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ON SOFT e-OPEN SETS AND SOFT e-CONTINUITY IN SOFT
TOPOLOGICAL SPACE

Anjan Mukherjee'” <anjan 2002_m @ yahoo.co.in>
Bishnupada Debnath’ <debnath_bishnupada@rediffmail.com>

"Tripura University, Department of Mathematics, 799022 Tripura, India.
Lalsingmura H/S School, Sepahijala, 799102 Tripura, India.

Abstract: In this paper, a new class of generalized soft open sets in soft topological spaces, called soft e-open
set is focused and investigated some properties of them. Then focused the relationships among soft &-pre
open sets, soft 3-semi open sets, soft pre-open sets and soft e-open sets. We also investigated the concepts of
soft e-open functions, soft e-continuous, soft e-irresolute and soft e-homeomorphism on soft topological
space and discussed their relations with existing soft continuous and other weaker forms of soft continuous
functions. Further soft e-separation axioms have been introduced and investigated with the help of soft e-open
sets. Finally, we observed that the collection Ser-h(X,t,E) form a soft group.

Keywords: Soft e-open (Se-open) sets, Soft e-closed (Se-closed) sets, Soft e-continuous, soft e-irresolute and
soft e-homomorphism.

1. Introduction

Molodtsov [1] initiated a novel concept of soft set theory, which is completely a new
approach for modeling vagueness and uncertainty. He successfully applied the soft set
theory into several directions such as smoothness of functions, game theory, Riemann
Integration, theory of measurement, and so on. Soft set theory and its applications have
shown great development in recent years. This is because of the general nature of
parametrization expressed by a soft set. Shabir and Naz [2] introduced the notion of soft

topological spaces which are defined over an initial universe with a fixed set of parameters.
Later, Zorlutuna et al.[3], Aygunoglu and Aygun [4] and Hussain et al are continued to
study the properties of soft topological space. They got many important results in soft
topological spaces. Weak forms of soft open sets were first studied by Chen [S].He
investigated soft semi-open sets in soft topological spaces and studied some properties of it.
Yumak and Kaymakci [10] are defined soft 3-open sets and continued to study weak forms

"Edited by Naim Cagman (Editor-in-Chief).
*Corresponding Author.
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of soft open sets in soft topological space. Later, Akdag and Ozkan [6] [7] defined soft b-
open (soft b-closed) sets and soft a-open(soft at-closed) sets respectably.

In the present study, first of all, we have focused some new concepts such as soft e-open
sets, soft e-closed sets, soft e-interior, soft e-closure in soft topological spaces and
investigated some of their properties. Secondly, we have defined the concepts of soft e-
continuous, soft e-open, soft e-irresolute mappings and soft e-homeomorphism on soft
topological spaces and obtained some characterizations of these mappings. We have also
studied the relationships among soft d-semi-continuity, soft d-pre-continuity and soft e-
continuity and with the help of counter examples we have shown the non-coincidence of
these various types of mappings. Further soft e-separation axioms have been introduced
and investigated with the help of soft e-open sets. Finally, we have observed that the
collection Ser-h(X, 1,E) form a soft group.

2. Preliminaries

Throughout the paper, the space X and Y stand for soft topological spaces with (X,t, E)
and (Y,v, K) assumed unless otherwise stated. Moreover, throughout this paper, a soft
mapping f : X =Y stands for a mapping, where f : (X,7, E) > (Y,v,K),u: X >Y and p :
E —K are assumed mappings unless otherwise stated.

Definition: 2.1[1]. Let X be an initial universe and E be a set of parameters. Let P(X)
denotes the power set of X and A be a non-empty subset of E. A pair (F,A) is called a soft

set over X, where F is a mapping given by F: A—P(X) defined by F(e)e P(X) Vee A. In
other words, a soft set over X is a parameterized family of subsets of the universe X. For

ec A, F(e) may be considered as the set of e-approximate elements of the soft set (F,A).

Definition 2.2[11]. A soft set (F,A) over X is called a null soft set, denoted by @, if
ec A,F(e)=0.

Definition 2.3[11]. A soft set (F,A) over X is called an absolute soft set, denoted byA, if
ec A, F(e)=X. If A=E, then the A-universal soft set is called a universal soft set, denoted
by X .

Theorem 2.4[2]. Let Y be a non-empty subset of X, then Y denotes the soft set (Y.E) over
X for which Y(e)=Y, for all e E.

Definition 2.5 [11]. The union of two soft sets (F,A) and (G,B) over the common universe
X is the soft set (H,C), where C=AUB and for all ee C,

F(e),ifee A—B
H(e)=1G(e),ifec B—A
F(e)uG(e),ifeec ANB

We write (F,A) O (G,B) = (H,C)
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Definition 2.6 [11]. The intersection (H,C) of two soft sets (F,A) and (G,B) over a
common universe X, denoted by (F,A) " (G,B), is defined as C=AnB and H(e)= F(e) N
G(e) for all eeC.

Definition 2.7[2]. Let (F,A) be a soft set over a soft topological space (X,t,E). We say that
xe (F,E) read as x belongs to the set (F,E) whenever xe F(e) for all e E. Note that for any
xe X, x¢ (F,E), if x¢ F(e) for some ecE.

Definition 2.8 [11]. Let (F,A) and (G,B) be two soft sets over a common universe X. Then
(F,A) €(G,B) if A ¢ B, and F(e) < G(e) for all e A.

Definition 2.9 [2]. Let T be the collection of soft sets over X, then T is said to be a soft
topology on X if it satisfies the following axioms.

(1) @, X belong to T.
(2) The union of any number of soft sets in T belongs to 7.
(3) The intersection of any two soft sets in T belongs to T.

The triplet (X,t,E) is called a soft topological space over X. Let (X,T,E) be a soft
topological space over X, then the members of T are said to be soft open sets in X. A

soft set (F,A) over X is said to be a soft closed set in X, if its relative complement (F,A)"
belongs to 7.

Definition 2.10 [12]. For a soft set (F,A) over X, the relative complement of (F,A) is
denoted by (F,A)" and is defined by (F,A)° = (F°,A), where F* : A—>P(X) is a mapping
given by F°(e) =X-F(e), for all ec A.

Definition 2.11. A soft set (F,A) in a soft topological space X is called
(i) soft regular open (resp.soft regular closed) set [13] if (F,A) = Int(CI(F,A)) [resp. (F,A) =
Cl(Int (F,A))].

(ii) soft semi-open (resp.soft semi-closed) set [5] if (F,A) € Cl(Int(F,A)) [resp. Int(CI(F,A))
cC(F,A).

(iii) soft pre-open (resp.soft pre-closed)[13] if (F,A)ZInt(CI(F,A)) [resp. Cl(Int(F,A))
C(FA).

(iv) soft a-open (resp.soft a-closed)[13] if (F,A) & Int(Cl(Int(F,A))) [resp. Cl(Int(CI(F,A)))
C(FA)].

(v) soft B-open (resp.soft P-closed) set [13] if (F,A)&Cl(Int(CI(F,A))) [resp.
Int(Cl(Int(F,A))) & (F,A)].

(vi) soft y-open (resp.soft y-closed) set [6] if (F,A) < [Int(CI(F,A)) O Cl(Int(F,A))] [resp.
Int(CI(F,A)) N Cl(Int(F,A)) & (F,A)].

Definition 2.12[15]. The soft set (F,A) in a soft topological space (X,t,E) is called a soft
point in X, denoted by P, , if for Ae A, F(A) # ¢ and F(B) = ¢, for B¢ A.
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3. Soft e-open Sets and Soft e-closed Sets

In this section we introduce soft 3-open, soft 3-semi open, soft d-pre open and soft e-open
sets in soft topological spaces and study some of their properties.

Definition 3.1. A soft point P, in a soft topological space (X,T,E) is called a soft -cluster
point of a soft Set (G,A) if for each soft regular open set (U,A) containing P; ,
GANUA) = @.

The set of all soft d-cluster points of (G,A) is called soft d-closure of (G,A) and is
denoted by [(G,A)]s or SCI5(G,A).Soft d-interior of a soft set (F,A) denoted by SInts(F,A)
={ P e X: for some soft open subset (G,A) of X, P, €(G,A) & Int(CI(G,A)) & (FA)}.

Definition 3.2. A soft set (G,A) in a soft topological space (X,t,E) is called soft d-closed
set iff (G,A) = [(G,A)]s and it’s compliment X - (G,A) is called soft d-open sets in X.

Or, equivalently, if (G,A) is the union of soft regular open sets, then (G,A) is said to be

soft d-open sets in X.

The collection of all soft d-open sets & soft d-closed sets are respectably, denoted by
S80S(X) & SO6CS(X).

Definition 3.3. A soft set (F,A) in a soft topological space (X,T,E) is called
(i) soft d-semi open (S&-semi open) set iff (F,A) & Cl(Ints(F,A)).
(ii) soft d-semi closed (S3-semi closed) set iff Int(Cls(F,A)) & (F,A).

The union of all soft d-semi open sets contained in a soft set (F,A) in a soft topological
space X is called the soft d-semi interior of (F,A) and it is denoted by SSInts(F,A). The
intersection of all soft d-semi closed sets containing a soft set (F,A) in a soft topological
space X is called the soft 3-semi closure of (F,A) and it is denoted by SSCIs(F,A).

Definition 3.4. A soft set (F,A) in a soft topological space (X,T,E) is called
(i) soft d-pre open (So-pre open) set iff (F,A) &Int(Cls(F,A)).
(ii) soft d-pre closed (So-pre closed) set iff Cl(Ints(F,A)) & (F,A).

The union of all soft d-pre open sets contained in a soft set (F,A) in a soft topological space
X is called the soft d-pre interior of (F,A) and it is denoted by SPInts(F,A). The intersection
of all soft d-pre closed sets containing a soft set (F,A) in a soft topological space X is called
the soft d-pre closure of (F,A) and it is denoted by SPCIs(F,A).

Definition 3.5. A soft set (F,A) in a soft topological space (X,T,E) is called
(i) soft e-open (se-open) set iff (F,A) & [Int(Cls(F,A)) O Cl(Ints(F,A))]
(ii) soft e-closed (se-closed) set iff (F,A) 5 [Int(Cls(F,A)) N Cl(Ints(F,A))]

Example 3.6. Let X ={x1, X2, X3, X4}, E ={ey, €, e3} and © ={ qb,)z , (G,E)} where, (G,A) =
{(e1,{ x1}), (e2,{ X2,X4}), (e3,{X2})}. Then, (X,t,E) is a soft topological space and (G,A) =
{ (er,{ x1}),(e2,{X2, X4}),(e3,{X2})} 1s a soft e-open set.
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Theorem 3.7. For a soft set (F,A) in a soft topological space (X,T,E)
(i) (F,A) is a soft e-open set iff (F,A)° is a soft e -closed set.
(ii) (F,A) is a soft e-closed set iff (F,A)" is a soft e-open set.

Proof. Obvious from the Definition 3.5.

Definition 3.8. Let (X,7,E) be a soft topological space and (F,A) be a soft set over X.

(i) Soft e-closure of a soft set (F,A) in X is denoted by Se-CI(F,A)= A {(H,A)>S (F,A):
(H,A) is a soft e-closed set of X}.

(ii) Soft e-interior of a soft set (F,A) in X is denoted by Se-Int(F,A)= O {(G,A) & (F,A):
(G,A) is a soft e-open set of X}.

Clearly, Se-CI(F,A) is the smallest soft e-closed set over X which contains (F,A) and Se-
Int(F,A) is the largest soft e-open set over X which is contained in (F,A).

Theorem 3.9. Let (F,A) be any soft set in a soft topological space X. Then,
(i) Se-CI(F,A)° = X -Se-Int(F,A).
(i) Se-Int(F,A)° = X -Se-CI(F,A).

Proof. (i) Let soft e-open set (G,A) & (F,A) and soft e-closed set (H,A) 5 (F,A)‘. Then
Se-Int(F,A)=0 {(H,A)* : (H,A) is soft e-closed set and (H,A) 3 (F,A)Y } =X - A {(H,A):
(H,A) is soft e-closed set and (H,A) > (F,A)° }= X - Se-CI(F,A)".S0,Se-CI(F,A)° = X -Se-
Int(F,A).

(ii)) Let (G,A) be a soft e-open set. Then for a soft e-closed set (G,A)° 5 (F,A), (G,A)
& (F,A)°. Now, Se-CI(F,A)= A {(G,A) : (G,A) is soft e-open set and (G,A) &(F,A)‘}
=X -0 {(G,A): (G,A) is soft e-open set and (G,A) & (F,A) }=X - Se-Int(F,A)".

So, Se-Int(F,A)° = X -Se-CI(F,A).

Theorem 3.10. In a soft topological space X, (F,A) be a soft e-closed (resp. soft e-open) if
and only if (F,A) = Se-CI(F,A) (resp. (F,A)= Se-Int(F,A).

Proof. Suppose (F,A) = Se-CI(F,A)= A" {(H,A)D (F,A): (H,A) is a soft e-closed set of
X}.This means (F,A)e A {(H,A)D (F,A): (H,A) is a soft e-closed set of X} and hence
(F,A) is soft e-closed set.

Conversely, suppose (F,A) be a soft e-closed in X. Then we have (F,A)e {(H,A)D (F,A):
(H,A) is a soft e-closed set of X}. Hence, (F,A)& (H,A) implies (F,A) = A" {(H,A)D
(F,A): (H,A) is a soft e-closed set of X }= Se-CI(F,A).

Similarly for (F,A)= Se-Int(F,A)).

Theorem 3.11. In a soft topological space X, the following holds for soft e-closure and soft
e-interiors.

(@) Se-Cl(@)=0.

(i) Se-Int(@)= .

(iii) Se-CI(F,A) is a soft e-closed set in X.

(iv) Se-Int(F,A) is a soft e-open set in X.

(v) Se-CI(F,A) £ Se-CI(G,A) if (F,A) € (G,A).

(vi) Se-Int(F,A) & Se-Int(G,A) if (F,A) € (G,A).
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(vii) Se-Cl(Se-Cl(F,A)) = Se-CI(F,A).
(viii) Se-Int(Se-Int(F,A)) = Se-Int(F,A).

Theorem 3.12. In a soft topological space X, we have
(i) Se-Cl ((F,A)U(G,A))2Se-CI(F,A) U Se-CI(G,A).
(ii) Se-CI((F,A)"(G,A)) ESe-CI(F,A) " Se-CI(G,A).

Proof. (i) (F,A) € ((F,A)JU(G,A)) or (G,A) € ((F,A)U(G,A)) this implies Se-CI(F,A) &

Se-CI((F,A) O (G,A)) or Se-Cl (G,A) & Se-CI((F,A) U (G,A)).Therefore Se-
CI((F,A) U (G,A)) 2Se-CI(F,A) U Se-CI(G,A).

(ii) Similar to the proof of (i).

Theorem 3.13. In a soft topological space X, we have
(i) Se-Int((F,A)U (G,A)) ©Se-Int(F,A) O Se-Int(G,A)
(ii) Se-Int((F,A)"(G,A)) & Se-Int(F,A) A Se-Int(G,A)

Proof. Same as the proof of theorem 3.12.

Theorem 3.14. Let (F,A) be soft e-open set,
(1) If Ints(F,A) = @, then (F,A) is soft d-preopen set.
(i) If Clg(F,A) = @, then (F,A) is soft d-semiopen set.

Proof. Ovious from definition 3.5.

Lemma 3.15. Let (F,A) be a soft subset of X, then
(i) SSCI5(F,A) = (F,A) UlInt(Cls(F,A)) and SSInts(F,A) = (F,A) N Cl(Ints(F,A))
(ii) SPCI5(F,A) = (F,A) O Cl(Ints(F,A))and SPInts(F,A) = (F,A) N Int(CI5(F,A)).

Proof. (i) SSCI5(F,A) S Int(Cls( SSCIs(F,A))) 2 Int(Cls(F,A))

= (F,A) U SSCIs(F,A) 5 (F,A) O Int(Cls(F,A))

So, (F,A) O Int(Cl5(F,A)) & SSCIs(F,A)..............»1)

Also, (F,A) € SSCIs(F,A)

= Int(Cl5(F,A)) € Int(Cls(SSCls(F,A))) & SSCIs(F,A)

= (F,A) U Int(Cls(F,A)) & SSCI5(F,A) O SSCls(F,A)= SSCIs(F,A)...... (i1)
Hence, from (i) and (ii), SSCl5(F,A) = (F,A) O Int(Cl5(F,A)).

(ii) Follows immediately from (i) by taking the complements.

Theorem 3.16. For any soft subset (F,A) of a space X, (F,A) is soft e-open if and only if
(F,A) = SPInts(F,A) O SSInts(F,A).

Proof. Let (F,A) be soft e-open. Then (F,A) & Int(Cls(F,A)) O Cl(Ints(F,A))).By above
lemma 3.15, we have, SPInts(F,A) O SSInts(F,A) = [(F,A) N Int(Clg(F,A)]O[ (F,A) N
Cl(Ints(F,A))]= (F,A) N (Int(Cl5(F,A))] O Cl(Ints(F,A))) = (F,A).
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Conversely, if (F,A) = SPInts(F,A) O SSInts(F,A), then by above lemma 3.15, (F,A) =
SPIntg(F,A) O SSInts(F,A) = [(F,A) N Int(Clg(F,A)]O[ (F,A) N Cl(Ints(F,A))] = (F,A)
A (Int(Cl5(F,A))) O Cl(Intg(F,A))) & (Int(Cls(F,A))) O Cl(Ints(F,A)))

and hence (F,A) is soft e-open set.

Theorem 3.17. Let (F,A) be a soft subset of a space X, then, Se-CI(F,A) = SPCIs(F,A) N
SSCIs(F,A).

Proof. 1t is obvious that, Se-CI(F,A) & SPCIs(F,A) N SSCIs(F,A).

Conversely, from definition we have, Se-CI(F,A) 5 [Int(Cls(Se-CI(F,A)) N Cl(Ints(Se-
CI(F,A))] 2Cl(Ints(F,A)) N Int(Cls((F,A)). Since Se-CI(F,A) is soft e-closed, by lemma
3.15, we have, SPCIs(F,A)NSSCI5(F,A) = [(F,A) UCIl(Inty(F,A)]N[(F,A) Ulnt
(Cls(F,A))] = [(F,A) O (Cl(Ints(F,A)) N Int(Cls(F,A)))] = (F,A) & Se-CI(F,A).

Theorem 3.18. Let (F,A) be a soft subset of a space X, then, Se-Int(F,A)= SPInts(F,A)
AN SSIntg(F,A).

Proof. 1t is similar to the above proof.

Theorem 3.19. In a Soft topological space X, we have the followings:
(i) Arbitrary union of Soft e-open sets is a Soft e-open set, and
(ii) Arbitrary intersection of Soft e-closed sets is a Soft e-closed set.

Proof. (i) Let {(F,A)q:0€ A,an index set} be a collection of Soft e-open sets. Then for each
a, (F,A) o E[Int(Cl5((F,A) o)) © Cl(Ints((F,A) o))].

Taking union of all such relations we get,

U{(F.A) o } € U [Int(Cl3((F,A)a)) O Cl(Ints((F,A)q))]

€ [Int(Clsy(O (F,A)) O Cl(Ints(O (F,A)a))].

Thus U (F,A) , is Soft e-open set.

(ii) Follows immediately from (i) by taking the complements.

Definition 3.20 [10]. Let t5 be the collection of soft sets over X, then Tg is said to be a soft
supra topology on X if it satisfies the following axioms.

1@ o, X belong to Ts.
(2) The union of any number of soft sets in Tg belongs to Ts.

The triplet (X,7s,E) is called a soft supratopological space over X.
Now we give the following property for soft e-open sets.

Proposition 3.21. The collection Ts = S.e.OS(X) of all soft e-open sets form a soft supra
topology over a soft space (X,T,E).

Proof. (1) is obvious.

(2) Let (F.E), €15, Voo e A= {1, 2, 3.....}. Then, for Voe A, (F,E)q SInt(Cls5((F,A)q))
U Cl(Ints((F,A)y)).Taking union of all such relations we get,

U {(F,A) } € U [Int(CI5((F,A)q)) O Cl(Ints((F,A)q))]

€ [Int(Cls( O (F,A)q)) O Cl(Ints( O (F,A)a))].
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This implies that O (F,A), is Soft e-open set and hence, O (F,A)q€ Ts.

Remark 3.22. In a soft topological space it is obvious that

(i) Every soft regular open set is soft 3-open set.

(iii) Every soft &-open set is both soft J-semi-open and soft O&-pre-open set.
(iii) Every soft d-semi-open set and every soft d-pre-open set is soft e-open set.

Let (X,7,E) be a soft topological space. Then, the family of all soft e-open set (resp. soft
open,soft regular open, soft d-open, soft d-semi-open, soft 3-pre-open) sets in X may be
denoted by Se-OS(X) (resp. SOS(X), SROS(X), SS0OS(X), S8SOS(X), SOPOS(X) ).The
family of all soft regular closed (resp. soft d-closed, soft d-semi-closed, soft d-pre-closed)
sets in X may be denoted by Se-CS(X) (resp.SRCS(X), SOCS(X), SOSCS(X) , SOPCS(X).
Thus we have implications as shown in Figure 1.

Soft regular open

!
Soft 8-open — Soft open — soft semi-open—>soft y-open—soft B-open
l l
Soft &-pre open Soft d-semi open
l l

Soft e-open set
Figure-1
The examples given below show that the converses of these implications are not true.

Example 3.23. Let X={x,, X2, X3, X4}.E ={ey, e, e3} and © ={ @, X , (F,E),( F2,E), (F3,E),
(F4,E), (Fs,E), (Fs,E), (F7.E), (Fg,E), (Fo,E), (Fi0,E), (F11,B), (Fi2,E), (Fi3,E)} where,
(F1.E),(F2,B), (F3,E), (F4,E), (Fs,E), (Fs.E), (F7,BE), (Fs,E), (Fo,E), (F10,E), (F11,E), (F12,E),
and (F3,E) are soft sets over X, defined as follows:

(FLE) ={(e1,{ x1}).(e2,{x2,X3}),(e3,{x1,x3}) };

(F2,BE) ={(er,{x2.x4}),(e2,{ X1,X3,X4}),(€3,{ X1, X2, X4})};

(F3,E) ={ (e1, 9).(e2,{x3}),(es.{ x1})};

(F4.E) ={ (e1, {x1,x2.x4}),(e2, X),(€3,X)};

(Fs,E) ={ (e1,{x1,x3}),(€2,{X2, X4}),(€3,{x2})};

(F6,BE) = {(e1,9),(e2,{x2}).(e3, ) };

(F7,BE) ={ (e1,{ x1,x3}),(e2,{ X2, X3, Xa}),(€3,{ X1, X2,X3}) };

(Fs.E) ={ (er,{x3}),(e2.{ x4}).(e3.{x2})};

(Fo,E) ={ (e1,.X),(€2,X),(€3,{ X1, X2, X3})};

(F10.E) ={ (e1,{ x1,X3}),(€2,{ X2, X3, Xa}),(e3,{ X1, X2} };

(F1.E) ={ (e1,{ x3}),(e2,{ X2, Xa}),(€3,{x2}) };

(F12,E) ={ (er,{x1}),(e2,{x2}), (€3, ®)};

(F13.E) = { (er,{x1}).(e2.{ x2, x3}),(e3.{x1 })}.

Then, T defines a soft topology on X, and thus (X,z, E) is a soft topological space over X.
Clearly, soft closed sets are @, X , (Fi, E), (F2, E)°, (F3, E)°, (F4, E)°, (Fs, E)°, (Fs, E)°,
(F7’E)C7 (F87E)C’ (F9’ E)C’ (Fl()’E)C’ (FII’ E)C’ (F127 E)C and (F137 E)C
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Now, consider the soft set (G,E)={ (e,{X1,x2}).(e2,{X2,X3}),(e3,{X1,X3})}, then,
[Int(Cls(G,E)) U Cl(Ints(G,E))]=(Fs,E)° > (G,E).So0,(G,E) & Int(Cl5(G,E)) U Cl(Ints(G,E)).
Thus, (G,E) is soft e-open set but since, Int(Cls(G,E))=(F;,E) which does not contain (G,E).
So (G,E) is not soft d-pre open set. Also it is clear that (G,E) is neither soft d-open nor soft
regular open nor soft open nor soft semi-open nor y-open nor 3-open set.

Again, consider the soft set (F.E) ={(ei,{x4}),(e2,{ xi1, X3}),(e3,{x1,X2})}, then
[Int(Cl5(F,E)) O Cl(Ints(F.E))]={(e1,{x2,x4}), (e2,{x1.X3,x4}),(e3,X)} and so,(F,A) & [Int
(Cls(F,E)) U Cl(Intg(F,E))]. Thus, (F,E) is soft e-open set but since Cl(Ints(F,E)) = (Fs,E)°
which does not contain (F,E). So (F,E) is not soft d-semi open set. Also it is clear that (F,E)
is neither soft d-open nor soft regular open nor soft open nor soft semi-open nor y-open nor
B-open set.

Remark 3.24. The intersection of two soft e-open sets need not be soft e-open set as is
illustrated by the following example.

Example 3.25. Let (X,1,E) be a soft topological space defined in Example 3.23. Now we
consider two soft sets (G,E) and (H,E) in (X,7,E) defined as follows:

(G.E) ={(er.{ xi}s(e2,{ x2H) Li(HE)= {(er,{x1}).(e2.{ x3}).(e3, {x3})}.
Then, (G,E) and (H,E) are soft e-open sets over X, therefore, (G,E) N (H,E) ={(e1,{x1})}=

(K,E) and Int(Clg(K,E)) O Cl(Ints(K,E)) ={(e1,{x1}), (e2,{x2})} 2 (K,E). Hence, K,E) is not
a soft e-open set.

Remark 3.26. The union of two soft e-closed sets need not be soft e-closed set as is
illustrated by the following example.

Example 3.27. Let (X,1,E) be a soft topological space defined in Example 3.23. Now we
consider two soft sets (A,E) and (B,E) in (X,7,E) defined as follows:

(A,E) :{ (el’{XZ’X3,X4})’(eZ’{ X1, X3, X4})’(e3’X)};(B,E): {(el,{ X2, X3, X4}),(e3,{X1, XZ’X4}),
(es, {X1, X2,x4})}.Then, (A,E) and (B,E) are soft e-closed sets over X , therefore, (A,E)O
(B.E) = {(e1.{ X2, X3, x4}),(e3,X), (e3, X)} = (C,E) and Int(Cls(C,E)) A Cl(Int5(C,E) = X &
(C,E). Hence, (C,E) is not a soft e-closed set.

Theorem 3.28. In a soft topological space X,
(i) Every soft d-pre-open set is soft e-open set.
(ii) Every soft d-semi-open set is e-open set.

Proof . (i) Let (F,A) be a soft d-pre-open set in a soft topological space X.
Then, (F,A) & Int(Cls(F,A)) which implies that

(F,A) C[Int(Cls(F,A)) O Ints(F,A))] & [Int(Cls(F,A)) O Cl(Ints(F,A))]
Thus (F,A) is soft e-open set.

(ii) Let (F,A) be a soft d-semi-open set in a soft topological space X.
Then, (F,A) & Cl(Ints(F,A)) which implies that

(F,A) C[Cl(Ints(F,A)) O Int(F,A))] &[Cl(Ints(F,A)) U Int(Cls(F,A))]
Thus (F,A) is soft e-open set.
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4. Soft e-continuity and Soft e-homeomorphisms

In this section, we introduce soft e-continuous maps, soft e-irresolute maps, soft e-closed
maps, soft e-open maps and soft e-homeomorphisms. We also study some of their
properties and separation axioms with the help of soft e-open sets.

Definition 4.1 [14]. Let (X,E) and (Y,K) be two soft classes. Letu: X —» Yandp: E — K
be mappings.Then a mapping f: (X,E) — (Y,K) is defined as follows: for a soft set (F,A) in
(X,E), (f(F,A),B), B=p(A) C Kis a soft set in (Y,K) given by

AEAB) = u[UF(Oi)
ae p ' (HNA

(F,A) . If B=K, then we will write ( f{F,A),K) as f(F,A).

j BeK and (f(F,A),B) is called a soft image of a soft set

Definition 4.2 [14]. Let f: (X,E) — (Y,K) be a mapping from a soft class (X,E) to another
soft class (Y,K), and (G,C) a soft set in soft class (Y,K), where, C c K. Letu: X — Y and p
: E —K be mappings.Then (f'(G,C),D), D=p(C), is a soft set in the soft classes(X,E),
defined as (f'(G,C)(o) = u'l(G(p(oc))) for ae D < E. (f'(G,C),D) is called a soft inverse
image of (G,C). Hereafter, we shall write, (f'(G,C),E) as (f'(G,C).

Theorem 4.3 [14]. Let f: (X,E) — (Y,K) ; u: X — Y and p : E —K be mappings. Then for
soft sets (F,A), (G,B) and a family of soft sets {(Fy,Ay):0l€ A,an index set} in the soft class
(X,E), we have:

@) f(p)= @,

) f(X)=Y,

3) f(F,A)U(G,B)) = f(F,A) U f(G,B), in general,
fCUE A= f(F,.A)).

ac A\ acA

4 f(F,A)"(G,B)) & f(F,A)A f(G,B), in general,
FCOELANA () fF,.AD)

(5) If (ﬁA) &(G,B) thenfef (F,A) & f(G,B),
(6) f'1<q)>= 2
7 Fi(r)=X,

8) f'((F,A)O(G,B))=f"(F,A)U f'(G,B),ingeneral,
AU @E A= F(F,.A)).

aeA aeA

9) f'((F,A)A(G,B))=f"(F,A)A f'(G,B),ingeneral,
IO FaAane () f(EF,.A)),

acA acA

(10) If (F,A)&(G,B) then, £/ (FA)E 1 (G,B),

Definition 4.4. A mapping f:(X,7,E) — (Y,1,,K) is said to be a soft d-pre continuous if f
'(F,A) is soft 8-pre open in X for every soft open set (F,A) in Y.

Definition 4.5. A mapping f :(X,11,E) = (Y,1,,K) is said to be a soft 8-semi continuous if
f(F,A) is soft 8-semi open in X for every soft open set (F,A) in Y.
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Definition 4.6. A mapping f :(X,7;,E) = (Y,12,K) is said to be a soft e-continuous if
f'l(F,A) is soft e-open in X for every soft open set (F,A) in Y.

Definition 4.7. A mapping f :(X,T1,E) — (Y,1,,K) is said to be a soft e-irresolute if
£ (F,A) is soft e-open in X for every soft e-open set (F,A) in Y.

Remark 4.8. It is clear that every soft d-pre continuous map and soft d-semi continuous
map is soft e-continuous. Thus we have implications as shown in Figure 2.

The converses of these implications are not necessarily true, which is clear from the
following examples.

Soft §-pre continuous Soft §-semi continuous

! l

Soft e-continuous

Figure-2

Example 4.9. Let X={X1, X2, X3, X4}, Y={yl, Y2, ¥3, Y4}, E ={61, €o, 63}, K={k1, kz, k3}and
(X,t,E) and (Y,v,K) be soft topological spaces. Let fup: X,7.E) — (Y,v.K) be a soft

mapping. Defineu: X — Y and P : E — K as u(x;) = yz, u(xz) = y3, u(x3) = ys, u(x4) = yy,
and p(e;) = ko, p(e2) = ki, p(e3) = ka;

Let us consider the soft topology T in X given in Example 3.23; that is,T ={ ¢, X, (F1,E),
(F2, E), (F3,B), (F4,E), (Fs.E), (Fe,E), (F7,E), (F3,E), (Fo,E), (Fi0,E), (Fi1,E), (F12,E), (F13,E)}
and soft topology v ={ @.Y, (G.K) = { (ki.{ y1.y2}).(ka.{ y2, y3}).(ks.{y1, y3})}} in Y. Then
(G,K) is a soft open in Y and fu;l (G,K) = {(e1,{x1,x2}), (€2,{x2, X3}),(€3,{ X1, X3})} is soft e-
open but not soft d-pre open in X. Therefore, f,, is a soft e-continuous but not soft d-pre

continuous function.

Example 4.10. Let X={x, X2, X3, X4}, Y={y1, ¥2, y3, ¥4}, E ={ei, &2, e3}, K={ky, ks, k3 }and
(X,%.E) and (Y,v.K) be soft topological spaces. Let f, : (X,t,E) — (Y,v,K) be a soft
mapping. Defineu: X - Y and P: E — K as u(x;) = y3, u(xz) =y, u(X3) = ya, u(Xs4) = ya,
and p(e1) = ko, p(e2) =k, p(es) = ks;

Let us consider the soft topology T in X given in Example 3.23; that is,T ={ @, X , (F1,.E),
(F2,E), (F3,E), (F4,E), (Fs,B), (Fs,B), (F7,E), (Fs,E), (Fo,E), (Fio,E), (F11,E), (F12,E), (F13,E)}
and soft topology v={$,Y, (HK) = {(ki,{ ys,yaD.(ka,{ y2}), (ks,{ yi,ysD}} in Y. Then
(H,K) is a soft open in Y and f_'(H,K)= {(e1,{ x4}),(e2,{ X1, x3}),(e3,{ X1, X2})} is soft e-

up
open but not soft 3-semi open in X. Therefore, f,, is a soft e-continuous but not soft 3-semi

continuous function.

Theorem 4.11. For a mapping f :(X,7;,E) — (Y,12,K), the following statements are
equivalent
(i) f is a soft e-continuous.
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(ii) For every soft singleton P, € X and every soft open set (F,A) in Y such that f(P,)
c (F,A), 3 a soft e-open set (G,A) in X such that Pf €(G,A) and f((G,A)) C (F,A).

(i) ' (F,A) = Int(Cls(f ' (F,A))) U Cl(Ints(f ' (F,A))) for each soft open set (F,A) in Y.
(iv) The inverse image of each soft closed set in Y is soft e-closed.

(v) Int(Cls(f '(F,A))) A Cl(Ints(f ' (F,A))) & f'((CI(F,A))) for each soft set (F,A) &Y.
(vi) f[Cl(Ints(G,A)) A Int(Cls(G,A))] & CL(f(G,A)) for every soft set (G,A) in X.

Proof. (i)=>(ii): Let the singleton set P, in X and every soft open set (F,A) in Y such
that f( P/ )e (F,A). Since f is soft e-continuous. Then P} e f'(f( P/ ))& f(F.A).
Let (G,A) = f'l(F,A) which is a soft e-open set in X. So, we have Pf € (G,A). Now
f(G.A) = f(f'(F.A)) & (FA).

(ii)=(iii): Let (F,A) be any soft open set in Y. Let Pf be any soft point in X such that
f( P/ )&(F,A). Then P e f'(F,A). By(ii), there exists a soft e-open set (G,A) in X such
that P € (G,A) and f((G,A)) & (F,A). Therefore, P; €(G,A)E& FIEG,A))) EFI(EA)
& Int(Cls(f '(F,A)) O Cl(Ints(f ' (F,A)).

(iii)=(iv): Let (F,A) be any soft closed set in Y. Then Y -(F,A) be a soft open set

in Y. By (iii), (f'(Y- (F,A))) & Int(Cls(f (Y - (F,A)) O Cl(Ints(f' (Y -(F,A)))).This
implies X -(f'(F,A)) & Int(Cls( X -f'(F,A)) OCl(Ints( X -f'(F,A))) & Int(X - Cls(f
'F,A)) O CI(X -Ints(f(F,A)) & [ X -Int(Cls(f(F,A)] O [X -Cl(Ints(f '(F,A))] and
hence X -(f'(F,A)) & X -[Int(Cls(f ' (F,A)) A Cl(Ints(f ' (F,A))].Hence (f'(F,A)) 3 [Int
(Cls(f'(F,A)) A Cl(Ints(f ' (F,A))] and this implies that f'(F,A) is soft e-closed in X.

(iv)=(v): Let (F,A) &Y. Then f'(CI(F,A)) is soft e-closed in X. Now, [Int(Cls(f"
(F,A))) A Cl(Ints(f ' (F,A)))] & [Int(Cls(f ' (CI(F,A)))) A Cl(Ints(f ' (CIF, AN E £ (Cl
(F,A)).

(v)=(vi): Let (G,A) £ X. Put (F,A) = f(G,A) in (v). Then, [Int(Clg,(f'l(f(G,A)))) A Cl
(Int5(f'1(f(G,A))))] c f'l(Cl(f(G,A))).This implies that [Int(Cls(G,A)) N Cl(Ints(G,A))] & f
' (CI(A(G,A)))) = fAInt(Cl5(G,A)) A Cl(Ints(G,A))] & CIAG,A)).

(vi)=(): Let (G,A) £ Y be soft open set. Put (G,A) = f'l(F,A) and (F,A) =Y -(G,A) then
f{Int(Cls(f ' (F,A))) A Cl(Ints(f ' (F,A))] & CI(f(f'(F,A)) & CI(F,A) = (F,A). That is, f
(F,A) is soft e-closed in X, so fis soft e-continuous.

Theorem 4.12. Every soft e-irresolute mapping is soft e-continuous mapping.
Proof. Let f:(X,71,E) = (Y,72,K) is soft e-irresolute mapping. Let (F,K) be a soft closed set

in Y, then (F,K) is soft e-closed set in Y. Since fis soft e-irresolute mapping, /'(F.K) is a
soft e-closed set in X. Hence, fis soft e-continuous mapping.
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Theorem 4.13. If f: (X,71,E) — (Y,12,K) be soft e-continuous function and g : (Y,7,,K) —
(Z,73,L)) be soft continuous function. Then gof: (X,7,E) — (Z,73,L) is also soft e-
continuous function.

Proof. Let (F,A) be a soft open set in Z. Now, (gof)'l(F,A) = (f 1og'l)(F,A) = (f 1(g'
1(F,A)).Since g is soft continuous, g'l(F,A) is soft open & then (gof)'l(F,A) =f ! (soft open
in Y). But f being soft e-continuous (gof) ' (F,A) is soft e-open set in X. Thus gof is soft e-
continuous function.

Theorem 4.14. If f :(X,71,E) — (Y,12,K) be soft e-irresolute function and g : (Y,T7,,K) —
(Z,73,L)) be soft e-continuous function. Then gof: (X,1,E) — (Z,73,L) is also soft e-
continuous function.

Proof. Let (F,A) be a soft open set in Z. Now, (gof)'l(F,A) = (f 1og'l)(F,A) = (f 1(g'
1(F,A)).Since g is soft e-continuous, g'l(F,A) is soft e-open & then (gof)'l(F,A) =f 1(soft e-
open in Y). But f being e-irresolute, (gof)'l(F,A) is soft e-open set in X. Thus gof is soft e-
continuous function.

Theorem 4.15. Composition of two soft e-irresolute function is again a soft e-irresolute
function.

Proof. Straight forward.

Definition 4.16. A mapping f: X —Y is said to be soft e-open (briefly se-open) map if the
image of every soft open set in X is soft e-open set in Y.

Definition 4.17. A mapping f : X —Y is said to be soft e-closed (briefly se-closed) map if
the image of every soft closed set in X is soft e-closed setin Y.

Theorem 4.18. If f - X —Y is soft closed function and g : Y —Z is soft e-closed function,
then gof is soft e-closed function.

Proof. For a soft closed set (F,A) in X, f (F,A) is soft closed setin Y. Since g: Y — Z is
soft e-closed function, g(f (F,A)) is soft e-closed set in Z. g(f (F,A)) = (gof ) (F,A) is soft e-
closed set in Z. Therefore, gof is soft e-closed function.

Theorem 4.19. A map f - X — Y is soft e-closed if and only if for each soft set (H,K) of Y
and for each soft open set (F,A) such that f ! (H,K) £ (F,A), there is a soft e-open set
(G,K) of Y such that (H,K) & (G,K) and /(G,K) & (F,A).

Proof. Suppose f is soft e-closed map. Let (H,K) be a soft set of Y, and (F,A) be a soft
open set of X, such that f'(H,K) & (F,A). Then (G,K) = (f ((F,A)"))° is a soft e-open set in Y
such that (H,K) & (G,K) and f/(G,K) & (F,A).

Conversely, suppose that (F,B) is a soft closed set of X.Then f I(f ((F,.B))") & (F,B)", and
(F,B)® is soft open set. By hypothesis, there is a soft e-open set (G,K) of Y such that (f
((F,A))) &(G,K) and f (G, K) & (F,B), Thus (F,B) & f1(G,K). Hence (G.K)&f (GK) & f
((G,K))*) & (G,K) which implies f (F,B)= (G,K)’. Since (G,K)° is soft e-closed set, f
(F,B) is sb-closed set. So, fis a soft e-closed map.
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Theorem 4.20. Let f: X — Y, g : Y — Z be two maps such that gof : X —Z is sb-closed
map.

(i) If fis soft continuous and surjective, then g is soft e-closed map.

(ii) If g is soft e-irresolute and injective, then fis soft e-closed map.

Proof. (i) Let (H,K) be a soft closed set of Y. Then, f I(HK) is soft closed set in X as fis
soft continuous. Since gof is soft e-closed map, (gof ) (f'(H,K))= g(H,K) is soft e-closed
set in Z. Hence g : Y —Z soft e-closed map.

(ii) Let (F,A) be a soft closed set in X. Then, (gof) (F,A) is soft e-closed set in Z, and so
g'l (gof ) (F,A) = f(F,A) is soft e-closed set in Y. Since g is soft e-irresolute and injective.
Hence, f'is a soft e-closed map.

5. Applications in Separation Axioms and in Soft Group Theory

In this section e-separation axioms has been introduced and investigated with the help of
soft e-open sets. Finally, we have shown that the collection Ser-h(X,t,E) form a soft group.

Definition 5.1. A soft topological space (X,7,E) is said to be soft e-T; if for each pair of
distinct soft points Pf and P#G of X, there exists soft e-open sets (U,A) and (V,B) such that

P/ €(UA) and P e(V,B) , P/ ¢(V,B) and P, £(UA).

Theorem 5.2. If f: X — Y is soft e-continuous injective function and Y is soft T, then X
is soft e-Tj.

Proof. Suppose that Y is soft T;. For any two distinct soft points P, and P, of X, there
exists soft open sets (U,A) and (V,A) in Y such that (P )e(UA), (P )e(V,A),
A Pf )& (V,A) and f{ P#G)e (U,A). Since f'is injective soft e-continuous function, we have f
! (U,A) and f ! (V,A) are soft e-open sets in X. Hence by definition X is soft e-T}.

Definition 5.3. A soft topological space (X,t,E) is said to be soft e-T, (i.e., soft e-
Hausdorff) if for each pair of distinct soft points P, and P#G of X, there exists disjoint

soft e-open sets (U,A) and (V,B) such that P €(U,A) and P; e (V,B).

Theorem 54. If f: (X,t;, E) = (Y,T;, E) is soft e-continuous injective function and Y is
soft T, then X is soft e-T».

Proof. Suppose that Y is soft T, space. For any two distinct soft points P, and PﬂG of X,
there exists disjoint soft open sets (U,A) and (V,B) in Y such that f{ Pf )e(U,A) ,
fP7)e(V.B), f(P) (V.B) and f(P;) & (U,A). Since f is injective soft e-continuous

function, we have f'(U,A) and f'(V,B) are disjoint soft e-open sets in X. Hence by
definition, X is soft e-T5.
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Definition 5.5. A soft topological space (X,T,E) is said to be soft e-normal if for every two
disjoint soft closed sets (F,A) and (H,B) of X, there exist two disjoint soft e-open sets
(U,A) and (V,B) such that (F,A) & (U,A) and (H,B) & (V,B) and (U, A)"(H,B) = @.

Theorem 5.6. If f: (X,T, E) — (Y,T,, E) is soft e-continuous closed injective function and
Y is soft normal then X is soft e-normal.

Proof. Suppose that Y is soft normal. Let (F,A) and (H,B) be soft closed sets in X such that
(F,A)A\(H,B) =@. Since fis soft closed injection f(F,A) and f(H,B) are soft closed in Y and
fIF,A)" flH,B) =@. Since Y is normal, there exists soft open sets (U,A) and (V,B) in Y
such that (F,A)C U, flH,B)ZV and UNV = @. Therefore we obtain, (F,A) & f] (U) and
(H,B) & f](V) andf](U AV)=¢@. Since fis soft e—continuous,f](U) andf](V) are soft e-
open sets. Hence by definition X is soft e-normal.

Definition 5.7. A space X is said to be soft e-regular if for each soft closed set (F, A) of X
and each soft point P, € X- (F,A), there exist disjoint soft e-open sets (U,A) and (V,B)

such that P, € (U,A) and (F,A) & (V,B).

Theorem 5.8. If f :(X, 7;,E) — (Y, 5, E) is soft e-continuous closed injective function and Y
is soft regular then X is soft e-regular.

Proof. Let (F,A) be soft closed set in Y with a soft point Py & (F,A) Take P;=f (P]).
Since Y is soft regular, there exists disjoint soft open sets (U,A) and (V,B) such that
P/ e(U,A) and PﬂG =f (P] )ef(U,A) and (F,A) & f(V,B ) such that f(U,A) and f(V,B) are
disjoint soft open sets. Therefore, we obtain that,f](F,A)Q(V,B). Since f is soft e-
continuous, f° I(F,A) is soft e-closed set in X and Pf ¢f I(F,A). Hence by definition X is
soft e-regular.

Theorem 5.9. If (F,A) is soft e-closed set in X and f : X —Y is bijective, soft continuous
and soft e-closed , then f{F,A) is soft e-closed setin Y.

Proof. Let f(F,A)Z(G,B) where (G,B) is a soft open set in Y. Since f is soft continuous, f
I(G,B) is a soft open set containing (F,A). Hence, Se-Cl(F,A) C fI(G,B) as (F,A) is soft e-
closed set. Since f is soft e-closed, f{Se-CI(F,A)) is soft e-closed set contained in the soft
open set (G,B), which implies Se-Cl f(Se-CI(F,A))Z(G,B) and hence Se-Cl f(F,A))
C(G,B). So f{(F,A)) is soft e-closed set in Y.

Definition 5.10. A soft subset (F,A) of a soft topological space (X,T,E) is soft e-connected
iff (F,A) can’t be expressed as the union of two non empty disjoint soft e-open sets.

Theorem 5.11. Let f: X — Y is soft e-continuous and surjection map. If (H,A) is soft e-
connected, then f(H,A) is soft connected.

Proof. Suppose that f{H,A) is not soft connected space. Then, 3 non empty soft open sets
(F,K) and (G,K) in Y such that f{H,A) = (F,A)J(G,A). Since f is soft e-continuous,
fY(F,A) and f'(G,A) are soft e-open set in X and (H,A) = f'[(F,A)O(GA)] =f(FA) O f
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! (1). It is clear that 1(F,A) and f ](G,A) are soft e-open set in X. Therefore, (H,A) is not
soft e-connected, which is a contradiction to the given hypothesis. Hence, f(H,A) is soft
connected.

Definition 5.12. A function f: (X,T}, E) = (Y,T2, E) is called soft e-homeomorphism (resp.
soft er-homeomorphism) if f is a soft e-continuous bijection (resp. soft e-irresolute
bijection) and f~ L. (Y,T2, E) = (X, 74, E) is a soft e-continuous (resp.soft e-irresolute).

Now we can give the following definition by taking the soft space (X,T,E) instead of the
soft space (Y,T,, E).

Definition 5.13. For a soft topological space (X,t,E), we define the following two
collections of functions:
(@) Se-h(X,T,E) ={f | f: (X,T,E) = (X,T,E) is a soft e-continuous bijection, [~ L. X,1,E)
— (X,7,E) is soft e-continuous}.
(b) Ser-h(X,T,E) ={ f1f: (X,T,E) —» (X,1,E) is a soft e-irresolute bijection, f~ L X,t,E)
— (X,7,E) is soft e-irresolute}.

Theorem 5.14. For a soft topological space (X,t,E), S-h(X,T,E) & Ser-h(X,7,E) & Se-
h(X,t,E), where, S-h(X,T,E) ={ f1f: (X,T.E) = (X,1,E) is a soft continuous bijection, f~ L.
(X,1,E) = (X,1,E) is soft continuous i.e. f is soft homeomorphisms}.

Proof. First we show that every soft-homeomorphism f: (X,t;, E) — (Y,7,, E) is a soft e-r-
homeomorphism. Let (G,A)eSe-OS(Y), then (G,A)ZCInt(Cls(G,A)) Cl(Ints(G,A)).
Hence, f(G,A) &/ '[Int(Cls(G,A)) U Cl(Ints(G,A))] = Int(Cls(f(G,A)) O ClInts(f™(
G,A)) and so f~ ](G,A)e Se-OS(X). Thus, f is soft e-irresolute. In a similar way, it can be
shown that f~ Tis soft e-irresolute. Hence, we have, S-h(X,1,E) & Ser-h(X,1,E).

Finally, it is obvious that Ser-h(X,t,E)C Se-h(X,T,E), because every soft e-irresolute
function is soft e-continuous.

Theorem 5.15. For a soft topological space (X,T,E), the collection Ser-h(X,t,E) forms a
group under the composition of functions.

Proof. If f :(X,7,E) = (Y,7,E) and g : (Y,10,.E) — (Z,13,E) are soft er-homeomorphism,
then their composition gof : (X,T1,E) = (Z,13,E) is a soft er-homeomorphism.It is obvious
that for a bijective soft er-homeomorphism f : (X,7;,E) — (Y, 1.,E), [~ L. Y, 5,E) —
(X,11,E) is also a soft er-homeomorphism and the identity function 7 : (X,7;,E) = (X,71,E)
is a soft er-homeomorphism. A binary operation o : Ser-h(X,t,E)xSer-h(X,7,E) — Ser-
h(X,t,E) is well defined by oa,b) = boa, where abeSer-h(X,T,E) and boa is the
composition of a and b. By using the above properties, the set Ser-h(X,t,E) forms a group
under composition of function.

Theorem 5.16. The group S-h(X,7,E) of all soft homeomorphisms on (X,7,E) is a subgroup
of Ser-h(X,1,E).

Proof. For any a,be S-h(X,7,E), we have, oc(a,b'l) = b loae S-h(X,1,E) and Ix € S-h (X,1,E)
# @. Thus, using (Theorem 4.14) and (Theorem 4.15), it is obvious that the group S-
h(X,t,E) is a subgroup of Ser-h(X,t,E).
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For a soft topological space (X,T,E), we can construct a new group Ser-h(X,t,E) satisfying
the property: If there exists a homeomorphism (X,7,E) = (Y,1,E), then there exists a group
isomorphism Ser-h(X,t,E) = Ser-h(X,t,E).

Corollary 5.17. Let f: (X,7;,E) = (Y,5,E) and g : (Y,©,E) — (Z,73,E) be two functions
between soft topological spaces.

(i) For a soft er-homeomorphism f: (X,t;,E) — (Y,T,E), there exists an isomorphism, say,
f+ 1 Ser-h(X,T,E) — Ser-h(X,1,E), defined f» (a) = fo a o f~ ! , for any element a € Ser-
h(X,t,E).

(ii) For two soft er-homeomorphisms f: (X,t,E) = (Y,15,E) and g : (Y,72,E) — (Z,13,E),
(gof)« = g+o f. : Ser-h(X,t1,E) — Ser-h(Z,73,E) holds.

(iii) For the identity function Ix : (X,T,E) —» (X,T,E), (Ix)« = 1 : Ser-h(X,t,E) — Ser-
h(X,t,E) holds where I denotes the identity isomorphism.

Proof. Straightforward.

6. Conclusion

In this work we introduced the concept of soft e-open set and investigated some properties
of them. Then focused the relationships among soft d-pre open sets, soft d-semi open sets,
soft pre-open sets and soft e-open sets. We also investigated the concepts of soft e-open
functions, soft e-continuous, soft e-irresolute and soft e-homomorphism on soft topological
space and discussed their relations with existing soft continuous and other weaker forms of
soft continuous functions. Further soft e-separation axioms have been introduced and
investigated with the help of soft e-open sets. Finally, we observed that the collection Ser-
h(X,t,E) form a soft group. We hope that the findings in this work will help researcher
enhance and promote the further study on soft topological spaces to carry out a general
framework for their applications in separation axioms, connectedness, compactness etc. and
also in practical life.
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Abstaract — In the present paper, we introduce a new type of convergence, called standard
convergence (or std-convergence), in an intuitionistic fuzzy normed linear space (IFNLS). We have
also introduced the concept of std-Cauchyness and proved that these notions are stronger than usual
convergence and usual Cauchyness in an IFNLS. Further, we have shown that these two notions
are not directly compatible with each other and hence, defined the notion of strong std-convergence
which is compatible with std-Cauchy sequences.

Keywords — Intuitionistic fuzzy normed linear space; std-convergence; strong std-convergence;
std-Cauchy sequence.

1 Introduction

The concepts of convergence and Cauchyness of sequences lay the foundation of
structure of any metric space and as such, the study of these concepts are of greatest
importance in analysis. Therefore, the study of both weaker and stronger concepts
than the usual convergence has always been a well motivated area of research. Some
very important work in this direction in connection with fuzzy metric spaces may be
found in [9, 11, 14, 17].

Recently, Ricarte and Romaguera [23] have established relationships between the
theory of complete fuzzy metric spaces and domain theory by introducing a stronger
notion than Cauchy sequence called standard Cauchy sequence. They proved that
the famous result due to Edalat and Heckmann [8] which gives a characterization of
complete metric spaces with the help of continuous domains could be obtained from
their results in fuzzy metrics and in fact, could not be obtained from classical metric.
More recently, answer to two well posed questions by Morillas and Sapena [18] was

*Edited by Naim Cagman (Editor-in-Chief).
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given by Gregori and Minana [12] by establishing what conditions must be included
in the definition of standard convergence in fuzzy metric spaces so that it remains
compatible with the concept of Cauchyness.

The theory of intuitionistic fuzzy sets was introduced by Atanassov [2] which has
been extensively used in decision making problems [1] and in E-infinity theory of high
energy physics [21]. The concept of intuitionistic fuzzy metric space was introduced
by Park [22]. Furthermore, Saadati and Park [24] gave the notion of intuitionistic
fuzzy normed space. Some works related to the convergence of sequences in several
normed linear spaces in fuzzy setting can be found in [3, 4, 5, 6, 7, 10, 13, 15, 16,
19, 20, 25, 26, 27].

Due to its successful application in connection with fuzzy metric spaces and
domain theory [23], in the current paper, we introduce and generalize the notions of
standard (std-) convergence and standard (std-) Cauchy sequences in an IFNLS.

2 Preliminary

Throughout the paper N will denote the set of all natural numbers and R will denote
the set of real numbers. First we collect some preliminary existing definitions in
literature.

Definition 2.1. [24] The 5-tuple (X, u, v, *, 0) is said to be an IFNLS if X is a linear
space, * is a continuous t-norm, o is a continuous t-conorm, and u, v fuzzy sets on
X x (0, 00) satisfying the following conditions for every x,y € X and s,t > 0:

z,t) +v(x,t) <1,

az,t) = p(z 5 |) for each o # 0,

e) () * u(y,s) < p(x+y,t+s),

(
w(x,t) : (0,00) — [0, 1] is continuous in ¢,

v

t) <

v(z,t) =0 if and only if x = 0,

<

(=,
(
(a,1) = v(x, &) for each a # 0,
v(z,t)ov(y,s) 2 v(z+y,t+s),
(

)
)
)
)
)
)
g) limoo p(w,t) = 1 and limy o (. t) = 0,
)
)
)
)
) v(z,t) : (0,00) — [0,1] is continuous in ¢,
)

limy o v(z,t) = 0 and limy_,q v(z,t) = 1.
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In this case (i, v) is called an intuitionistic fuzzy norm (IFN). When no confusion
arises, an IFNLS will be denoted simply by X.

Example 2.2. Let (V|| -||) be a normed linear space. Let a*xb = ab and aob =
min{a + b,1} for all a,b € [0,1] and o, vy be fuzzy sets on X x (0,00) defined

1]

as fio(2,t) = gy wla,t) = gy for all ¢ € (0,00). Then (X, po, o, %, 0) is an
IFNLS.

Remark 2.3. Let (X, o, v, *,0) be an IFNLS. For ¢ > 0, the open ball BE(z) with
center z and radius r € (0, 1) is defined as

B:(ZE) = {ye V[L(l'—y,t) > 1—’[",1/(£L'—y,t) <’I"}.
Considering these open balls as base, the IFN (u, v) induces a topology 7(,,) on X.

Definition 2.4. [24] Let X be an IFNLS. A sequence z = {zx} in X is said to
be convergent to £ € X with respect to the intuitionistic fuzzy norm (u,v) if, for
every € € (0,1) and ¢ > 0, there exists ky € N such that u(x, — &,t) > 1 — € and
vz, — &, t) < eforall k> ky. It is denoted by (i, v) — limz = &.

Definition 2.5. [24] Let X be an IFNLS. A sequence z = {2} in X is said to be
a Cauchy sequence with respect to the intuitionistic fuzzy norm (u,v) if, for every
e € (0,1) and t > 0, there exists ky € N such that u(xy — x,,t) > 1 — € and
v(rg — Tm,t) < € for all k,m > k.

3 std-Convergence and std-Cauchy Sequences in
IFNLS

Now we are ready to introduce the notions of std-Convergence and std-Cauchy se-
quences in IFNLS.

Definition 3.1. Let X be an IFNLS. A sequence x = {z;} in X is said to be std-
convergent to £ € X with respect to the intuitionistic fuzzy norm (u,v) if, for every
e € (0,1), there exists k. € N such that u(zy —&,t) > 7 and v(zp — &,1) < = for

std
all k > k. and for all £ > 0. We denote it by (1, ) — lima = £.

Definition 3.2. Let X be an IFNLS. A sequence x = {z;} in X is said to be std-
Cauchy with respect to the intuitionistic fuzzy norm (u,v) if, for every € € (0, 1),
there exists k. € N such that p(xy — xp,,t) > t%ﬁ and v(zy — @, t) < 75 for all
k,m > k. and for all ¢ > 0. We call X std-complete if every std-Cauchy sequence is

std-convergent in X.

Our first two results show that the notions of std-convergence and std-Cauchy are
both stronger than usual convergence and usual Cauchy respectively in an IFNLS.

Theorem 3.3. Let X be an IFNLS and the sequence z = {zx} in X be std-
convergent to £ € X. Then {x;} converges to & with respect to the IFN (u,v).
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std
Proof. Let (,u, ) — limz = £. Then for given € > 0, there exists k. € N such that

ey —&,t) > andu(mk—gt)<Lforallk>k andallt>0
Now since ; < € for all £ > 0, we have that —— +6 =1— = > 1—¢. Consequently,
pu(xy —&,t) > 7 > 1 — e In a similar way it can be proved that vz, —&,t) < e for
all k£ > k.. This proves that (u,v) —limz = &. O

The following can be proved using techniques in 3.3.

Theorem 3.4. Let X be an IFNLS and the sequence = {z} in X be std-Cauchy.
Then {z;} is Cauchy with respect to the IFN (u, v).

Next we give an example of a sequence in an IFNLS which is std-convergent but
not std-Cauchy.

Example 3.5. Consider the usual norm | - | on R restricted to [0,00) and the IFN
(o, o) as defined in Example 2.2. Let X = [0,00) and define on X x (0,00) the
functions p, v as

(- t):{l’ ifr=y
ey po(r = 0,)o(0 — g, 1), if x #y,

and v(z — y,t) = 1 — u(x — y,t). Then it is a routine verification to check that
(X, p,v,%,0) is an IFNLS.

Consider the sequence {x}} in X where z;, = ¢ for all k € N. Let € € (0,1). We
can choose k. € N such that k. > % and hence p(zy —0,t) = tf% > HLE for all k£ > k.

and all £ > 0. In a similar fashion it can be proved that u(zy —0,?) < . So, {z4}
is std-convergent to 0 in X.
Now if we assume {z;} to be std-CauChy, then for each € € (0, 1) there exists

k. € N such that p(zy — a:m,t) = ﬁ : t+t t+7

for all t > 0 But then we have hmHo

t t
Thus we have m > t+ m >
lim,_,o — e . This implies that 0 > 2, which is a contradiction. This proves that {xk}

can not be std-Cauchy.

From Example 3.5 we observe that the concept of std-convergence and std-Cauchy
are not compatible with each other. To settle this, we define the notion of strong
std-convergence so that every strong std-convergent sequence is std-Cauchy as well.

Definition 3.6. A sequence {xy} in an IFNLS (X, u, v, *, 0) is said to be strong std-
convergent if it is both convergent and std-Cauchy with respect to the IFN (u, v).

A question naturally arises, whether every strong std-convergent sequence is std-
convergent or not. An affirmative answer to this question is given by our next result.

Theorem 3.7. Let (X, u, v, *,0) be an IFNLS and {z;} be a strong std-convergent
sequence in X. Then {z;} is std-convergent with respect to the IFN (u,v).
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Proof. Let e € (0,1) and ¢t > 0. We assume that {x}} converges to £ € X with respect
to (u,v). Since p(z,-) is continuous for all x € X, we have that lim,, . p(zr —
T, t) = p(xg — &, t) for all k € N.

Again since {x;} is std-Cauchy, we have that for § € (0,¢), there exists ks € N
such that p(ry — zp,,t) > H—L& > tfr—e for all k,m > ks and all £ > 0. This again
implies that p(x, — &,t) = lim,, o0 i(Tp — T, t) > 4 > - for all k > ks and all

t+_§ t+e
t>0.
In a similar fashion, it can be proved that v(z —&,t) < ¢ for all & > ks and
all £ > 0. Hence {z}} is std-convergent. O

Next we show that the notion of strong std-convergence is free from any ambiguity
by showing that strong std-convergent sequences have unique limit. To show this, it
is sufficient to prove that a std-convergent sequence has a unique limit, which is the
aim of our next result.

Theorem 3.8. Let (X, pu,v,*,0) be an IFNLS. If a sequence {z;} in X is std-

td
convergent with respect to the IFN (u,v), then (u,v) ZNim 2}, 1S unique.

std std
Proof. Let (u,v) — limx, = & and (pu,v) — limxg = &. Given e > 0 and ¢t > 0

choose v € (0, 1) such that (#) * (ﬁ) > #

std
Since (p,v) — limx, = &, there exists ky € N such that p(z, —&,%) > # for

all £ > k; and all ¢ > 0. Also since (p,v) e limx, = &, there exists ko € N such
that p(xy, — &, 5) > # for all k > ky and all t > 0.

Let ko = max{ky, k2}. Then both of the above two conditions hold together for
all k > kg and all £ > 0.

Now we have, for all kK > kg and all £ > 0,

Pl = E0,1) > ok — &, 5) ol — &, )
t t
~ <t+’y)*(t+7)
> t .
t+e

Since € was chosen arbitrarily, we must have p(§; — &2, t) = 1 for all ¢ > 0. Hence we
must have & — & =0, ie., & = & m

4 Conclusion

In this paper, the concept of std-convergence and std-Cauchy sequences have been
introduced. Another concept, called strong std-convergence has also been introduced
which is directly compatible with std-Cauchy sequences. These new concepts are
stronger than their usual counterparts and as such, they constitute a well motivated
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area of research. The study of std-statistical convergence, std-ideal convergence, std-
lacunary statistical convergence may be suggested as some important future work in
this new setting.
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Abstaract — This paper deals the notion of 2 — .4 -structured subalgebras and Q2 — .4 -structured
Filters on C'I-algebra. Further some of the properties and results using the idea of {2 — 4 "-function
on C'I-algebra also established.
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1 Introduction

After the initiation of the two classes of abstract algebras: BC' K-algebras and BC'I-
algebras by Y. Imai and K. Iseki [2] , B. L. Meng[4][5], introduced the notion of a C'I-
algebra . K. H. Kim [3] also dealt about some concepts on CI-algebras. Zadeh. L.
A. ][9], introduced Fuzzy Sets for classifying the uncertainty. Then many researches
used the notion of fuzzy in various algebraic structures. Samy. M. Mostafa [8] dealt
fuzzification of ideals in C'I-algebra and Intuitionistic (7, S)-fuzzy CI-algebras were
discussed by A. Borumand Saeid et. al [1]. Also in [6] and [7] the authors introduced
A -ideals of a BF-algebras and .4 -filters of C'[-algebras. Motivated by these, this
paper, intends to discuss {2 — .4 -structured filter of a C'I-algebra and establish some
simple, elegant and interesting results.

2 Preliminaries

This section deals with the basic definition of .4 -function,) — .4 "-function, C'I-
algebra, subalgebra and Filter of a C'I-algebra.

** Edited by Naim Cagman (Editor-in-Chief).
* Corresponding Author.
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Definition.2.1. [6][7] A -structure and A -function

Consider a non-empty Set S. Denote the collection of functions from S to [—1, 0] by
F(S,[—1,0]). It is said that a member of F(S,[—1,0]) is a negative valued function
from S to [—1,0], briefly .4 "-function and by an .4 "-structure on S, it means that
an ordered pair (5,7) of S and .4 -function 7 on S.

Definition.2.2. Q) — A -function:

A Q — & -function 1 in a non-empty set S is a function 7 : S x Q@ — [—1, 0], where
Q) is any non-empty set. The set of all 2 — A -functions from S x Q to [—1,0] is
denoted by F(S x Q,[—1,0]) and by the term  — .4'-Structure(£2-NS) on S, it
means that an ordered pair (S x Q,n) of S x Q and 2 — A4 -function n on S x .

Definition.2.2. Consider the  — .4 -structure (S x §2,7) on a non-empty S. The
negative (2-Level subset n; of n is defined as follows:
For some t € [-1,0], ;; ={z €S : n(x,q) >tVq € Q}.

Definition 2.3. [3|[4] A CI-algebra is a non-empty set X with a consonant 1 and
a single binary operation * satisfying the following axioms:

rxx=1

(i)lxx==x

(ii)zx (y*x2) =y (r*2) forall z,y € X

Example 2.4.[3][4][5] Let X = {1,a,b,c} and Y = {1,a,b,c,d} be a set with the
following tables

O|TE | —] *
e il el
S Bl el RS e
o=l |T|T
—lololo|o

QY = | W[ DN —| *
Ny N e e e
= Ot = =] NN
S| = =] | w
(el Il IS VAN TR TAN
= o] | | ot ot

Then {X,*,1} and {Y,*,1} are Cl-algebra.

Example 2.5.[5] Let X be the set of all positive real numbers. Then X becomes a
Cl-algebra by defining x xy = £ for all z,y € X.

Definition 2.6.[3|[4] A partial ordering < on a C'I-algebra (X, *,1) can be defined
as ¢ < y if, and only if, z xy = 1.

Definition 2.7. [3][4] A non-empty subset S of a C'I-algebra X is said to be a
subalgebra if x xy € S for all x,y € S.
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Definition 2.8. [3] A non-empty subset F' of a C'I-algebra X is said to be a Filter
of Xif (i) 1 € Fand (ii) 2y € F and x € F then y € F for all z,y € X.

Definition 2.9. An Filter F' of X is called closed if x x1 € F for all z € F.

3 () — A4 -Subalgebra and (2 — /' -Filter on a CI-
algebra

This section introduces, the notion of {2 — .4 -subalgebra and Q — .4 "-Filter on a
C'I-algebra and discuss some of its results. In the rest of the paper, X represents
a (C'I-algebra, ) is any non-empty set and 7 is a {2 — .4 function from X x Q to
[—1,0] unless otherwise specified.

Definition 3.1. An Q — A4 -structure (X x €,7), on a C'[-algebra X is called an
) — A -subalgebra on X if n((x*y),q) < n(x,q)Vn(y,q) forall z,y € X and q € Q.

Example 3.2. Consider the C'I-algebra X = ({1,a,b,c,d},*,1) given below.

*11lal|blc|d
1/1]a|b|lc|d
all|1l]|b|b|d
bll|la|l|al|d
c|1l|1]1|1|d
d{d|d|d|d]|1

The Q — A -structure (X X §2,7n) defined by, V ¢ € Q

08 ; z=1
-0.7 ; T=a
n(x,q) = ¢ —05 ; x=5b
—-03 ; z=c
-03 ; x=d

is an €2 — .4 -subalgebra on X.

Proposition 3.3. If (X,7) is an  — .4 "-subalgebra on X then

n(l,q) <n(zx1,q) <n(z,q) forall xz € X and q € Q.

Proof. Let x € X.

Then n(1,q9) = n((zx 1) x (x x1),q) < n(xx1,q9) Vnlr*1,q) = n(xx1,q) and
n(z=1,q) <n(z,q) Vn(l,q) =n(z,q) Vnlz*z,q) =n(z,q). u

Proposition 3.4. If (X, 7) is an N-subalgebra of X then negative Level subset 1,
of X is either empty or subalgebra of X, for all t € [—1,0].
Proof. Let t € [—1,0] and 7; be nonempty.
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Take z,y € n, = n(x,q) <t and n(

y,q) <t
Then n(z *xy,q) < n(x,q) Vn(y,q) <tVi=

Vi=t=x*y €n. [ |
Definition.3.5. An Q-NS on a CI-algebra X is said to be 2 — A -structured filter
(Q — A -filter) on X if (i) n(1,q) < n(z,q) and

(it) n(y,q) < n(x*y,q) Vn(z,q) for all z,y € X and g €

Definition.3.6. An ()-NS on a Cl-algebra X is said to be Q2 — .4 -structured closed
filter (Q — A c-filter) on X if (1) n(y,q) < n(x*y,q) Vn(x,q) and (ii) n(z x 1,q) <
n(1,q) for all z,y € X and g € Q.

Example.3.7. The Q — A -structure (X,n) on the Cl-algebra in Example.2.5
defined by, V ¢ € Q2

08 ; xz=1
n(z,q) = —-0.7 ; xz=2" ;neN
—0.5 ; otherwise

is an ) — A -filter but not 2 — A c-filter on X.

Example.3.8. The Q — 4 -structure (X,n) on the Cl-algebra in Example.2.5
defined by V ¢ €

—-08 ; z=1
n(x,q) = —-07 ; x=2" neZ"
—0.5 ; otherwise

is an ) — A c-filter on X.

Proposition.3.9. If (X,7) is an Q — A filter on X with x <y for all z,y € X,
and ¢ € Q then n(z,q) > n(y, q) that is n is order-reversing.

Proof. Let z,y € X and ¢ € Q such that z < y.
Then by the partial ordering < defined in X, we have z x y = 1. Thus n(y,q) <
n(x*y,q) Vnlx,q) =n(l,q) Vn(x,q) <n(x,q). This completes the proof. |

Proposition.3.10. If (X, 7) is an Q—A4"-filter on X with x < yxz forall z,y, z € X,
and ¢ € Q then n(z,q) < n(x,q) vV n(y, 9)-

Proof. Let z,y,z € X such that z < y* 2.
Then by the partial ordering < defined in X, we have x  (y % z) = 1.

Then n(z,q) < n(y * 2,9) Vn(y,q)

< (m((x*(y=*2),q9) Vnlz,q9)Vn(yq)

(n(1,q) Vn(z,q)) Vn(y,q)

=n(z,q) V 1y, q). m
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Remark.3.11. The terms (2—.4"-subalgebra and 2—.4"-filter on X are independent
to each other. The following examples give the illustration.

Example.3.12. Consider the Q) — A4 -filter in Example 3.7.
Here

1
i ((24 * 22) ,q) =1 (Z’ q) =—-05>-07=n (24, q) Vv (22, q)
, which is not an {2 — .4 -subalgebra.

Example.3.13. Consider the 2 — .4 -subalgebra in Example 3.2.
Here
n(c,q) = =03 > —0.5=—-0.7V =0.5 =n(bxc,q) Vn(b,q),

which is not an 2 — A4 -filter.

The following gives a sufficient condition for an 2 — .4 "-subalgebra to be an ) — 4"~
filter.

Theorem.3.14. In a Q — A -subalgebra (X,n), If n(x *y,q) < n(y * x,q)
Va,y € X and ¢ € Q then (X,7n) is an Q — A -filter of X.

Proof. Let (X,n) be a Q — A -subalgebra of X with
nx*xy,q) <nlyxz,q) Vr,ye X and g€ Q.
Then n(y,q) = n(1*y,q) < n(y*1,q)
=n((y* (z*2),q))
<n((z x(y*2z),q))
<n(z,q) Vnly*z,q).
Hence (X, n) is an  — A -filter of X. [

Theorem.3.15. If the Q — A4 -structure (X,n) of X is a Q — A cfilter of X, then
the set K = {x € X;n(z,q) =n(1,q)V q € Q} is a filter of X.

Proof. Clearly, K is nonempty (since 1 € K). Let z,zxy € K.
Then n(z *y,q) = n(z,q) =n(1,q)
= n(y,q) < n(z*y.q) Vnz,q)

=n(1,9) vVn(l,q)

= (L, q).
But 1(1,q) < n(y.q) = nly,q) =n(1,q).
Thus y € K. Hence K is a filter of X. [

The following theorem shows the arbitrary union of family of €2 — 4 c-filters of
X is also an Q2 — A c-filter of X.

Theorem.3.16. Let {7, : i € I} be the family of Q — 4 c-filter of X. Then |J, n; is
also Q0 — A c-filter of X.
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Proof. Let zxy € X.
Since {n; : ¢ € I} is the family of Q — A ¢ilter of X, for any ¢ € I we have,

(@) m:(y, @) <milx*y,q) V ni(x,q) and (i) ni(x *1,q) < ni(x,q).

Now U; mi(y,q) = sup{n; : 1 € I'}

< sup{ni(z *y,q) Vni(z, q) : i € I}

= sup{n;(z xy,q) : 1 € I}V sup{n;(x,q) : i € I}

=U;mi(z =y, q) v U;ni(x, q)

and | J;ni(x x1,q) = sup{ni(x x1,q) : i € I} < sup{ni(x,q): i € I} =, ni(x,q)
Hence J; n; is an 2 — A c-ilter of X. |

Conclusion

In this paper, the notion of 2 — .4 "-subalgebra and 2 — 4 -filter on a C'[-algebra
are introduced and some of the results have been discussed. In future it is planned

to extend these ideas to homomorphism on 2 — 4 -filters,Cartesian products on
) — A -filters and translation on Q) — A -filters.
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Abstaract — In this paper we introduce the concept of fuzzy Lie ideal and anti fuzzy Lie ideal by
using a t-norm 7" and a t-conorm C, respectively. Next we introduce the concept of quotient fuzzy
Lie ideal with respect to t-norm 7. We investigate some their properties and obtain new results.

Keywords — Lie algebra, ideals, fuzzy set theory, t-norm.

1 Introduction

Lie algebras were first discovered by Sophus Lie (1842-1899) when he attempted to
classify certain ”smooth” subgroups of general linear groups. Lie algebra is applied
in different domains of physics and mathematics, such as spectroscopy of molecules,
atoms, nuclei, hadrons, hyperbolic and stochastic differential equations. The notion
of fuzzy sets was first introduced by Zadeh[4]. Fuzzy and anti fuzzy Lie ideals in Lie
algebras have been studied in[1, 2, 3]. In this paper we have tried apply the concepts
of norms to fuzzy Lie algebras and fuzzy Lie ideals.

2 Preliminary

In this section, we first review some elementary aspects that are necessary for this
paper.

A Lie algebra is a vector space L over a field F' (equal to R or C') on which Lx L — L
denoted by (z,y) — [z, y] is defined satisfying the following axioms:

(1) [z, y] is bilinear,

(2) [x,z] =0forallz € L,

(3) [[x,y], z] + [y, 2], x] + [[z, x], y] = 0 (Jacobi identity),

for all z,y,z € L.

* Edited by Naim Cagman (Editor-in-Chief).
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In this paper by L will be denoted a Lie algebra. We note that the multiplication in
a Lie algebra is not associative, i.e., it is not true in general that [[z,y], z] = [z, [y, 2]].
But it is anti commutative, i.e., [z,y] = —[y, x]. A subspace H of L closed under [, ]
will be called a Lie subalgebra. A subspace I of L with the property [I, L] C I will
be called a Lie ideal of L. Obviously, any Lie ideal is a subalgebra.

A t-norm T is a function 7" : [0, 1] x [0, 1] — [0, 1] having the following four properties:
(T1) T'(z,1) = = (neutral element),

(T2) T(x,y) < T(z,2) if y < z (monotonicity),

(T3) T'(z,y) = T(y, ) (commutativity),

(T4) T'(z,T(y,2)) =T(T(z,y), z) (associativity),

for all x,y,z € [0, 1]. Replacing 1 by 0 in condition (T1), we obtain the concept of
t-conorm C'. If T" be a t-norm, then

T(T(x,y), T(w,2)) = T(T(x,w), T(y, 2)),

for all z,y,w,z € [0,1] and we can replace t-conorm C' by t-norm 7. Recall that
T(C) is idempotent if for all x € [0, 1], T'(z,z) = 2(C(z, ) = x).
Let L; and L, be Lie algebras over a field F. A linear transformation f : L; — Lg is
called a Lie homomorphism if f([x,y]) = [f(x), f(y)] for all z,y € L;.
Let T and C be t-norm and t-conorm, respectively. For all z,y € [0,1], we say T'
and C' are dual when

T(:U,y) =1- C(l —.’If,l _y),

Clr,y) =1-T(1 —z,1—y).

Let o : L — [0,1]. The complement of p, denoted by u€ is the fuzzy set in L given
by u(x) =1 — p(zx) for all x € L.

3 Fuzzy Lie Subalgebra with Respect to a t-norm

In this section, we define the notion of fuzzy Lie subalgebra of L with respect to a
t-norm T and investigate some related properties.

Definition 3.1. Let p be a fuzzy set on L, i.e., a map p : L — [0,1]. A fuzzy set
p: L — [0,1] is called a fuzzy Lie subalgebra of L with respect to a t-norm T if

(1) plx +y) = T(p(x), u(y)),

(2) plox) = p(z),

(3) pllz, y]) = T(p(x), n(y))

hold for all z,y € L and a € F.

A fuzzy subset p : L — [0, 1] satisfying (1), (2) and

(4) [z, 9) > ()

is called a fuzzy Lie ideal of L with respect to a t-norm 7.

Example 3.2. Let L = R® and [z,y] = = X y, where x is cross product, for all
x,y € L. By routine calculations, it is clear that L is a Lie algebra over a field R.
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Define u : L — [0, 1] by
1 ifl’lzl'gzl'g:()
p(xy, x9,23) = ¢ 0.50 if x; =29 =0andz3 #0
0 otherwise
if T'(a,b) = min{a, b} for all a,b € [0, 1], then p is a fuzzy Lie subalgebra of L with
respect to a t-norm 7.
Lemma 3.3. Let p be a fuzzy Lie subalgebra of L with respect to a t-norm 7'
(1) If T be idempotent, then for all z € L we have that u(0) > u(z).
(2) uz,y]) = p(ly, 1).
Proof. (1) Let p be a fuzzy Lie subalgebra of L with respect to a t-norm 7" and
z € L. Then p(0) = p(z + (=) = T(p(x), p(—x)) = T(pu(x), p(z)) = p(x).
(2) plle, yl) = p(=ly, 2]) = p(ly, =]) = p(=lz, y]) = p((z, y]).
Proposition 3.4. Let u be a fuzzy Lie ideal in a Lie algebra L with respect to a

t-norm 7T such that T be idempotent. Then for all ¢t € [0,1] the set L(u,t) = {z €
L | pu(x) >t} is a Lie ideal of L.

Proof. Let x,y € L(u,t) and a € F. Then u(z +y) > T(u(x), u(y) > T(t,t) =t and
p(ax) > p(x) > t. Therefore z +y, ax € L(p,t). Also if x € L(u,t) and y € L, then
from p([z,y]) > p(x) >t we have that [z,y] € L(p,t). This completes the proof.

Definition 3.5. Let f: L; — Lo be an epimorphism of Lie algebras. Let p: Ly —
[0,1] and v : Ly — [0, 1] be two fuzzy sets of L; and Ls respectively. For all x € L,
and y € Ly define

— if £-1
f(,u)(y) — { SU.p{,lL(ZU) ’ LS Ll,f(l') y(}) 1f §—1Ez;
and f~1(v)(z) = v(f(2)).
Proposition 3.6. Let f : L1 — Ly be an epimorphism of Lie algebras. If u is a

fuzzy Lie ideal of Ly with respect to a t-norm T, then f(u) is a fuzzy Lie ideal of Lo
with respect to a t-norm 7.

Proof. Let x1,29 € Ly and y1,y2 € Lo. If y; = f(21) and yo = f(x2), then
(1)

F) (1 + y2) = sup{p(z1 +22) [ y1 = fz1), 92 = f(22)}
> sup{T'(u(x1), u(x2)) [ y1 = f(21), 92 = f(z2)}
= T(sup{p(z1) | y1 = f(21)}, sup{p(x2) | y2 = f(22)})
= T(f (1) (1), [ (1) (y2))-

) £ (s wel) = suplu(lzn, o)) |91 = Fle)oe = fla2)} > suplu(ar) |m =
)} = F(u) ).
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Proposition 3.7. Let f : L; — Ly be an epimorphism of Lie algebras. If v is a
fuzzy Lie ideal of Lo with respect to a t-norm T, then f~!(v) is a fuzzy Lie ideal of
L, with respect to a t-norm 7.

Proof. Let x,y € L, and « € F. Then

W@ +y) =v(f(z+y) =v(f(2) + fy)
> T(v(f(2)),v(f()) =T(f " w)(@), f ()W),

f’ (v)(ax) = v(f(ax)) = v(af(z)) 2 v(f(x)) = f~'(¥)(z), and
')z y) = v(f (=, y)) = v(If (2), fW)]) = v(f ( )) =71 (W)(x).

Thus f~Y(v) is a fuzzy Lie ideal of L; with respect to a t-norm 7.

Definition 3.8. let © and v be fuzzy Lie ideals of a Lie algebra L with respect to
a t-norm T'. Define the intersection of p and v the function pNv : L — [0, 1] such
that (uNv)(z) =T (u(x),v(x)) for all z € L.

Proposition 3.9. let 1 and v be two fuzzy Lie ideals of a Lie algebra L with respect
to a t-norm 7 such that 7" be idempotent. Then p N v be a fuzzy Lie ideal in a Lie
algebra L with respect to a t-norm 7.

Proof. Let x,y € L and a € F. Then
(1)

(wnv)(z+y) =Tz +y),v(z+y) = T(T(u(x), my), T(v(z),v(y)))

— T(T(u(x), v(@)), T(uly), v(y))) = T((1 N v)(a), (10 )(Y)):

(2) (nOw)(ax) = T(p(ax),viar)) = T(u(x),v(z)) = (uNv)(z).

3) (unv)([z,y]) =T (u(lz,y]), v([z,y]) = T(u(x),v(z) = (nOv)(z).

Hence p N v be a fuzzy Lie ideal in a Lie algebra L with respect to a t-norm 7.
Next we will introduce the concept of quotient fuzzy Lie ideal.

Definition 3.10. Let L be a Lie algebra, p: L — [0,1] and [ be an ideal of L.
Define pirr - L/I — [0,1] by

pryr(x+1)= { T(M(I%M(i)i gi i i

foralz € Landi € 1.

Proposition 3.11. Let u be a fuzzy Lie ideal of L with respect to a t-norm T If T
be idempotent, then i/, will be a fuzzy Lie ideal of L/I with respect to a t-norm
T.
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Proof. Let x + I,y+ 1 € L/I and i € I such that x # i # y.
(1)

> T(T(p(), p(y)), w(i)) = T(T (@), pu(y)), T(pa(i), pu(4)))
= T(T(p(x), 1(@), T(u(y), 1(@)) = T(pryr(x + 1), pryi(y + 1)).
(),

(2) prpp(ez + 1)) = pryp(ox + 1) = T(p(ax), p(i) = T(p(e), p(i) = poy(e +1).
(3) pryr([z,y] + 1) = T ([, y]), p(@)) = T(u(x), p(i)) = prso(e+1).

prp((+1)+ @y +1) = prp((x+y) + 1) =T(pu(@ +y), 1(i))
),
(

4 Anti Fuzzy Lie Subalgebra with Respect to a
t-conorm

Definition 4.1. A fuzzy set u: L — [0,1] is called an anti fuzzy Lie subalgebra of
L with respect to a t-conorm C' if

(1) p(z +y) < Clu(), wy)),

(2) plax) < p(x),

(3) [z, yl) < T(u(x), u(y))

hold for all z,y € L and « € F.

A fuzzy subset p: L — [0, 1] satisfying (1), (2) and

(4) p([z,y)) < p(x)

is called an anti fuzzy Lie ideal of L with respect to a t-conorm C'.

Proposition 4.2. Let p be an anti fuzzy Lie ideal in a Lie algebra L with respect
to a t-conorm C such that C' be idempotent. Then for all ¢ € [0, 1] the set L(u,t) =
{z € L|p(z) <t}isa Lie ideal of L.

Proof. Let x,y € L(u,t) and a € F. Then u(z +y) < C(u(z), u(y) < C(t,t) =t
and p(ax) < p(z) = t. Therefore x + y, ax € L(u,t). Also if z € L(u,t) and y € L,
then from p([z,y]) < p(z) <t we have that [z,y] € L(u,t). Thus L(u,t) will be a
Lie ideal of L.

Definition 4.3. let ;4 and v be anti fuzzy Lie ideals of a Lie algebra L with respect
to a t-conorm C. Define the union of x and v the function pUv : L — [0,1] such
that (pUv)(z) = C(u(x),v(z)) for all x € L.

Proposition 4.4. let p and v be two anti fuzzy Lie ideals of a Lie algebra L with
respect to a t-conorm C' such that C' be idempotent. Then p U v be an anti fuzzy
Lie ideal in a Lie algebra L with respect to a t-conorm C.

Proof. Let x,y € L and a € F. Then
(1)

(nuv)(x+y) =Clulz+y),v(z+y) < C(C(ux), uly)),Cv(x),v(y)))

= C(C(u(x),v(2)), Clp(y), v(y))) = C((n U v)(z), (pUv)(y)).
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(2) (nUv)(ar) = C(u(ax), v(ar)) < Clu(z), v(z)) = (pUV)().
(3) (nUv)([z,y]) = Clu(lz, y)), v([z,y])) < C(ulx), v(z)) = (WUV)(@).

Hence ;U v be an anti fuzzy Lie ideal in a Lie algebra L with respect to a t-conorm

C.

Proposition 4.5. Let f : L; — Ly be an epimorphism of Lie algebras. If v be an
anti fuzzy Lie ideal of L, with respect to a t-conorm C, then f~*(v) will be an anti
fuzzy Lie ideal of L, with respect to a t-conorm C.

Proof. Let x,y € Ly and o € F. Then

W@ +y) =v(f(z+y) =v(f(2) + fy)
< Cw(f(@), v(f(¥) = C(f " @)(@), f ()W),

[T W) ax) = v(f(ax)) = v(af(z)) < v(f(x)) = f~H(v)(x), and
ST )y y]) = v(f ([ ) = v([f (@), f)]) < v(f ( ) = [T (w)(=).

Therefore f~!(v) is an anti fuzzy Lie ideal of L; with respect to a t-conorm C.

Proposition 4.6. Let L be a Lie algebra and p : L — [0, 1]. Then u be a fuzzy Lie
ideal of L with respect to a t-norm 7T if and only if u¢ be an anti fuzzy Lie ideal of
L with respect to a t-conorm C'.

Proof. Let i be a fuzzy Lie ideal of L with respect to a t-norm 7" and z,y € L and
ac k.
(1) From p(z +y) > T(u(x), u(y)) we have

1—p(x+y) > T(1 - pf(x), 1 — 1(y)),

which implies that

(2) pazx) =1— plaz) <1 — p(z) = p(z).

(3) p([z,y]) =1 — p([z,y]) <1 - plz) = p(x).

Hence p© will be an anti fuzzy Lie ideal of L with respect to a t-conorm C.
Converse also can be proved similarly.
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Abstaract — The branch of integral transform attract many researcher in this field and hence
various types of integral transforms are introduced. Natural transform is one of the newly defined
transform which has wide range of applications in science and engineering field. In this paper we
derived the Natural transform of some special functions.

Keywords — Bessel’s function, Hermite Polynomial, Hypergeometric function, Legendre Polyno-
mials, Leguerre Polynomial, Natural Transform.

1 Introduction

The Natural transform was established by Khan and Khan|[1] as N - transform who
studied its properties and application as unsteady fluid flow problem over a plane
wall.Later on Belgacem [2, 3] defined the inverse Natural transform and studied some
properties and applications of Natural transforms.In the literature survey we can see
the further applications of Natural transform.[4, 5, 6, 7] The specialty of Natural
transform is that it can converges to Laplace transform and Sumudo transform [8]
just by changing the parameter.Natural transform is the theoretical dual of Laplace
transform.We can derive Laplace, Sumudu, Fourier and Mellin transform from Nat-
ural transform.[9] Natural transform plays as a source for other transform and hence
can be used to solve many complicated problems in engineering, fluid mechanics and
other scientific discipline like Physics, Chemistry and Dynamics etc.

1.1 Preliminary Definition of Natural Transform

The Natural transform of the function f(t) € R? is given by the following integral
equation [3]

* Corresponding Author.



Journal of New Theory 15 (2017) 39-47 40

NF(O) = Rlscu) = [ e flut)as )
0
where Re(s) > 0, u € (7, 72) provided the function f(t)€R? is defined in the set

[t]

A=[f(t)/3 My, 75 > 0 Jf(t)] < M e, if t €(=1)7 x [0,00) ]

The inverse Natural transform related with Bromwich contour integral[2, 3] is
defined by

1 ’Y+ZT st

N7 R(s,u)] = f(t) :7152102—1_& . e R(s,u)ds (2)

1.2 Some Standard Result of Natural Transform

In this section we assume that all the considered functions are such that their Natural
tranform exists.[1],[3]

1. N[1] =1

2. Nt] = &

3. N[t")=5n!

4. Ne"] = L

5 N[sin(gat)] S
6. Ncos(at)] = e

tn— 1 eat unfl

7. N[ (n—l)!] = (s—au)?

8. N[f™(t)] = .R<s u) = Yooty Lo ) (0)
where f( (¢ ) =

dt"

9. The Convolution Theorem

If F(s,u) and G(s,u) are the Natural transforms of respective functions f(t)
and ¢(t) both defined in set A then ,
N[(f * g)]=u.F(s,u)G(s,u)

1.3 Pochhamber Symbol
The pochhamber symbol denoted by («), is defined by[10] the equation

(a+1D(a+2)...(a+n+1)

2
3

|
Q
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In particular () =1 for a#0, (1), =nl!

1.4 Some Standard Results
1. if n is positive integer, then

I'm B
'm+1

(@)n
where « is neither zero nor a negative integer.

2. If « is not an integer,
MN-a—-n (-1)"

'N—a (o)
3. o
(1-2y°=%" (O‘)T’;!Z
4.

5. If a =1, then

()20 = 2°"(5 )

~J

. The function f(a,b,c; Z) is written as F’ [ a,cb ’ | Z} and is defined as

I

f(a,b;c;z)zzw

|
—  (c)un!

oo

. The Hypergeometric function ,F7 is defined by

F ai,ag, ....... ,Ap ‘Z :i i: (ak)nZn
PR ay, as, ap - o [ =1(bi)nn!

1
m=1
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2 Well known special functions

1. The Bessel’s Function is defined by

e (_1)kt2k+1
n(t) =
In(t) nZ:O 22k+n kIl +n — k

2 The Legendre polynomial is defined by

L

%J k(1 n—9k
Pu(t) = (=1)*(3)n-n(20)

(n — 2k)!k!

Eod

=0
3 The Hermite polynomial is defined by

L (1) k(282

H,(t) =
®) (n — 2k)'k!
k=0
4 The Leguerre polynomial is defined by
i F(1+ )t
'k:' 1+ )y

k=0

3 Main Result

3.1 The Natural transform of Hypergeometric function

N{,F, ai, g, ....... , p , |t]}:/ _Stznk 1(lk n)' di
k 1 Qak )n e —st n
ZH mnn'/ e " (ut)"dt
k 1ak n
SN{E")
ZH

n
k 1 Clk u |
n.

nl 8n+1

In particular,



Journal of New Theory 15 (2017) 39-47

o 5wl
:2F0|:a_ . |_}_

3.2 The Natural transform of Bessel’s function

1)kt2k+l
N{n0)} = IWE:?H%ﬂﬂ+n—k}

. )2k+n
- dt
[
_ - (_1)k e —st 2k+n
_E:?HWM1+n—kO e (ut) Tt
n=0

2 PRICT + 1 — k

2k+n

- (=DF u
- Z 22k+nk|1"1 +n— k S2k+n+1 (Qk + n)|

)*I'n +1 u?k u™
{Z 22’%“F1 +n—kI'n+1s2% o 2k £ )] }2”s”+1

(14 n)g,u?,  u®

o {Z 22kk| (14 n)p S2k}2n8n+1

n

-y EE
= k' 1+n>k S2k on gn+1

n+1l 1_|__ . U2 u™
. — 2 ’ - | _
..N{Jn@)}—zﬂ[ ARSI L

?

43
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3.3 The Natural transform of Legendre Polynomial

N{P,(t)} = N{Z 'k‘ }

0 L5 k(l n—2k
—1)%(=)p_r(2ut
:/ e—st ( ) (2) k( U) dt
0

— (n — 2k)!k!

1

n (=1)*(3)n(=1)ax ® st ne2
=2 Zk'(l—l/?—n)k( 1)2kn'22k/0 e (ut)" " dt

k=0
5]
2 <_ ) (; n( n) o

kz:; k"(l /2 — n)k( 1)2k lQZIcN{t }
5]

(%)n 2 <_n)2k u”—?k

n { (1/2 - n>kk!22k gn—2k+1 I'n — 2k + 1}
k=0

2k

n(%)”u n)ok S
= (1/2(— n>) p g 2R

(%)nun L2J (_%)k(—n+1)k22k 2k 'l — (_n) — 9%k

stinl { (1/2 = )22kl w?*  T1— (—n)
5

}

k=0

W (Bt N ()L~ 1) 5
=2 gn+1 {Z (1/2_ )k( >2kk' u%}

O S NG o e
=2 gntl {; (1/2 — n)k<_g)k(—n+l) L1292k ﬁ}
n(;)nu” L5 (—1)% 2\ F
2 gntl {ko (1/2 _ n)kk:' ?) }
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3.4 The Natural transform of Hermite Polynomial

N{H, (1) = N{Z )
- L (— 1)l (2ut)n 2

dt
(n — 2k)'k!

=0

(=1)*ni(2)" /°° st/ \n—2k
(0 =2k [, ¢ b

I
OrSo—,
8
ol

]

I
—

wIs |

— o

(—1knl2m
)

||
= I

wIs |

— o

(_1)kn|(2>n un—2k
(n — 2/€)!k!22k gn—2k+1
n Lo (—=1)*n!(—n)og s

=2" gn+1 Z (_1)2kk!22k WPn —2k+1
k=0

I'm—2k+1
k=

=]

2\ Tn—2k+1
- nﬂ”‘“z 2’%' <E)T+1

2\ k
— on n! -
o Sn+1 Z kl (4u2)

— ’ 82 n un
S N{H,(t)} = oFo [ . __} 2 Sn+1n!

; 4?2

45
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3.5 The Natural transform of Leguerre Polynomial

F(1+ )t

N{Ln(e)e} = N{Z (n—k 'k'1+a)}

_ 1+ )tk
st dt
/ ;n— ENENL + )

:(1+a)nz(n_k

e (1)k(_—n)k uF (14 a),
B {kZ:O K1+ )y (E) } sn!
N{Laa} =ahi | () 1] e

Note that throughout the discussion, we assume that the validity of inte-
gration term by term in the summation.

4 Conclusion

In this paper we have find the Natural transform of some special well known functions
in terms of Hypergeometric function.These special functions are useful in solving
differential equations.
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Abstaract — Many author studied coupled Fibonacci sequences and multiplicative coupled Fi-
bonacci sequences of lower order two, three and four etc. In this paper we defined multiplicative
coupled Fibonacci Sequences of r"* order under 2" different schemes. Some new identities for these
sequences are established under one specific scheme.

Keywords — Fibonacci Sequence, Coupled Fibonacci Sequence, Recurrence Relation.

1 Introduction

The Fibonacci sequence is a source of intresting identities. Many identities have
been documented in [14], [15], [16], [17], [21]. A similar interpretation exists for k
Fibonacci and k& Lucas numbers, many of these identities have been documented in
the work of Falcon and Plaza [3], [6], [7], [11], [12], [13]. Many authors defined cou-
pled and multiplicative coupled Fibonacci sequences by varying initial conditions and
recurrence relation. Properties of these sequences are documented in[1], [2], [9], [4],
[5]. Many authors defined coupled and multiplicative coupled Fibonacci sequences
by varying initial conditions and recurrence relation. Properties of these sequences
are documented in[1], [2], [9], [4], [5]. In this paper we defined multiplicative coupled
Fibonacci sequences of " order by varying recurrence relation and some identities
for these mentioned sequences are also obtained under 211" scheme.

Coupled Fibonacci sequences involve two sequences of integers in which the ele-
ments of one sequence are part of the generalization of the other and vice versa. K.
T. Atanassov [1] was first introduced coupled Fibonacci sequences of second order

* Corresponding Author.
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in additive form and also discussed many curious properties and new direction of
generalization of Fibonacci sequence in his series of papers on coupled Fibonacci
sequences. He defined and studied about four different ways to generate coupled
sequences and called them coupled Fibonacci sequences (or 2-F sequences). The
multiplicative Fibonacci Sequences studied by singh-shikwal [?]. K. T. Atanassov
[2] notifies four different schemes in multiplicative form for coupled Fibonacci se-
quences. The analogue of the standard Fibonacci sequence in this form is z¢y = a,
r1="0, Tpio = Tpy1 -, (n>0).

Attanasov [1] introduced a new view of generalized Fibonacci sequences by taking
a pair of sequences {X,}Zigo and {Y;}Zigo and which can be generated by famous
Fibonacci formula and gave various identities involving Fibonacci sequence called
the coupled Fibonacci sequences.

In this paper we defined multiplicative coupled Fibonacci sequences of r** order by
varying recurrence relation and some identities for these mentioned sequences are
also obtained under 2" scheme.

2 Preliminary and Notations

Definition 2.1. Multiplicative Coupled Fibonacci sequences of third order:
Let {X;}'—" and {Y;}:_° be two infinite sequences and six arbitrary real numbers
Xo, T1, T2, Yo, Y1, Yo are given. The Multiplicative coupled Fibonacci sequences of
374 order are generated by the following eight different ways:

First scheme

Xn+3 = Yn+2 : Yn+1 : Y’m n=>0

Yiiz = Xop2 - X1 - Xy, n20
Second scheme

Xn+3 = Xn+2 : Xn+1 : Xna n >0

Yiiz3 =Yoo Y1 Y, n>0
Third scheme

Xniz3=Yn2 Y1 - Xy, n20

Yn+3 = Xn+2 : Xn+1 : Yna n=>0
Fourth scheme

Xn+3 = Yn+2 : Xn+1 : Yna n=>0
Yn+3 = Xn+2 : Yn+1 : Xna n >0

Fifth scheme

Xn+3 = Yn—i—? ’ Xn+1 ’ Xna n >0
Yiizs=Xnp2 Yoy Y, n=>0
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Sixth scheme

Xn+3 = Xn+2 : XnJrl : Ynu n

Yn+3 = Yn+2 : Yn+l : Xna n
Seventh scheme

Xn+3 = Xn+2 : Yn+1 : Yna

Yn+3 = Yn+2 : Xn+1 : Xn; n

Eighth scheme

Xz = Xngo Yoy - Xy, n 2>
Yn+3 = Yn+2 : XnJrl : Yna n >

0

50

Definition 2.2. Multiplicative Coupled Fibonacci sequences of rt* order:
Let {X;}.—,” and {Y;}.—,° be two infinite sequences and 2r arbitrary real numbers z,
X1, To, T3, ..., .1 and Yo, Y1, Y2, Y3, --., Yr_1 are given. The Multiplicative coupled

Fibonacci sequences of 7" order are generated by the following 2" different ways:

First scheme

Xn+r = Yn—l—r—l : Yn+7"—2 : Yn+7’—3 e

YnJrr = XnJrrfl ) Xn+r72 : Xn+r73 A

Second scheme

Xn—i—r = Xn—i—r—l : Yn+r—2 : Yn+r—3 A

Yn-{—r = Yn—l—r—l : Xn+r—2 : Xn+r—3 A

(2—1)t" scheme
(a) If r is even,

Xn-‘,—r = Xn—i—r—l : Yn+r—2 ' Xn+7”—3 et

Yn—i—'r’ - Yn—l—’r—l : Xn+7'—2 . Yn+r—3 R

(b) If r is odd,

XnJrr = XnJrrfl ) Yn+r72 : Xn+r73 A

Yn+r = Injr-1- Xn+r—2 ' Yn+r—3 e

(27)" scheme

Xn—i—r = Xn—i—r—l : Xn—H“—Z : Xn+7”—3 T

Yn—i—r = Intr—1- Yn+r—2 : Yn+r—3 T

- X,,n>0
Y,,n>0
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o1

n Yn—i—r Xn—i—r

0 YoY1Ya2Yys...... Yr—1 ToIl1T2T3...... Tr_1

1 ToX1TX3.eu... Tr_1Y1Y2Ys...... Yr—1 T1X2T3...... Tr_1YoY1Y2Ys...... Yr—1

2,.2,.2 2 2,,2 2 2,.2 2 2,,2,,2 2

2 Jfol‘llL'Z.Z'g ...... IT_1y0y1y2y3 ...... y'f'—l [E().Z'1ZE2C(]3 ...... xr_lyoylyzyg ...... yT—l
2,.3,.4,.4 4 2,3,3,4 4 2,..3,.3..4 4 2,,3,4,4 4

3 Tol1ToTs3...... Tr_1YY1Y2Ys-----. Yr_1 T Tolg...... T 1YoY1Y2Ys-----. Yr_1
4,.5,.7,.8 8 4,6,7,7,8 8 4..5,.7 .78 8 4,6,7,8 8

4 wrTHT3.es Lr_1YoY1Y2Y3Ys-- - Yr—1 Tol1loX3Ty...... Tr1YoY1Y2Yz----- Yr—1

Table 1. First few terms of these sequences under (2"~ !)"(a) scheme

n Xn+r YnJrr

0 Yoy1Y2Yy3------ Yr—1 TOT1L2T3. ... Tp_1

1 Tol1T2X3...... Tr—1Y1Y2Y3...... Yr—1 T1T2X3...... Tr—1YoY1Y2Ys...... Yr—1
2 xox%xgxg ...... xf_lyoylygyg ...... yf 1 :L*Oazlx%x% ...... xf_lyoyfygyg ...... yf_l
3 alrdalad. 2t Rydydyte yt, aladadet zhyRydylydo gt
4 worRTiaie . T YoYTYSYSYL o Y1 TOTITRTZXL e TP YOYR Y35 Yy

Table 2. First few terms of these sequences under (2"~ !)"(b) scheme

Godase-Dhakne [8] obtained many interesting properties of multiplicative coupled
Fibonacci sequences of ' order under (2")" scheme, some of these are listed below,

for every integer n > 0 and r > 0

Xn(r41)
KXn(r+1)41
Xon(r+1)+2
Xo(r41)43

Xn(r+1)+m

i=n
H Xri—i—l =
=1
i=n
[[Yi =
i=1

: YE] - Yn(T—H) : XO
Y1 =Yoo Xa
Yy = Yaganse - Xo
Y3 = Yn(r+1)+3 - X3
Y, = n(r+1)+m * Xm

[1v

=1

i=rn

1] x
i=1
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3 Methodology

For this research it was decided to consider multiplicative coupled Fibonacci se-
quences of 7" order. When investigating the properties of the mentioned sequences,
it is necessary to take into consideration that reader will need special skills and abili-
ties of recurrence relations, master the method of mathematical induction, knowledge
on a Fibonacci sequence. All results in this research are proved only using methods
of mathematical induction.

4 Main Results

In this section identities for multiplicative coupled Fibonacci sequences of r** order
under (2771) scheme are established.

Theorem 4.1. For every integer n > 0,7 > 0
X2n(r+1) Yo = }/2n(r+1) - Xo (8)

Proof. : Case:(a)

If r is an even, then

XnJrr = XnJrrfl : Yn+r72 : XnJrT‘f?y e Yna n=>0
Yn+7‘ = Intr—1- Xn+r—2 : Yn+r—3 e Xna n >0

Using Induction Method, For n = 0, the result is true because
Xo-Yo=Yo-Xo
Now assume that the result is true for some integer n > 1

Xn+r = Xn—l—r—l : Yn+r—2 : Xn+7"—3 N Yna n >0 (9)
Yn—l—r = Inyr—1- Xn+r—2 : Yn+r—3 e Xna n > 0 (10)
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Now we prove for n + 1

Xongrstyr2rs2 - Yo = [Xongrnr2r1 - Yonray42r - Xon(ra1)+20—1*** * Yan(rs1)+r42) - Yo
= [Xoneri1)42r - Yon(rat)120—1 * Xongrrys2r—2 -+ Yon(rat)srt |
: [an(rﬂ)wr - Xon(ra1)42r—1° " - YQn(rHHrH] Yo
= [Xonert1)42r - Yon(rat)120—1 * Xongrrys2r—2 -+ Yon(rit)+ri2]
NYongra1yar - Xon@rat)rr—1* Yan(rat)tr—2 -+ Yon(ra1)11)

: [an(rﬂ)wr - Xon(ra1)42r—1° " Y2n(r+1)+r+2] - Yo

= [Xoneri1)42r - Yon(rat)r2r—1 * Xongr)r2r—2*+ * Xop(rat)+ri2]

NYonrayar—1 - Xon@rat)rr—2 - Yon(rat)tr—3 -+ Yon(ra1))

N X o) 1Yot 1) 41 X oG )42+ Xonrr )44

NYonranys2r Xonra)42r-1 -+ * Yon(ri)4ra2) Yo

= [Xonr4)42r - Yon(rs1)42r—1 - XQn(r+1)+2r—2 o Xon(rg1)4r42]
NYanra)ar—1 - Xon@ra1)tr—2 - Yon(rat)tr—3 *** * Yon(ra1)41)
N Xonri1)4r—1Yon(r1)4r— 1X2n(r+1)+r 2 X2n(r+1)+r+1}
Yoty 2 Xon(rityaar—1 - - Y2n(7"+l)+r+2] [YoXon(rt1)]

Using induction hypothesis 9,10.

= [Xonert1)42r * Yon(rat)r2r—1 * Xongr)y42r—2 ** * Xon(ri1)+r42]
Yoneri1)4r—1 - Xon@a1)tr—2 - Yon(r1)4r—3 *** * Yon(ra1)41)
[ Xoner1)er—1Yonr1)4r—1 X 2n (1) -2+ Xon(r1)4r+1]
Yoneriy42r Xoner1)42r—1 * Yonrit)rsa) [XoYon(rs1))
= [Xonert1)42- Yonri)42r—1 - Xongrat)r2r—2 - Xon(r1)+r12)
Yoneri1)4r—1 - Xon@ra1)tr—2 - Yon(r1)4r—3 *** * Yon(ra1)41)
[ Xoner1)tr—1  Yon@at)tr—1 - Xonga)4r—2*+ * Xongrr1)+1 * Yon(rt1)]
Yoneriya2r - Xongrat)r2r—1 - Yon(rat)1r+2) - Xo
= [Xon(rs1)12r - Yon(ra1)42r-1 * Xon(rit)sar—2 - in(r+1)+r+2}

N XonGry4r - Yantrat)er—1 * Xonrat)tr—2 * Yan(ra1)4r—3 **  Yan(ra1)+1]
Yoneriy42r - Xongrat)r2r—1 - Yon(rat)1r+2) - Xo
= [Xoneri1)42r - Yon(rat)r2r—1 * Xongrr)p2r—2 ** * Xon(ri1)+r42]
Yoneriya2r - Xongrat)+2r—1**+  Yon(rtt)tr+2 * Xongr1)+r4+1] - Xo
= [Yanproys2r+1 - Xongat)12r - Yon(rit)y42r—1 * Xonrit)42r—2 ** * Xon(ra1)1r+2) * Xo

= }/271(7"—{—1)-1-27‘-1—2 ' XO

Case:(b)



Journal of New Theory 15 (2017) 48-60 54

If r is an odd, then

Xn—i—r = Xn—i—r—l : Yn+r—2 : Xn+7"—3 e Xn7 n=>0
Yn-l—r = Intr—1- Xn+r—2 : Yn+r—3 T Yna n >0

Using Induction Method,for n = 0, the result is true because
Xo- Yo=Yy Xo
Assume that the result is true for some integer n > 1

Xn-l—r = Xn—l—r—l ’ Yn+r—2 : Xn+r—3 T Xn7 n=>0 (11)
YnJrr = Ingr—1-" Xn+r72 . Yn+r73 T Yn; n Z 0 (12)

Now we prove for, n + 1

Xongrity42rt2 - Yo = [Xongrnys2rt1 * Yoneran)42r - Xongrat)p2r—1 - Xongrr)+rt2] - Yo
= [XQn(r—i-l)—l—Q'r “Yonri1)r2r—1° Xonra1)r2r—2- X2n(r+1)+r+1}
: [YQn(r-s-l)+2r : X2n(r+1)+2r—1 e X2n(7‘+1)+7‘+2] ’ YO
= [Xonert1)42r - Yon(rat)r2r—1 - Xongrys2r—2 - Yon(ri1)+rt2)
’ [XQH(T-I—l)-‘rT ) X2n(7‘+1)+7“—1 ) Y2n(r+1)+r—2 Tt X2n(7“+1)+1]

: [Y2n(r+1)+2r : X2n(r+1)+2r—1 A X2n(7‘+1)+7‘+2] ’ YO

= [XQn(r+1)+27‘ “Yonra1)r2r—1° Xonra1)r2r—2- X2n(r+1)+r+2}

: [XQn(T+1)+T—1 Yon(ra1)tr—2 - Xon(r1)4r-3"""" X2n(r+1)}

: [YQn(r-s-l)+r—1 : X2n(r+1)+r—1 : Y2n(7~+1)+r—2 e X2n(r+1)+r+1]

Yonerayaar - Xongat)r2r—1 -+ - Xongrst)+r12] - Yo

= [XQn(r-i-l)-i-Q'r‘ : Y2n(r+1)+2r—1 : X2n(7"+1)+27‘—2 e S/Qn(r—&—l)—&-r—f—Z}
[XQn r D=1 Yon(r D) 4r—2 * Xon(rg1)4r—3 " X2n(7"+1)+1]
Yonra)r—1 - Xon(r1)tr—1 - YQn(r+1)+r 2 Xop(rt)4rt]

[ 2n(r+1)+2r ° X2n (r+1)4+2r—1""" " X2n(7‘+1)+7“+2] : |:YE) : X?n(r—i—l)}
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Using induction hypothesis 11,12

= [Xonert1)42r - Yon(rat)120—1 - Xongrrys2r—2 -+ Yon(rit)sri2)

[ Xonera1)tr—1 - Yon(rat)tr—2 - Xongr)4r—3**  Yon(ri1)41)
NYonran) -1 Xonga1)tr—1 * Yan(rat)+r—2 -+ - Xon(r1)4r+1)
Yonraya2r - Xongrat)r2r—1 -+ Yangrat)rrr2) © [Xo - Yon(ran)]

= [Xonert1)42r - Yon(rat)120—1 - Xongrrys2r—2 -+ Yon(ri1)+ri2)

[ Xonera1)tr—1 - Yon(rat)tr—2 - Xongr)4r—3**  Yon(ri1)41)
[Yonra) -1+ Xonga1)tr—1 * Yangrat)sr—2 -+ - Xongra1)+1 * Yon(ren)]
Yonray42r - Xongat)12r—1 -+ Yan(ra1)1r+2] - Xo

= [Xonert1)42r - Yon(rat)120—1 - Xongrys2r—2 -+ Yon(ri1)sri2)
Yonra)4r - Xongat)tr—1 * Yangst)+r—2 * Xon@ra)4r—3 -+ Yon(ri1)41)
Yonray42r - Xongrat)r2r—1 -+ Yan(ra1)1r+2] - Xo

= [Xonert1)42r - Yon(rat)12r—1 * Xongrys2r—2** Yon(rit)srt ]
[Yonraya2r - Xongrat)+2r—1*++ Yan(rat)+r+2 * Xongr)4r1] - Xo

= [Yongrays2r+1 - Xongat)12r - Yan(rat)42r—1 - Xonra)42r—2 -+ * Yon(ra1)4r+2) - Xo

= }/Qn(r+1)+2r+2 - Xo
Hence proof. O

Theorem 4.2. For every integer n >0, r >0

X?n(r+1)+1 : }/1 - }/’Qn(r—l—l)—f—l : Xl (13)
X2n(r+1)+2 Yy = Yv2n(r+1)+2 - Xo (14)
Xonr+1)+3 - Y3 = Yon(rt1)43 - X3 (15)
Proof. Proof is similar to theorem 4.1 O

Theorem 4.3. For every integer n > 0,7 > 0 and m > 0

X2n(7”+1)+m Y, = Y’Qn(r—i-l)—l—m Xm (16)

Proof. Case:(a)

If r is an even, then

Xn+r = Xn—l—r—l : Yn+7’—2 : Xn+7‘—3 T Yna n >0
Yn+r = YnJrrfl : Xn+r72 : Yn+r73 e XTU n =0

Using induction method, for n = 0 the result is true because

X Yo =Y - X,
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Assume that the result is true for some integer n > 1

Xoir = Xoir1 - Yorrs - Xnirg- Yon >0 (17)
Yoirr =Yoo Xogr 2 Yogr 3 X;,,n >0 (18)
Now, we prove for n + 1
Xon(rs)mr2r42 - Ym = [Xongrtrme2rt1 - Yon(rt)tme2r © Xon(r)tme2r—1* * Yonrr)4r+2) * Y
= [Xongr)sma2r - Yon(rt)tmt2r—1 * Xon(r)tm2r—2 * * Yon(ri 1) bmtrii)
NYangrt)rmazr - Xongrat)yrmazr—1 -+ Yonratdmart2] - Yo
= [Xongr)smt2r - Yon(ret)tmt2r—1 * Xon(r1)tme2r—2 ** * Yon(ri1)4mirs2)
NYangr1)tmar © Xongre1)tmar—1 * Yon(a)tmar—2* Yan(ri1)1m+1)
NYangrt)tmazr - Xongrat)yrmazr—1 - Yonratdmartz] - Yo
= [Xon(r+1)eme2r * Yonrat)yme2r—1 * Xon(ri 1) bmazr—2 -+ Xon(r+1)tmtri2)
- [Yantran)smar—1 * Xon@ratmar—2 * Yon(ra)+mer—3** * Yan(rs1)4+m)
[ Xoner1)tmer—1 * Yon(rat)pmar—1 * Xon(rat)tmir—2 * ** * Xon@ri1)mtrt1]
NYangrst)rmazr - Xongrat)yrmazr—1 - Yonrattmart2] © Yo
= [Xon(r+1)eme2r * Yonrat)ma2r—1 * Xonri1)bma2r—2 - * Xon(r+1)4mtri2)
NYonra1)mrr—1 - Xongrat)smar—2 * Yon(rt)tmer—3 *** * Yon(r41)1mt1]
[ Xoner1)tmer—1 * Yon(rat)bmar—1 * Xon(rat)tmir—2 ** * * Xon@ri1)mtrt1]
NYonerat)ymrzr - Xongrt)ytmazr—1 - Yonerat)yemert2) © [Yin - Xon(r+1)4m)
Using induction hypothesis 17, 18
= [Xon(t1)tmr2r * Yon(rit)tmsar—1 * Xon@rat)tmiar—2 -+ Xon(r1)mtri2)
Yonerat)ytmar—1 - Xongat)tmer—2 * Yon(rat)ytmar—3 ** * Yon(ri1)4mt1)
N Xonat)pmar—1 * Yonrat)tmer—1 * Xon(r)pmar—2 *** * Xon(ri1)4mtri)]
Yon(rat)yrmaor - Xonerit)emiar—1 -+ Yo tpmears2] © [ X - Yon(rir) + m]
= [Xon(t1)tmr2r * Yon(rit)tmar—1 * Xon@rat)tmiar—2 -+ Xon(r1)+mtri2)
NYon(rat)ytmar—1 - Xongat)tmer—2 * Yon(rat)ytmar—3 * * Yon(re1)4mt1)
X onra ) tmrr—1  Yan()smar—1 © Xon(ra1)tmir—2 *** Xon(r41)+ma1 * Yon(r+1)4m)
NYangranyamezr - Xongrt4mazr—1 - Yonrat)4mrriz) - Xm
= [Xon(r1)tme2r - Yongrat)ysme2r—1 * Xon(ra)bma2r—2 - - Xon(r+1)4mtr12)
X ona ) tmrr + Yangra)tmar—1 © Xon(ra1)tmtr—2 * Yon@rDtmar—3 - Yon(r1)4mr1)
NYangranyamezr - Xongrt4mazr—1 - Yonrat) 4mrri2) - Xm
= [Xon(r1)tme2r - Yongrat)ysme2r—1 - Xon(ra)bma2r—2 - * Xon(r+1)4mtr12)
NYangranyamezr - Xongrtamazr—1 - Yonrat)bmerrt2 * Xonr41)4mar+1] - Xm
= [Yonra1)+mr2r1 - XonrD4ma2r - Yon(r1)tma2r—1 * Xon(r+1)4m2r—2 < Xon@i)4mar+2) - Xm

= )/Zn(r+1)+m+2r+2 *Xm
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Case:(b)
If r is odd, then

Xn+7“ = XnJrrfl : Yn+r72 : Xn+r73 o Xn7 n =0
Yn+r = Ingr—1- Xn+r—2 : Yn+r—3 Tt Yna n >0

Using induction method, if n = 0, the result is true because
Xn Y, =Y, - X,

Assume that the result is true for some integer n > 1

o7

Xoir = Xoir1 - Yorrs - Xoirg-- Xnin >0 (19)
Ysr = Yoirt - Xoroo - Yasrg----Yorn >0 (20)
Now, we prove for n + 1
Xon(rt1)sma2r+2 * Y = [Xon(at)tme2rt1 * Yonerat)tmrzr © Xonrr1)tmazr—1* * Xon(r+1)tmtri2)
= [Xongr)+mazr - Yon(rat)rmt2r—1 * Xon(ra1)tmr2r—2 - * Xon@rr1)bmirii)
NYonerat)ymrzr - Xongrt)mazr—1 -+ Xonerst)tmertz| * Yo
= [Xontr+1)tme2r * Yon(rat)yma2r—1 - Xon(rst)ysma2r—2 - Yon(ri1)+mri2]
N Xoneri1)tmer * Xongrt)ysmer—1 * Yon(at)tmir—2 *** * Xon@ri1)+mt1]
NYonerat)yrmrzr - Xongrt)tmazr—1 -+ Xonerst)tmertz) * Ym
= [Xongrt)+mazr - Yon(rst)tmt2r—1 * Xon(ra1)tmr2r—2 - * Xon(rr1)bmiri2)
[ Xonera1)tmer—1 * Yon(ra ) pmar—2 * Xon(ra1)tmtr—3 *** * Xon(r11)4m)]
NYonrat)mrr—1 - Xongrat)ytmar—1 * Yon(rit)tmer—2 *** * Xon(rt1)tmrti)
NYonerat)ymrzr - Xongrt)mazr—1 -+ Xonrst)tmertz| * Yo
= [Xon(r+1)tmt2r * Yon(rit)+mt2r—1 - X2n(7’+1)+m+2r—2 EERD CHARI—
[ Xonri1)tmer—1 - Yon(rt)ypmar—2 * Xon(rs1)tmtr—3 *** * Xon(r1)4m+1]
Yonra1)tmrr—1 * Xongrr 1) mar—1 - an(r+1)+m+r 5 Xon(r1)tmtrti)

[ 2n(r+1)+m+2r ° XZn(r+1)+m+2r 1°°°- X2n(r+1)+m+r+2} : [Ym ’ X2n(r+1)+m}
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Using induction hypothesis 19 20

= [Xonert1)tmr2r - Yonrot)ymaor—1 - Xon(r1)sms2r—2* Yon(ri1)mtri2]
N Xonri1)tmrr—1 - Yon(rs1)smar—2 * Xon(rs1)tmer—3 *** * Yon(ra1)tmt]
NYangrat)mar—1 - Xongrat)ypmar—1 * Yon(rt)tmer—2 *** * Xon(re1)+mrt1)]
NYangratymrzr - Xongrtypmazr—1 - Yonerit)tmert2] © [Xm - Yon(ra1)1m)]
= [Xon(rt1)tme2r * Yon(ret)smt2r—1 - X2n(r+1)+m+2r—2 s Yon(r1)4mri2)
[ Xonri1)tmrr—1 - Yon(rst)smar—2 * Xon(rt1)tmer—3 *** * Yon(ra1)tmt]
NYanera 1) tmrr—1 * Xongri1)mar—1 - an(r+1)+m+r 2+ Xonro1)+ms1 * Yan(r41)4m)
NYanra)ymerzr - Xongrit)pmaar—1 - - Y2n(r+1)+m+r+2] - Xm
= [Xoner1)tmr2r - Yon(rit) tmaor—1 - Xon(rt)sma2r—2* * Yon(ri1)mtri2]
- [Yantrat)ysmar - Xon(ra)4mar—1 ° Yan(rDimir—2 * Xon(rDbmar—3 - Yan(r+1)+m+1)
Yangrs1)tmezr - Xongrat)yrmezr—1 -+ Yoneritpmars2)] - Xm
= [Xoneri1)tmr2r - Yon(rit)ymaor—1 - Xon(r1)sma2r—2* Yon(ri)metrt1]
NYangratysmrzr - Xongrrt)ypmazr—1 - Yonrit)pmrrs2 * Xonrt 1) 4mar+1] * Xm
= [Yon(rt1)tme2r11 - Xon(ra1)tmr2r * Yon(ri1)4ma2r—1 * Xon(reDbma2r—2°*** Yon(ri1)4mtr+2) © Xom

= }/Qn(r+1)+m+2r+2 - X
Hence proof. m

Theorem 4.4. For every integer n >0, >0

1=n =rn
HXTi+1 7“2-1—1 H Y X
i=1
Proof. Using induction method, for n = 1, the result is true because

X1 Yo =Y, Yoo Yog V] (X, Xy - Xpp - X
= [Y .XT] . [Y;’—I'Xr—l] . [Y;»_Q'Xr_g]"" [Yle]

Assume that the result is true for some integer n > 1 (a) If r is an even, then

Xn—i—r = Xn+7"—1 : Yn—i—r—? : Xn+r—3 A Yna n=>0 (21)
Yn—f—?" = Yn+r—1 : Xn+r—2 : Yn+’r—3 e X’m n=>0 (22)

(b) If r is an odd, then

Xn—i—r = Xn—i—r—l ’ Yn+r—2 : Xn+r—3 T Xn7 n=>0 (23)
Yn—l—'r = Inyr—1- Xn—l—'r—Q : Yn+r—3 T Yn; n=>0 (24)



Journal of New Theory 15 (2017) 48-60 59

Now, we prove for n + 1

1=n-+1

H Xm’-i—l ’ Y;i-&-l = [Xri+1 : Y;‘i—i-l] ' [Xr(nJrl)Jrl : Xr(n+1)+1]
=1 1

@
Il
3

(2

Using induction hypothesis 21 22 23 24

i=rn

= H [Xz : Y;] : [Xrn+r+1 : Y;"nJrr+1]
=1

i=rn

- H [Xz : Y;] . [an—l-'r : Xrn—l—'r] : D/rn—l—r—l : Xrn+r—1] : [Y;‘n—l—r—Q : Xrn+r—2] et [Y:rn—&—l . Xrn+1]
=1

i=rn-+r

= [ i xi

=1

Hence proof. m

5 Conclusion

Identities of multiplicative coupled Fibonacci sequences of r** order under gr—1th
scheme are described in this paper, this idea can be extended for other schemes and
multiplicative coupled Fibonacci sequences of r*" order with negative integers.
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1 Introduction

Rough set theory, proposed by Pawlak [25] is a new mathematical tool that supports
uncertainty reasoning.The basic assumption of rough set theory is every knowledge
in universe depends upon their capability of its classification. So that equivalennce
relations are considered to define rough sets. It may be seen as an extension of
classical set theory and has been successfully applied to machine learning, intelligent
systems, inductive reasoning, pattern recognition, image processing, signal analysis,
knowledge discovery, decision analysis, expert systems and many other fields. In
1965, Zadeh[32] initiated the novel concept of fuzzy set theory. There have been
attempts to fuzzify various mathematical structures like topological spaces, groups,
rings, etc., also concepts like relations measure, probability and automata etc. Biswas
and Nanda[6] in 1994 introduced the concept of rough ideal in semi group. Based
on an equivalence relation in 1990, Dubois and Prade[12] introduced the lower and
upper approximations of fuzzy sets in Pawlak approximation space to obtain an
extended notion called rough fuzzy sets. In 2008, Kazanci and Davaaz[16] introduced
rough prime ideals and rough fuzzy prime ideals in commutative rings. Recently

* Corresponding Author.



Journal of New Theory 15 (2017) 61-74 62

Jayanta Ghosh and T.K. Samantha[15] introduced rough intuitionistic fuzzy sets in
semigroups.Yong Ho Yon et.al[29] introduced the concept of intuitionistic fuzzy R-
subgroups of near-rings. In this paper we define rough intuitionistic fuzzy ideals of a
near-ring based on its lower and upper approximation. Some interesting properties
are established.

2 Preliminary

Definition 2.1. [22] By a near-ring we mean a nonempty set R with two binary
operations ” +7 and ”.” satisfying the following axioms:

(i) (R,+) is a group.
(i) (R,.) is a semigroup.
(iii) z.(y+2) =zy+az.z foral x,y,z € R.
Definition 2.2. [22] An ideal of a near-ring R is a subset I of R such that
(i) (I,+) is a normal subgroup of (R, +).
(i) RICI.
(iii) (z+4d)y —axy € [ for alli € I andz,y € R.

Definition 2.3. [3] An intuitionistic fuzzy set (IFS in short) A in X is an object
having the form A = {(z, pa(x),va(z)/x € X)} where the function p : X — [0, 1]
and v : X — [0, 1] denote the degree of membership (namely p4(z)) and the degree
of non membership (namely v4(z)) of each element x € X to the set A, respectively
and 0 < pa(x) + va(z) < 1 for each z € X. Denote by IFS(X) the set of all
intuitionistic fuzzy set in X.

Definition 2.4. [3] Let A and B be IFS’s of the form A = {(z, pa(x),va(z)/x € X)}
and B = {(z, up(z),vp(x)/x € X)}. Then

1. AC B ifand only if pa(z) < pp(x) and va(x) > ve(x) for all z € X.
9. A= Bifand only if AC B and B C A.

3. A= {{z,va(z), pa(z)/r € X)}.(Complement of A)

4. ANB = {{z,pa(x) A pp(x),valz) Vvg(x)/z e X)}.

5. AUB = {{(z,pa(x) V up(x),va(z) ANvg(x)/z € X)}.

For the sake of simplicity we use the notion A = (x, ia, v4) instead of A = {(z, pua(z),va(z)/z € X)}.
The intuitionistic fuzzy set 0 ~= {(z,0 ~,1 ~) /x € X} and 1 ~= {{z,1 ~,0~) Jx € X}
are respectively the empty set and the whole set of X.
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Definition 2.5. [33] An intuitionistic fuzzy set A = (4, v4) is called an intuition-

istic fuzzy ideal of near-ring of R if for all xy,i € R.

IF1) pa(z —y) = pa(@) A paly) and va(z —y) < va(z) V va(y)
IF2) pa(y+ 2 —y) = palz) and va(y + = —y) < valz)

IF3) pa(zy) = pay) and va(zy) < valy)

IF4) pa(i(r +y) —iz) > pa(y) and va(i(z + 2) — iz) < va(y)

(
(
(
(

Definition 2.6. [29] An IFS A = (ua,va) in R is called an intuitionistic fuzzy
subnear ring of R if for all x,y € R

(1) pa(r —y) = pa(x) A paly) and va(z —y) < va(z) Vva(y)

(i) palzy) = paly) and va(zy) < va(y).

Definition 2.7. [16] An equivalence relation 6 on R is a reflexive, symmetric and
transitive binary relation on R. If 8 is an equivalence relation on R then the equiva-
lence class of x € R is the set {y € R|(z,y) € 6.We write it as [z]p.

Definition 2.8. [16] Let # be an equivalence relation on R, then 6 is called a full
congruence relation if (a,b) € 6 implies (a + z,b + z), (az,bx) and (za,zb) € 6 for
all x € R

Theorem 2.9. [16] Let 0 be a full congruence relation on R, then (a,b) € 6 and
(¢,d) € 0 imply (a+¢,b+d) € 0,(ca,bd) € 0 and (—a, —b) € 6 for all a,b,c,d € R

Definition 2.10. [15] Let us consider 6 to be a congruence relation of S. If X is
a nonempty subset of S then the sets 0.(X) = {z € S|[z]p € X} and 6*(X) =
{z € S|[z]pN X # ¢} are respectively called the #-lower and #-upper approximation
of the set X and 6(X) = (0.(X),0"(X)) is called rough set with respect to 6 if
0.(X) # 0*(X). If A= (ua,va) be IFSof S. Then the IFS 0, (A) = (0. (pa,6.v4)) and
0*(A) = (0*(pa,0%va)) are respectively called §—lower and #—upper approximation
of the IFS A = (pa,v4) where for all x € S

0.(1a) (%) = Nacpaphra(@), 0« (va) (%) = Vaelalyvala)
0" (1a) () = Vacyhra(a), 0. (va) () = Nacpa)yvala)

For an IFS A = (ua,va) of S, 0(A) = (6.(A),0%(A)) is called rough intuitionistic
fuzzy set with respect to 6 if 6,(A) # 0*(A)

Definition 2.11. [29] An IFS A = (ua,v4) in R is called an intuitionistic fuzzy
N-subgroup of R if for all z,y,n € R

(i) pal —y) = pa(x) A paly) and va(z —y) < va(z) Vva(y).
il pa(nx) > pa(x) and va(ne) < wva(z).

ili pra(zn) = pa(z) and va(an) < va(z).
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3 ROUGH INTUITIONISTIC FUZZY IDEALS
IN NEAR-RINGS

Throughout N denotes an abelian near ring and R denotes a near ring.

Lemma 3.1. If an IFS A = (u4,v4) in R satisfies the condition (IF1) of definition
[2.5], then

(i) pa(0) = pa(z) and va(0) < va(z),
(ii) pa(—z) = pa(z)and va(—z) = va(z).
for all z € R.

Lemma 3.2. If an IFS A = (u4,v4) in R satisfies the condition (IF1) of definition
[2.5], then

(i) pa(r —y) = pa(0) = pa(z) = pa(y),
(ii) va(r —y) = va(0) = va(x) = va(y).

for all x,y € R.
The proof of 3.1 and 3.2 are immediate.

Theorem 3.3. Let 6 be a full congruence relation on R. If A = (pa,v4) is an
intuitionistic fuzzy subnear-ring of R then so is 6*(A) = (6*(pa), 0" (va)).
Proof: Since 6 is a congruence relation of R. Then for all x,y € R,

(i) a) 0" (pa)(z —y) = e[\/_} fra(z)
= V pa(z)
z€[z]o—[ylo
= 'V  pala—b)
a—be[z]o—[ylo

>V [pala) A pa(d)]

a€lz]g,b€lylo

= e\[/} pa(a)] v [beY] pra(b)] = 0" (pa)(@) A0 (pa)(y)
D =)= A )
I ANEZ16))
z€[z]o—[ylo
= /\ I/A<a — b)

a—be[z]o—[ylo

< A [vala) Vea(d)]

a€lz]g,bEyYlo

=[ A va(@] VI A va(b)] =6 (va)(z) V0" (va)(y)

a€lzly belylo
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(i) a) 0" (pa)(xy) = V pa(z)

z€[zyle

> Va2

z€[z]g[ylo

=V  pa(ab)

abe[z]g[ylo

V pra(ab)

aE[.t]gbG[y]g

V' pa(d) = 0"(pa)(y)

bE[ylo

) O"(wa)ey) = N va(z)

z€[yxl
N va(z)
z€[z]o[ylo
/\ I/A<Clb)
abe(z]o[ylo
N\ va(ab)
a€(z]obe(ylo
< A va(b) = 0*(va)(y) This shows that 6*(A) is an intuitionistic fuzzy
belylo
subnear-ring of R. Therefore A is an upper rough intuitonistic fuzzy subnear-

ring of R.

AN = IV IV

IN

Theorem 3.4. Let 6 be a full congruence relation on R. If A = (ua,v4) is an
intuitionistic fuzzy subnear-ring of R then so is (0).(A) = (0.(1a), 0.(va)).

Proof. Since 6 is a congruence relation of R. Then for all z,y € R

(i) a) Ou(pa)(z—y)= A pa(2)
z€[x—ylg

= A pa(z)
z€[x]o—[ylo

> A ual2)
z€[zlo[ylo

= A pa(a— D)
a—be[z]g—[yle

= N prala) A pa(b)]

a€falo belylo
= E/[\} fra(a)] A [be/[\] 1a(D)] = 0. (pa) () A Ou(pa)(y)
b) Ou(va)(z —y) = 6[\/_ | va(?)
= V  wa(?)

z€lalo—[ylo

= V wv(a-b)
a—be(z]o—[ylo

< Vo [rale) Vva(b)]

a€[z]g,bElylo
= 6\[/} va(a)] v [bEY] va(b)] = 0. (va)(x) V 0.(va)(y)

(i) a) O.(pa)(zy) = A pa(2)

z€[zyle
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= A pa(z)

z€[z]oylo

= A pa(ad)

abe(z]o[ylo

> A pa(abd)

a€lz]gbEylo

=V pa(d) = 0.(a)(v)

be(lyle

b) 0.(va)(zy) = e[\/} va(?)
=V walz)

z€[z]g[ylo

V  va(ab)

abe[z]g[ylo

V' wa(ab)

a€[z]ob€E[ylo

< 'V va(b) = 0.(va)(y) This shows that 6,(A) is an intuitionistic fuzzy
belylo

subnear-ring of R. Therefore A is an lower rough intuitonistic fuzzy subnear-

ring of R.

IN

Corollary 3.5. If A = (ua,v4) is an intuitionistic fuzzy subnear-ring of R then
0(A) = (0.(A),0*(A)) is a rough intuitionistic fuzzy subnear-ring of R.

Example 3.6. Let R = {0,a,b,c} be a set with two binary operations as follows

+10lal|lb|c ./0la|b|c
0/0|la|b]c 0O[0la|b]c
ala|0|c|b alal0]lc|b
b|lblc|0]a b/b|c|0]|a
clc|blalO0 clc|iblall

Then (R,+,.) is a near-ring. Let 6 be a congruence relation on R such that the 6-
congruence classes are the subsets {0}, {c}, {a, b}. Let A = {{x, pa(x),va(z))|xr € R}
be an intuitionistic fuzzy subset of R defined by

A =1{(0,0.4,0.4), (a,0.1,0.5), (b, 0.4,0.6), {c, 0.4,0.4)}
Since for every z € R, 0*(ua)(x) = V pa(a) and 0*(va)(x) = A va(w), so the
upper approximation 6*(A) = {(x, sz/[j,]:(x)), 0*(va(x)))|x € T} i:fg[f\]fien by
0" (A) = {(0,0.4,0.4), (a,0.4,0.5), (b, 0.4,0.5), (¢, 0.4,0.4)}

then it can be easily verified that

0 (pa)(w —y) > 0" (na)(w) A0 (1a)(y)
0" (va)(x —y) < 0" (va)(x) V 0" (va)(y)
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and

0" (pa)(zy) > 0" (1a)(y)
0" (va)(z.y) < 0" (va)(y)

for all z,y € R. Therefore §*(A) is an intuitionistic fuzzy subnear-ring of R. Hence
A is an upper rough intuitionistic fuzzy subnear-ring of R.

Theorem 3.7. Let 6 be a congruence relation on R then, if A is an intuitionistic
fuzzy N-subgroup of R, then A is an upper rough intuitionistic fuzzy N-subgroup of
R.

Proof. Since 6 is a congruence relation on R [a]s[b]y C [ab]sVa,b € R.

Let A = (ua,v4) be an intuitionistic fuzzy N-subgroup of N and x € N. Now
0*(A) = (6*(pa),0*(va)). Thus

> fra(ab)

a€ln]gbe(z]o

>V pa(b) = 0" (pa)(x)

bE[a?]g
b) 0*(va)(nz) = [/\] va(z)
z€|nx|g
< A wl(?)
z€[n]g[z]e
= va(ab)
ab€[n]q[z]o

IA

/\ Z/A(Clb)

a€[n]gbe(z]o

< A va(b) = 0" (va)(2)

belz]o

(iii) a) 0 (pua)(zn) > 6" (va)(2)
b) 6" (va)(zn) < 6" (va)(z)

Proof is analogs to (ii).

Theorem 3.8. Let 6 be a complete congruence relation on R then, if A is an in-
tuitionistic fuzzy N-subgroup of R, then A is an lower rough intuitionistic fuzzy
N-subgroup of R.

Proof. Since 6 is a congruence relation on R [alg[blg = [ab]yVa,b € R.
Let A = (ua,v4) be an intuitionistic fuzzy N-subgroup of N and z,€ N. Now

0.(A) = (0.(pa),0.(va)). Thus
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(i) a) O.(pa)( —y) = Ou(pa)(@) V 0.(114) (y)
b) 0.(va )(;; y) < Ou(va)(@) A0 (va)(y)

Proof of (i) is similar to subnear-rings.
(i) a) O.(pa)(nz) = A pa(z)

z€[nz]y
= A ua(?)
z€[nlg[z]o

= A pa(ad)

abe[n]plxly

> A pa(ad)

a€[n]pbE[x]y

= N pa(b) = 0.(pa)(x)

belz]o

b) O.(va)(nx) = V wva(z)

z€[nx]g
=V wal?)
z€[n]glx]g

=V va(ad)

abe[n][xlg

< \ va(ab)

a€[n]gbe(z]o

= V va(b) =0.(va)(2)

belz]o

(iii) @) 0. (pa)(zn) > 6. (va)(z)
b) 0. (va)(wn) < 0.(va )(;v)

Proof is analogous to (ii
Theorem 3.9. Let 6 be a congruence relation of R, then if A is an intuitionistic
fuzzy ideal of R then A is an upper rough intuitionistic fuzzy ideal of R.

Proof. (i) a. 6%(ua(e —y)) > 6" (a)(@) A6 (1) (y).
. ) < 0% (va)(2) V 0" (va) ().

z€[y+x—ylo

= V pa(z)
z€[y+xlo—[ylo

= V pala —d)
a—dely+z]o—[yle

= V pala —d)
a€ly+zlg,d€(yle

= V pa(d +c—d)
d+c€ly+z)g,d€lylo

= V  pald+c—d)
c€lx]g,delylo

= V pa(c)
c€[zlp,dEy]o
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= \[/] pralc) = 0 (na)(z).
cE|x|p

b. O (wa)y+r—y)= A pa(?)

z€ly+z—ylo

= N val?)
z€[y+zlo—[ylo

= A va(a —d)
a—d€[y+z]o—[ylo

= /\ VA(CL — d)
a€ly+zlg,d€ylo

— /\ VA(d + C — d)
d+c€y+z]g,dEylo

= N vald+c—d)

ce [Q?}g ,d€ [y]G

= A wva(o)
Ce[x}97de[y]9

= A wvalc) = 0" (va)(z).
c€lzlo

Theorem 3.10. Let 6 be a complete congruence relation of R, then if A is an
intuitionistic fuzzy ideal of R then A is an lower rough intuitionistic fuzzy ideal of

= A pa(z)

z€[y+zlg—[ylo

= A pala —d)

a—de[y+z]o—[ylo

= A pala —d)

a€ly+z]p,d€[ylo

= N pald+c—d)

d+c€ly+z]g,d€lylo

= AN pald+c—d

Ce[‘r}evde[’y]e

= A pa(c)
c€lz]g,delylo

= A pale) =0 (pa)(z). b. O(va)ly+z—y)= V  pa2)
c€lz]y z€ly+z—ylo

= V()
z€[y+zlo—[yle

= V va(a —d)
a—dely+zlo—[yle

= \/ I/A(a — d)
a€ly+zlg,d€yle

- V va(d+c—d)

d+c€y+a]o,dE€lylo
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=V wald+c—d)

c€lz]g,d€ylo

= Vvl
c€[z]p,dEy]o

=V valc) = 0.(va)(z).
c€lz]o

Let N denote an abelian near-ring.

Definition 3.11. Let A be an intuitionistic fuzzy ideal of R. For each «, 5 € [0, 1]
with a+ 8 < 1, the set A% = {(a,b) € R x R|lpa(a—0b) < a,vs(a—b) > B} is called

a (a

, B)level relation of A.

Proposition 3.12. If A and B be two intuitionistic fuzzy sets of an universal set X,
then the following holds

(i)
(i)
(i)
(iv)
(v)

Proof.

(i)

(i)

(iv)

AggAiifaZVandﬁgd
Al 5 C AL C Al
ACB= A% C B’
(ANB)? = A8 N BY.
(AUB)2 D A8 u BA.

(i) Let (z,y) € A2 = pa(z —y) > a and va(z —y) < B. Since v < « and
0> B =pualx—y) >a>vyand va(x —y) < <6 = pa(r —y) > v and
va(x —y) < 6. Hence (z,y) € AL,

Sincea+p<1=1—pF>aand g <p. ThusA’ffﬁgAg. Also o > « and
B<1—a. Thus A% C Al

Let (z,y) € AP = pa(r—y) > aand va(r—y) < 8. AsAC B = up(er—y) >
a and vg(z —y) < B and so (z,y) € BE.

Since ANB C Aand AN B C B. Thus (AN B)? C A% and (AN B)? C BY.
Thus (ANB)? C ASNBE. Let (z,y) € A°NBS = (2,y) € A and (x,y) € B?
= pa(r — )>acmduA(:1:— y) < B and pp(r —y) > aandvg(ex —y) <
= pa(r —y) > aand ug(x —y) > a and va(x —y) < fandvg(ex —y) <
= palz —y) Aps(x —y) > a and va(x —y) Vvgle —y) < S,

= (aNpp)(—y) 2a and (vaUwp)(z —y) < B,

= (z,y) € (AN B)2.

Since AC AUBand BC AUB = A% C (AUB)? and B C (AU B)2.
Thus A2 U B? C (AU B)? Now if @ + 3 =1 then (AU B)? C AP U B?. Let
(z,y) € (AUB) = (paUpp)(z —y) > a and (vaUvp)(z —y) < 3 =
pa(z —y)Vup(lr —y) > aand va(r —y) V(e —y)) < B. If pa(x —y) > a,
then va(z —y) < 1—palz —y) <1l—a= 8= (2,y) € A3 C A% U BS.
Similarly if pp(z —y) > a, then vg(z —y) <1 —pplz —y) <l—-a=p=
(z,y) € B, € A2 U BP. Thus (AU B) = A% U B2,
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Remark 3.13. Every rough ring is a rough near-ring.

Lemma 3.14. Let A be an intuitionistic fuzzy ideal of an abelian near-ring N, and
let a, 3 € [0,1] with a + 3 < 1. Then A? is a congruence relation on N.

Proof. For any element a € N, pa(a —a) = ua(0) > « and so (a,a) € A5, If
(a,b) € AP then pa(a —b) > a and va(a —b) < B. Since A is an ideal of abelian
near-ring N, pa(b—a) = pa(—(a—10)) = pa(a—0b) > a,va(b—a) = va(—(a—b)) =
vala—0b) < B = (bya) € AS. If (a,b) € AS and (b,c) € A8, then since A is a
fuzzy ideal of N, pa(a —¢) = pa((a —0) + (b —¢)) > min{pa(a —b), pa(b—c)} >
min{a,a} = a, and so (a,c) € AZ. Therefore A? is an equivalence relation on N.
Now, let (a,b) € A? and x be any element of N. Then since pa(a —b) > « and
vala=b) < B pa((a+z) = (b+2)) = pa((a+2) + (-2 =b)) = pala+ (z —x) - b) =
pala+0—=0),uala—0) > a,va((A+2x)— (b+2)) = valla+ ) + (—x — b)) =
vala+ (x—x)—b) =vala+0—>blra(a—b) < = (a+z,b+x) € Ay p. Since (N,+)
is an abelian group, we have (v + a,z + b) € A, g. Therefore A, 3 is a congruence
relation on R.

Definition 3.15. Let A be an intuitionisic fuzzy ideal of an abelian near-ring N and
a, B € [0,1] with a+ 8 < 1. We know that A is an equivalence relation(congruence
relation) on N. Therefore when the universe is an abelian near-ring then (N, A%) can
be used instead of the approximation space (U, ).

Let A be an intuitionistic fuzzy ideal of N and A? be an (o, 3)-level congruence
relation of A on N. Let X be a non-empty subset of N. Then the sets

R(A},X) = {z € Nla] ;s € X}
R(42,X) = {x € N|ir] g # 6}
Proposition 3.16. Let A be an intuitionistic fuzzy ideal of an abelian near-ring N.

Then for any «, 5 € [0, 1] with a + 8 < 1. If B is an ideal of an abelian near-ring R,
then A is an upper rough left ideal of N.

Proof. Proof: Let a,b € R(A}, B). Then [a],s € B and [b] ;s € B. Since A7 is a
congruence relation

la+ bhg = [a]AQ + [b]A§
CB+BCB
= a+be R(A% B).

Let a be any element of R(A?, B). Then [a] 5 € B . Let x be any element of [—a] ;.
Then (z,—a) € A and so (—z,a) € AJ. Thus —z € [a],s C B.. Since A is an
intuitionistic fuzzy ideal of N it is a subgroup of N, thus z € A and so [—a] ;s C A.
Thus —a € R(AJ, B). Let a and x be any element of R(AJ, B). Then [a],s C B.
Let z be any element of [z +a — ] s. Then (z,(z +a — 1)) € A8 Since AP is a
congruence relation on N, (—z +z+x,a) € A% and so —z+2+z € la] 45 € B.Thus
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—x+z+x=>bforsomebec B. Since Bisnormal z =2 +b—2x€x+B—-x€ B
and so we have [z + b — ], € B. Therefore x +b —z € R(Af, B), which means

R(AP B) is normal subgroup of N.
Let r € R and a € R(A?, B), then [a] 45 € B. Let a be any element of [z] ;5. Then
(z,a) € AP
= (ra,ra) € AP
= rx € [rals C B
= ra € R(A?, B).
Lemma 3.17. Let A be an intuitionistic fuzzy ideal of an abelian near-ring N and
a, B € [0,1] where a + 3 < 1. If R(A?, X) is a non-empty set then 0] 46 € A.

Proposition 3.18. Let A be an intuitionistic fuzzy ideal of an abelian near-ring N
and a, 8 € [0,1] where a+ 3 < 1. Let B be an ideal of N. If R(A%, X) is a non-empty
set then it is equal to A.

Corollary 3.19. If A is an intuitionistic fuzzy ideal of an abelian near-ring then
(R(AB, X)), R(A?, X)) is a rough left ideal of N.

4 Conclusion

The idea of rough intuitionistic fuzzy ideals of a near-ring based on its lower and
upper approximation is discussed. Some interesting properties are established which
hold directly for a ring.We hope that by the extension of this work further we would
get new results satisfing more properties for a ring.
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1 Introduction

Functions and of course open functions stand among the most important notions in
the whole of mathematical science. Many different forms of open functions have been
introduced over the years. Various interesting problems arise when one considers
openness. Its importance is significant in various areas of mathematics and related
sciences.

Recently, as a generalization of closed sets, the notion of us-closed sets were
introduced and studied by Veera Kumar [7]. In this paper, we will continue the
study of related functions by involving us-open sets. We introduce and characterize
the concept of quasi us-open functions.

2 Preliminaries

Throughout this paper (X, 7),(Y, o)and (Z, n) (or X, Y and Z)represent topological
spaces on which no separation axioms are assumed unless otherwise mentioned. For
a subset A of a space (X,7), cl(A), int(A) and A® denote the closure of A, the
interior of A and complement of A respectively.

We recall the following definitions which are useful in the sequel.

* Corresponding Author.
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Definition 2.1. A subset A of a space (X, T) is called:
1. «a-open set [4] if AC int(cl(int(A))).
2. semi-open set [2] if AC cl(int(A)).

The complements of the above mentioned open sets are called their respective
closed sets.

The a-closure [4](resp.semi-closure [1]) of a subset A of X, denoted by acl(A)
(resp.scl(A)) is defined to be the intersection of all a-closed (resp. semi-closed) sets
of (X, 7) containing A.

Definition 2.2. A subset A of a space (X, 7) is called:

1. a ga*-closed set [3, 5] if acl(A)Cint(U) whenever ACU and U is a-open in
(X, 7). The complement of ga*-closed set is called ga*-open set.

2. a p-closed set [6] if cl(A)C U whenever ACU and U is ga*-open in (X, 7). The
complement of p-closed set is called p-open set.

3. a ps-closed set [7] if scl(A)CU whenever ACU and U is ga*-open in (X, 7).
The complement of us-closed set is called pus-open set.

The union (resp. intersection) of all us-open (resp. ps-closed) sets, each contained
in (resp. containing) a set A in a space X is called the pus-interior(resp. ps-closure)
of A and is denoted by us-int(A)(resp. us-cl(A)).

Definition 2.3. [7] A function f: (X, 7)—(Y, o) is called a ps-irresolute (resp.
ps-continuous )if f~1(V) is is ps-closed in X for every ps-closed (resp. closed) subset
Vof Y.

Definition 2.4. A function f: (X, 7)— (Y, 0) is called a ps-open (resp. ps-closed)
if f(V) is us-open (resp. us-closed) in Y for every open (resp. closed) subset V of X.

3 Quasi us-open Functions

We introduce a new definitions as follows.

Definition 3.1. A function f : X — Y is said to be quasi ps-open if the image of
every ps-open set in X is open in Y.

It is evident that, the concepts quasi pus-openness and ps-continuity coincide if the
function is a bijection.

Theorem 3.2. A function f: X — Y is quasi us-open if and only if for every subset
Uof X, flus-int(U))C int(f(U)).

Proof: Let f be a quasi us-open function. Now, we have int(U)C U and us-int(U)
is a ps-open set. Hence, we obtain that f(us-int(U))C f(U ). As f (us-int(U)) is open,
f (us-int(U))C int(£f(U)).

Conversely, assume that U is a us-open set in X. Then, f(U) = f(us-int(U)) C
int(f(U)) but int(f(U))C f(U). Consequently, f(U) = int(f(U)) and hence f is quasi
ps-open.



Journal of New Theory 15 (2017) 75-80 7

Lemma 3.3. If a function f : X — Y is quasi us-open, then us-int(f1(G)) C
Y (int(G)) for every subset G of Y.

Proof: Let G be any arbitrary subset of Y. Then, us-int(f~1(QG)) is a us-open set
in X and f is quasi us-open, then f( ps-int(f71(G)))C int(f(f~*(G))) C int(G). Thus,
ps-int(f71(G)) C £ 1(int(G)).

Definition 3.4. A subset S of a space (X, 7) is called a ps-neighbourhood of a point
x of X if there exists a ps-open set U such that x € U C S.

Theorem 3.5. For a function f: X — Y, the following are equivalent: (i) f is quasi
ps-open; (i) For each subset U of X, f(us-int(U))C int(f(U)); (iii) For each x € X
and each ps-neighbourhood U of x in X, there exists a neighbourhood f(U) of f(x) in
Y such that f(V) C f(U).

(i) = (ii): It follows from Theorem 3.2.

(ii) =(iii): Let x € X and U be an arbitrary us-neighbourhood of x in X. Then
there exists a ps-open set V in X such that x € V. C U. Then by (ii), we have f (V) =
f(ps-int(V)) C int(f(V)) and hence f(V) = int(f(V)). Therefore, it follows that (V)
is open in Y such that f(x)e f (V)C f (U).

(iii)=- (i): Let U be an arbitrary ps-open set in X. Then for each y € f (U), by
(iii) there exists a neighbourhood Vy of y in Y such that Vy C f (U). As Vy is a
neighbourhood of y, there exists an open set Wy in Y such that y € Wy C Vy .
Thus f (U) = U {Wy : y € f (U)} which is an open set in Y. This implies that f is
quasi us-open function.

Theorem 3.6. A function f: X — Y is quasi pus-open if and only if for any subset
B of Y and for any ps-closed set F of X containing f~*(B), there exists a closed set
G of Y containing B such that f1(G) C F.

Proof: Suppose f is quasi ps-open. Let B C Y and F be a us-closed set of X
containing f~!(B). Now, put G =Y - f (X - F). It is clear that f~!(B) C F implies B
C G. Since f is quasi us-open, we obtain G as a closed set of Y. Moreover, we have
f~1(G)C F.

Conversely, let U be a us-open set of X and put B =Y \f (U). Then X \U is a
ps-closed set in X containing f~1(B). By hypothesis, there exists a closed set F of Y
such that B C F and f~!(F) C X \U. Hence, we obtain f(U) C Y \F. On the other
hand, it follows that B C F, Y \F C Y \B = {(U). Thus, we obtain f(U) = Y \F
which is open and hence f is a quasi us-open function.

Theorem 3.7. A function f: X — Y is quasi ps-open if and only if f~*(cl(B)) C
us-cl(f1(B)) for every subset B of Y.

Proof: Suppose that f is quasi ps-open. For any subset B of Y | f71(B)C us-
cl(f~1(B)). Therefore by Theorem 3.6, there exists a closed set F in Y such that
B C F and {1(F)C ps-cl(f~}(B)). Therefore, we obtain f~!(cl(B)) C f(F)C us-
cl(f~1(B)).

Conversely, let B C Y and F be a us-closed set of X containing f~1(B). Put W =
cly(B), then we have B C W and W is closed and f~1(W)C us-cl(f~}(B))C F. Then
by Theorem 3.6, f is quasi us-open.
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Lemma 3.8. Let f: X — Yand g : Y — Z be two functions. Given that g o f: X
— Z s quast ps-open. If g is continuous injective, then fis quasi ps-open.

Proof: Let U be a us-open set in X. Then (g o f )(U) is open in Z since g o f is
quasi ps-open. Again g is an injective continuous function, f (U) = g¢7'(g o f (U)) is
open in Y . This shows that f is quasi us-open.

4 Quasi us-Closed Functions

Definition 4.1. A function f : X — Y is said to be quasi pus-closed if the image of
each ps-closed set in X is closed in Y.

Clearly, every quasi us-closed function is closed as well as us-closed.

Remark 4.2. Fvery us-closed (resp. closed) function need not be quasi jis-closed as
shown by the following example.

Example 4.3. Let X = Y = {a, b, ¢} with T ={¢, {a, b}, X} and 0 = {¢,{a},
{b, ¢}, Y}. Let f: (X, 7)—(Y, o) by f(a)=b, f(b)=c and f(c)=a. Then clearly f is
pus-closed as well as closed but not quast ps-closed.

Lemma 4.4. If a function f : X — Y is quasi us-closed, then f(int(B)) C us-
int(f1(B)) for every subset B of Y.

Proof: This proof is similar to the proof of Lemma 3.3.

Theorem 4.5. A function f: X — Y is quasi us-closed if and only if for any subset
B of Y and for any us-open set G of X containing f~'(B), there exists an open set
U of Y containing B such that f1(U) C G.

Proof: This proof is similar to that of Theorem 3.6.

Definition 4.6. A function f : X — Y is called pus*-closed if the image of every
ps-closed subset of X is ps-closed in Y.

Theorem 4.7. If f: X — Yand g : Y — Z are two quasi us-closed functions, then
gof: X — Zis a quasi pus-closed function.

Proof. Obvious.
Furthermore, we have the following theorem

Theorem 4.8. Let f: X — Yand g : Y — Z be any two functions. Then: (i) if f
is ps-closed and g is quasi us-closed, then g o fis closed; (ii) if fis quasi ps-closed
and g is ps-closed, then g o fis us* -closed; (iii) if f is ps* -closed and g is quasi
wus-closed, then g o fis quasi pus-closed.

Proof. Obvious.

Theorem 4.9. Let f: X — Y and g : Y — Z be two functions such that g o f :
X — Z is quasi ps-closed. Then: (i) if f is ps-irresolute surjective, then g is closed.
(i1) if g is ps-continuous injective, then f is us*-closed.
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Proof: (i) Suppose that F is an arbitrary closed set in Y. As f is us-irresolute,
f=1(F) is ps-closed in X. Since g o f is quasi ps-closed and f is surjective, (g o f(f7'(F)))
= g(F), which is closed in Z. This implies that g is a closed function. (ii) Suppose F
is any ps-closed set in X. Since g o f is quasi us-closed, (g o f)(F) is closed in Z. Again
g is a ps-continuous injective function, g7'(g o f(F)) = f (F), which is us-closed in
Y. This shows that f is us*-closed.

Theorem 4.10. Let X and Y be topological spaces. Then the function g : X — Y
is a quasi ps-closed if and only if g(X) is closed in Y and g(V) \g(X \'V) is open in
9(X) whenever V is ps-open in X.

Proof: Necessity: Suppose g : X — Y is a quasi ps-closed function. Since X is
ps-closed, g(X) is closed in Y and g(V) \g(X \V) = g(V) N g(X) \g(X \V) is open
in g(X) when V is ps-open in X.

Sufficiency: Suppose g(X) is closed in Y, g(V) \g(X \V) is open in g(X) when V
is ps-open in X, and let C be closed in X. Then g(C) = g(X) \(g(X \C) \g(C)) is
closed in g(X) and hence, closed in Y.

Corollary 4.11. Let X and Y be topological spaces. Then a surjective function g :
X — Yis quasi ps-closed if and only if g(V) \g(X \'V) is open in Y whenever V is
us-open in X.

Proof: Obvious.

Corollary 4.12. Let X and Y be topological spaces and let g : X — Y be a us-
continuous quasi ps-closed surjective function. Then the topology on Y is {g(V)
\g(X\V) : Vis us-open in X}.

Proof: Let W be open in Y. Then g~!(W) is us-open in X, and g(g™'(W)) \g(X
\g~}(W)) = W. Hence, all open sets in Y are of the form g(V) \g(X \V), V is us-open
in X. On the other hand, all sets of the form g(V) \g(X \V), V is us-open in X, are
open in Y from Corollary 4.11.

Definition 4.13. A topological space (X, T) is said to be ps*-normal if for any pair
of disjoint pus-closed subsets Fy and Fy of X, there exist disjoint open sets U and
V such that Fy C Uand F, C V.

Theorem 4.14. Let X and Y be topological spaces with X is us*-normal. If g : X
— Y is a ps-continuous quasi ps-closed surjective function, then Y is normal.

Proof: Let K and M be disjoint closed subsets of Y . Then g7'(K), g7'(M) are
disjoint ps-closed subsets of X. Since X is us*-normal, there exist disjoint open sets
V and W such that g7 '(K) € V and g7'(M) € W. Then K C g(V) \g (X \V) and
M C g(W) \g(X \W). Further by Corollary 4.11, g(V) \g(X \V) and g(W) \g(X
\W) are open sets in Y and clearly (g(V) \g(X \V)) N (g(W) \g(X \W)) = ¢. This
shows that Y is normal.
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1. Introduction

Prabpayak and Leerawat [13,14] introduced a new algebraic structure which is called KU-
algebras. They studied ideals and congruences in KU-algebras. Also, they introduced the
concept of homomorphism of KU-algebra and investigated some related properties.
Moreover, they derived some straightforward consequences of the relations between
quotient KU-algebras and isomorphism. Mostafa et. al. [10] introduced the notion of fuzzy
KU-ideals of KU-algebras and then they investigated several basic properties which are
related to fuzzy KU-ideals. The hyper structure theory (called also multi-algebras) is
introduced in 1934 by Marty [9] at the 8th congress of Scandinvian Mathematiciens.
Around the 40's, several authors worked on hyper groups, especially in France and in the
United States, but also in Italy, Russia and Japan. Hyper structures have many applications
to several sectors of both pure and applied sciences. Jun and Xin [3,6] considered the
fuzzification of the notion of a (weak, strong, reflexive) hyper BCK-ideal, and investigated
the relations among them. Mostafa et. al. [11] applied the hyper structures to KU- algebras
and introduced the concept of a hyper KU-algebra which is a generalization of a KU-
algebra, and investigated some related properties. They also introduced the notion of a

*Corresponding Author.
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hyper KU-ideal, a weak hyper KU-ideal and gave relations between hyper KU-ideals and
weak hyper KU-ideals. In 1956, Zadeh [10] introduced the notion of fuzzy sets. At present
this concept has been applied to many mathematical branches. There are several kinds of
fuzzy sets extensions in the fuzzy set theory, for example, intuitionistic fuzzy sets, interval
valued fuzzy sets, vague sets etc.[see 1,3.5,6,12]. Mostafa et al.[12 ] , stated and proved
more several theorems of hyper KU-algebras and studied fuzzy set theory to the hyper KU-
sub algebras (ideals). Lee [8] introduced an extension of fuzzy sets named bipolar-valued
fuzzy sets. Bipolar-valued fuzzy sets are an extension of fuzzy sets whose membership
degree range is enlarged from the interval [0, 1] to [-1, 1]. The authors in [1, 2, 6 and 9],
introduced bipolar-valued fuzzy set on different algebraic structures. In this paper, the
bipolar fuzzy set theory to the ( s-weak-strong) hyper KU-ideals in hyper KU-algebras are
applied and discussed.

2. Preliminaries

Let H be a nonempty set and P*(H)= P(H)\{¢} the family of the nonempty subsets of
H . A multi valued operation (said also hyper operation) "o" on H is a function, which
associates with every pair (x,y)e HxH =H” a non empty subset of H denoted xo y.An

algebraic hyper structure or simply a hyper structure is a non empty set H endowed with
one or more hyper operations.

Definition 2.1 [11,12] Let H be a nonempty set and "o " a hyper operation on H , such that
o:HXH — P*(H).Then H is called a hyper KU-algebra if it contains a constant "0 " and
satisfies the following axioms: for all x,y,ze H

(HKU,) [(yoz)o(xoz)]<<xoy

(HKU,) x°0={0}

(HKU,) 0ox={x}

(HKU ,) if x<<y, y<<ximplies x=Yy

where x << y is defined by Oe yox and for everyA,BC H , A<< B is defined by
VYae A,dbe B such that a <<b . In such case, we call “<<” the hyper order in H .

We shall use the xoy instead of xo{y}, {x}oy or {x}o{y}. Note if A,B < H, then by
Ao B we mean the subset Uaob of H.

acA,be B

Example 2.2. (A) Let H ={0,1,2} be a set. Define hyper operation o on H as follows:

0 |1 2
o} | {1} {2}

oy | fo} | {12}
{fo} | {o.1} {0,1,2}

N = Do

Then (H,0,0)is a hyper KU-algebra.
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In what follows, H denotes a hyper KU-algebra unless otherwise specified.

Lemma 2.3.[11,12] Forall x,ye H and AC H

(i) Ao(yox)=yo(Aox)
(i) (Oox)ox={0}

Proposition 2.4. [12] In any hyper KU-algebra H, Oox=1{x}V xe H

Theorem 2.5.[12]Forall x,y,ze H and A,B,C Cc H

(i) xoy<<z=zoy<<x

(i) xoy<<y

(1i1) x <<0ox

(iv) A<<B,B<<(C=> A C
(V) xoA<< A

(Vi) Aox<<z& zox<< A.
(vil) A<< B=>CoA<<CoB and BoC<< AoC
(viii) A<< 00 A

(ix) x€0ox

x) x€00=x=0

(xi) xox={x}=x=0

Lemma 2.6. [11] In hyper KU-algebra (H ,0,0) , we have

zo(yox)=yo(zox) forall x,y,ze H.

Definition2.7. [12] Let S be a non-empty subset of a hyper KU-algebra H . Then § is
said to be a hyper sub-algebraof H if S,:xoyc S, Vx,ye§

Proposition 2.8. [12] Let S be a non-empty subset of a hyper KU-algebra (H,0,0).Ify
ox & Sforallx,y eS, then0 e S.

Theorem 2.9. [12] Let S be a non-empty subset of a hyper KU-algebra (H,0,0). Then S
is a hyper subalgebra of Hif and only if y e x & S forall x, y € S.

Definition 2.10 [11]. Let I be a non-empty subset of a hyper KU-algebra H and Oe I .
Then

(1) 1 issaid to be a weak hyper KU- ideal of H if xo(yoz)c land xe [
imply yoze I, forall x,y,ze H,

(2) I is said to be hyper KU-ideal of Hif xo(yecz)<<I and xe limply yozel,
forall x,y,ze H

(3) I is said a strong hyper KU-ideal of Hif xo(yocz)mI #® and xe [ imply
yozel ,forall x,y,ze H.

(4) I'is said to be reflexive if xcx c I forall xe H .
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Definition 2.11. [11]. Let A be a non-empty subset of a hyper KU-algebra H . Then A is
said to be a hyper ideal of H if

(HI,)0e A,
(HI,)yox<<Aandye A imply xe A forall x,ye H .

Definition 2.12. [11] A non-empty set A of a hyper KU-algebra H is called a distributive
hyper ideal if it satisfies ( HI, ) and

(HI,) (zoy)o(zo(zox))<< A and ye A imply xe A.

Definition 2.13. [11,12] Let I be a non-empty subset of a hyper KU-algebra H and Oe I .
Then,

(1) I is called a weak hyper ideal of H if yoxc I and ye I imply that xe I,
forall x,ye H .

(2) Iiscalled astrong hyper ideal of H if (yox)(1I#¢ and ye I imply that
xel, forallx,ye H.

Lemma 2.14. [12] Let A be a subset of a hyper KU -algebra H . If I is a hyper ideal of H
such that A < IthenA S 1.

Lemma 2.15. [12] In hyper KU-algebra (H ,0,0) , we have :

(1) Any strong hyper KU- ideal of H is a hyper ideal of H.

(i) Any weak hyper KU-ideal of H is a weak ideal of H.

Definition2.7. [8] A bipolar valued fuzzy subset B in a nonempty set X is an object
having the form ¢@=( H,,uq,P, ,uq,N)where u" X —>[-1,0land 4" :X —[0,1]are
mappings. The positive membership degree 1" (x)denotes the satisfaction degree of an
element x to the property corresponding to a bipolar-valued fuzzy set ¢=( H, ,uq,P , ,uq,N ),
and the negative membership degree u" (x)denotes the satisfaction degree of xto some
implicit counter-property of a bipolar-valued fuzzy set¢=( H, ,uq,P, ,uq,N ). For simplicity,

we shall use the symbol ¢=( u,", #,") for bipolar fuzzy setg=( H,u, ., u," ), and
use the notion of bipolar fuzzy sets instead of the notion of bipolar-valued fuzzy sets.

3. Bipolar Fuzzy hyper KU - subalgebras (ideals)

Now some fuzzy logic concepts are reviewed .A fuzzy set g in a set H is a function
1:H—[0,1]. A fuzzy set 4 in a set H is said to satisfy the inf (resp. sup) property if for
any subset 7' of H there exists x,€ T such that u(x,)= ing M(x) (resp. p(x,)=supu(x)).

xeT
Definition 3.1. A fuzzy set ¢=( H, ,uq,P , ,uq,N) in H is said to be bipolar fuzzy hyper KU-
subalgebra of H if it satisfies the following inequalities:
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(1) inf p," (2= minfaty” (), 2," ()}

(2) sup ,uq,N(w) < max{uq,N(x),ﬂq,N(y)}Vx,ye H.

we xoy

Proposition 3.2. Let ¢=( H, ,uq,P, ,uq,N) be a bipolar fuzzy hyper KU-sub-algebra of H.
Then " (0)>u," (x) and p," (0)<pu,” (x) forallVxe H

Proof. Using Proposition 2.5 (xi) , we see that 0 € x  x for all x € H . Hence

inf g1, (0) 2 minfu,” (), " (0)}= 1" ()
and

sup ,uq)N(O) < max{uq)N(x),,uq,N(x)}: ,uq)N(x) forallx €E H.

Ocxox

Example 3.3 .Let H ={0,1,2,3}be a set. The hyper operations con H are defined as
follows.

o, |0 1 2 3
0y | {13/ {2} J1{3}
{0}y [ {0} J {1} J{3}
{0} | {0} | {O.1} ] {0.3}
{0y {03 | {1} ]1{0.3}

WO

Then (H ,0,0)is a hyper KU-algebra. Define " : X —[-1,0]and " : X —[0,1] by

0 1 2 3
u” -0.7 -0.7 | 0.6 0.4

u’ 0.6 0.5 |03 0.3

By routine calculations, we know that® = (H,u",u") is bipolar fuzzy hyper sub-algebra
of H.

Definition 3.4. For a “hyper KU-algebra” H, a “a bipolar fuzzy set” ¢=( H, ,uqf, ,uq>N)
in H is called:

e BHFI: Bipolar fuzzy hyper ideal of H ,if
. . P P N N
Fy: x<<y implies tty (X) 24y (¥), He (X)SHy (Y)

and
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P . . P P
Fyifty (2)2 mlni uel({lyfoz)ﬂcp M(u), e (y) i

F3:,u¢,N(w)Smax{ sup ,uq,N(w),,uq,N(y) }

we((yoz)

e B FWH :Bipolar fuzzy weak hyper ideal of H if, for any y;z € H

. . |
t 021" @ zminl - inf ", ()]

and

%N(O)S%N(w)slnax{ sup A" (W), " () }

we (yez)

e B FSH: Bipolar fuzzy strong hyper ideal of H if, for any y; z € H

inf uq,P(u)Zuq,P(z)Zmin{ sup Ay (), ty' () }

ue(yoz) ue(yoz)
and

sup 1, ()< " (S max| - inf " 00" ()

we (yoz)

Definition 3.5. For a “hyper KU-algebra” H , a “bipolar fuzzy set” ¢=( H, ,uqf , ,uq,N) in
H is called :

(I) Bipolar fuzzy hyper KU-ideal of H ,if

x <<y implies fy" (X) 2ty (¥), Mo () Sy (3)
. . l
qu)P(_xo 7)2 mmi L¢e<1xr.}<fyoz)ﬂ‘1’P(u) , ﬂ¢P(y) J

and

He' (x07)< max{ sup " (W) . " () }
we (xo(yoz)
(IT) Bipolar fuzzy weak hyper KU-ideal of H , if forany x; y;z € H

" O 21" oy zminl - infp," @, ()

u
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and

,uq,N(O) < ,uq,N(xo 7)< max{ sup ,uq,N(W),,uq,N(y) }

we (xo(yoz)

(ITI) Bipolar fuzzy strong hyper KU-ideal of H if, forany x;y;z€ H

inf);%f<u>z;%f<xoz>21nn{: sup " (1), fh," () }

ue xo(yoz ue xo(yoz)
and

sup g1y W<ty (xory<max| inf g (W' (y) |

we xo( yoz) we xo(yoz)

Example 3.6. (1) Consider the hyper KU -algebra in Example 2.2. Define bipolar fuzzy set
o=(H.u,". p,") inHby

Then we can see that ¢=( H, ,uq,P, ,uq,N) is bipolar fuzzy( bipolar fuzzy weak) hyper KU
-ideal of H.

Example 3.7. Consider the hyper KU -algebra H

0 [1 |2
UERR
o}y | 0} | 2}
oF | 1} | 0.2}

N =] Olo

Define bipolar fuzzy set ¢=( H, luq,P , ,uq,N) in H by




Journal of New Theory 15 (2017) 81-98 88

It is easily verified that ¢=( H, ,uq,P , ,uq,N) is bipolar fuzzy strong hyper KU -ideal of H .

Theorem 3.8. Any bipolar fuzzy (weak, strong) hyper KU-ideal is a bipolar fuzzy (weak,
strong) hyper ideal.

Proof. Let ¢=( H, ,uq,P, ,uq,N)be a bipolar fuzzy weak hyper KU-ideal of H, we get for
anyx;y;Z€ H

" 021" (xoyzminl - inf "W (3) | (a)

u

uq,Nm)s;zJ(xozmmax{ sup " (W) . " (¥) } (b)
we (xo(yoz)

Put x =01n (a) and (b) , we get
t 02 1, o zmininf "), "0 =

1" 02 1" @ Zminlinf p," @) L 4" () |

and

u¢”<0)su¢”<00z)Smax{ SUp g (W) g (3) }:
we0o(yoz)

ﬂcpN(O)SﬂcpN(Z)SmaX{ sup 4" (W), " () }

we(yoz)

Similarly we can prove that , every bipolar fuzzy strong hyper KU-ideal of H is bipolar
fuzzy strong hyper ideal of H. Ending the proof.

Definition 3.9. A bipolar fuzzy set ¢=( H, ,uq,P, ,uq,N) in H is called bipolar fuzzy s-weak
hyper KU-ideal of H if

() gy 0y 2u," (x), " (0)<u,"(x) , Vxe H
(i) for every x,y,z€ H there exists a,be xo(yoz) such that

11" (xo2) = minf,” (). 11," ()} and " (xo 2) < max{ 1, (B).11," () }

Theorem 3.10. Every bipolar fuzzy s- weak hyper KU-ideal of H is bipolar fuzzy weak
hyper KU-ideal of H.

Proof. Let o= ( H, ,uq,P , ,uq,N ) be a bipolar fuzzy s-weak hyper KU-ideal of H, and let x; y;
z € H ,then there exist a,b€ xo(yoz) such that

11," (xo ) 2 minfuy” (). 11, ()} and 1 (x o 2) < max{ 3" (B). 11" () }
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Since u,"(0)> _i(nf),uq,P(c) and u," (0)< sup " (d) , it follows that

de(yoz)
. . l
/’lCDP(xo Z) 2 mlnice)lcgﬁoz) ’Ll(DP(C) ’ ll'l‘ibp(y) J

and

uJ(mz)Smax{ sup A" (d) . " () }

de xo(yoz)
Hence ¢=( H, ,uq,P , ,uq,N )is a bipolar fuzzy weak hyper KU-ideal of H

Proposition 3.11. It ¢=( H,u,", u,")is bipolar fuzzy weak hyper KU-ideal of H.

satisfying the inf-sup property, then ¢=( H, ,uq,P, ,uq,N) is a bipolar fuzzy s-weak hyper
KU -ideal of H.

Proof. Since ¢=(H, ,UCDP, ,qu,N)SatiSfieS the inf-sup property, there exists
a,,by€ xo(yoz),suchthatu,’ (a,)= inf ),uq,P(a)and,uq,N(bO)z sup p," (b).i.e

bexo(yoz)

ﬂ¢P(a)2a€igf;oz)ﬂ¢P(a) and :ucpN(b)S sup :ucpN(b)

bexo(yoz)

It follows that

o (royzmin] inf " (@), " (3 Jeminl (@) " () |

and

ﬂ;(xoz)gmax{ sup " (b) . Hg" (¥) }Smax{ 1" (b, 11" () .

bexo(yoz)

For every a,be xo(yoz).Hencegd=( H,,u; , ,uq)N) is bipolar fuzzy s-weak hyper KU -
ideal of H. Ending the proof.

Proposition 3.12. Let ¢=( H, ,ucpP, ,ucpN) be bipolar fuzzy strong hyper KU-ideal of H and
let x; y; z € H .Then

() a" (O 2p," (%), 4" O)<u," (x) , Vxe H
(i) x<<y=> sy ()2 pte" () and u," ()< u," (y) .
(i) " (xo2) > minfu,” (@), 1" ()} Vae xo(yo2),
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1, (o 2) < maxdu, (B), 1" () )V be xo (yo2)

Proof. (i) Since O xox Vxe H ,we have

Ho (0)2 inf 11," ()2 " (x), 1" (0) < sup 1" (@) < " ().

Which proves (i).

(i1) Let x; y€ Hbe such that x<<y . Then Oe€ yoxVx,ye H and so

sup fy" (0)2 pty" (0), inf p1" (w) < 1" (0)

be(yex)

It follows from (i) that

Ho (00x)=p1," (x)2 min{ sup 4y (@) .ty () } > minfu,” (O), 4" (W= 0" ()

ae yox

and

o™ (000) = 1, (x) < maxinf g1y (@), " () J< sy (0), 16" (N} = 15 (1)

(iif) ﬂq>P(x°Z)2min{ sup uJ(a»uJ(y)}zmin{qu),ﬂ;(y)}VaExo(yoz)

aexo(yoz)

and
He' (x02)< maXLig{oz)ﬂcpN(b),ﬂcpN(y)}S max{izy” (b), 4" (1} Vbe xo(yo2)

we conclude that (iii) is true. Ending the proof.

Note that, in a finite hyper KU-algebra, every bipolar fuzzy set satisfies inf -sup
property.Hence the concept of bipolar fuzzy weak hyper KU -ideals and bipolar fuzzy s-
weak hyper KU-ideals coincide in a finite hyper KU -algebra.

Proposition 3.13 . Let 9= ( H, ,ucpP, ,u¢,N ) be a bipolar fuzzy hyper KU-ideal of H, then:
o 0)2p," (), 1" () <pte" () I @=(H,uy" . 115")
satisfies the inf-sup property , then

fy" (xo )2 min{ 4, (@) s " () Jand g, (xo2)<max{ g, (8), 1" (3 }

for every a,be xo(yoz).
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Proof. Since O<<ux Vxe H , it follows from Definition 3.5. ()
that u,”(0)2u," (x) and 1" (0) <pty" (x)

Since ¢=( H, ,uq,P , ,uq,N ) satisfies the inf-sup property there exists a,,b, € xo(yoz), such

that 1, (a,) = ir%f ),uq,P(a) and " (b,) = sup u," (b).Hence

be xo(yoz)

Mo (x02)2 mini%g}gw ts" (@), 1" () f2mind py" (@) . 11" (1) }

ﬂ;(xoz)gmax{ sup o (b), " () }Smax{ 115" (by) + 1t () |

be xo(yoz)

Corollary 3.14. (1) Every bipolar fuzzy hyper KU-ideal is a bipolar fuzzy weak hyper KU-
ideal.

) If ¢=(H, ,uq,P, ,uq,N) bipolar fuzzy hyper KU-ideal satisfies the inf-sup property ,
then ¢=( H,u,", u,")is bipolar fuzzy s-weak hyper KU -ideal of H.

Theorem3.15. Let ¢=(H,,u¢P, ,uq)N)be bipolar fuzzy set ,then ¢=(H,,u¢P, ,uq)N)
is bipolar fuzzy weak hyper KU -ideal of H if and only if the positive level set @/ and
negative level set be’ for every (a,f)e[0,11X[-1,0], are weak hyper KU -ideal of H,
where the sets @ ={xe H:u"(x)<s}and & ={xe H:u'(x)>t} are called the

negative level set and the positive level set of ¢=( H, ,uq,P , ,uq,N), respectively.

Proof. Assume that ¢=( H, ,u¢,P , ,uq,N)is bipolar fuzzy weak hyper KU -ideal of H and
®" =@ £ " forevery (@, )€ [0,1]x[-1,0]. It clear from

102 1" (xoyzmind inf 4" (3) | (a)

ue xo(yoz

uJ(O)qu(xoz)Smax{ SUp gy (W), " () } (b)

we (xe( yoz)
That 0e ®” N®" . Letx; y; z € Hbe such that xo(yoz)c® and ye ®’.

Then for any a€ xo(yoz),ac CIDf It follows that ,uq,P(a) > so that inf ),uq,P(a) >,

aexo(yoz

thus 4, (x0z)> mini ir}f ),uq,P(a),,uq)P(y) }2 aand soxozc®/, there for ®; is
a€xo(yoz
weak hyper KU -ideal of H.

Now let x; y; z € H be such that xo(yoz)c®Yand ye®". Then for any
be xo(yoz),be ®" It follows that u,"(b)<pB, so that sup u," (b)<p. Using

bexo(yoz)
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we(xo(yoz)

,uq,N(xo 7)< max{ sup ,uq,N(w) , ,ucpN(y) } <@, which implies that xozc®".

Consequently &

s

is weak hyper KU -ideal of H.

Theorem 3.16 . Let ¢=( H,,uq,P, ,uq,N)be bipolar fuzzy set ,then ¢=( H,,uq,P, ,uq,N)
is bipolar fuzzy hyper KU -ideal of H if and only if the positive level set @’ and
negative level set @ for every (@, )€ [0,1]x[~1,0], are hyper KU -ideal of H .

Proof. Assume that ¢=( H, ,11¢,P, ,uq,N)is bipolar fuzzy hyper KU -ideal of H and
q)f) =P # q)iv for every (@, )€ [0,1]1x[-1,0]. It clear that O <I>f ﬂq:iv .Letx;y;z€ Hbe
such that xo(yoz)c® and ye ®’.

Then for any ae€ xo(yoz),ae CIDf It follows that ,uq,P(a) > so that inf ),uq,P(a) >,

aexo(yoz

thus ,ucpp(xoz)Zmini ir}f ),ucpp(a),,uqf(y) }Zaand soxozc ®F, there for ®’ is
hyper KU -ideal of H .

Now let x; y; z € H be such that xo(yoz)g(bf’and yeE CID?'. Then for any
be xo(yoz),be ®" It follows that u,"(b)<pB, so that sup u," (b)<p. Using

bexo(yoz)

,UCDN(x 07)< max{ sup ,uq)N(w) , ,uq,N(y) } < 3, which implies that xoz c ®" .

we(xo(yoz)
Consequently ®" is hyper KU -ideal of H.

Conversely, suppose that the nonempty positive and negative level sets @, ® are is
hyper KU -ideals of H for every (a, )€ [0,1]x[-1,0]. Let

o ()=, p,"(x)=p for xeH, then by 0e®d’ , 0e®”, It follows that.
,uq)P(O)Za, ,uq,N(O)S,[J’and $0 " (0)>u," (x) and wy" (0)<pu," (x) . Now let

min{ _inf M (@) 5" () J=a and max{ sup u¢N<w),u¢N<y)}=ﬁ

acxo(yoz we(xo(yoz)

Note that, in a finite hyper KU-algebra, every bipolar fuzzy set satisfies inf -sup property.
Hence the concept of bipolar fuzzy weak hyper KU -ideals and bipolar fuzzy s-weak hyper
KU-ideals coincide in a finite hyper KU -algebra.

Corollary e 3.17. Every bipolar fuzzy strong hyper KU-ideal is both a bipolar fuzzy s-weak
hyper KU-ideal (a bipolar fuzzy weak hyper ideal) and bipolar fuzzy hyper KU -ideal.

Proof. Straight forward.
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Proposition 3.18. Let Let ¢=( H, ,ucpP, ,ucpN) be bipolar fuzzy hyper KU -ideal of H and
letx,y,ze H . Then

() gt 0) 2" (x), " (0) <pty" (x)
(i) if ¢=(H, ,u¢,P , ,ucpN) satisfies the inf - sup property, then

,UCDP(xoz)Zmin{ ,uqf(a),,uqf(y) }for some ae€ xo(yogz)

and

,ucpN(xoz)Smax{ ,uq,N(w),,uq,N(y) }for some Wwe xo(yogz)

Proof. (i) Since 0 << x foreach xe H ; we have u,"(0)2u,"(x), a," (0)<u," (x)
by Definition 3.11(i) and hence (i) holds.

(i) Since ¢=(H, ,uq,P, ,uq,N) satisfies the inf-sup  property, there is
a,,w, € xo(yoz),such that y(a,)= in(f ),u(a) and u(w,)= sup u(w).Hence
aexo(yoz

we xo(yoz)

" ooz mind inf " (@) 1" () f=mind " (@) " () ]

;uch(xOZ)SmaX{ sup ﬂrbN(W) uucpN(Y) }:min{ ﬂrpN(Wo) s ,UrpN(y) }

we xo(yoz)
which implies that (ii) is true. The proof is complete.

Corollary 3.19. (i) Every bipolar fuzzy hyper KU -ideal of H is bipolar fuzzy weak hyper
KU -idealof H.

(i) If¢g=(H, ,uq,P , ,uq,N)is bipolar fuzzy hyper KU -ideal of H satisfying inf —sup
property, then ¢=( H, ,uqf , ,uq)N) is bipolar fuzzy s-weak Hyper KU -ideal of H.

Proof. Straightforward.

The following example shows that the converse of Corollary 3.17 and 3.19 (i) may not be
true.

Example 3.20. (1) Consider the hyper KU -algebra H

0o [1 2
oy 1 | &
0} | 013 | {1.2}
0} | 0.1} | {0.1.2}

N —| Olo

Define bipolar fuzzy set ¢ in H by



Journal of New Theory 15 (2017) 81-98 94

0 12
g0 [-07 [-07 1-06

L 0.5 |0

Then we can see that ¢=( H, ,uqf , ,uq>N) is bipolar fuzzy hyper KU -ideal of H. and hence

it is also bipolar fuzzy weak hyper KU -ideal of H. But ¢=( H, ,uq,P , ,uq,N) is not bipolar
fuzzy strong hyper KU -ideal of H since

min{ sup 1" (@), ph” ( y)} > minfu,”(1).," (D)= 1 20= 11, (2).Vae 00 (102)

ae0o(102)

(2) Consider the hyper KU-algebra H in Example 3.14. Define bipolar fuzzy set
6=(H.py" . p") in Hby

0 1 2
R 0.7 |[-0.7 |-0.6

Uy 1 0 0.5

Then ¢=(H, ,uq)P, ,uq)N) is bipolar fuzzy weak hyper KU-ideal of H but it is not a
bipolar fuzzy hyper KU-ideal of H since 1 <<2but u," ()& u,"(2) .

Theorem 3.21. It ¢=(H, luq,P , ,uq)N) is bipolar fuzzy strong hyper KU-ideal of H , then
the set u, = {xe H,,uq,P(x) >, 1N (x) < s} is a strong hyper KU-ideal of H ,when
U, #P, forte[0,1], se[-1,0].

Proof. lLet ¢=(H, ,uq)P, ,uq)N) be a fuzzy strong hyper KU-ideal of H and
U, #®, forte[0,1]. se[-1,0].Then there a,be 4, and so ,uqf(a) >, ,uN(b) <s . By
Proposition 3.12 (), u," (0)2u,"(a)>1, u," (0)<u," (b)<s andsoO€ y, .

Let x,y,z€ H suchthat xo(yoz)nu, #®Pand ye u, . Then there exist

ay,by€ xo(yoz)Nu, and hence Uy (ay) =1, 1" (b,) < s . By definition 3.5 (iii), we have

Mo (xo2)2 min{ sup ﬂcpP(a),ﬂq)P(y)} > minfu,” (a,), 4(y)}2 minft,t}=1

aexo(yoz)

and
N . N N N N
Uy (x07)< maxte}ﬂgoz)ﬂq’ (a), Uy, (y)}S maX{u@ (Dy) oo (.V)}S maX{S’s}: S

So (xoz)e u, . It follows that g,  is a strong hyper KU -ideal of H .
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Theorem 3.22. let ¢=(H, luq)P, ,uq)N) is bipolar fuzzy in H satisfying the inf- sup
property,. If the set 4, = {xe H, ,uq)P(x) >1, 1V (x) < s};t @ is a strong hyper KU -ideal of

H for all re[0,1]. se[-1,0] , then ¢=( H,,uq)P, ,uq>N) is bipolar fuzzy strong hyper
KU-ideal of H .

Proof. Assume that g, #®is a strong hyper KU-ideal of H for all tz€[0,1]. se[-1,0].

Then there is xe g,  such thatxox<<xe g,  .Using Proposition 2.8, we have
xoxc M, . Thus for a,be xox, we have a,be u,, and hence u," (a) =1, u" (b)<s.

It follows that inf ),uqf(a) >t =,u¢)P(x) and sup ,uq)N (b)<s =,u¢)N(x) . Moreover let

aexo(yoz be xo( yoz)

x,y,z€ H and Hy g where

a’=min{ sup uJ(a)wJ@)} B =max] inf "), " ()]

aexo(yoz)

By hypothesis 4, , is a strong hyper KU-ideal of H.

Since ¢@=( H,,uq,P , ,uq,N) satisfies the inf-sup property there is a,,b,€ xo(yoz),such
that u," (a,)= sup p, (a), iy (b)) = hegl(ljcz) Uy (b). Thus

aexo(yoz)

agxo(yoz) aexo(yoz)

He' (ag)= sup 4" (a) Zmin{ sup %”(a),u@”(y)}:a’

and
uy" (b= int ") <max] inf " 0),1," (=B

This shows that a,,b, € t, 5, ag.by € X0 (yoz2)N Uy 5 and hence xo(yoz) N, 5 #P.
Combining y€ 4, 5 and noticing that any bipolar fuzzy (weak, strong) hyper KU-ideal is

a bipolar fuzzy (weak, strong) hyper ideal., we get xoz€ i, 5. Hence

. . |
Ho' (x072) me{ sup uJ(a),uJ(y)}, ' (x07) smaxibeiggoz)u¢N<b>,ﬂ¢N<y>J

aexo(yoz)

Therefore ¢=( H, ,uq,P , ,uq,N) is bipolar fuzzy strong hyper K U-ideal of H.
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4. Conclusion

In the present work the bipolar fuzzy hyper structure in KU-algebras is introduced .The
concepts of bipolar fuzzy weakly ( s-weakly strong) hyper KU-ideals and bipolar fuzzy
hyper weakly ( s-weakly strong) hyper KU-ideals are studied and their properties are
characterized.

The main purpose of our future work is to investigate the following:

e bipolar fuzzy folding theory applied to some types of positive implicative hyper
KU-ideals in hyper KU-algebras
On bipolar fuzzy strong implicative hyper ku-ideals of hyper KU-algebras.
On bipolar fuzzy positive implicative hyper KU-ideals.
Super Implicative hyper KU-Algebras.
bipolar Intuitionistic fuzziness of strong hyperKU-ideals.
bipolar fuzzy filter theory on hyper KU-algebras.
On Intuitionistic Fuzzy Implicative Hyper KU-Ideals of Hyper KU-algebras.
On intuitionistic fuzzy commutative hyper KU-ideals.
On interval-valued intuitionistic fuzzy Hyper KU-ideals of hyper KU- algebras.

On cubic Implicative Hyper KU-Ideals of Hyper KU-algebras .

Algorithm for hyper KU-algebras

Input ( X :set, ohyper operation)
Output (“ X is a hyper KU-algebra or not”)
Begin

If X =¢ then goto (1.);

End If

If O¢ X then goto(l.);

End If

Stop: =false;

i=1;

While i < |X| and not (Stop) do
If 0¢ x, o x; then

Stop: = true;

End If

j=1
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While jS|X| and not (Stop) do
If 0¢ x;o(y;ox))or O€x;0y; and O (y;ox;)and x; #y,, then

Stop: = true;
End If
End If
k=1
While k < |X| and not (Stop) do
Ifoe ()Ci * yj)o((yj *Zk)o(xi *Zk)) then
Stop: = true;
End If
End While
End While
End While
If Stop then
Output (“ X is not hyper KU-algebra”)
Else
Output (“ X is hyper KU-algebra”)
End If
End.
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