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A MATRIX REPRESENTATION OF A GENERALIZED
FIBONACCI POLYNOMIAL

Ashok Dnyandeo Godase'™ <ashokgodse2012@gmail.com>
Macchindra Baburao Dhakne? <ijntindia@gamil.com>

!Department of Mathematics, V. P. College, Vaijapur, Maharashtra, India
2Department of Mathematics, Dr. B. A. M. University, Aurangabad, Maharashtra, India

Abstaract — The Fibonacci polynomial F,(z) defined recurrently by Fj,11(z) = o F,,(z)+F,_1(x),
with Fy(xz) = 0, F1(0) = 1, for n > 1 is the topic of wide interest for many years. In this article,
generalized Fibonacci polynomials F,41(z) and Ly 1 (z) are introduced and defined by F,;,(z) =
2P, (2)+F,_1(x) with Fy(z) =0, Fy(z) = 2244, for n > 1 and L1 () = 2L, (2)+Ly_1 (z) with
Lo(z) =222 +8, Lyi(x) = 23 +4a, for n > 1. Also some basic properties of these polynomials are
obtained by matrix methods.

Keywords — Fibonacci Sequence, Fibonacci Polynomial, Generalised Fibonacci Polynomial.

1 Introduction

Horadam [9] introduced and studied the generalized Fibonacci sequence W, =
W.(a; b; p; q) defined by W, = pW,,_1 — ¢W,, o with Wy=a, W;=0b forn>1
where a; b; p and ¢ are arbitrary complex numbers with ¢ # 0. These numbers were
first studied by Horadam and they are called Horadam numbers. In [7] Silvester
shows that a number of the properties of the Fibonacci sequence can be derived
from a matrix representation.

In [27] Demirturk obtained summation formulae for the Fibonacci and Lucas se-
quences by matrix methods. In [28] the authors presented some important relation-
ship between k-Jacobsthal matrix sequence and k-Jacobsthal-Lucas matrix sequence.
In [22] Godase and Dhakne described some properties of k- Fibonacci and k-Lucas
numbers by matrix terminology.

In [18] Catarino and Vasco introduced a 2 x 2 matrix for the k-Pell sequence
with its nth power. The well-known Fibonacci polynomial is studied over several
years. Many authors are dedicated to study this polynomial. The most research
on Fibonacci polynomials are dedicated to study the generalizations of Fibonacci

* Corresponding Author.
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polynomials [4],[5], [20], [19], [21], [28]. The main aim of the present paper is to
study other generalized Fibonacci polynomial by matrix methods.

Somnuk Srisawat and Wanna Sriprad [1] investigated generalization of Pell and
Pell-Lucas numbers, which is called (s,t)-Pell and (s, t)-Pell-Lucas numbers, also
they defined the 2 x 2 matrix

W [f 2(s? + t)}

5 S
using this matrix they established many identities of (s, t)-Pell and (s, t)-Pell-Lucas
numbers. Hasan Huseyin Gulec, Necati Taskara [2] established a new generalizations
for (s,t)-Pell (s,t)- Pell Lucas {g,(s,t)}n € N sequences for Pell and Pell Lucas
numbers. Considering these sequences, they defined the matrix sequences which have
elements of {p,(s,t)}n € N and {g,(s,t)}n € N.

Yuan, Yi, and Wenpeeg Zhang [3] introduced different methods to calculate the
summations involving the Fibonacci polynomials. Fikri Koken and Durmus Bozkurt
[6] defined the Jacobsthal Lucas E-matrix and R-matrix alike to the Fibonacci Q-
matrix. Using this matrix representation they found some equalities and Binet-like
formula for the Jacobsthal and Jacobsthal-Lucas numbers.

Falcon and Plaza[l(0] presented the derivatives of Fibonacci polynomials in the
form of convolution of k-Fibonacci polynomials and many relations for the derivatives
of these polynomials are proved. R R

We denote the Fibonacci and Lucas polynomial by F,(x) and L, () respectively.
Most of the identities for Fibonacci and Lucas polynomials can be found in the
articles [11], [12], [13], [14], [15], [16], [17], [23], [24], [25], [26] on Fibonacci and Lucas
sequences and their applications. The ultimate aim of this paper is to introduce new
generalization F),(x) and L, (z) of Fibonacci and Lucas polynomials and establish a

~

collection of identities for the F,(z) and L, (z) using matrix method.

2  Generalized Fibonacci polynomials F),(z) and L, (z)

In [§] the Fibonacci polynomial F),(x) defined recurrently by F,.i(z) = zF,(z) +
F,—1(z), with Fy(z) =0, F1(0) =1, for n > 1. In this paper we defined generalized
Fibonacci polynomials F),(z) and L, (z).

Definition 2.1. The generalized Fibonacci polynomial ]/T\n(x) is defined by the re-
currence relation

~

Foii(z) = 2Fy(z) + Fyq(z) with Fo(z) =0, Fi(z)=2>+4, forn>1 (1)

Definition 2.2. The generalized Lucas polynomial En(x) is defined by the recurrence
relation

Loyi(2) = 2Ly(2) + Lu_1(z) with Lo(z) =222 +8, Ly(z) =2®+ 4z, for n > 1
(2)
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Polynomial Initial value | Initial value Recursive Formula
Go(z) = a(z) | Gi(2) = b(x) | Gnr(2) = a(z)Gn(z) + b(x)Gn1(2)
Fibonacci 0 1 nt1(x) = Fn(x) + Fooq(2)
Lucas 2 X Lyy1(x) = Ly(x) + Lyp—1(x)
Pell 0 1 Poii(x) =22P, () + Ppoi(2)
Pell-Lucas 2 2x Qnt1(x) = 22Q, (7)) + Qn_1(x)
Jacobsthal 0 1 Jnt1(x) = Jp(x) + 22 J5—1(z)
Jacobsthal-Lucas 2 1 Jnt1(x) = jn (@) 4 22jn—1(2)
Generalized Fibonacci 0 2 +4 Fn+1(x) = ﬁn( )+ Fp_1(x)
Generalized Lucas 222 + 8 3 + 4w Lp1(z) = 2Ly () + Lp_1(2)

Table 1: Recurrence relation of some GFP.

Characteristic equation of the initial recurrence relation (1l and 2) is,

r?—ar—1=0
Characteristic roots of (3) are

r+Var+4 r— Va2 +4

ri(z) = 5 ro(x) =

Characteristic roots (4) satisfy the properties

r(x) —ro(x) = Va2 +4=+/A x)+ro(x) =z, ri(x)ry(x) =—1

Binet forms for both F\n(x) and Zn(z) are given by
Fo(z) = r1(z)" — ro(2)"

Lin = [r(z)” 4+ 7a(2) + 2] [r1(2)" + ro(2)")]

The most commonly used matrix in relation to the recurrence relation(3)) is

o =7 o)

Using Principle of Mathematical induction the matrix M can be generalized to

where, n is an integer
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3 Auxiliary Results

Several identities for ﬁn(x) and Zn(x) can be established using (6), (7). Some of
these are listed below

Lo(z) = Foa(2) + Fya(2) (9)

A(@)Fy(x) = Fopa(z) + Lo () (10)
A@)F2(x) = Fa(x) = 2A(x)(—1)" (11)
Fo(2)Lo (%) = AFpin(7) = A@)(=1)" Lo-m(x) (12)
Fop(2)Fo(2) = Lonn(@) = (1) L (2) (13)

(=1)" " F (2)? = Fovgn () Fp (@) = Fo(w)? (14)
(—1)" " Fu(2)* = Lintn(2) Ly (7) — Ly (2)? (15)
For(2) Ftrm(7) = Fopion (@) Frgom () = (= 1) Fo(2) F () (16)
2A(2) Lim1yn (%) = Lonn () L (%) + A(@) Fyun () F (2) (17)
20 () Fns1yn (%) = Frun (%) Ln(2) + Linn(2) F () (18)
A(@) Fanm(2) Fn (%) = Lynsn(2)? + (=1)" ' Ly (2)? (19)
A(@) Fyn () Fn(2) = Ln () Ln(@) + (= 1) Ly (2) L () (20)
Fyriynsm () Fn (%) = Frvsarn () Fanm (2) + (1) Fyp (@) Fan(z) - (21)
Flon() = (=1)""Fy () (22)

Fopa(z) = (=1)"Foi(2) (23)

4 Main Results

Lemma 4.1. If X is a square matrix with A(z)X? = zX + I, then A(z)X" =
Fo(2)X + F,—1(z)], for alln € Z

Proof. For n = 0 the result is true
Forn=1

Hence result is true for n = 1. R R
Assume that, A(z) X" = F,,(z) X+F,_1(z)I, and prove that, A(z) X" = F,, 1 (z) X+
F.(x)I
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Consider,

Foir(2)X + Ep(2)] = (Fy(2)x 4 Fo_y(2))X + Fy(z)]
= (X + )Fy(2) + XF_y ()
= X?F,(2) + XF,_(x)
— X(XF,(z) + F,_1(2))
= X(A(z)X™)
= A(z) X"

Hence, A(z)X™' = Fo(2)X + F,(2)1

We now show that, A(z)X " = F_,(2)X + F_,_1(z)I, for all n € Z*
Let, Y =zl — X, then

Y%= (2l — X)?

=227 — 22X + X?
=2l — 22X +xX +1
— 2l —aX +1
=zl - X)+X+1
=xY +1

This shows that AY"™ = F,(2)Y + F,,_1(2)]

A) (=X N = Ep(2)(x] — X) + Fy1(z)]
A@)(—1)"X ™" = —F,(2)X + Foor ()]
A@@)X ™" = (=1)" Fy(2) X + (=1)" Frpa ()T

Using equations (22 and 23), it gives that A(z)X ™ = F_,(2)X + F_,_(z)I, for all

nezt [
¢ AR Pn(x) ABL(2)

Corollary 4.2. Let, S(z) = { 1 2 }7 then A(z)S(z)" = P2(w) P 2(:v) , for
2 2 B 2

every n € Z

Proof.

Using Lemma (4.1), it is clear that

A(2)S(z)" = F(2)S(x) + Fp_y(2)1
[ ab,(z) A@)P,(x)

2 2
2

[a)
=)

()

[ Pn(z)  A(x)Pa(2)
— 2 2
b, (x) R, (2)
) 2
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O
Lemma 4.3.
L2 () — A(@)F2(z) = 4A(2)*(=1)*  forall, neZ (24)
Proof.
Since, det(S(x)) = —1
det(S(z)") = (-1)"
B.(x) AP, (x)
Moreover since, A(z)S(z)" = [ pnz(m) Enz(m) ]
We get,  det(A(z)S(x)") = L’%f) - A@)f ()
Thus it follows that, L2(z) — A(z)F2(z) = 4A(z)%(=1)"  forall, ne Z
]
Lemma 4.4.
2A(2) Ly (€) = Lo () Lin(2) + A(2) Fy () Fp(z) forall nomeZ  (25)
A () Eym () = Fp(2) Lo () + Ly(2)Ey(z) forall n,me Z (26)
Proof.
Since, A(z)2S(z)™™™ = A(z)S(z)".A(z)S(z)™

Enz(:c) A(x>fn(x> EmQ(m A(:c>§m(:c>
| b.@) B, (x) | Bn() B, (x)
L 2 2 2 2
[ Dn(x)bmu)ﬁ(as)m(x)bm(x) A(I)[pn@)pm(j)mn(x)pm(x)
- Enu)l@m(m)fn(mbm(z) pn(@pm(z)ﬁ(m)pn(x)pm(z)
n i En%—;ﬂ(@ A(x)pg-&-m(x)
But, A(z)S(x) = 5w B, ()
L 2 2
It gives that 2A(%)Lnym (%) = Ln(2)Lin(z) + A(z)E,y(z) Fp(z) forall n,m e Z
OA(2) Eymn () = F(2) Lo (2) + Ly(2) Fp(z)  for all n,m € Z
0
Lemma 4.5.
2(—1)"A(2)?* Lo (7) = Lp(2)Lin(z) — A(z)Fp(2)Ep(z) forall n,m e Z (27)
2(—1)"A(2)*Fpn (1) = Fp(2) L (2) — Ln(x)Fp(z) forall nomeZ  (28)
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Proof. Since

A(@)*S(2)" ™ = A) S ()" Aw)S ()™
= A(2)S(2)".A)[S(z)]
Em(a:) 7A(I)pM(I)
= A(x)S(x)".(-1)™ Jvi(x) Emz(w) ]
)

Br(z)  —A@@)Bn(x)
2 2
| =B (2) P, (z)
2 2

pn@)pm(x);Apn(x)pm(x) A(m)[bnw)bm(f)fbn(x)bm(m)
T | B@Pu@) P @Bu(@  Ra@)Bin(@)-A@) P (@) P ()
4

But
Lnm(@)  A@Fam(@)
A(z)?S ()" = [ Fon(®)  Lun() ]
It gives
2(=1)"A(2)?* L (2) = Lp(2)Ln(z) — Alz)Ep(2)Ep(z) forall n,m € Z
2(—1)"A(2)*Fyn (1) = Fp(2)Lin(2) — Ln(2)Fyu(z) forall n,me Z
0
Lemma 4.6
(_1)mA(x)Zn—m(x) + A(x)inwn(x) = Zn<x>im(x) (29)
(D)™ A(2)Fyn (@) + A@) By (2) = Fo(2) L () (30)

Proof.
A@)?S (@)™ + (1) A(x)*S (z)" ™
[A(x)bn+m<x>+(—1>’m<x>bn_m<x> A@)[Posm(@)+(=1)™ Py (@) ]

2 2
A@Py (@D A@ Py (@) A@)Raim (@) (D)™ A@) B ()
2 2

On the other hand
A(56)25(@ T (=)™ A(2) S ()
A(z)S(z)"Az)S(x)™ + (=1)"A(z)S(z)"Az) S(z) ™
A(z)S(2)"[A(z)S(x)™ + (=1)"A(z)S(z) "]

L 2 2 i 2 2 2 2
[ B, (x Az) B, (z) ] T
_ 2( ) A( )2 (z) Ln(2) R 0
b, (z) B, (z) 0 L ()
L 2 2 A
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It gives

(1) A(2) Fy(2) + A(@) () = Fy(2)Lyn ()
Il

Lemma 4.7.
8A(2)?Frpyr-(2) = Ly(x)Ly(2) Fo(2) + Fy(z)Ly(2)L.(x) (31)
+Ly(2)Ey(2)L.(x) + A(z)Fy(x) F, (2) F.(2) (32)

8A(2)? Loty () = Ly(x)Ly(x)La(z)  (33)
+A(z) [Lt@)ﬁy(x)ﬁz(xHFt( )Ly (2)F.(x )+ﬁt(x)ﬁy<x)zz<x>} (34)

Proof. Since

A@)Ltty+s() A(w)ZFt+y+z(x>]

2 t+y+z __
Az)7S(x)™ = [ A@Fryia) ALy =)
2 2

On the other hand

A(z)*S ()" = Ax)S (iﬁ)”yA (z)*
[ Eter (z) pt+y(33 b.(x) pZ(l")
— 2
o thry(m Eter z(w 17)
L 2 2

[ Piiy(2)P:(x )+A fv)pt+y(r - (2) A(x)[Et+y(x)p( )+Pry(2)B: (2)
k. ($)pt+y (m)‘f‘pz (x)Dter(m) Eter (m)Ez ($)+A($)pt+y (x)pz (z)
4 4

Using equations (25) and (26), it gives that

(x) = Ly(2)Ly(x) F.(x) + Fy(x)Ly(2)L.(x)

BA(@) Fray
L F,(@)F.(x)

+Li(2) By(2) () + Alz) Fy() F,

+A(@) | Lilw) Fy(a) () + E(mﬁy(x)F (2) + Fi(a)Fy (@) L-(2)|

Theorem 4.8.

~

L7 (x) — (=1 E_y(2) Loy (2) Fypa () — Ale)(—1)F () F2,(2)
= (1) L%, (x) (35)
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A(@)L}, (@) = (—1)"Loey(2) Ly (2) Lypa () + (1" A(2) L2, (2)
= (1) HA() F2 (2) (36)

A(@)F2 (2) = Lo () Foyy (2) Fypa (@) + Alw) (—1)"F2, ()

= (~1)"HA(x) F2, (37)
forallt,y, z€ Z, t # 2
Proof.

Consider the matrix multiplication

v 20 T ) | [ AL ()
bw k@ || F) | | Al)F.()

2 2 —
() P.(2) 4
2 2 _

Bi@) A@P(2) ] =
det[ Li(z)L.(v) — A(z) FyF. ()

=2

2
#0
Hence
L | [ 2017 [ s
@) |7 A ke AN Fsa(2)
B 1922(9;) fA(IQ)pt(l”) A(@)Lysy(2)
TR|hw b A(z) Fyia(x)
7 (@) = EV @)Ly (2) = AFFy (o)
szt(x)
o) = EV B (@) — E@)lye()]
Lz—t<x)
Since
L} (@) = A@)F} (x) = 4A(2)*(~1)"
We get

~

L. (2) Lesy () — A(z)Fy(2) By ()] — A(@)[Li(2) Fopy(2) — Fu(@) Lyse(2))?
= 4(—1)VA(2)?L%,

)
)
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Using equations (27), (28), (31) and (33)

(L3(x) L2, (2) — 2A(2) L. (2) Fryy(2) Fya(2)
Aw)(L¥ (@) F2, () — 2Ly(2) F.(2) . ()

It gives that

~

L2, (x) = (1) EL Ly (2) Liyy (0) Fyra () — Al2) (=) By, (2) = (1) L2 ()
forall t,y,zeZ
O
Proof of (36) and (37) is similar to (35).
Theorem 4.9. For n € N and m,t € Z with m # 0

n ~

A(2)Li(x) = A@) Dnnsmo(@) + (= 1) A@) (Lnns (&) = Li-m ()

[
Il

2 Pt = A@) + (~1)"A@) — Ln(@)
| (38)
$25 oy = AR = A Paniniala) + ()" A Pones(a) = Fron(o)
= Ax) + (=1)"A(x) = Lin(2)
(39)
Proof.
Since A(2) T — A(2)*(S(z)™)" = (A(x)] — A(z)S(2)™) ._ A(x)(S(z)™)

From Lemma (4.3) it is clear that det(A(x)I — A(z)S(x)™) # 0, therefore we get

1] A@) = En@) A e ]

(A(x)I = A(z)S(x)™) " = D ( zbm(x)) ? A(x() )_ (Ezm(z))
_ 1 (Ln(2)),, (Fu(@))
-5 (A(x) — 5 )+ 5 R
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It gives that,

(A@)*S(2)" = Alw)*S ()™ )

(A@)] = A2)S(@)") 7 (A(2)*S(@)" = Az)*S(2)™ )

1 (Ln()) 260t 2.G(gr)

= 5 [(Al) = =) (A@)*S(2) = A)*S(x) )_
1| (Fu(2)) 2 (.t 2G(g)mntmtt

5 |5 RA@)S(2)' — A2)’S(x) )_

From Corollary (4.2) and (4.3)), we get

R(A(x)?S(z)" — A(x)?S(z)mmmt) =
(pt(x)_pmn+m+t( ) (Et (z)— Emn+m+t (z))
A(:L‘) A((Jj@)( b B A(x)
()= Prmntmie(x)) (x) (By(z)— pmn+m+t($ )
2
Hence, we get
A L
(AW - A@)S(E)") (A@PS () - Aw)s(ay ) = 20 () - Lnlt),
A(Jf) (Dt(m)_pszrmH(m)) A( )(pt( x)— pmn+m+t( ) N A(I’)F\m(l')
(Be(2)— Ewm+m+t(96)) 2D

(pt (CC) —pmn+m+t (J}))
2
A(z) (B (z)— Pmn+m+t(w)) A(x)

b pmii(@))

P (2)—Prnimii(@)) ]
2

2
Dtm—Emnmth‘ ptﬂ?—
(Be(z) 2++()) A(az)(() .

Hence, it gives that

> Egeel®)
 A(x)? L(2), ~ - Fru() -
=~ [(A@) = TELe(@) = L)) + =5 (Fi(a) an+m+t<x>]
> Eugeel®)
_ A(x)? Ln(x),, A - Fr() -
= =57 |(A@) = TE)E() = B (1)) + =5 (L) Lmnmﬂ(x)]

Using (31) and (33), we get
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j=n =

> A(@)Ly(®) = A@) Lnnoms1(®) + (=1 A@) (Linn14(x) = Ly ()
Lmj+t r) =
2 @ A@) + (=1)mA(w) = L ()

S B @) = SR =A@ Fonimielw) + (D" A@) Fonsila) = Fionz)
= A(@) + (=" A(e) = L)
O

Theorem 4.10. Forn € N and m,t € Z
oy A@EL(@) = A@) Lunemse(@) + (=) A@) Lo (x) = Lio(2))
2 b = D)+ (1) AE) — Ln(x)
| (40)
S CVE () — A@E() = A@) e () + ()" A) Faes () = Fi(2))
Lot A@)+ (~1)"A@) — Ln(2)

(41)

Proof. Case: 1 If n is an even natural number then we have

A(x)2T + A(2)?(S(z)™)" = (A(x)] + Az Z (—1)7

Jj=

=0
From Lemma (4.3) it is clear that det(A(z)I + A(z)S(x)™) # 0, therefore we get

A(x)I + Az)(S(2)™) " (A@)] + Az ") (2)™)" DA (2)S ()

332020 (— 1Y (Lingal) 55 Z 0 (1) (Fngae(a)
520 (D (Fuge(@)) 53050 (1) (L))

For m # 0 take d = A(z) + A(x)(—1)™ +L m(x), then we get
(B

1 1 x)) _A 5 (z))
(A(z)] + A(x)S(z)™) " = 8 Al () ;:n( ) A(w)(—z (B, ()
1 Ln(2),, (Fu(2))

== |(A@) + =) 5 R

Thus, it is seen that
(A(2)] + A2)S(2)™) T (A(2)*S(2)" + A(z)?S () ™)

(A()*S(2)" + Az)*S(z)™ )
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By Corollary (4.2) and (4.3), we get

R(A(x)*S(x)" + Az)?S ()™ ™)
A@) (P (@) +Prngmit(2)) A@) Be(@)+Rrntmit(x))

— 2 2
= Al) E@)+brnime@) () Lot Prnsmie()
2 2

Thus, it follows that

(A + A)S() ") (A?S(@) + APy ) = 20 (a@) 4 Lnl))

A(z) (Et(z)+9n§n+m+t(z)) A(z) (pt(x)+p77;n+m+t(z)) 1
(P (@) + P 14(2)) (Be (@) +Prmn ()
2 2 i
_A(x)ﬁm(x) A(x)A(f)(pt($)+fmn+m+t(’£)) A(x)@t(w)+9n§n+m+t(z)) i
2d (Et(I)+Err§n+m+t($)) A(.Qf) (pt($)+prwz2n+m+t(f'7)) |
Thus, it gives that
(—=1) Linjie ()
=0
A(z)? Lo(2) ~ ~ E (2)A(z)  ~ N
= 200 @) + PN ) 4 L)) - O (B anw(x)]
(=1) Finjse()
=0
A(x)? Lo(2). ~ ~ E(2)A(z) ~ N
= 2O A @) + DY Ew) + Bumaeta) - R G ) Lmn+m+t<x>]
Using (31) and (33), we get
Jj=n .
(=1) Limji4 ()
=0

~

A(@)Li(x) = A@) Lnnsmee() + (—1)mA§E)(fmn+t(ﬂf) — Liw(2))
A(z) + (=1)™A(x) = Lin(2)

_ A@)F(@) = A Bneme(w) + (= 1) A@) (Fne(z) = Fio ()

Az) + (=1)"A(z) = L ()

Case: 2 If n is an odd natural number, we get

j:n j:n—l

(=1 Lonjse(@) = D (=1 Linja() = Lonnsa(2)

j=0 7=0
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Since n is an odd natural number then (n—1) is an even number, hence using case-I,
it follows that,

LTI A@)R(2) + A@) Brnne (@) + (~1)™A@) Bonnme (@) + Bi_m(2))
1) B (z) = —Prnii(=
sy @) A@) + (~DMA@) + B (@) ()
_ A@E(@) + ()" A@) Brnmit(@) + i (@) — (D)™ A@) Bt e(2) — A@) B () Brun s (x)

A(z) + (1) A(@) + B (@)

Using equations (31) and (33), we get

Y <_1)jimj+t($) _ A(x)Li(z) + A ) mn—m+t(T) + (= )mAE\x)(Lt—m(i) Lppnit(x))
j=0 Alz) + (=1)"A(2) + Lin ()
(1) Byg() = D@ = AW Lmaa(z) + (1" A@) Fin(x) = Fre()
p Alz) + (=1)"A(2) + Lin ()

[n T Pu@ [ Bn(@ \
[1 [ a+22 [ 4z + 23 \
| 2 | 42 +423 | 8+6a?+at \
| 3 | 4+52%+a* | 122 + 72 + 2° \
| 4 | 8z+623+2° | 8+ 1822 + 8z* + a6 \
| 5 | 4+ 1322 + 72 +aF | 20z + 2503 + 92° + 27 \
| 6 | 122+ 1923 + 825 4 27 | 8+ 382+ 332% +102° + 28 \
| 7 | 4+ 2522 +262% + 92° + 28 | 28z + 6323 + 4225 + 1127 4 29 \
| 8 | 16z + 4423 + 342° + 1027 + 29 | 8+ 6622 +962* + 5220 + 1228 + 210 \
| 9 | 4+ 4122 4 702* + 432° + 1128 + 210 | 36z +1292° 4 1382° + 6327 + 1327 + 211 \
| 10 | 20z + 8523 + 1042 + 5327 + 122° 4 =1 | 8410222 + 2252% + 19026 + 7528 + 14210 + 212 \
| 11 | 446122 4+ 1552* + 14726 4 6428 4 13212 4 212 | 44z + 23123 4 3632° + 25327 + 882% + 15211 4 213 \

| 12 | 242 + 14623 + 2592° + 20027 + 762 + 142 + 213 | 8 + 14622 + 4562* + 55325 + 32828 + 102210 + 16212 + 214 |

Table 2: First 12 terms of F,(z) and L, (z)
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Abstaract — In this paper, new classes of sets called mgp-closed sets in nano topological spaces
is introduced and its properties and studied of nano wgp-closed sets.
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1 Introduction

Thivagar et al. [4] introduced a nano topological space with respect to a subset X
of an universe which is defined in terms of lower approximation and upper approx-
imation and boundary region. The classical nano topological space is based on an
equivalence relation on a set, but in some situation, equivalence relations are nor
suitable for coping with granularity, instead the classical nano topology is extend to
general binary relation based covering nano topological space

Bhuvaneswari et al. [3] introduced and investigated nano g-closed sets in nano
topological spaces. Recently, Parvathy and Bhuvaneswari the notions of nano gpr-
closed sets which are implied both that of nano rg-closed sets. In 2017, Rajasekaran
et.al [7] introduced the notion of nano mgp-closed sets in nano topological spaces.
new classes of sets called mwgp-closed sets in nano topological spaces is introduced
and its properties and studied of nano wgp-closed sets.

2 Preliminaries

Throughout this paper (U, 7r(X)) (or X) represent nano topological spaces on which
no separation axioms are assumed unless otherwise mentioned. For a subset H of a

* Corresponding Author.
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space (U, Tr(X)), Ncl(H) and Nint(H) denote the nano closure of H and the nano
interior of H respectively. We recall the following definitions which are useful in the
sequel.

Definition 2.1. [6] Let U be a non-empty finite set of objects called the universe and
R be an equivalence relation on U named as the indiscernibility relation. Elements
belonging to the same equivalence class are said to be indiscernible with one another.
The pair (U, R) is said to be the approzimation space. Let X C U.

1.

The lower approximation of X with respect to R is the set of all objects, which
can be for certain classified as X with respect to R and it is denoted by Lr(X).
That is, Lr(X) = U,cp{R(x) : R(x) C X}, where R(z) denotes the equiva-

lence class determined by .

The upper approximation of X with respect to R is the set of all objects, which
can be possibly classified as X with respect to R and it is denoted by Ur(X).

That is, Up(X) = U,cp {R(7) : R(z) N X # ¢}.

The boundary region of X with respect to R is the set of all objects, which can
be classified neither as X nor as not - X with respect to R and it is denoted by
Br(X). That is, BR(X) = Ur(X) — Lr(X).

Property 2.2. [4] If (U, R) is an approzimation space and X,Y C U; then

1.

10.

.Q.OO.\?.%.U'%\.QSN

Lr(X) € X C Ur(X);
Lr(¢) = Ur(¢) = ¢ and Lp(U) = Up(U) = U;
Ur(X UY) = Ur(X) UUR(Y);
Ur(X NY) C Ur(X) NUR(Y);
Lr(XUY) 2 Lp(X) ULg(Y);
( (X) N Le(Y);
Lr(X

) C Lr(Y) and Ug(X) C Ur(Y) whenever X CY;

Lr(XNY)C Ly

Ur(X©) = [Lr(X)]* and Lr(X*) = [Ur(X)]%;
URUR(X) = LRUR(X) = UR<X),
LrLp(X) = UpLp(X) = Lr(X).

Definition 2.3. [4] Let U be the universe, R be an equivalence relation on U and
TrR(X) = {U, ¢, Lr(X),Ur(X), Br(X)} where X C U. Then by the Property 2.2,
R(X) satisfies the following azioms:

1.
2.
3.

Uand ¢ € Tp(X),
The union of the elements of any sub collection of Tr(X) is in Tr(X),

The intersection of the elements of any finite subcollection of Tr(X) is in
TR(X).
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That is, TrR(X) is a topology on U called the nano topology on U with respect to X.
We call (U, 7r(X)) as the nano topological space. The elements of Tr(X) are called
as nano open sets and [Tr(X)|¢ is called as the dual nano topology of [Tr(X)].

Remark 2.4. [4] If [Tr(X)] is the nano topology on U with respect to X, then the
set B ={U,¢, Lr(X), Br(X)} is the basis for Tr(X).

Definition 2.5. [/] If (U, (X)) is a nano topological space with respect to X and if
H C U, then the nano interior of H is defined as the union of all nano open subsets
of H and it is denoted by Nint(H).

That is, Nint(H) is the largest nano open subset of H. The nano closure of H is
defined as the intersection of all nano closed sets containing H and it is denoted by
Ncl(H).

That is, Ncl(H) is the smallest nano closed set containing H.

Definition 2.6. A subset H of a nano topological space (U, Tr(X)) is called

1. nano semi open [4] if H C Ncl(Nint(H)).

2. nano regqular-open [4] if H = Nint(Ncl(H)).

3. nano m-open [1] if the finite union of nano reqular-open sets.

4. nano pre-open [4] if H C Nint(Ncl(H)).

The complements of the above mentioned sets is called their respective closed sets.
Definition 2.7. A subset H of a nano topological space (U, (X)) is called;

1. nano g-closed [2] if Ncl(H) C G, whenever H C G and G is nano open.

2. nano rg-closed set [8] if Ncl(H) C G whenever H C G and G is nano regular-
open.

3. nano mg-closed [7] if Ncl(H) C G, whenever H C G and G is nano w-open.
4. mano gp-closed set [3] if Npcl(H) C G, whenever H C G and G is nano open.

5. nano gpr-closed set [5] if Npcl(H) C G, whenever H C G and G is nano
reqular open.

3 On Nano mgp-closed Sets

Definition 3.1. A subset H of a space (U, 7r(X)) is nano wgp-closed if Npcl(H) C
G whenever H C G and G is nano m-open.
The complement of nano wgp-open if HC = U — H is nano mwgp-closed.

Example 3.2. Let U = {a,b,c,d} with U/R = {{a,b},{c},{d}} and X = {a,d}.
Then the nano topology Tr(X) = {¢,{d},{a,b},{a,b,d},U}.

1. then {a} is nano wgp-closed set.
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2. then {b} is not nano wgp-closed set.
Theorem 3.3. In a space (U, 7r(X)),

1. If H is nano w-open and nano wgp-closed, then H is nano pre-closed and hence
nano clopen.

2. If H is nano semi-open and nano wgp-closed, then H is nano mg-closed.

Proof. 1. If H is nano m-open and nano mgp-closed, then Npcl(H) C H and so
H is nano pre-closed. Hence H is nano clopen, since nano m-open set is nano
open and nano pre-closed open set is nano closed.

2. Let H C GG and G be nano m-open. Since H is nano wgp-closed, Npcl(H) C G.
Since H is nano semi-open, Npcl(H) = Ncl(H) C G and hence H is nano
mg-closed.

Remark 3.4. For a subset of a space (U, 7r(X)), we have the following implications:

nano closed

4
nano g-closed = mnano ng-closed = mnano rg-closed
\ Y \

nano gp-closed = mnano wgp-closed = mnano gpr-closed

None of the above implications are reversible as shown by the following Examples.

Example 3.5. Let U = {a,b,c} with U/R = {{a,c},{b}} and X = {c}. Then the
nano topology Tr(X) = {¢,{a,c},U}. Then {a,c} is nano mgp-closed set but not
nano gp-closed.

Example 3.6. In Example 3.2,

1. then {a} is nano wgp-closed set but not nano mwg-closed.

2. then {a,d} is nano gpr-closed set but not nano wgp-closed.
Lemma 3.7. In a space (U, 7r(X)),

1. every nano open set is nano wgp-closed.

2. every nano closed set is nano mwgp-closed.

Remark 3.8. The converses of statements in Lemma 3.7 are not necessarily true
as seen from the following Examples.

Example 3.9. In Example 3.2,
1. then {a,c,d} is nano mwgp-closed set but not nano open.
2. then {b,c,d} is nano wgp-closed set but not nano closed.

Theorem 3.10. Let H be nano mgp-closed. Then Npcl(H) — H does not contain
any non-empty nano m-closed set.
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Proof. Let K be a nano m-closed set such that K C Npcl(H)—H. Then H CU—-K.
Since H is nano wgp-closed and U — K is nano m-open, Npcl(H) C U — K, i.e.
K CU — Npcl(H). Hence K C Npcl(H) N (U — Npcl(H)) = ¢. This shows that
K = ¢.

Corollary 3.11. Let H be nano mwgp-closed. Then H is nano pre-closed <=
Npcl(H) — H is nano w-closed <= H = Npcl(Nint(H)).

Theorem 3.12. In a space (U, Tr(X)), the union of two nano wgp-closed sets is
nano wgp-closed.

Proof. Let HU @ C G, then H C G and Q C G where G is nano m-open. As
H and @ are mwgp-closed, Ncl(H) C G and Ncl(Q) € G. Hence Ncl(H U Q) =
Nel(H) U Nel(Q) C G.

Example 3.13. In Ezample 3.2, then H = {a} and Q = {c} is nano wgp-closed.
Clearly HU Q = {a, c} is nano wgp-closed.

Theorem 3.14. In a space (U, r(X)), the intersection of two nano wgp-open sets
are nano wgp-open.

Proof. Obvious by Theorem 3.12.

Example 3.15. In Example 3.2, then H = {a,d} and Q = {b,d} is nano wgp-open.
Clearly H N Q = {d} is nano wgp-open.

Remark 3.16. In a space (U, 7r(X)), the union of two nano wgp-closed sets but not
nano mwgp-closed.

Example 3.17. In Example 3.2, then H = {a} and Q = {b} is nano mwgp-closed.
Clearly H U Q = {a, b} is but not nano wgp-closed.

Remark 3.18. In a space (U, Tr(X)), the intersection of two nano mwgp-open sets
but not nano wgp-open.

Example 3.19. In Example 3.2, then H = {a,c,d} and Q = {b,c,d} is nano wgp-
open sets. Clearly HU @ = {c,d} is but not nano wgp-open.

Corollary 3.20. If H ia nano mgp-closed and nano regular open and P is nano
pre-closed in U, then H N P is nano mgp-closed.

Proof. Let H N P C G and G is nano m-open in H. Since P is nano pre-closed
in U, HN P is nano pre-closed in H and so Npcly(H N P) = H N P. That is
Npclg(H N P) C G. Then H N P is nano wgp-closed in the nano wgp-closed and
nano regular open set H and hence H N P is nano mgp-closed in U.

Theorem 3.21. If H is nano wgp-closed in U and H C P C Npcl(H), then P is
nano mwgp-closed.

G and H is nano

Proof. Let P C G and G be nano m-open in U. Since H C
C @. hence P is nano

mgp-closed, Npcl(H) C G and then Npcl(P) = Npcl(H)
mgp-closed.

Theorem 3.22. A set H of a space (U, r(X)) is called nano wgp-open <= if
K C Npint(H) whenever K is nano m-closed and K C H.
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Proof. Obvious.

Theorem 3.23. A subset H of U is nano mwgp-open <= G = U whenever G is
nano m-open and Npint(H) U (U — H) C G.

Proof. Let G ba a nano m-open set and Npint(H)U (U — H) C G. Then U — G C
(U— Npint(H))NH,ie., (U—-G) C Npcl(U—-H)— (U—H). Since U — H is nano
mgp-closed, by Theorem 3.10, U — G = ¢ and hence G = U.

Conversely, let K be a nano m-open set of U and K C H. Since Npint(H)U (U —
H) = Nint(Ncl(H))U(U—-K) is nano m-open and Npint(H)U(U—H) C Npint(H)U
(U — K), by hypothesis, Npint(H) U (U — K) = U and hence K C Npint(H).
Theorem 3.24. Let H CV C U and V nano m-open and nano closed in U. If H
1s nano wgp-open in V, then H is nano mwgp-open in U.

Proof. Let K be any nano 7m-closed set and K C H. Since K is nano 7-closed in
V and H is nano mgp-open in V', K C Npinty(H) and then K C Npinty(H)NV.
Hence K C Npinty(H) and so H is nano wgp-open in U.

Theorem 3.25. If H is nano wgp-open in U and Npint(H) C P C H, then P is
nano wgp-open.

Proof. Let K C P and K be nano 7w-closed in U. Since H is nano mgp-open and
K C H. K C Npint(H) and then K C Npint(P). Hence P is nano wgp-open.
Theorem 3.26. A subset H of U is nano wgp-closed <= Npcl(H) — H is nano
Tgp-open.
Proof. Let K C Npcl(H)— H and K be nano m-closed in U. Then by Theorem 3.10,
K = ¢ and so K C Npint(Npcl(H) — H). This shows that Npcl(H) — H is nano
Tgp-open.
Conversely, let G be a nano m-open set of U and H C G. Then Npcl(H) N
(U—-G) = Ncl(Nint(H)) N (U — Q) is nano m-closed set contained in Npcl(H)— H.
C

Since Npcl(H) — H is nano mgp-open, by Theorem 3.22, Npcl(H) N (U — G)
Npint(Npcl(H) — H = ¢) and hence Npcl(H) C G.
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Abstract — In this paper, we define a new idea of trapezoidal linguistic cubic hesitant fuzzy number. We
discuss some basic operational laws of trapezoidal linguistic cubic hesitant fuzzy number and hamming
distance of trapezoidal linguistic cubic hesitant fuzzy number. Furthermore, we develop Trapezoidal
linguistic cubic hesitant fuzzy TOPSIS method to solve the MCDM method based on trapezoidal linguistic
cubic hesitant fuzzy TOPSIS method. Finally, an illustrative example is given to verify and demonstrate the
practicality and effectiveness of the proposed method.

Keywords — Trapezoidal linguistic cubic hesitant fuzzy number, trapezoidal linguistic cubic hesitant fuzzy
TOPSIS method, MCDM, Numerical Application

1 Introduction

Selecting a proper supplier amongst different suppliers is a grave substance for highest
organization. In skills that are worried with huge gage production the raw resources and
unit parts can equal up to 70% creation cost. In such circumstances the procurement
department can presentation a vital role in cost reduction, and supplier selection is one of
the most energetic functions of getting management [7]. So, by means of an fitting method
for this purpose is a vital issue, supplier selection has been revealed to be a multiple criteria
decision making (MCDM) problem [13]. In a typical MCDM problem, multiple and
usually incompatible criteria are instantaneously booked into description for making a
decision. A wide-ranging review and organization of the MCDM approaches for vendor
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selection has been carried out in [5]. Torra [25] defined the Hesitant fuzzy sets. Xia et al.
[26] defined hesitant fuzzy information aggregation in decision making.

(MCDM) is apprehensive with arranging and explaining decision and development
problems relating multiple criteria. Typically, there does not exist an inimitable optimal
solution for such problems and it is necessary to use decision maker's performance to
differentiate between solutions. MCDM has been an active area of research since the
1970's. Different methods have been offered by many researchers, including the Analytic
Hierarchy Process (AHP), Technique for Order Preference by Similarity to Ideal Solution
(TOPSIS) and MCDM. Some of the most broadly used multi-criteria decision exploration
methods is the TOPSIS method, which was proposed by Hwang and Yoon in 1981 [8], and
extended by Yoon in 1987 [15], as well as by Hwang et al. in 1993 [16]. In the TOPSIS
method, the optimal alternative is nearest to the positive ideal solution (PIS) and farthest
from the negative ideal solution (NIS). When control inaccurate and imprecise date, mostly
modelling social Judgments, it is more representative and instinctive to use linguistic
assessments instead of numerical evaluations. Thus, in many former studies, the TOPSIS
method was used in concurrence with fuzzy logic. Numerous fuzzy TOPSIS methods and
applications have been established since the 1990s, e.g., for supplier selection [17] [18],
finance [19] [20], power industry [21] [22], and negotiation problems [23]. In our study, we
employ a fuzzy extension of the TOPSIS method presented by Chen [24].

Cubic sets introduced by Jun et al. [9], are the generalizations of fuzzy sets and
intuitionistic fuzzy sets, in which there are two representations, one is used for the degree
of membership and other is used for the degree of non-membership. The membership
function is hold in the form of interval while non-membership is thought over the normal
fuzzy set. Aliya et al. [2] defined the cubic TOPSIS method and cubic grey ananlysis set.
Aliya et al. [1] defined the idea of triangular cubic fuzzy set and hamming distance. Due to
the motivation and inspiration of the above discussion in this paper we generalized the
concept of trapezoidal linguistic hesitant fuzzy sets, trapezoidal linguistic intutionistic
hesitant fuzzy sets, interval-valued trapezoidal linguistic intuitionstic hesitant fuzzy
number, trapezoidal linguistic hesitant fuzzy TOPSIS method, interval-valued trapezoidal
linguistic hesitant fuzzy TOPSIS method, interval-valued trapezoidal linguistic intuitionstic
hesitant fuzzy TOPSIS method and introudce the concept of trapezoidal linguistic cubic
hesitant fuzzy sets. If we take only one element in the membership degree of the
trapezoidal linguistic cubic hesitant fuzzy number, i.e.instead of interval we take a fuzzy
number, than we get trapezoidal linguistic intuitionistic hesitant fuzzy numbers, similarly if
we take memebrship degree as hesitant fuzzy number and nonmembership degree equal to
zero, than we get trapezoidal linguistic hesitant fuzzy numbers.

In section 2, we firstly introduced some basic definitions of the fuzzy set and cubic set. In
section 3, we develop trapezoidal linguistic cubic hesitant fuzzy number and hamming
distance. In section 4, we develop trapezoidal linguistic cubic hesitant fuzzy TOPSIS
method different steps in the proposed trapezoidal linguistic cubic hesitant fuzzy TOPSIS
method are presented. A numerical example of the proposed model is presented in section
5. In section 6, we discuss comparison to different method. The paper is concluded in
section 7.
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2 Preliminaries

Definition [14] 2.1. Let H be a universe of discourse. The idea of fuzzy set was presented
by Zadeh and defined as following: J ={h,I',(h)lhe H}. A fuzzy set in a set H is

defined 1, : H—1, is a membership function, 1,(h) denoted the degree of
membership of the element h to the set H , where [ =[0,1] . The collection of all fuzzy

subsets of H is denoted by 1" . Define a relation on 1" as follows:
(VI,pe I")YT <n & (Yhe H)YT(h) <n(h))).
Definition [4] 2.2. An Atanassov intuitionistic fuzzy set on H is a set
J={h,I'(h),n(h): he H}
where ', and 11, are membership and non-membership function, respectively
I',(h): h—[0,1,he H—I,(h)e[01];n,(h): h—[0,1],he H —n,(h)<[0,1]
and
0<TI,(h)+n,(h)<1 forall he H . x,(h)=1-T",(h)—n,(h).
Definition [9] 2.3. Let H be a nonempty set. By a cubic set in H we mean a structure
F={h,a(h),f(h): he H} inwhich a isanIVF setin H and p is a fuzzy setin
H. A cubic set F ={h,a(h),B(h): he H} is simply denoted by F ={a, ). Denote
by C" the collection of all cubic sets in H. A cubic set F={a, ) inwhich a(h)=0
and PB(h)=1 (resp. a(h)=1 and [(h)=0 forall he H is denoted by O (resp. 1). A

cubic set D ={(A,&) inwhich A(h)=0 and &(h)=0 (resp. A(h)=1 and E(h)=1)
forall he H isdenoted by 0 (resp. 1).

Definition [9] 2.4. Let H be a non-empty set. A cubic set F =(C,A) in H is said to
be an internal cubic set if C~(h) < A(h)<C*(h) forall he H.

Definition [9] 2.5. Let H be a non-empty set. A cubic set F =(C,A) in H is said to
be an external cubic set if A(h)¢ (C™(h),C"(h)) forall he H.
3. Trapezoidal Linguistic Cubic Hesitant Fuzzy Number

Definition 3.1. Let b be the trapezoidal linguistic cubic hesitant fuzzy number on the set
of real numbers, its interval value trapezoidal linguistic hesitant fuzzy set is defined as:
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h— — +
sg,%[a)b’a)h] r<h<s
A () = (@, @, ] s<h<t
b( )= (1=h) -+ <
sg,(d,_s,)[a),,,a),,] t<h<u
0 otherwise

and its trapezoidal linguistic hesitant fuzzy set

s—h+(h—r)775

9° (r—s) ’ I’Sh<s
. s<h<t
L=y T, L
0 wn I<hsu
0 otherwise

where 0< /11; (h<1,0< F}; (h)<1 and r,s,t,u, arereal numbers. The values of 0,0,
consequently the maximum values of interval value hesitant fuzzy set and % minimum

value of hesitant fuzzy set. Then the TrTLCHFN b basically denoted by

~

b =s,.[(r,s,t,w)i (@, , @, 1.77;).

Further, the TTLCHFN reduced to a TLCHEN. Moreover, if @, =1,0, =1 and n; = 0,if

the TrTLCHEFN l; 18 called a normal TLCHFN denoted as

b =s,,1(r,5,L,W);[{(1,1)],(0)]).

Therefore, the TTLCHFN considered now can be regarded as generalized TrLCHFN. Such
numbers remand the doubt information in a more flexible approach than normal fuzzy

numbers as the values @, , @, ,77; €[0,1] can be interpreted as the degree of confidence in

the quantity characterized by r,s,t,u. Then b s called trapezoidal linguistic cubic
hesitant fuzzy number (TrTLCHFN).

Definition 3.2. Let

Sy, Sg, Sg, s
[, (5, (73,

s, S S5,

‘. f, 1

h= = and h, =

ul, ul, u,],
(@, (@, (w,,,
w; 1, @, 1, @, 1,
;) 775]> 771;2>
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are three TrTCLHFNSs, which ¢

he ={alae h’}:{

ﬁluiiz:{
h'lmh'z:{

h @ h,

an be described as follows:

Sosl1s.t,ul, |
<[a)b_’a);—]’775> '

Soch o a(hz)’[’] Ur,, 8 US,, 1 Ut,,u, U”z]’}
b

(o, va, o, ua);z],n};l 077,;)

sb,(hlw,(,m,[r1 NT,y,8 NS, NL,,uU, ﬁuQ],}

(w, Nw, o, r\a),jz],n};1 U77;;2>

Sa(h,)+a(h2)’[r1 +r,—nn,Ss +58, —55,,

L+t — L, u U, —uu, ],

m;15, )

<[a);l tw, -0, a),;z,a);] + a),j2 - % a);z],

{(Ahlae h) =sgﬂ(h),[l—(l—r)ﬂ],[l—(l—s)ﬁ],

Ah=

o :{{oﬂ |a€ b} =[50 L (901,01 )],

Example 3.3. Let

5;,[0.4,0.6,

0.8,0.10],

0.2,0.41, |’
0.3)

be three TrCLHFNSs. Then,

[1-(1-*1[1-(1-u)*];
([1-(1-a) ' L0-A-a)*],
(77;;)1>

(@) (@) 1L1-1-1)")

5,,[0.2,0.4,
0.6,0.8],
o, = and o, =

([0.4,0.6],
0.5)

o |55104,06,08,0.10],
| q02,041,03) [

}.

55,[0.9,0.11,

0.13,0.15],

([0.11,0.13],
0.10)

31
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S4.5-10.200.9,
0400.11,0.6 U0.13,
ova, = 0.8U0.15], ;
([0.400.11,0.6 LU 0.13],

0.5n0.10)

5405-10.210.9,
0.40.11,0.610.13,
a,Na, = 0.80.15], :
0.4 0.11,0.60.13],
0.5U0.10)

51:5:[0.240.9-(0.2)(0.9),
0.4+0.11—(0.4)(0.11),
0.6+0.13—(0.6)(0.13),
o ®a,=1 0.8+0.15—(0.8)(0.15)],
(0.4 +0.11—(0.4)(0.11),
0.6+0.13—(0.6)(0.13)],
(0.5)(0.10))

w'e

545.[(0.2)(0.9),(0.4)(0.11),(0.6)(0.13),
o, ®a, =1 (0.8)(0.15)],[(0.4)(0.11),(0.6)(0.13)], I;
0.5+0.10—(0.5)(0.10))

A1 =0.25,0.25,0.25,0.25

Sy [1—(1=0.4)"%1-(1-0.6)"%,
1-(1-0.8)"%,1-(1-0.10)"*],
1-(1-0.2"*1-(1-0.4)">],

(0.3)°%)

$05,[(0.4)"%,(0.6)%,
aﬂ _ (0.8)0'25,(0.10)0'25],
<[(0.2)0.25 , (0.4)0.25 ]’
1-(1-0.3)"%)
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Definition 3.4. Let
b = Sel’[f’l’51+’t1’”1]; and b, = sez’[ifz’sz:tz’”z];
<[wh]’wh]]’77hl> <[w;,2,w;,2],77h2>

be two TrLCHFNs. The hammimg distance between b, and b, is defined as follows:

~ - Llls, , L{lr—=r+ls—s, |+It,—t, |+
cg(bhbz):{ 1211 %g-0, 171 17 % 17 b }

luy —uy N1+ max[{ @, -, L@y, -, 1117, =1, 11

the TrLCHFN
SGI’[’/i’Sl’ nga[rzasza
tou s Lo, ;
h=4 " and b,=1, >
(o, 0,], (o, 0,1,
My, M, 1)
reduces to a TrLCHF
SHI ,[l’i,Sl, ng,[rz,sz,
t 4 ; t ) ;
= it and b, = 2]
<[1’1]’ <[1’ 1]’
0) 0)

If a)bl_zl,a)bz_zl and wbrzl’wbgzl’ if M, =0 and My, =0.

Example 3.5. Let
5,,[0.6,0.8, 5,,[0.2,0.4,
0.10,0.12]; 0.6,0.8];
" [0.22,0.24], > 410.11,0.13],
0.23) 0.12)

be two TrLCHENs. The hammimg distance between b, and b, is defined as follows:

33
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L0y, L{10.6-021+10.8-0.41
+10.10-0.6 1+
10.12-0.81] +

10.22 -0.111,
max| ,
10.24 -0.13 |

g(él,éz)= 10.23-0.12 1]]
Lls, L1041+
10.41+1-0.51+

10.111,
| —0.68 I] + max|[ )
10.11 |
101L1]] = 5y 1065

4 Trapezoidal Linguistic Cubic Hesitant Fuzzy TOPSIS Method

In this section we apply trapezoidal cubic fuzzy set to linguistic hesitant TOPSIS method.
We define a new extension of trapezoidal linguistic cubic hesitant fuzzy TOPSIS method
by using trapezoidal cubic fuzzy set.

Step 1: Suppose that a trapezoidal linguistic cubic hesitant fuzzy TOPSIS method decision-
making problem under multiple attributes has m students and n decision attributes. The
framework of trapezoidal linguistic cubic hesitant decision matric can be exhibit as
follows:

Sa, (115 80ty KOBy Bl 17
S, [H2sS125 L5 Uy, K[Bys.s B1+2]’771$2> -------
Sg,, [ St s,y KBy By 1.7,
Sa, (705 8215 L2151y K[Byy» By, 1,77,)
Se,, (7325 S505 L0y 5 Uy K[Boys B3, 1,705 wovvene
b= SG,ZZ[rnZ’an’th’un2]<[Br:2’B;Z]’n2n>

Sa,, (s Suts Eonts U KU B> By 177,10
Se,, (25 Smas bz s Uy KIBors Ba 1s77,0) woveene

SG,”” [rmn > S s tmn - ]<[Br:m ’ Br-:m ]’ 77mn>

Step 2: Construct normalized trapezoidal linguistic cubic hesitant fuzzy TOPSIS decision
matrix R =] ,Bij ]. The normalized value r; is calculated as:
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Sg ¢

5 \/Z”:w,j)z’_\/z \/Zw \/Zm) \/z%

B B n
n 2 n 2 n
\/ Z(B;j-)z \/ Z(B;ﬁ \/ ZW
i=1 i=1 i=1

Step 3: Make the weighted normalized trapezoidal linguistic cubic hesitant fuzzy TOPSIS
decision matrix by multiplying the normalized trapezoidal linguistic cubic hesitant decision
matrix by its associated weights. The weight vector W =(w,,w,,..w,) collected of the

isolated weights w;(j=1,2,3,..n) for each attribute C, satisfying ZW]. =1. The
j=1
weighted normalized value is deliberate by B. = VW, where 0<B ;S i=1230.m

J
and j=1,2,3...,n

Step 4: Identify positive ideal solution (") and negative ideal solution (a~). The
trapezoidal linguistic cubic hesitant fuzzy TOPSIS method positive-ideal solution
(TrLCHFPIS, ") and the trapezoidal linguistic cubic hesitant fuzzy negative-ideal solution
(TrLCHFNIS, « ) is shown as

Sgs[(1, 81,1, uy),

(rz,sz,tz,uz) .....

o =45, (r,,s,.1,,u,)] p = max, i Sg,»max, (ry,s;.1;,u;){max, (B;)}{min,(77,)},
{(B/ ,771)(32,772)
....... (B, .1,)

S L(r1, 81,1, u,),
(), 85,85, Uy ).....
oy =184 (1,,58,,1,,u,),; = min, i o, omin, (r;, 5,1, ,u;),{min, (B,) } {max, (77,)}.
(B[ .11,)(B;.11,)

Step 5: Estimated separation measures, using the n-dimensional euclidean distance. The
separation of each candidate from the TrTLCHPIS ¢, {[B~,B"],7;7) is given as

S, b|ry = 75| |5 = s |+

‘tii _t<i‘+‘”ij Ul

q; (B",B"1.m) =(5;

‘Bii _B;

9771']' _77]"}
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The separation of each candidate from the TrTLCHNIS ¢, {[B",B"],n7) is given as

rl.j—rj‘+

b

‘Sa,.j—aj

q; {(B".B"1.m) =(; ‘SI;;;{J‘;,‘I_J; ).
‘Bij_B; 77!1_77,‘}

9

Step 6: Calculate similarities to ideal solution. This progression comprehends the

e e . . “([B",B'],
similitudes to an ideal solution by Eqs. Z, = T g+<][m+q_+j[gi i

Figure 1

Flow chart of the extended trapezoidal linguistic
cubic hesitant fuzzy TOPSIS method
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5 Numerical Example

Assume that an automotive company is in a decision-making situation for purchasing one
of the main items for their newly introduced automobile. A committee of three decision-

makers {D,,D,,D,} want to select the most promising vendor for supplying the item.
After a preliminary screening, three alternatives B,,B,,...,B remain for further

n

evaluations.

Linguistic variables of ratings of alternatives by decision-maker 1

€y Cs
'
0.2,0.3, 0.4,0.5, 0.1,0.2,
5 : : 51,
B < 0.4,0.5 0.6.0.7 0.3,0.4
| (0.20.0.241.0.22) L [0.10,0.12],0. 11} ([0.5,0.71.0.6)
" -
0.14,0.15, J, 0.11,0.12, W 0.4,0.5,
55, : 5 : Ss,
By < 0.16,0.17 0.13,0.14 o 0.6,0.7
{[0.1,0.31,0.2) L ([0.4,0.6],0.5 ([0.10,0.12],0.11)
M
' _
0.2,0.3, J, 0.1,0.2, 0.11,0.12,
51, : : 6.
B; < 0.4,0.5 0.3.0.4 0.13,0.14
{[0.20,0.24],0.22) {[0.5,0.71,0.6) ([0.4,0.61.0.5)
L
Linguistic variables of ratings of alternatives by decision-maker 2
c, C; C;s
. ] ] I
/ 0s0s ]\ / 02,03, H'-HI / 0.14.0 15, I"'.
54, I 52, N I S5, )
5 .'{ 0.6.07 II\ f 0405 :l [ ™ 016017 }
1 4 || | |
\ Doy \  [0.20,024] / \ [0.1,0.3], ."
\ 0.11 / \ 0.22 f \ 0.2 f
\ \ \
I."Ir 011012, \ / 01,02, \ III.Er 0.11,0.12, \
55, 51, - \ 55, : |
o | i CRECRER ."I{ 03,04 I'l |; “| 013014 |
2 ] !
H'.I [0.4.0.6], / I".IH [0.5.0.7], [\ [0.4.0.6]. |
\ 05 ' 0.6 / I”.I 05 ;
{ [} |' 1 I| \
/ 0203 |\ 014015, | | 0102 | |
| 52, o [ T : | 52, N IIII
s | 0.4.05 \ [ 0.16.0 17 \ |" 0304 ,
' 1'-.5 [0.20,0.24], / "\ [0.1,0.3], | ".H [0.5.0.71. /
\ 0.22 "'I \ 0.2 n"l ".l 0.6 /
\ I i [}
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v, =02,v,=03,v,=0.5

Step 1: In this step we aggregated TrLCHF-decision matrix D,,D,, D, based on opinions

of the experts after weights values for the experts are obtained, the evaluating values
provided by different experts can be aggregated based on the TTLCHFWG operator as
below: The aggregated TrLCHF-decision matrix can be defined as follows:

Table 3. The aggregated TrLCHF-decision matrix

Cl C2 C%
8$1.5157> 51.86615 $3.4641>
0.1365, 0.1976, 0.1202,
0.1893, | 0.2701, | 0.1753,
0.2483, | 0.3482, | 0.2331, |
B 0.3157 0.4339 0.2943
0.0635, 0.0938, 0.3291,
0.0773 | 0.1136 | 0.5417 |
0.4751 0.3274 0.3464
8$2.0476 $2.1074 54.8989,
0.0521, 0.0644, 0.2692,
0.0564, | 0.0999, | 0.3366,
0.0607, | 0.1382, | 0.4100, |
B, 0.0652 0.1800 0.4921
0.11509, 0.3031, 0.2651,
0.2247 | 0.4706 | 0.4067 |
0.6309 0.6968 0.2345
51.31955 $2.10745 $3.4641>
0.0853, 0.0739, 0.1051,
0.1329, | 0.1092, | 0.16009,
0.1848, | 0.1472, | 0.2196, |
Bs 0.2421 0.1887 0.2816
0.0854, 0.2131, 0.4522,
0.1039 | 0.3738 | 0.6535 |
0.5457 0.5293 0.5477

Step 2: Construct normalized trapezoidal linguistic cubic hesitant fuzzy TOPSIS decision
matrix R =[/;]. The normalized value r; is calculated as:



Journal of New Theory 19 (2017) 27-47 39

Table 4. The normalized trapezoidal linguistic cubic hesitant fuzzy TOPSIS decision
matrix

C1 CZ C3
- N - N - N
5091425 50.92925 5097175
0.0823, 0.0984, 0.0337,
0.1141, | 0.1345, | 0.0491,
0.1497, | 0.1733, | 0.0653, |
B < 0.1904 > < 0.2161 > < 0.0825 >
0.0383, 0.0467, 0.0923,
0.0466 | 0.0565 | 0.1519 |
0.2865 0.1630 0.0971
g S \\ S \\ S
- N - N - N
50.94765 50.9149, 50.98215
0.0241, 0.0279, 0.0539,
0.0261, | 0.0433, | 0.0674,
0.0281, | 0.0600, | 0.0821, |
B, < 0.0301 > < 0.0781 > < 0.0986 >
0.0536, 0.1315, 0.0531,
0.1039 | 0.2043 | 0.0815 |
0.2921 0.3025 0.0471
g J g J g P4
- N - N - N
50.8948» 50.9442, 50.95725
0.0578, 0.0331, 0.0291,
0.0901, | 0.0489, | 0.0444,
0.1253, | 0.0659, | 0.0606, |
B; < 0.1641 > < 0.0845 > < 0.0778 >
0.0579, 0.0954, 0.1249,
0.0704 | 0.1674 | 0.1805 |
0.3700 0.2371 0.1513
\\ S \\ S \\ S

Step 3: Make the weighted normalized trapezoidal linguistic cubic hesitant fuzzy TOPSIS
decision matrix by multiplying the normalized trapezoidal linguistic cubic hesitant decision
matrix by its associated weights. w, =0.3427,w, = 0.3492,w, =0.3079.
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Table 5. The weighted normalized trapezoidal linguistic cubic hesitant fuzzy TOPSIS
decision matrix

C,

C,

Cs

By <

[
([
|
i
|

50.31325

0.0282,0.0391,
0.0513,0.0652

0.131,
0.0159

0.0981

50.3247>

0.0082,0.0089,
0.0096,0.0103

0 0183,
0.0356

0.1001

5$0.30665

0.0198,0.0308,
0.0429,0.0562

0.0198,
0.0241 |

0.1267

I“—.I

> <

> <

J \

[
it
|
it
|

50.3244>

0.0343,0.0469,
0.0605,0.0754

O 0153,
0.0197

0.0569

50.3194>

0.0097,0.0151,
0.0209,0.0272

O 0459,
0.0713

0.1056

50.3297,

0.0115,0.0171,
0.0231,0.0295

0.0333,
0.0584 |

0.0827

L 1

L 1

L 1

\/\/

J \

-

-

[
I
|
|
|

50.2991

0.0103,0.0151,
0.0201,0.0254

O 0284,
0.0467

0.0298

50.3023>»

0.0165,0.0207,
0.0252,0.0303

0 0163,
0.0251

0.0145

50.2947 5

0.0089,0.0136,
0.0186,0.0239

0.0384,
0.0555 |

0.0465

J \

\/

Step 4: Identify positive ideal solution (&)

and negative ideal solution (& ). The

trapezoidal linguistic cubic hesitant fuzzy TOPSIS method positive-ideal solution

(TrLCHPIS,

solution (TrLCHNIS, @~ )is shown as

a" ) and the trapezoidal linguistic cubic hesitant fuzzy negative-ideal
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S0.3244> 8032475 $03297>
o 0.03430.0469, 0.0165,0.0207, 0.0198,0.0308,
. s s ;
’ 0.0605,0.0754 0.0252,0.0303 0.0429,0.0562
0.0284, 0.0459, 0.0384,
0.0467 [ 0.0713( 0.0584 [
0.0298 / 0.0145 / 0.0465
80,2991 » 803023 » 802047 5
o - 0.0103,0.0151,| | |[0.0082,0.0089,| | |[0.0089,0.0136,|
“ 11 0.0201,0.0254 ['["]] 0.0096,0.0103 |'["]| 0.0186,0.0239 |
0.131, 0.0163, 0.0198,
0.0159 [ 0.0251 | 0.0241 |
0.0981 0.0145 0.1267

Step 5: Estimated separation measures, using the n-dimensional euclidean distance. The
separation of each candidate from the TrLCHPIS ¢/ {[B ,B'],;) is given as

¢ ((B~,B*1,7)=02104, ¢! (B ,B*1,;7)=0.3288,¢:((B",B*1,77) = 0.6732.

The separation of each candidate from the TTLCHNIS ¢, ([B",B"],7;7) is given as the
separation of each candidate from the TrLCNIS ¢, ([B",B'l,;7) is given as
g7 ((B~,B"1,m)=0.0345. ¢;([B~,B*1,7) =0.2344,4; ((B",B"1,77) = 0.1234,

Step 6: Calculate similarities to ideal solution. This progression comprehends the
similitudes to an ideal solution by Eqgs.

Z, =004 = ()1408,Z, = 2021 = () 4161, Z, = 21232 = (0.1549.

0.5632 — ~0.7966
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3.5

2.5

15

a.5

Z4 Z; Z3

6 Comparison Analyses

In direction to verify the rationality and efficiency of the proposed approach, a comparative
study is steered consuming the methods of cubic TOPSIS method [2] , which is special
case of TTLCHTENS, to the similar expressive example.

6.1. A Comparison Analysis With The Existing MCDM Method Cubic TOPSIS
Method

[2] TOPSIS (Technique for Order Preference by Similarity to an Ideal Solution) method is
a popular approach to multi-attribute decision making problems. Assuming that there are
N alternatives and M attributes, the procedure of TOPSIS starts from the construction
of the scores matrix X = [x,;] where x; denotes score of the ith alternative with respect

to the jth attribute and can be summarized as follows: The proposed method which is
applied to solve this problem and the computational procedure are summarized as follows:
Step 1: Set a number of alternatives and some attributes or criteria. There are 3 criteria used
as a basis for decision making in academic scholarship. The criteria include:

Table 6 Cubic TOPSIS method
Ci s Ca
By {[0.20,0.24],0.22) {[0.10,0.12],0.11) {[0.5,0.7],0.6)
By, {[0.1,0.3],0.2} {[0.4,0.6],0.5) {[0.10,0.12],0.11}

B; {[0.20,0.24],0.22)  ([0.5,0.7],0.6) {[0.4,0.6],0.5)
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Step 2: Calculation of normalized decision matrix

Table 7 Normalized decision matrix

C1 C2

Cs

0.5234, 0.5232,
B, 0.6281 | 0.6279 |

0.5757 0.5756

0.2673, 0.4558,
B, 0.8019 | 0.6838 |

0.5346 0.5698

0.5234, 0.4767,
Bs 0.6281 | 0.6674 |

0.5757 0.5721

0.4767,
0.6674

0.5721

0.5232,
0.6279

0.5756

0.4558,
0.6838

0.5698

Step 3: Calculation of the weighted aggregated CF-decision matrix

v,=03,v,=02,v,=0.5,

Table 8 weighted aggregated CF-decision matrx

B {[0.5005,0.6482].0.5738)
B, {[0.4431,0.7018].0.5618)
B3 {[0.4811,0.6646].0.5721)

Step 4: Determination of the score value

Z,=0.1916,Z, =0.1943,Z, = 0.1912.
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3.5 1.2
3
3 1
2.5
0.8
2
2
0.6
15
1 0.4
1
s 0.2
0.1916 0.1943 0.1912
0 0
By B, Bs

Comparison analysis with existing methods Table 9

Method Ranking
Trapezoidal linguistic cubic hesitant fuzzy TOPSIS method B, > B, > B,
Cubic TOPSIS method [2] B, > B, > B,

7 Conclusion

In this paper, we define a new idea of trapezoidal linguistic cubic hesitant fuzzy number.
We discuss some basic operational laws of trapezoidal linguistic cubic hesitant fuzzy
number and hamming distance of trapezoidal linguistic cubic hesitant fuzzy number.
Furthermore, we develop Trapezoidal linguistic cubic hesitant fuzzy TOPSIS method to
solve the MCDM method based on trapezoidal linguistic cubic hesitant fuzzy TOPSIS
method. Finally, an illustrative example is given to verify and demonstrate the practicality
and effectiveness of the proposed method. We compared the proposed method to the
existing methods, which shows the trapezoidal linguistic Cubic hesitant TOPSIS method
are more fexible to deal uncertainties and fuzziness. In fact, this method is very simple and
flexible. Hence, it is expected that proposed in this study may have more potential
management applications.
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Abstract — In this paper, the authors have obtained various forms of g-analogue of I-function satisfying
Truesdell’s descending F -equation. These forms have been employed to arrive at certain generating functions
for g-analogue of I-function. Some particular cases of these results in terms of g-analogue of H-and G-
functions which appear to be new have also been obtained.
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1 Introduction

Recent developments in the theory of Basic hypergeometric functions have gained much
interest due to its introduction of certain new generalized forms of Basic hypergeometric
functions. These functions are Mac-Roberts’s E-Function, Meijer’s G-Function, Fox’s H-
Function, Saxena’s I-Function and their g-analogues. The g-analogue of I-Function have
been introduced by Saxena et al. [1] in terms of Mellin-Barnes type basic contour integral
as

(aj > aj )1,n > (aji > aji )n+l,A,»

1(2)=1}"%.,| 29 =
e B B3 Gjis By,
1 HG(qbi—ﬁjs )H G(ql—uj+0{js)
- J' . j=1 . j=1 77'ds @
LY & d b+ Bs\ T a4 s s -
ST 6@ ] 6@ HG(g)G(g ™ )sinzs

i=1 | j=m+ j=n+l

*Corresponding Author.
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where « i B 0O Ji] ; are real and positive, a j,b N b ; are complex numbers and

ji?
L
(q%:9)..

where L is contour of integration running from - ico to ico in such a manner so that all poles

of G(qb’_ﬁ"s);l < j <m are to right of the path and those of G(g

The integral converges if Re [s log (x) — log sin ns} < 0, for large values of Is| on the
contour L.

G =TJa-¢"")" =

l—a;+a;s

);1< j<n are to left.

Setting r=1, A, = A,B, = B in equation (1) we get g-analogue of H-Function defined by

Saxena et.al. [1] as follows:

v ffow o™
e Y A =l = ‘d 2
b Z’q(b B) Tomid o 1-b = e ds )
joj/1LB L H G(q_ thjX)H G(qai_a/S)G(qS)G(ql_S)Sin]‘[s

Jj=m+l Jj=n+l
Further if we put &, =, =1, equation (2) reduces to the basic analogue of Meijer’s G-

Function given by Saxena et. al. [1].

[16¢@" [[66" )
=1 j=1

t T 6@ "™ T] 6" )G6(a")G(g")sinzs

Jj=m+l Jj=n+l

7' ds 3)

al,az,...,aﬂ 1

Gm,n z —
A"{ Wbty | 270

Farooq et. al. [2] defined the basic analogue of I-function in terms of Gamma function as

follows

r b -0 I' l-a +c.
(aj7aj)l.n (ajhaji)rﬁ-l.A; 1 J‘ I;II q( ! ﬂJS)EII q( “ JS)
T &

B (b f. - 5 A
(b/ ’ﬂ])l.m (b]l ’ﬂﬂ)mH.B, Z{ H F,I (l—bﬁ +ﬂ_/;s) H F,I (aﬁ —cx_/[s)}l“q(s)l“q(l—s) sinﬂ's

i=l | j=m+l =

zZ'ds  (4)

Iis {Z;q 27ti

In his effort towards achieving unification of special functions, Truesdell [3] has put
forward a theory which yielded a number of results for special functions satisfying the so
called Truesdell’s Fy-equation. Agrawal B. M. [4] extended this theory further and derived
results for descending Fg-equation. He obtained various properties like orthogonality,
Rodrigue’s and Schalafli’s formulae for Fy-equation, which turn out to be special functions.

Renu Jain et. al. [7] derived some generating functions of g-analogue of Mittag-Leffler
function and Hermite polynomial satisfying Truesdell's ascending and descending Fg-equation.
The function F(z,) is said to satisfy the descending F-equation if
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D! F(z,a)=F(z,a¢—r)

50

For F(z,o) satistfying descending F-equation, Agrawal B. M. [6] has obtained following

generating functions:

- , F(z,a—n
F(z+y,@)=)y %
n=0 .

The g-derivative of equation (5) can be written in the following manner:

D, F(z,a)=F(z,a+r)

In order to obtain main result of this paper we will make use of the following results which

we have obtained on multiplication formulae for g-analogue of Gamma functions:

L (r=2a+1)

ua a-r+k) (I1-¢)q" o (0{+kj

r = r 8
H ( m ) D¢ q), o '\ m ®
i _a-r+k)_ (ql_“;q)r Ut _a+k
k_orq(l m j_ (1-gq) Horq(l m j ®

In the results that follow, by A(u, ) we shall mean the array of # parameters

a a+l a+u—1

) 9 see

L (u=123,.) (10)

and (A(1, @), B) stands for (5, ﬁj, (“—“ ﬁj, (L‘H ﬁj an
7 7 7

2 Generating Functions for g-analogue of I-Function

(A): Renu Jain et. al.[5] obtained various forms of I-Function which satisfy Truesdell’s
descending F-equation and hence in this connection, we established in this section the
different forms of g-analogue of I-Function which satisfy Truesdell’s descending Fg-

equation:

E[I;P} “! qah(,m)
(D | g™t "z | I Rl

{(bj’ﬁ.f)l.m}’ {(b.fi’ﬁii)m+1,qi—p} {A(p.a).h}

{A(/l’ a), h}’{(aj ) aj)lﬂ,n} ) {(aji ) a’ji)nﬂ,prp} ) {A(,Q a), h}

12)
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Assuming that form (12) is A(z, @), replacing g-analogue of I-Function by its definition (4)
and then interchanging order of integration and differentiation, which is justified under the

conditions of convergence [2], we observe

D] A(z,@)
atk aa-1)1-p)
| Hr/(b/ ,BS)HF [1———;1 ]H C,(-a,+as)q * ¢ D] {7} zds
J=A+1
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Now results (8) and (9) lead to two very important identities
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Using these identities (19) and (20) we see that (18) takes the form

D, A(z,a)=[A(z,a~r)] 21

This is the Truesdell’s form of descending F-equation.
Similarly forms (13) to (17) can be shown to satisfy Truesdell’s descending F-equation.

(B): In this section we employ forms (12) to (17), to establish the following generating
functions for g-analogue of I-Functions using Truesdell’s descending F-equation technique:

()

(I+q 17, {(H 4" x5

(A a,h} {0, ) (@000, , 1 (A0, 2) 1}
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Proof: To establish (22) we substitute the form (12) in Truesdell’s descending F-equation
ah+2ahd
(6) and replace z by la and 4—

hA

q y
Similarly, result (24) can be proved by substituting the form (14) in Truesdell’s descending

by x in succession to get the required result.

F-equation (6) and using same replacement.

To establish (23) we substitute the form (13) in Truesdell’s descending F-equation (6) and
2athA—-ah

q

by x in succession to get the required result. Similarly,

replace z by la and =
q

result (26) can be proved by substituting the form (16) in Truesdell’s descending F-
equation (6) and using same replacement.

To establish (25) we substitute the form (15) in Truesdell’s descending F-equation (6) and
2ahA
——by x in succession to get the required result. Similarly, result

replace z by la and

(27) can be proved by substituting the form (17) in Truesdell’s descending F-equation (6)
and using same replacement.

3 Special Cases
These results yield as special cases of certain generating function for g-analogue of Fox’s

H-Function [1] and g-analogue of Meijer’s G-Function [1].

(i): If we take [=1 then the series (22) reduces to generating function of g-analogue of
Fox’s H-Function.



Journal of New Theory 19 (2017) 48-55 54
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Again taking @, =8, =1and h=1 in (28), it gives Meijer’s G-Function as:

(g H (g g B
P.Q b, Alp,a)
(—a+r/2+1/2)(1_—p)+a '
_ |4 ol A(d,a—r),a;, A(p,a—r)
=2 Hyol g xiq (29)
=0 r! b, A(p,a—r)

Similarly, (23) to (27) can be employed to yield apparently new and interesting results for
g-analogue of Fox’s H-Function and Meijer’s G-Function [1].

4 Conclusions

The results proved in this paper give some contributions to the theory of Truesdell’s Fq-
equation and are believed to be new to the theory of g-calculus and are likely to find certain
applications in the theory of g-calculus.
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1 Introduction

Lellis Thivagar et al [5] introduced a nano topological space with respect to a subset
X of an universe which is defined in terms of lower approximation and upper ap-
proximation and boundary region. The classical nano topological space is based on
an equivalence relation on a set, but in some situation, equivalence relations are nor
suitable for coping with granularity, instead the classical nano topology is extend to
general binary relation based covering nano topological space

Bhuvaneswari et.al [4] introduced and investigated nano g-closed sets in nano
topological spaces. Recently, Rajasekaran et.al [8, 9] initiated the study nano mg-
closed sets and new classes of sets called mgp-closed sets in nano topological spaces
is introduced and its properties and studied of nano mgp-closed sets.

In this paper, a new class of sets called mgs-closed sets in nano topological spaces
is introduced and its properties are studied and studied of nano mwgs-closed sets which
is implied by that of nano gs-closed sets.

2 Preliminaries

Throughout this paper (U, 7r(X)) (or X) represent nano topological spaces on which
no separation axioms are assumed unless otherwise mentioned. For a subset H of a

* Corresponding Author.
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space (U, Tr(X)), Ncl(H) and Nint(H) denote the nano closure of H and the nano
interior of H respectively. We recall the following definitions which are useful in the
sequel.

Definition 2.1. [7] Let U be a non-empty finite set of objects called the universe and
R be an equivalence relation on U named as the indiscernibility relation. Elements
belonging to the same equivalence class are said to be indiscernible with one another.
The pair (U, R) is said to be the approzimation space. Let X C U.

1.

The lower approximation of X with respect to R is the set of all objects, which
can be for certain classified as X with respect to R and it is denoted by Lr(X).
That is, Lr(X) = U,cp{R(x) : R(x) C X}, where R(z) denotes the equiva-

lence class determined by .

The upper approximation of X with respect to R is the set of all objects, which
can be possibly classified as X with respect to R and it is denoted by Ur(X).

That is, Up(X) = U,cp {R(7) : R(z) N X # ¢}.

The boundary region of X with respect to R is the set of all objects, which can
be classified neither as X nor as not - X with respect to R and it is denoted by
Br(X). That is, BR(X) = Ur(X) — Lr(X).

Property 2.2. [5] If (U, R) is an approzimation space and X,Y C U; then

1.

10.

.Q.OO.\?.%.U'%\.QSN

Lr(X) € X C Ur(X);
Lr(¢) = Ur(¢) = ¢ and Lp(U) = Up(U) = U;
Ur(X UY) = Ur(X) UUR(Y);
Ur(X NY) C Ur(X) NUR(Y);
Lr(XUY) 2 Lp(X) ULg(Y);
( (X) N Le(Y);
Lr(X

) C Lr(Y) and Ug(X) C Ur(Y) whenever X CY;

Lr(XNY)C Ly

Ur(X©) = [Lr(X)]* and Lr(X*) = [Ur(X)]%;
URUR(X) = LRUR(X) = UR<X),
LrLp(X) = UpLp(X) = Lr(X).

Definition 2.3. [5] Let U be the universe, R be an equivalence relation on U and
TrR(X) = {U, ¢, Lr(X),Ur(X), Br(X)} where X C U. Then by the Property 2.2,
R(X) satisfies the following azioms:

1.
2.
3.

Uand ¢ € Tp(X),
The union of the elements of any sub collection of Tr(X) is in Tr(X),

The intersection of the elements of any finite subcollection of Tr(X) is in
TR(X).
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That is, TrR(X) is a topology on U called the nano topology on U with respect to X.
We call (U, 7r(X)) as the nano topological space. The elements of Tr(X) are called
as nano open sets and [Tr(X)|¢ is called as the dual nano topology of [Tr(X)].

Remark 2.4. [5] If [Tr(X)] is the nano topology on U with respect to X, then the
set B ={U,¢, Lr(X), Br(X)} is the basis for Tr(X).

Definition 2.5. [5] If (U, mr(X)) is a nano topological space with respect to X and if
H C U, then the nano interior of H is defined as the union of all nano open subsets
of H and it is denoted by Nint(H).

That is, Nint(H) is the largest nano open subset of H. The nano closure of H is
defined as the intersection of all nano closed sets containing H and it is denoted by
Ncl(H).

That is, Ncl(H) is the smallest nano closed set containing H.

Definition 2.6. A subset H of a nano topological space (U, Tr(X)) is called

1. nano semi open [5] if H C Ncl(Nint(H)).

2. nano regular-open [5] if H = Nint(Ncl(H)).

3. nano m-open [1] if the finite union of nano reqular-open sets.

4. nano pre-open [5] if H C Nint(Ncl(H)).

The complements of the above mentioned sets is called their respective closed sets.
Definition 2.7. A subset H of a nano topological space (U, Tr(X)) is called;

1. nano g-closed [3] if Ncl(H) C G, whenever H C G and G is nano open.
nano gs-closed [2] if Nscl(H) C G, whenever H C G and G is nano open.
nano mg-closed [8] if Ncl(H) C G, whenever H C G and G is nano m-open.

nano gp-closed set [{] if Npcl(H) C G, whenever H C G and G is nano open.

S N

nano wgp-closed set [9] if Npcl(H) C G, whenever H C G and G is nano
T-open.

The complements of the above mentioned sets is called their respective open sets.

3 On Nano mgs-closed Sets

Definition 3.1. A subset H of a space (U, r(X)) is nano wgs-closed if Nscl(H) C
G whenever H C G and G is nano mw-open.

The complement of nano wgs-open if H* = U — H is nano mgs-closed.
Example 3.2. Let U = {1,2,3} with U/R = {{1},{2,3}} and X = {1}. Then the
nano topology Tr(X) = {¢,{1},U}.

1. then {2,3} is nano mgs-closed set.
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2. then {1} is nano wgs-open set.

Definition 3.3. A subset H of a space (U, (X)) is called a nano strong Bg-set if
Nint(Necl(H)) = Ncl(Nint(H)).

Example 3.4. In Ezample 3.2, then {1,2} is nano strong Bg-set.
Theorem 3.5. In a space (U, 7r(X)), the following properties are equivalent:
1. If H is nano gs-closed, then H is nano wgs-closed.

2. If H is nano mg-closed, then H is nano mgs-closed.

Proof. Obvious.
Remark 3.6. For a subset of a space (U, r(X)), we have the following implications:

nano w-closed

Y
nano semi-closed <« nano closed = mnano pre-closed
4 Y Y
nano gs-closed < mnano g-closed = mnano gp-closed
4 Y Y

nano mgs-closed < mnano mg-closed = nano mgp-closed

None of the above implications are reversible as shown by the following Examples.

Example 3.7. 1. Let U = {1,2,3,4} with U/R = {{1,2},{3},{4}} and X =
{1,4}. Then the nano topology Tr(X) = {¢,{4},{1,2},{1,2,4},U}. Then
{1} is nano wgs-closed set but not nano wg-closed.

2. Let U = {1,2,3} with U/R = {{1,3},{2}} and X = {3}. Then the nano
topology Tr(X) = {¢,{1,3},U}. Clearly {1} is nano wgs-closed set but not
nano gs-closed.

Lemma 3.8. In a space (U, (X)),
1. every mnano open set is nano wgs-closed.
2. every nano closed set is nano wgs-closed.

Remark 3.9. The converses of statements in Lemma 3.8 are not necessarily true
as seen from the following Examples.

Example 3.10. In Fxample 3.2,
1. then {2,3} is nano wgs-closed set but not nano open.
2. then {1,2} is nano mgs-closed set but not nano closed.
Theorem 3.11. In a space (U, r(X)), the following properties are equivalent:

1. H 1s H is nano m-open and nano mgs-closed.
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2. H 1s nano regqular-open.

Proof. (1) = (2). By (1) Nscl(H) C H, since H is nano m-open and nano mwgs-closed.
Thus Nint(Ncl(H)) € H. Since H is nano open, then H is clearly nano pre-open
and thus H C Nint(Ncl(H)). Therefore Nint(Ncl(H)) € H C Nint(Ncl(H)) or
equivalently H = Nint(Ncl(H)), which shows that H is nano regular-open.

(2) = (1). Every nano regular-open set is nano m-open. For the second claim
note that nano regular-open sets are even nano semi-closed.

Corollary 3.12. If H is nano w-open and nano mwgs-closed, then H is nano semi-
closed and hence nano gs-closed.

Proof. By assumption and Theorem 3.11, H is nano regular-open. Thus H is nano
semi-closed. Since every nano semi-closed set is nano gs-closed, H is nano gs-closed.

Remark 3.13. In a space (U, 7r(X)), Nscl(U — H) = U — sint(H), for any subset
H of a space U.

Theorem 3.14. In a space (U, (X)), H C U is nano mwgs-open <= F C
Nsint(H) whenever K is nano w-closed and K C H.

Proof. Necessity. Let H be nano mgs-open. Let K be nano m-closed and K C H.
Then U — H C U — K where U — K is nano m-open. nano mwgs-closedness of U — H
implies Nscl(U — H) C U — K. By Remark 3.13, Nscl(U — H) = U — Nsint(H).
So K C Nsint(H).

Sufciency. Suppose K is nano w-closed and K C H imply K C Nsint(H). Let
U — H C G where GG is nano m-open. Then U —G C H where U — G is nano 7-closed.
By hypothesis U — G C Nsint(H). That is U — Nsint(H) C G. By Remark 3.13,
Nscl(U — H) CG. So, U — H is nano wgs-closed and H is nano mgs-open.

Theorem 3.15. In a space (U, 7r(X)), the following properties are equivalent:
1. H 1s nano mw-clopen.

2. H 1is nano m-open, a nano strong Bg-set and nano wgs-closed.

Proof. (1) = (2) is Obvious.

(1) = (2). By Theorem 3.11, H is nano regular-open. Since H is a nano strong
Bg-set, H = Nint(Ncl(H)) = Ncl(Nint(H)). So H is nano regular-closed. This
shows that H is nano m-closed and hence H is nano m-clopen.

Theorem 3.16. In a space (U, (X)), the union of two nano mgs-closed sets is
nano mgs-closed.

Proof. Let HU Q C G, then H
H and @ are mgs-closed, Ncl(H)
Ncl(H)UN(Q) C G.

Example 3.17. In Ezample 3.2, then H = {2} and QQ = {3} is nano wgs-closed
sets. Clearly HU Q = {2, 3} is nano wgs-closed.

and () C G where G is nano m-open. As

cG
C G and Ncl(Q) € G. Hence Nel(H U Q) =

Theorem 3.18. In a space (U, Tr(X)), the intersection of two nano mwgs-open sets
are nano mgs-open.
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Proof. Obvious by Theorem 3.16.

Example 3.19. In Ezample 3.2, then H = {1,3} and Q = {1, 2} is nano mgs-open.
Clearly HNQ = {1} is nano wgs-open.

Remark 3.20. In a space (U, (X)), the union of two nano wgs-closed sets but not
nano mwgs-closed.

Example 3.21. In Example 3.7(1), then H = {1} and Q = {4} is nano mgs-closed
sets. Clearly HU Q = {1,4} is but not nano mwgs-closed.

Remark 3.22. In a space (U, r(X)), the intersection of two nano wgs-open sets
but not nano wgs-open.

Example 3.23. In Example 3.7(1), then H = {3,4} and Q = {1,2,3} is nano
mgs-open sets. Clearly H N Q = {3} is but not nano wgs-open.

Theorem 3.24. Let H be nano wgs-closed. Then Nscl(H) — H does not contain
any non-empty nano m-closed set.

Proof. Let K be a nano m-closed set such that X' C Nscl(H)—H. Then K CU—-H
implies H C U — K. Therefore Nscl(H) C U — K. That is K C U — Nscl(H).
Hence K C Nscl(H) N (U — Nscl(H)) = ¢. This shows K = ¢.

Theorem 3.25. If H is nano wgs-closed and H C P C Nscl(H), then P is nano

mgs-closed.

Proof. Let H be nano wgs-closed and P C GG, where G is nano m-open. Then H C P
implies H C G. Since H is nano mgs-closed, Nscl(H) C G. P C Nscl(H) implies
Nscl(P) € Nscl(H). Therefore Nscl(P) C G and hence P is nano mgs-closed.
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Abstract - The main aim of this article is to introduce soft & and soft ﬂ separations axioms, soft «x-
separations axioms and soft J3 separations axioms in soft single point topology. We discuss soft @11 — T,

separation axioms and soft 811 — T, separation axioms in soft topological spaces with respect to ordinary
points and soft points. Further study the hereditary properties at different angles with respect to ordinary
points as well as with respect to soft points. Some of their fundamental properties in soft single point
topological spaces are also studied.

Keywords - Soft sets, soft points, soft €& open set, soft € closed set, soft [ open set, soft B closed in soft
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1. Introduction

In real life condition the problems in economics, engineering, social sciences, medical
science etc. We cannot beautifully use the traditional classical methods because of different
types of uncertainties presented in these problems. To overcome these difficulties, some
kinds of theories were put forwarded like theory of Fuzzy set, intuitionistic fuzzy set, rough
set and bi polar fuzzy sets, inwhich we can safely use a mathematical techniques for
businessing with uncertainties. But, all these theories have their inherent difficulties. To
overcome these difficulties in the year 1999, Russian scientist Molodtsov [4], initiated the
notion of soft set as a new mathematical technique for uncertainties. Which is free from the
above complications. In [4,5], Mololdtsov successfully applied the soft set theory in
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different directions, such as smoothness of functions, game theory, operation research,
Riemann integration, perron integration, probability ,theory of measurement and so on.
After presentation of the operations of soft sets [6], the properties and applications of the
soft set theory have been studied increasingly [7,8,6]. Xiao et al. [9] and Pei and Maio [10]
discussed the linkage between soft sets and information systems. They showed that soft
sets are class of special information system. In the recent year, many interesting
applications of soft sets theory have been extended by embedding the ideas of fuzzy sets
[11,12,13,14,15,16,17,18,20,21,22] industrialized soft set theory, the operations of the soft
sets are redefined and in indecision making method was constructed by using their new
operations [23].

Recently, in 20011, Shabir and Naz [24] launched the study of soft Topological spaces,
they beautiful defined soft Topology as a collection of T of soft sets over X. They also
defined the basic conception of soft topological spaces such as open set and closed soft
sets, soft nbd of a point, soft separation axiom, soft regular and soft normal spaces and
published their several behaviors. Min in [25] scrutinized some belongings of this soft
separation axiom. In [26] Kandil et al. introduced some soft operations such as semi open
soft, pre-open soft, @-open soft and f-open soft and examined their properties in detail.
Kandil et al. [27] introduced the concept of soft semi—separation axioms, in particular soft
semi-regular spaces. The concept of soft ideal was discussed for the first time by Kandil et
al. [28]. They also introduced the concept of soft local function; these concepts are
discussed with a view to find new soft topological from the original one, called soft
topological spaces with soft ideal (X, T, E,I).

Applications to different zone were further discussed by Kandil et al. [28,29,30,32,
33,34,35]. The notion of super soft topological spaces was initiated for the first time by El-
Sheikh and Abd-e-Latif [36]. They also introduced new different types of sub-sets of supra
soft topological spaces and study the dealings between them in great detail. Bin Chen [41]
introduced the concept of semi open soft sets and studied their related properties, Hussain
[42] discussed soft separation axioms. Mahanta [39] introduced semi open and semi closed
soft sets. Arokialancy in [43] generalized soft g B closed and soft gs B closed sets in soft
topology are exposed. Mukharjee [44] introduced some new bi topological notion with
respect to ordinary points. Gocur and Kopuzlu [45] discussed some new properties on soft
separation axioms in soft single point space over El-Sheikh and Abd-e-Latif [46] discussed
Characterization of soft b-open sets in soft topological spaces and defined pre-open, semi-
open, a-open and B-open soft sets in soft topological spaces with respect to ordinary points.
Yumak and Kaymaker [47] discussed Soft B-open sets and their applications.

In this present paper the concept of soft a-T; spaces (i=1, 2, 3) and soft [5; spaces (i=1, 2, 3)
are introduced in soft single point space with respect to ordinary and soft points of a
topological space. Soft an — T, space and Soft fn — 5, are introduced in soft topological
space with respect to ordinary and soft points. Many mathematicians discussed soft
separation axioms in soft topological spaces at full length with respect to soft open set, soft
b-open set, soft semi-open set. They also worked over the hereditary properties of different
soft topological structures in soft topology. In this present work hand is tried and work is
encouraged over the gap that exists in soft topology. Related to Soft spaces, some theorems
in soft single topological spaces are discussed with respect to ordinary points as well as with
respect to soft points. Focus is laid upon the characters of soft an — T, and soft fn — 5,
space and their sub spaces in soft topological structures. When we talk about the distances
between the points in soft topology then the concept of soft separation axioms will
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automatically come in play. That is why these structures are catching our attentions. We
hope that these results will be valuable for the future study on soft single point topological
spaces to accomplish general framework for the practical applications and to solve the most
intricate problems containing scruple in economics, engineering, medical, environment and
in general mechanic systems of various kinds

2. Preliminaries
The following Definitions which are pre-requisites for present study.

Definition 1 [4]. Let X be an initial universe of discourse and E be a set of parameters.
Let P(X) denotes the power set of X and A be a non-empty sub-set of E. A pair (F, A)is
called a soft set over U, where F is a mapping given by F: 4 — P(X)

In other words, a set over X is a parameterized family of sub set of universe of

discourse X . For e € 4, F(e) may be considered as the set of e-approximate elements of
the soft set (F,4) and if e & A thenF(e) = ¢, that is F,_{F(e):e € ATE,F: 4 = P(X)}
the family of all these soft sets over X denoted bySS(X) .

Definition 2 [4]. Let F, G; € 55(X); then F, is a soft subset of G, denoted by F; € G,

if
1. ACE and
2. F(e) S G(e),vE A

In this case F; is said to be a soft subset of Gz and Gz is said to be a soft super
setf, Gz 2 F,.

Definition 3 [6]. Two soft subsets F, and Gz over a common universe of discourse set X
are said to be equal if Fj is a soft subset of Gg and Gy is a soft subset of £} .

Definition 4 [6]. The complement of soft subset(F,4) denoted by (F,4)¢ is defined by
(F,A)° = (F5,A)F“ — P(X) is a mapping given by F®(e) = U — F(e)Ve € A and FCis
called the soft complement function of F'. Clearly (F)° is the same as F and
((F,A))" = (F, 4).

Definition 5 [7]. The difference between two soft subset (G, E) and (G.E) over common
of universe discourse X denoted by (F,E) — (G.E) is the soft set (H.E) where for all
e € E.Qor 0, if Ve € A,F(e) =0.

Definition 6 [7]. Let (G.E) be a soft set overX and x € X We say that x € (F,E) and
read as x belong to the soft set (F, E) whenever x € F(e)Ve € E The soft set (F.E) over
X such that F(e) = {x}Ve € E is called singleton soft point and denoted by x,or (x,E).

Definition 7 [6]. A soft set (F,4) over X is said to be Null soft set denoted by & or @, if
Ye €A, F(e) =@.
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Definition 8 [6]. A soft set(F, A) over X is said to be an absolute soft denoted by 4 or X,
if We € A, F(e) = X.

Clearly, we have. Xf =0, and 05 = X,.

Definition 9 [7]. Let (G, E) be a soft set over X and e; € X,, we say that e; € (F,E) and
read as e; belong to the soft set(F, E)whenever e; € F(e)Ve € E. the soft set (F.E)
over X such that F(e)={e;}, Ve€E is called singleton soft point and denoted
byec,or (e, E).

Definition 10 [42]. The soft set (F,A) € 55X, is called a soft point in X,, denoted by e, if
for the element e € 4,F(e) # 0 and F(e/) = ¢ if forall e/ € A — {e}

Definition 11 [42]. The soft point ez is said to be in the soft set (G, 4), denoted by
er € (G, 4)if for the element e € 4, F(e) € G(e).

Definition 12 [42]. Two soft sets (G, A), (H, A) in 55X, are said to be soft disjoint, written
(G, A)N(H A) =0,1fG(e)NH(e) =0V e € A,

Definition 13 [42]. The soft point ez, ey € X, are disjoint, written e; # e, if their
corresponding soft sets (G, 4) and (H,4) are disjoint.

Definition 14[6]. The union of two soft sets (F,4) and (G, B) over the common universe
of discourse X is the soft set (H,C), where, C = AUBVe € C

F(e) ifeEA—B

_ Gle) ifee(B—A4)
HE) =) P,  ifecans

Written as (F,4) VU (G,B) = (H,C)

Definition 15 [6]. The intersection (H.C) of two soft sets (F,4) and (G, B) over common
universe X, denoted (F,A) N (G,B) is defined as

C=AnBand H(e) =F(e) nG(e),ve € C.

Definition 16 [2]. Let (F, E') be a soft set over X and Y be a non-empty sub set of X. Then
the sub soft set of (F,E) over Y denoted by (V¥: E), is defined as follow
Yeiey =Y NF(a),VE E in other words

(YyE) =Y N(F,E)

Definition 17 [2]. Let 7 be the collection of soft sets over X , then Tis said to be a soft
topology on X, if

1. @, X belongto T

2. The union of any number of soft sets in 7 belongs to 7

3. The intersection of any two soft sets in 7 belong to 7
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The triplet (X, F, E) is called a soft topological space.

Definition 18 [1]. Let (X, 7,E) be a soft topological space overX then the member of 7 are
said to be soft open sets in X.

Definition 19 [1]. Let (X,7,E) be a soft topological space overX. A soft set (F,A4)
over X is said to be a soft closed set in X  if its relative complement (F, E)° belong to Z.

Definition 20 [46]. Let (X, 7, E) be a soft topological space and (F, E) © S5(X); then
(F,E) s said to be a-open soft set if ((F, E) € int(cl(int(F.E))) .

The set of all a- open soft set is denoted a05 (X, 1, E) or BOS(X) and the set of all a-closed
soft set is denoted by aCS(X,1, E) or aCS(X).

Definition 21 [46]. Let (X, 7,E) be a soft topological space and (F,E) S S5(X)g then
(F.E)is called B open soft set ((F,E) € CI(int(CI(F, E))).

The set of all B open soft set is denoted by SEFQ(X,1,E) or SFO(X) and the set of all
closed soft set is denoted by fCS(X,1,E) or BCS5(X).

Definition22[45]. Let X be an initial universe set, E be the set of parameters, x € X and A
be a subset of X. Let (A, E) be defined as A(e) = A, foralle € E.

Then t = {(A, E)IVA c X} is a soft topology over X. In this case, 1 is called soft Single
point topology over X and (X, 1, E) is said to be a soft single point space over X.

Theorem’[48]. A sub space (¥, Ty, E) of a soft B Ty space is soft T;.

3. Separation Axioms of Soft Topological Spaces With Respect to
Ordinary Points as Well as Soft Points

Definition 23 [23]. Let (X, 1, 4) be a soft Topological space over X and x,y € X such that
x #y if there exist at least one soft open set (F,,A) OR  (F,,A) such that
x € (F,A),y €(F,A) ory € (F,A),x € ((F,, A) then (X, 7,4) is called a soft T, space.

Definition 24 [23]. Let (X,7,4) be a soft Topological spaces over X and x,¥ €EX such
that x # y if there exist soft open sets (F,,A)and (F,,A4) such that x € (F,,4),v & (F.,A)
and v € (F,,A),x & ((F,, A) then (X,T,4) is called a soft T, space.

Definition 25 [23]. Let (X, 1, 4) b e a soft Topological space over X and %,V € X such that
x # v if there exist soft open set (F;.A4) and (F,, A) such that x € (F},4), and v € (F,.,4)
and F; NF, = ¢

Then (X, 7,A4)is called soft T, spaces.

Definition 26 [42]. Let (X, 7, A4) be a soft Topological space over X and e, e, € X, such
that e; # e, if we can search at least one soft open set (F;,4) or (F,, A) such that
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ec E(F,A), e, €(F,,A) or ey € (F,,A),e. &€ ((F,,A) then (X, 1,A) is called a soft T,
space.

Definition 27 [42]. Let (X,7.4) be a soft Topological spaces over X and e, ey € X,
such that e, # e, if we can search soft open sets (F,,4)and (F,,4) such that
ec € (F,A) ey €(F,4) and ey € (F,A4),ec € ((F,A4) then (X,1,4) is called a
soft T space.

Definition 28 [42]. Let (X, 7,4) b e a soft Topological space over X and e;.egz € X, such
that e; # ey if we can search soft open set (F;,A)and (F,, 4) such that e; € (F;,4), and
ey € (F,, A)

(F,,A)n (F,,A) = ¢, Then (X, 1, A4)is called soft T, space.

Definition 29 [23]. Let (X, 7, E') be a soft topological space (&, E) be closed soft set in X
and e € X, such that ez € (G, E). If there occurs soft open sets (F},E) and (F;, E) such
that e; € (F,E),(G,E) € (F,,E) and (F,,E) n (F,,E)= ¢. Then (X.7,E) is called soft
regular spaces. A soft regular T, Space is called soft Ty space

Definition 30 [23]. Let (X, 7, E) be a soft topological space (F,,E), (G, E) be closed soft
sets in X such that (F,E) N (G,E) = g if there exists open soft sets (F,,E) and (F,,E)
such that (F,E) € (F,E),(G,E)S (F,,E) and (F,,E)n (F,,E) = then (X, 7,E) is
called soft normal space. A soft normal T; Space is called soft T, Space.

Definition 32 [45]. Let (X,7,E) be a soft topological space X and x,y € X such that
x#=y. Let (F,E) and (G,E) be soft closed sets such that that x € (F,E) and
(F,E)n(G,E) = ¢. If there exist soft open sets (F,,E) and (F,,E) such that v € (F,, E),
(F.E) € (F.E), (G.E)E (F,E)and (F ,E)n (F,E)= ¢, then (X,t,E)is called soft
n-normal space.

Definition 33 [45]. Let (X, 7,E) be a soft topological space X. If (X,7,E) is a soft n-
normal space and T, space, then (X, 1, E) is a soft n-T, space.

4. Soft a Separation Axioms of Soft Single Point Topological Spaces

In this section we introduced the concept of soft al; spaces (i=1, 2, 3) in soft single point
space with respect to ordinary and soft points of a soft single point topological space and
some of its basic properties are studied and applied to different results in this section.

4.1 Soft a Separation Axioms of Soft Single Point Topological Spaces With Respect to
Ordinary Points

In this section we introduced soft separation axioms in soft single point topological space
with respect to ordinary points and discussed some results with respect to these points in
detail.

Definition 34. Let (X, 7, E) be a soft topological space and (x, E) € 55(X)g then (x, E) is
said to be a-open soft set if ({x,E) € int(cl(int(x, E))).
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The set of all a- open soft set is denoted &0.5(X,t, E) or EOS(X) and the set of all a-closed
soft set is denoted by aCS(X, 1, E)or aCS(X).

Definition 35. Let (X, 7, 4) be a soft Topological space over X and x,¥ € X such that
x #y if there exist at least one soft o open set (F,4) OR (F,,4) such that
x € (F,A),y€(F,4) or v € (F,, A), x & ((F,, A)then (X,7,4) is called a
soft a T, space.

Definition 36. Let (X, 1, 4) be a soft Topological spaces over X and x,¥ € X such that
x # y if there exist soft o open sets (F,,A4) and (F,, A) such that x € (F,A),v &€ (F,A)
and v € (F,,A),x & ((F,, A) then (X,7,4) is called a soft & T, space.

Definition 37. Let (X,7,4) b e a soft topological space over X and x,y € X such that
x # y if there exist soft o open set (F,,A)and (F,,A) such that y & (F,,4), and
yE(F,A)andF,NF, =¢

Then (X, 7,4)is called soft & T, spaces.

Definition 38. Let (X, 7. E) be a soft topological space X and x,y € X such thatx s v. Let
(F,E)and (G, E) be soft a closed sets such that that x € (F,E) and (F,E) N (G,E) = ¢.If
there exist soft o open sets (F;,E) and (F,,E) such that y € (F,,E),(F,E) € (F,,E),
(G,E) € (F,,E)and (F,,E)N (F,,E) = ¢, then (X,7,E)is called soft a n-normal space.

Definition 39. Let (X,7,E) be a soft topological space X. If (X, 7,E) is a soft a n-normal
space and oT; space, then (X, 7. E) is a soft o n-T, space.

Theorem™ A sub (¥, 1y, E) of a soft a T, space is soft aT;.

Proof. Let x,¥ € ¥ such thatx # v. Then x,¥ € X such that x # v. Hence there exists
soft o open sets (F,E) and (G,E) such that x € (F,E),y €(F,E) and
v €E(G,E),x € ((G,E). Sincex €Y. Hence x € YN (F,E) = (F,,E), (F.E) is soft a open
set. Consider ,y € (F,A), This implies that, y € F(e) for some e € E. Therefore
y €Y n(F,E) = (F,E). Similarly, if ¥ € (G,E) and x € ((G, 4), Then ¥ € (G, E) and
x € (Gy, E), Then v € (Gy, E) and x &€ (Gy, E).Thus, (¥, Ty, E) of a soft a T, space is soft
aT;.

Theorem 1. Let X be an initial universe set, E be the set of parameters. If (X, 7, E)is a soft
single point space, then each soft element of (X, T, E) is both soft o open and soft a closed
set.

Proof. Let X be an initial universe set, E be the set of parameters and(4, E') is a soft single
point space. Let [A4,E) be defined asd(e) = A, ve€E 1={(4E):VAESX} From
Definition 22[45], sincer’ = {(4,E)/:¥ A’ € X},(A,E)’is a soft a open set¥ A’ S X,
Thus (4, E) is soft a open and soft o closed set in ¥V 4 & X,

Theorem 2. Let X be an initial universe set, E be the set of parameters. If (X, 7, E) is a soft
single point space, then (X, 7. ) is a discrete space¥V e € E.
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Proof. Let X be an initial universe set, E be the set of parameters and (X, 7,E) is a soft
single point space, (4, E) is defined as A(e) = A,V e € E. Thent = {(4,E): VAC X}isa
soft topology over X from Definition 22[45]. Here A is soft a open set in
(X,7,)VA S XV e € E. Thus (X,1,) is adiscrete space for all e € E.

Theorem 3. Let (X, 7, E) be a soft single point space X. Then (X, 7, E) is soft aT, space.

Proof. Let (X, T, E) be a soft single point space X and x,¥ € X such that x = y.Then there
exist soft o open sets (x,E), (¥ E) such that x € (x,E)E1, v &(xE) and
vE(VE)ET,x € (¥, E) Hence (X,7,E)is soft aT, space.

Theorem 4. Let (X,7.E) be a soft single point space over X then (X,T,E) is soft aT,
space.

Proof. Let (X, 7, E) be a soft single point space over X and x, y € X such that x # y. Then
there exist soft a open sets (x,E)and (y,E)suchthatx € (x,E)€ 1, ¥y €(y,E) €71and
(x,E) N (y.E) = ¢. Hence (X,7,E)is soft aT, space.

Theorem 5. Let (X, T, E) be a soft single point space over X. Then, (X, T,E) is a soft aT;
space.

Proof. Let (X,7, E) be a soft single point space over X, (G, E) be a soft a closed set in X
and x € X such that, x € (G, £). From Theorem 1, there exists soft o open sets (x, E’) and
(G,E) such that x € (x,E), (G.E) € (G, E)and(x.E) n (G,E) = ¢. Also, from Theorem
3, (X,1,E)is asoft aTy, point space, so (X, 1, E) is soft aT; space.

Theorem 6. Let (X, 7, E) be a soft single point space over X then (X, 7,E) is a soft aT,
space

Proof. Let (X, ,E) be a soft single point space over Xand let (F,E) and (G.E) be soft a
closed sets in X such that (F,E) N (G,E) = ¢. From Theorem1, there exists soft o. open
sets (F,E) and (G,E) such that F,E)S (F,E), (G E)<S(G,E). Since
(F,E)N(G,E) = ¢. (X,7,E)Is called a soft o normal space. Also Theorem 3, (X, T,E) is
a soft aT, space, so (X, 7, E)is a soft aT,.

Theorem 7. Let (X, 7, E) be a soft single point space over X and x,y € X. Then (X,1,E) is
a soft a n- T, space.

Proof. Let (X, 1, E) be a soft single point space over X andx,y € X, let (F,E) and (G. E)
be soft o closed sets such that x € (F,E) and(F,E) N (G,E) = ¢. Then there exist soft a
open sets (F,E) and (G,E) such that y€(G.E), (F.E)S (F.E),
(G,E) S (G,E)and (F,E)N(G,E)= ¢ from Theorem 1, Thus (X,7,E) is a soft a
normal space. Also from Theorem 3, (X, 7, E) is soft aT, space so (X,7,E)is a soft a n-T,
space.
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4.2 Soft a-Separation Axioms of Soft Single Point Topological Spaces With Respect to
Soft Points

In this section we introduced soft a separation axiom in soft single point topological space
with respect to soft points and discussed some results with respect to these points in detail.

Definition 40. Let (X, 7, E) be a soft topological space and (e ,E) € §5(X)z then (e, E)
is said to be a-open soft set if ((e.,E) € int(cl(int(es,E))) .

The set of all a- open soft set is denoted aQ.5(X, 1, E) or BOS(X) and the set of all a-closed
soft set is denoted by aCS(X, 1, E Jor aCS(X).

Definition 41. Let (X, 7,E) be a soft topological space X and e;.ey; € Xz such that
ez # ey. Let (eg, E)and(ey, E) be soft a closed sets such that that e; € (e;,E) and
(F,.EYN(G,E)= ¢. If there exist soft a open sets (F,,E) and (F,,E) such that
ey € (Fy, E),(F,E) € (F,,E), (G.E) S (E,E)and (F,E)n (F,E)= ¢ then (X,7,E)
is called soft o n-normal space.

Definition 42. Let (X, 1, E) be a soft topological space X. If (X, t,E) is a soft a n-normal
space and a T, space, then (X, T, E)is a soft o n-T, space.

Theorem 8.Let (X, 7, E) be a soft single point spaceX. Then (X, 7, E) is soft aT; space.

Proof. Let (X, 7,E) be a soft single point space X and e.,ey € Xgsuch that e; # €. Then
there exist soft a open sets (ez E), (e E) such thate; € (e;,E) € 1,65 € (e;.E) and
ey € (ey.E) E1, ez € (e E). Hence (X, 1,E)is soft aT, space.

Theorem 9. Let (X,7,E) be a soft single point space over X then (X,7,E) is soft aT,
space

Proof. Let (X, T, E) be a soft single point space over Xz and ez, ey, € X such that ez # ey,
Then there exist soft o open sets(ezE) and (eyz.E) such  that
ez € (ez.E) Et,e, € (e, E) E1 and ez, E) N (e, E) = ¢. Hence (X, 7, E) is soft aT,
space

Theorem 10. Let (X, 7, E) be a soft single point space over X .Then, (X, t, E} is a soft aT;
space.

Proof. Let (X, 7, E) be a soft single point space over Xz , (G, E) be a soft o closed set in X
and e € X such that,e. € (G, E) From Theorem 1, there exists soft o open sets (e, E) and
(G,E) such thate; € (ez,E), (G,E) S (G, E)and(e..E)N(GE)= ¢. Also, from
Theorem 8, (X, 7,E) is a soft aT; point space, so (X, T, E) is soft aT; space. Theorem 11.
Let (X, 7, E) be a soft single point space over X and x,y € X.then (X,7,E) is a soft o n- T,
space.

Proof. Let (X, 7,E) be a soft single point space over X and ez.ey € X, let (F,E) and
(G, E) Be soft a closed sets such that e € (F,E)and(F,E) n(G,E) = ¢. Then there exist
soft o open sets (F,E) and (G,E) such that ey € (G,E), (F.E)E (F E),
(G,E) € (G,E)and (F,E)N(G,E)= ¢ from Theorem 1, Thus (X,7,E) is a soft a
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normal space. Also from Theorem 8, (X, t, E) is soft aT, space so (X,1.E)is a soft o n-T,
space.

4.3 Soft p-Separation Axioms of Soft Single Point Space With Respect to Ordinary
Points

In this section we introduced soft B-separation axioms in soft single point topological space
with respect to ordinary points and discussed some results with respect to these points in
detail.

Definition 43 [46]. Let (X,7, E)be a soft topological space and (x,E) € 55(X); then
(x, E) is called p open soft set ({x,E) € Cl{int(Cl(x, E))).

The set of all B open soft set is denoted by SB0(X,1.E) or S0 (X) and the set of all
closed soft set is denoted by BCS(X,t,E) or BCS(X).

Theorem 12. Let X be an initial universe set, E be the set of parameters. If(X, T, E) is a soft
single point space, then each soft element of (X,7,E) is both soft B open and soft B closed
set.

Proof. Let X be an initial universe set, E be the set of parameters and(4, E) is a soft single
point space. Let [A4,E) be defined asd(e) = A, ve€E t1={(4E):VACSX} From
Definition 22[45], sincer’ = {(4,E)/:¥ A’ € X},(A,E)'is a soft B open set¥ 4’ € X,
Thus (4, E) is soft B open and soft B closed setin vV 4 € X.

Theorem 13. Let X be an initial universe set, E be the set of parameters. If (X, 7,E) is a
soft single point space, then (X, 7, ) is a discrete space ¥ e € E.

Proof. Let X be an initial universe set, E be the set of parameters and(X,,E) is a soft
single point space, (A,E) is defined as A(e) =4,V e €E. Then 7 ={(4,E): VAES X}is
a soft topology over X Definition 22[45]. Here A is soft B open set in
(X,7,)VA S XV e € E. Thus (X,1,) is adiscrete space for all e € E.

Theorem 14. Let (X, T, E) be a soft single point spaceX. Then (X, . E) is soft BT, space.

Proof. Let (X, T, E) be a soft single point space Xand x,v € X such that x # y.Then there
exist soft B open sets (x,E), (v.E) such thatx € (x,E)E1, vy &(xE) and
vE(V,E)ET,x € (v,E). Hence (X,T,E)is soft BT, space.

Theorem 15. Let (X, 1, E) be a soft single point space over X then (X, 7, E) is soft BT,
space

Proof. Let (X, 1, E) be a soft single point space over Xandx, v € X such that x # y. Then
there exist soft § open sets (x,E)and (y,E)suchthatx € (x,E)€ 1, ¥ €(y,E) €71and
(x,E) N (y.E) = ¢. Hence (X,7,E)is soft BT, space

Theorem 16. Let (X, T, E) be a soft single point space over X . Then, (X, 7, E) is a soft BT;
space.
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Proof. Let (X, 7, E') be a soft single point space over , (G, E') be a soft B closed setin X and
x € X such that, x € (G, E). From Theorem 12, there exists soft B open sets (x, E) and
(G,E) such that x € (x,E), (G,E) S (G,E)and(x,E) N (G,E) = ¢. Also, from Theorem
12, there exists soft p open sets (F,E) and (G,E) such that F,E)E (F.E),
(G.E) € (G,E). Since (F,E)N(G,E) = ¢.(X,1,E) Is called a soft p normal space. Also
Theorem 14, (X, 7, E) is a soft BT, space, so (X,t,E) is a soft BT,. (X, 1,E) is a soft BT,
point space, so (X, 1, E) is soft BT space.

Theorem 17. Let (X,7,E) be a soft single point space over X then (X,7,E) is a soft BT,
space

Proof. Let (X, 1,E) be a soft single point space over Xand let (F, E) and (G,E) be soft B
closed sets in X such that(F,E) S (F,E), (G,E) S (G,E). Since (F,E)Nn(GE)= ¢.
From Theorem 12. (X, 7, E) is called a soft B normal space. Also Theorem 14, (X,7,E)is a
soft BT, space, so (X, 7, E)is a soft pT;.

Theorem 18. Let (X, T, E) be a soft single point space over X and x, ¥ € X.then (X, 1, E) is
a soft B n- T, space.

Proof. Let (X, 7,E) be a soft single point space over X and,y € Xx,v € X, let (F,E) and
(G, E) Be soft B closed sets such that x € (F,E) and (F,E) N (G,E) = ¢. Then there exist
soft B open sets (F.E) and (G,E) such thaty€ (G E), (F,E)E (F.E),
(G,E) € (G,E)and (F,E)n(G,E)= ¢ from Theorem 12. Thus (X,7,E) is a soft B
normal space. Also from Theorem14, (X, 1, E) is soft BT, space so (X, 7,E)is a softp n-T,
space.

4.4 Soft p-Separation Axioms of Soft Single Point Topological Spaces With Respect to
Soft Points

In this section we introduced soft B-separation axioms in soft single point topological space
with respect to soft points and discussed some results with respect to these points in detail.

Theorem 19. Let (X, 7, E) be a soft single point space X. Then (X, T, E) is soft T, space.

Proof. Let (X, 7, E) be a soft single point space X and e;,e, € Xz such that e, # e. Then
there exist soft B open sets (ez, E), (eg E) such thate; € (e, E) € 1, ey & (e, E) and
ey € (egE) €7, ez € (ey, E). Hence (X, 1,E)is soft BT space.

Theorem 20. Let (X, 7,E) be a soft single point space over X then (X,7, E) is soft BT,
space

Proof. Let (X,7,E) be a soft single point space over Xz and e.,e; € X; such that
ez * ey. Then there exist soft B open sets (ez,E) and (ey, E) such that e € (e;,E) €1,
ey € (ey.E) €T and(e;,.E) N (4 E) = ¢. Hence (X,1, E) is soft BT, space

Theorem 21. Let (X, 7, E) be a soft single point space over X . Then, (X, 7, E) is a soft BT,
space.
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Proof. Let (X, 7, E) be a soft single point space over Xz , (G, E) be a soft B closed set in X
and e € X such that, e & (&, E) From Theorem 1, there exists soft p open sets (e.,E)
and (G,E) such that e € (ez, E), (G,E) S (G,E) and (e;,E)n (G,E) = ¢. Also, from
Theorem 8, (X, 7, E) is a soft BT, point space, so (X, 7, E) is soft BT space.

Proof. Let (X, 7, E) be a soft single point space over Xg , (G. E) be a soft B closed set in X
and e; € X such that,e; € (G, E) From Theorem 12, there exists soft B open sets (e;.E)
and (G, E) such thate; € (e.,E), (G.E) S (G,E) and (e;,E) N (G,E) = ¢. Also, from
Theorem 19, (X,7,E) is a soft BT, point space, so (X, T, E ) is soft BT space.

Theorem 22. Let (X, T, E) be a soft single point space over X and x,y € X.then (X,7,E) is
a soft B n- T space.

Proof. Let (X,7, E) be a soft single point space over X and e, ey € Xg, let (F,E) and
(G, E) be soft B closed sets such that e; € (F,E)and (F,E) n (G, E) = ¢. Then there exist
soft B open sets (F,E) and (G.E) such that ey € (G E), (F,E)E (FE),
(G,E) € (G,E)and (F,E)N(G,E) = ¢ from Theorem 12, Thus (X,7,E) is a soft B
normal space. Also from Theorem 19, (X, 7, E) is soft BT, space so (X, 7, E) is a soft B n-
T, space.

4.5 Soft a-Separation Axioms of Soft Topological Spaces With Respect to Ordinary
Points

In this section we introduced soft o separation axioms in soft topological space with
respect to ordinary points and discussed some results with respect to these points in detail.
Soft aT, may not be a soft aT; space and soft aT, space. But breaking news is that we
launched a new soft a separation axioms which is both soft aT; space and soft aT, space. It
enjoys all the properties of both the soft aT; space and soft aT’; space.

Theorem 23. Let (¥, 1, E) be a soft sub space of a soft topological space (X,7,E) and
(F,E) € 55(X) then

1) If (F,E)is aopen soft setin Y and ¥ € 1, then (F,E) € 1.

2) (F.E)is a open soft set in Y if and only if (F,E) =Y n(G,E) for some (G,E) € T.
3)(F,E) is o closed soft set in Y if and only if (F,E) =¥ n (H, E) for some (H,E)isT
a close soft set.

Proof. 1) Let (F,E) be a soft a set in ¥ then there does exists a soft a open set (G, E) in X
such that (F,E) =¥ n(G,E). Now, if ¥ € 7 then ¥ N (G, E) € t by the third condition of
the definition of a soft topological space and hence(F, E) € 1.

2) Fallows from the definition of a soft subspace.

3) If (F,E) is soft a closed in Y then we have (F,E) =Y¥(G,E), for some (G,E) € 7.
Now, (G, E)=V¥ N (H,E) for some soft o open set (H E)Et. for any y EE.
F(y) =Y(»\G(y) =F\G(y) = Y(Y(¥) n H(y))
“P\(Y NH()) = V\HG) =Y n(X\H(})) = ¥ 0 (H()) =¥(y) 0 (H())S. Thus
(F,E)=Yn(H,E) is soft a closed in X as(H,E)€ 1. Conversely, suppose that
(F.E) =Y n(G.E) for some soft o close set (G,E) in X. This qualifies us to say
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that(G,E)~ € 1. Now, if (G,E) = (X, E)(H,E) where (H,E) is soft o open set T then for
any y€EF(y)=Y()nGly) =YnG() =YnEWN\H()) =YnXE"\H())
=¥ n (X\H(y))Y\H (y) =F\(Y n H(y)) =Y(y)\(Y(y) n H(y)). Thus
(F,E) =Y\(Yn(H,E)). Since (H,E) €1, So(YNn (H,E) €1. So (YN (H,E) € Ty and
hence (F,E)is soft aclosedin ¥.

Theorem 24. Let (X,7.E) be a soft topological space overX. And let (¥, E) be a soft a
closed set in X and let (G,E) < (Y,E). Then, (G,E) is a soft a closed set in sub space ¥
iff, (G, E) Is a soft a closed set in X,

Proof. This implies since (G, E') is a soft a closed set in soft sub space ¥, there exists a soft
o closed set (F,E) in X such that (G, E) =¥ n (F,E) from Theorem 23, Because (¥, E)
and (F, E) are soft a closed set in X. Is implied by Since (G, E) is a soft a closed set in X
and (G,.E) =Y N (G,E), (G,E)is asoft a closed set in sub space ¥ from Theorem 23.

Theorem 25. Let (X,t,E) be a soft topological space over X and ¥ be a non-empty soft
set of X. If (X,7,E)is asoft om = T, space and ¥ be a soft a closed set, (¥, Ty, E) is a soft
an =T, space.

Proof. Let (X,7,E) is a soft an =T, space and ¥ be a soft o closed set in X. Because
(X, 7, E)is soft aT, space, (¥,Ty, E)is soft aT, from Theorem™. Let,(F,E) and (G.E)
be soft a closed set in ¥ such that thatx € (F, E). Then (F, E) and (G, E') are soft a closed
sets in X from Theorem 1, Because (X, 7, E) is a soft an = T, space, (F.E) N(G,E) = ¢.
Since (X,1,E) is a soft o n-normal space, there exists soft a open sets and (F;,E) and
(F,,E) such that andy € (F,,E), (F,E) C (F,,E), (G,E) € (F,,E) from Theorem 1, In
this  case,y €Y n (F,E), (F,E) S Y N(F,E), (GE)SYnN(F,E) and
(Y n(F,E))n(Yn(F,E))=¢. Hence (V.7y.E) is a soft o n-normal space, so
(¥, 1y, E) is a soft am = T, space.

Theorem 26. Soft an = T, space is soft aT5 space.

Proof. Let (X, 7,E) be a soft an =T, space overX and let x € X. And let (F,E) and let
(G, E) be soft a closed sets such that let x € (F,E) and (F,E) n (G, E) = ¢. Then there
exists soft a open sets (F,,E) and (F.,E) such that v € (F,,E),(F.E) € (F,,E),
(G,E) € (F,E) and (F,E)N(F,E)= ¢. Because of x€(F,E) and
(F,E)N(GE)= ¢, x € (G,E) (for all a€E, x & (G(ct). Then (G.E) € (F,.E) €1,
x € (F,E)(F,,E)E 1 and (F,E)Nn(F,E)=¢. And then, (X,7,E) is soft o regular
space. Also (X, 7, E) is soft aT, space, so (X,1, E) is soft aT; space.

4.6 Soft a-Separation Axioms of Soft Topological Spaces With Respect to Soft Points

In this section we introduced soft @ separation axioms in soft topological space with
respect to soft points and discussed some results with respect to these points in detail. Soft
al"y may not be a soft aly space soft a T, space

But breaking news is that we launched a new soft a separation axiom which is both soft
aT; space and soft aT, space. It enjoys all the properties of both the soft aT; space and soft
aT; space.
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Theorem 27. Let (X, 7, E) be a soft topological space overX and ¥ be a non-empty soft set
of X . If (X,7,E)is a soft an — T, space and ¥ be a soft o closed set, (¥, 7y, E) is a soft
an — T’y space.

Proof. Let (X,7,E) is a soft an =T, space and ¥ be a soft a closed set inX. Because
(X,7,E)is soft aT, space, (Y, 7y, E)is soft aT, from Theorem™. Let, (F,E) and (G.E)
be soft o closed set in ¥ such that that e € (F, E). Then (F,E) and (G, E) are soft a closed
sets in X from Theorem 24. Because (X, T,E) is a soft an — T, space (F,E) N(G,E) = ¢.
Since (X,7,E) is a soft a n-normal space, there exists soft a open sets and (F;,E)and
(F,,E) such that and eg€ (F,E), (F.E)S(F.E), (GE)<S(F.,E) and
(FLE)N (FL.E)=¢. Y Nn(F,E)and Y N (F,,E) are soft o open sets in ¥.

Theorem 24. In this case,ey; E Y N (F,,E), (F,E) SY n(F,E), (G E)SY n(F,E)and
(Yn(F,E))n(Yn(F, E))=¢. Hence (V,7,,E) is a soft o n-normal space, so
(¥, 1y, E) is a soft o — T, space.

Theorem 28. Soft an — T, space is soft aT5 space.

Proof. Let(X,T,E) be a soft an — T, space overX and let x € X. And let (F,E) and let
(G,E) be soft a closed sets such that let e € (F,E)and (F,E) N (G,E) = ¢. Then there
exists soft o open sets (F;,E) and (F,.E) such that ey € (F,,E),(F,E) € (F,E),
(G,E) € (F,,E) and (F,E)n(F,,E)= ¢. Because of e;€(F,E) and
(F,E)N(G,E) = ¢, e. & (G,E) (for all a€E, e, € (6(c). Then (G,E) C (B, E) €1,
e.€(F,E)(F,E)€1 and (F,,E)N (F,,E)=¢. And then, (X,T,E) is soft o regular
space. Also (X,7, E) is soft aT} space, so (X, 7, E) is soft an — T, space.

4.7 Soft B-Separation Axioms of Soft Topological Spaces With Respect to Ordinary
Points

In this section we introduced soft B-separation axioms in soft topological space with
respect to ordinary points and discussed some results with respect to these points in detail.
Soft BT, may not be a soft BT space and soft BT, space. But breaking news is that we
launched a new soft B-separation axiom which is both soft BT; space and soft BT, space. It
enjoys all the properties of both the soft BT5 space and soft BT, space.

Theorem 29. Let (Y, 1, E) be a soft sub space of a soft topological space (X,7,E) and
(F,E) € 55(X) then

1) If(F,E) is P open soft setin Y andY € 1, then(F,E) € 1.

2)(F,E) is B open soft setin Y if and only if (F,E) =Y n(G,E) for some (G, E) €1.
3)(F.E) is B closed soft set inY if and only if (F,E) =¥ n (H,E) for some (H,E) is1f
close soft set.

Proof. 1) Let (F,E) be a soft B open set in ¥ then there does exists a soft § open set (G, E')
in X such that (F,E)=Y n(G,E). Now, if Y€ 7 then ¥ N (G, E) €t by the third

condition of the definition of a soft topological space and hence(F,E) € t.

2) Fallows from the definition of a soft subspace.
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3) If (F.E) is soft B closed in Y then we have (F,E) = ¥(G,E), for some(G,E) € 7.
Now,(G,E) =Y n (H,E) for some soft P open set (HLE)ert. for any y €E.
F(y) =Y(¥)\G(y) =¥\G(y) = Y\(Y(r)nH(y)) =
YWY nH@Y))=Y\HQ() =Y n(X\HQ})) = Yn(HO) =Y{)n(Hy))S. Thus
(F,EY=Y n (H,E)is soft p closed in X as (H,E) € t. Conversely, suppose that
(F.E) =Y n(G.E) for some soft B close set (G,E) in X. This qualifies us to say that
(G,E) € 1.Now, if (6,E) = (X, E)\(H.,E) where (H, E) is soft fopen set T then for any
y€EF(y) =Y(y)NG(y) =Y NG(y) =YN (X(¥)\H(¥) =Y n (X(y)\H(¥))
=¥ n(X\H(¥))Y\H(y) =¥\(¥ n H(y)) =¥Y(y)\NY(y) n H(y)). Thus
(F,E)=Y\(Y n(H,E)). Since(H,E) E 7, So(Y N (H,E)E 7. So (YN (H,E) € 7y and
hence (F,E)is soft B closed in Y.

Theorem 30. Let (X,7,E) be a soft topological space overX. And let (¥, E) be a soft B
closed set in X and let(G, E) € (Y, E). Then, (G, E) is a soft B closed set in sub space Y iff,
(G, E) is a soft B closed set in X.

Proof. This implies since(G, E') is a soft B closed set in soft sub spaceY’, there exists a soft 8
closed set (F, E) in X such that (G, E) =Y n (F,E) from Theorem 29. Because (Y, E) and
(F,E) are soft B closed set in X.Is implied by Since (G, E) is a soft B closed set in X and,
(G.E) =Y n(G.E), (G,E)is asoft B closed set in sub space ¥ from Theorem 29.

Theorem 31. Let (X, 7, E) be a soft topological space overX and ¥ be a non-empty soft
set of X. If (X,7,E)is a soft pn. — T, space and Y be a soft B closed set, (¥, Ty, E) is a soft
B — T, space.

Proof. Let (X,7,E) is a soft Bn =T, space and ¥ be a B soft closed set in X. Because
(X,7,E) is soft BT, space, (¥,7y, E)is soft BT, from Theorem® [48]. Let, (F,E) and
(G, E) be soft B closed set in ¥ such that thatx € (F,E). Then (F,E) and (G, E) are soft 3
closed sets in X from Theorem 30. Because (X,7,E) is a soft Ppn—T,
space, (F,E)N (G,E) = ¢. Since (X,1,E) is a soft B n-normal space, there exists soft [3
open sets and (F,,E) and  (F,,EJsuch that andy € (F,,E), (F.E) S (F.E),
(G,E) € (F,,E) and (F,E)n(F,,E)=¢. YNn(F,E)and Y n(F,,E) are soft B open
sets in ¥ from Theorem 29. In this case, ¥y €Y n(F,E), (F,E) S¥n(F.E),
(G,E)SYn (F,E)and (YN (F,E))n(¥ n(F, E))= . Hence (¥,7,.5,E) is a soft p
n-normal space, so (Y, Ty, E)is a soft n — T, space.

Theorem 32. Soft Bn — T, space is soft BT; space.

Proof. Let (X,7,E) be a soft pn— T, space over X and let x € X. And let (F,E) and let
(G,E) be soft B closed sets such that let x € (F,E) and (F,E)N(G,E) = ¢. Then there
exists soft B open sets (F,E) and (F,,E) such that v € (F,, E),(F,E) S (F,,E),
(G,E) € (F,,E) and (F,E)n(F,,E)= ¢. Because of x€(F,E) and
(F,E)YN(GE)= ¢, x & (6,E) (for all Y€ E, x & (G(y). Then (G,E) C(F,E) €1,
x € (F,E)(F,E)e1 and (F,E)N(F,E)=¢. And then, (X,7,E) is soft B regular
space. Also (X, 1, E) is soft BT, space, so (X.7,E) is soft BT space.
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4.8 Soft B-Separation Axioms of Soft Topological Spaces With Respect to Soft Points

In this section we introduced soft B-separation axioms in soft topological space with
respect to soft points and discussed some results with respect to these points in detail. Soft
BT, may not be a soft BT; space

But breaking news is that we launched a new soft B-separation axiom which is both soft
BT; space and soft BT, space. It enjoys all the properties of both the soft BT; space and soft
BT, space.

Theorem 33. Let (X, 7,E) be a soft topological space overX and ¥ be a non-empty soft
set of X .If (X,7,E)is a soft prn — T, space and Y be a soft B closed set, (¥, Ty, E) is a soft
frn = T, space.

Proof. Let (X,7,E) is a soft prn — T, space and ¥ be a B soft closed set in X. Because
(X,7,E) is soft BT, space, (¥,7y, E)is soft BT, from Theorem® [48]. Let, (F,E) and
(G, E') be soft B closed set in ¥ such that thate. € (F,E'). Then (F, E) and (G, E) are soft
closed sets in X from Theorem 30. . Because (X,7,E) is a soft pn=T,
space(F,E) N (G,E) = ¢. Since (X,7,EJis a soft B n-normal space, there exists soft B
open setsand (F,,E) and (F,, E)such that andey € (F,,E), (F,E) S (F,E),
(GE) ©(F,,E) and (F,E)N(F,E)=¢. YN(F,E)and ¥ n(F,, E) are soft B open
sets in ¥ from Theorem 29. In this case,ey € YN (F,E), (F.E)S¥n (F.E),
(G,E)SYn (FyE)and (Y Nn(F,E))n(¥Yn(F,E))= ¢. Hence (Y,1y, E) is a soft B
n-normal space, so (Y, Ty, E) is a soft pn — T space.

Theorem 34. Soft Brn — T space is soft BT space.

Proof. Let(X,7,E) be a soft pn — T, space overX and let x € X. And let (F,E) and let
(G, E) be soft B closed sets such that let ec € (F,E)and (F,E)n (G, E) = ¢. Then there
exists soft B open sets (F,,E) and (F, E) such that ey, € (F,,E),(F,E) € (F,,E),
(G.E) € (F,,E) and (F,E)n(F,,E) = ¢. Because ofe; €(F,E) and
(FLE)YN(GE)= ¢, e; € (G,E) (for all y €E, e; € (G(y).Then (G,E) €(F,E) €1,
e €E(F.E)(F,E)E 1 and (F,E)N(F,,E)= ¢. And then, (X,7,E) is soft B regular
space. Also (X, 7, E) is soft BT, space, so (X, 7, E) is soft BT space.

5. Conclusion

Topology is the most important branch of mathematics which deals with mathematical
structures. Recently, many researchers have studied the soft set theory which is initiated by
Molodtsov [4] and safely applied to many problems which contain uncertainties in our
social life. Shabir and Naz in [23] introduced and deeply studied the concept of soft
topological spaces. They also studied topological structures and exhibited their several
properties with respect to ordinary points. In this present paper the concept of soft aT;
spaces (i=1, 2, 3) and soft §; spaces (i=1, 2, 3) are introduced in soft single point space with
respect to ordinary and soft points of a topological space. Soft an — T, space and Soft
Bn — 5, are introduced in soft topological space with respect to ordinary and soft points.
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Many mathematicians discussed soft separation axioms in soft topological spaces at full
length with respect to soft open set, soft b-open set, soft semi-open set and soft set. They
also worked over the hereditary properties of different soft topological structures in soft
topology. In this present work hand is tried and work is encouraged over the gap that exists
in soft topology. Related to Soft spaces, some theorems in soft single topological spaces are
discussed with respect to ordinary points as well as with respect to soft points. Focus is laid
upon the characters of soft an — Ty and soft fnn — 5, space and their sub spaces in soft
topological structures. We also beautifully discussed some soft transmissible properties with
respect to ordinary as well as soft points. We hope that these results in this paper will help
the researchers for strengthening the toolbox of soft topology. In the next study, we extend
the concept of semi open, Pre-open and b**open soft sets in soft bi topological spaces with
respect to ordinary as well as soft points. We also extended these axioms to different results.
These soft separation axioms would be useful for the growth of the theory of soft topology
to solve complex problems, comprising doubts in economics, engineering, medical etc.
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spaces. We talk over and focus our attention on soft regular separation axioms in soft quad topological
spaces with respect to ordinary points and soft points. Moreover study the inherited characteristics at
different angles with respect to ordinary points and soft points. Some of their central properties in soft quad
topological spaces are also brought under examination.

Keywords- Soft sets, soft topology, soft regular open set, soft regular closed set, soft quad topological
space, soft R-qT, structure, R-soft qT,structure, soft R-qT, structure, soft R-qT; structure and soft R-qT,
structure.

1 Introduction

In real life condition the complications in economics, engineering, social sciences, medical
science etc. We cannot handsomely use the old-fashioned classical methods because of
different types of uncertainties existing in these problems. To finish out these
complications, some types of theories were put forwarded like theory of Fuzzy set,
intuitionistic fuzzy set, rough set and bi polar fuzzy sets, inwhich we can safely use a
mathematical methods for dealing with uncertainties. But, all these theories have their
inherent worries. To overcome these difficulties in the year 1999, Russian scholar
Molodtsov [4]introduced the idea of soft set as a new mathematical methods to deal with
uncertainties. This is free from the above difficulties. Kelly [5] studied Bi topological
spaces and discussed different results. Tapi et al. beautifully discussed separation axioms
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in quad topological spaces. Hameed and Abid discussed separation axioms in Tri-
topological spaces.

Recently, in 2011, Shabir and Naz [7] initiated the idea of soft topological space and
discussed different results with respect to ordinary points, they beautifully defined soft
topology as a collection of 7 of soft sets over X. they also defined the basic concept of
soft topological spaces such as open set and closed soft sets, soft nbd of a point, soft
separation axioms, soft regular and soft normal spaces and published their several
performances. soft separation axioms are also discussed at detail. Aktas and Cagman [9]
discussed soft sets and soft groups. Chen [10] discovered the parameterization reduction
of soft sets and its applications. Feng et al. [11] studied soft semi rings and its
applications. In the recent years, many interesting applications of soft sets theory and
soft topology have been discussed at great depth [12,13,14,15,16,17,18,19,20,21,22] Kandil
at al. [25] explained soft connectedness via soft ideal developed soft set theory. Kandil
et al. [27] launched soft regular ity and normality based on semi open soft sets and
soft ideals.

In [28,29,30,31,32,33,34,35,36] discussion is launched soft semi Hausdorff spaces via
soft ideals, semi open and semi closed sets, separation axioms,decomposition of some type
supra soft sets and soft continuity are discussed. Hussain and Ahmad [51] defined soft
points, soft separation axioms in soft topological spaces with respect to soft points and
used it in different results. Kandil et al. [52] studied soft semi separation axioms and
some types of soft functions and their characteristics.

In this present paper, concept of soft regular separation axioms in soft quad topological
spaces is broadcasted with respect to ordinary and soft points.

Many mathematicians made discussion over soft separation axioms in soft topological
spaces at full length with respect to soft open set, soft b-open set, soft semi-open, soft
a-open set and soft [-open set. They also worked over the hereditary properties of
different soft topological structures in soft topology. In this present article h and is tried
and work is encouraged over the gap that exists in soft quad-topology related to soft
regular R- qT,, soft regular R-qT; soft regular R-qT,, soft regular R-qT; and soft
regular-qT,structures. Some propositions in soft quid topological spaces are discussed
with respect to ordinary points and soft points. When we talk about distance between the
points in soft topology then the concept of soft separation axioms will auto medically
come in force. that is why these structures are catching our attentions. We hope that
these results will be valuable for the future study on soft quad topological spaces to
accomplish general framework for the practical applications and to solve the most
complicated problems containing doubts in economics, engineering, medical, environment
and in general mechanic systems of various varieties. In upcoming these beautiful soft
topological structures may be extended in to soft n-topological spaces provided n is even.

2. Preliminaries

The following Definition s which are pre-requisites for present study
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Definition 1 [4] Let X be an initial universe of discourse and E be a set of parameters.
Let P (X) denotes the power set of X and A be a non-empty sub-set of E. A pair (F, A)
is called a soft set over U, where F is a mapping given by F A — P (X)

In other words, a set over X is a parameterized family of sub set of universe of discourse X .
For e € A, F (e) may be considered as the set of e-approximate elements of the soft set
(F,A) and ife & Athen F(e) = ¢ that isF,_{F(e)e € ASE,FA - P(X)} the family
of all these soft sets over X denoted by SS (X) 4

Definition 2 [4] Let F,Gg € SS (X) g then F
F, € Gg, if

1. AC B and

2. F(e) € G(e),VE A

is a soft subset of G, denoted by

A

In this case Fy is said to be a soft subset of Gp and Gp is said to be a soft super set
Fy,Gg 2 F4

Definition 3 [6] Two soft subsets F;, and Gy over a common universe of discourse set X
are said to be equal if F, is a soft subset of Gg and Gy is a soft subset of Fy

Definition4 [6] The complement of soft subset (F,A) denoted by (F,A)¢ is defined
by (F,A)¢ = (F¢A)F¢— P (X) is a mapping given by F¢(e)=U—-F (e)Ve€ A
and FCis called the soft complement function of F'. Clearly (F¢) ¢ is the same as F
and ((F,A) )€ = (F,A)

Definition 5 [7] The difference between two soft subset (G,E) and (G,E) over
common of universe discourse X denoted by (F,E)\ (G,E) is defined as F (e) \G (e) for
alle € E

Definition 6 [7] Let (G,E)be a soft setover X and x € X Wesay that x € (F,E)
and read as x belong to the soft set(F,E) whenever x € F (e) Ve € E. The soft
set (F,E)over X such that F(e) ={x}Ve € E is called sing Let on soft point and

denoted by x,or (x,E)

Definition 7 [6] A soft set (F,A) over X is said to be Null soft set denoted by
@ or@,ifve e A, F(e) =0

Definition 8 [6] A soft set (F,A)over X is said to be an absolute soft denoted by
Aor X, if Ve € A F(e) = X.

Clearly, we have X§ = 0, and 0§ = X,

Definition 9 [38] The soft set (F,A) € SS(X)A is called a soft point inX4, denoted by
er, if for the element e € A, F(e) # {x} and F (e/) = ¢ ifforalle/ € A — {e}.

A soft point is an element of a soft set F,. The class of all soft sets over U is denoted by
S ).
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For Example U = {uy, uy, us}h E = {x1,x2,x3}, A = {xq, x5} and F4 = { (x1, {us, uy}) } {
(xz,{uz uz}) }. Then Fy, = {(xq, {u D}, Fy, = {(xq, {u2D}, Fyy = {(xq, {uz, uz D},

Fp, = {(xZ'{uZ})}’FA5 = {(x2, {usH}. Fpe = {Cx2, {ug, usH}, Fy, = {(xp{uz}: (xz,{uz})}’
Fpg = {Cep, {ug ), (e, {ush},

Fpg = {(Gep, {wa D} O, {uz usd) 3, Fag g = (G, {ua D} Gz, {u2}) LFayy =

{(xp{uz}); (x2,{us}) }: Fpyp = {(xp {u.}), (xz'{uz,u3}, Fpis =

{Cop, {ug, uzd), (g {u2}) 3 Fagy = {C, {ug, uad), (32, us} Fay g = Fyy Fay = Fy, are all
soft sub sets of F,.

Definition 10 [38] The soft point ey is said to be in the soft set (G, A), denoted by
er € (G,A) if for the elemente € A, F (e) S G (e).

Definition 11 [6] The union of two soft sets (F,A) and (G,B) over the common
universe of discourse X is the soft set (H,C), where, C = AUB Foralle € C

F(e) ife €EA—B
G(e) ife e(B—A)

HE) =\ UG,  ife eAnB

Written as (F,A) U (G,B) = (H,C)

Definition 12 [6] The intersection (H.C) of two soft sets (F,A) and (G, B) over common
universe X, denoted (F,A) N (G,B) is defined as C =ANB and H(e)=F(e)Nn
G(e),VeeC

Definition 13 [41] Two soft sets (G,A), (H,A) in SS (X) 4 are said to be soft disjoint,
written (G,A) N (H,A) = @, if G(e) N H(e) = @ for alle € A.

Definition 14 [38] The soft point e;, ey in X, are disjoint, written e; # ey if their
corresponding soft sets (G,A) and (H,A) are disjoint.

Definition 15 [2] Let (F,E) be a soft set over X and Y be a non-empty sub set of X.
Then the sub soft set of (F,E)over Y denoted by (Yg, E), is defined as follow Yz () =
Y N F(a),VE E in other words

(Y, E) =Yn (F,E).

Definition 16 [3] Let 7 be the collection of soft sets over X , then 7is said to be a soft
topology on X, if
1. @, X belongto t
2. The union of any number of soft sets in T belongs to 7
3. The intersection of any two soft sets in T belong to t
The trip Let (X, F,E) iscalled a soft topological space.
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Definition 17 [1] Let (X,F,E) be a soft topological space over X, then the member of
Tare said to be soft open sets in X.

Definition 18 [1] Let (X,F,E) be a soft topological space over X. A soft set (F,A)
over X issaidto bea soft closed setin X if its relative complement (F,E) ¢ belong to 1

Definition 19 [42] A soft set (4,F) in a soft topological space (X,7,E) will be
termed soft regular open set denoted as S,R,0 (X) if and only if there exists a soft
open set (F,E)=int(cl(F,E) and soft regular closed set if set (F,E) =
cl (in (F,E) denoted by as S,R,C (X)in shorth.

3. Soft Regular Separation Axioms of Soft Quad Topological Spaces

In this section we introduced soft regular Separation Axioms in soft Quad topological
space with respect to ordinary points and discussed some results with respect to these
points in detail.

1 2 4
Definition 20 Let (V X 7T, F > < ,'?,E), (X T E) and ()?,'?,E') be four different soft
123 4
topologies on X. Then (X,'?,'?,'?,?,E is called a soft quad topological space. The
- 1 _ - 2 _ - 3 - 4 -
soft four topologies <X,?,E>, <X,?,E>,<X,?,E> and (X,?,E) are independently

satisfying the axioms of soft topology. The members off are called T soft open set. and
1 1 2

complement of T soft open set is called T" soft closed set. Similarly, the member of Tare
2 2 2

called T soft open sets and the complement of T soft open sets are called T soft closed
3 3 3

set. The members ofT are called T soft open set. and complement of T soft open set is
3 4 4

called T" soft closed set and the members of T are called T soft open set. and complement
4 4

of T soft open set is called T soft closed set.

1 2 3 4
Definition 21 Let <X,?,?,?,?,E> be a soft quad topological space over X and Ybe

1 1 2

a non-empty subset of X. ThenTy = {(Ys,E) (F,E) € T)}TY ={(Y;,E) (G,E) €
2 3 3 4

)17y = {(Yy, E) (H,E) €7)}an

relative topological on Y. Then (17,

o,

(Ie,E) (ILE) ET)}are said to  be the

~

-
Ty
2

st
T

BEES

3
ey
T

)

3

) )

JE > is called relative soft quad-topological

1 2 3 4
N s B B s N
space | X,7,7,7,7,E |
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Let ,T,T,T, ,E> be a soft quad topological space over X, where

(x
- 1 - - 2 - - 3 - - 4 _ .
<X,?,E>,<X,?,E>,<X,?,E> and <X,?,E> be four different soft topologies on X.

1
Then a sub set (F JE ) is said to be quad-open (in short h and g-open) if (F JE ) CTUTU
3 4

TUT and its complement is said to be soft g-closed.

3.1 Soft Regular Separation Axioms of Soft Quad Topological Spaces with Respect
to Ordinary Points

In this section we introduced soft semi separation axioms in soft quad topological space

with respect to ordinary points and discussed some attractive results with respect to these
points in detail.

12 3 4
Definition 22 Let (X,?,?,?,?,E) be a soft quad topological space over X and

x,y € X such that x # y. if we can find soft g-opensets (F,E) and (G,E) such that

E

1 2 3 4
Definition 23 Let <X,?,?,?,?,E> be a soft quad topological space over X and

Ty

1 2 3 4
x€(F,E) and y¢ (F,E) or y€ (G,E) and x & (G,E)then <X,?,?,?,?,

called soft ¢gT, space.

x,y € X such that x # y if we can find two soft g-open sets (F E ) and (G,E ) such
12 3 4
that x € (F,E) and y ¢ (F,E) and y € (G,E) and x ¢ (G,E) then ()?,?,?,?,?,E

is called soft qT; space.

12 3 4
Definition 22 Let ()?,?,?,?,?,E)be a soft quad topological space over X and

x,y € X such that x # y. If we can find two q-open soft sets such that x € (F,E) and
y € (G,E) moreover (F,E) N (G,E) = ¢. Then (X,74,7,,73, 74 E) is called a soft qT,
space.

12 3 4
Definition 25 Let (X,?,?,?,?,E) be a soft topological space (G,E) be g-closed

soft setin X and x € X, such that x & (G,E). If there occurs soft g-open sets
(F,E) and  (F,E) such that x € (F,E), (GE) € (Fp,E) and (F,E)n

1 2 4
(F,,E) = ¢. Then <X,?,?,?,?,E is called soft g-regular spaces. A soft g-regular

qT; Space is called soft qT; space.
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1)

12 3 4
Then <X,?,?,?,?,E> is called a soft g-regular spaces. A soft g-regular T, Space. is

called soft qT3 space.

1)

12 3 4

Definition 26 <X,?,?,'?,'?,E'> be a soft quad topological space (Fy,E), (G, E) be

closed soft sets in X such that (F JE ) N (G, E ) = ¢ if there exists g-open soft sets

(F,E) and (F,E) such that (F.E)c (FLE), (G E)<c (F,E) and (F,E)N
1 2 3

(F,,E) = ¢. Then <X,‘L’, ,'?,'? E> is called a g-soft normal space. A soft g-normal

qT; Space is called soft qT, Space.

12 3 4
Definition 27 Let <)?,'?,?,?,'?,E'> be a soft topological space over X and e;, ey €

X, such that e; # ey if there can happen at least one soft g-open set (Fl,/i) or (FZ,A)
such that ec € (Fl,fi), ey & (Fl,fi) or ey € (FZ,A), ec & ((FZ,A) then

1 2 3 4
<X,?,?,?,?,E‘> is called a soft qT, space.

1 2 3 4
Definition 28 Let (X,?,?,?,?,E) be a soft topological spaces over X and eg, ey €
X; such that e; # ey if there can happen soft g-open sets (Fl,fi) and (Fz,/i) such that
123 4
ec € (Fl,fi), ey & (Fl,/I) and ey € (FZ,A) ec & ((FZ,A) then <X T,T, E)

called soft qT, space.

12 3 4

Definition 29 Let <)?,'?,?,?,'?,E'> be a soft topological space over X and eg, ey €

X, such that e; # ey if there can happen soft g-open sets (Fl,fi) and (FZ,A) such that
1 2 3 4

e € (FuA), and ey € (Fy, A), (Fy4) 0 (Fy, A) = s . Then (x 7777, E) is called

soft qT, space.

1 2 3 4
Definition 30 Let <X,?,?,?,?,E> be a soft topological space (G,E) be g-closed

soft setin X and e; € Xz such that e; ¢ (G,E). if there occurs soft g-open sets

(FL,E) and  (F, E) such that eg € (FL,E), (GE) € (Fp,E) and (F,E)n
2 3 4
(F,,E) = @. Then ()? 7,7,7,7, E) is called soft g-regular spaces. A soft g-regular

qT; Space is called soft gqT5; space.
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1 2 3 4
Definition 31 In a soft quad topological space <X,?,?,?,?,E )

12 3 4

1) TUT is said to be soft regular T, space with respect to T U T if for each pair of
1 2

points x,y € X such that x # y there exists T U T soft regular open set (F,E) and ato

3 4

TUT soft regular open set (G,E) such that x € (F,E) and y & (G,E) ory€
3 4

(G,E) and x & (G,E) similarly, to T U Tis said to be soft regular T, space with
1 2 3 4

respect to TUT if for each pair of points x,y € Xsuch that x # y there exists TUT
12

regular open set (F,E) and T U T soft regular open set (G,E) such that x € (F,E)
and y¢ (F,E) or ye (G,E) and x¢ (G E). soft quad topological spaces
12

(X’
3 4 3 4

T, space with respectto TU T and TU T and is soft regular T, space with respect to
12

3

2 3 4
M oMM = ). . . . o™ ”™~ .
,T,T,T,E |is said to be pair wise soft regular T, space if T UTis soft regular

TUT.
12 3 4
2) TUT is said to be soft regular T; space with respectto TUT if for each pair of
1 2
points x,y € X such that x # y there exists T U T soft regular open set (F,E) and to
3 4

TUT soft  regular open set (G,E) such that x € (F,E) and y¢€ (G, E) and
3 4
y€ (G,E) and x & (G,E). Similarly, T U Tis said to be soft regular T; space with
1 2

respect to T UT if for each pair of distinct points x,y € X such that x # y there
3 4 1 2

existsT U T soft  regular open set (F,E) and ato TUT soft regular open set
(G,E) such that x € (F,E) and y & (F,E) and y € (G,E) and x & (G,E) . soft

2 3
M
T,T

) ) )

1
VA
, T

4
quad topological spaces ((X T,E

E )is said to be pair wise soft regular T; space
1 2 3 4 3 4

if TUTis soft regular T, space with respectto TUT and to TUTis soft regular T,
3 4

space with respectto T U 7.

1 2 1 2

3) T U Tis said to be soft regular T, space with respect to T U T if for each pair of
1 2

points x,y € X such that x # y there exists a T U T soft regular openset (F,E) and a
%U% soft  regular open set (G,E) such that x € (F,E) and y € (G,E), (F, E) N
(G,E' ) = ¢. Similarly, % U %is said to be soft regular T, space with respect to %U%
if for each pair of plointzs x,y € X such that x # ythere exists a % U % soft regular open

set (F,E) and aTUT soft regular openset (G, E) such that x € (F,E),y € (G, E)
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1 2 3 4
and (F,E)n (G,E) = ¢. The soft quad totopological space <X,?,?,?,?,E>is said to

1 2

be pair wise soft regular T, space if TUTis soft regular T, space with respect to
3 4 3 4 1 2

TUT and TUTis soft regular T, space withrespectto TUT

1 2 3 4
Definition 32 In a soft quad topological space (X,?,?,?,?,E >

1 2 1 2

1) TUT is said to be soft regular qT; space with respectto a 73 U1, if T U Tis soft
4

3
regular T; space with respect to T UT and for each pair of points x,y € Xsuch that

1 2 1 2
x # y there exists TUT. soft regular closed set (G,E) such that x € (G,E), aTuUT
3 4

soft  regular open set (F;,E) and TUT soft regular open set (F,, E) such that
3 4
x € (F,E), (G E) € (F,,E) and (F,E) n (F,, E) = @.  Similarly,7 U Tis said to be
1 2 3 4

soft regular Ty space with respectto TUTif TUTis soft regular T; space with
respect to T; UT, and for each pair of points x,y € Xsuch that x # y there exists a

73U T, soft regular closed set (G,E) such that x € (G,E), 13U, soft regular
1 2

open set (Fy,E) and TUT soft regular open set (F,,E) such that
1 2 3 4
x € (F,E),(G,E) € (F,,E) and (F,E)n(F,E)=¢. <X,?,?,?,?,E>is said to be

1 2

pair wise soft regular T3 space if TUTis soft regular T; space with respect to
3 4 3 4 1 2

TUTand TUTis soft s regular T; space with respectto T UT.

1 2

2) TUTis said to be soft regular T, space with respect to
3 4 1 2

regular T; space with respect to 7 U T, there exists a TUT soft regular closed set
3 4

(F,E) and TUT soft regular closed set (Fp,E) such that (F,E)n (F,E)=9.
1 2

3 4 1 2
TUTIf TUTis soft

Also there exists (Fg,E) and (G, E) such that (F3, E) is soft TUT regular open
set, (G, E) is soft ‘L'UT regular open set such that (Fl,E) (F3,E) (FZ,E) c

(Gl,E ) Slmllarly,r U Tis said to be soft regular T, space with respectto TUT if
1 2 3 4

TUTis soft regular T; space with respectto T U T, there exists T U T soft regular
1 2

closed set (F;,E) and TUT soft regular closed set (F,,E) such that (F,E)n
37 4

(F,,E) = ¢. Also there exist (F5,E) and (Gy,E) such that (F3 E) is soft TUT
1 2
regular i open set, (Gy,E) is soft TUT regular open set such that (Fy,E)C
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— 12
(F5,E), (Fp,E) € (G, E) and (F3,E)n(Gy,E)=¢. Thus, (X,7,7,E) is said to be
1 2 3 4
pair wise soft regular T, space ifT U Tis soft regular T, space withrespect to TUT

12
and 73 UTt,is soft regular T, space with respectto T U T.

Proposition 1. Let (X,7,E) be a soft topological space over X. if (X,7,E) is soft-
Rs-space , then forall x € X, x; = (x,E) is regular-closed soft set.

Proof. We want to prove that xjzis regular-closed soft set, which is sufficient to prove
that xg is regular soft-open set for all y € {x}°. Since (X,t, E) is soft Rs-space, then
there exists soft regular set sets (F,E)y and (G,E) such that yz S (F,E)y, and
xz;N (F,E)y=¢ and x;<S (G,E) and yzn (G E) =¢. It follows that ,
Uye (x) ¢(r,B)y cxt Now, we want to prove that Xz SUye e (F, E),. Let
Uye ye (F,E) y = (H,E). where H (&) =Uye e (e, for all e € E. Since, xz(e) =
{x}¢ for all e € Efrom Definition 6, so, for all y € {x}° and e € Exz(e) = {x}° =
Uye ) 17} =Uye () F(e)y=H (¢) - Thus, Xg SUye ¢ (F,E), from Definition 2, and
soxg =Uye ¢ (F, E) y- This means that , xz is soft regular-open set for ally € {x}°.
Hence xj is soft regular-closed set.

Y
Proposition 2. Let (Y,T,E) bea soft sub space of a soft topological space ()?, T, E)
and (F,E') € SS()?) then,

1. if (F,E) is soft regular open soft setin Y andY € 7, then (F,E) € 1.

2. (F,E) is soft regular open soft setin ¥ if and only if (F,E)=Yn (G, E) for
some (G, E) €.

3. (F,E) is soft regular closed soft setinY if and only if (F,E)=Yn (H,E) for
some (H,E) is T soft regular close set.

Proof. 1) Let (F,E) bea soft regular open set in ¥, then there does exists a soft
regular open set (G,E) in X such that (F, E') =¥ n (G, E). Now, if Y €t then
Y N (G,E) €1 by the third condition of the definition of a soft topological space and
hence (F,E) € 1.

2) Fallows from the definition of a soft subspace.

3) if (F,E)is soft regular closed in Y then we have (F,E') =Y\ (G, E), for
some (G,E) € ty.Now,(G,E) =Y n (H,E) for some soft regular openset (H,E) €
7. for anya € E. F(a) = Y(2)\G (a) =V\G (a) =Y\ (Y (@) N H(a)) =Y\ (17 N H(a)) =
Y\H(@) =Y n X\H(@)) =¥Yn H @)=YV (@) n (H@))C Thus (FE)=V¥n
(H,E)’is soft regular closed in X as(H,E ) € 7. Conversely, suppose that (F JE ) =¥Yn
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(G,E) for some soft regular closed set (G,E) in X. This qualifies us to say that
(G, E)/ € t.Now, if (G, E) = (X,E)\ (H,E) where (H,E) is soft regular open.

1 2 3 4
Proposition 3. Let (X,7,7,7,7T,E | bea soft quad topological space over X. Then, if

1 2 3 4 12 3 4
()?,'?,'?,E') and <)?,'?,'?,E'> are soft regular T3 space then (Y,?,?,?,?,E) is a pair
wise soft regular T, space.

()

12 3 4
Proof. Suppose (X T,7T,E > is a soft regular T3 space with respect to ()? T,T,E > then

according to definition for x,y € X, which distinct, by using Proposition 1, (¥, E) is
3 4 1 2

soft regular closed setin TUT and x ¢ (V,E) there exists aT UT soft regular open
3 4

set (F,E) and aT U T soft regular openset (G,E) such that x € (F,E),y € (V,E) <
1 2
(G,E) and (F,E)Nn (Fy,E)=¢. Hence TUTis soft regular T, space with respect
3 4 3 4
to TUT. Similarly, if (X,7,7,E) is a soft regular T; space with respect to

12
()? T, T, E > then according to definition for x,y € X,x # y, by using Theorem 2, (x, E)

1 2 3 4

is regular closed soft setin TUT and y & (x,E) there exists a TUT soft  regular
1 2

open set (F,E) and a TUT soft regular open set (G,E) such that y € (F,E),
3 4

x€(x,E)c (GE) and (F,E)n(F, E)=¢ .Hence TUTis soft regular T, space.
12 3 4
This implies that ()?,?,?,?,?,E)is a pair wise soft regular T, space.
1 2 3 4 _ _
X,7,7,7,7,E |be a soft quad topological space over X .

Proposition 4. Let ( ,
3
-
T

(X,?,?,E) and <X

wise soft regular T3 space.

4 1 2 3 4
[l VM m ). .
,T,E) are soft regular T; space then (X,T,T,T,T,E)ls a pair

12 12
Proof. Suppose <X’,'?,'?,E' > isa soft regular Ty space with respect to <X’,'?,'?,E >

12
then according to definition for x,y € X,x # y there exists a ( X, 7,7, E > soft  regular

3 4
open set (F,E) and a (X,?,?,E) soft  regular open set (G,E) such that x €

(F,E) and y & (F,E) or y€ (G,E) and x & (G,E) and for each point x € X and

1 2
each <X,?,?,E> regular closed soft set (G, E) such that x & (G, E) there exists
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1 2 3 4
<)?,?,?,E soft regular open set (F;,E) and ()?,?,?,E) soft regular open set

(Fy,E) such that x € (F,E), (G, E) S (Fp, E) and (F,E) N (Fy,E) = ¢. Similarly,
3 4 12
to <X’,'?,'?,E' > isa soft regular Ty space with respect to ()? T,7T,E > So according to

3 4
definition for x,y € X,x # y there exists a <X’,'?,'?,E' > soft regular open set (F,E)

1 2
and a ()?,?,?,E) soft  regular open set (G,E) such that x € (F,E) and y¢
(F,E) or ye€e (GE) and x¢& (G E) and for each point x €X and each
374
()?,'?,'?,E') regular closed soft set (G, E) such that x & (G, E) there exists

1)

3 4 1 2
()?,'?,'?,E') soft  regular open set (F,E) and a (X,'?,'?,E') soft semi open set
(FZ,E') such that x € (Fl, E), (G,E) € (F,,E) and (Fl,E') N (FZ,E) = ¢. Hence

1 2 3 4
A R RN A T . .
<X,T,T,T,T,E is pair wise soft regular T3 space.

12 3 4
Proposition 5. If <X,?,?,?,?,E be a soft quad topological space over X.
12 34 12 3 4
<X,'?,'?,E> and (X,?,?,E) are soft regular T, space then (X,?,?,?,?,E) is pair
wise soft regular T, space.
12 34

Proof. Suppose (X,?,?,E ) is soft regular T, space with respect to <X,?,?,E ) So
2 ~

,?,E) soft  regular open

1)

3 4
set (F,E) and a(X,'?,'?,E') soft regular open set (G,

()

according to definition for x,y € X, x # y there exist a (v,

G,E) such that x € (F,E) and
ye¢ (F,E) or y€ (G,E) and x & (G,E) each <X,'?,'?,E> soft regular closed set
(FL,E) and a (X,?,?,E) soft  regular closed set (F,, E) such that (Fy,E)n
(FZ,E) = ¢. There exist (F3,E) and (Gl,E) such that (F3,E) is soft <X,'?,'?,E> and

1 2
soft  regular open set (Gq,E) is soft ()?,?,?,E) regular open set (Fy,E) c

3 4
(F5,E), (F,E) < (G,E) and (F3,E)n (G, E) =¢. Similarly, <X,?,?,E> is  soft

regular T, space with respect to 7; so according to definition for x,y € X,x # y there
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—

1 2
exists a (X, 73,74, E) soft regular openset (F,E) and a (X,?,?,E) soft  regular
open set (G, E) such that x € (F,E) and yé& (F,E) or y€ (GE

3 4

) and x €&
12
(G,E) and for each ()?,'?,'?,E') soft regular closed set (F;,E) and ()?,'?,'?,E') soft

regular closed set (F,,E) such that (Fj,E) N (F, E) = ¢. there exists soft regular
1 2

~

open sets(F3,E) and (Gy,E) such that (Fj E)is soft (X,?,?,E) regular open set

()

3 4
(G, E) is soft ()?,?,'?,E) regular open set such that (Fl,E') c (F3,E), (F,,E) ¢

12 3 4
(G, E) and (F5,E)n(Gy,E) = ¢. Hence (X,?,?,?,?,E') is pair wise soft regular

T, space.

12 3 4
Proposition 6. Let <)?,'?,?,'?,'?,E be a soft quad topological space over X and Y be
1Y 2Y 3Y 4Y

anon-empty subset of X. if (X,T T ,T ,T ,E) ispair wise soft regular Ty space.
LY Y 3Y LY

Then (Y,T T ,7 ,T ,E)is pair wise soft regular T; space."

1Y 2Y 3Y 4Y
e )

. ~” ~\ = . . .

Proof. First we prove that (Y,T ,7 ,7 ,T ,E)ispairwise soft regular T; space.
1 2 3 4
L B N e N e X o~
,T,7T,7T,7,FE

) ) )

Let x,y €X,x #yif ()? is pair wise space then this implies that

<Xv'

3 4
(F,E) and ()?,?,?,E) soft regular open set (G,E) such that x € (F,E) and

2 3 4 1 2
Mo =) . . . A N R o
,T,T,T,E ) is pair wise soft space. So there exists <X, T,7,E > soft regular open

S

y¢& (F,E) or ye€ (GE) and «x¢ (GE) now x€Yandx¢& (G E). Hence
xe€¥n(FE)= (Ys,E) theny € Y n (a) for some a € E. this means that « € E then
y&YNF (a) forsome a € E.

Therefore,y € Y N (F,E) = (Y5, E). Nowy € Yandy € (G,E). Hencey €Y n (G, E) =

(Gy, E) where (G, E) € (X,73,74,E). Consider x & (G,E) this means that a € E then

x¢YNG (a) for some a€E. Therefore x & ¥ N (G,E) = (Gy,E)

thus (Y, 7,3, Ty, T3y, Tap, E) is pair wise soft regular T; space.

Y oY 3Y LY
T,T,7T

1
Now we prove that (Y,7T ,E) is pair wise soft regular T; space then

1Y 2Y 3Y 4Y
S e N e N . B ) =N e . .
(Y,T 7T ,7 ,7T ,E)ispair wise soft R-regular space.
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Let y€Y and ( ,E) e a soft regular closed set in Y such that y € (G,E) where

G
3

-
T

1IN

4
,'?,E) then (G,E) = (Y,E) n (F,E) for some soft regular closed

4
,T ,E)Hence y¢& (Y,E) n (F,E) but ye (Y,E),soy¢& (F,E)

3 4
,?,?,E)is soft regular Ty space (X,Ty,T,, 73, T4, E) is soft regular

1 2 3 4
space so there exists | X,7,T, E ) soft  regular open set (F,E) and ()?,?,?,E) soft
regular open set (F,, E) such that

y€(FLE),(GE) € (P, E)
(Fle)(FZ'E) = d)

Take (Gl,E') = (Y,E) n (F, E) then (Gl,E'), (GZ,E') are soft regular open set in ¥
such that

y € (GL,E), (G E) = (Y,E)n (F, E) = (G, E)
(GLE)N (G, E) < (FLE)n(F,E)=¢
(GLE)Nn(G,,E)=¢

1Y oY 3V 4Y
There foreT UT is soft R-regular space with respectto T UT . Similarly, Let y € ¥
and (G E') be a soft regular closed sub set in Y such that y €& (G, E), where (G, E) €

( >then (G, E) = (Y,E) n (F,E) where (F, E') is some soft regular closed
2
T

1 12
set in <)?,'?, ,E')ye(Y,E)n(F,E') But y€ (Y,E) soy ¢ (F,E) since <)?,'?,'?,E'>

3 4
is soft R-regular space so there exists ( X,T,T,E | soft regular open set (F;,E) and

1 2
<)?,?,?,E > soft regular open set (F,, E) . Such that

y € (Fu E), (G, E) < (Fy, E)
(FLE)n (F,E)=¢
Take
(6, E) = (Y,E) n (Fy, E)
(61,E) = (Y,E) n(F,E)

Then (G, E) and (G, E) are soft regular open setin Y such that

y € (GL,E), (G E) < (Y,E)n (F, E) = (G, E)
(GLE)N (G, E) < (FLE)n(F,E)=¢
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3V 4Y 1Y 2V
Therefore T UT is soft regular space withrespect T UT = (¥,
is pair wise soft regular T3 space.

12 3 4
Proposition 7. Let (X,?,?,?,?,E') be a soft quad topological space over X and Y

2 3
~ =
T,T

1 4
A ) ~ . . .
,T,7,7,7,E > is pair wise soft regular

be a soft regular closed sub space of X. If (X
1Y 2Y 3Y 4Y
T, space then (Y,T T ,T ,T ,E)is pair wise soft regular T, space.

12 3 4
Proof. Since ()? T,7,7,7T,E > is pair wise soft regular T, space. So this implies that

1 2 3 4
ARl A K . .
(X,T,T,T,T,E) is pair wise soft regular T; space as proved above.

12 3 4
We prove <X,?,?,?,?,E> is pair wise soft regular normal space. Let (G, E), (G, E)

be soft regular closed setsin ¥ such that

(GLE)N (G, E)=¢

Then

(Gl,E) = (Y,E) n (Fl,E)
and

(Go,E) = (Y,E) n(F,E)

1

For some soft regular closed sets such that (Fl,E ) is soft regular closed setin T U
3V 4Y

soft regular closed set (F,E)in T UT and (Fy,E)n (F, E) = ¢ From Proposition
2. Since, Yis soft regular closed sub set of X then (Gl,E ), (GZ,E ) are soft regular
closed sets in Xsuch that

2
st
T

(GLE)N (G, E)=¢

1 2 3 4
Since <X,?,?,?,?,E ) is pair wise softs regular normal space. So there exists soft
regular open sets (Hl,E) and (H,,E) such that (Hl,E) is soft regular open setin
Y .Y
N A
T, U T, and (HZ,E ) is soft regular opensetinT U T such that

(G, E) < (H, E)
(G, E) < (Hy, E)
(H,E)n (Hy,E)=¢
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Since

(G, E), (G, E) € (V,E)
Then

(GLE) < (Y,E)n (Hy,E)

(Go,E) < (Y, E)n (Hy, E)
and

[(v,E) 0 (Hy, )] n [(V,E) 0 (H,, E)] = ¢

Where (Y, E ) N (Hl, E ) and (Y, E ) N (HZ, E ) are soft regular open sets in Y there fore
1Y 2V 3V 4Y

T UT is soft regular normal space with respect to T UT . Similarly, Let
(Gl, E ), (GZ, E ) be soft regular closed sub setin Y such that

(GLE)N (G, E)=¢
Then
(GL,E)= (Y,E) n(F,E)
and
(62, E) = (V,E) n(F,,E)

For some soft regular closed sets such that (F;,E) is soft regular closed set in
3 4 1Y 2V

TUTand (F,,E) soft regular closed set in T UT and (Fl,E)(FZ,E') = ¢ from
Proposition 2. Since, Yis soft regular closed sub set in X then (Gl,E' ), (GZ,E') are soft
regular closed sets in X such that

(GLE)N(G,,E)=¢

1 2 3 4
. A R el sl -2 B . . :
Since <X, 7,7,7,7,F ) is pair wise soft regular normal space so there exists soft

regular open sets (Hl,E') and (HZ,E). Such that (Hl, E) is soft regular open setis
3 4 1Y oY
TUT and (H,, E)is soft regular open setinT UT such that

(Gy,E) € (Hy, E)

(G, E) < (Hy E)
(H,E)n (HyE)=¢

Since

(G,E), (G2, E) € (V,E)
Then

(GLE)< (Y,E)n (Hy, E)

(Go,E) < (Y, E)n (Hy, E)
and

[(v,E) 0 (Hy, ) n [(V,E) 0 (H,, E)] = ¢
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Where (Y E) N (Hl,E) and (Y E) N (HZ,E) are soft regular open setsin Y there fore
3Y 4 1Y 2Y 1Y 2Y 3V 4Y

T UT is soft regular normal space withrespectto 7 UT = (Y,7 T ,7 ,7T ,E)
is pair wise soft regular T, space.

3.2 Soft Regular Separation Axioms in Soft Quad Topological Spaces with Respect
to Soft Points

In this section, we introduced soft topological structures known as soft regular separation
axioms in soft quad topology with respect to soft points. With the applications of these
soft regular separation axioms different result are brought under examination.

12 3 4
Definition 33 In a soft quad topological space <)?,'?,?,'?,'?,E >

1 2 3 4

1) TUTsaidto be soft regular T, space with respect to T U T if for each pair of
1 2 3 4

distinct points eg, ey € X there happens T U T soft regular open set (F,E) and aTUT
3 4
soft regular openset (G,E) such that e; € (F,E) and ey & (G,E), Similarly, T U Tis
12

saidto be soft regular T, space with respect to T U T if for each pair of distinct points
3 4 1 2

ec, ey € X there happens T U T soft  regular open set (F,E) and aTUT regular soft
open set (G,E) such that e; € (F,E) and ey & (F,E) orey € (G,E) and e; ¢

1 2 3 4
(G,E'). Soft quad topological spaces (X,?,?,?,?,E) is said to be pair wise soft
1 2 3 4 3 4

regular Ty space if TUT is soft regular Ty space with respectto TUT and TU T is
1 2

soft regular T, spaces with respectto TU T

1 2 3 4

2) TUTis said to be soft regular T; space with respect to T U T if for each pair of
1 2 3 4

distinct points e, ey € X, there happens TU T soft regular open set (F,E) and TUT
soft  regular open set (G,E) such that e; € (F,E) and ey & (G,E) and ey €
3 4

(G,E) and e; & (G,E). Similarly, T U Tis said to be soft regular T; space with

1 2 3 4
respect to T UT if for each pair of distinct points e;, ey € X there exist TUT soft
1 2

regular open set (F,E) and aTUT soft regular open set (G,E) such that e; €
(F,E) andey & (G,E) and ey € (G,E) and e; & (G, E). Soft quad topological
12

1234
space <X T,7,T,7T E> is said to be pair wise soft regular T; space if TUT is soft

3 3 3 4

regular Ty space with respectto TUT and T U Tis soft regular T; spaces with respect
1 2

to TUT.
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1 2 3 4
3) TUTissaid to be soft regular T, space with respectto T UT, if for each pair of
1 2

distinct points e, ey € X4 there happens a TU T soft regular open set (F,E) and a
3 4

TUT soft regular open set (G,E) such that e; € (F,E) and ey & (G, E) and
ey € (G,E) and e; ¢ (G,E) and (F,E') N (G,E') = ¢. Similarly, 73 U 7, is aid to be
1 2

soft regular T, space with respectto TU T if for each pair of distinct points eg, ez € X,
3 4 1 2

there happens TU T soft regular open set (F,E) and TUT soft regular open set

(G,E) such that eg E(F,E') and e; € (G,E) and (F,E)n(G,E)=¢. The soft
172 3 4
quad topological space ()?,?,?,?,'?,E is said to be pair wise soft regular T, space

1 2 3 4 3 4

if TUT is soft regular T, space withrespectto TUT and TUT is soft regular T,
1 2

space with respectto TU T .

1 2
Mo
T,T

)

3 4
"M oM
,T,T,E

12 3 4 1 2
1) TUT is said to be soft regular T; space with respectto TUT if TUT is soft

regular T; space with respect to 73 U 1, and for each pair of distinct points e;, ey € Xy,
1

2
there exists TUT.

Definition 34 In a soft quad topological space ()? ,

1 2
regular closed soft set (G,E) such that e; € (G,E), TUT soft regular open set
3 4

(FL,E) and TUT soft regular open set (F, E) such that e; € (Fl,E'), (G,E) ¢
(Fy,E) and (Fy, E) n (F,, E) = @. Similarly, 73 U 7,is said to be soft regular T5 space
172 374 1 2

with respect to TUT if TUT is soft regular T; space with respectto TUT and for
3 4

each pair of distinct points eg, e € X there exists a T U T soft regular closed set (G,E)
3 4 1 2

such that e; € (G,E), TUT soft regular open set (F,E) amd TUT soft regular
open set (Fy, E) such that e € (F,E), (G, E) € (Fp, E and (F, E)n (Fy,E) = ¢.

12 3 4 12
(X,?,?,?,?,E) is said to be pair wise soft regular T3 space if TUTis soft

3 4 3 4

regular T; space with respect to TUT and TUTis  soft regular T; space with
12

respect to TU T.

12 3 4 1 2
2) TUTissaid to be soft regular T, space with respectto TUT if TUTis soft
3 4 1 2
regular T; space with respect to T UT, there exists a TUT soft regular closed set
3 4

(F,E) and TUT soft regular closed set (F, E) such that (F,E)n(F,E)=
17 2

@,also,open there exists (F3, E) and (Gy,E) such that (Fs, E) is soft TUT regular
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3 4
open set, (Gl,E) is soft TUT regular set such that (Fl,E) (F3,E) (FZ,E)C

(Gl,E ) Similarly, T U T'is said to be soft regular T, space with respectto TUT if
1 2 3 4

TUTis soft regular T; space with respect to T U T'there exists TU T soft regular
1 2

closed set (Fy,E) and TUT soft regular closed set (F,,E) such that (F,E)n
3 7 4

(F,,E) =¢ . Also there exists (F3,E) and (Gy,E) such that (F3 E) is soft TUT
12

regular open set, (G, E) is soft TUT regular soft set such that (F,E)C
123 4

(F5,E),(F,,E) € (G,E) and (F5,E) N (G, E) = ¢. Thus, ((X T,7,7T,7, E)is said to

be pair wise soft regular T, space if TUTis soft regular T, space with respect to
3 4 3 4 12

TUT and to TUTis soft regular T, space with respectto TUT.

12 3 4
Proposition 8. Let ()? ?,?,?,?,E) be a soft topological space over

()

12 3 4
X. (X,'?,'?,'?,?,E) is soft regular Ty space , then for all e; € Xze; = (eg, E) is soft

regular-closed set.

Proof. We want to prove that e;is regular closed soft set, which is sufficient to prove
that eS is regular open soft set for all ey € {e;}¢. Since (X, Tq,T5, T3, T4, E)is soft
regular T3 space , then there exists soft regular sets ( F,E) ., and (G,E) such that

eny S (F,E), and e, N (F,E)., =¢ and e;, S (GE) and ey, n (GE) =
¢. It follows that, Ug,e (eq) S(F,E)eySect Now, we want to prove that
€65 SUepe ()¢ (FIE) ¢y Let Ueye eg)¢ (FLE) ey = (H,E). Where H (e) =
Uene () € (F (€) oy forall e € E. Since eg;(e) = (eg) “for all e € E from Definition 9, so,
for all ey € {eg} and e € Eegi(e) = {e6}° =Ueye (eq)© {n} =Veye (eo) CF(e)ey=H () -
Thus, egZ SUepe eg) ¢ (F,E) ¢, from Definition 2, and so, egr =Ueye eq)c (F E) e
This means that , eg is soft  regular open set for all ey € {es}°. Therefore, eg is
regular closed soft set.

1 2 3 4
Proposition 9. Let (X, 7T,7T,7,7,E |bea soft quad topological space over X. Then, if

1 2 3 4 1 2 3 4
<X,?,?,E> and <X,?,?,E‘>are soft regular qT; space , then <X,?,?,?,?,E'>is a
pair wise soft regular T, space.

~

1 2 3 4
Proof. Suppose if (X,?,?,E) isa soft regular T; space with respect to <X,?,?,E>,

then according to definition for, e; # ey e;, ey € X4, by using Theorem 8, (ey, E) is
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3 4 1 2
soft regular closed set in (X,?,?,E) and e; & (ey, E) there exist a ()?,?,?,E) soft
regular open set (F,E) and a (X,?,?,E) soft regular open set (G,E) such that
ec € (F.E), eye(y,E)c (GE) and (F,E)n(F,E)=¢. Hence(x,’%“,”f,E> is
3 4 34
soft regular T, space with respect to <X,'?,'?,E > Similarly, if <X,'?,'?,E> isa soft
regular T3 space with respect to <X ,T,T,E >, then according to definition for, e; #
ey ec ey € X,, by using Theorem 8, (e, E) is regular closed soft setin (X,?,?,E) is
and y & (x,E) there exists a (X,?,?,E) soft  regular open set (F,E) and a

12
()?,'?,'?,E') soft regular openset (G,E) such that ey € (F,E), e; € (x,E) € (G,E)

[e5T¢

3 4
and (F,E) N (Fy, E) = ¢. Hence ()?,'?,'?,
(X,

12 3 4
Proposition 10. Let ()?,'?,'?,?,?,E be a soft quad topological space over

>is a soft regular T, space. Thus

2 3 4
Mo =) . .
,‘L',‘L',T,E) is a pair wise soft s regular T, space.

3

N

12 3 4 12 3 4
X. if ()?,'?,'?,E') and ()?,'?,'?,E') are soft regular T3 space then (X,?,?,?,?,E') is

a pair wise soft regular T3 space.

~

1 2 3 4
Proof. Suppose (X,?,?,E ) isa soft regular T; space with respect to (X,?,?,E)

then according to definition for e;, ey € X e; # eythere happens 7, U 7, soft  regular
3 4

open set (F,E) and aTUT soft regular openset (G,E) such that e; € (F,E) and
ey & (F,E) or ey € (G,E) and e; & (G,E) and for each point e; € X, and each
12 12

T UT regular closed soft set (G, E) such that e; & (Gy,E) there happens a T U T soft
3 4

regular open set (F;,E) and TUT soft regular open set (F, E) such that e; €

~

3 4
(FL,E), (G, E) € (Fp, E) and (F,E)n (Fy,E) = ¢. Similarly (X,?,?,E) isa soft

1 2
regular T space with respect to ()?,?,?,E ) So according to definition for e, ey € X,,

3 4 12
ec # ey there exists a TUT soft  regular open set (F,E) and TUT soft regular

open set (G,E) such that ey € (F,E) and ey & (F,E) or ey€ (G,E) and
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3 4

ec & (G,E) and for each point e; € X, and each TUT's regular closed soft set
3 4

(G, E) such that e; ¢ (Gy,E) there exists TUT soft regular open set (F,E) and
1 2

TUT soft regular open set (Fz

1
(Fi,E)n (F, E) = ¢. Hence ( ,T,T,7T,

such that eg € (Fy,E), (G, E) € (Fp,E) and
4
T, E) is pair wise soft regular T3 space.

~

1 2 3 4
Proposition 11. if (X,7,7,7,7,E) be a soft quad topological space over

1 2 3 4 1 2 3 4
X. <X,?,?,E> and <X,?,?,E‘> are soft regular T, space then <X,?,?,?,?,E> is
pair wise soft regular T, space.

1 2 3 4
Proof. Suppose <)? 7,7, E > is soft regular T, space with respect to ()?,?,?,E ) So
2

according to definition for e;, ey € X, e; # ey there happens a TU T soft regular open
3 4

set (F,E) and a TUT soft regular open set (G,E) such that e; € (F,E) and
ey & (FJE) or ey € (G,E) and e; ¢ (G E) each %U%ZH soft regular closed set
(FL,E) and a % U% soft regular closed set (F,,E) such that (F;,E) N (F,E) = ¢.
There occurs (F3,E) and (Gq,E) such that (F5 E) is soft %U%LH regular open set
(GL,E) is  soft a %U?z" regp;lar40pen set (F,E) € (F5,E), (F,,E) < (Gl,E;) and

2

(F3,E) N (G, E) = ¢. Similarly,7 U Tis soft regular T, space with respectto T U T'so
3 4

according to definition for e;, ey € X4, e; # eythere happens a TU T soft  regular open
set (F,E) and a %U%ZH soft  regular open set (G,E) such that e; € (F,E) and
ey & (F,E) or ey € (G,E) and e; & (G,E) and for each%U%soft regular closed
set (Fl, E) and %U%ZH soft regular closed set (F,, E) such that (Fl, E) N (FZ,E') = ¢.
there occurs (F3,E' ) and (G, E) such that (F3,E ) is soft %U% regular open set

12
(G, E) is soft TUT regularsemi open set such that (Fl,E) (F3,E) (F,,E) ¢

2 3 4
(G, E) and (F3,E) N (G, E) = ¢ hence <)?, ,T,T,7T, E') is pair wise soft regular T,

space.
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12 3 4
Proposition 12. Let <X,?,?,?,?,E ) be a soft quad topological space over X and ¥
1Y 2Y 3Y 4Y

be a non-empty subset of X. if (Y,T T ,7 ,T ,E)is pair wise soft regular Ty space.
1Y 2Y 3Y 4Y

Then (Y,7 7T ,7 ,T ,E)is pair wise soft regular T3 space.
1Y 2Y 3Y 4Y
Proof. First we prove that (Y,T T ,7 ,T ,E)is pair wise soft regular T, space.

1 2 3 4
Let e, ey € X4, e # ey if <X,?,?,?,?,E> is pair wise soft space then this implies
2
2

12 3 4 1 1 2
that ()?,'?,'?,?,?, E) is pair wise soft T UT space. So there exists T U T soft regular

open set (G,E) such that e; € (F,E) and ey & (F,E) orey € (G,E) and e; ¢
(G,E) nowe; €Yande; & (G,E). Hence e; €Y N (F,E) = (Yr, E) then ey € Y N
F (o) for some a € E, this means that o € E theney € Y N F () for some a € E.

There fore,ey € Y N (F,E') = (YF, E) Now ey € Y and ey € (G,E'). Hence, ey € Yn
3 4

(G,E) = (Gy,E) where(G,E) ETUT. Consider x ¢ (G,E) . this means that « € E then

x¢YNG(a) for somea€E. There fore ez &Y N (G, E) = (Gy,E) thus
1Y 2Y 3Y 4Y

((Y,T T ,T ,7 ,E)is pair wise soft regular T; space.

1Y 2Y 3Y 4Y
S MM MM MM A BN . :
Now, we prove that (Y,T T ,7 ,T ,E) ispairwise soft regular T; space.

Let ey €Y and (G,E) be soft regular closed setin ¥ such that ey ¢ (G,E) where
1

1 2
(G,E) eTuTthen (G,E)= (V,E) n (F,E) for some soft regular closed set in T U
2

in
5 _ . 5 123 4 _
Thenceey ¢ (Y,E) n (F,E) but ey € (Y,E),soey & (F,E) since (X,?,?,?,’%‘,E)
- 1 2 3 4 -
is soft regular T; space <X,?,?,?,?,E>is soft R-regular space so there happens

3 4
7, U T, soft  regular open set (F;,E) and TUT soft regular open set (F,, E) such
that

ey € (FL,E), (G E) c (F,E)
(FLE)(FE) =0

Take (G, E) = (Y,E) N (Fy, E) then (Gy,E),(Gy, E) are soft regular open setsin ¥
such that

ey € (G, E), (G E) < (Y,E)n (Fy, E) = (G, E)
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(Gl,E) N (Gz;E) c (FIIE) n (FZ’E) = 6
(GLE)n (G, E)=0

1 2 3V 47
Therefore, <X,?,?,E> is soft R-regular space with respectto T UT Similarly, Let

ey € Y and (G, E) be a soft regular closed sub set in Y such that ey & (G, E), Where
3 4

(G,E) eTUTthen (G,E) = (Y,E) n (F,E) where (F,E) issome soft regular closed
3

4 1 2 3 4
setinTUT ey & (Y,E)N (F,E) butey € (Y,E) soey & (F,E) since <X,?,?,?,?,E‘>

3 4

is soft R-regular space so there happens T U T soft regular open set (Fj,E) and
1 2

TUT soft regular open set (F,,,E). Such that

ey € (FL,E), (G E) < (F,, E)
(FLE)n (Fy,E)=¢

Take
(6,B) = (V.. E) n (R, E)
(GL,E)= (Y,,E) n(F,E)

Then (Gl,,E) and (GZ,,E) are soft regular open setin,Y such that

en € (61 E), (G.F) € (Y. E) 0 (Fn E) = (G E)
(61, E) 0 (65, E) < (Fy, E) n (Fy, E) = 0.

3V 4Y
ThereforeT U T is soft R-regular space.

4 Conclusions

A soft set with single specific topological structure is unable to shoulder up the
responsibility to construct the whole theory. So to make the theory healthy, some additional
structures on soft set has to be introduced. It makes, it more springy to develop the soft
topological spaces with its infinite applications. In this regards we introduced soft
topological structure known as soft quad topological structure with respect to soft regular
open sets. In this article, topology is the supreme branch of pure mathematics which deals
with mathematical structures. Freshly, many scholars have studied the soft set theory which
is coined by Molodtsov [4] and carefully applied to many difficulties which contain
uncertainties in our social life. Shabir and Naz [7] familiarized and deeply studied the origin
of soft topological spaces. They also studied topological structures and exhibited their
several properties with respect to ordinary points.

In the present work, we constantly study the behavior of soft regular separation axioms in
soft quad topological spaces with respect to soft points as well as ordinary points of a
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soft topological space. We introduce soft regular qTystructure, soft regular qT;
structure, soft regular qT, structure, soft regular qT; and soft regular qT,structure
with respect to soft and ordinary points. In future we will plant these structures in
different results. More over defined soft regular Tystructure w. r. t. soft regular
T;structure and vice versa, soft regular Tjstructure w. r. t soft regular T,structure and
vice versa and soft regular T3 space w.r.t soft regular T, and vice versa with respect
to ordinary and soft points in soft quad topological spaces and studied their activities
in different results with respect to ordinary and soft points. We also planted these axioms
to different results. These soft semi separation axioms in quad structure would be valuable
for the development of the theory of soft topology to solve complicated problems,
comprising doubts in economics, engineering, medical etc. We also attractively discussed
some soft transmissible properties with respect to ordinary as well as soft points. I have
fastidiously studied numerous homes on the behalf of soft topology, and lastly I
determined that soft topology is totally linked or in other sense we can correctly say that
soft topology (Separation Axioms) are connected with structure. Provided if it is related
with structures then it gives the idea of non-linearity beautifully. In other ways we can
rightly say soft topology is somewhat directly proportional to non-linearity. Although we
use non-linearity in Applied Math. So it is not wrong to say that soft topology is applied
Math in itself. It means that soft topology has the taste of both of pure and applied math.
In future I will discuss Separation Axioms in soft topology With respect to soft points.
We expect that these results in this article will do help the researchers for strengthening the
tool box of soft topological structures. In the forthcoming, we spread the idea of soft a-
open, and soft b**open sets in soft quad topological structure with respect to ordinary
and soft points.
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