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Stability of Waste Paper Recycling through Graph Theory

Nita Shah” <nitahshah@ gmail.com>
Moksha Satia <mokshasatia.05 @ gmail.com>
Bijal Yeolekar <bijalyeolekar28 @gmail.com>

Gujarat University, Mathematics Department, Ahmedabad 380009, Gujarat, India.

Abstract - The process in which waste paper is collected and then reprocessed for reuse is called paper
recycling. Paper recycling is very often routine of human life. Paper recycling is very important to reduce
deforestation and pollution. It has been analyzed that scrap dealer plays a vital role in this cycle that collects
waste paper from distributor and customer and then sent it to the paper industry, so the effect of scrap dealers
is observed here. This waste paper recycling model is divided into four compartments namely paper industry,
distributor, customer and scrap dealer. The model is proposed as a system of non-linear differential equation.
The basic reproduction number is computed to see the impact of scrap dealer.

Keywords - Dynamical model, System of non-linear ordinary differential equation, Basic reproduction
number, Local stability, Global stability, Weighted graphs, Paper.

1 Introduction

Recycling is one of the best ways for us to have an optimistic impact on the world in which
we want to live healthily. Paper is one of the best materials that we can recycle easily.
Recycled paper made from paper and paper products that has already been used. The paper
recycling starts with us. It can be learnt at schools, colleges, home, offices, and local
communities and even at drop off centers. Recycling of paper helps us in many ways. As
the pulp of tree is an only source for producing paper, the recycled fibres from waste paper
provides a better alternative. Creating recycled paper pulp, compare to manufacturing pulp
from trees to make paper products, and devours less energy and water. By recycling one
ton of paper, we save 17 trees, 7000 gallons of water, 463 gallons of oil and more than 3.3
cubic yards of landfill space.

In the case of recycling, many researchers have studied the process of recycling
wastepaper. Kleineidam et al. [14] obtained optimizing product recycling chains by control
theory in 2000. Clement and Marie [4] in 1988 considered method for producing pulp from
printed unselected waste paper. In 1994, Nadeau and Allan [18] have studied integrated

*Corresponding Author.



Journal of New Theory 22 (2018) 01-21 2

waste paper treatment process. In 1996, production of soft paper products from old
newspaper was deliberated by Back and Sangho [1]. Denem and Dennis [5] learned waste
paper minimizing paper dispenser in 2004. Kinney and Roland [15] in 1994 wrote book on
technology of paper recycling. Bleakley et al. [2] in 2000 examined waste paper treatment
process. Some of the researchers have analyzed the impact of recycling waste paper on the
environment. In 1997, Bystrom et al. [3] observed paper recycling: environmental and
economic impact. Miranda [17] et al. investigated environmental awareness and paper
recycling in 2010. Environment impacts of waste paper recycling were deliberated by
Virtanen et al. [23] in 2013. Different model for the awareness of recycling for waste paper
was developed by many researchers. Kara et al. [13] studied a stochastic optimization
approach for paper recycling reverse logistics network design under uncertainty in 2010.
Merrild et al. [16] generated life cycle assessment of waste paper management: the
importance of technology data and system boundaries in assessing recycling and
incineration in 2008. A different model ‘A goal programming model for paper recycling
system’ was formulated in 2008 by Pati et al. [19]. Some environment related models like
forest model [22] and green belt model [21] was also developed by some researchers to
revive the natural resources.

Mathematical modeling of paper recycling is developed in Section 2. Using weighted
graph, the stability analysis is carried out in Section 3. In Section 4, sensitivity analysis is
analyzed. Numerical analysis is calculated in Section 5 and validated data is given.

2 Mathematical Modeling

We live in the society where deforestation and pollution has taken place. The process of
recycled paper from paper industries can reduce it. Paper industries (P) are those which

manufacture the paper and even recycle the waste paper. Distributors ( D) are those who

collect produced paper sold by paper industry. Customer (C) are those who buy paper

from distributors. Scrap dealers are those who gather water paper from distributor and
customer and give it to the paper industry. Thus, it becomes a cycle. And this process of
recycling of paper helps us to save energy, water and resources. Here, scrap dealer works
as a control for waste paper recycling model.

Parameters and their notations along with parametric values used to formulate waste paper
recycling model are as given in the Table 1.

Table 1. Notation and parametric values

Parametric

Notation value

B Recruitment rate from wood 0.7

o The rate at which distributor buys paper 0.9

n The rate at which customer buys paper 0.75

a The rate at which distributor gives paper to scrap dealers 0.02

B The rate at which customer gives paper to scrap dealers 0.7

4 The rate at which scrap dealer transports waste paper to paper |0.6

industry
H Natural waste of paper from each compartment 0.28
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To formulate a mathematical model of waste water recycling we have used above notation
and necessary assumptions whose transmission diagram is as given in Figure 1.

7,
— 2 D 2l c
rd H
# oo
4 s i}
7]

Figure 1. Transmission diagram of waste paper recycling model

The system of non-linear differential equation of transmission of waste paper is as given
below:

d—P:B—§PD+ ¥S — uP

dt

Ci,—DzdPD—nD—daDS—,uD )
t

d_C:ﬂD—,[J’CS—,uC

dt

%zaaDm/)’CS—yS—ys

where P+ D+C+S=N.Also, P>0;D,C,S =0.
Adding above system of differential equations, we get

di(P+D+C+S)=B—§PD+;/S—,uP+5PD—77D—§0(DS—,uD+77D—,BCS—ﬂC
t

+6aDS + BCS — ¥S — uS
=B-u(P+D+C+S5)=0

which implies that limsup(P+D+C+S) <

® | ™

Therefore, the feasible region of the waste paper recycling model is
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A:{(P+D+C+S)/P+D+C+SsB,P>O;D,C,520}.
U

Now, solving system of differential equations, we get four equilibrium points:

1) E =(£,0,0,0j
U

. —uy+B +U -
2 Epcs:( uy+BB ¥ ﬂ_ﬂj

2 9

up g B
3 E;DC:(77+,u,B5—ﬂ(77+ﬂ)’77(35—ﬂ(77+ﬂ)),0]
6 S(n+u) S (n+ )
. —daY u+ym+un+uBY =Y +y+u . —oaYu— BYn+yn+un
4) EPDCS:( 5Y,3 ’ oo X §CL’Y,3 J
where

Y = RootOf((—,BZ,u + ,55&’/1))62 + (ﬂﬁy—uzazd—ﬂnﬁ + 1> B — BoaB — So* + ﬂzaﬁ)x

oy + P+ U+ o)
(2)

Next, we compute basic reproduction number R, for each equilibrium point E’, using
next generation matrix method.

Let us consider X '= (P,D, C,S )', where derivative is denoted by dash. So,

_4x _

X'=
dt

F(X)=-V(X)

where F(X) is the rate of presence of new individual in compartment and V(X)) is the
rate of transfer of culture. They are given by

OPD nD + éaDS + uD
oaDS + pCS S+ uS
F= p and V = Ghis
—B+0PD—yS + uP
0 —nD+ BCS + uC

Now, DF(E*):B g} andDV(E*)z[Jv JO}

where f and v are 4x4 matrices defined as
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«( B
1) Finding f and v for the equilibrium E, (—,0,0,0j, we get
y7i

OB 00 0 n+u 0 0 O

y2i 0 y+u 0 O
fr=l0 0 0 Of|andv,= OB 0 0

0 0 0 0 u

0 00 0 - 0 0 u

Here, v, is non-singular.

Therefore, the expression of basic reproduction number R,, is as below:

R,, = spectral radius of fov,
B
= ROP :5—
w(n+ p)

After putting parametric values given in the Table 1, we get R, . =2.1840 which is grater

PCS
that 1 that makes model unstable.

2) Finding f and v for the equilibrium E;CS = (—,u7+ Bp ,0, YT H ,1j , we get
up B B
1 B
o0 + 0 y+u 0 0
Sres = _o 16(7 ,U) 0 0| and v, =
0 0 00 up
i 0 0 0 0 i -n 0 0 0]

Here, v, is non-singular.

Therefore, the expression of basic reproduction number R;, . is as below:

R 1

opes = Sbectral radius of foVpc

r - Our+Bpf)
S p(nB - So + )
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After putting parametric values given in the Table 1, we get R,, . =2.5000 which is grater
that 1 that makes model unstable.

3) Finding f and v for the equilibrium

o _[mtu BS—u(n+p) n(BS-p(n+p) o
s T Srw) T du(n+u)

we get
_ o
n+u 0 Bo-pm-p
n+p
_ B(BS—un—p*)  pn(BS—un—u’)
feoe = + 0 0
n+u ou(n+ u)
0 0 0 0
L0 0 0 0]
and
i a(BS — un — u? ]
- (BS - un - u*) . .
n+u
0 Y+ u 0 0
— _ _ 2
Veoe =\ gy _y Bo—un—p” . o
n+u
Bn(BS—un— i)
/i 0 U
I S (n+ i) ]

Here, v, 1s non-singular.

Therefore, the expression of basic reproduction number R;, . is as below:

R,,,. = spectral radius of f,,ovppe
L _\BO-p(n+p))(adu+ )
e qu(n +u)(y+ )

After putting parametric values given in the Table 1, we get R,, . =0.6456.
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4) Finding f and v for the equilibrium

P —oaYu+m+un+ufY —BY +y+u Y—5aYy—ﬁYn+7f17+m]
ppes Y B ’ oo Y dary B

where Y is as equation (2) and taking

—oayY i+ 7r7+,u77+,u,6’Y:P* —,BY+7/+;1:D* v=cC'
oY B ' ’

and

—oaY u— pYn+m+ un _g

oay S
we get
oP 0 oD" 0
oaS” daD +pCT 0 fBS
Twes = 0 0 0
0 0 0 0
and
n+oéaS +u oaD 0 0
; B 0 v+ u 0 0
res oP -y 6D +u 0
-n BC 0 BS + u

Here, v, 1s non-singular.

Therefore, the expression of basic reproduction number R, . is as below:

1

Ry, s = spectral radius of fr,csVppes
e . FaSD saD +fC S (BnC +BSaC’S” + BucC” +nsaD)
S (y+u)(n+oaS + u) Y+ U (7+0aS”™ + u)(y+p)(BS” + 1)

After putting parametric values given in the Table 1, we get R,, . =0.7346.

Above four basic reproduction numbers for distinct equilibrium point of waste paper
recycling model shows that equilibrium point E},. is more appropriate than E,,.which
indicate that scrap dealers are the most significant factor for the process of waste paper
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recycling. Therefore, in the further section, we will discuss stability only at two equilibrium
point E,,. and Ej -

3 Equilibrium

In the current section, we will establish local stability and global stability for the waste
water recycling model for two equilibrium points.

3.1 Local Stability
The local stability for waste paper recycling model will be discovered here.

First, we will begin with the equilibrium point

PDC

£ _(nw BS—u(n+u) n(BS—pu(n+u))
s Sm+u) T du(n+u)

using Jacobian matrix J,,.. The Jacobian matrix J,,. of the waste paper recycling model
is as follows:

| BS—un— 112
_#_ﬂ -n—-u 0 /4
n+ U
BS — un— i’ o 0 a(BS-un-4)
n+ U n+ U
Jrpe = O—un—u’
By (BS —pn - 1)
0 no M -
au(n+ u)
o(BS—pun-u*) Bn(BS—un-u°)
0 0 + -y—U
I n+ U Su(n+ u)

Above Jacobian matrix J,,. has four distinct Eigenvalues:

o =-U,
1 (35+ JB28® — 4 BS + 41w+ 1207 1° —8unBS + 12480 — 4°BS + 414° J
n — T < 5
2 n+u

oo L B +\B*5> —4m°BS + 40’ 11 + 121 14° — 8unBS +1244°n — 417> BS + 44
2 N+ 1 ’
a8 uB - adu’n - ady’ + B (BS — un - i) = youn -y - duln -

[0)
) S (n+ 1)
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One can easily see that @,®, and @, have negative value. And if @, <0 then one can

write

as’ 1B — adqu'n — adw’ + pn(BS — un— p1*) - youn — you’ — qu'n - .
au(n + u)
:ja&435—un—ﬂﬂ+ﬁnuﬁ—un—ﬂﬂ—@4%ﬁﬂﬂ+un+uﬂ<
ou(n+u)

(adu+ p)— Su(y(n+u)+u(n+u)<0
(adu+ pn)—du(n+u)(y+u) <0
(
(

0

0

2

= (BS - un—p*)
= (BS—pun—u*)
)
)

(BS—pun—p
=
ou(n+p
=R,-1<0
=R, <1

So, if R, <1 then w, has negative value.

Further, we will also discuss the behaviour of the equilibrium point

PDCS —

= —oaYu+m+un+upY —pY+y+u Y—é‘aY,u—,BYn+717+,un
SY B T S T day B

using Jacobian matrix J,,.,. The Jacobian matrix J,,., of the waste paper recycling

model is as follows:

~6D - u —oP" 0 y
oD’ OP —n-daS" —u 0 —-daD’
JPDCS = * *
0 n -BS —u -pC
0 oas’ BS” oaD + BC —y—u

where

P —oay 1+ ym+ un+ ufyY D*:—,b’Y+7+,u
Y B ’ o ’
—oaY u— BYn +yn+un
oay s

cC'=Y,§ =

and the value of Y is as in the Equation 2. The characteristics equation of the Jacobian
matrix J,,., about the equilibrium point E,, is as given below

AL + A+ AA+A, =0

where
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A =-6aD - C +y+4u+BS —S6P +n+daS +8D°
=8a(S" -D)+B(S -C")+8(D =P )+ y+4u>0

A =8asD’ +3aS’ u—BS'SP + BS” Sa+ BS'SD" —SaD'n-3adD u+ 8> PaD’
“38P u+ndD’ +3udD + S +3BS 1+ 9D —3BC u— 8D’ - BCy
+yBS" —yOP"

>8°0’S'D (BS" +p)—(daD" + BC)(n+daS” + u)(BS” + 1)

+BS" (BC'n+ BC SaS” + BC u+ndaD" )+ (n+aS” + u)(y+u)(BS” + 1)

. S@SD sap' +pC BS (PCn+ C S0 + SC urnsaD)
(n+0as™+u)(y+u)  (r+u) (7+0aS”™ +u)(y+p)(BS” + 1)
>1-R, >0
=R, <1

A, =28D"yu+8’aD BS P -28aD S u—28C daS u— LC 5aS D" +2ud’ P aD’
—2ndaD" u+ 2ynu—3BC 1 + 3y’ +3nu’ —36aD" 1’ +nydD” — 28%aD” i
—~ 52aD*277 —2BC U+ 2uBS n+380:S" 11° +2undD” + yBS N+ 2yBS 1 —-2y0P 1
—8%aD” BS" +2BC P u—2BC uSD’ — BC'NSD’ —2uBS P +2uBS” dar
+2uBS D +2u8*aS" D + BSNSD + BS*  S*aD’ — yBS P+ yBS” du
+9BS" 6D +2p0aS" u+ 44’ +3BS u—36P 1 +3u° 5D’
>u(8*a’S'D (BS” + 1) — (daD” + BCY1 + 0aS™ + u)(BS” + i)
+ BS(BC'n+ BC SaS” + BC” u+ndaD "))+ (n+0aS™ + pu)(y+ w)(BS” + i)
5°0*S' D’ _sap’ +pc PS (BC'n+pBC daS" + BC u+ndaD")
(n+oasS +u)(y+u)  (r+u) (7+6aS" +u)(y+u)(BS” + 1)
>1-R, >0
=R, <1

>1+

Similarly, one can prove,

A, =8aD S P u-pC us’aS D +’n+p’ - 82aD” 1 — saD i1i* — BC uPn
+BS 1+ 1'ndD" + wdaS” +yBS 1 — PSP+ yldD + 8 aD 1t P
—82aD"” un-daD' 1*n+ BC PSP — BC 128D — BS  12SP + BS” 1 Sa
+BS WSD + 1?8 aS" D + yBS nu+ yundD” + ytdaS” — BC 1 + BS i’
— WP + W’ SD + i’y

>1-R, >0
=R, <1
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It follows that A, >0,A, >0,A, >0,A, >0 and also A A, A, > A’ + A°A, .

Theorem 1. Using Routh-Hurwitz criterion [20], the equilibrium points

PDC —

I _(77+,u BS—u(n+u) n(BS—u(n+u)) OJ
s Sn+u) T du(n+p)

and

B - =Y+ m+un+ufyY —pY +y+u Y—5aY,a—,BY77+7/17+,u77
rpes Y B . darY B

of the waste water recycling model are locally asymptotically stable with the condition
R, <1.

3.2 Global Stability

The global stability will be conversed in this section using some graph theoretical results
[6, 24] given as below:

¥ Any graph will consist of the set of vertices and the set of edges.
¥ (i, ) is called an edge from initial vertex i to terminal vertex .

¥ A directed graph G 1is the set of vertices and the set of edges where all the edges are
directed from one vertex to another [7].

¥ The out-degree of a vertex i is the number of edges whose initial vertex is i denoted as
d*(i).

¥ The in-degree of a vertex i is the number of edges whose terminal vertex is i denoted
as d”(i).

¥ A directed graph G is called a weighted directed graph if each edge is assigned a
positive weight.

¥ The weight w(H ) of sub-directed graph H is the product of weights on all its edges.

¥ A path in a graph is a finite or infinite sequence of edged which connect the sequence of
vertices where all are distinct from others [10].

¥ A directed path in a directed graph is a sequence of edges which connect a sequence of

edges which connect a sequence of vertices where all the edges should be directed in the

same direction.

A cycle graph is a graph where some number of vertices connected in a closed chain [8].

A directed cycle graph is a directed version of a cycle graph with all the edges being

oriented in the same direction.

A loop (or buckle) is an edge that connects a vertex i to itself [9].

A tree is any acyclic connected graph [12].

If tree is directed then it is called directed tree.

A spanning tree is a subgraph of a graph G which includes all the vertices of G with

minimum number of edges [11].

e e

e W T T
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¢ If G i1s a weighted directed graph with n vertices then the weight matrix has order
nxn denoted as A= [al.j] with entries a; >0 which is equal to the weight of edge if it

exists otherwise it is 0. This kind of weighted directed graph is noted by (G, A).

¥ G is called strongly connected directed graph if for any pair of discrete vertices there
exists a directed path.

¥ (G,A) is called a strongly connected weighted directed graph if and only if the
weighted matrix A is irreducible.
—a; i#]
w SI=T

¥ The Laplacian matrix L= [llj] of (G,A) is defined as [, = Za

k#i

Proposition 2 (Kirchhoff’s matrix tree theorem). Assume n>2 and let ¢, be the

1

cofactor of [, in L. Then ¢; = Z w(7),i=12,....,n where T, is the set of all spanning trees

7eT;

7 of weighted directed graph (G, A) which makes tree at vertex i and w(7) is the weight
of 7. If the weighted graph (G, A) is strongly connected then ¢, >0 for 1<i<n.

Theorem 3. Let ¢; be as given in the Kirchhoff’s matrix tree theorem. If a; >0 and

d*(j)=1 for some i, then ca; =chajk )
k=1

Theorem 4. Let ¢; be as given in the Kirchhoff’s matrix tree theorem. If a; >0 and

d™(i)=1 for some i, j then c.a, =Y c,ay, .
k=1

Theorem 5. Suppose that the following assumptions are satisfied:
(1) There exists function V,:U —[],G, :U —[ and constants a; 20 such that for every

1<i<n,V,'<Y G,(z) for zeU.

J=1

(2) For Az[al.j], each directed cycle C of (G,A) has z G,(z)<0 for zeU,

(s,r)eg(C) "

where £(C) denotes the arc set of the directed cycle C.

Then, the function V(z) =ZciVi (z), with constant ¢, >0 as given in the proposition of
i=1

Kirchhoff’s matrix tree theorem, satisfies V'<0 then V is a Lyapunov function for the
system. First, we will discuss about the global stability for the equilibrium point

o _[mtu BS—u(n+p) n(BS-p(n+p) o
s T Snrn) T du(n+u)

using graph theory.
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Let V, =%(P—P*+D—D*+C—C*)2V _D-D'-Dm2yv, =ic-cY

lppc > 2ppc D*’ 3pDC 2

Differentiationof V. V. V. , gives us
Ippc’ " 2ppCs " 3PDC

V/

lppc

(PP rC-C) (DD ))(u(P-P +C-C ) s (D~ D)
<2u(P-')(D-D")+ 2u(c~C")(D-D)

=a,,G,, +a,,Gy;

Vipe = B(P=P')(D-D')

=a,,G,,

Using above results and the set of three vertices, the weighted graph is created as shown in
Figure 2.

Figure 2. The weighted graph of waste paper model without scrap dealer

With a, = a,; =2u,a,, = ,a,, =1 and others a, =0.

The related weighted graph has three vertices and two cycles where each cycle
G,+G, =0 and G,,+G,;, +G, =0. Then, as assumptions taken in theorem 5, there

3
exists ¢;,1<i <3 such that V,,. = Zc. is Lyapunov function. Using theorem 3,
i=1

lViPDC

d’ (3) =1=c,a,; =4,

Now, taking ¢, =k and putting the values of a,;, and a,, we get

Also, d*(2)=1= ¢, =c,a, +¢,a,,
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+2u)k
=39 :—('B #)
2u
Therefore,

3

Vepe zcz iPDC
i=1

- CIVIPDC + CZV?PDC + C3V3PDC
+2u)k

_(B+24) Vo sk, s 2y
2u PDC PDC n ree

where ¢ is an arbitrary constant.

This verifies that E,,,. is the only invariant set in int(A), where V;,. =0. Hence, E,,,. is

globally asymptotically stable in int(A).

Next, we will deliberate the global stability for the equilibrium point

E

b

. ( oY L+ ym+un+ufBYy —pY +y+u Y—§05Y/1 ,3Y77+7"7+/”7j

Fpes SY B oo dary B

i h th ' V =P P*1P V. =D D*lD
using  grap theory. Consider, ppes =L~ nP*, 2pes =P~ nE,
V, :C—C*lng,m = S*

2PDCS C PDCS

Differentiate V, ,

, P,
Vienes = (1—?jP
P
=(1 > |(B- SPD +¥S — uP)
P P S P .
=8| 1-—— |((P'D' =PD)+yS" | 1-—— || 1-= |+ u| 1-—|(P =P
o e R O O B
. . (P-PY
:—§P*D*(l—£](l— PD j+yS*(l—£j( S*j+,u—
P P'D P S P
S, P S
<yS' | 1-— :
<[5 )1-3)

=a,G,

and we get,

)
P*
?j(§PD —SPD—¥S" +yS+ uP" — yuP)
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and V,

4pDC.

Similarly, differentiating V, V.

PDCS > " 3PDCS s’ we get

7 D* 7
VZPDCS = (1 N Ej D

- (1—%](5PD —nD - 6aDS — uD)

_sp'p[1-2 (1— i)D*j—nD* I (1— D*j—éaD*S* I (1—D*—S*j
D P'D D D D D'S

D D
<6P'D 1—2 1- I;)D*

D P D
=a,,G,,

= a;,Gy,
’ S* 7
Virocs :(1_?)9
S*
=(1—Fj(5aDS+,BCS—7/S—ﬂS)
—saD's’|1-5- (1— lfs*j+,8c*s* -5 (1— (fs*j—ys* -5 (1— S*j
S D'S S C'S S S
S, S S
—uS | 1= 1-
[ 1-5)1-5)
<sap’s’|1-2 (1—D*—{j+ﬁc*s* - (1—%)
S D'S S C's

=a,G,, +a,G,,
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Using above results and the set of four vertices, the weighted graph is created as shown in
Figure 3.

Figure 3. The weighted graph of waste paper model

with a,, = ¥S",a, =0P' D ,a,, =nD",a,, = 6aD'S ,a,;= fC'S" and others a, =0.
The related weighted graph has three vertices and two cycles where each cycle

G,+G, +G,=0 and G, +G,, +G,, +G,; =0. Then, as assumptions taken in theorem 35,

is Lyapunov function. Using theorem

4
there exists ¢;,1<i<4 such that V,,., = ZCl.VipDcs
i=1

3,
d’ (1) =1=c,a, =¢aq,

Now, taking ¢, =t and putting the values of a,, and a,,, we get

tyS”
c2 = P
OP D
Also, d*(4)=1= ca,, =c,a, +c,a,
saD'S" + BC’S
and
d* (3) =1=c,a,,=ca,
saD'S" + BC'S
P
(6aD’S™ + BC’S™)nD

Therefore,
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4
Vines = Zcivippcs

= clVlPDcs + CZVZPDCS + C3V3PDCS + C4V4PDCS
* x %2 *
tyS tByC'S tyS

PDCS  §p*DT  *PDCS (5&’D S +,3C S )UD PDCS  SoyD’S +,3C S+ APDCS

where ¢ is an arbitrary constant.

This confirms that Ej,. is the only invariant set in int(A), where V;,. =0. Hence,

E

P

*

hes 18 globally asymptotically stable in int(A) .

Theorem 6. The positive equilibrium points

PDC —

I _(77+,u BS — pu(n+p) 1(BS—pu(n+p)) Oj
§  Sn+u) T qun+u)

and

E

PDCS —

. (oY u+m+un+uBY Y +y+u X =oaY u— pYn+m+ un
SY B . ooy B

of the waste water recycling model are globally asymptotically stable in int(A).

4 Sensitivity Analyses

In this section, we will confer about the sensitivity for each parameter used to formulate
waste paper recycling model shown in Table 2.

The normalised sensitivity index of the parameters is calculated by using the following
%-ﬁ where « is the model parameter.

Ja R,

The rate at which distributor buys paper, the rate at which distributor gives paper to scrap
dealers and the rate at which customer gives paper to scrap dealers have positive impact on
R, which means they are factors which help us to recycle more waste paper. And others

formula: Y% =

have negative effect for the waste paper recycling model and we should not increase them.

Table 2. Sensitivity analysis

Parameter | Value
+

+
+

VIRIRK[XV (IO
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5 Numerical Simulations

In the current section, some numerical simulation has been done using the parametric
values given in the Table 1.

180

160 T —
140 Paper Industry |
EJ_ Distributar
T 120 Custarmer 1
= Scrap Dealer
s 100
=
- B0f ]
=
-
& B0r J
=
o
40+ B
20+ 4
0
=3 53

Time
Figure 4. Transmission of waste paper recycling model

Figure 4 depicts that initially paper industry supplies to distributors and which gets
maximum at 2 weeks. After buying it from the distributor, the customer runs away with the
sticks in almost 6 weeks. When the used papers from the distributor, paper industry and
customer increases pile up for scrap dealer and this result recycling of paper again to the
paper industry.

Figure 5-7 shows the effect of recycling of waste paper due to scarp dealers. From all
figures we can state that as the rate increases the recycling of waste paper is also increases.
Which also mean that all the rates mentioned in following three figures have helpful
influence on the model?

180

160 E

140+ J

120 1

Recycling of waste paper due to scrap dealers

ot S 8
s — 07
ao f¢ — &08 i
5=0.9
BD 1 1 1 Il 1
0 1 2 3 4 5 B

Figure 5. Effect of the rate at which distributor buys paper on the scrap dealer
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From Figure 5, it can be determined that as the rate at which distributor buys paper (J) is

varied from 70% to 90%, the recycling of waste paper is increased from 170 to 178. This
expressed that we can recycle more waste paper by 4.70% when ¢ is increased by 20%.

200

180 B

160

1401

120

100

anl =002

Recycling of waste paper due to scrap dealers

o~=0.03
B0 1 1 1 I 1
o 1 2 3 4 a &

Figure 6. Effect of the rate at which distributor gives paper to scrap dealers on the scrap dealer

From Figure 6 as the rate at which distributor gives paper to scrap dealers (Ot) is varied

from 1% to 3%, the recycling of waste paper is increased from 164 to 189. This shows that
when & is increased by 2% there will be an increment of 15.24% in the recycled waste

paper.

Recycling of waste paper due to scrap dealers

=09

B0 1 1 1 I 1
i]

Figure 7. Effect of the rate at which customer gives paper to scrap dealers on the scrap dealer

In Figure 7, the rate at which customer gives paper to scrap dealers ( B ) is varied from

70% to 90% then the recycling of waste paper is increased from 188 to 189. It indicates
that as 20% g is increased only 1% more waste paper is recycled.

Hence, from above three figures it can be concluded that & is more effective factor than &
and S in the recycling of waste paper which directs that distributors should have better
awareness than customer and they should not waste leftover paper inappropriately. In fact,
they should give as much as waste paper to scrap dealers.
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6 Conclusions

In the proposed paper, a mathematical model of the waste paper recycling is formulated to
examine the importance of scrap dealers in the process of waste paper recycling. Recycling
paper reduces the need for raw material, it also requires much less energy, so it could
preserve natural resources like trees, forest, water, fuel, etc. for the future and also
condenses greenhouse gases. For that we all need to show our interest in recycling to make
it successful. We need to take our time and save the paper products so that it can be
recycled. We can minimize our use of paper, too. We can use electronic storage rather than
paper storage. If we really need to buy paper, we just could buy a recycled one. Also, we
can go digital for the further step in a right direction to protect the environment.

In the section 2, we have found the basic reproduction numbers for all the equilibrium
points. From that it can be determined that when only paper industry exists and when
distributor doesn’t exist, the system will not physically stable. Also, we can conclude that if
scrap dealers are not there, the paper recycling increases only by 64.56% but with the
existence of scrap dealers, paper recycling will be increased by 73.46%. So, scrap dealers
are noteworthy for the waste paper recycling.
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Abstract - The major purpose of this article is to publicize soft B-separations axioms in soft quad topological
spaces. We talk over and focus our attention on soft f-separation axioms in soft quad topological spaces with
respect to ordinary points and soft points. Moreover study the inherited characteristics at different respects with
respect to ordinary points and soft points. Some of their “principal properties in soft quad topological spaces are
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1 Introduction

In actual life situation the complexity in economics, engineering, social sciences, medical
science etc. we cannot attractively use the outdated classical methods because of different
kinds of uncertainties existing in these problems. To finish out these complexity, some types
of theories were put forwarded like theory of Fuzzy set, intuitionistic fuzzy set, rough set and
bi polar fuzzy sets, inwhich we can safely use mathematical methods for dealing with
uncertainties. But, all these theories have their inherent worries. To bury these difficulties in
the year 1999, Russian scholar Molodtsov [4] introduced the idea of soft set as a new
mathematical methods to deal with uncertainties. Which is free from the above difficulties?
Kelly [5] studied bi-topological spaces and discussed different results. Tapi et al. [53]
beautifully discussed separation axioms in quad topological spaces . Hameed and Abid [54]
discussed separation axioms in Tri-topological spaces .
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Recently, in 2011, Shabir and Naz [7]opened the idea of soft topological space and discussed
different results with respect to ordinary points. They beautifully defined soft topology as a
collection of T of soft sets over X. they also defined the basic idea of soft topological spaces
such as open set and closed soft sets, soft nbd of a point, soft separation axioms, soft
regular and soft normal spaces and published their several performances. Soft separation
axioms are also discussed at detail. Aktas and Cagman [9] discussed Soft sets and soft
groups. Chen [10] discovered the parameterization reduction of soft sets and its applications.
Feng et al. [11]. Studied Soft semi rings and its applications. In the recent years, many
interesting applications of soft sets theory and soft topology have been discussed at great
depth [12,13,14,,15,16,17,18,19,20,21,22]. Kandil at al. [25] explained Soft connectedness
via soft ideal developed soft set theory. Kandil et al. [27] launched Soft regularity and
normality based on semi open soft sets and soft ideals.

In [28,29,30,31,32,33,34,35,36] discussion is launched soft semi hausdorff spaces via soft
ideals, semi open and semi closed sets, separation axioms ,decomposition of some type supra
soft sets and soft continuity are discussed. Hussain and Ahmad [51] defined soft points,
soft separation axioms in soft topological spaces with respect to soft points and used it in
different results, Kandil et al. [52] studied Soft semi separation axioms and some types of
soft functions and their characteristics.

In this present paper, concept of soft [-separation axioms in Soft quad topological spaces is
introduced with respect to ordinary and soft points.

Many mathematicians threw light on soft separation axioms in soft topological spaces at
full length with respect to soft open set, soft b-open set, soft semi-open, soft a-open set
and soft [-open set. They also worked over the hereditary properties of different soft
topological structures in soft topology. In this present article bridge is built over the gap that
exists in soft quad-topology related to soft S qT,, soft fqT;, soft  [qT,, soft fqT; and
soft fqT, structures. Some propositions in soft quid topological spaces are discussed with
respect to ordinary points and soft points. When we talk about distances between the points
in soft topology then the concept of soft separation axioms is automatically taking birth.
That is why these structures are catching our attentions. It is hoped that these results will be
the driving force for the future study on soft quad topological spaces to achieve general
framework for the practical applications and to solve the most complicated problems
containing doubts in economics, engineering, medical, environment and in general mechanic
systems of various varieties. In future these beautiful soft topological structures may be
extended to soft n-topological spaces provided n is even.

2. Preliminaries

The following Definition s which are pre-requisites for present study

Definition 1 [4]. Let X be an initial universe of discourse and E be a set of parameters. Let
P(X) denotes the power set of X and A be a non-empty sub-set of E. A pair (F, A) is called
a soft set over U, where F is a mapping given by F: A — P(X)

In other words, a set over X is a parameterized family of sub set of universe of discourse X .
For e € A, F(e) may be considered as the set of e-approximate elements of the soft set (F, A)
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and if e € A then F(e) = ¢ that is F;_{F(e):e € ACS E,F:A - P(X)} the family of all
these soft sets over X denoted by SS(X)4

Definition 2 [4]. LetF, Gz € SS(X)g then F,,is asoft subset of G, denoted by F, € Gj, if

1.A € B and
2.F(e) € G(e),VEA

In this case Fj is said to be a soft subset of Ggp and Gp is said to be a soft super set
Fy,Gg 2 F4

Definition 3 [6]. Two soft subsets F, and Gz over a common universe of discourse set X are
said to be equal if F, is a soft subset of Gy and Gg is a soft subset of F,

Definition 4 [6]. The complement of soft subset (F,A) denoted by (F,A)¢ is defined by
(F,A)¢ = (F¢, A)F¢ - P(X) is a mapping given by F¢(e) = U — F(e)Ve € A and F€ is
called the soft complement function of F. Clearly (F¢)¢ is the same as F and
((F,A))° = (F,A)

Definition 5 [7]. The difference between two soft subset (G, E) and (G, E) over common of
universe discourse X denoted by (F, E)\(G, E) is defined as F(e)\G(e) foralle € E

Definition 6 [7]. Let(G, E) be a soft set over X and x € X We say that x € (F,E) and read
as x belong to the soft set(F,E) whenever x € F(e)Ve € EThe soft set (F,E) over X

such that F(e) = {x},Ve € E is called singleton soft point and denoted by x, or (x, E)

Definition 7 [6]. A soft set (F,A) over X is said to be Null soft set denoted by @ or @ 4if
Ve€ A F(e)=0

Definition 8 [6]. A soft set (F,A) over X is said to be an absolute soft denoted by A or X, if
Ve€e€e A F(e)=X

Clearly, we have, X§ = @, and 04 = X,

Definition 9 [51]. The soft point e is said to be in the soft set(G,A) , denoted by ep €
(G, A) if for the elemente € A, F(e) S G(e).

Definition 10 [44]. Two soft sets (G,A),(H,A) in SS(X), are said to be soft disjoint,
written (G,A) N (H,A) =@, If G(e) N H(e) = @ forall e € A.

Definition 11 [51]. The soft point e;, ey in X, are disjoint, written e; # ey if their
corresponding soft sets (G, A) and (H, A) are disjoint.

Definition 12 [6]. The union of two soft sets (F,A) and (G,B) over the common universe
of discourse X is the soft set (H,C), where, C = AUB,Ve € C

F(e) ife €EA—B
G(e) ife e(B—A)

HE) =1 re)G(e),  ifecAnB
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Written as (F,A) U (G,B) = (H,C)

Definition 13 [6]. The intersection (H.C) of two soft sets(F,A) and (G, B)over common
universe X, denoted (F, A) N (G, B) is defined as

C=ANnBandH(e) =F(e)NG(e),Ve € C

Definition 14 [2]. Let (F,E) be a soft set over X and Y be a non-empty sub set of X. Then
the sub soft set of (F,E)over Y denoted by (Ys, E), is defined as follow Yz =Y N
F(a),VE E in other words

(Ye,E) =Y N (F,E).

Definition 16 [3]. Let tbe the collection of soft sets over X then 7 is said to be a soft

topology onX if

1. 0, Xet

2. The union of any number of soft sets in Tbelongs to T
3. The intersection of any two soft sets in 7 belong to t

The triplet (X, 7, E) is called a soft topological space.

Definition 17 [1]. Let (X, F, E) be a soft topological space over X, then the member of 7 are
said to be soft open sets in X.

Definition 18 [1]. Let (X,1,E) be a soft topological space over X. A soft set (F,A) over X
is said to be a soft closed set in X if its relative complement (F, E)¢ belong to 7.

Definition 20 [51]. Let (X,7,E) be a soft topological space and (F,E) S SS(X), then
(F,E) is called B-open soft set if ((F,E) < Cl(int(CL(F,E))). The set of all B-open soft
set is denoted by SBO(X, 1, E) or SBO(X) and the set of all B-closed soft set is denoted
by SBC(X, 7, E) or SBC(X).

Proposition 1. Let (X, 7, E) be a soft topological space over X.If (X, 1, E) is soft BT;-space,
then for all x € X, xp = (x, E) is B-closed soft set.

Proposition 2. Let (Y, 7y E) be a soft sub space of a soft topological space (X,7,E) and

(F,E) € S5(X) then

1. If (F,E) is soft BopensetinY andY € 7, then (F,E) €1

2. (F,E) is soft B open soft setinY if and only if (F,E) =Y n (G, E) for some (G,E) € .

3. (F,E) is soft B closed soft set in Y if and only if (F,E) =Y n (H,E) for some
(H,E)ist soft pclosed.

4. Soft B-Separation Axioms in Soft Quad Topological Spaces

In this section we inaugurated soft [ separation axioms in soft quad topological space with
respect to ordinary points and discussed some results with respect to these points in detail.
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Definition 27. Let (X,7,,E),(X,7,,E),(X,75,E) and (X,74,E) be four different soft
topologies on X. Then (X, T4, T,, T3, T4, E) is called a soft quad topological space. The soft
four topologies (X, 74, E), (X, 75, E), (X, 73, E) and (X, 74, E) are independently satisfying the
axioms of soft topology. The members oft; are called tsoft open set. And complement
oft;Soft open set is called 74 soft closed set. Similarly, the member of t, are called 7, soft
open sets and the complement of 7, soft open sets are called 7, soft closed set. The members
of 73 are called 73 soft open set. And complement of 73 Soft open set is called 73 soft
closed set and the members of 7, are called 74 soft open set. And complement of 7, Soft
open set is called 7,4 soft closed set.

Definition 28. Let (X, 14,7, T3, T4, E) be a soft quad topological space over X and Y be a
non-empty subset of X. Then 7T,y ={(Ys, E):(F,E) €11}ty ={(Y; E):(G,E) €
) LT3y = {(Yy, E): (H,E) € 1)} and 74y = {(Ig, E): (I,E) € 1,)} are said to be the relative
topological on Y. Then (Y, T;y, Tyy, T3y, Tay, E) is called relative soft quad-topological space
of (X,74,T,, T3, T4, E).

Let (X,74,7,,735,T4,E) be a soft quad topological space over X, where
(X,14,E),(X,75,E),(X,75,E) and (X, 1,4, E) be four different soft topologies on X. Then a
sub set (F, E)is said to be quad-open (in short hand g-open) if (F,E) S 7, U T, U 73 U 7, and
its complement is said to be soft g-closed.

4.1 Soft p-Separation Axioms of Soft Quad Topological Spaces with Respect to
Ordinary Points.

In this section inauguration of soft [ separation axioms in soft quad topological space with
respect to ordinary points is launched and discussed some eye-catching results with respect to
these points in detail.

Definition 29. Let (X, 1,,7,, T3, T4, E) be a soft quad topological space over X and x,y € X
such that x # y. If we can find soft qg-open sets (F,E) and (G,E) such that x € (F,E)
andy ¢ (F,E) or y € (G,E) and x & (G,E) then (X,74,T,, T3, T4, E) is called soft  qT,
space.

Definition 30. Let (X, 74, T,, T3, T4, E)be a soft quad topological space over X and x,y € X
such that x # y If we can find two soft g-open sets (F,E) and (G,E) such that x €
(F,E) and y &€ (F,E) and y € (G,E) and x ¢ (G,E) then (X, 7, 7T,, T3, T4, E) is called soft
qT; space.

Definition 31. Let (X, 14,7, T3, T4, E) be a soft quad topological space over X and x,y € X
such that x # y. If we can find two g- open soft sets such that x € (F,E) and y € (G,E)
moreover (F,E) N (G,E) = ¢. Then (X, 14, T,, T3, T4, E)is called a soft T, space.

Definition 32. Let (X, 7, T,, T3, T4, E) be a soft topological space (G,E) be g-closed soft
set in X and x € X, such that x € (G, E). If there occurs soft g-open sets (F;,E) and
(F,,E) such that x € (F,E), (G E)< (F,,E) and (FL,E) N (F,,E) = @. Then
(X, 14,T,, T3, T4, E) is called soft g-regular spaces . A soft g-regular qT; Space is called soft
qTsspace.
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Then (X, 74,7y, T3, Ty, E)is called a soft q-regular spaces . A soft q-regular T; Space is
called soft qTsspace.

Definition 33. (X, 14,7, T3, T4, E) be a soft quad topological space (Fy,E), (G,E) be closed
soft sets in X such that (F,E) N (G,E) = ¢ If there exists g- open soft sets (F;,E) and
(F,,E) such that (F,E)< (F,E),(G,E) € (F,,E) and (F;,E) N (F,E) =¢. Then
(X, 14,7y, T3, T4, E) is called a g-soft normal space. A soft g-normal qT; Space is called soft
qT, Space.

Definition 34. Let (X, 7,A) be a soft Topological space over X and e;, ey € X4 such that
e; #+ ey if there can happen at least one soft semi open set (F;,A) or (F,, A) such that
ec € (F1,A), ey & (F,A) or ey € (F,,A),ec & ((F,,A) then (X,Tq,T,, T3, T4, E) is called a
soft qT, space.

Definition 35.Let (X, 74, T,, T3, T4, E)be a soft Topological spaces over X and eg, ey € X4
such that e; # ey if there can happen soft g-open sets (F;,A) and (F,, A) such that e; €
(F,A), ey & (F,A) and ey € (F,,A),eq & ((F,,A) then (X,14,T,, T3, T4, E) is called soft
qT, space.

Definition 36. Let (X, 74,75, 73,74, E) be a soft Topological space over X and eg, ey € X4
such that e; # ey if there can happen soft g-open sets (F;,A)and (F,, A) such that e; €
(F,A), and ey € (F,,A), (F,A) N (F,,A) = ¢,. Then (X,7,,T,, T3, T4, E) is called soft
qT, space

Definition 37. Let (X, 74, T,, T3, T4, E) be a soft topological space (G,E) be g-closed soft
set in X and e; € X, such thate; € (G,E). If there occurs soft q-open sets (Fi,E) and
(F,,E) such that e; € (F,E),(G,E) S (F,E) and (F,E) N (F,,E) = ¢. Then
(X, 14,7y, T3, T4, E) is called soft g-regular spaces . A soft g- regular gT; Space is called soft
qTsspace.

Definition 38. In a soft quad topological space (X, Tq, Ty, T3, T4, E)

1) T U T,is said to be soft ST, space with respect to 73 U 7, if for each pair of points
X,y € X such that x # y there exists 7; U 7, soft B-open set (F,E) and a T3 U 74 soft B-open
set (G,E) such that x € (F,E) and y € (G,E) or y € (G,E) and x ¢ (G,E). Similarly,
T3 U 1,4is said to be soft ST, space with respect to 7; U 7, if for each pair of points x,y €
Xsuch that x # y there exists 73 U T450ft popen set(F,E) and t, U T,s0ft B open set (G, E)
such that x € (F,E) and y € (F,E) or y € (G,E) and x & (G,E). Soft quad topological
spaces (X,T1,T,, T3, T4, E) is said to be pair wise soft BT, space if T, U 7, is soft BT, space
with respect to 73 U 7, and to 73 U 7,4 and is soft fT,space with respect tot; U T,.

2)t,1 U T, is said to be soft [T; space with respect to 73 U T, if for each pair of points
X,y € Xsuch that x # y there exists 7, U T, soft f open set (F,E) and to 73 U 7, soft [
open set (G,E) such that x € (F,E) and y €& (G,E) and y € (G,E) and x & (G,E).
Similarly, 75 U 7,4is said to be soft ST; space with respect to T, U 7, if for each pair of
distinct points x,y € X such that x # y there exists 73 U 7, soft  open set (F,E) and a to
T, U T, soft P open set (G,E) such that x € (F,E) and y & (F,E) and y € (G,E) and
x & (G,E) . Soft quad topological spaces (X,T1,7T2,T3,T4, E) 1s said to be pair wise soft
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PBT; space if T, U 1, is soft BT, spacewith respect to T3 U 14and to 73 U T,is soft [Tspace
with respect to 74 U 7.

3)t1 U T,is said to be soft ST, space with respect to t; U1, if for each pair of points
X,Y € X such that x # y there exists a 7; U 7, soft P open set (F,E) and a 73 U 74 soft 3
open set (G,E) such that x € (F,E) and y € (G,E) , (F,E) N (G,E) = ¢. Similarly, 73 U
T41s said to be soft [T,space with respect to t; U 1, if for each pair of points x,y € X such
that x # ythere exists a T3 U 1450ft f open set (F,E) and a 7, U 1y50ft f open set (G,E)
such that x € (F,E) ,y € (G,E) and (F,E) N (G,E) = ¢. The soft quad topological space
(X, 11,72, T3, T4, E) is said to be pair wise soft ST, space if 7; U T, is soft BT, space with
respect to T3 U 74 and 13 U T4 is soft ST, space with respect tot; U T,.

Definition 39. In a soft quad topological space (X, T4, T2, T3, T4, E)

1) T, U 7,is said to be soft STs space with respect to a 73 U 7,4if 74 U T, is soft BT; space
with respect to 73 U1, and for each pair of points x,y € X such that x # y there exists
T, U T, Soft B closed set (G,E) such that x € (G,E), at, U 7,s0ft [ open set (Fj, E) and
T3 U T, soft B open set (F,, E) such that x € (Fy,E), (G,E) € (F,, E)and(F,,E) N (F,,E) =
@. Similarly, 73 U 7,is said to be soft [T; space with respect to 7; U T, if 73 U T, is soft
BT, space with respect to T; U 7, and for each pair of points x,y € X such that x # y there
exists a T3 Ut, soft [ closed set (G,E) such that x € (G,E), 13U 1, soft P open set
(F,E) andty Ut, soft P open set (F,,E) such that x € (F,E),(G,E) S (F,,E) and
(FLE)N(F,E) = ¢. (X, 14,72, T3, T4, E)is said to be pair wise soft BT; space if 7, U T, is
soft ST; space with respect to 73 U 7, and 73 U 74is soft T3 space with respect tot; U T5.

2) 74 U 1,is said to be soft ST, space with respect to 73 U 74if 7 U T, is soft ST; space
with respect to 73 U 7, , there exists a 7; U, soft P closed set (Fy,E) and 73 U 7, soft B
closed set (F,, E) such that (F;,E) N (F,, E) = @. Also there exists (F5, E) and (G4, E) such
that (F3,E) is soft 74 Ut, P open set, (Gq,E) is soft 13 U7T, P open set such that
(F,E) € (F5,E), (F,E) < (Gy,E). Similarly,t5 U 7,is said to be soft BT, space with
respect to T, U T, if T3 U, is soft BT; space with respect tor; U T,, there exists 73 U 7,
soft B closed set (F;, E) and T, U T, soft P closed set (F,, E) such that (F;,E) N (F,,E) =
¢. Also there exist(F;, E) and (G4, E) such that (F3, E) is soft T3 U T, P open set, (G1,E) is
soft 7, U T, B open set such that (F;,E) € (F3,E), (F,,E) € (G4, E) and (F5,E) N (G4, E) =
¢. Thus, (X, 14,72, E) is said to be pair wise soft ST, space if T, U 7,is soft ST, space
with respect tot; U 74 and 73 U 74 is soft ST, space with respect tot; U T,.

Proposition 3. Let (X,7,,7,, 73,74, E) be a soft quad topological space over X. Then, if
(X, 11,72, FE) and (X, 73,74, E) are soft [T; space then (X, 74,7, T3, T4, E) is a pair wise soft
BT, space.

Proof: Suppose (X, 74, 7,, E)is a soft BT; space with respect to (X, T3, 74, E) then according
to definition for x, y € X, which distinct, by using Proposition 1, (Y, E) is soft P closed set
int3 U1, and x & (Y, E) there exists a T; U 7, soft P open set (F,E) and a 73 U 7, soft B
open set (G, E) such that x € (F,E),y € (Y,E) € (G,E) and (F;,E) n (F,,E) = ¢. Hence
T, U, is soft ST, space with respect tors U T,. Similarly, if (X, 73,74, E) is a soft fT;
space with respect to (X, 74, T, E) then according to definition for x,y € X,x # y , by using
Theorem 2, (x, E) is P closed soft set in 7, U 7,and y & (x, E) there exists a T3 U 7, soft [
open set (F,E) and a 7, U T, soft P open set (G,E) such that y € (F,E) , x € (x,E) S
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(G,E) and (F,E)n (F, E) =¢ .Hence 15U 14is soft ST,space. This implies that
(X, 11,72, T3, T4, E) is a pair wise soft ST, space.

Proposition 4. Let (X,74,75,73,74,E) be a soft quad topological space over X. if
(X, 71,72, E) and (X, 73,74, E) are soft [T; space then (X, 7,7, T3, T4, E) is a pair wise soft
B T; space.

Proof: Suppose (X, 14,7, E) is a soft [T; space with respect to (X, T3, T4, E) then according
to definition for x,y € X,x # y there exists a (X, 74,7, E) soft P open set (F,E) and a
(X, 13,74, E) soft B open set (G,E) such that x € (F,E) and y & (F,E) or y € (G,E) and
x € (G,E) and for each point x € X and each (X, 74,7, E) P closed soft set (G4, E) such that
x € (G1,E) there exists a (X, 14, 7,, E) soft B open set (F;,E) and (X, T3, 74, E) soft B open
set (F,,E) such that x € (F,E), (G, E) € (F,,E) and (F,E) N (F,, E) = ¢. Similarly,
to (X,13,74, E) is a soft BT; space with respect to (X, 74, T,, E). So according to definition
forx,y € X,x # y there exists a (X, T3, T4, E) soft B open set (F,E) and a (X, 74,75, E) soft
B open set (G,E) suchthat x € (F,E) and y € (F,E) or y € (G,E) and x € (G, E) and for
each point x € X and each (X, 73,74, E) B closed soft set (G4, E) such that x € (G4, E) there
exists (X, T3, T4, E) soft B open set (F;, E)and (X, 74,7, E) soft B open set (F,, E) such that
x € (F,E),(G1,E) € (F,,E) and (Fy,E) N (F,,E) = ¢. Hence (X,7q,7,, T3, T4, E) is pair
wise soft [T5 space.

Proposition 5. If (X, 14, T,, 73,74, E) be a soft quad topological space over X. if(X, 74,75, E)
and (X, 73, T4, E)are soft ST, space then (X, 71, T2, T3, T4, E) is pair wise soft ST, space.

Proof: Suppose (X, 14,75, E)is soft ST, space with respect to (X, 73,74, E). So according to
definition for x,y € X,x # y there exist a (X,7,7,,E) soft Popen set (F,E) and
a (X, 73,74, E) soft Bopenset (G,E) suchthatx € (F,E)and y & (F,E) or y € (G,E) and
x € (G,E) each (X, 74,75, E) soft B closed set (Fj,E) and a (X, 13,74, E) soft B closed set
(F,, E) such that (F;,E) N (F,,E) = ¢. There exist (F3,E) and (G4, E) such that (F3,E) is
soft (X,73,74,E) and soft B open set (G, E) is soft (X, 74,75, E) B open set (F;,E) S
(F5,E),(F,,E) € (G1,E) and (F5,E) N (G, E) = ¢. Similarly, (X, 73,74, E)is soft BT,
space with respect to (X,74,75,E) is so according to definition for x,y € X,x # y there
exists a (X, 73,74, F) soft semi open set (F,E) and a (X, 71y, T, E)soft B open set (G, E)
such that x € (F,E) and y & (F,E) or y€(GE) and x & (G,E) and for each
(X, 73,74, E)soft B closed set (Fy, E) and (X, 74,75, E) soft B closed set (F,, E) such that
(F1,E) N (F,, E) = ¢.there exists soft B open sets (Fs, E) and (G4, E) such that (F3,E) is
soft (X, 73,74, E) B open set (Gy,E) is soft (X,74,7,, E) P open set such that (F;,E) S
(F3,E), (F,,E) € (G1,E) and (F5,E) N (G, E) = ¢. Hence (X, T4, Ty, T3, T4, E)is pair wise
soft ST, space.

Proposition 6. Let (X, 14,7, 73,74, E) be a soft quad topological space over X and Y be a
non-empty subset of X. if (X, Tyy, Ty, T3y, T4y, E) is pair wise soft fT; space. Then
(Y, T1y, T2y, T3y, Tay, E)is pair wise soft ST; space.

Proof: First we prove that (X, 1y, Tay, T3y, Tay, E) 1s pair wise soft [T, space. Let x,y €
X,x =y if (X,7q,73,73,T4, E)is pair wise space then this implies that (X, 7,75, T3, T4, E)is
pair wise soft space. So there exists (X, 74, 7,, E) soft B open (F,E) and (X, 73,14, E) soft
B open set (G,E) such that x € (F,E) and y & (F,E) or y € (G,E) and x & (G,E) now
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x€Yandx & (G,E). Hence x €Y N (F,E) = (Yg,E) then y € Y N (a) for some a € E.
this means that « € E theny € Y N F(«a) for some a € E.

Therefore,y € Y N (F,E) = (Ys,E). Now y € Yandy € (G,E). Hence y€Y N (G,E) =
(Gy,E) where (G,E) € (X,73,74,E). Consider x & (G,E) this means that a € E then
x€YNG(a) for some a€E. There fore x&YN(GE)=(Gy,E) thus
(Y, T4y, T2y, T3y, T4y, E)is pair wise soft ST space.

Now we prove that (Y,tTqy,Toy, T3y, Tay, E) 1s pair wise soft T3 space then
(Y, T1y, Toy, T3y, T4y, E)is pair wise soft 3 regular space.

Let y €Y and (G,E) be a soft P closed set in Y such that y & (G,E) where (G,E) €
(X,74,75,73,7T4,E) then (G,E)=(Y,E)Nn(F,E) for some soft B closed set
in(X, T1y, Tay, T3y, Tay, E). Hence y € (Y,E)N (F,E) but y € (Y,E) ,soy & (F,E) since
(X, 71,72, T3, T4, E)is soft BT; space (X,7q,7,, T3, Ty, E) is soft P regular space so there
exists (X, 74,75, E)soft P open set (Fy,E) and (X, T3, T4, E) soft B open set (F,, E') such that
y € (FllE)l (G,E) c (FZIE)’ (Fle)(FZfE) = ¢

Take (G1,E) = (Y,E) N (F,,E) then (Gy,E), (G, E) are soft 3 open setin Y such that
y € (G, E), (G, E) < (Y,E) N (F, E) = (Gy, E)

(GLE)N (G, E) € (FLE) N (Fp,E) = ¢

(Gll E) n (GZIE) = ¢

There fore 71y U T,yis soft P regular space with respect totzy U T4y. Similarly, Let y € Y and
(G,E) be asoft B closed sub setin Y such thaty & (G, E) , where (G,E) € (X, T3, T4, E) then
(G,E) =(Y,E)N (F,E) where (F,E) is some soft [ closed set in(X, 73,74, E). y €&
(Y,E)n(F,E) But y€ (Y,E)soy & (F,E) since (X,74,T,, E) is soft [ regular space so
there exists (X, T3, T4, E)soft P open set (Fi, E) and (X, 74,7y, E) soft B open set (F,, E).
Such that

y € (Fl,E), (G,E) c (FZIE)

(FliE) n (FZJE) = ¢

Take (G, E) = (Y,E) N (FLE)
(Gll E) = (Y'E) N (FllE)

Then (G4, E) and (G, E) are soft B open set in Y such that

y € (Gl,E), (G,E) c (Y,E) N (FZJE) = (GZJE)
(GllE) N (GZIE) c (FllE) N (FZIE) = ¢

There for et3y U T,y is soft B regular space with respect 7,y U Toy = (Y, T1y, Tay, T3y, Tay, E)
is pair wise soft [ST; space.

Proposition 7. Let (X, 14, 7,, 73, T4, E) be a soft quad topological space over X and Y be a
soft P closed sub space of X. if (X, 74,73, 73,74, FE) is pair wise soft [T, space then
(Y, T4y, Tay, T3y, Tay, E) is pair wise soft ST, space.

Proof: Since (X,11,75,73,74, E) is pair wise soft ST, space so this implies that
(X, 11,72, T3, T4, E) is pair wise soft ST; space as proved above.
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We prove (X, 74, Ty, T3, T4, E)is pair wise soft [ normal space.

Let (G4, E), (G5, E) be soft B closed sets in Y such that
(Gll E) n (GZIE) = ¢
Then (G,,E) = (Y,E) n (F, E)
And (G5, E) = (Y,E) N (Fy, E)
For some soft B closed sets such that (F;, E) is soft B closed set in 7; UT, soft B closed
set(F,, E) in 753 U 14.
And (FL,E)N (FyE) = ¢
From Proposition 2. Since, Y is soft [ closed sub set of X then (G4, E), (G5, E) are soft 3
closed sets in X such that
(Gll E) n (GZIE) = ¢
Since (X, T4, Ty, T3, T4, E) is pair wise soft B normal space. So there exists soft 3 open sets
(Hy,E) and (H,, E) such that
(Hy, E)is soft B open set in 7; U T,and (Hy, E) is soft B open set in T3 U T4such that
(Gll E) = (Hle)
(621 E) c (HZfE)
(Hle) n (HZJE) = ¢

Since (G, E), (G,,E) < (Y,E)
Then (G, E) < (Y,E) n (Hy, E)
(G, E) € (Y,E) N (Hy, E)
And [((Y,E) n (Hy, E)IN[(Y,E) N (Hy, E)] = ¢

Where (Y,E) N (Hy,E) and (Y, E) N (Hy, E) are soft P open sets in Y there fore T,y U T,y is
soft B normal space with respect totsy U T,y. Similarly, let (G,, E), (G, E) be soft B closed
sub set in Y such that

(GliE) n (GZJE) = ¢
Then (G,E) = (Y,E)n (F,E)
And (G, E) = (Y,E) n (F,, E)
For some soft P closed sets such that (F;, E) is soft Pclosed set in 73 U t,and (F,, E) soft B
closed set in 7, U 7,and

(FliE)(FZJE) = ¢
From Proposition 2. Since, Y is soft B closed sub set in X then (G4, E), (G,, E) are soft B
closed sets in X such that

(Gll E) n (GZIE) = ¢
Since (X, 14,75, 71,7y, E) is pair wise soft [ normal space so there exists soft [ open sets
(H{,E) and (H,, E)
Such that (Hy, E) is soft P open set is 73 U 7, and (H,, E) is soft B open set in 7; U T, such
that

(Gll E) c (Hle)

(GZJE) c (HZ'E)

(Hle) N (HZJE) = ¢

Since (G, E), (G,,E) < (Y,E)
Then (G, E) < (Y,E) n (Hy, E)
(GZJE) c (Y,E) N (HZ'E)
And [(Y,E) n (Hy, E)IN[(Y,E) N (Hy, E)] = ¢

Where (Y,E) N (Hy,E) and (Y, E) N (Hy, E) are soft B open sets in Y there fore T3y U T,y is
soft  normal space with respect tot;y U T,y
= (Y, 11y, T2y, T3y, T4y E)is pair wise soft ST, space.
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4.2 Soft B-Separation Axioms in Soft Quad Topological Spaces with Respect to Soft
Points.

In this section, we brought out soft topological structures known as [} separation axioms in
soft quad topology with respect to soft points. With the applications of this soft [} separation
axioms different result are brought under examination.

Definition 40. In a soft quad topological space (X, T4, T, T1,T2, E)

1) T, U T, said to be soft ST, space with respect to T3 U 7,4if for each pair of distinct points
e, ey € X there happens 7; U T, soft P open set (F,E) and a 73 U 7450ft [ open set (G, E)
such that e; € (F,E) and ey € (G,E) , Similarly, 73 U 7,4is said to be soft ST, space with
respect to T, U T,if for each pair of distinct points e;, ey € X there happens 73 U T450ft
Popen set(F,E) and a T, U 7, soft open set (G, E) such that e; € (F,E) and ey & (F,E) or
ey € (G,E) and e; € (G,E).Soft quad topological spaces (X,Tq,T,,Tq,To, E)is said to be
pair wise soft BT, space if T, U T, is soft [T, space with respect to 73 U 74 andt3 U 7, is
soft BT, spaces with respect tot; U T,.

2) 11 U 1,is said to be soft [T; space with respect to 73 U 7,4 if for each pair of distinct
points e;, ey € Xthere happens at; U 1,50ft f open set (F.E)and 13 U 74 soft 3 open set
(G,E) such that e; € (F,E) and ey ¢ (G,E) and ey € (G,E) and e € (G, E).Similarly,
T3 U 7,4is said to be soft ST; space with respect to 7; U T, if for each pair of distinct points
e, ey € X there exist a 73 U 7480ft B open set (F,E) and a 7; U T, soft B open set (G,E)
such that e; € (F,E) andey € (G,E) and ey € (G,E) and e; € (G,E). Soft quad
topological space(X,tq,T,, T1, T, E)is said to be pair wise soft ST, space if 7, U T, is soft
BT, space with respect to T3 U T, andt; U T,4is soft ST, spaces with respect tot; U 5.

3) 1, U1, is said to be soft ST, space with respect tot; U 7, , if for each pair of distinct
points e, ey € Xthere happens a 7; U 7, soft [ open set (F,E) and a 73 U 74 soft B open
set (G,E) such that e; € (F,E) and ey € (G,E) and ey € (G,E) and e; € (G,E) and
(F,E) N (G,E) = ¢. Similarly, T35 U 7,is aid to besoft ST, space with respect to T, U 7, if for
each pair of distinct pointseg, e; € Xythere happens a 73 U t4s50ft fopen set (F,E) and a
71 U T,50ft Popen set (G, E) such that e; € (F,E) and e; € (G,E) and (F,E) N (G,E) = ¢.
The soft quad topological space (X, 74,75, T1, Ty, E)is said to be pair wise soft ST, space if
T, U 15 is soft ST, space with respect to 73 U 7, and 73 U 74 is soft BT, space with respect
tot; U 7.

Definition 41. In a soft quad topological space (X, 71,7, 71,73, FE)

1) T, U T, is said to be soft fT; space with respect to 73 U 1, if 74 U T, is soft ST, space
with respect to 73 U 7, and for each pair of distinct pointse;, ey € X, , there exists a 74 U T,

B closed soft set (G, E) such thate; & (G,E), T, U 7,s0ft P open set (Fj, E) and 73 U 7,4 soft
B open set (F, E) such that e; € (F,E),(G,E) € (F,,E) and (F,E) N (F, E) = 0.
Similarly, T3 U 74is said to be soft fT; space with respect to 7; U T, if 73 U 74 is soft BTy
space with respect to 7; U 7, and for each pair of distinct points eg;, ey € X, there exists a
T3 U T, soft B closed set (G,E) such that e; € (G,E), t3 U T4s0ft B open set (F;, E) amd
T, UT,soft B open set (F, E) such that e; € (Fy,E),(G,E) € (F,,E) and (F;,E)N
(F,,E) = ¢. (X,14,T,, 741, Ty, E)is said to be pair wise soft ST5 space if 7, U T is soft ST
space with respect to T3 U T, and 73 U 74 is  soft ST5 space with respect tot; U 7,.



Journal of New Theory 22 (2018) 22-38 33

2) 14 U 1,is said to be soft [T, space with respectto 73 U 7, if 7; U T, is soft ST; space
with respect to 73 U 74, there exists a 7, U 7, soft P closed set (F;,E) and 73 U, soft B
closed set (F,, E) such that (F;,E) N (F,, E) = @ ,also, there exists (F3, E) and (G, E) such
that (F5,E) is soft 7; U T, Popen set, (Gy,E) is soft 75 U 7, Popen set such that (F;,E) €
(F3,E), (F,,E) € (Gy,E). Similarly, T3 U T,is said to be soft BT, space with respect to
T, Uty if T3 U1, is soft BT; space with respect tot; U T,there exists T3 U 74 soft B closed
set (F;,E) and 7, U 7, soft P closed set (F,, E) such that (F;,E) N (F,,E) = ¢ . Also there
exists (F3, E) and (G4, E) such that (F3, F) is soft 73 U T, [ open set, (G4, E) is soft 7; U T,
B soft set such that (F;,E) € (F5,E), (F,,E) € (G, E) and (F5,E) N (G, E) = ¢. Thus,
(X, 11,72, 71, Ty, E) is said to be pair wise soft ST, space if T, U1, is soft 8 T, space with
respect to T3 U 74and 73 U 74 is soft ST, space with respect to 7, U T,.

Proposition 8. Let(X,74,7,,73,74,E) be a soft topological space over
X. (X,711,72,73,T4, E) is soft ST; space, then for all e; € Xge; = (eg, E) is soft P-closed
set.

Proof: We want to prove that egis Pclosed soft set, which is sufficient to prove that eg is
Bopen soft set for all ey € {e;}¢. Since (X, 74,7y, T3, T4, E)is soft fT; space, then there
exists soft B sets( F,E),, and (G, E) such that ey, S (F,E),, and e, N (F,E),, = ¢
and eg, < (G,E) and ey, N (G,E) = ¢. It follows that, UeHE(ec;)C(F,E)eHQe(;%NOW’ we want
to prove that egr SUeyeceq)c (F) E)ey- Let Ugpee) (F) E)ey, = (H,E). Where H(e) =
UeHE(eG)C(F(e)eror all e € E. Since egy(e) = (eg)for all e € E from Definition 9, so, for

all ey € {ec}° and e € Eegp(e) = {eg}® =Veye(er)c {en} =Ueye(eq)°F(e)ey=H(e)- 1NUS,
€6y SVeye(eq)s (F) E)ey from Definition 2, and so, egr =Ue,e(eq)c (F) E)ey-

This means that, e, is soft B open set for all ey € {eg}. Therefore, e .is Bclosed soft set.

Proposition 9. Let (X,71,7,73,74,E) be a soft quad topological space over X. Then, if
(X,71,72,E) and (X, 73,74, E) are soft fT3 space, then (X, 71, T, 73,74, E) is a pair wise soft
BT, space.

Proof: Suppose if (X,74,7,,E) is a soft BTz space with respect to (X, 73,74, E), then
according to definition for, e; # ey es, ey € X,, by using Theorem 8, (ey, E) is soft B
closed set in (X, 73,74, E) and e; € (ey, E) there exist a (X, 74,7, E)soft B open set (F,E)
and a (X, 13, T4, E) soft B open set (G,E) such that e; € (F,E), ey € (y,E) € (G,E) and
(F,E) n (F,,E) = ¢. Hence, (X,14,T,, E)is soft BT, space with respect to (X, 73, T4, E)
Similarly, if (X, 73,74, E)is a soft BT; space with respect to (X, 74, Ty, E), then according to
definition for , e; # ey eg, ey € X, by using Theorem 8, (eg, E) is B closed soft set in
(X,71,79,E)is and y & (x,E) there exists a (X, 73,74, E)soft P open set (F,E) and a
(X, 74,72, E)soft B open set (G,E) suchthatey € (F,E), e; € (x,E) € (G,E) and (F;,E) N
(Fy,E) = ¢. Hence, (X, 13,74, E)is a soft BT, space. Thus (X, 71,7, 73,74, E)is a pair wise
soft BT, space.

Proposition 10. Let (X,7,,7,73,74,E)be a soft quad topological space over X. If
if (X, 74,72, F) and (X, 73,74, E) are soft BTz space then (X, 7,7, 73,74, E) is a pair wise
soft ST; space.
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Proof: Suppose (X, 14,75, E)is a soft BT5 space with respect to (X, T3, T4, E) then according
to definition for eg, ey € Xye; # ey there happens 7, U 75s0ft B open set (F,E) and a
T3 U 14s0ft B open set (G, E) such that e; € (F,E) and ey € (F,E) or ey € (G,E) and
ec & (G,E) and for each point e; € X and each 7, U 7, PBclosed soft set (G4, E) such that
ec & (G4, E) there happens a 7; U 7,s0ft P open set (F,E) and t3 U 74s0ft P open set
(F,,E) such that e; € (Fi,E), (G, E) € (F,,E) and (F,E) N (F,E) =¢. Similarly
(X,13,74,E)is a soft BT; space with respect to (X,7y,E). So according to definition
fore;, ey € Xy, e # ey there exists a 73 U 74s50ft B open set (F,E) and 7; U 7, soft [ open
set (G,E) such that ey € (F,E) and ey € (F,E) or ey € (G,E) and e; € (G,E) and for
each point e; € X, and each 73 U t,Bclosed soft set (G, E) such that e; & (G1,E) there
exists T3 U T, soft B open set (F;,E) and 7, U T,s0ft B open set (F,, E) such that e; €
(FL,E),(G,E) € (F,E) and (F,E) N (F, E) = ¢. Hence (X, 74,7, 73,74, E)is pair wise
soft ST3 space.

Proposition 11. If (X, 7,7, 73,74, E) be a soft quad topological space over X. (X, 7q,7,, E)
and (X, 73, 74, E) are soft ST, space then (X, 71, 7, T3, T4, E)is pair wise soft ST, space.

Proof: Suppose ((X, 14, 7,, E)) is soft BT, space with respect to(X, T3, 74, E). So according to
definition for eg;, ey € X4, e; # ey there happens a t; U 7,s0ft [ open set (F,E) and a
T3 U 14s0ft B open set (G, E) such thate; € (F,E) and ey & (F,E) or ey € (G,E) and
ec & (G,FE) each 4 U t,s0ft [ closed set (Fy, E) and a 73 U t4s0ft [ closed set (F,, E) such
that (F;,E) N (F,, E) = ¢. There occurs (F3, E) and (G, E) such that (F3,E) is soft 753U
4B open set (G,E) is  soft a 7, UT,B open set (F,,E) € (F5,E),(F,,E) € (G4, E)
and(F5,E) N (G, E) = ¢. Similarly, 73 U, is soft BT, space with respect to 7; U 7,50
according to definition for e, ey € X4, e; # eythere happens a 73 U t450ft B open set (F, E)
and a 74 U T,s0ft B open set (G, E) such that e; € (F,E) and ey & (F,E) or ey € (G,E)
and e; € (G,E) and for each 75 U 74s0ft P closed set (Fy, E) and 7, U T,s0ft [ closed set
(F,, E) such that (F;,E) N (F,, E) = ¢. there occurs (F3,E) and (G4, E) such that (F3,E) is
soft 3UTt, P open set (G, E) is soft T, Ut, Popen set such that
(FL,E) € (F5,E),(F,,E) € (G1,E) and (F5,E) N (G, E) = ¢ hence (X,74,7,73,74,E) is
pair wise soft ST, space.

Proposition 12. Let (X, 74,7, 73,74, E) be a soft quad topological space over X and Y be a
non-empty subset of X. if (Y, 71y, Tay, T3y, Tay, E) is pair wise soft [T; space. Then
(Y, T1y, T2y, T3y, Tay, E) is pair wise soft ST5 space.

Proof: First we prove that (Y, T1y, Tay, T3y, T4y, E)is pair wise soft [T, space.

Let eg, ey € X, €6 # eyif (X, 71,7273, T4, E) is pair wise soft space then this implies that
(X, 71,7273, T4, E)is pair wise soft 7; U T,space. So there exists 7; U Tpsoft [} open set
(G,E) such that e; € (F,E) and ey € (F,E) or ey € (G,E) and e; € (G,E) nowe; €
Yand e; & (G,E). Hence e; €Y N (F,E) = (Y5, E) then ey € Y N F(a) for some a € E.
this means that o« € E then ey € Y N F(a) for some a € E.

There fore,ey € Y N (F,E) = (Y5, E). Now ey €Y and ey € (G,E).Hence, ey €Y N
(G,E) = (Gy,E) where (G,E) € 13 UT,. Consider x € (G,E). this means that « € E then
x¢€YNG(a) for some oa€E. There fore e; &Y N(GE)=(Gy,E) thus
(Y, t1y, T2y, T3y, T4y, E) is pair wise soft ST, space.
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Now, we prove that (Y, Ty, Tay, T3y, Tay, E) is pair wise soft ST5 space.

Let ey € Y and (G, E) be soft B closed set in Y such that ey € (G, E) where (G,E) € T, U T,
then (G,E) = (Y,E) n (F,E) for some soft [ closed set in 7, U T,hence ey & (Y,E) N
(F,E) but ey € (Y,E), so ey & (F,E) since (X,71,7T,73,7T4,E) is soft T3 space
(X yT1, 1273, T4 E ) is soft B regular space so there happens 7; U T,s0ft [ open set (Fy, E) and
T3 U T, soft B open set (F,, E) such that ey € (F,,E), (G, E) € (F,,E), (F,,E)(F,,E) = ¢

Take (G1,E) = (Y,E) N (F,,E) then (Gy,E), (G,, E) are soft B open sets in Y such that
ey € (G,E),(G,E) < (Y,E) N (Fy,E) = (G, E)

(GllE) n (GZIE) c (FllE) n (FZIE) = ¢

(GliE) n (GZJE) = ¢

Therefore, (t1y,Ty)is soft B regular space with respect to (T3y, T4y)Similarly, Let ey €
Y and (G,E) be a soft P closed sub set in Y such that ey & (G, E), Where (G,E) € 13U T,
then (G,E) = (Y,E) N (F,E) where (F,E) is some soft [ closed set intT3 UT,. ey &
(Y,E)n (F,E)Butey € (Y,E) so ey & (F,E) since (X, 11,12,13,14,E) is soft B regular
space so there happens 73 U 74 soft P open set (F;, E) and 74 U 7, soft P open set (Fy, E).
Such that
ey € (F,E),(G,E) < (Fy,E)
(FllE) n (FZIE) = ¢
Take (G1,E) = (Y,E)n (F,E)

(Gll E) = (Y'E) n (FllE)
Then (G4, E)and (G,, E) are soft B open setin Y such that

ey € (G1,E), (G, E) € (Y,E) N (F,,E) = (Gy,E)

(G, E) N (G, E) < (Fy, E) N (Fp, E) = ¢
Therefore(t3y, T4y )is soft P regular space.

4. Conclusion

A soft set with single specific topological structure is unable to shoulder up the responsibility
to construct the whole theory. So to make the theory healthy, some additional structures on
soft set has to be introduced. It makes, it more springy to develop the soft topological spaces
with its infinite applications. In this regard we introduce strong topological structure known
as soft quad topological structure in this paper.

Topology is the supreme branch of pure mathematics which deals with mathematical
structures. Freshly, many scholars have studied the soft set theory which is coined by
Molodtsov [4] and carefully applied to many difficulties which contain uncertainties in our
social life. Shabir and Naz [7] familiarized and deeply studied the origin of soft topological
spaces. They also studied topological structures and exhibited their several properties with
respect to ordinary points.

In the present work, we constantly study the behavior of soft semi separation axioms in soft
quad topological spaces with respect to soft points as well as ordinary points of a soft
topological space. We introduce soft 3 qT, structure, soft PqT; structure, soft [pqT,
structure, Soft BqT; and soft PqT, structure with respect to soft and ordinary points. In
future we will plant these structures in different results. More over defined soft BT structure
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w.r.t. soft PT;structure and vice versa, soft PT;structure w.r.t soft BT,structure and vice
versa and soft BTzspace w.r.t soft BT, and vice versa with respect to ordinary and soft points
in soft quad topological spaces and studied their activities in different results with respect to
ordinary and soft points . We also planted these axioms to different results. These soft semi
separation axioms in quad structure would be valuable for the development of the theory of
soft topology to solve complicated problems, comprising doubts in economics, engineering,
medical etc. We also attractively discussed some soft transmissible properties with respect to
ordinary as well as soft points. We expect that these results in this article will do help the
researchers for strengthening the toolbox of soft topological structures. In the forthcoming,
we spread the idea of soft o- open, and soft b**open sets in soft quad topological structure
with respect to ordinary and soft points.
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and proved some results. Further, we discuss the relation between partial constant hesitant fuzzy
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1 Introduction and Preliminaries

Among many algebraic structures, algebras of logic form important class of alge-
bras. Examples of these are BCK-algebras [5], BCl-algebras [6], BCH-algebras [3],
KU-algebras [15], SU-algebras [12], UP-algebras [4] and others. They are strongly
connected with logic. For example, BCl-algebras introduced by Iséki [6] in 1966
have connections with BCI-logic being the BCI-system in combinatory logic which
has application in the language of functional programming. BCK and BCl-algebras
are two classes of logical algebras. They were introduced by Imai and Iséki [5, 6] in
1966 and have been extensively investigated by many researchers. It is known that
the class of BCK-algebras is a proper subclass of the class of BCI-algebras.

A fuzzy subset f of a set S is a function from S to a closed interval [0, 1]. The
concept of a fuzzy subset of a set was first considered by Zadeh [21] in 1965. The
fuzzy set theories developed by Zadeh and others have found many applications in
the domain of mathematics and elsewhere.

In 2009 - 2010, Torra and Narukawa [20, 19] introduced the notion of hesitant
fuzzy sets, that is a function from a reference set to a power set of the unit interval.
The notion of hesitant fuzzy sets is the other generalization of the notion fuzzy sets.

* Corresponding Author.
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The hesitant fuzzy set theories developed by Torra and others have found many
applications in the domain of mathematics and elsewhere.

After the introduction of the notion of hesitant fuzzy sets by Torra and Narukawa
[20, 19], several researches were conducted on the generalizations of the notion of hes-
itant fuzzy sets and application to many logical algebras such as: In 2012, Rodriguez
et al. [16] introduced the notion of hesitant fuzzy linguistic term sets and several
basic properties and operations to carry out the processes of computing with words.
Zhu et al. [22] introduced the notion of dual hesitant fuzzy sets, which is a new
extension of fuzzy sets. In 2014, Jun et al. [8] introduced the notions of hesitant
fuzzy soft subalgebras and (closed) hesitant fuzzy soft ideals in BCK/BCl-algebras,
and investigated related properties. Jun and Song [10] introduced the notions of
(Boolean, prime, ultra, good) hesitant fuzzy filters and hesitant fuzzy MV-filters of
MTL-algebras, and investigated their relations. In 2015, Ali et al. [1] introduced the
notions of hesitant fuzzy products, characteristic hesitant fuzzy sets, hesitant fuzzy
AG-groupoids, hesitant fuzzy left (resp. right, twosided) ideals, hesitant fuzzy bi-
ideals, hesitant fuzzy interior ideals and hesitant fuzzy quasi-ideals on AG-groupoids,
and investigated several properties. They also characterized regular, completely reg-
ular, weakly regular and quasi-regular AG-groupoids in term of hesitant fuzzy ideals.
Jun and Song [11] introduced the notions of hesitant fuzzy prefilters (resp. filters)
and positive implicative hesitant fuzzy prefilters (resp. filters) of EQ-algebras, and
investigated several properties. Jun et al. [9] introduced the notions of hesitant fuzzy
(generalized) bi-ideals, and investigated related properties. In 2016, Jun and Ahn
[7] introduced the notions of hesitant fuzzy subalgebras and hesitant fuzzy ideals
of BCK/BCl-algebras, and investigated their relations and properties. Muhiuddin
[14] introduced the notion of hesitant fuzzy filters of residuated lattices. In 2017,
Mosrijai et al. [13] introduced the notion of hesitant fuzzy sets which is a new exten-
sion of fuzzy sets on UP-algebras and the notions of hesitant fuzzy UP-subalgebras,
hesitant fuzzy UP-filters, hesitant fuzzy UP-ideals and hesitant fuzzy strongly UP-
ideals of UP-algebras and investigated some of its essential properties. Satirad et
al. [17] characterized the relationships among (prime, weakly prime) hesitant fuzzy
UP-subalgebras (resp. hesitant fuzzy UP-filters, hesitant fuzzy UP-ideals and hes-
itant fuzzy strongly UP-ideals) and some level subsets of a hesitant fuzzy set on
UP-algebras.

The notions of hesitant fuzzy subalgebras, hesitant fuzzy filters and hesitant
fuzzy ideals play an important role in studying the many logical algebras. In this
paper, partial constant hesitant fuzzy sets are introduced and proved some results.
Further, we discuss the relation between partial constant hesitant fuzzy sets and
UP-subalgebras (resp. UP-filters, UP-ideals and strongly UP-ideals), and study the
concept of prime and weakly prime of subsets and of hesitant fuzzy sets of a UP-
algebra.

Before we begin our study, we will introduce the definition of a UP-algebra.

Definition 1.1. [4] An algebra A = (A,-,0) of type (2,0) is called a UP-algebra,
where A is a nonempty set, - is a binary operation on A, and 0 is a fixed element of
A (i.e., a nullary operation) if it satisfies the following axioms: for any z,y, z € A,

(UP-1) (y-2)-((z-y)-(z-2)) =0,
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(UP-2) 0.2 =z,
(UP-3) z-0=0, and
(UP-4) z-y=y- -2z =0 implies z = y.

From [4], we know that the notion of UP-algebras is a generalization of KU-
algebras.

Example 1.2. [4] Let X be a universal set. Define a binary operation - on the
power set of X by putting A- B=A'"NB for all A, B € P(X). Then (P(X),-,0) is
a UP-algebra and we shall call it the power UP-algebra of type 1.

Example 1.3. [4] Let X be a universal set. Define a binary operation % on the
power set of X by putting Ax B = A"U B for all A, B € P(X). Then (P(X), %, X)
is a UP-algebra and we shall call it the power UP-algebra of type 2.

Example 1.4. [4] Let A = {0,1,2,3} be a set with a binary operation - defined by
the following Cayley table:

10 1 2 3
0(0 1 2 3
110 0 0 0O
2(0 1 0 3
3101 20

Then (A, -,0) is a UP-algebra.

In what follows, let A and B denote UP-algebras unless otherwise specified. The
following proposition is very important for the study of UP-algebras.

Proposition 1.5. [4] In a UP-algebra A, the following properties hold: for any
x,y,z2 € A,

1) z-x =0,

2

8

cy=0and y-z=0imply z-2 =0,

3 y = 0 implies (z-x) - (z-y) =0,

8

5

8

(y-x) =0,

6) (y-x)-x=0if and only if x =y - z, and

(
(2)
(3)
(4) -y =0 1implies (y-2) - (x-2) =0,
(5)
(6)
(7) z-(y-y)=0.

Definition 1.6. [4] A subset S of A is called a UP-subalgebra of A if the constant
0of Aisin S, and (S, -,0) itself forms a UP-algebra.

Proposition 1.7. [4] A nonempty subset S of a UP-algebra A = (A4,-,0) is a UP-
subalgebra of A if and only if S is closed under the - multiplication on A.
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Definition 1.8. [4] A subset B of A is called a UP-ideal of A if it satisfies the
following properties:

(1) the constant 0 of A is in B, and
(2) for any z,y,z € Ajz-(y-2) € Band y € B imply z -z € B.

Definition 1.9. [18] A subset F' of A is called a UP-filter of A if it satisfies the
following properties:

(1) the constant 0 of A is in F, and
(2) for any z,y € A,z -y € Fand z € F imply y € F.

Definition 1.10. [2] A subset C' of A is called a strongly UP-ideal of A if it satisfies
the following properties:

(1) the constant 0 of A is in C, and
(2) for any z,y,z € A, (2-y)-(2-2) € C and y € C imply x € C.

From [2], we know that the notion of fuzzy UP-subalgebras is a generalization of
fuzzy UP-filters, the notion of fuzzy UP-filters is a generalization of fuzzy UP-ideals,
and the notion of fuzzy UP-ideals is a generalization of fuzzy strongly UP-ideals.

Definition 1.11. [18] A nonempty subset B of A is called a prime subset of A if it
satisfies the following property: for any z,y € A,

x-y € Bimpliesx € Bor y € B.

Definition 1.12. [18] A UP-subalgebra (resp. UP-filter, UP-ideal, strongly UP-
ideal) B of A is called a prime UP-subalgebra (resp. prime UP-filter, prime UP-ideal,
prime strongly UP-ideal) of A if B is a prime subset of A.

Theorem 1.13. [2] Let S be a subset of A. Then the following statements are
equivalent:

(1) S is a prime UP-subalgebra (resp. prime UP-filter, prime UP-ideal, prime
strongly UP-ideal) of A,

(2) S=A, and
(3) S is a strongly UP-ideal of A.

Definition 1.14. [2] A nonempty subset B of A is called a weakly prime subset of
A if it satisfies the following property: for any =,y € A and = # v,

x -y € Bimplies z € B or y € B.

Definition 1.15. [2] A UP-subalgebra (resp. UP-filter, UP-ideal, strongly UP-ideal)
B of A is called a weakly prime UP-subalgebra (resp. weakly prime UP-filter, weakly

prime UP-ideal, weakly prime strongly UP-ideal) of A if B is a weakly prime subset
of A.
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Definition 1.16. [19] Let X be a reference set. A hesitant fuzzy set on X is defined
in term of a function h that when applied to X return a subset of [0, 1], that is,
h: X — P([0,1]).

If Y C X, the characteristic hesitant fuzzy set hy on X is a function of X into
P([0,1]) defined as follows:

[0,1] ifz e,
hy(x):{w ifxegy.

By the definition of characteristic hesitant fuzzy sets, hy is a function of X into
{0,[0,1]} € P([0,1]). Hence, hy is a hesitant fuzzy set on X.

IfY C X and € € P([0, 1]), the partial constant hesitant fuzzy set Py, on X is a
function of X into P([0,1]) defined as follows:

[ ]0,1] ifzxeY,
Pye(r) = { e ifrdY

By the definition of partial constant hesitant fuzzy sets, Py, is a function of X
into {e,[0,1]} C P([0,1]). Hence, Py, is a hesitant fuzzy set on X. We note that
Py = hy.

Definition 1.17. [13] Let h be a hesitant fuzzy set on A. The hesitant fuzzy set h

defined by h(z) = [0,1] — h(x) for all z € A is said to be the complement of h on A.

Remark 1.18. For all hesitant fuzzy set h on A, we have h = h.

Definition 1.19. [13] A hesitant fuzzy set h on A is called a hesitant fuzzy UP-
subalgebra (HFUPS) of A if it satisfies the following property: for any x,y € A,

h(z -y) 2 h(z) Nh(y).

By Proposition 1.5 (1), we have h(0) = h(z - z) D h(z) Nh(z) = h(x) for all
r € A

Definition 1.20. [13] A hesitant fuzzy set h on A is called a hesitant fuzzy UP-filter
(HFUPF) of A if it satisfies the following properties: for any x,y € A,

(1) h(0) 2 h(x), and
(2) h(y) 2 h(z -y) Nh(z).

Definition 1.21. [13] A hesitant fuzzy set h on A is called a hesitant fuzzy UP-ideal
(HFUPT) of A if it satisfies the following properties: for any z,y,z € A,

(1) h(0) 2 h(x), and
(2) h(z-2) D hz- (y-2) Nh(y)

Definition 1.22. [13] A hesitant fuzzy set h on A is called a hesitant fuzzy strongly
UP-ideal (HFSUPS) of A if it satisfies the following properties: for any z,y,z € A,

(1) h(0) 2 h(x), and
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(2) h(z) 2 h((z-y) - (z-2)) Nh(y).

From [13], we know that the notion of hesitant fuzzy UP-ideals of UP-algebras is
the generalization of the notion of hesitant fuzzy strongly UP-ideals, the notion of
hesitant fuzzy UP-filters of UP-algebras is the generalization of the notion of hesitant
fuzzy UP-ideals, and the notion of hesitant fuzzy UP-subalgebras of UP-algebras is
the generalization of the notion of hesitant fuzzy UP-filters.

2 Main Results

In this section, we discuss the relation between partial constant hesitant fuzzy sets
and UP-subalgebras (resp. UP-filters, UP-ideals and strongly UP-ideals), and study
the concept of prime and weakly prime of subsets and of hesitant fuzzy sets of a
UP-algebra.

Theorem 2.1. Let S be a nonempty subset of A. Then the following statements
hold:

(1) if S is a UP-subalgebra of A, then the partial constant hesitant fuzzy set Pg.
is a hesitant fuzzy UP-subalgebra of A for all € € P([0,1]), and

(2) if there exists ¢ € P([0,1]) such that the partial constant hesitant fuzzy set
Ps. is a hesitant fuzzy UP-subalgebra of A, then S is a UP-subalgebra of A.

Proof. (1) Assume that S is a UP-subalgebra of A. For any ¢ € P([0,1]) and let
x,y € A.

Case 1: v € Sand y € S. Then Pg.(z) = [0,1] and Pg.(y) = [0,1]. Thus
Ps.(z) N PSE(y) = [0, 1]. Since S is a UP-subalgebra of A, we have z -y € S and so
Pgc(x -y) = [0,1]. Therefore, Pg.(z-y) =10,1] D [0,1] = Ps.(z) N Pg.(y).

Case 2: x € S and y ¢ S. Then Pg.(x) = [0,1] and Pg.(y) =
Ps.(z)NPg.(y ) =c. lfx-ye S, then Pg (x-y) =[0,1] and so Pg.(z-y)
e=Pg(x)NPsc(y). If x-y &S, then Pg.(x-y) =cand so Pg.(x-y) =¢c D¢
Ps.(z) N Pg.(y). Therefore, Ps,s(a: y) 2 Ps(x) NPgsc(y).

Case 3: x ¢ S and y € S. Then Pg.(x) = ¢ and Pg.(y) = [0,1]. Thus
Psc(x)NPs.(y) =e. Ifz-y € S, then Pg.(xz-y) =[0,1] and so Pg.(z-y) =[0,1] D
e=Pg (x)NPs.(y). f x-y ¢S, then Pg.(v-y) =candso Pg.(x-y) =cDe=
Ps.(z) N Ps.(y). Therefore, Pg.(z-y) 2 Ps.(z) N Pg.(y).

Case 4: x ¢ S and y ¢ S. Then Pg.(x) = € and Pg.(y) = . Thus Ps.(z) N
Ps.(y) =e. Ilfz-y €S, then Pg.(z-y) = [0,1] and so Pg.(z-y) =[0,1] D e =
Ps.(z) N Pg.(y). f x-y ¢ S, then Pg (v -y) = ¢ and so Pg.(x-y) =¢ D e =
Ps.(z) N Pg.(y). Therefore, hg(z - y) 2 he(z) Nhg(y).

Hence, Pg, is a hesitant fuzzy UP-subalgebra of A.

(2) Assume that Pg. is a hesitant fuzzy UP-subalgebra of A for some € € P([0, 1]).
Let z,y € S. Then Pg.(x) =[0,1] and Pg.(y) = [0,1]. Thus Ps.(z-y) 2 Ps.(z)N
Ps-(y) =10,1], so Ps.(z-y) = [0, 1]. Since € # [0, 1], we have = -y € S. Hence, S is
a UP-subalgebra of A. O

Lemma 2.2. Let B be a nonempty subset of A. Then the following statements
hold:
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(1) if the constant 0 of A is in B, then Pp.(0) D Pp.(x) for all € € P([0,1]) and
for all x € A, and

(2) if there exists ¢ € P([0,1]) and € # [0,1] such that P5.(0) D Pp.(z) for all
x € A, then the constant 0 of A is in B.

Proof. (1) If 0 € B, then Py .(0) = [0,1] for all e € P([0,1]). Thus P .(0) =[0,1] 2
Pp.(x) for all € € P([0, 1]) and for all z € A.

(2) Assume that there exists ¢ € P([0,1]) and ¢ # [0, 1] such that Pg.(0) D
Pp.(x) for all x € A. Since B is a nonempty subset of A, we have a € B for some
a € A. Then Py (0) D Pp.(a) =[0,1], so Pp.(0) = [0, 1]. Since ¢ # [0, 1], we have
0eB. [

Theorem 2.3. Let F' be a nonempty subset of A. Then the following statements
hold:

(1) if F'is a UP-filter of A, then the partial constant hesitant fuzzy set Pp. is a
hesitant fuzzy UP-filter of A for all ¢ € P([0, 1]), and

(2) if there exists € € P([0, 1]) and € # [0, 1] such that the partial constant hesitant
fuzzy set Pp. is a hesitant fuzzy UP-filter of A, then F'is a UP-filter of A.

Proof. (1) Assume that F is a UP-filter of A. Let ¢ € P([0,1]). Since 0 € F, it
follows from Lemma 2.2 (1) that Pr.(0) O Pp.(x) for all z € A. Next, let z,y € A.

Case 1: x € F and y € F. Then Pp.(z) = [0,1] and Pp.(y) = [0, 1]. Therefore,
Pr:(y) =[0,1] 2 Ppe(z - y) = Pre(z) N Pre(z - y).

Case 2: x ¢ F and y € F. Then Pp.(z) = ¢ and Ppr.(y) = [0,1]. Thus
Pre(y) =10,1] 2 e = Ppe(z) NPre(z - y).

Case 3: v € F and y ¢ F. Then Pp.(z) = [0,1] and Pp.(y) = €. Since F is
a UP-filter of A, we have x -y ¢ Forxz ¢ F. But x € F, so -y ¢ F. Then
Prp.(x-y)=¢c. Thus Pp.(y) = D e =Pp.(z) NPr(z-y).

Case 4: © ¢ F andy ¢ F. Then Pp.(x) = ¢ and Pp.(y) = ¢. Thus Pr.(y) =
e De=Pp.(x)NPp.(x-y).
Hence, P, is a hesitant fuzzy UP-filter of A.

(2) Assume that Pp. is a hesitant fuzzy UP-filter of A for some ¢ € P([0,1]) and
e #[0,1]. Since Pr.(0) D Pp(x) for all x € A, it follows from Lemma 2.2 (2) that
0 € F. Next, let x,y € A be such that x-y € F'and x € F. Then Pp.(z-y) = [0, 1]
and Pp. () = [0,1]. Thus Pp.(y) D Pr.(x) NPr.(z-y) =0,1], so Pr.(y) = [0, 1].
Since ¢ # [0, 1], we have y € F' and so F is a UP-filter of A. ]

Theorem 2.4. Let B be a nonempty subset of A. Then the following statements
hold:

(1) if B is a UP-ideal of A, then the partial constant hesitant fuzzy set Pg. is a
hesitant fuzzy UP-ideal of A for all e € P([0, 1]), and

(2) if there exists € € P([0, 1]) and € # [0, 1] such that the partial constant hesitant
fuzzy set Pp. is a hesitant fuzzy UP-ideal of A, then B is a UP-ideal of A.
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Proof. (1) Assume that B is a UP-ideal of A. Let ¢ € P([0,1]). Since 0 € B,
it follows from Lemma 2.2 (1) that Pp.(0) 2 Pp.(z) for all x € A. Next, let
x,y,z € A.

Case 1: x-(y-z) € Bandy € B. Then Pp.(z-(y-z)) = [0,1] and P .(y) = [0, 1].
Thus Pp.(x-(y-2))NPp.(y) = [0, 1]. Since B is a UP-ideal of A, we have z-z € B and
so Pp.(z-2z) =[0,1]. Therefore, Pg (x-2) =[0,1] 2 [0,1] = Pp.(z-(y-2))NPr(y).

Case 2: - (y-z) € Bandy ¢ B. Then P (v-(y-2)) =[0,1] and Pp.(y) = .
Thus Pp(2-(y-2))NPp.(y) = €. Therefore, P (x-2) D e =Pp (z-(y-2))NPp.(y).

Case 3: - (y-z2) ¢ Bandy € B. Then P (z-(y-2)) — ¢ and Pgp.(y) =[0,1].
Thus Pp (- (y-2))NPp(y) = €. Therefore, P (x-2) D e =Pp.(z-(y-2))NPp(y).

Case 4: x-(y-z) ¢ Bandy ¢ B. Then P (z-(y-2)) = and Pg.(y) = e. Thus
Pp.(z-(y-2))NPp.(y) =e. Therefore, Pp (x-2) De=Pp(x-(y-2)) NPr(y).
Hence, Pp . is a hesitant fuzzy UP-ideal of A.

(2) Assume that Pp. is a hesitant fuzzy UP-ideal of A for some ¢ € P([0,1])
and ¢ # [0, 1]. Since Pp.(0) D Pg.(z) for all = € A, it follows from Lemma 2.2 (2)
that 0 € B. Next, let x,y,2 € A be such that x - (y-z) € B and y € B. Then
Pp.(z-(y-2)) =[0,1] and P .(y) = [0,1]. Thus Pp.(z-2) 2 Pp.(x-(y-2))"Pp.(y) =
[0,1], s0 Pg.(z-2) =[0,1]. Since € # [0, 1], we have x- z € B and so B is a UP-ideal
of A. ]

"U

Theorem 2.5. Let C' be a nonempty subset of A. Then the following statements
hold:

(1) if C' is a strongly UP-ideal of A, then the partial constant hesitant fuzzy set
P is a hesitant fuzzy strongly UP-ideal of A for all ¢ € P(][0, 1]), and

(2) if there exists € € P([0, 1]) and € # [0, 1] such that the partial constant hesitant
fuzzy set P is a hesitant fuzzy strongly UP-ideal of A, then C' is a strongly
UP-ideal of A.

Proof. (1) Assume that C is a strongly UP-ideal of A. Let ¢ € P([0,1]). Since
0 € C, it follows form Lemma 2.2 (1) that P .(0) D Poo(z) for all z € A. Next, let
x,y,z € A.

Case 1: (z-y)-(z-x) € C and y € C. Then Po.((z-y) - (z-x)) = [0,1] and
Poe(y) = [0,1]. Thus Pe.((2-y) - (2-2)) NPee(y) = [0,1]. Since C' is a strongly
UP-ideal of A, we have x € C' and so Po.(z) = [0,1]. Therefore, Pe.(x) = [0,1] D
[07 1] = PC,E(( ) ( )) N PCE( )

Case 2: (z-y)-(z-z) € Cand y ¢ C. Then Po.((z-y) - (z-x)) = [0,1] and
Poe(y) = e Thus Pe((z-y) - (2-2)) N Pee(y) = €. Therefore, Po.(z) D €
Po((y) - (2 2)) N Pea(y)

Case 8: (z-y)-(2-2) ¢ C and y € C. Then P ((2-y) - (z-x)) = ¢ and
Poe(y) =10,1]. Thus Pe((z-y) - (2-2)) NPec(y) = €. Therefore, Po.(z) 2 e =
Po((z 1) () N Po.(y).

Case 4: (z-y)-(z-2) ¢ C and y ¢ C. Then Pe((z-y) - (z-x)) = ¢ and
Poe(y) = €. Thus Pe((2-y) - (2-2)) NPee(y) = €. Therefore, Po.(z) 2 ¢ =
Pe((z-9) - (- 2)) N Pos(y).

Hence, P is a hesitant fuzzy strongly UP-ideal of A.

(2) Assume that Pe. is a hesitant fuzzy strongly UP-ideal of A for some ¢ €

P([0,1]) and € # [0, 1]. Since Pc.(0) D Pe () for all x € A, it follows from Lemma
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2.2 (2) that 0 € C. Next, let z,y,2 € A be such that (z-y)-(z-x) € C and
y € C. Then Po.((z-y) - (2-2)) = [0,1] and Po.(y) = [0,1]. Thus Pe(z) 2
Pee((z-y) - (z-2)) NPee(y) = [0,1], so Peo(x) = [0,1]. Since € # [0, 1], we have
x € C and so C is a strongly UP-ideal of A. [

Definition 2.6. [13] A hesitant fuzzy set h on A is called a prime hesitant fuzzy set
on A if it satisfies the following property: for any z,y € A,

h(z -y) C h(x) Uh(y).

Theorem 2.7. Let B be a nonempty subset of A. Then the following statements
hold:

(1) if B is a prime subset of A, then the partial constant hesitant fuzzy set Pp . is
a prime hesitant fuzzy set on A for all € € P([0,1]), and

(2) if there exists € € P([0, 1]) and € # [0, 1] such that the partial constant hesitant
fuzzy set Pp. is a prime hesitant fuzzy set on A, then B is a prime subset of

A.

Proof. (1) Assume that B is a prime subset of A. For any ¢ € P([0,1]) and let
x,y € A.

Case 1: x-y € B. Then P (2-y) = [0, 1]. Since B is a prime subset of A, we have
r € Bory € B. ThenPp (z) =[0,1] or Pp.(y) =[0,1], 80 Pp.(z)UPp.(y) = [0, 1].
Therefore, Pp.(z-y) =[0,1] C[0,1] =Pp.(z) UPg.(y).

Case 2: v -y ¢ B. Then Pp (v -y) = CPp.(z) UPg.(y).

Therefore, Pp . is a prime hesitant fuzzy set on A.

(2) Assume that Pp. is a prime hesitant fuzzy set on A for some ¢ € P([0,1])
and ¢ # [0,1]. Let x,y € A be such that -y € B. Then Pp.(z-y) = [0,1],
so [0,1] = Pp.(x-y) C Pp.(z) UPp.(y). Thus Pp.(x) UPp.(y) = [0,1], so
Pp.(x) =[0,1] or Pp.(y) = [0,1]. Since € # [0,1], we have x € B or y € B and so
B is a prime subset of A. n

Definition 2.8. [13] A hesitant fuzzy UP-subalgebra (resp. hesitant fuzzy UP-filter,
hesitant fuzzy UP-ideal, hesitant fuzzy strongly UP-ideal) h of A is called a prime
hesitant fuzzy UP-subalgebra (resp. prime hesitant fuzzy UP-filter, prime hesitant
fuzzy UP-ideal, prime hesitant fuzzy strongly UP-ideal) if h is a prime hesitant fuzzy
set on A.

Definition 2.9. [13] A hesitant fuzzy set h on A is called a weakly prime hesitant
fuzzy set on A if it satisfies the following property: for any x,y € A and x # v,

h(z -y) C h(x) Uh(y).

Definition 2.10. [13] A hesitant fuzzy UP-subalgebra (resp. hesitant fuzzy UP-
filter, hesitant fuzzy UP-ideal, hesitant fuzzy strongly UP-ideal) h of A is called a
weakly prime hesitant fuzzy UP-subalgebra (resp. weakly prime hesitant fuzzy UP-
filter, weakly prime hesitant fuzzy UP-ideal, weakly prime hesitant fuzzy strongly
UP-ideal) if h is a weakly prime hesitant fuzzy set on A.
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From [13], we know that the notion of weakly prime hesitant fuzzy UP-subalgebras
(resp. weakly prime hesitant fuzzy UP-filters, weakly hesitant fuzzy UP-ideals) is a
generalization of prime hesitant fuzzy UP-subalgebras (resp. prime hesitant fuzzy
UP-filters, prime hesitant fuzzy UP-ideals), and the notions of weakly prime hesitant
fuzzy strongly UP-ideals and prime hesitant fuzzy strongly UP-ideals coincide.

Theorem 2.11. Let B be a nonempty subset of A. Then the following statements
hold:

(1) if B is a weakly prime subset of A, then the partial constant hesitant fuzzy set
Pp. is a weakly prime hesitant fuzzy set on A for all € € P([0, 1]), and

(2) if there exists € € P([0, 1]) and € # [0, 1] such that the partial constant hesitant
fuzzy set Pp. is a weakly prime hesitant fuzzy set on A, then B is a weakly
prime subset of A.

Proof. (1) Assume that B is a weakly prime subset of A and let z,y € A be such
that x # y and ¢ € P([0, 1]).

Case 1: x-y € B. Then Pp.(x-y) = [0,1]. Since B is a weakly prime subset
of A, we have © € B or y € B. Then Pgp.(z) = [0,1] or Pp.(y) = [0,1], so
Pp.(x)UPp.(y) = [0,1]. Therefore, Pp.(x-y) =[0,1] C[0,1] =Pp.(x) UPg.(y).

Case 2: x -y ¢ B. Therefore, Pp (x-y) = CPp.(z) UPg.(y).

Hence, Pp . is a weakly prime hesitant fuzzy set on A.

(2) Assume that Pp. is a weakly prime hesitant fuzzy set on A for some ¢ €
P([0,1]) and ¢ # [0,1]. Let z,y € A be such that z # y and x -y € B. Then
Pp.(xz-y) =10,1],50[0,1] = Pp(2x-y) CPp.(x)UPp.(y). Thus P (x)UPp.(y) =
[0,1], s0 Pp.(x) =[0,1] or Pp.(y) = [0,1]. Since € # [0,1], we have z € Bory € B
and so B is a weakly prime subset of A. m

Theorem 2.12. Let S be a nonempty subset of A. Then the following statements
hold:

(1) if S is a weakly prime UP-subalgebra of A, then the partial constant hesitant
fuzzy set Pg. is a weakly prime hesitant fuzzy UP-subalgebra of A for all
e € P([0,1]), and

(2) if there exists € € P([0, 1]) and e # [0, 1] such that the partial constant hesitant
fuzzy set Pg, is a weakly prime hesitant fuzzy UP-subalgebra of A, then S is
a weakly prime UP-subalgebra of A.

Proof. (1) It is straightforward by Theorem 2.1 (1) and 2.11 (1).
(2) It is straightforward by Theorem 2.1 (2) and 2.11 (2). O

Theorem 2.13. Let F' be a nonempty subset of A. Then the following statements
hold:

(1) if F is a weakly prime UP-filter of A, then the partial constant hesitant fuzzy
set Pr. is a weakly prime hesitant fuzzy UP-filter of A for all ¢ € P([0,1]),
and
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(2) if there exists e € P([0, 1]) and € # [0, 1] such that the partial constant hesitant
fuzzy set Pr. is a weakly prime hesitant fuzzy UP-filter of A, then Fis a weakly
prime UP-filter of A.

Proof. (1) It is straightforward by Theorem 2.3 (1) and 2.11 (1).
(2) It is straightforward by Theorem 2.3 (2) and 2.11 (2). O

Theorem 2.14. Let B be a nonempty subset of A. Then the following statements
hold:

(1) if B is a weakly prime UP-ideal of A, then the partial constant hesitant fuzzy
set Pp. is a weakly prime hesitant fuzzy UP-ideal of A for all € € P([0, 1]),
and

(2) if there exists € € P([0, 1]) and € # [0, 1] such that the partial constant hesitant
fuzzy set P . is a weakly prime hesitant fuzzy UP-ideal of A, then B is a weakly
prime UP-ideal of A.

Proof. (1) It is straightforward by Theorem 2.4 (1) and 2.11 (1).
(2) It is straightforward by Theorem 2.4 (2) and 2.11 (2). O

Theorem 2.15. Let C' be a nonempty subset of A. Then the following statements
hold:

(1) if C'is a weakly prime strongly UP-ideal of A, then the partial constant hesitant
fuzzy set Pc. is a weakly prime hesitant fuzzy strongly UP-ideal of A for all
e € P(]0,1]), and

(2) if there exists € € P([0, 1]) and € # [0, 1] such that the partial constant hesitant
fuzzy set Pc. is a weakly prime hesitant fuzzy strongly UP-ideal of A, then C
is a weakly prime strongly UP-ideal of A.

Proof. (1) It is straightforward by Theorem 2.5 (1) and 2.11 (1).
(2) It is straightforward by Theorem 2.5 (2) and 2.11 (2). O

Acknowledgement

This work was financially supported by the University of Phayao.

References

[1] A. Ali, M. Khan, F. G. Shi, Hesitant fuzzy ideals in Abel-Grassmann’s groupoid,
Ital. J. Pure Appl. Math. 35 (2015) 537-556.

[2] T. Guntasow, S. Sajak, A. Jomkham, A. Tampan, Fuzzy translations of a fuzzy
set in UP-algebras, J. Indones. Math. Soc. 23(2) (2017) 1-19.

3] Q. P. Hu, X. Li, On BCH-algebras, Math. Semin. Notes, Kobe Univ. 11 (1983)
313-320.



Journal of New Theory 22 (2018) 39-50 50

[4]

[5]

6]

[7]

8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]
[20]

A. Tampan, A new branch of the logical algebra: UP-algebras, J. Algebra Relat.
Top. 5(1) (2017) 35-54.

Y. Imai, K. Iséki, On azxiom system of propositional calculi, XIV, Proc. Japan
Acad. 42(1) (1966) 19-22.

K. Iséki, An algebra related with a propositional calculus, Proc. Japan Acad.
42(1) (1966) 26-29.

Y. B. Jun, S. S. Ahn, Hesitant fuzzy set theory applied to BCI/BCK-algebras,
J. Comput. Anal. Appl. 20(4) (2016) 635-646.

Y. B. Jun, S. S. Ahn, G. Muhiuddin, Hesitant fuzzy soft subalgebra and ideal in
BCI/BCK-algebras, Sci. World J. 2014 (2014) Article ID 763929, 7 pages.

Y. B. Jun, K. J. Lee, S. Z. Song, Hesitant fuzzy bi-ideals in semigroups, Com-
mun. Korean Math. Soc. 30(3) (2015) 143-154.

Y. B. Jun, S. Z. Song, Hesitant fuzzy set theory applied to filters in MTL-
algebras, Honam Math. J. 36(4) (2014) 813-830.

Y. B. Jun, S. Z. Song, Hesitant fuzzy prefilters and filters of EQ-algebras, Appl.
Math. Sci. 9(11) (2015) 515-532.

S. Keawrahun, U. Leerawat, On isomorphisms of SU-algebras, Sci. Magna 7(2)
(2011) 39-44.

P. Mosrijai, W. Kamti, A. Satirad, A. lampan, Hesitant fuzzy sets on UP-
algebras, Konuralp J. Math. 5(2) (2017) 268-280.

G. Muhiuddin, Hesitant fuzzy filters and hesitant fuzzy G-filter in residuated
lattices, J. Comput. Anal. Appl. 21(2) (2016) 394-404.

C. Prabpayak, U. Leerawat, On ideals and congruences in KU-algebras, Sci.
Magna 5(1) (2009) 54-57.

R. M. Rodriguez, L. Martinez, F. Herrera, Hesitant fuzzy linguistic term sets
for decision making, IEEE Trans. Fuzzy Syst. 20(1) (2012) 109-119.

A. Satirad, P. Mosrijai, W. Kamti, A. lampan, Level subsets of a hesitant fuzzy
set on UP-algebras, Ann. Fuzzy Math. Inform. 14(3) (2017) 279-302.

J. Somjanta, N. Thuekaew, P. Kumpeangkeaw, A. lampan, Fuzzy sets in UP-
algebras, Ann. Fuzzy Math. Inform. 12(6) (2016) 739-756.

V. Torra, Hesitant fuzzy sets, Int. J. Intell. Syst. 25 (2010) 529-539.

V. Torra, Y. Narukawa, On hesitant fuzzy sets and decision, 18th IEEE Int.
Conf. Fuzzy Syst. (2009) 1378-1382.

L. A. Zadeh, Fuzzy sets, Inf. Cont. 8 (1965) 338-353.

B. Zhu, Z. Xu, M. Xia, Dual hesitant fuzzy sets, J. Appl. Math. 2012 (2012)
Article ID 879629, 13 pages.



http://www.newtheory.org ISSN: 2149-1402

New Théory

Received: 28.12.2017 Year: 2018, Number: 22, Pages: 51-65
Published: 10.04.2018 Original Article

Expected Values of Aggregation Operators on Cubic Trapezoidal Fuzzy
Number and its Application to Multi-Criteria Decision Making Problems

Aliya Fahmi'” <aliyafahmi@gmail.com>
Saleem Abdullah? <saleemabdullah81@yahoo.com>
Fazli Amin! <fazliamin@hu.edu.pk>

!Department of Mathematics, Hazara University, Mansehra , Pakistan.
“Department of Mathematics, Abdul Wali Khan University, Mardan , Pakistan.

Abstract — In this paper, we define trapezoidal cubic fuzzy numbers and their operational laws. Started on
these operational laws, each collection operators, with trapezoidal cubic fuzzy weighted arithmetic averaging
operator and weighted geometric averaging operator are purposed. Expected values, score function, and
accuracy function of trapezoidal cubic fuzzy numbers are defined. Overcoming on these, mindful of
trapezoidal cubic fuzzy multi-criteria decision making program is proposed. A delineation illustration
example is given to exhibit the sound judgment and openness of the procedure.

Keywords — Trapezoidal cubic fuzzy number, aggregation operators, multi-criteria decision making

1 Introduction

Their get at a considerable lot of multi-criteria decision-making (MCDM) issues in
indicating sociology. Different a period past the point of no return the fuzzy set
institutionalization was offered and passed down to illuminate MCDM issues by Zadeh
[14]. Therefor in [1], Atanassov presented the concept of intuitionistic fuzzy set (IFS) and
discussed the degree of membership as well as the degree of non-membership function. Li
reachable by theories and uses of fuzzy multi-criteria decision-making [9]. Wang displayed
reading on multi-criteria decision-making drawing near with divided undoubting data [11].
There are differentiating preparing on the instrument of multi-criteria decision-making
issues, in which the measures' weight coefficients are obvious and the criteria's principles
are changed or are fuzzy numbers in [5,7,12], and here are likewise efficient readings on
multi-criteria decision making or multi-criteria group decision making in [10,13], in which
the weight sizes are tight and the standards' morals are fuzzy numbers.

“Corresponding Author.
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Cubic set appeared by Jun in [8]. Cubic sets are the speculations of fuzzy sets and
intuitionistic fuzzy sets, in which there are two portrayals, one is utilized for the degree of
membership and other is utilized for the degree of non-membership. The membership
function is hold as interim while non-membership is inside and out seen as the constant
fuzzy set.

Aliya et al., [4] defined the triangular cubic fuzzy number and operational laws. We
developed the triangular cubic fuzzy hybrid aggregation (TCFHA) administrator to total all
individual fuzzy choice structure provide by the decision makers into the aggregate cubic
fuzzy decision matrix. Aliya et al., [3] proposed the cubic TOPSIS method and cubic gray
relation analysis (GRA) method. Finally, the proposed method is used for selection in sol--
gel synthesis of titanium carbide Nano powders. Aliya et al., [2] defined weighted average
operator of triangular cubic fuzzy numbers and hamming distance of the TCFN. We
develop an MCDM method approach based on an extended VIKOR method using
triangular cubic fuzzy numbers (TCFNS) and multi-criteria decision-making (MCDM)
method using triangular cubic fuzzy numbers (TCFNs) are developed. Aliya et al., [5]
defined the generalized triangular cubic linguistic hesitant fuzzy weighted geometric
(GTCHFWG) operator, generalized triangular cubic linguistic hesitant fuzzy ordered
weighted average (GTCLHFOWA) operator, generalized triangular cubic linguistic
hesitant fuzzy ordered weighted geometric (GTCLHFOWG) operator, generalized
triangular cubic linguistic hesitant fuzzy hybrid averag-ing (GTCLHFHA) operator and
generalized triangular cubic linguistic hesitant fuzzy hybrid geometric (GTCLHFHG)
operator. Aliya et al., [6] developed Trapezoidal linguistic cubic hesitant fuzzy TOPSIS
method to solve the MCDM method based on trapezoidal linguistic cubic hesitant fuzzy
TOPSIS method.

Thus, it is very necessary to introduce a new extension of cubic set to address this issue.
The aim of this paper is to present the notion of Trapezoidal cubic fuzzy set, which extends
the cubic set to Trapezoidal cubic fuzzy environments and permits the membership of an
element to be a set of several possible Trapezoidal cubic fuzzy numbers. Thus, Trapezoidal
cubic fuzzy set is a very useful tool to deal with the situations in which the experts hesitate
between several possible Trapezoidal cubic fuzzy numbers to assess the degree to which an
alternative satisfies an attribute. In the current example, the degree to which the alternative
satisfies the attribute can be represented by the Trapezoidal cubic fuzzy set. Moreover, in
many multiple attribute group decision-making (MAGDM) problems, considering that the
estimations of the attribute values are Trapezoidal cubic fuzzy sets, it therefore is very
necessary to give some aggregation techniques to aggregate the Trapezoidal cubic fuzzy
information. However, we are aware that the present aggregation techniques have difficulty
in coping with group decision-making problems with Trapezoidal cubic fuzzy information.
Therefore, we in the current paper propose a series of aggregation operators for aggregating
the Trapezoidal cubic fuzzy information and investigate some properties of these operators.
Then, based on these aggregation operators, we develop an approach to MAGDM with
Trapezoidal cubic fuzzy information. Moreover, we use a numerical example to show the
application of the developed approach.

The rest parts of this paper are organized as follows: Section 2, we define the definotion of
fuzzy set and cubic set. Section 3, we exhibit trapezoidal cubic fuzzy set and operational
laws. Section 4, we exhibit Aggregation operators on trapezoidal cubic fuzzy numbers.
Section 5, we define Expected values of trapezoidal cubic fuzzy numbers and comparison
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between them. Section 6, we define Multi-criteria decision making method based on
trapezoidal cubic fuzzy numbers. Section 7, the application of the developed approach in
group decision-making problems is shown by an illustrative example. Results and
discussion are given in section 8. Finally, we give the conclusions in Section 9.

2. Preliminaries

Definition.2.1. [14] Give p a chance to be a nature of talk. The possibility of fuzzy set
was speak to by Zadeh, and characterized as taking after: j={p,Y;(p)| peP}.Afuzzy

set in a set P is defined Y, : p—1, is amembership function, Y;(p) denoted the

degree of membership of the element P to the set P , where | =[0,1] . The accumulation

of every single fuzzy subset of P is meant by I° . Characterize a connection on I as
takes after: (VY,n € 1°)(Y <n < (Vp e P)(Y(p) < 1(p))).

Definition.2.2. [8] Give P a chance to be a nonempty set. By a cubic setin P we mean
astructure F={q,Y(q), 7(a): geP} inwhich Y isanlIVFsetin 0 and y isa fuzzy
set in P. A cubic set F={q,Y(q), 7(q): qeP} is simply denoted by F =(T, y).
Denote by C” the collection of all cubic sets in p. A cubic set F =(Y, y) in which
Y(q)=0 and x(q)=1 (resp. Y(q)=1 And x(q)=0 forall geP is denoted by O
(resp. 1). Acubicset D=(1,&) inwhich A(q)=0 and £(q)=0 (resp. A(q)=1 and
E(q)=1)forall qeP isdenotedby 0 (resp. 1).

Definition.2.3.[8] Let P be a non empty set. A cubic set F =(¢, 1) in P issaid to be
an internal cubic set if ¢ (p)<A(p)<c*(p) forall peP.

Definition.2.4.[8] Let P be a non empty set. A cubic set F =(¢c,A) on P issaid to be

an external cubic set if A(p) & (¢ (p),c*(p)) forall peP.

3. Trapezoidal Cubic Fuzzy Numbers

Definition.3.1. Let Y be trapezoidal cubic fuzzy number in the set of real numbers, its

fYL (a) '<g<e

<
membership function is defined as x,(q) = “\; 9<Q<0O
fr(a) O<q<r

0, otherwise



Journal of New Theory 22 (2018) 51-65 54

9,(q) r<q<gq
<
Its non-membership function is defined asv, (q) = U’; ?=04<0,
9y (a) ©,<q<7
0, otherwise
[T, o,
0,7];
[, |
. . . H#'lo
The trapezoidal cubic fuzzy number is denoted as Y = r . Generally from
1P
0,,7];
L 1],
U

fuzzy numbers, trapezoidal cubic fuzzy numbers have another parameter: non-membership
function, which is utilized to unequivocal the admeasurements to which the decision
making that the component does not have a place with ((I', ¢,®,7);0,.) . When

(@ =1 w(@)=1 o,=0,aiscalled normal trapezoidal cubic fuzzy number, by
method for detail, conventional fuzzy number.

f0(0) =35 [ay, ay], 17 (0) = =5 Ly, 17, 9y (9) = 2522 g () = =2
the cubic fuzzy number is called trapezoidal cubic fuzzy number.

Definition.3.2. Let hl:<[%’w1’al’fl]’> nd h2:<[;(2,w2,a2,72],

o o be two trapezoidal
[/ulllul )]’01 [/121/"2)]102 >

cubic fuzzy numbers; then,

(1):hl+h2=<

v+ 1, o +o, 0 +a,,7, +71,], >
[t + 1, — 1 gy, 15+ 1ty — g 113 1,00, [

(2) hl_h :< - - - -+ + + .+
LN =y gy =y 11,00,

- x0@,—@,,0,—a,, 1, —1,], >

(3): Ahy =[x, Ady, Ay, ALl (- 1)) 1= (1= )], (0])")

@): 0 =) @) (@) () Tl ) (1) 11~ -0, )*)
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0.4,0.8,0.12,0.16]; 0.3,0.5,0.7,0.11];
Example.3.3. Let hl=<[ ]> and h, :<[ ]

be two
[0.7,0.9],0.8 [0.1,0.5],0.3 >

trapezoidal cubic fuzzy numbers; then,

[0.4+0.3,0.8+0.5,0.12+0.7,0.16 +0.11]
(1): h+h,=( [0.7+0.1-(0.7)(0.1)),(0.9+0.5—(0.9)(0.5))], |,
((0.8)(0.3)) =[0.7,1.3,0.82,0.27][0.73,0.95], 0.24

[0.4-0.3,0.8—0.5,0.12-0.7,0.16 — 0.11],
[0.7-0.1+(0.7)(0.1)),
(0.9-0.5+(0.9)(0.5))], ((0.8)(0.3))
=[0.1,0.3,0.58,0.05][0.67, 0.85], 0.24

(2): h1_h2 =

4. Aggregation Operators on Trapezoidal Cubic Fuzzy Numbers

Definition.4.1. Let ¢&,(j =1,...,n) be a set of trapezoidal cubic fuzzy numbers, and TrC -

WAA : Q —Q ; if TrC -WAA _(d;,d,,...4,) =D W,c; Where Q s the set of all

j=1
trapezoidal cubic fuzzy numbers, and a):(a)l,a)z,...,a)n)T is the weight vector of

a;(J=1...,n), o e[O,l],ij =1, then, TrC-WAA is called the weighted arithmetic
j=1

average operator on trapezoidal cubic fuzzy numbers.

Specially, if @ =( 11 1Y TrC-WAA is the arithmetic average operator (TrC-WA)

n'n?

on trapezoidal cubic fuzzy numbers.

Theorem.4.2. Let h={((«, Y,0,7);u , 1 )], v)) be a set of trapezoidal cubic fuzzy

numbers; then, the results aggregated from Definition 4.1 are still trapezoidal cubic fuzzy
numbers, and even

[f[(a)‘”i ,f_[m“i ,f[(@)‘”" H() I

TIC -WAA (b, h) = Swh = : :
B-TJa-#)"2-TJa-u)"1 T ["

where = (w,®,,..,®,)" is the weight vector of hj(j=1,...,n),a)je[O,l],Za)jzl.
j=1
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Example.4.3. Let

[0.5,0.6,0.7,0.8]([0.9,0.15],0.13)
[0.1,0.2,0.3,0.4][0.23,0.27],0.25)
[0.4,0.6,0.8,0.10]([0.6,0.10],0.8)
[0.5,0.6,0.7,0.8]([0.9,0.15],0.13)
[0.8,0.10,0.12,0.14]([0.22, 0.28], 0.24)
[0.25,0.26,0.27,0.28]([0.39, 0.45], 0.40)

=[0.002,0.0012,0.0039,0.0010],¢[0.9985,
0.8121],0.0003)
Definition.4.4. Let h;(j=1..,n) be a set of trapezoidal cubic fuzzy numbers, and TrC -

WGA : Q, —»Q ; if TrC -WGA w(l‘g,hz,...,hn)zzm”i where Q is the set of all
j=1

trapezoidal cubic fuzzy numbers, and @=(®,®,,...®,)" is the weight vector of

hj(j=1,...,n),coje[O,l],Za)jzl, then, TrC-WAA is called the weighted arithmetic
j=1

average operator on trapezoidal cubic fuzzy numbers. Specially, if o= (,3,..27 .

TrC-WAA is the arithmetic average operator (TrC-WA) on trapezoidal cubic fuzzy

numbers.

Theorem.4.5. Let h={[(a,x,@,7);[x,1")],v)) be a set of trapezoidal cubic fuzzy

numbers; then, the results aggregated from Definition 4.4 are still trapezoidal cubic fuzzy
numbers, and even

TT@" [T [I@" [ 10"

j-1

TrC-WGA, (h,h,,...h)=Yhw = ( n n
= [H(#&)w‘, ] (ﬂé)wj],l—]i[(l—v)wj

where o= (o, ,,..,0,

n
\)" s the weight vector of h,(j=1,...,n), o, €[0,1], Y », =1.
j=1
Example.4.6. Let
table
[0.3,0.5,0.7,0.9K[0.29,0.35],0.33)
[0.21,0.22,0.23,0.24K[0.2,0.7],0.5)
[0.44,0.46,0.48,0.50]([0.12, 0.18], 0.16)
[0.1,0.3,0.7,0.9[0.21,0.26],0.23)
[0.3,0.4,0.5,0.6K[0.2,0.8], 0.4)
, [0.5,0.6,0.7,0.8K([0.9,0.15],0.13)
0.0004,0.0036,0.0189, 0.0466], ([0.0002,0.0005], 0.8868)

=

oo G N

0 O 0 0 T

—_

5. Expected Values of Trapezoidal Cubic Fuzzy Numbers and
Comparison between them
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For trapezoidal cubic fuzzy numbers, f (p) , are strictly linear increasing function, and

fo(p) is strictly linear decreasing function in Definition 3.1. There in lay functions are
respectively,

x(Y—m), p;(Y):r+ L _x(®-1),

[, 05]

pL(p) =@ +

y
[y 11

The assurance degree of trapezoidal cubic fuzzy number & is between ([z, sz ],1-v,)).

Definition.5.1.
l[ﬂ;,/%] 1-v,
L@)=3 | @-2)xg,(p)+2Axg,(p)idy+ [ @=2)xg5(p)+2x g2 (p)I}dy
0 0

is called the expected value of trapezoidal cubic fuzzy number &.

Theorem.5.2. The trapezoidal cubic fuzzy number a=(((@,4,{,7); 1, 1")],0)),
(@) =5(@+ A+ +7)x[1+ 1 —0)x(1+u" —v))

Example.5.3.

table
h, [0.25,0.26,0.27,0.28)[0.29,0.35],0.33)
h, [0.41,0.42,0.43,0.441[0.53,0.57],0.55)
hs [0.44,0.46,0.48,0.50]([0.56,0.60],0.58)
hs [0.55,0.56,0.57,0.58)([0.59,0.65],0.63)
hs [0.88,0.91,0.92,0.94]([0.92,0.98],0.94)
he [0.25,0.26,0.27,0.28][0.39,0.45],0.40)
Iy (@) = 1—12[1.06] x (0.96 x 1.02)
— 0.0864,
I, (@) = 1—12[1.7] x ([0.98 x 1.02])
— 0.1416,
I3(@) = 1—12[1.88] x ([0.98 x 1.02])
— 0.1566,
l4(@) = 1—12[2.26] x ([0.96 x 1.02])
— 0.1844,
Is(@) = 1—12[3.65] x ([0.98 x 1.04])
= 0.3100,
le(@) = 1—12[1.06] x ([0.99 x 1.05])
— 0.0918.
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5]

(]

[X]

0.0854 81416 566 Bri84d - 0018

n

The score function and accuracy function of trapezoidal cubic fuzzy numbers.
Definitio.5.4. Let &=([((I',Y,0,7); 1", 1£")],v)) be the trapezoidal cubic fuzzy number;

then, S(h) =1, x[(#,, 14 )—(@—v,)] is called the score function of & , where 1, isthe
expected value of trapezoidal cubic fuzzy number h .

Example.5.5. Let

table

[0.5,0.6,0.7,0.8]([0.9,0.15],0.13)
[0.1,0.2,0.3,0.4][0.9,0.15],0.13)
[0.4,0.6,0.8,0.10]([0.6,0.10],0.8)
[0.15,0.16,0.17,0.18]¢[0.9,0.15],0.13)
[0.8,0.10,0.12,0.14]¢[0.9,0.28],0.14)
[0.25,0.26,0.27,0.28]¢[0.39,0.45],0.40)

=)

N

w

al

jjbjjj

[}

S, (h) = %[2.6 %1.77 %1.02]*[1.05—0.87) = 0.3911+0.18

=0.0703,
S, (h) = 5[1*1.77 #1.02] *[1.05—0.87) = 0.1504 *0.18

=0.0270,

S,(h) = %[1.9 #0.8%0.3]*[0.7 —0.2) = 0.038 0.5
=0.019,

S,(h) = L [0.66#1.77 %1.02] #[1.05—0.87) =1.1915%0.18
4 12

Ss(h)

=0.2144,

= %[1.16 %1.76+1.14][1.18 — 0.86) = 0.1939 % 0.32
=0.0620,
Sy (h) = %[1.06 %0.99 %1.05][0.84 —0.6) = 0.0918 +0.24
=0.0220
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Chart Title

Definition.5.6. Let a={(T",Y,®,7);[x,x«")],v)) be the trapezoidal cubic fuzzy number;
then, p(h)=1x[(«, ")+ @—-v)] iscalled the accuracy function of & , where 1. is
the expected value of trapezoidal cubic fuzzy number T .

Example5.7. Let (@) =1 ((@+A+{+0)x[1+u, —v )x L+ —v,))
Table

[0.15,0.16,0.17,0.18]([0.9,0.15], 0.13)
[0.21,0.22,0.23,0.24)([0.23,0.27], 0.25)
[0.44,0.46,0.48, 0.50]([0.6,0.10], 0.8)
[0.55,0.56,0.57,0.58]([0.9,0.15],0.13)
[0.88,0.90,0.92,0.94]([0.22,0.28],0.24)
[0.35,0.36,0.37, 0.38]([0.39,0.45], 0.40)

:'m:#:'wj,\):r,_:r

o>

p(h) = %[0.66 %1.77%1.02]*[1.05+0.87]
=[0.0992]%1.92 = 0.1904,

o(h,) = %[0.9*0.98*1.02]*[0.5+0.75]
=[0.0749] %[1.25] = 0.0936,

p(hy) = %[1.88*0.8*0.3]*[0.7 +0.2]
=[0.0376] 0.9 =0.0338,

p(h,) = $[2.26 *1.77%1.02]*[1.05+ 0.87]
=[0.3400]%1.92 = 0.6528,

p(h) = $[3.64*0.98*1.04]*[0.5+0.76]
=[0.3091]*1.26 = 0.3894,

p(hy) = $[1.46 *0.99+1.05]+[0.84 + 0.6]
=0.1264+1.44 =0.1820.
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6. Multi-Criteria Decision Making Method Based on Trapezoidal Cubic
Fuzzy Numbers

For a brief fuzzy multi-criteria decision making issue, guess that there are m choices
A={h,h,,...h },1 decision criteria C={0,,0,,..,0,} , and the relating weight

coefficients are o={w,,w,,..,0},0,€[01],0+v,+..+ o =1 . The value of alternative
h; on the criteria ©; is trapezoidal cubic fuzzy number

hij = <([rnlj (hi)' m,; (hi)’ m,; (hi)! my; (hi)];[ﬂ;(hi)! ﬂ;(hi)]a Uj(hi)>

The local sorts of criteria are benefit and cost in multi criteria decision making problems.
To dispense with the impact from various physical measurements to choice outcomes, the
matrix

T= (tij)mxn’ (tij)mxn = <([rnlj(hi)1 mzj(hi)! m3j(hi)’ m4j(hi)];[:uj_(hi)!ﬂ}—(hi)]1uj(hi)>

created by trapezoidal fuzzy numbers of fuzzy decision matrix D = (h;),,, is revamp into

homogenized matrix R = (I;),..,, I; —([rr2,r%

;o6 1, 1 D using formulas to homogenize the
fuzzy decision matrix.

For cost criteria:
Decision steps:
(1) homogenize decision matrix

(2) Using weighted arithmetic average operator
h =TrC-WAA (0,(h),0,(h),...0,(h)),i=12,..,n
or using weighted geometric average operator
h =TrC-WGA (0,(h),0,(h),...0,(h)),i=12,..,n
Aggregate criteria's weights and qualities to land at the mixed trapezoidal cubic fuzzy
numbers h , i=12,..,n ofalternative h. .
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(3) Enumerate the score value and the accuracy, respectively.
(4) Reeking the alternatives by Definition 5.4.

7. Example. There are 4 options h,h,,...,h, and 4 criteria ©,,0,,..,0, in a multi-

criteria  decision  making problem; the weight vector of criteria is
@ =(0.20,0.30,0.40,0.10) , and and the choice data is given as Table 1 by chiefs, extreme

to impact positioning of the 4 options.
Steps applying the ways and means in this unit are as continue from

(1) homogenize material in Table 1;

O, O3 Oy
( [0.2,0.4, [0.4,0.8, [0.12,0. 14, [0.12,0.14,
As < 0.6,0.8], 0.10,0.18], 0.16,0.18], 0.16,0.18]
{[0.2,0.6], ([0.8,12], ([0.1,9], {[0.52,60],
L 0.4) 0.10) 0.6) 0.56)
( [0.4,0.6, [0.21,0.41, [0.11,0. 14, [0.9,0.14,
A, 3 0.8,0.10], 0.61,0.81], 0.19,0.28], 0.19,0.28],
([0.14,0.22], [0.22,28], ([0.2,0.7], {[0.42,0.50],
L 0.19) 0.25) 0.5) 0.45)
( [0.12,0.14, [0.14,0.17, [0.21,0.31, [0.4,0.8,
As < 0.16,0.18], 0.20,0.28], 0.41,0.51], 0.16,0.18],
{[0.2,0.6], ([0.8,0.12], ([0.1,0.9], {[0.52,0.60],
0.4) 0.10) 0.6) 0.56)
( [0.22,0. 24, [0.42,0.44, [0.10,0. 14, [0.20,0.22,
", 0.26,0.28], 0.46,0.48], 0.16,0.18], 0.26,0.29],
([0.14,0.22], ([0.22,0.28], ([0.2,0.7], ([0.42,0.50],
0.19) 0.25) 0.5) 0.45)

(2) Total every one of the components a; (j=1,...,4) inthe ith row of decision matrix
D using TrC-WAA, then, the coordinated trapezoidal cubic fuzzy numbers

h,i=12,...,4 ofalternative I', are achieved.

h, =([(0.22,0.39,0.23,0.304),[0.4742,0.7089], 0.3209)

h, =([0.324,0.447,0.716,0.147)[0.2199,0.5029],0.3311)
h, =([0.19,0.219,0.272,0.342]),[0.4742,0.7089],0.3209)
h, =([(0.23,0.258,0.28,0.298),[0.2199,0.5029],0.3311)

(3) Calculate the score values S(h,) of h,
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s, =0.0769, S, = 0.0076,
S, =0.0687,S, =0.0049,

Step 4 : Rank the score value S, >S,>S,>S,

62

H, =0.2841,H, =0.1974, H,=0.5975H, =0.1287.

(O] (OP! O3 (ON
- SN - N -
[0.2,0.4, [0.4,0.8, [0.12,0.14, [0.12,0.14,
0.6,0.8], 0.10,0.18], 0.16,0.18], 0.16,0.18]
A > < > <
{[0.2,0.6], ([0.8,12], ([0.1,9], ([0.52,60],
0.4y | 0.10) | 0® 0.56)
- N N N
[0.4,0.6, [0.21,0.41, [0.11,0.14, [0.9,0.14,
R 08,010, [ ] oe1081, [ J 019028, [ J 019028
> (0.2,0.6], ([0.8,12], ([0.1,0.9], ([0.52,0.60],
0.4y | 0.10) | 0® 0.56)
- N N N
[0.12,0.14, [0.14,0.17, [0.21,0.31, [0.4,0.8,
a, J 016018 [ J 020028, [ ] osrosy [ ) oiois |
*Y (0.2,0.6], ([0.8,0.12], ([0.1,0.9], ([0.52,0.60],
0.4y 0.10) 0.6) 0.56)
- N N N
[0.22,0.24, [0.42,0.44, [0.10,0.14, [0.20,0.22,
0.26,0.28], 0.46,0.48], 0.16,0. 18] 0.26,0.29],
Ay > < > < > < >
([0.2,0.6], ([0.8,0.12], ([0.1,0.9], ([0.52,0.60],
0.4) 0.10) 0.6) 0.56)
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In the event that all components h; (j=1,...,4) inthe i throw of decision matrix D
are aggregated using TC —WGA , the coordinated trapezoidal cubic fuzzy numbers T,
i=12,..,4 ofalternative h, are as per the following

(2) Total every one of the components h; (j=1...,4) in the ith row of decision matrix

D using TrC-WGA,; then, the coordinated trapezoidal cubic fuzzy numbers
h,i=12,..,4 ofalternative h, are accomplished.

h =([(0.2583,0.2183,0.0749,0.5846),[0.2527,0.4354],0.4414)
h, =([0.2134,0.2585,0.3594,0.3134),[0.2527,0.4354],0.4414)

h, =([0.1773,0.2427,0.2492,0.3117]),[0.2527,0.4354],0.4414)
h, =([(0.1930,0.2300, 0.2540,0.2767),[0.2527,0.4354],0.4414)

(3) Calculate the score values S(I';) of
S, =0.0098, S, =0.0099,
S, =0.0085,S, =0.0082.

Step 4: Rank the alternatives by S, >S, >S,>S§,

0.012

ant

0.008

4.006

0.004

qQ.002

H, =0.0951, H, =0.0958, H, =0.0821,H, =0.0797.

012

01

0.08
.06
004
n.02
il

Hs Hz Hy Ha
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8. Comparison Analyses

The result of the score value 1 and score vaue 2 of the numerical examples are tabulated
below

Score function Ranking 1 Score function ranking 2 Final ranking
S1 0.0769 1 S1 0.0098 2 1
S, 0.0076 3 S, 0.0099 1 3
S3 0.0687 2 S3 0.0085 3 2
S4 0.0049 4 S4 0.0082 4 4

35

2.5

L — Final ranking

S = ’ J‘ B /“LW”W’”'/Rankinp 1
Accuracy Ranking 1 Accuracy ranking 2 Final ranking
function function
H, 0.1241 4 H; 0.0951 2 4
H, 0.1974 2 H, 0.0958 1 2
Hs 0.5975 1 Hs 0.0821 3 1
Hy 0.1287 3 Hy 0.0797 4 3

4
35
3
25
2
15
1
0
Hh Hz Ha Ha
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9. Conclusion

In this paper, we define trapezoidal cubic fuzzy numbers and their operational laws. Started
on these operational laws, each collection operators, with trapezoidal cubic fuzzyy
weighted arithmetic averaging operator and weighted geometric averaging operator are
purposed. Expected values, score function, and accuracy function of trapezoidal cubic
fuzzy numbers are defined.
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Abstaract — In this paper, we define and study the properties of a nano mga-closed set which is
a weaker form of a nano mg-closed set but strong than a nano wgp-closed sets and we define a new
class of sets called nano mga-closed sets and some of their properties.
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1 Introduction

Thivagar et al. [4] introduced a nano topological space with respect to a subset X
of an universe which is defined in terms of lower approximation and upper approx-
imation and boundary region. The classical nano topological space is based on an
equivalence relation on a set, but in some situation, equivalence relations are nor
suitable for coping with granularity, instead the classical nano topology is extend to
general binary relation based covering nano topological space

Bhuvaneswari et al. [3] introduced and investigated nano g-closed sets in nano
topological spaces. Recently, Parvathy and Bhuvaneswari the notions of nano gpr-
closed sets which are implied both that of nano rg-closed sets. In 2017, Rajasekaran
et al. [7] introduced the notion of nano wgp-closed sets in nano topological spaces.
In this paper, we define and study the properties of a nano mga-closed set which is a
weaker form of a nano mg-closed set but strong than a nano wgp-closed sets and we
define a new class of sets called nano wga-closed sets and some of their properties.

* Corresponding Author.
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2 Preliminaries

Throughout this paper (U, 7g(X)) (or X) represent nano topological spaces on which
no separation axioms are assumed unless otherwise mentioned. For a subset H of a
space (U, Tr(X)), n-cl(H) and n-int(H) denote the nano closure of H and the nano
interior of H respectively. We recall the following definitions which are useful in the
sequel.

Definition 2.1. [6] Let U be a non-empty finite set of objects called the universe and
R be an equivalence relation on U named as the indiscernibility relation. Elements
belonging to the same equivalence class are said to be indiscernible with one another.
The pair (U, R) is said to be the approzimation space. Let X C U.

1. The lower approximation of X with respect to R is the set of all objects, which
can be for certain classified as X with respect to R and it is denoted by Lr(X).
That is, Lr(X) = U,cp{R(x) : R(x) C X}, where R(z) denotes the equiva-

lence class determined by x.

2. The upper approrimation of X with respect to R s the set of all objects, which
can be possibly classified as X with respect to R and it is denoted by Ur(X).

That is, Up(X) = g {R(7) : R(z) N X # ¢}.

3. The boundary region of X with respect to R is the set of all objects, which can
be classified neither as X nor as not - X with respect to R and it is denoted by
Br(X). That is, Br(X) = Ur(X) — Lr(X).

Property 2.2. [4] If (U, R) is an approzimation space and X,Y C U; then
1. Lp(X) C X C Up(X);

Lr(¢) = Ur(¢) = ¢ and Lr(U) = Ur(U) = U;
Ur(X UY) = Ur(X) UUR(Y);
Up(XNY) CUR(X)NURY);
Lr(XUY) D Lg(X)ULg(Y);
Lr(XNY)C Lgr(X)NLg(Y);

Lr(X) C Lgr(Y) and Ur(X) C Ur(Y) whenever X CY;

Ur(X¢) = [Lr(X)]¢ and Lp(X°) = [Ur(X)]%;

@%.\IQF’T‘?\?@?\?

URUR<X) = LRUR(X) = UR(X),
10. LrLp(X) = UrLg(X) = Lg(X).

Definition 2.3. [4] Let U be the universe, R be an equivalence relation on U and
TrR(X) = {U, ¢, Lr(X),Ur(X), Br(X)} where X C U. Then by the Property 2.2,
R(X) satisfies the following azioms:

1. Uand ¢ € p(X),
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2. The union of the elements of any sub collection of Tr(X) is in Tr(X),

3. The intersection of the elements of any finite subcollection of Tr(X) is in
TR(X).

This means that Tr(X) is a topology on U called the nano topology on U with
respect to X and (U, 7r(X)) as a nano topological space. The elements of Tr(X) are
called nano open sets (briefly n-open sets).

In the rest of the paper, we denote a nano topological space by (U,N'), where
N = 75(X). The nano-interior and nano-closure of a subset A of U are denoted by
n--int(A) and n--cl(A), respectively.

Remark 2.4. [4] If [Tr(X)] is the nano topology on U with respect to X, then the
set B ={U,¢, Lr(X), Br(X)} is the basis for Tr(X).

Definition 2.5. A subset H of a space (U,N) is called
1. nano reqular-open [4] if H = n-int(n-cl(H)).
nano pre-open [4] if H C n-int(n-cl(H)).

nano a-open [4] if H C n-int(n-cl(n-int(H))).

e

nano w-open [1] if the finite union of nano reqular-open sets.

The complements of the above mentioned sets is called their respective closed sets.
Definition 2.6. A subset H of a space (U,N) is called;

1. nano g-closed [2] if n-cl(H) C G, whenever H C G and G is n-open.
nano ga-closed [9] if n-acl(H) C G whenever H C G and G is nano a-open.
nano ag-closed set [9] if n-acl(H) C G whenever H C G and G is n-open.
nano mg-closed [7] if n-cl(H) C G, whenever H C G and G is nano m-open.

nano gp-closed [3] if n-pcl(H) C G, whenever H C G and G is n-open.

S

nano gpr-closed [5] if n-pcl(H) C G, whenever H C G and G is nano regular
open.

7. nano wgp-closed [8] if n-pcl(H) C G, whenever H C G and G is nano m-open.

3 On Nano mga-Closed Sets

Definition 3.1. A subset H of a space (U,N') is nano wga-closed if n-acl(H) C G
whenever H C G and G is nano mw-open.
The complement of nano wga-open if H® = U — H is nano mga-closed.

Example 3.2. Let U = {a,b,c,d} with U/R = {{a},{c},{b,d}} and X = {c,d}.
Then the nano topology N = {¢,{c},{b,d},{b,c,d},U}.
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1. then {a} is nano wga-closed set.

2. then {b} is not nano wga-closed set.

Remark 3.3. For a subset of a space (U,N'), we have the following implications:

n-closed = mnano g-closed
\ Y
nano m-closed = nano mg-closed
\

nano regular-closed
None of the above implications are reversible.

Theorem 3.4. In a space (U,N), every n-closed, every nano g-closed, every nano
mg-closed, every nano ag-closed and every nano ga-closed is nano wga-closed.

Proof. Let H C G where G is nano m-open. By hypothesis. n-cl(H) = H C G.
Since every n-closed set is nano a-closed, n-acl(H) C n-cl(H) C G. Therefore H is
nano mwga-closed.

Let H be nano g-closed and H C G where G is nano 7-open. Since every nano
m-open set is n-open and H is nano g-closed, n-cl(H) C G. Hence n-acl(H) C
n-cl(H) C G implies H is nano mga-closed.

Let H be a nano mg-closed set and H C G where G is nano m-open. By assump-
tion, n-cl(H) C G. Hence n-acl(H) C n-cl(H) C G implies H is nano mga-closed.

Let H be a nano ag-closed set and H C G where G is nano m-open. By Remark
3.3 and by assumption, it follows that n-acl(H) C G and hence H is nano mga-closed.

Obvious every nano m-open is nano a-open.

Remark 3.5. The converses of statements in Theorem 3.4 are not necessarily true
as seen from the following Examples.

Example 3.6. In Ezample 3.3, then {a,b} is nano wga-closed set but not n-closed.

Example 3.7.
Let U = {a,b,c} with U/R = {{c},{a,b}} and X = {c}. Then the nano topology
N ={¢,{c},U}.

1. then {c} is nano wga-closed set but not nano g-closed.
2. then {c} is nano wga-closed set but not nano ag-closed.

3. then {a,c} is nano wga-closed set but not nano ga-closed.

Theorem 3.8. In a space (U,N), every nano mwga-closed is nano gpr-closed and
nano mgp-closed.

Proof. Let H be a nano wga-closed set and H C G where G is nano regular open.
By Remark 3.3 and since H is nano mga-closed set, we have n-acl(H) C G. Every
nano a-closed set is nano pre-closed implies n-pcl(H) C G and hence H is nano
gpr-closed.

Let H be a nano mga-closed set and H C G where G is nano m-open. By
hypothesis, n-acl(H) C G. Now n-pcl(H) C n-acl(H) C G implies that H is nano
mgp-closed.
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Theorem 3.9. In a space (U,N), every nano gp-closed set is nano wga-closed.

Proof. Obvious.

Remark 3.10. The converses of statements in Theorem 3.9 are not necessarily true
as seen from the following Examples.

Example 3.11. In Example 3.7, then {c} is nano wga-closed but not nano gp-closed.

Theorem 3.12. In a space (U,N), if H is nano reqular open and nano wga-closed,
then H is nano a-closed and hence n-clopen.

Proof. If H is nano regular open and nano mwga-closed, then n-acl(H) C H. This
implies H is a nano a-closed. Since every nano a-closed and nano regular open set
is n-closed, H is n-clopen .

Theorem 3.13. In a space (U,N), for x € U, its complement U — {z} is nano
mga-closed or nano m-open.

Proof. Suppose U — {z} is not nano m-open. Then U is the only nano m-open set
containing U — {x}. This implies n-acl(U — {z}) C U. Hence U — {z} is nano
mga-closed.

Theorem 3.14. In a space (U,N), if H is nano mga-closed and H C K C n-acl(H),
then K is nano mga-closed.

Proof. Let K C G where G is nano m-open. Then H C K implies H C G. Since H
is nano mga-closed we have n-acl(H) C G. Also K C n-acl(H) implies n-acl(K) C
n-acl(H). Thus n-acl(K) C G and so K is nano mga-closed.

Theorem 3.15. In a space (U,N), let H be a nano wga-closed set in U. Then
n-acl(H) — H does not contain any non-empty nano w-closed set.

Proof. Let P be a non-empty nano m-closed set such that P C n-acl(H) — H. Then
P Cn-ac(H)N(U—-H) CU — H implies H C U — P. H is nano mga-closed and
U — P is nano m-open implies that nano n-acl(H) C U—P. That is P C (n-acl(H))°.
Now P C n-acl(H) N (n-acl(H))¢ implies P is empty.

Theorem 3.16. In a space (U,N), if H is a nano wga-closed set, then n-wcl(x) N
H # ¢ holds for each x € n-acl(H).

Proof. Let H be a nano mga-closed set. Suppose n-wcl(x) N H = ¢, for some x €
n-acl(H). We have H C U — n-wcl(x). Since H is nano wga-closed set, n-acl(H) C
U —n-wcl(x) implies x ¢ n-acl(H) which is a contradiction. Hence n-mel(z) NH # ¢
holds for each x € n-acl(H).

Corollary 3.17. Let H be nano wga- closed in (U,N). Then H is nano a-closed
<= n-acl(H) — H is nano w-closed.

Lemma 3.18. Let (U,N) be a space and H is subset of U. Then the following
properties are equivalent.

1. H is n-clopen.

2. H is nano reqular open and nano mwga-closed.
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3. H 1is nano m-open and nano mwga-closed.
Proof. Follows from Theorem 3.12 and Remark 3.3.

Proposition 3.19. In a space (U, N'), the union of two nano wga-closed sets is nano
mga-closed.

Proof. Let HUK C G where G is nano m-open. Since H and K are nano mga-closed
sets, n-acl(H) C G and n-acl(K) C G. Now n-acl(HUK) = n-acl(H)Un-acl(K) C
G. Hence H U K is nano mga-closed.

Example 3.20. In Ezample 3.7, then H = {a} and K = {b} is nano mga-closed
sets. Clearly HU K = {a,b} is nano mga-closed.

Remark 3.21. In sa space (U,N),
1. n-acl(U — H) =U —n-int(H)
2. for any H C U, n-aint(n-acl(H) — H) = ¢.

Theorem 3.22. A subset H of a space (U, N) is nano wga-open <= P C n-aint(H)
whenever P is nano m-closed and P C H.

Proof. Necessity. Let H be nano mga-open. Let P be a nano m-closed set such that
P CH. Then U — H CU — P where U — P is nano m-open. Then U — H is nano
mga-closed implies n-acl(U—H) C U—P. By Remark 3.21. U—n-«aint(H) CU—P.
That is P C n-aint(H).

Sufficiency. Suppose P is a nano m-closed set and P C H implies P C n-aint(H ).
Let U — H C G where G is nano m-open. Then U — G C H and U — @ is nano
m-closed. By hypothesis, U — G C n-aint(H). That is U — n-aint(H) C G implies
n-acl(U— H) C G. This implies U — H is nano mga-closed and H is nano mga-open.

Remark 3.23. From the above Propositions, Examples and Remarks, we obtain the
following diagram, where A — B represents A implies B but not conversely.

nano w-closed

|
nano g-closed nano closed —  nano a-closed
| | |
nano gp-closed <+ nano ga-closed — nano ag-closed
! nano ¢gpr-closed l
/ AN
nano mgp-closed — nano mga-closed
AN /

nano 7wg-closed

None of the above implications are reversible
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Abstract — The telegraph equations are a pair of linear differential equations which describe the voltage and
current on an electrical transmission line with distance and time. In this paper the authors give a brief
overview of fractional calculus and extend its application to space-time fractional telegraph equation by using
Adomian decomposition method. The time- space derivates are considered as Caputo fractional derivate. The
solutions are obtained in the series form.
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1 Introduction

Fractional Calculus is a field of mathematical study that grows out of the traditional
definition of the calculus of integral and derivative operators in much the same way as
fractional exponents grew from exponents with integer value. It was originated from the L-
hospital and Leibnitz’s inquisition about considering the result if » was taken as half in the
n'™ derivative of a function. Fractional calculus is of great importance in the field of Science
and Technology as it is the generalization of ordinary differentiation and integration to
arbitrary order [1]. Telegraph equations are a pair of linear differential equations that are
very important due to their vast applications in high frequency transmission lines,
optimization of guided communication system, propagation of electrical signals and many
other physical and chemical phenomena. The theoretical background on transmission and
transmission lines including open wire lines was given by Tomasi [2]. The fractional
Telegraph equation has been studied extensively in literature. Cascaval [3] studied the time
fractional Telegraph equation with applications to suspension flows using the Riemann-
Liouville approach and presented asymptotic concepts. Orsingher and Beghin [4] obtained
the fundamental solutions of time-fractional Telegraph equations of order Za. Chen [5]

*Corresponding Author.
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discussed and derived the solution of the time-fractional telegraph equation with three
kinds of non-homogenous boundary conditions making use of the separation of variables
method. Momani [6] discussed the analytic and approximate solutions of the space and
time fractional Telegraph differential equations by means of the Adomian decomposition
method.

The Adomian decomposition method is a semi-analytical method for solving ordinary and
partial non-linear differential equations. This method has been introduced and developed
by Adomian [7,8]. This method has been used to obtain approximate solutions of a large
class of linear and non-linear differential equations [8,9]. This method provides solutions in
the form of power series with easily computed terms. It has many advantages over some
classical techniques. After Adomian, this method has been further modified by Wazwaz
[10] and more recently by Luo [11] and zhang and Luo [12]. Recently a lot of work has
been done to apply this method to a large number of linear and non-linear ordinary
differential equations, partial differential equations and integro-differential equations.

2 Mathematical Preliminaries

The Caputo fractional derivative of order & == 0 is defined as [13]

j”'“‘D”f[t]=1_| }j (t—1)" %t fM()dr, n—1<a<nneEN
CDF f(t) = oy (1
= ifa=neEN

m
Here D" = :—,n and JZ is called the Riemann-Liouville integral operator of order &« = 0.
-

According to this definition,

CDZA =0, f(t)=A
= f(t) = Constant

That is Caputo’s fractional derivative of a constant is zero.

Furthermore the relation between Riemann-Liouville fractional integral and Caputo
fractional derivative is given by the following relation,

JECDE £(£) = %" *CD(£) = J"CD(£) = f () - Zf"‘}[ﬂ]—

= CDZ f() — Epsi = '~’*3'tuj )

kl}n

The Laplace transform of Caputo’s fractional derivative gives an interesting formula

£{CDE F(D} = s°f(s) — Zpzh P (@)= 3
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The Weyl fractional integral and the Mellin transform

The Weyl fractional integral ;W * f(t) can be regarded as the convolution of ¢_{(—t)
with f(&) [14] so that,

W) == [T (x— )% f(x)dx @)

= @ (—t) = f(t) ®)

We next calculate the Mellin transform of the Riemann-Liouville fractional integrals and
derivatives.

oJEf () = =[x — )7t f(B)dt (©6)
" o=1
== [rxet(1-2)  f(o)at %)
Let
£=n=>t =xn = dt = xdn
x° N
> JH@=2 [ et fmdn (8)
Where '

@(n) = (1 —m " H(L-n), H()
is the Heaviside unit step function.

0, t<0
Hm_{l, t=0

Using the properties of the Mellin Transform of f(t), we obtain
" @ e Ta) Ip)
M{p(t)} = @(p) = [ " o(t)dt = = ©)

Now Mellin transform of , J #f(t) is given by

M-ag—p
-

M{,JEf (D)} = flp+a) (10)

The Mellin transform of ,DZf(t) is given by

M-pta
I—p

M[,DEf(t)] = flp—a) (11)

We next find the Mellin transform of the Weyl fractional integral

M) = o [T - D F(D)dt (12)
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M{ W f(x)}= T:in:'f(p + a) (13)
or
— —1( I =
W fy =M {2 fo+ o) (14)

Similarly the Mellin transform of Weyl fractional derivative is given by

MO 00} = =2 f(p —

W £ = M7 [ fo — )] (1)

Adomian decomposition method
To illustrate the method consider the following differential equation of the form
y=f(xy), y(a) =y (16)

In order to solve the problem, we put the highest degree differential operator £ on the left
side in the following way,

[15] Ly) = f(x.¥) (17)
Where the differential operator £ is given as
t
L= d dLt= f
- dx arn - ( 'j
0
Operate £~ on both sides of equation (17) and use the initial condition y(a) = y,, we get,
y(x) =y, + L7 (x,¥) (18)

The solution through Adomian decomposition method is obtained in an infinite series form
as

y(x) = X3z ¥ () (19)

where the components v, (x) are determined recursively. Moreover the non linear function
f(x,v) is defined by the infinite series of the form

flxy) = LhzoA4, (20)
by using equations (19), (20) in (18) we get

i () =y + LTHEE_ A (21)

n=0""n
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To determine the component y, (x), the zeroth component y, (x) is identified by the term
that arises from the initial condition. The remaining components are obtained by using the
preceding component.

3 Solution of the Space Time Fractional Telegraph Equation by Using
Adomian Decomposition Method

In this section, we have obtained a solution of following time and space fractional telegraph

equation using Adomian decomposition method. The space time telegraph equation is
given by

DX*ulx,t) + A Dfulx,t) = p Dfu(x,t], t=0, 0<a<1 (22)
subject to the boundary and initial conditions

u(x,0) = hy(x)
u,(x,0) = hy(x) (23)
ul0,t) = s(t)

we write (22) in an operator form as,

Df'xu=pL£u—ADfu (24)

-5'"3 alﬂ!
where Li =25 and the fractional differential operational D = Py is defined in the

Caputo’s sense as follows,

_ %ulxt)
ul(x, t) = P
1 n—o— n
s ==t fY(D)dr, n—1<a<mneN
B anf (25)
= ifa=neEN
Operating with ] 2* = J 2% on both sides of equation (24) and using initial conditions,
equation (23) yields
u(x,t) =u(x,ﬂ)-i—tur(x,ﬂj+f§'x[p:£.fu— ADfu] (26)
The Adomian’s decomposition method assumes a series solution for u(x,t) given by
ulx,t) = 2% _ u,(xt) (27)

Following Adomian method analysis, equation (26) is transformed into a set of recursive
relations given by

ug = hy(x) + th,(x) (28)
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Upgs = rzﬂ |:F’ LE U, — A Drﬂc un] (29)

Using the above recursive relationship and mathematics the first three terms of the
decomposition series are given by

uy = ulx,0) + tu,(x,0) (30)
ug = hy(x) +th,(x) 31
ul=jf“‘[p:£,£uﬁ— Aﬂfuﬁ] (32)
" B i
ug =J:° [p:% Uy — ,l;? uﬂ,] (33)
uy = J 2% [ufh, P (x) + th,P ()} — 2 DF {hy (x)° + by (x)t1}] (34)
w =72 a0+ e () = 2 {0 2225 1 e 50 ] 69)

w =125 [0 () + P ()} — 2 (D 2+ () | (36)

= [#U‘vf(xmf“ t°]+h2'g[ijf“t1]}— { i, (x) U @ 4= n:j_l_ h 'x} U;rxtl E]}] (37)

Iil—e)

= [ﬁ{hlﬂtxjufrx tDj-l-h:'E[x "xtij} { i, (x) U @y - c.:j_i_ R lx]l Ur‘rxti Ej}] (38)

Iil—e)
'Lt_ =
g riisuw) p0+2a B TIFL 4247 mlx) IMl-a) | _p47n
[ h l( -]1'_|1+L.+ x} + h: lx) 1—,:1+l+-‘ﬂ::.t } A%F(l—c}}'(l—rx—zﬂ}t t
hola)  Ii1ll &) l—a+2la )
riz «)li1ll =i2a) J'] (39)
, 2 +h g LIE+L . 5 LEtL
"= F’{ (x) 1‘." o ) i"(Zn:+2}} { (xjr +1}+ 2(%) ru:.z+z}} (40)
1‘12:1’:2&[!-5{5”1_*1{]:&”1] (41)
— 7 2x BS a"
Uq —_ft [#E'x_'g g — Aﬁ ‘Lt,l:| (42)
w =y [ 2 {1 (e G s + e () o) A{h () s +
hy(x jr +) } Aﬁ{ (h g(xj +1}+h'g( I +)) {h (xjr +1}

ROF== “3)
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. Fr #zh'z'sl:x-l:' e #!h z's'.x:' T 41 Mh'g':-"} ,.?._,'.L.i.h.,'gl:)‘-} "741]_
b2 — fr [{fl 2 +1) £ J.'l e+2) INa+1) ' INa+2)] ¢
pd g © ) & L M?‘ B g Zat 1 By lad o oy
flei ) (pegeey 4 a6 ( pepracy) - Z00) pere
A_hai( rxtrx-fl'\}
Tia+2) (44)
Which on simplification gives
u, =J 2= & % () pra g £ ®rs () 20 41 LR CO _Mhng':"}t:zﬂ _
z ¢ IMZe+1) IM2e+1) TMat+1) Tlet+1)
dun Pl g AP () ge1 g2 0_ 32 1]
{nm} t* + e b Aohy (x)t" — Ahy ()t 45)
U, =
#2?3-_1'9':1) 2o o 2o '1] Do 2 B+l Mh:'slzxj a & '1) 2o atd
|:.!'|:25:+:L} t )—I— .rl a:+“:l U ¢ j TFia+1) j Tlrx+"‘:) U t j
Aun P (x) asa A h:l. () e, 2 2o 2 2a
% t t )_:f”z—_'_:;: t t +1j+ ‘1' h‘i(ijt tﬁ)+‘q‘ h‘z(‘xjut tlj (46)
_ Wh B () T@atl)  sgize | whe ' (x) Ti142a+1) . 2041+2a B
Uy IfZa+1) I(1+2a+2a) T{2e+2) I(1%2a+1+2a)
wla Pl) Tatl)  pioe  wlhFla) Tl4atl)  igsze
Na+l) INitat2z) INa+2) IMit+a+lt2e)
.l;ah._'g':x:' Matl) a4ic Jl;.hzg(x} Filtatll g1947a n
INe+1) M1l+a+2a) INe+2) INite+i+2a)
2 T(1%0) .0+2a
Eh 1 (x ]r 1+0+2a } +
i M1+1) L147a
Ay (x) Ii1+1+2e) (47)
uy, =
2(y, 28 R, ) g BP0 )
( (= j*’-_ '1+13' (x jf‘l +2) E,u,l{h (xjra +1} (x jruarx+"} +
X +1
A (hl(x]n:rxu} iy (x jf”‘rx-l-"}) (48)
and so on. In this manner the rest of components of the decomposition series can be
obtained. the solution in series form is given by
u(x,t) =uglx,t) +uy(x,t) +u(xt) +-- (49)
ulx,t) = hyix) +thy (x)+ u;(h (x) + .FLn'E(.xj ) l(h e +
’ 1 1 Ny "x+1} I2a+3) 1% Iiz+1)
|x X +L
18 .G‘ o f
hy (%) } | (h [le_ rx+1} | Fy” * Msatz }}
.EI E g ; r:'.|x+'_
E‘Ld(h (2 j}.’.3a+1} ey (sz_ (3a+2)/ )+ (h (x j (2 +1}+ iy (x Jr. rx-f"‘}} (50)
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Special case

Setting @ = 1 and # = 2 in equation (50) we obtain the solution of classical telegraph
equation by

u(x,) = hy(x) +thy(2) +u (R FOS + 1P (D) - ARy (Dt +hy(0)T) +

2 (B 2B o (R Bl L R B 4 a2 £ N
2 (k) S+ B2 (0 ) — 2 (R () S+ R (0 5) + 22 (RS + Ry (6) ) 51

4 Conclusions

Clear conclusion can be drawn from the analytical results in equation (50) and equation
(51) that the Adomian method provides highly accurate numerical solutions without spatial
discretization for the problem. It is evident that the overall errors can be made smaller by
adding new terms of the decomposition series.

Acknowledgements

The authors are grateful to the anonymous referees for a careful checking of the details and
for helpful comments that improved this paper.

References

[1] A. A. Kilbas, H. M. Srivastava & J. J. Trujillo, (2006), Theory and Applications of
Fractional Differential Equations: Elsevier, Amsterdam, The Netherlands.

[2] W. Tomasi, (2004), Electronic Communication Systems, Prentice Hall, New Jersey.

[3] R. C. Cascaval, E. C. Eckstein, L. Frota & J. A. Goldstein , (2002), Fractional
Telegraph Equations: J Math. Anal. Appl., 276, 145-159.

[4] E. Orsingher & L. Beghin, (2004), Time Fractional Telegraph Equation and
Telegraph Process with Brownian Time: Prob. Theory Relat. Fields, 128, 141-160.

[5] J. Chen, F. Liu & V. Anh, (2008), Analytical Solution for the Time-Fractional
Telegraph Equation by the method of Separating Variables: J. Math. Anal. Appl.,
338, 1364-1377.

[6] S. Momani, (2005), Analytic and Approximate solutions of the space and time
fractional telegraph equations: Appl. Math. Comput., 170, 1126-1134.

[7] G. Adomian, (1986), Non-linear Stochastic Operator Equations: Academic Press, San
Diego.

[8] G. Adomian, (1994), Solving Frontier Problems of Physics: The Decomposition
Method: Kluwer Acad. Pub., Boston.

[9] G. Adomian, (1988), A Review of the Decomposition Method in Applied
Mathematics: J. Math. Anal. Appl. 135, 501-544.

[10] A. M. Wazwaz, (2008), A Study on Linear and Nonlinear Schrodinger equations by
the Variational Iteration method: Chaos, Solitons and Fractals 37, 1136-1142.

[11] X. G. Luo, (2005), A two step Adomian decomposition method: Appl. Math Comput.
170(1), 570-583.

[12] B. Q. Zhang, X. G. Luo and Q. B. Wu, (2006), The restrictions and improvement of
the Adomian decomposition method: Appl. Math. Comput. 177, 99-104.



Journal of New Theory 22 (2018) 73-81 81

[13]
[14]
[15]
[16]
[17]
[18]
[19]

[20]

M. Caputo, (1969), Elasticita e Dissipazione: Zanichelli, Bologa, Italy.

H. Weyl, (1917), Vierteljahrsschr. d. Naturf. Ges.; Zurich, 62, 296-302.

E. A. Ibijola, B.J. Adegboyegun and O.Y. Halid, (2008), On Adomian decomposition
method (ADM) for numerical solutions of ordinary differential equations: Advances
in Natural and Applied Sciences, 3(3) 165-169.

A. Atangana, (2015), On the stability and convergence of the time-fractional variable
order telegraph equation: Journal of Computational Physics 293, 104-114.

M. A. E. Herzallah, (2010), On abstract fractional telegraph equation: J. Comput.
Nonlinear Dyn. 5, 5pp.

P. Zjaung, F. Liv, (2006), Implicit difference approximation for the time fractional
diffusion equation: J. Appl. Math Comput., 22, 87-99.

M. Azreg-Ainov, (2009), A developed new algorithm for evaluating Adomian
polynomials: CMES, 42(1) 1-18.

E. Babolian, A. R. Vahidi and G. H. Asadi Cordshooli, (2005), Solving differential
equations by decomposition method: Applied Mathematics and Computation, 167,
1150-115.



http://www.newtheory.org ISSN: 2149-1402

New Théory

Received: 05.01.2018 Year: 2018, Number: 22, Pages: 82-91
Published: 10.05.2018 Original Article

Fuzzy Implicative Ideals in KU-algebras

Samy Mohammed Mostafa”  <dr_samymostafa46 @ yahoo.com>
Ola Wageeh Abd El-Baseer <olawageeh @yahoo.com>

Department of Mathematics, Faculty of Education, Ain Shams University, Roxy, Cairo, Egypt

Abstract — In this paper, we consider KU-implicative ideal (briefly implicative ideal) in KU-algebras. The
notion of fuzzy implicative ideals in KU-algebras are introduced, several appropriate examples are provided
and their some properties are investigated. The image and the inverse image of fuzzy implicative ideals in
KU-algebras are defined and how the image and the inverse image of fuzzy implicative ideals in KU-algebras
become fuzzy implicative ideals are studied. Moreover, the Cartesian product of fuzzy implicative ideals in
Cartesian product of KU-algebras are given.

Keywords — Fuzzy implicative ideal ,image (inverse image ) of fuzzy implicative ideals, Cartesian product of
fuzzy implicative ideals.

1. Introduction

BCK-algebras form an important class of logical algebras introduced by Iseki [11,12,13]
and was extensively investigated by several researchers. It is an important way to research
the algebras by its ideals. The notions of ideals in BCK-algebras and positive implicative
ideals in BCK-algebras (i.e. Iseki’s implicative ideals) were introduced by Iseki [11,12,13].
The notions of commutative ideals in BCK-algebras and implicative ideals in BCK-
algebras were introduced by [18-24]. Zadeh [33] introduced the notion of fuzzy sets. At
present this concept has been applied to many mathematical branches, such as group,
functional analysis, probability theory, topology, and so on. In 1991, Xi [32] applied this
concept to BCK-algebras, and he introduced the notion of fuzzy sub-algebras (ideals) of the
BCK-algebras with respect to minimum, and since then Y.B. Jun et al studied fuzzy ideals
(cf.[10], [14], [15] ), and moreover several fuzzy structures in BCC-algebras are considered
(cf [2-9]). Prabpayak and Leerawat [29,30] introduced a new algebraic structure which is
called KU-algebra. They gave the concept of homomorphisms of KU-algebras and
investigated some related properties. Mostafa et al. [25 - 28] introduced the notion of fuzzy
KU-ideals of KU-algebras and then they investigated several basic properties which are
related to fuzzy KU-ideals. The idea of implicative ideal was introduced by Meng et al.

*Corresponding Author.
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[22,23], they established the concepts of implicative ideals and commutative ideals in BCI-
algebras and investigated some of their properties. Mostafa et al. [26,27] introduced the
notion of implicative ideals and commutative ideals of KU-algebras and investigated of
their properties.

In this paper, the notion of fuzzy implicative ideals of KU - algebras is introduced and then
the several basic properties are investigated. How the image and the pre-image of fuzzy
implicative ideal under homomorphism of KU-algebras become fuzzy of implicative ideal
are studied. Moreover, the product of fuzzy implicative ideal to product fuzzy implicative
ideal is established.

2. Preliminaries

Definition 2.1. [29,30] Algebra (X,*,0) of type (2,0) is said to be a KU-algebra, if it
satisfies the following conditions:

(kuy) (x*xy)*[(y+*z))*(x*2)]=0,

(kupy) x*0=0,

(kuy) O*x=x,

(ku,) x*y=0 and y*x=0 impliesx=1y,
(kus)x*x=0, Forallx,y,ze X .

On a KU-algebra (X ,*0) we can define a binary relation < on X by putting
x<y&eyxx=0
Thus a KU-algebra X satisfies the conditions:

(kuy) (y#z)*(x*z)<(x*y)
(kuz\) 0<x
(kuy) x<y,y<x implies x=y,

(ku4\) yEx<x.

Theorem 2.2. [25] In a KU-algebra X , the following axioms are satisfied:
Forallx,y,ze X,

(1) x<yimplyy*z<x*z,

(2) x*(y*z)=y*(x*z) forall x,y,ze X,
(3 (yxx)*x)<y.

(4 ((y#x)*x)*x))=(y*x)

KU{

Proof. No. (4) Since (y*z)*(x*z)<(x*y)impliesx*((y*z)*z)<(x*y), put x=0, we
have

by(1)

0%((y*2)%2) (0% y) = (y*x) #x < y,we have (y#x) < ((y #x) ¥ x)¥x)— 1
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But, (y#x)*[((y*x)*x)*x)]=[(y*x)*x)]*[(y*x)*x)]=0
Le((y*x)#x)*x)S(y#x)————————~ 2

From 1, 2 ,we have ((yxx)*x)*x))=(y*x).
We will refer to X is a KU-algebra unless otherwise indicated.

Definition 2.3. [29,30] Let / be a non empty subset of a KU-algebra X . Then [ is said to
be an ideal of X , if
(1, O0el

(1)) Vy,ze X,if (y*z)el and ye I, implyze .

Definition 2.4. [25] Let / be a non empty subset of a KU-algebra X . Then [ is said to be
an KU- ideal of X , if
(F,)) 0el

(Fygy) Vx,y,ze X,if x*(y*z)el and yel, implyx*zel.
Definition 2.5 [27 ] A KU-algebra X is said to be implicative if it satisfies the identity
x=(x*y)*xforallx,y €X.

For the properties of KU-algebras, we refer the reader to [12 - 16 ].

3. Fuzzy Implicative Ideals
We now review some fuzzy logic concepts

Definition 3.1. [33] Let X be a non-empty set, a fuzzy subset 4 in X is a function
f:X —>[01].

Definition 2.11. [25 ] Let X be a KU-algebra, a fuzzy set xin X is called a fuzzy ideal of

X if it satisfies the following conditions:
(Fy) #(0)=pu(x)forall xe X .

(FI) Vx,ye X, u(y)2min{u(x#y),u(x)}.

Definition 3.2. [25 ] Let p be a fuzzy set in a set X. Fort € [0, 1], the set
= {x € Xlpx)>t}

is called upper level cut (level subset) of p.

Definition 3.3. A non empty subset g of a KU-algebra X is called a fuzzy implicative
ideal of X ,if Vx,y,ze X,
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(Fy) u(0) = u(x)
(F) p((x* y)*x) = minfu(z # ((x * y) * x)), @(2) .

Example 3.4. Let X ={0,1,2,3,4} in which the operation * is given by the table

*10[1]2]3]4
0[0[1]2 34
110/0/1]3]4
2/0/0/0[3 4
3/0/0/0[0 4
4/0/0/0/0 0

Then (X ,%,0)is a KU-Algebra. Define a fuzzy set u : X— [0,1] by
pO)=tou (M =p@2)=t;, p3)=t, n(4) =t
where ty, t; tp,t3€ [0,1] withtpy>t; >t > t3.
Routine calculation gives that p is a fuzzy implicative ideal of KU-algebra X.

Lemma 3.5. If p is a fuzzy implicative ideal of KU - algebra X and if x <z, then
Hx)>u (2).

Proof. if x <z, then z « x = 0, this together with 0+ x =x,x+ x=x+ 0=0 and
u) > (z). Puty =0 in (F)), we get

L((x#0) # x) = min{g(z * ((x *0) * x)), 4(2)}
40 % x) = minf{u(z # (0% x)), 4(2) }= min{u(z * x), 1(2)}
() = min{u(0), 1(2) }= u(z)

Lemma 3.6. Let p be a fuzzy implicative ideal of KU-algebra X, if the inequality
z+X <yhold in X, Then p (x) > min {u (y), u (z)}.

Proof. Assume that the inequality y «x < z holds in X, then
M(z#x) 2 p(y)

by (Lemma 3.5). Put x =y in (F,), we have u((x*x)*x)= min{,u(z *((x*x)*x)),,u(z)}

i.e. p(x) 2 minfu(z#x), ()}, but  p(z#x)2p(y),  thenu(x) 2 minfu(y), u(2)},  this
completes the proof.

Proposition 3.7. The intersection of any set of fuzzy implicative ideals of KU-algebra X is
also fuzzy implicative ideal.
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Proof. Let {y;} be a family of fuzzy implicative-ideals of KU-algebra X, then for any
x,y,z€ X,

(Nui) (0) = inf (u; (0)) > inf (u; (x)) = (Npi)(x)
and

(M) (¢ y)*x ) = inf (i((x + y)*x)) = inf (min {5 (Z*((x = y)*x), i (2)})
= min {inf (u; Z*((x » y)*™)), inf (u; (2))
= min {(NW) (Z*((x = )*%)), (Ni(2)}.

This completes the proof.

Theorem 3.8. A fuzzy subset p of KU - algebra X is a fuzzy implicative-ideal of X if and
only if, for every t € [0,1], pis either empty or an implicative ideal of X.

Proof. Assume that u is a fuzzy implicative - ideal of X, by (F1), we have pu (0) > u (x) for
all x € X therefore u (0) > (x) > tforx € ptand so 0 € ..

Let z* ((x = y) * X)€ utand z € ut, then p( z*((x =y) = X)) >tand p (z) > t, since u is a
fuzzy implicative - ideal it follows that p( (x = y)*x) > min {u(z* ((x = y) = X)), 4 ()} >t
and therefore (x = y)*x € u.. Hence y.is an KU-ideal of X.

Conversely, we only need to show that (F;) and (F,) are true. If (F;) is false then there exist
x € X such that pu (0) < u(x"). If we take t'= (u (x7) pu (0))/2, then p(0) <t and 0 <t < p

(x) <1,thusx’€ pand pu # ¢ As p is an KU—-implicative ideal of X, we have 0 € u¢
and so p (0) > t". This is a contradiction.

Now, assume (F,) is not true,then there exist X, y" and z* such that,
M (CF ) X)) <min {p (22 F(s y) X0, p (2)

Putting t'={ p (X * y)* x")+min{u (z° *(X*+ y )« X)), u (z)}} /2, then p (X * y)*x) <t
and 0 < t <min {p (z° *(X+y )+ x), u (z)}} /2<1 ,hence p (z- *(X*+y )= x ) >t and u
(z°) > t',which imply that (x™+ y )« x) € u (') and z" € p, since . is an implicative-ideal, it
follows that (x*+ y )+ X*) € up and that p (X'« y)« X)) > t°, this is also a contradiction.
Hence p is a fuzzy implicative ideal of X.

Corollary 3.9. If a fuzzy subset u of KU-algebra X is a fuzzy implicative-ideal, then for
every t € Im (u), Y is an implicative-ideal of X.

Definition 3. 10. [32] Let f be a mapping from the set X to a set Y. If Hisa fuzzy subset of
X, then the fuzzy subset B of Y defined by

sup (). if £7(3)=(xe X.f(1)=y) %0
f(;u)(y):B(y):{xef(‘)(y) o Y X X y

otherwise

is said to be the image of H under f.
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Similarly if B is a fuzzy subset of Y, then the fuzzy subset u = o f in X (i.e the fuzzy
subset defined by u (x) = B (f (x)) for all x € X) is called the primage of B under f.

Theorem 3.11. An onto homomorphic preimage of a fuzzy implicative-ideal is also a
fuzzy implicative-ideal.

Proof. Let f : X — X be an into homomorphism of KU-algebras, B a fuzzy implicative-
ideal of X" and p the preimage of B under f, then B (f (x)) =p (x), forall x € X.

Letx € X, thenp (0)=B (f(0))>p (f (X)) =p (x). Now let x, y,z € X then

H((x = y)*x) =B (F (x = y)*x))=P((f (x) = £ (y)* f (X))
> min {B (f(z) *(f (x) = £ (y))* £ (x))),p(f (2))}
=min {p (f (z* (x » y) = X)), B (f (2))}
=min {u(z* ((x +y) = x)), 4 (2)}.

The proof is completed.

Definition 3.12. [31] A fuzzy subset p of X has sup property if for any subset T of X, there
exist to€ T such that u(z,) =sup u(z).

teT
Theorem 3.13. Let X — Y be a homomorphism between KU-algebras X and Y. For every
fuzzy implicative ideal pin X, f (p) is a fuzzy implicative-ideal of Y.

Proof. By definition

B(y)= f(u)(y)= sup u(x) forall y’eY and supg=0
xef700)

We have to prove that B((x"# y") #*x") > min{B(z"*(x"*y")*x"),B(z)}, V x",y, 2 €Y.

Letf: X — Y be an onto a homomorphism of KU - algebras, | a fuzzy implicative - ideal
of X with sup property and  the image of p under f, since p is a fuzzy implicative - ideal of

X, we have p(0) > u(x) for all x€ X. Note that 0 € ' (0%), where 0, 0" are the zero of X

and Y respectively. Thus, B(0)) = sup (1) = u(0)> u(x),for all xe X , which implies
e f7(0)

that B(0)> sup u(t)=B(x"),forany x’eY . Foranyx’,y,z' €Y, let
ref(x)

e X)L yvefTO) L zef(@)
be such that

H(zZy *((xg * yo) ¥ X)) = sup (1) , M(zy)= sup u(r)

1e £ (29 #(x0#y0 )¥x9)) ref(2)

and

H(zo *((xg * 99) % x0)) = B{f (2g # ((xg % yy) * x) } = B(2"* ((x"* y') ¥ X))
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= sup H(zo (X0 * yp) * X)) = sup ().

20*(Xg*yg Vixg e T (2H(x 5y yxx) te (2 (X xy)x')

Then

B((x"#y)*x")= sup (1) = u((xy * yy) * xy) Zmin{(z, * (xy * yo) *x,)), U(zy) } =

te f (xxy)xx')

min{ sup  u(t),  sup ﬂ(t)} = min{B(z"*((x"* y) *x)) , B(z)}.

te £ (2 H(x"%y)xx")) ref

Hence B is a fuzzy implicative -ideal of Y.

4. Cartesian Product of Fuzzy Implicative-ideal
Definition 4.1. [1] A fuzzy p is called a fuzzy relation on any set S, if u is a fuzzy subset
u:SxS — [0,1]

Definition 4.2. [1] If u is a fuzzy relation a set S and [ is a fuzzy subset of S, then p is
fuzzy relation on B if u (x, y) <min {B (x), B (y)}, V X,y € S.

Definition 4.3. [1] Let pu and B be fuzzy subset of a set S, the Cartesian product of u and 3
is define by (u % B) (x, y) =min {p (x), B (¥)}, V x,y € S.

Lemma 4.4. [1] let u and 3 be fuzzy subset of a set S then,
(i) p x P is afuzzy relation on S.

(i1) (U X B)= ux Pi for all t € [0,1].

Definition 4.5. [1] If B is a fuzzy subset of a set S, the strongest fuzzy relation on S, that
is, a fuzzy relation on P is g given by pg (x, y) =min {B (x), B (y)}, ¥ X,y € S.

Lemma 4.6. [1] For a given fuzzy subset S, let ug be the strongest fuzzy relation on S the
for t € [0,1], we have (up)= B¢ x B .

Proposition 4.7. For a given fuzzy subset B of KU- algebra X, let ug be the strongest fuzzy
relation on X. If g is a fuzzy implicative ideal of X x X, then B (x) < (0) for all x € X.

Proof. Since pgis a fuzzy implicative ideal of X x X, it follows from (F;) that
pp (x, x)=min {B (x), B (x)} < (0, 0) =min {p (0), B (0)}
where (0, 0) € X x X, then B (x) < (0).

Remark 4.8. Let X and Y be KU-algebras, we define » on X x Y for every (x, y), (u, V)€ X
xY,(X,y)=(,v)=(xx*u,y V), then clearly (X «y, %, (0, 0) ) is a KU-algebra.

Theorem 4.9. let pu and P be a fuzzy implicative-ideals of KU - algebra X, pu x f is a fuzzy
implicative-ideal of X x X.
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Proof. for any (x, y) € X x X, we have,

(1 x B) (0,0) =min {p (0), B (0)} =min {u (x), B (X)} = xB) (x,y).

Now let (x1, X2), (y1, ¥2), (21, 22) € X x X, then,

(1 x B) ((x1 +y1) = X1), ((X2 * y2) * X2))

min {p ((x1 = y1) = X1)), B (X2 « y2) = X2))}

min {min {p (z1+ (X1 = y1) «X1))), u(z1) }}, min {B ((x2 = y2) = X2)), B (z2)} }
min {min {u (z1+ (X = y1) = X1)), B (22 = (X2 + y2) = X2)) }, min { u(z1), B(z2) } }
min {(u X B) (z1+ (X1 = y1) = X1), Z2 = (X2 # y2) = X2)),( 1 X B)(z1, 22)}.

v

Hence p x B is a fuzzy implicative ideal of X x X.

Analogous to [28], we have a similar results for implicative-ideal, which can be proved in
similar manner, we state the results without proof.

Theorem 4.10. let u and B be a fuzzy subset of KU-algebra X,such that u x B is fuzzy
implicative -ideal of X x X, then

(1) eitherp (xX)<p (0) or B (x) <P (0) forall x € X,

(i1) if p (x) < (0) for all x € X, then either p (x) < B (0) or B (x) < B(0),

(i) if B (x) <P (0) for all x € X, then either p (x) < (0) or B (x) < u(0),

(v) either p or B is a fuzzy implicative - ideal of X.

Theorem 4.11. let  be a fuzzy subset of KU-algebra X and let pug be the strongest fuzzy
relation on X, then P is a fuzzy implicative ideal of X if and only if pg is a fuzzy
implicative-ideal of X x X.

Proof. Assume that B is a fuzzy implicative-ideal X, we note from (F;) that

up (0, 0) =min {B (0), B (0)} =min {B (x), B (y) } =up(x,y)

Now, for any (X1,X2), (Y1,¥2),(z1,22) € X x X, we have from (F,)

up (X1 y1) = X1, (X2 #Yy2)=X2)

min {B ((X1 = y1) = X1), B (X2 + y2) = X2)}

min {min{p (z;« (X1 = y1) = X1)), B (z1)}, min {B (z2 « (X2 = y2) = X2)), B(z2)} }
min{min{ B(z;+ (X1 = y1) = X1)), B (22 = (X2 = y2) = X2)) }, min { B(z1), P(z2)} }
min {pg (= (X1 = Y1) = X1), Z2 = (X2 * ¥2) = X2)), Mg (Z1, Z2) }.

v i

Hence pp is a fuzzy implicative-ideal of X x X.

Conversely: for all (x, y) € X x X, we haveMin {f (0), B (0) } = pg(x, y) = min {B (x), B
(y)} It follows that B (0) > B (x) for all x € X, which prove (F)).

Now, let (X1, X2), (Y1, ¥2), (Z1, 22) € X x X, then

min {B (((X1 = y1) = X1), B (X2 + y2) = X2)} = up (X1 y1) = X1), (X2 *y2) * X2))
>min {up ((z1, 22) = (X1, X2) * (Y1, ¥2)) * (X1, X2) ), Mp (Z1,22)) }
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=min {pg (Zi= (X1 = Y1) = X1), Z2 = ((X2 * ¥2) = X2)), Up (21, Z2)}
=min {min {B (z;+ (X1=y1) = X1)), B (z2 = (X2 = y2) * X2))}, min {B (z1), B (z2)} }
=min {min {B (z;+ (X1 = y1) = X1)), P (z1)}, min {P(z2 « (X2 = y2) * X2)), B (z2) } }

In particular, if we take x, = y, = 7, =0, then, B ((X; = y1) * X1) = min { B (z;= (X1 = y1) * X1)),

B(z1)}.

This prove (F;) and completes the proof.
5. Conclusion

we have studied the fuzzy of implicative ideal in KU-algebras. Also we discussed few
results of fuzzy of implicative ideal in KU-algebras under homomorphism, the image and
the pre- image of fuzzy implicative ideal under homomorphism of KU-algebras are
defined. How the image and the pre-image of fuzzy implicative ideal under homomorphism
of KU-algebras become fuzzy of implicative ideal are studied. Moreover, the product of
fuzzy implicative ideal to product fuzzy implicative ideal is established. Furthermore, the
main purpose of our future work is to investigate the foldedness of other types of fuzzy
ideals with special properties such as a bipolar intuitionistic (interval value) fuzzy n-fold of
implicative ideals in some algebras.
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1 Introduction

In algebra, ring theory is the study of rings algebraic structures in which addition
and multiplication are defined and have similar properties to those operations defined
for the integers. Ring theory studies the structure of rings, their representations, or,
in different language, modules, special classes of rings (group rings, division rings,
universal enveloping algebras), as well as an array of properties that proved to be
of interest both within the theory itself and for its applications, such as homological
properties and polynomial identities. In mathematics, a module is one of the fun-
damental algebraic structures used in abstract algebra. A module over a ring is a
generalization of the notion of vector space over a field, wherein the corresponding
scalars are the elements of an arbitrary given ring (with identity) and a multiplica-
tion (on the left and/or on the right) is defined between elements of the ring and
elements of the module. Thus, a module, like a vector space, is an additive abelian
group; a product is defined between elements of the ring and elements of the module
that is distributive over the addition operation of each parameter and is compatible
with the ring multiplication. Modules are very closely related to the representation
theory of groups. They are also one of the central notions of commutative algebra
and homological algebra, and are used widely in algebraic geometry and algebraic
topology. In 1965, Zadeh [17] introduced the notion of a fuzzy subset of a set as
a method for representing uncertainty. It provoked, at first (and as expected), a
strong negative reaction from some influential scientists and mathematicians many
of whom turned openly hostile. However, despite the controversy, the subject also
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attracted the attention of other mathematicians and in the following years, the field
grew enormously, finding applications in areas as diverse as washing machines to
handwriting recognition. In its trajectory of stupendous growth, it has also come to
include the theory of fuzzy algebra and for the past five decades, several researchers
have been working on concepts like fuzzy semigroup, fuzzy groups, fuzzy rings, fuzzy
ideals, fuzzy semirings, fuzzy near-rings and so on. Solairaju and Nagarajan [5,6]
have introduced and defined a new algebraic structure called Q-fuzzy subgroups.
The triangular norm, 7T-norm, originated from the studies of probabilistic metric
spaces in which triangular inequalities were extended using the theory of T-norm.
Later, Hohle [4], Alsina et al. [1] introduced the T-norm into fuzzy set theory and
suggested that the T-norm be used for the intersection of fuzzy sets. Since then,
many other researchers have presented various types of T-norms for particular pur-
poses [3, 16]. Anthony and Sherwood [2] gave the definition of fuzzy subgroup based
on t-norm. The author by using norms, investigated some properties of fuzzy sub-
modules, fuzzy subrings, fuzzy ideals of subtraction semigroups, intuitionistic fuzzy
subrings and ideals of a ring, fuzzy Lie algebra, fuzzy subgroups on direct product of
groups, characterizations of intuitionistic fuzzy subsemirings of semirings and their
homomorphisms, characterization of Q-fuzzy subrings (anti Q-fuzzy subrings) ([7,
8,9, 10, 11, 12, 13, 14, 15]). In this work, by using a ¢t-norm 7T, we introduce the
notion of T-fuzzy submodule of R x M, and investigate some of their properties.
Also we use a t-norm to construct the concept of the extension of T-fuzzy submod-
ule of R x M and prove some results on these. Finally we obtain some new results
of T-fuzzy submodule of R x M with respect to t-norm 7" under homomorphisms of
R-modules

2 Preliminary

Definition 2.1. A ring < R,+,. > consists of a nonempty set R and two binary
operations + and . that satisfy the axioms:

(1) < R,+,. > is an abelian group;

(2) (ab)c = a(bc) (associative multiplication) for all a,b, ¢ € R;

(3) a(b+¢) = ab+ ac, (b+ ¢)a = ba + ca (distributive laws) for all a,b,c € R

Moreover, the ring R is a commutative ring if ab = ba and ring with identity if
R contains an element 1z such that 1ra = algp = a for all a € R.

Example 2.2. (1) The ring Z of integers is a commutative ring with identity. So
are Q, R, C, Z,, R|x], etc.

(2) 3Z is a commutative ring with no identity.

(3) The ring Z**? of 2 x 2 matrices with integer coe?cients is anoncommutative ring
with identity.

(4) (3Z)?*? is a noncommutative ring with no identity.

Definition 2.3. Let R be a ring. A commutative group (M, +) is called a left
R-module or a left module over R with respect to a mapping

O RXM—M
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if for all r,s € R and m,n € M,
(1) r.(m +n) =r.m+rmn,

(2) r.(s.m) = (rs).m,

(3) (r+s).m =r.m+ s.m.

If R has an identity 1 and if 1.m = m for all m € M, then M is called a unitary
or unital left R-module.

A right R-module can be defined in a similar fashion.

Definition 2.4. Let X a non-empty sets. A fuzzy subset p of X is a function
p: X — [0, 1]. Denote by [0,1]%, the set of all fuzzy subset of X.

Definition 2.5. A t-norm 7T is a function 7" : [0, 1] x [0,1] — [0, 1] having the fol-
lowing four properties:
(T1) T(x,1) = x (neutral element),
(T2) T(x,y) < T(z,z) if y < z (monotonicity),
(T3) T'(z,y) = T(y, ) (commutativity),
(T4) T'(z,T(y,2)) =T(T(z,y), z) (associativity),
1.

for all z,y,z € [0
We say that T be idempotent if T'(xz,z) = x for all x € [0, 1].
It is clear that if x; > x5 and y; > yo, then T'(zq,y1) > T(x2, ya2).

Example 2.6. (1) Standard intersection T-norm 7,,(x,y) = min{x, y}.
(2) Bounded sum T-norm Tj(z,y) = max{0,z +y — 1}.
(3) algebraic product T-norm T,(z,y) = xy.
(4) Drastic T-norm
y ifz=1
Tp(z,y) =< x ify=1
0 otherwise.

(5) Nilpotent minimum 7-norm

[ min{z,y} frx+y>1
I%ﬂf(xvy)'_ { 0 otherwise.

(6) Hamacher product T-norm

0 ifz=y=0
otherwise.

Ty (w,y) = { zy

T+y—xy
The drastic t-norm is the pointwise smallest t-norm and the minimum is the
pointwise largest t-norm: Th(z,y) < T(x,y) < Tmn(z,y) for all z,y € [0, 1].

Lemma 2.7. Let T be a t-norm. Then
T(T(z,y), T(w,2)) =T(T(x,w), T(y,2)),

for all z,y,w, z € [0,1].
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3 T—Fuzzy Submodules of R x M

Definition 3.1. Let M be an R-module. A M-fuzzy subset u of R is a function
p: R x M — [0,1]. Denote by [0, 1]#*M ' the set of all M-fuzzy subset of R.

Definition 3.2. Let S C R and a € [0,1]. Define agsxary € [0, 1]*M as follows;

a ifreSmeM
Usxar(rm) =14 ifreR—SmeM

Definition 3.3. Let u € [0, 1] and T be a t-norm. We say that u is a T-fuzzy
submodule of R x M if for all r,s € R and z,y € M

(1) M(h OM) = 1a

(2) plr, sx) = p(r, x),

(3) plr,x +y) = T(p(r, x), p(r, y))-

We denote the set of all fuzzy submodules of R x M by TF(R x M).
Since —lz = —x , condition (2) implies that u(r, —z) > u(r, ).

Example 3.4. Let R = (Z,+,.) be a ring of integer. If M = 7Z, then M is an
R-module. For all z € R we define a fuzzy subset p of Z x Z as

1 if (r,x) € Z x {0z}
p(r,x) =< 0.90 if (r,x) € Z x (2Z — {0z})
0.80 if (r,z) € Z x (2Z+1)

Let T'(z,y) = Ty(z,y) = xy for all x,y € Z, then p € TF(Z x Z).

Definition 3.5. Let y,v € TF(RxM) and r € Rand x € M. Define u+v, pUv, uNv,
and —pu as follows:

(b +v)(r,x) = sup{T'(u(r,y),v(r,2)) | y,z € M,y + z = x},

(1 U)(r, ) = sup {pu(r, 2), v(r,2)}

(wNv)(r,z) = T(u(r, =), v(r,z)),

(=p)(r,z) = p(r, —x).

Then p+v, pUv, pNv are called the sum, union, intersection of © and v respec-
tively, and —u the negative of .

Let p; € TF(R x M). The least upper bound U;espu; of the s is given by
(Userpi)(ryx) = sup{p;(r,z) |i € I} foralli € I,r € R,x € M.

Definition 3.6. Let p; € TF(R x M),1 <i <n and n € N. Since + is associative
and commutative, we can consider p; + g + ... + 1, and write it as X7 p1;.

If u; € TF(R x M) for each i € I, then X;crp; is defined by
(Zielui)(ﬁ 55') = Sup{TiEI(Nz’(Ta 351)) ‘ e Myiel, Xx; = 95}

such that Xxz; = ¥,c;x; and there are at most finitely many xs not equal to 0.
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Definition 3.7. Let r,s € R,x € M and p € TF(R x M). Define sy as follow:
sp(r,x) = sup{pu(r,y) |y € M, sy = x} which is called the product of s and p.

Proposition 3.8. Let r;s,t € R and p,v, &, pu; € TF(R x M),i € I. Then for all
x,y €M

(1) 1 = o, (— ) = (=)

(2) Sl{RXOIVI} - 1{R><01\1}
(3) If u < v, then sp < sv.
(4) (ts)pu = t(sp).

(5) s(p+v) = su+ sv.

(6) S( ze[ﬂz) - zels,uz

(7) (sp)(r,sx) > p(r, x).

(8) &(r, sx) > pu(r,z) if and only if sp < &.
9)
(10

(sp+ tv)(r, sx + ty) > T(u(r,z),v(r,y)).
) &(ryse+ty) > T(u(r,x),v(r,y)) if and only if su + tv < &.

Proof. Let r,s,t € R and x,y,z € M. Then

(1) 1p(r,z) = sup{u(r,y) |y € M, 1y =z} = p(r,z). Also
(=Dpu(r,z) = sup{p(r,y) |y € M, =1y = x} = p(r, —z) = (—p)(r, z).

(2) Tt is clear.

(3() sx)i(mf) = sup{u(r,y) |y € M,sy = x} < sup{v(r,y)|y € M,sy = x}

(4) (ts)u(r,z) = sup{u(r,y) |y € M, (ts)y = x} = sup{u(r,y) |y € M,t(sy) =
x} = t(sp)(r, ).

(5) (sp+ sv)(r,z) = sup {T'(su(r,y),sv(r,2)) |y, z € M,y + z = x}
= sup{T(sup{p(r,y1) | y1 € M, syr = y},sup{v(r,z1) | 21 € M, 521 = 2})}
|y,Z S Mas(yl +Zl) =SYy1+s8z1 =2 = S(,LL—I—I/)(T’?.I')}

(6) s(Userpes)(r, ) = sup{(Uierpi)(r,y) |y € M, sy = x}
= sup{sup;c; pi(r,y) | y € M, sy = x} = sup;c{sup pi(r,y) |y € M, sy = v}
= Ujersp(r, ).

(7) sp(r, sz) = sup{u(r,y) |y € M, sy = sx} > p(r, x).

(8) Let &(r, sz) > pu(r, x). Then su(r,x) = sup{p(r,y) |y € M, sy = x}
<sup{§(r,sy) |y € M,sy =z} =¢§(r,2).

(9) By Definition 3.5 and (part 7) we obtain that
(sp+tw)(r, sz + ty) = sup{T((sp)(r, sz), (tv)(r, ty)) } = sup{Tp(r, ), v(r,y))}
> T(p(r, ), v(r,y)).

(10) Let &(r, sx + ty) > T(u(r,x),v(r,y)). Then (su + tv)(r, 2)
= sup{T (su(r, z1), tv(r, 22) | 21,22 € M, 21 + 20 = 2}
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= sup{T'(sup{p(r,z) |z € M,sx = z1},sup{v(r,y) |y € M,ty = 23}) | 21,22 €
M, sx+ty =z}

= sup{T(u(r,x),v(r,y)) | z,y € M,sx +ty = 2z} < sup{&(r,sz + ty) |z,y €
M, sz +ty =z} =E(r,2).

Conversely, suppose that su+tv < . Then &(r, st +1ty) > (su+tv)(r, sz +ty) >
T(sp(r, sx), tv(r,ty)) = T(u(r,z),v(r,y)) (by(7)). O

Corollary 3.9. Let r,s,t € R and pr € TF(R x M). Then
(1) sp < pif and only if p(r, sz) > p(r, z),
(2) sp+tp < pif and only if pu(r, sz + ty) > T(p(r, ), p(r, y)).

Proof. (1) In Proposision 3.8 part(8), put u = &.

(2) In Proposision 3.8 part(10), put p =v =¢&. O

Corollary 3.10. Let s € R and p € [0, 1]%*M_ Then p € TF(R x M) if and only if
1 satisfies the following conditions:

(1) 1{RXOM} < W,

(2) sp <,

(3) p+p<p

Proof. Let € TF(R x M). Then

(]-) ,LL(T7 0M> - ]- Z ]- - ]-{RXOA{}(’I’,OM) and SO 1{R><0]\/[} S /’L

(2) For all ;s € R and x € M we have that u(r, sx) > u(r,z), and by Corollary
3.9 (part 1) we get sy < p.

(3) Let r,s,t € R and x,y € M. Then from u(r,x +y) > T(u(r,x), u(r,y)) and
Corollary 3.9 (part 2 with s = 1 = t) we obtain that u+ pu < p.

Conversely, we prove that yu € TF(R x M).
From condition (1) we have u(r,0a) > 1{rx0y}(r0a) and so p(r,0pr) = 1.
By condition (2) and Corollary 3.9 (part 1) we get pu(r, sxz) > u(r, x).

Also as condition (3) and Corollary 3.9 (part 2) we have u(r, z+y) > T'(u(r, ), u(r, y)).
Therefore p € TF(R x M). O

Proposition 3.11. Let r,s,t € Rand x,y € M. If u € [0, 1] then u € TF(R x
M) if and only if p satisfies condition (1) from Definition 3.3 and the following
condition:

(4) p(r, sz + ty) > T(p(r, x), u(r,y))-

Proof. Suppose i € TF(Rx M). By Definition 3.3, u satisfies condition (1). Since u
also satisfies conditions (2) and (3), it follows that u(r, sx+ty) > T'(u(r, sx), u(r,ty)) >
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T(p(r, ), p(r,y)).

Conversely, assume that p satisfies conditions (1) and (4). Then u(r,sx) =
,u(r, ST + 50M> > T(,u(r, LU), N(h OM)) = T(,u(r, $>, 1) = M(T, ':C)

Also p(r,x+y) = p(r, 1+ 1y) > T(u(r, x), u(r,y)). Hence u satisfies conditions
(2) and (3) and so u € TF(R x M). O

Corollary 3.12. Let r,s € R and p € [0, 1]"*. Then p € TF(R x M) if and only
if p satisfies the following conditions:

(1) 1{R><0M} < 22
(2) ru+ sp < p.

Proof. Let n € TF(R x M). Then from Corollary 3.10 we get that 1irxo,; < p
and ru + sy < p. Conversely, we show that p € TF(R x M). As 1{gxo,3 < p s0
p(r,0x) = 1. By 7+ s < pand Proposision 3.8(part 10) and Proposion 3.11 we
obtain that u € TF(R x M). O

Proposition 3.13. Let p,v € TF(R x M). Then pNv € TF(R x M).
Proof. Let r,s € Rand x,y € M. If p,v € TF(R x M), then

(1) (wNw)(r,0a) = T(pu(r, Onr), v(r,0n)) = T(1,1) = 1.
(2> (:U' N V)(Tv S(L‘) = T(IU(T, SZE), V(T7 S:E)) > T(:u(’rv J]), V(Tv l‘)) = (/~L N l/)(?“, :L’)

(3) (ww)(r,z+y) = T(u(r, z+y), v(r,z+y)) = T(T(u(r, ), p(r,y)), T(v(r, z),v(r, y)))
= T(T(MO"? l’), I/(?“, w))v T(/L(T’, y): V(Ta y) )(by Lemma 2'7> = T((/mV) (7“, .1'), (/m’/) (T7 y))

Thus pNv € TF(R x M). O
Corollary 3.14. If {y; |i=1,2,...} CTF(R x M), then N;u; € TF(R x M).

Proposition 3.15. Let p,v € TF(R x M) abd T be idempotent. Then pu+ v €
TF(R x M).

Proof. Let p,v € TF(R x M).
(1) Let r € R,z € M. Then
(:U + V)<T7 1’) = SUP{T(M(T, xl)a V(?", 1‘2)) ‘ T1,T2 € M, Ty + Ty = $}
> SUP{T(l{RXOM}(T; 1), 1{Rx0M}(7", T2)) | 1,09 € M, 21 + 22 = x}
=sup{T(1,1) | z1,20 € M, 21 + 22 = 2} = 1 = I{px0,,3 (7, 7).
(2) Let s € R. Then s(u+v) = su+ sv C u+ .
@) (u+v)+pt+v)=@+p)+v+v)C(utv).

Hence from Corollary 3.10 we have u+ v € TF(R x M). ]
Corollary 3.16. If {u; |i=1,2,...} CTF(R x M), then ¥,u; € TF(R x M).
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Definition 3.17. Let p € [0, 1] and s € R. For all (r,y) € Rx M the fuzzy subset
< 8,1 >€ [0, )M defined by < s, > (r,y) = pu(r, sy) is called the extension of p
by s.

Also we define Suppu = {(r,z) € R x M | p(r,x) > 0}.

Proposition 3.18. Let p € TF(R x M) and s € R. Then < s,u > TF(R x M).

Proof. Let r,s,t € Rand x,y € M. If p € TF(R x M), then

(1) < s, > (r,0p) = pu(r,057) = 1.

(2) < 5.1 > (rot2) = plr, 5t2) = pa(r, tsz) > u(r, 52) =< 5,1 > (1,2)

(3) < 5,41 > (o +y) = ulr, 5z + ) = plr, s+ sy) > T(u(r, 52), wlr,s)) = T(<
s, > (r,x), < s, > (1,y)).

Hence < s,u >€ TF(R x M). O

Corollary 3.19. If s € Rand {y; |i =1,2,...} CTF(R x M), then < s,N;u; >€
TF(R x M).

Proposition 3.20. Let p € TF(R x M) and s € R. Then we have the following:
(D) pC<s,p>,

(2) < 8" u>C< s" > for every n € N,

(3) If x € M and u(r,x) > 0, then Supp < s,u >= R x M.

Proof. (1) If (r,x) € R x M, then < s, > (r,x) = u(r,sx) > u(r, z).

(2) From every n € N and (r,z) € R X M we have that < s"™' u > (r,z) =
w(r, s" M) = u(r, ss"x) > p(r, s"z) =< s, pu > (r, ).

(3) By Definition 3.17, Supp < s,u >C R x M. Now if (r,z) € R x M, then
< s, pu > (ryz) = pu(r,sx) > p(r,x) >0 and so Supp < s,u >= R x M. O

4 Homomorphisms Over T-Fuzzy Submodules of
R x M

Definition 4.1. Let f be a mapping from R-module M into R-module N. Let
peTF(RxM)and v € TF(Rx N). Define f(u) € [0,1]%" and f~*(v) € [0, 1]*M
as ¥y € N, vr € R, f(u)(r,y) = sup{p(r,z) |z € M, f(x) = y} if f~'(y) # 0 and
f(u)(r,y) =0if f~1(y) =0. AlsoVo € M,Vr € R f~Y(v)(r,z) = v(r, f(2)).

Proposition 4.2. Let f be a mapping from R-module M into R-module N. Let
oy i1, iz € TE(R x M) and v, vy, € TF(R X N).

(1) Let p1 < pa. Then f(/h) < flu2).

(2) Let v; < vy. Then f~H(vy) < f73(1o).
(3) u < f7Y(f(n)). Inparticular, if f is an injection, then u = f=1(f(u)).
(4) v > f(f~Y(v)). Inparticular, if f is a surjection,, then v = f(f~1(v)).
(5) f(u) <vifand only if u < f71(v).

Proof. Clearly, assertions (1) and (2) hold.
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( (3§ @) rz) = fu)(r f(z) = sup{u(r,2) |z € M, f(z) = f(z)} =
p(r, x).
If(f i; an injection, then f=1(f(u))(r,x) = sup{u(r,z) |z € M, f(z) = f(z)} =
p(r, x).

4) f(f1W)(r,y) = sup{f (W) (r,x) |z € M, f(x) = y} = sup{v(r, f(x)) | = €
M, f(z) =y} ={v(r,y) ly € f(M)} <v(y).

Assertion (5) is an immediate consequence of the four preceding assertions. [

Proposition 4.3. Suppose that f be an epiomorphism from R-module M into R-
module N. Let r,s,t € R and pu,v € TF(R x M). Then

(1) f(p+v) = flp)+ fv),

(2) f(sp) = sf(n),

(3) flsp+tv) =sf(u) +1f(v).

Proof. (1) If y1,y2 € N, then we have z1,2o € M such that y; = f(x;) and y, =
f(wa). Now f(u+v)(r,y) =sup{(p+v)(r,z) |z € M, f(z) = y}

= sup{sup{T'(u(r,z1), v(r,22)) | 21,29 € M, 21 + 73 = 2} |y = f(2) = f(21) +
f(z2) = y1 + 12}

= sup{T'(sup{p(r, 1) | x1 € M, f(z1) = y1},sup{u(r, x2) | 22 € M, f(x2) = y2})
ly=y1+y2} = (f(1) + f()(ry)

(2) f(sp)(r,y) = sup{(sp)(r,z1) | z1 € M, f(z1) = y}
= sup{sup{u(r, x2) | 2o € M, z1 = sao} | z1 € M, f(z1) =y}
= sup{sup{u(r,xzs) | xo € M, x1 = sxao} | 21 € M, sf(x2) =y} = sf(u)(r,y).

(3) This assertion follows from (1) and (2). O

Proposition 4.4. Let uy € TF(R x M) and N be an R-module. Suppose that f is
an isomorphism of M onto N. Then f(u) € TF(R x N).

Proof. (1) f(p)(r,0n) = sup{u(r,z) | f(z) = On} = sup{u(r,z) |z € kerf = 0} =
sup{u(r,0p)} = 1.

(2) f(p)(r,sy) = sup{p(r, z) | f(z) = sy =sf(x) = f(sx)} = sup{u(r,sz) | f(z) =
y} = sup{u(r,z) | f(z) =y} = f(W)(ry).

(3) f()(ryyr +y2) = sup{u(r, 2) | f(2) =1 + 42 = f(21) + f(22) = f21 + 72)}
= sup{u(r,r1 +22) | y1 = f(21), 92 = f(22)}

> sup{T'(pu(r, 1), p(r, 22)) | 1 = f(21), 92 = f(22)}

> T(sup{u(r,z1) | f(x1) = 1}, sup{p(r,z2) | f(22) = ya})

=T(f () (r,y1), f()(r, y2))- O

Proposition 4.5. Let v € TF(R x N) and M be an R-module. Suppose that f is
a homomorphism of M onto N. Then f~'(v) € TF(R x M).

Proof. Let r,s € R and xq, x5 € M. Then
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F7HW)(r,00) = v(r, f(Onr)) = v(r,0n) = 1.
(2) [T W) (r s2) = w(r, f(sz)) = v(r,sf(2)) 2 v(r, f(z) = [T (V)(r,2).
f

W) (a4 w2) = v(r, fon + x2)) = v(r, flz) + f(22))
(), v(r, f(x2)) = T(fH(w)(r, @), f~Hw)(r, 22)). O

IV
x|
<
=
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