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(A, n)-FUZZY IDEALS OF ORDERED I'-SEMIRINGS

Debabrata Mandal <dmandaljumath@gmail.com>

Department of Mathematics, Raja Peary Mohan College, Uttarpara, Hooghly-712258, India

Abstaract — The notions of (A, u)-fuzzy ideals, (A, p)-fuzzy k-ideals, (A, p)-fuzzy k-bi-ideals,
(A, p)-fuzzy k-quasi-ideals of an ordered I'-semirings are introduced and some related properties
are investigated. The concepts of k-regularity, k-intra-regularity are studied along with some of
their characterizations.

Keywords — Cartesian product, (X, u)-fuzzy ideal, homomorphism, k-intra-regular, k-regular, or-
dered T'-semiring.

1 Introduction

Uncertainties, which could be caused by information incompleteness, data random-
ness limitations of measuring instruments, etc., are pervasive in many complicated
problems in biology, engineering, economics, environment, medical science and so-
cial science. We cannot successfully use the classical methods for these problems.
To solve this, the concept of fuzzy sets was introduced by Zadeh [12] in 1965 where
each element have a degree of membership and has been extensively applied to many
scientific fields.

Semirings [3] which provide a common generalization of rings and distributive
lattices arise naturally in such diverse areas of mathematics as combinatorics, func-
tional analysis, graph theory, automata theory, mathematical modelling and parallel
computation systems etc.(for example, see [3], [4]). Semirings have also been proved
to be an important algebraic tool in theoretical computer science, see for instance [4],
for some detail and example. Many of the semirings have an order structure in ad-
dition to their algebraic structure and indeed the most interesting results concering
them make use of the interplay between these two structures.

Ideals of semirings play an important role in the structure theory of ordered semi-
rings and useful for many purposes. In this paper, like ordered semigroup [2, 5, 6, §],
it is an attempt to study how similar is the theory in terms of fuzzy for the case of or-
dered T'-semiring [10], a generalization of ordered semirings [9] , since nowadays fuzzy
research concerns standardization, axiomatization, extensions to lattice-valued fuzzy
sets, critical comparison of the different so-called soft computing models that have

* Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman (Editor-in-Chief).
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been launched during the past three decennia for the representation and processing
of incomplete information [7].

Here we first introduce (A, p)-fuzzy ideals of ordered I'-semirings. After that we
define intersection, cartesian product and composition of (A, u)-fuzzy ideals and use
these to study regular (resp. intra-regular) ordered I'-semirings.

2 Preliminaries

We recall the following definitions for subsequent use.

Definition 2.1. Let S and I' be two additive commutative semigroups with zero.
Then S is called a I-semiring if there exists a mapping S x I' x S — S ( (a,a,b) —
aab) satisfying the following conditions:

(i

(a + b)ac = aac + bac

(i) aa(b+ c¢) = aab+ aac

)

)

(ili) a(a+ B)b = aab+ afb
(iv) aa(bBc) = (aab)Be

(v) Osaa = 05 = aalg

(vi) aOpb = 05 = b0ra

where a,b,c € S, a, 3 € I', Og is the zero element of S and Or is the zero element of
I.
For simplification we write 0 instead of Og and Or.

Definition 2.2. A left ideal I of I'-semiring S is a nonempty subset of S satistying
the following conditions:

(i) Ifa,be I thena+bel
(ii) fae€ I, s € S and v € I" then sya € I
(iii) 7 #S.

A right ideal of S is defined in an analogous manner and an ideal of S is a nonempty
subset which is both a left ideal and a right ideal of S.

Definition 2.3. An ordered semiring is a I'-semiring S equipped with a partial order
< such that the operation is monotonic and constant 0 is the least element of S.

Definition 2.4. Let R, S be two ['-semirings and a,b € R, v € I'. A function
f: R — S is said to be a homomorphism if

(i) fla+b) = f(a)+ f(b)
(i) f(ayb) = f(a)vf (D)
(i) f(0g) = 0g where O and Og are the zeroes of R and S respectively.

Now we recall the definition and example of ordered ideal from [1]
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Definition 2.5. A left (resp. right ) ideal I of S is called a left (resp. right ) ordered
ideal, if for any a € S, b € I, a < bimplies a € I (i.e. (I|C I). I is called an ordered
ideal of S if it is both a left and a right ordered ideal of §.

Example 2.6. Let S = ([0, 1], V, -, 0) where [0,1] is the unit interval Vb = max{a, b}
and a-b=(a+b—1) VO for a,b € [0,1]. Then it is easy to verify that S equipped
with the usual ordering < is an ordered semiring and I = [0, 1] is an ordered ideal

'3
of S.

Definition 2.7. [12] Let S be a non-empty set. A mapping f : S — [0, 1] is called
a fuzzy subset of S.

Definition 2.8. The union and intersection of two fuzzy subsets f and o of a set S,
denoted by f U o and f N o respectively, are defined by

(fuo)(z) = f(z)Vo(x) forallz e S

(fno)(z) = f(x)ANo(x) forall z € S.

3 (A, p)-fuzzy ideals with some operations

Throughout this paper unless otherwise mentioned S denote the ordered I'-semiring
with identity 1, ys denote its characteristic function and we will always assume that
0<A<p<l

Definition 3.1. Let f and g be two fuzzy subsets of an ordered I'-semiring S. We
define two compositions of f and g as follows:

forglx) = VAN {f(wn), f(y2),9(21),9(22)}}

z+y1az; <y2 Bz
=0, if x cannot be expressed as x + y1az; < Y9529

where x,y1,¥y2, 21,20 € S and o, F € I

and

foag(x) = VIMA{[f(a:), [(e:), 9(bi),9(di) }}]

n n
o+ Z a;ab; < Z ciBid;
i=1 i=1

=0, if x cannot be expressed as above
where x, 2, a;, b;,¢;,d; € S and «y, 3; € T.

Definition 3.2. Let f be a non-empty fuzzy subset of an ordered I'-semiring S (i.e.
f(z) # 0 for some x € S). Then f is called a (A, u)-fuzzy left ideal [resp. (A, u)-fuzzy
right ideal] of S if

(i) fle+y) VA= f@)Afly) Ap
(il) flzyy) VA= f(y) Apfresp. flzyy) VA= f(z) Apl and

(i) z <y implies f(z) VA > f(y) A .
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for all z,y € S and vy € I.

A (A, p)-fuzzy ideal of an ordered I'-semiring S is a non-empty (\, p)-fuzzy subset of
S which is a (A, p)-fuzzy left ideal as well as a (A, u)-fuzzy right ideal of S.

Note that for (A, p)-fuzzy k-ideal the following additional relation must be holds:
For z,a,b € S withz+a <b= f(x) V> f(a) A f(b) A p.

Example 3.3. Let S = I' = {0, a, b} with the ordered relation 0 < b < a. Define
operations on S by following:

D|10]albd ®10]albd
010|albd 010|010
and
alalalb a|0|lala
b|b|b|b b |0|b]|b

Then (S, @, ®) forms an ordered semiring.
We now define a fuzzy subset p of S by p(0) =1, wu(b) = 0.2, and p(a) = 0.1, then
p will be a (0.5, 0.8)-fuzzy right ideal of S.

Theorem 3.4. Let S be an ordered I'-semiring and f be a (\, p)-fuzzy right (resp.
left) ideal of S. Then I, = {b € S|f(b) VA > f(a) A u} is a right (resp. left) ideal of
S for every a € S.

Proof. Let f be a (A, u)-fuzzy right ideal of S and a € S. Then I, # ¢ because a € I,
for every a € S. Let b,c€ I,,v€ ' and x € S. Since b,c € I,, f(b) VA > f(a) A u
and f(c) VA > f(a) A p. Now

fo+c)vV A > f)A fle)Ap . fisa (A p)-fuzzy right ideal]

> fla) A p

which implies b+ ¢ € 1,.
Also f(byz) VA > f(O) Ap> fla) Apie byx € 1,.
Let be I, and S 22 <b. Then f(x) VA > f(b)Apu> fla)ANp=x € I,
Thus 1, is a right ideal of S.
Similarly we can prove the result for left ideal also. m

Proposition 3.5. Intersection of a non-empty collection of (A, u)-fuzzy right (resp.
left) ideals is also a (A, p)-fuzzy right (resp. left) ideal of S.

Proof. Let {f; : i € I} be a non-empty family of (A, u)-fuzzy right ideals of S and
x,y€e S,yel.
Then

(DS +y) VA = Alfile+y) VAL 2 ALfi(@) A fily) Ak

= MAS), A )} A= (00)() A (0 F)(w) A

Again
(D fi)zry) VA= Afilayy) VAL 2 A file) A= (0 fi)(z) A p.

Suppose = < y. Then fi(x) VA > f;(y) Ap for all ¢ € I which implies (‘ﬁ]fi)(:c) V>
1€

(ﬂlfi)(y) A . Hence 'ﬂlfi is a (A, u)-fuzzy right ideal of S.

1€ 1€

Similarly we can prove the result for (A, p)-fuzzy left ideal also. O
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Proposition 3.6. Let f : R — S be a morphism of ordered I'-semirings i.e. I'-
semiring homomorphism satisfying additional condition a < b = f(a) < f(b). Then
if ¢ is a (), pu)-fuzzy left ideal of S, then f~'(¢) [11] is also a (A, p)-fuzzy left ideal
of R.

Proof. Let f: R — S be a morphism of ordered semirings.
Let ¢ be a (A, p)-fuzzy left ideal of S.

Now f~1(#)(0r) VA= ¢(0g) VA > ¢(x') # 0 for some 2’ € S.
Therefore f~1(¢) is non-empty.

Now, for any r,s € Rand vy € T’

FHAr+s) VA =o(f(r+s)VA=0(f(r) + f(s)) VA
> o(f(r) Ae(f(s) Ap=(f1@)(r) A (FTHD))(s) A .

Again

Also if r <'s, f(r) < f(s). Then

(FTHONE) VA= o(f(r) VA2 d(f(s) A= (fT1(9))(s) A pu.

Thus f~!(¢) is a (A, p)-fuzzy left ideal of R.
[

Definition 3.7. Let f and g be fuzzy subsets of X. The cartesian product of f and
g is defined by (f x g)(z,y) = f(x) A g(y) for all z,y € X.

Theorem 3.8. Let f and g be (A, u)-fuzzy left ideals of an ordered I'-semiring S.
Then f x g is a (A, p)-fuzzy left ideal of S x S.

Proof. Let (x1,22), (y1,y2) € S x S and v € I'. Then

fxg) (1 +y1,za +1y2) VA
f@i+y) Agloa+y2)) VA

f(xr+y1) VA) A (g(za +y2) VA)
;(wl)Af(yl)/\/Z

) (@1, 22) A

(f X @) (w1, 22) + (Y1,92)) V

AV | [

(g(z2) A g(y2) A 1)

(
(
(
( ) A

( X9y, y2) A p

and

>

AV ||

—
—~

X g)(z17y1, Tavy2) V A

(w17y1) A g(@27y2)) V A

(17y1) VA) A (g(m27y2) V A)

Y1) A g(y2) A= (f % g)(y1,y2) A .

(f x g)((z1, 22)v(y1,92)) V

oD

Also if (z1,22) < (y1,92), then

(f x @)@, 2z2) VA = (f(z1) Ag(m2)) VA= (f(z1) VA) A (g(22) V A)
(f(yr) A ) A(g(yz) A ) = flyr) Aglye) A p
(f x 9)(y1,y2) A .

|IAVARI

Therefore f x g is a (A, p)-fuzzy left ideal of S x S. [
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Theorem 3.9. Let f be a (A, u)-fuzzy subset in an ordered I'-semiring S. Then f
is a (A, p)-fuzzy left ideal of S if and only if f x f is a (A, u)-fuzzy left ideal of S x S.

Proof. Assume that f is a (A, p)-fuzzy left ideal of S. Then by Theorem 3.8, f x f
is a (A, p)-fuzzy left ideal of S x S.

Conversely, suppose that fx f is a (A, u)-fuzzy left ideal of Sx S. Let 1,9, 41,y2 € S
and v € I'. Then

(flzr+y) A flra+up)) VA = @1+ y1, 22+ y2) VA
(@1, 22) + (y1,92)) V A
iy

)@, m2) A (f X )y, y2) A p
fxa) Ap) AN (f(y) A f(y2) A ).

Now, putting z; = z, o =0, y; = y and y» = 0, in this inequality and noting that
f(0) > f(z) for all z € S, we obtain f(z+y) VA > f(z)A f(y) A
Next, we have

(f(z1yy) A f(w27y2)) V A

1

w

f)<I17y17$27y2> VA
(@1, 22)7(y1,92)) V A
W, y2) A p

Tly) A fy2) A p.

Taking 21 = x, y; = y and y, = 0, we obtain f(zyy) VA > f(y) A p

Also if (z1,22) < (y1,Y2), then (f(z1) A f(x2)) VA > f(y1) A f(y2) A . Now, putting
r1=x, T3 =0, y; =y and y, = 0, in this inequality we have f(x) V A > f(y) A
Hence f is a (A, p)-fuzzy left ideal of S. O]

Theorem 3.10. If fi, f; be any two (\, u)-fuzzy k-ideals of an ordered semiring S
then fiosfs is a (A, u)-fuzzy ideal of S.

Proof. Let f1, fo be any two (A, u)-fuzzy k-ideals of an ordered semiring S and
x, y€ Sandyel. Then

(fro2fo)(x + y) VA
A (a0, fo (b)), Fd)}} v A

r+y+ a;o;b; < C’L/S’L i

> MA@ films), fi(v), Algs), (@), fa(2a), f2(y2i), fa(yai) }3 VA

Tty+  T1iQ1i%2i+ y1za21y21< x3iB1iTai+ ymﬁzzyu

> M V{:A{fl 21i) f1(23:), fo(@2i), fo(wa) by VEM 1 (1) o1 (U30), f2(y2:), folyai) 1} A

710172, < 33316113541 Y+ y1io2iy2i< Y3iB2iY4i

(f102f2)( ) A (fro2f2)(y) A

Now assuming f;, f, are as ()\, p)-fuzzy right ideals we have

(froafo)(@yy) VA = V{ALf1(ai), b2 (bi), fi(ci), foldi) }} VA

yy+ a7y < cidid;

> VEMfi(zn), fi(zs),  fa(v2vy), folzavy) bV A

Tyy+ xlzazx2z"/y< x31/61x47,'7y

> \/{é{ﬁ 21:) S 1(30), fo(22i), f2(@ai) }} A

x11a1x21< x31ﬂ1x41

(f102f2)( ) A

Similarly, assuming f1, fy are as (\, p)-fuzzy left k-ideals we can show that (102 f2)(xyy) >
(fr0212)(y)-



Journal of New Theory 10 (2016) 1-11 7

Now suppose x < y. Then fi(z) VA > fi(y) A pand fo(x) V> foly) A p.
(froafo)(x) VA = V{.é{fl 210) f1(230), fo(2:), fo@ai) }} VA

$11a1$21< 3 3iT4i

> v{@,{fl i), f1{ysi), fo yylg,) Ja(yay } Y A

T+ Y1i71iY2i <y+ y11721y27, Y3iY3iY4i

= VIM i) of1(y31), fo(Y2i)s fo(yan 3} A

Y+ Y17y < Y3iY3iY4i

= (f102f2)(y) A
Hence fiosfs is a (A, p)-fuzzy ideal of S. O

4 (A, p)-fuzzy ideals of regular ordered I'-semiring

Definition 4.1. A fuzzy subset f of an ordered semiring S is called (A, p)-fuzzy
bi-ideal if for all z,y € S and o, 3 € I' we have

(i) flz+y) VA= f(z)A fly) A
(il) flzay) VA= f(z) A fly) A
(iti) f(zrayBz) VA= f(z) A f(2) A
(iv) <y = fl@) VA= fly) A

Definition 4.2. A (A, u)-fuzzy subset f of an ordered I'-semiring S is called (A, p)-
fuzzy quasi-ideal if for all x,y € S we have

(1) flz+y) VA= flz)A fly) A
(ii) ((foaxs) N (xso2f)) (@) Ap < flz) VA
(iii) » <y = fx) VA= fly) A

Proposition 4.3. Intersection of a non-empty collection of (A, pu)-fuzzy bi-ideals of
S is also a (A, u)-fuzzy bi-ideal of S.

Proof. The proof follows by routine verifications. O
Proposition 4.4. Let {f; : i € I} be a family of bi-ideals of S such that f; C f; or
f; € fifori,j € I. Then .Ujfi is a (A, p)-fuzzy bi-ideal of S.

1€
Proof. Straightforward. O

Lemma 4.5. In an ordered I'-semiring every (A, p)-fuzzy quasi ideals are (A, pu)-fuzzy
bi-ideals.

Proof. Let f be a (A, pu)-fuzzy quasi ideal of S. It is sufficient to prove that f(zayBz)V
A> fe)ANf(z)Apforall z, y, z€ S and o, €T Since f is a (A, u)-fuzzy quasi
ideal of S, we have

flzayBz) VA > ((foaxs) N (xsoap))(zayBz) A
= {(foaxs)(zayBz) A (xsoaf)(zayBz)} A p
=N V(f(az)Af(cz)) : (f( i) A f(d )) FAp

zaylBz+ Z az%b < Z CZ(S d raylBz+ Z CLz’}/Zb < Z 01(5 d

FO)A f() f() I ))Au(smcemyﬁHOvOJrO—myﬁz+0)
f@) A f(z) A

v
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Similarly, we can show that f(xay)V A > f(x) A f(y) A p for all z,y € S and
acl. L

Definition 4.6. An ordered I'-semiring S' is said to be k-regular if for each z € S,
there exist a,b € S and «, 3,7, € I such that x + zaafxr < xybix.

Definition 4.7. An ordered F—semiring S is said to be k-intra-regular if for each
x € S, there exist z,ai,a; bz,bZ 6 S, aqg, oy, iy By Poiy Pa € Ty i € N the set of
n

’ !
natural numbers, such that x + E ;0T TOgia,; < g bi 31ixB2i35:b;.
i=1 i=1

Theorem 4.8. Let S be a k-regular ordered semiring and x € S. Then
(1) f(z) Ap < (foaxsoaf)(x)V A for every (A, p)-fuzzy k-bi-ideal f of S.
(i) f(z) Ap < (foaxsoaf)(x)V A for every (A, p)-fuzzy k-quasi-ideal f of S.

Proof. Let S be a k-regular ordered semiring and x be any element of S. Suppose
f be any (A, p)-fuzzy k-bi-ideal of S. Since S is k-regular there exist a,b € S and
a, 3,7, € I" such that z + xaafr < zybdxr. Now

(foaxsoaf)(z) VA
= \/(/\{(fOQXS)(ai)v (fOQXS)(Ci)af<bi)a J(di)}) VA

T+ Z &z&zb < Z 01/87, %

> /\{(fOsz)(ma) (f02XS)($75)7 f@)} Ap
=AM VIM(f@) fea))d) s VIM(fa) fe)}) L fa) A

a:aa—i-zal()éhb < Zczﬁlzd I’Yb+zaz@2zb < 201622 i
> Mf(z ), ( ), [z )}/\H

(since zaa + raafraa < xybdraa and xyb + xaafryb < zybdxyb)
= f(z) A
This implies that f(x) A u < (foaxsoaf)(x) V A
(1) = (i) is straight forward from Lemma 4.5. O
Theorem 4.9. Let S be a k-regular ordered semiring and x € S. Then

(i) (fNng)(x)Ap < (foagoaf)(x)V A for every (A, u)-fuzzy k-bi-ideal f and every
(A, p)-fuzzy k-ideal g of S.

(i) (fNg)(x) Ap < (foagoaf)(x) VvV X for every (A, p)-fuzzy k-quasi-ideal f and
every (A, p)-fuzzy k-ideal g of S.

Proof. Assume that S is a k-regular ordered semiring. Let f and g be any (A, u)-fuzzy
k-bi-ideal and (A, pu)-fuzzy k-ideal of S, respectively and = be any element of S. Since
S is k-regular, there exist a,b € S and «, 3,7,d € I' such that = + zaafx < xybdx.
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Then

(foagoaf)(x) VA
= v(/\{(f029)7(1ai), (f029)(c7il)» fbi), f(di)}) vV A

T+ Z a;ob; < Z ciBid;

> A{(fosg)(waa), (fosg)(e9b), F(2)} A s
= ADVIATC (@), 60, 9080, o)D), VM @), £ 900, 9. S(@)} A

xanrZCLOéb <ZCZ@ i x'yb+z z/yzb <ZCZ5d

> AMAF(x), (aﬁma) (b5ma)} N (), (aﬂmb) (b&wb)} f@)} A p

(since xaa + raafraa < xybdraa and xyb + xaafryb < zybdxyb)

> f(x) Ag(x) A= (fOg)(a) A p.
(i)=-(ii) is straight forward from Lemma 4.5. O

Theorem 4.10. Let S is both k-regular and k-intra-regular an ordered semiring and
x € 5. Then

(i) f(x) A= (foof)(x)V A for every (A, u)-fuzzy k-bi-ideal f of S
(i) f(x) Ap=(foof)(z)V A for every (A, u)-fuzzy k-quasi-ideal f of S.

Proof. Suppose S is both k-regular and k-intra-regular ordered semiring. Let z € S
and f be any fuzzy k-bi-ideal of S. Since S is both k-regular and k-intra-regular
there exist a;, b;,c;,d; € S, auy, o, 34, s, s, By Bois B34, Baiy Bsi € T', 1 € N such

that z + Z$a1iaia2ixa3ixa4ibia5ix S Zl’ﬁlicz‘ﬁgil‘ﬁgil‘ﬁ4idiﬁ5il’. Therefore

=1 =1

(forf)(@) VA = \/[/Z.\{/\{f(az’)a flei), f(bi), f(di)}}] VA
o+ zn: a;cb; < z": ci3id;

i=1 i=1
> /Z,\[/\{f(lf@h;aiazi%% frawbasz), f(xf1icifur), f(xBudifsix)} A 1
z+ Z L0000 T3 T bias;x < Z 2 31iCi B2 B30 Baid; Bsiw
i=1 i=1
> f@) A p.

Now (foof)(x) VA < (foaxs)(z) A < f(z) A p. Hence f(z) Ap = (forf)(x) VA
for every (A, p)-fuzzy k-bi-ideal f of S.
(1) = (i) is straightforward from the Lemma 4.5. O

Theorem 4.11. Let S is both k-regular and k-intra-regular ordered semiring and
x € S. Then

(1) (fNg)(@) Ap<(foag)(x)V A for all (A, u)-fuzzy k-bi-ideals f and g of S.

(i) (fNg)(x) Ap < (foag)(x)V A for every (A, u)-fuzzy k-bi-ideals f and every
(A, p)-fuzzy k-quasi-ideal g of S.
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(iii) (fNg)(z)Ap < (foag)(z)V A for every (A, u)-fuzzy k-quasi-ideals f and every
(A, p)-fuzzy k-bi-ideal g of S.

(iv) (fNg)(z) Ap < (foag)(x)V A for all (A, u)-fuzzy k-quasi-ideals f and g of S.

Proof. Assume that S is both k-regular and k-intra-regular ordered semiring. Let
x € S and f, g be any (A, u)-fuzzy k-bi-ideals of S. Since S is both k-regular and
k-intra-regular there exist a;, b;, c;, d; € S, auy, ai, aziy Ay, 54, Briy Baiy B3iy Puais Psi €

F, i € N such that = + Zxaliaiagixagixa4ibia5ix S Zxﬁuciﬂgixﬂgix@idiﬁg)ix.
=1 =1
Therefore

(foag)(z) V A
= \/[/Z.\{/\{f(ai% f(ci)yg(bi),g(di) } ]V A

ot Z a;cb; < Z ciBid;
=1 =1
> /i\[/\{f(xauaia%x), g(xaubiasx), f(xf1iciBeur), g(xfuidiBsir}] A p
> f(x) Ng(x) Ap=(fNg)(z) A p.

(i) = (i1) = (w) and (i) = (i7i) = (iv) are obvious from Lemma 4.5. O

5 Conclusion

In this paper, the concept of (A, u)-fuzzy ideals and k-ideals of an ordered I'-semiring
is introduced and studied along with some operation on them and some of their char-
acterizations are obtained. Actually the main aim of studying the concept of (A, u)-
fuzzy set is to restrict ourself to the interval (A, u) with 0 < A < p < 1. The case
for which A = 0 and p = 1, the results will coincide with the fuzzy ideals of ordered
['-semiring. We can similarly obtain the parallel results for fuzzy h-ideal also. The fu-
ture work may be focused on prime(semiprime) fuzzy ideal, prime(semiprime) fuzzy
h-ideal, fuzzy h-bi(quasi, interior)-ideal, prime(semiprime)fuzzy h-bi(quasi, interior)-
ideal etc..
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Abstract — In this paper, we obtain a unique common fixed point theorem for six weakly compatible
mappings in G-fuzzy metric spaces.

Keywords — G-metric Spaces, compatible mappings, G-fuzzy metric spaces

1 Introduction

Mustafa and Sims [3] introduced a G-metric space and obtained some fixed point theorems
in it. Some interesting references in G-metric spaces are [2-6,8]. We have generalized the
result of Rao et al. [7]. Before giving our main results, we obtain a unique common fixed
point theorem for six weakly compatible mappings in G-fuzzy metric spaces.

Definition 1.1 Let X be a nonempty set and let G X x X x X — [0,00) be a function
satisfying the following properties

(G1) G(x,y,2) =0ifx=y =1z,

(G2) 0 < G(x, x,y) forall x,y eXwith x # vy,

(G3) G(x, x,y) <G(x,y, z) forall x,y, ze Xwithy # z,

(G4) G(x,Y,2) =G(X, z,y) =G(y, z,x) = - - -, symmetry in all three variables,
(G5) G(x,y,2) <G(x,a,a)+G(a,y, z)forall x,y,z,a €X.

**Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman (Editor-in-Chief).
“Corresponding Author.
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Then, the function G is called a generalized metric or a G-metric on X and the pair (X, G) is
called a G-metric space.

Definition 1.2  The G-metric space (X, G) is called symmetric if G(x, X, y) = G(X, VY, Y)
forall x,y € X.

Definition 1.3 A 3-tuple (X, G, *) is called a G- fuzzy metric space if X is an arbitrary
nonempty set, * is a continuous t-norm, and G is a fuzzy set on X x (0, ) satisfying the
following conditions for each t, s >0

(1) G(x, x,y,t)>0forall x,y e Xwithx #Yy,

i) G(x, x, y, 1) = G(x,y, z, t) forall x,y,z€ Xwithy # z,

(i) G(x, y,z,t)=1ifandonlyifx =y =z,

(iv) G(X,y, z,t) = G(p(X, ¥, 2), t), where p is a permutation function,
(V) G(x,y,z,t+s)>G(a,y,z,t) *G(x,aa5s) forall x,y,z,a€ X,
(vi) G(x, Y, z, *) (0,0) — [0, 1] is continuous.

Definition 1.4 A G- fuzzy metric space (X,G,*) is said to be symmetric if
G, X, Yy, 1) =G(X, ¥, Y, 1)
for all x, y € X and for each t > 0.

Example 1.5 Let X be a nonempty set and let G be a G- fuzzy metric on X. Denote
a*b=ab for all a, b € [0, 1]. Foreacht>0,

_ t
Gx.y.z.9= t+G(x,y,zt)

is a G- fuzzy metric on X. Let (X, G,*) be a G - fuzzy metric space. For t>0,0<r<1,
and x € X, the set

Bo(x,r,t)={ye X G(x,y,y,t) >1—r}
is called an open ball with center x and radius r. A subset A of X is called an open set if for
each x € X, there existt >0 and 0 <r <1 such that Bg(x, r, t) € A. A sequence {Xn} in G-
fuzzy metric space X is said to be G- convergent to x € X if G(Xp, Xn, X,t) > 1asn— oo
or each t > 0. It is called a G- Cauchy sequence if G(Xn, Xn, Xm, ) — 1 as n, m — oo for
each t > 0. X is called G- complete if every G- Cauchy sequence in X is G- convergent in
X.

Lemmal.6 Let (X, G,*) be a G- fuzzy metric space. Then, G(X, v, z, t) is nondecreasing
with respect to t for all x,y, z € X.

Lemma 1.7 Let (X, G, *) be a G- fuzzy metric space. If there exists k € (0, 1) such that
min {G(X, Y, z, kt), G(u, v,w, kt)} > min {G (X, y, z, t), G(u, v,w, t)} 1)

forall x,y,z,u,v,we Xandt >0,thenx=y=zand u=v=w.
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2 Main Result

Let @ denote the set of all continuous non decreasing functions ¢ [0,00) — [0,0) such that
¢ "(t) — 0 as n — oo for all t > 0. It is clear that ¢(t) <t forall t>0and ¢ (0) = 0.

Theorem 2.1 Let (X, G, *) be a G- fuzzy metric space and S, T, R, f, g, h X — X be
satisfying

(i) S(X) € g(X), T(X) < h(X) and R(X) < f(X),
(i) One of f(X), g(X) and h(X) is a complete subspace of X,
(ili))  The pairs (S, ), (T, g) and (R, h) are weakly compatible, and
G(fx, gy, hz,t)
(iv)  G(Sx Ty,Rzt) > ¢ | min % [G(fx, Sx, Ty, t) + G(gy, Ty, Rz, t) + G(hz, Rz, Sx, t)],
i[G(fx, Ty, hz,t) + G(Sx, gy, hz,t) + G(fx, gy, Rz, t)]

forall x,y, z € X, where ¢ € ©.

Then either one of the pairs (S, f), (T, g), and (R, h) has a coincidence point or the maps
S, T, R, f, gand h have a unique common fixed point in X.

Proof: Choose XxpeX. By (i), there exist X1, Xz, X3, € X such that Sxo = gxi = Yo,
Tx;=hx,=y; and Rx; = fx3 = y,. Inductively, there exist sequences {xn} and {yn} in X such
that Yan = SX3n = 0X3n+1, Y3n+1 = TX3n+1 = hX3n+2 and Y3n+2 = RX3n+2 = fX3n+3, where n = 0,1,...

If yan = Yan+1 then Xsn41 IS @ coincidence point of g and T.
If Yan+1 = Yans+2 then Xan is a coincidence point of h and R.
If Yan+2 = Yan+3 then Xsn.3 IS @ coincidence point of fand S.

Now assume that y, # yn+1 for all n. Denote d,, = G(Yn, Yn+1, Yn+2, ). Putting X = X3n, Y=Xan+1,
Z = Xan+2 IN (iV), we get

dan = G(Yan, Yan+1, Yans2, t)

= G(SXan, TXan+1, RXan+2, 1)
1
/ G(fXBn' 8X3n+1, hX3n+2' t) ) g [G(an' SX3nI TX3n+1J t) + }\

G(gX3n+1, TX3n+1, RX3p42,0) + G(hX3n+2’ RX3n42,SX3n, t)]
1

4

> ¢ | min
[G(fX3n, TX3n41, hX3n42,t) + G(SX3p, 8X3n+1, hX3n42, 1)
+ G(fX3p, 8X3n+1, RX3n42, D]
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1
/ { G(Y3n-1,Y3n, Yan+1,t) '3 [G(Y3n-1,Y3n Yan+1, 1) +)

> ¢ min! IG(st:Y3n+1’Y3n+2’t) + G(fyan+1, Yan+2, Yan D1, |
LZ [G(fy3n-1,¥Y3n+1, Y3n+1, ) + G(Y3n:Y3n'Y3n+1't)J/
+G(Y3n-1,Y3n Yan+2, D]

1
_ d3n-1,3 [d3n—1 + d3q + d3n],
> ¢ | min

)

1
" [d3n—1 +d3n + (d3p—1 + d3y)]

If d3n < dan1 then from (1), we have d3, > ¢ (ds,) > dsn. It is a contradiction. Hence

d3p>d3n-1. Now from (1), ds, > ¢ (dsn-1). Similarly, by putting X = Xan+3, Y = Xan+1, Z = Xan+2
and X = Xan+3, Y = Xan+4, Z = Xan+2 1N (iV), We get

d3n+1> ¢ (d3n) and (3)

d?:n+2 > (I) (d3n+1) (4)

Thus from (1), (2) and (3), we have

G(Yn, yn+11 yn+23 t) 2 (I) gG (yn-l, yn, Yn+1, t))
2 (I) (G (yn-2, Yn-L ym t))

> 6" (G (Yo, Y, y2r ) (5)

we have G (Yn, Yn, Yn+1, £) = G (Yn, Yn+1, Yoe2s £) > & (G (Yo, Y1, Y2, 1)). Now form >n, we
have

G (ym yn, ym, t) 2 G (Yn, ym yn+l1 t) + G (Yn++111 Yn+1, yn+2: t) + e + G (Ym—lalym—ly ym, t)
=" (G (Yo, Y1, Y2, 1)) + & (G (Yo, Y1, Y2, ) + .. + & (G (Yo, Vi, Y2, 1))

— lasn— oo,

Since ¢ "(t) — 1 as n — oo for all t > 0. Hence {y,} is G- Cauchy. Suppose f(X) is G-
complete. Then there exist p, t € X such that ys,+.o — p = ft. Since {yn} is G- Cauchy, it
follows that y3, — p and y3p+1 — p asn — .

G (St, TX3n+1, RX3n+2, 1)
GUft, gX3n, hXanaz,t) 2 [GCFE St Txgneq, ) +
G(gX3n+1, TX3n41, RX3n42, 1) + G(hx3542, RX3042, St D],
i G(ft, TX3n11, hX3n42,t) + G(St, gX3n41, hX3p42, 1)
\ +G(ft, gXans1, Riznaz, )]

> ¢ | min

Letting n — oo, we get
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§[G(p, St,p,t) + 1+ G(p, p, St, V)]

G(Sp, p, p,t) = ¢ | min
~[1+G(Stp,p,t) + 1)]

G(St, p, p, t) > & (G(St, p, p, t), since ¢ is non decreasing. Hence St = p. Thus p =ft = St.
Since the pair (S, f) is weakly compatible, we have fp = Sp. Putting X = p, ¥ = Xan+1, Z=X3n+2
in (iv), we get

G (Sp, TXan+1, RXans2, 1)
1
( G(fp, gX3n+1, hX3ns2, 1), 3 [G(fp, Sp, TX3p4+1, 1) + ]
> ¢ | min { Gggx3n+1; Tx3n+1, RX3n42,t) + G(hX3p42, RX3n42, Sp, )], }
\ Y [G(fp, TX3n+1, hX3pn42,t) + G(SP, 8X3n+1, hX3n42, 1) /
k +G(fp, 8X3n+1, RX3n42, D] J

Letting n — oo, we have

G(Sp, p, p, 1), 3 [G(Sp, Sp, p, ©) + 0 + G(p, p, Sp, D],

G(Sp,p,p,t) = ¢ | min
~[G(Sp, p,p, t) + G(Sp, p, P, t) + G(Sp, P, p, V)]

Since G(Sp, Sp, p, t) > 2G(Sp, p, p, t), we have G(Sp, p, p, t) > ¢(G(Sp, p, p, t)). Thus
Sp = p. Hence

fp=Sp=p. (6)

Since p = Sp € g(X), there exists v e X such that p = gv. Putting X =p, Yy =V, Z = Xps2 IN
(iv), we get
([ G(fp,gv,hx3p40,1),= [G(fp, Sp, Tv,t) +

)
G(Sp Tv RXn+2 t) > (I) min G(gV Tv, RX3n+2’t) + G(hX3n+2' RX3n+2,Sp, t)
k [G(fp, Tv, hX3p+2,0) + G(Sp, 8V, hX3p42, 1) )

+G(fp, gv, Rx3p+2, )]
Letting n — oo, we deduce that
L%[G(p, p,Tv,t) + G(p, Tv, p,t) + 1],

i[G(p, Tv,p,t) + 1+ 1]
> (G(p, Tv, p, 1)),

since ¢ is non decreasing. Thus Tv = p, so that p = Tv = gv. Since the pair (T, g) is weakly
compatible, we have Tp = gp.

G(p, Tv, p, ) = ¢ | min



Journal of New Theory 10 (2016) 12-18 17

G(fp, gp, Mans2, 0,5 (G, Sp. Tp, O + )

G(gp, Tp, Rxan+2,t) + G(hX3n42, RX3n42,Sp, )], \

+ [Gfp, Tp, hxan 42, ©) + G(SP, P, hXany2, ©) /
+G(fp, gp, RX3n 42, D]

G(Sp, Tp, RXsns+2, t) > ¢ | min

Letting n — oo, we have

1
G(p, Tp, p, ), 5 [G(p, p, Tp, V) + G(Tp, Tp, p) + 1],

G(p, Tp, p, ) 2 | minq
2 1G(p, Tp, p,t) + G(p, Tp, p, t) + G(p, Tp, p, D)]

Since G(Tp, Tp, p, t) = 2G(Tp, p, p, t), we have ,G(p, Tp, p, t) = & (G(p, Tp, p, ). Thus
Tp = p. Hence

gp=Tp=p. (7)

Since p = Tp € h(X), there exists w € X such that p =hw. Puttingx=p,y=p,z=win
(iv), we get

/ ( G(fp, gp, hw, t), ~[G(fp, Sp, Tp,©) + )
G(Sp. Tp. Rw. ) > & | minJ G(gp, Tp, Rw, t) + G(hw, Rw, Sp, 1)],
\ | -[G(fp, Tp, hw, t) + G(Sp, gp, hw, t) | /
+G(fp, gp, Rw, t)]

1’ l [1 + G(p’ p’ RW’ t) + G(p' RW' p; t)]l
G(p,p,Rw,t) >¢| ming * > ¢ (G(p, p, Rw, 1)),
- [1+1+G(p,p,Rw, D]

since ¢ is non decreasing. Thus Rw = p, so that p = hw = Rw. Since the pair (R, h) is
weakly compatible, we have Rp = hp. Putting x =p, y =p, z =p in (iv), we get,
( Gfp,gp,Rp, )% \\

|k [G(p, p,Rp,t) + G(p,p,Rp, t) |

+G(p,p,Rp, t)]

1
4

Since G(Rp, Rp, p, t) > 2G(p, p, Rp, t), we have

G(p, p, Rp, 1) = ¢(G(p, p, Rp, 1)). (8)

Thus Rp = p, so that Rp = hp = p. From (6), (7) and (8), it follows that p is a common
fixed point of S, T, R, f,g and h. Uniqueness of common fixed point follows easily from
(iv). Similarly, we can prove the theorem when g(X) or h(X) is a complete subspace of X.
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Corollary 2.2 Let (X, G, *) be a G -fuzzy metric spaceand S, T, R, f, g, h, X — X be
satisfying

(i) S(X) € g(X), T(X) and R(X) < f(X),

(i)  Oneof f(X), g(X) and h(X) is a complete subspace of X,

(iii)  The pairs (S, f) ,(T, g) and (R, h) ate weakly compatible and

(iv)  G(Sx, Ty, Rz, t) > ¢ (G(fX, gy, hz, 1)) for all X, y, z € X, where ¢ € ©.

Then the maps S, T, R, f, g and h have a unique fixed point in X.

Corollary 2.3 Let(X, G, *) be a complete G - fuzzy metrics spaceand S, T, R X — X be
satisfying G(Sx, Ty, Rz, t) > ¢ (G(X, v, z, t)) for all x, y, z € X, where ¢ € ®. Then the
maps S, T and R have a unique common fixed point, p e X and S, T and R are G-continuous
at p.

Proof: There exists p € X such that p is the unique common fixed point of S, Tand R as in
Theorem 2.1. Let {y,} be any sequence in X which G —converges to p. Then

G(Synv Sp! Sp, t) = G(Sym Tpa Rp» t) < q) (G(yn: p, P, t)) — 1 as n — oo.

Hence S is G - continuous at p. Similarly, we can show that T and R are also G-continuous
at p.
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Abstaract — We introduce the class of (k, h)-convex stochastic processes and we generalize re-
sults given for (k, h)-convex functions in [10] and h-convex stochastic process in [1], among them,
Hermite-Hadamard and Fejér-type inequalities.

Keywords — (k, h)-convex stochastic processes, h—convex stochastic processes, converse Jensen-
type inequality, Fejér-type inequality, Hermite-Hadamard-type inequality.

1 Introduction

In 1980, Nikodem [11] stated the line of investigation on stochastic convexity and
later, several types of convex stochastic processes have been studied [1, 2, 4, 5, 6, 7,
8, 11, 12, 14] based in the classical convex notions for functions.

Micherda and Rajba, introduced in [10] the family of (k, h)—convex functions as
the solutions of the functional inequality

f(E(t)z + k(1 = t)y) <h(t)f(z) +h(1 —1)f(y),

where k,h : (0,1) — R are given. The notion of (k, h)-convexity generalizes s-Orlicz
convexity [3], subaditivity [9] and h-convexity [13].

In this paper, we introduce the notion of (k,h)-convex stochastic processes as
a counterpart of the (k,h)-convex functions and a generalization of h-convex sto-
chastic processes defined in [1]. Also, we prove properties of (k, h)-convex stochastic
processes, among them, Hermite-Hadamard and Fejér-type inequalities.

Now, we would like to recall the context where the stochastic convexity is studied.

Let (2, A,P) be a probability space. A function X : Q2 — R is a random variable
if it is A-measurable. A function X : I x Q — R, where I C R is an interval, is a
stochastic process if for every t € I the function X (¢,-) is a random variable.

** Edited by Kazimierz Nikodem and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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If h:(0,1) — R is a non-negative function, h # 0, a stochastic process X :
I x Q — R is h-convez, if for every t1,t, € I and A € (0,1), the following inequality
holds

XAty + (1 = Nta,-) < h(N)X(t1,-) + (1 =N X(t2,-), (a.e.).

When h is equal to the identity function, X is said to be convex, and additionally, if
A= % then X is Jensen-conver.

Some examples and properties related with convex, Jensen-convex and h-convex
stochastic processes can be readed in [1, 2, 8, 11, 14].

Now, for calculation, we need to introduce additional definitions:

Let X : I x Q — R be a stochastic process such that E[X (#)]* < oo for all t € I,
where E[X (#)]* < oo denotes the expectation value of X (¢, -). The stochastic process
X is

1. continuous in probability in the interval I, if for all ¢ty € I, we have

P — hm X(t, ) = X(to, '),

t—to

where P — lim denotes the limit in probability.

2. mean-square continuous in the interval I, if for all ty € I

lim E[(X(t) — X (t))?] = 0.

t—to

Is important to note that mean-square continuity implies continuity in probabil-
ity, but the converse implication is not true.

We say that the stochastic process X is mean-square integrable in |a,b] C I, if
there exists a random variable Y such that for all normal sequence of partions of the
interval [a,b], a =ty < t; < ... <t, =b, holds

2

Iim E =0.

ixwk) (e —te1) — Y

k=1

The random variable Y : 2 — R is the mean-square integral of the process X on
[a,b] and we can also write

b
Y(-):/ X(s,)ds, (a.e).

Definition and properties of mean-square integral can be readed in [15].

2 (k,h)-convex Stochastic Processes

In order to extend the definition of h-convexity for stochastic processes, we introduce
the notion of (k, h) stochastic convexity.

Given a function & : (0,1) — R, aset D C R is k-convez if k(A\)t;+k(1—N)ty € D
for all ¢1, to € D and t € (0,1).

In [10], k-convex sets were defined in real linear spaces and some examples for
chosen functions k are given.
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Definition 2.1. Let k, h: (0,1) — R be two given functions and D C R a k-convex
set. A stochastic process X : D x Q — R is (k, h)-convex if, for all 1, t, € D and
A e (0,1),

X(E(N)tr + k(1 — Ntg,-) < h(N)X(t1, ) + h(1 — N) X (2, ) (a.e.). (1)
If in (1) the equality holds, the stochastic process X is called (k, h)-affine.

This definition coincides in many important cases with other ones previously
introduced, some of which are listed bellow.

Example 2.2. 1. For k()\) = A, the notion of (k, h)-convexity matches with the
h-convexity one given in [1] (without the additional assumption of non negativity).

2. For k(X)) = h(\) = 1, the class of (k, h)-convex stochastic processes consists in
all stochastic process which are subadditive.

3. If k(A\) = h(N\) = 1/2 for all A, then (1) gives the family of Jensen-convex
stochastic processes.

4. Let k be defined by the formula

2\, A< 1/2
k(A) =
0, A>1/2
Then X is a (k, k)-convex stochastic process if and only if it is starshaped, i.e.,
X(Mt,-) < AX(t,-) almost everywhere, for all A € (0,1) and ¢ € D. In fact, fix
t1, to € D and choose A € (0,1). Then, assuming that X is a (k, k)-convex stochastic
process, we get

X(At,-):X(k(%)HkO—%)t,-) SAX(t,-),

A A
X0,V =X k(= |t+k|=]|t,-)=
0= (5(3) ek (3) ) -
almost everywhere.

On the other hand, if X is starshaped, for anyone t,t3 € D, A € (0, 1) we obtain

and

X(2Mt1, ) < 22X (1, ), A€ (0,1/2),

X\t + k(1= N, ) = X(0,-) <0, A=1/2,

X((2=20)t,) € (2 - 20X (62 ), A€ (1/21).
Hence, (1) is satisfied for all t € D and A € (0, 1).

Hereinafter, we keep the notation used in the definition (2.1) for D,k and h.

3 Properties of (k, h)-convex Stochastic Processes

Many of the well-known properties of convex stochastic processes are satisfied by
(k, h)-convex stochastic processes too. In the following propositions we present some
basic properties for (k, h)-convex stochastic processes.
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Proposition 3.1. If X, Y : D x Q — R be a (k, h)-convex stochastic processes and
¢ >0, then X +Y and cX are also (k, h)-convex stochastic processes.

Proof. Let be ty, to € D, A € (0,1) and ¢ > 0. Then,

(X + )k + k(1= Nta,-)
= X\t + k(1 = Mo, ) + Y (ANt + k(1 — Nia, )
< BO)NX +Y) () +h(1 =N (X +Y)(Es, ), (ae).

Also,
(X (E(Nty + k(1 — Nta, ) c[h(N) X (t1,-) + h(1 — N) X (ts, )]

<
< R(EX)(t, ) + h(L = N)(eX) (), (ace).

Proposition 3.2. Let k, hy, hy : (0,1) — R be non negative functions and X, Y :
D x Q) — R non-negative stochastic processes such that:

(X(t1,) = X(t2,))(Y(t1,-) = Y(ta,-)) 20, (2)

for all t1, to € D. If X is (k, hy)-convex, Y is (k, hy)-convex and h(\) +h(1 =) < ¢
for all A € (0,1), where A(A) = max{hi(A), ha(N)} and c is a fixed positive number,
then the product XY is a (k, ch)-convex stochastic process.

Proof. Fix t;,ts € D and A\, § € (0,1) such that A + 3 = 1. First, note that if
(X (t1,) — X(t2,*)(Y(t1,-) — Y(t2,-)) > 0 holds almost everywhere, then:

X(tl, )Y(t27 ) + Y(tl, )X(tz, ) S X(tl, )Y(tl, ) + Y(t27 )X(tQ, '), ((1.6).

Hence,

(XY) (BNt + k(1= Mtz )) < (M(A)X(t1, ) + h(1 = X)X (22, )
(RA)Y (t1, ) + h(1 = )Y (2, )
< (h))HXY) (L, -)
+h(AN)(L = N[(XY)(t1, ) + (XY) (L2, )]

(h(1 =) (XY)(ta, -)
= (h(A) +h(1=2))
TRAXY) () + h(1 = A) XY (2, )]
JXY)(t, ) + ch(l = N)X(t2, 7)), (a.e).

+

< ch(X

Proposition 3.3. Let X : [ x Q@ — R be a (k, h)-convex stochastic process and
f : R — R an increasing (h, h)-convex function. Then, fo X : I x Q — R is a
(k, h)-convex stochastic process.

Proof. For arbitrary t;,ts € I and A € (0,1), we have

FX (RNt + k(L = Mta, -))

IAINA
>
—~
K
=
<
=
+
=
—_
|
>
N—
=
<
=~
g
)
@
~—
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In [8], Kotrys and Nikodem defined for every stochastic process X and random
variable A, the sublevel set as follows

Li={teD:X(t-)<A(), (ae)}

In the following proposition we present a condition for h in way to the sublevel set
L 4 be k-convex for given (k, h)-convex stochastic process X and random variable A.

Proposition 3.4. Let X : D x Q — R be a (k, h)-convex stochastic process, with
h a positive function. For every random variable A : 2 — R, the sublevel set L4 is
k-convex if the inequality h(A) + h(1 — A) < 1 holds for every A € (0,1).

Proof. Since X is (k, h)-convex, for t1, to € L4 and X € (0, 1), we have:
X(k(Nty + k(1 = Nta, ) R(N)X (t1,-) + h(1 — N X(ts,-)

R(NA() + h(1 —N)A(+)

(A(A) + A1 = A)A() < A(),  (a.e.).

IA A

Therefore, L4 is k-convex set.
Example 3.5. Considering h(A) = A in the previous proposition, the result holds.
The proof of the following proposition follows immediately from the definitions.

Proposition 3.6. If hy, hy are functions such that hy > hy, then every non-negative
(k, h1)-convex stochastic process is also (k, hg)-convex stochastic process.

Remark 3.7. Note that if D is a k-convex subset of X and X : D x 2 — R is a
(k, h)-affine stochastic process, then the image of X not necessarily is an h-convex
set in R. For instance, if D = Q = [0,1], k, h are the identity function and X is
defined by

0, if t#w,
X(t,w) =
1, if t=w.

then X (D x Q) = {0, 1} is not an h-convex subset of R.

In the following theorem we present conditions under the inequality

X(EA)t + k(B)t2,-) < (AN X (tr, ) + h(B) X (t2,-),

holds almost everywhere, for all A\, 3 > 0 such that A+ ( < 1.
In the following theorem definitions of supermultiplicative and submultiplicative
functions are needed. We recall these notions:

Definition 3.8. A function f : (0,1) — R is said to be supermultiplicative if for all
z,y € (0,1),

f@)f(y) < f(zy), (3)

If inequality (3) is reversed, then f is a submultiplicative function. Moreover, if the
equality holds in (3), f is multiplicative.
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Theorem 3.9. Let be k,h : (0,1) — R non-negative functions and D C R a
k—convex set such that 0 € D . If k£ is submultiplicative, h is supermultiplicative
and X : D x 2 — R is a (k, h)-convex and non-decreasing stochastic process such
that X (0,-) = 0, then the inequality

Xk + k(B)ta, ) < BONX (11,-) + h(B) X (£, ),
hold almost everywhere, for all A, 5 > 0 such that A + 3 < 1.

Proof. If A+ 8 = 1, the inequality holds from (k, h)-convex stochastic process def-
inition. Let A, ﬁ > 0 be numbers such that A + 3 = v with v < 1. Let us define
numbers a = ; and b : g Then, a + b = 1 and fixed t1,t, € D, we have the
following inequality:

X (k(ay)t + k(by)t2, ) X (k(a)k(v)t + k(b)k()ta, )

(@)X (k(7)t, ") + h(b) X (k(7)t2, )
(@)X (k(y)ts + k(1 —7)0,-)
+h(b)X(k;( )t + k(1 —v)0,-)
[A(v) X (t1,-) + h(1 = )X (0, )]
h(b)[R(7)X (t1,-) + h(1 — )X (0, )]
= h(a)h(7) X (t1,) + h(b)h(7) X (t2, )
h(ay) X (t1, ) + h(by) X (t2, )

= hN)X(t1,-) +h(B)X(t2,-), (ae).

Theorem 3.10. Let k, h be non-negative functions and D C R a k-convex set such
that 0 € D. If X : D x 2 — R is a non-negative stochastic process such that

I VANPVAN
> S

A
+§

IN

X (Bt + k(B)t2,-) < h(MN)X (L, -) + h(B) X (t2,) (a-e), (4)

holds for any ¢1, t, € D and A, 8 > 0 with A+3 < 1 and h(X) < 3 for some A € (0, 3),
then X (0,-) = 0.

Proof. Let us suppose that exists w €  with X (0,w) # 0, then X(0,w) > 0 and
putting ¢; = ts = 0 in the inequality (4), we get

X(0,w) < h(A)X(0,w) + h(F)X(0,w),

for A, 8 > 0 such that A+ < 1. Putting A = 3, A € (0, %) and dividing by X (0,w),
we obtain 1 < h(A) + h(A) = 2h(\) for all A € (0,3). That is, 3 < h()) for all
A e (0, ) what is a contradiction with the assumption of theorem.

In the following proposition we present a Schur-type inequality.

Proposition 3.11. If k£, h : (0,1) — R are non-negative functions, with k(\) > A,
h submultiplicative and X : D x @ — R is a non-decreasing (k, h)-convex stochastic
process, then the following inequality holds:

h(ts — t2)X (t,-) — h(ts — t)X (t, ) + h(ts — t)X (t5,-) > 0, (ae),  (5)

for t1,t0,t3 € D, such that t; < t5 < t3 and t3 — t1,t3 —lo,to — 1 € D.



Journal of New Theory 10 (2016) 19-29 25

Proof. Consider tq,ts,t3 € D be numbers wich satisfy assumptions of the proposition.

Then,
l3—1ty to—1

ts—t1 t3 — 1

€ (0,1),

and
t3—ty to—1y
t3 — 1 ts —

Also, since h is supermultiplicative and non-negative, we have

h(ts —ts) = h (f’ —l2 tl)) > h (t*”’ - t2> h(ts — 1),

= 1.

3 — 11 t3 — 11

to—t ty—t
h(tg—tl):h( 2 1.(t3—t1)) zh( 2 1)h(tg—tl),

t3 — 11 3— 1

Let h(ts3 —t1) > 0. Because k(\) > A, X is non-decreasing and (k, h)-convex, X
satisfies:

X(Az1+(1=N) 22, ) < X(k(A)z1+Ek(1=X)22, ) < h(AN)X (21, -)+h(1-X) X (22,-), (a.e),

for all 21,20 € D, X € (0,1). In particular, for A = ig:if, 2 = t1, 29 = t3, we have
to = Az; + (1 — A)z9 and

Xy < (=)t e (=) X ©)
= HX(t1,~>+%X(t3’.)7 (a'e)'

Finally, multiplying by h(t3 — t1), we obtain the following

h(tg — tl)X(tQ, ) S h(t3 — tQ)X(t17 ) + h(tz - tl)X(t3, '), (CL.€>.
That is,

0 S h(tg - tQ)X(tl, ) - h(tg - tl)X(tQ, ) + h(tQ - tl)X(tg, '), (a.e).

The following theorem is an converse Jensen-type inequality.

Theorem 3.12. Let Ay, Ag, ..., A, be positive real numbers such that Y A, =1
and (m,M) C I. If k,h : (0,1) — R is a non negative with k(A) > X and h
supermultiplicative function, and X : I x Q@ — R is an (k, h)-convex stochastic
process, then for any t1,1s,...,t, € [m, M], the following inequality holds almost
everywhere

Zh()\i)X(tia') - X(my.)Zh()\i)h (M—ti)

M—-—m

+X(M,-)2n:h(/\i)h (;4‘_’;) .

=1
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Proof. Fix i € {1,...,n}. Putting t; = m,ty = =M and ) = (2=4) € [0,1] in
the inequality (6), we get

X(t;,) < h (]\Aj - ti) X(m,)+h (;4_ m ) X(M,"), (ae).

—m —m

Since h is non negative, we have that multiplying by h(\;):

BAIX () < B () X, )

FhOWh (L_ TZL) X(M,-).

Adding all inequalities for ¢ = 1, ..., n, we complete the proof.

4 Main Results

We will prove the main results of this paper which consists in some new Fejér and
Hermite-Hadamard-type inequalities for (k,h)-convex stochastic processes. From
now, we suppose that all mean-square integrals considered bellow exist.

Theorem 4.1. (First Fejér-type inequality) If there are X : D x Q@ — R a
(k, h)-convex stochastic process with h(1/2) > 0, a < b such that [a,b] C D and
G : [a,b] x 2 — R a non-negative and symmetric respect ‘”b mean-square integrable
stochastic process, then the following inequality holds almost everywhere:

((12/}12172” /G dt</ X(t L (ae) (1)

Proof. From the definition with A = 1/2, t; = wa+ (1 —w)b and t5 = (1 —w)a + wb
with w € [0, 1], then

X (k (%) <a+b),.) -~ X (k (%) btk (%) t2,‘)
~ X (k; (%) (wa + (1 — w)b) + k (%) (1 = w)a + wbh), )

h (%) X(wa + (1 — w)b,-)

IN

+h (%) X((1—w)a+wb,-), (ae).  (8)

Multiplying both sides of the inequality (8) for G(¢1,-) = G(ta, -), almost everywhere
and integrate it with respect to w, getting:

X(k(%) (a+b), ) /Gwa+ (1= w)b, )duw
<h <§> [/0 X(wa+ (1= w)b, )Gwa + (1 — w)b, -)dw

b [ X what s G~ w)at Y]
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almost everywhere. This implies

X(k (%) (a+b),-)~bia/abG(t,-)dt < h(%) 9

which completes the proof.

ia/bX(t \G(t, )t

Some important results are obtained as consequence of the previous result, among
them, a Hermite-Hadamard-type inequality for (k, h)-convex stochastic processes, as
the following corollary shows.

Corollary 4.2. Let X : D x Q — R be a (k, h)- convex stochastic process with
h(1/2) > 0 and fixed a < b such that [a,b] C D. Then

X(k(1/2)(a+0),-
2h(1/2) = b—a/ Xt )dt, (ace). )

Remark 4.3. 1. If X is an h-convex stochastic process, then (7) gives the following

inequality
1 a+b b
X < X(t
20(1/2) (2 )/ et /

2. For every convex stochastic process X the following Fejér-type inequality is
valid by Theorem 4.1,

X(a;b,) /abG(t,.)dtg/abX(t )G(t,)dt

In particular, for G(¢,-) = 1 we get the Hermite-Hadamard inequality

a+b 1 b
X )< X (t,-)dt.

3. From (7) and (9) we recover the left-hand sides of the classical Fejér and
Hermite-Hadamard-type inequalities for Jensen-convex stochastic processes.

Theorem 4.4. (Second Fejér-type inequality) Let be k,h : (0,1) — R given

functions such that h(1/2) > 0 and k(w) + k(1 —w) = 0 for all w € [0,1]. If

X : D xQ — Risa (k, h)-convex stochastic, a, b€ D, a <band G : [a,b] x Q@ — R
a+b

is a non-negative and symmetric respect to 3> mean-square integrable stochastic

process, then the following inequality holds almost everywhere:

1

(

/le (k (1) [k(t) + k(1 —t)](a + D), ) G(ta+ (1 — )b, -)dt

>

2)

/X Ba+ k(1 — b, )Glat + (1— )b, )dt  (10)

X(a,-) + X (b, )]/ h(t)G(at + (1 — t)b, -)dt.

0
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Proof. By definition (1) with t; = k(w)a + k(1 — w)b, t5 = k(1 — w)a + k(w)b and
t = 1/2, we have the following inequality almost everywhere:

Qs o) x(os ()

<h <%> (X (k(w)a + k(1 —w)b,-) + X (k(1 —w)a+ k(w)b,-)].  (11)

As in the proof of the previous theorem, we multiply both sides of the inequality (11)
by G(wa 4+ (1 —w)b,-) = G((1 — w)a + wb, ), and we integrate the new inequality
over (0, 1), getting

/01 2 (k (%) [k(w) + k(1 —w)] - (a+b), ) G(wa + (1 — w)b, -)dt
( ) [/ X(k(w)a + k(1 = w)b, )G(wa + (1 = w)b, -)dw
+/ X(k(1 —w)a + k(w)b, )G(wa + (1 — w)b, -)dw

<2h() /X (1= w)a + k(w)b, )G(wa + (1 — w)b, )dw, (a.c).

From this we obtain the first desired inequality.
To prove the second one, we need to use the definition of (k,h)-convexity with
x = a and y = b. Namely, we have:

X(k(t)a+ k(1 —1t)b,-) < h(t)X(a,:) + h(1l =t)X(b,:), (a.e),
witch, by symmetry of G(t, -), implies

/X Pa+ k(1= t)b, ) Glta+ (1 — )b, )t
< X(a,") /01 h(H)G(wa + (1 — w)b, -)dw
X (b, ) /01 B(1 = )G((1 = w)a + wb, -)dw
_ [X(a,.>+X(b,.)]/Olh(t)c:(wwu—w)b,.)dw, (a.c),
and the proof is complete.

As a corollary, we obtain the second Hermite-Hadamard inequality for (k,h)-
convex stochastic processes.

Corollary 4.5. Let X : D x 2 — R be a (k, h)-convex stochastic process where
h(1/2) > 0 and choose a,b € D such that a < b. Then

ﬁ/lx (k (%) e(t) + k(1 — 1)](a + b), ) dt

/ X (k(t)a + k(1 — )b, )dtg[X(a,-)+X(b,-)]/1h(t)dt.
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Abstaract — Different kind of stability have been studied concerning several areas of mathematics
and fuzziness of such concepts, which is an extension of the former, are being introduced in recent
times. The object of the present paper is to appraise generalization of the Hyers-Ulam-Rassias
stability theorem for the functional equation

fQRe+y)+ f(z+2y) =4f(z+y)+ f(z)+ [(y)
in fuzzy Banach spaces.

Keywords — Fuzzy norm, functional equation, Hyers-Ulam stability, fuzzy Banach spaces.

1 Introduction

In 1940, Ulam [18] first formulated stability for functional equation concerning group
homomorphism and that was partially solved by Hyers [8] in the next year for Cauchy
functional equations in Banach spaces and thereafter it was further generalized by
Aoki [1]. The stability came in this way was known to be Hyers-Ulam stability.
Later on the Hyers-Ulam stability was further generalized by Rassias [15]. The
idea of such stability (which subsequently came to be known as Hyers-Ulam-Rassias
stability) was generalized and extended to several areas of mathematics over the
years. For instances, such stabilities were considered for differential equations [9],
functional equations [7], isometries [5] etc.

After the introduction fuzzy set theory, it has been brought quick inroads to deal
with uncertainty and vagueness for various problems in many branches of mathemat-
ics including functional analysis. In fact, when fuzzy norm on a linear space was first

" Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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introduced by Katsaras [10], a great amendment has come forward in mathemati-
cal analysis and specially in functional analysis. Thereafter a few mathematicians
have introduced and analyzed several notions of fuzzy norm from different points of
views [3, 6, 13, 14, 16]. In particular, in 2003, Bag and Samanta [2] gave an idea of
fuzzy norm in such a manner that the corresponding fuzzy metric is of Kramosil and
Michalek [12] type. Thus the notion of fuzzy Banach space came in this way and
since then it is being used extensively to study the stability of functional equations,
differential equation etc.
The functional equation

flr+y)+ f(r—y)=2f(x)+2f(y) (1)

is known as quadratic functional equation, since it is satisfied by the quadratic func-
tion f(z) = cax?. The stability problem for the quadratic functional equation has
been extensively investigated by a number of mathematicians [4, 11, 15, 17]. In this
paper we now consider the functional equation

fQRr+y)+ f(z+2y)=4f(z+y)+ f(z)+ f(y) (2)

which is also satisfied by the quadratic function f(x) = cx? but different from the
functional equation (1). Here we like to deal with Hyers-Ulam-Rassias stability for
the functional equation (2) in fuzzy Banach spaces.

2 Preliminary

We adopted some definitions and notations of fuzzy norm which will be needed in
the sequel.

Definition 2.1. Let X be a real linear space. A function N: X x R — [0, 1] is
said to be a fuzzy norm on X if forall x,y € X and all s,t € R

(N1) N(z,c) =0 for ¢ < 0;

(N ):L'—()lfonlylfN(w c) 1forallc>0

(N8) N(ca, 1) = N(x, fy) if ¢ # 0

(N4) N(z +y,s+1t)=mn{N(z ) N(y,t)};

(N5) llmN( ,t) = 1.

Then the pair (X N) is called a fuzzy normed linear space.

Example 2.2. Let (X, ||.||) be a normed linear space. then

t
N t _— 0
(v, 1) = oy P
—0.t<0

is a fuzzy norm on X .

Definition 2.3. Let (X, N) be a fuzzy normed linear space. A sequence {x,}
in X is said to be convergent if there exists x € X such that
lim N(z, —x,t) = 1forall ¢t > 0 and we denote it by N — lim z, = = .

n— oo n— oo
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Definition 2.4. A sequence {z,} in a fuzzy normed space (X, N ) is said to be
Cauchy if for each ¢ > 0 and each ¢ > 0, we can find some ng such that for all
n > mngandall p > 0 we have N(z,41p, —x,,t) > 1 — €.

Now we know that every convergent sequence in a fuzzy normed space is Cauchy.
If each Cauchy sequence is convergent, then the fuzzy norm is said to be complete
and a complete fuzzy normed space is called a fuzzy Banach space.

3 Hyers-Ulam-Rassias Stability for the Functional
Equation

Theorem 3.1. Let X be a linear space and f be a mapping from X to a fuzzy
Banach space (Y, N) such that f(0) = 0. Suppose that ¢ is a function from X
to a fuzzy normed space (Z, N') such that

N(fQz +y)+ f(z+2y) —4f(v+y)— f(x)— f(y)t+s)

> min{N'(¢(z),t), N'(¢(y), s)} (3)

for all =,y € X and positive real numbers t, s. If ¢(32) = a¢(z) for some
real number a with 0 < a < 9 then there exits a unique quadratic mapping

Q: X — Y defineby Q(z) = lim (%) and satisfying

n— oo

=
—
8

|
O
—~
8
\;F

2o (ot ()

Proof. Putting y = = and s = ¢ in (3), we get
N(2f(3z) —4f(2x) —2f(x),2t) 2 min{N'(¢(x),t), N'(¢(x), 1)}
e, N(f(3z) —2f(22) = f(x),t) = min{N'(¢(z),t), N'(¢(x),1)}.
Again putting y = 0 in (3), we get
N(f(2z) —4f(x),2t) 2 min{N'(¢(z),t), N(¢(0),t)}.
Now
N(f(3z)=9f(x),5t)

= N(f(3z)=2f(22)~ f(2)+2f(20) =8/ (), t+41)
> min { N (f(32)—2f(2a)— (), t), N(f(22) =4[ (x),2t)}
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> min{N'(¢(x),t), N(¢(z),t), N(o(z),t), N(¢(0),1)}
or, N (f(x) —
> min{N’((ﬁ(x),t),N’((b(l'),t), N’(¢($),t>, N/(¢<O)7t)},

i.e., N(f(a:)— f(gx),t)
>mm{N,(¢( )’%) N (6 () %) N'(¢(z) %) Nf(gb(())?%)}
= M(z,t) (5)

Now from our assumption,

M(Bm,t):M<x,—) (6)
Replacing « by 3% in (5) and using (6) we have

N(f(3”56) f(3" ) Oé”t)

gn gn+l ’ gn

- (£ -

>M(3 r,a"t) = M(z,t)

[0 )

then we have

3"x ok
§o(f(3a)  f(3Fr)) KRt
- (G (G- 1) o B
31 [ f(3F1y 3k ok
N( <9 ) _ fa) + (f(ng >_f<9k >)’th )

| f(351a)  f(3Fe))  RRat
Zm1n{M(z,t),N<k_ ( (9k+1x) B (9k37 )jZ%)
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: f(3%z)  f(3z) « f(3%3z)  f(3%z) ta?
Zmln{M(x,t),N( 92 - 9 7t§)>N( 93 - 92 792) )
f 34 f 33 t 3 f 3k 3k—1 t k-1
N ( (943:) ~ (933:)7 u > N ( (gkx) _ f(gkl z) - )}

>min {M (x,t), M(x,t), M(z,t), M(z,t), .., M(x,t)}
= M(x,t)

Therefore

Replacing z by 3™z in (7) we get

f(3mma)  f(3ma) -9k
N< g~ gm ot =M |t > — (8)
Since tlim M (z,t)= 1, taking limit m — oo,

the R. H. S. of (8) tends to 1 as m — oo.

fB3"x)
gn

plete fuzzy normed space, the sequence converges to some point @ (z) € Y. So we
can define a mapping @ : X — Y by Q(z) := N lim L372) forall n € N.

Therefore } is a Cauchy sequence in (Y, N). Since (Y, N) is a com-

Also :
N(Q(z)— f(z),t) =N (Q(x) - ﬂg:x) + f(gzx) - f(z), % + %)
i {v (o) L0020 1) Ly (H800) 501, )}

3

STl P M(_) (o 00
a) k 2 | —=
23 (3) (=)
To show that @) satisfies the functional equation (2), we replacing x by 3™z and y
by 3™y in (3)
N(fB"(2x +y)) + f(3"(z+2y)) —4f(3"(z +y))
—f(3"(z)) = f(3"(y)), 1)
> min { N (0(372), ). N (0370 )}

or, v (L2t 0) | SO ek 2y)) 4@t ))
’ gn gn gn

f(3"(x)) _ f(3"(w)) i)

gn gn T gn
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) . n 3 ' n t
2m1n{N(<Z)(3 :U),E),N(¢<3 y)aﬁ)}
)

or. N(f(3"(292+y))+f(3”(a;: 2y) -

> min {N’<¢<3"x>, Py N (3, 9”)}

~ min {N’ <¢(:v)’ (5) %)  V (d)(y)’ (2) %>}

forall z,y € X, t > 0.
As 0 < a < 9, taking limit n — oo we get

N(Q(2z+y)+Q(z+2y)—4Q(x+y)-Q(z)-Q(y), t) =1

Therefore

Q(2r+y)+Q(r+2y) =4Q(zv+y)+Q(z)+Q(y)

Hence Q satisfies (2).

Uniqueness : Let T : X — Y be an another quadratic mapping which satisfies
(3). Since Q(2z) =4Q(z) and Q(3z) =2Q(2z) +Q(x) =9Q(z).
Therefore it can be proved by induction that @ (3" z) = 9" Q (z). Now fixz € X
and using @ (3"x) = 9" Q(z)and T (3"z) = 9"T (z) for all z € X . Now

Q(3"z) T(3"z) t)
9gn 9n 7’

N(Qe)-T (), 1) = N (

v (
y (3% 97t (9 — a)) Y (3%7 9nt(9 — a))}

2 x 18
o (0) ) e (G))
- (=5 ()

forall x € X and ¢t > 0. Since 0 < a < 9, and lim (%) " = oo therefore right

n—0o0

hand side of the inequality tend to 1 as n — oo. Hence Q(x) = T (x) for all
x € X . This completes the proof of the theorem. O

I
=
]
<
—
&
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Corollary 3.2. Let 6 > 0 and X be a linear space, (Y, N') be a fuzzy Banach
space. If let f : X — Y be a mapping and z, is a fixed vector of a fuzzy normed
space (Z, N") such that

N(fQe+y)+ fle+2y)—4f(e+y)— f(z)— f(y),t+s)
> min{N"(dz,t), N (62, s)} (9)

for all x,y € X and positive real numbers t, s. Then there exits a unique quadratic
mapping @ : X — Y defineby Q(z) = lim <M> and satisfying

n
n—oo 9

N’(f(x)—@(a:),t)ZN”(ZO,E‘?—;) (10)

Proof. Define ¢ (z) = 0z, then the proof is followed by the previous Theorem. [

Corollary 3.3. Let ¢ > 0 and X be a linear space, (Y, N”) be a fuzzy Banach
space. If let f : X — Y be a mapping such that

N (f 2z +y) + flo+2y) —4f(z+y) - f(z) = f(y)t) >¢

for all x,y € X and positive real numbers t. Then there exits a unique quadratic
mapping @ : X — Y defineby Q(z) = lim <M> and satisfying

n
n—o0 9

N (F(x) = Q). 2t) > e

Proof. The proof is same as that of the previous theorem . Il

Example 3.4. Let X be a normed algebra. Define f : (X, N) — (X, N') by
f(z) = 2% + ||z||ro, and

¢(x,y) = (122 +yll + llz+ 2yl = 4lle + yll = ll=]] = llyll )zo where z is a unit
vector in X. Then

N(fQex +y)+ f(z+2y) —4f(v+vy)— f(x)— f(y)t+s)

> min{N'(¢(z), 1), N(¢(y),s)}
Also ¢(3z,3y) = 3¢(x,y) for each x,y € X. Hence all the conditions of
Theorem (3.1) holds for @ = 1. Therefore fuzzy difference between @ (z) =
lim (M) = 2% and f(z) is equal to [ using Example2.2 |

n
n—oo 9

N(f(x) = Q(x),t) = N([zllxo, )
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4 Conclusion

In this article, to establish Hyers-Ulam-Rassias stability we have used the functional
equation (2) having quadratic function as its one particular solution. But this equa-
tion is not known as quadratic functional equation. So, natural question arises,
whether the functional equation (2) can be derived from the quadratic functional
equation (1) or the equation (1) can be derived from the equation (2). In fact, what
could be the general solution of the equation (2). Can we establish the Theorem
(3.1) for complex valued function f of complex variable satisfying the equation (2)?
So, in our view, this article has good prospect for future work.
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Abstract — Single-valued neutrosophic set (SVNS) is very suitable for expressing indeterminate and
inconsistent information in fault diagnosis problems, and then its cosine measure is a useful mathematical
tool for handling the decision making, pattern recognition, and fault diagnosis problems. However, due to the
lack of engineering applications of SVNSs in fault diagnoses, the paper develops a cosine measure-based
fault diagnosis method and applies it to the misfire fault diagnosis of gasoline engines with SVNS
information. Through the cosine measure between each fault pattern and a real-testing sample, according to
the largest cosine measure value, we can determine that the testing sample should belong to the fault pattern.
Finally, we provide nine real-testing samples to illustrate the misfire fault diagnoses of gasoline engines. All
diagnosis results are in accordance with actual fault types. The results demonstrate the effectiveness and
rationality of the proposed diagnosis method.

Keywords — Cosine measure, single-valued neutrosophic set, misfire fault diagnosis, gasoline engine.

1 Introduction

Neutrosophic set proposed by Smarandache [1] is a powerful tool to deal with incomplete,
indeterminate and inconsistent information in real world. It is a generalization of the theory
of fuzzy sets, vague sets, intuitionistic fuzzy sets and interval-valued intuitionistic fuzzy
sets, then the neutrosophic set is characterized by a truth-membership degree, an
indeterminacy-membership degree and a falsity-membership degree independently, which
are within the real standard or nonstandard unit interval ]°0, 1°[. Therefore, if their range is
restrained within the real standard unit interval [0, 1], the neutrosophic set is easily applied
to engineering problems. For this purpose, Wang et al. [2] introduced the concept of a
single-valued neutrosophic set (SVNS) as a subclass of the neutrosophic set.
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In a fault diagnosis problem, various symptoms usually imply a lot of incomplete,
uncertainty and inconsistent information for a fault, which characterizes a relation between
symptoms and a fault. Thus we work with the uncertainties and inconsistencies to lead us
to proper fault diagnosis. Hence, SVNSs are very suitable for expressing incomplete,
indeterminate and inconsistent information comprehensively in fault diagnosis problems.
However, similarity measure is an important mathematical tool in fault diagnoses.
Recently, Ye [3] proposed cotangent similarity measures between SVNSs based on
cotangent function and successfully applied them to the fault diagnosis of steam turbine
under a single-valued neutrosophic environment. Because misfire fault problems of
gasoline engines are usually produced in operating process [4], they can affect the
operating power and working performance of gasoline engines and increase fuel
consumption. To find out misfire fault problems in gasoline engines, extension set theory
and neutrosophic numbers have been applied respectively to the misfire fault diagnosis of
gasoline engines [4, 5]. However, till now SVNSs have been not applied to fault diagnoses
of gasoline engines. To extend existing fault diagnosis methods, the main purposes of this
paper are to propose a fault diagnosis method based on the cosine measure of SVNSs and
to apply it to the misfire fault diagnosis of gasoline engines with single-valued
neutrosophic information.

The remainder of this paper is organized as follows. Section 2 briefly describes some basic
concepts and cosine measure of SVNSs. Section 3 establishes a fault diagnosis method
using the cosine measure of SVNSs and applies it to the misfire fault diagnosis of gasoline
engines under a single-valued neutrosophic environment to demonstrate the effectiveness
and nationality of the developed method. Section 4 contains conclusions and future
research direction.

2 Some Concepts and Cosine Measure of SVNSs

Smarandache [1] firstly proposed the concept of the neutrosophic set from a philosophical
viewpoint. Then, it is difficult to apply the neutrosophic set to engineering applications.
Consequently, Wang et al. [2] introduced the definition of a SVNS, which is a subclass of
the neutrosophic set.

Definition 2.1. [2]. Let X be a universal of discourse. A SVNS N in X is characterized by a

truth-membership function ty(x), an indeterminacy-membership function iy(x) and a falsity-
membership function fy(x). Then, a SVNS N can be denoted by the following form:

N = {(x,ty (), i (%), fu ()] x € X |,

where tn(X), in(X), In(X) € [0, 1] for each point x in X. Obviously, the sum of ty(x), in(X) and
fu(x) is 0 < tn(X) + in(X) + fn(x) < 3.

Let N ={(x,t, (x),iy (x), fy ()| xe X} and M ={x,t,, (x),iy, (%), f, (X)) | x € X | be two
SVNSs. Then there are the following relations [2]:

(1) Complement: N°¢ = {<x fu (). 1—iy (X),ty (X)) | x € X};
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(2) Inclusion: N € M if and only if ty(X) < tm(X), in(X) > im(X) and f(X) > fu(x) for any x in
X;
(3) Equality: N=M ifandonly if N & Mand M < N.

Based on cosine function, Ye [6] proposed an improved cosine measure between SVNSs
and gave the following definition.

Definition 2.2. [6] Let two SVNSs N and M in the universe of discourse X = {Xa, X2, ..., Xn}
be N = {{x;,ty (%)), (%), Fy (X)) 1%, € X f and M = {x;,t,, (%)), (%)), £ (%)) | X, € X |- Then,
a cosine measure between SVNSs N and M is defined as

C(N,M)=%icos{%QtN () =t 0+ i O) =iy 0+ Fi () = (xj)\)}, (1)

The cosine measure C(N, M) satisfies the following properties (1)-(4) [6]:

(1) 0<C(N, M) < 1;

(2) C(N,M)=1ifand only if N = M;

(3) C(N, M) =C(M, N);

(4) If PisaSVNS in Xand N < M c P, then C(N, P) < C(N, M) and C(N, P) < C(M, P).

Considering the importance of elements in the universe of discourse, one needs to give the
weight w; of the element x; (j = 1, 2,..., n) with w; € [0, 1] and Z?:le =1. Then, the

weighted cosine measure between SVNSs N and M can be introduced as follows [6]:

W(N,M)=iwjCOS{%QtN(XJ.)—tM(xj)‘+‘iN(xj)—iM(xj)‘+‘fN(xj)—fM(xj)D}, (2)

3 Application of the Cosine Measure in Misfire Fault Diagnosis of
Gasoline Engines

3.1 Fault Diagnosis Method Based on the Cosine Measure

In general, a set of m fault patterns (fault knowledge) P = {P;, P, ..., Py} and a set of n
characteristics (attributes) A = {A1, Az, ..., As} should be established in a fault diagnosis
problem. Then the fault information of each fault pattern Py (k =1, 2, ..., m) with respect to
characteristics of A; (j =1, 2, ..., n) can be expressed by a set of single-valued neutrosophic
values (SVNVS) P = {p1, Pk2, - --» Prn}, Where pyj = <ty;, i, fi™ is @ SVNV, which is a basic
component in the SVNS Py, for 0 <t + iyj + fiy; <3 (k=1,2, ..., m;j=1,2, ..., n). Then,
the information of a testing sample is expressed by a set of SVNVs S; = {su, St2, ..., Stn}s
where sy = <ty, i, f> isa SVNV inthe SVNS S forO<t; +i; +fy3 <3 (t=1,2,...,Q0;] =
1,2,...,n).

Then, the cosine measure between a testing sample S; and each fault pattern Py (k =1,2,...,
m) can be calculated by the following formula:
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W (S, R) = Zn:""j cos{%ﬂtu |+ iy —ig|+ ]y — D} 3)
=

According to the largest measure value of W(S;, Pyx), we can determine that the testing
sample S; should belong to the fault pattern Py.

3.2 Application in the Misfire Fault Diagnosis of Gasoline Engines

In this subsection, we apply the fault diagnosis method based on the cosine measure to the
misfire fault diagnosis of gasoline engines to show the effectiveness and rationality of the
proposed diagnosis method.

Misfire fault problems are usually produced in operating process of gasoline engines [4, 5].
Thus, they can reduce the operating power and working performance of gasoline engines
and increase fuel consumption so that they aggravate the pollution of exhaust emission
when the burning quality of mixture gases descends in the combustion chamber of gasoline
engines. To keep better working performance of gasoline engines, we have to find out and
eliminate the affected factors of low burning quality in gasoline engines. Then, the main
components of HC, NOy, CO, CO,, O,, water vapor etc included in the exhaust emission of
gasoline engines can affect the burning quality of mixture gases in the engines. Under
different burning conditions in the engines, the exhaust emission content can be changed in
some variable ranges corresponding to the change of operating status or the occurrences of
various mechanical and electronic faults in the engines. We have discovered the relation
between the misfire fault and the content of the components in the exhaust emission of
gasoline engines [4]. Hence, we can judge the operating status of the engines by analyzing
the change of exhaust emission content.

Let us investigate the misfire fault diagnosis problem of the gasoline engine EQ6102 [4, 5].
In general, the misfire faults of the engine can be classified into three fault types: no misfire
(normal work), slight misfire and severe misfire to indicate the operating status of the
engine. The slight misfire indicates the decline in the performance of ignition capacitance
or the ignition delay, or the spark plug misfire in one of six cylinders; while the severe
misfire indicates the spark plug misfire in two of six cylinders. According to real-testing
data [4, 5], we can obtain three kinds of fault patterns: no misfire (Py), slight misfire (P),
severe misfire (P3), which are denoted by a set P = {Py, P,, P3}, with respect to five
characteristics (HC, NOy, CO, CO,, O,) denoted by a set A = {A1, Az, Az, A4, As}, as shown
in Table 1.

In Table 1, @ucx1072, gcoz, Pnoxx10, geox107 and @o; in the characteristic set A = {A;,
A, Az, A4 As} indicate the exhaust emission concentration of the five components HC,
CO,, NOy, CO and O, expressed by volume percentage [4, 5], and then the characteristic
values of Aj (j = 1, 2, 3, 4, 5) are expressed as SVNVs in Table 1.

To illustrate the effectiveness of the misfire fault diagnosis of the engine, we introduce the
nine sets of real-testing samples for the engine EQ6102 from [4, 5], and then the
characteristic values in the real-testing samples are expressed by SVNVs, which are shown
in Table 2.
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Table 1. Fault knowledge expressed bySVNVs for the engine EQ6102 [5]

( @_'Céioz) Az (pco2) As (onoxx10) ( (/Jcoéﬁ-ol) As (¢02)
(ch;lm .| <003,005 | <051,042, | <0.03,005 = <0302, <0.062,
0.92> 0.07> 0.92> 0.5> 0.028, 0.91>
work)
(S:Diém <0.01, 0.036, | <0.428,0.41, @ <0.04,0.08, | <0.29,0.21, | <0.04,0.07,
" 0.954> 0.16> 0.88> 0.5> 0.89>
misfire)
P3
sevre | OZ0% wgoaos L0 OLOZ | <000
misfire)
Table 2. Real-testing samples of exhaust emission
A1 A2 A3 A4 A5 Actual
(picx107%)  (peod)  (noxx10)  (@oox107)  (¢02) fault type
s <0.0455,0, <0.047, <0.033,0, <0.48,0, <0.0527, P
! 0.9545>  0,0.953> 0.967> 052>  0,0.9473> 2
s <0.0572,0, <0.075, <0.062,0, <0.42,0, <0.0751, P
2 0.9428>  0,0.925>  0.938> 0.58> 0, 0.9249> 1
s <0.0261,0, <0.065 = <0.086,0, (0.453,0, <0.0431, P
3 0.9739>  0,0.935> 0.914> 0.547> | 0, 0.9569> 2
s <0.0312,0, <0.062, <0.051,0, <0.287,0, <0.1064, P
4 0.9688>  0,0.938>  0.949> 0.713> 0, 0.8936> 2
s <0.3761,0, <0.045, <0.139,0, <0.179,0, <0.1025, P
° 0.6239>  0,0.955> 0.861> 0.821> 0, 0.8975> 3
s <0.422,0, <0.052, <0.188,0, <0.194,0, <0.0931, P
® 0.578>  0,0.948> 0.812> 0.806> 0, 0.9069) 3
s <0.0189,0, <0.081, @ <0.091,0, <0.459,0, <0.0377, P
! 0.9811>  0,0.919>  0.909> 0.541>  0,0.9623> 2
s <0.0555,0, <0.086, <0.057,0, <0.39,0, <0.0736, P
8 0.9445>  0,0.914>  0.943> 0.61>  0,0.9264> 1
s <0.0551,0, <0.085, <0.05,0, <0.386,0, <0.0789, P
° 0.9449>  0,0.915>  0.95> 0.614>  0,0.9211> 1
Table 3. Fault diagnosis results of the nine real-testing samples
Diagnosis ~ Actual
P1 P2 Ps result  fault type
S1 0.9552 0.9616 0.9364 P, P,
S, 0.9618 0.9617 0.9358 P, P,
Ss 0.9616 0.9618 0.9421 P, P,
S4 0.9611 0.9616 0.9490 P, P,
Ss 0.9402 0.9512 0.9560 Ps P3
Se 0.9482 0.9493 0.9560 Ps Ps
S; 0.9615 0.9617 0.9232 P, P,
Ss 0.9618 0.9586 0.9170 P, P,
So 0.9618 0.9602 0.9187 P, P,
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Then, the importance of the five characteristics (five components) is considered by the
weight vector W = (wy, W, Wz, Wy, Ws) = (0.05, 0.35, 0.3, 0.2, 0.1) [4]. By using Eqg. (3), the
diagnosis results are shown in Table 3. From Table 3, all the fault diagnosis results are in
accordance with all the actual fault types.

Therefore, the proposed fault diagnosis method for the gasoline engine is effective.
Compared with the fault diagnosis method for the gasoline engine in [4, 5], the fault
diagnosis method proposed in this paper is simpler and easier than the fault diagnosis
method by using extension set theory [4], and then the fault diagnosis method with SVNSs
in this paper contains more information (including truth information, indeterminacy
information and falsity information) than the fault diagnosis method using the neutrosophic
numbers [5] which consist of the determinate part and indeterminate part.

4 Conclusions

This paper proposed a fault diagnosis method based on the cosine measure of SVNSs and
applied it to the misfire fault diagnosis of gasoline engines under a single-valued
neutrosophic environment. The fault diagnosis results of the gasoline engine demonstrated
the effectiveness and rationality of the proposed fault diagnosis method. The diagnosis
method proposed in this paper is an extension of existing fault diagnosis methods and
provides a new way for fault diagnoses of gasoline engines. In the future, the developed
diagnosis method will be extended to other fault diagnoses, such as vibration faults of
turbines, aircraft engines and gearboxes.
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Abstract — In this paper, we investigate a new form of continuity called perfect w-irresoluteness
and we use functions which have this type of continuity as a tool to set new characterizations of
some properties of topological spaces.
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1 Introduction

An w-closed set is a set which contains all its condensation points [5]. Since the
advent of this notion, lots of topologist have studied on it and most of topological
notions such as continuity, compactness, connectedness were generalized. Especially,
some new strong and weak forms of continuity have been arised during the last
years. One of these is w-irresoluteness introduced by Al-Zoubi [4]. On the other
hand, in 1984, Noiri [8] introduced and investigated the notion of perfect continuity
of functions between topological spaces.

This paper devoted to investigate a new type of continuity is stronger than w-
irresoluteness and perfect continuity. In section 3, definition and fundamental prop-
erties are given. In section 4, we use perfectly w-irresolute functions as a tool to
set new characterizations of connectedness. Moreover some separation axioms re-
lated to w-open sets are investigated. The last section deals with graphs of perfectly
w-irresolute functions.

2 Preliminaries

Throughout the present paper, spaces always mean topological spaces on which no
separation axiom is assumed unless explicitly stated and f : (X,7) — (Y,0) (or
simply f : X — Y) denotes a function f from a topological space (X, 7) into a
topological space (Y,0). Let A be a subset of a space X. A point z € X is called
a condensation point of A if for each open set U with x € U, the set U N A is
uncountable. A is called w-closed [5] if it contains all its condensation points. The
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complement of an w-closed set is called w-open. The family of all w-open subsets of
(X, 7) is denoted by 7,. It is known that 7, is a topology for X and 7 C 7. For
a subset A of (X, 7), the closure of A and the interior of A denoted by CI(A) and
Int(A), respectively. The closure of A with respect to 7, denoted by wCl(A). A is
called regular closed [9] if A = Cl(Int(A)).

Let us recall the following definitions which we shall require later.

Definition 2.1. A function f: X — Y is called perfectly continuous [8] if f~*(V)
is clopen in X for every open set V of Y.

Definition 2.2. A function f: X — Y is called w-irresolute [4] if f~1(V) is w-open
in X for every w-open set V of Y.

3 Perfectly w-irresolute Functions

Definition 3.1. A function f : X — Y is said to be perfectly w-irresolute if f=1(V)
is clopen in X for every w-open set V of Y.

Theorem 3.2. For a function f: (X, 7) — (Y, 0), the followings are equivalent:
(1) f is perfectly w-irresolute;
(2) for every w-closed subset F of Y, f~1(F) is clopen in X;
(3) f:(X,7) — (Y,0,) is perfectly continuous.

Proof. (1)=(2). Let F be a w-closed subset of Y. Then Y\F is an w-open subset
and by (1), f7Y(Y\F) = X\ f!(F) is clopen in X. Hence f~(F) is also clopen in
X.

(2)=(3). Let V € 0,. Then Y\V is an w-closed in Y and by (2), f~1(Y\V) =
X\f7Y(V) is clopen in X. Hence f~1(V) is also clopen in X.

(3)=-(1). It can be shown easily. Recal that a space (X, ) is said to be w-space
[1] if every w-open set is open and is said to be locally w-indiscrete [1] if every w-open
set is closed in X.

Then we have the following theorem which gives a characterization of locally
w-indiscrete w-space. Its proof is clear.

Theorem 3.3. A space X is w-space and locally w-indiscrete if and only if the
identity map of X is perfectly w-irresolute.

Theorem 3.4. For a function f : X — Y, the following are true.

(1) If f is perfectly w-irresolute and A C X, then f |4: A — Y is perfectly
w-irresolute.

(2) If {G, : a € I} is a locally finite clopen cover of X and if for each «a,
fo = [ |g. is perfectly w-irresolute, then f is perfectly w-irresolute.

Proof. The proof of (1) is clear. We will only prove (2).

Let F' be a w-open subset of Y. Since each f, is perfectly w-irresolute, each
fY(F) is clopen in G, and hence in X. Thus f~'(F) = U{f '(F) : a € I} is
open in X. On the other hand, since the family {G, : « € I} is locally finite,
{f7YF) : a € I} is a locally finite family of closed sets in X. Hence f~!(F) being
the union of a locally finite collection of closed sets is closed in X. Consequently,
f~Y(F) is clopen in X.
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Definition 3.5. A function f: X — Y is called
(1) w-continuous [6] f~!(V) is w-open in X for every open set V of Y.
(2) slightly w-continuous [7] f~'(V) is w-open in X for every clopen set V of Y.
(3) contra w-irresolute if f~*(V) is w-closed in X for every w-open set V of Y.

Theorem 3.6. The followings hold for functions f: X - Y andg:Y — Z:

(1) If f: X — Y is perfectly w-irresolute and g : Y — Z is w-irresolute, then
go f: X — Z is perfectly w-irresolute.

(2) If f: X — Y is perfectly w-irresolute and g : Y — Z is w-continuous, then
go f: X — Z is perfectly continuous.

(3) If f: X — Y is slightly w-continuous and g : Y — Z is perfectly w-irresolute,
then go f : X — Z is w-irresolute.

(4) If f: X — Y is perfectly w-irresolute and g : Y — Z is contra w-irresolute,
then go f : X — Z is perfectly w-irresolute.

Proof. (1) Let V be any w-open set in Z. By the w-irresoluteness of g, g~ (V) is
w-open. Since f is perfectly w-irresolute, f~*(g71(V)) = (g o f)~1(V) is clopen in
X. Therefore, g o f is perfectly w-irresolute.

The others can be proved similarly.

Theorem 3.7. If f : X — Y is a surjective open and closed functionand g : Y — Z
is a function such that gof : X — Z is perfectly w-irresolute function, then g is
perfectly w-irresolute function.

Proof. Let V be any w-open set in Z. Since gof is perfectly w-irresolute, (gof)~ (V)
is clopen in X. Since f is surjective open and closed, f((gof)™*(V)) = f((f~ (g7 (V))) =
g 1 (V) is clopen in Y. Therefore, g is perfectly w-irresolute.

It is easy to show that perfect w-irresoluteness implies perfect continuity and
w-irresoluteness. The following theorems are about reverse of these implications and
they can be proved directly.

Theorem 3.8. Let X be a locally w-indiscrete and w-space. Then for any topological
space Y, a function f : X — Y is perfectly w-irresolute if and only if f is w-irresolute.

Theorem 3.9. Let Y be an w-space. Then for any topological spaces X, a function
f: X =Y is perfectly w-irresolute if and only if f is perfectly continuous.

Theorem 3.10. For a function f: X — Y, the following properties are equivalent:
(1) f is contra w-irresolute;
(2) for every w-closed F of Y, f~}(F) is w-open in X;
(3) for every x € X and for every w-closed set F' containing f(z), there exists an
w-open set U containing « such that f(U) C F.

Proof. (1)<(2). These follow from equality f~'(Y\F) = X\ f~'(F) for each subset
FofY.

(2)=(3). Let F be an w-closed set containing f(z). Then by (2), f~}(F) is
w-open in X containing x. If we choose U = f~(F), proof is completed.

(3)=(2). Obvious.

A space X is called anti locally countable (see [3]) if every nonempty open set is
uncountable. It is shown in [7] that in an anti locally countable space X, U is clopen
in X iff U is w-open and w-closed in X. Then we have the following corollary.
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Corollary 3.11. Let (X, 7) be an anti locally countable space. Then for any topo-
logical spaces (Y, o), a function f : (X,7) — (Y, 0) is perfectly w-irresolute if and
only if f is w-irresolute and contra w-irresolute.

A space X is called w-regular [7] if for each closed set F' and each point x € X — F|
there exist disjoint w-open sets U and V' such that x € U and F' C V. It is shown in
[2] that a space X is w-regular if and only if for every point x of X and every open
set V' containing z, there exists an w-open set U such that z € U C wCI(U) C V.

Theorem 3.12. Let X be an anti local countable space and let Y be an w-regular
space. For a function f : X — Y, the following properties are equivalent:

(1) f is perfectly w-irresolute;

(2) for every w-open set V in Y, f~1(V) is regular closed in X;
(3) for every w-open set V in Y, f~1(V) is closed in X;
(4) f is contra~w-irresolute.
Proof. The implications (1)=(2)=(3)=-(4) are trivial. If we show that f is w-
irresolute by Corollary 3.11, we have the proof of the implication (4)=-(1). Let
x € X be an arbitrary point and V be an w-open set of Y containing f(x). Since
Y is w-regular, there exists an w-open set W in Y such that f(z) € wCI(W) C V.
Since f is contra-w-irresolute, there exists an w-open set U, containing = such that
f(U,) CwCI(W). Then U, C f~*(V). This shows that f~*(V) is w-open in X.

4 Applications

Note that (X, 7,) is always a Tj-space for any given space (X, 7) [3]. Hence we have
the following results.

Theorem 4.1. If f: (X,7) — (Y,0) is a perfectly w-irresolute function, then f is
constant on each component of X.

Proof. Let a and b be two points of X that lie in same component C' of X. Assume
that f(a) # f(b). Since (Y, 0,) is Ti- space, there exists an U € o, containing say
f(a) but not f(b). By perfect w-irresoluteness of f, f~1(U) and X — f~}(U) are
disjoint clopen sets containing a and b, respectively. This is a contradiction with the
fact that C' is a component containing a and b. Hence we have the result.

Corollary 4.2. If f : X — Y is a perfectly w-irresolute function and if A is non-
empty connected subset of X, then f(A) is a single point.

Theorem 4.3. A space X is connected if and only if every perfectly w-irresolute
function from a space X into any space Y is constant.

Proof. The first part of the proof is clear by Theorem 4.1. For the seconf part, assume
that X is not connected. Then there exists a proper non-empty clopen subset A of
X. Let Y = {u,v} and o be discrete topology on Y. Then the function f: X — Y
defined by f(z) = wif z € A, f(z) = v if © ¢ A is non-constant and perfectly
w-irresolute. This is a contradiction by Theorem 4.1. Hence X must be connected.

Note that the topological space consisting of two points with the discrete topology
is usually denoted by 2.
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Corollary 4.4. For a topological space X, the following are equivalent :
(1) X is connected,;
(2) Every perfectly w-irresolute function f : X — 2 is constant;
(3) There is no perfectly w-irresolute function f : X — 2 is surjective.

Definition 4.5. A space X is said to be ultra Hausdorff [9] (resp. w-T3 [3]) if every
two distinct points of X can be separated by disjoint clopen (resp. w-open) sets.

Theorem 4.6. If f : X — Y is a perfectly w-irresolute injection, then X is ultra
Hausdorff.

Proof. Let x1, zo € X and x; # 3. Then f(x1) # f(x2). Since Y is always
w — T}, there exists an w-open set U containing say f(x;) but not f(z3). By perfect
w-irresoluteness of f, f~1(U) and X — f~1(U) are disjoint clopen sets containing x;
and xo, respectively. Thus X is ultra Hausdorff.

The quasi-topology denoted by 7, on X is the topology having as base the clopen
subsets of (X, 7). A subset A of X is called quasi open if A € 7,. The complement
of a quasi-open set is called quasi-closed [9].

Theorem 4.7. Let Y be w-T5 space.

(1) If f, g: X — Y are perfectly w-irresolute functions, then the set A = {z €
X : f(z) = g(x)} is quasi-closed in X.

(2) If f: X — Y is perfectly w-irresolute function, then the subset £ = {(z,vy) :
f(z) = f(y)} is quasi-closed in X x X.

Proof. (1). Let x ¢ A. Then f(x) # g(x). Since Y is w-T5, there exist disjoint w-open
sets V7 and V5 in Y such that f(z) € V; and g(z) € V4. Since f and ¢ are perfectly
w-irresolute, f~1(V;) and g~*(V3) are clopen sets. Put U = f~1(V;)Ng~*(Vz). Then
U is clopen set containing z and UN A = &. Hence we have U C X — A. This shows
that X — A is quasi-open or equivalently A is quasi-closed.

(2). Let (z,y) ¢ E. Then f(x) # f(y). Since Y is w-T5, there exist disjoint
w-open sets V; and V, containing f(x) and f(y) respectively. Since f is perfectly
w-irresolute, f~1(Vy) and f~!(V,) are clopen sets. Then for the clopen set U =
F7H (V1) x f71(V4) containing (z,y), we have UNE = @ ie. U C (X x X) — E. This
shows that (X x X) — E is quasi-open or equivalently E is quasi-closed.

Definition 4.8. [5]A function f: X — Y is called
(a) w-closed if for each closed set K in X, f(K) is w-closed in Y.
(b) w-open if for each open set U in X, f(U) is w-open in Y.

Theorem 4.9. A function f: X — Y is w-closed (resp. w-open) if and only if for
each subset S of Y and for each open (resp. closed) subset U of X with f~1(S) C U,
there exists an w-open (resp. w-closed) set V of Y such that S C V and f~1(V) C U.

Proof. We only prove for the w-closedness. The other is entirely analogous.

(=): Suppose that f is w-closed. Let S be any subset of Y and U be an open
subset of X with f~!(S) C U. Since f is w-closed, Y — f(X — U) is an w-open
set in Y. Then for the set V =Y — f(X — U), we have S C V and f~1(V) =
FUY = f(X —U) = X — ff(X —U) CU.

(<): Let K be any closed subset of X and S =Y — f(K). Then f~!(S) C
X — K. By hypothesis, there exists an w-open set V' in Y containing S such that
Y V) C X—K. Then, we have K C X — f (V) and Y -V = f(K). Since, Y =V

is w-closed, f(K) is w-closed and thus f is an w-closed function. A topological space
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X is called w-normal [7] if for every pair of disjoint closed subsets F; and F; of X
there exists disjoint w-open sets U and V such that F; C U and F, C V.

Theorem 4.10. If f : X — Y is a continuous w-closed surjection and if X is normal
space, then Y is w-normal.

Proof. Let Fy and F5 be disjoint closed sets of Y. Since f is continuous and X is
normal, there exist disjoint open sets U and V such that f~'(F;) C U and f~!(F,) C
V. By Theorem 4.9, there exist w-open sets G and H such that F} C G, F; C H
and f~(G) C U and f~'(H) C V. Then we have f~'(G) N f~'(H) = & and hence
G N H = @. This shows that Y is w-normal. The following theorem shows that we
can get same result under different hypothesis.

Theorem 4.11. If f: X — Y is perfectly w-irresolute, w-open bijection and X is a
normal space, then Y is w-normal.

Proof. Let F} and F; be disjoint closed sets in Y. Since F} and F; are also w-closed
and f is perfectly w-irresolute, f~(F}) and f~1(F,) are disjoint clopen and so closed
sets in X. By normality of X, there exist disjoint open sets U and V such that
f7YF)) C U and f~!'(F) C V. Then we obtain that F; C f(U) and F, C f(V)
such that f(U) and f(V') are disjoint w-open sets. Thus Y is w-normal.

Theorem 4.12. If f : X — Y is a continuous, w-open, w-closed surjection and if X
is regular, then Y is w-regular.

Proof. Let y € Y and V be an open set in Y with y € V. Take y = f(x). Since f is
continuous and X is regular, there exist an open set U such that x € U C Cl(U) C
f~YV). Then y € f(U) C f(CI(U)) C V. By assumptions, f(U) is w-open and
f(CLU)) is w-closed set in Y. Therefore, we have y € f(U) C wCIlf(U) C V. This
shows that Y is w-regular.

Theorem 4.13. If f : X — Y is perfectly w-irresolute, w-open bijection and if X is
regular, then Y is w-regular.

Proof. 1t is similar to that of Theorem 4.11.

Definition 4.14. A space (X, 7) is called

(1) mildly compact [9] (resp. w-compact [1]) if every clopen (resp. w-open) cover
of X has a finite subcover.

(2) mildly Lindeldf [9] if every cover of X by clopen sets has a countable subcover.

Theorem 4.15. Let f: X — Y be a perfectly w-irresolute surjection. If X is mildly
compact, then Y is w-compact.

Proof. Let f be a perfectly w-irresolute surjection and let X be a mildly com-
pact space. If {V;}ic; is an w-open cover of Y, by perfect w-irresoluteness of f,
{f7Y (Vi) }ier is a clopen cover of X and so there is a finite subset Iy of I such that
X = Uier, /H(V;). Therefore, we have Y = U1, V; since f is surjective. Thus Y is
w-compact.

Theorem 4.16. [6]For a topological space (X, 7), (X,7) Lindelof if and only if
(X, 7,) Lindeldf.

Theorem 4.17. Let f : X — Y be a perfectly w-irresolute surjection. If X is mildly
Lindelof, then Y is Lindelof.
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Proof. Tt is similar to that of Theorem 4.15. We notice that a subspace A of a space
X is mildly Lindel6f relative to X if for every cover {V; : i € I} of A by clopen sets
of X, there exists a countable subset Iy of I such that {V; :i € Iy} covers A.

Theorem 4.18. Let f : X — Y be an w-closed surjection such that f~'({y}) is
a mildly Lindelof relative to X for each y € Y. If Y is Lindel6f, then X is mildly
Lindelof.

Proof. Let {U; : i € I} be an clopen cover of X. Since f~'({y}) is a mildly Lindelof
relative to X for each y € Y, there exists a countable subset I, of I such that
T {y}) CU{U; i e I,}. Put U, = U{U; : i € I,}. Then since f is w-closed,
V, =Y — f(X = U,) is an w-open set containing y such that f~(V,) C U,. Again
since {V, : y € Y} is an w-open cover of the Lindeldf space Y, by Theorem 4.16, there
exist countable points of Y, says, y1,¥2, ..., Yn, ... such that Y = U,enV), . Therefore,
we have X = f_1<Un€NVn) = UneNf_l(‘/yn) C Upenl,, = UneN(U{Ui NS Iyn}) =
U{U; :i € I,,,n € N}. This completes the proof.

Corollary 4.19. Let f : X — Y be an perfectly w-irresolute and w-closed surjection
such that f~'({y}) is a mildly Lindelof relative to X for each y € Y. Then X is
mildly Lindelof if and only if Y is Lindelof.

5 Graphs of Perfectly w-irresolute Functions

Recall that for a function f : X — Y, the subset {(z, f(z)) : x € X} C X x Y is
called the graph of f and is denoted by G(f).

Definition 5.1. The graph G(f) of a function f : X — Y is said to be quasi-w-
closed if for each (z,y) € (X xY) — G(f), there exist a clopen set U containing «
and an w-open set V' containing y such that (U x V)N G(f) = @.

The proof of the following lemma is clear.

Lemma 5.2. The graph G(f) of a function f : X — Y is quasi-w-closed in X x Y
if and only if for each (z,y) € (X xY) — G(f), there exist a clopen set U containing
z and an w-open set V' containing y such that f(U)NV = @.

Theorem 5.3. If f: X — Y is perfectly w-irresolute and Y is w-T5, then G(f) is
quasi-w-closed.

Proof. Let (z,y) ¢ G(f), then y # f(x). Since Y is w-Ts, there exist disjoint w-
open sets V; and V5 containing f(x) and y, respectively. Again since f is perfectly
w-irresolute, f~1(V}) is clopen set containing x. If we choose U = f~1(V}), then
we have f(U) NV, = @ and hence G(f) is quasi-w-closed. A subset A of a space
X is said to be mildly compact (resp. w-compact) relative to X if for every cover
{Vi :i € I} of A by clopen (resp. w-open) sets of X, there exists a finite subset Iy
of I such that A C U{V,, : w € I}.

Theorem 5.4. If a function f : (X,7) — (Y, 0) has quasi-w-closed graph, then the
followings are true.

(1) f(F) is w-closed in Y for every subset E which is mildly compact relative to
X.

(2) f7Y(K) is quasi-closed in X for every subset K which is w-compact relative
to Y.
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Proof. (1) Let E be mildly compact relative to X and y ¢ f(£). Then we have
(z,y) € (X xY)—G(f) for each x € E and by Lemma 5.2, there exist a clopen set
U, and w-open set V, containing = and y respectively, such that f(U,) NV, = @.
Since the family of {U, : x € E} is a cover of E by clopen sets of X, there exists a
finite number of points, say, x1, z, ..., z, of E such that E C U{U,, : i =1,2,...,n}.
Set V.=n{V,, :i=1,2,...,n}, then V is an w-open set containing y and f(E)NV C
(U{f(Uy,) :i=1,2,....,n})NV = @. Therefore, we have, y ¢ wCI(f(E)). This shows
that f(FE) is w-closed in Y.
(2) It is similar.

Theorem 5.5. Let f : (X,7) — (Y,0) have the quasi-w-closed graph. If f is
injective, then (X, 7,) is T1.

Proof. Let x1, ©o € X and x; # x5. Then, we have f(z1) # f(x2) and so
(1, f(xe)) € (X xY) — G(f). By quasi-w-closedness of graph G(f), there exist
a clopen set U and an w-open set V' containing xjand f(zy) respectively, such that
f({U)NV =@, and hence UN f~1(V) = @. Since z, € f~1(V), clopen sets U and
X — U are desired sets. This completes the proof.

Theorem 5.6. If f : X — Y is an injection with quasi-w-closed graph, then X is
ultra Hausdorff.

Proof. Let x; and x5 be distinct points in X. Then f(x1) # f(x2) and so (z1, f(x2)) ¢
G(f). Therefore, there exist a clopen set U and an w-open set V' such that (z1, f(z2)) €
UxVand UN f~1(V) = @. Hence we have disjoint clopen sets U and X\U con-
taining x; and x5 respectively. This shows that X is ultra Hausdorff.

Theorem 5.7. Let f : X — Y have the quasi-w-closed graph. If f is a surjective
w-open function, then Y is w-T5.

Proof. Let y; and y, be any distinct points of Y. Since f is surjective, f(z) = y; for
some x € X and (z,y2) € (X xY) — G(f). By quasi-w-closedness of graph G(f),
there exist a clopen set U and an w-open set V' such that (x,y2) € (U x V) and
f(U)NV = @. Since f is w-open, then f(U) is w-open such that f(x) =y, € f(U).
This shows that Y is w-T5.

Definition 5.8. A topological space X is said to be hyperconnected [10] if every
pair nonempty open sets of X has nonempty intersection.

Theorem 5.9. Let X be hyperconnected. If f: X — Y is a perfectly w-irresolute
function with quasi-w-closed graph, then f is constant.

Proof. Suppose that f is not constant. Then there exist two point x; and x5 of X
such that f(x1) # f(x2). Then we have (z1, f(z2)) ¢ G(f). Since G(f) is quasi-w-
closed, there exist a clopen set U and an w-open set V' such that (xy, f(xq)) € U xV
and f(U)NV = @. Therefore, we have U N f~1(V) = (). This is a contradiction
with the hyperconnectedness of X since f~!(V) is non-empty open set in X.
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Abstaract — In this paper, we introduce a new class of convex functions which is called (s, m)-
preinvex functions in the second sense then we establish some new Hermite-Hadamard’s inequalities
whose modulus of the first derivatives are in this novel class.
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1 Introduction

One of the most well-known inequalities in mathematics for convex functions is so
called Hermite-Hadamard integral inequality

("50) < bi@]f(a:)dxg AR AL )

a

where f is a real continuous convex function on the finite interval [a, b]. If the function
f is concave, then (1) holds in the reverse direction (see [18]).

The Hermite-Hadamard inequality play an important role in nonlinear analysis
and optimization. The above double inequality has attracted many researchers,
various generalizations, refinements, extensions and variants of (1) have appeared in
the literature, we can mention the works [1, 4, 5, 6, 8, 9, 13, 14, 15, 16, 17| and the
references cited therein.

* Edited by Uzair Awan and Naim Cagman (Editor-in-Chief).
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In recent years, lot of efforts have been made by many mathematicians to gen-
eralize the classical convexity. Hanson in [7], introduced a new class of generalized
convex functions, called invex functions. In [2], the authors gave the concept of
preinvex functions which is special case of invexity. Pini [19], Noor [11,12], Yang
and Li [23] and Weir [22], have studied the basic properties of preinvex functions
and their role in optimization, variational inequalities and equilibrium problems.

In [5], Dragomir and Agarwal established the following Hermite-Hadamard’s in-
equalities for differentiable convex functions:

Theorem 1.1. [Theorem 2.2] Let f : I° C R — R be a differentiable mapping on
I°, a,b € I° with a < b. If | f'| is convex on [a, b], then the following inequality holds:

(GRS {0 Wy o P ROI GIESTGT) o)

Theorem 1.2. [Theorem 2.3| Let f : I° C R — R be a differentiable mapping on
I°, a,b € I° with a < b and let p > 1. If the new mapping |f’|z7pf1 is convex on [a, b],
then the following inequality holds:

b

(ORI N

2 T bh—a
b-a) (1@ + 1o\ 3
T 20+ 1) ( 2 ) : (3)

In [17], Pearce and Pecari¢ generalized Theorem 2.3 from [5] as follows:

Theorem 1.3. [Theorem 1| Let f: I° C R — R be a differentiable mapping on I°,
a,b € I° with a < b and let ¢ > 1. If the mapping |f’|? is convex on [a, b], then

@)+ 5 1 (b—a) (If’ ()] + If’(b)lq)‘lﬂ (4)

b
2 _zy—aff(f"’>d“’S 1 2

a

In [8], Kirmaci et al. gave a variant of Theorem 1.1 from [13] for functions whose
first derivatives in absolute values are s-convex in the second sense as follows:

Theorem 1.4. [Theorem 1| Let f: I — R, I C [0,00) be a differentiable mapping
on [° such that f' € L([a,b]), where a,b € I, a < b, If | f'|? is s-convex on [a, b] for
some fixed s € (0,1) and ¢ > 1, then

f(a);f(b)_bia7f(x)dx ; b—a(z)q?<( ()

< (If (@[* + £/ B (5)
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In [1], Barani et al. obtained similar results given in [5] for differentiable preinvex
functions as follows:

Theorem 1.5. |[Theorem 2.1] Let A C R be an open invex subset with respect to
n:AxA— R. Suppose that f : A — R is a differentiable function. If |f’| is
preinvex on A then, for every a,b € A with n(a,b) # 0 the following inequality holds

a+n(b,a)

fla) + flatn(ba) 1
5 ) [ f(z)dz
< OOy a1 )

Theorem 1.6. [Theorem 2.2| Let A C R be an open invex subset with respect to
n:AxA— R. Suppose that f : A — R is a differentiable function. Assume that
p € R withp > 0. If |f’|p%1 is preinvex on A then, for every a,b € A with n(a,b)
# 0 the following inequality holds

a+n(b,a)

fl@)+ flat+nba) 1 .
2 n(b,a) [ f( )d
n (b, a)| |f’(a)|p%1+|f/(b)|p%1 5 i
T 2(p+1)r ( 2 ) : (7)

In [9], Latif and Shoaib established the following Hermite-Hadamard’s inequalities
for functions whose first derivatives in absolute values are m-preinvex as follows:

Theorem 1.7. [Theorem 4| Let K C [0,b*], b* > 0 be an open invex subset with
respect ton: K X K — R and a,b € K with a < a + n(b,a). Suppose f: K — R is
differentiable mapping on K such that ' € L ([a,a +n(b,a)]). If | f'| is m-preinvex
on K, then the following inequalities holds

a+n(b,a)
flo) + fla+n(ba) 1 .
: o / f(x)d
< 22 i @peml ). ®)

Theorem 1.8. |[Theorem 5| Let K C [0,b*], b* > 0 be an open invex subset with
respect ton: K X K — R and a,b € K with a < a + n(b,a). Suppose f: K — R is
differentiable mapping on K such that f’ € L ([a,a + n(b,a)]). If | f'|? is m-preinvex
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on K for ¢ > 1, then we have the following inequalities holds

a+n(b,a)
fla) + fla+n(ba)) 1
2 ~n(b.a) | s
wa) (@ +m |
- 2(p+1)zlo< 2 ) ) (9)

1,1 _
Where]—j—i—a—l.

Theorem 1.9. |[Theorem 6] Let K C [0,b*], b* > 0 be an open invex subset with
respect ton: K X K — R and a,b € K with a < a + n(b,a). Suppose f: K — R is
differentiable mapping on K such that f’ € L ([a,a + n(b,a)]). If | f'|? is m-preinvex
on K for ¢ > 1, then we have the following inequalities holds

a+n(b,a)
fla)+ flatn(ba) 1 .
? n(b.a) / flz)e
n.a) (11 @ +m | ")
- ( 2 ) (10)

Motivated by the above results, in this paper we first define a novel class of convex
functions called (s, m)-preinvexity in the second sense then we establish some new
Hermite-Hadamard’s inequalities based on this new definition.

2  Preliminaries

In this section we recall some concepts of convexity that are well known in the
literature. Throughout this section [ is an interval of R.

Definition 2.1. [18| A function f : I — R is said to be convex, if
fltz+ 1 =t)y) <tf(x)+(1-1) f(y),
holds for all z,y € I and all ¢ € [0, 1].

Definition 2.2. [3] A nonnegative function f : I C [0,00) — R is said to be
s-convex in the second sense, if the following inequality

flz+ 1 =t)y) <€ f(x)+ (1 —-1)"f(y),

holds, for all z,y € I and ¢ € [0, 1].
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Definition 2.3. [20] A function f : [0,0*] — R, is said to be m-convex function
where m € [0,1] and b* > 0, if

Stz +m(l=1t)y) <if (z) +m(l —1)f(y),
holds for all z,y € [0,b*] and ¢ € [0, 1].

Definition 2.4. [6] A nonnegative function f : [0,b"] — R, is said to be (s, m)-
convex function in the second sense where s, m € (0, 1] and b* > 0, if

[tz +m(l—t)y) <t°f (x) + m(1 = 8)°f(y),
holds for all z,y € [0,b*] and ¢ € [0,1].

Let K be a subset in R” and let f: K — R and n: K x K — R" be continuous
functions.

Definition 2.5. [22| A set K is said to be invex at z with respect to 7, if
r+itn(y,z) € K,

holds for all z,y € K and t € [0,1].
K is said to be an invex set with respect to 7 if K is invex at each x € K.

Definition 2.6. [22] A function f on the invex set K is said to be preinvex with
respect to 7, if

holds for all z,y € K and ¢ € [0,1].

Definition 2.7. [13, 21] A nonnegative function f on the invex set K C [0,00) is
said to be s-preinvex in the second sense with respect to 7, if

flz+in(y,z) <1 =0°f(x)+1f(y),
holds for all z,y € K and t € [0,1].

Definition 2.8. [9] Let K be an invex set with X C [0,0*], b* > 0. A function
f: K — R is said to be m-preinvex function with respect to n, where m € (0, 1] and
b* >0, if

fle+in(y,x) < (1=1) f(z) +mtf(

holds for all z,y € K, t € [0,1].

Y
m)’
Lemma 2.9. [10] The Hypergeometric function is defined as follows:

1
o Fi(a,b;c;2) = /tb_l(l — ) (1 — ),

0

for t € [0,1] and Rec > Reb > 0 and |arg (1 — 2)| < 7.
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Lemma 2.10. [1| Let K C R be an open invex subset with respect ton : K x K —
R and a,b € K with a < a+n(b,a). Suppose f : K — R is a differentiable function
such that f' € L([a,a+ 1 (b,a)]), then the following equality holds

a+n(b,a)
! fa)+ fa+1(ba)
0 a) / f(z)dx — 5
= 208 [ -2+ it aar

3 Main Results

We will start with the following definition.

Definition 3.1. Let K be an invex set with K C [0,b*], b* > 0. A nonnegative

function f : K — R is said to be (s, m)-preinvex function in the second sense with
2 .

respect to 7, where (s,m) € (0,1], if

f e+t (y.0) < (1= 1) f (@) +mt (L),
holds for all z,y € K and ¢ € [0, 1].

Remark 3.2. Definition 3.1 recapture all definitions cited above with the exception
of Definition 2.5 for well-chosen values of 7(.,.), s and m.

Now, we can state our results.
Theorem 3.3. Let K C [0,b*], b* > 0 be an invex subset with respect ton, a,b € K°
(interior of K) with n(b,a) > 0. Let f : K — (0, 00) be differentiable mapping on K
such that f" € L([a,a+ n(b,a)]). If | f'| is (s, m)-preinvex in the second sense on K
for some fixed s,m € (0,1], then the following inequality:

a+n(b,a)
f@) + fatngba) 1
2 ) / f(z)dz

_ onba) s+ (3)
- 2 (s+1)(s+2)
holds for all z € [a,a + 1 (b, a)].

1@l m

ren||. (1)

Proof. From Lemma 2.10 and properties of modulus, we have

a+n(b,a)

f@)+ fatn(ba) 1
; T 0a) / fz)dz

a

< ﬂ%Q/H—QMfw+m&®N% (12)
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since |f'| is (s, m)-preinvex function in the second sense, we have

a+n(b,a)

f@%+ﬂ2+nwﬂn_yﬂ;® {‘fwwx
< ”“;“)]u ~2tf |0l @)+ e a
_ ”(l;’a) |f’(a)|]|1—2t|(1—t)sdt
+m f’(%)‘]u—zﬂmt
= 200 2t (raiem|r)), 13)

where we use the facts that

1 1 +(1)s
/|1—2t|(1—t)sdt:/|1—2t|t5dt: T

(s s
0 0

The proof is completed. O

Remark 3.4. In Theorem 3.3, if we choose s =1, (s,m) = (1,1) or ( (b,a),s,m) =
(b —a,1,1), then (11) reduce to (8), (6) and (2) respectively.

Theorem 3.5. Let K C [0,b*], b* > 0 be an invex subset with respect ton, a,b € K°
(interior of K') with n(b,a) > 0. Let f : K — (0,00) be differentiable mapping on
K such that f' € L([a,a+ n(b,a)]) and let ¢ > 1 with %—k % = 1. If | f'|" is (s,m)-
preinvex in the second sense on K for some fixed s,m € (0,1], then the following
inequality:

a+n(ba

fla)+ fla+n(b,a)) 1
~n(ba) [

)
f(z)dz

Vo

2

< oy ((r@remlr

2 p+1)r(s+1

holds for all z € [a,a + 1 (b, a)].
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Proof. From Lemma 2.10, properties of modulus, Holder’s inequality and (s,m)-

preinvexity of |f’|?, we obtain
f@+farnba) 1
a)+ fla+n(b,a
2 o | e

a

1 p (1
< E%a)t/ﬂ—zﬁdt /mﬂ@+m@ﬂﬁfﬁ
0 0

1 q
b
_ b [1£@+ . aprar
2(p+1)r \ 4
b ; NG :
< 109D [y e Ja-vaem|r ) [ea
2(p+1)r g meb g
b,a , RLY
S LCL) 1(|f (a)lq+mf(—)) ,
2(s+1)s(p+1)r m
where we have use the facts that
1 1
) 1
/(1—t) dt_/tsdt_ |
s+1
0 0

and

1
1
/|1 — 2/’ dt = ——.
p+1

0
The proof is achieved. [
Remark 3.6. In Theorem 3.5, if we choose s = 1,(s,m) = (1,1) or (n(b,a),s,m) =
(b —a,1,1), then (15) reduce to (9), (7) and (3) respectively.
Theorem 3.7. Let K C [0,b*], b* > 0 be an invex subset with respect to n, a,b € K°
(interior of K') with n(b,a) > 0. Let f : K — (0,00) be differentiable mapping on

K such that " € L([a,a+n(b,a)]) and let ¢ > 1. If | f'|? is (s, m)-preinvex in the
second sense on K for some fixed s,m € (0,1], then the following inequality:

a+n(b,a)
f@)+ fatnba) 1
5 ") [ f(z)dx
N ) M S P NG
v <(5+1)(S+2)) Ir@rmlrenl ] ao

holds for all z € [a,a + 1 (b, a)].
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Proof. From Lemma 2.10, properties of modulus and power mean inequality, we have

F@)+ flatnta) 1 "
a a-+mn(b,a
9 _n(b,a) / f(z)dz
(ba) [ | e .
< 28 |1 —2t|dt 11— 2t||f'(a + tn(b,a))|" dt
() J
L :
b
= Zgi)‘/ﬂ—ﬂﬂU%w+m®A»Vﬁ : (17)

0

since |f'|? is (s, m)-preinvex function in the second sense, we have

1

J =2 1f @+ o, o))

1

< AP @ =200 -0 em| )| [on -2
= ool smlr ], (19

where we have use (14). Substituting (18) into (17), we get the desired inequality in
(16). 0

Remark 3.8. In Theorem 3.7, if we choose s =1, (n(b,a),s,m) = (b—a,s,1) and
(n(b,a),s,m)=(b—a,l1,1), then (16) reduce to (10), (5) and (4) respectively.

Theorem 3.9. Suppose that all the assumptions of Theorem 3.7 are satisfied. Then
the following inequality:

fa) + fla+n (b a)) 1 n(b,a)
. - / flayde] < ™
x (#B(wl,qmﬁﬂ “;ig“;i))q (i@ m|rch)

(19)

holds for all x € [a,a + 1 (b,a)] where oF; (.,.;.;.) is the Hypergeometric function
and B (.,.) is the beta function.



Journal of New Theory 10 (2016) 54-65 63

Proof. From Lemma 2.10, properties of modulus and power mean inequality, we have

(OES{CES U] NN My

a+n(b,a)
‘ 2 n (b, a

a

1

n(b27 a) /dt) (/1 — 217 | f'(a + ty(b, a))th)

0

q

IN

Q=

- . / 11 —2t|7|f"(a + tn(b,a))|* dt) , (20)

using (s, m)-preinvexity of |f/|, (20) gives

a+n(b,a)
fla)+ fla+n(ba) 1
2 n (b, a)

1 (172’ @) /\1 e ((1 —0)* | (@) + mt f/(%) q) dt)

0

e

IN

1
b 1

-1 ' (a)]* /(1—t) 1—2tth+/1—t (2t —1)%dt

0

1 q

Q
O\l\:b—'
—~
—
|
[\
~
~—
£
8
~
_|_
—~
[\
~—
Q
Q
~

SIS

1 .
1 1\°
s (/ o oo (1-4) ))
0

0

1
n(b,a)< 1 2F1(1,—8;q+235)>q

5 | g B s+ La+1)+

q);

Which is the desired result. O

< (I @+ m| )
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Abstract — In this paper, we review some operations in intuitionistic fuzzy soft multi set theory in different
approach and show that the De Morgan’s types of results hold in intuitionistic fuzzy soft multi set theory for
these operations in our way. Basic supporting tools in information system are also defined. Application of
intuitionistic fuzzy soft multi sets in information system are presented and discussed. Also we show that
every intuitionistic fuzzy soft multi set is an intuitionistic fuzzy multi valued information system.

Keywords — Soft sets, fuzzy soft multi sets, intuitionistic fuzzy soft multi sets, information system.

1 Introduction

Most of the problems in engineering, computer science, medical science, economics,
environments etc. have various uncertainties. In 1999, Molodstov [12] initiated the concept
of soft set theory as a mathematical tool for dealing with uncertainties. Later on Maji et
al.[11] presented some new definitions on soft sets such as subset, union, intersection and
complements of soft sets and discussed in details the application of soft set in decision
making problem. Based on the analysis of several operations on soft sets introduced in
[12], Ali et al. [2] presented some new algebraic operations for soft sets and proved that
certain De Morgan’s law holds in soft set theory with respect to these new definitions.
Combining soft sets [12] with fuzzy sets [15] and intuitionistic fuzzy sets [5], Maji et al.
[[9], [10]] defined fuzzy soft sets and intuitionistic fuzzy soft sets, which are rich potential
for solving decision making problems. Alkhazaleh and others [[1], [4], [6], [7], [14]] as a
generalization of Molodtsov’s soft set, presented the definition of a soft multi set and its
basic operations such as complement, union, and intersection etc and thereafter Balami and
others [[7], [8]] discussed the application of soft multiset and multi-soft set in information

“Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman (Editor-in-Chief).
“Anjan Mukherijee.
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system. In 2012 Alkhazaleh and Salleh [3] introduced the concept of fuzzy soft multi set
theory and studied the application of these sets and recently, Mukherjee and Das [13]
introduced the concepts of intuitionistic fuzzy soft multi sets and studied intuitionistic
fuzzy soft multi topological spaces in details.

In this paper, we review some new operations in intuitionistic fuzzy soft multi set theory
and applications of intuitionistic fuzzy soft multi sets in information system are presented
and discussed. Also we show that every intuitionistic fuzzy soft multi set is an intuitionistic
fuzzy multi valued information system.

2 Preliminary Notes

In this section, we recall some basic notions in soft set theory, fuzzy soft multi set theory
and intuitionistic fuzzy soft multi set theory. Molodstov defined soft set in the following
way. Let U be an initial universe and E be a set of parameters. Let P(U) denotes the power
set of U and AcE.

Definition 2.1. [12] A pair (F, A) is called a soft set over U, where F is a mapping given by
F: A— P(U). In other words, soft set over U is a parameterized family of subsets of the
universe U.

Definition 2.2. [3] Let {U,:i<1} be a collection of universes such that (1,_,U; =¢ and let

{Eui :iel} be a collection of sets of parameters. Let U =] FS(U;) where Fs(u,)

iel

denotes the set of all fuzzy subsets of U;,E=II;_, E, and AcE. A pair (F, A) is called
a fuzzy soft multi set over U, where F is a mapping given by F: A—U.

Definition 2.3. [3] For any fuzzy soft multi set (F, A), a pair (eui'j, F% j) is called a U, —fuzzy

soft multiset part Veui,,- €a and FeU_J c F(A) is a fuzzy approximate value set, where

a, e A, ke{l23,..m}, ie{1,2,3,.n} and je{1,23,..r}.

Definition 2.4. [13] Let {U; ;i€ 1} be a collection of universes such that N,_,U, = ¢ and
IFS (U;) where IFS(U;)
denotes the set of all intuitionistic fuzzy subsets of U,, E =11, ELJi and Ac E. A pair

(F, A) is called an intuitionistic fuzzy soft multi set (briefly, IFSM-set) over U, where F is a
mapping givenby F: A—U.

let {Ei e I} be a collection of sets of parameters. Let U =[]

iel

Definition 2.5. [13] The complement of an IFSM-set (F, A) over U is denoted by (F, A)° and is
defined by (F,A)°=(F,A), where F:A—U is a mapping given by

F'(a) =c(F(a)), Ya € A, where ¢ is an intuitionistic fuzzy complement.



Journal of New Theory 10 (2016) 66-75 68

Definition 2.6. [13] An IFSM-set (F, A) over U is called an absolute IFSM-set, denoted by (F, A),,

it (&0 Fo, ) =Uir Vi

Definition 2.7. [13] A null IFSM-set (F, A), over U is an IFSM-set in which all the IFSM-
set parts equals ¢.

Definition 2.8. [13] Union of two IFSM-sets (F, A) and (G, B) over U is an IFSM-set (H,
D), where D=AuUB and Ve e D,

F(e)’ |f EGA—B
H(e) =<G(e), if eeB-A
U(F(e),G(e)), if ee ANB,

where U(F(e).G(e))=F, UG, vie{123.m}, je{1.23..n} with U as an
intuitionistic fuzzy union and is written as (F, A) O (G, B)=(H,D).

Definition 2.9. [13] Intersection of two IFSM-sets (F, A) and (G, B) over U is an IFSM-set
(H, D) where D=ANB and VeeD,

F(e)1 |f eEA—B
H(e) =<G(e), if eeB-—A
N(F(e),G(e)), if eeANB

~

where N(F(e),G(e)) = F, NG, ,vie{1,23..n}, je{1,23,..n} with M as an
intuitionistic fuzzy intersection and is written as (F, A) N (G, B)=(H,C).

3 Results on Intuitionistic Fuzzy Soft Multisets

In this section, we review some operation on IFSM-sets in different approach and show that
the De Morgan’s types of results hold in intuitionistic fuzzy soft multi set theory for these
operations in our way.

Let {U;:iel} be a collection of universes such that MU, =¢ and let {E :icl} be a

collection of sets of parameters. Let U =[], IFS(U;), where IFS(U;) denotes the set of
all intuitionistic fuzzy subsets of U;, E=TT_, E, and AcE.

Definition 3.1. A pair (F, A) is called an intuitionistic fuzzy soft multi set (briefly, IFSM-
set)over U, where F is a mapping given by F: A—U , such that Ve € A,

F(e) = “ ‘ueU biiel |
© {(/uF(e)(u)lVF(e)(u)) ne
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Definition 3.2. For any IFSM-set (F, A), a U, —intuitionistic fuzzy soft multiset part
(briefly, U, - IFSMS-part) of (F, A) over U, is of the form

u ruelU,ecA
(tp W Ve@) " |

Definition 3.3. The union of two IFSM-sets (F, A) and (G, B) over a common universe U
is an IFSM-set (H, C), where C=AUB and veeC, ueU

He (u), if ecA-B

Mg (W) = o (1) if eeB-A
max(up(e) (u),uge (u)), if ecANB

and
Ve (U), if ecA-B
Vi (U) = 1Vee (1), if eeB-A
Min (v (U), Ve (U)), if ee ANB

We write (F, A)J(G, B)=(H, C).

Definition 3.4. The intersection of two IFSM-sets (F, A)and (G, B) over a common
universe U is an IFSM-set (H, ), where C=AuUB and vVeeC, ueU

Hee (u), if ecA-B

Mi (1) = g (1), if eeB-A
min(pp(e) (1), 1gq (u)), ifeeANnB

and
Ve (U), if ecA-B
Vie (U) = 1Vee (1), if eeB-A

max (Ve (U), vee (1)), if e ANB
We write (F, A)A(G, B)=(H, C).

Definition 3.5. The complement of an IFSM-set (F, A) over U is denoted by (F,A)° and is
defined by (F,A)° =(F°¢, A), where
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Fee)= u ueU tiiel |, Vee A
(e) [{(VF(e)(u)nuF(e)(u)) i I} '€ ] =

Proposition 3.6. For two IFSM-sets (F, A) and (G, B) over U, then we have
1 ((F, AOG, B)) &(F, A* O(G, BY
2. (F, A°A\G, BY &((F, AN, B))

Proof. Let (F, A)OU(G, B)=(H,C), where C=AUB and veec,

Hee (1), if ec A-B
B (1) = | Hag (1), if e€B-A
max(pF(e) (u),1g0 (u)), ifeecANB

and
VF(e)(u)! if ecA-B
VH(e)(u): VG(e)(U)’ if eeB-A
min (v, (U),vee (U)), if ee ANB

Thus ((F, A)J(G, B)) =(H,C)" =(H*,C), where C=AUB and veeC,

Ve (U), if ec A-B
Hige ey (U) = Vi (U) = V59 (1), It eeB-A

Min (v (U),veg (1)), if ecANB

and
Hee (u), if ec A-B
Ve oy (U) = By () = oy (1), it e e B-A
max(uF(e) (1), Keg (u)), ifeecANB

Again, (F, A U(G, B)*=(F°, AU(G’, B)=(K,D). Where D=AUB and Ve e D,

70
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VF(e)(u)’ if ecA-B
Hi (e) (u)= Ve (u), if eeB-A

Max (Ve (U), Ve (U)), if ecANB

et (U) <t (V)

and
Hee (1), if e A-B
Viey (U) =1 B (1), if eeB-A
min (e (). hog (1)), if ec ANB

Le. v, (U) 2V (U).

We see that C=D and Ve e C, H°(e) = K(e). Thus ((F, A)J(G, B))C &(F, A°J(G, B).
The other can be proved similarly.

Proposition 3.7. If (F,A) and (G, A) are two FSM-sets in FSMS, (¢, A), then we have
the following

(i). (F, AOG,A) =(F A°AG, A
(ii). (F, AAG, A)) =(F A° (G, AF

Proof. (i). Let (F, A)U(G, B)=(H,C), where C=AUB and veeC,

He (u), if ecA-B
Mg (1) = B (1), if eeB-A
max(pF(e) (1), 160 (u)), if eeAnB

VF(e)(U), if ee A-B
VH(e)(u): VG(e)(U)’ if eeB-A
min(VF(e)(U),VG(e)(U)), if ecAnB

Thus ((F, AJ(G, B)) =(H,C)* =(H",C), where C=AUB and VeeC,
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vF(e)(u), if ec A-B
He e (U) = Vi (U) = V59 (1), it e e B-A
Min (v (1), Ve (U)), if ecANB

Hee) (u), if eeA-B
Ve (U) = By (1) = 4 g (1), it ecB-A
max(uF(e) (1), Ko (u)), if eeAnB

Also, let (F, A*N\(G, B)° =(F°, AN(G*, B)=(K,D). Where D=AuUB and VeeD,

Ve (U), if ecA-B
Hiey (U) =1 Ve (1), if e eB-A
Min (veg (U), Ve (U)), if ec ANB

- ’uHC(e) (U),
and
e (1), if ec A-B
Vi (U) = g (1), if eeB-A

Max (g (1), 1eg (), if e ANB

=V (u).
We see that C=D and Ve e C, H®(e) = K(e). Hence the result.

The other can be proved similarly.

Definition 3.8. A IFSM-set (F, A) over U is called an absolute IFSM-set, denoted by
(F,A)y,if YeeA pp,(U)=1and v, (u)=0, Vuel,;, iel.

Definition 3.9. A null IFSM-set (F,A), over U is an IFSM-set in which
VeeA ppU)=0and v, (u)=1 VueU, iel.

Proposition 3.10. If (F, A) be any IFSM-set in over U, then
(i) (F,A)F\(G,B)¢=(G,B)¢,



Journal of New Theory 10 (2016) 66-75 73

(i) (F,A)A(H,C), =(F.A),
(d) (F,A)O(G,B), =(F,A),

(iv) (F,A)O(H,C), =(H,C),.

4 An Application of IFSM-set in information system

Definition 4.1. An intuitionistic fuzzy multi-valued information system is a quadruple

Inf,qem = (X, A f,V) where X is a non empty finite set of objects, A is a non empty finite

set of attribute, v =uv,, where V is the domain (an intuitionistic fuzzy set,) set of
aeA

system

attribute, which has multi value and f:XxA—V is a total function such that
f(x,a)eV, forevery (x,a)e X xA

Proposition 4.2. If (F,A) is an IFSM-set over universe U, then (F,A) is an intuitionistic
fuzzy multi-valued information system.

Proof. Let {U;:iel} be a collection of universes such that N, U, =¢ and let {E :iel}
be a collection of sets of parameters. Let U =[T,_, IFS(U;) where IFS(U,)denotes the set

of all intuitionistic fuzzy subsets of U, E=II_ E, and AcE. Let (F,A) be an IFSM-

iel

setover Uand X = .U,Ui . We define a mapping f where f : X x A—V | defined as

X

(/’lF(a) (X) 1VE(a) (X)) |

f(x,a)=

Hence V =aUAVa where V, is the set of all counts of in F(a) and U represent the

classical set union. Then the intuitionistic fuzzy multi-valued information system
(X, A f,V) represents the IFSM-set (F, A).

Example 4.3. Let us consider there are two universes U, and U,. Let U, ={h,,h,,h,} and

U,={c.c,}. Let {EUI, EUZ} be a collection of sets of decision parameters related to the
above universes, where

By, = {eulyl =expensive, g, , = wooden}, By, = {euz,l =sporty, e, , =cheap, &, ;=2010 model} :

Let U=TIZ, IFS(U,), E=TIL E, and A={e =(e, 1.&,.). & =(6,18,,)8 =(8,1.8,5)}-

Let
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F(el)z[{ hl ’ hz , h3 },{ C, ' C, }j’
2.7 (4.5 ' 01 108.1 0.1
({30t o)
0, (7,.2) (1,0 (0,1)) (.6,.3
F(es):({ hy ’ h, ,h3 },{ G ’ C, }j
©1'(8.1 0110503 (6.3

Then the IFSM-set (F,A) defined above describes the conditions of some “house” and

“car” in a state. Then the quadruple (X, A, f,V) corresponding to the IFSM-set given
above is an intuitionistic fuzzy multi-valued information system.

2
Where X = _\_JIUi and A is the set of parameters in the IFSM-set and

V _ hl h2 h3 Cl CZ
“(2.7)'(4,5)'(0,) (8.1 (01 ]

V _ hl h2 h3 Cl CZ
10,1 (7,2 10) (0,0 (6,.3) |

V _ hl h2 h3 Cl CZ
= 1(0,1)(.8,.1) (0,2 ' (0.5,0.3)'(.6,.3)

For the pair (h,e,) we have f(h,e) =(0.2,0.7), for (h,,e ), we have f(h,,e)= (0.4,

0.5). Continuing in this way we obtain the values of other pairs. Therefore, according to the
result above, it is seen that IFSM-sets are intuitionistic fuzzy soft multi-valued information
systems. Nevertheless, it is obvious that intuitionistic fuzzy soft multi-valued information
systems are not necessarily IFSM-sets. We can construct an information table representing

IFSM-set (F, A) defined above as in Table 1.

Table 1. The information table representing IFSM-set (F.A).

(31 (5] €3
h. | (02,07 | ©1) | (0.1
h, | (04,05) |(0.7,0.2) | (0.8,0.1)

hs (0,1) 1,00 | (0,1)
C1 (0,1) 0,1) |(0.5,0.3)
Cr 0,1) |(0.6,0.3) | (0.6,0.3)

5 Conclusion

In this paper, we have made an investigation on existing basic notions and results on IFSM-
sets. Some new results have been stated in our work. Here we shall present the application
of IFSM-set in information system and show that every IFSM-set is an intuitionistic fuzzy
multi valued information system.
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Abstaract — We establish some new inequalities of Hermite-Hadamard type for functions whose
fourth derivatives absolute values are quasi-convex. Further, we give new identity.Using this new
identity, we establish similar inequalities for left-hand side of Hermite-Hadamard result.Also, we
present applications to special means.

Keywords — Hermite-Hadamard type inequalities, Quasi-convex function, Power mean inequality.

1 Introduction

A function f: I C R — R is called convex function if f(Ax + (1 — N)y) < Af(x) +
(1=X)f(y) for all x,y € I and A € [0, 1]. Geometrically, this means that if P, @ and
R are three distinct points on graph of f with ) between P and R, then () is on
or below chord PR. There are many results associated with convex functions in the
area of inequalities, but one of them is the classical Hermite-Hadamard inequalities:

f(a;b) = bia/abf(w)dxgw7

for all a,b € I, with a < b.

Recently, numerous authors [1-7] developed and discussed Hermite-Hadamard’s
inequalities in terms of refinements, counter-parts, generalizations and new Hemitte-
Hadamard’s type inequalities.

The notion of quasi-convex function which is generalization of convex function is

defined as:

* Edited by Oktay Muhtaroglu (Area Editor) and Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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Definition 1.1. A function F : [a,b] — R is called quasi-convex on [a, b], if

fQz+ (1= Ny) <max{f(z), f(y)}, Y,y € [a,b].

Any convex function is quasi-convex but converse is not true in general(See for
example [3]). D.A Ion [6] established inequalities of right hand side of Hermite-
Hadamard’s type inequality for functions whose derivatives in absolute values are
quasi-convex functions. These inequalities appear in the following theorems:

Theorem 1.2. Let f: I° C R — R be a function, differentiable on I° with a,b € I°
and a < b. If | f’| is quasi-convex on [a, b], then we have:

‘f(a);f b_a/ i Y smae{| ()17 O]

Theorem 1.3. Lept f:I°CR—Rbea functlon, differentiable on I° with a,b € I°
and a < b. If | f'|»=T is quasi-convex on [a, b], then we have:
b—a _p_ BN 'l
< 29 fna i) 75 P 0D

flay+fo) 1
’ e =R 2Ap+ 1)

Theorem 1.4. Let f : I° C R — R be a function, twice differentiable on I° with
a,b € I° and a < b. If | f”| is quasi-convex on [a, b], then we have:

100 L [ fopan] < O a0

In paper [8], S.Qaisar, S.Hussain, C. He established new refined inequalities of
right hand side of Hermite-Hadamard result for the class of functions whose third
derivatives at certain powers are quasi-convex functions as follow:

Theorem 1.5. Let f: I CR — R be thrice differentiable mapping on I° such that
f" € L[a,b], where a,b € I with a < b. If | f"| is quasi-convex on [a, b], then we have
the following inequality'

‘f )+ f(b)

b—a)?

_ !/ < ( n n )
[ et @) = gy maxll @ 0
Theorem 1.6. Let f: I CR — R be three time differentiable mapping on 7° such
that f” € L[a,b], where a,b € I with a < b. If |f"”|?=T is quasi-convex on [a, b], and
p > 1, then we have the following inequality:

ORI L [ s = L 0 - )

< O3 (1) e @i L0

Theorem 1.7. Let f: I C R — R be thrice differentiable mapping on 7° such that
f" € Lla,b], where a,b € I with a < b. If | f"'|? is quasi-convex on [a,b], and ¢ > 1,
then we have following inequality:

’f(a)-;f b_a/f ()i — 217 0) ~ (@)

(b—
192

<

9 (max{| (@)%, | £ (5)[7}) .
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In this paper, we establish new refined inequalities of the right hand side of
Hermite-Hadamard result for the class of functions whose fourth derivative at certain
powers are quasi-convex functions. Further, we establish new identity using which,
we establish new refined inequalities of left hand side of Hermit-Hadamard result for
the same class of functions considered earlier.

2 Main Results

For establishing new inequalities of right hand side of Hermite-Hadamard result for
the functions whose fourth derivative at certain powers are quasi-convex, we need
the following identity:

Lemma 2.1. Let Let f : I C R — R be four times differentiable mapping on 7°
such that ) € L[a,b], where a,b € I with a < b, then

1 b b—a
e d
b—a/a J@)de + =3

(b—a)*
24

f(a) + f(b)
2

[f(b) = f'(a)] =

/1(/\(1 — A2 (@ + (1 — \)b)dA

Theorem 2.2. Let f : I C R — R be a four times differentiable mapping on [1°
such that f(") € La,b], where a,b € I with a < b. If |f"| is quasi-convex on |[a, b],
then we have the following inequality:

T B

_ -0
- 720

a

—L170) ~ /o)

max{|f* (a)l, |F™(b)]}. (1)

Proof. Using Lemma 2.1 and quasi-convexity of | f()], we get

a ’ —¢
Vu;ﬂw llf@m-b /() — £'(a)

b—a 12

< %/0 (AL = X))?[f (aX + (1 — A)b)|dA

(b—a)! i i ' 2
< S max{ @@l [ (0= )Py
- (b — CL)4 v v

the proof is completed. n

Theorem 2.3. Let f : I C R — R be a four times differentiable mapping on [I°
such that f) € L[a,b], where a,b € I with a < b. If |f(™)|7—T is quasi-convex on
[a,b], and p > 1, then we have the following inequality:

@) 1 bt
S erd RS (LORVA0)

2 12
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_ -
- 24
where ¢ = p%l

7 (2p + 1,2p + 1) (max{| f©) (a) |4, | £ (B)|1})7, 2)

Proof. Using Lemma 2.1, Holder’s inequality and quasi-convexity of | f(“’)|ﬁ, we
get

‘f(a);rf b_&/f dx_b_a[f(b)—f’(a)]

< (b;f) /0(/\(1 [ £0 (aX + (1 — A)b)|dA

< %(/Ol(m 2”d)\> </ | FE (A + (1= )| )

O [ oa-xran) st @@ 00

It is easy to note that

<

B2p+1,2p+1) = /1(>\(1 — \))?PdA

which completes the proof. O

Theorem 2.4. Let f : I C R — R be a four times differentiable mapping on I°
such that ) € L[a,b], where a,b € I with a < b. If || is quasi-convex on |[a, b],
and g > 1, then we have following inequality:

’f() /f ()i — 217 0) ~ (@)

(b_a) [0 q w q %
< Eo sl max{l /@), 10 )17 ®)

Proof. Using Lemma 2.1, power mean inequality and quasi-convexity of |f)|7, we
get

’f() b_a/f ()i — 217 0) ~ (@)

(b—a)*
24

IN

/(/\(1— 2| £ (@ + (1 = A)b)|dA

1 =

T [oa—ara) (o0 neeasa-anr)

<O (5) (g melsa, |f(“’)(b)|‘I}>}1

24 30

(b= a)*

= g max{[ S @I £ 0)1)5.

which completes the proof. O]
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Now, to develop new refined inequalities of left hand side of Hermite-Hadamard
result for the class of functions whose third derivatives at certain powers are quasi-
convex, we need the following identity:

Lemma 2.5. Let Let f : I C R — R be three times differentiable mapping on I°
such that f") € La,b], where a,b € I with a < b, then

f(““’) / F@)dz + "L 10) - £(0)

_ (b—a)?
24

1

Ué AL = 20)(1 4+ 23) £ (Aa + (1 — A)b)dA

- / AL = 20) (14 20) F”(Ab + (1 — A)a)dA

Proof. Integrating by parts, we have

N |=

/ AL = 2X\) (1 + 20) " (Aa + (1 — A)b)dA

1 3
- /0 (1-1203) 1" (Aa + (1 — A)b)dA

2 fa+b Fo) 2
—(b_a)2f< 5 )+(b_a)2 (b_a)2/0 Af(ha+ (1 — \)b)dA

:<b—2a>2f/(a;b)+<bfl—(l2>2+<bi2a>3f(a§b) —b /f

and
/2 AL = 20)(1 4+ 20 (b + (1 — A)a)dA
0
_ b__la /O S(1— 1223 (b + (1 — \a)d

B 2 fa+Db f'(a) 24 3 ,

—(b_a)2f< . >+(b_a)2—(b_a)2/0 MO+ (1= Aa)d
24 fa+b fla) 12 <a—|—b> ER
o () o (5 ) e

this ends the proof. O]

Theorem 2.6. Let f : I C R — R be a three time differentiable mapping on [I°
such that f” € L[a,b], where a,b € I with a < b. If |f"| is quasi-convex on [a, b],
then we have following inequality:

() o [ e+ 0 - s

a

(b—a)’
192

<

(maxtlr" @l 1)) ). @)
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Proof. Using Lemma 2.5 and quasi-convexity of ||, we get

\f(“*b) /f iz + L1 (6) ~ f(@)

1

[/ AL = 20)(1 4+ 20 (Aa + (1 — A)b)|dA

0

(b—a)’

24
[
< 20 (w01

1 1
2

x [/0 AL — 20)(1 + 2)\)dA + /0 A1 —20)(1 + 2/\)d)\}

<

=

AL — 20)(1 + 20 f”(\b + (1 — )\)a)\d)\]

(b—a)3 " "
s (max{\f @1 <b>\})

this complete the proof. m

Theorem 2.7. Let f : I C R — R be a three time differentiable mapping on [I°
such that f” € Lla,b], where a,b € I with a < b. If |f"'|#~T is quasi-convex on |[a, b],
and p > 1, then we have following inequality:

()

)3
< (b—a) ( 1
- 9% ‘p+1

Y17 0) - f(a)

24

3=

)5 (max{|f"(@)|’, | £ (5)]7})7, (5)

p

where ¢ = o

Proof. Using Lemma 2.5, Holder’s inequality and quasi-convexity of | fm\z’pj, we get

()

(b—a)’
24

2170) - f(a)

24

<

U AL = 20(1 4+ 20" (a + (1 = A)b)[dA

D=

+/ A(L = 2X\)(1+ 20 f"(Ab + (1 — )\)a)\d)\}

1

<05 K/o
+(/0§)\(1_2)\)p(1+2)\)pd)\>;(/0§/\|f”'(>\b+(1—)\)a)|qd)\);]

1

A= 22)(1+ 2A>PdA) P ( / A"+ (1 A)b)|qd/\);
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< O2 (e, !f’”(b)|q}); (f : AL-20 (127 ) % (f : ar)’

+(/05 A1 = 2)\)P(1 + 2)\)pd>\> : (/0 )\d)\> ;}

S LY (st 700

Theorem 2.8. Let f : I C R — R be a three time differentiable mapping on 7°
such that f” € Lla,b], where a,b € I with a < b. If |f"|7 is quasi-convex on [a, b],
and g > 1, then we have following inequality:

\ (%) - 52 /f )iz + 2 2170) - f(0)

_b—ap
- 192

]

(max{| £"(a)|, | £ (b)|7}) 7. (6)

Proof. Using Lemma 2.5, power mean inequality and quasi-convexity of |f"”|9, we

et
g () o [ e+ 0 - s
< ;4“)3 [/0 AL = 2X)(1+ 2X)[f”(Aa + (1 — A)b)|dA
T /05 (L= 20 (14 20 f" (b + (1 )\)a)\d)\}
< ;4a)3 K/O%)\(1—2>\)(1+2)\)d>\>1_§</j >\(1—2/\)(1+2>\)|f”’()\a+(1—)\)b)]qd/\|)(11

1
2

M1 =22 mdA) h </ AL =201+ 22/ (Ab + (1 = /\)a)|qd/\) ;]

0

=

iy

Qi

(b_a)3 " q " q
< OS2 (maxtl @i 1700 )

1

K/O A1 — 20 +2>\)d>\)1;</02 /\(1—2/\)(1+2>\)d>\|);
(/0 A1 —23) 1+2)\)d>\>1_;(/0é >\(1—2>\)(1+2)\)d>\>;}

[

Q|

(b—a)3 " q " q
e (max{!f @ 1) })
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the proof is so completed. O

3 Application to Some Special Means

We now consider the application of our theorem to the special means.
For positive numbers a > 0 and b > 0, define A(a,b) = %2 and

,
ppt+1_gp+1
{_@H)(b—a)}’ p# 10

b—a _
Lp(a’ab) = Inb—Ina’ b= —1

We know that A and L, respectively are called the arithmetic and generalized log-
arithmic means of two positive numbers a and b. By applying Hermite-Hadamard
type inequalities established in Section 2, we are in a position to construct some
inequalities for special means A and Lp. Consider the following function:

xa+4

(a+1)(a+2)(a+3)(a+4)

flz) = (7)

for0 < o < 1andx > 0. Since f¥)(z) = 2% and (Az+(1—\)y)* < A2+ (1—\)*y~
for all 2, > 0 and A € [0,1], then f(¥)(z) = 2 is a-convex function on R* and

2 (a+ D (a+2)(a+3)(a+4)

f(a> i f(b) 1 A(ao‘“, ba+4),
1 ]
b—a /a Jle)de = (@ +1)(e +2)(a + 3)(ar + 4)L“+4(a’ )

-0 = it

) LOH_Q (a, b)

Theorem 3.1. For positive numbers a and b such that b > ¢ and 0 < o < 1, we
have

‘12A(a°‘+4, b)) —12L444(a,b) — (b — a)*(a + 3) (e + 4) (e + 4) Loya(a, b)

(b—a)*
60

< (o + 1)(e + 2)(r + 3) (e + 4) max{|a”|, [b%[}

Proof. The assertion follows from inequality (1 ) applied to mapping (7). O
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Theorem 3.2. For positive numbers a and b such that b > ¢ and 0 < a < 1, we
have

12A(a®* b2 — 12041 4(a,b) — (b — a)*(a + 3) (o + 4) (o 4 4) Lat2(a, b)

(b—a)*

=872+ 1,2+ 1)(a + 1)(a + 2)(a + 3)(a + 4) (max{la]7, [5°]1}) .

<

Proof. The assertion follows from inequality (2) applied to the mapping (7). O

Theorem 3.3. For positive numbers a and b such that b > a and 0 < a < 1, we
have

12A(a*™, b*") — 12L444(a,b) — (b — a)*(a + 3)(a + 4)(a + 4) Loy a(a, b)

(b—a)t
60

Proof. The assertion follows from inequality (3) applied to the mapping (7).

< (a+ 1)@+ 2)(a + 3)(a + ) (max{|a®]", [1*]7})5.

]

Theorem 3.4. For positive numbers a and b such that b > a and 0 < a < 1, we
have

12494 (@ b°H ) — 12L014(a,b) — (b — a)* (e + 3)(a + 4) (o + 4) Las2(a, b)

(b=

16 (a+ 1) (o +2)(a+ 3)(a + 4)(max{|a®|, |b%|})-

Proof. The assertion follows from inequality (4) applied to the mapping (7). O

Theorem 3.5. For positive numbers a and b such that b > ¢ and 0 < a < 1, we
have

12A9F4 (@ b — 12L404(a,b) — (b —a)*(a + 3) (o + 4) (¢ + 4) Lay2(a, b)

_ )3
S(b a)( 1
8 p+1

1
q

) (a4 1)(a+ 2)(a + 3)(a + 4)(max{[a]%, [b%]7})

Proof. The assertion follows from inequality (5) applied to the mapping (7). [

Theorem 3.6. For positive numbers a and b such that b > a and 0 < a < 1, we
have

124°F4 (@, b)) = 12L,44(a,b) — (b — a)*(a + 3) (o + 4) (o + 4) Loyo(a, b)

< (b—a)’

(et Da+2)(a+3)(a+ 4) (max{|a®|%, [b7]7}) 7.
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Proof. The assertion follows from inequality (6) applied to the mapping (7). O
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1. Introduction

Neutrosophic sets (NSs) proposed by Smarandache [12, 13] is a powerful mathematical
tool for dealing with incomplete, indeterminate and inconsistent information in real world.
they are a generalization of the theory of fuzzy sets [24], intuitionistic fuzzy sets [21, 23]
and interval valued intuitionistic fuzzy sets [22]. The neutrosophic sets are characterized by
a truth-membership function (t), an indeterminacy-membership function (i) and a falsity-
membership function (f) independently, which are within the real standard or nonstandard
unit interval 170, 1°[. In order to practice NS in real life applications conveniently, Wang et
al.[16] introduced the concept of a single-valued neutrosophic sets (SVNS), a subclass of
the neutrosophic sets. The SVNS is a generalization of intuitionistic fuzzy sets, in which
three membership functions are independent and their value belong to the unit interval [0,
1]. Some more work on single valued neutrosophic sets and their extensions may be found
on[2, 3, 4,5,15, 17, 19, 20, 27, 28, 29, 30].
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Graph theory has now become a major branch of applied mathematics and it is generally
regarded as a branch of combinatorics. Graph is a widely used tool for solving
combinatorial problems in different areas such as geometry, algebra, number theory,
topology, optimization and computer science. Most important thing which is to be noted is
that, when we have uncertainty regarding either the set of vertices or edges or both, the
model becomes a fuzzy graph. Lots of works on fuzzy graphs and intuitionistic fuzzy
graphs [6, 7, 8, 25, 27] have been carried out and all of them have considered the vertex
sets and edge sets as fuzzy and /or intuitionistic fuzzy sets. But, when the relations between
nodes(or vertices) in problems are indeterminate, the fuzzy graphs and intuitionistic fuzzy
graphs are failed. For this purpose, Samarandache [9, 10, 11, 14, 34] have defined four
main categories of neutrosophic graphs, two based on literal indeterminacy (1), which
called them; I-edge neutrosophic graph and I-vertex neutrosophic graph, these concepts are
studied deeply and has gained popularity among the researchers due to its applications via
real world problems [1, 33, 35]. The two others graphs are based on (t, i, f) components and
called them; The (t, i, f)-Edge neutrosophic graph and the (t, i, f)-vertex neutrosophic
graph, these concepts are not developed at all. In the literature the study of single valued
neutrosophic graphs (SVN-graph) is still blank, we shall focus on the study of single
valued neutrosophic graphs in this paper.

In this paper, some certain types of single valued neutrosophic graphs are developed and
some interesting properties are explored.

2. Preliminaries

In this section, we mainly recall some notions related to neutrosophic sets, single valued
neutrosophic sets, fuzzy graph and intuitionistic fuzzy graph relevant to the present work.
See especially [6, 7, 12, 13, 16] for further details and background.

Definition 2.1 [12]. Let X be a space of points (objects) with generic elements in X
denoted by x; then the neutrosophic set A (NS A) is an object having the form

A= {< X. TA(X)’ IA(X)v FA(X)>1 X € X}
where the functions T, I, F: X—] 0,1 define respectively the a truth-membership

function, an indeterminacy-membership function, and a falsity-membership function of the
element x € X to the set A with the condition

0 STA()+ [A()+ FA()< 3" 1)
The functions T, (x), 15 (x) and F, (x) are real standard or nonstandard subsets of 1°0,1°[.
Since it is difficult to apply NSs to practical problems, Wang et al. [16] introduced the
concept of a SVNS, which is an instance of a NS and can be used in real scientific and
engineering applications.
Definition 2.2 [16]. Let X be a space of points (objects) with generic elements in X denoted

by x. A single valued neutrosophic set A (SVNS A) is characterized by truth-membership
function T, (x), an indeterminacy-membership function I,(x), and a falsity-membership
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function F5(x). For each point x in X Ty (X), [4(X), Fao(x) €[0, 1]. A SVNS A can be
written as

A={<XTy(x), a(x), Fa(x)> x € X} )

Definition 2.3 [6]. A fuzzy graph is a pair of functions G = (o, 1) where 6 is a fuzzy subset
of anon empty set V and p is a symmetric fuzzy relation onc.i.e 6:V — [ 0,1] and

u: VxV—[0,1] such that p(uv) < o(u) A o(v) for all u, v € V where uv denotes the edge
between u and v and o(u) A o(v) denotes the minimum of o(u) and (V). o is called the
fuzzy vertex set of V and p is called the fuzzy edge set of E.

v,(0) 0.) ,(0.3)
~ 0.3) ~
,(0.4) v3(02)
©0.1)

Figure 1: Fuzzy Graph

Definition 2.4 [6]. The fuzzy subgraph H = (t, p) is called a fuzzy subgraph of G = (o, p)
If t(u) < o(u) forall u € V and p(u, v) < p(u, v) forallu,vevV.

Definition 2.5 [7]. An Intuitionistic fuzzy graph is of the form G =(V, E ) where
i. V={vy,V,,...., vy} such that u;: V- [0,1] and y;: V — [0,1] denote the degree of
membership and nonmembership of the element v; € V, respectively, and

0<pu(v;) +yi(v;)) <1 forevery v;eV,(i=1,2,....... n,

ii. E € VxVwhere u,: VxV-[0,1] and y,: VxV—- [0,1] are such that
Ha(Vi, vi) S min [ (vi), pa(vi)l and y2(vi, vj) = max [y1(vi), v1(v))]

and 0 < pp(vy, vj) + y2(vi, vj) < 1 forevery (v;, vj) EE, (1,j=12, ....... n)
,(0.1, 0.4) (01,0.4) ,(0.3,0.3)
@ (0.3,0.6) g
.l —
o S
14(04,06) 13(0.2,0.4)
(0.1, 0.6)

Figure 2: Intuitionistic Fuzzy Graph
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Definition 2.6 [31]. Let A = (T4, I4, F4) and B = (T, Iz, Fg) be single valued
neutrosophic sets on a set X. If A = (Ty, 1, F,) is a single valued neutrosophic relation on a
set X, then A =(Ty, I,, F,) is called a single valued neutrosophic relation on B = (Tg, I,
Fg) if

Tg(x, y) < min(Ta(X), Ta(Yy))
Ip(x, y) = max(I5(x), [5(y)) and
Fp(Xx, y) > max(FX), Fa(y)) forall x,y € X.

A single valued neutrosophic relation A on X is called symmetric if

Ta(%, y) = Taly, %),

IA(Xv y) = IA(y’ X)v FA(X’ y) = FA(yv X) and
TB(Xf y) = TB(yl X)v IB(X! y) = IB(y1 X) and
Fg(x,y) = Fz(y, x) for all x, y € X.

3. Single Valued Neutrosophic Graphs

Throught this paper, we denote G* = (V, E) a crisp graph, and G =(A, B) a single valued
neutrosophic graph.

Definition 3.1. A single valued neutrosophic graph (SVN-graph) with underlying set V is
defined to be a pair G= (A, B) where

1.The functions T,:V—[0, 1], 1,:V—]0, 1] and F,:V—[0, 1] denote the degree of truth-
membership, degree of indeterminacy-membership and falsity-membership of the element
v; € V, respectively, and

0< TA(vi) + IA(vi) +FA(vi) <3 forall v, EV (izl, 2, ...,1’1)

2. The functions Tz:ECSV xV -[0,1],I3;:ES VXV —>[0,1]and Fz: ES V xV =[0, 1]
are defined by

Tg({vi, v;}) < min [Ty (v;), T4(v))],
Ig({vi, v;}) = max [I,(vy), I4(vj)] and
Fg({vi, v;}) = max [F4(vy), Fa(v))]

Denotes the degree of truth-membership, indeterminacy-membership and falsity-
membership of the edge (v;, v;) € E respectively, where

0< Te({vy, v;}) + Ig({vy, v+ Fg({v;, v;}) <3 forall {v;,;} EEG,j=1,2,...,n)

We call A the single valued neutrosophic vertex set of V, B the single valued neutrosophic
edge set of E, respectively, Note that B is a symmetric single valued neutrosophic relation
on A. We use the notation (v;, v;) for an element of E Thus, G = (A, B) is a single valued
neutrosophic graph of G*= (V, E) if
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T (i, v5) < min [Ty (vy), Ta(vj)],
Ig(v;, v;) = max [I4(v;), I4(v;)] and
FB(UD U]) = max [FA(Ui)! FA(U])] for all (Ui,Uj) €EE

Example 3.2. Consider a graph G* such that V= {v;, v,, v3, v,.}, E={v,v,, v,v3, V374,
v, }. Let A be a single valued neutrosophic subset of V and let B a single valued
neutrosophic subset of E denoted by

vy | Uy V3 | Uy (2572 VyV3 V3V, VUyVy
T, |05]06 |02 |04 Tg 0.2 0.3 0.2 0.1
[,b101]03 |03 |02 Ig |03 0.3 0.3 0.2
F, 104]02 |04 |05 Fg 0.4 0.4 0.4 0.5
(0.5,0.1,0.4)
(0.6,0.3,0.2)

(V4v,, 0.2, 0.3 ,0.4)

(0.3,0.3,0.4)

(0.1,0.2,0.5)

(v3vy, 0.2,0.3,0.4)
(0.4,0.2,0.5) (0.2,0.3,0.4)

Figure 3: G: Single valued neutrosophic graph
In figure 3, (i) (v4,0.5,0.1,0.4) is a single valued neutrosophic vertex or SVN-vertex
(i) (v1vy, 0.2, 0.3, 0.4) is a single valued neutrosophic edge or SVN-edge

(iii) (v4, 0.5, 0.1, 0.4) and (v,, 0.6, 0.3, 0.2) are single valued neutrosophic adjacent
vertices.

(iv) (v1v,, 0.2,0.3,0.4) and (v,v4, 0.1,0.2,0.5) are asingle valued neutrosophic
adjacent edge.

Note 1. (i) When Tg;; = Ig;; = Fgj; for some i and j, then there is no edge between v; and v;

Otherwise there exists an edge between v; and v; .
(i) If one of the inequalities is not satisfied in (1) and (2), then G is not an SVNG

The single valued neutrosophic graph G depicted in figure 3 is represented by the following
adjacency matrix Mg
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(0.5,0.1,0.4) (0.2,0.3,0.4) (0, 0,0) (0.1,0.2,0.5)

(0.2,0.3,0.4) (0.6,0.3,0.2) (0.3,0.3,0.4) (0,0,0)
(0,0, 0) (0.3,0.3,0.4) (0.2,0.3,0.4) (0.2,0.3,0.4)

(0.1,0.2,0.5) (0,0,0) (0.2,0.3,0.4) (0.4,0.2,0.5)

MG:

Definition 3.3. A partial SVN-subgraph of SVN-graph G= (A, B) is a SVN-graph
H = ( V', E") such that

(l) V' c v, where T;“ < TAi’ I:‘ll = IAiv F:‘ll > FAi for all V; € V.
(||) E' c E, where T,Bl] < TBijv li?l] = IBijv F;“] = FBi]' for all (vi 'U]) €EE.

Definition 3.4. A SVN-subgraph of SVN-graph G= (V, E) isa SVN-graph H = ( V', E')
such that

() V' =V,where Ty; =Ty, Iy; =4, Fai = Fy; forall v;inthe vertex set of V'.
(i) E'=E,where Tp;j = Tgyj, Ip;j = lpij, Fpi; = Fgyj forevery (v; v) € E inthe
edge set of E'.

Example 3.5. G4 in Figure 4 isa SVN-graph . H; in Figure 5 is a partial SVN-subgraph and

H, in Figure 6 is a SVN-subgraph of G4

v4(0.1,0.2,0.1)

(0.1,0.3,0.2) (0.1,0.3,0.5)

1,(0.1,0.2,0.2) 14(0.5, 0.2,0.4)
(0.2,0.2,0.5)

Figure 4: G4, a single valued neutrosophic graph

v4(0.1, 0.3,0.4)

(0.1, 0.4,0.5) (0.1, 0.4 ,0.6)

v,(0.1,0.3,0.4) 13(0.2,0.2,0.5)

Figure 5: Hy, a partial SVN-subgraph of G,

v,(0.1, 0.2,0.1)

(0.1.0.3.0.2)

v,(0.1, 0.2,0.2)

Figure 6: H,, a SVN-subgraph of G;.
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Definition 3.6. The two vertices are said to be adjacent in a single valued neutrosophic
graph G= (A, B) if Tg(v;, vj) = min [T4(v;), T4 (v))], Ig(vi, vj) = max [I4(v;), I,(v;)] and
Fg(v;,vj) = max [F,(v;), Fu(v;)]. In this case, v; and v; are said to be neighbours and (v;,
v;) is incident at v; and v; also.

Definition 3.7. A path P in a single valued neutrosophic graph G= (A, B) is a sequence of
distinct vertices vy, vy, vs,... v, such that Tg(v;_q,v;) >0, Ig(vi_;,v;) >0 and
Fg(v;_1,v;) >0 for 0 <i <1.Heren>1is called the length of the path P. A single node
or vertex v; may also be considered as a path. In this case the path is of the length (0, 0, 0).
The consecutive pairs (v;_,,v;) are called edges of the path.We call P a cycle if vy=v,
and n>3.

Definition 3.8. A single valued neutrosophic graph G= (A, B) is said to be connected if
every pair of vertices has at least one single valued neutrosophic path between them,
otherwise it is disconnected.

Definition 3.9. A vertex v; € V of single valued neutrosophic graph G= (A, B) is said to be
an isolated vertex if there is no effective edge incident at v;.

v4(0.1,0.2,0.1) 14(0.1, 0.3,0.5)

(0.1,0.3,0.2) (0.1,0.3,0.5)

1,(0.1,0.2,0.2) 14(0.5, 0.2,0.4)
(0.2,0.2,0.5)

Figure 7: Example of single valued neutrosophic graph
In figure 7, the single valued neutrosophic vertex v, is an isolated vertex.

Definition 3.10. A vertex in a single valued neutrosophic G= (A, B) having exactly one
neighbor is called a pendent vertex. Otherwise, it is called non-pendent vertex. An edge in
a single valued neutrosophic graph incident with a pendent vertex is called a pendent edge.
Otherwise it is called non-pendent edge. A vertex in a single valued neutrosophic graph
adjacent to the pendent vertex is called a support of the pendent edge

(0.5,0.1,0.4)
(0.6, 0.3,0.2)

(0.2,0.3,0.4)
<
\

(0.2,0.2,0.3)

(0.3,0.3,0.4)

(0.1,0.2 ,05)

(0.2,0.4,0.5)

<

3

(0.2,0.3,0.5)
(0.4,0.2,0.5) (0.2,0.3,0.4)

Figure 8 : Incident SVN-graph.
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Definition 3.11. A single valued neutrosophic graph G= (A, B) that has neither self loops
nor parallel edge is called simple single valued neutrosophic graph.

Definition 3.12. When a vertex v; is end vertex of some edges (v;, v;) of any SVN-graph
G= (A, B). Then v; and (v;, v;) are said to be incident to each other. In Figure 8, v,vs,
vav,4 and vzvg are incident on vs.

Definition 3.13. Let G= (A, B) be a single valued neutrosophic graph. Then the degree of
any vertex v is sum of degree of truth-membership, sum of degree of indeterminacy-
membership and sum of degree of falsity-membership of all those edges which are incident
on vertex v denoted by d(v)= (d+(v), d;(v), dr(v)) where

dr(v)=Xu=v Ts(u, v) denotes degree of truth-membership vertex.
d;(v)=X.,=v Ig(u, v) denotes degree of indeterminacy-membership vertex.
dr(v)=Yu+v Fg(u, v) denotes degree of falsity-membership vertex.

Example 3.14. Let us consider a single valued neutrosophic graph G= (A, B) of G* = (V,
E) where V ={v,, v,, v3, v, } and E={v;Vv,, V,V3, V3V, , V4V, }.

(0.5,0.1,0.4)
(0.6,0.3,0.2)
(0.2,0.3,0.4)
™ <
S S
o ™
d o
o o3
=) =)
(0.2,0.3,0.5)
(0.4,0.2,0.5) (0.2,0.3,0.4)

Figure 9: Degree of vertex of single valued neutrosophic graph
We have, the degree of each vertex as follows:
d(v,)=(0.3,0.5,0.9), d(v,)= (0.5, 0.6, 0.8), d(v5)= (0.5, 0.6, 0.9), d(v,)= (0.3, 0.5, 1)

Definition 3.15 . A single valued neutrosophic graph G= (A, B) is called constant if
degree of each vertex is k =(k, k,, k3). That is, d(v) = (kq, k,, k3) forall v € V.

(0.5.0.1.0.4)

(0.6.0.3.0.2)
(0.2.0.3.0.4)
= <
S S
= ™
o o
o~ N}
S S
(0.2.0.3.0.4)
(0.4.0.2 .0.5) (0.2.0.3.0.4)

Figure 10: Constant SVN-graph.
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Example 3.16. Consider a single valued neutrosophic graph G such that V ={v,, v,, vs,
vy} and E={v, vy, V,V3, V3V, , V4Vy b

Clearly, as it is seen in Figure 10, G is constant SVN-graph since the degree of vy, v,, v3
and vy is (0.4, 0.6, 0.8).

Definition 3.17. A single valued neutrosophic graph G=(A, B) of ¢*= (V, E) is called
strong single valued neutrosophic graph if

Tg(vi, v;) = min [T4(vy), Ta(v))]
Ig(vi, vj) = max [Iy(v;), La(vj)]
Fg(vy, v;) = max [Fy(vy), F4(v))]
Forall (v;, v;) € E.

Example 3.18. Consider a graph G* such that V= {v,, v,, v3, v, }, E={v,v,, v,V3, V314,
vV, }. Let A be a single valued neutrosophic subset of V and let B a single valued
neutrosophic subset of E denoted by

%1 () U3z | Vg V1V, VU3 V3V, LZA%1
Ty | 051]0.6 0.2 |04 Tg 0.5 0.2 0.2 04
I 10.1]0.3 0.3 | 0.2 Ig 0.3 0.3 0.3 0.2
Fo [041]0.2 04 |05 Fg 0.4 0.4 0.5 0.5

(0.5,0.1,0.4)
(0.6,0.3,0.2)

(0.5,0.3,0.4)

VI/ \\Vz
w <
=1 S}
N n
o o
< ~
=3 =

3

(0.2,0.3,0.5)
(0.4,0.2,0.5) (0.2,0.3,0.4)

Figure 11: Strong SVN-graph

By routing computations, it is easy to see that G is a strong single valued neutrosophic of
G".

Proposition 3.19. A single valued neutrosophic graph is the generalization of fuzzy graph
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Proof: Suppose G= (V, E) be a single valued neutrosophic graph. Then by setting the
indeterminacy- membership and falsity- membership values of vertex set and edge set
equals to zero reduces the single valued neutrosophic graph to fuzzy graph.

Proposition 3.20. A single valued neutrosophic graph is the generalization of intuitionistic
fuzzy graph.

Proof: Suppose G=(V, E) be a single valued neutrosophic graph. Then by setting the
indeterminacy- membership value of vertex set and edge set equals to zero reduces the
single valued neutrosophic graph to intuitionistic fuzzy graph.

Definition 3.21. The complement of a single valued neutrosophic graph G (A, B) on G™ is
a single valued neutrosophic graph G on G* where:

1. A=A

2. Ty(v))= Ta(v), L(w)=1a(v), Fa(vy) = Fa(v;), forall v; € V.
3: Ts(v;, v;)= min [TA ;), Ty (vj)] -Tg (vi, vj)

IB(vi,vj): max [IA(vi),IA(vj)] -IB(vl-,vj) and

Fg(v;, vj)=max [Fy(v;), F4(v;)] -Fg(vi, v;), Forall (v;,v)) €E

Remark 3.22. if G=(V, E) is asingle valued neutrosophic graph on G*. Then fro_m a_bove
definition, it follow that G is given by the single valued neutrosophic graph G =(V , E ) on
G* where

IZ:V and ﬁ(vi, ;)= min [TA (v), Ty (vj)]-TB (vl-, vj),
E(vi, v;)=min [I,(v;), I,(v;)]-1z (v, v;),and
F3(v;,v;) = min [FA(vi),FA(vj)]-FB(vi,vj) Forall (v;, v;) €EE.

Thus ﬁ:TB, IT; =Iz, and F=B:FB on V, where E =(Tg, Iz, Fg)is thg single valued
neutrosophic relation on V. For any single valued neutrosophic graph G, G is strong single
valued neutrosophic graphand G € G.

Proposition 3.23. G= G if and only if G is a strong single valued neutrosophic graph.

Proof. it is obvious.

(05.0.1.04 (0.6.0.3.0.2) (0.5,0.1,0.4) (0.6,0.3,0.2)
(0.5.0.3.0.4)
(0.2,0.3,0.4)
o <
o s
o ™
O‘ o
< N)
S S
(0.4,0.3,0.5)
(0.2,0.3,0.4)
(0.2.0.3.0.5)
(0.4.0.2.0.5) (0.2.0.3.0.4) (0.4,0.2 ,0.5)

Figure 12: G: Strong SVN- graph Figure 13: G Strong SVN- graph
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(0.5.0.1.0.4)

(0.6.0.3.0.2)
(0.5.0.3.0.4)
o <
IS S
~ ™
o o
< o
S =)
(0.2.0.3.0.5)
(0.4,0.2.0.5) (0.2.0.3.0.4)

Figure 14: G Strong SVN- graph

Definition 3.24. A strong single valued neutrosophic graph G is called self complementary
if G= G. Where G is the complement of single valued neutrosophic graph G.

Example 3.25. Consider a graph G* = (V, E) such that V ={v,, v, v3, v, }, E={v v,, v, V3,
V3Vy, V1V,4 }. Consider a single valued neutrosophic graph G as in Figure 12 and 13,

Clearly, as it is seen in Figure 14, G= G . Hence G is self complementary.

Proposition 3.26. Let G=(A, B) be a strong single valued neutrosophic graph. If

Tg(vi, v;) = min [Ty (vy), Ta(v))],
Ig(vi, vj) = max[ly(vy), 1a(v;)] and
FB(vi,vj) = max [FA(vi)’ FA(v])] for all Ui,vj EV.

Then G is self complementary.

Proof. Let G=(A, B) be a strong single valued neutrosophic graph such that

Tg (v, vj) = min [T, (v;), Ta(v))]
Ig(v;, vj) = max [Iy(vy), 14 (v))]
Fg (v, v;) = max [F4(vy), Fa(v))]

For all v;,v; € V. Then G~ G under the identity map I: V - V. Hence G is self
complementary .

Proposition 3.27. Let G be a self complementary single valued neutrosophic graph. Then
1 .
Yvv; Tp(Vi, V)) =5 Xygzw, min [Ty (v1), Ta(v))]

1
Yoo I8 (Vi V) = 5 Xpep; max [Ly (v), L (v)]

1
Yo Fp (Vi V)) = 5 Xyyzw, max [Fy(v;), F4 (v))]

Proof. If G be a self complementary single valued neutrosophic graph. Then there exist an
isomorphism f: V; — V; satisfying
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Ty, (f () = Ty, f (v)) = Ty, (vy)
Ly, (f(w)) = by, (f (v)) = Iy, (v)
F,(fw) = K, (f(v) = Fy,(v;) forallv; € Vy.

And

E(f(vi)' f@))) =Tg,(f (), f (v))) =Tg, (v, v})
I, (f W), f(v))) =Ig, (f (v2), £ (v))) =g, (vi, v))
Fg, (f ), f (v))) =Fg,(f (vy), f (v))) =Fg, (v;, v;) forall (v;,v;) € E;

We have

Tp, (f (v;), f(v})) = min [Ty, (f (vy)), Ty, (f ;)] = Tg,(f (v3), £ (v)))
i.e, Tg, (v, v;) = min [Ty, (vy), Ty, (v))] — Tg, (f (vi), f (v)))
Tg,(vi, vj) = min [Ty, (v;), Ty, (v))] — Tg,(vi, vj)

That is

Lvzv; Te, (Vi V) ¥, Te, (Vi V)= X, min [Ty, (v), Ty, (v))]
Lvzv; T, Vi V) +Xv0; Ig, (Vi V)= Xy max [Iy, (v;), Iy, (v))]
Lvzv; Fe, (Vi V) ¥, Fi, (Vi V)= Xopw; max [Fy, (v), Fy, (v))]
2 Yoizv; Te, (Vi V) = Xy min [Ty, (v1), Ty, (v))]

2 Yo Ig, (Vi V) = Xpgzw, max [Iy, (v), Iy, (v))]

2Y v, Fe, (Vi V) = Xy, max [Fy, (v2), Fy, (v))]

From these equations, Proposition 3.27 holds

Proposition 3.28. Let G, and G, be strong single valued neutrosophic graph, G; ~ G,
(isomorphism)

Proof. Assume that G, and G, are isomorphic, there exist a bijective map f:V; -V,
satisfying

Ty, (v;) :Tvz(f(vi))v
Ivl(vi) =y, (f (),
FVl(Ui) :FV2 (f(Ul)) for all V; € Vl-

And

Tg, (vi, vj) =Tg,(f (v), £ (v))),
Iy, (v, vj) =Ig, (f (vy), f (v))),
Fg, (vi,vj) = Fg,(f (vy), f (v))) forall (v;,v;) € Ey

By definition 3.21, we have



Journal of New Theory 10 (2016) 86-101 98

Tg, (vi, v;)= min [Ty, (v;), Ty, )] =T, (v, v))
=min [Ty, (f (v), Ty, (f (W) =Tg, (f (Wa), £ (v))),
=Tg,(f (V). f(v))),

I, (v, v))= max [y, (v;), Iy, )] ~Ig, (v;, v;)
= max( 1y, (f (v), Iv, (f (v))] =g, (f (v0), £ (v))),
=Ig, (f (), f (v))),

Fg, (v;,v;)= min [Fy, (v;), Fy, ;)] =Fg, (v, 1))
= min [Fy, (f (v), Fy, (f (W) =Fg, (f (v0), £ (v)),
=Fg,(f (v, f(v))),

For all (v;, v;) € E;. Hence G, ~ G,. The converse is straightforward.

4. Complete Single Valued Neutrosophic Graphs

For the sake of simplicity we denote T, (v;) by Ty; , [4(v;) by I4;, and I4(v;) by ly;. Also
Tg(vi, vj) bY Tgyj , Ig(vi, v)) by Ig;j and Fg (v;, vj) by F;.

Definition 4.1. A single valued neutrosophic graph G= (A, B) is called complete if
TBij: min(TAi, TAj)! IBL'j: maX(IAi, IA]) and FBU: maX(FAl', FA]) for all U, Uj e V.

Example 4.2. Consider a graph G* = (V, E) such that V ={v,, v,, v3, v4 },
E={v,Vv,, V1V3, V,V3, V1V4, V3V, , VoV, }. Then G= (A, B) is a complete single valued
neutrosophic graph of G*.

(0.7,0.3,0.2)
(0.6, 0.2,0.3)

(0.6,0.3,0.3)
K V2

(0.5, 0.3, 0.3)

(0.7,0.3,0.2)
(0.5, 0.2,0.3)

(0.6,0.2,0.3)

(0.5,0.1,0.3)
(0.8,0.1,0.2) (0.5,0.1,0.3)

Figure 13: Complete single valued neutrosophic graph

Definition 4.3. The complement of a complete single valued neutrosophic graph G =( A,
B) of G*=(V, E) is a single valued neutrosophic complete graph G= (4, B) on G*= (V, E)
where

1.V =V
2. T_( l) TA(VL) I:l(vl) IA(vl) F_A(Vi)= FA(vi)a for all vj e V.
3. Tp(vi, v))=min [T, (v), Ta(v;)] — Te(vi, v))
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E(vi,vj): max [I,(v), 14(v;)] — Iz(v;, v;) and
Fg(v;, vj)= max [FA(vi),FA(vj)] — FB(vi, vj) forall (v;,v;) €E

Proposition 4.4. The complement of complete SVN-graph is a SVN-graph with no edge.
Or if G is a complete then in G the edge is empty.

Proof. Let G= (A, B) be a complete SVN-graph. So
TBij: min(TAl', TAj)’ IBij: maX(IAi, IA]) and FBij: maX(FAi, FA]) for all U, Uj ev
Hence in G,
TBU: min [TAiJ TA]] - TAij for all i,j,.....,n
=min [Ty;, Ty;] — min [Ty;, Ty;] for all i, j,.....,n
=0 foralli,j,.....,n

and

Iij= max [Iy;, Iy;] — Ig;; foralli, j,.....,n
= max [IAi,IAj] — max [IAi,IAj] foralli,j,......,n
=0 foralli,j,.....,n

Also

Fpij=max [Fy;, Fy;] — Fgyj forall i, j,.....,n

= max [FAi,FAj] — max [FAi,FAJ—] foralli,j,......,n
=0 forallij,.....,n

Thus (TBU’ I_Bij1 FBij) = (O , 0, 0)
Hence, the edge set of G is empty if G is a complete SVN-graph.

4. Conclusion

Neutrosophic sets is a generalization of the notion of fuzzy sets and intuitionistic fuzzy

sets. Neutrosophic models gives more precisions, flexibility and compatibility to the
system as compared to the classical, fuzzy and/or intuitionistic fuzzy models. In this paper,
we have introduced certain types of single valued neutrosophic graphs, such as strong
single valued neutrosophic graph, constant single valued neutrosophic graph and complete
single valued neutrosophic graphs. In future study, we plan to extend our research to
regular and irregular single valued neutrosophic graphs, bipolar single valued neutrosophic
graphs, interval valued neutrosophic graphs, strong interval valued neutrosophic, regular
and irregular interval valued neutrosophic.
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