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Abstract — In this paper, we define a supra topology obtained as an associated structure on a supra
topological space (X, 7) induced by an ideal on X. Such a supra topology is studied in certain detail
as to some of it is basic properties.

Keywords — Ideals, Local function, Supra topology, Supra topological space.

1 Introduction

The concept of ideal in topological space was first introduced by Kuratowski [4] and Vaidyanat-
hswamy[9]. They also have defined local function in ideal topological space. Further Hamlett and
Jankovic [2] studied the properties of ideal topological spaces and they have introduced another op-
erator called U- operator. They have also obtained a new topology from original ideal topological
space. Using the local function, they defined a Kuratowski Closure operator in new topological space.
Further, they showed that interior operator of the new topological space can be obtained by ¥ - oper-
ator. In [7], the authors introduced two operators ()** and 1, in supra topological space. Mashhour
et al[6] introduced the notion of supra topological space. El-Sheikh [1] studied the properties of supra
topological space and he introduced the notion of supra closure operator which is generated a supra
topological space. In this paper, we introduced a new supra topology from old via ideal. Further we
have discussed the properties of this supra topology.

2 Preliminary

Definition 2.1. [6] Let X be a nonempty set. A class T of subsets of X is said to be a supra topology
on X if it satisfies the following axioms:-

** Edited by Metin Akdag (Area Editor) and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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1. X,0er.

2. The arbitrary union of members of T is in T.

The members of 7 are then called supra-open sets(s-open, for short). The pair (X,7) is called
a supra topological space. A subset A of a topological space (X, 7) is called a supra-closed set(s-
closed, for short) if its complement A€ is an s-open set. The family of all s-closed sets is denoted by
T¢={F:F°er}
Definition 2.2. [6] Let (X, 7) be a supra topological space and A C X. Then

1. Scl(A)=n{F € 7¢: AC F} is called the supra-closure of A € P(X).

2. Sint;(A) =U{M €7 : M C A} is called the supra-interior of A € P(X).
Definition 2.3. [6] Let (X, 7) be a supra topological space and x € X be an arbitrary point. A set
M C X is called a supra-neighborhood (s-nbd, for short)of x if x € M € 7. The family of all s-

neighborhood of x is denoted by T(x) = {M C X : x € M € 7}. We write M, stands for the s-nbd of
x.

Theorem 2.1. [6] Let (X, 7) be a supra topological space and A C X. Then
(a) z e Scl (A) & M, NA#$VYM, € 7(x).
(b) [Sint,(A°)]c = Scl.(A).

Definition 2.4. [6] Let 11 and 1o be two supra topologies on a set X such that 71 C 1o. Then we say
that 7o is stronger (finer) than 7 or Ty is weaker (coarser) than To.

Definition 2.5. [6] Let (X, 7) be a supra topological space and 8 C 7. Then (3 is called a base for the
supra topology T (s-base, for short) if every s-open set M € T is a union of members of 3.

Equivalently, 0 is a supra-base for T if for any point p belonging to a s-open set M, there exists B € 3
withp € B C M.

Definition 2.6. [6] A mapping ¢ : P(X) — P(X) is said to be a supra closure operator if it satisfies
the following axioms:

1. c(¢) = ¢,

2. ACc(A) YAe P(X),

3. ¢(A)Ue(B) Cc(AUB) VA Be P(X).

4. c(c(A)) =c(A) V A e P(X). 7idempotent condition”,

Theorem 2.2. [6] Let X be a nonempty set and let the mapping ¢ : P(X) — P(X) be a supra closure
operator. Then
the collection

T={GC X :¢(G°) =G}

18 a supra topology on X induced by the supra closure operator c.

Definition 2.7. [7] Let (X, T) be a supra topological space with an ideal T on X. Then
A (D) ={reX: M, NA¢T YM, € 7(x)}, VA € P(X)

is called the supra-local function(s-local function, for short) of A with respect to I and T (here and
henceforth also, A*" stands for A*"(T)).

Theorem 2.3. [7] Let (X, 7) be a supra topological space with ideals T and J on X and let A and B
be two subsets of X. Then

1. ¢* = ¢.
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2. ACB= A" C B¥,

ICT= A (J)C A (D),

A*" = Scl.(A*) C Scl.(A),

(A7) c A,

AT UB” C(AUB)*,

(ANB)* C A nB*

Mcr=MNA" =Mn(MNA* C(MnA?*,
HeI= (AUH)* = A" =(A\H)*".

© X NS S

3 New Supra Topologies From Old via Ideals

In this section, we generate a supra topology obtained as an associated structure on a supra topological
space (X, 7), induced by an ideal on X. Such a supra topology is studied in certain details as to some
of its basic properties.

Lemma 3.1. Let (X, 7) be a supra topological space, A C X and Z be an ideal on X. Then

Mer, MNAcTI=MnNA* =¢.

Proof. Letx € MNA* .Thenxz € M, x € A* = M, NA¢IYM, € 7(x). Sincex € M € T, then
MNnAgZ 1

Lemma 3.2. Let (X, 7) be a supra topological space and T be an ideal on X. Then

(AUA*)* C A VA € P(X).

Proof. Letx ¢ A*". Then there exists M, € T(x) such that My NA € T = M, NA* =¢ (By Lemma
3.1). Hence, My N(AUA") = (M, NA)U (M, NA*) = M, NA €I Therefore, z & (AUA*)*.
Hence, (AUA*)* C A, &

Theorem 3.1. Let (X, 1) be a supra topological space and T be an ideal on X. Then the operator
i : P(X) — P(X)
defined by
i (A) = AU A* VA € P(X),
18 a supra closure operator and hence it generates a supra topology
™(Z) = {A € P(X) : clt (A°) = A°}

which is finer than 7.
When there is no ambiguity we will write cl** for clf and 7 for 7*(I).

Proof. (i) By Theorem 2.3, ¢*" = ¢, we have cl* (¢) = ¢
(ii) Clear that, A C cI*" (A) VA € P(X).

(iii) Let A,B € P(X). Then, cI* (A)Ucl* (B) = (AUA*)U(BU B*) =(AuB)U (A= UB*) C
(AUB)U (AU B)* = cl* (AU B) (by using Theorem 2.3). Hence, cI*" (A) Ucl* (B) C cl* (AU B).

(iv) Let A € P(X). Since, by (ii), A C cl* (A), then cI* (A) C cl* (cI*"(A)). On the other hand,
cl* (¥ (A) = cl* (AUAT) = (AUAT)U(AUA) CAUAT UA =cl* (A)( by Lemma 3.2),
it follows that cl*" (cI*" (A)) C cl* (A). Hence cl* (cI* (A)) = cl* (A). Consequently, cl*" is a supra
closure operator. Also, it is easy to show that the collection 7*(Z) = {A € P(X) : cl* (A°) = A%} is a
supra topology on X which is called the supra topology induced by the supra closure operator.

Neat, from Theorem 2.3(4) we have A*" C Scl,(A) = AU A* C AUScl,(A) = Scl.(A) = cI* (A) C
Sclr(A). Hence T C (7).
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Example 3.1. Let (X,7) be a supra topological space. If T = {¢}, then 7 = 7*(Z). In fact, if
x € Scl(A), then, (by Theorem 2.1(a)), M, NA # ¢VM, € 7(x) = M, NAE {9} =T VM, € 7(z) =
r€ A =x € AUAY =cl* (A). Hence Scl(A) C cl* (A), but, by Theorem 3.1 , cI*" (A) C Scl,(A).
Hence cl* (A) = Scl, (A) VA € P(X). Consequently, T = 7*(T) = 7*({¢}). B

Theorem 3.2. Let (X, 1) be a supra topological space and let Iy, o be two ideals on X. Then
If 7y C Ty, then 7"(Z1) C 7*(Z2).

Proof. Let M € 7*(Z1). Then cl}j(Mc) = M° = M°® = M°¢U M (I) = M (I) C M°® =
M (Ip) € M¢ (by Theorem 2.3) implies M¢ = M¢UM®* (Iy) = cls, (M¢) = M¢ = M € 7*(Z,). &
Theorem 3.3. Let (X, 1) be a supra topological space and let T be an ideal on X. Then

(1) HeI= H°e(2).

(2) A =c* (A)VA € P(X), i.e. A* is a 7*(T)-closed VA € P(X).

Proof. (1) In Theorem 2.3(9), put A= ¢ = H* = $pVH € T. Hence cI* (H)=HU$=H = H® €
T*(Z) i.e. H is a 7(T)-closed VH € T.

(2) From Theorem 2.3(5), we have (A*")* C A* = A" = A" U (A*")* = cl* (A*). Hence A* s
a 7*(Z)-closed. A

Lemma 3.3. Let (X,7) be a supra topological space and I be an ideal on X. Then
F is a 7*-closed if and only if F** C F.

Proof. Straightforward. B
Theorem 3.4. Let (X,71) and (X, 72) be two supra topological spaces and T be an ideal on X. Then
T1 - To = A*S(I7T2) - A*S(I,Tl).

Proof. Let x € A" (I,73), then My,NA & TVM, € m(z) = M, NA¢IVYM, € 1y(x) = x €
A*(Z,7). Hence, A* (I,75) C A* (Z,7,). B

Corollary 3.1. Let (X, 71) and (X, 72) be two supra topological spaces and I be an ideal on X. Then
n C =) Cc(I).
Proof. It follows from Theorem 3.4. B
Theorem 3.5. Let (X, 1) be a supra topological space and T be an ideal on X. Then the collection
B(Z,7r)={M—-H:Mer,HeT}
is a base for the supra topology 7*(Z).

Proof. Let M € 7 and x € M. Then M® is a T*-closed so that cI*" (M) = M€, and hence
M C M¢(by Lemma 3.3). Then x & M and so there exists V € 7(x) such that V N M€ € T.
Putting H = VN M®, thenx ¢ H and H € I. Thusz € V\H =V NH*=Vn{V NM) =
VNnVeuM)=VNMCM. Hence, xt € V\H C M, where V\H € B(Z,7). Hence M is the union
of sets in B(Z,T).

Note that, T* is a supra topology, so it is not closed under finite intersection, thus, we need only to
prove that M € T is a union of sets in (Z,7) as done above. B

Theorem 3.6. For any ideal on a supra topological space (X, T), we have

TCB(Z, )T
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Proof. Let M € 7. Then M = M\¢ € B(Z,7). Hence 7 C B(Z,7). Now, let G € B(Z,7), then
there exists M € 7 and H € T such that G = M\H. Then, cI* (G¢) = cI* (M\H)® = (M\H)® U
(M\H))*" = (MCUH)U(M¢UH)*". But, H € T, then, by Theorem 2.3(9), (M°UH)*" = M and
so, cI* (M\H)¢ = MCUHUM®*" C M°UH (by Lemma 3.3). Hence cl*" (M\H)¢ C M°UH = (M\H)®,
but (M\H)¢ C cI* (M\H)¢. Hence cI* (M\H)¢ = (M\H)®. Therefore, G = M\H € 7*. Hence
B(Z,7) C7*. Consequently, r C S(Z,7) C7*. N

Corollary 3.2. Let (X,7) be a supra topological space and T be an ideal on X. Then
If T ={¢}, thenT=0(Z,7) =71".

Proof. It follows from Example 3.1 and Theorem 3.6 .

*

Theorem 3.7. Let (X, 7) be a supra topological space and I be an ideal on X. Then, 7" = 7*.

Proof. From Theorem 3.1, we have 7" C 7**. Now, let N € 7**, then N can be written as
N = Uaea(My N HS) such that My € 7% and Ho € T Vo € A. But, My = Ujes(Ma,; N HE))
where My, € 7 and H,; € Z, then

N =Uqea(MENHE)

- UQGA[UJ'GJ(MQJ. n Hg]) n Hg]

= UaEA[UJEJ(Maj N (H&] N Hé))]

= UaEA[UJEJ(MOéj N (Haj U Ha)c)}

putting So; = Hqo, U Hy, then

N = UaEA[UjGJ(Maj N S&J)]

Since Hyo,, Ho(= Ho, U Hy) € I, then So, € I, also Uje My, € 7, it follows that Uje yMa,; N ng €
B(Z, 7). Consequently, N € 7*. W '
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Abstract - In this paper, we first introduced the concept of possibility single valued neutrosophic soft expert
sets (PSVNSESs for short) which is a generalization of single valued neutrosophic soft expert sets (SVNSESs
for short), possibility fuzzy soft expert sets ( PFSESs) and possibility intuitionistic fuzzy soft expert sets
(PIFSESs). We also define its basic operations, namely complement, union, intersection, AND and OR, and
study some of their properties. Finally, an approach for solving MCDM problems is explored by applying the
possibility single valued neutrosophic soft expert sets, and an example is provided to illustrate the application
of the proposed method

Keywords - Single valued neutrosophic sets, soft expert sets, possibility single valued neutrosophic soft expert
sets, decision making.

1. Introduction

In 1999, F. Smarandache [12,13,14] proposed the concept of neutrosophic set (NS for
short ) by adding an independent indeterminacy-membership function. The concept of
neutrosophic set is a generalization of classic set, fuzzy set [40], intuitionistic fuzzy set
[34] and so on. In NS, the indeterminacy is quantified explicitly and truth-membership,
indeterminacy membership, and false-membership are completely independent. From
scientific or engineering point of view, the neutrosophic set and set- theoretic view,
operators need to be specified. Otherwise, it will be difficult to apply in the real
applications. Therefore, H. Wang et al [17] defined a single valued neutrosophic set
(SVNS) and then provided the set theoretic operations and various properties of single
valued neutrosophic sets. The works on single valued neutrosophic set (SVNS) and their

“Edited by Irfan Deli (Area Editor) Naim Cagman (Editor-in- Chief) .
*Corresponding Author.
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hybrid structure in theories and application have been progressing rapidly (e.g, [3, 4, 5, 6,
7,8,9, 11, 25, 26, 27, 28, 29, 30, 31, 32, 33, 41, 60, 68, 69, 70, 73, 77, 80, 81, 82, 83, 86].

In the year 1999, Molodtsov a Russian researcher [10] firstly gave the soft set theory as a
general mathematical tool for dealing with uncertainty and vagueness and how soft set
theory is free from the parameterization inadequacy syndrome of fuzzy set theory, rough
set theory, probability theory. A soft set is in fact a set-valued map which gives an
approximation description of objects under consideration based on some parameters. Then,
many interesting results of soft set theory have been studied on fuzzy soft sets [45, 47, 48,
53, 54], on intuitionistic fuzzy soft set theory [49, 50, 51, 55], on possibility fuzzy soft set
[45, 63], on generalized fuzzy soft sets [58], on generalized intuitionistic fuzzy soft [39], on
possibility intuitionistic fuzzy soft set [42], on possibility vague soft set [35] and so on. All
these research aim to solve most of our real life problems in medical sciences, engineering,
management, environment and social science which involve data that are not crisp and
precise. Moreover all the models created will deal only with one expert .To redefine this
one expert opinion, Alkhazaleh and Salleh in 2011 [63] defined the concept of soft expert
set in which the user can know the opinion of all the experts in one model and give an
application of this concept in decision making problem. Also, they introduced the concept
of the fuzzy soft expert set [62] as a combination between the soft experts set and the fuzzy
set. Therfore, Broumi and Smarandache [85] presented the concept of iintuitionstic fuzzy
soft expert set, a more general concept, which combines intuitionstic fuzzy set and soft
expert set and studied its application in decision making. Later on, many researchers have
worked with the concept of soft expert sets and their hybrid structures [1, 2, 15, 16, 22, 36,
37, 44, 46]. But most of these concepts cannot deal with indeterminate and inconsistent
information.

Combining neutrosophic set models with other mathematical models has attracted the
attention of many researchers. Maji et al. presented the concept of neutrosophic soft set
[57] which is based on a combination of the neutrosophic set and soft set models. Works on
neutrosophic soft set theory are progressing rapidly. Based on [57], Maji [56] introduce the
concept of weighted neutrosophic soft sets which is hybridization of soft sets and weighted
parameter of neutrosophic soft sets. Also, Based on Cagman [48], Karaaslan [87] redefined
neutrosophic soft sets and their operations. Various kinds of extended neutrosophic soft
sets such as intuitionistic neutrosophic soft set [65, 67, 76], generalized neutrosophic soft
set [59, 66], interval valued neutrosophic soft set [23], neutrosophic parameterized fuzzy
soft set [72], Generalized interval valued neutrosophic soft sets [75], neutrosophic soft
relation [ 20, 21], neutrosophic soft multiset theory [24] and cyclic fuzzy neutrosophic soft
group [61] were presented. The combination of neutrosophic soft sets and rough set [74,
78, 79] is another interesting topic. In this paper, our objective is to generalize the concept
of single valued neutrosophic soft expert sett. In our generalization of single valued
neutrosophic soft expert set , a possibility of each element in the universe is attached with
the parameterization of single valued neutrosophic sets while defining a single valued
neutrosophic soft expert set The new model developed is called possibility single valued
neutrosophic soft expert set (PSVNSES).

The paper is structured as follows. In Section 2, we first recall the necessary background on
neutrosophic sets, single valued neutrosophic sets, soft set single valued neutrosophic soft
sets, possibility single valued neutrosophic soft sets, single valued neutrosophic soft expert
sets, soft expert sets, fuzzy soft expert sets, possibility fuzzy soft expert sets and possibility
intutionistic fuzzy soft expert sets. Section 3 reviews various proposals for the definition of
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possibility single valued neutrosophic soft expert sets and derive their respective properties.
Section 4 presents basic operations on possibility single valued neutrosophic soft expert
sets. Section 5 presents an application of this concept in solving a decision making
problem. Finally, we conclude the paper.

2. Preliminaries

In this section, we will briefly recall the basic concepts of neutrosophic sets, single valued
neutrosophic sets, soft set single valued neutrosophic soft sets, possibility single valued
neutrosophic soft sets, soft expert sets, fuzzy soft expert sets, possibility fuzzy soft expert
sets and possibility intutionistic fuzzy soft expert sets

Let U be an initial universe set of objects and E the set of parameters in relation to objects
in U . Parameters are often attributes, characteristics or properties of objects. Let P (U )
denote the power set of U and A € E.

2.1 Neutrosophic Set
Definition 2.1 [13 ] Let U be an universe of discourse then the neutrosophic set A is an
object having the form A = {< X! pa(x), va(x), wa(x)>Xx € U}, where the functions
HA(X), VA(X), wa(x) : U—]0,1°T define respectively the degree of membership , the
degree of indeterminacy, and the degree of non-membership of the element x € X to the set
A with the condition.

"0 <sup pa(X)+ supva )+ supwa (x))< 3"
From philosophical point of view, the neutrosophic set takes the value from real standard
or non-standard subsets of ]°0,1°[. So instead of ]°0,1*[ we need to take the interval [0,1]
for technical applications, because ]70,1°[ will be difficult to apply in the real applications
such as in scientific and engineering problems.
For two NS,
Ans={<X, pa(X), va(x) ,wa(x) >|x EX}
and
Bns={<X, ug(x), vg(x) , wg(x) >|x € X}
Then,
1. Ays € Bysifandonlyif

Ma(x) < pp(x), va(x) = vp(x) , wa(x) = wp(x) .

2. Ans = Bys ifand only if,

ma (%) =pp(x) va(x) =vp(x) ,wa (%) =wp(x) forany x € X.
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3. The complement of Ay is denoted by A% and is defined by

As={<X, 05 (1), 1 =5 (0, 1y () [x €X}

4. ANB = {<x, min{p, (%), iz (%)}, max{v,(x), vg(x)}, max{w, (x), wg(x)} >x € X }
5. AUB = {<x, max{u, (x), ug(x)},min{v, (x), v (x)}, min{w, (x), wg(x)} >x € X }
As an illustration, let us consider the following example.

Example 2.2. Assume that the universe of discourse U={x1,X2,X3X,}. It may be further
assumed that the values of X3, X», xzand x4 are in [0, 1] Then, A is a neutrosophic set (NS)
of U, such that,

A= {< %1,0.4,0.6,0.5 >,< X, 0.3,0.4,0.7>,< X3,0.4,0.4, 0.6] >,< x,,0.5,0.4,0.8 >}

2.2 Soft Set

Definition 2.3. [10] Let U be an initial universe set and E be a set of parameters. Let P(U)
denote the power set of U. Consider a nonempty set A, A c E. A pair (K, A) is called a soft
set over U, where K is a mapping given by K : A — P(U).

As an illustration, let us consider the following example.

Example 2.4. Suppose that U is the set of houses under consideration, say U= {hy,h,,...,hs}.
Let E be the set of some attributes of such houses, say E={e1,e», ... , es}, where e;, €5, ..., €g

stand for the attributes “beautiful”, “costly”, “in the green surroundings’”, “moderate”,
respectively.

In this case, to define a soft set means to point out expensive houses, beautiful houses, and
so on. For example, the soft set (K, A) that describes the “attractiveness of the houses” in
the opinion of a buyer, say Thomas, may be defined like this:

A={e1,62,€3,64,65};

K(e1) = {hy, hs, hs}, K(e2) = {hz, ha}, K(es) = {h1}, K(es) = U, K(es) = {hs, hs}.

2.3 Neutrosophic Soft Sets

Definition 2.5 [57,87] Let U be an initial universe set and A c E be a set of parameters.
Let NS(U) denotes the set of all neutrosophic subsets of U. The collection (F, A) is termed
to be the neutrosophic soft set over U, where F is a mapping givenby F: A — NS(U).

Example 2.6 [16] Let U be the set of houses under consideration and E is the set of
parameters. Each parameter is a neutrosophic word or sentence involving neutrosophic
words. Consider E ={beautiful, wooden, costly, very costly, moderate, green surroundings,
in good repair, in bad repair, cheap, expensive}. In this case, to define a neutrosophic soft set
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means to point out beautiful houses, wooden houses, houses in the green surroundings and so
on. Suppose that, there are five houses in the universe U given byU = {h4, h,,..., hs} and
the set of parameters

A = {eq, ey, e3, e,},Where e, stands for the parameter "beautiful’, e, stands for the parameter
‘wooden', e; stands for the parameter “costly' and the parameter e,stands for ‘moderate’.
Then the neutrosophic set (F, A) is defined as follows:

\

( hy h, hs hy

( {(050603) ’(0.4,0.7,0.6) " (0.6,0.2,0.3) " (0.7,0.3,0.2)’ (080203)
ha hs hy

(060305) (0.7,0.4,0.3) " (0.8,0.1,0.2) " (0.7,0.1,0.3)° (080306)

)
o il
o T T )
o] )

€2
(F,A) =+

(070403) (0.6,0.7,0.2) (0.7,0.2,0.5)° (0.5,0.2,0.6)’ (070304)
h, hs hy
(080604) (0.7,0.9,0.6)’ (0.7,0.6,0.4)’ (0.7,0.8,0.6)’ (090507)

€4

\ J

2.4 Possibility Single Valued Neutrosophic Soft Sets

Definition 2.7 [59] Let U={u,,u,,u,,...,u,} be a universal set of elements, E={e,,e,
,€5,..., €.} be a universal set of parameters. The pair (U, E) will be called a soft
universe. Let F:E— (IxIxDU xIYwhere (IxIxD)js the collection of all single

valued neutrosophic subset of U and IV is the collection of all fuzzy subset of U. Let p be
a fuzzy subset of E, that is p: E = 1Y

And let F: E » (IxIx D)V x1Y be afunction defined as follows:

F,(e)= (F(e)(x), p(e)(x)), where F(e)(x)=(u(x), v(x),w(x)) for xe U.

Then F, is called a possibility single valued neutrosophic soft set(PSVNSS) over the soft
universe (U, E).

2.5 Soft Expert Sets

Definition 2.8 [63] Let U be a universe set, E be a set of parameters and X be a set of
experts (agents). Let O= {1=agree, O=disagree} be a set of opinions. Let Z=E X X x O

andAcZ

A pair (F, E) is called a soft expert set over U, where F is a mapping given by
F: A — P(U) and P(U) denote the power set of U.

Definition 2.9 [63] An agree- soft expert set (F,A) ;over U, is a soft expert subset of
(F,A) defined as :
(F,A) 1 ={F(a):a € E x X x{1}}.
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Definition 2.10 [63] A disagree- soft expert set (F,A) jover U, is a soft expert subset of
(F,A) defined as :
(F,A) o={F(a):a € E x X x{0}}.

2.6 Fuzzy Soft Expert Sets

Definition 2.11 [62] A pair (F, A) is called a fuzzy soft expert set over U, where F is a
mapping given by F: A— [V, and IVdenote the set of all fuzzy subsets of U.

2.7.Possibility Fuzzy Soft Expert Sets

Definition 2.12. [44] Let U={ u,,u,,U,...,u,} be a universal set of elements,
E={ e, e,, e;,..., e,}be auniversal set of parameters, X={ x,, X,, X5,..., X;} be a

set of experts (agents) and O = { 1=agree, O=disagree} be a set of opinions. Let
Z= {ExXxQ} and A < Z The pair (U, E) will be called a soft universe. Let

FFE — IYand u be fuzzysubset ofE,ie, u :E — 1Y where IV isthe
collection of all fuzzy subsets of U. Let F, 6 E — IV x 1Y be a function defined as

follows:

F,(e)=(F(e )(x), u(e)(x)), forall x eU.

Then F, is called a possibility fuzzy soft expert set (PFSES in short) over the soft
universe (U, E)

For each parameter e €E. F, (e;)= (F(¢)(x), u(e)(x )) indicates not only the degree
of belongingness of the elements of U in F(e,), but also the degree of possibility of
belongingness of the elements of U in F(e,), which is represented by u (e;). So we can
write F,(g;) as follows:

F.(e){( Fe )( )) u(e)(x)} fori=1,23,..,n

Sometimes we write F, as (F,, E) . If A € E. we can also have PFSES (F,, A).

2.8 Possibility Intuitionstic Fuzzy Soft expert sets

Definition 2.13 [16] Let U= {u,, u,, u,,..., u,} be a universal set of elements,
E={ e, e,, e;,..., e,}be auniversal set of parameters, X={ x,, X,, X5,..., X;} be a

set of experts (agents) and O= {l=agree, O=disagree} be a set of opinions. Let
Z={ExXxXxQ} and A < Z. Then the pair (U, Z) is called a soft universe. Let

F:Z—> 1Y and 1 be fuzzysubset 0fZ  defined as 1:Z — FY where 1Y



Journal of New Theory 4 (2015) 06-29 12

denotes the collection of all intuitionistic fuzzy subsets of U. Suppose F, :Z — 1Y x FY

be a function defined as:
Fo.(z )=(F@)(u,), 1 (@)(u,)), forall u, eU.

Then F,(z) iscalled a possibility intuitionistic fuzzy soft expert set (PIFSES in short)
over the soft universe (U, 2)

For each z,eZ. F,(z)= (F(z,)(u;), A(z;)(u,)) where F(z,) represents the degree of
belongingness and non-belongingness of the elements of U in F(z,) and A(z)
represents the degree of possibility of such belongingness. Hence F,(z) can be
written as:

F.(z){( Fiz )( )) A(z,)(u)} fori=12,3,.

where F(z;)(U;) = < #gg,,, (U;), @,y (U;) > With g, (U;) and e, (u;)  representing
the membership function and non-membership function of each of the elements u, eU
respectively.

Sometimes we write F; as (Fy, Z) . If A € Z. we can also have PIFSES (F;, A).

2.9 Single Valued Neutrosophic Soft Expert Sets

Definition 2.14 [84] Let U= = {u,, u,, U,,..., U, } be a universal set of elements,
E={ e, e,, €;,..., €,} be auniversal set of parameters, X={ x,, X,, X;,..., X;} be a

set of experts (agents) and O= {l1=agree, O=disagree} be a set of opinions. Let
Z= {ExXxQ} and A < Z Then the pair (U, Z) is called a soft universe. Let F:

Z — SVNVY, where SVNV denotes the collection of all single valued neutrosophic
subsets of U. Suppose F :Z — SVNV be a function defined as:

F(z)= F@)(u;)forall u, eU.

Then F (z) is called a single valued neutrosophic soft expert set (SVNSES in short )
over the soft universe (U, Z)

For each zz €Z F(z)= F(z )(u;), where F(z;) represents the degree of

belongingness, degree of indeterminacy and non-belongingness of the elements of U
in F(z;).Hence F (z,) can be written as:

F@) (=~ U —), },fori=1,2,3,..

F(Zl)(Ul) I:(Z )uy)
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where  F(z;)(U;) = < e (Ui) 3 Ve (Ui, @,y (U) > With gzg, (U;) |, v,y (U;) and
Dy (U;) representing the membership function, indeterminacy function and non-
membership function of each of the elements u, eU respectively.

Sometimes we write F as (F, Z) . If A € Z. we can also have SVNSES (F, A).

3. Possibility Single Valued Neutrosophic Soft Expert Sets

In this section, we generalize the possibility fuzzy soft expert sets as introduced by
Alhhazaleh and Salleh [62] and possibility intuitionistic fuzzy soft expert sets as introduced
by G. Selvachandran [16] to possibility single valued neutrosophic soft expert sets and give
the basic properties of this concept.

Let U be universal set of elements, E be a set of parameters, X be a set of
experts (agents), O= { 1=agree, O=disagree } be a set of opinions. Let Z=E x X x O and

Definition 3.1 Let U= = {u,u,, Us,...,u,} be a universal set of elements,
E={ e, e, e;,..., e,}be auniversal set of parameters, X={ x,, X,, X5,..., X; } be a

set of experts (agents) and O= {l1=agree, O=disagree} be a set of opinions. Let
Z={EXxXXxQ} and A < Z Then the pair (U, Z) is called a softuniverse. LetF: Z

— SVNY and p be fuzzysubset ofZ defined as p:Z — FY where SVN"
denotes the collection of all single valued neutrosophic subsets of U. Suppose

F, Z— SVN" x FY be a function defined as:
Fo(z )=(F@)(u;), p()( u;)), forall u; U.

Then F,(z) iscalled a possibility single valued neutrosophic soft expert set (PSVNSES
in short ) over the soft universe (U, Z)

For each z; eZ. F (z)= (F(z;)(u;), p(z;)( u;)) where F(z;) represents the degree of
belongingness, degree of indeterminacy and non-belongingness of the elements of U
in F(z;) and p(z;) represents the degree of possibility of such belongingness.

Hence F,(z;) can be written as:

Fp (zi) {( Fle )( )) p(z)( up)}, fori=1,2,3,.

where  F(z,)(U;) = < pige,y (Ui) 5 Ve (Ui), @,y (U;) > With g (U) 5 v,y (U;) and
@,y (U;) representing the membership function, indeterminacy function and non-
membership function of each of the elements u, eU respectively.

Sometimes we write F, as (F,, Z) . If A € Z. we can also have PSVNSES (F,, A).
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Example 3.2 Let U={u,, u,, us} be a set of elements, E={e,, e,} be a set of decision
parameters, where e;(i=1, 2,3} denotes the parameters E ={e, = beautiful, e,= cheap} and
X= {x1, x,} be a set of experts. Suppose that F,:Z— SVNY x FY is function defined as

follows:

O R T T T

Fy (8, %.,1) = { (———2

0.3),(

<0.7,0.5,0.25 >

u
E (e, %, 1)={(———2
p (&% 1) {(<aaaza7>

Fy (8, %,,1) = { (———2

U

F e,x,O _

(€, %,0) ={( <0.2,0.4,05>

Ey (€,,%.0) = {(— 23—
2 <0.3,0.4,0.6 >

Ey(6,%.,0) = {(——1

v <0.2,0.804 >

Fy (8,%,,0) = { (———

Then we can view the possibility single valued neutrosophic soft expert set (
consisting of the following collection of approximations:

,0.6), (

0.3).,(

0.5),(

<0.2,0.2,0.6 >

,0.2),(

0.4),(

0.2),(

——————.02)(
<0.4,04,0.7 >

u2
<0.1,0.6,0.4 >

u,

0.4),(

<0.25,0.6,0.4 >

U
<0.4,0.30.3>

u,

0.4),(

u3
—————05)},
<0.4,0.7,0.2 > )}
u3

———0.7)},
<0.4,0.4,0.6 > )}

,0.8),(

Us

——— ,0.6) },
<0.1,0.6,0.2 > )}

Us

0.0},

<0.7,0.3,0.2 >

u2
<0.1,0.9,0.1>

U2
<0.2,0.7,0.6 >

U
<0.1,0.6,0.5>

u,

0.8),(

0.7),(

0.6) . (

0.5) . (

———,0.6),(
<0.3,0.8,0.2>

<0.3,0.1,0.5>

Us

——— 01 },
<0.1,0.2,0.5> )}

Us

———— 0.1},
<0.1,0.5,0.2 > )}

Us

—— 0.8
<0.7,0.6,0.3> )}

uS
<0.6,0204>"

E,, Z) as

(F,, 2)=
{lenx, )={(——2——03),(— 2 04),(— 205}
b <0.1,0803>" 7''<0.10604>" ''<040702>" "
u u
e, x.1 0.6), 2 0.8), 8 0.7)}1,
%, 1) =4 0705025> )(<025Q&Q4> )(<040406> )3
(e % 1) = {(———t——03),(——2—04),(——=2—06)}}
v <0.3,0.2,0.7 > '1<04,0.303>  °<010602>" '
{(e,%,1)= {(—— 05),(———2——08), G——JL———— 0.1)}},
2 <0.2,0.20.6 > ""<0.7,0302>"""'<0.30.105>
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u u
e, x,0 W gy o oy
(82,00 =4( <0.2,0.4,05> )(<o.1,0.9,o.1> )(<0.1,o.2,0.5> )3}
{(e;,x,0)= {(—04) (U—ZOG) (u—301)}}
2 <0.3,0.4,0.6 > '1<0.207,06>" ''<010502>" 7"
{(e,%,,0)= {(—02) (u—205) (u—308)}}
Lo <0.2,080.4> '1<0.106,05>"  "'°<0.7,0.6,03>" ’
u
e,, X, ,0 W gy Y g (B g5y
(80 %,.0) ={( <0.4,0.40.7 > )(<0.3,0.8,0.2> )(<060204 )3}

Then (F,, Z) is a possibility single valued neutrosophic soft expert set over the soft
universe (U, 2).

Definition 3.3. Let (F,,A) and (G,,B) be a PSVNSESs over a soft universe (U,Z). Then
(F,,A) is said to be a possibility single valued neutrosophic soft expert subset of (G,,B) if
A € B and for all € € A, the following conditions are satisfied:

Q) p(¢€) is fuzzy subset of q(e)
(i)  F(¢)isasingle valued neutrosophic subset of G(¢).

This relationship is denoted as (F,,A) € (G4,B). In this case, (G,,B) is called a possibility
single valued neutrosophic soft expert superset (PSVNSE superset) of (F,,A).

Definition 3.4. Let (F,,A) and (G,,B) be a PSVNSESs over a soft universe (U,Z). Then
(F,,A) and (G4,B) are said to be equal if for all £ € E, the following conditions are
satisfied:

() p(e)isequal q(e)
(ii) F(e)isequal G(g)

In other words, (F,,A) = (G4,B) if (E,,A) is a PSVNSE subset of (G,4,B) and (G4,B) is a
PSVNSE subset of (F,, A).

Definition 3.5. A PSVNSES (F, ,A) is said to be a null possibility single valued
neutrosophic soft expert set denoted (@,A) and defined as:

(@,,A) = (F(a), p(a)), where a € Z.
Where F(a)= <0, 0, 1>, that is ptp(4)=0, Vp(e)= 0 and wp)=1and p(a)=0forall a € Z

Definition 3.6. A PSVNSES (F,,A) is said to be an absolute possibility single valued
neutrosophic soft expert set denoted (F,, A) aps and defined as :

(Ey, A) abs = (F(@), p(a)), where a € Z.
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Where F(a)= <1, 0, 0>, that is pp4)= 1, Vr(g)= 0 and wry=0and p(a)=1foralla € Z

Definition 3.7. Let (F,,A) be a PSVNSES over a soft universe (U,Z). An agree-possibility
single valued neutrosophic soft expert set (agree- PSVNSES) over U, denoted as (£, A) 4
is a possibility single valued neutrosophic soft expert subset of (F,,A) which is defined as :

(Fy, A) 1 = (F(a), p(a)), where a € E x X x{1}

Definition 3.8. Let (F,,A) be a PSVNSES over a soft universe (U,Z). A disagree-
possibility single valued neutrosophic soft expert set (disagree- PSVNSES) over U,
denoted as (F,, A) ,, is a possibility single valued neutrosophic soft expert subset of (F,,A)
which is defined as :

(F,,A) o = (F(a), p(a)), where a € E x X x{0}

4. Basic Operations on Possibility Single Valued Neutrosophic Soft
Expert Sets.

In this section, we introduce some basic operations on PSVNSES, namely the complement,
AND, OR, union and intersection of PSVNSES, derive their properties, and give some
examples.

Definition 4.1 Let (F,,A)be a PSVNSES over a soft universe (U, Z). Then the
complement of (F_, A)denoted by (F,, A)is defined as:

(F,.,A)° = ( C(F(a)),c(p(a))), forall a eU.

where € is single valued neutrosophic complement and ¢ is a fuzzy complement.

Example 4.2 Consider the PSVNSES (F,,Z) over a soft universe (U, Z) as given in

Example 3.2. By using the basic fuzzy complement for p(a) and the single valued
neutrosophic complement for F(a), we obtain (F,,Z)° which is defined as:

(F,.Z2)°=
{ (e, x 1)={(#07) (U—ZOG) (u—305)}}
Lo <030801>  '''<04,0601>"  ’'<020704> T
u u u
e, x;,1)= 1 ,0.4), 2 0.2), 3 0.3) 1},
e x,1) {(< 0.25,0.5,0.7 > ) (< 0.4,0.6,0.25 > ) (< 0.6,0.4,0.4 > )}
u u u
e X, 1)=f{(——L 07 (—2 06),(——=2 04},
(e 1) {(< 0.7,02,0.3> ) (< 0.3,0.3.0.4 > ) (< 0.2,0.6,0.1> )3
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(&% 1) ={(———L —05),(— 2 02),(—2

—=—0.2),(——,09)}},
<0.6,0.2,0.2 > <0.2,0.3,0.7 > <0.5,0.1,0.3>

(e %.0)={(———2 ——08),(——2——03),(— =

——=2——03),(——=——,09}},
<0504,0.2> <0.1,0.90.1> <0.5,0.2,01>

(6. %,0) ={(———2—06),(——2—— 04),(— 2

—rina o, 04 209 3
<0.6,0.4,03> <0.6,0.7,02 > <0.2,050.1>

(e %.0)={(——~ —08),(—2_—05),(——2

—rarn 09 a5 2023
<0.4,0.80.2> <05,0.6,0.1> <0.3,0.6,0.7 >

(06, %.0)={(———2 ——08),(——2— 04),(— =

————04),(———,05) }}.
<0.7,04,04 > <0.2,0.8,0.3> <0.4,0.2,0.6 >

Proposition 4.3 If (Fp,A) is a PSVNSES over a soft universe (U,Z), Then,

((Fpy A9 = (Fp, A).

Proof. Suppose that is (F,,A) is a PSVNSES over a soft universe (U, Z) defined as
(Fp,A) = (F(e), p(e)). Now let PSVNSES (F,,A)¢ =(Gg,B). Then by Definition 4.1,
(G4, B) = (G(e), q(e)) such that G(e) =¢ (F(e)), and qg(e) =c(p(e)).Thus it follows that:

(Gg, B)* =(¢ (G(e)) , c(a(e))) =( ¢ (¢ (F(e))) , c(c(a(e))))= (F(e), p(e)) =(Fp, A).

Therefore

(B, A)°)C =(Gq, B)*=(Fp, A).Hence it is proven that ( (F,, A)°)¢ = (Fp, A).

Definition 4.4 Let (F,,A) and (G4, B) be any two PSVNSESs over a soft universe (U,
Z). Then the union of (F,,A) and (G4, B), denoted by (F,,A) U (G, B)is a PSVNSES
defined as (F,,A) U (G, B) =(H,,C), where C=A U B and

r(a) = max (p(a), q(a)), for all « € C.
and

H(a) = F(a)U G(a), foralla € C

F(a) a EA—B
H(a) = {G(a) a EA—-B

SN(F(a:),G(a)) a EANB

where

where sy is a neutrosophic co- norm.
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Proposition 4.5 Let (F,,A), (G4, B) and (H,,C) be any three PSVNSES over a soft
universe (U, Z).Then the following properties hold true.

i EAU GB)=(6,B) UE A )

(||) (FprA) B ((GqJA) U (Hr» C)): ((Fp»A) U (Gq' B)) U (Hr' C)
(i) (Fp'A)B (B, A) c (B, A)

iv)y GOT (@, A= (@, A

Proof
Q) Let (F,,A) U (G,, B)= (H,, C). Then by definition 4.4, for all « € C, we have

(Hy, C) =(H(a), r(a))

Where

H(a) = F(a) U G(a) and r(a) = max (p(a),q(«)). However H(a) = F(a) U G(a)= G(a) U
F(a) since the union of these sets are commutative by definition 4.4. Also, r(a) = max

(p(a), q(a)) = max (q(e), p(e)). Therfore (H,,C) =(G,,B) U (F,,A). Thus the union of
two PSVNSES are commutative i.e (F,, A) U (G4, B)= (G4, B) U (F,, A).

(DThe proof is similar to proof of part(i) and is therefore omitted
(iii)  The proof is straightforward and is therefore omitted.

(iv)  The proof is straightforward and is therefore omitted.

Definition 4.6 Let (F,,A) and (G,4,B) be any two PSVNSES over a soft universe (U, Z).
Then the intersection of (F,,A) and (G,,B), denoted by (F,,A) N (G4, B) is PSVNSES
defined as (F,,A) N (G4, B) = (H,,C) whereC=A UB and

r(a) = min (p(a), q(a)), for all « € C,

and
H(a) = F(a)N G(a), forall a € C
F(a) a EA-B
where H(a) =1 G(a) a EA—B
tn(F(a), G(a)) a EANB

where t,, is neutrosophic t-norm

Proposition 4.7 If (F,,A), (G4, B) and (H,,C) are three PSVNSES over a soft universe
(U, 2).Then,

i) (FAN (G,B)=(Gy,B) N(F,A) )
iy (A 0 ((Gg,B) A (Hy, ©))= ((F, A) N (Gg, B)) A (Hy, C)
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(iii)  (FpA) A (FpA) S (FpA)
iy FoPg @A @,.A)

Proof

Q) The proof is similar to that of Propositio 4.5 (i) and is therefore omitted
(i) The prof is similar to the prof of part (i) and is therefore omitted

(iii)  The proof is straightforward and is therefore omitted.

(iv)  The proof is straightforward and is therefore omitted.

Proposition 4.8 If (F,,A), (G4, B) and (H,,C) are three PSVNSES over a soft universe
(U, 2). Then,

) (A T ((Gg,B) N (Hy, ) = ((FyA) U (G, B) A ((Fp, A) V (H,, ©))
(i) (£, A) A ((Gg,B) T (Hy, O) = ((Fp, A) N (Gg, B)) T (B, A) A (H,, O))

Proof. The proof is straightforward by definitions 4.4 and 4.6 and is therefore omitted.

Proposition 4.9 If (F,,A) (Gg, B) are two PSVNSES over a soft universe (U, Z). Then,

(i)  ((F,A)T (G,,B))° =(F,A)F A (GyB).
(i)  ((F,A) A (G,B))° =(F,A)° U(GyB).

Proof.
Q) Suppose that (F,, A) and(Gg, B) be PSVNSES over a soft universe (U, Z) defined
as:

(E,,A) = (F(a), p(@)), foralla eA c Zand (G4, B) = (G(a), q(a)), foralla eB c
Z. Now , due to the commutative and associative properties of PSVNSES, it follows that:
by Definition 4.10 and 4.11, it follows that:

(F,, A)¢ N (Gg, B)® = (F(a),p(a)° N (G(a),q(a))°

(€ (F(a)), c(p(a)) A (€ (G(a)) , c(a(a)))

(¢ (F(a)) N ¢ (G(a))), min(c( p(a)), c(a(a))))
(¢ (F(a) N G(a)), c(max( p(a), q(a)))
((F,,A) U (G4, B))E .

(i) The proof is similar to the proof of part (i) and is therefore omitted

Definition 4.10 Let (F,,A) and (G4, B) be any two PSVNSES over a soft universe (U, Z).
Then “ (F,,A) AND (G,,B) “denoted (F,,A) A (Gg4,B) is a defined by:

(Fp,A) X (Gg,B)= (Hy, A X B)

Where (H,, A X B) = (H(a, B8), r(a,B)), such that H(a, 8) = F(a) n G(B) and r(a, ) = min
(p(a),
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q(p)) for all (a, B) € A x B. and n represent the basic intersection.

Definition 4.11 Let (F,,A) and (G4, B) be any two PSVNSES over a soft universe (U, Z).
Then “ (F,,A) OR (Gg, B) “denoted (F,, A) V (Gg, B) is a defined by:

(E,,A) V (G4, B)= (Hy, A X B)

Where (H,,A x B) = (H(a, B), r(a,p)), such that H(a,B) = F(a) U G(B) and r(a,B) =
max (p(a),

q(p)) for all (a, B) € A x B. and U represent the basic union.
Proposition 4.12 If (F,,A), (G4, B) and (H,, C) are three PSVNSES over a soft universe
(U, Z).Then,

i.  (E,A) A((GyB) A (Hy, C) = ((Fy,A) A (Gg,B)) A (Hy, C)
i (B A)V((GqB)V (Hy, ©) = (B, A) V (Gg, B)) V (Hy, ©)
iii.  (F,A)V((Gg,B) A (H,,0) =((F,,A) V (Gg, B)) A ((F,,A) V (H, 0))
iv. (B, A) A((Gg,B) V (Hy, C) = ((Fy, A) A (Gg, B)) V ((F,, A) A (H,, ©))

Rt

Proof. The proofs are straightforward by Definitions 4.10 and 4.11 and is therefore
omitted.

Note: the “ AND” and “OR” operations are not commutative since generally A X B # B
xA.

Proposition 4.13 If (F,,A) and (G4, B) are two PSVNSES over a soft universe (U, Z).
Then,

i ((ByA)X (GB))E = (B, A V (Gy, B)E.
i.  ((FA)V (G,B))" =(F,A)° A (G, B)".

Proof.
Q) Suppose that (F,,A) and (G4,B) be PSVNSES over a soft universe (U, Z)

defined as:

(Fp,A) = (F(a), p(a)), foralla eA < Zand (G4, B) = (G(B), q(B)), forall p B
Z. Then by Definition 4.10 and 4.11, it follows that:

((Fp, A A (Gg,B))¢ = ((F(a),p(@) A (G(B),a(B)))°

(F(@) n G(B), min(p(a),q(B)))*

(€ (F(a) n G(B)). c(min( p(a),q(B)))

(¢ (F(a)) U € (G(B))), max(c( p(e )).c(q(B))))

(F (@), p(a)* ¥ (G(B), a(B))*

(Fy, A)° V (Gg,B)S.

(i) the proof is similar to that of part (i) and is therefore omitted.
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5. Application of Possibility Neutrosophic Soft Expert Sets in a Decision
Making Problem.

In this section, we introduce a generalized algorithm which will be applied to the PNSES
model introduced in Section 3 and used to solve a hypothetical decision making problem.
The following example is adapted from [17] with minor changes.

Suppose that company Y is looking to hire a person to fill in the vacancy for a
position in their company. Out of all the people who applied for the position, three
candidates were shortlisted and these three candidates form the universe of elements,
U= {uw, u, u3} The hiring committee consists of the hiring manager, head of

department and the HR director of the company and this committee is represented by the
set {p, g, r }(a set of experts) while the set Q= {1=agree, O=disagree } represents the set
of opinions of the hiring committee members. The hiring committee considers a set
of parameters, E={ e, e, &5, &4 } Where the parameters e, represent the

characteristics or qualities that the candidates are assessed on, namely “relevant job
experience”, “excellent academic qualifications in the relevant field”, “attitude and
level of professionalism” and “technical knowledge” respectively. After interviewing all
the three candidates and going through their certificates and other supporting
documents, the hiring committee constructs the following PSVNSES.

(B, 2) =

u u
D, S 0 2 , —2,01 ) —3!04 ’
{(enp. 1) =4( 020804> ) (0302045 Y Coz07025 09

u, u,

u
1 ] 0 5 ] ’06 ! —3
{(e2p, 1) =4 <0.3,0.2,0.23> )(<ozaazas> )(<030506>

0.2) 3},

(eap )={(——t 03, (— 2 04),(— 2

. ,0.6) 3},
<030.20.7> <0.4,0.303> <0.1,0.6,0.2 >

(Cap )={(——t —05),(——2 —— 08),(— 2

———08),(——,0.1)}},
<0.2,0.2,0.6 > <0.7,0.3,0.2 > <0.3,0.1,0.5>

(ena ) ={(——* —— 055),(— 2 06),(— 2

——2———06),(————————09)}}
<0.4,0.6,0.3> <0.1,0.3,0.7 > <0.6,0.3,0.7 >

u u
4, U 0L o oy,
e a ) ={(5753055°? Cos00015 7" Coto2075 008

u u
,, S S 2 0.8), :
(0 V(5704075 %2 Coa06025 Y Cos0204>

,0.5) 3}.

(enq ) ={(——L1——01) (— 2 06),(—2

. 0.7)}}
<0.6,0.5,0.3> <0.7,080.2> <0.3,0.4,0.6 >
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U,

Us

22

, —L _02), 0.6), 0.5)}}.
tenm D= 70507502 030804579 060204500
{(ez 7, 1)= {(— 8(u—204) (u—306)}}
2 <0.30.7,01>" ''<0.7,0302>" "<080202>" '
(eanr)={(——t — 02),(—2——09) (— 2 0D}
¥ <06,0502>  ’''<050106>" ''<030201>" """
(enp. 0 ={(——Lt——02),(——2 — 06),(——2— 05}
v <0.1,0.4,0.3> '"<0.30802>"  "''<06,0204>" '
u u
P, W gy oy (T o7
(e P 0= 15030250 020702572 0301065 0" H
{(e4,p,0) = {(—06) (U—ZOZ) (u—303)}}
o P <0.3,0.205> '1<0.6,04,05>" " ''<0504,03>" 7
{(e1,9,0)={(————,03) (u—207) (u—301)}}
v <0.2,0.4,0.7 > "1<0.1,0902>" "''<0.10205>" 7
U u u
.0 = {(——L— 0.4), 2 0.3), 3 041},
e 0. 024304065 0207065 %Y Cosos03s PP
{(e3,q,0)= {(—02) (u—206) (u—308)}}
34 <020804> 20102055 "'<070603> "
u u
q 1 068),(———2 05, (— 2 0551
ten 0. 0={( 5904075 %% (0506025 %Y Co6030as 0P
(enr0)={(——t —05),(——2 — 01) (—— 2 0.9)}1}
v <0.3,0.4,05> '1<0.30.6,0.2>" 7''<0.250.204>" '
(enr0)={(— 2 03),(— 2 1), (— =2 025}
2 <0.4,0.6,0.7 > "1<0.6,04,02>""""<0.6,04,03>" '
(e 0)={(— L 09),(— 2 08),(——2 05}
3 <0.4,0.30.2> "'<030507>  ''<07,0506> "

Next the PSVNSES (F,, Z) is used together with a generalized algorithm to solve the

decision making problem stated at the beginning of this section. The algorithm given
below is employed by the hiring committee to determine the best or most suitable
candidate to be hired for the position. This algorithm is a generalization of the algorithm
introduced by Alkhazaleh and Salleh (see [3]) which is used in the context of the
PSVNSES model that is introduced in this paper. The generalized algorithm is as follows:
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Algorithm

1. Input the PSVNSES (F,,Z)
2. Find the values of lqu(zi)(ui)_VFp(zi)(ui)_a)Fp(zi)(ui)

where ypp(zi)(ui), va(Zi)(ui)and a)Fp(Zi)(ui) are the membership function, indeterminacy

for each element u, eU

function and non-membership function of each of the elements u; €U respectively.
3. Find the highest numerical grade for the agree-PSVNSES and disagree-PSVNSES.

4. Compute the score of each element u, eU by taking the sum of the products of the

numerical grade of each element with the corresponding degree of possibility u; for
the agree-PNSES and disagree PSVNSES, denoted by A, and D, respectively.

5. Find the values of the score r,= A,- D, foreachelement u, eU.

6. Determine the value of the highest score, s= max,. {r; }. Then the decision is to choose

element as the optimal or best solution to the problem. If there are more than one element
with the highest r, score, then any one of those elements can be chosen as the optimal
solution.

Then we can conclude that the optimal choice for the hiring committee is to hire
candidate u, to fill the vacant position
Table | gives the values of /u;:p(zi)(ui)_VFp(zi)(ui)_a)Fp(zi)(ui) for each element u, eU

The notation a ,b gives the values of ,UFP(Zi)(Ui)—VFp(Zi)(Ui)—a)Fp(zi)(Ui) and the degree

of possibility of the element u; €U respectively.

Table I. Values of ,lle(zi)(Ui)—VFp(Zi)(Ui)—wFp(zi)(Ui) forall u, eU

ul u2 u3 ul u2 u3

(e,,p 1) |-1,02 -0.3,01 |-05,04 | (e5,,0) | 01,04 |-0909 |-04,07
(e,,p,1) | 0.13,05 | -0.25 06 |-0.8,02 | (e,,p,0) |-0.4,06 |-0.3,02 |-0.2,03
(e, p,1) | 06,03 |-02,04 |-07,06 | (e,q,0) |-09,03 |-1,07 |-0601
(e, v, 1) | 06,05 |02,08 |-03 01 | (e,q,0) |-0.7,04 |-1.1,03 |-04 04
(e;,q,1) | 05,055 | -09,06 |-0.4,09 | (e5,q,0) | -1, 02 -0.6,0.6 | -0.2,0.8
(e5,q,1) | 0502 |-04,07 |-0501|(e,q,0) |-02068 |-0305 |-0.1,055
(es,q,1) | -1,02 04,08 |0,05 |(e;,7,0) |-0605 |-0501 035009
(e2.q,1) | 0201 |-0306 |-0507 |(e,r,0) |-0903 |01 -0.1, 0.25
(e;,7,1) | 08,02 |-09, 06 |0,05 |(e,r,0) |-01,09 |-0908 |-04,05
(e,,7,1) | 0508 |02,04 |04 06

(es,7,1) | 01,02 |-02,09 |0,01

(e, p,0) | 06,02 |-0.7,06 |0,05
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In Table Il and Table III, we gives the highest numerical grade for the elements in the
agree-PSVNSES and disagree PSVNSES respectively.

Table Il.  Numerical Grade for Agree-PSVNSES

u; Highest Numeric | Degree of possibility,

Grade U;
(e1,p, 1) | u,y -0.3 0.1
(e2,p, D) | uy -0.13 0.5
(ez,p, 1) |y -0.2 0.4
(e p, 1) | uy 0.2 0.8
(e, 9. 1) | us -0.4 0.9
(e2,9,1) | u, -0.4 0.7
(e3,9,1) | us 0 0.5
(e, 1) |y -0.2 0.1
(e, 7, 1) |us 0 0.5
(e5,7,1) | uq 0.4 0.6
(e3, 1 1) | usg 0 0.1

Score (uy) =(-0.13 x 0.15) +(-0.2 x 0.1)
= -0.0395

Score (uy) =(-0.3 x 0.1) +(-0.2 x 0.4) +(-0.2 x 0.8) +(-0.4 x 0.7)
=-0.55

Score (us) = (-0.4 x 0.9) +( 0 x 0.5) +( 0 x 0.5) +( 0.4 x 0.6) +( 0 x 0.1)
=-0.12

Table I1l.  Numerical Grade for Disagree-PSVNSES

u; Highest Degree

Numeric | opossibility,

Grade Ui
(e1,p, 0) Us 0 0.5
(e3,p,0) Uy 0.1 0.4
(e4,p, 0) Us -0.2 0.3
(e1,9,0) Us -0.6 0.1
(e2,q,0) Us -0.4 0.4
(e3,49,0) Us -0.2 0.8
(e4,q,0) Us -0.1 0.55
(e4,7,0) Us -0.35 0.9
(e5,1,0) U, 0 1
(e4,7,0) Uy -0.1 0.9
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Score (uy) =(0.1 x 0.4) +(-0.1 x 0.9)
= -0.05

Score (uy) =(0x 1)
=0

Score (u3) = (0 x0.5) +(-0.2 x 0.3) +(-0.6 x 0.1) +(-0.4 x 0.4) +(-0.2 x 0.8) +(-0.1 x
0.55) +(-0.35 x 0.9) =-0.81

Let A and D, represent the score of each numerical grade for the agree-
PSVNSES and disagree-PSVNSES respectively. These values are given in Table 1V.

Table IV The score r; = A; - D;

A; D; 1}
Score (u,) =-0.0395 Score (u,) =-0.05 0.0105
Score (u,) =-0.55 Score (u,) =0 -0.55
Score (u3) =-0.12 Score (u3) =-0.81 0.69

Then s= max, {r; } =73, the hiring committee should hire candidate us to fill in the
vacant position

6. Conclusion

In this paper we have introduced the concept of possibility single valued neutrosophic soft
expert soft set and studied some of its properties. The complement, union, intersection,
And or OR operations have been defined on the possibility single valued neutrosophic soft
expert set. Finally, an application of this concept is given in solving a decision making
problem. This new extension will provide a significant addition to existing theories for
handling indeterminacy, and lead to potential areas of further research and pertinent
applications.
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1 Introduction and Preliminaries

The concept of ideals in topological spaces is treated in the classic text by Kuratowski [13] and
Vaidyanathaswamy [23]. The notion of Z-open sets in topological spaces was introduced by Jankovic
and Hamlett [11]. Dontchev et al. [3] introduced and studied the notion of Z,-closed sets. An ideal Z on
a topological space (X, 7) is a non-empty collection of subsets of X satisfying the following properties:

1. A €Z and B C A imply B € 7 (heredity);
2. A€Zand B €7 imply A U B € 7 (finite additivity).

A topological space (X, 7) with an ideal Z on X is called an ideal topological space and is denoted
by (X, 7, Z). For a subset A C X, A*(Z) ={zx € X : UNA ¢ T for every U € 7(x)}, is called the
local function [13] of A with respect to Z and 7. We simply write A* in case there is no chance for
confusion. A Kuratowski closure operator cl*(.) for a topology 7*(Z) called the *-topology finer than
7 is defined by cl*(A) = A U A* [23]. Let (X, 7) denote a topological space on which no separation
axioms are assumed unless explicity stated. In a topological space (X, 7), the closure and the interior
of any subset A of X will be denoted by cl(A) and int(A), respectively. A subset A of a topological
space (X, 7) is said to be semi-open [15] if A C cl(int(A)). A subset A of a topological space (X, 7)
is said to be g-closed [14] (resp. w-closed [21]) if cl(A) C U whenever A C U and U is open (resp.
semi-open) in X. The complement of g-closed (resp. w-closed) set is said to be g-open (resp. w-open).

** Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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A subset A of a topological space (X, 7) is said to be *g-closed [9] (resp. g*-closed [24]) if cl(A) C U
whenever A C U and U is w-open (resp. g-open) in X. The complement of *g-closed (resp. g*-closed)
set is said to be *g-open (resp. g*-open). The intersection of all *g-closed sets of X containing a subset
A of X is denoted by *gcl(A). Notice that the intersection of two *g-open sets is again a *g-open. A
subset A of an ideal topological space (X, 7, 7) is called *-closed [11] (resp. #-perfect [6]) if A* C A
(resp. A = A*).
Definition 1.1. A subset A of a topological space (X, 7) is called

1. locally closed set [4] (briefly LC-set) if A = UN V, where U is open and V is closed.

2. *g-LC*-set [16] if A = UN V, where U is *g-open and V is closed.

3. t-set [22] if int(cl(A)) = int(A).

4. *ge-set [16] if A = C'N D, where Cis *g-open and D is a t-set.
Definition 1.2. A subset A of an ideal topological space (X, 7, T) is called
t-I-set [5] if int(cl*(A)) = int(A).
2. o*-I-set [5] if int(cl* (int(A))) = int(A).
3. I-LC set [2] if A = CN D, where C € 7 and D is *-perfect.
4. weakly-Z-LC set [12] if A = CN D, where C € 7 and D is *-closed.
5. Cr-set [5] if A = C N D, where C € 7 and D is an o*-I-set.
6. G-I-LC*-set [8] if A = CnN D, where C is g-open and D is *-closed.

~

Notice that the intersection of two t-I-sets is again a t-Z-set.

Definition 1.3. [8] A subset A of an ideal topological space (X, T, I) is said to be I;-closed if A* C
U whenever A C U and U is g-open in X.

Definition 1.4. [7] A function f: (X, 7, Z) — (Y, o) is said to be *-continuous if f~1(V) is *-closed
in (X, 7, Z) for every closed set A in (Y, o).

Definition 1.5. A function f : (X, 7) — (Y, o) is said to be *g-LC*-continuous [16] (resp. g¢*-
continuous [24], *gi-continuous [16]) if f1(A) is *g-LC*-set (resp. g*-closed, *g;-set) in (X, T) for
every closed set A of (Y, o).

Definition 1.6. A function f : (X, 7, ) — (Y, o) is said to be I;-continuous [8] (resp. G-Z-LC*-
continuous [8], weakly-I-LC continuous [7]) if {1 (V) is T;-closed (resp. G-I-LC*-set, weakly-I-LC
set) in (X, T, ) for every closed set Vin (Y, o).

For a subset A of an ideal topological space (X, 7, Z), if A is *-closed, then by [17] A is weakly-Z-LC.
Also by Definition 1.3 it follows that if A is *-closed, then A is Ij-closed.

Lemma 1.7. [11] Let (X, T, T) be an ideal topological space and A, B subsets of X. Then the following
properties hold:

1. If A C Bthen A* C B%

2. A* = cl(A*) C cl(A);

3. (A%)* C A%

4. (AU B)*=A*U B*
Proposition 1.8. [5] Let (X, 7, Z) be an ideal topological space and A a subset of X. Then the
following hold:

1. If A is a t-I-set, then A is an a*-I-set.

2. If A is an a*I-set, then A is a Cr-set.
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Remark 1.9. [1] The following hold in an ideal topological space (X, 7, T).

x-perfect — x-closed — t-I-set — a*-T-set
Remark 1.10. [19] The following hold in a topological space (X, T).

closed —  w-closed

l !

*g-closed —  g-closed

Notice that w-closed sets and *g-closed sets are independent of each other.

2 *g-I-LC*-sets

Definition 2.1. A subset A of an ideal topological space (X, T, I) is said to be an *¢g-Z-LC*-set if A
= CN D, where C is *g-open and D is *x-closed.

Proposition 2.2. Let (X, 7, Z) be an ideal topological space and A C X. Then the following hold:
1. If A is *g-open, then A is an *g-Z-LC*-set;
2. If A is x-closed, then A is an *g¢-I-LC*-set;
3. If A is weakly-Z-LC set, then A is an *g-Z-LC*-set;
4. If A is an *g-Z-LC*-set, then A is an G-Z-LC*-set.
The converses of Proposition 2.2 need not be true as seen from the following Examples.

Example 2.3. Let X = {a, b, ¢}, 7 ={0, X, {c}} and Z = {0, {a}}. Then *¢-Z-LC*-sets are P(X)
and *g-open sets are O, X, {a}, {b}, {c}, {a, ¢}, {b, ¢}. It is clear that {a, b} is *¢-Z-LC*-set but it
is not *g-open.

Example 2.4. In Example 2.3, *¢g-I-LC*-sets are P(X) and *-closed sets are 0, X, {a}, {a, b}. It is
clear that {a, c} is *¢-I-LC*-set but it is not x-closed.

Example 2.5. In Ezample 2.8, *¢-I-LC*-sets are P(X) and weakly-Z-LC sets are 0, X, {a}, {c}, {a,
b}. It is clear that {b, c} is *¢-I-LC*-set but it is not weakly-I-LC' set.

Example 2.6. Let X = {a, b, ¢}, 7 = {0, X, {a}, {b, ¢}} andZ = {0, {c}}. Then G-I-LC*-sets are
P(X) and *¢-Z-LC*-sets are 0, X, {a}, {c}, {a, ¢}, {b, c}. It is clear that {a, b} is G-IT-LC*-set but
it 1s not *¢-T-LC*-set.

Theorem 2.7. Let (X, 7, T) be an ideal topological space and A be an *g-Z-LC*-subset of X. Then
the following hold:

1. If B is a *-closed set, then A N B is an *g-Z-LC*-set;

2. If B is an *g-open set, then A N B is an *g-IZ-LC*-set;

3. If B is an *g-Z-LC*-set, then A N B is an *¢-Z-LC*-set.
Proof. (1) Let B be *-closed and A is *g-Z-LC*-set, then AN B = (CND)NB=Cn (DN B), where
D N B is *-closed. Hence A N B is an *g-Z-LC*-set.

(2) Let B be *g-open and A is *g-Z-LC*-set, then AN B = (C N D) NB=(CnNB)ND, where
C N B is *g-open. Hence A N B is an *g-Z-LC*-set.

(3) Let A and B be *g-Z-LC*-sets, then ANB=(CND)N(UNV)=(CnNnU)n (DnNV), where
C N Uis *g-open and D NV is x-closed. Hence A N B is an *g-Z-LC*-set.

Remark 2.8. The union of any two *¢-Z-LC*-sets need not be an *g-Z-LC*-set.

Example 2.9. Let X = {a, b, ¢}, 7 =10, X, {a, b}} and T = {0, {a}}. Then *¢-I-LC*-sets are |,
X, {a}, {b}, {c}, {a, b}, {a, c}. It is clear that A = {b} and B = {c} are *¢-I-LC*-sets, but their
union AUB = {b, ¢} is not *¢-I-LC*-set.
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Definition 2.10. [20] A subset A of an ideal topological space (X, T, I) is said to be T} -closed if A*
C U whenever A C U and U is *g-open in X. The complement of I} -closed set is called I} -open.

Theorem 2.11. [20] If (X, 7, ) is any ideal topological space and A C X, then the following are
equivalent.

1. A s I7,-closed,

2. cl*(A) C U whenever A C U and U is *g-open in X,
3. For all z € cl*(A), *gcl({z})NA # 0,

4. cl*(A) — A contains no nonempty *g-closed set,

5

. A* — A contains no nonempty *g-closed set.

Proposition 2.12. Let (X, 7, Z) be an ideal topological space and A be a subset of X. If A is T -closed,
then A is I} -closed.

The converse of Proposition 2.12 need not be true as seen from the following Fxample.

Example 2.13. In Ezample 2.6, T} -closed sets are P(X) and L;-closed sets are 0, X, {a}, {c}, {a,
c}, {b, c}. It is clear that {a, b} is I} -closed set but it is not Z;-closed.

Definition 2.14. A subset A of an ideal topological space (X, T, ) is said to be an T-*g;-set if A =
C' N D, where C is *g-open and D is a t-Z-set.

Proposition 2.15. Let (X, 7, Z) be an ideal topological space and A be a subset of X. If A is an
*g-Z-LC*-set, then A is an IT-*g;-set.

The converse of Proposition 2.15 need not be true as seen from the following Fxample.

Example 2.16. Let X ={a, b, ¢, d}, 7 = {0, X, {a}, {a, b, ¢}} and T = {0, {a}}. Then T-*g;-sets
are 0, X, {a}, {b}, {c}, {d}, {a, b}, {a, ¢}, {a, d}, {b, ¢}, {b, d}, {c, d}, {a, b, ¢}, {b, ¢, d} and
*g-I-LC*-sets are O, X, {a}, {b}, {c}, {d}, {a, b}, {a, ¢}, {a, d}, {b, ¢}, {a, b, ¢}, {b, ¢, d}. It is
clear that {c, d} is T-*g;-set but it is not *¢-T-LC*-set.

Proposition 2.17. Let (X, 7, Z) be an ideal topological space and A be a subset of X. If A is an
Z-*g¢-set, then A is a Cr-set.

The converse of Proposition 2.17 need not be true as seen from the following FExample.

Example 2.18. Let X = {a, b, ¢, d}, 7 = {0, X, {d}, {aq, ¢}, {q, ¢, d}} and T = {0, {a}, {d}, {a,
d}}. Then Cz-sets are P(X) and T-*gi-sets are 0, X, {a}, {b}, {c}, {d}, {a, b}, {a, ¢}, {a, d}, {b,
d}, {c, d}, {a, b, ¢}, {a, b, d}, {a, ¢, d}. It is clear that {b, ¢, d} is Cr-set but it is not T-*g,-set.

Remark 2.19. From the above discussion, we have the following implications:

G-Z-LC*-set
T

x-closed — *¢-T-LC*-set — T-*g;-set — Cr-set

1
I-LC-set — weakly-I-LC set

Theorem 2.20. Let (X, 7, Z) be an ideal topological space and A be an T-*g;-subset of X. Then the
following hold:

1. If B is a t-Z-set, then A N B is an I-*g;-set;
2. If B is an *g-open set, then A N B is an T-*g;-set;
3. If B is an IT-*g;-set, then A N B is an T-*g;-set.

Remark 2.21. The union of any two I-*gs-sets need not be an I-*g;-set.
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Example 2.22. Let X = {a, b, ¢}, 7 = {0, X, {c}, {b, ¢}} and T = {0, {a}}. Then Z-*g;-sets are (),
X, {a}, {b}, {c}, {a, b}, {b, ¢}. It is clear that A = {a} and B = {c} are T-*g;-sets but their union
AUB = {a, c} is not T-*g;-set.
Theorem 2.23. The following are equivalent for a subset A of an ideal topological space (X, T, I):
1. A is x-closed;
2. Ais a weakly-Z-LC set and an I;-closed set [10];
3. A s an *g-I-LC"-set and an I -closed set;
4. Ais an *g-I-LC*-set and an I} -closed set;
5. Ais an I-"gi-set and an I} -closed set.
(1) = (2): This is obvious.

3): Follows from Proposition 2.2.

4): Follows from Proposition 2.12.
5)
1

g-open and D is a t-Z-set. Now A C C and A is Z} -closed implies A* C C. Also A C D and D is
a t-Z-set implies int(D) = int(cl*(D)) = int(D U D*) D int(D) U int(D*). This shows that int(D*) C
int(D). Thus D* C D and hence A* C D. Therefore A* C C N D =A. Hence A is x-closed.

Remark 2.24. 1. The notions of weakly-I-LC sets and I;-closed sets are independent [10].

2. The notions of *g-I-LC*-sets and I;-closed sets are independent.

3. The notions of *g-Z-LC*-sets and I} -closed sets are independent.

4. The notions of I-*gi-sets and L7 -clo sed sets are independent.

Example 2.25. In Ezample 2.22, we have weakly-Z-LC sets are 0, X, {a}, {b}, {c}, {a, b}, {b, ¢}
and T;-closed sets are 0, X, {a}, {a, b}, {a, c}. It is clear that {b, c} is weakly-T-LC set but it is not
I,-closed and {a, c} is I;-closed set but it is not weakly-Z-LC set.

Example 2.26. In Ezample 2.22, we have *¢-Z-LC*-sets are 0, X, {a}, {b}, {c}, {a, b}, {b, ¢} and
T;-closed sets are (), X, {a}, {a, b}, {a, c}. Itis clear that {b, c} is *g-I-LC*-set but it is not I;-closed
and {a, c} is I;-closed set but it is not *g-I-LC*-set.

Example 2.27. In Ezample 2.22, we have *¢-I-LC*-sets are O, X, {a}, {b}, {c}, {a, b}, {b, ¢}
and T}, -closed sets are 0, X, {a}, {a, b}, {a, c}. It is clear that {b, c} is *g-T-LC*-set but it is not
T;,-closed and {a, c} is I} -closed set but it is not *g-Z-LC*-set.

Example 2.28. In Ezample 2.22, we have T-*g;-sets are O, X, {a}, {b}, {c}, {a, b}, {b, c} and
T;,-closed sets are 0, X, {a}, {a, b}, {a, c}. It is clear that {b, c} is T-*g;-set but it is not I} -closed
and {a, c} is I -closed set but it is not T-"g;-set.

3 Decompositions of x-continuity

Definition 3.1. A function f : (X, 7, ) — (Y, o) is said to be I} -continuous (resp. *g-I-LC*-
continuous, I-*g;-continuous) if f~1(V) is I;,-closed (resp. *g-I-LC*-set, T-*g;-set) in (X, T, I) for
every closed set Vin (Y, o).
Remark 3.2. 1. Every x-continuous function is weakly T-LC continuous [10].

2. Bvery weakly T-LC continuous function is * g-Z-LC*-continuous.

3. Bvery x-continuous function is Iy -continuous [10].

4. Ewery I;-continuous function is I} -continuous.
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Example 3.3. Let X = Y ={a, b, ¢}, 7 = {0, X, {c}, {b, c}}, 0 ={0, Y, {a}, {a, b}} and T = {0,
{a}}. Then weakly-Z-LC sets are O, X, {a}, {b}, {c}, {a, b}, {b, ¢} and *-closed sets are 0, X, {a},
{a, b}. Let f: (X, 7, T) — (Y, o) be an identity function. It is clear that f~*({b, c}) = {b, ¢} is not
x-closed set. Hence f is weakly ZT-LC continuous but not *-continuous function.

Example 3.4. Let X = Y ={a, b, ¢}, 7 = {0, X, {c}}, 0 ={0, Y, {a}, {a, b}} and T = {0, {a}}.
Then weakly-Z-LC sets are O, X, {a}, {c}, {a, b} and *¢-Z-LC*-sets are P(X). Let f : (X, 7, 7) —
(Y, o) be an identity function. It is clear that f~*({b, c}) = {b, ¢} is not weakly-I-LC set. Hence f is
*g-Z-LC* continuous but not weakly T-LC' continuous function.

Example 3.5. Let X = Y ={a, b, ¢}, 7 = {0, X, {c}, {b, ¢}}, 0 ={0, Y, {b}} and T = {0, {a}}.
Then *-closed sets are O, X, {a}, {a, b} and I;-closed sets are 0, X, {a}, {a, b}, {a, c}. Let f: (X,
7,ZI)— (Y, a) be an identity function. It is clear that f~'({a, c}) = {a, c} is not x-closed set. Hence
[ is I -continuous but not x-continuous function.

Example 3.6. Let X = Y ={a, b, ¢}, 7 = {0, X, {a}, {b, ¢}}, o ={0, Y, {c}, {b, ¢}} and T =
{0, {c}}. Then I;,-closed sets are P(X) and I;-closed sets are O, X, {a}, {c}, {a, c}, {b, c}. Let f:
(X, 7,Z)— (Y, c) be an identity function. It is clear that f~*({a, b}) = {

Hence f is I} -continuous but not Z;-continuous function.

Definition 3.7. [20] A subset A of a topological space (X, T) is said to be *g*-closed if cl(A) C U
whenever A C U and U is *g-open in X.

Definition 3.8. A function f: (X, 7) — (Y, o) is said to be *g*-continuous if f~*(A) is *g*-closed
set in (X, T) for every closed set A of (Y, o).

Remark 3.9. 1. Every g*-continuous function is *g*-continuous.

a, b} is not I;-closed set.

2. FEvery *g-LC*-continuous function is * g,-continuous.

Example 3.10. Let X = Y ={a, b, ¢}, 7 = {0, X, {c}, {a, b}} and o = {0, Y, {a, c}}. Then
*g*-closed sets are P(X) and g*-closed sets are O, X, {c}, {a, b}. Let f: (X, 7) — (Y, o) be an
identity function. It is clear that f~1({b}) = {b} is not g*-closed set. Hence f is *g*-continuous but
not g*-continuous function.

Example 3.11. Let X = Y ={a, b, ¢, d}, 7 = {0, X, {b}, {b, ¢, d}} and o = {0, Y, {b}, {b, d}}.
Then *g;-sets are 0, X, {a}, {b}, {c}, {d}, {a, ¢}, {a, d}, {b, ¢}, {b, d}, {c, d}, {a, ¢, d}, {b, ¢, d}
and *g-LC*-sets are 0, X, {a}, {b}, {c}, {d}, {b, ¢}, {b, d}, {c, d}, {a, ¢, d}, {b, ¢, d}. Let f: (X,
7) — (Y, o) be an identity function. It is clear that f~*({a, c¢}) = {a, ¢} is not *g-LC*-set. Hence f
is *gg-continuous but not * g-LC*-continuous function.

Proposition 3.12. Let f : (X, 7, I) — (Y, o) be I} -continuous and g : (Y, o) — (Z, n) be
continuous. Then g o f: (X, 7,T) — (Z, n) is I},-continuous.

Theorem 3.13. For a function f: (X, 7, Z) — (Y, 0 ), the following are equivalent:
1. fis *-continuous;
2. fis weakly I-LC continuous and Iy -continuous [10];
3. fis *g-Z-LC*-continuous and I -continuous;
4. f1s *g-Z-LC*-continuous and I3 -continuous;
5. [fis I-*gi-continuous and I3 -continuous.
Proof. Immediately follows from Theorem 2.23.

Corollary 3.14. Let (X, 7, Z) be an ideal topological space and I = {¢}, for a function f: (X, 7,T)
— (Y, o), the following are equivalent:

1. fis continuous;
. fis LC-continuous and g*-continuous [10];
. fis *g-LC*-continuous and g*-continuous;

. fis *g-LC*-continuous and * g*-continuous;

v N Lo

. fis *g¢-continuous and * g*-continuous.
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4 On Z; -normal Spaces

Definition 4.1. An ideal topological space (X, 7, I) is said to be I:,-normal, if for any two disjoint
closed sets F and G in (X, T, Z) there exist disjoint Z;,-open sets U and V such that F C U and G C
V.

Theorem 4.2. For an ideal topological space (X, T, I), the following are equivalent:
1. (X, 7,1I)is I;,-normal.

2. For each closed set F' and for each open set V containing F, there exists an L7 -open set U such
that FC UC cl*(U)C V.

Proof. (1) = (2): Let F be a closed subset of X and D be an open set such that F C D. Then F and
X — D are disjoint closed sets in X. Therefore, by hypothesis there exist disjoint Z7 -open sets U and
V such that F C Uand X — D C V. Hence F C U C X — V C D. Now with D being open it is also
*g-open and since X — V is I} -closed, we have FF C U C cI*(U) C cI*( X — V) C D.

(2) = (1): Let F and G be two disjoint closed subsets of X. Then by hypothesis, there exists an
Z;,-open set U such that F C U C cI*(U) C X — G. If we take W = X — cI*(U), then U and W are
the required disjoint Z7 -open sets containing F and G respectively. Hence (X, 7,7)1is 7;,-normal.

Theorem 4.3. Let (X, 7, Z) be I:,-normal. Then the following statements are true.

1. If F 1s closed and A is an * g-closed set such that A N F = ¢, then there exist disjoint I} -open
sets U and V such that A C U and F C V.

2. If A is closed and B is an *g-open set containing A, then there exists I} -open set U such that
AC int*(U)C UC B.

3. If A is *g-closed and B is an open set containing A, then there exists I} -open set U such that
ACUC(U) CB.

Proof. (1) Since ANF =¢, A CX —F, where X — F is open and hence w-open. Hence by hypothesis,
cl(A) € X — F. Since cl(A) N F = ¢ and X is T} -normal, there exist disjoint Z} -open sets U and V
such that cl(A) C U and F C V. The proofs of (2) and (3) are similar.

Definition 4.4. A function f: (X, 7,7) — (Y, 0, J) is said to be I} -irresolute if (V) is I;,-open
in (X, 7, ) for every J. -open set Vin (Y, o, J).

Theorem 4.5. If f: (X, 7,T) — (Y, 0, J) is an I} -irresolute closed injection and Y is an J;-
normal space, then X is I} -normal.

Proof. Let F and G be disjoint closed sets of X. Since f is a closed injection, f(F) and f(G) are disjoint
closed sets of Y. Now from the 7. -normality of Y, there exist disjoint J; -open sets U and V such
that f(F) C U and f(G) C V. Also since, f is Z; -irresolute, f~'(U) and f‘g(V) are disjoint Z} -open
sets containing F and G respectively. Hence by Definition 4.1, it follows that X is Z} -normal.

5 Conclusion

Topology is an area of Mathematics concerned with the properties of space that are preserved under
continuous deformations including stretching and bending, but not tearing. By the middle of the 20th
century, topology had become a major branch of Mathematics.

Topology as a branch of Mathematics can be formally defined as the study of qualitative prop-
erties of certain objects that are invariant under a certain kind of transformation especially those
properties that are invariant under a certain kind of equivalence and it is the study of those prop-
erties of geometric configurations which remain invariant when these configurations are subjected to
one-to-one bicontinuous transformations or homeomorphisms. Topology operates with more general
concepts than analysis. Differential properties of a given transformation are nonessential for topology
but bicontinuity is essential. As a consequence, topology is often suitable for the solution of problems
to which analysis cannot give the answer.
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Though the concept of topology has been identified as a difficult territory in Mathematics, we

have taken it up as a challenge and cherishingly worked out this research study. Ideal Topology is
a generalization of topology in classical mathematics, but it also has its own unique characteristics.
It can also further up the understanding of basic structure of classical mathematics and offers new
methods and results in obtaining significant results of classical mathematics. Moreover it also has
applications in some important fields of Science and Technology.

We introduce the notions of *g-Z-LC*-sets, Z} -closed sets and Z-*g;-sets. Also we define the

notions of *g-Z-LC*-continuous maps, I} -continuous maps, Z-*g;-continuous maps and obtain de-
compositions of #-continuity.
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1 Introduction

The notion of continuity is always considered as an important concept in topological
study and investigations. It is seen from existing literatures that several weak forms of
continuity were introduced both for general and fuzzy topology to investigate and find
deep properties of continuity. Each of the weak forms of continuity is strictly weaker
than continuity. Theoretically, for each weak form of continuity, there is another weak
form of continuity such that both of them imply continuity. This gives rise to different
decompositions of continuous function. A classical example towards decomposition of
continuity is the paper of N. Levine [8]. Inception of concept of soft set of Molodtsov
[10] opened different directions for subsequent rapid developments, encompassing
various basic concepts and results of topology for their generalizations to soft settings.
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In 2011, Shabir and Naz [14] initiated the study of soft topological spaces. In 2001, Maji
et al. [9], introduced the concept of fuzzy soft set. Analytical part of fuzzy soft set theory
practically began with the work of B. Tanay et al.[15]. Recently, some researchers have
worked to find some decompositions of continuity in soft topological spaces. In this
paper, we proposed to define some open-like fuzzy soft sets and investigate for some
decompositions of fuzzy soft continuity.

In section 2, some open-like fuzzy soft sets such as fuzzy soft semi-open set, fuzzy soft
pre-open set, fuzzy soft a-open set and corresponding variants of fuzzy soft continuous
functions are introduced and discussed.

In section 3, we defined fuzzy soft semi-preclosed set, fuzzy soft t-set, fuzzy soft a*-set,
fuzzy soft regular open set, fuzzy soft B-set, fuzzy soft C-set and fuzzy soft D(a)-set. We
studied these sets and investigate some properties of these sets.

In section 4, we defined some continuous-like functions and we obtained some
decompositions of fuzzy soft continuity.

2 Preliminaries

Definition 2.1. [10] Let A CE. A pair (F, A) is called a soft set over U if and only if F
is a mapping given by F : A — P(U) such that F(e) = ¢ ifeZAand F(e) # ¢ if
ec A, where ¢ stands for the empty set, U is an initial universe set, E is the set of
parameters and P(U) is the set of all subsets of U. Here F is called approximate function
of the soft set (F, A) and the value F(e) is a set called e—element of the soft set. In other
words, the soft set is a parameterized family of subsets of the set U.

Definition 2.2. [9] Let U be an initial universe set, let E be a set of parameters, let A
CE. A pair (F, A) is called a fuzzy soft set over U if and only if F is a mapping given
by F: A —> 1Y suchthat F(e) =0y if e A and F(e) # Oy if e€ A, where Oy(u) = 0
for all ue U. Here F is called approximate function of the fuzzy soft set (F, A) and the
value F(e) is a fuzzy set called e—element of the fuzzy soft set (F, A). Thus a fuzzy soft
set (F, A) over U can be represented by the set of ordered pairs (F, A) = { (e, F(e)) :
ecA, F(e) € IV }. In other words, the fuzzy soft set is a parameterized family of fuzzy
subsets of the set U.

Definition 2.3. [3,4] A fuzzy soft set (F, A) over U is called a null fuzzy soft set,
denoted by ¢, if F(e) =0y forall e ACE.

Remark 2.4. According to the definition of fuzzy soft set, i.e., F(e) # 0y if e€ ACE,
Ou does not belong to the co-domain of F. Therefore, the concept of null fuzzy soft set
can be defined as follows.

Definition 2.5. A fuzzy soft set (F, A) over U is called a null fuzzy soft set or an empty
fuzzy soft set, whenever A= ¢.

Definition 2.6. A fuzzy soft set (F, A) over U is said to be an A—universal fuzzy soft set
if F(e)=1y ife€A where 1y(u) =1 forallueU.
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An A-universal fuzzy soft set is denoted by 1, .

Definition 2.7. [13] A fuzzy soft set (F, A) over U is said to be an absolute fuzzy soft
set or auniversal fuzzy softset if A=E and F(e) =1y forallecE.

An absolute fuzzy soft set is denoted by 1_.

Definition 2.8. [9] A fuzzy soft set (F, A) is said to be a fuzzy soft subset of a fuzzy
soft set (G, B) over a common universe U if ACB and F(e) < G(e) forallecA.

We redefine fuzzy soft subset as follows.
Definition 2.9. A fuzzy soft set (F, A) is said to be a fuzzy soft subset of a fuzzy soft
set (G, B) over a common universe U if either F(e) = 0y for allee A or ACB and
F(e) < G(e) forall e A.

If a fuzzy soft set (F, A) is a fuzzy soft subset of a fuzzy soft set (G, B) we write
(F,ACS(G, B).

(F, A) is said to be a fuzzy soft superset of a fuzzy soft set (G, B) if (G, B) is a fuzzy
soft subset of (F, A) and we write (F, A) D (G, B).

Definition 2.10. [13] Two fuzzy soft sets (F, A) and (G, B) over a common universe are
said to be equal, denoted by (F, A) = (G, B), if (F,A) € (G, B) and (G, B) C (F, A).
That is, if F(e) < G(e) and G(e) < F(e) forall ecE.

Definition 2.11. [1,13] The intersection of two fuzzy soft sets (F, A) and (G, B) over a
common universe U is the fuzzy soft set (H, C) where C = AMB and H(e) =
F(e) AG(e) for all e € C and we write (H, C) = (F, A)(\(G, B).

In particular, if AMB=¢ or F(e) AG(e) =0y for every e AMB, then H(e) =0u.
Definition 2.12. [9] The union of two fuzzy soft sets (F, A) and (G, B) over a common
universe U is the fuzzy soft set (H, C) where C=AUB and foralleeC, H(e) = F(e)
if eeA-B,H(e)=G(e) if eeB-A, H(e)=F(e)VvG(e)if ee AMB. In this case
we write (H, C) = (F, A)U(G, B).

Definition 2.13. [9] The complement of a fuzzy soft set (F, A), denoted by (F, A)S, is
defined as (F, A)° = (F¢, —A), where F¢: —A — 1Y is a mapping given by F(e) =
(F(—e))° forall ee —A.

Alternatively, the complement of a fuzzy soft set can be defined as follows.

Definition 2.14. [15] The fuzzy soft complement of a fuzzy soft set (F, A), denoted by
(F, A, is defined as (F, A)° = (F%, A), where F°(e) = 1 — F(e) for every e A. Clearly,
((F, A)°)°=(F, A)and (1,)°=10, and (5,)°= 1.

Proposition 2.15. Let (F, A) be a fuzzy soft set over (U, E). Then
1. (F,AU(F, A) = (F, A), (F, AN(F, A) = (F, A)
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2. (F,AUG, =(F A), (F,ANG =05,
3. F,AUL=1,(FANTL=(FA
4. (F,AUF A°=1, (F,ANF A" =g,
Proposition 2.16. Let (F, A), (G B), (H, C) be fuzzy soft sets over (U, E). Then
1. (F, A)U(G B) = (G, B)U(F, A), (F, A) (G, B) = (G, B) N (F, A)
2. ((F,AU(G, B)® = (G, B)*N(F, A, ((F, AN (G, B))® = (G, B)°U (F, A)°
3. ((F, AU, B))E)(H, C) = (F, A)T(G, B)UH, C), (F, AN (G, BN
(H,C)= (F, A) N((G,B)N(H, C))

4. (F, AU((G, BYN(H, C)) = ((F, AU(G B)NI((F, AUH, C)), (F, AN
(G, B)) W (H, C)) =((F, A) N(G, B))V((F, Ay (H, C))

3 Fuzzy Soft Pre-open Set, Fuzzy soft a-open Set, Fuzzy Soft semi-open
Set

In this section, we defined fuzzy soft pre-open set, fuzzy soft a-open set and we
mentioned fuzzy soft semi-open set [5]. Then we defined the corresponding weaker
forms of fuzzy soft continuous functions, namely, fuzzy soft pre-continuous, fuzzy soft
a-continuous and fuzzy soft semi-continuous functions.

Let us recall the following definitions, propositions and theorems.

Definition 3.1. [13,15] A fuzzy soft topology 7 on (U, E) is a family of fuzzy soft sets
over (U, E), satisfying the following properties:

1. 6E, IE ET
2. If (F, A), (G, B) € 7 then (F,AYN(G,B) € 7.

3.0f(F, A €7, Vo €A then U (F, Ay €7.

aeclA

Definition 3.2. [13,15] If 7 is a fuzzy soft topology on (U, E), the triple (U, E, 7) is
said to be a fuzzy soft topological space. Each member of 7is called a fuzzy soft open
setin (U, E, 7). The family of all Fuzzy soft open sets is denoted by FSOS(U, E).

Definition 3.3. [12] Let (U, E, 7) be a fuzzy soft topological space. A fuzzy soft set is
called fuzzy soft closed if its complement is a member of 7.

Proposition 3.4. [12] Let (U, E, 7) be a fuzzy soft topological space and let 7' be the
collection of all fuzzy soft closed sets. Then

1 g,.1.€7

2. If(F, A), (GB) € 7' then (F,A)U(G,B) € 7’.
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3. If(F,A) €7, va €A then M (F,A)y €T

ael
Definition 3.5.[12,15] Let (U, E, 7) be a fuzzy soft topological space. Let (F, A) be a
fuzzy soft set over (U, E). Then the fuzzy soft closure of (F, A), denoted by (F, A), is
defined as the intersection of all fuzzy soft closed sets which contain (F, A). That is,
(F,A) = F\{(G, B) : (G, B) is fuzzy soft closed and (F, A)C (G, B)}. Clearly, (F,A)
is the smallest fuzzy soft closed set over (U, E) which contain (F, A). It is also clear that
(F, A) is fuzzy soft closed and (F, A)C (F, A).

Theorem 3.6.[6] Let (U, E, 7) be a fuzzy soft topological space. Let (F, A) and (G, B)
are fuzzy soft sets over (U, E). Then

1 0c = 0cv 7, = L

2. (FAC (F.A).

w

. (F, A) is fuzzy soft closed if and only if (F, A) = (F,A).

5. (F, AYC (G, B) implies (F, A) C (G, B).

6. (FACGB) = (F.A)UG,B).

7. FE.AAGE) < (F,A)N(G,B)

Definition 3.7. [12,15] Let (U, E, 7) be a fuzzy soft topological space. Let (F, A) be a
fuzzy soft set over (U, E). Then the fuzzy soft interior of (F, A), denoted by (F, A)°, is
defined as the union of all fuzzy soft open sets contained in (F, A). That is, (F, A)° =

Q{ (G, B) : (G, B) is fuzzy soft open and (G, B)é (F, A) }. Clearly, (F, A)°is the
largest fuzzy soft open set over (U, E) contained in (F, A). It is also clear that (F, A)°® is
fuzzy soft open and (F, A)°C (F, A).

Theorem 3.8. [6] Let (U, E, 7) be a fuzzy soft topological space. Let (F, A) and (G, B)
are fuzzy soft sets over (U, E). Then

1 (0)=0.and (L)’ = 7.

2. (F, A°C (F, A).

3. ((F, A)°)°=(F, A°.

4. (F, A) is a fuzzy soft open set if and only if (F, A)°= (F, A).
5. (F, A)C (G, B) implies (F, A)° < (G, B)°.

6. (F, A°M(G, B)° = ((F, AN (G, B))".

7. (F, A°U(G, B)° C((F, A)U(G, B))".
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We now define some open-like fuzzy soft sets.

Let us denote a family of fuzzy soft sets over (U, E) by FSS(U, E).
Definition 3.9. [5] Let (U, E, 7) be a fuzzy soft topological space. Let (F, A) €
FSS(U, E). Then (F, A) is said to be fuzzy soft semi-open if (F, A) é (F,A°- The
family of all fuzzy soft semi-open sets is denoted by FSSOS(U, E).
Example 3.10. Let U={p,q,r}, E={e1, es €3 e}. A={e1} C E, B={e;} C E.
Let us consider the following fuzzy soft sets over (U, E).
(F, A) = {F(e1) = { p/0.2, /0.7, r/0.6}, F(e;) = { p/0, g/0, r/0}, F(es) = { p/0, g/0, r/0},
F(es) = { p/0, g/0, r/0}}
(G, B) = {G(e1) ={ p/0, q/0, r/0}, G(ez) = { p/0.1, g/0.3, r/0.2}, G(es) = { p/0, /0, r/0},

G(es) ={ p/0, 9/0, r/0}}
Let us consider the fuzzy soft topology 7= {0, 1., (G, B)} over (U, E). Then (F, A) is

fuzzy soft semi-open set.
Definition 3.11. Let (U, E, 7) be a fuzzy soft topological space. Let (F, A) € FSS(U,
E). Then (F, A) is said to be

1. Fuzzy soft pre-open if (F, A) é (F, A’

2. Fuzzy soft a-openif (F, A) é ((F, A)°)°-
The family of all Fuzzy soft pre-open (Fuzzy soft a-open) is denoted by FSPOS(U, E)
(FSaOS(U, E)).
Remark 3.12 ¢_ and 1_ are always fuzzy soft pre-open.

Remark 3.13 g_ and 1_ are always fuzzy soft a-open.

Remark 3.14 Every fuzzy soft open set is a fuzzy soft pre-open set but not conversely.

Example 3.15 Let U={p, q,r}, E={e1, es e3 e}. A={e;} C E, B={e3s} C E.
Let us consider the following fuzzy soft sets over (U, E).

(F, A) = {F(e1) ={ p/0.1, 9/0.7, r/0.9}, F(e2) = { p/0, q/0, r/0}, F(es) = { p/0, a/0, r/0},
F(es) = { p/0, 4/0, r/0}}

(G, B) = {G(e1) ={ p/0, 0/0, r/0}, G(e2) = { p/0, a/0, r/0}, G(es) = { p/0.4, /0.2, r/0.7},

G(esq) = { p/0, 0/0, r/0}}
Let us consider the fuzzy soft topology 7= {0, 1., (G, B)} over (U, E). Then (F, A) is

fuzzy soft pre-open set but (F, A) is not a fuzzy soft open.

Remark 3.16 Every fuzzy soft open set is a fuzzy soft a-open set but not conversely.
Example 3.17 Let U={p,q,r}, E={e1, e e3}. A={e;} C E, B={es} C E. Let
us consider the following fuzzy soft sets over (U, E).

(F, A) = {F(er) = { p/0, g/0, r/0}, F(e;) = { p/0.7, /0.6, r/0.5}, F(e3) = { p/0, g/0, r/0}}
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(G, B) = {G(e1) = { p/0, g/0, r/0}, G(e2) = { p/0, g/0, r/0}, G(e3) = { p/0.1, ¢/0.3, r/0.2}}

Let us consider the fuzzy soft topology 7 ={0_, 1., (G, B)} over (U, E). Then (F, A) is
fuzzy soft a-open set but not a fuzzy soft open set.

Theorem 3.18. Let (U, E,7) be a fuzzy soft topological space. Let (F, A) and (G, B)
are fuzzy soft sets over (U, E). If either (F, A) is a fuzzy soft semi-open set or (G, B) isa

fuzzy soft semi-open set ((F, A) A (G, B))° = ((F, A))° A ((G, B))°

Definition 3.19. [7] Let FSS(U, E;) and FSS(V, E») be the families of all fuzzy soft sets
over (U, E;) and (V, E;) respectively. Let u: U —V andp: E; — E; be two
functions. Then fy, is called a fuzzy soft mapping from FSS(U, E;) to FSS(V, Ej),
denoted by fp, : FSS(U, E1) —> FSS(V, E») and defined as follows:

(1) Let (F, A) be a fuzzy soft set in FSS(U, E;). Then the image of (F, A) under the
fuzzy soft mapping fy,, is the fuzzy soft set over (V, Ey) defined by fou((F, A)),
where

wE A0 = M (Y Fe)w it ui) # g and

pr(e) A # .
= Ov otherwise.
(2) Let (G, B) be afuzzy soft set in FSS(V, E;). Then the pre-image (inverse image) of
(G, B) under the fuzzy soft mapping fy, is the fuzzy soft set over (U, E;) defined by
f Lu((G, B)), where
(G, B))(e)(¥) = G(p(en)(u(x)) for p(es) € B
= Ou otherwise.

Definition 3.20. If p and u are injective in definition 3.19, then the fuzzy soft mapping
fou 1S said to be injective. If p and u are surjective then the fuzzy soft mapping f, is said
to be surjective. If p and u are constant then f,, is called constant.

Definition 3.21. [2] Let (U, E; 7;) and (V, Ez, 7,) be two fuzzy soft topological spaces.
A fuzzy soft mapping fou : (U, E1, 7,) —>(V, Ez, 7,) is called fuzzy soft continuous if
f (G, B)) € 7, forall (G, B)e r,.
Definition 3.22. Let (U, E;, 7;) and (V, Ez, 7,) be two fuzzy soft topological spaces. A
fuzzy soft mapping fou : (U, E1, 7,) —>(V, Ez, 7,) is called
1. fuzzy soft pre-continuous if f *,,((G, B)) € FSPOS(U, E;) for all (G, B) €
FSOS(V, Ey),

2. fuzzy soft o-continuous if f (G, B)) € FSaOS(U, E;) for all (G, B) €
FSOS(V, Ey),

3. fuzzy soft semi-continuous if f'lpu((G, B)) € FSSOS(U, E,) for all (G, B) €
FSOS(V, Ey).



Journal of New Theory 4 (2015) 39-52 46

Remark 3.23. A fuzzy soft continuous mapping is fuzzy soft pre-continuous but not
conversely.

Example 3.24. Let U={p,q,r}, E={e1, ey, e3,e.}. A={e1} C E, B={es} C E.
Let us consider the following fuzzy soft sets over (U, E).

(F, A) = {F(e2) = { p/0.1, /0.7, r/0.9}, F(ez) = { p/0, 9/0, r/0}, F(es) = { p/0, /0, r/0},
F(es) ={p/0, 9/0, r/0}}

(G, B) = {G(e1) = { p/0, 9/0, r/0}, G(e;) = { p/0, 9/0, r/0}, G(es) = { p/0.4, /0.2, r/0.7},
G(es) = { p/0, /0, r/0}}

Let us consider the fuzzy soft topology 7,={0., 1., (G, B)},and 7,={0., 1., (F, A)}
over (U, E). We define the fuzzy soft mapping fo : (U, E, 7;) — (U, E, 7,) where
u:U —> U and p:E —E beamapping defined as u(p) =p, u(@) =g, u(r)=r and
P(e1) = €1, P(e2) = €2, P(es) = s, p(es) = es. Now, fu((F, A) = (F,A) & (U, E, 7,)
but (F, A) is fuzzy soft pre-open set. Thus fp : (U, E, 7;) —> (U, E, 7,) is fuzzy soft
pre-continuous; but not fuzzy soft continuous.

Remark 3.25. A fuzzy soft continuous mapping is fuzzy soft a-continuous but not
conversely.

Example 3.26. Let U ={p, q, r}, E={e1, e, e3}. A={e;} C E, B={es} C E. Let
us consider the following fuzzy soft sets over (U, E).

(F, A) = {F(e1) ={ p/0, /0, r/0}, F(ez) = { p/0.7, /0.6, r/0.5}, F(e3) = { p/0, /0, r/0}}
(G, B) ={G(e1) ={ p/0, g/0, r/0}, G(ez) = { p/0, /0, r/0}, G(e3) = { p/0.1, /0.3, r/0.2}}

Let us consider the fuzzy soft topology 7,={0., 1., (G, B)}, and z,= {0, 1., (F, A)}
over (U, E). We define the fuzzy soft mapping f,:(U,E,;)—>(U, E,z,)
where u:u—->u and p:E—>E be a mapping defined as
u(p)=p,u(@)=q,u(r)=r, ple,)=e, p(e;)=e,, ple;)=e;
Now, f'(F,A)=(F,A)&(U,E,z) but (F, A) is fuzzy soft a-open set.

-

Thus f,,:(U,E,7)
continuous.

(U,E,z,) is fuzzy soft o-continuous; but not fuzzy soft

4 Fuzzy Soft B-Set, Fuzzy Soft C-Set, Fuzzy Soft D(a)-Set

In this section, we defined fuzzy soft semi-preclosed set, fuzzy soft t-set, fuzzy soft a*-
set, fuzzy soft regular open set, fuzzy soft B-set, fuzzy soft C-set and fuzzy soft D(a)-set.
We studied these sets and investigate some properties of these sets.

Definition 4.1. Let (U, E, 7) be a fuzzy soft topological space. Let (F, A) € FSS(U, E).
Then (F, A) is said to be
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1. fuzzy soft semi-preclosed set if ((F, A)°)° é (F, A),

2. fuzzysoftt-setif (F,A)’= (F, A)°

3. fuzzy soft a*-setif ((F, A)°)°=(F, A)°,

4. fuzzy soft regular open [11] if (F, A) = (F,A)°
Example 4.2. o_ and 1_ are always fuzzy soft semi pre-closed set, fuzzy soft t-set, fuzzy
soft a*-set, fuzzy soft regular open set.
Remark 4.3. It is clear from definition that in a fuzzy soft topological space (U, E, 7),
every fuzzy soft regular open set is fuzzy soft open set, but the converse is not true,
which follows from the following example.
Example 4.4. Let U = {a, b, c}, E={e1, ey €3 e}. A={ e, e} C E, B={ey ey
es} C E. Let us consider the following fuzzy soft sets over (U, E).
(F, A) = {F(e1) = { &/0.5, b/0.2, c/0}, F(e;) = { @/0.7, b/0.6, ¢/0.3}, F(e3) = { a/0, b/0,
c/0}, F(eq) ={ &/0, b/0, c/0}}
(G, B) = {G(e1) = { &/0.5, b/0.3, c/0}, G(ey) = { a/0.7, b/0.8, r/0.5}, G(es) = { a/0.4,
b/0.9, ¢/0.8}, G(es) = { &/0, b/0, c/0}}
Let us consider the fuzzy soft topology 7,={0., 1., (F, A), (G, B)}, over (U, E).

Now,

(F, A)° = (F, A) = { F°(e,) = { /0.5, b/0.8, c/1}, F(e,) = { @/0.3, b/0.4, c/0.7}, F<(e3)
={a/1, b1, c/1}, FS(es) = {a/1, b1, c/1}}

and

(G, B)® = (G, B) ={G"(ey) ={ /0.5, b/0.7, c/1}, G%(e,) = { a/0.3, b/0.2, c/0.5}, G (e3) =
{ a/0.6, b/0.1, c/0.2}, G®(es) = { @/, b/1, c/1}}

and clearly, (F, A and (G,B)° are fuzzy soft closed sets.

Then the fuzzy soft closure of (F, A), is the intersection of all fuzzy soft closed sets
containing (F, A). Thatis (F, A)=1

The fuzzy soft interior of(ﬁ), is the union of all fuzzy soft open sets contained
in(F, A).

Thatis (F, A)°=(1.)° = 1

Hence, (F, A) is open but not a fuzzy soft regular open set.

Remark 4.5. A fuzzy soft t-set and fuzzy soft a*-set may not be fuzzy soft regular open
set, which follows from the following example.

Example 4.6. Let U ={a,b}, E={e,,e,},

Let us consider the following fuzzy soft sets over (U, E).

(F,E)={F(e,)={a/0.1,b/0.1}, F(e,)=1{a/0.1,b/0.2}}
(G,E)={G(e,)={a/0.2,b/0.2},G(e,)=1{a’/0.1,b/0.2}}
(H,E)={H(e,)=1{a/0.2,b/0.7},H(e,)=1{a/0.2,b/0.7}}
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(1,E)={I(e,)=1{a/0.9,b/0.9}, 1(e,)={a/0.7,b/0.7}}
(J,E)={3(e))={a/0.9,b/1}, I(e,)=1{a/0.7,b/0.9}}

Let us consider the fuzzy soft topology r:{OE,lE,(F,E),(G,E),(H,E),(I,E),(J,E)}
over (U E)

Now, (E,F) ={F°(e,)={a’/0.9,b/0.9}, F°(e,)=1{a/0.9,b/0.8}}

G, ) { GS(e,)= {a/08 b/0.8},G%(e,)=1{a’/0.9,b/0.8)}

(H,E) ={H(e,)={a’0.8,b/0.3}, H (¢,)={a/0.8,b/0.3}}

(1LEF ={1%@e,)={a’/0.1b/0.1},1°(e,)={a/0.3,b/0.3}}

(J,EF ={3%(e,)={a’0.1,b/0},3(e,)=1{a/0.3,b/0.1}}

Clearly, (F,E)*,(G,E)*,(H,E)*,(I1,E)" and (J,E)° are fuzzy soft closed sets.
Obviously, (F,E),(G,E),(H,E),(I,E) are fuzzy soft a*-sets and also fuzzy soft regular

open sets.
Let us consider the fuzzy soft set (K, E) over (U, E) defined as

(K,E)={K(e,)={a/0.4,b/0.5},K(e,)={a’/0.3,b/0.4}}. Then (K,E) is a fuzzy soft t-
set and also fuzzy soft a*-set but not a fuzzy soft regular open set.

Definition 4.7. Let (U, E, 7) be a fuzzy soft topological space. Let (F, A) € FSS(U, E).
Then (F, A) is said to be

1. fuzzy soft B-set if (F, A) = (G, B)ﬁ (H, C), where (G,B) € 7 and (H, C)is a
fuzzy soft t-set,

2. fuzzy soft C-set if (F, A) = (G, B)ﬁ(H, C), where (G, B) € 7 and (H, C) is a
fuzzy soft a*-set,

3. fuzzy soft D(a)-set if (F, A)°=(F, A)M ((F, A°)°-
Remark 4.8. o_ and 1_ are always fuzzy soft B-set, fuzzy soft C-set, fuzzy soft D(a)-
set.

Theorem 4.9. Let (U, E, 7) be a fuzzy soft topological space. Then the following
statements are equivalent:

1. (F, A)is fuzzy soft o*-set.

2. (F, A) is fuzzy soft semi-preclosed set.

3. (F, A) is fuzzy soft regular open set.
Proof: Straight forward.

Theorem 4.10. Let (U, E, 7) be a fuzzy soft topological space. Then we have the
following results:

1. A fuzzy soft semi-open set (F, A) is fuzzy soft t-set if and only if (F, A) is fuzzy
soft o*-set.
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2. A fuzzy soft a-open set (F, A) is fuzzy soft a*-set if and only if (F, A) is fuzzy
soft regular open set.

Proof: (1) Let (F, A) be fuzzy soft semi-open and fuzzy soft t-set. Since (F, A) is a fuzzy
soft semi-open set, (F,A°= (F,A). Then (F, A)° = (F,A)°= ((F, A)°)°- Hence
(F, A) is fuzzy soft o*-set.

Conversely, let (F, A) be fuzzy soft semi-open and fuzzy soft a*-set. Since (F, A) is a
fuzzy soft semi-open set, (F 6 A)° = (F—A) Then (F,A)’°= ((F,A)°)° = (F, A)°.
Hence (F, A) is fuzzy soft t-set.

(2) Let (F, A) be fuzzy soft a-open and fuzzy soft a*-set. Then by theorem 3.1, (F, A) is
fuzzy soft semi-preclosed. Since (F, A) is fuzzy soft a-open, we have ((F A)°)°=

(F, A) and so (F,A)° = (F,A)°) = (F, A). Hence (F, A) is fuzzy soft regular open
set.
Conversely, proof is obvious.

Theorem 4.11. Let (U, E, 7) be a fuzzy soft topological space. If (F, A) is fuzzy soft
t-set, then (F, A) is fuzzy soft a*-set.

Proof: (1) Let (F, A) is fuzzy soft t-set. Then (F, A)° = (F, A)°- We have (F A)°)°=
(F,A)° = (F, A)°. Hence is (F, A) is fuzzy soft o*-set.
Theorem 4.12. Let (U, E, 7) be a fuzzy soft topological space. Then

(1) Every fuzzy soft o*-set is fuzzy soft C-set.

(2) Every fuzzy soft open set is fuzzy soft C-set.

Proof: The proof of (1) and (2) are obvious since 1_ is both fuzzy soft open and fuzzy
soft a*-set.

Theorem 4.13. Every fuzzy soft t-set in a fuzzy soft topological space (U, E, 7) is fuzzy
soft B-set.

Proof: Let a fuzzy soft set (F, A) in a fuzzy soft topological space (U, E, 7) be fuzzy
soft t-set Let (G, B) = 1. € 7. Then (F, A) = (G, B)F\(F, A) and hence (F, A) is fuzzy
soft B-set.

Theorem 4.14. Every fuzzy soft t-set in a fuzzy soft topological space (U, E, 7) is fuzzy
soft C-set.

Proof: Let a fuzzy soft set (F, A) in a fuzzy soft topological space (U, E, 7) be fuzzy
soft t-set. Then by theorem 3.5, (F, A) is fuzzy soft B-set. As (F, A) is fuzzy soft B-set,
(F, A) = (G, B)F\(H, C), where (G, B) € 7 and (H, C) is a fuzzy soft t-set. Then (H,
C)’=(H,C)° > ((H,C)P°)° > (H, C)°. Hence (H, C)° = ((H,C)°)°- Therefore,
(F, A) is fuzzy soft C-set.

Remark 4.15. Converse of the theorem 3.6 is not always true.
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Example 4.16. Let U={p,q,r}, E={e1, e e3,e4}. A={e1} C E, B={es} C E
and C = { e4}C E. Let us consider the following fuzzy soft sets over (U, E).

(F, A) = {F(e1) = { p/0.3, /0.4, r/0.4}, F(e;) = { p/0, g/0, r/0}, F(e3) = { p/0, g/0, r/0},
F(es) = { p/0, g/0, r/0}}
(G, B) = {G(e1) ={ p/0, g/0, r/0}, G(e;) = { p/0, g/0, r/0}, G(es) = { p/0.4, /0.5, r/0.5},
G(eq) ={ p/0, /0, r/0}}
(H, C) = {H(e1) ={ p/0, g/0, r/0}, H(ez) = { p/0, g/0, r/0}, H(es) = { p/0, g/0, r/0}, H(es)
={p/0.7, g/0.6, r/0.6}}
Let us consider the fuzzy soft topology 7= {0., 1., (F, A), (G, B)} over (U, E). Then

(H, C) is fuzzy soft C-set but not fuzzy soft t-set.

Theorem 4.17. Let (U, E, 7) be a fuzzy soft topological space. Then (F, A) is fuzzy
soft open set if and only if it is both fuzzy soft a-open and fuzzy soft C-set.

Proof: If (F, A) is fuzzy soft open set then clearly (F, A) is fuzzy soft a-open as well as
fuzzy soft C-set.

Conversely, let (F, A) be both fuzzy soft a-open and fuzzy soft C-set. Since (F, A) is
fuzzy soft C-set, there exist (G, B) € 7 and a fuzzy soft a*-set (H, C) such that (F,

A) = (G, B)N (H, C). Since (F, A) is fuzzy soft a-open, we get (F, A) C ((F, A)°)°

= (@ BYA(H.C)) = (G.BY N(H.Cy) = (GBS ¢ O
Therefore, (F, A) = (G, B)F\ (H, C) é(G, B)ﬁ [(ﬁ)o F\(H, )] = (G, B))F\ H,
C)° C(F, A). Consequently, (F, A) = (G, B)F\ (H, C)°. Hence (F, A) is fuzzy soft open
set.

Theorem 4.18. Let (U, E, 7) be a fuzzy soft topological space. Then (F, A) is fuzzy
soft open set if and only if it is both fuzzy soft pre-open and fuzzy soft B-set.

Proof: If (F, A) is fuzzy soft open set then clearly (F, A) is fuzzy soft pre-open as well
as fuzzy soft B-set.

Conversely, let (F, A) be both fuzzy soft pre-open and fuzzy soft B-set. Since (F, A) is
fuzzy soft B-set, there exist (G, B) € 7 and a fuzzy soft t-set (H, C) such that (F, A) =

(G, B)F\ (H, C). Since (F, A) is fuzzy soft pre-open, we get (F, A)é (F, A)°=

(G, B)A(H,C))°~ (G,B)° A (H,C)°= (G,B)° é (H, C)°. Therefore,
(F, A) = (G, B)N (H, C) C(G, B)N [(G,B)° (H, O] = (G, B)N (H, C)° C
(F, A). Asa consequence, (F,A) €.

Theorem 4.19. Let (U, E, 7) be a fuzzy soft topological space. Then (F, A) is fuzzy
soft open set if and only if it is both fuzzy soft a-open and fuzzy soft D(a)-set.

Proof: If (F, A) is fuzzy soft open set then clearly (F, A) is fuzzy soft a-open as well as
fuzzy soft D(w)-set. Conversely, let (F, A) be both fuzzy soft a-open and fuzzy soft

D(a)-set. Since (F, A) is fuzzy soft D(a)-set, (F, A)° = (F, A)N ((F, A)°)°- Since (F,
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A) is fuzzy soft a-open, we have (F, A) C ((F, A)°)°- Then (F, ANE A = (F A
C ((F, A7) N(F, A). Hence (F, A) C (F, A)’. As a consequence, (F, A)€ 7.

5 Decomposition of Fuzzy Soft Continuity

In this section, we obtained some decomposition of fuzzy soft continuity.

Definition 5.1. Let (U, Eq, 7;) and (V, Ez, 7,) be two fuzzy soft topological spaces. A
fuzzy soft mapping fou : (U, E1, 7,) —>(V, Ez, 7,) is called

1. fuzzy soft C-continuous if f'lpu((G, B)) is fuzzy soft C-set for all (G, B) € 7,,
2. fuzzy soft B-continuous if f'lpu((G, B)) is fuzzy soft B-set for all (G, B) € 7,,
3. fuzzy soft D(a)-continuous if f 'lpu((G, B)) is fuzzy soft D(a)-set for all (G, B)
€7,.
Theorem 5.2. Let (U, Eq, 7;) and (V, Ez, 7,) be two fuzzy soft topological spaces. A

fuzzy soft mapping fpu : (U, Es, 7,) —>(V, Ez, 7,) is fuzzy soft continuous function if
and only if it is both fuzzy soft a-continuous and fuzzy soft C-continuous.

Proof: The proof follows from theorem 4.17.
Theorem 5.3. Let (U, E;, 7;) and (V, E;, 7,) be two fuzzy soft topological spaces. A

fuzzy soft mapping fou : (U, E1, 7;) = (V, Bz, 7,) is fuzzy soft continuous function if
and only if it is both fuzzy soft pre-continuous and fuzzy soft B-continuous.

Proof: The proof follows from theorem 4.18.
Theorem 5.4. Let (U, E;, 7;) and (V, E;, 7,) be two fuzzy soft topological spaces. A

fuzzy soft mapping fu @ (U, E1, 7;) —>(V, Ea, 7,) is fuzzy soft continuous function if
and only if it is both fuzzy soft a-continuous and fuzzy soft D(a)-continuous.

Proof: The proof follows from theorem 4.19.
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Abstract — The present paper studies the relation between the point-line displacement and the
equiform transformation in Euclidean 3-space R3. A point-line can be transformed into another point-
line via an equiform transformation. Observing that a point-line is nothing but a line element when
its reference point is the origin of the coordinate system, we show that this transformation can also be
performed by using dual quaternions.
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1 Introduction

In kinematics, a point-line is represented by an oriented (directed) line and an incident point on this
line. The point-line in kinematics has many implementation areas in manufacturing. Zhang and Ting
[8] examine the point-line positions and displacement with the help of dual quaternion algebra. On the
other hand, Odehnal, Pottmann and Wallner [1] investigate Pliicker coordinates of the line elements
in Euclidean three-space R3. Also, the relation between the point-line displacement and the equiform
transformation in Minkowski 3-space is studied in [7].

Our interest in this paper is to investigate the relation between point-line representations and
equiform kinematics in Euclidean 3-space R3. In Section 2, we give dual quaternions and some of their
algebraic properties. Then in Section 3, we give the point-line operator, the equiform transformation
and the Pliicker coordinates of line elements in Euclidean 3-space R3. We examined the similarity
between a point-line and a line element. Finally, we introduce the point-line operator which transforms
one point-line to another.

2 Preliminaries

In this section, we give some definitions and fundamental facts about Euclidean three-space R3, that
will be used through the paper.

** Edited by Faruk Karaaslan (Area Editor) and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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2.1 Some Properties of Euclidean 3-space R?

Theorem 2.1. Let @, ¥ and @ be two vectors in Euclidean three-space R3. Then,
id x (0 x o) =@ W)v — (4, U)d,
i (@ x 7, @ x ¥ ={(@ @) (@ 7 — (@ )%,
where @ = (u1, ug, ug), = (v1, va, v3) and
€1 € €3
UXT = Uy Uz U3
U1 Vo2 U3

= (ugvz — u3vz, uzv] — UIV3, ULV — UVY)
is the vector product in R3.
Let R} be the set of matrices of m rows and n columns.

Definition 2.2. Let A = [a;;] € R} and B = [bj] € R}). Matrix multiplication is defined as

AB = Zaijbjk . (1)
j=1

Note that AB is an m X p matrix.

Definition 2.3. An n X n identity matrix with respect to matrix multiplication, denoted by I, is
given by

10 -+ 0
L= . . . . (2)
nxn

Note that for every A € R?, I, A = Al, = A.

n

Definition 2.4. A matrix A € R} is called invertible if there exists an n x n matrix B such that
AB = BA = I,,. Then B is called the inverse of A and is denoted by A~*.

Definition 2.5. The transpose of a matrix A = [a;;] € R is denoted by A7 and defined as AT =
[G,ji] S R?n

Definition 2.6. A matrix A € R” is called orthogonal matrix if A=t = AT,

2.2 Dual Quaternions

In analogy with the complex numbers, W. K. Clifford, defined [2] the dual numbers and showed that
they form an algebra. As the dual numbers are defined by

D = {A=a+¢ea"|a,a" € R} (3)
= {A=(a, a¥)|a,a" € R}, (4)
where ¢ is the dual symbol subjected to the rules
€40, 0e=e0=0, le=cl=¢, e2=0.

The set D of dual numbers is a commutative ring with the operations (+) and (+).
The algebra
H={q=qo+qé€1+qe+q3¢3 | g, q1, @2, g3 € R}

of quaternions is defined as the four-dimensional vector space over R having basis {1, €1, €, €3}
with the following properties:

1) (&))" = ()" = (@) =1, | (5)
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It is clear that H is an associative and not commutative algebra and 1 is the identity element of H.
H is called quaternion algebra (see [4] for quaternions).
Similarly, as a consequence of this definition, a dual quaternion @) can also be written as

Q=q+eq,

where ¢ and ¢* are quaternions.
A dual quaternion
Q=q+eq
is characterized by the following properties in [4]:
Scalar and vector parts of a dual quaternion @ = Ay + A1 + Asxés + A€ are denoted by Sg = Ao
and VQ = A1€1 + Axé5 + Ases, respectively. The basis {1, €1, €, €5} have the same multiplication
properties of basis elements in real quaternions.
Two dual quaternions ) and P obey the following multiplication rule,

QP = (qp) +¢(qp" + pq”)

where P = p + ep*, p and p* are quaternions.
Scalar product of quaternions () and P is given by

@, P) = (P,Q)
= (¢, p) +e({g, P*) +(d", p))- (6)

3 Point-line Displacement with Equiform Transfor-
mations of R?

In [1], a point-line is represented by an oriented (directed) line and an incident point on this line.
Moreover, an oriented (directed) line can be represented with a unit line vector or signed Pliicker
coordinates. Thus, we can say the point-line representation can be built up as a dual vector or signed
Pliicker coordinates.

Let L be an oriented (directed) line and P be a reference point in Euclidean three-space R®. If
we take N as the foot of the perpendicular from P to the directed line L and F is an incident on
this directed line L, then the distance h from N to E depends on the location of E and the oriented
(directed) line L, (see Fig. 1).

2/
O
¥
Figure 1. Point-line representation (7)

The oriented (directed) line L passing through points E and N can be represented by a unit dual
vector.
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Let A =@+ cd o be a unit dual vector satisfying (@, @) = 1 and (@, @) = 0 where the vector @
denotes the unit vector along the oriented line, and the vector @ is the moment vector of the oriented
line with respect to the origin of reference frame O — zyz.

A point-line can be represented by multiplication of a dual number exp(¢h) =1 + €h, and A, namely

A (8)

where @) = @ + hd and A is a dual vector with dual length exp(eh).
When we have the point-line coordinates, the incident offset, the directed line, and the incident can
be determined easily. Then,
A=d+e(a)—ha), (9)
and
h=g(@, ay). (10)
Here, the value of h changes related to the reference point. Without losing generality, if we assume
that the reference point is the origin of the coordinate system, we can write the position vector of the
incident E as
—
g = PN+ NFE,
— Srr - T o — — - s
where @g = PN x @ and NE = hd. Therefore, from Theorem 2.1 and @’(, = @o + hd, the position
vector 7g of the incident E is

QL Q)
X X
8] =]
o~ o
+ +
B
8|
S
S

where X is the cross-product.

3.1 Equiform Transformations

This section describes equiform transformations, which means affine transformations whose linear part

is composed from an orthogonal transformation and a homothetical transformation in Euclidean three-
RS

space R”.

Such an equiform transformation maps points 2 € R? by using

©: R3 — R3
z — o(x) = y(t) = a(t)D(t)x + b(t), (11)

where D € O (3), b € R3 and « is a homothetic scale. D, o and b are differentiable functions of class
C° of a parameter t.
The velocity y(¢) has the form

v (y) :DDTergnyDbe ngrb, (12)

dy

where v (y) = y(t) = 7.

Since D is orthogonal, the matrix DDT := C* is skew-symmetric and the product C*z can be written

in the form ¢ x z in Euclidean three-space R3:

v(y)=cxy+yy+e, (13)

* and ¢ = DDTh — &b+ b.
¢,¢,7y) € R7 defines a uniform equiform motion in Euclidean three-space R?, uniquely /1/.

where v =
Any triple

Qe

—~



Journal of New Theory 4 (2015) 53-59 o7

3.2 Plucker Coordinates of Line Elements

Let L be an oriented (directed) line in Euclidean three-space R? passing through a point #. In order
to assign coordinates to the line element (L, ), we use the familiar definition of Pliicker coordinates.
The triple (@, @o,h) € R7 is called the Pliicker coordinates of the line element (L, ) in R3, if @ # 0 is
parallel to L, then @'g = & x @, h = (&, @). It is easy to show that

#= N(a do)+ ha, (14)
where N (@, @) =a x ao.
The point N (@, @ ) is the foot point of the origin on the line L. We know that Pliicker coordinates
satisfy (@, @) = 0, and @ # 0 occurs as coordinates of lines in R®. Therefore, from (14) we obtain the
equation

F=dx o+ ha, (15)

where h = (Z,@) and @ is a unit parallel vector to the line L.

If the corresponding line has an orientation, then a line element becomes oriented. The equiform
transformation (11) transforms the line element (@, @, h1) into (@, @y, he) with @ = aRZ+0b, @ = Ra,
Uy = T X U, hg = (T, @). In block matrix form, this transformation reads

i D 0 0 a
io| = |D*D aD 0| |@o], (16)
h2 bTD OT « hl

—

where D € O(3), b € R, « is a homothetic scale D, D*% = b x
<E, E)o> =0and U= —|—€70, <7, ﬂ)> =1, <7, 70> =0, ([1])
Using the correspondence between line elements and point-lines we observe the following:

T, A=d+edo, @ ad =1,

Conclusion 3.1. Let A = HAH Aand U = HUH U be two point-lines. When the reference point is

chosen as the origin of the coordinate system for a point-line, the transformations (16) transform the
point-line A to the point-line U if A is a unit dual quaternion vector.

We can obtain the oriented (directed) line elements in the equation (16) by using dual quaternions.
Moreover, we also can transform a point-line to another point-line by using dual quaternions with the
following theorem.

Theorem 3.2. A dual quaternion @) transforms a given point-line to another given point-line and is
defined by
1 PN ~ N
Q= ((A0)+ (dx 1)), (17)
|4

where A and U denoted two point-lines, X is cross product and the () is called the point-line operator
which acts on point-lines.

Proof. Let A and U be two point-lines defined by A= HAH A and
U= HﬁH U. Here, from the Eq. (8) A and U are unit dual vectors, dual length HAH =expe(hy) of A
and dual length HU = expe(hy) of U.

If we apply quaternion multiplication to the Eq. (17) with A from right-side, then we have

;o 1 ~ o~ N N ~ ~
QA = & [<A,U>A+(A><U)><A}

and from Theorem 2.1 we have
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and from </1,/1> =1

QA=U
Also, since
A = ||A|A4,
o = |o]@
Eq. (17) can be modified )
- "Z’ (A.0)+ (Ax0)),

and from the Eq. (8) since ||A

as

’ = expe(h1) and HUH = expe(hg), the last equation can be rewritten

Q = {exp[e(ha — h1)]} Qo,
where % = exp [e(hg — h1)] is dual length of @ and Qp = </Y7 ﬁ> + (ff X U')
Because </T,l7> is the scalar part of Qg and (/T X [7) is the vector part of @y, then @ is a dual

quaternion.

Example 3.3. Let A= (0, %, ?, ?, 0, 0, %)

S

and U = (0, 0,1, —3, —1,0, — 23) be two point-lines in R”. Since from the Eq. (8)

29
1 V3 V3
(0, 5, 2) +e (2, 0, 0>‘|
——

4] )
and
U= <1—\fs> [(0, 0, 1)+e(—;’, -1, 0)},
—_— M
1]l v

from the Eq. (17) it can be written

Q= <1— \/3;_15) ((?—;s> + <(;, 0, 0) +5<\é§, —Z\/g, i)))

If we apply quaternion multiplication to @ with A from right-side, then we have

QA = (1—‘é§5> [(0, 0, 1)+s<—2, —1, 0)]

= U.

4 Conclusion

In this study, we used a block matrix to transform a given point-line to another given one that is given
in [1]. We prove that dual quaternions can be used to map a given point-line to another given one.
Since it is compact, free of redundancies and easier to compute compared to the matrix given in the
Eq. (16), this approach has some advantages.
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Abstract — In [34] we introduced the notion of r-(7;, 7;)-6-generalized fuzzy closed sets in smooth
bitopological spaces by using (7;, 7;)6-fuzzy closure I7T! defined in [19]. Recently, [33] we defined a new
6-fuzzy closure, denoted C¢, on smooth bitopological spaces by using smooth supra topological space
(X, 712) which is generated from smooth bitopological space (X, 71, 72) [1], such that C%, < 7. In
this paper, we introduce a new class of r-0-generalized fuzzy closed sets, namely, r-712-0-gfc in smooth
bitopological spaces via O%-fuzzy closure operator. The basic properties of these sets are studied.
Furthermore, the relationship with other notions of r-generalized fuzzy closed sets in [31, 32, 33, 34]
are investigated and we give many examples for reverse. In addition, by using r-m9-6-gfc sets, we
define a new fuzzy closure operator which generates a new smooth topology. Finally, generalized fuzzy
f-continuous (resp. irresolute) and fuzzy strongly 6-continuous mappings are introduced and some of
their properties are studied.

Keywords — Smooth topology, 0-generalized fuzzy closed, generalized fuzzy closure operator, general-
1zed fuzzy 0-continuous mapping, generalized fuzzy 0-irresolute mapping, fuzzy strongly 0- continuous

mapping.

1 Introduction

Kubiak [20] and Sostak [29] independently in (1985) introduced the fundamental concept of a fuzzy
topology as an extension of both crisp topology and Chang’s fuzzy topology [5]. Sostak presented
some rules and showed how such an extension can be realized. Subsequently, Badard [3], introduced
the concept of ‘smooth topological space’. Chattopadhyay et al. [6] and Chattopadhyay and Samanta
[7] have re-introduced the same concept, calling it ‘gradation of openess’. Ramadan [26] and his
colleagues have introduced a similar definition, namely, smooth topological space for lattice L = [0, 1].
Following Ramadan, several authors have re-introduced and further studied smooth topological space
(cf. [6, 7, 11, 22, 28, 30]). Lee et al. [21] introduced the concept of smooth bitopological space as a
generalization of smooth topological space and Kandil’s defined fuzzy bitopological space [14].

** Edited by Saba Naser and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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The so-called supra topology was established, by Mashhour et al. [24] (recall that a supra topology
on a set X is a collection of subsets of X, which is closed under arbitrary unions). Abd El-Monsef and
Ramadan [2] introduced the concept supra fuzzy topology, followed by Ghanim et al. [13] who intro-
duced the supra fuzzy topology in Sostak sense. Abbas [1] generated the supra fuzzy topology (X, 712)
from fuzzy bitopological space (X, 71, 72) in Sostak sense as an extension of supra fuzzy topology due
to Kandil et al. [15].

The first attempt of generalizing closed sets was done by Levine [23]. Subsequently, Fukutake [12],
generalized this concept in bitopological space. Balasubramanian and Sundaram [4], introduced the
concept of generalized fuzzy closed sets within Chang’s fuzzy topology. Kim and Ko [18] defined
r-generalized fuzzy closed sets in smooth topological spaces. Recently, in [31], we introduced the
concept of generalized fuzzy closed sets in smooth bitopological spaces. Noiri [25] and Dontchev and
Maki [8] introduced another new generalization of Livine generalized closed set by utilizing the 6-closure
operator. The concept of §-generalized closed sets was applied to the digital line [9]. Khedr and Al-
Saadi [16] generalized the notion of f-generalized sets to bitopological space. El-Shafei and Zakari [10]
introduced the concept of #-generalized fuzzy closed sets in Chang’s fuzzy topology. Recently, in [34],
we introduced the notion of #-generalized fuzzy closed sets in smooth bitopological spaces by utilizing
the (73, 7;)0-fuzzy closure 1 defined in [19]. In this paper we define another type of r-6-generalized

fuzzy closed sets in smooth bitopological spaces via CY,-fuzzy closure which was established by us
[33], and study its relationship with other types of r-generalized fuzzy closed sets which introduced
in ([31, 32, 33, 34]). By using this new class of generalized fuzzy closed sets we define a new fuzzy
closure operator which generates a new smooth topology. Finally, we define and study generalized
fuzzy 6-continuous (resp. irresolute) and fuzzy strongly 6-continuous mappings.

2 Preliminary

Throughout this paper, let X be a non-empty set, I = [0,1], Ip = (0,1]. A fuzzy set p of X
is a mapping p : X — I, and I¥ be the family of all fuzzy sets on X. For any py, s € IX, then
(1 Ap2) (@) = min{p (), p2(z) : @ € X}, (11 Vp2)(z) = max{p (x), p2(v) : © € X}. The complement
of a fuzzy set X is denoted by 1 — \. For a € I, a(xz) = a Vo € X. By 0 and 1, we denote constant
maps on X with value 0 and 1, respectively. For z € X and t € Iy, the fuzzy set x; of X whose value
t at « and 0 otherwise is called the fuzzy point in X. Let Pt(X) be a family of all fuzzy points in X.
For A € I’X, z; € )\ if and only if A\(z) > t and ; is said to be quasi-coincident (g-coincident, for short)
with A, denoted by x; ¢ A if and only if 1 — A(x) < t. For u, A € IX, p is called g-coincident with A,
denoted by u g A, if p(z) + A(z) > 1 for some = € X, otherwise we write u ¢ A. Also, for two fuzzy
sets A\; and Ay € X, \; < )y if and only if \; ¢ T — \y. FP (resp. FP*) stand for fuzzy pairwise
(resp. fuzzyP*). The indices 4, j € {1,2} and ¢ # j.

Definition 2.1. [3, 6, 26, 29] A smooth topology on X is a mapping 7 : IX — I which satisfies the
following properties:

(1) 7(0) =7(1) =1,
(2) T(:ul A :u2) 2 'T(,Ul) A T(,“Q)a v Ha, 2 € IXa
(3) T(Vies 1) = Nigy 7(1i), for any {; 2 i € J} € IX.
The pair (X, 7) is called a smooth topological space. For r € Iy, Jt is an r-open fuzzy set of X if
7(w) > 7, and p is an r-closed fuzzy set of X if 7(1 — u) > r. Note, Sostak [29] used the term ‘fuzzy
topology’” and Chattopadhyay et al. [6], the term ‘gradation of openness’ for a smooth topology 7.

If 7 satisfies conditions (1) and (3), then 7 is said to be supra smooth topology and (X, 7) is said
to be a supra smooth topological space [13].

Definition 2.2. [21, 29] A triple (X, 7y, 72) consisting of the set X endowed with smooth topologies
71 and 72 on X is called a smooth bitopological space (smooth bts, for short). For A € I* and r € Iy,
r-1;-open (resp. closed) fuzzy set denotes the r-open (resp. closed) fuzzy set in (X, 7;), for i = 1,2.

Subsequently, the fuzzy closure (resp. interior) for any fuzzy set in smooth topological space is
given as follows:
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Definition 2.3. [7] Let (X, ) be a smooth topological space. For A € IX and r € Iy, a fuzzy closure
is a mapping C; : IX x Iy — IX such that

CT()\,T):/\{,MEIX\ME)\, 7(1—p) >r}. (1)
And, a fuzzy interior of A is a mapping I, : IX x Iy — IX defined as

L) =\/{ne X <A 7(u) > r}, (2)

satisfies

LA-=X\r)=1-C;(\71). (3)

Remark 2.4. If (X, 7) is a supra smooth topological space. Then the definition of fuzzy closure (resp.
interior) for any fuzzy set is defined as (1) and (2) in Definition 2.3 respectively.

Definition 2.5. [7] A mapping C : X x Iy — IX is called a fuzzy closure operator if, for A, u € IX
and r, s € I, the mapping C satisfies the following conditions:

(C1) C(0,r) =0,

(C2) A< C’()\,r),

(C3) CAr)V Clur) = COAV 7).
(C4) ( r) < C(A, 8) if 7 <s,
(C5) C(C(Ar),r)=C(A ).

The fuzzy closure operator C' generates a smooth topology 7¢ : IX — I given by

e\ =\/{rel|CA-\r)=1-)} (4)

If C satisfies conditions (C1),(C2),(C4),(C5) and the following inequality:

(C3) COLT) Vi) < CON 7).

then C' is called supra fuzzy closure operator on X [1]. and it generates a supra smooth topology
7o I — I asin (4)

By using (3), the definitions of fuzzy interior operator and supra fuzzy interior operator are ob-
tained. In analogs of Definition 2.5, a fuzzy interior operator was defined.

The following theorem shows how to generate a supra fuzzy closure operator from smooth bts
(Xa 1, TZ)'
Theorem 2.6. [1] Let (X, 7y, 72) be a smooth bts, for each A € I and r € I. Then:

(1) The mapping Cio : I* x Iy — I¥ such that Ci2(A\,r) = Cr, (A7) A Cry (A, 1) is a supra fuzzy
closure operator, and (X, C12) is a supra fuzzy closure space.

(2) The mapping I15 : I x Iy — IX defined by I1ia(\,7) = L, (\,7) V I,(\,7) is a supra fuzzy
interior operator, satisfies I12(1 — A\, 7) =1 — C2()\, 7).

Theorem 2.7. [1] Let (X, 71, 72) be a smooth bts, let (X, C12) be a supra fuzzy closure space. Define
the mapping 75 : IX — I on X by

Ts(N) = \V{n(A) Ama(A2) : A=AV dg, A A € TX}

where \/ is taken over all families {\;, Ao € IX : A = A\ V A2 }. Then:
(1) 7 = 7¢,, is the coarsest smooth supra topology on X which is finer than 71 and 7.

(2) Cr2=Cr, =Cr,-
Remark 2.8. In this paper we will denote to 7¢,, by Ti2.

Definition 2.9. Let (X, 7y, 72) be a smooth bts, A € IX and r € Iy. Then, a fuzzy set \ is called:
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(1) an r-(7;, 7;)-generalized fuzzy closed (r-(7;,7;)-gfc, for short), if Cr; (A, s) < p, whenever A < p
such that 7;(u) > s V 0 < s < r. The complement of r-(7;, 7;)-gfc is an r-(7;, 7;)-generalized
fuzzy open (r-(7;, 7;)-gfo, for short) [31].

(2) an r-mia-generalized fuzzy closed (r-mi2-gfe, for short) if Ci2(A,s) < p whenever A < p and
T12(p) > s V0 < s < r. The complement of r-rjo-gfc is an r-7jo-generalized fuzzy open
(r-T12-gfo, for short) [32].

The concepts of r-112-gfc and r-(i, j)-gfc sets are independent.

Recall next the definitions of open Q-nbd, f-cluster point and #-fuzzy closure operator in smooth
th (X, T1,T2).

Definition 2.10. [19] Let (X, 71, 72) be a smooth bts, u € IX, z, € Pt(X) and r € Iy. Then, p is
called an r-open Q.,-nighborhood of z; if ; ¢ p with 7;(u) > r, we denote

Qr, (ze,m) = {pn € I*| 2y q p, i) 2 1.
Definition 2.11. [19] Let (X, 71, 72) be a smooth bts, A € IX and r € Iy. Then:

(1) A fuzzy point z; € Pt(X) is called an r-(7;, 7;)6-cluster point of A if for every p € Q- (z¢,7),
CTj (Mu T‘) q A

(2) An (7;,7;)0-closure is a mapping 77 : IX x Iy — IX defined as follows:
T7(Ar) = \/{mt € Pt(X)| z; is r-(;, 7;)6-cluster point of A}.
(3) Ais called an r-(7;,7;) fuzzy f-closed iff A = T7!(A,r). The complement of an 1-(7;, 7;) fuzzy
O-closed is called r-(7;, 7;) fuzzy 6-open.
Theorem 2.12. [19] Let (X, 7y, 72) be a smooth bts, A\, u € IX, z; € Pt(X) and r € Iy. Then:
(1) (A7) =N e I I () 2 N, 7i(1T—p) > 1}, e, TTi(A,r) is an r-7i-closed fuzzy set.
(2) @ is an r(7;, 7;)0-cluster point of A iff z; € TTH(A, 7).

Definition 2.13. [34] Let (X,71,72) be a smooth bts, A\ € I* and r € I5. A fuzzy set A is an
r-(7;, 7j)-0-generalized fuzzy closed (r-(7;, 7;)-0-gfc, for short) if 777 (A, s) < pu whenever A < u such
that 7;(1t) > s V0 < s <r. The complement of r-(7;, 7;)-0-gfc is an r-(7;, 7;)-0-generalized fuzzy open
(r-(7i, 7)-0-gfo, for short).

Definition 2.14. [33] Let (X, 71, 72) be a smooth bts, A € IX, r € Iy and x; € Pt(X). Then:

(1) A fuzzy point z; is said to be an r-7y5-6-cluster point of A if and only if C12(p,r) q A, for each
w € Qryy (s, ), where Qqp, (x4,7) = {u € IX| 7, q p, 12(p) > 7}. The set of all r-ry9-6-cluster
points of \ is called CY,-fuzzy closure of A, i.e. C¥, : IX x Iy — I defined as

cl(\r) = \/{xt € Pt(X) | x¢ is r-T12-0-cluster point of \}.
(2) X is said to be an r-tya-0-closed fuzzy set iff C%y(\,7) = A\. The complement of r-715-6-closed
fuzzy set is an r-719-6-open fuzzy set.

Theorem 2.15. [33] Let (X, 7y, 72) be a smooth bts, A € I and r € Iy. Then:

(1) Cia(A\,7) < C%(\ 1) < TTi(A 7).

(2) If X is an r-Ty9-open fuzzy set in X, then Cia(\,7) = CYy (A, 7).

Some properties of C%, are given in the following proposition:

Proposition 2.16. [33] Let (X, 71, 7) be a smooth bts, A\, A\, Ao € IX and r € Iy. Then:

(1) Ca(\ 1) = AMCualp,r) : p= A, 712(p) 27}



Journal of New Theory 4 (2015) 60-73 64

(2) If A < A2, then C¥, (M1, 7) < O (Ao, 7).
(3) Ch(M1,m)V Clh(A2,7) = Cly(A1 V Mg, 7).
(4) Clh(\, 1) < C%(N,s), ifr <s.

(5) Cfa(Mi Ada,7) < Cly(Mi,7) A Cfy(A2, 7).
(6) Cla(A\7) < CPy(Cla(A, 1), 7).

Next we introduce the concept of I¢,-fuzzy interior in smooth bts (X, 11, 72).

Definition 2.17. [33] Let (X, 71, 72) be a smooth bts, A € I*X and r € Iy. A fuzzy point z; is said to
be an 7-T19-O-interior point of \ if there exists u € Q,, (z¢,7) such that Cia(u,7) § 1 — A. The set of
all r-115-0-interior points of A is called IfQ—fuzzy interior of A. i.e. If2 : IX x Iy — IX defined as

I\ r) = \/{xt € Pt(X) | x¢ is r-Tio-0-interior point of \}.
Equivalently, I¢,-fuzzy interior can be stated as folllows.

Proposition 2.18. [33] Let (X, 71, 72) be a smooth bts, A € I’ and r € Iy. Then:

I (A ) = \/{M € I'*| Cra(p, ) < A\, 12(p) > 7}

Throughout this paper (X, 712) and (Y, 715) denote the supra smooth topological spaces which are
induced from smooth bitopological spaces (X, 71, 72) and (Y, 77, 75) respectively.

Definition 2.19. A mapping f : (X, 71,72) — (Y, 75, 75) from a smooth bts (X, 71, 72) to another
one (Y, 7, 75) is said to be:
(1) FP-continuous if and only if 7;(f~1(u)) > 77 () for each p € IV and i = 1,2 [17].

(2) FP*-continuous if and only if f : (X, 712) — (Y, 71,) is F-continuous [27]. That is, 712(f () >
4, for each p € IV,

(3) FP*-open if and only if f : (X, 72) — (Y, 775) is F-open [17]. That is, 7/5(f(\)) > 112()) for
each \ € IX.

(4) generalized F P*—continuous (G F P*—continuous, for short) if and only if f~!(p) is an r-72-gfc
for all p € IV with 745 (1 — u) > r [32)].

(5) generalized FP*—irresolute closed (GF P*—irresolute closed, for short) if and only if f(u) is
an r-7y5-gfc in Y for each r-m5-gfc p in X [32].

3 r-mp-6-generalized Fuzzy Closed Sets

In this section we introduce a new class of generalized fuzzy closed sets via a fuzzy closure C?,
defined in [33], and we study its relationship with other types of generalized fuzzy closed sets which
introduced in ([31, 32, 33, 34]).

Definition 3.1. Let (X, 71,72) be a smooth bts, A € I and r € Iy. Then:

(1) A fuzzy set ) is called an r-1i9-6-generalized fuzzy closed (r-T12-6-gfc, for short) if C% (), s) < p
whenever A < p and T5(p) > s forall 0 < s <.

(2) A fuzzy set ) is called an 7-712-0-generalized fuzzy open (r-7i2-6-gfo, for short) if 1 — X is an
r-T19-0-gfc.
Proposition 3.2. Let (X, 71, 72) be a smooth bts, A\, Ao € IX and 7 € Iy. Then:
(1) If A1, Ao are r-1yo-0-gfc sets, then A1 V Ay is an r-15-0-gfc set.
(2) If A1, Ag are r-112-0-gfo sets, then A; A A2 is an r-712-6-gfo set.
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Proof. To prove part (1), let A\; V Ay < p such that 792(pu) > s for 0 < s < r. This implies A; < p
and Ay < p. Since A; and Ay are r-119-0-gfc sets, then in view of Proposition 2.16(3) and Definition
3.1(1), we have, C%y (A1 V A2, 8) = C¥y (A1, 5) VCYy(Na, s) < puV = p. Hence, A1 V Ag is an r-72-0-gfe.
The prove of part (2), follows from the duality of (1). O

Remark 3.3. The finite intersection (resp. union) of r-mo-6-gfc (resp. gfo) sets in a smooth bts
(X, 71, 72) need not to be an r-r19-0-gfc (resp. gfo), as the following example shows.

Example 3.4. Let X = {a,b}. Define A\j, Ay € IX as follows:
A1 =ao.2 Vbos, A2 = ag.a V bo.o.

We define smooth topologies 71,75 : IX — I as follows:

1 ifA=0,1, 1 ifx=0,1
n(A) =497 if A=A, and  T(A) =43 if A=)
0 otherwise. 0 otherwise.

The induced supra smooth topological space of (X, 71, 72), is defined as 712 : I*X — I such that

1 ifA=0,1,

T ifA= Ay,
T12(/\): g if)\z/\g,

% if A= A1V Ag,

0 otherwise.

Then, for r = i the fuzzy sets 171 = ag.2 V bog and 173 = agg V bp.o are i—ﬁg—&—gfc sets but n; A 12

is not a %—Tlg—a-ng. By taking the complement of 7; and 7 we obtain the finite union of r-m5-6-gfo
sets. This union need not to be r-m2-0-gfo.

In the following Propositions 3.5, 3.7, 3.9, 3.10 and 3.11 with the examples following them show
that the class of r-79-0-gfc sets is properly placed between the classes of r-m9-gfc sets and r-772-0-closed
fuzzy sets.

Proposition 3.5. Let (X, 7y, 72) be a smooth bts, A € IX and r € Iy. If X is an r-1y2-0-closed fuzzy
set, then A is an r-79-6-gfc set.

Proof. Let A < p such that 72(p) > s for 0 < s < r. Since A is an r-7y2-6-closed fuzzy set, then
CY (A, 7) = X and from Proposition 2.16(4) , for s < r we have C¥5(\, s) < C%(\,7) = A < p. Hence,
A is an r-79-0-gfc set. O

The converse of Proposition 3.5 is not true as we show in the next example.
Example 3.6. Let X = {a,b}. Define \;, Ay € IX as follows:
A1 =ap2Vbos, A2=agsVbos.

We define smooth topologies 71,75 : IX — T as follows:

1 ifA=0,1, 1 ifA=0,1,
7'1()\): % lf)\:Al, and TQ()\): % lf)\:A27
0 otherwise; 0 otherwise.

The induced supra smooth topological space of (X, 7y, 72), is defined as 715 : IX — I such that

1 ifA=0,1,
Tlg(A): % lfA:)\l, )\27 A1VA27
0 otherwise.

Then, for r = %, the fuzzy set A = ag.4 Vbg4 is a %—7'12—9—ng but is not a %—Tlg—e—closed fuzzy set.
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Proposition 3.7. Let (X, 71, 7) be a smooth bts, A € IX and r € Iy. If X is an 7-715-0-gfc set, then

A is an r-y9-gfc set.

Proof. The proof follows directly from Theorem 2.15(1).

The following example shows the converse of the previous proposition is not true.

Example 3.8. Let X = {a,b}. Define A\, \y € IX as follows:

A =ap7Vbos, Aa=ag2Vbyo.

We define smooth topologies 71,75 : IX — I as follows:

1 ifA=0,1, 1
n(A) =493 if A=A, and () =1 %
0 otherwise; 0

ifA=0,1,
if A= Ao,
otherwise.

The induced supra smooth topological space of (X, 7y, 72), is defined as 75 : IX — I such that

1 ifA=0,1,

1if A=Ay,
m2(A) = 1 i A=y,

3 A=AV A,

0 otherwise.

Then for r = %, the fuzzy set A = ag3 Vbgs is a %-Tlg—ng but is not a %—Tlg—e—gfc.

O

Proposition 3.9. [32] Let (X, 71, 72) be a smooth bts, A € IX and r € I,. If ) is an r-7y5-closed fuzzy

set, then A is an r-7o-gfc set.

The converse of Proposition 3.9 is not true (see [32]).

Proposition 3.10. [33] Let (X, 7;,72) be a smooth bts, A € IX and r € Iy. If X is an 7-72-0-closed

fuzzy set, then A is an r-1yo-closed fuzzy set.

The converse of Proposition 3.10 is not true (see [33]).

Proposition 3.11. Let (X,71,72) be a smooth bts, A € IX and r € I,. If X is an r-(7;,7;) fuzzy

f-closed set, then X is an r-7y2-6-closed fuzzy set.

Proof. To prove A is an r-7y3-6-closed fuzzy set, we must prove Cfy(\,7) = X. Clearly A < C{y(\, 7).
On the other hand, from Theorem 2.15(1), C%(\,7) < T77 (A, 7). Since A is an r-(7;, ;) fuzzy 6-closed
set, then 777 (\,7) = A. Consequently, C% (), r) < X\. Hence, A is an r-ri5-0-closed fuzzy set.

The next example shows the converse of Proposition 3.11 is not true in general.

Example 3.12. Let X = {a,b}. Define A, \a € I as follows:
A1 =ap4Vbos, Az=agsVboa.

We define smooth topologies 71,7 : IX — T as follows:

1 ifA=0,1, 1
T1()\>: % if)\z/\l7 and TQ()\): i
0 otherwise; 0

if A\=0,1,
if A= Ao,
otherwise.

O
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The induced supra smooth topological space of (X, 7y, 72), is defined as 75 : IX — I such that

1 ifx=0,1,

% if A= Aq,
2(A) = L if A=,

i if A=AV g,

0 otherwise.

Then, for r = %7 the fuzzy set A = ag.5 V bo5 is a i—ﬁg—@—closed fuzzy set but is not a i-(ﬁ, 7o )fuzzy
f-closed set.

From the above discussion we have the following diagram which is an enlargement of a Diagram
from [33].

r-(7y, 73)-0-gfc < r-(73, 71)fuzzy 0-closed = r-112-6-closed fuzzy set = r-my2-closed fuzzy set

I ¢ ¥ 4

r-(7i,73)-gfc <= r-75-closed fuzzy set r-t12-0-gfc = r-mo-gfc

From the above diagram one can notice that the concepts of r-(7;, 7;)-0-gfc and r-ro-6-gfc sets are
independent as the following two examples show.

Example 3.13. Let X = {a,b}. Define A\, \a € I¥ as follows:
At =ao3Vbos, A2=ageV bo.a.

We define smooth topologies 7,75 : [ X T as follows:

1 ifA=0,1, 1 ifx=0,1,
nA)=49% ifA=X, and n\)=<1 ifa=),
0 otherwise; 0 otherwise.

The induced supra smooth topological space of (X, 71, 72), is defined as 712 : X — I such that

1 ifA=0,1,

1ot A=Ay,
2(A) = 1 i A=y,

T iEA=XA1 VA,

0 otherwise.

Then for r = i, the fuzzy set A = ag4 Vb3 is a i—(ﬁ, T9)-6-gfc but is not a i—T12—9—ng set.
Example 3.14. Let X = {a,b}. Define A\;, Ay € IX as follows:
A1 =a04Vbos, A2=ageV boa.

We define smooth topologies 71,75 : IX — T as follows:

1 ifA=0,1, 1 ifA=0,1,
7'1()\): % lf)\:Al, and 7-2()\): % lf)\:A27
0 otherwise; 0 otherwise.

The induced supra smooth topological space of (X, 71, 72), is defined as 715 : IX — I such that

1 ifx=0,1,

% if A= Aq,
T2(A) = {3 A= g,

% if A=AV g,

0 otherwise.

Then for r = %, the fuzzy set A = ag.1 V bg.3 is a %—712—9—gfc but is not a %—(71, To)-0-gfc set.
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4 Generalized CY-fuzzy Closure Operator

In this section we use the class of r-719-6-gfc (resp. gfo) sets to introduce a new fuzzy closure (resp.
interior) operator on smooth bts (X, 7y, 72). In fact this new fuzzy closure (resp. interior) operator
represents a generalization of the fuzzy closure (resp. interior) operator CY, (resp. I%,) [32]. Some
properties of these new fuzzy closure are given. We show that C% (resp. I%,) generates a smooth
fuzzy topology which is finer than 77,.

Definition 4.1. Let (X,7;,7) be a smooth bts. For A € IX and r € Iy, a generalized C%,-fuzzy
closure is a map GCY, : X x Iy — X define as

GO%(\ 1) = /\{p € I'| p> X and p is r-T1-0-gfc set}.
And a generalized IY,-fuzzy interior of \ is a map GIY, : IX x Iy — I define as
GI,(A\,r) = \/{p € I"| p < X and p is r-T12-0-g fo set}.
Some properties of GOY%, and GIY, are given next.
Proposition 4.2. Let (X, 71,72) be a smooth bts, A\, A1, Ao € IX and r € Iy. Then:
(1) GI%(1 -\ 7r)=1—GC%(\ 7).
(2) If Ay < Mg, then GC¥5 (A1, 7) < GCY% (A2, 7).
(3) If Ay < A, then GI% (A1, 7) < GIf, (A2, 7).
(4) If X is an r-1y2-0-gfe, then GCYy (A, ) = A.
(5) If X is an r-7y5-0-gfo, then GI%(\,7) = \.
Proof. We prove (1), using Definition 4.1:
1-gC%\r) = 1- /\{p e IX| p> )\, pis r-Tia-0-gfc set}
= \/{i —pelX|1—p<1—-\T1-pisr-r-b6-gfo set}
= GIf,(1—\r).
To prove (2), suppose there exist z € X and t € I such that
GO (A, 7)(x) > t > GOTy (A, 1) (2). ()

Since GCO% (A2, 7)(z) < t, then there exists an r-my5-6-gfc p with p > o such that p(z) < t. Since \; <
A2, then GC¥y(A\i,7) < p. Tt follows GCYy(A1,7)(z) < t. This contradicts (5). Hence, GC¥y(A1,7) <
GCY(Aa,7). The proof of (3), follows from taking the complement of (2) and then using (1). The
proof of (4), follows from Definition 4.1. Finally, the proof of (5) is similar to the proof of (3). O

In Proposition 4.2 the converse of (4) and (5) are not true as the following example show. The
example is inspired by the one introduced in [18, p.333]

Example 4.3. Let X = {a,b}. Define smooth topologies 71 = 79 : [X — I as follows:
1 ifA=0,1,
T1()\) :7'2(/\) = 0.3 if)\:ao_&
0 otherwise.

The induced supra smooth topological space of (X, 7y, 72), is defined as 75 : IX — I such that

1 ifA=0,1,
7'12(>\) = 0.3 if A= an.6,
0 otherwise.

The fuzzy set ag.g is not a 1-m9-0-gfc, but gC’f2(ao,6, 1) = ap.g. Because, apg V bs is a 1-112-0-gfc for
s € Iy. Therefore,
GCYs(a06,1) = Nyer, (@06 V bs) = aos V Nyep, bs = a0
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Next we show GCY, (resp. GIY,) is fuzzy closure operator.

Theorem 4.4. Let (X, 71, 7) be a smooth bts, A € IX and r € I. Then:
(1) GCY, (vesp. GI{; ) is a fuzzy closure (resp. interior) operator.

(2) The mapping 71929 : IX — I defined as
() = \{rellgc,1-Ar)=1-A%
is a smooth topology on X such that 7¢, < 7'1%9.

Proof. We have shown that GCY, is a fuzzy closure operator and in a similar way can prove that GI?,
is a fuzzy interior operator. To prove (1), we need to satisfy conditions (C'1) — (C5) in Definition 2.5.

(C1) Since 0 is an r-712-0-gfc set in X, then from Proposition 4.2(4), GC¥%(0,r) = 0.
(C2) Follows immediately from the Definition of GC%,.
(C3) Since A < AV p and g < AV pu, then from Proposition 4.2(2),

GOy (A1) < GOT(AV p,r) and GCTy(p,1) < GOTH(AV pu, ).

This implies, GO% (X, 1) V GO% (1, 7) < GO%WAV 7).
Suppose GO% (A V 1) & GCY% (N, 1) V GCYy(1,7). Consequently, z € X and t € I, exist such
that

GCT (A, 1) (2) V GO, (1) (x) <t < GCT,(AV p,7) (). (6)

Since GOY% (A, r)(z) < t and GOY%(u,r)(x) < t, then there exist r-tjo-0-gfc sets p1, pa with
A < pp and p < po such that
p1(xz) < t,pa(x) < t.

Since AV p < p1 V p2 and py V p2 is an r-712-6-gfc from Proposition 3.2(1), we have
GCYy(AV p,7)(z) < (p1 V p2)(z) < t. This, however, contradicts (6). Hence, GC¥y(\,7)V
gcleQ (,LL, 7”) = g0162()‘ Vo, T’).

(C4) Let r < s, r,s € Iy. Suppose GC%(\, 1) £ GCY% (), s). Consequently, z € X and t € Iy exist
such that
GO (A, s)(x) <t < GCTH(A,7) (). (7)

Since GCY, (), s)(x) < t, then there is an s-7y2-6-gfc set p with A\ < p such that p(z) < t. This
yields C¥5(p,s1) < p, whenever p < p and 7y2(p) > sq, for 0 < 57 < s. Since 7 < s, then
CY%(p,r1) < p whenever p < p and T9(p) > 71, for 0 < r; < r < s; < 5. This implies p is
an r-112-0-gfc. From Definition 4.1, we have GO% (), r)(x) < p(x) < t. This contradicts (7).
Hence, GCY, (A, 1) < GCYy (A, 5).

(C5) Let p be any r-7y2-0-gfc containing A\. Then, from Definition 4.1, we have GC%(\,7) < p.
From proposition 4.2(2), we obtain GC%(GC%(\,7),7) < GC¥%(p,7) = p. This means that
GCY,(GCY,y (A, ), 1) is contained in every r-T12-0-gfc set containing A. Hence, GC%(GC% (N, 7),7) <
GCY% (N, r). However, GCVW(N\, 1) < GO%(GC%(N,7),7). Therefore, GClW(GCl (A, 1), 7) =
GCY5(\, 7). Thus GCY, is a fuzzy closure operator.

To prove (2), we employ (1) and Definition 2.5, we get 755 ()\) is a smooth topology on X. By
Proposition 3.5, C% (1 —\,r) = 1— A which yields GC% (T —\,7) = T— . Thus, 7{,(\) < 75()\)
for all A € IX.

O

At the end of this section we state the following proposition which is describes each r-712-0-gfc set
in smooth topological space (X, 71%9).

Proposition 4.5. Let (X, 7,72) be a smooth bts. A € IX and r € Iy. If X is an r-79-6-gfc, then A
is an 1-714 -closed fuzzy set.

Proof. The proof follows from Proposition 4.2(4) and Theorem 4.4(2). O
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5 GFP*-0-continuous and GF P*-f-irresolute Mappings

In this section we use the smooth supra topological space (X, 712) which is generated from smooth
bts (X, 71, 72) to introduce and study the concepts of generalized F'P*-6- continuous (resp. irresolute)
and F P*-strongly-6-continuous mappings for the smooth bts (X, 71, 72).

Definition 5.1. A mapping f : (X, 71,72) — (Y, 77, 75) is called:

(1) generalized FP*-6- continuous (GF P*-§-continuous , for short) if f=1(p) is an r-r2-6-gfc in X
for each r-775-closed fuzzy set p in Y.

(2) generalized-F P*-f-irresolute (G F P*-f-irresolute, for short) if f=1(u) is an r-72-0-gfc in X for
each r-1{5-0-gfc pin Y.

(3) FP*-strongly-6- continuous ( F'P*-S-6-continuous, for short) if for each x; € Pt(X) and for
each p1 € Qry, (f(w¢),7), there exists v € Qr,, (x4, 7) such that f(Ci2(v,7)) < p.

Next we study the relationships between GF P*-0-continuous, F' P*-S-0-continuous, GF P*-continuous

and F P*-continuous. Next proposition give the relationship between G F P*-0-continuous and G F P*-
continuous.

Proposition 5.2. If f : (X, 7, 72) — (Y, 77, 75) is GF P*-6-continuous, then f is GF P*-continuous.
Proof. Let u € IV such that p is an r-7i,-fuzzy closed set. Since f is GFP*--continuous, then we
have, f~!(u) is an r-112-0-gfc, and from Proposition 3.7, this yields f~1(u) is an r-72-gfc. Hence, f is
GF P*-continuous. O
The converse of the above proposition in not true according to the following counterexample.
Example 5.3. Let X = {a,b} and Y = {p,q,w}. Define A\, \a € IX and py, s € IV as follows:

Alza%\/b%, )\Qza%\/b%, /lep%\/q%\/w%, ,ugzp%\/q%\/w%.

We define the smooth topologies 71,75 : IX — I and T, Ty o L Y I as follows:

1 ifA=0,1, 1 ifA=0,1,
T1(A) = % if A=A, T2(A) = % if A= XAg,
0 otherwise; 0 otherwise;
1 ifpu=0,1, 1 ifpu=0,1,
) =L i =, and () =41 i =,
0 otherwise; 0 otherwise.

From the smooth bts’s (X, 11, 72) and (Y, 77, 75) we can induce the supra smooth topologies 712 and
Tio as follows:

1 ifA=0,1, 1 ifpu=0,1,

1if A=), Loifpu=p,
T12(A) = ¢ 5 i A=y, and o) = 5 if p = pa,

i if A=AV A, % if =1V o,

0 otherwise; 0 otherwise.

Consider the mapping f : (X, 71,72) — (Y, 7, 75) defined by f(a) = ¢q and f(b) = w. Then, f is

GFP*-continuous but is not GFP*-f-continuous because, there exists 1 — i is a 3-71,-closed fuzzy
set but f~1(1 — 1) is not a 3-712-6-gfc set.

Next we give the relationship between F P*-S-6-continuous and GF P*-0-continuous.
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Proposition 5.4. If f : (X, 7, 72) — (Y, 71, 75) is F P*-S-6-continuous, then f is GF P*-6-continuous.

Proof. Let A € be an r-1{,-closed fuzzy set in Y. Let f~1()\) < u where 712(p) > s for 0 < s < 7. We
must show C% (f~1(\),s) < p. Let z; ¢ p this mean, z; ¢ I—u. In fact that f~(\) < u, which implies
1—p < 1—f~%(\), and since 24 ¢ 1—p this yields, z; ¢ 1—f~1()\). Thus, we have f(z;) ¢ 1—\ such that
1—Xis r-7{y-open fuzzy set in Y. That is mean 1 — X € Q- (f(z¢),7). Since f is FP*-S-f-continuous.
Then, there exists n € Q,, (¢, r) such that f(Ci2(n,r)) g 1 — A. This implies, f(Ci2(n,7)) ¢ A and
then Cya(n,7) ¢ f~1(A). In view of Definition 2.14, we get x; ¢ C%(f~1(\),r). Since s < r then, from
Proposition 2.16(4), we have x; ¢ C{,(f~*()\), s). Hence, we obtain C%(f~1(\),s) < p. Thus, f is
G F P*-0-continuous. O

The converse of the above Proposition not true as seen from the following example.
Example 5.5. Let X = {a,b} and Y = {p, q}. Define A\, Ay € I and p1, 2 € I' as follows:
Alza%\/b%, )\QZG%\/b%, m:p%\/q%, ugzp%\/q%.

We define the smooth topologies 71,7 : IX — I and 77,75 : IY — I as follows:

1 ifA=0,1, 1 ifx=0,1,

T1(A) = % if A= Aq, T2(A) = % if A= Mg,

0 otherwise; 0 otherwise;
1 ifpu=0,1, 1 ifpu=0,1,
m(w) =q3 if p=p, and () =q3 if p=p,
0 otherwise; 0 otherwise.

From the smooth bts’s (X, 11, 72) and (Y, 75, 75) we can induce the supra smooth topologies 712 and
Tiy as follows

1 ifx=0,1, 1 ifu=0,1,
% 1f>\:)\1, % lf,U/:/ll,
m2(A) = ¢ & if A=), and o(p) =45 if p=po,
% if A=AV g, % if = p1 V o,
0 otherwise; 0 otherwise.
Consider the mapping f : (X, 7, 7) — (Y, 7{,75) defined by f(a) = ¢ and f(b) = p. Then, f is
GF P*-6-continuous but is not FP*-S-f-continuous because, there exists ag7; € Pt(X), r = ; and

p1 € Qrz, (f(ao7), 3) such that for any A € Qr,,(ao.7, 3), F(Cra, 3) % .
Proposition 5.6. [32]If f : (X, 71, 72) — (Y, 7y, 75) is FP*-continuous, then f is GF P*-continuous.

The converse of the proceeded proposition is not true in general (see [32]).

To discuss the relation between FP*-S-6-continuous and F P*-continuous, we need to give an
equivalent definition to F'P*-continuous.

Theorem 5.7. A mapping f : (X, 7,72) — (Y, 77, 75) is FP*-continuous iff for each z; € Pt(X)
and for each p € Q, (f (), 7), there exists n € Qr,, (¢, 7) such that f(n) < u

Proof. The proof is similar to the one in [[34], Theorem 5.3]. O
Proposition 5.8. If f: (X, 7, 7) — (Y, 77, 75) is FP*-S-0-continuous, then f is F'P*-continuous.
Proof. Let x; € Pt(X) and p € Q7i5(f(x¢),r). Since f is FP*-S-0-continuous. Then, there exists

1 € Qria(wy, ) such that f(Ci2(n,r)) < u. Since n < Cia(n,r), then f(n) < f(Cia(n,r)) < p. Thus,
in view of Theorem 5.7, f is F'P*-continuous. O
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The converse of proposition 5.8 is not true as we have shown in Example 5.3. Note that Example 5.3
and Example 5.5 show that the F'P*-continuous and GF P*-f-continuous are independent. Therefore
we have the following implications and none of them are reversible.

GFP*-f-continuous —> GFP*-continuous
f f
FP*-S-0-continuous =—> FP*-continuous

The following theorem provides conditions to obtain GF P*-f-irresolute mapping from GF P*-6-
continuous mapping.

Theorem 5.9. If f: (X, 7,72) — (Y, 7], 75) is bijective, FP*-open and GF P*-f-continuous, then
f is GF P*-f-irresolute.

Proof. Let v is an r-riy-0-gfc set and f~!(v) < p such that T15(u) > s for 0 < s < r. Since f~(v) < p,
then v < f(u). From the fact that f is F/P*-open, we obtain f(u) is an s-7j5-open fuzzy set. Now,
we have v is an r-71,-0-gfc and v < f(u). From Definition 3.1(1) we get, Ci§(v,s) < f(u) and thus,
f~HCY(v,s)) < p. Since CiY(v,s) is an r-1iy-closed fuzzy set in Y and f is GF P*--continuous.
Then, f~1(C4(v,s)) is an r-my2-6-gfc in X. Thus, from Definition 3.1(1), C%(f~1(Ci§)(v, 5)),s) < u
this yields C%(f~1(v),s) < u. Therefore, f~1(v) is an r-12-0-gfc. Hence, f is GF P*-f-irresolute. [
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1 Introduction

The following inequality holds for any convex function f define on R and a,b € R, with a < b

f(a;b)<bia/01f<x>dw<w 1)

both inequalities hold in the reversed direction if f is concave.

The inequality (1) is known in the literature as the Hermite-Hadamard’s inequality. The Hermite-
Hadamard’s inequality may be regarded as a refinement of the concept of convexity and it follows
easily from Jensen’s inequality. The classical Hermite-Hadamard inequality provides estimates of the
mean value of a continuous convex function f : [a,b] — R.

In this paper, Firstly we defined for bounded positive selfadjoint operator p-convex functions in
Hilbert space, secondly established some new theorems for them and finally Hermite-Hadamard type
inequalities for product two bounded positive selfadjoint operators p-convex set up in Hilbert space.

In the paper [1] Dragomir et al. consider P(I). This class is defined in the following way.

Definition 1.1. [1] We say that f : I — R is a P-function, or that f belongs to the class P(I), if f
is a non-negative function and for all z,y € I, « € [0, 1], we have

flox+ (1 —a)y) < flz)+ f(y).

For some results about the class P(I) see, e.g., [2] and [3].

** Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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2 Preliminary

First, we review the operator order in B(H) and the continuous functional calculus for a bounded
selfadjoint operator. For selfadjoint operators A, B € B(H) we write, for every € H

A< B(or B> A)if(Ax,z) < (Bzx,x)(or (Bxz,z) > (Azx,x))

we call it the operator order.

Let A be a selfadjoint linear operator on a complex Hilbert space (H,{.,.)) and C(Sp(A)) the C*
-algebra of all continuous complex-valued functions on the spectrum A. The Gelfand map establishes
a x-isometrically isomorphism ® between C'(Sp(A)) and the C*-algebra C*(A) generated by A and
the identity operator 1y on H as follows [6].

For any f,g € C(Sp(A)) and any «, 8 € C we have

i. ®(af+Bg) = a®(f)+B2(g) ;
ii. ®(fg) =2(f)®(9) and &(f*) = (f)";
iii. || (I = IlfIl := suprespea|F )] 5
iv. ®(fo) =land ®(f;) = A, where fo(t) = land f1(t) =t, for t € Sp(A)
If f is a continuous complex-valued functions on C(Sp(A)), the element ®(f) of C*(A) is denoted
by f(A), and we call it the continuous functional calculus for a bounded selfadjoint operator A.
If A is bounded selfadjoint operator and f is real valued continuous function on Sp(A), then
f(t) > 0 for any t € Sp(A) implies that f(A) > 0, i.e f(A) is a positive operator on H. Moreover,

if both f and g are real valued functions on Sp(A) such that f(t) < g(¢) for any ¢ € Sp(A), then
f(A) < f(B) in the operator order B(H).

A real valued continuous function f on an interval I is said to be operator convex (operator
concave) if

F((L=MA+AB) < (Z)(1 =) f(A) + Af(B)

in the operator order in B(H), for all A € [0, 1] and for every bounded self-adjoint operator A and B
in B(H) whose spectra are contained in I.

3 Operator p-convex Functions in Hilbert Space

The following definition and function class are firstly defined by Seren Salas.

Definition 3.1. Let I be interval in R and K be a convex subset of B(H)™. A continuous function
f: I — Ris said to be operator p-convex on I, operators in K if

flaAd+ (1 -a)B) < f(A)+ f(B) (2)

in the operator order in B(H), for all a € [0,1] and for every positive operators A and B in K
whose spectra are contained in I .

In the other words, if f is an operator p-convex on I, we denote by f € S,0.
Lemma 3.2. If f belongs to S,0O for operators in K, then f(A) is positive for every A € K.
Proof. For A € K, we have

A
s =s(5+

This implies that f(A) > 0.
Moslehian and Najafi [4] proved the following theorem for positive operators as follows :

Theorem 3.3. [4] Let A, B € B(H)*. Then AB+ BA is positive if and only if f(A+B) < f(A)+f(B)
for all non-negative operator functions f on [0, c0).

4

2) < F(4) + £(4) = 2f(A).
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Dragomir in [5] has proved a Hermite-Hadamard type inequality for operator convex function
as follows:

Theorem 3.4. [5] Let f : I — R be an operator convex function on the interval I. Then for all
selfadjoint operators A and B with spectra in I we have the inequality

U(57)=) Bl ) ()]
[ ((1=as10))a

[ (A42) ) (10

IN

Let X be a vector space, x,y € X,z # y. Define the segment
[z,y] := (1 —t)x + ty;t € [0, 1].
We consider the function f : [z,y] :— R and the associated function
g(z,y) : [0,1] = R
9(z,y)(t) == f((1 = t)z +ty), t € [0, 1].

Note that f is convex on [z,y] if and ounly if g(x,y) is convex on [0,1]. For any convex function
defined on a segment [z,y] € X, we have the Hermite-Hadamard integral inequality

= 1 flz) + fy)
(55Y) < [ - e ar< 104

which can be derived from the classical Hermite-Hadamard inequality for the convex g(x,y) : [0,1] — R.

Lemma 3.5. Let f : I C R — R be a continuous function on the interval I. Then for every two
positive operators A, B € K C B(H)" with spectra in I the function f € S,0 for operators in

[A,B] := (1 - t)A+tB;t € [0,1]
if and only if the function ¢, 4 5 : [0,1] — R defined by
¢enB = (f(1-t)A+tB)x,z)
is operator p-convex on [0, 1] for every x € H with ||z| = 1.
Proof. Since f € 5,0 operator in [A, B, then for any t1,t € [0,1] and a € [0, 1] we have

pr,a8(ats + (1 = a)tz)

(f((1 = (at1 4+ (1 — a)ta) A+ (aty + (1 — @)ta)B)z, x)
(fal1—t)A+t:B]+ (1 — a)[(1 — t2)A + to2B))z,z)
(F(A—t)A+tB)z,z) + f((1 — t2) A+ t2B)z, x)
0, 4,8(t1) + ¢z,4,B(t2)

IA A

Theorem 3.6. Let f € S,0 on the interval I C [0,00) for operators K C B(H)". Then for all
positive operators A and B in K with spectra in I, we have the inequality

;f<A;B> s/o f(tA+ (1 —t)B)dt < [f(A) + (B)] (3)
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Proof. For x € H with ||z|| = 1andt € [0, 1], we have
(1=t)A+tB)z,x) = (1 — t){Az,x) + t(Bz,z) € I, (4)

Since <A$7x> € Sp(A) C I'and <Bm,x> € Sp(B) C I.
Continuity of f and 4 imply that the operator-valued integral fol f (tA +(1- t)B) dt exists.

Since f is operator p-convex, therefore for ¢ in [0,1], and A, B € K we have
F(EA+ (L= 0)B)dt < f(A) + f(B) (5)
Integrating both sides of 5 over [0, 1] we get the following inequality
1
| #ea+a-oB)d < a)+ 1(8)
0

To prove the first inequality of 3, we observe that

f(A“;B> <ftA+ (1 —t)B)+ f((1 —t)A+tB) (6)

Integrating the inequality 6 over ¢ € [0, 1] and taking into account that

/1f(tA+ (1—t)B)dt = /1f((1 —t)A+tB)dt
0 0

then we deduce the first part of 3.

4 The Hermite-Hadamard Type Inequality for the
Product Two Operators p-convex Functions

Let f,g € S,O on the interval in I. Then for all positive operators A and B on a Hilbert space H
with spectra in I, we define real functions M (A, B) and N(A, B) on H by

M(A, B)(x) = (f(A)z, z)(g(A)x, x) + (f(B)z, z)(g(
N(A, B)(x) = (f(A)z, z)(g(B)x, x) + (f(B)z, z)(9(A)

Theorem 4.1. Let f,g € S,0 be on the interval I for operators in K C B(H)*. Then for all positive
operators A and B in K with spectra in I, we have the inequality

B)z,x) (z € H),
A)x,z) (x € H).

/1<f(tA + (1 =t)B)z,2)(g(tA+ (1 — t)B)z,z)dt
0

< M(A,B)+ N(A,B)
hold for any x € H with ||z|| = 1.

Proof. For x € H with ||z|]| =1 and t € [0, 1], we have

((A+ B)z,z) = (Az,z) + (Bz,z) € I, (7)

since (Az,z) € Sp(A) C I and (Bz,z) € Sp(B) C I.
Continuity of f, g and 7 imply that the operator-valued integrals

1 1 1
/ f(tA+ (1 —t)B)dt, / g(tA+ (1 —1t)B)dt and / (fg)(tA+ (1 —t)B)dt
0 0 0

exist.
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Since f,g € S,0, therefore for ¢ in [0,1] and z € H we have
(f(tA+ (1 =t)B)z,z) < (f(A) + f(B)z,x) (8)

(g(tA+ (1 —t)B)x,z) < (9(A) + g(B)z, ). (9)

From 8 and 9, we obtain

(f(tA+ (1 = t)B)z,2)(g(tA+ (1 - ) B)z,z) < (f(A

(10)
Integrating both sides of 10 over [0, 1], we get the required inequality 7.

Theorem 4.2. Let f,g belong to S,0 on the interval I for operators in K C B(H)". Then for all
positive operators A and B in K with spectra in I, we have the inequality

neosEE.
< /01<f(tA + (1 - )B)a,2)(g(tA + (1 — t)B)z, )dt
+M(A, B) + N(A, B) (12)

hold for any x € H with ||z|| = 1.

Proof. Since f,g € S,0, therefore for any ¢ € I and any x € H with ||z|| = 1, we observe that

H(AEBY,, ALBY
B Efgmi (1)— t)Z<j g1 —2t)A)+ tB>>x x>
— 2 2 )

X<g(tA+ (;—t)B N (1 —t);1+tB>$7x>

IN

{(f(tA + (1 =t)B))+ (f((1 —t)A+tB))

x(g(tA+ (1 —1t)B)) + (g((1 —t)A + tB)>}

< {{ ftA+(1-1)B ><g(tA+(1—t)B)w7w>]
+[(F (1= DA+ tB)e,2)(g((1 - )4 + tB)z,2)]
+[ra Byz,x)] x [lg(A)z,2) + (9(B)z, )]
+[(r(a m,xﬁ x [{g(A)z,2) + <g(B)x,x>}}
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+
2

+

(f(tA+ (1 —t)B)z,x)g(tA+ (1 — t)B)z, x}}
(F(1=B)A+tB)z, 2){g((1 — H)A+ tB)a:,xﬂ
[(F(A),2) (g(A)z, )| +2|(£(B)a,a)(g(B)z,x)|
+2[(f(A)a,2)(g(B)a,2)] + 2|(f(B)w, ) (g(A)z, 2)] }

By integration over [0, 1], we obtain

(552 )m) (o557 ) o)
< /O1 [(F((1 = )4+ tB)z, 2)g(tA + (1 — ) B)w, )

+(f(tA+ (1 —t)B)z,z){g((1 —t)A + tB)x,x)}dt
+2M (A, B) + 2N (A, B)

This implies the inequality 11.
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Abstract — First of all, we focused on soft G-open sets, soft 5-closed sets, soft -interior and soft (-closure
over the soft topological space and investigated some properties of them. Secondly, we defined the concepts
soft B-continuity, soft G-irresolute and soft G-homeomorphism on soft topological spaces. We also obtained
some characterizations of these mappings. Finally, we observed that the collection Sg3r-h(X, 7, E) was a soft

group.

Keywords — Soft sets, Soft topology, Soft B-open sets, Soft B-interior, Soft B-closure, Soft B-continuity.

1 Introduction

Molodtsov [14], in 1999, presented the soft theory as a new mathematical tool for tackling with ambiguities
that known mathematical tools cannot hold. He has indicated a few aplications of soft theory for finding
solutions to many practical problems such as economics, social science, engineering, medical science, etc.

Recently, papers about soft sets and their applications in various fields have increased largely. With a
fixed number of parameters Shabir and Naz [15] came up with some notions of soft topological spaces defined
on the initial universe . The authors defined soft open sets, soft interior, soft closed sets, soft closure, and
soft seperation axioms. Chen [7] presented soft semi open sets and of the some related properties. With a
fixed number of parameters Gunduz Aras et al. [4] came up with some soft continuous mappings defined
on the initial universe. Mahanta and Das [12] presented and classified many forms of soft functions, such as
irresolute, semicontinuous and semiopen soft functions. Arockiarani and Lancy [5] presented soft g/3-closed
and soft gsf-closed sets in soft topological spaces and with the aid of these presented sets they found out
some properties.

In the present study, firstly, we focused soft (-open sets, soft [B-closed sets, soft G-interior and soft (-
closure over the soft topological space and investigated some properties of them. Secondly, we defined the
concepts soft B-continuity, soft B-irresolute and soft S-homeomorphism on soft topological spaces. We also
obtained some characterizations of these mappings. Finally, we observed that the collection S@r-h(X, 7, E)
was a soft group.

This study is a part of correspoinding author’s MSc thesis.

" Edited by Metin Akdag (Area Editor) and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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2 Preliminary

Let U be an initial universe set and E be a collection of all probable parameters with respect to U. Here the
parameters are characteristics or properties of objects in U. Let P(U) denote the power set of U, and let

ACE.

Definition 2.1. [14] A pair (F, A) is called a soft set over U, where F is a mapping given by F': A — P(U).
In other words, a soft set over U is a parametrized family of subsets of the universe U. For a particular e € A,
F(e) may be considered the set of e-approximate elements of the soft set (F, A).

Definition 2.2. [13] For two soft sets (F, A) and (G, B) over a common universe U, we say that (F, A) is a
soft subset of (G, B) if () A C B, and (ii)Ve € A, F'(e) C G(e) are identical approximations. We write (F, A)
C (G, B). (F,A) is said to be a soft super set of (G, B), if (G, B) is a soft subset of (F, A). We denote it by
(F,A) 2 (G, B).

Definition 2.3. [13] A soft set (F, A) over U is said to be

(7) null soft set denoted by @, if Ve € A, F(e) = ¢.
(#4) absolute soft set denoted by A, if Ve € A, F(e) =U.

Definition 2.4. For two soft sets (F, A) and (G, B) over a common universe U,

() [13] union of two soft sets of (F, A) and (G, B) is the soft set (H,C), where C = AU B, and Ve € C,

F(e) , ifeecA-B
H(e) =< G(e) , ifeeB-A
F(e)UG(e) , ifeecANB

We write (F, A) U (G, B) = (H,O).

(79) [9] intersection of (F, A) and (G, B) is the soft set (H,C'), where C = AN B, and Ve € C, H(e) =
F(e)NG(e). We write (F, A) N (G, B) = (H,C).

Let X be an initial universe set and F be the non-empty set of parameters.

Definition 2.5. [15] Let (F, E) be a soft set over X and x € X . We say that = € (F, E) is read as = belongs
to the soft set (F, E) whenever z € F(e) for all e € E. Note that for any z € X. z ¢ (F,E), if z ¢ F(e) for
some e € E.

Definition 2.6. [15] Let Y be a non-empty subset of X, then Y denotes the soft set (Y, E) over X for which

Y(e) =Y, for all e € E. In particular, (X, E), will be denoted by X.

Definition 2.7. [3] The relative complement of a soft set (F,E) is denoted by (F,E)’and is defined by
(F,E) = (F',E) where F' : E — P(U) is a mapping given by F'(e) =U — F(e) for all e € E.

Definition 2.8. [15] Let 7 be the collection of soft sets over X, then 7 is said to be soft topology on X if

(1) ®, X belong to 7
(2) the union of any number of soft sets in 7 belongs to 7
(3) the intersection of any two soft sets in 7 belongs to 7

The triplet (X, 7, E) is called a soft topological space over X. The members of 7 are said to be soft open
sets in X.
We will denote all soft open sets(resp. soft closed sets) in X as S.O(X) (resp. S.C(X)).
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Definition 2.9. [15] Let (X, 7, E) be a soft topological space over X. A soft set (F, E) over X is said to be
a soft closed set in X, if its relative complement (F, E')’ belongs to 7.

Definition 2.10. Let (X, 7, E) be a soft topological space over X and (F, E) be a soft set over X. Then

a) soft interior[10] of the soft set (F, E) is denoted by (F, F)° and is defined as the union of all soft open
sets contained in (F, E). Thus (F, E)° is the largest soft open set contained in (F, E).

b) soft closure[15] of (F, E), denoted by (F, E) is the intersection of all soft closed super sets of (F, E).
Clearly (F, E) is the smallest soft closed set over X which contains (F, E).
We will denote interior(resp. closure) of the soft set (F, E) as int (F, E) (resp.cl (F, E)).

Proposition 2.11. [10] Let (X, 7, E) be a soft topological space over X and (F, E) and (G, E) be a soft set
over X. Then

nt (int (F, £)) = int (F, E)

G, E) imples int (F, E) C int(G, E)
c )=cl(F,E)
d) (F,E) § (G, E) imples ¢l (F,E) C cl(G, E)

Definition 2.12. [6] Let (F, E) be a soft set X. The soft set (F, E) is called a soft point , denoted by (x., F)
or x. , if for the element e € E, F(e) = {z} and F(e') = ¢ for all ¢’ € E — {e}.

Definition 2.13. [18] The soft point z. is said to belong to the soft set (G, E), denoted by z. € (G, E), if
for the element e € E, F(e) C G(e).

Definition 2.14. [18] A soft set (G, E) in a soft topological space (X, 7, E) is called a soft neighborhood of
the soft point z. if there exists an open soft set (H, E) such that z. € (H,E) C (G, E). A soft set (G, E) in
a soft topological space (X, 7, F) is called a soft neighborhoood of the soft set (F, /) if there exists an open
soft set (H, F) such that (F,E) € (H,E) C (G, E).The neighborhood system of a soft point z., denoted by
N.(z.), is the family of all its neighborhoods.

Definition 2.15. [11] Let (X, 7, E) be a soft topological space. A soft point x. € cl(F, E) if and only if each
soft neighborhood of z. intersects (F, E).

3 Soft f-open Sets and Soft (3-closed Sets

Definition 3.1. A soft set (F, F) in a soft topological space (X, 7, F) is said to be

a) soft semi-open[7] if (F, E) C cl(int(F, E)).
b) soft pre-open|5] if (F, E) C int(cl(F, E)).
¢) soft a-open if[5] if (F, E) C int(cl(int(F, E))).
d) soft B-open (soft -closed)[5] if (F, E) C cl(int(cl(F, E))) (int(cl(int(F, E))) C (F, E)).
e) soft regular-open (soft regular-closed)[16] if (F, E) = int(cl(F, E)) ((F,FE) = cl(int(F,E)))
We will denote all the soft S-open (resp. soft semi-open, soft pre-open, soft a-open, soft §-closed, soft
regular-open, soft regular-closed) sets in X as S.3.0(X) (resp. S.5.0(X), S.P.O(X), S.a.0(X), S.8.C(X),
S.R.O(X), S.R.C(X)).

Remark 3.2. It is clear that S.3.0(X) contains each of S.5.0(X), S.P.O(X) and S.a.O(X), and the
following diagram shows this fact.

soft open set ——  soft a-open set — soft semi-open set
! !

soft pre-open set — soft B-open set

The converses need not be true, in general, as show in the following examples.
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Example 3.3. Let X = {z1,20,23}, E = {e1,e2} and 7 = {®, X, (F\,E), (F,E), ...,(F;, E)} where
(F1,E), (F3,E),........ , (F7, E) are soft sets over X, which is defined as follows: Fj(e1) = {z1, 22}, Fi(e2) =
{1, 22}, Faer) = {2}, Fa(e2) = {w1, 23}, Fi(e1) = {2, 23}, Fi(e2) = {a1}, Fuler) = {w2}, Fule2) = {21},
F5(€1) = {1‘1,.’1,‘2}, F5(62) = X, Fg(el) = X, F6(82) = {.1‘1,.%'2}, F7(€1) = {xg,l‘g}, F7(€2) = {371,1‘3} [7}
Then 7 defines a soft topology on X and hence (X, 7, E) is a soft topological space over X. Now we give a
soft set (H,E) in (X, 7, E) is defined as follows: H(e;) = ¢, H(ea) = {x1}. Then, (H, E) is a soft pre-open
set but not a soft a-open set, also it is a soft S-open set but not a soft semi-open set .

Example 3.4. Let X = {x1,20, 73,24}, E = {e1,e2} and 7 = {®, X, (F\,E), (Fy,E), (F3, E)}, where
(F1,E), (Fy, E), (F3,E), are soft sets over X, defined as follows. Fj(e1) = {x1,23}, Fi(ea) = ¢, Fa(er) =
{z4}, Fa(ea) = {x4}, Fs(er) = {x1,23,24}, F3(e2) = {x4}. Then 7 defines a soft topology on X. Hence
(X, 7, E) is a soft topological space over X. Now we give two soft sets (H, E) and (K, F) in (X, 7, F) are
defined as follows: H(ey) = {xo, 23}, H(e2) = {z3}, K(e1) = {x2,24}, K(e2) = {x1,24}. Then (H, E) is a
soft S-open set which is not soft pre-open and (K, E) is a soft semi-open set which is not soft a-open.

Theorem 3.5. (a) For every soft open set (F, E) in a soft topological space X and every (G,E) C X we
have (F,E) 0 (G, E) C c((F,E) N (G, E)); (b) For every soft closed set (F, E) in a soft topological space
X and every (G,E) C X we have int(( ,E) U (G,E)) C (F,E) Uint(G,E).

Proof. (a) Let z. be a soft point on (X, 7, E). x. € (F,E) N cl(G, E) =z € (F,E) and z, € cl( +# E). e
€ (G, E) <= ¥ (K, E) € Ny(z.), (K, E) 1 (G, E) £ @ Since (K, E) (1 (F, E) € N, (z), (K, E) ) (F, E)
N (G,E) # ®. Then, z. € cl((F,E) N (G, E)). _
(b) It can be proved by taking the complement of (F, E) N cl(G, E) C cl((F,E) N (G, E)) in (a). O
Theorem 3.6. If (F, E) is soft open and (G, E) is soft 3-open, then (F, E) N (G, E) is soft B-open.

Proof. Using Theorem 3.5(a) we obtain (F,E) N (G, E) C C (F,E) N c(int(cl (G,E))) C d[(F,E) 0 int
(cl(G, E))] = d[int(F, E) N ¢l(G, E))] C clint[c ((F,E) 0 (G, E))]] which completes the proof. O

Theorem 3.7. If (F, E) is soft closed and (G, E) is soft $-closed, then (F, E) U (G, E) is soft 3-closed.

Proof. Using Theorem 3.5(b) we obtain int[cl[int((F, E) U (G, E))]] Cint[cl ((F, E) Uint(G, E))] = int((F, E)
U cl(int(G, E))) C (F, E) Uint(cl(int (G,E))) C (F,E) U (G, E) which completes the proof. O

Theorem 3.8. 5.5.0(X) U S.P.O(X) C 5.3.0(X)

Proof. Let (F,E) € 8.5.0(X) and (G, E) € S.P.O(X). Then, (F, E) C cl(int(F, E)) C cl(int(cl(F, E))) and
(G, E) Cint(cl(G, E)) C cl(int(cl (G, E))). Therefore, (F, ) U (G, E) C c(int(cl(F, E))) '

= c[int(cl(F, E)) U int(cl(G, E))] C cllint(cl(F, E) U cl(G, E))] = 1

Theorem 3.9. S.5.C(X) U S.P.C(X) C 5.6.C(X)

Proof. Easy. O

Now we define the notion of soft supratopology is weaker than soft topology.

Definition 3.10. [17,8] Let 7 be the collection of soft sets over X, then 7 is said to be soft supratopology
on X if

(1) ®, X belong to 7
(2) the union of any number of soft sets in 7 belongs to 7

We give the following property for soft F-open sets.

Proposition 3.11. The collection S.5.0(X) of all soft [-open sets of a space (X,7,FE) forms a soft
supratopology.
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Proof. (1) is obvious

(2) Let (F, E) € S.8.0(X) for Vi € I = {1,2,3....}. Then, for Vi € I, (F;,E) C C cl(int(cl(F;, E))) =
(FZ,E) - U (cl(mt(cl(FZ,E)))) =c(U Y (int (cl(F“E)))) c cl(mt( (CZ(FZ,E)))) l(int(cl(iLeJI(Fi,E))))
O

The intersection of two soft B-open sets need not be a soft S-open set as is illustrated by the following
example.

Example 3.12. Let X = {1,235}, E = {e1,e3} and 7 = {0, X, (F1, E), (Fy, E), (F3, E)} where (Fy,E),
(Fy, E), (F5, E) are soft sets over X, defined as follows. Fj(e1) = {z1}, Fi(ea) = {x2}, Fa(e1) = {21, 22},
Fy(ea) = {x2}, Fa(e1) = {z1}, F5(e2) = {x1,22}. Then 7 defines a soft topology on X and hence (X, 7, F)
is a soft topological space over X. Now we give two soft sets (G, E), (H,E) in (X, 7, E) which are defined
as follows: G(e1) = {x2}, G(e2) = {x2}, H(e1) = {z1,22}, H(e2) = {x1}. Then, (G, F) and (H, E) are soft
B-open sets over X, therefore, (G, E) N (H,E) = {{x2},¢} and cl(int(cl((G,E) N (H,E)))) = ®. Hence,
(G,E) N (H,E) is not a soft B-open set.

We have the following proposition by using relative complements.
Proposition 3.13. Arbitrary intersection of soft 8-closed sets is soft S-closed.

Proof. Let (F;, E) € S.B.C(X) for Vi € I = {1,2,3....}. Then, for ¥i € I, (F;, E) 2 int(cl(int(F;, E)))

= ﬁI(Fi,E) > ﬁl(int(cl(int(ﬂ,E)))) znt( (cl(znt(FZ,E)))) ) int(cl(ﬁj(int(Fi,E)))) = int(cl(int
1€ 1€ 1€

(QI(F“E)))) The union of two soft (-closed sets need not be soft (-closed set as is illustrated by the

7

following example. O

Example 3.14. Let (X, 7, E) be as in Example 3.12. Now we give two soft sets (G, E), (H, E) in (X, T, E)
which are defined as follows: G(ey) = {x1}, G(es) = {z1}, H(e1) = ¢, H(ea) = {z2}. Then, (G, E) and
(H, E) are soft (-closed sets over X , therefore, (G, E) U (H,E) = {{z1},{z1,22}} and int(cl(int((G, E) U
(H,E)))) = X. Hence, (G, E) U (H, E) is not a soft S-closed set.

Theorem 3.15. For any soft set (F, E') of a soft topological space X the following conditions are equivalent:
(a) (F,E) € 8.5.0(X) (b)cl(F,E) e S.R.C(X).

Proof. (a) — (b) Let (F,E) be a soft 3-open set. Then (F,E) C cl(int(cl (F,E))). This implies cl(F, E) =
cl(int(cl(F, E))) that is cl(F, E) € S.R.C (X). (b) — (a) is obvious. O

Theorem 3.16. For any soft set (F, E') of a soft topological space X the following conditions are equivalent:
(a) (F,E) € 8.5.C(X) (b)int(F,E)e S.R.O(X).

Theorem 3.17. Each soft S-open set which is soft semi-closed is soft semi-open .

Proof. (F,E) € S.3.0(X) => (F,E) C cl(int(cl(F, E))) and (F, E) € S.5.C(X) = int(cl(F,E)) C (F, E).
Then int(cl(F, E)) C (F, E) C cl(int (cl(F, E))). Since int(cl(F, E)) = (U, E) is a soft open set, we can write
(U,E) C (F,E) C cl(U, E). Hence (F, E) is a soft semi-open set. O

Corollary 3.18. If a soft set (F, F) in a soft topological space (X, 7, F) is soft 8-closed and soft semi-open,
then (F, F) is soft semi-closed.

Theorem 3.19. If (F, E) is soft a-open and (G, E) is soft B-open then (F, E) N (G, E) is soft B-open.
Proof. (F,E) 0 (G,E) C int(cl(in tF,E))) N cl(int(cl(G, E))) C dlint(cl (int(F, E))) N int(cl(G, E))] =

clint[cl(int(F, E)) ﬁ int(cl(G, E))]] C cl[mt[ cllint(F, E) N int(cl(G, E))]]] = c[int[int(F, E) A cl(G, E)]] C
clint[cl[int (F,E) N (G, E)]]] C cint[c[(F, E) N (G, E)]]].

e

Corollary 3.20. If (F, E) is soft a-closed and (G, E) is soft 3-closed then (F, E) U (G, E) is soft 3-closed.

Proposition 3.21. In an indiscrete soft topological space (X, 7, E), each soft S-open is soft pre-open.
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Proof. If (F,E) = @, then (F,FE) is soft J-open and soft pre-open. Let (F,E) # ®, then, (F,E) €
S.6.0(X) = (F,E) C c(int(cl(F,E))) = X = (int(cl(F, E)). Hence (F, E) is soft pre-open. O

Theorem 3.22. A soft set (F, E) in a soft topological space (X, 7, F) is soft 8-closed if and only if cl()? —
c(int(F, E))) — (X — ¢l(F,E)) D ¢l(F,E) — (F,E).

Proof. cl(X —cl(int(F, E)))—(X —cl(F, E)) 2 cl(F, E)—(F, E) <= (X —int(cl(int(F, E))))— (X —cl(F, E)) 2
cl(F, E)— (F, E) <= (X —int(cl(int (F, E)))) 0 cl(F, E) 2 cl(F, E) - (F, E) <= (X 0 cl(F, E)) - [int(cl(int
(F,E))) O c(F,E)] D cl(F,E) — (F,E) <= cl(F, E) — int(cl(int(F, E))) cl(F,E) — (F,E) <= (F,E) D
int(cl(int(F, E))) <= (F, E) is soft §-closed.

OJ

Theorem 3.23. Each soft S-open and soft a-closed set is soft closed.

m

Proof. Let (F,E) € S.3.0(X),(F,E) é c(int(cl(F, E))), since (F, E) is soft a-closed cl(int(cl(F, E))) C
(F,E), then cl(int(cl(F, E))) C (F E) C d(int(cl(F, E))), (F, E) = cl(int(cl(F, E))) which is soft closed. [

Corollary 3.24. Each soft (-closed and soft a-open set is soft open.

Definition 3.25. [2]Let (F, E) be a soft subset of (X, 7, E) then the soft beta-closure of (F, E'), denoted by
SBcl(F, E), is the soft intersection of all soft S-closed subsets of X containing (F, E).

Theorem 3.26. Let (F, E) be a soft subset of X. Then SB3cl(F, E) = (F, E) U int(cl(int(F, E))).

Proof. 'We observe that int[cl[int[(F) E) U int(cl(int(F, E)))]]] C intlclfint [(F,E) U cl(int(F, E))]]] C intlcl
[int(F, E) U cl(int(F, E))]] = int[cl(int (F,E)) U cl(int(F, E)] = int(cl(int(F, E))) € (F, E) U int(cl(int
(F,E))). Hence (F, E) U int(cl(int(F, E))) is soft 3-closed and thus SBcl(F, E) C (F, ) U mt(cl(int(F7 E))).
On the other hand, since SFcl(F, E) is soft [-closed, we have int(cl(int(F, E))) C int(cl(int(SBl(F, E))))
C Sfcl(F, E) and hence (F, E) U int(cl(int(F, E))) C SBcl(F, E). O

Definition 3.27. [2]Let (F, E) be a soft subset of (X, 7, E) then the soft beta-interior of (F, E), denoted by
Spint(F, E), is the soft union of all soft S-open subsets of X contained in (F, E).

Theorem 3.28. Let (F, E) be a soft subset of X. Then S@int(F, E) = (F, E) N cl(int(cl(F, E))).

Proof. We observe that (F, E) ﬁ~cl(int(cl(F7 E))) i c(int(cl(F, E))) = cllint[cl(F, E) N int(cl(F, E))]] C
cllint[cl[(F, E) N int(cl(F, E))]]] C dlint[c] [(F, E) N c(int(cl(F, E)))]]]. Hence (F, E) N cl(int(cl(F, E))) is
soft B-open and thus (F, E) N cl(int(cl(F, E))) C SBi nt(F, E). On the other hand, since SBint(F, E) is soft
f-open, we have SBint(F, E) C cl(int(cl(SBint (F, E)))) C cl(int(cl(F, E))) and hence S@int(F, E) C (F, E)
N cl(int(cl(F, E))). O

Corollary 3.29. (a) Spint((F, E)") = (SBcl(F, E)) (b) SBcl((F, E)") = (SPint(F, E))
The following theorem is an easy consequence of the definitions of soft a-open and soft G-open sets.

Theorem 3.30. a) (F, F) € S..O(X) if and only if SGcl(F, E) = int(cl(int (F, E))), b) (F,E) € S.a.C(X)
if and only if SBint(F, E) = cl(int(cl(F, E))).

Proof. (a) = Let (F,E) € S.a.O(X), then (F, E) C int(cl(int(F, E))). SBcl(F,E) = (F,E) U int(cl(int
(F,E))) = int(cl(int(F, E))). B N

<= SBc(F,E) = int(cl(int(F, E))) = (F, E) U int(cl(int(F, E))), then (F, E) C int(cl(int(F, E))).

(b) Easy O

Theorem 3.31. Let (F, E) be a soft subset of X. Then SBint(SGcl(F, E)) = SBcl(SPint(F, E)).

Proof. We have SBint(SBcl(F, E)) = SBcl(F, E) 0 cl(int(cl(SBel(F, E))) =[(F,E)U (1
cllint[cl[(F, E) U int(cl(int(F, E)))]]] = [(F, E) U int(c L(int(F, E)))] N cl(int(cl (FLE))) = [( E) N cl(int(cl
(NF E))] U [int(cl(int(F, £))) N cl(int(c I(F,E)))] = [(F,E) N cl(int(cl(F, E)))] U mt( 1(int(F, E))) [(F,E)

N c(int(cl(F, E)))] U int[cl]int[(F, E) 0 cl(int(cl (F,E)))]]] = SBint(F, E) U int(cl(int(SBint(F, F)))) =

Spel(Spint(F, E)) O

nt(cl(int(F, E)))] A
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Corollary 3.32. (a) (F, E) U SBint(SBcl(F, E)) = SBcl(F, E) (b) (F,E) N SBint(SBcl(F, E)) = SBint(F,E)

Proof. (a) (F,E) U SBint(SBcl(F, E)) = (F, E) U [SBel(F, E) A cl(int(cl (SBl(F, E))))] = (F, E) U [[(F, E)
U znt(cl(mt(F E))] N ¢ Uint[cl[(F, E) U int(cl(int(F, E)))]]]] (F,E) U [[(F,E) U int(cl(int(F, E)))] N
cl(int(cl (F,E)))] = [(F,E) U mt(cl(mt(F, E))]N[(F,E) U cl(int(cl(F, E)))] = [(F E) Uint(cl(int(F, E)))]
= SPC(F, E)

(b) Easy O

Theorem 3.33. For any soft subset (F, E) of a soft topological space X the following conditions are equiv-
alent: (a) (F,E) € S.0.0(X) (b) (F,E) C S@int[ SGcl(F,E)].

Proof. (a) —(b) Let (F, E) € S.3.0(X). Then (F, E) ifl(int(cl(F, E))). SBint(SBcl(F, E)) = SBcl(F, E)
N cl(int(cl(SPel(F, E)))) = [(F, E) U int(cl (int(F, E)))] N cllint[cl[(F, E) U int(cl(int(F, £)))]] = [(F, E) U
int(cl(int (F, E))) N cl(int(cl(E, E))] = [(F, E) N cl(int(cl(F, E)))] U [int(cl(int(F, E) )) N cl(int(cl(F, E)))]
= (F,E) Uint(cl(int(F, E))) 2 (F, E).

(b) —(a) (F,E) C Spint[ SBCl(F, E)] = SBcl(F, E) N cl(int(cl(SBcl (F,E)))) = [(F, E) U int(cl(int
(F,E)))] N cllint[cl[(F, E) U int(cl(int(F, E))) ]]] = [(F, E) U int(cl(int(F, E)))] 0 cl(i nt(cl(F E))). Hence
(F,E) C cl(int(cl (F, E))). O

3.1 Soft (J-continuous Mappings
We define the notion of soft B-continuity by using soft S-open sets.

Definition 3.34. Let (X, 7, E) and (Y, 7/, E) be two soft topological spaces. A function f : (X, 7, F) —
(Y,7', E) is said to be

a) soft semi-continuons[12] if f~1((G, E)) is soft semi-open in (X, 1, E), for every soft open set (G, F)
of (Y, 7', E).
b) soft pre-continuons[1] if f~1((G, E)) is soft pre-open in (X, 7, E), for every soft open set (G, E) of
(Y, 7', E).
¢) soft a-continuons if[1] f~((G, E)) is soft a-open in (X, 7, E), for every soft open set (G, E) of (Y, 7/, E).
d) soft S-continuons if f Y(G, E)) is soft B-open in (X, 7, E), for every soft open set (G, E) of (Y, 7', E).
e) soft B-irresolute if f~1((G, E)) is soft B-open in (X, 7, E), for every soft -open set (G, E) of (Y, 7', E).

It is clear that the class of soft S-continuity contains each of classes soft semi-continuous and soft pre-
continuous, the implications between them and other types of soft continuities are given by the following
diagram.

soft continuity —  soft a-continuity — soft semi-continuity

l !

soft pre-continuity — soft B-continuity
The converses of these implications do not hold, in general, as show in the following examples.

Example 3.35. Let X =Y = {x1, 29,23}, E = {e1, ea} and let the soft topology on X be soft indiscrete and
on Y be soft discrete. If we get the mapping f : (X, 7, F) — (Y, 7/, E) defined as f(x1) = xa, f(x2) = 21,
f(z3) = x5 then f is soft -continuous but not soft semi-continuous.

Example 3.36. Let X = Y = {z1,20,23}, E = {e1,e2}. Then 7 = {®, X, (F\,E), (Fy,E), (F3,E)} is
a soft topological space over X and 7/ = {@,)7, (G1,E),(Ga, E)} is a soft topological space over Y. Here
(F1,E), (F3, E),(Fs, E) are soft sets over X and (Gy, E),(Gz, E) are soft sets over Y,defined as follows:
Fi(er) = {z1}, Fi(e2) = {x1}, Faer) = {w2}, Fa(e2) = {z2}, F(er) = {w1, 22}, F3(e2) = {z1, 72} and
Gi(er) =A{z1}, Gilez2) = {1}, Galer) = {z1, 22}, Gale) = {z1, 22}
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If we get the mapping f : (X, 7, E) — (Y, 7/, FE) defined as f(z1) = z1, flx2) = xs, f(z3) = xo
then f is soft S-continuous but not soft pre-continuous, since f~1(Ga) = {{z1,23}, {z1,23}} is not a soft
pre-open set over X.

We give some characterizations of soft §-continuity.

Theorem 3.37. Let f : (X,7,FE) — (Y,7/,FE) be a soft mapping, then the following statements are
equivalent.

a) f is soft B-continuous.

b) For each soft point (., E') over X and each soft open (G, E) containing f(z., E) = (f(z)., E) over Y,
there exists a soft S-open set (F, E) over X containing (z., F) such that f(F, E) C (G, E).

c) The inverse image of each soft closed set in Y is soft 3-closed in X.

d) int(cl(int(f~Y(G,E)))) C f~1(cl(G, E)) for each soft set (G, E) over Y.

e) flint(cl(int(F, E)))) C cl(f(F, E)) for each soft set (F, E) over X.

Proof. (a) = (b) Since (G,E) Y containing f(ze, E) = (f(x)e, E) is soft_open, then f~'(G,E) €
S.6.0(X). Soft set (F,E) = f~ (G E) which contains (z., E), therefore f(F,E) C (G, E).

(a) = (¢) Let (G, E) € 5.C(Y),then (Y —(G, E)) € S.O(Y).Since f is soft, f-continuous, f~1(Y —(G, E))
€ 5.8.0(X). Hence [X — f~1(G, E)] € S.3.0(X). Then f~(G, E) € 5.3.C(X) N

(c) = (d) Let (G, E) be a soft set over Y, then f~1(cl(G,E)) € S.3.C(X). f~Y(cl(G, E)) 2 int(cl(int
(f~Ycl(G, E))))) D int(cl(int(f~(G, E))))

(d) = (e) Let (F E) be a soft set over X and f(F,E)

, ) = (G, E). Then, according to (d) int(cl(int
(fTU(F E)))) C fHA(f(FE)) = int(cl(int(F, E))) C f~

(A(f(F.B)) = flint(cl(int(FE)))) ©

c(f(F, E))

(e) = (a) Let (G, E) € S.O(Y), (H,E) =Y — (G,E) and (F,E) = f~YH,E), by (e) f(int(cl(int
(f~Y(H,E))))) C cl(f(f~(H,E))) C cl(H E) = (H E), so int(cl(mt(f‘l(H,E)))) C f~Y(H,E). Then
f~Y(H,E) € 5.3.C(X), thus (by (¢)) f is soft S-continuous. O

Remark 3.38. The composition of two soft G-continuous mappings need not be soft G-continuous, in general,
as shown by the following example.

Example 3.39. Let X = 7 = {xl,xg,:cg} Y = {&1, 22,25, 24} and E = {e1,e3}. Then 7 = {®, X, ,(F E)}is
a soft topological space over X, 7/ = {®,Y, (G, E)} is a soft topological space over Y and 7/ = {®, Z, (H;, E),
(Ha, E)} is a soft topological space over Z. Here (F, E) is a soft set over X, (G, E) is a soft set over Y and
(H1, E), (Ha, E) are soft sets over Z defined as follows: F(e;) = {x1}, F(eg) = {x1}, G(er) = {1,235},
Glea) = {w1, w3}, Hi(er) = {ws}, Hi(e2) = {3}, Haler) = {w1, w2}, Ha(ez) = {w1, w2}

If we get the identity mapping I : (X,7,E) — (Y,7',E) and f : (Y,7,E) — (Z,7",E) defined as
fz1) = z1, f(z2) = f(xg) = 29, f(x3) = 3. It is clear that each of I and f is soft S-continuous but f o I is
not soft 3-continuous, since (f o 1)~ (Hy, E) = {{x3},{x3}} is not a soft B3-open set over X.

Definition 3.40. A function f : (X,7,E) — (Y, 7/, E) is called a soft S-homeomorphism (resp.soft [Gr-
homeomorphism) if f is a soft S-continuous bijection (resp. sorf -irresolute bijection) and f~1: (Y, 7/, E) —
(X, 7, E) is a soft S-continuous (soft S-irresolute).

Now we can give the following definition by taking the soft space (X, 7, F) instead of the soft space
(Y, 7', E).

Definition 3.41. For a soft topological space (X, 7, E), we define the following two collections of functions:

SB-h(X,7,E) = {f | f: (X,7,E) — (X, 7, E) is a softS-continuous bijection, f=1 : (X,7,E) —
(X, 7, E) is soft8-continuous}

Spr-h(X,7,E) = {f | f: (X,7,E) — (X,7,E) is a soft3-irresolute bijection, f~! : (X,7,E) —
(X, 1, E) is softf-irresolute}
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Theorem 3.42. For a soft topological space (X, 7, E), S-h(X,7,E) c Spr-h(X,7,E) c Sp-h(X, 1, E),
where S-h(X, 7, E) ={f | f: (X,7,E) — (X, 7, FE) is a soft-homeomorphism} .

Proof. First we show that every soft-homeomorphism f : (X, 7, F) — (Y, 7/, F) is a soft Sr-homeomorphism.
Let (G,E) € S.3.0(Y), then (G, E) C cl(int(cl(G, E))). Hence, f~1((G,E)) C f~(cl(int(cl(G, E)))) =
c(int(cl (f~1(G,E)))) and so f~}((G,E)) € S.8.0(X). Thus, f is soft B-irresolute. In a similar way, it is
shown that f~! is soft SB-irresolute. Hence, we have that S-h(X, 7, E) - Spr-h(X, 1, E).

Finally, it is obvious that Sgr-h(X, 7, E) C SB-h(X, T, E), because every soft, 3-irresolute function is soft
[-continuous. O

Theorem 3.43. For a soft topological space (X, 7, F), the collection S@r-h(X, 7, E) forms a group under
the composition of functions.

Proof. It f : (X,7,E) — (Y,7,E) and g : (Y,7/,E) — (Z,7",E) are soft r-homeomorphism, then
their composition gof : (X,7,E) — (Z,7",F) is a soft fr-homeomorphism. It is obvious that for a
bijective soft fr-homeomorphism f : (X, 7, E) — (Y, 7, E), f~': (Y,7',E) — (X, 7, E) is also a soft §r-
homeomorphism and the identity 1 : (X, 7, E) — (X, 7, E) is a soft fr-homeomorphism. A binary operation
a: Spr-h(X, 7, E) x SBr-h(X,7,E) — Spr-h(X, 7, E) is well defined by a(a,b) = boa, where a,b € Sfr-
h(X, 7, E) and boa is the composition of @ and b. By using the above properties, the set SGr-h(X, 7, E) forms
a group under composition of functions. O

Theorem 3.44. The group S-h(X, 7, E) of all soft homeomorphisms on (X, 7, E) is a subgroup of SGr-
X, E).

Proof. For any a,b € S-h(X, 1, E), we have a(a,b=) = b~ 1o a € S-h(X,7,E) and 1x € S-h(X,7,E) # @.
Thus, using (Theorem 4.10) and (Theorem 4.11), it is obvious that the group S-h(X, 7, E) is a subgroup of
Spr-h(X, 7, E). O

For a soft topological space (X, 1, F), we can construct a new group SGr-h(X, 7, E) satisfying the prop-
erty: if there exists a homeomorphism (X, 7, E) = (Y, 7/, E), then there exists a group isomorphism Sjr-
MX, 7, E) = SPr-h(X, 7, E).

Corollary 3.45. Let f : (X,7,E) — (Y,7/,E) and g : (Y,7',E) — (Z,7", FE) be two functions between
soft, topological spaces.

a) For a soft fr-homeomorphism f : (X, 7, E) — (Y, 7/, E), there exists an isomorphism, say

fe 1 SBr-h(X, 7, E) — SBr-h(X, 1, E), defined f.(a) = f oao f~1, for any element a € SBr-h(X, 1, E).

b) For two soft fr-homeomorphisms f : (X,7,F) — (Y,7, E) and

g: (Y, 7, E) — (Z,7",E), (9of)s« = g«0 fx : SPr-h(X, 7, E) — SPr-h(Z,7", E) holds.

¢) For the identity function 1x : (X, 7, F) — (X, 7, F), (1x). = 1: SPr-h(X,7,E) — Spr-h(X, 7, E)
holds where 1 denotes the identity isomorphism.

Proof. Straightforward . O

4 Conclusion

We obtain some properties of two operators called soft B-interior and soft (-closure. Besides, in soft topo-
logical spaces, two new varieties of continuity via soft soft [B-open and soft f-homeomorphism with soft
[B-irresolute homeomorphism are defined and given some characterizations of these notions. Of course, the
most important the family of soft G-irresolute homeomorphism was a soft group. Therefore, one can say that
this paper is applying to algebra.
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Abstract — Similarity measure plays an important role in medical diagnosis. In this paper, a hew rough
cotangent similarity measure between two rough neutrosophic sets is proposed. The notion of rough
neutrosophic set is used as vector representations in 3D-vector space. The rating of all elements in rough
neutrosophic set is expressed with the upper and lower approximation operator and the pair of neutrosophic
sets which are characterized by truth-membership degree, indeterminacy-membership degree, and falsity-
membership degree. A numerical example of the medical diagnosis is provided to show the effectiveness and
flexibility of the proposed method.

Keywords — Rough cotangent similarity measure, Rough sets, Neutrosophic sets, Indeterminacy Membership
degree, 3D vector space.

1 Introduction

Similarity measure is an important research topic in the current fuzzy, rough, neutrosophic
and differrnt hybrid environments. In 1965, Zadeh [48] introduced the concept of fuzzy set
to deal with informational (epistemic) vagueness. Fuzzy set is capable of formalizing and
reasoning of intangible internal characteristics, typically natural language-based and visual
image information, as well as incomplete, unreliable, imprecise and vague performance and
priority data. However, while focusing on the degree of membership of vague parameters
or events, fuzzy set fails to deal with indeterminacy magnitudes of measured responses. In
1986, Atanassov [1] developed the concept of intuitionistic fuzzy set (IFS) which considers
degree of membership (acceptance) and degree of non-membership (rejection)
simultaneously. However, IFS cannot deal with all types of uncertainties, particularly

“Edited by Said Broumi (Area Editor) and Naim Cagman (Editor-in-Chief).
“Corresponding Author.
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paradoxes. One of the interesting generalizations of the theory of Cantor set [11], fuzzy set
[48] and intuitionistic fuzzy set [1] is the theory of neutrosophic sets [37] introduced by
Smarandache in the late 1990s. Neutrosophic sets [38], [39] and their specific sub-class of
single-valued neutrosophic set (SVNS) [43] are characterized by the three independent
functions, namely membership (truth) function, non-membership (falsity) function and
indeterminacy function. Smarandache [39] stated that such formulation enables modeling
of the most general ambiguity cases, including paradoxes. In the literature, some interesting
applications of neutrosophic logic, neutrosophic sets and single valued neutrosophic sets
are reported in different fields such as decision making [3, 4, 5, 6, 8, 20, 44, 45, 46],
education [23, 25, 32], image processing [12, 16, 49], medical diagnosis [19], conflict
resolution [2, 35], Robotics [40], social problem [22, 33, 41], etc.

In 1982, Pawlak [31] introduced the notion of rough set theory as the extension of the
Cantor set theory [11]. Broumi et al. [10] comment that the concept of rough set is a
formal tool for modeling and processing incomplete information in information systems.
Rough set theory [31] is very useful to study of intelligent systems characterized by
uncertain or insufficient information. Main mathematical basis of rough set theory is
formed by two basic components namely, crisp set and equivalence relation. Rough set
is the approximation of a pair of sets known as the lower approximation and the upper
approximation. Here, the lower and upper approximation operators are equivalence
relation.

In 2014, Broumi et al. [9, 10] introdced the concept of rough neutrosophic set. It is a new
hybrid intelligent structure. It is developed based on the concept of rough set theory [31]
and single valued neutrosophic set theory [43] Rough neutrosophic set theory [9, 10] is the
generalization of rough fuzzy sets [15, 29, 30], and rough intuitionistic fuzzy sets [42].
While the concept of single valued neutrosophic set [43] is a powerful tool to deal with the
situations with indeterminacy and inconsistancy, the theory of rough neutrosophic sets [9,
10] is also a powerful mathematical tool to deal with incompleteness.

Many methods have been proposed in the literature to measure the degree of similarity
between neutrosophic sets. Broumi and Smarandache [7] studied the Hausdorff distance
[17] between neutrosophic sets, some distance based similarity measures and set theoretic
approach and matching functions. Majumdar and Smanta [21] studied several similarity
measures of SNVSs based on distance, membership grades, a matching function, and then
proposed an entropy measure for a SVNS. Ye [44] proposed the distance-based similarity
measure of SVNSs and applied it to the group decision making problems with single
valued neutrosophic information. Ye [46] also proposed three vector similarity measure,
an instance of SVNS and interval valued neutrosophic set, including the Jaccard [18], Dice
[14], and cosine similarity [36] and applied them to multi-attribute decision-making
problems under simplified neutrosophic environment. Ye [47] studied improved cosine
similarity measures of SNSs based on cosine function, including single valued
neutrosophic cosine similarity measures and interval neutrosophic cosine similarity
measures and provided medical diagnosis method based on the improved cosine similarity
measures. Recently, Mondal and Pramanik [28] proposed a neutrosophic similarity
measure based on tangent function. Mondal and Pramanik [26] also proposed neutrosophic
refined similarity measure based on cotangent function. Biswas et al. [5] studied cosine
similarity measure based multi-attribute decision-making with trapezoidal fuzzy
neutrosophic numbers.
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Literature rewview reflects that a few studies related to decision making under rough
neutrosophic environment are done. Mondal and Pramanik [24] proposed rough
neutrosophic multi-attribute decision-making based on grey relational analysis [13].
Pramanik and Mondal [34] proposed cosine similarity measure under rough neutrosophic
environment. Mondal and Pramanik [27] also proposed rough neutrosophic multi-attribute
decision-making based on accuracy score function.

Realistic practical problems consist of more uncertainty and complexity. So, it is necessary
to employ more flexible tool which can deal uncertain situation easily. In this situation,
rough neutrosophic set [10] is very useful tool to uncertainty and incompleteness. In this
paper, we propose cotangent similarity measure of rough neutrosophic sets and establish
some of its properties. Finally, a numerical example of medical diagnosis is presented to
demonstrate the applicability and effectiveness of the proposed approach.

The rest of the paper is organized as follows: In section 2, some basic definitions of single
valued neutrosophic sets and rough neutrosophic sets are preseneted. Section 3 is devoted
to present rough neutrosophic cotangent similarity measure and proofs of some its basic

properties. In section 4, numerical example is provided to show the applicability of the
proposed approach to medical diagnosis. Section 5 presents the concluding remarks.

2 Mathematical Preliminaries

Definition 2.1.1 [43] Let X be a universal space of points (objects) with a generic element
of X denoted by x.

A single valued neutrosophic set [43] S is characterized by a truth membership
functionT,(x), a falsity membership function Fs(x) and indeterminacy function 15(x) with

T5(y) Es(X), 15(x) e [01] forall x in X.
When X is continuous, a SNVS S can be written as follows:

S :I<TS(X): Fs(X),15(x) >/X1VX€ X

X

and when X is discrete, a SVNS S can be written as follows:
S =3(Ts () Fs (0, 1s(x) )/x ¥xe X
It should be observed that for a SVNS S,
0 < supTs(X)+sUpFs(X)+supls(x) =3~ WEX

Definition 2.1.2 [43] The complement of a single valued neutrosophic set S [43] is denoted
by s¢ and is defined as

Ts)=Fs(X¥); 15)=1=15(X); Fs"(X)=Ts(x)

Definition 2.1.3 [43] A SVNS Sy is contained in the other SVNS [43] Sp, denoted as
Sne Sp iff T, (%) < Tsp(X); 15y (¥) 2 15(X) 5 Foy(X) = Fsp(X), ¥XeX.
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Definition 2.1.4 [43] Two single valued neutrosophic sets [43] Sy and Sp are equal, i.e.
Sn=Sp, iff,sycseand sy osp
Definition 2.1.5 [43] The union of two SVNSs [43] Sy and Sp is a SVNS Sq , written as
SQ=SNUSk-

Its truth membership, indeterminacy-membership and falsity membership functions are
related to Sy and Sp by the following equation

Tog()=max(T s, (9, 75, () ):
|sQ(X) = maX(ISN (X)’ ISP(X));
Fso(X)= min(FSN (), Fsp(X) )

forall x in X.
Definition 2.1.6 [43] The intersection of two SVNSs [43] N and P is a SVNS Q, written as
Q=NnP. Its truth membership, indeterminacy membership and falsity membership

functions are related to N an P by the following equation

Tso () =min(Ts, (X, Tsp (¥));
lso ) =max{1s,, (%), 15, (¥);
Fso () =max(Fs,, (), Fs, (X)), ¥xe X

Distance Between Two Neutrosophic Sets
The general SVNS can be presented in the follow form
S={x/(Ts(), 150, Fs(¥)): xe X}
Finite SVNSs can be represented as follows:
S =1{(xa/(Ts (0. 1500 Fs (D)), (/T (ko T Oxm): Fs () WX € X (1)

Definition 2.1.7 [21] Let

Sy= {(Xl/(TS n (s Tsn (%)) Fsy (Xl)))' - "(Xn/(TSN () 1sn (Xn), Fsn (Xn)))} (2)
S p={{x/(Tsp 0. T5p (), Fp () (xa/ (Tsp () 1 (o). Fsp ()} A3)

be two single-valued neutrosophic sets, then the Hamming distance [21] between two
SNVS N and P is defined as follows:

ds(sN,sp)=i<

To 00 =Tsp (O[] 15, 00— 15, (] Fo, (0= Fs (9] ) @)
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and normalized Hamming distance [21] between two SNVSs Sy and Sp is defined as
follows:

Nds(SwSP):g_];]éqTSN (X)_TSP (X)|+| Isn (X)_ |SP(X)|+| FSN (X)_ FSP(X) |> (5)

with the following properties

1. 0<d (Sy,Sp)<3n (6)
2. 0<Ng(Sy,sp)<1 (7)

2.2. Definitions

[9, 10] Rough set theory [9, 10] consists of two basic components namely, crisp set and
equivalence relation. The basic idea of rough set is based on the approximation of sets by a
couple of sets known as the lower approximation and the upper approximation of a set.
Here, the lower and upper approximation operators are based on equivalence relation.

Definition 2.2.1 [ 9, 10] Let Y be a non-null set and R be an equivalence relation on Y. Let
P be neutrosophic set in Y with the membership functionT,, indeterminacy function, and

non-membership functionF,. The lower and the upper approximations of P in the
approximation (Y, R) denoted by n(P) and N(P) are respectively defined as follows:

N(P)= (<X Ty, Ty (¥, Fuey(¥)>/Y e[xlq xY) @
N(P)= << X T 50y Loy P (0 >/Y €[¥lg X eY> ©)
Here,

Tuey(X¥) =A,eXlg To(Y),
L) =~ €XI 1(Y) , Fye)(X) =, €[X]g Fp(Y),
T =V €IXI TolY) 1y (¥) =vy €[4 T oY),
Faio (9= vy [x]q 1Y)

So,

0< TN(P)(X)-HMP)(X)+FMP)(X) <3
0< TN(P)(X) +|N(P)(X) +FN(P)(X) <3

Here vand A indicate “max” and “min’’ operators respectively, T,(Y), 1,(Y) and F.(y)are
the membership , indeterminacy and non-membership of Y with respect to P. It is easy to
see that N(P)and N(P) are two neutrosophic sets in Y.
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Thus NS mappings N, N : N(Y) > N(Y) are, respectively, refered to as the lower and upper
rough NS approximation operators, and the pair (N(P),N(P))is called the rough
neutrosophic set in (Y, R).

From the above definition, it is seen that n(P)and N(P) have constant membership on the
equivalence classes of R if N(P)=N(P); i.e.

TN(P) (x) = Tﬁ(p) (%), IN(P)(X) = Iﬁ(p)(x) s FN(P) (x) = Fﬁ(p) (%)

For any x €Y, P is said to be a definable neutrosophic set in the approximation (Y, R). It
can be easily proved that zero neutrosophic set (On) and unit neutrosophic sets (1) are
definable neutrosophic sets.

Definition 2.2.2 [9, 10] If N(P) = (N(P), N(P)) is a rough neutrosophic set in (Y, R) , the
rough complement of N(P) is the rough neutrosophic set denoted
~N(P) = (N(P)°,N(P)°) ,where N(P)°,N(P)°are the complements of neutrosophic sets of
N(P), N(P) respectively.

N(PF ={< X Ty (0 1=l yo)(X), Fyey(9) >/, x€Y),

and

N(P)°:<< X T 00 1= 1= (%), Fo

N(P) N(P)

(x)>/,XeY> (10)

Definition 2.2.3 [9, 10] If N(P)and N(Q)are two rough neutrosophic sets of the
neutrosophic sets respectively in Y, then the following definitions holds.

N(P)=N(Q) < N(P)=N(Q) » N(P)=N(Q)
N(P)=N(Q) < N(P)=N(Q) A N(P)N(Q)
N(P)UN(Q)= <N(P)UN(Q), N(P)UN(Q) >
N(P)NN@Q) = <N(P)NN(Q), N(P)NN(Q) >
N(P)+N(Q)= <N(P)+N(Q), N(P)+N(Q) >
N(P).N(Q) = <N(P).N(Q), N(P) .N(Q) >

If A, B, C are rough neutrosophic sets in (Y, R), then the following proposition are stated
from definitions

Proposition 1 [9, 10]

~A~A)= A
AUB=BUA, AUB=BUA

(AUB)UC = AU(BUC), (ANB)NC = AN(BNC)
(AUB)NC =(AUB)N(AUC), (ANB)UC =(ANB)U(ANC)

A won P
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Proposition 11 [9, 10]
De Morgan‘s Laws are satisfied for rough neutrosophic sets

1L ~(N(P)UN(@Q) = (= N(P))N(~N(Q)
2. ~(N(P)NN@Q) = - N(PP)UEN(Q)

Proposition 111 [9, 10]
If P and Q are two rough neutrosophic sets in U such that PcQ,then N(P) = N(Q)

1. N(PNQ)< N(P)NN(Q)
2. N(PUQ)> N(P)UN(Q)

Proposition 1V[9, 10]
1. N(P)= ~N(~P)

2. N(P)= ~N(-P)

3. N(P)c N(P)

3 Cotangent Similarity Measures of Rough Neutrosophic Sets

Let M=<((Ty, (x). 1y (%)), g () (T 06, Toy (), Fo () > and

N=< <(IN(xi), Ly (X Ey (X)), (fN(xi),TN(xi), EN(Xi))>> be two rough neutrosophic numbers.

Now rough cotangent similarity function which measures the similarity between two
vectors based only on the direction, ignoring the impact of the distance between them.
Therefore, a new cotangent similarity measure between rough neutrosophic sets is
proposed in 3-D vector space.

Definition 3.1 Rough cotangent similarity measure

Assume that there are two rough neutrosophic sets

M = (T 060 Ly (%), Fag (60), (T 06, Ty (), Fo () and

N = (T (6, 1 (), o OO T (00, Ty (%), EN(xi))> in X = {xi, X, ..., X). A cotangent
similarity measure between rough neutrosophic sets M and N is proposed as follows:

COT s(M,N) =

[%zrl<cot[%(3+|MM(xi)—a‘rN(xi)|+|é1 MCORLMEE >|+|éFM(xi)—éFN(xi)|)j>} (11)

Here,

MM(Xi):(zM(xo;TM(xi)J NN(Xi):[zN(xi)zTN(xi)J aM(Xi):(LM(xi)glM(xi)J
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dN(Xi):[LN(xi)‘7TIN(xi)J gM(Xi):[EM(xi);Fm)] }N(Xi):[EN(xo;FN(xi))

Proposition V
Let M and N be rough neutrosophic sets then

1. 0<COT (M,N)<1

2. COT s(M,N) = COT o (N, M)

3. COTrns(M,N) =1, iffM =N

4. If P is a RNS in Y and M cNcPthen, COTgys(M, P) < COTgys(M, N) , and
COTRNs(M, P) < COTRNs(N, P)

Proof :

1.Since, %s(%(Sﬂ&TM(xi)—&TN(xi)|+|(5]M(xi)—é]N(xi)|+|6FM(xi)—5FN(xi)|))£%, it s

obvious that the cotangent function COT .(M,N) are within 0 and 1.

2. It is obvious that the proposition is true.
3. When M = N, then obviously COTgns(M, N) = 1. On the other hand if COTgys(M, N) =1

then,
éTM(Xi):éTN(Xi)’ é]M(Xi):é]N(Xi)’a:M(Xi):a:N(Xi)ie!

T () =T 0 06), Ta () =Ty (%) Ly 06) =1y 06) s Ty (%) =1y (%), Ey () = F o (X)) ,
EM (Xi) =EN (Xi)

This implies that M = N.

4. If McNcP then we can write T, (x)<T, (x)<To(x), T\ ()<T (x)<To(x),
L O 2 1 06) 2 1506) 5 Ty () 2 T (6) 2 T6(%,) , By (%) 2 F g (%) 2 Fo(x,)
Fo(6)=F (%) =Fa(X).

T

The cotangent function is decreasing function within the interval E’E}' Hence we can

write COTRNs(M, P) < COTRNs(M, N) , and COTRNs(M, P) < COTRNs(N, P)
Definition 3.3 Weighted rough cotangent similarity measure

If we consider the weights of each element x;, a weighted rough cotangent similarity
measure between rough neutrosophic sets A and B can be defined as follows:

COTWRNS(M ) N) =
|:%ZP_1Wi<COt(%(3+|éTM(Xi)_éTN(Xi)|+|é]M(Xi)_é]N(Xi)|+|a:M(Xi)_a:N(Xi)|)j>:|

w; €[0,1], 1= 1,2,....,n and >hw, =1, If we takewi:%, i=1, 2,...,n, then COTWRNs(M, N) =
COTgrns(M, N)



Journal of New Theory 4 (2015) 90-102 98

Proposition VI: The weighted rough cotangent similarity measure COTwrns(M, N)
between two rough neutrosophic sets M and N also satisfies the following properties:

1. 0<COTp(M,N)<1

2. COTWRNS(NL N) = COTWRNS(N'M)

3. COTWRNs(M, N) = 1, iff M=N

4. IfPisaWRNS inY and M cNcPthen, COTwrns(M, P) < COTwrrs(M, N) , and
COTWRNs(M, P) < COTWRNs(N, P)

Proof :

1.Since,%s[%(SH&TM(Xi)—5TN(xi)|+|élM(xi)—élN(xi)|+|6FM(xi)—cﬂ:N(xi)|)Js% and
srow, =1, it is obvious that the weighted cotangent function are within O and 1 ie,
0 < COT yeps(M, N) <1.

2. Itis obvious that the proposition is true.

3. Here, ¥,w,=1. When M = N, then obviously COTwgrns(M, N) = 1. On the other hand if
COTWRNs(M, N) =1 then,

éTM(Xi):é‘rN(Xi)’ &M(Xi): é]N(Xi)’a:M(Xi):a:N(Xi) ie,
T () =T (6), Ta () =Ty (%) Ly (6) =1y 06) s Ty (%) =1y (%), E () = F o (X)) ,
EM (Xi)sz(Xi)

This implies that M = N.

B

If McNcP then we can writeT,, (x) <T (%) <To(x), Ty (X)) <T (%) <To(x),

Ly 06 210 06) 2 1506) Ty () 2 Ty () 2 Tp06) , By () 2 Fy () 2 Fo(x)
Fu ()2 Fy () 2 F o ().
The cotangent function is decreasing function within the interval Eﬂ Here, ¥",w, =1.

Hence we can write COTwrns(M, P) < COTwrns(M, N) , and COTwras(M, P) <
COTwrns(N, P).

4 Examples on Medical Diagnosis

We consider a medical diagnosis problem from practical point of view for illustration of
the proposed approach. Medical diagnosis comprises of uncertainties and increased volume
of information available to physicians from new medical technologies. The process of
classifying different set of symptoms under a single name of a disease is very difficult task.
In some practical situations, there exists possibility of each element within a lower and an
upper approximation of neutrosophic sets. It can deal with the medical diagnosis involving
more indeterminacy. Actually this approach is more flexible and easy to use. The proposed
similarity measure among the patients versus symptoms and symptoms versus diseases will
provide the proper medical diagnosis. The main feature of this proposed approach is that it
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considers truth membership, indeterminate and false membership of each element between
two approximations of neutrosophic sets by taking one time inspection for diagnosis.

Now, an example of a medical diagnosis is presented. Let P = {P,, P,,

Ps} be a set of

patients, D = {Viral Fever, Malaria, Stomach problem, Chest problem} be a set of diseases

and S =

{Temperature, Headache, Stomach pain, Cough, Chest pain.} be a set of

symptoms. Our task is to examine the patient and to determine the disease of the patient in
rough neutrosophic environment.

Table 1: (Relation-1) The relation between Patients and Symptoms

Relation- | Temperatu | Headache Stomach cough Chest pain
1 re pain
P, (0.6,0.3,0.3),\| /(0.4,0.4,0.3), (0.5,0.4,0.2), (0.6,0.3,0.3), (0.5,0.4,0.4),
(0.8,0.3,0.1) /| \(0.6,0.2,0.1) (0.7,0.2,0.2) (0.8,0.1,0.2) (0.5,0.2,0.2)
P, (0.5,0.4,0.3),\| /(0.5,0.3,0.5), (0.5,0.2,0.4), (0.5,0.3,0.5), (0.5,0.5,0.3),
(0.7,0.2,0.3) /| \(0.7,0.3,0.3) (0.7,0.0,0.2) (0.9,0.3,0.3) (0.7,0.3,0.3)
P3 (0.7,04,02),\| /(0.5,0.3,0.2), (0.6,0.5,0.4), (0.6,0.3,0.4), (0.5,0.5,0.3)
(0.9,02,02) /| \(0.7,0.1,0.2) (0.8,0.3,0.2) (0.8,0.1,0.2) (0.7,0.3,0.1)
Table 2: (Relation-2) The relation among Symptoms and Diseases
Relation-2 Viral Fever Malaria Stomach problem | Chest problem
Temperature | /(0.6,0.5,0.4), (0.3,0.4,0.5), (0.3,0.3,0.4), (0.2,0.4,0.5),
(0.8,05,0.2) 0.5,0.2,0.3) (0.5,0.1,0.2) (0.4,0.4,0.3)
Headache (0.5,0.4,0.4), 0.4,0.3,0.5), (0.2,0.4,0.4), (0.3,0.5,0.4),
(0.7,0.2,0.2) 0.6,0.3,0.3) (0.4,0.2,0.2) (0.5,0.3,0.2)
Stomach (0.2,0.3,0.3), 0.1,0.4,0.3), (0.4,0.4,0.4), (0.1,0.4,0.6),
pain (0.4,0.3,0.1) 0.3,0.2,0.1) (0.6,0.2,0.2) (0.3,0.2,0.2)
Cough (0.4,0.3,0.4), 0.3,0.3,0.3), (0.1,0.6,0.6), (0.5,0.4,0.3),
(0.6,0.1,0.2) 0.5,0.3,0.1) (0.3,02,0.2) (0.7,0.2,0.1)
Chest pain (0.2,0.4,0.3) 0.1,0.3,0.4), (0.2,0.4,0.4), (0.3,0.4,0.3),
(060201 0.3,0.1,0.2) (0.4,0.2,0.4) (0.5,0.2,0.3)
Table 3: The Correlation Measure between Relation-1 and Relation-2
Rough cotangent | Viral Malaria Stomach Chest
similarity measure Fever problem problem
P 0.8726 0.8194 0.7977 0.8235
P, 0.8298 0.7968 0.8024 0.7857
P3 0.8382 0.7356 0.7448 0.7536
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The highest correlation measure (see the Table 3) reflects the proper medical diagnosis.
Therefore, all three patients P4, P,, P5 suffer from viral fever.

5. Conclusion

In this paper, we have proposed rough cotangent similarity measure of rough neutrosophic
sets and proved some of their basic properties. We have presented an application of rough
cotangent similarity measure of rough neutrosophic sets in medical diagnosis problems. We
hope that the proposed concept can be applied in solving realistic multi-attribute decision
making problems.
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