Number 26 Year 2019

Journal of
New Theory

ISSN: 2149-1402

Editor-in-Chief
Naim Cagman

www.dergipark.org.tr/en/pub/jnt




Journal of New Theory (abbreviated by J. New Theory or JNT) is a mathematical journal focusing
on new mathematical theories or the applications of a mathematical theory to science.

JNT founded on 18 November 2014 and its first issue published on 27 January 2015.
ISSN: 2149-1402

Editor-in-Chief: Naim Cagman

Email: journalofnewtheory@gmail.com

Language: English only.

Article Processing Charges: It has no processing charges.

Publication Frequency: Quarterly

Publication Ethics: The governance structure of J. New Theory and its acceptance procedures are
transparent and designed to ensure the highest quality of published material. Journal of New Theory
adheres to the international standards developed by the Committee on Publication Ethics (COPE).

Aim: The aim of the Journal of New Theory is to share new ideas in pure or applied mathematics
with the world of science.

Scope: Journal of New Theory is an international, online, open access, and peer-reviewed journal.
Journal of New Theory publishes original research articles, reports, reviews, editorial, letters to the
editor, technical notes etc. from all branches of science that use the theories of mathematics.

Journal of New Theory concerns the studies in the areas of, but not limited to:
- Fuzzy Sets,
- Soft Sets,
- Neutrosophic Sets,
- Decision-Making
- Algebra
- Number Theory
- Analysis
- Theory of Functions
- Geometry
- Applied Mathematics
- Topology
- Fundamental of Mathematics
- Mathematical Logic

- Mathematical Physics


http://www.newtheory.org/editor-in-chief/

You can submit your manuscript in any style or JNT style as pdf. However, you should send your
paper in JNT style if it would be accepted. The manuscript preparation rules, article template (LaTeX)
and article template (Microsoft Word) can be accessed from the following links.

e Manuscript Preparation Rules

o Article Template (Microsoft Word.DOC) (Version 2019)

e Article Template (LaTeX) (Version 2019)

Editor-in-Chief

Naim Cagman
Mathematics Department, Tokat Gaziosmanpasa University, 60250 Tokat, Turkey.
email: naim.cagman@gop.edu.tr

Associate Editor-in-Chief

Serdar Enginoglu

Department of Mathematics, Canakkale Onsekiz Mart University, Canakkale, Turkey
email: serdarenginoglu@comu.edu.tr

irfan Deli

M. R. Faculty of Education, Kilis 7 Aralik University, Kilis, Turkey

email: irfandeli@kilis.edu.tr

Faruk Karaaslan

Department of Mathematics, Cankiri Karatekin University, Cankiri, Turkey
email: fkaraaslan@karatekin.edu.tr

Area Editors

Hari Mohan Srivastava

Department of Mathematics and Statistics, University of Victoria, Victoria, British Columbia V8W
3R4, Canada
email: harimsri@math.uvic.ca

Muhammad Aslam Noor

COMSATS Institute of Information Technology, Islamabad, Pakistan
email: noormaslam@hotmail.com

Florentin Smarandache

Mathematics and Science Department, University of New Mexico, New Mexico 87301, USA
email: fsmarandache@gmail.com

Bijan Davvaz

Department of Mathematics, Yazd University, Yazd, Iran
email: davvaz@yazd.ac.ir


http://www.newtheory.org/forms/Manuscript%20Preparation%20Rules%20for%20jNT.pdf
http://www.newtheory.org/forms/Article_Template(DOC).docx
http://www.newtheory.org/forms/Article_Template(LaTeX).rar
https://scholar.google.com/citations?user=XwJxGAEAAAAJ&hl=en
https://scholar.google.com/citations?user=Pq74XgwAAAAJ&hl=en
https://scholar.google.com.tr/citations?user=Y2rIHOUAAAAJ&hl=en
https://scholar.google.com.tr/citations?user=QedZ_p0AAAAJ&hl=en
https://scholar.google.com.tr/citations?hl=tr&user=cdRbfo8AAAAJ
https://scholar.google.com/citations?user=pMW66zIAAAAJ&hl=en
https://scholar.google.com/citations?user=tmrQsSwAAAAJ&hl=en
https://scholar.google.com.tr/citations?user=9kbPxX0AAAAJ&hl=en

Pabitra Kumar Maji

Department of Mathematics, Bidhan Chandra College, Asansol 713301, Burdwan (W), West
Bengal, India.

email: pabitra_maji@yahoo.com

Harish Garg

School of Mathematics, Thapar Institute of Engineering & Technology, Deemed University,
Patiala-147004, Punjab, India
email: harish.garg@thapar.edu

Jianming Zhan

Department of Mathematics, Hubei University for Nationalities, Hubei Province, 445000, P. R. C.
email: zhanjianming@hotmail.com

Surapati Pramanik

Department of Mathematics, Nandalal Ghosh B.T. College, Narayanpur, Dist- North 24 Parganas,
West Bengal 743126, India
email: sura_pati@yaho.co.in

Muhammad Irfan Ali

Department of Mathematics, COMSATS Institute of Information Technology Attock, Attock
43600, Pakistan
email: mirfanali13@yahoo.com

Said Broumi

Department of Mathematics, Hassan || Mohammedia-Casablanca University, Kasablanka 20000,
Morocco
email: broumisaid78@gmail.com

Mumtaz Ali

University of Southern Queensland, Darling Heights QLD 4350, Australia
email: Mumtaz.Ali@usg.edu.au

Oktay Muhtaroglu

Department of Mathematics, Tokat Gaziosmanpasa University, 60250 Tokat, Turkey
email: oktay.muhtaroglu@gop.edu.tr

Ahmed A. Ramadan

Mathematics Department, Faculty of Science, Beni-Suef University, Beni-Suef, Egypt
email: aramadan58@gmail.com

Sunil Jacob John

Department of Mathematics, National Institute of Technology Calicut, Calicut 673 601 Kerala,
India
email: sunil@nitc.ac.in

Aslihan Sezgin

Department of Statistics, Amasya University, Amasya, Turkey
email: aslihan.sezgin@amasya.edu.tr


https://scholar.google.com/citations?user=1W16L50AAAAJ&hl=en
https://scholar.google.com.tr/citations?user=fmJuRScAAAAJ&hl=tr
https://scholar.google.com/citations?user=XmJAmNIAAAAJ&hl=en
https://scholar.google.com/citations?user=vLGVDYgAAAAJ&hl=en
https://scholar.google.com/citations?user=aTpWTSMAAAAJ&hl=en
https://scholar.google.com/citations?user=1sfB1r4AAAAJ&hl=en
https://scholar.google.com/citations?user=6ad2IcAAAAAJ&hl=en
https://scholar.google.com/citations?user=UmZ50O8AAAAJ&hl=en
https://scholar.google.com/citations?user=DFbE3bAAAAAJ&hl=en
https://scholar.google.com/citations?user=pDYK_5EAAAAJ&hl=en
https://scholar.google.com/citations?user=cn1nAKoAAAAJ&hl=en

Alaa Mohamed Abd El-latif

Department of Mathematics, Faculty of Arts and Science, Northern Border University, Rafha,
Saudi Arabia
email: alaa_8560@yahoo.com

Kalyan Mondal

Department of Mathematics, Jadavpur University, Kolkata, West Bengal 700032, India
email: kalyanmathematic@gmail.com

Jun Ye

Department of Electrical and Information Engineering, Shaoxing University, Shaoxing, Zhejiang,
P.R. China
email: yehjun@aliyun.com

Ayman Shehata

Department of Mathematics, Faculty of Science, Assiut University, 71516-Assiut, Egypt
email: drshehata2009@gmail.com

idris Zorlutuna

Department of Mathematics, Cumhuriyet University, Sivas, Turkey
email: izorlu@cumbhuriyet.edu.tr

Murat San

Department of Mathematics, Yildiz Technical University, istanbul, Turkey
email: sarim@yildiz.edu.tr

Daud Mohamad

Faculty of Computer and Mathematical Sciences, University Teknologi Mara, 40450 Shah Alam,
Malaysia
email: daud@tmsk.uitm.edu.my

Tanmay Biswas

Research Scientist, Rajbari, Rabindrapalli, R. N. Tagore Road, P.O.- Krishnagar Dist-Nadia, PIN-
741101, West Bengal, India
email: tanmaybiswas_math@rediffmail.com

Kadriye Aydemir

Department of Mathematics, Amasya University, Amasya, Turkey
email: kadriye.aydemir@amasya.edu.tr

Ali Boussayoud

LMAM Laboratory and Department of Mathematics, Mohamed Seddik Ben Yahia University, Jijel,
Algeria
email: alboussayoud@gmail.com

Muhammad Riaz

Department of Mathematics, Punjab University, Quaid-e-Azam Campus, Lahore-54590, Pakistan
email: mriaz.math@pu.edu.pk


https://scholar.google.com/citations?hl=en&user=4V2S3KQAAAAJ&view_op=list_works
https://scholar.google.com/citations?user=hLKZwCEAAAAJ&hl=en
https://www.researchgate.net/profile/Jun_Ye3
https://scholar.google.com.tr/citations?user=yvoSgFkAAAAJ&hl=en
https://scholar.google.com/citations?user=KjI40v4AAAAJ&hl=en
https://scholar.google.com.tr/citations?user=t5Q8UOcAAAAJ&hl=en
https://scholar.google.com/citations?user=mMPyPSoAAAAJ&hl=en
https://scholar.google.com.tr/citations?user=e4jIk7gAAAAJ&hl=en
https://scholar.google.com.tr/citations?user=29xGnFYAAAAJ&hl=en
https://scholar.google.fr/citations?user=X8LOwvkAAAAJ&hl=en
https://scholar.google.com.tr/citations?hl=tr&user=-veaI1IAAAAJ

Serkan Demiriz

Department of Mathematics, Tokat Gaziosmanpasa University, Tokat, Turkey
email: serkan.demiriz@gop.edu.tr

Hayati Olgar

Department of Mathematics, Tokat Gaziosmanpasa University, Tokat, Turkey
email: hayati.olgar@gop.edu.tr

Essam Hamed Hamouda

Department of Basic Sciences, Faculty of Industrial Education, Beni-Suef University, Beni-Suef,

Egypt
email: ehamouda70@gmail.com

Layout Editors

Tugge Aydin

Department of Mathematics, Canakkale Onsekiz Mart University, Canakkale, Turkey
email: aydinttugce@gmail.com

Fatih Karamaz

Department of Mathematics, Cankiri Karatekin University, Cankiri, Turkey
email: karamaz@karamaz.com

Contact

Editor-in-Chief

Name: Prof. Dr. Naim Cagman

Email: journalofnewtheory@gmail.com

Phone: +905354092136

Address: Departments of Mathematics, Faculty of Arts and Sciences, Tokat Gaziosmanpasa
University, Tokat, Turkey

Editors

Name: Assoc. Prof. Dr. Faruk Karaaslan

Email: karaaslan.faruk@gmail.com

Phone: +905058314380

Address: Departments of Mathematics, Faculty of Arts and Sciences, Cankiri Karatekin
University, 18200, Cankiri, Turkey

Name: Assoc. Prof. Dr. irfan Deli

Email: irfandeli@kilis.edu.tr

Phone: +905426732708

Address: M.R. Faculty of Education, Kilis 7 Aralik University, Kilis, Turkey

Name: Asst. Prof. Dr. Serdar Enginoglu

Email: serdarenginoglu@gmail.com

Phone: +905052241254

Address: Departments of Mathematics, Faculty of Arts and Sciences, Canakkale Onsekiz Mart
University, 17100, Canakkale, Turkey


https://scholar.google.com/citations?user=VxTvdZYAAAAJ&hl=en
https://scholar.google.com.tr/citations?user=SkbTA4AAAAAJ&hl=en
https://scholar.google.com/citations?user=bBhs6HQAAAAJ&hl=en
https://scholar.google.com.tr/citations?user=woBomhoAAAAJ&hl=en
https://www.researchgate.net/profile/Fatih_Karamaz

10.

CONTENT

Generalized Forms of Upper and Lower Continuous Fuzzy Multifunctions / Pages: 1-12

ismail IBEDOU, Salah ABBAS
Q-Soft Normal Subgroups / Pages: 13-22

Rasul RASULI

On Micro Topological Spaces / Pages: 23-31

Sakkraiveeranan CHANDRASEKAR

Generalized Roughness of (€; € V g)-Fuzzy Ideals in Ordered Semigroups / Pages: 32-53

Azmat HUSSAIN, Muhammad irfan ALi, Tahir MAHMOOD

Summability of Fourier Series and its Derived Series by Matrix Means / Pages: 54-63

Abdelhadi Mohammad KARAZON, Mohammad Mahmoud AMER

Weak Soft Binary Structures / Pages: 64-72

Arif Mehmood KHATTAK, Zia Ullah HAQ, Muhammad Zamir BURQI, Saleem ABDULLAH

Y*-Locally Closed Sets and W*-Locally Closed Continuous Functions in Topological

Spaces / Pages: 73-83
Ashraf Said NAWAR

Fuzzy Soft Locally Closed Sets in Fuzzy Soft Topological Space / Pages: 84-89

Sandhya Gandasi VENKATACHALARAO, Anil Prabhakar NARAPPANAVAR

Fractional-order Mathematical Modeling of Bacterial Competition with Theraphy of Multiple

Antibiotics / Pages: 90-103
Bahatdin DASBASI

Review of Number 26 / Pages: 104-106

Naim CAGMAN


https://dergipark.org.tr/en/pub/jnt/issue/42082/506213
https://dergipark.org.tr/en/pub/jnt/issue/42082/506304
https://dergipark.org.tr/en/pub/jnt/issue/42082/506329
https://dergipark.org.tr/en/pub/jnt/issue/42082/506392
https://dergipark.org.tr/en/pub/jnt/issue/42082/506424
https://dergipark.org.tr/en/pub/jnt/issue/42082/508596
https://dergipark.org.tr/en/pub/jnt/issue/42082/511133
https://dergipark.org.tr/en/pub/jnt/issue/42082/511133
https://dergipark.org.tr/en/pub/jnt/issue/42082/511133
https://dergipark.org.tr/en/pub/jnt/issue/42082/511145
https://dergipark.org.tr/en/pub/jnt/issue/42082/448509
https://dergipark.org.tr/en/pub/jnt/issue/42082/448509
https://dergipark.org.tr/en/pub/jnt/issue/42082/533950

http://www.newtheory.org ISSN: 2149-1402

New Theory

Received: 13.05.2018 Year: 2019, Number: 26, Pages: 1-12
Published: 01.01.2019 Original Article

Generalized Forms of Upper and Lower Continuous Fuzzy
Multifunctions

Ismail Ibedou’” <ismail.ibedou@gmail.com>
Salah Abbas® <saahmed@jazanu.edu.sa>

! Department of Mathematics, Faculty of Science, Benha University, Benha, Eqypt
2 Department of Mathematics, Faculty of Science, Sohag University, Sohag, Eqypt

Abstract — In this paper, we introduce the concepts of upper and lower («, 3,6, 8, £)-continuous
fuzzy multifunctions. It is in order to unify several characterizations and properties of some kinds of
modifications of fuzzy upper and fuzzy lower semi-continuous fuzzy multifunctions, and to deduce
a generalized form of these concepts, namely upper and lower nn*-continuous fuzzy multifunctions.

Keywords — General topology; fuzzy topology; multifunction; fuzzy multifunction.

1 Introduction

Fuzzy multifunctions or multi-valued mappings have many applications in mathemat-
ical programming, probability, statistics, different inclusions, fixed point theorems
and even in economics, and continuous fuzzy multifunctions have been generalized in
manu ways. Many Mathematicians, see [1 - 6], devoted a great part of their research
work on studying the generalized continuous fuzzy multifunctions, where their fuzzy
fuzzy multifunction maps each point in a classical topological space into an arbitrary
fuzzy set in a fuzzy topological space in the sense of Chang [7].

In this paper, we introduce the concepts of upper and lower («, 3, 8, §, £)-continuous
fuzzy multifunctions and prove that if «, 3 are operators on the topological space
(X,T) and 0, 6*, 6 are fuzzy operators on the fuzzy topological space (Y, 7) in Sostak
sense [8], and ¢ is a proper ideal on X, then a fuzzy multifunction F' : X — Y is
upper (resp. lower) (a, 3,60M60%,§, ¢)-continuous fuzzy multifunction iff F is both of
upper (resp. lower) (a, 3,6, 0,¢)-continuous and upper (resp. lower) («, 3,0*,9,()-
continuous fuzzy multifunction. Also, we introduce new generalized notions that

* Corresponding Author.
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cover many of the generalized forms of upper (resp. lower) semi-continuous fuzzy
multifunctions.

2 Preliminaries

Throughout this paper, X refers to an initial universe, 2¥ denotes the power set
of X, I denotes the set of all fuzzy sets of X, \°(x) = 1 — \(z) Vo € X (where
I =10,1], 1, = (0,1]).

As applications, «, 3, idx : 2X — 2% are operators on X and 6,9, idy : Y x Iy —
I are fuzzy operators on Y. Recall that an ideal £ on X [9], is a collection ¢ C 2%
that satisfies the following conditions:

(1) A€l and B C A implies that B €/,
(2) A€l and B € ¢ implies that AU B € (.

¢ is proper if X & ¢. Let by (X,T) and (Y,7) be meant the classical and the
fuzzy topological spaces due to Sostak 8], respectively. The closure and the interior
of any set A in (X,T) will be denoted by T-cl(A) and T-int(A) while the fuzzy
closure and the fuzzy interior of any fuzzy set u € IY will be denoted by cl,(u,r)
and int,(u,7). The notion of quasi-coincidence is given for two fuzzy sets A\, u € IV,
denoted by A ¢ pu, iff there exists a y € Y such that A(y) + p(y) > 1. If they are
not quasi-coincidence, it will be denoted by A ¢ p. Any fuzzy set u € IY is called
r-fuzzy semi-closed [10] (resp. r-fuzzy preclosed [11]) iff u > int,(cl (u,7),7) (resp.
p = clr(intr(u, ), 7)),

while

scl(A\r) = /\{u A <p and pis r— fuzzy semi-closed}

and
precl (A7) = /\{u :A<p and pis r — fuzzy preclosed}.

Also, A C X is strongly semi-open [12] (resp. semi-preopen [12]) if
ACT —int(T — (T —int(A))) (resp. ACT —cl(T —int(T — cl(A)))),
while
T —ssint(A) = U{B :BC A and B s strongly semi-open}

and
T —spreint(A) = U{B :BCA and B is semi-preopen}.

A mapping F' : X — Y is called a fuzzy multifunction [1] if for each z € X,
F(x) is a fuzzy set in Y. The upper inverse F*(\) and the lower inverse F'~(\) of
A € IV are defined as follows:

FtrN)={zeX:F(x) <A} and F (\)={reX:F(x)q\}

For AC X, F(A) =V{F(z):z € A}. Also, F7(\°) =X — Ft(\) for any
relr.
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3 Upper and Lower (a,(3,6,d,{)-continuous Fuzzy
Multifunctions

Definition 3.1. A mapping F : (X,T) — (Y, 7) is said to be upper (resp. lower)
(a, 3,0, 6,0)-continuous fuzzy multifunction if for every u € IV, r € Iy, with 7(u) >
71?

a(F(0(p, ) = BIET(O(p,))) €L (vesp. a(F(0(u, 7)) = BIE(0(p,7))) €0).

We can see that the above definition generalizes the concept of upper (resp. lower)
semi-continuous fuzzy multifunction [13] when we choose a = identity operator, 3 =
interior operator, 0 = r-fuzzy identity operator, 8 = r-fuzzy identity operator and

0= {0}.

Let us give a historical justification of the definition:

(1) In 2015, Ramadan and Abd El-Latif [13], defined the concept of upper (resp.
lower) almost continuous fuzzy multifunction as: For every pu € IY,r € I
with 7(u) > r, then

Ft(p) C T-int(F*(int,(cl (p,7),7))) (resp. F~ () C T-int(F~(int,(cl (g, r),7)))).
Here, o = identity operator, = interior operator, § = r-fuzzy identity oper-

ator, 6 = r-fuzzy interior closure operator and ¢ = {(}.

(2) In 2015, Ramadan and Abd El-Latif [13], defined the concept of upper (resp.
lower) weakly continuous fuzzy multifunction as: For every p € IY,r € I
with 7(u) > r, then

F*(u) C T — int(F*(cl, (1,7)))  (vesp. F~ () € T — int(F(cl, (1. 7)))).

Here, o = identity operator, = interior operator, § = r-fuzzy identity oper-
ator, 6 = r-fuzzy closure operator and ¢ = {(}.

(3) The concept of upper (resp. lower) almost weakly continuous fuzzy multifunc-
tion is defined as: For every p € IV, r € Iy with 7(u) > r, then
Ft(p) C T-int(T-cl(F*(cl-(p,7)))) (resp. F~ () C T-int(T-cl(F~(cl (u,7)))))-
Here, a = identity operator, # = interior closure operator, § = r-fuzzy identity
operator, § = r-fuzzy closure operator and ¢ = {()}.

(4) The concept of upper (resp. lower) strongly semi-continuous fuzzy multifunc-
tion is defined as: For every p € IV, r € Iy with 7(u) > r, then
Ft(p) C T-int(T-cl(T-int(F+(p)))) (resp. F~(u) C T-int(T-cl(T-int(F~(u))))).

Here, a = identity operator, § = interior closure interior operator, § = r-fuzzy
identity operator, § = r-fuzzy identity operator and ¢ = {(}.
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()

(10)

The concept of upper (resp. lower) almost strongly semi-continuous fuzzy
multifunction is defined as: For every u € IV, r € Iy with 7(u) > r, then

Ft(p) CT-ssint(F*(scl(u,r))) (resp. F~(u) C T-ssint(F~(scl (p,7)))).

Here, o = identity operator, § = strongly semi-interior operator, § = r-fuzzy
identity operator, § = r-fuzzy semi-closure operator and ¢ = {(}.

The concept of upper (resp. lower) weakly strongly semi-continuous fuzzy
multifunction is defined as: For every pu € IV, r € Iy with 7(u) > r, then

Ft(p) CT —int(T — (T — int(F*(cl,(u,7)))))

(resp. F~ () CT —int(T — (T — int(F~ (cl-(p,7))))))-

Here, o = identity operator, § = interior closure interior operator, d = r-fuzzy
identity operator, § = r-fuzzy closure operator and ¢ = {(}.

The concept of upper (resp. lower) semi-precontinuous fuzzy multifunction is
defined as: For every u € IY,r € Iy with 7(u) > r, then

Ft(p) CT-c(T-int(T-cl(F*(p)))) (resp. F~ () C T-cl(T-int(T-cl(F~(1))))).
Here, a = identity operator, § = closure interior closure operator, § = r-fuzzy
identity operator, 8 = r-fuzzy identity operator and ¢ = {(}.

The concept of upper (resp. lower) almost semi-precontinuous fuzzy multifunc-
tion is defined as: For every u € IV, r € Iy with 7(u) > r, then

F*(u) C T-spreint(F*(scl (u,7))) (resp. F~(u) C T-sprint(F~(scl (i, 7)))).
Here, a = identity operator, = semi-preinterior operator, = r-fuzzy identity

operator, § = r-fuzzy semi-closure operator and ¢ = {(}.

The concept of upper (resp. lower) weakly semi-precontinuous fuzzy multi-
function is defined as: For every u € IY,r € Iy with 7(u) > r, then

Fr(p) CT — (T —int(T — cl(F*(cl(11,7)))))

(resp. F~ () €T — (T — int(T — cl(F (cl- (1, 7))))))-

Here, a = identity operator, 3 = closure interior closure operator, § = r-fuzzy
identity operator, § = r-fuzzy closure operator and ¢ = {(}.

The concept of upper (resp. lower) precontinuous fuzzy multifunction is defined
as: For every u € IV, r € Iy with 7(u) > r, then

F™(p) €T = int(T — cl(F () (vesp. F~(p) €T —int(T — cl(F~(n))))-

Here, o = identity operator, § = interior closure operator, § = r-fuzzy identity
operator, § = r-fuzzy identity operator and ¢ = {0}.
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(11) The concept of upper (resp. lower) strongly precontinuous fuzzy multifunction
as: For every u € IV, r € Iy with 7(u) > r, then

F*(p) C T—int(T—precl(F*(n))) (resp. F~(u) C T—int(T—precl(F~(n)))).

Here, a = identity operator, [ = interior preclosure operator, § = r-fuzzy
identity operator, 6 = r-fuzzy identity operator and ¢ = {(}.

Definition 3.2. A mapping F : (X,T) — (Y,7) is called upper (resp. lower)
P-continuous fuzzy multifunction iff  F*(u) € T (resp. F~(u) € T) for every
pe 1Y, rely, with T(un) >, such that p satisfies the property P.

Let Op : IV x Iy — IY be a fuzzy operator defined as:

Op(jir) — poifp€ IV, r € Iy with 7(u) >r and p satisfies the property P,
PULT) = 1T otherwise

Theorem 3.3. A map F : (X,T) — (Y, 7) is upper (resp. lower) P-continuous
fuzzy multifunction iff it is upper (resp. lower) (idx, T-int, 0p,idy, {(})-continuous
fuzzy multifunction.

Proof. Suppose that F' is an upper P-continuous fuzzy multifunction and let u €
IV, r € Iy with 7(u) > r.

Case 1. If p satisfies the property P, 0p(u,7) = p, and then by hypothesis
FH(p) € T and F*(p) C T-int(F* () = T-int(F+(0p(p,7))).

Case 2. p does not satisfy the property P, then 0p(u,r) =1, and thus
Ft(p) € X = T-int(F*(0p(p,7))). That is, F is upper (idx, T-int, 0p,idy, {0})-
continuous fuzzy multifunction.

Conversely, suppose that F'+(u) C T-int(F*(0p(p,7))) for each p € IV, r € I,
with 7(u) > r. Take p satisfying the property P, then 0p(u,r) = p, and thus
Ft(p) € T-int(FT(0p(p,7))) = T-int(F*(u)). We conclude that F*(u) € T and
thus F' is an upper P-continuous fuzzy multifunction.

For lower P-continuous fuzzy multifunction, the proof is similar.

Definition 3.4. If v and ~v* are fuzzy operators on X, then the operator ~ M ~y* is
defined as follows:

(YN ) = y(Ar) Ay (A1) YAETY, r €.

The fuzzy operators v and v* are said to be mutually dual if v 1 ~* is the identity
operator.

Theorem 3.5. Let (X,T) be a topological space, (Y, 7) a fuzzy topological space
and ¢ a proper ideal on X. Let «a, 3, 3* be operators on (X,T) and 4,0, 0* be fuzzy
operators on (Y,7). Then F': X — Y is:

(1) upper (resp. lower) (o, 3,0 M 6%, 6, ¢)-continuous fuzzy multifunction iff it
is both upper (resp. lower) (a,f3,6,0,¢)-continuous fuzzy multifunction and
upper (resp. lower) (a,3,0%,6,{)-continuous fuzzy multifunction provided
that for all A, B C X, we have (AN B) = 5(A) N B(B).
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(2) upper (resp. lower) («a, 31 3% 6,0, ¢)-continuous fuzzy multifunction iff it
is both upper (resp. lower) («, 3,6, 0,¢)-continuous fuzzy multifunction and
upper (resp. lower) («, 8%, 0,6, £)-continuous fuzzy multifunction.

Proof. (1) If F is both upper (o, 3,0, §, £)-continuous fuzzy multifunction and upper
(o, 3,0%,6,¢)-continuous fuzzy multifunction, then, for every u € IV, r € Iy, with
7(p) > r, we have

a(F(0(u, 1)) = BUEF(O(p,7))) € € and a(F*(3(p, 7)) — BIET (0" (7)) € €
and then

(@(FF (0 (p,7))) = BIET(O(u,7)))) U (@(FT((p, 7)) = BET(07(u,7)))) € L.
But

(a(F(6(p, 7)) = BET(O(1,7))) U (@(FT(0(p, 7)) = BIET(0" (1, 7))))
= a(F(0(p, ) = (BET(O(u, 7)) O BET(O(1,7))))
= a(F(0(p, 7)) = BIET(O(p,m) N O™ (7))
— a(F*(8(1.1)) — BE(6 M0 (1,1))).

04
\_/

That is, F is upper («, 3,0 M 6*, 0, ¢)-continuous fuzzy multifunction.
Conversely; if F' is upper («, 3,0 M 60*, 9, )-continuous fuzzy multifunction, then

a(FT(6(p,7))) = BET(OTO(1,7))) € ¢

Now, by the above equalities, we get that
((F*(5(p, 7)) = BIET(O(p,7)))) U (a(F(0(p, 7)) = BIET(0(1,7)))) € L,

which implies that

a(FT(6(p,7))) = BET(O(p,7))) € £ and a(FT(0(u, 7)) — BET(07 (1, 7))) € ¢

which means that F' is both upper (a, 3, 8, 0, £)-continuous fuzzy multifunction and
upper (a, 3, 0%, 0, ¢)-continuous fuzzy multifunction.

(2) Similar to the proof in (1).

The proof for lower continuity is typical.

Let ® be the set of all operators on the topological space (X, T'). Then a partial
order could be defined by the relation:

aC B iff «a(A) CB(A) for all A € 2% [14].

Theorem 3.6. Let (X,T) be a topological space, (Y, 7) a fuzzy topological space
and ¢ a proper ideal on X. Let a,a*, 3,3 : 2% — 2% be operators on (X,T) and
5,0,0% : IV x Iy — IY are fuzzy operators on (Y,7) and F : X —o Y is a fuzzy
multifunction. Then,

(1) If B is a monotone, 8 C 6* and F' is upper (resp. lower) («, 3,0, 6, £)-continuous
fuzzy multifunction, then F' is upper (resp. lower) («, 3,0*, 4, £)-continuous
fuzzy multifunction,
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(2) If o C « and F is upper (resp. lower) (o, 3,0, 6, {)-continuous fuzzy multi-
function, then F' is upper (resp. lower) (o, 3,6, 0, ¢)-continuous fuzzy multi-
function,

(3) If 8 C p* and F is upper (resp. lower) («, 3,0, 6, ¢)-continuous fuzzy multi-
function, then F' is upper (resp. lower) («, 5%, 6*, 0, f)-continuous fuzzy multi-
function.

Proof. (1) Since F' is upper (a, 3,6, 0,f)-continuous fuzzy multifunction, then for
every u € IV, r € Iy with 7(u) > r, it happens that

a(F(6(p, ) = BET(O(p,7))) € L.

We know that 6 C 6*, and then, for every u € IV, r € Iy, (u,7) < 6*(u,r), and
thus F7(0(u, 7)) C FT(0*(u,r)) and B(FT(0(u,r))) C 5(F+(9*(u, r))). Therefore,

a(FH(0(u, 7)) = B0 (7)) S alF7(3(n, 7)) = BT (0(n, 7)) € L,

which means that F' is upper (a, 3, 6%, 6, £)-continuous fuzzy multifunction.
(2) and (3) are similar.
The case of lower continuity is similar.

Definition 3.7. A fuzzy operator v on a fuzzy topological space (X, T) induces an-
other fuzzy operator (int,v) defined as follows: (int,v)(u,r) = int (y(u,r),r). Note
that: int,y C ~.

Theorem 3.8. Let o, 8 : 2% — 2% be operators on (X,7T) and 6,0 : [V x Iy — IV
are fuzzy operators on (Y, 7) and ¢ a proper ideal on X. If F': X —o Y is an upper
(resp. lower) («, (3,0, 9, )-continuous fuzzy multifunction and

BF () € B(FT (int,(p,7))) (resp. B(F~(n)) € BF (int-(p,7)))),

for every u € IV, r € Iy. Then F is upper (resp. lower) («, 3,int.0, 6, £)-continuous
fuzzy multifunction.

Proof. Let p € IV, r € Iy with 7(u) > r, we have that a( E+(6(u, 7)) —=B(FT(0(u, 7)) €
¢. Since B(F* () C B(F " (int,(p,7))), then F(F(0(p,7))) € BEFF (int-0(u, 1))).
Thus, a(F*(5(1,1))) — BE*(int,6(u 7)) C alF*(6(nr)) — AF*(B(u.r) € L.
and it follows that F is upper («, §,int, 0, J, ¢)-continuous fuzzy multlfunctlon.

Definition 3.9. Let (X, 7) be a fuzzy topological space, 0 is a fuzzy operator on
X and p € IX, r € Iy. Then p is called fuzzy 0-compact if for each family
N el*:r(\)>r, jeJtwithp < \())), there exists a finite subset Jo C J

jeJ
such that p < \/ (B(\j,71)).
Jj€Jo
An ordinary subset A € 2% s called fuzzy 6-compact if for each family {)\; €
I :r(\) >, je€J}withxa < \ ()), there exists a finite subset Jy C J such

jedJ
that x4 < '\ (0(A;,7)).
Jj€Jdo
In crisp case (X,T); a fuzzy set K € 2% is called O-compact if for each family
{B; €2X: B; € T} with K C J(By), there exists a finite subset Jo C J such that

K C UOB). "

Jj€Jo
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Theorem 3.10. Let (X, T') be a topological space, (Y, 7) a fuzzy topological space,
a: 2% — 2% an operator on (X,T) with A C a(A) VA € 2% and 6,0 : IV x Iy — IY
with §(\,7) > X\ VA € IV, r € I, are fuzzy operators on (Y,7). If F: X — Y is
upper (resp. lower) (o, T-int, 6,6, {(}})-continuous fuzzy multifunction and K is a
compact subset of X, then, F(K) is fuzzy 6-compact in IV.

Proof. Suppose that each family {u; : j € J,r € Iy with 7(u;) > r} satisfies that

F(K) < \/ pj. By F is upper («, T-int, 0,0, {0})-continuous fuzzy multifunction,
jeJ

then for each j € J, we have a(F*(0(py,7))) C T-int(F*(0(uj,7))) € FT(0(pj,7)).

Then there exists G; € T such that a(F*(0(y;,7))) € G; C FH(0(uj,7)). Also,

since F*(8(15,7)) € a(F*(8(s5, ) and pi; < 8{j1j,7), then

K C FHE(K)) < | F ) < |G,
jeJ jeJ
From the compactness of K, there exists a finite subset .Jy of J such that K C |J Gj.

j€Jdo

Then
F(K)< \/ F(Gy) < \/ F(FT(0(;,r) < \/ (7).

J€Jo J€Jo Jj€Jo
which means that F(K) is fuzzy #-compact.

Corollary 3.11. Let (X, T) be a topological space and (Y, T) a fuzzy topological space.
Let F : X — Y be an upper (resp. lower) weakly continuous fuzzy multifunction and
K a compact subset of X, then F(K) is a fuzzy almost compact set in IV .

Proof. Take o = identity operator on X, g = T-int, § = r-fuzzy identity operator,
0 = r-fuzzy closure operator on Y and ¢ = {(}}. Then the result is fulfilled directly
from Theorem 2.5.

Corollary 3.12. Let (X, T) be a topological space and (Y, T) a fuzzy topological space.
Let F: X —o Y be an upper (resp. lower) almost continuous fuzzy multifunction and
K a compact subset of X, then F(K) is a fuzzy nearly compact set in IV .

Proof. Take o = identity operator on X, § = T-int, 6 = r-fuzzy identity operator,
0 = r-fuzzy closure operator on Y and ¢ = {0}. Then the result follows from
Theorem 2.5.

4 Upper and Lower nn*-continuous Fuzzy Multi-
functions

Let X and Y be nonempty sets and n C 2% be any collection of subsets of X and

n* : IY — I any function.

Definition 4.1. A function F : X — Y is said to be upper (resp. lower) nn*-
continuous fuzzy multifunction if — F™(u) € n (resp. F~(u) € n) whenever ju €
IV, r e Iy with n*(p) >r.
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Remark 4.2. A generalized topology on a set X ([15]) is a collection n of subsets
of X such that ) € n and n is closed under arbitrary unions. Also, a generalized
fuzzy topology on a set Y ([15]) is a function n* : IY — I such that n*(0) = 1
and n*(\/ ;) > N (0" (p;)) Vs € IY. Observe that if Definition 3.1, n and n* are
jeJ jeJ
generalgzed topolojgy and generalized fuzzy topology on X and'Y respectively, then we
Just obtain the notion of upper (resp. lower) n,n*-continuous fuzzy multifunctions.
In [16], Maki et al., introduced the notion of minimal structure on a set X, as the
collection mx of subsets of X such that ) € my and X € mx. Also, in [17], Yoo
et al., introduced the notion of fuzzy minimal structure on a set Y, as my : I¥ — I

such that my (0) = my (1) = 1. Now, if in Definition 3.1, n = myx and n* = my, we
obtain the notion of upper (resp. lower) mx, my-continuous fuzzy multifunctions.

Any collection n of subsets of a set X and any function n* : I¥ — I determine
in a natural form an operator 6, : 2% — 2% and a fuzzy operator O, : I x Iy — IV
respectively, so that

A if Aen
On(A) = {X otherwise

and

if welI¥,relywith n*(u) >r
otherwise

o) = {4

In the case that n is a generalized topology on X and n* is a generalized fuzzy
topology on Y, we obtain other operations (see [15]) that are important for its ap-
plications:

n—int(A)=| {B:BC A and Ben},
n—cl(A):ﬂ{B:AgB and X — B € n},

ity (A7) = \/{p:p <X and 57 (p) >},
ey r) = A{p:A<p and n*(T—p) =1}

Note that: n-int C idx €60, and int,« Cidy C 0,-. Similarly, in the case of a
minimal structure my (see [18]) and a fuzzy minimal structure my (see [17]), we have
mx — int(A) = U{B :BCA and B € my},
my —cl(A) = {B:ACB and X — B¢ my},

Mty (p,7) = \/{v:v < p and my(v) > 1},

iy (1, 7) = /\{y cp<v and my(1-v)>r}.

Note that: mx-int C idy € 6, and int,,, Cidy C §,-. Also, mx-int(4) = A
if A € mx while mx-int(A) € mx whenever mx is a minimal structure with the
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Maki property [16]. int,, (A, 7) = A if my(A) > r while  my (my-int(A, 7)) > r
whenever my is a fuzzy minimal structure with the Yoo property [17].

The following results give the relationship between upper (resp. lower) nn*-
continuous fuzzy multifunctions and upper (resp. lower) (a, 3,0, d,{)-continuous
fuzzy multifunctions. We obtain some interesting properties of upper (resp. lower)
nn*-continuous fuzzy multifunctions.

Theorem 4.3. Let X and Y be nonempty sets, n C 2%, n* : IY — I. If X € 7, then
F : X — Y isupper (resp. lower) nn*-continuous fuzzy multifunction iff F': X — Y
is upper (resp. lower) (0,,idx,0,~,idy,{0})-continuous fuzzy multifunction.

Proof. Suppose that F' : X — Y is upper nn*-continuous fuzzy multifunction. Let
pelIY, rely, wehavetwo cases:

Case 1. If n*(pu) > 7, then 0, (p,r) = p and 0, (F*(u)) = F*(p). This follows that
0,(F*(idy (p,7))) = F*(p) = idx(F*(0,«(p,7))), and consequently

0y (F* (idy (7)) € idx (FT (6 (11,7)))-

Case 2. If n*(u) = 0, O,-(p,7) = 1, then 6,(F*(idy(u,7))) € X = FF(1) =
idx (F* (6, (1, 7))). Hence,

Oy (F* (idy (i, 7)) = idx (F7 (O (1, 7)) = 0

for all u € IY,r € Iy. Thus, F is an upper (6,,idx,0,-,idy, {0})-continuous fuzzy
multifunction.

Necessity; suppose that F' is upper (0, idx, 0., idy, {0})-continuous fuzzy mul-
tifunction, then 6, (F*(idy (u,7))) — idx(FT(0,(p, 7)) = O forall ue I, r € I,
with n*(¢) > r.  This implies that 6,(F*(n)) < FT(0,«(u,7))). Assume that
there is v € IV, r € Iy such that 7*(v) > r and F*(v) does not belong to . Then
we obtain X C F*(v). So, F*(v) = X. Now, our hypothesis X € 7 implies that
FT(v) € n, and a contradiction. Therefore, F"(u) € n whenever u € IV, r € I with
n*(u) > r, and thus F : X — Y is an upper nn*-continuous fuzzy multifunction.

In the case that 7 is a generalized topology, then the following result is obtained.

Theorem 4.4. If 7 is a generalized topology such that X € n and n* : [Y — [ is a
function. Then F': X —o Y is upper (resp. lower) nn*-continuous fuzzy multifunction
iff FF: X — Y is upper (resp. lower) (idx,n-int, 6, idy,{0})-continuous fuzzy
multifunction.

Proof. Suppose that F' : X — Y is upper nn*-continuous fuzzy multifunction. Let
pu € IV, r eI Then consider two cases:
Case 1. If n*(p) > r, then O, (p,7) = p and idx (F*(p)) = F* () = n-int(F(w)).
This follows that idx(F*(idy(p,7))) = F™ (@) = n-int(F*(0,«(p,7))), and conse-
quently

idx (F*(idy (p,7))) C n—int(F" (0 (1, 7))

Case 2. If n*(p) =0, O,(u,7) =1, since X € n, then

idy (F*(idy (7)) € X = F7(I) =n— nt(F7 (0 (n,7))).



Journal of New Theory 26 (2019) 1-12 11

So,
idx (F* (idy (7)) — n—int(F* (0 (,7))) = 0

for every u € I, r € I. Thus, F is an upper (idx,n-int, 0,,idy, {0})-continuous
fuzzy multifunction.

Necessity; suppose that F' is upper (idy,n-int, 6,:,idy,{0})-continuous fuzzy
multifunction. Then

idx (F* (idy (i, 7)) — 0 —int(F7 (0 (1, 7)) = 0
for every p € IY,r € Iy with n*(u) > r. This implies that

F*(u) C n—int(F* (6, (1,7))) = 0 — int(F* (1),

Assume that there is v € IY,r € I such that n*(v) > r and F*(v) does not belong
to . Then we obtain F*(v) C n-int(F*(v)), and thus F*(v) = n-int(F*(v)),
and F*(v) € n, and a contradiction. Therefore, F*(u) € n whenever u € IV, r € I
with n*(u) > r, that is, F': X — Y is an upper nn*-continuous fuzzy multifunction.

The following corollaries are direct results.

Corollary 4.5. Let ' : X — Y be a fuzzy fuzzy multifunction. If F' is upper
(resp. lower) mxmy -continuous fuzzy multifunction, then F is upper (resp. lower)
(idx, mx-int, O,,,, , idy, {)-continuous fuzzy multifunction whenever mx has the Maksi
property.

Corollary 4.6. Letn be a generalized topology on X andn* a generalized fuzzy topol-
ogy on'Y such that X € n. Then, F : X — Y is upper (resp. lower) nn*-continuous
fuzzy multifunction iff F is upper (resp. lower) (idx,n-int, int,«, idy, {0})-continuous
fuzzy multifunction.

5 Conclusions

In this article, we have introduced the notions of upper and lower continuous multi-
functions from an ordinary topological space into a fuzzy topological space in Sostak
sense.. We have investigated some of its properties. There are many other properties
of the introduced notions, those could be investigated and applied for investigations
in other branches of technology.
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1 Introduction

In mathematics and abstract algebra, group theory studies the algebraic structures
known as groups. The concept of a group is central to abstract algebra: other well-
known algebraic structures, such as rings, fields, and vector spaces, can all be seen
as groups endowed with additional operations and axioms. Groups recur throughout
mathematics, and the methods of group theory have influenced many parts of alge-
bra. Linear algebraic groups and Lie groups are two branches of group theory that
have experienced advances and have become subject areas in their own right. Various
physical systems, such as crystals and the hydrogen atom, may be modelled by sym-
metry groups. Thus group theory and the closely related representation theory have
many important applications in physics, chemistry, and materials science. Group
theory is also central to public key cryptography. Soft set theory is a generalization
of fuzzy set theory, that was proposed by Molodtsov in 1999 to deal with uncertainty
in a parametric manner [10]. A soft set is a parameterised family of sets - intuitively,
this is ”soft” because the boundary of the set depends on the parameters. Formally,
a soft set, over a universal set X and set of parameters FE is a pair (f, A) where A is a
subset of F and f is a function from A to the power set of X. For each e in A, the set
f(e) is called the value set of e in (f, A). One of the most important steps for the new
theory of soft sets was to define mappings on soft sets, which was achieved in 2009
by the mathematicians Athar Kharal and Bashir Ahmad, with the results published
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in 2011 [7]. Soft sets have also been applied to the problem of medical diagnosis for
use in medical expert systems. In abstract algebra, a normal subgroup is a subgroup
which is invariant under conjugation by members of the group of which it is a part.
In other words, a subgroup H of a group G is normal in G if and only if gH = Hg for
all g in GG. The definition of normal subgroup implies that the sets of left and right
cosets coincide. In fact, a seemingly weaker condition that the sets of left and right
cosets coincide also implies that the subgroup H of a group G is normal in G [6].
Normal subgroups (and only normal subgroups) can be used to construct quotient
groups from a given group. Then Maji et al. [8] introduced several operations on
soft sets. The works of the algebraic structure of soft sets was first started by Aktas
and Cagman [1]. They presented the notion of the soft group and derived its some
basic properties. For basic notions and the applications of soft sets, we incite to
read [1, 2, 3, 4, 8,9, 10, 11]. A. Solairaju and R. Nagarajan [14] introduced the new
structures of ()-fuzzy groups. The author investigated soft Lie ideals and anti soft
Lie ideals and extension of @-soft ideals in semigroups [13, 12]. In [5] the author
introduced the concept of -soft subgroups and discussed the characterisations -
soft subgroups under homomorphism and anti-homomorphism. The purpose of this
paper is to deal with the algebraic structure of ()-soft normal subgroups. The con-
cept of @-soft normal subgroups is introduced, their characterization and algebraic
properties are investigated. The rest of this paper is organized as follows. In Section
2, we summarize some basic concepts which will be used throughout the paper. In
Section 3, we introduce the concept of ()-soft normal subgroups and investigate some
of their basic properties. Also we investigate ()-soft normal subgroups under homo-
morphism and anti-homomorphisms. Next we prove the analogue of the Lagrange’s
theorem.

2 Preliminary

In this section, we present basic definitions of soft sets and their operations. Through-
out this work, @) is a non-empty set, U refers to an initial universe set, F is a set of
parameters and P(U) is the power set of U.

Definition 2.1. ([8, 10]) For any subset A of E, a @-soft subset faxg over U is a
set, defined by a function fax(, representing a mapping faxq : £ x Q — P(U), such
that faxg(x,q) = 0 if x ¢ A. A soft set over U can also be represented by the set
of ordered pairs faxg = {((x,q), faxq(x,q)) | (x,q) € E X Q, faxg(x,q) € P(U)}.
Note that the set of all Q-soft subsets over U will be denoted by QS(U). From here
on, soft set will be used without over U.

Definition 2.2. ([8, 10]) Let faxq, fexo € @S(U). Then,

(1) faxg is called an empty @Q-soft subset, denoted by ®4xq, if faxg(x,q) =0
for all (x,q) € E x Q,

(2) faxq is called a A x Q-universal soft set, denoted by fazq, if faxq(z,q) =U
for all (z,q) € A x Q,

(3) faxq is called a universal @Q-soft subset, denoted by frzq , if faxq(z,q) =U
for all (x,q) € E x Q,
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(4) the set Im(faxg) = {faxo(x,q) : (x,q) € AxQ} is called image of f4xg and
if Ax @Q=FE x@Q, then Im(fr«q) is called image of £ x @ under faxq.

(5) faxo is a Q-soft subset of fzyq, denoted by faxqCfaxo, if faxo(z,q) C
IBxq(x,q) for all (x,q) € E x Q,

(6) faxg and fpxg are soft equal, denoted by faxgo = fpxq, if and only if
fAXQ(x7Q) = fBXQ<m7NQ) for all (ZL‘,(]) €LxQ,

(7) the set (fAXQUfBXQ)(x>Q) = fAXQ(xvq) U fBXQ(xvq) for all (x,q) € Ex Q is
called union of faxg and fpxq,

(8) the set (faxoNfBxq)(,q) = faxo(®,q) N fxq(w,q) for all (z,q) € Ex Q is
called intersection of faxq and fpxg.

Example 2.3. Let U = {uy,us, ug,ug,us} be an initial universe set and E =
{1, 9,3, 74, x5} be aset of parameters. Let Q = {q}, A = {x1, 22}, B = {29, 23},C =
{z4}, D = {z5}, F = {21, 29, 23}. Define

 A{ur,ug,ust ifr =1y

fAXQ($7Q) - { {U17U5} if r = T9
f A{ur,we} it =1,
foQ(l’,CI) = { {u27u4} if 7 = 3

{ur, ug, uz,ug} if v =4
fFXQ(xJD = {U17U2,u5} if £ = a9
{ug,us} if z = x3

foxo(xa,q) = U and fpxo(ws,q) = {0}. Then we will have

{uy, us,ug} if v =,
(faxoUfexq)(z,q) = ¢ {ur,ug,us} if @ =y
{ug,us} if . = a3

- fA{w} fr=x
et ={ U 220
Also foxq = foxg and fpxg = Ppxq- Note that the difinition of classical subset
is not valid for the soft subset. For example f4xoC frxq does not imply that every

element of faxg is an element of fryg. Thus faxoCfrxo but faxo € frxo as
classical subset.

Definition 2.4. ([5]) Let ¢ : A — B be a function and faxq, fexg € QS(U). Then
soft image ¢(faxq) of faxg under ¢ is defined by

0 if o (y)

and soft pre-image (or soft inverse image) of fpyxo under ¢ is o' (fpxq)(z,q) =
fBXQ(SO('CE)aCD for all (l‘,Q) € A X Q

Definition 2.5. ([5]) Let (G,.) be a group and fexg € QS(U). Then, faxq is called

a Q-soft subgroup over U if faxo(2y,q) 2 faxo(,q) N faxo(y,q) and fo(z™t, q) =
foxo(z,q) for all z,y € G, q € Q.

p(faxe)(y,a) = { U{faxo(,q) | (z.q) € Ax Qp(z) =y} if o7} (y) i g
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Throughout this paper, G denotes an arbitrary group with identity element es and
the set of all )-soft subgroup with parameter set G over U will be denoted by

SGXQ(U).

Definition 2.6. ([5]) Let (G, .), (H,.) be any two groups and faxq € Saxq(U), guxg €
Stxo(U). The product of foxo and gmxg, denoted by foxoXguxg : (G x H) x

Q — P(U) , is defined as faxgXguxq((#,9),q) = faxq(x,q) N guxq(y, q) for all
x € G,y € H,q € Q. Throughout this paper, H denotes an arbitrary group with

identity element eg.

Theorem 2.7. (Lagrange) ([6]) Let G be a finite group. Let H be a subgroup of G.
Then the order of H divides the order of G.

Definition 2.8. ([6]) Let (G,.),(H,.) be any two groups. The function f : G —
H is called a homomorphism (anti-homomorphism) if f(zy) = f(x)f(y)(f(xy) =

fy)f(z)), for all z,y € G.

Definition 2.9. ([6]) We call a group G, Hamiltonian if G is non-abelian and every
subgroup of G is normal.

Definition 2.10. ([6]) A Dedekind group is one which is abelian or Hamiltonian.

3 Main Results

Definition 3.1. Let faxg € Saxq(U) then feyq is said to be a @-soft normal
subgroup of G if faxo(2y,q) = faxo(yz,q), for all z,y € G and ¢ € Q. Throughout
this paper, G denotes an arbitrary group with identity element e and the set of all
()-soft normal subgroup with parameter set G over U will be denoted by NS¢« (U).

Example 3.2. Let U = {uy, ug, ug, ug, us} be an initial universe set and (Z, +) be
an additive group. Define fz.q : Z x Q — P(U) as

. {Ul, UQ,U3} if v € 720
fZXQ(x’q) o { {UQ,U,4,U5} lf xr &€ Z<0

then fZXQ € NSZXQ(U).
PI‘OpOSitiOIl 3.3. Let fGXQ,gGXQ S NSGXQ(U). Then fGXQﬁgGXQ € NSGXQ(U).

Proof. By [5, Proposition 2.16] we have that faxoNgaxq € Saxo(U). Let x,y €
G,q € Q. Then

(fexeNgexQ)(@y, @) = faxq(zy, a) N gaxa(zy. q) = faxq(yr,q) N gaxo(yz, q)
= (faxoNgaxq) (Y, q)

and so fGXQﬁgGXQ S NSGXQ(U). ]

Corollary 3.4. The intersection of a family of )-soft normal subgroups of a group
G is a @-soft subgroup of a group G.
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Proposition 3.5. Let foxg € NSaxg(U). Then fGXQ(ya:y’l,q) = foQ(y’lmy,q)
for every x,y € G and ¢q € Q.

Proof. Let x,y € G and ¢ € Q. As faxg € NSaxo(U) so

L) = faxqWya, q) = faxqler,q) = faxq(w,q) = foxq(zyy™, q)

= faoxo(ytzy, q). O

Jaxo(yzy™

Proposition 3.6. If every @-soft subgroup of a group G is normal, then G is a
Dedekind group.

Proof. Suppose that every ()-soft subgroup of a group G is normal. We have, consider
a subgroup H of G. So H can be regarded as a @)-level subgroup of some @Q-soft
subgroup faxq of G. By assumption, faxg is a @-soft normal subgroup of G. Now, it
is easy to deduce that H is a normal subgroup of G. Thus G is a Dedekind group [

Proposition 3.7. If faxo € NSaxo(U), guxo € NSuxq(U). Then foxoXguxg €
NSxmxqU).

Proof. From [5, Proposition 2.22] we have that fexoXguxg € Saxmxo(U). Let
(x1,11), (x2,y2) € G X H,q € Q. Then

fch>~<ngQ((:c1, Y1)(2,92), @) = foxq >~<9HxQ((551$27y1y2), q)
= faxq(T172,9) N grxq(Y1Y2; q)
= foxq(z221,4) N grxo (Y21, 9)
= faxXgxq((x221,Y241), q)
= faxo*xguxo((x2,y2)(21,11), q).

Thus fGXQ>N<gHXQ € NS(GxH)xQ(U)~ O

Proposition 3.8. Let foxg, guxq € QS(U), faxo*xguxo € NSxmxo(U). Then
at least one of the following two statements must hold.

(1) gHXQ<€H7Q) 2 fGXQ(ZE7Q)7 for all x € G7q € QJ

(2) fexqlea,q) 2 guxq(y,q), for ally € H,q € Q.

Proof. Use [5, Proposition 2.23]. ]

Proposition 3.9. Let foxg, guxq € QS(U), faxo*xguxg € NSxmxo(U). Then
we have the following statements.

(1) Iffor all x € G,q € Q, faxo(z,q) C guxolen,q), then foxo € NSaxo(U).

(2) Ifforall x € H,q € Q,9uxo(x,q) C faxglea,q), then guxg € NSuxq(U).

(3) Either foQ < NSGXQ(U) or ggxq € SHXQ(U)

Proof. (1) Let z,y € G,q € Q. From [5, Proposition 2.24] we have that foxg €
SGXQ(U)~ As foQ(f,Q) - ngQ(GH,Q) 50

faxo(zy,q) = faxq(zy,q) N gnxolenen, q)
= fG><Q>~<9H><Q(($y7 enen),q)
= Jaxqxgnxq((x, en)(y, en), q)
= fGXQXgHXQ((yJ eH)(x7 6H)? Q)
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= foQQngQ((yiﬂa 6H€H)a C])
= faxqoWr,q) N guxqlenen,q)
= foQ(ny“;CI)-

Thus foQ c NSGXQ(U).

(2) Let @,y € H,q € Q. By [5, Proposition 2.24] we get that guxq € Suxq(U).
Since guxg(x,q) C faxglea,q) so

9ix@(@y, q) = faxq(ecea: 9) N grxo(zy, q)
:foQngxQ((eGery) q)
= fax@xguxq((ea, x)(eq, y), q)
= foQ>~<gH><Q((€ y)(ea, ), q)
:fGXQXgHXQ((eGeGayx) q)
= faxo(ecea: q) N guxq(yr,q)
= guxqQ(yT,q).

Therefore guxg € NSuxq(U).

(3) Straight forward. O
Recall that () = {y 'ay : y € G} is called the conjugate class of = in G.

Proposition 3.10. foxg € NSaxo(U) if and only if fewq is constant on the con-
jugate classes of G.

Proof. Let x,y € G and ¢ € Q. If faxg € NSaxg(U), then

foxo 'y, q) = foxo(zyy ™', q) = faxa(,q)

Therefore foxq is constant on the conjugate classes of G. Conversely, let faxq is
constant on the conjugate classes of G. Then

faxa(@y, q) = faxo(z ™ (zy)z,q) = faxo((z'2)yz, q) = foxq(yz,q)
and so fGXQ c NSGXQ(U). ]

In the following propositions, we prove many results in homomorphism and anti-
homomorphism in normal @-soft subgroups.

Proposition 3.11. Let ¢ be an epimorphism from group G into group H. If faxg €
NSaxq(U), then o(faxq) € NSuxq(U)

Proof. By [5, Proposition 4.3] we have that ¢(faxg) € Suxq(U). Let hy,hy € H
and g € @) then

O(faxq)(hiha, @) = U{faxo(9192,9) | 91,92 € G, ©(g192) = hiha}
= U{fax0(9192,9) | 91,92 € G, 9(g1)p(g2) = hiho}
= U{fex0(9192:0) | 1. 92 € G, p(g1) = h1,(g2) = ha}
= U{fex0(9291:9) | 92, 91 € G, ¢(g2) = ha,0(g1) = 1}
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= U{fex0(9201,0) | 92. 91 € G, ¢(g2)(g1) = haha}
= U{faxq(9201,9) | 92, 01 € G,¢(g291) = hah1}
= ¢(faxq)(hah1, q).

Thus gO(fGXQ) - NSHXQ(U> ]

Proposition 3.12. Let ¢ be a homorphism from group G into group H. If g« €
NSHXQ(U), then (P_l(gHXQ> c NSGXQ(U).

Proof. By [5, Proposition 4.5] we have that ¢ *(guxq) € Sexq(U). Let g1,90 € G
and ¢ € ). Then

0 (gx0) (9192, 0) = guxQ(©(9192), )
= guxQ(p(91)¥(92), q)
= guxQ(p(92)¥(91), q)
= gHXQ(SO(QQQI)a q)
Y(91xq) (9291, )-

Therefore 0™ (grxq) € NSaxq(U). O

Proposition 3.13. Let ¢ be an anti-epimorphism from group G into group H. If
faxg € NSaxq(U), then o(faxqg) € NSuxq(U).

Proof. By [5, Proposition 4.3] we have that ¢(fexq) € Suxo(U). Let hy,hy € H
and ¢ € ) then

©(faxa)(hiha, @) = U faxa(9192,9) | 91,92 € G, 0(g192) = hiha}
= U{fcx0(9192:0) | 91,92 € G, (92)(g1) = hiha}
= U{fex0(9192:0) | g1, 92 € G, (g1) = h1,0(g2) = ha}
= U{faxq(9291,0) | 92, 91 € G, 0(g2) = ha, 0(g1) = h1}
= U{fex0(9291,9) | 92.91 € G, p(g2)(g1) = haha}
= U{faxq(9291,9) | 92,91 € G,p(g192) = hah1}

= ¢(faxq)(hah1,q).

Thus ¢(foxq) € NSuxq(U). [

Proposition 3.14. Let ¢ be an anti-homorphism from group G into group H. If
gixq € NSuxq(U), then ¢~ (grxq) € NSaxq(U).

Proof. By [5, Proposition 4.8] we have that ¢ *(guxq) € Sexq(U). Let g1,92 € G
and ¢ € ). Then

0 (gmx0) (9192, 1) = guxQ(¢(9192), q)

= guxq(p(92)¥(91), q)

= ngQ( (91)¢(92), @)

= QHXQ(90(9291)a Q)
Y(9mx@) (9291, )-

Therefore ™" (grxq) € NSaxq(U). O
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Remark 3.15. In what follows the symbol o stands for the composition operation
of functions.

Proposition 3.16. Let ¢ be an isomorphism from group G into group H. If fr.g €
Suxq(U), then we have the following:

(1) faxq o ¥ € Saxq(U).

(2) If fuxg € NSuxo(U), then fuyxg o ¢ € NSaxo(U).

Proof. (1) Let z,y € G and ¢q € Q.

(faxq o @)@y, q) = fuxqlelzy™),q)
= fuxq(e(x)e(y™)), q)
= faxqo(e(@)e(y) ", q)
2 faxq(e(@),q) N fuxo(e(y),q) (as fuxq € Suxq(U))
= (faxq o ¥)(7,q) N (fuxq o ¥)(y,q)

and then fHXQ oY E SGXQ(U)

(2) Let foQ € NSHXQ(U) then

(frixg o)y, q) = fuxqe(x)e(y), q)
= fuxq(p(y)e(r),q)

- fHXQ( (y ),Q)
= (faxq o ¥)(yz,q).

Therefore frxgo ¢ € NSaxg(U). O

Proposition 3.17. Let ¢ be an anti-isomorphism from group G into group H. If
frxqg € Suxq(U), then we have the following:

(1) fH><Q cpeE SGXQ<U)~

(2) If fuxq € NSuxq(U), then fr.q o € NSaxq(U).

Proof. (1) Let z,y € G and ¢ € Q.

(frx@ow)(xy™" q) = fuxqe(zy™),q)
= faxq(e(y (), q)
= faxq(e(y) " e(),q)
D fuxq(e(),q) N faxo(eW), @) (as fuxg € Suxq(U))
= (fuxq o ¥)(7,q) N (fuxq o ¥)(y,q)

and then (fuxg o ¢ € Saxg(U).

(2) Let fH><Q S NSHXQ(U) then

frxq o 0)(7y,q) = fuxq(P(y)e(r),q) = fuxq(w(x)e(y), q)
= fuxq(e(yz),q) = (fuxq o ¥)(yz,q).

Therefore fryxgo ¢ € NSaxg(U). O
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This motivated us to examine the results for Q-soft cosets. We have found out
that the results perfectly fit with Q-soft cosets.

Definition 3.18. Let foxg € Sexo(U) and H = {z € G : faxqo(x,q) = faxo(e,q)}s
then O(faxq), the order of feyq is defined as O(faxg) = O(H).

Proposition 3.19. Let fo.q be a Q-soft subgroup of a finite group G, then O(faxo) |
O(G).

Proof. Let faxg be a @-soft subgroup of a finite group G with e as its identity
element. Clearly H = {z € G : faxo(x,q) = faxq(e,q)} is a subgroup of G for H is
a Q-level subset of G. By Lagranges theorem O(H) | O(G). Hence by the definition
of the order of the @)-soft subgroup of G, we have O(faxq) | O(G). ]

Proposition 3.20. Let foxo and gaxg be two Q-soft subgroups of normal group
G. Then O(fGXQ) = O(gGXQ)-

Proof. Let faxq and gaxg be conjugate Q-soft subgroups of G. Now

O(fGXQ) = order Of {$ €G: foQ<x>Q) = foQ(eaq)}
= order of {x € G : gaxo(y 'y, q) = goxq((y 'ey.q)}
= order of {x € G : gaxq(,q) = gaxq((e;q)} = O(gaxq)-

Hence O(faxq) = O(9axq)- ]
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Abstaract — Every year different type of topological spaces are introduced by many topologist.
Now a days available topologies are supra topology, ideal topology, bitopology, fuzzy topology,
Fine topology, nano topology and so on. Nano topology introduced by Thivagar, using this nano
topology we introduced micro topology and also study the concepts of micro-pre open sets and
micro-semi open sets and some of their properties are investigated.

Keywords — Micro Topology, Micro-pre open sets, Micro-semi open sets, Micro continuous, Micro
pre continuous, Micro semi continuous.

1 Introduction

In 1963 Kelly [4] introduced Bitopological spaces, In 1983, Mashhour [6] et al. in-
troduced the supra topological spaces. In 1965, Zadeh [9] introduced the concept of
fuzzy sets,the study of fuzzy topological spaces which had been introduced by Chang
[2] in 1968. The concept of ideal in topological space was first introduced by Kura-
towski. They also have defined local function in ideal topological space. Further in
1990 Hamlett and Jankovic [3] investigated further properties of topological space.

Powar and Rajak [7] introduced fine topological spaces in the year 2012. Nano
topology introduced by Thivagar [5] in the year 2013. Nano topology based on the
concept of lower approximation, upper approximation and boundary region. Nano
topology have maximum five nano open sets and minimum three nano open sets
including U, ¢ suppose we want add some more open sets, for that time we can use
Levine’s simple extension concept in nano topology we can extend some more open
sets that topology is called micro topology. Every nano topology is micro topology.
In this paper, introduce micro topology, micro pre open sets, micro semi open sets
and some of their properties are investigated.
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2

Preliminary

Let us recall the following definition, which are useful in the sequel.

Definition 2.1. Let U be a non-empty finite set of objects called the universe and
R be an equivalence relation on U named as the indiscernibility relation. Then U is
divided into disjoint equivalence classes. Elements belonging to the same equivalence
class are said to be indiscernible with one another. The pair (U,R) is said to be the
approximation space. Let X C U.

1.

2.
3.

The lower approximation of X with respect to R is the set of all objects, which
can be for certain classified as X with respect to R and it is denoted by Lz(X).
That is, Lr(X)={,cy{R(z) : R(z) € X} where R(x) denotes the equivalence
class determined by x € U.

. The upper approximation of X with respect to R is the set of all objects,which

can be possibly classified as X with respect to R and it is denoted by Ugr(X).
That is, Up(X)={, ey {R(2) : R(z) N X # ¢}

. The boundary region of X with respect to R is the set of all objects, which can

be classified neither as X nor as not-X with respect to R and it is denoted by
BR<X) That iS, BR<X):UR(X>—LR(X)

Definition 2.2. Let U be an universe, R be an equivalence relation on U
and 7(X)={U, ¢, Lr(X), Ur(X), Br(X)} where X C U satisfies the following

axioms

. U,gb - TR<X)

The union of the elements of any sub-collection of 7x(X) is in 7z(X)

The intersection of the elements of any finite sub collection of 75(X) is in 7r(X).

Then 75(X) is called the nano topology on U with respect to X. The space
(U,7r(X)) is the nano topological space.The elements of are called nano open sets.

3

Micro Topological Spaces

In this section, I introduce and study the properties of Micro topological spaces.

Definition 3.1. (U,7z(X)) is a nano topological space here juz(X) = {NU(N Np)}:
N, N' € 7x(X) and called it Micro topology of 7r(X) by i where u¢ 7r(X).

1.

2.

Definition 3.2. The Micro topology ug(X) satisfies the following axioms

U7¢ € :uR(X>

The union of the elements of any sub-collection of pgr(X) is in pgr(X)
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3. The intersection of the elements of any finite sub collection of pg(X) is in
1r(X).

Then pur(X) is called the Micro topology on U with respect to X. The triplet
(U,mr(X),ur(X)) is called Micro topological spaces and The elements of pug(X) are
called Micro open sets and the complement of a Micro open set is called a Micro
closed set.

Example 3.3. U — {1,2,3,4}, with U/R = {{1}, {3}, {2,4}} and X= {1,2} C U,
TR(X>: {Uv o} {1}7 {17 2, 4}’ {27 4}} Then p = {3} MiCl“O—O:MR(X):{U, b, {1}’ {3}a
{1,3},{2,4},{2,3,4},{1,2,4}}

Example 3.4. U = {a,b,c,d}, with U/R= {{a}, {c}, {b,d}} X={b,d} C U, mr(X) =
{U, ¢,{b,d}} and then p = {b}. Micro-O=pur(X)= {U, ¢,{b},{b,d}}

Example 3.5. Let U = {p, q , 1,5, t}, U/R= {{p}, {q, 7,5}, {t}}. Let X={p,q}C
U. Then 7(X)={U, ¢,{p},{p,q,7, s}, {q,r,s}}. Then pu = {t}. Then Micro-O

=pur(X)= {U7 03 {p}a {t}> {pa t}’ {p7 q,T, 3}7 {Qv T, S}’ {Q7 TS, t}}

Definition 3.6. The Micro closure of a set A is denoted by Micro-cl(A) and is
defined as Mic-cl(A)=N{B:B is Micro closed and AC B}. The Micro interior of a
set A is denoted by Micro-int(A) and is defined as Mic-int(A)=U{B:B is Micro open
and AD B}.

Definition 3.7. For any two Micro sets A and B in a Micro topological space
(UaTR(X>7 MR(X))a

1. A is a Micro closed set if and only if Mic-cl(A)=A

2. A is a Micro open set if and only if Mic-int(A)=(A)

3. A C B implies Mic-int(A)C Mic-int(B) and Mic-cl(A)C Mic-cl(B)
4. Mic-cl( Mic-cl(A))=Mic-cl(A)and Mic-int( Mic-int(A))=Mic-int(A)
5. Mic-cl(AUB)2>Mic-cl(A)U Mic-cl(B)

6. Mic-cl(ANB)CMic-cl(A)NMic-cl(B)

7. Mic-int(AUB)D Mic-int(A) UMic-int(B)

8. Mic-int(ANB)C Mic-int(A) N Mic-int(B)

9. Mic-cl(A%)=[Mic-int(A)]¢

10. Mic-int(A%)=[Mic-cl(A)]¢
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4  Micro-Pre-Open Sets

In this section, I define and study about micro-pre-open sets some of their properties
are analogous to those for open sets.

Definition 4.1. Let (U,7g(X),ur(X)) be a micro topological space and A C U.
Then A is said to be micro-pre-open if AC Mic-int(Mic-cl(A)) and micro-pre-closed
set if Mic-cl(Mic-int(A))C A.

Example 4.2. Let U = {p, q, 1, s, t}, U/R= {{p}, {q, 7, s}, {t}}. Let X={p,q}C
U. Then 7r(X)={U, ¢,{p},{p,q, 7, s},{q,r,s}}. Then p = {t}. Micro-O=pur(X)=
{U, 0, {p}, {t}, {p, t}, {p,q, 7, s}, {q,r, s}, {q,r,s,t}}. Clearly A={ q, r, s} is Micro-

pre open.
Theorem 4.3. Every Micro-open set is Micro-pre open.

Proof. Let A be Micro-open. Then A C Mic-int(Mic-intA). Since Mic-int(Mic-intA)
C Mic-int(Mic-clA), it follows that A C Mic-int(Mic-cl A). Hence A is Micro-pre

open.Converse of the above Theorem need not be true. Il

Example 4.4. Let U= {4, j,k,{,m} U/R= {{i}, {j, k,l},{m}}. Let X = {j, k} CU.
Then 7r(X) ={U, ¢,{j, k,{}}. Then u = {i}. Then Micro- O={U, ¢, {i}, {i, 4, k, 1},
{j, k,1}}. Clearly A={i, j, k, m} is Micro-pre open but not Micro-open.

Theorem 4.5. 1. Arbitrary union of Micro-pre open sets is Micro-pre open.
2. Arbitrary intersection of Micro-pre closed sets is Micro-pre closed.

Proof. 1. Let {A,|a € I} be the family of Micro-pre open sets in X. By De-
finition 3.6, for each o ,A, C Mic-int(Mic-cl( A,)), this implies that UA,
CU(Mic-int(Mic-cl(A,)).Since U(Mic-int(Mic-cl(A,))C Mic-int(UMic-cl(A,))
and Mic-int(UMic-cl(A,))= Mic-int(Mic-cl(UA,)), this implies that UA, C
Mic-int(Mic-cl(UA,)). HenceUA,, is Micro-pre open.

2. Let {B,|a € I} be a family of Micro-pre closed sets in X. Let A, = BY then
{A,|a € I} is a family of Micro-pre open sets. By (i),UA,=UB,)%s Micro-
pre open. Consequently (NB,)¢ is Micro-pre open.Hence (NB,) is Micro-pre

closed.
O

Remark 4.6. Finite intersection of Micro-pre open sets need not be Micro-pre open.

Example 4.7. In Example 4.4 {i, 1} and {7, 1} are Micro-pre open sets, but {i,1} N
{j,1} = {l} is not Micro-pre open.

Theorem 4.8. In a Micro topological space (U,7g(X),ur(X))the set of all Micro-pre
open sets form a generalized topology.

Proof. proof follows from Remark 4.6, Theorem 4.3 and Theorem 4.5. m
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Definition 4.9. Let (U,7z(X),ur(X)) be a Micro-topological space. An element
x € A is called Micro-pre interior point of A, if there exist a Micro-pre open set H
such that x € H C A.

Definition 4.10. The set of all Micro-pre interior points of A is called the Micro-pre
interior of A, and is denoted by Micro-pre-int(A).

Theorem 4.11. 1. Let A C(U,7x(X),ur(X)) Then Micro-pre int A is equal to
the union of all Micro-pre open set contained in A.

2. If A is a Micro-pre open set then A=Micro-pre int A.

Proof. 1. We need to prove that, Micro-pre intA=U{B|B C A, Bis Micro-pre
open set}. Let x€ Micro-pre int A. Then there exist a Micro-pre open set
B such that x¢ B C A. Hence x € U{B|B C A, B is Micro-pre open set}.
Conversely, suppose x € U{B|B C A,B is Micro-pre open set}, then there
exist a set B, C A such that x € B,, where B, is Micro-pre open set. i.e., x €
Micro-pre int A. Hence U{B|B C A,B is Micro-pre open set} C Micro-pre int
A. So Micro-pre int A=U{B|B C A, B is Micro-pre open set}.

2. Assume A is a Micro-pre open set then A €{B|B CA, Micro-pre open set},
and every other element in this collection is subset of A. Hence by part (1)
Micro-preint A=A.

O

Theorem 4.12. 1. Micro-pre int (A U B) D Micro-pre int AUMicro-pre int B.
2. Micro-pre int(A N B)=Micro-pre int AN Micro-pre int B.

Proof. 1. The fact that Micro-pre int AC A and Micro-preint BC B implies Micro-
pre int AU Micro-pre int BC AUB. Since Micro- Pre interior of a set is Micro-
Pre open, Micro-pre int A and Micro-pre int B are pre open. Hence by Theorem
4.5(1), Micro-pre int AU Micro-pre int B is Micro- Pre open and contained in
AU B. Since Micro-pre int(A U B) is the largest Micro-pre open set contained
in AU B, it follows that Micro-pre int AU Micro-pre int B C Micro-pre int
(AU B).

2. Let x€ Micro-pre int (AN B).Then there exist a Micro-pre open set H, such
that xeHC (AN B).That is there exist a Micro-pre open set, such that x € H C
Aand z € H C B. Hence x € Micro-pre int A and x € Micro-pre int B. That is
x € Micro-pre int AN Micro-pre int B. Thus Micro-pre int (AN B) C Micro-pre
int AN Micro-pre int B. Retracing the above steps, we get the converse.

O

Definition 4.13. (U,7(X),ur(X)) be a Micro-topological space.Let A C X. The
intersection of all Micro-pre closed sets containing A is called Micro-pre closure of A
and it is denoted by Micro-pre cl(A). Micro-precl(A)=nN{B/B > A,B is Micro-pre
closed set}.

Remark 4.14. 1. Micro-precl(A) is also a Micro-pre closed set.
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2. Micro-precl(A) is smallest Micro-pre closed set containing A.
Theorem 4.15. Every Mic-closed set is Micro-pre closed.

Proof. Let A be Mic-closed, then by Theorem 4.5, we have Mic-cl(Mic-cl A) C A.
Since Mic-cl(Mic-intA)CMic-cl(Mic-clA)C A, A is Micro-pre closed. Converse of the
above Theorem need not be true. ]

Example 4.16. U={1,2,3,4},with U/R = {{1},{3},{2,4}} and X={1,2} C U,

r(X)= {U,6, {1}, {1,2,4}, {2.4}}. Then i = {3}. Micro.O={U, 6, {1}, {3}, {L,3}.
{2,4},{2,3,4},{1,2,4}}. Then A = {1,2,3} is Micro-pre closed but not Micro-
closed.

Theorem 4.17. A is Micro-pre closed if and only if A=Micro-pre cl(A).

Proof. Micro-pre cl(A) =N{B/B D, B is Micro-pre closed set }. If A is a Micro-pre
closed set then A is a member of the above collection and each member contains

A. Hence their intersection is A and Micro-precl(A)=A. Conversely, if A= Micro-
precl(A), then A is Micro-pre closed by Remark 4.14. O

5 Micro-Semi Open Sets

Definition 5.1. Let (U,7x(X),ur(X)) be a Micro-topological space and A C U
Then A is said to be Micro-semi open if A C Mic-cl(Mic-intA) Micro-semi closed. If
Mic-int(Mic-cl A)C A.

Example 5.2. U = {a,b,c,d}, with U/R= {{a}, {c},{b,d}} X={b,d} C U, 7r(X) =
{U, ¢,{b,d}} and then u = {a}. Then Micro-O = {U, ¢, {a},{b,d},{a,b,d}} Clearly
A = {b,d} is Micro-semi open.

Theorem 5.3. 1. Every Micro-open set is Micro-semi open.
2. Every Mic-closed set is Micro-semi closed.

Proof. 1. If A is Micro-open set then by then, A CMic-int(Mic-intA). Since Mic-
int(Mic-intA)CMic-cl(Mic-intA), AC Mic-cl(Mic-intA). Hence A is Micro-semi
open.

2. If A is Mic-closed set then by Theorem 4.5, we have Mic-cl(Mic-clA)CA. Since
Mic-int(Mic-cl A)C Mic-cl(Mic-clA), Mic-int(Mic-cl A)CA. Hence A is Micro-
semi closed.

O]
Remark 5.4. Converse of the above Theorem need not be true.

Example 5.5. In Example 5.2 clearly A={b, d} is Micro-semi open Clearly A={b, d}
is Micro-semi closed,but not Mic-closed.
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6 Continuous Functions in Micro-Top. Spaces

Definition 6.1. Let ((U,7z(X),uz(X)))and((V,75(X),uz(X))) be two Micro-topolo-
gical spaces. A function f: U — V is called Micro-continuous function if f~!(H) is
Micro-open in U for every Micro-open set H in V.

Example 6.2. Let U ={p,q,r,s,t},U/R = {{p},{q, 7, s}, {t}}. LetX={p,q} CU.
The 7r(X) = {U, ¢{p},{p,q, 7, s},{q,r,s}}. Then u = {q}. Then Micro-O= pug(X)
= {U> ?, {p}7{Q}7{p7 Q}v{paQ7rv S}>{Q7T’ S}} /Let V = {1’ 2,3 4 5}7 V/R: {
{1,2,3},{4},{5}}. Let X ={1,2}C U. Then 7,(X)={V,¢,{1,2,3}}. Then u = {4}.
Then Micro-O=pr(X)={V, ¢, {4},{1,2,3,4},{1,2,3}}. f : U — Vbe a function
defined as f(p)=4, f(q)=2, f(r)=3, f(s)=1. Micro-open sets in U are {p}, {q}, {p,q},
{p,q,r,s}, {q,r,s} and Micro-open sets in V are {4},{1,2,3,4},{1,2,3} .Therefore
for every Micro-open set H in V, f~1(H) is Micro-open set in U.Then f is Micro-
continuous function.

Definition 6.3. Let ((U,7z(X),ur(X)))and ((V,75(X),ux(X))) be the two Micro-
topological space.A function f : U — Vis called Micro-continuous at a point a € U
if for every Micro-open set H containing f(a) in V, there exist a Micro-open set G
containing a in U, such that f(G) C H.

Theorem 6.4. f:U — V is Micro-continuous if and only if f is Micro-continuous at
each point of U.

Proof. Let f: U —V be Micro-continuous. Let a € U, and H be a Micro-open set in
V containing f(a). Since f is Micro-continuous, f~!(V')is Micro-open in U containing
a. Let G = f~'(H), then f(G) C H, and f(a) € G. Hence f is continuous at a.
Conversely, suppose f is Micro-continuous at each point of U. Let H be Micro-open
set in V. If f~'(H) = ¢then it is Micro-open. Solet f~!(H) # ¢. Take any a f~'(H),
then f(a) € H. Since f is Micro-continuous at each point there exist a Micro-open set
G,containing a such that f(G,) C H. Let G = (G,|ainf ' (H)). Claim: G=f"'(H)
If v € f7Y(H) then z € G, C G. Hence f~'(H) C G. On the other hand, suppose
y € G then y € G, for some x and y € f~!(H).Hence U = f~!(H).Since G,is Micro-
open, by definition 6.3 G is Micro-open and hence G=f~*(H) is Micro-open for every
Micro-open set H in V. Hence f is Micro-continuous. ]

Theorem 6.5. Let ((U,7a(X)r(X))) and ((V,74(X) i (X)))be two Micro-topolo-
gical spaces. Then f:U — V is Micro-continuous function if and only if f~'(H) is
Micro-closed in U, whenever H is Micro-closed in V.

Proof. Let f: U — V is Micro-continuous function and H be Micro-closed in V. Then
HC is Micro-open inV. By hypothesisf~1(H®) is Micro-open in U, i.e., [f~1(H)]¢ is
Micro-open in U. Hence f~'(H) is Micro-closed in U whenever H-is Micro-closed in
V. Conversely, suppose f~!(H) is Micro-closed in U whenever H is Micro-closed in
V. Let U is Micro-open in V then G is Micro-closed in V. By assumption f~1(G¢)
is Micro-closed in U.i.e., [f~1(G)]%s Micro-closed in X. Then f~!(G) is Micro-open
in U. Hence f is Micro-continuous. O
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Theorem 6.6. Let ((U,7r(X),uz(X))) and (V,75(X),1(X))) be two Micro-topolo-
gical space. Then f:U — V is Micro-continuous function if and only if f(Micro-clA)
C Micro-cl[f(A)].

Proof. Suppose f: U — V is Micro-continuous and Micro-cl[f(A)] is Micro-closed in
V. Then by f~! (Micro-cl[f(A)]) is Micro-closed in U. Consequently, Micro-cl[ f ~* (Micro-
cl [f(A)])]=f""(Micro-cl[f(A)]). Since f(A)C Micro-cl[f(A)],A C f~'(Micro-cl[f(A)])
and Micro-cl(A)C Micro-cl(f~! Micro-cl[f(A)]))=/f"!(Micro-cl[f(A)]) Hence f (Micro-
cl (A)) C Micro-cl [f(A)]. Conversely, if f(Micro-cl(A))C Micro-cl[f(A)] for all A
C U. Let F be Micro-closed set in V, so that Micro-cl(F)=F ... (1) By hypothe-
sis, f(Micro-cl(f~(F')) € Micro-cl [f(f~!(F))] € Micro-cl(F), then by (1), Micro-cl
(f~YF)) C F. Tt follows that Micro-cl (f~'(F)) C f~'(F). But always f~}(F) C
Micro-cl (f~*(F)], so that Micro-cl (f~(F)) = f~'(F). Hence f~'(F) is Micro-
closed in U and f is continuous by Theorem 6.4. O]

Theorem 6.7. Let((U,7z(X),ur(X))), (V,75(X),u5(X))) and (W,7(X),u5(X)))
be three Micro-topological spaces. If f:U—V and g:V—W are Micro-continuous map-
pings then gof: U— W is also Micro-continuous.

Proof. Let G be a Micro-open set in W. Since by g is Micro-continuous, g~ *(G) is
Micro-open set in V. Now,(gof) 1G=(f"tog )G= f~1o(¢g7(G)). Take g~ }(G)=H
which is Micro-open in V, then f~!'(H)is Micro-open in U,since by f is Micro-
continuous. Hence gof: U — W is Micro-continuous function. O

7 Micro-Pre Continuous and Micro-Semi Contin-
uous Functions

Definition 7.1. Let ((U,7(X),ur(X))) and ((V,7x(X),ux(X))) be two Micro-
topological spaces,then f: U —V is Micro-pre continuous if f~*(V) is Micro-pre
closed in U whenever V is Micro-closed.

Theorem 7.2. Every Micro-continuous function is Micro-pre continuous

Proof. Let f:U — V be Micro-continuous. i.e., f~1(H)is Micro-closed in U, whenever
H is Micro-closed in V. By Theorem 4.11, every Micro-closed set is Micro-pre closed,
and hence f~1(V) is Micro-pre closed in U whenever H is Micro-closed in V. Hence
f:U — V be Micro-pre continuous 0

Definition 7.3. Let((U,7z(X),uz(X))) and ((V,75(X),1%(X))) be two Micro-topolo-
gical space,then f:U —V is Micro-semi continuous if f~*(H) is Micro- semi closed in
U whenever H is Micro-closed in V.

Theorem 7.4. Every Micro-continuous function is Micro-semi continuous.

Proof. Let f: U — V be Micro-continuous. i.e.,f~(H) is Micro-closed in U, whenever
H is Micro-closed in V. By Theorem 5.3 (2), every Micro-closed set is Micro-semi
closed. This implies that f~!(H) is Micro-semi closed in U whenever H is closed in
Y .Hence f:U —V be Micro-semi continuous. ]
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8 Conclusion

Every year many topologist introduced diffrent type of topological spaces. In this
paper i introduced Micro topological spaces and discussed properies and applications
of Micro pre open sets,Micro semi open sets. This shall be extended in the future
Research with some applications
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Abstaract — Ordered semigroups (OSGs) is a significant algebraic structure having partial ordered
with associative binary operation. OSGs have broad applications in various fields such as coding
theory, automata theory, fuzzy finite state machines and computer science etc. In this manuscript
we investigate the notion of generalized roughness for fuzzy ideals in OSGs on the basis of isotone
and monotone mappings. Then the notion of approximation is boosted to the approximation of
fuzzy bi-ideals, approximations fuzzy interior ideals and approximations fuzzy quasi-ideals in OSGs
and investigate their related properties. Furthermore (€, € Vq)-fuzzy ideals are the generalization
of fuzzy ideals. Also the generalized roughness for (€, € Vq)-fuzzy ideals, fuzzy bi-ideals and fuzzy
interior ideals have been studied in OSGs and discuss the basic properties on the basis of isotone
and monotone mappings.

Keywords — Fuzzy sets, Rough sets, Approximations of fuzzy ideals, Approzimations of (€, € Vq)-
fuzzy ideals.

1 Introduction

In real life, there exist some possible scenario in which the objects of a set are arrange
through a specific order. For example the cost of certain commodities in a market
can be debated by a terms such as very costly, costly, affordable, cheap and very
cheap. We see that exist an order among these items and commodities. So it is clear
that these commodities can be characterized through an order among their prices.
This can be study in an algebraic structure called ordered semigroups (OSGs). OSGs
is a set having partial ordered with associative binary operation. OSGs have broad

* Corresponding Author.
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applications in various fields such as coding theory, automata theory and computer
science etc.

The paradigm of fuzzy set was originally initiated by Zadeh [36]. This theory has
strong points of view to tackle with uncertainty. With the passage of time fuzzy set
become the rich research area among the scholars. The model of fuzzy set has been
generalized in several direction by different authors. The concept of fuzzy algebraic
model was initiated by Rosenfeld [27] and presented the study of fuzzy subgroups.
Kuroki [19] originated the theory of fuzzy semigroups. The theory of fuzzy ordered
groupoids and OSGs was investigated by Kehayopulu and Tsingelis in [14, 15] and
studied the concepts of fuzzy ideals and fuzzy filters in ordered groupoids. Bhakat
and Das in [3, 4, 5] investigated the concepts of (o, 3)-fuzzy subgroups in his pioneer
work and the concept of (€, € Vq)-fuzzy subgroups attracted more attention of the
scholar towards the study of («, ) structure. Concept of (€, € Vq)-fuzzy subgroup is
based on quasi-coincidence of fuzzy points. This notion is introduced in [24]. In alge-
braic structures the most significant topic fuzzy ideals (FIds) attract the attention of
many scholars. In semigroups Kuroki [18] presented the ideas of FIds, fuzzy bi-ideals
(FBIds) and study some of the fundamental properties of these ideals. Moreover in
semigroups Kuroki [20] explored the notion of fuzzy quasi-ideals (FQIds) and fuzzy
semiprime quasi-ideals and study some of the basic properties related to these ideals.
Jun et al. [9] initiated the standpoints of (€, € V¢)-FBIds of OSGs and given some
characterizations Theorems. In semigroups the concepts of FQIds was studied by
Ahsan [1]. The study of general form of fuzzy interior ideals (FIIds) and («, 5)-FIIds
is initiated by Jun and Song [8] in semigroups. In semigroups the generalization of
(a, B)-FIds of hemirings is presented by Jun et al. [10], and for more detail see
[28, 29, 30].

Pawlak [23] is the pioneer who for the first time investigated the rudimentary con-
cept of rough set. The fundamental concept of Pawlak rough set depend upon the
equivalence relation. So due to confined knowledge about the objects of a certain set,
it is too complicated to made the equivalence relation among the elements of a set.
Here the authors are restricted by the properties of equivalence relation and many
applications of Pawlak rough set have been reported. So different scholars studied
the different structures for rough set with less constraint. The prototypes of fuzzy
set and rough set are different but both of them have the ability to tackle with uncer-
tainty. Both of these theories are combine very successfully by Dubois and Prade in
[7]. The study of generalized rough sets was initiated by Davvaz [6]. In generalized
rough set a set valued function play a vital role to define the approximations rather
than equivalence relation of a set. Several authors presented the approximation of
a set in different algebraic structure, such as in semigroups and fuzzy semigroups
Kuroki [21] initiated the idea of roughness and in the same structure this idea is
extended to the prime ideals in [31]. In OSGs rough approximations as proposed
in [21] can be considered as a better idea. Rehman et al. initiated the concept
of roughness in LA-semigroups. Qurashi and Shabir [25] presented the generalized
roughness in quantales. The concepts of rough bipolar I'-hyperideals was initiated
by Yaqoob et al. [35] and for the detail study of roughness also see [33, 34, 37].
The rough study of ternary semigroups was presented by Yaqoob et al. [32]. As
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OSGs is the relation of partial ordered and semigroups that is why to find the non-
trivial equivalence relations for such a structure are difficult. Therefore in OSGs
the study of generalized roughness was originated by Mahmood et al. [22] in fuzzy
filters and fuzzy ideals with thresholds by defining the set valued homomorphisms.
Furthermore they have studied the approximation of generalized structure of fuzzy
filters and fuzzy ideals with thresholds in OSGs. In OSGs Ali et al. [2] initiated the
rough study of (€, € Vgk)-fuzzy filters and they also studied the approximation of
generalization of fuzzy filters. Here in this manuscript we will originate the study of
generalized roughness of fuzzy ideals in OSGs. Instead of equivalence relation the
set valued maps will play a vital role to introduce this new concept of generalized
roughness in fuzzy ideals of OSGs and these mapping will be in the form of isotone
or monotone order. The order of the paper is as follows.

This paper is organized as, in Section 2, we will briefly recall some fundamental
concepts related to OSGs, fuzzy sets, rough sets, Flds and their generalization which
is the key for onward concepts. In Section 3, we will originate the approximations
of Flds, FBIds, Fllds and FQIds of OSGs on the basis of isotone and monotone
mapping. It is clear that these two mappings play a significant role for investigating
the approximation of FIds in OSGs. Moreover in Section 4, the idea of approximation
is generalized to (€, € Vq)-FIds, FBIds, FIIds and FQIds. The final Section 5, consist
of the conclusion of the proposed manuscript.

2 Preliminary

This section consist of brief and rudimentary standpoints about OSGs, fuzzy set,
and rough set which will provide the key for onward concepts.

Let S be a nonempty set. OSGs (5, -, <) is the relation of partial ordered and
semigroups in which S under multiplication is a semigroup and S under < is a
partially ordered set (po-set) and holds the following

(Vz, 21,20 € S)(21 < 23 — 212 < 29z and 221 < 229).
An ordered subsemigroup S; is a nonempty subset of S if it holds S? C 5.

For S; C S, we denote (S1] := {21 € S/z1 < 25 for some 2, € S1}. If S = {a},
then instead of ({a}| we write (a]. For subsets S; # ¢ and Sy # ¢ of S, we represent
5152 = {2122/21 € Sl, 2o € SQ} .

In onward work the symbol S stands for an OSGs.

Definition 2.1. [13] Consider a nonempty subset [ of S is known as a left (resp.
right) ideal of S having the following conditions:

(I;) ST C I(resp. IS C 1)
(I3) if z; € S and 25 € I such that z; < 2o, then z; € 1.
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So the set I is known to be an ideal of S if it is both a left and a right ideal.

Next we are going to define the generalized structure of ideals that is interior
ideals, bi-ideals and quasi ideals in OSGs.

Definition 2.2. [16] A subset I # ¢ of S is known to be a bi-ideal of S if it satisfies
(I5) and

Definition 2.3. [12] An interior ideal I is a nonempty subset of OSG S if it satisfies
(]2) s ([4) and

(I;) SIS C I.
Definition 2.4. [17] A quasi ideal Q) # ¢ is a subset of S if it satisfy (1) and

(Is) (@SN (SQI @

The paradigm of fuzzy set was originally initiated by Zadeh [36] and become the
rich research area among the scholars. The model of fuzzy set has been generalized
in several direction by different authors. Here in onward work we will present the
combine study of fuzzy set with ideals that is FIds and their generalization.

Definition 2.5. [36] A fuzzy subset (FSS) u is a mapping from S to [0, 1].

Consider two FSSs p; and g of S. Then py C po <= 1 (2) < pa(2) V 2z € S.
Next (p1 N0 p2) (2) = min {1 (2), p2(2)} and (1 U pe) (2) = max {1 (2), p2(2)} -

Definition 2.6. A FSS p of S of the form and for any z; € S

)t #0) it 2=z,
“(z)_{o if 2z # 2.

then the fuzzy point is represented by (z;), with value ¢ support by z;. A fuzzy point
(21), ‘belong to” F'SS pu represented as (z1), € p, if p(21) > t, and a fuzzy point (z1),
‘quasi-coincident’ to FSS p represented by (z21), qu, if pu(z1) +¢ > 1.

Definition 2.7. [15] A FSS p is called a fuzzy ordered subsemigroup of S if

(F1h) (Vz1, 22 € §) (u(z122) = min{p(21), p(z2)}) -
Definition 2.8. [15] A F'SS p is known to be a fuzzy left (resp. right) ideals of S if
it holds

(FI3) (V21,29 € S)(21 < 2y this implies p(z1) > p(29))
(FIy) (V1,2 € 8)(u(2172) > pu(z2)(xesp. plz122) = 1))

A FSS p of OSG S is said to be fuzzy ideal (FId), if u is both sided ideal of S,
that is a fuzzy left ideal (FLId) and as well as a fuzzy right ideal (FRId).
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From this definition we can also conclude the following

Definition 2.9. A FSS i is known to be FId of OSG §' if it satisfy (F'I) and

(F'1y) (V1,22 € S)(u(z122) > max {p (z1), 1(22)}).

Proposition 2.10. Let p; and py are the FLIds (resp. FRIds) of S. Then

i) (s 0 pa) and
ii) (g1 U pe) are FLIds (resp. FRIds) of S.

Proof. Proofs are straightforward. O]

Definition 2.11. [12] A FSS p is known as fuzzy interior ideal (FIId) of OSG S if
it holds (F'I), (FI,) and

(FI5) (V21,290,223 € 9) (1 (212322) > 1 (23)) -
Definition 2.12. [16] A FSS p is known as fuzzy bi-ideal (FBId) of OSG S if it
satisfies (F'I;), (F'Iy) and

(Flg) (Vz1, 22, 23 € S)(p(z12223) = min {p(21), pu(23)})-
Definition 2.13. Let X # ¢ be a subset of S, then we define a set X, by

le = {(22723) €5 x S/Zl < 2223} .

Let us consider the two fuzzy subsets pq and ps of S. Then we define
propp S —[0,1], as

Vz z i ) f le
> 110 pa(en) = {0<2, e minfpl i) X A0 g
zZ1 T .

pa < o means pi (2) < pp (2).

Pawlak [23] is the pioneer who for the first time investigated the rudimentary
notion of rough set. The fundamental concept of Pawlak rough set depend upon the
equivalence relation.

Consider the equivalence relation £ on the initial universal set U. Then (U, ¢) is
said to be the approximation space. Let ¢ # X C U, so in this case the set X is
called a definable subset of U if it is the collection of some equivalence classes of a
universal set U else it is called not definable. Then the set X is approximated in the
form of upper and lower approximations which are given as:

App (X) = zleU:[zl]émX7é¢}
App(X) =1z cU: [zl]ggX}
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Then the rough set is a pair (A_pr, @X) . if AppX # AppX. The set X is a
definable set if AppX = AppX.

In the following we will further generalized the concepts of upper and lower
approximations to a F'SS as well.

Definition 2.14. [11] Consider the approximation space (U, &), and for any z; € U,
the upper and lower approximations of a FSS p is defined as

App(p) (1) =V p(ze) and App(u) (1) = A p(z)

z2€[z1], z2€ (=]

The pair (App (1), App (1)) is said to be a rough fuzzy subset if App (1) # App (1) -
Definition 2.15. Consider the OSGs S; and Ss. Then the set-valued homomor-
phism (SV H)is a mapping F' : S; — P*(S,) if it satisfied:

(h1) F(21)F (22) = F(2122)

Where P*(S;) # ¢ represents the collection of all subsets of S5.

Definition 2.16. Let S; and S, be two OSGs. Then the set-valued monotone ho-
momorphism (SVMH) is a mapping F' : S; — P*(S;) if it satisfy the condition
(h1) of Definition 2.15, and

(hy) if z1 < 2z this implies F'(z1) C F (29) for each 2z, 25 € 5.

Definition 2.17. Let S; and Sy be two OSGs. Then the set-valued isotone homo-
morphism (SVIH) is a mapping F : S; — P*(95,) if it satisfy condition (hy) of
Definition 2.15, and

(h3) z1 < z9 then F'(23) C F (21) for each 2y, 29 € 5.

Definition 2.18. Consider that a SVIH or SVMH is a function F : S — P*(5).
Then the generalized upper and lower approximations for any z; € S, of a FSS u
with respect to the given mapping F' is defined as

F(p)(z)= vV plz) and E(u) ()= A p(z)

22€F (21) 22€F (21)

The rough fuzzy subset is a pair (F (u),F (u)) if F (p) # F (1) .

3 Approximations of FIds in OSGs

In this section study of roughness of FIds in OSGs is being presented on the bases
of SVIH or SVMH. Thus we will start from the following.

Theorem 3.1. Suppose that F' : S — P*(S) be a SVIH or SVMH and a FSS
i be a fuzzy ordered subsemigroup of S. Then the upper approximation F'(u) is a
fuzzy ordered subsemigroup of S.
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Proof. For any 21, 29 € S. Consider

F(p) () = , v u(%)

ziEF(zln)

- )
21 €F (21)F(22)

/ /> ( as z; = zyzy such that z, € F (1) )

V 7] <z Z /
224 €F (21)F(22) 278 and z; € F' (z2)

= Voou (zézé)

Z;EF(Zl)
z;,EF(zQ)
s (4 ()
Zp€F (21)
zéGF(zz)
= min Voou (zé) , Vo <zé>
z€F(21) 23 €F(22)
implies
Fu)(s12) > min {F () (1), F (1) ()}
Therefore F (1) is a fuzzy ordered subsemigroup of S. O

Theorem 3.2. Suppose that a FSS p be a fuzzy ordered subsemigroup of S and
F:S— P*(S)beaSVIH or SVMH. Then F (p) is a fuzzy ordered subsemigroup
of OSG S.

Proof. Similarly as above Theorem 3.1. ]
In onward discussion the study of roughness of Flds in OSGs is being presented.

Theorem 3.3. Consider the SVMH F : S — P*(S) and a FSS p be a FLId (resp.
FRId) of OSG S. Then F (p) is a FLId (resp. FRId) of S.

Proof. For each z1, 29 € S with 21 < 29, then F'(21) C F'(22). Now we may consider
the following

F@(x) = , A p(s)

implies
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Next

E()(azm) =, m)u (=)

zleF z1) ( )

o as 2, = 2,24 such that z, € F ()
— A " <z z) ( 1= 273 SUC 2
224 €F (21)F(22) 278 and z; € F' (22)
= N <z;z;>
ZQEF(Zl)
zéEF(zg)

v

zseé\(zg)lu< )
implies
F(p)(z122) > F(p)(22)

Hence F (u) is a FLId of S. Analogously, we can prove that £ (p) is a FRId of S. O

Here by counter example it is shown that upper approximation F (1) does not
hold in general for a FId p, when F'is a SVMH.

Example 3.4. Let us suppose a set S = {ay, as, as, a4, a5, ag} with the following
multiplication table and order relation “<”.

Multiplication table for S

Table 1

and S::{(&17 &1>7 (&27 d2)7 (&3, &3), <&47 &4)7 (&57 C~L5)7 (d67 a6)> (&17 &4) ) (&17 d5) ) <&47 C35) )
(dg, ELG> 5 (ng, d5) s (&3, &6) s (62, &5) s (ELG, EL5)} Then (S, ' S) is an OSG. nght ideals
of S are {ay,as},{a,az, a4} and S. Left ideals of S are {a},{a,as},{a,as},
{dl, C~L2, C~L4} s {dl, C~L2, C~L3, CNL4} > {&1, C~L2, C~L4, 6~L5, ELG} and S. Define a F'SS Jua S — [O, 1] by
p(ay) = 0.8, u(as) = 0.5, u(ay) = 0.6 and p(as) = p(as) = p(ag) = 0.4. Then FSS
is a FId of S.

Next suppose that a SVMH F: S — P*(S) i.e.

(i) F(a1) F (a2) = F (a1az)
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Where P* (S) consist of all non-empty subset of S. Now if F' (a5) = {as, a3, Ga, a5, ae }
and F'(ag) = {ds, a6}, as ag < a5 — F'(ag) C F(as) but F (u) (ae) * F(p)(as).
Hence in SV M H it is prove that F () is not a FId of S.

Theorem 3.5. Suppose that a FSS p be a FLId (resp. FRId) of S and F': S —
P*(S) be a SVIH. Then F (p) is a FLId (resp. FRId) of OSG S.

Proof. For each z1, z5 € S such that z; < zo, then F' (23) C F (21) . Now consider the
following

F() = v n(=)

25 €F (22)
implies
F(p)(z1) > F(p)(22)
Next
F(u) (2122) = u(=)
zléF(zlzg)

e
ziGF(zl)F(@
as z; = zyzy such that z, € F (z)

B z2z3€F(zl)F 22) ( ) ( and Zé S F(ZQ) )

= Voo <z223>

zQGF(zl)
ZSGF(ZQ)
e
ZSEF(ZQ)
implies
F(u)(21z2) > F(p)(22)
Hence this prove that F (u) is a FLId (resp. FRId) of S. O

Here by counter example it is shown that upper approximation F (u) does not
hold in general for a FId p, when F'is a SVIH.

Example 3.6. Suppose a FId pu of OSG S as shown in example 3.4. Now consider
aSVIH F:S— P*(9) ie.

(i) F(a1) F (ag) = F (a1a2)
(i4) if @1 < Gy = F (d@2) C F (a1) .

Now 1fF( 6) = { a2,a4} and F(as) = {ai,a4},asag < a5 = F (as) C F (ag)
but £ (u F(p . Hence in SV IH it is prove that F (u) is not a FId of S.
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Theorem 3.7. Suppose that F': S — P*(S) be SVMH and a FSS p be a FIId of
OSG S. Then F (p) is a FIId of S.

Proof. From Theorem 3.3, we have 21 < 2y, implies F' (z1) C F'(z2), for each 21, 25 €
S, then F (u) (21) > F (1) (22). Next consider

F(p(az) = , A p(=)

z;EF(zlzz)

e )
21 €F(21)F(22)

A i (zézé) ( as 2y, = Zyzs, /Where zy € F(2) )
€ F (21) F(22) and z; € F' (z2)
= ANV (zézé)
Z;EF(Zl)
24 €F(22)

o))
z;EF(zl)
zéEF(zz)

= min A u(zé), A p(zé)
2y€F (1) 23 €F (22)

v

implies
F(p)(2120) > min{F () (1), F (n) (22)}

Counsider

F(p) (z1z322) = A - <Z1>

!
21 €F (212322

et ()
21 €F(21)F(23) F(22)

as z, = tuv where t € F (1)
= A tuv ! ’
tuUEF(Zl)F(Zg)F(Zg)IU( ) ( ueF (23) and v € F (22)

= A u(tuw)
tEF(zl)
u€F (z3)
vEF (2z2)

A U
uEF(z;;)M ( )

v

implies
F(p) (z12322) = F(p)(2s)
Therefore, F (p) satisfies all the conditions of FIId, so F' (u) is a FIId of OSG S. O

Theorem 3.8. Consider a FSS i be a FIId of OSG S and F' : S — P*(S5) be a
SVIH. Then F (u) is a FIId of OSG S.
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Proof. From Theorergs 3.1 and 3.5, Ezl < zp implies F' (32) CF (zl)_for each 21,29 €
S, then F (u1) (21) > F (p) (22) and F (p) (2122) > min {F (p) (21) , F (1) () }. Next
we may consider the following

F)(azz) = v u(=)

zlEF(zlzgzg)

e )
ZiEF(Zl)F(Z;})F(ZQ)

v (tuv) as z; = tuv where t € F (z),
tuveF(zl)F(z3)F(zz)M u € F(z3) and v € F (23)

= Voo (tuw)
teF (z1)
u€eF(z3)
vEF(22)

vV U
uEF(zgo,)lu ( )

v

implies
F(p) (z12320) > F (1) (23)
Therefore, it is prove that F (u) is a FIId of S. O

Theorem 3.9. Suppose that F': S — P*(S) be a SVMH and a FSS u be a FBId
of OSG S. Then F (u) is a FBId of S.

Proof. From Theorem 3.7, we have for each 21,2z, € S, such that z; < zy, implies

F(z1) C F(z), then F (1) (21) > F (1) (22), and also

E(p) (2122) =2 min {E (1) (1), £ () (22)}

Next for each 21, 29, 23 € S, consider the following

F(p)(z122%) = | A )u(zi)

!
2, €F (212223

S C)
2 €F(21)F(22) F(23)

A (tuo) as z; = tuv where t € F (),
tquF(zl)F(ZQ)F(z;g)lu ueF (2’2) and v € F (Zg)

= A pu(tuv)
tEF(Zl)
u€F(z2)
vEF (23)
> A min{u(t),p()}
teF(z1)
vEF(23)
= min A t), A v
{tEF(m)M() veF(zs)u( )}

implies
E(p) (212223) = min{F () (1), F () (23)}
Hence F (p) satisfies all the conditions of a FBId of S, so F (u) is a FBId of S. [
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Theorem 3.10. Suppose that a FSS u be a FBId of S and F': S — P*(S) be a
SVIH. Then we have to prove that F (u) is a FBId of OSG S.

Proof. From Theorem 3.8, for each z1,29 € S such that z; < 2y, implies E (z2) C

F(z1), then F () (21) > F (1) (22) and also F' (p) (2122) > min {F (p) (21), F (w) (22) } .
Next for each z1, 20, 23 € S, we consider

F(p)(a1222) =V )u(zi)

!
2, €F (212223

ot )
2 €F(21)F(22) F(23)

y (tuv) as z; = tuv where t € F (z),
tuveF(zl)F(ZQ)F(Zg,)lu u € F(z) and v € F (z3)

= VvV pu(tuw)
teF(z1)
u€F(z2)
vEF (23)
> V. min{u(t),n ()}
teF (z1)
vEF(23)
= i V t V
min{ v n(0) y_n)}
implies
F () (1222) > min{F () (1), F (1) (z9)}
Hence F' (u) satisfies all the conditions of a FBId, so F () is a FBId of S. O

Theorem 3.11. Let us suppose that F': S — P*(S) be a SVMH and a FSS p be
a FQId of S and . Then we have to prove that F (u) is a FQId of S.

Proof. As F' (u) is a FLId (resp. FRId) of OSG S, therefore by Theorem 3.3, for each
21,29 € S such that z; < zy, implies F'(z1) C F (2q), then F (u) (21) > F (1) (22).
Next consider

Fp)(z) = A p(@
> A (e A(len) @

implies
E(p) (1) = E((pol)A(Lop))(z)
Hence from the proof it is clear that F (u) is a FQId of OSG S. O

Theorem 3.12. Suppose that a SVIH F : S — P*(S) and a FSS p be a FQId of
OSG S. Then F (p) is a FQId of OSG S.
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Proof. As we know from Theorem 3.5 that F (u) is a FLId (resp. FRId) of S,
@erefore for ~each 21,20 € S such that z; < 2o implies F'(23) € F(21), then
F(u)(z1) > F (p) (22). Next consider

Fu)(2) = . )M( a)
z oy (o) A(Lop)(a)
= F((nol)A(Lop))(21)
implies
F(u)(z) = F((nol)A(lop)(z)
Hence from the proof it is clear that F (1) is a FQId of S. O

4 Approximations of ( €, € vV¢q)-FIds in OSGs

In this section, roughness of ( €, € Vq)-FIds is being studied on the bases of SVIH
and SIMH.

Definition 4.1. A FSS p of OSG S is known as an (€, € Vq)-fuzzy ordered sub-
semigroup of OSG S if:

-
(FIg) (for each z1,29 € S) (for all t1, € (0,1]) ( (1), (22);, € o implies )

(Z122>min{t1,t2} € Vqu

Definition 4.2. A FSS p is known as (€, € Vq)-FLId (resp. FRId) of S if the
following conditions are holds:

- o
(FIy) (for all 2,2, € S) (for all ¢, € (0,1]) ( 2 < 2, then (22),, € p implies )

(21>t1 € Vau
(22),, € p implies (2122), € Vqu )

(FI) (for all z1, 2 € S) (for all t; € (0,1]) ( (resp. (2221),, € Vau)
. "

A FSS p is known as (€, € Vq)-FId of S, if it is both (€, € Vq¢)-FLId and (€, € Vq)-
FRId of S.

Definition 4.3. [12] A F'SS p is known to be an (€, € V¢)-FIId of OSG S if it holds
(F[s) s (F]g) and

(FIyy) (for all 21, 29,23 € S) (for all t1 € (0,1]) ((23),, € p implies (212322),, € Vap)
Definition 4.4. A FSS p is said to be an (€, € vq)-FBId of OSG S if holds
(FIg) s (F[g) and

ol
(Flz) (for all z1, 29, 23 € S) (for all ¢4, € (0,1]) ( (1), (25);, € o implies )

(le2z3)min{t1,t2} € Vau
Definition 4.5. A FSS p is known as (€, € Vq)-FQId of S if it holds (F'Iy) and
(FlLs) (for all z € S) (for all t1 € (0,1]) ((21),, € (ko 1) A (Lo p) implies (z1),, € Vapu) .
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Lemma 4.6. [12] A FSS p is known as (€, € Vq)-FLId (resp. FRId) of OSG S <
it holds

(FIy) (for all 21,20 € S) (21 < 20,11 (21) > min{p (22),0.5}),
(FIy5) (for all 21,29 € S) (p(2122) > min{p (22),0.5})
(resp. p(z129) > min{u(21),0.5}).

Lemma 4.7. [12] A FSS p is said to be an (€, € Vg)-FBId of OSG S < it holds
(F14) of lemma 4.6 and

(Fg) (for all 21,29 € S) (p (2122) > min{p (z1), 1 (22),0.5})
(FI7) (for all 21, 29,23 € S) (1 (212023) > min{p (21), 1 (23),0.5})

Lemma 4.8. [12] p is known as (€, € Vq)-FIId of S < it holds (Fly4), (FI6) of
lemmas 4.6 and 4.7 and

(Fg) (for all 21,29 € S) (i (212322) > min {u(23),0.5})

Lemma 4.9. A FSS p is said to be an (€, € Vq)-FQId of OSG S < it holds (F'I14)
of lemma 4.6 and

(Flyg) (for all 29,20 € S) (p(21) > min{((po 1) A(lopu))(2),0.5})

Theorem 4.10. Suppose that FSS p be an (€, € Vg)-fuzzy ordered subsemigroup
of Sand F: S — P*(S) bea SVMH or SVIH. Then F (p) is an (€, € Vq)-fuzzy
ordered subsemigroup of S.

Proof. To prove this theorem we have to see that, F' (u) satisfies (F'I3g) . If for each
21, 2o € S, now consider

E((az) = A p(s)
21 €F(2122)

()
2 €F(21)F(22)

as z; = ab such that a € F (2;)
— b 1 )
abEF(Z/})F(Zg)Iu (a ) ( and b € F (22)
= A p(ab)
a€F(z1)
bGF(ZQ)
> A min{(@),u(b),05)
a€F(z1)
beEF (22)
= i A A b),0.5
fin {aEF(zl)M (a) ’beF(zz)’u( ) }

implies
F(p)(z129) > min{F () (21),F (p) (22),0.5}

Hence F' (p) is an (€, € Vq)-fuzzy ordered subsemigroup of OSG S. ]
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Theorem 4.11. Consider that a FSS p be (€, € \/q)—fuzzl ordered subsemigroup of
Sand F: S — P*(S)bea SVMH or SVIH and. Then F'(u) is an (€, € Vq)-fuzzy
ordered subsemigroup of S.

Proof. Straightforward as Theorem 4.10. O]

Theorem 4.12. Consider that a FSS u be (€, € Vq)-FLId (resp. FRId) of S and
F:S— P*(S)beaSVMH. Then F (u) is (€, € Vq)-FLId (resp. FRId) of S.

Proof. To prove this theorem, we have to see that F (u) satisfies (FI14) and (Fy5) .
If for each z1, 25 € S with 27 < 2y, implies F (z1) C F (z3) . Now consider

min {F (1) (22),0.5) = min{ A u(z;),o.s}

z; EF(22)

= A min{,u (Z;),O.E)}
zéGF(zg)
< A ou(4)
Z EF(21)
implies
min {F (n) (22),0.5} < F(u)(=1)

Next consider

F()(az) = , A p(=)
21 €F(2122)

= e )
21 €F(21)F(22)

as z; = ab such that a € F (z),
= A ab
abEF (21)F(22) beF (ZQ)
= A p(ab)
a€F(z1)
bEF (22)

> A 1 b),0.5
> win{u(),05)

= i A b),0.5
i {beF(m)M( ) }

implies
E(p) (z122) = min{E () (22),0.5}
Therefore it is clear that F' () is an (€, € Vq)-FLId (resp. FRId) ideal of S. O

Theorem 4.13. Consider that F' : S — P*(S) be a SVIH and a FSS pu be
(€,€ Vq)-FLId (resp. FRId) of S. Then F (u) is (€, € Vq)-FLId (resp. FRId) of
S.
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Proof. To prove this theorem, we have to see that F' (1) satisfies (FI4) and (F1,5) . If
for each 21,29 € S with 2y < 2y, implies F'(23) C F'(21). Next suppose the following

zéEF(zg)

min {F (1) (22),0.5} = min { Voou (z;) ,0.5}

implies

Next consider

F(p) (2122)

implies

= V' min {u (zé) ,0.5}
Z;EF(ZQ)

= zl1€>7/(z1)lu <le>
min {F (1) (22),0.5} < F (1) (=)

Voop <Zl>
ziEF(zlzz)

V u (z;)
21 €F(21)F(22)
as z; = ab such that a € F (2;)
% b ! ’
abEF(z1)F(Z2)Iu (a ) ( beF (22)
V' p(ab)

a€F(z1)
bGF(ZQ)

V. min{u(b),0.5}

beF (22)

' V b),0.5
foin {beF(zz)'u ( ) ’ }

F(p) (z122) > min{F () (22),0.5}

Therefore F (1) is an (€, € Vq)-FLId of S. Similarly, we can prove that F (u) is an

(€,€ Vq)-FRId of S.

O

Theorem 4.14. Suppose that a FSS p be (€, € Vg)-FIId of S and F : S — P*(S5)
be a SVMH. Then F (p) is (€, € Vq)-FIId of S.

Proof. From Theorems 4.10 and 4.12,we see that F () satisfies (F'I14) and (Fyg) .
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Next we consider the following for each zi, 2o, 23 € S.

F(p)(nz2) = , A )u(zi)

!
21 €F (212322

~ rton )
21 €F(21)F(23) F(22)

as z; = acb such that a € F (2;)
= A b ! ’
achF(zﬂF(z;;)F(zz)lu (ac ) ( ceF (23) and b € F (22)

= A pu(ach)
a€F(z1)
CcEF(z3)
bEF (22)

A min c),0.5
A min{u(e)., 05}

= min A u<2;>,0.5
ZéEF(Z3)

v

implies
F(p) (z1232) = min{F () (z3),0.5}
Hence it is proved that F (u) is (€, € Vq)-FIId of S. O

Theorem 4.15. Let us consider that F': .S — P*(S) be a SVIH and a F'SS i be
(€,€ Vq)-FIId of S. Then F (i) is (€, € Vq)-FIId of S.

Proof. From Theorem 4.13, we have for each 21,29 € S, if 21 < 25 implies F/ (22) C
F (z1). Then min {F (1) (22),0.5} < F (1) (21), Next let for each 21,2 € S,

Fu)(az) = v us)
Z1 EF(2122)

e
zi EF(2z1)F(z2)

as z; = ab where a € F (z))
N abGF(Z)F(Zz)Iu (ab) ( and b € F'(29)
= VvV pu(ab)

a€F(z1)
beEF (22)

V  min {,u (zi) S (z;) ,0.5}
ziGF(zl)
Z;GF(ZQ)

= min V u(zi), \% ,u(zé) ,0.5
2 €F(21) 25€F (22)

IV

implies

F(p)(2122) > min {F () (1), F (1) (22),0.5}
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Next consider

F(p) (n1m32) = Vv )M(«Z;)

/
2, EF (212322

e ()
2 €F(21)F(23) F(22)

as z; = acb where a € F (z;)
b 1 )
acbeF(zl)\l{"(23)F(22)N (ac ) ( celF (Zg) and b € F (ZQ)
=V pu(ach)
a€F(z1)

cEF(z3)
bEF(ZQ)

> V. min{u(c),0.5}

c€F(z3)

= min{ e\/ u(c),O.S}

cEF(23)
implies

F () (z12322) > min{F () (23),0.5}
Therefore, it is prove that F () is (€, € Vq)-FIId of S. O

Theorem 4.16. Suppose that a FSS u be (€,€ Vq)-FBId of S and F': S — P*(5)
be a SVMH. Then F () is (€, € Vq)-FBId of S.

Proof. From Theorem 4.14, we have for each z1, 25 € S, if 27 < 25 implies F'(z1) C
F (z3). Then min {F (p) (22),0.5} < F (1) (21), and also F (u) (z122) >
min{F (u) (z1), F (1) (22),0.5} . Next let for each zy, 29, 23 € S,

F(p) (z12223) = A M<2/1>

’
21 €F(212923)

e
# €F(21)F(22) F(23)
as z; = abc where a € F (2;)
/\ b 1 )
abceF(zl)F(Z3)F(z2)M (abe) ( be F(z) and c € F (z3)
= A pf(ach)
a€F(z1)

cEF(23)
bEF(ZQ)

A min{p(a),p(c),0.5}
a€F(z1)
cEF (23)

_ min{ae/\ pia), A ,u(c),O.B}

Y]

implies
F(p) (z12223) = min{F (p) (21), F () (23),0.5}

Hence F' (1) satisfies all the conditions of (€, € Vq)-FBId of S. Therefore F' (p1) is an
(€,€ Vq)-FBId of S. O
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Theorem 4.17. Let us consider that F': S — P*(S) be a SVIH and a FSS p be
(€,€ Vq)-FBId of OSG S. Then F (u) is (€, € Vq)-FBId of S.

Proof. From Theore_m 4.15, we have fgr each z1,29 € S, if_21 < zo implies F' (z3) C
F (z1). Then min {F () (22),0.5} < F () (21), and also F' (y) (z122) >

min{F (1) (1), F (1) (22),0.5}. Next we consider the following for each 21, 29, 23 €
S,

F () (12223) = v M(Z1>

’
2 €F(212923)

)
2 €F(21)F(23)F(23)
as z; = abc where a € F (2;)
= v abc ! ’
abcEF(zl)F(zg)F(zg)M< ) ( be F (Zg) and c € F (23)
=V pu(ach)
a€F(z1)

cEF(z3)
beEF(22)

V. min{u(a),p(c),0.5}
a€F(z1)
cEF(z3)

= min{ae\/ p(a), V ,u(c),0.5}

v

implies

F(u) (z12023) > min{F (p) (21), F (1) (23),0.5}

Hence F (p) satisfies all the conditions of (€, € Vq)-FBId of S. Therefore F (u) is
(€,€ Vq)-FBId of S. O

Theorem 4.18. Let us suppose that a FSS p be (€, € Vq)-FQId of S and F': S —
P*(S) be a SVMH. Then we have to prove that F (u) is (€, € Vq)-FQId of S.

Proof. From Theorem 4.12, we have for each z1, 25 € S, if 27 < 25 implies F'(z1) C
F (z3). Then min {F (p) (22),0.5} < F (1) (21), Next let for each z; € S,

min {F ((no 1) A (1opu))(21),05} = min{ A ((pol)A(1opu)) (zi) ,0.5}

z; EF(z1)

= A min (((H ol)A(lopu)) <zi) ,0.5>

ziEF(zl)
< A ou(4)
ziGF(zl)
implies
min {F (o 1) A (Lo ) (21),05) < F (1) (=)

Hence F (p) is an (€, € Vq)-FQId of S. O
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Theorem 4.19. Let a FSS u be (€, € Vg)-FQId of S and consider that F' : S —
P*(S) be a SVIH. Then we have to prove that F' (u) is (€, € Vq)-FQId of S.

Proof. From Theore_m 4.13, we have fgr each z1,29 € S, if z; < zo implies F (z3) C
F (z). Then min {F () (22),0.5} < F (u) (1), Next let for each z; € S,

ziEF(zl)

min {F ((po1) A(lop))(21),05} = min { Vo ((pol)A(lop)) (z/l) ,0.5}
= v min{((,uol)/\(lo,u)) (Z;) ,0.5}

Z EF(21)
< v ou(4)
# EF(21)
implies
min {F (o 1) A(Lop)) ()05} < F(u) (=)

Hence it is proved that F' (u) is an (€, € Vq)-FQId of S. O

5 Conclusion

OSGs is a significant algebraic structure having partial ordered with associative
binary operations. OSGs have broad applications in various fields such as coding
theory, automata theory and computer science etc. In this manuscript we have
originated the approximations of Flds, FBIds, Fllds and FQIds of OSGs on the
basis of isotone and monotone mapping. It is clear that these two mappings play
a significant role for investigating the approximation of Flds in OSGs. Moreover in
the idea of approximation is generalized to (€, € Vq)-FIds, FBIds, FIlds and FQIds.

References

[1] J. Ahsan, R. M. Latif, M. Shabir, Fuzzy quasi-ideals in semigroup, Journal of
Fuzzy Mathematics 9 (2001) 259-270.

2] M. L. Ali, T. Mahmood, A. Hussain, A study of generalized roughness in -fuzzy
filters of ordered semigroups, Journal of Taibah University for Science 12 (2018)
163-172.

[3] S. K. Bhakat, P. Das, On the definition of a fuzzy subgroup, Fuzzy Sets and
Systems 51 (1992) 235-241.

[4] S. K. Bhakat, P. Das, (€,€ Vq) fuzzy subgroups, Fuzzy Sets and Systems 80
(1996) 359-368.

[5] S. K. Bhakat, P. Das, Fuzzy subrings and ideals refined, Fuzzy Sets and Systems
81 (1996) 383-393.



Journal of New Theory 26 (2019) 32-53 52

(6]

[7]

8]

B. Davvaz, A short note on algebra T-rough sets, Information Sciences 178
(2008) 3247-3252.

D. Dubois, H. Prade, Rough fuzzy sets and fuzzy rough sets, International Jour-
nal of General System 17 (1990) 191-208.

Y. B. Jun, S. Z. Song, Generalized fuzzy interior ideal in semigroup, Information
Science 176 (2006) 3079-3093.

Y. B. Jun, A. Khan, M. Shabir, Ordered semigroups characterized by their (&
, € Vq) fuzzy bi-ideals, Bulletin of the Malaysian Mathematical Sciences Society
32 (2009) 391-408.

Y. B. Jun, W. A. Dudek, M. Shabir, M. S. Kang, General form of («, ) fuzzy
ideals of Hemirings, Honam Mathematical Journal 32 (2010) 413-439.

0. Kazanci, B. Davvaz, On the structure of rough prime ideals and rough fuzzy
prime ideals in commutative ring, Information Sciences 178 (2008) 1343-1354.

A. Khan, M. Shabir, («, ) fuzzy interior ideals in ordered semigroups,
Lobachevskii Journal of Mathematics 30 (2009) 30-39.

N. Kehayopulu, Remark on ordered semigroups, Math Japonica, 35 (1990) 1061-
1063.

N. Kehayopulu, M. Tsingelis, A note on fuzzy sets in semigroups, Scientiae
Mathematicae 2 (1999) 411-413.

N. Kehayopulu, M. Tsingelis, Fuzzy sets in ordered groupoids, Semigroup Forum
65(2002)128-132.

N. Kehayopulu, M. Tsingelis, Fuzzy bi-ideals in ordered semigroups, Information
Science 171 (2005) 13-28.

N. Kehayopulu, M. Tsingelis, Fuzzy right, left, quasi-ideals, bi-ideals in ordered
semigroups, Lobachevskii Journal of Mathematics 30 (2009) 17-22.

N. Kuroki, On fuzzy ideals and fuzzy bi-ideals in semigroups, Fuzzy Sets and
Systems 5 (1981) 203-215.

N. Kuroki, On fuzzy semigroups, Information Science 53 (1991) 203-236.

N. Kuroki, Fuzzy semiprime quasi-ideals in semigroups, Information Science 75
(1993) 201-211.

N. Kuroki, Rough Ideals in Semigroups, Information Sciences 100 (1997) 139-
163.

T. Mahmood, M. I. Ali, and A. Hussain, Generalized roughness in fuzzy fil-
ters and fuzzy ideals with thresholds in ordered semigroups, Computational and
Applied Mathematics (2018) 1-21.



Journal of New Theory 26 (2019) 32-53 53

[23]

[24]

[25]

[26]

[33]

[34]

Z. Pawlak, Rough sets, International Journal of Computers Science 11 (1982)
341-356.

P. Pu, Y. Liu, Fuzzy topology . neighborhood structure of a fuzzy point and
Moore-Smith convergence, Journal of Mathematical Analysis and Applications
76 (1980) 571-599.

S. M. Qurashi, and M. Shabir, Generalized approzimations of (in, € Vq)-fuzzy
ideals in quantales, Computational and Applied Mathematics (2018) 1-17.

N. Rehman, N. Shah, M. I. Ali, A. Ali, Generalised roughness in (€, € Vq)-fuzzy
substructures of LA-semigroups, Journal of the National Science Foundation of
Sri Lanka 3 (2018).

A. Rosenfeld, Fuzzy groups, Journal of Mathematical Analysis and Applications
35 (1971) 512-517.

M. Shabir, T. Mahmood, Spectrum of (€, € Vq)-fuzzy prime h-ideals of a hemir-
ing, World Applied Science Journal 17 (2012) 1815-1820.

M. Shabir, T. Mahmood S. Hussain, Hemirings characterized by interval valued
(€, € Vq)-fuzzy k-ideals, World Applied Sciences Journal 20 (2012) 1678-1684.

M. Shabir, Y. Nawaz, T. Mahmood, Characterizations of hemirings by
(€, € Vq)-fuzzy ideals, East Asian Mathematical Journal 31 (2015) 001-018.

Q. M. Xiao, Z. L. Zhang, Rough prime ideals and rough fuzzy prime ideals in
semigroups, Information Sciences 176 (2006) 725-733.

N. Yaqoob, S. Abdullah, N. Rehman, M. Naeem, Roughness and fuzziness in
ordered ternary semigroups, World Applied Sciences Journal 12 (2012) 1683-
1693.

N. Yaqoob, M. Aslam, Generalized rough approzimations in I'-semihypergroups,
Journal of Intelligent and Fuzzy Systems 27 (2014) 2445-2452.

N. Yaqoob, M. Aslam, K. Hila, B. Davvaz, Rough prime bi-I'-hyperideals and
fuzzy prime bi-I'-hyperideals of T'-semihypergroups, Filomat 31 (2017) 4167—
4183.

N. Yaqooob, I. Rehman, M. Aslam, Approzimations of bipolar fuzzy I'-
hyperideals of T'-semihypergroups, Afrika Matematika 29 (2018) 869-886.

L. A. Zadeh, Fuzzy sets, Information and Control 8 (1965) 338-353.

J. Zhan, N. Yaqoob, M. Khan, Roughness in non-associative po-semihyprgroups
based on pseudohyperorder relations, Journal of Multiple-Valued Logic and Soft
Computing 28 (2017) 153-177.



http://www.newtheory.org ISSN: 2149-1402

New Theory

Received: 31.05.2018 Year: 2019, Number: 26, Pages: 54-63
Published: 01.01.2019 Original Article

Summability of Fourier Series and its Derived Series by Matrix Means

Abdelhadi Mohammad Karazon™ <abdelhadi198727@gmail.com>
Mohammad Mahmoud Amer <amer09656@gmail.com>

Department of Mathematics, Faculty of Science, Al-Baath University, Homs, Syria.

Abstract — This Paper introduces the concept of matrix operators and establishes two new theorems on
matrix summability of Fourier series and its derived series. the results obtained in the paper further extend
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1. Introduction

Let 3o, u, be a given infinite series with sequence of partial sum {S_}. Let A= [amk) be
an infinite triangular matrix of real constants, The sequence-to-sequence transformation
[4].

A —_
tn - EE=IIEI Aok SI.-: - EE:=I} Apn-k Sn—l:: (1)

Defines the sequence t# of matrix means of the sequence {S_}, generated by the sequence
of coefficients (a, ). The series T2, u,, is said to be summable to the sum S by We can
writet* = § (A),asn— o0,

The necessary and sufficient conditions for A-transform to be regular

(ie.lim 8, =8 = lim th =18)

are the well-known Silverman-Toeplitz conditions? [1][4] where the triangular matrix
A=(a,.) nk=0123..anda,, = 0fork > n isregular if

* Corresponding Author.
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lima ., =0 ;k=1,2

N oe nk
: n p—
lim Zk=o@nk = 1

ZE:D|Hn,l{| <M ; n=1,2,..(M independent of n)
and
tﬂlB = ZE=I} an,kzrl:'\::[ﬁbk,rsr'
Examples:

(1). Matrix Hankel [2] . Let {h,}>_, be a positive sequence of real constants let

H = (aux) = (o)
2). Matrix Toeplitz [4] T = (a,.) 5 (anx =0 ; k> n)(Thus from (1), We get [2]
(1). Eou, = A (T)=X ,au, =aA (T)
(2).  Zisou, = A)(T) &ZTL, v, = A (T) =Xio(u, +v,) = A +4,(T)
(3). Zizouwa=A; (AL, u, =4, (T) =4 =4

Proof (3): Now by (1) we have

(Rj = (rm.n) = (am.[!l'bm.n + Hm,l'hm,n—l + + Hm,n—l'bm.l + Hm.n'bm,l})
tm = EE:LI} Ik 'Sl{.

=ty = Uno-Sp Ty Sy F o Sy +F oy Sy TSy

=ty = a,0-bm0(So) + (2me Pt + 2ma-Pao)-(51) + (2 o-bms +an . by +
am:.bmu)(sgj — [Hmu-bma +ag,.bys tagby, + ﬂma-bmu)- (S;) +
(amo-Pme Fama-bms Famabps +ans by +an e byo)(8s) + (2o bomm +
am1-Prmme F amabpm o ForFag b Fag b ) (Sn) +
(amo-Pmme1 + 3ma-Prm—s + @ma-Bmm-s + =+ amm-1-Pm1 + 8mm-Pmo ) (Sm)

=ty = 3mo-(DPmo-So + bma-S1 +bma-So +ba Sy +b oSy +by 0 S, +

brm-Sm) + 28ma- (Pmo-Si+ by i-Ss+ by 83 +bys.Sy+ -+ by oS+

brme1-Sm)+ ama (Bro-Ss +by .S +b .Sy +b oS+ +b oS+

bmez-Sm) + =+ amm-1- (Pmo-Sm1 + Bm1-Sm) + 2o (Pro- Sim)

= tm = Amo- Lkt o Pk -Skro T 2m 1 Zicco Pk Skt + 3m 2 Ziso Dige -Sgesn +0 F
Amm-1- Zm (= l}b mk -Sktm-1 T 8mm- k=0 Pmk -Skim

— 5m -n
=}tm_ n=02 mnzl-r.l}b l-:SLHn

= lim t, =X ;a,..4, = A,

M —* o0 -
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oty = A;(R) 5 (R) = (rpna)
Similarly
Zisou, = A (R)= A, = A,

2 Preliminaries

Theorem 2.1. Let A= (a,,).B=(b,.) be an infinite triangular matrix with
a,i = 0,b,, = Othent2® € ‘B(nﬂl ) Where B(-A,.) Space call to bounded linear operator on
A, TicA, » A and A, = {(s, )i T g(n+ )" L Ju, I < o0;u, = As, =5, —s,_,}

Proof of Theorem 2.1. Let T2 mn-denote the mn-term of the AB-transform, in terms of
(n+ 1uy, thatis 28 = T ja, T, by, (4 Du, = (n+ 1)(t2% —t22,) to prove the
theorem, it will be sufficient to show that E;":Dnl: |t28|" < oo Using Hélder’s inequality,
we have
nmﬁn+l| ﬂB| n= Dn+l|2k o nl{E| ubL;,|(J+1)u|
-nmzk:u 8,1 Lico by (1 + 1)° |U-i| x {Zi=o ﬂn,kzi:ubmi}r_l

Since Xf=pa, i Zi=o by; = 1 We obtain

| JE!LB| T din= Dn+l|zk ] !‘.II.{.E| Dbk,|[:]+1)u||

ZL: 00k Zizo by (1 +1)° |11| = X0+ 1) |11| 2oL _HZL: 0 8k - Dig;

n= “n+1

Form,n = 1,

1

=] 1 n __
Zn:i n+1z|_{=|} Hﬂ;l‘i'hl{;i —_ i+1

e[ =0(1). Z2, (G + 17 [w| 55 = 0(1).ZZo( + D7y =0(1) <

L=
n= IDIn+1

This completes the proof of the theorem (1).

3 Particular Cases

Several authors such as ([4]-[6]), (see also [7]) studied the matrix summability method and
obtained many interesting results.

The important particular cases of the triangular matrix means are:

(i) Cesaro mean of order 1 or (C, 1) mean if, a_ , = ﬁ .

1

(ii) Harmonic means (H, 1)when, a_, . = s rr—
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rL—L:+|5+'_‘}I
(iii) (€, 8)where0 < § < 1 means when, a_, = =2~

§
(%3
(v) Norlund means (N, p,)when, a, ; = "2=EwhereP, = X, p — w0 asn — .

(vi) Riesz means (N, p,, Jwhen, a,, = SEwhereP, = Zi_,p, = @ asn - .

4 Results and Discussion

Let f(t) be a periodic function with period 2m, integrable in the sense of Lebesgue over
[, 7]. The Fourier series and derived Fourier series off(t) are given by [3][4][5]

f(t)~ ? + 22 (a,cosnx+b_ sinnx) =X A (%)

With partial sums s, and
= n(b, cosnx — a, sin nx) (2)

We shall use following notations
T = Integral part Df% = [ﬂ
We use the following notations

b(t) = f(x +t) + f(x — t) — 26(x)

g(t) = f(x + t) — f(x — t) — 2tf(x)

1 I slnlil-:—r+§}t
Kag(nt) = - 2o ani-Zrmo b — o
1 sinfn—l-ﬁ;z}t
Mn ('tj = ;ZE:I} Hn,n—k'T;:t-. [3]

T = Integral part Df% = [ﬂ

Theorem 4.1. Let {p_ }i=, be a real non-negative and non-increasing sequence of real
constants such that B, = Zf_,py — ©;(n— o) and A= (a, ).B = (by,) be an infinite
triangular matrix with a_ . = 0, If

d(t) =f;|q}[u]|du=o(;), as t—= 40 ,t= E]

()P
wherea(t) is a positive, monotonic and non-increasing function of t — +0

logn = O(a(n).B,); (n — o).
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and

lim ..r nt dt_D(lj B Ef: I}bnn kE— El{ n— rbnl{

n—+oa

Then the Fourier series (1) is summable AB to f (x).

Theorem 4.2. Let {amk}:zu be a real non-negative and non-decreasing sequence with
respect to k such that T = (a,,. ) be an infinite triangular matrix with a,, . = 0. If

{-_}), as t— 40
REY

INCEOIE (

Then the derived Fourier Series (2) is sumable (T) to the sum f(x), where f(x) is the
derivative of f(x),provided «(t) is a positive monotonic decreasing function of t — +0
ta(t)

1 L increases monotonically as t — +0.
PEy

such

For the proof of our theorems, following lemmas are required.

Lemma 4.1. [5] If {an L:} IS non-negative and non-decreasing with k then for
0<t<m,0<a<b<oco and for any n, we have |ZE_.a, . _..e"™* ¥ <0(a,.)
Where A, . = Xi-pa,, kA, =1 (vnz=0).

Lemma 4.2. [5] If {bnk} is non-negative and non- decreasing with k then for
0<t<m,0<a<b<co and for any n, we have |ZB_.b_ . _..e"* ¥ <0(B,.)
Where B, . = Xi-ob,, 1 .B,, =1 (¥n=0).

Lemma4.3.Foro<t < i K,gz(nt) = 0(n).

. -1
Proof. For 0 < t < i,sin(n-l— t<(n+1)t [sin[%]-| :i%

1 k sln[k—r+§\}t 1 k |sln|il-:—r+;f}t|
Kap(nt) = ;Eﬂzﬂﬂn,kzrzﬂbhk—r = ;Eg:u Ak Zr=0 Pk |ain =
In+l

k
2 EEFD EI|:'1,I.-: Er=l}bl-:,|=:—r

gin—t

Since X pa, . Trcg b, =1

Thus K,z (n,t) = 0(n)
1 EBpr
Lemmadd For-<t<8<mKgp(nt) = D{T) ; T=n

Ein [L:— r +i%

gin—t

1 k
Proof. K p(n,t) < - ‘EE:D a1 Zo=p Pry-r

E:ubk,g_r sin (k— r+ %)t‘ ; (by Jordan's lemma)
1[k—r+§}t|

—n A Jl{Inl EEI:,:: o bm{_re
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ilk—r) i
(lee t
HETEE e

1 o k
= EEL:=I} Anle ‘IIHEE.:D bn,n—k'e

1 k i(k—
_EE: o & nklzr 0 “nn-k- e E|:It| ;

Ek o HRD[BM) by lemma (1)
Bt }EI.-FD dpk

(
-0 (%)

T

Ir“x

I
D I.'||

Lemma 4.5. Fori <t=d<m M (t)= D(A%) ; T=n.
Proof. Now by (3)

gin {n l-:+—}t

=i !'.I—t

M, (t) =

i(n—lke+2 }t‘

= ‘Inlzkﬂl Apn-k©"

ZE=IIEI Ann-k-
" sm—t

iln—klt iln—klt | .

%|In1 DI NN - e :‘ (by Jordan's lemma) < %|Eﬂ=u T -

1
=%.D[Am.) by lemma (1)

'AELT
=o (=)
Lemmad.6.Foro <t = i M, (t) = O(n).

Proof of Theorem 4.1. Let s_(x) denote the n™ partial sum of the (1). Then we have

m{n+ k

sl—t

sm{k+ }1:

sa(fix) —f(x) = —f ®(1)

tf —f(x) = —f $(t) LE=p bnx

BL—'t

= ;_HZE:D Ak .r[,n d(t) {Z:L-::Dbk,k :-M} dt = .r d(K, g (n,t)dt

- (fuﬁ+ji5 [T ) oK (D4
=L, +L +IJ.3
1 < 11yl < SIS Kyp (a01de = 0 () { Flo(0)lat]

4% — f(x) = = ERoo 2., [ &) {E o by 2 }t} dt

By Lemma 4.3

= D(nj'{c'(g{jl.l}n )} -e (:{;}.pn)

=D( . )=D[1];(n—>coj

logn

L, <, < o(fflqa(tjllmntn,tjldt)
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= o (L1122 )
By Lemma 4.4

Integrating by parts

I, < D{(%@r(t) i) js = :f]¢[t)dt}

5)+f”“ e[

o Et" = ntgl}]}

a(s,.)}

I,,= D[o(agp[é_)—l- D(;%)-l- D(fgnﬁdu)—l- D(f_ vy d[Bnu))l
{’D{D[l)—l-c-(l)—l-cr{fl umu}p du)-l—r:r(mn}p }[_Ir d[Bnu))} o{o(1)+o(1) +
o(0(1)) + o(1)B, .} = 0fo(1) + 0(1) + 0(1) + 0(1)} = 0(1); (n— o)

Lastly, by the Riemann-Lebesgue theorem and the regularity condition of matrix
summability, we obtain

L= |11,3| = fanldJ(t)llKAB (nt)|dt=o0o(1) ; (n— o)

Next
tA8 —f(x) = o(1) (n— m]z‘,-gi_{lju{tﬁ];—f(x)}=ﬂ

This completes the proof of the theorem.

Proof of Theorem 4.2. Let §_(x) denote the n™ partial sum of the (2). Then

- smfn }1:
sin

$a(x) = - dg(t) + f(x)

We have

§ (%)= Xi_; k(b coskx —a, sinkx) = E[’Flif;n k(sinku.coskx —
cosku.sin kx). f(u)du = Eﬂ:l%f;n sin k(u — x).f(u)du=
:—n f:n f(u). 2o, 2ksink(u —x) du

= —— [ f(w).Zf, 2ksink(x — u) du

where

Zﬂzl k Sinky = — i (sln[.n -l-_i}y)

dy 2sin—y

gin|ln = (x—u) ginln L (x—u)
2hoy 2ksink(x—u) = _gi(#) _ 21(#)

dx 2 sin=(x—u) du Zsin=(x—ul

Next
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Thus
8,00 == " mﬁgﬂ}fmmu=—ig ﬂ){

L ( [0 fu) {di —“_}_}} du + [T f(w) {di—{ f?}"x_”}} du) =G, +6,

u  gin=(x—u) u  zin=(x—u)

|:] sm{n+ }t—u} d stn[(n+ }t—u}

sin={x—u)

Now

£ () = ——fﬁ&+ﬂ—ﬂ—ﬂ%d“””ﬂm

Ein—t

Integrating by parts

1 prEinnd-
§,(x)= _r :: ) dff(x+t) —f(x—t)}
where :
# = —+ cost+ cos2t+cos3t+ -+ cosnt=D_(t) == _r" Sm{n:}t dt = %
and

g(t) = flx+t) — f(x—t) — 2tf(x) = f(x + t) — f(x— t) = g(t) + 2tf(x)
= d{f(x+ t) — f(x —t)} = dg(t) + 2f(x)dt + 0

Next

1.[ smllrn+ }t

=i E'.I:t

§.(x) = = _rnmjlr:]—}tdg(t]-l-zf[ )—f dt

—§ (x)= j“s‘”f'” dg(t) + £(x)

— 5 (x) — F(x) = j“s‘”f” }tdg(t]
ae@) — G = 'Jﬁﬂ}§fdﬁj

= EL:=I}H|: n—k{sn—k(x] - f(}{]} .

_..r dg[t) EL: pd nn—k* Sm[:.l::-;}t

= (.rga + _r:S + _rﬂ“ )dg(‘t].mn (‘t) =1L+ 41

RIS
)
——

,_
=}
":'I'U:T" .
-L -

=1 ||
T

L = fédg(ﬂ-mn(t) = D(Iﬁﬁldg(tjl.lmn(tjl) = o(n. jjmg(m) =0| no

0 (no(22)) = o(£2) et » (2
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Lastly, by the Riemann-Lebesgue theorem and the regularity condition of matrix
sumability, we obtain

I; < || = f;an[tjl.ldg(tjl =o(1), as (n— o)

_ O(Jr;mg(m IMn(tjl) = n(f;%.mg(ﬂl)

1, <

Integrating by parts, where u =

(g [==(3) 5Anr raf 1) s1 (=3

(oo () o) o2 ()00
o3)

(Using condition)
J E)—I— D( III:E'.I:' f: tr:r d‘t) + ( ::l:r.l:' .f:S I:“:-'!!:nr:l)

ntlng— nlogn n.logn

ﬂ:ﬂ dv = dg(t). Therefore

Al

:‘-Izﬂn(ﬁ

where

= —L+ increases monotonically as t — +0.

=1, <o(1)+o(a, “':"}§+o(“'”} A, dU) (“} - -d[ﬁn,u))

nlogn nlogn

=t =o()+o (0(E2))+o (- (Al Y +o S £ walan)
o(S2. fFu.d(a,))

Integrating by parts, where u, = A

dv, =du

nu

nlogn
o(fm) +o(Em) +o(Fem n £ d(ann)
=1, < o(1)+o(22) + c.(“'”:'.Am] A, =1

oD logn

=o(1)+o(1)+o(1)=0(1) ; (n— )

=1, < D(l]—i—o(:;j)—i— c.( la) .n.Am) +o(1)+ D(ni?n'fgn u.d[AnJu)) =o(1)+

Then
o nk o (® —f®)}=0(1) ; (n= 0)=1,(x)—f(x) =0(1) ; (n— )

where
{n (X) = ZE=I} Hn,n—l-r. . én—k(xj
Next
lim t_(x) = f(x)

This completes the proof of the theorem.



Journal of New Theory 26 (2019) 54-63 63

5. Conclusions

One of the most important outcomes of this study is that the product of any two matrix
methods of the methods of summability is a matrix method and that this method is a
bounded linear operator which transforms each sequence of a given space to a sequence of
the space itself. And

taB = A8
where

AE __ k —_ k AB _ vk
tn - EE:E Hn,l-:Er':I}bl{,.rSr - EE=II!I E|."=II!I an,l{bl{,rsr’tn - E|."=II!I EE:=D an,l{bl{.rsr

The third characteristic of the matrix method showed that, no matter how different the
method used to collect the studied series, we would obtain the same sum for that series. We
have demonstrated two theorems. The first speaks of the sum of Fourier series using
product matrix methods, and the second speaks of the sum of a Fourier series derivative
using a matrix method only.
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Abstract — The main aim of this paper is to introduce a single structure which carries the subsets of X as well as
the subsets of Y under the parameter E for studying the information about the ordered pair of soft subsets of X
and Y. Such a structure is called a binary soft structure from X to Y. The purpose of this paper is to introduce
certain binary soft weak axioms that are analogous to the axioms of topology.

Keywords — Binary soft topology, binary soft weak open sets, binary soft weak closed sets, binary soft weak
separation axioms and binary soft T,, space with respect to coordinates.

1. Introduction

The concept of soft sets was first introduced by Molodtsov [3] in 1999 as a general
mathematical technique for dealing with uncertain substances. In [3,4] Molodtsov
magnificently applied the soft theory in numerous ways, such as smoothness of functions, game
theory, operations research, Riemann integration, Perron integration, probability, theory of
measurement, and so on. Point soft set topology deals with a non-empty set X to gether with a
collection t of sub set X under some set of parameters satisfying certain conditions. Such a
collection T is called a soft topological structure on X.

In 2016 Acikgdz and Tas [1] introduced the notion of binary soft set theory on two master sets
and studied some basic characteristics. In prolongation, Benchalli et al. [2] planned the idea of
binary soft topology and linked fundamental properties which are defined over two master sets
with appropriate parameters. Benchalli et al., [6] threw his detailed discussion on binary soft
topological Kalaichelvi and Malini [7] beautifully discussed.
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Application of fuzzy soft sets to investment decision and also discussed some more results
related to this particular field. Ozgiir and Tas [8] studied some more applications of fuzzy soft
sets to investment decision making problem. Tas et al. [9] worked over an application of soft
set and fuzzy soft set theories to stock management Alcantud et al. [10] carefully discussed
valuation fuzzy soft sets: A Flexible fuzzy soft set-based decision-making procedure for the
valuation of assets [11] Cagman and Enginoglu attractively explored soft matrix theory and
some very basic results related to it and its decision making.

In continuation, in the present paper binary soft topological structures known as soft weak
structures with respect to first coordinate as well as with respect to second coordinate are
defined. Moreover, some basic results related to these structures are also planted in this paper.
The same structures are defined over soft points of binary soft topological structure and related
results are also reflected here with respect to ordinary and soft points.

2. Preliminaries

Definition 2.1. [5]. Let X be an initial universe and let E be a set of parameters. Let P(X) denote
the power set of X and let A be a non-empty subset of E. A pair (F, A) iscalled a soft set overX,
where F is a mapping given by: A — P(X) . In other words, a soft set over X is a parameterized
family of subsets of the universe X. For € € A, F (¢ ) may be considered as the set of e-
approximate elements of the soft set (F, A). Clearly, a soft set is not a set.

Let U;, U, be two initial universe sets and E be a set of parameters.
LetP(U;), P(U,) denote the power set of U,, U, respectively. Also, letA,B,C < E.

Definition 2.2. [1]. A pair (F, A) is said to be a binary soft set over U;, U, where F is defined
as below:

F:A - P(U,) x P(U,), F(e) = (X,Y) foreach e € A suchthatX € U;,Y € U,

Definition 2.3. [1]. A binary soft set (F, A) over U;, U, is called a binary absolute soft set,
denoted byA if F (e) = (U, U,) for eache € A.

Definition 2.4. [1]. The intersection of two binary soft sets of (F, A) and (G, B) over the
common Uy, U, is the binary soft set (H, C), where C = AnBandforalle € C

(Xl'Yl) lfe E A - B
(X, UX,, Y, UY,) ife EANB

Such that F(e) = (X;,Y;) foreach e € A and G(e) = (X,,Y,) for eache € B. We denote it
(F,A) G (G,A) = (H,0).

Definition 2.5. [1]. The intersection of two binary soft sets (F, A) and (G, B) over a common
U,, U, is the binary soft set (H, C), where C = AnBand H(e) = (X; N X,,Y; NnY,)) foreach
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e € CsuchthatF(e) = (X4,Y;) foreache € Aand G(e) = (X,, Y,)for eache € B. We denote
itas (F,A) A (G,B) = (H, C).

Definition 2.6. [1]. [1] Let (F, A) and (G, B) be two binary soft sets over a common Uy, U,.
(F, A) is called a binary soft subset of (G, B) if

(i) ACB,

We denote it as (F,A) = (G, B).

Definition 2.7. [1]. A binary soft set (F, A) over U, U, is called a binary null soft set, denoted
by if F(e) = (@, @) for eache € A.

Definition 2.8. [1]. The difference of two binary soft sets (F, A) and (G, A) over the common
U;, U, is the binary soft set (H, A), where H(e) (X; —X,,Y; —Y,) for each e € A such
that(F, A) = (X1, Y1) and (G, A) = (X2, Y2).

Definition 2.9. [2]. Let T, be the collection of binary soft sets over U,, U, then t, is said to
be a binary soft topology on U;, U, if

() § X €ta
(ii) The union of any member of binary soft sets in T, belongs to t4.
(iii) The intersection of any two binary soft sets in T, belongsto ta.

Then (Uy, Uy, TA, E) is called a binary soft topological space over Uy, U, .

3. Weak Soft Binary Separation Axioms

This section id devoted to binary soft set and related results. Moreover, binary soft weak
separation axioms in binary soft topological spaces are reflected.

Definition 3.1. Let (F,A) be any binary soft sub set of a binary soft topological space
(X,Y, T, E) then (F,A) is called

1) Binary soft b-open set of (X,Y, T, E) if (F,A) € cl(int((F,A) U in(cl((F, A) and
2) Binary soft b-closed set of (X,Y, T, E) if (F,A) 2 cl(int(F,A))) nin(cl(F, A))))

The set of all binary b-open soft sets is denoted by BSBO (U) and the set of all binary b-
closed sets is denoted by BSBO (U).

Definition 3.2. A binary soft topological space (X, Y, M, A) is called a binary soft b-T, space
if for any two binary soft points (x4,v1), (X2, y2)E(X Y) such that x; > x, ,y; >y, there
exists binary soft b-open sets (F,A) and (F,A) which  behaves

as(x1,y1) € (F1,A), (x2,y2) g (F1, A) or (x2,¥2) € (F2,A) and (x4,y1) g (F2, A).
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Definition 3.3. A binary soft topological space (X, Y, M, A) is called a binary soft b- T, space
if for any two binary soft points (x;,y1), (x5, 72)E(X,Y) such that x; > x, ,y; >y, If there
exists binary soft b-open sets (F,A) and (F, A) which  behaves
as(xy,y1) € (Fy,A) and (xp,y,) € (F1,A) and (x,,¥2) € (F2,A) and (x4,y1) € (F2, A).
Definition 3.4. Two binary soft b-open sets ((F,A), (G,A)) and (H,A), (I, A) are said to be
disjoint if ((F,A) N (H,A),(G,A) N (I,A)) = (®,®). That is (F,A) N (H,A) = (¢, ®) and
(G,A) 1 (LA) = (P, D).

Definition 3.5. A binary soft topological space (X,Y, M, A) is called a binary soft b-T, space

if for any two binary soft points (x4, V1), (X,,y,)E(X Y) such that x; > x, ,y; >y, If there
exists binary soft b-open sets (F,,A) and (F,,A) which behaves as(xy,y;) € (F1,A) and
(X2,¥2) g (F,,A) and moreover (F;,A)and(F,,A) are disjoint that is (F{,A) N (Fy, A) =
(D, D).

Definition 3.6. A binary soft topological space (X, Y, T x o, A) is called a binary soft b-T, with
respect to the first coordinate if for every pair of binary points (x4, a), (y1, a) there exists
((F,A), (G,A))ét x o withx,£(F,A),y; & (F,A),0€(G,A).where b-open (F,A)%in T and b-
open (G,A)in o.

Definition 3.7. A binary soft topological space (X,Y, T X o, A) is called a binary soft b-T, with
respect to the second coordinate if for every pair of binary points (§3,x5), (B,y,) there exists
((F,A), (G,A))ét x o withBE(F, A),x,E(G,A),y, € (G, A). where b- open (F, A)'in T and b-
‘open (G,A)in o.

Definition 3.8. A binary soft topological space (X, Y, M, A) is called a binary soft b- T, space
if for any two binary soft points (eg,, en, ), (eg,, en,)€(Xa, Ya) such that e, > eg,, ey, >
ey, there exists binary soft b-open sets (F;,A) and (FA) which behaves

aS(eGl,e]H]l) E (Fl,A) , (6@2, 6]].]12) g (Fl,A) or (e(c,z, eﬂ.ﬂz) E (Fz,A) and (eGl, eHl) E (Fz,A)

Definition 3.9. A binary soft topological space (X,Y, M, A) is called a binary soft b-T; space
if for any two binary soft points (eg,, e, ), (eg, en,)€(Xa, ¥a) such that eg, > eg,, ey, >
ey, If there exists binary soft b-open sets (F;,A) and (FA) which behaves as
(3@1, e[[.ﬂl) é (Fl, A) and (3@2, eHZ) é (Fl,A) and (eGZ, eﬂ-ﬂz) é (Fz,A) and
(ecml»e[ml) ¢ (F2,4).

Definition 3.10. A binary soft topological space (X,¥, M, A) is called a binary soft b- T,
space if for any two binary soft points (eg,,em, ), (ég, em,)E(Xa, Ya) such that eg, >
eg,: en, > em, If there exists binary soft b-open sets (Fy, A) and (F,, A) which behaves as
(egy en,) € (Fi,A) and (eg,, en,) € (Fy, A) and moreover (Fy, A)and (F,, A) are disjoint.

Definition 3.11. A binary soft topological space (X,Y,7 X o, A) is called a binary soft b- T,
with respect to the first coordinate if for every pair of binary points (eg,, @), (en,, @) there

exists ((F,4), (G,A))&t x o with e, E(F, A), ey, & (F,A),0€(G, A) where b-open (F, A)"in
T and b-open (G, A)in o.
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Definition 3.12. A binary soft topological space (X,Y,7 X o, A4) is called a binary soft b- T,
with respect to the second coordinate if for every pair of binary points (B, eg,), (8, en,) there
exists ((F,A), (G, A))Et x o WithBE(F, A), e, E(G, A) ew, & (G, A). where b- open (F,A)’in
T and b-open (G, A)in o.

4. Soft Binary Structures with Respect to Ordinary Points

Theorem 4.1. If the binary soft topological space (X, Y, p x a,A) is a binary soft b- T,, then
(X,p,A) and (Y, 0, A) are soft b- T,.

Proof. We suppose (X, Y, p x o, A) is a binary soft b- T,,. Suppose x;, x,€X and y,, y,EY with
such that x; > x, ,y; > y,. Since (X,Y,p x o, A) is a binary soft b- T,, accordingly there
binary soft b-open set ((F, A), (G, A)) such that

(xli yl)g((F' A), (G,A)) ’ (xZ' yz)g(FC,A), (GCﬂA)
or

(%1, y1)E((FC,A), (GC, A)) ; (x2,¥2)E((F, A), (G, A))

This  implies  that  either  x,E(F,A); x,E(FC,A); y,€(G,A); v,E(GC,A);  or
x,E(FC,A); y,E(GC,A); v,E(G,A). This implies either x,E(F,A);x,E(FC, A)or
x,E(FC,A); x,E(F,A) and either y,E(G,A); y,E(GE, A)ory,E(GC, A); y,E(G,A). Since
((F,4),(G,A))ép x o, We have b-open (F,A)ép and b-open(F,A)E o. this proves that
(X,p,A) and (Y, 0, A) are soft b-T,,.

Theorem 4.2. A binary soft topological space (X,Y,t x o, A) is binary soft b-T, space with
respect to first and the second coordinates, then (X, ¥, T x o, A)is binary soft b-T, space.

Proof. Let (X,Y,t X 0,A) is binary soft b-T, space with respect to first and the second
coordinates. Let (x1,v;), (X2, V2)EX X Y with x; > x, , y; > y,. Take a€Y and BEX.Then
(x1, @), (x5, ®)EX x Y .Since (X, Y, 7 X 0, A) is a binary soft b-Tyspace with respect to the first
coordinate, by using definition, there exists b-open sets (F,A) such that (G,A)
((F,4),(G,A))ér x o with x,E(F, A), x, & (F,A), a€(G,A). Since(B, 1), (B, y)EX X Y,
by using the arguments and using definition there exists ((H,A), (K,A))ér X g with
y:1E(K,A),y, & (K,A), BE(H, A). Therefore, (x1,y1) E((F, 4), (K, A)) and
(x2,v2) E((FC, 4), (K€, A)). Hence (X,Y, 7 X 0, A) is called a binary soft b- Tj.

Theorem 4.3. A binary soft topological space (X, t,A) and (Y, o, A) are soft b-T; spaces if and
only if the binary soft topological space (X,Y,t x g, A) is soft binary b-T;.

Proof. Suppose (X,7,A4) and (X, o, A) are soft b-T; spaces. Let (x1, y,), (x2,¥2)EX X Y with
X, > X, , Y1 > ¥, Since (X,1,A) is soft b-T; space, there exists soft b-open sets such that
(F,4),(G,A)Er, x,E(F, A) and x,E(G, A) such that x; & (G,A) and x, & (F,A). Also, since
(Y, 0,4) is soft b-T, space, there exists soft b-open sets such that (H, A), (I, A€o, y,E(H, A)
and y,£(I1,A) such that y, € (I,A) and y, & (H,A).thus (x1,y,)E((F,A), (H,A))and
(x2,¥2)E((G, 4), (1, 4)) with (x1,y1)E((GE, 4), (1€, 4)) and
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(x1, 1) E((FC, A), (HE, A)).This implies that (X, ¥, T x g, A) is soft binary b-T;. Conversely
assume that (X, ¥, t x o, A) is soft binary b-T;. Let x;, x,EX and y;, y,EY such that x; > x,,
y1 > y,. Therefore (xq,y,), (x5, y,)EX X Y. Since (X,Y,7 X g, A) is soft binary b-T,, there
exists  b-open sets (F,A),(G,A) and b-open  sets (H,A),(,A)E(t x
a), (e, y)E((F, 4), (G, 4)) and (x1,y,)E((H, 4), (I, A)) such that (x,y1)E(HE, 4), (I, 4)
and  (x3,¥,)E((FC,4), (G, A)). Therefore, x; E(F, A), x,£(H,A) and x,E(HC,A) and
x,E(F¢,A) and ,y,E(G¢,A) and y,EU,A) and ,y,EUC,A) andy,E(GC, A). Since
(F,A),(G,A)Et x o, We have(F, A), (H,A)Et and (G, A), (I, A)Eo. This proves that (X, 7, A)
and (X, o, A) are soft b-T;spaces.

Theorem 4.4. A binary soft topological space (X, Y, M, A) is binary soft b-T; space if and
only if every binary soft point go(X) X g(Y) is binary soft b-closed.

Proof. Suppose that (X,¥,M,A) is binary soft b-T; space. Let (x,y)EX xVY. Let
{x}, {yHEp(X) x (Y).We shall show that ({x}, {y}) is binary soft b-closed.it is sufficient
to show that (X\{x}, Y\{y}) is binary soft b-open. Let (a, b)E(X\{x},Y\{y}) . This implies
that a€X\{x} and bEY\{y}. hence a # x and b # y .That is, (a,b) and (x,y)are distinct
binary soft points of X x Y. Since (X,Y, M, A) is binary soft b-T, space, there exists binary
soft b-open sets ((F,A),(G,A)) and (H,A),(I,A) such that (a, b)E((F,A),(G,A)) and
(x,v)E((H,A),(I,A)) such that (a,b)E((HE, A),(I A)) and (x,y)E((FC,A), (G, A).
Therefore, ((F,A),(G,A)) € ({x}, {y}). Hence({x}¢,{y}°) is a soft neighbourhood of
(a, b).This implies that ({x}, {y})is binary soft b- closed. Conversely, suppose that ({x}, {y})is
binary soft b-closed for every (x,y)EX X Y.Suppose (x1, V1), (X2, ¥2,)EX X Y with x; > x,,
y, > v,.Therefore, (x,, y,)E({x )6, {v13) and € ({x1}¢, {y;}°)is binary soft b-open. Also
(1, VDE{x ) Do} and  E({x,)6, {y1}¢)is  binary  soft  b-open  set.  Also
(1, ¥ E{x2 )6, (.39 and - E({x, 3¢, {y,}¢) is binary soft b-open set. This shows that
(X, Y, M, A) is binary soft b-T; space.

Theorem 4.5. A binary soft topological space (X, t,A) and (¥, g, A) are soft b-T, spaces if and
only if the binary soft topological space (X,Y,t x g, A) is soft binary b-T5.

Proof. Suppose (X,t,4) and (X, o, A) are soft b-T, spaces. Let (x;, 1), (x2,¥2)EX X Y with
X, > X, ,y; > Yo Since (X, 1, A) is soft b-T, space, there exists soft b-open sets such that
(F,A),(G,A)ét, x,E(F, A) and x,E(G, A) such that x; € (G,A) and x, & (F,A). Also, since
(Y,0,4) is soft b-T,space, there exists distoint soft b-open sets such that
(H,A4),(I,A)€c,y,E(H,A) and y,E(I,A) such that y, & (I,A) and y, & (H,A). Thus
(x1,71)E((F, A), (H,4)) and (x3,¥2)E((G,4), I, A)) with (x3,7,1)E((GE, A), (I€,4)) and
(x1, 71)E((FC, A), (HE, A)). Since (F,A) and (G, A) are disjoint, (F,A) N (H,A) = (@, ®).
Also, since (H,A4) n (I,A) = (@, ®). Thus ((F,A) n (H,4),(G,A) n (,4)) = (@,®). This
implies that  we have this implies that (X, Y, T x g, A) is soft binary b-T,. Conversely assume
that (X, Y, 7 X o, A) is soft binary b-T,. Let x;, x,EX and y,, y,EY such that x; > x, , y; > y,.
Therefore (x1,v1), (x4, y1)EX x Y. Since (X, Y, t X o, A) is soft binary b-T,, there exists binary
soft b-open sets (F,A), (G,A) and there exists binary soft b-open sets (H,A), (I, A)E(t X
0), (1, y1)E((F, A), (G, A)) and (x5, y2)E((H, A), (1, A)) such that (x;,y1)E(HE, A), (I€, A)
and  (x2,¥2)E((F€,A4), (G, A)). Therefore, x; E(F, A), x,E(H,A) and x,E(HE,A) and
x,E(FC,A) andy,E(GC,A) and y,EU,A) and ,y,EUC A) and y,E(GC,A). Since
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(F,A),(G,A)Et x o, We have(F, A), (H,A)Et and (G, A), (I, A)Eo. This proves that (X, 7, A)
and (X, o, A) are soft b-T,spaces.

5. Soft Binary Structures with respect to Soft Points

Theorem 5.1. If the binary soft topological space (X,Y, p x g, A) is a binary soft b-T,, then
(X,p,A) and (Y, 0, A) are soft b- T,.

Proof. We suppose ()TA,ﬁ,pxa,A) is a binary soft b-T,. Suppose eGl,eﬁzé)?Afand

emyr en,EYa With such that eg, > eg,, en, > ey, .Since (X, Y, p X g,A) is a binary soft b-
T,,accordingly there binary soft b-open set ((F, A), (G, A)) such that

(e([;,l! eﬂ'ﬂl)g((F' A), (G,A)) ; (er’ eﬂ-ﬂz)g(FClA)l (GCiA)
or
(e([;,lr eﬂ-ﬂl)é((FC'A)ﬂ (GC,A)); (6@,2' eﬂ-ﬂz)é((F'A)ﬂ (G,A))

This  implies that either eg E(F,A);eq,E(FC, A); ey, E(G,A); ey, E(GE,A)  or
e, E(FC,A); ey, E(GE, A); ey, (G, A). This implies either eg, E(F,A);eq,E(FC,A) or
e, E(FC,A); x,E(F, Aand  either ey, E(G,A); ey, E(GE, A)orey, E(GE, A); en,€(G,A).
Since ((F, 4), (G, A))&p x o, We have b-open (F, A)Ep and b-open(F, A)E o. this proves that
(X,p,A) and (Y, 0, A) are soft b- T,.

Theorem 5.2. A binary soft topological space (X,Y,t x o, 4) is binary soft b-T, space with
respect to first and the second coordinates, then (X, Y, T x o, A)is binary soft b-T, space.

Proof. Let (X,Y,t X 0,A) is binary soft b-T, space with respect to first and the second
coordinates. Let (%1'611411)' (eGZ,eHZ)SX XY with  eg, > eg,,en, > e, Take a€¥ and
BEX.Then (g, ), (eq, @)EX X Y .Since (X,Y,7 X 0,A) is a binary soft b-Tyspace with
respect to the first coordinate, by using definition, there exists b-open sets ((F, A), (G,A))ér X
o with eg,E(F,A), eg, & (F,A), a€(G,A). Since(B, ey, ), (B en,)EX X Y, by using the
arguments and using definition there exists b-open sets ((H,A),(K,A))Et x o with
en, EK, A), ey, & (K, A), BE(H, A). Therefore, (e, en,) E((F,4), (K,A)) and
(e, €my) E((F¢,A), (K¢ A)). Hence (X, Y, 7 x 0, A) is called a binary soft b-T,.

Theorem 5.3. A binary soft topological space (X, t,A) and (¥, o, A) are soft b-T; spaces if and
only if the binary soft topological space (X, Y, t x o, A) is soft binary b-Ty;.

Proof. Suppose (X,7,4) and (X, g, A) are soft b-T;spaces. Let (eg,, en,) , (ég, en,) EX X Y
with eg, > eg, , em; > em,- Since (X, 7, A) is soft b-T; space, there exists soft b-open sets such
that (F,A), (G, A)Et, eg,E(F,A) and eg,E(G, A) such that eg, & (G,A) and eg, & (F,A).
Also, since (Y,0,4) is soft b-T;space, there exists soft b-open sets such that
(H,4),(1,A)€0, ey, E(H,A) and ey, E(I,A) such that ey, & (I,A) and ey, & (H,A).thus
(ecpen)E((F,A), (H,4))and (eg,, en,)E((G,A), I, A)) with (eg,, en,)E((GE, A), (I€, 4))
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and (eg,, en,)E((FC,A), (HC, A)).This implies that (X,¥,7 X g,4) is soft binary b-T;.
Conversely assume that (X,Y,t X g, A) is soft binary b-T;. Let eg,, eg,EX and ey, ey, EY
such that eg, > eg, , em, > em,- Therefore (eg,,em,), (e, em,)EX X Y. Since (X,Y,7 X
o,A) is soft binary b-T;, there exists b-open sets (F,A),(G,A) and b-open sets
(H,A),(I,A)E(T x 0), (eg,reny )E((F, A), (G, A)) and (eg,, en,)E((H, A), (I,A)) such that
(eg,» en,)EHE, A), (I€, A) and (ec, e, )E((FC,A), (GS, A)). Therefore,
e, E(F,A), eg,E(H,A) and eg, E(HC, A) and eg,E(FC,A) and , y,E(GC, A) and ey, (1, A)
and , ey, E(I€, A) and , e, £(GE, A). Since (F, A), (G, A)ét x g, We have(F, A), (H, A)Et and
(G, A),(I,A)Ea. This proves that (X,7,A) and (X, g, A) are soft b-T; spaces.

Theorem 5.4. A binary soft topological space (X,Y, M, A) is binary soft b-T; space if and
only if every binary soft point g (X) X g(Y) is binary soft b-closed.

Proof. Suppose that (X,Y,M,A) is binary soft b-T; space. Let (x,y)EX xVY. Let
({x}, {fegDEP(X) x p(Y).We shall show that ({eg},{ey}) is binary soft b-closed. It is
sufficient to show that (X\{eg}, Y\{ex}) is binary soft b-open. Let (a,b)E(X\{eg} Y\{eu})-
This implies that a€X\{eg} and bEY\{ey}. Hence a # eg and b # ey. That is, (a, b) and
(e, ey) are distinct binary soft points of X x Y. Since (X, ¥, M, A) is binary soft b- T; space,
there exists binary soft b-open sets ((F,A),(G,A)) and (H,A),(I,A) such that
(a,b)E((F, A), (G,A)) and (x,y)E((H,A),(I,A)) such that (a, b)E((HE, A), (I¢,A)) and
(e, en) E((FC, A), (G€, A)). Therefore, ((F,A), (G, A)) € ({eg)C, {en}). Hence({eg}C, {en}®)
is a soft neighbourhood of (a,b). This implies that ({eg},{ey})is binary soft b-closed.
Conversely, suppose that ({eg} {en}) is binary soft b-closed for every (eg,ey)EX XY.
Suppose (e eny) » (€gy em,)EX X YWitheg, > eg, , en, > em, Therefore,
(ecpen)E({ec,) {en,)) and  ({eq,) {ew,}) is binary soft b-open. Also

(eGl,eHI)S({eGZﬁeHZ}C) and & ({eﬁlﬁeﬂl}c) is binary soft b-open set. Also
(ecp en)Eeq, ) {en,) ) and E({eg, ), {en,) ) is binary soft b-open set. This shows that
(X,Y, M, A) is binary soft b-T; space.

Theorem 5.5. A binary soft topological space (X, t,A) and (Y, o, A) are soft b-T,spaces if and
only if the binary soft topological space (X, Y, T x o, A) is soft binary b-T,.

Proof. Suppose (X,7,4) and (X, g, A) are soft b-T,spaces. Let (eg,, em,), (ég, en,)EX X Y
witheg, > eg, , em; > em,- Since (X, 7, A) is soft b-T,space, there exists soft b-open sets such
that (F,A), (G, A)E, eg,E(F,A) and eg,E(G, A) such that eg, & (G,A) and eg, & (F,A).
Also, since (Y,0,4) is soft b-T, space, there exists disjoint soft b-open sets such
that(H, A), (I, A)€o, ey, E(H, A) and ey, E(I, A) such that ey, & (I, A) and ey, & (H, A).thus
(ecpen)E((F,A), (H,4))and (eg,, en,)E((G,A), I, A)) with (eg,, en,)E((GE, A), (I€, 4))
and  (eg,, en,)E((FC,A4), (HE, A)).Snce(F, A) and (G, A)are disjoint, (F,A) N (H,A) =
(@, ). Also, since(H,A) N (I,A) = (&, ®). Thus((F,A) N (H,A4),(GANUA)=
(@, ®). This implies that ~ we have this implies that (X,Y,t x o, A4) is soft binary b-T,.
Conversely assume that (X,Y,t X g, A) is soft binary b-T,. Let eg,, eg,EX and ey, ey, EY
such thateg, > eg, , en; > em, Therefore (eg,, en,), (eg,, em,)EX X Y. Since (X, Y, 7 X g, A)
is soft binary b-T,, there exists binary soft b-open sets (F, A), (G,A) and there exists binary
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soft b-open sets (H,A), (1, A)E(T X 0), (€6, en, ) E((F,A), (G, A)) and
(g en,)E((H,A), (1,A)) such that (egy) eHl)E(HC,TXT(IC, A) and
(egy em,)€ ((FC,A), (GC,A)). Therefore, eg, E(F,A), eg,£(H,A) and e, E(H®,A) and
eg,E(FC,A) and , ey, E(GE,A) and ey, E(1,A) and |, e, £, A) and , ey, E(GE, A). Since

(F,A), (G,A)Et x 6, We have(F,A), (H,A)Et and (G, A), (I, A)Eo. This proves that (X, t, A)
and (X, o, A) are soft b-T,spaces.

6. Conclusion

The soft separation axioms namely b-T,, b-T, and b-T, are extended to binary soft b-T,, b-T,
and b-T, structures. b-T,space with respect to first and second co-ordinates are beautifully
reflected.
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Abstract — In this paper, we introduce y*-locally closed sets and different notions of generalizations of
continuous functions in a topological space and study some of their properties. Several examples are
given to illustrate the behavior of these new classes of functions. Also, we define y*-submaximal
spaces.
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1. Introduction

Allah and Nawar [1] introduced the concept of y*-closed sets. The notion of locally
closed sets in a topological space was introduced by Bourbaki [2]. Ganster and Reilly
[5] further studied the properties of locally closed sets and defined the LC-continuity and

LC-irresoluteness. Gnanambal [6] introduced the concept of a-locally closed sets and
aL.C-continuous functions and investigated some of their properties. In this paper, we
introduce y*LC-sets, y*LC*-sets and y*LC**-sets by using the notion of y*-closed
and w*-open sets and study some of their properties. Finally, we also introduce and
study different classes of weaker forms of continuity and irresoluteness and some of
their properties in topological spaces.

2. Preliminaries

Throughout this paper (X, 7), (Y, o) and (Z, n) represent non-empty topological spaces
on which no separation axioms are assumed unless or otherwise mentioned. For a
subset A of a space (X, 7), cl(A) and int(A) denote the closure of A and the interior of
A, respectively.


http://www.newtheory.org/
mailto:ashrafnawar2020@yahoo.com

Journal of New Theory 26 (2019) 73-83 74

Let us recall the following definitions, which are useful in the sequel.

Definition 2.1 A subset A of a topological space (X, 7) is called:

(1) Generalized a-closed [7] (briefly ga-closed) if acl(A) < U whenever A c U and U
is a-open in (X, 7). The complement of ga-closed set is called ga-open.

(2) w*-closed [1] if acl(A) < U whenever A — U and U is ga-open in (X, 7). The
complement of y*-closed set is called y*-open.

(3) Locally closed (briefly LC) set [5] if A=G N F, where G is open and F is closed
in (X, 7).

(5) a-Locally closed (briefly aLC) set [6] if A =G N F, where G is a-open and F is
a-closed in (X, 7).

Definition 2.2 A topological space (X, 7) is called:

(1) submaximal space [3] if every dense subset of (X, 7) is open in (X, 7).

(2) a-submaximal space [6] if every dense subset of (X, 7) is a-open in (X, 7).
(3) door space [4] if every subset of (X, 7) is either open or closed in (X, 7).
4 T]/";* space [1] if every y*-closed set is a-closed.

Definition 2.3 A function f: (X, 7) — (Y, o) is called:
(1) LC-continuous [5] if f1(V) is locally closed set in (X, 7) for each closed set V of

(Y, o).

(2) aLC-continuous [6] if (V) is a-locally closed set in (X, 7) for each closed set V
of (Y, o).

(3) LC-irresolute [5] if f1(V) is locally closed set in (X, 7) for each locally closed set V
of (Y, o).

(4) aLC-irresolute [6] if f1(V) is a-locally closed set in (X, 7) for each o—locally
closed set V of (Y, o).

3. y*-Locally Closed Sets

In this section, we introduce three weak types of locally closed sets denoted by
w*LC(X, 7), w*LC*(X, 7) and y*LC**(X, 7) each of which contains LC(X, 7) and
obtain some of their properties. Also, we introduce y*-submaximal spaces and
obtain some of their properties.

Definition 3.1 A subset A of a topological space (X, 7) is called an y*-locally closed
set (briefly, y*LC-set) if A=G N F, where G is w*-open and F is yw*-closed in (X, 7).
The class of all w*-locally closed subsets of (X, 7) is denoted by w*LC(X, 7).

Remark 3.1 The following are well known

(i) A subset A of (X, 7) is w*LC-set if and only if it's complement X—A is the union of
an y*-open and an y*-closed set.

(i) Every w*-open (resp. w*-closed) subset of (X, 7) is an y*LC-set.

Theorem 3.1 Every locally closed set is an yw*LC-set but not conversely.
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Proof. The proof follows from the fact that every closed (resp. open) set is an
w*-closed (resp. y*-open).

Example 3.1 Let X = {a, b, ¢, d} with 7= {X, ¢, {a}, {b}, {a, b}, {a, b, c}}. Then a
subset B={a, b, d} ¢ LC(X) but B € y*LC (X).

Theorem 3.2 Every a-locally closed set is an y*LC-set but not conversely.

Proof. The proof follows from the fact that every a-closed (resp. a-open) set is an
w*-closed (resp. y*-open).

Example 3.2 Let X = {a, b, c} with 7= {X, ¢, {a, b}}. Then a subset B = {a, c} ¢
aL.C(X) but B € y*LC (X).

Definition 3.2 A subset A of a topological space (X, 7) is called an y*LC*-set if
A =G N F,where Gis y*-open and F is closed in (X, 7).

The class of all y*LC*-subsets of (X, 7) is denoted by y*LC*(X, 7).

Definition 3.3 A subset A of a topological space (X, 7) is called an y*LC**-set if
A =G N F,where GisopenandF is y*-closed in (X, 7).

The class of all w*LC**-subsets of (X, 7) is denoted by y*LC**(X, 7).

Theorem 3.3 If a subset A of (X, 7) is locally closed, then it is yw*LC(X, 1),
w*LC*(X, 7) and w*LC**(X, 7).

Proof. Let A=G N F, where G is open and F is closed in (X, 7). Since every open set
is w*-open and every closed set is w*-closed, it follows that A is yw*LC(X, 1),
w*LC*(X, 7) and y*LC**(X, 7).

The converse of the above theorem need not be true as seen from the following
example.

Example 3.3 In Example 3.2, we have LC(X) = {X, ¢, {c}, {a, b}}, v*LC(X) = {X, 4,
{a}, {b}, {c}, {a b}, {a c}, {b, c}}, v*LC*(X) = {X, ¢, {a}, {b}, {c}, {a b}} and
w*LC**(X) = {X, ¢, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}}. Here, {a} is y*LC(X, 7),
w*LC*(X, 7) and yw*LC**(X, 7) but not LC(X, 7).

Theorem 3.4 If a subset A of (X, 7) is w*LC*(X, 1), then itis w*LC(X, 7).

Proof. Let A be an w*LC*-set and every closed set is w*-closed in (X, 7), we
have A = G N F, where G is w*-open and F is y*-closed in (X, 7). Therefore,
A e v*LC (X, 7).

The converse of the above theorem need not be true as seen from the following
example.
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Example 3.4 In Example 3.2, we have {a, ¢} € y*LC(X) but {a, c} ¢ w*LC*(X).
Theorem 3.5 Every y*LC**(X, 7) is y*LC(X, 7).

Proof. Let A be an y*LC**-set and every open set is y*-open in (X, 7), we
have A = G N F, where G is yw*-open and F is y*-closed in (X, 7). Therefore,
A e y*LC (X, 7).

The converse of the above theorem need not be true as seen from the following
example.

Example 3.5 Let X = {a, b, c} with 7= {X, ¢, {b}}. Then a subset B = {b, c} €
w*LC(X) but B ¢ y*LC**(X).

Theorem 3.6 Every oLC(X, 7) (resp. aLC*(X, 7), aLC**(X, 7)) is w*LC(X, 7)
(resp. w*LC*(X, 7), w*LC**(X, 1)).

Proof. Since every a-open set is w*-open and every a-closed set is y*-closed, the
proof follows.

The converse of the above theorem need not be true as seen from the following
example.

Example 3.6 In Example 3.2, we have aLC(X) = aLC*(X) = aLC**(X) {X, ¢, {c},
{a b}}, w*LC*(X) = {X, ¢, {a}, {b}, {c}, {a, b}} andy*LC(X) = y*LC**(X) = P(X).
Here, {a} is y*LC(X, 7) (resp. w*LC*(X, 7) and w*LC**(X, 7)) but not an aLC(X, 7)
(resp. aLC*(X, 7) and aLC**(X, 7)).

Theorem 3.7 If A € w*LC(X, 7) and B is w*-open set in (X, 7), then AN B €
w*LC(X, 7).

Proof. Since A € y*LC (X, 1), there exist an y*-open G and an w*-closed set F
such that A=G N F.Now, ANB=(GNB)NF.Since G N B is y*-open and F is
w*-closed, it follows that A N B € w*LC (X, 7).

Remark 3.2 y*LC- sets and y*LC**-sets are independent of each other as seen from
the examples.

Example 3.7 In Example 3.1, the set A = {a, b, d} is y*LC-set but not an y*LC**-
set.

Example 3.8 In Example 3.2, the set A = {a, c} is y*LC**-set but not an y*LC-set.

Theorem 3.8 For a subset A of a topological space (X, 7), the following are
equivalent:

(1) A € y*LC*(X, 1),

(2) A=G N acl(A) for some yw*-open set G,

(3) acl(A) — Ais y*-closed,
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(4) AU (X=acl(A)) is w*-open.

Proof: (1) — (2). Let A € w*LC*(X, 7). Then there exist an y*-open set G and a
closed set F of (X, 7) suchthat A=G N F. Since A < G and A < acl(A). Therefore,
we have A < G N acl(A).

Conversely, since acl(A) < F, G N acl(A) < G N F = A, which implies that
A=G N acl(A).

(2) — (1). Since G is w*-open and acl(A) is closed G N acl(A) € y*LC*(X, 1),
which implies that A € y*LC*(X, 7).

(3) — (4). Let F = acl(A)— A. Then F is w*-closed by the assumption and
X=F = X N (acl(A) - A)° = A U (X~acl(A)). But X—F is y*-open. This shows that
A U (X-acl(A)) is w*-open.

(4) — (3). Let U = A U (X~acl(A)). Since U is y*-open set, X—U is y*-closed.
X-U = X-( A U (X-acl(A))) = acl(A) N (X— A) = acl(A) — A. Thus, acl(A) — A'is
w*-closed set.

4 — (2). Let G = A U (X-acl(A)). Thus, G is w*-open. We prove that
A =G N acl(A) for some y*-open G. Since, G N acl(A) = (A U (X~acl(A)) N acl(A)
= (acl(A) N A) U (acl(A) N (X=acl(A)) = A. Therefore, A =G N acl(A).

(2) > 4). Let A = G N acl(A) for some w*-open G. Then we prove that
AU (X-acl(A)) is w*-open. Now, A U (X~acl(A)) = G N (acl(A)) N (X—acl(A)) = G,
which is w*-open. Thus, A U (X-acl(A)) is y*-open.

Theorem 3.9 If A, B € w*LC*(X, 7),then AN B e y*LC*(X, 7).

Proof. From the assumption, there exist y*-open sets G and H such that
A=G N acl(A) and B=H N acl(B). Then AN B = (G N H) N (acl(A) N acl(B)).
Since G N H is y*-open set and acl(A) N acl(B) is closed. Therefore, A N B €
w*LC*(X, 7).

Theorem 3.10 If A € w*LC(X, 7) and B is y*-open set in (X, 7), then AN B
w*LC(X, 7).

Proof. Let A € y*LC*(X, 7). Then A= G N F where G is yw*-open and F is y*-closed
So,ANB=(GNB)NF.Since GN B is y*-open and F is w*-closed, it follows that
AN B e y*LC(X, 7).

Theorem 3.11 If A € yw*LC*(X, 7) and B is w*-open (or closed) set in (X, 7), then
ANB e w*LC*(X, 7).

Proof. Since A € y*LC*(X, 7), there exist an y*-open G and a closed set F such that
A=GNF.Now,ANB=(GNB)NF.Since GN B is y*-open and F is closed, it
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follows that A N B € w*LC*(X, 7).

In this case, B being a closed set, we have ANB=(GNF)NB=GN(F N B). Since
G is w*-open setand F N Bis closed, AN B € y*LC*(X, 7).

Theorem 3.12 If A € y*LC**(X, 1) and B is w*-closed (or open) set in (X, 7), then
AN B e y*LC**(X, 7).

Proof. Since A € y*LC**(X, 1), there exist an open set G and an y*-closed set
Fsuchthat A=G N F. Now, AN B =G N (F N B). Since G is open and (F N B) is
w*-closed, it follows that A N B € y*LC**(X, 7).

In this case, B being an open set, we have ANB=(GNF)NB=(GNB)NF. Since
G N Bisopensetand F is y*-closed, then AN B € y*LC**(X, 7).

Theorem 3.13 Let (X, 7) and (Y, o) be two topological spaces

(i) If A € w*LC(X, 7) and B € w*LC(Y, 0),then Ax B € y*LC(X x Y, 7x 0).

(ii) If A € w*LC*(X, 7) and B € w*LC*(Y, o), then Ax B € y*LC*(X x Y, 7% o).
(iii) If Ae w*LC**(X, 7) and Be w*LC**(Y, o), then A x B € y*LC**( X x Y, 7x 0),

Proof. Let A € y*LC(X, 7) and B € yw*LC(Y, o). Then there exist y*-open sets M
and N of (X, 7) and (Y, o) and y*-closed sets F and K of X and Y respectively, such
that A=M N Fand B=N N K. Then A x B = (M x N) N (F x K) holds. Hence, A x B
e y*LC(X x Y, 7x o).

(ii) and (iii) The proofs are similar to (i).

Definition 3.4 A topological space (X, 7) is said to be y*-submaximal if every dense
subset in it is y*-open.

Theorem 3.14 Every submaximal space is y*-submaximal.

Proof. Let (X, 7) be a submaximal space and A be a dense subset of (X, 7). Then
A is open. But every open set is w*-open and so A is w*-open. Therefore, (X, 7) is
w*-submaximal.

The converse of the above theorem need not be true as seen from the following
example.

Example 3.9 Let X = {a, b, ¢, d} with 7= {X, ¢, {a}, {b}, {a, b}, {a, b, c}}. Then the
space (X, 7) is w*-submaximal but not submaximal. However, the set A = {a, b, d} is
dense in (X, 7), but it is not open in X. Therefore, (X, 7) is not submaximal.

Theorem 3.15 Every a-submaximal space is y*-submaximal.
Proof. Let (X, 7) be an a-submaximal space and A be a dense subset of (X, 7). Then A

IS a-open. But every a-open set is w*-open and so A is y*-open. Therefore, (X, 7) is
w*-submaximal.
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Theorem 3.16 A topological space (X, 7) is w*-submaximal if and only if
w*LC*(X, 7) = P(X).

Proof. Necessity: Let A € P(X) and U = A U (X~acl(A)). Then acl(U) = X. Since
(X, 7) is w*-submaximal, U is y*-open. By Theorem 3.8, A € w*LC*(X, 7) and so
P(X) = w*LC*(X, 7).

Sufficiency: Let A be a dense subset of (X, 7). Then A U (X-acl(A)) = A. Since
A € y*LC*(X, 7), by Theorem 3.8, A is y*-open in (X, 7). Hence, (X, 7) is
w*-submaximal.

4. w*L.C-Continuous Functions in Topological Spaces

In this section, we introduce the concepts of w*LC-continuous, y*LC*-continuous
and y*LC**-continuous functions which are weaker than LC-continuous functions.

Definition 4.1 A function f: (X, 7) — (Y, o) is called y*LC-continuous (resp. y*LC*-
continuous, y*LC**-continuous) if f1 (V) e y*LC(X, 7) (resp. f* (V) € w*LC*(X, 1),
1 (V) e w*LC**(X, 7)) for each closed set V of (Y, o).

Theorem 4.1 Let f: (X, 7) — (Y, o) be a function. Then we have the following

(i) If f is LC-continuous, then f is w*LC-continuous, w*LC*-continuous and y*LC**-
continuous.

(ii) If f is y*LC*-continuous or y*LC**-continuous, then f is y*LC-continuous.

Proof. (i) Let f be a LC-continuous and V be an open set of (Y, o). Then 1 (V) is
locally closed in (X, 7). Since every locally closed set is y*LC-set, y*LC*-set and
w*LC**-set, it follows that f is y*LC-continuous, y*LC*-continuous and y*LC**-
continuous.

(i) Let f: (X, 7) — (Y, o) be an y*LC*-continuous or yw*LC**-continuous function.
Since every y*LC*-set is w*LC-set and every y*LC**-set is y*LC-set. Therefore,
the proof follows.

The converse of the above theorem need not be true as seen from the following
example.

Example 4.1 Let X = Y = {a, b, c} with 7= {X, ¢, {b}} and o = P(Y). Let
f: (X, ©) — (Y, o) be the identity function. Now, LC(X, 7) = {X, ¢, {b}, {a, c}},
w*LC(X, 7) = w*LC*(X, 1) = w*LC**(X, 7) = P(X) and LC(Y, o) = w*LC(Y, o) =
w*LC*(Y, o) = w*LC**(Y, o) = P(Y). Then f is not LC-continuous, since for the
closed set {b, c}, fY{b, c} = {b, c} is not locally closed in X, but it is y*LC-
continuous, w*LC*-continuous and y*LC**-continuous.

Example 4.2 Let X =Y = {a, b, ¢, d} with 7= {X, ¢, {a}, {b}, {a, b}, {a, b, c}}
and o= {Y, ¢ {c}}. Then the identity function f: (X, 7) — (Y, o) is w*LC-continuous
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but not w*LC**-continuous, since for the closed set {a, b, d} of (Y, o),
f{a, b, d} = {a, b, d} is not y*LC**-set in X but it is y*LC- set in X.

Theorem 4.2 Let f: (X, 7) — (Y, o) and g: (Y, o) — (Z, ) be any two functions. Then:
(i) g o fis w*LC-continuous if g is continuous and f is y*LC-continuous,

(i) g o fis w*LC*-continuous if g is continuous and f is y*LC*-continuous,

(iii g o fis w*LC**-continuous if g is continuous and f is y*LC**-continuous,

Proof. Let V be a closed set in (Z, #) and g be a continuous function. Then
gY(V) is closed set in (Y, o) and since f is y*LC-continuous, we get f(g(V)) is
w*LC-setin (X, 7). Thus, g o f is w*LC-continuous.

(ii) (i) Similarly.

Definition 4.2 A function f: (X, 7) — (Y, o) is called y*LC-irresolute (resp. y*LC*-
irresolute, y*LC**-irresolute) if f1 (V) € w*LC(X, 1) (resp. f* (V) € w*LC*(X, 1),
V) e y*LC**(X, 7)) for V e w*LC(Y, o) (resp. V e y*LC*(Y, o),
V e y*LC**(Y, o).

Example 4.3 Let X =Y ={a, b, c} with 7= {X, ¢, {a}} and o= {Y, ¢, {a}, {b, c}}.
Then the identity function f: (X, 7) — (Y, o) is y*LC- irresolute, w*LC*- irresolute
and w*LC**- irresolute.

Theorem 4.3 If a function f: (X, 7) — (Y, o) is LC- irresolute, then f is y*LC-
irresolute, y*LC*- irresolute and y*LC**- irresolute.

Proof. Let f be a LC- irresolute and V be a LC-set of (Y, o). Then f1 (V) is LC(X, 7).
Since every LC-set is a y*LC-set, w*LC*-set and w*LC**-set, it follows that f is
w*LC- irresolute, w*LC*- irresolute and yw*LC**- irresolute.

The converse of the above theorem need not be true as seen from the following
example.

Example 4.4 As in Example 4.1, the function f is not LC- irresolute, since for the
locally closed set {b, c}, f{b, c} = {b, c} is not locally closed in X. However, f is
w*LC- irresolute, y*LC- irresolute and y*LC**- irresolute.

Theorem 4.4 If a function f: (X, ©) — (Y, o) is w*LC- irresolute (resp. y*LC*-
irresolute and y*LC**- irresolute), then f is w*LC-continuous, y*LC*-continuous
and w*LC**- continuous.

Proof. Since every LC-set is y*LC-set, w*LC*-set and y*LC**-set, the proof
follows.

The converse of the above theorem need not be true as seen from the following
example.
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Example 4.5 Let X =Y = {a, b, c} with 7= {X, ¢, {a}, {b, c}} and o= {Y, ¢, {b}}.
Define a function f: (X, 7) — (Y, o) by f(a) = b, f(b) =a and f(c) = c. Then f is y*LC-
continuous, w*LC*- continuous and y*LC**- continuous but not w*LC- irresolute,
w*LC*- irresolute and yw*LC**- irresolute, since for the y*LC-set (resp. y*LC*-set
and y*LC**-set) {a, b}, f'{a, b} = {a, b} is not yw*LC-set (resp. w*LC*-set and
w*LC**-set) in (X, 1).

Theorem 4.5 Let f: (X, 7) — (Y, o) and g: (Y, o) — (Z, ) be any two functions. Then:

(i) gofis w*LC-continuous if g is y*LC-continuous and f is y*LC-irresolute,

(i) g o f is w*LC*-continuous if g is y*LC*-continuous and f is y*LC*-
irresolute,

(iii) g o f is y*LC**-continuous if g is y*LC**-continuous and f is y*LC**-
irresolute,

(iv) gofis w*LC- irresolute if f and g are w*LC-irresolute,

(v) gofis y<LC*- irresolute if f and g are w*LC*-irresolute,

(vi) g o fis w*LC**- irresolute if f and g are y*LC**-irresolute.

Proof. (i) Let V be a closed set in (Z, ) and g be an yw*LC-continuous function.
Then g*(V) is w*LC- set in (Y, o) and since f is w*LC-irresolute, we get
(g (V)) is w*LC- setin (X, 7). Thus, g o f is y*LC-continuous.

(ii) — (iii) Similar to (i).

(iv) Let V be an yw*LC-set in (Z, n) and g be an w*LC- irresolute function. Then
gl(V) is w*LC- set in (Y, o) and since f is y*LC-irresolute, we get f1(g(V)) is
w*LC- setin (X, 7). Thus, g o fis y*LC-irresolute.

(v) — (vi) Similar to (iv).

Theorem 4.6 Let {Z; : i € 7} be a cover of X, where X is finite set and A be a subset
of X. Suppose {Zi : i € 7} is w*LC- set in X and the collection of yw*LC- set
Is closed under finite unions. If A N Zi e w*LC**( Z;, t/ Zj) for each i e z, then
A e yLC**(X, 7).

Proof. Leti € rand since A N Zj e w*LC**( Z;, =/ Z;). Then there exist an open set
Ui of (X, 7) and w*-closed set Fi of (Zi, t/ Z) suchthat AN Zi= (UiN Z) NF =
Ui N(Zi N Fi). Therefore, A=U{ANZ:iet}=U{UiietINU{ZNFiiiet})
and hence A e y*LC**(X, 7).

Theorem 4.7 Let f: (X, ) — (Y, o) be an w*-irresolute injective map. Then
(i) If B € w*LC(Y, o), then f* (B) € w*LC(X, 1),
(i) If Xisa T]j’s*- space and B € y*LC(Y, o), then f* (B) € aLC(X, 7.)

Proof. (i) Let B € w*LC(Y, o). Then there exist y*-open set G and w*-closed
set F such that B = G N F, f! (B) = f* (G) N f(F). Since f is y*-irresolute,
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f1(G) and f1(F) are w*-open and w*-closed sets in X respectively. Hence,
1 (B) € w*LC(X, 7).

(ii) Let B € w*LC(Y, o). Then there exist y*-open set G and y*-closed set F such
that B = G N F, f! (B) = f1 (G) N f(F). Since f is w*-irresolute, f! (G) and
1(F) are w*-open and y*-closed sets in X respectively. From hypothesis f* (G) and
1(F) are a-open and a-closed sets in X. Hence, f! (B) € aLC(X, 1).

Theorem 4.8 Any function defined in a door space is w*-continuous (resp.
w*-irresolute).

Proof. Let f: (X, ©) — (Y, o) be a function where (X, 7) is a door space and
A e (Y, o) (resp. A € w*LC((Y, o). Then f(A) is either open or closed. Since
every open or closed set is w*-open or w*-closed respectively and hence
f1(A) € w*LC(X, 7). Therefore, f is y*-continuous (resp. w*-irresolute).

Theorem 4.9 If X is a TJ/”;*- space, then w*LC(X, 7) = aLC(X, 7).

Proof. Let A € w*LC(X, 7). Then there exist y*-open set G and y*-closed set F
such that A= G N F. Since X is a T;”; -space, then G and F are a-open and a-closed

sets respectively and hence A e aLC(X, 7). The above implies w*LC(X, 1)
alL.C(X, 7).

On the other hand, let A € aLC(X, 7). Then A = G N F, G is a-open set and F is
a-closed. But every a-open (resp. a-closed) is w*-open (resp. w*-closed)
Hence, G is y*-open set F is w*-closed set. The above implies aLC(X, 7) <
w*LC(X, 7). Therefore, w*LC(X, 7) = aLC(X, 7).

Theorem 4.10 Every oL C-continuous function is y*LC-continuous.

Proof. Obvious.

The converse of the above theorem need not be true as shown in the following
example.

Example 4.6 Let X =Y = {a, b, c} with 7= {X, ¢, {a, b}} and o= {Y, ¢, {b}}. Then
the identity function f: (X, 7) — (Y, o) is not aL.C-continuous since {a, ¢} € C(Y) but
1 ({a, c}) = {a, c} ¢ aL.C(X). However, f is w*LC-continuous.

Theorem 4.11 If f: (X, 7) — (Y, o) is y*LC-continuous and X is a T,/; - space, then
f is aLL.C-continuous.

Proof. Let G be an open set of and f be an w*LC-continuous. Then f(G)
IS w*LC-set in X. Since X is a T]j;*- space, every w*-open (resp. w*-closed)
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is a-open (resp. a-closed) in X. Then f1(G) is yw*LC-set in Y and hence f is
aL.C-continuous.

Theorem 4.12 If f: (X, 7)) — (Y, o) is aLC-irresolute and g: (Y, o) — (Z, #)
is w*LC-continuous and Y is a T]jg*- space, then g o f : (X, 1) — (Z, n) is
aL.C- continuous.

Proof. Let F be a closed set of Z and g be an w*LC-continuous. Then g* (F)
is y*LC-set in Y. Since Y is a Tj - space, g* (F) is aL.C-set in Y. Since

f is aLC-irresolute, then ! (g (F)) is aLC-set in X. Therefore, (g o f)*(F) is
alL.C-set in X and g o fis aL.C- continuous.
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1. Introduction

The notion of fuzzy sets for dealing with uncertainties was introduced by Zadeh [15]. Fuzzy
topology was introduced by Chang [4]. To overcome difficulties in fuzzy set theory soft sets
were introduced in 1999 [11]. The hybridisation of fuzzy set and soft set known as fuzzy soft
set was introduced by Maji et.al. [10]. The notion of topological structure of Fuzzy soft sets
was introduced by Tanay and Kandemir [13] and studied further by many authors [5,6,12,14].
The concept of fuzzy soft semi open set was introduced by Kandil et al. [8] whereas fuzzy
soft pre-open and regular open sets was introduced by Hussain [7] and fuzzy soft b-open sets
was introduced by Anil [1]. In this paper we introduce fuzzy soft locally closed and fuzzy
soft b-locally closed sets and study their properties. Further we define fuzzy soft LC-
continuous and fuzzy soft b-LC-continuous functions and study few of the properties.

2. Preliminaries

Definition2.1 [10] Let X be an initial universal set, 1* be set of all fuzzy setson X and E
be a set of parameters and let Ac E. A pair (f, A)denoted by f,is called fuzzy soft set

over X, where f isamapping givenby f:A—1* ie. foreach acA, f(@="f :X I

* Corresponding Author.
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is a fuzzy seton X

Definition2.2 [12] Let 7 be a collection of all fuzzy soft sets over a universe X with a fixed
parameter set E then (X, 7, E) is called fuzzy soft topological space if i. OE, iE e r il. Union

of any members of zis a member of r, iii. Intersection of any two members of z is a
member of 7. Each member of z is called fuzzy soft open set i.e. A fuzzy soft set f, over

X is fuzzy soft open if and only if f, ez. A fuzzy soft set f,over X is called fuzzy soft
closed set if the complement of f, is fuzzy soft open set.

Definition2.3 [14] The fuzzy soft closure of f,, denoted by Fscl(f,)is defined as
Fscl(f,)=N{hy : h, is fuzzy soft closed set and f, < h,}

Definition2.4 [14] The fuzzy soft interior of g, denoted by Fs int(gg)is defined as
Fs int(gy) =U{h, : hy is fuzzy soft open set and h, < g;}

Definition2.5 [7] Fuzzy soft set f, of a fuzzy soft topological space (X,z, E) is called
fuzzy soft pre-open set if f,<FsintFscl(f,) and fuzzy soft pre-closed if
FsclFsint(f,) < f,

Definition2.6 [7] Fuzzy soft set f, of a fuzzy soft topological space (X,z,E) is called
fuzzy softo-open set if f, < Fsint(Fscl(Fsint(f,)))

Definition 2.6 [1] A fuzzy soft set f, in a fuzzy soft topological space (X,z,E) is called
fuzzy soft b-open set if f, <FsintFscl(f,)v FsclFsint(f,)and fuzzy soft b-closed set if
f, > Fsint Fscl(f,) v FsclFsint(f,)

Definition 2.7 [1] Let f, be a fuzzy soft set in a fuzzy soft topological space (X,7,E)
then fuzzy soft b-closure of f, and fuzzy soft b-interior of f, are defined as

(i) fsb—cl(f,)=MN{gz:0zisa fsb—closedset& g, >f,}
(i) fsb—int(f,)=U{h,:h, isa fsb—openset&h. <f,}

3. Soft Locally Closed Sets

Definition 3.1. A fuzzy soft set (F, E) is called fuzzy soft locally closed set in a fuzzy soft
topological space (X,z,E)if (F, E) = (G, E)YN(H,E) where (G, E) is fuzzy soft open and
(H, E) is fuzzy soft closed in X.

The family of all fuzzy soft locally closed sets of a fuzzy soft topological space (X,z,E)is
denoted by FSLCS (X, 7, E).

Theorem 3.2. In a fuzzy soft topological space (X,z, E), every fuzzy soft open set is fuzzy
soft locally closed.
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Proof. Let (F, E) be fuzzy soft open in X, then (F, E) is fuzzy soft locally closed in X,
since (F,E)=(F,E)N1.

Theorem 3.3. Let (X, 7, E) be a fuzzy soft topological space. If (F1, E) and (F2, E) are two

fuzzy soft locally closed sets in X then (F1, E) N (F2, E) is a fuzzy soft locally closed set
in X.

Proof. Let (F1, E) = (G1, E) N (Hy, E) and (F2, E) = (G2, E) N (H2, E) where (G, E) and
(G2, E) are fuzzy soft open and (Hz, E) and (H2, E) are fuzzy soft closed in X. Then (Fq,
E) N (F2, E) = ((G1, E) N (H1, E)) N((G2, E) N (Hz, E)) = ((G1, E) N (G2, E)) N((H1, E) N
(H2, E)), where (G1, E) N (G2, E) is fuzzy soft open and (Hy, E) N (Hz, E) is fuzzy soft
closed and hence (F1, E) N (F2, E) is a fuzzy soft locally closed set in X.

Theorem 3.4. Let (X, 7, E) be a fuzzy soft topological space. Then (F, E) is fuzzy soft
locally closed if and only if (F, E) = (G, E)NFs-cl(F, E) for some fuzzy soft open set (G, E).

Proof. Let (F, E) be fuzzy soft locally closed set in X. Hence (F, E) = (G, E)N(H, E) where
(G, E) is fuzzy soft open and (H, E) is fuzzy soft closed in X. Then Fs-cl(F,E) = Fs-cl((G,
E)N(H, E)) <= Fs-cl(G, E)N Fs-cl(H, E) = Fs-cl(G, E)N (H, E). We have Fs-cl(F,E)c (H, E)
and hence (F, E)=(G, E)NFs-cl(F, E)=(G, E)N(H, E) = (F, E). Therefore (F, E) =
(G, E)NFs-cl(F, E).

Conversely, if (F, E) = (G, E)NFs-cl(F, E) for some fuzzy soft open set (G, E) then (F, E) is
fuzzy soft locally closed since Fs-cl(F, E) is fuzzy soft closed in X.

Definition 3.5. Let (F, E) and (G, E) be any two fuzzy soft sets. Then (F, E) and (G, E)
are said to be separated if (F, E)NFs-cl(G, E) = (G, E)NFs-cl(F,E) = 0.

Theorem 3.6. Let (X, 7, E) be a fuzzy soft topological space and (F1, E) and (F2, E) are
two fuzzy soft locally closed in X. If (F1, E) and (F2, E) are separated in X then (F1, E) U
(F2, E) is a fuzzy soft locally closed in X.

Proof. Since (F1, E) and (F2, E) are two fuzzy soft locally closed in X, we have (F1, E) =
(G1, E)NFs-cl(F1, E) and (F2, E) = (G2, E)NFs-cl(F2, E), where (G1, E) and (G2, E) are
fuzzy soft open in X. Since (F1, E) and (F2, E) are separated, we have (F1, E)NFs-cl(F,
E) = (F2, E)NFs-cl(Fy, E) = 0 and which implies (F1, E)U (F2, E) =(Gy1, E) U (G2, E) N Fs-
cl((F1, E) U (F2, E)). Hence (F1, E)U (F2, E) is fuzzy soft locally closed set in X.

Theorem 3.7. Let (X, 7, E) be a fuzzy soft topological space. For a fuzzy soft set (F, E)

following are equivalent

(i) (F, E)is fuzzy soft open in X

(i)  (F, E) is fuzzy soft a-open and fuzzy soft locally closed
@iii) (F, E) is fuzzy soft pre-open and fuzzy soft locally closed
(iv) (F, E) is fuzzy soft b-open and fuzzy soft locally closed

Proof. (i) implies(ii), (ii) implies (iii) and (iii) implies (iv) are obvious
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(iv) Implies (i): Let (F, E) be fuzzy soft b-open and fuzzy soft locally closed set in X. We
have (F, E) cFs-int(Fs-cl(F, E)) U Fs-cl(Fs-int(F, E)) and (F, E) = (G, E)NFs-cl(F, E) where
(G, E) is fuzzy soft open. Then (F, E) = (G, E)N(Fs-int(Fs-cl(F, E)) U Fs-cl(Fs-int(F, E)))=
((G, E)NFs-int(Fs-cl(F, E))) U ((G, E)NFs-cl(Fs-int(F, E))) = Fs-int((G, E)NFs-cl(F, E)) U
Fs-int(F, E) = Fs-int(F, E) U Fs-int(F, E) = Fs-int(F, E). Hence (F, E) is fuzzy soft open in X.

Definition 3.8. A fuzzy soft set (F, E) is called fuzzy soft b-locally closed set in a fuzzy soft
topological space (X,z,E) if (F, E) = (G, E)N(H, E) where (G, E) is fuzzy soft b-open and
(H, E) is fuzzy soft b-closed in X.

The family of all fuzzy soft b-locally closed sets of a fuzzy soft topological space (X,z,E)is
denoted by FSBLCS (X, 7,E).

Remark 3.9. It is obvious that every fuzzy soft b-closed set is fuzzy soft b-locally closed set.

Remark 3.10. Every fuzzy soft locally closed set is fuzzy soft b-locally closed set but
converse need not be true.

Example 3.11. Let X ={a, b,c},E={e1}, r= {I,ﬁ,(Fl, E),(F,, E)} where

(Fl'E)z{{l’g’g}} and (Fz’E)={{1,9,l}}.Clearlythe set (F,E):{{l,l,g}}is
abec abec a'bc

fuzzy soft b-locally closed set but not fuzzy soft locally closed.

Theorem 3.12. Let (X, 7, E) be a fuzzy soft topological space. Then (F, E) is fuzzy soft b-

locally closed if and only if (F, E) = (G, E)NFsb-cl(F, E) for some fuzzy soft open set
(G, E).

Proof. Let (F, E) be fuzzy soft b-locally closed set in X. Hence (F, E) = (G, E)N(H, E)
where (G, E) is fuzzy soft b-open and (H, E) is fuzzy soft b-closed in X. Then Fsb-cl(F,E)
< (H, E) and hence (F, E) = (F, E)NFsb-cl(F, E) = (G, E)N(H, E)N Fsb-cl(F, E) = (G,
E)NFsb-cl(F, E).

Conversely, if (F, E) = (G, E)NFsb-cl(F, E) for some fuzzy soft b- open set (G, E) and since
Fsb-cl(F, E) is fuzzy soft closed, hence (F, E) is fuzzy soft b-locally closed in X.

Definition 3.13. Let (X,r,E)and (Y,o,K) be fuzzy soft topological spaces and

f : X =Y beafunction. Then f iscalled a

(i) fuzzy soft locally continuous (LC-continuous) if for each open set (G, K) in Y,
f (G, K) is a fuzzy soft locally closed set in X.

(i)  fuzzy soft b-locally continuous (b-LC-continuous) if for each open set (G, K) in Y,
f (G, K) is a fuzzy soft b-locally closed set in X.

(1ii) fuzzy soft locally irresolute (LC-irresolute) if for each fuzzy soft locally closed set (G,
K)inY, f (G, K) isafuzzy soft locally closed set in X.

(iv) fuzzy soft b-locally irresolute (b-LC-irresolute) if for each fuzzy soft b-locally closed
set (G, K)inY, f (G, K) is a fuzzy soft b-locally closed set in X.

Theorem 3.14. Every fuzzy soft LC- continuous function is fuzzy soft b-LC- continuous.
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Proof. Let f :(X,7,E) — (Y, o, K)be fuzzy soft LC- continuous function. Then for any
fuzzy soft open set (G, K) in Y, f(G,K) is fuzzy soft locally closed in X. We have
f (G, K) = (G1, E)N(H1, E) where (G, E) is fuzzy soft open and (H1, E) is fuzzy soft
closed in X. Since every fuzzy soft open (closed) set is fuzzy soft b-open (b-closed) set.
Therefore f:(X,z,E) - (Y,o0,K)is b-LC- continuous. Converse of this theorem need
not be true as seen from the following example.

Example 3.15. Let X = Y={a, b, ¢}, E =K = {es}, ={L,0,(F,, E),(F,,E)} and
o =1{1,0,(G,E)} where (F,,E)= Hi g 0 } (F, E)= { 101 } and

co-{{33)

Consider an identity function f:X —Y, Clearly f*(G,E)= {{é % %}} is fuzzy soft b-

locally closed set but not fuzzy soft locally closed.

4. Conclusions

In this paper the concept of fuzzy soft locally closed set and fuzzy soft b-locally closed set is
introduced in fuzzy soft topological space. Also fuzzy soft LC-continuous and fuzzy soft b-
LC-continuous functions were defined in fuzzy soft topological space.
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1. Introduction

Mathematical modeling through fractional-orders differential and integral operators has
become increasingly common in recent years. In addition, that, the various types of
fractional-order differential equations are proposed for most of the standard models.
Fractional-order differential equations (FDES) are, at least, as stable as their integer order
counterpart, namely ordinary differential equation [1]. Therefore, the fractional-order
calculus has a considerable amount of attention for many areas of science [2-7]. In particular,
biology is a very rich resource for mathematical ideas.

The behavior of most biological systems has memory or after-effects. The modeling of these
systems by FDEs has more advantages than classical integer-order modeling, where such
effects are neglected [2]. In this study, a continuous time mathematical model proposed in
[8] is examined by using the system of FDEs.

2. Preliminaries and Definitions

In this section, the basic definitions and characteristics of fractional derivative operators is
expressed.
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2.1. Fractional Differential Operators
There are various descriptions of a fractional derivative with the order « > 0. The definitions

of Riemann-Liouville and Caputo are used most widely. The Riemann-Liouville fractional
integral operator with order a > 0 for the function f(t) is described as the following:

1 t
JOf ) = mf(t — D f(D)dr,a > 0,t > 0. (2.1)

Some of properties of the operator J¢ are as follows:

JAEF(®) = J**f (D)
]at]/ — M
'a+y+1)

(2.2)

aty

where u > —1,a, 8 = 0 and y > —1. The Caputo sense was used in this study. Taking into
account the definition of Caputo sense, the fractional derivative of the function f(t) is
identified as
_ 1 ™)
DUf(t) =]J™*D™f(t) = dr (2.3)

r'm-a) ) (t — 7)a—mtl

form—1<a<mmeN,t>0[9]

3. Model Formulation

The proposed model in this study is fractional-order form of model suggested in [8], which
showed dynamics between antibiotics concentrations and bacteria in an individual receiving
a cocktail of multi-drug treatment against bacteria. Bacteria in model have the competitive
ability against each order for common host. That all bacteria have not resistance ability
against to multiple antibiotics, has assumed in model. Let us denote by B,(t) and B,(t) the
population sizes of first, and second bacteria to multiple antibiotics at time t, respectively;
and by A;(t) the concentration of the i-th antibiotic fori = 1,2,...,n.

The parameters used in the model are as follows: It has supposed that bacteria follow a
logistic growth with different carrying capacity K; and K, respectively. In this sense, S,
and g, are the birth rate of first and second bacteria, respectively. The first and second
bacteria have per capita natural death rates up, and ug,, respectively. The first bacteria also
die due to the action of the antibiotics, and it has assumed that the rate at which they are
killed by the i-th antibiotic is equal to a; B 4;. In the same mind, it is q;B,A; for other. The

mutual competition between the species is dictated by M;, M,. Finally, the i-th antibiotic
concentration is supplied at a constant rate §;, and is taken up at a constant per capita rate w;
(or the excretion rate from body) [10].

Under the assumptions aforementioned and proposed in [8], it is obtained the following
system of (n + 2) fractional-order differential equation:
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o -
B, _
DBy = Bp,B; (1 - ?) - Z a; A;By| — pp, By — M BB,
1
L i=1 -
B, [ 1 (3.1)
DB, = ﬁBsz (1 - K_) - Z q; AiBy| — ug,B, — MyB, B,
2 ;
=1 i

DaAi =6i—(l)l'Al',fOTi= 1, yees, ML

wheret > 0,ne N*, D = % and a € (0,1], real number, is the orders of the derivatives in
this system. Also, B; = B;(t), B, = B,(t), A; = A.(t),..., A, = A, (t), the parameters
Br,, B, Up,, Up, M1, M, and a;, q; fori = 1,...,n are positive constants. Additionally, the
system (3.1) has to be finished with positive initial conditions By (t,) = By, B,(to) = B,
A1 (to) = Aggse s An(to) = Apyy-

The above scenario related to the parameters used in the model (3.1) has been graphically
described in Figure 3.1.

Antibiotic Concentrations

Figure 3.1. Schematic demonstration of interaction among bacteria (first and second) and concentrations of
multiple antibiotic in model (3.1).

To reduce the number of parameters, it is used change of variables b, = %, b, = B a; =
1
ﬁ—i". In the new variables, system (3.1) transforms to

Wi
rn

D%b, = ,31'31171(1 —by) — Z a;a;b, | — /JBlb1 — myb, by

i=1

[ | (3.2)
D%b; = fg,b,(1 — by) — Z qiaib, | — up,b; — myby1b,

L i=1 A
D“ai = w; — a)iai,fori = 1,2,...,7’1.
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where ¢; =G, (%), « = (%), My =%tand M, =22

Definition 3.1 The FDE model in (3.2) is rewritten the matrix form as the following:

DX (t) = AX(t) + x,(t)B,X(t) + x,(t)B,X(t) + H

X(0) =X, (3.3)
where
x1(t) by (t) x1(0)
x,(t) \ bz(t)\ xZ(O)
X(@) = x3'(t) = a1'(t) Xo=| x3 (0)
iz ®)  \an(®) xn+2<o>
/(:331 - .UBl) 0 0 \
| 0 (:332 - .UBZ) 0
A= 0 0 0
0 0 0o .. —@n/
—ﬁBl -m -0 —Qn
/ 0 0 0 . 0 \
By = k 0 o 0 .. o0 |
0 0 0 .. O /
and
0 0 0 0
—m; —ﬁBZ —-q1 - _Qn\
B,=| 0 0 0 0 |
S b )

Definition 3.2 For X(t) = (xl(t) x5 (t) x5(¢) ... xn+2(t)) let C*[0,T] be the set of
continuous column vectors X (t) on the interval [0, T]. The norm ofX(t) € C*[0, T] definite
in (3.3) is IX(©)|| = X2 sup, | x; ().

Proposition 3.1 Let considered Definition 3.1. Let R?*2 = {X:X >0} and X(t) =
(xl(t) X, (t) x3(t) ... xn+2(t))T. Let f(x) € C[a,b] and D*f(x) € Cla,b] for0 < a < 1,
and then, by the generalized mean value theorem, it is

f(x) = f(a) +r( )D“f(f)(x— a)*with0 <& < x,all x € [a,b].
According to this theorem,

e the function f(x) is increasing for each x € [a, b], when D*f(x) > 0, all x € [a, b],
e the function f(x) is decreasing for each x € [a, b], when D*f(x) < 0, all x € [a, b].
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Additionally, the vector field points into R}*?, since D%b;(t)|p,=p,=q;=0 = 0,
D%b,(t)|p,=b,=a;=0 = 0 and D*a;|p,—p,—q,—0 = w; for i =1,2,..., n on each hyperplane
bounding the nonnegative octant.

Proposition 3.2 Let X(t) € C*[0,T]. In this case, there is a unique solution of the system
(3.2).

Proof. If DX (t) = F(X(t)) = AX(t) + x,(£)B X (t) + x,(£)B,X(¢t) + H,then  X(¢t) €
c*[0,T] implies F(X(t)) € C*[0,T]. Also, considering X(t),Y(t) € C*[0,T] and X(t) #
Y (t); it is obtained the following inequalities:

IF(x@) = F(r®)]

= [I(AX () + %1 () B1X(8) + x5 () B, X (¢) + H)
— (AY () + y1(O)B1Y (O + y2()BY () + H) |

= lAX(t) + 2, (£)B1X (£) + x5 () B, X (£) — AY (£) — v, (£)B,Y (£) — ¥, (OB, Y )|
A(X(®) =Y (D) + %, (OB X (1) + x2(0)BX () — y1(D)B1Y () — y,()B,Y ()

|- <x1(t)B1Y(t) — X1 (t)B1Y(t)> - <x2(t)BZY(t) — X3 (t)Bzy(t))

0 0

AX@®) = Y(©) + x1,(D)B1(X () = Y () + x,(0) B (X(©) — Y(©)) + (x1(6) — ¥, (£))B, Y (©)
+(x2(8) — ¥2(0))B,Y (0)

IA

<||A(X(t) —YO)| + |1 OB (x(@®) = Y(©)|| + ||x2(©) B2 (X (£) — Y(t))||>
+| (1 (®) =31 @) B Y O || + || (x2(8) = y2(©)BY @) |

(IIAIIH(X(t) = Y(@O)|| + s OB (X () = Y (©)]] + I OB (X () — Y(t))||>
Byl (21 () =y O)[IY O + 1Bl (x2(8) = v ) [IIY @)

IA

(Al + T OB Il + 12 O1IB2 D[ (X () = Y ®)]
< | HIBLIH G (O = 1 ) NY O + 1Bl [ (220 = y2 ()| Y O]
<lx@-r)] <Ix@-ro)]

< (A + 1Bl O+ 1IBL MY 1 + B2 llx2 (0] + B Y OID[| (X (@) — Y ()

< (IIAII + [[B4l (|x1(t)| + IIY(t)II> + B2l (Ixz(t)l + IIY(t)II>> [(x@® - Y ©®)]

(X @)l s[Ix@Il

< (ll4ll + B+ 1B D AX N + 1Y @ID) || (X (©) = Y ()|

and so, it is

IF(x(®) -F(r®)| < L||(X@® -Y®)| (3.4)
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where L = ||A|| + (||B4|| + I|B,1)(W; + W,) > 0, and W; and W, are positive and meet the
inequalities || X(t)|| < Wy, IIY(®)|| < W, due to X(t),Y(t) € C*[0,T]. Therefore, the
system (3.3) has a unique solution.

Lemma 3.1. Consider the following fractional-order autonomous system

d
DX (t) = F(X(¥)),D = o (3.5)
X(0) = X,
where « € (0,1],X(t) =(x1 %, - X)Tand F=(fy f» - fu)T. To evaluate the

equilibrium points, it has been presumed as D*X(t) = 0 = f;(xy, x5, ...,x,) = 0 for i =
1,2, ..., n. In this sense, the equilibrium point (x, %3, ..., X;;) of this system is founded. To
evaluate the asymptotic stability of equilibrium points, the Jacobian matrix,

o O oh
ox, 0x,  0x,
(on, of 05|
J=10x; ox,  o0x,
ox, 0x, ~ 0x,

is used. It is assumed that the I is identity matrix with nxn. If all of the eigenvalues,
A1, 5, ..., A,,, Obtained from the equation

Det(](x1,xz,---,xn)=(x_1,x_z,---,ﬁ) o /U) =0 (3.6)

satisfies either the Routh—Hurwitz stability conditions or the conditions
aT aTt
(larg@I > = larg)l > =), 3.7)

then (&1, x5, ..., x,) is locally asymptotically stable (LAS) for system (3.5). In addition that,
the characteristically equation obtained from (3.6) can be given by

P(A) ="+ a A" 1+, +a,_11 + ay,

where the coefficients a; for i = 1,...,n are real constants. In this respect, Routh-Hurwitz
stability conditions for polynomial of degree n =2, 3, 4and 5 are summarized as
following:

n=2a,a, >0,

n=3:a;,a; > 0and a,a, > as;,

n =4:a,,as,a, > 0and a,a,a3 > az? + a;%ay, (3.8)
a,,ay,ds,a4,as > 0,a,a,a3 > az? + a;%a,

n = 5:
and (a,a, — as)(aja,a; — az? — a;%a,) > as(a,a, — az)? + ajas’.
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Additionally, the above mentioned criteria has provided the necessary and sufficient
conditions for all roots of P(4) to lie in the left half of the complex plane [11].

Conclusion 3.1. Let us consider Lemma 3.1. The following conclusion can be summarized
from this lemma. If the eigenvalues are real numbers, it is enough to only check whether they
provide the Routh-Hurwitz criteria for the stability of the equilibrium point obtained from
system (3.5).

Conclusion 3.2. It is assumed that the characteristically equation is

P(A) =12+a11+a2

) (3.9
=22+ (=Tr(ND)A + (Det)) =0
for n = 2 in system (3.5). In this sense, the stability conditions of the equilibrium point are:
either Routh—Hurwitz conditions (a4, a, > 0)

or:
Jaa, — (a)? an
a, <0,4a, > (ay)? |tan™?! <2—(1)> > (3.10)

a;

4. Qualitative Analysis of the System (3.2)

Proposition 4.1. The existence and stability of equilibria of the system (3.2) are analyzed in
here. The equilibria of the system with the threshold parameters

,331—[ ?:1051']—/131_14,332—[ ?:1%’]—.“32_ my my

Bs, Bs, I (4.1)

0<C0<D

are as follows: The system (3.2) always has the infection-free equilibrium point E, =
(0,0,1,1,...,1). If A> 0, then E; = (4,0,1,1,...,1) reveals as another equilibrium point.

Likewise, £, = (0,B,1,1,...,1) exists, when B > 0. When CD < 1and BC < A <-or1<
CD and §< A < BC, in addition to E,, E;, and E,, there exists a fourth the equilibrium

. BC—A DA-B
point, E; = (cu—1’ o1 1,1,...,1) [8].

Proposition 3.2. The equilibrium points of system (3.2) satisfy the followings:

(i) If A<0 and B < 0, then the infection-free equilibrium E, is LAS. If either A >0
or B > 0, it becomes an unstable point.

(i) Let A>0.1f B— DA <0, the equilibrium point E; is LAS, and if B— DA > 0, E;
becomes an unstable point.

(ili) Let B > 0. If A— CB < 0, the equilibrium point E, is LAS, and if A—CB > 0, E),
becomes an unstable point.

(iv) LetCD <1and BC <A<zZor1<CDand><A<BC.If1<CDand=>A> BC,

then E5 is LAS.
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Proof. For the stability analysis, the functions of the right side of the system (3.2) are
suggested as follows:

l

n
f(b1,by,a;) = .331191(1 —by) — by aiai] - .uBlbl —mybyby
=1

I (4.2)
g(by, by, a;) = ,Bszz(l —by) — qiaib, | — Up, b, —m,b, b,
=1
hi(bl,bz,ai) = w; —w;a, i=12,...,n.
That Jacobean matrix obtained from equations in (4.2) is
n
Br, = 2h5,b1 = ; % —myb; —-a1by ... —apbg
—HUp, — my b,
n
= — 205 b, — Z i 4.3
] _mzbz ﬁBz ﬁBz 2 £ ql L _qlbz _qnbz ( )
—HUp, — myby
0 0 0 .. —u,

In terms of ease of representation, the t-th eigenvalue of equilibrium point E}, is shown as
A _fork =0,1,23and7=1,2,...,n+2, n€EN.

(i) From (4.3), the Jacobean matrix evaluated at the equilibrium point E, is given by

n

Bs, — z a; — Up, 0 o .. O
i=1
n
J(Ey) = 0 Bo,— ) ai—ts, O . 0 |. (44)
i=1
0 0 — .. 0
0 0 0 .. —u,

By taking into account (4.1), the eigenvalues obtained from (4.4) are A, = gz 4, 1, =
Bs,B and A© ., = —y; fori = 1,2,...,n. Itis explicit that all eigenvalues are real numbers

and 1@, , = —pu; < 0, since parameters in the proposed model are positive real number. By
Conclusion 3.1., it is enough to examine whether the eigenvalues provide the Routh-Hurwitz
criteria for stability analysis of E,. Therefore, the others eigenvalues, 1(®; and A1(?,, are
negative real number, iff A < 0 and B < 0. In this case, E, is LAS.

(i) Let A > 0. The jacobian matrix for the equilibrium point E; by taking into account
(4.1) is given as
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—Pp,A -myA -4 ... —ajA
0 Ps,B —myA 0 0 \‘
J(Ey) = 0 0 —uy .. 0 (4.5)
0 0 0 e —HUn

The eigenvalues are AW, = —B A, AV, = B, (B — DA) and AW, = —p; < 0 for i =
1,2,...,n. The eigenvalues are real numbers. From Conclusion 3.1., the eigenvalues are
negative real number, iff A > 0 and B — DA < 0. Therefore, it is LAS.
(iii) For B > 0, there is the equilibrium point E,. The Jacobian matrix evaluated in this point
IS
P, A —m,B 0 0 0
/ —sz —Ps,B —q1B ... —an\
J(E2) = 0 —; .. 0| (4.6)

0 0 0o . —un/

by (4.1). The eigenvalues of (4.6) are A®; = B A —myB = B (A— CB), 1Y, = —p B
and 1®,,, = —p; < 0 fori = 1,2,...,n. By the same mind in (ii), the eigenvalues are real
numbers. We have Conclusion 3.1. E, is LAS, iff B >0and A — CB < 0.

(iv) Let
B B
CD<1andBC<A<Bor1<CDandE<A<BC. (4.7)

In this case, the stability of E5 can be analyzed. Evaluating J for E5, we have

2BC —A
S “cb-1 BC -4
Bs, DA — B -my D —1 —aiby ... —a,bg
CDh -1
B 2DA -B
J(E3) = bA-B “cp-1 (4.8)
’ —mzm Bs, BC — A —q1b; ... —qnb;
CD -1
0 0 Uy 0
0 0 0 e —Un

That eigenvalues of Jacobean matrix evaluated at the equilibrium point E; are 13, =
—u; < 0fori=1,2,...,nand the others are founded from following matrix;

]B(E3) _ ~Ps, (%) ~ (il : ?Ig) (4.9)

(B—AD) (B—AD)
m\1T—¢p) ~Pe=\T—cp
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where JB(3) js the block matrix of J(E5). Itis clear that 13),,, = —u; € R~ and so, it does
not impair the stability of this point. From (4.9), it is Tr(J8®)) = —[Bg, by + Bs,b,| and
Det(JBE)) = By By byb, (1 — CD). In this respect, it is Tr(J5E=)) < 0 due to equilibrium
values in E; and parameters in (3.1) are positive real number. Consider the parameter a, in
(3.9), it is a; > 0, due to Tr(JB)) < 0. Thus, the stability conditions of the equilibrium
point are Routh—Hurwitz conditions (a,,a, > 0), due to a; > 0.

In addition, that, if CD <1, (4.10). Then a, = Det(J5®s)) > 0. By (4.7) and (4.10), if
1<CD and%<A < BC, (4.11) then the eigenvalues are negative real number or
complex number with negative real parts, and so, it is LAS.

As a result, the LAS conditions founded for equilibria of system (3.2) are summarized in the
Table 4.1.

Table 4.1. The LAS conditions of the equilibria of FDEs system in (3.2).

Equilibrium Points Stability Conditions
E, =(00,1,...,1) A<0,B<O

B
El = (A, 0;1; .. ;1) max {OIE} <A
E,=(0,B,1,...,1) max{0,A} < BC

(A—BC B —AD
3:

B
1—CD'1—CD’1’1""’1) 1<(CDand 5 <A<BC

5. Numerical Study

In the following discussion, it is demonstrated some contributions of the proposed
mathematical model to the study of complex problems in host-microbe interactions. In
numerical study, datas of two different streams competing each others of bacteria including
Acinetobacter baumannii (b,) and E. coli (b,) in host were used and dynamics of multiple
antibiotics against these bacteria causing infection were examined [8]. The parameters used
in numerical study [12-18] are as the followings:

B, = 1.2day™", Bp, = 0.6 day~',K; = 10® cell, K, = 107 cell, up, = 0.312 day %,
g, = 0.179 day™",M; = 1077 cell"*day ™", M, = 1077 cell"'day ', @; = 0.47 day %,
a, =0.21day™1,q; = 0.42day~1,q, = 0.17 day 1,8, = 2 mg/kg/day,

8, = 1.2 mg/kg/day, w, = 0.04 day™ !, w, = 0.03 day~! and a« = 0.25,0.50,0.75,0.99.

(5.1)

In the light of data obtained from (5.1), it is founded as following: the parameters

Zn: —ata,=a 61+_ 62—0472 +0211'2—319
GmhTGEa T = 0 0a T Ut 003 T 0

i=1

o b=, 1, 2 = 0422 4 0072 = 278
Elqi—ql =Ty Ty, = 004" 003 7"
1=
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m1 = MlKZ == 10_7 * 107 ES 1
m2 = M2K1 == 10_7 * 108 ES 10

the threshold parameters

Bs, — [Xiiai]l —up, 1.2-31.9-0.312

'BB1 1.2
Y] — 0.6 —27.8 — 0.179
g = Po ~ e qid — s, _ = —45.63
'BBz 0.6
c=mM_1_ 43
Bs, 12
p="2_10_ 6
Bs, 0.6 '

and so the equilibrium points E,(0,0,1,1), E;(—25.84,0,1,1), E,(0,—45.63,1,1) and
E; = (—0.9376,—29.99972,1,1,...,1). Because it is A,B <0, the equilibrium point
Ey(0,0,1,1) is LAS and this situation is clearly seen in following figures:

Stability of the equilibrium point Eo (b1=0) due to A.B<0
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Figure 5.1. According to &« = 0.25, 0.50, 0.75 and 0.99, the trajectory of population sizes of Acinetobacter
baumannii, when A = —25.84 and B = —45.63. In here, E;(0,0,1,1) is LAS, since 4, B < 0.
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Stability of the equilibrium peint Eo (b2=0) due to A B=0

0.5 T T T T T T T T
alpha=0.99
alpha=0.75
alpha=0.50
alpha=0.25

0

-

E. Coli (b2 cells)

N5+ m

_1 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
Time (days)

Figure 5.2. According to a = 0.25, 0.50, 0.75 and 0.99, the trajectory of population sizes of E. coli, when
A =—25.84and B = —45.63. In here, E;(0,0,1,1) is LAS, since 4,B < 0.

Stability of the equilibrium point Eo (a1=1) due to A B<0
1 T T T T T —]
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Figure 5.3. According to « = 0.25, 0.50, 0.75 and 0.99, the trajectory of the imipenem concentration, when
A =—-25.84and B = —45.63. In here, E;(0,0,1,1) is LAS, since 4,B < 0.
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Stability of the equilibrium peint Eo (a2=1) due to A,B<0

alpha=0.99 [|
0.9 alpha=0.75 [

alpha=0.50
081 alpha=0.25 [|

0.7r

06

05F

04r

Ciprofloxacin (a2 cells)

03F

0.2F

01F

1 1 1
1500 2000 2500 3000

Time (days)

U 1 1
0 500 1000

Figure 5.4. According to a = 0.25, 0.50, 0.75 and 0.99, the trajectory of the ciprofloxacin concentration,

when A = —25.84 and B = —45.63. In here, E,(0,0,1,1) is LAS, since A, B < 0.

In compliance with literature datas [17], while E. coli is disappeared as a result of 90-day
antibiotics use and Acinetobacter baumannii is disappeared as a result of 30-day antibiotics
use. This case shows that our model is very useful to explain experimental results in
literatures.
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1 Number 26

We are happy to inform you that Number 26 of the Journal of New Theory (JNT)
is completed with 9 articles.

In [1], the authors introduced the concepts of upper and lower («,[3,0,6,()-
continuous fuzzy multifunctions. It is in order to unify several characterizations
and properties of some kinds of modifications of fuzzy upper and fuzzy lower semi-
continuous fuzzy multifunctions, and to deduce a generalized form of these concepts,
namely upper and lower nn*-continuous fuzzy multifunctions.

In [2], the author given some definitions and results in @-soft normal subgroup
theory and cosets. Also some results were introduced which have been used by
homomorphism and anti-homomorphism of @)-soft normal subgroups. Next they
proved the analogue of the Lagrange's theorem.

In [3], the author, by using nano topology, introduced micro topology and also
study the concepts of micro-pre open sets and micro-semi open sets and some of
their properties are investigated.

In [4], the authors investigated the notion of generalized roughness for fuzzy
ideals in OSGs on the basis of isotone and monotone mappings. Then the notion
of approximation is boosted to the approximation of fuzzy bi-ideals, approximations
fuzzy interior ideals and approximations fuzzy quasi-ideals in OSGs and investigate
their related properties. Furthermore (€, € Vq)-fuzzy ideals are the generalization

* Editor-in-Chief of the Journal of New Theory.
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of fuzzy ideals. Also the generalized roughness for (€, € Vq)-fuzzy ideals, fuzzy bi-
ideals and fuzzy interior ideals studied in OSGs and discuss the basic properties on
the basis of isotone and monotone mappings.

In [5], the authors introduced the concept of matrix operators and establishes two
new theorems on matrix summability of Fourier series and its derived series. The
results obtained in the paper further extend several known results on linear operators.
Various types of criteria, under varying conditions, for the matrix summability of
the Fourier series. In this paper quite a different and general type of criterion for
summability of the Fourier Series has been obtained. In the theorem function is
integrable in the sense of Lebesgue to the interval [—m, 7] and period with period 27.

In [6], the authors introduced a single structure which carries the subsets of X as
well as the subsets of Y under the parameter E for studying the information about
the ordered pair of soft subsets of X and Y. Such a structure is called a binary soft
structure from X to Y. The purpose of this paper is to introduce certain binary soft
weak axioms that are analogous to the axioms of topology.

In [7], the author introduced W*-locally closed sets and different notions of gen-
eralizations of continuous functions in a topological space and study some of their
properties. Several examples are given to illustrate the behavior of these new classes
of functions. The author also defined ¥*-submaximal spaces.

In [8], the authors introduced fuzzy soft locally closed and fuzzy soft b-locally
closed sets and study their properties in fuzzy soft topological space. Further they
defined and studied fuzzy soft LC-continuous and fuzzy soft b-LC-continuous func-
tions.

In [9], the author suggested a mathematical model in form fractional-order dif-
ferential equations (FDEs) system identifying population dynamics in two species
bacteria struggling one another and exposed to multiple antibiotics simultaneously.
Stability analysis of the equilibrium points of the proposed model was also carried
out. Additionally, the results of the analysis have promoted by numerical simula-
tions.
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