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Editorial

I am delighted to welcome you to the third issue of the Journal of New Theory (JNT) is
completed with eight articles.

JNT publishes original research articles, reports, reviews and commentaries that are based on
a theory of mathematics. However, the topics are not limited to only mathematics, but
also include statistics, computer science, physics, engineering, chemistry, biology, economics
or social sciences that use a theory of mathematics.

JNT is a refereed, electronic, open access and international journal.
Papers in INT are published free of charge.

We would like to express our deepest thanks to all of the members of the editorial board and
reviewers of the papers in this issue who are U. Orhan, A. Filiz, A. Fenercioglu, A. Sari, A.
Yildirim, A. S. Sezer, B. Mehmetoglu, B. H. Cadirci, C. Kaya, C. Cekic¢, E. Altuntas, E.
Turgut, F. Karaaslan, F. Smarandache, G. Erdal, H. Aktas, H. M. Dogan, H. Giinal, H.
Kizilaslan, H. Onen, H. Simsek, I. Zorlutuna, 1. Deli, 1. Gokee, I. Tiirkekul, 1. Parmaksiz, J.
Ye, M. Akar, M. Akdag, M. Ali, M. Cavus, M. Demirci, M. Saglam, N. Yesilayar, O.
Muhtaroglu, P. K. Maji, R. Yayar, S. Broumi, S. Karaman, S. Tarhan, S. Enginoglu, S.
Demiriz, S. Karatas, S. Oztiirk, S. Egri, S. Sozen, Y. Budak, Y. Karadag, A. R. Roy, A. B.
Saeid, N. Cagman, A. K. Saad, R. Sahin, I. Simsek and S. K. Majumder.

Pleases, write any original idea. If it is true, it gives an opportunity to use. If it is incomplete,
it gives an opportunity to complete. If it is incorrect, it gives an opportunity to correct.

You can reach us from journal homepage at http://www.newtheory.org. To receive further information
and to send your recommendations and remarks, or to submit articles for consideration, please e-mail
us at jnt@newtheory.org

We hope you will enjoy this issue of INT. We are looking forward to hearing your feedback and
receiving your contributions.

Happy reading!
07 April 2015

Prof. Dr. Naim Cagman
Editor-in-Chief

Journal of New Theory
http:// www.newtheory.org
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A FEW REMARKS ON FUZZY SOFT
CONTINUOUS FUNCTIONS IN FUZZY SOFT
TOPOLOGICAL SPACES

Sanjay Roy!” <sanjaypuremath@gmail.com>
T. K. Samanta! <mumpu_tapass@yahoo.co.in>

I Department of Mathematics, Uluberia College, Uluberia, Howrah, 711815, West Bengal, India

Abstract — The aim of this paper is to appraise a few properties of fuzzy soft continuous functions
and to define fuzzy soft compact set. Fuzzy soft continuous image of a fuzzy soft compact set is taken
into account to be dealt with in this paper.

Keywords — Soft sets, soft topology, soft bases, fuzzy soft functions, fuzzy soft compact sets.

1 Introduction

Sometimes it is very complicated to come across precise solution of real life problems by using the
classical mathematics. So in the present era such type problems are being solved approximately by
using the concept of fuzzy set theory, soft set theory etc.

Fuzzy set theory, formulated by Zadeh [16] in 1965, is accepted as a potential mechanism for giving
standardized technique to deal with uncertainties where classical theories fail to act upto. Thereafter
a lot of works [5, 6, 15] have been done in this area during the last four decade. At that time a
few uncertain problems were come out from engineering and computer sciences, which were not being
solved by using the concepts of fuzzy set theory. To solve such problems, D. Molodtsov [11] formulated
a new concept, viz. soft set theory, in 1999. Then many works [2, 3, 4, 8, 14] have been done in this
field.

** Edited by Serkan Karatag (Area Editor) and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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Right now, different hybrid concepts are coming out, as a result the above said two concepts are
combined together [9, 10] and it is termed as fuzzy soft set. Thereafter different notions have been
generalized on fuzzy soft set and topology is one of them which has been generalized on it [1, 12, 13].
In fact, many researchers have engaged themselves to deal with the fuzzy soft function and to find its
application on fuzzy soft topological spaces.

Fuzzy soft function was first originated by Kharal and Ahmad [7] in 2009. Then this definition
has been amended by Atmaca and Zorlutuna [1] in 2013. For the simplicity, we have taken a small
modification of this definition. Then we have established some theorems related to neighbourhood
properties. In section 3, necessary and sufficient conditions have been established for a fuzzy soft
function to be continuous in fuzzy soft topological spaces. In this section, also the notions of open
mappings and closed mappings are being generalized for a fuzzy soft mapping and then a few properties
of such mappings were established. In section 4, we have defined the concept of cover for a fuzzy soft set
and compact fuzzy soft set, which are substantiated by considering three examples. The first example
shows the existence of a cover of a fuzzy soft set. The second one is considered for the existence of
an open cover of fuzzy soft set and the third one shows that every open cover may or may not have
a finite subcover. Lastly, a theorem related to the continuous function and fuzzy soft compact set is
taken into account to be dealt with in this paper.

2 Preliminary

This section contains some basic definitions and theorem which will be needed in the sequel.
Throughout this paper, F is considered as the set of parameters and U being the course of universe.

Definition 2.1. [12] Let A C E. A fuzzy soft set over (U, E) is a mapping F4 : E — IY. For an
element e € E, we denote the image of e by u$ , where pg = 0ife € E\ A and p%, # 0 if
eec A.

The set of all fuzzy soft set over (U, E) is denoted by FS(U, E).

Note 2.2. [12] If A is a null set, then F4 is said to be a null fuzzy soft set and it is denoted by ®.

Definition 2.3. [12] A fuzzy soft set Fi is called absolute fuzzy soft set if Fr(e) =1 for all e € E.
This fuzzy soft set is denoted by F.

Definition 2.4. [12] Let Fly, Gg € FS(U, E). Then Fy is said to be fuzzy soft subset of G, denoted
by Fa C Gp if Fa(e) C Gp(e) for all e € A.

Definition 2.5. [12] Let Fu, Gp € FS(U, E). Then the union of Fy and Gp is also a fuzzy soft set
F4 UGp, defined by (FaUGg)(e) = Fa(e) UGp(e) for all e € AU B.
Following the arbitrary union of fuzzy subsets and the union of two fuzzy soft sets, the definition of

arbitrary union of fuzzy soft sets can be described in the similarly fashion.

Definition 2.6. [12] Let F4, G € FS(U, E). Then the intersection of F4 and Gp is also a fuzzy
soft set Fi4a MGp, defined by (F4a MGg)(e) = Fa(e) NGg(e) for alle € AN B.

Definition 2.7. [12] Let 7 be a collection of some fuzzy soft sets over (U, E'). Then 7 is said to be a
fuzzy soft topology on (U, E) if 7 satisfies the following properties

1. @,E ET.

2. If Fu, G € T then F4MGpg € 7.

3. If Fy, € 7for all @ € A, an index set, then U,earFa, € 7.
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Definition 2.8. [12] If 7 is a fuzzy soft topology on (U, E), the triple (U, E, 7) is said to be a fuzzy
soft topological space. Also each member of 7 is called a fuzzy soft open set in (U, E, 7).

Definition 2.9. [12] A subfamily 8 of 7 is called a fuzzy soft open base or simply a base of fuzzy soft
topological space (U, E, 7) if the following conditions hold:

1. dep.

2. UB = E i.e. for each e € F and = € U, there exists Fq € 3 such that u% (z) = 1.

3. If Fy, G € B then for each e € E and x € U, there exists Ho € 3 such that Ho C F4 M Gg and
1. (2) = min{ug, (v), pg, (z)}, where C C AN B.

Theorem 2.10. [12] Let 3 be a fuzzy soft base for a fuzzy soft topology 73 on (U, E). Then F4 € 73
if and only if F4 = UyenBa, where By, € ( for each a € A, A an index set.

Definition 2.11. [13] A fuzzy soft point F, over (U, E) is a special fuzzy soft set, defined by

| pr, if a=e, where pp, #0
Fe<a>—{0 e

Definition 2.12. [13] Let F4 be a fuzzy soft set over (U, E) and G, be a fuzzy soft point over (U, E).
Then we say that Ge € Fy if and only if ug, C pug, = Fa(e) ie., pg,(z) < pg, (z) for all z € U.

Definition 2.13. [13] A fuzzy soft set F4 is said to be a neighborhood of a fuzzy soft point G, if
there exists Hg € 7 such that G, € Hg T F4.
Then clearly, every open fuzzy soft set is a neighborhood of each of its points.

Definition 2.14. [13] The union of all fuzzy soft open subsets of F4 over (U, E) is called the interior
of F4 and is denoted by intF4.

2.1 Some Applications of Fuzzy Soft Functions

In this section we introduce some basic definitions and theorems of fuzzy soft functions.

In 2009, A Kharal and B. Ahmad first defined the fuzzy soft functions in their paper [7]. Then in
2013, S. Atmaca and I. Zorlutuna [1] have modified this definition. Here we also present this definition
with a small modification as follows.

Definition 2.15. Let F'S(U, E) and FS(V,E’) be two collections of fuzzy soft sets over (U, E) and
(V, E') respectively. Let f: U — V and g : E — E’. Then a function S : FS(U,E) — FS(V,E') is
defined by

S(Fa)(a) = pgp,, for all Fy € FS(U,E) and a € £

where

max e (z) if f1 ¢ and g '(a)#¢
K (Y) = res (g B ) ) 7 ) #
0 otherwise,

forye V.
and ST1(Hpg)(e) = [G-1 (g for all Hp € FS(V,E') and e € E

where ug,l(HB)(x) = ,u%?(f(m» forz e U.
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Definition 2.16. Let (U, E,7) and (V, E’, ") be two fuzzy soft topological spaces and S : (U, E, 1) —
(V,E', ") be a fuzzy soft function. Then S is said to be

1. an open mapping if and only if S(Fa) € 7 for all F4 € 7.

2. a closed mapping if and only if S(Fa4) is closed in (V, E’,7") for every fuzzy soft closed set F4 in
(U, E,T).

3. a continuous mapping [1] if and only if S~'(Hg) € 7 for all Hg € 7'.

Theorem 2.17. Let S : (U, E,7) — (V,E’,7') be a closed map. Then for any fuzzy soft set Hp €
FS(V,E') and any fuzzy soft open set F4 containing S~!(Hp), there exists an open set I containing
Hpg such that Sil(Ic) C Fyu.

Proof. Let Ic = E'\ S(E\ Fa) = E'\ S(F5).
At first we show that Hg C I.
Let a € E' and y € V. Now Ig(a) =1 — S (pe)-
It f=4(y) = ¢ or g~} (@) = ¢, then pgpe(y) = 0. That is, pg (y) = L. So ugy, (y) < pg,, ()-
If not, then let f(z) =y and g(e) = a. Since S™H(Hp) C Fa, f§-1(5,,(z) = u%?(f(x)) = g, (y) <
Now puf. (y) =1 = p§(pe)(v)
=1- max{u%f1 (z): z€ f~H(y) and e € g~ ()}
= min{l — pf () : 2 € f~'(y) and e € g~ ()}
— min{uf, (¢) 7 € [~ (y) and ¢ € g~ (0)}
> (g, (Y)-
Therefore uf (y) > pgy, (y) for alla € E' and y € V. So, Hp C Ic.
Again since S is closed and Fy is a fuzzy soft open set in (U, E, 1), I¢ is open set in (V,E',7")
containing Hp. .
Now S~}(Ig) = S™HE'\ S(F5)). Let e € E and x € U.
Therefore pg_. ;) (x) = u‘;(;(ﬁ\s(m))(x)
_ (e
= 1— e (f(2)
— 1= max{ulh (1) : e1 € g7 (9(e)) and w1 € F(f(@)}
= min{l — p (v1) s e1 € g g(e)) and 1 € f71(f(2))}
— min{pist (1) s e1 € g~ (g(€)) and 2 € F1(f(@)}
< pi, ().
Therefore ,ues,l(lc)(x) < up, (x) foralle € Eand z € U.
Hence S™(I¢) C Fu.

Theorem 2.18. Let S : (U,E,7) — (V,E’,7') be an open map. Then for any fuzzy soft set Hp €
FS(V,E’) and any fuzzy soft closed set F4 containing S~!(Hp), there exists a closed set I containing
Hp such that S71(I¢) C Fa.

Proof. Same as previous theorem.
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Theorem 2.19. The following four properties of a map S : (U, E,7) — (V, E’',7') are equivalent

1. S is an open map.

2. S(intFa) Cint(S(Fa)) for all Fy € FS(U,E).

3. S sends each member of a fuzzy soft open base for 7 to a fuzzy soft open set in (V, E’, 7).

4. For each fuzzy soft point F, over (U, F) and each neighborhood G 4 of F,, there exists a neighborhood
Hp of S(F.) in (V, E’) such that Hg C S(Ga)

Proof. (1) = (2)

Since intFy C Fy, S(intFA) C S(FA)

By hypothesis, S(intF4) is open in (V, E’,7'). Again int(S(F4)) is the union of all fuzzy soft open
subsets of S(F4) over (V,E’,7'). Hence S(intF4) C int(S(Fa)).

(2) = (3)
Let F4 be a member of fuzzy soft open base for (U, E, 7).
Then S(Fa) = S(intFa) C int(S(Fa)) C S(Fa). That is, S(Fa) = int(S(Fa)). Therefore S(Fa) is
an open set in (V, E', 7).

(3) = (4)
Let F, be a fuzzy soft point and G 4 be a neighborhood of F,. Then there exists a member I of fuzzy
soft base for 7 such that F, € Ic C G4. So, S(F.) € S(I¢) C S(Ga). By (3), S(I¢) is a open fuzzy
soft set in (V, E’,7"). So, there exists a neighborhood S(I¢) of S(F,) such that S(I¢) C S(G4).

() = (1)
Let G 4 be a fuzzy soft open set in (U, E, 7). Then by hypothesis, for each point F, € G 4, there exists
a neighborhood Hp of S(F.) such that S(F.) € Hg C S(G4). That is, there exists a fuzzy soft open
set Ir, containing S(F,) such that Ir, C S(Ga4). So, S(Ga) = U{IF, : F. € Ga}. Which shows that
S(G4) is open fuzzy soft set. This completes the proof.

Theorem 2.20. A mapping S : (U, E,7) — (V,E’,7') is closed if and only if S(Fa) = S(Fa) for
every Fy € FS(U, E).

Proof. Obvious.

Proposition 2.21. [7] Let S : (U, E) — (V,E’) be a fuzzy soft function. Then S~ (UserHp,) =
UacaS Y (Hp,) where Hg, € FS(V,E’) for all a € A.

Proof. UaeaS™H(Hp,)(e) = U{,ueS,I(HBQ) ca e}
= U{u%? ca €A}

_ ,,9(e)
- MU&EAHBa

= HS (UaenHp,)

= S Y (UneaHg,)(e) for all e € E.
Therefore UaeAS_l(HBa) = S_l(uaEAHBQ).
Theorem 2.22. Let (U, E,7) and (V, E’,7") be two fuzzy soft topological spaces and 8 be a basis
for the topology 7/. Then S : (U, E,7) — (V,E’,7') is continuous if and only if S~!(Fp) is open in
(U, E,T) for every Fp € 3.
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Proof. If S is continuous, then the theorem is obvious.

Suppose S™}(Fp) is open in (U, E,7) for every Fp € 3. We now show that S is continuous. Let G4
be an open fuzzy soft set in (V, E’,7'). Then by theorem 2.10 G 4 is a union of some member of 3, say
G4 = UG, where G4, € § and union is taken over o € A.

Thus S~H(Ga) = S7HUGA,) = US™Y(G 4, ) by proposition 2.21.

By assumption, each S™*(G4,) is open in (U, E, 7). Therefore S™1(G 4) is open fuzzy soft set. Hence
S is continuous.

2.2 Fuzzy Soft Compact Sets

Definition 2.23. Let F4 be a fuzzy soft set. A collection C of fuzzy soft sets {Fa, : a € A}, A being
the index set, is said to be a cover of Fy if Fq T L{Fy4_ : a € A}.

If C be a collection of fuzzy soft open sets, then C is said to be an open cover of Fj4.

Example 2.24. Let A = {e1,e2,e3} and U = {z,y}. Also let A1 = {e1,ea}, A2 = {es,e3}, A3 =
{e1,es}

,ui}Al =1{.2,.3}, “?Al =1{1,.3}

W = {205, e, = 5,.7)

H?Ag ={.1,.4}, H?Ag ={7.7}

Let F4 be a fuzzy soft set, where M;A ={.2,.35}, M?A ={.1,.4}, M?A ={.6,.65}.

Then obviously, Fy C F4, U Fa, U Fa,. Therefore {F4,, Fa,, Fa,} is a cover of Fjy.

Example 2.25. Here we recall the example 3.8 of our paper[13] as

Let E = {e1, es, es}, U = {a, b, ¢} and A, B, C be the subsets of F, where A = {ey, ea},
B = {es, es} and C = {ey, es} and also let 7 = {¢, E, Fua, Gp, He,, Ig, Jp, K.} be a fuzzy
soft topology over (U, E) where Fu, Gp, H.,, Ig, Jg, K., are fuzzy soft set over (U, E), defined as
follows

el = {5, .75, A}, uE = {3, 8, .7},

ue = {4, .6, 3}, p. = {2, 4, 45},

IU,JLL12 = {3, .6, 3},

prt =1{.5, .75, 4}, up = {4, .8, .7}, u? ={2, 4, 45},

ne, ={4, 8, .7}, uF, =12, 4, 45},

ni,, = {3, 8, .7}

Now consider a fuzzy soft set Lp as follows

pe, =1.37,.7,.3}, u, ={.1, 4, 4}

Then Lg C F4 UGp. Therefore {F4,Gp} is an open cover of Lg.

Example 2.26. Let E = {e1,e2,€3,--- }, U = {x1,22, 23, -+ , 2, } where p is any positive integer and
for any e; € F, Fe, be a fuzzy soft point over (U, E).
For any subset A of E, we define a fuzzy soft set F4 as follows

€; N — LLFej (!Ez) if e; € A
HEs (:) { 0 otherwise.
where i =1,2,3,--- ,pand j =1,2,3,--- .
Let 7 ={¢, E, F,,, F,, -+, F{617€2}7 F{ez,es}v M F{€17e2763}’ F{627637€4}7 o F{€17627637"'76m}’
F{62,63,e4,~~ emt1}r L{es,eq,e5, emyalr TS
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Then clearly, 7 is a fuzzy soft topology on (U, E'). Now let us consider a fuzzy soft set G 4 as follows

{ 1) e A

2
0 otherwise.

g, (x:) =
where i =1,2,--- ;pand j =1,2,--- and A is an infinite subset of F.
Then clearly, G4 C F,, UF,, Ll---
Therefore {F,,, F,,- -} is an open cover of G4. But it has no finite subcover.
Again if we consider a fuzzy soft set Hg where B is a finite subset of E. Then obviously, every open
cover of Hp has a finite subcover.

Definition 2.27. A fuzzy soft set F'a of a fuzzy soft topological space (U, E, ) is said to be a compact
fuzzy soft set if every open cover of F4 has a finite subcover.

Result 2.28. If F4 C S™1(Hp), then S(F4) C Hp.

Proof. Let Fy C S~'(Hpg). Then ue, € ug,l(HB) foralle € E.

That is, pf, (2) < g1 (5, (2) = ,u%;)(f(x)) foralle € E and z € U.
Now let « € E' andy € V.
Then ., (4) = max{py, (v) : @ € f1(y) and € € g~ ()}

< max{p 1 g (1) 7 € [ (y) and e € g (a)}

= max{pfys (f()) : # € f~(y) and e € g~ ()}
= 1, (Y)
Therefore ug(FA)(y) < ugy,(y) forall @ € E” and y € V. Hence S(Fa) E Hp.

Theorem 2.29. Let S : (U, E,7) — (V, E’,7") be a continuous mapping. Suppose Fj4 is a compact
subset of E. Then S(F4) is also compact.

Proof. Let V be an open cover of S(F4) and U = {S™*(Gp) : Gp € V}. We now show that U is
a cover of Fu. Let e € A and H. be any point of Fy. Then S(H.) € S(F4). Then there exists a
subset {Gp, : o € A} of V such that S(H.) € U{Gp, : a € A}. Therefore H, € S~ (UaeaGp,) =
UaeaS™H(Gp, ) which shows that U is a cover of F4. Again since S is continuous, each member of U
is open. So, U is an open cover of F4. Since F4 is compact, there exist finitely many members of U,
say S7Y(Gp,), ST Gg,), -+, STYGp,) where Gg,, Gp,, -+, Gp, €V such that
FaC Sil(GBl) U Sil(GB2) oe--u Sil(GBn)

= S1(Gp, UGpE, U---UGp,) by proposition 2.21.
Therefore S(Fa) C Gp, UGp, U---UGp, by result 2.28.
So, {Gg,, GB,, -+, Gp, } is a cover of S(F4). Hence S(F4) is compact.
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Abstract — In this paper, Smarandache soft groupoids shortly (SS-groupoids) are introduced as a
generalization of Smarandache Soft semigroups (SS-semigroups) . A Smarandache Soft groupoid is an
approximated collection of Smarandache subgroupoids of a groupoid . Further, we introduced parameterized
Smarandache groupoid and strong soft semigroup over a groupoid Smarandache soft ideals are presented in
this paper. We also discussed some of their core and fundamental properties and other notions with sufficient
amount of examples. At the end, we introduced Smarandache soft groupoid homomorphism.

Keywords - Smarndache groupoid, soft set, soft groupoid, Smarandache soft groupoid.

1. Introduction

In 1998, Raul [27] introduced the notions of Smarandache semigroups in the article
“Smaradache Algebraic Structures”. Smarandache semigroups are analogous to the notions
Smarandache groups. Smarandache in [33] first studied the theory of Smarandache
algebraic structures in “Special Algebraic Structures”. The Smarandache groupoid [18]
was introduced by Kandassamy which exhibits the characteristics and features of both
semigroups and groupoids simultaneously. The Smarandache groupoids are a class of
compleltely and conceptually a new study of associative and non-associative strucutres in
nature. Smarandache algebraic structures almost show their existance in all algebraic
structure in some sense such as Smarandache semigroups [17], Smarandache rings [21],
Smarandache semirings [19], Smarandache semifields [19], Smarandache semivector
spaces [19], Smarandache loops [20] etc.

Molodtsov [26] introduced the innovative and novel concept of soft sets in 1995. Soft set
theory is a kind of mathematical framework that is free from the inadequacy of
parameterization, syndrome of fuzzy sets, rough sets, probability etc. Soft set theory has
found their applications in several areas such as smoothness of functions, game theory,
operation research, Riemann integration, Perron integration, and probability theory etc.

“Edited by Florentin Smarandache (Area Editor) and Naim Cagman (Editor-in-Chief).
Corresponding Author.
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Recently soft set gain much potential in the research since its beggining. Severalmalgebraic
structures and their properties studied in the context of soft sets. Aktas and Cagmann [1]
introduced soft groups. Other soft algebraic structures are soft semigroups [16], soft
semirings, soft rings etc. Some more work on soft sets can be seen in [13,14]. Further,
some other properties and related algebra may be found in [15]. Some other related
concepts and notions together with fuzzy sets and rough sets were discussed in [24,25].
Some useful study on soft neutrosophic algebraic structures can be seen in
[3,4,5,6,7,8,9,10,12,29,30,32]. Recently, Mumtaz studied Smarandache soft semigroups in
[11].

Rest of the paper is organized as follows. In first section 2, we studied some basic concepts
and notions of Smarandache groupoids, soft sets, and soft groupoid. In the next section 3,
the notions of Smarandache soft groupoids, shortly SS-groupoids are introduced. In this
section some related properties and characterization are also discussed with illustrative
examples. In the further section 4, Smarandache soft ideals and Smarandache soft groupoid
homomorphism is studied with some of their basic properties. Conclusion is given in
section 5.

2. Literature Review

In this section, we presented the fundamental concepts of Smarandache groupoids, soft
sets, soft groupoids, soft semigroups and Smarandache soft semigroups with some of their
basic properties.

2.1 Smarandache Groupoids

Definition 2.1.1[18]: A Smarandache groupoid is define to be a groupoid G which has a
proper subset S such that S is a semigroup with respect to the same induced operation of
G . A Smarandache groupoid G is denoted by SG.

Definition 2.1.2 [18]: Let G be a Smarandache groupoid. If at least one proper subset A
in G which is a semigroup is commutative, then G is said to be a Smarandache
commutative groupoid.

Definition 2.1.4 [18]: Let G be a Smarandache groupoid. A proper subset A of G is
called a Smarandache subgroupoid if A itself is a Smarandach groupoid under the binary
operation of G.

Definition 2.1.5 [18]: A Smarandache left ideal A of the Smarandache groupoid G
satisfies the following conditions.

1. A is a Smarandache subgroupoid
2. XeG and ae A, then xae A.

2.2 Soft Sets
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Throughout this subsection U refers to an initial universe, E is a set of parameters, P(U)

is the power set of U, and A, B C E. Molodtsov defined the soft set in the following
manner:

Definition 2.2.1 [24,26]: A pair (F,A) is called a soft set over U where F'is a mapping
givenby F: A — PU).

In other words, a soft set over U is a parameterized family of subsets of the universe U.
For a € A, F(a) may be considered as the set of « -elements of the soft set (£, A) , or

as the set of « -approximate elements of the soft set.

Definition 2.2.2 [24]: For two soft sets (F, A) and (H,B) over U, (F, A) is called a soft
subset of (H,B) if

1. ACB and
2. F(a) € H(a), forall z € A.

This relationship is denoted by (F',A) C (H,B). Similarly (F,A) is called a soft superset
of (H, B) if (H, B) is a soft subset of (F', A) which is denoted by (F,A) D (H,B).

Definition 2.2.3 [24]: Two soft sets (F,A) and (H,B) over U are called soft equal if
(F,A) isasoft subset of (H,B) and (H, B) is a soft subset of (£, A).

Definition 2.2.4 [24]: Let (F,A) and (K, B) be two soft sets over a common universe
Usuch that ANB=¢ . Then their restricted intersection is denoted by
(F,A) N, (K,B) = (H,C) where (H,C) is defined as H(c) = F(c) N K(c) for all
ceC=ANBAB.

Definition 2.2.5 [24]: The extended intersection of two soft sets (F, A) and (K, B) over
a common universe U is the soft set (H,C) ,where C = AUB ,andforall ceC,
H(c) is defined as

F(e) if c€e A—B,
H(c) = K(e) if ¢€ B—A,
Fle)NnK(e) if ce ANB.

We write (F,A)N. (K,B) = (H,0).

Definition 2.2.6 [24]: The restricted union of two soft sets (F,A) and (K, B) over a
common universe U is the soft set (H,C), where ¢ = AUB ,and forall ceC ,
H(c) is defined as H(c)=F(c)UG(c) for all ceC . We write it as
(F,A) U, (K,B) = (H,0C).
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Definition 2.2.7 [24]: The extended union of two soft sets (F,A) and (K,B) over a
common universe U is the soft set (H,C), where C = AUB ,and forall ceC ,
H(c) isdefined as

F(c) if ce A—B,
H(c) = K(c) if ce€B—A,
Fle)UK(e) if c€ ANB.

We write (F,A) U_ (K,B) = (H,0).

Definition 2.2.8: A soft set (F,A) over G is called a soft groupoid over G if and only if
¢+ F(a) is a subgroupoid of G forall ae A.

Definition 2.2.9 [16]: Let S be a semigroup. A soft set (F,A) over S is called a soft
semigroup over S if (F,A)o(F,A)  (F,A).

It is easy to see that a soft set (F, A) over S is a soft semigroup if and only if ¢ = F(a) is
a subsemigroup of S forall ac A.

Definition 2.2.10 [11]: Let S be a semigroups and (F,A) be a soft semigroup over S.
Then (F,A) is called a smarandache soft semigroup over U if a proper soft subset (G, B)
of (F,A) is a soft group under the operation of S. We denote a smarandache soft
semigroup by SS -semigroup.

A smarandache soft semigroup is a parameterized collection of smarandache
subsemigroups of S .

3. Smarandache Soft Groupoids

Definition 3.1: Let G be a groupoid and (F, A) be a soft groupoid over G. Then (F,A)
is said to be a smarandache soft groupoid over G if a proper soft subset (K,B) of (F,A) is

a soft semigroup with respect to the operation of G. We denote a smarandache soft
groupoid by SS -groupoid.

In other words a smarandache soft groupoid is a parameterized collection of smarandache
subgroupoids of G which has a parameterized family of subsemigroups of G .
We now give an examples to illustrate the notion of SS -groupoids.

Example 3.2: Let G ={0,1,2,3,4,5} be a groupoid under the binary operation * modulo 6
with the following table. We take G in [18].
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*10[1]2]3[4]5
0/0(3]0]3|0]3
1/1]/4/1/4]|1]4
212[5]2|5[|2]|5
3[/3/0(3]0]3]|0
414]11]4]1/4]1
515]2[5]2]|5]|2

Let A={a,,a,,a,,a,} be a set of parameters. Let (F, A) be a soft groupoid over G, where

F(a)={0,134},F(a,)={0,2,3,5}, F(a,) ={1.2,4,5}, F(a,)={0.12,3,4,5}.

Let B={a,,a,,a8,} = A. Then (K,B) is a soft subsemigroup of (F, A) over G, where

K(a) ={0,3}, K(a,) ={2,5}, K(a,) ={1.4}.
This shows clearly that (F, A) is a smarandache soft groupoid over G .

Proposition 3.3: If G is a smarandache groupoid, then (F,A) over G is also a
smarandache soft groupoid.

Proof: It is trivial.

Proposition 3.4: The extended union of two SS -groupoids (F, A) and (K,B) over G isa
SS -groupoid over G.

Proposition 3.5: The extended intersection of two SS -groupoids (F,A) and (K,B) over
G isagaina SS -groupoid.

Proposition 3.6: The restricted union of two SS -groupoids (F, A) and (K,B) over G isa
SS -groupoid over G.

Proposition 3.7: The restricted intersection of two SS -groupoids (F,A) and (K,B) over
G isa SS -groupoid over G.

Proposition 3.8: The AND operation of two SS -groupoids (F, A) and (K,B) over G isa
SS -groupoid over G.

Proposition 3.9: The OR operation of two SS -groupoids (F,A) and (K,B) over G isa
SS -groupoid over G.

Definition 3.10: Let (F, A) be a SS -groupoid over a groupoid G. Then (F, A) is called a
commutative SS -groupoid if atleast one proper soft subset (K,B) of (F,A) is a
commutative semigroup.

Example 3.11: In Example 3.2, (F, A) is a commutative SS -groupoid over G .
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Proposition 3.12: If G is a commutative S -groupoid, then (F,A) over G is also a
commutative SS -groupoid.

Definition 3.13: Let (F, A) be a SS -groupoid over a groupoid G. Then (F, A) is called a
cyclic SS -groupoid if each proper soft subset (K, B) of (F, A) is a cyclic subsemigroup.

Proposition 3.14: If G is a cyclic S -groupoid, then (F,A) over G is also a cyclic SS -
groupoid.

Proposition 3.15: If G isacyclic S -groupoid, then (F, A) over G is a commutative SS -
groupoid.

Definition 3.16: Let G be a groupoid and (F, A) be a SS -groupoid. A proper soft subset
(K,B) of (F,A) is said to be a Smarandache soft subgroupoid if (K,B) is itself a
Smarandache soft groupoid over G .

Example 3.17: Let G ={0,1,2,3,4,5} be a groupoid under the binary operation * modulo
6 with the following table. Again G is taken from [18].

*10[1]2]|3[4]5
0[0[5[4[3[2]1
1/4(3(2]1|0|5
212|11/0]5]4]|3
3[0[5[4[3[2]1
414(3[2[1][0]5
5/2]1]0]5]4]3

Let A={a,,a,,a,,a,} be a set of parameters. Let (F, A) be a soft groupoid over G, where

F(a,) ={0,3},F(a,)={0,2,4}, F(a,) ={1.3,5}, F(a,)={0,1,2,3,4,5}.

Let B={a,,a,,a,} = A. Then (K, B) is a soft subgroupoid of (F,A) over G, where

K(a,) ={0,2,4}, K(a,) ={1,3,5}, K(a,) ={L3,5}.

Let C={a,,a,} = B. Then (H,C) is aSsmarndache soft subsemigroup of (K,B) over G,
where

K(a;) ={13,5}, K(a,) ={1,3,5}.
Thus clearly (K,B) is a Smarandache soft subgroupoid of (F, A) over G.

Remark: Every soft subgroupoid of a Smarandache soft groupoid need not be a
Smarandache soft subgroupoid in general.
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One can easily verify it by the help of examples.

Theorem: If a soft groupoid (F, A) contain a Smarandcahe soft subgroupoid, then (F, A)
is SS -groupoid.

Proof: Let (F,A) be a soft groupoid and (K,B)c(F,A) is a Smarandache soft
subgroupoid. Therefore, (K,B) has a proper soft subgroupoid (H,C) which is a soft
semigroup and this implies (H,C) < (F, A) which completes the proof.

Definition 3.18: Let G be a groupoid and (F, A) be a soft set over G. Then G is called a
parameterized Smarandache groupoid if F(a) is a semigroup under the operation of G for
all ae A.

In this case (F, A) is termed a strong soft semigroup.

A strong soft semigroup (F, A) is a parameterized collection of the subsemigroups of the
groupoid G.

Example 3.19: Let G ={0,1,2,3,4,5} be a groupoid under the binary operation * modulo
6 with the following table. We take G in [18].

*10[1[2]3[4]5
0/0(3]0]3|0]3
1/1]/4/1]4]|1]4
212[5]2|5[|2]|5
3/3/0[3|0[3]0
414(1]4]1/4]1
515]2]5]2|5]|2

Let A={a,,a,,a,} be a set of parameters. Let (F, A) be a soft groupoid over G, where

F(a)={0.3},F(a,) ={2,5} F(a,) ={L4}.

This clearly shows that (F,A) is a strong soft semigroup over G, and G is a
parameterized groupoid.

Proposition 3.20: Let (F,A) and (H,B) be two strong soft semigroups over a groupoid
G. Then

(F,A)N, (H,B) isa strong soft semigroup over G .
(F,A)N¢ (H,B) isa strong soft semigroup over G .
(F,A)U; (H,B) isa strong soft semigroup over G .

M w0 e

(F,A)U, (H,B) isa strong soft semigroup over G .
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Proof: The proof of these are straightforward.

Proposition 3.21: Let G be a groupoid and (F,A) be a soft set over G. Then G is a
parameterized Smarandache groupoid if (F, A) is a soft semigroup over G .

Proof: Suppose that (F, A) is a soft semigroup over G. This implies that each F(a) is a

subsemigroup of the groupoid G for al a€ A, and thus G is a parameterized smarandache
groupoid.

Example 3.22: Let Z,,={0,12,3,...,11} be the groupoid with respect to multiplication
modulo 12 and let A={a ,a,,a,} be a set of parameters. Let (F, A) be a soft semigroup
over Z,,, where

F(a) ={3,9}F(2,) ={L 7}, F(a)={L5}.
Then Z,, is a parameterized Smarandache groupoid.

4. Smarandache Soft Ideal over a Groupoid, Smarandache Soft Ideal of a
Smarandache Soft Groupoid and Smarandache Soft Homomorphism

Definition 4.1: Let (F,A) be a SS-groupoid over G. Then (F,A) is called a
Smarandache soft ideal over G if and only if F(a) is a Smarandache ideal of G for all a
in A.

Definition 4.2: Let (F,A) be a SS -groupoid and (K,B) be a soft subset of (F,A). Then
(K,B) is called a Smarandache soft left ideal if the following conditions are hold.

1. (K,B) is a Smarandache soft subgroupoid of (F, A), and
2. XxeG and k e K(b) implies xk € K(b) forall beB.

Similarly we can define a Smarandachesoft right ideal. A Smarandache soft ideal is one
which is both Smarandache soft left and right ideal.

Theorem 4.3: Let (F, A) be a SS-groupoid over G . If (K,B) is a Smarandache soft ideal
of (F, A), then (K,B) is a soft ideal of (F,A) over G.

Proposition 4.4: Let (F,A) and (H,B) be two Smarandache soft ideals over a groupoid
G . Then

(F,A)N (H,B) isa Smarandache soft ideal over G .
(F,A)N: (H,B) isa Smarandache soft ideal over G .
(F,A)Ug (H,B) isa Smarandache soft ideal over G .
(F,A)U, (H,B) isa Smarandache soft ideal over G .

M w Do

Proof: The proof of these are straightforward.
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Definition 4.5: Let (F,A) and (K,B) be two SS -groupoid over G. Then (K,B) is called
a Smarandache soft seminormal groupoid if

1. BcA,and
2. K(a) is a Smaradache seminormal subgroupoid F(a) forall a€ A.

Definition 4.6: Let (F,A) and (K,B) be two SS-groupoid over (G,*) and (G,°)
respectively. A map ¢:(F,A)—(K,B) is said to be a Smaradache soft groupoid
homomorphism if ¢:(F,A)—(K,B) is a soft semigroup homomorphism where
(F,A)c(F,A) and (K,B) < (K, B) are soft semigroups respectively.

A Smarandache soft groupoid homomorphism is called Smarandache soft groupoid
isomorphism if ¢ is a soft semigroup isomorphism.

5. Conclusion

In this paper Smaradache soft groupoids are introduced. Their related properties and results
are discussed with illustrative examples to grasp the idea of these new notions. The theory
of Smarandache soft groupoids open a new way for researchers to define these type of soft
algebraic structures in other areas of soft algebraic structures in the future.
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Abstract — A Wireless Sensor Network (WSN) Contains a large number of Small sensors can be an effective
instrument for data collecting in diverse kinds of environments. The data gathering by each sensor is related
to the sink, which unto the data to the end users. Clustering is presented to WSNs since it has proven to be an
efficient method to prepare better data aggregation and scalability for great WSNs. Clustering also maintains
the limited energy resources of the sensors. In This paper, we review the existing clustering algorithms in
WSNs and compare them by different criteria; in addition, we describe the advantages and disadvantages of
each algorithm.

Keywords — Wireless Sensor Networks (WSNs), clustering, network lifetime, energy efficient.

1 Introduction

Wireless sensor networks contain a large number of low power multi functioning sensor
nodes, operating in without care environment, with limited calculation and sensing
abilities. Recent developments in low power wireless complex micro sensor technologies
have made these sensor nodes available in large numbers, with a low cost, to be employed
in a broad range of applications in martial and national security, environmental monitoring,
and many other fields [1], [2].

Whereas wireless sensor nodes are power limited devices, long distance transfer should be
maintained to minimum in order to prolong the network lifetime [3], [4], [5]. Therefore,
straight connections among nodes and the sink are not persuasion. An efficient method for
better efficiency is to order the network into some clusters, with each cluster selecting one
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node as its cluster head [6], [5]. Clustering algorithm in Wireless Sensor Network is known
as a reliable method of self-organization [7].

The remainder of this paper is organized as follows. In section 2, we review clustering in
WSNs and challenges in WSNSs, also expressed some clustering parameters and process of
clustering. In Section 3, we present most common classifications for WSNs clustering. In
Section 4, we investigate several effective and popular clustering protocols for WSNSs.
Then, comparison discussed clustering protocols in Section 5. Finally, in Section 6
concludes the paper.

2 Clustering in WSNs and Challenges

Clustering can significantly effect on the overall scalability of the system, the lifetime and
energy efficiency [8].

Clustering algorithms are used to reduce the number of nodes that transfer data to the sink
or base station (BS). These algorithms, order the nodes based in the WSN into groups or
clusters. One node in each cluster is identified as the leader of the cluster or the cluster
head (CH). The nodes that are in a cluster though are not cluster head, become member
nodes of that cluster. The member nodes will transmit their data to their CH, which is
typically inside only a short distance, so consumed less energy [9].

Clustering in WSNs Is encountered some challenges, including confidence connectivity,
electing the optimal frequency of CH circulation, calculation the optimal cluster sizes, and
clustering the network in the attendance of a node duty cycle [11].

2.1 Clustering Parameters

Several important parameters with regard to the whole clustering method in WSNs are
[10], [14]:

2.1.1 Number of Clusters (Cluster Count)

In most clustering algorithms the CH selection and cluster forming process, result in
various numbers of clusters. However, in several spread method, the set of CHs are
predefined and so the number of clusters are predetermined.

2.1.2 Intracluster Correlation

In certain basic clustering trends the relationship between a sensor and its CH is directly

intended (one-hop communication). Whereas nowadays in most cases, multi-hop
intracluster relationship is needed.
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2.1.3 Mobility of Nodes and CH

If we suppose that the CHs and sensor nodes and are fixed; naturally encounter balanced
and stable clusters with facilitated intracluster and intercluster network management.
Against, if the nodes or the CHs themselves are supposed to be mobile, the cluster
membership for each node should dynamically alteration, clusters that have recruited at any
moment, and probably require permanent maintenance.

2.1.4 Nodes Types and Roles

In some provided network (i.e., heterogeneous environments) the CHs are supposed to be
equipped with more calculation and communication resources than others. However, in
many models of the usual network (i.e., homogeneous environments) all nodes have the
same abilities and only a subset of the deployed nodes are selected as CHs.

2.1.5 Cluster-Head Selection

The leader nodes of the clusters (CHs) in some presented algorithms (mainly for
heterogeneous environments) can be predetermined. However, in most cases (i.e.
homogeneous environments), the CHs are selected from the distributed set of nodes, |n a
probabilistic method or random methods or other specific criteria (Such as residual energy
and connectivity, etc.).

2.2 Clustering Process

There are two basic stages in the clustering, which are CH selection and cluster
establishment. But the evaluation degree of algorithms may differ in various steps.
According to algorithm steps of all process of clustering algorithms, clustering routing
protocols in WSNs can be classified into cluster formation based and data transition based
ones [12], [13], [14].

3 Classification of Clustering Algorithms

There have been several different methods to classify the algorithms used for WSNs
clustering, [10]. Four of the most common classifications are shown in Figure 1.

3.1 Clustering Algorithms Homogeneous or Heterogeneous Networks

This classification according to the characteristics and performance of sensor nodes in a
cluster. In heterogeneous sensor networks, all nodes have the same specifications, hardware
and processing capabilities. In these networks, which are common in nowadays
applications, each node can be a CH. In addition to these networks, the CH role can be
replaced between the nodes periodically (for the creation of better and more integrated load
balancing energy). Against in heterogeneous sensor networks, generally, there are two
types of sensor, the first type sensors with more processing abilities and complex hardware.
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These sensors predetermined as a CH node. The other type conventional sensors, with
lower abilities, which in fact, used to sense the environment properties.

—» Heterogeneous Algorithms

Dynamic Algorithms

Ly Homogeneous Algorithms
—» Centralized Algorithms
. — Distributed Algorithms
Clustering
Algorlth ms —» Static Algorithms
—>
—>

Probabilistic Algorithms

L—p  Non-Probabilistic Algorithms

Figure 1. Common classification algorithms

3.2 Centralized or Distributed Clustering Algorithms

These clustering algorithms imply on the method utilized for shaping clusters. A distributed
CH selection and shaping process are the most suitable way to obtain enhanced flexibility
and faster convergence times independent of the number of nodes of the WSN. This
approach is the most efficient method, particularly for large networks. Also, there are a few
approaches using centralized or hybrid method, which one or more coordinate nodes or
base stations (sink), responsible for the break up into detached and control of all network
cluster members. These networks are not appropriate for overall objective large-scale
practical application WSNs. They may be appropriate just for specific targets bounded-
scale applications in which high-quality connectivity and network separation is needed.

3.3 Static and Dynamic Clustering Algorithms

Other conventional classification is static or dynamic clustering. Process shaping clusters is
dynamic (otherwise as static) when it contains regular (periodic or event-oriented) CH re-
election or includes cluster reorganization routine, these procedures may be effective in
order to respond to changes in network topology and only accurately the cluster topology
or proper movement with the purpose CH role between the nodes to obtain in energy
saving. Dynamic cluster architectures make a better use of the sensors in a WSN and
naturally result in improved energy consumption management and network lifetime.

3.4 Probabilistic and Non-Probabilistic Clustering Algorithms
This classification based on cluster shape parameters can be used to select the CH. These

clustering algorithms are divided into two categories: probabilistic (random or hybrid) and
non-probability (deterministic). Most clustering algorithms are known, they can be divided
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into two main categories. In the probabilistic clustering algorithm for determining the
initial CH, a probability assigned to each node. Probabilistic clustering algorithms, beyond
the more energy-efficient, often running faster at the convergence and reduce the volume of
messages they exchange. In the non-probabilistic clustering algorithms basically criteria
(deterministic) more specific for CH selection and cluster formation, take into
consideration. These criteria are essentially based on the proximity of adjacent nodes like
(connectivity, degree, etc.) and information received from other closely located nodes.

4 Clustering Protocols

In this section, we analyses and classify several effective and popular clustering protocols
for WSNs.

4.1 Low-Energy Adaptive Clustering Hierarchy (LEACH)

This protocol is one of the most popular protocols for WSNs. LEACH [15], [13] shapes
clusters by distributed protocol. That nodes make independent decisions without any
centralized control. Each round of the protocol is divided into two stages. The first stage,
which is the startup phase, the phase is formed clusters. The second stage is related to the
normal operation of the network is called the steady-state phase. The protocol prepares a
balancing of energy utilization by random rotation of CHs. It shapes clusters based on the
received signal power, and usage the CH nodes as routers to the base station.

4.2 Low-Energy Adaptive Clustering Hierarchy Centralized (LEACH-C)

LEACH-C [23] is a centralized prescription of LEACH, this mean that the responsibility of
the cluster creation is transmitted to the base station. Each node in beginning obligated to
make a direct connection to the base station in order that an overall view of the network is
shaped. Therefore an improved cluster formed method is done and a little better overall
performance of the network is obtained.

4.3 Two-Level Low-Energy Adaptive Clustering Hierarchy (TL-LEACH)

TL-LEACH [16], [17] is an offered extension to the LEACH protocol. It uses two levels
(two stage) of cluster heads (primary and secondary). In this protocol, for every cluster, the
primary cluster heads can communicate with a secondary cluster head and also
communicates with other sub cluster. Associated data from source node to sink in two
stages:

e Secondary nodes gather data from the cluster nodes will perform. Also on this
level is data-fusion operations performed.

e Primary node collects data from secondary nodes are responsible. Data-fusion
can also be performed at this level.
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The two-level structure of TL-LEACH decrease the amount of nodes that require to
transfer to the base station, effectively decreases the total energy usage.

4.4 Hybrid Energy-Efficient Distributed Clustering (HEED)

HEED [18] is another popular and improved energy-efficient protocol. HEED is a multi-
hop clustering protocol for WSNs, which periodically selects CHs based on a hybrid of the
node remaining energy and a secondary parameter, such as node adjacency to its neighbors
or node degree. The main objectives of HEED are:

e Distribute energy consumption to prolong the network lifetime.
e Minimize energy during the cluster head selection phase.
e Minimize the control overhead of the network.

4.5 Energy Efficient Hierarchical Clustering (EEHC)

EEHC [19], [16] a distributed, randomized clustering protocol for WSNs with the purpose
of maximizing the network lifetime. CHs gathered the nodes readings in their individual
clusters and send an aggregated report to the base station. EEHC protocol is based on the
assumption that the communication is free of errors. This Method is according to two steps;
In the first stage called single-level clustering, each node introduces itself as a CH with
probability p to the neighboring nodes within its communication range. Each node that
receives this information becomes part of the cluster head near it. Then processed in the
second stage clustering protocol is developed to make the creation of multi-level cluster
hierarchy level h.

This protocol guarantees the connectivity between CHs and base station. This protocol
ensures the wasted energy of CHs that are far from the base station is reduced, because the
cluster heads to the base station can transmit.

4.6 Partition Low-Energy Adaptive Clustering Hierarchy (PEACH)

P-LEACH [20] is a LEACH protocol based on partition, it is the first partitioning the
network into sectors and then a CH in each sector, using the centralized calculations is
selected. A node that has the highest energy is selected as CH node. P-LEACH protocol is
performed in two steps. In the first stage, the optimal number of CH by the sink node is
calculated and is based on the partitioning of the network into sectors. If k is the optimal
number of cluster heads, the network is divided into k sectors that each have approximately
the same number of nodes. In the next stage nodes with the highest energy as CH in each
division will be chosen by the sink node. Then data selected CH by a sink node, will be
sent to the entire network.

4.7 DSBCA

A Balanced Clustering Protocol with Distributed Self-Organization for Wireless Sensor
Networks (DSBCA) [21]. The basic idea DSBCA, the connection density and distance
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from the base station to calculate k (cluster radius). DSBCA has three phases: cluster head
selecting phase, clusters building phase and cycle phase. DSBCA objective is to balance
the energy consumption of clusters as well as the connection density and location nodes, to
create a balanced cluster.

4.8 Energy Efficient Clustering Scheme (EECYS)

EECS [22], [12] is a clustering protocol, which better appropriate the periodical data
collecting applications. EECS schema is like LEACH, where the network is divided into
some clusters and single-hop connection among the CH and the base station is done. In
EECS, CH candidates compete for the ability to raise to CH for a given round. This
competition included candidates broadcasting their remaining energy to neighboring
candidates. If a given node does not find a node with more remaining energy, it becomes a
CH. Different from LEACH for cluster shaping, EECS deployments LEACH by the
dynamic sizing of clusters according to cluster distance from the base station.

4.9 Energy Efficient Heterogeneous Clustered Scheme

EEHC [24] is an energy efficient clustered scheme for WSNs based on weighted election
probabilities of each node to become the cluster head. It elects the cluster head in a
distributed fashion in hierarchal WSN. This protocol is based on LEACH. This protocol
works on the election processes of the cluster head in the presence of heterogeneity of
nodes.

4.10 Fast Local Clustering Service

FLOC [25] is a distributed clustering protocol that produces approximately equal sized
clusters with minimum overlap. A node can relationship reliably with the nodes that are in
the inner band (i-band) range and unreliably with the nodes in its outer band (o-band)
range. Therefore the i-band nodes suffer very little interference communicating with the
CH, thereby it is a reliable communication. Messages from o-band nodes are unreliable
during communication and hence it has the maximum probability of getting lost during
communication. FLOC is fast and scalable, hence it achieves clustering in O(1) time,
regardless of the size of the network. It also exhibits self-healing capabilities since o-band
nodes can switch to i-band node in another cluster. It also achieves re-clustering within
constant time and in a local manner. It also achieves locality, in that each node is only
affected by the nodes within two units. These features stimulate FLOC protocol to be
suitable for large scale WSNSs.

5 Comparison of Discussed Clustering Protocols

Table 1 summaries the investigated clustering protocols in this paper.
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6 Conclusion

27

Wireless sensor networks for military and civilian applications and deployment in remote
and inaccessible areas, many researchers in the past few years has attracted. Due to lower
power consumption in these networks, for reducing power consumption in these networks,

clustering network seems inevitable.

Clustering protocols divide the network into several clusters, which each perform their
work independently and each cluster has a head. This paper reviews some clustering
methods have been investigated. It can be concluded that, different protocols based on
power consumption, additional
determine the cluster head, is divided into several different groups.

Table 1. Comparison of the clustering protocols

Information exchange rate, method clustering and

Residu Distance

Protocol Methodolo CH Cluster Node Multi- al Cluster from Hobs

Criteri 9y Selection count Mobility | Level | Energy Size CHto P

riteria BS
CH
I[_1E5,]ACH Distributed Prob/random | Variable | Limited No No No No 1
I[‘Z%']ACHC Centralized Prob/random | Variable | Limited Yes Yes Yes Yes 1
LL[IIE]AC Distributed Prob/random | Variable | Limited No No No No 2
HEED _ . .
[18] Distributed Prob/energy | Variable | Limited No Yes Yes No 1
EEHC [19] | Distributed | Prob/random | Variable No Yes No No Yes K
FZIBI]EACH Centralized Prob/energy | Variable | Limited No Yes No No 1
DSBCA . Prob/ .
[21] Distributed Connectivity Variable No Yes No Yes Yes 1
EECS [22] Distributed Prob/energy | Constant No No Yes Yes Yes 1
- Prob/ .

EEHC [24] | Distributed Density Variable No No Yes No No K
FLOC [25] | Distributed Random Variable | Possible No No No No 1
References

[1] S.D. Muruganathan, D.C.F. MA, R.l. Bhasin and A.O. Fapojuwo, A centralized
energy-efficient routing protocol for wireless sensor networks,
Communications 43 (2005) S8-S13.

[2] LF. Akyildiz et al., Wireless Sensor Networks: A Survey, Computer Networks 38
(2002) 393-422.

[3] J.N. Al-Karaki and A.E. Kamal, Routing techniques in wireless sensor networks: A

survey, IEEE Wireless Communication Magazin 11 (2004) 6-28.

IEEE Radio

[4] D. Estrin, L. Girod, G. Pottie, and M. Srivastava, Instrumenting the world with
wireless sensor networks, In: Proceedings of Acoustics, Speech, Signal Process, IEEE
2001, Volume: 4, pp: 2033-2036.




Journal of New Theory 3 (2015) 20-29 28

[5]
[6]

[7]
[8]
[9]
[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

C. Cheng, C.K. Tse and F.C.M. Lau, A clustering algorithm for wireless sensor
networks based on social insect colonies, |EEE Sensors Journal 11 (2011) 711-721.

J. Ai, D. Turgut, and L. Bo6loni, A cluster-based energy balancing scheme in
heterogeneous wireless sensor networks, In: Proceedings of 4th International
Conference Networking, (ICN 2005), Volume: 1, pp: 467-474.

Y. Feng, W. Zhang, A clustering algorithm for wireless sensor network, International
Journal of Intelligent Engineering and Systems 3 (2010) 1-8.

C-H. Lung, C. Zhou, Y. Yang, Applying hierarchical agglomerative clustering to
wireless sensor networks, http://www.sce.carleton.ca/faculty/lung/publications/2007
_Clustering_WSN.pdf.

S. Misra, 1. Woungang, S.C. Misra, Guide to wireless sensor networks, Springer,
2009.

Y. Zhang, L.T. Yang, J. Chen, RFID and sensor networks, CRC Press, 2010.

O. Younis, M. Krunz, S. Ramasubramanian, Node clustering in wireless sensor
networks: recent developments and deployment challenges, IEEE Network 20 (2006)
20-25.

X. Liu, A survey on clustering routing protocols in wireless sensor networks, Sensors
12 (2012) 11113-11153.

O. Boyinbode, H. Le, A. Mbogho, M. Takizawa, R. Poliah, A survey on clustering
algorithms for wireless sensor networks, In: Proceedings of 13th International
Conference on Network-Based Information Systems, VVolume:1, pp: 358-364.

V. Katiyar, N. Chand, S. Soni, Clustering algorithms for heterogeneous wireless
sensor network: A survey, International Journal Oof Applied Engineering Research 1
(2010) 273-287.

W. Heinzelman, A. Chandrakasan and H. Balakrishnan, Energy-efficient
communication protocol for wireless micro sensor networks, In: Proceedings of 33rd
Hawaii International Conference on System Sciences (HICSS '00) Volume:2, pp: 1-
10.

D.J. Dechene, A. El Jardali, M. Luccini, and A. Sauer, A survey of clustering
algorithms for wireless sensor networks, http://www.dechene.ca/papers/report 635a.
Pdf.

V. Loscri, G. Morabito and S. Marano, A two-level hierarchy for low-energy adaptive
clustering hierarchy, In: Proceedings of Vehicular Technology Conference Volume:
3, pp: 1809-1813.

O. Younis, S. Fahmy, HEED: A Hybrid Energy-Efficient Distributed clustering
approach for ad hoc sensor networks, IEEE Transactions on Mobile Computing 3
(2004) 1-36.

S. Bandyopadhyay, E. Coyle, An energy efficient hierarchical clustering algorithm
for wireless sensor networks, In: Proceedings of 22nd Annual Joint Conference of the
IEEE Computer and Communications Societies (INFOCOM 2003), Volume: 3, pp:
1713 - 1723.

H. Gou, Y. Yoo, H, Zeng, A partition-based leach algorithm for wireless sensor
networks, In: Proceedings of Computer and Information Technology, 200. CIT '09.
Ninth IEEE International Conference, Volume: 2, pp: 40-45.

Y. Liao, H. Qi,W. Li, Load-balanced clustering algorithm with distributed self-
organization for wireless sensor networks, IEEE Sensor Journal 13 (2013) 1498-
1506.

M. Ye, C. Li, G. Chen and J. Wu, EECS: An Energy Efficient Clustering scheme in
wireless sensor networks, Ad Hoc & Sensor Wireless Networks, VVolume: 1, pp: 1-
21.



http://www.sce.carleton.ca/faculty/lung/publications/2007
http://www.dechene.ca/papers/report_635a

Journal of New Theory 3 (2015) 20-29 29

[23] W. Heinzelman, A. Chandrakasan, H. Balakrishnan, An application-specific protocol
architecture for wireless microsensor networks, IEEE Transactions 1 (2002) 660 —
670.

[24] D. Kumar, T. Aseri, R.B. Patel, EEHC: Energy Efficient Heterogeneous Clustered
scheme for wireless sensor networks, Computer Communications 32 (2009) 662—667.

[25] M. Demirbas, A. Arora, and V. Mittal, FLOC: A Fast Local Clustering service for
wireless sensor networks, In: Proceedings of Workshop on Dependability Issues in
Wireless Ad Hoc Networks and Sensor Networks (DIWANSO04), pp: 1-10.



http://www.newtheory.org ISSN: 2149-1402

New Theéory

Received: 22.02.2015 Year: 2015, Number: 3 , Pages: 30-40
Accepted: 12.03.2015 Original Article™

A GROUP DECISION MAKING METHOD
BASED ON TOPSIS UNDER FUZZY SOFT
ENVIRONMENT

Selim Eraslan'”™ <seraslan4@yahoo.com>
Faruk Karaaslan? <fkaraaslan@karatekin.edu.tr>

L Kurikkale MYO, Kurikkale University, 71200 Kuvrikkale, Turkey
2 Department of Mathematics, Cankiri Karatekin University, 18100 Cankuri, Turkey

Abstract — In this paper, we first briefly present conventional TOPSIS method developed by Hwang
and Yoon[10, 19] as a multi-criteria decision making technique. We then give a group decision making
method based on TOPSIS method under fuzzy soft environment, and finally give an application of
proposed method to show operation and effectiveness of method.

Keywords — Soft sets, Fuzzy set, Fuzzy soft sets, TOPSIS, Multi-criteria decision making.

1 Introduction

Decision making is one of important processes that human being encounters many areas of the real
world such as business, service, management, military, etc. But in real life, necessary informations
for decision making may not be certain always. First step of the decision making process is to model
such information involving uncertainty. Hence, in 1965, fuzzy set theory was suggested to model fuzzy
data as mathematically by Zadeh [20]. However, in this theory, determining of membership function is
rather difficult sometimes. Therefore, in 1999, Molodtsov [14] proposed a completely new approach for
modeling uncertainty, free from this difficulty. Then Maji et al. [12] gave some operations of soft sets
and their properties. To make some modifications to the operations of soft sets some researchers such
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as Ali et al. [1], Cagman and Enginoglu [6], Zhu and Wen [22], Cagman [8] gave their contributions.
Concept of fuzzy soft set and fuzzy soft set operations were first defined by Maji et al. [11] as a
generalization of Molodtsov’s soft set, in 2001. Also Roy and Maji [17] presented an application of
fuzzy soft sets in a decision-making problem. Majumdar and Samanta[13] defined generalized fuzzy soft
sets and studied on their properties. Zhou et al. [21] proposed and studied generalised interval-valued
fuzzy soft sets.

Technique for Order Preference by Similarity to Ideal Solution (TOPSIS) being one of classical multi
attributive decision making (MADM) methods such as PROMETHEE [2], VIKOR [15], ELECTRE
[16], developed by Hwang and Yoon [10]. Chen et al. [4] extended the TOPSIS method for solving
multi-criteria decision making (MCDM) problems in fuzzy environment. Boran et al.[3] developed
TOPSIS method for MCDM problems based on intuitionistic fuzzy sets. Chi and Liu [5] extended
TOPSIS to Interval neutrosophic sets (INSs), and with respect to the multiple attribute decision mak-
ing problems in which the attribute weights were unknown and the attribute values take the form of
INSs. Eraslan [9] gave a decision making method by using TOPSIS on soft set theory.

In this paper, we extend TOPSIS method to deal with group decision making problems in fuzzy soft
environment. Then, we give an illustrative example to show the effectiveness of the suggested method.

The study is organized as follows: Section 2 introduces the basic definitions of soft set and fuzzy soft set
with their basic operations. The main procedure for the conventional TOPSIS is described in a series
of steps in Section 3. In Section 4, a group decision making method is developed by using TOPSIS on
fuzzy soft set theory. Afterwards, an application of method is given to illustrate effectiveness of the
method.

2 Preliminary

In this section, we summarize the preliminary definitions which are fuzzy set [20], soft set [14, 8], fuzzy
soft set and their results that are required in this paper.

2.1 Fuzzy Sets
Definition 2.1. [20] Let U be a initial universe. A fuzzy set u over U is defined by a membership

w:U —[0,1]

For u € U; the membership value p(u) essentially specifies the degree to which u € U belongs to the
fuzzy set p. Thus, a fuzzy set p over U can be represented as follows,

p={((w)/u) :u €U, pu) € 0,1]}
Note that the set of all the fuzzy sets over U will be denoted by F(U) .

Example 2.2. Assume that U = {uq,u9, us, ug,us} is a universal set. Let be a fuzzy set p over U
can be represented as follows,

w=1{0.2/u1,0.5/u2,0.7/us3,0.9/u4,1.0/us}
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2.2 Soft Sets

Definition 2.3. [14] Consider a nonempty set A such that A C E. A pair (f, A) is called a soft set
over U, where f is a mapping given by
f:A—=P)

In this paper, we will benefit following definition defined by Cagman [8] for basic set operations on
soft sets.

Definition 2.4. [8] A soft set f over U is a set valued function from E to P(U). It can be written a
set of ordered pairs

f= {(e,f(e)) te € E}
Note that if f(e) = ), then the element (e, f(e)) won’t be appeared in soft set f. Set of all soft sets
over U will be denoted by S(U).

Example 2.5. Let U = {uy,ug, us, ug, us, ug, w7, us} be the universe containing eight houses and
E = {ey,ea,e3,e4,€5,e6} be the set of parameters. Here, e; (i = 1,2,3,4,5,6) stand for the parame-
ters “modern”, “with parking”, “expensive”, “cheap”, “large” and “near to city” respectively. Then,
following soft sets are described by Mr. A and Mr. B who want to buy a house, respectively

f = {(61,{U1,U3,U4}),(62,{”1,U4,U7,U8}),(63,{U1,U2,U3,U8})}

g = {(ex{ur,us,ue}), (es,U), (€5, {uz, us, us, ug})}.
Definition 2.6. [8] Let f,g € S(U). Then,

1. If f(e) =0 for all e € E, f is said to be a empty soft set, denoted by ®.

. If f(e) =U for all e € E, F is said to be universal soft set, denoted by U.

- f=g,if fCgand gCf.

. Soft union of f and g, denoted by fUg, is a soft set over U and defined by fUg : E — P(U)
such that (fUg)(e) = f(e) Ug(e) for all e € E.

6. Soft intersection of f and g, denoted by fNg, is a soft set over U and defined by fNg: E — P(U)
such that (fNg)(e) = f(e) Ng(e) for all e € E.

7. Soft complement of f is denoted by f¢ and defined by f¢: E — P(U) such that f¢(e) = U\ f(e)
for all e € E.

2
3. f is soft subset of g, denoted by fCg, if f(e) C g(e) for all e € E.
4
5

2.3 Fuzzy soft sets

Definition 2.7. [11] Let U be an initial universe set, X be a set of all parameters, u be a fuzzy set
over U for every z € X and F(U) denote the set of all fuzzy sets in U. Then, a fuzzy soft set v over
U is defined by a function v representing a mapping

v: X — F(U) such that v(z)=0 if z¢ X
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Here, for every x € X, vy(x) is a fuzzy set over U and it is called fuzzy value set of parameter z-element
of the fs-set. Thus, an fs-set v over U can be represented by the set of ordered pairs

v=A{lz, (@) xe X, y(z) e F(U)}
Note that from now on the sets of all fs-sets over U will be denoted by FS(U).

Example 2.8. Assume that U = {u, us, us, ug, us} is a universal set and X = {x1,x2, 3} is a set of

all parameters.
If y(x1) = {0.5/u2,0.9/us}, y(x2) = U, v(x3) = 0, then the fs-set v is written by

vy = {(1’1, {O5/’LLQ, 09/“4})7 (:L'Qa U)}

3 TOPSIS Method

TOPSIS method is a practical and useful technique for ranking and selection of a number of exter-
nally determined alternatives through distance measures. The operations within the TOPSIS process
include: decision matrix normalization, distance measures, and aggregation operators [18]. For more
detail of TOPSIS, we refer to the earlier studies [10, 19]. The TOPSIS process is carried out as follows.

Throughout this paper, I,, = {1,2,...,n} for all n € N.

Step 1. Constructing of decision matrix D.

C1 Co e Cn
Al dll d12 ce dln
AQ d21 d22 e d2n
S NE o
Ai dil di2 N din - [dzj]mxrn
Am dmi dma - dmn

here A; (i € I,,) and ¢; (j € I,,) denote alternatives and criteria, respectively.

Step 2. Creating of standard (normalized) decision matrix R.

\/ Zk:l dkj
11 T12 Tin
21 T22 -0 Ton
R = . : . = [rij]mxn

m1 Tm2 -°° Tmn
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Step 3. Creating the weighted normalized decision matrix V.
V = [’Uw‘}mx” = [ijij]mxmi S Im,7 where w; = Wj/z_?:l Wj,j = 172, ...,n SO that
Z?Zl w; = 1, and W is the original weight given to the criteria c;,j € I,.

U111 V12 0 Vin
V21 V22 o Van

V= . . . = [Uij]mxn
Uml Um2 e Umn

Step 4. Determining of positive ideal solution (PIS), AT and negative ideal solution (NIS), A~ .

A+ = {Ui‘rv"' 71];_"" 7’0:} = {(‘qu,viju S Jl) ) (‘mznvlj|j S JQ) ) (S I’rn} (3)
A7 ={vy, - UG o, 3 ={(minw;lj € J1) , (mazvi;lje o), t €1y} (4)

where J; and J, are associated with the benefit and cost attribute sets, respectively.

Step 5. Calculating of separation measurements of positive ideal (S;") and the negative ideal (S; )

solutions.
S;r = Z(Uij - ’U;-r)2 , Yiel, (5)
\%
and
Sy= > (wy—vy)2 ., Viel, (6)
j=1

Step 6. Calculating of relative closeness of alternatives to the ideal solution

+ Sy

Ch=——"—1__, 0<Cf<1, Viel, 7
G v

Step 7. Ranking the preference order.

4 TOPSIS Method for group decision making with
fuzzy soft information

In this section, we propose a new method by extending TOPSIS method to fuzzy soft environment.
The main procedure of this method is presented with the following steps:
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Step 1.

Step 2.

Step 3.

Linguistic Terms FVs
Very Good / Very Important (VG/VI) 0.95
Good / Important(G /I) 0.85
Fair / Medium(F /M) 0.50
Bad / Unimportant (B / UI) 0.35

Very Bad / Very Unimportant (VB/VUI) 0.10

Table 1: Linguistic terms for evaluation of parameters.

Defining of problem.

Let us assume that DM = {D,, p € I,,} is set of decision makers, U = {u;, i € I,,,} denotes
set of alternatives and X = {z;, j € I,} is a set of all parameters (criterion). Then, a fuzzy
soft set v over U is a function defined by

v:X — F(U)

Constructing of weighed fuzzy parameter matriz D with choosing linguistic rating from Table
1.

1’1 x2 PR mn
D, din  diz - dip
D, doyy  dag - doy
D= : : : (8)
= di’ mxn
D; din  dip - din (il
Dm dml d’m2 e dmn

where d;; is linguistic rating assigned by decision maker D; the parameter x;.

Constructing of weighted normalized fuzzy parameter matrix R and forming weighed vector
W = (Wi, W, ..., Wy).
The weighted normalized elements of weighted normalized fuzzy parameter matrix R are
calculated by using Eq (2) and weighed vector W = (Wy, Wa, ..., W,,) is formed with aid of
the formula

w 1 &
— J = ..
W; = =m , W= E Tij (9)
Ek::l Wk m i=1
T11 ri2 Tin
T21 22 =+ Ton
R= . . . = [Tij}mxn

Tm1 Tm2 - Tmn
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Step 4.

Step 5.

Step 6.

Step 7.

36

Constructing fuzzy decision matrices Dy, for each decision makers and building of fuzzy av-

erage decision matrix 'V

Fuzzy decision matrices Dy, are constructed similar way to classical TOPSIS Method (Step
2) and fuzzy average decision matrix V' is constructed by using Eq (10).

r1 X2 In
Uy di dio din
Us dor  dao dop
Dy, = : : i
U; din  di2 din | i lmxn
Um, dml dm2 dmn
where dfj = vx, (@) (us).
1
where @ indicates sum of matrices
Constructing of weighed fuzzy decision matriz V.
011 D12 D1n
U921 D22 D2
V= . .
flA}ml {)mQ ﬁmn

where

Vij = Wj * Vij

(11)

Finding of fuzzy valued positive ideal solution (FV-PIS) and fuzzy valued negative-ideal so-

lution (FV-NIS).

In the classic TOPSIS method, criteria are evaluated from aspect of benefit and cost. Assume
that J; be a set of benefit criteria and J, be a set of cost criteria. Based on fuzzy set theory
and principle of TOPSIS method, FV-PIS and FV-NIS can be found as follow respectively;

FV = PIS = {0{,05 ,...,0] , ..., 0 } = {(max 05515 € Jr) , (mindi;lj € J2) , i € I} (12)

(3

(3

FV —NIS = {1}1_,02_,,@;,,@;} = {(mZ’I’HA}”‘j S Jl) s (maxﬁw|j S JQ) s iEIm} (13)

7

7

Calculating of the separation measurement for each parameter.

Separation measurements (S;") and (S; ) are found by using Eq(5) and Eq(6) .
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Step 8. Calculating of the relative closeness of alternative to the ideal solution.

Relative closeness of alternatives to the ideal solution are calculating by using Eq(7)

+ _ Sy

C; —t
ST +S)
Step 9. Ranking the preference order.

0<Cf <1, Viel,

5 Application

In this section, we have presented an application for a group decision making method by using TOPSIS
on fuzzy soft set theory. Now, by using the algorithm of this new group decision making method we
can solve the following example (problem) step by step as follows:

Step 1. Defining the problem.

Assume that a real estate agent has a set of different types of houses U = {uy,us,us}
which may be characterized by a set of all parameters X = {x1,29,23}. For j = 1,2,3 the
parameters x; stand for "cheap”, "modern”, ”large”, respectively. Then we can give the
following examples.

Suppose that three decision-makers come to the real estate agent to buy a house. Firstly,
each decision-maker has to consider their own set of parameters. Then, they can construct
their fuzzy soft sets. Next, by using TOPSIS on fuzzy soft set theory decision making method
we select a house on the basis for the sets of decision-makers parameters.

Assume that decision-makers Dy, Dy and D3 construct fuzzy soft sets, respectively as follows;
& = {(21,{0.5/u1,0.2/uz,0.5/us}), (z2, {0.2/us, 0.6 /us, 0.1 /us}), (x5, {0.3/u1,0.7/uz,0.2/us})}

~& = {(21,{0.1/u1,0.6/uz,0.8/us}), (z2, {0.4/u1,0.9/us,0.2/us}), (x3, {0.2/u1,0.3/uz,0.7/us})}
& = {(21,{0.3/u1,0.2/uz,0.7/us}), (x2, {0.1/u1,0.5/uz, 0.6 /us}), (x3, {0.6/u1,0.1/uz,0.1/us})}
Step 2. Weighed fuzzy parameter matrix D is as follow

I T2 I3

H_ D 0.95 0.35 0.10
T D, 050 0.10 0.10 | = [di;lmxn
Ds 0.10 0.50 0.85

Step 3. Weighted normalized fuzzy parameter matrix can be obtained as follow

0,88 0,57 0,12
R=| 0,46 0,16 0,12
0,09 0,81 0,99

And weighed vector W can be obtained using by Eq (9), as follow
W = (0.34,0.37,0.29)
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Step 4. Fuzzy decision matrices can be constructed by decision makers as follows;

0,50 0,20 0,30 0,10 0,40 0,20 0,30 0,10 0,60
Di=| 0,20 0,60 0,70 Dy=| 0,60 0,90 0,30 Ds=| 0,20 0,50 0,10 |,
0,50 0,10 0,20 0,80 0,20 7,00 0,70 0,60 0,10

and from Eq (10) fuzzy average decision matrix is

0,30 0,23 0,37
v=| 033 067 037
0,67 0,30 2,43

Step 5. Weighed fuzzy decision matrix V is constructed with aid of Eq (11) as follow,

Step 6. Positive ideal solution (FV-PIS) and fuzzy valued negative-ideal solution (FV-NIS) can be
obtained using the Eq (12) and (13) as follow

AT = FV — PIS = {6 =0.23, 95 =0.24, o5 =0.71}
A= =FV — NIS = {i7 =0.10, 5 =0.09, o5 = 0.11}
Step 7. From Eq(5) and Eq(6), S;" and S;, for i € {1,2,3}, we have

?

St = 063, S; = 000
Sy = 061, S; = 0.15
Sf = 013, Sy = 061

Step 8. Relative closeness of alternatives to the ideal solution as follows

Cy =0.00
Cy =0.20
Cy =0.82

Step 9. Ranking the preference order is u; < ug < us.

6 Conclusion

In this paper, we have presented a group decision making method by using TOPSIS under fuzzy soft
environment. Finally, we provided an example that demonstrated that this method can be successfully
worked. It can be applied to decision making problems of many fields that contain uncertainty.
However, the approach should be more comprehensive in the future to solve the related problems and
a large number of examples could be recommended for test in future studies.
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Abstract — In this paper, we introduce several types of fuzzy pairwise compactness and fuzzy pair-
wise compactness modulo a smooth ideal in smooth bitopological spaces by using the family of r-
(73, 7j)-fuzzy semi-open sets as cover. Several characterizations and some properties of these spaces
are discussed. Preservation of fuzzy pairwise compactness modulo a smooth ideal by some types of
mappings is also investigated.

Keywords — Fuzzy pairwise compactness, fuzzy pairwise S-compactness, smooth bitopological spaces.

1 Introduction

Sostak [27] introduced the fundamental concept of a ‘fuzzy topological structure’ as an extension of
both crisp topology and Chang’s fuzzy topology [4], indicating that not only the objects were fuzzified,
but also the axiomatics. Subsequently, Badard [3] introduced the concept of ‘smooth topological space’.
Chattopadhyay et al. [5] and Chattopadhyay and Samanta [6] re-introduced the same concept, calling
it ‘gradation of openess’. Ramadan [19] and his colleagues introduced a similar definition, namely a
smooth topological space for lattice L = [0, 1]. Following Ramadan, several authors have re-introduced
and further studied smooth topological space (cf. [5, 6, 9, 28]). Thus, the terms ‘fuzzy topology’, in
Sostak’s sense, ‘gradation of openness’ and ‘smooth topology’ are essentially referring to the same
concept. In our paper, we adopt the term smooth topology. Further to this, Lee et al. [16] introduced
the concept of smooth bitopological space as a generalization of smooth topological space and Kandil’s
fuzzy bitopological space [10].

The concept of fuzzy semi-open sets and fuzzy semi-continuous mapping in fuzzy topological
spaces was studied by Azad [2]. Kumar [13] generalized the concepts of fuzzy semi-open sets, fuzzy
semi-continuous mappings into fuzzy bitopological spaces. Kim et al. [12] as well as Lee and Lee

" Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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[15], introduced the notion of fuzzy r-semi-open sets and fuzzy r-semi-continuous maps in smooth
topological space which are generalizations of fuzzy semi-open sets and fuzzy semi-continuous maps in
Chang’s fuzzy topology. Ramadan and Abbas [21] introduced the notion of r-fuzzy semi-open sets in
smooth bitopological spaces. El-sheikh [7] characterized the notion of r-fuzzy semi-open sets [21] and
generalized the notions that introduced in smooth bitopological space [13], [20], [21]. Recently [29],
we introduced the concept of r-71o-fuzzy semi-open sets in smooth supra topological space (X, 712)
which were induced from smooth bitopological space (X, 71, 72). We have also shown that the present
notion of fuzzy semi-open sets and the notion of r-(7;, 7;)-fuzzy semi-open sets that introduced in [21]
are independent.

Ideals are an important notions which was introduced into general topology by Kuratowski [14],
where a nonempty family I of P(X) is called an ideal if: (1) A € I and B C A gives B € I (heredity)
and (2) A,B € I gives AU B € I (finite additivity). Sarkar [26] introduced and studied the notion
of ideal in Chang’s sense. Ramadan et al. [22] introduced the notion of a smooth ideal in smooth
topology.

The concept of compactness modulo an ideal was first introduced by Newcomb [18] and Ranéin [23]
and was studied by Hamlett and Jankovié¢ [8]. Abd El-Monsef et al. [1] studied the relations between
ideals and some types of weak compactness. Salama [25] defined and studied some other types of fuzzy
compactness with respect to fuzzy ideals in Chang’s fuzzy topologies. Saber and Abdel-Sattar [24]
investigated some properties of smooth ideals and used these to introduce and study the concept of
r-fuzzy ideal-compact, r-fuzzy quasi H-closed, and r-fuzzy compact modulo a smooth ideal in smooth
topological spaces.

In the present paper we use the concept of r-(7;, 7;)-fuzzy semi-open sets and a smooth ideal to in-
troduce new types of compactness in smooth bitopological spaces, namely 7-(7;, 7;)-F SZ-compactness,
r-(74, 7;)-F SI-Lindel6fness and r-(7;, 7j)-FZ-S-closedness that generalize r-(7;, 7;)-F'S-compactness, -
(73, 7;)-F S-Lindel6fness and r-(7;, 7;)-F'S-closedness respectively. We give the relation between these
types of compactness and those introduced by Saber and Abdel-Sattar [24]. Also, we study some of the
properties and characterizations. Moreover, the behavior of these types of compactness under some
types of mappings is also investigated.

2 Preliminary

In this paper, X is a non-empty set, I = [0,1] and Iy = (0,1]. A fuzzy set p of X is a map-
ping with g : X — I, and IX the family of all fuzzy sets of X. For any pui,puz € I, (u1 A
p2)(x) = min{p (), po(x) : v € X}, (pn V po)(x) = max{pn (z), po(x) : € X} and (1 — p2)(2) =
min{p (x),1 — pa(z) : z € X}. For a fuzzy set A of X, supp(A\) = {z € X| M(z) > 0}. For A € I’X,
1— X denotes the complement of . For a € I, a(z) = a Vx € X. By 0 and 1, we denote constant maps
on X with values 0 and 1, respectively. For u, A € IX, u is called quasi-coincident with X, denoted
by u q A, if pu(z) + A(x) > 1 for some z € X. Otherwise we write p ¢ A\. For any A\; and Ay € IX,
A < X2 <= A1 71— \y. FP stands for fuzzy pairwise. The indices are i,j € {1,2} and i # j. All
other notations are standard notations of fuzzy set theory.

Definition 2.1. [3, 5, 19, 27] A smooth topology on X is a mapping 7 : IX — I which satisfies the
following properties:

(1) 7(0) =7(1) =1,
(2) T(pr A p2) > 7(p1) AT(p2), ¥ o, po € T,
(3) (Vg tti) = Njey T(1a), for any {p; :i € J} C IX.
The pair (X, 7) is called a smooth topological space. The value of 7(1) is interpreted as the degree
of openness of fuzzy set u. For r € Iy, u is an r-open fuzzy set of X if 7(u) > r, and p is an r-closed

fuzzy set of X if 7(1 — pu) > r. Note, Sostak [27] used the term ‘fuzzy topology’ and Chattopadhyay
[5], the term ‘gradation of openness’ for a smooth topology .

Definition 2.2. [16] A triple (X, 71, 72) consisting of the set X endowed with smooth topologies 71
and 7 on X is called a smooth bitopological space (smooth bts). For A € I*X and r € Iy, r-7;-open
(resp. closed) fuzzy set denotes the r-open (resp. closed) fuzzy set in (X, 7;), for i = 1,2.
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Theorem 2.3. [6, 11] Let (X, 71, 72) be a smooth bts. For A € I* and r € Iy, a 7;-fuzzy closure of
is a mapping C,, : I x Iy — IX defined as

CroAr) = Npel™ p=\ n(1—p)>r}
And, a 7;-fuzzy interior of X is a mapping I, : IX x Iy — IX defined as

L,(\r)= \/{,u el p<\ m(p) >rh

Then:
(1) C;, (resp. I,) is a fuzzy closure (resp. interior) operator.
(2) TC,, =TI, = Ti

(3) IL,(1—\7)=1-Cr (\7),Vrely\elX.

2

Definition 2.4. [24] A mapping Z : [X — I is called a smooth ideal on X if it satisfies the following
conditions:

(S1) Z(1) =0, Z(0) = 1,

(S2) Z(A\V p) > T(A) AZ (), for A\, € IX,

(S3) If A < p, then Z(u) < Z(N), for A\, € IX.

If Z and J are smooth ideals on X, we say 7 is finer than 7 (or J is coarser than Z), denoted by
J < Z,if and only if J(\) < Z()) for all A € TX.

For each smooth ideal Z on X and « € Iy, Z,, = {v € I | Z(v) > a} is a fuzzy ideal on X in
the sense of Sarkar [26]. By a fuzzy ideal we mean a non-empty collection of fuzzy sets J of a set X
satisfying the following conditions:

(i) If w € Jand v < p, then v € J [heredity],

(i4) If w € J and v € T, then p Vv € J [finite additivity].

The simplest smooth ideal on X is Z° : IX — I defined by Z°(\) = 1, if A = 0 and 0 otherwise.

We denote the smooth bts (X, 7y, 72) with a smooth ideal Z by the quadruple (X, 7y, 72,Z) and
call it a smooth ideal bitopological space (smooth ideal bts).

Definition 2.5. [21] Let (X, 71,72) be a smooth bts for A € I and r € I. Then:

(1) Xis an r-(;, 7;)-fuzzy semi-open set ( r-(7;, 7;)-fso), if there exists p € I with 7;(i) > r such
that u < X < Cr (p, 7).

(2) Xis an r-(7;, 7j)-fuzzy semi-closed set (r-(7i,7;)-fsc), if there exists p € I* with 7;(1 — u) > r
such that I (p,7) <X < p.

(3) The 7(i, j)-fuzzy semi-interior of X is denoted by ST;;(\, ) and defined as
SLij(A\r) = \/{V € I\ v < \visr-(1i,7;)-fs0}.
(4) The 7(t, j)-fuzzy semi-closure of X is denoted by SC;;(\,r) and defined as

SCii(\ 1) = Nv e IX|v = N vis r-(ri, 75)-f sc}.

(5) Ais an r-(7y, 7j)-fuzzy preopen set ( r-(7;, 7;)-fpo) if X < I, (Cr, (A7), 7).
(6) Ais an r-(7y, 7;)-fuzzy preclosed set ( r-(7;, 7;)-fpc) if Cr, (I, (A, 7),7) < A
Theorem 2.6. [7] Let (X, 71, 72) be a smooth bts for A € IX and r € Iy. Then:
1) Xis an r-(7,7;)-fso iff X = SI;; (A, r).
2) Xis an r-(1;, 7;)-fsc iff X = SCy;(A, 7).
-(74,7j)-fso iff 1 — X is an r-(7;, 7;)-fsc.
4) Ais an r-(7;, 7j)-fso iff X < Cr (I, (A, 7), 7).

(

(2)

(3) Misanr
(4)
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(6) i — SOij()\, T’) = SIZj(i — )\, T’).

Definition 2.7. [7] Let (X, 71, 72) and (Y, 7, 75) be smooth bts’s. Let f : X — Y be a mapping.
Then f is called:

(1) FP-irresolute (resp. F P-semi-continuous [21]) iff f~!(u) is an r-(7;, 7;)-fso set in X for each
r-(17, 77 )-fso set pin Y (resp. p € IV, 75 (p) > 7).

(2) FP-irresolute open iff f(u) is an 7-(7;°, 7;)-fso set in Y for each r-(7;, 7;)-fso set p in X.

Theorem 2.8. [7] Let (X, 7, 7) and (Y, 7y, 75) be smooth bts’s. Let f : X — Y be a mapping.
Then the following statements are equivalent:

(1) fis a FP-irresolute.
(2) For each r-(r;7,75)-fsc set p € I, f~*(u) is an r-(7;, 7;)-fsc set in X.
(3) SCi;(f~H(p),r) < fH(SCij(p,7)), pe I™.

Lemma 2.9. [17] Let f : X — Y be a mapping and let A and p be fuzzy sets in X and Y, respectively.
Then the following properties hold:

(1) X< f71(f(N\) and equality holds if f is injective.

2) f(f~'(u)) < p and equality holds if f is surjective.

(2)
(3) For any fuzzy point x; in X, f(x¢) is a fuzzy point in Y and f(z;) = (f(2)):.
(4) If f(A\) < p, then A < f=1(u).

Definition 2.10. [24] Let (X, 7,7) be a smooth ideal topological space and r € Iy. Then X is called:

(1) An r-FZ-compact (resp. r-fuzzy ideal quasi H-closed (r-FZQHC)) iff for every family {\; €
IX| 7(\;) > 7,3 € J} such that when \/ \; = 1, there exists a finite set Jy C J, such that
i€t
I(1— \V N)>r (vesp. Z(1— V Cr(N\i,7)) > 7).
i€Jo ieJo
(2) An r-fuzzy compact modulo fuzzy ideal space (r-fuzzy C(I)-compact) if for every 3 € I,
7(1 — B) > r and each family {\; € I’X| 7(\;) > 7,4 € J} such that 8 < \/ \;, there exists a

ieJ
finite set Jo C J, such that Z(BA[1 — \/ Cr(A\i,7)]) > .
i€Jo

3 FPSI-compact and I'PSI-Lindelof Spaces

In this section we introduce the notion of FPS-compact (resp. Lindelof) space in smooth bts
(X, 71, 72) by using the family of r-(7;, 7;)-fso sets as cover. Then, we generalize the same notions via
smooth ideal Z on X to obtain FPSZ-compact (resp. Lindelof) space. We also give the relations
between them and study some of their basic properties.

Definition 3.1. Let (X, 71, 72,7) be a smooth ideal bts and r € Iy. A fuzzy set p € I is called:

(1) An r-(7;,7j)-FS-compact if for every family {uo € IX| pq is r-(1i,7;)-fso set,a € J}, such
that p < \/ o, there exists a finite set Jy C J, such that p < \/ p,. The space (X, 11, 72) is
acJ a€cJy
an r-(1;, 7j)-F'S-compact if X is an r-(7;, 7;)-FS-compact as a fuzzy subset.

(2) An r-(1;,7;)-FSZ-compact if for every family {po € I| piq is r-(7i,7j)-fs0 set,a € J}, such

that p < V pq, there exists a finite set Jy C J, such that Z(p A [1 — \ pa]) > r. The space
acJ aeJo

(X,71,72,Z) is an r-(7;, 7;)-FSZ-compact if X is an r-(7;, 7;)-FSZ-compact as a fuzzy subset.

(3) An r-(1;, 7;)-FS-Lindeldf if for every family {uo € IX| po is r-(, 7;)-fs0 set,a € J}, such that
p < V la, there exists a countable set Jy C J, such that p < \/ ps. The space (X, 71,72) is
aed aedy
an r-(1;, 7j)-F'S-Lindeldf if X is an r-(7;, 7;)-F S-Lindel6f as a fuzzy subset.
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(4) An r-(1;, 7;)-FSZ-Lindelof if for every family {uo € IX| po is 7-(7i,7j)-fso set,a € J}, such
that p < \/ i, there exists a countable set Jy C J, such that Z(p A [1 — \/ pa)) > 7. The
acJ acdy
space (X,7i,72,7) is an r-(1;, 7;)-F SZ-Lindelof if X is an r-(7;, 7;)-FSZ-Lindelof as a fuzzy
subset.

Definition 3.2. Let (X, 71,72,Z) be a smooth ideal bts and r € Iy. Then X is called:

(1) FPS-compact (resp. F'PSZ-compact) if X is an r-(7;, 7;)-FS-compact (resp. r-(7;, 7;)-FSZ-
compact) for each r € Ij.

(2) FPS-Lindelof (resp. F'PSZ-Lindeldf) if X is an r-(7;, 7;)-FS-Lindeldf (resp. r-(7;, 7;)-FSZ-
Lindeldf) for each r € Ij.

From Definition 3.1 we have the following remark.

Remark 3.3. Let (X, 71,72,Z) be a smooth ideal bts and r € Iy. Then the following statements are
true:

(1) If X is an r-(7;, 7;)-F SZ-compact, then X is an r-7;- FZ-compact.

(2) If X is an r-(7;, 7j)-FS-compact (resp. Lindeldf), then X is an r-(7;, 7;)-F SZ-compact (resp.
Lindelt).

(3) If X is an r-(7, 7j)-FS-compact (resp. r-(7;,7;)-FSZ-compact), then X is an r-(r;, 7;)-FS-
Lindelof (resp. r-(7;, 7;)-F SZ-Lindel6f).

(4) IfZ =1°, then r-(r;, 7;)-F S-compact (resp. r-(7;, 7;)-FS-Lindelof) and r-(7;, 7;)-F SZT-compact
(vesp. (7, 7j)-FSZ-Lindelof) are equivalent.

It follows from the Definition 3.1, Remark 3.3 and the fact that every r-7;-open fuzzy set in X is
an r-(7;, 7j)-fso set that

’/‘—(Ti, Tj )_FS_compact e T‘(Ti7 Tj )—FSZ—CO?’anLCt — T—Ti—FI—COmpCLCt

I ¢
r-(1;,7;)-FS-Lindelo f r-(7,7;)-FSI-Lindelo f

Example 3.4. Let X = N, where N is the set of natural numbers. Define fuzzy set \,, € IX as follows:
An = X{n}, Where Xy is the characteristic function of {n},n € N.

Define smooth topologies 71 : IX — I and 7 : IX — I as follows:

1 ifx=0,1,
7'1()\):’7'2(>\): % ’Lf)\:An, ’I’LEN,
% otherwise.
Define smooth ideal Z : IX — T as follows:
1 if A=0,
ZA) =40 if =1,
% otherwise.

Then clearly (X, 71,72,Z) is a smooth ideal bts. Note that X is not a %—(ﬁ,Tg)—FS—compact since
there exists a family

1 _
eI\, = X{n} 8 5—(7’1,T2)—f80 set, n € N} With\/ A =1
neN

such that there in no finite set Jy C N with \/ A\, = 1.
neJo

But X is a $-(71, 72)-F.SZ-compact, since for any finite set Jo C N, Z(I— \/ A,) =2 >
neJo

Y
N
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The following example shows that the finite spaces need not to be a r-(7;, 7;)-F'S-compact.
Example 3.5. Let X = {a,b,c} and A1, A3, A3 and A4 be fuzzy sets of X defined as
A =asVbysVecs, \g=ag3VbsV Cs, S E [097 ].),

A3 =arVbysVecr, \a=ag3VbVeg, k€ (0,0.1].

Define smooth topologies 71 : IX — I and 7 : IX — I by

1 if A=0,1, 1 if A=0,1,

L oif A=, T oif A=,

Lodfa=2) Logfa=2)
() =43 i 2 and () ={?2 if »

3 if A= X1 A g, 5 if A= A3 A Ay,

% if A=AV Ay, % if A= A3V Ay,

0 otherwise, 0 otherwise.

Then clearly (X, 71, 72) is a smooth bts. Note that X is finite set but it is not a -(71, 72)-FS-compact
since there exists a family

1 _
{as Vbs Ve € IX| as V bg Ve is g—(Tl,TQ)—fSO sets, s € [0.9,1)} with \/ as VbsVes =1.
5€[0.9,1)

But there is no finite subset Jy C [0.9,1) such that \/ asVbsVecs = 1.
s€Jo

The following example corresponds to the concept of the ideal of finite (resp. countable) subsets
of X in the ordinary sense.

Example 3.6. Define 7¢,7. : I*X — I be two smooth ideals on X as follows:

o) = 1 if supp (u) = finite subset of X
= 0 otherwise;

and
1 if supp (p) = countable subset of X,
Ze(p) = .
0 otherwise.

That is mean:

(1) Z; is a smooth ideal on X such that for every r € Iy, (Zy), = {u € IX| Z;(n) > r and supp(p)
is a finite subset of X} is a fuzzy ideal in Sarkar’s sense.

(2) Z.is a smooth ideal on X such that for every r € Iy, (Z.), = {p € I’X| Z.(p) > r and supp(p)
is a countable subset of X'} is a fuzzy ideal in Sarkar’s sense.

Theorem 3.7. A smooth ideal bts (X, 71, 72,Zy) is an r-(7;, 7;j)-FSZ¢-compact iff (X, 71, 7) is an
r-(7i, 7;)-F'S-compact.

Proof. Let (X, 71,72,Z¢) be an r-(1;,7;)-FSZ-compact and let {po € IX| po is r-(74,7j)-fso set,
a € J} be any family such that \/ p, = 1. Suppose that for any finite set Jo C J we have \/ pq # 1.

acJ aeJo
This implies 1 — \/ pq # 0. Therefore, Z;(1 — \/ po) # 1. Thus, from definition of Zy, we have
acJo aeJo
Z;(1— V pa) =0 meaning that for any finite set Jo C J, Zp(1 — \/ pq) < r which contradicts the
acJo aeJo

hypothesis. Hence, (X, 7, 72) is an r-(7;, 7;)-F S-compact.

Conversely, let {{1o € IX| o is r-(1i,7;)-fso set,a € J} be any family such that \/ u, = 1.

acJ

According to r-(7;, 7j)-FS-compactness of X, there exists a finite set Jy C J such that \/ po = 1.
aedy

Since 1— '\ 1o = 0 and supp(0) = 0, there is a finite subset of X. Then, Zp(1— \/ po) > r. Hence,

acedy aedy
(X, 11, 72,Zy) is an (7, 7j)-F ST -compact. 0
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Theorem 3.8. A smooth ideal bts (X, 7, 7,Z.) is an (7, 7;)-F SZ.-compact iff (X,71,7) is an
r-(7;, 7;)-F S-Lindelof.

Proof. Let (X, 71,72,Z.) be an r-(r;, 7;)-FST.-compact and let {1o € IX| po is 7-(7i,7;)-fso0 set,
a € J} be any family such that \/ po = 1. By r-(7;, 7j)-F SZ.-compactness of X, there exists a finite

aed
set Jo C J such that Z,(1— \/ pa) > 7, meaning that 1— \/ p, has a countable support. Therefore,
aedy _ aedy _
there exists a countable set J. C J, such that 1 — \/ po < V po. Thus, 1 = V puaV V pa =

a€cJy a€cd. a€cJy acJ.
V  pa. Since Jo U J. is countable subset of J, then (X, 7, 72) is an r-(7;, 7;)-F'S-Lindel6f.
aeJoUJd.
Conversely, Theorem 3.7 is a similar proof. O

Corollary 3.9. If (X, 1, 72, Z,.) is an r-(7;, 75 )-F'SZ.-compact, then (X, 71, 72, Z.) is an r-(7;, 7;)-F SZ-
Lindelof.

Corollary 3.10. If (X, 7, 7,Z.) is an r-(7;, 7j)-F SZ.-compact, then (X, i, 7) is an r-7;- F-Lindel6f.

Theorem 3.11. Let (X,71,72,Z) be a smooth ideal bts. If A\;,\s € IX are r-(r;, 7;)-F SZ-compact
fuzzy subsets, then A1 V Ag is an r-(7;, 7;)-F SZ-compact.

Proof. Let {po € IX| pio is 7-(7i,7j)-fso set,a € J} be a family such that A\; V A2 < \/ go. Then,
acJ

M <V po and Ay <V pg. Since Ay and g are (7, 7;)-F SZ-compact, there exists a finite set
acJ acJ
Ji € Jand Jy C J such that ZAi A (1 — V pa)) > 7 and ZA2 A (1 — V o)) > 7. Therefore
acJy a€Ja
IZMVAA(L=  V  pa)) =7 Thus, A V Ag is an r-(7y, 7j)-F SZ-compact. O
acJiUJs

Theorem 3.12. Let (X, 71, 72,Z) be a smooth ideal bts and r € I. If for each family {p € IX| pig is

r-(7,7j)-fsc set, o € J} with Z( A\ pa) > r there exists a finite set Jy C J such that Z( A pao) > 7,
aeJ aedy

then X is an r-(7;, 7;)-F SZ-compact.

Proof. Let {pio € IX| po is r-(1;,7;)-fs0 set,a € J} with \/ po = 1 implies that Z( A 1 — po) > 7.
acJ acJ
The hypothesis suggests that there exists a finite set Jy C J such that Z( A 1 — u,) > 7. Thus,
a€cJo

Z(1— V pa)>r. Hence, X is an r-(7;, 7j)-F SZ-compact. O
a€Jo

Theorem 3.13. Let (X, 71, 72,7) be an r-(7;, 7;)-F SZ-compact and r € I. If 7 is a smooth ideal on
X such that Z < J, then X is an r-(7;, 7;)-FSJ-compact.

Proof. Let {ptoa € I*| po is r-(1i,7;)-fso set,a € J} with \ p, = 1. Since X is an r-(7;,7;)-
aeJ
FSZ-compact, there exists a finite set Jy C J such that Z(1 — \/ pa) > r. Since Z < J, then
acJdy

J(1 = V po)>r. Thus, X is an r-(7y, 75)-F .S J-compact. O

acJy

Theorem 3.14. Let (X, 71,72,Z) be a smooth ideal bts and r € Iy. Then the following statements
are equivalent:

(1) (X,71,72,Z) is an r-(7;, 7;)-F SZ-compact.

(2) For any collection {yn € IX| pqo is r-(1;,7;)-fsc set,a € J} with A pa = 0, there exists a
acJ
finite set Jo C J with Z( A\ pa) > 7.
aedy
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Proof. (1) = (2) Let {po € IX| pio is v-(7i,7j)-fsc set,a € J} with A pro = 0. This implies,
aelJ

V (I = pa) = 1. Since {1 — pio,a € J} is a family of r-(r;,7;)-fso sets and by r-(7;,7;)-FSZ-

acJ

compactness of X, there exists a finite set Jo C J such that Z(1 — \/ (1 — u,)) > r implies that

a€cJy
ZCA pa) Z .
aedy _
(2) = (1) Let {ua € I*| po is r-(i,7;)-fso0 set,a € J} be a family with \/ po = 1. Then,
acJ
A (1= pa) =0. By (2), there exists a finite set Jo C J such that Z( A (1 — ug)) > r. This implies
acJ acJo
that Z(1 — \ pa) > r. Therefore, (X, 71,72,Z) is an r-(7;, 7j)-F SZ-compact. O
acdy

Definition 3.15. [24] A family {u, € I*X| a € J} has the finite intersection property (Z-FIP) iff

Z( A\ pa) > r for any no finite subfamily Jy C J.
acJdy

Theorem 3.16. A smooth ideal bts (X, 7,72,Z) is an r-(7;, 7;)-F'SZ-compact iff every collection
{ta € IX| po is v-(7i,7j)-f sc set,a € J} having the Z-FIP has a non-empty intersection.

Proof. Suppose X is an 7-(7;, 7j)-FSZ-compact and let {uo € IX| po is r-(1i,7;)-fsc set,a € J}
having the Z-FIP. Suppose A po = 0. Then \/ (I — po) = 1. Since 1 — p, is an (7, 75)-fso
acJ acJ

set for each a € J. By r-(7;, 7j)-F SZ-compactness of X, there exists a finite set Jy C J such that
Z(1— V (1 —pa)) > r, implies that Z( A pa) > r which is a contradiction. Hence, A o # 0.

Coafvﬁrsely, let {po € I pio is r—(g,e;;)—fso set,a € J} be a family with \/ ,u:e:JI. Suppose
for every finite set Jo C J we have Z(1 — \/ po) < 7. That is mean Z( A\ (1— zi)]) > r for every no
finite Jo C J, from hypothesis of Z-FIP ?zveeJilave, N (1= pg) #0. Th?segfoields V pa # 1 which is a
contradiction. Hence, (X, 71,72,7) is an r-(7;, Tj)—lggJI—compact. "< O

Definition 3.17. Let (X, 71, 72) be a smooth bts and r € Iy. A fuzzy set A of X is called:

(1) an r-(7;, 7;)-fuzzy regular(semi)open (r-(7;, 7;)-fro (resp. r-(7;, 7;)-frso )) if A = I, (Cr, (X, 7),7)
(resp. A = SI;;(Cr; (N, 7),7)).

(2) an 7r-(7y, 75)-fuzzy regular(semi)closed (r(i,j)-frc (resp. r-(7;,7;)-frsc )) if A = Cr, (I, (\,7),7)
(resp. A = SCi; (I, (A, 7),7)).

Theorem 3.18. If (X, 71,72,Z) is an r-(7;, 7j)-F SZ-compact, then for every family {uo € I o
is r-(1;,7;)-frc set,a € J} such that \/ po = 1, there exists a finite set Jy C J such that Z(1 —

acJ
V pa) 2.
aedy
Proof. The proof derives from the fact that every r-(7;, 7;)-frc set is an r-(7;, 7;)-fso set. O

Theorem 3.19. If (X, 71,72,7) is an r-(7;, 7j)-F SZ-compact, then for every family {uq € I*| g is
r-(7;,7;)-frso set,a € J} such that \/ po = 1, there exists a finite set Jy C J such that Z(1 —

acJ
\/ Ma) >
a€cJy

Proof. Let {pa € IX| j1q is an r-(7i,7)-frso set,a € J} such that \/ po = 1. Then, from Definition

acJ
3.17(1), we have \/ SLj (Cr,(pa:7),7) = 1. As {SL;(Cy, (pta,7),7) € I*,a € J} is a family of
aclJ '
r-(74,7;)-fso sets, and by r-(7;, 7;)-F SZ-compactness of X there exists a finite set Jy C J, such that
I(1- \ SLj;(Cr(pta,r),7)) =7, then this Z(1 — \/ pq) > 7. O

a€cJy a€cJy
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Theorem 3.20. If (X, 71,72,Z) is an 7-(7;, 7j)-F SZ-compact, then for every family {un € IX]| piq
is r-(7i,7j)-fpo set,a € J} such that \/ po = 1, there exists a finite set Jy C J such that Z(1 —

acJ
V o (1a,m)) = 7.
acdy

Proof. Let {fto € IX| po is r-(7i,7j)-fpo set,a € J} be any family such that \/ pe = 1. Since po <

acJ
Cr, (pa,7) < Cr, (I1,(Cr, (e, 7),7), 1), then 1= \/ Cr, (ka,7) such that {Cr, (pa,7) € I*, 0 € J} is a
acJ
family of r-(7;, 7j)-fso set of X. By r-(7;, 7;)-F SZ-compactness of X, there exists a finite Jy C J such
that Z(1 — \/ Cr, (pa:7)) > 7. O

aedy

Corollary 3.21. If (X,71,7,Z) is an r-(7;, 7j)-FSZ-compact, then for every family {u, € IX]| 4
is r-(7;,7;)-fpc set,a € J} such that A po = 0, there exists a finite set Jo C J such that

acJ
IO Ly (asr) = 7

acdy

4 FPSC(Z)-compact and F PI-S-closed Spaces

In this section we introduce the notions of F'PSC-compact, FPSC(Z)-compact, F'P-S-closed and
FPZ-S-closed in a smooth bts (X, 71,72) and study some of their basic properties. We give the
relations between them. Furthermore, we show that F PSC/(Z)-compactness is not a generalization of
FPSC-compactness.

Definition 4.1. Let (X, 71, 72,Z) be a smooth ideal bts and r € Iy. Then, X is called:
(1) An r-(r;,7j)-FSC-compact, if for every r-(r;, 7;)-fsc set p of X and every family {u, € IX
| o is v-(73,7j)-fs0 set,a € J} with p < \/ pq, there exists a finite set Jy C J such that
acJ
p< V SCi;(pasr).

acJdy

(2) An r-(7,7j)-FSC(Z)-compact, if for every r-(r;,7;)-fsc set p of X and every family {p, €
IX| po is r-(75,7;)-fs0 set,a € J} with p < \/ pa, there exists a finite set Jy C J such that
acJ

Z(pn[1 = V SCij(pa,r)]) 2 7.

aedy

(3) An r-(r;, 7;)-FS-closed, if for every family {u, € I po is (7, 7j)-fso set,a € J} such that

V ta =1, there exists a finite set Jy C J such that \/ SCjj(ga,r) = 1.
acJ a€Jo

(4) An r-(7;,7j)-FZ-S-closed, if for every family {uo € IX| pio is 7-(7i,7j)-fso set,a € J} such

that \/ po = 1, there exists a finite set Jy C J such that Z(1 — \/ SCi;(fta,7)) > 1.
acJ acdy

Definition 4.2. Let (X, 71,72,Z) be a smooth ideal bts and r € Iy. Then X is called:

(1) FPSC-compact (resp. F'PSC(Z)-compact), if X is an r-(r;, 7;)-F SC-compact (resp. r-(7;,7;)-
FSC(Z)-compact) for each r € Ij.

(2) FP-S-closed (resp. F'PZ-S-closed), if X is an r-(7;, 7;)-F'S-closed (resp. r-(7;, 7j)-FZ-S-closed)
for each r € Ij.

From Definition 4.1 we have the following remark.

Remark 4.3. Let (X, 71,72,Z) be a smooth ideal bts and r € Iy. Then the following statements are
true:

(1) If X is an r-(7, 75)-F SC(Z)-compact, then X is an r-7;-FC(Z)-compact.
(2) If X is an (7, 7j)-FZ-S-closed, then X is an r-7,-FIQHC.
(3) If X is an (7, 7j)-F'S-closed, then X is an r-(r;, 7;)-FZ-S-closed.
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(4) If X is an r-(7;, 7;)-F'SC-compact (resp. 7-(7;,7;)-FSC(Z)-compact), then X is an r-(7;, 7;)-
FS-closed (resp. r-(1;, 7j)-FZI-S-closed).

(5) If Z =10, then r-(7;, 7j)-FS-closed and r-(7;, 7;)-FZ-S-closed are equivalent.

It follows from the Definition 4.1, Remark 4.3 and the fact that every r-7;-closed fuzzy set in X is
an r-(1;, 7j)-fsc set that.

r-(7;, 7;)-F SC-compact r-(7;, 7;)-FSC(Z)-compact = r-1,-FC(I)-compact

4 I 4
r-(7;,7;)-FS-closed = r-(1;,7;)-FZ-S-closed = r1,-FIQHC

Remark 4.4. The notion of r-(r;, 7;)-FSC(Z)-compactness of X is not a generalization of r-(7;, 7;)-
FSC-compactness. We show this in the next example.

Example 4.5. Let X = {a,b,c}. Define fuzzy sets A1, Ay and A3 € IX as follows:
At =agps5Vbo1Vcos, A2=agsVbogVcos, Az3=ageVboo.

Define smooth topologies 71 : X — I and 7 : IX — I as follows:

1 ifA=0,1,
1 if A=0,1, 3 if A=A, Ao, s,
AN =92 if A=A, Ao, and T(A) =43 Qif A=A VA3, A AN,
0 otherwise; % if A= X2V Az, Aa A Ag,
0 otherwise.
Define smooth ideal Z : IX — I by
1 ifA=0,
IAN) =<0 ifAx=1,
% otherwise.

Then (X, 71,72,7) is a smooth ideal bts. For r = %, {0,1, A1, A2} is the family of all 3-(71, 72)-fso sets
in X, and for any 1-(1, 72)-fsc set in X it easy to verify that (X, 71,72) is a 3-(71, 72)-F SC-compact
space. But (X,71,72,7) is not a %—(71,7'2)—FSC(I)-Compact space, as p = ag5 V bp.1 V co5 IS a %—
(1, T2)-fsc set in X. However, for any J is %—(7’1, T9)-fso set which cover p and for any finite subset Jy

of J we have,

I(pAT— \/ SCr2(as 2))) = Z(p) =

2
acJy

Theorem 4.6. Let (X, 7,72,Z) be a smooth ideal bts and r € Iy. Then the following statements are
equivalent:

(1) (X,7,72,Z) is an r-(1;, 7j)-FSC(T)-compact.

2) For any collection {uq € IX| po is r-(7i,7;)-fsc set,o € J} and every r-(7;, 7;)-fsc set p in X
H H j j p

with p ¢ A La, there exists a finite set Jo C J such that Z(p A A ST;;(tta, 7)) > 1.
acJ acdy

(3) p ¢ A o holds for every collection {yo € I*X| po is 7-(7i,7j)-fsc set,a € J} and every
acJ
r-(1;,7;)-fsc set p in X with {p A SI;;(tta,7), € J} has the Z-FIP.



Journal of New Theory 3 (2015) 41-66 61

Proof. (1) = (2) Let p be an r-(;, 7j)-fsc set in X and {po € I| p1q is r-(7i,7j)-fs¢ set, o € J} be

any family with p ¢ /\ o Then p < \/ 1—p,. Foreach a € J, 1—p, is an r-(7;, 7;)-fso set. Since X is
acJ
anr-(r;, 7;)-FSC(Z ) Compact, there exists a finite set Jy C J such that Z(pA[I— \/ SCi;(1—pa,r)]) >
acdy
r. Since

Al — \/ SCii(1 = pa,m)] =pA /\ ST;;(fta, ). Thus, Z(p A /\ ST;;(fasT)) > T

acJy acdy acJy

(2) = (3) This is trivial.
(3) => (1) Let p be an r-(7;, 7j)-fsc set in X and {po € I*| po is r-(74,7;)-fs0 set,a € J} where

p < \ ta. Suppose there is no finite subfamily Jy C J, then Z(p A [1 — \/ SCij(pta,7)]) > 7. Since
acJ acJo

pA [i_ \/ Scij(ﬂaar)] =pA /\ 1 _SCw Mo, T /\ {p/\SI’L] — fha,T)}

a€cJy acJy a€cJy

the family {p A ST;;(1 — pa,7), € J} has Z-FIP. By (3), pq A (1 — p1o) implies that \/ uq < p.
acJ acJ
This is a contradiction. O

Theorem 4.7. If (X, 7, 72,Zy) is an r-(1;, 7;)-FSZy-compact, then (X, 7, 72) is an r-(7;, 7;)-FS-
closed.

Proof. Let {pio € IX| pq is v-(7i,7j)-fso set,a € J} be any family such that \/ u, = 1. Since X is
_ aeJ

an r-(7;, 7;)-F ST ;-compact, there exists a finite set Jy C J such that Z;(1 — \/ po) > 7. This means

B aEJoi

1— V pq has a finite support, implying there exists a finite set J, C J such that 1— \/ po < V pa-

acJo _ B acJo acJy
Therefore, 1 = \/ . Since for any o € J, po < SCij(fa,7). Then, 1 = \  SCij(tta, 7).
acJoUJy a€eJoUJg

Hence, X is an r-(7;, 7;)-F'S-closed. O

Definition 4.8. A smooth topological space (X,7) is called an r-FQHC if for every family {u, €

IX| 7(pe) > r,a € J} with \/ pe = 1, there exists a finite set Jy C J such that \/ Cr(ua,r) = 1.
acJ acdy

Theorem 4.9. If (X, 7, m,Zf) is an r-(7;, 7;)-F SZs-compact, then (X, 7, ) is an r-r,-FQHC.
Proof. The proof is similar to the proof of Theorem 4.7. O

Theorem 4.10. Let (X, 71,72,Z) be a smooth ideal bts and r € Iy. Then the following statements
are equivalent:

(1) (X,m,72,7) is an r-(7;, 7j)-FZ-S-closed.
(2) For any collection {ua € I| po is r-(7i,7j)-fsc set,a € Jo} with A po = 0, there exists a
acJ
finite set Jy C J such that Z( A SI;;(pa,7)) > 7.

acJy

(3) A ta # 0, holds for any collection {uo € IX| po is r-(1;,7;)-fsc set,a € Jo} such that
acJ
{S[ij(,ua,r),oz € J} has Z-FIP.

Proof. (1) <= (2) Similar to the proof of Theorem 3.14.
(1) = (3) Let {ua € IX| piq is r-(1i,7j)-f sc set, o € Jo} be any family such that {ST;; (g, 1), o €
J} has the Z-FIP. If A pio =0, then \/ 1— p, = 1. Since (X, 71,72,Z) is an r-(7;, 7;)-FZ-S-closed,
acJ acJ
there exists a finite set Jy C J such that

Z(1- \/ SCi;(1 = pa,7)) = 7.

acdy
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Since
1- \/ SCii (1= pa,r) = /\ SI;;(fta, 7). Then, Z( /\ SIij(fa, 1)) > 1

a€gJy a€Jy a€Jy

This is a contradiction.
(3) = (1) Let {ua € I*| pio is r-(7i,75)-fs0 set,a € Jo} be any family such that \/ po = 1.

acJ
Suppose there is no finite set Jo C J satisfying Z(1— \/ SCyj(pa,r)) > r. Since 1— \/ SCyj(pa,r) =
acJo acJo
A SIi;(1— i, 7), then the family {ST;;(1— o, ), € J} has I-FIP. By (3), we have A 1—pq # 0.
acdy acJ
Then \/ pq # 1. This is a contradiction.
acJ

O

Definition 4.11. A smooth bts (X, 7, 7) is called an r-(7;, 7;)-fuzzy semiregular space iff for each
r-(7i,7;)-fso set A in X and r € Iy, A = \/{v € IX| vis r-(7;,7j)-fs0 set, SC;;(v,r) = A}.

Theorem 4.12. If (X, 7, 7, 7) is an r-(7;, 7;)-F'Z-S-closed and r-(7;, 7;)-fuzzy semiregular space, then
(X,71,72,Z) is an r-(7;, 75 )-F SZ-compact.

Proof. Let {pio € IX| po is r-(7;,7;)-fs0 set,a € J} be any family with \/ pq = 1. By r-(7;, 7;)-fuzzy
semiregular of X, for each a € J, o = \ {Aai| Aoy i T-(Ti,Tj)-ng,es{Cij(Aak,T) = lq}- Hence,
Viae=V(V X)) =1 Since X isgenK;—(Ti,Tj)—FI—S—closed, there exist finite sets Jy C J and
Ky C K smch thit

71— \/ ( \/ SCii(Aay,7))) =1 for each « € Jy.

acJy akeKJO

Since,

\ SCij(Aays7) < pa-

Oé;cGKJO
This implies that,

\/ ( \/ SCij(Aays1)) < \/ o which also implies 1 — \/ po <1 — \/ ( \/ SCii(Aag,7))-

acdo ar€Ky, acdo a€do agJo ar€K g

Therefore,

I(i— \/M(X)Zz(i— \/( \/ SOZ](/\awr)))

a€cJy a€dy ar€Ky,

Thus, (X, 71,72,7) is an r-(7;, 7j)-F SZ-compact. O

5 FPS-compactness Modulo a Smooth Ideal and
Mappings

In this section we show the types of F'PS-compactness via a smooth ideal that is introduced in
Section 3 and 4 which are preserved under some types of mappings. Throughout this section let
(X,71,72,Z) and (Y, 7], 75, J) be two smooth ideal bts’s.

Theorem 5.1. Let f : (X,7,72,Z) — (Y,77,75,J) be a surjective, F P-irresolute mapping. If
(X, 71,72,T) is FPSZ-compact and Z(p) < J(f(p)) for each p € I’X, then (Y, 7, 75,J) is FPSJ-
compact.
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Proof. Let {jio € IY| po is (77, 77)-fs0 set,a € J} be any family such that \/ po, = 1. Then
acJ

V f~'(ua) = 1. Since f is FP-irresolute, then for each o € J, f~'(uq) is an r-(7;, 7;)-fso set.

acJ

By FPSZI-compactness of X, there exists a finite set Jo C J with Z(1 — \/ f~1(pa)) > 7. Since

acedy
Z(p) < J(f(p)), then for each a € Jy we have J(f(1 — \/ f~'(1a))) = 7. From the surjective of
acdy
f,wehave f(1— \ f'(ua)) =1— V pa. Thus J(1 — \ po) > r. Hence, (Y, 75,75, 7J) is an
a€Jo acJy a€Jo
FPSJ-compact. O

Theorem 5.2. Let [ : (X,71,72,Z) — (Y,7{,75,J) be a surjective, F P-irresolute mapping. If
(X,71,72,Z) is FPSC(Z)-compact and Z(p) < J(f(p)) for each p € IX, then (Y,7,75,J) is
FPSC(J)-compact.

Proof. Let p be an r- ( 7,7 )-fsc set in Y, and let {po € IY| pqo is r-(7;,77)-fso set,a € J} with
p < V fa- Then, f71(p) < V f (pa). Since f is FP-irresolute, for each o € J, f~!(ua) is an
acJ acJ
r-(7:,7j)-fso set of X and f~'(p) is an r-(7;, 7;)-fso set in X. By FPSC(ZI)-compactness in X, there
exists a finite set Jo C J, such that Z(f~1(p)A[1— \/ SCi;(f~*(pta),7)]) > r. Since f is F P-irresolute
a€cJy
mapping, then from Theorem 2.8(3), we have SCy;(f~1(\),r) < f~1(SCi;(A, 7)) for every X € IV.
Hence

ANI=\ SCi(fHpa) )] = f A=\ FHSCy(pas )]
a€edy acJo

Thus, Z(f~Y(p) A1 = V f7HSCij(ptas7))]) > r. Since Z(p) < J(f(p)). Then, for each o € Jp,

a€eJo
T )AL=V F7HSCij(pas1))])) > r. From the surjective of f,

acdy
f( ]-_ \/ f SC’Lj Mo, T ))]) = f(f_l(p/\(i_ \/ SC’ij(NouT)))) = p/\(i_ \/ SCij(/J“DuT))'
acJy acJy a€cJy

Thus, J(pA(1—  SCij(pa,r))) > r. Hence Y is an FPSC(J)-compact. O

acJdy

Theorem 5.3. Let [ : (X,71,7,Z) — (Y,7{,75,J) be a surjective, F P-irresolute mapping. If
(X, 71,72,T) is FPI-S-closed and Z(p) < J(f(p)) for each p € IX, then (Y,7},75,J) is FPJ-S-
closed.

Proof. Similar to proof of Theorem 5.2. O

In order to complete our study of the properties of F'PS-compactness via a smooth ideal under
mappings, we need now to introduce the notion of F'P-weakly semi-continuous mapping.

Definition 5.4. Let f : (X,71,72) — (Y, 7,75) be a mapping. Then f is called a FP-weakly
semi-continuous iff f=1(u) < SLi;(f~1(SCij(uy7)),7), p € IY.

Theorem 5.5. Let f : (X, 7,7,Z) — (Y, 71,75, J) be a surjective, F'P-weakly semi-continuous
mapping. If (X, 71, 7,Z) is FPSZ-compact and Z(p) < J(f(p)) for each p € IX, then (Y, 7}, 75,T)
is F'PJ-S-closed.

Proof. Let {pa € IV| po is r-(17, 75)-fso set,a € J} be any family such that \/ p, = 1. Then
acJ

V [ (pa) = 1. Since f is a FP-weakly semi-continuous, then for each a € J, f~1 (o) < SLi;(f~!

acJ

(5Ci;(pa, 7)), 7). Hence, \/Sfu( H(SCij (o 7)), m) = 1. Since {SI;; (1 (SCij(na, 7)), 7) € I, 0 €

J} is a family of r-(7;, TJ) fso sets and by F'PSZ-compactness of X, there exists a finite set Jy C J such
that Z(1— \/ ST,/ (SCys (o). 7)) > 7. Since Z(p) < T(f(p)), J(F (1~ V STy (7~ (SCys(pa. 7))

a€cJy a€Jy
,7))) > r for each a € Jy. From the surjective of f,
FA—\ SLi(f 1 (SCi(a, ™), ) = FA— \/ F7HSCy(pa7))) = \/ Cij(Ha,T

aedy a€Jy acd
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Thus, J(1— \ SCij(tta,r)) > r. Hence, Y is FPJ-S-closed. O

aedy
Theorem 5.6. The image of F'PSZ-compact set under surjective, F'P-weakly semi-continuous map-
ping such that Z(p) < J(f(p)) for each p € I, is FPJ-S-closed.

Proof. Similar to proof of Theorem 5.5. O

The following theorem shows that the image of a smooth ideal is a smooth ideal.

Theorem 5.7. Let f: (X,7) — (Y,0) be a mapping from a smooth topological space (X, 7) into a
smooth topological space (Y, ). If Z is a smooth ideal on X, then f(Z) is a smooth ideal on Y defined
as follows:

_ Vi IO) if f ) #0
v = Iz U
F@) () {0 08 G
Proof. Direct. -

Lemma 5.8. Let f: (X,7) — (¥,d) be a mapping from a smooth topological space (X, ) into a
smooth topological space (Y,d) and Z be a smooth ideal on X. If Z(v) > r, then f(Z)(f(v)) > r,
veIX.

Proof. Obvious. O

Theorem 5.9. Let f : (X, 71,72,Z) — (Y, 7], 75, f(Z)) be a surjective, F' P-irresolute mapping. If
(X,71,72,Z) is FPSZ-compact, then (Y, 75,75, f(Z)) is FPS f(Z)-compact.

Proof. Let {pio € IY| pq is r-(7;,75)-fs0 set,a € J} be any family such that \/ u, = 1. Since f is

F P-irresolute, then {f~(ua) € IX| £~ (a) is m-(7i,7j)-fs0 set,a € J} Withae\; fYua) = 1. By
hypothesis, there exists a finite set Jo C J, such that Z(1— \/ f~1(ua)) > 7. Byaiizmma 5.8 we have,
f@O)(fA -V fHua))) > r. From the surjective of f, O}E(‘%Oi V f Y pa) =1— V pa. Then,
f(oa - \/QG,LLIZ) > r. Hence, (Y, 77,75, f(Z)) is an FPSf(I)—Cori;;izt. e O

acJdy
The following theorem shows that the inverse image of a smooth ideal is a smooth ideal.

Theorem 5.10. Let f : (X,7) — (Y, 4) be a mapping from a smooth topological space (X, ) into
a smooth topological space (Y,§). If J is a smooth ideal on Y, then f~1(J) is a smooth ideal on X
defined as follows:
0 ifA=1
-1
A =
SIS {j(f()\)) for all A € IX
Proof. Direct. O

Lemma 5.11. Let f : (X,7) — (Y,4) be a surjective mapping from a smooth topological space
(X, 7) into a smooth topological space (Y,0) and let J be a smooth ideal on Y. If J(v) > r, then
FTHDS W) =7

Proof. Obvious. O

Theorem 5.12. Let f: (X, 7,72) — (Y, 71,75, J) be a bijective, F P-irresolute open mapping. If
(Y, 75, 75,J) is FPSJ-compact, then (X, 71,72, f~1(J)) is FPSf~1(J)-compact.

Proof. Let {ptoa € IX| pio is r-(7;,7;)-fso set,a € J} be any family with \/ go = 1. From the
acJ
surjective and F P-irresolute open of f we have \/ f(u) = 1, such that for each o € J, f(ia) is
acJ
an r-(7;,77)-fso set in Y. By F'PSJ-compactness of Y, there exists the finite set Jo C J such that

J1 =V f(pa)) > r. From Lemma 5.11, f~5T)(f~1(1 — V f(pa))) > 7. Since f is an injective,

a€Jy a€Jo
we have:
FHOGEA= N fa)) = TG A=V Fea)) =T0 =V (1) = T(FA =\ pa))-
acdy acJy acdy acdy
Then f~H(J)(1 - \ wa)) > r. Hence, (X, 71,72, f~1(J)) is FPSf~1(J)-compact. O

acJy
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Abstract - In this paper, we first introduce the concept of single valued neutrosophic soft expert sets
(SVNSESs for short) which combines single valued neutrosophic sets and soft expert sets.We also defineits
basic operations, namely complement, union, intersection, AND and OR, and study some related properties
supporting proofs.This concept is a generalization of fuzzy soft expert sets (FSESs) and intuitionistic fuzzy
soft expert sets (IFSESs). Finally, an approach for solving MCDM problems is explored by applying the
single valued neutrosophic soft expert sets, and an example is provided to illustrate the application of the
proposed method.
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1. Introduction.

Neutrosophy has been introduced by Smarandache [12, 13, 14] as a new branch of
philosophy and generalization of fuzzy logic, intuitionistic fuzzy logic, paraconsistent
logic. Fuzzy sets [38] and intuitionistic fuzzy sets [32] are defined by membership
functions while intuitionistic fuzzy sets are characterized by membership and non-
membership functions, respectively. In some real life problems for proper description of an
object in uncertain and ambiguous environment, we need to handle the indeterminate and
incomplete information. But fuzzy sets and intuitionistic fuzzy sets don’t handle the
indeterminate and inconsistent information. Thus neutrosophic set (NS in short) is defined
by Samarandache [13], as a new mathematical tool for dealing with problems involving
incomplete, indeterminacy, inconsistent knowledge. In NS, the indeterminacy is quantified
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explicitly and truth-membership, indeterminacy membership, and false-membership are
completely independent. From scientific or engineering point of view, the neutrosophic set
and set- theoretic view, operators need to be specified. Otherwise, it will be difficult to
apply in the real applications. Therefore, H. Wang et al [15] defined a single valued
neutrosophic set (SVNS) and then provided the set theoretic operations and various
properties of single valued neutrosophic sets. The works on single valued neutrosophic set
(SVNS) and their hybrid structure in theories and application have been progressing
rapidly [3, 4, 5, 6, 7, 8, 9, 11, 23, 24, 25, 26, 27, 28, 29, 30, 31, 39, 58, 66, 67, 68, 71, 75,
78, 79, 80, 81, 83,85].

In 1999, Molodtsov [10] initiated the theory of soft set theory as a general mathematical
tool for dealing with uncertainty and vagueness and the soft set theory is free from the
parameterization inadequacy syndrome of fuzzy set theory, rough set theory, probability
theory. In fact, a soft set is a set-valued map which gives an approximation description of
objects under consideration based on some parameters. Later Maji et al.[54] defined several
operations on soft set. Many authors [33, 37, 40, 43, 45, 46, 47, 48, 49, 51, 52, 53, 56, 61]
have combined soft sets with other sets to generate hybrid structures like fuzzy soft sets,
generalized fuzzy soft sets, rough soft sets, intuitionstic fuzzy soft, intuitionistic fuzzy soft
set theory, possibility fuzzy soft set, generalized intuitionistic fuzzy soft, generalized
neutrosophic soft set, possibility vague soft set and so on. All these research aim to
solvemost of our real life problems in medical sciences, engineering, management,
environment and social science which involve data that are not crisp and precise. But most
of these models deals with only one opinion (or) with only one expert. This causes a
problem with the user when questioners are used for the data collection.Alkhazaleh and
Salleh in 2011 [61] defined the concept of soft expert set and created a model in which the
user can know the opinion of the experts in the model without any operations and
presented an application of this concept in decision making problem. Also, they introduced
the concept of the fuzzy soft expert set [60] as a combination between the soft expert set
and the fuzzy set. Later on, many researchers have worked with the concept of soft expert
sets [1,2, 15, 16, 20, 34, 35, 42, 44, 54, 55, 82, 84]. But most of these concepts cannot
dealing with indeterminate and inconsistent information.

Based on [13], Maji [55] introduced the concept of neutrosophic soft set a more
generalized concept, which is a combination of neutrosophic set and soft set and studied its
properties. New operators on neutrosophic soft set presented by Sahin and Kiigiik [58].
Based on Cagman [46], Karaaslan [85] redefined neutrosophic soft sets and their
operations. Various kinds of extended neutrosophic soft sets such as intuitionistic
neutrosophic soft set [63, 65, 74], generalized neutrosophic soft set [57, 64], interval valued
neutrosophic soft set [21], neutrosophic parameterized fuzzy soft set [70], Generalized
interval valued neutrosophic soft sets [73], neutrosophic soft relation [18, 19], neutrosophic
soft multiset theory [22] and cyclic fuzzy neutrosophic soft group [59] were presented. The
combination of neutrosophic soft sets and rough set [72, 76, 75 ] is another interesting
topic. Until now, there is no study on soft experts in neutrosophic environment, so there is
a need to develop a new mathematical tool called “ single valued neutrosophic soft expert
sets” .

The remaining part of this paper is organized as follows. In Section 2, we first recall the
necessary background on neutrosophic sets, single valued neutrosophic sets, soft set,
neutrosophic soft sets, soft expert sets, fuzzy soft expert sets and intutionistic fuzzy soft
expert sets. Section 3 reviews various proposals for the definition of single valued
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neutrosophic soft expert sets and derive their respective properties. Section 4 presents basic
operations on single valued neutrosophic soft expert sets. Section 5 presents an application of
this concept in solving a decision making problem. Finally, we conclude the paper.

2. Preliminaries

In this section, we will briefly recall the basic concepts of neutrosophic sets, single valued
neutrosophic sets, soft set, neutrosophic soft sets, soft expert sets, fuzzy soft expert sets,
and intutionistic fuzzy soft expert sets.

Let U be an initial universe set of objects and E the set of parameters in relation to objects
in U. Parameters are often attributes, characteristics or properties of objects. Let P (U)
denote the power set of U and A C E.

2.1. Neutrosophic Set

Definition 2.1 [13]: Let U be an universe of discourse then the neutrosophic set A is an
object having the form A = {< X: p, (%), va (%), ©4(x)>x € U},where the functions

ta(X), Va(X),04(x) : U] 0,17

define respectively the degree of membership , the degree of indeterminacy, and the degree
of non-membership of the element x € U to the set A with the condition.

0541, (O+ VA(O+ 04 (9= 3"

From philosophical point of view, the neutrosophic set takes the value from real standard
or non-standard subsets of ]°0,1°[. So instead of ]°0,1*[ we need to take the interval [0,1]
for technical applications, because ]70,1°[ will be difficult to apply in the real applications
such as in scientific and engineering problems.

For two NS,

Ans={<X, 1, (0, va (0,04 (0> |x €U }
and

Bns={<X, pg (), vg () ,05 (X)>|x €U }
Then,

1. Ays S Bysif and only if

Ry (%) < pp (%),va (%) Z vp (%), 04 (%) = 0p (%)

2. Ayns = Bys ifand only if,
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() =5 (%) WA () =vg(x) @A () =0p(x) for any x € U.

3. The complement of Ayg is denoted by A% s and is defined by
ARjs={<X, 04 (), 1 —=va (), p, ) |x €U}
4. ANB = {<x, min{uA (%), 1y (X)}, maX{VA (x),vg (x)}, max{o)A (%), 0p (X)}>:X eUu}

5. AUB = {xx, max{uA (%), 1y (X)}, min{vA (x),vg (X)}, min{mA (x), 0g (x)}>:x eu}
As an illustration, let us consider the following example.

Example 2.2. Assume that the universe of discourse U={x1,X2,X3X,}. It may be further
assumed that the values of X3, X2, xzand x,are in [0, 1] Then, A is a neutrosophic set (NS)
of U, such that,

A= {< x1,0.4,0.6,0.5 >, < X,0.3,0.4, 0.7>, < x3,0.4,0.4,0.6] >,<x,,0.5,0.4,0.8 >}

2.2. Soft Sets

Definition 2.3. [10] Let U be an initial universe set and E be a set of parameters. Let P(U)
denote the power set of U. Consider a nonempty set A, A c E. A pair (K, A) is called a soft
set over U, where K is a mapping given by K : A — P(U).

As an illustration, let us consider the following example.

Example 2.4. Suppose that U is the set of houses under consideration, say U = {hy, hy, . . .,
hs}. Let E be the set of some attributes of such houses, say E = {ey, €2, . . ., €g}, Where ey, ey, .

. ., eg stand for the attributes “beautiful”, “costly”, “in the green surroundings’”, “moderate”,
respectively.

In this case, to define a soft set means to point out expensive houses, beautiful houses, and
so on. For example, the soft set (K, A) that describes the “attractiveness of the houses” in
the opinion of a buyer, say Thomas, may be defined like this:

A={e1,e5,€3,4,65};

K(el) = {hz, h3, h5}, K(ez) = {hz, h4}, K(eg) = {hl}, K(94) = U, K(e5) = {hg, h5}

2.3. Neutrosophic Soft Sets

Definition 2.5 [55, 85] Let U be an initial universe set and A < E be a set of parameters.
Let NS(U) denotes the set of all neutrosophic subsets of U. The collection (F, A) is termed
to be the neutrosophic soft set over U, where F is a mapping givenby F: A — NS(U).
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Example 2.6 Let U be the set of houses under consideration and E is the set of parameters.
Each parameter is a neutrosophic word or sentence involving neutrosophic words. Consider
E ={beautiful, wooden, costly, very costly, moderate, green surroundings, in good repair, in
bad repair, cheap, expensive}. In this case, to define a neutrosophic soft set means to point
out beautiful houses, wooden houses, in the green surroundings houses and so on. Suppose
that, there are five houses in the universe Ugiven by U = {hq, h,,..., hs} and the set of
parameters

A = {eq, ey, e3, e,},Where e, stands for the parameter "beautiful’, e, stands for the parameter
‘wooden', e; stands for the parameter “costly' and the parameter e,stands for ‘moderate’.
Then the neutrosophic set (F, A) is defined as follows:

\

r h, h, hs hy

(el (0.5,0.6,0.3)’ (0.4,0.7,0.6)’ (0.6,0.2,0.3)’ (0.7,0.3,0.2)’ (080203)
hy h, hs hy

(0.6,0.3,0.5) (0.7,0.4,0.3)’ (0.8,0.1,0.2)’ (0.7,0.1,0.3)’ (080306)

)
g i
( hy h, hs h, })
( )

(F,A) =1

®3100.7,0.4,0.3)’ (0.6,0.7,0.2)’ (0.7,0.2,0.5) (0.5,0.2,0.6) " (070304)
hl hz h3 h4-
(0.8,0.6,0.4)’ (0.7,0.9,0.6)’ (0.7,0.6,0.4) ' (0.7,0.8,0.6)’ (090507)

€4

\ J

2.4. Soft Expert Sets

Definition 2.7[61] Let U be a universe set, E be a set of parameters and X be a set of

experts (agents). Let O= {1=agree, O=disagree} be a set of opinions. Let Z=E X X x O

and A € Z. Anpair (F, A) is called a soft expert set over U, where F is a mapping given by
F: A— P(U) and P(U) denote the power set of U.

Definition 2.8 [61] An agree- soft expert set (F,A), over U, is a soft expert subset of
(F,A) defined as :

(F,A) ; = {F(a):@ € E x X x{1}}.

Definition 2.9 [61] A disagree- soft expert set (F,A) , over U, is a soft expert subset of
(F,A) defined as :

(F,A) o= {F(a):a € E x X x{0}}.

2.5. Fuzzy Soft Expert Sets

Definition 2.10 [42] Let O= {1=agree, O=disagree} be a set of opinions. LetZ=E x X X
Oand A € Z .Apair (F, A) is called a fuzzy soft expert set over U, where F is a mapping
given by F: A— IV and IYdenote the set of all fuzzy subsets of U.
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2.6. Intuitiontistic Fuzzy Soft Expert Sets

Definition 2.11[82] Let U= { u,,u,,Us,...,U,} be a universal set of elements, E={

e,.e,,83,...,6,} be auniversal set of parameters, X={ x,,x,,Xs,..., X} be a set of
experts (agents) and O= {1=agree, O=disagree} be a set of opinions. Let Z={ E x X
X0} and A < Z. Then the pair (U, Z) is called a soft universe. LetF:Z - (Ix 1)V

where (I x I)Ydenotes the collection of all intuitionistic fuzzy subsets of U.  Suppose
F:Z - (1x )Y a function defined as:

F (2 )=F@)(Uu;), forall u, cU.

Then F () is called an intuitionistic fuzzy soft expert set (IFSES in short ) over the soft
universe (U, Z)

For each z, <Z F(Z)= F(z )(U;) where F(z,) represents the degree of

belongingnessand non-belongingness of the elements of U in F(z,). Hence F (Z;)
can be written as:

F(Z) A=

U
F(z)(u) LRyt A

where F(z,)(Ui) = < lgg;) (Ui), Ogy (U;)> with fe;y (Ui )and @,y (U;) - representing
the membership function and non-membership function of each of the elements u, cU
respectively.

Sometimes we write F as (F, Z) . If A € Z. we can also have IFSES (F, A).

3. Single Valued Neutrosophic Soft Expert Sets.

In this section, we generalize the fuzzy soft expert sets as introduced by Alhhazaleh and
Salleh [60] and intuitionistic fuzzy soft expert sets as introduced by S. Broumi [83] to the
single valued neutrosophic soft expert sets and give the basic properties of this concept.

Let U be universal set of elements, E be a set of parameters, X be a set of experts
(agents), O= { 1=agree, O=disagree} be a set of opinions. Let Z=E x X xO and

Definition 3.1 Let U={ u,,u,,us,...,un } be a universal set of elements, E={ e, ,e,,

€;,....6n} be auniversal set of parameters, X={ x,,x,,Xs,..., Xj } be a set of experts
(agents) and O= {1=agree, O=disagree} be a set of opinions. Let Z= {EX XX O}
and ACZ. Then the pair (U, Z) is called a soft universe. Let F: Z = SVN", where
SVN"Y denotes the collection of all single valued neutrosophic subsets of U.
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Suppose F :Z—> svNY be a function defined as:
F(z)= F@)(U;)forall u, U.

Then F (2) is called a single valued neutrosophic soft expert value (SVNSEV in short)
over the soft universe (U, Z2)

For each z, cZ F(Z) = F(z )(U;), where F(z,) represents the degree of
belongingness, degree of indeterminacy and non-belongingness of the elements of U
inF(z,). Hence F (Z;) can be written as:

F (z) {( —— )} fori=1,.2,3,..

F(Zl)(ul) I:(Z )(U )
where  F(z;)(Ui) =< Heey (Ui) 5 Vg (Ui), Og,y (Ui)> with L (Ui) Ve (Ui) and

@y, (Ui) representing the membership function, indeterminacy function and non-
membership function of each of the elements u, <U respectively.

Sometimes we write F as (F, Z) . If A € Z. we can also have SVNSES (F, A).

Example 3.2 Let U={u,,u,, us} be a set of elements, E={e;,e,} be a set of decision
parameters, where e;(i=1, 2,3} denotes the parameters E ={e, = beautiful, e,= cheap} and
X= {x;, x,} be a set of experts. Suppose that F:Z— SVNY s function defined as
follows:

Fleyar, 1) ={( ) () ()3,

<01, O 8 03>""'<0.106,04>" " '<04,0.7,02>

Fle, e D= g700m2) Comosoas) Cozos
&2 X <0.7,05025>"""<0.250.6,04>"""<0.4,04,0.6 >

_ U, U, Us
F(el y Xy ’1 ) - {(< 03’02,07 >) ' (< 04,03,03 >) ’ (< 01,06,02 >) }’

L) () (e
<0.20.206>""<0.7,0.30.2>""'<0.3,0.105>

u, u, U,
<0.2,04,05 >) ’(< 0.1,0.9,0.1 >) ’ (< 0.10.2,0.5 >) b

— U U s
Fle.a0) =40 o304065 0207065 “0105025

N S R Y S—
<0.2,0.80.4>""<0.10.6,05>"""<0.7,0.6,0.3>

)3,

F (e, x,.1)={( )},

F(e,,x,,0)={(

)3,

F(e, x,,0)={( )}
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u, u,

F 0)=1{( ).( A :
(o2 %2 0) =8 0 20407>"'<030802> ' <060204>

)

Then we can view the single valued neutrosophic soft expert set (F, Z) as consisting of the
following collection of approximations:

(F. 2)={ (err, 1) =L 10 803 < 0.1,(:%,0.4 =l 0.4,:.37,0.2 R
{(ez 1) =l 0705025>) (<0.25,lcj)2.6,0.4>) (<o4(l)J406 )3
(e 1) =l 030207>) (<0.4,(L)J.23,o.3>)’(<0.1,(;J.36,o.2>)}}’
(e 1) =1 020206>) (<o.7,(l)J.23,o.2>)’(<0.3,;.31,0.5>)}}’
{(er,0) =l 020405>) (<o.1,;2£a,0.1>) ’(<0.1,(;J.z,0.5>)}}’
{(ez%.0) = 03;406>) (<0.2,(;J.27,o.6>)’(<o.1,:35,0.2>) 3

(e ,0) ={( 020804>) (<o.1,(;J.26,o.5>)’(<o.7,cl>J.?é,o.3>)}}’
{(e,1x,.0) = ) (o TRl

<04, 0 4 0.7>""<03080.2>""'<0.6,0.2,0.4>

Then (F, Z) is a single valued neutrosophic soft expert set over the soft universe ( U, Z).

Definition 3.3. For two single valued neutrosophic soft expert sets (F, A) and (G, B) over
a soft universe (U, Z). Then (F, A) is said to be a single valued neutrosophic soft expert
subset of (G, B) if

i. BCA
ii. F(¢&)isasingle valued neutrosophic subset of G(¢), forall € € A.

This relationship is denoted as (F, A) € (G, B). In this case, (G, B) is called a single valued
neutrosophic soft expert superset (SVNSE superset) of (F, A) .

Definition 3.4. Two single valued neutrosophic soft expert sets (F, A) and (G, B) over soft
universe (U, Z) are said to be equal if (F, A) is a single valued neutrosophic soft expert
subset of (G, B) and (G, B) is a single valued neutrosophic soft expert subset of (F, A).

Definition 3.5. A SVNSES (F, A) is said to be a null single valued neutrosophic soft
expert set denoted (@, A) and defined as :

(@,A) = F(a) where a € Z.
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Where F(a)= <0, 0, 1>, that is pip(4)=0, Vp(e)= 0 and wp=1forall a € Z.

Definition 3.6. A SVNSES (F, A) is said to be an absolute single valued neutrosophic soft
expert set denoted (F,A) ,psand defined as :

(F,A) aps =F(a), where a €Z.
Where F(a)= <1, 0, 0>, that is pip)= 1, Vr(o)= 0 and wr,)= 0 ,forall a € Z.

Definition 3.7. Let (F, A) be a SVNSES over a soft universe (U, Z). An agree-single
valued neutrosophic soft expert set (agree-SVNSES) over U, denoted as (F, A) ; is a single
valued neutrosophic soft expert subset of (F,A) which is defined as :

(F,A) ; = {F(a):@ € E x X x{1}}.

Definition 3.8. Let (F, A) be a SYVNSES over a soft universe (U, Z). A disagree-single
valued neutrosophic soft expert set (disagree-SVNSES) over U, denoted as (F,A) , is
asingle valued neutrosophic soft expert subset of (F, A) which is defined as:

(F,A) , ={F(a):a € E x X x{0}}.
Example 3.9 Consider example 3.2.Then the Agree-single valued neutrosophic soft expert

set (F,A) 4

) () (8
010803> '"'<0.1,0604>"""<0.4,0.7,0.2>

(e % 1) ) () (—a
€20 X 0705025> <0.25,0.6,04>"""<0.4,04,0.6 >

u2 u3
(e x, 1A <0. 30 2 0.7 >) (< 0.4,0.3,0.3>)’(< 0.10. 602>)})’

(e, %,.1).{( = ). ( e ), ( )h}

<0.2,0.2,06>"""'<0.7,0.30.2>" " '<0.3, O 10 5>

(F,A) 1= {((e1,x1, 1), {( )}),

)3,

And the disagree-single valued neutrosophic soft expert set over U

U, U

(7, 8) 0={((ez. %, 1), £ <02, o 2 0.6 >) (< 0.7,0.3,0.2 >) ’(< 0.3,0.10.5 >)})’
u, U,
(11 ,,0)( 020405>) ’(<o.1,o.9,o.1>)’(<o10205>)})
u, u, U,
(21 ,.0). £ <0.3,0.4,0.6 >) ! (< 0.2,0.7,0.6 >) ! (< 0.1,05,0.2 >) b,
u, u,

<0.2, O 8 0.4 >) ’ (< 0.1,0.6,0.5 >) ’ (< 0.7,0.6,0.3 >) b

((ey 1 %,,0){(
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u, U,
((e21%,.0). £ 040407>)’(<0.3,0.8,0.2>)’(<060204>)})}

4. Basic Operations on Single Valued Neutrosophic Soft Expert Sets

In this section, we introduce some basic operations on SVNSES, namely the complement,
AND, OR, union and intersection of SVNSES, derive their properties, and give some
examples.

Definition 4.1 Let (F,A)be a SVNSES over a soft universe (U, Z). Then the
complement of (F , A)denoted by (F , A)°is defined as:

(F,A)°=¢ (F(a))forall @ .U.
where C is single valued neutrosophic complement .

Example 4.2 Consider the SVNSES (F,Z) over a soft universe (U, Z) as given in
Example 3.2. By using the single valued neutrosophic complement for F( & ), we obtain
(F ,Z)° which is defined as:

u u
F,Z)= 2 3
(F.2y={(erm, ) ={ 030801>)’(<O.4,0.6,0.1>)’(<0.2,0.7,0.4>

U,

{(ey 1) ={ 0250507>) (<0406025>) Cos04045 1

uZ u3
(e 1) ={( <07, 0 2 0.3 >) (< 0.30.30.4 >) ! (< 0.2,0.6,0.1 >) Hh

u2 u3
{(erix, 1) ={( <0.6, o 2 0.2 >) (< 0.2,0.3,0.7 >) ’(< 05,0.1,0.3>

u2 u3
(e x,.0) ={( <0.5, o 4 0.2 >) (< 0.1,0.9,0.1 >) ! (< 0.5,0.2,0.1 >) g

{ ( O ) _ {( Ul ) ( U2 u3
G2 X <06,04,03>"'"<0.6,0.7,02>"""<0.2,050.1>

u2 u3
(e x:.0) =4 <04, 0 8 0.2 >) (< 0.5,0.6,0.1 >) ’ (< 0.3,0.6,0.7 >

u, U,
((e2x,.0) =4 <07, o 4 0.4 >) (< 0.2,0.8,0.3 >) ’ (< 0.4,0.2,0.6 >

)3},

)3

)3,

)3,

)3
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Proposition 4.3 If (F,A) is a SVNSES over a soft universe (U, Z). Then,
((F,A))= (F, A).
Proof. Suppose that is (F,A) is a SVNSES over a soft universe (U, Z) defined as (F,A)=

F(e). Now let SVNSES (F, A)€ =(G, B). Then by Definition 4.1, (G, B) = G(e) such that
G(e) =¢ (F(e)), Thus it follows that:

(G,B)E =¢ (G(e)) =(¢ (¢ (F(e))) =F(e)=(F, A).
Therefore
((F,A))=(G,B)°=(F,A). Hence it is proven that ( (F,A)¢)°= (F, A).
Defintion 4.4 Let (F,A) and (G,B) be any two SVNSESs over a soft universe (U, Z).
Then the union of (F,A) and (G, B), denoted by (F,A) U (G, B) is a SYVNSES defined as
(F,A) U (G,B) =(H,C), where C=AUB and
H(a) = F(a) U G(a), forall « € C
F(a), a€A-B
H(a) = G(a), a€B-A

U(F(a),G(a)), a €ANB,

where

Where  U(F(a),G(a)) ={<u, max {p; (@), n (@}, min {vp (@),v; (@)} |
min{oaF (@), 0g (a)}>:u eU}

Proposition 4.5 Let (F,A), (G,B) and (H,C) be any three SVNSES over a soft universe
(U, 2).Then the following properties hold true.

i (FAUTGB)=(GB)T(FA)

iy EATGB)TH0)=((F,A)TGB)TIHO
Giy EAUTEACS(FA)

Proof. (i) Let (F,A) U (G,B)= (H, C). Then by definition 4.4,for all « €C, we have
(H,C) =H(a). Where H(a) = F(a) U G(a) However

H(a) = F(a) U G(a)= G(a) UF(a)
since the union of these sets are commutative by definition 4.4. Therfore
(H,C) =(G,B) U (F,A).

Thus the union of two SVNSES are commutative i.e (F,A) U (G,B)= (G,B) U (F,A).

(i) The proof is similar to proof of part(i) and is therefore omitted
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(iii)  The proof is straightforward and is therefore omitted.

(iv)  The proof is straightforward and is therefore omitted.

Definition 4.6 Let (F,A) and (G,B) be any two SVNSES over a soft universe (U, Z).
Then the intersection of (F, A)and (G, B), denoted by (F,A) N (G, B)is SYVNSES defined as
(F,A) N (G,B) =(H,C) where C= A UB and H(a) = F(a) n G(a), for all @ € C. Where

Fla), a€A-B
H(a) = G(a), a€eB-A
N(F(a),G(a)), a€ANB

Where N(F(a),G(a)) ={<u, min {p (a),p, (@}, max {vp (@),v; (@)} , max
{oF (@), 06 (@)}>ueU}

Proposition 4.7 If Let (F,A), (G,B)and (H, C) are three SVNSES over a soft universe (U,
Z). Then,

iy EMDAGB=(GBNFEAD 3

iy (FA) G B) A (H O)= ((F,A) A (G,B)) A (H,C)
(i)  (F,A) A (F,A)S(F,A)

iv) (F,AA(D ,A)= (D ,A)

Proof.

Q) The proof is similar to that of Proposition 4.5 (i) and is therefore omitted
(i) The profis similar to the prof of part (i) and is therefore omitted

(iii)  The proof is straightforward and is therefore omitted.

(iv)  The proof is straightforward and is therefore omitted.

Proposition 4.8 If Let (F,A), (G,B) and (H, C) are three SVNSES over a soft universe (U,
Z). Then,

()  (F.A)T(GB)AMH0)=((FA T (GB)A(F AT ((HO0)
(i) (F,A)A((G,B) T (H,0) = ((F,A) A (G,B)) U ((F,A) A (H,0))

Proof. The proof is straightforward by definitions 4.4 and 4.6 and is therefore omitted.
Proposition 4.9 If (F, A), (G, B) are two SVNSES over a soft universe (U, Z). Then,

i.  ((F,A)T(G,B)° =(F,AA (G B)".
ii.  ((F,A)A (G B)° =(F,A)T (G, B)".

Proof. (i) Suppose that (F,A) and(G, B) be SVNSES over a soft universe (U, Z) defined
as: (F,A)= F(a) forallacA < Zand (G,B) = G(a) forall acB < Z. Now , due to the
commutative and associative properties of SVNSES, it follows that by definition 4.10 and
4.11, it follows that:
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(F,A)0 (G,B)= (F(a) A (G(a))*
= (¢ (F(a)) N (¢ (G(a))
= (¢ (F(a) N G())
=((F,A) U (G,B))".
(if) The proof is similar to the proof of part (i) and is therefore omitted

Definition 4.10 Let (F,A) and (G, B) be any two SVNSES over a soft universe (U, Z).
Then “(F,A) AND (G,B) “ denoted (F,A) A (G, B) is a defined by:

(F,A) A (G,B)= (H,A X B)

Where (H,A X B) = H(e, B), such that H(a, 8) = F(a) n G(B), for all (a,8) € A X B. and
N represent the basic intersection.

Definition 4.11 Let (F,A) and (G,B) be any twoSVNSES over a soft universe (U, Z).
Then “(F,A) OR (G,B) “denoted (F,A) V (G, B) is a defined by:

(F,A)V (G,B)= (H,A X B)

Where (H, A X B) = H(a, ) such that H(a, ) = F(a) U G(B), for all (o, 8) € A X B. and U
represent the basic union.

Proposition 4.12 If(F,A) (G,B) and (H, C) are three SVNSES over a soft universe (U, Z).
Then,

i.  (F,A)A (G B)AH,C)) = ((F,A)A(G,B)) AH,C)
i.  (F,A)V((G,B)VH,C)=((F,A)V(GB))V(H,C)
ii. (F,A)V((G,B)A(H,C))=((F,A)V (G,B)) A((F,A)V (H,0))
iv.  (F,A)A((G,B)V (H,0)=((F,A) X (G,B) Y ((F,A) K (H,0))
Proof. The proofs are straightforward by definitions 4.10 and 4.11 and is therefore omitted.
Note: The “AND” and “OR” operations are not commutative since generally A XB#BXA.

Proposition 4.13 If (F,A) and (G, B) are two SVNSES over a soft universe (U, Z).Then,

i.  ((F,A)A(G,B))° =(F,A)°V (G, B)".
i.  ((F,A)V(G,B)° =(F,A°RA(G, B

Proof. (i) suppose that (F,A) and (G, B) be SVNSES over a soft universe (U, Z) defined
as:

(F,A) =F(a) for allacA <Z and (G,B)= G(B) for all 5<B < Z. Then by Definition
4.10 and 4.11, it follows that:

((F,A)A(G,B) = (F(a) AG(B))*
=(F(@)nG(B)°
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= (€(F(a) N G(B))
(¢(F(a)) U E(G(B)))
(F(a)* V (G(B))*
= (F,A)°V (G,B)".

(ii) The proof is similar to that of part (i) and is therefore omitted.

5. Application of Single Valued Neutrosophic Soft Expert Sets in a
Decision Making Problem.

In this section, we introduce a generalized algorithm which will be applied to the SVNSES
model introduced in Section 3 and used to solve a hypothetical decision making problem.

Suppose that company Y is looking to hire a person to fill in the vacancy for a
position in their company. Out of all the people who applied for the position, three
candidates were shortlisted and these three candidates form the universe of elements,
U= {u;,us,uz} The hiring committee consists of the hiring manager, head of

department and the HR director of the company and this committee is represented by the
set {p,q,r }(a set of experts) while the set O= {1=agree, O=disagree } represents the set of
opinions of the hiring committee members. The hiring committee considers a set of
parameters, E={e;,e;,e3,e,} Where the parameters e; represent the characteristics or
qualities that the candidates are assessed on, namely “relevant job experience”,
“excellent academic qualifications in the relevant field”, “attitude and level of
professionalism” and “technical knowledge” respectively. After interviewing all the three
candidates and going through their certificates and other supporting documents, the
hiring committee constructs the following SVNSES.

F,2)={ (e, 1) ={( ) () ()
F=(ewp 1) =77 o 8 04520302045 <0407025 1
U, U,
{lezp. D= 30, 2 0235 0.250.2,0.3 DG 0.305,0.6 n
U, U,
(lesp. D=5 3, 0 2 075 04,0303 .G 0.10.6,0.2 O
u, U,
(lear. D=5 o 2065 C0703025) Coz0t05
u2 u3
(v, =45 4, o 6 035 0.10.30.7 .G 0.60.30.7 D3
Uy u, U,
(2. D=A( 30.30.5 . 0.6,0.9,0.1 > 0.10.2,0.7 n
u, U
{(ea.0. D =57y 104,07 . 0.4,06.0.2 2. 0.6,0.2,0.4 I
((ea, D ={ (i) (omotos) (ot )y

<0.6,0503>"" '<0.7,0.80.2>" " '<0.30.4,0.6>
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(err. 1) ={( ) (2 ) (——2
b 040507> <0.30.804>"""<0.6,0.2,04>

(Cear, 1) = {( ) (o
2 030701> <0.7,0.30.2>""''<0.8,0.2,0.2 >

u2 u3
(leam ) ={(5 6, o 5 025 0.5,0.10.6 ol 0.30.20.1 In

1 u2 ) ( u3
<0.1,04,03>""'<0.30.80.2>"" '<0.6,0.2,0.4 >

B U, u, U
{(es,p,0) = {(< 0.6,0.30.2 >) ’ (< 0.2,0.7,0.4 >) ’ (< 0.30.1,0.6 >

(e 0) = { () () (s
4P <0.30.2,05>""'<0.6,04,05>"""<0.50.4,0.3>

((erq, 0) = {( ) (2 ) (8
v 020407> <0.1,090.2>"""<0.10.2,05>

u, U,
((e2q, 0 =4( 030406>) (<O.2,0.7,0.6>)’(<0.4,0.5,0.3>)}}’

((esq, 0) = {( ) (2 (B
34 020804> <0.10.205>""'<0.7,0.6,0.3>

(s, 0) = {( ) (2 (——u
+4: <009 o 4 07> °<050602> " <060304>

u2 u3
{lerr, 0 =£(Z5 3040 550 0.30.6,0.2 . 0.25,0.2,0.4 In

u, Us
{(e2r, 0) = {( <04, 0 6 0.7 >) (< 0.6,0.4,0.2 >) ' (< 0.6,0.4,0.3>

U, U,
(s 0 =£ (5 4, 0 3 025 0.305,0.7 . 0.7,0.5,0.6 OB

)1}

)3

{(e1,p, 0) = {( )3

)3

)}

)3,

)3},

)}

)1}

Next the SVNSES (F, Z) is used together with a generalized algorithm to solve the
decision making problem stated at the beginning of this section. The algorithm given
below is employed by the hiring committee to determine the best or most suitable
candidate to be hired for the position. This algorithm is a generalization of the algorithm
introduced by Alkhazaleh and Salleh [37] which is used in the context of the SVNSES
model that is introduced in this paper. The generalized algorithm is as follows:

Algorithm

1. Input the SVNSES (F, 2)
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2. Find the values of  upz,)(W) - Vrz,) (W) -wpz,)(w;) for each element w; €U
where up(z,) (1), Vezy) (W) and wgz,)(u;) are the membership function, indeterminacy
function and non-membership function of each of the elements u; € U respectively.

3. Find the highest numerical grade for the agree-SVNSES and disagree-SVNSES.

4. Compute the score of each element u; € U by taking the sum of the products of the
numerical grade of each element for the agree-SVNSES and disagree SVNSES,
denoted by A; and D; respectively.

5. Find the values of the score r;= A;-D; for each element u; € U.

6. Determine the value of the highest score, s =Max . {r;}. Then the decision is to choose

element as the optimal or best solution to the problem. If there are more than one element
with the highest r;. score, then any one of those elements can be chosen as the optimal
solution.

Then we can conclude that the optimal choice for the hiring committee is to hire
candidate u; to fill the vacant position

Table I gives the values of ppz)(w;) - vp(z,) (W) -wp(z,(w;) for each element u; € U.

The notation a ,b  gives the values of gz, (W) - Vrz,) (W) ~wpz,H W) -

Table I. Values of ,uF(Zi)(ui) - VF(Zi)(ul-) -a)p(zi)(ul-) for all Uu; eu.

u, u, U3 u, u, U3

(e1,p, 1) -1 -0.3 -0.5 (e3, p, 0) 0.1 -0.9 -0.4
(e;,p,1) | -0.213 | -0.25 | -0.8 (e4, p, 0) -0.4 -0.3 -0.2
(es, p, 1) -0.6 -0.2 -0.7 (e1, q,0) -0.9 -1 -0.6
(eq, p, 1) -0.6 0.2 -0.3 (e2, q,0) -0.7 -1.1 -0.4
(e, q,1) -0.5 -0.9 -0.4 | (e3,q,0) -1 -0.6 -0.2
(e2,q,1) -0.5 -0.4 | -0.5 (e4, q,0) -0.2 -0.3 -0.1
(es, q,1) -1 -0.4 0 (eq,1,0) -0.6 -0.5 | 0.35
(e4,9,1) -0.2 -0.3 -0.5 (ep, 1,0) -0.9 0 -0.1
(eq,7,1) -0.8 -0.9 0 (e4,1,0) -0.1 -0.9 -0.4
(ey, 1,1) -0.5 0.2 0.4

(es, 1, 1) -0.1 -0.2 0

(e1, p, 0) -0.6 -0.7 0

In Table Il and Table I, we gives the highest numerical grade for the elements in the
agree-SVNSES and disagree SVNSES respectively.
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Table Il.  Numerical Grade for Agree-SVNSES
u; Highest Numeric Grade

(e1, p, 1) U, -0.3

(e;, p, 1) Uq -0.13

(e3, p, 1) U, -0.2

(e, p, 1) U, 0.2
(e1,q,1) Us -0.4
(e2,q,1) Uy -0.4
(e3,q,1) U3 0

(e4,9,1) Uq -0.2

(eq, 7, 1) Uz 0
(ey,1,1) Us 0.4
(e3,1,1) Us 0

Score (u;) =-0.13 +-0.2 =-0.23
Score (u;) = -0.3+-0.2+-0.2+-0.4=-0.11

Score (u3) =-0.4 +0+0+0.4+0

Table I11.  Numerical Grade for Disagree-SVNSE
u; Highest Numeric Grade
(e1,p, 0) us 0
(es,p, 0) Uy 0.1
(e4,p, 0) Uus 0.2
(ellql O) Us -0.6
(621q1 0) Uj -04
(e3,9, 0) Uus 0.2
(e4,9, 0) Uus 0.1
(e4,1,0) Us -0.35
(6’2,7', O) U, 0
(e4,r, 0) Uq -0.1

Score (u;)=0.1+-01=0
Score (u,) =0

Score (us) =0-0.2 +-0.6 + -0.4 + -0.2 +-0.1 + -0.35

-1.85

83

Let A; and D; represent the score of each numerical grade for the agree-SVNSES
and disagree-SVNSES respectively. These values are given in Table IV.
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Table IV. The score r; = A; - D;

A; D; T
Score (u,) =-0.23 Score (u,)=0 -0.23
Score (u,) =-0.11 Score (u,) =0 -0.11
Score (u3) =0 Score (uz) =-1.85 1.85

Then s =maX,. {r;} =r;, the hiring committee should hire candidate us to fill in the
vacant position.

6. Conclusion

In this paper we have introduced the concept of single valued neutrosophic soft expert soft
set and studied some related properties with supporting proofs. The complement, union,
intersection, AND or OR operations have been defined on the single valued neutrosophic
soft expert set. Finally, an application of this concept is given in solving a decision making
problem. This new extension will provide a significant addition to existing theories for
handling indeterminacy, and lead to potential areas of further research and pertinent
applications.
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Abstract — The notion of Q-fuzzy ideal in ordered I'-semiring is introduced and studied along with
some operations. Among all other results, it is shown that the set of all Q-fuzzy ideals of a I'-semiring
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1 Introduction

The fundamental concept of fuzzy set, introduced by Zadeh [10], provides a natural frame-work for
generalizing several basic notions of algebra . Jun and Lee [5] applied the concept of fuzzy sets to the
theory of T-rings. The notion of I'-semiring was introduced by Rao [9] as a generalization of I'-ring as
well as of semiring [3].

Majumder [8] introduced and studied the concept of Q-fuzzifcation of ideals of I'-semigroups. Akram
et al [1], Lekkoksung [6, 7] extended this concept in case of I'-semigroup and ordered semigroups [4]
and investigated some important properties.

Main object of the present paper is to define ordered I'-semiring and study its ideals using the concept
of Q)-fuzzification.

2 Preliminary

Definition 2.1. A semiring is a system consisting of a non-empty set S on which operations addition
and multiplication (denoted in the usual manner) have been defined such that (S, +) is a semigroup,
(S,+) is a semigroup and multiplication distributes over addition from either side.

A zero element of a semiring S is an element 0 such that 0-x =2-0=0and 0 +z =2+ 0 =z for
all z € S. A semiring S is zerosumfree if and only if s + s = 0 implies that s = s* = 0.

Definition 2.2. Let S and I' be two additive commutative semigroups with zero. Then S is called
a I'-semiring if there exists a mapping S x I' x S — S ( (a,a,b) — aab) satisfying the following
conditions:

(i) (a+ b)ac = aac+ bac,

** Edited by Samit Kumar Majumder and Naim Cagman (Editor-in-Chief).
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(i)
(iil) a(a+ B)b = aab + afb,
(iv) aa(bBc) = (aad)fe,

)

(v

aa(b + ¢) = aab + aac,

Osaa =0g = aalg,
(Vi) aOpb = OS = bOpa

for all a,b,c € S and for all o, 8 €T.
For simplification we write 0 instead of Og and Or.

Example 2.3. Let S be the set of all m x n matrices over Zg (the set of all non-positive integers)
and I' be the set of all n x m matrices over Zg, then S forms a I'-semiring with usual addition and
multiplication of matrices.

Definition 2.4. A left ideal I of I'-semiring S is a nonempty subset of S satisfying the following
conditions:

(i) fa,b €I thena+bel,
(ii) Ifael, se€ S and v €T then sya € I.

A right ideal of S is defined in an analogous manner and an ideal of S is a nonempty subset which is
both a left ideal and a right ideal of S.

Definition 2.5. An ordered I'-semiring is a [-semiring S equipped with a partial order < such that
the operation is monotonic and constant 0 is the least element of S.

Definition 2.6. A left (resp. right ) ideal I of S is called a left (resp. right ) ordered ideal, if for any
ac S, bel,a<bimpliesac I (ie., (I]C I). Iis called an ordered ideal of S if it is both a left and
a right ordered ideal of S.

Now we recall the example of ordered ideal from [2].

Example 2.7. Let S = ([0,1],V,-,0) where [0,1] is the unit interval, a V b = max{a,b} and a - b =
(a4+b—1)VO0 for a,b € [0,1]. Then it is easy to verify that S equipped with the usual ordering < is

an ordered semiring and I = [0, %] is an ordered ideal of S.

Definition 2.8. A fuzzy subset f of a non-empty set S is defined as a mapping from S to [0,1].

Definition 2.9. A function g from S x @ to the real closed interval [0, 1] is called Q-fuzzy subset of
S, where @) is a non-empty set.

Definition 2.10. Let u be a @Q-fuzzy subset of a set S and ¢ €[0,1]. The set
pe={(z,q) € S x Qlu(x, q) = t}
is called the level subset of u. Clearly, us C ps, whenever t > s.

Definition 2.11. The characteristic function xaxg of A x @, is the mapping of S x @ to [0, 1] defined
by
Xaxq(z,q) =1if (z,q) € AxQ
=0, if (x,9) € AxQ

Definition 2.12. The union and intersection of two Q-fuzzy subsets . and o of a set S, denoted by
wU o and pN o respectively, are defined as

(nUo)(z,q) = max{pu(z,q),0(x,q)} forallze S, ¢

(uno)(x,q) =min{p(z,q),0(x,q)} forallze S, g€ Q.



Journal of New Theory 3 (2015) 89-97 91

3 Main Results

Throughout this paper unless otherwise mentioned S denotes the ordered I'-semiring.

Definition 3.1. Let x4 and v be two Q-fuzzy subsets of an ordered I'-semiring S and z, y, z € S,
v €T, g € Q. We define composition and sum of p and v as follows:

porv(r,q) = Suri{min{u(y, q),v(2,9))}}

=0, if z cannot be expressed as x < yyz

and

p+iv(z,q) = sur;{rfin{u(y, q),v(2,9)}}

=0, if x cannot be expressed as x < y + z.

Proposition 3.2. For any ()-fuzzy subset p of an ordered I'-semiring S, (xsxgo14)(x, q) > (xsx@o14) (¥, q)
(resp. (xsxq@ +11)(7,q) = (Xsx@ +11)(y,9)) Vo, y €5, ¢ € Q with z < y.

Proof. Let p be a Q-fuzzy subset of an ordered I'-semiring S and z, y € S with « < y. If y cannot be
expressed as y < y1yvys2 for y1, y2 € S and v € ' then the proof is trivial so we omit it.
Let y have such an expression. Then

(xsxqo1p)(y,q) = sup {min{xsxq¥1,q), 1(y2,9)}} = sup {u(y2,q)}
y<y1vy2 y<y1vy2

Since x < y < y17yy2, we have

(Xsxqo11)(,q) sup {min{xsxq(=1,q), u(x2,q)}}

z<T17T2
> sup {min{xsxq(y1,q), 1(y2,a)}}
z<y17Y2
= sup {u(y2,q)} = (xsxqo11)(y, @)
y<y1vy2
Similarly for z <y, we can prove that (xsxg +1 #)(z,q) > (xsxo +1 1) (¥, q). O

Definition 3.3. Let x be a non empty Q-fuzzy subset of an ordered I'-semiring S (i.e., p(z) # 0 for
some x € S). Then p is called a Q-fuzzy left ideal [resp. Q-fuzzy right ideal] of S if

(1) wz+y,q) > min{u(z,q), u(y,q)},
(i) w(zyy,q) = pu(y,q) [resp. p(ryy,q) > p(z,q)] and
(iii) = <y implies p(x,q) > u(y,q).

forall z,y € S,y €T and q € Q.
By a Q-fuzzy ideal we mean, it is both a Q-fuzzy left ideal as well as a Q-fuzzy right ideal.

Theorem 3.4. A Q-fuzzy subset p of S is a Q-fuzzy ordered ideal if and only if its level subset p,
t € [0,1] is an ordered ideal of S x Q.

Proof. We only prove the theorem only for left ordered ideal. For right ordered ideal it follows similarly.
Let p be a Q-fuzzy left ordered ideal of S. Suppose a € S and b € pu; with a < b. As p is a Q-fuzzy
left ordered ideal of S, pu(a,q) > u(b,q) >t so that a € p; i.e., s is a left ordered ideal of S x Q.
Conversely, if u; is a left ordered ideal of S x @, then p is a Q-fuzzy ideal of S. Now suppose
x,y € S with < y. We have to show that u(z,q) > u(y,q). Let p(z,q) < u(y,q). Then there exists
t1 € [0,1] such that p(z,q) < t1 < p(y,q). Then (y,q) € pt, but (x,q) € py, which is a contradiction
to the fact that u; is a left ordered ideal of S x Q.
O

Definition 3.5. Let p be a Q-fuzzy subset of an ordered I'-semiring S and a € S. We denote I, the
subset of S x ) defined as follows:

I, ={(b,q) € S x Q|u(b,q) > p(a,q)}.
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Proposition 3.6. Let S be an ordered I'-semiring and p be a Q-fuzzy right (resp. left) ideal of S.
Then I, is a right (resp. left) ideal of S x @ for every a € S.

Proof. Let p be a Q-fuzzy right ideal of S and a € S, ¢ € Q. Then I, # ¢ because (a,q) € I, for
every (a,q) € S x Q. Let (b,q), (c.q) € I, and z € 5. Since (b,q), (c,4) € L, u(b.q) > p(a ) and
u(c,q) = pla, q). Now

p(b+c,q) > min{u(b, q), p(c, q)}[ . p is a Q-fuzzy right ideal]
= p(a, q).

which implies (b+ ¢, q) € I,.
Also p(byz,q) > p(b,q) > pla,q) ie. (byz,q) € L.
Let (b,q) € I, and S 3 < b. Then pu(z,q) > u(b,q) > pla,q) = (x,q) € I,.
Thus I, is a right ideal of S x Q.
Similarly, we can prove the result for left ideal also. O

Proposition 3.7. Intersection of a non-empty collection of Q-fuzzy right (resp. left) ideals is also a
Q-fuzzy right (resp. left) ideal of S.

Proof. Let {p; : i € I'} be a non-empty family of Q-fuzzy right ideals of S and z,y € S,y €T, ¢ € Q.
Then
eilw+y.0) = inf{ui(e +y,0)} > inf{min{pi(z, ), pi(y, 0)}}
iel
= min{infpi(, q), infpui(y, )} = min{(Vui(w, ), (Yi(y, )}
il iel
Again
(Vri@r9,0) = inf{ps(@ry, @)} = inf{pus(@, @)} = (il a).
icl el
Suppose z < y. Then u;(z,q) > pi(y, q) for all ¢ € I which implies ﬂui(x, q) > ﬂui(y,q).
iel il
Hence ﬂlh‘ is a Q-fuzzy right ideal of S.
i€l
Similarly, we can prove the result for Q-fuzzy left ideal also. O

Proposition 3.8. Let {y; : ¢ € I} be a family of Q-fuzzy ideals of S such that p; C p; or p; C p, for
i,7 € I. Then 'UI,uZ- is a Q-fuzzy ideal of S.
[4S]

Proof. The proof follows by routine verification. O

Definition 3.9. Let f be a function from a set X to a set Y; u be a Q-fuzzy subset of X and o be a
Q-fuzzy subset of Y.
Then image of p under f, denoted by f(u), is a Q-fuzzy subset of Y defined by

sup p(z, q) if 7 (y) # ¢
F()(y,q) = w€f~1(y)

0 otherwise
The pre-image of o under f, symbolized by f~1(o), is a Q-fuzzy subset of X defined by

o) (,q) = o(f(x),q) Yz € X,

Proposition 3.10. Let f : R — S be a morphism of ordered I'-semirings i.e. I'-semiring homomor-
phism satisfying additional condition a < b= f(a) < f(b). Then if ¢ is a Q-fuzzy left ideal of S, then
f~1(¢) is also a Q-fuzzy left ideal of R.
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Proof. Let f: R — S be a morphism of ordered I'-semirings and ¢ is a Q-fuzzy left ideal of S and

e, yel.
Now f~(¢)(0r,q) = $(0s,9) > ¢(x, q) # 0 for some 2’ € S.
Therefore f~1(¢) is non-empty.
Now, for any r,s € R

FHUOr +5,9) = o(f(r+5),9) = o(f(r) + f(s),9)
> min{¢(f ( ), ), ¢(f(s),9)}
= min{(f~"(¢))(r,9), (f 7 (¢))(s,)}-

Again
(fFH N (rys.a) = ¢(f(rys),q) = (f(r)7f(s),a) = &(f(s),a) = (F'(¢))(5,9)-
Also if r < s, then f(r) < f(s). Then
(FH@)(r ) = o(f(r),q) = ¢(f(s),a) = (F(9))(s,9)-
Thus f~1(¢) is a Q-fuzzy left ideal of R. O

Definition 3.11. Let p and v be Q-fuzzy subsets of X. The cartesian product of p and v is defined
by (1 x v)((x,y), ) = min{u(z, @), ¥(y, q)} for all 2,y € X and q € Q.

Theorem 3.12. Let p and v be fuzzy left ideals of an ordered I'-semiring S. Then p x v is a Q-fuzzy
left ideal of S x S.

Proof. Let (z1,22), (y1,y2) € S xS, v €T and g € Q. Then

(1w x v)((z1,72) + (¥1,92), 9)
= (pxv)((z1 +y1, 72 + Y2),9)
= min{u(z1 +y1,9),v(z2 + y2,9)}

> min{min{u(x1,q), u(y1, )}, min{v(zz, q), v(y2 )}}
= min{min{p(z1,q), v(z2,q)}, min{p(y1, q), v(ya, q) }
= min{(p x v)((z1,22), ), (1 X v)((y1,92), 0)}

and

(nx v)(x1,22)7(y1,92),0) = (p x v)((z17Y1, 227Y2), )
(x17y1,9), v(T27Y2, )}
> min{u(y1,q),v(y2,9)}
= (1 xv)((y1,92), 9)-

Also if (x1,22) < (y1,¥2), then

(nx v)((z1,22),q) = min{u(wl,q), V($2ﬂQ)} > min{ﬂ(y17Q)7V(y27Q)}'

Therefore p X v is a Q-fuzzy left ideal of S x S. O

Proposition 3.13. For any three Q-fuzzy subset u1, pa, pg of an ordered I'-semiring S, p101 (2 +1
p3) = (p101p2) +1 (p1o1p43)-

Proof. Let p1, pe, ps be any three fuzzy subset of an ordered I'-semiring S and x € S, y €T, g € Q.
Then
(n1o1(pz +1 p3))(@, q)

= miupz{min{m(y, Q), (p2 +1 p3)(2,9) }}

= sup (min{p(9.0)._sup {min{pa(a ). sl 0)} )

— sup fin{sup{min{e (5,0, 42 e, )1}, sup{mmingn (4, ), s (b, ) 1)
< wsgﬁiﬁgb{(uloluz)(yw +q); (1o1p3) (yvb, @) }}

< ((po1p2) +1 (p101p3)) (7, ).
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Also

((p101p2) +1 (p101123)) (2, q)
= sup{min{(p10142)(21,4), (p101113)(22,9) }}

r<z1+2

= sup{min{ sup {min{p(c1,q),p2(dr,q)}},  sup  {min{ui(cs, q), p3(d2, g)}}}}

z<zi+ze T1<c1m1dy z2<c2y2d2

< sup{min{ui(e1 + c2,q),sup{min  {u2(d1,q), p3(d2,q)}}}}
x<zi+z2<civyidi+cayada<(ci+c2)y(di+d2)

< supd{min{m(c7 q), (2 +1 p3)(d, q)}}

z<cy

= (101 (p2 +1 p13)) (2, q).
Therefore 101 (p +1 p3) = (H101p2) +1 (H101143). O

Theorem 3.14. If uy, ps be any two Q-fuzzy ideals of an ordered I'-semiring S, then p; +1 po is also
SO.

Proof. Assume that py, po are any two fuzzy ideals of an ordered I'-semiring S and z, y € S, v € T,
q € Q. Then

(1 +1p2)(x+y,q) = sup {min{pi(c,q), p2(d, q)}}
z+y<c+d

> sup{min{p (a1 + az,q), u2(b1 + b2,q)} }
z+y<(a1+b1)+(az+bz)=(a1+az2)+(b1+b2)

> sup{min{p (a1, q), p1(az,q), p2(b1,q), p2(b2,q)}}

= min{sup{min{:u‘l (alv Q)a M2 (bla q)}}a sup{min{ul (G’Q’ q)? MQ(b27 Q)}}}
z<a1+by y<az+b2

= min{ (1 +1 p2)(2,q), (11 +1 p2)(y, )}

Now assume pq, po are as Q-fuzzy right ideals and we have

(1 41 p2)(xvy,q) = sup  {min{pi(c,q), p2(d, q)}}
zyy<c+d
> sup{min {p1(z17y,q), po(z2vy,q)}}
zyy<(z1+w2)YY
> sup {min{u(21,q), pa(w2,q)}}
<z +T2

= (p1 +1 p2)(z, q).

Similarly assuming 1, pe are as fuzzy left ideal, we can show that

(11 +1 p2) 27y, @) = (11 +1 p2) (Y, 9)-
Now suppose < y. Then pq(z) > pi(y) and po(x) > ua(y).

(t1 +1 p2)(z,q) = sup {min{p(w1,q), p2(z2,q)}}

z<x1+22

> sup{min {1 (y1,9), p2(y2,9)}}
r<y<yi+y2

= sup {min{p1(y1,q), p2(y2,9)}}

y<yi1t+y2

= (p1 +1 p2)(y, Q)-
Hence p1 +1 po is a Q-fuzzy ideal of S. O

Theorem 3.15. If 111, pe be any two Q-fuzzy ideals an ordered I'-semiring S, then w01 ps is also so.

Proof. Let pu1, pz be any two Q-fuzzy ideals of an ordered I'-semiring S and x, y € S, vy € I, ¢ € Q.
Then

(mo1p2)(r +y,q) = S d{min{ul(aq)vuz(d&)}}

> sup{min{u1(c1 + ¢2,q), po(di +da, q)}}
r4y<cividi+caveda<(ci4c2)y(di+d2)

> sup{min{u1(c1,q), p1(ce, q), u2(di, q), p2(d2, q) } }

Z min{sup{min{ﬂl (Ch Q)» H2 (d17 q)}}7 Sup{min{,ul (027 q)7 M2 (d2u q)}}}
z<c1v1d1 y<cav2d2

= min{(p101p2)(2), (m101112) () }-
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Now assume p1, po are as @Q-fuzzy right ideals and we have

(mo1p2)(zyy) = sup {min{:(c, q), u2(d, q) }}
zyy<cyd
> sup{min  {ui(z1,q), pa(x2v2y,9)}}
zyy<(z17172)72Y
> sup {min{:ul(xlv )MQ(:L.2’ )}}
r<T171T2

= (p1o1p2) (7, q).-

Similarly assuming p;, pe are as @Q-fuzzy left ideal, we can show that (ujorpe)(zvyy,q) >

(m101p2) (Y q)-
Now suppose z < y. Then p(z) > p1(y) and ps(z) > pa(y).

(moip2)(x,q) = sup {min{ui(z1,q), p2(z2,9)}}

T<T1YT2
> sup{min {x1(y1,9), p2(y2,9)}}
z<y<y17y2

= sup {min{p1(y1,9), p2(y2,9)}}
y<y17y2

= (u10112)(y, q)-
Hence py01p2 is a Q-fuzzy ideal of S. O

Theorem 3.16. The set of all Q-fuzzy left ideals of S form a complete lattice.

Proof. Suppose the set of all Q-fuzzy left ideals of S is denoted by FLI(S).

Now, for uy,pus € FLI(S), define a relation < such that p; < ps if and only if py(x,q) < pa(z, q) for
all z € S, ¢ € Q. Then FLI(S) is a poset with respect to the relation <.

Now, for every pair of elements say pi,pus of FLI(S), we see that uy + po is the least upper bound
and p1 N po is the greatest lower bound of p; and pe. Thus FLI(S) is a lattice.

Suppose 1 is a fuzzy subset of S such that ¥(x,q) =1 for all z € S, ¢ € Q. Then ¢ € FLI(S) and
for all u € FLI(S), p(x,q) < 9(x,q) for all z € S, ¢ € Q. So, v is the greatest element of FLI(S).
Let {p; : i € I} be a non-empty family of Q-fuzzy left ideals of S. Then Z_Ql,ui € FLI(S). Also it is

the greatest lower bound of {u; : i € I}.
Hence FLI(S) is a complete lattice. O

Definition 3.17. Let pu be a Q-fuzzy subset of X and « € [0,1- sup{u(z,q) : x € X, ¢ € Q}], B € [0,1].
The mappings pL : X — [0,1], uf\f : X —[0,1] and ug[g : X — [0, 1] are called a Q-fuzzy translation,
Q-fuzzy multiplication and Q-fuzzy magnified translation of u respectively if ul (z,q) = u(z,q) + a,
uh (z,q) = Bz, q) and 'l (z,q) = B.u(z,q) + o forallz € X, g € Q.

Theorem 3.18. Let u be a Q-fuzzy subset of S and « € [0,1- sup{p(z) : z € X}], 5 € (0,1]. Then
is a @Q-fuzzy left ideal of S if and only if ,ug{g, the Q-fuzzy magnified translation of p, is also a Q-fuzzy
left ideal of S.

Proof. Suppose p is a Q-fuzzy left ideal of S. Let z,y € S, vy €T, ¢ € Q. Then

pya (@ +y,q) =Bz +y,q +a

> B.min{u(z,q), 1u(y, q)} +

= min{B.u(z,q), B.p(y,q)} + @

= min{f.u(z,q) + o, B.u(y, q) + o}

= min{pf (2, q), uila (v, )}
and

i (@yy) = B.u(@vy, ) + a > B.u(y, q) + o = p'a (v, q).

Therefore uM T"is a Q-fuzzy left ideal of S.
Conversely, suppose ug/lg is a Q-fuzzy left ideal of S. Then for x,y € S, v €T, g € Q,

pi' (x4 y, q) > min{pdT (x, q), py'L (y,9)}

= B.u(r +y, Q)+a>mm{ﬁu(ﬂcﬂ)+a7ﬁu(y7 q) +a}
= B.u(z +y,q) +a > min{B.u(z,q), ﬁu(y Q)}+a

= B.u(z +y,q) > B.-min{u(z, q), pu(y
= u( +y,q) > min{u(z,q), u(y ,q)}
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and
u T (xvy, ) > pi (v, )
= B.u(evy.q) +a > 8. Wy, q) +a
= @y, q) > uy, q)-
Hence p is a Q-fuzzy left ideal of S. O

Corollary 3.19. Let p be a Q-fuzzy subset of S and « € [0,1- sup{p(z) : z € X, ¢ € Q}], 8 € (0,1].
Then the following are equivalent

(i) pis a Q-fuzzy left ideal of S
(i) ul, the Q-fuzzy translation of y, is a Q-fuzzy left ideal of S
(iii) ,uﬁ , the Q-fuzzy multiplication of u, is a Q-fuzzy left ideal of S.

Definition 3.20. A Q-fuzzy left ideal p of an ordered I'-semiring S, is said to be normal Q-fuzzy left
ideal if there exists ¢ € S, ¢ € @,such that u(z,q) = 1.

Proposition 3.21. Given a @Q-fuzzy left ideal p of an ordered I'-semiring S, let uy be a Q-fuzzy set
in S obtained by p4(z,q) = p(x,q) + 1 — u(0,q) for all z € S, ¢ € Q. Then u, is a normal Q-fuzzy
left ideal of S, which contains .

Proof. For all z,y € Sy €T, g€ Q, we have 14 (0,q) = 1(0,9) + 1 — p(0,9) = 1. Now,
(0

pr(r+y,q) =plz+y,q)+1—p(0,q)
> min{yu(x, q), u(y,q)} +1 — p(0,q)
= min{{u(z, q)+1— 1(0,9)}, {p (y q) +1—p(0,9)}}
= min{p4 (v), p+(y)}

and
pa(yy, @) = pleyy, q) + 1 — p(0,q) > p(y,q) +1 = p(0,9) = py(y,q).
Suppose z < y. Then

w(x, q) = p(y,q) = p(w,q) +1 = w(0,9) = ply,q) + 1 = p(0,q) = pi(x) 2 pi(y).
Therefore, py is a normal Q-fuzzy left ideal of S and from definition of p4, p C py. O

Let NQ(S) denote the set of all normal Q-fuzzy left ideals of S. Then NQ(S) is a poset under
inclusion.

Theorem 3.22. Let u € NQ(S) be non-constant such that it is a maximal element of (N Q(S), C).
Then p takes only two values 0 and 1.

Proof. Since p is normal, we have p(0,q9) = 1. Let zo(# 0) € S with p(zo,q) ;é 1. We claim that
(o, q) = 0. If not, then 0 < pu(wo) < 1. Define on S a Q-fuzzy set v by v(z,q) = 3[u(z, q) + p(zo, q)]
for all x € S,q € Q. Then v is well-defined and for all z,y € S, v € " and ¢ € @ we have

= %[ w(x +y,q) + p(zo, q)]

> 5[minfu(z, q), pu(y, q)] + p(xo, q)]

= min[3 [u(z, q)+u(wo, ), 51y, @) + w(zo, 9)]]
= min[v(z, q), v(y, q)]

v(z+y,q)

and

S (E79,0) + (0, 0)) 2 S l,0) + (w0,0)] = v(y,0).

Hence v is a Q-fuzzy left ideal of S. Hence by Proposition 3.21, v is a normal Q-fuzzy left ideal of
S. Now,

vi(w,q) = v(z,q) +1-v(0,9) = §u(z,q) + p(zo, 9)] + 1 = 5[0, 9) + p(xo,q)] = Flp(z) + 1]......(1)

In particular, v4(0,¢) = 3[u(0,¢) +1] = 1 and vy (z0,9) = 3[u(x0, q) + 1]--....(2).
From (1) we see that v is non-constant as u is non-constant. From (2) we see that u(xo, ¢) < vy (o, q).
This violates the maximality of u and so we get a contradiction. This completes the proof. O

v(zvy,q) =
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Theorem 3.23. Let S be an ordered I'-semiring. Then set of all Q-fuzzy ideals of S (in short F1(S))
is zerosumfree I'-semiring with infinite element 1 under the operations of sum and composition of
Q-fuzzy ideals of S.

Proof. Clearly ¢ € FI(S). Suppose 1, pi2, i3 to be three Q-fuzzy ideals of S. Then

(i) p1 41 p2 € FI(S),

(il) pror1pg € FI(S),

(i) p1 41 p2 = po +1 1,

(iv) ¢ 41 p1 = pa,

(V) w1 +1 (p2 +1 p3) = (1 +1 p2) +1 ps,

(vi) pro1(pgo1p3) = (p101p2)01 13,

(vil) pro1(pe +1 p3) = (pro1p2) +1 (H101p3),

(viii) (p2 +1 ps)orpn = (p201p1) +1 (H301401)-

Also ¢ +1 1 = p1 +1 ¢ = .
Thus FI(S) is a I'-semiring under the operations of sum and composition of Q-fuzzy ideals of S.
Now 1 C 1+ py for uy € FI(S). Also

(141 p)(z,q) = sup {min{l(y,q),u(z,q)}:y,2€ S8, g€ Q} <1=1(z,q) forallz € S5, g € Q.
r<y+z

Therefore 1 4+7 g1 € 1 and hence 1 +7 p1 = 1 for all p; € FI(S).
Thus 1 is an infinite element of FI(S5).
Next let H1 +1 o = ¢ for M1, to € FI(S)
Then g1 C pg 41 po = ¢ C 1 and so pp = ¢.
Similarly, it can be shown that pus = ¢.
Hence the I'-semiring FI(S) is zerosumfree. O
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Abstract — In this work, we first define relations on the fuzzy parametrized soft sets and study their
properties. We also give a decision making method based on these relations. In approximate reasoning,
relations on the fuzzy parametrized soft sets have shown to be of a primordial importance. Finally,
the method is successfully applied to a problems that contain uncertainties.

Keywords — Soft sets, fuzzy sets, FP-soft sets, relations on FP-soft sets, decision making.

1 Introduction

In 1999, the concept of soft sets was introduced by Molodtsov [25] to deal with problems that contain
uncertainties. After Molodtsov, the operations of soft sets are given in [4, 23, 28] and studied their
properties. Since then, based on these operations, soft set theory has developed in many directions
and applied to wide variety of fields. For instance; on the theory of soft sets [2, 4, 5, 9, 20, 23, 24, 28],
on the soft decision making [16, 17, 18, 21, 22, 27], on the fuzzy soft sets [7, 10, 11] and soft rough sets
[16] are some of the selected works. Some authors have also studied the algebraic properties of soft
sets, such as [1, 3, 6, 19, 26, 29, 30].

The fuzzy parametrized soft sets (FP-soft sets), firstly studied by Cagman et al. [8], is a fuzzy
parameterized soft sets. Then, FP-soft sets theory and its applications studied in detail, for example
[12, 13, 14]. In this paper, after given most of the fundamental definitions of the operations of fuzzy
sets, soft sets and FP-soft sets in next section, we define relations on FP-soft sets and we also give
their properties in Section 3. In Section 4, we define symmetric, transitive and reflexive relations on
the FP-soft sets. In Section 5, we construct a decision making method based on the FP-soft sets. We
also give an application which shows that this methods successfully works. In the final section, some
concluding comments are presented.

** Edited by Oktay Muhtaroglu (Area Editor) and Umut Orhan (Associate Editor-in-Chief).
* Corresponding Author.
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2 Preliminary

In this section, we give the basic definitions and results of soft set theory [25] and fuzzy set theory [31]
that are useful for subsequent discussions.

Definition 2.1. [31] Let U be the universe. A fuzzy set X over U is a set defined by a membership
function ux representing a mapping

/lxlU—> [0,1].

The value px(x) for the fuzzy set X is called the membership value or the grade of membership of
x € U. The membership value represents the degree of x belonging to the fuzzy set X. Then a fuzzy
set X on U can be represented as follows,

X ={(px(x)/z) 2 € U, px(x) € [0,1]}.
Note that the set of all fuzzy sets on U will be denoted by F'(U).

Definition 2.2. [15] t-norms are associative, monotonic and commutative two valued functions t that
map from [0,1] x [0,1] into [0,1]. These properties are formulated with the following conditions:

1. ¢(0,0) =0 and t(ux, (x),1) = t(1, ux, (z)) = px, (x), x € E

2. If px, (J)) < /’LX3( ) and sz(l‘) < /’LX4('T); then
t(px, (), px, (7)) < Hpxs), px, (7))
)=

)
3. t(px, (), px, (2) = t(px, (2), px, (2))
4 (lu’Xl (w)ﬂtOJ‘Xz (LL'), KX (Z’))) = t(t(/j“Xl (x)7MX2)(x)7MX3 ({,13))

Definition 2.3. [15] t-conorms or s-norm are associative, monotonic and commutative two placed
functions s which map from [0,1] x [0, 1] into [0,1]. These properties are formulated with the following
conditions:

1. s(1,1) =1 and s(ux, (2),0) = s(0, ux, (z)) = px,(x),x € E

2. Zf:qu (‘T) < ILLXS( ) and ,LLXz( ) < px (l’), then
(N’Xl €z 7/‘LX2( ) < s(/u‘Xs( ) Bx, X ))

(z) ) (z
3. (/’LXI(‘T>7/’I’X2( )) - S(H’Xz( ) ( ))
4. s(px, (), s(px, (1), px, () = s(s(px, (2), px, ) (@), px, (7))

t-norm and t-conorm are related in a sense of lojical duality. Typical dual pairs of non parametrized
t-norm and t-conorm are complied below:

1. Drastic product:

tw (px, (), px, (7)) = { gjm{uxl(x)vum(x)}, Zzzfr{gge(m)u&(x)} -1

2. Drastic sum:

sulo, (@) ) = { el (bt (s () =0

3. Bounded product:
t1(px, (), px,(x)) = maz{0, px, (x) + px, (x) — 1}

4. Bounded sum:
Sl(l'l’Xl (LL'), 125 ¢ (LU)) = min{L:u’Xl (:17) + X, (.”L')}
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5. Einstein product:

_ fix, (2)-pix, ()
2- [MXl (aj) + HX, (.’13) — HXx, (.’L‘)./JX2 (l‘)]

t1.5(.UJX1 (‘T)7 2 (‘T))

6. Einstein sum:

s1.5(1x, (2), bx, (7)) = f:i( L(i)&ff;(g)

7. Algebraic product:
2 (:uxl (SL’), KX, (iL’)) = KX, (x)'MX2 (SL’)
8. Algebraic sum:
s2(px, (%), px, (1) = px, (@) + px, (@) — px, (@) pix, (@)

9. Hamacher product:

o HXy (x)/U‘X2(x)
a0 0 () = LT o (0) — o, @, ()

10. Hamacher sum:
_ |2:¢1 (SL’) + px, (:L’) — 2'/1’X1 (x)'MXQ (x)
1 — px, (2).px, (2)

32.5(,UX1 (1')7 KX, (1'))

11. Minumum:
t3(:uX1 (l‘), 120, ¢) (1‘)) = min{:qu (.13), KX, (J?)}
12. Maximum:
s3(px, (z), px, (v)) = maz{px, (x), px, ()}
Definition 2.4. [25]. Let U be an initial universe set and let E be a set of parameters. Then, a pair
(F,E) is called a soft set over U if and only if F is a mapping or E into the set of aft subsets of the
set U.

In other words, the soft set is a parametrized family of subsets of the set U. Every set F(e), € € E,
from this family may be considered as the set of e-elements of the soft set (F,E), or as the set of
e-approzimate elements of the soft set.

It is worth noting that the sets F(e) may be arbitrary. Some of them may be empty, some may
have nonempty intersection.

In this definition, E is a set of parameters that are describe the elements of the universe U. To apply
the soft set in decision making subset A, B,C, ... of the parameters set E are needed. Therefore,
Cagman and Enginoglu [4] modified the definition of soft set as follows.

Definition 2.5. [4] Let U be a universe, E be a set of parameters that are describe the elements of
U, and A C E. Then, a soft set Fy over U is a set defined by a set valued function fa representing a
mapping

fa:E— P(U) such that fa(z) =0 ifx € E— A (1)
where fa is called approximate function of the soft set Fa. In other words, the soft set is a parametrized
family of subsets of the set U, and therefore it can be written a set of ordered pairs

Fa={(z, falz)) 2 € E, fa(z) =0 ifv € E— A}

The subscript A in the f4 indicates that f4 is the approximate function of Fs. The value fa(x)
is a set called x-element of the soft set for every x € E.

Definition 2.6. [8] Let Fx be a soft set over U with its approximate function fx and X be a fuzzy
set over E with its membership function ux. Then, a FP—soft sets U'x, is a fuzzy parameterized soft
set over U, is defined by the set of ordered pairs

Ix ={(px(2)/z, fx(2)) : x € E}

where fx : E — P(U) such that fx(x) =0 if ux(x) =0 is called approzimate function and px : E —
[0,1] is called membership function of FP—soft set T'x. The value pux(x) is the degree of importance
of the parameter x and depends on the decision-maker’s requirements.

Note that the sets of all F'P—soft sets over U will be denoted by FPS(U).
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3 Relations on the FP-Soft Sets

In this section, after given the cartesian products of two FP-soft sets, we define a relations on FP-soft
sets and study their desired properties.

Definition 3.1. LetT'x,I'y € FPS(U). Then, a cartesian product of T'x and Ty, denoted by T x XTIy,
18 defined as

PxXTy = { (xpy (29)/(,9), fxny (@.9) : (2,9) € ExE) }
where
Fxny(@,y) = fx (@) N fr(y)
and
txpy (@,y) = min{px (x), py (y)}
Here pypy (2, y) is a t-norm.

Example 3.2. LEtU = {ulaUQau37u47u57u63u7?u83u97u10au117u12au13)u147u15}7 E= {'leanx33$47x57x67$7ax8}7
and X ={0.5/21,0.7/22,0.3/x3,0.9/24,0.6/x5} and Y = {0.9/x3,0.1/26,0.7/27,0.3/x8} be two fuzzy
subsets of E. Suppose that

1—‘X' - {(05/$1, {u17 u3z, Ug, Ug, U7, Ug, U11, U12, U13, U15}), (07/IE2, {’U,g, U7, ug, U4,

u15})) (03/x3a {U17U2,U4, Us, Ug, U9, U0, u127u13})7 (09/3:47 {UQ, Uyg, U6, U8,

w12, u13}), (0.6/xs, {us, ua, us, ur, ug, w13, U15})
I'y = {(0-9/137{U17U5,U6,U9,U10,U13})7(0~1/I6,{U3,U57U77U87U9,U117U15}),
(0.7/27, {uz, us, ug, u10, w11, u14}), (0.3/ 8, {uz, us, us, u10, U2, U14})}

Then, the cartesian product of I'x and I'y is obtained as follows

PxxTy = {(05/(%1,353), {u1,ue,u13}), (0.1/(x1, ), {us, ur, ug, w11, u1s}),

(0.5/(x1,27), {u11}), (0.3/ (w1, ws), {us, w12}), (0.7/ (22, 23), 0),
(01/(12, ZCG), {Ug, Uur, Us}), (07(1‘2, 17), {U14}), (03/(132, Ig),
{us, u14}), (0.3/ (w3, 3), {u1, us, ug, ug, ur0, u13}), (0.1/(xs, e),
{us,ug}), (0.3/(x3, x7), {us, us, ug, ui0}), (0.3/(x3, zs),

{’U,Q7 Us, U10, Ulg}), (0.9/(3’34, .Tg), {u6}), (0.1/(.’1?4, 3?6), @)7
(07/(1‘4, .237), {UQ, UG}), (0.3/(334, Jfg), {UQ, us, U12}),

(06/(565, $3), {Ue, Ug, U13})7 (01/(1‘5, 136), {U3, U7, ug9, U1, ’LL15}),

(06/(1‘5, $7), {UQ}), (03/(1‘5, 338), @)}

Definition 3.3. Let I'x,I'y € FPS(U). Then, an FP-soft relation from I'x to 'y, denoted by Rp,
is an FP-soft subset of T x XI'y. Any FP-soft subset of I'x xI'y is called a FP-relation on T'x.

Note that if & = (ux(z), fx(x)) € 'x and 6 = (uy (y), fr(y)) € 'y, then

aRFﬂ < (N’XQY(x’y)/(x’y)vthY(may)) € Rp

Example 3.4. Let us consider the Example 3.2. Then, we define an FP-soft relation Rg, from Ty to
I'x, as follows
aRpf & pxpy (@i, 2;)/(zi,z;)) 2 0.3 (1<4,j <3)
Then
R = {(03/(o1,2), (11, v, 1000)). 05/ (o127, ), 03/ 1,2, .

’U,lg}), (07(562, .%'7), {’U,14}), (03/(%2, x8)7 {ug, ’11,14})7 (03/($37 1];‘3), {ul,
Us, Ug, U9, U10, ’ulg}), (0.3/(1‘3, 3?7), {UQ, Us, U9, ulo}), (0.3/(333, .’Eg), {’LLQ,
Us, U10, U,lg}), (09/(1‘4, $3), {u6}), (07/(374, 33‘7), {UQ, ’U,6}), (03/($4, 1‘8),

{UQ, us, ulg}), (0.6/(1‘5, 3’53), {ue, Ug, ulg}), (0.6/(1’5, .’177), {UQ})}
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Definition 3.5. LetI'x,I'y € FPS(U) and Rr be an FP-soft relation from T'x to T'y. Then domain
and range of Rp respectively is defined as

D(Rr) = {a€F4s:aRpf}
R(RF) = {ﬁ € Fp: OZRFﬁ}.

Example 3.6. Let us consider the Example 3.4.

D(Rp) = {(0-5/$1,{u1,u3,u4,Us,umu&U11,U12,U13,u15}),(0-7/$2,{U3,U7,
ug, Ui, U5 }), (0.3/xs, {u1, ua, us, us, ug, ug, U10, w12, u13}), (0.9/24,

{ua, ua, ug, us, ui2, uis}), (0.6 /x5, {us, us, ug, uz, ug, urs, Uis})

R(Rp) = {(0-9/1’3,{U1,U57U6,U9,U107U13}),(0-7/$77{U2,U5,

Ug, W10, U1, U14}), (0.3/28, {us, us, us, 19, u12, U14})}

Definition 3.7. Let Rg be an FP-soft relation from T'x to T'y. Then R;l 1s from Ty to T'x is defined
as
aR;lﬂ = BRra

Example 3.8. Let us consider the Ezample 3.4. Then, Rp~' is from T'y to I'x is obtained by

RFil = {(0.5/($3,$1), {ul,uﬁ, ’U,lg})7 ((0.5/(39771’1)7 {un}), (0.3/(1’8,171), {us,

ulg}), (0.7(377, 1‘2), {U14}), (0.3/(1‘8, 33‘2), {’U,g7 U14}), (0.3/(1‘3, .233), {ul,
Us, Ug, U9, U10, ulg}), (03/(1’7, 583), {UQ, Uus, ug, Ulo}), (03/(1‘8, Q?g), {UQ,
us, 10, u12}), (0.9/ (23, 24), {us}), (0.7/(x7, 24), {u2, u6}), (0.3/(ws, v4),

{UQ, us, ’ulg})7 (06/(933, 1‘5), {’U,ﬁ, Ug, ulg}), (06/(1‘7, I5), {’LLQ})}

Proposition 3.9. Let Rp, and Rp, be two FP-soft relations. Then
1. (R~ = Rp,
2. Rp, C Rp, = Ry C Rp)
Proof:
L a(Rp)™'8=pBRp'a =aRpf
2. aRp 3 C aRpB = BRy o C BRE o= R C Ry

Definition 3.10. If Rp, is a fuzzy parametrized soft relation from I'x to I'y and Rp, is a fuzzy

parametrized soft relation from I'y to I'z, then a composition of two FP-soft relations Rr, and Rp, is
defined by

Q(RFl © RFQ)FY = (aRFlﬂ) A (ﬁRFzV)
Proposition 3.11. Let Rp, and Ry, be two FP-soft relation from T'x to I'y. Then, (Rp, o Rp,)™1 =
Rylo Ry

Proof:
a(RFl ORFQ)_l)V =

(RF1 © RF2)a
FYRFHB) A (6RF205)
BRE,a) A (YR, B)
aRp, ) A (BR77)
(Rp, o Ry )y

=2

P

Q

Therefore we obtain
(Re o R,)~' = Ry} o R/
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Definition 3.12. An FP-soft relation Rp on I'x is said to be an FP-soft symmetric relation if
aRp = BRp o, Vo,3 € I'y.

Definition 3.13. An FP-soft relation Rr on U'x is said to be an FP-soft transitive relation if Rp o
Rr C Rp, that is, aRp( and BRpy = aRpvy,Va,(,v € T'x.

Definition 3.14. An FP-soft relation Rp on'x is said to be an FP-soft reflexive relation if aRpa, Vo €
Ix.

Definition 3.15. An FP-soft relation Rp on I'x is said to be an FP-soft equivalence relation if it is
symmetric, transitive and reflexive.

Example 3.16. Let U = {uq,ug, us, ug, us, ug, ur, us t, £ = {1, 22, 3,24, T5,
xe, 7,28} and X = {0.5/x1,0.7/22,0.3/x3} be a fuzzy subsets over E. Suppose that

I'x = {(0-5/551a{UI,US;U47U6aU7aU8})7<0-7/$2a{u3au77u8})a

(0.3/x3, {u1,U2, U4,U57U67U9})}

Then, a cartesian product on I'x is obtained as follows

FX;EFX = {(0.5/(56171‘1)7{Ul,U3,U4,u67U7,U8}),

(0.5/($1, 1‘2), {U3, ur, u8})7 (0.3/(l‘1, 1‘3)7 {ula Ug, u6})7
(05/(1‘2, 1‘1), {U3, uy, US}), (07/(562, 1‘2), {U3, Uy, US}),

(0.3/(I3,JJ1), {ul,u4,u6}), (0.3/($3,$3), {ul,ug,u4,u5,u6, UQ})}

Then, we get a fuzzy parametrized soft relation Rp on Fx as follows
aRpf & pxpy (@i, 25)/(zi, ;) 2 0.3 (1<4,j <3)
Then
(0.5/(w1,x1), {u1, u3, us, ue, ur,us}), (0.5/(x1, 22), {us, uz, us}),

(0.3/(z1, 3), {u1, us,ug}), (0.5/(x2,x1), {us, ur,us}),
(0.7/(w2, z2), {us, ur, us}), (0.3/(x3, 21), {u1, us, ue}),
(0.

3/(w3,w3), {u1, u2, ug, us, ug, ug })
Rp on 'y is an FP-soft equivalence relation because it is symmetric, transitive and reflezive.
Proposition 3.17. If Rp is symmetric if and only if R;l is So.

Proof: If Ry is symmetric, then aR;lﬁ = BRra :O[RpﬁzﬁR;lel. So, R}l is symmetric.
Conversely, if R}l is symmetric, then aRpfS = a(R}l)_lﬁ = B(R;l)a = a(R}l)B = BRra So,
Rp is symmetric.

Proposition 3.18. Ry is symmetric if and only if Rz_71 =Rp

Proof: If Ry is symmetric, then aR;lﬁ = fRrpa = aRpf(. So, R}l = Rp.
Conversely, if R}l =Rp, then aRp( = aR}lﬁ = BRpa. So, Rg is symmetric.

Proposition 3.19. If Rp, and Ry, are symmetric relations on I'x, then Rp, o Rp, is symmetric on
I'x if and only if Rp, o Rp,=Rp, o Rp,

Proof: If Rp, and Rp, are symmetric, then it implies R;ll = Rp, and R;,Ql = Rp,. We have
(Rp, o Rp,) ! = R;zl o R;ll. then Rp, o Rp, is symmetric. It implies Rp, o R, = (Rp, o Rp,)™ ! =
Ry, o Rp/=Rp, o Rp,.

Conversely, (Rp, o Rp,)™! = R;j o R;ll = Rp,oRp, = Rp, o Rp,. So, Rp, o R, is symmetric.
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Corollary 3.20. If Rp is symmetric, then R is symmetric for all positive integer n, where

% =RpoRpo..oRp

n times

Proposition 3.21. If Rp is transitive, then R;l is also transitive.

Proof:
OzR;lﬁ = fRra D f(Rp o Rp)a
= (BRpY) A (VRra)
= (YRra) A (BRFY)
= (aRz'y) A (YRE'B)
= a(Ry' o Rp')p

So, Rp' o Rp' € Ri'. The proof is completed.
Proposition 3.22. If Rg is transitive then Rg o Rp is so.

Proof:
a(RpoRp)B = (aRpvy)A(v-Rpp)
= a(Rp o Rp)y Ay(Rro Rp)p
= a(RF o RF o RF o RF)B

So, a«(Rpo Rpo Rpo Rp)B C a(Rp o Rp)B. The proof is completed.
Proposition 3.23. If Rp is reflexive then R}l s so.

Proof: aR;lﬁ = fRra C aRpa = aR;la and ﬂR;la = aRpf C aRpa = aR;loz. The proof
is completed.

Proposition 3.24. If Rp is symmetric and transitive, then Rp is reflexive.
Proof: Proof can be made easily by using Definition 4.1, Definition 4.2 and Definition 4.3.

Definition 3.25. Let I'x € FPS(U), Rp be an FP-soft equivalence relation on I'x and a € Rp.
Then, an equivalence class of o, denoted by [a]ry, is defined as

[Q]RF = {ﬁ : OARF/B}.

Example 3.26. Let us consider the Exzample 3.16. Then an equivalence class of
(1, {u1, us, ug, ug, uz, ug}) will be as follows.

[(0.5/21, {u1, us, ug, ue, uz, us})|rp = {(0'5/x17{u17u37u4au63u77u8})7

(0.7/.132, {’LL3, Ur, US}), (03/.133,

{U17u27u4au57 Ue, Ug})

4 Decision Making Method

In this section, we construct a soft fuzzification operator and a decision making method on FP-soft
relations.

Definition 4.1. LetT'x € FPS(U) and Rr be a FP-soft relation on T'x. Then fuzzification operator,
denoted by sg,., is defined by

spp : Rr = F(U), spp(X xX,U)={pg,(w)/u:ueU}
where

e () = WTACENE

and where o )
1, U E JRp Tiy Tj
u) = :
xw) { 0. wg frp(ziz,)
Note that | X x X| is the cardinality of X x X.
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Now; we can construct a decision making method on FP-soft relation by the following algorithm;

construct a feasible fuzzy subset X over F,
. construct a FP-soft set I'x over U,

1.
2
3. construct a FP-soft relation R over I'y according to the requests,
4. calculate the fuzzification operator sg, over Rp,

5

. select the objects, from sg,., which have the largest membership value.

Example 4.2. A customer, Mr. X, comes to the auto gallery agent to buy a car which is over middle
class. Assume that an auto gallery agent has a set of different types of car U = {uy,ug, us, uq, us, ug, 7, us },
which may be characterized by a set of parameters E = {x1,x9,x3,x4}. Fori=1,2,3,4 the parameters

x; stand for “safety”, “cheap”, “modern” and “large”, respectively. If Mr. X has to consider own set of
parameters, then we select a car on the basis of the set of customer parameters by using the algorithm

as follows.

1. Mr X constructs a fuzzy sets X over E,
X = {05/1’1, 0.7/172, 03/353}
2. Mr X constructs a FP-soft set I'x over U,

I'y = {(0.5/371, {ul,’u,g,u47u6,u77 US})a (0-7/3327 {Ug, Uur, uS})’ (0.3/.1?3,
{u1, ug, ug, us, ue, ug }

3. the fuzzy parametrized soft relation Rp over I'x is calculated according to the Mr X’s requests
(The car must be a over middle class, it means the membership degrees are over 0.5),

Rp = {(0-5/(11@1)7{U1,U3,U4,UG,U7,U8})7(0-5/(901@2),{“3#77

ug}), (0.5/(z2, x1), {us, ur, us}), (0.7/ (w2, v2), {U3,u7aus})}
4. the soft fuzzification operator sr, over Rp is calculated as follows

SRp = {(0.055/U1, 0.0/’&2, 0.244/U3, 0.055/11,47 0.0/U5, 0.055/u6, 0.244/’(1,7,

0.244/u8}}

5. now, select the optimum alternative objects us, uy and ug which have the biggest membership
degree 0.244 among the others.

5 Conclusion

We first gave most of the fundamental definitions of the operations of fuzzy sets, soft sets and FP-soft
sets are presented. We then defined relations on FP-soft sets and studied some of their properties.
We also defined symmetric, transitive and reflexive relations on the FP-soft sets. Finally, we construct
a decision making method and gave an application which shows that this method successfully works.
We have used a t-norm, which is minimum operator, the above relation. However, application areas
the relations can be expanded using the above other norms in the future.
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