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MULTICRITERIA DECISION MAKING BASED ON
CUBIC SET
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'Department of Mathematics and Statistic, International Islamic University Islamabad, Pakistan.
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Abstaract — This paper solves multicriteria decision making problems based on cubic set. The
whole cubic set information given by the decision maker has been presented in a matrix form
along with the weights assigned to each criteria. We have applied proposed method to select best
alternative among available altermatives.

Keywords — Fuzzy sets, Cubic sets, Score function.

1 Introduction

The idea of fuzzy sets (FSs) was first proposed by Zadeh and has achieved a huge
success in many areas.The concept of fuzzy sets was generalized as intuitionistic
fuzzy sets (IFSs) by Atanassov. In 2008, Xu proposed some geometric aggrega-
tion operators, like the intuitionistic fuzzy weighted geometric (IFWG) operator,
the intuitionistic fuzzy ordered weighted geomtric (IFOWG) operator and the intu-
itionistic fuzzy hybrid geometric (IFHG) operator, and applied IFGH operator to
multicriteria decision-making problems with intuitionistic fuzzy knowledge. Some
of the arithmetic aggregation operators like intuitionistic fuzzy weighted averaging
(IFWA) etc. were introduced by Xu (2000). Tursken (1986) and Gorzaleczany (1987)
gave the idea of so-called interval-valued fuzzy sets (IVFSs) which was considered to
be furthur general form of a fuzzy set, but really there is solid bond between IFSs and
IVFSs. Both the IFSs and IVFSs were furthur generalized by Gargov (1989), named
as interval-valued intuitionistic fuzzy sets (IVIFSs). For IVIFSs some aggregation
operators, labelled as the interval-valued intuitionistic fuzzy weighted geometric ag-
gregation (ITFWGA) operator and the interval-valued intuitionistic fuzzy weighted

* Corresponding Author.



Journal of New Theory 16 (2017) 01-09 2

arithematic aggregation (IIFWAA) operator were introduced, and utilized these op-
erators to decision making problems involving multicriteria with the help of the score
function of interval-valued intuitionistic fuzzy information.

In the current article we have proposed the application of cubic set instead of
IVIFS to decision-making problems having multicriteria. Our proposed score func-
tion or an accuracy function does not lead to the paradox of the difficult decision
to the alternatives. The remaining article is arranged as follows. In section no.
3, we briefly introduce some aggregation operators for cubic sets. In third section,
we suggest a score function, and then we provide two examples to justify that the
suggested function is more suitable in the process of decision-making . In section
4, we have established a algorithm to recognize the best alternative. We make the
use of cubic set weighted geometric aggregation (CSWGA) and cubic set weighted
aggregation (CSWAA) operators to aggregate cubic set information corresponding
to each alternative, and then give ranking to the alternatives and choose the best
one(s) in view of the accuracy degrees of the aggregated cubic set information corre-
sponding to score function. We show the worth of the adopted method by presenting
illustrative examples in section 5.

2 Preliminaries

A fuzzy set in a set U is a function defined by u : U — I where I = [0, 1]. The closed
subinterval ¢ = [¢™, ¢t] of I, is called an interval number, where 0 < ¢~ < ¢t < 1.
The interval number ¢ = [¢7,¢T] with ¢= = ¢* denoted by c. For the set of all
interval numbers we will use the notation [/] .

Let U be a nonempty set. A function B : U — [I] is called an interval-valued
fuzzy set (IVF) in U. Let [[]V denote the set of all IVF sets in U. For every B €
(1Y and u € U, B(u) = [B~(u), B"(u)] is called the degree of the membership of an
element u to B, where B~ : U — I and Bt : U — I are fuzzy sets in U which are
termed as lower fuzzy set and upper fuzzy set in U resp. For every F,G € [I]V, we
define FCG <= F(u) <G(u)forallueU,and F =G <= F(u)=G(u) for
allu e U.

2.1 Cubic Sets

Let U # ® be aset. A cubic set in U has the form, B = {( u, B(u), pu(u)) | u € U} ,where
BisanIVF set in U and p is a fuzzy set in U. A cubicset B = {{ u, B(u), A(u)) | u € U}
is denoted by B = (B, u) for simplicity.

2.1.1 Internal Cubic Set ( briefly, ICS)

Let U # ® be a set. A cubic set B = (B, ) in U is known as an internal cubic set
(ICS) if B~ (u) < p(u) < BT (u) for all u € U.

2.1.2 External Cubic Set ( briefly, ECS)

Let U # ® be a set. A cubic set B = (B,u) in U is known as an external cubic set
(ECS) if u(z) ¢ (B~ (u), B*(u)) for all u € U
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2.1.3 Example

Let B = {( u,B(u),p(u))| w e I} be a cubic set in I. If B(u) = [0.2,0.5] and
p(u) = 0.4 for all 4 € I, then B is an ICS. If B(z) = [0.2,0.5] and pu(u) = 0.7 for
all uw € I, then B is an ECS. If B(u) = [0.2,0.5] and pu(u) = u for all u € I, then B
does not belong to the class of ICS and ECS.

3 Score Function

Before defining score function, we define two weighted aggregation operators related
to CSs.

Definition 3.1. Let B = (B, ) and C = (C,v) be cubic sets in U. Then we define
(1) (Equality) B=C <= B =C and p=v. (i) (P-order) BC, C <= BCC
and pu < wv. (i) (R-order) BCgr C <= B CC andpu>v.

From here on we will denote by CS(U) the set of all cubic sets in U. The value
of a cubic set will be conventionally denoted by B = ([b, ¢], d).

Definition 3.2. Let Bj(1 < j < n) € CS(U). The weighted arithematic average
operator is defined by F,,( By, Bs, ..., B,) =

iwﬂ'Ba‘ ([1 o (=B )™ 1 ((1Bf<u>>“”>] , [w g’ <u>D M

J Jj=1 Jj=1

where w; is the weight of Bj(1 < j <n), w; € [0,1] and ) w; = 1. Especially
j=1
assume w; = % (7=1,2,...,n) then, F, is known as an arithematic average operator

for CSs.

Definition 3.3. Let Bj(1 < j < n) € CS(U). The weighted geometric average
operator is defined by

j=1 7 j=1 7 j=1 7 j=1

Guw( B1,Bs,...B,) = 7 BY = ({ 7 B (u), # BH" (u)} , {1 — 7 (1—py (u))“”]) (2)

where w; is the weight of B;(1 < j <n), w; € [0,1] and ) w; = 1. Especially
i=1

assume w; = % (j=1,2,...,n) then, G, is known as geometric average operator for
CSs.

The aggregation results F,, & G,, are still CS(U).

Let B = ([b,c],d) be a CSV, a score function M of cubic set value is suggested
by the formula given below

M (B) = w (3)

where M (B) € [-1,+1]. Now we consider following examples.
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3.1 Example

If internal cubic set values for different alternatives are B; = ([0.3,0.5],0.4) and
By = ([0.5,0.7],0.6) the wanted alternative is selected in view of score function.
After applying equation (3) we have

0.3+0.5—1+04

M(B,) = 5 0.1
0.54+0.7—-140.6
M(B,) = 22F ) 90 o4
Obviously the alternative By has prefrence over B;.
3.2 Example
If external cubic set values for two diffrent alternatives are B; = ([0.3,0.4],0.5)

and By = ([0.4,0.5],0.6) the desired alternative is choosen with the help of score
function. By using equation (3) we get

03+04—1405

M@B,) = 227 - 92 _ 10
044051406

M(B,) = -=F - 00 _ 25

clearly the alternative By has advantage over Bj.

4 Multicriteria Cubic Set Decision Making Method
Based on the Score Function

Here we are going to present a method for tackling of multicriteria cubic set decision-
making problems along with weights. Suppose that B = {B;, By ...,B,,} is a
collection of alternatives and also suppose that C' = {Cy,Cy,...,C,} is a set of
criteria. Consider the criterion C; (1 < j < n), recommended by the decision-maker,

n

has weight w;, w; € [0,1] and Y w; = 1. In this situation, the characterstic of the
=1

alternative B; is represented by a cubic set as

Bi = {(C;, [B~(Cy), BY (C)] . n(Cy]) | C; € T}
The cubic set value that is the pair of IVFS and fuzzy number, i.e.

(B,L (C]) = {bij; Cij] , W (Cj> = d,’j for Cj € C) is denoted by Q5 = ([bija Cij] ,d,’j)
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Decision Making Problem

w L 4

Alternatives Criteria
Decision matrix in cubic set |
values
Weighted arithmetic

average operator

Weighted arithmetic
average values

Score function »

Accuracy of arthmetic
average values

Desired Result

Flow chart of the proposed method.

Since [b;;, ¢;;] € [0,1] & di; € [0,1]. Therefore a decision matrix of the form
D = (w;) can be formulated. The aggregating cubic set value «; for B; (1 <i < m)
is a; = ([bi, ¢i],di) = Fyp (1, Qo .oy i) or o = ([bi, ¢i],di) = Giw (Vi1 ..., Qti,)
which is obtained by using equation (1) or Eq. (2), in accordance with each row
in the decision matrix. We will use Eq. (3) to calculate the accuracy M(a;) of
aggregating cubic set value «; (1 <i < m) to rank the alternatives B; (1 <i < m)
and then to choose the best one(s). Simply, the decision making process for the
suggested technique can be described by the following steps.

Step( a). Obtain the weighted arithmetic average values by applying Eq. (1) if
we prefer the influence of group, otherwise get the weighted geometric values with
the help of Eq. (2).

Step( b). Obtain the accuracy M («;) of cubic set value «; (1 <i < m) by the
application of Eq. (3).

Step (c). Rank the alternatives B; (1 <i < m) and choose the best one(s) in
comparison with M (a;) (1 <i < m).
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5 Illustrative Examples

This section is consisting of two examples. First example adapted from Herrera
and Herrera -Viedma (2000) for a decision-making problem of alternatives along
with multicriteria is used to potray the suggested fuzzy decision making method in
the spectrum of reallity, as well as the validity of the effectiveness of the suggested
algorithm.

Here is a set of people provided with four options to invest the money: (1) By is
a company of car; (2) By is a company of food; (3) Bs is a company of computer;
(4) By is a company of arms. The investor must have to decide by keeping in mind
these three criteria: (1) C; is the analysis of risk; (2) Cy is the analysis of growth;
(3) C3 is the analysis of enviromental impact. Now decider will evaluate the four
possible alternatives under the above mentioned criteria, as provided in the following
matrices. First we consider the matrix D; consisting of internal cubic set values.

([0.1,0.3],0.2) ([0.2,0.4],0.3) ([0.3,0.6],0.4)
bo_ | (05,0.7,0.5) ((0:3,0.4],0.3) ([0.7,0.8],0.7)
1= ([0.3,0.5],04) ([0.7,0.9},08) ([0.6,0.8],0.7)
([0.4,0.6],0.4) ([0.1,0.2],0.2) ([0.6,0.8],0.7)

Now assume that the weights of C', Cy & C3 are 0.35,0.25 and 0.40 resp. Then
we use the following algorithm.
Step 1. Eq. (1) provides us the weighted arithmetic average value «; for B; (1 = 1,2,...,4) .
= ([0.2097,0.4615] , 0.2921)
= ([0.5566, 0.6967] , 0.5035)
= ([0.5472,0.7682] , 0.5950)
ay = ([0.3827,0.5243] ,0.3678)
Step 2. By applying Eq. (3) we can compute M (c;) where i = 1,2,3,4 as
M(a) = 0.4817, M () = 0.3784, M (i) = 0.4552, M (cuq) = 0.1374.
Step 3. Awarding ranks to all alternatives in view of the accuracy degree of
M(o;) (i =1,2,3,4): By = B3 = By = By, and thus the best alternative is Bj.
Now we consider the matrix D, consisting of external cubic set values.

([0.4,0.5],0.3) ([0.4,0.6],0.2) ([0.1,0.3],0.5)
b _ ([0.6,0.7],0.2) ([0.5,0.7],0.2) ([0.4,0.7],0.1)
2= (0.3,0.6],0.1) ([0.5,0.6],04) ([0.5, 06],03)
([0.7,0.8],0.1) ([0.6,0.7],0.3) ([0.3,0.4],0.2)

Consider the same weights for C;, Cy & C3 as mentioned above and use the
following algorithm.
Step 1. Applying Eq. (1) we obtain the weighted arithmetic average value «; for

Bz(‘ 1,2, ..., 4).
— ([0.2944, 0.4590] , 0.3325)
0@ = ([0.5026,0.7000] , 0.1516)
a3 = ([0.4375,0.6000] , 0.2195)
= ([0.5476,0.6565] , 0.1737)

Step 2. By applying Eq. (3) we can compute M («;) where i = 1,2,3,4 as
M(ar) = 0.0430, M(az) = 0.1771, M(as) = 0.1285, M(cry) = 0.1889.
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Step 3. By ranking all alternatives in view of the accuracy degree of M /()
(1=1,2,3,4) : By > By = B3 = By, and thus the alternative By is the best one.

Finally we consider the matrix D3 consisting of cubic set values which are neither
internal cubic set values nor external cubic set values.

([0.3,0.7],0.1) ([0.3,0.7],0.2) ([0.3,0.7],0.4)
b _ | (0:3,07,04) ([03,0. 7.0.5) (0-4,0.7].0.1)
371 ([0.3,0.7],0.7) ([0.3,0.7],0.8) ([0.3,0.7],0.6)
([0.2,0.5],1)  (]0.2,0.5],0.3) ([0.2,0.5],0.6)

Again using the similar procedure as stated above with similar weights we have
M(aq) = 0.1036, M () = 0.1215, M (a3) = 0.3403, M (ay) = 0.3017 so Bz = By >
By = B; and thus the alternative Bs is the most wishful one.

Now we present another example in this section in which we want to investigate
the suitability of an S-box to image encryption applications. We have been provided
with nine different alternatives of S-boxes: (1) Bj is Plain Image; (2) Bs is Advanced
Encryption Standard; (3) Bs is Affine Power Affine; (4) By is Gray; (5) Bj is Ss;
(6) Bg is Liu; (7) By is Prime; (8) Bs is Xyi; (9) By is Skipjack. We have to make
the decision according to the following criterion: (1) C} is the entropy analysis; (2)
(s is the contrast analysis; (3) Cj is the average correlation analysis; (4) Cy is the
energy analysis; (5) Cs is the homogeneity analysis; (6) C is the mean of absolute
deviation analysis. The nine possible alternatives are to be sorted out using the cubic
set information by the decider from the given criterion as presented in the following
matrix.

2 (0.1,02],0.3) ([0.1,0.3],0.2) ([0.3,0.4],0.1) ([0.4,0.5],0.6) ([0.3,0.6],0.5) ([0.5,0.6],0.4) >
((0.5,0.7),0.4) ([0.3,0.4],0.2) ([0.7,0.8],0.6) ([0.4,0.5],0.3) ([0.6,0.7],0.2) ([0.4,0.7],0.1)
([0.3,0.5],0.4)  ([0.7,0.9],0.8) ([0.6,0.8],0.7) ([0.5,0.6],0.3) ([0.7,0.8],0.1) ([0.1,0.3],0.5)
([0.4,0.6],0.4) ([0.1,0.2],0.2) ([0.3,0.6],0.4) ([0.3,0.4],0.1) ([0.3,0.4],0.2) ([0.6,0.7],0.3)

D=8 ([0.1,0.3],0.3) ([0.5,0.6],0.7) ([0.2,0.4],0.3) ([0.6,0.8],0.7) ([0.1,0.2],0.2) ([0.3,0.5],0.1)
([0.5,0.6],0.2)  ([0.4,0.7],0.6) ([0.5,0.7],0.9) ([0.8,0.9],0.8) ([0.4,0.6],0.3) ([0.7,0.8],0.2)
([0.7,0.8],0.9)  ([0.4,0.7],0.5) ([0.4,0.6],0.2) ([0.7,0.9],0.2) ([0.8,0.9],0.7) ([0.2,0.5],0.4)
([0.8,0.9],0.7) ([0.7,0.9],0.8) ([0.1,0.2],0.1) ([0.3,0.2],0.1) ([0.5,0.6],0.1) ([0.4,0.8],0.6)
([0.8,0.9],0.6) ([0.6,0.9],0.7) ([0.3,0.5],0.6) ([0.4,0.7],0.3) ([0.4,0.6],0.5) ([0.1,0.2],0.3)

Now we assume the same weight for each of C', Cy ,..., Cg, that is 0.167 and use

the following algorithm.
Step 1. We calculate the weighted arithmetic average value «; for B; (i = 1,2, ...,9)
with the aid of Eq. (1).

a1 = (]0.3035,0.4592] , 0.2922)
as = ([0.5096,0.6646] , 0.2501)
as = ([0.5330,0.7200] , 0.3797)
as = ([0.3575,0.5170] ,0.2334)
as = ([0.3350,0.5194] , 0.3025)
ag = ([0.5884, 0.7499] , 0.4088)
ar = ([0.5912,0.7845] , 0.4068)
as = ([0.5330,0.7242] , 0.2567)
ag = ([0.4942,0.7272] , 0.4670)
Step 2. By applying Eq. (3) we can compute M (a;) where ¢ = 1,2,...,9 as

M(a1) = 0.0275, M(az) = 0.2122, M(a3) = 0.3164, M(ou) = 0.0540, M(as) =
0.0785, M(ag) = 0.3736, M(az) = 0.8913, M(ag) = 0.7570, M (a) = 0.3342.
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Step 3. After awarding ranks to all alternatives in view of the accuracy degree
OfM(Oél) (Z: 1,2 ,...,9.) By = Bs = Bg = By = By = By = Bs = By = By and
thus the alternative By is the most desired one.
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Abstaract — Let G be a simple fuzzy graph. A family T'/ = {v,72,...,7%} of fuzzy sets on a
set V is called k-fuzzy colouring of V = (V, o, u) if )UIY = o, ii) v; Nv; = 0, iii)for every strong
edge (z,y)(i-e., p(zy) > 0) of G min{v;(z),v:(y)} =0,(1 <¢ < k). The minimum number of k for
which there exists a k-fuzzy colouring is called the fuzzy chromatic number of G denoted as xf (G).
Then I'f is the partition of independent sets of vertices of G in which each sets has the same colour
is called the fuzzy chromatic partition. A graph G is called the just x/-excellent if every vertex of
G appears as a singleton in exactly one x/-partition of G. This paper aims at the study of the new
concept namely Just Chromatic excellence in fuzzy graphs. Fuzzy colourful vertex is defined and
studied. We explain these new concepts through examples.

Keywords — fuzzy chromatic excellent, fuzzy just excellent,fuzzy colourful vertex

1 Introduction

A fuzzy graph is a symmetric binary fuzzy relation on a fuzzy subset. The concept
of fuzzy sets and fuzzy relations was introduced by L.A.Zadeh in 1965[1] and further
studied[2]. It was Rosenfeld[5] who considered fuzzy relations on fuzzy sets and
developed the theory of fuzzy graphs in 1975. The concepts of fuzzy trees, blocks,
bridges and cut nodes in fuzzy graph has been studied[3]. Computing chromatic sum
of an arbitrary graph introduced by Kubica [1989] is known as NP-complete problem.
Graph coloring is the most studied problem of combinatorial optimization. As an
advancement fuzzy coloring of a fuzzy graph was defined by authors Eslahchi and
Omnagh in 2004, and later developed by them as Fuzzy vertex coloring[4] in 2006.This
fuzzy vertex coloring was extended to fuzzy total coloring in terms of family of fuzzy
sets by Lavanya. S and Sattanathan. R[6]. In this paper we are introducing “Just
Chromatic excellence in fuzzy graphs”.

2 Preliminary

Definition 2.1. A fuzzy graph G = (o, i) is a pair of functions o : V' — [0, 1] and
p:V xV —[0,1] where for all u,v € V, we have p(u,v) < o(u) A o(v).

* Corresponding Author.
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Definition 2.2. The order p and size ¢ of a fuzzy graph G = (o, u) are defined to
bep= > o(x)and ¢ = 3 play).

zeV zyelE

Definition 2.3. The degree of vertex u is defined as the sum of the weights of the
edges incident at u and is denoted by d(u).

Definition 2.4. The union of two fuzzy graphs GG; and G, is defined as a fuzzy
graph G = G1 UGy : ((01 U oy, pg U pg)) defined by

o1(u), if u € V3 — V5 and

(1Uos)(u) = {UQ(u) ifueVy -V

wv), if uv € Fy — Ey and
w) if wv € By — F4

(1 U o) (uw) = {“*
o

2

Definition 2.5. The join of two fuzzy graphs GG; and G, is defined as a fuzzy graph
G =G1+ Gy : ((01 + 09, 1 + p2)) defined by

(01 +09)(u) = (o1 Uaos)(u)Vu € ViUV,

(1 U po)(uw) if uwv € Ey U Ey and
+ U

(i paz) (w) {al(u) A oo(v) if uv € E'.

where £’ is the set of all edges joining the nodes of V; and V5.

Definition 2.6. The cartesian product of two fuzzy graphs (G; and G is defined as
a fuzzy graph G = G X G : (01 X 09, 1 X po) on Gx : (V) E) where V = V; x V4
and E = {((o1,02), (11, 12)) /ur = v1, ugve € Esorug = vg, uyvy € Ey} with

(o1 X 09)(ug,v1) = o1(ur) A oo(us) forall(uy,us) € Vi x Vq

(11 12) (i, 2) (o0, 2)) = {

o1(ur) A pe(ug, va), if uy = v1 and ugvy € Ey

oo(ug) A pp(ug,vy), if ug = ve and vy € Ey

3 Main Defintions and Results

Definition 3.1. Let G be a fuzzy graph. A family I'/ = {~;.7, ..., v} of fuzzy sets
on a set V' is called k-fuzzy colouring of V = (V. o, p) if

(i) Uy =o,
(i) %Ny =0,

(iii) for every strong edge (z,y)(i.e., u(xy) > 0) of G min{v;(z),v(y)} = 0,(1 <
i <k).

The minimum number of k for which there exists a k-fuzzy colouring is called the
fuzzy chromatic number of G denoted as x/(G).

Definition 3.2. I'/ is the partition of independent sets of vertices of G' in which
each sets has the same colour is called the fuzzy chromatic partition.
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Figure 1: For Exaple 3.7

Definition 3.3. A vertex v € V(G) is called I'Y-good if {v} belongs to a I'/-partition.
Otherwise v is said to be I'/-bad vertex.

Definition 3.4. A graph is called I'/-excellent fuzzy graph if every vertex of G is
I'/-good.

Definition 3.5. A graph G is said to be I'/- commendablefuzzy graph if the num-
ber of I'/-good vertices is greater than the number of I'/-bad vertices.

A graph G is said to be I'/- fair fuzzy graph if the number of I'/-good vertices
is equal to the number of I'/-bad vertices.

A graph G is said to be I'/- poor fuzzy graph if the number of I'/-good vertices
is less than the number of I'/-bad vertices.

Definition 3.6. A fuzzy graph G is just y/-excellent if every vertex of G appears
as a singleton in exactly one y/-partition.

Example 3.7. See Figure 1. The fuzzy colouring I = {1, 72, 73,74}
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Ya(v3)

¥3(vi)

Ya(vi)

(0.4 i=2
_J04 i=5
o1 i=8

L0 otherwise

(0.7 i=3
_J03 i=6
o9 i=9

L0 otherwise

(0.2 i=4
)05 =7
)06 i=10

(0 otherwise

For the above fuzzy graph x/(G) = 4. Similarly, the y/-partitions are

T = {{v1}, {v2,v5, 08}, {v3, v6,v0}, {04, v7, v10}}
Fg = {{va}, {vs, v, vo}, {va,v7,v10}, {5, Vs, V1 } }
T4 = {{vs}, {va, vr,v10}, {5, vs, v1 }, {v6, ve, v2}}
T = {{va}, {vs,vs, 01}, {06, vo, v2}, {07, 010, v3}}
Fg{ = {{Us}, {U67U97U1}7 {U7>U107U3}7 {Us,vl,m}}
T = {{ve}, {vr. vi0, vs}, {vs, v1, va}, {vg, v2, V5 }}
F; = {{07}, {1}8’11171)4}7 {U9702>U5}7 {UIO7U37U6}}
I = {{vs}, {vo, v, v}, {v10, v3, v6}, {1, v3, v} }
Fi; = {{Ug}, {010,03,116}, {01,114,1)7}, {U27U5>U8}}
Ty = {{v10}, {v1, v, 07}, {v2, vs, vs}, {vs, v6, vo} }

Therefore every vertex in above figure is appears in a singleton in exactly one y/-
partition. Hence above figure is just y/-excellent.

Remark 3.8. (1) Every just x/-excellent fuzzy graph is x/-excellent graph

(2)

Let G be any x/-excellent graph. Add a vertex u to every vertex in G such
that p(uv) < o(u) A o(v) for every v € V(G). Let the resulting graph be H.
Then H is x/-excellent but not just y/-excellent.

For every x/-partition of H contains {u}. Since G is x/-excellent, then for
any v € V(G), there exists a x/-partition I/ of G such that {v} € I'Y. Then
[/ U {u} is x/-partition of H.

If G is y/-excellent, then G has exactly one x/-partition(i.e.,G is uniquely
colourable) iff G is complete.
For: If G is complete, then G is y/-excellent and it has exactly one y/-partition

Conversely, if G is y/-excellent and it has exactly one x/-partition, then every
vertex in G must appear as a singleton in that y/-partition. Therefore G is
complete.

Proposition 3.9. If G is not complete fuzzy graph and G is y/-excellent, then G
has atleast two x/-partitions.



Journal of New Theory 16 (2017) 10-18 14

Proof. Let us take I'/ be a y/-patition of G. Since G is not complete, then there exists
atleast non full degree vertex say u. Let F{ = {{u},Va,...,Vis} be a x/-partition of
G. Let v € V(@) such that u and v are not adjacent(i.e.,u(uv) > o(u) A o(v)). Let
veV;,2<i<y/. Then T = {{V; — {v},{u,v}, Vi, .. ., Vi } is also a x/-partition
of G not containing {u}. O

Proposition 3.10. If G is not complete fuzzy graph and G is y/-excellent, then G
has atleast three y/-partitions.

Proof. We know that any y/-excellent non complete fuzzy graph has atleast two
x/-partitions(from the above proposition). Suppose that G has exactly two x/-
partitions I/ and T. Let IJ = {Vi,V4,... ,Vyr} and T = {Wy, Wy, ..., W,s} be
the two partitions of G. Since G is y/-excellent and not complete, F{ has r singletons

and I'J contains atleast n — r singletons. Let T'Y contains {u;}, {us}, ..., {u,} and
let {tr41},...,{u,} be the elements of I, Then (uy,us, ..., u,) is complete and
also (Upy1, Upyo, ..., Uuy,) is complete.

Therefore in I there will be {ui}, {us}, ..., {u,}, {up1}, ..., {un} elements, a
contradiction. Hence there are atleast three y/-partitions. O]

Remark 3.11. A similar arguement as in the above proposition shows that there
are atleast four y/-partitions

Remark 3.12. There exists fuzzy graphs having not full degree vertex and not just
x/-excellent but y/-excellent.

Proposition 3.13. If G is just Xf—excellent fuzzy graph and G # K, then Xf —
L”THJ The converse is not true.

Remark 3.14. P, is not just x/-excellent fuzzy graph but is an induced subgraph
of a just y/-excellent fuzzy graph.(If n is odd say n = 2k + 1, then P, is an induced
subgraph of Cory3. If n is even say n = 2k,then P, is an induced subgraph of Cog1).

Remark 3.15. Let G # K,,, be a x/-excellent fuzzy graph with a full degree vertex.
Then G is not just x/-excellent.

Proof. Since G # K, then x/(G) < n. Let {u} be a full degree vertex of G. Then
clearly, G has atleast two y/-partitions. Then {u} appears in all x/-partitions of G.
Therefore G is not just x/-excellent. O

Proposition 3.16. If G is a just y/-excellent fuzzy graph and G' # K, then any
x/-partition of G can contain exactly one singleton.

Proof. Let us assume that there exists a y/-partition I'/ of G’ containing more than
one singleton. Let T = {{u1}, {us}, Vs, .. ., Vi } be a partition of G. Since G is
just x/-excellent and G # K, no vertex of V(G) is a full degree vertex. Therefore
there exists v; € V(G) such that u; and v; are not adjacent such that p(ujvy) >
o(uy) Ao(vr). Let vy € Vi, 3 <i < x/. Clearly, |V;| > 2, for if V; = {v;},then u; and
vy are adjacent. Let TS = {{uy, v}, {us}, Vs, ..., Vi — {vy}, .. ., Vir}. Then I is a
x/-partition containing {u,},which is a contradiction to G is just x/-excellent. [

Corollary 3.17. If G is just x/-excellent fuzzy graph and G # K, then y/ < [%H].
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Proof. Since G is just y/-excellent,then any y/-partition contains exactly one sin-
gleton. Therefore n > 14 2(x/ —1). That is n > 2(x/ —1). Hence x/ < |*H]. O

Remark 3.18. (1) W has chromatic number 4 > |2 | and W is x/-excellent.
Clearly, W is not just y/-excellent.

(2) The bound is sharp as seen in C5 (x/(C5) = 3 = 2t1) and Cj is just x/-
excellent.

Remark 3.19. The sum of two just y/-excellent graphs need not be just y/-
excellent.

For: Cj is just x/-excellent but C5 + C5 is not just y/-excellent.

Remark 3.20. If G + H is just y/-excellent fuzzy graph then G and H are just x/-
excellent graph. Proof: Any chromatic partition of G + H is a union of a chromatic
partition of G and H.Then G + H is just y/-excellent,then G and H are just y/-
excellent.

Proposition 3.21. If G and H are just x/-excellent fuzzy graph and one of them is
not complete if other is K; then G + H is not just x/-excellent. Proof: Let G = K;.
Then H is not not complete fuzzy graph.Then G + H is not complete but it has a
full degree vertex. Therefore G + H is not just y/-excellent graph.

Let G # K, and h # K,. Since G and H are just x/-excellent, G, H # K,, for
n > 2. Then any Y/-partition of G and H contains atleast two elements. Then for
any y/-partition of G with a singleton element, we can associate several x/-partitions
of H, giving a x/-partition of G + H. Therefore G + H is not just y/-excellent.

Proposition 3.22. Let G and H be two fuzzy graphs. G + H is just y/-excellent
if and only if both of them are complete graphs. Proof: Let us assume that G and
H are complete fuzzy graph. Then G + H is complete fuzzy graph and hence just
xf-excellent.

Conversely, assume that G + H are just y/-excellent. Therefore both G and H
are just x/-excellent.If G or H is not complete, then using above remark, G + H
is not just x/-excellent, a contradiction. Therefore G and H are complete. Hence
G + H is complete fuzzy graph.

Proposition 3.23. Let G # K, be just x/-excellent graph. Let u € V(G). Let
I/ = {{u}, Va,...,V,s be a x/-partition of G. Then for every vertexin V;,2 < i < x/
is adjacent with atleast one vertex in V}, for all j,j # i,2 < j < x/. Proof: Since G is
just x/-excellent, |V;| > 2 for all i,2 < i < x/. Let v € V;. suppose v is not adjacent
to any vertex of some V; such that p(uv) > o(u) Ao (v),for u € V;,j #14,2 < j <y’
Then I = {{u}, Va, ..., Vi — {v},..., V; U{v},...,Vis} is a x/-partition of G(note
that V; — {v} # 0) different from I' a contradiction.

Definition 3.24. A vertex of a fuzzy graph G with respect to a x/-partition I'/ of
G is called a fuzzy colourful vertex if it is adjacent to every colour class other than
the one to which it belongs.
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v, (0.6)

% (0.8)

v3('3-4)

Figure 2: For Exaple 3.25

Let I/ = {Vi, Vs, ..., V,s} be a x/-partition of G.Let u € V; is said to be fuzzy
colourful vertex if u is adjacent to every colour class in I'/-partition but not adjacent
to V; such that p(uv;) < o(u) A o(v;) for some vertex v; € Vi, ..., Viey, Vigr, ..., Vs
and p(uv;) > o(u) A o(v;) for every v; € V;

Example 3.25. See Figure 2. For the above figure x/(G) = 3. Let

I = (Vi = {vi}, Va = {va2, 0}, V5 = {v3,05}}

be a x/-partition. From this partition {v;} is adjacent to some vertex in V5 and Vi,
{vo} is adjacent to V; and V3, {v,s} is adjacent to V3 but not {v;}, {vs} is adjacent to
V5 but not V4, {vs} is adjacent to V7 and V4. Hence {vy, v, v5} are colourful vertices
with respect to the I'/-partition.

Corollary 3.26. (1) If G is just y/-excellent then every vertex in N7 [u],u € V(G)
is a fuzzy colourful vertex in the y/-partition in which {u} is an element. Then
the number of colourful vertices is deg’ (u) + 1.

(2) There exists a x/-partition in which the number of fuzzy colourful vertices is
equal to A/(G) + 1 which is greater than or equal to x/(G).

Theorem 3.27. Let G be a just y/-excellent fuzzy graph which is not complete.Let
u € V(G) and let TV = {{u},V5,...,V,s} be a x/-partition of G. If |V;| > 3| for
some 2 < i < x/ then there exists a atleast some V; with |V;| > 3 containing a

vertex not adjacent to u. Proof: Suppose let u is adjacent to every vertex in V; with
Vil =32 <i<x/).

Case(1): |V;| > 3 for all i, 2 < i < x/. Then u is a full degree vertex and it
appears singleton in every y/-partition of G, which is a contradiction to G is just
x/-excellent and G # K,,.

Case(2): Let |V;| > 3 for all i, 2 <i <t and |Viy1| = 2. Let |Vigq1 = {v1, 02}
Suppose there exists Vii1, Viga, ..., Vis such that [V ;| = 2,2 < j < x/ — t(Note
that no V;,(2 < i < x/) is a singleton since G is just y/-excellent). Since I'/ is a
x/-partition, u is adjacent with atleast one vertex in each of Vi, 1, ..., Vys. Suppose u
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is adjacent with v; and not adjacent with vy in Vi4y such that p(uvy) < o(u) Ao(vq)
and p(uvy) > o(u) A o(vy)for vy,vy € Vipp.Then u is adjacent with every vertex
Vi, 2 < j < x'—1such that p(uv;) < o(u)Ao(v;) for every v; € Vi ;,2 < j < x/—1.
For: otherwise there exists some vertex w € Vi;; not adjacent with w. Therefore
F{ = {{w,v2,w}, Va,... ., Vi, {1}, ..., Viy; — {w}, ...,V s} which is a contradiction
to G is just y/-excellent. Hence u is adjacent with every vertex in V' — {v;}.(Note

that if Viy1 = Vs then also u is adjacent with every vertex in V' — {v,}). Since G

is just x/-excellent there exists a x/-excellent TS = {{vs}, V), ..., V);f}. Therefore
u € V;, a contradiction since u is adjacent with every vertex in V — {v,} such that
p(uv;) < o(u) A o(v;) for every vertex v; € V — {v}. Hence the theorem.

Remark 3.28. Let G be a graph which is just y/-excellent. If there exists a y/-
partition in which one of the element is a singleton {u} and some other element
with cardinality greater than or equal to 3, then there exists a x/-partition in which
none of the elements is singleton. Proof: Let G be a just y/-excellent fuzzy graph
satisfying the hypothesis. Then there exists a x/-partition I'' = {{u}, V3,...,V,s}
in which |V;| > 3 for some 4,2 < i < x/ and V; contains a non-neighbour,say, v and
w. Then I = {{u, v}, Va,...,Vi—{v},..., Vs } is a x/-partition of G in which each
class contains atleast 2 vertices of G.

Remark 3.29. If G is just y/-excellent and G # K, and 3J(G) = 2, then the
number of y/-partitions of G is exactly ‘n‘. For:

Let V(G) = {uy,us, ..., us, by the hypothesis there exists a y/-partitions
{{ui, Va, ..., Vi } and |V;| = 2 for all 2 < i < k. Therefore |V (G)| = 2k + 1. Hence
there can not exists a y/-partitions in which one of the element is a singleton.

Remark 3.30. If G is just x/-excellent and G # K, then G has exactly ‘n‘ x/-
partitions if and only if in those y/-partitions in which one element is a singleton,
the cardinality of any other element of the partition is 2.

Remark 3.31. If G is just x/-excellent fuzzy graph, then deg’(u) < n — 3 for any
vertex u € V(G)

4 Application

Fuzzy graph coloring has extensive applications in the following fields and solving
different problems as follows: In Human Resource management such as assignment,
job allocation, scheduling,In telecommunication process,In Bioinformatics, In traffic
light problem.

5 Conclusion

In this paper we define new parameter called just chromatic excellence in fuzzy
graphs. We can extend this concept to new type of fuzzy chromatic excellence and
study the characteristics of this new parameter.
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1 Introduction

Semigroups are important in many areas of mathematics, for example, coding and language
theory, automata theory, combinatorics and mathematical analysis. Zadeh [16] introduced
the concept of a fuzzy set for the first time and this concept was applied by Rosenfeld [14]
to define fuzzy subgroups and fuzzy ideals. Based on this crucial work, Kuroki
[9,10,11,12] defined a fuzzy semigroup and various kinds of fuzzy ideals in semigroups
and characterized them. In [13], Kim considered the semigroup 5 of the fuzzy points of a
semigroup 5, and discussed the relation between the fuzzy interior ideals and the subsets of
35, also see [6, 7]. Atanassov [4, 5] introduced the notion of intuitionistic fuzzy sets as a
generalization of fuzzy sets. Many concepts in fuzzy set theory were also extended to
intuitionistic fuzzy set theory, such as intuitionistic fuzzy relations, intuitionistic L- fuzzy
sets, intuitionistic fuzzy implications, intuitionistic fuzzy logics, intuitionistic fuzzy
semigroups etc. Jun and Song [8] introduced the notion of intuitionistic fuzzy points. In
[15] Sardar et al., defined some relations between the intuitionistic fuzzy ideals of a
semigroup S and the set of all intuitionistic fuzzy points of S. In [3] Akram characterized
intuitionistic fuzzy ideals in ternary semigroups by intuitionistic fuzzy points. Also in [2]
he analyzed some relations between the intuitionistic fuzzy I'-ideals and the sets of
intuitionistic fuzzy points of these I'-ideals of a I'-semigroup. In this paper, we consider the
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semigroup 5 of the intuitionistic fuzzy points of a semigroup 5, and discuss some relations
between some ideals 4 of 5 and the subset ¢, of the semigroup 5.

2 Basic Definitions and Results

Let § be a semigroup. A nonempty subset 4 of § is called a left (resp., right) ideal of §
if 54 € A(resp..AS c 4), and a two-sided ideal (or simply ideal) of 5 if A is both a left and a
right ideal of 5. A nonempty subset 4 of 5 is called an interior ideal of 5if = 4. An ideal A
of 5 is called minimal ideal of 5 if A does not properly contains any other ideal of 5. If the
intersection K of all the ideals of a semigroup 5 is nonempty then we shall call Kthe kernel
of 5. A sub-semigroup 4 of 5 is called a bi-ideal of 5 if AS4A = A. A function f from 5 to the
closed interval [0, 1] is called a fuzzy set in 5. The semigroup S5 itself is a fuzzy set in 5 such
that 5(x) =1 for all x € §, denoted also by §. Let 4 and B be two fuzzy sets inS. Then the
inclusion relation 4 < B is defined A(x) = B(x) for all x€ 5. 4 n B and A U B are fuzzy sets in
5 defined by

(4 n B)x) = Alx) A Blx) = min{A(x), B{x)}
(4 UBMx) = Alx)vB(x) = max{A(x), B(x)}
for all x e 5.

For any &« € (0,1] and x € 5.,a fuzzy set x;in 5 is called a fuzzy point in 5 if

a_le ifx=wy
*2(y) [[] otherwise,

for all x € 5. The fuzzy point x, is said to be contained in a fuzzy set 4, denoted byx, € 4.
iff & = A(x).

Definition 1. [4, 5] The intuitionistic fuzzy sets (IFS, for short) defined on a non-empty set
X as objects having the form

A={=z xu(x),y(x) = xe 243

where the functions #a:& = [0.1] and ¥2:% — [0.1] denote the degree of membership and the

degree of non-membership of each element *€X to the set A respectively, and
0=psld+ 90 =lforallxeX,

For the sake of simplicity, we shall used = (s ¥afor intuitionistic fuzzy set
A={=xuladyx) = x ek}

Definition 2. [15] Let @ 8 € [0.1] with @ +8 =1 An intuitionistic fuzzy point, written
as *r=/ 1s defined to be an intuitionistic fuzzy subset of S, given by

(a.f) ifx=y
(0,1) otherwise

s =
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Definition 3. [15] A non-empty IFS4 = (#a.%a} of a semigroup S is called an intuitionistic
fuzzy subsemigroup of S if

(i) .u‘,t{x}-':] = .uA'f,_r:] A .uA{y:], Wi, yE .5',

Gi) raG) = nGvrbl vxyes

Definition 4. [15] An intuitionistic fuzzy subsemigroup # = (44:%a) of a semigroup S is
called an intuitionistic fuzzy interior ideal of S if
(i) pyleay) = ulx) Yxave .5',

(11) 1:1&5}’:] 5'}:1':5:] YrayeE 5.

Definition 5. [15] An intuitionistic fuzzy subsemigroup # = (4 ¥4} of a semigroup S is
called an intuitionistic fuzzy bi-ideal of S if

(i) Iu_ql{.nvy:] = Mg (x) ﬂluﬂ{y:], Yx.w, ¥ E 5"

() rabwy) SuG i) vowyes,

Definition 6. [15] A non-empty IFSA = (#4. ¥4} of a semigroup S is called an intuitionistic
fuzzy left (right) ideal of S if

()  #aG0) = a0 (resp, paley) zpa) vy eSS,

Gi) Vel 230 respraley) £n ) v yes

Definition 7. [15] A non-empty IFS 4 = (#.4.%) of a semigroup S is called an intuitionistic
fuzzy two-sided ideal or an intuitionistic fuzzy ideal of S if it is both an intuitionistic fuzzy
left and an intuitionistic fuzzy right ideal of S.

Let 4 be a subset of a semigroup ¥ and 4° be the complement of 4. = (€4 Cas7) is defined as:

cﬂ(x]z[l if x €A CA=(x3=IU ifr e A

0 otherwise, 1 otherwise,
forall * €35,

Let 7F(s) be the set of all intuitionistic fuzzy sets in a semigroup S. For
each 4 = (ug.1). B = (uz.v5) € IF(S), the product of 4 and E is an intuitionistic fuzzy set
A = B defined as follows:

AcB ={=x uyz0x), y,50x) = xe5),

where

Hap(x) = va_m, paw) npslv)  ifur =x

0 otherwise.
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'}24__3{_{:] = IAI—LLL‘ ¥a {u:]“"'}’_ﬁ{'l?':] I-f'z,['[:.' = x

1 otherwise.

Lemma 1. [1] For any nonempty subsets A and E of a semigroup 5, we have A< B if and
only if s S %s.

Lemma 2. [1] Let A be a nonempty subset of a semigroup 5, then A is an ideal of 5 if and
only if x is an intuitionistic fuzzy ideal of 5.

Theorem 1. A nonempty subset of a semigroup 5 is a minimal ideal if and only if y 4 is a
minimal intuitionistic fuzzy ideal of 5.

Proof .Let A be a minimal ideal of 5, then by lemma 2., y,is an intuitionistic fuzzy ideal
of 5. Suppose that y, is not minimalintuitionistic fuzzy ideal of 5, then there exists some
intuitionistic fuzzy ideal yz of S such that y; < x4, Hence, lemma 1 implies that B € 4,
where E is an ideal of 5. This is a contradiction to the fact that 4 is minimal ideal of 5.
Thus ¥, 1s minimalintuitionistic fuzzy ideal of 5. Conversely, lety, be a
minimalintuitionistic fuzzy ideal of 5, then4 is an ideal of 5. Suppose that A is not
minimal ideal of 5, then there exists some ideal B of 5 such that B = A. Now by lemma 1,
¥s S xa Where y is an intuitionistic fuzzy ideal of 5. This contradicts that x, is a
minimalintuitionistic fuzzy ideal of 5. Thus 4 is minimal ideal of 5.m

Lemma 3. If A = (u,.v,) is a minimal intuitionistic fuzzy ideal of a semigroup 5, then A is
the intuitionistic fuzzy kernel of s.

Proof. Let B = (uzv5) be any intuitionistic fuzzy ideal of 5, then =4 < BEn 4. Since B n A
is an intuitionistic fuzzy ideal of 5 and BnA<= A4, it follows that EnA=A4. But
thend = En A £ B, so A is contained in every intuitionistic fuzzy ideal of 5 and hence is an
intuitionistic fuzzy kernel of 5. m

Lemma 4. If A = (ua.vs) is an intuitionistic fuzzy kernel of a semigroup s , then A is a
simple intuitionistic fuzzy subsemigroup of 5.

Proof. Since A is an intuitionistic fuzzy ideal of 5, so A is an intuitionistic fuzzy
subsemigroup of 5. To show that 4 is simple, let E be any intuitionistic fuzzy ideal of A4,
then 4 = B = A is an intuitionistic fuzzy ideal of 5, since

So(4oBod)=(5ed)cBadC AcBod
and

(AcBoA)oS=AcBo(AeS)S AcB oA

Also, 4=B=4A4=A=Ac 4, but by lemma 3, 4 is minimal intuitionistic fuzzy ideal of 5.
Hence A=B <A =A. Also, A=B=AcB=A4cB, which implies that A c B. Thus 4 = B, that is
A 1s simple subsemigroup of 5. m

Lemma 5. Let A = (u, v4) be an intuitionistic fuzzy left ideal of a semigroup 5 and x g be
any intuitionistic fuzzy point of S, then A= x_ g is a minimal intuitionistic fuzzy left ideal of
5.
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Proof.  A=xgs 18 an intuitionistic = fuzzy left ideal of 5,  since
Sol(de xpm) =(5°A) e xrum S A= x5z SUppose B is an intuitionistic fuzzy left ideal of
Aexigm and let D= {y, 5 € Ay g °xgq S BY. Let z;y be in 5 and y(, 5 be in D, then
Z(pp) ° Vipm EA and SOz, ey g e x s € B. Hence  zi, ey € D, which implies that
SoDc D. Thus D is an intuitionistic fuzzy left ideal of 5 contained in A and besause of
minimality of A4, we get D = A. Thus for all y, 5 € 4, v, 5 ® xo5» € B. Which implies that
As xa;mcB. Hence 4- x( ;=B and therefore, 4 = x(, 51s a minimal intuitionistic fuzzy
left ideal of 5.m

3 Main Results

If 5 is a semigroup, then JF(5) is a semigroup with the product "="[15]. Let & be the set of
all intuitionistic fuzzy points in a semigroup 5. Then x ;g =vy5 = (V) iangee €5 > fOr
X ap Vs €5 and Yeag = (X500 ° 20,5 ) = (Vi @ Xom) °® Zgs. Thus 5 is a subsemigroup of
7F(5)[15]. For any 4 € 3F(5s}. A denotes the set of all intuitionistic fuzzy points contained in
A, that is, 4 = {x g, € 5: u(x) = a, y4(x) = g). For any 4, B c §, we define the product of 4
andBas A=8 = {x.;c:_.?;. ° Yy X ep EAVym € E;

Lemma 6. [15] Let A= (u,.v) and B =(uzvs) be two intuitionistic fuzzy subsets of a
semigroup 5. then

1) AUE=AVUE
2) AnNB=4ANE
3) AsBEA=BE.

Lemma 7. Let A be nonempty subset of a semigroup S, we have x g € x, if and only if
rE A

Proof. Suppose that x , 5 exs for any x € 5. then C,(x) =z a. Hence C4(x) =1 for any a =0,

which implies that x € 4.Conversely, Let x € 4, then Cx(x) =1z« and Celx)=0 =< g for
any a, f = 0. This means that x ,z € y,. ®

Lemma 8. For any nonempty subsets A and B of a semigroup 5, we have

1) AcE ifandonlyif x, € xa

2) xaSuxs ifandonlyif y, < x5

Proof. (1)Assume that 4 < B.and let x 45 € v, By lemma 7, x e A< B and x .4 € 5, this
implies that y, = y;. Conversely, suppose that ¥4 € x5 Let x € 4, then by lemma 7, for any
@B = 0x g & z,a0dx 5 5 Which implies that x € B. (2) it is obvious that if x, € z, then
¥4 € ¥z NOw assume that ;:; vz and let x . . € v, S x; then 4 € Band consequently, we
Evea C yz. This complete; the_proof. [ -

Lemma 9. Let A be a nonempty subset of a semigroup S. Then A is an ideal of 5 if and
only if ¥, is an ideal of 5.
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Proof. By lemma 2, 4 is an ideal of § if and only if y, is a fuzzy ideal of 5. And from
theorem 3.5[13], x4 is a fuzzy ideal of 5 if and only if Xa is an ideal of S.m

Theorem 2. A nonempty subsetd of a semigroup 5 is minimal ideal if and only if y, is a
minimal intuitionistic fuzzy ideal of 5.

Proof. Let A be a minimal ideal of §, then by lemma 2, y, is an intuitionistic fuzzy ideal of
5. Suppose that y, is not minimalintuitionistic fuzzy ideal of 5, then there exists some
intuitionistic fuzzy ideal yz of 5 such that y; <= y. Hence, lemma 1 implies that & c 4,
where B is an ideal of 5. This is a contradiction to the fact that A is minimal ideal of 5.
Thus x4, 1s minimalintuitionistic fuzzy ideal of 5. Conversely, lety, be a
minimalintuitionistic fuzzy ideal of 5, then by lemma, 4 is an ideal of 5. Suppose that 4
is not minimal ideal of §, then there exists some ideal E of £ such that E = A. Now by
lemma, y; = x4 where y: is an intuitionistic fuzzy ideal of 5. This contradicts that y, is a
minimal intuitionistic fuzzy ideal of 5. Thus A is minimal ideal of 5.m

Theorem 3. Let 4 be a nonempty subset of a semigroups. Then A is a minimal ideal of 5 if
and only if x, is a minimal ideal of 5.

Proof. By theorem 1, 4 is a minimal ideal of 5 if and only if y, is an intuitionistic fuzzy
minimal ideal of 5. We only need to prove that, x, is a minimal intuitionistic fuzzy ideal of
§if and only if y, is a minimal ideal of S. Let y, be a minimal intuitionistic fuzzy ideal of

S, then y, is an ideal of 5. Suppose that y, is not minimal, then there exists some ideals y
of 5 such that y, <y, which implies that y5 7. where xs is an intuitionistic fuzzy
ideal of 5. This is a contradiction to x4 1s a minimal intuitionistic fuzzy ideal of 5. Thus y,
is a minimal ideal of 35 Conversely, assume that y, is a minimal ideal of 5 and that y AE

not a minimal intuitionistic fuzzy ideal of 5. Then there exists an intuitionistic fuzzy ideal
¥z of Ssuch that y; < y,. Hence v, = y, where »; is an ideal of 5. This contradicts that y,

is a minimal ideal of 5. This completes the proof of the theorem. m

Theorem 4. Let 4 be a nonempty subset of a semigroup 5. Then A is the kernel of s if and
only if x4 is the kernel of 5.

Proof. Suppose that A is the kernel of 5, then 4 = N;I; where /; is an ideal of 5 Let y, be an
ideal of §, then B is an ideal of 5. Now we need to show that, y, € x5 Let x, 3:,;;; + DY
lemma 7, xe A and also x € B, sinced is the kernel of 5. This ;npli; thatx ;5 € ;,r: and
hence, y, is the kernel of 5 Conversely, Let y, be the kernel of &, then ¥, € ¥, for_every
ideal ;}:B_of S. Thus A C B and therefore, 4 is the kernel of . m -

The following lemma weakens the condition of theorem 4.

Lemma 10. Let A be a minimal ideal of a semigroup 5, then y, is the kernel of s

Proof. Since 4 is a minimal ideal of 5, then y4 is a minimal intuitionistic fuzzy ideal of 5.
Also lemma 3 implies that y, is the fuzzy kernel of 5. Now, let yzbe an intuitionistic fuzzy
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ideal of 5, then we have y, € »; and hence y, < »;. So y, 1s a minimal ideal contained in
every ideal of 5. Thus y, is the kernel of 5. m

Theorem 5. Let A be a nonempty subset of a semigroup S. Then A is an interior ideal of S
if and only if y,is an interior ideal of 5.

Proof. Let A be an interior ideal of S, and let vy, 5.z, € 5 and x ., € y,. Since x € 4. then
YaB) ° Xam ° 2 = (YX2)anany, frve) € Xa- This implies that 5o Xa°5< Xa thus Xa 1S an
interior ideal of 5, Conversely, suppose that y, is an interior ideal of & Let y,z € 5 and x € 4,
then X = Xa Assume that, Yeap) ® X © Ippay = {_‘J-“-rz:][n‘r.sr.;r'_ Burud) = £ 2xa® E [ Xa then
yxz € AThis implies that 545 = 4, and hence 4 is an interior ideal of 5. m

Theorem 6. Let A be a nonempty subset of a semigroup 5. Then Ais a bi- ideal of 5 if and
only if y, is a bi- ideal of 5.

Proof. Let A4 be a bi- ideal of 5, and let y,z,.z/,4 € ¥, and x, . € 5 Since y.ze 4 and
yxz € A then

Yrem " Fiem ® Zpen = '::}’-rz:][n'r._ﬂr.;r'_ ey © Xa

This implies that y, 5=y, € 5, thus y, is a bi-ideal of 5. Conversely, suppose that y, is a
bi-ideal of 5. Let y,ze4 and x €5, then Viagy s € ¥4 Dy lemma 7. Assume that,
Yias) ® ¥am ® Zpdy = (V2N anz sy, Gy EXa®5°Xa € then yxz € AThis implies
that A54 = A, and hence 4 is a bi- ideal of 5. m
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Abstaract — In this paper, we introduce new separation axioms on soft double topological spaces
and study some of their properties. Also, we define the soft double subspaces and study some related
properties. Finally, we study the behaviour of the separation axioms under open (homeomorphism)
mappings.

Keywords — Soft double T} —spaces (I;*—spaces), (1 =0,1,2,3), SDTy—spaces, SDT%—spaces,
S DT, —spaces, soft double Hausdorff spaces, soft double regular spaces, soft double Rs—spaces
(SDRy—spaces, for short), soft double subspaces, soft double open mappings, soft double closed
mappings, soft double homeomorphism mappings, soft double continuous functions and separation
axioms.

1 Introduction

Atanassov [1, 2, 3, 4] introduced the concept of intuitionistic fuzzy sets as a gener-
alization of fuzzy sets. Coker [5] generalized topological structures in intuitionistic
fuzzy case. The concept of intuitionistic sets and the topology on intuitionistic sets
was first given by Coker [7, 6].

In 2005, the suggestion of J. G. Garcia et al. [8] that double set is a more
appropriate name than flou (intuitionistic) set, and double topology for the flou
(intuitionistic) topology. Kandil et al. [11, 12] introduced the concept of double sets,
double topological spaces, continuous functions between these spaces and separation
axioms on double topological spaces.

After presentation of the operations of soft sets [16], the properties and applica-
tions of soft set theory have been studied increasingly [1, 14, 16, 18].

* Corresponding Author.
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Recently, in 2011, Shabir and Naz [19] initiated the study of soft topological
spaces. They defined soft topology on the collection 7 of soft sets over X. Conse-
quently, they defined basic notions of soft topological spaces such as open(closed)
soft sets, soft subspace, soft separation axioms and established their several proper-
ties. Hussain and Ahmad [9] investigated the properties of soft nbds and soft closure
operator.

In [21] Tantawy, et al. introduced the concept of soft double sets (SD-sets, for
short), soft double points (SD-points, for short), soft double topological space (SDT'S,
for short) and continuous functions between these spaces.

The purpose of this paper is to introduce some separation axioms on SDTS (SD-
separation axioms, for short) and some of its basic properties, soft double subspace
(SD-subspace, for short) and some properties related to it, continuous function and
separation axioms on SDTS. Moreover, some basic properties of these notions have
obtained.

2 Preliminary

In this section, we collect some definitions and theorems which will be needed in the
sequel. For more details see [9, 11, 12, 13, 15, 16, 17, 19, 20, 21, 22].

Definition 2.1. [12] Let X be a nonempty set.
1. A double set A is an ordered pair (A, A2) € P(X) x P(X) such that A; C As.

2. D(X) ={(A1,A) € P(X) x P(X),A; C Ay} is the family of all double sets
on X.

3. Let m1,m2, € P(X). The product of 7, and 7, denoted by 7; X712, and defined
by: mXng = {(A17A2) € M XN Al g AQ}

4. The double set X = (X, X) is called the universal double set.

5. The double set ) = (0, D) is called the empty double set.

6. Let # € X. Then, the double sets z, = ({z},{z}) and z, = (0,{x}) are said
to be double points in X. The family of all double points in X, denoted by
DP(X)ie, DP(X) ={z;:z € X,t € {$,1}}.

7. 2,€AsreAand € A& x e As.

L1
2

Definition 2.2. [12] Let A = (A;, A2) € D(X). A is called a finite double set if A,
is a finite subset of X.

Definition 2.3. [12] Let A = (A, Ay), B = (B1, By) € D(X).
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Definition 2.4. [11] Two double sets A and B are said to be a quasi-coincident,
denoted by AgB, if AN By # 0 or A, N By # (). A is called a not quasi-coincident
with B, denoted by A Q/B, if Al N BQ = (D and AQ N Bl = @

Definition 2.5. [12] Let X be a non-empty set. The family 7 of double sets in X
is called a double topology on X if it satisfies the following axioms:

1' Q)X€n7
2.1t A, Ben, then AN B €,
3. If {4, : s € S} Cn, then QSESAS €.

The pair (X, n) is called a double topological space. Each element of 7 is called an
open double set in X. The complement of an open double set is called a closed double
set.

Definition 2.6. [17] Let X be an initial universe and F be a set of parameters. Let
P(X) denotes the power set of X and A be a non-empty subset of E. A soft set Fy
over the universal X is a mapping from the parameter set £ to P(X) with support
Aie., Fy: E — P(X). In other words a soft set over X is a parameterized family
of subsets of X, where Fy(e) #0ife€ AC FE and Fa(e) =0 if e € A.

Note that, a soft set can be written in the following form, Fx = {(e, Fa(e)) : e €
ACE Fs: E— P(X)}.

The family of all soft sets over X denoted by S(X, E).
Definition 2.7. Let Fp,Gg € S(X, E).
1. Fg is said to be a null soft set, denoted by @, if F(e) =0, Ve € E. [16]

2. Fg is called absolute soft set, denoted by Xg, if Fg(e) = X, Ve € E. [16]

Definition 2.8. [19] Let 7 be a collection of soft sets over a universal X with a
fixed set of parameters E. 7 is called a soft topology on X if it satisfies the following
conditions:

1. &, Xg e,
2. The union of any number of soft sets in 7 belongs to T,

3. The intersection of any two soft sets in 7 belongs to 7.

The triple (X, 7, E) is called a soft topological space over X. Every element of 7 is
called an open soft set in X and its complement is called a closed soft set in X.

Definition 2.9. [21] Let X be an initial universe and E be a set of parameters. Let
D(X) denotes the family of all double sets over the universal X. A SD-set F)4 over
the universal X is a mapping from the parameter set £ to D(X) with support A i.e.,
Fo:E— D(X). In other words a SD-set over the universal X is a parameterized
family of double subsets of X, where Fy(e) £ 0ife € AC E and Fu(e) = if e & A.
Note that, a SD-set can be written in the following form, Fy = {(e, Fa(e)) :e € A C
E,Fy: E— D(X)}.
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The family of all SD-sets over X denoted by SD(X)g.
In this paper we use the notation Fy for any SD-subset where, F E( ) # 0, Ve €
Aand Fg(e) = 0, Ve € A.

Definition 2.10. Let Fig, G € SD(X)p. Then,
1. Fj is called a null SD-set, denoted by @, where Fg(e) = 0, Ve € E. [21]
2. Fpis called an absolute SD-set, denoted by X, where Fg(e) = X, Ve € E. [21]
3. Fp is a SD-subset of éE, denoted by ﬁEéCNJE, if fE(e) C CNJE(e), Ve € E. [21]
4. Fpis equal to G, denoted by F = G, if Fp(e) = Ggle), Ve € E. [21]

5. The union of Fp and G is a SD-set HE defined by: Hpg(e) = (ﬁEOéE)(e) =
Fg(e )UGE( ), Ve € E. We write FEUGE = Hp. [21]

6. The intersection of Fp and G is a SD-set Hp, defined by: Hp(e) = (ﬁEﬁéE)(e) =
Fg(e )ﬂGE( ), Ve € E. We write FEﬂGE = Hp. [21]

7. The difference of Fj and GE is a SD-set Hy defined by: fIE(e) = ﬁE(e) \
GE( ) Ve € E. We write HE = FE\GE [21]

8. The complement of Fp, denoted by Fg, defined by: FC( ) = X\ Fg(e), Ve € E.
and (Fg)° = Fg. [21]

Definition 2.11. [21] Let fE € SD(X)g. ﬁE is called a SD-point for short over X
if there exist e € E,z € X and ¢ € {3,1} such that

~ oz, fa=g¢
FE(O‘)_{Q, ifaeE—{e}.
and we will denote Fjz by x5

The family of all SD-points over X will be denoted by SDP(X)g.

Definition 2.12. [21] Two SD-sets Fiz and G are said to be quasi- coincident,
denoted by F q Gg if Fg(e) q Gg(e), for some e € E. If Fg is not quasi- coincident
with G, we write F  Gg or Fr(e) d Gg(e), Ve € E.

Proposition 2.13. [21] Let Fig, Gy, Hp € SD(X)g and ¥ € SDP(X)g. Then,
1. Fg f Gp & FCGS,.
2. Fp f Gp, HeCGp = Fi f Hp.
3. 7 f (Fe(\Gr) < 3¢ f Fp or 7 f Gp.

Definition 2.14. [21] Let SD(X)g and SD(Y )k be the families of all SD-sets over
X and Y, respectively.
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1. The mapping fgy : SD(X)g — SD(Y )k is called a soft double mapping, where
f:X —Y and ¢ : E — K are two mappings.

2. Let ﬁ’EQSD(X)E. Then, the image of Fi under the soft double mapping fayis
the SD-set over Y, denoted by fz,(Fr) and defined by:

U,y 2 Fo€), i 071 () 0

0, otherwise.

Fou(Fi) (k) = {

3. Let Gx € SD(Y)g. The pre-image of G under the soft double mapping fou
is the SD-set over X, denoted by fg_wl(G k) and defined by:

fﬁ_ij(ék)(@ = (G k(¥(e))).
Proposition 2.15. [21] Let fz, : SD(X)g — SD(Y)x, Fp, Gg € SD(X)p and
HK,LK € SD(Y)K Then,
1. If ﬁEiéEa then fﬁd)(ﬁE)ifﬁw(éE)
3. ﬁEifﬁ’J(fw(ﬁE)), the equality holds if fs, is an injective.
4. fgw(fﬂj(ﬁ;())éf];(, the equality holds if fg, is a surjective.
5. fas (Hi) = (£ (Hr)"

Definition 2.16. [21] Let 7 be a collection of SD-sets over X, i. e, 7 C SD(X)g. T
is said to be a SD-topology over X if it satisfies the following conditions:

1. d, X €7,
2. The union of any number of SD-sets in 7 belongs to T,
3. The intersection of any two SD-sets in 7 belongs to 7.

The triple (X, 7, E) is called a SDTS. Every member of 7 is called an open SD-set
and its complement is called a closed SD-set.
The family of all closed SD-sets we denoted by 7°.

Definition 2.17. [21] Let (X,7, E) be a SDTS and let Fiz € SD(X)g. Fg is called
a quasi-neighborhood of a SD-point z¥, if there exists Gp € 7 such that xthECFE
The family of all quasi-neighborhoods of =7 denoted by N, (qee)

Definition 2.18. [21] Let (X, 7, E) be a SDTS and let Fp € SD(X)p. The soft
double closure of I &, denoted by cle(FE) and defined by:
Cle(FE) ﬂ{GE eTe FECGE}
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Proposition 2.19. [21] Let (X,7, E) be a SDTS and let Fp € SD(X)g. Then,
cle(Fg) is the smallest closed SD-set containing Fpg.

Proposition 2.20. [21] Let Fy € SD(X)g and % € SDP(X ). Then,
7 q cle(Fp) & YGp € 7,1€Gg, Gg q Fp.

Definition 2.21. [21] Let fg, : SD(X)g — SD(Y )k, where § : X — Y and
Y E — K. Let (X,7,F) and (Y,0, K) be two SDT-spaces. fg, is called a soft
double continuous mapping, denoted by SD-continuous, if fgwl(H k) € T, whenever

Hy € 5.
Proposition 2.22. [21] Let (X, 7, E) and (Y, 7, K) be two SDT-spaces and let fgy :

SD(X)g — SD(Y )k be a mapping, Fg € SD(X)g and Hyx € SD(Y)x. Then, the
following conditions are equivalent:

1. fgy is an SD-continuous,

2. fou(Hg) € 7, VHy € 5°,

w0

fou(cle(Fi))Cele(fsu(FE)), YFr € SD(X)E,

. cle(f5) (Hi))C 5, (cle(H)), VHi € SD(Y ),

Definition 2.23. [10] A double topological space (X, n) is called DT%—space iff for
each z, € DP(X), either z, is an open double set or z, is a closed double set.

S

3 SD-separation axioms

Theorem 3.1. Let Fig, G, Hp € SD(X)g. Then,
1. Fp\ Gp = FsNGS.
2. Fg\ (GeUHgp) = (Fp \ Gp)\(Fe \ Hg).
3. F\ (GeNHg) = (Fp \ Gp)U(Fe \ H).
4. (FeN\Gp)\ Hp = (Fp \ Hp)\(GE \ Hp).

Proof. 1. (Fg\ Gp)(e) = Fu(e) \ Gr(e) = Fu(e) G5 (e) = (FeNG5)(e) Ve € E.
Hence Fiz \ Gp = ﬁEﬂGCE
2. F\(GpUHx) = Fe(GrUHr) = Fe(G5NHE) = (FeNGH)N(Fe i) =
(Fg\ Ge)\(Fg \ Hg).

3. It is similar to (2).

4. (fE)ﬁéE)\ﬁE = (FeNGr)NHs = (FpNHE)N(GeNHE) = (Fp\Hp) G\
Hg).
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Proposition 3.2. Let 7%, 5¢ € SDP(X)g. Then,
1.z #y=7 fy° for every r,t € {3,1},e,¢' € E.

2. % qgf(:)x%yorx:y,t:r:%and
Ty s r=yandt+r>1.

Proof. 1t is obvious.

Proposition 3.3. Let (X,7, E) be a SDTS and let iy € 7,Gp € SD(X)p. Then,
FrpqGg e Fgqcle(Gp).

Proof. Fp ff Gg < GeCF¢ < clo(Gg)CEE[ by Proposition 2.19] < Fi f cle(Gg).

Definition 3.4. Let 17 be a collection of SD-sets over X, i. e, 7 C SD(X)g. Then,
7 is said to be a stratified soft double topology over X if it satisfies the following
conditions:

1. &, X and X € 77,)?@(6) =(0,X), Vee€ E,
2. The union of any number of SD-sets in 7 belongs to 17,

3. The intersection of any two SD-sets in 77 belongs to 7.

The triple (X, 7, E) is called a stratified soft double topological space (SSDTS). Each
element of 77 is called an open SD-set in X. The complement of the open SD-set is
called a closed SD-set.

Proposition 3.5. Let fz, : SD(X)g — SD(Y)k, Fg € SD(X)g. Then, if fa, is
one-one, onto, then fs,(F5) = (fay(Fr))"

Proof. Suppose that fg, is one-one, then Fp = f/gwl(f/gw(fE)) Implies,
Fip = (£, (fos(Fp))) = fa} (fou(Fp))".
Since fg, is onto, then
Fou(Fg) = fou(Foi (fou(FE))®) = (fau(FE))".
Hence, fau(Fp) = (fau(Fr))"
Definition 3.6. Let (X, 7, E) and (X, 7, E') be two SDTS over X.
1. If 71 C 7o, then 75 is soft double finer than 7.
2. If ; C 7y, then 75 is soft double strictly finer than 7.
3. If m C 75 or /5, C 7, then 77 is comparable with 75.
Example 3.7. Let X be the universal set, E be the set of parameters.

1. If 7 is the collection of all SD-sets which can be defined over X. Then, T is
called the discrete SD-topology on X and (X, 7, E) is said to be a discrete
SDTS over X.
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2. 7= {®, X} is called the indiscrete SD-topology on X and (X, 7, E) is said to
be a indiscrete SDTS over X.

Definition 3.8. Let Fy € SD(X)g. Fy is a finite SD-set if ﬁE(e) is a finite double
set, Ve € E.

Example 3.9. Let X be an infinite set. The family
oo = (O FRCX : Fy is finite }
is called a co-finite SD-topology on X.

Definition 3.10. Let (X, 7, E) be a SDTS and let Y be a non-empty subset of X. Y
denotes the SD-set over X, such that Y(e) =Y, Ve € E.

Definition 3.11. Let (X, 7, F) be a SDTS and let Y be a non-empty subset of
X, Fg € SD(X)g. The SD-subset over Y, will denote by FY, and defined by:

FY(e) =Y(\Fp(e), Ve € E.

We write FY = Y(\Fg.

Definition 3.12. Let (X, 7, E) be a SDTS and Y be a non-empty subset of X. The
soft double topology over Y, will denoted by 7y, and defined by:

Ty ={FY : Fze7}.
(Y, 7y, E) is called a SD-subspace of a SDTS (X, 7, E).

Example 3.13. Any SD-subspace of a SD-discrete topological space is a SD-discrete.
Also, any SD-subspace of a SD-indiscrete topological space is a SD-indiscrete.

Definition 3.14. A SDTS (X, 7, E) is said to be:
1. SDTy—space if 75 ¢ ¢ = cle(T¢) ¢ §¢ or cle(Je) ¢ ¢, V¢, 7¢ € SDP(X)p.
2. SDT%—space if each z§ € SDP(X)p is either open SD-set or closed SD-set.

3. SDT;—space if T¢  J¢ = cle(T5) 4 U or cle(yS) f T, Va5, 5¢ €
SDP(X)g,xz # vy, Vx,y € X.

4. SDT;*—space if z§ g’ijﬁ/ = cle(T¥) q’;?],?' or cle(’yvfl) q x5, Vi, gg’ €
SDP(X)g,z =y, Vx,y € X.

5. SDT,—space if T¢ 7€ = cle(T¢)  7¢ and cle(§¢) f T, VI, 7 € SDP(X)p.

6. SDT;—space if T¢ ¢ = cle(T$)  §¢ and cle(ye) o T5, VI8, 7° €
SDP(X)g,xz # vy, Vx,y € X.

7. SDTy*—space if 7¢  5¢ = cle(75) d 7€ and cle(y¢) 4 T¢, VT8, 7° €
SDP(X)g,z =vy, Vz,y € X.
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8. SDT,—space or soft double Hausdorff space if z§ ¢ ¥ yr =3 Oee O o such that
Oee Q’O , VZ8, ¢ € SDP(X)g.

9. SDT;—space if 2¢ ¢ ¢ = EIOee O o such that Oee ¢]O A =
SDP(X)g,xz #vy, Vx,y € X.

10. SDT;*—space if T¢ f 7¢ = 3535, 6%/ such that 635 q 9)
SDP(X)g,z =y, Vx,y € X.

95’7 V%?,g:/ G
11. SDRy—space if xf g’ﬁ = 535,613 € 7T such that 53? qép, N\l
SDP(X)g, VF € 7°.

12. SDTs—space or soft double regular space if it is SD Ry and SDT;—spaces.
13. SDT5 —space if it is SDRy and S DT} —spaces.
14. SDT5*—space if it is SDRy and S DT}*—spaces.

Theorem 3.15. Let (X, 7, E) be a SDTS. Then,

(X 7,E) is SDTI—space (SDTy—space) iff VZ§ 4 3 6@«; such that 3¢ 4 6@5 and
3 O o such that zf QO

Proof. It follows from Proposition 2.20.

Theorem 3.16. Let (X, 7, E) be a SDTS. Then,
(X,T, E) is SDTy—space iff ¢ f ¢,y , o # vy, Va,y € X3 Oge such that v o Oge
and 3 O o such that z¢ ¢ O

Proof. 1t is obvious.

Theorem 3.17. Let (X, 7, E) be a SDTS. Then,
(X, 7, E) is SDT,—space iff ¢ = cle(7%), V2§ € SDP(X)g.

Proof. Suppose (X, 7, E) is a SDT)—space and let 7§ ¢ 3¢ . Then, cle(F) 4 yr By
Theorem 3.15, there exists O o such that z7 g O +. This implies that O /C(xt) ,
thus (7)€ is open SD-set, VZ§ e SDP(X)g, i.e, ¢ is closed SD-set, Vz§ € SDP( )E-
Conversely, Suppose that 7§ = cle(7¢), V2t € SDP(X)p and let 75 ¢ ¢ . Then, 7¢
and ¢ are closed SD-sets. So that, cle(Z¢) 4 3¢ and cle(y) 4 ¢, fo,ﬂ;‘:’/ €
SDP(X)g. Hence, (X, 7, E) is a SDTj.

Theorem 3.18. Let (X, 7, F) be a SDTS. Then,
(X, 7, E) is SDTy—space iff 7§ = cle(7}), V2§ € SDP(X)g.

Proof. 1t is obvious.

Theorem 3.19. Let (X, 7, E) be a SDTS. Then,
(X,7,FE) is SDT,—space iff 7§ = ﬂ@ cen? cle(Oﬁe) Vzi € SDP(X)g.

) p
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Proof. Suppose (X, 7, E) is a SDT,—space and let T¢ ¢ 3¢ .
Then, 3 Oy € Nigeys, Oy € Nige e such that O 4 O, . So that O g Oy,

v

implies O, 4 m@egeNée)Ede(Oee) Thus, foﬂ@ FENG cle(Oﬁg). It is clear that,
. t t

xfgﬂ@egeNfeg)ECl@(Oﬁi)' Hence, 7§ = ﬂ@ fENG) cle(Oete)

Conversely, let ¢ = ﬁ@ ereNLe cle(Og ¢), VI{ € SDP(X)p and let T 4 y¢.

Then, z§ ¢ ﬁ@ ent cle(O +). This implies that, Z{ ¢ cle ( .), for some O o €

¢ )E

Nigerya - S0, T3S (cle(O )¢ and O, e = (cle( o)) ij +. Therefore, (X,7, E) is a

TQ.
Theorem 3.20. Let (X, 7, E) be a SDTS. Then,
(X,7,FE) is SDT5—space iff 7§ = ﬂ@ cen? cle(Oee) Vz¢ € SDP(X)g.

®) 5

Proof. Tt is obvious.

Theorem 3.21. Let (X, 7, E) be a SDTS. Then,
(X,7,E) is a SDTy—space — (X, 7, E) is a SDT}.

Proof. 1t is obvious.

Example 3.22. Let X = {hy, ho}, E = {e1, 5} and let 7 = {®, X, FL, F2 F3 Fi},

where
Fi(er) = 0, Fj(ea) = ({ha}, {ha}),
FR(er) =0, Fi(ez) = X,
) = ({ha}, {h1}), F?’(ez) X,
) = ({ha}, {ha}), Fip(e2) = X. -
Then, (X, 7, E)isaSDTS and SDTj—space. But it is not SDTy—space, for 3 h €

SDP(X)g such that ﬁf;l% q%il% , but Fiie = cle(ﬁ?% )q %;1%

Theorem 3.23. Let (X, 7, F) be a SDTS. Then,
(X,7,FE)is a SDT%—space — (X,7,E) is a SDT.

Proof. Suppose (X,7,E) is a SDT%—space and let 7¢ ¢ 7¢. Now, if ¥ is an open
SD-point, then by Proposition 3.3 cle(3¢') ¢ 5. On the other hand, if Z¢ is a closed
SD-point, then cle(Z¢) = 7¢. Implies, cle(7¢) ¢ ¢ . Hence, (X, 7, E) is a SDTy.

Example 3.24. Let X = {hy, hy}, E = {e1, 3} and let 7 = {®, X, FL F2. ...  FSTY
where
Fp(er) =0, Fy(ea) = ({ha}, {ha}),
Fi(er) =0, Files) = X,
Fip(er) = ({7}, {ln}), Fies) = X,
Fp(er) = ({ha}, {ha}), Fi(es) = X,
(e1) =X
(e1) =X
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Fji(er) = ({m}, X), Fi(ez) = X,

Eg(el) = ({hgv}>X)aF§(€2) =X,

Fpler) = X, F(e2) = (0, X),

E]%O(el) = ({h2}, X), ~]£V0<62) = ({h2}, X)),
Fip'(e1) = ({}, X), Fg'(e2) = ({ha}, X)),
Fi?(e1) = 0, Fi?(e) = ({ha}, X)),

F(er) = ({n}, {h}), Fi(e2) = ({h2}, X),
Fi'(e1) = ({ha}, {ha}), Fi'(ea) = ({ha}, X)),
Fi*(e1) = ({ha}, X), FgP(e2) = ({ha}, X)),
E]iﬁ(el) = ({}}Vl}vX)vF]gs(e?) = ({m}, X),
Fi'(e1) = 0, Fi' (e2) = (0, {ha}),

Fi*(e1) = 0, FiP(e2) = ({u}, X)),

F'(er) = ({ha}, {}), Fg'(e2) = ({}, X)),
Fi(e1) = ({ha}, {ha}), FiP(e2) = ({a}, X)),
E];%l(el) = ({hQ}ﬂX)7Fg(€21> = (®=X)7
E]%Q(el) = ({@}’X)vFé(GQQ) - (®7X)’
Fi(er) = 0, Fi*(e2) = (0, X),

Fig'(er) = ({In}, {h}), Fi'(e2) = (0, X),
Fi(er) = ({ha}, {hal), Fi(e2) = (0, X)),
E]%G(el) = (0,X), FJ%6~(€2> =X,

51:2?7(61) = (®7 {hl})v? F]EZC7(62 =X,

5%8(61) = (@7X)>F%8~(62) = ({h2}, X),
Fi(er) = (0,{h}), Fi'(e2) = ({ha}, X)),
Ego(el) = (q)?X)’Fg‘(L(e?) = ({hl}vX)7
E]:j;‘l(el) = (®7 {hl})v? Fgl(62) = ({h}, X),
Eg2(€1> = (@,X),ng(@) = (0, X),

523(61) = ((2)7 {hl})vggg(eQ) = ((DvX)?
Fii'(er) = (0, {ha}), Fg'(e2) = X,

F(er) = (0, {h2}), i (e2) = ({ha}, X)),
Fi'(e) = (0,{ha}), Fi'(e2) = ({a}, X)),
Fii'(ex) = (0, {ha}), Fi' (e2) = (0, X).

3 Ef? € SDP(X)g, such that ﬁf? is neither open nor closed SD-point.

Theorem 3.25. Let (X, 7, E) be a SDTS. Then,
(X,7,FE)is a SDT1—space — (X, 7, E) is a SDT%.

37

Proof. Suppose (X, 7, F) is a SDT;—space, then every SD-point in X is a closed

SD-point by Theorem 3.17. Hence, (X, 7, E) is a SDT%.

Example 3.26. Let X = {hy,hs}, E = {e1,e2} and let

,7\:: {§7X7ﬁéaﬁ%7ﬁg7ﬁg7ﬁg7ﬁgv
FL F3 Fp FiOFL PR PSR PP
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Fi( ) {h}),

Fp(er) = ({ha}, {ln}), Fi(e2) = 0,

Fgler) = (0, {ln}), Fg(e2) = 0,

Fpler) = X, Fp(ea) = ({h}, {M}),

Fpler) = X, Fp(ea) = ({}, X)),

Fi(er) = ({}, {l}), Fies) = X,

Fler) = ({h}, X), Fi(e2) = X,

Fy(er) = ({ha}. {h1}), Fi(e2) = ({1}, {ln}),
Fi¥(er) = (0,{}), Fi(e2) = ({m}, {m}),
Fiter) = ({hu}, {ln}), FiM(e2) = (0, {}),
Ff(er) = (B, {h1}), Ff2(e2) = (0, {h1}),
F(er) = ({m}, X), F(e2) = ({ln}, {}),
Fii(er) = ({hu}, {l}), F}i(e2) = ({m}, X),
F(er) = ({m}, X), Ff(e2) = ({n}, X).

Then, (X, 7, E) is a SDTS and SDT;—space. But it is not SDTy—space for the
SD-point ﬁ?l is not a closed SD-point.
2

Theorem 3.27. Let (X, 7, F) be a SDTS. Then,
(X,7,FE)is a SDTy—space — (X, 7, E) is a SDT;.

Proof. Suppose (X,7,E) is a SDT,—space, then z¢{ = ﬂ@ cen? cl O@e, VIe €

@) p
SDP(X). It follows that, every SD-point in X is a closed SD-point. Hence by
Theorem 3.17, (X, 7, F) is a SDT;.

Example 3.28. Let N be the set of all natural numbers. Then, the family 7y =

{PHJ{FrCN : F§ is finite } is a co-finite SD-topology over X, (N,7, F) is a co-

finite SDTS and SDT; —space. But it is not SDT,—space for, g ceNt cle(Ogs) =
a¢ ) p

N #nt.

Theorem 3.29. Let (X, 7, E) be a SDTS. Then,

(X,7,FE)is a SDT3—space — (X, T, E) is a SDTy—space.

Proof. Suppose (X, 7, E) is a SDTs—space and let ¢ ¢ 3¢ . Then, 77 = cle(2}), Vay €

SDP(X) [by hypothesis]. It follows that 3 O o € N(q y Oet € Nig:),, such that

6%/ g’éete. Hence, (X, 7, F) is a SDTQ—space.

Theorem 3.30. Let (X, 7, E) be a SDTS. Then,

(X,7,E)is a SDTy—space — (X,7, F) is a SDT}.

Proof. 1t is obvious.

Example 3.31. From example 3.22, we have (X, 7, F) is a SDTj—space. But it is
not SDTy —space for, hi! ¢ h3?, but cl(hy’) = X q h'.



Journal of New Theory 16 (2017) 27-48 39

Theorem 3.32. Let (X, 7, F) be a SDTS. Then,
(X,7,FE)is a SDTy—space — (X, 7, E) is a SDTY.

Proof. Tt is obvious.

Example 3.33. Let X = {hy,hy}, E = {e, e2} andlet 7 = {®, X, FL, F2 F}, Fi, Fp F,
FEvFEvFEvFL%Z‘OuFél7FL%2} FégaFlli‘ZL where
Fl(el) ({hn}, {M}), F1(€2) ({1}, {1}),

F3(e1) = ({ha}, {ha}), Fi(e2) = ({ha}, {ha}),
Fj(er) = ({h1}, {h}), Fi(e2) = 0,
Fl(e1) = ({ha}, {ha}), Fi(e2) =0,
F(er) =0, Fj(ea) = ({ha}, {l}),
Fp(er) = 0, Fi(ea) = ({ha}, {ha}),
Eg(el) X F7(€2) @>
F3(er) = ({h1}, {m}), F(e2) = ({ho}, {ho}),
F(e1) = ({ha}. {h2}). Fi(e2) = ({1}, {l1}),

) =

) =
Ei(ea) = ({m}, {n}),
({2}, {ha}

Fi(e)) = X

Fil(er) = X, Fil(ez) = ha}),
Fi(er) =0, Ff2(ex) = X,
F(er) = ({h} {h}), FE(e2) = X,
Fit(er) = ({ha}, {h2})7F14(62) =X

Then, (X,7,FE) is a SDTS and SDT}—space. But it is not SDT;—space for,

Theorem 3.34. Let (X, 7, E) be a SDTS. Then,
(X,7,E) is a SDTy—space — (X,7, FE) is a SDTY.

Proof. Tt follows from Theorem 3.16, 3.18.

Example 3.35. From example 3.28, we have (N,7, E) is a co-finite SDTS and
SDTy—space. But it is not SDTy—space for, ﬂ@ cen? cle(Ogs) = N # ng.

(eD)E

Theorem 3.36. Let (X, 7, F) be a SDTS. Then,
(X,7,F) is a SDTy—space — (X, 7, F) is a SDT;.

Proof. Tt is obvious.

Example 3.37. From example 3.33, we have (X 7, E) is a SDTS and SDTy—space.
But it is not SDT,—space, for ﬂ@gq N Cle<0%el> (F14) £ hel
1

(ﬁel

Theorem 3.38. Let (X, 7, E) be a SDTS. Then,
(X,7,FE)is a SDT3—space — (X, 7, E) is a SDT3.

Proof. 1t is obvious.

Example 3.39. From example 3.33, we have (X, 7, E) is a SDTS and S DTy —space.
But it is not SDT3—space, since (X, 7, E) is not a S DT —space.
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Remark 3.40. 1. From example 3.26 (X, 7, F) is a SDT%—Space, but it is not
SDTY. and from example 3.33 (X, 7, F) is a SDT} —space, but it is not SDT;.

2. From example 3.28 (X, 7, F) is a SDT;—space, but it is not SDT,. and from
example 3.33 (X, 7, E) is a SDTy—space, but it is not SDT;.

3. From example 3.33 (X, 7, ) is a SDT;—space, but it is not SDTs.

Remark 3.41. Theorems 3.16, 3.18, 3.20, 3.21, 3.30, 3.32, 3.34, 3.36, 3.38 are
satisfied if we replace SDT; by SDT;*, (i =0,1,2,3).

Remark 3.42. Let (X, 7, E) be a SDT'S. Then,

1. SDT} is SDT;, (1 =0,1,3)iff Vo € X, ZL‘1 q cle(T9).

M\Hm

2. SDTy is SDT, iff Vo € X, 3 Oge of Op, -
2 2

Corollary 3.43. For a SDT'S (X, 7, FE) we have the following implication:
SDTy; — SDTy — SDTy — SDIj.

T T T AN
! ! ! /

SDT* — SDTy* — SDTy* — SDT™.

4 SD-subspaces

Theorem 4.1. Let (Y, 7y, E) be a SD-subspace of a SD-space (X, 7, E) and Fp €
SD(X)g. Then,

1. If Fp € 7y and Y € 7, then Fjp € 7.
2. ﬁE e 7y iff ﬁE = }N/EﬁéE for some CNJE € 7°.

Proof. 1. Let FE € Ty. Then, EIGE € 7 such that FE = YEﬂGE Now, if YE €T,
then YEﬂGE € 7. Hence, Fp e

2. Let ﬁE € 7y. Then, ﬁE = ffE \ éE,éE € 7y and éE = ?EﬁﬁE for some
HE €T. L o _
Now,Fg = Yz \ (YEﬂHE) Y \ Hg = Yg(\HS,, where Hf, € 7¢. Therefore,
Fy = YEﬂGE for some GE eTe
Conversely, suppose that Frp= YEﬂG & for some Gp € 7° , then
Fp = YEﬂGE o
= YEﬂ(X \ HE) (GE =X\ Hg,Hg €T)
— YEmHC
RV
=Yg\ (YEQHE), Ye(\HE € Ty.
Therefore, Fp € 7y. Hence, the result.
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Theorem 4.2. Let FEGSD( e, 7y € SDP(X)p and Y C X. Then,
7 q Fp and T°€Y & 3¢ ¢ (FpNY).

Proof. 1t t =1

z§ q Fp and xleY

& 7¢(e) q Fip(e) and 7¢(e)eY (e),e € E

&1, q Fple) = (A, Ay) and ,€Y(e) =Y = (Y,Y), e € E
S@xeAorreA)andr ey

sSre(AinNY)orxze (AyNY)

&2, q(Fr(enY)

@EE‘;’ q (FEﬁY)

S(reA)andx ey
& z1q(Fpe)nY)
& 76 q (FeNY).

Hencze7 the result.

Theorem 4.3. Let (Y, 7y, E) be a SD-subspace of a SD-space (X,7,FE) and let
NY € - SD(Y)p,y; € SDP(Y)p. Then, if N} = YANg for some Np € N9(g¢)g,
then NY € NL(7¢)g (nbd.w.rt(Y, 7y, E)).

Proof. Let NY = YﬁNE,]VE € Nq(gjﬁ)E. Then, 3Gp € 7 such that ys q GrCNp.
Thus, 7¢ ¢ GeNY CNENY = N Therefore, ¢ ¢ GLCNY. Hence, N% € N{(3°) k.
Theorem 4.4. A SD-subspace (Y, 7y, E) of a SDTj—space (X, 7, F) is a SDT}.

Proof. Let ft,gr/ € SDP(Y)g, x # ysuchthat 7% ¢ §¢. Then, ¢, 5¢ € SDP(X)g, = #
y and 7§ 4 3¢ . Implies, 7 cle(7¢) or §¢ 4 cle(T¢). Thus, T¢NY 4 cle(y¢)NY or
TEAY f cle(79)AY . Therefore, 7€ of clg(J€) or J¢ f clag (79). Hence, (Y, 7y, E) is a
SDTS.

Theorem 4.5. A SD-subspace (Y, 7y, E) of a SDTy—space (X, 7, E) is a SDTy.

/

Proof. Let 7¢,5¢ € SDP(Y)p such that 7 4 y¢. Then, 7§, 3¢ € SDP(X)p and
xt g’yr Implies, 7§ d cle(y€) or ¢ o cle(T%). Thus NY o cle(J€)NY or

7AYo cle(xt)ﬂY Therefore, 75 ¢ clg (3) or 3¢ f clag (7). Hence, (Y, 7y, E) is a
SDTy.

Theorem 4.6. A SD-subspace (Y, 7y, E) of a SDT%—space (X,7,F)is a SDT%.

Proof. Let y; € SDP(Y)p. Then, y; € SDP(X)g. This implies that, y; is an open
or closed SD-set in X. Therefore, y& = y¢ °AY is an open or closed SD-set in Y. Hence,
(Y, 7v,E) is a SDT%.
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Theorem 4.7. A SD-subspace (Y, 7y, E) of a SDT;—space (X, 7, E) is a SDT;.

Proof. Let y; € SDP(Y)p. Then, y; € SDP(X)p. This implies that, y = cle(yy).
It follows that, 76NY = cle(§)AY. Therefore, J¢ = cle, (y.). Hence, (Y, 7y, E) is a
SDT;.

Theorem 4.8. A SD-subspace (Y, Ty, E) of a SDT}—space (X, 7, F) is a SDT7.

!

Proof. Let 7¢,5¢ € SDP(Y)g such that 7¢ 4 y¢. Then, 7¢,7¢ € SDP(X)p and
7 f ¢ This implies that, T¢ ¢ cle(7¢) and §¢ o cle(7%). Thus, ZAY § cle(7¢)AY
and 7¢NY ¢ cle(7)NY . Therefore, 7% ¢ clg (7¢) and §¢ ¢ clg (7¢). Hence, (Y, 7y, F)
is a SDTY.

Theorem 4.9. A SD-subspace (Y, 7y, E) of a SDTy—space (X, 7, E) is a SDT5.

Proof. Let y¢ € SDP(Y)g. Then, y¢ € SDP(X)g. Implies, y¢ = ﬂ@ st NG cleégg.
o5

It follows that, 7°NY = [ﬂ@ ceNt, cleOge]NY . Therefore, y¢ = m@ggENgf(gﬁ)ECleY Oge.
Hence, (Y, 7y, E) is a SDTs.

Theorem 4.10. A SD-subspace (Y, 7y, E) of a SDTy—space (X, 7, E) is a SDT}.

/

Proof. Let zf,y; € SDP(Y)g such that 2§ 4 U yr Then, xt,yr € SDP(X)p and
T¢ ¢ y¢. This implies that, there exist Oee O /ET such that Oee 4 O .. It follows

that, O*e = OeeﬂY 4 O /ﬂY = O* . and O;E,O;e/ € Ty. Hence, (Y, Ty, E) is a
SDT;. '

Theorem 4.11. A SD-subspace (Y, 7y, E) of a SDRy—space (X, 7, E) is a SDRs.

Proof. Let y¢ € SDP(Y)g and 3¢ FAY,F € 7°. Then, (| F [by Proposition
2.13]. Implies, there exist Oge,Op € 7 such that Oge g Op. It follows that, O;/e =
695517 qéﬁﬁ? = 5Y and O;e, OY € Ty. Hence, (Y, 7y, E) is a SDR;.

Theorem 4.12. A SD-subspace (Y, 7y, E) of a SDTs—space (X, 7, F) is a SDT;.
Proof. Tt follows from theorem 4.7 and theorem 4.11.

Theorem 4.13. A SD-subspace (Y, 7y, E) of a SDT§—space (X, 7, E) is a SDT}.
Proof. 1t follows from theorem 4.8 and theorem 4.11.

Theorem 4.14. A SD-subspace (Y, 7y, E) of a SDT;*—space (X,7, E) is a
SDT, (i = 0,1,2,3).

Proof. 1t is obvious.
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5 Some Properties of the SD-continuous Func-
tions

In this section, we study the behavior of the separation axioms under open (homeo-
morphism) mappings.

Definition 5.1. Let (X, 7, F) and (Y, 7, K) be two SDT-spaces and let
foy : SD(X)g — SD(Y)k be a mapping and Fg € SD(X)g.

1. fay is called SD-open if f4,(Fg) € 7, VEp € 7.

2. fay is called SD-closed if fs,(Fg) € 7¢, VFg € 7°.

Theorem 5.2. Let (X, 7, F) and (Y, 7, K) be two SDT-spaces and let
foy : SD(X)p — SD(Y)k be a mapping and F € SD(X)p. Then, [y is SD-closed
iff clo(fou (Fi))Cfou(cle(Fr)), YFp € SD(X)p.

Proof. Suppose fsy is SD-closed and Fyp € SD(X)g, then FEécle(ﬁE), and so

Cle(fﬁw(FE))CCle(fﬂw(Cle(FE))) fou(cle(Fi)), cle(Fi) € 7
Therefore, cl (fW(FE))Cwa(cle(FE))

Conversely, suppose cle(fw(FE))CfW(cle(FE)) VEg € SD( ). Let Fg be an
SD-closed in X, then cle(fgw(FE))CfW(FE) But f,gw(FE)Cclﬁ(fW(FE)), so that
fﬁw(FE) =cl (fﬂ¢(FE)) Therefore, fg, is SD-closed. Hence, the result.

Lemma 5.3. Let (X,7, FE) and (Y,7, K) be two SDTS and let fs, : SD(X)p —
SD(Y )k be a (one-one) and onto mapping. Then:

1. If ¥ € SDP(Y)g, then 3z € X and e € E such that 8(z) = y,(e) = k,7¢ €
SDP(X)s and (%) — Gt

2. If y¥ € SDP(Y)g, then f~1(y¢) € SDP(X)g.

3. If y,lel,y,Ngf2 € SDP(Y)K,ylt 4 ygﬁ, then 3 :Ul,xg € X, e, e E E such that
B(w:) = yi,(e;) = ki, (i = 1,2) and f(713") _ylt b f(22,%) _y2r , Ty f Tayt

Proof. 1. fau(a7)(k)

= AU,y 1 ()
= 6((e))
= (7

Therefore, fzy(7¢) = yr.

2. fgj(zﬁf)(el)
RUHCIC)
gk ))71/)(6) k

::51( 1), 97 (k) =
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- &)
Thus, fg_@z} (1¢) = 213"
Hence, the result.

3. fau (1) (K)
=By 10 (€)
= B(z1,),e =€
= (7). pler) = h
= 1, (k).
Therefore, fz,(T15) = 711
Similarly, we can see that fw(x% ?) = 3727]?/.
Now, since " f ;" then " C(g2r*)" So that, [ (7' S (72,7)°) =
(fﬂw (72¥2))¢ [by Proposition 2.15]. Thus, 715" C(£5%)°. Therefore, 7,5 o 722

Definition 5.4. Let (X, 7, F) and (Y, 7, K) be two SDT-spaces and let
foy : SD(X)g — SD(Y )k be a mapping. fgy is called SD-homeomorphism if it is
SD-continuous, SD-closed, one-one and onto.

Theorem 5.5. The property of being SDT| is a topological property.

Proof. Suppose that (X, 7, F) and (Y, 7, K) be two SDT-spaces and let
fay SD( e — SD(Y )k be an SD-homeomorphism mapping.

Let yltl,y}f € SDP(Y )k such that g]lfl Qy}?, y1 # y2. Then, by lemma 5.3
Jx,29 € X, 71 # X2, 1,62 € E such that B(x;) = y;, ¥(e;) = ki, (i = 1,2). Also,
T1y' ff oy’ and f(flfl) = 1, F(52%2) = 7272, Since (X, 7, E) is SDT§ —space, then
TS ff cle(T22) or T2 dele(T151), so that £, C(cle(72))¢, implies fay(7751)C
Fow(cle(#252))° = (fau(cle(2;?)))° [by proposition 3.5]. Thus, 71, € (clg( fay(72;?)))°
(as fgy is SD-homeomorphism). It follows that, le,’fl 4 clg(yNsz). similarly, we also
have 72> f clg(7:). Hence, (Y, 7, K) is a SDT};.

Theorem 5.6. The property of being SDTj is a topological property.

Proof. Suppose that (X, 7, E) and (Y, 7, K) be two SDTS and let fzy : SD(X)g —
SD(Y ) be an SD-homeomorphism mappmg

Let yltl,yETZ € SDP(Y)g such that ylt 4 g]'gf Then, by lemma 5.3 3 x1,25 €
X,e1,e9 € E such that ﬁ(xl) = yi,¥(e;) = ki, (1 = 1,2). Also, 717" 4 x2,° and
f(flfl) = 7 f(322) = g™, Since (X,7, E) is SDTy—space, then 715" ¢ cle(73%)
or B f clo(F1s)). So that, 715 Ccle(B))F, implies oo )C fng(ele(72))"
(fou(cle(2;2)))" [by proposition 3.5]. Thus, 417" €(clg(fau(72;?)))¢ (as fay is SD-
homeomorphism). It follows that, y~1f Lo clﬁ(yNQfQ). similarly, we also have ﬁgf 2

clg(git"). Hence, (Y, 7, K) is a SDT,,.
Theorem 5.7. The property of being a SDT% —space is a topological property.

Proof. Suppose that (X, 7, F) and (Y, 7, K) be two SDT-spaces and let
foy : SD(X)g — SD(Y)x be SD-open, SD-closed, one-one, onto.

Let g* € SDP(Y). Then, by lemma 5.3 32 € X and e € E such that §(z) =
y,¥(e) = k and fzu(25) = y*. Since (X, 7, E) is SDT1—space, then Ty is an open



Journal of New Theory 16 (2017) 27-48 45

or a closed SD-point in X. Since fz, is SD-open and SD-closed, then f(Z¢) = g is
open SD-set and closed SD-set in Y. Hence, (Y, 7, K) is SDT%.

Theorem 5.8. The property of being a SDT|—space is a topological property.

Proof. Suppose that (X, 7, F) and (Y, 7, K) be two SDT-spaces and let
foy : SD(X)g — SD(Y )k be SD-homeomorphism mapping.

Let §* € SDP(Y)g. Then, by lemma 5.3 3z € X and e € F such that 3(z) =
y,(e) = k,7¢ € SDP(X)g and f(7¢) = gyF. Since (X, 7, E) is SDT;—space, then
75 = cle(T7). Thus, fau(T5) = fau(cle(¥F)) = clo(foy(T7)) = cle(yy) (as fpy is SD-
homeomorphism). Therefore, J¥ = clg(y%). Hence, (Y,7, K) is SDT}.

Theorem 5.9. The property of being SDT} —space is a topological property.

Proof. Suppose that (X, 7, F) and (Y, 7, K) be two SDT-spaces and let
fay SD( )e — SD(Y)k be SD—homeomorph1sm mapping,.

Let yltl,gjgf € SDP(Y )k such that ylt q ygrg Then, by lemma 5.3 3 zq, 29 €
X,e1,e9 € E such that ﬁ(xl) =y, ¥(e;) = ki, (1 = 1 2) Also, 13" 4 72, and
F(F8) = i, f(£522) = §2*. Since (X, 7, E) is SDT*—space, then 715" f cle(72%?)
and 7,2 4 cle(275"). So that 7,5 C(cle(7222))¢, implies fa(715)C fay (cle(£2))¢ =
(fau(cle(72;?)))° [by proposition 3.5]. Thus, 717" E(clg(fsy(72;?)))¢ (as fay is SD-
homeomorphism). It follows that, y~1f Lo cl@(y}lf). similarly, we also have ﬁgf 2

clg(git"). Hence, (Y,7, K) is a SDT}.
Theorem 5.10. The property of being a SDT,—space is a topological property.

Proof. Suppose (X, 7, FE) and (Y, 7, K) be two SDT-spaces and let fzy, : SD(X)g —
SD(Y)k be SD-homeomorphism mapping,.

Let % € SDP(Y)k. Then, by lemma 5.3 3z € X and e € E such that 3(x) =
v, 7,0( ) = k,zf € SDP(X)p and f(z7) = yr. Since (X, 7, F) is SDT,—space, then

n@ EENq e) Cle(aeg)

e fﬁw(xt) N fﬂw(m@”’?eNqﬂf) de(Oei)) m@fﬁw(ef)EN(fﬁw(ef«’))K
ﬂ@fﬂw(ef)eNQfﬁ )Kcle(fﬁw<ofw e5) )) ﬂ@ kGNEZ o Cle(ng;)'

(P (e5), o)

Therefore, yF = ﬂ@ngNf N Cle(Ogr)' Hence, (Y, 7, K) is SDT5.

er)K

fou(cle(Og;)) =

Theorem 5.11. The property of being SDT;—space is a topological property.

Proof. Suppose that (X, 7, F) and (Y, 7, K) be two SDT-spaces and let
foy : SD(X)g — SD(Y)k be SD-open, one-one and onto.

Let yltl,yéff2 € SDP(Y)g such that lefl q y~27]f2. Then, by lemma 5.3 3 21,25 €
X,e1,eo € E such that [(z;) = vy, ¥(e;) = ki, (i = 1,2). Also, 71;" 4 z2,° and
f(zy') = g, f(222) = gjgff Since (X,7,E) is SDT3—space, then there exist
FE7GE € 7 such that l’lt EFE7.T2T EGE and FE Q/GE Thus fgw(lﬂil)Efﬁw(FE)
fﬁw(l’gt )Efgw(GE) and fW(FE) g’fgw(GE) [by proposition 3.5]. Therefore,

11 € f3u(FE), G2 € f5u(Gp) and fou(Fg) d f50(GE), (f34(Fr), f5u(GE) € ).
Hence, (Y, 7, K) is SDT5.
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Theorem 5.12. The property of being a SD Ry;—space is a topological property.

Proof. Suppose (X, 7, E) and (Y, 7, K) be two SDT-Spaces and let fgy : SD(X)g —
SD(Y)k be SD- homeomorthism. N

Let g* € SDP(Y)X and Fx € 7)° such that g* ¢ Fx. Then, by lemma 5.3 3z € X
zind = E such that ¢(e) =k, B(z) =y, 7y € SDP(X ) , f(@%) = gF and fEJ(FK)
Gg,Gg € 7% (as Jpy 18 D- continuous). Also, T A Gr, s (X7 E) is SDR;—space,
then there exist HE,ME € 7 such that xtGHE,GECME and HE A ME Thus,
Fou(F)E fau (Hp), f3(G)C fap(Mp) and fau(H) d fas(Mp) [by proposition 3.5]

Therefore, ytefﬁw(HE) FKCfﬁzp(ME) and fw(HE) Q/fﬁw(ME) (fap(HE), fou(ME) €
n). Hence, (Y, 7, K) is SDRs.

Theorem 5.13. The property of being a SDT;—space is a topological property.

Proof. Suppose (X, 7, E) and (Y, 7, K) be two SDT-spaces and let fzy, : SD(X)p —
SD(Y)k be SD-homeomorphism mapping and (X, 7, ) is SDT3—space, then (Y, 7, K)
is SDT; and SDRy—spaces [by theorems 5.8,5.12]. Hence, (Y, 7, K) is SDT5.

Theorem 5.14. The property of being a SDT5 —space is a topological property.

Proof. Suppose (X, 7, E) and (Y, 7, K) be two SDT-spaces and let fgzy : SD(X)p —
SD(Y)k be SD-homeomorphism mapping and (X, 7, F) is S DTy —space, then (Y, 7, K)
is SDTY and SDRy—spaces [by theorems 5.9,5.12]. Hence, (Y, 7, K) is SDT}.

Theorem 5.15. The property of being a DT;*—space, (i=0, 1, 2, 3) is a topological
property.

Proof. Straightforward.
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1 Introduction

The Jacobian conjecture consists in next: If Jacobian J(f, g)(x,y) of polynomials f,g are
invertible in the ring K [x, y], then polynomials of f, g gives K — automorphism of the ring

K[x,y].

The Jacobian conjecture solved for a particular case. They are presented in the book [1].
Although, the problem does not fully solved. Below we will describe the solution of the
problem.

2 Formal Inverse Mapping

On the line with polynomials K [x, y], also important to consider and ring of formal power
series K [[x, y]], where K — field. Here several pitfalls. Composition of polynomials are

always defined, but composition of series does not. Composition of formal power series are
defined in case, when power series without free terms. In other side, formal power series,
different from zero with free term, always invertible in the ring K[[x, y]|. So, in the book

[1] has proven next theorem.
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Formal inverse function theorem. Let f(x,y),g(x,y)e K [[x, y]] be formal power series
with next properties:

£(0,00=0, g(0,0)=0 and J(f,g)(0,0)e K*.
Then exists formal power series u(x, y), v(x, y)€ K[[x, y]] such as
u(0,0)=0, v(0,00=0 and u(f,g)=x,v(f,g)=1y.

Moreover, such formal power series unique and satisfies condition f(u,v)=x, g(u,v)=1y.
As result of the theorem immediately we can get next lemma.

Lemma. If f(x,y),g(x,y)e K[[x, y]| polynomials with properties
f(0,00=0, g(0,00=0 and J(f,g)(x,y)e K*

Then algebraic variate of polynomials f and g consists from one zero point. Exactly,

V(f.g)={(x,y)e K2|f(x, y)=0, g(x,y)=0}={(0,0)}.
Proof. Indeed, by the theorem of formal inverse function, exist series

u(x, y),v(x, )€ Kllx ]
such as
u(0,0)=0=v(0,0) and x=u(f(x,y),8(x,y)), y=v(f(x,y),8(x,y)).
Then, if
f(a,b)=0=g(a,b),

then,

a=u(f(a,b),g(a,b))=u(0,0)=0,
b=v(f(a,b),g(a,b))=v(0,0)=0,

thatis - V(f,g)={(0,0)}.
After all, next theorem will be proven easily.

The injective function theorem. Ler f(x, y), g(x, y)€ K|x, y| polynomials with properties
J(f,g)(x,y)e K *. Then polynomials mapping

0 K> > K>, 9(x,y)=(f(x,),8(x,y)

is injective.
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Proof. Let ¢(a,b) =¢(c,d) . Consider next polynomials
F(x,y)=f(x+a,y+b)—f(a,b), G(x,y)=g(x+a,y+b)—g(a,b)
Then
F(0,0)0=0=G(0,0) and J(F,G)(x,y)e K*
By the lemma V(F,G)={(0,0)}. We have F(c—a,d -b)=0, G(c—a,d —b)=0. It means
(c—a,d-b)eV(F,G)={(0,0)}.

It meansc=a, d=b. ¢ injective.
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and nano A-closed sets investigate some of their properties.
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1 Introduction

Lellis Thivagar et al [4] introduced a nano kernel to nano topological space with
respect to a subset X of an universe which is defined in terms of lower approximation
and upper approximation and boundary region. The classical nano topological space
is based on an equivalence relation on a set, but in some situation, equivalence
relations are nor suitable for coping with granularity, instead the classical nano
topology is extend to general binary relation based covering nano topological space

In this paper, we introduce some kernels, nano A,-set, nano A,-set, nano A-closed
set and nano A\, -closed set in nano topological spaces and investigate some of their
properties.

2 Preliminary

Throughout this paper (U, 7z(X)) (or X) represent nano topological spaces on which
no separation axioms are assumed unless otherwise mentioned. For a subset H of a
space (U, 7r(X)), Ncl(H) and Nint(H) denote the nano closure of H and the nano
interior of H respectively. We recall the following definitions which are useful in the
sequel.

* Corresponding Author.
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Definition 2.1. [5] Let U be a non-empty finite set of objects called the universe and
R be an equivalence relation on U named as the indiscernibility relation. Elements
belonging to the same equivalence class are said to be indiscernible with one another.
The pair (U, R) is said to be the approximation space. Let X C U.

1. The lower approximation of X with respect to R is the set of all objects, which
can be for certain classified as X with respect to R and it is denoted by Lr(X).
That is, Lr(X) = U,cp{R(x) : R(x) C X}, where R(x) denotes the equiva-

lence class determined by .

2. The upper approzimation of X with respect to R is the set of all objects, which
can be possibly classified as X with respect to R and it is denoted by Ur(X).

That is, Up(X) = U,cg{R(x) : R(z) N X # ¢}.

3. The boundary region of X with respect to R is the set of all objects, which can
be classified neither as X nor as not - X with respect to R and it is denoted by

Br(X). That is, Br(X) = Ur(X) — Lr(X).
Proposition 2.2. /3] If (U, R) is an approzimation space and X,Y C U, then
1. La(X) C X C Un(X);
Lr(¢) =Ug(¢) = ¢ and Lr(U) = Ug(U) = U;

Ur(XUY X

Lr(XNY)C Ly

(

(

( ) = )
Ur(XNY) CURX)NUR®Y);

( ) )

( )N Lr(Y);

Lr(X) C Lr(Y) and Ur(X) C Ug(Y) whenever X C Y,

2
3 Ur(

4 (

5. Lp(X UY) D Lp(X)U Lp(Y);
6 (X

7

8. Ur(X©) = [Lr(X)]® and Lr(X*) = [Ur(X)]%;
9. UpUR(X) = LrUg(X) = Ug(X);

10. LrLp(X) = UrLg(X) = Lp(X).

Definition 2.3. [3] Let U be the universe, R be an equivalence relation on U and
TrR(X) = {U, ¢, Lr(X),Ur(X), BR(X)} where X C U. Then by the Property 2.2,
R(X) satisfies the following azioms:

1. Uand ¢ € Tp(X),
2. The union of the elements of any sub collection of Tr(X) is in Tr(X),

3. The intersection of the elements of any finite subcollection of Tr(X) is in
TR(X).
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That is, TrR(X) is a topology on U called the nano topology on U with respect to X.
We call (U, 7r(X)) as the nano topological space. The elements of Tr(X) are called
as nano open sets and [Tr(X)|¢ is called as the dual nano topology of [Tr(X)].

Remark 2.4. [3] If [Tr(X)] is the nano topology on U with respect to X, then the
set B ={U,¢, Lr(X), Br(X)} is the basis for Tr(X).

Definition 2.5. [3] If (U, (X)) is a nano topological space with respect to X and if
H C U, then the nano interior of H is defined as the union of all nano open subsets
of H and it is denoted by Nint(H).

That is, Nint(H) is the largest nano open subset of H. The nano closure of H is
defined as the intersection of all nano closed sets containing H and it is denoted by
Ncl(H).

That is, Ncl(H) is the smallest nano closed set containing H.

Definition 2.6. [3] A subset H of a nano topological space (U, Tr(X)) is called nano
reqular-open H = Nint(Ncl(H)).
The complement of the above mentioned set are called their respective closed set.

Definition 2.7. [1] Let H be a subset of a space (U, Tr(X)) is nano w-open if the
finite union of nano reqular-open sets.

Definition 2.8. [}/ Let (U,7r(X)) be a nano topological spaces and H C U. The
nano Ker(H) = ({U : H C U,U € 1r(X)} is called the nano kernal of H and is
denoted by N'Ker(H).

Definition 2.9. A subset H of a nano topological space (U, (X)) is called;
1. nano g-closed [2] if Ncl(H) C G, whenever H C G and G is nano open.

2. nano rg-closed set [6] if Ncl(H) C G whenever H C G and G is nano regular-
open.

3 On Some New Subsets of Nano Topological Spaces

Definition 3.1. A subset H of a space (U,Tr(X)) is called a nano N-set if H =
NKer(H).

Example 3.2. Let U = {a,b,c,d} with U/R = {{a},{c},{b,d}} and X = {a,b}.
Then the nano topology TrR(X) = {¢,{a},{b,d},{a,b,d},U}. Then {a} is nano
N-set.

Definition 3.3. A subset H of a space (U,7r(X)) is called nano A-closed if H =
LN F where L is a nano A-set and F' is nano closed.

Example 3.4. In Example 3.2, then {b,c,d} is nano \-closed.
Lemma 3.5. 1. Every nano N-set is nano A-closed.

2. Every nano open set is nano A-closed.
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3. Fvery nano closed set is nano A-closed.

Remark 3.6. The converses of statements in Lemma 3.5 are not necessarily true
as seen from the following Examples.

Example 3.7. In Example 3.2,
1. then {c} is nano A-closed but not nano A-set.
2. then {a,c} is nano A-closed but not nano open.
3. then {b,d} is nano A-closed but not nano closed.

Lemma 3.8. For a subset H of a space (U,Tr(X)), the following conditions are
equivalent.

1. H is nano A-closed.
2. H= LN Ncl(H) where L is a nano N-set.
3. H=NKer(H)NNcl(H).

Lemma 3.9. A subset H C (U, (X)) is nano g-closed if and only if Ncl(H) C
NKer(H).

Definition 3.10. Let H be a subset of a space (U,Tr(X)) is nano mwg-closed if
Ncl(H) C G, whenever H C G and G is nano w-open.

Example 3.11. In Ezample 3.2, then {b,c,d} is nano wg-closed.

Remark 3.12. For a subset of a space (U, Tr(X)), we have the following implica-
tions:

nano closed — nano g-closed — nano wg-closed — mnano rg-closed

None of the above implications are reversible.

Theorem 3.13. For a subset H of a space (U, Tr(X)), the following conditions are
equivalent.

1. H is nano closed.
2. H 1s nano g-closed and nano \-closed.

Proof. (1) = (2): Obvious by Remark 3.12 and (3) of Lemma 3.5.

(2) = (1): Since H is nano g-closed, by Lemma 3.9, Ncl(H) C N Ker(H). Since
H is nano A-closed, by Lemma 3.8, H = N'Ker(H) N Ncl(H) = Ncl(H). Hence H
is nano closed.

Remark 3.14. In a nano topological space, the concepts of nano g-closed sets and
nano \-closed sets are independent as seen from the following Examples.
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Example 3.15. In Example 3.2,
1. then {b,c} is nano g-closed set but not nano A-closed.
2. then {a} is A-closed set but not nano g-closed.

Remark 3.16. Theorem 3.13 together with Remark 3.14 and Example 3.15 gives a
decomposition of nano closed set into a nano g-closed set and a \-nano closed set.

Definition 3.17. Let H be a subset of a space (U, Tr(X)). Then

1. The nano r-Kernel of the set H, denoted by Nr-Ker(H), is the intersection of
all nano reqular-open supersets of H.

2. The nano w-Kernel of the set H, denoted by Nw-Ker(H), is the intersection of
all nano m-open supersets of H.

Example 3.18. In Fxample 3.2,
1. then {a} is nano r-Kernel.
2. then {b,d} is nano m-Kernel.
Definition 3.19. A subset H of a space (U, Tr(X)) is called
1. nano A.-set if H = Nr-Ker(H).
2. nano Ny-set if H=Nn-Ker(H).
Example 3.20. In Example 3.2,
1. then {b,d} is nano A.-set.
2. then {a} is nano N,-set.
Definition 3.21. A subset H of a space (U, 7r(X)) is called
1. nano \.-closed if H = LN F where L is a nano A.-set and F' is nano closed.
2. nano A-closed if H = LN F where L is a nano A,-set and F' is nano closed.
Example 3.22. In Example 3.2,
1. then {b,c,d} is nano \.-closed.
2. then {a,c} is nano \;-closed.
Lemma 3.23. 1. Fvery nano closed set is nano \.-closed.
2. Every nano A.-set is nano \,.-closed.
3. Fvery nano closed set is nano \-closed.

4. FEvery nano Ar-set is nano nano A.-closed.
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Remark 3.24. The converses of the statements in Lemma 3.23 are not necessarily
true as seen from the following Fxamples.

Example 3.25. In Example 3.2,
1. then {b,d} is nano \.-closed set but not nano closed.
2. then {a,c} is nano \.-closed set but not nano A,-set.
3. then {b,d} is nano A\;-closed set but not nano closed.
4. then {b,c,d} is nano \.-closed but not nano A,-set.
Lemma 3.26. For a subset H of a space (U, Tr(X)), the following are equivalent.

1. (a) H is nano \.-closed.
(b) H= LN Ncl(H) where L is a nano N\,-set.
(¢) H= Nr-Ker(H) N Ncl(H).
2. (a) H is nano \;-closed.
(b) H= LN NCcl(H) where L is a nano NA.-set.
(¢) H=Nnr-Ker(H) "\Ncl(H).
Lemma 3.27. 1. A subset H C (U,7r(X)) is nano wg-closed if and only if
Ncl(H) C Nn-Ker(H).
2. A subset H C (U,7r(X)) is nano rg-closed if and only if Ncl(H) C Nr-
Ker(H).
Theorem 3.28. For a subset H of a space (U, Tr(X)), the following are equivalent.
1. H is nano closed.

2. H is nano wg-closed and nano \,-closed.

Proof. (1)=-(2) Proof follows by Remark 3.12 and (6) of Lemma 3.23.
(2)=-(1) By Lemma 3.27 and Lemma 3.26(2), proof follows similar to the proof
of Theorem 3.13.

Remark 3.29. In a nano topological space, the concepts of nano \.-closed sets and
nano mg-closed sets are independent as seen from the following Examples.

Example 3.30. Let U = {a,b,c,d} with U/R = {{a},{b},{c,d}} and X = {b,d}.
Then the nano topology Tr(X) = {¢,{b}, {c,d},{b,c,d},U}.

1. then {a,c} is nano wg-closed set but not nano A.-closed.
2. then {c,d} is nano \;-closed set but not nano mwg-closed.

Remark 3.31. Theorem 3.28 together with Remark 3.29 and Example 3.30 gives a
decomposition of nano closed set into a nano \;-closed set and a nano wg-closed set.

Theorem 3.32. For a subset H of a space (U, 7r(X)), the following are equivalent.
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1. H is nano closed.

2. H 1s nano rg-closed and nano \,-closed.

Proof. (1) = (2) Proof follows by Remark 3.12 and (3) of Lemma 3.23.
(2) = (1) By Lemma 3.27 and Lemma 3.26(1), proof follows similar to the proof
of Theorem 3.13.

Remark 3.33. In a nano topological space, the concepts of nano \.-closed sets and
nano rg-closed sets are independent as seen from the following Fxamples.

Example 3.34. In Fxample 3.2,
1. then {a} is nano \.-closed set but not nano rg-closed.
2. then {a,d} is nano rg-closed set but not nano \,-closed.

Remark 3.35. Theorem 3.32 together with Remark 3.33 and Example 3.3} gives a
decomposition of nano closed set into a nano \.-closed set and a nano rg-closed set.
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Abstaract — The newly defined integral transform ”Natural transform” has many application in
the field of science and engineering.In this paper we described the application of Natural transform
to Cryptography.This provide the algorithm for cryptography in which we use the natural transform
of the exponential function for encryption of the plain text and corresponding inverse natural
transform for decryption.
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1 Introduction

In today’s world of globalization and digitalization , the security of information (data)
is the most important aspect of the society.There is a commonly and widely used
technique called as cryptography for the security purpose.cryptography deals with
the actual securing of digital data.lt is the art and science of making a cryptosystem
that is capable of providing information security. The objectives of cryptography
are Confidentiality,Integrity,Non-repudiation and Authentication.Different tools and
techniques are used for cryptography [12, 13, 14]. There are Mathematical technique
used for the cryptography are found in [8; 9, 10].

The original information is known as plain-text, and the encrypted from as cipher
text. The cipher text message contains all the information of the plain-text mes-
sage,but is not in a format readable to a human or computer without the mechanism
to decrypt it. Cipher are usually parametrized by a piece of auxiliary information
called a key. The encryption process is varied depending the key which changes
the detailed operation of the algorithm [11]. Without having the proper key it is
impossible to decrypt the given text.

* Corresponding Author.



Journal of New Theory 16 (2017) 59-67 60

1.1 Natural Transform

The new integral transform Natural transform was defined by Khan and Khan [1]
as N - transform who gave the properties and application of N-transform. Belgacem
[2, 3] defined inverse Natural transform and studied some properties and applications.
Many authors have contributed in the study of N-transform [4, 5, 6, 7]. Natural
transform can be used to solve the problems in engineering, fluid mechanics and
other science faculty.

1.2 Definition of Natural Transform

The Natural transform of the function f(¢) € R? is given by the following integral
equation [3]

NWWZG@W=Aw€WWW% 1)

where Re(s) > 0, u € (7, 72) provided the function f(t)€R? is defined in the set
11

A=[f(t)/3A M1, 7 > 0 Ji(t)] < M e | if t €(—1) x [0, 00) ]

The inverse Natural transform related with Bromwich contour integral[2, 3] is
defined by

1 y+iT

NG (s, u)] = f(t) = lim — e G(s, u)ds (2)

T—oo 2111 y—iT

1.3 Standard Result of Natural Transform

In this section we can see the Natural transform of some of the standard functions.

1, 3]

N[ = Q

N[t] = (4)

N["] = Sff;n! (5)

Nfe"] = —— (©

sin(at), u

N a I= s% + s2u? (7)

Nlcos(at)] = m (8)
tnfleat unfl

N[(n - 1)!] - (s — au)? )

oy = 5 ST ) = L7
NIf" (0] = —R(s,u) = Y ———u™(0), wheref"(t) = —

n=0
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2 Main Result

2.1 Encryption Using Exponential Function

Consider the Taylor series expansion of the exponential function e™ as

v rt (rt)? B > (rt)™
e _1+ﬂ+ ST —EO o (11)
where r is constant.
2 243 nin+1
et rt rot B t
t€ —t‘{‘T—FT ..... = EO n' (12)

Now we allocate 0 to A,1 to B and so on then Z will be 25.

consider the plain-text as "SCIENCE” which is equivalent to 18 28 4 13 2 4

PU.tP():18,P1:2,P2:8,P3:4,P4:13,P5:2,P6:4,Pn:O fOI‘HZ?

r rt? 23 ot o, T
ft) th.€t=P0t+P1T+P27+P3T ----- :ZPnT (13)
n=0
for r = 2 we have
22 2243 2344 = 2mntl
ft) = Pt.e® = Pyt + P,=— T + Po—— o + P3—— TR :ZP”T (14)
n=0 '
212 9% 9%t o%S 956 9647
2t
f(t) = Pt.e =18t + 27 + 8-+ + 13—+ 2+ (15)

Now taking the Natural transform on both sides of above equation, we get

N[f(t)] =
= N[Pt.e”]
212 22¢3 23¢4 2445 25¢6 26¢7

= N[18t +2=— 4 1 2 4
N[18t + T8 T Tt 2 6!]

2 9 22 3 23 4 24 5 2° 6 26 7
:18.N[]+2FN[t]+8.2—N[t]+4.3—N[t]+13.4—N[t]+2 5‘N[t]+4 6'N[t]
2u 22 3 23 4 24 5 25 6 26 7
— — 91 - — 4! - R — 7
= 18. —|—21' 2+82' 3—|—43'854+134|565 —1—25' 6—1—46'587

2 u3 u4 5 uﬁ 7
= 18.3—2 + 8.5 + 96.8—4 + 128.5 + 1040.5 + 384.? + 1792.5

Now the key (K;) for the cipher text is calculated by following method
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18 = 18(mod26) ,8 = 8(mod26) ,96 = 18(mod26) ,128 = 24(mod26) ,

1040 = 0(mod26) ,384 = 20(mod26) ,1792 = 24(mod26).

Which gives the key as 00 3 4 40 14 68.

Let P, =r; = q; —26K;  fori=0,1,2,34,56

P =18,P =8 P, =18 P, =24, P, =0,P, =20, P; =24, P, =0forn>7

Hence the given plain-text "SCIENCE” get converted into ”SISYAUY”.

2.2 For Decryption

Now receiver receives the message as "SISYAUY” which is equivalent to 18 8 24 0
20 24

SincePy =18, P, =8 Py =18, Py =24, P, =0,P, =20, Py =24, P, =0 forn>7

and we have the key as 0 0 3 4 40 14 68 so we can calculate ¢; = 26 K; + Pi/ fori=
0,1,2...

2 3 4 5 6 7

u u u u u u u u
P—— =18 4+8— +96.— 4+ 128.— + 1040.— 4 384.— + 1792.— (16
(s — 2u)? s2 * 3 i st * 5 i s6 * s7 * s® (16)

Now taking inverse Natural transform on both sides

NP 4] = NT18.% + 8.4 + 96.% + 128.% + 1040.% + 384.% + 1792.%]

(s—gu)

f(t) = Pte*
U -1 u? —1 u? -1 ut -1 u’
= 18N [9] + 8N [5] + 96N [g] + 128N [g] + 1040N [E]
S o
+ 384N [?] + 1792N [g]
2t 22¢3 23t4 2445 25¢6 26¢7
= 18t+2T+87+4T+13 T +2 3 +4 G

HereP0:18,P1:2,P2:8,P3:4,P4:13,P5:2,P6:4,Pn:0 forn27

This gives the message ”SISYAUY” get converted into the original message ”SCI-
ENCE”.

2.2.1 More Illustrative Examples

1 The original message "SCIENCE” get converted into "SMIQNEC” with the
proper key as
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0O 0 8 202 112 785 forr =3

2 The original message "SCIENCE” get converted into "SGUKAQC” with the
proper key as

0 1 14 39 640 472 4411 forr =4

3 The original message "SCIENCE” get converted into "SEYQAMC” with the
proper key as

0 2 180 1688 96040 248226 8108731 forr = 14

3 Encryption Using Hyperbolic Function
Consider the Taylor series expansion of hyperbolic sine function sinh(rt) as

rt 33 rod > (rt)?nt1

nh(rt) = — 4+ — 4+ —..... = —_— 17
sinh(rt) = 3+ 50+ 5 ;(Qn—l—l)! (17)
where r is constant.
,r,t2 T3t4 r5t6 00 T2n+1t2n+2
cot.sinh(rt) = — 4+ — 4+ ——..... = —— 18
sinh(rt) = 3r + 5+ 5 ; 2n + 1) (18)

Now we allocate 0 to A,1 to B and so on then Z will be 25.
consider the plain-text as "STUDENT” which is equivalent to 18 19 20 3 4 13 19

PutP() = 18,P1 = 19,P2 = 20,P3 = 3,P4 :4,P5 = 13,P6 = 19,Pn =0 for
n>7

9
5t6 702714-1th—|—2

. r
f(t) :Ptsznh(rt) :POT‘FPl?‘FPQF—F ..... :anm (19)
: ! : I !
for r = 2 we have
2t2 23t4 25t6 o 22n+1t2n+2
t) = Pt.sinh(2t) = Pp— + Pi.— + Pob—— + ... = P 20
/) sinh(20) = Py + Pimgr + P nz% oy (20

' 2t2 23t4 25t6 27t8 29t10 211t12 213t14
£(8) = Pt.sinh(24) = 185 +19% - +20= - + 37 +45 1 + 13— +19 )

Now taking the Natural transform on both sides of above equation ,we get
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N[f(t)] = N[Pt.sinh(2t)]

(25)(2u?)
(52 — 222)2

212 23t4 25¢6 278
=N[18— + 19— + 20— + 3——

- p

1! 3l 5! 7!
29t10 211t12 213t14
4 1 1
MR TR A TR P
2 234 25 27 29
= 18ﬁN[t2] - 1971\1[#] + 205N[t6] - 3ﬂN[t8] - 4§N[t10]
211 12 13
13°-N[t"?] + 19—
SN+ 19 e

2 4 6 8 10 12
= 722 4 608.% + 3840. = + 3072.— + 20480~ + 319488.—
S S S S S S

U14
+2179072.—
S

Now the key(K;) for the cipher text is calculated by following method

72 = 20(mod26), 608 = 10(mod26), 3840 = 18(mod26), 3072 = 4(mod26)

20480 = 18(mod26), 319488 = 0(mod26), 2179072 = 12(mod26).

Which gives the key as 2 23 147 118 787 12288 83810.

Let P, =r; = q; — 26K;  fori= 0,123,456

64

o Py=20,P =10,P, =18, P, =4,P, =18, P, =0,P; =12,P, =0 forn > 7

Hence the given plain-text 7 STUDENT ” get converted into 7 UKSESAM ”.

3.1 For Decryption

Now receiver receives the message as 7 UKSESAM ” which is equivalent to 20 10 18

418012

P

Since Py = 20, P, = 10,P, = 18, P, = 4, P, = 18, P, = 0, P; = 12, P, = 0 for
n > 7 and we have the key as 2 23 147 118 787 12288 83810 so we
can calculate ¢; = 26K; + P, for i = 0,1,2...

(28) (2U2) u2 u4 6 8 ulO

(52 —

22u2)2

14

U
+ 2179072.ST5

12

u u u
= 72.5 + 608.; + 3840.? + 3072.? + '204805T + 319488'5T3
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Now taking inverse Natural transform on both sides

(28)(2U2) 2 U4 [§ 8 10

1 L lien U u u u
NP rys) = N (7255 + 60875+ 3840 + 307255 + 20480

e ne
+ 319488.; + 2179072.ST5]

f(t) = Pt.sinh(2t)

L u2 L U4 L uﬁ L u8 L ulo
= 72N 5] 4 60.N! 2] + 3840.N 7 [S-] 4 8072 (5] + 204808 [
. Ul2 . U14
+ 319488.N 7" [7] + 2179072.N " [5]
2t2 23t4 25t6 27t8 29t10 211t12 213t14
=18— +19—— + 20 3 4 13 19
T TR R R N A TR T

Here Py =18, P, =19, P, =20, P, =3,P, =4,P; = 13, P = 19,P, =0 forn > 7

This gives the cipher text 7 UKSESAM 7 get converted into the original message ”
STUDENT ”.

3.2 Generalization

for encryption of given plain-text in terms of P ;we consider the function
f(t) = Pt/sinh(rt) forr,j €N

Taking Natural transform and following the procedure we can have the given
messageP; can

be converted into PZ/ with the private key as K; = % fori=0,1,2 ...

where ¢; = Pr® (20 + 1)(2i + 3)...(20 + j)

For dycryption for recived message (cipher text) in terms of P; we have

) . 2n+1+j
Pad (=2 ) () = 3000

Taking the inverse Natural transform,we can convert the given cipher text Pi/
into the original message P; as

b 26K; + P,
P r2+1(2i 4+ 1)(20 + 3)...(2i + J)

fori=0,1.2 ..
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4

Conclusion

Now a day’s e-crimes such as internet banking fraud, data hacking etc. are commonly
seen in the society. This paper gives a new cartographic application using Natural
transform which helps to prevent such e-crimes in the society.It is too difficult for
hackers or unauthorized person to find the private key by the brute farce attack or
any other attack.
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1 Introduction

Let f: I C R — R, be a mapping differentiable in 7° and a,b € I with a < b. If
|f(x)] < M, for all z € [a,b], then the following inequality holds

1) - L i < 300 - + T2 ” 1)

for « € [a,b]. This inequality is known in the literature as the Ostrowski inequality
([8]), which gives an upper bound for the approximation of the integral average
ﬁf:f(t)dt by the value f(z) at the point = € [a,b]. For some results which
generalize, improve and extend the inequality (1), we refer the reader to recent
papers (see [9, 10]) and the references therein.

Definition 1.1. A function f: I C R — R is said to be convex function, if

fAz+ (1= Ny)) < Af(z) +m(l =) f(y)
for all z,y € I and X\ € [0,1]. We say that f is concave if —f is convex.

In recent years several extensions and generalizations have been considered for
classical convexity. A significant generalization of convex function is that of invex
functions introduced by Hanson in [4]. Weir and Mond [13] introduced the concept
of preinvex functions and applied it to the establishment of the sufficient optimality
conditions and duality in nonlinear programming. Pini [12] introduced the concept
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of prequasiinvex functions as a generalization of invex functions. Later, Mohan and
Neogy [9] obtained some properties of generalized preinvex functions.

In [1], I. A. Baloch et. al. introduced the concept of the p-preinvex functions
which is generalization of preinvex and harmonically preinvex functions. They also
defined the notion of p-prequasiinvex function.

The aim of this paper is to establish some Ostrowski type inequalities for the
functions whose derivative in absolute value are p-preinvex. Now, we recall some
notions in invexity analysis which will be used through out the paper (see [2,8,14]
and references therein).

Definition 1.2. A set S C R" is said to be invex with respect to the map 7 :
S x S — R if for every z,y € S and t € [0, 1], we have

x+1tn(y,x) € S.

Note that definition of invex set has a clear geometric interpretation.This defini-
tion essentially says that there is a path starting from a point x which is contain in
S.We do not require that the point y should be the one of the end points of path.
This observation plays an important role in our analysis. Note that, if we demand
that y should be an end point of the path for every pair of points, x,y € S, then
n(y, x) = y—x and corresponding invexity reduces to convexity. Thus, it is true that
every convex set is also an invex set with respect to n(y,z) = y — x, but converse is
not necessarily true, see [15],[18] and references therein.

Definition 1.3. Let S C R”™ be an invex set with respect to eta : S x S — R". A
function f : S — R is said to be preinvex with respect to 7 if for every z,y € S and
t € [0,1], we have

flx+tn(y,z)) <tf(x)+ (1 —=1t)f(y).

Note that every convex function is a preinvex function, but converse is not true
(see [8]). For example, f(z) = —|z|,z € R, is not a convex function, but it is a
preinvex function with respect to

me—{y_% vy < 0

We also need the following assumption regarding the function 1 which is due to
Mohan and Neogy [9].

Condition C: Let S C R be an open invex subset with respect ton: S xS — R.
For any x,y € S and any t € [0, 1],

n(y,y +tn(y,z)) = —tn(y, )

Note that for every x,y € S and ty,t; € [0, 1], from Condition C, we have

n(y +ton(y, x),y +tin(y, ) = (t2 — t1)n(y, ).
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There are many vector functions that satisfy condition C (see [8]), besides the trivial
case n(z,y) = v —y. For example, let S = R/{0} and

r—y, v>0,9>0
n(@,y) =4 y—z, ©<0,y<0
-, otherwise.

Then S is an invex set and 7 satisfies condition C.
In [3], I.Iscan established the Ostrowski type inequalities for the preinvex function
as follow:

Theorem 1.4. Let S C R be an invex set with respect ton : Sx S — Rand a,b € S
with a < a 4+ n(b,a). Suppose that f : S — R is a differentiable function and |f’|
is preinvex function on S. If f’ is integrable on [a,a + n(b,a)]. Then the following
inequality holds:

n(b, a)

<
)

- | T

n(b,a
{eGra) —2Gaa) + (=) e
o) ~Gwa) Jrory ®

for all z € [a,a + n(b,a)]. The constant ¢ is best possible in the sense that cannot
be replaced by a smaller value.

Theorem 1.5. Let S C R be an open invex set with respect to eta : S xS — R and
a,b € S with a < a + n(b,a). Suppose that f : S — R is a differentiable function
such that |f’|? is preinvex on [a,a + 1(b, a)], for some fixed ¢ > 1. If f’ is integral
on [a,a + n(b,a)] and n satisfies condition C, then for each = € [a,a + n(b,a)], the
following inequality holds

o [ o

() gy (e

(a+n(b,a) — ) [/ (a+n(b, )| + | f(x)[) *
AT ( 2 ) }

(3)
1,1 _
where 5—1—5— 1.

Theorem 1.6. Let S C R be an open invex set with respect to eta : S xS — R and
a,b € S with a < a+ n(b,a). Suppose that f : S — R is a differentiable function
such that |f’|? is preinvex on [a,a + n(b, a)], for some fixed ¢ > 1. If f" is integral
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on [a,a + n(b,a)] and n satisfies condition C, then for each = € [a,a + n(b,a)], the

following inequality holds
1 a+n(b,a) 1 1—% Tr—a 2(1—%)
- < Z Z =
- [ el <ea(3) {(555)

n(b,

. [(a: - a>2(36nn(§&i)a>_ 220 o (;”(b—;) ) | (b)'q} %+ (a £l - w) 201-1)
e s (o =) )

(4)

for each = € [a,a + n(b, a)].

Now, we recall the class of the p-preinvex functions [1] which is a generalization
of preinvex functions, harmonically preinvex functions and also recall the class of
p-prequasiinvex functions :

Definition 1.7. Let p € R/{0}.The set A, , C (0,00)is said to be p-invex with
respect to 7(.,.), if for every z,y € A and t € [0, 1], we have

(1= t)a? +t(z +n(y,2))"]» € A.
The p-invex set A, , is also call a (p, n)-connected set.

Remark 1.8. Note that for p = 1, p-invex set becomes invex set and for p = —1,
p-invex set become to harmonic invex-set.

Definition 1.9. Let p € R/{0}. The function f on the p-invex set A, , is said to
be p-preinvex function with respect to n if, where p € R/{0}, , if

f([(l Pttt n(y,x»pﬁ) < tf() + (-1 f () (5)
for all z,y € A, , and t € [0, 1].

Remark 1.10. Note that for p = 1 p-preinvex functions becomes preinvex functions
and for p = —1, p-preinvex functions become harmonically preinvex functions.

Theorem 1.11. [1] Let f : S = [a,a + n(b,a)] — (0,00) be a p-preinvex function
on the interval S° and a,b € S° with a < a + n(b,a). Then the following inequality
holds:

f([ap+ (azn(b, a))p] fl’) < [(a+n(b,pa))p - /aa+n(b,a) ﬁﬁdm < M

Definition 1.12. Let p € R/{0}. The function f on the p-invex set A, , is said to
be p-prequasiinvex function with respect to 7 if, where p € R/{0}, , if

f ([(1 — )" + iz +n(y, 93))”];> < max{f(z), f(y)}, (6)

for all z,y € A, , and t € [0, 1].
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2 Main Results

Lemma 2.1. Let S be an open invex set with respect to n and a,a + n(b,a) € S
with @ < a + n(b,a). Suppose that f : S — R is differentiable function. If f’ is
integrable on [a, a + 1(b,a)] Then, we have following identity

2 P a+n(b,a)m .,
1) = T, a))p—ap]/a el

P _ 4P % £
_ (a+77(b,pa)) a {/( T = Ha? + Ha + (b, @)y
0

< /([“ —t)a” +t(a +n(b, a))pJé)dt
! (¢ DI~ 0 + a+ (b)) 7

zP —aP
(@Fn(b,a)P—aP

x f! ([(1 — t)a? + t(a + n(b, a))p]é) dt}

for all z € [a,a +n(b,a)] and p € R/{0}.

Proof. Let
no— R [ 0 g ddat a0
< (10 =)0+ tla + (0. 0)1

2P _aP
(a+n(b,a))P —aP

_ ([(1 — )@ + t(a + (b, a))p];>

0
zP —aP

- /OWW_GP f([(l —t)a” + t(a + n(b, a))p];)dt

2P _aP

(atn(b,a))P—aP » " . p%
- @ (10— 00+ (a5 nt0, 0 Y
B xP — aP N p If(u) .,
= ity o'W @i ay—a ), wr’

Y
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and let

I, = (a+77(b,pa))p_ap . (t— 1)[(1_t)ap+t(a+n(b,a))p]l_7p

X f’ ([(1 — t)a? + t(a+ n(b, a))p]i)dt

1

P —aP
(atn(b.a)P—aP

. 1)f<[(1 )+ t{a+ (b a>>p1é)

1

- (- [ (1000 i) )a

(a+n(b,a))P—aP

B B 2P — aP . p a+n(b7a)M y
- (1 <a+n<b,a>>p—ap)f (@) <a+n<b,a>>p—ap/x w1

Now, by adding I; and I, we get required result. O

Theorem 2.2. Let S C R be an invex set with respect ton : SxS — Rand a,b € S
with a < a 4+ n(b,a). Suppose that f: S — R is a differentiable function and |f’| is

p-preinvex function on S with p =2k +1orp= =, n=2r+1, m = 2t + 1 where
k,r,t € N.If f'is integrable on [a,a 4 n(b,a)]. Then the following inequality holds:

a+n(b,a)
- [,

[(a+n(b,a))P — a?] ulp

< latnb,a) - a
D

[(51 LS (@) + (S + s4>|f’<b>|] , )

where

2P _aP

(atn(,a)P—aP 1-p
S1 = t°[(1 —t)a? + t(a + n(b,a))?] » dt
0

P —aP

So= [0 0100 - 0 4 tla b)) T
0

1

Sy = t(1—B)[(1 — t)a? + t(a +n(b,a))?) 7 dt
1 1—p
Sy = / =D =01 e + Ha+ (b, a)))  dt

TaFn(6,a)P—aP
Proof. Using Lemma 2.1 and |f’| is p-preinvex on S, we have

a+n(b,a)
PRI Y

[(a + (b, a))? — ar] ul?
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p_ P [ [Greranr—ar e
- (a+n(b,pa)) a [/( A — 10 + o+ (b))
0

X

f ([(1 —t)a? + t(a + n(b, a))p];) ‘dt
[ =Dt +ta+n(ba)?) T
(atn(b,a))P—aP

i ([(1 — t)a? + t(a + (b, a))p]fl’) ‘dt]

X

2P P
1—

_(atnboy—a [/OM t(1 — t)a? + t(a+ (b))’ 7

p
xGW@N+ﬂ—Mf@Qﬁ
" (t— 1)[(1 = )a® + t{a+ n(b.a)?) 7 (11 ()] + (1 - 0]F®)] )de
[ .. ( )
::”*”“j””‘“{wr+&nfmﬂ+a%+SMfwﬂ.
This completes the proof. Il

Theorem 2.3. Let S C R be an open invex set with respect to eta : S x .S — R and
a,b € S with a < a+ n(b,a). Suppose that f : S — R is a differentiable function
such that [f’|? is p-preinvex on [a,a + (b, a)] with p =2k +1orp= 2", n=2r+1,
m = 2t + 1 where k,r,t € N, for some fixed ¢ > 1. If f’ is integral on [a,a + n(b, a)]
and 7 satisfies condition C, then for each x € [a,a+ n(b, a)], the following inequality

holds
p 10
T) — —Zdu
V” el e

q—1

[(ststr + sisor)

< latnb,a)) —d]
2 (g + 1)

q—1

+0Mﬂwwﬂ+&uww“)q}
where

2P _aP

(a+n(b,a))P—aP (1—p)
55:/ ’ t(1 = t)a? + t(a + (b, a))P]»eD dt
0

2P _aP

(a+n(b,a))P—aP a(1-p)
si= | (1= 0)(1 = )aP + ta+ (b, a)7)55-
0

! —-P
Sy = H(L — t)a + t(a + (b, a))?]FaD dt

xP —aP
(atn(,a))P—aP
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(1-p)
Sy = (1= = t)a” + t(a+ (b, )]0 dt
Proof. Using Lemma 2.1, Holder’s inequality and p-preinvexity of |f’ |q%1 on S, we
have

’“@Ka+mf§§—mﬂlwwm£$%4

1

UOW {1 — 1)a? + t(a + (b, a))7]+"
Nﬁ

f(Kl-oan+ua+nw¢wwﬁ)Lﬁ]

< (a+n(b,a))P —aP
p

3=

X

f@ﬂ—wf+aa+mawm

+/ 2P —aP (I—=t)[(1=t)a?+t(a+n(b, a))p]l,%p

2P _oP 1 zP —aP
b P _ P (a¥n(b,a))P—aP q (a+n(b,a))P—aP (1-p)
S (CL + 77( 7CL)) a |:(/ n tth> (/ n [(1—t)a,p+t((l+77(b, a))l”] Z(qfllz)
0 0

p

q q—1

=1\ @
)

([ u_wm05</lww AP

(a¥n(b,0)P—aP (a+n(b,a))P—aP

X

f ([(1 —t)a? + t(a + (b, a))ﬁ}i)

q g—1

)

2P P 1 zP —aP

b P _ 4P T(atn(b,a))P—aP q (atn(b,a))P—aP (1-p)

< (a+mn(b,a)) a {(/ K tth> </ K [(1—t)aP+t(a+n(b, a))P]Z(q—Z;)
b 0 0

X

f’([(l —t)aP + t(a + n(b, a))p]é)

q—1

x@ﬂ@w“+u—wuwwﬂugq

+(/1 o (1—t)th);

(atn(b,a))P—aP

g—1

1 » pr 20D s B o q
x(/m[(l—t)a +t(a4n(b,a))?]?@D (t|f(a)|7=T 4+ (1 —1)|f(b)] )dt) }

q—1 q—1

- et n P (s patesal o)+ (i@ sison) ]

21+4 (¢ + 1)%
The proof is completed. O]
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Theorem 2.4. Let S C R be an open invex set with respect ton: S x S — R and
a,b € S with a < a+ n(b,a). Suppose that f : S — R is a differentiable function
such that [f'|? is preinvex on [a,a + (b, a)] with p =2k +1orp =2, n = 2r 4 1,
m = 2t + 1 where k,r,t € N, for some fixed ¢ > 1. If f’ is integral on [a,a + n(b, a)]
and 7 satisfies condition C, then for each x € [a,a+ n(b, a)], the following inequality

holds
p g,
T) — —Zdu
‘f” el e

< Mmoo (sl + sulfo)r) + (Sulf@r+ selsor) .

2 (r + 1)7

where

P —aP
qa(1—p)

(a+n(b,a))P—aP
Sy = / t[(1 —t)a? + t(a + n(b,a))?] » dt
0

2P _aP
a(1—p)

sw= [T @010 00+ ta +n(ba)) 5
0

! (1-p)
S = t(1 = t)a? + t(a + n(b,a))?)" 7 dt
xP —aP
(a+n(b,a))P—aP

(1—p)
Sio = (1= [(1 = t)a? +t(a +n(b,a))?]" 7 dt
P —aP
(a+n(b,a))P—aP

Proof. Using Lemma 2.1, Holder’s inequality and p-preinvexity of | f’|9 on .S, we have

‘f @) = TGy = /() = d“‘

2P _oP
1—

_ ety - [ [T 0 e 4 tla 0y

p

X

i ([(1 — t)a? + t(a + (b, a))p]’l’) ‘dt

+ (1=t [(1—t)aP+t(a+n(b,a))?] 7"

zP —aP
(atn(b,a))P—aP

2P _aP 1 P _aP

b,a))P — aP @Fn(.a)P—a? v ([ @raGop=ar (1-p)

< I K/ " ’”’f) (/ T -t (v, a)y)
0 0

D
¢ N1
dt)

7 (10-t+ttants. a7 ) ]

X

P10 =0e + et oyt
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S

q(1—p)

(/1 o A =Ba” +t(atn(ba))]

(a+n(b,a))P—aP
1
7 \g
dt

zP —aP 1 P P
b P _ qgP (a7 (b,a))P—aP " (a¥n(6,a))P—aP q(1—p)
clatnba)l—a K / ’ t"‘dt) < / ' ((1=t)a?+t(a-+n(b, )75
0 0

p

+( / 1 (1—t)’"dt)

(atn(b,a))P—aP

X

f ([(1 — t)a” + t(a + n(b, a))p}é)

1

x@ﬂ@w+u—wvwwm§q

(. (1_tydt)i

(a¥n(b,a))P—aP

g(1—p)

X(/ o [“—ﬂ“+ﬂa+W@®V}P(ﬁﬂ@ﬁ+ﬂ—ﬂﬁwwﬂoq
(a+n(b,a))P—aP

1

Q=

_ [(a+n(b,a))” — a”] {(Sg‘f(a)]q + Slo\f(b)\q) + (Sulf(a)]q + Slzlf<b>!q> 1

21 (r + 1)7
The proof is completed. n
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Abstract - It is known that, the concept of hyper KU-algebras is a generalization of KU-algebras. In this
paper, we define cubic (strong, weak,s-weak) hyper KU-ideals of hyper KU-algebras and related properties
are investigated.
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1. Introduction

Prabpayak and Leerawat [10,11] introduced a new algebraic structure which is called KU-
algebras. They studied ideals and congruences in KU-algebras. Also, they introduced the
concept of homomorphism of KU-algebra and investigated some related properties.
Moreover, they derived some straightforward consequences of the relations between
quotient KU-algebras and isomorphism. Mostafa et al. [7]introduced the notion of fuzzy
KU-ideals of KU-algebras and then they investigated several basic properties which are
related to fuzzy KU-ideals .The hyper structure theory (called also multi-algebras) is
introduced in 1934 by Marty [6] at the 8th congress of Scandinvian Mathematiciens.
Around the 40's, several authors worked on hyper groups, especially in France and in the
United States, but also in Italy, Russia and Japan. Hyper structures have many applications
to several sectors of both pure and applied sciences, since then numerous mathematical
papers [2,3,4,8] have been written investigating the algebraic properties of the hyper BCK /
BCI- KU algebras. Jun and Xin [3] considered the fuzzification of the notion of a (weak,
strong, reflexive) hyper BCK-ideal, and investigated the relations among them. In [8],
Mostafa et al. applied the hyper structures to KU- algebras and introduced the concept of a

*Corresponding Author.
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hyper KU-algebra which is a generalization of a KU-algebra, and investigated some related
properties. They also introduced the notion of a hyper KU-ideal, a weak hyper KU-ideal
and gave relations between hyper KU-ideals and weak hyper KU-ideals. Mostafa et al [9]
the bipolar fuzzy set theory to the (s-weak-strong) hyper KU-ideals in hyper KU-algebras
are applied and discussed. In this paper, we define cubic (strong, weak, s-weak) hyper KU-
ideals of hyper KU-algebras and related properties are investigated.

2. Preliminaries

Let H be a nonempty set and P*(H)= P(H)\{¢} the family of the nonempty subsets of
H . A multi valued operation (said also hyper operation) "o" on H is a function, which
associates with every pair (x,y)e HxH =H” a non empty subset of H denoted xo y.An

algebraic hyper structure or simply a hyper structure is a non empty set H endowed with
one or more hyper operations.

We shall use the xoy instead of xo{y}, {x}oy or {x}o{y}.

Definition2.1[ 8]. Let H be a nonempty set and "o " a hyper operation on H , such that
o:HxH — P*(H).Then H is called a hyper KU-algebra if it contains a constant "0" and
satisfies the following axioms: for all x,y,ze H

(HKU,) [(yez)e(xoz)]<<xoy

(HKU,) x00=1{0}

(HKU,) 0ox={x}

(HKU ,) if x<<y, y<<ximplies x=1y.

where x <<y is defined by O€ yox and forevery A,BC H , A << B is defined by
VYae A,dbe B such that a <<b . In such case, we call “<<” the hyper order in H .

Note thatif A,Bc H ,thenby Ao B we mean the subset Ua ob of H.

ac A,be B

Example 2.2. [8 ] Let H ={0,1,2,3} be a set. Define hyper operation o on H as follows:

o [0 1 2 3

0y | {1}/ {2} ] {3}
{0} | {0} | {1} ] {3}
{0} | {0} | {0} | {0.3}
{0} [ {0} J {1} ] {03}

W=D

Then (H,0,0)is a hyper KU-algebra.

Proposition 2.3. [8 ]Let H be a hyper KU-algebra. Then for all x, y,ze H , the following
statements hold:
(B)A c Bimplies A << B, for all nonempty subsets A, B of H.



Journal of New Theory 16 (2017) 80-91 82

(P,) 000={0}.
(P) 0<<x.

(P) z<<z.

(Py) xoz<<z

(B)A°0=1{0}.

(P)0ocA=A.

(F) (020)ox={x} and (x°(00x))={0}.
(Pg)xoxz{x}(:)sz

Lemma 2.4. [ 8] In hyper KU-algebra (X ,0,0), the following hold:

x<<y imply yoz<<xoz forall x,y,ze X .
Lemma 2.5. [ 8] In hyper KU-algebra (X ,0,0) , we have
zo(yox)=yo(zox) forall x,y,ze X .
Lemma 2.6. [8] For all x,y,ze H, the following statements hold:

(1) xoy<<z& zoy<<x,
(i) 0<< A= 0€ A,
(111) ye (Oox) = y << x.

Definition 2.7. [8 ] For a hyper KU-algebras H , a non-empty subsets I < H , containing 0
are called :

1- A weak hyper KU-ideal of H if ac(boc)cland be I imply accel.

2- A hyper KU-ideal of H ifac(boc)<<land bel imply aocel.

3- A strong hyper KU-ideal of H if (Vx,ye H )((ao(boc)(NI#¢)and be I imply
aocel.

Example 2.8. [ 8] Let H ={0,a,b,c}be a set with the following Cayley table

0 a b c

{0} | {a} | {b} | {c}
{0} | {0.a} | {O,b} | {b,c}
{0} 1 {0b} ) {0} | {a}
{0} | {0.b} | {0} |{O,a}

(el K=all E- "N Keo) e}

Then H is a hyper KU-algebra. Take I ={0,b}, then [ is a weak hyper ideal, however, not a
weak hyper KU-ideal of H as bo(boc)c I, bel, but boc=a¢ I.

Example 2.9. [8 ] Let H ={0,a,b} be a set with the following Cayley table:
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0 a b
o} | {a} | {b}
o} | {0.a} | {p}
o} | by | {o.0}

Tw | Slo

Then H is a hyper KU-algebra. Take I ={0,b}. Then I is a hyper ideal, but not a hyper
KU-ideal, since Ooc(boa)<<I and belbutaegl

Here I =10,b}is also a strong hyper ideal but it is not a strong hyper KU-ideal of H , since
Oc(boa)={b}NnI#¢ and be I butae I .

Definition 3.10. [1] An interval number is @ =[a,,a, ], where 0<a, <a, <1.
Let D[O, 1] denote the family of all closed subintervals of [0, 1], i.e.,
Dl0J1={d =[a,.a,):a, <a, fora,,a,cl}.

We define the operations <, =, =,rmin and rmax in case of two elements in D[0, 1]. We

consider two elements a =[a,,a, ]and b = [b, ,b, 1in D[O, 1]. Then

1-a<b iff a, <b,,a, <b,;
2-a>b iff a, 2b,,a, 2b,;
3-G=b iff a, =b,,a, =b,;
4- rmim{&",l;}: [min{aL,bL},min{aU,bU}] ;
5- rmax{c?,l;}z [max{aL,bL }, max{aU b, }]

Here we consider that 0 =[0,0] as least element and 1 =[1,1]as greatest element.
Let @, € D[0,1],where i€ A . We define

rinf Eil = inf(ai)L 7inf(a,')U and r sup Zil = Sup(ai)L’Sup(ai)U
ieA [N ieA ieA ieA ieA

An interval valued fuzzy set (briefly, i-v-f-set) Z on a set X is defined as

a={x. fut @t @) xe x)}

where fi: X — D[0,1] and u"(x)< uY(x), for allxe X . A cubic fuzzy set A over a set
X (see [5 ]) is an object having the formA={(x,[,(x),4,(x))lxe X}, where
f,(x)cD[0]]and A,(x)€[0,1] Jun et al. [5 ], introduced the concept of cubic sets
defined on a non-empty set X as objects having the form: A= {<x,,ZZA(x),/1A(x)> 1XE X},
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which is briefly denoted by A=<&A,1A>, where the functions &, :X — D[0,1] and
A, X —[0,1].

3. Cubic Hyper KU-ideals

Now some fuzzy logic concepts are reviewed .A fuzzy set x4 in a set H is a function
M:H—[0,1]. A fuzzy set 4 inaset H is said to satisfy the inf (resp. sup) property if for
any subset 7' of H there exists x,€ T such that u(x,)= ing M(x) (resp. p(x,) =sup p(x)).

xeT
For a fuzzy set 4 in X and a € [0, 1] the set U(u; a):={x € H, u (x) > a}, which is
called a level set of .

Definition 3.1. A fuzzy set p in H is said to be a fuzzy hyper KU-subalgebra of H if it
satisfies the inequality: inf u(z) 2 min{u(x), u(y)} Vx,ye H .

Proposition 3.2. Let pu be a fuzzy hyper KU-sub-algebra of H. Then u(0) > u(x) for all
xe H.

Proof. Using Proposition 2.3 (£,)), we see that 0 € x o x for all x € H . Hence
inf £1(0) > min{z(x), t(x)}= p(x) forallx € H .

Example 3.3. Let H ={0,a,b}be a set. Define hyper operation o on H as follows:

of O a b
0 {o}] fa {p}
a|fo}| {0.a} | {ab}
b| {0} {0,a} | {0.,a,b}

Then (H,0,0)is a hyper KU-algebra. Define a fuzzy set p : H —[0, 1] by
u(0) = p(a)=a; > a = p(b)
Then p is a fuzzy hyper sub-algebra of H . A fuzzy setv: H —[0, 1] defined by
v(0) = 0.7, v(a)=0.5 and v(b)=0.2
is also a fuzzy Hyper sub-algebra of H .

Definition3.4. Let X be nonempty set .A cubic set A in X is structure

A={{x.1,(x),4,(0),xe X}
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which is briefly denoted by A = <,22A (x),/iA(x)> , where fi,(x)= [,uj ,,L/gU ]is an interval
value fuzzy set in X and A, is an fuzzy set in X.
Definition3.5. For a hyper KU-algebra H , a cubic A = < y7, A(x),lA(x)> ”1in H is called:
(I)  Cubic hyperideal of H jif K, : x<<y implies fi(x)2 fi(y),

L)<, A @z rmin{ - inf Z,G0) . B, ]

and

() < maX{ sup ﬂ(a),ﬂ(y)}

ae(yoz)

(IT) Cubic weak hyper ideal of H” if, for any x;y; z € H

B,0)2 ()2 rmin{ inf Z,60).7,(y) |

,0)<2,(2)< max{ sup ﬂA(a),ﬂA(y)}

ae(yoz)

(IIT) Cubic strong hyper ideal of H ” if, forany x;y; z € H

inf 2,2 E@zrmin inf 2,640 |

sup 4, () <4, (2) < max{ sup A, (w),4,(y) }
ue( yoz) ue(yoz)

Definition3.6. For a hyper KU-algebra H , a cubic A = < a,(x),4, (x)> ”in H is called:
(I)  Cubic hyper KU-ideal of H ,if K,: x<<y implies fi(x)2= fi(y),

L) S, Ay(xonyzrmin| - inf 7). 1) |

and

ﬂA(xoz)Smax{ sup ﬂ(a),ﬂ(y)}

aexo(yoz)

(IT) Cubic weak hyper KU-ideal of H” if, forany x; y; z € H

B2 A, (o) zrmin| inf Z,G0).A0) ]
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4A<0>sﬂA<xoz)Smax{ sup Mam(y)}

aexo(yoz)

(IIT) Cubic strong hyper KU-ideal of H ” if, forany x; y; z€ H

A P02 @z rmi i AOB0)

sup A, () <A, (2)< max{

uexo(yoz)

sup /?’A(u)’/?’A(y) }

uexo(yoz)

Example 3.7. Let H ={0,a,b}be a set with a binary operation o as Example 3.3.
Then (H ,0,0) is a hyper KU-algebra. . Define f,(x) as follows:

[0.2,0.9]

) if x={0,1)
A= 10.1.0.4]

otherwise

H 0 1 2 3
A, (x)

It is easy to check that A =(jI,(x),4,(x)) is cubic hyper KU-ideal of H .

Example 3.8. Let H ={0,a,b}be a set. Define hyper operation o on H as follows:

o O a b
0] {0} fa} | 1}
a| {0} {0} b}
b|{o}| {a} {0,0}

Then (H, ° ) is a Hyper KU-algebra. Define a cubic set A= <,ZZ A(x),/lA(x)> in H by

J1,(0) =[0.4,0.9], fI,(a)=[0.50.7], i1,(b) =[0.2,0.3]

and

H 0 1 2 3
A,(x)

It is easy to check that A = <,22 A(x),ﬂA(x)> is a cubic strong hyper KU-ideal of H
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Definition 3.9. A cubic set A = < o, (x),/lA(x)> in H is called a cubic s-weak hyper KU-
ideal of H if

() g,0=24a,(x),A4,0)<A(x) Vxe H,
(i1) for every x,y,ze H there exists ae€ xo(yoz) such that

Aonzrmin inf (0., ]

(iii) ﬂA(xoz)Smax{ sup ﬂA(a),ﬂA(y)}.

acxo(yoz)

Theorem 3.10. Any cubic (weak, strong) hyper KU-ideal is a cubic (weak, strong) hyper
ideal.

Proof. Let A= < a,(x), A, (x)> be cubic a hyper KU-ideal of H, we get for any x;y;z € H,
f,(x02)> rmin] inf 1, (). 2L,() | Put x=0
ue xo(yoz

we get
ﬂA(Ooz)Zrmini inf )ﬂA(u) , 1, (y) i

ue0o(yoz

which gives,
Az rmin{ inf 7, . ZL0) |

And
/IA(xoz)Smax{ sup A, (u),A,(y) }

uexo(yoz)

Take x=0,we get

ﬂA(Ooz)SmaX{ sup A, (u) , A4,(y) }

ue0o( yoz)
which gives,
(D)< maX{ sup A, (u) , 4,(y) }
ue(yez)

Ending the proof.

Theorem 3.11. Every cubic s-weak hyper KU-ideal of H is a cubic weak hyper KU-ideal.

Proof. Let A= < a,(x), A, (x)> be a cubic s- weak hyper KU-ideal of H, then there exists
a,be xo(yoz) such that
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Ao zrmin inf (0., ]

ﬂA(xoz)Smax{ sup ﬂA(b),/iA(y)}

be xo(yoz)

Since fi,(a) 2 il}f )ﬂA(c) and4,(b)< sup A,(d), it follows that
cexo(yoz

dexo(yoz)

Ao zrmind inf Z,0.8,() ]

Ay(x07) < max{ sup AA(d)’ﬂA(y)}
de xo(yoz)
Proposition 3.12. Let A=(fi,(x),4,(x)) be a cubic weak hyper KU-ideal of H. If
A= < H,(x), 4, (x)> satisfies the inf-sup property, then A = < i, (x), 4, (x)> is a cubic s-weak
hyper KU -ideal of H.

Proof. Since A= < H,(x), 4, (x)> satisfies the inf property, there exists a, € xo(y o z),such
that 7,(a,) = in(fv ),ZZA (a,) . It follows that

H,(xo0z)2 rminia@i({goz) d(a), @,(y) }

And since A= <,22A(x),/1A(x)> satisfies the sup property, there exists b, € xo(yeoz),such
that 4,(b,)= sup A,(a,) It follows that

bye xo(yoz)

ﬂA(xoz)SmaX{ sup /IA(b),/iA(y)}

be xo(yoz)

Proposition 3.13. Let A= < a,(x),A A(x)> be a cubic strong hyper KU-ideal of H and let x;
y; z € H. Then

(1) ;[ZA(O) 2 ﬂA(x) s Z’A O)< Z’A(x)
(i) x <<y implies f,(x)=@,(y) .
(iii) 2, (xoz)2rmin{@, (a),Z,(»)},Vae xo(yeoz)
(V) x <<y implies A,(x)<A,(y)
@iv) iA(xoz)Smax{ sup A, (b), 4,(y) }
bexo( yoz)

Proof. (i) Since 0 xox Vxe H , we have

1(0) > inf u(a) > u(x), A(0) < sup A(b) < A(x)
aexox be xox
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which proves (i).

(i1) Let x; y € H be such that x <<y. Then O€ yox Vx,ye H and so
bi(nf : a,(b)< i, (0),it follows from (i) that,
e(yox

A0z rmin{ inf 7,(a). 1,(y) 2 rmin{fL, (0).2,(»)}= 2,(»)

Ay (x) < max{ sup A,(b),A,(y) } < maX{ﬂ’A (0)’/114()’)}: A ()

be(yox)

(i) fZ,(x02)> rminibeiggoz)m(axm(y)}z rmin{fi, (a), 1, ()} Vae xo(yez),
Axoz)< max{ sup /l(b),/l(y)} < max{u(b), 4(y)} Vbe xo(yo2)
be xo(yoz)
we conclude that (iii), (v), (iv) are true. Ending the proof.

Proposition 3.14. Every cubic strong hyper KU-ideal is both a cubic s-weak hyper KU-
ideal and a cubic hyper KU-ideal.

Proof. Straight forward.

Proposition 3.15. Let A=(fI,(x),4,(x)) be a cubic hyper KU -ideal of H and let
x,y,z€ H . Then,

(1) ;[ZA(O) 2 ﬂA(x) > Z’A 0)< Z’A(x)

(1) if A= < b,(x),4, (x)> satisfies the inf -sup property, then

Mxoz)zrmin%(a),m(y)},wexo(yoz),ﬂA<xoz)Smax{ sup ﬂA<b>,ﬂA<y>}

be xo(yoz)

Proof. (i) Since 0 << x for each xe€ H ; we have f,(0)>f,(x), 4,(0)<4,(x)by
Definition 3.6(I) and hence (i) holds.

(i1) Since A= <,L7A(x),/1A(x)> satisfies the inf property, there is a, € xo(y o z), such that

H(a,)= in(f ),ZZA(a).Hence
agxo(yoz
By(xon)zrmin{ inf 71,(a). 7,(y) f=rmin{ Z,(a) . B,(y) }

Since A= <,L7A(x),/1A (x)> satisfies the sup- property, there is b, € xo(yoz), such that
A(b,)= sup A,(b),Hence

be xo(yoz)
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4A<xoz>Smax{ sup /h(b),ﬂA(y)}:max{ 24(by) s A, () }

be xo(yoz)
which implies that (ii) is true. The proof is complete.
Proposition 3.16. Let A= < a,(x),A A(x)> be a cubic strong hyper KU -ideal of H, then

Hy(x02) 2 rmini aeggoz) dy(a), @,(y) } and A,(xo0z) < max{ sup A,(b), 4,(y) }

bexo(yoz)

Vx,y,ze H.
Proof. For any x,y,ze H, we have

sup g, (a)= n}f )ﬂA(a) and hen}f )lA(b)S sup  A,(D)

aexo(yoz) be xo(yoz)

It follows from the definition, we get

Hy(xo0z)2 rmin{ sup f,(a), @,(y) }2 rmin{ aei{}gcz) dy(a), fg,(y) }

agxo(yoz)

and

A (x07) < max{beigfo : A,(b), 4,(y) }S max{ sup A,(b) , 4,(y) }

be xo(yoz)

Corollary 3.17. (i) Every cubic hyper KU-ideal of H is a cubic weak hyper KU-ideal of H.
(i) IfA= < a,(x),4 A(x)> is a cubic hyper KU -ideal of H satisfying inf-sup property, then

A= <,ZZA(x),/1A(x)> is a cubic s-weak Hyper KU -ideal of H.

Proof. Straightforward.

Theorem 3.18 . If A= <,L7A(x),/1A(x)>is a cubic strong hyper KU-ideal of H, then the set
U= {xe H.ji,(x)>7,2,(x)< s}
is a strong hyper KU-ideal of H , when u, . #®, for t € D[0,1],s€[0,1].

Proof. Let A= <,Z2 (0,4, (x)> be a cubic strong hyper KU-ideal of H and
U, #P, for i € D[0,1],s€[0,1] .Then there a€ 4, andsojl,(a)>7,4,(a)<s .

By Proposition 3.13 (i), &,(0)> fi,(a)>7,A(0)> A(a)<sand so Oe U, Let x,y,ze H
such that xo(yoz)Nu,  #Pand ye 4, , Then there exist
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ay€ xo(yoz)Nu, and hence fi,(a,)= 7,/1A (a,) < s By Definition 3.6(B) (III), we have
Ay(xox)zrmin| inf 7,(a).2,(y) 2 rminZZ, (@), 21,(y)}2 rmin{f. 7}=T

and

ﬁAxoz)Smax{ sup ﬁA<a),zA<y>}=max{ A4(ay) s A,(y) }=max{ s,5) }=s

aexo(yoz)

So (xoz)e u, . Itfollows that x, is a strong hyper KU-ideal of H .

Acknowledgment

The author is greatly appreciate the referees for their valuable comments and suggestions
for improving the paper.

Conflicts of Interest

State any potential conflicts of interest here or “The author declare no conflict of interest”.

References

[1] K. Atanassov, G. Gargov, Interval valued intuitionistic fuzzy sets, Fuzzy Sets and
Systems31 (1989) 343{349.[3 ] Y. Huang, BCI-algebra, Science Press, Beijing, 2006.

[2] R. A. Borzooei and M. Bakhshi, Some results on hyper BCK-algebras, Quasigroups and
Related Systems 11 (2004), 9-24.

[3] Y. B. Jun, X. L. Xin, E. H. Roh, M. M. Zahedi, Strong hyper BCK-ideals of hyper
BCK-algebra, Math. Jap. 51(3) (2000), 493-498.

[4] Y. B. Jun, M. M. Zahedi, X. L. Xin, R. A. Borzooei, On hyper BCK-algebra, Italian J.
Pure App. Math., Oxford Ser. 10 (2000), 127-136.

[5] Y. B. Jun, C. S. Kim, K.O. Yang, “Cubic sets,” Annals of Fuzzy Mathematics and
Informatics, vol. 4, no. 1, pp. 83-98, 2012

[6] F. Marty, Sur une generalization de la notion de groupe, 8th Congress Math.
Scandinaves, Stockholm (1934), 45-49.

[7] S. M. Mostafa, M.A. Abd-Elnaby, M.M.M. Yousef, Fuzzy ideals of KU-Algebras, Int.
Math. Forum, 63(6) (2011) 3139-3149.

[ 8] S. M. Mostafa , F.Kareem, B. Davvaz , Hyper structure theory applied to KU-
algebras. Accepted for publication in the Journal of Hyper structures .

[ 91 S. M. Mostafa, R. Ghanem, Bipolar fuzzy hyper ku—ideals (sub algebras), Journal of
New Theory Year: 2017, Number: 15, Pages: 81-98.

[10] C. Prabpayak and U.Leerawat, On ideals and congruence in KU-algebras, scientia
Magna Journal, 5(1) (2009), 54-57.

[11] C. Prabpayak, U. Leerawat, On isomorphisms of KU-algebras, scientiamagna journal,
5(3) (2009) 25-31.



http://www.newtheory.org ISSN: 2149-1402

New Theory

Received: 04.10.2017 Year: 2017, Number: 16, Pages: 92-101
Published: 21.10.2017 Original Article

COMPACTNESS IN INTUITIONISTIC FUZZY MULTISET TOPOLOGY

Shinoj Thekke Kunnambath'" <shinojthrissur@ gmail.com>
Sunil Jacob John' <sunil @nitc.ac.in>

! Department of Mathematics, NIT Calicut, INDIA

Abstract — In this paper, we discuss the compactness properties of Intuitionistic Fuzzy Multiset Topological spaces.
Various properties of Compact and Homeomorphic Intuitionistic Fuzzy Multiset Topological spaces are discussed.
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1. INTRODUCTION

The theory of setsconsidered to have begun with Cantor (1845-1918). For considering the
uncertainty factor, Zadeh [1] introduced Fuzzy sets in 1965, in which a membership function
assigns to each element of the universe of discourse, a number from the unit interval [0,1] to
indicate the degree of belongingness to the set under consideration.

If repeated occurrences of any object are allowed in a set, then the mathematical structure is
called as multiset [11,12]. As a generalization of this concept, Yager [2] introduced fuzzy
multisets. An element of a Fuzzy Multiset can occur more than once with possibly the sameor
different membership values.

In 1983, Atanassov [3,10] introduced the concept of Intuitionistic Fuzzy sets. An Intuitionistic
Fuzzy set is characterized by two functions expressing the degree of membership and the degree
of nonmembership of elements of the universe to the Intuitionistic Fuzzy set. Among the various
notions of higher-order Fuzzy sets, Intuitionistic Fuzzy sets proposed by Atanassov provide a
flexible framework to explain uncertainty and vagueness.

“Corresponding Author.
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The concept of Intuitionistic Fuzzy Multiset is introduced in [4] by combining the all the above
concepts. Intuitionistic Fuzzy Multiset has applications in medical diagnosis and robotics
[13,14]. In [5] Shinoj et al. introduced algebraic structures on Intuitionistic Fuzzy Multiset.

In 1968, Chang [9] introduced Fuzzy topological spaces. And as a continuation of this, in 1997,
Coker [6] introduced the concept of Intuitionistic fuzzy topological spaces. In [15], Shinoj and
John generalized this concept into Intuitionistic Fuzzy Multiset by introducing Intuitionistic
Fuzzy Multiset Topology. In the present work we introduced the concept of Compactness, which
is considered as a “global” property in general topology. The advantage of this concept is that,
one can study the whole space by studying a finite number of open subsets. Also we introduced
the concept of Homeomorphism which will help to compare two spaces and corresponding
properties.

2. Preliminaries

Definition 2.1. [1] Let X be a nonempty set. A Fuzzy setA drawn from X is defined as
A ={<x:pax)>:xeX}.
Where : X —[0,1] is the membership function of the Fuzzy Set A.

Definition 2.2. [2] Let X be a nonempty set. A Fuzzy Multiset (FMS) A drawn from X is
characterized by a function, ‘count membership’ of A denoted by CMjy such that CMy @ X — Q
where Q is the set of all crisp multisets drawn from the unit interval [0,1]. Then for any x € X,
the value CM, (x) is a crisp multiset drawn from [0,1]. For each x €X, the membership
sequence is defined as the decreasingly ordered sequence of elements in CMx(x). It is denoted
by (1'AC0), PZA(K), i A(X)) Where p'AG)> pZA(X) 2,y > PEAK).

A complete account of the applications of Fuzzy Multisets in various fields can be seen in [9].

Definition 2.3. [3] Let X be a nonempty set. An Intuitionistic Fuzzy Set (IFS) A is an object
having the form A = {< x: pa(x), va(x) >: x € X}, where the functions pa: X— [0,1] and va:
X—[0,1] define respectively the degree of membership and the degree of non membership of the
element xe X to the set A with 0 < pa(x) + va(x) < 1 for each x € X.

Remark 2.4. Every Fuzzy set A on a nonempty set X is obviously an IFS having the form

A= {<x:pax), 1 - patx) >: xeX}
Using the definition of FMS and IFS, a new generalized concept can be defined as follows:
Definition 2.5. [4] Let X be a nonempty set. An [Intuitionistic Fuzzy Multiset A denoted by

IFMS drawn from X is characterized by two functions : ‘count membership’ of A (CM,) and
‘count non membership” of A (CN,) given respectively by CM, : X—Q and CNy : X— Q
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where Q is the set of all crisp multisets drawn from the unit interval [0, 1] such that for each x €
X, the membership sequence is defined as a decreasingly ordered sequence of elements in
CMA(x) which is denoted by (u'a(x), p*A(X),....u"a(X)) where (u'A(x) > p*a(x) >,... >,u"A(x) and
the corresponding non membership sequence will be denoted by (V1 A(X), V2A(X),...,VPA(X)) such
that 0 < p'a(x) + va(x) <1 foreveryx e Xandi=1,2,...,p.
An IFMS A is denoted by

A = {<x s (A0, PAGD, ol A, (v AK), VA, o VEA)) > X € X)

Remark 2.6. We arrange the membership sequence in decreasing order but the corresponding
non membership sequence may not be in decreasing or increasing order.

Definition 2.7. [15] Let X and Y be two nonempty sets and f : X —Y be a mapping. Then

a) The image of an IFMS A in X under the mapping f is denoted by f(A) is defined as

. -1
CMialy) = {Vf(x)=yCMA(X) ; fTly) = 0

0 oltherwise

_+CN ;o f7 *
CNra(y) = {Af(x)_y (%) 2 .®
1 otherwise

b) The inverse image of the IFMS B in Y under the mapping f is denoted by f~1(B) where

CMf—i[B](X) = CMBf[X], CNf—i[B](X) = CNBf[X]

2.1. Intuitionistic FuzzyMultiset Topological spaces

In this section we introduced the concept of Intuitionistic Fuzzy multiset Topology (IFMT).
Here we extend the concept of Intuitionistic fuzzy topological spaces introduced by Dogan
Coker in [6] to the case of Intuitionistic fuzzy multisets.

For this first we introduced —0 and —1 in a nonempty set X as follows.
Definition 2.8. [15] Let

—0={<x:(0,0,........ 0), (11, A):xeX)
—1={<x: (1,1,....... D, (0,0,.......... 0):xeX}

Definition 2.9. [15] Anintuitionistic Fuzzy multiset topology (IFMT) on X is a family r of
intuitionistic fuzzy multisets (IFMSs) such that

1. -0, —1 er
2. G1NGaer for any Gy, Goer
3. UG; er for any arbitrary family {Gj:iel} inr
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Then the pair (X, r) is called IntuitionisticFuzzy multiset topological space (IFMT for
short) and any IFMS in r is known as an open intuitionistic fuzzy multiset (OIFMS in short) in
X.

Remark 2.10. [15] The complement of an OIFMS is called closed intuitionistic Fuzzy multiset
(CIFMS in short)

2.2. Construction of IFMTs [15]

Here we construct Intuitionistic fuzzy multiset topology from a given IFMT.Consider a
nonempty set X. LetA = {<x : (plA(x), pzA(x),...,pPA(x)), (VIA(X), VZA(X),...,VPA(X)) >:xeX} be
an IFMS. Define

[A = {<x 1 (1'AK), PAK) et A, (1 AK), TP A K)o, - (X)) > £ X € X}

Proposition 2.11. Let (X,r) be an IFMT on X. Then 1y ;= {[]A: Ae} is an [FMS.

2.3. Closure and Interior

Definition 2.12. [15] Let (X, 1) be an IFMT and A be an IFMS in X. Then closure of A denoted
by cl(A) is defined as cl(A) = N{M: M s closed in X and A € M}.

Definition 2.13. [15] Let (X, 1) be an IFMT and B be an IFMS in X. Then interior of B is
denoted by

int(B) is defined as int(B) = U{N: N is open in X and N € B}.
Proposition 2.14. [15] Let (X, r) be an IFMT and A be an IFMS in X. Then cl(A) is a CIFMS.
Proposition 2.15. [15] Let (X, r) be an IFMT and A be an IFMS in X. Then int(A) is an OIFMS.
Proposition 2.16. [15] Let (X, r) be an IFMT and A be an IFMS. Then cl(VA)= V(int(A))

Proposition 2.17. [15] Let (X, 1) be an IFMT and A be an IFMS in X. Then A is a CIFMS if and
only if cl(A) = A.

Proposition 2.18.[15] Let (X, r) be an IFMT and A be an IFMS in X. Then A is an OIFMS if
and only if int(A) = A.
2.4. Continuous Functions

Definition 2.19. [15] Let (X, r) and (Y, ¢) be two IFMTs. A function f : X —Y is said to be
Continuous if and only if inverse image of each OIFMS in ¢ is an OIFMS inr.
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Theorem 2.20. [15] Let (X, 1) and (Y, ¢) be two IFMTs. Then the function f: X —Y is
Continuous if and only if inverse image of each CIFMS in ¢ is a CIFMS inr.

Theorem 2.21. [15] Let (X, r) and (Y, ¢) be two IFMTs. Then the function f: X —Y is
Continuous if and only if for each IFMT A in X, {f[cl(A)] € cl[f(A)]

Theorem 2.22. [15] Let (X, r) and (Y, ¢) be two IFMTs. Then the function f: X —Y is
Continuous if and only if for each IEMT B inY, cI[f'(B)] <f'[cl(B)]

Theorem 2.23. [15] Let (X, r) and (Y, ¢) be two IFMTs. Then the function f: X —Y is
Continuous if and only if for each IFMT A in X, int[f(A)] € {f[int(A)].

Theorem 2.24.[15] Let (X, 1) and (Y, ¢) be two IFMTs. Then the function f: X —Y is
Continuous if and only if for each IFMT B in Y, f'[int(B)] Sint[f"(B)]

2.5. Subspace Topology

Definition2.25. [15] Let (X, 1) and (Y, ¢) be two IFMTs. The topological space Y is called a
subspaceof the topological space X if YE X and if the open subsets of Y are precisely the

subsets O of the form ,
0=0NY

for some open subsets O of X. Here we may say that each open subset O of Y is the restriction to
Y of an open subset O of X. O is also called relative open in Y.

3. Compactness on Intuitionistic Fuzzy Multisets

Definition 3.1. Let(X, 1) be an IFMT. Let {G;j :ie I} be a family of OIFMSs in X such that
U{G;: ie I} = —1, then it is called an open coverof X. A finite subfamily of {G; :ie I} is an
open cover of X, then it is called a finite subcover of X.

Definition 3.2. A family {H; : ie I} of CIFMSs in X satisfies the finite intersection
propertyiff every finite subfamily {H; : i=1,2,...,n} of the family satisfies the condition

N"=H; # —0.

Definition3.3. Let(X, 1) be an IFMT. Then X is compactiff every open cover of X has a finite
subcover.

Example 3.4. Let X = {1, 2} and define the IFMSs in X as follows. For ne N*, pe N

G, = {<1: (n/n+1, n+1/n+2,... n+p/n+p+1), (1/n+2, 1/n+3,...,1/n+p+2)>,
<2: (n+1/n+2, n+2/n+43,... n+p+1/n+p+2), (1/n+3, 1/n+4,...,.1/n+p+3)> }
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Letr={—=0, —=1}U{G,}. Then (X, r) forms an IFMT.

The above example is not compact, since {G,: ne N"} has no finite subcover.

Theorem 3.5. Let(X, r) be an IFMT. Then (X, 1) is compactiff (X,rg ;) is compact.

Proof. Let (X, 1) is compact. Let {[]A;; i€ I, Aje r} be an open cover of X in (X,rg ).

= U([JA) =—1={<x:(1,1,....... 1), (0,0,.......... 0):xeX} (1)
Where [JAi= {< X 1 (1 a0, 1AiK)seostPAICO) (1 i), 10t (X), 1P (X)) > 2 x € X,

Aj={<x: (HlAi(X)’ HzAi(X)a---’HpAi(X))a( (VlAi (x), V2Ai (X),---,VPAi (x))>)>:xeX]}

Now (1) =
ulAl(x)\/ulA2 X)V...... = land 1 — ”1A1(X) Al — ulAZ (X) An...n. =0
009 W GO Tand 1, AW A S 0
Now forj=1,......p
VAl () A VA2 (OA e € (L a1(00) A (T g2 (X))Acee
= 1- (WA OV ja(X)v......)
=1-1=0 3)
(1) And 3) = UA; = —1
= {Aj;ie I, Aje t} is an open cover of X in (X,r).
Since (X,r) is compact, there exist a finite subcover {Aj; Aje,i = 1,2,....,n} such that
U'is1A = =1 4

From (4) forj=1,......p
Wai(XV....vplan(x) = 1
and

LW a1 (Ao A T-pian(X) = 1= (Wa1(X)V.... Vi an(X))
=1-1=0

= {[JA;; Ajer,I=1,...,n} €1y is a finite subcover of (X,ro ).
= (X,rg,1) is compact.
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Similarly we can prove the converse part.

The well known theorems in the modern Topology are also holds good for IFMTs. Some of them
are given below.

Theorem 3.6. Any closed subspace of a compact IFMT is compact.

Proof. Let (X, r) be an IFMT on X. Also assume that (X, r) is compact. Let (Y, ¢) be a closed
subspace of X. Let { A; :ie I}be an open cover of Y, where

Ai= {<x 1 (1 ACOs WA, P A (V A,V i (X),V (X)) >) > X € X}
ie,
UA; = —1 ey
By Definition 4.16, 3 open sets Bjin X >
Ai=BiNY (2)
Since Y is closed, VY U {B;} forms an open cover of X.
Since X is compact, this open cover has a finite subcover. Discard VY if it occurs in this
subcover. Let {B;,B,,....B,} be the finite subcover of X. Then from (2), the corresponding
{A1,As,...,A,} forms a finite subcover of Y. ie.
U'isiAi = —1 3)
Then by definition 4.20, Y is compact. Hence the proof.

Theorem 3.7. Continuous image of a compact IFMT is compact.

Proof. Let (X, 1) be an IFMT on X and assume that (X, r) is compact. Let f : X —Y be
continuous. To prove f(X) is a compact subspace of X.

Let { A; :ie I}be an open cover of f(X), where

' Ai= {<x (A0, B2 AR PAi ) (V A (R0, Vi (0¥ ai (X)) >) > 2 X €X)
1e,

UA; = —1 )

Since f is continuous, {f 1(Ai)}iE is an open cover of X. Since X is compact 3 a finite subcover
{f'(A): I=1,2,...,n} which covers X.
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= UnizlAi =—1 (2)
= f(X) is compact. Hence the proof.

Theorem 3.8. An IFMT is compact if and only if every class of CIFMSs with empty intersection
has a finite subclass with empty intersection.

Proof: Let (X, r) be a compact IFMT.

Let {C; :ie I} be a family of closed sets >

NC;=-0 (1)
where Ci= {< X 1 (1 ci(%), i), 1)), (v (%), Ve (%), V i (X)) ) > x € X}

(1) = UV(C)= =1
= {VC; :ie I}be an open cover of X.

Since X is compact, 3{VC1.VC,....VGy} U"(VC) = —1

= ﬂnizlci =—0
Conversely assume that every class of CIFMSs with empty intersection has a finite subclass with
empty intersection.

To prove X is compact. Let { A; :ie I}be an open cover of X.

= UA; = —1
— N(VA)=—0

Hence by assumption 3 {VA|,VA,,....VA,} > N"={(VA)= -0
= UnizlAi =—1

Hence the proof.

3.1. Homeomorphism on Intuitionistic Fuzzy Multisets

Definition 3.9. A homeomorphism is a one-to-one continuous mapping of one topological space
onto another. The IFMTs (X, r) and (Y, ¢) are said to be homeomorphic if there exist functions
f: X —>Y and g: Y —X such that f and g are continuous. If X and Y are homeomorphic, then
their points can be put into one-to-one correspondence in such a way that their open sets also
correspond to one another. The two spaces differ only in the nature of their points, so it can be
considered that they are identical.
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Theorem 3.10. Let (X, r) and (Y, ¢) are homeomorphic. Then X is compact if and only if Y is
compact.

Proof. Let f : X —Y be a homeomorphism. Let (X, r) be a compact IFMT. To prove Y is
compact. Let { A; :ie I}be an open cover of Y. ie

UAj=—1linY.
Then {fl(Ai)}i€ ibe an open cover of X. Since X is compact there exist {fl(Ai): i=1,2,....n} >
U"if ' (A)=—1in X.
Since f is onto
U'-Ai=—1inY.

Hence Y is compact. Similarly we can prove the converse.

4. Conclusion

In this work we extended the concept topological structures of Intuitionistic Fuzzy Multisets.We
introduced the concept of Intuitionistic Fuzzy Multiset Topology in our previous work. In the
current work weintroduced the concept of compactnesson Intuitionistic Fuzzy Multisets.The
homeomorphism between two Intuitionistic Fuzzy Multisets are defined. Characterization of
compactness is discussed in detail.
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