=01n.

Lemma 3. For every positive integer k, we have
) n — . '
(BZ[A,B]) = (]> (BE.®)" (Fera (), j=0,1,---,n.
nj

Proof. Let n be a fixed natural number. We will prove the assertion by induction
on k. The above equality is valid for £ = 0. Now assume the results is valid for
k > 0. Then, since BE+1[A, B] = BE[A, B]B,[A, B], we have

k k
(BYH' A B]),, = > _(Bi[A, B)),,(Ba[A, B]),,

i=0

_Z< ) BF(t))"” Z4(F;g+1(t))i( ‘ .)Ai-i-j—an—j

n—7>

= (BFenlt JZ ( ) ( ’ )(AFkH(t))i"“ (BF.(t))"™"

1+)—n

()
()
()

BFk+1(t))nij Z (731) (AFkH(t))m(BFk(t))jim

m=0

n

(
(BFia ()" (AFia () + BR.(0)’
( )

1) B " (Fyya()).
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Theorem 6. Let Fy(t) =0 and Fy(t) = 1. Then
n+1

ZFD%B@ [” Jl; 1] (Faera ()" (Fucesa()’ =0,

=0 Fn(t)

Proof. The characteristic polynomials of B,[A, B] is

ni:l(il)e(z;l) i {n—é— 1} =l _ )
=0 Fo(t)
Now by the Cayley-Hamilton Theorem [24], we get
n+1
- 1
S0 " s —o, (24)
k=0 Fn(t)

where 0 denotes the (n+1) x (n+ 1) zero matrix. So by Lemma [3]and substituting
this result into , we obtain

! ety _ee—1 [n 41
ZFU?B2{4] (W%Mﬂ);a
/=0 Fn(t) ™
Therefore
ntl e+ _ee—) [n 41 j
§:¢4)232[€ ] (Face1 ()" (Fucera (1) =0
1—0 Fp(t)

Theorem 7. Let a(t) =0 and b(t) = 1. For all n, we have
M,]A, Bl = C,[A, BIR,[A, Bl = R,[A, B]B,|A, B,
and so

B,.[A, B] = R, '[A, BIC,[A, BIR.[A, B].

Proof. At first, we prove M, [A, B] = C,[A, B|R,[A, B]. In fact, multiplying the
first n rows of C,[A, B] by R,[A4, B], clearly we get the first n rows of M,[A, B].
For the last row, for each 0 < j < n, we have

(ColA, BIR,[A, B]) =

nj
= Z(CW[A, B])n’nik(Rn[A,B])nikﬁj
k=0
B i _(_1) (k+1)2(k+2) Bk(k;rl) [n + 1] <n) (BF (t)>n—j (F (t))j
Z k + 1 ) ] n—k—1 n—=k

n+1
n e et eee-n) (n+1 n—j j
O e i I D D)
J =1 Fa(t)
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— <;‘> B <(Fn(t))n_j (Fn+1(t))j

n+1

+> —(~)*F BT [nz_ 1} . )(anz(t))n_j (Fne+1(t)>j>

£=0

n » ,
- <j>(BFn(t))n T (Fn ()
which is clearly true by Theorem [6] This proves,
M,]A, Bl = C,|A, BIR,[A, B].
Since for each 7, j with 0 < ¢ < j < n, we have

n

(Rn[Aa B}Bn[Aa B])” - Z(Rn[Aa B])lk (Bn[Aa B])kj

ES
S
=3

1

(

=0

n

BF,(t))"” JZ() BF, (1)) (AF,(1))""

)" (BF_1(t) + AF(1))’

-0);
)
(5)or
Jor

n j
= ( z+1(t)>J
( ” )ij’
we get M, [A, B] = R,[A, B|B, [A, B). 0
Example 5.
0 0 0 1
B3 3B%A 3BA? A3
MS[As B] = P - .
A3B3 3B2A%(B + A?) 3BA(B + A?%)? (B + A%)3

B3(B 4+ A?)® 3B?A(B 4+ A?)?2(2B + A%) 3BA?(B 4+ A?)(2B 4+ A?)?  A3(2B + A?%)3

0 1 0 0
0 1 0
Gsl4, Bl = 0 0 1 ’
—B® —-B3A(2B+ A?) B(B+ A*)(2B+ A%) (2B+ A%)A
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1 0 0 0
0 0 1
R3[A, B] = ;
B3 3B%A 3BA? A3
A3B® 3B2A2(B+ A%) 3BA(B+ A%)? (B + A%)3
and so
M;s[A, B] = C3]A, B]Rs[A, B].
Also,
1 0 0 0
0 0 0 1
Rald B = B? 3824 3BA? A3 ’
A3B3 3B2A2(B+ A%) 3BA(B+ A%)? (B + A%)3
0 0 0 1
BB = |0 o oapa a|

B3 3B%2A 3BA? A3
and therefore M3[A, Bl = Rs|A, B]Bs[A, B].
Let V,, be the Vandermonde matrix which is defined by

1 1 1 1
a™ anflﬁ . aﬁn_l 571
v, = a2n (an—15)2 . (aﬁn_l)2 52n

an2 (Oénflﬁ)n . (aﬁn_l)" /an
By the relation between the component matrix and the Vandermonde matrix, we
can obtain Theorems [§ and 0] For this purpose, we need the following lemma.

Lemma 4 ( [24], P. 4). If M be the following matriz

0 m 0 - 0

0 0 mg --- 0
M= 7

0 0 0 My—1

b1 P2 Pz - DPn
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then its eigenvalues are the roots of p1 + paX + -+ + pu A" 1 = A" and v; =

_I\T . .
(a, a\,,a\%, - a\® 1) is an eigenvector for the root A.

Theorem 8. Let a(t) = 0 and b(t) = 1. Eigenvectors of the matriz C,[A, B] are
Vn, and also eigenvectors of the matriz B,[A, B] are E,[A, B] = R, }[A, B|V,.

Proof. According to Lemma @ columns of V,, are eigenvectors of C,[A, B]. O
Theorem 9. For a(t) =0 and b(t) = 1, we have

(R;l[A,B]Vn>7an[A, B (R;l[A, B]Vn) — diag(a™, o™ 1B, - 0", B).
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ABsTRACT. The aim of this article is to identify and analyze a new type special
number system which is called bihyperbolic generalized Tribonacci numbers
(BGTN\( for short). For this purpose, we give both classical and several new
properties such as; recurrence relation, Binet formula, generating function,
exponential generating function, summation formulae, matrix formula, and
special determinant equations of BGTA(. Also, the system of BGTN\ is quite a
big family and includes several type special cases with respect to initial values
and 7, s, t values, we give the subfamilies and special cases of it. In addition to
these, we construct some numerical algorithms including recurrence relation
and special two types determinant equations related to calculating the terms of
this new type special number system. Then, we examine several properties by
taking two special cases and including some illustrative numerical examples.

1. INTRODUCTION

Numbers and number systems are well-established fundamental and important
topics in not only mathematics but also other disciplines with varied applications
and benefits. In spite of their long history, numbers systems are still an interesting
and important area to work for lots of researchers since there are several applications
in different and several areas such as; differential geometry, engineering, robotics,
graph theory, etc. There exist several types of number systems in the existing
literature. A hyperbolic (perplex, split-complex) number is a number of the form
z=x+yj where z,y € R, j2 =1,j # &1, j ¢ R |39,43,61]. Also, a bihyperbolic
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number (canonical hyperbolic quaternion [10], hyperbolic four complex numbers
[35]) is written as a linear combination of a pair of hyperbolic numbers. There
exists a relationship between the bihyperbolic numbers and 4-dimensional pseudo-
Euclidean spaces. Bihyperbolic numbers are denoted by H and are defined as
[41/10L|35,/37]:

H = {C = po + prj1 + paj2 + P3J3 : Po» P15 P2y P3 € R, 1, 72,73 € R},

where j1, jo, j3 satisfy the multiplication rules:

Ji=J2=J5 =1 jij2=jaj1 =Jjs, Jjijs=Jjsjr=1Jj2, J2js=Jsj2=J1. (1)
On the other hand, several studies have been done and are ongoing on the special
recurrence sequences which can have different orders. For example, Fibonacci and
Lucas sequences [18)33] can be given as examples related to second-order recurrence
sequences. The most general form of the second-order recurrence sequences is called
as Horadam [26]. In this study, we deal with the generalization of third-order
recurrence sequences which is called generalized Tribonacci sequence (or numbers).

Generalized Tribonacci sequence {T),(To,T1,T2;7,8,t)}n>0 (for short: {T),}n>0)
given by the following recurrence relation:

Tn = T'Tn_l + STn_Q + tTn_g, n Z 3 (2)

with the initial conditions Ty = a, Ty = b, To = ¢ are arbitrary integers and r, s, t
are real numbers |11]. Generalization of special third-order numbers was studied
in [1,/124|13}15}16L[19L20}36,140H42}|44H54 591160} /62].

Furthermore, the framework of bringing together the quaternions and special
recurrence sequences is a popular and interesting concept for researchers. Real
quaternions were investigated by W. R. Hamilton as an expansion of the com-
plex numbers [23L[24] (see also Section “Conclusion”). There exist several studies
with respect to combining several different types quaternions such as; split |17],
generalized [29,/30L134,/38], etc. Additionally, special recurrence sequences were ex-
amined considering quaternions, for instance, Fibonacci and Lucas real quater-
nions [20}222527], Fibonacci and Lucas generalized quaternions [2/20], Narayana
(or Fibonacci-Narayana) generalized quaternions [20]. Besides, the researchers
started to examine the combining the third-order recurrence sequences and sev-
eral types quaternions, such as; Padovan and Perrin quaternions [21}28,|58|, gen-
eralized Tribonacci real quaternions [11]. Also, generalized bicomplex Tribonacci
quaternions were introduced in |32].

In the same manner, a great deal of researchers started to investigate the bihy-
perbolic numbers with several special recurrence sequences. Studies on bihyperbolic
numbers, and bringing together the bihyperbolic numbers and some special recur-
rence numbers have been gathered speed in the existing literature. Bréd et al.
studied the generalization of bihyperbolic Pell numbers in [5]. Also, Brod et al. ex-
amined the one-parameter and two-parameter generalizations of the bihyperbolic
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Jacobsthal numbers in [6,[7], respectively. Then, bihyperbolic numbers of the Fi-
bonacci type and idempotent representation of them were investigated in [§]. In [9],
some combinatorial properties of bihyperbolic numbers of the Fibonacci type are
investigated. Azak examined some new identities related to bihyperbolic Fibonacci
and Lucas numbers in [3]. Further, Fibonacci and Lucas bihypernomials [55] and
certain bihypernomials with respect to Pell and Pell-Lucas numbers |56 examined.

In this study, we investigate a new type of number system which is called as bihy-
perbolic generalized Tribonacci numbers (BGTA)) and give some special cases with
respect to the initial and r,s,t values. Then, we obtain the recurrence relation,
Binet formula, generating function, exponential generating function, summation
formulae, several new special properties, matrix formula, and special determinant
equations related to these new types special numbers. Moreover, we establish some
numerical algorithms including recurrence relation and special two types determi-
nant equations related to calculating the terms of BGTA(. As a final part, we review
the overall conclusions and give several contributions for future studies.

2. Basic CONCEPTS

In this section, we give some background about bihyperbolic numbers and gen-
eralized Tribonacci numbers.

The addition and multiplication operations are commutative and associative on
H. (H,+,.) is a commutative ring [4]. Besides, a bihyperbolic number
¢ = po+ pri1 + pajo + psjs € H has three conjugations, as follows:

Zjl = po + P11 — P2J2 — P3Js;
&% = po— pri1 + pada — pais,
¢ = py = prjr — Paja + pajs;
which are called as the principal conjugations of ¢ |10].

Additionally, the characteristic equation of generalized Tribonacci numbers given
in Eq. is 23 — ra? — sz —t = 0. The roots of this equation are given as follows:

r r r
$1=§+a+,37 x2=§+5a+8267 373:5‘1‘5204‘*‘55’ (3)
where
t
27+7+2+\f
t
B = —+—+2 Vi,
—141iv3
2 )
3t 282 st 8 #2
p= G m e b e T

27 108 6 27 4
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and
Ty +x9+23="r, T1T2+ T1T3+ T2x3 =—S, X1Tax3 ="1.

Providing 1 > 0, Eq. has one real and two non-real solutions, the latter being
conjugate complex. The following equation is called as Binet formula for generalized
Tribonacci numbers [11]:

D n D n Q, n
Pay Ras Sl

(11— 22) (w1 —w3) | (w2 —@1)(v2 —a3) | (w5 —21) (w3 —73)

T, = (4)

where

P =c— (x5 + 23)b + z2730,
R =c— (x1 + 23)b + z1230, (5)

S =c— (1 +x2)b+ x1290.

Besides, the quite beneficial and functional method to generate T, is applying S-
matrix which is determined in [41,59] and is a generalization of the R-matrix. The
S-matrix is determined as follows (see also [31,/60]):

S:

ISP
= O ®»

t
0
0

In Table some special subfamilies (9 pieces) of generalized Tribonacci numbers
are given with respect to r, s, t values. Additionally, Table[2]includes several mem-
bers of the family of generalized Tribonacci numbers (38 pieces) regarding both
initial values and r, s, values [1,/12}/13,/15,/16,|19,/20}/36,/40+42,44-54./59,/60,/62].

TABLE 1. A brief classification for generalized Tribonacci numbers

Name {Tn} = {Tn(To,T1,T2;7,5,t)} Recurrence Relation

G. Tribonacci (usual) {n} = {Tn(To,Th,T2;1,1,1)} Gy = Gy 1 + A2 + A3

G. Padovan {9n} = {Tn(Tv,T1,T2;0,1,1)} Y =YGn—2+Gn_3

G. Pell-Padovan {Mn} = {Tn(To,T1,T2;0,2,1)} My = 2Mp—2 + Mp_3

G. T. Pell (S} = {Tu(To, T1, T2:2,1,1)} S =2Fn-1 + Fno + Fn_s

G. T. Jacobsthal {ﬂfn} = {Tn(To,Tl,TQ; 1, 1,2)} In=Zn-1+Zn—o20+2Zn_3
G. Jacobsthal-Padovan  {x,,} = {Tn(T0,T1,7%;0,1,2)} Xn = Xn—2 +2Xn_3

G. Narayana {9} = {Tn(To,T1,T2;1,0,1)} Pp =1 +9%n-3

G. 3-primes {kn} ={Tn(T0,T1,1»;2,3,5)} Kn =2Kp—1 +3Kn—1 +5Kn—3
G. Reverse 3-primes {Vn} ={Tn(T0o,T1,T2;5,3,2)} Vn=5Vy_-1+3V,_1+2V,_3

*G.: Generalized, T.: Third Order
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TABLE 2. Some special cases of generalized Tribonacci numbers

Name {T.} = {T(To,T1,T>;7,s,t)} Recurrence Relation
Tribonacci {4,} ={T,(0,1,1;1,1,1)} A=A, 1 +A, o+ A, 3
Tribonacci-Lucas {Bn} ={Tx(3,1,3;1,1,1)} B,=B,_1+B,-2+B,_3
Tribonacci-Perrin {Cn} ={T.(3,0,2;1,1,1)} C,=Cp_1+Cph_o+Cph_s
M. Tribonacci (Dn} = {Tn(1,1,1;1,1,1)} D, =D, 1+ D, 5+ D,_s
M. Tribonacci-Lucas {E.} ={T,(4,4,10;1,1,1)} E,=FE, 1+FE, s+FE,_3
A. Tribonacci-Lucas {F.}={T,(4,2,0;1,1,1)} F,=F, 1+ F,_ 2+ F,_3
Padovan (Cordonnier) {G,} ={T,(1,1,1;0,1,1)} Gn=Gpno+Gp_3

Perrin {H,} ={T,(3,0,2;0,1,1)} H,=H, -+ H,_3

Van der Laan {I,} ={T.(1,0,1;0,1,1)} I,=1,_o+1, 3
Padovan-Perrin {Jn} ={T,(0,0,1;0,1,1)} Jn = Jp—o + Jp_3

M. Padovan {K,} ={T.(3,1,3;0,1,1)} K,=Ky, 2+ K, _3

A. Padovan {L,}={T,(0,1,0;0,1,1)} L,=L, o+ L, 3
Pell-Padovan {M,} ={T.(1,1,1;0,2,1)} M, =2M,,_o+ M, _3
Pell-Perrin {N.} ={T.(3,0,2;0,2,1)} N, =2Np_2+ Np_3

T. Fibonacci-Pell {O0n} ={T.(1,0,2;0,2,1)} O, =20,_-2+0Oy,_3

T. Lucas-Pell {P,} ={T.(3,0,4;0,2,1)} P,=2P,_ 2+ P,_3

A. Pell-Padovan {R,} ={T7,(0,1,0;0,2,1)} R,=2R,_ 2+ R,_3

T. Pell (S} = {T,,(0,1,2;2,1,1)} Sy =28, 14 S 9+ Sn 3
T. Pell-Lucas {Un} ={Tn(3,2,6;2,1,1)} U,=2U,_1+Up_o+Up,_3
T. modified Pell (V,} = {T,,(0,1,1;2,1,1)} Vi =2V 1+ Voo + Vi3
T. Pell-Perrin {W,} ={T.(3,0,2;2,1,1)} W, =2Wh_1+W,_o+W,_3
T. Jacobsthal {X,n}={T.(0,1,1;1,1,2)} X, =X, 1+X, 2+2X,_3
T. Jacobsthal-Lucas {Y,} ={Tn(2,1,5;1,1,2)} Y, =Y, 1+Y, 2+2Y,_3
M. T. Jacobsthal {Z,} ={T(3,1,3;1,1,2)} Ty =Lnpn1+Zp_o+27Z,_3
T. Jacobsthal-Perrin {Tn} ={T.(3,0,2;1,1,2)} I,=T,_1+T,_2+2I,_3
Jacobsthal-Padovan {x.} ={7.(1,1,1;0,1,2)} Xn = Xn—2 + 2Xn_3
Jacobsthal-Perrin {A,} ={T,(3,0,2;0,1,2)} Ap =20, o+ 2A,_3

A. Jacobsthal-Padovan  {w,} = {7T,(0,1,0;0,1,2)} Wn = Wn_o + 2wWn_3

M. Jacobsthal-Padovan {Q,} = {T}.(3,1,3;0,1,2)} Qn=Q,_2+20,_3
Narayana {¥.} ={T(0,1,1;1,0,1)} ¥y =1 +9p_3
Narayana-Lucas {rn} ={Tx(3,1,1;1,0,1)} Tn = Tn-1+Tn-3
Narayana-Perrin {on} ={T(3,0,2;1,0,1)} Op = 0p_1+0p_3

3-primes {kn} ={T1(0,1,2;2,3,5)} Kn = 2Kp_1+ 3Kkn_2 + Bkn_3
Lucas 3-primes {6} ={T(3,2,10;2,3,5)} 0, =20,_1+30,_9+50,_3
M. 3-primes {vn} ={70(0,1,1;2,3,5)} Y =21+ 3V_2 + 573
Reverse 3-primes {V.}={T,(0,1,5;5,3,2)} Vn=5V,_1+3V,_2+2V,_3
Reverse Lucas 3-primes {A,} = {T,.(3,5,31;5,3,2)} A, =5A,_1+3A,_o+2A,_3
Reverse M. 3-primes {¢6,} ={T0(0,1,4;5,3,2)} G =50, _1+30,_o+2¢,_3

*M.: Modified, A.: Adjusted, T.: Third order
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3. THE BIHYPERBOLIC GENERALIZED TRIBONACCI NUMBERS

In this section, we introduce bihyperbolic generalized Tribonacci numbers (BGTN))
by taking into account several special cases with respect to r, s, t values, and initial
values. Besides, we scrutinize not only classical several properties but also some new
and interesting equations. Then, we support these new results with some numerical
algorithms. Finally, we examine two special cases of BGTA(.

Definition 1. The nth BGTN is defined as:
T =Tn + Tog1jr + Tng2jz + Thysjs, 120 (6)
with the initial values
To =a + bj1 + cj2 + (rc + sb + ta)js,
T1 =b+ cji + (re+ sb+ta)jo + ((r* + s) ¢+ (rs + t) b+ rta) js,
Ty =c+ (re+sb+ta)ji + ((r* +s) c+ (rs + ) b+ rta) j
+ ((7'3 + 2rs —|—t) c+ (rzs + 52+ rt) b+ (7"215 + st) a) 73,

where the rules of ji,j2,j3 are given in Eq. and T, 1is the nth generalized
Tribonacci number given in Eq. .

In the following Definition [2| we give some basic algebraic properties such as;
equality, summation, subtraction, multiplication with a constant (a constant is
a real number), multiplication of any two BGTA(, and also three types principal
conjugations of BGTN(.

Definition 2 (Algebraic Properties). Let T, and Ty, be the nth and mth BGTN,
respectively. Then, the followings are defined:

e Equality:
Tn=Tne Th=Tn Tht1=Tnt1, Tat2=Tnt2, Tnys =Tnys,
e Addition/Subtraction:
Tn £ T =Tn £ T + (Tnt1 £ Tint1) 1t + (Tt £ Ting2)j2 + (Toys £ Tints) s,
o Multiplication by a scalar:
VT, =T, + vl 4151 + VT 42)2 +vT 43753, v ER,
o Multiplication:
TnTm =TT + Thp1Tms1 + Tnv2Tms2 + ThasTmes

+ (TnTong1 + To1 Ton + T2 Ty 3 + Tog3Tint2) 1

+ (T Tmye + Tni1Tinys + Tnp2Ton + Toi3Timg1)j2

+ (T T3 + Tng1Tmg2 + T2 Tong1 + T3 ) js,
by using the rules in Eq. for multiplication.



BIHYPERBOLIC GENERALIZED TRIBONACCI NUMBERS 771

e Principal Conjugates: Also, the following three types principal conjugations of
T, are defined by:

T2 =T+ Tusrjr — Tuvodo — Tusajs,
T = Ty = Tusrjr + Tuvods — Tusajs, (7)
T, = Ty = Tosrjr — Turogo + Tusad-

Now, let us give the recurrence relation of BGTA(.

Theorem 1 (Recurrence Relation). Let T, be the nth BGTN.. Then, the following
recurrence relation is satisfied:

Tn=7rTn_1+8Th_o+tT_3, n>3. (8)
Proof. Using Egs. and @, we complete the proof:
TTp-1+ 8T +tTn3 = 1(Tn-1 + Tpjr + Tng1d2 + Thials)
+8(Tn—2 + Tn-1j1 + Tnje + Tni1J3)
+ (T3 + Th2j1 + Tn1j2 + Tnjs)
=Ty + Ths1J1 + Thi2j2 + Thtsds
— 7,
(Il

In the following, we construct a numerical algorithm (Algorithm [1)) in order to
calculate the nth term of BGTN\ based on the recurrence relation given in Eq. .

Algorithm 1 A numerical algorithm for finding nth term of BGTA

Begin

Input Ty, T; and Ts

Compose T,, with respect to Eq. for every n > 3
Count up T,

Output T, =T, + Thg1J1 + Thtojo + Thtsjs
Complete

With the same logic of Table [T] and Table 2] in Section “Basic Concepts”, we can
also obtain the same classifications and give special cases of BGTA( in the following
Table [3] and Table ] The members of the BGTA{ which are written in Table
can be also classified and expressed in detail linked to Table 2] regarding recurrence
relations and the initial values. For the sake of brevity, the small parts of them
are written in Table d and Table [l for readers to examine. The other members can
be easily observed and examined, as well. The first three initial values for special
cases written in Table [4] are given in Table
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TABLE 3. A brief classification for special cases of BGTN

Name Definition Recurrence Relation

B. G. Tribonacci (usual) h\\.@ = Ay + Gpi1j1 + Dnaojo + Dnisjs h\ b\: 1+ h\: o+ h\: 3

B. G. Padovan Q\w =Y + Y151 + Gnaodo + Gntsds @: = m%: 2+ Q: 3

B. G. Pell-Padovan My = M+ M1 1+ Moo + Moysfs My = 2Mn o+ My s

B. G. T. Pell AM\WH“M\3+"M\:+H,§+p§:+wmw+%:+wb.w »Q:HMFM\: HxT"w\S mLﬁ%\s 3
B. G. T. Jacobsthal P = Zn + Zns1d1 + Znv2j2 + Zntsis mwxz = "mwx: 14+ "mw\: 0+ wmw\z 3
B. G. Jacobsthal-Padovan X, = X, + Xna1J1 + Xni2J2 + Xni3J3 Xn = Xn—2+2Xn_3

B. G. Narayana w: =9, +Pnt1J1 + Fntojo + Fnisis mw = mz 1+ ﬂw: 3

B. G. 3-primes Rn = Kn + Kni1J1 + Knaoja + Kni3js - mmz 1+ wxz 2+ mzz 3
B. G. Reverse 3-primes ~ V,, = V,, + V1)1 + Viiojo + Viisjs  Va =5V, 143V, 2+2V, 3

*B.: Bihyperbolic, G.: Generalized, T.: Third Order

TABLE 4. Some special cases of BGTN

Name Definition Recurrence Relation

B. Tribonacci-Lucas @3 = mS + mwlbw@ + mﬁluwb.w + m3+w,w.w @3 = @SIH -+ @ﬁlw + @SI@

B. Perrin HI\.\: = .m.ﬁ + .m\zlﬁu.m.u + mﬁiwwb.w + .m.3+wb.w Q.mj. = u,mﬁ\m + u.ﬁﬁ\m

B. Pell-Padovan M, =M, + Myi1j1 + Mytojs + My4sjs M,, =2M,,_o +M,,_3

B. T. Pell 8, =S5, + .m.jl.p.? + rm.:._.w.w.m + rm_qi.wuw 8, =28,_1+8,_2+8,_3

B. T. Jacobsthal Xn =X + Xnt171 + Xnr2jo + Xnt3Js X =Xpo1 +Xpa +2X—3

B. Jacobsthal-Padovan MA: = Xn + Xng1J1 + Xng2J2 + Xniads M: = MQTM +mwzlw

B. Z@H@%@E@ \%3 = %3 -+ %Sn_.fw.w + %3+wb.w + %:.Tw.w...w %3 = %:IH + \%3Iw

B. MYUEB@M H.Wz. = Kn + ..Aﬁ;ﬁu.m.u + 23\+m.m.m + 23\+w.m.w \\W:. = MN@\H + WNQ\W\M + @\\mﬁ\”w
B. reverse 3-primes Vo =Vn+Vut1j1 + Vagajo + Vigsgs V,=5V,_14+3V,,_2+2V, 3

*B.: Bihyperbolic, T.: Third Order
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TABLE 5. Initial values of special cases

For n=0 n=1 n=2

B, 34+71+3jo+7j3 14351+ Tjo+ 1153 3+ 751+ 1152 + 2153
He 34272+ 353 271 + 3j2 + 253 2+ 341+ 2j2+ 553
My, 1+j1+72+3j3 1471 +3j2+3J3 14371 +3j2 + 7J3
S8pn J1+2j2+ 553 1+2j1 + 552 + 1353 2 + 551 + 132 + 3353
Xn  J1+J2+2j3 1+ 1+ 2j2 + 553 1+ 251 +5j2 + 953
Xn L1H+ji+Jj2+3js  1+71+3j2+3]s 1+ 3j1 +3j2 + 5543
O J1+J2+ 73 1471+ 752+ 253 1471+ 252+ 353
Ron g1+ 2j2 + 7js 1+ 251 4+ 752 + 2573 24 7791 + 2572 + 8173

Vo  ji45jo+28j3 1+ 5j1 4 28js + 1575 5+ 2871 + 15752 + 87953

Theorem 2. Vn € N, the Binet formula for the BGTN is as follows:

TJ — ﬁm’ffl + E.’Egi‘ig + 537?53 ,
" ($1 *I2)(I1 *1”3) (562 *Il)(l”z *I3) (Igfxl)(ﬂi?)*xz)

where
Ty =14 z1j1 + 27j2 + 235,
Ty = 1+ w1 + 232 + 2373, 9)
T3 =1+ x3j1 + l‘%jg + Igjg.
Here ﬁ,é,g are given in Eq. and T1,T2,x3 are given in FEq. .
Proof. Using Egs. @ and @, we manage to prove:

T - Pa} Ra} Say
n («"El*xz)(@;?ﬁ) (12*901)(922;?1) (!1?3*51/’1)(15;?1)
+ ((wl—gj)l(wl—wz) + (912—21;8)2(912—753) + (ws—zf)s(ws—wz)) g1
+ ((%3(:4> + Wiff”f‘ii,im) + <m3§f§i§§m>) J2
+ ((m—fﬁ:w + (mfffﬁ:fm + (mgfff>g£::fx2>> Js-
Finally, we reach T,, = (mlffﬁfifm) + (mrfﬁf;m) (msfff)%izfm) : O

Theorem 3. The generating function of BGIN is as follows:

> To+ (T1 — rTJ + (Ty — rT1 — sTp) 22
Z‘J’n(gn: 0 ( 1 T 0)£C (22 7"31 S 0)1[,’ ) (10)
= 1—rez—sx?—tx

Proof. Let the following function

G(z) =) Tpa"=To+ Tz +Toa” + ...+ Tz + ...
n=0
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be generating function of T,,. Then, if both sides of this equation are multiplied by
ra, sx?, ta®, the followings are obtained:

reG(z) = rTox + rT12% + rToa® + ...+ rTa™ + .
stG(x) = sTox? + sTia® + sTox* + ...+ sTpa" T2 + ...
te3G(x) = tTox® + tTia* + tTox® + ... + 1T 3 ..

Then, by using Eq. (8], we get:
(1 —rx —s2® —t2®)G(x) = To + (T1 —rT0)x + (T2 — rTy — sTp)2?.

Consequently, we obtain Eq. . O
Theorem 4. The exponential generating function of BGTN is as follows:

> y" ﬁ’flemly EE26$2?J g’fsemsy

> Tnrr= + +

o tnl (- @)(e —wg) (w2 —an)(w2 —ws) (w3 — ) (s — 22)

(see T1,T9 and T3 in Eq. @D)
Proof. By using Eq. , we get:

o0

n!

B i ( Pz R}, Sz} ) y"

0 (1 — @) (21 —23) (22 —21)(22 —23) (w3 — 21)(23 — 22)
> Pz TR Rz}, y"
= —_— + Zz_
T;) (1 — 22)(z1 — x3) n! T;) (o — x1)(z2 — x3) N!
— (x5 — z1)(x3 — 2) N!

_ P, i (z1y)" R, i (w2y)™

(1 — 22) (21 — 23) — nl (z2 — 21) (22 — 23) = nl
S¥s i (z3y)"
(w3 — 21) (w3 — 22) £ 7!
. ﬁ%lexly n éfgexzy " g.%gexsy )
(@1 —@2)(z1 —a3) (w2 —w1)(w2 —x3) (23— 21) (23 — 22)
The proof is completed. O

Thanks to the study [52], we can get the summation formulae for BGTA in the
following theorem. The proof is omitted due to the fact that it can be completed
with mathematical induction, easily.
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Theorem 5. Vm € N, the following summation formulae for BGTN are satisfied:

Tm+3 + (1 - T)TWH-Q + (1 - Tr— 5)777L+1 - K-TQ + (7" - 1)‘-71
m +(r+s—1)Tp
i Tp = ;
(i) nz::() r+s+t—1
(1= 8)Tompa + (t +78)Tomsr + (2 +7t)Tom + (s — 1)T;
oom H(=t—rs) T+ (r2 =2+ rt+2s — 1)T,
i) &g, _ T ) |
n=0 r+s+t—1)(r—-s+t+1)
(r+t)Tomiz + (s — 8% + 12 + rt)Topmer + (t — s1) T,
L +(=r = )T+ (=1 +s+r2+7t)Ty + (=t + st)Tp
(iii) > Topt1 = ;
n=0 (r—s+t+1)(r+s+t—1)

where denominators are not equal to zero.

Particular Case 1. If s = 1, we can get the following summation formulae for
special cases of part (ii) and (iii) of the previous Theorem E

Toms1 +tTom — T1 + 17

a>§;%n=

r+1
m (\T2m+2 + trI2m+1 - {‘TQ + r(‘Tl
.. T . _ ,
(11) nZ::O 2l r4+t

where denominators are not equal to zero.
Thanks to the study |11], we get the following Theorem@

Theorem 6. Vm € N, the following summation property holds for BGTN:

i{I ~ Tmp2+ (L= 7)Tg1 + T 410
n — 5 )
n=0

where

d=r+s+t—1,
A=(r+s—1a+(r—1b—ec
n=A+(A—da)j1 + (A —d(a+b))j2+ (A —(a+b+c))js.



776 N. GURSES, Z. iSBILIR

Proof. Using Eq. (6] and utilizing the Lemma 2.3 on page 6 in the study [11], then
we can complete the proof:

Z Z Ty + Tos1j1 + Tnvajo + Trisds)
=2

+ Z Thi1j1 + Z Thtojga + Z Thy3d3

T2 + (1 — 1) Tmt1 + tTm + A
1|+ T3+ A =7)Thte +tTmrr + A —da) j1
5 + (Tomta+ (1 =) Topgs + tTmy2 + A = (a + b)) j2
+ (Tgs+ (A —1)Tmga +tTizs + A —d(a+b+¢))Js
‘J'm+2—|—(1—7") Tmi1 +1Tm 41
)
We get the desired result. O

Theorem 7. Vn € N, the following properties are satisfied:

(1) Tn + ﬁnh = 2(Tn + Tn—i—ljl),
(i) Tp +Tn"" = 2(T + Thyssio)-

Proof. (i) Using Eqs. @ and , the proof is completed as:
T +Tn”" =T + Tgrdr + Togo + Tnssds + Tn + Tngrt — Tnaoge — Thaslis
=2(Ty + Tns1J1)-

By the same way, the other parts can be obtained. (Il

Theorem 8. Vn € N, the following property holds:
Tn = Tnt1d1 — Tnv2d2 — Tnsfs =Tn — Tnya — Tova + Thye — 2Tn4373.
Proof. Using Egs. @ and , we have:

Tn — Tnt1J1 — Tnt2j2 — Tntsds =Tn + Tht1j1 + Tnyoje + Thisgs
— (Thy1 + Togagt + Tngsje + Tnyads)in
= (Tot2 + Tagsjn + Tngadz + Tntsjz)
— (Tng3 + Togaji + Togsiz + Tnyedz)is
=Ty —Thi2 — Thta+ Thive — 2Tni3J3-

Hence, this proof is completed. (I
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Theorem 9. Vn € ZT, the following is obtained:

n

Tnt2 r s t T
Tn+1 = 1 0 O T
Tn 01 0 To

Proof. The proof can be conducted by mathematical induction, therefore we omit
it. O

By inspiring the study [32], we present the following determinant equation for
BGTN which enables a different way to find the nth term.

Theorem 10. Vn € N, the following equation holds:

Jo —1 0 0 0 0 0
J37 0 -1 0 O 0 O
Jo 0 0 -1 0 0 O
0 ¢ S r -1 0 0
Tn = (11)
o o 0 o0 o0 r -1
0 O 0 0 0 TS T Ly x(nt)
Proof. Tt can be proved by using Eq. and Theorem 5 on page 5 in [32]. |

In the following, we construct a numerical algorithm (Algorithm [2]) with respect
to the determinant equation given by Theorem

Algorithm 2 A numerical algorithm for finding nth term of BGTA

1: Begin

2: Input Ty, T and Ty

3: Form T, with respect to Eq.

4: Compute T,

5: Output T,, = T}, + Tq11 + Thgojo + Thisjs
6: Complete

Also, thanks to the study [16] and [14], we get the other method which can be
examined in Theorem [[1] in order to calculate the nth terms of BGTN.
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Theorem 11. Vn € N, the following equation s satisfied:

To 1 0 0 0 0 0 0
1
rJo — T T — 0 0 0 0 O
Jo
0 rTy—To 1 t 0 0 0 0
0 To —g roto0 0 0
Tn = 1 S
0 0 - — 7 t ... 0 0
t t
0 0 0 0 0 0 r t
0 0 0 0 0 0 2y
t (n+1)x (n+1)
o (12)
where Ty ?0]15'0]2?0]3 #0 andt #0.
Proof. For the sake of brevity, we also skip this proof. O

Now, let us give a numerical algorithm in the following (Algorithm related to
the Theorem [l

Algorithm 3 A numerical algorithm for finding nth term of BGTA

1: Begin

2: Input Ty, T7 and Ty

3: Form 7, according to Eq.

4: Compute T,

5: Output Tn =T, + Tn+1j1 + Tn+2j2 + Tn+3j3
6: Complete

According to the Theorem [} Theorem [I1] we can get the following two corollaries
consisting of several features for bihyperbolic Tribonacci numbers and bihyperbolic
Padovan numbers, respectively. With the same logic, these concepts are also valid
for the other BGTA\_ which are not need to be written here for the sake of brevity
(see subfamilies in Table [3|and a small part of them in Table .

Corollary 1. Let consider the nth bihyperbolic Tribonacci number A, with the
initial values

Ao = j1+ j2 + 273,

A =1+ 71 + 22 + 453,

Az =1+ 251 + 452 + Tj3.
Then the followings hold:
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(i) The recurrence relation for A, is as:
Ap=A, 1+ An o+Ar_3, n>3.
(ii) The Binet formula of A,, is as:
2 e, o

(w1 —22) (w1 —23) | (w2 —21)(22 — 73) (w3 — 71) (253 — 72)

A, =

(iii) The generating function of A, is as:

> n Ao+ (A1 — Aoz + (A2 — Ay — Ag)z?
ZA”x = 2 3 '
= l—ax—2%—2x

(iv) The exponential generating function of A, is as:

oo ~ -~ ~ -
" T1T1e%Y ToToe®2Y T3T3e%3Y

Yy — .
2 ) w) | Gr e 7))o 1)

(v) Vm € N, the summation formulae for A, are satisfied:

o > An=3(Amis — Amy1 — Az + Ao),

o > A = 3(Azmi1 + Az — A1 + Ag),

o Y Aony1 = 2(Asmz + Asmpr — Az + Aj).

n=0

(vi) Ym € N, the following summation property holds for A, :

iﬂ _ Amgz +Am + (=1 -1 — 3j2 — 5js)
" 2
n=0

(vii) The following properties are derived:

o A, + ﬁn]1 = 2(An + An+1j1)a

o A, + ﬁn]2 = Q(An + An+2j2)a

o A, + ans = Q(An =+ An+3j2).
(viii) The following property for A, is supplied as:

An = Ant11 — Ang2j2 — Antsiz =An — Apgo — Apa + Ange — 2A501373.

(ix) The following property for A, is maintained as:

N 11 1\"/ Ay
Anr | =11 00 Ay
Ay, 010 Ao
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(x) The following equation for A, holds as:

Ag =1 0 0 0 0 0
Al 0 -1 0 0 0 0
A, 0 0 —1 0 0 0
o 1 1 1 -1 0 0
A, =
o 0 0 0 0 .1 -1
o 0 0 0 0 .1 1

(n+1)Xx(n+1)

(xi) Since the value of Ay flojlﬁojzﬁojs s zero, we cannot construct the method
with respect to the determinant equation for the bihyperbolic Tribonacci
numbers given in Eq. written in the Theorem .

Now, let us present an example with respect to the method given in part (x) of
Corollary |1} Consider n = 7 and let us calculate the 7th term of the BGTA:

Ao -1 0 0 0 0 0 0

A 0 -1 0 0 0 0 0

Ay 0 0o -1 0 0 0 0

01T TSl 000, g = Ay
0 O 0 1 1 1 -1 0

0 O 0 0 1 1 1 -1

0 0 0 0 0 1 1 1 |,

Corollary 2. Let consider the nth bihyperbolic Padovan number G,, with the initial
values

So =1+ j1+j2 + 273,
S1 =1+ j1+ 252 + 23,
G2 =1+ 241 + 252 + 3j3.
Then, the followings hold:
(i) The recurrence relation for G, is as:
9n = Gn—2+9n—3, n=>3.
(ii) The Binet formula of G,, is as:
(w2 = D(xs = Day@r | (z1 —1)(23 — Dafas | (21 — D)2 — Dafzs
(x1 — x2) (21 — 23) (2 — 21)(22 — 23) (3 — x1) (23 — 22)

(iil) The generating function of G, is as:

9n:

1—22—23

i G 2" = So+ G1z + (G2 — 90)362 )
n=0
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(iv) The exponential generating function of G, is as:

- y" (w2 = V(w3 — D7e™ | (21 — 1) (23 — 1)@2e™Y
;971 n! (x1 — x9)(z) — 3) (22 — 71) (w2 — 3)
(1 — 1)(x2 — 1)T3€™3Y '

" (z3 — 1) (73 — T2)

(v) Vm € N, the summation formulae for G, are satisfied:
® > 50 =SGm3+ Gms+2— 92— 91,
n=0
® > 920 = 2m+1 + G2m — 91,
n=0

m
® > Sont1 = G2mt2 + G2m+1 — o
n=0

(vi) Ym € N, the following summation property holds for G, :

m

> Gn=Smi2+ Gmi1 + Gm + (=2 — 351 — 4ja — 5ja).
n=0

(vil) The following properties for Gy are derived:
© 5u+5," =2(Gn+ Gnirin),
® G+, =2(Gn + Gnyajo),
® G+ 5" = 2Gn + Gnisio)-

(viii) The following property for G, is supplied:

971 - 9n+1j1 - 9n+2j2 - 9n+3j3 :Gn - Gn+2 - Gn+4 + Gn+6 - 29n+3j3~

(ix) The following property for G, is maintained as:

n

Gnt2 011 9o
Gnt1 | = 1 0 O 91
Gn 010 Yo
(x) The following equality for G, holds:

9% -1 0 0 0 0 0

9 0 -1 0 0 0 0

G 0 0 -1 0 0 0

0 1 1 0 -1 0 O

9n =

0 0 0 0 0 0 -1

0 0 0 0 0 1 0

(n+1)x(n+1)
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(xi) The following equation for G, is satisfied:

So 1 0 0 0 0
1
-G 0 — 0 0 0
S0
0 -G 0 1 0 0
G, —| 0 S —1 0 0 0 7
0 0 1 -1 0 O
0 0 0 0 0 1
0 0 0 0 10 e psy

where Gg §0j1§0j2§0j3 =5#£0.

Let us give an example with respect to the method given in part (xi) of Corollary
Consider n = 3, and let us calculate the 3th term of the BGTA(:

S 1 0 0
1

9 0o O 995 43y + 44y = G

0 -G 0 1

0 S -1 0.,

4. CONCLUSIONS

In this present study, we introduce the BGTA[ by examining several well-known
relations and identities. By putting this theory into literature, we have an extended
framework for third-order linear recurrence sequences with bihyperbolic number
components.

For future works, let us make a brief introduction associated with the topic:
quaternions with BGTA( components. Quaternions were defined by W. R. Hamil-
ton [23}/24], and the algebra of quaternions is associative, non-commutative, and
4-dimensional Clifford algebra. Quaternions have huge significance in lots of areas
such as; pure/applied mathematics, motion geometry, differential geometry, graph
theory, differential equations, computer animation, robotics, and so on. A quater-
nion is represented by ¢ = qo + q1% + ¢27 + g3k where qo, g1, q2,93 € R and i, j, k are
quaternionic units which satisfy:

iP=—1,2=-1,k*=—-1,ij=—ji=k, jk=—kj=i ki=—ik=j4. (13)
Hence, the nth quaternion with BGTA components can be defined as:

T, =7, + (‘TnJrli + (‘TnJer + Tn+3k7 n=>0
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with the initial conditions Ty, T1 and Ty considering Eq. . As an illustration
Ty =a + bj1 + cja + (rc+ sb+ ta)js
L b—|—cj1+(7'c—|—sb—|—ta)j2—|—[(7’2—1-5)0 ;
+ (rs+1t)b+rta] js
c+ (re+ sb+ta) j1
+[(r? +5) c+ (rs+t) b+ rtal jo

+ Jr_ (r3+2rs+t)c+(r2$+s2+rt)b . J
|+ (P2t +st)a I3
re+ sb+ta+ [(r? +s) c+ (rs+t)b+rta) jr
+_ (r3+2rs+t)c+(r2s+s2+rt)b .
n L —|—(r2t—|—st)a J2 i
I (r3t—|—2$tr—|—t2)a '
+ | + r3s+r2t+232r+25t)b J3
| + r4+3r2s+82+2tr)c

Additionally, the recurrence relation T,, = rT,,_1 + sT,,_o + tT,,_3, n > 3 holds
for T,,. So, quaternions with several members of BGTNA components can be easily
understood by taking into account Table [3] and Table [

As an another aspect, the type of quaternion can also be changed in line with this
objective, for instance generalized quaternion case. Additionally, with the guidance
of the study [57], combining 3-parameter generalized quaternions (as a special gen-
eralization of 2-parameter generalized quaternions) with Tribonacci numbers and
bihyperbolic number are our another forthcoming goals. We intend to examine
these topics exhaustively in future works.
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APPROXIMATION PROPERTIES OF THE UNIVARIATE AND
BIVARIATE BERNSTEIN-STANCU OPERATORS OF
MAX-PRODUCT KIND
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ABSTRACT. This paper presents the nonlinear maximum product type of uni-
variate and bivariate Bernstein—Stancu operators and uses new definitions to
investigate the approximation properties. The order of approximation ob-
tained with the nonlinear maximum product type of operator sequences would
be better than the degree of approximation of the known linear operator se-
quences.

1. INTRODUCTION

In 1969, Stancu [3] introduced the Bernstein-Stancu polynomials as follows

B(f;2) Zf (ﬁi;) ( )xk(l—x>’“, (1)

where n € N, f € C[0, 1], which is the space of all real valued continuous functions
defined on [0, 1], real numbers « and 8 are fixed, indicating that 0 < o < 5. The
classical Bernstein polynomials are obtained in the condition o = 8 = 0.

The approximation of a continuous function by a series of linear positive opera-
tors is the main topic of Korovkin-type approximation theory (see [1], [2], |18]- [21]).
Recently, Bede et al., [4] have introduced nonlinear positive operators in place of
linear positive operators. Bede et al., introduced the max-product version of fami-
lies of linear approximation operators (see 7], [§]), which generated a new field of
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approximation theory. Up to now researchers have investigated and explored many
aspects of max product operators (see [13]- [17]). It is concluded that they have
an even better order of approximation for certain subclasses of functions and the
same order as in the case of positive linear operators.

Lemma 1. ( [5]) Let I C R be a bounded or unbounded interval, CBy(I) be
the space of real valued continuous and bounded functions defined on I, and Ly, :
CBy(I) - CBy(I), n € N be a sequence of operators satisfying the next require-
ments:

(i) (Monotonicity) If f,g € CBy(I) provide f < g then L,(f) < L,(g) for all
neN;

(ii) (Sublinearity) For all f,g € CB(I) L,(f +¢g) < Lo(f) + Ln(g) -

In [11], the function of two real variables function f be given over the unit square
s :10,1][0,1] then the bivariate Bernstein polynomial of degree (n,m), correspond-
ing to the function f, is defined by means of the formula

B ()@ 9) = > pri(@)pm.; () f(i/n, j/m).

i=0 j=0
The square interval of bivariate Bernstein polynomials connected to a function of
f(z,y) given by

m

B (N)@,9) =53 b @) ()£ i/, j /m)

i=0 j=0
im0 22 je0 Pri(@)Pm.; () £ (i/n, j/m)
Z?:o Z:;rL:O Pni(T)Pm,j (Y) 7

where f:[0,1] x [0,1] = R, (z,y) € [0,1]%, n,m € N (see Hildebrandt—Schoenberg
[9], Butzer [10]). Also, in [6] max-product Bernstein operators of two variables
defined by

B (H)(z,y) =

Vico Vo Pri(@)pm,;(y) f(i/n, j/m)
\/?:0 \/;n:() Pr,i(2)Pm,j (Y)

In this work, we study the max-product Bernstein-Stancu operators. Firstly,
we give the definition of the bivariate Bernstein-Stancu max product operators
and investigate approximation properties of these operators. Then, the bivariate
Bernstein-Stancu max product operators will be defined and approximation prop-
erties for bivariate Bernstein-Stancu max product operators will be investigated.

, (z,y) €10,1)*,n,m € N.
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2. CONSTRUCTION OF THE BERNSTEIN-STANCU OPERATORS OF
MAaX-PropucT KIND AND THE APPROXIMATION PROPERTIES

We describe the max-product type nonlinear Bernstein-Stancu operators as fol-
lows

z
m\io Pam (@)K ( 7::(5)

v P ()
m=0

with p. o (z) = (7)2™(1 — 2)>~™ where £ : [0,1] = R", z € [0,1] ; p,f € R"
0<p<Band

8
s

3

&
!

,2€N (2)

1 J—
z+0
Here, PZ(M)(/{; x) is positive and continuous on [0, 1] for the continuous function
(see |12]). We also know that for Vz € N, PZ(M)(/{;()) — #(0) = 0 and the following
definitions will be given for the arbitrary 0 < x < 1.

Now, the approximation rate will be calculated with the help of the modulus
of continuity for maximum product type Bernstein-Stancu operators. To prove
the main results, we need the following notations and auxiliary results. For each

m,w € {0,1,...,z} and = € [ w@tp w+p+1} ,2€ Nand 0 < p <06, let us indicate

lim, 0o

z+0+1 z4+6+1

+
Ny 2 w(fE) = pz,m(x) 1:+9p _ I| Nm,z w(il:) = 72,771(55) .
o Pz, (2) , H Pz (@)

Let m,w € {0,1,...,z}, = € [Z?_;fl, f_:gpj_'ll] ,2 € Nand for p,§ € RT, we have

0 < p < 0. Hence, it is obvious that
pz’m(z)(%fx)
pz,w(x) ’
m+p

ii. if m <w—1then Ny, »o(z) = %'

Additionally, for each m,w € {0,1,...,z}, = € Li’;‘fl, :"iepjll ,z € N and for
p,0 € RT, we get 0 < p < 6. Let us indicate

i. If w+1<m then Ny, . o(z) =

Pem (@) (Fiafs —)
Pz, () ’
m+p

ii. if m <w—2then N (:c):w

—_m,z, @ pz,w(l’)

i. If w+2<m, then Ny, (x) =

z4+60+17 z4+60+1

i Ifw+2<m, then Np > o(®) < Nypzow (%) <3Ny s ().
ii. If m < w — 2, then Ny, . »(z) <N () < 6Nz ().

==m,z, @

Lemma 2. Let x € [ w@tp w+p+1} and for all m,w € {0,1,..., 2},
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+
Nooow () _ 530 —

Proof. (i) This inequality Ny, » (%) < N2 (2) is immediate. Besides,

T m+p _ w+p
z+6 < z+0 z+60+1

N - m+ - m+

Noow(@) | 22l — g ke

_ wtptl
z+0+1 z+0+1
mz+mb+m+p—zw— 0w

(z+0)(m—w—1)

IN

< MZw p <3
“Tm-—w—-1+0)m—-w—-1) ~
which proves (i).
(4i) The inequality Np, . o(7) < N, . () is immediate. Also
m—+ w+p+1 m—+
MWL,Z,W(:E) _ r - z+9—£1 < z+£+1 - z+0—i/-)1
= tp = =t +
Ninz,w(T) T — Z.(f z+0—£1 - 7:-wp
0+ 1) (w+p+1—m—p)
(z+0)(@+p-—m—p)—m=—p
(z+0+1)(w+1—m)
(z+0)(w+p—m—p—-1)
2zt 0+1 w+1-m 2w+1—m
2460 w—m—-1""w-m-1
1
—2(14 o) <0
w—m-—1
Therefore, we get the following inequality
Nm72’7w(x) S Em,z,w(x) S 6N’m727w(m)7
and it is the proof of the lemma. O
Lemma 3. For all m,w € {0,1,...,2} and x € [Zf;rfl, fie"ill} , we have
nm,z,w(x) <1
Proof. We have two states 1)w < m, 2)m < w
1)It is obvious that the function g(z) = 1= is nonincreasing on x € [zf;fl , fiepj:]
it means that
() _ m+1.1 —r_ m+ 1'1 - L;’_’;l -1
Nmt1zw(T) z—m x ~ z2—m %";‘1 =7
which implies that

.. < n7n+2,z,w(x) < nm—&-l,z,w(x) < nm,z,w(m>-
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2)For m < w, we obtain

Nmew(®)  z—m+1 x S F=mAl f:é) .
nm—l,z,w(gj) m 11—z~ m l—fiep -

which immediately implies
10,2, () < oo < Np—22.0(2) < N1 2,0(2) < Ny 2,0 ()

Since for Vm, ¢ € {1,2, ..., 2}, 2 () = 1 the conclusion of the lemma is obvious.
[l

Lemma 4. Let x € [zf(;:’_)l, f:é’j_’ll} ,2€Nuwep,0 eRT 0<p <0 olmak tizere,

i) If m € {w+2,@w+3,....2— 1} is such that @ < (m + p) —/m+p+1,
then Npi1,2.0(%) < N o o (2).
i) Ifm € {1,2,...,w—2} is such that (m-+p)+y/m +p < @, then N, 4 , (v) <

ﬁ7n,z,w($)'
Proof. (i) We observe that
Nm,z,w(x) _ m+P+1 1_1' zr-ﬁ;-fl -
Nm""l’sz(x) Z+9_m_p x T:—‘i_;:ll 71'.
mtp o .
Since the function (z) = 1=£. 22— s nonincreasing on [0, 1], it means that
ot %
w+p+1 z40—w—pm+p—w—p—1 z4+0—-w—pm—-—w-1
P(z) = P( ) = = ,
z+0+1 w+p+1 m_+p—w—p w+p+1 m— w
for all z € [zigfl, frepill, . Then since the contidion w < (m+p) —/m+p+1
implies
(m+p+)(m+p-—w—p—1)2(@+p+1)(m+p—w—p),
(m+p+1)(m—-—w-1)2(@+p+1)(m-w),
we obtain

Nm,z,w(x) > m+p+1 z+0—-w—p m—w-—1

— . . > 1.
Not1ow(@) ~2+0—m—p w+p+1 m—w
(ii) We observe that
N ow() :z+9—m—p+1 x x_ZT;fl
Mm+1,Z,w($) m+p 11—z z— 7::917-:11
__m+tp
Since the function g(z) = 1’7"’“’75_ ;}2{,} is nondecreasing on [0, 1] it means that

wtp \ w+p w—m w+p  wtp+l :
9(x) > 9(55H) = P gy e 1 forallz € | oy, T } . Then,since the
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condition (m+ p)++/m + p < w+ p implies (w+p)(w—m) > (m—p)(w—m—1),
we obtain

Mm,z,w(x) >Z+9—m—p+1 w+p o —m .-
N1 2w(@) ~ m+p 240+l —-w—pw—m+1 ="
which proves the lemma. 0

Lemma 5. We have
: w+p wH+p+1
z,m —Prw VV € 5 s S 071,...,
,,!Op’ (@) = Pw(a), Vo z+0+1 z+0—|—1} @ € { z}

which p, m(z) = CTae™(1 —z)*~™.

Proof. Firstly, we demonstrate that for fixed z € Nand 0 < m+p<m+p+1< z,
we have

w+p+1
24+0+1]"

0 <prms1(®) < pom(x) if and only if v € [0,
Actually, the inequality one reduces to
0 < (m’j— 1>xm+1(1 o x)zfmfl < (;)xm(l o ;L')Z —m,

which, after being simplified, is equivalent to

o<e (o) ()] = ()

Regarding the equality (mj_l) + ( - ) = (;:_11), The inequality mentioned above
straight away equals 0 < z < % Using m = 0, ..., z in the inequality that was

just demonstrated above, we obtain

Pz p+1(2) <p2p(x), if and only if = € [0, zJpr_;Ulrl} ,

Pzpt2(x) <Pz pt1(x), if and only if x € [07 ,zi—;jl} )

Pz,p+3(%) <Pz pt2(), if and only if z € {0, Zf_:i} )
so on,

Pzm+1(x) < poom(z), if and only if z € {0, M} ,
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SO on,

[ 2z+0—2]

z,z— <zz— 7'f d 1 f 077 )

Pzz—2(x) <ps .—3(z), if and only i :L'G_ Py

[ z4+60—-1]

22— <zz— 7.f d 1 f Oai )

Pz.2-1(%) <ps ,—2(z), if and only i xe_ 2011

o, 2+0 ]
| z2+0+1]

Dz.2(x) <p, .—1(x), if and only if z €
From all these inequalities, we easily get:

r 1
Itz e |0, LT

_ ,W} , then p. oy p(2) < p.p(x), forallm=0,..., 2,

p+1 p+2

Ifx e i 1] , then p. yp(2) < p.pyi(z), forallm =0, ..., 2,
[ p+2 p+3

Ifx e [ Ry 1] , then p. yyp(2) < pspyo(z), forallm =0, ..., 2,

and so on finally

p+=z
24+0+1°
that proves the lemma. O

ifze { 1} then p, m(z) < p,.(x), for all m =0, ..., 2,

Theorem 1. Let x: [0,1] — [0,1], &, be a continuous function on [0,1]. Then, we
obtain

EVZERAD!
Here, wi(k,d) = sup(|x(x) — k(t)| : x,t € [0,1], |x — t] < 6).

PO (1) () — ()] < 1201 (n ”””) @ €[0,1],¥n e N.

Proof. Checking that the max-product Bernstein-Stancu operators satisfy the re-
quirements in Lemma [I]is easy.
1
PAD(@) = wle)] < (14 5 PO (2) @) wasid) 0

which g, (t) = |t — z|. So, it is enough to estimate

m+p _
ZH0+1 z‘

z
V pem(2)k
m=0

E.(x) = P"(0)(z) = g
\iopz,m(x)
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Let x € ijfl, fi@pill} where @ € {0, 1, ..., z} is fixed, arbitrary. By Lemma

we easily obtain

z4+04+1" z24+60+1

Now, we can assume w = 0,1, ..., 2, since simple calculation for w = 0 shows that

1
B) = s (Nl € | S0, T

in this case we get E,(z) < ﬁ , s 37T
upper estimate for each Ny, . (z) must still be obtained, when m = 0,1, ... and

e |2 w+”+1} . Actually, we will demonstrate that

z4+0+4+17 z4+60+1
vr+p
6——— 5
FERE (5)

for all z € [O #] Consequently, an

Npzw(z) <

which immediately implies that

VT +p 1
EZ <677 077 b
(z) < z+0+1 re z+60+1

z+0+1
demonstrate , we consider the subsequent circumstances: i)m € {w—1,w, w+1};

iiym > w+ 2 and iii)m < w — 2
Case i). If m = w, then Ny, »(x) =
means that Ny » o (z) < ZJF}TH.

Ifm=w+1, then Noy1 .o(T) = Not1,2,0(T) (%";‘1 — x) . Since by Lemma
wtptl  wtp

and taking 6, = 652 in @) we immediately get the estimate in the statement. To

w+p
z+6

z+0+17 z+6+1

7:17‘. Since z € [ @tp w+”+1] it

we have N 1 2. (%) < 1, we obtain Ny 41, o (z) < ZH2EL 5 <

3 z+6 — z+60 z+0+1 —
z+60+1"
_ _ wtp—1 w+p+1
If m = w—1, then Np_1,0() = Nep—1,2,0(2) (m— e ) < Zhedl
w+p—1 2
z+0 — z+6+1

Case ii). Subcase a) Suppose first that m + vm + 1 < @, we get
~ m+p m+p
N 2o (T) = N 2,0 () (z—k&ﬂ—l — a:) < Tro+1 x
mtp _ @hp _ mtp  m+Vm+l
Tz+0+1 z+04+17 z4+0+1 z+0+1
_ VmFT _ 1
24+0+1 " 210+ 1

Subcase b) Assume that m —+/m + 1 > w. Since the function 9(z) =z —+vz + 1
is nondecreasing on x € [0, 1] it follows that there exists m € {0, ..., z},of maximum
value, such that m—+/m + 1 < w. Then for my = m+1 we obtain m; —y/m + 1 >
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w and

m+p+1 m+p+1
Nﬁzw == m,z, A, 1 =~ = A 4
2wo(®) = 1, (z)<z+9+1 :1:) z+0+1

<m+p+17 w+p <m+p+1 m—vm+1

T z+0+1 z4+0+1 7 z40+1 z+0+1
_vm+1+1 < 2
z2+0+1 ~ Vz+0+1
Also, we have my; > w + 2. Indeed, this is a consequence of the fact that 1 is
nondecreasing on the interval 67[0, 1] and because it is easy to see that J(w+1) <
w. By Lemma it follows that Nat1 2 0(2) > Nmyo . w(@) > ... > N, o We
thus obtain Ny, o (z) = \/ﬁ for azly m € {m+1,m+2,...,z}. Therefore, in
both subcases, we get Ny, » o (x) < T
Case iii). Subcase a) Assume first that m + /m > w. Then we get

m+p
N = Nm. 2w - —
N o o) = (x)(x HQH)

. m+p wtpt+tl m+p
- z+0+17 z460+1 z+0+1
<m+\/ﬁ+p+1_ m+p
z+0+1 z+0+1
7\/ﬁ+p+1< 2
T oz40+1 T z+0+1
Subcase b) Assume now that m + /m < w. Let m € {0, ..., 2z} be the minimum
value such that m — \/m < w. Then my = m — 1 satisfies mp — /mz > @ and

m+p—1
M) =) (- 21)

N

z+0+1
m+p+1l wH+p+l m+p-1
X — <

z+0+1 — z+0+1 z4+0+1
m+x/m_m+p*1_\/@+2+p< 3
z4+0+1 z4+0+1 24+0+1 — \z+0+1
Additionally, since in this case we have w > 2 it is immediate that mo > w — 2.

IN

By LemmaEI, it follows that ﬂm—l,z,w(x) > ﬂm_Q’ZW(x) > . 2 Ny, o We
. 3 + +p+1
obtain NV, . _(x) < W sy for z € Zfe_fl, f+9p+1 and for any m < w — 2. In

both subcases, we get N, » o (2) < \/%.
As a result, by collecting all the predictions in the above cases and subcases, we
easily obtain the relation that completes the proof.
O
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3. NONLINEAR MAX-PRODUCT TYPE BIVARIATE BERNSTEIN-STANCU
OPERATORS

We introduce nonlinear bivariate Bernstein-Stancu operators of max-product
type in this section.

Let us  : [0,1] x [0,1] = RT be a continuous function and for k = 1,2, p,,0) €
R,, with 0 < p, < 60 . Then the nonlinear maximum product type of bivariate
Bernstein-Stancu operators is defined as follows:

z h .
+ +
V pene) Voonso)n (258 £

Pz(%)wwk (k:x,y) = . - , (6)
V pem(@) V pui(y)
m=0 j=0
with ‘
Pzm (@) = CT'2™(1 — 2)*~™ and ph ;(y) = Chy’ (1 —y)" 7, (7)

w+p, w+p,+1 Lt+pg t+pot1
for all z,y € L+01+1, 10T 0T hroT1 | @t € N.

The subsequent sections provide an error estimate the nonlinear maximum prod-
uct type of bivariate Bernstein-Stancu operators in terms of modulus of continuity,

along with some features of the PZ(]Z[ZD operators.
STk
We require the following notations and auxiliary results for the main result
proofs. Now, some definitions for the  and y variables and lemmas will be given.

; + +py+1
For each m = {0,1,...,z}, 7 = {0,1,...,h} and z,y € 2301&17Z+0/)11+1 X

} , w,t € N, let us denote

t+py  ttpotl
h+05+1° h+05+1

m+p
N (x) N pz7m(l‘)| z+911 - SC| n (ZL') o z,m('r)
m,z,w — ’ m,z, ™ -
Pz () Pz ()
j+po
ph,j(y)|2+9 — 1 (Y)
Nin.(y) = S ngaa(y) =
Hnt Ph.(y) it Ph(y)

wtp,  wtp+l ttpy  ttpotl _
Let z,y € [z+91+1, Z+91+1} X [h+92+1, mrerr| o @t € Nym={0,1,.., 2},

i =10,1,..,h}, and for k = 1,2, p.,0, € Ry, with 0 < p;, < 0. Hence, it is
obvious that

. Pz,m(w)(”;irepl —l‘)
) If @ +1 < m, then Ny . () = =" —E8—,
B Pzm(x)(z— Ti;l)
i) It m <@ —1, then Ny - (1) = ———5,
) (itez
iii) If t +1 < j, then Nj,,(y) = %W
. "’ _ Jtp2
iv) If j < —1, then Nj,.(y) = %@;W
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i3 wtp,  wtp+1 ttpo t+py+1 —
Additionally, let x,y € |:Z+01+1’ Z+91+1} X {h+92+1, reTT| 0 Tt € N, m =

{0,1,...,2}, 7 ={0,1,...,h}, and for k = 1,2, p,, 0 € Ry, with 0 < p;, < 0. Then,
we can denote

m+pq
Pem ()T —
anzw(‘r): Zlm( )( Z+01+1),f0rm§w—2
- Pz, ()
J+ps
phj(y)(y — ,
Njn.(y) = 1) h+02+1),f01‘j§[,—2
51, ph,L(y)

w—+py w+p;+1 L+po t+pot1
Lemma 6. Let x,y € 00T 23057 | X | FF0,5T hreotT

k=1,2, ps, 0k € Ry, with 0 < p;, < 0.
i) Forallm,w ={0,1,...,2} and w+2 < m, we have Ny, » (7)) < Ny 2 () <

} , w,t € N, and for

3N 2 w(T).

ii) For all j,. = {0,1,....;h} and . +2 < j, we have Njp,(y) < Njp,(y) <
3Nj,h,b(y)'

iii) Forallm,w = {0,1,...,z} andm < w—2, we have Ny, . () < N, . (7) <
6N 2 ()

iv) For all j,o = {0,1,...,h} and ¢+ +2 < j, we have j < ¢+ —2, Njp . (y) <
Np (y) <6N;n.(y)

The proof is in a similar way to the univariate given in Lemma

Lemma 7. Forallm,w ={0,1,....2}, 5,0 ={0,1,....,h} and z,y € [%ﬂl, 1::(511:11 X

[ t+py  ttpatl

g h+92+1} , we have

Moo () < 1 and () < 1. (8)
The proof is in a similar way to the univariate given in Lemma [3}

Lemma 8. Let p, .,(x) and py ;(y) defined as given in @) Then we have

z h
\ pem (@) \ Phs(y) = P2 ()-pn(v),
m=0 7=0

2 w+p,  wtpi+1 t+p t+py+1 _
for all z,y € [0,1)%ve (z,y) € [Z+91+117 Z+911+1} X [hwzil’ h+92+1}’ w=0,..z
t=0,..h.
z h
Proof. Since we have \/ p.m(xz) >0, \ pu;(y) > 0 for all z,y € [0,1] Firstly,
m=0 7=0
we claim that for w =0, ...2,¢ =0, ...h, we have
0 § pz,m+l($) S pz,m(z)a
0 < pnj+1(y) < puj(Y),
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ifand only if x € [0, fiepllill} andy € {O, ;;:;22111} . Writing the following inequality

is simple:

z z
< w+1 1 _ z—w—1 < w 1 _ z—T0
0< (L3, )e=rtama=t < (2 )am -

h h
< t+1 1— h——1 - ‘1 — h—t
0<L+1>y (1-y) ={,)vl-y

and after simplifcation,

o<v|(, 1)+ ()] < (0
- t+1 2 —\
From the equality (wil) + (;) = (;111), we get 0 <z < fjgfill, 0<y< ;Lipezill
Also, denoting
Amzw(x) = IM - (m) ( - ) ’ (9)
” Paw(®)  (Z) \1-=

4 o) )y VT
AW =)~ ) < > ’ 10)

so, we can write Ay, . o i h. (T, Y) = Am 2 w(@). A h,.(y). Therefore, we can use the
following formula to prove the approximation results

z h .
M m+p, jtp
P52 = NV oAl (P A0 ) )

m=0j=0

w+py w+p+1 t+po t+pot1 _ _
for all (z,y) € [Z+01+1, o } X {h+92+1’ mrgr| @=0,..2,0=0,..h.

It easily follows that we can write

2,h, @,k 2, Wk, |* hyik,y

where, if ' = F(z,y) then the notations PZ(Af)(F) means that the univariate max-

product Bernstein operator PZ(M) (F) is applied to F' considered as function of x

while Pz(,]\j) (F') means that the univariate max-product Bernstein operator P (F)
is applied to F' considered as function of y. In other words, the bivariate max-
product Bernstein operators are tensor products of the univariate max- product

Bernstein operators.
O

Definition 1. Suppose that k : I : [0,1] x [0,1] — R olmak 1izere,

(i) Let for all y,z,x + ¢ € [0,1],¢ > 0, s(z + ¢,y) — K(z,y) = O(resp., < 0).
Then, the function k is increasing with respect to x on I (resp., decreasing).
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(ii) Let for all z,y,y +® € [0,1],® > 0, x(z,y + @) — s(z,y) > O(resp., < 0).
Ten, the function k is increasing with respect to y on I (resp., decreasing).

(iii) Let for allz,x+¢,y,y+® € [0,1], 9, ® > 0 Ask(z,y) = k(z+phi,y+ ) —
k(z,y + @) — k(z + ¢,y) + k(z,y) > 0(resp., < 0) Ten, the function k is
upper bidimensional monotone on I (resp., lower bidimensional monotone).
(Bede, Coroianu ve Gal, 2016).

Theorem 2. Let : [0,1] x [0,1] = Ry be a continuous function. We have

) VIFPL it )
P k)(x,y) — k(z, < 18wq | K3 ) )
IPUD ) ov0) — n(a)] < 18 (s P AT

for all z,y € [0,1] and z,h € N. Here
wi(k;v,0) = sup{| &)(z,y) — K)(2,1) [;2,9,2,t[0,1] x [0,1], | x — 2z [< v, [y — L [< 0}

Proof. Taking into account the inequality valid for the positive numbers Ay, By,
ke {0,1,...,s},

Imazieqo,.. s {Ar} — mazieqo,.. s {Br}| < mavpeqo,... 1 {1 Ar — Bil}

we obtain
IPGD (8) (2, y) — w2, y)]

z h . z h
V pem(@) Vopng)n (2505552 ) V pen(@) Voo @)s(e,)
m=0 j=0 m=0 j=0

v Pzm(T) \}7 P, (Y) v Pzm(T) \}} P ()
m=0 7=0 m=0 7=0

z h .
N penl@) Vops) |5 (50 1552 ) — wlo)|
/ Y

< z h
V pen(@) V pns(w)
m=0 7=0

z h
Vopz,m(m) .Voph,j(y)m (k3 [m +p1 /2 + 01 — x|, [j+ pao/h + 02 —y) [)
m= 1=

S z h
V pem(®) V pr;(y)
m=0 7=0

\/ l)z 7 (lf) \}} p} ](y)(7 (K:. §|m P /Z 01 $| V‘j Pz/h 02 1/‘))
o v

\ZO Pzm () 4\2) Ph;j(y)
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z h .
\/Opz)m(x) _\/Oph,j(y)W1 (1 + |m+p1/§+elfz| + |J+p2/hy+027y\)> w1 (k,d,v)
_ m= J]=

V pem(@) V oy )
m=0 7=0

z h
m+
V pem@) (Z525) | Vopis) (72, )
J:

1,V
=wi(k,0,v) | 1+ = 0 - + 4=
) v h
V pzm() V pr;i(y)
m=0 7=0
_ 6yx+p _ 6/y+p
Burada, 0= 714}1 ve v = W

(M) 6/ + p; 6y + po )
P (k) (z,y) — k(z,y)| < 3w | s )
PO 00 9) ~ st )| < 3o (s PP VP

<18W1<:‘€; VT Ty 7 VU T o )
Vet 0 +1 Vh+0,+1

O
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ABsTRACT. In this article, we study the boundedness of the fractional Rough
Hardy operator and its adjoint operators on the central Morrey space with
a variable exponent. We also establish the same boundedness for their com-
mutators when the symbol functions are on the A-central BMO space with a
variable exponent.

1. INTRODUCTION

The Hardy operator is a key operator in mathematical analysis and has been
extensively used in recent times. In 1920, Hardy |[1| defined an operator for a
locally integrable f € R™.

Hf(z) = i/ozf(t)dt, 2> 0. (1)

He also established a sharp inequality for it. Later, Faris (as seen in |2]|) formulated
the n-dimensional form of . Grafakos and Christ [3] determined the exact norm
value on the Lebesgue space for the n-dimensional Hardy operator. Additionally,
the Hardy integral inequality has garnered significant attention. Alternate proofs,
variants, applications, and generalizations of this inequality were explored in various
articles. Some of these inequalities are discussed in [3,4]. Furthermore, in [5], the
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authors introduced the n-dimensional fractional Hardy operator as follows:

1) = i /| _ Jod, H5 [ s seR (0L @)

1>z [t

where |z| = />, zZ. Moreover, commutators of these operators are defined as
follows:

[b’H]f:be_H(bf)’ [baH*]f:bH*f_H*(bf), (3)

where b is a locally integrable function. Fu, Liu, and Wang [5] established bound-
edness for the commutator of the n-dimensional fractional Hardy operator. Firstly,
Ren and Tao [6] provided the definition of the n-dimensional rough Hardy operator
and its adjoint operator as follows:

1
= /| _fGnsw

. B f(t)
Hﬂﬁf(z) = /|t|>|z| Q(z—1t) =7 dt,

where Q € L¥(S"1), 1 < s < o0, and is homogeneous of degree zero. Commutators
of rough hardy operators are defined as:
1
150 = s [ _0G) b0 - ns@a
t|<|z

HG 3 f(2) = /t|>|z|(b(z> Ry Itf’gt‘)ﬁ .

which were used by Wei, Zhen, and Wang |7| to develop estimates for the commu-
tator on the Herz space.

It’s important to highlight that the function space featuring varying exponents
plays a pivotal role in both harmonic analysis and applied mathematics. Orlicz [8]
initiated the theory of variable exponent Lebesgue space for the first time. Musieliak
Orlicz spaces are defined in [9]. Sobolev and Lebesgue spaces with integrability
exponents have been thoroughly examined, as seen in |[I0HI2| and the references
therein. Following that, work on variable Lebesgue spaces began, along with the
exploration of the boundedness of numerous operators, including the maximum
operator on Lebesgue spaces LP() [13]. At the same time, the central bounded
mean oscillation space, A-central Morrey space, and similar function spaces offer
compelling practical uses through the exploration of operator estimates in tandem
with singular integral operators, as detailed in |14,/26]. The analysis of Morrey
space can be traced back to Morrey’s [15] work on the regularity of solutions of
partial differential equations. In [14], the authors defined A-central Morrey space
and central bounded mean oscillation (BMO) space, which are generalized based on
bounded central mean oscillation. A-central Morrey space and central BMO space
have impressive applications in analyzing the boundedness of many operators; see,
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for example, [16417]. Furthermore, with substantial applications in image processing
|18], electrorheological fluid [19], and partial differential equations |20|, variable
exponent functions have garnered significant attention. Following Kovacik’s [21]
seminal work, such theories have made significant advances. For the first time, the
idea of non-homogeneous variable exponent central Morrey spaces was formulated
by Mizuta [22|. In the recent past, Wang et al. defined variable exponent central
BMO and established the boundedness of some operators in 23|, which was later
extended by Zunwei Fu |24] to variable exponent A-central Morrey space and central
BMO space.

In |25}/27], the authors obtained results for the boundedness of several integral
operators on function spaces with variable exponents. Additionally, some authors
proved results for the boundedness of multilinear integral operators and their com-
mutators as well, as seen in [28,29].

Motivated by [24,30,31], we are going to examine the boundedness of fractional
Rough Hardy operators, as well as the boundedness of commutators, on the variable
exponent A-central Morrey space.

Let’s elucidate the structure of this paper. In Section 2, we will revisit certain
definitions, lemmas, and propositions in the context of variable exponent Lebesgue
space. In the third section of this article, we consider the boundedness of the frac-
tional Rough Hardy operator and its adjoint operator on the central Morrey space
with a variable exponent, respectively. In Section 4, we consider the boundedness
of commutators of the fractional Rough Hardy operator and its adjoint operator
on the A-central BMO space with a variable exponent, respectively..

Additionally, |B| and x5 represent the Lebesgue measure and the characteristic
function of a measurable set B C R", respectively. When we write g =~ h, we are
indicating the existence of constants cj,co > 0 such that c;g < h < cog. Here,
B = B(0,2%) = {z € R" : |z| < 2*} and the characteristics function x, = x4, for
k € Z (see |35)]).

2. FUNCTION SPACES ALONG VARIABLE EXPONENT

First of all, we will provide some basic definitions and notations concerning
Lebesgue spaces over variable exponents. Let’s consider an open set F C R™, and
let ¢(-) : E — [1,00) be a measurable function. We denote the conjugate exponent
as ¢'(-), which is defined as

1 1
70t ~!

The set P(FE) consists of all pairs of exponents (¢(-),¢’(+)) that satisfy

1< ¢ =essinf{q(z):z € E}

q" = esssup{q(z) : v € E} < .
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We use L4() to represent the space of all measurable functions f such that for some

¢>0, "
/E(|f(<)|>q dr < 00,

This space is a Banach function space equipped with the Luxemburg norm:

q(z)
1l Lacr (m) =inf{§>0;/E <|f(cw)|) dz < 1}.

We define LIC )(6) as the set of functions f belonging to L) (E) for any compact

loc

subset E C ¢:
¢ )( 0) = {f fe Lq(')(E) for every compact subset E C 5}.

loc

Here, M denotes the Hardy-Littlewood maximal operator acting on a function
f €Ll (R") and is defined by

Mg =sup o | 1fidy

r>0
where B, (x) = {y € R" : |z — y| < r} is the ball centered at x with radius r.

B is a set containing ¢(-) € R™ that satisfy the condition that M is bounded on
Li0). Now, we express a few properties of variable exponents associated with the
class B(E). Neugebauer, Cruz Uribe, and Fiorenza [12], as well as Nakvinda [32],
established the inequalities presented in the proposition below.

Proposition 1. [32] Let E be an open set, and let q(-) € P(E) satisfy the require-
ments given below:

—-C 1
la(y) — q(@)] S =z 22 ly — zl, (4)
C
lq(y) — q(=)] < CEDE 2] <yl (5)

then ¢(-) € B(E), where C stands for a positive constant independent of y and x.

Lemma 1. [21] ( Generalized Holder inequality) Let q(-), ¢1(-), and q2(-) be in
P(E).

o Ifhe L) and f € LYV, then
[ In@s(@)lde < ryllllaol o,
whererq—l—i- L L
o Ifhe LnO)(E) andfequ<->(E), and ;15 = =5 + mey then
17 flLae) < rqqllbllLaro [[fllLeo,

1 )1/q7.

where rqq, = (1+ (ql), ~@F
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Lemma 2. [3/] Assuming that q(-) € B for all measurable subsets I of S, and
I C R"™, there exists a constant 0 < § < 1 and a constant C such that

5
Xzl Lo <C(|~’|> .
IxsllLac> S|
IxsllLac) < @
X7l Lacr 1]
Remark 1. Suppose that q(-) € P(R™) and satisfies conditions and () in
Proposition . Then so does ql(-). Generally, we can see that both q(-) and q/(-)

belong to B(R™) based on Proposition Therefore, by virtue of Lemma@ we can
consider a constant §; € (0, ﬁ) such that

01
Palleoey _ (I) (6)

X1l Laz ) ) 5]
which holds for all balls S in R™ and for I C S. If qi(-) € P, using Lemma[9 we

can take constant o3 € (0, —~—) such that
(q,)+
/ 0
o, - \IS]

Lemma 3. (3] Let q(-) € B(R"™). The following inequality holds for all balls
B C R™ and a positive constant C':

1
-1
C < ﬁ”XB”LEI(')(]R”)”XB“LqI(-)(]Rn) <C.
Definition 1. [35/ Let f € L} .(R™). We define
1
b :sup—/ b(x) — Avg bldx,

[bllzao =sup 7 | Jb(x) = dvg B

where the function b is considered to have bounded mean oscillation if ||bl| pmo < oo.

Lemma 4. [30] Assuming that q(-) € P(R™), for b € BMO, and for j,i € Z with
j > i, we have the following inequalities:

CHbllsmo < sup ————I(b—bB)XpllLa) < ClbllBrmo (8)
B:Ball ||XB||Lq(->
1(b = b5,)x3,llLacr < C(G = D)blsrollxs, | L 9)

Definition 2. 24/ Let A € R and ¢(-) € P(R™). Then the central Morrey space
for the variable exponent BI)A(R™) is defined as

BIOMRY) = {1 € LISLR) ¢ 1] gacy s ny < 0
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where
HfXB(o,R) ||Lq<->(JR")
B(0, R)[* ||XB(0,R) | Lo (R™)

||f||Bq<->,x(Rn) = sup
R>0 |

Definition 3. [24] Let A < 1 and q(-) € P(R™). The variable exponent -central
BMO space CBMOI)A s defined as
oBMO™ON = [ f € LIO®) : | flopmmonn <

where
~ sup I(f = fB0.R)XB(0,R) | Lat) ()
r>0 B0, R)MIXpo,r)llLe) mm)

By using the boundedness results of the integral operator Ig, we will demonstrate
the boundedness of the fractional rough Hardy operator:

e = | Ao

Proposition 2. [37] Let ¢1(-) € PR"), 0< 8 < s and define q2(+) as

1 1 B
o

Ifllcaaroae .

e() o)
Then,
5 fll Loz @y < Clf Il Lar o) mny-

Lemma 5. [30/Assuming that 3, q1(-), and g2(-) are defined similarly to proposi-
tion[d, we have

||XjHLq2<~>(Rn) < CQ_jﬁHXjHL‘Il(')(R")'

3. BOUNDEDNESS OF FRACTIONAL ROUGH HARDY OPERATORS

Theorem 1. Assume that Q € L*(S"™'), where 25 < s. Let qi(-),p(-), q2(-) €
P(R™) satisfy the inequalities and (@ in proposition Define the variable
exponent p(-) by
1 1

a1

o) p() n
Let Ay satisfy the following condition:

When q21(_) = q/l( ] —%, there exist A\ > —% and A = )\1—|—§. Ifdg—%—i—)\—&-él >0,
1 : . .

then the fractional rough Hardy operator is bounded from BT (A to BPOIA  and
the following inequality holds:

HHB’QfHBP(-)J\ < C||f||Bq1(~),>\1‘
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Proof.

1
Haaf(@) 3@ < oy [ 10196 = )it

k

k
< O R Y 1Fill o ey 12 = X5 ot ) gy X0 (20)-

j=—o00

3 _1 1_ 1
Using =0 + 5= 70

k
[Ha0f (@) x(@)] < C27 D% £ o o 190 = X1z ey 1 | o) - X (@):

j=—o00

k
||H/3,Qf'xk||Lp<«>(Rn) < 02~ Hn=A) Z ”fjHL‘11<‘>(Rn)HQ(x_t)Xj”LS(]R")”Xj”LqZ(')HXkHLP(’)'
j=—o00
Hence we have
1 -1 1
Xl Lz = | B[R0 & [Be| 107 & [By| ™

Xk”Lq’l(-)

k
_ _ _1
| Hs.2F Xkl Lo gmy € €275 37 1l par o ) 1@ =05 e e B3 =2 I e Ikl oo

j=—o00
(10)
Based on Proposition 2 we have

I(xp,)(z) = C2%xp, (2)

Xp, (¢) < C27% Is(xp, ) (x)

X5, I L) (mny < C2ikﬁ”I/3XBkHLP(')(]R")
_ 11
< 027 Ix g, s ey (1)
< C2X P xp |7

Lqim(]Rn).
Using inequality in , we obtain

k
_1 1
1Hs.2f XpllLr) @ny < C Z I1£ill Lar ) gy 122 =) x5 2 rm) | Bs| HX]'HLq/l(.)||XkHLq’1(_)'
j=—o00
(12)

Using condition @, we get

k
j— _1
||H5,Qf'XkHLP(')(R") <C Z 20 k)n63||fjHLq1<~>(Rn) LS(R")|BJ‘| -

j=—o00

Qz — t)Xj'

(13)
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For t € Cj, x € Ck, and j < k, we have 0 < |z —t| < |z| +27 < 2.2% and

2k+1

/ |Q(J;—t)|sdt§/ / 10(2)|*do (@ yr"—Ldr < C2%
Cj 0 sn—1

k
||Hﬁ,ﬂf'Xk||LP('>(R") <C Z 9(i—k)(nds—1)

j=—o00

| fill par o) )

k
<C Y 2D ) ns

j=—o0

B M x| s -

(14)

L 1 4B B
X1l s gy 2 | BITO = [BIFO T = |BI ™ [1xl| o

k
j—k)(nds—2 42
1Hp0f xellwor gy < C 37 2070 fll ) n, oy | By [ oo
j=—00
<C 3 uRmny) B pnlbllso
- : 3a1(-);A 1 (R k p(:) -
j=—o0 o * )|Bk|’\ AFS L
(15)
Using inequality @, we have
k
k) (55— 1 .
1Hp.of - Xpllpoo ey S C Y 2007RO S0 £l oy 1Bl Il oo -
j=—o0
(16)
Since 03 — % + A+ 601 > 0, we obtain
”H&Qf”Bp(-)vA(Rn) < C||f||3q1(-),A1(Rn)~ (17)

Theorem 2. Let p(-),q1(+), g2(:) and B be defined the same as in Theorem and
QeL (S ). Ifa=X+2 and A< —L 1 then

155 o fll geera < Cllfll g -

Proof.

[Hp0f () - Xyl S/ [f(OQ(z = 1)][t17"dt -, (2)

R"\ By,

<C Y P fll Lo gy
j=k+1

Az = X1 ot ) gy~ X (2)-
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By using . () s =
HHEQf : Xk”LP(')(]R")

<C Z 2j(B_n)Hfj”qu(‘)(Rn)”Q(x = Ol x| Laz ) ey Ixk | Lo (7 -
j=k+1

Using inequality , we have

||H[*i ol * Xk HLP(')(]R")

<C Z 207 fil s ) oy |2 — 1)
j=k+1

Ls

im0 @l

As we know, we obtain

1 1

1 7 s —1
Il oy~ |Bjl70 & |Bj|m© = = Byl = [Ixl o
||H§ Qf'XkHLP(')(R"
<C Z 20BN B £l Loy oy QU — 8] s | B; | i @y ||xk||‘j<)(Rn)

j=k+1

Now by using condition @,
HHEQf : Xk||Lp<~>(Rn)

<C Y 2UTREAI| E @ 19 — 8)]|ze By
j=k+1

For further calculations following Theorem [I} we get
HHE,Qf'Xk”LP(‘)(R”)

<c Y otRe-x
j=k+1

il Lo @ny-

Hence we have

oo
HHE,Qf'Xk”BP(-)A(R") < CHfHB%(-%M(]R”) Z 2U-RE-Samadm),
j=k+1

By utilizing A < % — % — 1, we obtain the desired result:

1Hg o f | goera@ny < ClF oy -
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4. BOUNDEDNESS COMMUTATORS OF FRACTIONAL ROUGH HARDY OPERATORS

Theorem 3. Let0 < 8 <n,Q € L*(S"1), and -2 < s. Suppose that ¢ (-), p(-),q(-) €
P(R™) satisfy conditions and @ mn Pmpositz'on and let the variable exponent
q2(+) be define by

CI1(') B CI2(') ()

Let \ satisfy the following condition:

When q() = ,1() — 1, there exists \y > —\ — % such that Ao = A1 + X\ + % If
o

b € ||bllcparoacrn and 3 — 2 + Xy + 81 > 0, then the following inequality holds:

1 1 1 é
n

16, Hp 0] f1| gz 122 < Clblleprrosorallfll gaeras -

1
Q1(1)

B s} 3 1 _ 1 4 1
First, we estimate A;. Let (I) — . This implies @ = o T

Ay = [(b(x) = bp)x (@) Hp.af ()],

A1l Loz gmy = 1(0(2) = bB)xp(2)Hp 0.f | Loz (rn)-

Let % = 1(,) q( 3> and use Holder inequality ( L 0 = ﬁ + %)

A1l Loz mry < CllHp2fXpllLee) ey [ (0(2) — bB)X Bl La) (m7)
= CllHp o f |l girer | BI* x5l Lo @my 1l Barosr A BMIX B Il L) )

Given that p = A\ + g, and using the result of Theorem

A1l Lazr @ny < ClF L garom 1Blle Baroar A 1B [x sl Lo @ny X B 1l Lot (&



812 M. ASIM, F. GURBUZ

Next,
0 1 k
to= 3 W.Z /sz\QjlBlf(t)(b(t)—bB)Q(x—t)ldt~x2kB\zkls(x)
0
Z b(t)—bj )Q(l’—t”dt'x k k—1 (ZL’)
=3 Z / ) ()( 2i B 2k B\2k-1B
|93| je—oo/21B\27~ B
+ / b —b] x—t thk k—1 xr
k_z_:oo \x|” 3 Z 23 B2 IB (t)(bs 21 8)SU )l 2k B\2 B(7)
= Aoy + A2
0
A21: Z |2kB|7_1 Z / (b(t)—ijB)Q(l'—t)|dt'XQkB\Qkle({,C)
k——o0 j=—o0 29 B\2i— 1B

. 1 1
given that ORIETIO)

+ % =1, we can now use Holder’s inequality

Ay < C Z |2 B|"7 Xak B\ 2k— 1B Z || _bQJ'B)XQJ'B”LQ(')
k=—oc0 j=—o00
X 1 fx2i Bl Lo o 1z = ) X0i | Ls
k

0
B
=C Y 12°BI" xarpar5@) Y IBllesaoioa 27BN e sl Lo

k=—o0 j=—00

Hf||B<11()%1|QJB|)\1HX2JB||LC11()HQ( t)

B_
=C Z |2kB|" 1X2’“B\2’€*1B(x)”b”CBMO‘I('W‘||f||Bq1(‘>A1

k=—o0
k
X Z | ] +ﬁ+ﬁ
Jj=—00
0 B
=C Z |2kB|;71X2kB\2k*1B(x)”b”CBMO'J(')w*||f||1'3<11(-)1%1
k=—oc0

k
« Z |2j|>\+z\1+1|B‘>\+>\1+1

j=—00
0 B B
= Clbllesrmoso I fll garcra Z |2k|;+’\+’\1XQk-B\zfvle(x)|B|’\+/\IJrg

k=—o0
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0
2 B
HA21 ||Lq2(l) < CHbHCBMOQ(')A Hf”Bql('%M Z |2k| B4+ ||X2’CB||L<12(-) |B|)‘+)‘1+n
k=—o0
0 5 ) ,
= C|bllcprmosra ||f||Bq1(z}‘A1 Z |2k|¥+>\+>\1 ‘2k3|m |B|)‘+>‘1+H
k=—o00
1 0 1
= C|blleprroser.» ||f||1'3z11<->,x1 |B|2=® |B|>‘2 Z ‘2|k(>‘2+m)

k=—o0

1421l Loz < Cllbllearosos 1l za o Xl oo B2

0

k
B _
Aw= 30 B Y [ - b (000 — Ot xarpes5(0)
ke —oo0 j=—o0 29B\2/~'B

-1
|(bB - ijB)l == Z ‘(b2i+1B — bQiB)

i=j

-1
5.
= T |b(t) — bgi+1p|dy
<C Z @H(b — bait1p)Xai+1 Bl Lac) ||X2i+13||Lq/<.)
=i
By virtue of Lemma [3] we have

1 2i+1 |
(05 =b2ip)| < C ) g0 = barsrn)xaapllioc
=]

IX2i41 5]l Lac
—1
< CZ IbllcBarosea 27 B
=3
-1
< Clbllesrrosr Z 2B
i=j

< Clblleproar 127 B ] (18)
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0 k
8_ ; )
Ap<C Z Xt prov-1(2) |27 B 77 Z 18]l Barosca |27 B
k=—oc0 j=—00
X ||fX2jB||Lq1<'> ||Q(9lj —t)X2ipllLs X2J'B||L<I<'>
0 k
8_ ; .
< Cllbllerroara Z szB\zkle($)|2kB|" ! Z |2j3\/\+)\1|J|||f||f3q1<->,x1
k=—oc0 j=—o00
X |IX2i gl Lar ) 12(z — ) Xai pll s 1 X25 Bl Lat)
0 B
< Clblleprosr Z Xor pyot—1 ()2 B[
k=—oc0
k 1 1 1
x S 2Bl o 27 BIEO T D
j=—00
0 , k
< Clbllerroiollfll gnon Y, Xorpar-1p(@)[2EB[=71 Y |27 B
k=—oc0 j=—o00
0 8
< Clbllepmooa lflganora D Xorpar-1p(@)|28Bl = 2R BT |
k=—o0
0 B
< Clblleppororalfllgnoa >, kI12°BAFYT% o0 g1 5 (@)
k=—oc0
0 ,
1A22]l ozr < Cllblloaroaon Ifllgaon D RI2ZXBAM M Ixoe gl o)
k=—o00
o B 1
< Clbllopmosoralfllgnon > [k[[2XBAT2T7 |28 B|=e
k=—00
0 1 1
A Aot 1o
< Clbllermosoallfll gaera Z || |2% T =0 BT e
k=—oc0

< Clbleprrosr Il paoro B sl o
Combine all results of Ay, Ay, As1, and Ass, we obtain the required result

I, Hp 2l fx Bl pazr @y < Clblloparosra lf gaon 1B Ix sl Loz @ny
[0, Hp 0 fll gazrn2 < Cllblleparosers L1l gy

Theorem 4. Let p(-),q1(-), q2(-), and B be defined as in Theorem [§ , and let
Qe L(S" 7). Ifb € [blleprrosn » A = A+Ai+2, and B < n(1—-83—61—Aa+1),
then

I16: Hp 0l fll oz 220 < Cllblleprroaera |l garcrn
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Proof.
b Hiolf ) xpl< [ ORI @)
/O @() —bp)2x -0
= /B(O,|a:|)c |t|n=h 4t x5 ()
S OO —bp)Uz =0\,
" /B(07z|)c |t|n=h at - X ()
= Dy + D».

Dy = [(b(z) — be)xp(2)||Hpof ()],
D1l ) mmy = 1(0(z) = bp)xp(#)Hp o f ()|l o2 ) -
By using Holder inequality (4~ = -1 1)

=00~ 0 T
D1l Loz gy < Cll(b(2) = bB)X B (@) || Lat) &) [ Hp o f ()X Bl Lo ()

= Clbllcprrosa BMIX sl Lo @ IBIIx Bl oo @y [ HE o f | guscr
Given that p = A\ + %, and using the result of Theorem

1Dl oz @y < Cllblleparosera B2 Ix sl Lae @ IxXa I Loo @ 1 | a0 s
Next,

DQ:/ ‘f(t)(b(t)_bB)Q(f—tﬂdt.XB(m).
B(0,]a|) |t|n=F
0
|f(t)(b(t) — b))z —t)|
Doy = / th _— T
272 v =7 #5\215(7)
0 o o
< Y xorporip(@) Y |2JB|;—1/_ CF@)(B(E) — bas ) — t)|dt
k=—o00 j=k+1 2iB\2/-1B
0 00
; B _
+ Z Xorp\2+-15(7) Z |27 B|= 1/_  f(®)(bp = byi ) — t)|dt
k=—00 j=k+1 21B\2-'B
= Doy + Do
0 00
; B_
Do = 3 Xoepaerp(®) 3 [2/B]27 / CFO() = by p)Qw — 1)|dt
k=—00 j=k+1 2iB\27-1B

Using Holder’s inequality (ﬁ + q%“ + % =1).
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0
Dy <C Y Xorpoe-1p(@)
k=—oc0
e - B
xS BTN (b(E) — bt )Xy 5ll e 1 X 5] 0 19 = )X I e
j=k+1
0
=C Z X2’cB\2k—1B(x)
k=—o0
e B
< 3 [2BIE Y bllesaroso s 127 B xa sl Lo
j=k+1

||f||Bq1<»M1 \2jB|/\1 IX2i Bl Lar) 1% — ) Xai g L2

0
=C Z szB\zkle(x)||bHCBM0q<-M||fHBq1<»),A1

k=—oc0
i 3 1 1 1
x 3 [PBIRT Y BN 2Bl T RO G
j=k+1
0 oo
=C Y Xormar 5@ blloproia [ fllgaos Y 12781
k=—o0 j=k+1
0
= Clblloprocorlflgaon S 2EVBPxo g 01 5()
k=—oc0
0
D21l pzer < ClbllemaromonlFl oo S 12V BP2lxan pllpaso
k=—oc0
0 1
< CPllesromn lflgnon S [2EHDBP (28 B|=0
k=—oc0
1 0 1
A Ao+ ——
< Ollbllerronon lf [ oo BTG ST j2tHD et 5
k=—o0
< Aoty
> C||b||CBM0q<-M||f||Bq1<~>,A1 | B 2
0 o) 5
D= Y xopun() > B[ g = b0l
k=—o00 j=k+1 27B\2i-1B
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Here we use inequality

0 [e%s)
LB - )
Dp<C Y xorparin@ Y 2B Blloprona 27 Bl xasll ao
k=—00 j=k+1
x|z —t)x25gllLs X2 Bl Lot
0 %) 5
< Clbllezrroscr Z X2+ B\2+—15(2) Z 127 B ~H2 B £ 1| a0
k=—0c0 j=k+1

X |z — t)x2i gllze Ix2i Il Lat) IX2i Bl Lar )

0 0o
; 8.
< Clblleprosoalfllpacrn Z szB\Qkle(m) Z |2JB\)\+/\1+" Jl
k=—0c0 j=k+1
0
< Clbllepmoionfllgnoa D Xaepyar-1p(@)25 B2k + 1|
k=—oc0
0
< Clbllepamoionfllgnoa D 1k+ 128 B2 xg0 g1 5 ()
k=—oc0
0
1D22 pas s < Clibllenaroner s I fllgacran D [k + 1125 B2 [ xaep Lo
k=—o00
0 1
< Clblleprrosoallfllpaera Z |k + 1[|28 B2 |28 B|= O
k=—o00
0 1 1
< COlblleppon | fllgnon D [k+1[2M T =0 B =0
k=—o00

< Clbllonao s I fll o B xpll Lo

Combining all the results from Dy, Dy, Ds;, and Dsy, we obtain the required
results:

116, 57 o) fx 5l Loz @y < ClblloBrroacs Al fll oo B2 IX 5l Loz ny

116, H5 0l fll gz 122 < Clblleprrosor a1 fllareras -

Author Contribution Statements The authors contributed equally to this work.
All authors read and approved the final copy of this paper.



818

M. ASIM, F. GURBUZ

Declaration of Competing Interests The authors declare that they have no
known competing financial interest or personal relationships that could have ap-
peared to influence the work reported in this paper.

Acknowledgements The authors are thankful to the referees for making valuable
suggestions leading to the better presentations of this paper.

(1]
2]
3l
(4]

(5]

(6]
(7]
(8]

(]
(10]

11]
(12]

(13]

[14]
[15]

[16]

(17]
(18]

(19]

REFERENCES

Hardy, G. H., Note on a theorem of Hilbert, Math. Z., 6 (1920), 314-317/https://doi.org/
10.1007/BF01199965

Faris, W. G., Weak Lebesgue spaces and quantum mechanical binding, Duke Math. J., 43(4)
(1976), 365-373. https://doi.org/10.1215/80012-7094-76-04332-5

Christ, M., Grafakos, L., Best constants for two non convolution inequalities, Proc. Amer.
Math. Soc., 123 (1995), 1687-1693. https://doi.org/10.2307/2160978

Sawyer, E., Weighted Lebesgue and Lorentz norm inequalities for the Hardy operator, Trans.
Amer. Math. Soc., 281 (1984), 329-337. https://doi.org/10.2307/1999537

Fu, Z., Liu, Z., Lu, S., Wang, H., Charactrization for commutators of n-dimensional frac-
tional Hardy operators, Sci. China Ser. A., 50 (2007), 1418-1426. https://doi.org/10.1007/
s11425-007-0094-4

Ren, Z., Tao, S., Weighted estimates for commutators of n-dimensional rough hardy operators,
J. funt. spaces., (2013), 1-13. https://doi.org/10.1155/2013 /568202

Fu, Z., Lu, S., Zhao, F., Commutators of n-dimensional rough Hardy operators, Sci. China
Ser. A., 54(2011), 95-104. https://doi.org/10.1007/s11425-010-4110-8

Orlicz, W., Uber konjugierte exponentenfolgen, Studia Math., 3(1931), 200-212. https://
doi.org/10.4064/SM-3-1-200-211

Nakano, H., Modulared Semi-Ordered Linear Spaces, Maruzen Co, Ltd, Tokyo, 1951.

Uribe, D. C., Fiorenza, A., Martell, J. M., Pérez, C., The boundedness of classical operators
on variable LP spaces, Ann. Acad. Sci. Fenn. Math., 31(2006), 239-264.

Dining, L., Reisz potential and Soblev embedding on genealized Lesbesgue and Sobolev LP(?)
and Wk P() | Math. Nachr., 268 (2004), 31-43. https://doi .org/10.1002/mana.200310157
Uribe, D. C., Fiorenza, A., Neugebauer, A., The maximal function on variable LP spaces,
Ann. Acad. Sci. Fenn. Math., 28 (2003), 223-238.

Uribe, D. C., Diening, L., Fiorenza, A., A new proof of the boundedness of maximal operators
on variable Lebesgue spaces, Boll. Unione Mat. Ital., 2 (2009), 151-173. http://eudml.org/
doc/290576

Alvarez, J., Lakey, J., Partida, M. G., Spaces of bounded A-central mean oscillation, Morrey
spaces, and A-central Carleson measures, Collect. Math., 51(2000), 1-47.

Morrey, C., On the solutions of quasi-linear elliptic partial differential equations, Trans. Amer.
Math. Soc., 43(1938), 126-166. https://doi.org/10.1090/50002-9947-1938-1501936-8
Chuong, N., Duong, D., Hung, H., Bounds for the weighted Hardy-Cesaro operator and its
commutator on Morrey-Herz type spaces, Z. Anal. Anwend., 35 (2016), 489-504. https:
//doi.org/10.4171/ZAA/1575

Wu, Q., Fu, Z., Boundedness of Hausdorff operators on Hardy spaces in the Heisenberg group,
Banach J. Math. Anal., 12 (2018), 909-934. https://doi.org/10.1215/17358787-2018-0006
Chen, Y., Levin, S., Rao, M., Variable exponent, linear growth functionals in image restora-
tion, SIAM J. Appl. Math., 66 (2006), 1383-1406. https://doi.org/10.1137/050624522
Ruicka, M., Electrorheogical Fluid: Modeling and Mathematical Theory, Springer, Berlin,
2000.


https://doi.org/10.1007/BF01199965
https://doi.org/10.1007/BF01199965
https://doi.org/10.1215/S0012-7094-76-04332-5
https://doi.org/10.2307/2160978
https://doi.org/10.2307/1999537
https://doi.org/10.1007/s11425-007-0094-4
https://doi.org/10.1007/s11425-007-0094-4
https://doi.org/10.1007/s11425-010-4110-8
https://doi.org/10.4064/SM-3-1-200-211
https://doi.org/10.4064/SM-3-1-200-211
https://doi.org/10.1002/mana.200310157
http://eudml.org/doc/290576
http://eudml.org/doc/290576
https://doi.org/10.1090/S0002-9947-1938-1501936-8
https://doi.org/10.4171/ZAA/1575
https://doi.org/10.4171/ZAA/1575
https://doi.org/10.1215/17358787-2018-0006
https://doi.org/10.1137/050624522

20]

[21]

[22]

23]

[24]

[25]

[26]

27]

28]

29]

30]

[31]

(32]
(33]
(34]
(35]

[36]

37]

FRACTIONAL ROUGH HARDY OPERATORS ON CENTRAL MORREY SPACE 819

Yang, M., Fu, Z., Sun, J., Global solutions to Chemotaxis-Navier-Stokes equations in critical
Besov spaces, Dis. Contin. Dyn. Syst. Ser. B., 23 (2018), 3427-3460. https://doi.org/10.
3934/dcdsb.2018284

Kovagik, O., Rakosnik, J., On spaces LP(®) and W¥P(®)  Czechoslovak Math. J., 41 (1991),
592-618. https://doi.org/10.21136/CMJ.1991.102493

Mizuta, Y., Ohno, T., Shimomura, T., Boundedness of maximal operators and Sobolev’s
theorem for non-homogeneous central Morrey spaces of variable exponent, Hokkaido Math.
J., 44 (2015), 185-201. https://doi.org/10.14492/hokmj/1470053290

Wang, D., Liu, Z., Zhou, J., Teng, Z., Central BMO spaces with variable exponent,
arXiv:1708.00285, 2017.

Fu, Z., Lu, S., Wang, H., Wang, L., Singular integral operators with rough kernel on central
Morrey spaces with variable exponent, Ann. Acad. Sci. Fenn. Math., 44 (2019), 505-522.
https://doi.org/10.5186/aasfm.2019.4431

Hussain, A., Asim, M., Commutators of the fractional Hardy operator on
weighted variable Herz-Morrey spaces, J. Funt. Space.., ID 9705250(2021), 10 pages.
doi.org/10.1155,/2021 /9705250.

Hussain, A., Asim, M., Variable A-central Morrey space estimates for the frac-
tional Hardy operators and commutators, J. Math., ID 5855068(2022), 12 pages.
https://doi.org/10.1155/2022 /5855068

Asim, M., Hussain, A., Weighted variable Morrey-Herz estimates for fractional Hardy oper-
ators, J. Inq. Appl., 2(2022) (2022) 12pp. doi.org/10.1186/s13660-021-02739-z

Huang, A., Xu, J., Multilinear singular integrals and commutators in variable exponent
Lebesgue spaces, Appl. Math. J. Chin. Univ., 25 (2010), 69-77. https://doi.org/10.1007/
s11766-010-2167-3

Asim, M., Ayoob, I., Weighted estimates for fractional bilinear Hardy operators on variable
exponent Morrey-Herz space, J. Ing. Appl., 11(2024) 2024 19pp. doi.org/10.1186/s13660-024-
03092-7

Jianglong, W., Boundedness of some sublinear operators on Herz-Morrey spaces with variable
exponent, Georgian Math. J., 21 (2014), 101-111. https://doi.org/10.1515/gmj-2014-0004
Wu, J. L., Zhao, W. J., Boundedness for fractional Hardy-type operator on variable-
exponent Herz-Morrey spaces, Kyoto J. Math., 56 (2016), 831-845. https://doi.org/10.
1215/21562261-3664932

Nekavinda, A., Hardy-Littlewood maximal operator on LP(*)(R), Math. Inequal. Appl., 7
(2004), 255-265. https://doi.org/10.7153/mia-07-28

Diening, L., Maximal functions on Musielak-Orlicz spaces and generalized Lebesgue spaces,
Bull. Sci. Math., 129 (2005), 657-700. https://doi.org/10.1016/j.bulsci.2003.10.003
Izuki, M., Fractional integrals on Herz-Morrey spaces with variable exponent, Hiroshima
Math. J., 40 (2010), 343-355. https://doi.org/10.32917/hmj/1291818849]

Grafakos, L., Modern Fourier Analysis , 2nd edition, Springer, 2009.

Izuki, M., Boundedness of commutators on Herz spaces with variable exponent, Rendi-
conti del Circolo Matematico di Palermo., 59 (2010), 199-213. https://doi.org/10.1007/
s12215-010-0015-1

Capone, C., Uribe, D. C., Fiorenza, A., The fractional maximal operator and fractional
integrals on variable LP(R) spaces, Rev. Mat. Iberoam., 23 (2007), 743-770. https://doi.
org/10.4171/RMI/511


https://doi.org/10.3934/dcdsb.2018284
https://doi.org/10.3934/dcdsb.2018284
https://doi.org/10.21136/CMJ.1991.102493
https://doi.org/10.14492/hokmj/1470053290
https://doi.org/10.5186/aasfm.2019.4431
https://doi.org/10.1007/s11766-010-2167-3
https://doi.org/10.1007/s11766-010-2167-3
https://doi.org/10.1515/gmj-2014-0004
https://doi.org/10.1215/21562261-3664932
https://doi.org/10.1215/21562261-3664932
https://doi.org/10.7153/mia-07-28
https://doi.org/10.1016/j.bulsci.2003.10.003
https://doi.org/ 10.32917/hmj/1291818849
https://doi.org/10.1007/s12215-010-0015-1
https://doi.org/10.1007/s12215-010-0015-1
https://doi.org/10.4171/RMI/511
https://doi.org/10.4171/RMI/511

http://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 73, Number 3, Pages 820832 (2024)
DOI:10.31801 /cfsuasmas.1388792

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Research Article; Received:November 10, 2023; Accepted: June 6, 2024 SERIES Al
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ABSTRACT. The main goal of this research is to find the eigenvalues and the
corresponding eigenfunctions of the g-Stancu operator, Ly, s,q, introduced by
L. Yun and R. Wang. In this work, an explicit representation for moments of
all orders has been derived. Further, it has been proved that L, s 4 possesses
n — s + 1 linearly independent eigenfunctions whose explicit expression and
the corresponding eigenvalues are derived. In addition, for special choices of
parameters, several eigenfunctions are depicted.

1. INTRODUCTION

The discovery of the Bernstein polynomials by S. N. Bernstein in 1912 [2] paved
the way for a vast number of studies in the approximation theory. Due to their
elegant structure and remarkable properties, these polynomials have formed the
basis for research not only in mathematics but also in many other fields such as
physics, statistics, engineering (see [6,/8,/16]). The extensive research on the Bern-
stein operators has enabled the development of various generalizations and modified
forms.

In 1981, Stancu proposed a generalization of the Bernstein operator, represent-
ing an extension based on the non-negative integer parameter s, of the classical
Bernstein operator as follows:

Definition 1. [17] Let n and s be integers such that 0 < s < n/2. Then, for any
function f € C[0,1], the Stancu operator is defined by

Lus(Ji) = kfj_of (£) bussto) )
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where
(1 - x)pnfs,k(‘r% 0<k<s,
brk,s(2) =< (1 —2)pn_s k(@) + 2Pp—sk-s(x), s<k<n—s,
xpn—s,k—s(x), n—s<k<n.

Here, p, k() are the Bernstein basis polynomials given by

k() = (Z) 1 —z)"F k=01,...,n

Observe that, for s = 0,1, reveals the classical Bernstein operator.

In [17], Stancu examined the remainder term of the approximation formulas for
operator L,, ; and established its asymptotic estimate using Voronovskaja-type for-
mula. He also estimated the order of approximation for operator in terms of
the modulus of continuity of a function f and its derivative f’. Moreover, he found
the eigenvalues of this Bernstein-type operator and proved that the sequence of the
eigenvalues is monotonically decreasing. In 2008, L. Yun and X. Xiang delved into
the monotonicity-preserving and convexity-preserving properties of the aforemen-
tioned operator. They provided a proof regarding the operator’s monotonicity for
convex functions and gave the theorem about simultaneous approximation [19]. Re-
cently, the Kantorovich extension of Stancu operator was proposed and investigated
in [3].

Another way to extend the operator is to obtain a modified version of the classical
operator by employing g-calculus. The first steps of this generalization were taken
by Lupas [12] and Phillips |15, who introduced g-generalizations of the Bernstein
operator. Owing to their works, the idea of generalizing operator using g-calculus
has been extended to many operators and this idea is still fruitful, see for example,
[7,/9,/14].

In 2011, L. Yun and R. Wang |20] introduced a g-generalization of the Stancu
operator, known as ¢g-Stancu operator. There, they studied shape-preserving and
approximation properties of this generalization. A year later, X. Xiang [18] obtained
more results pertinent to the g-Stancu operator.

For the convenience of the reader, some notations and definitions related to
g-calculus are provided, see |1, Chapter 10], and afterward, the definition of the
g-Stancu operator will be given.

Let ¢ > 0. For any non-negative integer n, the g-integer [n], is defined by

[0]q5207 [n]q:1+(1++qn717 n:1727"' (2)

The expressions below are g-variants of factorials and binomial coefficients known
as g-factorials and g-binomial coefficients, respectively,

0], :==1, [n]ly!:=[1]424:[nlgyy, n=1,2,...,

and
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Also, for each x € C, the g-analogue of the Pochhammer symbol is defined by
n—1
(@ q)o =1, (z;q)n =[]0 —2zd).
j=0
Definition 2. [20] Let n and s be integers such that 0 < s < n/2. Then, for
0<g<1andfeC[0,1], the g-Stancu operator, Ly, s, : C[0,1] — C[0,1], is given
by

Loalfin) =S ij) b4 2),

n

k=0
where

(1=q" > 2)pn s x(q; @), 0< k< s,
boges(32) =< (1= q" " 0)pp_si(;2) + " Fapp—sp—s(g;z), s<k<n-—s,

qnikzpn—s,k—s(q; 517)7 n—s<k< n,
and

n k
Pnk(q;T) = [k] 2 (z;Q)p—k, k=0,1,...,n. (3)
q

The polynomials are known as g-Bernstein basis polynomials.

Along with changing index as k — s = ¢ in the sum and then denoting again the
summation index by k, it becomes evident that the operator can be represented for
n=12,..., as follows:

Lipsq(f;x) = nz_f {(1 —q" ) f (gji) +q T af (“C[Z]j]q) }pn_s,k(q;w)~

k=0
(4)

See [20} formula (1.2)].

Note that, ¢g-Stancu operator reduces to the classical Stancu operator, as intro-
duced in [17], when ¢ is set to 1. Additionally, in the cases where s = 0,1, the
operators L, s 4 coincide with the ¢-Bernstein operators defined by Phillips [15].
Furthermore, this operator possesses some properties of the g-Bernstein polyno-
mials. In the case 0 < ¢ < 1, ¢-Stancu operator is a positive linear operator,
while in the case ¢ > 1, it is not. This operator enjoys the end-point interpolation
property, that is, L, s 4(f;0) = f(0) and L, s4(f;1) = f(1) for all ¢ > 0. Due
to Lysq(l;2) = 1 and Ly, 5 4(t;2) = x, the ¢g-Stancu operator leaves the linear
functions invariant.

The eigenvalues and eigenvectors of linear operators are important issues in the
applications of linear algebra to the theory of algorithms, the theory of Markov
chains and computer science. The spectral theory of linear operators is also used
extensively in other disciplines, like quantum mechanics and the field theory, see,
e.g., [11] and [21]. Even though quantum systems are generally described in L?
spaces of infinite dimensions, the quantum perturbation theory routinely uses their
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finite-dimensional approximations, see, e.g., [11, Chapter 5]. Apart from that,
eigenvalues and eigenvectors are used in the theory of parametric excitation of
oscillating systems, see |10}, Section 27].

The present paper is devoted to examining the eigenvalues and the eigenfunctions
of the g-Stancu operators L, s ,. The structure of this paper is as follows: In
Section 1, some preliminary results that will be used through the paper and the
explicit formula for the moments of all orders for the g-Stancu operator are provided.
Hitherto, only the first three moments have been calculated. Section 2 focuses on
the eigenvalues and the corresponding eigenfunctions of the g-Stancu operator. It
is demonstrated that while £ = 1 is a double eigenvalue, the others are simple. In
the last section, the eigenvectors are graphically illustrated for selected values of
parameters.

2. MOMENTS OF ¢-STANCU OPERATORS

The calculation of the moments of linear positive operators plays a significant
role when studying their approximation properties. Regarding the g-generalization
of the Stancu operator L, 4, only the first three moments, L, s 4(e;;x), where
e; = t', i = 0,1,2 have been found so far, see [20, Proposition 2]. In this section,
explicit formulae for all the moments of the g-Stancu operators will be presented
through moments of the ¢g-Bernstein operator. To begin with, let us provide the
essential details regarding the g-Bernstein operator.

The explicit form of the moments of B, ;, mentioned in [5 formula (2.4)], is
provided below:

k )
Sq(k,1) ()
qu(@k; J}) = Z [q(kz) )‘z(',q)x ’ (5)
= [nlg

where S;(i,7) is defined as the ¢-Stirling numbers of the second kind [5] formula
(2.5)] as follows,

T r T(r 1)/2 ' R
Sq(lvj) [ qJ(J 1)/2 Z |:T:|q[j T]q7
with S,(0,0) =1, S,4(¢,0) = 0 for i > O7 Sq(l,j) =0 for j > 1.
Here are the eigenvalues )\gf;,)q of the g-Bernstein operator [13]: form = 2,3,...,n,

ot (o) (- ) (-5

Theorem 1. Form =1,2..., there holds

Lnsq Em; T Zansqrm (6)

where
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r

[n—s] s
an,&q(’r, m) = [n]m qu(mvr)Ag“,q g
q
m—r+17—1 m j—1
+ Y Y AGiar-D+ > Yoo AGir=1) (1)
j=1 =0 j=m—r+2i=r—1-m-+tj
and
. m =1 n—s i in_srsj . . n—s
agin = (") (1o P Tl g g i A, (8)
j i [n];

Proof. From the definition (EI), one has

Lps,g(em; ) = ni: {(1 —q" ") <Ejz>m +q" <M’>m }pns,k(q; z)

k=0 [n]q
-y (&%)mpns,k(q;x) + [nTm iq”"“‘s ([k+ sl = (K1) pr—s.e(q; @)
k=0 g 4 Lo

(=" B o)+ = ST s (s — .
_( [n]q > Bn_s’q( " )+ [n]gl k:oq (U{;+ ]q [k}q)pn—s,k(% )

Using the relation [k + s], = [k], + ¢"[s], and the binomial expansion formula in
the second sum, we get

Ln,s,q(e’rn; l‘)

- <[”[;]j]q>m3n_s,q(em5x) + [n;]} gi <Tj”> K794 (¢*151a)’ pu_sn(a: @)
B (W)m Brnsqlemi @) + q[;;x é (T) [s1; :::[k}gn_jqk(j_”pn_s,k(q; z).

Applying ¢* =1 — (1 — ¢)[k],, one can write

L ssg(emi ) = ([”[;]])m Busglems)

q
qn_s‘r m m n—s . -
F I (M)t L~ (1= Y a0
¢ j=1 \J k=0
With the use of the binomial theorem,

Lusalens) = (20) " B fenia)

i W zi; (T) [SES <j ; 1) (—1D)'Q =)y K py s k(@ @)

3
|
»

=0 0

~
Il
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~ () st + L (7 )

3 (77 )0 @ sl B o)

Lns.q(emi®) = o Z[n — s]gSq(m, T))‘g?qis)xr

T

159 Dl D (6 T it e B e e

imti=0 =0 \J ‘ Il

Changing the order of triple sums leads to:

m j—1lm—j+< m—1m—rj—1 m—1 m j—1
SN AGar) =YD 0> AG ) + > > A,
j=1i=0 r=0 r=0 j=1 i=0 r=1 j=m-—r+1li=r—m-+j

which allows us to write

Ln}&q(em’ — m Z m 7“))\(" s) r
‘1 r=0
m—1m—rj—1
535 3)IUTEEEES SIS RN SEPSEEE
r=0 j=1 i=0 r=1 j=m—r+4+1li=r—m-+j
where A(j,4,r) is given by . The first sum can be started from r = 1 due to the
equality S,(¢,0) = 0 for ¢ > 0. In the last triple sum, an empty sum is obtained for
r = 0, so it can be started from zero. Additionally, if we make the shift of index
r +— r — 1 in the second and third sums, we arrive at:

Ly sqlem;x) = R Z m,r))\("q g
q r=1
m m—r+1j—1 m m j—1
+Y0 Y AGiyr = D"+ A(j,i,r —1)z"
r=1 gj5=1 =0 r=1j=m—r+2i=r—1—-m+j
m
=: Z an,s,q(r,m)z"
r=1
where the coefficients a, s 4(r,m) are as in (7). This completes the proof. g

Remark 1. It should be noted that the expression for m =1,2 in @ recovers the
same result as the ones in (20, Proposition 2].
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3. SPECTRUM OF THE ¢-STANCU OPERATOR

In this section, we will investigate the spectral properties of the ¢g-Stancu opera-
tor, including its eigenvalues and associated eigenvectors. In the next theorem, we
will prove that, similar to the g-Bernstein operators, the subsequent eigenvalues,
excluding the first two, will be found as simple eigenvalues.

Theorem 2. For all 0 < g < 1, the q-Stancu operator owns n — s + 1 eigenvalues
f(” ) expressed as

e =g =1,

0,9
n—g|m-1
i’ = [[”]JZ (In—slg = [m =1y +¢" “[msly) \nZihy m=23,...,n—s.
q
Moreover, they obey the following order:
1= (()qu,s) glr’z,qs > g(n ,8) > g(n 9) 51(171 Z)q
Proof. The polynomial L,, s 4(em;x) can be written as
Lns.qemi ) = £0303™ + P (), (9)
where
(n,s) [TL— S]ZIR ' (n—s)
gm,q = an,s,q(mvm) = W ([’I’L - S}q - [m - l}q + q [ ] ) >\m 1,q°

and P,,_1 is a polynomial of degree at most m — 1.
By (E[), the matrix representation of L,, 5 4 in the standard basis {1 x,x2,. ”}

is an upper triangular matrix, whose diagonal entries are {§(" S)} Therefore the
numbers {f(" g)}, =0,...,n — s are the eigenvalues of Ly, s 4.

Next, let us demonstrate that the sequence {55,?;5 )} m>1 is monotonically decreas-
ing. Obviously,

) I (g, — il g m o+ D)8l A
é—(ns B [n—s]g" ™ ! 1 n—s )\(n s)
Li™ (= sl — [ — g + "= [msly) AG

_ [n—s]q . [m— 1]q [n—s}q— [m]q+qn_s[<m+1)5]q
B [n]q <1 [n — sy ) [n —slqg — [m —1]q + ¢"~*[ms],
[n—slg — [m — 1] . [n— slg — [mlq + ¢"*[(m + 1)s]q

[n]q [n —slqg — [m — 1], + ¢"*[ms],
_[n—=slg—[m—1] . [n + ms]y — [m]q
[n]q [n+ms — sy —[m —1],

m—1 n—s m n—+ms
" —=¢" q" g

1— qn qul _ qn+msfs .
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In order to prove that &, (" S) is monotonically decreasing, one needs to show

fgﬂ,q qul _ qnfs qm _ anrms 1
g(n,s) - 1—g» ’ qm—l — gntms—s )
m,q
which means that
(1 _ qn)(qm—l _ qn+ms—s) _ (qm—l _ qn—s)(qm _ qn+ms)
— qul _ anrmsfs _ qn+m71 _ q2m71 4 qn+ms+m71 + anrmfs > O

Dividing both sides by ¢™~!, the latter inequality takes the form
n+ms—s—m-+1

1— q _ qn o qm 4 qn+ms 4 qnferl > 0.
Adding and subtracting ¢"*™ on the left side of the inequality and making some
simplifications, one gets
1— qn+ms—s—m+1 _ qn _ qm + qn+ms =+ qn—s—i-l =+ qn+m _ qn+nz >0
<:>(1 - qn) qm(l o qn) + qn+m(7qm57372m+1 4 qmsfm 4 q7m75+1 o 1) >0
<:>(1 _ qn)(l _ qm) + q7L+7rn(qms—m(1 _ q—m—s+1) _ (1 _ q—m—s+1) >0
S1l-¢")A—q™) +q" (@™ =)l —qg ") >
S1—g")A—g™) +¢" 1 —g™ ™A —g™ ) >

which yields that, for s > 1 and m > 1, the sequence {fn?”; }m>1 is decreasing,

implying that the numbers 552’5), m=1,...,n — s are distinct. O
Remark 2. [t is worth mentioning that {5 % are the eigenvalues of the

classical Stancu operator found in [17, Theorem 5.1/. Additionally, when s = 0
or s = 1, we obtain the eigenvalues of the q-Bernstein operator defined by Phillips
115, and, accordingly, when q equals 1, we recover the eigenvalues of the classical
Bernstein operator given in [4].

Theorem 3. Forn € Nandm =0,1,...,n—s, the monic polynomzials Lpgn’ )( qQ; ),

which are the eigenfunctions of Ln,S,q(fv x) associated with the eigenvalues f

m q ’
are given by

m

9057?78) ((ﬂ -T) = Z dn,s,q (u’ m)xu’

u=0

where dnys,q(m m) =1 and ga(n’s (¢;2) =1, (p(" s)( ;@) = x, while form > 1 and
v=1,2,...,m

dn’s’Q(m_U7m) E(n ,8) (n s) Zd”SQ )aan(m_vvm_u)'

m v,q u=0
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Proof. Consider the monic eigenfunctions of Ly, s ,(f; z):
©3) (g Z dp,s,q(u, m)z dps q(m,m) =1, (10)

corresponding to the eigenvalue &, "’S). Then,

L s,q(wﬁfi D (a; ) z) = &5l (g ). (11)
Taking expression into account, (| can be written as

m m
( ’;) Z dp,s,q(v,m)x’ = Z dn,s,q(w,m)Ly, 5 4(t%; )

—ZdnsqumZansqvu ZZdnqqumangq(vu)

v=1u=v

Comparing the coeflicient of z® in both sides results in

m
f,(ff,’;)dn,s,q(vvm) = Zdnys’q(u,m)amsjq(v,u).

U=v

Substituting v with m — v and v with m — u leads to

f(ng)dnsq m—uv,m) Zdnsq m)an,s,q(m —v,m—u),
resulting
dn,sﬂ(m_vvm): (n,5) (ns Zdns,q )ansq(m_%m—u),
m,q ~ Sm—v,q u=0
which completes the proof. ([l

As an application of this theorem, the following result on the convergence of the
iterates can be stated.

Corollary 1. Let 0 < ¢ < 1, f € C[0,1] and L™, , stand for the m-th iterate of

n,s,q
Lin,s,q, which is defined by L}, . (fi2) = Ly sq(f;2),

neq(fa )* ns,q(L;ngtll(f;x))a m=23,...
Then, for fized n and s,

m—r oo

and the convergence is umform on [0, 1].
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4. NUMERICAL EXAMPLES

In this part, we will present the visual representation of the eigenfunctions

Lpgff ’S)(q; x) for some specific parameter values. Figure [1f illustrates the eigenfunc-

tions <p52’3)(q; x) for m = 0,1,...,6 normalized to establish a uniform norm 1. Fig-
ure [2[ shows how the eigenfunctions <p§"’4) (¢; x) behave as the parameter n varies,

whereas Figure [3| displays the eigenfunctions gpéw’s)(q; z) for different values of s.
In Figure [4 while keeping all parameters fixed except for ¢, the eigenfunctions

¢g10’4)(q; x) are demonstrated with respect to the varying values of g.

|
05r —cpég’gi J
9,3
—
) —
2
0 o0
b
Sz)é‘},S)
_0 5 L SOE;J):S) il
-1 L L L L L ]
0 0.2 0.4 0.6 0.8 1

FIGURE 1. The normalized eigenfunctions of Lg 3 4 for ¢ = 0.5.
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0.5

0
_@5),1074)
134
_(pg )
05" §16,4) |
194
_90;, )
22,4
_90;, )
25,4
e ]
0 0.2 0.4 0.6 0.8 1
FIGURE 2. The eigenfunctions wé"’4)(q; x) for different values of n
and ¢ = 0.8.
1
0.5 1
0
(p(515,1)
05¢ _(p(515,3) |
Soélo,o)
80;15’7)
At ]
0 0.2 0.4 0.6 0.8 1
(15,5)

FIGURE 3. The eigenfunctions ¢y "’ (¢; z) for different values of
s and g = 0.8.
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-1 ! ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1

FIGURE 4. The eigenfunctions goglo’4)(q; x) for different values of g.
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ABSTRACT. In this study, the finite propogation speed properties investigated
for a two dimensional exterior problem defined by nonlinear Klein-Gordon
equation. Under some assumptions on the initial data and the nonlinearity,
the solution is shown to have a finite propogation speed. Furthermore, it is
demonstrated that the problem has a unique solution, and accurate numerical
solutions have been produced by the use of the dual reciprocity boundary
element approach with linear radial basis functions.

1. INTRODUCTION

Nonlinear wave equations are used to describe various physical problems, includ-
ing free surface problems, fields generated at the speed of light, large amplitude
problems. The nonlinearity may originate from the material constitutive relations,
from the large amplitude of the motion, or from the presence of a free bound-
ary |1L/2]. In most cases, nonlinear exterior wave problems are difficult to analyze
theoretically and computationally, since there is an added nonlinearity, the problem
is time dependent, the domain is unbounded and periodic waves are not possible.

It is known that solutions of the nonhomogenous linear wave equations have
quite different behaviour from solutions of parabolic equations since the energy of
a pure wave equation is constant and the initial data are transported with finite
velocity [3].

For the linear wave equation as well as for the general class of linear hyperbolic
equations in [4] it has been shown that any disturbance originated outside the light
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cone with a fixed vertex (xg,to) has no effect on the solution within the cone and
consequently has finite propogation speed. The theoretical and computational anal-
yses of nonlinear wave problems are usually complicated, since there is an added
nonlinearity, the problem is time dependent, the domain is unbounded and peri-
odic waves are not possible. The trial equation method has been used to find exact
solutions of a nonlinear Klein Gordon equation [5]. An energy decay estimate has
been derived in [6] and asymptotic behaviour of the energy for periodic solutions
has been studied for a particular semi-linear wave equation,namely damped Klein
Gordon equation in |7]. The longtime behaviour of a nonlinear exterior wave prob-
lem has been studied in [8]. The existence of a global solution has been studied
for exponential type nonlinearity and for a Cauchy problem with small data in [9]
and |10], respectively. On the other hand, local energy decay properties have been
studied for the dissipative exterior Klein-Gordon equation [11]

It is known that the theoretical solutions are not easy to obtain when the equation
is nonlinear and particularly if the problem domain is unbounded. The radial basis
functions |12], Taylor matrix method |13], finite difference method(FDM) [14}[15]
have been used for the solution of the problems defined by nonlinear Klein Gordon
equations. One can find differential quadrature solution for the 2-D IBVP in [16]
and artificial boundary method has been applied for the initial value problem (IVP)
defined by a coupled nonlinear Klein Gordon equations [17].

Most numerical methods such as the finite element method(FEM), FDM and
the differential quadrature method (DQM) have some difficulties for unbounded
regions, since they need to discretize the domain itself.

A FEM based method, Dirichlet to Neumann FEM (DNFEM) is a general
method for the solution of problems in unbounded domains. DNFEM method
constructs an equaivalent problem by introducing an artificial boundary and a map
is derived between the original domain and the and the artificial boundary. A
detailed review on the method can be found in |18]. Later, another alternative nu-
merical method dual reciprocity boundary element method (DRBEM), which has
the advantage of discretizing only the boundary of the region, has been applied to
the same problem in [19]. However for the unbounded domains one should be care-
ful with the selection of the approximating radial basis functions (RBF), unless the
problem is not guaranteed that the solution vanishes far away from the time-space
cylinder.

In this paper, an IBVP which has significant applications in quantum physics
and defined by a Klein Gordon equation (Section [2))) has been considered. In Sec-
tions [3| and M| the IBVP has been shown to have finite propogation speed under
some assumptions on the initial data and the solution has also shown to be unique.
Unlike [19], one has the advantage of having freedom in the selection of the ap-
proximating RBF, since it is guaranteed by the mathematical analysis. For the
numerical solution procedure (Section 7 DRBEM is used with linear RBF. The
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numerical results have been seen to be consistent with the behaviour of the solu-
tion and a well agreement with previously given reference solution [20] has been
obtained in terms of absolute maximum error.

2. THE PROBLEM DEFINITION

In this paper, the finite propogation properties, the uniqueness and the numerical
solution of the IBVP

0%u

oU  og2, _ .
52 Viu =¢(u) in Qx(0,00) (1)
U =g1 on FQl? %Z = g2 O ng (2)
ou
u(x,y,O) :’Lbo(l',y), E(xvgﬁo) :'Uo(.’b,y) (3)

are considered. In (1)), ¢ is a constant and ¢ (u) is a given function of the unknown w.
In Equations — (3), the infinite exterior problem domain 2 has an inner boundary
I'=T,4 Ul'y, , nis inward unit normal, g1, g2, uo, vo are given functions, ug and
vo have compact support.

3. DOMAIN OF DEPENDENCE

In this section the domain of dependence of solutions to the nonlinear Klein-
Gordon equation is examined. In order to prove finite propogation speed a curved
"cone-like’ region C' is found as in [4]. To this end, the boundary of C is estimated
as a level set {p = 0} where p solves the Hamilton-Jacobi equation

p— (249020 m Qx(0,00). (4)

Separating the variables one can write

p(xyt)=q(@y +t—to  ((x,y) €Q0=<t<to) ()
where q solves

q (z0,%0) = 0.
for a fixed (xg,y0) € Q, to > 0. Therefore it is assumed that q is a smooth solution
of ([6) on € — {(z0,40)}. Now one can define C' as,

C:={(z,y.0) p (2,9,t) <0} = {(z,y,t) g (2, y) <to—t} C Q2 x(0,00).
with the cross section of C; of C' for each ¢t > 0,

{c2 (@) +@)?%) =1 >0 in 2 {a} ©)

Cy == {z[q(z,y) <to—t}. (7)
Moreover, the cone C'is taken far enough such that both boundaries do not touch
each other, i.e., C'NQ x [0,7] = () where Q' is the interior domain bounded by T
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Theorem 1 (Finite Propogation Speed). Assume u is a smooth solution of Equa-
tion with ¢(u) = —mu™, m >0, n is a positive odd integer. If u=u; =0 on
Co, then u = 0 within the cone C.

Proof. Defining the energy

e(t) = % {/Ct (u? +c? \Vu\2> dx} - /Ct D (u)dx (8)

where ¢(u) = %, € (t) can be computed by making use of the Coarea formula, 4]

ety = {/ (ututt + CQVU.VU,;) dx}
Cy
A

[ roem) g (o) [ e
- = ui + ¢ |Vul” ) ——dS + —o¢ (u) | dx| — ds

[2 /act( ! Vel ) |Vql Cy dt¢( ) ac, |Vdl

B C
(9)
Integration by parts in A yields,

A = fCt g (ug — 02V2u) dx + 2 fact u (Vu.v)dS (10)

where v = |g—g| is the outer normal to 9C}. Using , Cauchy-Schwarz and Cauchy
1)

inequalities and the fact that u is a solution of (1)) one gets,

Al < fo, wd (W) de + ¢ [0, lu] [Vu| GgdS < [o, 5@ (w)dz+B (1)
and thus
: P (u)
é(t g/ —2dS <0 12
0 ac, V4 12)

since ®(u) = —m* - (m,n > 0,n is an odd integer) Thus e (¢) is a nonincreasing
function of ¢ and hence,

n+1

e(t)ﬁe(O)zO A 0§t§t0.
On the other hand, by its definition (Equation (8)) e(t) is nonnegative and therefore

ug, Vu, u = 0 within the cone C.
O
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4. UNIQUENESS OF THE SOLUTION

In this section the aim is to show the uniqueness of the solution for (1H3)) for
some particular choice of the nonlinear funciton ¢ in equation

Theorem 2 (Uniqueness). There exists at most one function u € L?(2) solving
the initial and boundary value problem —(@ with ¢(u) = —mu™, m >0, nis
a positive odd integer.

Proof. To show uniqueness u and 4 are assumed to be two different solutions of
(1H3). If one considers the L? inner product of the functions u; — @; then obtains

f(u) = f(a)
(ue =, ¢ (u) — ¢ (@) = [o(ur — ) (¢ (u) — ¢ (a))do
= fQ (%

+ o (34 (V0 = 2(Vuva) + (V)] ) de

S

(13)

_|_

Jo (8 - 88) (@ - ) ds

In integration by parts and the fact that u and @ are both solutions of the
equation are made use of. Also by the boundary conditions the last integral in
vanishes, since both solutions satisfy the same boundary condition. Therefore
one finally has,

- - _ o2 <12
2(up — g, ¢ (u) — P (a)) = % [ — Ut||L2(Q) + % [Vu— VUHL2(Q)_
Using Cauchy’s inequality with e one gets,
~ 2 2 -2 V12
3 llue = @20y + 5 IVu = Va2 ) < €llus — @ll72 ) + ¢ 16 (w) = ¢ (@)[|72(q).

If one selects € > 0 sufficiently small, uses Poincare inequality and Lipschitz conti-
nuity of the polynomial ¢ (u) then these lead to

7 1= tllpa(q) < Cllu—all 2
Finally Gronwall’s inequality gives

lu = @l f2(q) < Cllu(0) = @(0)]| f2(q)
which results with u = «.
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5. NUMERICAL SOLUTION

In this section, the IBVP defined by — is solved approximately by using a
combination of DRBEM and FDM is used as in [19].The DRBEM has the benefit
of discretizing only the region’s boundary, and it has been used to solve a variety of
issues in a wide range of scientific fields, including fluid dynamics and medicine e.g.,
[22,[23]. However here the nonlinearity function is chosen as given in Theorem [I] so
that by the theory given in Section[3], one is free for the selection of approximating
RBF.

To see that, before the application of DRBEM, consider the family of cones

Cir(zi) = {(x,t) eR*x[0,T]||lz— =] L <,
0<t<T, ;€ (supp(ug) Usupp(vo))}-
By using these cones one can define the following domain

B = UC@T (z4)
where, B¢ : R? x [0,T]/B and naturally the cones in Section 3 are included in B€.
By Theorem in Sectionit is obvious that for ¢ € [0, 7] all x with (z,t) € B¢, u
vanishes, i.e. wu(z,t) =0, since x ¢ supp (ug) U supp (vg) .
To apply DRBEM, Equation is multiplied by the fundamental solution of the
Laplace equation ( u*) and integrated over Q [21], i.e.,

/(2V2udQ /(W— )udQ (14)

Then, if for the left hand side of Equation [14]integration by parts is applied, one
obtains

Jo (02V2u) wdQ = [oopr (02V2u) w*dQ 5
15

= A(du; + [ ( 6nu—u*gg)df)

where BT := {zx € Q| (z,T) € B}, i denotes the source (fixed) point, and d; =
Jo A(zi,ys, ,y)dR. Here the only integral coming from the boundary is coming
from the boundary is the obstacle, namely I', because of the fact that the solution
w vanishes in the region B® identically.

The choice of approximating functions is not restricted, since for
u € C?(Q x (0,T)) the integrand of the right hand side,i.e. , (%277; — ¢(u) ) van-
ishes outside B by Theorem [l| in Section [3| and the right hand side of (14]) can
be approximated using linear RBF f = 1 4 r with r being the distance function
and considered as the modulus of a vector r; where for each boundary point k&
on the obstacle, j represents each of the other boundary and internal nodes. The
approximation would be as follows:
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azu N+L
(55 o) ~ X e (16)

j=1
with V and L being the number of discretization points on the inner boundary
and inside the exterior domian, respectively. Choosing the RBF f; s to be related
to the other distance functions ;(x,y) through the relation V?i; = f; with the

condition Z;V:JEL a; (t)4; =0 in BL one obtains,
2 2

Jornn Viur 235" aj(1);d9

+

o (Zur) o35 aj(t)idr

) N+L ~
Jru g (Zj:1 aj(t)uj) dr
Here there is no boundary integral coming from the boundary Br N €2, since
Z;V:JEL aj (t)4; =0 on the boundary of BT N Q by the assumption.

Combining and yields,

2 (ciui + |- (%—fu - u*q) dI‘) -
(18)

N+L " * . n
S () {Ciuij +Jr (aaiil 4 —u qj) df}
where ¢; = %.
Finally, rewriting Equation in matrix vector form, one gets a system of
ordinary differential equations of size (N + L) x (N + L) as;

¢ (Hu-Ga) = S(i— ) (19)
where S = (Hfj — GQ) F~! with G and H being the matrices with entries con-

taining the fundamental solution of Laplace equation and its normal derivative,
respectively. Furthermore, each coloumn of the matrices F' , U and Q consists of
the vectors of approximating functions f;, particular solutions @; and §;, respec-
tively. Note that, i is the (N + L) x 1 vector containing second order time derivative
at discretization points.

In order to approximate the solution at the discretization points at a time T,
the time interval [0,77] is divided into K with an equal time step size of A¢. The
second order time derivative in ( is discretized by using the central difference
scheme having O(A#?) | i.e.,
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1
ii= @(ukﬂ —2u0" +u*!) for £=0,1,2,---N (20)

with k denoting the time level. In order to obtain the DRBEM solution for the first
time level, the initial conditions are made use of. To this end, the first order
derivative in (3]) is discretized by using the O(At) backward difference scheme which
gives u~! at the discretization points as,

u !l =u’— Aw? = uy — Atvy (21)
where ug and v contains the values of the initial conditions in at the discretiza-
tion points.

In order to overcome the stability problems a relaxation procedure is applied for
the unknown u as

u=(1-p)u"+purtt (22)
positioning the values of u between the time levels k and k + 1. Together with the
relaxation procedure the unknown u is obtained at the discretization points
by solving the system of linear algebraic equations

Aul! = Au’+ At?op (uo) + Asq! + Atv° (23)

Biu*t! = Bou® + At?¢ (u¥) + Aggtt —u?! (24)
at the first and (k + 1)-st time levels, respectively. Note that the matrices in
equations and are given as

A= (1-8)I+A#BH),
Ay =(1-B)I-A*(1-B)H), Asz=At’G
B, = (1-28)1+ At*pH,
B, =2(1-8)I-At*(1-6)H
with
H=-2S'H, G=-S"1G.
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Example: Computations have been carried out for the initial and boundary value
problem — with ¢(u) = —mu® and ¢ = 200 . The region is taken as the
exterior of a circle with radius a = 0.25. The initial conditions ug and vy are taken
to be 0 and the solution is assumed to be 1 on the interior boundary. A reference
solution [20] is used to compare the numerical results with the technique described
here. In the calculations, N = 120 constant boundary elements and L = 100
interior points are used, and the time step is taken as 0.01. In order to compare the
results with the reference solution (denoted by u,s) in [20], the interior points are
taken along a portion (between a = 0.25 and R = 0.5 ) of a straight line radiating
from the origin of the circle.

In Tables [1] and |2, both of the solutions, obtained here(uprprar) and the ref-
erence solution [20] (ureys), are presented, for different times at the point R = 0.5
with ¢ (u) = —mu® for m = 0.0, m = 10000, respectively. In the third row of
the table the reference and DRBEM solutions are compared in terms of absolute
relative error 7 which is calculated by

Uref —UDRBEM
Uref
One can observe that the DRBEM solution with linear RBF are accurate almost
with 4 significant digits for both linear and nonlinear cases.
In the Figures|l]and |2] the reference solution and the DRBEM solution are illus-
trated at different times for the linear and nonlinear (m = 10000) cases; respectively.
One can see that DRBEM solution agrees well with the reference solution.

T =

TABLE 1. R=0.5,m=0

t 0.02 0.05 0.08 0.1

Upef 0.9441  0.8174  0.8673  0.8598
uprpeym 0.9448  0.8176  0.8677  0.8593

T 7Tx107% 2x107% 4x107* 5x107*

TABLE 2. R = 0.5, m = 10000

t 0.02 0.05 0.08 0.1

Upef 0.9164 0.7509 0.7867 0.7736
uprpem 0.9165 0.7511 0.7861 0.7742

T 1x107% 2x107* 6x107* 6x 1074
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6. CONCLUSION

In this paper, finite propogation speed properties are shown for a nonlinear two-
dimensional exterior Klein Gordon problem. The solution of the problem is shown
to be unique. For the numerical solution of the corresponding problem DRBEM is
used and the nonhomogenity is approximated with the help of linear RBF which
is known to have some difficulties when the domain is an exterior one. However,
the theory in Section [3]shows that under certain conditions on the nonlinearity and
initial conditions the solution is vanishing far away from the time-space cyclinder
and thus the approximation by the RBF is taken only within the finite region of
integration. The numerical results show good agreement with a previously obtained
reference solution in terms of absolute relative error.

Declaration of Competing Interests This work does not have any conflict of
interest.
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ABSTRACT. Let (N, g) be a Riemannian manifold, by using the musical isomor-
phisms » and f induced by g, we built a bridge between the geometry of the
tangent bundle TN (resp. the unit tangent sphere bundle T1N) equipped with
the Sasaki metric gg (resp. the induced Sasaki metric gg) and that of the
cotangent bundle T*N (resp. the unit cotangent sphere bundle T{N) endowed
with the Sasaki metric gz (resp. the induced Sasaki metric ggz). Moreover,
we prove that TN carries a contact metric structure and study some of its
properties.

1. INTRODUCTION

The geometry of tangent bundles of differentiable manifolds is of particular in-
terest in different areas of mathematics and physics. The research in this domain
began in 1958, with a very fundamental paper by Sasaki |16]. He constructed a
Riemannian metric gg (called the Sasaki metric) on the tangent bundle TN of a
Riemannian manifold (N, g), which depends on the metric g. Since then, the geom-
etry of (TN, gg) or the (unit) tangent sphere bundle T1N endowed with the induced
Sasaki metric gs has acquired extensive literature; see, for instance, [4,/5/9/11}/12]
and the survey [18§].
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On the other hand, the geometry of cotangent bundles of differentiable manifolds
developed in parallel with that of tangent bundles, as can be seen in [18]. In clas-
sical mechanics, the cotangent bundle can be viewed as the phase space. Akbulut,
Ozdemir and Salimov [1] defined the Sasaki metric analogue g g on the cotangent
bundle T*N of (N, g) and studied some of its properties. Afterwards, Salimov and
Agca |15] gave some of its curvature properties. In |10], the authors proved that
the musical isomorphisms » and f induced by Riemannian metric g are isometries
between (TN, gs) and (T*N, gg).

In this paper, we shed more light on the geometry of cotangent bundle (resp.
unit cotangent sphere bundle). Firstly, by using » and § we studied the relationship
between the geometry of (T*N,gz) and that of (TN,gs) and vice versa, and this
improved the results of [15]. Secondly, after we defined the unit cotangent sphere
bundle T{N of (N,g) and endowed it by the induced Sasaki metric gz, we showed
that » and f induced by Riemannian metric g are isometries between (T1N, gg) and
(TiN,gz), which allowed us to deduce the geometric properties of (TiN,gz) from
those of (TN, gs). Finally, like the unit tangent sphere bundle of (N, g), we showed
that the unit cotangent sphere bundle of (N, g) carries a contact metric structure
and studied some of its properties.

2. SOME RESULTS ON THE GEOMETRY OF COTANGENT BUNDLE

First, we start with a brief review on the geometry of tangent and cotangent
bundles following [7,[11,{18]. Let (N, g) be an n-dimensional Riemannian manifold,
V its Levi-Civita connection and (TN, 7, N) (resp. (T*N, 7, N)) be its tangent bundle
(resp. its cotangent bundle). The tangent space T,TN (resp. TqT*N) at a point
p = (p,v) in TN (resp. at a point q = (p,v) in T*N) splits into the direct sum of
the vertical subspace V, = ker(dr |,) (resp. 17q = ker(dr |q)) and the horizontal
subspace H, (resp. ’;qq)7 with respect to V: T,TN = H, @V, (resp. TqT*N =
Hq @ Vy).

The Sasaki metric gg on TN is defined for any Yy, Ty € T'(TN) by

gS(Tlllv Tg) = gS(T% Tg) = g(Tlv TQ) O T, gS(Tvlj7 Tg) =0,

where Y% and T} are the horizontal and the vertical lifts of T respectively. It is
well known from [7] that (TN,gg,J) is an almost Hermitian manifold, where the
structure J is defined by
J(X}) =17,
Lo 25 M
for any Yy € I'(TN). Furthermore, J defines an almost Kéhlerian structure. It is a
Kéhlerian manifold if and only if (N, g) is flat.
On the other hand, the Sasaki metric gz on T*N is defined for any Y1, Ty € I'(TN)
and any w, 6 € I'(T*N) by:

9§(W57 971) = g_l(w7 9) o 7~T7 gg(T?7 Tg) = g(Th TQ) o %7 gg(w§7 Tg) = 07
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where Y% and w” are the horizontal lift of Y1 and the vertical lift of w respectively.
Here, g~ (w, #) = g(fw, 1), in which § : w — f(w), such that f(w) is the vector field
on N defined by g(i(w), T2) = w(Y3). Note that the musical isomorphisms f§ and
M Ty = MYy) =g(Yq,.), define a bundle isomorphism between the tangent and
the cotangent bundle of N; moreover, » and f are isometries between (TN, gg) and
(T*N,ggz) |10]. Further we have

M) = (M00)7, A (Th) = 1T, 2)
and
e (W”) = (Bw)?, b (1) =TT (3)

Taking account of Eq. and Eq. and Lemma 2 in [7], the Lie brackets of
vertical and horizontal lifts to T*N are given as follows:

Lemma 1.

[wg, Hg]c =0,

[T?,wa]c = (Vylw)g,
[Tfllv T}ZL]C = [Tlv TQ}? - (R(Tlv TQ)w)gv
for any T1,To € T'(TN) and any w,0 € I'(T*N), where ( € T*N, w is a 1-form on N

such that wzcy = ¢ and R(T1,T2) = [Vr,, Vr,] = Vv, v, is the curvature tensor
of N.

From Eq. and Eq. and the Levi-Civita connection V of gg given by the
formulas (8)-(11) in [11], we obtain the following

Lemma 2. The Levi-Civita connection V of gz is described completely by

1

(Vo T3 = (Vr, To)f = 5 (R(Y1 To)@)E,

(Ve567)c = (V2,007 + 5 (R(a(), 4O T, "
(Fur T = 5(RG@), b)),

(Vi) = 0,

for any Y1,To € T(TN) and any w,0 € T'(T*N), where ( € T*N and w is a I-form
on N such that wz) = (.

Proposition 1. Let R be the curvature tensor of (T*N,gg5). Then the following
formulae hold

{R@?,TE)T?} = {R(Tl,mm + 1 R(m, B(T5, T2)tw) Ty
¢
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h

[t

+ LRt ROTY, Ta)) s + %R(bw, R(Ts, n)uw)n}

S

¢

v

+ 2{(VT3R)(T1,T2)W}C’

—_

{fz(r?,rg)w%} _ {R(Tl,Tg)w + iR(R(hw, ) Ta, T1 )
¢

v

— iR(R(bw, hw) T, Tg)w} + ;{(VTIR)(hw, Bw) T2

¢
h
~ (Ve R )T |
¢
{Rertonyri} = {Grente woms Tye+ SRon |
h
# 3| Tn R TS
o . ) )
R(Y},w")0" ¢ = —< ~R(tw,10) Y1 + ~ R4, bw) R(1ow, 50) Ty ¢
{Rertwnw} = {jre s+ Rt e m |

{Remoet} = (e wms + frw o R )T,

1 h
- Rl )R 2T

{R(w5706)y‘5} :07

¢

for any T1,Y3, T3 € T'(TN) and any w, 0, € T(T*N), where ( € T*N and w is a
1-form on N such that wz) = (.

Proof. Using Eq. and Eq. , we obtain

({6t tonts) ) = {RELTT] )
w ¢
sNuch~tha~t Mw) = ¢ and for any vector fields T1, T2, T3 on TN and any vector fields

T1,Ts, T3 on T*N. Thus, by Eq. and Theorem 1 in [11], we find the required
formulae. O
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3. UNiT COTANGENT SPHERE BUNDLE

The unit tangent sphere bundle T1N of a Riemannian manifold (N, g) consists of
all unit tangent vectors to N. As a hypersurface of TN it is given by
TN = {p = (p,v) € TN[gy(v,v) = 1}.
The vector field N, = v is a unit normal of T{N. In contrast with the horizontal

lift of a vector field, the vertical lift is not in general tangent to T N [3]; for this
reason, it was defined the tangential lift of Y1 € T,N to p € T1N as following (3]

Ttlp = Tll)p - g(Tl’v)NP = (Tl - g(Thv)V);'
Clearly, the tangent space T,T;N is spanned by vectors of the form Th and Y%,
where there is T; € T,N. To simplify notation, we will use T for Ty — g(Y1,v)v,
then YT! = Tll). The Riemannian metric ggs on the hypersurface TN induced by gg
on TN is uniquely determined by the formulae
QS(T?’ Tg) = gS(T}lla Tg)’
ﬁS(Tﬁa Tg) =0,
9s(T1,7%) = gs(T1,T3) — as(T7, N)gs(T3, N).
Now by analogy with unit tangent sphere bundle, we define the unit cotangent

sphere bundle TiN, as the set of all unit tangent covectors to N. As a hypersurface
of T*N it is defined by

T{N = {q = (p,v) € T'N| g, ' (v,0) = 1}.

The vector field ]\N/'q = v” is a unit normal of T{N. The horizontal lift of a vector
field is tangent to TN, but in general the vertical lift is not tangent. Thus, for
w € T,N we define the tangential lift of w to q € T{N by

wg = wg — g Yw, n)ﬁq = (w—g Hw, n)n)g.

The tangent space TqTiN is spanned by vectors of the form Th and w!. For the
sake of notation clarity, we will use @ as a shorthand for w — g=!(w, b)v, then

w! = ©°. The Riemannian metric gg on the hypersurface T{N induced by gz on T*N
is uniquely determined by the formulae

g5(T1,75) = g5(T1, T5),
g5(w', T3) =0, (6)
d5(w',0") = gg(w”,6") — gg(w”, N)gg(6", N).
We have the following

Theorem 1. Let be an n-dimensional Riemannian manifold (N, g) with Riemann-
ian metric g. Subsequently, the musical isomorphisms generated by the metric g
represent isometric mappings between (TiN,gs) and (TiN,gg).
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Proof. From Eq. and Eq. , we find

(1)) = (A1), (7)
HEDESCHE (8)
Thus
M(83) (11, T5) = ga(MT, 2.T5)
= 35((310)", (A1)
= gs(T1,13), (9)
M (gz)(T5,T5) = 0= gs(T], T3), (10)
and
M(g5) (YT, Y5) = g5(NTT, M5)
= 35(T1. 13)
= gs(T7, T5), (11)
then from Eq. (9)-(11)), we find that » : (T1N,gs) — (T{N, gg) is an isometry. In a
similar way, we can also prove that f : (T{N, gg) — (T1N, gs) is an isometry. |

By virtue of Eq. and Eq. and the formulae (3.2)-(3.3) in [3|, the Lie
brackets of vector fields on T{N involving tangential lifts are given as follows:

(17,07, = (Vr,w)] (12)

[0, = a7 (w.0)0), — g7 (0, 0)],
for any Ty € I'(TN) and any w,6 € I'(T*N), here v = (z,q) € T{N and ¢ is a 1-form
on N such that ¥z, = v where 7 : T{N — N is the natural projection. Using
Eq. , Eq. , Eq. @, Eq. and the Levi-Civita connection ?S of gg given by

Proposition 3.1 in [3], we obtain the following:

~5 B
Proposition 2. The Levi-Civita connection V  of Riemannian metric gg is en-
tirely described by

-5 1 :
(Vg Th = (V2. T2)l = S(ROC T2)0)],

(V36 = (V.00 + 5 (R0, )]
- ~ (13)
(VarTh = 5 (RED, ko)),

(Vo) = —g~ (0, D),

for any T1,YTy € I'(TN) and any w,0 € I'(T*N), here v = (p,v) € T{N and ¥ is a
1-form on N such that ¥z, = v.
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Proposition 3. The curvature tensor RS of (TiN, gg) is entirely described by

{Eg(ﬁ, Té)rg} - {R(Tl, To)Ys + %R(W,R(Tg, To)59) s

h
+ R0 RO Ya)ud) o + 5 RO0,R(T1, T2)0)Ta |

1 ¢ V
+ 2{(VT3R>(T17T2)79} ;

v

{Rotoxbeth =Rt - o700 + {RORGY 5T T

- AR, 20 Ta)0 )+ o (T B, ) o

h
(Ve B30, uwm} ,

v
v

v

{Botnrt} = LR - g o) + JRE. T 10

N ;{mﬂxw, uwm}h,

14

{Rotni} =GRt - oo - 0.0,

v

1 h
+ TR0, 8 REDTL

{R'§ (W, 9%5} - {R(hw g w, 0)50, 50 — g (6, 0)50) T

v

1 h
+ 1 [R(W» ﬂw)» R(hﬁ’ hg)}’rg}y ’

{RW 0T} = a5l ol + 5l 00
for any Y1,T2, T3 € I'(TN) and any w, 0, € T(T*N), here v = (p,0) € T{N and 9
is a I-form on N such that ¥z, = v.
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Proof. Let R® be the curvature tensor of (T{N,gs). Using Eq. and Eq. (7)), we

obtain

s({Retin Tt} ) - {B@ Tt} | (14
such that Mwv) = v and for any vector fields T1,Y5, T3 on T{N and any vector
fields Y1,T9, Y3 on T{N. Thus, the required formulae follow from Eq. and
Proposition 3.2 in [3]. O

Theorem 2. The pair (T{N, ggz) is locally symmetric if and only if the base manifold
(N, g) is flat or N is a 2-dimensional manifold with a constant curvature 1.

Proof. 1t’s clear that
s - L ~F e o~~~
M {(Vu*WRS)(h*Tl, mm*n} = (Vg R%) (Y1, T2)Ts,
and B
~S ~g — — — =5 59\ /A% mF \AR
B [ (VAW R7) (N1, M) Mg | = (Vg R?) (T, T2) T,

for any vector fields Y1, Yo, T3 on T;N and any vector fields Tl,T27T3 on TiN.
Therefore (T{N, gz) is locally symmetric if and only if (TN, gs) is locally symmetric,
combining this fact with the main result in [2] we deduce the required assertion. O

3.1. An Almost Contact Structure on T}N. We first recall some notions on
almost contact structure, for more details we refer to [2]. Let N*"*! be an odd-
dimensional smooth manifold, we say that N?”*! has an almost contact structure
if the relations
pi)=1 and F2Y; = -0y + pu(T1)s
hold on N?"*1| where ¢ is a vector field, p is a 1-form, and F is a (1,1)-tensor field
on N27t1,
Then there exists a compatible Riemannian metric g

g(FY1, FY2) = g(T1,To) — p(T1)u(T2)

for all vector fields T; and T3 on N. We call (u,<, F,g) an almost contact metric
manifold, ¢ being known as its characteristic vector field. For an almost contact
metric manifold N, its fundamental 2-form ® is defined by ®(Y1, T2) = g(F Y1, T2).
If
¢ =dp,

N is called a contact metric manifold. A contact metric manifold for which ¢ is
a Killing vector field (resp. harmonic vector field) is called a K-contact manifold
(resp. H-contact manifold). Recall that a unit vector field T; on N is harmonic if
and only if AY is parallel to T1, where AY; is the rough Laplacian of Y1 (see [8]).
In [14] Perrone showed that a contact metric manifold is H-contact if and only if
the characteristic vector field ¢ is an eigenvector of the Ricci operator.
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A contact metric structure is called Sasakian structure if it is normal. Recall
that an almost contact structure (u,<,F,g) is said to be normal if

N(TlaT2) = [faf](T17T2) + QdM(TlaT2)g = Oa
for all T1, Yy € I'(TN), here N (Y1, Y2) is (1, 2)-tensor field and [F, F] is the Nijen-
huis torsion of F,
[F, FI(Y1, o) = F2[Y1, Ya] 4 [FY1, FYo] — F[FY1, To] — F[Y1, FYo).
A powerful characterization for Sasakian manifolds is the following: An almost
contact metric manifold (u,, F,g) is Sasakian if and only if
(V’rlf)TQ = g(T17T2)§ — M(Tg)Tl; Tl, Tg S F(TN),

where V is the Levi-Civita connection of (N, g).
Next, it’s well known from [17] that the unit tangent sphere bundle T;N has a
standard contact metric structure (¢, 4/, ', g%) = (25, 31, F, 18s), where ¢, p and

F are given by
— _JN = ¢ o\"
N ort )’

p(T)) =0, w(Y}) =g(T2,v), (15)
here (p,v) € TN and Y7 € I'(TN). Note that < is the geodesic flow.

3.1.1. An almost Kdhlerian structure on T*N. Let (N, g) be a Riemannian manifold
of dimension n and (T*N, gg) its cotangent bundle endowed with the Sasaki metric.

On T*N we define the structure .J by
{ T = (1", )

J(@") = — ()",

for any Ty € T'(TN) and w € T'(T*N). It is clear that (T*N,J) is an almost complex
manifold. Moreover, since
85(J(T1),w") = w(T1) = —g5(TT, T(w"),
95(J(w"),0") = 0= —gg(w", J(67)),
and B N
05(J(T1), 15) = 0= —g5(TT, J(Y3)),
for any Y1, Yo € I'(TN) and any covectors w and 6 on N, then (T*N,gg, j) is an
almost hermitian manifold. Furthermore, the 2-form 25 defined by:

Oz =g5(J")
is closed. In fact, we know

Qg =0 g5((Vg, J) T2, Ts) + 95((Vg, ) T3, T1) + 95((V, /) Y1, T2) =0,
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for any vector fields Ty, T2, T3 on T*N. Using the algebraic Bianchi identity, Eq. @
and Eq. , we get dQg = 0. Hence, we may state the following:

Theorem 3. Let be an n-dimensional Riemannian manifold (N, g) with Riemann-
ian metric g be. Then (T*N,gg,J) is an almost Kdhlerian manifold.

Theorem 4. Let be an n-dimensional Riemannian manifold (N, g) with Riemann-
ian metric g be. The musical 1somorphisms » and i are holomorphic maps between

(TN, g5, Js) and (T*N, gg,J). Moreover, (T*N, gg, J) iis a Kdhlerian manifold if and
only if (N, g) is flat.

Proof. From Eq. , Eq. , Eq. and Eq. we obtain M.J = J, and
b.J = Jhs, it follows that M and f are holomorphic maps. Thus, by a direct
computations we get

J‘*(VH*TIJ)h*Tg = (Vg J) T2,
and N B

h*(VJ\*YlJ)J‘*TQ = (Vx,J) T2,
for any vector fields T.,T> on TN and any vector fields T1,To on T*N, then
(T*N,gg,J) is a Kahlerian manifold if and only if (TN, gs,.J) is, or equivalently
(N, g) is flat. O

3.1.2. An almost contact structure on TiN. With the help of the almost complex
structure J, we can define a unit vector field <, a 1-form g and a (1, 1)-tensor field
F on T*N, as given below:
{=-JN, F=J-a®N.
Explicitly <, @ and F are given by
~ 0 5

T = Ul(azi)h7 (18)
W) =0, () =g (3T1.0), (19)
Flw') = =) + g7} (w,0)5, F(TT) = (3T1)". (20)

Note that < is the cogeodesic flow.

~/

Proposition 4. (T{N,< ,ﬁ/,]?', @'g) is an almost contact metric manifold, where we
have (&, 11, F',§5) = (X, 37, F, 183)-
Proof. By definition, we shall show that (', i, 7, ﬁ'g) satisfies
B =1, F?=-T+i'®7 and §5(F Y1, F'Ts) = g5(T1, To) — 1 (T)F (T2)
for all vector fields Y1 and Ts on TiN. From Eq. -, we yield

AR =1 F)=0
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FRwh) = —F (1))
= —ut (21)
and
FR(Th) = F((011)7)
= TP 4 g7 (0T, 08
= P+ W (rhT (22)

~12
By Eq. and Eq. , we see that ¢/ =T+ ®7<. By virtue of Eq. and
Eq. , it follows that

55(3' (), 3 (6) = 185(6 (&1),8 (67)
= 107 0) — 5w, 0)g (6, 0))
= 1 @s(h,6) — W)
= §5("0) — 7 (W) (0), (23)
and
55(5 (1), 8 (1) = Jas(6 (rD), 3 (xh))
= 135(1), (7))
= (@ T, 2Ts) g (T4, 0)g (3T, 0))

= 05(T1, %) — 1/ (YA (T5). (24)
From Eq. and Eq. , we see that
F5(F (T1), F'(Y2)) = §5(T1, T2) — i (Y1) (T2),

for all vector fields T; and Ty on TiN. Therefore (Tfo’,ﬁ',]?',ﬁ%) is an almost
contact metric manifold. O

Proposition 5. (T’{N,E’,ﬁ/,fﬂgg) is a contact metric manifold, where we have

(1, F,8) = (X, 30, F, jag)-
Proof. By using Eq. , we yield
(', F(T]) = 85", (3711)")

= {07 @, 3T)) g (@ 0)g (AT
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On the other side, from the definition of the vertical lift to T*N we get
Wﬁ(g_l()TM U)) = g_l(J‘Tl,w)7

and B
¢"(g7 1 (dT1,0)) = g~ (M1, v).
Thus, we obtain

W (g7 (M1,0)) = g7 (w, A1) — g7 (w, 0)g T (M1, ), (25)
it follows from Eq. , Eq. and Eq. that
a7 (o, X5 = T (T) — 0 () — 3 (i, 7))
= W)
= {57 @.2T1) g (e )g (3T o))
Then we get the contact metric structure (<, 7, 5/, ﬁ’g) on TiN. O

Theorem 5. The contact metric structure on TN is K-contact if and only if the
contact metric structure on TN is.

Proof. As » and fj are isometries between (T1N,gs) and (T}

N,g3), we deduce that
M(Legg) (T, T2) = (Ly, 2 M85) (Y1, T2) = (Lergs)(T1, Ta), (26)

and

1"(Ler9s) (Y1, Yo) == (Ly_,b0"9s) (Y1, T2) = (Lzgg) (L1, T2), (27)
for any vector fields Y1, Yo on T;N and any vector fields Tl, TQ on T{N. Then, from
Eq. and Eq. we get our assertion. O

Theorem 6. The contact metric structure on TN s Sasakian if and only if the
contact metric structure on T{N 1s.

Proof. Let (¢, i, F', %) (resp. (', 7', F, g~) be the standard contact metric struc-

ture of T1N (resp. TiN). From Eq. , Eq. , Eq. @, Eq. , Eq. , Eq. ,
Eq. and Eq. we have

NF = F'N,
h*j_:/ = ]:/h*7
x~/
/’L - /’L )
=

Hence  is (F', F’)-holomorphic map and f is (]-: " F')-holomorphic map. Therefore,
we get

s 5 _
M((VE,F)T2) = (Vi x, F )Tz,
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and
-5 o~ o~ _s o~
1:(VE, F) T2 = (Vy 5, F ) Lo
Thus, we obtain
—9 ~ B ~ ~ ~ ~ ~5 ~ ~
(Vi 3, F Yo — g5 (0:T1, 1. T2)s" + 1/ (8. T2)8.T1) = (Vy, F') T2

- glg(:fh:fé)z/
+ ﬁ/(”f2):—f17

and

L (VA 3, F)0To — §a(0 T, M Ta)s’ + 1 (M To) M) = (Vs )T,
—05(T1, T2)¢’
+ 4 (T2) Ty,
then, the contact metric structure on TiN is Sasakian if and only if the contact

metric structure on TN is. O

Theorem 7. The contact metric structure present on TN is categorized as K-
contact if and only if the Riemannian manifold (N, g) possesses a constant curvature
of 1. In such instances, the structure established on TN is denoted as Sasakian.

Proof. Combining Theorems 5| and |§| with Theorem 8 in [17], we get our assertion.
O

Finally, recall that a Riemannian manifold (N, g) of dimension n is said to be
2-stein if there exist two functions a1, as : N — R such that for every p € N and
every vector T tangent to N at p we have

Tr(Ry,) = a1 (p) [IT1]*,  Tr(RE,) = as(p) 11",
where Ry, is the Jacobi operator [6].

Theorem 8. The contact metric structure on TiN is H-contact if and only if (N, g)
15 2-stein.

Proof. It is obvious that the Ricci operators Q(5) on TiN and Q(<) on TiN are
related by:

and
2.QQ) = Q).

Thus, it follows from the main Theorem in |13]| that the contact metric structure
on TiN is H-contact if and only if (N, g) is 2-stein. O
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ABSTRACT. In this article, we study the construction of norm retrievable
frames that have a dynamical sampling structure. For a closed subspace W
of R™, we show that when the collection of subspaces {AZW}Z‘EI is norm re-
trievable in R™ for a unitary or Jordan operator A, then there always exists
a collection of norm retrievable frame vectors that have a dynamical sampling
structure in R”.

1. INTRODUCTION

Given a signal x € H in a separable Hilbert space with a given orthonormal
basis {e;};er in H, Parseval’s identity allows us to reconstruct the signal z from
the measurements{(z, e;)};er. The set of coefficients {(x,e;)}ier is unique. We
are unable to recreate the signal x from the remaining data if a measurement is
missing or damaged. We can see the need for a set of vectors that allows for
some loss resilience while also having a reconstruction property similar to Parseval’s
identity. A frame {x;};ecs for H allows for redundancy while preserving a structure
so that reconstruction is possible. Now, the set of measurements {(z, x;)};cs is not
necessarily unique.

We can reconstruct the signal x from the measurements {(x, z;) } using the frame
vectors {z;}ier in H. But let’s say that the measurements’ phase was lost or
was impossible to determine. These restrictions may apply in a setting like a
tomography or crystallography. We are unable to create the exact signal  when
we just have the phaseless measurements {|(z, z;)|}. The idea of phase retrieval for
Hilbert space frames was first proposed by Casazza, Balan, and Edidin [11] in 2006
to extract the phase of a signal from a redundant linear system using the intensity
measurements {|(x, z;)|}. They showed that we require a minimum 2n — 1 vectors
to have phase retrieval in R™. Phase retrieval is a stronger condition than being a
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frame. A set of vectors does not meet the requirements for phase retrieval if it is
not a frame. Norm retrieval is a different condition that is less strong than phase
retrieval. The notion of norm retrieval is described in [10], a collection of vectors
performs norm retrieval if two vectors in the Hilbert space have the same intensity
measurements, then they have the same norm. The phase retrieval conditions are
relaxed by the norm retrieval property. There exist norm retrievable sets that are
not phase retrievable, but every phase retrievable set is also a norm retrievable
set. Fewer vectors are needed for norm retrieval compared to phase retrieval. For
instance, orthonormal bases are not phase retrievable but they are norm retrievable
sets.

When Q C {1,2,...,n} are the coarse sample points in H, the measurements
{{z,e;) : i € Q} have insufficient information in general to recover the original signal
x. Given an operator A on H, suppose the signal = € H evolves through the operator
A over time to become A’z at time £. Now, we can have extra information {A‘x(4) :
i € Q} about the signal z. In [6], Aldroubi and his collaborators recently showed
that x can be recovered from the measurements of {(A‘z,e;) : £=10,1,...,L; i €
0} if and only if the time-space samples is a set of frame vectors.

In this article, We will look at how these two most recent advancements in frame
theory cross. We will attempt to demonstrate when norm retrieval is feasible under
the unitary and the Jordan operators using samples obtained from the dynamical
sampling structure. We consider the norm retrieval problem in the dynamical
sampling setting in the finite-dimensional real Hilbert space R™.

2. PRELIMINARIES

In this section, we provide some of the terminology and findings in frame the-
ory, phase retrieval, norm retrieval, and dynamical sampling that are essential to
understanding the conclusions we reach.

2.1. Frames.

Definition 1. 23] A set of vectors {x;}icr is said to be a frame in a Hilbert
space H if there exist constants A and B with 0 < A < B < oo such that

Allz|? §Z|<m,xi>|2 < Bl|z||?, for all x <€ H. (1)
iel
A and B are called upper and lower frame bounds of the frame {z;};c;, respec-
tively. If A = B, then {x;};cs is called a tight frame. The set of vectors {z; }ier
is called a Parseval frame if A = B = 1.
Let {e;}icr be the standart orthonormal basis in ¢2(I). Given the set {z;};c; in
H, the operator ® : H — ¢2(I), which is generated from the set {z;}icr,

O(x) = Z(x,xi>ei forall zeH (2)
iel
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is called the analysis operator associated with the set {x;}ic;.
The synthesis operator is the adjoint ®* : £2(I) — H of the analysis operator
® and is defined by

O (1) = H, O ((ci)ier) = Y cii. (3)
iel
The operator S = ®*® : H — H is called the frame operator of the frame
{z;}ier and is defined by

S(x) =" D(z) = > (z, ). (4)
iel
The operator S is a bounded, self adjoint, positive, and invertible operator that
satisfies the operator inequality AI < S < BI where A and B signify the upper and
lower frame limits and I denotes the identity operator on H. A frame is complete
if it meets the lowest frame criteria. On the other hand, the upper frame condition
requires a well-defined analysis operator.

Definition 2. [25] Given a frame {x;}icr in H, if there are scalars {c; }ier such
that {c;z; }ier is a Parseval frame, then the frame {x;}icr for a Hilbert space H is
said to be scalable. If there is a value of 6 > 0 , such that ¢; > § for alli € I, then
the set {x;}ier is known as a strictly scalable frame.

2.2. Phase Retrieval and Norm Retrieval. For the given set {x;};c; in H, the
reconstruction of x up to a constant phase from the absolute value of the inner
product of the coefficients measurements {(x, ;) };cs is called phase retrieval which
defined by Balan, Casazza, and Edidin in [11].

Applications, where measurements of a signal can only identify by amplitude
rather than the phase, are included in speech recognition [30], optics applications
like X-ray crystallography [20,[29], quantum state tomography [28], and electron
microscopy [27,[31]. Phase retrieval problem has been extensively studied in [10-
13l[15/18|[24].

Definition 3. [11] A collection of vectors {z;}, in R™ is called phase retrieval
if for all x,y € R™ which satisfies |{x, z;)| = |{y, x;)| for alli =1,.., M, then x = cy
where ¢ = 1 in R™.

Definition 4. [10/ A collection of vectors {z;}, in R™ is called norm retrieval
if for all z,y € R™ which satisfies |(z,x;)| = [(y,z;)| for all i = 1,.., M, then
=[] = [lyll-

Lemma 1. [17] In R", if the number of n vectors {x;}?_, do norm retrieval, they
have to be orthogonal to each other.

There is also the idea of phase and norm retrieval by projections, which is agree
with our earlier definitions when the projections are one-dimensional.
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Definition 5. [10] Let {W;}M, be a collection of subspaces in R™ and define
{P}M, to be the orthogonal projections onto each of these subspaces. We say that
{WM, (or {P;}M ) yields phase retrieval if for x,y € R" satisfying || P;z|| = || Piy|
foralli=1,....M, then x = cy for some scalar ¢ with ¢ = %1.

Definition 6. [10] Let {W;}M, be a collection of subspaces in R™ and define
{P,}M, to be the orthogonal projections onto each of these subspaces. We say that
{WIM, (or {P:}M, ) yields norm retrieval if for z,y € R" satisfying || P;z|| = || Py||
foralli=1,... M, then ||z|| = ||yl

Definition 7. [11] A frame {x;}}, in R™ satisfies the complement property if
for any index set I C {1,... M}, either span{z;}ic; = R"™ or span{z;};cre = R™.

Theorem 1. [11] A frame {z;}}, in R™ yields phase retrieval if and only if it
has the complement property.

2.3. Dynamical Sampling. Given a bounded operator A, a vector b € H and
¢ € N, we can get a collection of vectors {b, Ab, A%D, ... A*b} by applying the operator
A to the vector b. The dynamical sampling problem which defined by Aldroubi,
Davis, and Krishtal in [7] is looking for the conditions on the set of vectors {b; €
H:ieQ, |Q <dim(H)}, the operator A and ¢; € N such that the collection of
vectors
{bs, Abi, ..., A} e ieny

is a frame in H. In 2012, Aldroubi and his collaborators created a mathematical
system for a dynamical sampling structure with results appearing in [5,/6]. The
dynamical sampling problem gets the attention of other researchers and has been
recently studied by [1H4L[8L[9L[14L[22L[26].

Let A be a matrix that can be written as A* = B~'!DB where D is a diagonal
and B is an invertible matrix. Let {)A;};cs be distinct eigenvectors of D and
{P}},cs denote the orthogonal projections in H onto the eigenspaces {E;};c.s of D
associated to the eigenvalues {);};cs. Then we have the following result.

Theorem 2. [6, Thm: 2.2] Let Q C {1,2,...,n} and {b; : i € Q} be vectors
in R™. Let D be a diagonal matrix and r; be the degree of the D-annihilator of
bi. Then {D7b; i€ Q;j=0,1,....1;;l; =r; — 1} is a frame of R™ if and only if
{P;(b;) : i € Q} is a frame of E; for all j € J.

The authors of |6] extended the Theorem [2| to non-diagonalizable operators as
follows.

Theorem 3. [6, Thm 2.6] Let J be a matriz in Jordan form as in[§ Let Q C
{1,2,...,n} and {b; : i € Q} be vectors in R™, r; be the degree of the J-annihilator
of the vector b; and l; =r; — 1 . Then the following propositions are equivalent.
(1) The set of vectors {J7b; :i € Q, j=0,1,....1;, } is a frame for R".
(2) For every s =1,..,n, {Ps(b;) : i € Q} is a frame for W.
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3. RESULTS

We first start with creating a standard dynamical sampling system in R™ using
a bounded linear operator A. Assume that the vector b € R™ evolves through the
operator A to become the vector A’b at time £ € N. Let Q C {1,2,....,n} be the
sample points and define AW = span{A’b; € R";i € Q}.

In [14], we show the construction of norm retrievable sets {Azbi}{(:0,17"'M)ieQ}
that arise from a dynamical sampling system in a finite-dimensional real Hilbert
space R™. In this paper, we show the relations between the norm retrievable set
of {Aebi}{g:071’.”M7i€Q} in R” and the set of projections {P}s—o1,. a7y under
the unitary and Jordan operator, where Py is the orthogonal projection onto the
subspace A‘W.

First, we show that the collection of vectors {Azbi}{€:0717.“M7ieQ} is norm re-
trievable in R™ if the identity operator on R"” is in the spanning set of the rank
one projection of the vectors {b; € R" : i € Q, |Q| < n} as shown in the following
Theorem [l

Theorem 4. Let A be a bounded linear operator on R™ and {b; e R" : i € Q, |Q] <
n} be a collection of vectors in R™. The collection of vectors {Aebi}{OSeSMﬂ‘eQ}
accomplishes norm retrieval condition in R™ for some M € N if there exists a
solution {Cy i} {o<e<nm,icay to the following system of linear equations

> Cralles, A2 = 1 (5)
4,3
ZCl,i<€j,A€bi><ek,Aébi> = 0 (6)

i
forall j,k =1,2,.n with j # k.
Proof. Assume that given the operator A on R™ and the collection of vectors {b; €
R" :i € Q, || < n}, the measurements, |(x, A%b;)| = |(y, A’b;)| VO <{< M,ic
Q for fixed z,y € R™, are known. Then we have
(x—y, A'D;) =0 or (z+y, A)=0 Vii
and
(@ —y, (x+y, Ab)A%bs) = (x —y, ADi(AD)" (x +y)) =0 VL.

Given any scalar value Cy ;, we have Cy;(z — y, A%;(A%;)*(z +y)) =0 VL, i.

If I € span{A‘b;(A’;)* }jo<e< s icq}, then (z —y,z +y) = 0 and ||z|| = ||y||.

Now, we show that I € Span{Aebi(Aebi)*}{oggSM,ieQ} if and only if the equa-

tions and @ have a solution. Let {e;}”_, be the standard orthonormal bases
in R™. Then, we can express any vector A‘b; € R" as
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<61, Aebz>
Azb, _ <62, Aebl>
<6n, Aebl>
Hence, we have
|<61,Azbi>|2 <€1,Aebi><€2,Aebi> s <61,A£bi><€n,Aebi>
Afb (Afb )* . <62aA£bi><617A£bi> |<627Albi>|2 e <625Aebi><en7Akbi>
<6n,AEbi><61,Aebi> <€n,Aebi><€2,A£ibi> cee |<€n,A€bi>|2

The linear equation systems in and () have a solution if and only if the
identity operator I € Span{Azbi(Aebi)*}{g:(),l’___]w ,ien}- If so, we also have the col-
lection of vectors {Azbi}{e:0’17m M, ieqy Which does norm retrieval in R™ as demon-
strated in the following example. (]

Example 1. Let

0 0 O 1
A=11 1 0 b= 10
0 1 -2 0
Then the set
1 0 0 0
F = {b, Ab, A%, A%b} = { |0 1, |1 1
0 0 1 -1

contains an orthogonal basis. Hence, it does norm retrieval. Since the number of
vectors is less than 5, it does not do phase retrieval in R3. Note that the span of the
rank one operators generated by the vectors {b, Ab, A%b, A3b} contains the identity
operator.

100 000

bb* =10 0 0|, Ab(Ab)*= 1[0 1 0

00 0 00 0
00 0 0 0 0
A%h(A%h) =0 1 1], A%A%)*=1]0 1 -1
01 1 0 -1 1

and

I=0b" + %A%(A%)* + %A%(A?’b)*.
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When A is an n x n diagonal operator, the authors in [3, Thm.3] showed that
the set of vectors {Aebi}ogg M,ieq) 18 a scalable frame if and only if there exists
a positive solution {Cy;}to<s<nrico} to the system of equations in and @
Theorem 4 illustrates that if the solution {Cy;}o<s<ns,icq} to the system of linear
equations in and @ is not a positive solution, there exist norm retrievable
frames {Ab;}o<¢<n1,iey which are not scalable frames.

Theorem [4| does not give the conditions on the operator A, the set of sample
points {b; € R" : i € Q, |Q| < n} and the time increments ¢ but we show later sec-
tions how it works to obtain dynamical sampling frame which does norm retrieval.

Theorem 5. [10] Given a collection of vectors {x;}M | in a Hilbert space H". The
following statements are equivalent to each other.

(1) The set of vectors {x;}M, is phase retrievable in H"

(2) The set of vectors { Az;}, is phase retrievable for all invertible operator A on
HTL

(3) The set of vectors {Ax;} M, is norm retrievable for all invertible operator A on
H".

Given the collection of vectors {b; € R™i € Q, || < n} in R". Let W =
span{b; € R™;i € Q}. For every £ € N, the subspaces, which are generated by
iteration of W under the operator A, can be defined as

AW = span{A‘b; e R™;i € Q, |Q| < n} C R™.

Let {P;} be the orthogonal projections from R”™ onto A‘W for each ¢ € N.
Theorem [5 states that if the collection of vectors {b; € R";i € Q, |Q| < n} is phase
retrievable in W, then the collection of vectors {A’b; € R™;4 € €, |Q| < n} is phase
retrievable in AW for every ¢ € N when A is an invertible operator on R™. Assume
there exists an M € N such that R" = span{Azbi}{iGQ’ZZO’L.“M}. The collection
of vectors {Aebi}{ieg} satisfies phase retrieval in A‘W for every £ = 0,1,...M but
it does not imply that {Aébi}{iegz ¢=0,1,...m} is phase retrievable in R™.

1 0 1
Example 2. Define W = span{e; = |0| ,ea = |1]| ,e1 +e2 = |1|}.
0 0 0

Let A be an invertible operator on R3 such that Ae; = es and Aes = es3. The
iteration of the subspace W under A can be shown as

AW = span{es, es3,es + e3}.

The collection of vectors in {e1, ea, e1+es} and {ea, €3, ea+e3} is phase retrievable in
W and AW, respectively. On the other hand, the collection of vectors {ey, ea, e3, e1+
s, ea+e3} is not phase retrievable because when we get the partion {e1,es,e1+ea}
and {e3,ea+e3} of the set {e1, ea, €3, e1+e2, ea+e3} , neither of these sets spans R3.
This implies that the collection of vectors {e1, ea, €3, €1+ e€2,ea+e3} does not satisfy
the complementary property (Deﬁnitionﬂ) and fails the phase retrieval condition
in R3.
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Theorem 6. Let the set of vectors {b; € R™;i € Q, |Q| < n} is phase retrievable
im W C R™ and A is an invertible operator on R™. The collection of vectors
{Albi}{iegg:(),l’__]\/[} is norm retrievable in R™ if the set of projections {Pg}é\io 18
norm retrievable in R™ for some M € N, where Py is the orthogonal projection onto
the subspace A'W = span{{A*b;}icq}.

Proof. For x,y € R™, assume |(x, A®;)| = |(y, A®b;)| for alli € Q, £ =0,1,...M.
Let P, be the orthogonal projection onto the subspace A‘W for each ¢. Thus,

Py A% = A% and  |(Pux, PyA)| = |(Pry, P A%D;)|, for alli € Q.

According to Theorem 5| the set of vectors {A%D;}icq is phase retrievable (and
consequently norm retrievable) in AW for all £ since A is an invertible operator
and the collection of vectors {b; € R™;i € Q, |Q2] < n} performs phase retrieval
in W. This states that ||Psx|| = ||Ppy]| for all £ = 0,1,...M. By our supposition,
{P}}, is norm retrievable in R™ and we have |[|z|| = ||y||.

O

3.1. Iteration of Subspaces Under the Unitary and Jordan Operator. We
can do norm retrieval more smoothly if our dynamical sampling operator is unitary.

Given the index set Q C {1,2,...,n} and the orthonormal bases {e;}}_; of R™.
Suppose U is a unitary operator on R™. Let W = span{e; : i € Q, || < n} and
U'W = span{Ufe; : i € Q, |Q| < n} for any £ € N. Given any ¢ € N, since U is
a unitary operator, it preserves the inner product. Thus, we have (Ule;, Utey) =
{es,er) = 0 for all i # k. Which says that {U’e;};cq is an orthonormal basis for
UYW for each /.

Lemma 2. Suppose W = span{e; : i € Q, |Q| < n} and U'W = span{U’e; : i €
Q,1Q] < n} for £ > 0, where U is a unitary operator on R"™ and {e;}_; is an
orthonormal bases of R™. Let Py be the orthogonal projection onto UW for each L.
If the collection of projections {Pg}é\io is norm retrievable in R™ for some M € N,
then the collection of vectors {Ueei}{ieg’g:oyle} is norm retrievable in R™.

Proof. For z,y € R", assume that |(z,U’;)| = |(y,U'e;)| for any i € Q and ¢ =
0,1,..M. Since Ule; € U'W for any ¢ = 0,1,..M, we see that P,U%,; = U'e; and

[z, Ules)| = |(y, Ule;)| == |(x, PU"€;)| = |(y, PU";)|
== [(Pez, U'es)| = [(Poy, U'es)|.

For each fixed /¢, since P, is a projection on U YW and {U Zei}ieg is an orthonormal
basis in U‘W, we have

|1Pexl| = | < Per,Ue; > > =) | < Poy, U'ei > |* = || Py (7)
1€ 1€Q
By assumption, since the collection of projections {Pg}é\io is norm retrievable in
R™, we have ||z|| = ||y||.
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d

In Lemma the collection of vectors {Ue; : i € , |Q| < n} in U*W is orthonor-
mal because U is a unitary operator. Obtaining orthonormal bases as sample sets
is a strong condition but we can reduce this presumption as the following lemma.

Corollary 1. Let U be a unitary operator on R™. For a collection of vectors
{b; € R" : i € Q, Q] < n} in R?, define W = span{b; € R" : i € Q, Q] <
n} andUW = span{U’b; : i € Q, |Q| <} for £ € N. Let P, be the orthogonal
projection onto UW for £ € N. If the collection of vectors {b; € R™ : i € Q} is
norm retrievable in W and the set of projections {P@}{[:()’L__'M} is norm retrievable
in R™ for some M € N, then the collection of vectors {Uzbi}{1697£=0717___M} 18 norm
retrievable in R™.

Proof. For z,y € R", assume that |(z,U’b;)| = |(y,U%b;)| Vi€ Q, £=0,1,..M.
For each fixed ¢, since the unitary operators preserve norm retrieval condition, the
collection of vectors {Ub; : i € 2, || < n} is norm retrievable in U‘W. This says
that for any given x,y € R™ and £ € N, |(z, U’b;)| = |[(y, U7b;)|, Vi € Q implies that
||[Ppz|| = ||Ppy||. Since we assumed that the set of projections {Pp}(s—o,1,..a1} 18
norm retrievable in R™, we have ||z|| = ||y||.

([l

In Corollary and Lemma we assumed that the set of projections { Py} {s—o.1,...am1
is norm retrievable in R™ for some M € N. In general, we do not know whether
such an M € N exists or not. Now that we have a condition, we can guarantee
that the projection set {P}(s—o.1,..a} performs norm retrieval on R". We need
the definition of fusion frames defined in [19).

Definition 8. [19] Let I be an index set and {v;}icr be a family of weights. That
isv; >0 foralli € I. Let {W;}icr be a family of closed subspaces of a Hilbert space
H and Pw; is the orthogonal projection onto the subspace Wi for each i € I. Then
{(W;,vi) bier 1s a fusion frame for H, if there exists constants 0 < A < B < oo
such that

Allz|® <> 0| Pw, (2)|[* < Bljz|?, for all x € H. ®)
iel
A and B are called the fusion frame bounds. The family (W;,v;) is called a Par-
seval fusion frame if A= B =1 and a tight fusion frame if A= B.

Theorem 7. Let U be a unitary operator on R™ and {b; e R" :i € Q [Q] <n}
be a set of orthonormal vectors in R™. The set of vectors {U%; : i € Q, ( =
0,1,...M} is a tight frame in R™ if and only if the set of orthogonal projections
{Pe}4=0,1,...m1} 15 a tight fusion frame with weights vy = 1 for all £, where Py is the
orthogonal projection onto UW for each .
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Proof. (=) Suppose the set of vectors {U’b; : i € Q, £ = 0,1,...M} does tight
frame in R™ with frame bound A > 0. Then, given any x € R™, we can write

1
lalP =5 > U

i€Q,0=0,1,....M

Since {b; € R"™ : i € Q} is a set of orthonormal vectors in R™ and U is a unitary
operator on R™, {U*b; : i € Q} is also orthonormal set of vectors in U*W for each /.
Hence, the orthogonal projection P, onto the subspace U‘W = span{U* b; : i € Q}
can be written as

Py(z) =Y (2,U"b;)U"D;.
i€

Thus,

llP=% X leUnP=gi Y R@IP

i€Q,0=0,1,...,.M 0=0,1,...,M

and the set of orthogonal projections {P;}s—o1,. 1} is a A -tight fusion frame
with weights vy =1 .
(«<=) These follow from the definition of a tight fusion frame with weights vy = 1
for all £.
O

If {b cR":i€Q | <n} is a set of vectors that are orthogonal but not
orthonormal in R”, then the set {Ub; : i € Q, ¢ =10,1,...M} is not necessarily
a tight frame in R™ anymore. In this case, we have the following corollary that
follows from Theorem [5} Lemma [I] and Corollary

Corollary 2. Let U be a unitary operator on R™ and {b; e R":i € Q |Q| <n}
consists of orthogonal vectors in R™. The set of vectors {U*b; :i € Q, £ =0,1,...M}
is norm retrievable in R™ if x € span{Py(x)}}L,, for any x € R™.

Now, we are interested in the linear operator A on R™ that has all real eigenvalues
and is unitarily similar to the Jordan form. We want to construct subspaces A‘W
in R™ which are not necessarily orthogonal to each other and show the relations
between the norm retrievable set of vectors {Azbi}{g:()’l,_“M’,L‘eg} in R™ and the
set of projections { P} y—o,1,...a1}, Where P is the orthogonal projection onto the
subset A“WV. To set up the following construction, we apply the notation from [6].

Suppose J € M, (R) is a Jordan matrix that has all real eigenvalues, then we
have
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J 0 - 0
0 Jp -+ 0

J=1. . . (9)
0o 0 - J

For each j =1,2,..5, J; = A\;I; + N; where I; is an r; x r; identity matrix and
Nj is a rj X r; nilpotent block-matrix of the form

Nj, 0o --- 0
0 Ny - 0

Nj = . . . . (10)
0 0O --- N,

Ji

Each Nj; is a ré X r§ cyclic nilpotent matrix of the form

0o 00 --- 00
100 --- 00

Ny = 610 - 0 0] (11)
o000 --- 10

with 7“]1. > rjz- > > 7’} and r]l + 7’]2 + ..+ ré = r;. The matrix J has distinct
eigenvalues \;, j = 1,2,..s and 1 + 72 + ... + 715 = n.

Before we state our theorem related to the Jordan form, we would like to give
an illustrative example to interested readers.

Example 3. Let J = M + N € R*** and assume that

_|IN1 O
v= )
where
0 0
w1

fori=1,2. Then, we have the subspaces

W= Span{ela 63}
JW = span{le; + ez, Aes + e4}
J2W = span{)\zel + 2Xea, N2es + 2)Xeq}

Let Py be the orthogonal projection onto the subspace J*W for each £ = 0,1, 2.
For fixed ¢,

||J€ell|2 — )\22 _’_62)\2(671) _ ||J€63||2'
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Let ¢, = A% + 2\ for £ = 0,1,2, then the orthogonal projection P; onto
the subspace J'W can be written as

1
Py(z) = — Z (x,J%)J%; and ||Py(z)||? = Z |(x, T e;)|?
R i=1,3
If X\ =0, then Py+Py = I and the set of vectors {J%e; }i—13.0=01.2 = {e1, €2, €3,€4}
is an orthonormal bases and it does norm retrieval in R™. Assume X # 0.

X1 T

For any x = i; eR", coPy(z) = 1?3

Ty 0
/\2331 + A\zo )\43301 + 2)\32x2
1 Pi(z) = )\;\;C; _ti; and cyPy(z) = 2)?:1;’1—:-24;;42
AT3 + T4 X325 + 4N224

This states that 2od; )\2 Lo Po— 01P1+)\2 coPo = I and the set of projections {Pp}e=0.1,2
does norm retrieval in R™ since the coefficients {ce}i=0.1,2 are independent from
choice of x. This implies that the set of vectors {Jeei}¢:1737g:07172 does norm re-

trieval in R™.

Theorem 8. Let J € M,(R) be a Jordan matriz in the form of Equation (9) that
has all real eigenvalues and W; = spcm{ekﬁ 15 =1,2,...,s}, where s is the number
of distinct eigenvalues in J and ek,; 1 the standard orthonormal bases vector of R™
corresponding to the first row of the cyclic nilpotent matriz Nj; in . Let Pyj be
the orthogonal projections onto the subsets J*W;. Suppose the order rj ofN i 1s the
same for alli,j. Then the collection of vectors {Jeek”}{j:l,27,__,371§i§k(]'),€:0,17___r;}
is norm retrievable in R™, where k(j) is the number of cyclic nilpotent matrices Nj;
in N; if the set of projections is norm retrievable R™.

Proof. By choice of ey, as a standard orthonormal basis vector corresponding to the
first row of Nj;, the set of vectors {Jéekji}{j:u 77777 s,1<i<k(j)} forms an orthogonal
bases in J* W; for each £. As shown in Example for fixed #, the norm of the vectors
Jey,, is the same for all i,j. Suppose ||J%e,, || = c;; for some ¢;; € R . Since
the set of vectors {Jeequ;}{j=1,2,4..,s,1§i§k(j)} forms an orthogonal basis in JZWJ- for
each £, the set of vectors {iﬂekﬂ}{j:1,2,...,s,1gigk(j)} forms an orthonormal bases
J

in JYW; for each £. For fixed ¢, the orthogonal projection Pp; onto J'W; can be
defined by

1 1
Ppi(z) = z, —Jer. V—Jey..
(@) = ; kj)% s
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This implies {J'ex,,} does norm retrieval in R™ if and only if I = Y ¢, ;P}. Since
¢
the constants c; is same for fixed ¢, for any x € R"™, we have

1
P @I = 5 Y [ S e,
%

4,7

2

To show that the set of vectors {Jeekji}{j=1,2,...,S,lfifk(j),€=0,l,4..7”;1} is norm retriev-

able in R", assume |(z, J'e,,)| = [(y, J ex,,)| for all £, j,i for any given z,y € R™.
Since the constants c,; are independent of the choice of x and y, we have

1 1
"= gz |<yv Jzek‘ji> ?= prj(y)HQ'
J i

¢
1P @)]]* = — D I, T,
We assumed that the set of orthogonal projections {Pfekji}{jzl 9 =01, } 1S

4y 45

norm retrievable in R™. This implies that ||z|| = ||y|| and the collection of vectors
{Jeekji}{j:1,2,..‘,8,1§i§k(j),f:(),1,.“r;} is norm retrievable in R™.
[
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