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Spur Gear Pairs Using an Optimized Design Tool 
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A B S T R A C T  A R T I C L E  I N F O   

Gears are structural elements that function to transmit power in mechanical systems. The power 

transmission is carried out by the rolling motion of the teeth pair. The average number of teeth 

that come into contact while the gears are running is called the contact ratio and this value is 

generally between 1 and 2 for gears with standard profile. As the number of teeth of the gear 

increases, the contact ratio may exceed 2, and the gears with a contact ratio greater than 2 are 

called high contact ratio (HCR) gears. For HCR gears, there is a higher risk of tooth tip 

interference when compared to the standard gears and they require contact point calculation to 

avoid interference. In this study, a mathematical tool is developed using MATLAB to analyze 

and avoid tool tip interference in HCR spur gears. The addendum diameter, dedendum diameter, 

pressure angle and modulus values are optimized using the developed mathematical tool in order 

to obtain an HCR geometry with minimal volume and no tip interference. In addition, the spur 

gear stresses are calculated using the AGMA standards. According to the results, it has been 

analytically proven that the load carrying capacity of the HCR spur gear is higher than that of 

the standard gear with the same diameter and volume. The developed optimization tool provided 

accurate and optimized geometries for the analyzed HCR spur gears. 
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1. Introduction 

The contact ratio in spur gears can be defined as the average 

number of teeth in contact between two meshing gears. In 

standard spur gears, this ratio is approximately between 1.2 

and 1.6, and it is generally desired to be at least 1.3-1.4 for a 

smooth power transmission [1]. For the high contact ratio 

(HCR) spur gears, this ratio is between 2 and 3, which is 

meaning that the number of teeth in contact is at least two. In 

standard gears, tooth root stress analysis is performed 

according to a single tooth, but in HCR gears, this analysis is 

performed by sharing the total load on two teeth.  

The contact ratio varies depending on the tooth diameter and 

pressure angle of the gears. When these values are brought to 

the desired level, it is possible to increase the contact ratio 

above 2. However, the increased tooth diameter in HCR gears 

increases the risk of tip interference. For this reason, a 

geometric optimization is needed for the HCR gears. The 

parameters that can be optimized are the module, tooth 

diameter, tooth root diameter, pressure angle, base diameter, 

backlash, and profile shift.  

In the literature, there are several studies on the geometric 

optimization and force analysis in HCR gears. In a study 

conducted by Özgüven [2], a software is developed for 

calculating the dynamic forces on teeth and dynamic 

transmission errors, as well as the dynamic factors for gears 

and pinions in spur gears. Rackov et al. [3] demonstrated the 

Generalized Particle Swarm (GPS) optimization process to 

create an HCR spur gear pair without tooth tip interference or 

undercut teeth. By increasing tooth number and decreasing 

pressure angle to fix the maximum gear diameter, 

Rameshkumar et al. [4] replaced normal contact ratio (NCR) 

gears with HCR gears in 35-Ton military vehicles. They 

discovered that this increased load carrying capacity, 

decreased the noise and vibration, and slightly improved 

power-to-weight ratio. 

Mohanty [5] employed an analytical approach to determine 

the load distribution in HCR gears. In the stated study an 

equivalent stiffness is determined using the bending, axial 

compression and contact stiffness. 

Marimuthu and Muthuveerappan [6] performed finite element 

analysis in order to determine the exact load carrying capacity 

of an asymmetrical HCR spur gear set. In their study, the 

effect of backlash and friction between the gears are 

neglected. It is stated that asymmetrical HCR gears provided 

an improved load carrying capacity.  

http://www.journals.manas.edu.kg/
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In the literature, there are also studies conducted on the design 

[7], efficiency [8], static and dynamic loading conditions [9], 

determination the critical loading points [10], nonlinear 

dynamic analysis [11], and the modification of the gear 

profiles [12] of HCR gears. 

Within the scope of this study, tip interference analysis is 

performed for HCR gears by rotating the gear in a virtual 

environment developed in MATLAB. Addendum, dedendum, 

pressure angle, profile shift and backlash values are optimized 

by assigning a number of constraints, such as tip interference 

and sufficient gap between the teeth. In addition to the 

geometric optimization, the optimized HCR gear pair is 

compared to a normal contact ratio (NCR) gear pair in terms 

of the load carrying capacity. 

2. Method 

Spur gears work by rolling the pinion and gear with mutually 

pairing involute flanks. These involute flanks are formed by 

the projection of the base diameter of the gears depending on 

the angle scanned by the end points, as shown in Figure 1. 

While evaluating the gear geometries, the formulations 

specified in the AGMA 913-A98 standard [13] are followed, 

and firstly, the diameters determining the gear surface are 

divided into certain intervals from the root diameter of the 

gear to the tip diameter. Pressure angle and tooth thickness are 

calculated, and then the involute values of the obtained 

pressure angles are determined. With the help of the values 

obtained, the geometric profiles of the gears are optimized by 

employing a MATLAB code. During the optimization, several 

boundary values are used such as the contact ratio, the tip 

interference and the limit value of the top land thickness to 

prevent case crashing during carburizing of hardened gears. In 

Figure 2 and Figure 3, the geometric dimensions used for the 

optimization calculations are summarized for the gear tooth 

profile and gear root profile, respectively. 

 

 
 

Figure 1. The method of involute profile evaluation. 

 

 
 

Figure 2. Gear tooth profile evaluation. 

 

. 

 

Figure 3. Gear root profile evaluation. 

2.1 Constraints 

2.1.1 Contact ratio 

The contact ratio is usually between 2 and 3 for HCR gears, 

and this value can be expressed as the ratio of the minimum 

length between the point of contact where the contact starts 

and the point where the contact is interrupted to the diametral 

pitch of the gear in the transverse section. Figure 4 shows the 

contact points in the transverse section for the opposing pinion 

and gear.  

By the nature of high-contact, the HCR gears transfer the load 

through the contact of two or three tooth pairs at the same 

time, and the contact points of the contacting tooth pairs are 

shown in Figure 4.  

Active profile is the region formed by the contact points of the 

mutually working tooth pairs, and if the contact points are 

http://www.journals.manas.edu.kg/
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combined on a line, the resulting line is called line of action 

(LA).  

The point where the first gear contact starts is called SAP 

(Start of active profile), and from this moment, the two-tooth 

pair contact starts. This point where the gears contact is called 

SFTC (Start of first tooth contact).  

Meanwhile, the contact of the tooth pair next to the first tooth 

pair is the second tooth pair that is in contact. This second 

contact point is called SSTC (Start of second tooth contact). 

The load transfer is provided by these two tooth pairs for a 

certain period of time. Then, the third pair of teeth ends the 

contact and then the first pair of teeth comes out of the contact. 

This point is shown by ESTC (End of second tooth contact) in 

Figure 4.  

The third pair of teeth, whose contact ends, are separated at 

the EAP (End of active profile), where the active profile and 

the contact area end. The parameter of pb which is illustrated 

in Figure 4 represents the base pitch and corresponds to the 

linear length between two adjacent teeth. The ratio of line of 

action to base pitch is called contact ratio. 

 

 
Figure 4. Line of action of the HCR gear pair. 

 

Detailed equations on how to formulate the contact ratio can 

be found in the AGMA 913 A-98 standard [13]. As can be 

seen from the formulations, the factors that increase or 

decrease the contact ratio of the gear pair are the diameter of 

the addendum and the pressure angle of the gear. Dedendum 

diameter can be used as a factor if the gear is undercut or tip 

interference does not occur, and it does not directly affect the 

calculation of the coupling ratio. 

2.1.2 Interference 

In order to obtain an HCR gear, tooth diameter should be 

increased and the pressure angle should be reduced. This 

means that HCR gears in the same module have thinner and 

longer teeth than NCR gears, which is increasing the 

possibility of end interference. There must be a continuous 

clearance between the tip diameter of the pinion gear and the 

root diameter of the gear during the operation of the gear pair. 

This situation is shown in Figure 5. 

 

 
 

Figure 5. Tip-root clearance between pinion and gear. 

 

Theoretically, c1 and c2 clearance values specified in Figure 

5 are sufficient for tip-root interference, but in cases where 

real situations are considered, this value should be determined 

by considering manufacturing tolerances. In addition to the 

tip-root interference, the tip-flank interference is also one of 

the issues to be considered, and in this study, the efforts are 

mainly performed to prevent this situation.  

A number of numerical implementations are carried out in the 

MATLAB code by gradually increasing the angle scanned by 

the gear until it enters and exits the contact region. The points 

with high risk of interference are determined. After 

performing iterations, an optimal gear geometry with no 

interference is presented to the user.  

Figure 6 shows the condition with a high probability of tooth 

tip-involute face interference. Several improvements have 

been performed to prevent tip-face interference, considering 

backlash enhancement, tooth thinning, profile shifting, root 

modification and root crown. In this study, the interference is 

specifically prevented by using backlash boost and profile 

shift.  

 

 
 

Figure 6. Tooth tip-Involute face interference point. 

 

2.1.3 Top land thickness 

Top land thickness is a critical factor for smooth load transfer, 

especially for spur gears with hardened surfaces used in 

aviation industry. Increasing the case hardness values of the 

surfaces is a method of obtaining high allowable stress values 

and is carried out by absorbing carbon from the surface in 

special furnaces. If the top land thickness is lower than the 

required case hardness depth, a case crash occurs and a highly 

brittle region is formed at the tip of the gear, which is 

http://www.journals.manas.edu.kg/


S. Turan , H. E. Salman   / MANAS Journal of Engineering 12(2) (2024)  160 

   

 MJEN  MANAS Journal of Engineering, Volume 12 (Issue 2) © 2024 www.journals.manas.edu.kg 

 

increasing the risk of crack formation and the failure of the 

gear. Figure 7 shows a case with cracked gear in top land. 

 

 
Figure 7. Case hardness crash at the top land. 

 

There are a few methods that can be applied to prevent case 

crash in the top land region. For example, applying a copper 

plating process to top land can reduce the case hardness depth 

or increase the top land thickness. Compared to other 

processes, increasing the top land thickness is a method that 

does not require heat treatment and prevents case crash at the 

design stage of the gear. Figure 8 shows dimensions for the 

calculation of the top land thickness. 
 

 
 

Figure 8. Top land thickness evaluation. 

 

2.2 Load sharing and stress analysis 

With the previously explained design method and boundary 

conditions, optimization process is carried out with the 

developed MATLAB code to obtain an HCR gear that would 

not allow any tip interference. Load distribution analysis is 

performed on gears meshing simultaneously under the 

obtained geometry and a sample loading condition. Since the 

contact ratio in standard gears is between 1 and 2, the load is 

transferred with a single tooth. As a general approach, the load 

acts from the HPSTC (Highest point of single tooth contact) 

point on the tooth as specified in the AGMA standard. By 

drawing a normal curve to the base diameter of the tooth from 

this point where the load is acting, a Lewis parabola is formed 

with the center point of the peak. Then, the load angle and 

radius are obtained, and the critical point where the maximum 

stress will occur is determined. Detailed geometric 

formulations in the determination process can be obtained 

from the AGMA 908 B-98 standard [14]. 

3. Results and discussion 

The stress on spur gears can be divided into two parts, where 

one of them is the contact and the other is the bending stress. 

Contact stress is achieved by using systems such as normal 

load, speed and lubrication, which are formed on the surface 

based on the Hertzian contact theory. Bending stress, on the 

other hand, is the type of stress calculated by using the 

tangential load and geometrical factors, which are the highest 

at the critical point at the base of the tooth. The formulations 

specified in the AGMA 2101-C95 standard [15] is used within 

the scope of this study while calculating the stress analytically. 

The distribution of the loads used in the analysis is assumed 

to be equal for the meshing teeth. The stiffness values of the 

teeth should be calculated in order to determine the load 

distribution on the teeth in detail, and it requires other 

assumptions such as keeping the total normal load constant 

and the friction coefficient the same in each tooth [5]. Within 

the scope of this study, it is assumed that the total load will be 

equally distributed on the 2 meshing gears of the HCR gears. 

Gear geometry is created using a standard tooth profile, which 

can be defined as the macro geometry obtained in the HCR 

gear design and analysis processes specified in the above 

sections. These processes determine the maximum diameter 

of the gear by keeping the number of teeth and the module 

constant. The resulting geometry is analyzed with the same 

level of load as the load condition on the HCR gear.  

For the NCR case, the optimal gear geometry indicated in 

Figure 9 has been obtained. Afterwards, the optimal HCR 

geometry is determined for the same diameter of NCR gear 

pair, as shown in Figure 10. As can be seen in Figure 10, the 

tooth profile of the optimized HCR gear is significantly 

different from the optimized NCR gear. The main differences 

can be summarized as the general curved profile of the tooth, 

the thickness of the tooth, and the length of the top land region 

on the top of the tooth. The macro-geometric parameters of 

the optimized NCR and HCR gears are compared in Table 1. 

After completing the geometric optimization, the optimized 

NCR and HCR gear pairs are exposed to the same loading 

conditions given in Table 2, and critical bending stresses are 

calculated. According to the results obtained, optimized NCR 

and HCR pinions are exposed to approximately 675 MPa and 

467 MPa, respectively. 

With this analytical study, an HCR gear pair is obtained by 

converting a spur gear pair with a normal contact ratio. During 

the processes, the number of modules and teeth are preserved, 

and the load carrying capacity is increased. The main 

difference of this study from the other HCR studies in the 

literature is to obtain HCR profile by preserving the number 

of teeth and diameter, and keeping the transmission ratio 

constant during increasing the transmitted power capacity in 

the gearbox. 

http://www.journals.manas.edu.kg/
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4. Conclusion 

In this study, the tip interference analysis of the HCR gear 

pair, which has the same values of diameter, module and tooth 

number as the NCR gear pair, is performed and the necessary 

pressure angle, addendum and dedendum diameter, backlash 

and profile shift values are optimized using MATLAB 

software. Afterwards, the HCR and NCR gears with the same 

maximum diameter are compared in terms of load carrying 

capacities, when the maximum bending stress values formed 

at the tooth base in Table 2 are examined. It has been observed 

that the bending stress in the HCR gear pair is 30.8% less than 

the NCR gear pair. This means that the load carrying capacity 

of the HCR gear with the data given in Table 1 is quite better 

than the NCR gear. 

This theoretical study demonstrates the superiority of the HCR 

gears in terms of the load carrying capacity. In order to 

implement this study into the real life, gear manufacturing 

capabilities need to be further developed compared to today's 

circumstances, because the gear cutting tools used to create 

the gear profile need special manufacturing for each case.  

There are a few limitations in this study. The allowable stress 

values used to control the stress levels obtained as a result of 

contact and stress analysis are taken from the AGMA 

standard. As a future work, it is necessary to determine 

experimental allowable stress values with devices such as 

single tooth bending machines in order to determine more 

accurate values for the HCR gear pairs. In addition, an equal 

load distribution is assumed for the contacting teeth pairs. For 

a more realistic approach, the exact load distribution between 

the teeth can be determined using finite element analysis and 

can be verified with experimental measurements on the teeth 

deformations. Nevertheless, this study provides important 

results to demonstrate the high capability of the HCR gears 

and shows directions for an appropriate HCR gear design. 

 

 
Figure 9. Standard gear pair with 27 and 37 teeth, 2.5 mm 

module, and 25 degrees pressure angle. 

 

 

 
 

Figure 10. NCR (at the left) and HCR (at the right) gear geometry 

with the data given in Table 1. 

 

Table 1. Macro-geometries for HCR and NCR spur gear pairs. 

  

Macro-geometries 

NCR Gear Pair HCR Gear Pair 

Pinion Gear Pinion Gear 

Number of teeth 27 37 27 37 

Module, mm 2.5 

Addendum 

coefficient 1 1.35 

Dedendum 

coefficient 1.25 1 

Pressure angle, ° 25 21.7 

Profile shift 

coefficient 0.1 -0.1 0.1 -0.1 

Total Backlash, 

mm 0 0.2 

Contact Ratio 1.48 2.07 

 

Table 2. Kinematic and stress analyses results of HCR and NCR 

spur gear pairs for the data given in Table 1. 

  

Analysis results 

HCR 

Pinion 
NCR Pinion 

Load point diameter, mm 74.1619 67.3694 

Pressure angle at load point, ° 32.2563 24.7607 

Load angle, ° 35.6291 23.0419 

Critical height, mm 5.673 2.8685 

Critical thickness, mm 4.8527 5.3839 

Transmitted Load, N 100 

Geometry factor 0.0014 0.002 

Bending stress, MPa 467.3758 675.278 
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A B S T R A C T  A R T I C L E  I N F O   

Azadirachta indica and Moringa stenopetala trees have been regarded as underutilized, tropical 

plants, fast-growing, drought-tolerant, robust, oleaginous, and evergreen perennial trees 

growing widely in various regions of Ethiopia. Almost every part of these plants (i.e., roots, 

stems, foliage, seeds, and barks) can be used as food additives and as raw materials for 

pharmaceuticals, cosmetics, soap, and biofuel processing industries. This study aimed at the 

extraction and characterization of oil from A. indica and M. stenopetala seeds using the solvent 

method. The Box-Behnken Design was employed in the experimental design and result analysis. 

The particle size (0.2, 0.5, 0.8 mm), solvent-to-solute ratio (3:1, 6:1, 9:1), and extraction time 

(2, 5, 8 hrs) were experimental variables with three levels of low, medium, and high, whereas, 

the extraction temperature was kept uniform. Seventeen experiments were conducted for each 

species thereby developing the quadratic models with a P-value < 0.0001(significant). The 

quality and adequacy of the models were evaluated by analysis of variance (ANOVA) at 5% 

least significant difference. Results of the physicochemical determination of oils were triplicated 

and obtained as mean ± standard deviation. The determined physicochemical properties of A. 

indica and M. stenopetala seed oils were kinematic viscosity, specific gravity, pH value, 

refractive index, acid value, free fatty acid, saponification value, iodine value, and peroxide 

value.  The obtained experimental results showed that the extracted oils from A. indica and M. 

stenopetala seeds exhibit good oil quality, and hence, they can be employed for commercial and 

industrial purposes, and the generation of renewable energy (biofuel). 
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1. Introduction 

Moringa stenopetala and Azadirachta indica are underutilized 

species growing in sub-tropical and tropical regions of 

Ethiopia. These tree species are considered multipurpose 

plants possessing several economic benefits, like industrial, 

medicinal, and nutritional values [1 -3]. Almost every part of 

these non-edible vegetables (i.e., the leaf, stem, bark, roots, 

and seed) is useful and has a broad range of applications. 

Moringa stenopetala tree offers the benefit of fuel wood, soil 

and water conservation, livestock forage, medicine, water 

purification, green manure, and dye and it generates income 

for farmers and Moringa growing enterprises [4 - 6]. On the 

other hand, A. indica (Neem) provides various industrial 

benefits (i.e., to produce cosmetics, biofuels and to synthesize 

medicines - Antiseptic, Anti-tuberculosis, Antiviral, Anti-

tumour [2], environmental (i.e., it serves as fixation of dune, 

reclamation of soil in salinity areas, and organic manure or 

organic fertilizer from non-edible Oil cake); and socio-

economic benefits such as employment generation, income 

generation [7]. 

Moringa stenopetala 

Moringa is a tropical plant that originates and grows all around 

the tropics; and belongs to the Moringaceae family. The genus 

Moringa comprises fourteen species that cover the sub-tropics 

and tropical parts of the Earth’s surface [3, 5, 8, 9], out of 

which five Moringa species including Moringa stenopetala, 

Moringa rivae, Moringa oleifera, Moringa ruspoliana and 

Moringa longitude exist in the Northeast tropic of Africa [5]. 

Among these species, M. stenopetala is predominantly found 

in the southern part of Ethiopia and the Northern part of 

Kenya; hence, considered an African Moringa tree. It has also 

been domesticated in the lowlands of East Africa, specifically, 

it is known as an indigenous species to Ethiopia among the 
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Moringaceae family [5, 9, 10]. It covers a wide range of the 

south-western part of Ethiopia, for instance, Konso, Gamo, 

Burji, and Gofa people cultivated it as a food crop and 

consume its leaves as a vegetable [1, 11]. Its English name is 

known as ‘Cabbage tree’, ‘Ben oil tree’, ‘Africa Moringa 

tree’, and ‘Horse-radish tree’. In Ethiopia, M. stenopetala is 

known by various vernacular names, such as ‘Haleko’ in 

Wolaita and Gofa Zones, ‘Shiferaw’ in Amharic and 

‘Shelagda’ in Konso areas [4, 10, 12].    

M. stenopetala is a drought-tolerant, evergreen perennial 

plant, well-adapted to semi-arid, arid, and poor soil areas with 

a 500-1,400 mm annual rainfall. It grows naturally in riverine; 

and can also be cultivated in gardens and terraced fields due 

to its ease of propagation, multiple usages, and adaptability to 

degraded and harsh environments [1, 11]. Nonetheless, it does 

not grow in waterlogged or swampy soils; and it grows best in 

well-drained soils, with altitude varying from 400 - 2,100 m 

above sea level and annual temperature varying from 24-30 

°C. Its seeds are triangular and covered with a thick, spongy, 

and yellowish seed coat. The seed kernel has an oval shape 

and a whitish-grey color (Figure 1). M. stenopetala tree can 

produce up to 4,500 - 10,000 seeds that weigh 2.3-5 kg from 

about 500-1,000 pods [13]. The M. stenopetala seed is a 

crucial source of oil that can be used for either cooking or 

various industrial applications, for instance, it is a potential 

feedstock for the production and utilization of biodiesel [14]. 

 

 
Figure 1. Moringa stenopetala Tree, its un-dehulled and 

dehulled seeds 

Azadirachta indica Tree 

The neem tree, Azadirachta indica, belongs to the family of 

Meliaceae (Mahogany). It is native to regions of the Indian 

sub-continent and Burma [15]. It is an evergreen perennial tree 

species found in tropical and subtropical areas of South Asia, 

Africa, Australia, and America. A. indica tree has a broad 

range of adaptability potential to various topographic and 

climatic conditions. It is drought-tolerant and grows under 

humid and semi-arid conditions. The neem tree thrives well 

on poor soil fertility (i.e., calcareous, dry, and stony soils); and 

improves the soil conditions [16]. Currently, the tree is 

cultivated and grown in several countries across the globe 

(i.e., in Australia, Asia, Africa, and Central, Southern, and 

Northern parts of America). In Ethiopia, A. indica is planted 

and grown widely in the dry, moist ‘Kolla’ and ‘Weyna Dega’ 

agro-climatic regions, such as Gambella, Afar, Humara, 

Metema, Gonder, Kefa, Arsi, Hararge, Illubabor, Shoa, and 

other regions. It grows in altitudes ranging from 400 - 2,000 

m above sea level. It is also a medium-sized and fast-growing 

tree that can reach over 20-25 m in height with an oval-shaped 

canopy and a dense leaf. The neem tree begins fruiting in 3-5 

years and it becomes fully productive in about 10 years. Based 

on the climatic conditions and genotype of the plant, a single 

A. indica tree can produce about 30 - 100 kg of fruit annually 

(Figure 2). The neem seed comprises about 40-46% oil and 

the remaining part is the matrix of the seed. The neem oil is 

non-edible, brownish yellow with an unpleasant odor [17, 18]. 

Thus, neem oil, which is extracted from neem seeds, can be 

employed for the production of biodiesel, cosmetics, soap, and 

medicinal products in pharmaceutical industries. 

 
Figure 2. Azadirachta indica Tree and Seeds 

Extraction of oil is a process of obtaining or separating 

triglycerides from oil-bearing vegetables or animal tissues. 

This process can be carried out via several extraction 

techniques or methods while diminishing the alteration of the 

desired product quality and maximizing the yield of the 

product. The extraction of oil from non-edible vegetable oils 

predominantly depends on the part of the plant, for instance, 

the seed kernel, the pulp, or the foliage [19]. In this study, the 

Soxhlet extraction method with the solvent n-Hexane is 

employed. The oil extraction involves a solubility-controlled 

phase which is a fast physical process that helps to separate oil 

from the outer surface of the considered particles; and the 

diffusion-controlled phase which is relatively slower process 

enables to obtain oil from the internal part of the subjected 

particle [20]. Moreover, this process of oil extraction from the 

oleaginous seed materials (i.e., A. indica and M. stenopetala 

seeds) is affected by a number several operational variables, 

such as moisture content of the oilseed, particle size, quality 

of the solvent used, the time allowed for the extraction, the 

solvent-to-solute ratio, and extraction temperature [21, 22] 

that in turn affects the quality and the yield of the desired oil 

[23]. Regardless of the method of extraction to be employed, 

pre-treatment of the non-edible oilseeds is an indispensable 

step before extraction. The oilseed pre-treatment step 

comprises, cleaning, removal of pod or seed coat (de-hulling), 

winnowing, sorting, and particle size reduction or milling [24, 

25]. The removal of moisture content or drying of oilseeds by 

oven drying is necessitated before grinding proceeds [26]. 

Size reduction or grinding of the oilseeds (i.e., A. indica and 

M. stenopetala seeds) ruptures or breaks the cell embedded in 

the structure of fiber to increase the surface area of the oil-

bearing minute cells for to ensure the release of the desired oil 

by leaching [27, 28].The present study aimed at the extraction 

of oil from A. indica and M. stenopetala seeds by employing 

the  Soxhlet extraction technique and using n- Hexane as; and 

determination of physicochemical properties of extracted oils 

following the standard methods of American Society for 

Testing Materials (ASTM) and Association of Official 

Analytical Chemists (AOAC). 
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2. Materials and Methods 

Sample collection and Preparation: 

The sample of A. indica seed was collected from the Afar 

Region, district of Amibara, which is about 242 km from 

Addis Ababa, the capital city of Ethiopia, in the Northeastern 

part. The sample collection area has latitude of 09°15′ North, 

a longitude of 40°10′ East, and an altitude of 740m above sea 

level (a.s.l.). The sample of M. stenopetala seed was collected 

from Sidama Region Agricultural Center, 273 km from Addis 

Ababa, in the southern part of Ethiopia, with the geographical 

location of latitude 7° 3’ north, longitude 38° 28’ east, and 

altitude of 1,708 m a.s.l. The collected samples were 

transported to Addis Ababa Institute of Technology, School 

of Chemical and Bioengineering, laboratory to conduct the 

experiment. Then, the samples were cleaned and free from 

foreign materials, such as weed seeds, molds, stones, and 

other contaminants. Prior to oil extraction, the collected seeds 

were first de-hulled (i.e., decorticated). Following the 

decortication, the outer husk was separated from the kernels 

by winnowing. Then, samples of seed kernel were dried in an 

oven at 60 °C for 24 hours to remove the moisture content, 

and drying was continued until the moisture content was 

below 5% [29]. 

Moisture content [%] = 
𝑾𝟎 −  𝑾𝟏 

𝑾𝟎
*100                       (1) 

Where, W0 - initial weight of the sample (before drying); W1 - 

final weight of the sample (after drying) 

The dried samples of A. indica and M. stenopetala seed 

kernels were ground into the paste at the particle sizes, 0.20 

mm, 0.50 mm, and 0.80 mm turn-by-turn using grinder to 

provide a higher surface area of particles for the ease of 

extraction. The range of desired particle size was obtained 

through the vibrated sieve shaker. The milling operation 

ruptured the cell wall and released the solute for direct contact 

with the solvent during the oil extraction process (i.e., by 

Soxhlet Extraction Method). The ground samples were put 

into a Low-Density Polyethylene (LDPE), labeled, and stored 

until dispatch. 

Experimental Design: 

The response surface methodology (RSM), Box-Behnken 

Design (BBD), was employed in the design of the experiment. 

The operational variables in the study were particle sizes (A), 

solvent-to-solute ratio (B), and extraction time (C), with three 

experimental levels for each variable, low (-1), medium (0), 

and high (+1) and the yield of oil (%) was the response of the 

experiment (Table 1). The influence of operational variables 

on the response was examined along with their interaction 

effects. A total of 17 experimental runs were carried out with 

three levels and five central replication points following the 

BBD method [30]:  

N = K2 + K + Cp                                           (2) 

Where, N- total experimental runs; K- number of variables; 

and Cp- central replication point 

 

 

Table 1- Experimental levels for the considered factors of study following the BBD method 

Symbols Levels 

Variables Units -1 (Low) 0 (Medium) +1 (High) 

A Particle size mm 0.20 0.50 0.80 

B Solvent-to-solute ratio - 3 6 9 

C Extraction time Hrs. 2 5 8 

 

 

The powder of A. indica and M. stenopetala seeds was 

obtained turn-by-turn and subjected to an extraction process 

with various experimental variables including, particle size, 

solvent-to-solute ratio, and extraction time. The considered 

particle sizes were 0.20mm, 0.50mm, and 0.80mm; and the 

solvent-to-solute ratio of 3:1, 6:1, and 9:1, whereas, the 

extraction time was 2 hrs, 5 hrs, and 8 hrs. In addition, the 

extraction temperature (°C) and amount of powder sample (g) 

per run and were allowed to be constant during the experiment 

(Table 1). 

The Procedure for Oil Extraction Process: 

The Soxhlet extraction method, with n-hexane as a solvent, 

was employed for the extraction of oil from the considered 

species. A 120 g of ground sample was weighed and placed in 

thimble paper. Then, the thimble paper containing the sample 

was inserted into the Soxhlet apparatus. A measured solvent 

(n- hexane) at various proportions to solute (3:1, 6:1, and 9:1) 

was poured into a 1000 mL round bottom flask and adjusted 

in the set-up of the extraction vessel. The extraction 

temperature was kept constant at 72 °C (i.e., slightly higher 

than the boiling point of the solvent) and the extraction 

process was continued for 3 hrs, 5 hrs, and 8 hrs to obtain the 

desired crude oils. As the extraction temperature increased 

and the process of heating continued, the solvent commenced 

to evaporate and condensed back to the thimble containing the 

sample. The solvent was recycled and refluxed back to the 

flask receiving crude oil and this process was continued until 

the extraction hour was reached. Then, to recover the solvent 

from the crude oil-solvent mixture, a rotary evaporator was 

used at the temperature of about 72 °C. The extraction process 

was continued until a reasonable amount of crude oil was 

obtained [31].  

Determination of Physicochemical Properties of 

Extracted Oil 
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The physicochemical properties of the extracted oil were 

determined following the American Society for Testing 

Materials (ASTM) and Association of Official Analytical 

Chemists (AOAC). The evaluated properties were acid value 

and free fatty acid content, saponification value, specific 

gravity, kinematic viscosity, pH value, iodine value, and 

refractive index. 

Determination of acid value and free fatty acid: 

The amount of acid number or acid value and free fatty acid 

(FFA) are used to show the edibility and rancidity of vegetable 

oils. The acid number indicates the number of milligrams of 

potassium hydroxide (mg KOH) required to neutralize about 

1g of FFA in the given vegetable oil; and the free fatty acid 

(i.e., usually half of the acid value) is the weight percent of the 

determined fatty acid like percentage of oleic acid (C18H34O2) 

in the non-edible vegetable oils [32]. The acid value and free 

fatty acid determination for M. stenopetala and A. indica seed 

oil were conducted according to the standard test method of 

Association of Official Analytical Chemists (AOAC). 

Determination of saponification value: 

The saponification value of the non-edible vegetable oil is 

used to indicate the quality, size, and characteristics of chains 

of fatty acids that can be esterified into glycerol. It also 

provides the magnitude of the mean length of the fatty acid 

chain that comprises fat. In amalgamation with an acid 

number, the saponification value helps to offer information, 

such as the average weight, amount, and type of glycerides 

presented in the provided sample of the non-edible vegetable 

oils [33, 34]. The determination of the saponification value for 

both samples of crude oils (i.e., M. stenopetala and A. indica 

oil) was carried out following the AOAC standard test method 

[35]. 

Determination of iodine value: 

The iodine number or iodine value indicates the mass of iodine 

(g) that is added to 100 g of the considered sample while 

measuring the unsaturation levels of the subjected organic 

compound. The iodine value also shows the number of double 

bonds that exist in the test samples; and the higher the iodine 

value presented in the sample, the higher the number of double 

bonds exists and vice-versa. The iodine value of samples of 

M. stenopetala and A. indica seed oil was determined 

according to the standard test method provided in AOAC [36]. 

Determination of peroxide value: 

The peroxide value is a measure of the extent to which the 

vegetable oils undergo oxidation during the storage and it 

helps to predict the stability and nature of oils [37]. A high 

degree of oil unsaturation induces higher peroxide value; and 

the peroxide value increases with increasing duration of oil 

contact with atmospheric oxygen, storage temperature, and oil 

storage time [34] which in turn causes the oxidative rancidity 

of oil. The determination of peroxide value for each sample 

(i.e., M. stenopetala and A. indica oil) was conducted using 

the standard test method [38]. 

Determination of kinematic viscosity: 

Viscosity is a measure of opposition or resistance of flowing 

fluid (i.e., liquid or gaseous) to a deformation at a provided 

rate. The viscosity of the non-edible vegetable oil can be 

expressed in two ways based on the dynamic viscosity (µ) and 

kinematic viscosity (ʋ). The dynamic viscosity of vegetable 

oil is its shear force or resistance to flow because of the 

internal friction force in the oil molecule. On the other hand, 

the kinematic viscosity (mm2/s) of the oil is its shear force or 

opposition to flow due to gravity; and this can be determined 

by dividing the dynamic viscosity of the non-edible vegetable 

oil by its corresponding density (ρ). The dynamic viscosity of 

each oil sample (i.e., M. stenopetala and A. indica oil) was 

determined using the SV- 10 Vibro-viscometer following the 

standard test method [39]. The volume of the oil sample was 

kept uniform throughout the measurement and the 

corresponding dynamic viscosity of each oil sample was 

recorded at various temperatures (i.e., at 22 °C, 40 °C, and 60 

°C) respectively. The required temperature was adjusted by a 

hot water bath. Then, the kinematic viscosity of the oil sample 

was computed as follows: 

𝐾𝑖𝑛𝑒𝑚𝑎𝑡𝑖𝑐 𝑣𝑖𝑠𝑐𝑜𝑠𝑖𝑡𝑦 (ʋ)  =
𝑑𝑦𝑛𝑎𝑚𝑖𝑐 𝑣𝑖𝑠𝑐𝑜𝑠𝑖𝑡𝑦 𝑜𝑓 𝑜𝑖𝑙 (µ) 

𝑑𝑒𝑛𝑠𝑖𝑡𝑦 𝑜𝑓 𝑜𝑖𝑙 (𝜌)
   (3) 

Where, ʋ (mm2/s), µ (mPa.s), ρ (kg/m3) 

Determination of pH value:   

The pH value of each sample of M. stenopetala and A. indica 

oils were determined using the standardized Digital pH meter. 

Three grams of each oil sample were weighed and added to 

the dry and clean beaker of 25 ml. Then, hot distilled water of 

15 ml was added into a beaker containing the sample and 

gently stirred, and using the cold water bath, the sample was 

cooled. A mixture of NH4OH and NH4Cl buffer solution was 

used to standardize the pH electrode. Then, the electrode was 

immersed into the beaker containing the sample and the 

corresponding pH value of each oil sample was recorded [27]. 

Determination of specific gravity: 

The specific gravity of the non-edible vegetable oils (i.e., M. 

stenopetala and A. indica oil) was determined by pycnometer 

according to the standard test method [40]. 

Determination of refractive index (RI) 

The refractive index of oil, usually known as the index of 

refraction, is the ratio of the velocity of light in a vacuum to 

the velocity of light in a given non-edible vegetable oil [41]. 

The longer fatty acid chain in the oil results in a higher 

refractive index of oil and vice-versa. The refractive index of 

extracted M. stenopetala and A. indica seed oil were 

determined using a digital refracto-meter as per the AOAC 

standard test method [42]. 

3. Results and discussion 

 Determination of Moisture Content of the collected Seeds: 

Determination of the moisture content was conducted for both 

M. stenopetala and A. indica seeds based on the dry biomass. 
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The initial moisture content was carried out using the moisture 

analyzer and the corresponding results were triplicated and the 

average percentages of moisture contents were provided 

below (Table 2).  

The average mass per single seed was 0.48±0.02 g and 

0.62±0.15 g for M. stenopetala and A. indica samples, 

respectively. The obtained initial average moisture content of 

M. stenopetala seed (6.48±0.32%) was comparable with the 

5.70% value of moisture content obtained for M. oleifera [43]. 

To enhance the ease and effectiveness of oil extraction and to 

avoid challenges of oil water content in the downstream 

process, the collected samples were dried and pretreated 

properly. Thus, using the oven, the collected samples were 

dried continuously until the moisture content was below 5%. 

After drying, the average moisture contents of M. stenopetala 

and A. indica seeds were triplicated and obtained as 

3.12±0.38% and 4.34±0.42%, respectively (Table 2). 

 

 

Table 2 - The moisture content of M. stenopetala and A. indica seeds based on dry biomass (DB) 

 

S/N 
Experimental 

samples 

Initial moisture (%) 

(mean ± SD) 

Final moisture (%) 

(mean ± SD) 

Average mass per seed (g) 

(mean ± SD) 

(a) M. stenopetala seed 6.48±0.32 3.12±0.38 0.48±0.02 

(b) A. indica seed 11.64±0.54 4.34±0.42 0.62±0.15 

              SD – standard deviation 

 

The Statistical Evaluation of A. indica and M. stenopetala 

Oil Yield Using the RSM: 

The experimental results were evaluated and interpreted by 

employing the RSM, Box-Behnken Design method thereby 

carrying out the analysis of variance (ANOVA), regression 

analysis, and coefficients of the determinations for the model 

equation. The adequacy of the model equation was evaluated 

by the results of ANOVA. The regression coefficients (R2), 

variation coefficients (CV), adjusted coefficients (adj-R2), 

predicted coefficients (Pred-R2), and F-test were applied to 

evaluate the significance and quality of the model equation, 

where the main comparison was conducted at 5% of the least 

significant difference (LSD). 

 

 

Table 3 - The effects of experimental variables on the yield of M. stenopetala and A. indica oil 

 

 

Run 

Factor A       Factor B Factor  C Amount of 

sample 

per run 

 (g) 

 

Extraction 

temperature 

(°C) 

Response: yield of oil (%) 

Particle 

size 

(mm) 

Solvent-to-

solute 

ratio 

Reaction 

time 

(hrs.) 

M. stenopetala oil A. indica oil 

Actual 

value 

Predicted 

value 

Actual 

value 

Predicted 

value 

1 0.50 (0) 6:1 (0)  5 (0) 120 72 45.96 45.35 44.23 42.99 

2 0.20 (-1) 3:1 (-1) 5 (0) 120 72 39.24 38.68 36.18 35.43 

3 0.80 (+1) 3:1 (-1) 5 (0) 120 72 37.84 37.54 35.32 34.91 

4 0.50 (0) 6:1 (0) 5 (0) 120 72 45.52 45.35 42.64 42.99 

5 0.80 (+1) 9:1 (+1) 5 (0) 120 72 40.72 41.28 37.17 37.92 

6 0.20 (-1) 6:1 (0) 2 (-1) 120 72 30.92 31.51 28.12 28.83 

7 0.50 (0) 3:1 (-1) 2 (-1) 120 72 30.84 30.81 27.51 27.55 

8 0.80 (+1) 6:1 (0) 2 (-1) 120 72 30.62 30.94 27.86 28.22 

9 0.50 (0) 9:1 (+1) 8 (+1) 120 72 49.48 49.51 46.22 46.18 

10 0.50 (0) 9:1 (+1) 2 (-1) 120 72 30.78 32.90 31.25 30.13 

11 0.20 (-1) 9:1 (+1) 5 () 120 72 42.72 43.01 40.39 40.80 

12 0.20 (-1) 6:1 (0) 8 (+1) 120 72 47.36 47.04 44.72 44.36 

13 0.80 () 6:1 (0) 8 (+1) 120 72 45.32 44.73 42.28 41.57 

14 0.50 (0) 6:1 (0) 5 (0) 120 72 44.82 45.35 42.68 42.99 

15 0.50 (0) 6:1(0) 5 (0) 120 72 45.28 45.35 43.28 42.99 

16 0.50 (0) 6:1 (0) 5 (0) 120 72 45.15 45.35 42.12 42.99 

17 0.50 (0) 3:1 (-1) 8 (+1) 120 72 41.64 43.52 39.26 40.38 
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Table 4 - Results of ANOVA for the extracted oils at various experimental variables  

 

Table 5 - The model equation for the extracted oils at various factors of study 

           Response                                                            Yield of M. stenopetala oil  

              Sequential model sum of squares [Type I ] 

Source Sum of Squares Degree of 

freedom 

Mean square F-value P-value 

Prob>F 

 

Mean vs Total 28758.31 1 28676.31    

Linear vs Mean 466.51 3 155.50 14.13 0.0002  

2FI vs Linear 4.65 3 1.55 0.11 0.9511  

Quadratic vs 2FI 134.47 3 44.82 78.73 < 0.0001 Suggested 

Cubic vs Quadratic 3.26 3 1.09 5.98 0.0584 Aliased 

Residual 0.73 4 0.18    

Total 29285.92 17 1722.70              

       

           Response                                                            Yield of A. indica oil 

                                          Sequential model sum of squares [Type I ] 

                 Response                                                                    Yield of M. stenopetala oil      

ANOVA for Response surface quadratic model [partial sum of squares-type III] 

Source Sum of 

Squares 

 

df 

Mean 

square 

 

F-value 

P-value 

Prob > F 

 

Model 605.63 9 67.29 118.19 < 0.0001 significant 

A- Particle size 4.12 1 4.12 7.23 0.0311  

B- Solvent-to-solute ratio 32.56 1 32.56 57.19 0.0001  

C- Extraction time 429.83 1 429.83 754.96 < 0.0001  

AB 0.090 1 0.090 0.16 0.7028  

AC 0.76 1 0.76 1.33 0.2868  

BC 3.80 1 3.80 6.68 0.0362  

A2 35.97 1 35.97 63.19 < 0.0001  

B2 22.14 1 22.14 38.88 0.0004  

C2 63.00 1 63.00 110.65 < 0.0001  

Residual 3.99 7 0.57    

Lack of Fit 3.26 3 1.09 5.98 0.0584 not significant 

Pure Error 0.73 4 0.18    

Cor Total 609.62 16     

 

              Response                                                                        Yield of  A. indica oil 

Model 623.22 9 69.25 61.85 < 0.0001 significant 

A- Particle size 5.75 1 5.75 5.13 0.0579  

B- Solvent-to-solute ratio 35.11 1 35.11 31.36 0.0008  

C- Extraction time 416.74 1 416.74 372.20 < 0.0001  

AB 1.39 1  1.39 1.24 0.3016  

AC 1.19 1 1.19 1.06 0.3372  

BC 2.59 1 2.59 2.32 0.1719  

A2 38.40 1  38.40 34.30 0.0006  

B2 30.81 1 30.81 27.52 0.0012  

C2 75.16 1 75.16 67.13 < 0.0001  

Residual 7.84 7  1.12    

Lack of fit 5.24 3  1.75 2.69 0.1815 not significant 

Pure error 2.60 4  0.65    

Cor total 631.05 16     
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Source Sum of Squares Degree of 

freedom 

Mean square F-value P-value 

Prob>F 

 

Mean vs Total  24947.09 1 24947.09    

Linear vs Mean  457.60 3 152.53 11.43 0.0006  

2FI vs Linear 4.65 3 1.72 0.10 0.9568  

Quadratic vs 2FI 160.45 3 53.48 47.77 < 0.0001 Suggested 

Cubic vs Quadratic 5.24 3 1.75 2.69 0.1815 Aliased 

Residual 2.60 4 0.65    

Total 29376.56 17 1728.03    

 

 

The amount of A. indica and M. stenopetala crude oils were 

recorded at the end of each step of the extraction process and 

the percentage of extracted oil was determined as follows: 

Oil yield [%] = 
𝒎𝒂𝒔𝒔 𝒐𝒇 𝒄𝒓𝒖𝒅𝒆 𝒆𝒙𝒕𝒓𝒂𝒄𝒕𝒆𝒅 𝒐𝒊𝒍 

𝒕𝒐𝒕𝒂𝒍 𝒎𝒂𝒔𝒔 𝒐𝒇 𝒔𝒆𝒆𝒅 𝒌𝒆𝒓𝒏𝒆𝒍
 * 100        (4) 

The results showed that the maximum oil yields, 49.48% and 

46.22%, were recorded for M. stenopetala and A. indica, 

respectively, from the experimental run 9 at the particle size 

of 0.50mm, solvent-to-solute ratio of 9:1, and extraction time 

of 8 hrs (Table 3). The minimum oil yield (30.62%) was 

recorded for M. stenopetala from experimental run 8 and 

(27.51%) oil yield for A. indica from experimental run 7. 

The model equation development and evaluation for the 

extracted oils 

The BBD method and results of ANOVA were employed to 

develop the model equation and analyze its suitability and 

significance. 

 The ANOVA result indicated that the developed model 

equation for the conducted experiment is significant at the P < 

0.0001 signifying a 0.01% probability that the model F-value 

is large because of noise. The model terms are regarded as 

significant at P < 0.05. Hence, for the oil extraction process 

from M. stenopetala seed, the model terms A2, B2, C2, BC, A, 

B, and C are considered significant as their respective P – 

value < 0.05, whereas, the terms AB and AC are not 

significant terms of the model (Table 4). On the other hand, 

for the oil extraction process from A. indica seed, the model 

terms A2, B2, C2, B, and C are significant at P < 0.05, whereas, 

A, AB, AC, and BC are insignificant terms of the model. To 

improve the quality of the model equation, the insignificant 

terms would not be counted and hence, removed from the 

model. Moreover, the model fit summary was analyzed for the 

conducted experiments and the quadratic equation was 

selected with the statistically significant terms of the model (P 

< 0.0001), where the model is not aliased (Table 5).  

In addition, the adjusted determination coefficients of the 

developed model equations were in agreement with the 

prediction coefficients. The value of adequate precision is 

greater than 4 signifying the adequate signal-to-noise ratio and 

the desirability of the developed model (Table 6). Therefore, 

the developed model equations can be used to navigate the 

design space in the process of oil extraction via solvent 

method at various operational parameters.  

 

Table 6 - The measures of model adequacy for the extracted 

oils 

Adequacy 

measures 

M. stenopetala oil A. indica oil 

Standard 

deviation 

0.75 1.06 

Mean 41.07 38.31 

C.V. (%) 1.84 2.76 

R2 0.9935 0.9876 

Adj-R2 0.9851 0.9716 

Pred-R2 0.9126 0.8607 

Adeq Precision 32.204 22.95 

PRESS 53.27 87.91 

C.V.- coefficient of variations, R2- determination coefficient, 

Adj-R2– adjusted determination coefficient, Pred-R2– 

predicted determination coefficient 

 

The determination coefficients (R2) indicated that the 

estimated 99.35% (M. stenopetala oil) and 98.76% (A. indica 

oil) overall variations happened in the responses of the 

experiment were induced by the experimental variables. In 

addition, the minimum values of variation coefficients (i.e., 

the ratio of standard error to mean value of oil yield), fignified 

the experiment was reproducible, reliable, and precise. Hence, 

the developed model expressions were conceived as 

reproducible and they can be employed at various factors of 

study thereby carrying out the oil extraction process [30]:   

 

The model equation with coded factors to extract oils 

according to the BBD method: 

Yield of M. stenopetala oil = - 2.92*A
2 
- 2.29*B

2
 - 3.87*C

2
 - 

0.15*B - 0.44*A*C + 0.97*B*C 

- 0.72*A + 2.02*B + 7.33*C + 

45.35                                       (5) 

Yield of A. indica oil  = - 3.02*A
2
- 2.70*B

2
- 4.23*C

2
- 

0.59*A*B - 0.54*A*C + 

0.81*B*C - 0.85*A + 2.09*B + 

7.22*C + 42.                           (6) 
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The diagnostics case statistics of the extracted oils:  

Table 7 - The diagnostics case statistics of the extracted oils 

M. stenopetala seed oil A. indica seed oil 

Run 

order 

Actual 

value 

Predicted 

value 

Internally 

Studentized 

residual 

Externally 

Studentized 

residual 

Actual 

value 

Predicted 

value 

Internally 

Studentized 

residual 

Externally 

Studentized 

residual 

1 45.96 45.55 0.910 0.897 44.23 42.99 1.310 1.396 

2 39.24 38.93 1.484 1.660 36.18 35.43 1.422 1.562 

3 37.84 37.80 0.782 0.758 35.32 34.91 0.770 0.745 

4 45.52 45.55 0.258 0.240 42.64 42.99 -0.370 -0.346 

5 40.72 41.03 -1.484 -1.660 37.17 37.92 -1.422 -1.562 

6 30.92 30.81 -1.557 -1.783 28.12 28.83 -1.342 -1.442 

7 30.84 30.81 0.073 0.068 27.51 27.55 -0.080 -0.074 

8 30.62 30.69 -0.855 -0.836 27.86 28.22 -0.662 -0.662 

9 49.48 49.51 -0.073 -0.068 46.22 46.18 0.080 0.074 

10 30.78 30.40 2.339 4.630 31.25 30.13 2.112 3.247 

11 42.72 42.77 -0.782 -0.758 40.39 40.80 -0.770 -0.745 

12 47.36 47.29 0.855 0.836 44.72 44.36 0.690 0.662 

13 45.32 44.98 1.557 1.783 42.28 41.57 1.342 1.442 

14 45.82 45.55 -0.779 -0.755 42.68 42.99 -0.328 -0.306 

15 45.28 45.55 -0.098 -0.098 43.28 42.99 0.306 0.286 

16 45.15 45.55 -0.290 -0.271 42.12 42.99 -0.919 -0.908 

17 41.64 42.02 -2.339 -5.499 39.26 40.38 -2.112 -3.247 

 

 

To evaluate the characteristics of the Model equations and the 

nature of their statistical distribution, the normal probability 

versus residual error was used in compliance with the Box-

Behnken design and the plots showed that the normal 

distribution of residual errors in the linear patterns (Figure 3). 

Hence, in the experimental data distributions, a set of data 

points in the developed model equation were estimated to be 

in a straight line with no sign of abnormality. Moreover, a high 

correlation coefficients (i.e., close to unity) were obtained 

from the experimental data indicating that the actual 

experimental values of oil yield (i.e., M. stenopetala and A. 

indica oils) were in agreement with their respective predicted 

values (Table 7), and a data set fits the model equation 

properly thereby providing a precise prediction of the desired 

response or yield of the extracted oils (Figure 3).  

 

       
M. stenopetala oil                                                            A. indica oil 

Figure 3. The normal probability versus residual errors plots for M. stenopetala and A. indica seed oils  

http://www.journals.manas.edu.kg/


D. Genene Demisu     / MANAS Journal of Engineering 12(2) (2024) 163-176 171 

   

 MJEN  MANAS Journal of Engineering, Volume 12 (Issue 2) © 2024 www.journals.manas.edu.kg 

 

 

     
Figure 4. The predicted versus actual value plots for M. stenopetala and A. indica seed oils 

 

The Effect of Experimental Variables on the Yield of 

Oils: 

The effect of particle size and solvent-to-solute ratio on the 

yield of oils 

The ANOVA results signified that the particle size and 

solvent-to-solute ratio significantly affect the yield of oils of 

M. stenopetala and A. indica with a P- P-value less than 0.05, 

respectively (Table 4). For instance, the maximum oil yield 

(49.48%) was obtained for M. stenopetala seed when the 

particle size was 0.5 mm and the solvent-to-solute ratio was 

9:1, whereas, the minimum oil yield (30.62%) was recorded 

at the particle size (0.8 mm) and solvent-to-solute ratio (6:1) 

with extraction time (2 hrs). Similarly, the maximum A. indica 

oil yield (46.22%) was recorded for the particle size (0.5mm) 

and solvent-to-solute ratio (9:1) with 8 hrs extraction time, 

whereas, the minimum oil yield (27.5%) was obtained at the 

particle size (0.5 mm) and solvent-to-solute ratio (3:1) with an 

extraction time of 2 hrs (Table 3). For the considered species 

under experimentation, the maximum and minimum oil yields 

were obtained by varying the particle size and solvent-to-

solute ratio while keeping the extraction time constant (Figure 

5). The 3D surface plot of BBD indicated that at uniform 

extraction time, minimum particle size enhances the oil yield 

and increasing the solvent-to-solute ratio up to the optimum 

point enhances the yield of oil and vice-versa. However, using 

a more solvent-to-solute ratio beyond the optimum level no 

longer increases the yield of the oil (Figure 5).  

    

    
Figure 5. The effect of particle size and solvent-to-solute 

ratio on the oil yield 
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The effect of particle size and extraction time on the oil 

yield 

Results of ANOVA showed that the particle size and 

extraction time have significant effects on the yield of oil for 

both species with P < 0.05 (Table 4). The respective maximum 

and minimum percentages of oil yields were obtained for both 

species by keeping the solvent-to-solute ratio uniform. Larger 

particle size and shorter extraction time diminish the oil yield 

and vice-versa while keeping the solvent-to-solute ratio 

constant. Increasing the extraction time from 2 - 8 hrs with 

smaller particle sizes increases the oil yield as shown in the 

3D surface plot of the BBD (Figure 6). 

   

 
Figure 6. The effect of particle size and extraction time on 

the oil yield 

The effect of solvent-to-solute ratio on the oil yield 

As presented in the results of ANOVA, the solvent-to-solute 

ratio and extraction time significantly affect the yield of oil for 

both species with P < 0.05 (Table 4). The respective maximum 

and minimum percentages of oil yields were obtained for both 

species by keeping the particle size constant. It has been 

indicated that a more solvent-to-solute ratio and longer 

extraction time increase the oil yield and vice-versa while 

keeping the particle size constant. Increasing the extraction 

time from 2 - 8 hrs with increasing the solvent-to-solute ratio 

(3:1 - 9:1), increases the oil yield for both M. stenopetala and 

A. indica as shown in the 3D surface plot of BBD (Figure 7). 

    

 
Figure 7. The effect of solvent-to-solute ratio and extraction 

time on the oil yield 

The Physicochemical Properties of Extracted Oil from M. 

stenopetala and A. indica Seed:  

The physicochemical properties of M. stenopetala and A. 

indica seed oil were evaluated according to the standard test 

methods. The results were triplicated and their corresponding 

mean values with standard deviation were provided in Table 

8. The main physicochemical characteristics of M. stenopetala 

and A. indica seed oil were acid value, free fatty acid, 

saponification value, iodine value, peroxide value, kinematic 

viscosity, specific gravity, pH value, and refractive index. 
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Table 8 - The physicochemical properties of extracted M. stenopetala and A. indica seed oil 

 

Physicochemical properties 

oil 

 

Units 

Experimental results 

(mean±SD ) 

 

Standard Methods 

M. stenopetala oil A. indica oil 

Kinematic 

Viscosity 

at 22 °C mm2/s 47.73±0.42 49.84±0.33  

[39]   at 40 °C mm2/s 26.50±0.30 28.32±0.42 

at 60 °C mm2/s 12.30±0.20 1 4.12±0.12 

Specific gravity - 0.89±0.01 0.92±0.02 [40]   

pH value - 7.35± 0.05 8.26±0.35 - 

Refractive index - 1.4132±0.03 1.4628±0.02 [42]   

Odor - Odorless Unpleasant - 

Color - Pale yellow Brownish-yellow - 

Acid value mg KOH/g 5.68±0.08 18.60±0.64 [44]   

Free fatty acid (FFA) mg KOH/g 2.84±0.04 9.30±0.32 [44]   

Saponification value mg KOH/g 188.42±0.46 194.36±0.54 [35]   

Iodine value g I2/100 g 68.20±0.35 72.78±0.36 [36]   

Peroxide value meq/kg 17.12±0.15 16.24±0.74 [38]   

SD – standard deviation 

It has been found that the acid number of M. stenopetala seed 

oil (5.68±0.08 mg KOH/g oil) was relatively lower than that 

of A. indica seed oil (18.60±0.64 mg KOH/g oil) (Table 8). 

These values showed that the extracted oil from the two 

species (i.e., M. stenopetala and A. indica seeds) could not be 

subjected to utilization directly, for instance, in the biodiesel 

production via transesterification process. Thus, they 

necessitated acid pretreatment steps (i.e., esterification 

reaction) to convert the free fatty acid in the considered crude 

oils until their respective FFA values were less than 0.5%.  

Moreover, the obtained saponification values of M. 

stenopetala seed oil (188.42±0.46 mg KOH/g oil) and A. 

indica seed oil (194.36±0.54 mg KOH/g oil) were of high 

value signifying that high free fatty acid (FFA) was presented 

in each extracted crude oils (Table 8). The result indicated that 

the obtained saponification value of M. stenopetala seed oil 

was in agreement with the reported values in the previous 

work, 186 mg KOH/g saponification value of oil was reported 

by Anwar et al., [45] and 178.23 mg KOH/g by Andinet et al., 

[14], whereas, the obtained saponification value of A. indica 

seed oil (194.36±0.54 mg KOH/g oil) was in comparable with 

the previous value, 199.810±1.584 mg KOH/g oil, reported by 

Bakari  et al., [46], for the sample of A. indica seed oil 

collected from Zidim, Cameroon. 

The iodine number indicates the degree of unsaturation of oils. 

The lower iodine value of the oil signifies the lower degree of 

unsaturation and vice-versa. The experimental result showed 

that the iodine number of M. stenopetala seed oil was 

68.20±0.35 g I2/100 g oil (Table 8). The obtained value of 

iodine number was relatively lower and hence, it showed that 

the M. stenopetala seed oil was less likely susceptible to oil 

rancidity. The result was also in agreement with the report of 

the previous study, 69 g I2/100 g oil by Andinet et al., ([14], 

2010) and 65.8 g I2/100 g oil by Lalas et al., [47]. Besides, the 

obtained value of iodine number for the A. indica seed oil was 

72.78±0.36 g I2/100 g oil. This value was in line with the 

previously reported result, 74.448±0.564 g I2/100 g oil and 

73.814±0.366 g I2/100 g oil in A. indica seed oil collected 

from the districts of Maroua and Zidim, Cameroon, 

respectively [46]. On the other hand, the peroxide number 

determines the amount of hydro-peroxides presented in the 

crude extracted vegetable oil [48]. The crude oil with lower 

number of peroxide is highly resistant to oxidation reaction. 

The peroxide value of M. stenopetala seed oil obtained in this 

study was 17.12±0.15 meq/kg, and this value was in 

comparable with a 17.60 meq/kg peroxide value of M. 

stenopetala seed oil obtained from Konso, Ethiopia according 

to the report by Meseret et al., [49]. The peroxide value of A. 

indica seed oil (16.24±0.74 meq/kg) was less than that of the 

M. stenopetala seed oil signified that the A. indica seed oil was 

more resistant to oxidation than that of M. stenopetala seed oil 

(Table 8).  

The kinematic viscosities obtained in experiment were 

recorded at various temperature (i.e., at 22 °C, 40 °C, and 60 

°C) and the corresponding values at each specified 

temperature were recorded as 47.73±0.42 mm2/s, 26.50±0.30 

mm2/s, and 12.30±0.20 mm2/s, respectively, for M. 

stenopetala seed oil, whereas, for the A. indica seed oil, the 

kinematic viscosities were recorded as 49.84±0.33 mm2/s, 

28.32± 0.42 mm2/s, and 14.12±0.12 mm2/s at 22 °C, 40 °C, 

and 60 °C, respectively (Table 8). For both crude oil samples, 

the result showed that the kinematic viscosities were 

decreased with increasing temperature of oil and vice-versa. 

The evaluated physicochemical properties of the M. 

stenopetala and A. indica seed oils (i.e., kinematic viscosity, 

specific gravity, and refractive index) were in agreement with 

the reported values in the previous work. The specific gravity 

of M. stenopetala and A. indica seed oil were 0.89 and 0.92, 

respectively, and these values were in comparable with the 

previously reported value [50], whereas, the values of 

refractive index, 1.4132±0.03 and 1.4628±0.02, for M. 
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stenopetala and A. indica seed oil, respectively (Table 8) were 

in line with the result shown in the previous study [45]. 

4. Conclusion 

In this study, samples of A. indica and M. stenopetala seeds 

were collected from different regions of Ethiopia. The 

collected seeds were first de-hulled (i.e., decorticated). 

Following the decortication, the outer husk was separated 

from the kernels by winnowing. The dried samples of M. 

stenopetala and A. indica seed kernels were ground into the 

paste at particle sizes of 0.20 mm, 0.50 mm, and 0.80 mm turn-

by-turn using a grinder thereby providing a higher surface area 

of particles for the ease of oil extraction and to obtain better 

oil yield. The Soxhlet extraction method, with n-hexane, was 

employed for the extraction of oil from the considered species. 

In the extraction process, the maximum oil yield, 49.48% M. 

stenopetala oil, and 46.22% A. indica oil were obtained from 

experimental run 9, with particle size 0.5mm, solvent-to-

solute ratio of 9:1, and 8 hrs extraction time. On the other 

hand, the minimum values of oil yield, 30.62% M. stenopetala 

oil was recorded at the particle size of 0.8 mm, solvent-to-

solute ratio of 6:1, and 2 hrs extraction time, whereas, the 

minimum oil yield for A. indica (27.51%) was obtained at the 

particle size 0.5 mm, 3:1 solvent-to-solute ratio, and 

extraction time of 2 hrs. The physicochemical properties of 

the extracted oils were determined following the methods of 

ASTM and AOAC. The results were triplicated and obtained 

as mean ± standard deviation (Table 8). The determined 

physicochemical properties of A. indica and M. stenopetala 

seed oil were kinematic viscosity, specific gravity, pH value, 

refractive index, acid value, free fatty acid, saponification 

value, iodine value, and peroxide value. The results of this 

study indicated that the extracted oils from the considered 

species had good oil quality, and therefore, they can be 

utilized for several applications (i.e., commercial and 

industrial purposes, and production of biofuels). 
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A B S T R AC T A R T I C L E I N F O

Discrete-time systems are sometimes used to explain natural phenomena that happen
in non-linear sciences. We study the periodicity, boundedness, oscillation, stability,
and certain exact solutions of nonlinear difference equations of generalized order
in this paper. Using the standard iteration method, exact solutions are obtained.
Some well-known theorems are used to test the stability of the equilibrium points.
Some numerical examples are also provided to confirm the theoretical work’s
validity. The numerical component is implemented with Wolfram Mathematica.
The method presented may be simply applied to other rational recursive issues.
In this research, we examine the qualitative behavior of rational recursive sequences
provided that the initial conditions are arbitrary real numbers. We examine the
behavior of solutions on graphs according to the state of their initial value
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1. Introduction

Differential equations are often used to describe some
natural phenomena when the time is continuous. However,
some real life problems can be simply investigated using
discrete-time equations. Differential equations occur nat-
urally in many nonlinear sciences, including ecology and
economics. In such cases, the state of a phenomenon at a
specific point in time completely predicts its state after a
year. Dynamical systems theory is useful in discussing
the behavior of some models without solving them. Most
natural phenomena are studied using difference equations.
For instance, recursive equations have been well used in
modeling some natural phenomena such as the size of a
population, the Fibonacci sequence, the drug in the blood
system, the transmission of information, the pricing of a
certain commodity, the propagation of annual plants, and
others [12]. In addition, some scholars have used differ-

ence equations to find the numerical solutions of some
differential equations. More specifically, discretizing a
given differential equation gives a difference equation.
For example, Runge-Kutta scheme is obtained from dis-
cretizing a first order differential equation. This raises the
question of the convergence of the difference scheme to
the solution of a differential equation. Or, in a broader
sense, the question of the correspondence between the
properties of solutions of differential equations and their
difference approximations. The work [17] is devoted to
questions of conservation of a solution bounded on the
entire axis in the transition from differential to differ-
ence equations and vice versa. In [18], similar questions
were considered to preserve the oscillatory property of
solutions to second-order equations. The development
of technology has motivated the use of recurrence equa-
tions as approximations to partial differential equations.
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It is worth mentioning that fractional order difference
equations are often utilized to investigate some real life
phenomena emerging in nonlinear sciences.
Alayachi et al. [5] analyzed the local and global attractiv-
ity, periodicity and the solutions of a sixth order difference
equation. Some numerical examples have been also pre-
sented in [5]. In [28], Sanbo and Elsayed presented the
periodicity, stability and some solutions of a fifth order
recursive equation. Almatrafi and Alzubaidi [8] discussed
the dynamical behaviors of an eighth order difference rela-
tion and showed some 2D figures for the obtained results.
Moreover, Ahmed et al. [2], found new solutions and
investigated the dynamical analysis for some nonlinear
difference relations of fifteenth order. More discussions
about nonlinear recursive problems can be seen in refs.
[1–30].
Let 𝐼 be some interval of real numbers and let

𝑓 : 𝐼𝑘+1 → 𝐼,

be a continuously differentiable function. Then for every
set of initial conditions

𝑥−𝑘 ,𝑈−𝑘+1, ..., 𝑥0 ∈ 𝐼

the difference equation

𝑥𝑛+1 = 𝑓 (𝑥𝑛, 𝑥𝑛−1, ..., 𝑥𝑛−𝑘), (1)

has a unique solution {𝑥𝑛}∞𝑛=−𝑘 [23]. A point 𝑥 ∈ 𝐼 is
called an equilibrium point of equation (1) if

𝑥 = 𝑓 ( 𝑥, 𝑥, ..., 𝑥) .

That is, 𝑥𝑛 = 𝑥 for 𝑛 ≥ 0 is a solution of equation (1), or
equivalently, 𝑥 is a fixed point of 𝑓 .

Definition 1.1. (Stability).

(i) The equilibrium point 𝑥 of equation (1) is called locally
stable if for every 𝜖 > 0, there exists 𝛿 > 0 such that for
all

𝑥−𝑘 , 𝑥−𝑘+1, ..., 𝑥−1, 𝑥0 ∈ 𝐼,

with

|𝑥−𝑘 − 𝑥 | + |𝑥−𝑘+1 − 𝑥 | + ... + |𝑥0 − 𝑥 | < 𝛿,

we have
|𝑥𝑛 − 𝑥 | < 𝜖 for all 𝑛 ≥ 𝑘.

(ii) The equilibrium point 𝑥 of equation (1) is called locally
asymptotically stable if 𝑥 is a locally stable solution of
equation (1) and there exists 𝛾 > 0, such that for all

𝑥−𝑘 , 𝑥−𝑘+1, ..., 𝑥−1, 𝑥0 ∈ 𝐼,

with

|𝑥−𝑘 − 𝑥 | + |𝑥−𝑘+1 − 𝑥 | + ... + |𝑥0 − 𝑥 | < 𝛾,

we have
lim
𝑛→∞

𝑥𝑛 = 𝑥.

(iii) The equilibrium point 𝑥 of equation (1) is called a global
attractor if for all

𝑥−𝑘 , 𝑥−𝑘+1, ..., 𝑥−1, 𝑥0 ∈ 𝐼,

we have

lim
𝑛→∞

𝑥𝑛 = 𝑥.

(iv) The equilibrium point 𝑥 of equation (1) is called a global
asymptotically stable if 𝑥 is locally stable and 𝑥 is also a
global attractor of equation (1).

(v) The equilibrium point 𝑥 of equation (1) is called unstable
if 𝑥 is not locally stable. The linearized equation of equa-
tion (1) about the equilibrium 𝑥 is the linear difference
equation

𝑦𝑛+1 =

𝑘∑︁
𝑖=0

𝜕 𝑓 (𝑥,𝑈, ..., 𝑥)
𝜕𝑥𝑛−𝑖

𝑦𝑛−𝑖 .

Theorem 1. (see[21]). Assume that 𝑝, 𝑞 ∈ R and 𝑘 ∈ N0.
Then

|𝑝 | + |𝑞 | < 1

is a sufficient condition for the asymptotic stability of the
difference equation

𝑥𝑛+1 + 𝑝𝑥𝑛 + 𝑞𝑥𝑛−𝑘 = 0, 𝑛 ∈ N0.

Remark 2. Theorem 1 can be easily extended to general
linear equations of the form

𝑥𝑛+𝑘 + 𝑝1𝑥𝑛+𝑘−1 + ... + 𝑝𝑘𝑥𝑛 = 0, 𝑛 ∈ N0, (2)

where, 𝑝1, 𝑝2, ..., 𝑝𝑘 ∈ R and 𝑘 ∈ N. Then (2) is asymp-
totically stable provided that

𝑘∑︁
𝑖=1

|𝑝𝑖 | < 1.

Definition 1.2. (Periodicity). A sequence {𝑥𝑛}∞𝑛=−𝑘 is
said to be periodic with period 𝑝 if 𝑥𝑛+𝑝 = 𝑈𝑛 for all
𝑛 ≥ −𝑘 .

Definition 1.3. The equilibrium point 𝑥 is said to be hy-
perbolic if | 𝑓 (𝑥) | ≠ 1. If | 𝑓 (𝑥) | = 1, 𝑥 is non hyperbolic.
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2. The Difference Equation 𝑥𝑛+1 =
𝑥𝑛𝑥𝑛−8

𝑥𝑛−7+𝑥𝑛𝑥𝑛−7𝑥𝑛−8

In this part we give the solutions of

𝑥𝑛+1 =
𝑥𝑛𝑥𝑛−8

𝑥𝑛−7 + 𝑥𝑛𝑥𝑛−7𝑥𝑛−8
, 𝑛 ∈ N0, (3)

where the initials are arbitrary real numbers.

Theorem 3. Let {𝑥𝑛}∞𝑛=−8 be a solution of Eq. 3. Then
for 𝑛 ∈ N0

𝑥16𝑛+1 =
𝑎 𝑗

∏𝑛−1
𝑖=0 (1 + (16𝑖 + 9)𝑎 𝑗)

ℎ
∏𝑛

𝑖=0 (1 + (16𝑖 + 1)𝑎 𝑗) ,

𝑥16𝑛+2 =
𝑎 𝑗

∏𝑛−1
𝑖=0 (1 + (16𝑖 + 10)𝑎 𝑗)

𝑔
∏𝑛

𝑖=0 (1 + (16𝑖 + 2)𝑎 𝑗) ,

𝑥16𝑛+3 =
𝑎 𝑗

∏𝑛−1
𝑖=0 (1 + (16𝑖 + 11)𝑎 𝑗)

𝑓
∏𝑛

𝑖=0 (1 + (16𝑖 + 3)𝑎 𝑗) ,

𝑥16𝑛+4 =
𝑎 𝑗

∏𝑛−1
𝑖=0 (1 + (16𝑖 + 12)𝑎 𝑗)

𝑒
∏𝑛

𝑖=0 (1 + (16𝑖 + 4)𝑎 𝑗) ,

𝑥16𝑛+5 =
𝑎 𝑗

∏𝑛−1
𝑖=0 (1 + (16𝑖 + 13)𝑎 𝑗)

𝑑
∏𝑛

𝑖=0 (1 + (16𝑖 + 5)𝑎 𝑗) ,

𝑥16𝑛+6 =
𝑎 𝑗

∏𝑛−1
𝑖=0 (1 + (16𝑖 + 14)𝑎 𝑗)

𝑐
∏𝑛

𝑖=0 (1 + (16𝑖 + 6)𝑎 𝑗) ,

𝑥16𝑛+7 =
𝑎 𝑗

∏𝑛−1
𝑖=0 (1 + (16𝑖 + 15)𝑎 𝑗)

𝑏
∏𝑛

𝑖=0 (1 + (16𝑖 + 7)𝑎 𝑗) ,

𝑥16𝑛+8 =
𝑗
∏𝑛−1

𝑖=0 (1 + (16𝑖 + 16)𝑎 𝑗)∏𝑛
𝑖=0 (1 + (16𝑖 + 8)𝑎 𝑗) ,

𝑥16𝑛+9 =
ℎ
∏𝑛

𝑖=0 (1 + (16𝑖 + 1)𝑎 𝑗)∏𝑛
𝑖=0 (1 + (16𝑖 + 9)𝑎 𝑗) ,

𝑥16𝑛+10 =
𝑔
∏𝑛

𝑖=0 (1 + (16𝑖 + 2)𝑎 𝑗)∏𝑛
𝑖=0 (1 + (16𝑖 + 10)𝑎 𝑗) ,

𝑥16𝑛+11 =
𝑓
∏𝑛

𝑖=0 (1 + (16𝑖 + 3)𝑎 𝑗)∏𝑛
𝑖=0 (1 + (16𝑖 + 11)𝑎 𝑗) ,

𝑥16𝑛+12 =
𝑒
∏𝑛

𝑖=0 (1 + (16𝑖 + 4)𝑎 𝑗)∏𝑛
𝑖=0 (1 + (16𝑖 + 12)𝑎 𝑗) ,

𝑥16𝑛+13 =
𝑑
∏𝑛

𝑖=0 (1 + (16𝑖 + 5)𝑎 𝑗)∏𝑛
𝑖=0 (1 + (16𝑖 + 13)𝑎 𝑗) ,

𝑥16𝑛+14 =
𝑐
∏𝑛

𝑖=0 (1 + (16𝑖 + 6)𝑎 𝑗)∏𝑛
𝑖=0 (1 + (16𝑖 + 14)𝑎 𝑗) ,

𝑥16𝑛+15 =
𝑏
∏𝑛

𝑖=0 (1 + (16𝑖 + 7)𝑎 𝑗)∏𝑛
𝑖=0 (1 + (16𝑖 + 15)𝑎 𝑗) ,

𝑥16𝑛+16 =
𝑎
∏𝑛

𝑖=0 (1 + (16𝑖 + 8)𝑎 𝑗)∏𝑛
𝑖=0 (1 + (16𝑖 + 16)𝑎 𝑗) .

where,

𝑥−8 = 𝑗 , 𝑥−7 = ℎ, 𝑥−6 = 𝑔, 𝑥−5 = 𝑓 ,

𝑥−4 = 𝑒, 𝑥−3 = 𝑑, 𝑥−2 = 𝑐, 𝑥−1 = 𝑏, (4)
𝑥0 = 𝑎.

Proof Suppose that 𝑛 > 0 and that our assumption holds
for 𝑛 − 1. That is,

𝑥16𝑛−15 =
𝑎 𝑗

∏𝑛−2
𝑖=0 (1 + (16𝑖 + 9)𝑎 𝑗)

ℎ
∏𝑛−1

𝑖=0 (1 + (16𝑖 + 1)𝑎 𝑗)
,

𝑥16𝑛−14 =
𝑎 𝑗

∏𝑛−2
𝑖=0 (1 + (16𝑖 + 10)𝑎 𝑗)

𝑔
∏𝑛−1

𝑖=0 (1 + (16𝑖 + 2)𝑎 𝑗)
,

𝑥16𝑛−13 =
𝑎 𝑗

∏𝑛−2
𝑖=0 (1 + (16𝑖 + 11)𝑎 𝑗)

𝑓
∏𝑛−1

𝑖=0 (1 + (16𝑖 + 3)𝑎 𝑗)
,

𝑥16𝑛−12 =
𝑎 𝑗

∏𝑛−2
𝑖=0 (1 + (16𝑖 + 12)𝑎 𝑗)

𝑒
∏𝑛−1

𝑖=0 (1 + (16𝑖 + 4)𝑎 𝑗)
,

𝑥16𝑛−11 =
𝑎 𝑗

∏𝑛−2
𝑖=0 (1 + (16𝑖 + 13)𝑎 𝑗)

𝑑
∏𝑛−1

𝑖=0 (1 + (16𝑖 + 5)𝑎 𝑗)
,

𝑥16𝑛−10 =
𝑎 𝑗

∏𝑛−2
𝑖=0 (1 + (16𝑖 + 14)𝑎 𝑗)

𝑐
∏𝑛−1

𝑖=0 (1 + (16𝑖 + 6)𝑎 𝑗)
,

𝑥16𝑛−9 =
𝑎 𝑗

∏𝑛−2
𝑖=0 (1 + (16𝑖 + 15)𝑎 𝑗)

𝑏
∏𝑛−1

𝑖=0 (1 + (16𝑖 + 7)𝑎 𝑗)
,

𝑥16𝑛−8 =
𝑗
∏𝑛−2

𝑖=0 (1 + (16𝑖 + 16)𝑎 𝑗)∏𝑛−1
𝑖=0 (1 + (16𝑖 + 8)𝑎 𝑗)

,

𝑥16𝑛−7 =
ℎ
∏𝑛−1

𝑖=0 (1 + (16𝑖 + 1)𝑎 𝑗)∏𝑛−1
𝑖=0 (1 + (16𝑖 + 9)𝑎 𝑗)

,

𝑥16𝑛−6 =
𝑔
∏𝑛−1

𝑖=0 (1 + (16𝑖 + 2)𝑎 𝑗)∏𝑛−1
𝑖=0 (1 + (16𝑖 + 10)𝑎 𝑗)

,

𝑥16𝑛−5 =
𝑓
∏𝑛−1

𝑖=0 (1 + (16𝑖 + 3)𝑎 𝑗)∏𝑛−1
𝑖=0 (1 + (16𝑖 + 11)𝑎 𝑗)

,

𝑥16𝑛−4 =
𝑒
∏𝑛−1

𝑖=0 (1 + (16𝑖 + 4)𝑎 𝑗)∏𝑛−1
𝑖=0 (1 + (16𝑖 + 12)𝑎 𝑗)

,

𝑥16𝑛−3 =
𝑑
∏𝑛−1

𝑖=0 (1 + (16𝑖 + 5)𝑎 𝑗)∏𝑛−1
𝑖=0 (1 + (16𝑖 + 13)𝑎 𝑗)

,

𝑥16𝑛−2 =
𝑐
∏𝑛−1

𝑖=0 (1 + (16𝑖 + 6)𝑎 𝑗)∏𝑛−1
𝑖=0 (1 + (16𝑖 + 14)𝑎 𝑗)

,

𝑥16𝑛−1 =
𝑏
∏𝑛−1

𝑖=0 (1 + (16𝑖 + 7)𝑎 𝑗)∏𝑛−1
𝑖=0 (1 + (16𝑖 + 15)𝑎 𝑗)

,

𝑥16𝑛 =
𝑎
∏𝑛−1

𝑖=0 (1 + (16𝑖 + 8)𝑎 𝑗)∏𝑛−1
𝑖=0 (1 + (16𝑖 + 16)𝑎 𝑗)

.

where, 𝑥−8, . . . , 𝑥0 defines as in 4 Now, it follows from
Equation 3 that
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𝑥16𝑛+1 =
𝑥16𝑛𝑥16𝑛−8

𝑥16𝑛−7 + 𝑥16𝑛𝑥16𝑛−7𝑥16𝑛−8
. (5)

If the found values are substituted in the equation5, we
have

𝑥16𝑛+1 =
𝑎 𝑗

∏𝑛−1
𝑖=0 (1 + (16𝑖 + 9)𝑎 𝑗)

ℎ
∏𝑛

𝑖=0 (1 + (16𝑖 + 1)𝑎 𝑗) .

Other relations can also be obtained in a similar way, and
thus the proof is complete.

Theorem 4. Equation 3 has a unique equilibrium 𝑥 = 0
and it is not locally asymptotically stable.

Proof
We have

𝑥 =
𝑥2

𝑥(1 + 𝑥2)
.

Then
1 + 𝑥2 = 1, 𝑥2 = 0.

Thus the equilibrium of Equation 3 is 𝑥 = 0.
Define the function 𝐹 by

𝐹 (𝛼, 𝛽, 𝛾) = 𝛼𝛾

𝛽(1 + 𝛼𝛾) .

Then it follows that,

𝐹𝛼 (𝛼, 𝛽, 𝛾) =
𝛾

𝛽(1 + 𝛼𝛾)2 ; 𝐹𝛽 (𝛼, 𝛽, 𝛾) = − 𝛼𝛾

𝛽2 (1 + 𝛼𝛾)
;

𝐹𝛾 (𝛼, 𝛽, 𝛾) =
𝛼

𝛽(1 + 𝛼𝛾)2 ;

we see that,

𝐹𝛼 (𝑥, 𝑥, 𝑥) = 1; 𝐹𝛽 (𝑥, 𝑥, 𝑥) = −1; 𝐹𝛾 (𝑥, 𝑥, 𝑥) = 1

By using Theorem 1 , the proof is completed.

Example 1. Assume that

𝑥−8 = 6.5, 𝑥−7 = 5.5, 𝑥−6 = 24, 𝑥−5 = 23, 𝑥−4 = 22,
𝑥−3 = 21, 𝑥−2 = 5, 𝑥−1 = 4, 𝑥0 = 3.

See figure 1.
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Figure 1

Example 2. Assume that,

𝑥−8 = 7.5, 𝑥−7 = 3.5, 𝑥−6 = 20, 𝑥−5 = 21, 𝑥−4 = 19,
𝑥−3 = 18, 𝑥−2 = 6, 𝑥−1 = 5, 𝑥0 = 2.5

See figure 2.
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3. The Equation 𝑥𝑛+1 =
𝑥𝑛𝑥𝑛−8

𝑥𝑛−7−𝑥𝑛𝑥𝑛−7𝑥𝑛−8

We deal with the difference equation

𝑥𝑛+1 =
𝑥𝑛𝑥𝑛−8

𝑥𝑛−7 − 𝑥𝑛𝑥𝑛−7𝑥𝑛−8
, 𝑛 ∈ N0. (6)

where the initials are arbitrary real numbers.

Theorem 5. Let {𝑥𝑛}∞𝑛=−8 be a solution of Equation 6
Then for 𝑛 ∈ N0

𝑥16𝑛+1 =
𝑎 𝑗

∏𝑛−1
𝑖=0 (1 − (16𝑖 + 9)𝑎 𝑗)

ℎ
∏𝑛

𝑖=0 (1 − (16𝑖 + 1)𝑎 𝑗) ,

𝑥16𝑛+2 =
𝑎 𝑗

∏𝑛−1
𝑖=0 (1 − (16𝑖 + 10)𝑎 𝑗)

𝑔
∏𝑛

𝑖=0 (1 − (16𝑖 + 2)𝑎 𝑗) ,

𝑥16𝑛+3 =
𝑎 𝑗

∏𝑛−1
𝑖=0 (1 − (16𝑖 + 11)𝑎 𝑗)

𝑓
∏𝑛

𝑖=0 (1 − (16𝑖 + 3)𝑎 𝑗) ,

𝑥16𝑛+4 =
𝑎 𝑗

∏𝑛−1
𝑖=0 (1 − (16𝑖 + 12)𝑎 𝑗)

𝑒
∏𝑛

𝑖=0 (1 − (16𝑖 + 4)𝑎 𝑗) ,

𝑥16𝑛+5 =
𝑎 𝑗

∏𝑛−1
𝑖=0 (1 − (16𝑖 + 13)𝑎 𝑗)

𝑑
∏𝑛

𝑖=0 (1 − (16𝑖 + 5)𝑎 𝑗) ,

𝑥16𝑛+6 =
𝑎 𝑗

∏𝑛−1
𝑖=0 (1 − (16𝑖 + 14)𝑎 𝑗)

𝑐
∏𝑛

𝑖=0 (1 − (16𝑖 + 6)𝑎 𝑗) ,

𝑥16𝑛+7 =
𝑎 𝑗

∏𝑛−1
𝑖=0 (1 − (16𝑖 + 15)𝑎 𝑗)

𝑏
∏𝑛

𝑖=0 (1 − (16𝑖 + 7)𝑎 𝑗) ,

𝑥16𝑛+8 =
𝑗
∏𝑛−1

𝑖=0 (1 − (16𝑖 + 16)𝑎 𝑗)∏𝑛
𝑖=0 (1 − (16𝑖 + 8)𝑎 𝑗) ,
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𝑥16𝑛+9 =
ℎ
∏𝑛

𝑖=0 (1 − (16𝑖 + 1)𝑎 𝑗)∏𝑛
𝑖=0 (1 − (16𝑖 + 9)𝑎 𝑗) ,

𝑥16𝑛+10 =
𝑔
∏𝑛

𝑖=0 (1 − (16𝑖 + 2)𝑎 𝑗)∏𝑛
𝑖=0 (1 − (16𝑖 + 10)𝑎 𝑗) ,

𝑥16𝑛+11 =
𝑓
∏𝑛

𝑖=0 (1 − (16𝑖 + 3)𝑎 𝑗)∏𝑛
𝑖=0 (1 − (16𝑖 + 11)𝑎 𝑗) ,

𝑥16𝑛+12 =
𝑒
∏𝑛

𝑖=0 (1 − (16𝑖 + 4)𝑎 𝑗)∏𝑛
𝑖=0 (1 − (16𝑖 + 12)𝑎 𝑗) ,

𝑥16𝑛+13 =
𝑑
∏𝑛

𝑖=0 (1 − (16𝑖 + 5)𝑎 𝑗)∏𝑛
𝑖=0 (1 − (16𝑖 + 13)𝑎 𝑗) ,

𝑥16𝑛+14 =
𝑐
∏𝑛

𝑖=0 (1 − (16𝑖 + 6)𝑎 𝑗)∏𝑛
𝑖=0 (1 − (16𝑖 + 14)𝑎 𝑗) ,

𝑥16𝑛+15 =
𝑏
∏𝑛

𝑖=0 (1 − (16𝑖 + 7)𝑎 𝑗)∏𝑛
𝑖=0 (1 − (16𝑖 + 15)𝑎 𝑗) ,

𝑥16𝑛+16 =
𝑎
∏𝑛

𝑖=0 (1 − (16𝑖 + 8)𝑎 𝑗)∏𝑛
𝑖=0 (1 − (16𝑖 + 16)𝑎 𝑗) .

holds.

Proof The proof is similar to the proof of Theorem 3
and therefore it will be omitted.

Theorem 6. Equation 6 has a unique equilibrium 𝑥 = 0,
and it is not locally asymptotically stable.

Proof The proof is similar to the proof Theorem 4 and
there it will be omitted.
For confirming the outcomes of this section, we take
into consideration mathematical instances which stand for
various kind of solutions to (3).

Example 3. The solution in given by Figure 3 when,

𝑥−8 = 6, 𝑥−7 = 6.5, 𝑥−6 = 11, 𝑥−5 = 19, 𝑥−4 = 13,
𝑥−3 = 10, 𝑥−2 = 11, 𝑥−1 = 8, 𝑥0 = 9.5
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Figure 3

Example 4. The solution is given by Figure 4 when,

𝑥−8 = 6.8, 𝑥−7 = 6, 𝑥−6 = 13, 𝑥−5 = 17, 𝑥−4 = 16,
𝑥−3 = 21, 𝑥−2 = 19, 𝑥−1 = 17, 𝑥0 = 10.5
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4. The Equation 𝑥𝑛+1 =
𝑥𝑛𝑥𝑛−8

−𝑥𝑛−7+𝑥𝑛𝑥𝑛−7𝑥𝑛−8

We deal with the difference equation

𝑥𝑛+1 =
𝑥𝑛𝑥𝑛−8

−𝑥𝑛−7 + 𝑥𝑛𝑥𝑛−7𝑥𝑛−8
, 𝑛 ∈ N0. (7)

where the initials are arbitrary real numbers.

Theorem 7. Let {𝑥𝑛}∞𝑛=−8 be a solution of difference
equation 7. Then solutions are 16 period.{
𝑥16𝑛+1 =

𝑎 𝑗

ℎ(−1 + 𝑎 𝑗) , 𝑥16𝑛+2 =
𝑎 𝑗

𝑔
, 𝑥16𝑛+3 =

𝑎 𝑗

𝑓 (−1 + 𝑎 𝑗) ,

𝑥16𝑛+4 =
𝑎 𝑗

𝑒
, 𝑥16𝑛+5 =

𝑎 𝑗

𝑑 (−1 + 𝑎 𝑗) , 𝑥16𝑛+6 =
𝑎 𝑗

𝑐
,

𝑥16𝑛+7 =
𝑎 𝑗

𝑏(−1 + 𝑎 𝑗) , 𝑥16𝑛+8 = 𝑗 , 𝑥16𝑛+9 = ℎ, 𝑥16𝑛+10 = 𝑔,

𝑥16𝑛+11 = 𝑓 , 𝑥16𝑛+12 = 𝑒, 𝑥16𝑛+13 = 𝑑, 𝑥16𝑛+14 = 𝑐,

𝑥16𝑛+15 = 𝑏, 𝑥16𝑛+16 = 𝑎

}
.

Proof Suppose that 𝑛 > 0 and that our assumption holds
for 𝑛 − 1. Then

𝑥16𝑛−15 =
𝑎 𝑗

ℎ(−1 + 𝑎 𝑗) , 𝑥16𝑛−14 =
𝑎 𝑗

𝑔
, 𝑥16𝑛−13 =

𝑎 𝑗

𝑓 (−1 + 𝑎 𝑗) ,

𝑥16𝑛−12 =
𝑎 𝑗

𝑒
, 𝑥16𝑛−11 =

𝑎 𝑗

𝑑 (−1 + 𝑎 𝑗) , 𝑥16𝑛−10 =
𝑎 𝑗

𝑐
,

𝑥16𝑛−9 =
𝑎 𝑗

𝑏(−1 + 𝑎 𝑗) , 𝑥16𝑛−8 = 𝑗 , 𝑥16𝑛−7 = ℎ, 𝑥16𝑛−6 = 𝑔,

𝑥16𝑛−5 = 𝑓 , 𝑥16𝑛−4 = 𝑒, 𝑥16𝑛−3 = 𝑑, 𝑥16𝑛−2 = 𝑐,

𝑥16𝑛−1 = 𝑏, 𝑥16𝑛 = 𝑎.

Now, it follows from 7 that

𝑥16𝑛+1 =
𝑥16𝑛𝑥16𝑛−8

−𝑥16𝑛−7 + 𝑥16𝑛𝑥16𝑛−7𝑥16𝑛−8
(8)

If the found values are substituted in the Eq. 8, we have

𝑥16𝑛+1 =
𝑎 𝑗

ℎ(−1 + 𝑎 𝑗) .

We can prove other relations similarly.
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Theorem 8. Equation 7 has a unique equilibrium points
which are 0,±

√
2, and these equilibrium points are not

locally asymptotically stable.

Proof The proof is similar to the proof Theorem 4 and
there it will be omitted.
Example 5. The solution in given by Figure 5 when,

𝑥−8 = 7.5, 𝑥−7 = 9, 𝑥−6 = 13, 𝑥−5 = 11, 𝑥−4 = 15,
𝑥−3 = 13.5, 𝑥−2 = 19, 𝑥−1 = 12, 𝑥0 = 14.
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Example 6. The solution in given by Figure 6 when,

𝑥−8 = 1.2, 𝑥−7 = 1.5, 𝑥−6 = 1.3, 𝑥−5 = 1.6, 𝑥−4 = 1.35,
𝑥−3 = 1.25, 𝑥−2 = 1.45, 𝑥−1 = 1.465, 𝑥0 = 1.245
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5. The Equation 𝑥𝑛+1 =
𝑥𝑛𝑥𝑛−8

−𝑥𝑛−7−𝑥𝑛𝑥𝑛−7𝑥𝑛−8

𝑥𝑛+1 =
𝑥𝑛𝑥𝑛−8

−𝑥𝑛−7 − 𝑥𝑛𝑥𝑛−7𝑥𝑛−8
, 𝑛 ∈ N0, (9)

where the initials are arbitrary real numbers. 𝑥0.𝑥−8 ≠ −1.
Theorem 9. Let {𝑥𝑛}∞𝑛=−8 be a solution of difference
equation 9 .{

−𝑎 𝑗
ℎ(1 + 𝑎 𝑗) ,

𝑎 𝑗

𝑔
,

𝑎 𝑗

− 𝑓 (1 + 𝑎 𝑗) ,
𝑎 𝑗

𝑒
,

−𝑎 𝑗
𝑑 (1 + 𝑎 𝑗) ,

𝑎 𝑗

𝑐
,

−𝑎 𝑗
𝑏(1 + 𝑎 𝑗) , 𝑗 , ℎ, 𝑔, 𝑓 , 𝑒, 𝑑, 𝑐, 𝑏, 𝑎

}
.

where equilibriums 𝑥0.𝑥−8 ≠ −1. The solutions are ob-
tained with 16 periods.

Proof The proof is the same as the proof of Theorem 7
and hence is omitted.

Theorem 10. Equation 6 has a unique equilibrium points
which are 0,±

√
−2, and these equilibrium points are not

locally asymptotically stable.

Proof The proof is similar to the proof Theorem 4 and
there it will be omitted.

Example 7. See Fig. 7 for the initials

𝑥−8 = 6.1, 𝑥−7 = 9.3, 𝑥−6 = 13, 𝑥−5 = 11, 𝑥−4 = 15,
𝑥−3 = 13.5, 𝑥−2 = 19, 𝑥−1 = 12, 𝑥0 = 14.

20 40 60 80 100 120
n

5

10

15

20

x(n)

x
-
=0

Figure 7

Example 8. We consider

𝑥−8 = 6.1, 𝑥−7 = 9.3, 𝑥−6 = 13, 𝑥−5 = 11,
𝑥−4 = 15.2, 𝑥−3 = 13.5, 𝑥−2 = 19.2, 𝑥−1 = 12.2,
𝑥0 = 16.

See figure 8
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6. Conclusion
We investigate the dynamics of the difference equation
expressed as

𝑥𝑛+1 =
𝑥𝑛𝑥𝑛−8

±𝑥𝑛−7 ± 𝑥𝑛𝑥𝑛−7𝑥𝑛−8

where the initial values are positive real numbers. Our
analysis includes a discussion on local stability. Addition-
ally, we obtain solutions for specific cases and provide
numerical examples to further illustrate our findings.
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A B S T R A C T  A R T I C L E  I N F O   

In this study first, natural logarithm function 𝑓𝑓(𝑥𝑥) = ln𝑥𝑥 with base 𝑒𝑒 has been 
examined as polynomial function of 5𝑡𝑡ℎ, 6𝑡𝑡ℎ, 7𝑡𝑡ℎ order Bézier curve. By modelling 
matrix representation of 5𝑡𝑡ℎ, 6𝑡𝑡ℎ, 7𝑡𝑡ℎ order Bézier curve we have found the control 
points in plane. Further, Mercator series for the curves ln(1 + 𝑥𝑥) and ln(1 − 𝑥𝑥) have 
been written too as the polynomial functions as 5𝑡𝑡ℎ, 6𝑡𝑡ℎ, 7𝑡𝑡ℎ order Bézier curve in 
plane based on the control points with matrix form in 𝐄𝐄2. Finally, the curve ln(1 −
𝑥𝑥2) has been expressed as 5𝑡𝑡ℎ, 6𝑡𝑡ℎ, 7𝑡𝑡ℎ order Bézier curve, examined the control points 
and given matrix forms. 
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1. Introduction 

Bézier curves are named after Pierre Bézier, a French engineer 
who used them in the 1960s for designing automobiles at 
Renault. They are widely used in computer graphics software 
like Adobe Illustrator, Photoshop, and in programming 
libraries such as SVG (Scalable Vector Graphics) and 
OpenGL for creating smooth curves in digital designs and 
animations. In 3D animation, Bézier curves are commonly 
used to define paths that objects follow through space. This is 
often used for creating smooth and natural-looking motion. 
Overall, Bézier curves are a powerful tool in 3D animation for 
defining both the overall path of movement and the 
interpolation between keyframes, helping animators create 
lifelike and fluid animations. 

Bézier curves have been the focus of attention of many 
researchers due to their properties. Some of the publications 
that attracted our attention and examined while preparing our 
study are as follows: In [3], Marsh showed geometric 
applications for computer graphics and CAD, and also 
emphasized the importance of Bézier and B-spline curves in 
this regard. In [6], H. Hagen investigated Bézier curves with 
curvature and torsion continuity. In [5] and [7], Bézier curves 

and Bézier surfaces were examined by H. Zhang, F. Jieqing 
and S.Michael. In [4], G. Farin used Bézier curves for CAD 
and also studied the equivalence conditions of control points 
and their application to planar Bézier curves. In [8], [9], [10] 
and [12] it has been examined cubic Bézier curves, their 
involutes, Bertrand and Mannheim mate of a cubic Bézier 
curve by using matrix representation in 𝐸𝐸3, respectively. In 
[11] and [13], it has been researched matrix representation of 
Bézier curves and 5𝑡𝑡ℎ order Bézier curve and their derivatives, 
respectively. In [14] and [15], it has been investigated Bézier 
curves and 5𝑡𝑡ℎ order Bézier Curve in three dimensional 
Euclidean space. In [16],[17],[18] and [19], approaches to 
various curves (circular helix, sine wave, cosine curve and 
exponential curves, respectively) with various order Bézier 
curves were examined. 
 
In simplest form, a Bézier curve is defined by a set of control 
points. A linear Bézier curve, for example, is defined by two 
points, while a quadratic Bézier curve is defined by three 
points, and a cubic Bézier curve is defined by four points. 
 
Generally, it can be defined 𝑛𝑛𝑡𝑡ℎ 𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜 Bézier curve by 𝑛𝑛 + 1 
control points 𝑃𝑃0,𝑃𝑃1, . . . ,𝑃𝑃𝑛𝑛 with the parametrization 

𝐁𝐁(𝑡𝑡) =𝑖𝑖=0
𝑛𝑛 �𝑛𝑛𝑖𝑖 � 𝑡𝑡

𝑖𝑖(1 − 𝑡𝑡)𝑛𝑛−𝑖𝑖[𝑃𝑃𝑖𝑖]. 
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For more detail see in [4], [5], [6], [7]. As is well known, 
Taylor series 𝑓𝑓(𝑥𝑥) =𝑛𝑛=0

∞ 𝑓𝑓(𝑛𝑛)(𝑎𝑎) (𝑥𝑥−𝑎𝑎)𝑛𝑛

𝑛𝑛!
 of a function is an 

infinite sum of the functions derivatives at a single point 𝑎𝑎, 
also a Maclaurin series 𝑓𝑓(𝑥𝑥) =𝑛𝑛=0

∞ 𝑓𝑓  (𝑛𝑛)(0) 𝑥𝑥𝑛𝑛

𝑛𝑛!
 is a Taylor 

series where 𝑎𝑎 = 0. 
 
In this study we will focus on the natural logarithm with base 
𝑒𝑒, for 5𝑡𝑡ℎ, 6𝑡𝑡ℎ, 7𝑡𝑡ℎ order Bézier curves. For more detail see 
[2], [8]. We need to write the coefficients matrix of any 5𝑡𝑡ℎ 
order Bézier curve. It is clear that the coefficients matrix on 
matrix representation is 5𝑡𝑡ℎ, 6𝑡𝑡ℎ, 7𝑡𝑡ℎ 𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜 Bézier curves as 
in the following (see [11]): 

   
The coefficients matrix of any 5𝑡𝑡ℎ 𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜 Bézier curve is  

[𝐵𝐵5] =

⎣
⎢
⎢
⎢
⎢
⎡
−1 5 −10 10 −5 1
5 −20 30 −20 5 0
−10 30 −30 10 0 0
10 −20 10 0 0 0
−5 5 0 0 0 0
1 0 0 0 0 0⎦

⎥
⎥
⎥
⎥
⎤

 

   
The coefficients matrix of any 6𝑡𝑡ℎ 𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜 Bézier curve is  

[𝐵𝐵6] =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
1 −6 15 −20 15 −6 1
−6 30 −60 60 −30 6 0
15 −60 90 −60 15 0 0
−20 60 −60 20 0 0 0
15 −30 15 0 0 0 0
−6 6 0 0 0 0 0
1 0 0 0 0 0 0⎦

⎥
⎥
⎥
⎥
⎥
⎤

 

   
The coefficients matrix of any 7𝑡𝑡ℎ 𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜 Bézier curve is 

[𝐵𝐵7] =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
−1 7 −21 35 −35 21 −7 1
7 −42 105 −140 105 −42 7 0
−21 105 −210 210 −105 21 0 0
35 −140 210 −140 35 0 0 0
−35 105 −105 35 0 0 0 0
21 −42 21 0 0 0 0 0
−7 7 0 0 0 0 0 0
1 0 0 0 0 0 0 0⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

. 

2. The curve 𝐥𝐥𝐥𝐥𝒙𝒙 as a 𝟓𝟓𝒕𝒕𝒕𝒕, 𝟔𝟔𝒕𝒕𝒕𝒕, 𝟕𝟕𝒕𝒕𝒕𝒕 order Bézier curve 

The natural logarithm is used in many areas of mathematics, 
science, and engineering, particularly in calculus, probability 
theory, and the natural sciences. It has applications in areas 
such as exponential growth and decay, compound interest, and 
solving differential equations. The natural logarithm of a 
number is its logarithm to the base of the mathematical 
constant 𝑒𝑒, which is an irrational and transcendental number. 
We cannot find the Maclaurin series for ln(𝑥𝑥). Hence the 
natural logarithm of 𝑥𝑥 is generally written as 𝑓𝑓(𝑥𝑥) = ln𝑥𝑥 with 
Taylor series for centered at 𝑥𝑥 = 1 is 

ln𝑥𝑥 = �(−1)𝑘𝑘+1
(𝑥𝑥 − 1)𝑘𝑘

𝑘𝑘

∞

𝑘𝑘=1

,     𝑖𝑖𝑓𝑓 0 < 𝑥𝑥 ≤ 2 

 

ln𝑥𝑥 = (𝑥𝑥 − 1) −
(𝑥𝑥 − 1)2

2 +
(𝑥𝑥 − 1)3

3 −
(𝑥𝑥 − 1)4

4 +
(𝑥𝑥 − 1)5

5

−
(𝑥𝑥 − 1)6

6 +
(𝑥𝑥 − 1)7

7 −⋯ 
Proposition 1: The matrix representation of the curve 𝑓𝑓(𝑥𝑥) =
ln𝑥𝑥 as a 7𝑡𝑡ℎ 𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜 Bézier curve has the control points 𝑃𝑃0, 𝑃𝑃1, 
𝑃𝑃2, 𝑃𝑃3, 𝑃𝑃4,𝑃𝑃5,𝑃𝑃6, and 𝑃𝑃7 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5
𝑃𝑃6
𝑃𝑃7⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡0

363
140

1
7

503
140

2
7

573
140

3
7

1859
420

4
7

491
105

5
7

512
105

6
7

353
70

1
363
70 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. 

 
Proof. The function 𝑓𝑓(𝑥𝑥) = ln𝑥𝑥 has 7𝑡𝑡ℎ degree Taylor series 
expansion centered 𝑥𝑥 = 1 
 

ln𝑥𝑥 =
1
7 𝑥𝑥

7 −
7
6 𝑥𝑥

6 +
21
5 𝑥𝑥5 −

35
4 𝑥𝑥4 +

35
3 𝑥𝑥3 −

21
2 𝑥𝑥2 + 7𝑥𝑥 −

363
140 

 
It can be written as in parametric form and a 7𝑡𝑡ℎ degree 
polynomial function 
 

(𝑡𝑡, ln𝑡𝑡) = (𝑡𝑡,
1
7 𝑡𝑡

7 −
7
6 𝑡𝑡

6 +
21
5 𝑡𝑡5 −

35
4 𝑡𝑡4 +

35
3 𝑡𝑡3 −

21
2 𝑡𝑡2 + 7𝑡𝑡

−
363
140

). 
 
It has been already known that the matrix representation of 
𝛼𝛼(𝑡𝑡) = (𝑡𝑡, 𝑎𝑎7𝑡𝑡7 + 𝑎𝑎6𝑡𝑡6+. . . +𝑎𝑎1𝑡𝑡 + 𝑎𝑎0) is the following 
matrix equation, 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡𝑡𝑡
7

𝑡𝑡6
𝑡𝑡5
𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡0

1
7

0 −
7
6

0
21
5

0 −
35
4

0
35
3

0 −
21
2

1 7

0
363
140 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡𝑡𝑡
7

𝑡𝑡6
𝑡𝑡5
𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

[𝐵𝐵7]

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5
𝑃𝑃7
𝑃𝑃7⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. 
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Proposition 2: The matrix representation of the curve 𝑓𝑓(𝑥𝑥) =
ln𝑥𝑥 as a 6𝑡𝑡ℎ 𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜 Bézier curve has the control points that 𝑃𝑃0, 
𝑃𝑃1, 𝑃𝑃2, 𝑃𝑃3, 𝑃𝑃4, 𝑃𝑃5, 𝑃𝑃6 are 

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5
𝑃𝑃6⎦
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡0 −

49
20

1
6 −

29
20

1
3

−
19
20

1
2 −

37
60

2
3

−
11
30

5
6 −

1
6

1 0 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. 

  
Proof. The function 𝑓𝑓(𝑥𝑥) = ln𝑥𝑥 has 6𝑡𝑡ℎ degree Taylor series 
expansion centered 𝑥𝑥 = 1.  
 

ln𝑥𝑥 = −
1
6 𝑥𝑥

6 +
6
5 𝑥𝑥

5 −
15
4 𝑥𝑥4 +

20
3 𝑥𝑥3 −

15
2 𝑥𝑥2 + 6𝑥𝑥

−
49
20

,            𝑖𝑖𝑓𝑓    0 < 𝑥𝑥 ≤ 2 
 

it can be written as in parametric form and a 6𝑡𝑡ℎ degree 
polynomial function 
 

𝛼𝛼(𝑡𝑡) = (𝑡𝑡, ln𝑡𝑡) = (𝑡𝑡,−
1
6 𝑡𝑡

6 +
6
5 𝑡𝑡

5 −
15
4 𝑡𝑡4 +

20
3 𝑡𝑡3 −

15
2 𝑡𝑡2 + 6𝑡𝑡

−
49
20

). 
 
It has been already known that the matrix representation of 
𝛼𝛼(𝑡𝑡) = (𝑡𝑡, 𝑎𝑎6𝑡𝑡6+. . . +𝑎𝑎0) is as in the following equation 

⎣
⎢
⎢
⎢
⎢
⎢
⎡𝑡𝑡
6

𝑡𝑡5
𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡0 −

1
6

0
6
5

0 −
15
4

0
20
3

0 −
15
2

1 6

0 −
49
20⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎡𝑡𝑡
6

𝑡𝑡5
𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

[𝐵𝐵6]

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5
𝑃𝑃6⎦
⎥
⎥
⎥
⎥
⎥
⎤

. 

  
Proposition 3: The matrix representation of the curve 𝑓𝑓(𝑥𝑥) =
ln𝑥𝑥 as a 5𝑡𝑡ℎ 𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜 Bézier curve has the control points 𝑃𝑃0, 𝑃𝑃1, 
𝑃𝑃2, 𝑃𝑃3, 𝑃𝑃4, and 𝑃𝑃5, where 𝑃𝑃0, 𝑃𝑃1, 𝑃𝑃2, 𝑃𝑃3, 𝑃𝑃4, and 𝑃𝑃5 are 

⎣
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5⎦
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡0 −

49
20

1
5

−
5
4

2
5 −

4
5

3
5

−
13
30

4
5 −

7
30

1
1
6 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. 

    
Proof. The function 𝑓𝑓(𝑥𝑥) = ln(𝑥𝑥) has 5𝑡𝑡ℎ degree Taylor 
series expansion is  
 

ln𝑥𝑥 =
6
5 𝑥𝑥

5 −
15
4 𝑥𝑥4 +

20
3 𝑥𝑥3 −

15
2 𝑥𝑥2 + 6𝑥𝑥 −

49
20 

 
it can be written as in parametric form and a 5𝑡𝑡ℎ degree 
polynomial function 
 

(𝑡𝑡, ln𝑡𝑡) = (𝑡𝑡,
6
5 𝑡𝑡

5 −
15
4 𝑡𝑡4 +

20
3 𝑡𝑡3 −

15
2 𝑡𝑡2 + 6𝑡𝑡 −

49
20) 

  
Hence we get the following equation  
 

⎣
⎢
⎢
⎢
⎢
⎡𝑡𝑡
5

𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡0

6
5

0 −
15
4

0
20
3

0 −
15
2

1 6

0 −
49
20⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎡𝑡𝑡
5

𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

[𝐵𝐵5]

⎣
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5⎦
⎥
⎥
⎥
⎥
⎤

. 

 

3. Mercator Series as a 𝟓𝟓𝒕𝒕𝒕𝒕, 𝟔𝟔𝒕𝒕𝒕𝒕, 𝟕𝟕𝒕𝒕𝒕𝒕 order Bézier curve 

The series known in mathematics as the Mercator series or 
Newton-Mercator series are actually the Taylor series for the 
natural logarithms with of (1 + 𝑥𝑥) and (1 − 𝑥𝑥) that are 
generally written as  

ln(1 + 𝑥𝑥) =𝑘𝑘=1
∞ (−1)𝑘𝑘+1

𝑥𝑥𝑘𝑘

𝑘𝑘

= 𝑥𝑥 −
𝑥𝑥2

2 +
𝑥𝑥3

3 −
𝑥𝑥4

4 +
𝑥𝑥5

5 −
𝑥𝑥6

6 +
𝑥𝑥7

7 . . . ,   𝑖𝑖𝑓𝑓 
− 1 < 𝑥𝑥 ≤ 1 

 

ln(1 − 𝑥𝑥) = −𝑘𝑘=1
∞ 𝑥𝑥𝑘𝑘

𝑘𝑘

= −𝑥𝑥 −
𝑥𝑥2

2 −
𝑥𝑥3

3 −
𝑥𝑥4

4 −
𝑥𝑥5

5 −
𝑥𝑥6

6

−
𝑥𝑥7

7 . . . ,     𝑖𝑖𝑓𝑓 − 1 < 𝑥𝑥 ≤ 1 
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Although the serias were first discovered by Johannes Hudde 
and Isaac Newton, they were independently published by 
Nicholas Mercator in his 1668 treatise named 
Logarithmotechnia [1]. 
 

3.1. The curve ln(𝟏𝟏 + 𝒙𝒙) as a 𝟓𝟓𝒕𝒕𝒕𝒕, 𝟔𝟔𝒕𝒕𝒕𝒕, 𝟕𝟕𝒕𝒕𝒕𝒕 order Bézier curve 

Proposition 4: The matrix representation of the curve 𝑓𝑓(𝑥𝑥) =
ln(1 + 𝑥𝑥) as a 7𝑡𝑡ℎ 𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜 Bézier curve has the control points 
𝑃𝑃0, 𝑃𝑃1, 𝑃𝑃2, 𝑃𝑃3, 𝑃𝑃4, 𝑃𝑃5, 𝑃𝑃6, 𝑃𝑃7 as follows 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5
𝑃𝑃6
𝑃𝑃7⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
0 0
1
7

1
7

2
7

11
42

3
7

11
30

4
7

193
420

5
7

229
420

6
7

37
60

1
319
420⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. 

   
Proof. Function 𝑓𝑓(𝑥𝑥) = ln(1 + 𝑥𝑥) has 7𝑡𝑡ℎ degree Maclaurin 
series expansion is  

ln(1 + 𝑥𝑥) = 𝑥𝑥 −
𝑥𝑥2

2 +
𝑥𝑥3

3 −
𝑥𝑥4

4 +
𝑥𝑥5

5 −
𝑥𝑥6

6 +
𝑥𝑥7

7 ,       (−1 < 𝑥𝑥 ≤ 1) 
it can be written as in parametric form and a 7𝑡𝑡ℎ degree 
polynomial function 

�𝑡𝑡, ln(1 + 𝑡𝑡)� = (𝑡𝑡, 𝑡𝑡 −
𝑡𝑡2

2 +
𝑡𝑡3

3 −
𝑡𝑡4

4 +
𝑡𝑡5

5 −
𝑡𝑡6

6 +
𝑡𝑡7

7 ). 
It has been already known that the matrix representation of 
𝛼𝛼(𝑡𝑡) = (𝑡𝑡, 𝑎𝑎7𝑡𝑡7 + 𝑎𝑎6𝑡𝑡6+. . . +𝑎𝑎0) is as in the following 
equation 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡𝑡𝑡
7

𝑡𝑡6
𝑡𝑡5
𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡0

1
7

0 −
1
6

0
1
5

0 −
1
4

0
1
3

0 −
1
2

1 1
0 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡𝑡𝑡
7

𝑡𝑡6
𝑡𝑡5
𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

[𝐵𝐵7]

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5
𝑃𝑃7
𝑃𝑃7⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. 

  
Proposition 5: The matrix representation of the curve 𝑓𝑓(𝑥𝑥) =
ln(1 + 𝑥𝑥) as a 6𝑡𝑡ℎ 𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜 Bézier curve has the control points 
𝑃𝑃0, 𝑃𝑃1, 𝑃𝑃2, 𝑃𝑃3, 𝑃𝑃4, 𝑃𝑃5, 𝑃𝑃6 as follows 

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5
𝑃𝑃6⎦
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
0 0
1
6

1
6

1
3

3
10

1
2

5
12

2
3

31
60

5
6

37
60

1
37
60⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. 

  
Proof. Function 𝑓𝑓(𝑥𝑥) = ln(1 + 𝑥𝑥) has 6𝑡𝑡ℎ degree Maclaurin 
series expansion is  

ln(1 + 𝑥𝑥) = 𝑥𝑥 −
𝑥𝑥2

2 +
𝑥𝑥3

3 −
𝑥𝑥4

4 +
𝑥𝑥5

5 −
𝑥𝑥6

6 ,       (−1 < 𝑥𝑥 ≤ 1) 
it can be written as in parametric form and a 6𝑡𝑡ℎ degree 
polynomial function 

�𝑡𝑡, ln(1 + 𝑡𝑡)� = (𝑡𝑡, 𝑡𝑡 −
𝑡𝑡2

2 +
𝑡𝑡3

3 −
𝑡𝑡4

4 +
𝑡𝑡5

5 −
𝑡𝑡6

6 ). 
It has been already known that the matrix representation of 
𝛼𝛼(𝑡𝑡) = (𝑡𝑡, 𝑎𝑎6𝑡𝑡6+. . . +𝑎𝑎0) is as in the following equation 

⎣
⎢
⎢
⎢
⎢
⎢
⎡𝑡𝑡
6

𝑡𝑡5
𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡0 −

1
6

0
1
5

0 −
1
4

0
1
3

0 −
1
2

1 1
0 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎡𝑡𝑡
6

𝑡𝑡5
𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

[𝐵𝐵6]

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5
𝑃𝑃6⎦
⎥
⎥
⎥
⎥
⎥
⎤

. 

  
Proposition 6: The matrix representation of the curve 𝑓𝑓(𝑥𝑥) =
ln(1 + 𝑥𝑥) as a 5𝑡𝑡ℎ 𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜 Bézier curve has the control points 
𝑃𝑃0, 𝑃𝑃1, 𝑃𝑃2, 𝑃𝑃3, 𝑃𝑃4, 𝑃𝑃5 as follows 

⎣
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5⎦
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
0 0
1
5

1
5

2
5

7
20

3
5

29
60

4
5

7
12

1
47
60⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. 

  
Proof. Function 𝑓𝑓(𝑥𝑥) = ln(1 + 𝑥𝑥) has 5𝑡𝑡ℎ degree Maclaurin 
series expansion is  
 

ln(1 + 𝑥𝑥) = 𝑥𝑥 −
𝑥𝑥2

2 +
𝑥𝑥3

3 −
𝑥𝑥4

4 +
𝑥𝑥5

5 ,      (−1 < 𝑥𝑥 ≤ 1) 
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it can be written as in parametric form and a 5𝑡𝑡ℎ degree 
polynomial function 

�𝑡𝑡, ln(1 + 𝑡𝑡)� = (𝑡𝑡, 𝑡𝑡 −
𝑡𝑡2

2
+
𝑡𝑡3

3
−
𝑡𝑡4

4
+
𝑡𝑡5

5
). 

It has been already known that the matrix representation of 
𝛼𝛼(𝑡𝑡) = (𝑡𝑡, 𝑎𝑎5𝑡𝑡5+. . . +𝑎𝑎0) is as in the following equation 

⎣
⎢
⎢
⎢
⎢
⎡𝑡𝑡
5

𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡0

1
5

0 −
1
4

0
1
3

0 −
1
2

1 1
0 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎡𝑡𝑡
5

𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

[𝐵𝐵5]

⎣
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5⎦
⎥
⎥
⎥
⎥
⎤

. 

 
 
 
 
 
 
 
 

3.2. The curve ln(𝟏𝟏 − 𝒙𝒙) as a 𝟓𝟓𝒕𝒕𝒕𝒕, 𝟔𝟔𝒕𝒕𝒕𝒕, 𝟕𝟕𝒕𝒕𝒕𝒕 order Bézier curve 

Proposition 7: The matrix representation of the curve 𝑓𝑓(𝑥𝑥) =
ln(1 − 𝑥𝑥) as a 7𝑡𝑡ℎ 𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜 Bézier curve has the control points 
𝑃𝑃0, 𝑃𝑃1, 𝑃𝑃2, 𝑃𝑃3, 𝑃𝑃4, 𝑃𝑃5, 𝑃𝑃6, 𝑃𝑃7 as follows 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5
𝑃𝑃6
𝑃𝑃7⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
0 0
1
7

−
1
7

2
7

−
13
42

3
7

−
107
210

4
7

−
319
420

5
7

−
153
140

6
7

−
223
140

1 −
363
140⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. 

Proof. Function 𝑓𝑓(𝑥𝑥) = ln(1 − 𝑥𝑥) has 7𝑡𝑡ℎ degree Maclaurin 
series expansion is  

ln(1 − 𝑥𝑥) = −𝑥𝑥 −
𝑥𝑥2

2 −
𝑥𝑥3

3 −
𝑥𝑥4

4 −
𝑥𝑥5

5 −
𝑥𝑥6

6 −
𝑥𝑥7

7 ,     (−1 < 𝑥𝑥 ≤ 1) 
it can be written as in parametric form and a 7𝑡𝑡ℎ degree 
polynomial function 

�𝑡𝑡, ln(1 − 𝑡𝑡)� = (𝑡𝑡,−𝑡𝑡 −
𝑡𝑡2

2
−
𝑡𝑡3

3
−
𝑡𝑡4

4
−
𝑡𝑡5

5
−
𝑡𝑡6

6
−
𝑡𝑡7

7
). 

 
Hence we get the following matrix equation 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡𝑡𝑡
7

𝑡𝑡6
𝑡𝑡5
𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡0 −

1
7

0 −
1
6

0 −
1
5

0 −
1
4

0 −
1
3

0 −
1
2

1 −1
0 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡𝑡𝑡
7

𝑡𝑡6
𝑡𝑡5
𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

[𝐵𝐵7]

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5
𝑃𝑃7
𝑃𝑃7⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. 

Proposition 8: The matrix representation of the curve 
𝑓𝑓(𝑥𝑥) = ln(1 − 𝑥𝑥) as a 6𝑡𝑡ℎ 𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜 Bézier curve has the 
control points 𝑃𝑃0, 𝑃𝑃1, 𝑃𝑃2, 𝑃𝑃3, 𝑃𝑃4, 𝑃𝑃5, 𝑃𝑃6 as follows 
 

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5
𝑃𝑃6⎦
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
0 0
1
6

−
1
6

1
3 −

11
30

1
2 −

37
60

2
3 −

19
20

5
6 −

29
20

1 −
49
20⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. 

 
Proof. Function 𝑓𝑓(𝑥𝑥) = ln(1 − 𝑥𝑥) has 6𝑡𝑡ℎ degree Maclaurin 
series expansion is  

ln(1 − 𝑥𝑥) = −𝑥𝑥 −
𝑥𝑥2

2 −
𝑥𝑥3

3 −
𝑥𝑥4

4 −
𝑥𝑥5

5 −
𝑥𝑥6

6 ,     (−1 < 𝑥𝑥 ≤ 1) 
it can be written as in parametric form and a 6𝑡𝑡ℎ degree 
polynomial function 

�𝑡𝑡, ln(1 − 𝑡𝑡)� = (𝑡𝑡,−𝑡𝑡 −
𝑡𝑡2

2 −
𝑡𝑡3

3 −
𝑡𝑡4

4 −
𝑡𝑡5

5 −
𝑡𝑡6

6 ). 
  
Hence we get the following matrix equation  

⎣
⎢
⎢
⎢
⎢
⎢
⎡𝑡𝑡
6

𝑡𝑡5
𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡0 −

1
6

0 −
1
5

0 −
1
4

0 −
1
3

0 −
1
2

1 −1
0 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎡𝑡𝑡
6

𝑡𝑡5
𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

[𝐵𝐵6]

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5
𝑃𝑃6⎦
⎥
⎥
⎥
⎥
⎥
⎤

. 
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Proposition 9: The matrix representation of the curve 
𝑓𝑓(𝑥𝑥) = ln(1 − 𝑥𝑥) as a 5𝑡𝑡ℎ 𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜 Bézier curve has the 
control points 𝑃𝑃0, 𝑃𝑃1, 𝑃𝑃2, 𝑃𝑃3, 𝑃𝑃4, 𝑃𝑃5 as follows 
 

⎣
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5⎦
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
0 0
1
5 −

1
5

2
5

−
9

20
3
5 −

47
60

4
5

−
77
60

1 −
137
60 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. 

 
Proof. Function 𝑓𝑓(𝑥𝑥) = ln(1 − 𝑥𝑥) has 5𝑡𝑡ℎ degree Maclaurin 
series expansion is  

ln(1 − 𝑥𝑥) = −𝑥𝑥 −
𝑥𝑥2

2 −
𝑥𝑥3

3 −
𝑥𝑥4

4 −
𝑥𝑥5

5 ,     (−1 < 𝑥𝑥 ≤ 1) 
it can be written as in parametric form and a 5𝑡𝑡ℎ degree 
polynomial function 

�𝑡𝑡, ln(1 − 𝑡𝑡)� = (𝑡𝑡,−𝑡𝑡 −
𝑡𝑡2

2 −
𝑡𝑡3

3 −
𝑡𝑡4

4 −
𝑡𝑡5

5 ). 
 Hence we get the following matrix equation  

⎣
⎢
⎢
⎢
⎢
⎡𝑡𝑡
5

𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡0 −

1
5

0 −
1
4

0 −
1
3

0 −
1
2

1 −1
0 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎡𝑡𝑡
5

𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

[𝐵𝐵5]

⎣
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5⎦
⎥
⎥
⎥
⎥
⎤

. 

 

3.3. The curve ln(𝟏𝟏 − 𝒙𝒙𝟐𝟐) as a 𝟒𝟒𝒕𝒕𝒕𝒕 and  𝟔𝟔𝒕𝒕𝒕𝒕 order Bézier 
curve 

 
Proposition 10: The matrix representation of the curve 
𝑓𝑓(𝑥𝑥) = ln(1 − 𝑥𝑥2) as a 6𝑡𝑡ℎ 𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜 Bézier curve has the 
control points 𝑃𝑃0, 𝑃𝑃1, 𝑃𝑃2, 𝑃𝑃3, 𝑃𝑃4, 𝑃𝑃5, 𝑃𝑃6 as follows 

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5
𝑃𝑃6⎦
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
0 0
1
6

0
1
3

−
1

15
1
2 −

1
5

2
3 −

13
30

5
6

−
5
6

1 −
11
6 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. 

  

Proof. We have already known that 𝑓𝑓(𝑥𝑥) = ln(1 − 𝑥𝑥2) =
ln[(1 − 𝑥𝑥)(1 + 𝑥𝑥)].  Hence we get 

ln(1 − 𝑥𝑥2) = �𝑥𝑥 −
𝑥𝑥2

2 +
𝑥𝑥3

3 −
𝑥𝑥4

4 +
𝑥𝑥5

5 −
𝑥𝑥6

6 +
𝑥𝑥7

7 �

+ �−𝑥𝑥 −
𝑥𝑥2

2 −
𝑥𝑥3

3 −
𝑥𝑥4

4 −
𝑥𝑥5

5 −
𝑥𝑥6

6 −
𝑥𝑥7

7 �

= −
1
3
𝑥𝑥6 −

1
2 𝑥𝑥

4 − 𝑥𝑥2 
Also it can be written as in parametric form and a 6𝑡𝑡ℎ degree 
polynomial function �𝑡𝑡, ln(1 − 𝑡𝑡2)� = �𝑡𝑡,−1

3
𝑡𝑡6 − 1

2
𝑡𝑡4 −

𝑡𝑡2�. Hence we get the following matrix equation  

⎣
⎢
⎢
⎢
⎢
⎢
⎡𝑡𝑡
6

𝑡𝑡5
𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡0 −

1
3

0 0

0 −
1
2

0 0
0 −1
1 0
0 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎡𝑡𝑡
6

𝑡𝑡5
𝑡𝑡4
𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎥
⎥
⎤
𝑇𝑇

[𝐵𝐵6]

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4
𝑃𝑃5
𝑃𝑃6⎦
⎥
⎥
⎥
⎥
⎥
⎤

. 

 
   

Proposition 11: The matrix representation of the 
curve  𝑓𝑓(𝑥𝑥) = ln(1 − 𝑥𝑥2) as a 4𝑡𝑡ℎ 𝑜𝑜𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜 Bézier curve has 
control points 𝑃𝑃0, 𝑃𝑃1, 𝑃𝑃2, 𝑃𝑃3, 𝑃𝑃4 as follows 

⎣
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4⎦
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
0 0
1
4 0
1
2

−
1
6

3
4 −

1
2

1 −
3
2⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

  
   

Proof. Since 𝑓𝑓(𝑥𝑥) = ln(1 − 𝑥𝑥2) = �𝑥𝑥 − 𝑥𝑥2

2
+ 𝑥𝑥3

3
− 𝑥𝑥4

4
+ 𝑥𝑥5

5
� +

�−𝑥𝑥 − 𝑥𝑥2

2
− 𝑥𝑥3

3
− 𝑥𝑥4

4
− 𝑥𝑥5

5
� = −1

2
𝑥𝑥4 − 𝑥𝑥2, 

it can be written as in parametric form and a 4𝑡𝑡ℎ degree 
polynomial function �𝑡𝑡, ln(1 − 𝑡𝑡2)� = �𝑡𝑡,−1

2
𝑡𝑡4 − 𝑡𝑡2�  

⎣
⎢
⎢
⎢
⎡𝑡𝑡
4

𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎤
𝑇𝑇

⎣
⎢
⎢
⎢
⎢
⎡0 −

1
2

0 0
0 −1
1 0
0 0 ⎦

⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎡𝑡𝑡
4

𝑡𝑡3
𝑡𝑡2
𝑡𝑡
1 ⎦
⎥
⎥
⎥
⎤
𝑇𝑇

[𝐵𝐵4]

⎣
⎢
⎢
⎢
⎡
𝑃𝑃0
𝑃𝑃1
𝑃𝑃2
𝑃𝑃3
𝑃𝑃4⎦
⎥
⎥
⎥
⎤

 

Solving the above equation give us the control points, where 
[𝐵𝐵4] 𝑖𝑖𝑖𝑖 the 4𝑡𝑡ℎ order Bézier curves matrix in 𝐄𝐄2. 
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This paper presents a novel key generation algorithm for Rebalanced-RSA and RPower-

RSA that accelerates encryption and decryption processes by utilizing smaller modular 

exponents. Subsequently, two of these variants are modified by altering the key 

generation process. A theoretical analysis of all variants, including the proposed 

modifications, demonstrates that these key generation algorithms improve the encryption 

process compared to the original variants, and since the encryption key size and one of 

the decryption key sizes are approximately equal in length, they achieve a more balanced 

computational effort between encryption and decryption. 
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1. Introduction 

 

In cryptography, there are two types of cryptosystems: secret-

key and public-key. Secret-key cryptosystems use a single 

key, referred to as the secret key, for both encryption and 

decryption processes. In contrast, public-key cryptosystems 

utilize two distinct keys: a public key and a private key. The 

public key is used for the encryption, while  the private key is 

used for the decryption process. This allows  secure 

communication over a insecure communication channel 

without the need to share the private key. Therefore, public 

key cryptosystems are widely used for information security 

and digital signatures worldwide.  

The RSA algorithm and its variants have played a significant 

role in modern cryptography, providing a foundation for 

secure communication and data protection. The RSA 

cryptosystem, first introduced by Rivest, Shamir, and 

Adleman [1], is one of the most widely recognized public-key 

cryptosystems. Many researchers have proposed varius 

variants to enhance the efficiency of RSA [2]. Most of these 

efforts focus on reducing computational cost to shorten the 

duration of encryption or decryption.  

The variants enhance decryption efficiency by speeding up the 

process through the use of the Chinese Remainder Theorem 

or the selection of shorter decryption keys. 

 

Quisquater and Couvreur [3] proposed an RSA variant known 

as CRT-RSA, which utilizes the Chinese Remainder Theorem 

(CRT) to accelerate the decryption process. Fiat [4] 

introduced Batch RSA, a variant that employs a small public 

exponent for the same common modulus enabling the 

decryption of the two ciphertext at the cost of one. Wiener [5] 

suggested a key generation algorithm called Rebalanced-

RSA, which uses small private keys to the decryption speed 

of CRT-RSA, 

Collins et al. [6] introduced MultiPrime-RSA, where the 

modulus 𝑛 is modified using 𝑘 primes instead of just two, as 

in CRT-RSA. Takagi [7] proposed MultiPower-RSA, which 

defines the common modulus 𝑛: = 𝑝𝑘𝑞 and uses the Hensel-

Lifting method for decryption [17]. Paixão and Filho [8] 

introduced an efficient variant called Rprime RSA, which 

combines MultiPrime-RSA and Rebalanced-RSA to improve 

the efficiency of MultiPrime-RSA. Grag and Verma [9] 

further combined Rebalanced-RSA and MultiPower-RSA to 

create a variant called RPower-RSA.  
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The Rebalanced-RSA, RPrime-RSA, and RPower-RSA 

variants expedite the decryption process by utilizing shorter 

decryption keys. However, these algorithms increase the 

encryption time by generating larger-sized encryption keys. 

This is the primary motivation for modifying these algorithms 

is to improve encryption performance, making them more 

efficient in terms of computational costs.  This paper focuses 

on proposing a novel key generation algorithm tailored for 

Rebalanced-RSA and RPower-RSA variants. 

Initially, a concise overview of Standard RSA and its 

efficiency-enhancing variants is provided. 

2. The RSA Cryptosystem 

The RSA cryptosystem, like other asymmetric encryption 

algorithms, consists of three fundamental components: key 

generation, encryption, and decryption. An overview of the 

original RSA scheme, commonly referred  to as standard 

RSA, follows the general procedure for key generation in the 

following order:  

Firstly, two distinct large strong prime numbers [10], 𝑝 and 𝑞 

of equal bit lengths are chosen, and  𝑛 ∶=  𝑝𝑞 and 𝜑 ∶=  (𝑝 −
1)(𝑞 − 1)  are computed. Second, a random integer 𝑒 is 

selected such that 1 <  𝑒 <  𝜑 and g𝑐𝑑(𝑒, 𝜑) =  1. Finally, 

the integer 𝑑 is computed such that 𝑑: = 𝑒−1 mod 𝜑 using the 

Extended Euclidean Algorithm. The integer  𝑛 serves as the 

common modulus, the public key 𝑒 is used for encryption, and 

the private key 𝑑 is used for decryption. The formula (1.1) is 

used to encrypt the plaintext 𝑀 ∈ 𝑍𝑛. 

𝐶: = 𝑀𝑒 mod 𝑛 (1.1) 

 

                                                                 

The formula (1.2) gives the decrypted text from the ciphertext 

𝐶. 

𝑀: = 𝐶𝑑  mod 𝑛                                          (1.2) 

 

It’s easy to see that the cost of both encryption and decryption 

processes depends roughtly on the bit size of the keys and the 

modulus since it includes operations of modular 

exponentiation. [11-13]. For example, Fast Modular 

Exponention alorithm uses (log 𝑒)2 log 𝑛 bit operations to 

find 𝑎𝑒 𝑚𝑜𝑑 𝑛 [22]. 

 

To significantly speed up RSA encryption, one may try to  use 

a much smaller  public key. In this case, However, various 

threat assumptions are presented by Coppersmith [14].  

Similarly, to speed up RSA decryption one may try to  use a 

much smaller  private key. However, Wiener [5] showed that 

when 𝑑 <
1

3
√𝑛
4

 public modulus 𝑛 can be factored easily. 

Later, Boneh and Durfee [15] presented a vulnerability called 

short private key exponent attack, and suggested an increase 

in this bound up to 𝑑 < 𝑛0.292. 

3. Overview of RSA Variants and Their Improvements 

 

 

All variants of RSA primarily aim to reduce the computational 

cost and shorten the encryption or decryption times of the 

RSA cryptosystem. We can classify these developed variants 

by categorizing into two classes [16,19]. The first class uses 

the Chinese Remainder Theorem (CRT)  to enhance the speed 

of the RSA. The algorithms in this class include CRT-RSA, 

MultiPrime-RSA, and MultiPower-RSA. The second class 

speeds up  the encryption process by adjusting the key size 

used in the algorithms from the first class. The variants in this 

class  include Rebalanced-RSA, RPrime-RSA, and RPower-

RSA. In all variants, the encryption process resembles the 

standard RSA. 

3.1.  CRT-based RSA variants 

To speed up the RSA decryption, the key generation process 

has been modified in this variants. The variants in this class 

improve the decryption process by implementing the Chinese 

Remainder Theorem (CRT) algorithm, which accellerates 

decryption compared to standard RSA. However,  the 

encryption operations remains like that of standard RSA, 

resulting in encryption time being equivalent to that of 

standard RSA. 

  

CRT-RSA: This variant of the RSA cryptosystem utilizes the 

CRT to accelerate of the RSA decryption. During key 

generation,the public key 𝑒 is selected first, o speed up 

decryption, the private keys 𝑑𝑝 and 𝑑𝑞 are computed such that  

𝑑𝑝: = 𝑒−1 mod (𝑝 − 1)

𝑑𝑞: = 𝑒−1 mod (𝑞 − 1)
 (3.1) 

To determine the plaintext , in decryption process are used the 

CRT or the Garner algorithm as: 

𝑀: = 𝑀𝑝 + 𝑝[(𝑀𝑞 − 𝑀𝑝)𝑝−1 𝑚𝑜𝑑 𝑞]                 (3.2) 

such that 

𝐶𝑝: = 𝐶 mod 𝑝                                                                   (3.3) 

𝑀𝑝: = 𝐶𝑝
𝑑𝑝   mod 𝑝 (3.4) 

𝐶𝑞: = 𝐶 mod 𝑞 (3.5) 

𝑀𝑞: =  𝐶𝑞
𝑑𝑞  mod 𝑞 (3.6) 

Its decryption approximately about four times faster than the 

standard RSA in theoretically.  

MultiPrime-RSA: In this variant are used 𝑘 primes and the 

common modulus are calculated as 𝑛: = 𝑝1. 𝑝2. … . 𝑝𝑘.  Similar 

to  CRT-RSA, Like CRT-RSA, the key generation process 

involves selecting the public key 𝑒 first, and the private keys 

are computed as 𝑑𝑝𝑖
: = 𝑒−1 mod (𝑝𝑖 − 1). The decryption 

preccess is an extension like CRT-RSA, to determine  the 

plaintext 𝑀 are computed as  

𝑀: = ∑ [𝑀𝑖 . (
𝑛

𝑝𝑖
) . ((

𝑝𝑖

𝑛
)   mod  𝑝𝑖) ]  mod 𝑛

𝑘

𝑖=1

 

such that 𝐶𝑝𝑖
: = 𝐶 mod  𝑝𝑖, 𝑀𝑖: = 𝐶𝑝𝑖

𝑑𝑖  mod  𝑝𝑖. The speed of 

decryption is approximately about 2𝑘 times faster than the 

standard RSA in theoretically. 

MultiPower-RSA: In this variant, the common modulus is 

calculated  as 𝑛: = 𝑝𝑘𝑞, where 𝑘 ≥ 2 is an integer. When 
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generating keys, the public key 𝑒 and private keys 𝑑𝑝 and 𝑑𝑞 

are calculated like CRT-RSA.  While decrypting the chipper 

text 𝐶,  to begin with, the values of 𝑀𝑝 and 𝑀𝑞 are calculated 

and then the values of 𝑀𝑝𝑘 and 𝑀𝑞 are combined via CRT 

algorithm as  

𝑀 = 𝑀𝑝𝑘 + 𝑝𝑘. [((𝑀𝑞 − 𝑀𝑝𝑘). 𝑝−𝑘) mod 𝑞]                    (3.7)                             

such that 𝑀𝑝𝑘 ≡ 𝑀 mod 𝑝𝑘 which is can be calculated by  

using the Hensel-Lifting method was introduced by Takagi 

[17]. For example, it is calculated using the following formula 

(for k=2) 

 

𝑀𝑝2 = 𝑀𝑝 + [(𝐶 −

𝑀𝑝
𝑒 mod 𝑝2)(𝑒−1 mod 𝑝)(𝐶𝑝

𝑑𝑝−1 mod 𝑝)] mod 𝑝2       (3.8)         

 

This approach speeds up the decryption process by leveraging 

the power of the modulus about 3 times faster than CRT-RSA 

[6].  

3.2. RSA variants using shorter decryption keys 

The algorithms in this class shorten the decryption process by 

selecting shorter decryption keys in CRT-based RSA variants, 

but, it is important to note that the encryption process becomes 

more time-consuming compared to both the standrad RSA and 

the algorithm in the first class. 

Rebalanced-RSA: To shorten the time of decryption process 

CRT-RSA. Initially, when generating keys, private keys 𝑑𝑝 

and 𝑑𝑞 are chosen short size, satisfying gcd(𝑑𝑝, 𝑝 −

1) =gcd(𝑑𝑞, 𝑞 − 1) = 1.  The integer 𝑑 is computed using 

the Garner algorith, such that:  

𝑑 = 𝑑𝑞 + (𝑞 − 1). [((𝑑𝑞 − 𝑑𝑝). (𝑝 − 1)−1) mod (𝑞 − 1)] 

to obtain the public key as 𝑒 = 𝑑−1 mod   𝜑.  

In this algorithm, the encryption and decryption process are 

like standard RSA. The private keys are chosen to be shorter 

in size, which speeds up the decryption process and the 

decryption time is significantly faster. However, since the bit 

size of the encryption key is approximately equal to the bit 

size of 𝜑, the encryption time increases compared to standard 

RSA. 

. 

Rprime-RSA (Rebalanced MultiPrime-RSA): for 𝑛: =
𝑝1. 𝑝2 … . 𝑝𝑘 (k primes) the private key generation is similar to 

Rebalanced-RSA to further improve the decryption speed of 

MultiPrime-RSA and the decryption process is considered as 

MultiPrime-RSA. To shorten the decryption are chosen short 

private keys 𝑑𝑖. The integer 𝑑 is calculated with CRT such that 

𝑑: = 𝑑𝑝𝑖
 mod ( 𝑝𝑖 − 1) to get 𝑒: = 𝑑−1 mod 𝜑.  Note that, we 

can calculate the private key as 𝑑𝑘−1 by applying Garner 

algorithm successively as follows: 

𝑑1 = 𝑑𝑝1
+ (𝑝1 − 1)[(𝑑𝑝2

−𝑑𝑝1
)(𝑝1 − 1)−1 𝑚𝑜𝑑 (𝑝2 − 1)] 

 

𝑑2 = 𝑑1 + (𝑝1 − 1)(𝑝2 − 1) [(𝑑𝑝3
−𝑑1)((𝑝1 − 1)(𝑝2 − 1))

−1
 

𝑚𝑜𝑑 (𝑝3 − 1)] 
 

𝑑3 = 𝑑2 + ∏(𝑝𝑖 − 1)

3

𝑖=1

[(𝑑𝑝4
−𝑑2) (∏(𝑝𝑖 − 1)

3

𝑖=1

)

−1

 𝑚𝑜𝑑 (𝑝4 − 1)] 

 

… 
 

𝑑𝑘−1 = 𝑑𝑘−2 + ∏(𝑝𝑖 − 1)

𝑘−2

𝑖=1

[(𝑑𝑝𝑘−2
−𝑑2) (∏(𝑝𝑖 − 1)

𝑘−2

𝑖=1

)

−1

 𝑚𝑜𝑑 (𝑝𝑘−2

− 1)] 

 

Its decryption process is approximately 8 times faster than the 

CRT-RSA and about 27 times faster than the standard RSA 

theoretically (for 2048 bits) [8]. However, like Rebalanced-

RSA the encryption time increases compared to MultiPrime-

RSA. 

RPower-RSA (Rebalanced MultiPower-RSA): Similarly, 

in RPrime-RSA, the key generation process is modified to 

enhance the decryption performance of MultiPower-RSA. 

The private key generation is  like that of Rebalanced-RSA, 

when generating keys, firstly, private keys 𝑑𝑝 and 𝑑𝑞 are 

chosen and the public key is calculated as 𝑒 = 𝑑−1 mod 𝜆 

such that 𝜆 = (𝑝 − 1)(𝑞 − 1) and the integer 𝑑 is calculated 

with the CRT.  

The decryption process is the same as MultiPower-RSA, and 

it achives a speed gain of approximately 56 times over the 

RSA cryptosystem [18]. 

 

4. A Modified Key Generation Algorithm for 

Rebalanced-RSA and Rpower-RSA  

In this section, we present two new modified key generation 

algorithms for Rebalanced-RSA and RPower-RSA to 

minimize the gap between encryption and decryption times. 

The encryption and decryption operations are performed in the 

same way as in the variants under consideration. 

In standard RSA, key generation begins with selecting an 

integer 𝑒, followed by computing 𝑑. In CRT-RSA, 𝑒 is 

selected first, and then 𝑑𝑝 and 𝑑𝑞 are computed. Rebalanced-

RSA, on the other hand, reverses the process: 𝑑𝑝 and 𝑑𝑞 are 

chosen first, followed by the computation of 𝑒. The modified 

Rebalanced-RSA algorithm changes this sequence slightly, 

starting with the selection of 𝑑𝑝, then computing 𝑒, and finally 

𝑑𝑞. This adjustment ensures that the bit size of 𝑒 and one of 

the decryption keys is approximately equal, balancing 

encryption and decryption times. A similar approach is 

applied to RPower-RSA, achieving comparable 

improvements.   

4.1. Modified key generation algorithm for 

Rebalanced-RSA 

To achieve the encryption and decryption times close for 

Rebalanced-RSA we first select 𝑑𝑝 with a very short bit size 

such that gcd(𝑑𝑝, 𝑝 − 1) = 1. Then, the integer 𝑒 and 𝑑𝑞 are 
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calculated consecutively. The key generation scheme is as 

follows: 

A distinct prime number 𝑝 and 𝑞 are chosen, and 𝑛: = 𝑝 ⋅ 𝑞 is 

calculated. A random short integer 𝑑𝑝 is chosen such that 

gcd(𝑑𝑝, 𝑝 − 1) = 1 (4.1)  

.  

The integer 𝑒 is then calculated as follows: 

𝑒: = 𝑑𝑝
−1 mod (𝑝 − 1) (4.2) 

If gcd(𝑒, 𝑞 − 1) ≠ 1, the integer 𝑑𝑝 is reselected in the 

previous step. Next, the integer 𝑑𝑞 is calculated as: 

𝑑𝑞: = 𝑒−1 mod (𝑞 − 1) (4.3) 

The values {𝑒, 𝑛}represent the public keys, and the values 

{p, q, dp, dq} represent the private keys. The encryption 

process follows the same steps as in the standard RSA, and the 

decryption process is identical to that of CRT-RSA. 

We can validate the keys for the presented algorithms as 

follows: 

From equation (4.1) and (4.2), we have: 

𝑒−1: = (𝑑𝑝
−1)

−1
 mod (𝑝 − 1) 

As a result, we obtain: 

𝑑𝑞 ≡ 𝑒−1 mod (𝑞 − 1) (4.4) 

                                                       

Therefore, from equations (4.2) and (4.3), we can deduce that 

the key generation process of the proposed algorithm is 

equivalent to the private key generation process in CRT-RSA, 

as described in section 3.1.  

 

Numerical Example:  

Key generation: 

𝑝 = 170141183460469231731687303715884105757 

(128 bits) 

𝑞 = 255211775190703847597530955573826158773 

(128 bits) 

𝑛 =  4342203346399357328383911937825796548317 

2939936490554038560393687183405356161(255 bits)                 
 𝑑𝑝 = 49157 (16 bits) 

Using the formula provided in equation (4.2), 

𝑒 =  70808803044007558288074106626107309957 

(126 bits) 

Using the formula provided in equation (4.3), 

𝑑𝑞 =  9385252853084983990113022393578920585  

(123 bits) 

Encryption: 

𝑀 = 1000000000000000000000000000000000000000 

Using the formula provided in equation (1.1), 

𝐶 =  2867984525195645912899553497828015699893 
872953197401515209673598356851516618 

Decryption: 

Using the formula provided in equations (3.3), (3.4), (3.5) 

and (3.6). 

𝑀𝑝 =  149294082697653841341563481420579471215 

𝑀𝑞 =  23436467442788845720740713327852152368 

Finally, the plain text 𝑀 is obtained using equation (3.2). 

4.2. Modified key generation algorithm for RPower-

RSA 

Additionally, the key generation scheme described in Section 

4.1 is applicable to RPower-RSA. For 𝒏: = 𝒑𝒌. 𝒒, the integer 

𝒅𝒑 is first chosen such that gcd(𝒅𝒑, 𝒑 − 𝟏) = 𝟏, and then the 

integers 𝒆 and 𝒅𝒒 are calculated sequentially using equations 

(4.2) and (4.3). This key generation process ensures the 

encryption and decryption efficiency for RPower-RSA, like 

the modifications made for Rebalanced-RSA. 

Numerical Example: 

Key generation: 

𝑝 =  9223372036854775837 (64 bits size) 

𝑞 =  255211775190703847597530955573826158773 

(128 bit size) 

𝑛 =  2171101673199678677844652243378928956594 

7422118128751705692722185353209991837(254 bit 

size) 

𝑑𝑝 =  49157 (16 bit size) 

𝑒 =  3321817412382304685 (62 bit size) 

𝑑𝑞 =  170151490439940554373010335073770611753 

(128 bit size) 

Encryption: 

For 𝑀 =  10000000000000000000000000000000000000000 

𝐶 =  1129619802184247522679153905991809429450 

2131613273499167461670535269609333398 

Decryption: 

𝐶𝑝 =  4957498867100872130 

𝑀𝑝 =  4788622440386139474 

𝐶𝑞 =  22020261606487972598132348770903966498𝑧 

𝑀𝑞 =  46740767562549943696292732620779807853 

Using the formula provided in equation 2.8, 

𝑀𝑝2 =  46740767562549881106490090524271083550 

Finally, the plain text 𝑀 is obtained using equation (3.7). 

4.3.  Security and Validity  

If 𝑀 < 𝑝 or 𝑀 < 𝑞, then 𝑀𝑝 = 𝑀𝑞 = 𝑀. In this case, the 

proposed scheme becomes vulnerable to an active attack, as 

discussed in references [20-21]. Therefore, it is essential to 

ensure that 𝑀 satisfies the conditions 𝑀 > 𝑝 and 𝑀 > 𝑞 to 

maintain the security of the scheme. 

For the modified Rebalanced-RSA, from equations (3.1), 

(4.3), and (4.4), we can observe that the theoretical validity of 

the keys is equivalent to the validity of the Rebalanced-RSA 

key generation algorithm. Considering the validity of the 

Rebalanced-RSA encryption and decryption processes, the 

formal proof of their correctness in the presented algorithm 

can be easily established. Similarly, the validity of the 

modified RPower-RSA encryption and decryption processes 

is equivalent to RPower-RSA. 

 

5. Comparison 
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The encryption and decryption times in Rebalanced-RSA and 

RPower-RSA are generally longer than in standard RSA due 

to the increased bit size of the public key exponent 𝑒, which is 

equal to the bit size of 𝜑. However, the key generation 

algorithms presented in Section 4 address this by modifying 

the bit sizes of the keys. In the proposed method, the bit size 

of 𝑒 is approximately equal to the bit size of 𝑝, resulting in a 

shorter encryption time compared to the original variants. 

Additionally, the bit size of one decryption key is 

approximately equal to the bit size of 𝑞, leading to encryption 

and decryption times that are closer to each other.  

In the modified key generation algorithm for Rebalanced-

RSA, the bit size of 𝑒 being roughly equal to the bit size of 𝑝 

significantly reduces the encryption time compared to the 

original Rebalanced-RSA. Likewise, the bit size of one 

decryption key being approximately equal to 𝑞 ensures 

encryption and decryption times are well-balanced. In the 

modified RPower-RSA key generation algorithm, the same 

principle is applied. Furthermore, when computing 𝑀𝑝𝑘, the 

exponent 𝑒 is used, enhancing the efficiency of the encryption 

process compared to the original RPower-RSA. These 

modifications collectively improve the overall performance of 

both encryption and decryption operations. 

To compare RSA and its variants with the two new key 

generation algorithms presented in this paper, a table 

containing the key lengths was created for 𝑛 = 1024 bit size. 

 

 

  

Table 5. 1: Key Length of Algorithms(bit size) 

 

Algorithms Primes  Public key Private key(s) 

RSA 𝑝 = 𝑞 = 512 𝑒 = 16 𝑑 = 1024 

CRT-RSA 𝑝 = 𝑞 = 512 𝑒 = 16 𝑑𝑝 = 𝑑𝑞 = 512 

MultiPrime-RSA (for k=4 primes) 𝑝1 = 𝑝2 = 𝑝3 = 𝑝4 = 256 𝑒 = 16 𝑑1 = 𝑑2 = 𝑑3 = 𝑑4 = 256 

MultiPower-RSA (for 𝑝3𝑞) 𝑝 =  𝑞 = 256 𝑒 = 16 𝑑𝑝 =  𝑑𝑞 = 256 

ReBalanced-RSA 𝑝 =  𝑞 = 512 𝑒 = 1024 𝑑𝑝 =  𝑑𝑞 = 16 

Modified Rebalanced-RSA 𝑝 = 𝑞 = 512 𝑒 = 512 𝑑𝑝 = 16, 𝑑𝑞 = 512 

Rprime-RSA 𝑝1 = 𝑝2 = 𝑝3 = 𝑝4 = 256 𝑒 = 1024 𝑑1 = 𝑑2 = 𝑑3 = 𝑑4 = 16 

Rpower-RSA (for 𝑝3𝑞) 𝑝 =  𝑞 = 256 𝑒 = 512 𝑑𝑝 =  𝑑𝑞 = 16 

Modified Rpower-RSA (for 𝑝3𝑞) 𝑝 =  𝑞 = 256 𝑒 = 256 𝑑𝑝 = 16, 𝑑𝑞 = 256 

 

As shown in Table 5.1, in the new algorithms, when one of the private keys is selected to be very short, the size of the public 

key is reduced. Additionally, the bit size of the other private key is approximately equal to the bit size of 𝑒 in this scheme. As 

a result, the encryption and decryption times will be closer to each other. 

 

6. Conclusion 

In this paper, we propose two novel key generation algorithms 

as modifications to Rebalanced-RSA and RPower-RSA. The 

first proposed algorithm reduces the encryption time 

compared to Rebalanced-RSA, while maintaining a balance 

between encryption and decryption times, ensuring a more 

efficient computational effort. Similarly, the second proposed 

algorithm reduces the encryption time relative to RPower-

RSA, with encryption and decryption times remaining 

approximately equal, thereby demonstrating improved 

efficiency and a well-balanced computational performance. 

Also, when calculating the number 𝑴𝒑𝟐 in eq. (3.8) for 𝒌 =

𝟐, the number 𝒆 is used as the exponent. So, the modified 

RPrime key generating algorithm further improves encryption 

process compared to original RPower-RSA. 
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A B S T R A C T  A R T I C L E  I N F O   

The aim of this study was to investigate the growth and survival of Escherichia coli O157:H7, 

Listeria monocytogenes and Staphylococcus aureus in koumiss produced from raw mare's milk 

during the fermentation process. E. coli O157:H7 (Group 1), L. monocytogenes (Group 2) and 

S. aureus (Group 3) were added to the raw mare’s milk that would used to producing koumiss 

and a combination of all three pathogens (Group 4) was inoculated. These microorganisms were 

introduced at 106 CFU/mL concentration into the raw mare’s milk, which served as the base for 

koumiss production. During fermentation, microbiological and chemical analyses were carried 

out by taking one sample from each group at the 1st, 5th and 24th hours and at the 2nd, 3rd, 4th 

and 5th days. As a result of analyzes; pH, dry matter, and protein content declined, while titration 

acidity and alcohol content increased. A positive correlation was found between the bacterial 

count and the utilized pathogenic microorganisms. Conversely, a negative correlation was 

observed with the count of yeast molds. Remarkably, the counts of E. coli O157:H7, L. 

monocytogenes, and S. aureus reduced starting from the fifth hour of fermentation and 

diminished to undetectable levels by the second day. This decline in pathogenic microorganisms 

below detectable thresholds during the fermentation process was linked to the rise in titration 

acidity and alcohol content and the decrease in pH. 
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1. Introduction 

Fermented foods play a crucial role as nutritional sources 

in societies residing in developing regions across the globe. 

Additionally, traditional fermented products serve as 

abundant reservoirs of diverse bioactive compounds [1]. 

Various fermented milk products are prevalent worldwide, 

including koumiss, kefir, shubat, yakult, acidophilus, 

bifidus, and others. Incorporating probiotic flora into 

fermented dairy items contributes to the desired texture and 

flavor as well as having positive physiological effects [2]. 

Lactic acid bacteria in these foods have a significantly 

impact on consumer health, inhibiting pathogenic bacteria 

and generating antibacterial effects [3]. 

Koumiss has been a popular beverage in Kyrgyzstan, 

Kazakhstan, Mongolia, and among the Turkic, Mongolian, 

and Caucasian peoples of Russia, including the Altay, 

Bashkortostan, Buryatia, Dagestan, Kabardino-Balkaria, 

Kalmykia, Karachaevo-Cherkessia, Tatarstan, Tyva, 

Chuvashia, and Saha (Yakutia) regions [4]. Koumiss, a 

fermented product, is an example of an alcoholic acid 

product traditionally derived from mare’s milk 

fermentation [5-7]. The term “koumiss” is spelled similarly 

in multiple languages, such as kumiss, kuymiss, kymyz, 

qymyz, qimiź, and kumiz [8]. Notably, distinct 

terminology like chigo, chigee, airag, and kumiss is utilized 

in Mongolia [1,9].  Researchers have found that certain 

types of bacteria, including Lactobacillus, Lactococcus, 

Acetobacter, Streptococcus, Serratia, and Leuconostoc, as 

well as fungi, such as Kazachstania, Kluyveromyces, 

Trichosporonaceae, Pichia, and Candida, are most 

common in the traditional fermentation process [10]. 
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Typically, koumiss contains approximately 0.7–1.8% lactic 

acid, 0.6–2.5% ethyl alcohol, and 0.5–0.9% carbon dioxide 

[11]. The concentrations of acid and alcohol in koumiss 

exhibit variations based on factors such as fermentation 

duration and incubation temperature during its production 

[6,12]. Throughout history to the present day, koumiss has 

been employed to address various health issues [13-16]. These 

include anorexia, pulmonary tuberculosis, gastritis, typhoid, 

paratyphoid, dysentery, constipation, diarrhea, anemia, 

indigestion, and fatigue [17]. Including mare’s milk in the 

human diet has experienced rapid growth in numerous 

European countries such as Germany, France, Belgium, 

Austria, Croatia, and the Netherlands [18]. 

The nutrients in the milk blend create an optimal milieu for 

the growth and proliferation of microorganisms. Milk 

originating from a healthy animal’s udder remains devoid of 

microorganisms. Nevertheless, milk is susceptible to 

contamination throughout the milking procedure, whether 

transportation or direct contact with the animal [19]. It has 

been demonstrated that the presence of lactic acid bacteria in 

fermented products, such as koumiss, not only serves to 

preserve these products but also enhances their probiotic 

potential, thereby conferring health benefits that include 

improved gut microbiota balance and immune system 

modulation [20]. 

The goal of this study was to find out how well pathogenic 

microorganisms like Escherichia coli O157:H7, Listeria 

monocytogenes, and Staphylococcus aureus could grow and 

stay alive during the fermentation process in koumiss, which 

is a traditional fermented product made from mare's milk. 

2. Materials and Methods 

The study sourced mare’s milk from family farms in 

Kyrgyzstan, specifically in Bishkek, and utilized koumiss 

samples to obtain a starter culture. The production of koumiss 

was conducted using wooden barrels. As for the pathogens, 

Escherichia coli O157:H7 (ATCC 43894), Listeria 

monocytogenes (ATCC 7644), and Staphylococcus aureus 

(NCTC 10654) were employed in the research. 

Inoculum preparation and inoculation 

In the nutrient broth medium, L. monocytogenes was subjected 

to a 24-h incubation at 30°C, while S. aureus and E. coli 

O157:H7 were incubated at 35°C for the same duration. After 

growth, the bacterial strain underwent centrifugation at 3000 

rpm for 5 min, facilitating the removal of the supernatant. The 

resultant pellet was rinsed using 9 ml of ¼ Ringer’s solution 

and subjected to an additional centrifugation cycle. Following 

this centrifugation, the supernatant was once again collected, 

and the pellet was dispersed by adding 9 ml of ¼ Ringer’s 

solution. This procedure yields the initial solution. To 

determine the count of pathogenic microorganisms, dilutions 

were conducted up to 10-6 dilutions, and the microbial count 

in the solution within the tube was quantified. After 24 h of 

storage at 4°C, the pellet underwent further dilution to 10-6 

dilutions, and its count was determined. A direct correlation 

was established between the microbial counts derived from 

these measurements. Utilizing the acquired data, an 

inoculation strain averaging 106 CFU/mL was prepared for 

introduction into experimental milk [21]. This inoculation was 

done at 25°C, mirroring the fermentation conditions of the 

mare’s milk [11]. 

Experimental production of koumiss 

Following microbiological and chemical assessments koumiss 

derived from mare’s milk was employed as a starter culture in 

the experimental production of koumiss [22]. Koumiss starter 

culture was introduced to the mare’s milk in a proportion of 

20%, the mixture homogenized using a blending apparatus, 

and subsequently incubated at 25°C for up to 5 days. The 

wooden barrel was intermittently stirred during this 

incubation period using an appropriate stirring device. For the 

research, all three pathogenic microorganisms were initially 

introduced separately and subsequently, in combination, into 

raw mare’s milk. The initial concentration of pathogens 

inoculated into the experimental groups stood at 106 CFU/mL. 

The categorization was as follows: Group 1 represented E. coli 

O157:H7, Group 2 signified L. monocytogenes, Group 3 

denoted S. aureus, and Group 4 comprised all three pathogens 

in simultaneous interaction. Microbiological and chemical 

analyses punctuated the fermentation course through sample 

collection at distinct intervals, including the 1st, 5th, and 24th 

hours, as well as the 2nd, 3rd, 4th, and 5th days. 

 

Microbiological analyses 

The mare’s milk and koumiss, produced using traditional 

methods, were meticulously blended. Samples of 1 ml each 

were collected under aseptic conditions, and decimal dilutions 

(up to 10-7) were meticulously prepared. These samples were 

subsequently incubated and subjected to a double serial 

plating method using petri dishes, with the pour plate 

technique employed. 

For the enumeration of Total Mesophilic Aerobic Colonies 

(TMAB), Plate Count Agar (PCA) (Merck 1.05463) was 

utilized. The agar was inoculated and then incubated at 32°C 

for 48 to 72 h, after which the colonies were counted. In the 

case of total psychrophilic aerobic colonies (TPAB), PCA 

agar (Merck 1.05463) was employed. This medium was 

cultivated and incubated at 7°C for 7 days, and subsequent 

colony enumeration was performed [23]. For the enumeration 

of Enterobacteriaceae spp., Violet Red Bile Dextrose Agar 

(VRBD) agar (Merck 1.10275) was used. The agar was 

inoculated and incubated at 37°C for 24 h, followed by colony 

counting. Yeast and Mold enumeration involved using Yeast 

Extract Glucose Chloramphenicol Agar (YGC) agar (Merck 

1.16000). This medium was cultivated and incubated at 22°C 

for 5 days, after which colony counting was carried out [23].  

DeMan, Rogosa, and Sharpe (MRS) agar (Merck 1.10660) 

were used for enumeration of Lactobacillus spp. The agar was 
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plated and incubated at 30°C for 72 hours, followed by colony 

counting [24]. Regarding E. coli O157:H7, Sorbitol 

MacConkey Agar (SMAC) agar (Merck 1.09202) 

supplemented with Cefixime Tellurite Selective (Oxoid, SR 

0172 E) was utilized. The agar was cultivated, and the 

colonies were counted after incubation at 35°C for 24 h [24]. 

Furthermore, samples were procured from the breeding 

colonies for additional testing. Indole, Methyl Red, Voges 

Proskauer, and Citrate (IMVIC) tests were administered [25]. 

For the enumeration of L. monocytogenes, Palcam Agar 

Selective Supplement (Merck 1.12122) was inoculated onto 

Palcam Agar (Merck 1.11755) medium. Following incubation 

at 35°C for 24 to 48 h, colonies displaying a distinctive brown-

olive color with a black zone were enumerated [23]. 

Additional testing, including Gram staining, oxidase testing, 

catalase testing, and ß-hemolysis testing, was conducted on 

samples obtained from the growing colonies [26].  

After inoculating S. aureus onto Baird-Parker agar (Merck 

1.05406) and adding egg yolk tellurite emulsion (Merck 

1.03785), we incubated the culture at 37°C for 48 hours. 

Distinctive bright black colonies measuring 1–3 mm in 

diameter were identified and quantified [24].  

Samples were collected from actively growing colonies and 

subjected to the streak plate technique. These samples were 

then inoculated onto a pre-prepared blood agar medium. After 

inoculation, the plates were incubated at 37°C for 24 h. The 

appearance of clear zones surrounding the colonies on the 

blood agar was used to evaluate the occurrence of β 

hemolysis. After this, Gram staining, oxidase, and catalase 

testing were conducted on the colonies cultivated in the blood 

agar [26].  

Chemical analysis 

The pH analysis of the mare’s milk and koumiss was executed 

using a pH meter (Thermo Scientific Orion 3-star benchtop, 

USA). The assessment of total acidity was conducted through 

the lactic acid percentage method. Nitrogen content (%) was 

gauged employing the micro-Kjeldahl method. Determination 

of dry matter content was executed gravimetrically. The 

determination of ash content involved quantifying the residual 

inorganic components in the samples after moisture 

evaporation and incineration of organic constituents [27].  

Following the guidelines outlined by the Gosudarstvennyy 

Standard (GOST), the quantification of alcohol content in 

koumiss was conducted using the method specified in GOST 

3629-47. This approach was also employed for determining 

the ethyl alcohol content in dairy products such as kefir and 

koumiss [28]. 

Statistical analysis 

Bacterial counts were transformed into log10 CFU/mL using 

the SPSS software package. Subsequently, alterations in the 

population of pathogenic microorganisms were juxtaposed 

against the temporal progression of the experiments. Within 

this framework, the data underwent analysis of variance 

(ANOVA) testing based on the x-time model, with a thorough 

assessment of intervariable interactions. Duncan's multiple 

comparison test delineated variations between significant 

means. The statistical significance of the analysis results was 

evaluated at significance levels of p<0.05 and p<0.01. 

3. Results 
 

The physicochemical and microbiological characteristics of 

raw mare’s milk, utilized in the production of koumiss, along 

with koumiss utilized as a starter culture and experimental 

koumiss samples, were subjected to investigation. Table 1 

displays the physicochemical properties of the raw mare’s 

milk and the koumiss employed in this study.  

 

 

Table 1. Phytochemical characteristics of the raw mare’s milk and the koumiss used in the study. (n=10) 

 Mare’s milk Koumiss 

Parameters min max mean±SD min max mean±SD 

ph 6.37 7.18 6.84±0.30 3.80 4.57 4.04±0.23 

Titratable acidity (% LA)  0.07 0.09 0.08±0.01 0.93 1.08 0.99±0.06 

Dry matter (%) 10.72 11.28 10.95±0.17 9.80 10.63 10.28±0.27 

Protein (%) 2.14 2.52 2.38±0.13 2.09 2.18 2.12±0.03 

Ash (%)     0.30     0.37     0.33±0.02   0.23     0.36 0.29±0.04 

Alcohol (%) - - - 0.60 1.20 0.80±0.17 

 

 

Meanwhile, Table 2 presents the microbiological properties of 

the raw mare’s milk and the koumiss utilized in the 

experimental procedures. Table 3 illustrates the 

microbiological transformations observed in the experimental 

koumiss samples throughout the incubation period, while 

Table 4 outlines the resultant physicochemical alterations. 
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Table 2. Microbiological properties of raw mare’s milk and koumiss used in the experiments.(n=10) 

Microorganism 
Number of Microorganisms (log10 CFU/mL) 

Mare’s milk Koumiss 

TMAB 4.71±0.30 6.88±0.58 

Enterobacteriaceae spp  1.07±1.54 ND 

Yeast Mold 0.40±0.66 6.42±0.53 

TPAB 4.08±0.30 5.71±0.45 

Lactobacillus spp.  1.50±1.60 7.10±0.36 

ND: Not Detected 

 

Table 3. Microbiological changes during fermentation in experimentally produced koumiss samples (log10 

CFU/mL). 

Groups Microorganism 
Times 

1. hour 5. hour 24. hour 2.day 3.day 4.day 5.day 

1
. 
g

ro
u

p
 

E. coli O157:H7 6.60±0.30a 5.46±0.40b 2.00±2.23c ˂1.0 ˂1.0 ˂1.0 ˂1.0 

TMAB 6.94±0.36b 7.08±0.34b 7.74±0.53a 4.29±0.50d 6.70±0.72bc 6.39±0.34c 6.37±0.34c 

TPAM  6.52±0.36b 6.45±0.47b 7.06±0.64a 4.08±0.33d 6.26±0.48b 5.26±0.36c 5.24±0.42c 

Lactobacillus 

spp 
5.90±0.47a 7.00±0.44b 7.40±0.35a 5.62±0.38a 6.76±0.34b 5.51±0.44a 5.62±0.39a 

Yeast Mold 5.57±0.39c 5.03±0.43d 6.06±0.46b 5.24±0.23cd 6.72±0.47a 6.32±0.32b 6.39±0.34ab 

2
. 
g

ro
u

p
 

L. 

monocytogenes  
6.44±0.34a 5.22±0.52b 3.19±2.23c ˂1.0 ˂1.0 ˂1.0 ˂1.0 

TMAB 6.86±0.36ab 7.18±0.36a 7.17±0.29a 4.45±0.64d 6.49±0.41bc 6.19±0.56c 6.39±0.39c 

TPAM 6.42±0.36ab 6.13±0.32b 6.63±0.36a 4.05±0.37d 6.22±0.46b 5.26±0.40c 5.23±0.43c 

Lactobacillus 

spp 
6.29±0.37b 6.65±0.36a 6.66±0.25a 5.53±0.41c 6.72±0.29a 5.46±0.47c 5.48±0.47c 

Yeast Mold 5.54±0.42c 5.07±0.52d 6.09±0.34b 5.25±0.40c 6.58±0.59a 6.32±0.41ab 6.36±0.42ab 

3
.g

ro
u

p
 

S. aureus 6.38±0.37a 5.33±0.35b 5.26±0.40b ˂1.0 ˂1.0 ˂1.0 ˂1.0 

TMAB 6.89±0.35ab 7.21±0.43a 7.24±0.26a 5.80±0.37e 6.72±0.76bc 6.22±0.60de 6.36±0.41cd 

TAMP 6.51±0.36ab 6.22±0.38b 6.78±0.32a 5.08±0.44c 6.31±0.48b 5.25±0.44c 5.23±0.44c 

Lactobacillus 

spp 
6.30±0.30b 6.78±0.35a 7.03±0.31a 5.61±0.38c 6.79±0.51a 5.42±0.34c 5.53±0.36c 

Yeast Mold 5.57±0.42b 5.06±0.38c 6.03±0.32a 5.20±0.28bc 6.46±0.83a 6.32±0.36a 6.36±0.45a 

4
. 
g

ro
u

p
 

E. coli 

O157:H7 
6.48±0.37a 5.72±0.36a 1.48±2.03b ˂1.0 ˂1.0 ˂1.0 ˂1.0 

L. 

monocytogenes 
6.38±0.34a 5.17±0.53b 3.05±1.71c ˂1.0 ˂1.0 ˂1.0 ˂1.0 

S. aureus 6.39±0.32a 5.80±0.41b 5.55±0.42b ˂1.0 ˂1.0 ˂1.0 ˂1.0 

TMAB 9.29±0.13a 9.01±0.40a 8.33±0.3b 6.44±0.35c 6.47±0.40c 6.32±0.63c 6.49±0.32c 

TAMP 8.22±0.11a 8.46±0.49a 8.03±0.09a 5.36±0.42c 6.27±0.39b 5.30±0.30c 5.19±0.43c 

Lactobacillus 

spp 
5.98±0.13b 6.81±0.42a 7.05±0.14a 5.67±0.29bc 6.73±0.45a 5.35±0.33c 5.50±0.47c 

Yeast Mold 4.75±0.49e 4.67±0.38e 5.77±0.38c 5.27±0.29d 6.53±0.31a 6.01±0.26bc 6.29±0.38ab 

a, b, c, d, e: Differences between means with different letters in the same row are statistically significant. (p˂0.05) 
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Table 4. Physico-chemical changes during fermentation in experimentally prepared koumiss samples. 

Groups 
 

Parameters 

Times 

1.hour 5. hour 24 hour 2. day 3. day 4. day 5. day 

1
.g

ro
u

p
 

pH 5.03±0.48a 4.76±0.41b 3.95±0.17c 3.70±0.04d 3.74±0.08cd 3.69±0.05d 3.68±0.06d 

Titratable 

acidity 

(%LA) 

0.38±0.01g 0.67±0.05f 1.54±0.03e 1.66±0.18d 2.05±0.03c 2.44±0.03b 2.57±0.03a 

Dry matter 

(%) 
10.90±0.18a 10.91±0.25a 10.51±0.26b 10.43±0.29b 10.43±0.31b 10.42±0.26b 10.41±0.27b 

Protein (%) 2.39±0.14a 2.38±0.14a 2.12±0.02b 2.12±0.05b 2.12±0.02b 2.12±0.03b 2.08±0.05b 

Ash (%) 0.30±0.05a 0.30±0.05a 0.30±0.05a 0.29±0.03a 0.29±0.03a 0.30±0.04a 0.30±0.02a 

Alcohol (%) 0.30±0.06f 0.51±0.10e 1.77±0.21d 1.82±0.15bc 1.95±0.15c 2.90±0.14b 3.05±0.13a 

2
.g

ro
u

p
 

pH 5.05±0.56a 4.83±0.35a 3.90±0.09b 3.71±0.04b 3.73±0.05b 3.69±0.02b 3.69±0.03b 

Titratable 

acidity 

(%LA) 

0.38±0.01g 0.67±0.03f 1.52±0.03e 1.69±0.04d 2.05±0.04c 2.45±0.03b 2.56±0.02a 

Dry matter 

(%) 
10.71±0.29a 10.85±0.24a 10.41±0.27b 10.46±0.27b 10.45±0.28b 10.42±0.19b 10.41±0.23b 

Protein (%) 2.36±0.13a 2.41±0.13a 2.12±0.02b 2.09±0.03b 2.12±0.03b 2.11±0.01b 2.11±0.02b 

Alcohol (%) 0.30±0.04f 0.54±0.05e 1.77±0.12d 1.83±0.12d 1.96±0.11c 2.93±0.09b 3.08±0.11a 

Ash (%) 0.31±0.04a 0.31±0.04a 0.30±0.04a 0.30±0.02a 0.30±0.03a 0.29±0.03a 0.30±0.03a 

3
.g

ro
u

p
 

pH 5.03±0.52a 4.80±0.35b 3.94±0.11c 3.71±0.03cd 3.73±0.06cd 3.69±0.03d 3.70±0.04d 

Titratable 

acidity 

(%LA) 

0.38±0.01g 0.66±0.03f 1.53±0.04e 1.65±0.17d 2.04±0.03c 2.44±0.02b 2.58±0.02a 

Dry matter 

(%) 
10.79±0.25a 10.87±0.26a 10.41±0.28b 10.46±0.27b 10.43±0.26b 10.44±0.23b 10.39±0.27b 

Protein (%) 2.35±0.15b 2.44±0.10a 2.13±0.02c 2.11±0.04c 2.12±0.03c 2.12±0.02c 2.09±0.04c 

Alcohol (%) 0.30±0.04f 0.54±0.08e 1.77±0.15d 1.82±0.15d 1.98±0.10c 2.93±0.09b 3.06±0.10a 

Ash (%) 0.31±0.04a 0.31±0.05a 0.30±0.04a 0.30±0.02a 0.30±0.03a 0.29±0.03a 0.29±0.03a 

4
.g

ro
u

p
 

pH 5.07±0.28a 4.79±0.14b 3.90±0.12c 3.71±0.04d 3.70±0.02d 3.69±0.04d 3.69±0.03d 

Titratable 

acidity 

(%LA) 

0.38±0.01e 0.65±0.03d 1.51±0.03c 1.59±0.24c 2.04±0.02b 2.45±0.01a 2.57±0.02a 

Dry matter 

(%) 
10.84±0.21a 10.90±0.19a 10.46±0.17b 10.28±0.26b 10.44±0.10b 10.41±0.22b 10.22±0.25b 

Protein (%) 2.40±0.11b 2.48±0.03a 2.11±0.02c 2.10±0.03c 2.12±0.03c 2.12±0.02c 2.09±0.02c 

Alcohol (%) 0.31±0.05g 0.59±0.04f 1.86±0.14e 1.73±0.13d 2.02±0.08c 2.92±0.08b 3.09±0.10a 

Ash (%) 0.31±0.02a 0.31±0.01ab 0.29±0.01b 0.31±0.01ab 0.30±0.02ab 0.31±0.01ab 0.30±0.01ab 

a, b, c, d: Differences between means with different letters in the same row are statistically significant. (p˂0.05) 
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Table 5 illustrates the relationship between the 

microbiological and chemical attributes of koumiss within the 

experimental groups and the quantities of E. coli O157:H7. 

Among the koumiss samples, a positive correlation surfaced 

between the E. coli O157:H7 count and the enumerations of 

L. monocytogenes, S. aureus, TMAB, TPAB, Lactobacillus 

spp., pH ratio, dry matter, and protein content. Conversely, a 

negative correlation was evident between the yeast mold 

count, alcohol content, and titratable acidity (p < 0.01). 
 

Table 5. Correlation of E. coli O157:H7 numbers with 

microbiological and chemical properties of koumiss in 

experimental groups. 

 r value 

1. Group 4. Group 

Escherichia coli O157:H7  1 1 

Listeria monocytogenes  - +0.936** 

Staphylococcus aureus  - +0.833** 

TMAB +0.389** +0.865** 

TPAB +0.552** +0.803** 

Lactobacillus spp +0.246* +0.273 

Yeast mold count -0.510** -0.778** 

pH +0.840** +0.963** 

Titratable acidity (%LA) -0.891** -0.887** 

Dry matter (%) +0.610** +0.709** 

Alcohol (%) -0.846** -0.861** 

Protein (%) +0.765** +0.877** 

Ash (%) -0.009 +0.279 

*p<0.05, **p<0.01 significant 

Table 6 provides an overview of the relationship between 

koumiss microbiological and chemical attributes within the 

experimental groups and the quantities of L. monocytogenes. 

In the koumiss samples, a positive correlation emerged 

between the count of L. monocytogenes and the enumerations 

of E. coli O157:H7, S. aureus, TMAB, TPAB, Lactobacillus 

spp., pH ratio, dry matter, ash content, and protein content. 

Conversely, a negative correlation was evident between the 

yeast mold count, alcohol content, and titratable acidity (p < 

0.01). 

Table 6. Correlation of the number of Listeria 

monocytogenes to microbiological and chemical properties 

of koumiss in experimental groups. 

 r value 

2.Group 4.Group 

Escherichia coli O157:H7  - +0.936** 

Listeria monocytogenes  1 1 

Staphylococcus aureus  - +0.913** 

TMAB +0.529** +0.924** 

TPAB +0.546** +0.868** 

Lactobacillus spp  +0.435** +0.376* 

Yeast mold count -0.451** -0.721** 

pH +837** +0.925** 

Titratable acidity (%LA) -891** -0.893** 

Dry matter (%) +0.438** +0.722** 

Alcohol (%) -0.853** -0.856** 

Protein (%) +751** +0.824** 

Ash (%) +0.180** +0.145 

*p<0.05, **p<0.01 significant 

 

Table 7. Correlation of Staphylococcus aureus number to 

microbiological and chemical characteristics of koumiss in 

experimental groups. 
 r value 

3.Group 4.Group 

Escherichia coli O157:H7  - +0.833** 

Listeria monocytogenes  - +0.913** 

Staphylococcus aureus  1 1 

TMAB +0.573** +0.943** 

TPAB +0.632** +0.930** 

Lactobacillus spp.  +0.537** +0.499** 

Yeast mold -0.418** -0.675** 

pH +0.771** +0.818** 

Titratable acidity (%LA) -0.884** -0.872** 

Dry matter (%) +0.420** +0.650** 

Alcohol (%) -0.832** -0.818** 

Protein (%) +0.670** +0.728** 

Ash (%) +0.099 +0.040 

*p<0.05, **p<0.01 significant 

 

The correlations between the microbiological and chemical 

attributes of koumiss within the experimental groups and the 

counts of Staphylococcus aureus are depicted in Table 7. 

Among the koumiss samples, a positive correlation surfaced 

between the quantity of Staphylococcus aureus and the 

quantities of Escherichia coli O157:H7, Listeria 

monocytogenes, TMAB, TPAB, Lactobacillus spp., pH ratio, 

dry matter, ash content, and protein content. Simultaneously, 

a negative correlation was apparent between the count of yeast 

molds, alcohol content, and titratable acidity (p < 0.01). 

4. Discussion 

Koumiss is a fermented product traditionally made from 

unpasteurized mare’s milk. Research has investigated various 

physicochemical and microbiological properties of mare’s 

milk and koumiss. It is believed that factors such as the season 

in which the milk is obtained, the animal breeds involved, the 

age of the mare, the lactation period, varied feed 

compositions, starter cultures, paddock, and milking 

conditions, as well as the incubation period and temperature, 

can all differ and influence the final product. 

Several types of microorganisms were found in koumiss 

samples by Tegin [29]. These included TMAB counts ranging 

from 5.16±0.009 to 7.05±0.011 log10 CFU/mL, yeast mold 

counts ranging from 4.53±0.009 to 6.83±0.006 log10 

CFU/mL, lactic acid bacteria count ranging from 5.13±0.026 

to 7.10±0.004 log10 CFU/mL, and staphylococci-micrococci 

group microorganisms ranging from 0.77±0.249 to 

4.17±0.044 log10 CFU/mL. The values noted by the 

researcher were consistent with those determined in this study 

for koumiss used as a starter culture. Out of the 25 samples 

used in Tegin’s study, only one contained a coliform group 

microorganism detected at a level of 1.26±0.089 log10 

CFU/mL. In contrast, this study did not detect coliform group 

microorganisms using koumiss as a starter culture. 

Chaves-López et al. [30] reported that Colombian koumiss 
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produced from cow’s milk contained lactic acid bacteria at 

levels of 7.05–9.53 log10 CFU/mL and yeast at levels of 6.26–

8.65 log10 CFU/mL. This study observed that the koumiss 

used as a starter culture had counts close to those of lactic acid 

bacteria and yeast mold. Similarly, Mu et al. [31] found yeast 

counts in Chinese koumiss samples to be in the range of 5–7 

log10 CFU/mL. 

This study demonstrated a similar yeast mold count in 

koumiss used as a starter culture. During the experimental 

period, the pH of koumiss produced from mare’s milk 

decreased steadily until the end of the 5th day of fermentation, 

when the analyses were conducted. This finding aligns with 

previous studies where a reduction in pH was a natural 

outcome of the fermentation process [22, 32-35]. It was 

observed that the growth of Escherichia coli O157:H7, S. 

aureus, and L. monocytogenes was significantly inhibited, 

particularly with a decrease in pH (p < 0.01).  

In the koumiss samples, there was a clear positive correlation 

between pH and the tested pathogenic microorganisms. This 

correlation showed that as the pH value decreased, the number 

of pathogenic microorganisms also decreased in all four 

groups.  E. coli O157:H7 and L. monocytogenes also showed 

no growth in analyses performed on the second day. However, 

S. aureus showed no growth on the third day. The titratable 

acidity of the experimental koumiss samples increased at the 

end of the fermentation period. This finding was consistent 

with previous studies [22, 29, 32, 33, 36].  

The increase in titratable acidity can be caused by Lacto-

fermentation, which also showed a negative effect on E. coli 

O157:H7, S. aureus and L. monocytogenes numbers (p < 

0.01). There was a negative correlation between the titratable 

acidity and the pathogenic microorganisms. An increase in the 

titratable acidity decreased the number of pathogenic 

microorganisms in all groups.  Also, fermentation time 

showed a clear (p < 0.05) influence on protein content. This 

finding is consistent with the previous studies [22, 32, 33]. 

Proteolysis during fermentation may have caused the 

reduction in the protein content. Additionally, the study noted 

a decrease in the dry matter content after fermentation, which 

aligned with findings from various studies, including [22, 33, 

36, 37]. The starter culture's fermentation caused this decrease 

in dry matter content. 

The impact of fermentation time on ash content in 

experimentally produced koumiss samples from mare’s milk 

was not deemed significant (p > 0.05). Likewise, the effect of 

ash content on the tested pathogens did not yield statistical 

significance. The ash content recorded in this study is 

consistent with values reported by various researchers [37, 

38]. 

Table 4 demonstrates a consistent rise in alcohol content 

throughout the incubation period of koumiss (p < 0.05). This 

increase in alcohol content during koumiss fermentation is 

consistent with findings from multiple studies [12, 22, 34]. 

Notably, the reductionary impact of alcohol content on the 

tested pathogens was statistically significant across all four 

groups (p<0.01). The determined alcohol content in this study 

was 3.05±0.13 in the 1st group, 3.08±0.11 in the 2nd group, 

3.06±0.10 in the 3rd group, and 3.09 in the 4th group. The 

variation in alcohol content outcomes among different studies 

may be predominantly attributed to varying incubation 

periods. 

In the koumiss experimentally produced from mare’s milk, the 

TMAB count closely aligned with the values reported by 

Tegin’s study [29]. The impact of fermentation duration on 

the TMAB count within koumiss proved significant in this 

study (p < 0.05). The reduction in TMAB count observed by 

the end of the second day is attributed to the suppression of 

certain microorganisms’ growth within the starter cultures. 

This phenomenon is linked to increased titratable acidity, 

elevated alcohol content, and diminished pH. In all three 

groups, the analyses on the fourth and fifth days indicated a 

partial stabilization in the increase TMAB levels, first 

observed at the end of the third day. This augmentation in 

TMAB count on the third day is attributed to the growth and 

flourishing of dominant species resilient to variations in the 

physicochemical properties of koumiss. 

The quantity of Lactobacillus spp. detected in this study 

corresponded with previous research [22,29,34]. Table 4 

illustrates the count of Lactobacillus spp. across all four 

groups. However, it decreased on the second day, followed by 

an increase on the third day, only to decline on the fourth and 

fifth days. The growth and proliferation of dominant species 

could be the cause of this elevation in the Lactobacillus spp. 

count. These hardy species are adaptable to fluctuations in 

koumiss's physicochemical properties, taking the place of 

suppressed strains. Notably, studies have reported that L. 

plantarum strains isolated from koumiss exhibit antibacterial 

effects against E. coli and L. innocua [35]. Similarly, Zhang 

et al. [39].  noted that L. casei Zhang, obtained from koumiss, 

demonstrated antibacterial properties against E. coli, 

Escherichia coli O157:H7, and K88. Another study showed 

that L. plantarum LB-B1 pediocin, which was taken from 

koumiss, could stop the growth of Listeria, Lactobacillus, 

Streptococcus, Enterococcus, Pediococcus, and Escherichia, 

even stopping L. monocytogenes [40]. 

Yinfeng et al. [41] reported that starter cultures present in 

koumiss had an inhibitory effect on Listeria spp., S. aureus, 

and E. coli growth. Ren et al. [42] documented that oral 

administration of L. paracasei, isolated from koumiss to E. 

coli-infected diarrheal mice treated and prevented E. coli-

induced diarrhea, suggesting that koumiss might enhance 

immunity by improving gut microbiota. Similarly, Sanam et 

al. [43] reported that Lactobacilli isolated from mare’s milk 

inhibited S. aureus, E. coli, and Bacillus cereus. These 

outcomes parallel the findings of the present study. 

Furthermore, Yinfeng et al. [41] mentioned that nine strains 

of isolated Lactococcus and 12 strains of Lactobacillus from 

koumiss had inhibitory effects on Listeria spp. but lacked a 
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preventive effect on E. coli and S. aureus. While their 

observations regarding Listeria are consistent with the 

findings of this study, their claims of effects on E. coli and S. 

aureus do not align. The observed yeast and mold count in the 

experiments had a significant impact on the number of 

pathogenic microorganisms (p < 0.01). A negative correlation 

was evident between the yeast mold count and the examined 

pathogenic microorganisms, suggesting that higher yeast 

mold counts correlated with decreased pathogenic 

microorganism counts across all four groups. 

Chen et al. [44]. reported that Saccharomyces cerevisiae 

isolated from koumiss contained antibacterial compounds, 

which hindered E. coli O8 growth and replication by affecting 

its cell surface. Another study found that yeasts like S. 

cerevisiae and Kluyveromyces marxianus in koumiss starter 

cultures had antibacterial properties that kept mice from 

getting E. coli infections [45]. These findings resonate with 

the outcomes of the present study. Additionally, Yinfeng et al. 

[41] noted that four yeast strains isolated from koumiss had a 

preventive effect on E. coli, with two of these yeast strains 

also showing a preventive effect on S. aureus. However, they 

reported that the yeast strains had no inhibitory effect on 

Listeria. 

5. Conclusion 

The study involved inoculating raw mare’s milk with E. coli 

O157:H7 ATCC 43894, L. monocytogenes ATCC 7644, and 

S. aureus NCTC 10654 at a 106 CFU/mL concentration. 

Experimental groups were established using a 20% proportion 

of koumiss as a starter culture and were then incubated at 

25°C. A decline in the count of pathogenic microorganisms 

was observed at the 5th and 24th hours within the 

experimental groups. Over the 2nd, 3rd, 4th, and 5th days, the 

tested pathogenic microorganisms’ counts dropped to 

undetectable levels. The study unveiled a positive correlation 

between the rate of pH reduction and the initial concentration 

of inoculated pathogenic microorganisms at 106 CFU/mL. 

In contrast, a negative correlation was identified between 

titratable acidity and alcohol content. Notably, the reduction 

in pathogenic microorganism counts in koumiss samples 

during experimentation, followed by their subsequent decline 

to undetectable levels, was attributed to pH reduction, 

increased titratable acidity, and heightened alcohol content. 

Consequently, the research suggests that koumiss produced 

from raw mare’s milk and incubated at 25°C could potentially 

harbor pathogenic microorganisms up until the second day. 

The study also indicated that raw mare’s milk possessed 

favorable microbiological quality. However, considering that 

raw mare’s milk is consumed for therapeutic purposes, it is 

imperative to recognize that neglecting hygiene practices 

during milking and using milk from diseased mares could lead 

to serious health issues and negatively impact public health. 

Likewise, sensitizing farmers to use utilize high-quality milk 

for koumiss production and providing education on hygiene 

and sanitation practices would be prudent. It is understood that 

further comprehensive investigations are necessary to ensure 

standardized koumiss production and to determine its 

treatment and therapeutic attributes. 
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A B S T R AC T A R T I C L E I N F O

Stuttering is a complex speech disorder characterized by disruptions in the fluency
of verbal expression, often leading to challenges in communication for those
affected. Accurate identification and classification of stuttering types can greatly
benefit persons who stutter (PWS), especially in an era where voice technologies
are becoming increasingly ubiquitous and integrated into daily life. In this work, we
adapt a simple yet effective Siamese network architecture, known for its capability to
learn from paired speech segments, to extract novel features from audio speech data.
Our approach leverages these features to enhance the detection and identification of
stuttering events. For our experiments, we rely on a subset of the SEP-28k stuttering
dataset, initially implementing a single-task model and gradually evolving it into a
more sophisticated multi-task model. Our results demonstrate that transitioning
the network from a single-task learner to a multi-task learner, coupled with the
integration of auxiliary classification heads, significantly improves the identification
of stuttering types, even with a relatively small dataset.
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1. Introduction

Stuttering, a.k.a. stammering, is a complex speech disor-
der that negatively affects the communication ability of 1%
of the population. Persons who stutter (PWS) often know
what they want to say, however the speech is interrupted
by involuntary pauses and word or sound repetitions.
Identification of stuttering in a speech is a challenging
problem involving multiple disciplines such as pathology,
psychology, acoustics, and signal processing.
With the advance of machine and deep learning the re-
search done on speech domain have dramatically devel-
oped. Thus, current Automatic Speech Recognition (ASR)
systems have good accuracy leading to voice assistants
such as Alexa, Siri or Google. However, these systems
are built based on fluent speech, and they fail to recognize

speech accompanied with pauses and repetitions. Consid-
ering that voice technologies are becoming ubiquitous, if
the developers continue assuming ideal speech scenarios,
the future world seems to be the place where people with
speech disorders will feel greatly deprived.
The studies on the stuttered speech have gained a speed
recently as Apple released SEP28k stuttering dataset[14].
The data was collected from podcast where PWS are
interviewed and is the first largest annotated dataset.
In this work, we perform our experiments on the subset
of SEP28k dataset. We build a simple single task model
which learns to differentiate between stuttering types, and
then gradually convert the model into multi-task learner
with multiple heads. We then observe improvements that
these transformations bring into the classification task.
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2. Related Work

Though speech recognition systems have evolved dra-
matically over the last decade, with the development of
machine and deep learning, there is a scarce number of
studies involving stuttering detection and identification.
The majority of studies conducted on stuttering data aim
to detect and identify the dysfluency types in audio record-
ings. These types of dysfluency are generally defined as:
blocks, prolongations, sound/word/phrase repetitions, and
interjections [14, 18]. Blocks are defined as involuntary
pauses before words. Prolongations are elongated syllable,
like I am s[sss]ory. Repetitions involve sound, word or
phrase repetitions. For example, I made [made] dinner
represents a word repetition. In order to avoid above
defined stuttering types a person who stutters learns to use
filler words like um, uh, you know, etc. These filler words
are known as interjections. Note that the dysfluency types
might be named differently in different studies.

2.1. Datasets

The main reason for the deficiency of studies in stuttered
speech is the lack of data. Just like any speech related
problem, detecting stuttering requires lots of data for
accurate learning. Typically, works conducted on stutter-
ing detection and identification are done based on some
datasets, either in-house or public, and learn to classify
between fluent and dysfluent speech ( stuttering detection),
and distinguish dysfluency types (identification).
The works that use in-house datasets [1, 8, 9, 11, 15]
collect their own data, label them manually and report the
stuttering detection and identification accuracy based on
their own data. This type of dataset is very small and is
not shared publicly.
There is only a handful number of publicly available
stuttering datasets. The very first and also the smallest
one is the UCLASS dataset [10]. It contains 457 audio
recordings of monologues, conversations and readings,
and only small amount of them has transcriptions. The
dataset is not labeled according to dysfluency types.
The FluencyBank dataset [16] contains audio and video
files with transcriptions for the interviews conducted for
32 adults and children who stutter. However, the dataset
is not labeled.
The scarcity of labeled data led to the creation of synthetic
dataset LibriStutter [12], which consists of 50 speakers
(approximately 20 hours). The dataset was generated by
injecting random stuttering to LibriSpeech dataset, which
consists of fluent speech. The audio signals were seg-
mented into four-second windows, and for every window
either one of the stuttering events, as sound, word and
phrase repetitions, prolongations, and interjections, were
injected, or left untouched.

The largest dataset, Stuttering Events in Podcasts (SEP-
28k) was released recently by [14]. SEP-28k is the first
publicly available annotated dataset. It contains about
28000 3-second clips from podcast recordings. The
SEP28k corpus also has 4144 3-second annotated clips
from the FluencyBank dataset. [6] subsequently intro-
duced an extended SEP-28k, which contains also the
gender and speaker information. Along with the extended
data they proposed a possible partitioning of data into
train and test set.
[4] suggest their own dataset namely, Kassel State of
Fluency (KSoF), which consists of 5500 clips of stut-
tered speech in German. The clips were labeled with
the six stuttering event types: blocks, prolongations,
sound/word/phrase repetitions, interjections and speech
modifications. The last type is therapy specific and indi-
cates whether the speaker’s speech is modified after the
therapy. The dataset also has some metadata, like the
gender of a speaker, therapy status, type of microphone
used, etc.

2.2. Stuttering Identification

One of the studies that aimed to identify all dysfluency
types in stuttered speech was conducted by [13]. The
work was based on UCLASS and LibriStutter datasets.
They build a deep neural network, named FluentNet, con-
sisting of Squeeze-and-Excitation Residiual Network and
bidirectional LSTM. The four-second long audio clips
from the dataset are converted to spectrograms using
Short Time Fourier Transform (STFT), and these spectro-
grams formed the inputs to FluentNet. Though the work
demonstrates promising results it has some limitations.
The results were reported for the small subset of speakers,
probably because they needed to label the data manually
first. Also, the work does not consider fluent speech and
their models learn to classify between stuttering types only.
The other limitation is that they trained a model for every
dysfluency type leading to computationally expensive
system due to large number of parameters.
As an alternative to the FluentNet, [17] proposed their
own time delay neural network, called StutterNet. The
model was trained and tested on UCLASS. The audio
recordings for over 100 speakers were manually labeled as
in [13]. Only core behaviors (prolongations, blocks, and
repetitions) and fluent part of the speech were considered.
Each audio recording was sliced into four-second clips and
for each clip mel-frequency cepstral coefficients (MFCCs)
were computed. The MFCC features are then fed to
StutterNet as features. In contrast to the aforementioned
approach a single model was trained for identification
of all types of dysfluency and a slight improvement was
observed.
In [7] KSoF is used for stuttering detection. Each audio
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recording is sliced into three-second clips. For each clip
the features are extracted from pretrained wav2vec 2.0 [3]
network. Wav2vec network is learned on large amount of
fluent speech, and takes raw data as an input and produces
a feature vector describing each audio data. In [7] before
using the wav2vec features the network was fine-tuned
using SEP-28k dataset. The features obtained from the
fine-tuned network are subsequently fed to SVM model
for dysfluency identification purposes.
The work in [19] reports on the dysfluency identification
results based on multi-task and adversarial leaning using
SEP-28k dataset. Each clip in the dataset was represented
by 20 MFCC features. Instead of learning a single task in
the network, a multi-task learning was used. A network
consists of three parts. First part learns to classify between
fluent and dysfluent speech, second part learns to classify
between dysfluency types, and the third part is just an
auxiliary part which prevents the network from overfitting
and learns to classify between show names from which
the clips were taken. All three parts share a single encoder,
meaning that they share weight in the encoder part.
[2] proposed automatic detection and correction for three
types of dysfluencies: repetitions, prolongations and long
pauses, using signal processing methods. In this research
MFCCs and Linear Predictive Coefficients (LPC) are used
to extract the features. The downside of this approach
is that it largely relies on empirical thresholds to detect
dysfluency types. Thus, to detect repetitions the MFCC
and LPC features of consecutive words are extracted and
their correlation factor is computed. If the correlation is
above a certain threshold then the words are considered
to be similar, and one of the words is deleted.
Another two approaches [1, 8] also use empirical thresh-
old to detect prolongations in speech. These studies deal
with detection and correction of prolongations and repe-
titions. To correct the prolongations, amplitudes of the
audio signal are compared against predefined threshold
value, and the values below that threshold are deleted. To
detect repeated words the audio signal is first converted
to text, in the text format the repeated words are detected
and deleted. Subsequently, the text is converted back to
speech.

3. Dataset
In our work, we use a subset of SEP28k. The audio
data was collected from eight podcast shows and every
episode was divided into 3 second clips. The total number
of clips in the dataset is 28177 (approx. 23.5 hours)
and every clip was annotated by three annotators. The
annotations for every clip have two types: stuttering and
non stuttering. Stuttering types include 𝑝𝑟𝑜𝑙𝑜𝑛𝑔𝑎𝑡𝑖𝑜𝑛,
𝑏𝑙𝑜𝑐𝑘 , 𝑖𝑛𝑡𝑒𝑟 𝑗𝑒𝑐𝑡𝑖𝑜𝑛, 𝑠𝑜𝑢𝑛𝑑/𝑤𝑜𝑟𝑑 𝑟𝑒𝑝𝑒𝑡𝑖𝑡𝑖𝑜𝑛 and 𝑛𝑜

𝑠𝑡𝑢𝑡𝑡𝑒𝑟𝑒𝑑 𝑤𝑜𝑟𝑑, where former five types represent dys-

fluency types and the last one is the fluent type. Non
stuttering types include 𝑢𝑛𝑖𝑛𝑡𝑒𝑙𝑙𝑖𝑔𝑖𝑏𝑙𝑒, 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑝𝑎𝑢𝑠𝑒,
𝑢𝑛𝑠𝑢𝑟𝑒, 𝑚𝑢𝑠𝑖𝑐 and 𝑝𝑜𝑜𝑟 𝑎𝑢𝑑𝑖𝑜 𝑞𝑢𝑎𝑙𝑖𝑡𝑦. We are mainly
interested in the stuttering types.

Figure 1: The distribution of podcast shows in the dataset.
WomenWhoStutter and HeStutters have common host.

The SEP28k is a challenging dataset and these challenges
come in three ways. First, it is highly imbalanced. More
than half of the data contains fluent speech, and approx-
imately 10% is given for a particular dysfluency type.
Second, each clip might have several annotations. Thus,
a single clip might contain both prolongation and block
dysfluency types, while being also annotated by one of the
annotators as a fluent speech. Lastly, it is also imbalanced
in terms of speaker. Thus, host speech dominates 60%
of the data. Also, the distribution of podcast shows is
imbalanced as shown in Figure 1. The number of clips
for one of the shows, Women Who Stutter, form 33% of
overall clips. Considering that Women Who Stutter and
He Stutters share the same host (Pamela Mertz), a large
amount of clips is dominated by the speech of a single
person.
As has been discussed previously, each clip in the dataset
might have multiple labels. Typically, it is not clear how
much the annotators should be trusted. For example, con-
sider a clip where three annotators identify it as having
prolongation, two annotators also note that some part of
it has blocks, and one annotator states that it has no other
disfluency. We do not know how much weight should
be given to that single label. It might also be the case
that each annotator votes for a different stuttering type,
further increasing our confusion. All studies that have
used this dataset have somehow neglected to mention
their approach to dealing with these labels. We, on the
other hand, decided to take a more cautious approach
by constructing a smaller subset from SEP-28k, which
we refer to as the confidence list. This list consists of
clips that were consistently assigned a single type by all
three annotators. However, the 𝑖𝑛𝑡𝑒𝑟 𝑗𝑒𝑐𝑡𝑖𝑜𝑛 type was
never annotated alone, as it always co-occurs with the 𝑛𝑜

MANAS Journal of Engineering, Volume 12 (Issue 2) © (2024) www.journals.manas.edu.kg



V. Adanova, M. Atagoziev / MANAS Journal of Engineering, 12 (2) (2024) 211

𝑠𝑡𝑢𝑡𝑡𝑒𝑟𝑒𝑑 𝑤𝑜𝑟𝑑 type. Therefore, we also include clips
where all three annotators selected both 𝑛𝑜 𝑠𝑡𝑢𝑡𝑡𝑒𝑟𝑒𝑑

𝑤𝑜𝑟𝑑 and 𝑖𝑛𝑡𝑒𝑟 𝑗𝑒𝑐𝑡𝑖𝑜𝑛𝑠. Moreover, clips where all three
annotators selected both 𝑛𝑜 𝑠𝑡𝑢𝑡𝑡𝑒𝑟𝑒𝑑 𝑤𝑜𝑟𝑑 and 𝑛𝑎𝑡𝑢𝑟𝑎𝑙

𝑝𝑎𝑢𝑠𝑒 are also included. We also formed a confidence
list for the FluencyBank dataset. However, only clips
with disfluency types were included, as the percentage
of fluent clips already constitutes a large portion of the
dataset. In total, our dataset contains 3,901 clips, and the
distribution of different types is illustrated in Fig. 2. It is
important to note that the dataset is highly imbalanced,
with 65% of the clips consisting of fluent speech.

Figure 2: The distribution of stuttering types in our dataset.
Observe that fluent data forms 65% of the dataset.

4. Proposed Framework
Given the audio clips, we initially extract their Mel Fre-
quency Cepstral Coefficients, MFCCs. The extracted
MFCCs are further fed to our baseline model, training
which we learn new embeddings (features) for the clips.
The baseline model that we use to extract embeddings
is the Siamese network with contrastive loss shown in
Fig. 4(gray region). The choice of this network is not
random, as we favor it because of its ability to learn well
the data which consists of small number of representatives
from each class. This is indeed the case for our data.
There are two inputs to the network and two identical
subnetworks that share the weights. For each pair the
two subnetworks produce embeddings which are then
used to compute the Euclidean distance between a pair
of inputs. The main goal of the network is not to learn
to classify different stuttering types but to differentiate

between them.
The subnetwork consist of three blocks. Each block con-
tains a convolutional layer followed by max pooling and
dropout layers. The last layer does global averaging which
returns the desired 64x1 dimensional vector. The details
on input and output dimensions are illustrated in Fig. 3.
As a loss function for the baseline model we use contrastive
loss which is defined as following:

𝐿𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒 = 𝑦 · 𝑑2 + (1 − 𝑦) · max(𝑚𝑎𝑟𝑔𝑖𝑛 − 𝑑, 0)2 (1)

where, 𝑦 is a true label, 1 if the audio pairs are of the
same class, 0 otherwise, and 𝑑 is the Euclidean distance
between the outputs of twin network embeddings. Margin
is 1.

Figure 3: The architecture of our subnetwork.

Our baseline model does a single task learning (STL). Dur-
ing our experiments we extend the model to do multi task
learning (MTL). Thus, we add a classification head to the
model so that the model can also learn to classify between
the six stuttering types. In our other experiment, we add
another classification head, which also forces the network
to differentiate between show types. These extension are
shown in Fig. 4, where each of the classification heads is
fed with the new features computed for the first input of
the baseline model. For both of these classification heads
we use sparse categorical crossentropy loss function. The
addition of auxiliary tasks as this, are suggested in the
literature [5, 19] for generalization and regularization
purposes.
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Figure 4: Proposed framework. The model within the gray box is the baseline model (BM). Then we add one
classification head that learns to classify between six stuttering types (gray plus green regions) (BSM). The third model
is formed by adding one more classification head to the second model (gray plus green plus blue regions), which also
learns to classify shows (BSSM).

Hence, the overall loss of an MTL model is given by:

𝐿 = 𝜆𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒 · 𝐿𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒 + 𝜆𝑎𝑢𝑥𝑖𝑙𝑖𝑎𝑟 𝑦 · 𝐿𝑎𝑢𝑥𝑖𝑙𝑖𝑎𝑟 𝑦 (2)

As was mentioned before, our model learns new features
(embeddings) for the audio data, which are subsequently
fed to machine learning models for classification purposes.

5. Experimental Results
5.1. Features
We first compute MFCC features for every audio clip,
which are then fed to our model. All clips are read with
the sampling frequency of 16000. The MFCC features are
computed using 𝑠𝑝𝑒𝑒𝑐ℎ𝑝𝑦 library, with the frame length
of 0.025, frame stride of 0.01 and number of filters of 40.
For every 3 seconds long clip, using these parameters, we
produce 297x40 features.

5.2. Data Augmentation
The data is highly imbalanced, so we produce new samples
using augmentation techniques. The augmented data is
used only during the training process. Since fluent speech
already takes up to 65% of the data we only augmented
the clips with dysfluency labels.
Data augmentation is done using 𝑎𝑢𝑑𝑖𝑜𝑚𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛𝑠 li-
brary. For every dysfluent clips in the training set we add
Gaussian noise with min. amplitude of 0.001 and max.
amplitude of 0.015, time stretch up/down to 25%, and
shift pitch up/down 4 semitones.

5.3. Data Splitting
The data is divided into three: train, validation and test
sets. The train set contains clips of 10 most frequent

speakers, plus the dysfluency clips from FluencyBank,
which gives us overall 2434 clips. What is left is divided
between validation and test sets. Thus validation set
consist of 734 clips of next most frequent speakers, and
the test set contains 733 clips of less frequent speakers.

5.4. Training
We train three different models: baseline model, base-
line model with stuttering classification head, baseline
model with stuttering classification and show classifica-
tion head. We call them BM, BSM and BSSM (See
Figure 4), respectively. The latter two are MTL mod-
els. For all three models we use Adam optimizer with
𝑙𝑒𝑎𝑟𝑛𝑖𝑛𝑔 𝑟𝑎𝑡𝑒 = 0.001, batch size is 32 and the number of
epochs is 20. For the first MTL model the weights of losses
are equal, thus 𝜆𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒 = 0.5 and 𝜆𝑠𝑡𝑢𝑡𝑡𝑒𝑟𝑖𝑛𝑔 = 0.5. For
the second MTL model we pay less importance to the
show classification head as it is used more like regulariza-
tion, hence the weights are distributed as 𝜆𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒 = 0.4,
𝜆𝑠𝑡𝑢𝑡𝑡𝑒𝑟𝑖𝑛𝑔 = 0.4, 𝜆𝑠ℎ𝑜𝑤 = 0.2.

5.5. Experimental Results
After training the models, we extract new features for
the data and perform classification on Support Vector
Machine (SVM) and K-Nearest Neighbor (KNN). The
SVM with polynomial kernel of degree 7, and the 𝐶

parameter of 100 is found to be most optimal one for
the validation set. For KNN model the 𝑘 is 1 in all our
results. All performance evaluations in this section are
conducted on test data, which was not used during the
training of either the feature extraction network or the
SVM and KNN models.
Table 1 presents the results of the classification done
using different model combinations. Observe that, when
we switch to MTL models (BSM and BSSM) there is
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a significant improvement in the f1-scores of different
stuttering types. Although switching to BSSM does not
introduce improvements to SVM model’s classification
performance, it has major impact on KNN model. Recall
that, our data has only 2% of 𝑏𝑙𝑜𝑐𝑘 dysfluency types. So
the models find hard to learn it, hence, we observe such
small number of detected block types.

Table 1: F1-score for stuttering classification. (P: Pro-
longation, B: Block, SR: Sound Repetition, WR: Word
Repetition, I: Interjection, F: Fluent, BM: Baseline Model,
BSM: Baseline with stuttering classification head, BSSM:
BSM with show classification head).

F1-Score
Model P B SR WR I F

BM SVM 0.14 0.03 0.08 0.06 0.11 0.72
BM KNN 0.10 0.00 0.11 0.09 0.14 0.66

BSM SVM 0.31 0.04 0.13 0.11 0.33 0.74
BSM KNN 0.21 0.08 0.12 0.11 0.29 0.64

BSSM SVM 0.26 0.00 0.15 0.08 0.30 0.74
BSSM KNN 0.36 0.04 0.11 0.10 0.34 0.68

The classification results for the case when only dysflu-
ency types are considered is reported in Table 2. Observe
that the 𝑏𝑙𝑜𝑐𝑘 type classification accuracy improves in
this case. While the baseline model learns the embed-
dings that differentiate between different stuttering types,
adding stuttering classification head enforces the model
to learn the embeddings that also represent the stuttering
types themselves. Once again, we can observe the im-
provement in classification that bring the MTL models.
The embedding computed using BSM model brings al-
most 100% improvement to 𝑝𝑟𝑜𝑙𝑜𝑛𝑔𝑎𝑡𝑖𝑜𝑛, 𝑏𝑙𝑜𝑐𝑘 and
𝑠𝑜𝑢𝑛𝑑 𝑟𝑒𝑝𝑒𝑡𝑖𝑡𝑖𝑜𝑛 types’ f1-score, and almost 400% im-
provement for 𝑤𝑜𝑟𝑑 𝑟𝑒𝑝𝑒𝑡𝑖𝑡𝑖𝑜𝑛 type in SVM, in contrast
to BM model. The BSSM embedding brings significant
improvements to KNN’s classification performance.

Table 2: Results of classification dysfluency types only.
(P: Prolongation, B: Block, SR: Sound Repetition, WR:
Word Repetition, I: Interjection, BM: Baseline Model,
BSM: Baseline with stuttering classification head, BSSM:
BSM with show classification head).

F1-Score
Model P B SR WR I

BM SVM 0.19 0.09 0.15 0.08 0.40
BM KNN 0.13 0.10 0.21 0.18 0.40

BSM SVM 0.35 0.21 0.27 0.27 0.61
BSM KNN 0.26 0.11 0.22 0.19 0.60

BSSM SVM 0.39 0.12 0.21 0.27 0.59
BSSM KNN 0.43 0.16 0.22 0.31 0.58

We combine the five dysfluency types into one group and

name the group as non fluent type and perform the binary
classification. The f1-scores are illustrated in Table 3. It
turns out that MTL models improve fluent data classifica-
tion, while non fluent type has small improvement. Thus,
BSM embeddings bring 55% improvement to fluent data
classification in SVM, while it is 9.7% for non fluent data.

Table 3: F1-score for binary classification.

F1-Score
Model Fluent Non Fluent

BM SVM 0.49 0.41
BM KNN 0.66 0.41

BSM SVM 0.76 0.44
BSM KNN 0.64 0.44

BSSM SVM 0.73 0.45
BSSM KNN 0.68 0.45

Table 4: Accuracy results for binary, dysfluency type only
and total classification.

Accuracy
Model Binary Dysfluency Total

BM SVM 0.45 0.25 0.52
BM KNN 0.56 0.25 0.45

BSM SVM 0.66 0.43 0.57
BSM KNN 0.56 0.35 0.47

BSSM SVM 0.64 0.42 0.57
BSSM KNN 0.59 0.40 0.51

The accuracy of classification results are reported in Ta-
ble 4. The accuracy of binary classification do not change
much for KNN. However, SVM achieves 47% improve-
ment with the MTL models. We observe significant
accuracy improvement for the dysfluency type classifica-
tion (when only 5 dysfluent categoris considered) both
in KNN and SVM. We observe that the total accuracy
does not change while the dysfluency type classification
improves.

6. Conclusion
Stuttering detection is a complex problem. The complex-
ity increases with the scarcity of the data. The existing
datasets are highly imbalanced which leads to the learned
models that favor the majority class. Since the data size
is too small it is usually impossible to build complex
networks because of the overfitting. By constructing
networks that learn multiple tasks we can regularize the
weights of the network. In this work, we built and learnt
rather simple network on small and highly imbalanced
dataset. Our findings show that by converting the net-
work from a single task learner to a multi task learner,
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and adding some auxiliary classification heads, we can
significantly improve the identification of stuttering types.
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In this study, tobacco waste generated from cigarette and cigar production, as well as discarded 
cigarette butts resulting from cigarette use, were recycled and their use as adsorbent materials 
was investigated. For this purpose, both products underwent various thermal and chemical 
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in dye removal experiments due to its high surface area and adsorbent properties. Malachite 
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at different initial concentrations, adsorbent doses, and contact times. In experiments on the 
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99% were obtained. As a result of adsorption experiments carried out with both hydrochars, it 
was observed that the adsorption fits the Langmuir isotherm model and the Pseudo-Second-
Order kinetic model. Tobacco waste and discarded cigarette butts, which are cheap, readily 
available, and abundant, were found to be effective alternative adsorbents for malachite green 
removal. 
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1. Introduction 

Water pollution occurs from anthropogenic and industrial 
(batteries, metallurgy, mining, nuclear, tannery, textiles, 
etc.) effluents and domestic sewage, mining, and 
recreational activities [1]. Therefore, protecting water 
sources and quality is highly significant because of poses a 
severe risk to human or environmental health. The 
concurrent removal of these coexisting highly hazardous 
pollutants is difficult due to their toxicity and persistent 
environmental nature [2, 3]. Adsorption, chemical 
precipitation, coagulation, electrodialysis, exchange, ion 
exchange, phytoextraction, precipitation, reverse osmosis, 
solvent extraction, and ultrafiltration are used to remove 
wastewater contaminated by dye ions. Adsorption is the 
most effective, low-cost, eco-friendly, and highly selective 
method [4]. 
In recent years, hydrochar has been produced from waste 
biomass, mainly by thermochemical conversion methods, 

and used as a biosorbent for organic and inorganic pollutants 
removal in wastewater [5]. 
Biomass can be used as an energy source by burning 
directly, or it can be converted into electrical energy, solid 
material (hydrochar), liquid fuel, or valuable chemicals by 
applying various thermo-chemical processes [6]. One of the 
best methods to convert biomass into different fuels is 
pyrolysis.  
Pyrolysis is the thermal decomposition of materials at high 
temperatures in a limited or completely oxygen-free 
environment. It is usually used in the processing of organic 
substances [7]. Pyrolysis is a process that occurs at lower 
temperatures compared to gasification. Gasification is 
carried out at 800-1100°C, while pyrolysis is carried out at 
400-700°C [8]. The inert gas used during pyrolysis is 
important for the removal of products from the environment. 
As a result of the pyrolysis process, three different forms of 
products are obtained; solid (biochar), liquid (biooil) and 
gas (syngas). Pyrolysis temperature and speed change the 
yield of the product obtained in different forms. Slow 
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pyrolysis is generally preferred for obtaining solid products, 
it is carried out at low temperatures and long reaction times. 
In obtaining solid products, 35% product efficiency is 
obtained with slow pyrolysis, 12% with fast pyrolysis and 
5% with flash pyrolysis [9, 10]. In this study, the activation 
process was carried out with slow pyrolysis. 
The activation process is used to increase the usability of 
hydrochars or biochars produced by various methods as 
adsorbents [11]. With chemical activation, the physico-
chemical properties of the raw material are improved with 
acid, base and oxidation processes and their transformation 
into active carbon is ensured. Chemical activation processes 
are generally carried out by pyrolysis using HCI, HNO3, 
H2SO4 and H3PO4, KOH, NaOH, K2CO3, H2O2 and KMnO4 
chemicals [5, 12]. With chemical activation, generally 
cross-linked surface functional groups and activated 
carbons with high specific surface area and pores are 
obtained. It is known that the surface porosity and functional 
groups of activated carbons produced with alkaline 
chemical activation agents such as KOH, NaOH and K2CO3 
increase [13]. In this study, activation was carried out with 
KOH agent. 
Cigarettes represent one of the most popular tobacco 
products being consumed worldwide. Tobacco and tobacco 
smoke contains more than 7,000 chemicals, over 70 of 
which are carcinogenic. Some carry health risks such as 
heart and/or lung disease.  Globally, more than five trillion 
discarded cigarette butter year have been produced by 
smokers [14]. They include ash, unburned tobacco, and 
smoked filter. 95% of cigarette filters are made of cellulose 
acetate. Smoked filters contain no tobacco. It is packed 
tightly together to create a filter and is a plastic slow to 
degrade. The cigarette butt reduces risks associated with 
smoking by decreasing smoke toxicants. Cigarette butts 
may threaten humans and wildlife, including toxic 
chemicals [9]. 
Cigarette butts are non-biodegradable waste. But we know 
very little knowledge about their impacts on both human 
health and the environment. Discarded cigarette butts 
contain arsenic, benzene, cadmium, ethylene oxide, 
formaldehyde, nicotine, and dozens of other chemicals 
caused by tobacco and its residues [9]. 4.5 trillion cigarette 
butts are not disposed of correctly every year globally, 
generating 1.69 billion pounds of toxic waste and releasing 
thousands of chemicals into the air, water, and soil [15]. In 
recent years, various studies have come to the fore to reduce 
the toxic effect of cigarette butts and re-evaluate these 
wastes [16].    
For this study, tobacco waste and discarded cigarette butt 
hydrochars were synthesized. The effects of dosage, initial 
concentration, and contact time in removing malachite 
green (MG) from aqueous solution were also assessed while 
evaluating the solution adsorption isotherms and kinetics. 
Relevant adsorption results obtained from the prepared 
hydrochars after chemical activation indicate the utility of 
the low-cost recycled material.    

2. Materials and Methods 

2.1 Materials 

Tobacco wastes were obtained from British American 
Tobacco, Samsun, Turkey. The waste cigarette butts were 
collected from a range of residential areas by our means. 
The filters separated from waste discarded cigarette butts by 
peeling off the paper on the outside. A stock aqueous 
solution was prepared with powdered malachite green dye. 
It was diluted with pure water at calculated rates to be used 
in experiments. 

2.2. Methods 

Hydrochar production 

There is no standard method for hydrochar production. It is 
basically the carbonization process of organic matter using 
temperature and water pressure in a closed reactor. In this 
study, average experimental conditions of similar studies in 
the literature were used for hydrochar production, activation 
process and adsorption conditions [8, 13]. 10 g tobacco and 
filter sample with 80mL pure water (Nuve ND4 Pure Water 
System) (1:8 ratio) were placed in a completely closed 
hydroreactor with a volume of 250mL, consisting of a 
separate steel outer and titanium-coated inner chamber. The 
reactor was kept in a muffle furnace at 250 °C for 5 hours. 
The reactor was cooled in a bucket full of cold water, and 
the obtained slurry was butted. Hydrochars were dried in a 
drying oven (Nuve EN400 Model) at 50 – 60°C for 24 hours.  

Hydrochar activation 

If the solid part is to be used as a result of the pyrolysis 
process, slow pyrolysis conditions are applied because the 
solid product yield in slow pyrolysis conditions is much 
higher than in fast pyrolysis [13, 17]. The produced 
hydrochars were activated by slow pyrolysis system using 
Potassium hydroxide (KOH) at a ratio of 1:4 (10g 
hydrochars:40g KOH). Pyrolysis was carried out at 5 
°C/min in a 100 mL/min nitrogen gas flow at 600°C with a 
holding time of 1 hour. After pyrolysis, the samples were 
washed with 2M hydrochloric acid (HCl) in a vacuum 
filtration (Rocker 400 Vacuum Pump System) and then 
washed with distilled water until neutral. Pyrolysis 
conditions were determined by taking the average values of 
our previous experimental study results and similar studies 
in the literature [17, 18]. 

Characterization Analysis 

Some characterization analyses were carried out to 
determine the suitability of natural and hydrochar butts and 
tobacco for use as an adsorbent. For this purpose, elemental 
analysis (LECO-Truespec Model) was performed to 
determine the elements it contained, Scanning Electron 
Microscope (SEM) (Jeol-JSM7001F Model) to determine 
microstructure and morphology, and Brunauer–Emmett–
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Teller (BET) (Oantachrome-Autosorb IQ2 Model) analysis 
to measuring the specific surface area. 

Batch adsorption experiments 

In order to determine the optimum adsorption conditions in 
the removal of MG dye with waste cigarette butts hydrochar 
and tobacco hydrochar adsorbents, adsorption experiments 
are first carried out under different conditions (at various 
minimum and maximum values). Batch adsorption 
experiments; were carried out to understand the effects of 
dosage (0.33 - 16.66 g/L), initial concentration (30 - 800 
mg/L), and adsorption time (1-120 min). All adsorption 
experiments were conducted at room temperature. The 
samples separated from the adsorbent after adsorption were 
measured to determine their final concentrations in a 
spectrophotometer (Thermo Aquamate Model) at a 
wavelength of 617nm. The spectrophotometer was 
calibrated at a wavelength of 617 nm using standard MG 
aqueous solutions with concentrations of 2, 4, 8, 16, 32, and 
64 mg/L. The calibration curve equation obtained was (y = 
0.1082x + 0.0408), with a R2 value of 0,99. The absorbance 
values recorded during the sample measurements were 
substituted for “y” in the equation, and the corresponding 
“x” values were calculated to determine the MG 
concentrations of the samples in mg/L. 
All experiments were conducted in duplicate, and the 
average values of the results were used. 

Isotherm and kinetic models 

In order to understand the adsorption mechanism, 
adsorption experimental results are generally examined in 
terms of their fitting with adsorption kinetic and isotherm 
models. In this study, the results were applied to Langmuir, 
Freundlich and Dubinin-Radushkevich (D-R) isotherm 
models and Pseudo-first-order, Pseudo-second-order and 
Intraparticle kinetic models. 

3. Results and Discussion 

3.1 Characterization Analysis 

Elemental analysis 

The elemental analysis results of tobacco and butt hydrochar 
produced in the study are given in Table 1. Elemental 
analysis indicates that both samples have high carbon 
content. The elemental analysis results of hydrochars have 
values close to similar studies in the literature. 44.20-
62.73% carbon, 1.49-6.96% hydrogen, 6.85-4.13% nitrogen 
[16, 19]. Similar results were found in different studies on 
the raw and hydrochar of tobacco leaf residues [18, 19].  
The variation in results for the same materials may result 
from different conditions of the pyrolysis processes. The 
elemental analysis indicated the lower nitrogen compounds 
because the bio-oil part produced during pyrolysis has the 
most nitrogen compounds. Moreover, there are also losses 
due to volatile compounds. In the literature, studies 
conducted with tobacco and tobacco products indicate that 
the main gases released are water, CH4, hydrocarbons, 
CO2, CO, carbonyl and hydroxyl [14, 20].  

 
Scanning electron microscope (SEM) 

SEM images at x500 were used to analyze the surface 
morphologies of tobacco and cigarette butt hydrochar. (Fig. 
1a and b). The SEM image of the butt hydrochar shows a 
rigid amorphous and porous structure with smaller 
microstructures (Fig. 1a). It was observed that the pore level 

Table 1. Elemental analysis of tobacco and butt hydrochar 

Sample Carbon 
(%) 

Hydrogen 
(%) 

Nitrogen 
(%) 

Waste cigarette 
butts hydrochar 49.45 2.71 0.65 

Tobacco 
hydrochar 33.63 2.54 1.82 

 

 
 

Figure 1. SEM image of butt hydrochar (a) and tobacco hydrochar (b). 
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was high in the sem images of tobacco hydrochar (Fig. 1b). 
The larger pores and voids are observed in the butt 
hydrochar compared to the tobacco hydrochar. This may be 
due to the collection of particles found in the smoke passing 
through the butt [21]. The microsphere structure of both 
samples given in Figure 1 shows condensation, 
decarboxylation, decomposition, dehydration or 
polymerization, and aromatization of cellulosic components 
during hydrothermal carbonization, as indicated in the study 
by Sevilla et al. [21]  

Brunauer-Emmett-Teller (BET) 

The surface area analysis by BET was also performed. BET 
surface area measurements were performed under nitrogen 

gas flow at 150°C and vacuum application for 14 hours. As 
a result, the BET surface area for butt and tobacco hydrochar 
is 8.4m2/g and 1.8m2/g respectively. Although these results 
seem low for natural adsorbents, they are similar to studies 
conducted with the same materials in the literature [20, 22]. 

3.2 Batch adsorption experiments 

Effect of adsorbent dosage 

The effect of adsorbent dose on adsorption efficiency was 

studied using a different amount of adsorbent (0.33, 1.66, 
3.33, 9.99, 16.66 g/L). Other batch adsorption experiment 
conditions are 30 mL volume, 30 mg/L initial concentration, 
200 rpm, 90 min. contact time. In Figure 2, malachite green 

 

 
*Bt: Butt, Tbc: Tobacco 

Figure 2. Effects of adsorbent dosage for butt and tobacco hydrochars. 
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Figure 3. Effects of contact time for butt and tobacco hydrochars. 
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removal efficiencies and adsorption capacity (qe) values 
versus adsorbent dose are given. 
In the Figure 2, it is seen that removal efficiency above 85% 
was obtained in all doses and materials. No significant 
change in removal efficiency was observed in the cigarette 
butt samples depending on the dose. In the tobacco samples, 
removal efficiency decreased by around 10-14% with the 
increase in dose. The highest removal efficiency was 
obtained at around 99% at 1.66g/L dose for both adsorbents. 

Effect of contact time 

In order to show the effect of contact time on MG removal, 
adsorption experiments were carried out at different contact 
times. For this purpose, experiments were carried out at 
contact times of 1, 15, 30, 60, 90, 120, 180 and 240 min. In 
Figure 3, malachite green removal efficiencies and 
adsorption capacity (qe) values versus contact time are 
given. In both adsorbent samples, MG removal efficiency 
increased with increasing contact time. It is seen that 
cigarette butt samples reached equilibrium after 90 minutes 

and tobacco samples reached equilibrium after 60 minutes. 
The appropriate contact time for each adsorbent was 
selected as 90 minutes. After 90 minutes, efficiencies were 
obtained around 99%. 

Effect of initial concentration 

To determine the effect of MG initial concentration on 
adsorption, experiments were carried out at different initial 
MG concentrations. Initial concentration studies were 
carried out at 30, 50, 100, 200, 400 and 800 mg/L MG 
concentrations. In Figure 4, MG removal efficiencies and 
adsorption capacity (qe) values versus initial concentration 
are given.   
In Figure 4, a gradual decrease in removal efficiency is 
observed with increasing concentration for both adsorbents. 
This can be explained by an existing higher driving force for 

mass transfer from the liquid phase (adsorbate) to the solid 
phase (adsorbent) at the interface [23]. At high 
concentrations, the tobacco adsorbent is seen to have much 
higher removal efficiency and adsorption capacity than the 
cigarette butt adsorbent. At low concentrations, removal 
efficiency values above 95% were obtained for both 
adsorbents. 
The K (mol²/kJ²) value calculated in the D-R isotherm is a 
constant that represents the energy density or free energy 
change associated with the adsorption process and reflects 
the heterogeneity of the adsorbent surface. This parameter 
aids in distinguishing whether the adsorption mechanism is 
physical or chemical. Using the K value, the average free 
energy (E) of the adsorption process can be determined. The 
E (kJ/mol) value quantifies the energy required to transfer a 
molecule to the adsorption site. Specifically: E <8 kJ/mol: 
Adsorption is typically physical, dominated by weak forces 
such as van der Waals interactions. E = 8–16 kJ/mol: 
Adsorption may involve chemical properties, such as ion 
exchange. E > 16 kJ/mol: Adsorption is likely driven by 

chemical bonding, such as covalent interactions [24]. The E 
values obtained from the study were determined to be 
2.96kJ/mol for butt hydrochars and 1.81kJ/mol for tobacco 
hydrochars. These results indicate that the adsorption 
mechanisms for both materials can be classified as physical. 

 3.3 Adsorption isoterms 

 
*Bt: Butt, Tbc: Tobacco 

Figure 4. Effects of initial concentration for butt and tobacco hydrochars. 
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The isotherm of adsorption explains the relationship 
between the adsorbate particles adsorbed on the adsorbent 
surface and the equilibrium adsorbate concentration in the 
liquid phase [25]. Adsorption mechanisms can be examined 
for physical and chemical adsorption. The weak Van der 
Waals force between the adsorbate molecules and the 
adsorbent surface is effective in physical adsorption [4, 25]. 
Strong covalent bonds or ionic interactions are effective in 
chemical adsorption. So, adsorbate molecules are 
accumulated on the adsorbent surface by chemical bonds in 
chemisorption [4]. A multi-molecular layer is formed in 
physical adsorption, and a mono-molecular layer is formed 
in chemical adsorption. The Langmuir isotherm indicates 
that adsorption is commonly monolayer due to adsorbate 
molecules adhering to particular homogeneous sites on the 
adsorbent surface [25]. There are unfilled sites on the  
adsorbent, and is no interaction between the molecules 
retained on the surface. The multilayer adsorption on the 
homogeneous sites of the adsorbent surface was clarified 
with the Freundlich adsorption isotherm. It is reversible 
(desorption with temperature increase or pressure reduction) 
[4, 12]. The Dubinin-Radushkevich (D-R) isotherm is a 

model used to describe adsorption processes, particularly in 
cases where the adsorption follows a pore-filling 
mechanism rather than surface adsorption. It is suitable for 
predicting the adsorption of gases and liquids onto porous 
materials and considers the energy of adsorption to estimate 
the heterogeneity of the surface. Unlike the Langmuir 
isotherm, the D-R model can handle non-uniform systems 
and is based on the Polanyi potential theory [24]. 
Table 2 shows the isotherm parameters and their correlation 
coefficients (R2) for MG adsorption onto butt and tobacco 
hydrochar. Figure 5 shows the isotherm models graphs. The 
Langmuir isotherm model best fits the experimental data for 
MG onto butt and tobacco hydrochar according to the 
correlation coefficients (R2). Maximum adsorption capacity 
(Qm) 83.33mg/g and 227.27mg/g was derived for the 
adsorption of MG onto butt and tobacco hydrochars 
respectively.  

Table 2. Isotherm parameters for MG adsorption onto the butt and tobacco hydrochar 

Isotherms      Parameters Malachite Green 
Butt Hydrochar Tobacco Hydrochar 

Langmuir 
R2 0.90 0.97 
KL (L/mg) 0.02 0.04 
Qm (mg/g) 83.33 227.27 

Freundlich 
R2 0.73 0.97 
KF (mg1−n Lng-1) 29.11 32.10 
n 6.80 3.16 

D-R 
R2 0,66 0,78 
K (mol²/kJ²) 0,0571 0,1524 
Lnqm 3,99 4,76 

 

Table 3. Kinetic parameters of MG adsorption onto the butt and tobacco hydrochar 

Kinetics Parameters MG 
Butt Hydrochar Tobacco Hydrochar 

Pseudo First Order 
R2 0.90 0.70 
k1 (min−1) 0.008 0.05 
qe (mg g-1) 2.57 893.90 

Pseudo Second Order 

   
R2 0.99 0.99 
k2 (g mg-1 min-1) 0.034 0.05 
qe (mg g-1) 17.45 17.18 

Intraparticle 

   
R2 0.61 0.45 
ki (m g-1.min-2) 0.20 0.08 
C 15.05 18.34 
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The Langmuir model describes monolayer sorption in that 
the adsorbate molecule is adsorbed on particular localized 
adsorption sites [25]. It indicates no transmigration of the 
adsorbate in the plane of the surfaces and gives uniform 
energies of monolayer sorption on the adsorbent surface 
[12].  
The Freundlich isotherm model best fits the experimental 
data for MG onto tobacco hydrochar. KF (mg/g) represents 
the adsorption capacity at equilibrium and n describes the 
adsorbent surface's heterogeneity and the adsorbed 
molecules' distribution on the adsorbent surface. The n was 
3.16 (Table 2), showing the intensity of MG adsorption to 
tobacco hydrochar. n > 1 indicates suitable adsorption of the 
adsorbate molecules onto the adsorbent surface [25].  

3.4 Adsorption kinetics 

The kinetics of adsorption gives information about the 
reaction rate concerning the time at constant pressure or 
concentration [12]. The first step of the sorption mechanism 
is diffusion adsorption from the adsorbate to the adsorbent 
surface. The adsorbate molecules coming to the liquid-solid 
interface pass through the stagnant part on the surface and 
move towards the pores of the adsorbent in the second stage. 
This stage is realized by film mass transfer or boundary 
layer diffusion theory. The third stage is known as pore 
diffusion. At this stage, the species to be adsorbed is 
transported in pores of different sizes subject. In the fourth 
stage, the adsorbate molecules are attached to the pores of 
the appropriate size and take place [25, 26]. 
Figure 6 shows the kinetic models graphs. The pseudo-first-
order, pseudo-second-order, and intraparticle diffusion 
models studied the MG adsorption kinetics on butt and 
tobacco hydrochar. The pseudo-second-order kinetic model 

               
 

             
 

                 
 

Figure 5. Adsorption isotherm graphs. 
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best fits the experimental data (R2 = 0.99) for the adsorption 
of MG onto butt and tobacco hydrochar (Table 3).  
The pseudo-second-order kinetic model's fitting showed the 
chemisorption mechanism's involvement in the rate-
determining step [26]. 

4. Conclusion 

In this study, chemically activated hydrochars were 
produced from cigarette butts and tobacco wastes using 
potassium hydroxide (KOH) through a two-step pyrolysis 
method. Elemental composition, morphological structure, 
and surface area analyses of the produced hydrochars 
indicated that they are suitable for use as adsorbents. The 
hydrochars were then applied to the removal of Malachite 
Green, a chemical dye widely used in various industrial 
applications that poses toxic risks to both the environment 
and human health, from aqueous solutions. The adsorption 
method was employed in the removal studies, yielding 

exceptionally high removal efficiencies of up to 99%. 
However, a rapid decline in removal efficiency was 
observed at higher Malachite Green concentrations (200 
mg/L and above). Isotherm and kinetic modeling studies 
were conducted to elucidate the adsorption mechanism. The 
results revealed that the adsorption process was single-
layered, homogeneous, and chemical in nature. The findings 
suggest that tobacco and cigarette butt wastes can serve as 
effective and low-cost alternatives for dye removal. Future 
studies could further support these results through 
desorption and regeneration experiments.  
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Figure 6. Adsorption kinetic graphs. 
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A B S T R A C T  A R T I C L E  I N F O   

Photonic crystals are periodic dielectric structures that create photonic band gaps depending on 
the geometry of the lattice elements and the material properties. These structures allow light to 
be easily controlled, guided, and confined due to the tunability and adjustability of their design 
parameters. Conventional photonic crystals are typically designed with high-symmetry unit 
cells, while low-symmetry structures are created by breaking this symmetry. Low-symmetry 
structures are more sensitive to light manipulation and offer greater control and flexibility over 
light through geometric diversity. This study investigates the resonance effect in a cavity 
structure composed of a square lattice photonic crystal made of low-symmetry C2-type 
dielectric rods. The dependence of the resonance mode on the low-symmetry parameters was 
investigated and it was shown that, in contrast to other studies, mode splitting or merging can 
be achieved and tuned by exploiting and perturbing the intrinsic symmetry properties of the low-
symmetry photonic crystal structure. The band structure, transmission spectra, and resonance 
frequencies of the low rotational symmetry photonic crystal were obtained using Lumerical and 
MEEP software. The analysis of resonance splitting and optical properties by symmetry 
manipulation will contribute to the understanding of light collimation and trapping. 
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1. Introduction 

Photonic crystals (PCs) are artificial materials that exhibit 
photonic band gaps depending on the geometry of the 
structure and the refractive index properties, and contain a 
one-dimensional (1D), two-dimensional (2D) or three-
dimensional (3D) periodic arrangement of a dielectric 
medium. The bandgap response and wave propagation 
characteristics of the photonic crystal lattice strongly depend 
on the rods' arrangement, geometry, and material [1], [2]. 
Furthermore, by introducing defects into photonic crystals, 
light can be controlled and manipulated, and integrated optical 
devices can be formed. In photonic crystal structures, cavities 
can be designed by creating line or point defects. Light is 
temporarily and spatially confined at the resonant frequency 
within these cavity structures, known as optical resonators. 
The optical resonator is a fundamental functional block 
required for filtering, modulation, buffering, and switching in 
integrated optical circuit systems [3]. The key components of 
photonic crystal circuits, such as channel-drop filters and 
coupled-cavity waveguides, take advantage of defect mode 
coupling. The effect on the defect mode shift is much more 
sensitive to a small change in the refractive index than the 
band edge shift. Applications of photonic crystals can be 

divided into two types based on the reflective or transmissive 
nature of the photonic crystal. Light can be easily controlled 
in photonic crystals as a function of wavelength, enabling the 
creation of low-loss, wide or narrow bandwidths, and sharp 
bends equivalents compared to their counterparts [4]. 
Furthermore, by introducing defects into photonic crystals, 
light can be controlled and manipulated, and integrated optical 
devices can be formed [2]. By tuning the configuration of the 
defect or cavity structure, various functions for advanced 
signal processing can be realized in all-optical photonic 
circuits [3]-[5]. Light is temporarily and spatially confined at 
the resonant frequency within these cavity structures, known 
as optical resonators. The optical resonator is a fundamental 
functional block required for filtering, modulation, buffering, 
and switching in integrated optical circuit systems [3]. The 
quality factor or Q-factor is an important parameter that 
determines the performance of a resonant cavity. The photonic 
microcavity is characterized by the cavity resonant 
wavelength and the quality factor (Q-factor). The Q-factor is 
defined as the ratio of the cavity mode wavelength to the 
cavity mode spectral linewidth [1], [6]. The Q-factor and 
mode volume are measures of the temporary perturbation time 
and spatial occupation in the cavity, respectively. In 
wavelength division multiplexing applications, the Q-factor 
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and transmission characteristics are important for narrowband 
filtering [1]. In addition, the strong confinement of light also 
enhances nonlinear interactions [7]. A designer can change the 
bandwidth or shape of the frequency response by adjusting the 
coupling coefficients between the resonances present in the 
system. As the designer controls the strength of the 
perturbation, the separation between the two resonant mode 
frequencies varies accordingly. The key components of 
photonic crystal circuits, such as channel-drop filters and 
coupled-cavity waveguides, take advantage of defect mode 
coupling. The ability to control mode splitting by adjusting the 
perturbation strength is an important feature of photonic 
crystal structures. By manipulating the coupling between 
resonant modes, the designer can engineer the desired spectral 
response, which is critical for applications such as filtering, 
switching, and multiplexing in integrated photonic circuits. 
Defect mode coupling is the underlying principle of many 
fundamental photonic crystal devices, highlighting the 
importance of understanding and precisely controlling mode 
splitting in these periodic dielectric structures. Mode 
degeneracy in photonic crystal structures is a consequence of 
the inherent symmetry of the lattice. By deliberately 
introducing a perturbation, either by a physical change in the 
cavity or by the addition of an extra element, the mode 
degeneracy can be removed, leading to mode splitting. This 
ability to control and tune mode splitting is a valuable feature 
of photonic crystals, as it enables the engineering of desired 
spectral responses for applications such as filtering, switching, 
and multiplexing in integrated photonic circuits. The literature 
[8]-[11] has explored various approaches to achieving mode 
splitting, highlighting the flexibility and potential of this 
technique. 
 
High rotational symmetry photonic crystals exhibit perfectly 
symmetric ordering. While it simplifies the design and 
analysis of these structures, it also limits the flexibility to 
manipulate the optical properties. By reducing the symmetry 
of the unit cell, low-symmetry photonic crystals (LSPCs) offer 
greater opportunities for geometric customization and, 
consequently, greater control over the light-matter 
interactions. This flexibility is achieved by introducing 
additional elements or reconfiguring the existing components 
within the unit cell [12]. The geometric and structural 
diversities introduced by symmetry reduction in photonic 
crystal waveguides and cavities enhance the dispersion 
properties of these periodic materials [13]-[15]. Additionally, 
low-rotational symmetric photonic crystal structures 
efficiently manipulate the equifrequency contours, leading to 
the emergence of self-collimation transmission [16], [17]. The 
ability to break high symmetry and explore low symmetry 
designs is featured in the design of photonic crystals to tailor 
their optical properties for applications such as sensors [18], 
[19], superprisms [20], and splitters [21]. In this study, the 
dependence of the degenerate resonance mode on the low-
symmetry parameters was investigated, and unlike other 
studies [10], [11], [22], [23], the intrinsic low-symmetry 

property of the low-symmetry photonic crystal structure was 
used to control the resonance modes. To obtain a low-
symmetry photonic crystal structure, two rods with different 
radii were added next to the central rod in a square lattice 
photonic crystal formed in air, thus breaking the high 
symmetry of the unit cell (Figure 1). A shoulder-coupled 
cavity was then created within a linear defect waveguide 
(LDWG). The splitting and fusing of the cavity modes was 
studied by varying the position and radius of the low 
symmetry rods. Mode analysis of the cavity was performed 
for different radii and positions of the low-symmetry rods, and 
transmission and reflection spectra were obtained. The results 
showed that the splitting or merging of the degenerate cavity 
modes can be controlled by varying the position and/or radius 
of the low-symmetry rods without the need for additional 
perturbation. The PWE and FDTD methods implemented in 
MPB, MEEP and Lumerical software were used to obtain the 
dispersion behavior and transmission/reflection spectra of the 
photonic crystal structure. The final experimental study, 
which is a well-accepted method due to the scalable nature of 
photonic crystals, was attempted using a microwave 
experimental setup. However, the measurement results could 
not be reliably obtained due to the differences between the 
simulation environment and the experimental setup. 

2. Coupled Mode Theory of the Cavity 

In photonic crystal structures, two types of optical resonators 
can be designed: (1) resonators based on line or point defects. 
For example, a resonator is created by modifying the 
dimensions or dielectric constant of the rods, resulting in a 
defect that behaves like a resonator, and (2) ring resonators, 
where some rods are removed and/or modified to form a ring-
shaped resonator. Optical resonators are typically used in 
conjunction with waveguides and the interaction between 
them is governed by Coupled Mode Theory (CMT). Optical 
resonators are divided into two groups related to standing 
wave (SW) and traveling wave (TW) resonators. Optical 
communication devices such as filters, add/drops, and 
multiplexers are realized with the SW or TW type of 
resonators placed between two optical waveguides. The light 
signal can be coupled into or dropped from the waveguides 
via the resonator structure [3]. Optical resonators are typically 
used in conjunction with waveguides and the interaction 
between them is governed by Coupled Mode Theory (CMT). 
In this section, the coupling equations for a standing wave-
type direct or indirect shoulder-coupled structure in the 
waveguide-cavity-waveguide junction are given, and the 
transmission/reflection plots obtained using MATLAB are 
presented. 
 
Directly Coupled Cavity: To characterize a directly coupled 
cavity of the standing wave type, as shown in Figure 1a, it is 
necessary to define some parameters, namely the resonant 
frequency or wavelength ω0 (λ0); the amplitudes of the 
incident, transmitted, reflected and dropped waveguide modes 
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si, st, sr, sd; the perturbation rates 1/τw and 1/τi due to the 
coupling loss and the intrinsic loss of the waveguide; the 
corresponding quality factors Qw and Qc; the total quality 
factor Qt; the normalized frequency δ; and the transfer 
functions t, r, d for the transmission, reflection and drop ports, 
respectively, as given in Eqs. (1-5) [3]. 
 

 
 

Figure 1. Low symmetry photonic crystal waveguide with (a) 
direct or (b) indirect shoulder-coupled standing wave 

resonator structure. 

 
Figure 2. Transmission and reflection parameters for Qw=2x102 at Qi=2x102 and Qi=4x103 with CMT for standing wave 

type direct shoulder coupled waveguide-cavity structure 
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Figure 3. Transmission/reflection parameters for standing wave type indirectly shoulder coupled waveguide cavity structure 

with CMT for Qi=4x103, Qw=2x102 at ϕ = pi, pi/2, pi/3, pi/4, pi/6, pi/12 rad phase difference 
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For the waveguide-cavity-waveguide configuration, we can 
use Qw to represent the total waveguide coupling, so that Qw 
= ω0τw. The term 1/τw is the decay rate due to the coupling loss 
of the waveguide. According to coupled mode theory, the 
transfer function at the transmit port is given by equation (6) 
[3]: 

 𝑡𝑡 =
1/𝑄𝑄𝑄𝑄

𝑗𝑗2δ + 1/𝑄𝑄𝑖𝑖 + 1/𝑄𝑄𝑄𝑄
 (6) 

The transmission T can be calculated as T = |t|2, where θ 
represents the phase shift and is calculated as θ = arg(t), and τ 
represents the group delay, calculated as τ = dθ(ω)/dω. For a 
waveguide-cavity-waveguide structure supporting a standing 
wave (SW) cavity, the transmission level approaches unity 
when the condition Qi ≫ Qw is satisfied, as shown in Figure 
2. However, as the Q value increases, the intermodal isolation 

within the passband decreases, and the mode frequencies 
approach each other. 
 
The indirectly coupled cavity: This structure, formed by the 
sequential coupling of two standing wave waveguide-cavity-
waveguide systems as shown in Figure 1b, contains two cavity 
modes due to the presence of two different cavities. This 
results in a phase shift of ∅ between the cavities. Examining 
equation (7), the parameter γ represents the transfer function 
of the reflecting port for a singly coupled standing wave 
cavity. However, since the system consists of two indirectly 
coupled cavities, there are two different values of γ. 

 𝛾𝛾 =
−1

2𝑄𝑄𝑤𝑤(𝑗𝑗𝛿𝛿 + 1
2𝑄𝑄𝑖𝑖  

+ 1
2𝑄𝑄𝑤𝑤

)
 (7) 

Since there are two cavities in a cascaded port structure, two 
different γ values, γ1 and γ2, can be considered. In the transfer 
function,  amplitude transfers for the mirrors are -γ1 and -γ2, 
while the amplitude reflections are -γ1 - 1 and -γ2 - 1, 
respectively. The reflection and transmission functions of the 
whole system can then be obtained from equations (8-9). 

 𝑡𝑡 =
𝛾𝛾1𝛾𝛾2𝑒𝑒𝑗𝑗∅

1 −  (1 + 𝛾𝛾1)(1 + 𝛾𝛾2)𝑒𝑒𝑗𝑗2∅
 (8) 

 

 𝑟𝑟 =
− (1 + 𝛾𝛾1)  +  (1 + 2𝛾𝛾1)(1 + 𝛾𝛾2) 𝑒𝑒𝑗𝑗∅

1 −  (1 + 𝛾𝛾1)(1 + 𝛾𝛾2)𝑒𝑒𝑗𝑗2∅
 (9) 
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To simplify the system, if we assume γ1 = γ2, the transfer 
function of the transmitted port can be rewritten as Equation 
(10) [3]. 
 𝑡𝑡

=

1
8𝑄𝑄𝑤𝑤2 𝑠𝑠𝑖𝑖𝑠𝑠 ∅

(𝑗𝑗(𝛿𝛿 +
𝑐𝑐𝑐𝑐𝑡𝑡 ∅2
4𝑄𝑄𝑤𝑤

) + 1
2𝑄𝑄𝑖𝑖

+ 1
4𝑄𝑄𝑤𝑤

)(𝑗𝑗(𝛿𝛿 −
𝑡𝑡𝑡𝑡𝑠𝑠 ∅2
4𝑄𝑄𝑤𝑤

) + 1
2𝑄𝑄𝑖𝑖

+ 1
4𝑄𝑄𝑤𝑤

)

 

 
 (10) 

The intrinsic quality factor Qi and the waveguide coupling 
quality factor are given as 2Qw. Since the resonant frequency 
splitting is highly dependent on ∅, it can only be changed by 
adjusting ∅. Figure 3 shows that as the phase difference 
between successive cavities decreases, the mode splits and the 
bandwidth increases. Conversely, as the phase difference 
increases, the modes merge again. Analyzing the mode 
splitting, it is observed that there is critical coupling at a phase 
difference of π/3 and overcoupling at π/12. 
 

3. Proposed Low-Symmetry Photonic Crystal Cavity 
Structure and Methodology 

This study builds on the low-symmetry structure used in 
reference [24]. The low-symmetry configuration is created by 
adding two additional rods at a 45° orientation to a photonic 
crystal structure consisting of circular cross-section rods 
arranged in a square lattice on an air substrate. The dielectric 
constant of both the primary lattice rods and the low-
symmetry rods is 12, with radii of r=0.2a and rs=0.1a, 
respectively. The low symmetry rods are positioned at a 
distance of 0.42a from the lattice rods. Here “a” denotes the 
lattice constant, with all dimensions and operating frequencies 
of the photonic crystal normalized accordingly. For example, 
if a=1 μm, then a normalized frequency of 0.4 corresponds to 
120 THz. 
 
In the low-symmetry photonic crystal, a waveguide is formed 
by removing a row of lattice elements arranged in both a linear 
and a 90-degree bend configuration. In this design, a low-
symmetry cavity is placed within the waveguide or at the 
corner bend region. This cavity structure acts as a coupling 
element between the waveguides within the low-symmetry 
photonic crystal structure. The waveguide-cavity coupling 
utilizes a shoulder coupling configuration operating in the 
standing wave type. Cases where the dielectric constant of the 
rods is 12 and 9.61 have been investigated. As a preliminary 
work, the band diagrams for each low-symmetry photonic 
crystal lattice were generated. By considering low-symmetry 
cavity structures, transmission and reflection spectra were 
obtained by applying various perturbations, such as adding 
rods, varying rod radii, and changing rod positions within the 
structure, allowing an analysis of mode splitting. However, 
this paper only presents results for the linear waveguide 
configuration with a dielectric constant of 12. 

 
There is no definitive analytical solution for photonic crystal 
structures containing disorder. The theoretical study of 
photonic properties in disordered structures is limited to time-
consuming numerical simulations. Due to the challenges of 
analytical approaches, numerical methods are used for the 
analysis and design of photonic structures. Several methods 
exist for analyzing the dispersion behavior and transmission 
spectra of photonic crystals, including the transfer matrix 
method (TMM) [25], the finite-difference time-domain 
(FDTD) method [26], the plane wave expansion (PWE) 
method [27], and the finite element method (FEM) [28], 
among others. These methods can be divided into frequency 
domain and time domain calculations. Frequency domain 
methods are primarily used to calculate band structures, 
whereas time domain methods are more suitable for 
evaluating wave propagation and transmission, resonance 
modes, decay times, etc. Each method has its own strengths 
and limitations, with PWE and FDTD standing out in terms of 
performance and meeting the requirements for effective 
analysis of photonic crystal-based optical devices. 
 
The approach to solving the band structure of a photonic 
crystal, known as the Plane Wave Expansion (PWE) method, 
is based on the Fourier expansion of the electromagnetic field 
and the dielectric function [1], [27]. The PWE method is 
primarily used for the theoretical analysis of photonic crystal 
structures, initially using the concept that the eigenmodes in 
periodic structures can be represented as a superposition of 
plane waves. The PWE method excels in the calculation of 
band structure diagrams and modal field patterns. When the 
original periodicity of the crystal is disturbed, or when a point 
or line defect appears within the structure, the supercell 
approach must be applied [1]. Although this method provides 
an accurate solution for the dispersion properties (propagation 
modes and photonic band gap) of a photonic crystal, it has 
certain limitations. Transmission spectra, field distributions 
and back reflections cannot be derived as only propagation 
modes are considered. An alternative approach, widely used 
for the calculation of both transmission spectra and field 
distributions, is based on the numerical solution of Maxwell's 
equations via the finite-difference time-domain (FDTD) 
method. Transmission and reflection spectra are calculated 
using a numerical FDTD method with Perfectly Matched 
Layers (PML) or absorbing boundary conditions [26]. 
Typically, the PWE method is used to calculate the photonic 
band gap and propagation modes of the photonic crystal 
structure, while FDTD is used to calculate the transmission 
spectrum [29]. In this study, the angular position of the low-
symmetry rods in the cavity was varied in 15° steps from 0° 
to 180°, and the rod radius was adjusted between 0.05a and 
0.1a to investigate the transmission characteristics and mode 
splitting. The transmission characteristics (S-parameters) 
were obtained and visualized using Lumerical FDTD 
software. In the final stage, experimental studies were carried 
out using a microwave setup, exploiting the scalability of 
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photonic crystals. The physical dimensions of the structure 
were adapted to the microwave range by exploiting the 
scalability characteristic of photonic crystals. For example, by 
choosing a lattice constant of a=15.8 mm, a normalized 
frequency of 0.4 corresponds to a frequency of 7.5 GHz. 
Variations in the purity of the dielectric constant of the 
available rods and inconsistencies in the rod diameters also 
affected the experimental results. In the experimental setup 
designed according to the proposed configurations, the S21 
parameter could be measured with a network analyzer, while 
accurate S11 measurements were difficult. The reasons for this 
include differences in source placement and type between the 
experimental and simulation setups. In the simulation, the 
source is placed directly inside the structure, whereas this is 
not possible in the microwave measurement setup. In addition, 
in the simulation the structure is isolated from the external 
environment and surrounded by a Perfectly Matched Layer 
(PML), whereas such isolation is not possible in the 
experimental setup. 

 
Figure 4. Supercell structure and TM band diagram of the 

PC structure with low symmetry linear defect (εr=12, Ɵ: 45°) 
 

 

 
Figure 5. Simulation schematic and refractive index 
representation of the cavity structure used with the 

waveguide in the Low Symmetry PC 
 

4. Simulation Results and Analysis 

In the simulation phase, both direct and indirect coupling 
configurations were investigated. In the indirect coupling 
structure, two identical cavities were positioned at a distance 
of 2a. For the waveguide-cavity coupling configuration, the 
position and radius of the low-symmetry rods adjacent to the 
central rod were varied for both cavity types, allowing the 
transmission coefficient (S21) and reflection coefficient (S11) 
to be calculated. The angle between the low symmetry rods 
and the horizontal axis was varied from 0° to 180° in 15° 
increments. The rod radius was varied from 0 to 0.1a in steps 
of 0.05a. According to the simulation results, mode splitting 
and merging can be achieved by simply changing the angular 
position of the low-symmetry rods, without the need for 
additional perturbation in the cavity. As the angle of the low-
symmetry rod relative to the x-axis increases, the resonant 
mode frequency splits, resulting in an expanded bandwidth. In 
addition, the center frequency of the band shifts to lower 
frequencies. 
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Figure 6. Transmission/reflection parameters obtained by simulation at different low symmetry rod angle values in direct 

coupled cavity (rs=0.1a) 

 
Figure 7. Transmission/reflection parameters obtained by simulation at different low symmetry rod radius values in direct 

coupled cavity (Ɵ=0°) 
 

4.1 Directly Coupled Cavity 

In the simulation results for the directly coupled cavity shown 
in Figure 6 (corresponding to the structure in Figure 1a), it is 
observed that the 3dB bandwidth of the band for a single mode 
is 1.4 THz. As the angle increases, the mode splits and the 
bandwidth reaches 2.5 THz. At the same angle, mode splitting 

is observed for both low-symmetry rod radii, with an increase 
in bandwidth at lower radius values, as shown in Figure 7. 
Mode analysis of the low-symmetry cavity using the MPB 
simulation gave the calculated values Qi=4×103 and 
Qw=2×102. When these values are used with the CMT 
equations, the results are in good agreement with the 
simulation, as shown in Figure 8. 

   

 MJEN  MANAS Journal of Engineering, Volume 12 (Issue 2) © 2024 www.journals.manas.edu.kg 
 

http://www.journals.manas.edu.kg/


Ö.Ö. Karakılınç     / MANAS Journal of Engineering 12(2) (2024) 224-235 231 

 

 
Figure 8. Comparison of CMT calculation and simulation result (Qi=4x103, Qw=2x102, Ɵ=0°  ve rs=0.1a ) 

 

 
Figure 9. Variation of mode frequencies at different angle values for rs=0.05a and rs=0.1a in direct coupled structure 

 

4.2 Indirectly Coupled Cavity 

 
As a further part of the study, the indirectly coupled cavity 
structure shown in Figure 1b was created using the 
methodology described in the previous section. Two cavities 
with equivalent properties were placed 2a apart. The angle 
between the low-symmetry rods and the horizontal axis and 

the rod radii were varied in both cavities and the 
transmission/reflection parameters were plotted. In the zero 
degree configuration, a single mode appeared in the directly 
coupled structure, while mode splitting occurred in the 
indirectly coupled structure. However, as the phase difference 
between the adjacent cavities increased, the modes merged 
again, as shown in Figure 3. The bandwidth, on the other hand, 
increased as the phase difference decreased. When the phase 
difference between the two cavities was π/36, the comparison 
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between the CMT calculation and the simulation showed good 
agreement, as shown in Figure 11. When comparing the CMT 
and simulation results, shift in mode frequencies is observed 
in Figure 11 compared to Figure 8. In the indirectly coupled 
cavity model shown in Figure 1b, the distance between the 
cavities, enclosed by the red dotted line, is denoted as L. 

However, upon examining each cavity, which consists of 
primary lattice rods and low-symmetry rods, it becomes 
evident that each cavity contains a separate defect within 
itself. This change in distance, and consequently the phase 
difference, can be considered the cause of the observed shift 
in the transmission spectrum.

 

 
Figure 10. Reflection parameter obtained by simulation at different low symmetry rod angle values in the indirectly coupled 

cavity (rs=0.1a) 
 

 
Figure 11. Comparison of CMT calculation and simulation result in the indirectly coupled cavity  (Qi=4x103, Qw=2x102, 

Ɵ=0°  ve rs=0.1a ) 
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4.3. Microwave Measurement Setup Proposal 

The final stage of the study involved setting up a microwave 
measurement system for the designed cavity structure to 
measure the transmission and reflection coefficients. Due to 
the scalable characteristic of photonic crystals, conducting 
experiments in the microwave region is an acceptable method 
in literature. Sub-micron-scale device fabrication and testing 
require highly costly nanomanufacturing conditions. 
However, it is also clear that the structures developed for the 
microwave region cannot be directly applied as photonic 
devices. Nevertheless, waveguides, splitters, and resonant 
cavities developed using this technique provide proof of 
concept essential for advancing our understanding of the 
interaction between electromagnetic waves and disordered 
media. In the measurement setup shown in Figure 12, the low-
symmetry, direct-coupled, zero-degree configuration cavity 
structure is shown within a photonic crystal structure 
consisting of alumina rods arranged in a square lattice.  
Alumina can be chosen as a dielectric material for the rods, or 
the rods can be fabricated using 3D printing techniques with 
materials such as PLA, ABS etc.. In this case, the dielectric 
constant of the simulated rods should match the dielectric 
constant of the experimental rods. Since the dielectric constant 
of the material varies according to the frequency studied, this 
situation should also be taken into consideration. 
Additionally, irregularities in the manufacturing process, such 
as variations in rod diameter or material impurities, can yield 
erroneous results. To mitigate potential negative effects 
during measurement, materials with low dielectric constant, 
such as Plexiglas, can be used as the base plate on which the 
rods are placed, and the medium can be surrounded by 
absorber layers. A horn antenna connected to a vector network 
analyzer was used to apply a source in the range of 8.2 GHz 
to 12.4 GHz at the input, while the output was measured using 
an equivalent horn antenna. The scalability property of 
photonic crystals allows for the frequency range to be adjusted 
by changing the lattice constant. For example, with a lattice 
constant of 1.58 cm and 1 µm, the corresponding actual 
frequencies for a normalized frequency of 0.59 are 11.2 GHz 
and 177 THz, respectively. In this setup, the lattice constant 
(a) was selected as 15.8 mm. Accordingly, the actual 
dimensions of the rods used in the experiment were 
determined. For instance, a rod with a radius of 0.2a was 
implemented as a rod with a radius of 3.16 mm. Since two-
dimensional (2D) structures effectively represent many 
scenarios in photonic crystal-based designs, simulations are 
typically conducted in 2D, with the third dimension 
considered infinitely long. Adding the third dimension to 
simulations significantly increases computational time, 
approximately proportional to the cube of the dimensions. In 
the experimental setup, the third dimension of the rods is also 
present. However, rods of about 15 cm or 20 cm in length, 
which is about eight to ten times the working wavelength, can 

be acceptable as the infinite length considered in the 
simulations in this study.  

 
Figure 12. Experimental setup measured in the microwave 

region 
 
The transmission bands observed in the experimental results 
were consistent with the frequency ranges predicted in the 
simulations. In this respect, the simulation and experimental 
results agree. However, deviations in the material parameters 
and differences between the experimental setup and the 
simulation environment affected the S-parameter values, 
leading to inaccuracies. For example, the diameters of the 
dielectric rods were not uniformly distributed, and their 
dielectric constants varied due to material impurities. 
Furthermore, in simulations, the source was placed directly 
within the structure, but this configuration could not be 
replicated in the microwave measurement setup. In the 
simulation environment, the structure was isolated from 
external influences using a perfectly matched layer (PML), 
which could not be achieved experimentally. Consequently, 
the experimental results were excluded from the study. 

5. Conclusion 

In contrast to traditional high-symmetry structures, low-
symmetry photonic crystal structures have opened up a new 
perspective on light manipulation, offering a wide range of 
geometric possibilities. This study differs from previous 
research in that it investigates the effect of angular and 
dimensional variations in a low-symmetry structure on the 
cavity resonance mode. The results show that manipulation of 
the low-symmetry property can lead to the splitting of the 
resonant mode. The results of this study provide a novel 
perspective on light transmission and manipulation in low-
symmetry photonic crystal structures. 
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