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Abstract

The aim of the study is to obtain new binomial transforms for the k—Narayana sequence. The first
of these is the binomial transform, which is its normal form, and in the first step, after finding the
recurrence relation of this new binomial transform, the generating function and Binet formula were
obtained. Finally, Pascal’s triangle was calculated. In the rest of the article, k—binomial transform
was performed for the k—Narayana sequence and the recurrence relation, generating function, Binet
formula and Pascal’s triangle were examined for the new sequence obtained. Then, by performing
the falling binomial transform and the rising binomial transform, the features listed above were
found again for these sequences.

1. Introduction

Some special sequences of numbers such as Fibonacci, Lucas, Horadam and Narayana have been of great interest to the
scientific world in recent years. Generalizations of these number sequences in various ways abound in the literature, in
particular you can look at [1]. One of the most popular transforms is the binomial transform and it is sufficiently available in

the literature.

Authors [2] presented the k—Fibonacci sequence also the same authors for this sequences of numbers [3] introduced different
binomial transforms, such as falling and rising binomial transforms. Binomial transforms and properties of k—Lucas sequences
are presented in [4]. Spivey and Steil [5] gave various binomial transforms. In [6], they obtained some applications for the
generalized (s,¢) matrix sequences. In [7], authors obtained binomial transforms of Padovan and Perrin numbers from the third

order.

The person who discovered the Narayana sequence is Narayana, an Indian mathematician, and is as follows

where

Ny = Nyt + Nz with m >3 (1.1)

No=0,N =1, N, =1,

see [8]. The first few terms are 0,1,1,1,2,3,4,6,9,13,19,28,41,60,---.
The characteric equation of (1.1) is :

w21 =0,
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and roots of the characteristic equation are :

v, = ;<\/ (29— 3f+\/ (3x/ﬁ+29)+1>,

1

¥ = 5 g1—1\f) (9 3193 - 8 3\/93+29
11 1

¥o= g g(1+zxf) (29 393 — gl—zxf 3\/93+29

Hence, the Narayana sequence can be obtained by Binet’s formula:
2
i w3 W3

N = Wi+ Wi+
w2 w2 P w2

Generating function found for Narayana equation is:

1

—_— = ZNmH‘P’l’,fornZ 1,neZ.
—v—w &

Narayana sequence which has attracted the attention of more mathematicians in recent years and its generalizations. Some of

them are as follows:

Some basic properties of Fibonacci-Narayana numbers are proved in [9]. Bilgici in [10], defined a generalized order k
Fibonacci-Narayana sequence and by using this generalization and some matrix properties, established some identities related
to Fibonacci-Narayana numbers. Soykan studied on Narayana sequence in [11]. Ramirez and Sirvent in [12], introduced the

k—Narayana sequence and found the identities between these numbers.

For any nonzero integer number k , k—Narayana sequence is defined by the following recurrence relation:

Nk,m =kNy_ 1+ Ny_3 withm >3
where
Nio =0, Nei =1, Np =k,

see [12]. The first few terms are 0, 1,k, k%, k3 + 1,k* + 2k, k> + 3k k® + 4Kk + 1,k7 + S5k* + 3k - -
The characteric equation of (1.2) is :

A —kA?—1=0,
and the roots of characteristic equation are :
PRI RS 2 L3 274213 +3v/81 4 12k°
: 3 27+ 23 +3V81 + 123 2 ’
1 2 327 +2k3 +3v/81 + 12k3
o = - | k—pk2? TR el e * :
3 274 2k3 +3v81 +12k3 2
- 1 PRILY 2 32742k +3V81 + 1243
’ S\ e aveie M 2

where U = H"f is the primitive cube root of unity.
The generatlng function of the k—Narayana sequence is
1
1—kA—A3"

Therefore the k—Narayana sequence can be obtained by Binet’s formula:

ln-&—l ),"'H )LnJrl

Nin = ! + 2 + ,n>0.
T M) M) G- A -A) (e k)

(1.2)

Other recent research ([13],[14],[15]) has also investigated various binomial transforms for various special sequences. These

transforms are valuable because they bring a new approach. For details on the binomial transform, see ([16],[17]).

The focus of this paper is to apply binomial transforms and its generalization (like k—binomial transform, rising transform
and falling transform) to the k—Narayana sequence. In addition to these, the recurrence relation, Binet’s formula, generating

function, Pascal triangle and matrix representation of related transforms were derived.
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2. Binomial transform of k—Narayana sequences

The binomial transform of k—Narayana sequence {Nk)n }n N

" n
bkﬁn = Z < -)Nk,i~
i=0 \!

To find the recurrence relation of {bk,n}, we first need a Lemma.

Lemma 2.1. Let n is a positive integer greater than I, then {bkﬂ} contents the next equation

n

n
bini1 =Y, <l> (Nii+Niit1)-

i=0
Proof. We have,

" n
bk,n = Z <Z>Nk,

i=0

If we bear in mind summation feature of binomial numbers ("’ILI) = +(;,",),also (, 11)

1
n+1
biny1 = ( )
n+1
n+1
= Nko+ < )Nk,i

n+1 n+1
= Nk0+ >Nkz+Z< >Nk1

Also thanks to the operations performed on the sums

is shown as {bk,n}n eN where by ,, is dedicated by

= 0 for the proof. Then we find

Nko+rf( )Nkz+l1il( )Nk,i = Nko+z< )Nk1+2< )Nk,i+1

i=1 i=1

Lk e

n

=Y (’Z) (Nii +Niit1)-

i=0

The next theorem presents recurrence relation for {bk’,, }

Theorem 2.2. The recurrence relation obtained for {bk,n} is as follows:
bk,n+3 = (k + 3)bk,n+2 — (2k+ 3)bk,n+1 + (k + Z)bkﬂ
where bk,O =0,bp1 =1, and bk72 =k+2.

Proof. To find the coefficients in (2.1)

biny3 =A1by o +Asby 1 +Asbi .

If we take n = 0, 1 and 2, we have the system

bk73 = Albk,Z +A2bk11 +A3bk70 =k +3k+3
bra = Aibis+Ashiy+Ashyy =k +4k* +6k+5
brs = Aibga+Ashis+Ashiy =k 45k + 10k 4 12k + 10.

By Cramer rule for the system, we get
Al =k+3,A=—-2k—3, and A3 =k+2.

So which is completed the proof .

1

2.1)
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The characteristic equation of sequences by, in (2.1) is

o — (k+3)o® + (2k+3)a— (k+2) =0,

whose solutions are

k+3
o = T—I—S-&-%
v _ TOr=1) Swtl) k+3
2= 2 2 3
o — Sw—1) T(w+1)+k+3
P 2 2 3
where
k3 f %
T = — A
(5+3)
1
k3 3
S = (=-VA
(5-8)
A = k—3+1 w=iV3
27 Ty WTIVS

Next we derive the Binet formula for {5y, }.

Theorem 2.3. The Binet formula for the k—Narayana sequence is as follows:

by — piof P20y p3oy
T (o —m)(a—o3)  (p—au)(m—o03)  (03—an)(on—03)
where
p1 = bro—(C+03)b +0o3bro=k+2— (0 +03),
P2 = bro—(a1+03)b +oo3bro=k+2— (0 +03),
p3 = bo— (o + )b +aobry =k+2— (o + o).

Proof. To obtain Binet formula let us write

bk,n :BlOCflJrBzOél +B3OC§'

If we take n = 0, 1 and 2, we have the system

byo = Bi+By+B3=0
by = Bioy+Byap+Byoz=1
bk72 = B1a12+B2a22+Bga32:k—|—2

By Cramer rule for the system, we get

bro — (04 03)by | + 003Dy o

B =
‘ (o1 — o) (0n — t3)
B, — by — (o + a3)by 1 + 03y o
(o — o) (0 — 03)
B, — bro — (o + )by 1 + o1 02 by o
(o3 —au)(0n —03)
So which is completed the proof . O

Now let’s obtain the generating function for the k—Narayana binomial transform.
Theorem 2.4. The generating function of {bk,n} is:

(1 —kx — 3x+2kx? + 352 )by o + (x —kx? — 3x%) by g +x%by o

bi(x) = [—(k+3)x— (2k+3)22 — (k +2)23
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Proof. We have, by(x) = byo + by 13+ by 2X* + by 3x° + -+ + by o X" + - - - . After doing simple operations we obtain

be(x) = bro+brix+box® +bgax’ 4+
—(k+3)xbp(x) = —bro(k+3)x— by (k+3)x> —brz(k+3)x> +--
—(2k+3)%b(x) = —bro(2k+3)x% — by (2k+3)x° — b3 (2k+3)xt -
—(k+2)xbi(x) —bio(k+2)x° = by (k+2)x* = b3 (k+2)0 +---.

From these equations and (2.1), we get
[1—(k+3)x— (2k+3)x* — (k+2)x°] bi(x) = (1 — kx — 3x+2kx* + 3x%) by g + (x — kx* — 3x%) by | + X by
So the generating function for the binomial transform of the k—Narayana sequence is

be(x) (1 —kx — 3x+2kx? +3x2) by o + (x — kx? — 3x%) by g +x%by o
k= 1= (k+3)x— (2k+3)22 — (k+2)x3 '

Let’s give a new triangle {bk’n} for each k to help with the next rules:

1. The part forming the left corner of the triangle consists of the elements of k— Narayana numbers,

2. When we take any number and think that it is chosen outside the left diagonal, it is considered to be the sum of the
number to the left of this number and also the number above its diagonal on the left side.

3. On the right diagonal is {b, }.

The next triangle is an example of the 1 —Narayana sequence:

Figure 1: 1—Narayana sequence

3. The k—Binomial transform of the k—Narayana sequence

The k—binomial transform of the k—Narayana sequence {Nk’n} is denoted by {wk’n }n oy Where

neN

" n
Wk,n = Z (l')ank’i-

i=0

Lemma 3.1. Let n is an integer greater than and equal to 1, and k—binomial transform of k—Narayana sequence satisfies the
following relation

n n "
Wentl = 3 (i)k F(Nji + Nij1)-
i=0
Proof. We know that

" /n
Win = Z (i>Nk,i-

i=0
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If we take n+ 1 instead of n and consider the binomial properties then we have

n+1
n+1
Wil = Z( i )N

i=0

S
T
-

Il
»
N
=
=
k=)
_|_
/—\/—3\/—\

I
o=

=

(e
e

N it AT
K" Nkl+z K™ Nt

I
»
=
x
=
O
_|_
S o~
LA
S

I
»
S
=
E
©
_|_
M= T
/\

I
—

So we get

K" (Nii + Nijr)-

<
=
S
Il
I
an
~_

The next theorem will provides the recurrence relation for {Wk,n }
Theorem 3.2. The recurrence relation obtained for {wk’n} is as follows:
Wents = (K430 Wi nia — (262 4+ 3K Wi 1 + (K 4263wy . (3.1)
Proof. From the recurrence relation of the corresponding transform, there is a general solution as follows
Wint3 = Ciwkpi2 + CoWieny1 + C3wip.
If n =0, 1 and 2, the following system is obtained

wis = Ciwga+Cowe +Cawe =k + 3k + 36
wia = Ciwgsz+Cawga+Cawgy =k +4k5 +6k° + 5k*
wis = Ciwra+Cwisz+Ciwgr = K + 5k8 + 10k’ + 1245 + 10k°

By Cramer rule for the system, we get
C) = k> 43k, Cy = —2k> —3k?, and C3 = k* +2k°.

so that the evidence is completed. O

The characteristic equation of sequences wy ,, in (3.1) is
B — (K> +3k) B> + (2K +3k*)B — (k* +2k°) =0,

whose solutions are 31, 32, and B.
Now we construct the Binet formula for {wy., }.

Theorem 3.3. Whichever term of {wk,n} can be computed using the Binet formula. It is indicated by

q1B 2B q3B%

e = B = o) (B *33) (B2 —B1)(B2—Bs3) - (B3 —B1)(B2—Bs)

where
g1 = wia— B+ Bs)wir + BaBawio =k [k +2k— (B + B3)]
a2 = wia— (Bi+Bs)wir +BiBawio =k [k +2k— (B +B3)]

a = wia—(Bi+B)wir +BiBawio =k [k +2k— (B + )]
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0
1 2
2 6 16
4 12 36 104
9 26 76 224 656

Figure 2: 2—Narayana sequence

Proof. To obtain Binet formula let us write
Wi =D1af +Dr0y + D30

If we take n = 0, land 2, we have the system

wio = Di+Dr+D3=0
wii = Dipi+Dyr+D3f3 =k
wea = DiBf+Daf3+Dsfs =k 42k

By Cramer rule for the system, we get

D, — M= (B2 + B3)wi,1 + B2 Bswio
(Bi = B2)(B1 = B3) ’
p, — M2 (B1 + B3)wi,1 + Bi Bawi o
(B2 = B1)(B2—B3) ’
D, wi2 — (B1 + B2)wi1 + Bi Bawio .
(B3 —B1)(B2— B3)
So which is completed the proof . O

Theorem 3.4. The generating function of {wky,,} is:

(1 —K2x — 3kx 4+ 2K3x% + 3% w0 + (x — k2x% — 3kx?)wy 1 + X2 Wia
1 — k2x — 3kx 4 2k3x% + 3k2x2 — k*x3 — 2k3x3

Wi (x) =

Proof. We have wy(x )—wko—|—wk1x+wk2x Fwsxd WX
Then, if multiplication is done — (k? + 3k)x, (2k> + 3k2)x ,and — (k* + 2k3)x3 , we obtain

wy(x

— (k4 3k)oxwy (x
(2K + 3K2)owy (x
—(k* 4 2K°) P wi (x

) = wrotwrix+ Wk,zx2 + Wk,3x3 + -
) = —Wk_’()(kz +3k)x —wi 1 (k2 + 3k)x2 — W3 (k2 + 3k)x3 +
) = wiro(2k 3K F w1 (26 4357 F w5 (23 43K )t 4
) = 7Wk’0(k4 + 2k3 )x3 — Wkl (k4 + 2k3 )x4 —Wk3 (k4 + 2k3 )xs +--
from these equations and (3.1), we get
[1— k2x = Bk + 26257 + 3k2x% — k*x — 202 wy (x) = (1= kPx — Bk + 26327 + 3K2 Y w0 + (x — k2% — 3k )wie 1 +x7wie o

and so the generating function for the k—binomial transform of the k—Narayana sequence is

(1= k%x — 3k + 2/3x% + 3k2x2 ) wy o + (x — k2% — 3kx®)wy | + x2 Wia
1 —k2x — 3kx + 2k3x2 + 3k2x2 — k*x3 — 2k3x3

Wi (x)

O

Now, we present a new triangle of the k—binomial transform of the k—Narayana sequence for each k. The next triangle is an
example of the 2—Narayana sequence:
Since the proofs in this section are similar to the proof steps in the previous section, the theorems are given without proofs.
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4. The rising k—binomial transform of the k—Narayana sequence

The rising k—binomial transform of the k—Narayana sequence {N, },_ is denoted by {ri,}, Where

neN
"o n )
Tk = Z <.)k’Nk,i-
i=0 \!

Theorem 4.1. The recurrence relation obtained for {l’k,n} is as follows:

Tents = (R +3)repia — (262 +3)r 1 + (K 417+ D). (4.1)
The characteristic equation of {b, } in (4.1) is

Y —(P+3)P+ 2 +3)y— (P +E+1) =0,

whose solutions are i, 7, and ;.
Next we derive the Binet formula for the rising k—binomial transform of the k—Narayana sequence.

Theorem 4.2. Whichever term of {rkﬂ} can be computed using the Binet formula. It is indicated by

I/ll’]/’f uz’)/g u3’)/§'

Tkn = + +
YT - w1 (k-1
where
w = k—pk—pk+2k
w = kK —nk—pk+2k
w3 = kK —nk—pk+2k

Theorem 4.3. The generating function of {rk’,l} is:

(1 —kx? = 34222 +3x%) o + (1 — k%2 = 3x2) 11 + X1y 0
1 —kx2 —34+2k2x2 +3x2 — k323 — k2x3 — 23 ’

ri(x) =

Now, we present a new triangle of { rkyn} for each k. The next triangle is an example of the 2—Narayana sequence:

0
1 2
2 5 12
4 10 25 62
9 22 54 133 328

Figure 3: 2—Narayana sequence and its rising 2—binomial transform

5. The falling k—Binomial transform of the k—Narayana sequence

The falling k—binomial transform of the k—Narayana sequence { Ny, |, is denoted by { fi.n}, .y Where

Jin = Z (n) KN ;.

i=0 \!
Theorem 5.1. The recurrence relation obtained for { fky,,} is as follows:
Jin+3 = kficna = Sk fiper + (26 +1) fi- (5.1)
The characteristic equation of sequences {bk,n} in (5.1)1s
0° —4k62 4 5k*0 — (2k* +1) =0,

whose solutions are 8y, 8;, and 65.
Next we derive the Binet formula for { Jien }
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Theorem 5.2. Whichever term of { fk’,,} can be computed using the Binet formula. It is indicated by

f . t191n t295’ l393n
(01— 62) (01— 65) ' (0:—61)(0:—63) ' (65— 61)(6,—65)
where
1 = 3k—6,—063
th = 3k—06;—065
3 = 3k—0,—6,

Theorem 5.3. The generating function of { fk,n} is:

(1—dkx +5k%%) fio + (x — 4kx?) fi 1 + %% fi o

fielx) = 1 — 4kx+ 5Kk22 — 21320 — 13

Now, we present a new triangle of { fkﬁ} for each k. For example following triangle is for 2—Narayana sequence and its
falling 2—binomial transform

0
1 1
2 4 6
4 8 16 28
9 17 33 65 121

Figure 4: 2—Narayana sequence and its falling 2—binomial transform
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Keywords: Decelerated rotating This study explores the behaviour of power-law fluids over decelerating rotating disks. The disk’s
disk flows; Boundary layer anal- angular velocity decreases inversely with time, and the unsteady governing equations modeling
ysis; Similarity solutions; Non- this flow yield similarity transformations that depend on the nondimensional parameter & = Q%.
newtonian fluids These transformations, introduced here for the first time in the literature, allow for a comprehensive

analysis of the fluid dynamics for shear-thinning fluids within the range 0.5 <n <1.
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76U05 We examine the no-slip boundary condition alongside the dimensionless unsteadiness parameter,

which quantifies the initial deceleration or acceleration of the disk. We present velocity profiles and
the viscosity function for various values of &. The boundary layer problem, formulated through
dimensionless momentum and continuity equations derived via similarity transformations, is solved
using the bvp4c function in MATLAB. This numerical method, employing the 4th-order Runge-
Kutta algorithm, provides approximate solutions for the U, V, and W velocity profiles and the u
viscosity function, considering different deceleration parameters and the power-law index n.

Our findings contribute novel insights into the fluid dynamics of power-law fluids in decelerating
rotational systems, offering potential applications in industrial and engineering processes where
such conditions are prevalent.

1. Introduction

The study of boundary layer analysis on rotating disks has been a topic of significant interest in fluid dynamics research.
This area was first explored by Theodore von Karman [1], who established the foundational equations for steady boundary
layer flow. The von Karmén boundary layer flow is part of a broader family of flow types characterized by the differential
rotation rate between a solid disk and an incompressible fluid rotating above it as a rigid body. This family of flows is known
as BEK system flows [2]. The groundbreaking experimental analysis using the china-clay technique conducted by Gregory
and Stuart [3] revealed a notable similarity between the von Karman rotating-disk flow and flows over swept wings. This
work demonstrated that despite the apparent differences between these two flow configurations, they exhibit comparable flow
patterns and boundary layer characteristics. This discovery prompted the investigation of rotating disk flow as a prototypical
case for both empirical and theoretical research.

The von Karman rotating-disk flow has indeed become a fundamental model for analyzing the transition from laminar to
turbulent flow in three-dimensional boundary layers. This model has been widely applied across various scenarios involving
rotating disks due to its simplicity and the rich insights it provides into flow behaviour.

Malik’s pioneering numerical study [4], together with Lingwood’s investigations [5, 6, 7] and more recent contributions
like Appelquist’s theoretical work [8], have greatly advanced our understanding of steady flows over smooth rotating disks.
These theoretical studies have explored various aspects of the flow, including the stability of laminar boundary layers and the
mechanisms leading to turbulence, thereby advancing our knowledge of the transition processes in such flows.

Studies on rotating flows with rough disks have also significantly advanced the understanding of boundary layer dynamics.
Notably, research by Harris et al. [9] investigated the effects of surface roughness on the flow characteristics over rotating disks,
revealing how roughness influences the transition to turbulence and changes the base flow profiles. Cooper and Carpenter
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[10] further explored these effects, focusing on theoretical aspects of how rough surfaces modify boundary layer behaviour.
Additionally, Cooper et al. [11] examined the impact of various types of surface roughness on rotating disk flows, contributing
to a broader understanding of how surface imperfections affect flow transition and turbulence. Further insights are provided
by studies such as those by Alveroglu and Christian [12, 13], which offer valuable perspectives on the complex interactions
between surface roughness and rotating flow dynamics.

Although the studies mentioned above primarily focus on Newtonian fluids, significant progress has been made in extending
the von Kdrmén boundary layer flow analysis to non-Newtonian fluids. Mitschka [14] was pivotal in this extension, utilizing a
boundary layer approximation to explore how non-Newtonian behaviours influence the flow characteristics around rotating
disks. This work marked a significant shift from classical Newtonian models, offering new insights into the behaviour of fluids
with complex viscosity profiles. After that, both Mitschka and Ulbrecht [15] as well as Andersson et al. [16] and Hussain
et al. [17] contributed valuable numerical solutions for the basic flow in the context of shear-thickening and shear-thinning
fluids. Mitschka and Ulbrecht focused on the numerical analysis of shear-thinning and shear-thickening fluids, which exhibit
an increase in viscosity with increasing shear rate, while Andersson et al. examined highly shear-thickening fluids. Their
work has provided a deeper understanding of how these non-Newtonian properties affect the flow dynamics around rotating
disks, revealing differences in boundary layer behaviour and flow transition characteristics compared to Newtonian fluids.
These studies have expanded the applicability of von Karmén’s work, making it relevant for a broader range of industrial and
scientific applications where non-Newtonian fluids are present. However, Denier and Hewit [18] investigated the problem for
both shear-thinning and shear-thickening fluids and showed that there are some fundamental issues regarding the application of
power-law models in the boundary layer context. More recently, instability analysis examined in the boundary layer of rotating
disks for shear-thinning fluids [19, 20, 21]. Using a sixth-order linear stability equation system, they found that increasing
shear thinning stabilizes type I and type II modes in the flow. The results are consistent with established asymptotic estimates
and provide new insights into the critical Reynolds number and growth rate. In [22], power-law fluids was conducted by
Abdulameer et al., investigating the effect of shear-thinning fluids on convective type I and type II instability modes was
analyzed using the Chebyshev polynomial method. Further, Alqarni et al. [23] have demonstrated, the local linear convective
instability of boundary-layer flows over rough rotating disks using the Carreau model, a different type of non-Newtonian flow,
by determining steady-flow profiles. It has been also shown by Lingwood and Henrik Alfredsson [24] that the rotating disk
boundary layer itself exhibits a large number of complex instability behaviours that are not yet fully understood.

In addition to these studies, the decelerated rotating disk case investigated viscous flow and emphasised the relationship
between fluid stresses and velocities [25, 26]. Further, Turkyilmazoglu et al. [27] focused on the heat transfer characteristics
in nanofluid MHD flow across a decelerated rotating disk with uniform suction, and also the impact of uniform suction and
magnetohydrodynamics on several nanofluids, such as silver, alumina, and copper, were studied Rahman et al. [28] over a
decelerated rotating disk. Additionally, Fang and Tao [29] studied the laminar unsteady flow across a stretchy decelerated
rotating disk. These works contributed to the growing body of knowledge on how velocity changes affect fluid behaviour on
decelerating rotating disks.

In particular, the similarity transformations of non-Newtonian fluids and the related velocity profiles and viscosity functions
are discussed, focusing on the shear-thinning states and the dimensionless unsteadiness parameter of these fluids. This
way, the similarity transformations for power-law fluids are obtained on a decelerating rotating disk and solved numerically
using MATLAB’s bvp4c function. This function’s numerical approach relies on a finite difference code that implements the
three-stage Lobatto Illa formula, equivalent to an implicit Runge-Kutta formula with a continuous interpolant [30].

This research examines a non-Newtonian fluid with non-constant viscosity contained in a container and rotates non-uniformly
with an angular velocity that varies with time (t) in an inertial frame. The equation of motion for a fluid element about a
reference frame may be found using the conservation of momentum concept. The mathematical description of rotating fluids
may be done using a variety of reference frames. Adopting a reference frame whose axes are fixed in a fluid-filled container is
physically and mathematically natural for many geophysical problems, such as atmospheric dynamics. This is often referred to
as a rotating frame, mantle frame, or body frame so that the bounding surface of the container is constant and there are only
minor deviations from rigid body rotation [31].

2. Formulation

We consider the steady incompressible power-law fluid reviews that geometry is an infinite rotating plane, stating at z* =0
and also we use the symbol * to indicate the dimensional parameter. However, since we use the assumption that the disk is
decelerating, we consider the inertial frame. The plane rotates with a angular velocity Q}, = Qo(1 — at*)~!, decelerating
around z* = 0. The continuity and Navier-Stokes equations can be considered as

Vu—=0 (2.1)
(?9’:* +ut - Vut +2Q5 x ut +rx (%;35) = *%VP*JF%V’T*. (2.2)

Here U*, V*, W* are the steady velocity components in cylindrical polar coordinates, r = (r*, 6,z*) is the position vector, t* is
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the time and Q}, = (0,0, Q3,) is the vector form of the angular velocity of the disk that describes the disk just rotates about the
Z* axis with angular velocity €j,. Moreover, p* is the fluid density and p* is the pressure. The stress tensor T* for generalised
Newtonian models, is defined by
T=u'y with  pt=pt(7)
where ¥* = Vu* 4+ (Vu*)" is the rate-of-strain tensor and p* (7*) is the non-Newtonian viscosity. The magnitude of the
symmetric rate-of-strain tensor is given by
o JTT
2
The Navier Stokes Equations written for incompressible fluids together with the inertial frame for the reference whose axes
rotate in a container filled with fluid are as follows,

19(rUy) | 19Vg | oW

— =0 23
r* oar* r* do az* 23)
Uy oUs Vg oUg U (Vg+ra)? 1 9 U
U; — w§ — =— * 24
or* +l ar* * r* 060 %o az* r* p* dz* H az* )’ 24)
vy vy Vg ovg Vg ULV Q" 1 9 vy
) — Wy 2005 +rf —=—=—(u* 2.5
g TG T g T G T TR AT G = e (B o ) -
oWy oWy Vy oWy oWy
Uy — Wy
a0 g T e T g
1 P 1 0 aU; 1 0 avy§ 2 4 IW§
=g T WS [t oae W) T oraa (W ) (26)
p* dz*  p*rrodr dz p*rsd0 0z p* dz dz
Here Uy, ,Vy, Wy are the leading order velocity components and P; is the leading order pressure term. The rate-of-strain
tensor ¥* can be written to be
1 QU*N\? 19V U\ [ow*\?
w0 2 2 il 2.7
¥ 2 { (8r*>+<r*89+r*>+<8z*> 2.7)

L2 (v 1o faun aw\:avawe\
4 ort \ r* r* 00 27" ar* 7" r* d0

=) - x2 - %2 ) ) ) - %2
H:Z Vi = Vo Voo + Ve +2 (Vo + i + Vo) -
i

where

To determine the unsteady mean flow relative to the disk, we offer the generalization of the standard Newtonian similarity
solution. So, we consider the following transformations,

* * () * * * () * * * * P
U() :U(n)” QD7 VO :V(n)" QD? WO :W(n)l aPI =p X (28)

where

- 1/(n+1)
*
X [r*'”(Qo(lat*)—l)l—Z"}
Here U, V, W are the dimensionless radial, azimuthal and axial base flow velocities, respectively. Additionally, P is the

pressure and v* = " js the kinematic viscosity. The dimensionless similarity coordinate that can be also named as boundary
layer thickness is

1-n
r*n+l * . V*
M= Ay Where L7 = \/(Qo(l —aur) )2

These similarity variables account for the time-dependent variation of boundary layer thickness and represent the first instance
of such an introduction for power-law fluids in the literature.

Consequently, the similarity equations for the governing boundary layer equations of a decelerated power-law fluid, represented
by equations (2.1) and (2.2), are derived for the first time as follows:

1—n

2U + nu' +w' =0
14+n
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. n—2 , 2 1—n , ) N
1 —
(X(U—n 111U)—|—U —|—(nn 1U+W)U (V+1)"—(uU")' =0,

A n—-2_, ’ l—n N
- 1 — W 2 1)— = 2.
oc(V n_HnV—i— )+V (nn_HU—I— >+ UV+1)—(uv) =0, (2.9)

. [ 2n—1 2—n / l—n / / / / / N
a(n+1w+n+lnw>+n+l[u(nw V)+2uU'| +20'U+P +WW' — (uW')' = 0.

where the primes denote differentiation with respect to 1) and the viscosity function is

n—1
2

U= [U/z —I—V/Z]
Owing to (2.9) the non-dimensional boundary conditions are
U(0)=Vv(0)=W(0)=0,U(n —o)—0and V(n — ) — —1. (2.10)

To obtain the flow profiles U, V and W, the dimensionless mean flow equations (2.9) valid for the power-law are expressed as a
system of first order ordinary differential equations. This system of equations is written as five coupled first order equations in
terms of the new five dependent variables W, (n = 1,2,...,5), which are defined as follows:

L4 :U7 ]’/2:U/’ Y3 :V7 l//4:‘//7 Ys =W. (211)

Using the first order equations defined by (2.11), the transformed system of first order ordinary differential equations with
no-slip boundary conditions for power-law fluids is obtained as follows:

vi=w
W = (W3 +ny3)f —voyu(n—1)g

np (3 + v3)
V3= (2.12)
v = (ny5 +v3)g—vava(n—1)f
4= 2 2
np(ys +yy)

1—n
=2y — —— .
Y5 =2y — o e
The nondimensional boundary conditions are

v1(0) = y3(0) = y(0) =0
Yi(o0) =0, y3(o0) = —1. (2.13)

Also in (2.12), f and g are given below

f=0(—(n=2)/(n+1)nw) + i — (ys+ 1)+ (y5 + ¥y1) v,
g=a(y3—(n=2)/(n+1)nys+1)+ 2y (W3 + 1)+ (s + Yy ) ya,

with ¥ = (1 —n)/(1+n)n. These equations simplify to the Newtonian case when n = 1, aligning with established literature.
Although these equations are applicable to both shear-thickening (n > 1) and shear-thinning (n < 1) fluids, Denier and
Hewitt [18] demonstrated that bounded solutions of (2.9) subject to (2.10) exist only for shear-thinning fluids with n > 0.5.
Consequently, Griffits et al. [19, 22] investigated power-law indexed flows within the range 0.5 < n < 1 for a steady rotating
flow. In line with their work, this study also focuses on shear-thinning fluids with 0.5 < n < 1 in the context of a decelerated
rotating disk.

3. Results and Discussion

The obtained similarity equations (2.9) were solved approximately in MATLAB using the bvp4c function in accordance with
the boundary conditions given in (2.10) and the following velocity profiles were obtained. Hussain et al. [17] expanded
the range of & to —100, building upon earlier work by Watson and Wang [25], who established that a disk can only have a
momentum layer if it is decelerating, i.e., when & < 0. Rahman et al. [28] later provided numerical solutions for eight different
values of & in the interval 0 < —& < 20. Here, by choosing 0.5 < n < 1, we observe that the flow is non-Newtonian and we
observe the changes due to the unsteadiness parameter 0 < —& < 8. The unsteadiness parameter was truncated at & = —8
because of the discrepancies in the results obtained due to the deceleration of the rotating disk.

Before performing the calculations, the numerical scheme needed to be validated using a comparison methodology. Table 2
presents a comparison with the results of [25, 29] the classical Newtonian fluid case. The compared data are in good agreement,
which not only validates the code but also demonstrates the accuracy and reliability of the numerical scheme.
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n=0.6 n=0.7
a u'0) | v'(0) W (e) U’(0) V'(0) W (e)
0 0.5 —0.6770 | —1.3046 0.5015 —0.6530 | —1.1967
—0.5 | 0.5416 | —0.4858 | —0.8241 0.5638 —0.4676 | —0.8391
-2 0.5011 | —0.0785 | —0.3312 0.6433 —0.0050 | —0.4438
-5 0.3515 | —0.2152 | —0.0948 0.6637 0.6416 —0.1846
-8 0.2783 | —0.3293 | —0.0430 0.6191 1.0941 —0.0989
n=0.8 n=0.9
a u'(0) | v'(0) W (e) U'(0) V'(0) W (e)
0 0.5039 | —0.6362 | —1.0773 0.5069 —0.6243 | —0.9688
—0.5 | 0.5826 | —0.4523 | —0.8436 0.5992 —0.4394 | —0.8469
-2 0.7633 | 0.0610 —0.5660 0.8583 0.1141 —0.6923
-5 1.0053 | 1.0296 —0.3399 1.3165 1.2624 —0.5516
-8 1.1075 | 1.9083 —0.2331 1.6824 2.4214 —0.4715
n=1

o U'(0) V'(0) W (e)

0 0.5102 —0.6159 | —0.8845

-0.5 0.6143 —0.4284 | —0.8510

-2 0.9315 0.1550 —0.8193

=5 1.5628 1.3609 —0.8012

-8 2.1873 2.5887 —0.7941

Table 1: Table of boundary values for U,V and W

n=1
&=-0.5 [25] [29] Present
U'(0) 0.614283 0.6143 0.6143
V’(0) -0.428406 -0.4284 -0.4284
W (o) 0.4255 -0.8510
a=-2 [25] [29] Present
U'(0) 0.931507 0.9315 0.9315
V’(0) 0.154981 0.1550 0.1550
W (o0) 0.4096 -0.8193
a=-5 [25] [29] Present
U'(0) 1.562797 1.5627 1.5628
V/(0) 1.360850 1.3609 1.3609
W (o0) 0.4006 -0.8012

Table 2: Comparison of U’(0), V/(0) and W () obtained for various & variables with the results of [25] and [29] the classical Newtonian
fluid case.

The power-law shear-thinning flow profiles calculated for the decelerating disk are illustrated in Figures 1, 2, and 3. They
reveal that all those profiles decay to their corresponding far field values as decelarating parameter decreases. Figure 1 reveals
a notable decrease in the boundary layer thickness as the instability parameter —& increases. This decrease becomes more
pronounced with increasing — &, ultimately leading to a significant reduction in the boundary layer thickness. Additionally, the
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maximum value of the radial jet also decreases as —& grows in magnitude. Also, as deceleration increases, the location of the
maximum value of the radial jet shifts closer to the disk surface. Despite these changes in boundary layer thickness and radial
jet strength, the inflectional shape of the flow profile remains preserved, indicating stability in the overall flow structure.

U(n) vs n for n = 0.6

U(n) vs n for n = 0.7
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Figure 1: Radial velocity profiles for power-law flow for 0.5 < n < 1 versus 7. The boundary layer thickness 1 axis has been truncated at
20.

The effect of non-zero & on the azimuthal profile is presented in Figure 2. For each value of the shear-thickening parameter n,
the figure demonstrates that the transition of the profile to the boundary value at the far field becomes more rapid as the disk’s
deceleration increases. This observation is consistent with the decrease in boundary layer thickness noted previously.

Figure 3 shows the axial velocity profile for various values of the shear-thickening parameter n. The figure illustrates that an
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increased deceleration rate leads to a significant reduction in the magnitude of the axial jet, hence reduce the amount of the
fluid entering the boundary layer. Furthermore, the decrease in the magnitude of the axial flow becomes more pronounced as

the shear-thickening parameter n decreases.

For small unsteadiness parameter values, the fluid ahead of the disk rotates slower than the disk. This phenomenon may be a
consequence of the rapid decelerated rotation of the disk, while the inertia of the neighbouring fluid layer allows the fluid to
sustain its more significant angular momentum for a long time. Also, as shown in Figures 1, 2, 3 the results are consistent
with the boundary layer analysis for a disk rotating at constant velocity (& = 0). This involves approximate solutions that are
directly identical to the result for constant angular velocity rotation of the disk and whose velocity profiles are equivalent to

those obtained for flows with known power-law indexes [19].
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Figure 2: Azimuthal velocity profiles for power-law flow for 0.5 < n <1 versus 1. The boundary layer thickness 1 axis has been truncated

at 20.
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W (n) vs n for n = 0.6

W(n) vs n for n = 0.7
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Figure 3: Axial velocity profiles for power-law flow for 0.5 < n <1 versus 7. The boundary layer thickness 7 axis has been truncated at 20.

Finally, viscosity profiles for the numerical results obtained are given in Figure 4. As the angular velocity of the disk slows
down with time, the viscous effects of the flow on the wall surface increase, the numerical data obtained when the power-law

index n = 0.6 show a decrease by almost half as n increases.
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Figure 4: u versus 1 for n = 0.6,0.7,0.8.

4. Conclusion

This study investigates power-law fluids over decelerating rotating disks, with the disk’s angular velocity inversely proportional
to time. By deriving similarity transformations, we explored the flow characteristics dependent on the nondimensional
unsteadiness parameter ¢&. For 0.5 < n < 1, we analyzed the no-slip condition and the dimensionless unsteadiness parameter,
detailing the velocity profiles and viscosity function with respect to deceleration parameters & = 0,—0.5,—2,—5,—8. The
findings revealed that an increased decelerating parameter results in a thinner boundary layer and a reduction in the maximum
value of the U profile. It also causes a decrease in the amount of axial flow towards the boundary layer, which is consistent
with the observed reduction in boundary layer thickness. Additionally, it was observed that the inflectional profile of mean
flow components does not change notably with varying deceleration rates. These findings provide valuable insights into the
behaviour of non-Newtonian fluids over decelerating rotating disks, with applications in engineering and industrial processes.
The study demonstrates the effectiveness of numerical methods in solving complex fluid dynamics problems, contributing to
advancements in the field.

For future work, this study can be extended to include other non-Newtonian fluid models, such as the Bingham and Carreau
models, which could offer a more comprehensive understanding of fluid behaviours in different scenarios. Additionally,
exploring cases with rough rotating disks could provide insights into how surface texture influences flow dynamics. Finally, it
would be valuable to investigate other flow scenarios within the BEK system for non-Newtonian cases. Exploring these different
flow configurations could further enhance our understanding of non-Newtonian fluid dynamics and contribute additional
insights to the field. Incorporating these elements could enhance the applicability and relevance of our findings. We anticipate
that our results will serve as a useful foundation for these extended studies, contributing valuable data and insights to the field.
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tion We present the Cholesky factorization of the symmetric Pell-Lucas matrices. Furthermore, we

derive some valuable identities and bounds for the eigenvalues of these symmetric matrices through
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1. Introduction

Numerous researchers in the disciplines of calculus, applied mathematics, and linear algebra, as well as other branches of
mathematics, have been interested in the Fibonacci and Lucas numbers. There are also other relationships that are written and
new number sequences, such as Pell and Pell-Lucas number sequences, are derived that are similar to the recurring relationships
of the Fibonacci and Lucas number sequences. The Pell numbers P, and the Pell-Lucas numbers Q,, are defined by

P11+1:2Pn+Pn717 f()}" n> la
where Py =0 and P; = 1, and
Qn+1 :an+Qn—17 for nZ 17

where Qg = 2 and Q; = 2, respectively. In addition, we present several identities associated with the Pell-Lucas numbers and
relationship between the Pell numbers and the Pell-Lucas numbers for k € N.

Or+0kr1 = 4Py, (L.
Or+0ky2 = 8Py, (1.2)
OrOry1—4

A +0i+--+0F = (1.3)

2

We refer to [1, 2, 3] for further information on the Pell and the Pell-Lucas numbers.

M,, denotes the set of all n X n matrices. If any matrix P € M,, may be written as P = RRT or P=RTR, where R € M,, is a
lower triangular matrix with diagonal entries that are not negative, then this factorization is known as a Cholesky factorization.
Moreover, this factorization is unique if R is nonsingular.

A matrix S € M,, of the form

Sy 0 -+ 0
0 S» - 0
S=1 . .
0 0 - Su

>> Received: 13-12-2023 >> Revised: 10-07-2024 >> Accepted: 02-09-2024 >> Online: 30-09-2024 >> Published: 30-09-2024
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in which S; e M,,., i =1,2,...,k, and Zf-‘zl n; = n, is called block diagonal. This matrix is frequently described as S =
Si®Sn®- DS

Many issues resulting from linear recurrence relations can be resolved using matrix methods, which are a significant instrument
(see, for example, [4]). Before we go on to matrix factorization, we need to first grasp Cholesky factorization of the Pascal
matrix (see, for example, [5]). Furthermore, factorizations and eigenvalues of Fibonacci and symmetric Fibonacci matrices
were presented by Lee et al. in [6]. The authors [7] discussed linear algebra of the k-Fibonacci and the symmetric k-Fibonacci
matrix. In addition to [7], a factorization of the Pascal matrix are provided in [8]. Zhang [9] also researched the Pascal matrix
and its generalization. Irmak and Kome [10] investigated the factorizations of the Lucas and the symmetric Lucas matrix. In
[11], factorizations and inverse factorizations of generalized k-Fibonacci matrices were proposed. The authors [12] discussed
the decomposition of Jacobsthal matrix and Jacobsthal-Lucas symmetric matrix, along with the inverses of these matrices. Kilig
and Tagc1 [13] gave the factorizations and eigenvalues of Pell and symmetric Pell matrices. Furthermore, for the eigenvalues of
the symmetric Pell matrix, they provided some relations and boundaries. Motivated by this paper, we define a new matrix as
follows. Then, in this paper we consider the factorizations and eigenvalues of Pell-Lucas and symmetric Pell-Lucas matrices.

Definition 1.1. Leti,j=1,2,...,n. Then, we define the Pell-Lucas matrix such that

Oijit, i—j+1>0
A”:[ai’}:{ol] i—j+1<0’

Example 1.2. For n = 6 in Definition 1.1, then we have

2 0 0 0 00
6 2 0 0 00
A_|14 6 2 000
=134 14 6 2 0 0|’
82 34 14 6 2 0
198 82 34 14 6 2

and the first column of Ag is the vector (2,6,14,34,82, 198)T. As a result, the matrix A, reveals a variety of interesting facts.

2. Factorizations

This section discusses the creation and factorization of our Pell-Lucas matrix of order n using the (0, 1,2)-matrix, which is
defined as a matrix whose elements are all either 0, 1 or 2. Let I, represents the order n identity matrix. Further, we define the

n X n matrices L,, A, and X; by
1 0 0 1 0 0
Ly=1(2 1 0|,L1=1]0 1 0f,
1 0 1 0 2 1
and Ly =Lo® I, k= 1,2,...,1Tn: [I]EBA,,,],X] =15, X=05_30L_j,for3<k<n X,=1, 1 ®Li3 and X,, =L, _3.
Then we reach the following lemma.

Lemma 2.1. For k > 3, we have Ay - Li_3 = Ay

Proof. For k =3, we have A3 - Ly = A3. Let k > 3. By using the familiar Pell-Lucas sequences, and matrix product definition,
we get the following conclusion. O

Fori,j=1,2,...,n, we define a matrix
2, i=j
Ih=[yl=42, i=j+1 . 2.1
0, otherwise

Also we can give the inverse of matrix I';, as follows:

e
_ i—j = . .
L=y = (=g iz 2.2)

0, otherwise
We can obtain the following theorem by using Lemma 2.1 and equation (2.1).
Theorem 2.2. The X;.’s and I',, can factor the Pell-Lucas matrix A, in the following way:

A” :XIXZ' . -ann = FnXlXZ .. .Xn_
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Now we give the factorization of Ag in Example 1.2.

Example 2.3. From Theorem 2.2, for n = 6, we have

As = XiXoX3XaXsXel

Is(L®L_1)(h®Lo) (L®Ly) (I &Ly)LsTs

1 000 0O 1 000 0O 1 0 00 0O 1 000 0O
01 00 0O 01 00 OO 01 00 0O 01 00 0O
_ /001000 (001000 001 00O 001 00O
|0 001 00 0001 00 0001 O0O0 0021 00
000 01 O0 000 01O 0 00 210 001010
o 060001 |0O0O0O02T1] [00O0T1TO0T1 [00O0O0O0°1
1 0 00 0 0] [1 OO0 O0OO] [2 000 0 O
01 0 0 0O 2 1. 00 0O 220 0 00
021000 |1 01000 022 000
01 01 0O 0001 0O 0 02200
0000 1O 00 0 01O 0 00 220
o0 00O 1 [00O0O0O0TI] |00O0O0 2 2
Now, we give another factorization of A,,. Fori,j = 1,2,...,n, we define a matrix
. 0 0 - 0
Qi, j=1, 0 1 - 0
Vo = [vij} =41 ’ l:.] ; ) i~ev Vo= .
0, otherwise 0, 0 - 1
An elementary calculation leads to the next theorem.
Theorem 2.4. Forn>1, A, =V,(ly ®V,—1)(L ®Vy—2) - (li_1 DW1).
The inverse of the Pell-Lucas matrix A, is easily found. We know that
1 00 1 0 O
Ly!=|-2 1 0, L{=|0 1 O, and ;' =L;' ®L.
-1 0 1 0 -2 1

Fork=1,2,...,n, we define Yk:Xk_l. Then Y; :X]_1 =1,

Y, :Xz_l =13 EBL:% =1, 72 {_12 ﬂ ,and Y, = L;_13. Also we can derive

0i/4 0 0 0
—0:/2 1 0 0

vl=|-0s/2 0 1 Ol and (h®Vpy) ' =LV
—0,/2 0 0 - 1

Utilizing Theorem 2.2 and Theorem 2.4, we derive the subsequent corollary.
Corollary 2.5. The inverse of the Pell-Lucas matrix A;/' can be factored by the Y;’s and T, ! as follows:
AL = WY, . Ly =YY, .. .y
= (LimtVi) (L@ V) N & V)Y,
By Corollary 2.5, we get
1/2, i=j
-3/2, i—j=1
(D)™, i-jz2

0, otherwise

2.3)
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Example 2.6. By (2.3), the inverse of Ag in Example 1.2 is

12 0 0 0 0 0

-3/2 1/2 0 0 0 0
|t 32 2 o 0 0
6 ~1 1 =3/2 12 0 0
1 -1 1 =32 1/2 0

-1 1 -1 1 =3/2 1)2

Definition 2.7. Fori,j=1,2,...,n, we define the symmetric Pell-Lucas matrix such that

Yio1 0% i=]j
B, = [bjj] = [bji] = { bij2+2bij_1+4, i+1=],
bij—2+2b;j1, i+1<j
where b1 g = 4.
So we get
bij=bj1 =2Q;, for j>1 (2.4
sz:bjzzgpj+l7 for JZZ (25)

Example 2.8. For n = 6 in Definition 2.7, then we get

4 12 28 68 164 396
12 40 9% 232 560 1352
28 96 236 572 1380 3332
68 232 572 1392 3360 8112
164 560 1380 3360 8116 19596
396 1352 3332 8112 19596 47320

o]
I
Il

According to the Definition 2.7, the following lemma is derived.

—4
Lemma 2.9. For j >3, we get b3 j = Pj_3 (8P4 +4)+Pj_» <Q3Q;>
—_ 2 2 ) 03044 : _ _
Proof. From (1.3), we know that b33 = Q7+ 05 + 03 = s On the other hand, since Py = 0, and P; = 1, then we
—4 —4
have b33 = % =P (8P +4)+P (Q3Q;) . By induction, the proof is completed. O

We know that b3 1 = b1 3 = 203 and b3 > = by 3 = 8P4 by (2.4) and (2.5). In addition, we get that by | = by 4, bs2 = b3 4, and
b4 3 = b3 4. By induction, the following lemma is reaced.

4
Lemma 2.10. For j >4, we have by j = Pj_4 (8P4 +4+ 0304) + Pj_3 (Q4Q5)

2

By using Lemmas 2.9 and 2.10, we can derive bs 1, bs »,bs 3, and bs 4. From these conclusions and Definition 2.7, we reach
the following lemma.

Lemma 2.11. For j > 5, we get

0506 — 4
bsj=Pjs(8P4+4+ Q304+ Q040s5) +Pj4 <526 :
—4
Proof. From (1.3), and Definition 2.7, since bs s = Q3 + Q3 + Q3 + 07+ 02 = % by induction, the proof is completed.

O

Utilizing Definition 2.7, Lemmas 2.9, 2.10 and 2.11, we arrive at the following lemma through induction on the variable i.

Lemma 2.12. For j > i > 6, we have

" 0iQi1—4
bi,j = Pj_ <8P4 +4+) Qk—le) +Pjiv1 ( ;1 .

k=4
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We can easily obtain the following corollary by using Pell numbers and Pell-Lucas numbers.

Corollary 2.13. For the symmetric Pell-Lucas matrix By, we get

1 1 i ..

5Qi+j+1 - in_,-JrH(_l)iH +(-1)"*2p, i<
B, = [bij] =

1 1 C .

EQiJerrl - EQi_j+1+(_1)./+1 + (71)j+1 2Pl*]7 1>]

Lemma 2.14. Leti,j € Z* and i > 3. Then we have

i2 Co

i—2— 3 1 Q‘fi ) lS
E (—1)1 2 kbk,j—ibifl,j‘FEbi,j: {OJ +l i>j'. (2.6)
k=1 )

Proof. Assume that i < j. Now, we prove the theorem by the induction method on i. Let i = 3. From Corollary 2.13, we can
derive

3 1 1 1 3 3 1 1
brj— Ebz,ﬁ- 5173.] = <2Qj+2 — 59+ +2Pj_1) + (_4Qj+3+4Qj—2+3Pj_2) + <4Qj+4_ 191 +Pj—3>
= 0Qj.

Suppose that the hypothesis is true for i. For i + 1, by using equations (1.1), (1.2) and Corollary 2.13, we find

v -1k 3 1 = -2k 3 1
Y (U7 b= bt shivy = b= ) (=17 b= Sbij 4 Sbi
k=1 k=1
3 1 3 1
= bi+ <—2bi—1,j+ Sbii— Qj—i+1) —5bijt 5biv
1 1
= —3bic1j=bij+5bivj = Qj-ia
1 1 ,-
= (=29t 7@ 2y — (C1) P
+< Q,+]+1+2Q1 i+ 14(—1 ):+1+(1)i2Pji>
1 i
+ 4Q1+]+2 Qi iyt (=D Piict ) = Qjin
1 1
= Z( Qitj—20iyj11+Qitj2) tg (Qj,i+2+( 20y *Qj,,-ﬂ,l)i)
+( ) ( Jj— l+l+2Pj Z+Pj i— 1) Qj7i+l
1
- Z(zQJfHH( A R ‘“) Qj-it1
= 4Pj_iy1—Qj-it1
= Qj-itQj-it1—Qj-it1
= Qji
The proof for i > j can be completed in a similar way. O

Theorem 2.15. Forn € Z™", we have Y, Y,_1 ... Y2Y11";13n = AZ and the Cholesky factorization of By, is given by B, = A,,A,{.

Proof. By Corollary 2.5, Y,)Y,,_1...1oY] 1"n1 Al So, if we get Ay B, = AT, then the theorem holds. Let A, g, — = [cij]- So,
from (1.1), (2.3), (2.4), (2.5) and Lemma 2.14, we find the following:
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1

ib]j, l = 1
3 1 . .

—§b11+§b21, i=2,j=1

A'By = [ey] =

3 1 . .

7§b1j+5b2j, i=2,j>2
. . 3 1 )

Lot (S0 by = Shic b 023

Q). i=1

—301+ 0>, i=2,j=1

—3Q;+4P.1, i=2,j>2
) o 3 1

S (=D by - Sbi1j+5bij, 123

0j, i=1

0, i=2,j=1

= Qj-1, =222

Qj—l'+13 lZ3al<.]

0, i>3i>]

Qj-it1, 1<

0, i>]j

= Al
Hence, the Cholesky factorization of B, is given by B,, = A,,A,{. O

Now we give the Cholesky factorization of Bg by using Ag in Example 1.2.

Example 2.16. By Theorem 2.15, since the Cholesky factorization of Bg is A6A£ , then we get

4 12 28 68 164 396 2 0 0 0 0O 2 6 14 34 82

12 40 9% 232 560 1352 6 2 0 0 0O 0 2 6 14 34

B — 28 96 236 572 1380 3332 |14 6 2 0 0 O 00 2 6 14
67 168 232 572 1392 3360 8112 (34 14 6 2 0 0 00 0 2 6
164 560 1380 3360 8116 19596 82 34 14 6 2 0 00 0 0 2

396 1352 3332 8112 19596 47320 198 82 34 14 6 2 00 0 0 O

198
82
34
14

6
2
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. _ -1, .
Moreover, since B, ! = (A,{) A1, we obtain

2(n+1—-i)+1 .
; i=j<n
2
1 .
7 i=j=n
_@, it1=j<n
B, =[Bij] = Bl = : 2.7)
23 i+l=j=n
47 =J=
(=) (n4+1—j), i+l1<j<n
—1)/
( 2) , i+l<j=n
Example 2.17. By (2.7), the inverse of Bg in Example 2.8 is
[ 13/2  -21/4 4 -3 2 —1/2]
-21/4 11/2 -17/4 3 -2 1/2
4 —-17/4 9/2 —-13/4 2 —1/2
B '=
-3 3 —13/4 7/2 -9/4 1)2
2 -2 2 -9/4 5/2 -3/4
| —1/2 1/2 —1/2 /2 =3/4 1/4 ]

From Theorem 2.15, we get the following corollary.

Corollary 2.18. Forn e Z*, we get

2
(anﬂ) —2, ifniseven
Qn+1Qn +0uOn-1+--+ 0201 =
(Qn+l)2 . .
T 6, ifnisodd

3. Eigenvalues of the symmetric Pell-Lucas matrix B,

In this section, we consider the eigenvalues of the symmetric Pell-Lucas matrix B,,.

LetW ={r=(ri,r2,...,;a) ER* : 1 >rp>--->r,}. Forrnse W, r<sif Y\ i <Y s, t=12,....,n—1, and if
t = n, then equality holds.It is stated that s majorizes r or that r is majorized by s when r < s. The condition for majorization
can be written as follows: for r,s € W, r < sif Y _qrn—i > Y: osu—i, 1 =0,1,...,n—2, and if t = n— 1, then equality holds.

The following is an exciting simple fact:

n .
(7, 7,...,7) < (r1,r2,...,rm), where 7= ’;lrl.
n

We refer to [14] and [15] for more information about majorizations.

An n x n matrix D = [d;;] is doubly stochastic if d;; >0 fori,j=1,2,....,n, ¥ djj=1, j=1,2,...,n, and Yidij=1,
i=1,2,...,n. Hardy et al. [16] show that there must exist a doubly stochastic matrix D such that r=sD. This is the necessary
and sufficient condition for r < s.

It is a well-known fact that the eigenvalues and the main diagonal components of a real symmetric matrix are both real
numbers. The concept of majorization provides the precise link between the main diagonal components and the eigenvalues.
The diagonal components symmetric matrix majorize the vector of eigenvalues of the matrix.
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By Definition 1.1, we have det (A,,) = 2". Also by Theorem 2.15, since B, = A,Al, we have det (B,) =2*". Let A1, A2,..., Ay

be the eigenvalues of B,,. Since B, = A,,A,{ and Zf?:] Q,-2 = % —2 by (1.3), the eigenvalues of B,, are all positive and
Qi 10n —2, CnQn-1 —2,...,% —2) < (A2, ). 3.1)
2 2 2
In [17], we arrive at the combinatorial property
15] _
0.=y " (” m) 22 forn 0. (3.2)
—on—m\ m

Hence, we obtain the following corollaries.

Corollary 3.1. Let A1, 3,...,A,; be the eigenvalues of By,. Then we have

2
ZL%J n+l n—m+1 211—2m+1
m=0 pn—m+1 m .
1 —2n—1, ifniseven
MtA+--+A =
2
ZL%J n+l n—m+1 2n—2m+1
m=0 p_m+1 m . .
1 —2n—3, ifnisodd
Proof. From (3.1), and Corollary 2.18, we find
)~1+12+"'+}Ln _ Qn+1Qn+QnQ712—l+"'+Q2Q1_zn
2
% —2n—1, ifniseven
2
(Q”T“)—zn—a if nisodd
By (3.2), the proof is completed. O
Corollary 3.2. Ifnis an even number, then we have
5] . ’
dndn< | Y H("’H >2"‘2"’+1 —8n—4 <4nk;.
= n—m+1 m
If n is an odd number, then we have
T | ’
ad< | Y ’”(”_’”JF )2"2"’*' —8n—12 < 4nl,.
o n—m+1 m
Proof. LetS, =X +A+---+A,. Since
Sy S S
(nvna"'vn) '<(}1'17)~27'”a2'n)a (33)
n'n n
we have A, < S;” < A1. Then by Corollary 3.1, the proof is completed. O
From (2.7), we have
2n+1 2n—1 751 1 1 1 1 1 1
( " ’ & 7"';37)'<<7a7"'a> 7)~ (34)
2 2 2°'2°4 A A1 Ap—a A A
Therefore, there exists a doubly stochastic matrix H = [h;;] such that
hiy hiz - hi
(2n+1 2n—1 75 1) B (1 1 11 1) har hy e hon
2 ) 2 7"'727274 - aln’)‘n_17""x37)~272{1 E E ... E
hnl hn2 hnn

That is, we find 7/, + 2 —hon + -+ - an = § and iy + hog + -+ Iy = 1.
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Lemma 3.3. Foralli=1,2,....,n,we get h, (;_1), < nll

Proof. Assume that b, _;_1), > n}fl. So

A A

R S An
n—1 n-1 n—1
1

(At ).

hln+h2n+'“+hnn >

Since hyn +hoy + -+ +hyy = 1 and Y1y A; > n, this yields a contradiction, then £, _(;_y), < f O
For k € Zt, we define
ko
T, = ZI (3.5)
B 2k+1+2k71+2k73+ +74_54_1
N 2 2 2 2 2 4
2P +4k-5
= 2 .
Hence we obtain
T, T, T, T, < 1 1 1 1
n'n’ 7 nn My At T MM
1
Theorem 3.4. Let2<nc€ZVv,Sy,=M+A+ - +A,and U, = 1 (S,,— ;) Then we have
n— n
n
(T,Un,Un,...,Un) < (11,2,2,..‘,}1,”).
n
Proof. Fori,j=1,2,...,n, we define an n X n matrix
811 812 812 - 812
821 822 82 - 822
G, = [gij} = : : . . N (3.6)
8nl 82 8n2 " 8En2
. 1 1—gi
where fori =1,2,...,n, gii = i and gpp = nig{ .

From (3.5) and (3.6), fori =1, 2 .,n, we have

1 1
gntgit--+gu = + st =1,
Tn 1 Tnl2 Tnln
I—gi1  1—gu 1 —gn
grtgn+-+gn = Sy T8 Ty
n—1 n—1 n—1
_ l—gi
gi+n—-1)gn = gi1+(n—1)ﬁ—1,
where g;; > 0 and g;» > 0. Then, G, is a doubly stochastic matrix. Also, we get
1 1
A A A = A A An
1811 + 42821+ - + Angni T/ll + A n/l +-- Tn/ln T
I—gn 21 1
AMgu+Aagn+ -+ g = ll( n—gl >+l ( n—gl ) ( &n )

Therefore, we have

n
<T7UnaUna---7Un) = ()‘17127“-7)%)Gna

and so, we obtain

(;,Un,U,,,...,U,,) 2 Ay M)
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Lemma 3.5. Fork=2,3,...,n, we get
1
e > —
k — Tk7
where T}, = Zsz#.
Proof. By using (3.4), for k > 2, we have
1 . 1 n 1 P 1 n 1 <1+5+7+ +2k71+2k+1_T
PR TR M M4 272 2 2k
Therefore, we have
! < T ! + ! + ! +-t ! <T
M~ ¢ Mo A A M)~ o
and so, the proof is completed. O
1
Theorem 3.6. Let2<ncZ",S, =M +Ab+--+A, and U, = p_— (S,, — ?) Then for k < n—2, we have
n— n
n
Mmo< 2]
i=2
k—1 1
Ak < (k+ 1)U, — Z T
i=0
Proof. By Theorem 2.15, we know that det (B,) = 2" = A1 A;--- A,. By Lemma 3.5, we get
2 1
2= Ay Ay > _
1A A > A U T
=2
and so, we obtain A; < 2% [T, T;. By Theorem 3.4, for k < n—2, we have
At A1+ + Ay ) + Ank < (k+1) Uy,
and so, by Lemma 3.5, we get
)*nfk < (k+1)Un_()vn+)~n—l+"'+)~n7(k71))
k—1 1
S (k+ 1) Un - Z
i=0 tn—i
Then the proof is completed. O

By applying Theorem 3.4 and Lemma 3.5, we can readily derive the subsequent corollary.

Corollary 3.7. Let2 <n € Z" and k < n—2. Then we have

T<n <2[]m.
T, i=2
1 |
< A —k < k+1 Unf 9
T« " ( ) ,;()Tn—l
1
T, <A < Uy

4. Conclusions

In this article, we introduce the Pell-Lucas A, and the symmetric Pell-Lucas B, matrices. We consider the linear algebra
of these matrices. Firstly, we construct two different factorizations of Pell-Lucas matrices by the new matrix I',,. We find

the inverse of the Pell-Lucas matrix A, !, and present the factorization of A, . Then, we derive the components [b;;] of the

Pell-Lucas matrix B,,, and construct the Cholesky factorization of B,,. This factorization is A,,A,{. We determine the inverse of
the symmetric Pell-Lucas matrix B, !, We give some interesting relations which include the eigenvalues of Pell-Lucas matrices.

Moreover, we obtain the lower and upper boundaries for the eigenvalues of B,, by majorizations.
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the small sample size based on its power and type-I error rates. Two applications are given to
demonstrate the usefulness of the PD(0.4) test statistic over the chi-square test statistic contingency
tables.
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1. Introduction

The chi-square test was developed by [1] to evaluate the association or difference between categorical variables. The chi-square
test is commonly used in social and medical sciences to test the dependence structures of the levels of the categorical variables.
The results of the chi-square test are misinterpreted by the researchers because of the lack of statistical knowledge [2]. Besides,
the application of the chi-square test is very problematic for the small sample sizes which is ignored in many researches. It is
well-known that the test statistic of the chi-square test follows the x2 distribution. However, the asymptotic approximation
is only valid for the non-sparse contingency tables and large sample sizes. Working with the less observations than needed
reduces the power of the test. Therefore, to obtain the higher power value, one should work with required sample size based on
the dimension of the contingency table [3, 4]. The determination of the sample size is done based on four inputs: type-I error,
type-II error or power, effect size and degree of freedom (df). The type-I and type-II errors are the pre-determined inputs [5].

When the contingency tables have large number of cells, the frequencies of each cell may be very small or has zero frequencies.
So, the contingency tables with large numbers of row and column variables yields the less observations in the cells. In this
case, these contingency tables are called as sparse contingency tables [6]. The sparse contingency tables occur when the the
values of 0 and 1 in many cells of the contingency table and the total number of cells are higher than the sample size [7, 8].
Besides, the sparseness index (SI) is useful to determine the sparse contingency tables. The SI is defined as

n

sr=1
RC

where n is the sample size R is the number of rows and C is the number of columns in the contingency tables.

There are various studies in the literature for the comparison of goodness-of-fit test statistics in small samples. [9] performed
a study to find a clear answer about what is the minimum value of the expected frequency and sample size to achieve the
reasonable approximation to the x> distribution. [10] implemented a simulation study to compare the 2, G and [11] test
statistic for 13 contingency tables. [10] found that the 2 and Cressie and Read statistics can be used for smaller sample
sizes than suggested by [9]. Several rule of thumb were suggested by researchers for y? approximation of the Pearson and
likelihood ratio test statistics. [9] suggested that minimum cell expectation should be higher than 5¢5 /¢ where #5 is the number
of cells where the expected frequency is smaller than 5 and ¢ is the total number of cells of the corresponding contingency
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table. [12] suggested that the sample size should be higher than 4 or 5 times ¢. [13] showed that the y? statistic is much more
appropriate than G2 statistic for the small sample size. Recently, [14] performed a comprehensive simulation study to asses the
small sample accuracy of the seven members of the power-divergence statistics for testing both independence and homogeneity
in contingency tables. The results of the study of [14] showed that G? statistic rejects the null hypothesis too often in both
sparse and non-sparse contingency tables. They suggested the non-asymptotic variant of y2 statistic removes the deficiency of
the Pearson ) ? statistic for sparse contingency tables. [15] investigated the determination of the power divergence parameter
under quasi-independence model. More recently, [16] studied the asymptotic properties of T2 test statistic under the symmetry
model and concluded that the approximation of the T test statistic to y2 distribution is only valid for very large sample sizes.
While the chi-square approach gives healthy results in tables with a degree of freedom greater than 1 and a maximum of 20 %
of the expected frequencies below 5, this approach is weak in the sparse contingency table [7].

A general class of the test statistics was proposed by [11] and called as power-divergence (PD) family of statistics. The PD
statistics contains Pearson’s xz, likelihood ratio statistic G2, Freeman-Tukey’s T2, modified likelihood ratio statistics GM? and
Neyman’s modified y? as its sub-models. Note that these test statistics follow x2 distribution [12, 17, 18]. This study compares
the members of the PD test statistic using the different values of the parameter A based on the independence model. The type-I
and power values of the test statistics are compared with simulation studies for different dimensions of the contingency tables.
The goal of the simulation study is to find the most powerful test statistic for the independence model considering the sample
sizes, type-I and type-II errors.

The other sections of the study is designed as follows. Firstly, the independence model is given in Section 2. The PD family
of statistics is given in Section 3. The comparison of the test statistics via simulation studies is presented in Section 4. The
recommended test statistic and Freeman-Halton (FH) test statistic is compared in Section 5. The power comparison of the most
powerful test statistic and y? test statistic based on the real datasets is given in Section 6. The future work and conclusions of
the presented study are given in Section 7.

2. Independence model

In the analysis of contingency tables, either "row and column variables are independent of each other” or ”the constant levels
of one of the variables do not differ between the other variable levels” are tested according to the researcher’s purpose. The
total chi-square of the calculations for the entire R x C table is divided into row, column and relationship components as follows

XT = X+ XE+ Xic- @1
In two dimensional tables, the independence hypothesis is expressed with (2.2)
HO *Pij = PiP.j, i= 172537 7R’ J = 172737 aC (22)

The probability density function for the observed frequencies (7;;) is as follows
Pln:lp:: I I . 2.3
(”u ‘ Pua an 3 pij" (2.3)

Substituting p;; = p; p.j in (2.3), we have

n! . )
P (nij| pijn) = H"u sz; j Hnij!HPi.""HP.jn'f
l_] i L J
i,
2.4)
n!_H_p,-_"i- n!Hp,j"«j Hn,-_!Hn,j!

L] LJ ! J

= 2.5
[Ini! IIn;t n!llng! -
i J i,J

Equality of n;; = np;; +e;; is written instead of n in (2.5). When the natural logarithm is taken using the Stirling series
expansion in (2.5), the three terms on the right side of the equation (2.5) follows approximately the chi-square distribution (see
[19].

ii i EPLP np’p’) : (2.6)
i=1j

The quantity in (2.6) follows the chi-square distribution with (RC-1) degrees of freedom. The first part on the right side of the
equation is given by
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2
X3 =y i —npi)” @7
k Z,' npi.

which follows the chi-square distribution with R-1 df. The second part is given by

2
(nj—np.;)

X2 = ,
J np_j

which follows the chi-square distribution with C-1 df. The third part is the test statistic calculated for the independence
hypothesis which is given by

XRC_ZZ i nll/;q/n) '

The df can be extracted using the relation given in (2.1). So, the df of the independence model is (R — 1)(C — 1). The likelihood
estimates of expected values ¢;; under independence model is e;; = n;n_;/n.

3. Power-divergence family

The PD family of statistics, PD(A), is given by

R C nij A
_}MZZ”JK@]) —1]’ 3.1)

where i = 1,2,3,...,R, j=1,2,3,...,C and A € R. When the A =0 and A = —1, the equation (3.1) is not valid. So, the
limiting cases of (3.1) for A = 0 and A = —1 are given as follows

S [ S ()
A—0 A 7L+1 1:1 ~ eij e Y eij )]’
. 2 R & njj A eij
A A [() 1] “2L e Hﬂ
respectively. As given in Section 1, the PD family of statistics contains various known test statistics as its sub-models.
¢ PD(1) reduces the Pearson’s xz test statistics
 PD(0) reduces the likelihood ratio G2 test statistics

* PD(-1/2) reduces the Freeman Tukey’s T test statistics

 PD(2/3) reduces the Cressie Read test statistic C2

4. Simulation studies

Simulation studies are performed to evaluate the performance of the test statistics for the independence model. The multinomial
distribution is used to generate contingency tables. The below probability matrices are used to obtain type-I errors of the test
statistics. The probability matrices are generated by assuming that null hypothesis, Hy is true.

3x3 contingency table 3x4 contingency table 3x5 contingency table
0.10 0.06 0.04 0.03 0.03 0.02 0.02 0.03 0.03 0.09 0.06 0.09
0.15 0.09 0.06 0.06 0.06 0.04 0.04 0.02 0.02 0.06 0.04 0.06
025 0.15 0.10 021 021 0.14 0.14 0.05 0.05 0.15 0.10 0.15

Table 1: Probability matrices used to detect type-I errors for R =3 and C = 3,4,5
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4x4 contingency table 4x5 contingency table

0.02 0.03 0.01 0.04 0.02 0.02 0.06 0.04 0.06
0.04 0.06 0.02 0.08 0.03 0.03 0.09 0.06 0.09
0.06 0.09 0.03 0.12 0.03 0.03 0.09 0.06 0.09
0.08 0.12 0.04 0.16 0.02 0.02 0.06 0.04 0.06

Table 2: Probability matrices used to detect type-I errors for R =4 and C = 4,5

5x5 contingency table

0.01 0.01 0.03 0.02 0.03
0.01 0.01 0.03 0.02 0.03
0.03 0.03 0.09 0.06 0.09
0.02 0.02 0.06 0.04 0.06
0.03 0.03 0.09 0.06 0.09

Table 3: Probability matrix used to detect type-I errors for R=5and C =5

Also, the below matrices are used to obtain power of the test statistics.

3x3 contingency table 3x4 contingency table 3x5 contingency table
0.03 0.11 0.06 0.01 0.04 0.01 0.04 0.09 0.01 0.04 0.12 0.04
0.2 0.03 0.07 0.09 0.03 007 0.01 0.07 0.04 0.03 0.01 0.05
0.15 0.22 0.13 0.15 03 0.05 0.2 0.1 012 0.15 0.05 0.08

Table 4: Probability matrices used to detect powers for R =3 and C = 3,4,5

4x4 contingency table 4x5 contingency table

0.05 0.01 0.03 0.01 0.1 0.05 0.01 0.02 0.02
0.01 0.02 0.1 0.07 0.1 01 0.05 0.03 0.02
0.1 002 0.08 0.1 0.1 01 0.05 0.03 0.02
0.15 0.04 0.1 0.11 0.1 005 0.01 0.01 0.03

Table 5: Probability matrices used to detect powers for R =4 and C = 4,5

5x5 contingency table

0.015 0.015 0.04 0.01 0.02
0.02 002 0.015 0.03 0.015
0.02 004 0.07 0.09 0.08
0.03 004 0.03 0.07 0.03
0.04 006 0.06 0.09 0.05

Table 6: Probability matrix used to detect powers for R=5and C =5

These probability matrices are generated by assuming that the alternative hypothesis, Hj is true. The row and column marginal
probabilities are degenerated to create the departure from the independence model. The significance level « is determined as
0.05. The interpretation of the simulation results are done based on the 0.06 value. The test statistics having the type-I error
above the 0.06 value are considered as inappropriate. The simulation replication is determined as N = 10, 000.

Table 7 shows the effect sizes of the contingency tables used for the power calculation. Note that the effect sizes of the
contingency tables used for the type-I error is zero. As reported in Table 7, the small and moderate effect sizes are used to
compare the power values of the test statistics.
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Effect size Dimension
3x3 3x4 3x5 4x4 4x5 5x5
w 0.4341 0.3328 0.4691 0.3328 0.2564 0.2642

Table 7: The effect sizes of the contingency tables used for the power calculation.

4.1. Type-I error

Figure 1 displays the simulation results for the 3x3 contingency table. We also consider the sparseness index to analyze the
behaviours of the test statistics for the small sample sizes. When the indicator SI is below 5 value, we call this contingency
table as sparse table. So, the contingency table is called as sparse table if the number of observations is below 45 for the R = 3
and C = 3. This value is plotted in the figures vertically. According to the findings in Figure 1, we evaluate the convergence of
the test statistics to 2 distribution. From Figure 1, we observe that T2, G2, PD(0.1), PD(0.2) and PD(0.3) are above the 0.06
value which is evidence that these test statistics do not converge to x> distribution. When the sample size is above 150, all test
statistics work well, except T2

— = PDyO3)
—_—— PO
] POYOS)
— = PDNOS)
. = = PDYOT)

POO&E)

- - - PONOS])

Type-| error

000 005 o0f0 015 020 025 030

Figure 1: Type-I errors of the test statistics for R=3 and C=3.

Figure 2 displays the simulation results for the 3x4 contingency table. From these results, the 7%, G?, PD(0.1), PD(0.2) and
PD(0.3) test statistics do not converge the x2 distribution for both sparse and non-sparse contingency tables. The vertical
line represents the sample size for the sparseness index which is 60. Additionally, the convergence of the G? statistic to 2
distribution needs high sample sizes for R = 3 and C = 4 contingency tables. The C2 performs better than the G? statistic. All
test statistics converge to the y? distribution when the sample size is higher than 150, except T statistic.

] o
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Figure 2: Type-I errors for R=3 and C=4.
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Figure 3 displays the simulation results for the 3x5 contingency table. Again, the same test statistics fail to converge the 2
distribution. Here, the vertical line is 75 for the sample size of sparseness index. The G2 needs higher sample sizes to converge
to x distribution for R =3 and C = 5.

Type-| error

000 005 010 015 020 025 030

Figure 3: Type-I errors for R=3 and C=5.

The interpretation of the results of the 4x4, 4x5 and 5x5 contingency tables are similar to the previous simulation results. The
results of these contingency tables are plotted in Figure 4. The vertical lines of the figures are 80, 120 and 125, respectively.
From these figures, we conclude the convergence of the G? to x? distribution is not valid for the small sample sizes.

The below findings are observed based on the simulation results of the test statistics for type-I errors.

* The convergence of the G2 statistic to x> distribution is very problematic for small sample sizes (see [20])
» The C? statistic performs better than G statistic.

+ The convergence of the T statistic to y? distribution is only valid for the large sample sizes and it cannot be used for
any small sample size.

» The dimension of the contingency table effects the convergence of the statistics.

* More sample size is needed for the high dimensional contingency tables.

So, end of the simulation study for the type-I errors of the test statistics, we eliminate the 72, G2, PD(0.1), PD(0.2) and
PD(0.3) statistics since they do not converge well to y? distribution. In the second step, we compare the power results of the
test statistics converges well to x? distribution.

Additionally, we compare the p-values of the test statistics for R=3, C=3 and n = 50. Let Fx be the distribution of the test
statistic X under the null hypothesis. If Fr is continious, the p-value is distributed as U(0, 1) [21]. The distribution of the
p-values for test statistics are evaluated via Kolmogorov-Smirnov (KS) test. The histograms of the p-values of the test statistics
with the p-values of KS test are displayed in Figure 5. From these figures, it is clear that the distribution of the p-values of the
72, G?, PD(0.1), PD(0.2) and PD(0.3) test statistics do not follow the U (0, 1) distribution since their p-values are lower than
0.05. It is evidence that these test statistics do not perform well for small sample sizes.
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Figure 4: Type-I errors for (top-left) R=4 and C=4, (top-right) R=4 and C=5 and (bottom) R=5 and C=5

The below findings are observed based on the simulation results of the test statistics for type-I errors.

+ The convergence of the G? statistic to y? distribution is very problematic for small sample sizes (see [20])

The C? statistic performs better than G? statistic.

« The convergence of the T? statistic to x> distribution is only valid for the large sample sizes and it cannot be used for

any small sample size.

» The dimension of the contingency table effects the convergence of the statistics.

* More sample size is needed for the high dimensional contingency tables.

So, end of the simulation study for the type-I errors of the test statistics, we eliminate the 72, G2, PD(0.1), PD(0.2) and
PD(0.3) statistics since they do not converge well to x2 distribution. In the second step, we compare the power results of the

test statistics converges well to y? distribution.

Additionally, we compare the p-values of the test statistics for R=3, C=3 and n = 50. Let Fx be the distribution of the test
statistic X under the null hypothesis. If Fr is continious, the p-value is distributed as U(0, 1) [21]. The distribution of the
p-values for test statistics are evaluated via Kolmogorov-Smirnov (KS) test. The histograms of the p-values of the test statistics
with the p-values of KS test are displayed in Figure 5. From these figures, it is clear that the distribution of the p-values of the
72, G?, PD(0.1), PD(0.2) and PD(0.3) test statistics do not follow the U (0, 1) distribution since their p-values are lower than

0.05. It is evidence that these test statistics do not perform well for small sample sizes.
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Figure 5: The distribution of p-values for the test statistics under R=3 and C=3 and n = 50

4.2. Power of test

Now, we examine the power results of each test statistics which are the members of the power-divergence family. The
contingency tables are generated using the probability matrices given in Section 4.1. According to the results of the type-I
errors of the test statistics, 72, G2, PD(0.1), PD(0.2) and PD(0.3) do not converge the 2 distribution. Although the power of
test results are reported for all test statistics, T2, G2, PD(0.1), PD(0.2) and PD(0.3) are not considered in evaluation of the
power results.

Figure 6 displays the power results of the test statistics for 3x3 contingency table. As seen from these Figure, 7% has the
highest power value among others. However, since it does not converge the y? distribution, its power result is not meaningful.
Similarly, the power results of the G2, PD(0.1), PD(0.2) and PD(0.3) statistics are also not meaningful. After eliminating
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these test statistics, the most powerful test statistics is PD(0.4) for 3x3 contingency table. Vertical lines of the Figure 6 shows
the minimum required sample size to achieve the 0.80 and 0.90 power values. The minimum sample size is 60 for the power
0.80 and minimum sample size is 75 for the power 0.90.
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Figure 6: Power results under R=3 and C=3.

Figure 7 displays the power results of the test statistics for 3x4 contingency tables. These results are also in favour of the
PD(0.4) test statistics. The minimum sample size for the powers 0.80 and 0.90 are 65 and 80, respectively.
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Figure 7: Power results under R=3 and C=4.

Similarly, Figure 8 displays the power results of the test statistics for 3x5 contingency table. The most powerful test statistic is
PD(0.4). As in previous results, the PD(0.4) test statistics has the highest power among others. The minimum sample size for
the powers 0.80 and 0.90 are 70 and 90, respectively.
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Figure 8: Power results under R=3 and C=5.

Figure 9 displays the power results of the test statistics for 4x4 contingency table. PD(0.4) is again the most powerful test
statistic among others. From these results, we conclude that the minimum required sample size is 130 to achieve at least 0.80
power and required sample size is 150 to achieve at least 0.90 power.
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Figure 9: Power results under R=4 and C=4.

Figure 10 displays the power results of the test statistics for 4x5 contingency table. Results show that PD(0.4) has the highest
power. According to the vertical lines, the required sample size is 160 for the power 0.80 and 195 for the power 0.90.
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In a similar vein, Figure 11 displays the power results of the test statistics for 5x5 contingency table. Again, PD(0.4) has the
highest value of the power results. The required sample size is 280 for the power 0.80 and 350 for the power 0.90. As seen
from these results, once the dimension of the contingency table increases, the required sample size increases to reach higher

power values.
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Figure 11: Power results under R=5 and C=5.

Table 8 shows the minimum required sample sizes for the contingency tables to reach the minimum 0.80 and 0.90 power values.
As seen these results, the required sample size is an increasing function of the dimension of the contingency table. Therefore,

higher dimension needs more sample size. The determined effect sizes for each table dimension are reported in Table 7.

Table dimensions Power
0.8 0.9
3x3 60 75
3x4 65 80
3x5 70 90
4x4 130 150
4x5 160 195
5x5 280 350

Table 8: Minimum required sample sizes for the powers 0.8 and 0.9

As given in Section 1, the sample size is function of type-I error, power, df and effect size (see, Section 5). The powers are



180 Fundamental Journal of Mathematics and Applications

calculated by considering the different values of the effect size, df and sample sizes for the fixed type-I error 0.05. The results
are given in Table 9. From these results, it is seen that when the effect size is low, the required sample size should be large to
obtain the high power. Also, when the df is high, the sample size should be large to obtain the high power. Under these results,
if Table 8 is revisited, the sample sizes given in this table are determined based on the high effect sizes.

Sample size (df=4) w=0.05 w=0.15 w=0.30 w=0.50 Sample size (df=6) w=0.05 w=0.15 w=0.30 w=0.50

50 0.056 0.113 0.358 0.820 50 0.055 0.100 0.303 0.758
100 0.063 0.189 0.663 0.989 100 0.060 0.161 0.589 0.980
150 0.069 0.272 0.852 1.000 150 0.065 0.229 0.796 0.999
200 0.076 0.358 0.943 1.000 200 0.071 0.303 0911 1.000
250 0.083 0.443 0.980 1.000 250 0.076 0.378 0.965 1.000
500 0.121 0.773 1.000 1.000 500 0.106 0.705 1.000 1.000
Sample size (df=8) w=0.05 w=0.15 w=0.30 w=0.50 Sample size (df=9) w=0.05 w=0.15 w=0.30 w=0.50
50 0.054 0.092 0.267 0.706 50 0.054 0.089 0.253 0.683
100 0.058 0.143 0.534 0.968 100 0.058 0.137 0.510 0.962
150 0.063 0.202 0.747 0.998 150 0.062 0.192 0.725 0.998
200 0.067 0.267 0.879 1.000 200 0.066 0.253 0.863 1.000
250 0.072 0.334 0.948 1.000 250 0.070 0.317 0.939 1.000
500 0.097 0.650 1.000 1.000 500 0.094 0.626 1.000 1.000

Table 9: The calculated powers for the different values of the effect size, df and sample sizes

5. Comparison of PD(0.4) and Fisher-Freeman-Halton exact test statistics

It is well-known that the Fisher exact test is used for R=2 and C=2 contingency tables when more than 20% of cells have
expected frequencies less than 5. However, when the table dimension is larger than 2x2, the FH test is used [22]. In this
section, we compare the empirical type-I error rates of the PD(0.4) and the FH test statistics based on the simulation study.
The same probability matrices given in Section 4 are used. The type-I errors of the PD(0.4) and FH test statistics are reported
graphically in Figures 12, 13 and 14. As seen from these figures, it is observed that the PD(0.4) and FH produce similar results
in terms of their type-I error rates. Both test statistics can be used for sparse and non-sparse contingency tables. The obtained
type-I errors of the PD(0.4) and FH test statistics are below the desired value, 0.05. Also, the empirical power values of the
PD(0.4) and FH test statistics are reported in Figures 15, 16 and 17. PD(0.4) and FH test statistics produce similar results for
their power values, as in type-I error rates.

b=} b=}
S ] — PD{0.4) oy — PD{0.4)
—— Freeman-Halton — Freeman-Hallon
g 8
k=] k=]
8 8
$ g j( 3 g ﬁ
4 & e TR R A A 2 e o |
TR A aa | & T R A AN A

0.04
1
=
-
R
Pl
——]
4
—
0.04
1
—
4
=
—]

0.02
1
0.02
1

50 100 150 200 250 50 100 150 200 250

Figure 12: Type-I errors of the PD(0.4) and FH test for R=3 and C=3(left) and R=3 and C=4 (right)
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Figure 13: Type-I errors of the PD(0.4) and FH test for R=3 and C=5(left) and R=4 and C=4 (right)
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Figure 14: Type-I errors of the PD(0.4) and FH test for R=4 and C=5(left) and R=5 and C=5 (right)
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Figure 16: Power values of the PD(0.4) and FH test for R=3 and C=5(left) and R=4 and C=4 (right)
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Figure 17: Power values of the PD(0.4) and FH test for R=4 and C=5(left) and R=5 and C=5 (right)

6. Power comparison of the PD(0.4) and y test statistics via real data application

The sample size determination is an important step of any field work. Before collecting the data, the researcher should know
how many observations is needed to reach the desired power value. The sample size is a function of three parameters. These
are effect size, type-I error and power to detect H; hypothesis.

Let PD (0.4), be the calculated value of the PD (0.4) test statistic which is calculated by

2 C nj 0.4
PD(04), = ———— () -1,
¢ 0.4(0.44—1);; eij
where 7;; and e;; are the observed and expected frequencies, respectively . When the null hypothesis (Hp) is true, the test
statistic is distributed as x? distribution with (R — 1)(C — 1) df. The null hypothesis is rejected when PD (0.4), > x(zRfl)(Cfl), o
where « is the significance level which is called as type-I error. When the null hypothesis is not true, the distribution of
PD (0.4), follows the non-central x? distribution with non-centrality parameter A and df (R — 1)(C — 1). The non-centrality
parameter A is a function of n and effect size w. We have the following equation to calculate the parameter A (see [3])

A =nw?. 6.1)

The effect size is calculated by w = /PD(0.4),/n. So, replacing w in (6.1), we have = PD (0.4),.. So, the power of the
PD (0.4), test statistic can be obtained by
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Power = 1= Pr (% 1)1 (PD(04).) < X 1)c-1)) 6.2)

The power of the x? test statistic can be easily computed by changing the PD (0.4), in (6.2) with the test statistic value of the
x?. In the remaining part of these section, we analyze two data sets to compare the PD(0.4) with x test statistics. Note that
the calculated power values in the remaining part of this section are empirical powers.

6.1. Pneumonia data

To compare the power value of the PD(0.4) and x? test statistics, we use the data set on the vaccination program for the
pneumonia patients. The data can be found in the work of [23]. Also, the data set is given in Table 10. Here, the research
question is that Does the vaccine protect the individuals from the pneumococcal pneumonia disease?.

Health outcome Unvaccinated  Vaccinated
Sick with pneumococcal 23 5
pneumonia
Sick with non-pneumococcal 3 10
pneumonia
No pneumonia 61 77

Table 10: The data set for vaccination program

The data is analyzed using the PD(0.4) and ) ? test statistics. Obtained results are given in Table 11. The significance level « is
selected 0.05 for both test statistics. According to the Table 11, both of the test statistics reject the null hypothesis. However,
the power value of the PD(0.4) test statistic is higher than the y? test statistic. So, we recommend the usage of the PD(0.4) test
statistic to obtain higher power value than those of the x> test statistic.

Test statistics ~ Value df p-value Power

x> 13649 2 0001 0921
PD(0.4) 14095 2 <0.001 0.930

Table 11: Results of the test statistics for the pneumonia data

6.2. Epidemiological data

The second data is on the obesity risk of children based on their race. The data set can be found in [24]. Here, the research
question is that Does the obesity risk differ by the race?. To answer this question, we analyze the data set given in Table 12
with PD(0.4) and x? test statistics.

Risk Black White Others

At risk 185 140 90
Not at risk 80 17 23

Table 12: Epidemiological data for the children

The obtained results are given in Table 13. Based on the results in Table 13, since the power of PD(0.4) is higher than the 2,
we recommend the PD(0.4) test statistic to analyze the current data set.

Test statistics ~ Value df p-value Power

%2 21595 2 <0.001 0.991
PD(0.4) 22386 2 <0.001 0.992

Table 13: Results of the test statistics for the epidemiological data

7. Conclusion

We compare the various members of the PD family as well as different values of A using the extensive simulation study
based on the different settings such as dimensions of the contingency tables, type-I error, sample sizes and powers. When the
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parameter A = 0.4, the test statistic reaches the maximum value of the power. Also, we compare the PD(0.4) test statistic with
x? test statistics based on the power values. Two applications to the real datasets show that PD(0.4) provides higher powers
than the x? test statistic. As a future work, we plan to develop the web-tool to calculate the required sample size and displays
the results of the PD(0.4) test statistic.
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un—2) +Blg(vn—4)
”n72) +Dg (Vn74)
Va—2) +Bof (p_4)
Vn—2) +Daf (uy—4)

|~ =

where the initial conditions u_p, v_, for p = 0,4 are real numbers, the parameters A,, B, Cy, D,
for r € {1,2} are real numbers, A2 + B2 # 0 # C? + D2, for r € {1,2}, f and g are continuous
and strictly monotone functions, f (R) =R, g(R) =R, f(0) =0, g(0) = 0. In addition, we solve
aforementioned general two dimensional system of difference equations of fifth-order in explicit
form. Moreover, we obtain the solutions of mentioned system according to whether the parameters
being zeros or not. Finally, we present an interesting application.

1. Introduction

The notation of N, Ny, Z, R, stand for the set of natural, non-negative integer, integer and real number, respectively. If
Y,6 € Z, y < 0 the notation B =y,0 means {B € Z:y< B < 5}.

Difference equations emerge from mathematical models of physical events, numerical solutions of differential equations or
generation functions. There has been an intense interest in nonlinear difference equations. Some mathematicians are interested
in nonlinear difference equations in these days in [1], [2], [3], [4], [5]. In addition, systems of difference equations are studied
by some authors in [6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], [17], [18], [19], [20], [21].

One of the interesting difference equations is
Wpyo = Pwy 1 +Pw,, n € Ny, (1.1)

where the initial values wy, wi and the parameters ® and ¥ are real numbers. Equation (1.1) is solved by De Moivre in [22].

The solution of (1.1) is given by

Wy = (W1 _AZWO)Aq —(Wl —11W0)A.2 ne No, (1'2)
M—A

when ¥ # 0 and &% +4W¥ £ 0,

wn = (w1 — Aiwo) n+Awo) A1, n € Ny, (1.3)
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when ¥ # 0 and @2 + 4% = 0, where A; and 4, are the roots of the polynomial P (1) = A2 — ®A —¥ = 0. Also, the roots of
O+/D2+4¥

characteristic equation are 1172 = >

Another well-known difference equation, that is Riccati difference equation, is given by

aw, +

o~ +6,nEN0, (1.4)

Wpt1 =

for y # 0, ad # By, where the initial condition wg and the parameters o, 3, 7, 0 are real numbers. Equation (1.4) is reduced
to equation (1.1) by using the convenient transformation.

There are general forms of the difference equations reduced to equation (1.4) by changing variables in literature. For example,
the following difference equation

6Wn—kwn—k—l

kel e N, (1.5)
Bxp—i—1 + Vxn—i

Wptl = OWp—f +

where k, [ are fixed natural numbers, the parameters «, 8, ¥, 6 and the initial conditions w_;, i = 1,k + [ are real numbers and
B2+ ¥* #0, is solved in [23].

Some authors solved special cases of equation (1.5) in [24], [25], [26], [27], [28]. A different form of equation (1.5) continued
to be studied in the literature [29], [30], [31].

In an earlier paper, Elsayed et al., deal with the following difference equation

Nup—1Un—4

—————————— n €Ny, (1.6)
Yun—a+ Y3up—2 0

Up+1 = YoUn—1+

where the initial values u_, for p = 0,4 are arbitrary positive real numbers and the coefficients ¥, for I = 0,3 are real numbers
in [32].

Recently, Stevi€ et al., investigate the following difference equations

a® (x,—2) + BP (x,-4)
y® (xn—2) + 0P (xn—4)

Xn+1 = q)_l <q)(xnl) ) yne N()a (L.7)

where the initial values x_,, for p = 0,4 and the parameters o, 3, ¥ and & are real numbers in [33]. Note that, the different
form of equation (1.6) is equation (1.7).

Equations (1.7) can be expand in various ways. For instance, increasing order, adding periodic coefficients, expanding the
dimensional, etc.

In this paper, we are interested in the following general two dimensional form of equation (1.7)

U1 = <g(Vn_1)Alf(un—2)+31g(vn_4)>7

Cif (up—2) +D1g(vn_1)

(1.8)
Azg (vy—2) +Bof (un—a)
Cr8 (Vn—2) + Do f (un—4)

Vn+l = g_l <f(un1) > , h € Ny,

where the initial conditions u_,, v_, for p = 0,4 are real numbers, the parameters A,, B, Cy, D,, for r € {1,2}, are real
numbers, A2 + B2 0 # C2 + D2, for r € {1,2}, f and g are continuous and strictly monotone functions, f (R) =R, g(R) =R,
f(0) =0, g(0) = 0. We obtain the solutions of system (1.8) in explicit form according to states of parameters by changing the
variable. In addition, we present an application, which indicates that some conclusions in [32] are not correct.

2. Explicit-form solutions of system (1.8)

In this section, we investigate the solutions of system (1.8) in explicit-form.

Theorem 2.1. Assume that A, B, C,, D, € R, forr € {1,2}, A% —l—B% #+0# Cf +D? A% +B% +0+# C% +D3, fand g are
continuous and strictly monotone functions, f (R) =R, g(R) =R, f(0) =0, g(0) =0. So, the general system (1.8) is solvable
in explicit-form.
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Proof. 1f at least one of the initial values u_, =0 orv_, =0, for p = 0,4, then the solution of system (1.8) is not defined.
Moreover, assume that u,, = 0 for some ny € Ng. Then from system (1.8) we have v,,12 = 0. These facts along with (1.8)
imply that v, 5 is not defined. Similarly, suppose that v,, = 0 for some ng € Ny. Then from system (1.8) we have u,,2 = 0.
These facts along with (1.8) imply that u,, 5 is not defined. Hence, for every well-defined solution of system (1.8), we have

vy, 0, n> —4. 2.1

From (2.1) and the conditions of the theorem we have

f(un) 7& 07 g(vﬂ) 7& Oa n Z —4.
Now, we examine the solutions of system (1.8) for two cases:

Case 1: First, suppose that A|Dy — B1C| # 0, AyD, — B,C> # 0 and Cy # 0 # C,. Let

S (un) 8 (vn)

T g ) " Fluna)’

n>-=2. (2.2)

From (1.8) and monotonicity of f and g, we obtain

Alf(un—Z) +Big (Vn—4)

Pt = 80 G ) T Dig (vna)

(2.3)
A2g (va—2) + Bof (un—4)
v = Up— , n € Np.
g( n+1) f( n I)ng(vnfz)ﬁ’sz(Mnsz) 0
By using the change of variables (2.2) in (2.3) we get
Ax,—2+ B Asyn—2+ B>
Xppl = ——, =———— neN, 24
n+1 Cixp 2+ D Yn+1 Coyn + D3 0 (2.4)
Let
kr(y{) = X3m+j, lr(n]) = Y3m+j, M € N07 Je {—2,—1,0} (25)
Then from (2.4) and (2.5) we obtain
0 _ A]k;(qp + B 10— Azlr(nj) +B; 2.6)
m+1 () ? Ym+1 () ) .
Ciky,” + Dy Gy’ + Do
for m € Ny, j € {—2,—1,0}. The equations in (2.6) are named Riccati type difference equations in literature.
Let
) )
k) =Tl ) =L me No, e {~2,-1,0), @7
z,(qi) t;gf )

for some pj,h; € R, j e {-2,—1,0}.
From (2.6) and (2.7) we have

Z(jlz Z(jJ)rl Z(jil
Z(T‘ij C1W+C1P1+D1 — | A1 0 +Aipj+B; | =0,

m m

t(j) t(j) t(j)
%H+hj sziﬂ-i-Czhj—‘rDz — Azmiﬂ—I-Azhj-l-Bz =0,
o) (J) (J)

tm tm
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for some m € Ny, j € {—2,—1,0}.
Let

D, D, .
i=——,hi=——,je{-2,—-1,0}.
Pj C’ J C, jed }

Then, we get

(2.8)
C%tr(;ﬁz —C2 (A2 +Dy) f,Sﬁ] + (A2Dy — By () 1) = 0,
for m € Ny, j € {-2,—1,0}.
Assume that A; := (A; + D )2 —4(A1D1 —B|C1) #0, Ay := (A, +D2)2 —4(AyDy — BoC5) # 0. Then by employing formula
(1.2), we have

W _ (27 =z ) A= () — iz ) 2
" B Al - 12 ’
2.9)
o (7T () 2
m /il - 12 ,

form e Ny, j € {-2,—1,0}, where A, = %, 1172 = %. Equations in (2.9) are the general solutions to
equations in (2.8).

By using (2.9) in (2.7), we obtain

o (& 2 2t - (a7
" (- rd)ap— (D -ad))ay
(6 + 2 = 22) At = (k5 + 2= A ) A0y,
(6 + 2 = n) A= (k) + 20— a) 2 O

(4;‘) _;2,51)) A _
(;{f) - iztéﬂ) -

2

(zéf)+2—§—712)71{'1— (léﬂ—i—%—il)ié” _67

(157 + 82 =22) 2t = (1) + 22 =2) 1 p,

for m € Ny, j € {—2,—1,0}, from the last equalities with (2.5) we have

(54 B =2) AP = (g B =M ) A
XIm+j = -
+

(Xj-f-%l—lz))»lm—

Xj

(2.10)

Y3m+j = (

form e Ny, j € {-2,—-1,0}.
From (2.2), we get



190 Fundamental Journal of Mathematics and Applications

flun) = x28 Vn—2) = XnYn—2f (Un—4) = XpYn—2Xn—48 (Va—6) = XpnYn—2Xn—4Yn—6f (Un—g)
= XnYn—2Xn—4Yn—6Xn—88 (Vi—10) = XnYn—2Xn—4Yn—6Xn—8Yn—10f (Un—12), n > 8, (2.11)

g(Vn) = yuf (”nfz) = YnXn—-28 (V ) YnXn—2Yn—af (”n76) = YnXn—2Yn—4Xn—68 (vn78)
= YnXn—2Yn—4Xn—6Yn—8S (un 10) YnXn—2Yn—4Xn—6Yn—8Xn—108 (anlZ) ,n>8.

From (2.11), we have

FWiomed) = XoomtiYimri-2X0mri-4Y12mti-6X12m 1 i-8Y12m+i-10S (U12(m—1)+)
(2.12)
gViam+i) = Vi2mtiX12mti-2Y12m+i—4X12m+i—6Y12m+i—8X12m+i—108 (V12(m71)+i) )
for m € Ny, i = 8,19. Multiplying the equalities which are obtained from (2.12), from 0 to m, it follows that
m
f (i2ms3s+p) = f (Uzsrp-12) H( x12r+3s+py12r+3s+p2x12r+3s+p4y12r+33+p6x12r+35+p8y12r+3s+p10)7
r=0
(2.13)
m
8 <V12m+3s+p) =8 (V3s+p—12) H ( y12r+3s+px12r+3s+p—2y12r+3s+p—4x12r+3s+p6y12r+3s+p—8x12r+3s+p—10) )
r=0
form € No, s = 3,6, p=—1,1. From (2.13), we obtain
m
fwomiasip) = f(uasp2 I—%( 3(arst(252) ) ep-31 242 P3(arss 1§ 1) +p-2-315)
X
x3(4r+s+ =y )+p+2+3V’TJy3(4r+s71+w%u)+p7373w%1j
Xx3<4r+x1+[‘733j>+p53\_1’33jy3(4r+s1+|_p35j)+p73\_p35J> ’ (2.14)

m

g(Viamyssip) = g(V3s+p12)£I<y3(4r+s+tpgj)+p 312523 (4r+s+|§))+p—2-314)

y3(4r+9+LP32J>+p+2+3LPTJ 3(4rbs— 141251 ) +p-3-3( 25

Xy3(4r+s1+U’33j)+p53w’33jx3(4r+s1+L"35j)+p73v’35j> ’

form € Ny, s =3,6, p = —1, 1. By substituting the equations in (2.10) into (2.14) and by using equations in (2.2), we have

U12m+3s+p

= f! |:f(u3s+p12)

f(u p2 ) | P2 flu L p+2 | pE2
P35~ D drts+| 5] +1 P35~ D drts+| 555 +1
S SV TR S R T N

+
ﬁ( (0, o)) (0, e ) D,

f(“M"%) ML PR f< r- w"%)

D,
1 -~ t C
& v19—3LL_+r2J—2

C]
D42
21 J;r+‘9+“3 |

I SAr+s+| 5| +1
Dy ' )‘2 L5]

1 - <)+C
f(”p—zt—ﬂ%J) ’ D,
(tr28)
(9an2:)

o~ ~ 4 C2
+ Dy —11 l;rJrer[gJ
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f<u1’+2+3lpf}2J> +D1_y l“’*”[%i“ _ f<up+2+3tL}2J> T+ g, A4r+s+LpT72J+1
o - 1 (o 2
g(v p=2 > g<v 3 p=2 > D
x dasenl s = | e
' - 1
Wpame)) <HP+MLPT72J> +oip, Aarts i) ! <MP+2+3L”%2J> +hiy, L;rﬂﬂ”%zj
1 1 C
g( p+3U’gJJ> g( p+3LL2J>
LURETET) BPSRPA powsSTay I CRYET) P
p—3-3[ 25 | _'_%_12 Alr+s+L3J_ p—3-31 257 +%—ll AQr+s+L3J
" f(%—s—ﬂ-";—'l) f(%—s—st-";—'l) Dy
, (653
() N R (et + 02 G | Al
C 1 i (&}
f(“pfs—n‘%w) f(“p—s—st%}w)
g (“p—s—wij) D drs+ 252 | / (“p—s—sw—ﬂ) D drst 253
3 + o AQ, 2’1 3 _ 3 + C71 _ A’] 2'2 3
1 1
" ¢ (vp—v—sv’%) g(”w—w%& Dy
(O]
f(up—S—ﬂ%J) IR Afrﬂﬂ”%ﬂ—l f(“qusmﬂ) LDig, A;HSH#JA
1 C
(rae2) NC—
g\Vv — ~ —~ p— g(V — ) ~ ~ p—5
( ,;—7—3{%%) + % _12 A14r-%—s—}—\_135j B pﬂ—ﬂ%sj + % _ll A;H_Sﬂ-lz ]
! (”p—9—%t-"g—ﬂ> / (%—9—31-";—%) Dy )]
X - FZ )
g(v‘”’”%sj) +D 7 14’““%5%1 g(vpf7*3L”TSJ> Ay igmﬂ";ﬂﬂ
(&) 1 G
/ ("n—g—*L"T‘SJ) / (“p—@—SL@J)
Vidmidsip =8 [8 (V3stp-12)
gQHL”T”Jl b g, | A g<vﬂf3t"§2J> D7 7l§r+S+L”T”J+1
(e} 1 G
T ( ! (“HL%”H) ! (“HL#H) D
G
- D r+s+ -3 5= Ar+s+| 5=
T S PRl Py | A
I\ 2> f(" 3|22 2>
f(” —HLQ) drts+ B+1 f(“ —HLEJ) drs+ 2]+
p 3 +Dfll_)~2 )vlr s+ %] p 5 “!‘Dfll_ll A/zr s+15]
8 <"p—4—3L§J> & (V,;—4—3L§J> D,
- e
f(“p 2 ﬂ%J) D dr+s+| 2] f(“p—Z—%L%J> D, dres+ 2] !
+ 71 — )~2 A] — + T — A] Afz -
§ (%—4—31@) & (%—4—3%)
g<vl,+z+3L’L}2J> D7, )‘4r+s+L’%2J+1 B (8 Vp+z+3LL_}2J) LD ﬁrﬂﬂ’%zﬁl
C 1 A
f<u) p=2 f(u) 3 p=2 D
« 31557 3557 _FZ (216)
g(v 2431252 ) drs+] 52 g(v +2+3L”’2J> D, = | Sarts+| 22 ?
p+2+3 B2 | +%—l l]r (5] P 5 +C7§_)‘1 12 3
f<up+3{"T_2j> f<up+3["T_2j>
f(u p—1 ) | p—=1 f(“ p—1 > o | =1
p—3-3251) | p ar+s+| 25| p—3-3251) | p ar+s+| 25|
LD | A |7 | A
" E\Mp-s-a1 25 E\Mp-s-a 25 D
f(“pfyﬂ”;lj) D drs+| 5L -1 f<up473tp;lj> D 4F+S+[pT71J*1 !
i+ 711 -l | A 3 — 2L+ —l‘ M| A
g(%—s—u”g—%) g<vp—s—3tpg—w>
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M|

Sdrst| 25

/)\4 /):24r+s+[ -1

-5
'y )L;r—&-ﬁ— [552]

p=3

g(v p=3 ~ |\~ p3
p—S—S[TJ> D drts+| 55|
-tk -
oV (722
g(” 7573117*%) Dy, 3 | pérts+ B0
P53 Dho |4 3 _
(o))
f("p—%ﬂ?J) LD N 7L4r+s+[p%sj _
1
1
« g(vf’*Ht” 5J>
f(” 43125 ) 4 25
LUJJFD%fM ;LI’JF“*U =1 _
§ <”p—9—3L?J>

Y )L;r+s+[%5j—1

2|)

form € Ng, s = 3,6, p = —1, 1. The formulas in (2.15) and (2.16) are the solutions of system (1.8) if A; # 0 # A,.
Assume that A} = (A; +D1)2 —4(A|D; —BiCy)=0and Ay = (A2 + D2)2 —4(A2D; — BC,) = 0. So, by employing formula

(1.3), we obtain

&= ((zﬁj) —Aiz ) m+?t1z(()j)) Art,
(2.17)
t,<nj) _ ((tfj)filtéj))m+7tlt(()j)) Zlm—17
for m e Ny, j € {-2,—1,0}, where
_A1+Dy
M="5¢
Note that equations in (2.17) are the solutions to the system (2.8) if A| =0 = A;. From (2.7) and (2.17), we get
s (@ =) e+ u b
(Zgj)—hz(()j))m-i-llz(()j) Ci
(k) +2=2)m+n+2)a p, o1s)
(k(()j)Jr%l—?Ll)er?Ll G
) _7 ) Fme))
o o_ (1 =2") 4 )+ )4 p,

(72 mr iy

((l(gj)—k%—%) (m—ﬁ—l)—i—%)il Dy

form € Ny, j € {—2,—1,0}. By using (2.5) in (2.18), we obtain

+%—i1)m+11

Xdm+j =

Y3m+j

form € Ny, j € {—2,—1,0}. From (2.14), we have

[

G’

((y+2-m)m+)+u)4 p,
(xj+%l'—7t1>m+ll a

C’

((yﬁ’g—jfi]) (m+1)+711>11 D
(yj+% —11)m+11

G’
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o
A 2y | (A (P2 41) 44 |
Uiomids+p = f l[f(”3s+p—12)xn< — _al
r=0 flu o op2 )
AT D | (dr s+ [220) 44
8 <V17*3Lp+2J*2>
g(V _2-3| P ) -~ a >
M—F%_M (4r+s+ 5]+ +M4 | A
flu p
y p—4-32 _%
( 2-312 > N 0 ?
PRSI 2 G | (dr s 1)) A
- < p—4- 3LLJ>
f(“ p=2 )
Y D) (s 224 1) 4 A | A
(o)
. P31 252) _% (2.19)
—‘,—C—l—ll 4I’+S+\_TJ +M
8 (Vwat"gﬂ)
g(v L u) ~ >\ 3
(W_Hg;—ll <4r+s+LpTJ)+M M
« f <up—5—3l%lJ> — %
8<V _3_3 21 ) ~ 0 ?
(Wyg;_zl (4r+s+LpT_1j —1) +M
f(“p—5—3ti’r1j>
f(u s 3 p=3 )
( P +Dllﬂtl) <4r+s+LpTJ)+M A
o« g(vpf7*3lpﬁ}3J> — %
f(u < a1 p3 ) !
( p—5-31253) +07:le (4r+s+L"3;3j—1)+/11
g("p—Lw#J)
oroses) b - )
(WJFIC’;_M) (4r+s+L"TJ)+M A
« f<up—9—3l%5J> —& >:|
C b)
8<V 3PS ) ~ 0 ?
(W+lg§—kl (4r+s+L”3;5j —1) + A
f(uﬂ*‘?**t"T_SJ)

V12m+3s+p = B

~ A (4r+s+ |22+ l) | A
! upfﬂ%zkz) D,

m
y _ 2
r|:0| ( g(v , ) C2
p-31232]

~

f<3>+lg§—1l <4r+s+ Lp+2J) +M
u
3[55=1-2

f(“ ,2,3L£J)
#4_%1—)“1 (4r+s+ 5]+ +M4 | A
8<Vp—4—3t§J> D

f(Mp,273{§J> D Cl
S+ 8- (4r+s+5])+M
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ez 5 ]
w#—%—h (4r+s+[%j+l)+l M
o)
nle —% (2.20)
8glv p—2 ) —~ R 2
w—i—%—h (4r+s+LpTJ)+M
f “pral 252
oy s yemt)
S 2y | (s 125 ) A |
g(vn—S—%LP;—‘J> Dy
C
oy s yemt) !
"“WM;—AI) 4r-|—s+Lp 1J—1)+/11
& ("p—%ﬂ‘%‘l)
Corones) b - -
””“ng;;u) 4r+s+ %j)ﬂu P
/ (“p—7—3t’%}ﬂ> Dy
G
Crones) o -
pos3lty) Jrg;l]) 4r+s+Lp 3J*1>+ll
4 (“p—wst%ﬂ)
fnez)
erD—l'—?u dr+s+| ”TJ)JrM A
g(vp—e—ﬂ";—ﬂ) Dy ﬂ
C )
f(“ PS5 ) 1
S L Dy | (44 s+ 1552 - 1)+
& (%—9—31?0
formeNy,5s=3,6,p=—1,1,if A; =0=A,.
Now assume that C; = 0 = C, D # 0 # D». In this case, equations in (2.4) turn into
1 Bl A2 Bz
Xngl = Dlxn 2+D s Yntl = Dzy"*2+D72’ n € No.
Thus,
O) _ALG) () _ A2, B ,
km+1 = Hlkm —_—, lm+l = zlm -‘rHZ, m € Ny, AS {—2,—1,0}. (2.21)
If Ay = Dy and A; = D5 then from (2.21), we have
(/) _ B 0 0 _B2 0 ,
k) = Em+k0 L = D—2m+lof ,meNy, je{-2,-1,0},
SO
B .
X3m+j = 71m+xj> Y3m+j = im—"_yju me N07 JE {_27_170} (222)
D D,
From (2.2), (2.14) and (2.22), we get
UDmt3s+p = f_l[f(“3s+p12) (2.23)

ol B pr2\, (o) B p M
) oo ) M ULt 7 vy

flu p=2 -1 p-1
y B(4r+s+L 2J>+ (praie) « BZ<4r—|—s+LJ—1>—|—3
P+’>LPTJ p—5-3|73-|




Fundamental Journal of Mathematics and Applications 195

_ (B +2 §
Viomidsip = & {g (Vas4p-12) X H( Hi (4V+S+ Lp 3 J) + f(
r=0

x D<4r+s+LJ> E — )

x 13)2(4r+s—|— . > f((”””ip 2)> x g‘l(4r+s+LP31J—1)+f<u”_3_3lp3”> 2.24)
T
8 (s a2 ACEEEY) )]

B -3 B -5
X I)z(4r+s+Lp3J—1)+ X D, (4r+s+L 3 J—1)+
f (up—7—3LpT73J> 8 (VP*9*3LP75J)

3

for m € Ny, s = 3,6, p = —1, 1. Hence, the formulas in (2.24) and (2.24) are solutions of system (1.8) in this case.
Suppose that A} # D; and Ay # D;. By using (2.21), we get

G _ (AN 0, B A"
o = (D1> “ A -D; ((Dl ’
() AN\" ), B A\"

m = ~ ~ -1 ’
: (D2> g +A2—D2 ((Dz

form € Ny, j € {—2,—1,0}. That is,

Ay " B B
Mo = \py) \"TA=D ) A-D
Ap " B> B,
o 4 _ 2.25
Yantg <D2> (yj+A2D2 Ar—Dy’ (2:23)

form € Ny, j € {—2,—1,0}. From (2.2), (2.14) and (2.25), we get

+2
- m A drts+| 5= f(u s 282 ) B B
Uomisstp = [ 1|:f(u3x+p12)XH< (Di) il nt 1 _ID] “I-D
r=0
-2)

X & )+ B, B>
drst+| 252 - )
% ﬂ rs L5 f up+2+3|_psz n B B

+ — (2.26)

B>
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—1
Vi2m+3s+p = & {

m

g(vagip-12) x [ ]
r=0

(|

As

(s,

n#ﬂ

B, By

) 4r+s+\_pT+2J

2

) <Al>4r+s+L§J f(up,z,%%) . B, B

1 g(vp A 3L%J> A1 =Dy A1 =Dy
. (142)4r+s+[p32J g(vp+2+3lp%zj) . B, B B,

2 f(“mﬂ”—’zj) A —Dy Ay —D;
. (141)4r+s+t”3'J—1 f(up_3_3t,,%lj> N B, - B,

1 g("pd%{’%ﬂ) A1 —Dy A1 —Dy
. (142)4r+s+[p3_3j—1 g("p—S—stﬁj) N B, B
‘ (A‘)Mﬂml £(tyge) SELCI N

D, Ay —D, A;—D

I, gz ) A27P2) AamD

(2.27)

)}

for m € Ny, s = 3,6, p = —1, 1. Then, the solutions of system (1.8) are given by the equations in (2.26) and (2.27) in this case.
Case 2: Assume that A{D| = B|Cy, AyDy = BC,. If Ay =0 and B; #0. Then C; =0 and D; #0. If A, =0 and B, # 0.
Then C; = 0 and D; # 0. From system (1.8), we have

Un+1 :fil (

From (2.28) we easily get

Upn

By using (2.29), we obtain

Ugmyi =

mGNo,i:3776.

B
Dlg

BB,
DD

1
i

BB
DD,

(Vn—

2f(”"4)> =g (
>m+lf(ui4)> Vi =g ! <<

B

— 2
l))a Vel = 8 1(

D,

BB,
DD,

BB,
DD,

f(u,,_l)) , nE Np.

g(Vn4)> ’ n 2 3

)’"*‘ g("i4)> ,

(2.28)

(2.29)

(2.30)

If A #0 and By = 0. Then D; = 0 from which it follows that C; # 0. If A, # 0 and B, = 0. Then D, = 0 from which it
follows that C; # 0. From system (1.8), we get

1 (A
Un+1 :f ! (]g(vn

From (2.31) we easily get

By using (2.32), we obtain

_ AlA
Wimyi = f" ((C:Cj

C

)mﬂf(uizl)) Vi =g ! <<

G

D)o =st ()

AjAy
CiCy

),HEN().

)mH g(v,»4>> ,

(2.31)

(2.32)

(2.33)
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m € Ny, i = 3,6.

If Dy =0so0 Cy # 0. This means By =0, A # 0. If D, =0 so C # 0. This means B, =0, Ay # 0. Then we have system
(2.31). Moreover, the equalities in (2.33) are solutions of system (2.31).

Assume that C; = 0 so D # 0. This means A} = 0, B} # 0. Suppose that C; = 0 so D # 0. This means A, = 0, B, # 0. So,
we obtain system (2.28). In addition, equalities in (2.30) are solutions of system (2.28).

Suppose that A|B1C1D; # 0 and A2B,CoD, # 0. It means A} = % and Ay = Bé—?. Moreover, we have system (2.28).
Similarly, it means B} = AlC—IDl and B, = AZC—I;Z. O

3. An application

In this section, we give an application for system (1.8).

Remark 3.1. If f =g A1 =A, Bi =B, Ci1=C), D1 =Dy, u_p=v_p, p= 0,4, then, the system (1.8) turns into the
following equation

- Af(u)+Bf(u))
1 1 n—2 1 n—4
Upi] = Up— , n € Np. 3.1
nH f (f( " 1) le(”n72) +D1f(un74) 0
Behavior of solutions to equation (1.6) is mentioned in [32]. But somethings are not correct in [32].
Equation (1.6) can be expressed as
oy =y B2 OB E N s 3.2)

Yaun—a+ V3p—2

Firstly, the authors of [32] studied to obtain the equilibrium point of equation (1.6). Then, using a great deal calculations, they
found u = 0. If

(1=1)(n+nr)#n,

an unique equilibrium point of equation (1.6) is # = 0.
Suppose that an equilibrium point of equation (1.6) is u. So we get the following equation

=2
_ _ hu
u="Yyu-+ (3.3)
(r+n)u
From (3.3), we see that it must be
(2+7) # 0 and @ # 0.
This exterminates the probability u = 0.
Suppose that u # 0. Moreover, equation (3.3) means
— B!
u — /0 =V,
( 4 r+tr )
so we have
4!
1—1— = 34
4 YtV

From equation (3.4), the equilibrium point of the difference equation is # # 0. It implies that the idea in [32] Theorem 3, under
the condition, zero equilibrium point of equation (1.6) is local asymptotic stable is not corect, because it is not an equilibrium
point at all.

In addition, Theorem 4 in [32] is expressed as:

Theorem 3.2. If 1> (1 — %) # 11, then the unique equilibrium point of Equation (1.6) is globally asymptotically stable.

The particular case of equation (3.1) is equation (3.2) with

fx)=x, Ai=1% Bi=wr+n, Ci=n, Di=n.
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Example 3.3. Keep in mind the equation (1.6) with

v=n=p=p-=1,
and then we get the following equation
2+ 2u,_
Upt1 = Up—1 Ma n € No. (3.5)
Up—2+Up—a
Equation (3.5) is derived from equation (3.1) with f (x) = x and x € R,
Aj=Ci=D;=1, B =2. (3.6)
By using (3.6) the first equation in (2.8), we get
pr(A)=A2 =241,
and its roots are
M=1+V2and by =1—2.
Then, we obtain
nl=n)—n=-1#0,
the restriction ¥ (1 —y) # 71 in Theorem 3.2 is valid.
By using the parameters A1,B1,C1,Dy are as in (3.6) and (2.15)-(2.16), where f (x) = x and x € R, we have
U12m+3s+p = U3s+p—12
“ps 22 Fl-2 l4r+S+L%J+1 _ “pa1282) F1-A )L;HH[FHJ I
i “p- 3L&2J 2 ! Y32t
X H( 3 1
r=0 1;73[1’ Fl-A )L4r+s+[pT+2j _ up—ﬂ”;rzj 1 )L;r—&-s—&-[pﬂj
e W’jrzj 2 ! “p3 2522
Up_2-3| —H A l;trﬂﬂgﬁl [ Me2-318) Sl A A;lrJrH»[%J
" Up 4 3[ j Up-a-31 %)
p-2-314] 1—2 )L4r+s+[§j [ "p2-315) 1—2 dr+s+| % |
(“p43L§J - 2) : g M A2
u} p—2
( Z+2+3 : +1_/12> A4r-&-s—H J+1 _ ( 1+2+3£ ; ] —|—1—7L]> l;¥r+s-§—L 7]+
3|27 +3| 2
% p+31 55~ 3155~ 1 (37)
u — — u —
p+2+3L”T2J F1-2, klﬁlr-&-s-&-LpTzJ _ Z+2+3U’T22J F1-2 124r+s+w 2
P31 252 P31 252
Zp 33| 31J 1, ll4r+s+L”3;1J _ Z,>7373L EIJ ;L;r-ks-‘r =y
p—5-3 25| p—5-31 25~
X : —1
U 33l p-ly_ U 33 =l =y
up 3 quJ F1-2 A]4r+v+\_ ) 1 M, 3 zbij };r+r+ 3 1
p—5-3[ 2| p—5-3[ 25
U s 3 p3 p3 U5 3 =3 o] 223
M’ 53155 1= Af’*”ﬂ ) u!’ 5355~ 1= A;rwﬂ 5
p-71-3123° p-71-31232
X -1
U s 3 p3 pP=3_ U s 3 p=3 1| P30
L T R R e T A
p=71-355~] p=1-31557]
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“p1-31253 drts+| 230 ] Yoo W’TSJ drts+| 250 ]
u +1—-A A +1-A }12
p—9-3125% | . )
X - )
=] IR 2'4r+s+L"’TJ 1 p-71-3125° | Sl l4r+s+L"3;5J—l
“po-31233) ! p—9-31257 | 2
form € Ny, s =3, -1,1
Note that
“po3 2 1o l4r+s+[”%2j+1 [ ey s l4r+s+\_'”T+2J+l
. “poalnf2) -2 1 “poalng2) -2 ? |
im —
m—yoo u 4 P2 pE2 u A P2 P2
p-3155~) +1-2 2'4"+‘+\_ el p-3155~] +1 _)vl A4r+s+\_ 3|
‘322 ! o322 ?
U, 232 dr+s+| 5 |+1 Up_2-32 dr+s+| 5 |+1
MP LiJ_’_l_lz )L]r s LzJ _ uF L;J—Fl—ll zizr § MJ
— p—4-315] p—4-315] 1
e Uy 5 3P |2 Uy 5 AP e
p—2-31%) F1- 2'4r+s+L3J_ p—2-3%) Fl- A4r+.s+L3J
Up-a-31%) ! Up-a-31%) 2
ul;+2+3L%’r2J Y1-2 A4r+S+L == J+1 p+2+3U’TJ 12 )~2r+“'+[pgzj+l
i “pe3 252 ! “pi3 252 ) !
= lim _
m—soo Mp+z+ﬂ#J F1-2 2’4r+y+L1 I ”p+2+3L#J F1-A )‘2r+s+[p%2j
“pr3 252 “p3 252
Dy gy Al (Dot g ) gt
. “pos—a gl ! Ypos—agl
= lim 1
m—oo u —1 p—1 u D 1
—3-3| 2= drts+| =] -1 33122 drds+| 5= | -1
%4,172{2 /'Llrs [5=1-1 up L31J+1 A )Lzrs [55]
p=5-31 257 p=5-31257)
“ps o3 23 1, A4r+s+HT’3J =] L1, )L4r+s+LPT3J
li 115 : “p-1-31253 i 1
T U533 drest| B2 )1 P Y)Y drs+| B2 -1 -
u i; A 2’ T lu ig +1-4 l2
p=7-31 257 p-7-31252]
p-31253 1 ALt “pr1-31253 ) S Agr+s+[¥j
“po-3 25 : “po-3 253
= lim : -1
e “p71-31253 drs 2501 p1-31253 ) s+ 22 -1
+1 )uz A’l — +1 A] )Lz
u =5 u =5
p-9-31253) p-9-3[ 253
A4 —-1=v2>1
when
Up_31e82) Up—2-3 %]
7& 2'2 —1= 7\/§a 7£ )
Up_3| 42| Up—4-3| L]
1243 252 —3-3| 25! S
PEOUS) ge—1= 2,2 22 T (3.8)
Hoal ) p-5-31251
u -3 -5
53|23 7-3
P [ 3 | 7& )Q 1= _\/§’7é P [ 3 ,
“p-1-3125) p=9-3125|

By selecting positive initial conditions providing (3.8) and using equations in (3.7), we obtain

lim u,, = .
m—yoo

Now, we give numerical example to support the last equation.
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Example 3.4. Consider the equation (3.5) with the initial values u_4 = 0.195, u_3 =0.1, u_» =2.4, u_1 =3, uy = 7.62, the
solution is given as in Figure (1).

T

2.0x108F T o
1.5x108} 1
S 1.0x108f |

5.0x107 1

0 20 40 60 80 100
n

Figure 1: Plots of u,

Then, the solution is not convergent. It is a counterexample to the claim in Theorem 3.2 (Theorem 4 in [32]).
4. Conclusion

In this study, we have solved the following general two dimensional system of difference equations

- A f (up—2) +Big (v 4)) - ( Aog (va—2) +Bof (un—4)
1 1 n—2 n 1

u = Vy— ,V = Uy —
w1 =f (g( " l)le(un72)+Dlg(vn74) =8 | Sl l)CZg(V1172)+D2f(Mn74)
where the parameters A;, B;, C;, D}, for j € {1,2} are real numbers, the initial values u_x, v_y, for k = 0,4 are real numbers,

f and g are continuous and strictly monotone functions, f (R) =R, g(R) =R, f(0) =0, g(0) = 0. The following particular
cases are considered:

)mENo,

1. ifA]D] ;éBlCl andAzDz #BzCz
(@) if C1 #0,C #0,

i. if (A +Dy )2 —4(A1Dy —BCy) #0, (A2 +D2)2 —4(A2D, — BC;) # 0, then the general solutions of system
(1.8) is given by formulas in (2.15) and (2.16).

ii. if (A; + D )2 —4(A|D; —BiC1) =0, (A, —|—D2)2 —4(AyD, — B,Cy) =0, then the general solutions of system
(1.8) is given by formulas in (2.19) and (2.20).

(b) ifC; =0,C, =0,
i. if A; = Dy, Ay = Dy, then the general solutions of system (1.8) is given by formulas in (2.24) and (2.24).
ii. if A| # D1, Ay # D», then the general solutions of system (1.8) is given by formulas in (2.26) and (2.27).
2. if A;D| = B|C1, A2Dy = B,
(a) if A1 =0, Ay = 0, then the general solutions of system (1.8) is given by formulas in (2.30).
(b) if A; #0, Ay # 0, then the general solutions of system (1.8) is given by formulas in (2.33).
(c) if D1 =0, D, =0, then the general solutions of system (1.8) is given by formulas in (2.33).

(d) if Dy # 0, D, # 0, then the general solutions of system (1.8) is given by formulas in (2.30).
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(e) ifA131C1D1 75 0, A232C2D2 75 0.

i. ifA; = Lilol Ay = 5% then the general solutions of system (1.8) is given by formulas in (2.30).
D Dy g Y g y

ii. if By = A‘Cll) L. By, = Azc—l;z, then the general solutions of system (1.8) is given by formulas in (2.33).

In addition, an application is given.
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