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Editorial

I am delighted to welcome you to the second issue of the Journal of New Theory (JNT) is
completed with 11 articles.

JNT publishes original research articles, reports, reviews and commentaries that are based on
a theory of mathematics. However, the topics are not limited to only mathematics, but
also include statistics, computer science, physics, engineering, chemistry, biology, economics
or social sciences that use a theory of mathematics.

JNT is a refereed, electronic, open access and international journal.
Papers in JNT are published free of charge.

We would like to express our deepest thanks to all of the members of the editorial board and
reviewers of the papers in this issue who are U. Orhan, A. Filiz, A. Fenercioglu, A. Sari, A.
Yildirim, A. S. Sezer, B. Mehmetoglu, B. H. Cadirci, C. Kaya, C. Cekic, E. Altuntas, E.
Turgut, F. Karaaslan, F. Smarandache, G. Erdal, H. Aktas, H. M. Dogan, H. Giinal, H.
Kizilaslan, H. Onen, H. Simsek, 1. Zorlutuna, 1. Deli, I. Gokge, 1. Tiirkekul, I. Parmaksiz, J.
Ye, M. Akar, M. Akdag, M. Ali, M. Cavus, M. Demirci, M. Saglam, N. Yesilayar, O.
Muhtaroglu, P. K. Maji, R. Yayar, S. Broumi, S. Karaman, S. Tarhan, S. Enginoglu, S.
Demiriz, S. Karatas, S. Oztiirk, S. Egri, S. Sozen, Y. Budak, Y. Karadag, P. G. Patil, S.
Hussain, A. O. Akdemir, N. Cagman, E. E. Kara, M. Suresh, M. Oztiirk, S. Halder, T.Som
and L. Simsek.

Pleases, write any original idea. If it is true, it gives an opportunity to use. If it is incomplete,
it gives an opportunity to complete. If it is incorrect, it gives an opportunity to correct.

You can reach us from journal homepage at http://www.newtheory.org. To receive further information
and to send your recommendations and remarks, or to submit articles for consideration, please e-mail
us at jnt@newtheory.org

We hope you will enjoy this issue of JNT. We are looking forward to hearing your feedback and
receiving your contributions.

Happy reading!
03 March 2015

Naim Cagman
Editor-in-Chief

Journal of New Theory
http://www.newtheory.org
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NEW CONTINUOUS AND OPEN FUNCTIONS
IN TOPOLOGICAL SPACES

Md.Hanif PAGE" <hanif01@yahoo.com>

Department of Mathematics, B.V.B.College of Eng and Tech., Hubli,Karnatak State, India

Abstract — The aim of this paper is to introduce new continuous and open functions called somewhat
fgs-continuous and somewhat fgs-open functions using fgs-open sets.Its various characterisations and
properties are established.

Keywords — 6gs-open set, Somewhat 0gs-continuous, Somewhat 6gs-irresolute , Somewhat 6 gs-open
functoin.

1 Introduction

Levine [6] introduced the notion of generalized closed set. This notion has been studied extensively in
recent years by many toplogists. The investigation of generalized closed sets had led to several new and
interesting concepts. Recently in [7] the notion of of §-generalized semi closed (briefly,6gs-closed)set
was introduced by G.B.Navalagi et al. Gentry and Hoyle[4] introduced and studied the conepts of
somewhat continuous and somewhat open functions.In [11] the notion of somewhat wa-continous and
somewhat wa-open functions are introduced.

In this paper, we will continue the study of related functions with fgs-closed and gs-open sets. We
introduce and charcterize the concept of somewhat fgs-continuous and somewhat fgs-irresolute and
somewhat fgs-open functions.

2 Preliminary

Throughout this paper (X, 7), (Y, o)(or simply X, Y')denote topological spaces on which no separation
axioms are assumed unless explicitly stated. For a subset A of a space X the closure and interior of A
with respect to 7 are denoted by CI(A) and Int(A) respectively.

** Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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Definition 2.1. A subset A of a space X is called
(1) a semi-open set [5] if A C Cl(Int(A)).
(2) a semi-closed set [2] if Int(Cl(Int(A))) C A.

Definition 2.2. [3] A point € X is called a semi-f-cluster point of A if sCI(U) N A # ¢, for each
semi-open set U containing x. The set of all semi-#-cluster point of A is called semi-#-closure of A and
is denoted by sClg(A). A subset A is called semi-0-closed set if sClyp(A) = A. The complement of
semi-f-closed set is semi-f-open set.

Definition 2.3. [7] A subset A of X is fgeneralized semi-closed(briefly, 8gs-closed)set if sClg(A) C U
whenever A C U and U is open in X. The complement of fgs-closed set is fgeneralized-semi open
(briefly,0gs-open).The family of all fgs-closed sets of X is denoted by §GSC(X,7) and fgs-open sets
by 6GSO(X,7).

Definition 2.4. A function f: (X,7) — (Y, 0) is called:

(i) f-generalized semi-irresolute (briefly,dgs-irresolute)[8] if f~1(F) is fgs-closed set in X for every
fgs-closed set F of YV

(i) O-generalized semi-continuous (briefly,fgs-continuous)[8] if f~1(F) is fgs-closed set in X for every
closed set F' of Y.

(iii) somewhat continuous [4] if for U € o and f~1(U) # ¢ there exists an open set V in X such that
V#¢and V C f~1(U).

Definition 2.5. [9] A function f: X — Y is said to be 8gs-open (resp., Ogs-closed) if f(V') is Ogs-open
(resp., Ogs-closed) in Y for every open set (resp., closed) V in X.

3 Somewhat 6gs-Continuous Functions

Definition 3.1. A function f: (X,7) — (Y, 0) is said to be somewhat fgs-continuous function if for
every U € o and f~1(U) # ¢ there exists a fgs-open set V in X such that and V # ¢ and V C f=1(U).

Theorem 3.2. Every somewhat continuous function is somewhat 6gs-continuous funtion.

Proof: Let f: X — Y is somewhat fgs-continuous function. Let U be any open set in Y such that
f~1(U) # ¢. Since f is somewhat continuous function, there exists an open set V in X such that V # ¢
and V C f~1(U). Since every open set is fgs-open set ,there exists fgs-open set V such that V # ¢
and V C f~Y(U), which implies f is somewhat fgs-continuous function.

Remark 3.3. . Converse of the above theorem need not be true in general which follows from the
following example.

Example 3.4. . Let X =Y = {a,b,c}, 7 = {X, ¢, {a}, {b},{a,b}}, 0 = {X, ¢,{a}, {b,c}}. We have
0GSO(X) = {X, ¢,{a},{b,c}}. Then the identity function is somewhat fgs-continuous function but
not somewhat continuous function.

Theorem 3.5. . If f: (X,7) — (Y,0) and ¢g: (Y,0) — (Z,n) be any two functions. If f is somewhat
fgs-continuous function and g is contonuous function, then g o f is somewhat fgs-continuous funtion.

Proof: Let U be any open set in Z. Suppose that g~ 1(U) # ¢. Since U € 1 and g is continuous
function, g='(U) € n. Suppose that f~1(g=*(U)) # ¢. By hypothesis f is somewhat fgs-continuous
function, there exists a fgs-open set in V in X such that V # ¢ and V C f~1(g=1(U)) = (go f)~1(U),
which implies that V' C (g o f)~1(U). Therefore g o f is somewhat fgs-continuous funtion.

Definition 3.6. . A subset M of a topological space X is said to be fgs-dense in X if there is no
proper fgs-closed set F in X such that M C F C X.
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Theorem 3.7. . If f: (X,7) — (Y,0) be a function. Then the following are equivalent;

(i) f is somewhat fgs-continuous function.

(ii) If F is a closed subset of Y such that f~1(F) # X, then there is proper fgs-closed subset D of X
such that f~*(F) C D.

(iii) If M is a fgs-dense subset of X, then f(M) is a dense subset of Y.

Proof: (i)=(ii):Let F be a closed subset of Y such that f~1(F) # X. Then f~Y(Y — F) = X —
f~Y(F) # ¢. By hypothesis (i) there exists a fgs-open set V in X such that V # ¢ and V C
7YY —F) = X — f~Y(F). This imples f~}(F) € X —V and X-V = D is a fgs-closed set in
X.Therefore(ii) holds.

(ii)= (i): Let U be an open set in Y and f~1(U) # ¢. Then f~}(Y —U) = X — f~Y(U) = ¢.
By hypothesis, there exists a proper fgs-closed set D such that f~'(Y — U) C D. This implies that
X — D cC f~1(U) and X-D is fgs-open and X — D # ¢.

(ii)=-(iii): Let M be any fgs-dense set in X. Suppose f(M) is not dense subset of Y, then there
exists a proper fgs-closed set D such that M C f~(F) Cc D C X. This contradicts the fact that M is
a fgs-dense set in X. Therefore (iii) holds.

(iii)= (ii): Suppose (iii) is not true. Then there exists a closed set F in Y such that f~!(F) # X.
But there is no proper gs-closed set that f~!(F) C D. This means that f~1(F) is fgs-dense in X.
But from hypothesis f(f~!(F)) = F must be dense in Y, which is contradiction to the choice of F.
Hence (ii) hold.

Theorem 3.8. .If f: (X,7) — (Y,0) be a function and X = AU B, A and B are open subsets of X
such that (f/A) and (f/B) are somewhat fgs-continuous functions then f is somewhat fgs-continuous
function.

Proof:Let U be an open set in Y such that f=*(U) # ¢. Then (f/A)~*(U) # ¢ of (f/B)~1(U) # ¢
or both (f/A)"'(U) # ¢ and (f/B)"'(U) # ¢

Case(i): Suppose (f/A)~Y(U) # ¢. Since (f/A) is somewhat fgs-continuous, then there exists a
fgs-open set V in A such that V # ¢ and V C (f/A)"Y(U) C f~1(U). Since V is fgs-open set in A
and A is open in X,V is fgs-open in X. Hence f is somewhat fgs-continuous function.

Case(ii): Suppose (f/B)~1(U) # ¢. Since (f/B) is somewhat fgs-continuous function, then there
exists a fgs-open set V in B such that V # ¢ and V C (f/B)~'(U) C f~*(U). Since V is fgs-open in
B and B is open in X, V is fgs-open in X. Hence f is somewhat #gs-continuous function.

Case(iii): Suppose (f/A)"2(U) # ¢ and (f/B)~1(U) # ¢. Follows from case(i) and case(ii).

Definition 3.9. A topological space X is said to be fgs-separable if there exists a countable subset B
of X which is fgs-dense in X.

Theorem 3.10. . If f is somewhat Ogs-continuous function from X onto Y and if X is fgs-separable,
then Y is separable.

Proof: Let f : (X,7) — (Y,0) be somewhat fgs-continuous function such that X is fgs-separable.
Then by definition there exists a countable subset B of X which is fgs-dense in X. Then by Theorem
3.7, f(B) is dense in Y. Since B is countable f(B) is also countable which is dense in Y, ehich implies
that Y is separable.

4 Somewhat fgs-irresolute Function

Definition 4.1. A function f : (X,7) — (Y,0) is said to be somewhat fgs-irresolute function if for
U € 0GSO(c) and f~1(U) # ¢ there exists a non-empty fgs-open set V in X such that V C f~1(U).

Theorem 4.2. . If f is somewhat fgs-irresolute function and g is fgs-irresolute function, then go f is
somewhat Ogs-irresolute function.
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Proof: Let U € §GSO(n). Suppose that ¢g=1(U) # ¢. Since U € 0GSO(n) and g is somewhat
fgs-irresolute function,there exists a fgs-open set V in X such that V # ¢ and V C f~1(g~}(U)).
But f~1(g7Y(U)) = (g o f)~*(U), which implies that V C (go f)~}(U). Therefore g o f is somewhat
fgs-irresolute function.

Theorem 4.3. . If f: (X,7) — (Y, 0) be a function. Then the following are equivalent;

(i) f is somewhat fgs-irresolute function.

(ii) If F is a closed subset of Y such that f~1(F) # X, then there is proper fgs-closed subset D of X
such that f~*(F) C D.

(iii) If M is a Ogs-dense subset of X, then f(M) is a dense subset of Y.

Proof: Obvious.

Theorem 4.4. If f: (X,7) — (Y,0) be a function and X = AU B, A and B are open subsets of
X such that (f/A) and (f/B) are somewhat Ogs-irresolute function then f is somewhat fgs-irresolute
function.

Proof: Obvious.

Definition 4.5. .[1] If X is a set and 7 and o are topologies for X, then 7 is equivalent to ¢ provided
if U € 7 and U # ¢, then there is a open set V in (X,0) such that V # ¢ and V C U and if U € o
and U # ¢ then there is an open set V in (X, 7) such that V # ¢ and V C U.

Definition 4.6. If X is a set and 7 and ¢ are topologies for X, then 7 is said to be fgs-equivalent to
o provided if U € 7 and U # ¢, then there is a fgs-open set V in (X, 0) such that V # ¢ and V C U
and if U € o0 and U # ¢ then there is fgs-open set V in (X, 7) such that V# ¢ and V C U.

Theorem 4.7. . Let f: (X,7) — (Y,0) be a somewhat continuous function and let 7* be a topology
for X, which is fgs-equivalent to 7 then the function f: (X,7*) — (Y, 0) is somewhat fgs-continuous
function.

Proof: Let U be any open set in (Y, ) such that f~1(U) # ¢. Since by hypothesis f : (X,7) — (Y, 0)
is somewhat continuous function by definition there exists an open set in O in (X, 7) such that O # ¢
and O C f~1(U). Since O is an open set in (X,7) such that O # ¢ and since by hypothesis 7
is fgs-equivalent to 7* by definition there exists a fgs-open set V in (X,7*) such that V # ¢ and
V Cc O cC f~Y(U). Hence O C f~1(U). Thus for any open set U in (Y, o) such that f~1(U) # ¢
there exists a fgs-open set V in (X, 7*) such that V C f~Y(U). So f: (X,7*) — (Y,0) is somewhat
fgs-continuous function.

Theorem 4.8. . Let f : (X,7) — (Y,0) be a somewhat 6gs-continuous function and let o* be
a topology for Y, which is equivalent to o. Then the function f : (X,7) — (Y,0*) is somewhat
fgs-continuous function.

Proof: Let U be any open set in (Y,0*) such that f=1(U) # ¢ which implies U # ¢. Since o and
o* are equivalent, then there exists an open set W in (Y, o) such that W # ¢ and W C U. Now, W
is open set such that W # ¢, which implies f~1(W) # ¢. Now by hypothesis f : (X,7) — (Y,0)
is somewhat fgs-continuous function.Therefore there exists a fgs-open set in V in (X, 7) such that
V C f~Y(W). Now W C U implies f~1(W) c f~*(U). This implies V C f~*(W) C f~1(U). So, we
have V C f~1(U), which implies that f : (X,7) — (Y,0*) is somewhat fgs-continuous function.

Theorem 4.9. . Let f : (X,7) — (Y,0) be a somewhat fgs-irresolute surjection and let 7* be
a topology for X, which is Ogs-equivalent to 7 then the function f : (X,7*) — (Y, o) is somewhat
fgs-irresolute function.
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Proof: Let U be any open set in (Y, o) such that f~1(U) # ¢. Since by hypothesis f : (X,7) — (Y, 0)
is somewhat fgs-irresolute, by definition there exists a fgs-open set in O in (X, 7) such that O # ¢
and O C f~1(U). Since O is a fgs-open set in (X,7) such that O # ¢ and since by hypothesis 7
is fgs-equivalent to 7* by definition there exists a fgs-open set V in (X,7*) such that V # ¢ and
V. C OcC fY(U). Hence O C f~1(U). Thus for any open set U in (Y,o) such that f~1(U) # ¢
there exists a fgs-open set V in (X, 7*) such that V C f~1(U). So f : (X,7*) — (Y, 0) is somewhat
fgs-irresolute function.

Theorem 4.10. . Let f : (X,7) — (Y,0) be a somewhat fgs-irresolute surjection function and let
o* be a topology for Y, which is equivalent to o. Then the function f: (X,7) — (Y, 0*) is somewhat
fgs-continuous function.

Proof: Let U be any open set in (Y, 0*) such that f=1(U) # ¢ which implies U # ¢. Since o and o*
are equivalent, then there exists an open set W in (Y, o) such that W # ¢ and W C U. Now, W is open
set such that W # ¢, which implies f~1(W) # ¢. Now by hypothesis f : (X,7) — (Y, o) is somewhat
fgs-irresolute function. Therefore there exists a fgs-open set in V in X such that V C f~1(W). Now
W C U implies f~Y(W) C f~Y(U). This implies V C f~Y(W) C f~1(U). So, we have V C f~1(U),
which implies that f : (X,7) — (Y,0*) is somewhat Ogs-irresolute function.

5 Somewhat 6gs-Open Functions

Definition 5.1. A function f : (X,7) — (Y,0) is said to be somewhat fgs-open function provided
that for every U € 7 and U # ¢ there exists a fgs-open set V in Y such that and V' # ¢ and V' C f(U).

Theorem 5.2. Every somewhat open function is somewhat 6gs-open function.

Proof: Let f: (X,7) — (Y,0) is said to be somewhat open function. Let U € 7 and U # ¢. Since
f is somewhat open function, there exists an open set V in Y such that V # ¢ and V C f(U). But
every open is fgs-open. So there exists a fgs-open set V in Y such that V' # ¢. Thus f is somewhat
fgs-open function.

Remark 5.3. .Converse of the above theorem need not be true in general, which follows from the
following example.

Example 5.4. Let X =Y = {a,b,c}, 7 = {X,¢,{b},{c},{b,c}}, 0 = {Y, ¢, {b},{c},{a},{a,c}}.
We have 0GSO(Y) = {Y, ¢, {b},{c}, {a,b},{b,c}}. Then the identity function is somewhat fgs-open
function but not somewhat open function.

Theorem 5.5. . If f: (X,7) — (Y, 0) is an open function and g : (Y, o) — (Z,n) somewhat fgs-open
function then g o f is somewhat fgs-open funtion.

Proof: Let U € 7. Suppose U # ¢. Since f is an open function, f(U) is open and f(U) # ¢. Thus
f(U) € o and f(U) # ¢. Since g is somewhat fgs-open function and f(U) € o such that f(U) # ¢
there exists a fgs-open set in V € n, V C g(f(U)), which implies g o f is somewhat fgs-open funtion.

Theorem 5.6. . If f: (X,7) — (Y,0) be a bejective function. Then the following are equivalent;

(i) f is somewhat fgs-open function.

(ii) If F is a closed subset of Y such that f(F) # Y, then there exists a fgs-closed subset D of Y such
that D # ¢ and f(F) C D.

Proof: (i)=-(ii):Let F be a closed subset of Y such that f(F) # Y. From (i), there exists a fgs-open
set V in X such that V' # ¢ such that V C f(X — F). Put D = Y-V. Clearly D is a fgs-closed set in
Y and we claim that D # ¢. If D =Y, then V = ¢ which is a contradiction. Since V C f(X — F),
D=Y-VCY-[f(X-F)]=f(F).

(ii)= (i): Let U be any non empty open set in X.Put F = X — U. Then F is a closed subset of
Xand f(X —U) = f(F) =Y — f(U) whicg implies f(F) # ¢. Therefore by (ii), there is a 0gs-closed
subset D of Y such that f(U) € D. Put V = X-D, clearly V is fgs-open set and V' # ¢.Further
V=X-DCY-f(F)=Y -V - f(F)] = (V).
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Theorem 5.7. . If f: (X,7) — (Y,0) be somewhat 6gs-open function and A be any open subset of
X. Then f/A: (A,7/A) — (Y, 0) is also somewhat fgs-open funtion.

Proof: Let U € 7/A such that U # ¢. Since U is open in A and A is open in (X,7), U is open in
(X, 7) and since by hypothesis f is somewhat fgs-open function, then there exists a fgs-open set in V
in Y, such that V' C f(U). Thus, for any open set U in (A, 7/A) with U # ¢, there exists a fgs-open
set Vin Y such that V' C f(U) which implies f/A is somewhat fgs-open funtion.

Theorem 5.8. . Let f: (X,7) — (Y, 0) be a function such that f/A and f/B are somewhat fgs-open,
then f is somewhat fgs-open funtion, where X = AU B, A and B are open subsets of X.

Proof:Let U be an open set in X such that U # ¢. Since X = AU B , either ANU # ¢ or BNU # ¢
or both ANU # ¢ and BNU # ¢. Since U is opn in X, U is open in both Then A,7/A and B, 7/B.

Case(i): Suppose UNA # ¢ where UN A is open in A, 7/A). Since by hypothesis f/A is somewhat
fgs-open function, then there exists a fgs-open set V in Y such that V' C f(U N A) C f(U),which
implies f is somewhat fgs-open function.

Case(ii): Suppose UNB # ¢ where UN B is open in B, 7/B). Since by hypothesis /B is somewhat
fgs-open function, then there exists a fgs-open set V in Y such that V' C f(U N B) C f(U),which
implies f is somewhat fgs-open function.

Case(iii): Suppose that UNA # ¢ and UNB # ¢. Then obviously f is somewhat fgs-open function
from case(i) and case(ii). Thus f is somewhat fgs-open function.
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Abstract — In this paper, a new class of open soft sets in a soft topological space, called b-open soft
sets, is introduced and studied. Moreover, the relations this class and these different types of subsets
of soft topological spaces, which introduced in [9], is studied. In particular, this class is contained in
the class of B-open soft sets and contains the classes of open soft sets, pre open soft sets, semi open
soft sets and a-open soft sets. Also, the authors introduce the concept of b-continuous soft functions
and study some of their properties in detail. As a consequence the relations of some soft continuities
are shown in a diagram.

Keywords — Soft set, Soft topological space, Pre-open soft set, a-open soft set, Semi-open soft set,
B-open soft set, b-open soft sets.

1 Introduction

The concept of soft sets was first introduced by Molodtsov [22] in 1999 as a general mathematical tool
for dealing with uncertain objects. In [22, 23], Molodtsov successfully applied the soft theory in several
directions, such as smoothness of functions,game theory, operations research,Riemann integration,
Perron integration, probability, theory of measurement, and so on.

After presentation of the operations of soft sets [20], the properties and applications of soft set theory
have been studied increasingly [4, 17, 23, 25]. In recent years, many interesting applications of soft set
theory have been expanded by embedding the ideas of fuzzy sets [2, 3, 5, 18, 19, 20, 21, 23, 24, 28].
To develop soft set theory, the operations of the soft sets are redefined and a uni-int decision making
method was constructed by using these new operations [6].

Recently, in 2011, Shabir and Naz [26] initiated the study of soft topological spaces. They defined
soft topology on the collection 7 of soft sets over X. Consequently, they defined basic notions of soft
topological spaces such as open and closed soft sets, soft subspace, soft closure, soft nbd of a point, soft
separation axioms, soft regular spaces and soft normal spaces and established their several properties.
In [9], Kandil et. al. introduced some soft operations such as semi open soft, pre open soft, c-open
soft and [-open soft and investigated their properties in detail. Studies on the soft topological spaces
have been accelerated [7, 8, 10, 11, 12, 13, 14, 15, 16, 27].

** Edited by Serkan Karatag (Area Editor) and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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The main purpose of this paper, is to introduce a new class of open soft sets in a soft topological
space, called b-open soft sets, to soft topological spaces. Also, the relations this class and these different
types of subsets of soft topological spaces is studied. Moreover, the authors introduced the concept of
b-continuous soft functions and study some of their properties in detail.

2 Preliminary

In this section, we present the basic definitions and results of soft set theory which will be needed in
the sequel.

Definition 2.1. [22] Let X be an initial universe and F be a set of parameters. Let P(X) denote
the power set of X and A be a non-empty subset of E. A pair (F, A) denoted by Fjy is called a soft
set over X | where F' is a mapping given by F : A — P(X). In other words, a soft set over X is a
parametrized family of subsets of the universe X. For a particular e € A , F(e) may be considered the
set of e-approximate elements of the soft set (F, A) and if e € A, then F(e) = ¢ i.e
Fo={F(e):e€ ACE, F:A— P(X)}. The family of all these soft sets over X denoted by
SS(X)a.

Definition 2.2. [20] Let Fi, Gp € SS(X)g. Then Fy is soft subset of G, denoted by FACGp, if
(1) AC B, and

(2) F(e) CGle), Ve € A.

In this case, F4 is said to be a soft subset of G and G is said to be a soft superset of Fa, GgDFj4.

Definition 2.3. [20] Two soft subset F'4 and Gp over a common universe set X are said to be soft
equal if F'4 is a soft subset of G and Gp is a soft subset of F4.

Definition 2.4. [4] The complement of a soft set (F, A), denoted by (F, A), is defined by (F, A)" =
(F',A), F' : A — P(X) is a mapping given by F’'(e) = X — F(e), Ve € A and F’ is called the soft
complement function of F.

Clearly (F') is the same as F and ((F, A)") = (F, A).

Definition 2.5. [26] The difference of two soft sets (F, E) and (G, E) over the common universe X,
denoted by (F, E) — (G, E) is the soft set (H, E) where for all e € E, H(e) = F'(e) — G(e).

Definition 2.6. [26] Let (F, E) be a soft set over X and z € X. We say that € (F, E) read as z
belongs to the soft set (F, E) whenever x € F(e) for all e € E.

Definition 2.7. [26] Let € X. Then the soft set (z, E) over X, where xg(e) = {z} Ve € E, called
the singleton soft point and denoted by z g .

Definition 2.8. [20] A soft set (F, A) over X is said to be a NULL soft set denoted by ¢ or ¢4 if for
alle € A, F(e) = ¢ (null set).

Definition 2.9. [20] A soft set (F, A) over X is said to be an absolute soft set denoted by A or X4
if for all e € A, F(e) = X. Clearly we have X/, = ¢4 and ¢/, = X 4.

Definition 2.10. [20] The union of two soft sets (F, A) and (G, B) over the common universe X is
the soft set (H,C'), where C = AU B and for all e € C,

F(e), e€ A— B,
H(e)=<¢ Gle), e€ B—A,

F(e)UG(e), ec ANB

Definition 2.11. [20] The intersection of two soft sets (F, A) and (G, B) over the common universe
X is the soft set (H,C), where C = AN B and for all e € C, H(e) = F(e) N G(e). Note that, in order
to efficiently discuss, we consider only soft sets (F, E) over a universe X in which all the parameter
set E are same. We denote the family of these soft sets by SS(X)g.

Definition 2.12. [29] Let I be an arbitrary indexed set and L = {(F;, E),i¢ € I} be a subfamily of
SS(X)g.
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(1) The union of L is the soft set (H,FE), where H(e) = |J;c; Fi(e) for each e € E . We write
Uz‘ez(FivE) = (H, E)
(2) The intersection of L is the soft set (M, E), where M(e) = (o, Fi(e) for each e € E . We write

ﬂie[(FivE) = (M, E)

Definition 2.13. [26] Let 7 be a collection of soft sets over a universe X with a fixed set of parameters
E, then 7 C SS(X)g is called a soft topology on X if

(1) X,¢ €7, where ¢(e) = ¢ and X(e) = X, Ve € E,

(2) the union of any number of soft sets in 7 belongs to 7,

(3) the intersection of any two soft sets in T belongs to 7.

The triplet (X, 7, E) is called a soft topological space over X.

Definition 2.14. [29] The soft set (F, E) € SS(X)g is called a soft point in X if there exist € X

and e € F such that F(e) = {z} and F(e’) = ¢ for each ¢/ € E — {e}, and the soft point (F, E) is
denoted by x.

Definition 2.15. [29] The soft point z. is said to be belonging to the soft set (G, A), denoted by
z€(G, A), if for the element e € A, F(e) C G(e).

Definition 2.16. [1] Let SS(X)4 and SS(Y)p be families of soft sets, u: X — Y and p: A — B be
mappings. Let fy, : SS(X)a — SS(Y)p be a mapping. Then;

(1) If (F,A) € SS(X)a. Then the image of (F, A) under fp,, written as fp,(F, A) = (fpu(F),p(A4)),
is a soft set in SS(Y)p such that
_ UaEp*I(b)ﬁA U(F(a))a p_l(b) NnA 7& (ba
Fou(F)(0) = o, otherwise.
for all b € B.

(2) If (G,B) € SS(Y)p. Then the inverse image of (G,B) under f,,, written as f,.,!(G,B) =
(f .1 (@), p~1(B)), is a soft set in SS(X )4 such that

pu

_ [ v HG(p(a))), p(a) € B,
fpul(G)(a) B { o, otherwise.
for all a € A.

The soft function f,, is called surjective if p and u are surjective, also is said to be injective if p and
u are injective.

Definition 2.17 ([29]). Let (X, 7, A) and (Y, 7*, B) be soft topological spaces and f,, : SS(X)a —
SS(Y)p be a function. Then

(1) The function fy, is called continuous soft (soft-cts) if f,.,!(G,B) € 7V (G, B) € 7*.

(2) The function f, is called open soft if f,,(G,A) € TV (G, A) € .

Definition 2.18. [9] Let (X, 7, E) be a soft topological space and (F, E) € SS(X)g. Then (F,E) is
said to be,

(1) Pre open soft set if (F, E)Cint(cl(F, E)),

(2) Semi open soft set if (F, E)Ccl(int(F, E)),

(3) a-open soft set if (F, EB)Cint(cl(int(F, F))),

(4) p-open soft set if (F, E)Ccl(int(cl(F, E))).

The set of all pre open (resp. semi open, a-open, (3-open) soft sets is denoted by POS(X) (resp.
SOS(X), aOS(X), BOS(X)) and the set of all pre closed (resp. semi closed, a-closed, 3-closed) soft
sets is denoted by PCS(X) (resp. SCS(X), aCS(X), BCS(X)).
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Definition 2.19. [9] Let (X, 7, E) be a soft topological space, (F, E) € SS(X)g . Then, the pre soft
interior (resp. semi soft interior, a-soft interior, §-soft interior) of (F, E) is denoted by PSint(F, E)
(resp. SSint(F, E), aSint(F, E), 8Sint(F, E) ), which is the soft union of all pre open (resp. semi
open, a-open, (-open) soft sets contained in (F, E).

Definition 2.20. [9] Let (X, 7, E) be a soft topological space, (F, E) € SS(X)g . Then, the pre soft
closure (resp. semi soft closure, a-soft closure, -soft closure) of (F, E) is denoted by PScl(F, E) (resp.
SScl(F, E), aScl(F, E), 3Scl(F, E) ), which is the soft intersection of all pre closed (resp. semi closed,
a-closed, (-closed) soft sets containing (F, E).

Theorem 2.1. [9] Let (X, 7, E) be a soft topological space and (F, E) € SS(X)g. Then

(1) (F,E) e SOS(X) if and only if cl(F, E) = cl(int(F, E)).

(2) If (G, E) € OS(X). Then, (G, E)Nel(F, E)Ccl((F, E)N(F, E)).

(3) If (H,E) € CS(X). Then, int[(G, E)J(H, E)|Cint(G, E)U(H, E).

Definition 2.21. [9] Let (X, 71, A) and (Y, 72, B) be soft topological spaces. Let v : X — Y and

p: A — B be a mappings. Let f,, : SS(X)a — SS(Y)p be a function. Then, the function f,, is
called,

(1) Pre-continuous soft (Pre-cts soft) if f;.'(G,B) € POS(X)
N (G, B) € Ta.

(2) a-continuous soft (a-cts soft) if f,.}(G, B) € aOS(X)
4 (G, B) € To.

(3) Semi-continuous soft (semi-cts soft) if f,.'(G,B) € SOS(X)
A (G, B) € To.

(4) p-continuous soft (B-cts soft) if f,.'(G, B) € OS(X)
A (G, B) € To.

3 b-open soft sets in soft topological spaces

Definition 3.1. Let (X, 7, E) be a soft topological space and (F, E) € SS(X)g. Then (F, E) is called
a b-open soft set if (F, EB)Ccl(int(F, E))U

int(cl(F,FE)) and its complement is said to be b-closed soft set. The set of all b-open soft sets is
denoted by BOS(X, 7, E), or BOS(X) and the set of all b-closed soft sets is denoted by BCS(X, 7, E),
or BCS(X).

Theorem 3.1. Let (X, 7, E) be a soft topological space. Then
(1) Arbitrary soft union of b-open soft sets is b-open soft.

(2) Arbitrary soft intersection of b-closed soft sets is b-closed soft.

Proof.

Hence, (J; Fjr € BOS(X)V j € J.
(2) By a similar way.
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Remark 3.1. A finite soft intersection of b-open soft sets need not to be b-open soft, as shown in the
following example. Therefore, the family of all b-open soft sets may be fail to be soft topology.1

Example 3.1. Suppose that there are three computers in the universe X given by X = {hy, ho, h3}.
Let E = {e1,ea} be the set of decision parameters which are stands for ”expensive” and ”beautiful”
respectively.

Let (F1, E) be a soft set over the common universe X, which describe the composition of the computers,
where

F(61) = {hlthLL F(ez) = {hg,hg}.

Then 7 = {X, ¢, (F, E)} defines a soft topology on X. Hence, the sets (G, E) and (H, E') which defined
as follows:

Gler) ={h1,ho}, Gle2) = {h},

H(e1) = {h2,hs}, H(e2) ={h}, )

are b-open soft sets of (X, 7, E), but their soft intersection (G, E)N(H, E) = (M, E) where M(e;) =
{h2}, M(ez) = {h1} is not b-open soft set.

Remark 3.2. Note that the family of all b-open soft sets on a soft topological space (X, 7, E) forms
a supra soft topology, i.e 7 contains X, ¢ and closed under arbitrary soft union.

Definition 3.2. Let (X, 7, E) be a soft topological space, (F, E) € SS(X)g and z, € SS(X)g. Then

(1) . is called a b-interior soft point of (F, E) if 3 (G, E) € BOS(X) such that z. € (G, E)C(F, E),
the set of all b-interior soft points of (F, F) is called the b-soft interior of (F, F) and is denoted

by bSint(F, E)) consequently, bSint(F, E)) = J{(G, E) : (G, E)C(F, E), (G,E) € BOS(X)}.

(2) . is called a b-closure soft point of (F, E) if (F, E)N\(H,E) # ¢ V (H, E) € BOS(X). The set of
all b-closure soft points of (F, E) is called b-soft closure of (F, E) and is denoted by bScl(F, E))
consequently, bScl(F, E)) = {(H,E) : (H,E) € BCS(X), (F,E)C(H,E)}.

Theorem 3.2. Let (X, 7, E) be a soft topological space. Then, the following properties are satisfied
for the b-soft interior operators, denoted by (bSint).

(1) bSint(X) = X and bSint(¢) = ¢.

(2) bSint(F,E)C(F,E).

(3) bSint(F, E) is the largest b-open soft set contained in (F, E).

(4) if (F, E)C(G, E), then bSint(F, E)CbSint(G, E).

(5) bSint(bSint(F, E)) = bSint(F, E).

(6) bSint(F, E)UbSint(G, E)CbSint|(F, B)J(G, E)].

(7) bSint[(F, EYN(G, E)|CbSint(F, E)NbSint(G, E).

Proof. Immediate.

Theorem 3.3. Let (X, 7, E) be a soft topological space. Then, the following properties are satisfied
for the b-soft closure operators, denoted by (bScl).

(1) bScl(X) = X and bScl(¢) = .

(2) (F,E)CbScl(F, E).

(3) bSCl(F, E) is the smallest b-closed soft set contains (F, E).
(4) if (F, E)C(G, E), then bScl(F, E)CbScl(G, E).

(5) bScl(bScl(F, E)) = bScl(F, E).

(6) bScl(F, E)UbScl(G, E)CbScl|(F, E)J(G, E)].

(7) bScl[(F, E)N(G, E)|CbScl(F, B)AbScl(G, E).

Proof. Immediate.
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Theorem 3.4. Let (X, 7, E) be a soft topological space. Then, the following properties are satisfied:
(1) PScl(F,E) = (F, E)Ucl(int(F, E)).

(2) PSint(F,E) = (F, E)Nint(cl(F, E)).

(8) aScl(F,E) = (F, E)Ucl(int(cl(F, E))).

(4) aSint(F, E) = (F, E)Nint(cl(int(F, E))).

(5) SScl(F,E) = (F, E)Uint(cl(F, E)).

(6) SSint(F,E) = (F,E)Ncl(int(F, E)).

(7) BScl(F,E) = (F, E)Uint(cl(int(F, E))).

(8) BSint(F,E) = (F, E)Ncl(int(cl(F, E))).

Proof. We shall prove only the first statement, the other cases are similar. Since cl(int[(F, E)Ucl(int(F, E))C
cint(F, E)Ucl(int(F, E))] = cl(int(F, E))Ucl(int(F, E)) = cl(int(F, E))C(F, E)Ucl(int(F, E)) from
Theorem 2.1 (3). This means that, (F, E)Ucl(int(F, E)) is a pre closed soft set containing (F, E).
So, PScl(F, E)C(F, E)Ucl(int(F, E)). On the other hand, PScl(F, E) is pre closed soft. So, we have
cl(int(F, E))C cl(int(PScl(F, E)))CPScl(F, E). Hence, (F, E)Ucl(int(F, E))CPScl(F, E). Therefore,
PScl(F,E) = (F, E)Ucl(int(F, E)). The rest of the proof by a similar way.

Theorem 3.5. Let (X, 7, E) be a soft topological space. Then, the following properties are satisfied:
(1) PScl(PSint(F,E)) = PSint(F, E)Jcl(int(F, E)).
(2) SScl(Sint(F,E)) = SSint(F, E)Ucl(int(cl(F, E))).

Proof.

(1) Since cl(int[PSint(F, E)Ocl(int(F, E))])Cecllint(PSint(F, E))Ucl(int(F, E))] = cl(int(PSint(F, E)))
Ocl(int(F, E)) = cl(int(F, E))CPSint(F, E)Ucl(int(F, E)) from Theorem 2.1 (3). This means
that, PSint(F, E)Ucl(int(F, E)) is a pre closed soft set containing PSint(F, E). So, PScl(PSint(F, E))
CPSint(F, E)Ucl(int(F, E)). On the other hand, PScl(PSint(F, E)) is the largest pre closed
soft set containing PSint(F, E). Hence, PSint(F, E)Ucl(int(F, E))CPScl(PSint(F, E)). There-
fore, PScl(PSint(F,E)) = PSint(F, E)Ucl(int(F, E)).

(2) By a similar way.

Theorem 3.6. Let (X, 7, E) be a soft topological space. Then, the following are equivalent:
(1) (F,E) is a b-open soft set.

(2) (F,E)= PSint(F, E)USSint(F, E).

(3) (F,E)CPScl(PSint(F,E)).

Proof.

(1) = (2) Let (F, E) be a b-open soft set. Then, (F, E)Ccl(int(F, E))
Uint(cl(F, E)). By Theorem 3.4, PSint(F, E)USSint(F, E) = [(F, E)Nint(cl(F, E))|0[(F, E)Ncl(int(F, E))] =
(F, E)Alint(cl(F, E))Ucl(int(F, E))] = (F, E).

(2) = (3) (F,E) = PSint(F,E)USSint(F, E) = PSint(F, E)U[(F, E)Acl(int(F, E))|]C PSint(F, E)Ucl(int(F, E)) =
PScl(PSint(F, E)), from Theorem 3.4 (6) and Theorem 3.5 (1).

(3) = (1) (F,E)CPScl(PSint(F,E)) = PSint(F, E)Ucl(int(F, E))Cint(cl(F, E))Ucl(int(F, F)), from
Theorem 3.4 (1) and Theorem 3.5 (1).
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4 Relations between b-open soft sets and some types
of open soft sets of soft topological spaces

In this section, we introduce the relations between b-open soft sets and some special subsets of a soft
topological space (X, 7, E) mentioned in [9)].

Theorem 4.1. In a soft topological space (X, 7, E), the following statements hold,

(1) Every open (resp. closed) soft set is b-open (resp. b-closed) soft.

(2) Every pre open (resp. pre closed) soft set is b-open (resp. b-closed) soft.

(3) Every semi open (resp. semi closed) soft set is b-open (resp. b-closed) soft.

(4) Every b-open (resp. b-closed) soft set is -open (resp. -closed) soft.

Proof. We prove the assertion in the case of b-open soft set in (4), the other case is clear.
Let (F,E) € BOS(X). Then, (F, E)Cint(cl(F, E))Ucl(int(F, E))

Cel(int(cl(F, E)))Ucl(int(F,
= cl[int(cl(F, E))O nt(F, F)]
Ccl(int[cl(F, E)Uint(F, E)])
= cl(int(cl[(F, E)])).

E))

Therefore, (F, E) € BOS(X).

Remark 4.1. It is obvious that POS(X)USOS(X) C BOS(X) C fOS(X). The following examples
shall show that theses implications can not be reversed and the converse of Theorem 4.1 is not true in
general.

Examples 4.1. (1) In Example 3.1, the soft set (G, F) is b-open soft set, but it is not open soft.

(2) Suppose that there are four alternatives in the universe of dresses X = {hy, ha, h3, hs} and consider
E = {e1(cotton), ea(woollen)} be the set of parameters showing the material of the dresses.Let
(F\,E),(Fy, E),(Fs, E), (Fy, E) be four soft sets over the common universe X which describe
the goodness of the dresses, where
Fi(er) ={m}, Fi(e2) = {ha},

Fy(er) = {h2}, Fo(e2) = {h},

Fs(e1) = {h1,h2}, Fs(e2) = {h1,ha},

F4(€1) = {h1~7h~27h4}7 F4(€2) = {h17h27h4}.

Then 7 = {X, ¢, (F1, E), (Fs, E), (F3, FE), (Fy, E)} defines a soft topology on X. Hence, the soft
set (G, E') which defined by;

G(e1) = {h1,ha},  G(ez) = {ha, hq} is b-open soft set, but it is not pre open soft.

(3) In Example 3.1, the soft set (H, E) is b-open soft set, but it is not semi open soft.

(4) Suppose that there are four alternatives in the universe of houses X = {hq, ha, h3, hs} and consider
E = {e1,ea} be two parameter ”quality of houses” and ”wooden” to be the linguistic variable.
Let (F1, E), (Fa, E), (F5, E) be three soft sets over the common universe X which describe the
goodness of the houses, where
Fi(er) ={ha}, Fi(e2) = {h1, ha},
Fy(er) = {h1,ha}, Fa(e2) = {ha},
Fg(el) = {h17~h2l h,4}, F3(62) = {h17h27h4}.
Then 7 = {X, ¢, (F1, E), (Fa, E), (Fs, E)} defines a soft topology on X. Hence, the soft set
(G, E) which defined by;
G(e1) ={h1}, G(ez) ={hs} is S-open soft set of (X, 7, F), but it is not b-open soft.

Corollary 4.1. For a soft topological space (X, 7, E') we have:



Journal of New Theory 2 (2015) 8-18

05(X) s POS(X)

! !
a0S(X) —> SOS(X) — BOS(X) — BOS(X)

Proof. It is follows from Theorem 4.1 and [[9], Remark 4.2].

Theorem 4.2. Let (X, 7, F) be a soft topological space and (F, F) € SS(X

hold:

(1) bSint(F¢,E) = X — bScl(F, E).

(2) bScl(F¢,E) = X — bSint(F,E)).

Proof.

(1) X—bScl(F,E) = [N{(G,E) : (F,
BOS(X)} = bSint(F¢, E).

(2) X—bSint(F,E) = [H{(G,E) : (G, E)C(F,
BCS(X)} = bScl(F¢, E).

Theorem 4.3. Let (X, 7, E) be a soft topological space and (G, E) € BOS(
(1) If (F,E) € OS(X). Then, FENGg € BOS(X).
(2) If (F,E) € aOS(X). Then, FgNGg € BOS(X).

Proof.

(1) Let (F,E) € OS(X) and (G, E) € BOS(X). Then,
(F,E)N(G, E)Cint(F, )ﬁ[c~ (int(G, E))Uint(cl(G, E))]
= [int(F, E) ~cl( nt(G, ))]U[mt(F E)Nint(cl(G, E))]

Ccllint(F, E)Nint(G E)]Umt[mt(F E)Ncl(G, E)]

Cel(int[(F, E)N(G, E)])U int(cl[(F, E)N(G, E))).

from Theorem 2.1 (2). Therefore, FgNGg € BOS(X).

(
(2) Let (F,E) € aOS(X) and (G, E) € BOS(X). Then,
(F, B)A(G, E)Cint(c (mt(F E)))ﬁ[cl(mt(G E))Uint(cl(G, E))]
[mt(cl(mt(F E))) cl(
)
)

)Ncl(int(G E)N)] [int(cl(int(F, E)))Nint(cl(G, E))]
gcl[mt(cl(znt( F E ))~ﬂ nt(G, E)|Uint[cl(int(F, E))Nint(cl(G, E))]
Cel(int[cl(int(F, E))Nint(G, E)])Uint(cl[int(F, E)Nint(cl(G, E))])
Cel(int(cl[int(F, B Nin t(G, )])2 int(cl(intlint(F, E)Nel(G, E)]))
Cel(int(cl(int[(F, E)N(G, )]))) int(cl(int(cl[(F, E)YN(G, E)])))

Cel(int|(F, E)N(G, E)])Vint(cl[(F, E)N(G, E))).
from Theorem 2.1 (2). Therefore, FgNGE € BOS(X).

Proposition 4.1. Let (X, 7, E) be a soft topological space and (F, E) € BOS(X

(1) If int(F, E) = ¢, then (F, E) is a pre open soft set.
(2) If cl(F, E) = ¢, then (F, E) is a semi open soft set.

Proof. Obvious.

Proposition 4.2. Let (X, 7, F) be a soft topological space and (F,FE) € SS(X

BCS(X) if and only if cl(int(F, E))Nint(cl(F, E))C(F, E).

Proof. Obvious.

15

)g. Then the following
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Theorem 4.4. Let (X, 7, E) be a soft topological space and (F, E) € SS(X)g. Then, the following
properties are satisfied:

(1) bSCl(F, E) = Scl(F, E)APSel(F, E).
(2) bSint(F, E) = Sint(F, E)UPSint(F, E).

Proof.

(1) Since bScl(F, E) is a b-closed soft set. Then, cl(int(bScl(F E))Nint(cl(bScl(F, E)))CbScl(F, E).
It follows that, cl(int(F, E))Nint(cl(F, E))CbScl(F, E). So, (F, )O[cl(int(F, E))Nint(cl(F, E))]
C(F, E)UbScl(F, E) = bScl(F, E). Hence, [(F, E)Ocl(mt(F E))] [(F, E)Uint(cl(F, E))]
= Scl(F, E)APScl(F, E), from Theorem 3.4. This means that, Scl(F, E)A\PScl(F, E)CbScl(F, E).
The reverse inclusion is obvious from Remark 4.1.

(2) By a similar way.

5 b-soft continuity

Definition 5.1. Let (X, 11, 4) and (Y, 72, B) be soft topological spaces. Let u: X — Y andp: A — B
be mappings. Let fp, : SS(X)a — SS(Y)p be a function. Then, the function f, is called a b-
continuous soft (b-cts soft) if f,,'(G, B) € BOS(X)V (G, B) € 7.

Theorem 5.1. Let (X, 7, A) and (Y, 7*, B) be soft topological spaces. Let u: X - Y andp: A — B
be mappings. Let fp, : SS(X)a — SS(Y)p be a function.Then, the following are equivalent:
(1) fpu is b-continuous soft function.
(2) f,.(H,B)e BCS(X)V (H,B) € CS(Y).
(3) Fyu(bSCA(G, A) C el (fyu(G, A) ¥ (G, A) € SS(X) .
(4) bScl(f,,!(H,B)) C fy.!(cl;-(H,B)) vV (H,B) € SS(Y)p.
(5) fol(int- (H, B)) C bSint(f,,}(H, B)) ¥ (H, B) € SS(Y)p.
Proof.

(1) = (2) Let (H, B) be a closed soft set over Y. Then, (H,B)’ € OS(Y) and f,,!(H, B) € BOS(X)
from (1). Since f,/(H,B) = (f,,}(H,B))" from [[29], Theorem 3.14]. Thus, f,.'(H,B) €
BCS(X).

(2) = () et (G,4) € SS(X)a. Since (G, A Sy (G ADESZ clr- (G, A)) € BES(X)
from (2) and [[29], Theorem 3.14]. Then (G, A)CbScl(G , A)C St (clre (fpu(G, A))).  Hence,
fpu(bScl(G,A))g u(fo (cloe (fpu(G, A)))) Sl (fpu(G, A))) fro [[ 9], Theorem 3.14]. Thus,

)Cel-

fpu(bScl(G, A) (fpu(G, A)).
(3) = (4) Let (H,B) € SS(Y )B and (G, A) = fﬁ (H, B). Then fpu(b:SYclfpj}(H B))Ccl (fpu (fpu1~(H,B)))
From (3). Hence, bSCl(f (H, B))Cfpu (fpu(bSCl(fpu (H, B))))gfp_ul(ClT (fpu( pu( B)) gf ul(ClT (H,B))

from [[29], Theorem 3.14]. Thus, bScl(f,,' (H, B))Cfpu (cly+(H, B)).

(4) = (2) Let (H, B) be a closed soft set over Y. Then bScl(f,,, L(H, B))Cfpu (cl«(H,B)) = f,,}(H,B) Y (H,B) €
SS(Y )B from (4). But clearly, f, (H B)CbScl(f,, (H,B)). This means that, Ll(H,B) =
bScl(f,,! (H, B)), and consequently fou (H,B) € BCS (X).

)

(1) = (5) Let (H B) € SS(Y)p. Then, f, ! (int.-(H, B)) € BOS(X) from (1). Hence, f,,!(int.-(H, B)) =
bSint(fy,lint - (H,B))Csznt(f L(H, B)). Thus, f@l(intT*(H,B))Csznt(f '(H, B)).
(5) = (1) Let (H, B) be an open soft set over Y. Then int,-(H, B) = (H, B) and f, ! (int,-(H, B)) =

fou ((H, B))Csznt(fpu (H,B)) from (5). But, we have bSint(f&}(H,B))éfpj}(H, B). This
means that, bSint(f,,'(H, B)) = f,,'(H, B) € BOS(X). Thus, f,, is continuous soft function.
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Theorem 5.2. Let (X, 7, A), (Y, 7%, B) be soft topological spaces and fp, : SS(X)a — SS(Y)p be a
function. Then

(1) Every continuous soft function is b-continuous soft function.
(2) Every pre-continuous soft function is b-continuous soft function.
(3) Every semi-continuous soft function is b-continuous soft function.

(4) Every b-continuous soft function is §-continuous soft function.
Proof. Immediate from Theorem 4.1.
On accounting of Theorem 5.2 and [[9], Corollary 5.1], we have the following corollary.

Corollary 5.1. For a soft topological space (X, 7, E) we have the following implications.

cts soft — Pre —cts soft
/ 1
a — cts soft — semi — cts soft — b — cts soft — B — cts soft

6 Conclusion

Topology is an important and major area of mathematics and it can give many relationships between
other scientific areas and mathematical models. Recently, many scientists have studied and improved
the soft set theory, which is initiated by Molodtsov [22] and easily applied to many problems having
uncertainties from social life. In this paper, a new class of open soft sets in a soft topological space,
called b-open soft sets, is introduced and studied. Moreover, the relations this class and these different
types of subsets of soft topological spaces ,which introduced in [9], is studied. In particular, this class
is contained in the class of (B-open soft sets and contains the classes of open soft sets, pre open soft
sets, semi open soft sets and a-open soft sets. Also, the authors introduce the concept of b-continuous
soft functions and study some of their properties in detail. As a consequence the relations of some soft
continuities are shown in a diagram. In the next study, we extend the notion of b-open soft sets to
supra soft topological spaces and and other topological properties. Also, we will use some topological
tools in soft set application, like rough sets.
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EXTRACTION OF DYESTUFF FROM ONION (Allium cepa L.) AND
INVESTIGATION OF DYEING PROPERTIES OF COTTON AND
WOOL FABRICS USING ( urea+tammonia+calcium oxalate ) MIXTURE
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Abstract - The dyestuff from onion (Allium cepa L.) was extracted using Soxhlet apparatus with distilled water.
Wool and cotton fabrics were pretreated with (urea+ammonia+calcium oxalate ) mixtures, artificial animal urine
system (AAUS) before dyeing. The solutions 0.1 M of CuSQ,, FeSO, and AIK(SO,),.12H,0 were used as
mordant agents. Pre-mordanting, together mordanting and last mordanting methods were applied at pH =4 and
pH= 7 for dyeing of fabrics. According to the fastness results, the best dyeing method was determined as
together mordanting method at pH=4 for wool and last mordanting method at pH= 7 for cotton fabric. The
results also reveal that the onion containing Quercetin dyestuff shall probably be an important raw material for
dyeing process of natural textile fibers.

Key words - Wool, Cotton, Oxalate, Dyeing, Fastness

1 Introduction

Natural dyes have high importance in producing hand made carpets, kilim and similar
industrial dyeing applications before of their advantage of high colour fastness, cheapness,
long term colour stability and authentic properties. Nowadays, the natural dyes are being
produced in Asian countries such as Turkey, Iran, India, Azerbaijani, and natural dye products
are being used most countries of the world [1].

There are many industrial plants which contain natural dyes such as onion(Allium cepa L.)
which has odoriferous, and is used as spices plant, commonly. Onion has major flavone
molecule which can be used as dyestuff of 3,5,7-tri hydroxy-2-(3°,4’ dihydroxy chromen-2-on
called as Quercetin. [2] (Figure 1). The molecule structure of Quercetin play important role on
dyeing process of natural fabric.

“Edited by Yakup Budak (Area Editor) and Naim Cagman (Editor-in-Chief).
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OH
OH O

Figure 1. Chemical structure of quercetin

The acquired dyeing and fastness properties of woolen and cotton fabrics are very important
characteristic in terms of user. The interaction of mordant compounds with wool and cotton
fibers effects the affinity to fibers of dyestuffs. Improving the dyeing and fastness properties
of textile fibers constitute the main subject of various studies [4,5,6]. In another different and
last study, Onal-1 mordant mixtures in alkalin medium had been applied to wool fiber,
feathered leather and cotton as a pretreatment process using Rubai tinctorum L. and
Hyperium scabrium L. [7,8].

This study evaluates the average of dyeing properties of wool and cotton fabrics using Onion
(Allium cepa L.) and the effect of (urea+tammonia +calcium oxalate) mixtures for each
fabrics.

2. Experimental

Preparation of mordant solutions and dye-bath

Wool and cotton samples were treated with artificial animal urine system (AAUS). The stem
and leaves of Onion (A.cepa) were supplied Plant Research Laboratory, Gaziosmanpasa
University, in June, 2010. It was dried in shade, cleaned and powdered by grinder before the
experiments. Extraction of A. cepa was performed by soxhlet apparatus with distilled water. 1
L of distilled water was used (for 100 g plant material) then the dyestuff was transferred to the
aqueous media.

Reagents and equipments

All chemicals used in this work, were purchased from Merck. Distilled water was used for all
steps. FeSO4.7H,0, AIK(SO,),.12H,0 and CuS0O4.5H,0 were purchased from Merck.
Extraction was performed by using soxhlet apparatus. Colour codes were determined by
Pantone Colour Guide. The wash-, crock- (wet, dry) and light fastness of all dyed samples
were established according to ISO 105-C06 and to CIS, respectively, and fastnesses were
determined by Atlas Weather-ometer, a Launder-ometer and a 255 model crock-meter,
respectively [9].

Dyeing procedures
Dyeing procedures of wool and cotton samples were firstly treated with artificial animal urine

system (AAUS). The undyed materials were kept into AAUS included NH; (3%, v/v),
CaC,04 (3%, m/v) and urea (3%, m/v) for 24 h, at room temperature before dyeing

20
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procedures. At the end of the time, the samples rinsed with distilled water and dyed
according to the dyeing methods that mentioned below.

Pre-mordanting method

The undyed material (1 g) which was treated with willow solution and AAUS for 24 h at
room temperature, separately, was heated in 0.1 M mordant solution (100 mL) for 1 h at 90°C.
After cooling of sample, it was rinsed with distilled water and put into dye-bath solution (100
mL). It was heated at 90°C for 1 h, at the end of the period, the dyed material removed, rinsed
with distilled water and dried.

Together-mordanting method

Both mordant (in solid state which equivalent to 0.1 M mordant solution) and dyestuff
solution poured into a flask and the sample placed in this mixture. The complication was
heated at 90°C for 1 h. After cooling, it was rinsed and dried.

Last-mordanting method

On the contrary to pre-mordanting method, the undyed material (1 g) was first treated with
dyestuff solution for 1 h at 90°C. After cooling the sample, it was rinsed with distilled water

and put into 0.1 M mordant solution (100 mL) and heated for 1 h at 90°C. Finally, the dyed
material was rinsed with distilled water and dried.

3. Results and Discussion
Proposed dyeing mechanism

As the hydroxy (-OH) and carbonyl (C=0) groups forms coordine covalent bonds with
mordant cation, such as Cu®* (Figure 2, Figure 3 and Figure 4).

The dyeing mechanisms of wool with Salvigenin by pre-mordanting (1), together-mordanting
(2) and last-mordanting (3) methods can be considered as follows [10] :

(1) WOool.....ccooovirererrnne. Mordant (Me™)........ccceuevrennee. Dyestuff

Figure 2. Proposed mordant-dye complex according to pre-mordanting method in dyeing of wool fibers

21
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(2) Dyestuff...................... Mordant (Me™).......c..coceue... Dyestuff

Mel -~

Figure 4. Proposed mordant-dye complex according to last-mordanting method in dyeing of wool fibers

Because of cotton has cellulosic structure, coordine covalent bonding occurs between
CH,0- groups of cellulose and metal cation. The suggested mechanism is given below
(Figure 5)

The variation of average fastness for wool with respect to the mordant agent at Fig.6 and
the variation of average fastness for cotton with respect to the mordant agent at fig.7.

As seen from the curves in Fig. 6 the average fastness for wool samples decreases in the
order of Fe(1l)>Cu(I)>AI(lI1). Best values for wool samples obtained by using Pre-
mordanting method with Fe(Il) and Al(111) mordants.

It can be clearly observed from the Fig.7, there is no considerable difference between

together- and last-mordanting method with the use of Fe(Il) and Al(111) mordants in dyeing
of cotton fibers.

22



Journal of New Theory 5 (2015) xx-yy 20

In general, from the Figures 6 and 7, the most effective mordant agent is Fe(ll) and the
most effective dyeing procedures are together- and last-mordanting method. This situation
can be explained by the high stability of Fe(ll) complex. Based on the results, it can be
noted that treatment of natural fibers with AAUS assists to strenght the coordinate covalent
bonding of Fe(ll) salt to natural fiber.

Figure 5: Proposed mordant-dye complex according to together-mordanting method in dyeing of cotton

When evaluated the dyed wool samples, green , brown and its tones were obtained in the
presence of pre- and together-mordanting methods by CuSQO, and FeSO, salts, and yellow
tones were obtained by AIK(SO4,),.12H,0 for three mordanting methods.

52 -
54 B % =
7] -
2 45 - L
E TR———— e ——— e
= 4.6
[T
4.4
' & pre-mord. & together-mord.  ® lsst-mord.
4.2 T T T
Fe(ll) AN cuql

MORDAHTS

Figure 6. The variation of average fastness for wool with respect to the mordant agent

20
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In dyeing of cotton samples, gray, light gray and cream tones were occured. According to
the experimental results, however, the colours fastness of dyed cotton and wool samples
have good degrees.

484 " ——
W -
g 4,5
7

4.4 - N
E i

21 | * pre-mard. & togethersmord. = last-mard. |

q T . |
Feqll) A1) culy

MORDANTS

Figure 7. The variation of average fastness for cotton with respect to the mordant agent

The effect of AAUS was explained by Onal in 1996. Shortly, the components of AAUS
(ammonia+ urea+ oxalate) have a great importance on the fastness of dyed fibers [10].
Here, ammonia helps the expanding of fiber misels so it facilitates the penetration of dye to
the fiber. Urea serves as a pH regulator, and as last, oxalate plays an important role during
the formation of complex structure which occurs between dye and natural fiber. It makes
this complex very stable, and so the fastness values of the dyed samples increase in the
presence of AAUS.

All the fastness values and colour codes are presented in Table I, Table Il, for wool and
cotton samples, respectively.

Table 1. Fastness values and color codes of dyed wool fabric (average values)

Crock Fastness
Mordant Dyeing Method Wash-Fastness Wet Dry fnght
astness
FeSO,.7H,0O Pre-mordanting 4 5 5 6
Together-mordanting 4-5 5 5 6-7
Last-mordanting 4-5 5 5 6
CuS0,.5H,0 Pre-mordanting 4 5 5 6
Together-mordanting 3 5 5 7
Last-mordanting 4-5 4-5 4-5 6
AIK(S0,),.12H,0 | Pre-mordanting 3 5 5 6-7
Together-mordanting 3-4 5 5 7
Last-mordanting 4-5 4-5 4-5 6-7

It can be clearly seen that wet and dry fastness values are very good for dyed wool and
cotton fibers .

21
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Table 2. Fastness values and colour codes of dyed cotton fabric (average values)

22

Crock Fastness

Mordant Dyeing Method Wash-Fastness Wet Dry Light
fastness

FeS0O,.7H,0 Pre-mordanting 5 5 5 5-6
Together-mordanting 3-4 5 3-4 5-6
Last-mordanting 5 5 5 6-7

CuS0,.5H,0 Pre-mordanting 4-5 5 4-5 6
Together-mordanting 4-5 5 4 5-6
Last-mordanting 5 5 5 6-7

AIK(S0O,),.12H,0 | Pre-mordanting 4 5 5 5
Together-mordanting 3-4 4 4 5-6
Last-mordanting 5 5 5 6-7

Consequently, the best dyeing conditions of wool materials are obtained with Fe(ll) and
Cu(Il) mordants using pre- and together mordanting method. Generaly green and brown
colour tones were obtained for wool samples. On the contrary to wool, the highest fastness
values obtained for cotton fibers with Fe(ll) according to all mordanting methods. The
colours of cotton fibers are gray, yellow and cream tones. In addition, AAUS contributes

the brightness of natural fibers dyed samples.

A. cepa may be evaluated as an important natural dyestuff source. However, AAUS which
called as Onal-1 mordant system, may be used as pre- mordanting mixtures for cellulosic
and protein fibers to increase the fastness and brightness of the textile products.
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1 Introduction

In 1980, Nikodem [13] introduced the convex stochastic processes in his article. Later in 1995, Skowron-
ski [9] presented some further results on convex stochastic processes. Moreover, in 2011, Kotrys [7] de-
rived some Hermite-Hadamard type inequalities for convex stochastic processes. In 2014, Maden et.al.
[24] introduced the convex stochastic processes in the first sense and proved Hermite-Hadamard type
inequalities to these processes. Also in 2014, Set et.al. [25] presented the convex stochastic processes
in the second sense and they investigated Hermite-Hadamard type inequalities for these processes.
Moreover, in recent papers [22, 23], strongly A\-GA-convex stochastic processes and preinvex stochastic
processes has been introduced.

A function f : I — R, where I C R is an interval, is said to be a convex function on I if the
inequality

fltz+ (1 =t)y) <tf(x) + (1 —1)f(y) (1)

holds for all z,y € I and t € [0,1]. If the reversed inequality in (1) holds, then f is concave. For some
recent results related to this classic result, see the books [2, 4, 5, 6] and the papers [14, 15, 16, 17, 18,
19, 20, 21] where further references are given.

** Edited by Ahmet Ocak Akdemir and Naim Cagman (Editor-in-Chief).
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Let f: I CR — R be a convex function defined on the interval I of real numbers and a < b. The
following double inequality

b
f(a;b)ébia/ f(x)dxgw o

is well known in the literature as Hadamard’s inequality. Both inequalities hold in the reversed direction
if f is concave.

Recently, log-convex functions have gained much interest in mathematics and its sub-areas such
as optimization theory. Let f: I — R be a function where I is an interval of real numbers. f is said
to be convex on [ if the following inequality holds for all z,y € I and A € [0, 1].

fAz+ 1 =XNy) <Af(z) + (1= A)f(y) (3)

A function f : I — [0,00) is said to be log-convex (or multiplicatively convex) if log(f) is convex or
namely the following inequality

FO+ (1= Ny) < [f@)P[f ) (4)

holds for all z,y € I and A € [0, 1]. Moreover, any log-convex function is a convex function since the
inequality

F@P )Y < Af(2) + (1= A f(y) (5)

holds for all z,y € I and A € [0,1]. [1, p.7]
Let f: I CR — [0,00) be a log-convex function defined on the interval I of real numbers and
a < b. The following double inequality

—a

b
FE) < oo lbl / lnf(x)dx] < VI@0) (6)

is well known in the literature as Hermite-Hadamard inequality for log-convex functions. Both in-
equalities hold in the reversed direction if f is concave.[18]

Furtermore, in [16], Dragomir and Mond proved that the following inequalities of Hermite—
Hadamard type hold for log-convex functions:

a+b 1 b
f< 5 ) exp [ML In f(t)dt

< bia/abG(f(t)+fa+b—t)dt
< bia/abfa)dt
< L(f(a),f(b))

More information about log-convex functions and their properties can be found in [1, 10, 11, 12].

In this paper we propose the generalization of convexity of this kind for stochastic processes.

Let (92, F, P) be an arbitrary probability space. A function X : Q — R is called a random variable
if it is F — measurable. Let (Q, F, P) be an arbitrary probability space and let T C R be time. A
collection of random variables X (t,w), t € T with values in R is called a stochastic process. If
X (t,w) takes values in S = R, it is called a vector — valued stochastic process. If the time 7" can be
a discrete subset of R, then X (¢,w) is called a discrete time stochastic process. If time is an interval,
R* or R, it is called a stochastic process with continuous time. For any fixed w € Q, one can regard
X (t,w) as a function of ¢. It is called a sample function of the stochastic process. In the case of a
vector — valued process, it is a sample path, a curve in R?. Throughout the paper, we restrict our
attention stochastic processes with continuous time, i.e. , index set T = [0, c0).
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Definition 1.1. Let (2, A, P) be a probability space and T C R be an interval. We say that a
stochastic process X : T'x Q2 — R is

i. convez if
XM+ 1=XNv,) <AX (u,))+ (1 =N X (v,-)

for all u,v € T and A € [0,1]. . This class of stochastic process are denoted by C.
it. A—convex (where X is a fixzed number in (0,1) if
XAu+(1T=XNv,) <X (u, )+ (1 =X X(u,-)
for all u,v € T and X € (0,1). This class of stochastic process is denoted by C\.
1. Wright-convex if
XAu+0=-Nv, )+ X(QT=Nu+,) <X (u,)+ X (v,-)
for all u,v € T and X € [0,1]. This class of stochastic process is denoted by W.

. Jensen-convex if

X(u—i—v’.) < X (u,) + X (v,-)
2 - 2

[7, 8,9, 13]

Clearly, C C C) C W and C% C C,, for all A € (0,1). [9]

Definition 1.2. Let (92, A, P) be a probability space and T C R be an interval. We say that the
stochastic process X : T x 2 — R is called

i. continuous in probability in interval T if for all to € T

P—lmX (t,) =X (t,")

t—to

where P — lim denotes the limit in probability;

71. mean-square continuous in the interval T if for all to € T

P— limE[X(t,) — X (to, )] =0

t—to
where E[X(t,-)] denotes the expectation value of the random variable X (t,-);
iti. increasing (decreasing) if for all u,v € T such that t < s,

X(ua') < X(Uf)a(X (ua) > X(U"))

. monotonic if it is increasing or decreasing;

v. differantiable at a point t € T if there is a random variable X'(t,-): T x Q2 — R

X ) - X .
X/(t, ) — P — lim (ta ) (th )
t—to t— tO

We say that a stochastic process X : T x 2 — R is continuous (differantiable) if it is continuous
(differantiable) at every point of the interval T. [7, 8, 9, 13]

Definition 1.3. Let (Q, A, P) be a probability space and 7' C R be an interval with E[X ()?] < oo
forall t € T. Let [a,b] CT, a =1ty <t; <..<t, =>bbe a partition of [a,b] and O € [tgp_1, tx] for
k =1,...,n. A random variable Y : @ — R is called mean-square integral of the process X (¢,-) on
[a, b] if the following identity holds:
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lim E[(X (0 (ty —tr_1) — Y)*] = 0.

b
/X(t, Vit =Y () (a.e.).

Also, mean square integral operator is increasing, that is,

Then we can write

7X(t7 )dt < /bZ(t, )t (a.e.),

where X (t,-) < Z(t,-) (a.e.) in [a,b] [3].

In throughout the paper, we will consider the stochastic processes that is with continuous time
and mean-square continuous.

Now, we give the well-known Hermite-Hadamard integral inequality for convex stochastic processes:

If X:T xQ — R is Jensen-convex and mean-square continuous in the interval T x €2, then for
any u,v € T, we have [7]

X(“;”’,.)_v_u/x St < 2w )+ X(v,) >+X( ) (8)

The main subject of this paper is to extend some well-known results concerning log-convex func-
tions to log-convex stochastic processes. Also, we investigate the relationship between log-convex
stochastic processes and convex stochastic processes. Moreover, we propose well-known Hermite-
Hadamard type inequalities for log —convex stochastic processes by the help of aritmetic and geometric
means.

2 Hermite-Hadamard Inequality For log —Convex
Stochastic Process

Definition 2.1. Let (2, A, P) be a probability space and T C R be an interval. We say that a
stochastic process X : T'x Q — [0, 00) is log—convex if

X As+ (L=Nt) < [X ()] [X (8] (9)

for all s,t € T and A € [0,1].
This class of stochastic process is denoted by Cj.

Proposition 2.2. If X : T'xQ — [0, c0) is a log-convex stochastic process, then X is convex stochastic
process. That is, C; C C for all A € [0,1].

Proof. The proof is obvious from (9) and the arithmetic-geometric mean inequality which is known as
the inequality \ Ly
(X (s, )] [X (&))" < AX (s,) + (1= A) X (8, 7) (10)

for all s,t € Tand X € [0, 1]. O

Proposition 2.3. Let f: T — [0,00) and X : T x 2 — [0,00) be a function and a stochastic process,
respectively. If f and X are convex and f is increasing, then f o X is convex.
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Proof. Since f and X are convex and f is increasing

(foX)(As+ (1—MN)t,-) X (As+(1=XN)t,-))
f()‘X (Sv) + (1 - )‘)X(t’ ))
Af(X (s,)) + (1= A) f(X (2,-))

A(foX) (s, )+ (1 =X (foX)(X(t))

IAIA

for all s,t € T and X € [0,1].
Let us recall the Hermite-Hadamard inequality

R(55) € oty [ e Kty

where X : T x €2 — R is a convex stochastic process on the interval 7' x Q, u,v € T and u < v. O

Note that if we apply the above inequality for the log—convex stochastic process X : TxQ — (0, 00)
, we have that

IH{XCL-;U")]S 1 /uvln[X(t?')]dtSln[X(u,~)]—2&—ln[X(v,~)] 1)

v—1U

from which we get

X(“;“,-) < exp [1/uvln[x<t,->]dt} < VX)X () (12)

v—u

which is an inequality of Hadamard’s type for log-convex stochastic process.

Let us denote by A(u,v) the arithmetic mean of the nonnegative real numbers, and by G(u, v) the
geometric mean of the same numbers.

Note that, by the use of these notations, Hadamard’s inequality (8) can be written in the form:

1

v—1u

X (A(u,v),-) < /U AX )+ X (u+v—t))dt < AX (u,) + X (v,-))

It is easy to see this as
v v
/ X(t,~)dt:/ X(u+v—t,-)dt
u u
We now prove a similar result for log-convex stochastic process and geometric means.

Theorem 2.4. Let X : T x Q — [0, 00) be a log-convex stochastic process on T x  and u,v € T with
u < v. Then one has the inequality:

1

v—Uu

X (A(u,v),-) < / GIX (1), X (u+v—t,))dt < G(X (), X (v,-) (13)

Proof. Since X is log-convex, we have that

X (As+ (1 =Nt < [X (s, )N [X (£,
for all A € [0,1] and

X ((L=N)s+At) < [X (s,)] VX (8]

for all A € [0,1].
If we multiply the above inequalities and take square roots, we obtain
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GXMs+(1-XNt,), X(1=Ns+X,) <G(X (u,"), X (v,-))
Integrating this inequality on [0, 1] over A, we get

/1 GX s+ (1= N 6), X (1= Ns 4+ M, ))dh < GOX (s ), X (0,)
0

If we change the variable ¢t := Au + (1 — A)v, A € [0,1], we obtain

/IG( s+ (1= A)t,), X (1= A)s + At, -))dA

vV—1Uu

= / G(X X (u+v—t,-))dt

and the second inequality in (13) is proved.
Now, by (9) , for A = %7 we have that

x (ﬁ%) < G(X (5,7),X (1))

for all u,v € T.
If we choose s := Au+ (1 — Nv, t := (1 — N)u+ v, we get the inequality

X (“ : ”,-) < GX (u+ (1= N, ), X (1= Nu+ v, ) (14)
for all A € [0,1]. Integrating this inequality on [0, 1] over A, the first inequality in (13) is proved. O

Corollary 2.5. With the above assumptions, v > 0 and X nondecreasing on 7' x {2, we have the
inequality:

X (G(u,v),") < / GX (t,), X (utv—t-))dt < GX (u,-), X (v,)) (15)

v—u
The following result offers another inequality of Hadamard type for convex stochastic process.

Corollary 2.6. Let X : T x Q — [0,00) be a convex stochastic process on T' x Q and u,v € T with
u < v. Then one has the inequalities:

1
< ln{

<

exp[X(t,~)+X(u—|—v—t,-)]dt

Proof. Define the mapping g : T'— (0, 00), g(t) = exp(X(¢,-)) , which is clearly log-convex on I.
Now, if we apply Theorem 2.4, we obtain

1 v
eXpX(u;U,) < " / Vexp X(t, )X (u+v —t,-)dt < \/exp X (u, )X (v,-),
which implies (16). O

The following theorem for log-convex stochastic process also holds.
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Theorem 2.7. Let X : T'x Q — (0, 00) be a log-convex stochastic process on T'x Q and u,v € T with

u < v. Then, one has the inequalities:

X(u+vv') <
5 <

IN

IN

<

exp[ lu/vln[ (t, )]dt}
v_u/ G(X (t,), X (utv—t,)dt
U_u/u X (t,-)dt

L(X (u,-), X (v,)),

where L (p, q) := ﬁ if p#£qand L(p,p):=p.

Proof. The first inequality in (17) was proved before. We now have that

GX(t,)+X(utv—t-) =expnG(X(t-)+X (utv—t-)

for all t € [u,v].

(17)

Integrating this equality on [u,v] and using the well-known Jensen’s integral inequality for the

convex mapping exp(-), we have that

U—U/ GX({t, )+ X(u+v—t-))dt

_ / exp[In (G (X (,-) + X (u+v—1,))]dt

/Uln(G(X(t,-)+X(u+v—t,~)))dt]

v—Uu

> exp
LV —u
M1

= exp
LV —u

= exp
_’U_

It is clear that

/” lnX(t,-)—&—lnX(u—i—v—t,-)dt}
“ 2

1 v
In X (¢,-)dt| .
L[ mxal

v v
/ lnX(t,-)dt:/ InX (u+v—t,-)dt.
u u

By the aritmetic mean -geometric mean inequality we have that

G(X (), X(u+v—t-)) <

from which, by integration, we get

/G
v—u

Xt,)+X(ut+v—t,-)
2

.t € [u,v]

X(u+v—t, ))dt<viu/ X (t,) dt

and the third inequality in (18) is proved.
To prove the last inequality, we observe, by the log-convexity of X, that

X (Mt (1= A)v,-) < [X ()] [X (0,

for all u,v €T.

Integrating (19) over A in [0, 1], we have

(18)
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/1X(/\U+(1—>\)v,-)d/\§/1 [X(u,-)]A[X(U,')]l_’\d/\.
0 0

As

/1X(>\u+(1—)\)v,~)d>\: ! /vX(t ) dt
0 UV—=U Jy

1
/0 X () X (0] dA = LX (), X (0]

the theorem is proved.

and

30

O

Corollary 2.8. Let X : T x 2 — R be a convex stochastic process on T'x Q) and u,v € T with u < v.

Then one has the inequalities:

wfe(252)] = ol v

< /ueXp[ (t, )+X2(u+v—t)

v—1Uu

IA

v_u/vexp[X(t,~)]dt
E(X(u")’X(Ua'))»

IN

where FE is the exponential mean, i.e.,
expp — expq
E(p,q) := T for p # ¢ and E(p,p) = p.

Remark 2.9. Note that the inequality

eXp( 1U/Uln[ (t, )]dt)

v—u/ G(X X (u+v—t,))dt

viu/u X (t

IN

Ja

holds for every strictly positive and integrable stochastic process X : I x 2 — R and the inequality

exp{ ! /lnX(t,-)dt]
v—u J,

- ! /”exp(X(t,-)+X2(u+v—t,~)>dt

v—u
/ exp X (t,-)dt

v—1u J,

<

holds for every X : T' x 2 — R an integrable stochastic on [u,v] .

(23)

(24)

Taking into account that the above two inequalities hold, we can assert that for every X : T'x Q —

(0,00) an integrable stochastic process on [u,v] we have the inequalities:
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exp (1 / In X (¢, ~)dt> (25)

1{fGMwaw+wmwﬁ

IA

v—1Uu

1 v
X (t,-)dt
— [ xe
v

< ln[ ! /uepr(X(t,),X(u—&-v—t,))}dt

VvV—Uu

< ln[ ! /epr(t,)dt},
v—u J,

IN

which is of interest in itself.
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NUMERICAL METHODS FOR
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Abstract — This study is devoted to determining the eigenvalues and eigenfunctions of a discon-
tinuous Sturm-Liouville Problem. By modifying the finite difference method, we have developed a
numerical approximation to the eigenvalues and eigenfunctions.

Keywords — Sturm-Liouville, Discontinuous, Numerical Solution, Eigenvalues, Figenfunctions, Trans-
mission Conditions

1 Introduction

Many physical systems are connected to a Sturm-Liouville problem. The computation of eigenvalues of
Sturm-Liouville problems is therefore important to many problems in Mathematical Pyhsics. Sturm-
Liouville systems arise from vibration problems in continuous media with non-uniform properties, such
as the propagation of sonar in water and the seismic waves in the Earth [4]. In the classical sense, the
Sturm-Liouville problem is replaced by a first order differential equation that is solved using Shooting
methods. Added in this class are the Priifer phase methods ( [5] and [8]). In the recent years,
pursued with considerable success by a number of researchers including Pruess ( [9], [10]) and Paine
and de Hoog [7], a simpler problem is constructed by replacing the coefficients in the Sturm-Liouville
problem by piecewise constants. Anderssen and de Hoog [6] extend the results to the Liouville normal
form with general boundary conditions. Moreover, some important results in this field have also been
obtained for discontinuous Sturm-Liouville systems. It should be mentioned that O. Sh. Mukhtarov
and his colleagues [1, 2, 3] have constructed boundary value problems with discontinuities where an
eigenparameter appears not only in the differential equation, but also in the boundary and transmission
conditions.

The main goal of this study is to extend the finite difference method to a particular discontinuous
Sturm-Liouville problem.

Specifically, we shall compute approximations to the eigenvalues and eigenfunctions of a problem
with the following transmission and boundary conditions:

** Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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y” +dy = 0 z€[0,¢) U (c, 7 (1)
y(0) = y(m)=0 (2)
Tyler) = 7v2yle-) (3)

1.1 Finite Difference Method

Under certain conditions, we can use Taylor’s formulae:

y(x +h) =y(x) +y'(2)h + y/;(!x)h2+~~ (4)
and .y
oo —n) = y(a) —y/@n+ L2 )
Combining the two, we get
y(@ +h) +y(e —h) = 2y(z) +y" (2)h?, (6)

discarding all higher-order terms. Thus, to approximate y”(x), we can use the difference equation

Substituting this approximation into the Sturm-Liouville equation (1.1), we get

y(r —h) —2y(x) + y(z + h)

- ¥ ~ (). 3)
We now partition the interval [0, 7] into 0 = 29 < 1... < z§y < Tn4+1 = 7 nodes, where z; = jh and
h = §55. We seek a solution to the Sturm-Liouville problem on these nodes. Naturally, we let

y(zo) = y(0) =0
and

y(@n1) =y(m) =0

However, the solution is unknown at the interior points z;, j = 1,2,..., N.
By evaluating the difference equation 8 at x;, we obtain

—h72[y(w; — h) = 2y(;) + y(o; + )] = Ay(x;).

Because h is the increment between consecutive points on our partition, z; —h = x;_; and xz; + h =
x;41. Hence,
—h72 [y(wj—1) = 2y(a;) +y(w00)] = Ay(z;).

We now replace y(z;) with y; and iterate the equation

—h2lyio1 — 2y + Y] = My (9)

in order to find an approximate solution to the Sturm-Liouville problem.

It must be noted that y(x;) represents the ezact value of the Sturm-Liouville solution evaluated
at x;, while the variable y; represents the approximation to y(z;) at x;.

For j = 1, equation 9 becomes

—h7%[yo — 2y1 + 2] = A (10)
Similarly, for j = 2, 3, and 4, we get
—h7 2y — 2y +ys] = Aye,
—h7 2y —2ys +ya] = Ays,

—h7?[ys = 2ys+ys] = Aya
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Finally, for j = N, we get
—h7%[yn—1 — 2yn + Yn+1] = AYn. (11)

However, the boundary conditions require

Yo = y(z0) = y(0) =0,
yn+1 =y(xng1) = y(m) =0,

so equation 10 becomes —h 2 [—2y1 —|—y2] = Ay;. Similarly, equation 11 becomes —h 2 [yN_l —2yN] =
Ayn. The full set is a system of N equations in N unknowns.

22y —h %y, = Ay,

—h72y; +2h 2y —hT2ys = Ay,

—h72ys +2h2ys —h 2y, = Ay,
—h_2y3 =+ 2h_2y4 — h_2y5 = /\y4, (12)

—h2yn_1+2h%yy = Ayn.

This system can be written in matrix form as

[2h=2 —h2 0 0 0 (1 Y1
—h72 272 —h72 0 0 Yo Yo
0 —h72 2n72 —p2 0 Y3 Y3
0 0 —h2 2n2 0 i | = A |y (13)
L 0 0 0 0 2h=% | [y~ YN
By denoting
[2h=2 —h2 0 0 0 ] (1]
—h™2 2n2 —p2 0 Yo
0 —h2 2n2 —np2 0 L |
M=1 o 0 —h=2 2n2 0 and §= |y,
0 0 0 0 272 | yN

the system (13) can be written in the form

1.2 Neumann Conditions

Let us consider the same Sturm-Liouville equation, but this time attach a Neumann condition at the
right endpoint.

—y"(x) = My(z),  y(0)=0, ' (m)=0 (14)

Since we still have —y”(z) = Ay(z), we can re-use equation (9), repeated here for convenience.

—h 72 [yj—1 — 2y + Y1) = Ay

Because of the Neumann condition 3/(7) = 0, we do not know the value of the solution at the right
endpoint (i.e., we do not know y(m)). Therefore, if we partition the interval as above, we will need to
compute y1, yo, ..., ynv+1 instead of y1, y2, ..., yn. Solving this system requires the addition of an
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extra equation for the variable yn41. The resulting system looks like this:

—h™2[yo — 2y1 + y2] = Ay1,

-2

K2 [y1 — 2y + y3] = Aye,
K2 [y2 — 2ys + ya] = Ays,

—h 7 [ys — 2ys + y5| = Ay47 (15)
h? }

Ya —2ys + ys| =

—h72[yn—2 — 2yn41 + Ynt2] = AYnt1-

However, this gives us N + 1 equations in N + 3 unknowns. Because of the Dirichlet condition at the
left endpoint, we know that
Yo = y(zo) = y(0) = 0.
This condition eliminates the unknown yo. However, we will need to obtain an estimate for yy 2.
We can use a forward difference equation to approximate the first derivative:

vy yl@+h) —y(z)
(o) m =

Using h as the step size in our partition of [0, 7], we have

vy Y(@ien) — ()
y'(x5) = %

Using y; as an approximation of y(z;), we can write
r Yi+1 — Y5

n=T
or equivalently

Yj+1 = y; + hyj.
For j = N + 1, this gives us the equation yny2 = yn41 + hyly,. However, the Neumann condition
on the right endpoint of [0, 7] is

Ynt1 =Y (@n41) =y'(m) = 0.

Thus, we get yn12 = yn+1-
Substituting yo = 0 and yn42 = yn+1 into the first and last equations respectively of system (15)
gives us N + 1 equations in N + 1 unknowns:

—h7? =2y + o] = Ay
=2 [y1 — 2y2 + y3] = Ay
h™2[y2 — 2ys + 4] = Ays
—h7?[ys — 2ys + y5) = Aua
h=%[ys — 2ys + yﬁ} = A\ys

—h 2 [yn — yN+1} = AYN+1-

This system can be written in matrix form.

2h=2 —p2 0 0 Y1 Y1
~h=2 2n72 p72 0 Yo Y2
0 —h7% 2p72 0 ys | =x| ¥ |. (16)

0 0 0 o B2 |yna YN+1



Journal of New Theory 2 (2015) 33-42 37

By denoting

oh=2 —h2 0 0

—h2 2p=2 _p2 0 (&

0 —h2 2p°2 0 Y2
N=1o0 0 —h? 0 and §= | ¥

ST T S

the system (16) reduced to the form

2 A Numerical Method for Solving Discontinuous
Sturm-Liouville Problems

We now consider the Sturm-Liouville equation described in (1)- (3), which holds over the finite interval
[0, 7] except at one inner point ¢ € [0, 7.

First, we partition the interval [0, 7] such that z;_1 < ¢ < z; as in Figure 1. We then use equation
(9) to find an approximate solution at those points to the left of ¢: yo,y1,...,y;-1 at zo,z1,..., 21
by . Once y;_1 is known, the transmission condition (3) gives us a value for y;:

Y5 = —Yj5—
J " Jj—1

at x;, on the right-hand side of c¢. Finally, with y; known, the values y;41,...,¥n at 2;41,...,2, can
be calculated from equation (9).
To generalize this solution, consider the new variable Y:

‘ o
v, =% I# (17)
J 2 .

wYi-u J=7

where
J* = min{k|zr > c}.

System (12) then becomes

—h7?[Yy_1 — 2Yy + Yy 41| = AYy.
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for j =1,..., N. The matrix form of this system is written as follows:

r2 -1 0 0 0 0 71T1vi] Y,

-1 2 -1 0 0 0 Y, Y,
0o -1 2 —% 0 0 Ys Ys

p2| 0 0 -2 - 0 1 Ya] =x|Ya (18)
0 O 0 -2 0 Ys Y5
2
Lo 0 0 0 0 2 | LYn] RE

3 Numerical Illustration

Example 3.1. For N = 30, % = % and z9 < ¢ < x3, we consider the discontinuous Sturm-Liouville

problem:
—y"(x) = Ay(z) xe[0,c) U (c, 7] (19)
y(0) =y(m) =0
Y2y(cy) = nyle-)
By applying the transformation (17) we obtain the following system of linear equations:
—hT Yy —2Y1 + Yo| = AY;
—h~ [Yl —2Y5 + Y3] Yo
~h2[ Ry, oy, + Y4] -
!
~h 2[Ry, - 2y4 +Y5) =
V2
—h~ [Y4—2Y5+Y6] =
—h™2[Yag — 2Ya9 + Y31] = AY3o
This system can be written as the following matrix equation:
r2 -1 0 0 0 0 7T1v] (Y7 ]
-1 2 -1 0 0 0 Y, Y,
0 -1 a - 07 0 Y3 Y;
2 2
0 0 0 no2 0 Ys Y5
72
L0 0 0 0 0 2 | [Ya0] | Y30 |

For this system, the following MatLAB commands generate approximations to the eigenvalue and the
eigenfunctions, as shown in Figure 2.

vV =



Journal of New Theory 2 (2015) 33-42

Figure 2: The first two eigenfunctions
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Columns 1 through 5 Columns 29  through 30
-0.0253 0.0487 0.0703 -0.0917  0.1146 -0.2098 -0.2036
-0.0504 0.0954 0.1341 -0.1685  0.2005 0.1848 0.2154
-0.0749 0.1382 0.1857 -0.2181  0.2359 0.0470 -0.0243
-0.1974 0.3508 0.4404 -0.4645  0.4242 -0.4525 -0.3794
-0.1215 0.2054 0.2345 -0.2088  0.1350 0.1522 0.2250
-0.1430 0.2269 0.2273 -0.1515  0.0239 0.0922 -0.0483
-0.1630 0.2392 0.1993 -0.0696 -0.0932 -0.2334 -0.1739
-0.1814 0.2417 0.1529  0.0235 -0.1868 0.1134 0.2322
-0.1979 0.2343 0.0926 0.1129  -0.2335 0.1335 -0.0718
-0.2124 0.2173 0.0238 0.1839  -0.2215 -0.2310 -0.1563
-0.2247 0.1914 -0.0473  0.2251  -0.1539 0.0700 0.2371
-0.2347 0.1576 -0.1140  0.2299  -0.0476 0.1694 -0.0946
-0.2423 0.1174 -0.1702 0.1973 6 0.0707 -0.2191 -0.1370
-0.2474 0.0724 -0.2108 0.1328 0.1712 0.0236 0.2396
-0.2499 0.0245 -0.2321  0.0468 0.2287 0.1983 -0.1164
-0.2499 -0.0245 -0.2321 -0.0468  0.2287 -0.1983 -0.1164
-0.2474 -0.0724 -0.2108 -0.1328  0.1712 -0.0236 0.2396
-0.2423 -0.1174 -0.1702 -0.1973  0.0707 0.2191 -0.1370
-0.2347 -0.1576 -0.1140 -0.2299 -0.0476 -0.1694 -0.0946
-0.2247 -0.1914 -0.0473 -0.2251  -0.1539 -0.0700 0.2371
-0.2124 -0.2173 0.0238 -0.1839 -0.2215 0.2310 -0.1563
-0.1979 -0.2343 0.0926 -0.1129 -0.2335 -0.1335 -0.0718
-0.1814 -0.2417 0.1529 -0.0235 -0.1868 -0.1134 0.2322
-0.1630 -0.2392 0.1993 0.0696  -0.0932 0.2334 -0.1739
-0.1430 -0.2269 0.2273  0.1515 0.0239 -0.0922 -0.0483
-0.1215 -0.2054 0.2345  0.2088 0.1350 -0.1522 0.2250
-0.0987 -0.1754 0.2202  0.2322 0.2121 0.2262 -0.1897
-0.0749 -0.1382 0.1857  0.2181 0.2359 -0.0470 -0.0243
-0.0504 -0.0954 0.1341  0.1685 0.2005 -0.1848 0.2154
-0.0253 -0.0487 0.0703  0.0917 0.1146 0.2098 -0.2036

The eigenvalues are
n 1 2 3 | 29 30
An | 0.9991 | 3.9863 | 8.9309 385.4923 | 388.4795
The first two eigenfunctions are shown in Figure 2.
Example 3.2. For N = 30, % = % and x5 < ¢ < x3, we consider the same discontinuous Sturm-

Liouville problem with a Neumann boundary condition:

—y"(z) = My(z)

xz €[0,¢) U (c, ]

(21)
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y(0) =y (1) =0
Y2y(cy) = nyleo)

By applying the transformation (17) we obtain the following system of linear equations:

~hT2 [ 2Y1 + Y
—h~ [Y1—2Y2+ Y3

ga!

—n2 Ly, —2Y4+Y5
V2

]

]

—h~ [72Y2—2Y5,+ i)
]

—h~ [Y4—2Y5+Y6]

—h7?[Y30 + Ya1] = AYa

The matrix form is

r2 -1 0 0 0 0 0 Y; Y;
-1 2 -1 0 0 0 0 Ys Y,
0 -1 27 ~-n (L 0 0 Ya Ys
2 b2
- 0 0 L2 -2 9 0 Y, ) Y,
0 0 0o - 2 -1 0 Ys | =2 | Y5
0 0 0 0 -1 2 0 Ys Ys
L0 0 0 0 0 0 1 ] | Ya1) | Y31 |

The following commands were used to generate the eigenvalues and eigenfunctions.

vV =
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Columns 1 through 5 Columns 29  through 30
0.0257 -0.0483  -0.0673 0.0844 0.1018 ... 0.0468 0.0248
0.0511 -0.0945  -0.1282 0.1548  0.1773 ... -0.0917 -0.0494
0.2281 -0.4102  -0.5310  0.5979  0.6209 ... 0.3989 0.2205
0.1001 -0.1732  -0.2091 0.2105 0.1831 .. -0.1689 -0.0968
0.1232 -0.2023  -0.2213 0.1866  0.1120 ... 0.1979 0.1192
0.1449 -0.2229  -0.2127 0.1316 0.0119 .. -0.2190 -0.1404
0.1651 -0.2341  -0.1839 0.0545 -0.0913 ... 0.2313 0.1601
0.1835 -0.2353  -0.1377 -0.0316 -0.1709 ... -0.2342 -0.1782
0.2000 -0.2267  -0.0785 -0.1125 -0.2063 ... 0.2278 0.1946
0.2144 -0.2084 -0.0119 -0.1745 -0.1884 ... -0.2121 -0.2089
0.2265 -0.1814 0.0558 -0.2075 -0.1218 .. 0.1879 0.2212
0.2362 -0.1466 0.1183 -0.2058 -0.0237 ... -0.1561 -0.2312
0.2434 -0.1057 0.1696 -0.1697 0.0805 ... 0.1180 0.2389
0.2480 -0.0603 0.2048 -0.1053 0.1639 ... -0.0752 -0.2442
0.2500 -0.0124 0.2207 -0.0234 0.2049 ... 0.0294 0.2470
0.2493 0.0361 0.2157  0.0625 0.1930 ... 0.0294 0.2470
0.2460 0.0830 0.1903 0.1379 0.1312 .. -0.0640 0.2451
0.2401 0.1264 0.1469  0.1904 0.0355 ... 0.1077 -0.2404
0.2316 0.1645 0.0896 0.2110 -0.0694 ... -0.1472 0.2333
0.2207 0.1956 0.0238  0.1964 -0.1564 ... 0.1806 -0.2239
0.2075 0.2185 -0.0442  0.1490 -0.2029 ... -0.2068 0.2122
0.1920 0.2321 -0.1081 0.0768 -0.1970 ... 0.2247 -0.1984
0.1746 0.2360 -0.1617 -0.0083 -0.1402 ... -0.2335 0.1825
0.1552 0.2298 -0.2000 -0.0920 -0.0471 ... 0.2329 -0.1648
0.1342 0.2140 -0.2194 -0.1603 0.0581 ... -0.2229 0.1454
0.1118 0.1890 -0.2181 -0.2019 0.1483 ... 0.2040 -0.1246
0.0883 0.1562 -0.1961 -0.2097  0.2002 ... -0.1768 0.1025
0.0637 0.1167 -0.1556  -0.1826  0.2003 ... 0.1425 -0.0794
0.0385 0.0722 -0.1003 -0.1249 0.1487 ... -0.1024 0.0555
0.0129 0.0248 -0.0356 -0.0464 0.0586 ... 0.0583 -0.0310
-0.0128 -0.0238 0.0325 0.0398 -0.0466 ... -0.0117 0.0062

The eigenvalues are
n 1 2 3| . 29 30
An | 1.032 | 4.1148 | 9.2101 | .... | 385.5555 | 388.4954

The first two eigenfunctions are shown in Figure 3.

4 Conclusion

We have described a numerical method for approximating the eigenvalues and eigenfunctions of a
discontinuous Sturm-Liouville problem. Since the present method gives real and positive eigenvalues
at all nodes, if higher accuracy is required we can simply increase the number of nodes N.
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Figure 3: The first two eigenfunctions with a Neumann boundary condition
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1 Introduction

By a sequence space, we mean any vector subspace of w, the space of all real or complex valued
sequences ¢ = (z1). The well-known sequence spaces that we shall use throughout this paper are as
following:

l~: the space of all bounded sequences,

c: the space of all convergent sequences,

co: the space of all null sequences,

bs: the space of all sequences which forms bounded series,

cs: the space of all sequences which forms convergent series,

£1: the space of all sequences which forms absolutely convergent series,

£p,: the space of all sequences which forms p-absolutely convergent series,
where 1 < p < 0.

Let A, u be two sequence spaces and A = (a,x) be an infinite matrix of real or complex numbers
Gn, where n, k € N. Then, we say that A defines a matrix mapping from A into y, and we denote it
by writing A : A — p, if for every sequence x = (z1) € A the sequence Az = {(Azx),}, the A-transform
of z, is in p; where

(A)p = anar, (n€N). (1)
k

For simplicity in notation, here and in what follows, the summation without limits runs from 0 to
00. By (A : p), we denote the class of all matrices A such that A : A\ — p. Thus, 4 € (A : p) if
and only if the series on the right side of (1) converges for each n € N and every x € A, and we have

" Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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Az = {(Az)p}nen € p for all x € X\, A sequence z is said to be A-summable to « if Az converges to
« which is called as the A-limit of z.

If a normed sequence space A contains a sequence (b,,) with the property that for every « € X there
is a unique sequence of scalars («,,) such that

nlirrgo |z — (aobo + a1by + ... + anby)|| =0,
then (by,) is called a Schauder basis (or briefly basis) for A. The series > ayby which has the sum z is
then called the expansion of x with respect to (b,), and written as = > ayb.
The S—dual of a subset X of w is defined by

XP = {a = (ar) € w:az = (ayay) € cs for all z = (xx) € X }.

The shift operator P is defined on w by (Pz), = z,41 for all n € N. A Banach limit L is
defined on ¢, as a non-negative linear functional, such that L(Pz) = L(z) and L(e) = 1. A sequence
x = (1) € Lo is said to be almost convergent to the generalized limit « if all Banach limits of « are
a [1], and denoted by f — limzy = a. Let P’ be the composition of P with itself j times and define
tmn(2) for a sequence x = (xy) by

1 =,
tn () = e ;)(ij)n for all m,n € N.

Lorentz [1] proved that f —limx, = « if and only if lim,,— o tymn(z) = «, uniformly in n. It is well-
known that a convergent sequence is almost convergent such that its ordinary and generalized limits
are equal. By f and fy, we denote the space of all almost convergent sequences and almost convergent
to zero sequences, respectively, i.e.,

f= {:c =(zg) Ew:Ja e C> lim Z Tntk _ uniformly in n}

m—o0 m ]_
k=0 +

and

fo= {x = (71) Ew: mli_I>nOOkZ:_O ;nikl = 0 uniformly in n}

A matrix A = (an) is called a triangle if an, = 0 for k > n and ay,, # 0 for all n € N. It is trivial
that A(Bx) = (AB)x holds for triangle matrices A, B and a sequence z. Further, a triangle matrix U
uniquely has an inverse U~! = V that is also a triangle matrix. Then, x = U(Vz) = V(Ux) holds for
all z € w. We write by U and U for the sets of all sequences with non-zero terms and non-zero first
terms, respectively. For u € U, let 1/u = (1/uy).

Let us give the definition of some triangle limitation matrices which are needed in the text. Let
g = (qx) be a sequence of positive reals and write

Q=g (meN).
k=0

Then the Cesaro mean of order one, Riesz mean with respect to the sequence ¢ = (i) and A”— mean
with 0 < r < 1 are respectively defined by the matrices Cy = (cni), R = (r,) and A" = (al,,); where

1 qk
e <k< —, (0<k<n),
Cnk = ’I’L+1’ (O_ _n)’ r?zk’ = Qn ( )
n 07 (k>n>7

and
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for all k,n € N. Additionally, the Euler mean of order r and the weighted mean matrix and the
double band matrix are respectively defined by the matrices E™ = (e],.), G(u, v) = (gnk) and B(r, s) =
{bnk(r, s)}; where

n
. (1—r)"krk (0<k <n) | upv, (0<E<n),
{ (k) and gpi = 0. (k> n),

and
r, (k=n),
bor(r,s) =< s, (k=n-—-1),
0, otherwise

for all k,n € N and u,v € 4 and r, s € R\{0}.
For a sequence space A, the matrixz domain A4 of an infinite matrix A is defined by

Mg ={r=(xp) Ew: Ax € A}, (2)

which is a sequence space. Although in the most cases the new sequence space Aa generated in the
limitation matrix A from a sequence space A is the expansion or the contraction of the original space A,
it may be observed in some cases that those spaces overlap. Indeed, one can deduce that the inclusions
As C A strictly holds for A € {ls, ¢, co}. As this, one can deduce that the inclusions ¢, C bv, and
A C Aar also strictly hold for A € {¢, ¢o}, where 1 < p < oo and the space (€,)aa) = buv, has been
studied by Bagar and Altay [2], (see also Colak and Et and Malkowsky [3]). However, if we define
A\ = co®z with z = ((—1)*), that is, x € X if and only if z = s+az for some s € ¢y and some a € C, and
consider the matrix A with the rows A, defined by A,, = (—1)"e(™ for all n € N, we have Ade = z € A
but Az = e ¢ X which lead us to the consequences that z € A\ A4 and e € A \ A, where e(™ denotes
the sequence whose only non-zero term is a 1 in n*" place for each n € N and e = (1,1,1,...). That
is to say that the sequence spaces A4 and A overlap but neither contains the other. The approach
constructing a new sequence space by means of the matrix domain of a particular limitation method
has been recently employed by Wang [4], Ng and Lee [5], Aydin and Bagar [6], Altay and Basar [7],
and Altay et all. [8]. They introduced the sequence spaces ({)n, and cy, in [4], (£,)c, = X} in [5],
(co)ar = aj and car = af, in [6], (co)pr = e and cgr = e, in [7], ({p)pr =€), and ({0 ) pr = €l in [8];
where 1 < p < oc.

In this study, we summarize some knowledge in the existing literature on the almost A—null and
almost A—convergent sequence spaces derived by using the domain A—limitation matrix. Additionally,
we introduce the new sequence spaces fo(r,s,t) and f(r,s,t) and examine some properties of these
sequence spaces.

2 Domain of the A—limitation matrix in the se-
quence spaces fy and f

In this section, we shortly give the knowledge on the sequence spaces derived by the A—limitation ma-
trix from well-known almost convergent and almost null sequence spaces. For the concerning literature
about the domain p4 of an infinite limitation matrix A in a sequence space p, Table 1 may be useful.

I A A refer to
fo, f | B(r,s) [ fo 9]
fo, f Ch I fo [14]
fos f R1 fra,{fo}ra [15]
fos f A" a,al [16]
fo, | Glu,v) | fo(G), f(G) [17]
fo, f E" f(E), fo(E) 18]
fo, f | B(rys,t) | f(B), fo(B) [19]
fo, f Ay Ax(fo), Ax(f) [20]

Table 1: The domains of the certain A—limitation matrix in the sequence spaces fy and f
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The matrix domain of a certain limitation method on the sequence spaces fy and f firstly were
studied by Basar and Kirisci [9].
Bagar and Kirig¢i introduced the sequence spaces fy and f in [9] as follows:

m
~ . STp—1+4j + r'Th+j . .
fo {;l: (zx) Ew im ]E:O 1 uniformly in },

STp—14j + I'Tpyj
m+1

f: = {m(zk)Ew:HQGCB lim Z =« uniformly in kz}
§=0

It is trivial that the sequence spaces fo and f are the domain of the matrix B(r,s) in the spaces fq
and f, respectively. Thus, with the notation of (2) we can redefine the spaces fy and f by

.]?0 = {fO}B(T,S) and f/\:: {f}B(ns)-

Define the sequence y = (yx) by the B(r, s)—transform of a sequence z = (zy), i.e.,

Yk = SxTp_1 +rxp, forall ke N. (3)

Since the matrix B(r,s) is triangle, one can easily observe that z = () € X if and only if y =
(yx) € X, where the sequences ¢ = (zj) and y = (yx) are connected with the relation (3), and X
denotes any of the sequence spaces fo and f. Therefore, one can easily see that the linear operator
T:X — X, Tx =y = B(r,s)z which maps every sequence z in X to the associated sequence y in X,
is bijective and norm preserving, where ||z|yp = [|B(r, s)z||x. This gives the fact that X and X are
norm isomorphic.

Bagar and Kirisgi [9] proved that the sequence space f is a BK—space with the norm |||l and
non-separable closed subspace of .. So, the sequence space f has no Schauder basis. Jarrah and
Malkowsky [12] showed that the matrix domain A4 of a normed sequence space A has a basis whenever
A = (ang) is triangle. Then; our corollary concerning the space fo and fis about their Schauder basis:

Corollary 2.1. [9, Corollary 4.2] The space fhas no Schauder basis.

The gamma- and beta-duals of the spaces ﬁ) and fare determined. Also, some matrix transfor-
mations on these sequence spaces are characterized.
Quite recently, E. E. Kara and K. Elmaagag [21] introduced the sequence space ¢* as follows:

m

. . Ukt jTh4j + Uk—1+jThk—1+5 . .

¢ = {x =(zg) Ew:JaeC> lim Z At bl ar ] it et . RN uniformly in k;}

m—oo iz m+1

It is trivial that the sequence space ¢* is the domain of the matrix A* = (a¥,) in the space f,

where the matrix A" = (a¥,) is defined by
gt — (-1)" *up, n—1<k<n,
nk 0, 0<k<mn-—1lork>n,

for all k,n € N. Also, they show that ¢* is linearly isomorphic to the space ¢é. Further, they compute
the S—dual of the space ¢* and characterize the classes of infinite matrices related to sequence space

AU

Cc

3 Spaces of A(r, s,t)—almost null and A(r, s, t)—almost
convergent sequences

In this section, we study some properties of the spaces of the A(r, s,t)—almost null and A(r, s, t)—almost
convergent sequences.
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For any sequences s,t € w, the convolution s * ¢ is a sequence defined by
n
(sxt)y, = Z Sn—klr; (n€N).
k=0

Throughout this section, let r,¢ € U and s € Uy. For any sequence x = (z,) € w, we define the
sequence T = (Z,,) of generalized means of x by

1 n
Ty = — E Sn—klETE; (TL S N), (4)
Tn
k=0

that is T, = (s * tx),/r, for all n € N. Further, we define the infinite matrix A(r, s,t) of generalized
means by

{A(’/‘, S’t)}‘nk = Tn (5)

it
_ w7 0<k<n,
0, k>n

for all n, k € N. Then, it follows by (4) that z is the A(r, s,t)—transform of z, that is # = (A(r, s,t)x)
for all z € w.

It is obvious by (5) that A(r,s,t) is a triangle. Moreover, it can easily be seen that A(r,s,t) is
regular if and only if s,,_; = o(r,) for each i € N, 7' [sp—iti| = O(|ry|) and (sxt),, /rn, — 1 (n — o0).

The above definition of the matrix A(r, s, t) of generalized means given by (5) includes the following
special cases:

(1) If r,, = (sxt), # 0 for all n, then A(r, s,t) reduces to the matrix (I, s,t) of generalized Nérlund
means [22, 23]. In particular, if ¢ = e then A(r, s, t) reduces to the familiar matrix of Nérlund means
(30, 4].

2)fa>0r = %, Sk = l;c(,??rak)) and t;, = 1 for all k, then A(r, s,t) reduces to the matrix

(C, ) of Cesaro means of order « [24, 25]. In particular, if o = 1 then A(r, s,t) reduces to the famous
matrix (C, 1) of arithmetic means [5, 26].

B)HO0<a<l,r=q 80 = (1;7,&)k and t, = % for all k, then A(r,s,t) reduces to the matrix
(E, a) of Euler means of order « [7, 10, 8].

(4) If t, > 0 and r,, = Y p_ tx for all n, then A(r,s,t) reduces to the matrix (N,t) of weighted
means [12, 27].

BG)If0<a<1,r,=k+1,s,=1andt; =1+ aF for all k, then A(r, s,t) reduces to the matrix
A® studied by Aydin and Basar [6, 28].

(6) If s = e(®) and t = e, then A(r, s, t) reduces to the diagonal matrix D, /, studied by de Malafosse
[29].

Now, since A(r, s,t) is a triangle, it has a unique inverse which is also a triangle. More precisely,

by making a slight generalization of a work done in [30], we put D((JS) =1/sg and

S1 S0 0 0 s 0
S92 S1 S0 0 s 0
D) — L %3 52 51 %0 0 (n=1,2,.)
n = n+l ) — Ly 4y
8o
Sp—1 Sn—2 Sn-3 Sn—4 - S0
Sn Sp—1 Sp—2 Sp-3 S1

Then the inverse of A(r,s,t) is the triangle B = (l_’nk)ff:k:o defined by

= _ykp® L <k<
bnk = ( 1) Dn—krk? tn’ (0 = k = n)7
Oa (]f > 'fl),

for all n, k € N. For an arbitrary subset X of w, the set X (r,s,?) has recently been introduced in [31]
as the matrix domain of the triangle A(r, s,t) in X.

~ We introduce the sequence spaces f(r,s,t) and fo(r,s,t) as the sets of all sequences whose
A(r, s, t)—transforms are in the spaces fy and f, that is
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m n+j
folr,s,t) = {x = (zg) €Ew: lim b ZZ Bnty—keTh _ = 0 uniformly in n}
m—oo m, + 1 20 k=0 Tn
_ 1 m Sn+j—ktkTE
f(rys,t) = {x =(zp) €w:NeC> W}EHOO TZZ Jri = [ uniformly in n}
7=0 k=0

With the notation of (2), we can redefine the spaces f(r,s,t) and fo(r, s,t) as follows:

f_(r, S, t) = {f}A(r,s,t) and f_()(T', S, t) = {fO}A(ns,t)'

It is worth mentioning that the general forms of the well-known matrices of Norlund, Cesaro, Euler
and weighted means can be obtained as special cases of the matrix A(r,s,t) of generalized means.
Therefore, all of the sequence spaces in Tablo 1 can be obtained by special choice from the sequence
spaces f(r,s,t) and fo(r,s,t) which are defined by using matrix domain of the matrix A(r, s,t).

Theorem 3.1. The sequence spaces f(r, s,t) and fo(r, s,t) are BK —spaces with the same norm given

by
1] 7,0y = I1A(r 5, 8)|| 5 = SHIEDNHmn( A(r, s, t)z)], (6)
where
(A, 5,007) = —L S (A5, ))ss
mn r,s,t)r — m+1 = Ty 8,0)T )n+j
o ktkfl?k
_ ontj—klklk
= m+1ZZ
=0 k=0

for all m,n € N.

Proof. fo and f endowed with the norm ||.||s are BK —spaces [24, Example 7.3.2 (b)] and A(r, s,t) is
a triangle matrix, Theorem 4.3.2 of Wilansky [32, p.61] gives the fact that f(r,s,t) and fy(r,s,t) are
BEK —spaces with the norm ||.|| 7, s +)- O

Remark 3.2. It can easily be seen that the absolute property does not hold on the spaces f(r,s,t)
and fo(r, s, t), that is 12\l 75,6y Z M2l 7, 1) for at least one sequence x in each of these spaces, where

|z| = (Jzg|). Thus, the spaces f(r s,t) and fo(r,s,t) are BK —spaces of non-absolute type.

Theorem 3.3. The sequence spaces f(r,s,t) and fo(r, s,t) are norm isomorphic to the spaces f and
fo, respectively.

Proof. Since the fact fo(r,s,t) = fo can be similarly proved, we consider only the case f(r,s,t) = f.
To prove this, we should show the existence of a linear bijection between the spaces f(r,s,t) and f
which preserves the norm. Consider the transformation 7' defined, with the notation of (4), from
f(r,s,t) to f by x + & = Tx = A(r,s,t)r. The linearity of T is clear. Further, it is trivial that z = 6
whenever Tz = 6 and hence T is injective.

Let us take any Z = (Zy) € f and define the sequence x = (z,,) by

n

1
Ty = — Z( )" kD( )krkxk, for all n € N. (7)
bn k=0
Then, it is immediate that
s S R A fary S tr 1 b (s)
n+7—klk n+j—k k
I D YD SRR
k=0 k=0 i=0

= Tnyy
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which gives by a short calculation that

m n+j m

m+1zzsnﬂ Ll = ma1 Zf +j-

=0 k=0 =0

Therefore, we have

m

1
Z (r,s,t)x}pg; = lim —— an+J =1 uniformly in n.

m—>oo m—00 m
j =0
This means that = € f(r,s,t) and hence T is surjective. Thus, one can easily see from (6) that T is a
norm preserving transformation. This completes the proof. O

Remark 3.4. It is known from Corollary of Bagar and Kiriggi [9] that the Banach space f has no
Schauder basis. It is also known from Theorem 2.3 of Jarrah and Malkowsky [12] that the domain A4
of a matrix A in a normed sequence space \ has a basis if and only if A has a basis whenever A = (a,,;)
is a triangle. Combining these two facts one can immediately conclude that both the space f(r,s,t)
and the space fo(r, s,t) have no Schauder basis.

Now, we give the beta- and gamma-duals of the sequence spaces f(r,s,t) and fo(r,s,t). For this,
we need the following lemmas:

Lemma 3.5. [11] A = (ank) € (f : {x) if and only if

bupz lank| < oc. (8)

neN

Lemma 3.6. [11] A = (ank) € (f : ¢) if and only if (8) holds, and there are oy, € C such that

lim a,; = oy, for each k € N, (9)
nh_{r;o;a"k =aq, (10)
lim Y |A(ank — ax)| = 0. (11)

Theorem 3.7. Define the sets Fy(r, s,t), Fa(r,s,t), F3(r, s,t), Fy(r, s,t), F5(r, s,t) as follows:

Fi(r,s,t) = {a = (ag) Ew 1)7- kD( )krka] < oo},
nGN —k j
1
Fy(r,s,t) = {a = (ay) Ew: nler;OZt (—1)7~ kD( )krkaj exists},
j=k I
n n 1
Fs(r,s,t) = {a = (ay) Ew: nh_)rr;oz [ t—( 1)~ kD( )krkaj} — exists}7
k=0 - j=k
1
Fy(r,s,t) = {a = (ay) Ew: nILH;oZ ;( 1)7- kD( )kaaJ 0},

oo
Z Aajk — Oék

Jj=n+1

F5(r,s,t) = {a:(ak)Ew:nhjgo Z

k=n+1

Then, the 3—dual of the sequence space f(r, s,t) is
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Proof. Let a = (aj) € w and consider the equality

n

n k
1
San = 3| £ 0D e
k=0 k=0 L% 50
n n 1 B
= Z[Zt )=k D' )krka] = {F(r,s,t)Z}y, (12)
k=0 - j=k

where F(r,s,t) = {fax(r, s,t)} is defined by

‘(_1)jikD§s_)k7"kaj (0<k<n),

INgE
uﬁ""—‘

for(r,s,t) = (13)

Rl

(k>mn)

for all n,k € N. Thus, we deduce from Lemma 3.6 with (12) that ax = (arzi) € cs whenever
x = (z) € f(r,s,t) if and only if F(r,s,t)T € c whenever T = (73) € f, where F(r,s,t) = {fux(r,s,1)}
is defined by (13). Therefore, we derive from (8), (9), (10) and (11) that

bupz Z J kD; )krkaj <OO7

neN j=k J
lim Z ¥= kD( )krkaj = qy, for each fixed k € N,
'r7,~>OO‘7 L J

n

1 k
nanéoZZ e )" D( )krkaj =

nhféoZ‘ {Z t1] ytDp )krkaﬂ}

=0

which shows that

{f(r,s, 1)}’ = ﬂ Fi(r,s,t).

Theorem 3.8. The y—dual of the sequence spaces f(r,s,t) and fo(r,s,t) is the set Fi(r,s,t).

Proof. This is similar to the proof of Theorem 3.7 with Lemma 3.5 instead of Lemma 3.6. So, we omit
the detail. 0

4 Matrix Transformations Related to The Sequence
Space f(r,s,t)

In the present section, we characterize the matrix transformations from f (r, s, t) into any given sequence
space f. -
Since f(r,s,t) = f, it is trivial that the equivalence "x € f(r,s,t) if and only if Z € f” holds.

Theorem 4.1. Suppose that the entries of the infinite matrices A = (anr) and E = (eny) are connected
with the relation

00 1 .
= 5(_1)J—kp§i>krkanj (14)
j=k

for all n,k € N and p is any given sequence space. Then A € (f(r,s,t) : ) if and only if {ani }ren €
{f(r,s,t)}’ foralln € Nand E € (f : p).
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Proof. Let p1 be any given sequence space. Suppose that (14) holds between A = (anx) and E = (enk),
and take into account that the spaces f(r,s,t) and f are linearly isomorphic.

Let A € (f(r,s,t) : u) and take any Z = (Zx) € f. Then EA(r,s,t) exists and {ank}ren €
N2_, F;(r, s,t) which yields that {en;}ren € ¢1 for each n € N. Hence, ET exists and thus

E €nk3?°k=E kT
k k

for all n € N. We have that EZ = Az which leads us to the consequence E € (f : u).
Conversely, let {ani}tren € {f(r,s,t)}’ for each n € N and E € (f : p) hold, and take any
x = () € f(r,s,t). Then, Az exists. Therefore, we obtain from the equality

m m m 1 . s -
> anpze = {Z (=1 kD§')krkanj:|xk:
k=0 k=0 Lj=k 7

for all n € N, as m — oo that EZ = Ax and this shows that A € (f(r,s,t) : u). This step completes
the proof. 0

By changing the roles of the spaces f(r,s,t) and p in Theorem (4.1), we have:

Theorem 4.2. Suppose that the elements of the infinite matrices A = (ang) and C = (cpk) are
connected with the relation

1 n
Crke = H an,jtjajk for all n, k € N.
Jj=0
Let 4 be any given sequence space. Then, A = (a,;) € (u: f(r,s,t)) if and only if C € (i : f).

Proof. Let z = (zx) € p and consider the following equality

m 1 n m
chkzk = E Z sn_jt](Z ajkzk) for all m,n € N,
k=0 j=0 k=0

which yields as m — oo that (Cz), = {A(r,s,t)(Az)}, for all n € N. Therefore, one can observe from
here that Az € f(r,s,t) whenever z € pu if and only if Cz € f whenever z € pu. This completes the
proof. O

Of course, Theorems 4.1 and 4.2 have several consequences depending on the choice of the sequence
space p. Define a(n, k), a(n,k,m) and Aayy for all k,m,n € N as follows;

m

E Ontjk and Aap = Gpk — G k1

k)= ; k = —
a(n, k) Zajk, a(n, k,m) .l
7=0 7=0

Prior to giving some results as an application of this idea, we give the following basic lemma, which
is the collection of the characterizations of matrix transformations related to almost convergence:

Lemma 4.3. Let A = (ayx) be an infinite matrix. Then, the following statements hold:
(i) [33, J. P. Duran]A = (ank) € ({eo : f) if and only if (8) holds and

Jdar € C> f—liman, = ap forall k € N, (15)

dop, € C> lim Z la(n,k,m) — ag| =0 uniformly in n (16)
k

also hold .
(ii) [33, J. P. Duran]A = (ank) € (f : f) if and only if (8) and (15) hold, and

Hae(Caf—limZank:a, (17)
k
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Jap € C> lim Z a(n,k,m) — ak] =0 uniformly in n (18)
m—00
also hold .
(iii) [34, J. P. King]A = (ank) € (f : f) if and only if (8), (15) and (17) hold .
(iv) [35, Bagar and Colak]A = (ank) € (cs: f) if and only if (15) holds, and

sup Adnk| < 00 19
sup Z | Ay (19)
also holds .
(v) [36, Basar and Solak]A = (ank) € (bs: f) if and only if (15) and (19) hold, and
klirn anky, =0 forallneN, (20)
1 q
dap € C> hm Z i1 ZA[a(n +i,k) —ag]| =0 uniformly in n (21)
also hold .
(vi) [37, Bagar]A = (ank) € (f : ¢s) if and only if the following conditions hold:
sup a(n, k)| < oo, 22
o 3 ) )
Jag €C3 ) any=a; forallk €N, (23)
n
EIae(CaZZank:a, (24)
n k
k) — ]| = 0. (25)

Now, we can give the following two corollaries as a direct consequence of Theorems 4.1 and 4.2
and Lemma 4.3:

Corollary 4.4. The following statements hold:

(i) A = (ank) € (f(r,s,t) : L) if and only if {anktren € {f(r,5,t)}P and (8) holds with e,
instead of a,.

(ii) A = (ank) € (f(r,s,t) : ¢) if and only if {ank}tren € {f(r,s,t)}? and (8), (9), (10) and (11)
hold with e, instead of a,.

(iil) A = (anx) € (f(r,s,t) : bs) if and only if {ank }ren € {f(r,s,t)}? and (22) holds with e,
instead of a,.

(iv) A = (ank) € (f(r,s,t) : es) if and only if {anx tren € {f(r,s,1)}P and (22), (23), (24) and (25)
hold with e, instead of a,.

(v) A = (ang) € (F(r.5,) : £ if and only if {ans}xen € (7(rs,6)}% and (8), (15), (17) and (18)
hold with e, instead of a,.

Corollary 4.5. The following statements hold:
(1) A= (ank) € (foo : f(r,5,1)) if and only if (8), (15) and (17) hold with e, instead of a.
(i) A = (anr) € (f : f(r,s,t)) if and only if (8), (15), (17) and (18) hold with e, instead of a,.
(iil) A = (anr) € (c: f(r,s,t)) if and only if (8), (15) and (17) hold with e, instead of ayy.
(iv) A = (ank) € (bs : f(r,s,t)) if and only if (15), (19), (20) and (21) hold with e, instead of

(v) A= (ank) € (cs: f(r,s,t)) if and only if (15) and (19) hold with e, instead of ayy.

Acknowledgement

We wish to thank the referees for their valuable suggestions and comments which improved the paper
considerably.



Journal of New Theory 2 (2015) 43-54 53

References
[1] G.G. Lorentz, A contribution to the theory of divergent sequences, Acta Math. 80(1948), 167-190.
[2] F. Bagar, B. Altay, On the space of sequences of p— bounded variation and related matrix map-
pings, Ukrainian Math. J. 55(1)(2003), 136-147.
[3] R.Colak, M. Et, E. Malkowsky, Some topics of sequence spaces, in: Lecture Notes in Mathematics,
Firat Univ. Press, Turkey, 2004, pp.1-63. Firat Univ. Elazig, 2004, ISBN:975-394-038-6.
[4] C.S. Wang, On Norlund sequence spaces, Tamkang J. Math. 9(1978), 269-274.
[5] P. N. Ng, P.Y. Lee, Cesaro sequence spaces of non-absolute type, Comment. Math. Prace Mat.
20(2)(1978), 429-433.
[6] C. Aydin, F. Bagar, On the new sequence spaces which include the spaces ¢y and ¢, Hokkaido
Math. J. 33(2) (2004), 383-398.
[7] B. Altay, F. Bagar, Some Euler sequence spaces of non-absolute type, Ukrainian Math. J.
57(1)(2005), 1-17.
[8] B. Altay, F. Bagar, M. Mursaleen, On the Euler sequence spaces which include the spaces ¢, and
Lo I, Inform. Sci. 176(10)(2006), 1450-1462.
[9] F. Basar, M. Kirigci, Almost convergence and generalized difference matrix, Comput. Math. Appl.
61(2011), 602-611.
[10] M. Mursaleen, F. Basar, B. Altay, On the Euler sequence spaces which include the spaces ¢, and
ls II, Nonlinear Anal. TMA, 65(3)(2006), 707-717.
[11] J. A. Siddiqi, Infinite matrices summing every almost periodic sequences, Pasific. J. Math.
33(1)(1971), 235-251.
[12] A. M. Jarrah, E. Malkowsky, BK-spaces, bases and linear operators, Ren. Circ. Mat. Palermo 1T
52(1990), 177-191.
[13] F. Bagar, Summability theory and its applications, Bentham Science Publishers, Istanbul, 2012,
e-books, Monographs.
[14] K. Kayaduman and M. Sengoniil, The spaces of Cesaro almost convergent sequences and core
theorems, Acta Math. Sci. 32B(6) (2012), 2265-2278.
[15] M. Sengoniil and K. Kayaduman, On the Riesz almost convergent sequences space, Abstr. Appl.
Anal. (2012), Article ID 691694, 18pp.
[16] A. Karaisa and Umit Karabiyik, Almost sequence spaces by the domain of the matrix A", Abstr.
Appl. Anal., (2013), Article ID 783731, 8pp.
[17] M. Kirigci, Almost convergence and generalized weighted mean II, Journal of Inequalities and
Applications (2014), 2014:93.
[18] M. Kiriggi, The spaces of Euler almost null and Euler almost convergent sequences, Commun.
Fac. Sci. Univ. Ank. Series Al, 62(2) (2013), 85-100.
[19] A. Sonmez, Almost convergence and triple band matrix, Mathematical and Computer Modelling,
57(2013), 2393-2402.
[20] M. Yesilkayagil, F. Basar, Spaces of Ay—almost null and A)—almost convergence sequences,
Journal of Egyptian Mathematical Society (2014), http://dx.doi.org/10.1016/j.joems.2014.01.013.
[21] E. E. Kara, K. Elmaagag, On the u—difference almost sequence space and matrix transformations,
Int. J. Mod. Math. Sci., 8(1) (2013), 57-76.
[22] Y. Okuyama, On absolute generalized Norlund summability of orthogonal series, Tamkang J.
Math., 33(2) (2002), 161-165.
. otadtmuller, A. Tali, A note on families of generalized Norlund matrices as bounded operators
23] U. Stadtmiiller, A. Tali, A families of g lized Norlund i bounded

on ¢, Proc. Estonian Acad. Sci. 58(3) (2009), 137-145.



Journal of New Theory 2 (2015) 43-54 54

[24]

J. Boos, Classical and Modern Methods in Summability, Oxford University Press, New York,
2000.

H. Bor, On a summability factor theorem, Commun. Math. Anal., 1(1) (2006), 46-51.

M. Sengoniil, F. Bagar, Some new Cesaro sequence spaces of non-absolute type which include the
spaces ¢g and ¢, Soochow J. Math., 31(1) (2005), 107-119.

E. Malkowsky, V. Rakocevi¢, An introduction into the theory of sequence spaces and measures of
noncompactness, Zb. Rad. (Beogr.), 9(17) (2000), 143-234.

C. Aydin, F. Bagar, Some new sequence spaces which iclude the spaces ¢, and /., Demonstratio
Math., 38(3) (2005), 641-656.

B. de Malafosse, The Banach algebra B(X), where X is a BK—space and applications, Mat.
Vesnik, 57 (2005), 41-60.

F. M. Mears, The inverse Norlund mean, Ann. Math., 44(3) (1943), 401-410.

M. Mursaleen, A. K. Noman, On generalized means and some related sequence spaces, Comput.
Math. Appl. 61(4) (2011), 988-999.

A. Wilansky, Summability Through Functional Analysis, Mathematical Studies, North Holland,
Amsterdam, 1984.

J. P. Duran, Infinite matrices and almost convergence, Math. Z. 128 (1972), 75-83.
J. P. King, Almost summable sequences, Proc. Am. Math. Soc., 17 (1966), 1219-1225.

F. Bagar, R. Colak, Almost conservative matrix transformations, Turk. J. Math. 13(3) (1989),
91-100.

F. Bagar, 1. Solak, Almost-coercive matrix transformations, Rend. Math. Appl. 11(2) (1991),
249-256.

F. Basar, Strongly-conservative sequence-to-series matrix transformations, Erc. Uni. Fen. Bil.
Derg. 5(12) (1989), 888-893.



http://www.newtheory.org ISSN: 2149-1402

New Theéory

Received: 13.01.2015 Year: 2015, Number: 2 , Pages: 55-62
Accepted: 23.02.2015 Original Article™

ON I,,,~-CLOSED SETS IN IDEAL
TOPOLOGICAL SPACES

K. M. Dharmalingam! <kmdharma6902@yahoo.in>
M. Meharin? <smms252829@gmail.com>
O. Ravi®"  <siingam@yahoo.com>
P. Santhi* <saayphd.11@gmail.com>

! Department of Mathematics, The Madura College, Madurai, Tamil Nadu, India.
2School of Youth Empowerment, Madurai Kamaraj University, Madurai, Tamil Nadu, India.
3 Department of Math., P. M. Thevar College, Usilampatti, Madurai District, Tamil Nadu, India.
4 Department of Mathematics, NPR College of Engineering and Technology, Natham, Dindigul
District, Tamil Nadu, India.

Abstract — In this paper, a new class of sets called I4,+-closed sets is introduced and its properties
are studied in ideal topological space. Moreover I, 4,+-continuity and the notion of quasi-a*-/-normal
spaces are introduced.

Keywords — m-open set, Irgox-closed set, Irgqr-continuity, quasi-o*-I-normal space.

1 Introduction and Preliminaries

An ideal topological space is a topological space (X, 7) with an ideal I on X, and is denoted by (X, 7,
I.A*(I) ={x e X | Un A ¢ I for each open neighborhood U of x} is called the local function of A
with respect to I and 7 [9]. When there is no chance for confusion A*(7) is denoted by A*. For every
ideal topological space (X, 7, I), there exists a topology 7* finer than 7, generated by the base 8(1, 7)
= {U\! | Ue 7 and I € I}. In general 3(1, 7) is not always a topology [8]. Observe additionally that
cl*(A) = A* U A [14] defines a Kuratowski closure operator for 7*. int*(A) will denote the interior of
A in (X, 7).

In this paper, we define and study a new notion I 4n+-closed set by using the notion of aj-open
set. Some new notions depending on I 4q+-closed sets such as Irgqr-open sets, I qq+-continuity and
I ;gar-irresoluteness are also introduced and a decomposition of a*-I-continuity is given. Also by using
I gar-closed sets characterizations of quasi-a*-I-normal spaces are obtained. Several preservation
theorems for quasi-a*-I-normal spaces are given.

Throughout this paper, space (X, 7) (or simply X ) always means topological space on which no
separation axioms are assumed unless explicitly stated. Let A be a subset of a space X. The closure
of A and the interior of A are denoted by cl(A) and int(A), respectively.

" Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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A subset A of a topological space (X, 7) is said to be regular open [13](resp. regular closed [13])
if A =int(cl(A)) (resp. A = cl(int(A))).

The finite union of regular open sets is said to be m-open [16] in (X, 7). The complement of a
m-open set is m-closed [16].

A subset A of a topological space (X, 7) is said to be a-open [10] if A C int(cl(int(A))) and the
complement of an a-open set is called a-closed [10].

The intersection of all a-closed sets containing A is called the a-closure [10] of A and is denoted
by acl(A).

Note that acl(A) = A U cl(int(cl(A))).

A subset A of a space (X, 7) is said to be wg-closed [2] (resp. mga-closed [1]) if cl(A) C U (resp.
acl(A) C U) whenever A C U and U is m-open in X.

A function f: (X, 7) — (Y, o) is said to be m-w-closed [4] if {(V) is 7-closed in (Y, o) for every
m-closed in (X, 7).

A function f: (X, 7) — (Y, o) is said to be wg-continuous [2] (resp. mga-continuous [1]) if f~1(V)
is wg-closed (resp. mga-closed) in (X, 7) for every closed set V of (Y, o).

A space (X, 7) is said to be quasi-normal [16] if for every pair of disjoint m-closed subsets A, B of
X, there exist disjoint open sets U, V of X such that A C U and B C V.

An ideal I is said to be codense [3] if 7 N T = (.

A subset A of an ideal topological space X is said to be *-dense-in-itself [7](resp. a*-I-open or
a%-open [15], t-I-set [6], a-I-open [6]) if A C A* (resp. A C int*(cl(int*(A))), int(A) = int(cl*(A)), A
C int(cl*(int(A)))).

The complement of aj-open is aj-closed.

A subset A of an ideal topological space X is said to be I,4-closed [11] if A*C U whenever A C U
and U is 7-open in X.

A function f: (X, 7, I) — (Y, 0) is said to be I,-continuous [11] if 71 (V) is I 4-closed in (X, 7,
I) for every closed set V of (Y, o).

Lemma 1.1. [12] Let (X, 7, I) be an ideal topological space and A C X. If A C A*, then A* = cl(A*)
=cl(A) = cl*(A).

Theorem 1.2. [11] Every mg-closed set is I 4-closed but not conversely.

Theorem 1.3. [11] For a function f : (X, 7, I) — (Y, o), the following holds:
Every mg-continuous function is I.q4-continuous but not conversely.

Theorem 1.4. [1] Every mg-closed set is mga-closed but not conversely.

Proposition 1.5. [6] Every a-I-open set is a-open but not conversely.

2 I.,+-closed Sets

Theorem 2.1. For a function f : (X, 7) — (Y, o), the following holds:
Every wg-continuous function is mga-continuous but not conversely.

Example 2.2. Let X = {a, b, ¢, d}, 7 ={X, 0, {a}, {b}, {a, b}, {b, ¢}, {a, b, c}}, Y ={=z, y, 2} and
o ={Y, 0, {y}, {y, z}}. Define a function f: (X, 7) — (Y, o) as follows f(a) = f(b) =y, f(c)= =

and f(d) = z. Then [ is mga-continuous function but it is not an wg-continuous.

Definition 2.3. Let (X, 7, I) be an ideal topological space and let A be a subset of X. The union of
all af-open sets contained in A is called the a%-interior of A and is denoted by afint(A).

Definition 2.4. Let (X, 7, I) be an ideal topological space and let A be a subset of X. The intersection
of all a%-closed sets containing A is called the a%-closure of A and is denoted by o cl(A).

Lemma 2.5. Let (X, 7, I) be an ideal topological space. For a subset A of X, the followings hold:
1. akcl(A) = A U cl(int(clF (4))),
2. ajint(A) = A Nt (cl(int* (A))).
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Definition 2.6. A subset A of an ideal topological space (X, T, I) is called I g4ox-closed if acl(A) C
U whenever A C U and U is w-open in X.
The complement of Irga~-closed set is said to be Irg4q~-open.

Proposition 2.7. Every a-open set is aj-open but not conversely.
Proof. Let A be a-open set. Then A C int(cl(int(A))) which implies A C int*(cl(int*(A))). Hence A
is aj-open set.

Example 2.8. Let X and 7 be as in Example 2.2 and I = {0, {a}, {b}, {a, b}}. Then {a, c} is
aj-open set but not an a-open set.

Theorem 2.9. Every x-dense-in-itself and Lrgq~-closed set is a mga-closed set.

Proof. Let A C U, and U is m-open in X. Since A is I gq+-closed, ajcl(A) C U. By Lemmas 1.1
and 2.5, ajcl(A) = A U cl*(int(cl*(A))) = A U cl(int(cl(A))) = acl(A). Then, acl(A) C U. So A is
mga-closed.

Theorem 2.10. Every m-open and Irgqr-closed set is t-I-set.
Proof. ajcl(A) C A, since A is m-open and I 4q+-closed. We have cl*(int(cl*(A))) C A and int(cl*(A))

C cl*(int(cl*(A))) € A. It implies int(cl*(A)) C int(A). Always int(A) C int(cl*(A)). Therefore int(A)
= int(cl*(A)), which shows that A is t-I-set.

Theorem 2.11. Let A be Irgo+-closed in (X, 7, I). Then ajcl(A)\ A does not contain any non-empty
w-closed set.

Proof. Let F be a m-closed set such that F C ajcl(A) \ A. Then F C X \ A implies A
Therefore ajcl(A) C X \ F. That is F C X \ ajcl(A). Hence F C ajcl(A) N (X \ ajcl(A))
shows F = .

Theorem 2.12. If A is Iygor-closed and A € B C ajcl(A), then B is I;gq»-closed.

C X\ F.
= (). This

Proof. Let A be I 4q+-closed and B C U, where U is m-open. Then A C B implies A C U. Since A is
Igax-closed, ajcl(A) C U. B C ajcl(A) implies ajcl(B) C ajcl(A). Therefore ajcl(B) C U and hence
B is Irgar-closed.

Proposition 2.13. Let (X, 7, I) be an ideal topological space and A C X. Then the following properties
hold:

1. If A is mga-closed, then A is Irga+-closed,
2. If A is Ir4-closed, then A is Igq-closed.
Proof. The proof is obvious.

Remark 2.14. From Theorem 1.2, Theorem 1.4 and Proposition 2.13, we have the following diagram.
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wg-closed T mwga-closed

I 4-closed —————— I 4,+-closed

where none of these implications is reversible as shown in the following examples.

Example 2.15. (1) Let X and 7 be as in Example 2.2. Then {c} is mga-closed set but not an mg-
closed.

(2) In Example 2.8, {a} is Lrgar-closed set but not wga-closed.

(3) In Example 2.8, {c} is Irgax-closed set but not I.q4-closed.

Remark 2.16. The union of two Irga~-closed sets need not be Irgq+-closed.

Example 2.17. In Ezample 2.8, {b} and {c} are I go--closed sets but their union {b, c} is not
I gax-closed.

Remark 2.18. The intersection of two Irgax-closed sets need not be Igqx-closed.

Example 2.19. Let X = {a, b, ¢, d}, 7 = {X, 0, {a}, {0}, {a, b}, {a, b, ¢}, {a, b, d}} and I =
{0, {a}}. Then A = {a, b, ¢} and B = {a, b, d} are L 4o+-closed sets but A N B = {a, b} is not
Irgor-closed set.

Definition 2.20. [5] An ideal topological space (X, 7, I) is said to be x-extremally disconnected if the
*-closure of every open subset of X is open.

Theorem 2.21. [5] For an ideal topological space (X, T, I), the following properties are equivalent:
1. X is x-extremally disconnected,
2. cl*(int(V)) C int(cl*(V)) for every subset V of X.

Theorem 2.22. Let (X, 7, I) be a x-extremally disconnected ideal topological space. Then every subset
of X is Ixgar-closed if and only if every m-open set is t-I-set.

Proof. Necessity: It is obvious from Theorem 2.10.

Sufficiency: Suppose that every m-open set is t-I-set. Let A be a subset of X and U be m-open such
that A C U. By hypothesis cl*(int(cl*(A))) C int(c*(A)) C int(c]*(U)) = int(U) C U. Then a’cl(A)
C U. So A is I;4q+-closed.

Theorem 2.23. Let (X, 7, I) be an ideal topological space. A C X is Irgax-open if and only if F C
a%int(A) whenever F is w-closed and F C A.

Proof. Necessity: Let A be I 4q+-0pen and F be 7-closed such that F C A. Then X\A C X\F where
X\F is m-open. Igq-closedness of X\A implies ajcl(X\A) € X\F. Then F C ajint(A).

Sufficiency: Suppose F is w-closed and F C A implies F C a%int(A). Let X\A C U where U is 7-open.
Then X\U C A where X\U is n-closed. By hypothesis X\U C «7int(A). That is ajcl(X\A) C U. So,
A is I 4q+-0pen.

Definition 2.24. A subset A of an ideal topological space (X, 7, I) is called Ny-set if A = UU V
where U is m-closed and V is a}-open.

Proposition 2.25. Fvery w-closed set is Ni-set but not conversely.
Example 2.26. In Ezample 2.19, {a} is Ny-set but not w-closed set.
Proposition 2.27. Every aj-open set is Nr-set but not conversely.
Example 2.28. In Ezample 2.19, {a, ¢, d} is Ni-set but not aj-open set.

Proposition 2.29. Every aj-open set is Ir4q-open but not conversely.
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Proof. Let A be aj-open set. Then A C int*(cl(int*(V))). Assume that F is m-closed and F C A. Then
F C int*(cl(int*(V))) which implies F C A N int*(cl(int*(V))) = aFint(A) by Lemma 2.5. Hence, by
Theorem 2.23, A is I 4o+-0pen.

Example 2.30. In Ezample 2.19, {a, d} is Ixga~-open set but not oj-open set.
Theorem 2.31. For a subset A of (X, 7, I) the following conditions are equivalent:

1. A is a}-open,

2. A is Ingo~-open and a Nr-set.
Proof. (1) = (2) It is obvious.
(2) = (1) Let A be I gq+-0open and a Ny-set. Then there exist a m-closed set U and aj-open set V
such that A = U U V. Since U C A and A is I 4q+-0pen, by Theorem 2.23, U C ajint(A) and U C
int*(cl(int*(A))). Also, V C int*(cl(int*(V))) C int*(cl(int*(A))). Then A C int*(cl(int*(A))). So A is

*
aj-open.

The following examples show that concepts of I4.+«-open set and N-set are independent.

Example 2.32. Let (X, 7, I) be the same ideal topological space as in Example 2.19. Then {c, d} is
Nr-set but not Irgq~-open set.

Example 2.33. Let (X, 7, I) be the same ideal topological space as in Example 2.19. Then {a, ¢} is
It ga+-open set but not a Nr-set.

3 I,,~-continuity and I, ,+irresoluteness

Definition 3.1. A function f : (X, 7, 1) — (Y, o) is said to be I go~-continuous (resp. o*-I-
continuous) if f~1(V) is Lga=-closed (resp. a%-closed) in X for every closed set V of Y.

Definition 3.2. A function f : (X, 7, I) — (Y, o, J) is said to be Iga«-irresolute if f~1(V) is
Iigax-closed in X for every Jrgax-closed set V of Y.

Definition 3.3. A function f: (X, 7, I) — (Y, o) is said to be Nr-continuous if f~1(V) is Nj-set in
(X, 7, 1) for every closed set V of (Y, o.

Theorem 3.4. A function f: (X, 7, I) — (Y, 0) is a*-I-continuous if and only if it is Nj-continuous
and Irgq+-continuous.

Proof. This is an immediate consequence of Theorem 2.31.
The composition of two Irgq+-continuous functions need not be I g4q+-continuous. Consider the
following Example:

Example 3.5. Let X = {a, b, ¢, d}, 7 = {X, 0, {b}, {d}, {b, d}, {b, ¢, d}} and I = {0, {c}, {d},
{c. d}. Let Y ={z. vy, 2}, 0 ={Y, 0, {y. 24}, J = {0, {z}}, Z = {1, 2} and n ={Z, 0, {1}}.
Define [ : (X, 7, I) = (Y, 0, J) by fla)= f(c)= z, f(b)=y and f(d)= z and g : (Y, 0, J) — (Z,
n) by g(z)= 1 and g(y)= g(z)= 2. Then f and g are Igox-continuous. {2} is closed in (Z, n), (g o
Y42 = {2))) = Ay, 2}) = {b, d} which is not Lyga»-closed in (X, T, I). Hence g o f
is not Irgar-continuous.

Theorem 3.6. Let f: (X, 7, 1) — (Y, 0, J) and g : (Y, 0, J) — (Z, n, K) be any two functions.
Then

1. g o fis Irga~-continuous, if g is continuous and f is Irgax-continuous,
2. go fis Iygar-continuous, if g is Jrgax-continuous and f is Irqq~-irresolute,

3. go fis Irgar-irresolute, if g is Jrgax-irresolute and f is Irq4q+-trresolute.
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Proof. (1) Let V be closed in Z. Then g~ (V) is closed in Y, since g is continuous. I ,q+-continuity
of f implies that f~*(g71(V)) is Iga+-closed in X. Hence g o f is I4q+-continuous.
(2) Let V be closed in Z. Since g is Jrgq+-continuous, g H(V) is Jrgax-closed in Y. As f is Irga«-
irresolute, f~1(g71(V)) is Irgq+-closed in X. Hence g o f is Igq+-continuous. (3) Let V be K rgq+-
closed in Z. Then g~ (V) is J rgar-closed in Y, since g is J r4q+-irresolute. Because f is I 4q+-irresolute,
=1 (g7 (V)) is Irga+-closed in X. Hence g o f is [4q+-irresolute.
Remark 3.7. The following Fxamples show that:

1. every Irga-continuous function is not wga-continuous,

2. every Ipga+-continuous function is not Iq-continuous.

Example 3.8. Let (X, 7, I) be the same ideal topological space as in Example 2.8. Let Y = {z, y, 2}
and o ={Y, 0, {y, 2z}}. Define a function f: (X, 7, I) — (Y, o) as follows: f(a) =z, f(b) = f(c)=1y
and f(d) = z. Then fis I;ga+-continuous function but it is not mga-continuous.

Example 3.9. Let (X, 7, I) be the same ideal topological space as in Example 2.8. Let Y = {z, y, 2}
and o ={Y, 0, {y, 2}}. Define a function f: (X, 7, I) — (Y, o) as follows: f(a) = f(b) = z, f(c)==

and f(d) = y. Then [ is I;gox-continuous function but it is not I.4-continuous.

Theorem 3.10. For a function f: (X, 7, I) — (Y, o), the following properties hold:

Tg-continuous Tga-continuous

I 4-continuous —  Ir4q+-continuous

Proof. The proof is obvious by Remark 2.14.

3 *
4 Quasi-a*-I-normal Spaces
Definition 4.1. A space (X, 7) is said to be quasi-a-normal if for every pair of disjoint mw-closed
subsets A, B of X, there exist disjoint a-open sets U, V of X such that A C U and B C V.

Definition 4.2. An ideal topological space (X, T, I) is said to be quasi-a*-I-normal if for every pair
of disjoint m-closed subsets A, B of X, there exist disjoint aj-open sets U, V of X such that A C U
and BC V.

Proposition 4.3. If X is a quasi-a-normal space, then X is quasi-a*-I-normal.

Proof. 1t is obtained from Proposition 2.7.
Theorem 4.4. The following properties are equivalent for a space X:
1. X is quasi-a*-I-normal,

2. for any disjoint w-closed sets A and B, there exist disjoint Irgq~-open sets U, V of X such that
AC Uand BC V,

3. for any m-closed set A and any m-open set B containing A, there exists an Ixgo--open set U such
that A C U C aj3cl(U) C B.
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Proof. (1) = (2) The proof is obvious.

(2) = (3) Let A be any m-closed set of X and B any m-open set of X such that A C B. Then A and
X\B are disjoint m-closed subsets of X. Therefore, there exist disjoint Ir4q+«-0open sets U and V such
that A C U and X\B C V. By the definition of I,4q+-open set, We have that X\B C «ajint(V) and U
N afint(V) = 0. Therefore, we obtain ajcl(U) C ajcl(X\V) and hence A C U C ajcl(U) C B.

(3) = (1) Let A and B be any disjoint 7-closed sets of X. Then A C X\B and X\B is w-open and hence
there exists an Irg4q+«-0pen set G of X such that A C G C ajcl(G) € X\B. Put U = a}int(G) and V
= X\ a}cl(G). Then U and V are disjoint a}-open sets of X such that A C U and B C V. Therefore,
X is quasi-a*-I-normal.

Theorem 4.5. Let f: X — Y be an I 4o -continuous m-m-closed injection. If Y is quasi-normal,
then X is quasi-a*-I-normal.

Proof. Let A and B be disjoint 7-closed sets of Y. Since f is m-m-closed injection, f(A) and f(B) are
disjoint 7-closed sets of Y. By the quasi-normality of X, there exist disjoint open sets U and V such that
f(A) C U and f(B) C V. Since f is I4q+-continuous, then f~1(U) and f~1(V) are disjoint I,4q+-open
sets such that A C f~1(U) and B C f~1(V). Therefore X is quasi-a*-I-normal by Theorem 4.4.

Theorem 4.6. Let f: X — Y be an Ir4q+-irresolute m-m-closed injection. If Y is quasi-o*-I-normal,
then X is quasi-a*-I-normal.

Proof. Let A and B be disjoint 7-closed sets of Y. Since f is m-m-closed injection, f(A) and f(B) are
disjoint m-closed sets of Y. By quasi-a*-/-normality of Y, there exist disjoint I 4q+-open sets U and
V such that f(A) C U and f(B) C V. Since f is I4q+-irresolute, then f~1(U) and {71 (V) are disjoint
I ga+-open sets such that A C f~1(U) and B C f~1(V). Therefore X is quasi-a*-I-normal.

Theorem 4.7. Let (X, 7, I) be an ideal topological space where I is codense. Then X is quasi-a*-I-
normal if and only if it is quasi-a-normal.

5 Conclusion

Topology is an area of Mathematics concerned with the properties of space that are preserved under
continuous deformations including stretching and bending, but not tearing. By the middle of the 20th
century, topology had become a major branch of Mathematics.

Topology as a branch of Mathematics can be formally defined as the study of qualitative prop-
erties of certain objects that are invariant under a certain kind of transformation especially those
properties that are invariant under a certain kind of equivalence and it is the study of those prop-
erties of geometric configurations which remain invariant when these configurations are subjected to
one-to-one bicontinuous transformations or homeomorphisms. Topology operates with more general
concepts than analysis. Differential properties of a given transformation are nonessential for topology
but bicontinuity is essential. As a consequence, topology is often suitable for the solution of problems
to which analysis cannot give the answer.

Though the concept of topology has been identified as a difficult territory in Mathematics, we
have taken it up as a challenge and cherishingly worked out this research study. Ideal Topology is
a generalization of topology in classical mathematics, but it also has its own unique characteristics.
It can also further up the understanding of basic structure of classical mathematics and offers new
methods and results in obtaining significant results of classical mathematics. Moreover it also has
applications in some important fields of Science and Technology.

A new class of sets called Iq4q+-closed sets is introduced and its properties are studied in ideal
topological space. Moreover I,4q+-continuity and the notion of quasi-a*-I-normal spaces are intro-
duced.
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Abstract — Rough Set Theory (RST) is a mathematical formalism for representing uncertainty that
can be considered as an extension of the classical set theory. It has been used in many different
research areas, including those related to inductive machine learning and reduction of knowledge in
knowledge-based systems. Rough partial order relation and rough lattice are two important concepts
to introduce here based on RST. This paper provides some properties of rough relations, rough lattice,
rough boolean lattice and established their validity. Some results are established to illustrate the paper.

Keywords — Rough Set, Rough Approximation, Boolean Algebra, Rough Relation, Rough Partial
Order, Boolean Lattice.

1 Introduction

Rough set plays an important role for handling situations which are not crisp and deterministic but
associated with impreciseness in the form of indiscernibility between the objects of a set. So, in
case of dealing with some types of knowledge representation problems, rough algebraic structures are
useful. The concepts of Lattices and Boolean algebra [1] are of cardinal importance in the theory
and design of computers and of circuitry in general, besides having numerous other applications in
mathematical logic, probability theory and other fields of engineering and mathematics. Lattice is an
algebraic structure is of considerable importance, in view of its application in fields of mathematics
and computer science. The notions of rough partial order relation and rough lattice are based on RST
are needed in many applications, where experimental data are processes, in particular as a theoretical
basis for rough relation. In [2] Jouni Jdrvinen has proposed several direction of lattice theory for rough
set. We have also proposed lattice theory for rough set in different direction ([8],[9],[10],[11],[12]). This
paper presents the main concepts related to rough partial order relations, some of its properties and
related rough boolean algebra which are different but quite related with some special cases of Jarvinen’s
work.

The remainder of this article is organized as follows. Section 2 gives account of previous work.
Our new and exciting results are described in Section 3 and Section 4. Finally, Section 5 gives the
conclusions.

** Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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2 Definitions and Notations

2.1 Rough Set

Let U be a universe of discourse and E be an equivalence relation over U, called the indiscernibility
relation. By U/E, we denote the family of all equivalence classes induced by F on U. These classes
are referred to as categories or concepts of E and the equivalence class of an element z € U, is denoted
by x/E or [z]g. The basic concept of rough set theory is the notion of an approximation space, which
is an ordered pair A = (U, E). For x,y € U, if Ey then x and y are said to be indistinguishable in
A. The elements of U/E are called elementary sets in A. It is assumed that the empty set is also
elementary set for every approximation space. A definable set in A is any finite union of elementary
sets in A.

2.2 Rough Approximations

Theory of rough set was introduced by Z. Pawlak [4], assumed that set is chosen from a universe U,
but that elements of U can be specified only upto an indiscernibility equivalence relation E on U. If a
subset X C U contains an element indiscernible from some elements not in X, then X is rough. Also
a rough set X is described by two approximations. Basically, in rough set theory, it is assumed that
our knowledge is restricted by an indiscernibility relation. An indiscernibility relation is an equiva-
lence relation E such that two elements of an universe of discourse U are E-equivalent if we cannot
distinguish these two elements by their properties known by us. By the means of an indiscernibility
relation E, we can partition the elements of U into three disjoint classes respect to any set X C U,
defined as follows:

e The elements which are certainly in X. These are elements v € U whose E-class z/E is
included in X.

e The elements which certainly are not in X. These are elements x € U such that their F-class
x/E is included in X, which is the complement of X

e The elements which are possibly belongs to X. These are elements whose E-class intersects
with both X and X°°. In other words, 2/E is not included in X nor in X°°.

From this observation, we defined lower approximation set X | of X to be the set of those elements
x € U whose E-class is included in X, i.e, X |={z € U :z/FE C X} and for the upper approximation
set X 7 of X consists of elements « € U whose E-class intersect with X, i.e, X ={a €U :2/ENX #
()}. The difference between X | and X | treated as the actual area of uncertainty.

3 Rough Relation

The notion of rough relation was introduced and their properties were studied by Pawlak ([6], [7]).
Stepaniuk ([13], [14]) have established some more properties of rough relations and their applications.

Definition 3.1. Let A; = (U1, E1) and Ay = (Us, E3) be two approximation spaces. The product of
Aj by As is the approximation space denoted by A = (U, S), where U = Uy x Us and the indiscernibility
relation S C (U x U)? is defined by (21, 1), (z2,y2) € S & (z1,22) € Ey and (y1,y2) € Ea, (x1,72) €
Uy and (y1,y2) € Us. It can be easily seen that S is an equivalence relation on U x U. The elements
(z1,y1) and (29, y2) are indiscernible in S if and only if the elements 1 and x5 are indiscernible in F;
and so are the elements y; and yo in Es.

Definition 3.2. Let (U; x Us, FE) be an approximation space, where U; and U, are nonempty sets
and R C (U; x U)? be an equivalence relation. For any relation S C U; x Us , we define two relations
L(S) and U(S) called lower and upper approximations of S respectively given by, L(S) = {(z1,22) €
Uy xUs : [(z1,22)]g € S}, U(S) = {(z1,22) € Uy XUy : [(z1,22)]g NS # B}, where [(z1,72)] g denotes
the equivalence class of relation F containing the pair (z1,z3). Rough relation of S is defined as the
pair (L(S),U(S)).
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Definition 3.3. If V and W are relations in A, then W % V is a relation such that (a,b) €
V and (b,c) € W for some b € A}.

Proposition 3.4. If V, W, V;, W7 are relations in A,V; CV and W7, C W, then Wy «V; CW %V

Proof: Let (a,c) € Wi * V4 = 3b € A such that (a,b) € V5 and (b,c) € Wi. Then (a,b) € V
and (b,c) € W so that (a,c) e WV

Proposition 3.5. Let A = (U, R) be an approximation space and B = (U?,S) the approximation
product space of A x A. Then:

¢ [(z9)ls = [2]r x [y]p, and

o [(y,2)]s * [(2,y)]s = [z, 2)]s
Proof: The first result is trivially follows from the definition of the relation S.
For the second result let (a,c) € [(y, 2)]s*[(x,y)]s. Then there exist a,b € U such that (a,b) € [(x,y)]s
and (b, c) € [(y,2)]s. It follows that (a,b)S(z,y) and (b,c)S(y,z). Hence aFz, bEy and c¢Ez hold.
Consequently, (a,c) € [(x, 2)]s
On the other hand, let (a,c) € [(z, z)]s. This gives (a,¢)S(x, z). We thus get aEx and cEz. This clearly
implies (a,y)S(x,y) and (y,c)S(y,z). Hence (a,y) € [(z,y)]s and (y,c) € [(y,2)]s, and therefore
(a;¢) € [(y; 2)]s * [(2,9)]s

Definition 3.6. Let S = (U, E) be an approximation space and E, be its generated relation of E, we
say that Sg = (U x U, Ey) is general approximation space of S.

Definition 3.7. [6] We consider a non-null subset M of U and a relation T' on M. The rough relation
E,(T)(M — M) is said to be Reflexive: if and only if V. m € M,(m,m) € E, T (T). Symmetric:
if and only if V mi,mao € M, (mi,ma) € Eg T (T) = (m2,m1)E, 1 (T). Transitive: if and only
if V- mi,mo,mg € M,(my,msz) and (ma,m3)E, 1 (T) = (mi,m3)Ey T (T). Antisymmetric: if and
only if Vmq,mg € M, (mq1,mz), (me,m1) € E; 1 (T) = [m1]g = [m2]g. We only consider the upper
approximation as lower approximation is always subset of upper approximation.

Definition 3.8. A relation T is said to be a rough partially ordering if E,(T) is reflexive, symmetric
and transitive.

3.1 Rough Membership Function

Rough sets can also be defined by the rough membership function instead of approximation [5]. We

define the membership function of X with respect to E as uf( : X — [0, 1], such that ,uf( = ‘ﬂ/jgf',

where || represents cardinality function on a set. The rough membership function can also be in-
terpreted as the conditional probability, and can be interpreted as a degree of certainty to which x
belongs to X. The rough membership function can be used to define the lower approximation, the
upper approximation and the boundary region of a set, as follows: E | (X) = {z € U : p&(X) =
1L, ET(X)={2xeU:uf(X) >0} and

BNp(X)={zeU:0<pk(X) <1}

HE 5 (X) = maz(uE (X), pE (X)) for any @ € U.

k5 (X) < min(uk(X), 15 (X)) for any = € U
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Definition 3.9. For any rough partial ordering 7" on a non-null subset M of U, the dominating class
of an element x in M is denoted by T [;jand is defined for every y in M as T>[,)(y) = rr(x,y), where

rr(x,y) = % For any rough partial ordering 7" on a non-null subset M of U, the dominating
’ g

class of an element = in M is denoted by T<[;jand is defined for every y in M as T<[,)(y) = r7(y, ).

Definition 3.10. For any rough partial ordering 7" on a non-null subset M of U, the rough upper
bound of M is the rough set denoted by U(T, M) and is defined by U(T, M) = () T>[, Here, the
eM

xr
operator “intersection” associates the minimum of the membership values in the constituents for each
element in M.

Definition 3.11. For any rough partial ordering 7" on a non-null subset M of U, the rough greatest
lower bound of M is a unique element z in L(7T, M) such that L(T, M)(x) > 0 and r¢(y, z) > 0 for all
elements in the support of L(T, M). The uniqueness of z is up to it equivalence class with respect to
E

Definition 3.12. A crisp subset M of U with a rough partial ordering 7T is said to be a rough lattice
if and only if for any subset {x,y} in M, the least upper bound (l.u.b) and the greatest lower bound
(g.1.b) exist in M. We denote the L.u.b. of {z,y} by z Vy and the g.1.b of {z,y} by x Ay. We say that
(M, T) is a rough lattice on (U, F) and denoted it by L.

Example-1: Let A = (U, E) be an approximation space, where U = {a,b,¢,d,e, f,g} and U/E =
{{av b}7 {C, d}7 {67 f}7 {g}} as shown here B = (UXU7 S) = {(a,g), (b7 9), (g, a)? (9, b), (07 9),(d, g), (e, e),
(fa f)v (67 f)’ (f’ e)’ (a,c), (a7d>7 (b7 d)> (b7 C)? (d7 a)’ (da b)? (Ca a)? (Ca b)? (aa 6)7 (b7 6)7 (a7 f), (ba f)a (67 a),
(e,0), (f,a),(f,b), (c,€),(d;e), (c, f), (d, [), (e, ¢), (e, d), (f,¢), (f,d), (c,d),(d,c), (d,d), (c,c), (b,b),
(a,8), (b,a). (a.a), (9.0 (9., (e:9). (£.9): (9. ), (9, ). (9,9}

1. Let us consider two non empty subsets U1 = {a,b,c} and Uy = {f,g} of U. We take a subset
ol Uy x Uy i T = ((0.0) (35) 6 1) (.0 The y | (T) = {{0,0), ()} mnd , 1 (7) =
{(a,9), (b, 9), (c,e),(d,e), (c, f), (d, f), (c.9), (d, g)}. TT(af)—OandrT( =1

2. Lot us take T = {(0,). (). (c. ). (993} Then £y 1 (T) = {(ere). (e, F)s (). (f-0). (erd). (doc).
(d,d), (c,c), (b,b), g(a,b), (b,a),(a,a),(g,9)}. It is easy to see that Ry(T ) is a rough equivalence rela-
tion.

3. Let T = {(a,9), (,0), (¢:€), (9,€), (9,9)}. Then E, 1 (T) = {(a,9), (b,9), (a,¢), (a,d), (b, d), (b, ),
(c,), (d,€), (¢, 1), 9(ds 1), (9 ), (9, ). (99)}. So, B, (T) is antisymmetric.

1. Let T = {(a. ). (e. /), (c.d). (a. D), (.9} ThenE 1(T) ={(a,9), (b,g), (e,¢), (e, f), (f, ]), ([ e),
(¢,d),(d,c),(d,d),(c,c), g(b,b), (a,b),(b,a),(a,a), (g, g)} So, E4(T) is clearly reflexive.

E,(T) is antisymmetric as (e, f),(f,e) € Ry 1 (T) and [e]g = [f]g; (¢, d),(d,¢c) € Ry T (T) and
[de = [d]g;(a,b),(b,a) € Ry T (T) and [a]g = [b]g. It is also clearly rough transitive. So, E,(T)
is a rough partially ordered relation. if the universe is partitioned into at least three non singleton
equivalence classes which will give ultimately ” rough boolean lattice”.

4 Rough Boolean Lattice

Let R be a reflexive relation on U and X C U. The set R(X) = {y € U : xRy, for some z € X} is
the R-neighborhood of X. If X = {a}, then we write R(a) instead of R({a}). The approximations
are defined as Xp = {z € U : R(z) C X} and XB ={x e U: R(x)N X # 0}. Aset X C U is
called R-closed if R(X) = X, and an element x € U is R-closed, if its singleton set {x} is R-closed.
The set of R-closed points is denoted by S. Let us assume that (U; F) is an indiscernibility space.
The set of lower approximations Bg(U) = {Xg : X C U} and the set of upper approximations
BE(U) = {X¥? : X C U} coincide, so we denote this set simply by Bg(U). The set Br(U) is a
complete Boolean sublattice of (P(U), C), where P(U) denotes the set of all subsets of U. This means
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that Bg(U) forms a complete field of sets. Complete fields of sets are in one-to-one correspondence
with equivalence relations, meaning that for each complete field of sets F' on U, we can define an
equivalence E such that Bp(U) = F. Note that S and all its subsets belong to Bg(U), meaning
that P(S) is a complete sublattice of Bg(U), and therefore in this sense S can be viewed to consist of
completely defined objects. Each object in S can be separated from other points of U by the information
provided by the indiscernibility relation E, meaning that for any € S and X C U,z € Xg if and
only if € X¥. The rough set of X is the equivalence class of all Y C U such that Yz = Xg
and Y¥ = XF. Since each rough set is uniquely determined by the approximation pair, one can
represent the rough set of X as (Xp, X¥) . This is known as increasing representation [3]. This
representations induce the sets IRg(U) = {(Xg, XF) : X C U}. The set IRg(U) can be ordered
point wise (Xg, X¥) < (Yg,Y¥) & Xg C Yg. Therefore, IRg(U) can form completely distributive
lattice. As shown in [8], IRg(U) is a complete sublattice of P(U) x P(U) ordered by the point wise
set-inclusion relation, meaning that IR (U) is an algebraic completely distributive lattice such that
MXeg, XB)Y: X CH}=(( Xg, N XP)and \V{(Xg, XF): XCH}=(U Xp, U XPF) for

XeH XeH X€eH XEH
all H C IRg(U).
Now we consider the rough lattice and rough boolean algebra which are parallel to fuzzy lattice and
fuzzy boolean algebra [15].

Definition 4.1. A complemented distributive rough lattice (M, T") is known as rough Boolean algebra.
Every complemented rough lattice need to be bounded. So every rough Boolean algebra is necessarily
bounded rough lattice with bounds 0 and 1. Also every element a in M has an unique complement
denoted by a“°

Lemma 4.2. Let L be a rough lattice on an approximation space (U, E') then for any two elements
a,b€ M, and b > a then rr(a,b) >0<=aAb=a<aVb=b

Theorem 4.3. Let L be a rough lattice on the approximation space (U, E). Then for all a,b,c € M,
aNa=aand aVa=aaANb=bAaand aVb=bVa,(aAND)Ac=aA(bAc)and (aVb)Vc=
aV®Vve),an(avVb)=aandaV(aAb)=a

Theorem 4.4. Let L be a rough lattice on the approximation space (U, E). Then for all a,b,c €
M,rp((anb)V(aAe),aANbVe)>0. rr((aV (bAc),(aVb)A(aVe) >0

Definition 4.5. A rough lattice L on the approximation space (U, E) is said to be complete if every
subset of M has a lL.u.b and a g.l.b. in (U, E)

Definition 4.6. A rough lattice L on the approximation space (U, E) is said to be bounded if 3 two
elements 0,1 € M such that r7(0,2) > 0 and ry(z,1) > 0 for all z € M

Definition 4.7. A rough lattice L on the approximation space (U, E) is said to be distributive if and
only if for all a,b,c € M, Py:aA(bVe)=(aAb)V(aAc). Py:aV(bAc)=(aVb)A(aVec). In this
connection we can show that the statement P; , P, are equivalent

Theorem 4.8. In a rough lattice L on the approximation space (U, E) the cancellation laws hold,
thatisavVb=aVc=b=candaANb=aAc=b=c

Theorem 4.9. In a rough distributive lattice L on the approximation space (U, E), the De Morgan’s
laws hold true. That is, (a V) = a® A b and (a Ab)° = a®® Vb for all a,b € L, where 2°° stands
for the complement of x

Definition 4.10. A rough chain is a partially ordered rough set (M,T') on the approximation space
(U, E) in which for two elements a,b € L, either rr(a,b) > 0 or rr(b,a) >0

Definition 4.11. A rough lattice L on the approximation space (U, E) is said to be modular if
aV (bAc)=(aVb)Ac, whenever rr(a,c) >0 for all a,b,c € L

Lemma 4.12. Every rough chain is a distributive rough lattice and every distributive rough lattice
is modular.

Lemma 4.13. In a complemented distributive rough lattice L on the approximation space (U, F), a,b €
Lyrr(a,0) >0 aAb®=0<a°Vb=1< rp(b°a®) >0
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5

Conclusion

In this paper, we have presented rough lattice through a rough partial ordering relation defined on
a crisp set. We have introduced some important definitions, properties and lemmas of rough lattice,
rough ordering relation based on rough approximation spaces, giving interesting example. The rough-
ness of Boolean lattice is also studied, which is an interesting topic, we will extend it further in the

future.
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1 Introduction

Definition 1.1. [11] A function f: I — R is said to be convex on I if inequality

flu+ @ —t)v) <tf(u) + (1 —1t) f(v) (1)
holds for all w,v € I and ¢ € [0, 1]. We say that f is concave if (—f) is convex.

Geometrically, this means that if P, and R are three distinct points on the graph of f with @
between P and R, then @ is on or below the chord PR.

In [14], G. Toader defined m-convexity: another intermediate between the usual convexity and
starshaped convexity.

Definition 1.2. [14] A function f : [0,b] — R is said to be m-convex, where m € [0,1], if we
have

flz+mA-t)y) <tf(z)+m—1)f(y) (2)

for all z,y € [0,b] and ¢ € [0,1] .We say that f is m-concave if —f is m-convex. Denote by K,,(b) the
class of all m-convex functions on [0, b] for which f(0) < 0.

Remark 1.3. For m = 1 in (2), we recapture the concept of convex functions defined on [0, )] and,
for m = 0, the concept of star-shaped functions defined on [0, ] is obtained.

** Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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Definition 1.4. [1] The function f : [0,b] — R is said to be (a,m)-convex, where (a,m) € [0,1]%; if
for every u,v € [0,b] and ¢ € [0, 1], we have

fltu+ (1 =t)v) <tf (u) +m (1 —1%) f(v). (3)

Remark 1.5. Note that for (a,m) € {(0,0), («,0),(1,0),(1,m),(1,1), (e, 1)} one obtains the fol-
lowing classes of functions: increasing, a-starshaped, starshaped, m-convex, convex and a-convex.

Theorem 1.6. (The Hermite-Hadamard inequality) Let f : I C R — R be a convex function
and u,v € I with u < v. The following double inequality:

f(“*”)s ! [f(w)dxﬁw (1)

2 V—U 2

is known in the literature as Hadamard’s inequality (or Hermite-Hadamard inequality) for convex
functions. If f is a positive concave function, then the inequality is reversed.

In the literature [2]-[7] on numerical integration, the following estimation is well known as the
trapezoid inequality:

[ r@de- -0 @+ 10D < M-, 6

where f : [u,v] — R is supposed to be twice differentiable on the interval (u,v), with the second
derivative bounded on (u,v) by Ma = sup ¢y |7 (7)| < +o00.

For the perturbed trapezoid inequality, Dragomir et al. [4] obtained the following inequality by
an application of the Griiss inequality:

(6)

[ r@ e - (@ + £ )+ 5 00 () - 1 (W)
1

< 5@2—’72)(”—“)37
where f is supposed to be twice differentiable on the interval (u,v), with the second derivative bounded
on (u,v) by I's = sup,¢(y,,) [ (¥) < +00 and 72 = infye(u,0) 7 (2) > —o0.

For recent results and generalizations concerning Hadamard’s inequality, concepts of convexity,
m-, (a, m)-convexity and trapezoid inequality see [1]-[19] and the references therein.

Throughout this paper we will use the following notations and conventions. Let J = [0,00) CR =
(—00,+0), and u,v € J with 0 <u < v and f’ € L [u,v] and

A(u,v):u+v 1(1}

5 ,G(u,v)zm,l(u,v):; uu)_u (for u # v),

be the arithmetic mean, geometric mean, identric mean, for u,v > 0 respectively.

The aim of this paper is to establish some results connected with the perturbed trapezoid inequality
for m and («, m)-convex functions as well as to apply them for some elementary inequalities for real
numbers and in numerical integration.

2 The New Results for m- and («, m)-convex Func-
tions

To prove perturbed trapezoid inequalities for m-convex and («, m)-convex functions, we use following
Lemma which was used by Tung et al. (see [16])
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Lemma 2.1. [16] Let f : I° C R — R be a differentiable mapping on I°, a,b € I° with a < b. If
f"" € La,b], then the following equality holds:

("
/f Yo — 5 (b= a) (f (@) + £ () + 2 (= ) (' () ~ f (a)

_ 4a) /Ol(t+1) [f" (ta+ (1= 1)b) + 7 (tb+ (1 — t) a)] dt

Theorem 2.2. [16] Let f : I° C R — R be a differentiable mapping on I°, a,b € I° with a < b. If
|f”| is convex on [a,b], then the following inequality holds:

(8)

[ 1w dw~——wﬂﬂ@+ﬂw+§@—@%f@—fw»

< -0’ (" @]+ 0.

Theorem 2.3. Let f : I C R — R be a differentiable mapping on I°, a,b € I° with a < b and
m € [0,1]. If |f”| is m-convex on I, then the following inequality holds:

dr =5 (b= a) (f (@) + £ () + 2 (0= )* (' ()  f' (a)

@) )] }

(9)

4

w—a>{wuwm|+uwwn
12 12

Proof. Using Lemma 2.1 and Definition 1.2, it follows that

/“f dr =5 (b= a)(f (@) + 1 (0) + 2 (0 )* (' () ~ I (@)

(b—a)’ [
)
(b—a)® [
.
+t[f7 ()]
(b—a)’

|

a)’

t+1

IN

t+1)
t+1)

IN

t+1

(1" (-t (1= 0B+ 1 B+ (1~ 1) o)
e @iema-olr (L)
()}

—t
<a>|+—|f”<bn]j/ t(t%—l)zdt>

|
A .
{

U@l Ol 1 G M+W%m}.
12

m (1

(17

IN

b—
4
+m
(b—
4

IN

O

Theorem 2.4. Let f : I C R — R be a differentiable mapping on I°, a,b € I° with a < b and
(a,m) € [0,1]%. If | "] is (v, m)-convex on I, then the following inequality holds:

D) de = £ (b= a) (/@) + £ D) + 2 (b= ) (' () = ' @) (10)

17 (@) + 17 (B)]]

"Gl G

a® +6a24+11la+6

7 402 + 16a + 14
+l5— = m
3 o3+6a2+1la+6

_ ( a)3{ 402 + 160 + 14
= 4
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Proof. Using Lemma 2.1 and Definition 1.4, it follows that

v d — 3 (b a) (F (@) + £ () + 2 (b= )* (7 () — ' (@)

oo [ 12057 Gae b 5157 00+ -y
3 01

it Pnrferensmo-nlr ()

L) 4 m (-1 [ (L) ar)

{(If” |+|f”()|]/01to‘(t+1)2dt)
{f”(m)M ”()H 01(t+1)2(1—ta)dt}

b—ag 402 + 16a + 14
ad+6a24+11la+6

+ 7 402 + 16a+ 14
m| - —
3 a’+6a24+11la+6

IN

IN

IN

IN

[/ (@)l 117 (®)]]
@l @)

Remark 2.5. i) In inequality (10), if we choose o = 1, inequality (10) reduces to inequality (9).
ii) In inequality (10), if we take o = 1, m = 1, inequality (10) reduces to inequality (8).

Theorem 2.6. [16] Let f : I C R — R be a differentiable mapping on I°, a,b € I° with a < b, and let
p > 1 with 1/p+ 1/q = 1. If the mapping |f”|? is convex on [a, b] then the following inequality holds:

£)de =5 (b=a) (7 (@) + £ () + 5 (b= )* (f' () — ' (a) ay

(b—a)’ (22”1 - 1)5’ (If” @7 + | (b)lqy_

- 2 2p+1 2

Theorem 2.7. Let f : I C R — R be a differentiable mapping on I°, a,b € I° with a < b and
m € [0,1], and let p > 1 with 1/p+1/q = 1. If the mapping |f”|? is m-convex on I, then the following
inequality holds:

Db —a)(f (b) — f (a))

1 (12)

v)de — 2 (b= a) (f (@) + f () +

o b—a) (2o v
- 4 2p+1

. { el

2 2

|f~<b>|q+m\f~<,z>rqr}.
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Proof. Using Lemma 2.1, Definition 1.2 and Holder’s integral inequality, we get

[ F@de= 3 0= (F@)+ £ 6)+5 b0 (7 1) - I @)

(b—a)®
4

IN

[/1|t+1|2|f”(ta+(1—t)b)|dt
0

1
+/ lt+ 1) £ (th+ (1 —t)a)|dt]
0

(/Olhsﬂ%s)'l’</01|f"<w+<1t>b>|th)é
+ 1|t+1|2pdt% 1\f”(tb+(1_t)“)‘th%
0 0
o (2 [ (o
D 0
([ rorma-alr(@))a)
(b-a (20 -1\
4 ( 2p+1 )

. { [If” (a>q+m|f~(;;)|q]q N lf” B +m 7 (2) H

(b—a)®
4

IN

IN

) dt);

0

IN

2 2

O
Theorem 2.8. Let f : I C R — R be a differentiable mapping on I°, a,b € I with a < b,

(a,m) € [0,1)%, and let p > 1 with 1/p + 1/¢ = 1. If the mapping |f”|? is (o, m)-convex on I, then
the following inequality holds:

b
[ @5 0-a) G @+ 76+ 00 (7 6 - £ (@) (13)

o b-a)® 2t v
- 4 2p+1

{ @l ma!f"(&)lq]q N

a+1 a+1

), malf” (&)VF}.

a+1 a+1
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Proof. Using Lemma 2.1, Definition 1.4 and Holder’s integral inequality, we get

[ F@de =3 0-a) (@) + £ )+ 5 b0 (7 0) - £ @)

< (b;a)g Uol|t+1|2|f”(ta+(1—t)b)|dt
+/01|t+1|2|f”(tb+(1—t)a)|dt}

< (b;a)g (/01|t+1|2pdt>;(/01|f”(ta+(1t)b)|th);
+</01|t+1|2pdt);(/01|f”(tb+(1—t)a)|th);]

< ) [ (o emo-ee ()] o)
- ( / 1 (17 @1+ ma = | ()] dtﬂ

_ - (22P+1—1>§

= Ty 2+ 1

1
q

+

@It malf” Gl

a+1 a+1 a+1 a+1

oI mals” (&)VF}

4

Remark 2.9. i) In (13), if we choose a = 1, we have the inequality in (12).
ii) In Theorem 2.8, if we choose « = m = 1, we obtain the inequality in (11).

Corollary 2.10. i) Under the assumptions of Theorem 2.7, if we choose p = m = 1, we obtain the
inequality;

b
[ F@de =5 0-a) @)+ 5 0)+7 b0 (1) - I @)

_ - [If”(a)lq+|f”(b)qr.
- 6 2

ii) Under the assumptions of Theorem 2.8, if we choose p = m = 1, we obtain the inequality;

b
[ F@de=30-a) @)+ £0)+5 b0 (7 0) - F @)

T(b—a)® [TI/" @7  alf” O [l O alf @]
- 6 {{a—i—le 04—1—1}+[0z—1—1+ a—l—l]}'

Theorem 2.11. [16] Let f: I C R — R be a differentiable mapping on I°, a,b € I° with a < b, and
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let p > 1with 1/p+1/q = 1. If the mapping |f”|" convex on [a, b], then the following inequality holds:
(14)

b
[t 50-a) @+ F6)+ 5 00 (7 6 - £ (@)

< O —4@)3 (;)1_3’ {(17|f” (a)lplzlllf” (b)l”>

+ (17|f” (B)[F + 11 [f" (a)|p>}.

S

3=

12

Theorem 2.12. Let f : I C R — R be a differentiable mapping on I°, a,b € I° with a < b, and
m € [0,1], and let p > 1 with 1/p+1/q = 1. If the mapping |f|? is m-convex on I, then the following
inequality holds:

b
[t 50-a) @@+ F0)+ 5 00 (7 6 - £ (@)

_ - (7)1‘5 {(17|f” (@ +mi1]f" (i)\p>‘l’
- 4 3 12

. (17|f” (B +m11 s (SL)V’);} |

(15)

12
Proof. Using Lemma 2.1, Definition 1.2 and power mean integral inequality, we establish

b
[ F@de=30-a) @)+ £ 6)+5 b0 (7 1) - I @)

(b—a)®
4

IN

1
/ lt+ 112 |f" (ta+ (1 —t)b) + f" (tb+ (1 —t) a)| dt
0

1—

(b _4“)3 (/01 t—|—12dt)
{(/01 (t+1)° (tf”(a)lp+m(1—t)
+</01(t+1)2 (t\f”(b)|p+m(1—t)

b ()

. { (Frer @zﬂp); NGl (;;)'p);} |

=

IN

(e
rGINa) )

IN

12 12

O

Theorem 2.13. Let f : I C R — R be a differentiable mapping on I°, a,b € I° with a < b, and
(a,m) € [0, 1]2, and let p > 1 with 1/p+ 1/q = 1. If the mapping |f”|? is (o, m)-convex on I then the
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following inequality holds:

b
[ @5 0-a) @+ FB)+ 5 0-ap (f’(b)f’(a))|

< ()

X{ 402 + 160+ 14

ad +6a2+1la+6
Proof. Using Lemma 2.1, Definition 1.4 and power mean integral inequality, we obtain

1

mao (7042 + 30a + 29)
3(a+1)(a+2)(a+3)

1" (@) +

0

40% 4+ 160 + 14
ad +6a24+11la+6

mao (7oz2 + 30 + 29)

Ot 3 D e T2 @t 3)

b
[ @)= 50-a) @+ FB)+ 5 0-ap (f’(b)f’(a))|

IN

3 1
(b_4)/0 £ 117 " (ta+ (1= ) b) + f (8 + (1 — t) a) | dt

1—

(b—4a)3 (/01|t+1|2dt>
{(/ol(t+1)2 (taf”(a)|p+m(1_ta) 1% (i)
([ e @ orsma-mle (S dt);}
b—a)?® (7\'"7

= (3)

X{ 402 + 16+ 14

8=

IN

IN

mao (7042 + 30a + 29)
3(a+1)(a+2)(a+3)

7@ + ()

o3 +6a2+11a+6

402 + 16a + 14
ad +6a24+11la+6

mao (7042 + 30a + 29)

O e D e @13

Remark 2.14. i) In (16), if we choose a = 1, we have the inequality in (15).
ii) In (16), if we choose o = m = 1, we obtain the inequality in (14).

I
e )

eI}

76

(16)

Corollary 2.15. i) Under the assumptions of Theorem 2.12, if we choose p = m = 1, we obtain the

inequality;

b
[ F@de =3 0-a) @)+ 5 6)+7 b0 (1) - I @)
(- (171" @]+ 11187 1)
= 2 ( 12 )
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ii) Under the assumptions of Theorem 2.13, if we choose p = m = 1, we obtain the inequality;

v~ 3 (b= a) (F (a) + £ () + 2 (b~ )* (7 () £ (a)

b—a) 703 + 3402 + 450 + 14

- 4 3(a?+6a?+1la+6) 17 (@l + 177 ®)1

3 Applications to Special Means

Now we shall use the results of Section 2 to prove the following new inequalities connecting the above
means for arbitrary real numbers.

Proposition 3.1. Let a,b € (0,2) and = > 0, m € [0,1] with a < b. Then, the following inequality
holds:

In 1 (a,b)+ A(na,l b)+5(b*a)2
—InI(a na,ln ———
’ ’ 4 G? (a,b)
_ (b—a)’ 17+ 11m%) A (a®,}?)
- 2 12 G* (a,b)
Proof. The proof is immediate from Theorem 2.3 applied for f(z) = —Inz, € R. O

Proposition 3.2. Let (0,2), a,b € (0,2) and z > 0, (o, m) € [0, 1]2 with a < b. Then, the following
inequality holds:

5(b—a)’
G? (a,b)
(b—a)? [ 40%+16a + 14 (1= md) m3\ A (ab?)
- 2 a3+ 6a2+11la+6 3 G*(a,b)

’ Inf(a,b)+A(lna,Ind) + 102 (ab)

Proof. The proof is immediate from Theorem 2.4 applied for f(z) = —Inz, € R. O

Proposition 3.3. Let (0,z), a,b € (0,z) and > 0, m € [0,1], p > 1 with a < b. Then, the following
inequality holds:

2
—In7(a,b)+ A(Ina,lnbd) + ig;—( a))

2 2p+1 _ 1\ /P
Sl (B0} (o i s )
q a,

Proof. The proof is immediate from Theorem 2.7 applied for f(z) = —Inz, € R. O

Proposition 3.4. Let (0,z), a,b € (0,z) and 2 > 0, (o, m) € [0,1)%,p > 1 with a < b. Then, the
following inequality holds:
5(b—a)’

‘lnI(a b) + A(lna,lnb) + 167 (ah)

2 1/p
- (b—a) <22p+1 _ 1> 1 1 {[bzq " azqm1+qa]%
~ 4G%*(a,b) \ 2p+1 (a+1)7

4 [a2q 4 b2qm1+qa] %} .

Proof. The proof is immediate from Theorem 2.8 applied for f(z) = —Inx, z € R.. O
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Proposition 3.5. Let (0,z), a,b € (0,z) and x > 0, m € [0,1], p > 1 with a < b. Then, the following
inequality holds:

5(b—a)’

‘—hl[(a,b)—FA(lna,lnb) + Zm

7(b—a) (3
= 12G*(a,b) <84

+ (17a% 4 1+ 12) 7

1
> ' {(17b2p + 11mp+1a2p) 1/r

Proof. The proof is immediate from Theorem 2.12 applied for f(z) = —Inz, z € R. O

Proposition 3.6. Let (0,z), a,b € (0,2) and z > 0, (a,m) € [0, 1]2 ,p > 1 with a < b. Then, the
following inequality holds:

5(b—a)’

‘—]n[(a,b)—FA(lna,lnb) + zm

(b—a)’ 7 e
< ~~ 7
~  4G* (a,b)

( (402 +16a + 14) 022 mPt1a? (703 + 3002 + 290) ) v

(a® + 602 + 11l + 6) 3 (a3 +6a? + 1la + 6)

1
(402 + 160r + 14) a®? N mPIP (7a® + 3002 + 29a) | ”
(a3 +6a2+11la+6) 3 (a3 4+ 6a2 4+ 11a + 6)

Proof. The proof is immediate from Theorem 2.13 applied for f(z) = —Inz, z € R. O
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Abstract — As a continuation of the study of various algebraic structures of Fuzzy Multisets, in this paper the
concept of Abelian fuzzy multigroups, left and right cosets of fuzzy multi groups and fuzzy multi order of an
element of a group are introduced and its various properties are discussed. In the last section some of the
homomorphic properties between two Fuzzy multigroups are discussed.
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1 Introduction

Modern set theory formulated by George Cantor is fundamental for the whole Mathematics.
But to represent imprecise, vague data classical set theory is insufficient. So many non
classical sets were put forward to overcome this problem. Some of them are fuzzy sets, soft
sets, rough sets, multisets etc. To make these non classical sets even more powerful
combinations of them were also introduced in time. One of them is Fuzzy Multisets.Fuzzy
Multisetsis a powerful tool for modelling quantitative and qualitative properties of objects
simultaneously.

Many fields of modern mathematics have been emerged by violating a basic principle of a
given theory only because useful structures could be defined this way. Set is a well-defined
collection of distinct objects, that is, the elements of a set are pair wise different. If we relax
this restriction and allow repeated occurrences of any element, then we can get a
mathematical structure that is known as Multisets or Bags. For example, the prime

“Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman(Editor-in-Chief).
“Corresponding Author
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factorization of an integer n>0 is a Multiset whose elements are primes. The number 120 has
the prime factorization 120 = 2°3'5' which gives the Multiset {2, 2, 2, 3, 5}. A complete
account of the development of multiset theory can be seen in [1,2, 9, 10,11,12,13]. As a
generalization of multiset, Yager [6] introduced the concept of Fuzzy Multiset (FMS). An
element of a Fuzzy Multiset can occur more than once with possibly the sameor different
membership values.

2 Preliminaries

Definition 2.1.[11] Let X be a set. A multiset (mset) M drawn from X is represented by a
function Count M or Cy defined as Cy : X— {0,1, 2, 3,...}.For each xeX, Cu(x) is the
characteristic value of x in M. Here Cy(x) denotes the number of occurrences of x in M.

Definition 2.2.[10] Let X be a group. A multi set G over X is a multi group over X if the
count of G satisfies the following two conditions

1. Cg(xy) = Co (X) ACa(y) vXy EX;
2. Co(xh) = Cg(x) VxE X

Definition 2.3.[12] If Xis a collection of objects, then a fuzzy set A in X is a set of ordered
pairs: A = {(X,ua(X)) : XEX,ua : X —[0,1]} where uais called the membership function of A,
and is defined from X into [0, 1].

Definition 2.4.[2] Let G be a group and u€FP(G) (fuzzy power set of G), then u is called
fuzzy subgroup of G if

1. u(xy) >u(X)A uly) vx,y € G and
2. u(x) =u(X)VxE G

Definition 2.5.[9] Let X be a nonempty set. A Fuzzy Multiset (FMS) A drawn from X is
characterized by a function, ‘count membership’ of A denoted by CM, such that CMa :X — Q
where Q is the set of all crisp multisets drawn from the unit interval [0,1].

Then for any x€ X, the value CMa(x) is a crisp multiset drawn from [0,1]. For each xe X, the
membership sequence is defined as the decreasingly ordered sequence of elements in CMa(X).

ltpis denoted  by{ puj(x), ui(x), ui(x),..., (0 }; pi(x) = ph(x) = pix) =...2
phy ().

When every x€ X is mapped to a finite multiset of Q under the count membership function
CMa,, then A'is called a finite fuzzy multiset of X.The collection of all finite multisets of X is
denoted by FM(X). Throughout this paper fuzzy multisets are taken from FM(X).

Definition 2.6.[7] Let A€ FM(X) and X €A. Then L(x; A) = Max {j : u4(x) # 0}

When we define an operation between two fuzzy multisets, the length of their membership
sequences should be set to equal. So if Aand B are FMS at consideration, take L(x; A,B) =
Max {L(x;A),L(x;B)}. When no ambiguity arises we denote the length of membership by
L(x).
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Basic relations and operations, assuming that A and B are two fuzzy multisets of X is taken
from [7] and is given below.

a) Inclusion
A CB ‘:’ﬂfq(x) < ,u]B(x), j=12, ..., L(x)VxEX.

b) Equality

A=B &, (x) = up(x), j=12,....,L(x) VX € X.

c) Union

thop ) = p () vV ul (x), j=1,2,.....,L(x) where visthe maximum operation.

d) Intersection
g () = 1 (%) Al (%), j = 1,2, ..., L(x)where A is the minimum operation.

By CMa(x) > CMa(y) it is taken that u_Ai(x) > pay) vi= 1, ..., Max{L(x), L(y)}. And
CMa(X)ACMa(y) means that {ua'(X) Aua'(y) } vi=1, ..., Max{L(x), L(y)}. And by CMa(x)
vCMa(y) we mean {ua'(x) vua'()} vi=1, ..., Max{L(x), L(y) }.

Definition 2.7.[8] Let A€ FM(X). Then A™ is defined as CMa ™ (x) = CMa(x™).
Definition 2.8.[8] Let A, BEFM(X). Then define A 0 B as

CMyop(x) = v{CMu(y)ACMg(2) ; y,z€ Xand yz = x }. Also
CMpop(x) = Vvyex{CMu(y)A CMp(y 'x)}vx € X
= Vyex{CMA(xy_l)/\ CMB(y)}Vx € X.

Definition 2.9.[8] Let Xbe a group. A fuzzy multiset G over X is a fuzzy multi group (FMG)
over X if the count (count membership) of G satisfies the following two conditions.

1. CMg(xy) > CMg(x) ACMg(y) Vx,y € X.
2. CMg(xh) >CMg(X)V x € X.

Definition 2.10.[8] Let A € FM(X). Then
Alo, n] = {x € X: p(x) = @ ;L(x) = j = nandj,n € N}. This is called n-a level set of A.

Definition 2.11.[8] Let A € FM(X). Then define A* = {x € X: CM,(x) = CM,(e) }.
Proposition 2.12.[8] Let AeFMG (X). Then

a) CMa(e) > CMa(x) vX€ X.

b) CMa(X") > CMa(X) vXE€E X.

c) A'2A.

Proposition 2.13.[8] Let A € FM(X).Then A € FMG(X) iff CMA(xy'l) > CMa(x) A CMa(y)
v X, Y EX.
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Proposition 2.14.[8] If A€ FMG(X),and H is a subgroup of X, then Ay (i.e. A restricted to
H)e FMG(H) and is a fuzzy multi subgroup of A..

Proposition 2.15.[8] Let A € FMG(X). Then Afa, n] are subgroups of X.
Proposition 2.16.[8] Let A € FMG(X). Then A* is a subgroup of X.
Some of the basic properties of groups are given below.

Definition 2.17.[14]Let (G,*),(G’,0) be two groups. A mapping @ : G — G’ is called a
homomorphism if @ (a x b) = @(a)od(b),a,b € G.

Definition 2.18.[14] Let @ : G — G’ be a homomorphism. Then the kennel of @ is the set of
all those elements of G which are mapped to the identity element of G’. That is
Kerd = Ky ={x€G: @ (x) = e’} where e'is the identity element of G'.
Proposition 2.19.[14] Let @ : G — G’ be a homomorphism. Then
B(e) = ¢’ 0(x™") = [0(x)] ™
Proposition 2.20. [14] Let @: G — G’ with kernel K. Then K is a normal subgroup of G.

Definition 2.21.[14] A one-one homomorphism from G onto G’ is called an isomorphism.

Definition 2.22.[14] Two groups G, and G* are said tobe isomorphic if there is an
isomorphism of G onto G*.

Note :- If G and G* are isomorphic then both groups will have the same properties.

Definition 2.23.[14] An isomorphism of a group G to itself is called an Automorphism.

3. Abelian Fuzzy Multi Group

Proposition 3.1. Let A € FMG(x). Then the following assertions are equivalent.

a) CMy(xy)=CM,(yx), x,yve€X
b) CMu(xyx™') = CM,(y), x,y €X
c) CM,(xyx™1) =CMy(y), x,yeX
d CM,(xyx™1) < CMy(y), x,y€X

Proof. () = (b) Letx,y € X. Then CM,(xyx™1) = CM,(x"txy) = CM,(y)
(b) = (c)Straight forward
(©) = (A)CMu(xyx™) < CMp[x ™ (xyx ™) (x ™) 7] = CMu(y)

(d) = (@)Letx,y e X
Then CM,(xy) = CMy[x(yx)x~'] < CM,(yx) = CMu[y(xy)y '] < CMy(xy)
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Hence CM,(xy) = CM4(xy).Thus the above assertions are equivalent.

Definition 3.2. G eFMG(X)is called an Abelian fuzzy multi groupover X, if CM;(xy) =
CM;(yx)Vx,y € X . Let AFMG(X) denote the set of all abelian fuzzy multi groups over X.

Example 3.3. Let X be an abelian group and G be a FMG of X. Then G is an abelian FMG
over X.

Proposition 3.4. Let AGAFMG(X). Then A", A[a,n]; neN, a€ [0,1] are normal subgroups of
X.

Proof. By Propositions 2.15 and 2.16 A” and A[a,n] are subgroups of X.

1. Let xeX and yEA". So CM,(y) = CM,(e). Since A EAFMG(X)
CM,(xy) = CM,(yx)Vx,y € X.S0 CM,(xyx™1) = CMu(y) = CMy(e) by (3.1)
So x~1 € A* . Hence the proof by the definition of normal subgroup.

2. Let xeX and yeA[a, n]. Since AEAFMG(X), CM,(xy) = CM,(yx)Vx,y € X. So
CM,(xyx™1) = CM,4(y) by(3.1.) So xyx~! € A[a, n].Hence the proof by the definition of
normal subgroup.

Proposition 3.5. Let AEAFMG(X). Then Al; jeN, isnormal subgroup of X iff
j+1

i (ey ) =0vx,y € Al
Proof. In [8] it is proved thatA’ is a subgroup of Xiff i)' (xy~1) = 0 vx,y € A/. Let xeX

and yeA. So 1w (y) > 0 andil ™ () = 0. Since  A€AFMG(X) ,
CM,(xy) = CM,(yx) Vx,y € X.S0 CM,(xyx~1) = CM,(y) by (3.1.). Then

,ufl(xyx"l) > 0 and ,uflﬂ(xyx‘l) = 0. So xyx~! € A/. Hence the proof by the definition
of normal subgroup.

Corollary 3.6. Let A6AFMG(X). Then Al; jeN, isnormal subgroup of X iff Alis a subgroup
of X.

Definition 3.7. Let X be a group andAeFM(X).Then[CM,(e)], EFM(X) with only one
element x and CMicp (e, (X) = CMy(e).

Definition 3.8. Let Xbe a group HEFMG(X) and xeX. Also let e be the identity element of X.
Then

a) the FMS [CMy(e)], o H is called a left fuzzy multi coset (LFMC) of H in X and is denoted
by xH, where
CMyy(2) = v {CMicpy e, (W) A CMy(v) ;uv = 2z }
= CMicmy (e, () & CMy(x7'2)
= CMy(e) n CMy(x~1z) by (3.9))
= CMy(x71z) by (2.10)

b) the FMS H o[CMy(e)],is called a right fuzzy multi coset (RFMC) of H in X and is
denoted by Hx, where
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CMyx(2) = v {CMy (W) A CMcpy(en, (V) suv =2z}
= CMy(zx™) A CMicpyy(en, (X)
= CMy(zx™1) A CMy(e)
= CMy(zx™1)

Remark 3.9. If H € AFMG(X), then xH = Hx, ¥x € X.
Proof. Let H € AFMG(X)

CMy,(z) = CMy(zx™1)
= CMy(x~12)
= CM,y(2)

Proposition 3.10. Let H € FMG(X). Then vx, y € X,

a) xH = yH &xH* = yH*
b) Hx = HyeH*x = H*y

Proof. a) LetxH =yH. Then CM,4(z) = CM,,54(z) and hence
CMy(x~1z) = CMy(y~1z) vz €EX.

Now since z is arbitrary, put z =y, we get CMy,(x~1y) = CMy(y~1y) = CMy(e)
Thus x'yeH* and hence xH* = yH*

Conversely, let xH* = yH*. Thus x'y, y’xeH*. ....... (1)

Now CMy(x~1z) = CMy([x1y][y~1z]) by associativity of group
> CMy(x~1y) A CMy(y~12) by (2.9)

= CMy(e) A CMy(y~'2) by (1)

= CMy(y~'z) VzeX

Similarly CMy(y~'z) > CMy(x™z) vz € X.

So CM,y(z) = CM,,;(z) Vz € X. Hence the proof.

b) Proof is similar to part (a).
Proposition 3.11. Let HEAFMG(X). If xH =yH, then CMy(x) = CMy(y) Vx, y € X.

Proof. Let xH = yH. Then CM,;(z) = CM,,(z)and hence CMy (x~'z) = CMy(y~'z) VzeX.
Now since z is arbitrary, put z =y, we get CMy(x~1y) = CMy(y~1y) = CMy(e).

Thus x'yeH*. Similarly y'xeH*. ............. (1)

Since HEAFMG(X), it follows that CMy(x) = CMy(y~'xy) by (3.1.)

> CMy(y~'x) A CMy(y) by (2.9)

= CMy(e) n CMy(y) by (1)and (2.10)

= CMy(y)

Similarly CMy(y) = CMy(x)and hence the proof.

Definition 3.12. Let Ae FMG(X). Then
[A] = {x: x€ X and CM,(xy) = CM,(yx) V y € X }is called the normalizer of A in X.

Proposition 3.13. Let Ae FMG(X). Then [A] is a subgroup of X and A|jaj€ AFMG ([A]).
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Proof. Clearly e € [A]. Letx, ye [A]. ThenV z € X,

CMA(x[y_lzD

CM,([y~1z]x) by xe[A]andy’z € X.
CMu([x~'z7*]y) by (2.9)
CM,(y[x~*z"1]) by ye [4] and X'z € X.
CM,(z [xy Dby (2.9) covevereene. (1)

CMy(y[x~ "1])

CMu([x~*27 ]y)

CMa([y™ 1Z]X)

CMu([xy™12) oo (2)

From (1) & (2) xy'€ [A].So [A] is a subgroup of X. By (2.14) it is provedAla€ FMG ([A]).
And by the definition of AFMG the proof is complete.

CM([xy~]2)

AV I \VA T |

CMp(z [xy™'])

VIV Il IV

Proposition 3.14.Let A, BE FMG(X) and AC B. Then the following assertions are
equivalent.

a) CMy(xyx™) = CM,(y) AN CMg(x) V x,y € X
b) CMy(yx) = CMy(xy)\N CMg(y) V x,y € X
) [CMy(e)]x0A 2 (Ao[CM(e)],) N B

Proof. (a) = (b)
Since AS BCM,(yx) = CM,(yxyy 1) = CMy(xy) ACMg(y)  by(a)

1. (b)) =)

V z €X,CM(icmy(e)ly04)(2) Vxex[CMicmp(en, () A CMu(x™12)]
CMy(e) A CM,(x"12)
CM,(x~12)
CM,(z~x) by(2.9.)
CM,(xz™Y) A CMg(z™1) by (b)
CM,(zx™Y) A CMg(z™1) by (2.9)
CM,,.(z) A CMg(z) by(3.8and 2.9)

(CMp(2) N CMg(2))(2)

nyvivIiv v I

2. (b)=>@ V x,y eX
CM(x[yx7']) = CMu([yx]x) A CMp(x)
= CMu(y) N CMg(x)

3. c©)=>b) VvV x,y € X
CMy(yx) CMu(x~'y™1) by(2.9)

CMxA(y_l)

CM(Ax)nB(y_l) by(c)

CMA(}’_lx_l) A CMB(}’_l)

CM,(xy) N CMg(y) Hence the proof by (2.9.).

vV v
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4 Fuzzy Multi Order

4.1 Fuzzy Multi Order of an Element of a Group

Throughout the rest of the paper we consider X as a group with finite order. And A€
FMG(X).Alsox,y € X.

Definition 4.1.1. Let A be a FMG of X and x€ X. The least positive integer n such that

CM,(x™) = CMy(e) is known as fuzzy multi order of x w.r.t. A and is denoted by (O(x);A). If
no such n exists, x is said to be of infinite order w.r.t. A.

Example 4.1.2. (Z4, +4 ) is a group. Let A = {(.6, .4, .3,.1)/2, (.9, .8, .7, .5, .1, .1)/0} isa
fuzzy multi group. CM,(2%) = CM,(e). So (O(2);A) = 2.

Also O(x) = O(y) does not imply (O(x);A) = (O(y);A). It is illustrated below. Consider the
Klein four cycle X = {e, a, b, c}. Then A ={(.6, .4, .3, .1)/a, (.9, .8, .7, .5, .1, .1)/b, (.9, .8, .7,
5,.1, Dlc, (.9, .8, .7, .5, .1, .1)/e}. Here O(a) = O(b) = O(c). But (O(a);A) # (O(b); A) =
(O(c);A).

Proposition 4.1.3. Let A€ FMG(X). If CM,(x™) = CM4(e), for some positive integer m,
then (O(x);A)|m.

Proof. Let (O(x); A) =n. Given CM,(x™) = CM,(e). Hence n<m.
By division algorithm Jintegers s, t such that m = ns+t ; 0< t < n. The

CMu(xt) = CMu(x™™)

= CM,y(x™(x™)™%)

> CMu(x™)ANCM,4(x™)™° by (2.9)
CM,(e)ACM,(x™) 1
CM,(x™)™t by 2.12(a)
CMy4(x™) by 2.9
CM4(x™)*%)
CMy4(x™) by 2.12(b)
CMy(e)

IV iy i

So CM,(xt) = CM,(e). Hence t=0 by the minimality of n. i.e. m= ns. Hence the proof.
Proposition 4.1.4. Let Ae FMG(X). ThenV x € X, (O(x);A)|O(x).

Proof. O(x) =m, (O(x);A) =n

CMyu(x™) = CMy(e)

So (O(x);A) =n< 0(x) = m (Since n is the least)
Letnt mand letm =np +q; 0 <g<n. Then

x™ = x"P+q

e =x"Px1
x~1 = x™
CMy(x™1) = CMy(x"P)
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Thus CM,(x™) = CM,(x9) by 2.9

CMu(x?) = CMp((x™)P) = CM4(e) by (2.9.)

i.e. 30 < g < n;CMy(x?) = CM4(e). This is a contradiction to (O(x); A) =n.
Hence the proof.

Proposition 4.1.5. Let Ae FMG(X). Let x, y€ X such that ((O(x) ;A), (O(y); A) ) = 1 and xy
=yx. Then if CM,(xy) = CM,(e), then CM,(x) = CM,(y) = CM,(e).

Proof. Let (O(x); A) =n, (O(y); A)=m. ........ (1)

CMy(e) = CM,(xy) (given)
CM,((xy)™)by 2.12(b)

CMyu(x™y™) i (2)

Al

Hence CMy(e) = CMy(x™y™) by (2.10.) Now
CMy(x™) CMy(x™y™y™™)
CMy(x™y™) ACMu((y™™) by (2.9.)
CM,(e) ACMy(e) by (1) and (2) and 2.9
CM,(e).

v iIv I

Thus CM,(x™) = CMy(e). Then njm. (by 4.1.4). But (n, m) =1 (given). Thusn = 1.

Corollory 4.1.6. Let Ae FMG(X). Let x, y€ X such that (O(x), O(y) ) = 1and xy = yx. Then if
CMA(xy) = CMA(G), then CMA(x) = CMA(y) = CMA(E)

Proof. (O(x), O(y) ) =1
(O(X) ;A\ O(x). by (4.1.5.). Then
((O(x) ;A), (O(y); A)) =1 Then the proof by (4.1.5)

Theorem 4.1.7. Let A € FMG(X). Let (O(x); A) =n ; x€ X. If m is an integer with (m,n) = d,
then (O(x™); A) = n/d.

Proof. Let (O(x™); A) = t. Now

CMy((x™™M4) = CMu(x™); m/d = keZ
> CM,(x™) by (2.12)
= CMy(e)
ie. CMu((x™™M4) = CMy(e). Thusti(n/d) by(4.1.3) ..., (1)

Now, since (m, n) =d, 3i,j € Zsuch that ni + mj = d.So
CMA(xtd): CMA(xt(ni+mj))
> CMy (™) )ACM4 (™))
= CMy(e)

CMu(xt) = CMy(e)



Journal of New Theory 5 (2015) 80-93 89

Son|(td) by(4.1.3) i.e. (n/d)|(td/d).= (n/d)]t. ........ ()
t=(n/d) by (1) and (2). Hence the proof

Proposition 4.1.8. Let Ae FMG(X). Let (O(x); A) = n ; xe X. If m is an integer with (m, n) =

Proof. Since (m, n) =1, 3i,j € Zsuch that ni + mj = 1. We then have

CMu(x) = CMy(x™+m)
> CM,((x™)ACML((x™)) by (2.9)
> CMu(x™) ACMy(x™)

> CMy(e) ACMy(x™)

CMy(x) = CMy(x™) So
CM,(x™) = CMy(x). by(2.12(b))

Theorem 4.1.9. Let A € FMG(X). Let (O(x); A) =n ; x € X. If i = j(modn) ;i,j € Z. Then
O(x");4) = (0(x)); 4).

Proof. (0(x'); A) = ¢, (0(x7); A) = s. Alsoi = j + nk; ke Z. So

CMA((XL)S) — CMA((xj+nk)s)
> M ((x)))ACM, (™))
> CM,(e) A CM,(x™)
= CM,(e).

Then CM,((x)$) = CMy(e). by (2.12)
So tfs. Similarly by CM,((x/)t) = CM,(e)we gets|t. Thus t =,

Proposition 4.1.10. Let A€ FMG(X). Let x, ye X such that ((O(x);A), (O(y); A) ) =1 and xy
=yx. Then (O(xy);A) = [(O(x); A)II(O(y);A)]-

Proof. Let (O(xy);A) = n, (O(x); A) =s, (O(y);A) =t. Then (t,s) =1 (given)

CMa((xy)°t) = CM4(x)ACM4(y*Y)

> CM,(xS)NCM,(vY)
CMA(e) A CMA(e)
CM,(e).

Son|st by (4.1.3) ...l (1)

Now CMy(e) = CMu((xy)™) = CMu(x™y™).

Since n|st and (t,s) = 1, n|s or n|t. Assume n|t, then (n,s) =1.

So (0(x™);A) =sl(ns) =s. by (4.1.7)

Also by the same (0(y™);A) = t/(n,t). ..ooooininni... (a)

Since (s,t) = 1, we have (s, (t/(n,t)) ) = 1.

Thus ((0(x™);4), (0(y™);4)) = 1.by (a)

Also CM4((xy)™) = CMy(x™y™) = CMy(e).Since (O(xy);A) = n.
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AISO CMA(xn) = CMA(yn) = CMA(e)
So sjnand tin by(4.1.3).
Now since (s, t) =1, (st)[n. ................. (2) Then from (1) and (2) n = st.

Proposition4.1.11. Let A€ FMG(X). Let ze X. (O(z2); A) = mn with (m, n) = 1, then 3x,y €
Xsuch that xy = yx, (0(x); A) =m, and (0(y);A) =n.

Proof. (m,n) =1 = 3s,t € Zsuchthatms +nt =1. ................. (1)

So(mt)=(n,s) =1. Letx =z", y=z"™. Then xy = 2" 2™ = 2™ M=yx =2""™= zby (1)
Given (O(z); A) =mn. So by (4.1.7)

(0(x);A) = (0(z™); A) =mn/(mn,nt) = m/(m,t) = m. (since (m,t)=1)
Similarly (0(y); A) = n. This proves the existence of x and y.

4.2 Fuzzy Multi Order in Cyclic Groups

In this section we consider X as a cyclic group with finite order. And A€ FMG (X).
Lemma4.2.1. Let Ae FMG(X). And let a, b be two generators of X. Then
(O(a); A) = (O(b); A).
Proof. Let [X| =n. O(a) = O(b) =n. Now b =a” ; p € N. So (p,n) =1. Let(0(a); A) = m.
Thenm|n by (4.1.4). Then
(0(b); A) = (0(@a?); A) = m/(p,m) = m = (0(a); A). by (4.1.7)
and since (p,n) =1. So (0(a);A) = (O(b);A).
Theorem 4.2.2. Let A€ FMG (X),with |[X| = n.Then the following assertions hold V x, y € X.

a) I O(x)| O(y), then (O(x);A)] (O(y);A).

b) 1 O(x) = O(y), then (O(x);A) = (O(y);A).

c) If O(x) >O(y), then (O(x);A) = (O(y);A).
Proof. Let X = (a), x = @, y = a' and (O(a);A) = m. HenceO(a) = n. Now by (4.2.1.) m is
independent of a particular choice of a generatora ofX. Thus O(x) = n/(s,n) , By the property
of acyclic group O(y) =n/(t,n) ............. (1)

(O(x);A) = (O(a°):A) = m/(s,m) by(4.1.7) Similarly (O(y);A) = (O(a"):A) = m/(t,m)
By (4.1.4)mn. .............. (2)

a) IfO(X)| O(y), then by (1) {n/(s,n)} | {n/(t,;n)} = (t,n)|(s,n).
Now by 2)mn=>n =km; k € Z. So (t, mk)|(s, mk). i.e. (t,m)|(s,m).
Hence m/(s,m)| m/(t,m). Hence the proof.

b) Result follows from (a)

c) O(x) >O(y), thenn/(s,n) >n/(t,n) So (s,n) < (t,n). So (s,m) < (t,m) by m|n.
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5 Homomorphism between Fuzzy Multigroups

Proposition 5.1 Let X, y be two groups and f: x—y be a homomorphism. If
A€ FMG(x)then f(A) € FMG(y)

Proof. Let U,V,eY

Case I:
Letu,v € f(x). Then
CMf(A)(u) A CMf(A)(U) =0A0< CMf(A)(uv)

Case ll:
u ¢ f(x), (&v € f(x).similarly vice versa).
CMf(A)(U,) N CMf(A)(U) =0A CMf(A)('U) =0 < CMf(A)(uv)

Case IlI:

Let u,v € f(x) Then there exist x,y € Xsuchthat f(x) =u,f(y) =v

Now CMyay(w) =V {CMa(w):w € X; f(w) = uv} —(1)

= {CM(xy):x,y €X,f(x) =u, f(y) = v}
(Since xy € (1) by the definition of homomorphism. i.e,
fay) = FEIF @) = wv) = {CM ) A CM o %,y €X,F(0) = f() = v}
since AE FMG(X) = [V{ICMy(x):x € X, f(x) =u}] A [V{CMy(y):y € X: f(y) = v}]
= CMf(A)(‘LL) A\ CMf(A)(U) —(2)
Also
CMppy(u™) =V{CMu(z™ ") : z7' €X,f(z7) = u}

>V{CM,(2):z€X,f(z™Y) =u"1} (4 € FMG(X))
={CMy(2):z€ X;f(z) = u}

(f(z™) = u'=f(z71) =(u)-1 = (f(z~1))* =u= f(z)=u, property of h-ism)
= CMpay(w) = (3)

From (2) and (3) f(A) € FMG(y)
Proposition 5.2 Let x,y, be two groups and f: x -y be a homomorphism. If
B € FMG(y)than f~! € FMG(x).
Proof. Let x,y € X
Case I, Case Il, is similar to proposition 5.1.
Case IlI
Let x,y € f~1 (B). Then there exist u,v,€ y such that f~* (u) =xand f 1 (v) = y.

Now CM -1 (xy) = CMpf (xy) (By definition of inverse)

= CMg(f)f(y) (Definition of homomorphism )
> CMgf(x) A CMg(f(y) (Since B € FMG(y)
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= CMf—1(B) () A CMf—1(B) )

CMg(f(x™1)) (By definition of inverse)

= CMg(f(x))"t (By definition of homomorphism)
> CMg(f(x)) (Since B € FMG(y)

= CMf—l(B) (x)

Now CMf_1(B) (x‘l)

Proposition 5.3 Let H € AFMG(X) and Y be a group. Suppose that f: X — Y be an onto
homomorphism. Then f(H) € AFMG(Y).

Proof.By proposition 5.1, f(H) € FMG(Y). Now let y,z € Y. Since f is onto, there exist
u € X. Such that f(u) = z. Thus

CMyy(zyz™") =V {CMy(w):w € X, f(w) = zyz™'}
=v{CMy(u"twu):w € X, f(u"twu) = y}

CMy(w) = CMy(u~twu) since H € AFMG(X)byProposition 3.1

Now f(W)_=1 zyz™' = fWy(fw)™
= (fw) fWfW=y=fHfWfw =y
=V{CMy(v):VE X, f(V) = ¥} = CMpy ()

Hence by proposition 3.1, f(H) € AFMG (y)

Proposition 5.4 Let H € AFMG(y) and X be a group. Suppose that f:x — y be an into
homomorphism. Then f~1(H) € AFMG(X).

Proof. By proposition 3.1, f "1(H) € AFMG(X). Let x, z € X. Then
CMp-1(4p)(xz) = CMy[f (x2)] = CMylf () f (2)] = CMy[f (2) f(x)]

Since f is a homomorphism and H € AFMG(X) = CMy[f (zx)] = CMp-14yy(zx)
Hence f~1(H) € AFMG (X).

6 Conclusions

In this paperwe introduced the concept of Abelian fuzzy multi groups and find out some of
the normal subgroups of X. Also left and right cosets of fuzzy multi groups and fuzzy multi
order of an element of groups are introduced and its various properties are discussed. And it
became evident that Fuzzy multi order of an element of a group has some properties similar
to that of order of an element in a group. And finally we discussed some of the homomorphic
properties of Fuzzy multigroups.
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1 Introduction

Soft set theory [1] was firstly introduced by Molodtsov in 1999 as general mathematical
tool for dealing with uncertain, fuzzy, not clearly defined objects. He has shown several
applications of this theory in solving many practical problems in economics, engineering,
social science, medical science, etc. The soft set theory has been applied to many different
fields with great success. Maji et al. [2] worked on theoretical study of soft sets in detail
and [3] presented an application of soft set in the decision making problem using the
reduction of rough sets [4]. Chen et al.[5] proposed parameterization reduction of soft sets,
and then Kong et al. [6] presented the normal parameterization reduction of soft sets. We
can say that The soft set has the similar applications with fuzzy sets and rough sets. H.
Aktas and N. Cagman [7] has shown that every fuzzy set and every rough set can be
considered as a soft set. In that sense we can say that this theory is much more general than
its predecessors.

With the increasing importance of digital communications and data storage, there is a in the
area of coding theory and channel modelling to design codes need for research for channels
that are power limited or bandwidth limited. The purpose of a communication system is, in

“Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman (Editor-in-Chief).
“Corresponding Author.
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the broadest sense, the transmission of information from one point in space and time to
another. We shall briefly explore the basic ideas of what information is and how it can be
measured, and how these ideas relate to band width, capacity, signal-to-noise ratio, bit error
rate and so on.

In this paper, the coding theory which based digital communication is studied over soft set.
Also this structure is used for single error- correcting. These codes have different
applications from the other codes.

Through our study of error-control codes, we will model our data as strings of discrete
symbols, often binary symbols {0,1}. When working with binary symbols, addition is done
modulo 2. For example, 1 + 1 = 0 (mod 2). We will study channels that are corrected by
additive white Gaussian noise, which we can model as a string of discrete symbols that get
added symbol-wise to the code word. For example, if we wish to send the code word
c = 11111, noise may corrupt the codeword so that the » = 01101 is received. In this
case, we would say that the error vector is e = 10010, since the codeword was corrupted
in the first and fourth positions. Notice that ¢ + e = r, where the addition is done
component-wise and modulo 2. The steps of encoding and decoding that concern us are as
follows:

m— Encode — ¢ - Noise —-c + e = r —» Decode —»m

where m is the message, c is the code word, e is the error vector due to noise, r is the
received word or vector, and 7 is the decoded word or vector. The hope is that m = m.

2 Preliminaries and Notation

In this section, we present the basic definitions of soft set theory [8] and coding theory [9].
We consider a binary channel which can transmit either of two symbols 0 or 1. However,
due to presence of noise a transmitted zero may sometimes be received as 1, and
transmitted 1 may sometimes be received as 0. When this happens we say that there is an
error in transmitting the symbol. The symbols successively presented to the channel for
transmission constitute the input and the she symbols received constitute the output. Error
control coding is a method to detect and possibly correct errors by introducing redundancy
to the stream of bits to be sent to the channel. The Channel Encoder will add bits to the
message bits to be transmitted systematically. After passing through the channel, the
Channel decoder will detect and correct the errors. These definition sand more detailed
explanations related to the soft sets and coding theory can be found in [10,11,12] and [13]
respectively.

Throughout this work, U denotes to an set of vectors, E denotes the set of code words’s

weight, AC E and n is the code’s length, P(U) is the power set of U, and A € E. Also, 1,
and 0,, denote that every position equals to 1 and 0, respectively.

Definition 2.1. [3] A pair (F, 4) is called a soft set over U where F is a mapping given by
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F:A - P(U)

In other words, a soft set over U is parametriterized family of subsets of the universe U. For
£ € A,F(<) may be considered as the set of ¢- elements of the soft set (F, A).

Definition 2.2. [3] For two soft sets (F, A ) and (G, B)over U, (F,A) is called a soft subset
of (G, B) if

(1) A4 c Band
(2) Vee A F(e) and G(<) are identical approximations

This relationship is denoted by (F, A) (G, B).

Similarly, (F, 4) is called a soft superset of (G, B ), if (G, B) is a soft subset of (F, 4). This
relationship is denoted by (F,4) 5 (G, B).

Definition 2.3. [3] Two soft sets (F,A )and (G, B) over U are called soft equal if (F, 4) is
a soft subset of (G, B) and (G, B) is a soft subset of (F, A).

Definition 2.4. [7] The intersection of two soft sets (F, A) and (G, B) over U is the soft set
(H,C), where C = ANBand VeeC, H(e) = F(&) or G(&) (as both are same set). This is
denoted by (F, A)N(G, B) = (H,C).

Definition 2.5. [7] If (F, A) and (G, B) are two soft sets, then (F, A) and (G, B) is denoted
(F,A)A(G,B). (F,A)A(G,B) is defined as( H,A X B), where H(a,B) = F(a)NG(B)
V(a,B)eAxB.

Definition 2.6. [7] The union of two soft sets (F,A4) and (G,B) over U is the soft set
(H,C),where C = AuBandVee C

F(e) if s€A—B

H(e) = G(s) ife eB—A
F(e)U G(&) if £ € ANB

This relationship is denoted by (F, A)f(a, B) = (H,0).

Definition 2.7.[14] The minimum distance of a code C is the minimum distance between
any two code words in €. We can indicate as follows.

d(C) = min{d(x,yv): x = v,x, veC}.

Definition 2.8.[15] Weight w(c) of a code word ¢ is the number of nonzero components in
the code words.
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3 Soft Codes

Definition 3.1. Let U denotes set of vectors, P(U) be the power set of U, E be the set of
code words’s weight, AC E and n is the code’s length. A soft set (f4, (E,n)) on the
universe U which defined by the set of ordered triads is called soft code.

(fa, (E,n)) ={(e, fale),n):e €E,fs(e) EP(U),nEN }
where f,: E— P(U).
Example 3.2. Let (F,4, (E,n)) be a soft code over
U ={0,1,00,10,01,11,000,100,010,001,110,101,011,111 ... }. We define P(U) as the
following forn =3, 4 = {1,2},E = {0,1,2,3}
P(U)={000,100,010,001,110,101,011,111}. So that, we denote to soft code as follows
(fa, (E,n)) = {(1,{100,010,001}, 3), (2,{110,101,011},3)}
= {{(1, {100},3), (1, {010},3), (1,{001},3)},{(2,{110},3), (2,{101},3),(2,{101}, 3)}}

Definition 3.3. For a soft code (Fy, (E,n)) over U,
(@) (fa, (E,n)) is said to be a zero soft code, if A = {0}. Itis denoted (e, f4(e),n) = 0,.

(b) (fs (E,m)) is said to be a universal soft code, if 4= {1} It is denoted
(e, fale),n) = 1,.

Definition 3.4. For three soft codes (Fy, (E,n)), (Gg, (E,n)), (Hs, (E,n)) over U,

(@) We define soft sub code as follows. (Gg, (E,n)) is soft sub code of (E4, (E,n)) , if
B € A. ltisdenoted by (Gg,(E,n)) € (F4, (E,n)).

(b) We define soft equal code as follows. (F4,(E,n)) and (Gg,(E,n)) are equal soft
codes, if A = B. Itis denoted by (Gg, (E,n)) = (F4, (E,n)).

Definition 3.5. Let (Fs, (E,n)), (Gg, (E,n)) and (H.,(E,n)) € (P(U), (E,n));

(@) We define soft union code as follows. Union of (Fy, (E,n)) and (Gg, (E,n)) over U is
soft code (H¢,(E,n)) where C = AU B , denoted by (F4, (E,n)) U (Gg, (E,n)).

(b) We define soft intersection code as follows. Intersection of (F,,(E,n) and
(Gg, (E,n))over U is soft code (H¢,(E,n)) where C = A N B, denoted by (F4, (E,n)) N
(GE’J (E, ?’1))

(c) Complement of (F4,(E,n))over U, denoted by (F4,(E,n))° (Gg (E,n))= 1, -
(FAJ (E,?’I))

(d) (Fy4, (E,n)) and (Gg, (E,n)) are disjoint if (E4, (E,n)) N (Gg, (E,n)) = 0.

Proposition 3.6. Let (F4, (E,n)) € (P(U),(E,n)). Then
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(a) ((FA! (E,n)) G)G = (FAJ (E,ﬂ)),
(b) 0,°=1,,.

Proof. It is clear from Definition 3.5.
Proposition 3.7. Let (Fy, (E, n)), (Gg, (E,n), (H¢,(E,n)) € (P(U), (E,n)). Then

(a) (FAJ (E,?’I)) U (FAJ (E,TI)) = (FAJ (E, ?’1)),

(b) (FAJ (E,TI)) n (FAJ (E, TI)) = @;

(C) (FAJ (E,?’I)) U (GE’J (EJ Tl) = (GE’J (E: Tl) U (FAJ (E, ?’1)),

(d) ((Fa, (E,m)) U (G, (E,m)) VU (He, (E,n)) = (Fa, (E,n)) U((Gp, (E, 1))

U (Hc,(E,TI))

Proof. it is straightforward.

Proposition 3.4. Let(F,, (E,n)), (Gg, (E,n), (H¢,(E,n)) € (P(U), (E,n)). Then

(a) (FAJ (E,?’I)) n (FAJ (E,TI)) = (FAJ (E, ?’1)),

(b) (FAJ (E, n)) N (GBJ (E; ?’1) = (GBJ (E; ?’1) n (FAJ (E! n))a

(C)( (FAJ (E,ﬂ)) n (GB: (E,n) ) n (Hc, (E,ﬂ)) :(FAJ (E,ﬂ)) n ((GBJ (E, ?’1)) n (HC! (E,ﬂ))
Proof. It is proved by using Definition 3.5.

Proposition 3.5. (Fs4,(E,n)), (Gg, (E,n) € (P(U), (E,n)). Then De Morgan’s laws are
valid

(@) ((Fa, (E;n)) N (Gg, (E,n))° = ((F4, (E,n)))° N ((Gg, (E,n)))",
(b) (((Fa, (E,n)) U (G, (E,n)))° = ((Fu, (E,n)))° U ((Gp, (E,n)))".

Proof.
@  (((Fu(E;m)) N (Gg,(E,n)))° = 1, — (((Es, (E,n)) N (Gg, (E,n) )
= (1, — (((E4, (E,n)) N (1, — (Gg, (E,n))))
= (Fy, (E,n))) ° N (Gg, (E,n)))°

(b) It can be proved similarity.
Proposition 3.6. Let (Fy, (E,n)), (Gg, (E,n), (H.,(E,n)) € (P(U),(E,n)). Then

(a) (((FAJ (E,?’I)) U (GE’J (E,Tl))) N (HCJ (E, TI)) =
(((FAJ (E,ﬂ) U (HCJ(EJH))) n ((GBJ (E,ﬂ)) U (Hc,(E,ﬂ))),

(b) (((FAJ (E,?’I)) n (GE’J (E,Tl))) U (HCJ (E, TI)) =
((FAJ (E,TI) N (Hc,(E,TI))) U ((GE’J (E,TI))) n (HCJ (E, TI)))

Proof. Itis clear from Definition 3.1. and Definition 3.5.

3.1. Products of Soft Codes
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In this part, we define three new definitions for soft encoding and decoding.

Definition 3.7. Let(F,, (E,n)),(Gg, (E,n)) € (P(U),(E,n)). We define vectorel
multiplication as following.

(Fy,(E,n)) = {(e,{a},n): e € E,{a} € P(U),n € N}
(Gp, (E,n)) = {(f,{d},n): f EE,{d} € P(U),n E N}

Let’s accepta = (aia;...q;), d = (dyd,..d;), define vectorel multiplication as
following. Also we show symbol of vectorel multiplication with “A”.

(Fy, (E,n) A (Gg, (E,n)) = {(max {a,,d,}max {a;,d5}... max {a,,d;}), (max {a;, d}

max{a,, d;}...{max{a,, d;})... (max {a;,d,}, max {a;,d,} ... max {a;,d;}) .

This multiplication is called as vectorel multiplication. Also this multiplication will create a
basic for soft encoding and decoding. The soft encoding that set of a message which is

showed by M is encoded by a soft code indicated by E. Also we make by using inverse
operation decoding.

Definition 3.8. Let € be a soft code. The soft code has multiple of vectors. Each one of the
vector has k information digits showed as follows.

(ag, a;,ds, ..., a;{_l)

The each one of the soft code’s elements is encoded by using Definition3.7. There are two
multipliers of this product are called as message set and encoding set. The message set and
encoding set is indicated M and E, respectively. 1,is not used for soft encoding and
decoding.

Example 3.9. Let define the message set and the encoding set which are indicated Mand E,
respectively.

M = (f4, (E, 4)) = {(2,{1100,1010,1001,0110,0101,0011},4)}
E =(fs (E3)=(0,{000},3)

If we multiply sets of two codes,

c
={(6,{111111000000,111000111000,000111000111,000111111000,000000111111},12)}

Definition 3.10. The inverse operation of vectorel multiplication provides to find k
information digit. This method is called soft decoding.

Example 3.11. Let’s think Example 3.9. and try to solve the message which is called M. In
this statement, we must note the following, while we multiply one digit with other digit the
result code word consists from the large digits. If the digits equal one another, we write the
common digit.

mAE = {(6,{111111000000},12)}
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{xyzt}A{000} = {111111000000}
x A{000} = 111 —» x =1
yA{000} = 111 - y =1
zA{111} = 000 - z =0
t A{111} = 000 - t = 0

other elements of the message are found with similarity method.

4 (g — 1) Error Correcting Soft Codes

Firstly, we proof a theorem for error correct. This theorem will generate a structure to
correct.

Theorem 3.12. Distance of all of the codes which have same length and weight are always
2.

Proof.
Let x and y be same length and weight. We will examine two statements which d(x,y) is
even and odd.

(1) Let d(x,y) be odd. In this statement, d(x,y) =2n+ 1 but this means
w(x) = w(y). This statement is contradiction with our acceptation.

(2) Let d(x,y) be even. In this statement, let be d(x,y) = 2n. This sort codes are

cyclic but not linear so 1f 10... is an element in code, 01... is an element in code from
cyclic definition so distance is always 2.

Theorem 3.13. This collection can be 0, or 1,, if all of the codes which have same length
and weight are collected.

Proof. It is necessary to calculate the state of being one of each digit for this proof,
examining all of the code words in code. Let’s imagine a code which is w weight and n
length.

a) We calculate the first position is 1 which are number of the code words that

(n—1)!
(m—1-w+1){(w—-1)!

b) Now, we calculate the second position is 1 which are number of the code words. There
are two statements that 01..., 11... .

1) o1...

!
(n—2)!

(mn—2-w+1)!I(w—-1)!
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2)11...

!
(n—2)!

(mn—2-w+2)!I(w—-2)!

If we collect two statements, it will be like first statement.

(n—2)! (n—2)! _ (n—1)!
(n—2-w+Dl(w-1)!  m-2-w+2)l(w-2)! @O—1-w+D)I(w-1)!

oooooooooooooooooooo

(n—1)!
(m—1-w+1){(w—-1)!

For end digit, we invent the same result.
Example 3.14. Let ¢ be as following.
¢ = {110,011, 101}.

In this statement, as can be seen in the code, the number of code words in which the first
position 1 is 2. Number of Second and third positions respectively are repetition 2.

Theorem 3.15. The collection of elements of soft codes is 0,, or 1,,.

Proof. Let’s choose two sets which are named with sets of message and encoding and show
with M and E. We define as follows these sets, accept these sets have two elements.

M = {x1 ...x, V1 - ¥n} and E ={a; ...ay, by ... by}. Let’s multiply by using definition
3.7..

MAE =
{(xqg ..., )A(ay ...a,), (xq ..., )A(by ... b)), (vy ... v ) A(ay ... ay), (Vy .. v )A(by ... b))}

If we collect these elements,

_{(xl mxA(ay ) + (g, )A(By o by) + (v oy ) Alay ..ay) +

V1 - Y )A(Dy .. by)}

= {((x1 - x0) + (31 ¥ ) Alay o @) + (Ceg o x) + (g o 3) ) ADy . b))

We know that collection of soft codes can be 1,, or 0,, from Teorem 3.13. . Such as,
((xl X))+ (g o zn)) =1, or 0,. Let’s accept this collection is 1,. In this statement,
{1,1(a; ...a,) + 1,A(b; ...b,)} = 0,, 1f n is even. 1f n is odd, we can create as follows
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{0,A(a, ...a,) + 0,A(b; ...b,)} = (ay ...a,) + (by ...h,),. Since E is a soft code, this
result is either 1,, or 0,,.

Example 3.16. Let’s think multiplication of codes { 100,010,001}A4{110,011,101}.

1004{110,101,011} ={111110110,111101101,111011011} the code words’ s
collection is {111 000 000}= 150504

0104{110,101,011} = {110111110,101111101,011111011} the total of these code
words is {000 111 000}= 051504

0014{110,101,011} = {110110111,101101111,011011111} the sum of these code
words is {000 000 111}= 050514

If we write these sums in a set, it would be as follows
{130303, 031303, 030315}
According to above theorem, the sum of the code words is either 04 Or 1.

Error Correcting Soft Codes 4.1. To correct the error in the soft code the following
algorithm is used.

Algorithm: These steps are followed for single error correcting soft codes.

(1)  Elements of code are collected.
(2) If this collection has a mistake; this collection will be different from 0,, or 1,,.

(3)  We analyses minimum distance of this collection by comparing with 0,, and 1,,.
(4)  We know that minimum distance of this collection is close to 0, or 1,, .
(5)  The elements of code are compared with 0,, or 1,,.

(6)  Such as we find an element which has a different distance, because this element is
incorrect.

(7)  All of the elements are collected but error element is not collected.

(8)  This collection is collected with 0,, or 1,,, such as we find to correct element.

Example 3.17. Let’s think a soft code as follows. Also we generate a mistake code word
¢=1{111110110,111011011,111101101,110111110,010001011,101111101,
110110111, 011011111,101101111}

(1) If we collect elements of code, itis {110001111}

(2) d(110001111,111111111) = 3, d(110001111,000000000) = 6

3 this collection has to be 111111111

(4)  Letfind by using definition 2.7., d(111111111,111110110) = 2
d(111111111,011111011) = 2



Journal of New Theory 2 (2015) 94-104 103

d(111111111,010001011) = 4 (Incorrect code word)

(5)  We collect to code words but the incorrect code word is not collected. This
collection is 100000100

(6) 111111111+100000100 = 011111011, itis a correct code word.

5 Conclusions

In this essay, we define a new method for low complication encoding and decoding for
nonlinear binary product codes has been recommended. This technique provides an
important error-correcting algorithm by using soft sets. Thus, we divide according to the
weights of the linear code sets and these sets create elements of soft set. Also, a low
complexity decoding algorithm was proposed for the developed nonlinear binary product
codes. Finally, we provided an example illustrating the successfully application of this
method.
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