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Optimizing solutions with competing anisotropic
(p, g)-Laplacian in hemivariational inequalities

DUMITRU MOTREANU AND ABDOLRAHMAN RAZANT*

ABSTRACT. For differential inclusions and hemivariational inequalities driven by anisotropic differential opera-
tors, we establish the existence of generalized variational solutions and weak solutions. The main novelty consists in
allowing that the driving operators might not satisfy any ellipticity condition, which is achieved for the first time in
the anisotropic and nonsmooth context. The approach is based on a finite dimensional approximation process.

Keywords: Differential inclusion, hemivariational inequality, anisotropic p-Laplacian, competing operators, general-
ized variational solution, weak solution.

2020 Mathematics Subject Classification: 35]J87, 35]92, 47]30.

1. INTRODUCTION AND STATEMENTS OF MAIN RESULTS

In this paper, we study the following differential inclusion with the Dirichlet boundary con-
dition
(1.1) —Apu+ pAqu € OF (u) in Q,

’ u=0 on 0N

on abounded domain 2 in RY with N > 2 and boundary 9. Here i € Ris a parameter and we
haveﬁ: {plv"' 7pN} and(j': {qla"' 7qN}/Where 1< Dp1,- -+, PN < OO, 1< q1,- - ,qN < 00,
and ¢; < p; foralli = 1,--- , N. The driving operator —Az + pAz in (1.1) is formed with the
anisotropic p-Laplacian Ay and the anisotropic ¢-Laplacian Az. We recall that the anisotropic
r-Laplacian with 7= (ry,- - ,rn) is defined as
ri—2 @
3% '

N
9 [19()
Af* = -
In (1.1), we take 7 = p'and 7 = ¢. For our purpose, the most relevant case of driving operator
in (1.1) is the competing anisotropic operator —A; + Agz. We assume that

A}
(1.2) Z— > 1.
P
Set
+ _ . . N
b ::max{ph“.’p]\]}?p = mln{p17"'7pN})p = N 1 4’
Zi:l pi 1
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and further assume

(1.3) pt < p*.

In the right-hand side of inclusion (1.1), we have the generalized gradient 0F of a locally Lip-
schitz function F' : R — R (see [9]). The multivalued expression 0F(u) means that pointwise
OF (u(z)) is a subset of R for any « € Q. Without loss of generality, we may suppose that
F(0) = 0. We assume that the following condition is satisfied:

(H) There exist positive constants ¢y and ¢; with ¢; < A; zp~ such that
€l < co+ et !
forallt € Rand ¢ € OF(t), where
ZN: 1
(1.4) M= inf =
wewi 7 @0 ull?)

The definition of the generalized gradient OF implies that each solution u € W, 7(Q) to (1.1)
is a solution of the inequality problem

(15) (—Agu,v) + pl—Dgu,v) < /Q Fo(u(w); v(x))da

for all v € W ?(€2), where F° denotes the generalized directional derivative of the locally Lip-
schitz function F. Problem (1.5) is a hemivariational inequality in the Banach space W, ”(().

A brief presentation of the space 1 7(Q)) will be done in Section 2.
We are interested in two types of solutions for inclusion (1.1) and a fortiori for hemivaria-
tional inequality (1.5), namely the weak and generalized variational solutions.

Definition 1.1. A function u € Wy () is called a weak solution to (1.1) if
(16) (~Bgu0) + p(-Bgu,0) = [ a)olads
Q

forall v € WEP(Q), with = € LP'(Q) € OF (u) a.e. on L.

Definition 1.2. A function v € W, 7( Q) is called a generalized variational solution to inclusion (1.1)
if there exists a sequence {u, >, C Wy’ ?(Q) such that

(@) up, = win W&’?(Q) asn — oo;

(0) —Apun + pAguuy, — 2z, — 0in W=1P'(Q) as n — oo with z, € L7 (Q) and z, € OF (uy,)
a.e. on )

(€) limy oo (Apupn + AU, u, —u) = 0.

From Definitions 1.1 and 1.2, we see that any weak solution u € W;?(€2) to problem (1.1)
is a generalized variational solution. In order to confirm this, it suffices to take u, = w in the
definition of the generalized variational solution. The converse assertion is generally not valid.

Our main results are formulated as follows. Note that the part played by the parameter . is
fundamental.

Theorem 1.1. Under the stated assumptions, there exists a generalized variational solution to problem
(1.1) for every v € R. In particular, there exists a solution of the hemivariational inequality (1.5).
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Theorem 1.2. Under the stated assumptions, if ;1 < 0 then each generalized variational solution to
problem (1.1) is a weak solution. Moreover, if p < 0, problem (1.1) admits a weak solution which is a
global minimizer of the minimization problem

N
(1.7) inf [Zp
i=1

vEW P (Q)

v
8%—

N 74
ﬁ — v\x x| .
¥ Lﬂ(W]

The main novelty in our study is the presence of the anisotropic operator —Azu + pAgu in
the nonsmooth problem, which loses the ellipticity when 1 > 0. This extends to an anisotropic
nonsmooth setting the use of competing operators considered until now in completely different
situations [12, 15, 16, 17, 19]. We mention that the concept of generalized solution for equations
involving competing operators and convection terms was developed in [11, 14, 15, 16, 23] (see
also [1, 2, 7, 26]). In the present work, we explore the existence of generalized solutions to
hemivariational solutions driven by competing anisotropic operators.

The rest of the paper, has the following structure. In Section 2, we outline the needed
background of anisotropic spaces and operators and provide auxiliary results regarding the
nonsmooth analysis for inclusion (1.1). In Section 3, we present our approach based on finite
dimensional approximate solutions. In Sections 4 and 5, we prove Theorems 1.1 and 1.2, re-
spectively.

axz

LPi

2. MATHEMATICAL BACKGROUND AND AUXILIARY RESULTS
The anisotropic Sobolev space W, ?(Q) is defined as the completion of the set of smooth
functions with compact support C2°(§2) with respect to the norm

N

lullwp 7y = Z

=1

)

LPi

ox;

where || - ||z is the usual norm of the space L"(f2). It is separable and uniformly convex, thus a

reflexive Banach space. The dual of W "?(£2) is denoted W 17" (Q). The following embedding
theorem can be found in [10, Theorem 1].

Theorem 2.3. Assume that conditions (1.2) and (1.3) hold. Then for all r € [1, p*], there is a continuous
embedding Wol’?(Q) C L"(Q). For r < p*, the embedding is compact.

From Theorem 2.3, we have the compact embedding

(2.8) W, P(Q) C LP ().
In particular, by (2.8) we infer that there exists a constant S; > 0 such that
2.9) ollzs < Sillvllysq), Yo € Wo(Q).

The quantity A; 7in (1.4) is finite due to the compact embedding (2.8). Since the space WP (Q)
is separable, there exists a Galerkin basis for I/Vol’ﬁ (€2), that is, a sequence of vector subspaces
{Xn}n>1 of Wol’ﬁ(Q) such that
(1) dim(X,) < oo forall n;

(i) X,, C Xp41 foralln;

(i) U5, X = Wy P(Q).

For various aspects involving anisotropic Sobolev spaces, we refer to [3, 4, 5, 10, 13, 18, 20,
23,24,21,22,25].
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We continue with a brief survey of basic elements of nonsmooth analysis that are needed in
the sequel.

Given a locally Lipschitz function F' : X — R on a normed space X, the generalized direc-
tional derivative of F' at u € X in the direction v € X is defined as

F°(u;v) := limsup 1 (F(w+ tv) — F(w)).
w—u,t—01 t
The generalized gradient of F' at u € X is the subset of X* given by
OF (u) :={u" € X*: (u*,v) < F°(u;v) forallve X}.

A case of major interest for us in connection with the resolution of problem (1.1) is when X = R.
In this case, a relevant realization of the preceding notions is as follows. Let f € Lo (R) and its
primitive ' : R — R defined by

t
(2.10) F(t) = /0 f(s)ds, VteR

which is locally Lipschitz. The explicit expression of the generalized gradient 0F(t) is 0F(t) =
[£(t), F(1)], where

ft)= }ii% essinf), 4 <sf(n) and f(t) = glir(l) ess supy,_y<s5.f (1)
for every t € R. With the choice in (2.10), inclusion (1.1) becomes

—Apu+ pAgu € [f(u), f(u)] in Q,
u=20 on 09

which is important for equations with discontinuous nonlinearities (see [8]).
Now, we return to our general case of a locally Lipschitz function F' : R — R satisfying hy-
pothesis (H). It follows from hypothesis (/) that the function F' verifies the growth condition

2.11) |E(t)] < colt| + ;—i|t|p’, vt € R.

Indeed, note that F'(0) = 0 and F is differentible almost everywhere due to Rademacher’s
theorem, thus

F(t) = /Ot F'(s)ds, VteR.

Since F'(s) € OF(s) for all t € R (refer to [9, p. 32])), it turns out from hypothesis (H) that
(2.11) holds true.
It is straightforward to check that the functional ® : L? (Q2) — R given by
(2.12) ®(v) = [ F(v(x))dz, YveLP (Q)
Q
is Lipschitz continuous on the bounded subsets of L? (), thus locally Lipschitz on L (Q).

Therefore the generalized gradient 99 is well defined on L? ().
Using that the domain 2 is bounded, Holder’s inequality ensures the continuous embedding

W P(Q) € Wyo?(Q) (note that ¢; < p; for all i = 1,..., N). Then the embedding W, ?(Q) —
LP () in (2.8) allows us to define the functional J : WO1 P (Q) — R by

/ F(o
L4

N

-

Lri 4

v
3:1:,-

N
(2.13) J)=>" >

8%
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forallv Wolﬁ(Q)

Proposition 2.1. Assume that condition (H) holds. The functional J given by (2.13) is locally Lipschitz
on WP () with the genemlized gmdient

(2.14) Z

=1

1 ov
(9177;

ov
5xi

— 0P(v)

81) al
for all v € W}P(Q). Moreover, the functional .J is coercive on WP (2), which means that
(2.15) lim J(v) = +o0.

ol 1.5y =

Proof. The first part of the statement is a direct consequence of (2.13) and of what was said
about the functional ® introduced in (2.12).

We pass to the proof of (2.15). Hypothesis (H) in conjunction with (2.9), (1.4), (2.8), (2.13)
and Holder’s inequality, leads to

N i
J@)zz ov | gl v ” _/<co|v|+61|v|p)dx
— axz LPi i1 q axz L% Q P
il i || B
> Q
Z 63:1 Lpi ; ‘ | Ox; LPi
axz Lpi axl LPi

where || denotes the Lebesgue measure of Q. As it was assumed that 1 < ¢; < p; for all
i=1,---,N,and ¢; < Ay pp~, we arrive at (2.15), so the functional J is coercive. O

3. SEQUENCE OF APPROXIMATE SOLUTIONS

In order to simplify the notation, for any real number > 1 we denote ' := r/(r — 1) (the
Hoélder conjugate of ), and we can set p” := (p}, -+ ,ply) for = (p1, -+ ,pN)-

As noticed in Section 2, there exists a Galerkin basis {X,,},,>1 for the space VVO1 P (Q) that
we now fix. We construct approximate solutions to inclusion (1.1) on each finite dimensional
subspace X,,.

Proposition 3.2. Assume that hypothesis (H) holds. Then, for each n, there exist u,, € X,, and
zn €LP (Q) with z,, € OF (uy,) almost everywhere on Q such that

(3.16) J(up) = vle%gn J(v)

and

(3.17) (—Aptn, v) + p(—=Agupn,v) — / zpvdr =0
Q

forallv e X,,.

Proof. Proposition 2.1 ensures that the restriction J|x, of the functional J : W, P() = Rto
the finite dimensional subspace X,, is locally Lipschitz and coercive. Therefore there exists
u, € X, satisfying (3.16). We derive from (3.16) the necessary optimality condition

(3.18) 0€0(J]x,) (un)-
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In view of (2.14), we have that (3.18) results in (3.17). The Aubin-Clarke theorem (see [9, p.

83]) applied to the integral functional ® on L? () in (2.12) yields that z, € 0F(u,) almost
everywhere on ). This completes the proof. O

Corollary 3.1. Assume that condition (H) holds. Then the sequence {u,} C W, P(Q) constructed in
Proposition 3.2 satisfies

(3.19) lim J(u,)= inf J(w).

n—oo weW, ()

Proof. Recall that X,, C X,,4 for all n. Then (3.16) shows that the sequence {J(u,,)} is nonin-
creasing, while the proof of Proposition 3.2 provides that is bounded from below. Hence the
limit ! := lim,,—, oo J(uy,) exists.

Arguing by contradiction, admit that

> inf J(w).
weW,y P (Q)

This amounts to saying that there exists w € W, 7(Q) such that J () < L. Consequently, there

exists a neighborhood U of @ in W ?(€2) such that

(3.20) J(w) < lforallw e U.

Since W, P(Q2) = U2, X,,, there exists m such that @ € U N X,,. Then (3.16) and (3.20) yield
urél)icr,an(v) <Jw) <1< UIél}l(ITl'J(U)

The obtained contradiction proves (3.19), thus completing the proof. O

We focus on the sequence {u,,}.

Proposition 3.3. Assume that condition (H ) holds. Then the sequence {u,,} constructed in Proposition
3.2 is bounded in W, " (), so there is a constant My > 0 such that

(3.21) HunHWOl,,;(Q) < M; foralln > 1.

Proof. Set v = u,, in (3.17) (note that u,, € X,,). Then, as in the proof of Proposition 2.1, we use
zn(z) € OF (uy(x)) for almost all © € Q to infer that

N

Z 1 3un pi
i Pi 0x; || 1o,
N )
1 || Oy ||* /
=u — + [ zpundx
;Qi Ox; L4 Q e

qi N

+ C()Sl Z

Lri i=1

-

Oun,
8(Ei

ou,,
8%—

-1 N
Cl/\l,ﬁ 1

P

Oouy,
8xi

o o i
SZE\W P
=1

Sincel < ¢; <p;andp™ <p;foralli=1,...,N,and ¢; < A1 zp~, we get the stated result. [

Lpi p LPi

Corollary 3.2. Assume that condition (H) hods. Then for the sequence {u,,} C W, ?(Q) in Proposi-
tion 3.2 there is a constant Moy > 0 such that

(3.22) | = Aptn + pAgtn = znlly 157 () < M2

for all n, with z, as described in Proposition 3.2.



156 Dumitru Motreanu and Abdolrahman Razani
Proof. For each v € W, ’?(Q), by Holder’s inequality, hypothesis (H), (2.9) and (1.4), we find
the estimate

|<_Aﬁ/ufn + MAcTUfn — Zn; U>|
N

Oun |72 Bu, Ov Oun |% 2 du,, Ov d / J
T r— | zpvdr
q | 0z; ox; 0x; a | 0z; Ox; Ox; a "
aun pi—1 v q;i—1 o
=1 6$l LPi (9%‘1 LPi L4 61‘Z L4
N i—1 -1
Ouy, ||* 8un 4
< - + ¢cpS1 + )\ U v 1,5/ -
(2 O || i Las Sl olz =" ) 1ol s
This entails
| — Apun + pAgu, — Zn”W—l,ﬁ’(Q)
(323) ou pi—1 au q;i—1 B
SZ o » +coS1+ A Huan
i=1 Ti |l Lrs L%

By (3.23), (3.21) and Theorem 2.3, we obtain the validity of (3.22), which completes the proof.
O

4. PROOF OF THEOREM 1.1

Proposition 3.3 provides the sequence {u,} C W, *(Q) which is bounded in W, 7(Q) as
demonstrated in (3.21). Therefore, thanks to the reflexivity of the space Wj*(2), up to a
subsequence it holds u,, — u in Wol”_" () for some u € Wol"ﬁ (©). Corollary 3.2 ensures that
the sequence {—Aju, + pAgu, — z,} is bounded in W~17'(Q), with z, € Lpfl(Q) satis-
fying z, € OF(uy) almost everywhere on . Then along a relabeled subsequence we have
—Apn 4 pAguy — 2, — nin WL7'(Q) for some n € W17 (Q).

We claim that = 0. In order to prove the claim, let v € U2, X,,, so v € X,, for some m.
Note that for each n > m, we have v € X,,, which enables us to insert v in (3.17). Letting n — oo

in (3.17) renders (n,v) = 0. Using that U32; X,, is dense VV0 P (), we are able to conclude that
n = 0. Therefore we have

(4.24) — Aty + A, — 2, — 0in W7 (Q).
Combining (3.17) and (4.24) results in

(4.25) lm | (=Aptn, un — u) + (A gy, up — u) — / Zn (Up — u)dx} = 0.
n—oo O

We stress that in the above arguments . € R is arbitrary. We are thus in a position to assert

thatu € W, () is a generalized variational solution to problem (1.1) whose sequence required

in Definition 1.2 is {u,}. As noticed before, we deduce that u € W;?(Q) is a solution to the
hemivariational inequality (1.5). The proof of Theorem 1.1 is completed.
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5. PROOF OF THEOREM 1.2

Now we assume that ;z < 0. Theorem 1.1 applies producing a generalized weak solution for
problem (1.1).

Let u € Wy"(2) be a generalized weak solution to problem (1.1). According to Definition
1.2, there is a sequence {u,} in W7 (Q) satisfying the requirements therein. In particular, it
holds (4.25). The sequence {z,} is bounded in L’ (©2) due to the Lipschitz continuity of the
functional ® on the bounded subsets of L? (12) (refer to the proof of Proposition 3.2). Moreover,
it is true that u,, — uin L? () owing to the compact embedding in Theorem 2.3 for r = p~.
Altogether this gives

lim Zn (uy, — u)dz = 0.
n—+oo /o
Then (4.25) leads to
(5.26) lim (—Apu, + pAgun, tn —u) = 0.
n—oo

Using that ¢ < 0 and the monotonicity of the operator —Az on W, 9(2), we are able to write
(=Aptin, un —u)
=(—Apup + AUy, Uy — u) + p{—Aguyn + Agu, uy — u) + p{—Agu, u, — u)
<(=Apun + pAgun, un — w) + p{—=Agu, up — u).
By (5.26) and u,, — u in W;'9(€2), we find that
(5.27) lim sup{—Apup, u, —u) < 0.

n—oo

The monotonicity of the operator —A; on W, *#(Q) implies
N i—2 i—2
Ouy, |77 Ouy, ou |P7° du ou, Ou
0< - d
N Zz_;/sz (‘ Ox; 5%‘) <5£Ci 5%‘) v

By (5.27) and u,, — uin W;'9(€2), we are entitled to assert that

= (—Apu, + Apu, uy, — u).

Ouy, pi=2 ou,, (Ou, Ou
li — de=0 Vi=1,...,N
TLI—>H;O 0 8951 8$L (6@ 6@) v ! ’ ’
which yields
limsupHaun < Ou Vi=1,...,N.
n— o0 8:@ LPi 8351 LPi

Since the space LPi(£) is uniformly convex (see [6]), we infer the strong convergence u,, — u
in WP(Q), thus —Ajzu, — —Agzuin W17 (Q) and —Agu, — —Aguin W14 (Q).

On the other hand, taking into account that u,, — win L? () and z,, € 9®(u,,) C 2 (),
the sequence {z, } is bounded in r’ (), so along a subsequence z,, — z in r’ (Q) for some
z € Lpfl(Q). From [9], it is known that the generalized gradient 0® is weak*-closed, so we
obtain z € 0®(u). Furthermore, (4.24) ensures

—Apu+ pAqu—z = 0in W17 (Q).
Under assumption (H), the Aubin-Clarke theorem (see [9]) can be applied to the functional
¢ : LP (Q) — Rin (2.12) establishing that z(z) € OF (u(z)) for almost all z € Q. Consequently,
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u € WO1 4 (Q) satisfies (1.6), thus it is a weak solution to the inclusion problem (1.1), thereby of
hemivariational inequality (1.5), too.

The last step in the proof concerns to show that u € W, 7(€2) solves the global minimization
in (1.7). In view of (2.13), the global minimization in (1.7) reads as u € W, P(Q) is a global
minimizer of the functional .J on W, ?(€2). On the basis of the strong convergence u,, — u in
Wy 7((2), we are allowed to pass to the limit in (3.19) finding that inf -~ J (w) is achieved at

weW, P (Q)
u € Wy P(Q). The proof is complete.
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ABSTRACT. This article proposes and analyses a viscosity scheme for an enriched nonexpansive mapping. The
scheme is incorporated with the implicit midpoint rule of stiff differential equations. We deduce some convergence
properties of the scheme and establish that a sequence generated therefrom converges strongly to a fixed point of
an enriched nonexpansive mapping provided such a point exists. Furthermore, we provide some examples of the
implementation of the schemes with respect to certain enriched mappings and show the numerical pattern of the
scheme.
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1. INTRODUCTION

The viscosity scheme is among the prominent iterative methods for estimating a fixed point
of a nonlinear mapping through strong convergence under certain feasible control conditions.
This scheme was introduced by Moudafi in [10] based upon the results of [2]. The scheme was
further studied by Xu [24] in the framework of Banach spaces. The scheme uses contraction
mapping to induce a nonexpansive mapping to target a particular fixed point having a unique
property. For a linear space H and a mapping G : H — H, the viscosity scheme generates a
sequence {u, } recursively by

Unp4+1 = ﬁnf(un) + (1 - ﬂn)G(un)a Vn > 1,

where 3, € (0,1) and f is a contraction mapping (that is,

1f(w) = fw)] < llu = w]|

for some k € [0, 1)). It is evident, based on [10, 24], that, if G is a nonexpansive mapping and
{Bn} satisfies some suitable condition, then the strong convergence of the scheme {u,} to a
fixed point of G can be achieved, where the limit point solves the variational inequality problem
involving f over the set of fixed points of G. This method is further extended to nonlinear
mappings that are more general than nonexpansive mappings and also to nonlinear spaces. For
further details on the viscosity scheme and related concepts of fixed points, see, for example, [9,
22] and the references therein. In [5], Berinde introduced an enriched nonexpansive mapping
as a generalization of nonexpansive mappings as follows:
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Let (7, || - ||) be a normed linear space and a mapping G : H — H is said to be an enriched
(a-enriched) nonexpansive if there exists @ > 0 such that
(1.1) la(u —w) + Gu — Gu|| < (a+ 1)||lu —wl||, Yu,w € H.

Later on, Berinde in [7] considered G as an a-enriched nonexpansive mapping and established
that a sequence {u,, } generated by

(12) Unp+1 = (1 - aé;: 1) (1 - 6n)un + aé:: 1G((1 - ﬂ’n)un)’ vn > 1,
converges strongly to a fixed point of G, where 3,6, € (0,1) with some control conditions.
The scheme in (1.2) is a modification of the scheme in [27]. For further development concerning
enriched nonexpansive mappings and approximation schemes in this direction even beyond
linear spaces, see, for example, [6, 14, 16, 11, 8, 15, 18] and the references therein.

On the other hand, most real-life phenomena are addressed in the form of mathematical
models that result in differential equations. Some of these differential equations are difficult to
solve analytically. In this regard, engineers seek a numerically generated pattern that exhibits
the structure of the real solutions. Thus the emphasis is on the need for numerical approaches
to solving differential equations. One of these approaches is the implicit midpoint scheme,
which is very promising for handling such differential equations. This scheme is appropriate
mostly for stiff equations and differential algebra equations [3, 4, 21, 20, 19].

For a differential equation of the form

u' = g(u),

u(0) = uq,
where g : R™ — R™ is continuous and smooth and the implicit midpoint scheme generates a
sequence {uy,} by solving

Un + u7z+1

(1.3) Upt1 = Un + 19 (
where 7 is known as step size. This idea was extended in [26] to fixed point theory considering
that the state of equilibrium of such differential equation reduces to a fixed point problem.
Thereafter, Alghamdi et al. [1] considered a nonexpansive mapping G :  — # and generate
{u,} via the implicit midpoint scheme as

(1.4) s = (1 Bo)in + BuC (“*““) L Wn1,

5 >
where §,, € (0,1) and u; € H. The authors established that, if {£,,} is such that

liminf 8, > 0, fBni1 < 1By
n— o0

for some fixed 7, then {u,,} converges weakly to a fixed point of G. In [12], the scheme (1.4) is
modified and analyzed to approximate a fixed point of an a-enriched nonexpansive mapping
in the sense that {u,, } is updated based on the equation

26, 26, Un + Upi1
2—5n)+2>“”+a(2—ﬁn)+2 ( 2

where 3,, € (0,1) for all n > 1. The authors established the weak convergence using a simi-
lar assumption as in [1]. However, the strong convergence result is more desirable in infinite

(1.5) Uni1 = (1 - o ) . Yn>1,
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dimensional spaces. In [25], Xu et al. addressed this problem for the case when G is a nonex-
pansive mapping by applying the viscosity technique to the scheme (1.4) and using different
control conditions. The authors’ scheme is as follows:

Up + Up+1

where f is a contraction mapping.

The purpose of this work is to incorporate a contraction mapping in persuading the implicit
midpoint scheme for enriched nonexpansive mappings. The proposed scheme is fashioned
after (1.4), (1.5) and (1.6). We establish some convergence properties of the proposed scheme
and show the strong convergence of the sequence generated therefrom to a fixed point of the
mapping that also solves a variational inequality problem. It is worth noting that fixed points
of enriched nonexpansive mappings have applications in many practical problems as they in-
corporate certain Lipschitz mappings with constants greater than 1. Finally, we give some
numerical examples of the Lipschitz mappings and use them to show the explicit reduction of
the scheme and the numerical implementations.

2. PRELIMINARIES

In the sequel, unless otherwise stated, £ stands for a nonempty closed convex subset of a
real Hilbert space 7. Given a mapping G : £ — #, we call a sequence {u,,} an approximate
fixed point sequence for G if

ltn — Guyl| = 0 as n — oo.

Recall that Hilbert spaces possess Opial’s property, that is, for a sequence {u,,} C H that con-
verges weakly to u*,

liminf ||u, —w*|| < liminf ||u, —y||, Yy e H\{uv"}.
n—00

n— oo
Now, we state the demiclosedness principle of an enriched nonexpansive mapping as in [12].
Lemma 2.1. Let G : € — & be an a-enriched nonexpansive mapping. Suppose that {u,} is an

approximate fixed point sequence for G and also {u,,} weakly converges to u*. Then u* is a fixed point
of G.

Some identities involving two points in real Hilbert spaces are very crucial in obtaining our
main results.

Lemma 2.2. Let u,w € H and a € R. Then, we have the following:

@) JJu+w|* = [lu] + [lw]* + 2(u, w).
2) flu—w* = [lul® + w]|* = 2(u, w).
(3) [lau+ (1 — a)w[* = allul* + (1 — a)|w[* — a(l — @) [|u — w]]*.

Lemma 2.3. [23] Let {£,,} be a sequence of non-negative real numbers such that
en-{-l S (1 - O'n)gn + 571’ n Z 1a
where {o,} C (0,1) and {5,,} C R. Suppose that the following conditions are satisfied
(C1) Zan = o0; (C2) either Z |6n] < o0 or limsupé—" <.

g
n=1 n=1 n—r oo n

Then lim ¢, = 0.
n—oo
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3. VISCOSITY IMPLICIT MIDPOINT SCHEME AND ITS CONVERGENCE

Now, we introduce the main algorithm as follows:

Algorithm 3.1. Initialize w1 € H arbitrary and find w,1 such that

w _ O‘(l_ﬁn) w 2ﬁn(a+1) 2(1_571) G(“n"’“n-ﬁ-l)
T A+ B +2 T a1+ Ba) + 2 (1+ Bn) +2 2 :

fun) + o

where B, € (0,1) foralln > 1, > 0and G : H — H is a mapping and f is a contraction mapping
with constant k.

Remark 3.1. It is worth noting that, for « = 0, Algorithm 3.1 reduces to (1.6). The connection is
evident since (1.1) implies that every nonexpansive mapping is 0-enriched nonexpansive.

Remark 3.2. It is not difficult to obtain from Algorithm 3.1 that w41 can be rewritten as follows:

ol = Bn) (un + untr 1= B o (U + Uyt
(3.7) Un4l = — < 5 >+[3nf(un)+l+aG( 5 )

Throughout this manuscript, we denote the fixed point set of a mapping G by F(G) and the
metric projection onto a closed convex set C by Fc.

Lemma 3.4. Let G be an a-enriched nonexpansive mapping with F(G) # 0. Then {u,} generated
through Algorithm 3.1 is bounded.

Up, + un+1

Proof. Let u* € F(G) and set w,, = — Then it follows from (3.7) and triangle inequal-
ity that
x| _ a(l = Bn) ((Un +upya 1-5n Up + Unt1 ok
o ) =[S () g )+ S5 2 (M) -
Q 1
—_ 1— % ¥
H( Bn)(a+1wn+l+aG(wn) u>+ﬁn(f(un) u™)
o 1
< _ = - ok ok
< =) | S0+ G = o480 ) =)
_ 1- /Bn

= a1l Ha(w”_U*)+G(wn)_G(u*)H—|—ﬁn ||f(un)_u*H

Since G is a-enriched nonexpansive mapping, we have

||un+1 - U*H S (1 - Bn) Hwn - U*” +/Bn Hf (un) - U’*”

1 * 1 * *
= (1 )| 5 o =) 5 i =) B ) =
1_571 * ]-_Bn * *
< LBy R s — w4 1 ) —
This gives
1+ﬁn _Bn

[tntr —u*[| < [un = u*[| + B |If (un) —w™[].

2 2
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From the fact that f is contraction mapping with constant x, we have

1+5n * 17571 * * * *
5 lunsr =l < === llun =@ + Bu |Lf (wn) = f (@) + B [If (w") — |
17571 * * * *
< =5 lun = w7l + Basi flun = + B || f (u”) =]
1*Bn+26n”€ * * *
= P — )+ B () = )
This implies that
s =l < E IR o 2P ) -
_ 26, (1 = k) ey o 280 (= R) [If (u") — w7
_<1 1+ fn )'“” v+, 1—r
SmaX{lun—U*H, ||f(u)—u||}
1—-k

Inductively, we obtain

* * u*) —u’
s =l e { g =, PO gy

This completes the proof. O

Lemma 3.5. Let G be an a-enriched nonexpansive mapping with F(G) # 0. Suppose that {u,} is a
sequence generated through Algorithm 3.1 with {8, } satisfying the following conditions:

(CBp—0asn—o00  (C2) Y Bu=o00  (C3) Y |But1— Bl < 0.
n=1

n=1
Then we have the following:

(P1) ||tp+1 — un|| =0 as n— oo; (P2) ||un, — G (un)|| =0 as n— oo.

Up + Un41

Proof. Set w, = 5

and G, be the mapping defined by

o 1
Go(u) = o 1u—|— mG(u), Yu € Dom(G).
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Then Algorithm 3.1 and (3.7) yield that

Ot(l - Bn) 1- 5n
Tatl (Wn) + Bnf (un) +

= ||Bnf (un) + (1 = Bn)Ga (wn) — unl|

||un+1 - Un” =

- H(l — B2) (G () = Gt (wn-1)) + (B — Bnr) (F (o) — Gl (wn_1))

B (F () — f(un—l))‘

< (1= Bn) |1Ga (wn) = Go (wn—1)|| + 1B = Baa| [If (un—1) — Ga (wn-1)||
+ B If (un) = f (up—1)|l

1 -5,
T o +1
+ 180 = Bn-al 1f (un—1) = Ga (wn—1)|| + Bu If (un) — f (un—1)|l-

This and the facts that G is an a-enriched nonexpansive mapping and f is a contraction with
constant « yield

o (wy, — wn—1) + G (wn) — G (wy—1)|

HunJrl - unll S (]- - ﬁn) Hwn - wnfln + |ﬂn - Bn71| ||f (unfl) - Ga (wnfl)H
+Bn/<'||un _unflll

1- n
= 2P0 s =t 180 = Bt 1 (t) = G ()|

+ Bnk ”un - Un—l”

1- n 1- ﬁn
< LB =l 5y
+18n = Bual If (un—1) = Ga (wn 1) || + Buk [un — tn|
15, 1—Bn+2Bnk
= 9 ||un+1 _unH +f ||Un—Un—1H
+ ‘Bn - ﬁnfl‘ Hf (’Ufn71> —Gao (wnfl)”
1-3 1— 5, + 28k
< 9 . [Unt1 — un| + # [t — tp—1]|
+n‘6n_ﬁn—l‘,
where 7 is a positive number such that n > sup || f (u,—1) — Go (wy—1)||. Consequently, we get
n>1
1+ 8, 1—Bn+2Bnk
2 Namsr = wnll < 2 Y — w718 — Bl
which resulted to
1— B, + 2B 2
Junss = ]l € =75 Jun = tn |+ 7 1B = Bucl
26, (1 — k) 2n
= l1-— Up — Up— + n — Mn—
(1= 228 sl + 2 18—

26,(1 —
- (1 _ W) = ||+ 20 B — B
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Thus Lemma 2.3 and the assumptions on {3,,} yield the claim (P1). For Claim (P2), we start by
obtaining the following inequalities:

un — G (un)|l = (@ + 1) [[uy — Ga (un)||

<(a+1) ( 1t = Ungil| + [|tng1 — Ga (W) || + |Ga (wn) — Ga (un) || )

= (a+ 1) [Jun — upsa || + (@ + 1) [[tns1 — Ga (wn) ||
+ Ha (wn — Up) + G<wn) -G (un)H .

This and the fact that G is an a-enriched nonexpansive mapping yield

lun — G (un)|l < (@+1) lun = tpyr |l + (@ + 1) [[unt1 — Ga (wn)|
+ (a+ 1) |Jwn — upl|

3
= 5(04 + 1) Jun = vngrl| + (@ + 1) [unt1 — Ga (wn)|

3
= S(a 1) Jun = wna

+ (a+ D) [1Bnf (un) + (1 = Bn)Ga (wn) — Ga (wn)||

3
= (a1 flun = tnpal + (@ +1)Ba [|f (un) = Ga (wn)

|
3
< la+ ) flun = tnpal + (@ + 1)nbn.
As n — 400, the last inequality and Claim (P1) yield Claim (P2). This completes the proof. [

Theorem 3.2. Let G : £ — & be an a-enriched nonexpansive mapping with a fixed pointand f : £ — &
be a contraction mapping. Suppose that {u,,} is a sequence generated through Algorithm 3.1 with {3,,}
satisfying the following conditions:

(C1) B, — 0as n — oo; (C2) Y Bn = o3 (C3) > " |Bns1 — Bl < .

n=1 n=1
Then {u,,} converges strongly to the unique point v* € F(G) with a minimal norm.

Proof. Since f is a contraction mapping, Pr(q) f is also a contraction. Therefore, by the Banach
contraction mapping, we have u* € & such that u* = Pz f(u*). It is worth noting that the
metric projection Pr(q) is well-defined since F(G) is nonempty closed and convex. By the
properties of the metric projection, we have

(u* = f(u"),u” —p) <0, Vpe F(G).

The boundedness of {u, } yields a subsequence {u,, } that weakly converges to a point u°. By
the demiclosedness property of G and (P2) of Lemma 2.2, we have u® € F(G). Moreover,
without lost of generality, we have

limsup(u® — f(u*),v" —up) = lim (u* — f(u*),u* —up,).
n—00 k—o0

Consequently, we have

3.8) limsup(u® — f(u*),u” —uy) = (u* — f(u"),u* —u®) <O0.

n—00
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Un ¥ Unt1 g follows from (3.7) and Lemma 2.2 (2) that

a(l = Bn) ((Un + Unt1 1—fn Up + Un41 "
a+1 ( 2 >+an(un)+ 1+aG( 2 >_u

Let w,, =

2

[

2

= (e + G =) 0 5 ) )

« 1 * ? * (12
:(1_Bn)2 ﬁwn"‘mG(wn)_u +ﬂ721 [(f (un) — ")l
+2ﬂn(1_ﬂn)<ailwn 1+aG(wn)_U*af(un)_u*>

2
- (1a_+ﬁ1n> e (wy — u*) + G (wn) — G (W*)||> + B2 |(f (un) — u*)|?

+ 2B (1 = Bn) (Ga (wn) —u”, f (un) —u®).

As a consequence of the immediate inequality, the fact that G is a-enriched nonexpansive map-
ping, f is a contraction with constant «, and the Cauchy Schwartz inequality yield that

g1 = w[|* < (1= Bn)? [fwn — w*|* + B3 || (f (un) — )|
+2B8n(1 = Bp) (Ga (wn) — u*, f (un) —u*)
< (1= B0)? [lwn = w*|[* + B2 I(f (un) — )|
+ 260 (1 = Bn) (Ga (wn) —u”, f (un) = f (u%))
+ 2B, (1 = By) (Ga (wn) —u®, f (u”) —u”)
< (1= B0)? [lwn — w*|* + B2 II(f (un) —u?)|?
+ 266 (1 = Bn) |Ga (wn) — Ga (u”)|| lun —u”||
+2Bn(1 = Bn) (Ga (wn) —u’, f (u”) —u’)
= (1= Bn)* lwn — > + % |(f (wn) — ")

266, (1 — By) . y .
4 2L P) o, ) G ) = G ) — ]

+28n(1 = Bn) (Ga (wn) —u™, f (u”) —u”)

< (1= B)* [l — w4 B2 (| (f (wn) — ")
+ 2680 (1 = Bn) lwn — u*[| flun — 7|

+ 260 (1 = Bn) (Ga (wn) —u”, f (u") = u™).

| 2

| 2

Now, setting
On = lJun —u”|
and
S = Ba II(f (wn) = w")|* + 264(1 = Ba) (Ga (wn) — ™, f (u*) —u”),
we get

(1 - ﬂn)z Hwn - U*H2 + QKﬂn(l - /Bn) ||wn - U*H On + P — 9%4—1 > 0.
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Solving this quadratic inequality with respect to |Jw,, — u*|| yields

2058 (1 = B)n + /46283 (1 — 5)263 — 4 (1 = Bo)? (60 — 62,1
2(1-B)°

7Hﬂn9n + \/HZBQGZ + 9n+1 ¢n

Y

[[wn —u||

This implies that

— kB0, + \/n25292 +02, — ¢
1 - ﬁn '

* 1 *
5 luntr = u'll + 5 flun =™ 2
Thus it turns out that
2
123262 1 X 1 .
202+ 0200 — 6 < |5 (1= Ba) lwnss — [+ (14 (25 = 1Bo) 5 llum — "] | -
Thus, from the fact that 2ab < a? + b? for all a, b € R, it follows that

B0 462, — < - [(1—@» uw—u*||2+<1+<2n:—1>ﬁn>2||un—u*nﬂ

1
L= 8 (U h = DB s — o o~
< [ B0 s =P+ (14 26— 52 o — ]
#3082 (4 25 = 1B fusr —

1

7 (1= 5n) (14 (26 = 1)Bn) [lun — ur|*.

By simple calculations, we can rewrite the last inequality as follows:

3.9) 0711 < Unbi + on,
where
G (1 s = 1B+ 1 (1= 5) (L (2 = 1)8,) - 262
1- Z(l - /Bn) Z (1 - ﬁn) ( (2’% - 1)671)
and
_ On
Pn = 1 .
177( ﬂn) 71(1*67) (1+(2H71)6n)
Observe further that
5 (1+ (26 = 1)8,) (1= (1 = 5)By) — 5283
wn - 1
=51 =) (L= (1= kK)Bn)
and

o .
1-— %(1 = Bn) (1= (1 = K)Bn)

Pn =
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Now, we complete the proof by showing that §,, — 0 as n — co. For that, consider a function g
defined by
2(1 — k) — (1 — k)%t + K2t

g(t) = i
-1 =01 -(1-r))
It can be observed that
1 % (14 (26 — 1)) (1 — (1 — K)t) — K2t?
g(t) = N 1-—

1_%(1_0(1_(1—@@
and
}iirg)g(t) =4(1 — k).

This implies that, for e = 3(1 — k), there exists § € (0, 1) such that g(t) > eforall ¢ € (0,6). Thus
we have

(14 (26 — 1)t) (1 — (1 — K)t) — k%2

N =

(3.10) 1-— > et

1_%(1_7:)(1_(1—,@)&

forallt € (0,6). By the assumption that 3,, — 0 as n — oo, we can have a natural number N*
such that 8, < d for all n > N*. Consequently, it follows from (3.10) that 1 — ¢,, > €@, for all
n > N*. Thus (3.9) gives
(3.11) 02,0 <(1—€B,)02+¢, ¥Yn>N*
Moreover, we have
¢n * * * *
Bﬁ = Bu I(f (un) —u )||2+2(1_Bn)<Ga(wn)_u f (W) —u®)
= Bn ||(f (un) — U*)||2 +2(1 - ﬁn) <Goc (Wn) = Ung1, f (u*) — U*>
+ (Unt1 —u”, f (u) —u”)
= Bn ||(f (un) - U*)||2 + 2(1 - ﬁn)ﬁn <Goc (wn) - f (un) f (U*) - U*>
+ (U1 —u”, f (u") —u”) .
This, (3.8) and the assumption on {3, } yield that
lim sup @ <0.

n—oo n

So, we have

lim sup % <0.

n—oo n

Finally, Lemma 2.3 and (3.11) yield that ILm 0, = 0. This completes the proof. O

Next, we deduce the following corollary which is the main results of [25]:

Corollary 3.1. Let G : £ — & be a nonexpansive mapping with a fixed point and f : € — & be
a contraction mapping. Suppose that {u,} is a sequence generated by (1.6) with {5, } satisfying the
following conditions:

(C1) B, =0 as n — oo; (C2) Y Bn = o3 (C3) D 1Bns1 — Bl < .
n=1 n=1
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Then {u,,} converges strongly to the unique point v* € F(G) with a minimal norm.

Proof. When o = 0, then Algorithm 3.1 reduces to (1.6). Consequently, Theorem 3.2 yields the
proof using the fact that a nonexpansive mapping is 0-enriched nonexpansive. O

Recall that a multivalued mapping M : H — 2% is said to be monotone if, for every u, w € H,
z € Muand y € Mw, we have

(u—w,z—y) >0.
Moreover, M is said to be maximal monotone if, for every (u,z) € H,
(x —y,u—w)>0

for every (w,y) € Graph(M) implies ¢ € Mu. It is known that, if M is maximal monotone,
then, for any £ > 0, the mapping (I + £M) ™! is single-valued, nonexpansive and

dom ((I +&M)™Y) =H.
Furthermore, we have
0eMu* < wecF([I+&M)7).

Corollary 3.2. Let M : H — 2" be a maximal monotone. For any & > 0 and n > 1, consider
G : H — H defined by
Gu=n(I+EM) 'u—(n—1u, YueH.

Suppose that {u,} is a sequence generated by (1.6) with o« = n — 1 and {8, } satisfying the following
conditions:

(CD B —0as n—o00;  (C2) > Bun=00;  (C3) D [Bny1 — Bl < oo
n=1 n=1

Then {u,,} converges strongly to a zero of M.

Proof. Using the fact that (I +¢M)~! is nonexpansive, we can deduce that G is an a-enriched
nonexpansive mapping. Indeed, for all u, w € H, we get

a(u —w) + Gu— Gul|| = ||(« +1)(I + EM) " u — (a + 1)(I+§M)’1w”
=(a+1)||(I+ M) u— (I +EM) |
<(a+1)flu—w|.

Thus Theorem 3.2 guarantees that {u,,} converges to a fixed point of G. Let the limit point be
u*. Then we have

ut=Gut = uw=nI+EM) T - (- Dut = ut =T+ EM) Tt
Consequently, it follows that 0 € Mu*. This completes the proof. O

A particular case of the immediate corollary is the case when M is equal to the subdifferential
of a convex proper and lower semi-continuous function f : % — R U {oo}. In this regard, we
have the next corollary:

Corollary 3.3. Let f : H — RU{oo} be a convex proper and lower semi-continuous function. For any
&> 0andn > 1, consider G : H — H defined by

Gu=nI+€0f)'u—(n—1u, YucH.



Viscosity implicit midpoint scheme for enriched nonexpansive mappings 171

Suppose that {u,,} is a sequence generated by (1.6) with o« = n — 1 and {8, } satisfying the following
conditions:

(CD By —0as n—>o00;  (C2) > Bp=00;  (C3) D [Bny1 — Bl < oo

n=1 n=1
Then {uy} converges strongly to a minimizer of f.

Proof. The proof follows from Corollary 3.2 and the fact that

0€df(u*) <+ fu)<flu), Yue.

4. NUMERICAL ILLUSTRATIONS

This part contains two numerical problems where the underlined mappings are not nonex-
pansive but enriched nonexpansive mappings. The purpose is to show the implementation of
our method with respect to such mappings and to show the impact of the proposed scheme on
handling stiff equations involving enriched nonexpansive mapping.

Example 4.1. Consider H = R endowed with the usual norm and take &€ = [, 2]. Define a mapping
G:E—EbyGu =21 forallu e & Then G is 3-enriched nonexpansive mapping with 1 as fixed

point but not nonexpansive (see [5). For this example, we set f : u — “IL. Consequently, Algorithm
3.1 gives

" :a(l—ﬁn) Up + Upi1 L s un+1+1—/6’n 2
el a+1 2 "2 1+a \up +upgr )

Solving for w1, we get

TpUn — ﬁn - \/(611 + Q)ZU% + 2671(671 + Q)Un + 672; + 16611(2 - acn)

412 ntl =
(*-12) tnl 2(aey, — 2)
1- ﬁn
forall n > 1, where 1, = 2 — 2acy, — By, and ¢, = 1
(0%
To show the numerical patterns of the scheme for this example, we set 38,, = n%rl and use « as 3/2.

The first few generated values when truncated to six decimal places, are shown in Table 1. In the table,
"IMS Alg’ stands for our proposed implicit midpoint scheme which reduces to (4.12) and "MKM Alg’
stands for the modified Krasnosel'skii-Mann scheme of Berinde [7] which is stated in (1.2). We note here

that the sequence {6, } is considered as 6, = 5, to meet up with the assumption in [7].
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TABLE 1. Few numerical values of {u,,}

Case 1 Case 2 Case 3 Case 4

n IMSAlg MKMAIlg IMSAlg MKMAIg IMSAlg MKMAIg IMSAlg MKM Alg
1 2 2 1.85 1.85 0.75 0.75 0.5 0.5

2 1.374738 1 1.313463 0.940608 0.927576  0.604167 0.872325 0.625
3 1.107046 0.777778 1.087951 0.756091 0.982499 0.680109 0.970009 0.681111
4 1.024461 0.752976 1.019912 0.746526 0.996253  0.72764  0.993625 0.727846
5 1.004859 0.771613 1.003945 0.769573 0.999269 0.763835 0.998758 0.763896
6 1.000887  0.79504 1.000719  0.79431 0.999867 0.792278 0.999774  0.792299
7 1.000152  0.8162  1.000124 0.815913 0.999977 0.815116 0.999961 0.815124
8 1.000025 0.834232 1.00002  0.834111 0.999996 0.833776 0.999994 0.833779
9 1.000004 0.849452 1.000003 0.849398 0.999999 0.849249 0.999999 0.849251
10 1.000001 0.862341 1 0.862317 1 0.862248 1 0.862249
11 1 0.873338 1 0.873326 1 0.873293 1 0.873294
12 1 0.882797 1 0.882791 1 0.882775 1 0.882775
13 1 0.891001 1 0.890998 1 0.89099 1 0.89099
14 1 0.898172 1 0.898171 1 0.898167 1 0.898167
15 1 0.904487 1 0.904486 1 0.904484 1 0.904484
16 1 0.910085 1 0.910084 1 0.910083 1 0.910083
17 1 0.915077 1 0.915077 1 0.915076 1 0.915076
18 1 0.919555 1 0.919555 1 0.919555 1 0.919555
19 1 0.923592 1 0.923592 1 0.923592 1 0.923592
20 1 0.92725 1 0.92725 1 0.92725 1 0.92725

Remark 4.3. Table 1 shows that based on the Example 4.1, the proposed scheme (IMS Alg) converges
faster than the modified Krasnosel'skii-Mann scheme. Indeed, IMS Alg reaches the fixed point value (1)
in less than ten loops.

Example 4.2. For any § > 0, consider the stiff equation

Syt = —eult), yO) =y =5, V>0

This represents a model of a lot of physical Phenomena most of which arise through sciences and engi-
neering. This problem has the solution

y(t) = Be™¢,  y(t) = 0ast — oo.

The aim of numerical methods for solving such initial value problems is primarily to exhibit the structure
of the solution. So, in most cases due to the tediousness of establishing an analytical solution of stiff
equations, engineers employ numerical methods to describe the solution. Since our proposed algorithm
is based on the implicit midpoint rule (which is prominent in handling stiff equations), we investigate
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the performance of the proposed scheme in exhibiting the structure of the solution in comparison with
the modified Krasnosel’skii-Mann scheme.

Now, consider G as a mapping such that u — —(& + 1)u. Then G is not nonexpansive mapping.
However G is & /2-enriched nonexpansive mapping since

|$tu-w+Gu-6u| = Ju-w) - €+ D)

“|Ge)ew]

&+ 2
T2

AS
= <2+1) lu — w].

For this example, we take f : u +— % and so Algorithm 3.1 gives

lu = wl]

a(l - Bn) Up, + Unt1 Bn 1—Bn (Un+Unt1
n - - Un — 1 .
Untl = T ( 2 R I S wraps 2
Solving for w41 and substituting oo = £/2, we get

sy = Pn =5
n+1 — 5(3_ﬁn) n-

To extract numerically the strsucture of the solution using our proposed scheme and that of (1.2), we
maintain the sequence values of {3, } for the two algorithms as in the Example 4.1 and set 8 = 1. The
measure of how far the iterate w,, is from the value of the exact solution Be=¢"~1) at each n (up to
n = 20) is shown in Table 2 and Figure 1-6. In the table, the column VIMS represents in absolute value
how far our proposed scheme is from the value of the exact solution. Cases 1-6 similarly show how far is
the iterate (1.2) is to the value of the exact solution when &, (n € N) is set as % 4, ==

n n 4
; ' 3n+2/ n+100 5/ 5n+3
n ,
and 3=, respectively.

5. CONCLUSION REMARKS

In this work, we analyzed the convergence of a viscosity implicit midpoint scheme to a
fixed point of an enriched nonexpansive mapping within the setting of Hilbert spaces. We es-
tablished that the sequence generated by this scheme converges strongly to a particular fixed
point of the underlying mapping. We provided examples where the mappings are not nonex-
pansive but are instead enriched nonexpansive, and we derived the explicit form of the pro-
posed scheme. The numerical results obtained using this scheme are reported, demonstrating
the distance between the iterates of the proposed scheme and those of the exact solution, in
comparison to the well-known modified Krasnosel’skii-Mann scheme by Berinde [7]. Despite
the computational demands, our numerical data shows that, for the example considered, the
proposed scheme achieves a higher degree of numerical stability than the Krasnosel’skii-Mann
scheme of Berinde [7]. Given that geodesically connected spaces can be viewed as nonlinear
analogs of normed linear spaces [17, 13], it would be an interesting direction for future studies
to extend the analyses presented here to such settings.
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TABLE 2. Few numerical values of {|u,, — e=3/2("=1|}

VIMS MKM Alg
Case 1 Case 2 Case 3 Case 4 Case 5 Case 6

0.950213 0.950213 0.950213 0.950213 0.950213 0.950213 0.950213
0.131109 0.546823 0.403966 0.266767 0.718252 0.332538 0.375395
0.021521 0.380174 0.228247 0.08656 0.664256 0.142341 0.20435

0.006226 0.308042 0.161237 0.036165 0.707768 0.075549 0.144595
0.001335 0.263439 0.122915 0.015374 0.80004  0.0418 0.112944
0.000422 0.235351 0.100118 0.007188 0.943077 0.024625 0.096086
0.000104 0.216107 0.08491 0.003459 1.143201 0.014917 0.086329
3.31E-05 0.202607 0.074303 0.001744 1.41472 0.009279 0.08094

8.96E-06 0.192958 0.06657 0.000905 1.778503 0.005877 0.07841

2.82E-06 0.186067 0.060769 0.000485 2.263781 0.003778 0.077983
8.09E-07 0.181234 0.056321 0.000266 2.910575 0.002458 0.079242
2.53E-07 0.177998 0.052857 0.00015 3.773353 0.001615 0.081977
7.55E-08 0.176042 0.050131 8.59E-05 4.926092 0.00107 0.086104
2.36E-08 0.175143 0.047975 5.04E-05 6.469265 0.000714 0.091624
7.20E-09 0.175143 0.04627 3.01E-05 8.53943 0.000479 0.098605
2.26E-09 0.175925 0.044927 1.83E-05 11.32237 0.000323 0.107172
7.00E-10 0.177404 0.043883 1.13E-05 15.07112 0.000219 0.117505
2.20E-10 0.179516 0.04309 7.13E-06 20.13071 0.000149 0.129837
6.90E-11 0.182215 0.04251 4.56E-06 26.97213 0.000102 0.144465
2.18E-11 0.185469 0.042115 2.95E-06 36.23898 6.99E-05 0.161749
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ABSTRACT. Here we study the approximation properties of a modified Goodman-Sharma operator recently con-
sidered by Acu and Agrawal in [1]. This operator is linear but not positive. It has the advantage of a higher order
of approximation of functions compared with the Goodman-Sharma operator. We prove direct and strong converse
theorems in terms of a related K-functional.

Keywords: Bernstein-Durrmeyer operator, Goodman-Sharma operator, direct theorem, strong converse theorem, K-
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1. INTRODUCTION

In 1987, W. Chen and independently T.N. T. Goodman and A. Sharma presented at confer-
ences in China and Bulgaria, respectively a new modification of the classical Bernstein opera-
tors. For n € N and functions f(z) € CJ0, 1], they introduce the linear operator (see [5] and
[9, 10]):

n—1 1

A1) Ualfea) = FO)Psale) + ([ (0= DPuasr (00 ) Pus(@) + FDPs (o)
k=1

where

(12) Poi(z) = (Z) -2k, k=0,...,n

Operators of this kind were investigated by many authors (see [14], [4], [13], [11], [7, 8], [2], etc.)
and are generally known as genuine Bernstein-Durrmeyer operators. Note that the operators
in (1.1) are actually a limit case of Bernstein type operators with Jacobi weights studied by
Berens and Xu [3]. If we set

1(0), k=0,
Unk(f) =& (0= 1) [y Pacoj1 () f(t)dt, k=1,...,n—1,
f(l)a k= n,
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the operators defined in (1.1) take the form

Un(fv .’E) = Zun,k(f)Pn,k(x) or Unf = Zun,k(f)Pn,k~
k=0 k=0

Let us denote, as usual, by

p(a) =2z(1 -z
the weight function which is naturally connected to the second order derivative of the Bernstein
operator. Also, we set

(1.3) Df(x) := () f" ()
and
D*f:=DDf, ~ D'"'f:=DD'f, ~ (=23....

Recently, Acu and Agrawal [1] studied a family of Bernstein-Durrmeyer operators, as they
modify U, f by replacing the Bernstein basis polynomials P, ; with linear combinations of
Bernstein basis polynomials of lower degree with coefficients which are polynomials of ap-
propriate degree. For special choice of the parameters, these operators lack the positivity but
have a higher than O(n™!) order of approximation. For example, Acu and Agrawal considered
operators with O(n~?) and O(n~3) rate of approximation, see [1, Section 3].

The results presented in [1] inspired the authors of the current paper to explore in more
depth the operators explicitly defined by

(1.4) Un(f2) = tni(f)Pak(z),  z€l0,1],
k=0

where

(1.5) Po(2) = Popla) — %Epm(x).

By defining an appropriate K-functional, we prove direct and strong converse inequality of
Type B in the terminology of [6].

In order to state our main results, we need some definitions.

Let L[0, 1] be the space of all Lebesgue measurable and essentially bounded functions in
[0,1] and ACj,.(0,1) consists of the functions absolutely continuous in any subinterval [a, b] C
(0,1). Let us set

W2(9)[0,1] :={g : 9.9 € AC10c(0,1), Dg € L0, 1]}.

By W& ()[0,1], we denote the subspace of W?(¢)[0, 1] of functions g satisfying the additional
boundary conditions

lim 5g =0, lim l~)g =
z—0t z—1—
Henceforth, by || - || we mean the uniform norm on the interval [0, 1]. For functions f € C[0, 1]
and ¢t > 0, we define the K-functional
(1.6) K(f,1) == inf {|If - gll + | D°gll : g € W5 (0)[0,1], Dg € W(p)[0, 1]}

Here we investigate the error of approximation of functions f € C|0, 1] by the modified Goodman-
Sharma operator (1.4). Our main results read as follows.

Theorem 1.1. If n € N,n > 2,and f € C[0, 1], then

0.7 - £l < 4 VB (1. ).
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Theorem 1.2. For every function f € C[0,1] and n € N, n > 2, there exist constants C, L > 0 such
that

2
K(f.25) <€ (10t = 1]+ |Tef - D).
forall ¢ > Ln.

Remark 1.1. Another way to state Theorem 1.1 and Theorem 1.2 is the following: there exists a natural
number k such that

1 ~ ~
K(f73) ~ 10f = 7+ [Oknd = 11

The paper is organized as follows. In Section 1 state of the art is described. Preliminary and
auxiliary results are presented in Section 2. Section 3 includes an estimation of the norm of

the operator U,, a Jackson type inequality and a proof of the direct inequality in Theorem 1.1.
The last Section 4 is devoted to a converse result for the modified Goodman-Sharma operator
(1.4). Inequalities of the Voronovskaya type and Bernstein type for U, are proved using the
differential operator D, defined in (1.3). Theorem 1.2 represents a strong converse inequality
of Type B, according to Ditzian-Ivanov classification in [6]. Complete proof of the converse
theorem is given.

2. PRELIMINARIES AND AUXILIARY RESULTS

By B, f, n € N, we denote the Bernstein operators determined for functions f,

B0 =3 F(E)Puse), e,

k=0

where P, , are the Bernstein basis polynomials (1.2). The Bernstein operator central moments
play important role in many applications and they are defined by

i ~ (k ‘ ‘
Nn,l(m) = Bn((t - .’t) ,(E) - Z <ﬁ - LE) Pn,k(x)a 1= Oa 1; R
k=0
We summarize some well known useful properties of the Bernstein polynomials. Further on
we assume P, :=0if k < 0or k > n.

Proposition 2.1 (see, e.g. [12]). (a) The following identities are valid:

(2.7) > kPoi(x)=nz, > (n—k)P,(z) =n(l-2),
k=0 k=0
(2.8) > k(k = 1)Pyi(x) = n(n — 1)2?,
(2.9 Z(n —k)(n—k—1)P, () =n(n—1)(1 —2)%
k=0
(2.10) (@) =[Py g—1(x) — Poo1k(2)],
(2.11) (@) =n(n— 1) [Pa_ok—2(2) — 2Py 2 k—1(2) + Po_ai(2)].
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(b) For the low-order moments pi, ;(x), we have:
Nno( ):B ((tfx)o ) =1,
fin,1( B, ((t—z),2) =0,
p(z)
M, 2 n( t_ 33' ,.’I}) 77
1-2
NnS Bn(t—x ,Z) ( nlg.)so( )’
3(n — 2)¢?
paa(e) = Bu((t — ) ) = 222D | 2

The operators U, U, and the differential operator D satisfy interesting properties.

Proposition 2.2. If the operators U, U, and the differential operator D are defined as in (1.1), (1.4)
and (1.3), respectively, then

(@) DU, f =U,Df for f € W3()|0,1];

) Unf=U,(f — L Df) for f € W3(g)[0,1];
(c) l~)l7f ﬁf)fforfEWO( )]0, 1];
(d)UUf UUfforfeWO()[ 1;

(€) Un Uf UnUnf for f € W(p)[0,1);

) nlgr;OU f=ffor f € W3(9)[0,1];

® [IDUf]| < [|Dflfor £ € W3[0, 1],
Proof. For the proof of (a), see [14, Lemma 4.2]. We have

fjnf = Z un,k(f)P
k=0
n—1

= no(F) (Poo =~ Do) + 3 () (P = = DPui) + () (Pan — = DPy0)
k=1

=Un0 nO"’Zunk nk+unn(f)Pn,n

n—1

= 2 (oL + 3 s P+ )P

k=1
1
=Unf =~ (Unf)".
Then from (a), we obtain
n n n

which proves (b). Now, commutative properties (c) and (d) follow from (b) and (a):

o ~ 1 ~ ~ 1 ~~ -~

DO, f = DU, (f ~ — Df) = Un(Df — — DDf) = Un(D),

n n

and

. 1~ 1 - 1~ .
UnOnf = UnUn (£ - Df) =UnUnf - = UUnDf = UnUnf =~ UpDUpf = UnUn f.
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The operators U,, commute in the sense of (e), since
o~ ~ 1 ~

1 ~ 1 ~ 1 ~

m+4+n

~ 1 ~
Df+—D2f).
mn mn

- UmUn<f_

The same expression on the right-hand side we obtain for U, U, f because of properties (a),
(b) and U,,,Uy f = UpU,, f. We recall two more properties of the operator U,, and function
€ W2(p)[0,1] (see [14, egs. (4.8), (2.4)]):

)

1~
|U.Df| < ||Df]|-
Therefore

- 1.~ 1 ~ 2~
10nf = £ = [Unf = = UDf = §|| < WUaS = fll+ = |0 D1| < = ID1]

hence lim Hﬁn f = fll =0, i.e. the limit (f) holds true.
n—oo
From the proof of Lemma 4.2 in [14] for every g € W?()[0, 1], we have

DU, g(z) = i P, () / (n —1)P,_o4_1(t)Dg(t) dt,
k=1 0

From the last representation, we obtain

n—1 1
|DU,g(z)| < ||Dyg| ZPn,k(m)/o (n — 1)Po_aj—1(t) dt < ||Dgl|,
k=1
which proves (g). O

We now introduce a function that will prove useful in our investigations:

1;x—2k(n—k)+(n—k)(n—k—1)1f$

-G )]

(2.13) Toi(z) :=k(k—1)

Observe that
, 7_1@(1571) (n—k)(n—k-1)
(214) n,k-(x) - 72 + (1 _ $)2 ’
. 2k(k—1) 2(n—k)(n—k—1)
(2.15) k() = g + SE >0, z € (0,1).
Proposition 2.3.

(a) The following relation concerning P, y, Ty, and differential operator D holds:
(2.16) DP ju(x) = T () P ().



Higher order approximation of functions by modified Goodman-Sharma operators 185

(b) If o is an arbitrary real number, then

B(a) = Z (a . %Tn,k(x))QPn,k(x) —a?+2— %

k=0

Proof. (a) From (2.10), (2.11) and ¢(z)P, k(x) = %Rﬁg k+1(x), it follows that

p(2) P (x) = n(n — 1) [p(x) Pazh-2(2) = 20(2) Pa2,k-1(2) + @(2) Pa—2 s(z)]

)
p[h=Die=k+

=n(n—1) =) Poj1(z) —2 iiz ]3 P ()
L 711)( Eln_;; Do)

— (k= )(n— k+ 1) Pap1(2) — 2k(n — k) P 4(2)

(k1) — k= 1) Py (2)

— [k(k - 1) (= k) + (1= K)(n — k= 1) | P i(a)

i.e. the identity (2.16).
(b) We apply the formulae for the Bernstein operator moments in Proposition 2.1 (b):

n

o) =3 [ 1+ (5 -2) = o (o) | st

pars o(x)
RN o 12 (1 —2z)? kN n? kBNt 2+ D0 -22) k
_k-zzo {( 17+ ©2%(x) (n + ©2(x) (n ) * o(x) (n )
2+ 1)n /k 2 2n(l—2x) /k 3
) (ﬁ —x) ) (ﬁ —x) }P"k(x)
— (o 5 . (1 —2z)? L2 2(a+1)(1 —22) .
2(0:02;)1)71 i 2(2) an:?(_x)%) 5 (2)
o 1)2 (1-22)* p(z) =~ n® (3n—6)p*(x)+ p(2)
= O T %
N 2(a+1)(1 —2x) 0 20+ 1n p(z)  2n(1 —22) (1 —22)p(z)
p(x) plx) n ©*(z) n?
a1y L) Br-Ge@)+1 o 21— 4p(2))
I T T (7 R BT
S JUU VIS S S Y S I Y S
np(x) n n () np(x) n
=a?+2- %

Auxiliary technical results will be useful for further estimations.
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Proposition 2.4. If n € N, n > 2, and

> 1 1
) :;k2(k+1)’ 6(n) ::;kg(k—i—l)T

then
1 1
. < < =
(2.17) 52 = Aln) < per
4
2.18 o(n) < —

Proof. Since % ”T_l < 1 for k > n, we have for the lower estimate of A(n)

k n—1 n-—1 1 n—1 1 1
> : : — - : N
n) _;kz(lﬂ—i—l) k—1 =n n l;l (k—1Dk(k+1) n  2n—1)n 2n?

For the upper estimates of A(n) and 6(n), we obtain

o 1 1 1
A(n) <kz:;(k—1)k(k:+1) ETCE T
6(n) < kz:% (k—DR(k - Dk +2)  3n(nz 1) = 03"

3. A DIRECT THEOREM
We will first prove the next upper estimate for the norm of the operator U,, defined in (1.4).
Lemma 3.1. If n € Nand f € C[0,1], then
(3.19) [Tt < VIS, ie [Ua]l < V3,
Proof. We have

1 ~ 1
Poi(@) = Pu(e) =~ DPu(x) = (1 -2 Tn,k(z))Pn,k(x).
Then for z € [0, 1],

3

Tal |_ Prt@)| < 3 s (1) | P (o)
k=0
<Hf||Z;PM =1yt S T ()| P,

Applying Cauchy inequality, we obtaln

ATRSIE fw S (1 Zusl@) Pasla) J 3 Pusla)
k=0

k=0

Since >";'_, Pk (x) = 1 identically, by Proposition 2.3 (b) with o = 1, we find

~ 2
Un(F o) <4/3= Il < VB3I = €[0,1).
Hence, inequality (3.19) follows. O
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In order to prove a direct theorem for the approximation rate for functions f by the operator
U, f, we need a Jackson type inequality.
Lemma3.2. If n € N, f € W2()[0,1] and Df € W2()[0, 1], then

~ 1~
(3.20) |Unf = f|| < < ID*fI.
n

Proof. Having in mind the relation

Uf —Ups1 f = DUy f,

k(k+1)
(see [14, Lemma 4.1]) and Proposition 2.1 (a) for f € WZ()[0, 1], we obtain

- - 1 ~
ka — Uk+1f = ka - — DUk-f — Uk.:,_lf + — ] DUk-Hf
=Urf - Uk+1f+ DUka - *Dka
1
= (33 +1)DUk+1f+ - DUpi1f — Dka
1
—E(Dka — DUgs1 f)
1 - -
—E(UkDf — Up41Df)
1 1 ~ ~
- DUwD
R DU DS
ie.,
_ _ 1 _ _
21 — =—— D Df.
(3.21) Uif = Ugsr f EIEY U1 Df

Therefore for every s > n, we have

Uf —Of = Z Orf = Urirf) = me@ﬂw

Letting s — oo and by Proposmon 2.2 (a) and (f), we obtain
(3.22) Udf — f = Z BT DUk Df
Then from Proposition 2.1 (g) for Df € WQ( )[0,1]

1T f = £1l < Z ZH T IPUkn Df < Z m |D?£]]-

Proposition 2.4, (2.17), ylelds

Therefore
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A direct result on the approximation rate of functions f € C/0, 1] by the operators (1.4) in
means of the K-functional (1.6) follows immediately from both lemmas above.

Proof of Theorem 1.1. Let g be arbitrary function, such that g € W2()[0,1] and Dg € W2()[0, 1].
Then by Lemma 3.1 and Lemma 3.2, we obtain

1Tt = £l < Fnf = Tugl + [Tag — gl| + g — £1
<(+VEIf gl + |;1529||

<1+ VB (IF ~ gl + 5 [ D%]]).

Taking infimum over all functions g with g € W(¢)[0, 1] and Dg € W2()[0, 1], we obtain

[Tnf = £]| < (1+\/§)K<f,%>.

4. A STRONG CONVERSE RESULT

First, we will prove a Voronovskaya type result for the operator U,,.

Lemma4.3. If A(n) = 302, iy, 0(n) = S0, ez and f € C[0, 1] is such that f, Df €
WE()[0,1] and D3 f € Loo[0,1], then

(4.23) |Unf = £+ Xn)D?f|| < 0(n) | D*f|.
Proof. We have

Unf — f+An)D*f = — Uk+1D f Z o kJr 5 Z D?f — Uk+1D2f7
k=n

k:2 k+1) k2(k+1)
see the proof of Lemma 3.2, eq. (3.21). Then

~ ~ > 1 ~ ~
|Unf = f+An)D?*f|| < ,;m |D?f — U1 D*£]].

Using (2.12) with D2f instead of f, we obtain

~ ~ >0 1
|Unf = f+A0)D*f|| < kz:; 2k+1) (k+ HDDzJCH = 0(n) |D*f]].

We need an inequality of Bernstein type.
Lemma 4.4. Let n € N,n > 2and f € C|0, 1]. Then the following inequality holds true
(4.24) IDU,.fI| < Cnl| ],
where C = 6.5 + /6.
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Proof. Since

k=0 k=0
it is sufficient to find an upper estimate for the quantity

>_|DPar(@)] = le JE(
k=0
Remind that, according to (2.16), we have the relatlon

DPyi(z) = (@) Pl i (x) = T o) Page()-

Hence
B su(z) = Pp(z) — %Epn W(z) = (1 _ %Tn,k(x)) Py (),
Be) = (1~ Tos@) Pa(a) +2(1 = 2 Toaw)) Prslo) + (1= 2 o)) )
Then,

DP, i(x) = ¢(z) P} ()

Therefore
S 1BPu(o)] < an (o) + ba(a) + en(a),
where -
n(@) = P S 10 )| Pt
=
bu(x) = ”ﬁ Z Th ()Pl (3],

1. Estimate for a,, (z). From (2.15) and (2.8)—(2.9),

n

ZTT/LI,k(m)Pn,k(x) _ Z <2k(k -1) " 2(n —(kl)(_nx—)gk - 1))Pn,k($)

3
x
k=0 k=0

= 2 k- )P) + i _2$)3 S (0= k)(n— k — 1) Py(2)
k=0

k=0

n(n —1)(1 —z)?

2 2
:m—n(n—l)x +(1—x)3
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Having in mind 7/, (z) > 0 in (2.15), we obtain

(4.25) = ﬁ i (z) = 2(n — 1).

2. Estimate for b, (z). Observe that

Z|T1/1k( |*Z| (1—x)|
k=0

hence, there is a symmetry of the function b, (z) in z = 1. Therefore, it is sufficient to estimate
b (z) for z € [0, 5].
We will show that in [0, 5] the function b, (z) has exactly | 251 | local extrema hy, attained

at points in intervals (21 k] k = 1,... | 2-L], respectively. We will estimate all the local

2
maxima hy, and then an estimate for b, (z ) w111 follow immediately.

(i) First, we prove that

S() : _2“0 Z (z) = 4(n — 1).
From (2.10) and (2.14),
n n—1
Z T’I”L,k(x) =n Z n, k+1 - Ak(ﬂf))Pn—Lk(x)-
k=0 k=0
Since
, , —k—1)(n—-k—2 k+1Dk  k(k—-1 —k)(n—k—1
n,k+1($) - nk(x): n (1 E(Z)z ) o ( 2 ) + (x2 ) - n (i(ib )2 )
2k 2(n—-k-1)
2 (1w
using (2.7) we get
n—1

(TL — k‘ — 1)Pn,1}k(l')

n n—1
2n 2n
/ / _
I;)Tn,k(l‘) n,k(x) - _ﬁ kzﬂ)kpnfl,k(x) - (1 7 .Z)Q

k=0

2n 2n

= (n—1)z e (n—1)(1—12x)
_ 2n(n—1)
 p(a)

Therefore,
_ —2¢(x) ' —2n(n — 1) — aln
(4.26) S(z) = - ) 4( 1).

(ii) By (2.15), T}/ .(z) > 0, hence —T7 , () strictly decreases for z € (0, 1).
For k = 0,1, we have —T; , (0%) < 0, then =T, , () < 0, z € (0,1), and p(2)T}, ; (z)
has its only zero in [0,1) at & = 0.
For k = 2,...,n — 2, we have T} ,(0%) > 0, and 7}, , (=) has a unique simple zero

6 = Tt < (54

at
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For k = n —1,n, we have —T , (z) > 0 forz € (0,1),and —¢ ()T}, ,(z) = 0 only for
€, = 1in (0, 1.
(iii) For the Bernstein basis polynomials on (0, 1), we have

Pl o(x)=—n(l—2)""" <0,
/ Y\ k-1 n—k—1 k ! : k
P (x)=n Pk (1—) (= —=2), and P, ;(z) =0 onlyifx = —
: n : n
Pl (x) =na""">0.

(iv) Now, from (ii) and (iii) for = € (0,1),
*90( )T' (x)P’ (z) >0,

—p(x)T), 1 (z) P, ()>0f0rx€(§1,n)=(0,%)
()T,’Lk(x) C(@) > 0forze (16, k=2,..., |25,

*90() ()Pflk()<0f0r93€(§kan)rk*Qw--aL%lJr
p(x )T7/z,n( ) Py n(2) > 0.

(v) From the observations in (ii)—(iv), it follows that
—p(z) ;lk(:c) ,’Lk(x) > 0, k=0,....n
except
— ()T}, () Py i (x) <0, € (&), k=1,....["%F],
— go(x)T,’l_’n_k(x) P,'Lyn_k(x) <0, z€ (”T_k,fn_k), k=1,..., VT_lJ
Hence,

Lnl

n
k=0
Therefore, for k =1,..., | 21|,
4(n — 1), e [55 &l
427) ba(e) = 2%
4(71—1) nk Pr/Lk( )‘a IE[&W%]'
Moreover,
b, (x) = 4(n — 1), v €[22 2] peven, and x € [, Bt nodd.
(vi) This means that we have to estimate the maxima of the functions
—20(2)T5, 1. (x) _
sk (z) ::‘n’kPT'L,k(x)‘, z€ [ 2], k=1,...,[%2]

By (iv) for k = 1, we have:

—2(,0(1‘)1—;/1’1(33) / 1 n—3
s1(w) = ———= L2 P (x) = 2n(n — 1)(n — 2);3(5 - x) (1—z)"2.
Since ) )
)= — 1-z)" <1
ZGI[Ié?i);n] x(n 53) 4TL2 and ( 37) -
we obtain
n(n—1)(Mn—-2) n
. = < < —.
(4.28) & xér[ré?i);n] 81((E) - 4n? -2
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Letus fix k € {2,..., 25| }. We estimate the local extremum
hi:= max sg(x).
z€ [ k/n]

According to (iv), we have

s1(0) = 21 0P pl0) = 2 10 ()t - (B ),

n n

ie.,

(4.29) sk(@) = = Ty, 1 (2) Pois(@) % - 33)

The function T, , (z) is strictly increasing in [*-%, £] and change sign only at point

&k = ————/—— Then, forz € Sk,g ,
k(k—1)n* (n—k)(n—k—1)n? 1 1
T/ — ! k —_ — = 2(Z — .
e, Taale) = T (8) = —HEg o e e (- )
The function h(z) = 1 — —L_ is decreasing in (0, %) since &' (z) = (1 — —1-)" < 0, hence

1

forke {2,..., |25 J}

, L1 1 L1 1 n?

(430) T"*’“(w)gn(E_n—k)Sn <§_n—2)§?'

Also, =1 < ¢ < Eand forz € [¢, £], we have £ — 2 <
[0, 1], it follows from (4.29) and (4.30) that

3=

. Since 0 < P, x(z) < lin

2
o2 L
2 n
Taking into account (4.28), for n > 2 we have
n n—1

Finally, for b,,(x), using (4.27) and (4.31), we obtain the estimate

bo(z) <4(n—1)+ max hy <4(n—1)+ ~
1<ks| 25t
or

(4.32) bn(z) < 4.5n, z € [0,1].

3. Estimate for ¢, (z). We apply Cauchy inequality and Proposition 2.3 (b) with & = 0 and
a=1

@) = [T (1= 2 Tu(0)

Pn,k(l’)

IN
_
(]
)
ES
&
F"U
ES
&
_
(]
—
=
|
| —
X
ES
&
N
[NV}
v
ES
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Then,
(4.33) cn(z) < V6, z € 10,1].
From (4.25), (4.32) and (4.33), we obtain

z": ‘Bﬁnk(x)‘ < an(z) + bp(z) + cp(z) <2(n—1) +4.5n+V6n < (6.5+ \/é)n

Therefore s B B
|DUf|| < Cn|fll,  C:=65+ 6.

Now we are ready to prove a strong converse inequality of Type B.

Proof of Theorem 1.2. We follow the approach of Ditzian and Ivanov [6].
Letn € N, n > 2, f € C[0,1] and A(n), 6(n) be defined as in Proposition 2.4. From the

Voronovskaya type inequality in Lemma 4.3 for the operator Uy and function U3 f instead of f,
we have

AO||D2TEf| = || M) DT f||
= |TU3f = U2+ NOD* UL f — UUs f + U f||
<||UUEf = USf+ NODUSf|| + U f - U £
< 0)||D*TRf || + T2 (Tef 1)

Now, using Lemma 4.4 for the function D? ﬁfb f and in addition Lemma 3.1 repeatedly three
times, we obtain

(O DTS f|| < Cno)|DU2f|| +3V3||Uef — £
= Cn(O)|D*TS(f = Unf) + DU f|| +3V3|Uef — £
< Cnl(0)||D*U2(f — Unf)|| + Cno(0)| D2UEF|| +3V3 || Uef — f]-
Applying the Bernstein type inequality Lemma 4.4 twice for f — U, f yields
(0| D*Uf|| < Con200)|| f — Unf|| +3V3||Uc — £ + Cno(0)|| DT £|-
From inequalities (2.17) and (2.18) of Proposition 2.4, we get

1 =9 4C3n?
3 ID°Unf | < —gp -1+ 5 oo |
Let us choose ¢ sufficiently large such that
4Cn _ 1 , 16C
97 S @7 1.e. Y4 Z T n.

If weset L = %, for all integers ¢ > Ln we have

1m0
LB <

~ T f]) +3VE 0 — 1]+ g | D201,
1 o~ ~
1002 < 1],

~ o~ ~ ~ 02~
(4.34) BT < € |17 - Tu]| +12V3 5 |G - |
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By using Lemma 3.1,
1 = T2 < N1 = Oafl| + 1[Tns = O] + 02 = TR1|
<1+ V3+ (V3| f - Unf

)

and we obtain the inequality
(4.35) I = Tafll = 4+ V) = Tnf].

It remains to complete the estimation of the K-functional. Since U3 f € W2(p)[0,1], from (4.34)
and (4.35) it follows

K (5,5 ) =t {17 —gll + 5 |5 : 9 € W3(2)l0,1], Dy € W(g)[0,1]}
<7 = Tafl + 5 | °T3 )

~ ~ 2 -~
< (44 VB +E)|Taf — 1] +12v8 5 |G — 1],

Therefore,
K(f, %) <€ S~ 11+ 00 - )
7n2 — nz n Z
forallézLn,whereC:4+\/§+52andL:%,6’:6.5+\/§ O
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