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Energy Dissipation in Hilbert Envelopes on Motion
Waveforms Detected in Vibrating Dynamical
Systems: An Axiomatic Approach

James F. Peters'*, Tharaka U. Liyanage?®

Abstract

This paper introduces an axiomatic approach in the theory of energy dissipation in Hilbert envelopes on motion
waveforms emanating from various vibrating dynamical systems. A Hilbert envelope is a curve tangent to peak
points on a motion waveform. The basic approach is to compare non-modulated vs. modulated waveforms in
measuring energy loss during the vibratory motion m(r) at time z of a moving object such as a walker, runner, biker
or the action of any spring system recorded in a video. Modulation of m(z) is achieved by using Mersenne primes
to adjust the frequency o in the Fourier transform m(z)e*/27®" on motion waveform m(t), where the frequency @
is a Mersenne prime. Expenditure of energy E,,, by a system is measured in terms of the area bounded by the
motion m(t) waveform at time 7. Energy dissipation is measured in terms of the difference between modulated
and non-modulated m(t).

Keywords: Dissipation, Energy, Frequency, Hilbert envelope, Mersenne prime, Motion waveform, Vibrating
Dynamical System, Video Frames
2020 AMS: 74H80,76F20, 93A05

1. Introduction

Dynamical system vibrations appear as varying oscillations in motion waveforms [1, 2]. The focus in this paper is on
the detection of energy dissipation that commonly occurs in vibrating dynamical systems. For a motion waveform m(t) at
time 7, the measure of motion dissipated energy is a mapping E ;s : R X R — R defined in terms of the difference between
non-modulated energy E,,;,4(¢) and modulated energy E,,4(), i.e.,

Egiss (Enmod (t) s Emod (t)) = |Enmod (t) — Eod (t) I
= |non-modulated E,,(¢) — modulated E,,, (¢)|

at time ¢ of a vibratory dynamical system. In this work, two forms of motion waveform energy are considered, namely,
non-modulated (non-smoothing) m(¢) and modulated (smoothing) m(¢) that results from the product of m(¢) and the exponential
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€727 introduced by Euler [3]. A formidable source of waveform energy measurement results from the Fourier transform

m(t)et27O [4](see, e.g., [5]).
A non-modulated form of waveform energy E,,(¢) is associated with the planar area bounded by motion curve beginning at
instant 7y and ending instant 71, namely, E,,(¢) = ftf)‘ |m(7) |? dt. In other words, system energy is identified with system waveform

area, instead of the more usual energy graph [6]. Modulated system energy is measured using E,,,4(f) = f,g‘ ’m(t)eiﬂ’"’” lzdt.

An application of the proposed approach in measuring energy dissipation is given in terms of the Hilbert envelope on the
peak points on waveforms derived from the up-and-down movements of the up-and-down movements of a walker, runner
or biker recorded in a sequence of video frames. An important finding in this paper is the effective use of Mersenne primes
to adjust the frequency @ of the Euler exponential to achieve waveform modulation with minimal energy dissipation (in the
uniform waveform case (see Conjecture 1.i). This usage of Mersenne primes [7] of the form 2”7 — 1(p, a prime) in modulating
motion waveforms first appeared in [8]. We prove that waveform energy is a characteristic, which maps to the complex plane
(See Theorem 2.10. This result extends the waveform energy results in [9], [10]) as well as in [11, 12, 13].

’ Symbol \ Meaning ‘
24 Collection of subsets of a nonempty set A
A;je28 Subset A; that is a member of 24
C Complex plane
t Clock tick
e/ cos(mt) + jsin(or) [3]
M Mersenne prime
(0] Waveform Oscillation Frequency
En(t) Energy of motion waveform m(z)
Ejigs Energy dissipation
@28 = C @ maps 2% to complex plane C at time ¢
¢ (A; €2%) € C | Characteristic of ¢(A; € 2%) € C at time .

Table 1.1. Principal Symbols Used in this Paper

2. Preliminaries

Highly oscillatory, non-periodic waveforms provide a portrait of vibrating systems behavior. Energy dissipation (decay) is a
common characteristic of every vibrating dynamical system. Included in this paper is an axiomatic basis for measuring this
characteristic of dynamical systems. A characteristic is a mapping ¢; : A; — C, which maps a subsystem A; in a system A to a
point in the complex plane C.

t0

t74 ® 025
«10.50
*10.85
®
t6 @ &
t5 @
ot2
S
t4 o
t3

Figure 2.1. Morse instants clock

Definition 2.1. (System)
A system A is a collection of interconnected components (subsystems A; € 24) with input-output relationships.



Energy Dissipation in Hilbert Envelopes on Motion Waveforms Detected in Vibrating Dynamical Systems: An
Axiomatic Approach — 180/186

Definition 2.2. (Dynamical System)
A dynamical system is a time-constrained, changing physical system.

Definition 2.3. (Dynamical System OQutput Waveform)
The output of a dynamical system is a time-constrained sequence of discrete values.

It has been observed that the theory of dynamical systems is a major mathematical discipline closely aligned with many
areas of mathematics [14]. Energy dissipation is considered in many contexts such as heating, liquid (viscosity) and water-wave
scattering. In this work, the focus is on energy decay represented by the difference between the energy of non-smooth
(non-modulated) and smooth (modulated) motion waveforms. A motion waveform is a graphical portrait of the radiation
emitted by moving system (e.g., walker, runner, biker) with oscillatory output.

Axiom 1. (Instants Clock)

Every system has its own instants clock, which is a cyclic mechanism that is a simple closed curve with an instant hand with
one end of the instant hand at the centroid of the cycle and the other end tangent to a curve point indicating an elapsed time in
the motion of a vibrating system. A clock tick occurs at every instant that a system changes its state.

Remark 2.4. (What Euler tells us about time)

On an instants clock, every reading t € (C), a pointt = a+ jb,a,b € R in the complex plane. For example, ty s = 0.25+ jO = 0.25
in Fig. 2.1. The Morse instants clock is also called a homographic clock [15], since the tip of an instant clock t-hand moves on
the circumference of a circle, where t is a complex number [15]. For t at the tip of a vector with radius r = 1, angle 0 and

a = cos0,b = sin0 in the complex plane, then

t =a+ jb=cosO+ jsin® = el?.

An instant of time viewed as an exponential is inspired by Euler [3].

Example 2.5. A sample Morse instants clock is shown in Fig. 2.1. The clock hand points to the elapsed time in the interval
(toas <t <tgps) in milliseconds (ms) after a system has begun vibrating. The clock face is a polyhedral surface in a Morse-
Smale surface in a convex polyhedron in 3D Euclidean space. A Morse-Smale polyhedron is an example of a mechanical
shape descriptor ideally suited as clock model because of its underlying piecewise smooth geometry. This form of an instants
clock has been chosen to emphasize that the elapsed time t; is a real number in an instants interval [ty,t;] € C? in which
t is indeterminate. From a planar perspective, the proximity of sets of instants clock times is related to results given for
computational proximity in the digital plane [16]. In this example, the instant hand is pointing to an elapsed time between 1 »s
ms and ty 5o ms.

Definition 2.6. (Clocked Characteristic of a subsystem)
The clocked characteristic of a subsystem A; of a system A at time ¢,(A;) is a mapping @, : A; € 24 — C defined by ¢;(A;) =
a+bjeC,abeR,j=+/(—1),¢(A;) €C.

Axiom 2. (Subsystem Motion Characteristic)
Let A; € 24 (subsystem A; in the collection of subsystems 2% in system A) that emits changing radiation due to system movements
(motion) and let t be a clock tick. The motion characteristic of subsystem motion A; € 2% is a mapping m; : A; — C defined by

m(A;))=a+bjeC,a,beR, j=/(-1),teR.

i.e., a subsystem A; motion characteristic of a system A is a mapping m,(A; € 2A) € C at time t.

Remark 2.7. For the motion characteristic, we write dm(t) when it is understood that motion is on a subset A; € 24 in a
dynamical system A. Axiom 2 is consistent with the view [17] of the characteristic vector field, represented here with a planer
characteristic vector field & of a dynamical system with points p(x,y,t) € & that has positive complex characteristic coordinates
at clock tick (time) t such that
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m1 (t}), m2 (1)
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Figure 2.2. Sample spring system waveforms

QA€ =pe&=(a—jb)5E+(a—jb)5: +(a—jb) %, a,bER.

The 1-1 correspondence between every point p having coordinates in the Euclidean plane and points in the complex plane
is lucidly introduced by D. Hilbert and S. Cohn-Vossen [18, §38, 263-265]. For an introduction to characteristic groups,
see [19],[20],[21].

Example 2.8. Spring system vibration
A pair of sample sinusoidal waveforms emitted by an expanding and contracting spring system is shown in Fig. 2.2.

Vibrating system waveform m(7) modulation (smoothing) is achieved by adjusting the frequency @ in an Euler exponential
eT/279! "which is used in oscillatory waveform curve smoothing. It has been found that Mersenne primes provide an effective
means an effective means of adjusting the frequency w. It has been observed by G.W. Hill [22] that Mersenne primes
M, =27 —1=3,7,31,... for prime p = 2,3,5,... are useful in estimating variability as well as in estimating average values in
sequences of discrete values.

Axiom 3. (Waveform Energy)
A measure of dynamical system energy is the area of a finite planar region bounded by system waveform m(t) curve at time f,

defined by

En(t) = [t m(1)d.

Lemma 2.9. Dynamical system energy is time-constrained and is always limited.

Proof. Let E,, be the energy of a dynamical system, defined in Axiom 3. From Axiom 3, system energy always occurs in a
bounded temporal interval [fo,?{]. Hence, E,, is time constrained. From Axiom 1, the length of a system waveform is finite,
since, from Axiom 3, system duration is finite. From Axiom 3, system energy is derived from the area of a finite, bounded
region. Consequently, system energy is always finite. O

Theorem 2.10. If X is a dynamical system with waveform m(t) at time t and which changes with every clock tick, then observe
1° System waveform characteristic values are in the complex plane.

2° System energy varies with every clock tick.

3° System radiation characteristics are finite.

4° All system characteristics map to the complex plane.

5° Waveform energy decay is a characteristic, which maps to C.

Proof.

1 From Def. 2.6, a system characteristic is a mapping from a subsystem to the complex plane at time ¢, From Axiom 2, every
waveform motion characteristic m(z) € C at time ¢, which is the desired result.
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2° From Lemma 2.9, system energy is time-constrained and always occurs in a bounded temporal interval. From Axiom 1,
there is a new clock tick at every instant in time # ms. From Axiom 3, system energy varies with every clock tick.
3? From Axiom 1, all system radiation characteristics are finite, since system duration is finite.

4° From Axiom 2, every system A characteristic is a mapping from a subsystem A; € 24 to the complex plane, which is the
desired result.

52 From the proof of step 4, the desired result follows.

Enveloped vibration waveform m(t)

mt)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
tms

Modulated vibration waveform m(t)e'i'

m (l)e'Jt

. \ . . . . . \ \
0 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
tms

Figure 2.3. Hilbert envelope on modulated vibration waveform.

To obtain an approximation of system energy, a system waveform is represented by a continuous curve defined by a Hilbert
envelope [23] tangent to waveform peak points, forming what known as Hilbert lobes.

A Hilbert envelope (denoted by H,,,) is a curve that is tangent to the peak points on a waveform [24, §18.4, p. 132].

A Hilbert envelope lobe (denoted by H,,,,,) is a tiny bounded planar region attached to single waveform peak point on a
waveform envelope, defined by

Hemy = 4/m(t)2 4+ (—m(r))? [23]

The energy represented by a lobe H.,,,,, area of a tiny planar region attached to an oscillatory motion waveform m(z) is defined
by

.b 5
Henv/abe:/ |m(2)|" dt
Ja

It is lobe area that provides a measure of the energy represented by a waveform segment.

The modulated vibration waveform m(t) in Fig. 2.3 varies with lower peak points than the original motion waveform,
depending on the choice of Mersenne prime frequency. To minimize energy loss due to modulation, a Mersenne prime is
chosen for the frequency ® in an Euler exponential in m(t)e/®' to obtain

result.1° Modulated system waveform m(t) is smoother for a particular Mersenne prime frequency (i.e., the waveform
oscillations are more uniform).

result.2’° Modulated system energy loss is minimal, for a particular Mersenne prime frequency.

3. Application: Modulating System Waveform with Minimal Energy Dissipation

In this section, we illustrate how Mersenne primes can be used effectively to obtain the following results:

M— @-1? Usage of a M-prime as the frequency in the Euler exponential in
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m(t)e:tjwMt

reduces motion m(¢) waveform motion energy.
M— w-2° Energy dissipation varies in modulated vs. non-modulated waveforms for different choices of frequency M in
eTI®Mt " depending on whether a waveform has uniformly or non-uniformly varying cycles around the origin.

: sinc(t)elt=0.0531 1sirn:(t)el"‘:ﬁ.srﬁ? 1sim:(i}el"‘:ﬁ.nms
0.8
0.8 0.8
— sinc(l)
— % sinc(t)e!”dt
0.6 0.6
5 5 5 04
=] a =)
“% 04 = 0.4 =
T = I 0.2
c = £
al cym“.‘ mm‘?‘
< 02 = 02 = 0
= = £
&l 7] w2
0
0.4
02 -0.2
— -0.6
—sinc(t) sinc(t)
— J'ismc(t)e"dt — J'_Zzsinctl)e.vmdl
-04 -0.4 -0.8
-2 0 2 -2 0 2 -2 0 2

t t t
Figure 3.1. 3 forms of m(t)e/®!

Conjecture 1. The choice of a Mersenne prime M < 31 will always result in lower motion waveform peak values using M as
the frequency in the Euler exponential to achieve waveform modulation and minimal energy dissipation.

There are two cases to consider: [Partial Picture Proof]

Case(i) Assume m(t) waveform uniformly fluctuates and frequency @ = M = 1 results in the lowest energy loss

Proof. Partial picture proof: Recall that e/®" = coswt + jsinwt, where m(t)e/®" forces the oscillation in a motion
waveform to increase. Let m(t) = sinc(t), introduced in 1822 by Fourier [4]. Then m(¢) oscillates uniformly on either
side of the origin (see sample plot of sinct in Fig. 3.1). The area of m(t) = ffk sinc(t)e/®dt, > 1 is always less
than the area [* , sinc(t)dt. That is, e/®" partitions each m(t) cycle into regions with smaller areas whose total area is

less than the total area [ ]_‘ «sinc(t)dt. With @ = M = 1, the modulated waveform energy is closest to non-modulated
waveform energy, which is the desired result. O

Case(ii) Letm(¢) be a non-uniform waveform. We make the unproved claim that the choice of @ = M, varies, i.e., M is not
always 1.

Example 3.1. Sample Energy Dissipation: Non-uniform waveform Case
Let m(t) = sinct, with cycles that vary uniformly relative to the origin. This is the case in Fig. 3.1. The result for 3 choices of

M € {1,3,7} are shown in the plots in Fig. 3.1. This leads to the following energy dissipation levels:
Ey 1) = 0.9028 non-modulated waveform energy
E, (e = 0.1503 M = 1,modulated waveform energy loss
E,pyesr = 0.3371 M = 3,modulated waveform energy loss
E,1yein = 0.8954 M = T,modulated waveform energy loss
E, 1yertt = 0.9021 M = 31,modulated waveform energy loss

The w = M = 31 case is not shown in Fig. 3.1.
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Original Video - Frame No. 60, M =1

* energy Ex motion x(t) motion x(t)

energy E

Figure 3.2. Energy Analysis for M = 1 of Walker: Comparisorelnaf Non-Modulated and Modulated Motion Signals of Frame =
60

Evidence of the correctness of our Conjecture for the non-uniform waveform case in the choice of the Mersenne prime to

achieve minimal energy dissipation can be seen in the following two examples.

Example 3.2. Sample Energy Dissipation for a walker waveform
A sample collection of non-modulated and modulated waveforms for a walker for M = 1 is shown in Fig. 3.2. In Table 2, M = 1

for the exponential frequency of a modulated waveform results in the lowest energy dissipation.

However, if consider the choice of M for the modulation frequency for a biker, this choice differs from the choice of M = 1

in Example 3.2.

M | Non-Modulated Energy | Modulated Energy | Energy Dissipation
(Ex) (Em) Percentage

1 1.2359 0.9709 21.44%

3 1.2359 0.9222 25.38%

7 1.2359 0.9559 22.65%

31 1.2359 0.9166 25.83%

Table 3.1. Energy Dissipation for Walking

M | Non-Modulated Energy | Modulated Energy | Energy Dissipation
(Ex) (Em) Percentage
1 0.9635 0.6317 34.43%
3 0.9635 0.6729 30.16%
7 0.9635 0.6561 31.90%
31 0.9635 0.6396 33.61%

Table 3.2. Energy Dissipation for Biking
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Original Video - Frame No. 60, M =
B *

energy E,energy E, motion x(t) motion x(t)

L o e e M A a e oa
. B T

(=]

Figure 3.3. Energy Analysis for M = 3 of Biker: Comparison of Non-Modulated and Modulated Motion Signals of Frame = 60

Example 3.3. Sample Energy Dissipation for a biker waveform
A sample collection of non-modulated and modulated waveforms for a biker for M = 3 is shown in Fig. 3.3. In Table 3, M = 3
for the exponential frequency of a modulated waveform results in the lowest energy dissipation.

4. Conclusion

This paper focuses on the frequency characteristic in modulating dynamical system waveforms. The appropriate choice
of Mersenne prime M as the frequency ® for the Euler exponential ¢/®' — ¢/M’ is considered in modulating a dynamical
system waveform to obtain a smoother waveform and achieve minimal energy dissipation. It has been found that M =1 is
the best choice for waveforms whose cycles vary uniformly about the origin. Choice of M € {1,3,7,31} for the non-uniform
waveforms varies, depending on how extreme the lack of self-similarity present in waveforms that vary in a chaotic fashion on
either side of the origin. The appropriate choice of M in modulating a non-uniform waveform is an open problem.
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Existence and Uniqueness of Solutions for
Nonlinear Fractional Differential Equations with
O-Caputo Fractional Differential Equations

Abduljawad Khairi Anwar

Abstract

This paper examines the existence, uniqueness, and Ulam-Hyers stability of solutions to nonlinear U-fractional
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1. Introduction

Fractional calculus has been recognized to be a useful tool for modeling many processes in economics, physics, and
engineering. Since fractional derivatives (FDs) are a useful tool for characterizing memory and inherited qualities of various
materials and processes, fractional-order models have actually been shown to be more applicable for a number of real-world
scenarios than integer-order models. Applications where this theory is useful include material theory, transport processes,
wave propagation, signal theory, economics, control theory and mechanics,. For more detail (see [1]-[5] and the references
therein).That is the primary benefit of fractional differential equations (FDEs) over standard integer-order models. Basic
difficulties include fractional derivatives, including Riemann-Liouville [2], Caputo [3], Hilfer [4], and Hadamard [6].

In recent years, there has been a lot of interest in FDEs, particularly boundary value issues for nonlinear FDEs, which
may be used to represent and describe non-homogeneous physical processes that occur in their form. Almeida introduced
the U-Caputo derivative in [2] to study FDEs in general. This is different type of FD seen in the literature. We may derive
numerous well-known FDs for certain choices of U, such as the Caputo and Caputo-Hadamard FDs, which depend on a kernel.
This technique also appears logical when seen through a variety of applications. Using a carefully selected “trial” function U,
the U-Caputo FDs provides some control over approximating the phenomena under research. Zhang [7] used various fixed
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point theorems to illustrate the existence and uniqueness of outcomes for nonlinear fractional existences (P.V.Bs) using Caputo
type FDs. Researchers have found unique solutions to boundary value issues for FDEs (see [8]-[13]) and other references). The
importance of fractional boundary value concerns originates from the fact that they cover a wide range of dynamical systems as
examples.

On the other hand, introduced the stability problem of functional equation solutions (of group homomorphisms) in a
presentation at Wisconsin University in 1940 [14]. Hyers [15] provided the first answer to the topic in Banach spaces in 1941.
Ulam-type stability has piqued the curiosity of numerous academics since then. Researchers became attracted to the study of
stability for FDEs due to the extensive extension of the fractional calculus for more detail (see [12], [15]-[17]).

Several approaches to study FDEs have been proposed in the literature recently, based on multi-valued mappings and
boundary value problems. For instance, authors [18] focused on the Caputo fractional differential inclusions with boundary
conditions in a more general case, for convex-compact mappings providing critical conditions for existence and uniqueness.
Based on this, Mohammadi et al. [19] studied the existence of solutions of phi-Caputo fractional differential inclusions by
using Multi-Valued Contractions.. This method provides further evidence of the role played by contraction principles in solving
non-linear inclusions.

Moreover, Kayvanloo et al. New topological techniques were introduced in [20] to prove the existence of a solution for
solvability in infinite systems of Caputo-Hadamard fractional differential equations. Additionally, in [21] Mohammadi et al.
provided the significance of weak Wardowski mappings and elucidates our understanding of generalized g-Caputo fractional
inclusions.

Benchohra, Hamani and Ntouyas in [8] investigated the existence of solutions of the following existence for Caputo FDEs.

Dloy(t)=fty(0),  x€[0,T),  0<D<L,
with boundary condition
ay(0) +by(T) =,

where CD??_O is the Caputo derivative with 0 < 0 < T, a,b are real constant such that a+b #0, and f: [0,T] xR > Risa
continuous function.

In [22] researcher examined the existence and uniqueness of solutions for the following U-Caputo FDEs with boundary
conditions.

{CDQP‘”u(x) = flru(x),  x€0,7),
u(0)=u'(0)=0, u(T)=ur.

Here CDP°™ is the U5-Caputo derivative with 2 < B <3, 7 >0, u € C'[0,1], and f: [0,1] x R — R is a continuous
function.
Motivated by the works above, in this paper, we study the existence, uniqueness and stability of solutions for the following
U-Caputo FDE:s of arbitrary order with fractional boundary conditions shown below:

“Dolulx) = flxu(x), xeJ=[1T], (1.D)

with the boundary condition

M(O) = .Q],
{Au(0)+Bu(T) =Q, (12)

0,0

where A, B.Q| and Q, are constant, and “D;”,

is U-Caputo FDs of order 1 < 0 < 2 with f:J xR — R, is continuous function.



Existence and Uniqueness of Solutions for Nonlinear Fractional Differential Equations with U-Caputo Fractional
Differential Equations — 189/198

2. Preliminaries

In this section, we give some notations and definitions.

Definition 2.1. (U-Riemann-Liouville fractional integral) [23].
Let3>0, f € L'(J,R), and U € C"(J,R) such that ' (3) > 0 for all x € J. The B-Riemann-Liouville fractional integral at
order O of the function f is given by by

B16) 2= 55 1L [06) -0 (@) (S)as, @1

Remark 2.2. Note that if G(x) = x and U(x) = log(x), then the equation (2.1) is reduced to the Riemann-Liouville and
Hadamard fractional integrals, respectively.

Definition 2.3. (U-Caputo fractional derivative)[23].
Letd >0, f € L'(J,R), and U € C"(J,R) such that U'(3) > 0 for all x € J. The 5-Caputo FDs at order 3 of the function f is
given by

-+

00 ooy 1 * - n—d-1 7 [1]
Dy flx) = 71“(;1—6)/0 [O(x) —0O(3)] U'(3)6"™ds, (2.2)

wheren—1<3d<n,n=[a]+1, §"(3) = (U/éS) %)"f(S), and [D] denotes the integer part of the real number 0, and I is

the gamma function.

Remark 2.4. Note that if U(x) = x and U(x) = log(x), then the equation (2.2) is reduced to the Caputo and Caputo-Hadamard
FDs, respectively.

Remark 2.5. If0 €0, 1] then, we have

D10 =1 (L) = s 00 - B@)P F(has.

Definition 2.6. (Ulam-Hyers stable) [24].
The equation (1.1) is called Ulam-Hyers stable if there 3 a constant q > 0 such that for each € > 0, when u € C(J,R) is any
solution of the inequality

0,
DY u) - futx) e, xed, 23)
then there 3 another solution w € C(J,R) of the equation (1.1) satisfied
lu(x) —w(x)| < qe, x€J.

Definition 2.7. [24] The equation (1.1) is said to be Ulam-Hyers-Rassias stable with respect to p € C(J,R) and b > 0 is any
constant such that for each € > 0 and for each solution u € C(J,R) of the inequality

€DV u(x) — flx,u(x)) < ep(x), xel,
then there 3 a solution w € C(J,R) of the equation (1.1) satisfied
lu(x) —w(x)| < bep(x), x€J.
Proposition 2.8. Let 0 > 0. If f € C"(J,R), then we have
D DR f(x) = f(x)

2) B8D)Y p(x) = f(x) - X124 O (15(x) — 1 (0)

3) I(?f; is linear and bounded from (J,R) to (J,R).
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Theorem 2.9. (The Banach Fixed Point Theorem)
Let J C R, be a closed, not necessarily bounded, interval and H : J — R a function with H(J) C J and which satisfies for a
fixed k, 0 < k < 1,then the inequality

[H (x) —H(y)| < klx—y|
forall x,y € J. Then there 3 exactly one fixed point of H, i.e. a & € J, with
H(§)=¢.
In order to state Sadovskii’s theorem, we define the following concepts.

Definition 2.10. Let Q be a bounded set in metric space (X,d). The Kuratowski measure of non compactness, u(Q), is defined
as:

w(Q) =inf{e : Qcovered by finitely many sets such that the diameter of each set is < €}.

Definition 2.11. Ler 6 : Q(0) C X — X be a bounded and continuous operator on a Banach space X. Then 0 is called
a condensing map if u(0(w)) < u(w) for all bounded sets w C Q(0), where U denotes the Kuratowski measure of non
compactness.

Lemma 2.12. The map P, + P» is a k-set contraction with 0 < k < 1, and thence also condensing, if
1. P,P,:Q CE — E are operators on the Banach space E,
2. Py is k-contractive, that is ||Pix — Py|| < k||x—y|| for all x,y € Q and fixed k € [0,1)
3. P, is compact

Lemma 2.13. (Sadovskii’s fixed point theorem)
Assume that w be a convex, bounded and closed subset of a Banach space &, and let 0 : w — w be a condensing map. Then 0
has a fixed point.

Lemma 2.14. For any u(x) € C(J,R), n—1 <9 <n, then the existence (1.1)-(1.2) has a solution

0—1
u(x) =0 + Q3 [6(x) — 5(0)] - [[g ;ﬁ %% [ vs (zggsn £(3,u(3))d3
)—0(3)"!
+ / (3 S G u®)as
where Q3 = %er(gﬁ) and U(T) # U(0).

Proof. Applying the U-fractional integral of order d from 1 to x on both sides of U-Caputo FDEs in (1.1) Which can be
rewritten as follows:

U(3
) =eo e 5 ~00) + [ (S (;) Iy u@)as,
Now, we will apply the boundary conditions(1.2) to find cg and ¢y,
—U(S 0—1
) = @ +er 0569 -00) + [ P FI (5w as.
To find c;.

B -1
1) =@+ e (1) 60 + [ 0@ CTIE pi5 usas,

o—1
Aw(0) + Bu(T) = AQ; +BQ, + By [O(T) — B(0)] +B/0T u(3) 20 ;U(S” £(3,u(3))d3,



Existence and Uniqueness of Solutions for Nonlinear Fractional Differential Equations with U-Caputo Fractional
Differential Equations — 191/198

- (A+BQ 1 T, B(T) -
= 55m 50] BT s A YO 1o

Cn—1

_ ) — _ -1
-0y 5 42000 B0 OO

5 e [0() — ()P
+/O O(8) gy (S (),

and this complete the poof. O

3. Main Results

In the sequel, we denote by § := C(J,R) the Banach space of all continuous functions equipped with the norm
[|lull = sup{|u(x)|;x € J}.

To prove the main results, we need the following assumptions:
(H1) There 3 a constant L > 0, such that | f(x,u(x))| < L|u|, forallx € J and all u € R
(H2) There 3 a constant k; > 0, such that | f(x,u(x)) — fx,w(x))| < ki|u—w|. Forallx € Jandall u,w€R.

3.1 Existence the result for problem (1.1)
Here we apply Sadovskii’s fixed point to derive the existence result for the problem (1.1)

Theorem 3.1. Assume f:J xR — R is continuous and satisfies (H1)-(H2). Then the existence (1.1)-(1.2) has at least one
solution in J.

Proof. We define the integer r, let H, = {u € { : ||u|| < r} be a closed bounded and convex subset of {, where r is a fixed
constant. It is sufficient to show that & has a fixed point. We define an operator @ : { — { in a similar way in light of Lemma
2.12.:

B 3 -1
D(u(x)) = Q1 +Q3[U(x) —6(0)] — m /OT v'(3) [B(T) F(Z;gﬁ)] F(3,u(3))d3
. o) o-1
+/0 U’(ﬁ)WﬂS,u(S))d3

for all x € J. We also define the operators ®;,d; : { — { by

_ % e [0) —0(3)° !
P, (u(x)) =Q +/0 O (S)Wﬂsau(s))dsa
and
_ [B(x)=BO)] [Ty [BT) =B(3)!

and note that,
D(u(x)) =P (u(x)) +Pa(u(x))  forallxel.

If the sum of operators @ + P, has a fixed point, then follows that operator ® also has one. To demonstrate that ®; + P, has
a fixed point, the operators ®; and ®, shall be proved to meet the hypothesis of Lemma 2.13. This will be accomplished in
numerous steps.

Step 1: ®H, C H, Let us select

[B(T) - 5(0)]°

ri > |Q + Q3 [0(T) - B(0)] | +|2 INGES) n
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B -1
(@) ) =|e -+ 500 - 50 - g5 D= [ @) PO LIS s s
. o) -1
+ [ U’(S)Wﬂﬁ,u(ﬁ))ds‘,

<O +Q3[0(T) - 6(0)] +

For all u € H,, which implies that ®H, C H,..
Step 2: @, is compact. Consider that the operator @, is uniformly limited in view of step 1. Let ¢, € J, where | < f, and
u € H,. Then we acquire.

_ _ 0—1
(@)~ (@au)a)] = (60) ~650) — o D= [ DT EI 8 u)pas
N B -1
-0 500 - 60) + g ol [ 5@ P TES s ugas,
Ul N -1
< 0 ()~ o)) - GO o) DO 15,500,

0
(B(x1) = B(x2)) [B(T) —B(0)]
[B(T)-0(0)] I(0+1)
which is independent of u and tends to zero as x, — x;. Thus, ®, is equicontinuous. Hence, by the Arzela-Ascoli theorem,

®,(H,) is a relatively compact set.
Step 3: ®, is k-contractive. Let uy,ur € H,. Then, we have

(o) (x1) = (Poue) (x2)| < |Q3 (Bx1) = Tlx2)) | + | [L[ul]

. o) — -1
(@) o)~ @)l =| [0 O TEI (1(8.0(3) - 18 (s |

(1) - 6(0)]°

< ) = O ey —
S G 1wy — w2,

[B(1)-6(0)]

0
set A = NG k1 then we obtain

[[(Prur) (x) = (Pruz) (x)[| < Alfur —uz].

Since A < 1 Then, ®; is a contractive mapping.
Step 4: ¢ is compressing. Lemma 2.12 states that @ : H, — H,, with & = ®| 4+ P, is a condensing map on H, due to ¥ being
continuous, a u-contraction, and ®; compact. Using Lemma 2.13, we may conclude that the operator ® has a fixed point. As a
result, the boundary value problem (1.1)-(1.2) has at least one solution on J. O

3.2 Uniqueness the result for problem (1.1)
Now we apply Banach’s contraction mapping principle to prove existence and uniqueness of solutions for problems
(1.1)-(1.2)

Theorem 3.2. Assume f:J x R — R is continuous and satisfies (H1)-(H2). Let 1 = sup,c(; 71 f (x,0), if

2[0(1) = 6(0))°
“Tern <!

Then the existence (1.1)-(1.2) has a unique solution.
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Proof. Define the operator ® : { — { as the following

. B 0—1
(©0)(x) = + 23 5) - 5(0)] - =T [ o) P s (s as

e [0 —5(3)°!
+/0 O(8) = gy (S (),

We have to show that ® has a fixed point on G, which it is solution of the existence (1.1)-(1.2). Firstly we show that ®H, C ©®
The operator © is bounded set into the bounded sets in {. For any r > 0, then for each x € J = [1, T]. Then, we have

. ) — o1
0wl =| [ 5@ I (8.9 - 15,0+ 3,013
[B0) =BO)] [T 50y BT =TS
BT o0 b Ot (Su(®) - £(5.0)+ 73,03
N o) -1
<| 5@ P (6w - 100+ 7(5.0)1s
B B -1
oo 0@ (1(8.us) - 75,0)+ 10500 |
) (06~ OGP 500 ~B0)] [T 15 BT - B!
< /OG(S)W:B (k1+17)+’[U(T)_U(O)]/O 0(8) = g3 k)
< BO-8OP, o BO-BOF
="reery

k .
Now, let u,u; € § and for each x € J. We need to prove that © is contraction mapping.

|(©u) (x) — (Our) (x)| =

o B - B!

| O T ((8,u(3)) ~ (8 (3))a

B0 -5
O(T) -0

_ 0—1
o v 6 u) - 18 m )s

X X) — 0-—1 x ) — -2
< [[o@P T E I asul- )+ [ o) PN ask -l

N 0
< P el

If | 2[6(T)=0

0
@ +1§0)] | < 1. Then, @ is a contraction mapping. Therefore, by using The Banach contraction mapping, ® has a
unique Fixed point which is a unique solution of the existence (1.1)-(1.2).

O
4. Stability Theorems

In this section, we study stability of our result.
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4.1 Ulam-Hyers stability
Theorem 4.1. Assume that the assumptions (H2) is hold. Then the fractional differential equation (1.1) with the boundary
condition (1.2) is Ulam-Hyers stable.

Proof. letw € C(J,R) be a solution of the inequality (2.3) i.e,
€D w(x) — flx,w(x))| < e, xel. @.1)

If we defined u € C(J,R) the unique solution of the existence (1.1)-(1.2)
When u and w being continuous functions on J. From lemma 2.14 we obtain

J—
u(x) =Q1 + Q3 [0(x) — (0 [gx /U )] lf(S,M(S))dS

6

+ / (3 f(S (3))dS

we will take the integration of (4.1) and we obtain

[O) =B0)] [T, o [BT) =03
w(x) — Q1 + Q3 [B(x) — 5(0)] —M/O 0(8) =gy /(3. w(8)aS
a 1 _ 3
+ [ 5@ PR rsm@)as < 000N,
on the other hand we have
B [B(x) =BO)] [T [B(T) = 0(3)°"
w() —u()| =|wx) = Qi+ 3 [00) - VO] - rms—p gy f, T'O) ) £(3,u(3))dS
5 e [0) = 0(3))!
+) 0 (3) ) f(S,u(S’s))dS‘
B [B(x) =BO)] [T, o [BT)=0(3)°"
W) = )| =) = Q1+ 93 [B3) = BO) = =5 /0 u'(9) NG £(3,w(3))dS
e [B(x) = 05(3)]°! [0(x) =8(0)] [T, o [B(T) = B(3)]"
+ A U'(9) o) f(S W(S))d8+[U(T)—U(O)] A U'(3) o) F(38,w(3))dS
* e [0) = 6(3))°! [0(x) =8(0)] [T, o [B(T) = B(Q)]"
- 0@ ) TGOS - sy O 5 £(3,u(3))d3
x ) — a1
+ u(3) O F%()S)] f(S,u(S))dS‘
e[ -0 | [B@)-00)] [T 00 -0
NG o) o0 b 0 © 5 F(3.w(3)) — £(3,u(3))[dS
x ) — 91
+ [P G we) - G @)l
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U(T)—0(0)]°

Lety = %kl then, we obtain

G " ) — -1
[6(x) —5(0)] 1 /OU,(S)[U() 6]

€
_ < _
W)~ < gD ) T T FE) Gw(S) ~ £(3,u(E)ds,
e[U(x) = B(0)]° BUDBOL )
_ < 7Y/ TR pTE+HN(-7)
W)~ 4] € BE g€ ,
() — u(x)| < €C.
2 _ 0
Where Cj, = %e{gé?l)g@;}” ‘w(x)fu(xﬂ. Hence, the solution of (1.1)-(1.2) ) is Ulam-Hyers stable. O

4.2 Ulam-Hyers-Rassias stability

Theorem 4.2. Suppose that the assumptions (H2)-(H2) are satisfied.
(H3) The function p € C(J,R) is increasing and there 3 Ap > 0, such that, for each x € J we have

Pp(t) < App(x).

Then, the fractional differential equation (1.1) with the boundary condition (1.2) is Ulam-Hyers-Rassias stable with respect
to p.

Proof. letw € C(J,R) be a solution of the inequality (2.3) i.e,

€Dy w(x) — fx,w(x) < ep(x), xe. 2)

If we defined u € C(J,R) the unique solution of the existence (1.1)-(1.2)
When u and w being continuous functions on J. From Lemma 2.14 we obtain

u(x) =Q; + Q3 [U(x) — B(0)] — m /Or ) [5(T) ;

o)
(©)

f(S,u(3))d3

5 e [0() = 0(3)°!
+ /O 0SS u(S)as

we will take the integration of (4.2) and we obtain

_ _ -1

pote) =@+ 03 500~ 50)] - (=T [ 5() PO (5 (3
. o) — -1

+ [ 5@ PR S ()3 < ennp (o).

on the other hand we have

(o)~ )

B _ o-1
_ ’w<x>—gl + 03 [B(x) — B(0)] - w | (@) PO BB 15 3y a3

% [0 = 0(3)P° !
+/0 0(8) = gy /(8 .u(3))as
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[B) - BO)] [T [B) - B(@)!
W) )] = |w(x) ~ @1+ 03[0 ~0(0)] - s /0 O(8) =gy /(3. w(3)as

X X) — 0—1 ) — - -1

* i [00) = B(E)! [BE) =BO)] [T [O(T) ~ TS
- [ O S w@)aS — ran [[U8) S  AG u(®)ds

" ) — -1
+ oo F%()S)] f(&u(S))dS‘

_ -1
<emp + g gl . 0O TG 8 w(®) - A8l
_ -1
+ [ 1@ P 8(8) - 1S () s,
[B(T) - 5(0))° B - B3

w(x) —u(x)| < eApp(x) + ki fw(x) —u(x)| + /Ox U’(s)WIﬂ&W(S)) —f(S,u(3))[dS.

T@+1)

6(0)]

3
Lety = %kl then, we obtain

eApp(x) 1T [ -0 -
o) —ul)| < S+ /0 OO =g M EwE) —f(S.u(@)ds,

_5(0)
EApP(X) (o g () ()
I—=n

w(x) —u(x)] < ;

[w(x) —u(x)| < eCy.

[B(1)-(0)?

Here C), = mlp,i’;,ix)em* NENI hold, this show that the solution of the existence (1.1)-(1.2) is Ulam-Hyers-Rassias
stable
O
5. Examples
Example 5.1. Take the following existence
5 _
DI u() = V2—x u(x)| (5.1)

S 104+e 14 |u(x)]
with the boundary condition

{M(O) =3, 52)
2u(0) +3u(1) = 2. '

where O = %U(x) = vxand f(x,u(x)) = 1\(0%‘-7; lk‘ﬁf()x‘)‘

To prove Banach contraction mapping, let x € J and u,v € R

|fCryr) = f (e u2) | = 35 w1 — uz,




Existence and Uniqueness of Solutions for Nonlinear Fractional Differential Equations with U-Caputo Fractional
Differential Equations — 197/198

o
We need to show that |% |k1| < 1 Then, the result become

V2—x u@)]  v2-x ()|

‘(@M)(X) - (®V(t)| = | 10+e* 1+ |u(_x)| 10+ex 1+ |V(.X)|

|

V2 u(x)] V()|

1o+ex”1+|u( ) 1+\v(x)||’

|(©u)(x) — (Ov(r)| < |

I\FH u(x) —v(x)
(14 [u(x) (1 +v(x))

|(©u)(x) - (© ()|<|f|\() v(x)]-

Thus, the assumption (H2) holds true with k; = i Moreover, we have
2[0(T) - B(0)]°
2@ -sOr, |<f5f> V2 103 < 1.
[@+1) I(3) 11

Finally, all the conditions of Theorem 3.2 are satisfied, thus the B.V.P (5.1)-(5.2) has a unique solution on [0,1].

6. Conclusion

In this paper, we examined the solutions for nonlinear FDEs with boundary conditions using the parameter of U-Caputo
derivative. The Sadovskii fixed point theorem and Banach contraction principle ensure the existence and uniqueness of solutions
to nonlinear problems. Additionally, the stability of Ulam-Hyers and Ulam-Hyers-Rassias solutions for the above issues is
investigated. Finally, we provide an example to show the coherence of the theoretical conclusions. In the future, one can expand
the provided fractional boundary value issue to more FDs, such as the Hilfer-Hadamard FDs and Caputo-Fabrizio FDs.
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This study establishes that the sole positive integer solution to the exponential Diophantine equation (872 + 1)*
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1. Introduction

Let p, g, and r be coprime positive integers greater than 1 and let us consider exponential Diophantine equation

Pt =r

with x,y,z € N. In 1956, Sierpinski demonstrated that by reformulating the Pythagorean theorem with exponential expressions
as variables, the exponential Diophantine equation 3* +4” = 5% has a unique solution, (x,y,z) = (2,2,2) [1]. Subsequently,
JeSmanowicz extended this idea to general Pythagorean triples, proposing that for positive integers a, b, and c satisfying the
exponential Diophantine equation, the only solution remains (2,2,2) [2].

In 1994, Terai extended this framework by considering the equation p* + ¢* = r* for positive integers p,q,r with p,q,r > 2.
He conjectured that while multiple solutions may exist for some triples (p,q,r), only a few specific sets of such triples yield
exceptions [3]. This conjecture has been verified for numerous specific cases, including particular forms of Diophantine
equations

(@ + 1) + (br* — 1) = (cr)*. (1.1)
In this study, the following exponential Diophantine equation equation is examined

(8r2—|—1)x—|—(r2—1)y=(3r)z. (1.2)
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It is important to observe that equation (1.2) serves as a special case of equation (1.1), where the condition a+b = 2 is fulfilled.
This research was initiated based on Terai’s conjecture. Expanding on this conjecture, various specific cases of equation (1.1)
have been examined, resulting in the validation of Terai’s conjecture in these instances.

o [4] (4P +1)P+ (57 —1)1=(3r)
(PHDP+(r* =17 = (), 1+y=2
o [6] (1272 +1)P+(13r2 = 1)4 = (5r)
(xr* +1)P + (yr2 = 1)7 = (zr)' , z|r
o [8] (xrP+1)P4(yr? —1)4 = (zr)", r==41 (mod z)
e [91 (1872 +1)P+(7r* —1)4 = (5r)
e [10] ((x+DP2+1)P+(xr>—1)1 = (zr), 2x+1=2°

o [11] (Bxr2 —1)P 4 (x(x—3)r2 +1)7 = (xr)'

o [12] (47 +1)P+ (212 —1)1 = (5r)

o [13] (5xr? = 1)+ (x(x—5)r? + 1)4 = (xr)!
o [14] (Brr+1)P+(y?—1)1=(zr)

o [15] (42 4+ 1)P + (457> — 1)1 = (Tr)!

o [16] (6r+1)P+(3r* —1)7 = (3r)

o [17] (x(x—Dr*+1)P + (xlr? —=1)7 = (xr)'
o [18] (44r7+1)P+(5r* —1)4 = (Tr)

o [19] (97 +1)P+(16r* —1)4 = (5r)

For the Diophantine equations related to Recurrence sequences see [20], [21] and [22]. The exponential Diophantine equation
(1.2), where r denotes a positive integer, is analyzed, and the following theorem is established.

Theorem 1.1. Let r be a positive integer. The equation (1.2) possesses a single positive integer solution (x,y,z) = (1,1,2) for
anyr>1.

The theorem’s proof relies on two approaches. The initial method, leveraging [23, 24], enables the derivation of additional
potential solutions for the Diophantine equations M? +WN? = ¢X and aM? 4 bN? = ¢* from established solutions, subject to
certain conditions [25, 26]. The second method draws upon an earlier rendition of the Primitive Divisor Theorem attributed to
Zsigmondy [27].

2. Preliminaries

Consider a positive integer W. The notation #(—4W) denotes the class number of positive binary quadratic forms with
discriminant —4W.

Lemma 2.1. (/28], Theorems 11.4.3, 12.10.1 and 12.14.3])
4
h(—4W) < E\/Wlog(Ze\/W).

Let W,Wy,W,,q be positive integers such that min{W, W, Wr} > 1, gcd(W;,W>) = 1,
2 Jq and gcd(W,q) = gcd(Wy,Wa,q) = 1.
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Lemma 2.2. [23] Given fixed relatively prime positive integers W and g, with W > 1 and q being an odd integer, the equation
is considered

M> +WN* = ¥,

where M,N,K€ Z, K > 0 and gcd(M,N) = 1, has solutions (M,N,K) then any solution to the aforementioned equation can be
represented as follows

M-+NV-W =M\ (M] 4+ N1V —VV)t7 K=Kt M,hhe {:El}
M,,Ny,K; are positive integers satisfying M} + WN? =gk, gcd(Mi,N) =1 and h(—4W)=0 (mod K;) .

Lemma 2.3. [23] Consider relatively prime positive integers Wy and W, both greater than 1. Let (M,N,K) denote a fixed
solution of the equation

WiM? +WaN? = ¢X. .1
Given that K > 0, gcd(M,N) = 1,24 ¢ and M,N,K € Z, there also exists a unique positive integer s such that
s=WiaM+W,N, 0<t<yqg

where « and f are integers such that BM — aN = 1 [[23], Lemma 1]. The positive integer s is referred to as the characteristic
number of the specific solution (M,N,K) and is denoted by < M,N,K >. When < M,N,K >=s, it implies that WM = —sN
(mod ¢q) [[23], Lemma 6]. Let (M, Ny, Ko) be a solution to (2.1) with < My, No, Ky >= so. Therefore, the set of all solutions
(M,N,K) with < M,N,K >= +s¢ (mod g) is termed a solution class of (2.1), expressed as S(sg).

Lemma 2.4. [23] For each solution class S(so) of (2.1), a unique solution exists (M;,N1,K1) € S(so) such that My and N;
are positive, and K| > K for all solutions (M,N,K) € S(so), where K spans all possible solutions. This particular solution
(My,N1,K)) is referred to as the least solution of S(so). If (M,N,K) is a solution in the set S(so) then

K=K, 24t, t€ N,

My/Wi +NVWa = & (Miv/ Wi + oNivy/—Wa)' A, € {1, -1},
Lemma 2.5. [24] Let (My,N1,K}) be the least solution of S(so). If (2.1) has a solution (M,N,K) € S(so) satisfying M >0
and N = 1, then Ny = 1. Additionally, if (M,K) # (M1,K)), in that case, at least one of the following conditions is satisfied
(i) WM} = 3(g" £1),  Wi=3(345 1)
(M,K) = (MW, M} —3W,|,3K,)
(ii) WK} = {Fsay3e, Wo = 1L3a, ¢5' = Faaye
(M,K) = (M |WEM} — 10W,WaM? + 5W2|, 5K;)

where a is a positive integer, € € {1,—1}, and F, is the n-th Fibonacci number in which each number is the sum of the two
preceding ones.

Let vy and 0 be algebraic integers. A Lucas pair refers to a pair (y,0) such that Y+ 60 and y6 are non-zero relatively prime
integers, and % is not a root of unity. For any given pair (y,0) forming a Lucas pair, the resulting sequences of Lucas numbers
are given by

76"
v—0

Ln(Y79): ) n:07]"27"'

It’s worth noting that primitive divisors of L, (v, 8) are prime numbers p for which p|L,(y,0) and pt(y,0)?L,(Y,8)...L,_1(7,0).
For any Lucas sequence L, (Y, 0) determined by a finite set of parameters (n,v,0), if n > 5 and n # 6, it is guaranteed that the
sequence has always a primitive divisor.
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Lemma 2.6. [25] Ifn > 30, then L, (7, 0) is guaranteed to have a primitive divisor.

Lemma 2.7. [26] For 4 < n < 30 and n # 6, aside from equivalence, L,(Y,0) contains a primitive divisor, except for the
Jollowing pairs of parameters (k,l):

o (1,—15),(1,—11),(1,-7),(1,5),(2,—40),(12,-76) or (12,—1364)

e (1,=19)or (1,-7)if n=1,

e (1,=7)or(2,-24)if n=38§,

(2,-8),(5,—47) or (5,=3) if n= 10,

o (1,—19),(1,—15),(1,—11),(1,=7),(1,=5) or (2,—-56) if n = 12,

(1,=7) if n=13,18 or 30.
where (1,0) = (B VD)

Lemma 2.8. [9] If a,b,c and r > 1 are positive integers satisfying a+b = c?, and (x,y,z) > 0 is a solution to the exponential
Diophantine equation

(ar* + 1)+ (br? — 1)) = (cr)?,

where x is the larger of the two values {x,y}, In this case, the following inequalities are satisfied

()

— < z<2x.
log(cr) rers s

On the other hand, if y is the larger value, then

2,2
log (bcrLl )

log(cr)

y<z< 2y

In particular, when M = max{x,y} > 1, it follows that

1 <
¢ wiar 7
- M <z<2M.
log(cr)

This offers a more precise description of the range of z based on M and the specified parameters.
Proposition 2.9. [27] Consider C and D be relatively prime integers with C > D > 1. Let {a, },>1 be the sequence defined as
a,=C"'"+D".

Ifn > 1, then a, has a prime factor not dividing ayazas - - - a,—1, whenever (C,D,n) # (2,3, 1).
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3. Proof of Theorem 1.1

3.1 The case 2|r
This section demonstrates that Theorem 1.1 is valid under the condition 2 | r.

Lemma 3.1. If2|r, then (x,y,z) = (1,1,2) constitutes the sole positive integer solution of the equation (1.2).

Proof. For z <2, it is evident that (x,y,z) = (1,1,2) is the unique solution to equation (1.2). Thus, the assumption z > 3 is
made. Considering equation (1.2) modulo 72, the relation 1 +(—1)* =0 (mod r?) holds, implying that y must be odd, given
that 2 > 2. Further, reducing equation (1.2) modulo 3, the following is obtained

14+8%x+(=1)4+2y=0 (mod 1),

8x+y=0 (mod r),

which results in a contradiction, since y is odd and r is even. Therefore, it is concluded that equation (1.2) has no positive
integer solutions for z > 3. Consequently, the only positive integer solution to equation (1.2) when r is even is (1,1,2). The
case where r is odd will now be considered. O

3.2 The case 21rwhere r=0 (mod 3)
This section demonstrates that Theorem 1.1 is valid under the condition 2 1 r where r =0 (mod 3).

Proof. Let (x,y,7) be any solution to equation (1.2). It is clear that (x,y,z) = (1,1,2) constitutes a solution of (1.2). For r > 1,
examining equation (1.2) modulo 2, it can be concluded, similar to the earlier scenario, that y must be odd. The investigation
then continues by splitting into two cases depending on the parity of x. First, let us assume x is odd. Next, the focus turns to the
Diophantine equation

82+ 1)M*+(r* —1)N>=(3r), K>0 and M,N,K € Z. (3.1

Since (x,y,z) represents any solution of equation (1.2), it follows from Lemma 2.3 that
(M,N,K) = ((8r2+1)%,(r2— 1)%@) (3.2)

is a solution of equation (3.1). Let s = (8% + 1)% (r* — 1)>T, ) be the characteristic number corresponding to the solution
given in (3.2). From the congruence

1
2

82+1)F = —s(2—1)'T  (mod 3r),

it follows that s = +1 (mod 3r).
It is noteworthy that (M;,N;,K;) = (1,1,2) also satisfies equation (3.1), and let so = (1,1,2) denote the characteristic
number of this solution. Hence, the following holds

82 +1=—sy (mod 3r) (3.3)

so=-—1 (mod 3r)

Thus, it is observed by the equation (3.3) s = 59 (mod 3r), indicating that the solutions (M;,N;,K;) = (1,1,2) and the one
given in (3.2) belong to the same solution class S(so) of equation (3.1). Furthermore, (M,N,K) = (1,1,2) is clearly the least
solution within S(so). Therefore, applying Lemma 2.4, it follows that

7=2t, 21t, t€ N,

B2+ 1) T Ve 1+ (P = 1) T VI-r2 =1 (\/8r2+1+7@\/1—r2)t. (3.4)

By expanding the right-hand side of equation (3.4) and equating the coefficients of /1 — r2, the following result is obtained

F-1)7 =i ) (21_1 1)(8r2+ )7 (2 1) (3.5)
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At this point, it is asserted that y = 1. Suppose y > 1. From equation (3.5), it can be deduced that
0=Adat- (877 + 1)% (mod (r* —1))

0=2AAt-97  (mod (> —1)).

This leads to a contradiction, as 217 - 97" and 2 | (> —1). Therefore, it is concluded that y = 1, and consequently N =

(r* — 1)% = 1. The two conditions in Lemma 2.5 will now be verified. Given that (M;,N;,K;) = (1,1,2) represents the
smallest solution of S(sp), Lemma 2.5 implies that either

1
8 +1= Z((3r)2j:1)

or

Fare = (31‘)2

where € = +£1. The first equation leads to

4877 +1) = (3% £1),

resulting in 4 = 1 (mod r?), which is not possible. Moreover, since the only square Fibonacci number greater than 1 is
Fiy = 122 [29], the second condition implies 37 = 12, which is also impossible due to the parity of r. Consequently, by Lemma

2.5, it follows that (M,K) = ((8r> + l)% ,2) = (M1,K;) = (1,2). Thus, equation (1.2) has no positive integer solutions other
than (x,y,z) = (1,1,2) when x is odd.
Next, the case when 2|x is considered. From equation (1.2), the Diophantine equation
M*+ (P —1)N?> = (3r)X, ged(M,N)=1, K>0,
admits the solution
(MN.K) = (82 + D)3, (2= 1)" z2).
Hence, by Lemma 2.2, it is concluded that

z=Kjt, teN

82+ 1) + (2= 1)"T V1= 12 = (M + IoN /1= 12 (3.6)

where A1 € {—1,1} and M;, N, K are positive integers satisfying

M+ (r* = )N} = (3r)51, ged(My,Ny) = 1 (3.7)

h(—4(r*—1))=0 (mod K;). (3.8)
Suppose that 2|¢ and let

My+Nov/1— 12 = (M + oN1 V1 — 1) 2. (3.9)

By taking the norm of both sides of equation (3.8) in the field Q(v/1 — r2) and applying equation (3.7), the following result is
obtained

M+ (P— )N} =(3n)F = (3n)3. (3.10)
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By substituting equation (3.9) into equation (3.6), the result is obtained as follows

82+ DF +(? = 1)'T V12 = L (My+ N/ 1 12)

and therefore it follows that

(82 +1)3 = 4 (M5 — N3 (> — 1)), (3.11)

(P —1)"7 = 2L MaNs. (3.12)

Since ged(8r%+ 1,72 — 1) = L, it follows from equations (3.11) and (3.12) that |[M>| = 1. Thus, [N>| = 1 (2 — 1)z, Substituting
|M5| and |N,| into equation (3.10), the result is

1+ %(r2 —1) = (3r)}
which leads to
3=0 (mod r?).
This presents a contradiction, leading to the conclusion that 2 t ¢. Define

Y=M;+N \/1—7‘2, 9=M|—N1\/1—r2.

By taking the complex conjugate of equation (3.6), the following relation is obtained

iy
y—0

y—1

(=17 =N

=MN|L(7,0)]- (3.13)

By equation (3.7), it holds that Y+ 6 = 2M;, y— 6 = 2N;V/1 —r2, and y8 = (3r)X1. Since ged(M;,N;) = 1, the integers
Y+ 0 =2M; and Y0 = (3r)K1 are also relatively prime, as implied by equation (3.7), and % # +1, with y and 0 being units in
the ring of algebraic integers of Q(v/1 — r2). Consequently, L, (7, 6) forms a Lucas sequence.

From equation (3.13), it is evident that the Lucas numbers L;(7, 8) lack primitive divisors. By applying Lemma 2.6 and
Lemma 2.7, it is concluded that t < 30. Furthermore, if 4 < t < 30 and ¢ # 6, the parameters (k,/) = (2M;,4N7 (1 —r?)) must
match one of the parameter sets listed in Lemma 2.7. However, none of these sets align with the given parameters. Therefore, it
follows that r < 3.

The case t = 3 will be shown to be impossible. Assuming ¢ = 3, the right-hand side of equation (3.6) is expanded, and by
equating the coefficients on both sides, it is determined that

(82 +1)2 = LM, (M} —3(r* —1)N}) (3.14)

(P = 1)'T = M AN (3M2 — (2 — D)N?). (3.15)

From equation (3.7), it is evident that ged(3M,, 7> — 1) = 1. Thus, from equation (3.15), the relation 3M? — (r> — 1)N? = +1
holds. In fact, upon considering this equation modulo 3, it can be observed that only the positive sign is feasible, and the
following equation is obtained

3M7 — (r* —1)N} = 1. (3.16)
Thus, it follows that

Ni| = (P —1)' (.17)
By substituting equation (3.17) into equation (3.14), the following result is obtained

(82 +1)2 = A M (M? —3(r2 —1)) (3.18)
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By considering equations (3.16) and (3.17) modulo 3r, it follows that 3M12 —(r* = 1)’ =0 (mod 3r), which implies M| = 1
(mod r). Substituting this result into equation (3.18) yields

(82 4+1)2 = MMy (M? —3(r* — 1))
leading to
1=0 (mod r)

which is evidently a contradiction. Therefore, the only possibility remaining is # = 1. Consequently, z = Wt = K|, and
according to equation (3.8), it is established that K; < —4(r> — 1). Utilizing the upper bound provided by Lemma 2.1, the
following result is obtained

4
< ;\/rz—llog (2ev/ 12 —1). (3.19)

Assume z = 3. In this case, at least one of x or y must be greater than 1. If x > 2, it follows that (3r)3 > (8/> +1)* > (8/2 +1)% >
8274, leading to 3% > 82r, which implies 64 > 27, resulting in a contradiction. Similarly, if (37)3 > (> —1)? + (872 4- 1), this
also results in a contradiction. Thus, it can be concluded that z > 4. Examining equation (1.2) modulo 7* leads to

(87 +1)+ (> -1’ =0 (mod r*)

and hence

8x+y=0 (mod r?)

2 < 8x+y. (3.20)

The application of the logarithm function facilitates the straightforward derivation of the inequalities x < z and y < 1.06z.
Consequently, from inequality (3.20), it follows that 72 < 9.06z. Therefore, from the derived inequality

4
r? <9.06z < 9.06 - ;\/rz —1log(2e\/r2 —1),

it can be concluded that r < 63. Furthermore, by consulting Lemma 2.8, the following upper bounds for x and y can be

established
log(g) 10g(9)
1.94 2-— 8 2— 8 <2 3.21
x<< log(9) x < Tog(37) x<z<2x ( )
10r2—10 9r2
log(10) log (125512) tog (27;)
095y < (2— 2——~ " Zly<|2- <7< 2y, 3.22
! ( 10g<9)) og®) | log3r) |7 <= 622

Based on equations (3.21) and (3.22), it can be concluded that equation (1.2) has no solutions in positive integers for z < 6.

Assuming z > 6, the analysis of equation (1.2) proceeds by considering it modulo 74, r, and 8.

1. Modulo 7*: By considering equation (1.2) modulo 4, the following congruence is obtained

8°x+r’y=0 (mod r).
In other words,
8x+y=0 (mod r?). (3.23)
2. Modulo 7°: Taking equation (1.2) modulo 7%, the following congruence is obtained

—1 —1
8rx + 82;'4)67()62 ) —|—r2y—r4yi(y2 ) =0 (mod r®).
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Simplifying,

(x—1) 2 y(y—1)

8x+82r2xT+y7r =0 (mod ). (3.24)

3. Modulo 7®: Finally, taking equation (1.2) modulo 78, the following congruence is obtained

8r2x+82r4x(x7271)+83rﬁw
Ly 0D b= D0=2) (mod r%).
2 6
Simplifying,
8x + 82r2x(x_ D +83r4x(x— D=2)
(2 ) ( 1)6( ) (3.25)
fy— A LAY ) =0 (mod r°).

2 6

In summary, equations (3.23), (3.24), and (3.25) represent the congruence conditions derived from equation (1.2) modulo
,r*, and r°, respectively. Utilizing equation (3.19) alongside the conditions x,y < z, and the congruences (3.23), (3.24), and
(3.25), a brief computer program was developed using Maple to investigate all potential solutions of equation (1.2) within the
range 3 < r < 63. The results show that there are no positive integer solutions (r,x,y,z) to equation (1.2) when z > 3. This
concludes the proof. O

r2

3.3 The case r{2 where r=+1 (mod 3)
This section demonstrates that Theorem 1.1 is valid under the condition r {2 where r = +1 (mod 3).

Lemma 3.2. [f r is a positive odd integer such that r = £1 (mod 3), then equation (1.2) admits sole the positive integer
solution (x,y,z) = (1,1,2).

Proof. Let k; and k; be positive integers, and consider the case where » = =1 (mod 3). In this context, equation (1.2) can be
reformulated as follows

8r2 +1=3k4, (877 +1)* = 3k174" (3.26)

P—1=32B (P -1y =32p (3.27)
where A,B # 0 (mod 3). Then the equation (1.2) becomes

3hixrgx g 3k gy — (3)7, (3.28)
Firstly, let’s consider kjx > k»y, then equation (3.28) can be written as

hay 3k gx gy = 377
this implies that

koy =2z (3.29)
then equation (1.2) becomes

(82 +1)7 = ((3r)2)’ — (P —1)".
Apply Proposition 2.9 , y = 1 is found. When y = 1 equation (3.27) turns into,

(P =1y =3kvp =3kp (3.30)
And substituting (3.29) into (3.30) withy =1

P’ =3B+1. (33D



On the Diophantine Equation (8- + 1)* + (> — 1)* = (3r)? Regarding Terai’s Conjecture — 208/211

If z <2, then (x,y,z) = (1,1,2) is evidently the sole solution of equation (1.2). Therefore, let’s assume z = 3. Equation
(1.2) becomes (87 +1)*+r> —1 = (3r)>. x > 2 gives (3r)* > (87> +1)* > (8> +1)?> > 82r*, and hence 33 > 82r > 64,
a contradiction. Also it seen that y = 1 and x = 1, the equation (1.2) turns into 872 + 1+ r> — 1 = (3r)* also leads us a
contradiction under the condition r = &1 (mod 3). Now, consider the scenario in which z > 4. Upon taking equation (1.2)
modulo 7*, it becomes evident that y = 1 as a result of Proposition 2.9 [27]. Consequently, the following congruence is
established.
8°x+r*=0 (mod r).
This implies that

8x+1=0 (mod r?)

r* < 8x+1. (3.32)
Substituting (3.31) into inequality (3.32), the following inequality is obtained.

3°B < 8x. (3.33)
Also x is bounded as x < z. So (3.33) turns into (3.34)

3*B<8x< 8z

3*B < 8z. (3.34)
Consequently, it is evident that no positive integer z can satisfy the condition z > 4. Similarly, upon conducting a comparable

analysis in the context where kyy > kix, it becomes clear that no positive integer z can satisfy z > 3.

Finally, consider the scenario where kjx = kyy. By summing equations (3.26) and (3.27), the following relation is
established.

9r? =3kA 4 30B. (3.35)
An examination of this equation will proceed based on the various cases concerning the positive integers k; and k.

331 kk=2andk, >3

In the scenario where k; = 2, it is evident that k; must be even, given that y is odd. From equation (3.35), the following
relationship can be established

2x = kpy.

This implies the existence of a positive integer k3 such that 2k3 = k,. Substituting this into the aforementioned equation
yields x = k3y. Consequently, equation (1.2) can be expressed as

(87 4+ 18P + (7 = 1) = (3r)%.

Applying Proposition 2.9, it follows that y = 1. Therefore, it is concluded that no solutions exist for x > 2.
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332 k>3and k=2
It can be expressed that

ki y

k  x
where kjx = kpy.Notably, since ged(x,y) = 1, if there exists an odd prime p > 1 such that p | x and p | y, then, by

Zsigmondy’s Theorem, no solutions for x and y would exist. As a result, it follows that x = 2 and k, = 2, with y being an odd
integer. Consequently, one can derive

y=k1 >3 and x=ky =2.

Thus, equation (3.28) transforms into

34TAY 4 3B = (3r).

This further simplifies to:

3V(A*+BY) = (3r)%.

If 31 (A% +B), it follows that 2y = z. Hence, equation (1.2) can be rewritten as

(82 + 1) = ((3r)?) = (P = 1)
Applying Zsigmondy’s Proposition, it is concluded that y = 1, which leads to a contradiction. Thus, it can be stated that no
positive integer solutions exist for x and y, and therefore, z < 2.
Assuming 3 | (A2 + BY), equations (3.26) and (3.27) can be expressed as

r?—1=3R2B=9B,

82 +1=3NA.

Adding these two equations results in

92 =34 4 9B,

Taking the equation modulo 3, it follows that

1=B (mod 3).

Consequently, it becomes evident that no positive integer A can satisfy the condition
3| (A? 4 B). This concludes the proof. O

4. Conclusion

This study investigates equation (1.1) with the parameters (a,b,c) = (8, 1,3), identifying the unique solution (x,y,z) =
(1,1,2) for r > 1. The findings provide additional evidence supporting Terai’s Conjecture. The objective is to advance the
understanding of such equations and contribute to the development of a generalized form.



On the Diophantine Equation (8- +1)* + (> — 1)* = (3r)? Regarding Terai’s Conjecture — 210/211

Article Information

Acknowledgements: The authors would like to express their sincere thanks to the editor and the anonymous reviewers for

their helpful comments and suggestions.

Author’s contributions: All authors contributed equally to the writing of this paper. All authors read and approved the

final manuscript.

Conflict of Interest Disclosure: No potential conflict of interest was declared by the authors.

Copyright Statement: Authors own the copyright of their work published in the journal and their work is published under

the CC BY-NC 4.0 license.

Supporting/Supporting Organizations: No grants were received from any public, private or non-profit organizations for

this research.

Ethical Approval and Participant Consent: It is declared that during the preparation process of this study, scientific and

ethical principles were followed and all the studies benefited from are stated in the bibliography.

(11
[2]
[3]
(4]
[51
(6]

[71
[8]
91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

Plagiarism Statement: This article was scanned by the plagiarism program.

References
W. Sierpinski, On the equation 3* 4+ 4" = 5%, Wiad. Mat.,1 (1956), 194-195.
L. Jesmanowicz, Several remarks on Pythagorean numbers, Wiad. Mat., 1(2) (1955), 196-202.
N. Terai, The Diophantine equation a* + b” = ¢, Proc. Japan Acad. Ser. A Math. Sci., 70 (1994), 22-26.
N. Terai, T. Hibino, On the exponential Diophantine equation, Int. J. Algebra, 6(23) (2012), 1135-1146.
T. Miyazaki, N. Terai, On the exponential Diophantine equation, Bull. Aust. Math. Soc., 90(1) (2014), 9-19.

N. Terai, T. Hibino, On the exponential Diophantine equation (12m* +1)* + (13m> — 1)’ = (5m)?, Int. J. Algebra, 9(6)
(2015), 261-272.

R. Fu, H. Yang, On the exponential Diophantine equation, Period. Math. Hungar., 75(2) (2017), 143—-149.
X. Pan, A note on the exponential Diophantine equation, Colloq. Math., 149 (2017), 265-273.

M. Alan, On the exponential Diophantine equation (18m* + 1)* + (7m* — 1)* = (5m)?, Turkish J. Math., 42(4) (2018),
1990-1999.

E. Kizildere, T. Miyazaki, G. Soydan, On the Diophantine equation ((c+1)m* 4+ 1)* + (cm?® —1)¥ = (am)?, Turkish J.
Math., 42,(5) (2018), 2690-2698.

N.J. Deng, D.Y. Wu, P.Z. Yuan, The exponential Diophantine equation (3am® —1)* + (a(a — 3)m?> +1)* = (am)?, Turkish
J. Math., 43(5) (2019), 2561 — 2567.

N. Terai, On the exponential Diophantine equation, Ann. Math. Inform., 52 (2020), 243-253.

E. Kizildere, G. Soydan, On the Diophantine equation (5pn* —1)*+ (p(p —5)n* +1)¥ = (pn)?, Honam Math. J., 42
(2020), 139-150.

N. Terai, Y. Shinsho, On the exponential Diophantine equation (3m* 4+ 1)* + (gm® —1)¥ = (rm)?, SUT J. Math., 56 (2020)
147-158.

N. Terai,Y. Shinsho, On the exponential Diophantine equation (4m> +1)* + (45m* — 1)’ = (7m)?, Int. J. Algebra, 15(4)
(2021), 233-241.

M. Alan, R.G. Biratli, On the exponential Diophantine equation (6m*+1)* 4 (3m*> — 1)Y = (3m)?, Fundam. J. Math. Appl.,
5(3) (2022), 174-180.

S. Fei, J. Luo, A Note on the Exponential Diophantine Equation (rlm?> — 1)* + (r(r — [)m? + 1) = (rm)?, Bull. Braz. Math.
Soc. (N.S.), 53 (2022), 1499-1517.

E. Hasanalizade, A note on the exponential Diophantine equation (44m+ 1)* + (5m — 1)¥ = (7Tm)?, Integers, 23 (2023), 1.

T. Cokoksen, M. Alan, On the Diophantine equation (9d> +1)* + (16d> —1)* = (5d)* Regarding Terai’s Conjecture, J.
New Theory, 47 (2024), 72-84.



On the Diophantine Equation (8- + 1)* + (> — 1)* = (3r)? Regarding Terai’s Conjecture — 211/211

(201 A Cagman, Repdigits as sums of three Half-companion Pell numbers, Miskolc Math. Notes, 24(2) (2023), 687-697.

211 A, Cagman, K. Polat, On a Diophantine equation related to the difference of two Pell numbers, Contrib. Math., 3 (2021),
37-42.

A. Cagman, Explicit Solutions of Powers of Three as Sums of Three Pell Numbers Based on Baker’s Type Inequalities, TJI,
5(1) (2021), 93-103.

231 M. Le, Some exponential Diophantine equations. I. The equation d % — d2y2 = AKk%, J. Number Theory, 55 (1995), 209-221.
[24]

[22]

Y. Bugeaud, T. Shorey, On the number of solutions of the generalized Ramanujan-Nagell equation, J. Reine Angew. Math.,
539 (2001), 55-74.

Y. Bilu, G. Hanrot, P. M. Voutier, Existence of primitive divisors of Lucas and Lehmer numbers, J. Reine Angew. Math.,
539 (2001), 75-122.

[26] p M. Voutier, Primitive divisors of Lucas and Lehmer sequences, Math. Comp., 64 (1995), 869-888.
271 g, Zsigmondy, Zur Theorie der Potenzreste, Monatsh. Math., 3 (1892), 265-284.

(28] . K. Hua, Introduction to Number Theory, Science Publishing Co, (1957).

(291 J. H. E. Cohn, Square Fibonacci numbers, J. Lond. Math. Soc. (2), (1964), 109-113.

[25]



Communications in Advanced Mathematical Sciences
Vol. 7, No. 4, 212-219, 2024

Research Article

e-ISSN: 2651-4001
https://doi.org/10.33434/cams.1514658

On Some New Rhaly Sequence Spaces and Rhaly
Sections in BK-Space
Abdulaziz Das', Bilal Altay?*

Abstract
In this paper, we introduce some new sequence spaces and sectional subspaces related to the Rhaly matrix and
BK spaces. Furthermore, we investigate their relations and identities among these subspaces and duals.

Keywords: AK-space, Distinguished subspaces, Matrix domain, Rhaly matrix, rK-space
2010 AMS: 46A45, 40A05, 40C05

1. Background, Preliminaries and Notations

Let w be the linear space of all complex or real valued sequences with the topology 7, of coordinatwise convergence. A
linear subspace of w is called a sequence space. A sequence space A with a locally convex topology 7 is a K-space if the
inclusion map: (4,7) — (w, T,) is continuous. If 7 is complete metrizable and locally convex, (4, 7) is called FK-space. An
FK-space whose topology is normable is called a BK-space. The basic properties of FK(BK-)-spaces may be found in [1, 2].

By Y, ¢, cg and £,,, we denote the spaces of all bounded, convergent, null and absolutely p-summable complex sequences,
respectively, where 1 < p < eo. The spaces /.., ¢ and co are BK-space endowed with the sup norm |[|x||ec = sup;cy [x¢|, and ¢,
(1 < p < ) is a BK-space with the norm |||, = (¥, |xk|P)1/p, where N={0,1,2,3,...}.

Let X and Y be two sequence spaces, and A = (a,;) be an infinite matrix of complex numbers a,, where k,n € N. Then,
we say that A defines a matrix transformation from X into Y and we denote it by writing A : X — Y, if for every sequence
x = (x¢) € X the A-transform Ax = {(Ax),} of xis in ¥, where

(Ax), = Z ax; foreach neN. (1.1)
k=0

By (X :Y), we denote the class of all matrices A such that A : X — Y. Thus, A € (X : Y) if and only if the series on the right
side of (1.1) converges for each n € N and every x € X, and we have Ax € Y for all x € X. Also, we write A, = (@ )xen for the
sequence in the n'" row of A.

The domain X, of an infinite matrix A in a sequence space X is defined by

Xpi={x=(x) ew:Axe X} (1.2)
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which is a sequence space. Depending on the choice of the matrix A, X4 may include or be included by the original space
X. Indeed if we choose A = A, the backward difference matrix, then cy O ¢ (bv = (£1)s D ¢1) but in the case A = A~! = §,
the summation matrix, cg = ¢s C ¢ (bs = (fwo)s C fw), Where both of two inclusions are strict. However, if we define
X = co @ span{z} with z = {(—1)¥}, i.e., x € X if and only if x = s + &z for some s € ¢y and some o € C, and consider
the matrix A with the rows A, defined by A, = (—1)"¢" for all n € N, we have Ae = z € X but Az = e ¢ X which gives that
7€ X\ X4 and e € X4 \ X where ¢ is a sequence whose only nonzero term is 1 in k' place for each k € N. That is to say that
the sequence spaces X4 and X are overlap but neither contains the other. In the literature, there are many studies on the matrix
domain, see for instance [3]-[19].

The continuous dual of a normed space X is defined as the space of all bounded linear functionals on X and denoted by X'.
If A is triangle, that is @, = 0 if k > n and a,,, # 0, and X is a sequence space, then f € X, if and only if f = goA, g€ X'.

Let (X, P) be a locally convex space. A set S C X is called fundamental if the span of S is dense in X. The useful results
concerning with the fundamental set which are applications of Hahn-Banach Theorem as follows:

Corollary 1.1. (i) S C X is fundamental if and only if f(S) = 0 implies f = 0 for each f € X'.
(ii) Let S| and Sy be non-empty subsets of X. The inclusion S1 C span{S,} holds if and only if f(S2) = 0 implies f(S1) =0 for
each f € X'.
For the sequence spaces X,Y and Z, the multiplier space XY (or M(X,Y)) is defined by
XY ={a= () ew:VxeX,x-a= (qa) €Y},

and X¥Z = (X¥)%. The B-, y- and f-duals X#, X7 and X7 of a sequence space X are defined by

n
xB = X“:{a:(ak)ew:<2akxk> Gcforallx:(xk)EX},
k=0 neN
XY = xb— {a: (ap) ew: (Zakxk> € Lo, for all x = (xy) EX}7
k=0 neN
and
x/ = {a =(a)ew:3feX a= (f(ek))}
respectively.

Lemma 1.2. [2] Let X be an FK space containing ¢ = span{ek }, and let Y and Z any sequence spaces. Then, the following
assertions hold.

(i)If¢ CY C Zthen ¢ C X' C X7,

(ii) if X CY then X* D Y% and X! > v/

(iii) X ¢ XYY

(lV) XY — XYYY

(v)XP cX¥c x/

(vi) X! = (9)f

Zeller in [20] introduced the theory of FK-spaces and investigated the properties of sectional convergence in [21]. Sectional
boundedness in BK-spaces was studied by Sargent [22]. Given a BK-space X O ¢, we denote the n'" section of a sequence
x€X byl =¥ xe¥, and we say that x has

AK-property when lim,, ... ||x —x"l||x =0,
AB-property when sup,,. [[x"||x < oo,
AD-property when x € ¢ (closure of ¢ C X),
SAK-property when lim, .. |f(x) — f(xI"))| = 0 for all f € X',
FAK-property when (f(x") € ¢ forall f € X'.

If one of these properties holds for every x € X, then we say that the space X has that property. It is trivial that AK implies AB
and AD. For example, the spaces co, cs and £, are AK and c, bs and £, are AB but not AD-spaces, where 1 < p < oo,

The distinguished subsets of summability domains and arbitrary FK spaces have been studied by Wilansky [2], Bennett
[23], and several others [24]-[38].
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We denote by 4l the set of all real sequences u = (1) such that u; # 0 for all k € N. For a sequence u = (u;) € 4, the Rhaly
(or Terraced) matrix R, = (r,(u)) is defined by

u, , k<n
=10 k>n

for all n,k € N.

For the special case u, = nlﬁ for all n € N, the Rhaly matrix R, reduces to the Cesaro matrix of order 1. For more details
on this topic, see [39, 40].

In this paper, we introduce the new sequence spaces co(Ry),c(R,) and £w(R,,), which are the domains of the Rhaly matrix
R, in the spaces ¢y, ¢, and /., respectively, and study some of their properties. We also define sectional subspaces related to the
Rhaly matrix in an FK space and investigate their relationships, identities and duals.

2. The Sequence Spaces c(R,), c¢(R,) and /(R),)

In the present section, we introduce the sequence spaces c¢o(Ry,), ¢(R,)) and £ (R,) as the domain of the matrix R, in the
classical sequence spaces ¢y, ¢ and /.., respectively and examine some properties of these spaces.
Throughout the study, y = (y,) will be the R,-transform of a sequence x = (x;); that is,

n
Yo = (RuX)n =t y_ Xk 2.1
k=0
for all n € N. Since the matrix R, is a triangle, it has an inverse. Multiplying the equality (2.1) with 1/u,, we have
1 n
—y=Y % 22)
Un k=0

for all n € N. Therefore, by using the relation (2.2) we see that
1 1
Xn = ;yn - Yn-1 (2.3)

n Up—1

holds for all n € N, where y_; = 0.
Now, by the equation (2.3) we have the following lemma:

Lemma 2.1. The matrix R, is invertible and its inverse (R,)~' = (r,;! (u)) defined for all k,n € N by
(1) h— n—1<k<n,
0 , 0<k<n—1 or k>n.

Let us introduce the sequence spaces co(Ry,), c(R,) and {(Ry) as the set of all sequences whose R,-transforms are in the
classical spaces cg, ¢ and /.., respectively; that is

n
co(Ry) = {x: (xx) Ew: ,}i_‘,?o””];]xk :O},
n
c(Ry) = X:(Xk)€W33a€(C9r}1_I>Ioloun]§6Xk:a ,
n
lo(Ry) = Sx=(xx) Ew:supluy Y x| <oop.
neN k=0

With the notation of (1.2), the spaces co(R,), ¢(R,) and 4w (R,) can be redefined, as follows:
co(Ru) = (co)r,s  ¢(Ru) = (c)r, and Le(Ry) = (L), -

It is known from [1]-[3] and [5, 16] that if T is a triangle, then the domain X7 of T in a normed sequence space X is normed
with ||x||x, = ||Tx||x, and is linearly norm isomorphic to X and Xr has a basis if and only if X has a basis.
As a direct consequence of these facts, we have:
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Corollary 2.2. Let Z € {co,¢,lw}. Then, the following statements hold:

(a) The space Z(R,) is a BK-space endowed with the norm

n
Uy .

||XHZ(RM) = sup X

neN

k=0

(b) The spaces Z(R,) is linearly norm isomorphic to the space Z.
Corollary 2.3. Define the sequence b*) (u) = (bﬁ,"> (M))nGN by

1
_1\n—k___ <n<
bﬁf”(u):: (-1) W k<n<k+1

0 , n<korn>k+1
for all k,n € N. Then, the following statements hold:

(a) The sequence b (u) is a basis for the spaces co(R,,) and every sequence x € co(R,) has a unique representation of the

form x = Y50 (Rux)b™ (u).

(b) The set {é, p®) (u)} is a basis for the space c(Ry) and every sequence x € c(R,) has a unique representation of the form

1 1
x =18+ Y5 o [(Rix)e — 1]6W (u), where & = (— — ——) for all k € N and (Ryx) — 1, as k — oo.

U U1
(c) The space lw(R,) does not have a basis.
Since the inclusions ¢y C ¢ C £ hold strictly, we have:
Theorem 2.4. The inclusions co(R,) C ¢(Ry) C w(Ry) hold strictly.

Lemma 2.5. Let X and Y be sequence spaces, and let A and B be triangle matrices. Then, the inclusion X4 C Yp holds if and
only if the matrix BA~" belongs to (X,Y).

Proof. Suppose that X4 C Yp. Then, every ¢t € Xy is in Y. By the definitions Y and X4, we have Bt € Y and x = At € X. Since
A is a triangle matrix, it is invertible. From the equality x = A, we can obtain r = A~ 'x. Hence, for each x € X the sequence
BA~!xisin Y. This shows that BA~!' € (X,Y).

Conversely,suppose that BA™! € (X,Y). Take any sequence ¢ € X4. By the definition of X4, we have At € X. Since
BA le (X,Y), for At € X, we have BA~! (At) € Y, and thus Bt € Y. Therefore, ¢ € Y. This shows that the inclusion X4 C Y3
holds. O

By using matrix transformations and Lemma 2.5, we can easily prove that:

Theorem 2.6. The following assertions hold.

(a) If (kuy) € o then co C co(Ry) and Le C Les(Ry,) strictly holds.

(b) If (kuy) € c then ¢ C ¢(Ry) strictly holds.
(

(c) If (kug) € co then bw C co(R,) holds.
(d) If(i - ukil ) € Lo then the inclusion cy(Ry,) C co and leo(Ry) C Lo hold.
(e) If(u—lk - ukl,l ) € ¢ then the inclusion ¢(R,,) C ¢ holds.

We shall begin with quoting the lemma due to Stieglitz and Tietz [41] which is needed in proving Theorem 2.8.

Lemma 2.7. Let A = (ay) be an infinite matrix. Then the following statements hold:
(a) A € (co,le) = (€, le) = (boo, o) if and only if

supz |@nk| < eo. 2.4)
neN

(b) A € (co : ¢) if and only if (2.4) and

lim a,;, = Olk(k S N), 2.5)
n—yoo
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(¢c)A € (c:c)ifand only if (2.4), (2.5) and
}ijgozk:ank =a.

(d)A € (U : ) if and only if (2.4), and
r}gl‘}o;‘ank‘ :;|r}21‘}cank|

By [3, Theorem 3.1], we have:

Theorem 2.8. For a sequence u = (uy) € 81, let us define the sets Ay (u), A2(u) and A3 (u), as follows:

Avu) = {a—(ak)ew: <“"uf"“) eel},

Ar(u) = {a = (@) ew:

(
As(u) = {a: (ar) e w: (3,]:) ec},
Ag(u) = {a:(ak) cew: (
Then, the following statements hold:
(i) [co(R.)IP = A1NAs, [e(R,)IP = A1 NA3, [l(R)]P = A1 N A4
(ii) [co(Ru)]" = [e(Ru)]¥ = [l (Ry)]" = A1 N As.
Proof. Fora = (a,) € wand x = (x,) € X(R,), we obtain

n n k (_ 1 )k—j
Z apXxy = Z Ak Z Yj
k=0 k=0 U

j=k—1

n—1
ax—a a
= T (B ek 6
k=0 U Un
= (Duy)n
for all n € N, where D,, = (d,x(u)) is defined by

Ak — A1

, k<n,
i

dpie(u) = n . k=n,
u

On , k>n

The equation (2.6) implies that ax = (a,x,) € cs whenever x € X (R,,) if and only if D,y € ¢ whenever y € X. Therefore, we
conclude that a € [X(R,)]? if and only if D, € (X : ¢).

(i) To show that [cg (Ru)}ﬁ = A NA, let us take X = ¢o. It follows that D,, € (co : ¢), which means the conditions (2.4) and
(2.5) of Lemma 2.7 (b) are satisfied by the matrix D,,. Thus, a = (a;) € A| NA,. Therefore, we have:

[C()(Am)]ﬁ =A|NA,.

By using the conditions of Lemma 2.7(c) and (d), the equalities [c(RM)]B =A1NA3z, [&,(Ru)}ﬁ = A| NAy4 can be proved
similarly.
(i1) This is similar to the proof of Part (i) of the present theorem by using Lemma 2.7(a). To avoid the repetition of the

similar statements, we omit the details.
O
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3. Some Rhaly Subspaces of FK spaces

In this section, using sectional properties we define some new subspaces of a BK-space and give some relations between

these spaces and duals.

Given a BK-space X O ¢, we define the n" Rhaly section of a sequence x € X as r)[cn] =u, Zzzoxkek .

Definition 3.1. Let X be a BK space contaning ¢. Then, a sequence x = (x;) € X has the following properties:

rK when 1im,,_c ||x — r llx =0,
rB when sup,cy ||r)[6"] lx < ee,
SrK when limy_e |£(x) — £(r")| = 0 for all f € X,
FrK when (f(r,[("]) Ecforal feX'.

In connection to Definition 3.1, we can define the following distinguished subset of X;

Xgs = {x€X:xhasrKinX},
n k

= {xeX:x=limu, ) Y xe'}
Ay s
Xgw = {x€X:xhasSrKinX},

n k
= {xEX:VfGX’,f(x)zlimunZinf(ei)}
Tgk=ti=l

Xgr+ = {x€w:xhas FrKin X},
n
= {xew: (un Z x(k)> is weakly Cauchy in X }
k=1

= {xeX:VfeX (uf(e")) € (c(R))s},

Xgp+ = {x€w:xhasrBinX},
n
= {xew: (un ) x(k)> is bounded in X'}
k=1
= {xeX:VfeX (uf(e")) € (lo(Ry))s},
and

XRF :XRF+ NX and XRB = XRB+ ﬁX,

where the matrix S = (s, ) is defined as

_J 1, k<n,
Sk =190 , k>n

By definitions of Xgs, Xgw, Xgr+ and Xpp+ we have:
Theorem 3.2. Let X be an FK-space containing ¢. Then the following inclusions hold.
O C Xps CXpw CXgr CXrp C X
Theorem 3.3. Let X be an FK-space containing ¢. Then Xgw C .
Proof. Let f € X' with ¢ C Kernf. Since for every x € X and n € N, 2 = (an Y x(k)) € ¢, then f(z") = 0. This shows that
Xrw C Kernf. By Corollary 1.1 (ii), we obtain the inclusion Xgy C a O

By definition of Xgr+ (Xgg+), 2 € Xgp+ (Xgg+) if and only if z-y € (c(R,))s((¢w(Ry))s) for each y € X/, we have the
following theorems.

Theorem 3.4. Let X be an FK-space containing ¢. Then Xgp = (X/)(€Ru))s,

Theorem 3.5. Let X be an FK-space containing ¢. Then Xgp = (XF)(=(Ru))s
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In the study of FK-spaces, understanding the relationships between different sequence spaces and their properties is crucial.
In this context, we investigate the inclusions and equalities among subspaces defined by various properties of sequences. The
following results explore these relationships, focusing on the inclusion properties of different sequence spaces associated with
the properties 1K, SrK, FrK and rB when the inclusion X C Y holds for FK-spaces X and Y. These results shed light on the
structure of these spaces and the behavior of the sequence spaces under certain conditions.

Theorem 3.6. IfX C Y then X, C Y, for A € {RS,RW,RB* RF* RB,RF}.

Proof. For A = RS(RW), the continuity(weak continuity) of inclusion map i : X — Y gives the desired result.
Let A € {RBT,RF™}. The results follows from Theorem 3.4, 3.5 and Lemma 1.2(ii). O

Theorem 3.7. If$ cYcX, then YRB+ = XRB+ and YRF+ = XRF+'
Proof. By Theorem 3.6 we have B
¢RB+ C YRB+ C XRB+'

By Theorem 3.5 and Lemma 1.2(vi) the first and the last are equal. O
Theorem 3.8. Let X be an FK-space containing ¢ and X C Xgp. Then Xgs = Xpw = 0.

Proof. Since the sequence of functions (f,) defined by f, : X — X, fu(x) = x — uy y7_,x® is pointwise bounded, hence
equicontinuous by (7.0.2) of [2]. Since f, — 0 on ¢ then also f;, — 0 on ¢ by (7.0.3) of [2]. This is the desired conclusion. []
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Abstract

The following research investigates various types of soliton of NC (Nearly Cosymplectic) manifolds with SVK
(Schouten-van Kampen) connections, which are steady, shrinking, or expanding. Further, we investigate the
geometric characteristics of Ricci solitons, Yamabe solitons, n-ricci soliton etc. We also study the curvature
features of the SVK connection on an NC manifold. In addition, an example is developed to demonstrate the
results.
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1. Introduction

The Schouten Van Kampen connection is one of the most significant connections having the property of an affine connection
[1]-[4]. The contact metric manifolds and solitons on these manifolds with respect to Schouten van Kampen connection are
studied by several authors [3]-[7]. Nearly cosymplectic structures were introduced by Blair [8] and first appeared essentially as
the hypersurface of nearly Kahler manifolds. A nearly cosymplectic manifold is defined as an almost contact metric manifold
with a normality condition having closed 1-form 1) and 2-form F [9]. Various geometrical properties of a Nearly cosymplectic
manifold was investigated by Endo [2].

Hamilton introduced the idea of the Ricci flow to find out the canonical metric over a smooth manifold [10, 11]. By the
introduction of Ricci flow it is easy to study manifolds with positive curvature. Perelman proved the Poincare conjecture using
Ricci flow [12, 13]. The term Ricci soliton refers to the limit of the solutions of the Ricci flow. In general, an almost ricci
soliton is a simplification of an Einstien metric. For a complete vector field Y on a Riemannian manifold M of dimension n, a
Riemannian metric g on M is termed a nearly Ricci soliton if it satisfies

Lyg+25+2ag =0, (1.1)

where « is a smooth function, S stands for the Ricci tensor, and L is the Lie derivative. A metric g that satisfies (1.1) is referred
to as a Ricci soliton if & is a constant. If & > 0, & =0, or @ < 0, then a Ricci soliton is expanding, steady, or shrinking,
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respectively. The concept of 11-Ricci soliton was introduced by Cho and Kimura [9]. An almost 1-Ricci soliton is a Riemannian
manifold M with Riemannian metric g if for a smooth vector field Y such that,

Lyg+2S+2ag+2Bn®n =0, (1.2)

for both the smooth functions, o and 3.

If both « and 8 are constant, the metric g is referred as a n-Ricci soliton. A Ricci soliton has constant curvature for a
compact manifold of dimension two or three [2, 14].
Hamilton [11] proposed the idea of Yamabe flow. A vector field Y that is static on a Riemannian manifold M generates the
Yamabe solitons, which are self-similar outcomes of the Yamabe flow and are transformed by a family of diffeomorphisms with
one parameter. On a Riemannian manifold (M, g), a triplet (g, Y, 7) is said to be a nearly Yamabe soliton if [10]

Shrg=(r—7) (1.3)
where 7 is a smooth function and r is the scalar curvature of manifold (M,g). When Y remains constant, the almost Yamabe
soliton transforms into a Yamabe soliton. If ¥ > 0, y= 0, and ¥ < 0, respectively, then a Yamabe soliton is expanding, steady, or
shrinking. Yamabe and Ricci soliton coincide for the manifold of dimension 2 but they have distinct behaviors for the manifolds
of dimensions greater than 2. Furthermore, Nearly Yamabe solitons always represent Einstein manifolds. And, the Riemannian
metric g becomes a Yamabe metric if the Riemannian manifold M has constant scalar curvature [4].

In this study, we investigate several forms of Ricci and Yamabe solitons over NC manifold of dimension n with an SVK
connection. Section 2 gives a brief description of the NC manifold and SVK connection. Section 3 introduces the SVK
connection on the NC manifold and establishes the formulas for curvature tensor, Ricci tensor, Ricci operator, and scalar
curvature. In Section 4, we investigate the Ricci solitons for an NC manifold with an SVK connection. The final section
investigates Yamabe solitons on an n-dimensional NC manifold with SVK connection.

2. Preliminaries

Consider an (2n+1) dimensional almost contact manifold with structure (M, ¢, &, 1, g), where & is the vector field, 1 is a
1-form, g is the Riemannian Metric, and ¢ is a (1,1) tensor field. The following prerequisites are satisfied by this (¢, &, 17, g)
structure [9].

¢E =0,n(0X)=0,n(&) =1,

9°X = —X+1(X)En(X) =g(X.8). @1
Let g be compatible i.e.

As ¢ is a skew-symmetric operator with g, as per the definition above, 7 is a contact form, i.e., N A (dn)" # 0 everywhere on
M, and the bilinear form F = g(X, ¢Y) defines a 2-form [15].
An almost contact metric manifold with (M, ¢, &, 1, g) is said to be a Nearly Cosymplectic manifold if

(Vx9)Y +(Vr9)X =0,

for each vector field X, Y. It is clear that this condition is the same as (\/x¢)X = 0.
The Reeb vector field & is defined for nearly cosymplectic manifolds is killing if it fulfills the requirements véé =0and

ven =0.
Moreover, the type (1,1) tensor field H defined by [9]

Vx6 =HX (2.3)
is anti-commutative with ¢ and skew-symmetric. Additionally, H providing

HE =0,n(HX) =0,

TraceH =0,
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¢OH = —H¢,g(HX,Y) =g(X,HY).
These formulae also hold [15]-[18]
g((Vxo)Y,HZ) = n(Y)g(H*X,0Z) —n(X)g(HY,9Z),

(VxH)Y = g(H?X,Y)E —n(Y)HX,

TraceH* = a(constant), (2.4)
R(Y,2)E = n(V)HZ —n(2)HY,

S(va) = _a’g(xay)v

0X = —AX,

S(X.8) =An(X), (2.5)
where A: M(manifold) — R(real number) is a function.
S(9Y,Z) = S(Y,9Z),
00 =09,
S(¢Y,9Z) = S(Y,Z) +n(Y)n(Z)(TraceH?).
A contact metric structure (7], g) on M is n-Einstein if
S(X,Y) =ag(X,Y)+bn(X)n(Y),

where a and b are constants. If » = 0, then the manifold M is an Einstein manifold [7].
A quasi-Einstein manifold is defined as one whose Ricci tensor S of type (0,2) is not identically zero and meets the condition
[19]

S(XvY):ag(X,Y)+bTI(X)TI(Y)> (2.6)

for all vector fields X,Y, where a,b are scalars, b # 0, and 1) is a non-zero 1-form.
In the tangent bundle TM of M, there are two naturally determined distributions, U = Ker 1 and V = Span &, such that TM
=U®V, UN V=0 and U_LV. For this decomposition the SVK connection can be defined over a nearly contact metric structure.

Concerning the Levi-Civita Connection 1/, the Schouten Van Kampen Connection 57 on a nearly contact metric manifold is
defined by [20]

VxY = vx¥ —n(¥) vx €+ (vxn)(Y)E. 2.7)

3. Curvature Properties of NC Manifold concerning SVK Connection v

Let M be an NC manifold, then using (2.1), (2.3) and (2.6), in (2.7) we have

VxY = vxY —n(Y)HX — g(Y,HX)E. (3.1)
Moreover,
vxé =0. (3.2)

If R and R are curvature tensors with respect to 57 and %, then

RX,Y)Z=xVyZ—-yVxZ—VxyZ (3.3)
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and

R(X.Y)Z=xVyZ— Iy VxZ— %[X,Y]Z' (3.4)
By using (2.1), (2.4), (3.1), (3.2), (3.3) in (3.4), we have

R(X,Y)Z = R(X,Y)Z+g(Z,HX)HY—g(Z,HY)HX—Xn(Z)+n(X)n(Z)§
- n¥)gZ,X)E+Yn(Z)—n(¥)n(Z)E+n(X)g(Z,Y)E.

Using the above equation, the Ricci tensor of NC Manifold with SVK connection can be obtained as

S(Y,Z) =S(Y,Z) — (n—1)n(Z). (3.5)
The Ricci operator Q for NC Manifolds with respect to the connection % is given by

S(v,Z) = g(QY,2). (3.6)
From equations (3.5) and (3.6), we have

QY = QY — (n—1)E.
The scalar curvature with respect to the connection % is given by

r=r—(n—1). 3.7

4. Ricci Soliton Types on an n-dimensional NC Manifold with SVK Connection

In this section, we explore types of Ricci soliton kinds on NC manifold M having SVK connection %

A SVK connection % in an NC manifold M, is said to be metric if (%g) =0 torsion tensor T' # 0, where T is torsion tensor
with respect to %

With the help of equation (3.1), we can easily find the value

(Lyg)(X,Z) = g(VxY.Z) +8(X,vzY) = (Lyg)(X,Z), 4.1

where L and L are Lie derivatives on NC manifold with respect to Levi-Civita connection 57 and SVK connection % respectively.
Now, for an n-dimensional NC manifold M with an SVK connection 17, the almost Ricci soliton is given by

Lyg+2S+2ag=0. (4.2)

Using (4.1) and (4.2), we get

g(VxY,Z) +g(X,vzY)+25(X,Y) +2ag(X,Y) =0.

Therefore,

2S(X7Y) = —g(VXY,Z) _g(X’VZY) —Z(Xg(X,Y).

By substituting Y = & in previous equation and using (2.2) and (2.3), we have

S(X,Z2)=—-0g(X,2). 4.3)
In view of (3.5) we can write above equation as
§(X,2) = —(n=1)n(X)n(Z) — ¢(Z,9X)trace¢ — ag(X,Z).

Conversely, consider that an n-dimensional NC manifold M with respect to SVK connection % is an Einstein manifold. For Y
=&, we have

S(X,Z)=—-Ag(X,Z)
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and
([:gg)(X,Z) =0,

where A is a constant.
Using the above results, we can easily find the value of

(Leg)(X,Z) +25(X,Z) +20g(X,Z) = 2(a — A)g(X, Z). (4.4)

Therefore, it is evident from (4.4) that if & — A = 0, then the manifold M admits a Ricci soliton. Thus, we make the following
statement:

Theorem 4.1. An n-dimensional NC manifold M admits a Ricci soliton with respect to SVK connection % iff M is an Einstein
manifold with respect to SVK connection <.

Corollary 4.2. A Ricci Soliton on NC manifold with SVK connection is Einstien Manifold.
Proof. Put X =& in (4.2), we have

(Leg)(X,Z)+25(X,Z) +2ag(X,Z) = 0.
Using (4.1),

(Leg)(X,2) = 0.

Thus

S(X,Z) = —ag(X,2). (4.5)
Using (4.5) and (3.6), we have

SX,2) = =(n=1)n(X) — ag(X,Z).
Hence the theorem. 0

Theorem 4.3. The scalar curvature for an n-dimensional NC manifold M with SVK connection having an almost Ricci soliton,
isr¥=-an.

Proof. In view of (4.3), we have
¥=—an.
Hence the theorem. O

Theorem 4.4. An n-dimensional NC manifold M with SVK connection will be an Einstien manifold if M with SVK connection
enabling a n-Ricci soliton.

Proof. Currently, based on (1.2), the n-Ricci soliton on an NCM of dimension n with SVK connection is given by
(Lyg)(X,2)+25(X,Z) +2a8(X,Z) +2B(n ®n)(X,Z) = 0. 4.6)

From (4.1) and (4.6), we have

§(VxY,2) +g(X,v2Y) +25(X.2) + 20(X, Z) + 2B (X)1(2) = 0. @

Putting the values from (2.2) and (2.3) in (4.7), we get

S(sz):7ag(sz)7ﬁn(X)n(Z)' (48)
Hence the theorem. O

Corollary 4.5. If an n-Ricci soliton on an NC manifold M with SVK connection is defined, then (M, g) is Quasi Einstien.
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Proof. Using (1.2), (4.8) and (4.9), we can easily find the required result. O

Theorem 4.6. A SVK connection on an NC manifold M admitting Ricci soliton is invariant iff it satisfies

gV, HX)n(Z) +¢(Y,HZ)n(X) +2(n—1)n(Z) = 0.
Proof. Using (3.1), (4.1), (4.2), we get

(Lyg)(X.Z) = (Lyg)(X,Y) —g(Y.HX)N(Z) — g(Y,HZ)n(Y). 4.9)
By putting the values from (3.6) and (4.9) in (4.2), we obtain

gV, HX)nN(Z)+g(Y,HZ)n(Y)+2(n—1)n(Z) =0, (4.10)
hence the theorem. O

Theorem 4.7. A Ricci soliton on NC maniold M with SVK connection is steady if A = (n-1), shrinking if A < (n-1) and
expanding if A > (n-1).

Proof. Using (3.5), (2.5) and (4.3), we have the required result. O

5. Yamabe Soliton on NC Manifold with SVK Connection

The almost Yamabe soliton on an n-dimensional NC manifold M with an SVK connection is studied within this segment.
We now examine an n-dimensional NC manifold that allows the SVK connection to deal with an almost Yamabe soliton, as
described in (1.3). Hence, we have

1

5(Lrg) (X, 2) = (7= 1)s(X.2). 5.1)

Using (3.7), (4.1) and (5.1), we have

SLrg)(X.2) = (r=n+1-7)g(X.2). 52

The subsequent theorem may thus be stated from (5.2).

Theorem 5.1. Ifn = I, then an almost Yamabe soliton (M,Y,7,g) on an n-dimensional NC manifold M is invariant concerning
SVK connection.

According to (5.1) and (4.1), we have

S (6(TXY.2) 48X, 7)) (X.2) = (7~ Dg(X.2).

If we put Y = £ in the above equation, we obtain

S (8(TxE.2) +8(X,726))(X.2) = (7~ 1)g(X. ). 53)

In view of (2.2) and (2.3), from (5.3), we have

r=1.
Thus, we may deduce the conclusion as mentioned below:

Theorem 5.2. If an n-dimensional NC manifold M with an SVK connection, admits an almost Yamabe soliton then the scalar
curvature ¥ of M is equal to V iff Y and & are pairwise collinear in TM.
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6. Example

Let us consider a 3-dimensional manifold M = {(x,y,z) € R*}, where (x, y, z) represent the standard coordinates in R>.
Suppose

ST )
axv 2_6 aya 3_8Z7

T = et
are linearly independent vector fields of M. Then

[Tl 5 TZ] = Oa [TZa T3] = _2ZT27 [Tl 3 73] = _ZZTL
If g represent the Riemannian metric, then we have

g(t,m) =g(n,m) =g(n,13) =1,
g(t,m) =g(n,13) =g(11,73) = 0.
Let 1 be the 1-form defined by n(X) = g(X, 13), VX € A71, and let ¢ be the (1,1) tensor field defined by
¢(t1) =m0, ¢(n) =—1, ¢(m) =0.
Using the above relations, following results holds:
9°X = -X +n(X)¢,
n(w) =1,
and
8(0X,9Y) = g(X,Y) —n(X)n(Y),

where & = 73 and X, Y is arbitrary vector field on M. Hence M fulfills all the condition for an NC manifold.
Using the Koszul formula, we get

Vo Tl =221, VY, T1 =0, Vg 71 =0,

V=0, VT =213, VT2 =0,

VT =227, Vo, T3 = =220, V373 =0,
and

V‘El Tl = 2ZT37 VTZTI = 137 VT3TI :()7

Vo =-1, VT =221, V2 =0,
VB =—"2211— T, Vg, B3 =—2202+ T, V73 =0.

We can easily deduce the following identities using above results.

R(1),7) 13 = 8273;

ﬁ(rz, )13 =(2— 4z2)’r2 427711,
R(T1,7)T = —42°1 — 420 + T
R(T1, 1) T = —421) — T + 42°Ty;
R(T,13)T = (—2442%)T3;
5(12,13)71 = 2773;

ﬁ(rl,n)rz = —-2713;

R(11,73)73 = (2—422) T — 22T;
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R(Ty,T3)T) = (—2+42%)13;

and

S(t1,71) = 8(70, 1) = 3—82%, S(13,73) = 4 — 82"
Hence 7 = 10 - 2472, Let

V=(x+y)e “a+ (—ery)e*zzzz

and
3 ~
Zi:l (ng)(fi, ‘L',') =4.

Now, we put X =Y = 7; in (4.2), summing over i = 1,2, 3 and using above results, we get o = 872 - 4, also using (4.10), we
obtain
Case I for 7% = %,the Ricci soliton is steady.
Case II: for 72 #* %,the Ricci soliton is shrinking.

7. Conclusion

The study provides new insights beyond the usual Levi-Civita framework and highlights the versatility of the SVK
connection as a tool for studying geometric structures with torsion. These contributions enhance the way for further research in
theoretical physics and mathematics while also improving our understanding of solitons in NC manifolds.
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