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A Note on the Integral Representation of Some Relative
Growth Indicators of Entire Algebroidal Functions

Sanjib Kumar Datta <sanjibdatta05@gmail.com>
Aditi Biswas” <biswasaditi.91.ab@gmail.com >

Department of Mathematics, University of Kalyani, Kalyani, Nadia, West Bengal, PIN: 741235,
India.

Abstaract — Let p and ¢ be any two positive integers. In this paper the concept of two
relative growth indicators namely relative (p,q)-th type and relative (p,q)-th weak type of entire
functions with respect to entire algebroidal functions have been introduced from the view point
of their integral representations. Here we also investigate the equivalence of the computational
definitions with their respective integral representations.

Keywords — Entire function, entire algebroidal function, growth, order (lower order), relative
order (relative lower order), growth indicator.

1 Introduction

The order and lower order of an entire function f which is generally used in com-
putational purposes are classical in complex analysis. Bernal [1] and [2], introduced
the relative order (respectively relative lower order) between two entire functions
to avoid comparing growth just with exp z. Extending the notion of relative order
(respectively relative lower order) Ruiz et al. [8] introduced the relative (p,q)-th
order (respectively relative lower (p, q)-th order) where p and ¢ are any two positive
integers. Now to compare the growth of entire functions having the same relative
(p, q)-th order or relative lower (p,q)-th order, we would like to introduce the de-
finition of relative (p,q)-th type and relative (p,q)-th weak type of entire functions
with respect to entire algebroidal functions and establish their respective integral
representations. We also investigate the equivalence of the computational definitions
and their corresponding integral representations of the relative growth indicators as
stated above in case of entire algebroidal functions.

* Corresponding Author.
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Let F' and G be two k-valued function defined by the following irreducible equa-
tion

feF* 4 fo FF Y o o FF 2 +fo=0

ngk + gk_le_l + gk_QGk_2 F o +g0=0
where fr, # 0, gx # 0where f; (i =0,1,2,....,k—1)and ¢g; (1 =0,1,2,....,k—1) are
entire functions having no common zeros. If at least one of the f; (i =0,1,2,....,k)

is transcendental then F'is called a k-valued algebroidal function. Further, if f =1
then I is called a k-valued entire algebroidal function and similar for G.

Let us consider the definition of relative (p,q)-th order pg’Q) (fi) ( respectively

relative (p,q)-th lower order /\(Gp’q) (f;)) of an entire functions f; with respect to an
entire algebroidal function G, in the light of index-pair which is as follows:

Definition 1.1. [8] Let G be any entire algebroidal function as defined above with
index-pair (m,p) .Also let f;’s(i =0,1,2,....,k — 1) be entire functions with index-
pair (m,q) where p,q, m are positive integers such that m > max(p,q). Then the
relative (p, ¢)-th order of f; with respect to G is defined as

log! M= M.
P& (f) = limsup—>——C_=) )
r—00 log[‘ﬂr

Analogously, the relative (p, ¢)-th lower order of f; with respect to Gis defined by:

log” M- M,
/\(PaQ) (fz) — liminf 0g G fi (’f‘)
G r—oo ].Og[q] r

In order to refine the above growth scale, now we intend to introduce the defin-
ition of another growth indicator, called relative (p,q) -th type of entire algebroidal
function with respect to another entire algebroidal function in the light of their
index-pair which is as follows:

Definition 1.2. Let f/s (0 < i <k — 1) be entire functions with index-pair (m1, q)
and G be any entire algebroidal function with index-pair (msy, p) where my; = my =m
and p, g, m are all positive integers such that m > max {p, ¢} . The relative (p, q) th
type of entire functions f; with respect to the entire algebroidal function G having

finite positive relative (p, ¢) th order pg’Q) (fi) (0 < ,O(GP’Q) (fi) < oo) is defined as :

_ (p>q)
Ug’Q) (fl) = inf ¢>0: Mfz‘ (7’) < Mg [eXp[p_l] <¢(log[q U T’)”G (F)ﬂ
for all 7 > 79 (¢) > 0

logP= MMy,
= lim sup o8 ¢ My (r)

(P@)py
r—00 (10g[q_1} T’)pG (fi)

The above definition can alternatively defined in the following manner:
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Definition 1.3. Let f/s (0 < i < k — 1) be entire functions having finite positive
relative (p,q) -th order p (fz) (0 < p(p ) (F) < oo> with respect to an entire al-

gebroidal function G defined as earlier where p and ¢ are any two positive integers.
Then the relative (p,q) -th type crg”q) (f;) of entire functions f; with respect to the
entire algebroidal function G is defined as: The integral

oo

/ log?~? M My, (r)

(P )(f) t+1
o [exp <<log[q_1] ) Z )]

converges for t > a(p 4 (f;)and diverges for ¢ < a D (f,).

dr (ro > 0)

Analogously, to determine the relative growth of two entire functions having same
non zero finite relative (p,q) -th lower order with respect to an entire algebroidal
function, one can introduce the definition of relative (p,q) -th weak type of entire
function f; with respect to an entire algebroidal function G of finite positive relative
(p,q) -th lower order )\(Gp’q) (f;) in the following way:

Definition 1.4. Let f/s (i = 0,1,2,....,k — 1) be entire functions having finite
positive relative (p,q) th lower order )\g”q) (f:) (a < )\g”q) (f) < oo) with respect

to an entire algebroidal function G' where p and ¢ are any two positive integers.
Then the relative (p,q) -th weak type of entire functions f; with respect to the entire
algebroidal function G is defined as :

log®~ ! MGt M
(fl) = lim inf p];;( r) :
P gy

The above definition can also be alternatively defined as:

Definition 1.5. Let f/s (i = 0,1,2,....,k — 1) be entire functions having finite
positive relative (p,q) -th lower order )\(Gp’q) (f:) (a < )\g”q) (fi) < oo) where p and
q are any two positive integers. Then the relative (p,q) -th weak type TG ( fi) of

entire functions f; with respect to the entire algebroidal function G is defined as:
The integral

r log?~2 MM, (r)
/ 5 )\(P.);)(f) t+1 dr (TO > 0)
To lexp <(log[q_1] 7’) ¢ )]
converges for t > T, ( fi) and diverges for ¢t < T, ( fi)-

Next we introduce the following two relative growth indicators which will also
enable us for subsequent study.

Deﬁnition 1.6. Let fl’s be entire functions having finite positive relative (p, q) th
order p ( fi) (a < pG ( fi) < oo) with respect to an entire algebroidal function
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G where p and ¢ are any two positive integers. Then the relative (p, q)-th lower type
of entire functions f; with respect to an entire algebroidal function G is defined as :

log?~! Mg ' My, (r)

(P q)
(10g[q_1] ) (f:)

The above definition can alternatively be defined in the following manner:

Eg’q) (f;) = liminf

r—00

Definition 1.7. Let fl’s be entire functions having finite positive relative (p, ¢) — th
order pgq) (fi) (a < pG ( fi) < oo) with respect to an entire algebroidal function

G where p and ¢ are any two positive integers. Then the relative (p,q) -th lower

type J(p 9 (fi) of entire function f; with respect to tan entire algebroidal function G
is deﬁned as: The integral

oo

/ log?~3 Mz M;, (r)

(p,9) t+1
pg " (fi)
o [exp ((log[q_” r) ¢ )]

converges for ¢t > 0 ( fi) and diverges for t < a ( fi)-

dr (ro > 0)

Definition 1.8. Let f;’s be entire functions having finite positive relative (p, q)-th
lower order A\29 (f,) (a < AP0 (1) < oo) and G be an entire algebroidal function .

Then the growth indicator 7'( (f;) of an entire function f;with respect to the entire
algebroidal function G is deﬁned as :

logP~Y MM, (r
—(p q) (fz) — lim sup 0g G (p,i’l)( ) .
r—00 ( [qfl] )AG (fl)
log r

The above definition can also be alternatively defined as:

Definition 1.9. Let f;’s be entire functions having finite positive relative (p,q)
-th lower order A7 (f;) (a < A9 (1) < oo) with respect to the entire algebroidal

function G where p and ¢ are any two positive integers. Then the growth indicator
_(p 9 (fi) of entire function f; with respect to the entire algebroidal function G is
deﬁned as: The integral

[e.o]

/ log?~3 Mz My, (r)

A (9,q) ) t+1
T0 [exp <(10g[q_1] ) ‘ )]

converges for t > 7T, (p.a) (f;) and diverges for t < 7' ( fi).

dr (ro > 0)

Now a question may arise about the equivalence of the definitions of relative
(p,q) -th type and relative (p,q) -th weak type with their integral representations.
In the present paper we would like to establish such equivalence of Definition 1.2
with Definition 1.3 and Definition 1.4 with Definition 1.5 and also investigate some
growth properties related to relative (p,q) -th type and relative (p,q) -th weak type
of entire function with respect to an entire algebroidal function.
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2 Lemma

In this section we present a lemma which will be needed in the sequel.

00 ) alp—2]
Lemma 2.1. Let the integral [ log? ™ Mg My,(

ro €XP (log[q 1] )

.Hldr (ro > 0) converges where 0 <

A < 00. Then

log”~2 M=t M,

G

Mg My, (r

Proof. Since the integral f plos?”
ro €XP (log[q 1 )

[ log? 2 MG'M
/ i (r>t+1dr <e, ifrg>R() .

/ [exp( o 17Y")

exp (log[q’” 7”0>A +70

/ log??? Mg ' My, (r)

] o ( (1oge ))]

Since log?~? M5 'M;, (r) increases with 7, so

.Hldr (ro > 0) converges, then

Therefore,

dr < e .

exp (log[qfl] To)A +ro

/ log?~3 Mz M, (r)

N\ i dr >
- [exp <(log[q_1] 7‘) >]

log?~2 M= M A
08 G flflTO)tH . {exp((log[q_l] ro) )] .
[exp((log[q_” 7“0) )}

i.e., for all sufficiently large values of r,

exp (log[q_l] TO)A +7ro

/ log”* Mg' My, (r) .

D o))

log?~? Mg My, (ro)
A\t
[exp (<log[q_1] 7"0> )}

- <ceifrg>R(e).

v

so that
log"~? Mg' My, (ro)

[exp ( (108" o) A) ]
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log?"~ Mg' My, (r)

t.e., lim =

o (ot ))}

This proves the lemma. O]

3 Theorems

In this section we state the main results of this paper.

Theorem 3.1. Let f;’s (i = O, 17 2 ..... k — 1) be entire functions having finite pos-
itive relative (p,q) -th order p (fz) (O < p(p’q) (f) < oo) and relative (p,q) -th

type o ( ( fi )with respect to an entire algebroidal function G as defined in the in-
troductory section where p and ¢ are any two positive integers. Then Definition 1.2
and Definition 1.3 are equivalent.

Proof. Let us considerf;’s (i = 0,1, 2 ..... k—1) be entire functions and G' be an en-
tire algebroidal function such that p ( fi) (0 < p ( fi) < > exists for any two
positive integers p and q.

Case I. a (fZ ) =
Definition 1.2 = Definition 1.3.

As Jg)’Q) (fi ) = oo, from Definition 1.2 we have for arbitrary positive C' and for
a sequence of values of r tending to infinity that

(pq
()
log?~! Mzt My, (r) > C - (logq 1 )

o200\ 1°
exp ((log[q_” ) )] : (1)

loglP =2 M ;' My, (r)

i.e., logP? MMy (r) >

o
If possible, let the integral [ = )
"0 exp (logle) T)Pc’ (f:)

v4-—dr (ro > 0) be converge.

Then by Lemma 2.1,

log?~2 MM,
lim sup o8 G i (r)

r—00 (:DQ)(fZ) ¢
exp <log[q 1 )

So for all sufficiently large values of r,

(p ) ¢
)
logP~3 M5 My, (r) < [exp <<log[q 1 > )] . (2)

=0.
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Therefore from (1) and (2) we arrive at a contradiction.
Hence j? log?™*l Mg My, (r)

(P:q) (.
0 exp (10g[q71] r)pG T ()

is the Definition 1.3.

vuordr (rg > 0) diverges whenever C is finite, which

Definition 1.3 = Definition 1.2.

Let C be any positive number. Since ag’q) (f;) = oo, from Definition 1.3, the
loglP—2! MC_;IMfZ. (r)
p&D (1)

divergence of the integral [ = vuo—dr (ro > 0) gives for arbitrary

o exp (log[qfl]r)

positive ¢ and for a sequence of values of r tending to infinity

(p,q)(f ) C—e
p ;
exp <<log[q1] 7“) ¢ >]

(pq)
(fs)
i.e., logP" U MZIMy, (r) > (C —¢) <1og[q_1] r)pc ,

log"~3 M5 My, (r) >

which implies that

logP~" MZTM
lim sup o8 G - f:; (r)
r—00 e (fi)

<10g[q—u T) @

Since C' > 0 is arbitrary, it follows that

>G—¢.

log?™ Mgt My,
lim sup o8 o M (r) = 00

(pya) (.

Thus Definition 1.2 follows.

Case IL. 0 < o9 (f;) < oc.
Definition 1.2 = Definition 1.3.
Subcase (A). 0< o2 (f;) < oc.

Let f;’s(t=0,1,2,....k — 1) be entire functions and G be an entire algebroidal

function such that 0 < ag’m (fi;) < oo exists for any two positive integers p and g.

Then according to the Definition 1.2, for arbitrary positive € and for all sufficiently
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large values of r, we obtain that

(p,q)
pe (fi)
log[p’” Mglez. (r) < (ag’q) (fi) + 5) <10g[q*” 7’) ¢

(p.q) (fz)+5

9 1 P& (f:) e
i.e., logP™2 MMy, (r) < |exp (log[q_ ]r>
(p9)
», oG (fi)te
loglt1T PO\ | ¢
2] 1yt exp | (log
log?™= Mg~ My, (r) _

22\ 1 22\’
exp <log[q 1 > exp (log[q’” )

log”™* Mg ' My, (r)

(p.0) <
D9 (fs)
[exp (<log[q 1] )pc >]
1

t_a.(p»Q) D+ :
[ ( lg—1] (”’(m)] o (fte
exp <log )

s#rdr (ro > 0) converges for t > oP% (f;).

i.e.,

i.€.,

log[p_z] M(;leZ. (r)

Therefore [ =

(Pa) (.
T0O  exp <1Og[q*1]r)pc ()

Again by Definition 1.2, we obtain for a sequence values of r tending to infinity
that

(p,q)
(fe)
o 31500 1) > (o2 5 ) (1)
p(p,q)(f‘) (P Q)(fz)
i.e., logP=2 MMy (r) > [exp <<log[q_1] r) ‘ >] . (3)

So for t < O' (fl) we get from (3) that

log?~* Mg' My, (r) 1

(p ) t— oPD ()¢
(fs) P20 G
[eXp ((10g[q1} ) )] [exp <(log[q_” ) UZ))]

log[p72] Malei (r)

Therefore [ = v#—dr (ro > 0) diverges for t < a(p 2 (fi)-

(p,a) (g
TO  exp <1Og[q—1]r)pG (1)

o0
logP=2 M5 M,
Hence | = £ g My (r)
(P,Q)( )

TO  exp (1Og[qfl]r>”a

s#dr (o > 0) converges for t > o % (f;) and diverges

fort<0 (fz)
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Subcase (B). o2 (f;) =0

When crg & (f;) = 0 for any two positive integers p and ¢ , Definition 1.2 gives
for all sufficiently large values of r that

logh~ ! Mg My, (1)

(p q)
(log[q_” ) (fi)

loglP—2] M7 My, (r)

<e€.

Then as before we obtain that f =

o v#—dr (ro > 0) converges for
T0  exp (10g[q 1] ) (12)

t > 0 and diverges for ¢ < 0.
Thus combining Subcase (A) and Subcase (B), Definition 1.3 follows.

Definition 1.3 = Definition 1.2.

From  Definition 3 and for arbitrary positive ¢e,the integral

[e.9]

log=2 M;' My,
/ 0og G M <r)(p,q) dr (TO > 0)
h (P 4)(f1) Lfel (fi)+€+1
* lexp (log[q_” )
converges. Then by Lemma 2.1, we get that
log?™ Mg M;,
lim sup o8 o My (r) =0.

r—00 [ ( 1l P (f) oV (fi)+e
exp <log )

So we obtain all sufficiently large values of r that

log[piz} Mélei ( )

(p q) c
[ << [q_l] ) (P Q)(fz)>] (fz)+
exp | (log

(P Q)(f)
‘ S 0\ PE ) Z
i.e., logP™ MMy, (r) < e |exp <log[q_ ]r>

(:D Q)(fz)

<€

ise., log" ) Mg Mj, (1) < loge + (o (fi) + <) (log V7)™
log? 1 Mg M
e., limsup °8 f)( r)
T—00 [(I71] P B (fz)
(log >

Since € (> 0) is arbitrary, it follows from above that

: log? ! Mg ' My, (r)
fim sup 20 (1)
<10g[q 1] )

< ag’q) (f))+e

< o2 (f). (4)
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On the other hand, the divergence of the integral
7 log”~2 MZ' M,
/ Og G fz (T) d?ﬁ (7,,0 > O)

O.(Pa‘l) ) — +1
o o PR\ ]
exp (log )

implies that there exists a sequence of values of r tending to infinity such that

log?~2 M1 My, (r) 1
O'(p’q)(fi)7€+l > (p @) 1+4¢
PITRAVC ORY I logla-11 (f)
exp (logq > exp og
(PQ)(f) UgQ)(fl) 2e
i log" I MGMy, (r) > [eXp ((log“ )" )]
(p )
()
fens Tog Y MMy (1) > (o8 (£) — 2) ((log[q” )" )
logP—1 MﬁlM
ie., —= (pj)(i )) (o2 (fi) —2¢) .
(log[qfl] ) '
As e (> 0) is arbitrary, it follows from above that
logP~1 Mt M
lim sup o8 /i ( ) > Ug”Q) (fi) - (5)

(p q)

So from (4) and (5) , we obtain that

log®~ ! Mg M
lim sup °8 1 (r) = ag”q) (fi)-

(p q)
r—00 <1og[qil] ) (fi)

This proves the theorem.

Remark 3.2. The similar results follows if we consider an entire algebroidal function
F and the entire functions g; (i = 0,1, 2, ....... ,k — 1) instead of G and f; respectively
in Definition 1.2 and Definition 1.3 .

Theorem 3.3. Let f/s (i =0,1,2,....... ,k — 1) be entire functions having finite pos-
itive relative (p,q ) -th lower order )\(p’q) (f:) (0 < )\(p,q) (fi) < oo) and relative (p,q)

-th weak type T 74 ( fi) with respect to an algebroidal functions G where p and ¢ are
any two posmve integers. Then Definition 1.4 and Definition 1.5 are equivalent.
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Proof. Let us consider f/s be entire function and G be an entire algebroidal function
such that /\(GP’Q) (f:) (0 < /\(GM) (fi) < oo) exists for any two positive integers p and q.
Case L 777 (f;) = co.
Definition 1.4 = Definition 1.5.

As T((;p ) (fi) = oo, from Definition 1.4 we obtain for arbitrary positive C' and for
all sufficiently large values of r that

. 1\
log?~1 MG My, (1) > C - (log[q_ ]7“)

c
A(F#I) (fz)
exp ((log[q_” 7’) ¢ : (6)

loglP =2 M My, (r
= ¢ Mi()yy —dr (ro > 0) be converge.
A(Gp’q)(fi)

i.e., logP=2 Mz My, (r) >

Now if possible let the integral | =
0 exp (log[q_” r)

Then by Lemma 2.1,

log?~? Mg My, (r)

lim inf =0

C
T—00 )\(P,Q)(fi)
[exp <<log[q_1] r) ¢

So for a sequence of values of r tending to infinity we get that

c
AT (f:)
log?~3 M5 My, (r) < [exp ((log[q_l] r) ¢ . (7)

Therefore from (6) and (7), we arrive at a contradiction.
S [p—2] a7—1
Hence [ = log "™ Mg_My;(r)

(p,a) (g
70  exp (log[q—l] T)’\G (f2)

is Definition 1.5.

v#o—dr (ro > 0) diverges whenever G is finite, which

Definition 1.5 = Definition 1.4.

Let C' be any positive number. Since Tg & (fi) = oo, from Definition 1.5, the
loglr—2l Malei (r)

divergence of the integral [ = wa) (1)
Ag

o exp (log[qfl]r)

vuo—dr (rg > 0) gives for arbitrary
positive ¢ and for all sufficiently large values of r that

)\(P,Q)(fi)
exp ( (log[q_l] 7‘) ¢

. 0N
i.e., logP ™V MMy, (r) > (C —¢) (log[qf ]7"> :

C—¢

log?~3 MMy, (r) >
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which implies that

logP~1! Mg My, (r)
(P,a) (¢,

(1Og[q—1] T) AT

Since C' > 0 is arbitrary, it follows that

>(C—¢.

lim inf

T—00

logP~ " MM,
lim inf 8 G i (r) =00

oo (P9) (.

Thus Definition 1.4 follows.
Case II. 0 < 777 (f;) < .
Definition 1.4 = Definition 1.5.
Subcase (C). 0 <759 (f;) < oo.

Let f;’s(i =0,1,2,....,k — 1) be entire functions and G be an entire algebroidal

function such that 0 < T((;p 2 (fi) < oo exists for any two positive integers p and q.

Then according to Definition 1.4, for a sequence of values of r tending to infinity, we
get that

. () b\
log[p_ ]Mélei (r) < <TGp’q (fi) + 8) (log[q_ }7’>

T(107Q)(f,)+€
YA IORY
i.e., loglP=2 Mg My, (r) < |exp <log[q_1] r)

(P2 Ve
oy e\
exp <logq 7“)
| log 1524y, (r)
i.e., - ; < = ;
A& (fi) AG Y (fi)
[exp <<log[q_1] r) ¢ )] [exp <<log[q_” r) ¢ )]
log*=2 M;' My, 1
ie., og ¢ My, (r) <

)\(p&)(fi) t 0:9) ¢ t— Té‘p’q)(fi)JFE
[exp <<10g[q1] T) ’ [exp <<log[q—1] r) o (m)]

o0 og?=2 M My (r
Therefore [ = g? ~ Mg (i\/{]’;(i)) s#rdr (ro > 0) converges for k > 727 (f;) . O

0  exp (10g[q_l]r))‘o
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Again by Definition 1.4, we obtain for all sufficiently large values of r that

1 ( ) )‘(GP’Q)(fi)
logP~ }Mglei (r) > (TGp’q (f)) — 5) <log[q_1] r)
Tc(;p’q)(fi)—é

AP
(fs)
i.e., logP=2 Mz My, (r) > [exp <<log[q 1 ) ¢ >] . (8)
So for k < 7% (f;), we get from (8) that

log?~3 Mz M;, (r) 1

A(P#Z)(fi) t (,9) . t— Tc(;pyq)(fi)_g
[exp <(10g[q_1] T) ’ lexp <<log[qll r) e (m)]

(o0} _
. logP=2 M5! My, (r)
Therefore f N (p*")l(fz)

0 exp <log[q*1] 7") G

v#rdr (rog > 0) diverges for ¢t < 7, (fz)

log[p_Q] Mélei (r)
)\(prq)( 1)

(

Hence [ =

T0  exp (log[qfl]r>

for t < T(pq (f:).

v4—dr (ro > 0) converges for ¢ > T, ( fi) and diverges

Subcase (D). T, (fl) =

When Tép 4 (f,) = 0 for any two positive integers p and ¢ , Definition 1.4 gives
for a sequence of values of r tending to infinity that

log[p_” M(;lei (r)

AP (g
<10g[q 1] ) ¢ (fi)

loglp—2! Malei (r)
AED (1)

o0
Then as before we obtain that f =
0 exp (log[qfl] r)

v#dr (rg > 0) converges for

t > 0 and diverges for ¢ < 0.
Thus combining Subcase(C) and Subcase(D) , Definition 1.5 follows.

Definition 1.5 = Definition 1.4.

From Definition 1.5 and for arbitrary positive ¢, the integral

o0

/ log?”? Mg ' My, (r)

(pq) +et1
o [ (( a-1) )A‘é””(f»)] e
exp | (log

dr (7”0 > 0)
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converges. Then by Lemma 2.1, we get that
log?™2 Mg' M,
lim inf o8 G My ()

00 72Dy
[ ( fg—1] Ag"*”m))] ot
exp <log 7")

So we get for a sequence of values of r tending to infinity that
log[pr] Mélei ( )

(P q)
(fi)+e
)\(Pﬂ) (fz)
[exp (<log[q_1] r) ¢

/\(p’Q)(f‘) el Q)(fi)+€
i.e., loglP=2 MMy, (r) < e lexp <<log[q 1 > ¢ )]

)xg”‘”(fi)

=0.

<é€

i.e., loglP™ Mg My, (r) <loge + ( P (f;) +5) (1og[q*ﬂr
log?~ 1 Mg My, (r)

(pa) (g
(1ogs™ r)*G )

Since € (> 0) is arbitrary, it follows from above that

log? MMy (r) o

e., liminf

r—00

<7D (f) +

. <0 gy
lim inf Ty < U ®)
(10g[t1—1} 7’)
On the other hand, the divergence of the integral
i log~2 MM,
/ 0g G fi (T)( ) dr (TO > 0)
AZD (1) & Y (fi)—e+1

To [exp ((log[q 1) ) a (i >]
implies for all sufficiently large values of r that

log[p_Q] Mélei (r) 1

>

(p q)
(fi)—e+1 (p.a) (¢
(Pa) ¢ r. A (fi)
[exp <<log[q—1] T) Ag (fz))] [exp <<10g[q 1] > G >]

(p,a9) =2
NI o
i.e., logP Mz My, (r) > [exp <<log[q1] 7") )]

AZD(£)
i.e., logP~ "V Mz My, (r) > ( P (1) — 26) <<log[q” r) ¢
log?” ™! Mg' My, (r) (T(”

(P,9) (.
(log[q*ﬂ 7«>AG (2

1+4¢

i.e.,

" (f) - 2) .
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As e (> 0) is arbitrary, it follows from above that
log"™ ! Mg' My, (r) _

> ) )
)\gq)(fi) =Tc (fl> (10)
<10g[q 1] )

So from (9) and (10), we obtain that

lim inf
T—00

log~ 1 Mg' My, (r)

(P,9) .
(log[q*ﬂ 7«>AG (2

=4 (f) -

lim inf

T7—00

This proves the theorem.

Now we state the following two theorems without their proofs as those can easily
be carried out with help of Lemma 2.1 and in the line of Theorem 3.1 and Theorem
3.3 respectively.

Theorem 3.4. Let f; 's be entire functions having finite positive relative (p, q)-
th order p®? (f;) (0 < pPD (1) < oo) and relative (p,q) -th lower type 707 (f;)
with respect to an entire algebroidal function G where p and ¢ are any two positive
integers. Then Definition 1.6 and Definition 1.7 are equivalent.

Theorem 3.5. Let f;’s be entire functions having finite positive relative (p,q)-
th lower order A2 (f;) <a <A (1) < oo) and the growth indicator 757 (f;)
with respect to an entire algebroidal function G where p and ¢ are any two positive

integers. Then Definition 1.8 and Definition 1.9 are equivalent.

Theorem 3.6. Let f;’s be entire functions and G be an entire algebroidal function

with 0 < )\g’Q) (fi) < (p ? (fi) < oo where p and ¢ are any two positive integers.
Then
N (pa) : log?~! Mg (r)
(i) o (f;) = limsup - RRCTIITES
logle~] M]gl( ) ¢
logP=1 pr=1
(i) 29 (f,) = liminf——2 G@%,
r—00 T 1060 (fi)
_log[q_” Mf_il (r)
log?=1 py=1
(i) 73 (f) = lim inf —— ¢ (;Zm(f.)and
|:10g[q—1] Mﬁl (7’)] el i
, log[p_” Mt (r
(1v) TG (fl) = lim sup ¢ </\(Z’q)(f') .
[log[q*” M]?il (7“)] ¢

P 7”00f Taking My, (r) = R, the theorem follows from the definitions of ag D (£,
5(p @ (fi), p 2 (fi)and F(p’q) (f) respectively.

In the followmg theorem we obtain a relationship among a(p D (f,), E(Cf”) (f)),
¢ (f) and 787 (f,). =
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Theorem 3.7. Let f;’s be entire functions such that f; is of regular relative (p, q)—
growth with respect to an entire algebroidal function G i.e. p ( fi) = A& (p-a) (fi)

(0 < )\é)q (fi) = pgq (fi) < oo) where p and ¢ are any two positive integers, then

the following quantities

(@) oV (f), @) rd?(f;), (i6))aL? (f) and (i) 787 (f;)

are all equivalent.

From Definition 1.5, it follows that the integral

[e.9]

/ loglP—2 Mg My, (r) dr (ro > 0)

)\(D,Q)(fi) t+1
7o lexp <(log[q1] T) ¢

converges for t > T, p (p.a) (fi;)and diverges for t < T, p (P.a) (fi)-
On the other hand Definition 1.3 implies that the integral

[e.e]

/ log? ™ Mg My (r) 4o

p(PH)(f.) t+1
o (™)

converges for ¢ > o »*? (f;) and diverges for t < ¥V (f;).

(i)=(ii).

Now it is obvious that all the quantities in the expression

logh"™* Mg My, (r) log”~* Mg" My, (r)

A(Pv‘l) (fz) t+1 (P#Z)(fl_) t+1
lexp ( <log[q_1] r> “ exp <log[q_1] r) re

are of non negative type. So

/ log[pim Mélei (r) . log[piﬂ Mélei (r) dr (ro > 0) >0

o\ 1 o)1
ro [exp <<log[q_1] 7“) ¢ exp <log[q_1] > ¢
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[e.9]

log?=2 Mg My, (r
/ & (pfl)( ) ordr for ro > 0 .
o lexp | (log
; (200 > (p,q) . 11
ie., 7" (fi) 205 (fi) - (11)

Further f; ’s are of regular relative (p, ) growth with respect to G. Therefore
we get that

, log?~Y MM
(pq (f,) = limsup (pf;( r)
r—00 <log[q_1] ) (fs)
log”™ " Mg "My, ()

log?~1 Mzt M
> liminf—2 (p§)< r) = liminf ( = 1¢ (fi) -
e (f)  reo G ()
[g—1] [g—1] @
<10g > <10g >

Hence from (11) and (12), we obtain that

V(f)= 127 (f) . (13)
(ii):(iii).

Since f; ’s are of regular relative (p, q) growth with respect to G i.e. p ( fi) =
9 (f,) we get that
log"~ M5 M, log"~ M5 M
(pq (f:;) = liminf 6 M. (r) — lim inf—2 1 () zﬁ(Gp’Q) (fi) -
r—00 )\(GI77¢1>(fi) r—00 (P Q)(f_b)
<1Og[q—1] 7’) (log[q_” >

(iii) = (iv).
In view of (13) and the condition p ( fi)= )\(p 2 (fi), it follows that

logP =1 MM
E(Gp’q) (f;) = liminf o8 i (r)

00 (p q)
(log[qfl] ) (fi)

logP=t MMy,
ie, 72 (f,) = lim inf—2 6 M;. (r)
G r—00 )\(qu)(f_)
(log[qfl] r) @

e, 780 (fi) =78 (f)
e, 787 (fi) = od? (f)
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logP~ 1 MM,
ie., g0 (fi) = limsup o8 ¢ M. (1)
“ — P& (1)
<10g[q 1] >

log[p_l Mélei (7’)
MO (fi)

i.e., E(Gp’q) (fi) = limsup
r—00 <10g[q71} r)

i.e., O (fz) = TG (fl) .
(iv)=-(i).

As f; ’s are of regular relative (p,q) growth with respect to G i.e., pg (p.2) (f;) =
? (f:), we obtain that
log”~1 Mg M log?~!) MM
fim sup = ,\(Pfl o) = lim sup = <p§> ) = qu) (fi)-
r—00 <10g[q—1] ) (fz) r—00 (log[q 1] ) (fi)

Thus the theorem follows.

4 Conclusion

The results carried out in this present paper may be viewed from the angle of slowly
changing functions as well as for the functions analytic in the unit disc and ploydisc.
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1. Introduction

Let A denote the class of functions f (z) of the form

flR)=z+>az (L.1)

which are analytic in the open unit disk E ={z:ze C and|z|<1}. Furthermore S,

represents class of all functions in A which are univalent in E. Sakaguchi [6] introduced a
class S, of functions starlike with respect to symmetric points, it consists of functions

f(z)e S satisfying the inequality
zf'(z)

Re[mj >0, (zeE). (1.2)

Following him, many authors studied this class and its subclasses see [7, 8, 9].

Das and Singh [16] in 1977 extend the results of Sakaguchi to other class in E, namely
convex functions with respect to symmetric points. Let C, denote the class of convex

functions with respect to symmetric points and satisfying the condition

(f”(2)
Re m >0, (ze E)



Journal of New Theory 24 (2018) 20-34 21

It is also well known [16] that f € C.if and only if zf'(z)e S .

S

Chand and Singh [1] introduced a class S of functions starlike with respect to m-

symmetric points, which consists of functions f(z)e S, satisfying the inequality

A '(Z)J
Re >0, (zeE), (1.3)
(fm (2)
where
m—1
F()=L1S e fle"z) (e* =1,me N) (1.4)
mi5
From equation (1.4) we can write
m—1 1 m—1 )
fo@)= L8 e plere)=L [z(>j
mﬂ:O mﬂ:O n=2
=2+Y ba,2 (1.5)
n=2
where
b, :lmz_lg(n—l)u = L n=im+], (1.6)
m = 0, n=#lm+l,

where I,me N; n=>2,e™ =1.

Note that the accompanying characters follow directly from the above definition [10].

f.le"z)=e"f,(2) (1.7)
filerz)=f :%mz (e*z) (zeE). (1.8

Definition 1. For f(z)e A givenby (1.1) and g(z)e A of the form

the Hadamard product (or convolution) of f(z)and g(z) is given by

(re)e) =2+ Y ac,2" =(e*r)e) (2eE)
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For two functions F(z) and G(z) analytic in E, we say that F(z) is subordinate to G(z)
denoted by F< G or F(z) < G(z) , if there exists an analytic function W(Z) with |w(z)| <1

such that F(z)= G(w(z)). Furthermore if the function G(z) is univalent in E then we have
the following equivalence [13,14,15]

F(z )< G(z) © F(0)=G(0) and F(E)c G(E).

Definition 2. A function p(z) is said to be in the class P[A,B], if it is analytic in E with
p(0)=1 and
1+ Az

, -1<B<AX<I.
1+ Bz

p(z) <

Geometrically, if a function p belongs to P [A,B], then it maps the open unit disc E onto the
disk characterized by the domain

Q[A,B]:{w: ‘w—l_AB| A_B}.

1-B’| 1-8°

The class P [A,B], is connected with the class P of functions with positive real part by the
relation

(A+1)p(z)-(A-1) _ P[A,B]

(B+1)p(z)-(B-1)

This class was presented by Janowski [2] and explored by a few creators. Kanas and
Wisniowska [4,3] presented and examined the class k - ST of k-starlike functions and the
relating class k - UCV of k-uniformly convex functions. These were characterized subject
to the conic region k, ©,, k>0, as

p(z)e P, if and only if

Q, :i.l+iV: u>k (u—1)2+v2}.

This domain represents the right half plane, a parabola, a hyperbola and an ellipse for k = 0,
k=1,0<k < 1andk > 1 respectively. The external functions for these conic regions are

I+z k=0

1_Z’ 2 9

1+ | log ez )| k=1,
T 1—\/2

pk(z)= 1+1 2k2sinhz{(zarccoskjarctanh\/z}, O<k<l, (1.9)
- .4
%
2 | T d(x) 1
1+ sin + , k>1,
k* -1 2R(t)J; V=2 1-() | k-1

where
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ozt
”(Z)_1—\/§’ (ze E),

R (t)
4R(r)

complete elliptic integral of first kind and R’(r) is the complementary integral of R(t).

and re(0,1) and z is chosen such that k = cosh( ] . Here R(r) is Legendre’s
Following are the definitions of classes k-ST and k- UCV .
Definition 3. A function f(z)e A is said to be in the class k - ST, if and only if

zf'(2)

ol

Definition 4. A function f(z)e A is said to be in the class k - UCV, if and only if

< pk(z), (ze E,k >0).

(2f())

) <p,(z), (ze E,k>0)

The classes k-ST and k-UCV were further generalized by Shams et al, [11], to the
KD(k,8) and SD(k, B), respectively subject to the conic domain G(k, ), k>0 and
0< B <1 whichis

G(k,ﬂ)z{w:Rew > k|w—1|+,3}.

Now using the concepts of Janowski functions and the conic regions, we defne
the following

(4 ()~ (a-1)
P ), ()51

k=0,

where p, (z) is defined by (1.9) and -1<B<A<1.

Geometrically, the function p(z)e k— [A,B], takes all values from the domain
Q,[A,B], -1<B<A<1,k 20 which is define as

Q,[A,B] :{w: Re( B

or equivalently

O, 1A Bl =Y +iv: [(B2 —1)u® +v2) = 2(AB — 1 + (42 ~1)]
>1<2[(—2(B+1)(u2 +v2)+2(A+ B+2u—2(A+1)] +4(A—B)2v2]}.
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The domain ,[A, B] retains the conic domain €, inside the circular region defined by
Q[A, B]. The impact of Q[A, B] on the conic domain €, changes the original shape of

the conic regions. The ends of hyperbola and parabola gets closer to one another but never
meet anywhere and the ellipse gets the oval shape. When A — 1, B — —1 the radiuses of

the circular disk define by Q[ A, B] tends to infinity, consequently the arm of the hyperbola
and parabolas expand to the oval terns into ellipse. We see that Q,[1,-1] =€, , the conic
domain define by Kanas and Wisniowska [3].

Definition 4. A function f (z)e A 1is said to be in the class & - STS(m)[A,B], -1<B<AZL],
k =20, if and only if

B-07 ) (a-y)

Re ]Z(‘m ’((ZZ)) >k f}:ﬁgz; -1 5
(BH)fm(z)_(AH) (B+1)fm(z)_(A+1)
or equivalently
#le) k —P[A, B], (1.10)

where f, (z) is defined by (1.4).
Special Cases:

1). k —STS“)[A,B] =k -ST[A,B], we have the well known class presented and studied in
[5].

ii). 0-ST™[A,B]=S"[A,B], see [10].

iii). k-STW[1,-11=k - ST. For this we refer to [4].

iv). k-STU[1-28,-11=SD[k, 3,1, we have the well known class presented and studied in
[11].

v). O0- STl(l)[A,B] =S'[A,B], we have the well known class presented and studied in [2].

Definition 4. A function f (z)e A is said to be in the class k—UCVS(m)[A,B],
k>0, -1<B< A<1, if and only if

or equivalently
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((2) € k—P[A, B], (1.11)

fi(2)

where f, (z) is defined by (1.4).
Special Cases:

1). k- UCVS(1 A,B]=k-UCV[A,B], we have the class introduced and studied in [5].

i
i). k- UCVS(I)[l,—l] =k -UCV, and this is well known class introduced and studied in [3].
iv). k-UCVY[1-28,-1]1= KD[k, 3.1, see [11].
v). 0- UCVS(I)[A,B] = C[A,B], we have the well known class introduced and studied in [2].

It is easy to see that:
fe k-UCV™[A B]< zf e k-ST™[A,B].

2. Main Results

Integral representation. First we give two meaningful conclusions about the
classes k - STS(“‘)[A,B] and k - UCVS(m)[A,B].

Theorem 1. Let f(z)e k -ST™[A,B]. Then f,(z)e k-ST[A,B]ck-STCS.

Proof. For f (z)e k- STS(m)[A,B], we can obtain

)
fm(1)<(3+1pk(z)—(3—1)’ (c<E) (2.1)

Substituting z by £z respectively (1 =0,1,2,..m —1), we have

ezt e"z)  (A+1p[e*2)-(a-1) (a+1)p,(s)-(a-1)

L) el -5o)  Bep @y =P @D

A

27

By definition of f,(z) and & = exp( j, we know that £ f, (8” z)= f,.(z). Then

m
equation (2.2), becomes

#'(e2) L (A+)p,()-(a-1)

fuz)  (B+1)p(2)-(B-1)

(ze E) (2.3)

Let (,u =0,1,2,..m— 1) in (2.3), respectively and sum them to get

- ) (ceE)
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Thus f,(z)e k-ST[A,B]CS.

Putting k = 0 in Theorem 1, we can obtain Corollary 1, below which is comparable to the
result obtained by Kwon and Sim [10].

Corollary 1. Let f(z)e ST™[A,B]. Then f,(z)e ST[A,B]C k-ST cS.
Theorem 2. Let f(z)e k- UCV™[A,B]. Then f,(z)e k- UCV[A,B]CS.

Proof. The proof of Theorem 2 is similar to that of Theorem 1 so the details are omitted.

Now we give the integral representations of the functions belonging to the classes
k -ST!™[A,B]and k - UCV"[A,B].

Theorem 3. Let f(z)e k -ST!™[A,B]. Then

where w(z) analytic function E, with w(0)=0 and |w(z)| <lI.

Proof. Let f (z)e k - STS(’“)[A,B], from definition of the subordination, we can have

< ) (.
f.(z) (B+1)p,(w(z))-(B-1) (z€ E), (2.5)

where w(z) analytic function E, with w(0)=0 and |w(z)| < 1. Substituting z by &z
respectivelty (,u =0,12,..m— 1), we have

2t(e"z) _ (A+1)p,(wle*z)-(a-1)
e f,(e"z) B+1)p, (wle“2)-(B-1)

. (zeE). (2.6)

For (£ =0,1,2,..m—1), ze E. Using the equalities (1.7) and (1.8) we have

(ze B). @7

or equivalently

(ze E). (2.8)
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Integrating equality (2.8) , we have

oo _ (4 )1 §'] wle*¢)-1)
log-=2 e 0£;B+1pk )
118 not e w())-1)
P P e R

Therefore arranging equality (2.9) for £, (z) we can obtain

m

and so the proof of Theorem 3 is complete.
Putting m = 1, in Theorem 3, we can obtain Corollary 2.

Corollary 2. Let f(z)e k -ST[A,B]. Then

f(z)zz.{exp(A_B)j( (pk(w(t))-_l)B_l)dt}, o

where w(z) analytic function E, with w(0)=0 and |w(z1 <1

Putting k = 0, in Theorem 3, we can obtain Corollary 3, below which is comparable to the
result obtained by Kwon and Sim [10].

Corollary 3. Let f(z)e ST™[A,B]. Then

f(z2)=2z {exp(A _pL ¥ j %dt}, 2.12)

where w(z) analytic function E, with w(0)=0 and |w(z)| <1

Puttingm =1, A=1 and B = -1 in Theorem 3, we can obtain Corollary 4.

Corollary 4. Let f(z)e k-ST. Then

f(z>:z{expi(pkw(r»—ndr}, 1)

where w(z) analytic function E, with w(0)=0 and |w(z1 <1
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Theorem 4. Let f(z)e k- UCV/™[A,B]. Then

where w(z) analytic function E, with w(0)=0 and |w(z] <lI.

Proof. The proof of Theorem 4 is similar to that of Theorem 3 so the details are
omitted. *

Theorem 4. Let f(z)e k - ST™[A,B]. Then

f(z>=iexp{(A—B>
o[ (A+1)p, (W(¢))-(a-1))
( ) ]d{. (2.15)

where w(z) analytic function E, withw(0)=0 and |w(z)| <lI.

Proof. Let f(z)e k -ST"™[A,B]. Then from equalities (2.4) and (2.5) we have

4=0 D
o[ (a+D)p, (w(£))-(A-1))
( (B+1)p, (W)~ (B-1) ]dg’ (2.16)

and so the proof of Theorem 5 is completed.

Putting k = 0, in Theorem 5, we can obtain Corollary 5, below which is comparable to the
result obtained by Kwon and Sim [10].
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Corollary 5. Let f(z)e k - ST™[A,B]. Then

-l T . w(t) (t))dtJ(l +Aw(¢ )J d¢, (2.17)

1+ Bw(¢{)
where w(z) analytic function E, with w(0)=0 and |w(z} <lI.

Theorem 4. Let f(z)e k- USV™[A,B]. Then

where w(z) analytic function E, with w(0)=0 and |w(z} <lI.

Convolution conditions: In this section, we provide the convolutions conditions for the
classes k- STS("‘)[A,B] and k - UCVS(“‘)[A,B].

Theorem 5. A function f(z)e k -ST™[A,B], if and only if

l{f(z)*[ ¢ ((B+1)pk(e”)—(B—1))—((A+1)pk(e’”)—(A—l))h(z)J}¢0, (2.18)

Z (1- z)2
forall ze Eand 0<d <2z, where h(z) is given by (2.24).

Proof. Assume that f (z)e k- STS(m)[A,B], then we have

< ) (ze E), (2.19)

;s
—_
~N
N—
—_
oo
+
—_
N—
=
=~
)
™
N—
|
—_
oo
|
f—
N—

if and only if

(ze E). (2.20)

forall ze Eand 0<% <2x. The condition (2.20), can be written as
E{Zf (N(B+1)p,7)-(B-1)- £, @A +Dp, () - (A-DhE)}=0.  @21)

On the other hand it is well known that
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#(2)=f)*——, (zeE) (2.22)
(1-2)
And from the definition of f, (z) we have
(&) =2+ ab,z" =(f *h)a) (2.23)
where "
h(z)=z+ ibnz" (2.24)

where b, is given by (1.6). Substituting (2.22) and (2.23) in (2.21), we can get (2.18). This
completes the proof of the Theorem 7.

Putting m = 1, in Theorem 7, we can obtain Corollary 6.

Corollary 6. A function f(z)e k - ST[A,B], if and only if

H f(z)*( C i+ Befﬂ)-L)(H Ae’”)j} %0, (2.25)

(1-2z) (1-2
forall ze E.

Putting k = 0, in Theorem 7, we can obtain Corollary 7.

Corollary 7. A function f(z)e ST"[A,B], if and only if

l{ Fz)+ ((L (14 Be'”)—h(z)(1+ Ae’”)j} #0, (2.26)

Z l—zy
forall ze Eand 0< 9 <27z, where h(z) is given by (2.24).

Theorem 8. A function f(z)e k - UCV™[A,B], if and only if

l{f(z)*(Z(B +Up,e”)-(B-1) (a+1)p,(e7)- (A—l))h(z)j} £0, (227)

z (1-z2)*
forall ze Eand 0<d <2z, where h(z) is given by (2.24).

Proof. The proof of Theorem 8, is similar to that of Theorem 7, so the details are omitted.

Coefficient inequalities: Finally, we provided the sufficient conditions for the functions
belonging to classes & - STS(“‘)[A,B] and k - UCVS(“‘)[A,B].
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Theorem 9. A function f (z)e A 1is said to be in the class k - STS(“‘)[A,B], if it satisfies the
condition

oo

Z 2(k +1)mn + |(mn(B +1)+(B- A))”amn+1 + i 2k +1)n+ |n(B + 1)||an| < |B -A

n=1 n=2, n#lm+1

9

(2.28)
where f, (z) is given by (1.5) with k >0, -1<B< A<1.

Proof. Assume that (2.28) holds, then it suffices to show that

(-7 _(a1) B-17E)_(4-1)

-1|<1 (2.29)

we have

<2(k+1) =2
|B—A|-> |n(B+1)-(A+1)b,
n=2

an

The last expression is bounded by 1, if

o

> 2(k+1)fn—b,)+|(n(B+1)-(A+1)p,)

n=2

a,|<|B-A4. (2.30)

Using (1.6) in (2.30) we have

o

S 2k + D+ |(mn(B+1)+ (B= Aay| + 3 20k +1)n+[n(B+1)

n=l n=2, n#lm+1

<|B-A

an

b

and this completes the proof of Theorem 9.

Putting m = 1, in Theorem 9, we can obtain Corollary 8, below which is comparable
to the result obtained by Noor and Malik [5].



Journal of New Theory 24 (2018) 20-34 32

Corollary 8. A function f (z)e A 1is said to be in the class k - ST[A,B], if it satisfies the
condition

b

g{z(k+1)(n_1)+|(n(3+1)+(A+1))|}a,,| <|B-A

where k20, -1<B< A<LI.

Putting k = 0, in Theorem 9, we can obtain Corollary 9, below which is comparable to the
result obtained by Kwon and Sim [10].

Corollary 9. A function f (z)e A 1is said to be in the class STS(m)[A,B], if it satisfies the
condition

b

i mn + (mn +1)(B - A)|amn+1 + i|n(B + 1)||an| < |B - A

n=l n=2,n#lm+1

where f (z) is given by (1.5) with -1<B< A<]1.

Puttingm =1, A=1 and B = -1 in Theorem 9, we can obtain Corollary 10, below which is
comparable to the result obtained by Kanas and Wisniowska [3].

Corollary 10. A function f(z)e A is said to be in the class k-ST, if it satisfies the
condition

<l, k=0.

g{n + k(n - 1)}|an

Puttingm=1, A=1-24,B=-1,with0< f <1 in Theorem 9, we can obtain Corollary 11,
below which is comparable to the result obtained by Shams et-al [11].

Corollary 11. A function f(z)e A is said to be in the class SD(k, 8), if it satisfies the
condition

o

> {nlk +1)-(k + B)}a,

n=2

<1-p,

with0< <1, withk > 0.

Putting m = 1, A=1-28,B=-1,with0< f<landk =0 in Theorem 9, we can obtain
Corollary 12, below which is comparable to the result obtained by Shams et-al [11].

Corollary 12. A function f(z)e A is said to be in the class S*(8), if it satisfies the
condition

> {n-pla,|<1-5.

with0< B <1.
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Theorem 10. A function f (z)e A is said to be in the class k - UCVS(“‘)[A,B], if it satisfies
the condition

mn+1

i[z(k+1)mn+|(mn(B+1)+(B—A))|](mn+1)|a

+ Z (k+Dn+n(B+1)jna,

n=2,n#lm+1

(2.28)

where f, (z) is given by (1.5) with k >0, -1<B< A<1.

Proof. The proof of Theorem 10, is similar to that of Theorem 9, so the details are omitted.
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Abstaract — In this paper, we introduce and study the new concepts called a-nl-open sets, semi-
nl-open sets, pre-nl-open sets, b-nl-open sets and 3-nl-open sets, which are simple forms of nano
open sets in an ideal nano topological spaces. Also we characterize the relations between them and
the related properties. And the independence of n-open sets and nl-open sets is established.

Keywords — n-open set, semi-nl-open set, a-nl-open set, pre-nl-open set.

1 Introduction

An ideal I [10] on a topological space (X, ) is a non-empty collection of subsets of
X which satisfies the following conditions.

1. Ael and B C A imply B € I and
2. AelTand Be Il imply AUB € I.

Given a topological space (X, 7) with an ideal I on X. If p(X) is the family of
all subsets of X, a set operator (.)* : p(X) — p(X), called a local function of A with
respect to 7 and [ is defined as follows: for A C X, A*([,7) ={e e X :UNA¢]I
for every U € 7(x)} where 7(x) = {U € 7: x € U} [2]. The closure operator defined
by cl*(A) = AU A*(I,7) [9] is a Kuratowski closure operator which generates a
topology 7*(1, ) called the x-topology finer than 7. The topological space together
with an ideal on X is called an ideal topological space or an ideal space denoted by
(X, 7,I). We will simply write A* for A*(,7) and 7* for 7*(I, 7).

Some new notions in the concept of ideal nano topological spaces were introduced
by Parimala et al. [4, 5].

* Corresponding Author.
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In this paper, we introduce and study the new concepts called a-nl-open sets,
semi-nl-open sets, pre-nl-open sets, b-nl-open sets and (-nl-open sets, which are
simple forms of nano open sets in an ideal nano topological spaces. Also we charac-
terize the relations between them and the related properties. And the independence
of n-open sets and nl-open sets is established.

2 Preliminaries

Definition 2.1. [7] Let U be a non-empty finite set of objects called the universe and
R be an equivalence relation on U named as the indiscernibility relation. Elements
belonging to the same equivalence class are said to be indiscernible with one another.
The pair (U, R) is said to be the approximation space. Let X C U.

1. The lower approximation of X with respect to R is the set of all objects, which
can be for certain classified as X with respect to R and it is denoted by Lr(X).
That is, Lr(X) = U,cpiR(x) : R(x) € X}, where R(z) denotes the equiva-
lence class determined by x.

2. The upper approximation of X with respect to R is the set of all objects, which
can be possibly classified as X with respect to R and it is denoted by Ur(X).
That is, Up(X) = U,cp {R(7) : R(z) N X # ¢}.

3. The boundary region of X with respect to R is the set of all objects, which can
be classified neither as X nor as not - X with respect to R and it is denoted by
Br(X). That is, BR(X) = Ur(X) — Lr(X).

Definition 2.2. [3] Let U be the universe, R be an equivalence relation on U and
TrR(X) = {U, ¢, Lr(X),Ur(X), Br(X)} where X C U. Then tr(X) satisfies the
following azioms:

1. Uand ¢ € p(X),
2. The union of the elements of any sub collection of Tr(X) is in Tr(X),

3. The intersection of the elements of any finite subcollection of Tr(X) is in
TR(X).

Thus Tr(X) is a topology on U called the nano topology with respect to X and
(U, mr(X)) is called the nano topological space. The elements of Tr(X) are called
nano-open sets (briefly n-open sets). The complement of a n-open set is called n-
closed.

In the rest of the paper, we denote a nano topological space by (U,N'), where
N = 75(X). The nano-interior and nano-closure of a subset A of U are denoted by
n-int(A) and n-cl(A), respectively.

Definition 2.3. A subset A of a space (U,N) is called
1. nano a-open [3] if A C n-int(n-cl(n-int(A))).

2. nano semi-open [3] if A C n-cl(n-int(A)).
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3. nano pre-open [3] if A C n-int(n-cl(A)).
4. nano b-open [6] if A C n-int(n-cl(A)) Un-cl(n-int(A)).
5. nano B-open [8] if A C n-cl(n-int(n-cl(A))).

The complements of the above mentioned sets are called their respective closed
sets.

A nano topological space (U, N') with an ideal I on U is called [4] an ideal nano
topological space and is denoted by (U,N,I). G,(z) = {G, |z € G,,G, € N},
denotes [4] the family of nano open sets containing .

In future an ideal nano topological spaces (U, N, I) is referred as a space.

Definition 2.4. [}/ Let (U,N,I) be a space with an ideal I on U. Let (.)% be a
set operator from p(U) to p(U) (p(U) is the set of all subsets of U). For a subset
ACU, AAUIN)={2 €U :G,NA¢&I, for every G, € G,(x)} is called the
nano local function (briefly, n-local function) of A with respect to I and N'. We will
simply write A% for AX(I,N).

Theorem 2.5. [4] Let (U,N,I) be a space and A and B be subsets of U. Then
1. ACB= A* C B,
2. Ar =n-cl(A}) Cn-cl(A) (A} is a n-closed subset of n-cl(A)),
5. (A1) C A,

4. (AUB);, = AL U B,

5. VEN=VNA=VNVNALC(VNA:,

6. Jel= (AUJ)=Ar=(A—-J).

Theorem 2.6. [}] Let (U,N,I) be a space with an ideal I and A C Ay, then
Ar =n-cl(AL) = n-cl(A).

Definition 2.7. [}] Let (U,N,I) be a space. The set operator n-cl* called a nano
*-closure is defined by n-cl*(A) = AU A% for AC X.
It can be easily observed that n-cl*(A) C n-cl(A).

Theorem 2.8. [5] In a space (U,N,I), if A and B are subsets of U, then the
following results are true for the set operator n-cl*.

1. AC n-c*(A),

2. n-cl*(¢) = ¢ and n-cl*(U) = U,

3. IfA C B, then n-cl*(A) C n-cl*(B),
4. n-cl*(A) Un-cl*(B) = n-<l*(AUB),
n-cl*(n-cl*(A)) = n-cl*(A).

Definition 2.9. /5]
A subset A of a space (U,N,I) is said to be nano-I-open (briefly, nl-open) if
A Cn-int(A}).

S
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3 Simple Forms of n-open Sets in (U,N,I)
Definition 3.1. A subset A of space (U,N, 1) is said to be

1. nano a-I-open (briefly a-nl-open) if A C n-int(n-cl*(n-int(A))),

2. nano semi-I-open (briefly semi-nI-open) if A C n-cl*(n-int(A)),

3. nano pre-I-open (briefly pre-nl-open) if A C n-int(n-cl*(A)),

4. nano b-I-open (briefly b-nl-open) if A C n-int(n-cl*(A)) Un-cl*(n-int(A)),

5. nano [-I-open (briefly -nl-open) if A C n-cl*(n-int(n-cl*(A))).
The complements of the above mentioned sets are called their respective closed sets.
Theorem 3.2. In a space (U,N,I), for a subset A, the following relations hold.

1. Ais n-open = A is a-nl-open.

2. Ais a-nl-open = A is semi-n/-open.

3. Ais a-nl-open = A is pre-nl-open.

4. A is semi-nl-open = A is b-nl-open.

5. A is pre-nl-open = A is b-nl-open.

6. Ais b-nl-open = A is G-nl-open.

Proof. 1. Ais n-open = A = n-int(A). But A C n-cl*(A) = n-cl*(n-int(A)) C
n-cl*(n-int(n-cl*(A))) which proves that A is a-nl-open.

2. Ais a-nl-open = A C n-int(n-cl*(n-int(A))) C n-cl*(n-int(A)) which proves
that A is semi-n/-open.

3. Ais a-nl-open = A C n-int(n-cl*(n-int(A))) C n-int(n-cl*(A)) which proves
that A is pre-n/-open.

4. A is semi-nl-open = A C n-cl*(n-int(A)) C n-cl*(n-int(A)) U n-int(n-cl*(A))
which proves that A is b-nl-open.

5. A is pre-nl-open = A C n-int(n-cl*(A)) C n-int(n-cl*(A)) U n-cl*(n-int(A))
which proves that A is b-nl-open.

6. Aisb-nl-open = A C n-int(n-cl*(A))Un-cl*(n-int(A)) C n-cl*(n-int(n-cl*(A)))J
n-cl*(n-int(n-cl*(A))) = n-cl*(n-int(n-cl*(A))) which proves that A is G-nl-
open.

Remark 3.3. These relations are shown in the diagram.
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n-open — a-nl-open — pre-nl-open
| !
semi-nl-open — b-nl-open
!
B-nl-open

The converses of each statement in Theorem 3.2 are not true as shown in the
following Example.

Example 3.4. 1. Let U = {ej, ey, €e3,€4,e5} with U/R = {{e1},{e2,e3},{es,e5}}
and X = {e1,es}. Then N = {¢,U,{e1},{es, 3}, {e1,e2,e3}}. Let the ideal be

I = {¢7 {62}}'

(a) Then A = {ey,eq,e3,e4} is a-nl-open but not n-open.

n-int(A) = {e1, ea,e3} and {ey,e2,e3}r = {e1,eq,€3,€e4,e5} = U. There-
fore n-cl*(n-int(A)) = U and n-int(n-cl*(n-int(A))) = U 2O A. Thus A

is a-nl-open. But A is not n-open.
(b) B ={ea,e3,e4} is semi-nl-open but not a-nl-open.
(¢) F ={es,es} is B-nl-open but not b-ni-open.
2. Let U = {ey,eq,e3,e4} with U/R = {{e1},{es}, {ea,ea}} and X = {e1,e2}.
Then N = {¢,U,{e1},{e2,es}, {€1,€2,e4}}. Let the ideal be I = {p,{e1}}.
(a) C ={ey} is pre-nl-open but not a-nl-open.
(b) D = {ey,es} is b-nl-open but not semi-nl-open.
(c) E ={ea, es,e4} is b-nl-open but not pre-nl-open.

Remark 3.5. In a space the family of n-open sets and the family of nl-open sets
are independent.

Example 3.6. In Example 3.4(2), A = {e3} is nl-open but not n-open and B =
{e1, e, €4} is n-open but not nl-open.

Theorem 3.7. A subset A of a space (U, N, I) is a-nl-open <= A is semi-nlI-open
and pre-nl-open.
Proof. = Part follows from (2) and (3) of Theorem 3.2.

< If A is semi-n/-open and pre-nf/-open then A C n-int(n-c[*(A)) and A C
n-cl*(n-int(A)).
Thus A C n-int(n-cl*(A)) C n-int(n-cl*(n-cl*(n-int(A))) = n-int(n-cl*(n-int(A)))
which proves that A is a-nl-open.

Remark 3.8. In a space (U, N, I), the family of semi-nI-open sets and the family of
pre-nl-open sets are independent of each other as shown in the following FExample.

Example 3.9. Let U = {p,q,r,s} with U/R = {{p},{s},{q,r}} and X = {p,r}.
Then N = {¢,U, {p},{q,7},{p,q,r}}. Let the ideal be I = {¢p,{r}}. Then the subset

1. {p, s} is semi-nI-open but not pre-nl-open.

2. {q} is pre-nl-open but not semi-nl-open.
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Theorem 3.10. If a subset A of a space (U,N,I) is both nx-closed and 3-nI-open,
then A 1is semi-nl-open.

Proof. Since A is 3-nl-open, A C n-cl*(n-int(n-cl*(A))) = n-cl*(n-int(A)), A being
nk-closed. Therefore A is semi-n/-open.

Theorem 3.11. A subset A of a space (U,N,I) is semi-nl-open if and only if
n-cl*(A) = n-cl*(n-int(A)).

Proof. Let Abe semi-nl-open. Then A C n-cl*(n-int(A)) and n-cl*(A) C n-cl*(n-int(A)).
But n-cl*(n-int(A)) C n-cl*(A). Thus n-cl*(A) = n-cl*(n-int(A)).

Conversely, let the condition hold. We have A C n-cl*(A) = n-cl*(n-int(A)), by
assumption. Thus A C n-cl*(n-int(A)) and hence A is semi-n/-open.

Proposition 3.12. In (U, N, I) if A is a b-nl-open set such that n-cl*(A) = ¢,
then A is semi-nl-open.

Theorem 3.13. A subset A of a space (U,N, I) is semi-nl-open if and only if there
exists a n-open set G such that G C A C n-cl*(G).

Proof. Let A be semi-nl-open. Then A C n-cl*(n-int(A)). Take n-int(A) = G.
Then G C A C n-cl*(G), where G is n-open.

Conversely, let G C A C n-cl*(G) for some n-open set G. Since G C A, G C
n-int(A) and A C n-cl*(G) C n-cl*(n-int(A)) which implies A is semi-n/-open.

Theorem 3.14. If A is a semi-nl-open set in a space (UN,I) and A C B C
n-cl*(A), then B is semi-nl-open.

Proof. By assumption B C n-cl*(A) C n-cl*(n-cl*(n-int(A))) (for A is semi-nI-open)
= n-cl*(n-int(A)) C n-cl*(n-int(B)) by assumption. This implies B is semi-n/-open.

Theorem 3.15. In a space (U,N,I), for a subset A, the following results hold.
1. Ais nl-open = A is pre-nl-open.
2. Ais nl-open = A is -nl-open.
3. Ais nl-open = A is b-nl-open.
Proof. 1. Ais nl-open = A C n-int(A}) C n-int(n-cl*(A)) which proves that A
is pre-n/-open.

2. Ais nl-open = A C n-int(A}) C n-cl*(n-int(n-cl*(A))) which proves that A
is B-nl-open.

3. Aisnl-open = A C n-int(A}) C n-int(n-cl*(A)) C n-int(n-cl*(A))Un-cl*(n-int(A))
which proves that A is b-nl-open.

Remark 3.16. The converses of (1), (2) and (3) in Theorem 3.15 are not true as
shown in the following Example.

Example 3.17. In Ezample 3.4 (2),

1. A={e} is pre-nI-open but not nl-open and b-nl-open but not nl-open.
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2. A ={es,eq} is f-nl-open but not nl-open.

Remark 3.18. 1. In a space (U,N, 1), the family of nI-open sets and the family
of a-nl-open sets are independent of each other.

2. In a space (U,N,I), the family of nI-open sets and the family of semi-nI-open
sets are independent of each other.

Example 3.19. In Example 3.4(2),
1. A ={ey} is nl-open but not a-nl-open.
2. B ={e;} is a-nl-open but not nl-open.
Examples (1) and (2) verify (1) of Remark 3.18.
3. C = {es} is nl-open but not semi-n/-open.
4. D = {e;1} is semi-nl-open but not nl-open.
Examples (3) and (4) verify (2) of Remark 3.18.
Proposition 3.20. For a subset of A a space (U,N, I), the following properties hold:
1. A is a-nl-open = A is nano a-open.
2. A is pre-nl-open = A is nano pre-open.
3. A is b-nl-open = A is nano b-open.
4. A is B-nl-open = A is nano 3-open.

Proof. 1. Let Abe aa-nl-openset. Then A C n-int(n-cl*(n-int(A))) C n-int(n-cl(n-int(A))).
This shows that A is nano a-open.

2. Let A be a pre-nl-open set. Then A C n-int(n-cl*(A)) C n-int(n-cl(A)). This
shows that A is nano pre-open.

3. Let A be a b-nl-open set. Then H C n-int(n-cl*(A)) U n-cl*(n-int(A)) C
n-int(n-cl(A)) Un-cl(n-int(A)). This shows that A is nano b-open.

4. Let Abea f-nl-open set. Then A C n-cl*(n-int(n-cl*(A))) C n-cl(n-int(n-cl(A))).
This shows that A is nano [-open.

Remark 3.21. The converses of Proposition 3.20 are not true in general as shown
in the following Example.

Example 3.22. 1. LetU = {ey, ez, e3,eq4,e5} withU/R = {{e1}, {ea, €3}, {es, €5} },
X = {ey,ea} and I = o(U). Then in the space (UN,I), N = {¢,U, {ei},
{ea,e3}, {e1,e0,e3}}. A = {e1,eq,€3,e4} is nano a-open but not a-nl-open
since n-cl*(A) = A.

2. Let U = {kl,kQ,kg} with U/R = {{kl},{kg,kg}} and X = {kl,kQ}. Then
N = {¢,U, {k1},{ks,ks}}. Let the ideal be I = {¢,ko}. Then in (U,N,I),
B = {ky, ko} is nano pre-open but pre-nl-open.
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3. In Ezample 3.4(2),

(a) C = {ey,es} is nano b-open but not b-nl-open.
(b) D = {e1,e3} is nano B-open but not F-nl-open.

Lemma 3.23. Let (U,N,I) be a space and A a subset of U. If H is n-open in
(UN,I), then HNn-cl*(A) C n-cl*(HN A).

Proof. HO necl*(A) = HN (A5 UA) = (HNAY) U (HNA) C (HN AU (HN A
by (5) of Theorem 2.5. Thus H Nn-cl*(A) C(HNA); U(HNA)=n-cl*(HNA).

Proposition 3.24. The intersection of a pre-nl-open set and n-open set is pre-nl -
open.

Proof. Let A be pre-nl-open and G be n-open. Then A C n-int(n-cl*(A)) and
GNA C n-int(G) Nn-int(n-cl*(A)) = n-int(G Nn-cl*(A)) C n-int(n-cl*(GN A)) by
Lemma 3.23. This shows that G N A is pre-nl-open.

Proposition 3.25. The intersection of a semi-nl-open set and n-open set is semi-
nl-open.

Proof. Let A be semi-nl-open and G be n-open in U. Then A C n-cl*(n-int(A)) and
n-int(G) = G. GNA C GNn-cl*(n-int(A)) C n-cl*(GNn-int(A)) = n-cl*(n-int(G)N
n-int(A)) = n-cl*(n-int(G N A)) by Lemma 3.23. Hence A is semi-n/-open.

Proposition 3.26. The intersection of a a-nl-open set and n-open set is a-nl-open.

Proof. Let G be a n-open and A be an a-nl-open in a space (U,N,I). Then A is
both pre-nl-open and semi-nl-open by (2) and (3) of Theorem 3.2. AN G is both
pre-nl-open and semi-n/-open by Proposition 3.24 and 3.25. Hence by Theorem 3.7,
ANG is a-nl-open.

Proposition 3.27. The intersection of a b-nl-open set and n-open set is b-nl-open.

Proof. Let Abe b-nl-open and G be n-open. Then A C n-int(n-cl*(A))Un-cl*(n-int(A))
and GNA C GN[n-int(n-cl*(A)) Un-cl*(n-int(A))] = [G N n-int(n-cl*(A))| UGN
n-cl*(n-int(A))] = [n-int(G) N n-int(n-cl*(A))] U [G N n-cl*(n-int(A))] C [n-int(G N
n-cl*(A))] U [n-cl*(G N n-int(A))] by Lemma 3.23. Thus G N A C [n-int(n-cl*(G N
A))| U [n-cl*(n-int(G N A))]. This shows that G N A is b-nI-open.

Proposition 3.28. The intersection of a 3-nl-open set and n-open set is 3-nl-open.

Proof. Let A be f-nl-open and G be n-open. Then A C n-cl*(n-int(n-cl*(A))) and
GNA C GN n-cl*(n-int(n-cl*(A))) C n-cl*(GN n-int(n-cl*(A))) C n-cl*(n-int(G) N
n-int(n-cl*(A))) = n-cl*(n-int(GNn-cl*(A))) C n-cl*(n-int(n-cl*(GNA))) by Lemma
3.23. This shows that G N A is f-nl-open.

Remark 3.29. The intersection of two semi-nl-open (resp. pre-nl-open, b-nl-open,
B-nl-open) sets need not be semi-nl-open (resp. pre-nl-open, b-nl-open, 3-nl-open)
as shown in the following Example.

Example 3.30. 1. In Ezample 3.9, H = {p,s} and K = {q,r,s} are semi-nl-
open. But HN K = {s} is not semi-nI-open.



Journal of New Theory 24 (2018) 35-43 43

2. In Example 3.4(2),
(a) H = {e1,es,e3} and K = {ey,es, eq} are pre-nl-open. But H N K =
{e1,e3} is not pre-nI-open.

(b) H ={e1,eq,e3} and K = {ey, e3,€4} are b-nl-open. But HNK = {ey, e3}
s not b-nl-open.

(¢) H="{ez,e3} and K = {es,eq} are f-nl-open. But H N K = {ez} is not
B-nl-open.
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Annotation — In this article given a geometric solution to the well-known Jacobian problem. The two-
dimensional polynomial Keller map is considered in four-dimensional Euclidean space R*. Used the concept
of parallel. A well-known example of Vitushkin is also considered. Earlier it was known that Vitushkin’s map
has a nonzero constant Jacobian and it is not injective. We will show that the Vitushkin map is not surjective
and moreover it has two inverse maps in the domain of its definition.

1. Introduction
In works [1], [2], [5], [6] the Jacobian problem is reduced to the injectivity problem of

polynomial mapping. And in papers [3], [4] the Jacobian problem is reduced to the
reversibility of a polynomial map with a non-constant nilpotent Jacobi matrix.

2. Properties of Tangent Spaces
Consider the polynomial mapping
F(x,y) = (u,v)

where u = f(X,y),v=_g(X,y) are polynomials from two variables and their Jacobians

fxy) g, xy)-fxy g &xy=1
Such polynomial maps are called kellerovas. The main result of this paper reads as follows:
Theorem 1. Any Keller polynomial map is injective over a field of real numbers R.
The proof of the theorem relies on methods of analytic geometry in the four-dimensional

space R*, where R* is the field of real numbers. We define the surface 7 in space R* as a
graph of Keller mapping F: R* > R*



Journal of New Theory 24 (2018) 44-49 45

T={xywv)E r* u=fxv).v=gxv)} (1)

Tangent plane K of the surface 7 at the point (X,,Yy,,U,,V,) € 7 is determined by the
following equations:

K- u=u, +fX(X0,y0)(X—X0)+fy(XO, Yo) Y=o
v =% +gx(XO’YO(X_xO)+gy(X0’YO)(y_ Yo)-

Let's write parametric equations of tangent plane K :

X =1,

. y=s,
u= f Xp,yo) t+ fy(Xo,yO)S+u6,
V=8, (X, Y t+g, (Xg, ¥,) s+ Vg

2)

where
”(,) =uy— (X5 Yo) Xo= f, (X0 ¥o) Yos
vy =V, —8,(Xp,¥o) Xo— 8, (X5 ¥0) Yo -
Then
K=(M.ab)={X R*|MX =xa+yb,x.y R},
where

M (0,0,u;,V,)is the starting point in K,

a= (1,0, f,(xy, Y £, (%y- ¥,);
b = (0’1’ fy(x()’ y())7gy(x()’ y()))7 -

the guiding vectors of the plane K. As we seen from the parametric equations of the tangent
plane K, the surface 7 (1) at the every point has a two - dimensional tangent plane.

Therefore, the surface 7 (1) has a dimension equal to two.
The following Lemma plays a key role in the proof of the theorem.

Lemma 1. Any tangential plane K (2) of the surface 7z(1) in space [J* does not contain a

line parallel to coordinate planes Oxy and Ouyv .

Proof. Let M, =(x,,y,,u,,v,) and M, =(X,,y,,u,,V,) two different points of the tangent
planeK. If the line (M,;,M,) is parallel to the Oxy plane, then
vectorM\M, =(X,—X,,¥,—y,,u,—u4,,v,—Vv,) 1s expressed linearly via vectors

e, =(1,0,0,0) and e, = (0,1,0,0) .Then from (2) we get
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u,—u; = f(Xg, ¥o) (X, = X))+ f, (X, Y (¥, —y,) =0
V, =V, = gx(XO’ yO)(Xz_X1)+ gy(XO, yO)(YZ_Y1) =0

Since the Jacobian equal to 1, then x,—x, =0,y,—y =0. Hence u,—u, =0,v,—v, =0,
that is M, = M, . Contradiction.

If the line (M,M,) is parallel to the Ouv plane, then the vector M,M, is expressed
linearly via vectors e, =(0,0,1,0) and e, =(0,0,0,1). Then x,—x,=0,andy,—y =0.

Hence u, =u, and v, =v, that is, the points M, and M, coincide again. Contradiction.

Consequence. Any tangent plane K (2)of the surface 77(1) in space R" is not parallel to the

coordinate planes Oxy and Ouv .
3. Proof of Theorem

Let F(x,y)=(u,v,)=F(x,y,). Then a nonzero vector MM, =(x, —x,,y, - ¥,0,0),
where M, =(x,,y,,u,,v,) and M, =(X,,y,,u,,V,),is parallel to the coordinate plane
Oxy . Replacing the mapping F (x,y) with the mapping F (x+x,y+y)—F(x.y), we
can assume that M, =(x,,y,,u,,v,) coincides with the origin 0(0,0,0,0) and the point
M, =(X,,y,,1,,V,) coincides with the point M (a,b,0,0) ,where a=x,—x,b=y,—y,.
Let

[1=(0.0M.e,=(0.0.1,0).¢,=(0.0.0,1)) = { X € R*| OX = xOM + ye, + xe,.x, .z €R
three-dimensional hyperplane in R*. Parametric equations of a plane H have the form:

xX=art,
Jy=br,
|} S
v=q,

where 1, p, ¢ € R. Parametric equations of a plane 7z have the form:

X =1,
y=s,
T
u=f(s),
v=g(t,s).

where t,s € R. We find the intersection of 7 N H . Have,
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x=at,

”ﬁH' y =bt,
lu = f(at,bt),

v = g(at,bt).
As you can see, the curve 7N H has the following radius-vector

r(t)=(at.bt, f (at,bt), g (at,bt))

Then the tangent vector to the curve 7N H looks like:

P (1)=(aboc(1).d (1))

where

c(r)= f.(at,bt)a+ f (at,bt)b,d(r) = g (at,bt) a+g (at,bt)b.

Have r’(1)=OM +c(t)e,+d(t)e,, where the vector OM is perpendicular to the vector

c(t)e,+d(t)e, . We find the outer product of vectors OM and (). Have
OM AY (1)=0-¢, ne,+a-c(t)e, nes+a-d(t)e, ne,+b-c(t)e, nes+b-d(t)e, ne, +0-e; ne,.

Have |7/ (1)AOM| =(a*+5*)(c (1) +d (1)’).

On the other hand ‘r'(t)/\W‘ = r'(t)HO_]VY‘ -sin((t)), where &(t) is the angle between

the vectors r’(7) and OM . Here the area of a parallelogram is understood as a focused
area. In the vicinity of the point 0(0,0,0,0) sin(#)is positive , and in vicinity of the
points M (a,b,0,0) sina(¢) is negative or vice versa. Here we assume that map F between

the points O and M has no zeros. Then at some te [0,1]sin(e()) has zero value.

Then,a’ +b* =0or ¢(t)" +d(t)" = 0. Contradiction. The theorem is proved.

3. Vitushkin Example
Is considered the following well-known example of Vitushkin:
u(x,y)=x"y" +2xy’

v(x,y)=xy3+l,y¢0
y

The map F: R*=> R’ is defined as
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F(x,y)=(u,v),y#0.

Vitushkin's map is not injective, namely F(-3,-1)=F (1,1)=(3,2) and has a constant
nonzero Jacobian: J(F)=-2. Since Wm0 V(% y)=+ecand
Km0 ) v(x,y)=—co , domain of the Vitushkin map is divided into two parts, with the

points (-3,-1,3,2) and (1,1,3,2) lying in different parts of the domin. Namely, these

points lie in different sides of the hyperplane y =0 of dimension three.

Theorem 2. Vitushkin’s map not surjective and has two reverse-mapping.

1 ) ) )
Proof. v> —u =—>0, that is, u <v’. Hence, the upper part of the three-dimensional
y

paraboloid u =v* has no inverse image. Consider the following maps:
3
X ( y? — x)2 1

— TS ,y>0,y2>x,
\/y xX+y \/y X

G, (x,y)=

x(y2 —x)

3
2
1
G_(x,y)z ,— ,y<0,y> >x,
NY —x—y Y -x

An immediate check indicates that

FoG, =E=G,oF, for y>0,y">x
and
FoG =E=G oF ,y>0,y" >x.

Thus, the Vitushkin’s map has the following four properties:
1. The Vitushkin’s map has a nonzero constant Jacobian,
J(F)=-2;
2. The Vitushkin’s map is not injective,
F(-3,-2)=(3,2)=F(L1);
3. The Vitushkin’s map not surjective,

vz—u=%>0,(u,v):F(x,y);
y
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4. The Vitushkin map has two inverse mappings,

F_1=G+,y>0,y2>x,
F‘1=G_,y<0,y2>x.
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Abstaract — The purpose of this paper is to introduce and study some new properties so-called
fuzzy soft R; (for short, F.SR;, i = 0,1) on fuzzy soft spaces by using quasi-coincident relation for
fuzzy soft points, we get some characterizations and properties of them. Also, the relationships of
these properties in fuzzy soft topologies which are constructed from crisp topology and soft topology
over X and vice versa are studied with some illustrative examples.
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1 Introduction

In 1999, Molodtsov [8] introduced the concept of soft set as one of mathematical
tools for dealing with uncertainties. The works on the soft set theory have been ap-
plied in several directions. Maji et al.[7] introduced the concept of fuzzy soft set with
some its properties. Then fuzzy soft theory and its applications have been studied
by many authors. Chang [2] introduced the concept of fuzzy topology. Tanay et
al.[12] introduced the definition of fuzzy soft topology over a subset of the initial
universe set while Roy and Samanta [9] gave the definition of fuzzy soft topology
over the initial universe set. In recent time, many of notions and results in fuzzy soft
topology have been studied as in [1, 3, 4, 5, 10].

In this paper, we define and study some new properties and results related to
fuzzy soft spaces. The main aim of our work is to introduce and study the Ry and
R, properties in fuzzy soft topological spaces by using quasi-coincidence for fuzzy
soft points. Some characterizations and basic properties of them are studied. Also
we, investigate the relationships of these properties in fuzzy soft topologies which
are derived from crisp topology and vice versa with some necessary examples.

* Corresponding Author.
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2 Definitions and Notions

Throughout this work, X refers to a universe set, E be the set of all parameters for
X, P(X) is the power set of X and I be the set of all fuzzy subsets of X, where
I=10,1].

Definition 2.1. [2, 13] A fuzzy set A on X is a set characterized by a membership
function py : X — I whose value pa(z) represents the degree of membership of
zin A for z € X. A fuzzy point 2, (0 < A < 1) is a fuzzy set in X given by
zy(y) = XA at © = y and z, (y) = 0 otherwise for all y € X. Here x and X are
called support and the value of x), respectively. The set of all fuzzy point in X
denoted by FP(X). For a € I, a € I* refers to the fuzzy constant function where,
a(x) =a Vr e X and for xy € FP(X) , O,, refers to a fuzzy open set contains xy
and called fuzzy open neighborhood of x,. For A, B € I*, the basic operations for
fuzzy sets are given by Zadah [13].

Definition 2.2. [6, 8] A soft set Fr = (F, E) over X with the set E of parameters
is a mapping F': E — P(X) the value F(e) is a set called e-element of the soft set
for all e € E. Thus a soft set over X can be represented by the set of ordered pairs
Fr={(e,F(e)): ec E, F(e) € P(X) }, we denote the family of all soft sets over
X by SS(X, E).

Definition 2.3. [6, 11] Let Fg € SS(X, E) be a soft set over X. Then:

i. Fg is called a null soft set, denoted by 0, if F' (e) = () for every e € E. And if
F(e) = X for all e € E, then Fp is called an universal soft set, denoted by Xg.

ii. If F(e) = {z} and F(¢') = () for all ¢’ € E — {e}, then Fjg is called a soft point
and denoted by z¢. The complement of a soft point z¢ is a soft set over X dented
by (2¢)° and given by (2¢)°(e) = X — {z} , (2°)°(¢') = X for all ¢’ € E — {e}.
The set of all soft points over X is denoted by SP(X, FE).

Definition 2.4. [7, 9] A fuzzy soft set fg = (f, E) over X with the set E of para-
meters is defined by the set of ordered pairs fr = {(e, f(e)) : e € E , f(e) € I*}.
Here f is a mapping given by f : E — IX and the value f(e) is a fuzzy set called
e-element of the fuzzy soft set for all e € E. The family of all fuzzy soft sets over X
is denoted by F'SS(X, E).

Definition 2.5. [7, 9] Let fg, gr are two fuzzy soft sets over X. Then:

i. fg is called a null fuzzy soft set, denoted by O if f(e) =0 for all e € E. And if
f(e) =1 for all e € E, then fg is called universal fuzzy soft, denoted by 1.

ii. A fuzzy soft fg is subset of gg if f(e) < g(e) for all e € E, denoted by f C g.
iii. fg and gg are equal if fg C gr and gg C fg. It is denoted by fg = gg.

iv. The complement of fz is denoted by f&, where f¢ : E — I¥ is a mapping
defined by f(e)° =1 — f (e) for all e € E. Clearly, f6) = fe.

v. The union of fg , gg is a fuzzy soft set hg defined by h(e) = f (e) Ug (e) for all
e € E. hg is denoted by fr U gg.
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vi. The intersection of fr and gg is a fuzzy soft set lg defined by, [ (¢) = f (e)Ng (e)
for all e € E. [g is denoted by frMgg.

Definition 2.6. [1] A fuzzy soft point ¢, over X is a fuzzy soft set over X defined
as follows: )
N if e =e

(¢) 0 if € eFE—{e}
T4 is the fuzzy point in X with support « and value «, o € (0,1]. The set of all
fuzzy soft points in X is denoted by FSP(X, E). The fuzzy soft point z¢ is called
belongs to a fuzzy soft set fr , denoted by %€ fr iff & < f () (z). Every non-null
fuzzy soft set fr can be expressed as the union of all the fuzzy soft points belonging
to fg. The complement of a fuzzy soft point x{ is a fuzzy soft set over X.

where,

Definition 2.7. [1, 9] Let X be a universe set, E be a fixed set of parameters and

0 be the family of fuzzy soft sets over X, then ¢ is said to be a fuzzy soft topology
on X iff:

i. 0p , 1g belong to 4,
ii. The union of any number of fuzzy soft sets in J is in 9,
iii. The intersection of any two fuzzy soft sets in 4 is in 9.

In this case, (X, 0, ) is called a fuzzy soft topological space. The members of § are
called fuzzy soft open sets in X, denoted by F'SO(X, 0, E). A fuzzy soft set fg over
X is called fuzzy soft closed in X iff f§, € J, the set of all fuzzy soft closed sets over
X, denoted by FSC(X,0, E).

Notation.[10] Let (X, 4, E) be a fuzzy soft topological space. For z¢ € FSP(X, F)
the fuzzy soft set O, refers to a fuzzy soft open set contains zf, and O, is called
a fuzzy soft open neighborhood of z¢. The fuzzy soft open neighborhood system of
x¢ denoted by, Ng(z¢) is the family of all its fuzzy soft open neighborhoods.

In general for, fr € FSS(X,E) the notation Oy, refers to a fuzzy soft open set
contains fg and is called a fuzzy soft open neighborhood of fg.

Definition 2.8. [1, 9] Let (X,d, E) be a fuzzy soft topological space and fr €
FSS(X,E). Then:

i. The fuzzy soft interior of fg is the fuzzy soft set denoted by f; and given by
o =1{gr: gg €0 and gg C fr}, thatis f5 is a fuzzy soft open set. Indeed
it is the largest fuzzy soft open set contained in fg.

ii. The fuzzy soft closure of fp is the fuzzy soft set denoted by fr and given by
fe = I_I{_gE s gp € 6¢ and fp C gg}, thatis fg is a fuzzy soft closed set.
Clearly, fg is the smallest fuzzy soft closed set over X which contains fg.

Definition 2.9. [4] Let (X, 6, E) be a fuzzy soft topological space and Y C X. Let
hY, be a fuzzy soft set over (Y, E) such that hY, : E — IY such that hY, (e) € IY,
1 if reY
Y _
mO@={ 4y & 5y

Let &y = {h% M gr : gr € &}, then the fuzzy soft topology dy on (Y, E) is called
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fuzzy soft subspace topology for (Y, E') and (Y, dy, E) is called a fuzzy soft subspace
of (X,d,E). If hl, € § (resp. hY € &%), then (Y, dy, E) is called fuzzy open (resp.
closed) soft subspace of (X, 6, E).

Definition 2.10. [10] For A C X. The soft characteristic of A, denoted by X4 is
a fuzzy soft set x4 : E — I defined by, Xa(e) = xa Ve € E, where x4 is the
characteristic of A. i.e. x4 = {(e,xa) : € € E}, where x4 : X — {0,1}.

Definition 2.11. [10] Let fr € F.SS(X, E). Then the soft support of fg, denoted
by Ssup(fg) is a soft set given by, Ssup(fr) = {(e,S(f(e)) : e € E}, where S(f(e))
is the support of fuzzy set f(e), which is given by the set S(f(e)) = {z € X :
fe)(x) >0} € X.

Definition 2.12. [1] The fuzzy soft sets fr and gg in (X, E) are called fuzzy
soft quasi-coincident, denoted by fgpqgg iff there exist e € E, x € X such that
f(e)(x) + gle)(z) > 1. If fg is not fuzzy soft quasi-coincident with gg, then
we write fedge, that is fudge iff £ (¢) (z) + gle)(x) < 1, ice. f(e)(x) < g°(e)(x)
forallz € X and e € F.

A fuzzy soft point z¢ is said to be soft quasi-coincident with fg, denoted by z¢ ¢ fg
iff there exists e € E such that a+ fg (e) (x) > 1.

Proposition 2.13. [1, 10] Let z§,, y§ € FSP(X,E), fg, g, hg € FSS(X, E) and
{fig 1€ J} C FSS(X,E). Then we have:

L. frq9e < f& C 9%,

2. feNgr - Op = fedgs ,

3. fed9e , he E 95 = [rqhe,

4. feagr = xSqgp, for some z¢, €fg,

5. 2qfr = €[,

6. fr C gp < (250fp = 2,qgp for all 27),

7. [eqfE

8 Ifztq(}'c; fip ), then afqf;p for all i € j,
9. v #y= zgqy; foralla,B €T,

10. z5qys = v #y or (x=yand a+F<1).

Lemma 2.14. [10] Let (X, 4, F) be a fuzzy soft topological space and z¢, € F'SP(X, E).
Then:

i. gpqfs < gpqfe for all gg € FSO(X,6, FE),

ii. 2%qfp <= Oueqfr for all O,e € Np(z9).
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Theorem 2.15. [10]

i. Let (X, 7) be a crisp topological space, then the family §, = { X, : A € 7} forms
a fuzzy soft topology on X induced by T,

ii. Every fuzzy soft topological space (X, d, F) defines a crisp topology on X in the
form 75 = {A C X : X4 € 6} which is induced by §.

Theorem 2.16. [10]

i. Let (X,7* F) be a soft topological space, then the collection 6.« = {fg €
FSS(X,E) : Ssup(fg) € 7"} defines the fuzzy soft topology on X which is
induced by 7*.

ii. Let (X,0, F) be a fuzzy soft topological space, then the family 75 = {Ssup(fg) :
fr € 6} defines the soft topology on X which is induced by §.

Proposition 2.17. [10] Let (X, 7) be a topological space, (X, 7*, F) be a soft topo-
logical space and (X, d, F) be a fuzzy soft topological space. Then:

i. ap €90,+ forall ael,

ii. Fp € 7" = X, € 0.+ , in particular 0 C 0« .

3 Fuzzy Soft R; -Spaces, 1 =0 ,1.
Definition 3.1. A fuzzy soft topological space (X, ¢, E) is said to be:

i. Fuzzy soft Ry (FSRy, for short ) iff for every xf, ,y5 € FSP (X, E) with 25qy§
implies ¢, Gy§.

ii. Fuzzy soft Ry (FSRy, for short ) iff for every ¢, ,y§ € FSP(X, E) with x{qy§
implies there exist Oy and Oy € 0 such that Oge Oy .

In the following we get some characteristics of F\.SR; — spaces, ¢ = 0, 1.

Theorem 3.2. Let (X, 4, E) be a fuzzy soft topological space. Then the following
items are equivalent:

i, (X,6,E)is FSR,.
ii. 28 C Oge for all Oy € 0.
iii. x8 CM{Oye : Ope € 6} for all a2, € FSP(X, E).

Proof. i ==ii) Let (X, 4, E) be 'SRy and y§q¢,, then xiq% implies y5qO.e V¥ Oy .
Hence ¢ T Oge V Oue ( by 6) of Proposition 2.13 ).

ii = iii) Obvious.

il = i) Let 25, T O @ Oz € Np(25)} E Oue V Ope. Now let af, ,y5 €
FSP(X, E) with zqy§ , then 2f, € %C = O,e and so, by hypothesis 28 C O, =
y5 = (5)" C (y5)° = 25qys- Hence (X,0,E) is FSRy.
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Theorem 3.3. Let (X, 0, E) be a fuzzy soft topological space and fr € FSC(X, 0, F).
Then the following items are equivalent:

i. (X,8,E)is FSR,.

ii. 2¢qfr implies there exists Oy, € 0 contains fg such that x£,¢Oy,,.

ii. 25Gfr = 254 fE.

iv. 75,qy5 = T5q5-
Proof. i = ii) Let (X,0,E) be FSRy ,fr € FSC(X,6,E) and 2¢Gfg, then z¢ €
fi =04 = 75 C [ = O ( by Theorem 3.2 ) = fp T z5° = Oy,. Since
xf, C z¢ , then 28° C (2f)°. Hence z6qzs =0 ;.
ii) = iii) Let .G fg, then by hypothesis there exists Oy, such that x£¢Of, =
2G4 fe ( by ii. of Lemma 2.14 ).
iii = iv) it is clear.
iv = i) Let 27, , y5 € FSP(X, E) with x6,qys = w5qyj (by given ). Since yj C 5 ,
then z¢qy5. Hence (X, 0, E) is F'SRy.
Theorem 3.4. Every 'SR, — space is a F'SRy — space.

Proof. Obvious.

Corollary 3.5. Let (X, 0, E) be a fuzzy soft topological space. Then (X4, F) is
FSRy if and only if for all zf, ,y5 € FSP(X, E) with 2¢qyg implies there exist O
, OE € 0 such that OEQOE'

Proof. Follows from the above theorem and from ii. of Theorem 3.2 .

Theorem 3.6. Every subspace (Y,dy, F) of a FSR; — space (X,0, E) is a FSR; —
space, 1 =10, 1.

Proof. As a sample we prove the case i = 1.

Let x¢,, yj are fuzzy soft points in (Y, E) with 2¢,qyg. Then zf, y§ also in (X, F) with
x,qy5. Since (X, 0, E) is F'SRy, then there exist O,e, Oy, € 0 such that Oy GO,
and so, there exist Oy = Oge MM hY, € by, OZE, = Oy N hY, € 8y such that O;gQOZE.
Hence (Y, dy, E) is FSR;

Lemma 3.7. Let (X, 7) and (X, 7%, E') be a topological space and a soft topological
space respectively, then we have:

L Xz = %{T}T for all z € X.

i Xipey = Xgzey7 ™ for all 2° € SP(X, E).
Proof. Straightforward.

In the following, we introduce some relationships for F'SR;—axioms, i = 0,1 in
fuzzy soft topologies and that on crisp and soft topologies.

Theorem 3.8. Let (X, 7) be a topological space. Then (X, d,, E) is a F'SR;-space
if and only if (X, 7) is an R; — space, i =0, 1.
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Proof. 1) For the case i = 0. Let (X,d,, F) be FSRy and = € 3. Then z$€y{ and
z{qyf ( by i. of the above lemma ). Since (X, 0,, E) is FSRy, then 2{¢0,c = yfqx§
( by ii. of Lemma 2.14 ). Thus y¢€x$ and so, y € T ( by i. of the above lemma ).
Hence (X, 7) is an Ry — space.

Conversely, let (X,7) be Ry and =z, y5 € FSP(X, E) with xiq%, in particular
5qyf = x5 L yf* = 2§ C y§ = x € J( by i. of the above lemma ). Since (X, 7)
is Ry, then y € T = y€x] = 15 = y§ C yi¢a] = 25°( by i. of the above lemma
)= y5qx§,. Hence we obtain the result.

2) For the case i = 1. Let (X,7) be Ry and x5, y§5 € FSP(X, E) with x5gyj, in
particular z$Gy; = 2§ C y{° = a5 L y§ => x ¢ J => T # 7, then there exist
O,, O, € 7 such that O, N O, = . Take O, = Xo, € 0, and Oyg = Xo, € 0r, then
Omgq~0y§. Hence (X, 4., E) is FSR;.

Conversely, let (X,0,,F) is F'SR; and T # § = there exists x € X such that
v eTand x ¢ § = 27 £ yf = x{qy5, then there exist Ope, Oye € J; such that
O.¢GOye and so, there exist O,, O, € 7 such that Oyc = Yo, and O, = Xo,, then
Xo, C )A{coy =0, C 0O, = 0,N0, = (. Hence the result holds.

Theorem 3.9. Let (X6, F) be a fuzzy soft topological space. If (X,0,FE) is a
FSRg-space, then (X, 75) is a Ry—space.

Proof. 1t is similar to that of the necessity part of the above theorem.

Note. An R;—space (X, 75) need not imply (X, 6, E) FSR;—space, i = 0,1, this
fact can be shown by the following examples.

Examples 3.10. 1) Let X = {z,y,2} and E = {ej, ez}, then the family § =
{0, 1g, fr = {(e1, (z1,v05)), (e2,1)}, gr = {(e1,205)}} is a fuzzy soft topology
on X and s={), X} is a topology on X which is induced by §. It is easy to check
that (X,s) is Rp, but the fuzzy soft topological space (X, 4, E) is not FSRy . In-
deed, for 2, € FSP(X,E), x5 = {(e1, (zo5,y1, 1)), (e2,1)}, but there exists
O:pgg = {<€17< x17y0.5))7 (6271)} such that 1’8'15 LZ O:pgg'

2) Let X = {a,b,c} and E = {e;,es}. Then the family § = {0, 1z, fz}, where
fe={(e1, (a3 ,cos5)), (€2, (ags, cos)) } is a fuzzy soft topology on X and 75 = {0, X'}
is a topology on X which is induced by §. It is clear that (X, 75) is Ry, but (X, 4, F)

is not F'SRy, because for ag’, b* € FSP(X, E) with agsgbi® = Oue2 O,z for all
Oa8237 Ob? € 0. A

Definition 3.11. A soft topological space (X, 7*, E) is said to be:

i. Soft Ry( for short, SRy) iff for every pair of soft points z¢, y¢(x # y) € SP(X, E)
with x¢ € y¢ implies y¢ € x°.

ii. Soft Ry ( for short, SR;) iff for every pair of soft points z¢, y°(z # y) € SP(X, E)
with z¢ # y¢ implies there exist two soft open sets Fr, G contains x¢ and y°
respectively, such that FgNGp = 0.

Theorem 3.12. Let (X, 7%, E) be a soft topological space, then we have:
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i. (X,05, F) is FSRy if and only if (X, 7", E) is SRy.

ii. If (X, 7", E) is SRy, then (X,6,*, E) is FSR.

Proof. i.) Let (X, 0.+, E) be FSRy and z¢ € ¢, then x¢qy{ (by Lemma 3.7). Since
(X, 6.+, E) is FSRy, then 25qO, = y$qz§ (by ii. of Lemma 2.14)=> yf 2§ =
y$ C 25, Thus y® € 2°(by Lemma 3.7). Hence (X, 7*, E) is SRy.

Conversely, let (X, 7", F) be SRy and 2zt € FSP(X,FE). Since z¢ € 6% Va €
I —{0,1}, then 7 = 2§ T O, YO,.. When a = 1, then clearly z{ = Oge. Hence
we obtain the result.

ii.) Let (X,7, E) be SRy and zf,, y5 € FSP(X, E) with z5qy5 = x5qy5. Then
we have, either z # y or (r =y and o+ 5 < 1) (by 10. of Proposition 3.13).
Case 1. If  # y, then z¢ # y© = (2¢ # y° or x° = y°). Now we have:

a. If ¢ # y°, then there exsit O,,Oy € 7° such that 0,.NO, = 0p. Take
Oze =X, , € 0 and Oyg = Xo, € O+, then OngjOyg- Hence (X, 0.+, F) is
a 'SR -space.

b. If x¢ = y®, then this case is excluded ( since (X, 7%, E) is SRy ).

Case IL If (x = y and o + 3 < 1). Take Ope = ap € 0 ,Oyg = Bg € d;+, then
Oy = a_Echyg = Bp. Hence (X, 0.+, F) is a F'SR;-space.

Note. A soft R;—space (X, 75, E) need not imply (X,0, F) FSR; , i = 0,1, this

fact can be shown by the following example.

Example 3.13. Let X = {a,b} and E = {e,e5}. The family 6 = {0z, 1z, fz, 95, hs},
where fr = {(e1,a06) , (€2,a06)}, 92 = {(e1, bog), (€2, boo)}, he = {(e1, (aos,; bos))
(€2, (ao6, boo))} is a fuzzy soft topology on X and 77 ={0g ,Xg, Fg = {(e1,{a}),
(e2,{a})} , Gg = {(e1,{b}), (e2,{b})}} is a soft topology on X which is induced
by . It is clear that (X, 7} ,E) is soft Ry, but (X, 0, E) is not F'SRy, because for
a03 , bj' € FSP(X, E) with ag qb but bi'qag'y. Also, it is not F'SR;, because for
agly , ' € FSP(X, E) with ag 3qbe1 = O, qOye1 for all O e, Oper € 0.

4 Conclusion

In this paper, we defined and studied some new axioms are called the Ry, and R;
properties in fuzzy soft topological spaces and some of its properties. Also, the
relationships of these properties are studied. We hope these basic results will help
the researchers to enhance and promote the research on fuzzy soft theory and its
applications. In the next work, by the same manner, we defined and study a new
set of separation axioms on fuzzy soft spaces.
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