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WEIGHTED NEUTROSOPHIC SOFT SETS APPROACH IN A MULTI-
CRITERIA DECISION MAKING PROBLEM

Pabitra Kumar Maji <pabitra_maji@yahoo.com>

Bidhan Chandra College, Mathematics Department, Asansol, 713 304, West Bengal, INDIA.

Abstract — The paramount importance of decision making problem in an imprecise environment is becoming
very much significant in recent years. In this paper we have studied weighted neutrosophic soft sets which are a
hybridization of neutrosophic sets with soft sets corresponding to weighted parameters. We have considered here
a multicriteria decision making problem as an application of weighted neutrosophic soft sets.

Keywords — Soft sets, neutrosophic sets, neutrosophic soft sets, weighted neutrosophic soft sets.

1 Introduction

In 1999, Molodtsov initiated the novel concept, the concept of ‘soft set theory’ [ 1 ] which has
been proved as a generic mathematical tool to deal with problems involving uncertainties.
Due to the inadequacy of parametrization in the theory of fuzzy sets [ 2 ], rough sets [ 3 ],
vague sets [ 4 ], probability theory etc. we become handicapped to use them successfully.
Consequently Molodtsov has shown that soft set theory has a potential to use in different
fields [ 1 ]. Recently, the works on soft set theory is growing very rapidly with all its
potentiality and is being used in different fields [ 5 - 10 ]. A detailed theoretical study may be
found in [ 10 ]. Depending on the characteristics of the parameters involved in soft set
different hybridization viz. fuzzy soft sets [ 11 ], soft rough sets [ 12 ], intuitionistic fuzzy soft
sets [ 13 ], vague soft sets [ 14 ], neutrosophic soft sets [ 15 ] etc. have been introduced. The
soft set theory is now being used in different fields as an application of it. Some of them have
been investigated in [ 6 -10, 16 ]. Based soft set [ 1 ] and neutrosophic sets [ 17 ] a hybrid
structure ‘neutrosophic soft sets’ has been initiated [15 ]. The parameters considered here are
neutrosophic in nature. Imposing the weights on the parameters ( may be in a particular
parameter also) a weighted neutrosophic soft sets has been introduced [ 18 ]. In this paper we
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use this concept to solve a multi-criteria decision making problem. In section 2 of this paper
we briefly recall some relevant preliminaries centered around our problem. Some basic
definitions on weighted neutrosophic soft sets relevant to this work are available in section 3.
A decision making problem has been discussed and solved in section 4. Conclusions are there
in the concluding Section 5.

2 Preliminaries

Most of the real life problems in the fields of medical sciences, economics, engineering etc.
the data involve are imprecise in nature. The classical mathematical tools are not capable to
handle such problems. The novel concept ‘soft set theory’ initiated by Molodtsov [ 1] is a
new mathematical tool to deal with such problems. For better understanding we now
recapitulate some preliminaries relevant to the work.

Definition 2.1 [ 1] Let U be an initial universe set and E be a set of parameters. Let P(U )
denotes the power set of U. Consider a nonempty set A, A c E.
A pair ( F, A) is called a soft set over U, where F is a mapping givenby F: A — P (U).

A soft set over U is a parameterized family of subsets of the universe U. For ¢ € A, F(¢ ) may
be considered as the set of & - approximate elements of the soft set (F, A).

Definition 2.2 [ 10 ] For two soft sets (F, A) and ( G, B ) over a common universe U, we
say that (F, A) is a soft subset of (G, B) if

(i) AcB,and
(i) V & € A, F(¢) and G(g) are identical approximations.

We write (F,A) < (G, B).

(F, A)is said to be a soft super set of (G, B), if (G, B) is a soft subset of (F, A). We
denoteitby (F,A) D (G, B).

Let A and B be two subsets of E, the set of parameters. Then AxBc ExE. Now we are in
the position to define ‘“AND’, ‘OR’ operations on two soft sets over a common universe.

Definition 2.3[10] If (F, A) and ( G, B)) be two soft sets over a common universe U then
‘(F,A) AND (G, B )’ denoted by (F, A) " ( G, B) is defined by

(F,A)A(G,B)=(H, AxB),
where H( o, B) = F(a) N G(B), V (& ) e AxB.

Definition 24 [10] If (F, A) and ( G, B ) be two soft sets over a common universe U then
‘(F,A)OR(G,B) denotedby (F, A) V (G, B) is defined by
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(F,A)V (G,B)=(0,Ax B),
where, O(a, B ) =F(a) U G(B), V (a ) e AxB.

The non-standard analysis was introduced by Abraham Robinson in 1960. The non-standard
analysis is a formalization of analysis and a branch of mathematical logic that rigorously
defines the infinitesimals. Informally, an infinitesimal is an infinitely small number. Formally,

1
X is said to be infinitesimal if and only if for all positive integers n one has|x| < 1, . Lete>0

be a such infinitesimal number. Let’s consider the non-standard finite numbers 1" = 1+ ¢,
where ‘1’ is its standard part and ‘€’ its non-standard part, and 0= 0 — &, where ‘0’ is its
standard part and ‘€’ its non-standard part.

Definition 2.5 [ 17 ] A neutrosophic set A on the universe of discourse X is defined as
A ={<X, Ta(X), la(X), Fa(X) >x e X},
where Ta, Ia, FA: X—170,1"[ and "0<T, +1,+F, <3".

Here Ta, la, Fa are respectively the true membership, indeterministic membership and false
membership function of an object x e X .

From philosophical point of view, the neutrosophic set takes the value from real standard or
non-standard subsets of ] 0, 1" [. But in real life applications in scientific and engineering
problems it is difficult to use neutrosophic set with value from real standard or non-standard
subset of ] ~0, 1" [. Hence we consider the neutrosophic set which takes the value from the
subset of [0, 1].

Definition 2.6 [ 15 ] Let U be an initial universe set and E be a set of parameters which is of
neutrosophic in nature. Consider A — E. Let P( U ) denotes the set of all neutrosophic sets of
U.

The collection ( F, A) is termed to be the neutrosophic soft set (N S S) over U, where Fis a
mapping givenby F: A— P (U).

For an illustration we consider the following example.

Example 2.7 Let U be the set of objects under consideration and E is the set of parameters.

Each parameter is a neutrosophic word or sentence involving neutrosophic words. Consider
E= {beautiful, large, very large, small, average large, costly, cheap, brick build }. In this case
to define a neutrosophic soft set means to point out beautiful objects, large objects, very large
objects etc. and so on. Suppose that there are five objects in the universe U given by U = { 04,
02, 03, 04, 05 } and the set of parameters A = { ey, e, €3, €4 } where e; stands for the parameter
‘large’, e, stands for the parameter ‘very large’, es stands for the parameter ‘small’ and e4



Journal of New Theory 5 (2015) 1-12 4

stands for the parameter ‘average’. Suppose that the NSS ( F, A ) describes the length of the
objects under consideration for which,

F(large) = {< 04, 0.6,0.4,0.7 >, <0, 0.5,0.6,0.8 >, <03,0.8,0.7, 0.7 >, < 04, 0.6, 0.4, 0.8 >,
<05 0.8,0.6,0.7 >},

F(very large) = {< 04, 0.5,0.3,0.6 >, <0, 0.8,0,5,0.7 >, <03,0.9,0.7, 0.8 >, <04, 0.7, 0.6,
0.7>,<0s50.6,0.7,09>},

F(small) = {< 01, 0.3, 0.8, 0.9 >, < 0, 0.4, 0.6, 0.8 >, < 03, 0.6, 0.8, 0.4 >, < 04, 0.7, 0.7, 0.6 >,
<05, 0.6,0.7,0.9>},

F(average) = {< 04,0.8,0.3,0.4 >,<0,,0.9,0.6,0.8 >, <03,0.8,0.7,0.8 >, < 04,0.6,0.7, 0.>,
<05, 0.7,0.6,0.8 > }.

So, F(large) means large objects, F(small) means the objects having small length etc. For the
purpose of storing a neutrosophic soft set in a computer, we could represent it in the form of a
table as shown below ( corresponding to the neutrosophic soft set in the above example ). In
this table, the entries c;; correspond to the object o; and the parameter e;, where cjj = ( true-
membership value of o;, indeterminacy-membership value of o;, falsity-membership value of
0i ) in F(gj ). The tabular representation of the neutrosophic soft set (F, A) is as follow:

Table 1. The Tabular form of the NSS (F, A).

U | e;=large e, =very large | e3=small e, = average

o; | (0.6,04,0.7) | (05,0.3,06) | (0.3,08,09) | (0.8,0.3,04)
02| (05,06,08) | (0.8,050.7) | (04,06,0.8) | (0.9,0.6,0.8)
o3| (0.8,0.7,0.7) | (0.9,0.7,0.8) | (0.6,0.8,0.4) | (0.8,0.7,0.8)
04| (06,04,08) | (0.7,0.6,0.7) | (0.7,0.7,0.6) | (0.6,0.7,0.5)
os| (0.8,0.6,0.7) | (0.6,0.7,0.9) | (0.6,0.7,0.9) | (0.7,0.6,0.8)

Definition 2.8 [ 15] Let (F, A) and ( G, B ) be two neutrosophic soft sets over the common
universe U. (F, A) is said to be neutrosophic soft subset of (G, B) if A B and

Tre(X) < ToE(X), lre(x) < IoE(X), Fre(X) = Fer(X), e A

We denote itby (F, A) < (G, B). (F, A)issaid to be neutrosophic soft super set of
(G, B)if (G, B)is a neutrosophic soft subset of (F, A).

Definition 2.9 [ 15 ] AND operation on two neutrosophic soft sets.

Let (H, A) and ( G, B ) be two NSSs over the same universe U. Then the ‘AND’ operation
on them is denoted by ‘(H, A) ~ (G, B )’ and is defined by (H, A) " (G, B) = (K, AxB),
where the truth-membership value, indeterminacy-membership value and falsity-membership
value of (K, Ax B )are as follows:



Journal of New Theory 5 (2015) 1-12 5

Tk, py (M) = Min(Tru (M), Tap) (M)),

L (M) + Loy (M)
2 1

I K(a’,),)(m) = nd

FK(Q, B) (m) = max(FH(a) (m), FG( B) (m)), Yo EA, VB e B.

The decision maker may not have equal choice for all the parameters. He/she may impose
some conditions to choose the parameters for which the decision will be taken. The conditions
may be imposed in terms of weights ( positive real numbers < 1 ). This imposition motivates
us to define weighted neutrosophic soft sets.

3 Weighted Neutrosophic Soft Sets

Definition 3.1 [ 18 ] A neutrosophic soft set is termed to be a weighted neutrosophic soft sets
(WNSS) if the weights ( wij, a real positive number < 1 ) be imposed on the parameters of it.
The entries of the weighted neutrosophic soft set djj =w; xc

i » where cjj is the ij-th entry in

the table of neutrosophic soft set.

For an illustration we consider the following example.

Example 3.2 Consider the example 2.7 . Suppose that the decision maker has no equal
preference for each of the parameters. He may impose the weights of preference for the

parameters ‘e;= large’ as ‘w1 = 0.8’, ‘ep= very large’ as ‘wp = 0.4’, ‘e3= small’ as ‘w3z = 0.5,
‘eq= average large’ as ‘w4 = 0.6’. Then the weighed neutrosophic soft set obtained from
(F, A)denoted as (H, AW) and its tabular representation is as below:

Table 2: Tabular form of the weighted NSS ( H, A").

U e1,w1=0.8 er, W =0.4 e3, w3 =05 eq,wq =0.6

01 | (0.48,0.32,0.56) | (0.20,0.12,0.24) | (0.15,0.40, 0.45) (0.48, 0.18, 0.24)
02 | (0.40,0.48,0.64) | (0.32,0.20,0.28) | (0.20, 0.30, 0.40) (0.54, 0.36, 0.48)
03 | (0.64, 0.56, 0.56) (0.36, 0.28,0.32) (0.30,0.40,0.20) (0.48,0.42,0.48)
04 | (0.48,0.32,0.64) (0.28, 0.24,0.28) (0.35,0.35,0.30) (0.36,0.42,0.30)
05 | (0.64,0.48, 0.56) (0.24, 0.28,0.36) (0.30,0.35,0.45) (0.42,0.36,0.48)
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Definition 3.3 [ 18 ] AND operation on two weighted neutrosophic soft sets.

Let ( H, A ) and ( G, B"? ) be two WNSSs over the same universe U. Then the ‘AND’
operation on them is denoted by ‘( H, A" )~ (G, B"? )’ and is defined by ( H, A" )~ (G,
B"?) = (K, A" X B"?), where the truth-membership value, indeterminacy-membership
value and falsity-membership value of ( K, A"* X B"?) are as follows:

Tk@'1,p"2) (M) = min(wy, w2).min(Tue (M), Tee (M), Va € A, VB €B,

Ly oy (M) F1 g (M)
| (M= Ml S — o e A VB B,

Fr@a 1.p 2) (M) = max(wy, wo).max(Fyqy (M), Fop (M), Vo € A, VB eB.

Definition 3.4 Comparison Matrix. It is a matrix whose rows are labelled by n object o1, 02,
..., Op and the columns are labelled by m weighted parameters ej, €, ....., ém. The entries Cjj
of the comparison matrix are evaluated by cjj = a + b - ¢, where ‘a’ is the positive integer
calculated as ‘how many times To; (ej) exceeds or equal to Tk (ej)’, fori# k, V i=1,2, ...,
n, ‘b’ is the positive integer calculated as ‘how many times Io; (gj) exceeds or equal to Ik
(gj)’, fori#kand V i=1,2,..,nand ‘c’ is the integer ‘how many times Fq; (€j) exceeds or
equal to Fox (j)’, fori#kand V i=1,2, ..., n.

Definition 3.5 Score of an Object. The score of an object o; is S; and is calculated as

Si= ZC” ,Vi=12,..,n.
i

Here we consider a problem to choose an object from a set of given objects with respect to a
set of choice parameters P. We follow an algorithm to identify an object based on
multiobserver ( considered here three observers with their own choices ) input data
characterized by colours ( F, A"), size ( G, B" ) and surface textures ( H, C") features. The
algorithm to choose an appropriate object depending upon the choice parameters is given
below.

3.6 Algorithm

1. input the neutrosophic soft sets (H, A), (G, B ) and ( H, C) ( for three observers )
2. input the weights (w;j) for the parameters A, B and C
3. compute weighted neutrosophic soft sets (H, AW), (G, BW) and (H, CW) corresponding to
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the NSSs (H, A), (G, B) and ( H, C) respectively
4. input the parameter set P as preferred by the decision maker

5. compute the corresponding NSS (' S, P) from the WNSSs (H, AW), (G, BW) and (H, CW)
and place in tabular form

6. compute the comparison matrix of the NSS (S, P)

7. compute the score Sjofoj V i=1,2,...,n

8. the decision is ok if Sk = miaxSi

9. if k has more than one values then any one of o; may be chosen.

Based on the above algorithm we consider the following multi-criteria decision making
problem.

4 Application in a Decision Making Problem

Let U ={ 01, 02 03, 04 05 } be the set of objects characterized by different lengths, colours
and surface texture. Consider the parameter set, E = { blackish, dark brown, yellowish,
reddish, large, small, very small, average, rough, very large, coarse, moderate, fine, smooth,
extra fine }. Also consider A = { very large, small, average large }, B = { reddish, yellowish,
blackish } and C = { smooth, rough, moderate } be three subsets of the set of parameters E.
Let the NSSs (F, A ), ( G, B) and ( H, C ) describe the objects ‘having different lenghts’,
‘objects having different colours’ and ‘surface structure features of the objects’ respectively.
These NSSs as computed by the three observers Mr. X, Mr. Y and Mr. Z respectively, are
given below in their respective tabular forms in table 3, 4 and 5. Now suppose that the
decision maker imposes the weights on the parameters A, B and C and the repective weighted

neutrosophic soft sets are ( F, A" ), (G, BY ) and ( H, c" ). The WNSS (F, AW) describes
the ‘objects having different lengths’, the WNSS ( G, B" ) describes the ‘different colours of

the objects’ and the WNSS ( H, c” ) describes the ‘surface structure feature of the objects’.

We consider the problem to identify an object from U based on the multiobservers
neutrosophic data, specified by different observers ( we consider here three observers ), in

terms of WNSSs ( F, A" ), (G, BW) and ( H, CW) as described above.
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01
02
03
04

05

weight

01
02
03
04

05

U
01
02
03
04

05
weight

01
02
03
04

05

8
Table 3: Tabular form of the WNSS (F, A").
aj = very large az = small agz = average large
(05,0.6,0.8) (0.7,0.3,05) (0.6,0.7,0.3)
(0.6,0.8,0.7) (0.3,0.6,04) (0.8,0.3,05)
(0.3,05,0.8) (0.8,0.3,0.2) (0.3,0.2,06)
(0.8,0.3,0.5) (0.3,05,0.3) (0.6,0.7,0.3)
(0.7,0.3,0.6) (0.4,06,08) (0.8,0.3,0.8)
w1 =0.5 wp =0.6 w3 =0.3

(0.25,0.30, 0.40)
(0.30, 0.40, 0.35 )

(0.15, 0.25, 0.40 )
(0.40,0.15, 0.25 )
(0.35,0.15,0.30)

(0.42,0.18,0.30)  (0.18,0.21,0.09)
(0.18,0.36,0.24)  (0.24,0.09, 0.15)

(0.48,0.18,0.12)  (0.09, 0.06,0.18)
(0.18,0.30,0.18)  (0.18,0.21,0.09)
(0.24,0.36,048)  (0.24,0.09,0.24)

Table 4: Tabular form of the WNSS ( G, BY).

b1 = reddish b = yellowish b3 = blackish
(05,0.7,03) (0.7,0.8,0.6) (0.8,0.3,0.4)
0.6,0.7,03) (0.8,05,0.7) (0.6,0.7,0.3)

(0.8,0.5,0.6 )

(0.7,0.2,0.6 )
(0.8,0.4,0.7)

w1 =0.6

(0.7,03,06)  (0.8,0.3,05)

(0.8,06,05)  (0.6,0.7,0.3)
(0.6,0508)  (0.7,04,0.2)

wo =0.4 w3 =0.7

(0.30, 0.42,0.18) (0.28,0.32,0.24) (0.56,0.21,0.28)
(0.36,0.42,0.18) (0.32,0.20,0.28) (0.42, 0.49,0.21)

(0.48,0.30,0.36) (0.28,0.12,0.24) (0.56,0.21,0.35)
(0.42,0.12,0.36) (0.32,0.24,0.20) (0.42,0.49,0.21)
(0.48,0.24,0.42) (0.24,0.20,0.32) (0.49, 0.28,0.14)
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01
02
03
04

05
weight

01
02
03
04

05

Table 5: Tabular form of the WNSS (H, C").

c1 = smooth C2 = rough c3 = moderate
(0.8,0.5,0.6) (08,07,03) (0.8,0.6,04)
(0.7,0.6,0.7) (0.7,05,06) (0.7,05,0.6)
(0.8,07,06)  (0.6,03,07) (08,02 04)
(0.7,05,07)  (0.8,07,04)  (07,08,0.7)
(0.8,0.7,0.4) (0.7,0.4,0.8) (0.8,06,0.5)
w1 =0.6 wp =0.8 w3 =0.5

(0.48,0.30,0.36) (0.64,0.56,0.24) (0.40,0.30, 0.20)
(0.42,0.36,0.42) (0.56,0.40,0.48) (0.35,0.25,0.30)

(0.48,0.42,0.36) (0.48,0.24,0.56) (0.40,0.10,0.20)
(0.42,0.30,0.42) (0.64,0.56,0.32) (0.35,0.40,0.35)
(0.48,0.42,0.24) (0.56,0.32,0.64) (0.40,0.30,0.25)

In the above two WNSSs ( F, A" ) and ( G, B" ) given in their respective tabular form in 3
and 4, if the evaluator wants to perform the operation ‘(F, A" ) AND ( G, B" )’ then we will
have 3>3 =9 parameters of the form ej;, where ej; = a; * b, fori=1,2,3and j=1, 2, 3 and
ejj € ExE. On the basis of the choice parameters of the evaluator if we consider the WNSS
with parameters R = { e11, €21, €2, €31, €32 } We have the WNSS ( K, R") obtained from the
WNSSs ( F, A”) and ( G, B"). So e1; = ( very large, reddish), e,; = (small, yellowish) etc.
Computing ‘( F, A" ) AND ( G, B" )’ for the choice parameters R, we have the tabular
representation of the WNSS ( K, R") as below:

Table 6: Tabular form of the WNSS ( K, R").

€11

€21

€22

€31

€32

01

(0.25, 0.36, 0.48)

(0.30, 0.30, 0.30)

(0.28, 0.25, 0.36)

(0.15, 0.615, 0.18)

(0.18, 0.265, 0.24)

02

(0.30, 0.41, 0.56)

(0.18, 0.39, 0.24)

(0.12, 0.28, 0.42)

(0.18, 0.255, 0.30)

(0.24, 0.145, 0.28)

03

(0.15, 0.275, 0.48)

(0.48, 0.24, 0.36)

(0.28, 0.15, 0.36)

(0.09, 0.18, 0.36)

(0.09, 0.09, 0.24)

04

(0.35, 0.135, 0.36)

(0.18, 0.21, 0.36)

(0.12,0.27, 0.30)

(0.18, 0.165, 0.36)

(0.18, 0.175, 0.20)

05

(0.35, 0.195, 0.42)

(0.24, 0.30, 0.48)

(0.16, 0.28, 0.48)

(0.24, 0.285, 0.48)

(0.18,0.145, 0.32)
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Computing the WNSS ( S, P ) from the WNSSs ( K, R" ) and ( H, c” ) for the specified
parameters P = { e11 " c1, €21  Cp, €21 " C3, €31 " C1 }, where the parameter e17 " ¢1 means

(very large, reddish, smooth ), e>1 * c2 means ( small, reddish, rough ) etc. The tabular form
of the WNSS ('S, P) is as below:

Table 7: Tabular form of the WNSS (S, P).

U
e11 N Cy €21 "\C2 €21 "C3 €31 "\C1

O (0.25,0.4375,0.48) (0.30,0.58,0.40) (0.25,0.425,0.30) (0.15,0.45,0.36)
(0.30, 0.6675,0.42) (0.18, 0.488, 0.48) (0.15,0.388, 0.36) (0.18, 0.455, 0.42)
(0.15,0.51,0.48) (0.36,0.295, 0.56) (0.40,0.20,0.36) (0.09, 0.4975, 0.36)

(0.35,0.3375,0.42) (0.18, 0.542,0.48) (0.15,0.488,0.42) (0.18,0.388, 0.42)
(0.35,0.4725,0.42) (0.24,0.385,0.64) (0.20,0.425,0.48) (0.24, 0.4725, 0.48)

02

03
04

05

Then the tabular form of the comparison matrix for the WNSS ('S, P ) is as below:

Table 8: Tabular form of the comparison matrix of the WNSS ( S, Q).

U e11”C1 €217C2 €217C3 €31”C1
01 -2 7 6 1
02 4 1 0 2
s -l 1 2 3
04 2 2 2 -2
(0] 4 -1 1 3

Computing the score for each of the objects we have the respective scores as below:

u Score
o, 12
02 7
03 5
04 4

7

05
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Clearly, the maximum score is 12 and scored by the object 01. The selection will be in favour
of the object 01. The second choice will be in favour of either 02 or o5 as they have the same

score 7. Next the decision maker may choose the objects 03 and 04 as the score 5 and 4 are
scored by them respectively.

5 Conclusion

Since its initiation the soft set theory is being used in variety of many fields involving
imprecise and uncertain data. In this paper we present an application of weighted
neutrosophic soft sets for selection of an object. Here the selection is based on multicriteria
input data of neutrosophic in nature. We also introduce an algorithm to select an appropriate
object from a set of objects based on some specified parameters.
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1 Introduction

Let I'(z) be the classical Gamma function and 1 (z) be the classical Psi or Digamma function defined

for x € R as: .
I(z) = / t*“ e tdt,
0

W) = L inT(a) = FF/((;)).

dzx

It is common knowledge in literature that the Gamma function satisfies the following properties.
'ln+1)=n!, neZt,
I'(z+1)=al(x), z€RT.

Also, let T'y(«) be the g-deformed Gamma function (also known as the ¢-Gamma function or the ¢-

analogue of the Gamma function) and ,(x) be the ¢g-deformed Psi function defined for ¢ € (0,1) and
r € R as (See [6], [7] and the references therein):

R d
Fq({E) _ (1 _ q)l_'L H ﬁ and ’(/Jq(l') = %lnFq(x)

n=1

™ Edited by Erhan Set and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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with T'y(z) satisfying the properties:

L,n+1)=[n],! neZzt, (1)
L (x+1) = [z],ly(x) z€R. (2)
where [z], = 11%‘1; and [z +yl, = [x]q + ¢*[y]ly for xz,y € RT. See [2].

Similarly, let T'¢; xy(x) be the (g, k)-deformed Gamma function and 4 k) (x) be the (g, k)-deformed
Psi function defined for ¢ € (0,1), k > 0 and € RT as (See [2], [8], [10] and the references therein):

z_q

(1-q")} (1 - ") d
ok _ ok and V() (@) = - InT(g k) (@)

r = - = :
@) = T T U - g &

where (z +y)7 , = H;:Ol (x + ¢’*y) with (4,1 () satisfying the following property:

F(q’k)(x +k) = [x]qF(q,k) (z), z¢€ R*. (3)

The g-addition (otherwise known as the g-analogue or g-deformation of the ordinary addition) can be
defined in the following two ways:

The Nalli-Ward-Alsalam g-addition, &, is defined (See [11], [1], [3]) as:

(a @y b)" = E (n) a*v"= % for a,be R, neN. (4)
k
k=1 q
where (Z)q = m is the g-binomial coefficient.

The Jackson-Hahn-Cigler ¢-addition, B, is defined (See [4], [5], [3]) as:

n

maqw%_E:(Z)Jﬁfhnkw for a,be R, neN. (5)
k=1 q

Notice that both @, and B, reduce to the ordinary addition, 4+ when ¢ = 1.

In a recent paper [9], the inequalities:

T(m+n+1) (m + n)mtn
F'm+1)I'(n+1) mmnn

, m,n€ 2t (6)

Paty+1) _ (@+y™
Fe+1)I(y+1) = %y
which occur in the study of probability theory were presented together with some other results. In this
paper, the objective is to establish related inequalities for the ¢ and (g, k) deformed Gamma functions.
The results are presented in the following section.

., =xy€RT (7)

2 Main Results

Theorem 2.1. Let ¢ € (0,1) and m,n € Z*. Then, the inequality:

Py(m+n+l) _ (megn)™™
Fym+1)Ty(n+1) =  mmnn

holds true.
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Proof. By equation (4) we obtain;

(m @q n)m+n > <m + n) mmn"
m q

since the binomial expansion of (m @, n)™" includes the term (mnt”)qmmn” as well as some other
terms. That implies,

! < (m &4 n)ern'
el Tl =

Now using relation (1) yields,

Lymtntl) _ (mogn)m

Fym+1)Ty(n+1) — mmn”
completing the proof.
O
Theorem 2.2. Let g € (0,1) and m,n € Z*. Then, the inequality:
n(1—n)
Fym+n+1) < (mByn)™tg = ()
Fym+1T(n+1) — mmn"
holds true.
Proof. Similarly, by equation (5) we obtain;
(m Eﬂq n)m-‘rn Z (m + TL) qn(nzfl) mmnn.
n
q
Implying,
[m + n}q[ < (m Bﬂq n)m—‘—nqn(l;n)
[m]g![n]g! — mmn"
By relation (1), we obtain;
Iym+n+1) < (m &, n)m*'"qw
Fom+1)Ty(n+1) — mmn”
concluding the proof.
U
Lemma 2.3. If ¢ € (0,1) and z € (0,1) then,
In(1 —-¢*)—In(1—¢q) <0. (10)

Proof. We have ¢ > ¢ for all ¢ € (0,1) and = € (0,1). That implies, 1 — ¢ < 1 — q. Taking the
logarithm of both sides concludes the proof.
O

Theorem 2.4. Let ¢ € (0,1) fixed, z € (0,1) and y € (0,1) be such that ¢4(x + 1) > 0. Then, the
inequality:

Dye+y+1) & + y)i Ve

Do+ DL+ 1)~ (ol [yler T (y) )

holds true.
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Proof. Let @ and T be defined for ¢ € (0, 1) fixed, z € (0,1) and y € (0,1) by,

Q(z +y)
Q(r)Q(y)

[z]q
Q(a:)—e;f;jf” and  T(z,y) =
q

Let pu(z) = InQ(x). That is,

p(z) = [z]y + nTy(x + 1) — [x]4In]x],. Then,

X

ple)' = g(e+1) + (ng) = Infal,

T

q

=¢g(z+ 1)+ (Ing)7— (In(1 - ¢*) ~In(1 —¢)) > 0
This is as a result of Lemma 2.3 and the fact that Ing < 0 for ¢ € (0,1). Hence Q(z) is increasing.

Next, we have,

Qu+y) _Qu+y) 1 _ 1 )™
Q@R Ql) Q) ~

since Q(z) is increasing and I'g(y + 1) = [y]I'(y). That implies,

T(l‘,y) =

Tlay) = B el Tya+y+1)
[+ y) e et Ty (o + 1) (y + 1)
el et Ty@y+1) [yl
[y et Ty + 1T (y +1) = eWla[ylTy(y)
yielding the results as in (11). O

Remark 2.5. Let B,(z,y) = % be the ¢-deformation of the classical Beta function. Then,

inequality (11) can be rearranged as follows.

[x}([f]q—leq”” Wla, ()

o+ gl

Theorem 2.6. Let ¢ € (0,1) fixed, ¥ > 0 and = € (0,1) be such that ¢, x)(z + k) > 0. Then, the
inequality:

Bq(x7y) S

Pan@ty+k) [ + gl

SR (12)
Ligiy (@ +F)Tqr) (Y + k) ™ (2] ay],ea T, 1) ()

is valid.

Proof. Let G and H be defined for ¢ € (0,1) fixed, k > 0, z € (0,1) and y € (0,1) by,

_ el (@ + k) _ Glz+y)
N )

In a similar fashion, let A(z) = In G(x). That is,
Az) = [z]qg +InT (g py (2 + k) — [z]gIn[z]g.  Then,

N@)' = by (o4 8) + (n0) 7 (1 = ") (1 = ) > .
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Hence G(x) is increasing.
Next, observe that,

ey Gty Gty 1 L_
H(z,y) = G(x)G(y) G(z) G(y) = Gly) el [y]g g 1) ()

since G(x) is increasing and I'¢g ) (y + k) = [y]q[ (1) (y). That implies,

Hiz,y) = Dl el Tty +k) [yld™
’ [z 4yl e elrlatlle "Tg (@ 4+ F)T (g (v +5) ~ ellafy]oTigm (y)
establishing the results as in (12). O

Remark 2.7. Let By (z,y) = % be the (g, k)-deformation of the classical Beta func-

tion. Then, inequality (12) can be written as follows.

Tlg—1 4%
(2] ea" WlaT 4 (1)

[+ ylg T

B(q,k:) (l‘v y) <

3 Concluding Remarks

Some new inequalities related to (6) and (7) have been established for the ¢ and (¢, %) deformed
Gamma functions. In particular, if we allow ¢ — 1 in either inequality (8) or (9), then, inequality
(6) is restored as a special case. Also, by allowing ¢ — 1 in (12), then we obtain the k-analogue of
inequality (11).
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Abstract — In this paper, we introduce the concept of set-valued homomorphism of a lattice which is
the generalization of ordinary lattice homomorphism. We construct generalized rough lower and upper
approximations operators, by means of a set-valued mapping, which are also the generalized form of
lower and upper approximations of a lattice, and the corresponding properties are investigated and
finally we cite an example to show usefulness of the paper.

Keywords — Rough Set, Lower and Upper approximations, Lattice, Equivalence Relation, Homo-
morphism.

1 Introduction

In this section, we give some basic notions and results about generalized rough sets and lattices. The
concept of rough sets was introduced by Pawlak [13], a mathematical tool for dealing with uncertainty
or vagueness ([14],]20]). In rough set theory, rough set can be described by a pair of ordinary sets called
lower and upper approximations. The theory of rough set is an extension of set theory. The study of
the algebraic structure of the mathematical theory proves itself effective in making the applications
more efficient. Such researches may not only provide more insight into rough set theory, but also
hopefully developed methods for applications. Rough set has been studied from algebraic view points
by many researchers. Pomykala [15] showed that the set of rough set forms a stone algebra. Iwinski
[4] suggested a lattice theoretic approach to the rough set. Liu and Zhu [8] presented the structures of
the approximations based on arbitrary binary relation. The generalized rough sets over fuzzy lattices
have been explored by Liu [7]. Algebraic structure of T-rough set and corresponding lattice theory
are explored in ([5], [2]) respectively. In mathematics, a lattice is a partially ordered set in which any
two elements have a unique supremum and infimum. Lattice can also be characterized as algebraic
structures satisfying certain axiomatic identities. Since the two definitions are equivalent, lattice theory
draws on both order theory and universal algebra. In this paper, we consider a lattice as a universal
set and study the rough sets in a lattice.

** Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman (Editors-in-Chief).
* Corresponding Author.
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2 Preliminaries

Definition 2.1. Let U and V be two non-empty universes. Let f be a set-valued mapping given
by f: U — P(V). Then the triple (U,V, f) is referred to as a generalized approximation space or
generalized rough set. Any set-valued function from U to P(V') defines a binary relation from U to V
by setting Ry = {(z,y) : y € f(z)}. Obviously, if R is an arbitrary relation from U to V, then it can
be defined a set-valued mapping fr : U — P(V) by fr(z) ={y € V : (z,y) € R} where 2 € U. For
any set A C V', the lower and upper rough approximations A | f and A T f, are defined by

Al = reU:f@)CX) ()
and A1y = {zeU: fx)nA#0}. (2)

The pair (A |7, A 1s) is referred to as a generalized rough set. If a subset A C Vsatisfies that
A ;= ATy, then A is called a definable set of (U, V, f). We denote all the definable sets of (U,V, f)

by Def(f).

Definition 2.2. Let L be a lattice and ) # A C L. Then A is called a sublattice if a,b € A implies
avbe Aand aNbe A.

Definition 2.3. Let L and K be two complete lattices. A mapping f : L — P(K) is called a
complete set-valued homomorphism if
V fai) € F(V ai) A\ fla) € FOA ai).
il iel el il
A set-valued mapping f is called a strong complete set-valued homomorphism
if \V/ fa;) = f(V a;) and A f(a;) = f(\ ai).
iel iel iel iel
Definition 2.4. A non-empty sub-set A of L is called a sublattice of LifaVbe A,aAb e A for all
a,be A

Definition 2.5. A non-empty sub-set A of L is called a convex sublattice of L if [aV b,a Ab] C A for
any a,b € A.

Definition 2.6. An equivalence relation F on L is a reflexive, symmetric, and transitive binary
relation on L. If E is an equivalence relation on L then the equivalence class of x € L is the set
{y € L:(x,y) € E}. We write it as [z]g.

Let us illustrate this definition using the following example.

Example (1) Let L = {a,b,¢,d} such that cVb=b,cVd=d,bVd=aand K = {u,v,z,y, 2} such
that zVe = z,yVz =y,2Vy = v,uVv = u. Consider the set-valued mapping f : L — P(K) defined
by f(a) = {u,v}, f(b) = {v,z}, f(c) =y, f(d) = {y,z}. Then f is set valued homomorphism but not
a strong set valued homomorphism for f(b) V f(c) =v # f(bV ¢) = f(a) = {u,v}.

(2) Let g be a lattice homomorphism from L to K. Then the set valued mapping f : L — P(K)
defined by f(a) = {g(a) : a € L} is a strong set valued homomorphism. If L and K are complete, then
f is a strong complete set valued homomorphism.

3 Rough Lattice and Set-valued Homomorphism

Rough set was originally proposed by Pawlak [13] with the consideration of an equivalence relation.
An equivalence relation is sometimes difficult to be obtained in real-world problems due to vagueness
and incompleteness of human knowledge. From this point of view, in this section, we introduce the
concept of set-valued isomorphism of lattices. Let L and K be two lattices. A mapping f is a set-
valued mapping from L to P(K). Where P(K) represents the set of all non-empty sub set of K. For
a,b € L, we define f(a)V f(b) ={zVy:x€ fla),y € f(b)}.

@) A F(b) = {w Ay z € fla),y € FB)).
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Definition 3.1. Let L and K be two lattices. A mapping f : L — P(K) is called a set-valued
homomorphism if

f(@)V f(b) C f(a\/b)

f@ A\ f() C f(aA\b) for all a,b € L.

A set-valued mapping f is called a strong set-valued homomorphism if

f(@)V f(b) = f(a\/b)

fl@) A\ f(b) = f(aA\Db) for all a,b € L.

Theorem 3.2. Let L, K be lattices and f : L — P(K) be a strong set valued homomorphism. If
A, B are two non empty subset of K, then (1)f | (A)V f | (B)C f| (AV B)
@fLAAfFLB)CfL(AANB)

Proof: (1) Assume that x € f | (A)V f | (B), then there exist y € f | (4),z € f | (B) such that
x = yVz. Since f is a strong set-valued homomorphism, we have f(z) = f(yVz) = f(y)V f(z) C AVB.
Soxe f|l(AVB).
(2) Again we assume that x € f | (A) A f | (B), then there exist y € f | (A),z € f | (B) such that
x = yAz. Since f is a strong set-valued homomorphism, we have f(x) = f(yAz) = f(y)Af(z) C AAB.
Soxe f|(AAB).

Theorem 3.3. Let L, K be two lattices. Then (1) Let f : L — P(K) be a set-valued homomorphism.
If A is a sublattice of K and f 1 (A) is non-empty subset of L, then f 1 (A4) is a sublattice of L

(2) Let f: L — P(K) be a strong set-valued homomorphism. If A is a sublattice of K and f | (A)
is non-empty subset of L, then f | (A) is a sublattice of L.

Proof: (1) Assume that z,y € f T (A) there exist a,b € A such that a € f(x),b € f(y). Since
f is a set-valued homomorphism and A is a sublattice, we have a Vb € f(z) V f(y) C f(x V y) and
aVbe A SoaVbe f(xVy)NA which implies that zVy € f 1 (4). Similarly, we have z Ay € f 1 (4)
(2) Assume that z,y € f | (A), we have f(z) C A, f(y) € A. Since f is a strong set-valued
homomorphism and A is a sublattice, we have f(xAy) = f(z)A f(y) which implies that zVy € f | (4).
Similarly, we have x Ay € f | (A).

Theorem 3.4. Let f: L — P(K) be a set-valued homomorphism of lattices. If A, B are down-sets
of K, then f(ANB) = fA)N f(B).

Proof: Assume that x € f 1 (A)N f T (B), there exist y € A,z € B such that y.z € f(z).
Since A, B are down-sets, we have y A z € AN B. f is a set-valued homomorphism, we have y A z €
f@)n f(z) C flxnz) = f(x). SoyAze f(x)N (AN B) which implies 2 € f(AN B). We also know
that f 1 (ANB)C f1(A)Nf71(B). Thus, we get the conclusion easily.

Definition 3.5. [5] Let E be an equivalence relation on L, then E is called a full congruence relation
if (a,b) € E and (¢,d) € E< (aVe,bVd) € Eand (aAc,bAd) € E for all a,b,c,d € L.

Definition 3.6. Let E be an equivalence relation on L, then (a,b) € E < (aVz,bVx), (aAz,bAx) € E
for all z € L. If A, B are non empty subset of L, for any @ € L we define AVB = {aVy:z € A,y € B}
aNA={xNy:xe€ A}

ANB={zNy:xz € Ay¢c B}.

Theorem 3.7. Let F be an equivalence relation on Land if a,b € L, then
(1) la]gVI[ble ClaVblg
(2)  laeAble Clanble

Proof: Suppose z € [a]g V [b]g then there exist z € [a]g and y € [b]g such that z = z V y. Since
(a,x) € E and (b,y) € E, we have (aV b,z Vy) € E, namely (aVb,z) € E,s0 z € [aV blg
Again, suppose z € [a]g A [b]g then there exist z € [a]g and y € [b]g such that z = 2 A y. Since
(a,x) € E and (b,y) € E, we have (a Ab,z Ay) € E, namely (a A b,z) € E, s0 z € [a Ab|g.
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Definition 3.8. [5] Let E be a full congruence relation, then E is called a complete full congruence
relation if [a]g V [b]g = [a V b]g and [a]g A [b]g = [a A b]g for all a,b € L.

Theorem 3.9. Let E be a complete equivalence relation on L, if A, B are non- empty subsets of L,
then ET(A)VET(B)CET(AvB)and E1(A)AET(B)CE](AAB)

Proof: Let us suppose z € E T (A) V E 1 (B), then there exist x € E 1 (4) and y € E 7 (B) such
that z = 2 Vy. Then [z]gNA # 0 and [y]g N B # 0, so there exist a € [z]g,a € Aand b € [y|g,b € B.
Then aVb € [zl Vylg ClzVylg =[2]g and aVb € AV B. Thus [z]g N (AV B) # 0 and hence
seE1(AVB).

Next suppose z € E T (A) A E 1 (B), then there exist x € E T (A) and y € E 1 (B) such that
z==xAy. Then [z]gNA # 0 and [y]g N B # 0, so there exist a € [z]g,a € A and b € [y|g,b € b. Then
anb € [z]gAlyle C [zAy]rg = [2]g and aAb € AAB. Thus [z]gN(AAB) # () and hence z € E | (AAB).

Theorem 3.10. Let E be a complete equivalence relation on L, if A, B are non empty subsets of L,
then E | (A)VE | (B)CET(AV B) and
EL(A)AEL(B)CE|(AAB)

Proof: Suppose z € E | (A)V E | (B), then there exist z € E | (A) and y € E | (B) such that
z =1z Vy. Then [z]g C and [Z/]E C B then [z]g V [y]g € AV B. Since E is a full complete equivalence

relation on L, we have [z]g V [y]g = [z V y]g = [2]g, namely [z2]p C AV B. Hence z € f | (AV B).
Again suppose z € E | (A) A E | (B), then there exist x € E | (A) and y € E | (B) such that
z=xAy. Then [z]g C and [y|p C B then [z]g A [y]Jg € A A B. Since F is a complete equivalence
relation on L, we have [z]g A [y]g = [z] A y]g = [2]E, namely [z]p C AA B. Hence z € f | (AA B).

Theorem 3.11. Suppose E1, E5 are two complete equivalence relations on L, A is a non empty subset
of L, then (B N Ey) 1 (A) C By 1 (A)NEy T (A4)

Proof: Let us suppose that © € (E1 N Ey) 1 (4), then [z]g,np, # 0. So there exists a €
[#]g,nE, N A. Since (a,z) € Ey N Eg, then (a,z) € Ey and (a,z) € Es;. Thus a € [z]g, and
a € [z]g,. Then [z]g, N A # 0 and [z]g, N A # 0. Therefore, x € E; T (A) and z € Ey 1 (A). Hence

Definition 3.12. Let L be a complete lattice and let k € L. k is said to be compact if, for every subset
Sof Lk <\/S =k <\T for some finite subset T' of S. The set of all compact elements of L is
denoted K (L). A complete lattice L is said to be algebraic if, for each a € L; a = \/{k € k(L) : k < a}.

Definition 3.13. Let (L, <) and (K, <) be two lattices and A € P(K) where P(K) denotes the set
of all non-empty subsets of K. Let f : L — P(K) be a set-valued mapping. The lower and upper
approximations of A under f are defined by f | (A) = {z € L: f(x) C A}f 1 (A) = {z € L:
F(x) 1A # 0},

Definition 3.14. The pair (f | (A), f 1 (4)) is referred to as the generalized rough set with respect
to A, induced by f or f- rough set with respect to A.

Example Let (L, F) be an approximation space and f : L — P(L) be a set-valued mapping where
f(z) =z]g forall x € L, then for any A C L, f | (A) and f T (A) are lower and upper approximations
respectively.

Proposition 3.15. Let L and K be two lattices and A, B € P(K). Let f : L — P(K) be a set-valued

mapping. Then the following assertions hold:

()f 1 (AUB) =1 (A)US 1 (B):

() L(ANB) = f 1 (A)nf | (B):

(014 = B impics £ (4 =1 | (B)and £ 1(4) = |
U =

( B)7
w)f LA)UfL(B)=f1(AUB);(v)f1(ANB)

T(
FTA)NFT(B).
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Definition 3.16. A non-empty subset K of L is a sublattice of the lattice (L, A,\/) if aVb,anbe K
for all a,b € K.

Definition 3.17. If A and B are non-empty subsets of L, we define A A B and A\/ B as follows:
ANB={anb:a€c A,be B};A\/B={aVb:ac Abec B}.

Definition 3.18. Let L and K be two lattices and f : L — P(K) be a set- valued mapping. f is called
a set-valued homomorphism if (i) f(z Ay) = f(2) A f(v); (@) f(zVy) = f(z)V f(y), for all z,y € L.

Lemma 3.19. Let L and K be two lattices and f : L — P(K) be a set-valued homomorphism. If S
is a sublattice of K and f | (S) # 0, and f 1 (S) # 0, then f | (S) and f 7 (S) are sublattices of L.

Proof: Let z,y € f | (5) , by definition we have f(z), f(y) € S. Since S is a sublattice of K, we
have f(zVy) = f(z)\ f(y) C S and f(x Ay) = f(z) A\ f(y) =S. Tt shows that 2 Vy;z Ay € f | (5).
Moreover, let z,y € f 1 (S), by definition, f(z)(S # 0 and f(y) (S # 0. Suppose a € f(z) NS and
be f(y)NS. Since S is a sublattice of K, we have aVb € Sand aAb e f(z)\ fly) = f(zx Vy). Tt
implies that aVb € f(zVy)()S. Hence f(zVy)S # 0. It means that Vy €7 (5). Again, aAbe S
and a Ab € f(x)\ f(y). Sothat a Ab € f(x Ay)fNS. Therefore f(x Ay)()S # 0. It means that

zNy € f1(9).

Lemma 3.20. Let L and K be two lattices and f : L — P(K) be a set- valued homomorphism. If S
is a sublattice of K and f | (S) #0 # f 1 (S), then (f | (S),f 1 (5)) is a rough sublattice of L.

Proposition 3.21. Let L and K be two lattices and f : L — P(K) be a set-valued homomorphism.
If A, B be non-empty subsets of K , then (1)f | (A)\/f 1 (B)C fl(AVB);2)f 1l (ANSfLl(B)C
fL(ANB).

Proof: Suppose z be any element of f | (A)\/ f | (B). Then z = a Vb for some a € f | (4)
and b € f | (B). By definition, f(a) C A and f(b) C B. Since f(aVb) = f(a)\/ b)) ={zVvy:
z € fla),ye fb)} C{axVy:ze€ Aye B} = A\ B, weimply that avb e f | (AV B) and so
z € f | (AV B). The proof of (2) is similar to the proof of (1).

The following examples show that the converse of above proposition is not true.

Example (1): Let L = {xg,21,22,...,27}, where 29 < 1 < 23 < 3 < 24 < 25 < xg < 7 . Let
a Vb= maz{a,b} and a A b = min{a,b} for all a,b € L . Then (L,V,A) is a lattice. If we consider
equivalence classes [zg] = {zo, 21,22}, [x3] = {23, 24}, [25] = {25, 26,27} and f : L — P(L) be a set-
valued homomorphism with f(x) = [z] for all z € L. Let A = {a3, x4, 25,27}, B = {xo, 21, 2, T3, 26}
Then A\/B = {$3,$4,.’E5,$6,$7},f l (A\/B) = {$3,£4,$5,$6,$7},f l (A) = {Z‘3,$4},f J, (B) =
(0,0} and £ L (A)V 7 1 (B) = {w5,24). Andso f L (AVB)Z 11 (A)V] L (B).

(2): Let L =[0,1] and f : L — P(L) be a set-valued homomorphism with f(z) = [0,«] for all z € L.
Andlet A = 0,1}, B = {3,1}. Then f | (4) = {0}, f | (B) = 0, | (ANB) = {0}, f | (A f |
(B) = 0. Therefore £ | (ANB) Z f L (AT | (B).

Proposition 3.22. [3] Let L and K be two lattices and f : L — P(K) be a set-valued homomorphism.
If A, B be non-empty subsets of K, then

W FTA@VITB)SFTAVB); QFfTA@AFTB)SfT(AAB).

Proof: (1) Let us suppose that z € f 1 (A)\ f 1 (B). Then z =a Vb for some a € f T (A) and
be f1(B). Hence, f(a)(NA # 0 and f(b) (B # 0 and so there exist z € f(a)(A and y € f(b)( B.
Therefore, xt Vy € A\/Band zVy € f(a)V f(b) = f(aVDd). Thus zVy € f(aVbd)((AV B) which
implies that f(aVb)(f(AVB)#0. Soz=aVvbe f1(A\ B).
(2). The proof is obvious as that of (1).
The following examples show that the converse of above proposition is not true.
Example (i) Let L = {0, 21,22, 23,%4,%5,1} be the lattice and f : L — P(L) be a set-valued
homomorphism with f(x) = {z5} for all x € L. And let A = {x3,23}, B = {21,22}. Then f 1 (4) =
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0.f1B)=0,fT(AVB)=L,f 1 (AVf1(B)=0. Therefore f T (AVB) C f1(A)V[fT(B)

AN
\/
N/

Figure-1: Lattice Structure of L

(ii) Let L be the above lattice and f : L — P(L) be a set-valued homomorphism with f(z) = {z2}
for all z € L. And let A = {a4},B = {a5}. Then f 1 (4) =0,f1(B)=0,f1 (AAB)=L,f 1
(AW f 1 (B) = 0. Therefore f 1 (ANB)Z f 1 (A)AS 1 (B

4 Conclusion

The paper is devoted to the application of rough lattice determined by Pawlak’s Information System
in which the concept of upper and lower approximations of a subset in a lattice are considered and
studied their algebraic properties. By some indiscernibility relation, we have shown that the entries
of the indiscernibility relation of an information system forms a rough lattice. Some properties of
set valued homomorphism are obtained which shall be very practical in the theory and application of
rough lattice.
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Abstract - In this paper we introduced mapping on neutrosophic soft expert sets through which we can study
the images and inverse images of neutrosophic soft expert sets. Further, we investigated the basic operations
and other related properties of mapping on neutrosophic soft expert sets in this paper.
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1. Introduction

Neutrosophy has been introduced by Smarandache [14, 15, 16] as a new branch of
philosophy. Smarandache using this philosophy of neutrosophy to initiate neutrosophic sets
and logics which is the generalization of fuzzy logic, intuitionistic fuzzy logic,
paraconsistent logic etc. Fuzzy sets [42] and intuitionistic fuzzy sets [36] are characterized
by membership functions, membership and non-membership functions, respectively. In
some real life problems for proper description of an object in uncertain and ambiguous
environment, we need to handle the indeterminate and incomplete information. Fuzzy sets
and intuitionistic fuzzy sets are not able to handle the indeterminate and inconsistent
information. Thus neutrosophic set (NS in short) is defined by Samarandache [15], as a
new mathematical tool for dealing with problems involving incomplete, indeterminacy,
inconsistent knowledge. In NS, the indeterminacy is quantified explicitly and truth-
membership, indeterminacy membership, and false-membership are completely
independent. From scientific or engineering point of view, the neutrosophic set and set-
theoretic view, operators need to be defined. Otherwise, it will be difficult to apply in the
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real applications. Therefore, H. Wang et al [19] defined a single valued neutrosophic set
(SVNS) and then provided the set theoretic operations and various properties of single
valued neutrosophic sets. Recent research works on neutrosophic set theory and its
applications in various fields are progressing rapidly. A lot of literature can be found in this
regard in [3, 6, 7, 8, 9, 10, 11, 12, 13, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 61, 62,70,
73, 76, 80, 83,84, 85, 86].

In other hand, Molodtsov [12] initiated the theory of soft set as a general mathematical
tool for dealing with uncertainty and vagueness and how soft set theory is free from the
parameterization inadequacy syndrome of fuzzy set theory, rough set theory, probability
theory. A soft set is a collection of approximate descriptions of an object. Later Maji et
al.[58] defined several operations on soft set. Many authors [37, 41, 44, 47, 49, 50, 51, 52,
53, 54, 55, 56, 57, 60] have combined soft sets with other sets to generate hybrid structures
like fuzzy soft sets, generalized fuzzy soft sets, rough soft sets, intuitionistic fuzzy soft sets,
possibility fuzzy soft sets, generalized intuitionistic fuzzy softs, possibility vague soft sets
and so on. All these research aim to solve most of our real life problems in medical
sciences, engineering, management, environment and social sciences which involve data
that are not crisp and precise. But most of these models deal with only one opinion (or)
with only one expert. This causes a problem with the user when questionnaires are used for
the data collection. Alkhazaleh and Salleh in 2011 [65] defined the concept of soft expert
set and created a model in which the user can know the opinion of the experts in the model
without any operations and give an application of this concept in decision making
problem. Also, they introduced the concept of the fuzzy soft expert set [64] as a
combination between the soft expert set and the fuzzy set. Based on [15], Maji [53]
introduced the concept of neutrosophic soft set a more generalized concept, which is a
combination of neutrosophic set and soft set and studied its properties. Various kinds of
extended neutrosophic soft sets such as intuitionistic neutrosophic soft set [68, 70, 79],
generalized neutrosophic soft set [61, 62], interval valued neutrosophic soft set [23],
neutrosophic parameterized fuzzy soft set [72], Generalized interval valued neutrosophic
soft sets [75], neutrosophic soft relation [20, 21], neutrosophic soft multiset theory [24] and
cyclic fuzzy neutrosophic soft group [61] were studied. The combination of neutrosophic
soft sets and rough sets [77, 81, 82] is another interesting topic.

Recently, Broumi and Smaranadache [88] introduced, a more generalized concept, the
concept of the intuitionistic fuzzy soft expert set as a combination between the soft expert
set and the intuitionistic fuzzy set. The same authors defined the concept of single valued
neutrosophic soft expert set [87] and gave the application in decision making problem. The
concept of single valued neutrosophic soft expert set deals with indeterminate and
inconsistent data. Also, Sahin et al. [91] presented the concept of neutrosophic soft expert
sets. The soft expert models are richer than soft set models since the soft set models are
created with the help of one expert where as the soft expert models are made with the
opinions of all experts. Later on, many researchers have worked with the concept of soft
expert sets and their hybrid structures [1, 2, 17, 18, 24, 38, 39, 46, 48, 87, 91, 92].

The notion of mapping on soft classes are introduced by Kharal and Ahmad [4]. The same
authors presented the concept of a mapping on classes of fuzzy soft sets [5] and studied the
properties of fuzzy soft images and fuzzy soft inverse images of fuzzy soft sets, and
supported them with examples and counter inconsistency in examples. In neutrosophic
environment, Alkazaleh et al [67] studied the notion of mapping on neutrosophic soft
classes.
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Until now, there is no study on mapping on the classes of neutrosophic soft expert sets, so
there is a need to develop a new mathematical tool called “Mapping on neutrosophic soft
expert set”.

In this paper, we introduce the notion of mapping on neutrosophic soft expert classes and
study the properties of neutrosophic soft expert images and neutrosophic soft expert inverse
images of neutrosophic soft expert sets. Finally, we give some illustrative examples of
mapping on neutrosophic soft expert for intuition.

2. Preliminaries

In this section, we will briefly recall the basic concepts of neutrosophic sets, soft sets,
neutrosophic soft sets, soft expert sets, fuzzy soft expert sets, intutionistic fuzzy soft expert
sets and neutrosophic soft expert sets.

Let U be an initial universe set of objects and E is the set of parameters in relation to

objects in U. Parameters are often attributes, characteristics or properties of objects. Let
P (U) denote the power set of U and A € E.

2.1. Neutrosophic Set

Definition 2.1 [15] Let U be an universe of discourse, Then the neutrosophic set A is an
object having the form A = {< x: To(x), [ao(X), Fa(x)>, X € U},where the functions T, (x),
[,(%), FAo(%) : U—] 0,1 define respectively the degree of membership, the degree of
indeterminacy, and the degree of non-membership of the element x € X to the set A with
the condition.

0 <supTa(x)+ supl (X)+ supF, (x))< 3"

From philosophical point of view, the neutrosophic set takes the value from real standard
or non-standard subsets of ]°0,1°[. So instead of ]°0,1*[ we need to take the interval [0,1]
for technical applications, because ]70,1°[ will be difficult to apply in the real applications

such as in scientific and engineering problems.
For two NS,

Ans={<X, Ty (x), Ip (), Fp 0)>[|x€X}
And

Bys={<x, Tg (x), I (®) ,Fg ()>|x € X}
We have,

1. Ans € Byg if and only if

Ty %) <Tg (x),1s (X) 2 Iz (x) , Fp (x) =2 Fg (%) .
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2. Ans = Bys ifand only if,

Ta(x) =Tg(x), [ (%) =Ig(x), Fao(x) =Fg(x) for all x € X.

3. The complement of Ays is denoted by A% and is defined by

ARs={<X Fp (x),1 =Ty (x), Ty, ®)[x€X}

4. ANB = {<x, min{T, (x), Tz ()} max{I, (x),1z x)}, max{F, (x),F5 (x)}>x € X}
5. AUB = {<x, maX{TA (X),T(X)},min{IA x),1g (x)}, min{FA (x),Fg (X)}>ZX €EX}
As an illustration, let us consider the following example.

Example 2.2. Assume that the universe of discourse U={X1, X2, X3 X, }. It may be further
assumed that the values of X1, X, x3and x, are in [0, 1], then A is a neutrosophic set (NS)

of U such that,

A= {<x1,0.4,0.6,0.5><x,0.3,0.4, 0.7>, < x3,0.4, 0.4, 0.6>,<x,4,0.5, 0.4, 0.8 >}

2.2. Soft Set

Definition 2.3 [12] Let U be an initial universe set and E be a set of parameters. Let P(U)
denote the power set of U. Consider a nonempty set A, A c E. A pair (K, A) is called a soft
set over U, where K is a mapping given by K : A — P(U).

As an illustration, let us consider the following example.

Example 2.4 Suppose that U is the set of houses under consideration, say U = {hy, hy, . . .,
hs}. Let E be the set of some attributes of such houses, say E = {ey, €2, . . ., €g}, Where ey, ey, .

. ., eg stand for the attributes “beautiful”, “costly”, “in the green surroundings’”, “moderate”,
respectively.

In this case, to define a soft set means to point out expensive houses, beautiful houses, and

so on. For example, the soft set (K, A) that describes the “attractiveness of the houses” in
the opinion of a buyer, say Thomas, may be defined like this:

A={ey, e, €3, €4, €5};

K(el) = {hz, h3, h5}, K(EQ) = {hz, h4}, K(eg) = {hl}, K(e4) = U, K(e5) = {hg, h5}

2.3 Neutrosophic Soft Sets

Definition 2.5 [59] LetU be an initial universe set and A < E be a set of parameters. Let
NS(U) denotes the set of all neutrosophic subsets of U. The collection (F, A) is termed to
be the neutrosophic soft set over U, where F is a mapping given by F: A — NS(U).

Example 2.6 Let U be the set of houses under consideration and E is the set of parameters.
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Each parameter is a neutrosophic word or sentence involving neutrosophic words. Consider
E ={beautiful, wooden, costly, very costly, moderate, green surroundings, in good repair, in
bad repair, cheap, expensive}. In this case, to define a neutrosophic soft set means to point
out beautiful houses, wooden houses, houses in the green surroundings and so on. Suppose
that, there are five houses in the universe Ugiven byU = {hy, h,,..., hs} and the set of
parameters

A = {eq, ey, e3, e,},Where e, stands for the parameter "beautiful’, e, stands for the parameter
‘wooden', e; stands for the parameter “costly' and the parameter e,stands for ‘moderate’.
Then the neutrosophic set (F, A) is defined as follows:

( hy h, hs h, hs

(el 1(0.5,0.6,0.3) "(0.4,0.7,0.6) "’ (0.6,0.2,0.3)"(0.7,0.3,0.2) ’ (0.8,0.2,0.3) )
hy h, hs hy hs

( (0.6,0.3,0.5)"(0.7,0.4,0.3)’ (0.8,0.1,0.2) " (0.7,0.1,0.3) * (0.8,0.3,0.6) >)

( hy h; hs hy hs )

€;
(F,A) =«

®31(0.7,0.4,0.3)’ (0.6,0.7,0.2) ' (0.7,0.2,0.5) (0.5,0.2,0.6) " (0.7,0.3,0.4)}
hy h, hs ha hs
(0.8,0.6,0.4)’ (0.7,0.9,0.6) (0.7,0.6,0.4)’ (0.7,0.8,0.6)’ (0.9,0.5,0.7)

€4

\

Definition 2.7 [59] Let (H, A) and (G, B) be two NSs over the common universe U. Then
the union of (H, A) and (G, B), is denoted by ” (H, A)U(G, B)” and is defined by(H,
A)U (G, B)= (K, C), where C= AUB and the truth-membership, indeterminacy-
membership and falsity-membership of (K, C) are as follows:

TH(e)(m) ife€e A—B
TG(e)(m) ife EB-A

Ti(ey(m)=
max (TH(e), TG(e)(m)) Lfe €eANB
Iye(m) ife€e A—B
lgey(m)ife€e B—A
Ix(ey(Mm)= ( (G(j)( )(f))
1 +1
kH(e)ng(e)m lfeEAnB

Fy@e(m)ifee A—B

Fi(ey(m)= Fgey(m) ife € B— A

min (Fycey, Foe) (m)) ife € AN B

Definition 2.8 [59] Let (H, A) and (G, B) be two NSs over the common universe U. Then
the intersectionof (H, A) and (G, B), is denoted by ” (H, A)N(G, B)” and is defined by(H,
A)N (G, B)= (K, C), where C= ANB and the truth-membership, indeterminacy-
membership and falsity-membership of (K, C) are as follows:
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TH(e)(m) ife€e A—B

Tk (ey(m)= Tgey(m)ife€e B—A
min (TH(e)» Te(e) (m)) ife€e ANB
Iyey(m) ife€e A—B
I m)ife€EB—A
Ix(ey(m)= : f(e))(l )(f))
Igey(m)+Igey(m) ) |
kH() 2G() lfeeAnB
Fyey(m)ife€e A—B
Fy(ey(m)= Fgey(m) ifee B— A

max (FH(e),FG(e)(m)) ife€e ANB

2.4. Soft expert sets

Definition 2.9 [65] Let U be a universe set, E be a set of parameters and X be a set of
experts (agents). Let O={1=agree, O=disagree} be a set of opinions. Let Z=E x X x O and
AcZ

A pair (F, E) is called a soft expert set over U, where F is a mapping given by F: A — P(U)
and P(U) denote the power set of U.

Definition 2.10 [65] An agree-soft expert set (F,A) ; over U, is a soft expert subset of
(F,A) defined as :

(F,A) ;= {F(a):a € E x X x{1}}.

Definition 2.11 [65] A disagree- soft expert set (F,A) , over U, is a soft expert subset of
(F,A) defined as :

(F,A) o= {F(a):a € E x X x{0}}.

2.5. Fuzzy Soft expert sets

Definition 2.12 [64] A pair (F, A) is called a fuzzy soft expert set over U, where F is a
mapping given by

F: A— 1Y and IYdenote the set of all fuzzy subsets of U.

2.6. Intuitionitistic Fuzzy Soft Expert sets

Definition 2.13 [88] Let U={ u,,u,,U,,...,u, } be a universal set of elements, E={e,,
€,,€;3,...,6, } be auniversal set of parameters, X={ x,,X,, X;,..., X; } be a set of
experts (agents) and O= {1=agree, 0 = disagree} be a set of opinions. Let Z={E X
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XxQ} and A < Z. Then the pair (U, Z) is called a softuniverse. Let F:Z - (I x
DV where (I x I)Vdenotes the collection of all intuitionistic fuzzy subsets of U. Suppose
F:Z - (1 x I)Vbe a function defined as:

F (z )=F(@)(u,), forall u; eU.

Then F (z) is called an intuitionistic fuzzy soft expert set (IFSES in short ) over the soft
universe (U, Z)

For each z, e Z. F(z)= F(z )(u;,) where F(z, ) represents the degree of
belongingnessand non-belongingness of the elements of U in F(z,). Hence F (z,)
can be written as:

U
F@) A i gy o

where F(z;)(U;) = < g,y (U;), @,y (U)> With e, (U;) and ., (U;) representing the
membership function and non-membership function of each of the elements u, e U
respectively.

Sometimes we write F as (F, Z). If A € Z. we can also have IFSES (F, A).

2.7 Neutrosophic Soft Expert Sets

Definition 2.14 [89] A pair (F, A) is called a neutrosophic soft expert set over U, where F
is a mapping given by

F:A— P(U)

where P(U) denotes the power neutrosophic set of U.

3. Mapping on Neutrosophic Soft Expert Set

In this paper, we introduce the mapping on neutrosophic soft expert classes. Neutrosophic
soft expert classes are collections of neutrosophic soft expert sets. We also define and study
the properties of neutrosophic soft expert images and neutrosophic soft expert inverse
images of neutrosophic soft expert sets, and support them with examples and theorems.

Definition 3.1 Let (U,Z) and (Y, Z') be neutrosophic soft expert classes. Let r: U-Y and
s: Z— Z' be mappings.

Then a mapping f:(U,Z) - (Y,Z") is defined as follows :
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For a neutrosophic soft expert set (F, A) in (U, Z), f(F, A)is a neutrosophic soft expert set
in (Y,Z"), where

Vxer—l(y)(vaF(a))lf r ' (y) and sTH(B)NA = @,
otherwise

i A (B) )=

forpes(z)cZ',yeYandVa € s~1(B) N A, f(F, A) is called a neutrosophic soft expert
image of the neutrosophic soft expert set (F, A).

Definition 3.2 Let (U,Z) and (Y,Z") be the neutrosophic soft expert classes. Let r: U-Y
and s: Z— Z' be mappings. Then a mapping f~:(Y,Z") - (U, Z) is defined as follows :
For a neutrosophic soft expert set (G, B) in (Y,Z"), f (G, B) is a neutrosophic soft
expert set in (U, Z),

F76.8) (@) @ =f FE@IW) ifs(a) €5

otherwise

Foraes *(f)cZ and ue U. f~1(G, B) is called a neutrosophic soft expert inverse
image of the neutrosophic soft expert set (F, A).

Example 3.3. Let U={u,,u, , us}, Y={y1,y2,y5} and let AS Z = {(eq, p, 1), (ez, p, 0),
(e3,p. 1)} and A" < Z'={(e;, p'.1), (e2, p".0), (e1, ", 1)}-

Suppose that (U, A) and (Y, A") are neutrosophic soft expert classes. Define r: U - Y and
s: A — A as follows :

r(w) =y1, r(uz) = ys, (uz) = yz,
s(e1, p, 1) =(ez,p'.0), s (ez, p, 0) =(er, p',1), s (es, p, 1) = (e1, ¢',1),

Let (F, A) and (G, A") be two neutrosophic soft experts over U and Y respectively such
that.

(F,A)=

Uz
((el,p, D, {(0.4,0.3,0.6) ’ (0.3,0.6,0.4)° (0.3,0.5,0.5)}>

Uz

((eg,p, D, {(0.3,0.3,0.2) ’(0.5,0.4,0.4)" (0.6,0.4,0.3)

up
(0.5,0.6,0.3) (0.5,0.3,0.6)’ (0.6,0.4,0.7) >}

(621 p: O)

(G, A') =

((el,p D, {(0.3,0.2,0.1) (0.5,3’.26,0.4) (0.3,(}),.35,0.1)})

Y2 y3
(e1,q", 1), {(0.5,0.7,0.4) ’(0.5,0.2,0.3)” (0.6,0.5,0.1)
(es ', 0) { Y1 Y2 NE })}
2P5)103,0.2,0.4) ' (0.1,0.7,0.5)’ (0.1,0.4,0.2)’

o~ ——
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Then we define the mapping from f:(U,Z) - (Y,Z’) as follows :

For a neutrosophic soft expert set (F, A) in (U, Z), (f (F, A), K) is neutrosophic soft
expert setin (Y, Z") where

K=s(A)={(e;, p',1), (e3, p',0), (e1, q',1)} and is obtained as follows:

f (F’ A) (e{, p”l) ()’1) = Vxer‘l(yl)(VaF(a)) = Vxe{ul}(vae{(ez,p,O),(e3,p,1)}F(a))
(0.5,0.6,0.3) U (0.3,0.3,0.2)
=(0.5, 0.45, 0.2)

f(F, A)(e1, p'\1) (v2) = Vxer—l(yz)(va F(a)) = Vxe{u3}(Vae{(ez,p,o),(eg,p,l) } F(a))
=(0.6,0.4,0.7) U (0.6,0.4,0.3)
=(0.6, 0.4, 0.3)

f(F, A) (e, p'.1) (v3) = Vxer‘l(y3)(va F(a)) = Vxe{uz}(vae{(ez,p,o),(e3,p,1)}F(a'))
=(0.5,0.3,0.6) U (0.5,0.4,0.4)

=(0.5, 0.35,0.4)
Then,
I ’ — Y1 Y2 Y3
f(F.A) (e1,p"1) = {(0.5,0.45,0.2) ’(0.6,0.4,0.3)’ (0.5,0.35,0.4)}

f (F, A) (eé1 p',O) (:V1) = Vxer—l(yl)(vaF(a)) = Vxe{ul}(vae{(el,p,l)}F(a))
= (0.4,0.3,0.6)

f (F’ A) (eé1 p',O) (}’2) = Vxer‘l(yz)(VaF(a)) = Vxe{u3}(vae{(el,p,1)}F(a))
=(0.3,0.5,0.5)

f (F’ A) (eé1 p',O) (}/3) = Vxer‘l(y3)(VaF(a)) = Vxe{uz}(vae{(el,p,l)}F(a))
=(0.3,0.6,0.4)

Next,

/ I )\ — Y1 Y2 y3
f(F,A) ((e2,p".0)= {(0.4,0.3,0.6) ’ (0.3,0.5,0.5) (0.3,0.6,0.4)}

f (F’ A) (eL ql11) (yl) = Vxer‘l(yl)(VaF(a)) = Vxe{ul}(vae{(eg,p,l)} F(a))
=(0.3,0.3,0.2)

f (F’ A) (611 q,11) (3’2) = Vxer‘l(yz)(VaF(a)) = Vxe{ug}(vae{(eg,p,l)}F(“))
= (0.6,0.4,0.3)

f (F’ A) (611 q,11) (_')/3) = Vxer‘l(y3)(VaF(a)) = Vxe{uz}(vae{(eg,p,l)}F(“))
=(0.5,0.4, 0.4)

Also.
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(R A) (e g/ )= (e ot e

(0.3,0.3,0.2) ’ (0.6,0.4,0.3)’ (0.5,0.4,0.4)

Hence,

(f (F,A), K):{((el’ p, 1), {(0 5,0.45,0.2) ’ (0.6,(})1.1,0.3) (0.5,0%]335,0.4)})

((ez,p 0), {(0.4,0.3,0.6) (0.3,(})].2;,0.5) (0.3,(}),.36,0.4)})

((e’ 1) { V1 Y2 V3 })}
v4201003,0.3,0.2) ' (0.6,04,0.3)’ (0.5, 0.4, 0.4)

Next, for the neutrosophic soft expert set inverse images, we have the following:
For a neutrosophic soft expert set (G, A')in (Y, Z"), (f 1 (G, 4'), D) is a neutrosophic
soft expert set in (U, Z), where

D=s"1(4")={(ey, p, 1), (e5, p, 0), (e3, p,1)}, and is obtained as follows:

f_l (Gv B) (61, p’ 1) (ul) = G(S(ell b, 1) )(r(ul)) = G((eé' pl' 0))(}’1) :(0'3' 0'2' 04)
f_l (Gv B) (61, p’ 1) (uZ) = G(S(@l, | 1) )(r(uz)) = G((eér pl' O))(y3) :(0'11 0'41 02)
f_l (G! B) (ell pl 1) (u3) = G(S(elﬂ p' 1) )(r(u3)) = G((Eé, p,' 0))(}’2):(01’ 07’ 05)

Then
f_l (G, B) (e1,p, 1) = {(0.3,:)1.;,0.4) ! (0.1,(1)1.1,0.2)’ (0.1,:)1.37,0.5)}
£~ (G, B) (e2,p, 0) (u1) = G(s(ez, p, 0))(r(uy)) = G((e,p’, 1)) (¥1) =(0.3,0.2,0.1)

f_le B) (82, p’ O) (u2) = G(S(BZI b, O) )(T(uz)) = G((B{, pl' 1))(y3) :(0-3, 05r 01)
f_l (Gv B) (82, p’ O) (u3) = G(S(eZI b, O) )(T(U3)) = G((B{, p,' 1))(}72):(05, 061 04)

Then,

71 (G, B) (ez, p, 0)= {— o =

(0.3,0.2,0.1) (0.3,0.5,0.1) ’ (0.5,0.6,0.4)

£~ (G, B) (e, p.1) (u1) = G(s(es, p, 1)) (r(u1)) = G((e1, 9", 1)) (1) =(0.5,0.7,0.4)
71 (G, B) (3, p.1) (uz) = G(s(es, p, 1) (r(uy)) = G((e1,q’, 1)) (y3) =(0.6,0.5,0.1)
f_l (G1 B) (83’ p’l) (u3) = 6(5(83' p, 1))(T(U3)) = G((eir q,' 1))(}72):(05, 021 03)

Then

71 (G, B) (e3, p.1)= { = o Y

(0.5,0.7,0.4) (0.6,0.5,0.1)” (0.5,0.2,0.4)

Hence

(@G A), D):{((el’p' D, {(0.3,0.2,0.4) (0.1,:.1,0.2) (0.1,:3;,0.5)})
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((82’ P, 0), {(0.3,:)1.12,0.1) ’ (0.3,(1)1.25,0.1) ’ (0.5,:)1.2,0.4)})’
((83’ p. 1), {(0.5,:)1.17,0.4) ’ (0.6,:)1.25,0.1) ’ (0.5,:)1;,0.4)})}

Definition 3.4 Let f: (U,Z) - (Y,Z’) be a mapping and (F, A) and (G, B) a neutrosophic
soft expert sets in (U,E). Then for € Z', y € Y the union and intersection of neutrosophic
soft expert images (F, A) and (G, B) are defined as follows :

(F(F.AVF G, B))B)Y) =f . AYBYWVF (G BY(B)Y).
(F (R DAL G, B))B)Y) =f (F, A)BYWAS (G, BY(B)Y).

Definition 3.5 Let f: (U, Z) - (Y, Z") be a mapping and (F, A) and (G, B) a neutrosophic
soft expert sets in (U, E). Then fora € Z,u € U, the union and intersection of neutrosophic
soft expert inverse images (F, A) and (G, B) are defined as follows :

(FEDTF (6 B) ) (@)(W) =f " F AWV (G, B)(@)W).
(F B MRF (G B) ) (@)(U) =f ~(F A ((WAf (G, B)(@)(u).

Theorem 3.6 Let f: (U, Z) — (Y,Z') be a mapping. Then for neutrosophic soft expert sets
(F, A) and (G, B) in the neutrosophic soft expert class (U, Z).

f(@)=0
f(Z)c Y.
f ((F,A)V(G,B))=f (F, ))Vf (G, B)

f((F,A)X (G,B))=f(F,A) A f(G,B)
If (F,A) € (G, B), then f(F,A) € f(G,B).

ok W DhE

Proof: For (1) ,(2) and (5) the proof is trivial, so we just give the proof of (3) and (4).
(3). Forp € Z"and y € Y, we want to prove that

(FF MV G, B))(B)Y) =f (F, A)B)Y) VF (G, BY(B)(Y)
For left hand side, consider f ((F, AV(G, B))(B)(y) = f(H,AuUB)(B)(y). Then

Ver-17 (Ve H(@)) if r™*(y)and s™'(B) N (AUB) # 9,

H,AUB :{ 1,1

f( Y(B)(Y) 0 otherwise (1.1)
such that H(a) =F(a) U G(a) where U denotes neutrosophic union.

Considering only the non-trivial case, Then equation 1.1 becomes:

f(H,AUB)(B)(Y) = Vxer-1(5)(V(F () U G(e))) (1.2)

For right hand side and by using definition 3.4, we have
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(£ B AVF (G, B) ) B)Y)=/ (EDB)Y) VF (G BYB)Y)
:(Vxer—l(y)(VaEs—l(B)nA F(O()) (X))V(Vxer—l(y)(VVaEs—l(B)nB F(O()) (X))
= Vxer—l(y) VotEs—l(B)n(AUB)(F(O()VG(O())
:Vxer‘l(y)(V(F(a) U G((X))) (1’3)

From equation (1.1) and (1.3) we get (3)

(4). For B € Z" and y € Y, and using definition 3.4, we have

f((F,A) A (G, B))(B)Y)

=f(H,A U B)(B)(Y)

:Vxer—l(y)(VaES—l(B)n(AUB) H(O())(X)
:vxer—l(y)(VaEs—l(B)n(AUB) F(O() N G(O())(X)
=Vy er-1(5)(Vaes-1()ncaury F(@) (x) 71 G(a) (x))

(Ol ()
x €r-1(y) \aes~1(B)nA x €r~1(y) \aes"1(B)NB

= F(FAB) A G BYB)))
=(f(F,A) % (G, B))(B)(¥)

This gives (4).

Theorem 3.7 Let f~1: (U,Z) — (Y,Z") be a an inverse mapping. Then for neutrosophic
soft expert sets (F, A) and (G, B) in the neutrosophic soft expert class (U, Z).

71 (0)=0
fr(X)c X
71 ((F MV(G,B))=f ~1(F, AVf (G, B)

fY((F,A X (GB))=f1(F,A)Af'(G,B)
If (F,A) € (G,B), Then f~1(F,A) € f~1(G,B).

ok LW NhE

Proof. The proof is straightforward.

4. Conclusion

In this paper, we studied mappings on neutrosophic soft expert classes and their basic
properties. We also give some illustrative examples of mapping on neutrosophic soft expert
set. We hope these fundamental results will help the researchers to enhance and promote
the research on neutrosophic soft set theory.
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Abstract — The aim of this paper is to introduce and study the classes of g-locally closed sets, g-lc*
sets and g-lc** sets which are weaker forms of the class of locally closed sets. Furthermore the relations
with other notions connected with the forms of locally closed sets are investigated.
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1 Introduction

The first step of locally closedness was done by Bourbaki [4]. He defined a set A to be locally closed if
it is the intersection of an open set and a closed set. In literature many general topologists introduced
the studies of locally closed sets. Extensive research on locally closedness and generalizing locally
closedness were done in recent years. Stone [20] used the term FG for a locally closed set. Ganster
and Reilly used locally closed sets in [7] to define LC-continuity and LC-irresoluteness. Balachandran
et al [2] introduced the concept of generalized locally closed sets. Veera Kumar [23] (Sheik John [19])
introduced g-locally closed sets (=w-locally closed sets) respectively.

In this paper, we introduce three forms of locally closed sets called g-locally closed sets, g-lc* sets
and §-lc** sets. Properties of these new concepts are studied as well as their relations to the other
classes of locally closed sets will be investigated.

2 Preliminaries
Throughout this paper (X, 7) (or X) represents topological spaces on which no separation axioms are
assumed unless otherwise mentioned. For a subset A of a space (X, 7), cl(A), int(A) and A® denote

the closure of A, the interior of A and the complement of A, respectively.

We recall the following definitions, Corollary and Remarks which are useful in the sequel.

** Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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Definition 2.1. A subset A of a space (X, 7) is called:

1. semi-open set [10] if ACcl(int(A));

2. «a-open set [11] if ACint(cl(int(4)));

3. regular open set [21] if A=int(cl(A)).

The complements of the above mentioned open sets are called their respective closed sets.

The semi-closure [5] of a subset A of X, denoted by scl(A), is defined to be the intersection of all
semi-closed sets of (X, 7) containing A. It is known that scl(A) is a semi-closed set.
Definition 2.2. A subset A of a space (X, 7) is called

1. a generalized closed (briefly g-closed) set [9] if cl(A)CU whenever ACU and U is open in (X,
7). The complement of g-closed set is called g-open set;

2. a semi-generalized closed (briefly sg-closed) set [3] if scl(A)CU whenever ACU and U is semi-
open in (X, 7). The complement of sg-closed set is called sg-open set;

3. a regular generalized closed (briefly rg-closed) set [12] if cl(A)CU whenever ACU and U is
reqular open in (X, 7). The complement of rg-closed set is called rg-open set;

4. a g-closed set [22] (=w-closed set [19]) if cl(A)CU whenever ACU and U is semi-open in (X,
7). The complement of g-closed set is called §-open set;

5. a g-closed set [15] if cl(A)CU whenever ACU and U is sg-open in (X, 7). The complement of
g-closed set is called G-open set.

Remark 2.3. The collection of all §-closed (resp. w-closed, g-closed, rg-closed, sg-closed) sets in X is
denoted by GC(X) (resp. wC(X), GO(X), RGC(X), SGC(X)).

The collection of all §-open (resp. w-open, g-open, rg-open, sg-open,) sets in X is denoted by GO(X)
(resp. wO(X), GO(X), RGO(X), SGO(X)).

We denote the power set of X by P(X).

Definition 2.4. A subset S of a space (X, 7) is called:
1. locally closed (briefly Ic) [7] if S=UNF, where U is open and F is closed in (X, 7).

2. generalized locally closed (briefly glc) [2] if S=UNF, where U is g-open and F is g-closed in (X,
7).

3. semi-generalized locally closed (briefly sqlc) [15] if S=UNF, where U is sg-open and F is sg-closed
in (X, 7).

4. regular-generalized locally closed (briefly rg-lc) [1] if S=UNF, where U is rg-open and F is rg-
closed in (X, 7).

5. generalized locally semi-closed (briefly glsc) [8] if S=UNF, where U is g-open and F is semi-closed
in (X, 7).

6. locally semi-closed (briefly lsc) [8] if S=UNF, where U is open and F is semi-closed in (X, 7).
7. a-locally closed (briefly a-lc) [8] if S=UNF, where U is a-open and F is a-closed in (X, 7).

8. w-locally closed (briefly w-lc) [19] if S=UNF, where U is w-open and F is w-closed in (X, 7).
9. sglc* [13] if S=UNF, where U is sg-open and F is closed in (X, 7).

The class of all locally closed (resp. generalized locally closed, generalized locally semi-closed,

locally semi-closed, w-locally closed) sets in X is denoted by LC(X) (resp. GLC(X), GLSC(X), LSC(X),
w-LC(X)).

Definition 2.5. [16] For any ACX, g-int(A) is defined as the union of all G-open sets contained in
A de., g-int(A)=U{G : GCA and G is g-open}.
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Definition 2.6. [16] For every set ACX, we define the j-closure of A to be the intersection of all
g-closed sets containing A. ie., §-cl(A)=N{F : ACFeGC(X)}.

Definition 2.7. [17] A space (X, T) is called a Ty-space if every g-closed set in it is closed.

Recall that a subset A of a space (X, T) is called dense if cl(A)=X.

Definition 2.8. A topological space (X, 7) is called:
1. submazimal [6, 23] if every dense subset is open.
2. g (or w)-submazimal [19, 23] if every dense subset is w-open.
3. g-submazimal [2] if every dense subset is g-open.

4. rg-submazximal [12] if every dense subset is rg-open.

Remark 2.9. For a topological space X, the following statements hold:
1. Ewery closed set is §-closed but not conversely [15].
. Bvery g-closed set is w-closed but not conversely [15].

. Bvery g-closed set is g-closed but not conversely [15].

2
3
4. Every g-closed set is sg-closed but not conversely [15].
5. Every g-open set is w-open but not conversely [18].

6. A subset A of X is g-closed if and only if g-cl(A)=A [16].
7. A subset A of X is g-open if and only if g-int(A)=A [16].

Corollary 2.10. [15] If A is a §-closed set and F is a closed set, then ANF is a §-closed set.

Theorem 2.11. [23] Let (X, 7) be a topological space.
1. If X is submaximal, then X is §-submaximal.
2. If X is g-submaximal, then X is g-submazximal.
3. If X is g-submazimal, then X is rg-submazximal.
4

. The respective converses of the above need not be true in general.

3 g¢-locally Closed Sets

We introduce the following definition.

Definition 3.1. A subset A of (X, 7) is called §-locally closed (briefly §-lc) if A=SNG, where S is
g-open and G is §-closed in (X, ).

The class of all g-locally closed sets in X is denoted by GLC(X)
Proposition 3.2. Fvery g-closed (resp. §-open) set is -lc set but not conversely.

Proof. Tt follows from Definition 3.1.

Example 3.3. Let X={a, b, c} with 7={0, {b}, X}. Then the set {b} is g-lc set but it is not §-closed
and the set {a, c} is §-lc set but it is not g-open in (X, 7).

Proposition 3.4. Fvery lc set is §-lc set but not conversely.
Proof. Tt follows from Remark 2.9 (1).

Example 3.5. Let X={a, b, c} with T={0, {b, ¢}, X}. Then the set {b} is g-lc set but it is not lc set
in (X, 7).
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Proposition 3.6. Every g-lc set is a (1) w-lc set, (2) glc set and (3) sglc set. However the separate
converses are not true.

Proof. Tt follows from Remark 2.9 (2), (3) and (4).

Example 3.7. Let X={a, b, ¢} with 7={0, {a}, X}. Then the set {b} is g-lc set but it is not g-lc set
in (X, 7). Moreover, the set {c} is sg-lc set but it is not g-lc set in (X, 7).

Example 3.8. Let X={a, b, c} with 7={0, {b}, {a, ¢}, X}. Then the set {a} is w-lc set but it is not
g-lc set in (X, 7).

Remark 3.9. The concepts of a-lc set and §-lc set are independent of each other.

Example 3.10. The set {b, ¢} in Example 3.3 is a-lc set but it is not a §-lc set in (X, 7) and the set
{a, b} in Example 3.5 is §-lc set but it is not an a-lc set in (X, 7).

Remark 3.11. The concepts of Isc set and §-lc set are independent of each other.

Example 3.12. The set {a} in Example 3.3 is lsc set but it is not a §-lc set in (X, 7) and the set {a,
b} in Example 3.5 is g-lc set but it is not a lsc set in (X, 7).

Remark 3.13. The concepts of g-lc set and glsc set are independent of each other.

Example 3.14. The set {b, c} in Example 3.3 is glsc set but it is not a §-lc set in (X, 7) and the set
{a, b} in Exzample 3.5 is §-lc set but it is not a glsc set in (X, 7).

Remark 3.15. The concepts of §-lc set and sglc* set are independent of each other.

Example 3.16. The set {b, ¢} in Example 3.3 is sglc* set but it is not a g-lc set in (X, 7) and the
set {a, b} in Example 3.5 is g-lc set but it is not a sglc* set in (X, 7).

Theorem 3.17. For a Ty-space (X, ), the following properties hold:

1. GLC(X)=LC(X).

2. GLC(X)CGLC(X).

3. GLC(X)CGLSC(X).

4. GLC(X)Cw-LC(X).
Proof. (1) Since every j-open set is open and every g-closed set is closed in (X, 7), GLC(X)CLC(X)
and hence GLC(X)=LC(X).

(2), (3) and (4) follows from (1), since for any space (X, 7), LC(X)CGLC(X), LC(X)CGLSC(X)
and LC(X)Cw-LC(X).

Corollary 3.18. If GO(X)=r, then GLC(X)CGLSC(X)CLSC(X).

Proof. GO(X)=7 implies that (X, 7) is a T4-space and hence by Theorem 3.17, GLC(X) CGLSC(X).
Let AeGLSC(X). Then A=UNF, where U is g-open and F is semi-closed. By hypothesis, U is open
and hence A is a lsc-set and so AeLSC(X).

Definition 3.19. A subset A of a space (X, 7) is called
1. §-le* set if A=SNG, where S is §-open in (X, 7) and G is closed in (X, 7).
2. g-le** set if A=SNG, where S is open in (X, 7) and G is g-closed in (X, 7).

_ The class of all g-lc* (resp. g-lc**) sets in a topological space (X, 7) is denoted by GLC*(X) (resp.
GLC**(X)).

Proposition 3.20. Every lc set is g-lc* set but not conversely.
Proof. It follows from Definitions 2.4 (1) and 3.19 (1).
Example 3.21. The set {b} in Ezample 5.5 is g-lc* set but it is not a lc set in (X, 7).

Proposition 3.22. Fvery lc set is g-lc*™* set but not conversely.
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Proof. Tt follows from Definitions 2.4 (1) and 3.19 (2).
Example 3.23. The set {a, ¢} in Ezample 3.5 is §-lc*™* set but it is not a lc set in (X, 7).

Proposition 3.24. FEvery g-lc* set is g-lc set but not conversely.

Proof. It follows from Definitions 3.1 and 3.19 (1).
Example 3.25. The set {a, b} in Example 3.5 is g-lc set but it is not a §-lc* set in (X, 7).

Proposition 3.26. Fvery g-lc** set is g-lc set but not conversely.

Proof. Tt follows from Definitions 3.1 and 3.19 (2).

Question 1. Give an example for a set which is g-lc set but not g-lc** set.
Remark 3.27. The concepts of §-lc* set and lsc set are independent of each other.

Example 3.28. The set {c} in Example 3.5 is g-lc* set but it is not a lsc set in (X, 7) and the set
{a} in Example 3.3 is lsc set but it is not a §-lc* set in (X, 7).

Remark 3.29. The concepts of G-lc** set and a-lc set are independent of each other.

Example 3.30. The set {a, b} in Example 3.5 is §-lc** set but it is not an a-lc set in (X, 7) and the
set {a, b} in Example 3.3 is a-lc set but it is not a §-lc** set in (X, 7).

Remark 3.31. From the above discussions we have the following implications where A — B (resp. A
+ B) represents A implies B but not conversely (resp. A and B are independent of each other).

*

+\ /%
/T

glsc gle sgle  w-lc sglc*

Proposition 3.32. If GO(X)=r, then GLC(X)=GLC*(X)=GLC** (X).

Proof. For any space (X, 7), TQ?O(X)QGQ(X). Therefore by hypothesis, GO(X)=r. i.., (X, 7) is
a Tj-space and hence GLC(X)=GLC*(X)=GLC**(X).

Remark 3.33. The converse of Propositions 3.32 need not be true.

For the topological space (X, 7) in Example 3.3. GLC(X)=GLC*(X)=GLC**(X). However GO(X)={0,
{a}, {b}, {c}, {a, b}, {b, c}, X}#r.
Proposition 3.34. Let (X, 7) be a topological space. If GO(X)CLC(X), then GLCO(X) =GLC* (X).
Proof. Let AcGLC(X). Then A=SNG where S is g-open and G is g-closed. Since GO(X)CGO(X)
and by hypothesis GO(X)CLC(X), S is locally closed. Then S=PNQ, where P is open and Q is

closed. Therefore, A=PN(QNG). By Corollary 2.10, QNG is g-closed and hence AEG’LC**(X). ie.,
GLC(X)CGLC**(X). For any topological space, GLC**(X)CGLC(X) and so GLC(X)=GLC**(X).

Remark 3.35. The converse of Proposition 3.34 need not be true in general.
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For the topological space (X, 7) in Example 3.3, then GLC(X)=GLC*(X)={0, {b}, {a, c}, X}.
But GO(X):{Q, {a'}a {b}v {C}a {av b}v {ba C}v X}QLC(X):{@» {b}, {a7 C}v X}
Corollary 3.36. Let (X, 7) be a topological space. If wO(X)CLC(X), then GLC(X) =GLC** (X).
Proof. Tt follows from the fact that wO(X)CGO(X) and Proposition 3.34.
Remark 3.37. The converse of Corollary 3.36 need not be true in general.

For the topological space (X, 7) in Example 3.8, then GLC(X)=GLC**(X)={0, {b}, {a,c}, X}.
But wO(X)=P(X)ZLC(X)={0, {b}, {a, c}, X}.

The following results are characterizations of g-lc sets, g-lc* sets and g-lc** sets.

Theorem 3.38. For a subset A of (X, 7) the following statements are equivalent:
1. AeGLC(X),
A=5Ng-cl(A) for some §-open set S,
g-cl(A)—A is §-closed,
AU(g-cl(A))° is g-open,
ACg-int(AU(g-cl(A))°).
Proof. (1) = (2). Let AecGLC(X). Then A=SNG where S is j-open and G is j-closed. Since ACG,

g-cl(A)CG and so SNG-cl(A)CA. Also ACS and ACj-cl(A) implies ACSNg-cl(A) and therefore A=SNg-
cl(A).

)
)
(3) = (4). AU(g-cl(A))°=(g-cl(A)—A)° and by assumption, (g-cl(A)—A)° is g-open and so is
c
)

= (5) By assumption, AU(g-cl(A))°=g-int(AU(g-cl(A))¢) and hence ACgG-int(AU(g-cl(A))).
(5) = (1). By assumption and since ACg-cl(A), A=g-int(AU(g-cl(A))¢)Ng-cl(A). Therefore,
AeGLC(X).
Theorem 3.39. For a subset A of (X, 7), the following statements are equivalent:
1. AeGLC*(X),
2. A=SNcl(A) for some g-open set S,
3. cl(A)—A is §-closed,
4. AU(cl(A))° is g-open.
Proof. (1) = (2). Let AcGLC*(X). There exist an j-open set S and a closed set G such that A=SNG.

Since ACS and ACcl(A), ACSNcl(A). Also since cl(A)CG, SNel(A)SSNG=A. Therefore A=SNcl(A).
(2) = (1). Since S is §-open and cl(A) is a closed set, A=SNcl(A)eGLC*(X).

(
(2) = (3). Since cl(A)—A=cl(A)NS¢, cl(A)—A is g-closed by Corollary 2.10.
(3) = (2). Let S=(cl(A)—A)°. Then by assumption S is g-open in (X, 7) and A=SNcl(A).
(3) = (4). Let G=cl(A)—A. Then G°=AU(cl(A))¢ and AU(cl(A))€ is g-open.
(4) = (3). Let S=AU(cl(A))°. Then S€ is g-closed and S°=cl(A)—A and so cl(A)—A is g-closed.

Theorem 3.40. Let A be a subset of (X, 7). Then AcGLC**(X) if and only if A=SNg-cl(A) for
some open set S.

Proof. Let AcGLC**(X). Then A=SNG where S is open and G is g-closed. Since ACG, §-cl(A)CG.
We obtain A=ANg-cl(A)=SNGNg-cl(A)=SNg-cl(A).
Converse part is trivial.

Corollary 3.41. Let A be a subset of (X, 7). If ACGLC*(X), then j-cl(A)—A is §-closed and
AU(G-cl(A))° is g-open.

Proof. Let AeGLC**(X). Then by Theorem 3.40, A=SNg-cl(A) for some open set S and j-cl(A)—A=jj-
cl(A)NS¢ is g-closed in (X, 7). If G=g-cl(A)—A, then G°=AU(j-cl(A))¢ and G° is g-open and so is
AU(g-cl(A))e.
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4 g-dense Sets and g-submaximal Spaces

We introduce the following definition.
Definition 4.1. A subset A of a space (X, 7) is called §-dense if §-cl(A)=X.

Example 4.2. Consider the topological space (X, ) in Example 3.5. Then the set A={b, c} is j-dense
in (X, 7).

Proposition 4.3. Fvery g-dense set is dense.
Proof. Let A be an g-dense set in (X, 7). Then g-cl(A)=X. Since g-cl(A)Ccl(A), we have cl(A)=X
and so A is dense.

The converse of Proposition 4.3 need not be true as can be seen from the following example.
Example 4.4. The set {a, ¢} in Example 3.5 is a dense in (X, 7) but it is not g-dense in (X, 7).

Definition 4.5. A topological space (X, T) is called g-submazimal if every dense subset in it is §-open
in (X, T).

Proposition 4.6. Fvery submazimal space is §-submaximal.

Proof. Let (X, 7) be a submximal space and A be a dense subset of (X, 7). Then A is open. But
every open set is g-open and so A is g-open. Therefore (X, 7) is g-submaximal.
The converse of Proposition 4.6 need not be true as can be seen from the following example.

Example 4.7. For the topological space (X, 7) of Example 3.5, every dense subset is g-open and hence
(X, 7) is g-submaximal. However, the set A={a, b} is dense in (X, 7), but it is not open in (X, 7).
Therefore (X, T) is not submaximal.

Proposition 4.8. Fvery g-submaximal space is w-submazimal.

Proof. Let (X, 7) be an g-submaximal space and A be a dense subset of (X, 7). Then A is g-open. But
every j-open set is w-open [Remark 2.9 (5)] and so A is w-open. Therefore is (X, 7) is w-submaximal.
The converse of Proposition 4.8 need not be true as can be seen from the following example.

Example 4.9. Consider the topological space (X, 7) in Fxample 3.8. Then (X, 7) is w-submaximal
but it is not g-submazimal, because the set A={b, ¢} is a dense set in (X, 7) but it is not g-open in

(X, 7).
Remark 4.10. From Propositions 4.6, 4.8 and Theorem 2.11, we have the following diagram:

submazimal —  g-submazimal — w-submaximal —  g-submazimal

!

rg-submazimal
Theorem 4.11. A space (X, 7) is §-submazimal if and only if P(X):C;’LC'*(X).

Proof. Necessity. Let AcP(X) and let V=AU(cl(A))°. This implies that cl(V)=cl(A)U (cl(A))*=X.
Hence cl(V)=X. Therefore V is a dense subset of X. Since (X, 7) is g-submaximal, V is g-open. Thus
AU(cl(A))¢ is g-open and by Theorem 3.39, we have AcGLC*(X).

Sufficiency. Let A be a dense subset of (X, 7). This implies AU(cl(A))*=AUX*=AU() =A. Now
AeGLC*(X) implies that A=AU(cl(A))¢ is g-open by Theorem 3.39. Hence (X, 7) is g-submaximal.

Proposition 4.12. For subsets A and B in (X, 7), the following are true:
1. If A, BEGLC(X), then ANBEGLC(X).
2. If A, BEGLC*(X), then ANBEGLC*(X).
3. If A, BEGLC*™ (X), then ANBEGLC™(X).
4. If AGGLC(X) and B is g-open (resp. {-closed), then AOBGGLC(X),
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If AeGLC*(X) and B is §-open (resp. closed), then ANBeGLC* (X).
If AcGLC** (X) and B is §-closed (resp. open), then ANBeGLC** (X).
If AcGLC*(X) and B is §-closed, then ANBeGLC(X).

If AeGLC* (X) and B is j-open, then ANBeGLC(X).

If AcGLC*™ (X) and BEGLC*(X), then ANBEGLC(X).

L > RS =

Proof. By Remark 2.9 and Corollary 2.10., (1) to (8) hold.

(9). Let A=SNG where S is open and G is g-closed and B=PNQ where P is g-open and Q is closed.
Then ANB=(SNP)N(GNQ) where SNP is g-open and GNQ is g-closed, by Corollary 2.10. Therefore
ANBeGLC(X).

Remark 4.13. Union of two §-lc sets (resp. §-lc* sets, §-lc* sets) need not be an g-lc set (resp. g-lc*
set, g-lc™ set) as can be seen from the following examples.

Example 4.14. Let X={a, b, ¢} with 7={0, {a}, {a, b}, X}. Then GLC(X):{__@, {a}, {b}, {c}, {a,
b}, {b, ¢}, X}. Then the sets {a} and {c} are §-lc sets, but their union {a, c}¢GLC(X).

Example 4.15. Let X={a, b, ¢} with 7 ={0, {b}, {a, b}, X}. Then C;'LC’*(X):{Q, {a}, {b}, {c}, {a,
b}, {a, ¢}, X}. Then the sets {b} and {c} are §-lc* sets, but their union {b, c}¢GLC*(X).

Example 4.16. Let X={a, b, ¢} with 7={0, {b}, {b, ¢}, X}. Then GLC’**(X):{Q,. {a}, {b}, {c}, {aq,
c}, {b, ¢}, X}. Then the sets {a} and {b} are §-lc** sets, but their union {a, b}¢GLC** (X).

We introduce the following definition.

Definition 4.17. Let A and B be subsets of (X, 7). Then A and B are said to be g-separated if
ANg-cl(B)=b and g-cl(A)NB=0.

Example 4.18. For the topological space (X, 7) of Example 3.5. Let A={b} and let B={c}. Then
g-cl(A)={a, b} and g-cl(B)={a, c} and so the sets A and B are §-separated.

Proposition 4.19. For a topological space (X, T), the followings are true:
1. Let A, BEeGLC(X). If A and B are j-separated then AUBEGLC(X).
2. Let A, BEGLC*(X). If A and B are separated (i.e., ANcl(B)=0 and cl(A)NB=0), then AUBEGLC* (X).
3. Let A, BEGLC* (X). If A and B are j-separated then AUBEGLC** (X).

Proof. (1) Since A, BEGLC(X), by Theorem 3.38, there exist g-open sets U and V of (X, 7) such
that A=UNg-cl(A) and B=VNg-cl(B). Now G=UN(X—g-cl(B)) and H=VN(X—g-cl(A)) are g-open
subsets of (X, 7). Since ANg-cl(B)=0, AC(g-cl(B))¢. Now A=UnNg-cl(A) becomes AN(g-cl(B))°=GNg-
cl(A). Then A=GNg-cl(A). Similarly B=HNg-cl(B). Moreover GNg-cl(B)=0 and HNg-cl(A)=0. Since
G and H are g-open sets of (X, 7), GUH is g-open. Therefore AUB=(GUH)Ng-cl(AUB) and hence
AUBEGLC(X).

(2) and (3) are similar to (1), using Theorems 3.39 and 3.40.

Remark 4.20. The assumption that A and B are §-separated in (1) of Proposition 4.19 cannot be
removed. In the topological space (X, T) in Ezample 4.14, the sets {a} and {c} are not j-separated
and their union {a, c}¢GLC(X).
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5 Conclusion

Topology is an area of Mathematics concerned with the properties of space that are preserved under
continuous deformations including stretching and bending, but not tearing. By the middle of the 20th
century, topology had become a major branch of Mathematics.

Topology as a branch of Mathematics can be formally defined as the study of qualitative prop-
erties of certain objects that are invariant under a certain kind of transformation especially those
properties that are invariant under a certain kind of equivalence and it is the study of those prop-
erties of geometric configurations which remain invariant when these configurations are subjected to
one-to-one bicontinuous transformations or homeomorphisms. Topology operates with more general
concepts than analysis. Differential properties of a given transformation are nonessential for topology
but bicontinuity is essential. As a consequence, topology is often suitable for the solution of problems
to which analysis cannot give the answer.

Though the concept of topology has been identified as a difficult territory in Mathematics, we
have taken it up as a challenge and cherishingly worked out this research study. It can also further
up the understanding of basic structure of classical mathematics and offers new methods and results
in obtaining significant results of classical mathematics. Moreover it also has applications in some
important fields of Science and Technology.

In this paper we introduced and studied the classes of g-locally closed sets, g-lc* sets and g-lc**
sets which are weaker forms of the class of locally closed sets. Furthermore the relations with other
notions connected with the forms of locally closed sets are investigated.
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generalized soft open sets, called soft m-open sets is introduced and studied their basic properties. A soft set
Fe < Fgz is said to be a soft m-open set iff Fg € nFs. The notions of soft interior and soft closure are
generalized using these sets. We then introduce the concepts of soft w-interior i.Fg, soft n-closure c,Fg, soft
n*Fg of a soft set Fg < Fg. Under suitable conditions on =, the soft w-interior i,Fg and the soft n-closure c,Fg
of a soft set Fg < Fg are easily obtained by explicit formulas. The soft u-semi-open sets, soft p-pre-open sets,
soft p-a-open sets and soft p-p-open sets for a given Soft Generalized Topological Space (Fg, 1) can be
obtained from soft m-open sets which are important for further research on soft generalized topology.
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1 Introduction

The concept of soft set theory was introduced by Molodtsov [19] in 1999 as a mathematical
tool for modeling uncertainties. Molodtsov successfully applied the soft set theory in
several directions such as game theory, probability, Perron and Riemann Integration, theory
of measurements [20]. Maji et al [17] and Naim Cagman et al. [5] have further modified
the theory of soft sets which is similar to that of Molodtsov. After the introduction of the
notion of soft sets, several researchers improved this concept. Cagman [6] presented the
soft matrix theory and set up the maximum decision making method. D. Pei and D Miao
[21] showed that soft sets are a class of special information systems. Babitha and Sunil [4]
studied the soft set relation and discussed some related concepts. Kharal et al. [16]
introduced soft functions over classes of soft sets. The notion of soft ideal is initiated for

“Edited by Pabitra Kumar Maji (Area Editor) and Naim Cagman (Editor-in-Chief).
“Corresponding Author.
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the first time by Kandil et al. [13]. Feng et al. [9] worked on soft semi rings, soft ideals and
idealistic soft semi rings.

It is known that topology is an important area of mathematics, with many applications in
the domain of computer science and physical sciences. Topological structure of soft sets
was also studied by many researchers. Shabir and Naz [22] and Cagman [7] initiated the
study of soft topology and soft topological spaces independently. Shabir and Naz defined
soft topology on the collection of soft sets over an initial universe with a fixed set of
parameters. On the other hand, Cagman et al. [7] introduced soft topology on a soft set and
defined soft topological space. The notion of soft topology by Cagman is more general than
that by Shabir and Naz. B Ahmad and S Hussain [1] explored the structures of soft
topology using soft points. Weak forms of soft open sets were first studied by Chen [8]. He
investigated soft semi-open sets in soft topological spaces and studied some properties of it.
Arockiarani and Lancy [3] are defined soft -open sets and continued to study weak forms
of soft open sets in soft topological space. Akdag and Ozkan [2], defined soft a-open and
soft a-closed sets in soft topological spaces and studied many important results and some
properties of it. Soft pre-open sets were introduced by [3]. Kandil et al. [14] introduced a
unification of some types of different kinds of subsets of soft topological spaces using the
notion of y-operations. Kandil et al. [15] generalize this unification of types of different
kinds of subsets of soft topological spaces using the notion of y-oprations to supra
topological spaces. Soft generalized topology is relatively new and promising domain
which can lead to the development of new mathematical models and innovative approaches
that will significantly contribute to the solution of complex problems in engineering and
environment. Jyothis and Sunil [10] introduced the notion of soft generalized topology
(SGT) on a soft set and studied basic concepts of soft generalized topological spaces
(SGTS). It is showed that a soft generalized topological space gives a parameterized family
of generalized topological space. They also define and discuss the properties of soft
generalized separation axioms which are important for further research on soft topology
[12]. Jyothis and Sunil [11] introduced the concept of soft p-compactness in soft
generalized topological spaces as a generalization of compact spaces.

This paper is organized as follows. In section 2, we begin with the basic definitions and
important results related to soft set theory which are useful for subsequent sections. In
section 3, the definitions and basic theorems of soft generalized topology on an initial soft
set are given. Finally in section 4, we study some interesting properties of the soft mapping
7 : S(U)g — S(U)e which satisfy the condition nFg € nFp whenever Fg € Fp € Fz. We
introduce the concept of soft m-open sets and study their basic properties. The most
important special cases are obtained if p is a SGT, i, and ¢, denote the soft p-interior and
soft p-closure respectively, and @ = cyul,, @ = i€y, T = 1,Cul, and m = c,iyCy. The
corresponding soft m-open sets are called the soft pu-semi-open sets, soft p-pre-open sets,
soft p-a-open sets and soft pu-p-open sets. Under suitable conditions on 7, the soft w-interior
i.:Fc and the soft m-closure c,Fg of a soft set Fg — Fg are easily obtained by explicit
formulas.

2 Preliminaries
In this section we recall some definitions and results defined and discussed in [5, 10, 11,

16]. Throughout this paper U denotes the initial universe, E denotes the set of all possible
parameters, P(U) is the power set of U and A is a nonempty subset of E.
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Definition 2.1. A soft set F, on the universe U is defined by the set of ordered pairs
Fao = {(e,fa(e)) / e € E,fao(e) € P(U)}, where f, : E - P(U) such that f(e) = @ ife &
A. Here f4 is called an approximate function of the soft set F,. The value of f5(e) may be
arbitrary. Some of them may be empty, some may have nonempty intersection. The set of
all soft sets over U with E as the parameter set will be denoted by S(U)g or simply S(U).

Definition 2.2. Let F4 € S(U). If f5(e) = @ for all e € E, then Fy is called an empty soft
set, denoted by Fy. fa(e) = @ means that there is no element in U related to the parameter e
in E. Therefore we do not display such elements in the soft sets as it is meaningless to
consider such parameters.

Definition 2.3. Let F, € S(U). If f5(e) = U for all e € A, then F, is called an A-universal
soft set, denoted by Fz. If A = E, then the A-universal soft set is called an universal soft set,
denoted by Fg.

Definition 2.4. Let F», Fg € S(U). Then Fy is a soft subset of F, (or F4 is a soft superset of
Fg), denoted by Fg € Fy, if fg(e) € fo(e), foralle € E.

Definition 2.5. Let Fy, Fg € S(U). Then Fg and Fj, are soft equal, denoted by Fg = F,, if
fg(e) = fao(e), foralle € E.

Definition 2.6. Let F5, Fg € S(U). Then, the soft union of F, and Fg, denoted by F, U Fg,
is defined by the approximate function fy g(e) = fa(e) U fg(e).

Definition 2.7. Let F,,Fg € S(U). Then, the soft intersection of F, and Fg, denoted by
Fp N Fg, is defined by the approximate function fy,g(e) = fa(e) N fg(e).

Definition 2.8. Let Fp,Fg € S(U). Then, the soft difference of F, and Fg, denoted by
Fa \ Fg, is defined by the approximate function fy\g(e) = fa(e) \ fg(e).

Definition 2.9. Let F, € S(U). Then, the soft complement of F,, denoted by (F,)¢, is
defined by the approximate function fac(e) = (fo(e))€, where (fo(e))€ is the complement
of the set fo(e), that is, (fa(e))¢ = U \ fa(e) foralle € E.

Cleary ((Fa))¢ = Fa, (Fp)¢ = Fg, and (Fg)© = Fp.

Definition 2.10. Let Fy€ S(U). The soft power set of F,, denoted by P(F,), is defined by
P(Fp) = {Fa; / Fa, S Fai€] S N}

Theorem 2.11. Let Fy, Fg, Fc € S(U). Then,

(1) FAoU Fy= Fa.
(2) Faon Fy= Fa.
(3) FAU FQ) = FA-
(4) FAﬂ FQ) = F@.
5) FaU Fg = Fg.
(6) Fan Fgz = F,.
(7)  FaU (Fp)* =
(8) Fan (FA) = Fo.
(9) FpU Fg = Fg U F,.
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(10) FA N FB = FB N FA'

(11) (FaU Fp)° = (Fa)°n (Fp)“.

(12) (Fan Fp) = (Fa)°U (Fp)“.

(13) (FA V) FB) V) FC = FA U (FB U Fc)
(14) (FA N FB) N FC = FA N (FB N Fc)

Definition 2.12. [16] Let S(U)e and S(V)k be the families of all soft sets over U and V,
respectively. Let ¢ : U — V and x : E — K be two mappings. The soft mapping

@y S(U)e — S(V)k
is defined as:

(1) Let F5 be a soft set in S(U)e. The image of F, under the soft mapping ¢, is the soft
set over V, denoted by ¢, (F,) and is defined by

= Ueex-twna (P(fA(e)); ifx '(k) N A = @;
ex() 0 { ?, otherwise

forall k e K.

(2) Let Gg be a soft set in S(V)k. The inverse image of Gg under the soft mapping ¢, is
the soft set over U, denoted by cpx‘l(GB) and is defined by

- _ (0 (gs(x(®)), ifx(e) €B;
Px H(ge)(e) = { 2, ’ otherwise

forall e € E.

The soft mapping ¢, is called injective, if ¢ and y are injective. The soft mapping ¢, is
called surjective, if ¢ and x are surjective.

The soft mapping from S(U)e to itself is denoted by ¢: S(U)e — S(U)e

Definition 2.13. Let @,: S(U)e — S(V)k and 145 S(V)k — S(W)., then the soft
composition of the soft mappings ¢, and t,, denoted by t; o ¢,, is defined by 75 0 @, =
(T Y (p)(c ox)"

3 Soft Generalized Topological Spaces

Definition 3.1. [10] Let F, € S(U). A Soft Generalized Topology (SGT) on F4, denoted by
wor ug, is a collection of soft subsets of F, having the following properties:

(DFs e
(2) Any soft union of members of p belongs to p.
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The pair (F4, p) is called a Soft Generalized Topological Space (SGTS)
Observe that F, € p must not hold.

Definition 3.2. [10] A soft generalized topology p on F, is said to be strong if F, € p.

Definition 3.3. [10] Let (F4, u) be a SGTS. Then, every element of p is called a soft u—
open set.

Definition 3.4. [10] Let (F,, 1) be a SGTS and Fg € F4. Then the collection pg, = {Fp N
Fg / Fp € u} is called a Subspace Soft Generalized Topology (SSGT) on Fg. The pair
(Fg, ugg) is called a Soft Generalized Topological Subspace (SGTSS) of F.

Definition 3.5. [10] Let (F4, ) be a SGTS and Fg € F,. Then the soft p-interior of Fg
denoted by i, (Fg) is defined as the soft union of all soft p-open subsets of Fg.
Note that i,, (Fg) is the largest soft p-open set that is contained in Fpg.

Theorem 3.6. [10] Let (Fa, 1) bea SGTS and Fg € F,. Then Fg is a soft p-open set if and
only if Fg =i, (Fg).

Theorem 3.7. [10] Let (F4, ) be a SGTS and Fg, Fy € F4. Then

(1) ip(ip(FG)) = iu(FG)

(2) Fg € Fy = i,,(Fg) € i, (Fn)

(3) iu(Fg) Niy(Fy) 2 iy (Fg N Fy)
(4) iu(Fg) Viy(Fy) € iy (Fg U Fy)
(5) iu(Fg) € Fq.

Definition 3.8. [10] Let (Fa, 1) be a SGTS and Fg € F4. Then Fp is said to be a soft p-
closed set if its soft complement (Fp)€ is a soft p-open set.

Theorem 3.9. [10] Let (Fa, 1) be a SGTS and Fg € F4. Then the following conditions
hold:

(1) The universal soft set Fz is soft p—closed.
(2) Arbitrary soft intersections of the soft p—closed sets are soft p—closed.

Definition 3.10. [10] Let (Fa, n) be a SGTS and Fg € F4. Then the soft p-closure of Fg,
denoted by c,(Fg) is defined as the soft intersection of all soft p-closed super sets of Fg.
Note that c,, (Fp) is the smallest soft p-closed superset of Fg.

Theorem 3.11. [10] Let (F4, ) be a SGTS and Fg € F,. Fg is a soft p-closed set if and
only if Fg = ¢, (Fg).

Theorem 3.12. [10] Let (Fa, 1) be a SGTS and Fg € Fa. Then i, (Fg) € Fg < ¢, (Fp)
Theorem 3.13. [10] Let (Fp, 1) be a SGTS and Fg, Fy € F4. Then

(1) cp(cu(Fe)) = cu(Fe)
(2) Fg € Fy = cu(Fg) € cu(Fu)

(3) Cp.(FG) n Cp.(FH) = Cu(FG n FH)
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(4) Cu(FG) U Cu(FH) c CM(FG U FH)

4 Soft m-Open Sets

Consider the soft mapping n : S(U)e — S(U)g possessing the property of monotony, i.e, Fg
c Fp imply nFg c nFp. We denote the collection of all soft mapping having this property
by II. Consider the following conditions for a soft mapping n € I, Fg € Fg

(IT0) =Fp =Fgp

(IT1) =Fg=Fg

(I2) n°Fg=nnFg=nFg

(H3) FB C 7nFp,

(I14) =Fg C Feg,

(I15) n°Fg C nFg,

Example 4.1. The soft identity mapping id: S(U)e — S(U)e € (110), (I11), (I12), (I13), (I14).
Let (Fg, p) be a SGTS and i, : S(U)e — S(U)e and ¢, : S(U)e — S(U)e be the soft p-interior
and soft p-closure operators respectively. If © = i, then n € (I10), (I12), (I14). If = = c,, then
n € (IT1), (I12), (I13).

Definition 4.2. A soft set Fg C Fg is said to be a soft m-open set iff Fg c nFg.

Example 4.3. The following are some examples of soft 7-open sets:

Fg is always soft m-open for any n € I1

Fz is soft m-open iff © € (I11)

Every soft set of the form nFg is soft m-open if © € (I12)

Every soft subset of Fy is soft m-open if & € (T13)
If & € (I14), then Fg is soft m-open iff Fg = nFg

SARESI A

Note: Let (Fg, p) be a SGTS. Then Fg is soft i,-open (i.e, if n =1,) iff Fg € i,Fe. Buti,Fg
Fe. Thus Fg is soft i,-open iff F¢ = i,Fg iff Fg is soft p-open by theorem 3.6. Hence soft i,-
open set coincides with the soft p-open sets.

Theorem 4.4. Any soft union of soft =—open sets is soft =—open.

Proof. Let {Fg;}je; be a collection of soft n-open sets. i.e, Fgj € nFg; V j € J. Let Fg = Uje
FBj. Now FBj c Fg imply T[FBj c nFg Vj € J. Therefore Fg = UjEJ FBJ‘ (e UjEJ TEFBJ' c nFg.
I.e, Fg € ©Fg. Hence Fg is soft n-open. m

Theorem 4.5. The collection of all soft n-open sets is a SGT.

Theorem 4.6. If pis a SGT on Fg, then there is a soft mapping «t € (I10), (I12), (IT4) such
that p 1s the collection of all soft t-open sets.
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Proof. Define nFg to be the soft union of all Fy € p satisfying Fy € Fg. Then clearly nFg €
p and nFg € Fg, nFp = Fg. Now Fy € p = nFy = Fy D Fy so that the elements of p are soft
n-open, while Fg € nFg = nFg = Fg and Fg € p. Finally nFg € p = nnFg = nFc.m

Definition 4.7. Let Fg © F¢. The soft union of all soft n-open subsets of the soft set Fg is
called the soft m-interior of Fg, and is denoted by i,Fs.

Theorem 4.8. The soft set i,Fg is the largest soft m-open subset of Fg.

Note: Let (Fg, ) be a SGTS and suppose © = i, then the soft set i;,Fg is the largest soft i,-
open subset of Fg. Since soft i,-open sets are soft p-open sets, i,Fg is the largest soft p-
open subset of Fg. Hence i, = i,..

Theorem 4.9. For any n € 1 and Fg C Fg,

i) izFo = Fo

i) i-Fg = izi:Fg

iii) i.Fg € Fg, and

iv) i.Fg = Fg iff nFg = Fg

i.e, iz € (I10), (T12) and (I14) for any = € IT; i, € (I11) iff & € (I11)
Conversely if « € (I10), (I12)and (I14), then 7t = i,.

Proof. First show that i, possess the property of monotony. Suppose Fc € Fy. By definition
of i, and by theorem 4.8, i,Fc © Fg and iFy © Fy. izFy is the largest soft n-open subset of
Fu. Hence i,Fc < i,Fy. Clearly i,Fg = Fo. i.e, i, € (I10). By definition 4.7, i,Fg € F¢ for any
Fc € Fg. i.e, ip € (I14). By theorem 4.8, i,F¢ is soft = —open, so i(i.Fc) = largest soft n-
open subset of i,Fg = i,Fc. 1.6, i, € (I12). Again i,Fp = largest soft n-open subset of Fi = Fg
& Fp is a soft m-open set & = € (I11).

Conversely, assume that © € (T10), (I12) and (I14). © € (I12) = n(nFg) = nFs = nFg is soft
n-open. ©t € (IT4) = nFs € Fg for any Fg © F. Therefore nFg is a soft m-open subset of Fe.
Next if Fy c Fg is soft m-open, then Fy c nFy < nFs. So nFg = largest soft n-open subset
of Fe. Hence i, = n.m

Theorem 4.10. A soft set Fg is soft i-open iff Fg = iF¢ iff Fg is soft m-open.

Proof. i, possess the property of monotony. i.e, if Fg © Fy, then i;Fc c iFy. Also i,Fc c
Fe for any Fe © Fg. Now Fg is soft i-open iff Fg € iFg iff Fg = i,Fg iff Fg is soft m-open
by theorem 4.8.m

Definition 4.11. A soft set Fg c Fg is soft n-closed iff its soft complement (Fg)© is soft m-
open.

Note: 1) Since Fg is always soft m-open, Fy is always soft n-closed, for any © € I1
2) Fg is soft m-closed iff Fg is soft m-open iff © € (T11)
3) If © € (I13), every soft subset of Fy is soft n-closed.

Theorem 4.12. Any soft intersection of soft n-closed sets is soft n-closed.
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Proof. Suppose {Fgj}jes be a collection of soft n-closed sets. Then {(Fg;j)}je; is a collection
of soft m-open sets. By theorem 4.4, Uje;(Fg))© is soft m-open = (NjesFg;j)° is soft m-open =
NjesFg;j is soft m-closed. m

Theorem 4.13. Let & be the collection of all soft m-closed sets. Then the following
conditions hold.

1. The universal soft set Fz € &.
2. Arbitrary soft intersection of members of & belongs to &.

Definition 4.14. The soft intersection of all soft n-closed supersets of Fg is called the soft
n-closure of Fg and is denoted by c,Fc.

Theorem 4.15. The soft set c,Fg is the smallest soft n-closed super set of Fg.

Note: Let (Fz, ) be a SGTS and if = = iy, then Fg is soft i,-closed set & (Fg)° is soft i,-
open & (Fg)° is soft p-open < Fg is soft p-closed. Hence soft i,-closed sets coincides with
the soft p-closed ones and ¢;, = ¢,

Definition 4.16. For any n € Il and F c Fg, n*Fg = [n(Fg) ] .
Theorem 4.17. For any 7 € II, the following conditions hold:

n* € I, (n*)* = n, ® € (I10) & =n* € (I11), = € (I11) & n* € (110), = € (I12) & =* € (I12),
n € (I13) & n* € (I14), (ix)* = C;.

Proof . Assume that «t € I1, i.e, if Fg € Fy, then nFg € nFy. Now Fg € Fy = (Fg)° D (Fr)°
= 1(Fg)® D m(Fu)" = (n(Fg)?)® © (n(FR)°)° = n*Fg € n*Fy. Hence n* € II. n*Fg =
(n(Fo)°)°. = (n%)* Fg = [1*(F&)°]° = [(nFo)°]° =nFs. Hence (1*)* = 7. 7 € (I10) & nFyp = Fy
S @Fp)' =Fg© nFr)) =FgonFg=Fgon* € (Ill).n € (IIl) © nF; = Fg ©
(nFg)° = Fg © (n(Fy)°)° = Fp © n*Fp = Fp & * € (110). 7 € (I12) & n(n(Fo)°) = n(Fo)° &
[n(n(Fs))]° = [n(F)]° © [n(n*Fg)|°= n*Fg © n*(n*Fg) = n*Fg & n* € (I12). n € (T13)
& (Fe)° © n(Fe)* & Fg o (n(Fe))® & Fe o n*Fg & n* € (114). (in)*Fs = (ix(Fe)°)". By
theorem 4.8, i,(Fg)° is the largest soft m-open subset of (Fg)°. Hence its soft complement
coincides with the smallest soft m-closed super set of Fg. i.e, (i.)*Fg = c:Fg for any Fg c
Fe. Hence (i,)* =c..m

Theorem 4.18. Let (Fg, 1) be a SGTS. Then (i,)* = Cy..
Proof. Take n =i, and since i;, = i, the proof follows from theorem 4.17.m
Theorem 4.19. A soft set Fg c Fy is soft n*-closed & nFg c Fe.

Proof. Fg is soft n*-closed < (Fg)° is soft m*-open & (Fg)° € n*(Fs)° © (Fg)° € (nFg)° ©
nFg C FG.I

Theorem 4.20. For any = € I1, ¢, € (I11), (I12), (TI13); ¢, € (110) iff = € (IT1). Conversely, if
TE (Hl)a (Hz)a (H3)a then nt = Cr*.

Proof. Assume that Fc € Fy © Fg. By theorem 4.15, c,Fy is the smallest soft n-closed
super set of Fy. But Fy D Fg. -~ ¢ Fy is a soft m-closed super set of Fs. Again by theorem
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4.15, c,Fg is the smallest soft n-closed super set of Fg. Hence ¢,Fy O ¢:Fc = ¢, € I1. Since
Fg is a soft n-closed set, ¢c.F¢ = Fg = ¢, € (I11). By theorem 4.15, c,Fg is soft n-closed for
any Fe c Fg. Therefore c,(c:Fg) = c.Fc = ¢, € (I12). By theorem 4.15, c,F¢ is the smallest
soft m-closed super set of Fg, c;Fc D Fg = ¢, € (I13). ¢:Fp = Fp & Fy is soft n-closed set
& Fy 1s soft m-open set © Fg = nFg. Hence ¢, € (I10) iff & € (I11).

Conversely, assume that & € (I11), (I12), (I13). Since © € (I12), n(nFc) = nFc = nFg is soft
n*-closed by theorem 4.19. Since © € (I13), nF¢ is soft n*-closed super set of Fg, for any
Fec € Fg. If Fy D Fg is a soft m*-closed set, then by theorem 4.19, nFy, < Fy, so Fy D nFy ©
nFc D Fe. i.e, nFg is the smallest soft m*-closed super set of Fg. Hence 7= c,+.m

Theorem 4.21. Any soft set Fg is soft i,-closed iff Fg = c;Fg iff Fg is soft m-closed.

Proof. By theorem 4.9, i, € I1. By theorem 4.17 and 4.19, Fg is soft i,-closed < Fg is soft
((i)*)*-closed & Fg is soft (c;)*-closed & c,Fc € Fg © c,Fg = Fg © Fg is soft n-closed
by theorem 4.15.m

Theorem 4.22. If m;y, mp € I1, mom; € I1. If my and w, € (110), (I11), (I13), (I14), then mom; €
(I10), (IT1), (T13), (I14) and (momy)* = wo*my ™.

Suppose the soft mappings 6, ¢ € (I12). We will consider the soft mappings 7 that are the
products of factors 0 or 6. Only the products of alternating factors 0, o need be taken into
consideration.

Theorem 4.23. If 0, o € (I12), 6cF¢ € oFg, 6cFs € 606Fg, and 6Fs € 60F¢ for any Fg C
Fz. Then m € (I12) if m is a product of alternating factors 6 and o.

Proof. Clearly n € II by theorem 4.22. Since 6cFg C oFg, 06(0Fs) c o(0Fg) and hence
0000(Fg) € 60Fg. Again since Oc6Fg € oFg and OFg € 60Fg, OFg € 60Fc = 00Fg € 060F¢
= 0Fg c 060Fg = o0Fg c 6006Fs. Hence 6060 = 60 = 60 € (I12). Since OcFg € oFg =
60cFg € ooFg = o6cFg € oFg = 0600Fs € OoFs. Again OcFg € o0cFs = 00cFg C
060cFs = O0oFg € 06c0cFs. Hence 060 = 66 = 0o € (I12). Further, since 6666 = 0o,
(060)(660) = (00666)0 = 060 = 050 € (I12). (600)(c00) =6(6c06) = o8 = oo € (112).
(6600)(0606) = (00)(00) = 00600 € (I12). (6850)(c000) = 6(0605)(050) = 6(65)(0c0) =
0(0600)0 = 6(06)0 = 6006 € (I12). Again any alternating products of k > 5 factors is equal
to another such product of (k — 2) factor and the statement holds for it.m

Theorem 4.24. If 6 € (I12), (I14) and ¢ € (I12), (I13), then ® € (I12) if @ is any product of
the factors 6 and o.

Proof. If 0 € (I12), (I14) and ¢ € (I12), (I13), then 6cF¢ C oFg, O6cF € 60cFG, and 6Fg C
o0F for any Fg c F. The proof follows from theorem 4.23.

Note: Let (Fg, 1) be a SGTS. Clearly the soft mappings 6 = i, € (I12), (I14) and 6 = ¢, €
(I12), (T13), so by theorem 4.24 any product of factor i, and c, is idempotent. In particular
1.CulCy = 1€y and ¢, i,Cy iy = Cydy, SO that any product of this kind is equal to one of the
mappings iy, Cy, 1,Cy, Culy, 14Cply, CplyCy.

Theorem 4.25. Let (Fg, ) be a SGTS. Then the soft mappings iy, Cy, 1uCy, Cply, 1,Culy, CuluCy
are all belong to (I12).
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Proof. Take m; = iy, and m; =C,,, where i,Fg be the soft p-interior of the soft set Fg and c,Fg
be the soft p-closure of the soft set Fg w.r. t. the SGT p. Clearly the soft mappings m1 =i, €
(I12), (T14) and 7, = ¢, (I12), (I13). So by theorem 4.24, the soft mappings iy, Cy, 1,Cy, Cyiy,
1,Culy, CulyCy are all belong to (I12)m

Definition 4.26. Let (Fg, 1) be a SGTS. Then a soft set Fg < Fy is said to be a soft u-semi-
open set iff Fg c c,i Fg (i.e, the case when & = c,i,). The class of all soft pu-semi-open sets
is denoted by 6y or Jy.

Definition 4.27. Let (Fg, w) be a SGTS. Then a soft set Fg < F is said to be a soft p-pre-
open set iff Fg < i,c,Fg (i.e, the case when m = i,C,). The class of all soft p-pre-open sets is
denoted by p( or py.

Definition 4.28. Let (Fg, n) be a SGTS. Then a soft set Fg < Fg is said to be a soft p-o-
open set iff Fg < i,C,i,Fg (i.e, the case when & = i,C,i,). The class of all soft p-a-open set is
denoted by a or o,.

Definition 4.29. Let (Fg, u) be a SGTS. Then a soft set Fg  Fg is said to be a soft p-p-
open sets iff Fg c c,i.C.Fg (i.e, the case when m = c,i,C,). The class of all soft u-p-open set
is denoted by By, or P,.

Example 4.30. Let U = {h;, hy, h3}, E = {e1, 2} and p = {Fgp, Fa, F5} where Fa = {(e1,
{hs}), (e2, {1})}. Then (Fg, p) is a SGTS. The Soft set Fg = {(e1, {h1, h3}), (e2, {M1})} isa
soft u-semi-open sets

Example 4.31. Let U = {hy, hy, h3}, E = {ey, €2} and p = {Fg, Fg, Fz} where Fg = {(e1, {h1,
h2}), (€2, {h1, hs})}. Then (Fg, p) is a SGTS. The Soft sets Fg = {(e1, {hz, hs}), (e2, {h2})},
Fu ={(e1, {h1, h3}), (e2, {h2})} are soft p-pre-open sets

Example 4.32. Let U = {h;, hy, hs}, E = {e1, €2} and p = {Fp, Fp, Fi} where Fp = {(es,
{h1}), (e2, {h2})}. Then (Fg, p) is a SGTS. The Soft set Fg = {(e1, {h1, h2}), (e2, {h2})} is a
soft p-a-open sets

Example 4.33. Let U = {hy, hy, hs, ha}, E = {e1} and p = {Fg, Fp, Fo, Fr, Fs, Fi} where Fp
={(es, {ha})}, Fo = {(e1, {hi})}, Fr = {(e1, {h1, ha})}, Fs = {(e1, {h1, hs, ha})}. Then (Fe, W)
isa SGTS. The Soft set Fg = {(e1, {hs, ha})} is a soft u-B-open sets

Theorem 4.34. Let (Fg, u) be a SGTS. Then §,, py, o, and Py are SGT’s.

Proof. Follows from theorem 4.5.m

Now consider the soft mappings © € (I15)

Theorem 4.35. If nt € I1, then every soft m-open set is soft n"~open and nFg © n"Fg forn €
N.

Proof. Suppose Fg is soft t-open. Then Fg < nFg. Now Fg € nFg = n"Fg < ™'F¢ = Fg
c nFg c n'"F¢ = Fg is soft n"—open.m

Theorem 4.36. If © € (I15), then 1"'Fg c mFg and soft m-open sets and soft n”—open sets
coincide, n € N.
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Proof. Suppose © € (I15), then n°F¢ © nFg =n™"'Fs c n"Fg and n"Fg < nFe. Hence by
theorem 4.35, nFg = n"Fg. Threfore soft m-open sets and soft n"—open sets coincide. m

Theorem 4.37. If 0, o € (I15) satisfies O6Fg € oFg, then any product of factors 6 and o
belong to (I15). If both 6 and 6 occur among the factors of a product of this kind, then

(1) soft 6n'c-open = soft Bc-0pen

(2) soft 6n'6-open = soft 6c0-open

(3) soft on’6-0pen = soft c-open

(4) soft on'c-open = soft c0c-open
The converse implication is true if no factor 6 is immediately followed by another such
factor.

Proof. Since 0, ¢ € (I15), by theorem 4.36, we have 0"Fg € 0Fg and 6"Fg © oFg forn € N
and since OFg C oFg, (06)"Fs € 6"Fg C oFg. = 0"0"Fg c 00"Fg < 0°0"F¢ < 00" Fg c
0"Fe. Hence © € (T15) if = = 0". Suppose m is a product of factors 6 and o, containing
atleast one factor . Then m can be written in the form miom,, where m; and m, (may be
empty) are products of factors 0 and 6. Then nnFg = momymonyFe. Since 0"Fg C 0Fg, 6"Fg
c oFg and (06)"Fg c oFg, in the product omymio, each group of factors 6° can be replaced
by 0, each group of factors 6% can be replaced by o, and then (0c)" can be replaced by o.
Therefore mnFg = momymon,Fe € moonFg € monFs = nFs. Hence © € (I15).

Consider (1). Suppose Fg is soft 6n'c-open, where n’ is any product of both the factors 0
and . Then Fg € 0n'cFg, Now consider the product 6x'c, by theorem 4.36, each group of
factors 0P can be replaced by 0 and each group of factors 6" can be replaced by 6, so we can
write O'cFg € (06)"Fe. - Fe € 0n'cFg € (06)"Fg = 006(06)"'F¢ C 006" Fg € 06"Fg C
OoF for a suitable n € N. Hence Fg is soft 65-open. Conversely suppose that Fg is soft 6c-
open and no factor 0 is followed by another one in = = 6n'c. Then Fg € OcFg = Fg C
(00)"Fg by theorem 4.35, where m is the number of the factors o in the product . Apply
the condition O6Fg C oFg repeatedly, then it is easy to show that (0c)"Fg < 0n'cFg. Hence
Fg is soft O'c-open.

Consider (2). Suppose Fg is soft O'0-open, where n’ is any product of both the factors 6
and o. Then Fg € 0n'0F . By theorem 4.36, we can write On'0Fg C (OG)kGFG. Since (06)"Fg
C OoFg, (Oc)kGFG C 000Fg. Hence Fg c 060Fg = Fg is soft 860-open. Conversely assume
that Fg is soft 660-open and no factor 6 is followed by another one in m = 6n'0. Then Fg
060F; = (06)0Fs C (06)'0060Fs C (05)0c0Fs = (Ba)*'F; for j € N. i.e, Fg © 060FG
(06)™0F¢ and as above 060Fg  (00)"0Fc C 0n'0F¢ by the repeated application of the
condition OcFg © oFs. Hence Fg is soft Oa'0-open.

Consider (3). Suppose Fg is soft on'6-open, where n’ is any product of both the factors 6
and . Then Fg € on'0Fg. Since (06)"Fg © 06Fg and 60 € (I15), we can write on'0Fg C
(60)Fg = 6(06) 0Fg C o(06)0Fg C 6OF for some k € N. Hence Fg c 60Fg = Fg is soft
oB-open. Conversely assume that Fg is soft 66-open and no factor 0 is followed by another
one in © = on'. Then Fg € 60Fg = Fg < (c0)"Fg, by theorem 4.35. Since OcFg c oFg, it
is easy to show that (60)"F¢ € on’0Fs. Hence Fg € on'0Fg = Fg is soft on'0-open.

Consider (4). Suppose Fg is soft on'c-open, then Fg C on'cFg. Since (68)Fg c 60Fg, we
can write on'cFg C (GG)kGFG c o0cF¢. Thus Fg € on'cFg = Fg € 606Fg = Fg is soft
oBo-open. Conversely assume that Fg is soft 60c-open and no factor 0 is followed by
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another one in n = on'c. Then Fg € 60cFg = (Ge)jGFG ( (GO)jGGGGFG (- (GO)jGOGFG =
(06)‘+10Fg. Hence o0cFg C (ce)m'lch. Since OcFg © oFg, it is easy to show that (c0)™
1GFG c on'cFs. Hence Fg € on'cFg = Fg is soft on'c-open.m

Theorem 4.38. If 6 € (I14) and ¢ € (I15) then the statements of theorem 4.37 are valid,
moreover, soft 660—-open < (soft Oc-open and soft c6—-open) = (soft 6c-open or soft 60-
open) = soft c0c-0pen = soft c-open.

Proof. If 6 € (I14), then 6Fg c Fg = 00Fg € 0Fg = 0 € (I15) and also 6cFg © oFs. Now
the hypotheses of theorem 4.37 are fulfilled. Further, 66(0Fg) < 6cFg and 6(c0Fg) € 60Fg;
I.e Fg is soft B60—0open = Fg € 000Fg < OcFg and Fg € 060Fg < 60Fg = Fg is both soft
fc-open and soft o—open. Conversely assume that Fg is both soft 6c-open and soft c0-
open. Then Fg € OcFg and Fg € 66Fg = Fg € 66Fg N 60Fg = Fg < OcFg € 06(c0Fg) ©
000Fc = Fg is soft Oo0—open. Again, Fg is soft 6c-open or soft 606-open = Fg < OcFg or
Fc € 66Fg = Fg < 6600F or Fg © o008Fg respectively. Hence Fg € o8cFg by 6 € (114)
= Fg is soft 60c-open. And Fg is soft 0c-open = Fg € 60cFg € 6Fg by 0 € (I14) and 6 €
(ITS) = Fg is soft c-open.m

Note: Let (Fg, p) be a SGTS. Then we can say that a soft set Fg is soft i,c.i,—open iff it is
both soft i,c,—open and soft c,i,—open.

Theorem 4.39. If « € (I15) and Fg is soft n-open then ¢ «Fg = nFg.

Proof. Since n € (I15), mnFg C nFg = nF is soft n*-closed by theorem 4.19. If Fy D Fg is
soft n*-closed, then Fy D nFy D nFgs. Hence nFg O Fg is the smallest soft w*-closed super
set of Fg. Hence ¢c«Fg = nFc.m

Theorem 4.40. For any © € IT and Fg c Fg, we have i Fg € Fg N nFg.

Proof. Suppose Fy c Fg is soft m-open. Then Fy c nFy c nFg so that Fy © Fg N nFG.
Hence iFc € Fc N nFc.m

Theorem 4.41. Let (Fg, ) be a SGTS and if © = ¢,i, or @ = i,C,, then i;Fg = Fg N nF¢ for
any Fc c Fg.

Proof. Clearly i,F¢ c c,iF¢ for Fg c Fg and i,F¢ © cuiFe = i, Fe € i,C,iFe = i,FeC
iCulyFg. Therefore i,Fe € Fe N cyi Fe and iFe © Fe N i,cyi Fe. Hence iiFe < iy(Fe N
CuquG) and iuquG C ip(FG N iHCHiHFG)' ie, iH Fc c iu(FG N CHiHFg) and quG C iu(FG N
I.CuiuFg). Therefore c,iFc < cuiu(Fe N cuiyFe) and iyc,iFe < iyc,in(Fe N iucuiFe). Hence
Fe N CuquG c Cuiu(FG N CHiHFg) and Fe N iu CuquG C iHCHiH(FG N iHCHiHFG)' ie, Fec N kg
n(FgN nFg) for m = ¢ iy or @ = 1,C,,. i.e, Fg N nFg is soft m-open for m = c,i, or ® = 1,Cy,.
Thus Fg N nFs < iFg in these two cases. But by theorem 4.40, i.F¢ € Fc N nFs. Hence
I.F¢ = Fg N nFg for m = cyi, or = 1,Cyi,. M

Theorem 4.42. For n € Il and Fg c Fg, i,Fg = Fg N nFg for Fg © Fg is true iff c,Fg = Fg U
T[*FG.

Proof. Suppose i;Fg = Fg N nFg is true. Then by theorem 4.17, ¢;Fg = (ix)*Fc = [ix(Fe)]° =
[(Fe)® N m(Fe)]® = Fg U [m(Fe)]® = Fg U n*Fg. Conversely, suppose that c.Fg = Fg U
n*Fe. Then inFG = (Cn)*FG = [Cn(Fg)C]C = [FGC V) T[*(FG)C]C =Fg N [TI:*(Fg)C]C = Fg N wFg, by
theorem 4.17.m



Journal of New Theory 5 (2015) 53-66 65

Theorem 4.43. Let (Fg, p) be a SGTS. Then cFg = Fg U n*Fg is true if m = c,i, or m =
1.Cplp.

Proof. The proof follows from theorem 4.41 and 4.42.

Conclusion

In the present work, we mainly study some interesting properties of the soft mapping =« :
S(U)e — S(U)g which satisfy the condition nFg © nFp whenever Fg ¢ Fp < Fg. The
concept of soft m-open set is introduced and established some of their properties. The
notions of soft interior and soft closure are generalized using these sets and under suitable
conditions on 7, the soft w-interior i.Fg and the soft n-closure c,Fg of a soft set Fg < Fy are
easily obtained by explicit formulas. We expect that results in this paper will be a basis for
applications of soft m-open sets in soft set theory and will promote the further study on soft
generalized topology to carry out general frame work for the applications in practical life.
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Abstract — In this paper, the notions of 7, -closed sets and 7, -open sets are introduced. Charac-
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1 Introduction and Preliminaries

In 1986, Maki [12] introduced the notion of A-sets in topological spaces. A A-set is a set A which is
equal to its kernel (= saturated set) i.e to the intersection of all open supersets of A. Arenas et al [1]
introduced and investigated the notion of A-closed sets by involving A-sets and closed sets.

The notion of closed set is fundamental in the study of topological spaces. In 1970, Levine [11]
introduced the concept of generalized closed sets in a topological space by comparing the closure of
a subset with its open supersets. He defined a subset A of a topological space X to be generalized
closed (briefly, g-closed) if cl(A) C U whenever A C U and U is open. This notion has been studied
extensively in recent years by many topologists. After advent of g-closed sets, many generalizations of
g-closed sets are being introduced and investigated by modern topologists.

An ideal on a set X is a non empty collection of subsets of X with heredity property which is
also closed under finite unions. Quite Recently, Jafari and Rajesh [8] have introduced and studied the
notion of generalized closed (g-closed) sets with respect to an ideal. Many generalizations of g-closed
sets are being introduced and investigated by modern researchers. One among them is A4-closed sets
which were introduced by Caldas et al [2]. In this paper, we introduce and investigate the concept of
Ag-closed sets with respect to an ideal.

Indeed ideals are very important tools in General Topology. It was the works of Newcomb [13],
Rancin [14], Samuels [16] and Hamlett and Jankovic (see [4, 5, 6, 7, 9]) which motivated the research in
applying topological ideals to generalize the most basic properties in General Topology. A nonempty
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collection T of subsets on a topological space (X, 7) is called a topological ideal [10] if it satisfies the
following two conditions:

1. If A € 7 and B C A implies B € 7 (heredity)
2. If AeZ and B € 7, then A U B € 7 (finite additivity)

If A is a subset of a topological space (X, 7), cl(A) and int(A) denote the closure of A and the interior
of A, respectively. Let A C B C X. Then clg(A) (resp. intp(A)) denotes closure of A (resp. interior
of A) with respect to B.

In this paper, we introduce and study the concept of A -closed sets with respect to an ideal, which
is the extension of the concept of Ag,-closed sets.

The following Definitions, Result, Lemma and Remarks are useful in the sequel.
Definition 1.1. A subset A of a topological space (X, 7) is called regular open [17] if A = int(cl(A)).

Definition 1.2. The finite union of regular open sets is called w-open [18]. The complement of w-open
set is called w-closed [18].

Definition 1.3. A subset A of a topological space (X, 7) is called
1. A-closed [1] if A = L N D, where L is a A-set and D is a closed set.
2. X-open [1] if its complement is A-closed.
3. Ag-closed [2] if cl(A)CU whenever ACU and U is X-open.
4. m-generalized closed (briefly, wg-closed) [3] if cl(A) C U whenever A C U and U is w-open.

Definition 1.4. Let (X, 7) be a topological space and T be an ideal on X. A subset A of X is said to be
generalized closed with respect to an ideal (briefly Z,-closed) [8] if and only if cl(A)—B € I, whenever
A C B and B is open.

Result 1.5. For a subset of a topological space, the following properties hold:
1. Every closed set is Ag-closed but not conversely [2].
2. Every Ag-closed set is g-closed but not conversely [2].
3. Every closed set is A-closed but not conversely [1, 2].

Remark 1.6. /8] Every g-closed set is T -closed but not conversely.

Definition 1.7. [15] Let (X, 7) be a topological space and I be an ideal on X. A subset A of X is
said to be m-generalized closed with respect to an ideal (briefly Ir4-closed) if and only if cl(A)—-B € T,
whenever A C B and B is w-open.

Remark 1.8. [15] For several subsets defined above, we have the following implications.

Zgy-closed set — Lr4-closed set

T T

closed set — g-closed set — mwg-closed set

The reverse implications are not true.

Lemma 1.9. [1] Let A;(i € T) be subsets of a topological space (X, 7). The following properties hold:
1. If A; is A-closed for each i € I, then NiecrA; is A-closed.
2. If A; is A-open for each i € I, then U;cr A; is A-open.

Recall that the intersection of a A-closed set and a closed set is \-closed.

Definition 1.10. /2] A function f : (X, 7) — (Y, o) is called A-irresolute if the inverse image of
A-open set of Y is A-open in X.
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2 A\,-Closed Sets with Respect to an Ideal

Definition 2.1. Let (X, 7) be a topological space and I be an ideal on X. A subset A of X is said to
be Ay-closed with respect to an ideal (briefly Tx, -closed) if and only if cl(A)—B € I, whenever A C B
and B is A-open.

Remark 2.2. Every Ag-closed set is Ty -closed, but the converse need not be true, as this may be seen
from the following Fxample.

Example 2.3. Let X = {a, b, ¢}, 7 = {9, X, {a, c}} and T = {¢, {b}}. Then {a} is Iy -closed but
not Ag-closed.

The following Theorem gives a characterization of Z, -closed sets.

Theorem 2.4. A set A is Iy -closed in (X, 7) if and only if F C cl(A)—A and F is A-closed in X
implies F € T.

Proof. Assume that A is Z, -closed. Let F C cl(A)—A. Suppose F is A-closed. Then A C X—F. By
our assumption, cl(A)—(X—F) € Z. But F C cl(A)—(X—F) and hence F € 7.

Conversely, assume that F C cl(A)—A and F is A-closed in X implies that F € Z. Suppose A C U
and U is A-open. Then cl(A)—U = cl(A) N (X-U) is a A-closed set in X, that is contained in cl(A)—A.
By assumption, cl(A)—U € Z. This implies that A is Z, -closed.

Theorem 2.5. If A and B are Ty, -closed sets of (X, ), then their union A U B is also T -closed.

Proof. Suppose A and B are T -closed sets in (X, 7). If AU B C U and U is A-open, then A C U
and B C U. By assumption, cl(A)—U € Z and cl(B)—U € Z and hence cl(A U B)-U = (cl(A)-U) U
(cl(B)—-U) € Z. That is A U B is Z, ,-closed.

Remark 2.6. The intersection of two Ix, -closed sets need not be an Ip,-closed as shown by the
following Example.

Example 2.7. Let X ={a, b, ¢, d}, 7 = {0, X, {a}, {d}, {a, d}} and T = {¢, {c}}. Then A = {a,
b} and B = {a, c} are Iy, -closed but their intersection A N B = {a} is not I, -closed.

Remark 2.8. Fvery Iy, -closed set is Ty-closed but not conversely.

Example 2.9. Let X = {a, b, ¢}, 7 = {¢, X, {b}, {b, ¢}} and T = {¢}. Then {a, b} is T -closed but
not Iy -closed.

Remark 2.10. For several subsets defined above, we have the following implications.

I, -closed set — I,-closed set — Lrq4-closed set

) T T

closed set — Ag4-closed set — g-closed set — mg-closed set

The reverse implications are not true.

Theorem 2.11. If A is Ty -closed and A C B C cl(A) in (X, 7), then B is Iy -closed in (X, T).

Proof. Suppose A is Ty -closed and A C B C cl(A) in (X, 7). Suppose B C U and U is A\-open. Then
A C U. Since A is Tj -closed, we have cl(A)—U € Z. Now B C cl(A). This implies that cl(B)—-U C
cl(A)=U € Z. Hence B is T -closed in (X, 7).

Theorem 2.12. Let A C Y C X and suppose that A is Ty -closed in (X, 7). Then A is Iy, -closed
relative to the subspace Y of X, with respect to the ideal Iy ={F C Y : F € T}.

Proof. Suppose A € UNY and U is Md-open in (X, 7), then A C U. Since A is Z -closed in (X, 7),
we have cl(A)—U € Z. Now (cl(A) N Y)—(UNY) = (cl(A)-U)NY € Z, whenever ACUNY and U
is A-open. Hence A is 7, -closed relative to the subspace Y.

Theorem 2.13. Let A be an Iy ,-closed set and F be a closed set in (X, 7), then A N Fis an Iy, -closed
set in (X, 7).
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Proof. Let ANF C U and U is A-open. Then A C U U (X—F). Since A is 75 -closed, we have
cl(A)—(UU (X=F)) € Z. Now, cl(ANF) Ccl(A) NF = (cl(A) N F)—(X—F). Therefore, cl(A N F)-U
C (cl(A) NF)—(U N (X-F)) € cl(A)—(U U (X~F)) € Z. Hence A N F is Z, -closed in (X, 7).

Definition 2.14. Let (X, 7) be a topological space and Z be an ideal on X. A subset A C X is said to
be Ag-open with respect to an ideal (briefly Tn, -open) if and only if X—A is T, -closed.

Theorem 2.15. A set A is I ,-open in (X, 7) if and only if F—U C int(A), for some U € T, whenever
FC A and F is \-closed.

Proof. Suppose A is T -open. Suppose F' C A and F is A-closed. We have X—A C X-F. By
assumption, cl(X—A) C (X—F) U U, for some U € Z. This implies X—((X—F) U U) € X— (cl(X—A)
and hence F—U C int(A).

Conversely, assume that F C A and F is A-closed. Then F—U C int(A), for some U € Z. Con-
sider an A-open set G such that X—A C G. Then X—G C A. By assumption, (X—G)—U C int(A) =
X—cl(X—A). This gives that X—(G U U) C X—cl(X—A). Then, cl(X—A) C G U U, for some U € 7.
This shows that cI(X—A)—G € 7. Hence X—A is 7, -closed.

~—

Recall that the sets A and B are said to be separated if cl(A) N B = ¢ and A N cl(B) = ¢.
Theorem 2.16. If A and B are separated Ty, -open sets in (X, T), then A U B is I, -open.

Proof. Suppose A and B are separated Zj,-open sets in (X, 7) and F be a A-closed subset of A U
B. Then F ncl(A) C(AUB)Ncl(A) = (ANncl(A) U (Bnecl(Ad) =AU¢=Aand F Nncl(B) C
(AuB)ncl(B) =(Anc(B)) U(BnclB)) =¢UB = B. By assumption and by Theorem 2.15,
(Fncl(A)—Uy Cint(A) and (F N cl(B))—Usz C int(B), for some Uy, Uy € Z. It means that ((F N
cl(A))—int(A)) € Z and ((F N cl(B))—int(B)) € Z. Then ((F N cl(A))—int(A)) U ((F N cl(B))—int(B))
€ Z. Hence (F N (cl(A) U cl(B))—(int(A) Uint(B))) €e Z. Bt F =F N (A U B) C F N cl(A U B),
and we have F—int(A U B) C (F N cl(A U B))—int(A U B) C (F N cl(A U B))—(int(A) U int(B)) €
T. Hence, F—U C int(A U B), for some U € Z. This proves that A U B is 7y -open.

Corollary 2.17. Let A and B be Iy -closed sets and suppose X—A and X—B are separated in (X, 7).
Then A N B is Iy, -closed.

Corollary 2.18. If A and B are Iy -open sets in (X, 7), then A N B is I, -open.

Proof. 1f A and B are 7 -open, then X—A and X—B are 7 -closed. By Theorem 2.5, X—(A N B) is
T,-closed, which implies A N B is Z, -open.

Theorem 2.19. If int(A) C B C A and A is Iy, -open in (X, T), then B is Ty, -open in X.

Proof. Suppose int(A) € B C A and A is Zy -open. Then X—A C X-B C cl(X—A) and X—-A is
Zp,-closed. By Theorem 2.11, X—B is 7 -closed and hence B is 7 -open.

Theorem 2.20. Let (X, 7) be a topological space. Then a set A is Iy, -closed in X if and only if
cl(A)—A is Tp,-open in X.

Proof. Necessity: Suppose F C cl(A)—A and F be A-closed. Then by Theorem 2.4, F € Z. This
implies that F—U = ¢, for some U € Z. Clearly, F—U C int(cl(A)—A). By Theorem 2.15, cl(A)—A is
T\ ,-open.

Sufficiency: Suppose A C G and G is A-open in (X, 7). Then cl(A) N (X—G) Ccl(A) N (X—-A) =
cl(A)—A. By hypothesis and by Theorem 2.15, (cl(A) N (X—G))—U C int(cl(A)—A) = ¢, for some U
€ Z. This implies that cl(A) N (X—G) € U € Z and hence cl(A)—G € Z. Thus, A is 7y -closed.

Theorem 2.21. Let f: (X, 7) — (Y, o) be A-irresolute and closed. If A C X is Ty, -closed in X,
then f(A) is f(Z)a,-closed in (Y, o), where f(I) = {f(U) : U € T}.

Proof. Suppose A C X and A is 7 -closed. Suppose f(A) C G and G is A-open in Y. Then A C
f~1(G). By definition, cl(A)—f~1(G) € Z and hence f(cl(A))—G € f(Z). Since f is closed, cl(f(A)) C
cl(f(cl(A))) = f(cl(A)). Then cl(f(A))—G C f(cl(A))—G € f(Z) and hence f(A) is f(Z),-closed in Y.
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3 Conclusion

Topology is an area of Mathematics concerned with the properties of space that are preserved under
continuous deformations including stretching and bending, but not tearing. By the middle of the 20th
century, topology had become a major branch of Mathematics.

Topology as a branch of Mathematics can be formally defined as the study of qualitative prop-
erties of certain objects that are invariant under a certain kind of transformation especially those
properties that are invariant under a certain kind of equivalence and it is the study of those prop-
erties of geometric configurations which remain invariant when these configurations are subjected to
one-to-one bicontinuous transformations or homeomorphisms. Topology operates with more general
concepts than analysis. Differential properties of a given transformation are nonessential for topology
but bicontinuity is essential. As a consequence, topology is often suitable for the solution of problems
to which analysis cannot give the answer.

Though the concept of topology has been identified as a difficult territory in Mathematics, we
have taken it up as a challenge and cherishingly worked out this research study. It can also further
up the understanding of basic structure of classical mathematics and offers new methods and results
in obtaining significant results of classical mathematics. Moreover it also has applications in some
important fields of Science and Technology.

In this paper, the notions of 7, -closed sets and 7, -open sets are introduced. Furthermore the
relations with other notions connected with the notions of Iy, -closed sets and T, -open are investi-
gated.
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1 Introduction

The concept of fuzzy sets due to Zadeh [10] naturally plays important role in the study of fuzzy
topological space which has been introduced by Chang [2]. In 2013, Zabidin Salleh et al introduced
and studied the notion of #-semi-generalized-closed sets in fuzzy topological spaces. Ekici and Kerre
[4] introduced the concept of fuzzy contra continuous functions. The purpose of this paper is to
introduce the forms of fuzzy almost contra fsg-continuous functions and to investigate properties and
relationships of fuzzy functions. We have also defined fuzzy fsg-compact and fuzzy @sg-connected
spaces.

2 Preliminary

Throughout this paper X be a set and I the unit interval. A fuzzy set in X is an element of the set
of all functions from X to I. The family of all fuzzy sets in X is denoted by IX. A fuzzy singleton z,, is
a fuzzy set in X define by z,(z) = «, z4(y) =0 for all y # z,z € (0,1]. The set of all fuzzy singletons
in X is denoted by S(X). For every x, € S(X) and p € IX, we define z,, € p if and only if z, < p(z).
The members of 7 are called fuzzy open sets and their complements are fuzzy closed sets. Spaces (X, 7)
and (Y, o)(or simply, X and Y) always mean fuzzy topological spaces in the sense of Chang [2]. By 1x
and Ox, we mean fuzzy sets with constant function 1 (unit function) and 0 (zero function), respectively.

“* Edited by P. G. Patil and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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For a fuzzy set p of X, fuzzy closure and fuzzy interior of p denoted by cl(u) and int(u), respec-
tively. The operators fuzzy closure and fuzzy interior are defined by cl(u) = A{A: A > pu, 1 —p e 7}
where \ is fuzzy closed set in X and inty = A{n:n < p,n € 7 [9] where 7 is fuzzy open set in X. Fuzzy
semi-closure [9] of u denoted by scl(p) = A{n:u<n,ne FSC(X)} and fuzzy 6-closure of 1 denoted
by clg = Ncl(n) : uw < m,n € 7}[3]. O-semi-generalized closed set in fuzzy topology is introduced by
Z.Salleh et al [8].

Definition 2.1. A subset A of a space X is called

(1) Fuzzy semi-open(briefly, Fs-open) set [1] if A < cl(int(A)).

(2) Fuzzy semi-closed (briefly, Fs-closed)set[1] if int(cl(A)) < A.

(3) Fuzzy regular closed [1] if cl(int(A)) = A and fuzzy regular open if int(cl(A)) = A. The family of all
fuzzy semi open and fuzzy semi closed sets in X will be denoted by FSO(X)and FSC(X), respectively.

Definition 2.2. [8] Let X be a fuzzy topological space and p be a fuzzy set of X. Then the operators
semi-@-closure of i denoted by sclg(u) and fuzzy semi-6-interior of p is denoted by sintg(u) are defined
as follows,

selg(4) = Af{scl(n) : 1 < 1, € FSO(X)},
sintg(p) = V{sint(n) : p > n,n € FSC(X)}.

Definition 2.3. A fuzzy set p in X is called

(1) fuzzy O-generalized closed [3] (briefly, f-0g-closed set) if clg(n) < n whenever p < n and 7 is fuzzy
open

(2)fuzzy 6-semigeneralized-closed set [8] (briefly, f-Osg-closed set) if sclg(u) < n whenever p < 1 and
7 is fuzzy semiopen. The coplement of fuzzy #-semi-generalized-closed set is fuzzy 6-semi-generalized-
open set (briefly, f-0sg-open set). The family of all Ffsg-closed sets in X are denoted by FOSGC(X)and
The family of all f-@sg-open sets in X are denoted by FSGO(X)

Definition 2.4. [8] A function f: X — Y is said to be

(1) fuzzy O-semi-generalized continuous(briefly, f-fsg-continuous) if f~*(\) is f-fsg-closed in X for each
fuzzy semi-closed set A in Y.

(2)fuzzy 6-semi-generalized irresolute(briefly, f-Osg-irresolute) if f=1()) is f-fsg-closed in X for each
f-Osg-closed set A\ in Y.

(3) fuzzy 6-semi-generalized open(briefly, f-0sg-open) if f(A) of Y and for each f-fsg-open in Y for
every fuzzy semi-open set A in X.

3 Fuzzy Almost Contra 6-Semigeneralized-Continuous
Functions

In this section, the notion of fuzzy almost contra #sg-continuous functions via f-fsg-closed set is intro-
duced.

Definition 3.1. Let X and Y be fuzzy topological spaces. A fuzzy function f : X — Y is said to
be fuzzy almost 6-semigeneralized-continuous (briefly, fuzzy almost contra fsg-continuous) if inverse
image of each fuzzy regular open set in Y is f-fsg-closed in X.

Example 3.2. Let X =Y = {a,b,c}. A, B, C are fuzzy sets of X defined as A(a) =0, A(b) = 1, A(c)
=0, B(a) = 0, B(b)= 0, B(c)= 1 and C(a)=0, C(b)=1, C(c)=1 and D be a fuzzy set of Y defined as
D(a)=1, D(b)=0, D(c)=0. Then 7 = {0,1, A, B,C}and p = {0,1, D} be fuzzy toplogies on sets X and
Y respectively. The identity function f : X — Y is fuzzy almost contra-fsg-continuous fucntion.

Theorem 3.3. For a function f : X — Y, the following statements are equivalent:

(i) f is fuzzy almost contra fsg-continuous.

(ii) For every fuzzy regular closed set p in Y, f~1(u) is f-fsg-open.

(iii) For each z € X and each fuzzy regular closed set A in Y containing f(x), there exists a f-fsg-open
set 1 in X containing x such that f(n) < A.

(iv) For each z € X and fuzzy regular open set p in Y containing f(x), there exists a f-fsg-open set w
in X containing x such that f~*(u) < w.
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Proof:(i) = (ii). Let u be a fuzzy regular closed set in Y, then Y-u is fuzzy regular open set in Y.
By (i) f~Y(Y — u) = X — f~1(u) is f-fsg-closed set in X. This implies that f~!(u) is f-fsg-open set in
X. Therefore (ii) holds.

(#) = (i). Let G be a fuzzy regular open set of Y. Then Y-G be a fuzzy regular closed set in Y. By
(i) f~Y(Y — G) is f-fsg-open set in X. This implies that X — f~1(G) is f-fsg-open in X, which implies
f7YG) is f-Osg-closed set in X. Therefore (i) holds.

(i1) = (iii). Let A be a fuzzy regular closed set of Y containing f(x). By (ii) f~*(\) is f-fsg-open set
in X and z € f~1()\). Take n = f~1(\). Then f(n) < A.

(iii) = (4i). Let A be a fuzzy regular closed set of Y and z € f~!(\). From (iii), there exists a
f-fsg-open set 77 in X containing x suxh that 7 < f~!(X). We have f~*(X) = Ve p—1yn. Thus f~1(X)
is f-fsg-open set in X.

(791) = (iv). Let p be a fuzzy regular open set in Y not containing f(x). Then and 1 — p is a fuzzy
regular closed set containing f(x). By (iii), there exists a f-fsg-open set 7 in X containing x suxh that
f(n) <1—p. Hencen < f~1(1—p) <1—f~(pu) and then f~1(u) < 1—n. Take w = 1 —1n. Therefore
we obtain that w is a f-fsg-open set in X not containing x. The converse can be be shown easily.

Theorem 3.4. Let f: X — Y be a function and let g : X — X X Y be the fuzzy graph function of f
defined by g(x¢) = (ze, f(ze)) for every zc € X. If g is fuzzy almost contra fsg-continuous, then f is
fuzzy almost contra fsg-continuous.

Proof: Let p be a fuzzy regular closed set in Y, then X x pu is fuzzy regular closed set in X x Y. Since
g is fuzzy almost contra fsg-continuous, then f~1(u) = g~ (X x u) is f-fsg-open in X. Thus, f is fuzzy
almost contra #sg-continuous.

Definition 3.5. A fuzzy filter base A is said to be fuzzy @sg-convergent to a fuzzy singleton z¢ in X
if for any f-fsg-open set p in X containing z¢, there exists a fuzzy set n € A such that n < p.

Definition 3.6. A fuzzy filter base A is said to be fuzzy rc-convergent[5] to a fuzzy singleton z¢ in X
if for any fuzzy regular closed set p in X containing x¢, there exists a fuzzy set n € A such that n < p.

Theorem 3.7. If a function f : X — Y is fuzzy almost contra fsg-continuous, then for each fuzzy
singleton ¢ € X and each filter base A in X fuzzy sg-converging to ¢, the fuzzy filter base f(A) is
fuzzy re-convergent to f(z¢).

Proof: Let x¢ € X and A be any fuzzy filter base in fuzzy Osg-converging to zc. Since f is fuzzy
almost contra fsg-continuous, then for any fuzzy regular closed set A in Y containing f(x¢), there
exists a Ffsg-open set u € X containing z¢ such that f(u) < A. Since A is fuzzy 0sg-converging to
x¢, there exists a A € A such that A < u. This means that f(A) < p and therefore the fuzzy filter
base f(A) is fuzzy rc-convergent to f(x¢).

4 Fuzzy 6-Semigeneralized-Connectedness

In this section we introduce fuzzy 6-semigeneralized-connected (briefly, FTSGO-connected) and fuzzy
f-semigeneralized-normal spaces.

Definition 4.1. A fuzzy topological space X is called Fuzzy 0-semigeneralized-connected (briefly, FTSGO-
Connected) if X is not the union of two disjoint nonempty f-fsg-open sets.

Definition 4.2. A fuzzy topological space X is called fuzzy connected [7] if X is not the union of two
disjoint nonempty fuzzy open sets.

Theorem 4.3. If f : X — Y is fuzzy almost contra #sg-continuous surjection and X is FTSGO-
connected, then Y is fuzzy connected.

Proof:Suppose Y is not fuzzy connected. Then there exist nonempty disjoint fuzzy open sets u; and
wo such that Y = uq A po. Therefore,uy and po are fuzzy clopen in Y. Since f is fuzzy almost contra
fOsg-continuous , f~1(u1) and f~1(us) are f-fsg-open in in X. Moreover, f~!(u1) and f~1(us) are
nonempty disjoint and X = f~*(uy) A f~'(u2). This shows that X is not FTSGO-connected. This
contradicts the fact that Y is not Fuzzy connected assumed. Hence Y is fuzzy connected.
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Definition 4.4. A fuzzy space X is said to be fuzzy 0sg-normal (briefly,f-fsg-normal)if every pair of
nonempty disjoint fuzzy closed sets can be separated by disjoint f-fsg-open sets.

Definition 4.5. A fuzzy space X is said to be fuzzy strongly fsg-normal if every pair of nonempty
disjoint fuzzy closed sets A and B there exist disjoint f-fsg-open sets U and V such that A < U, B<V
and cl(A) Acl(B) = ¢.

Theorem 4.6. If Y is fuzzy strongly fsg-normal and f : X — Y is fuzzy almost contra #sg-continuous
closed surjection, then X is f-fsg-normal.

Proof:Let A and B be disjoint nonempty fuzzy closed sets of X. Since f is injective and closed, f(A) and
f(B) are disjoint fuzzy closed sets. Since Y is fuzzy strongly fsg-normal, then there exist f-fsg-open
sets U and V such that f(A) < U and f(B) < V and cl(A) A cl(B) = ¢. Then, since cl(A) and
cl(B) are regular closed and f is fuzzy almost contra fsg-continuous, f~1(cl(A4)) and f~1(cl(B)) are
f-fsg-open sets. Since, U < f~1(cl(A)) , V < f~1(cl(B)) and f~1(cl(A)) and f~1(cl(B)) are disjoint,
X is f-fsg-normal.

Definition 4.7. A fuzzy space X is said to be fuzzy 6sg— T if for each pair of distinct fuzzy singletons
x and y in X, there exist f-fsg-open sets U and V containing x and y respectively, such that y ¢ U and
x¢V.

Definition 4.8. A fuzzy space X is said to be fuzzy 0sg — T if for each pair of distinct fuzzy points
x and y in X, there exist f-fsg-open set U containing x and f-fsg-open set V containinig y such that

UANV = ¢.

Theorem 4.9. If f : X — Y is a fuzzy almost contra fsg-continuous injection and Y is fuzzy Urysohn,
then X is fuzzy 0sg — Ts.

Proof:Let Y is fuzzy Urysohn. By the injectivity of f, it follows that f(x) # f(y) for any distinct
fuzzy singletons x and y in X. Since Y is fuzzy Urysohn, then there exist fuzzy open sets U and V such
that f(x) € U and f(y) € V and cl(U) Acl(V) = ¢. Since {f is fuzzy almost contra fsg-continuous, then
there exist fuzzy open sets W and Z in X containing x and y, respectively, such that f(W) < ¢l(U)
and f(Z) < cl(V). Hence W A Z = ¢. This shows that X is fuzzy 0sg — T5.

Definition 4.10. A fuzzy space X is said to be fuzzy weakly T3 [5] if each element of X is an intersection
of fuzzy regular closed sets.

Theorem 4.11. If f : X — Y is a fuzzy almost contra #sg-continuous injection and Y is fuzzy weakly
Ty, then X is fuzzy 6sg — T1.

Proof:Suppose that Y is fuzzy weakly T5. For any distinct points x and y in X, there exist fuzzy
regular closed sets U, V in Y such that f(z) € U, f(y) ¢ U, f(z) ¢ V and f(y) € V. Since { is fuzzy
almost contra fsg-continuous , by Theorem 3.2(ii), f~!(U) and f~1(V) are f-fsg-open subsets of X
such that z € f~Y(U),y ¢ f~1(U) and = ¢ f~1(V),y € f~1(V). This shows that X is fuzzy 0sg — T1.

Definition 4.12. The fuzzy graph G(f) of a fuzzy function f : X — Y is said to be fuzzy strongly
contra-fsg-closed if for each (z,y) € (X xY) - G(f), there exist a f-fsg-open set U in x containing x
and a fuzzy regular closed set V in Y containing y, such that (U x V) A G(f) = ¢.

Lemma 4.13. The following properties are equivalent for the fuzzy graph G(f) of a fuzzy fuction f:
(i) G(f) is fuzzy strongly contra-fsg-closed.

(ii) For each (z,y) € (X xY)-G(f), there exist a f-fsg-open set U in X containing x and a fuzzy regular
closed set V containing y such that f(U) AV = ¢.

Theorem 4.14. If f: X — Y is fuzzy almost contra fsg-continuous and Y is fuzzy Urysohn, G(f) is
fuzzy strongly contra-fsg-closed set in X x Y.

Proof:Let Y is fuzzy Urysohn. Let (z,y) € (X xY) G(f). It follows that f(z) # y. Sinc Y is fuzzy
Urysohn, then there exist fuzzy open sets U and V such that f(z) € U,y € V and cl(U) A (V) = ¢.
Since f is fuzzy almost contra fsg-continuous, then there exists a f-fsg-open set p in X containing x
such that f(u) < cl(U). Therefore, f(u) A c(V) = ¢ and G(f) is fuzzy strongly contra-fsg-closed in
X xY.
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Theorem 4.15. Let f: X — Y is fuzzy strongly contra-fsg-closed graph. If f is injective, then X is
fuzzy 0sg — T;.

Proof: Let x and y be any two distinct points of X. Then, we have (z, f(y)) € (X x Y)-G(f). By
Lemma 4.13, there exist a f-fsg-open set p containing x and a fuzyy regular closed set n in Y containing
f(y) such that f(u) An = ¢shence u A f~1(n) = ¢. Therefore, we have y ¢ pu. This implies that X is
fuzzy 6sg — T.

5 Fuzzy Weakly Almost Contra-6-Semigeralized-
Continuous Functions

In this section, Fuzzy weakly almost contra-6-semigeneralized-continuous function is introduced. The
relationships between fuzzy almost contra-fsg-continuous functions and other forms are investigated.
Also introduced the concept of Fuzzy #-semigeneralized-compact (briefly, FTSGO-Compact)space.

Definition 5.1. A function f : X — Y is called fuzzy weakly almost contra-fsg-continuous if for each
x € X and each fuzzy regular closed set 7 of Y containing f(x), there exists f-fsg-open set p in X
containing x, such that int(f(u)) <n.

Definition 5.2. A function f: X — Y is called fuzzy(fsg,s)-open if the image of each f-fsg-open set
is Fs-open.

Theorem 5.3. If a function f : X — Y is fuzzy weakly almost contra-fsg-continuous and fuzzy
(fsg,s)-open, then f is fuzzy almost contra-fsg-continuous.

Proof: Let € X and 7 be a fuzzy regular closed set containing f(x). Since f is fuzzy weakly almost
contra-@sg-continuous, there exists a f-fsg-open set p in X containig x such that int(f(u)) < n. Since
f is fuzzy (0sg, s)-open, f(u) is a Fs-open set in Y and f(u) < cl(int(f(r))) < n. This shows that f is
fuzzy almost contra-fsg-continuous.

Definition 5.4 (5). A fuzzy space is said to be fuzzy Py if for any fuzzy open set p of X and each
Ty € mu, there exists fuzzy regular closed set p containing x¢ such that xc € p < p.

Theorem 5.5. Let f: X — Y ba a fuzzy function. Then, if f is fuzzy almost contra-fsg-continuous
and Y is fuzzy Ps, then f is fuzzy almost contra-fsg-continuous.

Proof: Let u be a fuzzy ope set in Y. Since Y is fuzzy Px, there exists a family ¥ whose members are
fuzzy regular closed set of Y such that u = A{p: p € ¥}. Since f is fuzzy almost contra-fsg-continuous,
f~Y(p) is f-Osg-open in X for each p € ¥ and f~!(u) is f-Osg-open in X. Therefore, f is fuzzy almost
contra-fsg-continuous.

Definition 5.6 (5). A fuzzy space is said to be fuzzy weakly Py if for any fuzzy regular open set u of
X and each zyx, € mu, there exists fuzzy regular closed set p containing x¢ such that z¢ € p < pu.

Definition 5.7. A function f : X — Y is said to be fuzzy almost fsg-continuous at z¢ € p if
for each fuzzy open set 7 containing f(z¢), there exists a f-fsg-open set p containing z¢ such that

f(p) <int(cl(n)).

Theorem 5.8. Let f: X — Y be a fuzzy almost contra-fsg-continuous function. If Y is fuzzy weakly
P, then f is fuzzy almost fsg-continuous.

Proof: Let p be any fuzzy regular open set of Y. Since Y is fuzzy weakly Py, there exists a family ¥
whose members are fuzzy regular closed set of Y such that p = A{p: p € U}. Since f is fuzzy almost
contra-fsg-continuous, f~1(u) is f-fsg-open in X. Hence, f is fuzzy almost fsg-continuous.

Theorem 5.9. Let X, Y, Z be fuzzy topological spaces and let f: X — Y and g : Y — Z be fuzzy
functions. If f is fuzzy fsg-irresolute and g is fuzzy almost contra-fsg-continuous, then go f : X — Z
is a fuzzy almost contra-fsg-continuous function.
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Proof: Let u < Z be any fuzzy regular closed set and let (go f)(xe) € p. Then g(f(xz¢)) € p. Since g
is fuzzy almost contra-fsg-continuous fuction, it follows that there exists a f-fsg-open set p containing
f(ze) such that g(p) < p. Since {f is fuzzy Osg-irresolute fuction, it follows that there exists a f-fsg-open
set n containiing z¢ such that f(n) < p. From here we obtain that (go f)(n) = g(f(n)) < g(p) < pu.
Thus we have shown that g o f is fuzzy almost contra-fsg-continuous function.

Theorem 5.10. If f : X — Y is a surjective fuzzy Osg-open function and g : ¥ — Z is a fuzzy
function such that go f : X — Z is fuzzy almost contra-fsg-continuous, then g is fuzzy almost
contra-fsg-continuous.

Proof: Suppose that z¢ is a fuzzy singleton in X. Let 7 be regular closed set in Z containing (go f)(zc.
Then there exists a f-fsg-open set p in X containing z¢ such that g(f(n)) <. Since f is f-fsg-open,
f(p) is a f-Osg-open set in Y containing f(z¢) such that g(f(p)) < n. This implies that g is fuzzy
almost contra-fsg-continuous.

Corollary 5.11. If f : X — Y be a surjective f-Osg-irresolute and f-fsg-open function and let g : ¥ —
Z is a fuzzy function. Then go f : X — Z is fuzzy almost contra-fsg-continuous if and only if g is
fuzzy almost contra-fsg-continuous.

Proof: It can be obtained from Theorem 5.9 and Theorem 5.10.

Definition 5.12. A space X is said to be fuzzy fsg-compact(briefly, FTSGO-Compact) if every f-fsg-
open cover of X has a finite subcover.

Definition 5.13. A space X is said to be fuzzy sg-closed-compact if every f-fsg-closed cover of X
has a finite subcover.

Definition 5.14 (6). A space X is said to be fuzzy nearly compact if every fuzzy regular open cover
of X has a finite subcover.

Theorem 5.15. The fuzzy almost contra-fsg-continuous images of fuzzy €sg-closed-compact spaces
are fuzzy nearly compact.

Proof: Suppose that f : X — Y is a fuzzy almost contra-fsg-continuous surjection. Let {n; : i € I} be
any fuzzy regular open cover of Y. Since f is fuzzy almost contra-fsg-continuous, then { ) :iel }
uzzy is a f-fsg-closed cover of X. Since X is fuzzy 0sg-closed-compact, there exists a finite subset I, of
I such that X = A{f~'(n;) : i € I,}. Thus, we have Y = A{n; : i € I,} and Y is nearly compact.
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1. Introduction

The concept of fuzzy sets was introduced by Zadeh [10] whose basic component is only a
degree of membership. Atanassov [7] generalized this idea to intuitionistic fuzzy set (IFS in
short) using a degree of membership and a degree of non-membership, under the constraint
that the sum of the two degrees does not exceed one. The conception of IFS can be viewed
as an appropriate /alternative approach in case where available information is not sufficient
to define the impreciseness by the conventional fuzzy set. The idea of “intuitionistic Q-
fuzzy set” was first published by Atanassov [8], as a generalization of the notion of fuzzy
set.

In many fields, such as economics, engineering, environment, involve data that contain
uncertainties. To understand and manipulate the uncertainties, there are many approaches
such as probability theory, fuzzy set theory [10], intuitionistic fuzzy sets [7], rough set
theory [20], etc. Each of these theories has its own difficulties as pointed out in [1]. To
address these difficulties, Molodtsov[1] introduced the concept of soft set as a new
mathematical tool for dealing with uncertainties that is free from difficulties. The main
advantage of soft set theory in data analysis is that it does not need any grade of
membership as in the fuzzy set theory. In soft set theory there is no limited condition to the
description of the objects; so researchers can choose the form of parameter they need which
greatly simplifies the decision making process and make the process more efficient in the

**Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman (Editor-in-Chief).
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absence of partial information. After Molodtsov’s work, Maji et al.[14] introduced the
concept of fuzzy soft set, a more generalized concept, which is a combination of fuzzy set
and soft set and studied its properties and also discussed their properties. Also, Maji et
al.[15] devoted the concept of intuitionistic fuzzy soft sets by combining intuitionistic
fuzzy sets with soft sets.By using this definition of intuitionistic fuzzy soft sets many
interesting applications of soft set theory have been expanded by some researchers
[9, 11,12, 13, 16, 17,18]. Recently Adam et al. [5] defined a new concept called Q-fuzzy
soft set which combine Q-fuzzy set and soft set. The same authors introduced the concept
of multi Q-fuzzy set and a multi Q-fuzzyparameterized soft set [2], studied their operations
and gave an application in decision making. Based on [5] and [8], we presented the concept
of Q-intuitionistic fuzzy soft sets as ageneralization of Q-fuzzy soft sets.

The rest structure of this paper is as follows: part 2 presents some definitions which will be
used in the sequel. Part 3 discusses the concept of Q-intuitionistic fuzzy soft set. Part 4
introduced the union, intersection, AND and OR operations on a Q-intuitionistic fuzzy soft
set. Part 5 gives the conclusion.

2. Preliminaries

In this section we present the basic definitions of soft set theory, Q-fuzzy set, multi Q-
fuzzy set, Q-fuzzy soft set, intuitionistic fuzzy set,Q- intuitionistic fuzzy set, intuitionistic
fuzzy soft set and multi-Q intuitionistic fuzzy set required in this paper.

2.1. Soft Sets

Definition 2.1[1] A pair (F, E) is called a soft set over U, if and only if F is a mapping of E
into the set of all subsets of the set U. In other words, the soft set is parameterized family of
subsets of the set U.

As an illustration, let us consider the following example.

Example 2.2. Suppose that U is the set of houses under consideration, say U =
{h1, hy,...,hs}. Let E be the set of some attributes of such houses, say E = {ej, €, . . ., es},
where e;, e, . . ., eg stand for the attributes “beautiful”, “costly”, “in the green

29 ¢c

surroundings”, “moderate”, respectively.

In this case, to define a soft set means to point out expensive houses, beautiful houses, and
so on. For example, the soft set (K, A) that describes the “attractiveness of the houses” in
the opinion of a buyer, say Thomas, may be defined like this:

A={e1,62,€3,84,65};

K(ey) = {hy, hs, hs}, K(e2) = {hz, hs}, K(es) = {h1}, K(es) = U, K(es) = {hs, hs}.
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2.2 Q-fuzzy Sets

Definition 2.3 Let X be a non-empty set and Q be a non-empty set. A Q-fuzzy subset A of
X is a function

A:XxQ—1[0,1].

Definition 2.4: The union of two Q-fuzzy subsets A and B of a set X is defined by
(AUB)(x,q) = max { A(x, q), B(x, q) }

forall x in Xand q in Q.

Definition 2.5: The intersection of two Q-fuzzy subsets A and B of a set X is defined by

(A nB)(x, a) =min { A(x, 0), B(x, a) }

forall x in Xand q in Q.

2.3 Multi Q-fuzzy Sets

Definition 2.5 [2] Let | be a unit interval [0, 1], k be a positive integer. U be a universal set
and Q be a non-empty set. A multi Q-fuzzy set AQ in U and q is a set of ordered sequences

Ap={(u.0), u;(u, 9): uE U, g € Q}

where u;: U xQ — I¥.The function uy(u, q),u2(U, q),....u,(u, q) is called membership
function of multi Q-fuzzy set 4, ; and p; (U, Q)+ua(u, @)+...+ug(u, g) < 1, k is called the
dimension of /TQ. The set of all multi Q-fuzzy sets of dimension k in U and Q is denoted
by M*QF(U).

2.4 Q-fuzzy Soft Sets

Definition 2.6 [5] Let U be a universal set, E be a set of parameters, and Q be a non-empty
set. LetM*QF(U) denote the power set of all multi Q-fuzzy subset of U with dimension k=
1. Let A € E. A pair (Fy,A) is called a Q-fuzzy soft set ( in short QF-soft set) over U
where F, is a mapping given by

Fo: A - M*QF(U) such that Fy(x) =@ ifx & A.
Here a Q-fuzzy soft set can be represented by the set of ordered pairs

(Fo.A)={(x,Fy(x)): x € U, Fy(x) € M*QF(U) }

Note that the set of all Q-fuzzy soft set over U will be denoted by QFS(U).
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Definition 2.7 [5] Let (F,, A) and (G, B) €QFS(U). The union of two Q-fuzzy soft sets
(Fo, A) and (Gg, B), is the Q-fuzzy soft set (H,, C), writtenas (Fyp, A) U(Gq, B) = (Hy,
C), where C =AU B forall e € C and

Fo(e)if e€ A—B;
Hy(e)= Go(e)if e€B —A4;
Fo(e)UGgy(e) if e€ ANB.

Definition 2.8 [5] Let (Fy, A) and (G, B) EQFS(U). The intersection of two Q-fuzzy soft
sets (Fp, A) and (G, B), is the Q-fuzzy soft set (H,, C), writtenas (Fy, A) N(Gy, B) =
(Hg, C), where C=AnBforalle € C,

(Hg, C)={e, min {uiFQ(x, q), uiGQ(y, g)}:ue U, g€ Qtandi=l1, 2,....k.

2.5. Intuitionistic Fuzzy Sets

Definition 2.9 [7] Let U be an universe of discourse then the intuitionistic fuzzy set A is an
object having the form A = {< X, p, (%), 4 (x)>x € U},where the functions p (x),

wa(x) : U—[0,1]

define respectively the degree of membership, and the degree of non-membership of the
element x € X to the set A with the condition.

0 <u, )+ AL,

For two IFS,

Aps= {<X, p, (%), 04 (x)> [x € X }
And

Bips= {<X, (%), op(x)>|x € X }
Then,

1. Airs € Bypsif and only if
ta (%) < pp(x), 04 (%) = wp(x)
2. Airs = Bjps if and only if,
() =pg(x) ,0a (%) =wg(x) for any x € X.

3. The complement of A;gg is denoted by A7x¢ and is defined by
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Afrs={<X, 0 (), 1, (X x € X }
4. ANB = {<x, min{p, (x), u, (x)}, Max{wa (x), oz (x)}>x € X }

5. AUB = {<x, max{p, (x), 1, ()}, minfo, (x), 05 ®}>x € X}

6. Oirs = (0, 1) and 1;r5 = (1, 0)

As an illustration, let us consider the following example.

Example 2.10. Assume that the universe of discourse U={x1, X, X3X,}. It may be further
assumed that the values of X3, X», x;and x,are in [0, 1] Then, A is an intuitionistic fuzzy

set (IFS) of U, such that,

A= {< X1, 0.4, 0.6>, < X, 0.3, 0.7>, < X3, 0.2,0.8>,<x4, 0.2,0.8>}

2.6. Q-intuitionistic Fuzzy Sets

Definition 2.11 [8] A Q-intuitionistic fuzzy subset A in X is defined as an object of the
form

A={<(x,9), pa(x, 9), va(x, q) >/ x € Xand q in Q}
where w4 X XQ — [0, 1] and v,4: X XQ — [0, 1] define the degree of membership and the
degree of non-membership of the element x in X and q in A respectively and for every x in
X and g in Q satisfying

0 S .uA(X! q) +VA(X! q) S 1

Definition 2.12 [8] If A is a Q-intuitionistic fuzzy subset A of X, then the complement of
A, denoted A€ is the Q-intuitionistic fuzzy set of X, given by

AC(X’ q) = {< (X! q)! VA(X1 q)’ .uA(X1 q) >/x € Xand q in Q}

Definition 2.13 [8] Let A and B be Q-intuitionistic fuzzy subsets of sets G and H
respectively. The product of A and denoted by A X B is defined as

A X B:{< ((X, y) ’ q)! uAXB((X! y)! q)!VAXB((X1 y)v q) > / X in G and y in H and q in Q}i

where

Ma x B((X, ¥), @) = min {ua(X, 9), ug(y, @)} and va x g((x, ¥), 4) = max {va(x, ), ve(y, a)}.

Definition 2.14 [8] Let A be a Q-intuitionistic fuzzy subset in a set S, the strongest Q-
intuitionistic fuzzy relation on S, that is a Q-intuitionistic fuzzy relation on A is V given by

HV((XI y)! q) =min {MA(Xi q)! HB(yi q)} and VV((X1 y)1 q) = max {VA(X1 q)! VB(y, q)},
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forall xandyinSandqinQ.

2.7 Intuitionistic Fuzzy Soft Sets

Definition 2.15 [15] Let U be an initial universe setand A c E be a set of parameters. Let
IFS(U) denotes the set of all intuitionistic fuzzy subsets of U. The collection (F,A) is
termed to be the intuitionistic fuzzy soft set over U, where F is a mapping given by

F:A - IFS(U).

Example 2.16 Let U be the set of houses under consideration and E is the set of parameters.
Each parameter is a word or sentence involving intuitionistic fuzzy words. Consider
E ={beautiful, wooden, costly, very costly, moderate, green surroundings, in good repair, in
bad repair, cheap, expensive}. In this case, to define an intuitionistic fuzzy soft set means to
point out beautiful houses, wooden houses, houses in the green surroundings and so on.
Suppose that, there are five houses in the universe U given by U = {hq4, h,,..., hs} and the
set of parameters A = {ey, e, e3, e, },where e; stands for the parameter “beautiful’, e, stands
for the parameter "wooden', e; stands for the parameter “costly' and the parameter e, stands
for ‘moderate’. Then the intuitionistic fuzzy set (F, A) is defined as follows:

\

r( hy h, hs h, hs ’>
(0.1,0.6)’(0.2,0.7)’ (0.6,0.2) " (0.7,0.3) " (0.2,0.3)
hy h, hs hy hs )

((0.3,0.5)"(0.2,0.4) " (0.1,0.2) " (0.1,0.3) " (0.3,0.6)

(F,A) = E h, h, hs h, h
(

((0.4,0.3) " (0.6,0.3) " (0.2,0.5)" (0.2,0.6) (0703)

hy ha hs hy
84{(0106) ’(0.3,0.6)"(0.6,0.4) " (0.4,0.2) (0503)})J

\

2.8. Multi Q-intuitionistic Fuzzy Sets

Definition 2.17 [19] Let | be a unit interval [0, 1], k be a positive integer. U be a universal
set and Q be a non-empty set. A multi Q-intuitionistic fuzzy set A, in U and g is a set of
ordered sequences

AQ:{(U,q), :ui(ui q),Vi(U, Q) ue u, qeE Q}

where p;:U xQ — I* and v;:U xQ - I*and . The functions u, (U, q),42(u, q),....1(U, Q)
is called membership function of multi Q-fuzzy set AQ and the functions v, (u, q),v,(u,
q)s-..,Vk(u, q) is called non-membership function of multi Q-intuitionistic fuzzy set AQ;
and 0 < p;(x, q) +vi(x, q) < 1, for i=1,2,....k. k is called the dimension of AQ. The set of
all multi Q- intuitionistic fuzzy sets of dimension k in U and Q is denoted by M*QIF(U).
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Example 2.18 [19] Let U= {u,, u,, us, u,} be a universal set, Q ={p, q } be a non- empty
set, and k = 3 be a positive integer. If AQ is a function from U xQ to I3 then the set
AQ:{((ulv Q)7(02, 03)1(041 05)1(04! 06))! ((ul’ p)a(041 05)a (011 02)’(021 04))1 ((UZ,Q),
(0.3,0.5),(0.2, 0.5), (0.3, 0.4))} is a multi Q- intuitionistic fuzzy sets in U and Q.

Remark 2.19: If v;(u, q) = 0, then the multi Q intuitionistic fuzzy set AQ:{(u,q), wi(u,
q),v;(u, 9): u € U, q € Q} degenerate to the multi Q fuzzy set AQ:{(u,q), ui(u,g):ue Uy, q
€Q}

3. Q-Intuitionistic Fuzzy Soft Sets

In this section we introduce the concept Q- intuitionistic fuzzy soft set and define some
properties of a Q- intuitionistic fuzzy soft set namely, null, absolute, subset, equality and
complement, and give an example of Q- intuitionistic fuzzy soft set.

Definition 3.1 Let U be a universal set, E be a set of parameters, and Q be a non-empty
set. LetM*QIF(U) denote the power set of all multi Q- intuitionistic fuzzy subset of U with
dimension k= 1. Let A € E. A pair (Fyp,A) is called a Q- intuitionistic fuzzy soft set (in
short QIF-soft set) over U where F, is a mapping given by

Fo: A - M¥QIF(U) such that Fy(x) =@ ifx & A.
Here a Q- intuitionistic fuzzy soft set can be represented by the set of ordered pairs
(Fo.A)={(x,Fy(x)): x € U, Fy(x) € M*QIF(U) }
Note that the set of all Q- intuitionistic fuzzy soft set over U will be denoted by QIFS(U).

Example 3.2 Let U= {u,, u,, us, uy, us} be a universal set, Q ={p, q, r} be a non- empty
set, and E= {e,, e,, es, e4, e} be a set of parameters. If

A={e,, e,, e5} CE,

Fo(e1)={((u1,p),(0.2, 0.3)), ((u1,0).(0.4, 0.5)), ((u1.1),(0.3, 0.5))}

FQ(eZ):{((ul’p)i(o'L 04))1 ((ul,Q),(O.Z, 03))1 ((ul’r)i(o'g’ 05))1 ((U4,p),(0.2, 06))1
((u4_,CI),(0.3, 04))1 ((u41r)!(0'21 03))}

Fo(e3)={((u1,p).(0.6, 0.3)), ((u1,0).(0.4, 0.3)), ((u1.1),(0.3, 0.2))},

then

(FQ’A):{(eh {((ul’p)!(021 03))1 ((u11q)’(04! 05))! ((ul’r)i(os! 05))})’ (821 {((ulap)1(01v
0.4)), ((11,9).(0.2, 0.3)), ((u1.1),(0.3, 0.5)), ((4s.p).(0.2, 0.6)), ((u4,q).(0.3, 0.4)),
((u41r)!(021 03))})1 (63, {((ul!p)1(06! 03))’ ((u11q)’(04! 03))’ ((ul,r),(03, 02))})}

is Q- intuitionistic fuzzy soft set.

Definition 3.3 Let (Fp, A) € QIFS(U). If Fy(x) = @ for all x € E then (Fj, A) is called a
null QIF-S-set denoted by (@, A).
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Example 34 ((DvA):{(el’ {((ul’p)!(o’ 1))’ ((ulvq)’(ov l))’ ((ul’r)!(ov 1))})’ (62! {((ul!p)’(o’
1))’ ((ul,q),(O, 1))! ((ul,r),(O, 1))’ ((u4!p)’(0! 1))’ ((u4,Q),(O, 1))! ((u4,r),(0, 1))})’ (63!
{((ul,p),(o, 1)); ((ul,q),(O, 1))! ((ulir)’( O! 1))})}

Definition3.5 Let (F,, A) € QIFS(U). If Fp(x) = U for all x € E then (Fj, A) is called an
absolute QIF-soft set denoted by (U, A).

Example 3.6 (U! A):{(eli {((ul,p),(l, O))! ((ul,Q),(l, O))! ((ulir)!(l’ O))})! (62! {((ulip)!(l!
0))1 ((ul’q)’(l’ 0))1 ((ul’r)’(l’ 0))1 ((u41p)’(11 O))! ((u41q)!(01 1))! ((U4,r),(1, O))})! (83,
{((ul,p),(l, O)), ((ul,q),(l, 0))! ((ul,r),(l, 0))})}

Definition 3.7 Let (Fy, A), (Hy, B) € QIFS(U). then we say that (Fyp, A) is a QIF-soft
subset of (H,,B), denoted by (Fy, A) € (Hp, B), if A € B and F(X) € Hy(x) forall x € U.

Proposition 3.8 Let (Fy, A), (Hp, B) € QIFS(U).Then

1. (Fg,A) € (U,E)

2. (@, A) € (Fp, A

3. If (Fy, A) € (Hy, B) and (Hy, B) € (Gg, C), then (Fy, A) € (Go, C)

Proof. The proof can be easily obtained from Definition 3.7

Proposition 3.9Let (F, A), (Hy, B) € QIFS(U). If (Fy, A) = (Hy, B) and (Hy, B) =(Gg, C)
Then (Fy, A) = (Gg, C).

Proof. The proof can be easily obtained from Definition 3.7

Definition 3.10 Let (Fp, A) € QIFS(U). Then, the complement of QIF-soft set denoted by
(Fg,A)¢ is defined by (Fg, A)© = (F§, ~A) where

Fg : =A- QIF(U)
is the mapping given by Fg(e) = Q - intuitionistic fuzzy complement for every e € A.

Example 3.11 Consider example 3.2

(FQIA):{(elf {((ul,p),(OZ, 03))’ ((uliq)’(0'4! 05))! ((ulvr)’(0'3! 05))})1 (62’ {((ul,p),(O.l,
04))’ ((ul,Q),(OZ, 03))1 ((ulvr)i(ogv 05))1 ((U4,p),(02, 06))’ ((U4,Q),(O3, 04))1
((u4,r),(02, 03))})1 (83’ {((ul’p)1(06’ 03))’ ((u11Q)’(04’ 03))’ ((ul,r),(03, 02))})}

Then

(Fo, A)°={(es, {((w1,p).(03, 02)), ((u1,0),(0.5, 04)), (1), (05 03)}), (e,
{((ul’p)!(OA! Ol))1 ((ul!q)i(o'& 02))1 ((ul!r)’(o's! 03))1 ((U4,p),(0.6, 02))’ ((u4,Q),(0-4,
0.3)), ((u4.),(0.3,0.2))}), (es, {((1,p),(0.3, 0.6)), ((11,0).(0.3, 0.4)), ((u1.1),(0.2, 0.3))})}



Journal of New Theory 5 (2015) 80-91 88

Proposition 3.12 Let (F,, A) € QIFS(U).Then
1. ((Fg,A)°) = (F,A)

2. (®,A)¢=(U, E)

3. (U,E)¢=(9,E)

Proof. The proof can be easily obtained from Definition 3.7

4. Union and Intersection of Q-intuitionistic Fuzzy Soft Set.

In this section we introduce the union, intersection, AND and OR operations on a Q-
intuitionistic fuzzy soft set.

Definition 4.1 Let (F,, A) and (G, B) € QIFS(U). The union of two Q- intuitionistic
fuzzy soft sets (Fy, A) and (G,, B), is the Q- intuitionistic fuzzy soft set (H,, C), written
as (Fp, A) U(Gg, B)=(Hgp, C), where C=AU Bforalle € Cand

Fo(e)if e€ A—B;
HQ(e):{ Go(e)if e€B—A4;

Fo(e) U Gy(e) if e€ ANB.

Example 4.2 : Let U= {u,, u,, us, u,, us} be a universal set, Q ={p, q,r} be a non- empty
set, and E= {e;, e,, e3, e,, es} be a set of parameters. If A={e;, e,, es} € E, and B={e,,
e, e,y CE

(FQ ,A):{(el, {((ul,p),(0.2, 03)); ((ulvq)’(0'4! 05))’ ((ul,r),(0.3, 05))})1 (62, {((ulap)1(0-1!
04))’ ((ul,Q),(OZ, 03))1 ((ulvr)!(ogv 05))! ((U4,p),(02, 06))’ ((U4,Q),(O3, 04))!
((u41r)!(o'21 03))})1 (83! {((ul,p),(0.6, 03))1 ((ulvq)’(0'4! 03))’ ((ul,r),(0.3, 02))})}

And

(GQ’B):{(eh {((ul’p)1(041 05))1 ((ul’q)i(ogv 02))1 ((ul,r),(OZ, 04))})1 (821 {((ulvp)’(o‘?’a
05)); ((ul,CI),(03, 06))1 ((ulvr)!(04v 05))! ((u41p)’(03! 06))’ ((u41q)l(02! 03))1
((u41r)1(031 05))})1 (84’ {((ul’p)1(06’ 03))’ ((ulvq)’(04’ 03))’ ((ul,r),(03, 02))})}

Then

(HQ’ C): {(6’1, {((ul’p)1(041 03))1 ((ul’q)1(0'41 02))1 ((ulir)!(o'gv 04))})1 (eZv
{((11,p).(0.3, 0.4)), ((41,9),(0.3, 0.3)), ((11,1),(04, 0.5)), ((44,p).(0.3, 0.6)), ((u4.,9),(0-3,
03))’ ((u4,r),(03, 03))})1 (63, {((ul’p)1(061 03))1 ((ul’q)!(04v 03))1 ((ul’r)i(oga OZ))})!
(e4, {((11,p).(0.6, 0.3)), ((u1,0),(0.4, 0.3)), ((u1.1),(0.3,0.2))})}

Definition 4.3 Let (Fp, A) and (Gy, B) € QIFS(U). The intersection of two Q-
intuitionistic fuzzy soft sets (F,, A) and (G, B), is the Q- intuitionistic fuzzy soft set (H,,
C), writtenas (Fy, A) N(Gg, B) = (Hp, C), where C=An B foralle € C,

(HQ’ C): {e1 (mm {uiFQ (Xv q)i UiGQ (y’ q)v maX({ViFQ(Xv q)i ViGQ (y! q)))} - Ue U1 ge Q}
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and i=1, 2,... k.

Example 4.4 : Let U= {u,, u,, us, uy, us} be a universal set, Q ={p, q,r} be a non- empty
set, and E= {e;, e,, e3, e4, e} be a set of parameters. If A={e;, e,, es} € E, and B={e,,
e, e,y CE

(FQ ’A):{(elv {((ulvp)v(oz’ 03))! ((ulvq)’(o'4’ 05))! ((ul,r),(O.S, 05))})1 (eZ! {((ulip)v(ojﬂ
04)); ((ul,Q),(OZ, 03))’ ((ul,r),(03, 05))! ((u4!p)’(02! 06))’ ((u4,Q),(03, 04))!
((u4,l’),(02, 03))})1 (83’ {((ul’p)v(OG’ 03))’ ((ulvq)’(04’ 03))’ ((ul’r)!(03’ 02))})}

And

(GQIB):{(eL {((ul,p),(0.4, 05))! ((ul,q),(0.3, 02))! ((ul’r)!(o'zi 04))})! (82, {((ul!p)l(o-?’!
05))’ ((uva)v(O?’, 06))1 ((ulvr)!(041 05))! ((u41p)’(03’ 06))’ ((u4vQ),(02, 03))’
((u41r)’(031 05))})1 (64’ {((ul’p)v(OG’ 03))’ ((ulvq)’(04’ 03))! ((ul,r),(03, 02))})}

Then

(HQ, C): {(61! {((ullp)!(O'Z! 05))1 ((ul,q),(0.3, 05))! ((ul,r),(O.Z, 05))})1 (62,
{((ul’p)’(o'lv 05))’ ((ul,Q),(O.Z, 06))! ((ulvr)i(o'gv 05))’ ((U4,p),(0.2, 06))1 ((u41q)1(0'2!
0.4)), ((14.1),(0.2, 0.5)) 1)}

Proposition 4.5 Let (Fy, A), (Gg, B) and (Hy, C) € QIFS(U).Then
1. (Fp, A) U(®, A)=(Fp, A)

2. (Fp,A) U(U,A)=(U, A)

3. (Fp, A) U(Fy, A) =(Fgy, A)

4. (Fp, A) U(Gq, B) =(Gg, B) U(Fy, A)

5. (Fp, A) U((Gq, B) U (Hy, C)) = ((Fp, A) U(Gq, B)) U (Hy, C)

Proof. The proof can be easily obtained from Definition 4.1

Proposition 4.6 Let (Fy, A), (G, B) and (Hy, C) € QIFS(U).Then
1. (Fo, A) N(®,A)= (D, A)

2. (Fp, A) N(U, A)=(Fp, A)

3. (Fp, A) N(Fy, A) =(Fg, A)

4. (Fp, A) N(Gq, B) =(Gg, B) N(Fy, A)

5. (Fp, A) N((Gq, B) N(Hy, C)) = ((Fy, A) N(Gg, B)) N (Hy, C)

Proof. The proof are straightforward.

Proposition 4.7 Let (Fy, A), (G, B) and (Hy, C) € QIFS(U).Then
1. ((Fg,A) N(Gg, B)) = (Fo,A)U(Gq, B)*

2. ((Fg,A) U(Gg,B)) = (Fp,A)N(Gy, B)*

The proof are straightforward by using the properties of a multi Q—intuitionistic fuzzy sets.
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Proposition 4.8 Let (Fy, A), (G, B) and (Hy, C) € QIFS(U) .Then

1. (Fo, A) N((Gg, B) U(Hy, C)) = ((Fg, A) N(Gg, B)) U ((Fp, A) N(Hy, C))
2. (Fp, A) U((Gq, B) N(Hg, C)) = ((Fo, A) U(Gg, B)) N ((Fy, A) U(Hy, C))

Definition 4.9 Let (Fy, A) and (Go, B) € QIFS(U). Then (F,, A) AND (G, B) is the Q-
intuitionistic fuzzy soft set denoted by (Fy, A) A (G, B) and defined by

(Fg A) A (Gg, B) =(Hy, AX B)

where Hy(a, B) = Fo(a)NGo(B) forall @ € A and 8 € B, is the operation of intersection
of two Q-intuitionistic fuzzy sets.

Definition 4.10 Let (F,, A) and (G, B) € QIFS(U). Then (F,, A) OR (Gg, B) is the Q-
intuitionistic fuzzy soft set denoted by (Fy, A) V (Go, B) and defined by

(Fg. A) V (G, B) = (Hy, AX B)

where Hyp(a,B) = Fo(@) U Go(B) for all « € A and B € B, is the operation of union of
two Q-intuitionistic fuzzy sets.

Conclusion

In this paper we have introduced the concept of Q-intuitionistic fuzzy soft sets and studied
some related properties with supporting proofs. The equality, subset, complement, union,
intersection, AND or OR operations have been defined on the Q-intuitionistic fuzzy soft
sets. This new extension will provide a significant addition to existing theories for handling
uncertainties, and lead to potential areas of further research and pertinent applications.
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Abstract — In this paper, we first define operators m-convex functions for positive, bounded, self-
adjoint operators in Hilbert space via m-convex functions. Secondly, we establish some new theorems
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1 Introduction

The following inequality holds for any convex function f define on R and a,b € R, with

H(0) < 7 [ e < LOHI0 "

both inequalities hold in the reversed direction if f is concave.

The inequality (1) is known in the literature as the Hermite-Hadamard’s inequality.
The Hermite-Hadamard’s inequality may be regarded as a refinement of the concept
of convexity and it follows easily from Jensen’s inequality. The classical Hermite-
Hadamard inequality provides estimates of the mean value of a continuous convex
function f : [a,b] — R. In this paper, Firstly we defined for bounded positive self-
adjoint operator m-convex functions in Hilbert space, secondly established some new

** Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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theorems for them and finally Hermite-Hadamard type inequalities for product two
bounded positive selfadjoint operators m-convex set up in Hilbert space.

2 Preliminary

First, we review the operator order in B(H) and the continuous functional calculus for
a bounded selfadjoint operator. For selfadjoint operators A, B € B(H) we write, for
every x € H

A< B(or B> A)if (Az,z) < (Bx,z)(or (Bz,z) > (Ax,x))

we call it the operator order.

Let A be a selfadjoint linear operator on a complex Hilbert space (H,(.,.)) and
C(Sp(A)) the C* -algebra of all continuous complex-valued functions on the spectrum
A. The Gelfand map establishes a #-isometrically isomorphism ® between C'(Sp(A))
and the C*-algebra C*(A) generated by A and the identity operator 15 on H as follows
[1].

For any f,g € C(Sp(A)) and any a, 3 € C we have
i. ®(af +Bg) =a®(f)+ L(g) ;
ii. ®(fg)=2(f)®(9) and ®(f*) = P(f)";
iii. [P =[] == supespa| ()] ;
iv. d(f,) = Land ®(f,) = A, where fo(t) = 1and fi(t) =, for t € Sp(A)

If f is a continuous complex-valued functions on C(Sp(A), the element ®(f) of
C*(A) is denoted by f(A), and we call it the continuous functional calculus for a
bounded selfadjoint operator A.

If A is bounded selfadjoint operator and f is real valued continuous function on
Sp(A), then f(t) > 0 for any t € Sp(A) implies that f(A) > 0, i.e f(A) is a positive
operator on H. Moreover, if both f and g are real valued functions on Sp(A) such that
f(t) < g(t) for any t € Sp(A), then f(A) < f(B) in the operator order B(H).

A real valued continuous function f on an interval I is said to be operator convex
(operator concave ) if

S =XNA+AB) < (2)(1 = A)f(A) + Af(B)

in the operator order in B(H), for all A € [0,1] and for every bounded self-adjoint
operator A and B in B(H) whose spectra are contained in 1.

We denoted by B(H)™ the set of all positive operators in B(H).

G.H. Toader [2] defines the m-convexity, on intermediate between the usual convex-
ity and starshaped property.

Definition 2.1. [2] The function f : [a,b] — R is said to be m-convex, where m € [0, 1],
if for 2,y € [a,b] and t € [0,1] we have f(tz +m(1 —t)y) < tf(x) +m(l—1)f(y)

Denote by K,,(b) the set of the m-convex functions on [a,b] for which f(0) < 0.
Note that, for m = 1, we recapture the concept of convex functions defined on [a, b]
and for m = 0 we get the concept of starshaped functions on [a,b]. We recall that

f :[a,b] — R is starshaped if f(tx) < tf(z), for all t € [0,1] and z € [a, b].
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3 The Hermite-Hadamard Type Inequalities for Op-
erator m-convex Functions in Hilbert Space

3.1 Operator m-convex Functions in Hilbert Space

The following definition is firstly defined by Yeter Erdas

Definition 3.1. Let I be an interval in R and K be convex subset of B(H)". A
continuous function f : I C [0,00) — R is said to be operator m-convex on I for
operators in K if

FA+m(1 — t)A) < LF(A) +m(1 —t)f(A)

in the operator order in B(H)™T, for all m,t € [0,1] and for every positive operators A
and B in K whose spectra are contained in I.

Lemma 3.2. If f is operator m-convex on [0, 00) for operator in K, then f(A) is positive
for every A € K.

Proof. For A € K, we have
tA+m(l —t)A+ (1 —t)A+mtA
s = 1 j U
FEA+m(1 —t)A+ (1 —t)A + mtA)
F(A) +m(1 = ) F(A) + (1= D) F(A) + mif(A)
F(A) +mF(A) = mEf(A) + F(A) — LF(A) + mif(A)f(A)
F(A)m +1)
mf(A)
This implies that f(A)

Moslehian and Naj
follows:

Theorem 3.3. [3] Let A,B € B(H)". Then AB + BA is positive if and only if
f(A+ B) < f(A) + f(B) for all non-negative operator functions f on [0, c0).

I IA IA
~ o+

ININA

>0
afi [3] proved the following theorem for positive operators as

Dragomir in [4] has proved a Hermite-Hadamard type inequality for operator convex
function as following

Theorem 3.4. [4] Let f : I — R be an operator convex function on the interval I.
Then for all selfadjoint operators A and B with spectra in I we have the inequality

U= )al (5) o (57)
g/olf((l—t)AthB))dt

ALB) | HA 1B
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Let X be a vector space, x,y € X,z # y. Define the segment

[z,y] = (1 —t)z +ty;t € [0,1].

We consider the function f : [z,y] :— R and the associated function
9(,y): [0,1] = R

g(z,y)(t) == f((1 = t)z + ty), ¢ € [0,1].

Note that f is convex on [z,y] if and only if g(x,y) is convex on [0,1]. For any
convex function defined on a segment [z,y] € X, we have the Hermite-Hadamard
integral inequality

f(x_gy) S/0 f<<1_t)$+ty)dt§w

which can be derived from the classical Hermite-Hadamard inequality for the convex
g(z,y): [0,1] — R.

Lemma 3.5. Let f: I C [0,00) — R be a continuous function on the interval I. Then
for every two positive operators A, B € K C B(H)* with spectra in I the function f is
operator m-convex for operators in

[A,B] ={(1—-t)A+mtB:t € [0,1]}
if and only if the function ¢, 45 : [0, 1] — R defined by

@r,a8(t) = (f((1 —t)A+mtB)r,x)
is m-convex on [0, 1] for every € H with ||z|| = 1.

Proof. Let f be operator m-convex for operators in [A, B] then for any ¢;,t, € [0, 1]
and A,y > 0 with A +~v =1 we have

Ve aB(M1+7t2) = (f(1 — (M1 +7t2)A) + m(Aty + vt2)B)z, x)
= (f(AMA+~vA — XAty — yAty + mAt, B + mytaB)x, x)
= (fO\(1 = t1)A+mt,B] +[(1 — t2) A + mtyB))z, x)

< Appap(t)esans(ts)

showing that ¢, 4 p is a m-convex function on [0,1]. Let now ¢, 4 5 be m-convex
on [0,1], we show that f is operator convex for operators in [A, B]. For every C :=
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(1 —t;)A+ mt;B and D := (1 — t3) A 4+ mty B we have

(f(A=XNC+mAD)x,x) = (f((1=AN)[1—t)A+mtB]

+mA[(1 = ) A + mty B))z, )

= (f(A—t, A+ mt,B — MA+ Xy A —mA\, B
+mAA — mM A + m* Aty B)x, x)

— (A1 = ty) = ANA(L = t1) + mAA(1 — ty)
+mt, B +m*Aty B — mAt, B)z, x)

= (f(-M(1 —t)A+mtB) + A(l — t;)
+mity B+ mA(A(1 — ty) + mtyB))z, z)

= (ST =N = t)A+mt,B)
+mA((1 — ta) A + mtyB))z, z)

< (L=N(C)x, z) + mA(f(D)z, )

Theorem 3.6. Let f : I — R be an operator m-convex function on the interval
I C [0, 00) for operators in K C B(H)". Then for all positive operators A and B in K
with spectra in I we have the inequality

A+ B
2

oA )

IN

/0 [tf(A) +m(1 —1t)f(A) +tf(B) +m(l —t)f(B)|dt
< (m+1)(f(A)+ f(B))
Proof. For x € H with ||z|| =1 and t € [0, 1], we have

([tA4+m(1 —t)Blz,z) = t(Az,z) + m(1l — t)(Bzx,x) € I (2)
since (Az,z) € Sp(A) C I and (Bz,z) € Sp(B) C I, (2) imply that the operator-
valued integral fol f(tA + (1 —t)B)dt exists. Since f is operator m-convex, therefore
for t in [0,1] and A, B € K we have

ftA+m(1 = 1)B) < tf(A)+m(l—1)f(B) (3)
integrating both sides of (3) over [0, 1] we get the following inequality
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/O1 [f(tA+m(1 . t)B)}dt < /01 [tf(A) Fm(1— ) f(B)|dt

= f(A)+mf(B) - f(B)

A+ B

= J(A)+ (m = DB

)
B tA+m(l—-t)A+(1—-t)A+mtA+tB+m(l —t)B+ (1 —t)B+ mtB
N f( 2(m +1) )

HA+B)+m(l—t)(A+ B) + (1 —t)(A+ B) + mt(A+ B)
f 2 )

IN

IN

tf(A) +tf(B) +m(1 —1)f(A) +m(1 —1)f(B) + f(A) + f(B)

CLF(A) — tF(B) + mtf(A) + mtf(B)
_ (m+1)[f(A)+f(B)]/0 F(EA +m(1 — t)B)dt
_ /lf((l—t)A+mtB)dt

4 The Hermite-Hadamard Type Inequalites for Prod-
uct Two Operators m-convex Functions

Let f : I — R be operator m-convex and g : I — R operator m-convex function on the
interval I. Then for all positive operators A and B on a Hilbert space H with spectra
in I, we define real functions K (A)(z), L(A, B)(z), R(A, B)(z), S(B)(z), M (A, B)(x),
N(A,B)(x) on H by

K(A)(z) (f(A)z, x)(g(A)z, x)
L(A, B)(z) (f(A)x, x)(g(B)z,z)
R(A,B)(x) = (f(B)z,z)(g9(A)x, )
S(B)(x) = (f(B)x,z)(g(B)z,)
M(A, B)(x) = (f(A)z,x)(g(A)z, z) + (f(B)z, z)(g(B)z,z)
N(A,B)(x) = (f(A)z,x){g(B)x,x) + (f(B)z,z){g(A)z, ).

Theorem 4.1. Let f : I — R be operator mi-convex and g : I — R operator mo-
convex function on the interval I for operators in K C B(H)". Then for all positive
operators A and B in K with spectra in I, the inequality

/01 [(f(tA +mi(1—t)B)x,x){g(tA+ mo(1l —t)B)x,x)|dt
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< () (720 4 () - (e

Proof. For x € H with ||z|| =1 and ¢ € [0, 1] we have

([tA+m(1l —t)Blx,x) = t(Az,x) + m(1l — t)(Bx,x) € I (4)

since (Ax,z) € Sp(A) C I and (Bx,z) € Sp(B) C I. Continuity of f, g and (4) imply
that the operator valued integrals fol f(tA+my(1—1t)B)dt, fol g(tA+my(1—t)B)dt and
fol(fg)(tA +m(1 —t)B)dt exist. Since f, g are operator convex, therefore for ¢ € [0, 1]
and t € [0, 1] we have

(A +mi(1 =t)B)x,x) < t(f(A)x,x) +mi(1 = 1)(f(B)z, )

(gtA+my(1 —t)B)x,x) < Hg(A)z,z) +ma(1 —1){g(B)z, )

(CreA+mi(1 = 0By, )) ((gtA + ma(1 — t)B)a, )
< (f(A)z, 2)(g(A)z, 2) + tma(1 = )(f(A)z, 2){g(B)z, ) (5)
Hm (1 =)(f(B)z, z){g(A)z, x)

+mima(1 = 1)*(f(B)z, z)(9(B)z, )

Integrating both sides of (5) over [0, 1], we get the following inequality

/01 [(f(tA F (1 — ) B)a, ) (g(tA + ma(1 — t)B)z, @} dt <

K msL m1R> <m1m25>
(5)+ (57)+ (5 ;
Theorem 4.2. Let f : I — R be operator mi-convex and g : I — R operator ms-

convex function on the interval I for operators in K C B(H)*. Then for all positive
operators A and B in K with spectra in I, the inequality

(55 mate(5 )

[1 —mime My + Mo

: 2| M (A, B) ()N (4, B)(x)



Journal of New Theory 5 (2015) 92-100 99

Since f is operator m-convex and ¢ is operator ms-convex, for any ¢ € I and any
xr € H with ||z|| = 1 we observe that

IN

()

< ([Ef(A) +ma(1 =) f(A) + Lf(B) + ma(1 = 1) f(B)]z, )

o442y

< ([tg(A) +ma(1 = 1)g(A) + tg(B) + ma(l — t)g(B)lz, z)

((F57)m) (0557 )

2 (f(A)z,2)(g(A)z, x) + tma(1 — 1) (f(A)z, 2)(g(A)z, )

t(f(A)z,z)(g(B)z, z)
tm2<1 - t)(f(A)J],ZE)(g(B):L’, l‘>

tma(1 = t)(f(A)z,2)(g(A)z, 2) +mama(1 = 1)*(f(A)z, 2){g(A)z, )
tmy (1 = )(f(A)z, 2)(g(B)z,x) +mamy(1 — t)*(f(A)z, 2)(g(B)z, z)

t*(f(B)z,x)(g(A)z, x) + tma(1 — t)(f(B)z, x){g(A)z, x)
t2(f(B)a,x){g(B)z, ) + tma(1 — t)(f(B)z,z)(g(B)z, )
tma(1 = t)(f(B)z, 2){g(A)z, ) + mama(1 — t)*(f(B)z, 2){g(A)z, z)

tma(1 = t)(f(B)z, 2){g(B)z, z) + mima(1 — )*(f(B)z, z)(g(B)z,z)

Integrating both sides of (6) over [0, 1] we get the following inequality

and this finishes the proof.
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