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core results are derived by employing Krasnoselskii’s fixed point theorem and the Leray-
Schauder fixed point theorem. We end this study by two illustrative numerical examples,
which validate the applicability of our obtained results.

1. Introduction

Fractional calculus has emerged as a critical field in mathematics, generalizing traditional differentiation and integration to non-integer
orders. This extension provides a powerful framework for modeling complex phenomena and systems across diverse disciplines such as
physics, engineering, biology, engineering, mechanics, economics, and other fields [1-5].

Boundary value problems (BVPs) for fractional differential equations (FDEs) that emerge and describe linear and nonlinear phenomena
have obtained much attention in the scientific community and specially in engineering. Recently, there are several researchers [6—10] that
have used FDEs to model natural phenomena. In this regard, due to this exponential growth of the fractional calculus added to differential
equations, many researchers have focused their attention on the investigation of existence, uniqueness and stability of solutions of FDEs
under different types of boundary conditions by using a set of fixed point theories, such as Banach’s, the Leray- Schauder alternative, Darbo’s
theorem and Monch’s fixed point theorem [11-15] and the references therein. Sequential FDEs have also received considerable attention for
instance see [16-22].

It is worth mentioning that Mahmudov et al. [23] establish the existence of solutions for the following nonlinear sequential fractional
differential equation subject to nonlocal fractional integral conditions:

(°DY + D" k(1) = f(1,x(1), D" 'k (1)), 1 <v<2,0<T<T,
o () +Pix(T) =11 Jy k()ds+e1,
CDV () + BCDY ke (T) = 1 [ k() ds + &,
where €DV is the standard Caputo fractional derivative of order v,0<n <T,0< & < { < T, o4, o2, B1, B2, Y1, V2, €1, & ER.
In [24], Awadalla et al. studied the following nonlinear sequential FDE to nonseparated nonlocal integral fractional boundary conditions:
(DY + D" k(1) = f(7,x(7)), 1 <Vv<2,0<T<T,
o1k (0)+pix(T) =1 fy k(§)dC,
@DV ik (0) + DYk (T) = vy [ K (§)dE,

where 0 <o <T,0<n<¢<T,weR, 0, i, p1, P2, V1, 1 €R.

Email addresses: djameleddine.hettadj@univ-relizane.dz, djourdem.habib7 @gmail.com
Cite as: D. Hettadj, D. Djourdem, A study of Caputo sequential fractional differential with mixed boundary conditions, Univers. J. Math. Appl.,
8(2) (2025), 56-70.
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In [25], Yan investigated the existence and uniqueness of solutions to the boundary value problem of a nonlinear FDEs:

{ DVu (1) +DV ! p(t)u(v)] =h(t,u(r),0< <1,
u(0)=u'(0)=pu'(1)=0,

where 2 < u <3, h€C[0,1] and p € C3([0,1],R).
Inspired by the works mentioned above, we investigate the existence results for a sequential FDEs of the form

(‘DY + 0 DY) k(1) = f(7,%(7), DV 'K(7)), 1<Vv<2,0>0,7€[0,1],
k(0)+Bxr(1) =1""Tk(u)+1"k(n), 0<p<l,

/ / . . 1.1
K (0)+7 (1) = DY Tie(w) +°DV (), B,y ER, (4D
K (0)=0.
Here ¢DY*+1, €DV CDV’1 are the Caputo fractional derivatives of order v+ 1, v, and v — 1 respectively, f : [0, 1] x R — R is a continuous
1
function, and 147y — r% v);éO 1+ - v++l” #0.

The rest of this paper is organised as follows. Section 2 presents definitions and preliminary concepts. Section 3 investigates the existence of
solutions for the problem (1.1) by using Krasnoselskii’s fixed point theorem and the Leray-Schauder fixed point theorem. Section 4 gives
examples, and conclusion section is deticated to summarizing our obtained results.

2. Preliminaries

In this section, it is essential to present some basic concepts and important lemmas. For more details, the interested readers can consult [3].

Definition 2.1. The Riemann-Liouville fractional integral of order v > 0 for a function f : (0,+) — R is defined as

PAO) = i ) (=9 s,

provided the right side is pointwise defined on (0,4c0) where I'(.) is the Gamma function.

Definition 2.2. Let a function f : [0,+o0) — R, the Caputo derivative of fractional order v > 0 is defined as

D f(c) = — ) [ @y sy =)+ 1,

T(n—v)
where [V] denotes the integer part of the real number v, provided the right side is pointwise defined on (0, +oo).
Lemma 2.3. Let v >0 and f € ACN[0,1). Then the equation

DY f(z) =0,

has a unique solution

N—1
(1))=Y a,
i=0
and
IVCDVf + Z ait

forsomea; €R,i=0,1,2,...N—1, N=[v]+1.
Lemma24. Letv >0 >0and f € LP(0,1) C L'(0,1),0 < p < 4-oo. Then the next formulas hold.

(i) (DI f)(7) =1""° f(7),
(i) (“D'I"f)(7) = f(7).

Definition 2.5. ( [26]) The sequential fractional derivative for a function f can be written as
DY f(t)=D""D"*...D"" (1),

where Vv = (V{,Va,..., V) is a multi-index.

Lemma 2.6. For a given & € C([0,1],R), the unique solution of the problem

(DY + 0 DV)k(r) = E(x), TE0,1],
k() + Br(1) = "~ () + 1V ke(u),
K (0)+ 7 (1) = DY~ k() +< DV ke(u),
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is expressed as

= [ orgoo s &[0 -o) [ % <([Teee e ) ao
+/0“%[(1_w)ﬂg( )+1""1E(0)|do +yw/ o(1- ‘”l“é(c)do—ﬂ”é(l)}
- / [ L r(?)v ‘} ( /Oﬁe_w(o_m,vw)dﬁ) do @1

_ 1-v
s [ - e o)+ oo +o [ O @)o —nE )

where
2—v v—1 \4 \4
i vy +pu p'u+v+1)
O =1+y—=———, =1 - =—F—-L. 22
1 =1+7 Govy @ +B S Tv12) B (2.2)
Proof. By Lemma 2.3, we find
(D+o)k(t)=1"E(T) +ag+ar T, (2.3)

where ag,a; € R. Then, (2.3) is equivalent to
D(e®"k (1)) = T (IVE(T) +ag +a17),
and integrating this expression from O to 7, we have
T T
®x(7) = /0 1 E(0)do + (20— A eury Doy (4D, ().

Therefore we deduce that
T
k(1) = +Br+Ce 7 +/ e 9 VE(5)do, (2.4)
0

where o = @ —2b, B =T and ¢ = 7L — 2 +x(0).

0 0
Then, the second derivative of function x with respect to 7 is given by

/

K (0) = 70Pe 402 [ OO (o)do— ol E(7) + 1" (o)

By condition k" (0) = 0, we have ¢ = 0.
From (2.4), we get

DYk (u) + DV k() = /O“ w [(0* - w)/oce"”("’ml"é(ﬁ)dﬁ +(1-0)IYE(o) +1"1E(0) + B do

2-v)
and
v- v . L (=0 p—0)"? (n—o)!
I 11((/,1)+I = 0 ( v—l ) >d0+@/ ( Tv—1) + F(v) )GdG
“ M*G)v_l % w(e-0)v
+ A < ) )(/O e O é(ﬁ)dﬁ)dc.
The condition x(0) + Bx(1) =1V~ 1K(,u)+IV k(1) gives

o (oo [ (52 o) (o= (2= M) o)

(2.5)
_[H (u—0)? (u—o)! O (o)
- 2+ i) (f eeoraos ao,
and the condition & (0) + yx (1) =¢ DYl () +¢ DV (1) gives
2—v _ 1-v Nl
% (1 y— h) = (0” - 0) /0” % (/0 e’“’m’ml"é(ﬁ)dﬁ) do
(2.6)

_ 1-v
s [P - o E o)+ o o [ 00N e - E)
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A simultaneous solution of (2.5) and (2.6) yields to

el [y (e e oreos o
Voo Ty ([t o

o 1-v
+/O“%[(1—w)ﬂ§( )+ 1V 1E(0))do + yco/ (- ‘”I“é(o)dc—wvé(l)},

s [ -0 e(o) + 1 e(ollao 10 [ OO (a)o - e
Inserting the values of <7, 28 and € into (2.4), we get (2.1). O
Lemma 2.7. For & € C(10,1],R) with [ ]| = supgc o,y 1€ (%), we have
D) 117E(0)] < ropy -

ii)

J§ e @O (0)do| < et IIE]

v _ op 1
iii) ‘fo W(oce g (D Wﬁ)“k%”ﬂ

) [[f U2 11— @)1 E(0) +1" 1 E(0))do| < Aol ).

— I'(v+1)[

v—1

-2 _ —e 2v—1 2v
) 1f0[ e +“‘rf’v>) | (J§ e @o-Drve(9)a0) do| < Ui 120 g

where IYE(7) = [§ S E(m)dn, 17 1E (1) = f§ Sl ().

Proof. For & € C([0,1],R) with [[§ ]| = supyeo,1)[§(7)], we have
i)

T _ v—1
re@|=| [ oo

T(t—0o)V!
< /0 T|<‘;<<r>|dcr

A

(v+1) I

< e -

ii)

’ —o(t—0) v K —o(t—0) |7V
e IYé(o)do| < [ e |IYé(o)|do
0 0

ISl (7 oo
—F(v+l)/e o
1-—
(v+1)lléll
iii)
C@emt 0
/o I'(v) dn I'(v+1)

and

° —-0(c—-1) v’ o’ /G —w(c—19) _ c'(1—e"9)
/0 e U< ) e dd = of(v+1)
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Hence

I8 % (/(;G"’*w“*l’)lvé(ﬁ)dﬁ) do‘

(u—0)'"V 6V (1 —e @)
r2-v) ol(v+1)

<lEl f, do

- ' # oYy
<lell (2 v)wF(v—H)/ (1-e"*")do

popte 1) ey
T 0T2-v)I(v+1)

iv)
w-0),
/0 r(2 /F2 V)
and
g =| [ O e na 1)< pe 140
Hence
 iev S EY
| T - oreo) e goao < [T HETIE 1-alireo)] + [ teio)]ao
(u—o)'V [l-w|c”+ve’"
S_/o r2-v) { L(v+1) ]“éudc
—1 -V
< Sy [ e
wugu
“T(v+1Ir@3-v)
V)
/u(u—o)V*ZdG_MH /“(M—G)V*Id(;_ u
o Tv—1) °TTVW b T S Tv+D)
and
Gefw(cfﬂ)v M
/0 15(0)dﬁ‘§ oFv T 1) &1
Hence

[ ) (s

St

/G e"”("’ml"é(ﬁ)dﬁ' do
0

pY(1—e?) Hl(u=0)V? (p—0)! (1—e @) (vp*¥ ' 4+ p?)
< e g [ [ O Jao < (e 2O 2 g,

O
Lemma 2.8. (Krasnoselskii’s fixed point theorem [27]). Let X be a Banach space, Y C X be nonempty, bounded, closed and convex. Let
T1,%, be two maps and satisfy:

(i) Tay1+ Ty €Y, Vy,m €Y;
(ii) T, is compact and continuous;
(iii) X, is a contraction mapping.

Then there exists y3 € Y such that y3 = T1y3 +%,y3.

Lemma 2.9. (Leray-Schauder fixed point theorem [28]) Let X be a Banach space, Y C X be nonempty, bounded and convex, H be an open
subset of Y with 0 € H. Let map & : H — Y be continuous and compact (that is, & (H) is a relatively compact subset of Y ). Then, one of
the following representations is true:

(i) there exist z € dH and € € (0,1) such that z = €6(z);
(ii) & has a fixed point z € H.
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3. Existence Results

This section deals with the existence results for problem (1.1).

Let X = {k | k € C([0,1],R) and °D¥~ 'k € C([0,1],R)} denote the Banach space of all continuous functions from [0, 1] into R endowed

with the usual norm defined by

-1
llcll e = [l + ‘D" k(1)

’

"valez sup |k(7)|+ sup
7€(0,1] 7€(0,1]

where 1 < v <2.
In view of Lemma 2.6, we transform problem (1.1) to an equivalent fixed point problem as

K = 6K,
(6K)(7) = /0 " 00N f( 5, k(0) DY k())do

_s)1V
+/o” %[(1 —o)I"f(0,k(0), D" 'k(0))+1"" ' f(0,Kk(0),° D" 'k(0))do
+7w/01 e 191 f(0,x(0), D" 'k(0))do — v f(1,k(1), D"~ K(l))}

[ (oo s o)

0, B (=) ([T i o o
6,0 {(“’2_“’)/0 m(/o e @Y £(9,x(8),° D lk(ﬁ))dﬁ)dc

_ 1-v
+/0” %[(1 —o)"f(0,x(0), D" 'k(0))+1"" f(0,k(0). D' 'k(0))|do
+ Ya)/ol e_ﬂ)(l—O')IVf(()'7 K(G)chv—] K(G))do’ _ ’)/Ivf(l, K'(l),CDV_l K'(l)):| )

For convenience, we let

1=e @ u(|s]+10s]) (e + op — 1) |0* — o]

I

T ol(v+1) |01[62] @2T(2 — v)[(v +1)
Y02 +103)2—e?) | (18] +105) (|1 —0|p? +vu) = (1—e M) (vu> " +u?)
61|62 T(v+1) 61|62 T(v+1)T'(3~vV) o]0 [T(v+1)]?
= (e +y)2—e?) ple " +op-1)|o° - o 1 —o|u*+vu
27 e T(v+1) 0| T2—V)T(v+1) @ |6 T(v+DIB—v)
~ 1—e @
== v
2—e @
=1L~

Theorem 3.1. Assume f : [0,1] x R — R be a continuous function, which satisfies the following conditions:
(%B1) There exists a constant q > 0 such that

[f(z,x1,00) = f(t.K1,K)| <q (ki — & | + [k — &),
vt e(0,1], k, k5 € R,i=1,2.

(%2) VT e [07 1]> v K1, K2 € R,HG € C([07 l]7R+) : ‘f(rv K1, K2)| < 9(1’-)
Then the problem (1.1) has at least one solution on [0, 1] if

- 8
I+ ——— 1
q( 1+F(3—v)>< )

where IATJl,lr'IVZ are given by (3.3).

3.1

(3.2)

(3.3)
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Proof. Setsupycpo)|x(7)| = ||k][, we fix

p= (M 5y ) I

where IT;, IT, given by (3.2) and define the ball .7, = {k € X : ||x||x < p}. Consider the operators &; and &, on .7}
T
(Qﬁlx)(r):/ e 29V f(6,x(0),°D" k(o)) do,
0
T 2 H(u—o) /(F —o(c—0) v crv—1
=— - —_ I"f(%,x(8),°D V))dd)d
(©20)(0) = g [(@* o) [T HT ([ J(0,x(9), D" K(9)) ) do

#0000, K(6). D 0)) 17 (0. 5(0), D (o) do
1

+yo | e f(0,1(0), DY k(o)) do — yI* £ (1, (1), D" x(1)]

_ v—1 o
+@/0 {(/'ll_‘( 6_)1) + (1 1-*((:,)) ](/0 eiw(afﬁ)lvf(ﬁ,K(@),CDV*IK(ﬁ))dﬂ)dG

—_e)l-Vv o
s [(whw)/oﬂ%(/o e OO (5 k(9),DY " (9)) D) do

_ 1-v
+ OH % [(1- )" f(0,x(c),“D" 'k(0)) +1"" f(0,k(0),°D"'k(0))] do

1
+y0 / e 0O f(6,K(0),D* k() do — 1Y £ (1,x(1), DY k(1))
Jo
In what follows, we use three steps to complete the proof of the theorem.

Step 1. Vki, k2 € p, (61k1)(7) + (62K)(7) € Fp.
From Lemma 2.7 and by the use of condition (85), for each 1,k € .%)

|(Q51K1)() (B212)(7)]
<|fFeot- "IVf(oyKI(G),CD"_IKl(G))do"

& | [|0? — of [ U (I e @@ D1 £(9,12(9). DY 1x(9))d9 ) do |

+ ‘fo“ b D (1= ) (0, k2(0)S DY 12(0)) + 1" £(0, 12(0). D* ks (0))Jdo|

+lyol| [} e @191 f(0, k2(0). DY ia(0))do| + 111 (1, a(1).F DY o (1)

i [ [ ) (000100 D)0 )t

[C2]
0,0,

Uw ~ ol | U (7 e @ (9, 1:(9).E DY i (9))d ) do|

+

+‘f0”%[(1fa))l"f(cr,Kz(c),CD"*IKz(G))+IV*1f(G,Kz(o),”D"*IKz(c))]d(f’
+ 70l [[§ e (0, 12(0). D* i (0))do |+ 11 1 £ (1,2 (1), DY a(1)

o e rou-1)|o’ ol [1-olu’ +vu
< et nenw( sl o) 4 ookt o)

IV\( 4 e M) (vu?v lﬂtzv
+ G 16] + ity el ) + U= ) g

|85] ple ®H+op—1)|0’-o| 1-o|u2 +Vli
+|®1|®z|( s 1O+ rvrreoy 19l

+ e 6]+ iz llell)

< Le0 B8O (e tou—1)]o? o]

oI (V) 61 ][0T (2—V)T(v-+1)

L0183 (2—¢ ) | (0s]+3])([1- 0l +via)
ooV e e T v B-)

(1 wu)(vﬂZV 1+#2v
0[6|[T(v+1) )”9”

+
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<I|e|.
Thus

[(B1x1) + (Sakx)|| < Iy [|O]].

Also we have

(& k1) (7 :—w/ O(T=0) IV (5, k) (6),C DY~ k1 (0))do + 1 f (7, k1 (7)€ DY~ 'y (7).

1-v

(@’m)(r):@il {(wtw)/o”%(/an*wwﬂ’)ﬂf(qs,xz(a) DYk (ﬁ))dﬁ) do
_ 1-v
+ [T 00 (0. 1(0) D o) 41 (0 2(0) DV ()l

+7(0/ o(l-0)v- l flo,x(0),f "DVl % (0))do — ylvf(lyKz(l),ch_le(l))},

Hence
(1)) + (822 ()|
<w /Ore’“’“"’)l"f(o,Kl(o),"D"’lkl(G))dG‘ + (1Y f(7, % (r),"DV’IKI(r))‘
1 H(u—o)V O w(c—0)v v—
+@Uw2 w(/o W(/0 e I F(0,Kk:(9).C DV ke (ﬂ))dﬁ)dc’
_ 1-v
| G 1= (o k() D (o) 1 o ka(@) D ()]
o [ e ok o) D ra()do] + 111 ka1 D 1)
1- 1 p(e ' +op—1)|0* - o
Sr(v+1)” I 1P Terere v 19
[1-o|p*+vu [Y[(1—e"®) 7]
O[T+ TG —v) | H+|@|F(v+l) l6ll+ v 1!
_ (el +he—e®)  ple +op—1)|o’—ol
=\ erve D 0,0 T(2 - VT (v+ 1)
-0l +vu 5 )lel
|| T(v+1I'(3—v)
<In|e].

From Definition 2.2 with 1 < v <2, we get
1 \4
-v)
<1h 6] /

<IL |6

‘DK + Bri0) (7 ’_/ (6/1K1+®/2K2)(0') do

(3 V)
I,
<———|0].
<t5oy el
From the above inequalities, we get

1K1+ G2k x = [[E1K1 + ok +

cpv-] (6] K] +®2K‘2)H
I
(Hler) 6]
<p.

Thus, &1k + &2k € Sp.
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Step 2. &, : C([0,1],R) — C([0,1],R) is continuous and compact.
Let 71,7 € [0,1] with 7; < 7, and k € .%). By using Lemma 2.7 and condition (B ), one can find

}(@1 K‘)(’L’z) - (@1 K)(Tl)‘ _ )/Tz e_w(TZ—G)IVf(G, K‘(G)7CDV—1 K‘(G)) do— /Ofl e_a)(Tl—(F)IVf(G7 K(G)7CDV—1 K‘(G)) dG’
- / " (90 (0% _ =0V (. k(0),°DY k(o )do+ | " ooy f(0,x(0),D"" k(o)) do|
S/O a)c‘efwrz efamHlvf( ( ch 1 }dG—I—/ wTziG)‘I"f(G,K(G),CDV71K(G))’dG

1 5
< 7</ P00 _ 0T d0'+/ e @(n-0) dG) 0l.
o ([ el jdo+ [ Jol

and

(1 — 7" T _ \1-v
0 @) )~ D" @) = | [ D@ e)do - [ B @ o)
K — 1-v T _ 1-v
’/ - r(2 (VT; O (& x)(0)do + : %( \x)(0)do
v /| (51— )11 do
+ (12* )Y ’do‘)
( v+1 /Tl, ‘52— Tl )I—V|dG

+/ (n=0)"""do) 6]

Clearly, |(&K)(72) — (61%)(7)| — 0 and |°D¥~! (6 k) (%) = DY~ (&, x)(11)| — 0 independent of k as 7 — 7. Thus & is relatively
compact on Sp. Then, by the Arzeld-Ascoli theorem, & is compact on ..

Step 3. &, : C([0,1],R) — C([0,1],R) is contraction.
From Lemma 2.7 and the use of condition (B), for 7 € [0, 1], k1, % € 7}, we can derive

(@251)(5) — (62k0) (¢ >\<' H]w o)

“(,U—G)l ’ ° —0(0— v c V—
/0 W(/O eIV [F(8, 11 (8),° DV k1 (9))
I-v
—f (8, Kk(8) £ DV iy (9))]d 9 dc‘+‘/ % [(1—w)lv[f(a,K1(6),CDV*1K1(G))  Houk(0) D k()
+ 1" [f(o,x1(0) DY k1 (0)) ~ f(0.K2(0). D" kr(0))] | o]

sirol] [l oo [1(0,x1(0) D Ki(0)) ~flovle) D o) dof

+ | (). DY i (1) = £ (D) DY ()]
il “[(‘;(vc—);zw;fv))v_l} </oae"°("*‘”1“[f<ﬂ,m(ﬂ)ﬁ'DV*m(m) /(3. 12(9). D" a(9))]a ) do|
‘@1232 Uaﬂ—w( '[)“%(/je—ww—ﬁ)ﬂ #0501 (9)5D" k1 (9)) ~£(B,12(9) D" x(8))] 9 ) o]
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J’_

. _ 1-v
[ (0= oo (@0 (0) - (o k(0) D o))
+1"![f(0,%1(0). DY k1 (0)) — £(0,12(0). D ko ()] do|
+ |yo| ‘/ o(l- ")IV (G,Kl (6),°DY k(o)) - f(o, K2(6)7CDV_1K2(G))] dc’

IO (10D i (1) = £(L k(D). DY i (1))

< (rl@ltes)e  tou Do’ -0 | y(6:|He:)(2—e) | (O] o) (1ol tvy) (176’“’“)(\';1”*‘%”))
(6116, [@T (2~ V)T (v +1) [61[[:[T(v-1) @I (v (3-v) PCAINCARVE

q(]|x1 — kol +

L'val K 7ch71 KZH)

<qI (|| — =2 +

ch71K1 7CDV71K2H)'
Also

|(&2k1)(5) = (& 210)(2)| < aTha (11 — | +

CDV71K1 _CDV71K2H)'

Which implies that

1 v
D (O2k1)(0) D" (Bar(e)] < [T

-v)

(82k1)(0) — (Q5’2'<2)(<7)‘fchr

T(t—o)lV

< gIh(||x| — x cpvly —CD"’lrcH / ~— . __do
< qIL([[x1 — & ||+ 1 2(|) b T2—v)

7. v—1 v—1 2 v
<H(;<f;< P’ —D KH)i
<gqID ( |k — kol + ) ra=v)

ally ( eVl o ey H>

—— | ||x] — K D K1 —“D K .
TG [l — Ko || + 1 o3

From the above inequalities, we have

[&2k1 — Baka|[x = [[G2K1 — Brka|| +

D1 (@am) D )|

CDV71K1 7CDV71K2H)

— 1
< - —
—q<111+1“(3—v)> (HKl K+

~ Ip
< I+ ———— —K .
Q< 1+r(3v)>”K1 o1|PS

As g (1"17 + %) <1, &; is contraction. From Lemma 2.8, there exists k € .%p such that k(1) = (&x)(7) + (&2k)(7) = (&x)(7),
which means that k is the solution of problem (1.1). O

The prove of the next result is based on Lemma 2.9.

Theorem 3.2. Let f € C ([0,1] x R?,R) and assume that

(B3) For all (t,k1,k2) € [0,1] x R?, there exist a function # € C([0,1],RT), and a nondecreasing continuous function % : [0,0) — [0, o)
such that

[f(z, k)| < 7 (D2 (k] + [le2l]):
(By) there exists a constant N > 0 such that

I,
r3-v)’

> I +

N
1711 %(N)

where I1,IT, are given by (3.2).

Then problem (1.1) has at least one solution on [0,1].
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Proof. Consider the operator & : X — X defined in (3.1). At first, we show that & maps bounded sets into bounded sets in C([0, 1],R). For
p>0,let D, ={xkeC([0,1],R) : ||x| & < p} be a bounded set in C([0, 1],R). Then

./0” % (/OG el p (9, K(ﬁ),CDV*IK(ﬂ))dﬂ) do‘

/0” (“r(_ﬁ[u — )" f(6,x(c). D k() + 1" f(0,K(5),C DV K(G))]dcr’

1
+|yo| ‘/O e*w<1*<’>1Vf(c,K(o),CDV*IK(o))dc’ +]

I"f(l,K(l),“D"*IK(l))”

[ 2 ) (o oo <o)

(B

. _ -y
I %m — )" f(0,k(0) D" K(0))

+1"7 1 f(0,k(0), DY i ( ]do’ + |yo| '/ o(=0)1v #(g, (0'),CD"’1K(G))dG‘

|1 71 (1), DY ()|
1—e @  u(|6]+0s])(e " +ou—1)|0* — ol
ol(v+1) 101|102 @ T (2—Vv)[(Vv+1)

N +16s)(2—e"®) (18] + 05)) (|1 — @] u2 + vi)
(1—e @) (vp '+ p*) V-
= ) 11 (1t + [ ]

<)z 0% (Il + [D"x||) = 17 1 (el ),

1

|©;]

@162 /OM % </06e*ﬂ’(6719)lvf(197K(ﬁ)f-Dv—l K(ﬂ))dﬁ) do‘

+

+

where I1; are given in (3.2).
Hence

1&x| < I || 712 (Ixllx) -

Also we have

05 1) ( < a)‘/ —o(t=o) v r( (cr),CDV’IK(G))dG‘ +

IV f(r, x(r),ﬂDV*IK(T))}
+|(;71| Uaﬂ,w’ /0 % (/an—w(a_ﬂ)lvf(ﬁ,K(ﬂ),CDv_lK(ﬂ))dﬂ> dc‘

P B
[ UG [0 0 se(@) D" k(o)) + 1" o, k(o) D ki) dof

+

1
Hlo| [ e o.(@) D" x(@)dal + I
0

Y f(1,x(1)£ DV K‘(l))”

~ (el +)2—e®)  ple +op—1)|w’—ol
- |61 T(v+1) |01] 02T (2 — v)[(v 1)
[1—o|u*+vu

oy ) 11 (1 + o0

<1h | 7% (Il + |D""x||) = 17 1 (Il ).

where I, given by (3.2).
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By Definition 2.2 for v € (1,2], we get

Cval(QSK)(T)‘ < (" (t—0)

_./om

(@’K)(c)‘dc

T o 1-v
S AR A=

2—V

<H2H/H<%”(IIKH3€)TV)

11
STEV)II/H%(HKIBQ

Hence

16K x = [|&x[ +

D] < (4 s ) 171 (el

< (m+ g5y ) 17 196)

Next we show that & maps bounded sets into equicontinuous sets of C([0, 1],R). Let 7,7 € [0,1] with 7; < 7, and k¥ € D, where D, is a
bounded set of C([0, 1],R). Then we obtain

(6x) (1) — (B%)(7)] < ‘/0 =m0 f(0,k(0). DY "' k(0))do
7/011 e M=)V (5, k(6), DV K‘(G))dd‘
. _ 1-v o
’(a)z - w)/O“ % (/O e @O-0) Y (9, K(ﬁ),CDV*IK(zs))da) do

n /“ (u— Ci)l’v [(1— )" f(o,k(0), D" 'k(0)) + 1" f(0,x(5), D" 'k(0))]|do

T—T

+~5

+7/0)/ o(l- UI" (G),"D"’IK(G))deyIVf(l,K(l),"D"’IK(l))‘
S/O wc‘efw‘rz 7w‘rl’
IVf(O',K(c),”DV’IK(G))‘dG

”(#—G)H’ o —w(c—-0) v cv—
’(mtw)/o WUO e @OO) Y (9 1(9), D 1K(19))d19>d0'

+ /‘” W[(l — )" f(0,x(0), DY k(0)) + 1" (5, k(0), DY k(0))|do

Y (o, (o)f‘DV*IK(a))]dG

+ " 267(‘)(»'[276)

T

T—T

+~&

+ ya)/ o1~ ")Ivf (0,x(c ),CDV_IK‘(O‘))dcfj/[vf(l,K(l),ch_]K(l))‘

g(/o €90 |¢~0m 7“”“dc+/ ol )%

|2 (“’2_“’)./0 % (./Oge*wwﬂ”ﬂf(ﬁ,K(ﬂ),EDV*IK(ﬁ))dﬂ) do

(O] re-v
+/u w[(l —o)I"f(0,k(0), D" 'k(c)) +1"" f(0,x(0). D" 'k (0))]do

+ Y(D/ o(l-o [V (G),CDvilk'(G))dO'—'yIVf(l,K(l),Cvalk(]))‘,
Also

Tz 12_

DV (B K)(12) < D'~ (&) (1) ‘/ 2_)1)7‘/(6/1()(0')510'7/0

T (Tl _ G)lfv
re-v)

(®/K')(G)d6‘

! (1—0)17|

al(n-0)v-
S/0 r2-v)

T _ 1-v _ _ 1-v T _ 1 v
s(/o |(z2 c)m_(vr; I Mdc)ﬂﬁ/”%(hc”x)

T

o |(n,—0) Y|
o r2z-v)

(& K)(G)‘d6+

(6'K)(0) ‘ do

Obviously, the right-hand side of the above inequality tends to zero independently of k € D, as 7, — 71 — 0. As & verifies the above
assumptions, then by the use of Arzeld-Ascoli theorem, we claim that & : C([0,1],R) — C([0, 1], R) is completely continuous.
To achieve the satisfaction of the hypotheses of the Leray-Schauder nonlinear alternative theorem, is to show the boundedness of the set
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of all solutions to equation k = A&« for A € [0,1]. Assume that x is a solution, then in the same manner as we show the operator & is
bounded, we can obtain

[k(7)| = [A(&x)(7)| <IN || 7 || Z (||| )-

Also we have
K (@) = [2(8"0)()| < L7 ().

By Definition 2.2 for 1 < v <2, we get

chflk.(,r)‘ _

/chval(QSK)(f)) < % H/H%(”KH:’E)

Hence

epy-1 H<(n1+r( ))n/n%(nkux»

l[ll = Il +

Consequently, we have

I,

[ENIES
<I) + —————.
o r3—v)

I 1 %(xllx) ~

In view of (By4), there exists N such that ||x|| 5 # N.
Let us set

¥V ={xeC([0,1],R) : ||k|[x <N}.

Note that the operator & : ¥ — C([0,1],R) is continuous and completely continuous. From the choice of ¥, there is no k € 9% with
K = A®xk for some A € [0, 1]. Consequently, by Lemma 2.9, we conclude that & has a fixed point k¥ € ¥ which is a solution of the problem
(1.1). O

4. Examples
Example 4.1. Consider the following sequential fractional boundary value problem involving Caputo-type derivative :

(‘D3 +2°D3)k(1) = f(7.x(7)SD7k(r)), T€[0,1],
K(0)+ k(1) = I7k(3) + 12 k(4
K (0)+ ' (1) = D2 k(L) +¢

"

Kk (0)=0.

) (4.1)

Herev:%a):Z,ﬁ:}/:l,u:%.
With the given values, it is found that
0; ~1.202115439,0, ~ 0.936153918,05 ~ —0.202115439, where O1,0, and O3 defined by (2.2).
We take

1
f(z, k(1) D2x(1)) = 5(%#12) (cos(K(T) +1)+

3

D k(o) ,
L +e Tsint | in(4.1). Then
3+<D2 k(1)

F(2,51(2), D ki (1) = (5, 82(0) D ko (1)

I (PSP i o B il
< ——— | [cos(kq(T)+1)—cos(ka(T)+ 1)+ -
5(% +42) 34¢DIK(T)  34CD2ky(T)
< 2 (la(®) - @)+ D (n) D))
= 5(t2+42)
SQ(HM—KzHJr ‘DrKy —CD%K2H>7
withq:%, and
] 2 3 CD%K‘(’L‘)‘ .
f(r,K(r),CDfK(r))‘ = '7 cos(k(t)+1)+ —————+e€ "sint
’ 5(t2 +42) 3+¢D2k(t)

2(4+e "sint)
< S@rmy @

We found H1 ~ 2.412349768 and 1'12 1.905439962 (Hl, H2 defined by (3.3)). Further q (H1 + G- )> ~(.043451509 < 1. Thus, all
the conditions of Theorem 3.1 are fulfilled. Hence, the problem (4.1) has a solution on [0, 1].
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Example 4.2. Consider the problem (4.1) and

f(z, K(’L‘),CD% k(7)) <tan’1(K(T)+ 1) +1In(

1 el
= — D2x(t)|+2)).
NG ®]+2)

Clearly, we get

1z, K(T),CD%K(T))‘ < 'Nﬁ ‘tanfl(K(z)Jr 1) +1In( CD%K(T)] +2)]
< # =5 (|K(’L’)| + CD%K(T)‘ +3)

< J(@O%(|llx),

where 7 (7) = 5ess. Z(||xll2) = K] +3.
With the obove assumption, we can obtain IT} ~2.737572985, IT, ~ 3.308139177 (I1), IT, defined by (3.2)), || #|| = 5L4.
By the use of condition (B4), we find N > 0.408402939. Hence by Theorem 3.2, the problem (4.1) has a solution on [0, 1].

5. Conclusion

In this paper, we investigate the existence of solutions for a sequential FDEs with integro-differential bounday conditions. Our study is based
on Krasnoselskii’s fixed point theorem and the Leray-Schauder fixed point theorem under some suitable conditions.

Our research can be extented to the inclusion form of our considerd problem by applying the multivalued fixed point theorems such as the
nonlinear alternative of Leray-Schauder type for Kakutani maps, the fixed point theorem contraction multivalued maps due to Covitz and
Nadler.

For future works, we plan to investigate the existence results of these equations involving other fractional derivatives, such as Caputo-
Hadamard and Hilfer. The stochastic versions of the sequential FDEs will be among the aim of our forthcoming studies. Furthermore,
we will study the systems of nonlinear sequential FDEs with deviated arguments by employing numerical methods to approximate their
solutions.
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1. Introduction and Preliminaries

Number sequences represent ordered sets of numbers that reveal underlying mathematical patterns with significant implications for problem-
solving. Various types of number sequences exist, including Fibonacci, arithmetic, and geometric progressions, each exhibiting unique
characteristics. Notably, the Fibonacci sequence (0,1,1,2,3,5,8,13...), where each term is the sum of the two preceding terms, appears in
nature, art, and architecture, showcasing the inherent beauty of mathematical patterns in the world around us.

Fibonacci numbers have attracted considerable attention among number theorists due to their fascinating properties, leading to extensive
research on their characteristics, extensions, generalizations, and applications. For properties and application of Fibonacci like numbers
one can see [1-3], the journals ‘Fibonacci Quarterly’, ‘Journal of Integer Sequences’, INTEGERS’, etc. Among others, one of these
generalizations is Mersenne numbers which are of the kind 2" — 1, n € N and one of the generalizations of Mersenne numbers is termed as
k-Mersenne numbers. By this study, we examine various new integer sequences and their generating functions through binomial, p-binomial,
and Catalan transforms with the k-Mersenne numbers.

For n > 0, the sequence a,11 = 3a, — 2a,_ generates Mersenne numbers {M, } [4] when ag =0, a; = 1, and Mersenne-Lucas numbers
{my} [5] when ag = 2, a; = 3. For recent developments, generalizations and applications of the Mersenne numbers, one can see [5-12].
Let us restate the definitions and some useful results of the Mersenne numbers.

Definition 1.1. /5,11] Let k € Rt and n € N, then the k-Mersenne numbers {My, ,} and k-Mersenne-Lucas numbers {my ,} are given as

My 1 = 3kMy , — 2My 1,  with My =0, My =1 (L.1)
and Mgyt = 3kmk,,, — 2mk,n,1, with mio = 2, mg 1 = 3k.

For (1.1) the characteristic equation is x> — 3kx -+ 2 = 0 and its roots are r{ = (3k +v/9k2 — 8)/2 and r, = (3k — /9k% — 8) /2 which satisfy
the following relations:

r1 +rp =3k, r17r2=\/9k278, rirp =2. (1.2)
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The Binet’s formula for these numbers are
m—rl
My, =12 and  my, =r{+r;.
’ r—rn ’

The first few terms of these numbers are as follows:

n My, M

0 0 2

1 1 3k

2 3k k2 —4

3 9k2 —2 27k3 — 18k

4 27k3 — 12k 81k* —72k* + 8

5 81k* —54k2 +4 243k> — 270k3 + 60k

6 243k5 — 216k + 36k 729K — 972k* +324k% — 16

7 729k0 — 810k* +216k> — 8 2187k" — 3402k° 4 1512k3 — 168k

8  2187k7 —2916k> + 1080k> — 96k  6561k% — 11664k0 + 6480k* — 1152k% + 32

At instance, for k = 1, the k-Mersenne sequence gives the classic Mersenne sequence {1,3,7,15,31,63,127,255,...} : [A001595], for
k=2,{1,6,34,192,1084,6120, 34552,195072,...} : [A154244] and for k = 3, {1,9,79,693,6079,53325,467767,4103253, ...}, etc. where
sequence [A154244] is the binomial transform of [A126473].

Similarly in the k-Mersenne-Lucas sequence, k = 1 gives the classic Mersenne-Lucas numbers i.e. {2,3,5,9,17,33,65,129,...} : [A000051],
for k =2, {2,6,32,180,1016,5736,32384,182832,...} and for k = 3, {2,9,77,675,5921,51939,455609,3996603, ...}, etc.

1.1. Binomial and Catalan transforms

In literature, there are various transforms that performs on number sequences. For instance, the Binomial Transform (BT) [13, 14], Catalan
Transform (CT) [15, 16], Hankel Transform (HT), Discrete Fourier Transform (DFT), etc. The overall estimation of BT and CT is based on
integers, not based on the floating numbers, make them faster and more reliable method of transform unlikely DFT, DCT (Discrete Cosine
Transform), etc.

The Catalan numbers {C, } [A000108] (due to Eugene Charles Catalan) are defined by

=113 () = T

Thus, {1,1,2,5,14,42,132,429, ...} are first few terms of Catalan sequence. The Catalan numbers C, also satisfy the following relation:

Cor1 2(2n+1)

Cy n+2

Barry [15] give the Catalan transform {CA, } corresponding to a number sequence {A,} as follows:

Lo 2n—r . .
CAn=Y Ay, n>1, where CAy is proviced. (1.3)

=2n—r\n-r
We should note that for the Catalan numbers, the generating function c(x) is given as

1—+v1—4x

c(x) = e (1.4

Also, the binomial transform {b,} for an integer sequence {a, } is given as

by = i (’:) ar,

r=0

which is an invertible transformation and inverse transformation is given as

ay = Xn; (?) (—=1)""b,.

r=0

Recently, Falcon and Plaza [13] obtained the binomial transforms for k-Fibonacci numbers and then Falcon [16] obtained the Catalan
transform of this sequence. Tastan and Ozkan [17] and Prasad et al. [18] obtained the Catalan transform of the k-Pell and extended k-Horadam
sequences, respectively. Yilmaz and Taskara [19] studied the recurrent binomial transforms for a sequence of matrices associated with the
Padovan and Perrin numbers. Ozkan et al. [20] studied the Catalan transform for the Jacobsthal numbers and polynomials. The binomial
transform, Catalan transform and the Catalan triangle are versatile mathematical tools that have applications in various fields, particularly in
combinatorics, number theory, Encoding/Decoding, various counting problems, applied fields like signal and image processing, etc.

Some recent developments on binomial and Catalan transforms with a number sequence can be seen in [13, 15,16,21-25].
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2. Binomial and Catalan Transforms on k-Mersenne Sequences

Here, we start by applying the binomial and Catalan transform to the k-Mersenne numbers and investigate the newly generated integer
sequences.
Let us define the binomial transform By = {BMy ,} of k-Mersenne sequence and Cy = {Bmy, } of k-Mersenne-Lucas sequence, where

" n L /n
BMy, =Y ( )M,{_, and  Bmy, =) ( )mk,,. .1
r=0 \" r=0 \"
On running n over NU {0}, the binomial transform for both the sequences are, respectively:
By ={0,1, 3k+2, 9k> +9k+1, 27k + 36k + 6k —4,...}, (2.2)
Cr = {2,243k, 9k + 6k — 2, 27k> +27k*> — 9k — 10, 81k* + 108k> — 18k> — 60k — 14,...}. (2.3)

Thus, setting k = 1,2,3,4,5 in (2.2) and (2.3), the binomial transforms are:

B; ={0,1,5,19,65,211,665,...} : A001047 C1 = {2,5,13,35,97,275,793,...} : AO07689

B, = {0,1,8,55,368,2449,16280, ...} C> = {2,8,46,296, 1954, 12968,86158, ...}
Bs={0,1,11,109,1067,10429,101915, ..} C3 = {2,11,97,935,9121,89111,870769...}

By = {0,1,14,181,2324,29821,382634, ...} Cy = {2,14,166,2114,27106,347774,4462246...}

Bs = {0,1,17,271,4301,68239, 1082645, ...} Cs = {2,17,253,3995,63361, 1005227, 15948361,...}.

2.1. The p-binomial, Rising p-binomial, and Falling p-binomial transforms

Analogous to binomial transform, Spivey and Steil [14] introduced three kinds of the binomial transform with two inputs: an integer sequence
A, and a fixed quantity (scalar) p and referred them as the p-binomial, rising p-binomial and falling p-binomial transform. Falcon and
Plaza [13] studied these binomial transforms for k-Fibonacci sequences. Building upon the work of Spivey [14], this section examines
transformations for k-Mersenne and k-Mersenne-Lucas sequences. Closed-form definitions for these transformations are presented, along
with several specific examples.

The p-binomial transforms M), and Bm,, for sequences My , and nmy ,, respectively, are the sequences BM), = {xp  } >0 and Bm), =
{¥p.ntn>0, where x, , and y), , are given as

(M) (p) My T 0 0
o [Ty torp 200 o
My forp=0o0rn=0
and
y _ :’1:0 (7) (p)nmk,i for )4 7é Ovn 7é 07 (2 5)
P my.0 forp=0o0rn=0. ’

Let n > 0 then for the k-Mersenne sequence {Mj ,,}, the rising p-binomial transform %M, and falling p-binomial transform .#M,, are the
sequence ZM), = {rp} and FM), = {fp .}, respectively, where r,, , and f), , are defined as

T (D) My for p#0, T (D) My for p#£0,
Tpn = and  fpn= (2.6)
MkﬁO for P = 0, Mk,O for pP= 0.
Similarly for k-Mersenne-Lucas sequence, Zm, = {s, n }n>0 and Fmy, = {t,, n} >0, Where s, , and 1,, , are given as
Spm = iz (1) (p)'mii forp#0, by = kYo () (p)"imy;  for p #0, @7
’ my.o for p =0, ’ my.o for p =0.

We should note that for p = 1, the above three p-binomial transforms overlap with the binomial transform By and Cy.
From (2.4) and (2.5), after performing the necessary calculations, we have

BM, = {0, p, p*(3k+2), p> (k% + 9k + 1), p*(27k> + 36k* 4 6k — 4), ...},

By, = {2, p(243k), p* (k> + 6k —2), p> (27> +-27k* — 9k — 10), p* (81k* + 108k> — 18k* — 60k — 14),...}.
Setting p = 1,2,3,4 in the above p-binomial transforms M, and Zm,,, we get

BMy ={0,1,(3k+2), (9k* +9k+1), (27k> +36k> + 6k —4),...},

BMy = {0,2,4(3k +2),8(9> + 9k + 1), 16(27k> + 36k* + 6k —4), ...},

PBM3 = {0,3,9(3k +2),27(9k> + 9k +1),81(27k> 4+ 36k*> + 6k — 4), ...},

PBMy = {0,4,16(3k +2),64(9k> + 9k + 1),256(27k> + 36k> + 6k —4),...},
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and
Bmy = {2, (243k), (9> +6k—2), (27k> +27k* — 9k — 10), (81k* +108k> — 18k> — 60k — 14),...},
Bmy = {2,2(243k),4(9k> 4 6k —2),8(27k> +27k* — 9k — 10),16(81k* + 108k> — 18k> — 60k — 14),...},
PBmy = {2,3(243k),9(9k> 4 6k —2),27(27k> +27k> — 9%k — 10),81(81k* + 108k> — 18k> — 60k — 14), ...},
By = {2,4(2 4 3k), 16(9> + 6k — 2),64(27k> + 27k?* — 9k — 10),256(81k* 4 108k> — 18k> — 60k — 14), ... }.
Similarly, on performing the necessary calculations with the rising p-binomial transforms given in (2.6) and (2.7), we have
BM, = {0,p,2p+3kp*,3p+9kp* + (9% —2)p>,4p + 18kp” + (36k> — 8)p> + (27k° — 12k)p*,...},
Bmy = {2, 24 3kp, 2+ 6kp -+ k> p* —dp*, 2+ 9kp + (27k* — 12) p* + (27k> — 18k)p*,...}.
Thus, on setting p = 1,2,3,4 in the above rising p-binomial transforms %ZM,, and Zm,,, we get
BMy = {0,1,2+ 3k, 1 + 9k + 9k*, —4 + 6k + 36k* +27k>, ...},
BMy = {0,2,4+ 12k, —10 + 36k + 72k>, —56 — 120k + 288k> + 432k>,...},
BM3 = {0,3,6+ 27k, —45 + 81k + 243k, —204 — 810k + 972k> +2187K>,...},
BMy = {0,4,8+ 48k, —116 + 144k + 576k>, —496 — 2784k + 2304k> + 69123, ...},
and
Bmy = {2,2+ 3k, —2 + 6k + 9k?, —10 — 9k 4+ 27k> +27k>,...},
Bmy = {2,2+ 6k, —14 + 12k + 36k*, —46 — 126k + 108k> +216k>, ...},
Bmz = {2,249k, 34+ 18k + 81k%, —106 — 459k + 243k* +- 7293, ...},
By = {2,2+ 12k, —62 + 24k + 144k>, —190 — 1116k + 432k +1728k>,...}.
Finally, performing the necessary calculations with the falling p-binomial transform for {M ,,} and {my ,} gives the following sequences in
p:
FM, ={0,1,2p+3k,3p* + kp + (9> —2),4p> + 18kp® + (36k> — 8)p + (27&> — 12k), ...},
Fmy, = {2,2p+3k,2p* + 6kp +9k* — 4,2p> +9kp* + (27k* — 12)p + (27k> — 18k), ... }.
Thus, first few falling p-binomial transforms are:
FM; ={0,1,2+3k, 1 4+ 9k + k>, —4 + 6k + 36k> +27k>,...},
FMy =1{0,1,4+3k, 10+ 18k +9k>, 16 + 60k + 72k> + 27k, ...},
FMs ={0,1,6+ 3k, 25+ 27k +27k>,84 4 150k + 108k> +27k>,...},
FMy = {0,1,8+ 3k, 46 + 36k + k>, 224 4 276k + 144k> + 27k, ...},
and
Fmy = {2,243k, =2+ 6k +9k>, —10 — 9k +27k> + 27>, ..},
Fmy = {2,443k,4+ 12k + k>, —8 + 18k 4 54k* +274k>,...},
Fm3 = {2,643k, 14+ 18k + 9k*, 18 + 63k + 81k> +27k°, ...},
Fmy = {2,843k, 28 + 24k + 9k*,80 + 126k + 108k> +-27k>, ...}

2.2. Catalan transform and Catalan triangle

The Catalan transform and the Catalan triangle are mathematical tools that have applications in various fields, particularly in combinatorics,
number theory, Encoding/Decoding, various counting problems, etc. More recently, Ozkan, et al. [26] studied the k-Mersenne sequences
where they examined the Catalan transform and other properties. Some recent developments on Catalan transforms with a number sequence
can be seen in [15, 16,20, 23].

For n > 0, let us define the Catalan transform CWy = {CWj., },>0 of the sequence {Wy , } following (1.3), where Wy , = My, or my,, as
follows:

1 r 2n—r .
CWyep = ;O 5 ( o )Wk_, with CW o = 0. (2.8)

Thus, we have
r 2—r
CWe1 = Zz)ﬁ (1 _r)Wk,r =W o+ 1Wi 1 =Wy,
—
2
r 4—r 1/3 2/4

W=y — Wer==( " IWii4=( Wi =W +W,
k2 £4_r(2_r> k., 3<1) k,1+2(0) k2 k1T Wk,

3
r 6—r 1/5 2/4 3/3
= - W,, = - W, — W, — Wi 3 =2W, 2W, Wi 3,
CWe3 §67r(37r) or 5<2) k,1+4<1> k,2+3(0) (% k1 +2We o + W3
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Similarly,
4 8—r
CWi 4= Z — Wir = SWi1 +5Wi 2 +3Wi 3+ Wi,
= 8—r\d4—r ’ ' ' ’
5 r 10—r
CWys =Y, —— Wi, = 14We 1 + 14Wy 2 + W 3 + AW 4 + W s,
’ = 10—r\5—r ’ ’ ’ ’ ’
0 r 12—r
W=y, —— Wi = 42W, | +42W 5 + 28Wj 3 + 14W) 4 + 5Wy 5 + W,
’ = 12—r\6—r ' ’ ' ’ ' ’

CWk77 = ]32ka1 + 132Wk72 + 90Wk,3 + 48Wk‘4 + 20Wk75 + 6ka6 + Wk,7 .

The above transforms can be represented in matrix form as %WkT =LXT withX = Wi 1, Wi 2, Wi 3,...] and Wy, = [CWy | ,CWy 2,CWy 3, ...

where L = [a;;]; j>1 is given as

! 0O 0 0 0 0 0 T
1 1 0 0 0 0 0
2 2 1 0 0 0 0
5 5 3 1 0 00
L=114 14 9 4 1 0 0
42 42 28 14 5 1 0
132 132 90 48 20 6 1

We should note that from matrix L, we have

(a). entries of the first column is the Catalan numbers and for i > 2 the second column is equal to first column.
(b). fori>j>1, ajj = Zi'_:]j—l aj—1,r-

The lower triangular matrix L, ,_; gives the Catalan triangle whose entries are defined by relation

(i+1)(2n—i)! Cicn

Ant1,n—i = m7 >

and under the assumption n — i = k, it becomes a4 = (”;(rk) - (Zf]l‘) = ”Ll_jk (";{rk), where k =n,n—1,...,0.

Thus the Catalan triangles associated with the Catalan transform for sequences My ,, and my ,, are shown in the following tables:

CM 0

CM, 0 1

CM, 0 3 1

CM; 0 9 6 0

CM,y 0 27 27 3 -1

CM5 0 81 108 27 -6 0
CMg | O 243 405 162 -18 -6 6

Table 2.1: Catalan triangle of the k-Mersenne sequence

Cmo 0

Cmy 3 0

Cmy 9 3 -4

Cmj 27 18 -12 -8

Cmy 81 81 -27 -39 28

Cms 243 324 -27 -162 -60 -24

Cmg | 729 1215 162 -594 -306 -78 =72

Table 2.2: Catalan triangle of the k-Mersenne-Lucas sequence

Example 2.1. Letk=1,2,3,4,5,6, then using (2.8) the Catalan transforms for sequences My , and my ,, are:

gM, ={0,1,4,15,56,...}
GM, = {0,1,7,48,329,...}
“M; = {0,1,10,99,980, ...}
gM, ={0,1,13,168,2171,...}
YMs = {0,1,16,255,4064, ...}
GMg = {0,1,19,360,6821, ...}

“m; = {0,3,8,25,124,...}
Ym, ={0,6,38,256,1786,...}
Gm3 = {0,9,86,847,8416,...}

“my = {0,12,152,1960,25360, ...}
“ms = {0,15,236,3757,59908, ...}

Gme = {0,18,338,6400, 121294, ...}
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3. Generating Functions of the Binomial and Catalan Transforms

From [11] and [5], we should note that the generating functions M(z) and m(r) for the k-Mersenne and k-Mersenne-Lucas sequences,
respectively, are:

t 2 — 3kt

=3z Mdom)= 3.1)

M(t = .
®) 1 — 3kt +2¢2

By the virtue of [15], note that if A, is any sequence and A() is its generating function then the generating function B(z) of the binomial
transform of A, is given by

1 t
B =—A(+—). 32
) =141, (3.2)
Also, if ¢(r) is the ordinary generating function (see (1.4)) for Catalan numbers then the generating function for the corresponding Catalan
transform of the sequence A, is given by A(rc(z)).

Theorem 3.1. For the binomial and Catalan transforms of the k-Mersenne sequence, the generating functions Mp(t) and Mc(t) are given by

t

Mp(t) = 1— (24 3k)+3r2(1 +k)
and
Mc(t) TR

T A 3k—dr+ (3k—2)v1_ar

Proof. Using generating function M(¢) (See (3.1)) of the k-Mersenne sequence, the generating function Mp(¢) of the corresponding binomial
transform is given by (3.2) as

Mp(t) = — M( ! )

11—t \1—¢
_ 1( =i > (using (3.1))
T=\ 1 =3k(15) +2(15) '

1 (I—0)t
Tt ((1—z)2—3kr(1—z)+2t2)'

After some necessary calculations, we get

t
T 1—1(243k) +32(1+k)

Mp(r)

In a similar fashion, the generating function M¢(t) is obtained by simplifying Mc(¢) = M(tc(t)). O

Theorem 3.2. For the binomial and Catalan transforms of the k-Mersenne-Lucas sequence, the generating functions mg(t) and m¢(t) are
given as

- 2—1(2+3k)
mp(t) = 1—1(2+3k) +32(1 +k)
and
me(t) 4-3k(1 - VT—4)

T4 3k—dr+ (3k—2)v1_4r

Proof. Combining (3.1)) and (3.2) for the k-Mersenne-Lucas sequence, we have mpg (1) = l%tm(l#_t) thus

1 273k(ﬁ .
ms () 1—t(1—3k(ﬁ)+2(ﬁ)2> (usine (-1
:L( 2(1—1)% = 3k(1—1)t )
1=t \(1—1)2—3kt(1—1)+22
B 2(1—1)— 3kt
T 1—t(243k) +32(1+k)
In a similar fashion, the generating function m¢(¢) is obtained by simplifying m¢(t) = m(tc(t)). O

Theorem 3.3. For the p-binomial transforms of the sequences My , and my ,,, the generating functions wy (p,t) and wy,(p,t) are given by

war(pat) = I
MDA (24 3k) + 3p22 (1 + k)
and
2—pt(2+3k
Wm(pat) p( )

T 1= pt2+3k) +3p22(1+k)
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Proof. To prove the result, we use the fact from [14] that if M(r) is the generating function for {Mj ,} then for the associated p-binomial
transform, the generating function is given by

wy(p,t) = : M( o >

T l—pt 1—pt
!
o P
1= 2
= | 1= 3k ) + 201 2)
_ 1 (1—pt)pt
T 1—pt [(1—pt)? —3kpt(1—pt)+2p%2 |
After some necessary calculations, we get
(1) = -
M T (24 3k) + 322 (1 + k)
Similarly the second identity holds. O

Theorem 3.4. The exponential generating function Ey(t) and Ey,(t) for sequences My, and my ,, are given by

erlt_erzt ; ;
Ey(t)= —— and E,(t) ="+,
i) = S (1)

Proof. It can be easily proved using Binet’s formula of the respective sequences. O

Theorem 3.5. For p-binomial transforms M, and PBmy, rising p-binomial transforms ZM,, and #m,, and falling p-binomial transforms
F M)y, and F mp, the exponential generating functions are given by

ept(erlpt 7er2pt)
L Egu(p) = =),

I( 9Ik2_8[)
el (e Pt — 2P
2. Eg 7t =
i t 962781
eP (erl Y )
3. Ex ,t =,
) == g
4. Eggm(p,l):ept(erlpt_‘_enpt)’
5. E%m(pJ):et(eflﬁt_i_erzpt),
6. Ezp(p,t) = e (N +e™").

Proof. In accordance with [ [14], Theorem 5.1], we should note that “if E(z) is the exponential generating function of a sequence A, then the
exponential generating functions for the p-binomial transforms, rising p-binomial transforms and falling p-binomial transforms of sequence
A, are given by, respectively, e”’ E(pt), ¢'E(pt) and e E(t) respectively”.

Thus, the results follows from the above fact. O

4. New Recurrences From the Binomial Transforms

Now we establish a recurrence relation for the above obtained binomial transforms. Then, we obtain their Binet type formula which help us
to establish several identities and results.

Theorem 4.1. For the binomial transforms {BMy,,} and {Bmy,}, we have

. /n
. BMp 1 —BMy, = Z (a)Mk,a+17
a=0

n
n
2. Bmgpp1—Bmy, =Y (a) Mg 1-
a=0

Proof. Since, from the binomial theorem we have

("Zl) - (Z) ! (ail)'

Thus, using (2.1), we have

BMy ;1 _"il (n: 1>Mk,a :’f [(Z> + (ai 1)]Mk,a

a=0 a=0
n+1 n+1
n n
Z Mk,a + Z ( )Mk,a
a=0 (a> a=0 a—1
—y (" M, —Q—i "\m, (Since " )=o0and (" =0)
—a:() a k,a = \a k.a+1 s n+1 = 1 =

" n
BMj» + Z <a) My g1 (from (2.1)).
a=0

Thus, the required result. Similarly the second identity holds. O
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From Theorem 4.1, we deduce that

n

L /n n
BMjpi1 = Z (a) [Mk,a + M a11 and Bmy i1 = Z (a) [mk,a+mk,a+1]~ 4.1
a=0 a=0

Theorem 4.2. For n > 0, the binomial transforms {BMy ,} and {Bmy ,,} posses the following recurrence relations:

BMy 10 = (2+3k)BMy 1 — (3 +3k)BMk,n with BMyo=0, BM 1 =1, 4.2)
Bmk’nJrz = (2 + 3/{)Bmk‘n+1 - (3 + 3k)Bmk",, with  Bmy. =2, Bmy1 =2+ 3k.

Proof. From (4.1), we can write

n

n
BMy 1 = Z (a) [Mk.a +Mk7a+l} + My 0+ My,

a=1

n
= (Z) [Mkya+3kMk1a—2Mkﬁa,1} +1 (using (1.1)
a=1

L (n L (n
= (1+3k) Z (a>Mk‘a -2 Z (a>Mk,a,1 +1
a=1 a=1
n
= (143k)BM;,, —2 Z (Z) My q—1+1 (using (2.1)). (4.3)
a=1
Now replacing n by n+ 1 in the above equation, we get
n+1 n+ 1
BMy 2 = (143k)BMj i1 —2 Y < y )Mk"a,l +1.
a=1
On some elementary calculations and simplification, we obtain

n
BMy 2 = (143k)BMj i1 =2 Y (Z) My —2BMy , +1
a=0

or,
L n
BMk,n-‘r2 - (1 + 3k)B]uk,rH—l + ZBM/(JI =-2 Z (a) Mk,a +1.
a=0

Thus, on substituting from (4.3), we have
BMy 40 = (24 3k)BMj, ;1.1 — (3 + 3k)BMy .
Similarly the second recurrence relation can be achieved. O
Some terms of the binomial transforms corresponding to the k-Mersenne and k-Mersenne-Lucas numbers are
BM; o =0, BMy =1, BMy 5 = 3k +2, BMy 3 = 9k* + 9k + 1,
BMy 4 = 27k> +36k* + 6k — 4, ...,
and
Bmyo =2, By =2+ 3k, By = 9k* + 6k —2,
Bmy 3 = 27k +-27k* — 9k — 10, By 4 = 81k* + 108k> — 18k> — 60k — 14, ....

The characteristic equation corresponding to recurrence relation (4.2) is x> — (24 3k)x 4 (3 4 3k) = 0 which has the following two roots

Al:(2+3k)+2\/9k274; and A2:(2+3k)72\/9k2778 @b
ie. M=1+r and A =1+nr, (4.5)
that plays an important role in setting the explicit formula for a sequence.
Theorem 4.3 (Binet type formula). For the binomial transforms {BMy. ,} and {Bmy ,}, we have
BMj., = 71;:2 f;g and Bmy, =Al+15.
Proof. Using (4.4) and performing some necessary calculations proves the result. O
-

Theorem 4.4. If M, , = and my , = 1| + 13, then the nth term of the corresponding binomials transform are given by

VK2 —8

nr— 1"
BMj, = (1 + )9k2 (r28+ ) and Bmy, = (r1 + D"+ (rp+1)".
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Proof. Using Theorem 4.3 and relation (4.5), the result can be established. O

Thus, after getting the Binet type formula for a sequence, one can easily derive and prove several identities. For example, for sequences My,
and my , sum of the first n terms of the corresponding binomial transform are given as the follows.

Theorem 4.5. Forn > 0, we have

and

n

Y BM;, =

[(3-+30)BM, — BMy i1 +1]
a=0

| =

n
1
Y B =3 [(3 4 3k) By, — By i — 3k] .
a=0

Proof. Using Theorem 4.3, we have

n ] n n
BMy,=—- (Y 20— g
[;) k,a /79/(278 <a;) 1 a;)%)
1 At -1 At
9k278< ; )

A1 A —1
— 1 [(12—1)(111"']—1)_(11_1)(A2n+1_1)}
%k? -8 ENE

oM gt A .
- VK28 5 (using (1.2) and (4.4))
. )ul)tz(lil —Ag) — (Al'”rl _)L;+1) . 1
- 2V/Ok2 8
|:(3 +3k)BMkn 7BMk,n+1 + 1:| .

_1
)

Argument for the second identity is very similar to the above. O

5. Conclusion

This study demonstrates the transformative effect of various binomial and Catalan transforms on k-Mersenne and k-Mersenne-Lucas numbers,
generating novel integer sequences, some of which are identified in OEIS. Various generating and exponential generating functions, alongside
Binet-type formulas and new recurrence relations are obtained for associated binomial transforms, which provides a foundation for further
investigation. This is useful because number patterns show up in many places — like in computer science for writing code, in understanding
natural patterns, or even in designing secure systems. Finding these new patterns and their rules gives scientists more tools to use in these
areas.
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Abstract

This work primarily investigates the numerical solution of fuzzy fractional parabolic integro-
differential equations of the Volterra type with the time derivative defined in the Caputo
sense using the fuzzy Adomian decomposition method. Fuzzy fractional partial integro-
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differential equations pose significant mathematical challenges due to the interplay between
fuzziness and fractional-order dynamics, while at the same time, there is a growing need
for accurate and efficient methods to model real-world phenomena involving uncertainty in
physics, biology, and engineering. The fuzzy Adomian decomposition method provides
an alternative approach for obtaining approximate fuzzy solutions, and its applicability
to such equations has not been studied in detail previously in the literature. Furthermore,
existence and uniqueness theorems for the fuzzy fractional partial integro-differential
equation are established by considering the differentiability type of the solution. The
accuracy and efficiency of the proposed method are demonstrated through a series of
numerical experiments.

1. Introduction

Fractional differential equations and fractional integral equations are powerful tools for modeling and describing the hereditary properties
of various materials and processes. In recent years, the widespread use of Fractional differential equations in engineering and scientific
domains has motivated researchers to pursue advancements in both theoretical and applied research methods. Many researchers have focused
on establishing existence results to confirm that the mathematical models accurately describe real-world phenomena [1-3], while other
research has concentrated on finding explicit or approximate solutions to these models. [4—6]. When modeling real-world phenomena using
fractional differential equations, the behavior of dynamical systems can be complex and affected by errors and uncertainty. To address
this, some researchers have introduced approaches that define parameters and initial conditions within a fuzzy fractional framework. Early
contributions to the study of fuzzy fractional differential equations were made by Agarwal et al. [7] and Arshad et al. [8], who applied the
Riemann-Liouville derivative with fuzzy initial conditions. This approach extends the classical Riemann—Liouville derivative using the
Hukuhara difference (H-difference) [9]. However, a limitation of the H-difference is that the support of fuzzy solutions tends to increase over
time (see [10—12]). Moreover, the Riemann—Liouville derivative requires knowledge of the fractional derivative of the unknown solution
at the initial point, which is often difficult to measure or may not exist. To overcome these challenges, several studies have combined
Caputo derivatives with generalized Hukuhara differentiability (gH-differentiability), leading to the concept of Caputo gH-differentiability, as
discussed in works by Salahshour et al. [13], Long et al. [14], Alqudah et. al. [15] and Saeed et. al. [16].

Recently, numerous authors have developed and analyzed various numerical techniques of fuzzy fractional differential equations. These
include studies on the existence of global solutions using upper and lower solutions method [17], integro-differential equations with
generalized Caputo differentiability [18], the fractional differential transform method [19], the Adomain decomposition method [20,21], the
Jacobi polynomial operational matrix [22], the two-dimensional Legendre wavelet method [23], the power series method [24,25], homotopy
perturbation transform method [26] and the optimal homotopy asymptotic method [27].
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Cite as: N. Saeed, S. Pachpatte, Fuzzy solutions of fuzzy fractional parabolic integro differential equations, Univers. J. Math. Appl., 8(2) (2025),
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The main objective of this work is to prove the uniqueness of solution of fuzzy fractional partial integro-differential equation. We
also investigate the numerical solution of fuzzy fractional parabolic integro-differential equations under Caputo generalized Hukuhara
differentiability by fuzzy Adomian decomposition method. To achieve this, we convert a fuzzy fractional parabolic integro-differential
equation into a system of crisp equations that can be solved bya standard numerical method.

The significance of this study from the theoretical point of view is that the current fuzzy Adomian decomposition method is developed for a
general form of fuzzy fractional partial integro-differential equation under Caputo generalized Hukuhara differentiability. This can greatly
help the numerical study of fuzzy fractional partial integro-differential equations and other equations in this form due to the difficulty of
solving these equations analytically.

The paper is organized as follows: Section 2 introduces essential definitions and notations related to fuzzy fractional calculus. In Section
3, we present a fuzzy fractional partial integro-differential equation under Caputo generalized Hukuhara differentiability and examine the
existence and uniqueness of its solutions. Section 4 discusses the convergence of the Fuzzy Adomian Decomposition Method for determining
approximate solutions to the fuzzy fractional parabolic integro-differential equation (fuzzy fractional parabolic IDEs). Additionally, we
explore solutions of fuzzy fractional parabolic IDEs under different differentiability types. Section 5 provides examples to illustrate the
effectiveness of the proposed method.

2. Preliminary Concepts

In this section, we recall some of the basic preliminaries of fuzzy fractional calculus.

Let €[I,R] be the Banach space of all real-valued continuous functions from I = [0,a| into R. For measurable real-valued function
1

f:I— R, define the norm ||f|lpr(zr) = | J11f ()P < o, 1 < p < co, where LP(I,IR) denote the Banach space of all Lebesgue

measurable real-valued functions f. Also, we use the notations listed below:

Zr is the set of all fuzzy numbers on R.
€[3,.Fg| is a space of all continuous fuzzy-valued functions which are on J = [0,a] x [0,5] C R?.
L[, FR] is the set of Lebesque integrable for fuzzy-valued functions on B, where B C R, m € N.

Definition 2.1. [28] A fuzzy number is a mapping o : R — [0, 1] with the following features:

(1) For sq9 € R, is normal. It means, o.(s5) = 1.
(2) For s,30,€ Rand t € [0,1], o is convex such that

(X(t%] + (1 —t)%z) > min{a(%l )7a(%2)}.

(3) o is upper semicontinuous.
(4) cl{s> e R,a(s) > 0} is compact.

The set of a fuzzy number o/(5) € Fg in the g-level form is denoted by [&]¢ and defined as:
{#eR|a(x)>¢} f0<g<I1,
cl(supp o()) ifg=0.

It is clear that the set of a fuzzy number s in g-level form is a closed and bounded interval [o, O], where o is the left end point and o is
the right end point.

For any arbitrary elements o, § € % and scalar k € R, the operations of addition and scalar multiplication are respectively defined by their
¢-level sets as follows:

[a+ﬁ]€:(%+&7@+ﬁg)7
ko = | (KOs ko) ik =0,
| (kog kag) itk <.

A triangular fuzzy number is characterized as a fuzzy set in Ry, represented by an ordered triple a = (a,b,c) € R3 where a < b < c. The
¢-level set of o is given by the endpoints:

o =a+(b-a)g, O =c—(c=Dbg,
forall g € [0,1].
Definition 2.2. [14] Let D : g x Fgr — R be the Hausdor{f distance between two fuzzy numbers o, 3 and defined as

D(e, ) = o dp{[a]*, [B]°}

= sup max{|og — Bcl,| o — B¢},
0<g<t  —

where the metric space (Fg,D) is complete, separable and locally compact. The supremum metric D* on €3, Fg] is considered as

D*(a,B) = sup {D(a(s1t),B(>1))}. 2.1)

(set)ed
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Definition 2.3. [28] The Hukuhara difference (H-difference) between two fuzzy numbers o, and B is defined as
aof=w & a=PB+w,
where + denotes the standard fuzzy addition. Moreover, if o0 © [ exists, then o © @@ = 0.

In [14] authors have given some properties of the metric D in . % and Hukuhara difference as:

Lemma 2.4. Forall a,f,l,y,0 € g we have

(1) D(ec+1,B+1) =D(e, B).

(2) D(a+B,y+®@) <D(a,y) +D(g, D).

(3) D(e+p,0) =D(a,0) +D(B,0).

(4) If a © B exists then (—1)a© (—1)B exists and (—1)(a 0 ) = (—1)ae (—1)B.
(5) If o P and YO O exist then D(a 6 B, yo @) < D(a,y) +D(B, D).

Definition 2.5. [28] The generalized Hukuhara difference(gH-difference for short) of two fuzzy numbers a, 3 € Fg is defined as follows:

(i) a=p+w,
aompf=w & or
(i) B=a+(—1Dw.

It is easy to show that (i) and (ii) are both valid if and only if w is a crisp number.
For the ¢-levels, the generalized Hukuhara difference (gH-difference) between o and f3 is given by:

[ g BI° = [min{%f&,aigfﬁig},max{%f&,(x*gfﬁig}] .
If the Hukuhara difference (H-difference) exists, then o © B = ot ©gu B. The conditions for the existence of o Sgn B € Fg are shown
in [10,29].
Remark 2.6. Throughout the remainder of this paper, we assume that & Ogu B € Fp.
Definition 2.7. [30] A fuzzy number o can be represented in parametric form as [a(g),0(g)], for 0 < ¢ <1, if and only if

(i) a(g) is increasing bounded function and left continuous over (0,1].
(i) @(¢) is decreasing bounded function and right continuous over (0,1].

(iii) a(g) < a(g)-
Allahviranloo [28] introduced the definition of fuzzy partial derivative as follows:

Definition 2.8. Let v : J — Zp, then gH-partial derivative of first order at the point (3p,ty) € J with respect to variables , t are denoted
by 3v(3;40.,t0) av(g(),to)

x 7 t

and given by

Iv(x,ty) . V(s +hty) Sen v(50,t)
= lim ,

dx h—0 h
V(s to) . V(0,t+k) SerV(50,t0)
= lim ,

at k—0 k

: Iv(s0,to) 9Iv(50,to) T
provided that —52=> and —35=> € Fp.

Definition 2.9. Let v : J — Fg be gH-partial differentiable with respect to » at (52,ty) € J. We say that

(1) v is (i) gH-partial differentiable with respect to » at (»,ty) € J. If

[8v(%0,to,g)]: [ax(%o~,to,€) IV (39,t0,6)

dx dx ’ 0 ]7 s €[0.1].

(2) v is (ii) gH-partial differentiable with respect to > at (s¢,ty) € J. If

[8v(z0,to,g)]: [QV(%OJOS) 9V (39,t0,6)

dx 0 ’ dx ]7 ¥e €[0,1].

Definition 2.10. [/4] For a fixed >, the point (54,t) € J is called a switching point for the differentiability of v with respect to s« if, in
every neighborhood V of (»,t), there exist points Ay (5¢1,t) and Ay (302,t) with sc; < 3¢9 < 303 such that either:

1. v is (i)-gH differentiable at A| and (ii)-gH differentiable at A; for all t, or
2. Vv is (i)-gH differentiable at A, and (ii)-gH differentiable at A for all t.

Lemma 2.11. [I4] (Newton—Leibniz formula) Let v € ¢(R?,.7g).

(1) If v is (i)-gH differentiable with respect to t, with no switching point on R x [b,t], then

t v (s
/}J%dé:v(%,t)ev(mb).
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(2) If v is (ii)-gH differentiable with respect to t, with no switching point on R X [b,t], then

/bt %dg = (—1)V(56,b) © (1) v(52,t).

In [13,28], authors have defined the concepts of Riemann-Liouville integral and Caputo’s gH-derivative of fuzzy valued functions as follows:

Definition 2.12. Let v(3) € €[, FR|N L[S, FR], # € R. The fuzzy fractional integral in Riemann-Liouville sense of order 6 > 0 is
defined as

39v(5e,6) = [3%v(5,6),3%V(5,6)], c€0,1],

where
v(06) = g | o= 1% w5, 6)ax, %0,
o) Jo
30V (se,¢) = —— /”(%— 1)~ 1%(1,¢)dt, 5> 0.
o) Jo
Definition 2.13. Let v(x) € €[.7, Fg|N L[S, FR|. Then the fuzzy fractional Caputo’s gH-derivative under (i) gH-differentiability is defined
as

HDIV(5,6) = [ ‘DL (5.6), “DIV(,6)]
and under (ii) gH-differentiability is given as:

aDIV(5,¢) = [“DEV(5¢,¢), “DIv(5,¢)),

where
1 ” o1 .
DLl 6)] = gy OO0 Ve qar,
c - 1 o m—6—1 w(m
00V (4.9) = gy o 0 Ve

Proposition 2.14. [28] If v(»¢) : [0,a] — Ej is an integrable fuzzy function and 6; > 0, 6, > 0. Then,
(3%)(@*)v() = (3%F*)v(5), € 0,dl.

Theorem 2.15. [31](Holder’s Inequality) If q1 and g, are positive numbers satisfying the relation % + % =1 and if £ € L9(0,q),
g € L?(0,a), then £g € L(0,a) and

[ ot ([t ) ([ )

3. Fuzzy Fractional Partial Integro-Differential Equations (FFPIDEs)

In the current section, we establish that the following FFPIDEs of Volterra type have a unique solution in €(J,.ZR).

Cglev(%vt) = T(%7t7 V, v%7V%%7SV)7

3.1
V(52,0) = £(52), G-h

where "Df is the fuzzy Caputo derivative with respecttot, 0 < 0 < 1,(5¢,t) € J, Y : T X Fg X Fr X Fr X Fr — Fg and S is a linear
integral operator given by:

t
Sv:/ k(s2,t,5)v(s,t)ds,
0

where k is a sufficiently smooth crisp function.
The following lemma provides the equivalent formulations to equation (3.1).

Lemma 3.1. The fuzzy initial value problem (3.1) is equivalent to one of the following integrals equations:
Case (I): If v is (i) — gH differentiable, then

V(5e,t) = £(3) + 32 [Y (56,6, v, Voe, Voo, SV)] (3.2)
Case (II): If v is (ii) — gH differentiable, then

V(s t) = £(32,) © (1) [Y (56,4, V, Vir, Vi, SV)]. (3.3)

Proof. Applying integral operator 3? on both the sides of equation (3.1) and from the Proposition 2.14 and the Lemma 2.11 we get (3.2) and
(3.3). Thus (3.1) and (3.2) - (3.3) are equivalent. O

Now we establish the existence and uniqueness of the fuzzy solution to the problem (3.1) using the Banach contraction principle.
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Theorem 3.2. Let €(J,.%R) be a Banach space of all continuous fuzzy-valued functions. Assume that the following hypotheses are fulfilled

* H1: Foranyv,o € €(J,.Fg), there exists a constant 0; € (0,0) and real-valued positive functions &, (»,t), R, (s,t) € Lo (J,RT)
such that

D(T(%,t, V, Vi, Vi, SV), Y(0,t, 0, @, a)%%,Sw)) < Ry (s, t)]D)(v(%, t), o(s, t))
+ R (o, t)D(Sv(%, 1), 50 (s, t, )).
* H2: For the set of all non negative continuous function on I = {(s,t,s) ERXRxR:0 < s <t < b} there exist N, such that
No = sup t|k(%,t,s)|ds. < oo
(s2,t)eg /0

and M = { R, (5¢,t,5) + Nod R, (e,t,5)} 1 .
L9 (J,RT)

I
Md®—O

=<
r(6)(=9)1-6

*

then the problem (3.1) has a unique solution defined on J.

Proof. We define the operator = : €(J,.#g) — €(J, FR) by

1

-t
/0 (t—p)eilY(%vpz‘a v%vv%X7SV)dp7

for all (s¢,t) € J.
Assume that v € €(J, %#g). First we show that E is a fuzzy continuous operator. Let us assume that {v, } be a sequence such that v, — v as
n — oo in €[J]. Then for each (5¢,t) € J. We have

]D)((Ev,,)(u,t),(Ev)(%,t))

1 t _
Sm‘/() (t*P)e ID<Y(%aPaVn»Vn;mVn;/.msvn):Y(%vpaVaV%»V%%’SV)>dP~

From (2.1) and H1 we have
D((Eva) (1), (BV) (1))

D* (T(%,pm,“vn,{,v,mmSv,,)I(%,p,vm%,V;%Sv)) t o1,
< t—p)° dp.
< T0) /0 (t—p)”"dp

teD* (Y(%7p7v}’l7 vn%v Vnzz7SVn)7T(%7P7V»V%: V%%,SV))
< .
= r(6+1)

Since Vv is a fuzzy continuous function, we have

D((Eva) (1), (2V) (1))

teD* (Y(%apa VnaVn%vvn%%:SVn):Y(%vpava vhav%iﬂsv))
<
= T(0+1)

— 0asn — oo,

Hence, N* is a fuzzy continuous operator.

Now, we transform the problem (3.1) into a fixed-point problem. Suppose that v(s¢,t) is a (i)-gH differentiable. We shall prove that X is a
contraction mapping using Banach contraction principle theorem. For this, let v, @ € €(J,.%g) and (5,t) € J. Using Lemma 2.11, H1 and
Theorem 2.15 we have that

]D)((Ev)(%,t), (Ew)(n,t))

1

t
< 61 ] ]
*71"(61)/0 (t—p) ]D)(Y(%,t,v,v%,vM,Sv),Y(w,t,co,a)%,wﬂ,Sw)>dp

1 t _
Sm/{) (t—p)®!
[ﬁl(%,t)u)(v(%,t),w(%,t))+ﬁz(%,t)D(Sv(%,t),Sw(%,t,))}dp
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D* <v(%,t),w
= )

(52,t)
>/0t(tp)l"“[ﬁl(%,t)modﬁz(z,r)]dp

m‘_

i (V(%ri)t;)w(%?t)> (/ot (t-p) %dp) ) </ot [R24.0) + 110482 (2,0

[
ldp) .

This implies that

mdefel N
— (v(%t),w(%,t))

D*((Ev)(%7t)7(5a))(%,t)> < SO NED

<I*D* (v(%,t),w(%,t)).

Since [I* < 1, the operator E is a contraction mapping. Thus, according to Banach fixed point theorem, the problem (3.1) has a unique fuzzy
solution v defined on J which is the unique (i) — gH differentiable solution of the problem (3.1).
Let v(5¢,t) be (ii) — gH differentiable. In this case, we define the operator E : €(J,.#g) — €(J,.Fg) by

E(v(e,t) = £(x) 0 (~1) ! )/; (t—p)9 Y (56,0, V, Vo, Vo, SV)dp.

6y

Similarly, this type of differentiability can be demonstrated and therefore, it is not included in the proof. O

4. Fuzzy Adomian Decomposition Method (FADM)

The Adomian decomposition method, introduced by G. Adomian in 1984 [32], is a straightforward and effective approach for solving both
linear and nonlinear differential equations. This method serves as a powerful tool for approximating solutions to fuzzy differential equations
by representing the solution as an infinite series, often converging to the exact solution. Although the Adomian decomposition method
may have some limitations, such as being computationally intensive for complex problems, it is particularly valuable for problems that are
challenging or unsolvable by other means. Recently, several researchers have employed this method to solve various linear and nonlinear
systems within fuzzy frameworks. For instance, Pandit et al studied a population dynamic model of two species and solved it using the
FADM [33]. Saeed et al. [34] applied FADM to solve some nonlinear FFPDE. Further we can see [35-39].

Consider the following FFPIDE:

DIV (5e,t) = Y (56,8, V, Vs, Vs, SV) = LV (56, 8) + AV (56, t) + 1V (52, 1), .1

with fuzzy initial condition v(5¢,0) = £(5¢). Where L is a linear operator, A represents the nonlinear operator and / is an integral operator.
The Adomian supposes that the unknown function v (¢, t) can be written by a series as

V(5,t) = Z Vi (51, t). 4.2)
k=0
The nonlinear operator is represented by an infinite series as

Av = i My,
k=0

where M}, is Adomian polynomials given by
1 oF [ &
My=——|A v; .
= P,

Finally, to compute the terms of the series }';” Vi, we use the following iterated scheme

o If v is (i) — gH differentiable, then

vo(5,t) = £(5),

ad 4.3)
Vier1 (52, t) :jte (LVk+ ZMk+IVk)~ (
k=0
* If v is (ii) — gH differentiable, then
V()(%J) = £(%)7
4.4)

Vir1 (se,) = 5(=1)38 (Lve + Y. Mi+1vy).
k=0
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4.1. Convergence of FADM

Here, we aim to thoroughly demonstrate the convergence of the series solution that is obtained from equation (4.2), by analyzing its structure
and applying appropriate mathematical techniques to ensure that the solution behaves as expected under the given conditions.

Theorem 4.1. Assume that the operators L, N and I defined in Equation (4.1) satisfy the following Lipschitz conditions with constants Ly, Ly
and Lj.

D(ka(%vt)vakfl(%vt)) <L ’

D(Avk(%7 t)>AVk—l (%7 t)) <L,

D(Ivy(5¢,t),Ivi_1(5¢,1)) < L3.
The series solution (4.2) of Equations (4.1) converges to the exact solution if 0 < Ly + Ly + L3 < 1 and D(vy,0) < o,k > 0, where vy are
given by (4.3) and (4.4).

Proof. Here we will prove the theorem for case v is (i) — gH differentiable. The proof of case v (ii) — gH differentiable is similar, so it will
omitted.

Let S, be the partial sum of the series S, = Y}, Vi(5r,). We prove that S, is a Cauchy sequence in the Banach space €(J,.7z). By
hypothesis, we get

D* (S (5¢,t),Sm(52,1))

n
= sup ]D)( Z vk(%,t),O)
(set)€d \k=m+1
I o-1
= sup D(—/ t—p LS,_1(5,p) +AS;—1(5¢,p
0 Dy |, ()" (ESim1p) 4551 )

1

+1S,-1(5,p))dp, o) '/Ot (t—p)?  (LS—1(3,p) +ASp—1(52,p)

+1S,-1 (%p))dp)

1
sup (]D) (LSp—1(5¢,8), LSyu—1(56,t)) + D(AS,—1 (52,1),AS,1 (52,1))
F(G) (se,t)ed

t
Isn_l(%,t)JSm_l(mt)))/ t—p|®~dp
0

Sn,1 (%J),Sm,l (%,t)),

where C = (L, + L, +L3)1_(é’711).

Ifn=m+1. We get
D*(Sp(5¢,1),Sm(3¢,t) <CD* (S (5¢,t), S—1 (2, 1))
<C2D* (Sp—1(52,1),Sp—2 (2, 1))

<C"D*(S1(5,1),80 (5, 1)).
Now, for n > m, we have

D*(Sy(5¢,t), S (2,t)) <D* (Sm(ﬂvt)vsm+l(%7t)) +---+D" (Sn(%vt):SnJrl(%at))

m
<& D' (vi(a1),0).

—1-C
Since Vv is bounded, as m — oo, then D*(S,,(5,t),S,,(5¢,t)) — oo. Hence, S, is a Cauchy sequence in €(J,.%g) and therefore, the series
converges and the proof is complete. O

4.2. FADM for solving fuzzy fractional parabolic IDEs
Now, we employ the FADM to analyze the following fuzzy fractional parabolic IDEs

t
cn0 _
DYV, t) = Vo (50, t) + (/0 k(5e,t,8)v (s, t)ds+b(5e,t), 45

v(32,0) = £(5),

where C@f is the fuzzy Caputo derivative with respect tot, 0 < 6 < 1,(s¢,7) € J, k is a crisp function whose sign does not change in J and
£, are known crisp or fuzzy valued functions.
By applying the operator 3? to both side of equation (4.5), we get

V(56,8) 5V (36,0) = 3¢ {vm{(%,t)+/Otk(%,t,s)v(s,t)dsé]af)(%,t) :
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If v is (i) — gH differentiable, then

V(3e,t) = v(5,0) + 3¢ {VW((%7 t)+ /Otk(%, t,s)V(s,t)ds® (5, t)] (4.6)
and if v is (if) — gH differentiable, then

V(3e,t) = v(32,0) 0 (—1)3¢ {v%%(%, t) +/(;tk(%,t,s)v(s,t)ds® b (e, t)} . 4.7)

Now we study four cases to find the numerical solution:

Case (1): Let v be (i) — gH differentiable and k(,t,s) be a positive real function, then the parametric form of equation (4.6) is:

Vi t,) = £(34,6) + 70 [zww,t,m [ketsvistpis+ g(z,ng)},

V(s,t, g):I(z,g)Jrj{’ [V;m(%,t,g)+/Otk(%7t7s)V(s7t, g)ds+ﬁ(%,t,g)}.

The standard Adomian Method assumes that the solution v(¢,t,G) can be written as the following series

oo

vt o)=Y vi(tg),
k=0

V(s t,6) = Z Vi (52, t6).
k=0

Finally, to calculate the terms of the above series, we use the following iterated scheme
Vo(5,t,6) = £(4,6) + 3 (52, t,6),
t
X/H*l (%7 t7 G) - jte |:X%u(%7 t7 G) + /0 k(%7 t,S)X(S, t7 G)dS:|

and

Vo(s,t,6) = £(5,¢) + 3?5(%7t> s)
t
Tt (0t,6) =9 [Tt )+ [ Kt )75,
0

Case (2): Let v be (i) — gH differentiable and k(s¢,t,s) be a negative real function, then the parametric form of equation (4.6) is:

t
v(se,t,6) = £(3,6) + 3¢ [xz%(%,t,g) + /O k(se,t,5)V (s, t, G)ds+ﬁ(%7t7€)}

V(5e,t,6) =Z(%,g)+§? [V;,%(%,t,g)+/Otk(;47t7s)!(s7t, g)ds+ﬁ(%,t,g)}.

According to the above process , we get the solutions v(s¢,t,¢6) and V(,t,6).
Case (3): Let v be (ii) — gH differentiable and k(,t,s) be positive real function, then the parametric form of equation (4.7) is:

Vi t,) = £(36,6) + 70 [mw,t,gw [t vistyas + E(mg)},

V) = E05) 30 Lt )+ [ KOs to)¥ls: s +05)|-

Then in the same way to previous case, we obtain the solutions v (,t,¢) and V(s¢,t,¢).
Case (4): Let v be (ii) — gH differentiable and k(s,t,s) be negative real function, then the parametric form of equation (4.7) is:

Vi t,6) = £(36,6) + 30 [mw,t,m [ttt tys+ Wag)}

_ t
V) = E65.) 30 Lt )+ [ KOst Pls. )+ 05)|-
Therefore, by applying the method discussed in detail in the previous case, we get the solutions v(s¢,t,6) and V(5,t,6).

Remark 4.2. In this subsection, the fuzzy fractional parabolic IDEs were converted into a system of scalar differential equations via g-level
representations and subsequently solved using the FADM. While the scalarized problems yield unique solutions under standard conditions, it
is important to note that this does not necessarily guarantee the uniqueness of the original fuzzy solution. This discrepancy arises due to the
inherent properties of fuzzy arithmetic, particularly in the multiplication of fuzzy numbers, which may result in non-uniqueness or bifurcation
of solutions. In such cases, multiple fuzzy-valued functions can correspond to the same scalar g-level solutions. A similar observation
has been made in [40], where a numerical scheme for fuzzy fractional models resulted in bifurcated solutions depending on the nature of
fuzzy multiplication. To address this challenge, we adopt the concept of maximal solutions as proposed in [29]. A maximal fuzzy solution is
one that dominates all other admissible fuzzy solutions pointwise, providing an upper bound to the solution set. This approach not only
accommodates the possibility of non-uniqueness but also strengthens the interpretation and reliability of the obtained fuzzy solution.
Hence, while our method guarantees the uniqueness of the scalar components, we emphasize that the full fuzzy solution may admit multiple
interpretations. The incorporation of maximal solutions allows for a well-defined framework within which these solutions can be understood
and compared.
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5. Applications and Simulations

In this chapter, we provide a series of numerical examples corresponding to each of the cases discussed in the previous chapter, with the aim
of illustrating the applicability and effectiveness of the proposed methods.

Example 5.1. Consider the following fuzzy fractional parabolic IDEs:

DIV(52,0) = Vi (2, 8) + JE(t—5)V (52,5)d5 + B(2,8), 0< s, < 1,

5.1)
v(3,0) =0,
where
t176 t3

The exact solution of Equation (5.1) is v(5¢,t) = [ + 1,5 — 3g]tcoss. Figure 5.1 represents (a) the exact solutions and its ‘D¢ v(5¢,7) plotted
in (b) with 6 = % and different values of uncertainty ¢ € [0,1]. As itis seen, V(s¢,¢) is (i) — gH-differentiable, this problem has been solved
by FADM for k = 2. Figure 5.2 clearly shows that the numerical solution converges to the exact solution. This demonstrates that the proposed
method is highly efficient for obtaining numerical solutions to these problems.
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Figure 5.1: 2D plots of v(s,t) and “D v(s,t) of g-level of Example 5.1 at 3c = 5.
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Figure 5.2: 2D plot of g-level representations of exact and FADM solution of Example 5.1 at »r = % and ¢ = 5.

Example 5.2. Let us Consider the fuzzy parabolic IDEs of fractional order as:

DIV(56,t) = Vi (56, 8) + [§ —3¢(t — )V (52,8)ds + h(52,t), 0< < 1,0<t<0.5,
(5.2)
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where
tl -6 3 t2+9

b(%7t):Bl(]_%2) m-ﬁ-l"(@—i—l) +Bl(t+t9)+32 %—FW

and By = [g,2—¢], By = [2—¢,¢].

The exact solution of Equation (5.2) is v(5¢,t) = By (1 — 5?)(t+t?). Figure 5.3 represents (a) the exact solutions and its “D v (5¢,t) plotted
in (b) with 6 = % and different values of uncertainty ¢ € [0, 1]. From Figure 5.3, v(5¢,t) is (i) — gH-differentiable. By applying the FADM
for k = 2, we get the numerical results shown in Figure 5.4.

Rl L TERTS)
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0.5F
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(a) (b)
; 1
Figure 5.3: 2D plots of v(3,t) and ‘D7 v(5¢,t) of g-level of Example 5.2 at 5 = 7.
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Figure 5.4: 2D graph of ¢-level representations of exact and FADM solution of Example 5.2 at »c = % and ¢ = %

Example 5.3. Now we consider another fuzzy fractional parabolic IDEs under the initialcondition as:

DIV(3,8) = Vs (36,8) + [tV (52,5)ds + h(56,8), 0 <3t <1,

5.3)
v(3,0) =0,
where
_ g [T(1—=6) 59 o t7°
bh(se,t) = [24 36,8 — 3¢]sins 7F(2—9)t +t 1ol

The exact solution of Equation (5.3) is v(z,t) = [2+ 3,8 — 3¢]sinst 9. Figure 5.5 represents (a) the exact solutions and its “Df v (s, t)
plotted in (b) with 8 = % and different values of uncertainty ¢ € [0, 1]. As it is seen, v(5¢,t) is (ii) — gH-differentiable, so by applying the
FADM discussed in detail in Subsection 4.2, with kK = 3, we have the numerical results shown in Figure 5.6.
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Figure 5.6: 2D graph of ¢-level representations of exact and FADM solution of Example 5.3 at c =1 and ¢ = %.

Example 5.4. Consider the following fuzzy fractional parabolic IDEs:

DIv(5,t) = vxx(%,t)—i—fot—v(%,s)ds7 0<st<1,

V(32,0) = [0.5¢,1—0.5¢]s.

efficient for obtaining numerical solutions to such problems.

its ‘D¢ v(5,t) plotted in (b) with 6 = % and different values of uncertainty ¢ € [0, 1]. Figure 5.7 shows that v(,t) is (ii) — gH-differentiable.
The results in Figure 5.8 show that the numerical solution converges to the exact solution. This confirms that the proposed method is highly

Thus, by applying the FADM discussed in detail in case 4, for k = 4. Figure 5.8 shows the exact and approximate results.

6. Conclusion

In this article, we have established sufficient conditions for the existence and uniqueness of solutions to FFPIDEs. Additionally, we applied

derivative. As the number of decomposed terms increases, the numerical solution converges. As a future extension, this method could be
address nonlinear problems.

the FADM to obtain approximate solutions for the problem taking into account the type of differentiability. Also, the convergence of FADM
applied to two-dimensional fuzzy fractional parabolic IDEs with both constant and variable coefficients and could also be expanded to

to the exact solution is proved. Four illustrative examples of fuzzy fractional parabolic IDEs are provided to validate the effectiveness and
performance of our method. The proposed method provides reliable series solutions with continuity depending on the fuzzy fractional

54
The exact solution of Equation (5.4) is given by v(s,t) = [0.56,1 — 0.5¢]Eg_1 (—t®*1). Figure 5.7 represents (a) the exact solutions and
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inequalities for bounded functions by fractional integrals. In addition, we construct some
fractional Newton-type inequalities for Lipschitzian functions. Furthermore, we offer some
Newton-type inequalities by fractional integrals of bounded variation. Finally, we provide
our results by using special cases of theorems and obtained examples.

1. Introduction & Preliminaries

Inequality theory is a crucial subject in many branches of mathematics with numerous number of applications. Many mathematicians have
established the Hermite-Hadamard, Simpson, and Newton-type inequalities and they are very interested in generalizing and extending it to
the case of various classes of functions, including s-convex functions, quasi-convex functions, log-convex functions, etc. In recent years,
fractional calculus has increased interest because of the its demonstrated applications in a range of the inequality theory on convex functions.
It can be obtained the bounds of new formulas by using the Hermite-Hadamard-type, Simpson-type inequality, and Newton-type inequality.
Simpson-type inequalities are derived from Simpson’s rules and take the following form of inequalities:

i. Simpson’s 1/3 rule, or Simpson’s quadrature formula:

[ a2 r@rar (50) 4.

ii. The Simpson’s second formula, often known as the Simpson’s 3/8 rule, or the Newton-Cotes quadrature formula:

/ff(x)dm b;“ {f(a)+3f<2a;b) +3f(“+32b) +f(b)} .

The most popular Newton-Cotes quadrature using a three-point Simpson-type inequality is as follows:

Theorem 1.1. If f : [a,b] — R is a four times differentiable and continuous function on (a,b) , and let Hf(4) H = sup ‘f(4> (x)‘ < oo, then
x€(ab)
the following inequality holds:

'é {f(a)+4f(a;rb) +f(b)} - bia/a.bf(x)dx

According to the Simpson 3/8 inequality, the Simpson 3/8 rule is a classical closed type quadrature rule is as follows:

< g5 [ o=
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Theorem 1.2. Note that [ : [a,b] — R is a four times differentiable and continuous function on (a,b) , and H @ H = sup ) F@ (x)‘ < oo,
*  xe(ab)
Then, one has the inequality

'% {f(a)+3f(2a3+b> +3f(“+32b> +f(b)} - bia/,,bf(x)dx

< gl Le-a"

Definition 1.3 (See [1]). Suppose that I is an interval of real numbers. Then, a function f : 1 — R is said to be convex, if

flx+(1=)y) <tf () +(1=1) f(y)
is valid Vx,y € I and V't € [0,1].

The three-point Newton-Cotes quadrature rule is the basis for Simpson’s second rule. Results for three-step quadratic kernel computations are
commonly referred to as Newton-type results. It is known from the literature that these results are Newton-type inequalities. There have been
several mathematicians who have been considered to Newton-type inequalities. For example, in paper [2], some Newton-type inequalities
are proved for the case of functions whose second derivatives are convex. In paper [3], several Newton-type inequalities are constructed by
post-quantum integrals. Noor et al. proved Newton-type inequalities connected with harmonic convex and p-harmonic convex functions
in [4] and [5], respectively. Moreover, in paper [6], some Newton-type inequalities were considered for the case of quantum-differentiable
convex functions. Furthermore, in paper [7], several error estimates of the Newton-type quadrature formula were presented by bounded
variation and Lipschitzian mappings. For some recent results on Newton-type inequalities, see [8—10] and the references therein.

Definition 1.4 (See [11,12]). Let us consider f € Ly[a,b], a,b € R with a < b. The Riemann-Liouville fractional integrals J, f and J f
of order o0 > 0 are given by

JE f() = ﬁ [ w0 o, x>a
and

b
J;?‘J(X)=ﬁ [ =0 s, x<o,

respectively. Here, I" denotes the Gamma function defined by

F(ot):/o e “u®du.

Note that J., f(x) = Jg,f(x) = f(x).

By means of the well-known Riemann-liouville fractional integrals for differentiable convex functions, some Newton-type inequalities are
given as follows:

Theorem 1.5 (See [13]). Let f : [a,b] — R be an absolutely continuous mapping (a,b) so that f' € Ly ([a,b]). Let us also consider that the
function |f'| is convex on [a,b]. Then, the following inequality holds:

’% {f(a)+3f (2“3*1’) +3f (“321’) +f(b)} - % et f () +J5 £ (a)]

b—a
< 2D 0 (o) +- 0 (00 + 03 (@) |/ @] + 0]
where
1+3
Qi (@) =35 (5)  “+ @riper —
1+1 a
%@ =25 (3) "+ @i -3

2 7 1+1 patl g 3o+l 35
Qs (@) =5 (5) “+ e — -

~ a+1 \8

The popularity of fractional calculus has increased in recent years because of its wide range of applications in various fields of science. Given
the importance of fractional calculus, several operators for fractional integrals can be taken into account. For example, in paper [14], sundry
Newton-type inequalities are acquired for the case of functions whose first derivative in absolute value at certain power are arithmetically-
harmonically convex. In addition, in paper [15], some Newton-type inequalities are proved using Riemann-Liouville fractional integrals for
differentiable convex functions and several Riemann-Liouville fractional Newton-type inequalities are presented for functions of bounded
variation. Please refer to the [16-22] articles for further information and topics that are not explained.

The structure of the paper is divided into four parts, starting with an overview of the introduction and preliminaries. The fundamental
definitions of fractional calculus and other relevant research in this discipline are given above. In Section 2, we will demonstrate an integral
equality that is essential to establish the main findings. The authors of the paper will be presented some Newton-type inequalities for various
function classes using Riemann-Liouville fractional integrals in Section 3. More precisely, in subsection 3.1, some Newton-type inequalities
will be presented for differentiable convex functions by using Riemann-Liouville fractional integrals. Moreover, we will provide several
graphical examples in order to demonstrate the accuracy of the newly established inequalities. In subsection 3.2, we will give several
Newton-type for bounded functions by fractional integrals. In subsection 3.3, some fractional Newton-type inequalities will be established for
Lipschitzian functions. Furthermore, some Newton-type inequalities will be proved by fractional integrals of bounded variation in subsection
3.4. Finally, we will discuss our opinions on Newton-type inequalities and their potential consequences for future research areas in Section 4.
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2. Main Result

In this section, we establish an integral equality involving Riemann-Liouville fractional integrals.

Lemma 2.1. If f : [a,b] — R is an absolutely continuous function (a,b) such that f' € Ly [a, D], then the following equality holds:

s () oo (552 oo g [ (150 o (430)

_b—a I ]
= T[ 1+D].
Here,
1
I :g‘ra [ (16 + 5ta) — 1 (Mta+ 15t) dr,
1
n=[("=3) [/ (o+ 15 a) — 1 (Yta+ 15tb) dr.
1
3

Proof. With the help of the integration by parts, we can quickly acquire
[ 1+1 t I+ 1
11:/t“{f( +b+T)—f (% +—b)}d; @1
0

2 4 1+t 1—¢ 1+t 1—1t
.y {f( b¥ T")”(T“Tbﬂ

1

Wi

1
3

0

o (et )
SHONICSMES)

1

3
200 [ g1 1+1¢ —t I+t 1—t¢
b_ao/t (e S ra) (e ) o

If we apply a similar process above, then we have

o (-3 [ (e ) - (Mt ) 2
“zegr o= ((3) -9 (F) (5]
ST ICERDIRC DIt

1

wl—

If we combine (2.1) and (2.2), then we readily get

1 2a+b a+2b
L+h=——— 3 +3 b 23
b= g [f@+ar (250 43 (52) 4 )] e3)
1
20 a1 1+1 1—1t 1+1 1—1
- —b+— —a+—>» .
bfa/z {f( 2 + 2 a)+f( > a+ 2 )}dt
0
Let us consider the change of the variables x = %b—i— %a andy = % Ttb for 7 € [0, 1]. Then, the equality (2.3) can be rewritten as

follows

I‘HFﬁ {f( )+3f(2a+b)+3f(a—;2b)+f(b)} —m{ a+f(a+b)+1,;’if(a;b)}. Q2.4)

Multiplying both sides of (2.4) by , we arrive the proof of Lemma 2.1. O

3. Inequalities for various function classes

In this section, we prove several Newton-type inequalities for various function classes using Riemann-Liouville fractional integrals. To be
more precise, some Newton-type inequalities established for differentiable convex functions by using Riemann-Liouville fractional integrals.
In addition, we acquire several graphical examples in order to demonstrate the accuracy of the newly established inequalities. Moreover, we
present some Newton-type inequalities for bounded functions by fractional integrals. Afterwards, several fractional Newton-type inequalities
are obtained for Lipschitzian functions. Furthermore, some Newton-type inequalities are proved by fractional integrals of bounded variation.
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3.1. Fractional Newton-type inequalities for convex functions

Theorem 3.1. Assume that the assumptions of Lemma 2.1 hold and the function | f'| is convex on the interval [a,b]. Then, one can prove
fractional Newton-type inequality

s () (42 ] T () ()]

b—a
<
- 4

1
8

(i (o) + () |1 (@] +[ 1 )]

Here,

and
1 1y o+1 1 In(2
L m(“(é) )*77 mg;; <a,
Qz(a):/ ta_Z dr = 1 -
1 33\ 1+4 1yo+1 2
; e ) ] -1 o<as il

Proof. By taking into account the absolute value of Lemma 2.1, we can directly have

!é[ﬂ o (5o (52 o] - EE [ (45) o (477)]) 6
/|t“|{ (EbJr%)‘Jr ’(%aqt%b)udt

1+t t
(THT )'*

141 1—1¢
£ (Hytar )| a

3
4
Since |f’| is convex, we have

s (52 (2 o] e (22 (42

1

Lo (e (e (7)ol
+!,a_3‘[(gﬂ)| ol (S (S ol () el

=P @@ o @) [ @]+ )]

IN

This finishes the proof of Theorem 3.1. O

Remark 3.2. Ifwe choose o0 = 1 in Theorem 3.1, then we can obtain Newton-type inequality

o (22 s (52 ] 5L o)< 282 iyl o),

which is established by Sitthiwirattham et al. in paper [15, Remark 3].
Example 3.3. [fa function f : [a,b] = [0,4] — R is described by f(x) = )‘72 with o € (0,15], then the left-hand side of (3.1) reduces to

s [reear (352) o (52 ) o - EGE R [ (45 (457 o
|3 [roar(5) 37 (3) +rew] - A g s ]| - 515G
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The right hand-side of (3.1) coincides with

bf
o Q@+ @) [f @] +] B)]] = 4(Qi (@) + 02 (@)
_ In(3

it 0<a <.
- 20 (3y!1F& , 2 e+l in(3)

dlatr (@) e ) a1 m(l) <=1

Finally, we have
3
kgl < 2, 0<as i

The left terms === The right terms

1.8
16 b
141 b

121 b

0.8 b

0.6 g o |
The left terms === The right terms

0.4 \ \ \ | ; 02 \ |
0 0.05 0.1 0.15 0.2 0.25 0.3 0 5 10 15
n(3) n(3)
(a) Graph based on the interval 0 < a < ; ( l) . (b) Graph based on the interval ; ( 1) <a<l1s.
n( 3 n(§

Figure 3.1: The left-hand side of (3.1) is consistently below the right-hand side of this inequality for all values of & € (0, 15] in Example 3.3.

Theorem 3.4. Let us consider that the assumptions in Lemma 2.1 hold and the function |f'|%, g > 1 is convex on [a,b]. Then, the Newton-type
inequality

plror (557 war (452 o] 52000 s (57 s (457)]
< (WIH) (é)“”“)” [(ﬂf’ LIRS |f'<a>|‘1)5+ (s (b>|q) é}

| L
1
3

P
is valid. Here, — + - = 1.
P + q

3
t*—=
4

+

i {(5|f’<b>‘19+|f'<a>">3'+<5|f'<a>|‘19+|f'<b>|‘1)q

Proof. By applying Hélder’s inequality to (3.2), we obtain

o (B52) o (452) 0] L (43 (1)

1 1
P 1
3

1 1
P 1 q

1
1 q 1
3 3 3
b— 1+t 1—t \|9 1+t 1—t \|4
< 4“ /\t“|”dr /f’(%quTa) | + /\t“\”dz /f’(%HTb) dt
0 0 0 0
1 1 1 1
1 » P 1 q 1 1 3p p 1 1 1 q 1
I+t 1—t¢ +1t t
o _ - / - - (04 = ! - -
+(/t dt ./f(2b+2)dt +(/t 4dt v/f(2a+2b)dt
1 1 1 1
3 3 3 3
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Taking advantage of the convexity |f/|7, we get

L >+3f(2““’) o (S5 )] G [ (152 s (457)]

: 1 H 1
q P 1
3

b— 1 1—t,, a 1 /
< 4“ O‘I’dt ( —H )|q+Tt|f (“)|q)‘” + /t Pdi /( —2H| |q TIV (b)\")d:
0 0
1 3P 1+1¢ 11—t ‘
i) (s
h 317 1 1—1,, '
+ /r“74 dt /( |f' (@)]? +—f (b)|q)dt
b-a ()“P“ ' (7|f’(b)|”+5|f/(a)|q);+(7|f’(a)|"+5|f/(b)|”)5
T4 (Xp+1 36 36

1

w3 g pKﬂf’(b)qﬂf'(a)")ff+(5|f’<a>|q+|f’<b>|qﬂ |

o/

1
3

4 9 9

which completes the proof of Theorem 3.4.

Corollary 3.5. If we assign & =1 in Theorem 3.4, then we obtain

é{f()%f(z“b) 3f<a+2b)+f } - a/f
<bo (11 [(i)”*l+(]52)”*1b']’ y [<5|f'(b>|q9+|f'<a>|q)é+(sf’(a)ﬂ;f’(b)ﬁﬂ
< =

NN O @I ESIF @I\ (T @51 B ¢ .
+(p+1(3) ) {( 36 ) +< 36 >]

Example 3.6. Let us consider a function f : [a,b] = [0,4] — R given by f(x) = % From Theorem 3.4 with o € (0,15] and p = q =2, the

left-hand side of (3.4) reduces to equality (3.3) and the right hand-side of (3.4) is equal to

1 12a+1%2\ﬁ+2\/§
2a+1(§) }( 3 >+

Consequently, we have the inequality

1 12a+1%2\ﬁ+2ﬁ
2a+1(§) }( 3 >+

1 120‘“+ 1 3,3
20+1\3 20+1 2(a+1) 8

41—«
3|la+2

2(a3+1) <;)a+l

(2+ﬁ).

I

3

3 1 o+l 1 1 2a+1 1 3 2
2(a+1) <§) 20+1 (5) T2l 2(at1) 8

(2+\/§>,

By using MATLAB software, as one can see in Example 3.6, it is easy to confirm that the left-hand side of (3.4) is always lower than the

right-hand side of (3.4) in Figure 3.2 for all values of o € (0, 15].
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3
= The Ie‘ft terms === The right terms
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Figure 3.2: MATLAB has been evaluated and ploted the graph of both sides of (3.4) in Example 3.6.

Theorem 3.7. Suppose that the assumptions of Lemma 2.1 hold and the function |f'|?, ¢ > 1 is convex on [a,b]. Then, one can obtain the

Newton-type inequality

sl () o (57 o] S [ (7)o (5] 6

< @@ @l o reu@r @) + [ @] @] + 2@ )

(@ (@) [[szsw) P )]+ 9 () |7 @] +[05 () |f'(a>!"+96<a>|f’<b>\‘f]ﬂ}.

Here, Q1 () and Q (@) are specified in Theorem 3.1 and

1

3

3
(1=t o, 2045 1) %!
94(05)0/(2>t d“mG) ’
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Proof. When we first apply (3.2) to the power-mean inequality, one can obtain
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With the help of the convexity of | /|7, we get
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This ends the proof of Theorem 3.7. O

Corollary 3.8. If we select = 1 in Theorem 3.7, then we have the Newton-type inequality
b
= [rwa

—a

{f() 3f(2a+b)+3f<a+2b) f(b)}_
< b { [(n 7o) +717 (a>|‘1) ., (11 s @l 71y (b)w) }

+ (‘87)1 [(973f QIS Ty (a)‘*)5+ gl @ 25117 W);] }

Example 3.9. A function f : [a,b] = [0,4] — R is presented by f(x) = % From Theorem 3.7 with o € (0,15] and g = 2, the left-hand side
of (3.5) reduces to an equality (3.3) and the right hand-side of (3.5) is

0| =

4{ (@1 (@) 19 (@)7 + [ (@)7] + (Q2(0))? (95 ()] + [Q6 ()] ]}

Finally, we have the inequality
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Figure 3.3: As one can see in Example 3.9 that the left-hand side of (3.5) constantly stays below the right-hand side.

(a) Graph based on the interval 0 < @ <

(b) Graph based on the interval

o=
N

3.2. Fractional Newton-type inequalities for bounded functions

Theorem 3.10. Consider that the conditions of Lemma 2.1 hold. If there exist m,M € R such that m < f'(t) <M fort € [a,D], then it

Sfollows
1 2a+b a+2b 20710 (a4 1) a+b o fa+b
Hf pear (357 oor (457 v =S [ (557) w2 (7))

b

(@) +Q ()} (M —m).

Proof. By using the Lemma 2.1, we have
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3
When we use the absolute value of (3.7), we have
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]
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dt+/|m . .

Z‘ (%b%—T) m+M —f’M—f (Ht +%b) dt
If we use m < f'(t) < M for ¢ € [a,b], then we get
and
SERIEINE e

With the help of (3.8) and (3.9), we obtain
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Corollary 3.11. If we choose a. = 1 in Theorem 3.10, then one can obtain

s (522) (252 ] - ] 22

Corollary 3.12. Under assumptions of Theorem 3.10, if there exists M € R™ such that |f'(t)| < M for all t € [a,b], then it follows

!é[f“ o () (52 o] GG [ (50 (437
b a

{Q1 () + Q2 ()} M.

Corollary 3.13. Let us consider o =1 in Corollary 3.12. Then, the following inequality holds:

'; {f( >+3f(2““’> +3f("+32”> +f(b)} - abf(t)dt‘ B9y,

Example 3.14. A function f : [a,b] = [0,4] — R is given by f(x) = %2 From Theorem 3.10 with & € (0,15] and 0 < f'(t) < 4, the left-hand
side of (3.6) becomes to equality (3.3) and the right hand-side of (3.6) is
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Figure 3.4: Example 3.14 illustrates how the left side of (3.6) consistently remains lower than the right side.
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3.3. Fractional Newton-type inequalities for Lipschitzian functions

Theorem 3.15. Suppose that the assumptions of Lemma 2.1 are valid. If ' is a L-Lipschitzian function on |a,b], then the following
inequality
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<

2
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is valid. Here,

and
1 1,0+2 1 In 9)
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% e @) -4 il <a

Proof. With the help of Lemma 2.1 and since f” is L-Lipschitzian function, we have
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Corollary 3.16. Consider oo = 1 in Theorem 3.15. Then, the following Newton-type inequality holds:

'zla{f() 3f(2a+b> 3f(a+2b>+ } ! a/f ‘_42525)l7736a)L

3.4. Newton-type inequalities for functions of bounded variation

Theorem 3.17. Let f : [a,b] — R be a function of bounded variation on |a,b]. Then, we obtain

[ (2 sar (S52) rw)] -2 HE D [ (45 e (452))
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a
b
where \/ (f) denotes the total variation of f on |a,b].

Proof. Define the function Ky (x) by
o a
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By using the integrating by parts, we have
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Remark 3.18. Let us consider o« = 1 in Theorem 3.17. Then, the following inequality holds:

'é{f()+3f(2a+b)+3f<a+2b)+f }——/f Nds

which is given by Alomari in [23].

Sﬂ\/(f)

4. Conclusion

In this paper, some Newton-type inequalities are establish for various function classes involving Riemann-Liouville fractional integrals. First
of all, we present an integral identity that is necessary in order to prove the main findings of the paper. Subsequently several Newton-type
inequalities are investigated for differentiable convex functions by using the Riemann-Liouville fractional integrals. In addition to this, we
give several examples using graphs in order to show that our main result is correct. Moreover we prove sundry Newton-type for bounded
functions by fractional integrals. Furthermore, several fractional Newton-type inequalities are obtained for Lipschitzian functions. Finally,
some Newton-type inequalities are acquired by fractional integrals of bounded variation.

The concepts and approaches for our findings about Newton-type inequalities using Riemann-Liouville fractional integrals could clear the
way for additional studies in this area in subsequent publications. Improvements or generalizations of our results can be investigated by
using different kinds of convex function classes or other types of fractional integral operators. Finally, one can acquire several Newton-type
inequalities for various function classes with the help of the quantum calculus.
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1. Introduction

Smarandache [1] proposed a novel philosophical perspective that examines the origin, nature, and extent of neutralities, along with their
interactions in diverse contexts. The central tenet of neutrosophy asserts that any concept possesses not only a degree of truth—as typically
considered in many-valued logic systems—but also independent degrees of falsity and indeterminacy. In this approach, Smarandache appears
to interpret indeterminacy from both subjective and objective standpoints, including aspects such as uncertainty, imprecision, vagueness, and
error. Neutrosophy constitutes a recent mathematical theory that extends classical logic and fuzzy logic, encompassing constructs such as
neutrosophic set theory, neutrosophic probability, neutrosophic statistics, and neutrosophic logic.

Recently, Bisher and Hatip in 2020 [2] employed the concepts of random variables and the indeterminacy associated with neutrosophic
sets, offering an initial formulation of NRVs by introducing several fundamental notions. Subsequently, in 2021, Granados [3] established
additional theoretical developments related to NRVs, and later, Granados and Sanabria [4] investigated the concept of independence within
the context of NRVs. Furthermore, in 2020, Granados et al. [5,6] examined certain neutrosophic probability distributions, both discrete [5]
and continuous [6], based on the structure of NRVs.

On the other hand, the concept of statistical convergence can be traced back to A. Zygmund in 1935, and it gained further attention following
its reintroduction by Steinhaus [7] and Fast [8] in 1951 for sequences of real numbers. Since then, various generalizations and applications
have been explored. These developments have also been employed in neutrosophic theory. For instance, Kirisci and Simsek [9] proposed the
concept of neutrosophic normed space (briefly NNS), where they investigated statistical convergence and statistically Cauchy sequences,
along with statistical completeness. Granados and Dhital [10] extended these results to double sequences in NNS, defining notions such
as double statistically Cauchy sequences and their associated completeness. Kisi [11] explored the notions of ideal convergence and ideal
Cauchy sequences in NNS. Khan et al. [12] defined lacunary statistically Cauchy sequences and examined the relationship between statistical
completeness and classical completeness in NNS. In a subsequent work, Khan et al. [13] utilized A-statistical convergence to generalize
these concepts, presenting A-statistically Cauchy sequences and completeness results in NNS, along with relevant inclusion relations. Ali
et al. [14] investigated statistical convergence and statistically Cauchy sequences in neutrosophic metric spaces, inspired by analogous
definitions in fuzzy metric spaces, and provided several characterizations. Al-Hamido [15] proposed a new generalized neutrosophic
topological space that goes beyond both classical and crisp neutrosophic topologies, introducing novel types of neutrosophic sets and

Email addresses: carloggranadosortiz@outlook.es, okisi @bartin.edu.tr
Cite as: C. Granados, O. Kisi, Neutrosophic .7 -Statistical Convergence of a Sequence of Neutrosophic Random Variables In Probability, Univers. J.
Math. Appl., 8(2) (2025), 108-115.
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related concepts. Granados and Choudhury [16] formulated the notion of quasi-statistical convergence for triple sequences in NNS as an
extension of statistical convergence, investigated key properties, and demonstrated that quasi-statistical Cauchy sequences are equivalent to
quasi-statistical convergent sequences in this setting.

Inspired by the aforementioned studies and the growing interest in the investigation of neutrosophic statistical convergence, this paper aims
to introduce three novel types of statistical convergence for sequences of NRVs, which are as follows:

1. Neutrosophic . -statistical convergence in probability.
2. Neutrosophic .#-lacunary statistical convergence in probability.
3. Neutrosophic .#-A-statistical convergence in probability.

In the present study, all the existing results provided in [17-20] are generalized and refined.

2. Preliminaries

In this section, we outline key concepts that are essential for the progression of the study.

Definition 2.1. (see [21]) Let T denote a non-empty, fixed set. A neutrosophic set < is characterized by the expression {t, (U< (t), 84 (t),y</ (t)):
t € T}, where 0o/ (t),0.47(t) and y</ (t) represent the respective degrees of membership, indeterminacy, and non-membership of each
element t € 7 within the set <.

Definition 2.2. (see [22]) Let # represent a field. The neutrosophic field associated with ¢ and I is represented as (. UI), where the
operations are those of %, and I is the neutrosophic element satisfying the property I* = I.

Definition 2.3. (see [23]) A classical neutrosophic number takes the form a+ bl, where a and b are real or complex numbers and 1
represents the indeterminacy satisfying 0.1 = 0 and I* = I, which implies that I" = I for all positive integers n.

Definition 2.4. (see [23]) The neutrosophic probability associated with the occurrence of event < is given by
NP(ef) = (ch(<),ch(neutsl),ch(antie?)) = (T,1,F)

where T,1,F signify standard or non-standard subsets of the non-standard unitary interval | ~0,17 .

Now, we put forward some notions of NRVs [2].

Definition 2.5. Let 7 be a real-valued deterministic random variable, with the mapping:
T: Q=R

where Q is the event space. An NRV Y is defined by:

Ty : Q—R(I)

and

Ty=T+I

where I denotes indeterminacy.

Theorem 2.6. Consider the NRV Jy = 7 + 1, with the cumulative distribution function of Jy given by Fg, (x) = P(Jy <t). The following
expressions hold:

1. Fyu(t) :Fy(tfl),
2. fg,(t) = fa(t=1).

In these, Fg, and fg, denote the cumulative distribution function and the probability density function of J, respectively.

Theorem 2.7. Consider the NRV Ty = 7 + 1. The expected value is given by:
E(9y)=E(7)+1

Next, we provide some definitions concerning ideal spaces, as defined by Kuratowski [24]:

Definition 2.8. A ideal I on a set X, as defined by [24] is a collection of non-empty subsets of X that meets the following requirements.

1. WhenA CBandB € I, then A € I.
2. WhenAe€landBel, then AUB € I.

3. Neutrosophic .7 -Statistical Convergence in Probability
Definition 3.1. Consider a sequence { I, }qen of NRVs, where each 7, is constructed on a same event space ., along with a specified

class A of subsets of .7, and a probability function & : A — R. This sequence is regarded as neutrosophic % -statistically convergent
(N-. -stat-convergent) in probability to an NRV Iy, where T : . — R, if for any p,G,p > 0,

1
{aeN: a\{[3 <a: (%, — vl =p) =6} zp} s,
or equivalently,

1
{aen Jip<aii-2(, -l <p 2 czp ) e s

Stu (S
This convergence is represented by Ty, $ ) Ty. The collection of all sequences of NRVs that are N-.7 -stat-convergent in probability is
referred to as SPu (.F).
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)

Theorem 3.2. If 7y, ° ") Ty and Ty, ° ") @y, then 2{ Ty =y} = 1.

Proof. Letp,g>0and 0 < p < 1, then

%:{aeN:é){ﬁga:@(\ﬂuﬁ—ﬁﬂzg)2%}‘<§}e§(ﬂ),

and

“I/:{aeN:é’{ﬁga:@(\ﬂuﬁ—iffng)2%}’<%}6fi(,ﬂ).

Since # NY € F(F) and 0 ¢ .F (.7 ) implies that ZZ NV # 0. Now, let y € Z NV Then,

%HB <r:2 (17, -2 5) 25} <2
and

ﬂ{ﬁ <r:2 (17, -2 5) =25} <5
This implies,

ﬂ{ﬁgyﬂ(l%ﬁ—ﬂng)zgor@(%ﬁ—%mg)zg}]<p<1.

Therefore, there exists any 8 < ¥ such that &2 (|5Uﬁ - Tyl > g) < % and & ("?UB —%y| > g) < % Hence,

2Ty -2 2p) < 2 (10, - Tl 2 5) < S+ 2 (190, - 212 8) <.
O
sP %ﬂ ) . . P ,
Theorem 3.3. If a sequence of constants T, Ty, we can treat each constant as an NRV with a one-point distribution at that specific
. §7U ()
value, thus expressing the convergence as T
Proof. The proof is succeeded by the definition. O

The reverse of the above theorem is not always valid, as demonstrated in the following example:

Example 3.4. Consider # = {a*+ .7}, where o = 1,2,3, ... and let the neutrosophic density Ty, be defined as fo(x— ) =1+.9

for F <x < 1+.7, and equal to I otherwise. If o € ¥, then fo(x— I ) = W}'f{)%l,ﬂ)rf<x<2+ﬂ; and fo(x—F) =9 if
o € N—#. Now, for p € (0,1), we have
(i) P(|Ty, —2| > p)=1+1ifa €% and

(ii) P(| Ty, —2| > p) = (pp +J)" ifaeN— %

2
SPU ()
i

Thus, Ty, 2+ 7.

Theorem 3.5. The properties listed below hold for N-.7 -stat-convergence in probability:

U (I U (I
T, Sﬂ )3[] ifandonlyifyya—yysg )0,
Pu (S U (S
i s % ) Ty, then p Ty, s % >p§U, where p € R,
U (I U (I v (7
qua ) Ty and WUa § S ) Wy, then ‘7Uoz +Wya § g ) Ty + My,
S () 57U (F)
yUa yU and WU(Z WU, then yUg, — Wya 9{] — My,
Pu (S U (S
Ty g >t+1, then yUza S (t+1)?
Py (F Py (F Py (7
yua s li >l‘+11 and Wua s ﬂ )W+12, then QUQWUD[ § g ) (t+11)(w+12) where I} # I,
P 7 P a P, 7
T, s ﬁ )t+11 and W, s ﬁ ) w+ b, then Iy, W, s ﬁ ) [fw+I(1+t+w)] wherely =L =1,
P, (ﬁ P (ﬁ P, (ﬁ
Ty S >t+11 and Wy, S )w+12, then 9y, /M, S ) (t+1))/(w+1) provided w # —1.
SPu () SPu (F) SPu ()
<7Ua <7U and WU‘Z Wy, then <7Ua WU,, gUWU,
U (I U (I
L IF0< Ty, < Wy, and Wiy, S0, then 7, 80,
U (S
Af Ty, s g ) Ty, then for each p,g > 0, there exists B € N so that any p > 0

SPu (7)

O %0 N S AR N~

N~
~ O

1
{aens Lup<as 20, - A1 2p 2 g 2p ) e .

This will be called the neutrosophic .# -statistical Cauchy condition in probability.
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Proof. Let p, ¢, p denote arbitrary positive real values. Then,

Properties (1), (2), (3), and (4) directly follow from the definitions, so their proofs are omitted.
U (S Pu (S
1t 2, * 5 0, then 22 78 0 for
(B<a:2(25, —02p)=¢t={B < a: 2y, —0/>p)=¢}

Next, let

TG, = (To, — -+ D420 4+1)( Ty, — 1+ D)+ +02° 5 (12,

(6) We get
T, M0e = 3T, +P0,)* = (T — Y0,)*}
P,
§ %ﬂ> %{(l-ﬁ-ll +W+12)2 — ([+11 — (W+[2))2 = (l+11)(w+12).
(7) We have

T e = 3T+ P02)* = (T — W)}

SPu (&
- )%{(I+w+21)27(17w)2:[tw+l(l+t+w)],
(8) Let % and ¥ be events of |#y, —(w+h)| < |w+ L], /ﬂ%ja—ﬁ > p, respectively. Now,
'L_ U | Py, —(wtb)|
Yo, wth|  |(w+h)7y,|
_ |WUO,_(W+I2)
w+bL||(w+ L)+ Py, — (w+D)|
Wy — (WD)

< .
- ‘W+12H(‘W+12‘ — |Wya —(W+12)|)|

If % and ¥ occur simultaneously, then

plw+h[
Wy, —w+h)| > —
o = (wtb)l 2 1+plw+h|
. . P|W-i-12|2 .
that follows from the above inequality. Next, let py = THpwth| and let ¢ be the event |#y, — (w+1L)| > po. This implies Z# ¥ C ¥,
w+h

then 2(B) < € + F (<), where the bar represents the set of complement. This implies

1
{ﬁga;@(‘%afwﬂz‘zp)zg}

C{B <a: Z( Wy, —(w+h)| = po)
> LeU{B <a: P Wy, — (w+h)| > [w+h]) > L}

stu(s) 1 g, Su(s) t+1
Therefore, /ﬂi S provided w # I. Consequently, ,’Z/Ua ﬁ ) 1+h provided w # I,. If I, =I; = I, it can be seen that
Vot w+1 Vot w+h
SPu (&
,’ZZ"‘ ) 1 provided w #1.

SPu (7 SPU (.7
(10) First at all, we should prove that if .77, g ) Jy and 2y is a neutrosophic random variable then .7, 2y ﬂ ) Ty Zy. Since 2y
is a neutrosophic random variable, given ¢ > 0, there exists an k > 0 such that 2(|2y| > k) < %g. Then, for any p > 0,

P( Ty %y - Ty 2o 2p) =P, - Tul| Zu| 2 .| %y > x)
+2(1 %y, — Tl 2u| = p,| 20 < x)
<35+ 2%, — Tl > p/x).

This implies,
B<o: 2(1%y,2u - Tu2ul > p) > 6}
C{B<a:P( Ty, —(+1)| = p/K) > be} €.7.

U (S Py (7
Thus, (Ju, — Tu)( Py, — ?u) § g ) 0. Therefore, this implies Jy, #y, s ﬂ ) TuHy.
(11) Proof is straightforward and hence omitted.
(12) Take B € N such that (|7, — Jy| > %p) < %g. Then,

{B<a:2( 7y, — Tyl zp) 2 ¢t 2 p}
c{B<a:2(7,—|>1ip)>ist>ples.
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4. Neutrosophic .7 -Lacunary Statistical Convergence in Probability

Fridy [25] defined a lacunary sequence is an increasing integer sequence 6 = {sy } Ny {0} such that so =0 and hy = sy —5y_| — oo, as
Sv

U — ooy and Iy = (541,56, and qy = e
v-1

Next, we define neutrosophic .#-lacunary statistical convergence in probability:

Definition 4.1. The sequence { Ty, }qen is regarded as neutrosophic .9 -lacunary statistically (N-.%-Sg) convergent in probability to a NRV

Ty, where T S = R, if forany p,c,p >0,

{ver: Lipen: 247, - 12 p) 2 0l zp} e.s.

SN (7
This convergence is represented by Iy, 9—<> ) Ty. The collection of all sequences of NRVs that are N-.% -Sg-convergent in probability is

referred to as SB" (7).

Example 4.2. Let Ty, (0) = 0+ #, where o is a random variable uniformly distributed over [0,1], and define T (®) = . Let the
lacunary sequence 0 = {k, } .c be given by k, = 2', so that the lacunary intervals are I, = (k,_1,k;] = (2""1,2"), and the interval length is
b, =k, —k,_1 =2""1. Let the ideal .7 be the family of subsets of N with natural density zero. Now consider the sequence {9y, }- For each
o, we have

,1)05
04

o) - @) =| 1 = 2.

Then the probability that the absolute difference exceeds any fixed p > 0 is

L ifg>p,
0, otherwise.

29y, — Tl >P)={

Let us fix p = 0.1, ¢ = 0.5, and p = 0.25. In each lacunary interval I, the number of indices f§ such that (| Ty, — Jy| > p) > ¢ is
finite and gets smaller as B increases. Specifically, for large enough r, most 3 € I, satisfy % < P, so the corresponding probability is zero.
Therefore, the proportion
1
by

becomes less than any p > 0 for large r. Hence, the set

{Bet:2(7,-7|2p) 2 ¢}

{reN:éHﬁ €l: 2| Ty, - Tl zp)zg}) zp}

has natural density zero, so it belongs to 7.
856V () . . . .. . e
Thus, we conclude that Ty, “— ~ Ty, ie., the sequence is neutrosophic .% -lacunary statistically convergent in probability to .

s () 86" ()
_>

Theorem 4.3. If 7, Ty and Ty, "= Yy, then P{ Iy =Wy} = 1.
Proof. Let Z(| 9y — %y| > p) = ¢ > 0, where for some p > 0. Then,
Py~ 2p) < 2 (1T, - T = 5)

+9(|<7U,3 -y > %)

Thus,
{ver: tiwen: 202 - 212 p) > )1 > 4
c{vensLiupen: 29, - 212 §)2 iz 4
U{UEN: hiv|{ﬁelvz,@(|ﬂuﬁ—gu| > %)Z %}| 2 %} €,
where .4 is a neutrosophic set. O

Theorem 4.4. The following statements are equivalent:

. 7, 7.

2. Forall p,g >0,

bo o€l

{DEN:I Yy 32(|%a—%>p)>g}eﬂ-
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SV (7
Proof. We begin proving (1) = (2): First, let’s consider that .7, 9—(> ) Ty, then we have
1 1 G G
Y 2, - ol 2p) < g-HB € o: 2Ty~ Tl 2p) = SH+ 5.

bo acl,

Consequently, we obtain

1
{ver: L ioa, 2015, - 712 p) 2 ¢}

1 )
c{veN:—\{ﬁ EIU:W(L?U,;—@/U\ZP)E%HZ%}Eﬂ'
v

Next, we prove (2) = (1) : Let’s consider that for all p,¢ > 0,
1
veN:— ) P(Ty,~Tul=p)=cresd.
bo ocl,
supplies. Then,
1 1
—— Y 2%~ Tu|zp) = —HB el : (| Ty, — | 2 p) = G}I.
Ghv ocl, hv

Then, for any p > 0,

1
{vers Lipen: 207, -212p) 2 2 p)
v
1
c{vers -rae, 209, - A=) 2 0} e s

SN (7
Therefore, we have 77, 6—(> ) Ty. O

5. Neutrosophic .7 - A-Statistical Convergence in Probability

In [17], Ghosal formulated the following concepts. Let A = {A4}4en be a non-decreasing sequence of positive real numbers such that
A =1,Aq41 < Ag+1and Ay — o0 as a — oo. For a given sequence of real numbers (WB) Ben the generalised De la Valeé-Pousin mean is
demonstrated by

1

ta(x) = EﬁZQ Wﬁ
€0«

where Qg = [ — Aq + 1, ].
Next, we present the definition of neutrosophic .#-A-statistical convergence in probability:

Definition 5.1. The sequence { T, } qcn is termed neutrosophic & -A-statistical convergent in probability to a NRV Jy;, where T :  — R,
if forany p,g,p >0,

1
{aet: LHBe0us 21 - Al 2p) 262 p} e s

S (s
This type of convergence will be written as T, l—(> ) A.

Example 5.2. Let J, (0) = 0+ ﬁfor each a € N, where @ is a random variable uniformly distributed over [0, 1], and define Iy (®) = ®.
Then

| T, (@) = Ty (@)] =

i~

Thus,

L if gz 2p.

0, otherwise.

(1%, — ZP){

Now, define the non-decreasing sequence A = {Aq }qeN as Aq = 0 and the intervals Qg = [0 — Ay + 1, 0t] = [1, 0] for all oo € N. Let the
ideal .7 be the family of subsets of N with natural density zero.
Fix p =0.05, ¢ =0.5, and p =0.2. Then for large o, ﬁ <p, so

P(|Tyy — Tyl 2 p) <g formost B € Qq.

Therefore, the number of B € Qg for which the probability exceeds ¢ becomes negligible compared to Ag, i.e.,

i‘{ﬁ €0u: (T, ~ Tul 2 p) 2 c}| <p
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for all sufficiently large o.
Hence, the set

{aen: L |{Beow: 20, - 712 0)2 )| 20

is finite, and so belongs to the ideal .7 .
U (g
Thus, we conclude that Ty, Aﬁ( Ty, i.e., the sequence is neutrosophic % -A-statistically convergent in probability to .
Definition 5.3. The sequence { T, } qen is regarded as neutrosophic [V, A]-.% -summability in probability to a NRV F;, where ' :  — R,
provided that for any p,¢ > 0,

1
aeN:— Y Py, —Tu|>p)>gref.
Ao 525, ’

[VJL]”_‘;(J) T,

Example 54. Let 7, (0) = o+ éfor each o € N, where ® is a random variable uniformly distributed on [0, 1], and define T (®) = o.
Then,

We denote this summability as Ty,

T, (@)~ Tp(@)] =,

so that
L ifg=>p,
(| T, ~ Tu| = p) = w=P
0, otherwise.
Now, define A = {Aq}gen by Ao = 0, and Qg = [0 — Aq + 1,a] = [1,Q]. Let & be the family of all subsets of N with natural density zero.
Fix p =0.01 and ¢ = 0.1. For sufficiently large @, we have é <p, so P(| Ty, — Ty| = p) =0 for most B € Qq. Therefore,
1

= Y 2%y, - Tu1=p) =0 aso— oo
% BeQa

Hence, the set
1
{oc EN:— Y 2(%, -l >p)> g}
% BeQa
is finite and therefore belongs to the ideal .9

VAP ()

Consequently, T, Ty, i.e., the sequence is neutrosophic [V, A]-.% -summable in probability to J.

Theorem 5.5. For any sequence of NRVs { Zy, }nen, The statements listed below are equivalent:

PU 7
1. 2.5 7.

VAU (#
2. g, VS g,
Proof. The proof proceeds in a similar manner to that of Theorem 4.4 and is therefore omitted. O

PU ) PU ( ,)

SV (I V(I
Theorem 5.6. If T, 5 Ty and Ty, *S" %4y, then P{ T = B} = 1.

Proof. Since the reasoning parallels that of Theorem 3.2, we omit the detailed proof. O

6. Conclusion

In this paper, we have introduced certain notions of statistical convergence in probability for sequences of NRVs. We also established some
fundamental properties and examined their interrelations. Furthermore, it can be observed that the results presented here extend the classical
framework developed in [17-19]. This aligns with the viewpoint expressed by Smarandache in [1,20], which suggests that the neutrosophic
statistical framework provides a broader generalization than its classical counterpart. For future studies, we recommend extending these
notions by using [26-30].
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