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Original Article

Florentin Smarandache!

Abstract — In this paper, we prove that Neutrosophic Set (NS) is an extension of Intuitionistic Fuzzy
Set (IFS) no matter if the sum of neutrosophic components is < 1, or > 1, or = 1. For the case when
the sum of components is 1 (as in IFS), after applying the neutrosophic aggregation operators, one gets
a different result than applying the intuitionistic fuzzy operators, since the intuitionistic fuzzy operators
ignore the indeterminacy, while the neutrosophic aggregation operators take into consideration the
indeterminacy at the same level as truth-membership and falsehood-nonmembership are taken. NS is
also more flexible and effective because it handles, besides independent components, also partially
independent and partially dependent components, while IFS cannot deal with these. Since there are
many types of indeterminacies in our world, we can construct different approaches to various
neutrosophic concepts. Neutrosophic Set (NS) is a generalisation of Inconsistent Intuitionistic Fuzzy
Set (IIFS) - which is equivalent to the Picture Fuzzy Set (PFS) and Ternary Fuzzy Set (TFS) -,
Pythagorean Fuzzy Set (PyFS), Spherical Fuzzy Set (SFS), and g-Rung Orthopair Fuzzy Set (q-ROFS).
Moreover, all these sets are more general than Intuitionistic Fuzzy Set. We prove that Atanassov’s
Intuitionistic Fuzzy Set of the second type (IFS2), and Spherical Fuzzy Sets (SFS) do not have
independent components. Furthermore, we show that Spherical Neutrosophic Set (SNS) and n-Hyper
Spherical Neutrosophic Set (n-HSNS) are generalisations of IFS2 and SFS. The main distinction
between Neutrosophic Set (NS) and all previous set theories are a) the independence of all three
neutrosophic components - truth-membership (T), indeterminacy-membership (I), falsehood-
nonmembership (F) - concerning each other in NS —while in the previous set theories their components
are dependent on each other, and b) the importance of indeterminacy in NS - while in previous set
theories indeterminacy is entirely or partially ignored. Also, Regret Theory, Grey System Theory, and
Three-Ways Decision are particular cases of Neutrosophication and Neutrosophic Probability. We now
extend the Three-Ways Decision to n-Ways Decision.

Keywords — Neutrosophic set, intuitionistic fuzzy set, Pythagorean fuzzy set, spherical fuzzy set, g-rung orthopair fuzzy set

1. Introduction

This paper recalls ideas about the distinctions between neutrosophic set and intuitionistic fuzzy set presented
in previous versions of this paper [1-5]. Mostly, in this paper, we respond to Atanassov and Vassiliev’s paper
[6] about the fact that neutrosophic set is a generalisation of intuitionistic fuzzy set.

We use the notations employed in the neutrosophic environment [1-5] since they are better descriptive than
the Greek letters used in an intuitionistic fuzzy environment, i.e., truth-membership (T), indeterminacy-
membership (I), and falsehood-nonmembership (F).
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We also use the triplet components in this order: (T, I, F).

Neutrosophic “Fuzzy” Set (as named by Atanassov and Vassiliev [6]) is commonly called “Single-Valued”
Neutrosophic Set (i.e. the neutrosophic components are single-valued numbers) by the neutrosophic
community that now riches about 1,000 researchers, from 56 countries around the world, which have produced
about 2,000 publications (papers, conference presentations, books, MSc theses and PhD dissertations).

The NS is more complex and more general than previous (crisp/fuzzy/intuitionistic fuzzy/picture fuzzy/ternary
fuzzy set/Pythagorean fuzzy/spherical fuzzy/q-Rung orthopair fuzzy) sets, because:

i.  Anew branch of philosophy was born, called Neutrosophy [7], which is a generalisation of Dialectics
(and of YinYang Chinese philosophy), where not only the dynamics of opposites are studied, but the
dynamics of opposites together with their neutrals as well, i.e. (< A >, < neutd >, < antid >),
where < A > isanitem, < antiA > its opposite, and < neutA > their neutral (indeterminacy between
them).

ii.  Neutrosophy show the significance of neutrality/indeterminacy (< neutA >) that gave birth to
neutrosophic set/logic/probability/statistics/measure/integral and so on, that have many practical
applications in various fields.

iii.  The sum of the Single-Valued Neutrosophic Set/Logic components was allowed to be up to 3 (showing
the importance of independence of the neutrosophic components among themselves), which permitted
the characterisation of paraconsistent/conflictual sets/propositions (by letting the sum of components
> 1), and of paradoxical sets/propositions, represented by the neutrosophic triplet (1,1, 1).

iv.. ' NS can distinguish  between absolute truth/indeterminacy/falsehood and relative
truth/indeterminacy/falsehood using nonstandard analysis, which generated the Nonstandard
Neutrosophic Set (NNS).

v.  Each neutrosophic component was allowed to take values outside of the interval [0,1], that culminated
with the introduction of the neutrosophic overset/underset/offset [8].

vi. NS was enlarged by Smarandache to Refined Neutrosophic Set (RNS), where each neutrosophic
component was refined / split into sub-components [9]., i.e. T was refined/split into Ty, T5, ..., Ty; 1
was refined / split into Iy, 15, ..., I,-; and F was refined split into Fy, F,, ..., F;; where p,r,s > 1 are
integersandp + r + s = 4;all Tj, I, F; are subsets of [0,1] with no other restriction.

vii.  RNS permitted the extension of the Law of Included Middle to the neutrosophic Law of Included
Multiple-Middle [10].
viii.  Classical Probability and Imprecise Probability were extended to Neutrosophic Probability [11], where

for each event E one has: the chance that event E occurs (ch(E)), indeterminate-chance that event E
occurs or not (ch(neutkE)), and the chance that the event E does not occur (ch(antiE)), with: 0 <
sup{ch(E)} + sup{ch(neutE)} + sup{ch(antiE)} < 3.

ix.  Classical Statistics was extended to Neutrosophic Statistics [12] that deals with indeterminate/
incomplete/inconsistent/vague data regarding samples and populations.

And so on (see below more details). Several definitions are recalled for paper’s self-containment.

2. Definition of Single-Valued Neutrosophic Set (NS)

Introduced by Smarandache [13-15] in 1998. Let U be a universe of discourse and aset Ays S U.

Then, Ays = {(x, Ty(x), [;(x), F4(x))|x € U}, where T,(x),1,(x),F4(x) : U — [0, 1] represent the degree
of truth-membership, degree of indeterminacy-membership, and degree of false-nonmembership respectively,
with 0 < Ty (x) + Ly(x) + Fy(x) < 3.

The neutrosophic components T, (x), I,(x), F4(x) are independent concerning each other.
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3. Definition of Single-Valued Refined Neutrosophic Set (RNS)

Introduced by Smarandache [9] in 2013. Let U be a universe of discourse and a set Azys S U. Then,
Arns = {6, T1a(6), Toa (%), o, Tpa ()3 114 (0, 1o (), ooy g ()3 Fra (), Foa (%), ..., Foa () |x € U},
where all Tjy (x), 1 < j < p, [a(x), 1 <k <7, Fu(x),1<1<s:U - [0,1], and
i.  Tja(x) represents the j* sub-membership degree,

ii.  Is(x) represents the k" sub-indeterminacy degree,
iii.  F,(x) represents the I** sub-nonmembership degree,

with p,r,s > 1 integers, where p + r + s =n > 4, and:
0< 25'):1 Tja(x) + Xh=1 lka(x) + Xi=1 Tja(x) < n.

All neutrosophic sub-components Tj4 (x), I 4(x), F14(x) are independent concerning each other.

4. Definition of Single-Valued Intuitionistic Fuzzy Set (IFS)

Introduced by Atanassov [16-18] in 1983. Let U be a universe of discourse and a set A;zs © U. Then,

Arps = {{x, To(x), 4 (x))|x € U},

where T,(x),F4(x) : U — [0,1] represent the degree of membership and degree of nonmembership
respectively, with T4 (x) + F,(x) < 1,and I4(x) = 1 — T,(x) — F4(x) represents degree of indeterminacy (in
previous publications it was called degree of hesitancy).

The intuitionistic fuzzy components T, (x), I, (x), F4(x) are dependent concerning each other.

5. Definition of Single-Valued Inconsistent Intuitionistic Fuzzy Set (Equivalent to
Single-Valued Picture Fuzzy Set, and with Single-Valued Ternary Fuzzy Set)

The single-valued Inconsistent Intuitionistic Fuzzy Set (IIFS), introduced by Hindde and Patching [19] in 2008,
and the single-valued Picture Fuzzy Set (PFS), introduced by Cuong [20] in 2013, indeed coincide, as
Atanassov and Vassiliev have observed; also we add that single-valued Ternary Fuzzy Set, introduced by
Wang, Ha and Liu [21] in 2015 also coincided with them. All these three notions are defined as follows.

Let ‘U be a universe of discourse, and let us consider a subset A € U. Then,

Apps = Apps = Arps = {(x, Ty (x), 14(x), F4(x))|x € U},
where T, (x), I, (x), F4(x) € [0,1], and the sum 0 < T, (x) + [,(x) + F (x) < 1, forall x € U.
In these sets, the denominations are:

i.  T,(x)is called degree of membership (or validity, or positive membership);
ii.  I,(x) is called degree of neutral membership;
iii.  F4(x) is called degree of nonmembership (or nonvalidity, or negative membership).

The refusal degree is: R4(x) = 1 — Ty(x) — I4(x) — F4(x) € [0,1], forall x € U.
The HIFS (PFS, TFS) components T, (x), I,(x), F4(x), R4(x) are dependent concerning each other.

Wang, Ha and Liu’s [21] assertion that “neutrosophic set theory is difficult to handle the voting problem, as
the sum of the three components is greater than 1” is not true, since the sum of the three neutrosophic
components is not necessarily greater than 1, but it can be less than or equal to any number between 0 and 3,
ie. 0 < Ty(x)+ I1(x) + F4(x) < 3, so, for example, the sum of the three neutrosophic components can be
less than 1, or equal to 1, or greater than 1 depending on each application.
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6. Inconsistent Intuitionistic Fuzzy Set and the Picture Fuzzy Set are Particular Cases
of the Neutrosophic Set

The Inconsistent Intuitionistic Fuzzy Set and the Picture Fuzzy Set and Ternary Fuzzy Set are particular cases
of the Neutrosophic Set (NS). Because, in neutrosophic set, similarly taking single-valued components
T4(x),1,(x), F4(x) € [0, 1], one has the sum T4 (x) + I4(x) + F4(x) < 3, which meansthat T, (x) + I,(x) +
F,(x) can be equal to or less than any number between 0 and 3.

Therefore, in the particular case when choosing the sum equal to 1 € [0,3] and getting T,(x) + I,(x) +
F,(x) < 1, one obtains IIFS and PFS and TFS.

7. Single-Valued Intuitionistic Fuzzy Set is a Particular Case of Single-Valued
Neutrosophic Set

Single-valued Intuitionistic Fuzzy Set is a particular case of single-valued Neutrosophic Set because we can
choose the sum to be equal to 1:

Ti(x) + I;(x) + Fy(x) = 1.

8. Inconsistent Intuitionistic Fuzzy Set and Picture Fuzzy Set are Also Particular Cases
of Single-Valued Refined Neutrosophic Set

The Inconsistent Intuitionistic Fuzzy Set (1IFS), Picture Fuzzy Set (PFS), and Ternary Fuzzy Set (TFS) that
coincide with each other are besides particular case(s) of Single-Valued Refined Neutrosophic Set (RNS).
We may define:

Apips = Apps = Arps = (%, Ta(x), I, (), I, (x), Fy (x)|x € U},

with T, (x), I , (x), I, (x), F4 (x) € [0, 1], and the sum T,(x) + I, ,(x) + I, (x) + F4(x) = 1, for all x € U;
where:

i.  T4(x) is the degree of positive membership (validity, etc.);
il. I, (x) is the degree of neutral membership;

iii. I, (x) is the refusal degree;
iv.  F,(x) is the degree of negative membership (non-validity, etc.).

n = 4, and as a particular case of the sum T,(x) + I, (x) + I, (x) + F4(x) < 4, where the sum can be any
positive number up to 4, we take the positive number 1 for the sum:

Tp(x) + 1 ,,(x) + I, (x) + Fa(x) = 1.

9. Independence of Neutrosophic Components vs Dependence of Intuitionistic Fuzzy
Components
Section 4, equations (46) - (51) in Atanassov’s and Vassiliev’s paper [6], is reproduced below:
“4. Interval-valued intuitionistic fuzzy sets, intuitionistic fuzzy sets, and neutrosophic fuzzy sets
(...) the concept of a Neutrosophic Fuzzy Set (NFS) is introduced, as follows:

A" = {x, pp (), va (), my () |x € E} 1)
where 1 (x), v} (x), 4 (x) € [0,1], and have the same sense as IFS.

Let
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sup pz(y) + sup vy (y) + sup i (y) # 0 @)
YEE YEE VEE
Then, we define:
i () = i (x)
4 sup () + sup v (y) + sup my (y) 3)
YEE Yy€EE YEE
Vi) = va (x)
4 sup ult (y) + sup v (y) + sup y(y) )
YEE YEE VEE
() = mp(x)
AT sup k() + supvi(y) + sup i () ©)
YEE YEE YEE
G(x) =1 —ph(x) —vi(x) — mh(x) (6)

Using the neutrosophic component common notations, T,(x) = 3 (x), I4(x) = mj(x), and F,(x) = v} (x),
the refusal degree R, (x), and Ay = A™ for the neutrosophic set, and considering the triplet’s order (T, I, F),
with the universe of discourse U = E, we can re-write the above formulas as follows:

Ay = {{x, T4(x), I4(x), F4(x))|x € U} (7)
where T4 (x), 14(x), F4(x) € [0,1], forall x € U.

Neutrosophic Fuzzy Set is commonly named Single-Valued Neutrosophic Set (SVNS), i.e. the components are
single-valued numbers.

The authors, Atanassov and Vassiliev, assert that T,(x),I4(x),F4(x) “have the same sense as IFS”
(Intuitionistic Fuzzy Set).

But this is untrue since in IFS one has T,(x) + I4(x) + F4(x) <1, therefore the IFS components
T4(x),14(x), T4(x) are dependent, while in SVNS (Single-Valued Neutrosophic Set), one has T, (x) + I,(x) +
F,(x) < 3, what the authors omit to mention, therefore the SVNS components T,(x),1,(x), F4(x) are
independent, and this makes a big difference, as we will see below.

In general, for the dependent components, if one component’s value changes, the other components values also
change (in order for their total sum to keep being up to 1). While for the independent components, if one
component changes, the other components do not need to change since their total sum is always up to 3.

Let us re-write the equations (2) - (6) from authors’ paper:

Assume
supTy (¥) +suply (y) +supF, (y) # 0 (8)
yeEU yeEU yEU
The authors have defined:
Ts4(x
T = o ©
supTy (y) +suply (y) + supFy (y)
yeU yeEU yeU
Fy(x)
R = , (10)

supT, (¥) +suply (¥) +sup Fy (y)
yeU yeEU yeU
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Iy x)
supTy (y) +suply (y) +supFy, (y)
YEU YEU yeU

L) = (11)

These mathematical transfigurations, which transform [change in form] the neutrosophic components
T4(x),14(x), F4(x) € [0,1], whose sum T,4(x) + I4(x) + F4(x) < 3, into inconsistent intuitionistic fuzzy
components: TS (x), I1FS(x), FiFS(x) € [0, 1], whose sum TS (x) + I1FS(x) + FIFS(x) < 1, and the
refusal degree

Ra"F00) = 1= 1,500 = " 00 = B 00 € [0,1] (12)
distort the original application, i.e. the original neutrosophic application and its intuitionistic fuzzy transformed

application are not equivalent, see below.

This is because, in this case, the change in form brings a change in content.

10. By Transforming the Neutrosophic Components into Intuitionistic Fuzzy
Components the Independence of the Neutrosophic Components is Lost

In reference paper [6], Section 4, Atanassov and Vassilev, convert the neutrosophic components into
intuitionistic fuzzy components.

But, converting a single-valued neutrosophic triplet (T, 11, F;), with Ty, I;, F; € [0,1] and

T, + I;+F; < 3 that occurs into a neutrosophic application a,, to a single-valued intuitionistic triplet (T, I,
F,), withT,, I, F, € [0,1] and T, + F, < 1 (or T, + I, + F, = 1) that would occur into an intuitionistic fuzzy
application a;r, is just a mathematical artefact, and there could be constructed many such mathematical
operators [the authors present four of them], even more: it is possible to convert fromthe sum T; + I;+F;, <3
to the sum

T, + I, + F, equals to any positive number — but they are just abstract transformations.

The neutrosophic application a, will not be equivalent to the resulting intuitionistic fuzzy application a;r,
since while in ap the neutrosophic components Ty, I;, F; are independent (because their sum is up to 3), in
a;r the intuitionistic fuzzy components T,, I,, F, are dependent (because their sum is 1). Therefore, the
independence of components is lost.

Moreover, the independence of the neutrosophic components is the main distinction between neutrosophic set
vs intuitionistic fuzzy set.

Therefore, the resulted in the intuitionistic fuzzy application «; after the mathematical transformation is just

a sub-application (particular case) of the original neutrosophic application ay.

11. Degree of Dependence/Independence between the Components

The degree of dependence/independence between components was introduced by Smarandache [22] in 2006.

In general, the sum of two components x and y that vary in the unitary interval [0,1] is:
0<x+y<2-d(xy),

where d(x, y) is the degree of dependence between x and y, while 1 — d(x, y) is the degree of independence
between x and y.

NS is also flexible because it handles, besides independent components, also partially independent and partially
dependent components, while IFS cannot deal with these.
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For example, if T and F are dependent, then 0 < T + F < 1, while if component I is independent of them,
thus0 <71 <1,then0 < T+ 1+ F < 2. Therefore, the components T, I, F, in general, are partially dependent
and partially independent.

12. Intuitionistic Fuzzy Operators Ignore the Indeterminacy, while Neutrosophic
Operators Give Indeterminacy the Same Weight as to Truth-Membership and
Falsehood-Nonmembership

Indeterminacy in intuitionistic fuzzy set is ignored by the intuitionistic fuzzy aggregation operators, while the
neutrosophic aggregation operators treat the indeterminacy at the same weight as the other two neutrosophic
components (truth-membership and falsehood-membership).

Thus, even if we have two single-valued triplets, with the sum of each three components equal to 1 {therefore
triplet that may be treated both as intuitionistic fuzzy triplet, and neutrosophic triplet in the same time (since
in neutrosophic environment the sum of the neutrosophic components can be any number between 0 and 3,
whence, in particular, we may take the sum 1)}, after applying the intuitionistic fuzzy aggregation operators
we get a different result from that obtained after applying the neutrosophic aggregation operators.

13. Intuitionistic Fuzzy Operators and Neutrosophic Operators

Let the intuitionistic fuzzy operators be denoted as negation (—;z), intersection (A;g), union (V,r), and
implication (—,;r), and the neutrosophic operators [complement, intersection, union, and implication
respectively] be denoted as negation (—y), intersection (Ay), union (Vy), and implication (—=y).

Let A, = (a4, by, cy) and A, = (a,, by, c,) be two triplets such that a,, by, ¢q, a,, by, c, € [0,1] and
a1+b1+C1=a2+b2+C2 =1

The intuitionistic fuzzy operators and neutrosophic operators are based on fuzzy t-norm (Ay) and fuzzy t-conorm
(Vr). We will take for this article the simplest ones:

a; A a, = min{a,,a,}and a; Vi a, = max{a,,a,},
where Ay is the fuzzy intersection (t-norm) and V is the fuzzy union (t-conorm).
For the intuitionistic fuzzy implication and neutrosophic implication, we extend the classical implication:
A, — A, that is classically equivalentto —A; V 4,,

where — is the classical implication, — the classical negation (complement), and V the classical union, to the
intuitionistic fuzzy environment and respectively to the neutrosophic environment.

However, taking other fuzzy t-norm and fuzzy t-conorm, the conclusion will be the same, i.e. the results of
intuitionistic fuzzy aggregation operators are different from the results of neutrosophic aggregation operators
applied on the same triplets.

Intuitionistic Fuzzy Aggregation Operators {the simplest used intuitionistic fuzzy operations}:
Intuitionistic Fuzzy Negation:
—yr(ay, by, ¢1) = (€1, b1, 04)
Intuitionistic Fuzzy Intersection:
(a1, by, ¢1) Arp (@2, by, ¢3) = (min{ay, az}, 1 — min{a,, a,} — max{c,, ¢}, max{cy, ¢, })
Intuitionistic Fuzzy Union:
(a1, by, 1) Vir (az, by, ;) = (max{ay, a,}, 1 — max{a,, a,} — min{cy, ¢}, min{cy, ¢, })

Intuitionistic Fuzzy Implication:
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(a1, by, ¢1) =1F (ay, by, cy) isintuitionistically fuzzy equivalent to —;z(ay, by, ¢1) Vir (ay, by, c3)
Neutrosophic Aggregation Operators {the simplest used neutrosophic operations}:
Neutrosophic Negation:
n(ay, by, ¢q) = (c1,1— by, aq)

Neutrosophic Intersection:

(a1, b1, ¢1) Ay (az, by, ¢3) = (min{ay, ay}, max{b,, b, }, max{cy, ¢, })
Neutrosophic Union:

(a1, by, ¢1) Vy (az, by, c3) = (max{ay, az}, min{b,, b, }, min{cy, ¢, })
Neutrosophic Implication:

(aq,bq,c1) =y (ay, by, cy) is neutrosophically equivalent to =y (a4, b1, ¢1) Vi (az, by, ¢3).
14. Numerical Example of Triplet Components whose Summation is 1

Let A; = (0.3,0.6,0.1) and A, = (0.4,0.1, 0.5) be two triplets, each having the sum:
03+ 06+ 01=204+ 01+ 05 = 1.

Therefore, they can both be treated as neutrosophic triplets and as intuitionistic fuzzy triplets simultaneously.
We apply both, the intuitionistic fuzzy operators and then the neutrosophic operators and we prove that we get
different results, especially with respect with Indeterminacy component that is ignored by the intuitionistic
fuzzy operators.
14.1 Complement/Negation
Intuitionistic Fuzzy:

—£(0.3,0.6,0.1) = (0.1,0.6,0.3), and —,£(0.4,0.1,0.5) = (0.5,0.1,0.4).
Neutrosophic:

-5 (0.3,0.6,0.1) = (0.1,1 — 0.6,0.3) = (0.1,0.4,0.3) # (0.1,0.6,0.3), and

-n(0.4,0.1,0.5) = (0.5,1 — 0.1,0.4) = (0.5,0.9,0.4) # (0.5,0.1,0.4).

14.2 Intersection
Intuitionistic Fuzzy
(0.3,0.6,0.1) Az (0.4,0.1,0.5) = (min{0.3,0.4}, 1 — min{0.3,0.4} — max{0.1,0.5}, max{0.1,0.5}) = (0.3,0.2,0.5)

As we see, the indeterminacies 0.6 of A, and 0.1 of A, were completely ignored into the above calculations,
which is unfair. Herein, the resulting indeterminacy from the intersection is just what is left from truth-
membership and falsehood-nonmembership (1 — 0.3 — 0.5 = 0.2).

Neutrosophic
(0.3,0.6,0.1) Ay (0.4,0.1,0.5) = (min{0.3,0.4}, max{0.6,0.1}, max{0.1,0.5}) = (0.3,0.6,0.5) # (0.3,0.2,0.5).

In the neutrosophic environment the indeterminacies 0.6 of A; and 0.1 of A, are given full consideration in
calculating the resulting intersection’s indeterminacy: max{0.6,0.1} = 0.6.

14.3 Union

Intuitionistic Fuzzy:

(0.3,0.6,0.1) V£ (0.4,0.1,0.5) = (max{0.3,0.4}, 1 — max{0.3,0.4} — min{0.1,0.5}, max{0.1,0.5}) = (0.4,0.5,0.1)
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Again, the indeterminacies 0.6 of A; and 0.1 of A, were completely ignored into the above calculations, which
is not fair. Herein, the resulting indeterminacy from the union is just what is left from truth-membership and
falsehood-nonmembership (1 — 0.4 — 0.1 = 0.5).

Neutrosophic:

(0.3,0.6,0.1) Vyy (0.4,0.1,0.5) = (max{0.3,0.4}, min{0.6,0.1}, min{0.1,0.5}) = (0.4,0.1,0.1) # (0.4,0.5,0.1)
Similarly, in the neutrosophic environment the indeterminacies 0.6 of A; and 0.1 of A, are given full
consideration in calculating the resulting union’s indeterminacy: min{0.6,0.1} = 0.1.

14.4 Implication

Intuitionistic Fuzzy

(0.3,0.6,0.1) =5 (0.4,0.1,0.5) = —,(0.3,0.6,0.1) V;z (0.4,0.1,0.5) = (0.1,0.6,0.3) V, (0.4,0.1,0.5) = (0.4,0.3,0.3)
Similarly, indeterminacies of A; and A, are completely ignored.

Neutrosophic
(0.3,0.6,0.1) >y (0.4,0.1,0.5) = —15(0.3,0.6,0.1) Vy (0.4,0.1,0.5) = (0.1,0.4,0.3) Vy (0.4,0.1,0.5) = (0.4,0.1,0.3) # (0.4,0.3,0.3)

While in the neutrosophic environment the indeterminacies of A; and A, are taken into calculations.

14.5 Remark

We have proven that even when the sum of the triplet components is equal to 1, as demanded by the
intuitionistic fuzzy environment, the results of the intuitionistic fuzzy operators are different from those of the
neutrosophic operators — because the indeterminacy is ignored into the intuitionistic fuzzy operators.

15. Simple Counterexample 1, Showing Different Results between Neutrosophic
Operators and Intuitionistic Fuzzy Operators Applied on the Same Sets (with
component sums > 1 or < 1)

Let the universe of discourse U = {x;, x,} and two neutrosophic sets included in U:
Ay = {x,(0.8,0.3,0.5), x,(0.9,0.2,0.6)}, and By = {x,(0.2,0.1,0.3), x,(0.6,0.2,0.1)}
Whence, for Ay one has, after using Atanassov and Vassiliev’s transformations (9) - (12):

TA“FS(xl) — 0.8 =° ~ O 44 IIFS 1) = ~ 0 17 and F[{IFS(xl) — _ ~ 028

0.9+0.3+0.6 1.8

The refusal degree for x, concerning Ay is R{FS(x;) =1 —0.44 —0.17 — 0.28 = 0.11. Then,
THFS (x,) = 22 = 0.50, IFS(x,) = % ~ 0.11, and F'FS (x,) = g ~ 0.33
The refusal degree for x, concerning Ay is R{FS(x,) =1 —0.50 — 0.11 — 0.33 = 0.06. Then,

Ayrs = {x1(0.44,0.17,0.28), x,(0.50,0.11, 0.33)}

For By one has:

i 0.2
Téms(xﬂ =pup(x1) =

_ 02 _0z 1IFS i _ 01
0.6+02+03 0.18, Iy (x1) = vg(x1) = 1~ 0.09, and

FLFS (xy) = né(xl) ==~ 027
The refusal degree for x, concerning By is R¥FS(x;) =1 —0.18 — 0.09 — 0.27 = 0.46.

~ 0.09

THFS (xy) = 22 ~ 0.55, and 1§75 (x,) = 2= ~ 0.18, and FJIPS (ay) = 35

The refusal degree for x, concerning the set By is R¥FS(x,) = 1 — 0.55 — 0.18 — 0.09 = 0.18. Therefore:
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Byrs = {x4,(0.18,0.09,0.27), x,(0.55,0.18,0.09)}
Therefore, the neutrosophic sets:
Ay = {%,(0.8,0.3,0.5),x,(0.9,0.2,0.6)} and By = {x,(0.2,0.1,0.3),x,(0.6,0.2,0.1)},

where transformed (restricted), using Atanassov and Vassiliev’s transformations (3)-(6), into inconsistent
intuitionistic fuzzy sets respectively as follows:

A% = {x,(0.44,0.17,0.28), x,(0.50,0.11,0.33)} and B2 = {x;(0.18,0.09,0.27),x,(0.55,0.18,0.09)}
where the upper script (t) means “after Atanassov and Vassiliev’s transformations”.

We shall remark that the set By, as neutrosophic set (where the sum of the components is also allowed to be
strictly less than 1 as well), happens to be in the same time an inconsistent intuitionistic fuzzy set, or By =

BIIFS'

Therefore, By transformed into B,(,"gs was a distortion of By, since we got different IIFS components:

®)
x9(0.2,0.1,0.3) = xP1175(0.2,0.1,0.3) # x, ¥$(0.18,0.09,0.27)

Similarly:

xf” (0.6,0.2,0.1) = xf”F5(0.6,0.2,0.1) * xf’(’t’)”S(O.SS,O.18,O.O9)

Further on, we show that the NS operators and I1FS operators, applied on these sets, give different results. For
each individual set operation (intersection, union, complement/negation, inclusion/implication, and
equality/equivalence) there exist classes of operators, not a single one. We choose the simplest one in each
case, which is based on min/max (fuzzy t-norm / fuzzy t-conorm).
15.1 Intersection
Neutrosophic Sets (min/max/max)

x Ay xB = (0.8,0.3,0.5) Ay (0.2,0.1,0.3) = (min{0.8, 0.2}, max{0.3, 0.1}, max{0.5,0.3}) = (0.2,0.3,0.5)

x5 Ay x8 =(0.9,0.2,0.6) Ay (0.6,0.2,0.1) = (0.6,0.2,0.6)
Therefore:
Ay Ay By = {x1(0.2,0.3,0.5),x,(0.6,0.2,0.6)} & Cy

Inconsistent Intuitionistic Fuzzy Set (min / max / max)

X Apps X2 = (0.44,0.17,0.28) Ayyps (0.18,0.09,0.27) = (min{0.44, 0.18}, max{0.17, 0.09}, max{0.28, 0.27}) = (0.18,0.17,0.28)

x5 Aprs x8 = (0.50,0.11,0.33) Ajps (0.55,0.18,0.09) = (0.50,0.18,0.33)

Since in IIFS the sum of components is not allowed to surpass 1, we normalise:

(0.50 0.11 0.33
1.01°1.01"1.01

) ~ (0.495,0.109, 0.326)

Therefore:

Apps A Byps = {x,(0.18,0.17,0.28), x,(0.495,0.109, 0.326)} & Cyjps
Also: Ty aygy (1) = 0.2 < 0.3 = Iy a By (X1),
while Ty, o psByps 1) = 018 > 017 = Iy - orcocpyine (1),

and other discrepancies can be seen.
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Inconsistent Intuitionistic Fuzzy Set (with min/min/max, as used by Cuong [20] in order to avoid the sum of
components surpassing 1; but this is in discrepancy with the IIFS/PFS union that uses max/min/min, not
max/max/min):

XA Apysa XF = (0.44,0.17,0.28) Ayjps, (0.18,0.09,0.27) = (min{0.44,0.18}, min{0.17, 0.09}, max{0.28,0.27}) = (0.18,0.09,0.28)
x5 Ajpsa X8 = (0.50,0.11, 0.33) Ay, (0.55,0.18,0.09) = (0.50,0.11,0.33)
Therefore:
Apps Apsy Bups = {%1(0.18,0.09,0.28), x,(0.50,0.11,0.33)} & C)jpss
We see that:
An Ay By # Apirs Mirrs Brirs, OF Cy # Ciyps
and Ay Ay By # Apirs Aursz2 Biirs, Cn # Ciipsz. AlISO Crips # Ciipsz.

Let us transform the above neutrosophic set Cy, resulting from the application of the neutrosophic intersection
operator,

Cy = {%,(0.2,0.3,0.5),x,(0.6,0.2,0.6)},
into an inconsistent intuitionistic fuzzy set, employing the same equations (3)-(5) of transformations [denoted
by (t)], provided by Atanassov and Vassiliev, which are equivalent {using (T, I, F)-notations} to (9)-(11)

0.2 _02 _ IIFS _ 03 _ IIFS 05 _
m = 1—5 = 013, (t)IC (xl) - 15 - 0201 (t)FC (xl) - 15 - 0331

(OTHFS (xy) = T2 = 0.40, (1L (xy) = T = 0.13, and ()FIS (x;) = T2 = 040

OTES () =

Whence the results of neutrosophic and IIFS/PFS are different:

¢ = {x,(0.13,0.20,0.33), x,(0.40,0.13,0.40)} # {x, (0.18,0.17, 0.28), x,(0.495,0.109,0.326)} = Cyys
and
c). # {x,(0.18,0.09,0.28), x,(0.50,0.11,0.33)} = Cyjps;
15.2 Union

Neutrosophic Sets (max / min / min)

x4 vy xB =(0.8,0.3,0.5) vy (0.2,0.1,0.3) = (max{0.8, 0.2}, min{0.3, 0.1}, min{0.5, 0.3}) = (0.8,0.1,0.3)

x5 vy x8 =(0.9,0.2,0.6) vy (0.6,0.2,0.1) = (0.9,0.2,0.1)
Therefore:
Ay Vy By = {%,(0.8,0.1,0.3), x,(0.9,0.2,0.1)} & Dy,

Inconsistent Intuitionistic Fuzzy Sets (max / min / min [3])

X Viips X8 = (0.44,0.17,0.28) Vyyps (0.18,0.09,0.27) = (max{0.44,0.18}, min{0.17, 0.09}, min{0.28, 0.27}) = (0.44,0.09,0.27)

x5 Vyps x2 = (0.50,0.11,0.33) V/rs (0.55,0.18,0.09) = (0.55,0.11,0.09)
Therefore:
Ajirs Virs Brirs = {x1(0.44,0.09,0.27),x,(0.55,0.11,0.09)} & D;;ps

a) We see that the results are different: Ay Vy By # Aprs Viies Birs, Of Dy # Dyps.

b) Let us transform the above neutrosophic set, Dy, resulting from the application of neutrosophic union
operator, Dy = {x,(0.8,0.1,0.3),x,(0.9,0.2,0.1)}, into an inconsistent intuitionistic fuzzy set, employing the
same equations (3)-(5) of transformation [denoted by (t)], provided by Atanassov and Vassiliev, which are
equivalent [using (T, I, F) notations] to (9)-(11):
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0.8 0.8 0.1 0.3
TS (xy) = SoToatos = 1. =057, OILFS (xy) = ;= 007, (O FNFS (xy) = ;=021
(OTHFS (o) = T3 = 0.64, (DN (xy) = 7> = 0.14, and (DFLFS (x,) = 25 = 0.07

Whence:
DY = {x,(0.57,0.07,0.21), x,(0.64,0.14,0.07)} # {x,(0.44,0.09, 0.27), x,(0.55,0.11,0.09)} = Dyps

The results again are different.

15.3 Corollary

Therefore, no matter if we first transform the neutrosophic components into inconsistent intuitionistic fuzzy
components (as suggested by Atanassov and Vassiliev) and then apply the 1IFS operators, or we first apply the
neutrosophic operators on neutrosophic components, and then later transform the result into 1IFS components,
in both ways the obtained results in the neutrosophic environment are different from the results obtained in the
IIFS environment.

16. Normalisation

Further on, the authors propose the normalisation of the neutrosophic components, where Atanassov and

Vassiliev’s [6] equations (57)-(59) are equivalent, using neutrosophic notations, to the following.

Let U be a universe of discourse, aset A € U, and a generic element x € U, with the neutrosophic components:
x(TA(x), IA(x),FA(x)), where T, (x), I, (x), F4(x) € [0,1], and T, (x) + I4(x) + F4(x) < 3,forall x € U.

Suppose T4(x) + I,(x) + F4(x) = 0,for all x € U. Then, by the below normalisation of neutrosophic
components, Atanassov and Vassiliev obtain the following intuitionistic fuzzy components (T,75, ;7S , F4F%):

_ Ty(x)

U e F A EE AR 13)
_ Ip(x)

WO = T e R < O 4
Fy(x)

FiFS(x) = € [0,1] (15)

Ta(x) + 14(x) + F4(x)
and TIFS (x) + IFS(x) + FIFS(x) = 1, for all x € U.

16.1 Counterexample 2

Let us come back to the previous Counterexample 1.

U = {x,, x,} be a universe of discourse, and let two neutrosophic sets included in U:

Ay = {x,(0.8,0.3,0.5),x,(0.9,0.2,0.6)} and By = {x,(0.2,0.1,0.3),x,(0.6,0.2,0.1)}.

Let us normalise their neutrosophic components, as proposed by Atanassov and Vassiliev, in order to restrain
them to intuitionistic fuzzy components:

A —{ ( 08 03 0'5) (0'9 0.2 0'6)} {x,(0.50,0.19, 0.31), x,(0.53,0.12,0.35)} = {x,(0.50,0.31), x,(0.53,0.35)}
17 = 1*1\08+03+05 1616/ 2 \17° 1717/ T atPoB 025 0.2 1), (008,824, B, = (800,850, %1005, 5.

since the indeterminacy (called hesitant degree in IFS) is neglected.
0.2 0.1 0.3 0.6 0.2 0.1
Bips = {x1 (R'R'R)'XZ (ﬁ,ﬁ,ﬁ)} ~ {x1(0.33,0.17,0.50), x,(0.67,0.22,0.11)} = {x;(0.33,0.50), x,(0.67,0.11)}
since the indeterminacy (hesitance degree) is again neglected.
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The intuitionistic fuzzy operators are applied only on truth-membership and false-nonmembership (but not on
indeterminacy).
16.1.1 Intersection
Intuitionistic Fuzzy Intersection (min / max)

xf Ajps X2 = (0.50,0.31) Ajgs (0.33,0.50) = (min{0.50, 0.33}, max{0.31,0.50}) = (0.33,0.50) = (0.33,0.17, 0.50)
after adding the indeterminacy which is what is leftupto 1, i.e. 1 — 0.33 — 0.50 = 0.17.

x4 Aps X5 = (0.53,0.35) Ajps (0.67,0.11) = (min{0.53, 0.63}, max{0.35,0.11}) = (0.53,0.35) = (0.53,0.12, 0.35)
after adding the indeterminacy.
The results of NS and IFS intersections are very different:
Ay Ay By = {x,(0.2,0.3,0.5),x,(0.6,0.2,0.6)} # {x,(0.33,0.17,0.50), x,(0.53,0.12,0.35)} = A;rs Asps Birs

Even more distinction, between the NS intersection and IFS intersection of the same elements (whose sums of
components equal 1) x{! = (0.50,0.19,0.31) and xZ = (0.33,0.17,0.50) one obtains unequal results, using
the (min / max / max) operator:

x4 Ay xB = (0.50,0.19,0.31) Ay (0.33,0.17,0.50) = (0.33,0.19,0.50)

while
x Ajps B = (0.50,0.19,0.31) Asps (0.33,0.17,0.50)
= (0.50,0.31) A;ps (0.33,0.50) {after ignoring the indeterminacy in IFS}
= (0.33,0.50) = (0.33,0.17,0.50) = (0.33,0.19,0.50)
16.1.2 Union

Intuitionistic Fuzzy Union (max/min/min)

xf Vips X8 = (0.50,0.31) V,zg (0.33,0.50) = (max{0.50, 0.33}, min{0.31,0.50}) = (0.50,0.31) = (0.50,0.19,0.31)
after adding the indeterminacy.

x5 Vs x5 = (0.53,0.35) Vpg (0.67,0.11) = (max{0.53,0.67}, min{0.35,0.11}) = (0.67,0.11) = (0.67,0.22,0.11)
after adding the indeterminacy.
The results of NS and IFS unions are very different:

Ay Vy By = {x,(0.8,0.1,0.3),x,(0.9,0.2,0.1)} # {x,(0.50,0.19,0.31),x,(0.67,0.22,0.11)} = A;rs Virs Birs
Even more distinction, for the NS and IFS union of the same elements:

xf vy x¥ = (0.50,0.19,0.31) v, (0.33,0.17,0.50) = (0.50,0.17,0.31)

While

x{ Vips x2 =(0.50,0.19,0.31) V;gs (0.33,0.17,0.50)
= (0.50,0.31) Vx5 (0.33,0.50)
= (0.50,0.31) = (0.50,0.19, 0.31) {after adding indeterminacy}

+ (0.50,0.17,0.31)
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17. Indeterminacy Makes a Big Difference between NS and IFS

The authors [6] assert that “Therefore, the NFS can be represented by an IFS” (page 5), but this is not correct
since it should be:

The NFS (neutrosophic fuzzy set = single-valued neutrosophic set) can be restrained (degraded) to an IFS
(intuitionistic fuzzy set), yet the independence of components is lost, and the results of the aggregation
operators are different between the neutrosophic environment and intuitionistic fuzzy environment since IES
operators ignore indeterminacy.

Since in single-valued neutrosophic set the neutrosophic components are independent (their sum can be up to
3, and if a component increases or decreases, it does not change the others), while in intuitionistic fuzzy set
the components are dependent (in general if one changes, one or both the other components change in order to
keep their sum equal to 1). Also, applying the neutrosophic operators is a better aggregation since the
indeterminacy (/) is involved into all neutrosophic (complement/negation, intersection, union,
inclusion/inequality/implication, equality/equivalence) operators while all intuitionistic fuzzy operators ignore
(do not take into the calculation) the indeterminacy.

That is why the results after applying the neutrosophic operators and intuitionistic fuzzy operators on the same
sets are different as proven above).

18. The Intuitionistic Fuzzy Logic Cannot Represent Paradoxes

No previous set/logic theories, including IFS or Intuitionistic Fuzzy Logic (IFL), since the sum of components
were not allowed above 1, could characterise a paradox, which is a true proposition (T = 1) and false (F = 1)
simultaneously; therefore the paradox is 100% indeterminate (I = 1). In Neutrosophic Logic (NL), a
paradoxical proposition Py is represented as Pni(1, 1, 1).

- . I 111
If one uses Atanassov and Vassiliev’s transformations (for example the normalisation) [1], we get PIFL(E, 3 5),

however, this one cannot represent a paradox, since a paradox is 100% true and 100% false, not 33% true
and 33% false.

19. Atanassov’s Intuitionistic Fuzzy Set of Second Type, Also Called Pythagorean Fuzzy
Set

Single-Valued Atanassov’s Intuitionistic Fuzzy Sets of the second type (IFS2) [23], also called Single-Valued
Pythagorean Fuzzy Set (PyFS) [24], is defined as follows (using T, I, F notations for the components):

Definition of IFS2 (PyFS).
Itis aset A;ps, = Apyrs from the universe of discourse U such that:
Airsy = Apyrs = {{x, Ty (x), F4(x))|x € U},

where, for all x € U, the functions T, (x), F4(x): U — [0, 1], represent the degree of membership (truth) and
degree on nonmembership (falsity) respectively, that satisfy the conditions:

0 <TZ(x)+ FZ(x) <1,

whence the hesitancy degree is:

I1(x) =1 -TZ(x) — FZ(x) € [0,1].
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20. The Components of Atanassov’s Intuitionistic Fuzzy Set of Second Type
(Pythagorean Fuzzy Set) are not Independent

Princy R and Mohana K assert in [23] that: “The truth and falsity values and hesitancy value can be
independently considered as membership and non-membership and hesitancy degrees respectively”. However,
this is untrue, since in IFS2 (PyFS) the components are not independent, because they are connected
(dependent on each other) through this inequality:

T2(x) + F2(x) < 1.
21. Counterexample 3

If T = 0.9, thenT? = 0.92 = 0.81, whence F2 <1 —T? =1-0.81 = 0.19, or F <+/0.19 ~ 0.44.
Therefore, if T = 0.9, then F is restricted to be less than equal to +/0.19.
While in NS if T = 0.9, F can be equal to any number in [0, 1], F can be even equal to 1.

Also, hesitancy degree depends on T and F, because the formula of hesitancy degree is an equation depending
on T and F, as below:

Ii(x) =1 —TZ(x) — F#(x) € [0,1].
If T =0.9and F = 0.2, then hesitancy
I=+v1-0.92-0.22 =+0.15 = 0.39.

Again, in NS if T = 0.9 and F = 0.2, I can be equal to any number in [0, 1], not only to v0.15.

22. Neutrosophic Set is a Generalization of Pythagorean Fuzzy Set

In the definition of PyFS, one has T,(x), F,(x) € [0, 1], which involves that T (x), FZ(x) € [0, 1] too; we
denote TS (x) = TZ(x), FNS(x) = F2(x), and IYS(x) = I2(x) = 1 — T?(x) — F?(x) € [0,1], where “NS”
stands for Neutrosophic Set.

Therefore, one gets:
TS0 + P () + FA° () = 1,

which is a particular case of the neutrosophic set, since in NS the sum of the components can be any number
between 0 and 3, hence into PyFS has been chosen the sum of the components be equal to 1.

23. Spherical Fuzzy Set (SFS)

Definition of Spherical Fuzzy Set.
A Single-Valued Spherical Fuzzy Set (SFS) [25-26], of the universe of discourse U, is defined as follows:

Agrs = {{x, Ty (x), [, (x), Fo (x))|x € U},

where, for all x € U, the functions T, (x), I4(x), F4(x): U — [0, 1], represent the degree of membership (truth),
the degree of hesitancy, and degree on nonmembership (falsity) respectively, that satisfy the conditions:

0<TZ(x)+12(x)+ Fi(x) <1,
whence the refusal degree is:

R4(x) = {1 =T (x) — IF(x) — F£(x) € [0,1].
24. The Components of the Spherical Fuzzy Set are not Independent

Princy R and Mohana K assert in [23] that:

“In spherical fuzzy sets, while the squared sum of membership, non-membership and hesitancy parameters can
be between 0 and 1, each of them can be defined between 0 and 1 independently.”
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However, this is again, untrue.
25. Counterexample 4

If T = 0.9 then F cannot be for example equal to 0.8, since 0.9% + 0.82 = 1.45 > 1, but the sum of the squares
of components is not allowed to be greater than 1.

So F depends on T in this example.

Two components are independent if no matter what value gets one component will not affect the other
component’s value.

26. Neutrosophic Set is a Generalization of the Spherical Fuzzy Set

In [25], Giindogdu and Kahraman assert about:

“superiority of SFS [i.e. Spherical Fuzzy Set] concerning Pythagorean, intuitionistic fuzzy and neutrosophic
sets”’;
also:
“SFSs are a generalisation of Pythagorean Fuzzy Sets (PFS) and neutrosophic sets”.

While it is true that the spherical fuzzy set is a generalisation of Pythagorean fuzzy set and intuitionistic fuzzy
set, it is false that spherical fuzzy set is a generalisation of the neutrosophic set.

It is the opposite: neutrosophic set is a generalisation of spherical fuzzy set. We prove it bellow.

In the definition of the spherical fuzzy set, one has: T,(x),14(x), F4(x) € [0,1], which involves that
T (x), 17 (x), F7 (x) € [0, 1] too.

Let us denote: TS (x) = TZ(x), IV (x) = I?(x), FNS(x) = F?(x), where “NS” stands for neutrosophic set,
whence we obtain, using SFS definition:

0<TNS()+IVS(x) + FNS(x) <1,

which is a particular case of the single-valued neutrosophic set, where the sum of the components T, I, F can
be any number between 0 and 3. So now we can choose the sum up to 1.

As a counterexample, if we choose T, (x) = 0.9, I,(x) = 0.4, F4(x) = 0.5, for some given element x, which
are neutrosophic components, they are not spherical fuzzy set components because 0.92 + 0.42 + 0.5%2 =
1.22 > 1.

The elements of a spherical fuzzy set form a 1/8 of a sphere of radius 1, centred into the origin O = (0,0,0) of
the Cartesian system of coordinates, on the positive ox(T), oy(I), oz(F) axes. While the standard
neutrosophic set is a cube of side 1, that has the vertexes: (0,0,0), (1,0,0), (0,1,0), (0,0,1), (1,1,0), (1,0,1),
0,1,2), (1,1,2).

The neutrosophic cube strictly includes the 1/8 fuzzy sphere.
27. Spherical Neutrosophic Set is Also a Generalization of Spherical Fuzzy Set

Spherical Neutrosophic Set (SNS) was introduced by Smarandache [27] in 2017.
Definition of Spherical Neutrosophic Set.

A Single-Valued Spherical Neutrosophic Set (SNS), of the universe of discourse U, is defined as follows:

Agns = {{x, Tp(x), [, (x), F4 (x))|x € U},
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where, for all x € U, the functions T, (x), I, (x), F4(x): U - [0,+/3], represent the degree of membership
(truth), the degree of indeterminacy, and degree on nonmembership (falsity) respectively, that satisfy the
conditions:

0<T2(x)+12(x)+ F?(x) < 3.
The Spherical Neutrosophic Set is a generalisation of Spherical Fuzzy Set, because we may restrain the SNS’s
components to the unit interval T, (x), I, (x), F4(x) € [0, 1], and the sum of the squared components to 1, i.e.
0<TZ(x)+12(x)+ FZ(x) <1.

Further on, if replacing 1, (x) = 0 into the Spherical Fuzzy Set; we obtain as a particular case the Pythagorean
Fuzzy Set.

28. n-Hyper Spherical Neutrosophic Set

Definition of n-Hyper Spherical Neutrosophic Set.

We introduce now for the first time the Single-Valued n-Hyper Spherical Neutrosophic Set (n-HSNS), which
is a generalisation of the Spherical Neutrosophic Set, of the universe of discourse U, for n = 1, is defined as
follows:

An_puns = {(x, Tp(x), I, (x), F4, (X)) |x € U},

where, for all x € U, the functions T,(x), I,(x), F4(x): U - [0, ¥/3], represent the degree of membership
(truth), the degree of indeterminacy, and degree on nonmembership (falsity) respectively, that satisfy the
conditions:

0<Tj(x)+ [}(x)+ F'(x) < 3.

29. Neutrosophic Set is a Generalization of g-Rung Orthopair Fuzzy Set (g-ROFS)

Definition of g-Rung Orthopair Fuzzy Set.
Using the same T, I, F notations, one has as follows.

A Single-Valued g-Rung Orthopair Fuzzy Set (g-ROFS) [28], of the universe of discourse U, for a given
real number g > 1, is defined as follows:

Aq_rors = {{x, Ta(x), F4(x))|x € U},

where, for all x € U, the functions T4 (x), F4(x): U — [0, 1], represent the degree of membership (truth), and
degree on nonmembership (falsity) respectively, that satisfy the conditions:

0<T,(x)T+F;x)¥<1.
Since T, (x), F4(x) € [0, 1], then for any real number, g = 1 one has T4 (x)?, F4,(x)? € [0,1] too.
Let us denote: TNS(x) = T, (x)9, FNS(x) = F,(x)4, whence it results in that: 0 < TNS(x) + FNS(x) < 1,
where what is left may be Indeterminacy.
However, this is a particular case of the neutrosophic set, where the sum of components T, I, F can be any

number between 0 and 3, and for g-ROFS is it taken to be up to 1. Therefore, any Single-Valued g-Rung
Orthopair Fuzzy Set is also a Neutrosophic Set, but the reciprocal is not true. See next counterexample.

30. Counterexample 5

Let us consider a real number 1 < g < oo, and a set of single-valued triplets of the form (T, I, F), with T, I,
F € [0, 1] that represent the components of the elements of a given set. The components of the form (1, F),
with F > 0, and of the form (T, 1), with T > 0, constitute NS components as follows: (1, I, F), with F > 0
and any I € [0, 1], and respectively (T, I, 1), with T > 0 and any I € [0, 1], since the sum of the components
is allowed to be greater than 1,i.e. 1+ 1+ F > 1 and respectively T + 1 + 1 > 1.
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However, they cannot be components of the elements of a g-ROFS set, since: 19 + F?4 =1 + F? > 1, because
F>0and1 < q < oo; buting-ROFS the sum has to be < 1.

Similarly, T+ 19 =T9+1 > 1,because T > 0 and 1 < q < oo; but in g-ROFS the sum has to be < 1.
31. Regret Theory is a Neutrosophication Model

Regret Theory (2010) [29] is a Neutrosophication (1998) Model when the decision-making area is split into
three parts, the opposite ones (upper approximation area, and lower approximation area) and the neutral one
(border area, in between the upper and lower area).

32. Grey System Theory as a Neutrosophication

A Grey System [30] is referring to a grey area (as < neutA > in neutrosophy), between extremes (as < A >
and < antiA > in neutrosophy). According to the Grey System Theory, a system with perfect information (<
A >) may have a unique solution, while a system with no information (< antiA >) has no solution. In the
middle (< neutA >), or a grey area, of these opposite systems, there may be many available solutions (with
partial information known and partial information unknown) from which an approximate solution can be
extracted.

33. Three-Ways Decision as Particular Cases of Neutrosophication and of Neutrosophic
Probability [31-36]

33.1 Neutrosophication
Let < A > be an attribute value, < antiA > the opposite of this attribute value, and < neutA > the neutral
(or indeterminate) attribute value between the opposites < A > and < antiAd >.

For examples: < A >=big, then < antiA >=small, and < neutA >=medium; we may rewrite:

i. (< A>, <neutd >, < antiA >) = (big, medium, small);
ii. or(<A> <neutA >, < antiA >) = (truth (denoted as T), indeterminacy (denoted as I), falsehood
(denoted as F)) as in Neutrosophic Logic,
iii. or(<A4>, <neutd >, < antiA >) = (membership, indeterminate-membership, nonmembership) as
in Neutrosophic Set,
iv. or (<A >, <neutd >, < antid >) = (chance that an event occurs, indeterminate-chance that the
event occurs or not, chance that the event does not occur) as in Neutrosophic Probability,

and so on.

Moreover, let us by “Concept” to mean: an item, object, idea, theory, region, universe, set, notion etc. this
attribute characterises that.

The process of neutrosophication means:
a) converting a Classical Concept

{denoted as (1<, Ocneutas: O<antias)-Classical Concept, or Classical Concept (1.4s, Ocneutas:
O0<antia>)}, Which means that the concept is, concerning the above attribute,

100% < A >, 0% < neutd >, and 0% < antid >,
into a Neutrosophic Concept

{denoted as (Tcgs, Icneutas>: F<antia>)-Neutrosophic Concept, or Neutrosophic Concept (T<as, Icneutas,
F _antia>)}, Which means that the concept is, concerning the above attribute,

T% < A >, 1% < neutA >, and F% < antiAd >,
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which more accurately reflects our imperfect, non-idealistic reality,
where all T, I, F are subsets of [0, 1] with no other restriction;

b) or converting a Fuzzy Concept, or Intuitionistic Fuzzy Concept into a Neutrosophic Concept;

c) or converting other Concepts such as Inconsistent Intuitionistic Fuzzy (Picture Fuzzy) Concept, or
Pythagorean Fuzzy Concept, or Spherical Fuzzy Concept, or g-Rung Orthopair Fuzzy etc. into a
Neutrosophic Concept or a Refined Neutrosophic Concept (i.e. T1% < A1 >, To,% < A4, >, ...; 1% <
neutd; >, L% < neutAd, >, ...; and F;% < antiA; >, F,% < antid, >, ...), where all T,, T,, ...; L1,
I,, ...; F;, F,, ... are subsets of [0, 1] with no other restriction.

d) or converting a crisp real number (r) into a neutrosophic real number of the form » = a + bI, where “I”
means (literal or numerical) indeterminacy, a and b are real numbers, and “a” represents the determinate
part of the crisp real number r, while bI the indeterminate part of r;

e) or converting a crisp, complex number (c) into a neutrosophic complex number of the form ¢ = a, + b;i
+(a, + byi)I=a; + a,I + (by + b,1)i, where “I” means (literal or numerical) indeterminacy, i = v—1,
with a4, a,, by, b, real numbers, and “a; + b;i” represents the determinate part of the complex real
number c, while a, + b,i the indeterminate part of c;

(we may also interpret that as: a, is the determinate part of the real-part of ¢, and b, is the determinate part of
the imaginary-part of c; while a, is the indeterminate part of the real-part of ¢, and b, is the indeterminate part
of the imaginary-part of c);

f) converting a crisp, fuzzy, or intuitionistic fuzzy, or inconsistent intuitionistic fuzzy (picture fuzzy), or
Pythagorean fuzzy, or spherical fuzzy, or g-rung orthopair fuzzy number and other numbers into a
qguadruple neutrosophic number of the form a + bT + cI + dF, where a, b, c, d are real or complex
numbers, while T, I, F are the neutrosophic components.

While the process of deneutrosophication means going backwards concerning any of the above processes of
neutrosophication.

Example 1.

Let the attribute < A >=cold temperature, then < antiA >=hot temperature, and < neutA >=medium
temperature.

Let the concept be a country M, such that its northern part (30% of country’s territory) is cold, its southern
part is hot (50%), and in the middle, there is a buffer zone with medium temperature (20%). We write:

M(O-gcold temperature» O-Zmedium temperature O-Shot temperature)

where we took single-valued numbers for the neutrosophic components T, = 0.3, I, = 0.2, F;; = 0.5 and the
neutrosophic components are considered dependent, so their sum is equal to 1.

33.2 Three-Ways Decision is a Particular Case of Neutrosophication

Neutrosophy (based on < 4 >, < neutAd >, < antiA >) was proposed by Smarandache [1] in 1998, and
Three-Ways Decision by Yao [31] in 2009.

In Three-Ways Decision, the universe set is split into three different distinct areas, regarding the decision
process, representing:

Acceptance, Noncommitment, and Rejection, respectively.

In this case, the decision attribute value < A >=Acceptance, whence < neutA >= Noncommitment, and <
antiA >= Rejection.

The classical concept=UniverseSet.

Therefore, we got the NeutrosophicConcept (T« >, Icneutas> F<antias), denoted as:
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Unive rseset(TAcceptancev INoncommitment: FRejection) )

where T, =universe set’s zone of acceptance, | ; =universe set’s zone of noncomitment
Acceptance Noncommitment

(indeterminacy), Frejection =universe set’s zone of rejection.

33.3 Three-Ways Decision as a Particular Case of Neutrosophic Probability
Let us consider the event, deciding on a universe set.
According to Neutrosophic Probability (NP) [1, 11] one has:

NP(decision) = (the universe set’s elements for which the chance of the decision may be accepted; the universe
set’s elements for which there may be an indeterminate-chance of the decision; the universe set’s elements for
which the chance of the decision may be rejected).

33.4 Refined Neutrosophy
Refined Neutrosophy was introduced by Smarandache [9] in 2013, and it is described as follows:

I. <A >isrefined (split) into subcomponents < A; >, < 4; >, ..., < A, >;
ii. < mneutA > isrefined (split) into subcomponents < neutd; >, < neutd, >, ..., < neutl, >;
iii. and < antiA > is refined (split) into subcomponents < antid; >, < antid, >, ..., < antids >;

where p,r,s = 1 are integers,and p + r + s = 4.
Example 2.

If < A > =voting in-country M, them < A; > = voting in Region 1 of country M for a given candidate, <
A, > = voting in Region 2 of country M for a given candidate, and so on.

Similarly, < neutA; >= not voting (or casting a white or a black vote) in Region 1 of country M, < A, >=
not voting in Region 2 of country M, and so on.

And < antiA, > = voting in Region 1 of country M against the given candidate, < A, > = voting in Region
2 of country M against the given candidate, and so on.

33.5 Extension of Three-Ways Decision to n-Ways Decision

n-Way Decision was introduced by Smarandache in 2019.

In n-Ways Decision, the universe set is split into n > 4 different distinct areas, regarding the decision process,
representing:

Levels of Acceptance, Levels of Noncommitment, and Levels of Rejection, respectively.

Levels of Acceptance may be: Very High Level of Acceptance (< A; >), High Level of Acceptance (< 4, >),
Medium Level of Acceptance (< Az >), etc.

Similarly, Levels of Noncommitment may be: Very High Level of Noncommitment (< neutA; >), High
Level of Noncommitment (< neutA, >), Medium Level of Noncommitment (< neutA; >), etc.

And Levels of Rejection may be: Very High Level of Rejection (< antiA, >), High Level of Rejection (<
antiA, >), Medium Level of Rejection (< antid; >), etc.

Then, the Refined Neutrosophic Concept

{denOted as (T1<A1>’ T2<A2>a eeey Tp<Ap>; 11<neutA1>1 12<neutA2>a ooy Ir<neutAr>; F1<antiA1>,
F2_ntiaz>s +--s FScaniias>)-RefinedNeutrosophicConcept, or RefinedNeutrosophicConcept (T1_.41>,

T2<A2>s seey Tp<Ap>; 11<neutA1>v 12<neutA2>, seey Ir<neutAr>; F1<antiA1>y F2<antiA2>a eeey FS<antiAs>)}’

which means that the concept is, concerning the above attribute value levels,
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T1% < A1 >, T2% < A2 >, ..., Tp% < Ap >;
11% < neutAl >, I2% < neutA2 >, ..., Ir% < neutAr >,
F1% < antiAl >, F2% < antiA2 >, ..., Fs% < antiAs >;
which more accurately reflects our imperfect, non-idealistic reality,
with where p,r,s = 1 are integers,and p + r + s = 4,
where all T1, T2, ..., Tp, I1,12, ..., Ir, F1, F2, ..., Fs are subsets of [0, 1] with no other restriction.
34. Many More Distinctions between Neutrosophic Set (NS) and Intuitionistic Fuzzy Set
(IFS) and other Type Sets [37]

34.1 Neutrosophic Set can distinguish between absolute and relative

i.  absolute membership (i.e. membership in all possible worlds; we have extended Leibniz’s absolute
truth to absolute membership), and
ii.  relative membership (membership in at least one world, but not in all), because NS (absolute
membership element)= 1%, while
iii. NS (relative membership element)= 1.

This has application in philosophy (see the neutrosophy). That is why the unitary standard interval [0, 1] used
in IFS has been extended to the unitary non-standard interval ]~0, 1*[ in NS.

Similar distinctions for absolute or relative non-membership and absolute or relative indeterminate
appurtenance are allowed in NS.

While IFS cannot distinguish the absoluteness from relativeness of the components.

34.2 In NS, there is no restriction on T, I, F other than they are subsets of 170, 1*[. Thus: ~0 < infT + infI +
infF < supT+ supl+supF < 3%,

The inequalities (2.1) and (2.4) [17] of IFS are relaxed in NS.

This non-restriction allows paraconsistent, dialetheist, and incomplete information to be characterised in NS
{i.e. the sum of all three components, if they are defined as points, or sum of superior limits of all three
components if they are defined as subsets, can be > 1 (for paraconsistent information coming from different
sources), or < 1 for incomplete information}, while that information cannot be described in IFS because in
IFS the components T (membership), I (indeterminacy), F (non-membership) are restricted either to ¢ + i +
f=1ortot?+ f2<1,ifT, I, F are all reduced to the points (single-valued numbers) t, i, f respectively,
or supT + supl + supF = 1if T, I, F are subsets of [0, 1]. Of course, there are cases when paraconsistent
and incomplete information can be normalised to 1, but this procedure is not always suitable.

In IFS paraconsistent, dialetheist, and incomplete information cannot be characterised.
This most important distinction between IFS and NS is showed in the below Neutrosophic Cube
A’B’C’D’E’F’G’H’ introduced by Dezert [38] in 2002.

Because in technical applications only the classical interval [0,1] is used as range for the neutrosophic
parameters t, i, f, we call the cube ABCDEDGH the technical neutrosophic cube and its extension
A'B'C'D'E'D'G'H’ the neutrosophic cube (or nonstandard neutrosophic cube), used in the fields where we
need to differentiate between absolute and relative (as in philosophy) notions.



Journal of New Theory 29 (2019) 01-32 / Neutrosophic Set is a Generalization of IFS.. 22

F’ E'(0.40,19)

H(1.0,0) t

BAY 0 ST

C ‘ T0.T,0)

c (0,150}

Fig. 1. Neutrosophic Cube

Let us consider a 3D Cartesian system of coordinates, where ¢ is the truth axis with value range in ]~0, 17, f
is the false axis with value range in ]~0, 1*[, and similarly, i is the indeterminate axis with value range in
170, 1*[.

We now divide the technical neutrosophic cube ABCDEDGH into three disjoint regions:

a) The shaded equilateral triangle BDE, whose sides are equal to v2, which represents the
geometrical locus of the points whose sum of the coordinates is 1.

If a point Q is situated on the sides or inside of the triangle BDE, then t, + iy + fp = 1 as in Atanassov-
intuitionistic fuzzy set (A — IFS).
IFS triangle is a restriction of (strictly included in) the NS cube.

b) The pyramid EABD {situated in the right side of the AEBD, including its faces AABD (base),

AEBA, and AEDA (lateral faces), but excluding its face ABDE?} is the locus of the points whose
sum of coordinates is less than 1.

If P € EABD then tp + ip + fp < 1 as in inconsistent intuitionistic fuzzy set (with incomplete information).

c) In the left side of ABDE in the cube, there is the solid EFGCDEBD (excluding ABDE) which is
the locus of points whose sum of their coordinates is greater than 1 as in the paraconsistent set.

IfapointR € EFGCDEBD, thentg +ig + fg > 1.

It is possible to get the sum of coordinates strictly less than 1 or strictly greater than 1. For example, having
three independent sources of information:

- We have a source which is capable of finding only the degree of membership of an element, but it is
unable to find the degree of non-membership;

- Another source which is capable of finding only the degree of non-membership of an element;
- Or asource which only computes the indeterminacy.

Thus, when we put the results together of these sources, it is possible that their sum is not 1, but smaller or
greater.

Also, in information fusion, when dealing with indeterminate models (i.e. elements of the fusion space which
are indeterminate/unknown, such as intersections we do not know if they are empty or not since we do not
have enough information, similarly for complements of indeterminate elements, etc.): if we compute the
believe in that element (truth), the disbelieve in that element (falsehood), and the indeterminacy part of that
element, then the sum of these three components is strictly less than 1 (the difference to 1 is the missing
information).
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34.3 Relation (2.3) from interval-valued intuitionistic fuzzy set is relaxed in NS, i.e. the intervals do not
necessarily belong to Int[0,1] but to [0,1], even more, general to ]~0, 1*].

34.4 In NS the components T, I, F can also be nonstandard subsets included in the unitary non-standard
interval ]~0, 17, not only standard subsets included in the unitary standard interval [0, 1] as in IFS.

34.5 NS, like dialetheism, can describe paradoxist elements, NS (paradoxist element) = (1, 1, 1), while IFL
cannot describe a paradox because the sum of components should be 1 in IFS.

34.6 The connectors/operators in IFS are defined concerning T and F only, i.e. membership and
nonmembership only (hence the Indeterminacy is what is left from 1), while in NS they can be defined
concerning any of them (no restriction).

However, for interval-valued intuitionistic fuzzy set, one cannot find any left indeterminacy.

34.7 Component “I”, indeterminacy, can be split into more subcomponents in order to better catch the vague
information we work with, and such, for example, one can get more accurate answers to the Question-
Answering Systems initiated by Zadeh (2003).

{In Belnap’s four-valued logic (1977) indeterminacy is split into Uncertainty (U) and Contradiction (C), but
they were interrelated.}

Even more, one can split “I”” into Contradiction, Uncertainty, and Unknown, and we get a five-valued logic.

In a general Refined Neutrosophic Logic, T can be split into subcomponents T, T, ..., T, and I into Iy, I, ...,
L.,and F into F, F,, ..., F;, where p,r,s = 1landp+r+s=n = 3. Evenmore: T, I, and/or F (or any of
their subcomponents Tj, I, and/or F;) can be countable or uncountable infinite sets.

34.8 Indeterminacy is independent of membership/truth and non-membership/falsehood in NS/NI, while in
IFS/IFL it is not.

In neutrosophics there are two types of indeterminacies:

a) Numerical Indeterminacy (or Degree of Indeterminacy), which has the form (t,i, f) # (1,0,0), where t, i,
f are numbers, intervals, or subsets included in the unit interval [0, 1], and it is the base for the (¢,i, f)-
Neutrosophic Structures.

b) Non-numerical Indeterminacy (or Literal Indeterminacy), which is the letter “I”’ standing for unknown (non-
determinate), such that /2 = I, and used in the composition of the neutrosophic number N = a + b, where a
and b are real or complex numbers, and a is the determinate part of number N, while bI is the indeterminate
part of N. The neutrosophic numbers are the base for the I-Neutrosophic Structures.

34.9 NS has a better and clear terminology (hame) as "neutrosophic™ (which means the neutral part: i.e. neither
true/membership nor false/nonmembership), while IFS's name "intuitionistic" produces confusion with
Intuitionistic Logic, which is something different (see the article by Didier Dubois et al. [39], 2005).

34.10 The Neutrosophic Set was extended [8] to Neutrosophic Overset (when some neutrosophic component
is > 1), and to Neutrosophic Underset (when some neutrosophic component is < 0), and to and to
Neutrosophic Offset (when some neutrosophic components are off the interval [0, 1], i.e. some neutrosophic
component > 1 and some neutrosophic component < 0). In IFS the degree of a component is not allowed to
be outside of the classical interval [0, 1].

This is no surprise concerning the classical fuzzy set/logic, intuitionistic fuzzy set/logic, or classical and
imprecise probability where the values are not allowed outside the interval [0, 1], since our real-world has
numerous examples and applications of over/under/off neutrosophic components.

Example: In a given company, a full-time employer works 40 hours per week. Let us consider the last week
period. Helen worked part-time, only 30 hours, and the other 10 hours she was absent without payment; hence,

her membership degree was % =0.75 < 1.



Journal of New Theory 29 (2019) 01-32 / Neutrosophic Set is a Generalization of IFS... 24

John worked full-time, 40 hours, so he had the membership degree g = 1, concerning this company. But

20+5 _ 25 _ 1125 > 1. Thus, we need to
40 40

make a distinction between employees who work overtime and those who work full-time or part-time. That is
why we need to associate a degree of membership greater than 1 to the overtime workers.

George worked 5 hours overtime, so his membership degree was

Now, another employee, Jane, was absent without pay for the whole week, so her degree of membership was

0
— = 0.
40

However, Richard, who was also hired as a full-time, not only did not come to work last week at all (0 worked
hours), but he produced, by accidentally starting a devastating fire, much damage to the company, which was
estimated at a value half of his salary (i.e. as he would have gotten for working 20 hours). Therefore, his

membership degree has to be less than Jane’s (since Jane produced no damage). Whence, Richard’s degree of

membership concerning this company was —% =—-0.50<0.

Therefore, the membership degrees > 1 and < 0 are real in our world, so we have to consider them.

Then, similarly, the Neutrosophic Logic/Measure/Probability/Statistics etc. were extended to respectively
Neutrosophic Over/Under/Off Logic, Measure, Probability, Statistics etc. [8].

34.11 Neutrosophic Tripolar (and in general Multipolar) Set and Logic [8] of the form:
(TH TS T TS TS, TS, T > < I L 1% 02, . 10, 12 >,
<F[ Ft, . Ef FOF5, ...,F, F; >)
where we have multiple positive/neutral/negative degrees of T, I, and F, respectively.

34.12 The Neutrosophic Numbers have been introduced by W.B. Vasantha Kandasamy and F. Smarandache
[40] in 2003, which are numbers of the form N = a + bI, where a, b are real or complex numbers, while “I”
is the indeterminacy part of the neutrosophic number N, such that 1> = I and al + BI = (a + B)I.

Of course, indeterminacy “I” is different from the imaginary unit i = v—1.
In general, one has I = I if n > 0, and it is undefined if n < 0
34.13 Also, Neutrosophic Refined Numbers were introduced [41] as:

a+ bily + byI, + -+ by, 1, Where a, by, b,, ..., by, are real or complex numbers, while the I, I, ..., I,,, are
types of sub-indeterminacies, for m > 1.

34.14 The algebraic structures using neutrosophic numbers gave birth to the I-Neutrosophic Algebraic
Structures [see for example “neutrosophic groups”, “neutrosophic rings”, “neutrosophic vector space”,
“neutrosophic matrices, bimatrices, ..., n-matrices”, etc.], introduced by W.B. Vasantha Kandasamy, F.

Smarandache [40] et al. since 2003.

1 2+1 -5
0 1/3 1
—1+4 6 5]

Example of Neutrosophic Ring: ({a + bI, with a, b € R}, +, -), where of course (a + bI) + (c +dI) =
(a+c)+b+d)l,and (a+ bl):(c+dIl) = (ac) + (ad + bc + bd)I.

Example of Neutrosophic Matrix:

34.15 Also, to Refined I-Neutrosophic Algebraic Structures, which are structures using sets of refined
neutrosophic numbers [41].

34.16 Types of Neutrosophic Graphs (and Trees):

a-c) Indeterminacy “I” led to the definition of the Neutrosophic Graphs (graphs which have: either at least
one indeterminate edge, or at least one indeterminate vertex, or both some indeterminate edge and some
indeterminate vertex), and Neutrosophic Trees (trees which have: either at least one indeterminate edge, or
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at least one indeterminate vertex, or both some indeterminate edge and some indeterminate vertex), which
have many applications in social sciences.

Another type of neutrosophic graph is when at least one edge has a neutrosophic (t, i, f) truth-value.

As a consequence, the Neutrosophic Cognitive Maps [40] and Neutrosophic Relational Maps [40] are
generalisations of fuzzy cognitive maps and respectively fuzzy relational maps, Neutrosophic Relational
Equations [40], Neutrosophic Relational Data [42], etc.

A Neutrosophic Cognitive Map is a neutrosophic directed graph with concepts like policies, events etc. as
vertices, and causalities or indeterminates as edges. It represents the causal relationship between concepts.

An edge is said indeterminate if we do not know if it is any relationship between the vertices it connects, or
for a directed graph we do not know if it is a directly or inversely proportional relationship. We may write for
such edge that (¢, i, f) = (0,1,0).

A vertex is indeterminate if we do not know what kind of vertex it is since we have incomplete information.
We may write for such vertex that (¢, i, f) = (0, 1, 0).

Example of Neutrosophic Graph (edges V, V5, V, Vs, V, V5 are indeterminate, and they are drawn as dotted):

Fig. 2. Neutrosophic Graph {with I (indeterminate) edges}

Moreover, its neutrosophic adjacency matrix is:

~ O ~rRo
oo ~or
RO~ i~
_OoOR oo
O = O~

Fig. 3. Neutrosophic Adjacency Matrix of the Neutrosophic Graph

The edges mean 0 = no connection between vertices, 1 = connection between vertices, I = indeterminate
connection (not known if it is, or if it is not).

Such notions are not used in the fuzzy theory.

Example of Neutrosophic Cognitive Map (NCM), which is a generalisation of the Fuzzy Cognitive Maps.
Let us have the following vertices:

C1 - Child Labor

C2 - Political Leaders

C3 - Good Teachers

C4 - Poverty

C5 - Industrialists

C6 - Public practising/encouraging Child Labor

C7 - Good Non-Governmental Organizations (NGOs)
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Fig. 4. Neutrosophic Cognitive Map

The corresponding neutrosophic adjacency matrix related to this neutrosophic cognitive map is:

r0 I -1 1 1 0 07
I 0 I 0 0 0 O

-1 1 0 0 I 0 O
1 0 0 0 0 0 O
1 0 0 0 0 0 O
0o 0 0 0 I 0 -1

-1 0 0 0 0 O O

Fig. 5. Neutrosophic Adjacency Matrix of the Neutrosophic Cognitive Map

The edges mean: 0 = no connection between vertices, 1 = directly proportional connection, —1 = inversely
proportionally connection, and I = indeterminate connection (not knowing what kind of relationship is
between the vertices that the edge connects).

Such literal indeterminacy (letter I') does not occur in previous set theories, including intuitionistic fuzzy set;
they had only numerical indeterminacy.

d) Another type of neutrosophic graphs (and trees) [41]:
An edge of a graph, let us say from A to B (i.e. how A influences B), may have a neutrosophic value (t, i, ),
where t means the positive influence of A on B,

i means the indeterminate influence of 4 on B, and

f means the negative influence of A on B.

Then, if we have, let us say: A->B->C such that A->B has the neutrosophic value (tq,i4,f1)
and B->C has the neutrosophic value (t,, i5, f>), then A->C has the neutrosophic value (t4, iy, f1) A (t2, i3 f2),
where A is the AND neutrosophic operator.

e) Also, again a different type of graph: we can consider a vertex A as t% belonging/membership to the graph,
i% indeterminate membership to the graph, and f% nonmembership to the graph.

f) Any of the previous types of graphs (or trees) put together.

g) Tripolar (and Multipolar) Graph, which is a graph whose vertexes or edges have the form (<

THT°T™ >, <I*I°%I" >, <F*F%F >) and respectively: (<T,T°T; > <I5I%I7 >, <
+ g0 -

F*,F° F~ >).

34.17 The Neutrosophic Probability (NP), introduced in 1995, was extended and developed as a

generalisation of the classical and imprecise probabilities [11]. NP of an event E is the chance that event E

occurs, the chance that event E does not occur, and the chance of indeterminacy (not knowing if the event E
occurs or not).

In classical probability ng,,, < 1, while in neutrosophic probability ng,, < 3*.
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In imprecise probability: the probability of an event is a subset T in [0, 1], not a number p in [0, 1], what is
left is supposed to be the opposite, subset F (also from the unit interval [0, 1]); there is no indeterminate subset
I in imprecise probability.

In neutrosophic probability, one has, besides randomness, indeterminacy due to construction materials and
shapes of the probability elements and space.

In consequence, neutrosophic probability deals with two types of variables: random variables and
indeterminacy variables, and two types of processes: stochastic process and respectively indeterminate process.

34.18 And consequently the Neutrosophic Statistics, introduced in 1995 and developed in [12], which is the
analysis of the neutrosophic events.

Neutrosophic Statistics means statistical analysis of population or sample that has indeterminate (imprecise,
ambiguous, vague, incomplete, unknown) data. For example, the population or sample size might not be
exactly determinate because of some individuals that partially belong to the population or sample, and partially
they do not belong, or individuals whose appurtenance is completely unknown. Also, there are population or
sample individuals whose data could be indeterminate. It is possible to define the neutrosophic statistics in
many ways, because there are various types of indeterminacies, depending on the problem to solve.

Neutrosophic statistics deals with neutrosophic numbers, neutrosophic probability distribution, neutrosophic
estimation, neutrosophic regression. The function that models the neutrosophic probability of a random
variable x is called neutrosophic distribution: NP(x) = (T(x),I(x),F(x)), where T(x) represents the
probability that value x occurs, F(x) represents the probability that value x does not occur, and I(x) represents
the indeterminate/unknown probability of value x.

34.19 Also, Neutrosophic Measure and Neutrosophic Integral were introduced [11].
34.20 Neutrosophy {Smarandache, since 1995 [7, 13, 14]} opened a new field in philosophy.

Neutrosophy is a new branch of philosophy that studies the origin, nature, and scope of neutralities, as well as
their interactions with different ideational spectra.

This theory considers every notion or idea < A > together with its opposite or negation < Anti — A > and the
spectrum of “neutralities” < Neut — A > (i.e. notions or ideas located between the two extremes, supporting
neither < A > nor < Anti — A >). The < Neut — A > and < Anti — A > ideas together are referred to as <
Non — A >.

According to this theory, every idea < A > tends to be neutralised and balanced by < Anti — A > and <
Non — A > ideas - as a state of equilibrium. Classically < A >, < Neut — A >, < Anti — A > are disjoint
two by two.

However, since in many cases the borders between notions are vague, imprecise, Sorites, it is possible that <
A >, < Neut —A >, < Anti — A > (and < Non — A > of course) have common parts two by two as well.

Neutrosophy is the base of neutrosophic logic, neutrosophic set, neutrosophic probability and statistics used in
engineering applications (especially for software and information fusion), medicine, military, cybernetics,
physics.

We have extended dialectics (based on the opposites < A > and < antiA >) to neutrosophy (based on < A >,
< antid > and < neutAd >.

34.21 In consequence, we extended the thesis-antithesis-synthesis to thesis-antithesis-neutrothesis-neutron
synthesis [41].

34.22 Neutrosophy extended the Law of Included Middle to the Law of Included Multiple-Middle [10] in
accordance with the n-valued refined neutrosophic logic.

34.23 Smarandache [41] introduced the Neutrosophic Axiomatic System and Neutrosophic Deducibility.
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34.24 He then introduced the (¢, i, f)-Neutrosophic Structure [41], which is a structure whose space, or at
least one of its axioms (laws), has some indeterminacy of the form (¢, i, f) # (1,0, 0).

Also, we defined the combined (t, i, f)-I-Neutrosophic Algebraic Structures, i.e. algebraic structures based on
neutrosophic numbers of the form a + b1, but also having some indeterminacy [of the form (¢, i, f) # (1,0, 0)]
related to the structure space (i.e. elements which only partially belong to the space or elements we know
nothing if they belong to the space or not) or indeterminacy [of the form (¢, i, f) # (1,0, 0)] related to at least
one axiom (or law) acting on the structure space).

Even more, we generalised them to Refined (t,i, f)-Refined I-Neutrosophic Algebraic Structures, or
(tj, ix, f1)-is-Neutrosophic Algebraic Structures; where t; means that ¢ has been refined to j subcomponents
ty, tz, ..., tj; similarly for iy, f; and respectively ;.

34.25 Smarandache and Ali, in 2014-2016 [43, 44, 45], introduced the Neutrosophic Triplet Structures.

A Neutrosophic Triplet is a triplet of the form:

< a,neut(a), anti(a) >,
where neut(a) is the neutral of a, i.e. an element (different from the identity element of the operation *) such
that a * neut(a) = neut(a) * a = a, while anti(a) is the opposite of a, i.e. an element such that a *
anti(a) = anti(a) * a = neut(a). Neutrosophy means not only indeterminacy but also neutral (i.e. neither
true nor false). For example, we can have neutrosophic triplet semigroups, neutrosophic triplet loops, etc.

Further on Smarandache extended the neutrosophic triplet < a, neut(a), anti(a) > to a m-valued refined
neutrosophic triplet, in a similar way as it was done for Ty, T, ...; I1, I5, ...; F1, F5, ... (i.e. the refinement of
neutrosophic components). It will work in some cases, depending on the composition law =. It depends on each
* how many neutrals, and anti's there is for each element “a”.

We may have an m-tuple concerning the element “a” in the following way:
(a; neut, (a),neut,(a), ..., neut,(a); antiy(a), anti(a), ..., anti, (a)),

where m = 1 + 2p, such that:

- all neut, (a), neut,(a), ..., neut,(a) are distinct two by two, and each one is different from the unitary
element concerning the composition law x;

- also:
a * neut;(a) = neut;(a) *a =a
a * neut,(a) = neut,(a) *a =a

a * neut,(a) = neut,(a) * a = a; and
a * anti,(a) = anti;(a) * a = neut,(a)
a * anti,(a) = anti,(a) * a = neut,(a)

a * antiy(a) = antiy(a) * a = neut,(a);

- where all anti, (a), anti,(a), ..., anti,(a) are distinct two by two, and in a case when there are duplicates,
the duplicates are discarded.

34.26 As latest minute development, the crisp, fuzzy, intuitionistic fuzzy, picture fuzzy, and neutrosophic sets
were extended by Smarandache [46] in 2017 to plithogenic set, which is:

A set P whose elements are characterised by many attributes’ values. An attribute value v has a corresponding
(fuzzy, intuitionistic fuzzy, picture fuzzy, or neutrosophic) degree of appurtenance d(x, v) of the element x,
to the set P, concerning some given criteria. In order to obtain a better accuracy for the plithogenic aggregation
operators in the plithogenic set, and for a more exact inclusion (partial order), a (fuzzy, intuitionistic fuzzy,
picture fuzzy, or neutrosophic) contradiction (dissimilarity) degree is defined between each attribute value and
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the dominant (most important) attribute value. The plithogenic intersection and union are linear combinations
of the fuzzy operators t-norm and t-conorm, while the plithogenic complement (negation), inclusion
(inequality), equality (equivalence) are influenced by the attribute values contradiction (dissimilarity) degrees.

35. Conclusion

In this paper, we proved that neutrosophic set is a generalisation of intuitionistic fuzzy set and inconsistent
intuitionistic fuzzy set (picture fuzzy set).

By transforming (restraining) the neutrosophic components into intuitionistic fuzzy components, as Atanassov
and Vassiliev proposed, the independence of the components is lost, and the intuitionistic fuzzy aggregation
operators ignore the indeterminacy. Also, the result after applying the neutrosophic operators is different from
the result obtained after applying the intuitionistic fuzzy operators (concerning the same problem to solve).

We presented many distinctions between neutrosophic set and intuitionistic fuzzy set, and we showed that
neutrosophic set is more general and more flexible than previous set theories. Neutrosophy’s applications in
various fields such as neutrosophic probability, neutrosophic statistics, neutrosophic algebraic structures, and
so on were also listed.
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1. Introduction

The concept of the rhotrix is a mathematical structure in the rhombodial form of real numbers defined
by Atanasov and Shannon [1], inspired by the concepts of matrix tertion and matrix netrion. In 2003,
Ajibade [2] defined an object that lies between 2 x 2 dimensional matrices and 3 x 3 dimensional
matrices called rhotrix as follows:

Definition 1.1. [2] Let a,b,c¢,d, e be real numbers. Then a mathematical rhombodial form

a
R=(b ¢ d
e

is called 3 — dimensional rhotrixz over real numbers. The entry c in rhotrix R is called the heart of

R denoted by h(R).

The set of all 3 — dimensional rhotrices is denoted by R.

a
R = b ¢ d )la,b,c,d,e €R
e
On operations over R are as follows:
a f
Let R=( b ¢ d Yand@=( g h j ) beinR. Then,
e k

R=Q<sa=fb=g,c=hd=je=k
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The addition of two rhotrices R and Q was defined as
a+ f

R+Q:< b+g c+h d+j >
e+k

It is reported in [3] that the set of all 3-dimensional rhotrices is a commutative group w.r.t '+’
This group is denoted by (R,+). The notion (—R) was given as additional inverse of rhotrix R and

was defined as follows:
—a
—R:< b —c —d >
—e

Or

eR = < Or Op Opg > was given identity element of rhotrices group R3. Let a € R and R € R. The
Or

scalar multiplication of o and R was defined by

aa
aR:< ab ac ad>
ae

a f

Definition 1.2. Let R = < b h(R) d > and Q = < g h(Q) j > be in R. The multiplication
e k

of Rand @ is as follows:

ah(Q) + fh(R)
Ro@Q = < bh(Q) + gh(R) MR)R(Q)  dh(Q) + jh(R) >
eh(Q) + kh(R)

In [3] it has been shown that the set of all three-dimensional real rhotrices together with the

0
operations addition (+) and multiplication (0) is a commutative ring with identity I = < 010 >

0
a
Definition 1.3. Let R = < b h(R) d > be in R. If Ro@ = I such that there exists @ € R then
e

Q is called the inverse of R, denoted by R~!, and

—1

_ p—1 _
Q=R =g

< b —hCER) d > where h(R) # 0.

Other multiplication of rhotrices called row-column multiplication was proposed by Sani [4]. This
multiplication is as follows:

a f
Definition 1.4. Let R = < b h(R) d > and Q = < g h(Q) j > be in R.
e k

af +dg
Re(Q = < bf +eg h(R)h(Q) aj+ dk >
bf + ek
Studies on this subject has progressed quickly after the rhotrix definition. Several authors have

obtained interesting results on 3-dimensional rhotrices. See [5] for a comprehensive survey of the
literature on these developments.
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2. Rhotrices Ring on Arbitrary Ring R

The definition of n-dimensional rhotrix over an arbitrary ring was firstly given by Mohammed in [6]
and he gave the set of all rhotrices over an arbitrary ring is a ring together with the operations of
rhotrix addition and row-cloum rhotrix multiplication.

In this section, it has been shown that the set of 3-dimensional rhotrices over an arbitrary ring is
a ring with the operations rhotrix addition and “hearty multiplication” as different from multipli-
cation in Mohammed’s work [6]. Also we investigate the basic properties of the rhotrices ring.

Definition 2.1. Let (R, +,.) be a ring with identity. By a 3 — dimensional rhotrix over the ring R,
we mean a rhomboidal array defined by
a
A= < b ¢ d >
e

where a, b, c,d, e are in the ring R. The entry c of A is called heart of A denoted by h(A).

The set of all 3-dimensional rhotrices over the ring R denoted by R3(R),

Rg(R):{<b Z d>

We define two binary operations addition ( +) and multiplication( ®) on R3(R) by

a,b,c,d,eER}

/

a a a—i—a/
<b c d>$< v d’>:<b+b’ c+c d+d’> (1)
e e e—i—e/
a a/ a.cl—l—c.a/
< b ¢ d >@< Vo od >:< b.e +cb e.c d.c +cd > (2)
e e/ e.cl—l—c.e/

!

a a
for all < b ¢ d >,< o d > € R3(R). It is easy to check that these operations are well defined,

’
e (&

since ” +7” and ”.” in R are well-defined.

Theorem 2.2. The set of all 3 — dimensional rhotrices R3(R) over the ring R is a ring with respect
to operations 7+ and 7 ®7.

PROOF. It’s easy to see that (R3(R),+) is a commutative group. Now let’s show that the triple
(R3(R), ¥, ®) is a ring.

a a x
ForallP:<b c d>,Q:<b/ cr d/>,S:<y z t>€R3(R)
e er U

a.c +ca T
(POQ)GS = <b.c/+c.b/ c.c d.c/+c.d/>®<y z t>

/ /
e.c +c.e U

a.cl.z + c.a,.z + c.cl.x
= < be.z+cb.z+cecy ec .z di z+cd.z+ec t >
e.cl.z + c.e,.z + c.cl.u

= Po(Q06S)

The operation ” ®” is an associative in R3(R).
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a—l—a/ x
(P$Q)®S:<b+b’ c+c d+d’>®<y z t>

!
e+e U

(a+da)z+ (c+c)a
< b+b)z+(c+c)y (c+¢).z (d+d/).z+(c+c/).t>
(e+e)z+(c+c)u
a.z—}—a,.z—l—c.x—{—cl.x
<bz—|—b Z+ey+cy cz+c.z dz+d.z+ct+c .t
e.z—l—e,.z—kc.u—l—cl.u

a.z +cx d.z+c.a
b.z +cuy c.z d.z+ct >:|\—< b.z+cy ¢ .z dz+ct >

! I
e.z +cu e.z+c.u

= (POSTQOS)

and similarly it is easy to check that P ® (S+Q) = (P ® S)+(P ® Q)
Thus < R3(R), +,® > is a ring.
Furthermore if R is a commutative ring, then R3(R) is a commutative ring and if R is a ring with

Or
identity 1g, then R3(R) to be a ring with identity 1g,r) = < Orp 1p Op >
Or
Example 2.3. Let R = Zs. R3(R) is a rhotrix ring and since Zs is a commutative ring, R3(Zs) is a

commutative ring.

The following theorem give us the characteristic of the ring R3(R) depends on the characteristic
of the ring R.

Theorem 2.4. The characteristic of the ring R3(R) is equal to characteristic of the ring R.

PROOF. Let R be a ring with CharR = k. Then the characteristic of the ring R3(R) is k. Let
CharRs(R) = t, we show that k = t.

a a
CharR3(R) =t = t.< b ¢ d > = ORry(r), for all < b ¢ d > € R3(R)
e e

= ta=tb=tc=td=t.e=0g, forall a,b,c,d,e € R
= kit

CharR=k = k.a=0g, foral a€R

k.a Or a
= < kb kc kd > :< Or Or Og >, for all < b ¢ d > € R3(R)
k.e Op e

a a
= k< b ¢ d > = Or,(r), for all < b ¢ d > € R3(R)
e e

=tk

thus k = t.

Note: In the ring R3(R), the multiplication of nonzero rhotrices A and B is equal to zero. Hence
R3(R) has zero divisors and R3(R) is not integral domain.

The following theorem characterize idempotent elements and nilpotent elements in a ring R3(R).
Firstly we recall that definitions of idempotent and nilpotent elements in any ring. Let (R, +,.) be a
ring. An element a € R is called idempotent if a> = a and nilpotent if ™ = 0 for some positive integer
n.



Journal of New Theory 29 (2019) 32-41 / Rhotrices Ring 36

Theorem 2.5. Let R be a ring with identity 1z and ¢ be an idempotent element in R. Then

Or
< Or ¢ Ogr > is an idempotent element in R3(R).
Or

Opr 2 Or Or
PRrROOF. < Or c¢ Opg > = < 0p & Op >: < Or c¢ Opg > But all idempotents elements

Or Or Or
in the ring R3(R) is not this form. For example; let R be a ring L (F), where L (F) is a Leavitt
Path Algebra [7] and

V2
J
e v
E: e
€9
Let A = < 0 v O > be in R3(Lk(F)). Since in a ring Li(E), v1.v1 = v1, v1.v3 = va.v7 = 0,

0
€2.01 = V9.9 = 0,v1.€9 = €9.V9 = €9, V1.€] = €1.V1 = €1, V9.1 = 1.9 = 0. Therefore,

€2.0V1 + V1.€9 €2
A2={ 0 v1.01 0)Y=(0 v, 0)=A
0 0

Theorem 2.6. Let R be a ring with identity 1 and ¢ be a nilpotent element in the ring R. Then

a
< b ¢ d > is a nilpotent element in a ring R3(R).

e
a

PROOF. We give any A = < b ¢ d > € Rs3(R) and let be ¢ a nilpotent element in a ring R.
e

Since c¢ is a nilpotent element, there exits n € Z* such that ¢® = Og. Then, h(A") = ¢" = 0r and
AQn — AnAn — 0R3(R)‘
In particularly; If R is a commutative ring. Then ¢® = O implies that A"+ = ORs(R)-

3.1deal of Rhotrix Ring

In this section, ideals of rhotrices ring have been investigated. Furthermore characterizations of
maximal ideals and prime ideals have been given.
d > :cel pisan

Theorem 3.1. Let R be a ring and I be an ideal of R. Then, M = < b

o

ideal in R3(R).

a
PROOF. Since I is an ideal of R, M is a subset of R3(R) and M # (). We give any A = < b ¢ d >,
e
aq x
B = by ¢ dy € M, and C = y z t € R3(R). Then ¢, ¢; € I and z € R,
€1 u

c+(—c1), z.c, cze€I. Hence AF(~B) € M and A®C, C ®A € M. Thus, M is an ideal in R3(R).
Theorem 3.2. Let R be a ring and R3(R) be a ring of rhotrices.

I is an ideal of R < R3(I) is an ideal of R3(R)
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PROOF. (=) Let I be an ideal of R. Then I C R and I # ). Thus R3(/) C R3(R) and R3(I) # 0.
For any A € R3(I), since h(A) € I, R3(I) is an ideal in R3(R) from Theorem 3.1.

(<) Let R3(I) be an ideal of R3(R). It is easy check that I # 0, I C R.
We give any a,be I andr € R .

Or Or
i.,acl=A= 0gp a Op €Rs(I)andbe = B= O b Ogr € R3(I). Since
Or Or
Or
R3(I) is an ideal of R3(R), A¥(—B) = Orp a—b Op €Rs(I)anda—-bel
Or
r
i.re R=C= Or Or Ogp € R3(R). Since R3(I) is a ideal of R3(R),
Or
a.r
A C = Or Or Og ERg(I) and a.r € 1
Or
Similarly,
r.a
CoOA= 0rp Or Op € R3(I) and r.a € I
Or

Consequently, I is an ideal of R.

Corollary 3.3. Let K be a subset of R3(R). K is an ideal in R3(R) if and only if there exists an
ideal I in R such that h(A) € I, for all A € K.

PrROOF. Let I ={a€ R:a=h(A) forall Ac K} CR.
Since 0 € I for Og,(g) € K, I # 0. We will show that a —b, a.r, r.a € I for all a,b € I and r € R.

Or Or
acl= A= 0O a Op €eK,bel= B= Op b Og € K, and A¥(-B) €
Or Or
K because K is an ideal in R3(R) and so h(A¥(—=B))=a—be I.
Or
C= Or r Ogr € R3(R) for r € R and since K is an ideal in R3(R), A0C, COA e K
Or

and so h(A® C) =a.r, h(C ® A) =r.a € I. Thus I is an ideal in R.

Conversely, let K = {A € R3(R) : h(A) € I} C R3(R).

I # () then there exists a € I and so A € K such that h(A) =a and K # . We give any A, B € K
and C' € R. Then h(A), h(B) € I and since I is an ideal in R, h(A)—h(B) = h(AF¥(=B)), h(A).h(C) =
hA®C), h(C).hA) =h(C®A) €T and so AF(-B), A®C, C®A € K. Thus K is an ideal in
R3(R).

Theorem 3.4. Let R be a commutative ring with identity and I be an ideal of R. Then
I is a principal ideal of R < R3(I) is a principal ideal of R3(R)

PROOF. Let I be a principal ideal of R. Then there exists a € R such that I = (a).

a.r1
Let P € R3(R). Since I = (a), P = a.ry a.rz arg ). Then,

a.rs

Or 1

P=( 0r a Or )O( r r3 14 ) €E(A)
Or > < T5
Or
where A = Orp a Opg

Or
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Conversely, let R3(I) be a principal ideal in R3(R). Then there exist P € R3(R) such that
R3(I) = (P). We will show that I = (h(P)).
Or
a€el = Orp a Op GRg(I):(P)
Or
=a=hP)x, € R=ac (h(P)). Thus I C (h(P)). Since R3(I) = (P) , h(P) € I. Then
(h(P)) C I. Thus I = (h(P)).

Theorem 3.5. Let R be a ring and I be an ideal of R. Then,

a+1
Rs(R/I) = b+1 c+1 d+1 ca+I,b+1,c+1,d+1,e+1€R/I
e+ 1

is a ring with as known operations "3 and ” ®” and R3(R)/R3(I) isomorphic to ring R3(R/I).

PROOF. Since R/I is a ring, R3(R/I) is a ring. We will show that R3(R/I) = R3(R)/Rs(I) . We
define f: R3(R) — R3(R/I) by

a a+1 a
b ¢ d b+1 c+1 d+1 ), forany{ b ¢ d € R3(R)
e e+ 1 e

a x
It is easy to see that f is a well-defined. We give anyA< b ¢ d >andB < y z t > €
e U
R3(R)
i.
(a—i—ﬂc)—i—l
f(A+DB) < b+y)+1 (c+2)+1 (d+t)+1
(e+u)+1
a+1 z+1
<b+I c+1 d+[> <y+[ z+1 t+1
e+ 1 u+ 1
= f(A)+
and
a.z +cx
f(A® B) = f( b.z +cy c.z d.z+ct )
e.z+cu
(a.z4cx)+1
= < (bz+cy)+1 (cz)+1 (dz+ct)+1
(e.z+cu)+1
= fA)o

Thus, f is a ring homomorphism.

ii.

a a
Kerf = b ¢ d ERg(R):f( b ¢ d )ZO’RS(R/I)
e e
a
= b ¢ d ca,b,e,d,e el

Q]

= Rs(I)
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iii.

a a
Imf = f( b ¢ d ): b ¢ d € R3(R)
e e
a+1
= b+1 c+1 d+1 ta,b,c,de € R
e+1

= Rs(R/I)
Thus, f is a surjective.

Consequently R3(R)/Rs(I) is isomorphic to R3(R/I) by the first isomorphism theorem.

Theorem 3.6. Let R be any ring, R3(R) be a ring of 3-dimensional rhotrices over R. If R3(M) is a
maximal ideal of R3(R), then M is a maximal ideal of R.

PrOOF. By Theorem 3.2, M is an ideal of R. Let J be an ideal of R such that M C J C R. We will
show that M = J or J = R. M C J C R implies that R3(M) C R3(J) C R3(R). Since R3(M) is a
maximal ideal in R3(R), R3(M) = R3(J) or R3(J) = R3(R). Hence M = J or J = R. Thus M is a
maximal ideal in R.

The converse of the above theorem is not true, as shown by the following example.

Example 3.7. Let R be a ring and M be an maximal ideal of R and

{ri )

K is an ideal of R3(R) and R3(M) C K C R3(R). Thus M is a maximal ideal in R but R3(M)
is not a maximal ideal in R3(R).

Theorem 3.8. Let K be an ideal in R3(R) and M = {a € R:a = h(A),A € K} be a subset of R.
If M is a maximal ideal in R then K is a maximal ideal in R3(R).

a,b,d,eGRanchM}

PROOF. Suppose that K is not a maximal ideal in R3(R). Then there exists an ideal J in R3(R)
such that K C J C R3(R).

Since J is an ideal, there exists an ideal I in R such that h(A) € I for arbitrary A € J and since
K CJ, M CIbut G M because for every A € J, h(A) ¢ M. Therefore there exists an ideal I in
R. However, this gives a contradiction since M is a maximal ideal of R.

Theorem 3.9. Let R be a ring and R3(P) be a prime ideal of ring R3(R). Then P is a prime ideal
of R.

PROOF. Since R3(P) is an ideal in R3(R) , P is an ideal in R by Theorem 3.2.
We give any a,b € R and let aRb C P. Then for any x € R , axb € P. Hence,

axb a Op
OR OR OR :A®X®B€R3(P),WhereA: OR OR OR >,X < OR X OR
Or Or Or
b a
and B = 0r Or Og . Since, R3(P) is a prime ideal, either 0r Op Ogp € R3(P) or
Ogr Or
b
Or Ogr Opg € R3(P). Hence either a € P or b € P. Therefore P is a prime ideal in R.
Or

The converse of the above theorem is not true, as shown by the following example.
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Example 3.10. Although 3Z is a prime ideal in the ring Z, R3(3Z) is not a prime ideal in the ring

R3(Z). Indeed,
-2 4
AGB = 5 3 1 O] 1 6
2 2

= 33 18 3 ) € Rs(3Z)
18

but A ¢ R3(3Z) and B ¢ R3(3Z).

Corollary 3.11. Let K be an ideal in R3(R). K is a prime ideal in R3(R) if and only if there exists
a prime ideal P in R such that h(A) € P, for all A € K.

PROOF. Let K be a prime ideal in R3(R). Then by Corollary 3.3, P is an ideal in R. We will show
that P is a prime.

a.R.b C P, for all a,b € R. Then a.c.b € P, for all c € R . By hypothesis, there exists A € K
such that h(A) = a.c.b € P. There exists X, Y, Z rhotrices such that A = X © Y ® Z and
hMX)=a, h(Y) =0b, h(Z) = c. Since K is a prime ideal in R3(R) and A € K, either X € K or
Z € K. Hence either a € P or c € P. Thus P is a prime ideal in R.

Conversely, let P be a prime ideal in R. Then by Corollary 3.3 , K is a ideal in R3(R). Let
X OR3(R)®Y C K, for any X,Y € R3(R). Then X ©C ©Y € K, for all C € R3(R). Hence
MXOCOY)=h(X).h(C).h(Y) € P and since P is a prime ideal in R, either h(X) € P or h(Y) € P.
Thus either X € K or Y € K and so K is a prime ideal in R3(R).

Example 3.12. Let R = ZG—{012345} ThenA 0), B=(2), C = (3), D = Zg are
ideals in Zg. Hence, K = R3(R) , K1 = Ory(r) , =R3(B), Ks3=TR3(C)

Ky = RAR> K5 = <RBR , and Kg = R

are ideals in R3(Zg). Furthermore since B and C are prime ideals in Zg, K5 ve Kg are prime ideals
in R3(Zg). It is easy to see that K5 ve K¢ are prime ideals in Rg(Zg).

)

R

QA=

Furthermore since B and C are maximal ideals in Zg, K5 ve Kg are maximal ideals in R3(Zg).
From above graphic, it is easy to see that K5 ve Kg are prime ideals in R3(Zg).
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1. Introduction and Basic Definitions

The concept of the hypergroup introduced by the French Mathematician Marty at the 8th Congress
of Scandinavian Mathematicians [1]. The concept of a semihypergroup is a generalization of the
concept of a semigroup. Algebraic hyperstructures are a standard generalization of classical algebraic
structures. In a classical algebraic structure, the composition of two elements is an element, while in
an algebraic hyperstructure, the composition of two elements is a set. Many authors studied different
aspects of semihypergroups, for instance, Davvaz [2], De Salvo et al. [3], Fasino and Freni [4], Gutan [5].
The monograph on application of hyperstructures to various area of study has been written by Corsini
and Leoreanu [6]. Heideri and Davvaz studied ordered hyperstructures [7]. For semihypergroups,
we refer [2,8,9]. Hila et al. studied quasi-hyperideals of ordered semihypergroups [10]. Corsini also
studied hypergroup theory [11], [12]. Changphas and Davvaz [13] studied properties of hyperideals in
ordered semihypergroups. Most recently, Basar et al. [14-16] investigated different types of hyperideals
in ordered hypersemigroups, ordered LA-I'-semigroups and LA-I'-semihypergroups.

Let H be a nonempty set, then the mapping o : H x H — H is called hyperoperation or join
operation on H, where P*(H) = P(H) \ {0} is the set of all nonempty subsets of H. Let A and B be
two nonempty sets. Then, a hypergroupoid (.S, o) is called a semihypergroups if for every z,y,z € S,

zo(yoz)=(zoy)oz

U wou= U ve

ueyoz vexoy

ie.,
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A semihypergroup (S, 0) together with a partial order ” <
group operation such that for all z,y,z € S, we have

on S that is compatible with semihyper-

r<y=zox<zoy

and
roz<yoz

is called an ordered semihypergroup. For subsets A, B of an ordered semihypergroup S, the product
set A o B of the pair (A, B) relative to S is defined as below:

AoB={aob:ac Abe B}

and for A C S, the product set A o A relative to S is defined as A2 = Ao A. For M C S, (M] = {s €
S| s < m for some m € M}. Also, we write (s] instead of ({s}] for s € S. Let A C S. Then for a
non-negative integer m, the power of A is defined by A™ = Ao Ao Ao A---, where A occurs m times.
Note that the power vanishes if m = 0. So, A0S = S = S o0 A%, In what follows we denote ordered
semihypergroup (S, <) by S unless otherwise specified.

Suppose S is an ordered semihypergroup and I is a nonempty subset of S. Then, I is called an
ordered right (resp. left) hyperideal of S if

(i) ToSCI(resp. Sol C1I)
(i) ae ,bb<aforbe S=bel

Definition 1.1. Suppose B is a sub-semihypergroup (resp. nonempty subset) of an ordered semihy-
pergroup S. Then B is called an (resp. generalized) (m,n)-hyperideal of S if (i) B™ o S o B" C B,
and (ii) forbe B,se€ S,s<b=se€ B.

Note that in the above Definition 1.1, if we set m = n = 1, then B is called a (generalized) bi-hyperideal
of S.

Definition 1.2. Suppose (5,0, <) is an ordered semihypergroup and m,n are nonnegative integers.
Then S is called (m,n)-regular if for any s € S, there exists z € S such that s < s o x o s™.
Equivalently: (S,0,<) is (m,n)-regular if s € (s 0 S o s"| for all s € S.

2. Preliminary
We begin with the following;:

Lemma 2.1. Suppose (S, 0, <) is an ordered semihypergroup and s € S. Let m,n be non-negative
integers. Then, the intersection of all ordered (generalized) (m,n)-hyperideals of S containing s, de-
noted by [s]m n, is an ordered (generalized) (m,n)-hyperideal of S containing s.

Proof. Let {4; :i € I} be the set of all ordered (generalized) (m,n)-hyperideals of S containing
s. Obviously, (;c; A; is a sub-semihypergroup of S containing s. Let j € I. As, (,c; 4; C A;, we
have

(A)™oSo([A)" € AT oSoA}
el el
C A

Therefore, ((;c; Ai)™ oS o (Nier Ai)™ € Nier Ai as [;er Ai is a sub-semihypergroup of S containing
s. Let a € (;c; A; and b € S so that b < a. Therefore, b € (,c; A;. Hence, (,c; A; is an ordered
(generalized) (m,n)-hyperideal of S containing s.

el el

Theorem 2.2. Suppose (S,0,<) is an ordered semihypergroup and s € S. Then, we have the
following;:

(i) [8lmn = (U™ s Us™ o S o s for any positive integers m, n
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(ii) [s]mo = (U, s' Us™ o S] for any positive integer m
(iii) [s]o, = (U, s' U s"] for any positive integer n
Proof. (i) (U™ s'Us™o Sos" # 0. Let a,b € (1" s°Us™o0 S 05" be such that a < z and
b <y for some z,y € (UernSZUS oSos". Ifx,y€ s™oSos" orxGUmj;nS’ y€s™oSos"or
x€smoSos" yeUm+"s,then

xoyCs"oSos"

and therefore,
m-+n

xoy C U s'Us™o S os"
=1
It follows that aob C (1" s°Us™o Sos". Let z,y € J/""s’. Then, x = s?,y = 57 for some
1<p,g<m+n.
Now two cases arise: If 1 <p+ ¢ < m +n, then z oy C [JI]" s'.
Ifm+n<p+gq, then xoy C s™oSos™ So,zoy C (Um+" s°Us™ o S os". This implies that
(UWan 58U s™ o S 05" is a sub-semihypergroup of S. Moreover, we have

m+n m+n m—+n

(U sUs™o08]moS = (U siUsmoS]m_lo(U s'Us™oS]oS
i=1 i=1 i=1

m+n m+n

- (U siUsmoS]mflo(U s'0SUs™oS 0]
‘ i=1
m+n

C (U s'Us™o 8™ o (s0S]

m+n m+n
= (U siUsmoS]m*QO(U s'Us™oS]o(so]
i=1 i=1
m+n m+n
- (U siUsmoS]m*QO(U s'Us™oSo(s09]
i=1 i=1
m+n
- (U s'Us™o S 20 (50 8]
i=1
C (s™o Y]
In a similar fashion, we have
m+n
O(U s'Us™oSos"" C(Sos"]
i=1
Therefore,
m+n m-+n
(U siUsmoSosn]moSo(U sUsmoSos"" C (s™oSos"
i=1 i=1
m-+n
- (U s'Us™o S os"
i=1

So, (U™ s'Us™oSos™] is an (m, n)-hyperideal of S containing s; hence, [s]y., € (4" s'Us™oSos™].

For the reverse inclusion, suppose a € (U;nj;" {Us™o S os" is such that a < t for some t €
(UM s'us™o Sos™. If t = s for some 1 < j < m +n, then ¢ € 8], therefore, a € [s],. If
tes™oSos" by

™o Sos" - ([S]m,n)m oSo ([S m,n)n - [S]m7”

then ¢ € [s]yn; hence, a € [s]m,. This implies that (J"1"s' U s™ 0 S 0 s"] C [s]mn. Hence,
[S]m,n = (U;f{n s'Us™oSo Sn]-
(ii) and (iii) can be proved in a similar fashion.
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Lemma 2.3. Suppose (5,0, <) is an ordered semihypergroup and s € S. Suppose m,n are positive
integers. Then, we have the following:

(@) ([slmo)™ 0 S C (s 0 8]

(i) So (slon) C (So5"]

(iii) ([slnn)™ 0 S © ([sln)™ € (5™ 0 5 0 57]
Proof. (i)Using Theorem 2.2, we have

m-+n

(slmo)™ 08 = (| s'Usmosmos
=1

m+n m+n

= (U siUsmoS]mflo(U s'Us™oS]oS
i=1 i=1
m+n' m+n'

- (U SZUsmoS]mflo(U s'oSUs™oSo0S]
i=1 i=1
m+nA

- (U s'Us™o S o (s0S]
i=1

C (s"oS]

Hence, ([s]m,0)™ oS C (s™ o S]. (ii) can be proved similarly as (i).
(iii) Applying Theorem 2.2, we have

m-+n
([8lmn)™ o0 S = (U s'Us™oSo0s"mo8

i=1
m+n' m+n'

= (U slUsmoSos"]mflo(U s'Us™oSos" oS
i=1 i=1
m+n' m+n'

- (U slUsmoSos"]mflo(U s'oSUs™oSos"0S|
i=1 i=1
m+nA

= (U sUs™oSos" ™ Lo(so9]
i=1

— ("o

Therefore, ([s]m,n)" 05 C (s 0 S]. In a similar way, S o ([s]m)" C (S o s"]. Therefore,

([slmn)™ 0 S o ([s]m,n)"

N

N 1NN
/\/m\/-\/-\
3

[¢]
[
[¢]
V)
S

Hence, (iii) holds.

Theorem 2.4. Suppose (5,0, <) is an ordered semihypergroup and m,n are positive integers. Let
R (m,0) and L g,y be the set of all ordered (m, 0)-hyperideals and the set of all ordered (0, n)-hyperideals
of S, respectively. Then:

(i) S is (m,0)-regular if and only if for all R € Ry, ), R = (R™ 0 5]
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(ii) S is (0,n)-regular if and only if for all L € L), L = (S o L"]
Proof. (i) Suppose S is (m,0)-regular. Then,
Vse S,se(s™ol]. (1)

Suppose R € Ry, 0). As, R"0S C Rand R = (R], we have (R0 S] C R. If s € R, by (1), we obtain
s € (s™oS] C (R™o 8], therefore, R C (R™ o S]. So, (R™ o S| = R.
Conversely, suppose

VR € R(m,O)’ R= (Rm o S] (2)
Suppose s € S. Therefore, [s]m,0 € R(m,0)- By (2), we obtain

[sTm.o = (([8Jm.0)™ © 5]

Applying Lemma 2.3, we obtain
[s]m,0 € (s™ 0 5]

Therefore, s € (s™ o S]. Hence, S is (m,0)-regular.
(ii) It can be proved analogously.

Theorem 2.5. Suppose (5,0, <) is an ordered semihypergroup and m,n are non-negative integers.
Suppose A, ) is the set of all ordered (m,n)-hyperideals of S. Then,

Sis (m,n) — regular <= VA € Ay ), A= (A" 0 S0 A" (3)

Proof. Consider the following four conditions:
Case(i): m =0 and n = 0. Then (3) implies
S is (0, 0)-regular <= VA € A(g ), A = S because A = {S} and S is (0, 0)-regular.
Case (ii): m = 0 and n # 0. Therefore, (3) implies
S is (0, n)-regular<= VA € A(g ), A = (5 o A"]. This follows by Theorem 2.4(ii).
Case (iii): m # 0 and n = 0. This can be proved applying Theorem 2.4(i).

(

)E
Case (iv): m # 0 and n # 0. Suppose S is (m, n)-regular. Therefore,

Vse S,se(s™oSos" (4)

Let A € Ay As Ao So A" C A and A = (A], we obtain (A™ o So A" C A. Suppose s € A.
Applying (4), s € (s™o0Sos"] C (A™o0So0A"]. Therefore, A C (A™oSo0A"|. Hence, A = (A0S0 A"].
Conversely, suppose A = (A™ oS0 A"] for all A € A(,, ). Suppose s € S. As [s]un € A(m,n), we have

[8]im,n = (([8Jm,n)™ © S 0 ([8]m,n)"]

Applying Lemma 2.3(iii), we obtain [s]y,, C (s oS o s"], therefore, s € (s™ o S o s™]. Hence, S is
(m,n)-regular.

Theorem 2.6. Suppose (5,0,<) is an ordered semihypergroup and m,n are nonnegative integers.
Suppose R, 0) and L ) is the set of all (m, 0)-hyperideals and (0,n)-hyperideals of S, respectively.
Then,

S is (m,n)—regular ordered semihypergroup <= VR € R (m,0)VL € Lo n)s

RNL=(R"oLNRoL"

Proof. Consider the following four cases:

Case (i): m = 0 and n = 0. Therefore, (5) implies

S is (0, 0)-regular <= VR € R9,0)VL € Ly0), RN L = (L N R] because R(p0) = L(0,0) = {5} and S
is (0, 0)-regular.

Case (ii): m = 0 and n # 0. Therefore, (5) implies S is (0,n)-regular <= VR € R,)VL €
Lony,RNL = (LNRoL". Suppose S is (0,n)-regular. Suppose R € R and L € L ,). By
Theorem 2.4(ii), L = (S o L"]. As R € R(o,p), we have R = S, therefore, RN L = L. Therefore,

(LNRoL"=(LNSoL"|=((SoL"NSoL"=(SoLl"|=L=RNL



Journal of New Theory 29 (2019) 42-48 / On Some Hyperideals in Ordered Semihypergroups 47

Conversely, suppose
VR € R(O,O)VL S E(O,n), RNL=(LNRolL". (6)

If R € R, then R=S. If L € L), So L™ C L and L = (L]. Therefore, (6) implies
VL € Loy, L =(SoL"]

Applying Theorem 2.4(ii), S is (0, n)-regular.

Case (iii): m # 0 and n = 0. This can be proved as before.

Case (iv): m # 0 and n # 0. Suppose that S is (m,n)-regular. Suppose R € Ry, 0y and L € Lg ).
To prove that RN L C (R™ o LN (R o L"], suppose s € RN L. We have

s€(sMoSos"] C(s"™oL]C(R™ol]

and
s€(smoSos" | C(Ros"| C(RolL"

Hence, RNL C (R™o LN (RoL"]. As
(R™o L] C (R™oS]C (R =R

and

(RoL"| C(SoL"C(L]=L

This implies that (R™ o L] N (Ro L") C RN L, therefore, RNL = (R™o L] N (Ro L"].
Conversely, suppose
VR € R(mp)VL € E(O,n)a RNL=(R"oLNRolL" (7)

Suppose R = [s]m0 and L = S. Applying (7), we obtain [s]m0 € (([s]m,0)™ o S]. Applying Lemma
2.3, we obtain

[s]m.0 € (s™ © 5] (8)

In a similar fashion, we obtain

[sJon € (S0 s"] (9)
As R™ C R and L™ C L, by (7), we have

VR € Rimo)VL € Lon), RNL C (RoL]
As (5™ 0 8] € Rm,0) and (S 0 s"] € L), we obtain
(s" oSN (Sos" C((s"o0S]o(Sos"]]C(s™o0So0s"]
Applying (8) and (9), we obtain
[8]m,0 N [s]o,n C (s™ 0 S 0s"]

Hence, S is (m,n)-regular.

3. Conclusion

In this article, we investigated ordered hyperideals in ordered semihypergroups. Also, we studied
(m,n)-regular ordered semihypergroups in terms of ordered (m,n)-hyperideals. Moreover, we charac-
terized ordered semihypergroups by some results based on ideal theory.
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1. Introduction

In 1963 Norman Levine [1] initiated the concept of semi open sets and its continuous functions. In
1965 O.Njastad [2] developed the a-open set and its properties in classical topology. Mashhour et
al. [3] investigated the properties of pre open sets. Andrijevic [4] discussed the behaviour of S-open
sets in classical topology. The general form of classical topology called N-topology and NT-open sets
were initiated by Lellis Thivagar et al. [5]. In this paper we introduce NTa-open set, N7 semi-open
set, N7 pre-open set and N7B-open set in N-topological space. We also establish that the set of all
NTa-open sets forms a topology. Apart from this we investigate the properties of some N-topological
continuous and quotient mappings. In this section we discuss some basic properties of N-topological
spaces which are useful in sequel. Here by a space (X, N7), we mean a N-topological space with
N-topology N7 defined on X in which no separation axioms are assumed unless otherwise explicitly
stated.

Definition 1.1. [5] Let X be a non empty set, 71, 72, ... , Ty be N-arbitrary topologies defined
on X and let the collection N7 ={S C X : § = (Uf\il A;) U (ﬂfil B;), A;, B; € 7;}, is said to be
N-topology on X if it satisfies the following axioms:

(i) X,0 e N7
(ii) U2, Si € N7 for all {S;}2, € N7
(iii) i, Si € N7 for all {S;}I", € N7

Then the pair (X, N7) is called a N-topological space on X. The elements of N7 are known as
NT-open set and the complement of N7-open set is called N7-closed.
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Definition 1.2. [5] Let A be a subset of N-topological space (X, N7). Then
(i) N7-int(A) = U{G : G C A and G is N7-open}
(ii) N7-cl(A) = N{F : AC F and F is N7-closed}

Theorem 1.3. [5] Let (X, N7) be a topological space on X and A C X. Then x € N7-cl(A) if and
only if G N A # () for every open set G containing z.

Definition 1.4. A subset A of a topological space (X, 7) is called
(i) a-open [2] if A C int(cl(int(A)))
(ii) semi-open [1] if A C cl(int(A))

(iii) pre-open [3] if A Cint(cl(A))
(iv) B-open [4] if A C cl(int(cl(A)))
(

The complement of a-open (resp. semi-open, pre-open and [-open) set is called a-closed (resp.
semi-closed, pre-closed and (-closed).

2. Weak Forms of Open Sets in N-Topological Space

In this section we investigate some classes of open sets in N-topological space and discuss the rela-
tionship between them.

Definition 2.1. A subset A of a N-topological space (X, N1) is called
(i) Nta-open set if A C N7-int(N7-cl(NT-int(A)))
(ii) N7 semi-open set if A C N7-cl(Nt-int(A))

(iii) N7 pre-open set if A C N7-int(N7-cl(A))
(iv) N7B-open set if A C N7-cl(N1-int(N1-cl(A)))

The complement of N7a-open (resp. N7 semi-open, N7 pre-open and N7[S-open) set is
called NTa-closed (resp. N7 semi-closed, N7 pre-closed and N7(3-closed). The set of all N7a-
open (resp. N7 semi-open, N7 pre-open and N7S-open) sets of (X, N7) is denoted by N7aO(X)
(resp. N7SO(X), NTPO(X) and N7SO(X) and the set of all NTa-closed (resp. N7 semi-closed, N7
pre-closed and N7f3-closed) sets of (X, N7) is denoted by N7aC(X) (resp. N7SC(X), NTPC(X)
and N75C(X).

Particularly if N = 1, then the 17a-open, 17 semi-open, 17 pre-open and 175-open set of (X, 17)
respectively become a-open, semi-open, pre-open and (-open set of (X, 7) which are defined in defi-
nition 2.4.

Theorem 2.2. Let A be a subset of N-topological space (X, N7). Then
(i) every Nt-open set is NTa-open.
(ii) every N7a-open set is N7 semi-open.

)
)
(iii) every NTa-open set is N7 pre-open.
(iv) every N semi-open set is N7[5-open.
)

(v) every N pre-open set is N7[-open.
The converse of the above theorem need not be true as shown in the following examples.

Example 2.3. If we take N =3, X = {a,b,c}, 11 = {0, X, {a}}, = = {0, X} and 73 = {0, X, {a,b}}.
Then 370(X) = {0, X, {a}, {a,b}} and 3700 (X) = {0, X, {a}, {a, b}, {a,c}}. Here the set A = {a,c}
is 3ra-open but not 37-open.
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Example 2.4. If N =5, X = {a,b,¢,d}, 11 = {0, X, {a}}, 72 = {0, X,{b,c}}, 73 = {0, X, {a,b,c}},
74 = {0, X,{a},{a,b,c}} and 75 = {0, X,{b,c},{a,b,c}}. Then, 570(X) = {0, X, {a}, {b,c},{a,b,c}}
= 57a0(X), 57S0(X) = {0, X, {a},{a,d},{b,c}, {a,b,c}, {b,c,d}}, 57PO(X) = {0, X, {a}, {b},{c},
{a,b},{a,c},{b,c},{a,b,c},{a,c,d},{a,b,d}} and 578O(X) = {0, X, {a}, {b}, {c}, {a,b},{a,c}, {a,d},
{b,c},{b,d},{c,d},{a,b,c},{a,c,d},{a,b,d},{b,c,d}}. Here the set {a,d} is 57 semi-open and 57 -
open but not 57a-open as well as not 57 pre-open. Also the set {a,c} is 57 pre-open and 57/5-open
but not 5ra-open as well as 57 semi-open.

We observe that the following theorem is analogous to the 1985 topological space result of Reilly
and Vamanamurthy [6].

Theorem 2.5. Let (X, N7) be a N-topological space. Then every N7a-open set is both N7 semi-open
and N7 pre-open and conversely.

Lemma 2.6. The arbitrary union of N7a-open ( resp. N7 semi-open, N7 pre-open, N7[-open) sets
is NTa-open ( resp. N7 semi-open, N7 pre-open, N7[(-open).

Remark 2.7. Intersection of any two N7 semi-open (resp. N7 pre-open, N7[S-open) sets need not
be a N7 semi-open (resp. N7 pre-open, N7[3-open) set. Consider example 3.4, the sets {a,d} and
{b, c,d} are 57 semi-open, but {d} is not 57 semi-open. The sets {a, c,d} and {a, b, d} are 57 pre-open,
but {a,d} is not 57 semi-open. Also the sets {a,d} and {c¢,d} are 57[-open, but {d} is not 57(-open.

Theorem 2.8. Let (X,N7) be a N-topological space. Then N7aO(X) = {A C X : ANB €
N7SO(X)VB € NTSO(X)}.

Proof: Proof follows as similar as the Proposition 1 of [2].

Theorem 2.9. Let (X, N7) be a N-topological space. Then N7aO(X) is a topology finer than
NTO(X).

Proof: Clearly ) € N7aO(X) and [J;cp Ai € N7aO(X) for every {A;}ien € N7aO(X) by lemma
3.6. By theorem 3.8 we have N7aO(X) is a topology and clearly NTO(X) C N7aO(X).

Definition 2.10. Let (X, N7) be a N-topological space. A subset A of X is said to be N7-nowhere
dense set if N7-int(N7-cl(A)) = 0.

Lemma 2.11. Let (X, N7) be a N-topological space. A subset A of X is N7a-open set, then it can
be written as a difference of N7-open set and N7-nowhere dense set.

Remark 2.12. N7O(X) = N7aO(X) if and only if all N7-nowhere dense sets are N7-closed.

Definition 2.13. An N-topological space (X, N7) is said to be extremely disconnected if N7-cl(A)
is N7-open for all N7-open sets A.

Lemma 2.14. N7SO(X) is a topology if and only if (X, N7) is extremely disconnected.

3. Weak Closure and Interior Operators
in N-Topology

In this section, we introduce some weak closure and interior operators in N-topological space and
investigate their properties.

Definition 3.1. Let (X, N7) be a N-topological space and A be a subset of X.

(i) The N7-« closure of A, denoted by N7-acl(A), and defined by
Nt-acl(A) = N{F: AC F and F is Nta-closed set}
(ii) The N7-semi closure of A, denoted by N7-scl(A), and defined by
Nt-scl(A) = N{F : AC F and F' is N7 semi-closed set}

(iii) The N7-pre closure of A, denoted by N7-pcl(A), and defined by
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N7-pcl(A) = N{F : AC F and F is N7 pre-closed set}
(iv) The N7-5 closure of A, denoted by N78cl(A), and defined by
NT-Bcl(A) = {F: ACF and F is N7(-closed set}

Definition 3.2. Let (X, N7) be a N-topological space and A be a subset of X.

(i) The N7-« interior of A, denoted by N7aint(A), and is defined by
N7-aint(A) = U{G : G C A and G is NTa-open set}
(ii) The N7-semi interior of A, denoted by N7-sint(A), and is defined by
Nt-sint(A) = U{G : G C A and G is N7 semi-open set}
(iii) The N7-pre interior of A, denoted by N7-pint(A), and is defined by
Nr1-pint(A) = U{G : G C A and G is N1 pre-open set}
(iv) The N7-3 interior of A, denoted by N7-8int(A), and is defined by
Nt-pint(A) = U{G : G C A and G is N7[-open set}

Theorem 3.3. Let (X, N7) be a N-topological space on X and let A, B C X. Then

(i

(ii) A is Nta-closed iff N7-acl(A) = A. In particular, N7-acl()) = § and N7-acl(X) = X.

NT-acl(A) is the smallest N7a-closed set which containing A.
(iiil) AC B = Nt1-acl(A) C Nt-acl(B)

i)
)
)
(iv) N7-acl(AU B) = Nt-acl(A) U Nt-acl(B)
(v) N7-acl(AN B) C N7-acl(A) N N7-acl(B)
i)

(vi

Proof:

Nt1-acl(N1-acl(A)) = N7-acl(A)

(i) Since the intersection of any collection of NTa-closed sets is also N7a-closed, then N7-acl(A)
is a Nta-closed set. By definition 4.1, A C N7-acl(A). Now let B be any Nta-closed set
containing A. Then N7-acl(A) = N{F : A C F and F is NTa-closed}C B. Therefore, A is the
smallest NTa-closed set containing A.

(ii) Assume A is Nta-closed, then A is the only smallest N7a-closed set containing itself and
therefore, N7-acl(A) = A. Conversely, assume N7-acl(A) = A. Then A is the smallest N7a-
closed set containing itself. Therefore, A is N7a-closed. In particular, since () and X are
Nrta-closed sets, then N7-acl(§) = 0 and N7-acl(X) = X.

(iii) Assume A C B, and since B C Nr-acl(B), then A C Nrt-acl(B). Since
Nt-acl(A) is the smallest NTa-closed set containing A. Therefore, N7-acl(A) C N1-acl(B).

(iv) Since A € AUB and B C AU B. Then by (iii), we have Nt-acl(A) U
Nrt-acl(B) C Nr-acl(A U B). On the other hand, by(i), A4 U B C
Nt-acl(A)UNT-acl(B). Since NT-acl(AU B) is the smallest N7a-closed set containing AU B.
Then N7-acl(AUB) C N7-acl(A)U N7-acl(B). Therefore, NT-acl(AU B) = N7-acl(A) U N7-
acl(B).

(v) Since ANB C Aand AN B C B, then N7-acl(AN B) C N7-acl(A) N Nt-acl(B).

(vi) Since N1-acl(A) is a Nta-closed set, then N7-acl(N7-acl(A)) = N1-acl(A).
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Remark 3.4. From the above theorem, we can observe that the closure operator N7-acl satisfies the
Kuratowski’s closure axioms. The following theorem can be proved as the above theorem.

Theorem 3.5. Let (X, N7) be a N-topological space on X and let A, B C X. Let N7-kcl(A) is the
intersection of all k-closed sets containing A (where k-closed set is can be any one of the following N7
semi-closed set, N7 pre-closed set and N7S-closed set). Then

(i) N7-kcl(A) is the smallest k-closed set containing A.
(i) A is k-closed iff N7-kcl(A) = A. In particular, N7-kcl(()) = 0 and N7-kcl(X) = X.
(ii) AC B = Nt-kcl(A) C N1-kel(B)

)
)
)
(iv) N7-kel(AU B) D N7-kel(A) U N7-kel(B)
(v) N7-kcl(AN B) C N7-kel(A) N N7-kel(B)
i)

(vi

Example 3.6. Let X = {a,b,c,d}. For N = 3, consider 1O(X) = {X, 0, {a}}, 2O(X) = {X,0,{b,c}}
and 30(X) = {X,0,{a,b,c}}. Then, we have 3rO(X) = {X,0,{a},{b,c}, {a,b,c}} = NTaO(X),
3rC(X) = {X,0,{d},{a,d},{b,c,d}}. Also 37SO(X) = {0,X,{a},{a,d},{b,c},{a,b,c}, {b,c,d}},
3rPO(X) = {0, X,{a}, {b},{c}, {a,b},{a,c},{b,c} {a,b,c} {a,c,d},{a,b,d}} and 37rO(X) = {0, X,
{a},{b},{c}, {a,b},{a,c},{a,d}, {b,c}, {b,d},{c,d},{a,b,c}, {a,c,d}, {a,b,d},{b,c,d}}. Let A= {a}
and B = {b}. Then 37-scl(A)U37-scl(B) = {a}U{b,d} = {a,b,d} # X = 37-scl(AUB). Let A = {a}
and B = {b}. Then 37-pcl(A) U 37m-pcl(B) = {a} U {b} = {a,b} # {a,b,d} = 37-pcl(A U B). Also let
A ={a} and B = {b, c}, then 37-5cl(A) U37-pcl(B) = {a} U{b,c} = {a,b,c} # X = 37-cl(AU B).

N7-kel(N7-kcl(A)) = N7-kel(A).

Theorem 3.7. Let (X, N7) be a N-topological space on X and A C X. Let N7-kcl(A) is the
intersection of all k-closed sets containing A (where k-closed set is can be any one of the following
Nra-closed set, N7 semi-closed set, N7 pre-closed set and N7/-closed set). Then x € N7-kcl(A) if
and only if G N A # () for every k-open set G' containing x.

Theorem 3.8. Let (X, N7) be a N-topological space X and A, B C X. Then
(i) N7-aint(A) is the largest NTa-open set contained in A.
(ii) A is Nta-open set iff N7-aint(A) = A. In particular, N7-aint() = §) and N7-aint(X) = X.
(iii) A C B, then N7-aint(A) C N7-aint(B)
(iv) N7-aint(AU B) O Nt1-aint(A) U NT-aint(B)
(v) N71-aint(AN B) = N1-aint(A) N N1-cint(B)
(vi)

Proof: The proof is obvious from the fact that a set is N7a-open if and only if its complement is
NTa-closed.

Nr1-cint(NT-aint(A)) = N1-aint(A)

The proof of the following theorem can be proved as similar as the above theorem.

Theorem 3.9. Let (X, N7) be a N-topological space X and A, B C X. Let N7-kint(A) is the union
of all k-open sets contained in A (where k-open set can be any one of N7 semi-open set, N7 pre-open
set and N7[-open set). Then

(i) N7-kint(A) is the largest k-open set contained in A.

(ii) A is k-open set iff N7-kint(A) = A. In particular, N7-kint(0) = 0 and N7-kint(X) = X.

)

)
(ili) A C B, then N7-kint(A) C Nr-kint(B)
(iv) N7-kint(AUB) 2 Nr-kint(A) U N7-kint(B)
)

(v) N7-kint(AN B) C N1-kint(A) N N7-kint(B)
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(vi) N7-kint(N1-kint(A)) = N7-kint(A)

Theorem 3.10. Let (X, N7) be a N-topological space X and A C X. Let N7-kint(A) and Nr-
kcl(A) are the weak interior and closure operator in N-topological space. By k-closed set, we mean

any one of the following N7a-closed set, N7 semi-closed set, N7 pre-closed set and N73-closed set.
Then

(i) N7-kint(X — A) = X — N1-kcl(A)
(ii) N1-kcl(X —A) = X — N1-kint(A)

Remark 3.11. Let (X, N7) be a N-topological space X and A C X. Let N7-kint(A) and N7-kcl(A)
are the weak interior and closure operator in N-topological space. By k-closed set, we mean any one
of the following NTa-closed set, N7 semi-closed set, N7 pre-closed set and N73-closed set. If we take
the complement of either side of part(i) and part(ii) of previous theorems, we get

(i) N7-kcl(A) = X — N7-kint(X — A)
(ii) N7-kint(A) = X — N7-kcl(X — A)

4. Some Weak Continuous Functions in N-topology

In this section, we introduce some weak form of continuous functions in N-topological space and
investigate the relationship between them. By the spaces X and Y, we means the N-topological
spaces (X, N7) and (Y, No) respectively.

Definition 4.1. Let X and Y be two N-Topological spaces. A function f : X — Y is said to be
N*-a continuous (resp. N*-semi continuous, N*-pre continuous, N*-/3 continuous) on X if the inverse
image of every No-open set in Y is a NTa-open set (resp. N7 semi-open, N7 pre-open, N7[3-open)
in X.

Theorem 4.2. A function f : X — Y is N*-a continuous (resp. N*-semi continuous, N*-pre
continuous, N*-3 continuous) on X if and only if the inverse image of every No-closed set in Y is a
Nta-closed set (resp. N7 semi-closed, N7 pre-closed, N7(-closed) in X.

Theorem 4.3. A function f : X — Y is N*-continuous on X, then it is N*-a continuous function
on X.

Proof: Assume f : X — Y be a N*-continuous function on X and let A C Y be a No-open set.
Then f~'(A) C X is N7-open set in X. Since every N7-open set is NTa-open set, then f is N*-a
continuous on X.

The converse of the above theorem need not be true as shown in the following example.

Example 4.4. For N =2, let X = {a,b,c} and Y = {z,y,2}. Consider 1O(X) = {X, 0}, »O(X) =
{X,0,{a}} and 10(Y) = {Y,0,{z}} and 020(Y) = {Y,0,{z,y}}. Then 270(X) = {X,0,{a}} and
200(Y) ={Y,0,{z},{z,y}}. Define f: X —Y by f(a) =z, f(b) =y and f(c) = z. Therefore, f is
2*-a continuous function on X but not 2*-continuous.

Theorem 4.5. A function f: X — Y is N*-a continuous on X if and only if it is N*-semi continuous
and N*-pre continuous.
Proof: The proof follows from the theorem 3.5.

Theorem 4.6. A function f: X — Y is N*-semi continuous on X, then it is N*-3 continuous.
Theorem 4.7. A function f: X — Y is N*-pre continuous on X, then it is N*-3 continuous.
The converse of the above theorems need not be true as shown in the following example.

Example 4.8. If N = 2, X = {a,b,c} and Y = {z,y,2z}. Consider nO(X) = {X,0,{a}},
0(X) = {X,0,{b,c}} and also 10(Y) = {Y,0,{x}} , 020(Y) = {V,0,{x,y}}. Then 270(X) =
{X,0,{a},{b,c}}, 200(Y) = {Y,0,{z},{x,y}}. Define f : X — Y by f(a) = z, f(b) = z and
f(¢) = y. Then f is 2*-pre continuous and 2*-f continuous function on X but it is not 2*-semi
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continuous and not 2*-a continuous function. Also if N = 3, X = {a,b,c} and Y = {z,y,z}. Con-
sider mO(X) = {X,0,{a},{a,b}}, O(X) = {X,0,{b},{a,b}}, 30(X) = {X,0,{a,b}} and also
a0(Y) = {Y,0,{z}}, 020(Y) = {Y,0,{y, 2}}, 030(Y) = {Y,0}. Then 370(X) = {X,0,{a},{b},
{a,b}}, 300(Y) = {Y,0,{z},{y,2}}. Define f : X — Y by f(a) = z, f(b) = y and f(c) = 2.
Then f is 3"-semi continuous and 3*-5 continuous on X but it is not 3*-pre continuous and not 3*-«
continuous.

5. Quotient Mappings in N-Topology

In this section, we introduce and establish the properties of some new types of quotient mappings in
N-topological spaces.

Definition 5.1. Let X and Y be N-topological spaces, then a surjective map f: X — Y is said to
be

(i) N*-quotient map if f is N*-continuous and for each subset G of Y, f~1(G) is N7-open (or
Nt-closed) in X implies G is No-open (or No-closed) in Y.

(ii) N*-a quotient map if f is N*-a continuous and for each subset G of Y, f~(G) is N7-open (or
Nrt-closed) in X implies G is Noa-open (or Noa-closed) in Y.

(iii) N*-semi quotient map if f is N*-semi continuous and for each subset G of Y, f (&) is N7-open
(or N7-closed) in X implies G is No semi-open (or No semi-closed) in Y.

Proposition 5.2. Let X, Y be two N-topological spaces and f: X — Y be a surjective map. Then
(i) every N*-quotient map is N*-a quotient.
(ii) every N*-quotient map is N*-semi quotient.
(iii) every N*-a quotient map is N*-semi quotient.
Proof: The proof is straightforward from the definition.
The following examples show that the converse of the above proposition need not be true.

Example 5.3. For N = 2, let X = {a,b,c¢} and Y = {z,y,z}. Consider nO(X) = {X,0,{a}},
70(X) ={X,0} and 010(Y) = {Y,0,{z}} and 020(Y) = {Y,0,{z,y}}. Then 270(X) = {X,0,{a}}
and 200(Y) = {Y,0,{z},{z,y}}. Define f: X =Y by f(a) =z, f(b) =y and f(c) = z. Therefore,

f is 2"-a quotient and 2*-semi quotient map but not 2*-quotient.

Example 5.4. For N =3, let X = {a,b,c¢} and Y = {z,y, 2}. Consider nO(X) = {X,0,{a},{a,b}},
0(X) = {X,0,{b},{a,b}}, 3O(X) = {X,0,{b}} and 01:0(Y) = {Y,0,{z},{z,z}}, 020(Y) =
{y, 0, {y}{z,yt} and 030(Y) = {Y, 0, {z}.{z, vy} {z, 2}}. Then 3rO0(X) = {X, 0, {a}, {b},{a,b}}
and 3c0(Y) ={Y,0,{z},{y},{z,y}, {x, 2}}. Define f : X =Y by f(a) =y, f(b) =2z and f(c) = z.

Therefore, f is 3"-semi quotient map but not 3*-a quotient and not 3*-quotient.
Definition 5.5. Let X and Y be two N-topological spaces, then a map f: X — Y is said to be

(i) N*-open (or N*-closed) if for every Nt-open (N7-closed) set G of X, f(G) is No-open (or
No-closed) in Y.

(ii) N*-a open (or N*-« closed) if for every N7-open (N7-closed) set G of X, f(G) is Noa-open
(or Noa-closed) in Y.

(iii) N*-semi open (or N*-semi closed) if for every N7-open (N7-closed) set G of X, f(G) is No
semi-open (or No semi-closed) in Y.

Theorem 5.6. (i) Every surjective N*-continuous map f : X — Y which is either N*-open or
N*-closed is N*-quotient map.

(ii) Every surjective N*-a continuous map f : X — Y which is either N*-a open or N*-« closed is
N*-a quotient map.
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(iii) Every surjective N*-semi continuous map f : X — Y which is either N*-semi open or N*-semi
closed is N*-semi quotient map.
Proof: The proof is trivial from the definition.

Lemma 5.7. Let X be a N-topological space, Y be a set and f: X — Y be a surjective map. Then
define N7y = {G C Y : f~1(G) € NTO(X)} is a topology on Y relative to which f is a N*-quotient
map. It is called N*-quotient topology on Y induced by f.

Proof: The proof follows from the facts that f~1(0) = 0, f~4Y) = X, fH{UX,G))
= U;?ilf_l(Gi) and f_l(ﬂznzlGi) = ﬂznzlf_l(Gi).

The following lemmas can be proved similarly as the above lemma.

Lemma 5.8. Let X be a N-topological space, Y be a set and f: X — Y be a surjective map. Then
define NTay = {G C Y : f71(G) € NTaO(X)} is a topology on Y relative to which f is a N*-«
quotient map. It is called N*-a quotient topology on Y induced by f.

Lemma 5.9. Let X be a N-topological space, Y be a set and f: X — Y be a surjective map. Then
define N7S; = {G C Y : f74G) € NTSO(X)} is a generalized topology on Y relative to which f
is a N*-semi quotient map but it need not be a topology. It is called N*-semi quotient generalized
topology on Y induced by f. If X is an extremally disconnected N-topological space, the intersection
of two N7 semi-open sets in X is N7 semi-open and hence N7.5; becomes a topology on Y.

Example 5.10. For N = 2, let X = {a,b,c} =Y. Consider mO(X) = {X,0,{a}} = 010(Y) and
70(X) = {X,0} = 020(Y). Then 270(X) = {X,0,{a}} = 200(Y) and 2700(X) = 2750(X) =
2000(Y) =2050(Y) = {X,0,{a},{a,b},{a,c}}. Define f: X — Y by f(a) =a, f(b) =band f(c) =
c. Clearly f is 2*-quotient, 2*-cr quotient and 2*-semi quotient map. Therefore, 27y = {Y,0,{a}} and
2rap = 275r ={Y,0,{a},{a,b},{a, c}}.

Example 5.11. In example 6.4, f is 3*-semi quotient map and therefore, 375 = {Y, 0, {z}, {y}, {z, v},
{z,z},{y,z}} is not a topology on Y.

Theorem 5.12. Let X,Y, Z be N-topological spaces, f : X — Y be a N*-quotient map and
h : X — Z be a map that is constant on each set f~!({y}), for y € Y. Then h induces a map
g : Y — Z such that go f = h. Then the induced map ¢ is N*-continuous if and only if A is N*-
continuous; ¢ is N*-quotient map if and only if i is N*-quotient map.

Proof: Since h is constant on each set f~({y}), for each y € Y, the set h(f~1({y})) is a one-point set
in Z. Let us take this point as g(y), then the map ¢g : Y — Z such that for each x € X, g(f(x)) = h(z).
If g is N*-continuous, then h = g o f is N*-continuous. Conversely, assume h is N*-continuous, for
each Nn-open set G of Z, h"1(G) = f~Y(g7}(Q)) is N7-open in X. Since f is N*-quotient, g~ (G)
is No-open in Y and hence g is N*-continuous.

If g is N*-quotient map, then A is the composite of two IN*-quotient map and so is a N*-quotient
map. Conversely, assume h is a N*-quotient map and since h is surjective, then ¢ is surjective. Let
g 1(G) be a No-open set in Y and since f is N*-continuous, then the set f~1(¢~1(G)) = h"1(G) is
Nt-open in X. Since h is a N*-quotient map, GG is Nn-open in Z.

The following theorems can be proved similarly as the above theorem.

Theorem 5.13. Let X,Y, Z be N-topological spaces, f : X — Y be a N*-a quotient map and
h: X — Z be a N*-continuous map that is constant on each set f~!({y}), for y € Y. Then h induces
a N*-a continuous map ¢g : Y — Z such that go f = h.

Theorem 5.14. Let X,Y, Z be N-topological spaces, f : X — Y be a N*-semi quotient map and
h: X — Z be a N*-continuous map that is constant on each set f~1({y}), for y € Y. Then h induces
a IN*-semi continuous map ¢ : Y — Z such that go f = h.

6. Conclusion

In this paper we established some weak form of open sets and its respective continuous and quotient
mappings in our N-topological spaces. These concepts can be extended to other applicable research
areas of topology such as Nano topology, Fuzzy topology, Supra topology and so on.
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1. Introduction

In daily life there exists certain difficulties which deal with uncertainty, vague and precise like in
environmental sciences, economics and engineering etc. To face such types of difficulties, there are
many theories developed like probability theory, interval mathematical theory and theory of fuzzy
set. These theories are classical mathematical tools. Due to the limitations of these theories, we felt
hesitation in giving a comfortable solution to solve these problems, which are known as uncertainty,
vague and precise. May be dealt with using a wide range existing theory such as the theory of fuzzy
(intuitionistic fuzzy) set [1, 2, 3], the theory of interval mathematics [4], theory of probability, theory
of vague set [5] and theory of rough set [6]. However, due to limitations and difficulties of these
theories, Molodtsov [7] pointed out these problems and solved by introducing a new theory which is
known as soft set theory. Maji et al. [8] introduced the applications of soft set theory in decision-
making problems. Also, Maji et al. [9] studied the theoretical work on soft set theory to polish this
concept so that readers could easily understand and contributed their role to extend the scope of this
theory in different fields of life. After theoretical discussion, now we discussed the contributions of
those researchers whose applied this concept in different fields of algebras like Aktas and Cagman
[10] studied the notion of soft sets and soft groups and introduced the notion of soft groups. They
also defined the relation between fuzzy set, rough set and soft set and discussed its properties. Ali et
al. [11] initiated the concept of lattice ordered soft sets and discussed some of its properties. Lattice
ordered soft sets are very helpful in particular types of decision-making problems when there is some
order between the elements of the parameter set. Mahmood et al. [12] initiated the concept of lattice
ordered intuitionistic fuzzy soft sets. Mahmood et al. [13] worked on lattice ordered soft near rings.
Jun and Ahn [14] initiated the notion of double framed soft set. For further information, we mention
the readers to the papers [15-27] regarding soft algebras and properties of soft sets. Inspiring from
the above literature and especially, the concept of lattice ordered soft sets [11]. This paper courage
us to extend this concept into lattice ordered double framed soft sets because in this paper mentioned
that sometimes we define particular order between linguistic terms, for example, the selections of the

pilal42742@gmail.com; 2tahirbakhat@iiu.edu.pk; Siftikhar15101@gmail.com (Corresponding Author)
123 Department of Mathematics and Statistics, International Islamic University, Islamabad, Pakistan


http://www.newtheory.org/
mailto:bilal42742@gmail.com
mailto:tahirbakhat@iiu.edu.pk
mailto:iftikhar15101@gmail.com

Journal of New Theory 29 (2019) 74-86 / Some Results on Lattice (Anti-Lattice) Ordered Double ... 59

brilliant student based on percentage (80% to 90%) of marks in any educational institute of PhD
Mathematics class.

This paper distributed in three sections, in 2™ section, some basic concepts of soft sets, properties of
soft sets, lattice (anti-lattice) ordered soft set and double framed soft sets are discussed and introduced
their notations. In the 3" Section, we initiated the concept of the lattice (anti-lattice) ordered double
framed soft sets and discussed their properties by using examples and results. Also, by using the
notion of the lattice (anti-lattice) ordered double framed soft set we introduced the algebraic structures
of the lattice (anti-lattice) ordered double framed soft set like bounded lattice, complemented lattice
and distributed lattices etc. Note that for further study, we use “S-set” instead of soft set.

2. Preliminaries

In this section, we discussed some basic notions and properties related to S-set, lattice (anti-lattice)
ordered S-set and double framed S-set.

Definition 2.1. [7] Let E be a parameter set, U be a universal set and let P(U) denotes the power
set of U and A € E. Then, a set-valued function @ from A to P(U) is called an S-set over U and is
denoted as (a, 4).

Definition 2.2. [9] A S-set (a, A) is called a soft subset of (8, B), over U if
1) ACB.
2) a(x) € B(x) forall x € A.
It is denoted as (a, A) € (B, B). In this case (B, B) is called a soft superset of (a, A).

Definition 2.3. [9] Let (a, A) and (B, B) be S-sets over U. Then, (a, A) and (B3, B) are called soft
equal if (a,A) € (B,B) and (B,B) € (a, A).

Definition 2.4. Let L be a non-empty poset. Then, L is called a lattice if for each {x, y} € L there
exist sup{x,y} € L and inf{x,y} € L.

Definition 2.5. A lattice having both first and last element is called bounded lattice.

Definition 2.6. A distributive lattice with the least and the greatest element is called Boolean algebra
if and only if every element has a complement in it.

Definition 2.7. A bounded distributive lattice L along with a unary operation “c” which satisfies
(x Ay)¢ =x€Vvyand (x€)¢ = x is called De ‘Morgan’s algebra.

Definition 2.8. A De ‘Morgan’s algebra which satisfies x A x¢ < y v y¢ for all x, y is called Kleene
algebra.

Definition 2.9. [11] A S-set (a, A) is said to be lattice (anti-lattice) ordered S-set if x; < x, implies
a(x;) € a(xy) (cx(xz) c a(xl)) forall x;,x, € A.

Definition 2.10. [14] A set ((a, 8), A) is said to be double framed soft set (DFS-set), where « and
B both are S-sets over U and A is a subset of E (E is the set of parameters).

Definition 2.11. [14] Let ((a, 8),A) and ((, ), B) be double framed soft sets (DFS-sets) over U.
Then, ((a, B), A) is called a double framed soft subset (DFS-subset) of ((4, u), B) if

1) ACB,

2) a(x) € A(x), B(x) 2 u(x) forall x € A.
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We write ((a, 8),A) € ((4,u), B). In this case ((4, ), B) is called a DFS-superset of ((a, 8),4).

Definition 2.12. [14] Let ((a, 8), A) and (4, ), B) be DFS-sets over U. Then, their uni-int product
is defined as a DFS-set ((Hy,H,),D) = ((a,8),A) v ((4, 1), B), where D =AXB, H; = a V 2,

Hy = B Apand Hy(xy,y1) = a(xy) UA(Q), Hyp(x1,y1) = A(x1) N u(yy) for all (xy,y,) € AX B,
where x; € A and y; € B. We shall call this uni-int product of DFS-set as union-product of DFS-set.

Definition 2.13. [14] Let ((«, 8), 4) and ((4, w), B) be DFS-sets over U. Then, their int-uni product
is defined as a DFS-set ((Hy,H,),D) = ((a,B),A)A((A4w),B), where D=AXB and

Hy(x1,y1) = a(x) N A(yz), Hy(xy,y1) = A(xq) U p(y,) for all (x3,y1) EAXB, Hy=aAA,
H, = BV uwhere x; € A and y; € B. We shall call this int-uni product of DFS-set as intersection-
product of DFS-set.

Definition 2.14. [16] Let ((a, 8),A) and ((4, 1), B) be DFS-sets over U. Then, their extended uni-
int is defined as a DFS-set ((Hl, H,),AU B), where H; = a U1 : (AU B) — P(U) defined as

a(e) if e€ A\B
e —<{ Ale) if e€ B\A
a(e)Ul(e) ifeeANB
and H, = 8 N u: (AU B) — P(U) defined as
B(e) if e € A\B
e — < ule) if e € B\A

Ble)nu(e) ifeeANnB

Itis denoted as ((a, 8), 4) Ug ((4, w), B) = ((Hy, Hy), A U B). We shall call this extended uni-int of
DFS-set as union of DFS-set.

Definition 2.15. [16] Let ((a, 8), A) and ((4, n), B) are two DFS-sets over U. Then, their extended
int-uni is defined as a DFS-set ((Hy, H,), AU B), where H; = a A A : (AU B) — P(U) defined as

a(e) if e € A\B
e —<{ Ale) if e€ B\A
a(e) N A(e) ifee ANB
and H, = 8 U u: (AU B) — P(U) defined as
B(e) if e € A\B
e —<3 u(e) if e€ B\A
B(e) U ule) ifee ANB

Itis denoted as ((a, B),A) N¢ (4, w), B) = ((Hy, Hy), A U B). We shall call this extended int-uni of
DFS-set as intersection of DFS-set.

Definition 2.16. [16] Let ((a, 8), A) and ((4, 1), B) be DFS-sets over U such that A n B # @. Then,
their restricted uni-int is denoted as ((a,B),4) U ((4,w),B) and defined as ((a,B),A)U
((4,w),B) = ((Hy,Hy),D) where D = An B and forevery x € D, Hy(x) = a(x) U A(x), Hy(x) =
A(x) N u(x). We shall call this restricted uni-int of DFS-set as restricted union of DFS-set.
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Definition 2.17. [16] Let ((a, 8), A) and ((4, u), B) be DFS-set over U such that A n B # @. Then,
their restricted int-uni is denoted as ((a,B),4) N ((4,w),B) and defined as ((a,B),A)nN
(A, w),B) = ((Hy,H,),D), where D = An B and for all x € D, H;(x) = a(x) N A(x), Hy(x) =
A(x) U u(x). We shall call this restricted int-uni of DFS-set as restricted intersection of DFS-set.

Definition 2.18. [16] A DFS-set ((a, 3),A) over U is called relative whole DFS-set, if a: 4 —
P(U) and B: A — P(U) are defined as

a(x)=Uand B(x) = @forall x € A.
It is denoted as Ay g).

Definition 2.19. [16] A DFS-set ((a, $), A) over U is called relative null DFS-set, if a : A — P(U)
and 8 : A — P(U) are defined as

a(x) =@ and B(x) = U forall x € A.
It is denoted as A g,ar)-

Definition 2.20. [16] For a DFS-set ((a, ), 4), the complement of ((a, 8), A) is defined as a DFS-
set ((ac,ﬁc),A), where a€ : A — P(U) and B¢ : A — P(U) are defined as

at(x) = (a(x))" and B¢(x) = (B(x))" forall x € A.
It is denoted as ((a, B), 4)° = ((a¢, B°), A).

Proposition 2.21. (De Morgan’s Laws)

Let (a, A) and (B, B) be LOS-sets (ALOS-sets) over U. Then,
@) ((@4) ue (B,B)) = (a,A)° Ne (B,B)S, if A=B.
2 (@A) N (8,B)) = (a,A)° Ug (B,B)C, if A=B.
3) (@A V(B B) = (aA)F A B).

@ (@A AEBB) = (@A) V(BB

Proposition 2.22 If (a,A4), (8,B) and (y,C) be any LOS-sets (ALOS-sets) over U. Then,
followings are LOS-sets (ALOS-sets),

(1) (@A) V(B B) u:¥0)
2 (@A) V(B B)N: ¥ 0)
3) (@A) A (B B) U (7,0))
@ (@A) A (B B) N (,0))
6) (@A V(BB NF.0)
6) (@A)A(BB)U Y, 0)

If Ug and Mg are LOS-set (ALOS-set).

Theorem 2.23. (DFSS(U) ., , A (g2 ) is an MV-algebra.

Proof. (1) (DFSS(U),U,% A ar) is a commutative monoid.

c
@ (M) = Aansy)
The other conditions satisfied trivially. Hence, (DFSS(U) 4,1, A ar)) is MV-algebra.

Theorem 2.24. (DFSS(U) 4, M, Ag) is an MV-algebra.

Proof. It follows from the above theorem.
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3. Lattice (Anti-Lattice) Ordered Double Framed Soft Sets

In this section, our primary purpose is to define lattice (anti-lattice) ordered double framed S-set and
discuss their properties and results with the help of examples. Note that we write LODFS-set and
ALODFS-set for lattice ordered double framed soft set, and anti-lattice ordered double framed soft
set respectively unless otherwise specified.

Definition 3.1. A DFS-set ((a,),A) is called LODFS-set (ALODFS-set) if x; < x, implies
a(xy) € alxy) and B(x;) 2 B(xy) (a(xl) 2 a(xy) and B(x,) S ﬁ(xz)) forall x,,x, € A.

Example 3.2. Let a company prepare a different design of cars in different colours like, A =
{e,, e,, €5, €4, €5, €6, €7} be the set of parameters which represent different types of colours of cars,
where e; = white, eg = black,es = Grey,e, = red,e; = blue,e, = green,e; = yellow and
U = {uy,uy, uz, Uy, Us, Ug, U7, ug} be the set of new designs of cars in different colours. To sell these
cars, the company define lattice order between the parameters which depend upon the demand of
people under the supervision of two experts say a and . The order between the elements of A is
shown in Fig. 1. a, B: A — P(U) are two set-valued mappings representing high-cost and low-cost
of cars. Therefore, DFS-set ((a, B), A) showing high-cost and low-cost for design in colours may be
considered as

{a(er) = {uy }, aley) = {ug, up 3, ales) = {ug, uz }, aley) = {ug, uy, uz, uy}, ales) = {uyg,uz,us },
a(e6) = {ul,uz,u3,u4, Us, ué}' a(e7) = {ulluZ' U3, Uy, Us, Ug, u7}' ,3(6'7) = {uli uS}:
B(es) = {ug, us, ug }, f(es) = {ug, us, ug }, f(es) = {ug, up, us, uy, us, ug}, f(e3) = {uy, us, us, ug },

B(eZ) = {ult Uy, U3z, Uy, U, Ug, ug}, )8(81) = {ull Uz, U3, Uy, Us, Ug, Uy, u8}}
It is more appropriate to characterise DFS-set in the form of a table, for computer application.

The tabular form of DFS-set ((a, 8), A) is defined in Table 1. If a car having a different colour in a
set U has high cost or low cast we write 1, otherwise we write 0.
From Table 1, we can easily see that

a(er) € aley) € ales) S ales) S aler), aler) S ales) S ales) S ales) € ale;), ale) €
a(es) S aley) S ales) S ale;) and fey) 2 f(ez) 2 Bles) 2 B(es) 2 B(e7), Ber) 2 B(e3) 2
B(es) 2 Bles) 2 B(ey), Ber) 2 B(ez) 2 B(es) 2 Bles) 2 Bley).

Example 3.3. Let U = {uy, uy, us, uy, Us, Ug, U7} (Universe set) be the set of seven buildings and
B = {e;, e5, e3,e,} be a set of parameters, where

e1; one-floor building.
e,; two-floor building.
es; three-floor building.
e,; four-floor building.

There is an order between the elements of B. This order can be nominated as e; < e, < e3 < e,.
Now the DFS-set ((/L y),B) defined as {A(el) = {uy, us}, A(ey) = {uq, us, us }, Ales) =
{ur, Uz, uz, ug, us} A(es) = {ug, Uy, us, uy, us, ug}, u(es) = {ug, us} ules) = {ug, up, us} uley) =
{ur, up, uz, us, us} uer) = {ug, uy, us, Uy, Us, ug, u7}}.

Then, A(e,) 2 A(e3) 2 Aey) 2 A(eq) and u(ey) < u(es) < u(ey) < u(ey). Thus, ((A,,u),B) is
ALODFS-set. The tabular form of ALODFS-set ((4, 1), B) is defined in Table 2.
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Lattice of parameters
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Fig. 1. Lattice of parameters

Lattice of parameters
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Table 1 LODFS-set ((a, 8),A)

Fig. 2. Lattice of parameters

Uuq Uu, Uz Uy Us Ug Uy Ug
e, (1,1 (0,1) (0,1) (0,1) (0,1) (0,1) (0,1) (0,1)
) (1,1 (1L, 0,1 0,1 0,1) 0,1) (0,0) 0,1
e3 (1,1 (0,0) 1D (0,0) (0,1) (0,0) (0,0) 0,1
ey (1,1 (1,1 (1,1 (1,1 (1,0) (0,0) (0,0) (0,1)
es (1,1 (0,0) (1,1 (0,0) (1,0) (0,0) (0,0) (0,1)
e 1,1 (1,0) 1,1 (1,0) (1,0) (1,0) (0,0) (0,1
ey (1,1) (1,0) (1,0) (1,0) (1,0) (1,0) (1,0) (0,1)
Table 2 ALODFS-set ((4, ), B)
uq u, us Uy Us Ug Uz
e; (1,1 (0,1) (1,1 (0,1) (0,1) (0,1) (0,1)
e, (1,1) (0,1) (1,1 (0,1) (1,1 (0,0) (0,0)
e3 (1,1) 1,1 (1,0) (1,0) 1,1 (0,0) (0,0)
e, (1,1) (1,0) (1,0) (1,0) 1,1 (1,0) (0,0)

Note that, we can easily understand LODFS-set and ALODFS-set from Table 1. and 2.

Proposition 3.4. Restricted union of two LODFS-set (ALODFS-set) ((a, $),4) and ((4, ), B) is
a LODFS-set (ALODFS-set).

Proof. Let ((«, #),A) and ((4, 1), B) are two LODFS-set. Then, their restricted union is defined as
such that ((a, 8),A) U ((4, 1), B) = ((Hy,H; ), C) where H; =a UA, H, =B A pandC = AN B.
If An B = @, then the result is trivial. Now assume that A N B # @, since A, B € E, then both A and
B inherit partial order from E. So, if x; <4 x, for all x;,x, € A, then a(x;) € a(x,) and B(x;) 2
B(xy). Similarly, if y; <g y, forall y;,y, € B,then A(y;) € A(y,) and u(y;) 2 u(y,). Therefore,
for any z,,z, € C such that a(z;) € a(z,), B(z1) 2 B(z,) and A(z,) € A(zy), u(z1) 2 u(zy).
Then, a(z;) U A(z1) € a(z,) U A(z,) and B(z1) Nu(zy) 2 B(z,) N u(z,) implies that H,(z;) S
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H,(z;) and H,(z,) 2 H,(z,) for (z1,z,) €<.. Thus, we conclude that the restricted union of two
DFS-set is also double framed soft set.

Proposition 3.5. The restricted intersection of two LODFS-set (ALODFS-set) ((a, 8),4) and
((4, ), B) is a LODFS-set (ALODFS-set).

Proof. The proof is like to Proposition 3.4, by using the definition of the restricted intersection.
The following example illustrates that in general, the union and intersection of LODFS-set
(ALODFS-set) may not be a LODFS-set (ALODFS-set).

From now to onward, we use a table to understand LODFS-set and ALODFS-set.

Example 3.6. Let E = {ey, e,, €5, e4, es} be a lattice ordered set which is defined in fig. 4. Let A =
{e1,€5,e4,€5} and B = {ey, e,, €3, €,}. Consider two LODFS-set ((a, 8),4) and ((4, &), B) over an
initial universal set U = {u;, u,, us, uy, us} are defined as shown in Table 3 and 4 respectively such
that a(e;) € a(ez) S aley) S ales) and B(e;) 2 f(ez) 2 B(es) 2 B(es).

Table 3 LODFS-set ((a, 8),A)

uy u, Uus Uy Us

e; (1,1 0,1) (0,1) (0,0) 0,1)
e, (1,1 0,1) 0,1) (1,0) (0,0)
e, (1,1 (0,0) (0,1) (1,0) (1,0)
es (1,1 (1,0) (0,0) (1,0) (1,0)

Lattice of parameters

€s

€3 )
Fig. 3 Lattice of parameters

Table 4. LODFS-set ((4, 1), B)

u, u; us Uy Us
e; (0,1) (0,1) (0,1) 0,1) (0,1)
e, (0,0) (0,1) (0,1) 1,0 (1,0)
e; (0,0) 1,1 (1,0) 1,1 (0,0)

e, (0,0 (1,1) (1,0) (1,0) (1,0)
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Now by definition of union, we have ((«, ), A) Ug ((4, 1), B) = ((Hy,H, ),C), where H; = a U 4,
H, =B 0 uand C = AU B, so we have the following table for the union.

Table 5. The union of the LODFS-sets

Uy U; usz Uy Us
€1 (1' 1) (0, 1) (O' 1) (0' 0) (0, 1)
e, | (1,0) (0,1) (0,1) (1,0) (1,0)
es| (0,0) (1,1 (1,0) (1,1) (0,0)
e,| (1,0) (1,0) (1,0) (1,0) (1,0)
es| (1,1) (1,0) (0,0) (1,0) (1,0)

From Table 5, we note that the union of ((a,),A) and ((4,u), B) is not LODFS-set because
Hy(es) & Hy(es), Ho(ey) 2 Hy(e3) and Hy(e,) 2 Hy(es) so ((Hy, Hy ), €) is not a LODFS-set.

Now by definition of intersection, we have ((a, 8),4) Mg ((4, 1), B) = ((Hs, Hy), D) where Hz =
anNA,H,=pBTuand C =AU B, sowe have the following table for the intersection.

Table. 6 The intersection of the LODFS-sets

Uy u, Uz U, Ug
e;| (0,1) 0,1 (0,1) 0,1) 0,1
e,| (0,1) 0,1 (0,1) (1,0) (0,0)
es| (0,0) (1,1 (1,0) (1,1 (0,0)
e,| (0,1) 0,1 0,1 (1,0) (1,0)
es| (1,1) (1,0) (0,0) (1,0) (1,0)

From Table. 6, we note that intersection of two LODFS-set ((a, 8), 4) and ((4, w), B) is not LODFS-
set because Hs(e3) & Hz(e,) and Hy(ez) 2 Hy(es) implies ((Hs, Hy), D) is not a LODFS-set.

Notice that from the above example, in general union and intersection of two LODFS-set may not a
LODFS-set. Similarly, in general union and intersection of two ALODFS-set may not be an
ALODFS-set. However, we can define the following.

Proposition 3.7. The intersection of two LODFS-set (ALODFS-set) ((a,8),4) and ((4, ), B) is
LODFS-set (ALODFS-set) if ((a, 8),4) < ((A, ), B) or (A, ), B) < ((a, ), A).

Proof. Let ((a, 8),A) and ((4, 1), B) be LODFS-set, then by definition of intersection we have
((a,8),A) Ng (A, w),B) = (H,C),whereC = AUB,H = (H,,Hy,)andH; = a4, H, =BT p.
Now without any loss of generality, we say that ((a, 8),4) S ((4,w), B). Since A € B, then AU
B = BimpliesB = C.AsB = C so H(z) = (Hy,H,)(z) forall z € C implies that (H, C) is LODFS-
set. Hence the intersection of two LODFS-set is also LODFS-set if one of them is contained into
other.

Similarly, we can prove for ALODFS-set.

Proposition 3.8. Union of two LODFS-set (ALODFS-set) ((a,8),A) and ((4, u), B) is LODFS-
set (ALODFS-set) if ((a,),4) S ((4, w),B) or ((4, 1), B) < ((a, B), A).

Proof. Like the above Proposition using the definition of the union of LODFS-set (ALODFS-set).
The complement of LODFS-set ((a, 8), A) is denoted as ((a, B),A)" and defined as ((a,ﬁ),A)C =
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(o, B)¢,4) = ((a%,B°) ,A), where (a,B)° = (a‘B°) and a B:A— P(U) are defined as
a(a) = U\a(a) and B¢(a) = U\B(a) forall a € A is called ALODFS-set.

Similarly, the complement of ALODFS-set is LODFS-set.

Proposition 3.9. (De Morgan Laws)

Let ((a, B),A) and ((4, ), B) be LODFS-sets (ALODFS-sets) over U. Then,
) (((@B).4) e (L), B)) = (@A) ne (A),B)",if 4 =B.
2 ((@p).4) e (Aw.B)) = (@A) Ug (4w, B),if 4 =B.
3) ((@pra)u(w,B)) = (@p)4) n((Aw B)
8 ((@p),4)n (Aw.B)) = ((@B),A) u(Gu),B)

Proposition 3.10. (Distributive Laws)

If ((a,8),4), (4, 1), B) and ((y,6),C) be any LODFS-sets (ALODFS-sets) over U, then the
following conditions hold
1) (@), 4) u (@), B) U ((¢,6),€)) = (@B, 4) u (4w, B)) ue (@B, 4) u ((r.6),C)) if acC.
2) ((@p),4)u ((Amw,B) e ((,),€)) = (((@ ), 4) u (A ), B)) Me (@ p), 4) U (7,6),€)) if AccC.
3) (@), 4) 1 (((Am,B) ue ((,8),0)) = (((@. ), 4) 1 (1), B)) ue (@), 4) 1 ((,6),€)) if AccC.
4) (@), 4) 1 (4w, B) e ((r,8),€)) = (((@.p), 4) n (2., B)) me (@, ), 4) n (@, 6),C)) if A< C.
5) (@8, 4) u (A, B) N (¢,6),)) = (@B, 4) u (A, B)) 1 (@), 4) u((,6),C))

6) ((@p).4) N ((Aw,B)u(,8),0)) = (((@p),4) n (4w, B)) u (((@p)4) N ((.6),C))

Let A and B be ordered sets, then ¢ be a partial order on A x B defined in such a way that, for (x, y),
(x,y’) €e Ax Bsuchthat (x,y) < (x’,y’)ifandonly if x <4 x’ and y <p y’. From now to onward
we will use o for partial order relation on A x B.

Proposition 3.11. Let ((«, ), A) and ((4, u), B) be LODFS-sets (ALODFS-sets), then their union-
product is also a LODFS-set (ALODFS-set).

Proof. Since ((a, 8),A) and ((4, 1), B) are LODFS-sets so we must prove ((a, 8),4) v ((4, 1), B)
is LODFS-set. Now by definition of union-product we have ((a, 8),4) v ((4, 1), B) = ((Hy, H,), D)
where D = A X B, isa poset. Now 4, B € E, so both A and B have taken some partial ordered from
E. Then, for all x;,x, € A such that x; <4 x, implies a(x;) € a(x,) , B(x;) 2 B(x,) and for all
Y1,¥Y2 € B such that y; <p y, implies A(y;) € A(y2), u(y1) 2 u(y,). Now o be a porelation
between the element of D = A X B in such a way (xq,y1)op(%2,¥,), Where (x1,v1), (x2,¥,) €
A X B, we note that this order induced by order of A and B. Since (x1,y,)0(x3,v,) and a(x;) S
a(xz), B(x1) 2 B(xz) and A(y1) € A(y2), u(y1) 2 u(y2), then a(x;) UA(y1) € alxz) U A(y2)
and B(x1) Nu(y1) 2 B(x2) Nu(yz) implies that Hy(xqy,y1) © Hi(x2,¥2) and Hy(xy,y1) 2
H, (x2,y7) implies ((a, $),A) v (A, ), B) is LODFS-set.

Similarly, we can prove for ALODFS-set.

Proposition 3.12. Let ((a,8),4) and ((4,u),B) be LODFS-sets (ALODFS-sets), then their
intersection-product is also a LODFS-set (ALODFS-set).

Proof. By using the definition of intersection-product, we can prove like Proposition 3.11.
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Proposition 3.13. (De Morgan Laws) Let ((a, 8),4) and ((4, ), B) be LODFS-set (ALODFS-
set) over U. Then,

@ ((@p)4) v (Au,B)) = ((@B)A) A (4w, B)°
@ ((@pra) A (Aw,B)) = ((@p)A) v ((w,B)"

Proposition 3.14. (Distributive Laws)

If ((a,8),4), (4, w),B) and ((y,8),C) be any LODFS-sets (ALODFS-sets) over U. Then, the
following conditions hold

@) ((@p)A)Vv(((Aw,B) A ((1,8),C))
= (. ), 4) v (1, 1), B)) A (2. 82, A) v ((v,8),) ).
@ (@B.a)A((Aw.B)v(7.6,0))
= (@B, a) A (A, B)) v (((@ B),4) A ((,8),€)).
Proposition 3.15. If ((«,),4), ((4,1),B) and ((y,8),C) be any two LODFS-sets (ALODFS-
sets) over U. Then, followings are LODFS-set (ALODFS-set),
@) ((@p)A)v(((Aw,B) ue ((,6),C)).
@ ((@p)a)v((w.B) ne ((.6),C))
®) ((@8),4) A (A1), B) g (¢,6),C)).
@ ((@p)4) A (4w, B) ne ((,6),C))
) ((@p).4)V((@mw,B)n(¥6),C)).

© ((@B).4)A(((Aw.B)u((,6),)).
If Ug and Mg is LODFS-set (ALODFS-set).

4. Algebraic Structure Associated with LODFS-Set (ALODFS-Set)

In this section, we proposed the concept of algebraic structures of LODFS-set (ALODFS-set) which
will help solve daily life problems. We also discussed the algebraic properties of LODFS-set
(ALODFS-set).

Proposition 4.1. If ((a, 8),4), ((4, 1), B) and ((y,6),C) are any LODFS-sets (ALODFS-sets),
then following axioms hold
(Assoc.

@ ((@p)4) (A w.B)) o ((.8).€) = ((@pA) o (A1, B)* (1:6).))  property)

@ ((@.p),A) o (({w),B) =((4w),B) e ((a,p),A) (Commutative property)
For all o€ {L1,n,V,A}.

Proof. (1) Since ((a,8),A4), ((4, 1), B) and ((y, 8), C) are LODFS-sets, so we have for e € (AN
B) n C such that
((@p)A)u (A, B))u(¢.6).¢)=(((@TDTy, (AW FS),(ANB)NC)
as
ee(AnNnB)nC,s0e — (a(e) U /1(6)) Uy(e)ande — (ﬁ(e) n ,u(e)) né(e),
implies
e — ale) U (A(e) U y(e)) ande — f(e) N (,u(e) n 6(3))
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Hence,

(@B A)u (@ w, B)) u ((,6),¢) = (((a U@ATY),BAWAS),ANBNC))
Similarly, we can prove for ALODFS-set.

(2) Straightforward.

Throughout this paper, the collection of all LODFS-sets of E over U is represented as LODFS(U)g,
and the collection of all LODFS-sets over U with any fixed set of parameters A is represented as
LODFS(U) 4.

Note that,
1) (LODFS(U)g,V) and (LODFS(U)g,A) are monoids.
2) (LODFS(U)g,V,A) and (LODFS(U)g,A,V) are hemirings.
3) (LODFS(U)g,u) and (LODFS(U)g,M) are monoids.
4) (LODFS(U)g,u,n) and (LODFS(U)g,N,L) are hemirings.

Similarly, we can define for ALODFS-set.

Proposition 4.2. (Absorption Laws)

Let ((a, B),A) and ((4, ), B) be LODFS-sets (ALODFS-sets), then
(), 4) A (4,12, B)) v (A, ), B) = (A, ), B).
(@B a) v (A, B)) A (), B) = (A1), B).

3) (((@p),4)n (4w, B))u((w),B) = ((4w),B).
((@p),4) u (), B)) 1 (4, 0), B) = (2, 0), B).

Theorem 4.3. (LODFS(U) 4,U,, A (g2 ) is an MV-algebra.

Proof. (1-MV) (LODFS(U) 4,1, A ) is a commutative monoid.

(2-MV) (A(al, Bl)c)c = Al .

(3'MV) A(QQ[)C [N A(a’pﬂl) = A(‘II,Q) L A(al'ﬁl) == A(QL@) = A((D,QI)C'
(4-MV)

(A(alﬁl)c u A(azﬁz))c U Afgy.) (A(a g o M A, ﬁz)c) U Afey.)

= (Aaar) U A(w) M (A, U Ay
(A(alﬁ ) HA(a,p )) M Ap)
(
= (

Aasp,) “A<a )1 (4 (@u,)" U A(a,p,))
A(“Z ﬁz 131)6) H A(“DBJ

=((a (az8,)” Y A, ﬁl)) ) U A,
Theorem 4.4. (LODFS(U,) 4,1, Acp)) is an MV-algebra.

Proof. Similarly, we can prove like Theorem 4.3.

Theorem 4.5. (LODFS(U) ,U,M, Aarg), Acgan ) and (LODFS(U) 4,11, A ary, Az, ) are bounded
lattices.
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Proof. Since (LODFS(U)4,U,M, Awg) Agan) is @ hemiring and the absorption laws hold in
hemiring, so (LODFS(U)4, U, N, Aqg) Agan) is @ bounded lattice with A gy and Aggep as
maximal and minimal elements respectively. Using the same steps, we can prove that
(LODFS(U) 4,11, A ary, A,y ) is @ bounded lattice.

Theorem 4.6. (LODFS(U) 5,U,M, Ay, Agany) and (LODFS(U) ,M,U, A any, Acar 0y ) are Boolean
algebras.

Proof. Consider ((4, 1), A) € LDFS(U),4, then

((/1' #)!A) r ((/1) .u)rA)c = A((Z),QI) and ((AI ‘Ll), A) U ((AI ‘Ll), A)C = A(?I,@)
holds imply (LODFS(U) 4,U,M, Ay, A(g.ar)) is a Boolean algebra. Using the same steps, we can
prove that (LODFS(U) 4,11, A(g ary, Acai,g) is @ Boolean algebra.

Now by the previous discussion, we note that De Morgan’s laws hold in (LODFS(U) 4.,
A(QLQ)),A(MI)) so LODFS(U), is a De Morgan’s algebra.

Now for any ((a, B),4), (A, ), A) € LODFS(U) 4 such that

((@.B),4) 1 ((a, ), 4)" & (L), A) U (A ), A)
is hold in LODFS(U) 4. Then, we can say that LODFS(U), is a Kleene algebra.

By the previous discussion, we note that ((4,),4) N ((A,u),A)C = A and if ((a,p),A) N
(4, 1), A) = Agan, then ((a,B),A) € ((4, y),A)C and we can say that ((4, y),A)C is the pseudo
complement of ((, w), 4).

If ((/’l,u),A)CLI(((/’l,y),A)C)C=A(9m) (Stone identity) is hold in LODFS(U),, then
(LODFS(U) ,U,M, Ay, Agan ) is called Stone algebra.

Similarly, we can also prove that (LODFS(U) A,rl,u,A(M),A@L@)) is Stone algebra.
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1. Introduction

In 1956, Zadeh [1] introduced the notion of fuzzy sets. This concept has been applied to many mathematical
branches. In [2, 3], Mostafa et al. studied the fuzzy KU-ideals and investigated some basic properties.
Intuitionistic fuzzy sets, interval-valued fuzzy sets and Bipolar-valued fuzzy sets are extension fuzzy sets
theory. In 2000, Lee [4] introduced bipolar-valued fuzzy sets. Bipolar-valued fuzzy sets are an extension of
fuzzy sets whose membership degree from [0, 1] to [—1,1]. In bipolar-valued fuzzy set, the membership
degree 0 means that elements are irrelevant to the corresponding property, while the membership degree
[—1, 0) indicates that elements satisfy the implicit counter property. In [5-8], the authors introduced a bipolar-
valued fuzzy set on different structures. In this work, we study the bipolar-valued fuzzy set theory to k-ideal
of a KU-semigroup and discuss some relations between a bipolar fuzzy k-ideal and k-ideal. Also, a bipolar
fuzzy k-ideal under homomorphism and the product of two bipolar fuzzy k-ideals are studied.

2. Preliminaries

In this part, we review some concepts related to KU-semigroup and a bipolar fuzzy logic.
Definition 2.1 [9] Algebra (X,*,0) is a KU-algebra if, for all y,y,t € X,
(ku)) X * )+ ((r* D) * (x*1)) =0

(kuy) x*0=0
(kuz) 0=y =y
(kuy) y*y=0andy*y =0impliesy =y
(kus) x*x=0
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On a KU-algebra X, a relation < is defined by < y & y x y = 0. Therefore (X, <) is a partially ordered set. It
follows that 0 is the smallest element in X.

Thus (R, ,0) satisfies the following. For all y,y, t € X,

(kug)) r* D)+ (x* 1) < (X *xy)

(kuy) 0<y

(kug) x <y,y < ximpliesy =y

(kug) y*x <x

Theorem 2.2. [9] In a KU-algebra X. The following axioms hold. For all y,y,t € X,
Ly<yimplyy*t<y=*t
L yx(r*D)=y*(*1)
i ((r*x0)*x)<vy

Definition 2.3. [10] A non-empty subset E of a KU-algebra (X, ,0) is called KU-subalgebra of X if y xy €
E whenever y,y € E.

Definition 2.4. [10] A non-empty subset I of a KU-algebra (X, ,0) is said to be an ideal of X if it satisfies, for
any y,y € X

i.0€rland
ii.xy el,yelimplythaty €T

Definition 2.5. [3] Let I be a nonempty subset of a KU-algebra X. Then, I' is said to be a KU-ideal of X, if

(1,) 0 erand
(I,) Vy,y,teR yx(y*1) €T andy eT'implythat y xt €T
Definition 2.6. [11] A KU-semigroup is a non-empty set X with two binary operations *,0 and constant 0

satisfying the following axioms
i. (R,x,0) is a KU-algebra
ii. (X, o) is a semigroup
iii. The operation o is distributive (on both sides) over the operation *, i.e.,
xeyx1)=(ey)*(xen) and (x *y)e v = Qe 1) * (¥y° 1), Vx, 7, T ER
Example 2.7. [11] Let X = {0,1,2,3} . Define *-operation and °-operation by the following tables

* 0 1 2 3 o 0 1 2 3
0 0 1 2 3 0 0 0 0 0
1 0 0 0 2 1 0 1 0 1
2 0 2 0 1 2 0 0 2 2
3 0 0 0 0 3 0 1 2 3

Then, (X, ,0) isa KU-semigroup.

Definition 2.8. [11] A nonempty subset R of X is called a sub-KU-semigroup of X, if y *y,x°y € R, for
all y,y € R.

Definition 2.9. [11] A non-empty subset R of a KU-semigroupX is an S-ideal of X, if

i. R is an ideal of X
ii. Forally e X,anda € R, we have yca € R anda°cy € R
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Definition 2.10. [11] A subset R of a KU-semigroup X is a k-ideal of X, if

i. R is a KU-ideal of X
ii. Forall y e X,anda € R,wehave yca € R andacy €R

Definition 2.11. [11] Let & and X’ be two KU-semigroups. A mapping f:& — X’ is called a KU-semigroup

homomorphismiif f(x xy) = f(x) * f(y) and f(xoy) = f(x) o f(y) forall y,y € R. Theset{y € X: f(x) =
0} is called the kernel of f and denote by ker f Moreover, the set{ f(x) € X' : y € X} is called the image of

f and denote by imf.
We review some concepts of fuzzy logic.

Let X be the collection of objects, then a fuzzy set u(y) in X is defined as u: X8 — [0,1], where u(y) is called
the membership value of y inXand 0 < u(y) < 1. ThesetU(u,t) = {xy € X : u(y) =t},where0 <t <1is
said to be a level set of u(y).

Definition 2.12. [12] Let u() be a fuzzy set in X, then u(y) is called a fuzzy sub KU-semigroup of & if it
satisfies the following condition : for all y,y € X.

i pQ*y) = min{uCn), u()}

il. u(x o) = minfu(x), u(y)}

Definition 2.13. [12] A fuzzy set u(y) in ¥ is called a fuzzy S-ideal of X if forall y,y € X

i p(0) = ()

i, u(y) = min{u(y = y), u(x)}

iii. u(x o y) = min{u(y), u(®)}
Definition 2.14. [12] A fuzzy set u() in X is called a fuzzy k-ideal, if it satisfies the following condition: for
all y,y e X

(k) u(0) = uCx)
(ko) p(x * ©) = min{u(x * (v * 1)), n(y)}
(ks) u(x ° ) = min{u(y), u(y)}

Example 2.15. [12] Let X = {0,a, b, c,d} be a set. Define *-operation and o-operation by the following
tables

¥*10|la|bjc|d o|0la|b|c|d
0({0|a|blc|y 0/0]0|0(0]|O0

00 blc|g al0]0|0]0]O0
bl0ja 0fciqg bjojof[o[o]D
c|0ja|0]|0|d clolololbw]|e
dlofolo|o]o dlolalolc]g

Then, (X,*,0,0) isa KU-semigroup. Define a fuzzy set u: & - [0,1] by u(0) = u(a) = 0.4,u(b) = u(c) =
0.2, u(d) = 0.1. Then, it is easy to see u(x), Vyx € X is a fuzzy k-ideal.

We will refer to X is a KU-semigroup unless otherwise indicated.
3. Bipolar fuzzy k-ideals of a KU-semigroup

In this section, we give the definition and properties of bipolar fuzzy ideals of X. Now, A bipolar valued fuzzy
subset B in a nonempty set X is an object having the form B = {(x,u~ (x), u* (x)|x € X} where u~: X -
[-1,0] and u*: X — [0,1] are two mappings. The membership degree u* () denotes the satisfaction degree of
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x to the property corresponding of B, and the membership degree p~(x) denotes the satisfaction degree of y
to some implicit counter-property of B. We shall use the symbol B = (y,u~,u*), for B =
{()(,#_(X),HJ’(X)) : x € X}, and use the concept of a bipolar fuzzy set instead of the concept of bipolar-
valued fuzzy set.

Now, let B = (y,u~,u't) be a bipolar fuzzy set and (s, t) € [—1,0] x [0,1].

Theset By = {y € X:u~(x) < s}and B} = {y € X:u*(x) =t} which are called the negative s-cut and the
positive t-cut of B = (y,u~, u"), respectively.

Definition 3.1. A fuzzy set ¢ in X iscalled a bipolar fuzzy sub-KU-semigroup of X if it satisfies the

following condition : forall y,y € &

bou”(r*y) < max{u™ (), u”()}and u* (x * y) = min {u* (), u* (1)}
i u=(rey) < max{u™ (), u~ ()} and u* (x oy) = min {u* (x), u* ()}

Proposition 3.2. Let B = (y,u~,u™) be a bipolar fuzzy sub-KU-semigroup. Then, u~(0) < u~(x) and
ut(0) = u*(y), forall y € X.

Proor. Clear.

Example 3.3. Let X = {0,a, b, c} be a set. Define *-operation and o -operation by the following tables

* 0 a b c o 0 a b c
0 0 a b c 0 0 0 0 0
a 0 0 0 c a 0 a 0 a
b 0 a 0 c b 0 0 b b
c 0 0 0 0 o 0 a b o

Then, (X,x,0,0) is a KU-semigroup. Define B = (x,u~",u*) by B ={(0,—0.6,0.7),(a,—0.5,0.5),
(b, —0.3,0.4), (c,—0.2,0.1)}. Then, we can prove that B is a bipolar fuzzy sub-KU-semigroup of X.

Definition 3.4. A bipolar fuzzy set B = (x,u~,u*)in X is called a bipolar fuzzy S-ideal of X if it satisfies,
forall y,y € X

(Bfy) u=(0) < u~(x) and u*(0) = u*(x)
(Bf2) u= () < max {u~(x *y),u~ ()} and u* (¥) = min { u* (x * v), u* (0}
(Bfs) u=(x o y) < max{u~ (), u” W}, 1wt (x o y) = min{u* (x), u* (v)}

Definition 3.5. A bipolar fuzzy set B = (y,u~,u*) in X is called a bipolar fuzzy k-ideal of X if it satisfies: for
all y,y,t € R

(BF1) u=(0) < u~(x) and p*(0) = u*(x)

(BF2) = (¢ *7) < max{u~(r * (v * 1), 0~ ()} and u* (¢ * 7) = minf{u™ Cr = (v * ), ™ (1)}

(BFs) = (x o) < max{u™ ), k= (1}, #F O o) = min{u* ), u* (1)}

Example 3.6. Let X = {0, a, b, c} with * defined as in Example (3.3),and B = (x,u~,u*) be a bipolar fuzzy
set in X given by the following B = {(0,—0.7,0.6), (a, —0.4,0.2), (b, —0.4,0.2), (¢, —0.3,0.1)}. Then, B =
(x,u—,ut) is abipolar fuzzy k-ideal of X.

Theorem 3.7. Let X be a KU-semigroup, a bipolar fuzzy set B = (y,u~,u") of X is a bipolar fuzzy k-ideal of
X if and only if B is a bipolar fuzzy S-ideal of X.

Proor.
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(=) Let B=(y,u",u*) be a bipolar fuzzy k-ideal of X. If we put y =0 in (BF.), thenu™(7) <
max {u~ (y *7),u” (y)} and

ut () = min {ut(y * 1), u* (y)}. Also, since B = (y,u~,u") is a bipolar fuzzy k-ideal of KU-semigroup,
then (BFs) is true. Hence, B = (x, u~, u") is a bipolar fuzzy S-ideal of X.

(<) Let B = (x,u~,u™) be a bipolar fuzzy S-ideal of X, then u~(y*7) < max{u~(y * (y* 1), u~(y)} and

ut(y*1) = min {ut(y * (y 1), ut (¥)}. And by Theorem (2.2)(2), we get u~(y* 1) < max {u~ (y* (y *
)0~ (}and ut(y*1) = min {ut(y* (y x 1), ut (¥)}. Also, since B = (y,u~,u™) is a bipolar fuzzy S-
ideal of KU-semigroup, then (Bfs) is true. Hence, B = (x, u~,u™) is a bipolar fuzzy k-ideal of X.

Proposition 3.8. Let B = (y,u~,u*) be a bipolar fuzzy k-ideal of X. If the inequality y * y <t holds in X,
then p~(y) < max {u~(x), u~ (D} and u* (y) = min {u* (x),u* (D)}, forall ,y,7 € X.

Proor.
Assume that the inequality y * y < 7 holds in X, then 7 * (y * y) = 0 and by (BF»)
p-(rxy) < max{u”(x * (T *y)), 1™ (D}

=max {0~ (z* (( * )} u (1)}

=max{u~ (0),u” (@M} =p" (@) .....(1)

Now, 1= (0 *y) = u~(y) < max{u=(0* (x *¥)),u” ()} = max {u~(x * y), 1~ ()} < max {u~ (1), u~ ()} (by
using (1)) i.e. u~(y) < max{u~(x),u (v)}. Similarly,
wr G xy) Z min{pt O+ (T ), 1" (0} = minf{u* (t+ O * Y} wt (0} = min{p™(0), " (D} = u* (1) ... (2)
Now, u* (0 *y) = u*(¥) = min{p* (0 * (x *¥)), u* ()} = min {u* G *¥), u* ()} = min {u* (0, 1+ (0}
(by using (2)) i.e. u*(y) = min{u* (x), u* (0)}.

Theorem 3.9. Let X be a KU-semigroup, a bipolar fuzzy set B = (y, u~,u™) of X is a bipolar fuzzy k-ideal of
X if and only if B is a bipolar fuzzy sub-KU-semigroup of X.

Proor. (=) Let B = (x, u~, u*) be a bipolar fuzzy k-ideal of X. By Theorem (3.7), B is a bipolar fuzzy S-ideal
of X. For any y,y € X, from (ku, ) we have y y <, then by Proposition (3.2) u~(x *y) < u~(y) and
urGcxy) =2p*(y). And by Proposition (3.8) u(y) <max{u(x),u ()} and pu*(y)=
min {u* (), u*(r)}, Hence, = (x*y) <max{u"(C),u ()} and u*(x*y) = min {u* (o), u* (0)}
Then, B is a bipolar fuzzy sub-KU-semigroup of X.

(<) Let B = (x, u—,u't) be a bipolar fuzzy sub-KU-semigroup. We have
Du (0 <pu (and ut(0) = ut(y), forall y € X.

(i) By Theorem (2.2) (2) and (3), we have (y*(x*1))* (x*1) =(x* @ *1D))*x(x*1) <y, for all
X7, T €RX. It follows from Proposition (3.3.7) that u (y*7) <max{u~(x*( *1)),u"(y)} and
utGr=1) = minf{u* (y * (y * 1)), ut ()}, forall y, 7 € X. Also, since B = (y,u~,u") isabipolar fuzzy sub-
KU-semigroup, then (BFs) is true. Therefore, B = (y, u~, u") is a bipolar fuzzy k-ideal of X.

Proposition 3.10. If B = (y,u~, u") is a bipolar fuzzy k-ideal of X, thenthe sets ] = {y € R:u* (x) = u*(0)}
and K = {y € X:u~(y) = pn~(0)} are k-ideals of X.

Proor. Since 0 € X, u*(0) = u*(0) and u=(0) = u~(0) impliesO € Jand0 € K,s0] # @, K # @. Let (y *
(r*1)) €] andy €] implies pu*(x*(*7))=p*(0) and p*(y) =p*(0). Since u*(x=1) =

min{u* G = (v * D), u* ()} = u"(0) > u"(x*7) = u™(0) but u™(0) = u*(x * 7). It follows that (y *
t) €], forall y,y,t € NX.



Journal of New Theory 29 (2019) 102-111 / Bipolar Fuzzy k-ideals in KU-semigroups 76

Also, let yeJ and ye€j impliesu*(y) =pu*t(0) andu®(y)=u*(0). Since,u*(xoy) =
min{u* (), u* (y)} = u*(0),then u*(y o y) = u*(0). It follows that y oy € J, similarly y © y € J. Hence, |
is k-ideal of X. Similarly, we can prove K is k-ideal of X.

Theorem 3.11. For a bipolar fuzzy set B = (y,u~,u") in X, the following are equivalent:

(1) B = (y,u~,u") is a bipolar fuzzy k-ideal of X.

(2) B = (y,u~,u™) is satisfies the following:

i. Vs € [-1,0], (By # @ = By ) is a k-ideal of K.

ii. vt € [0,1], (B # @ = B;") is ak-ideal of X.
Proor. (1) =(2) (i) Lets € [—1,0] be such that By # @. Then, there exists y € By and sou~(y) <s. It
follows from (BF,) that u=(0) < u~(y) <s, then 0 € B; . Let,y,7 € By, such that (y * (y 7)) € B; and
Y € By . Then,u (x* (y x1)) <s and u~(y) <s. By using (BF2), we have u~(y * ) < max{u~(y * (y *
7)), 4~ ()} = max{s,s} = s, which implies that (y *xt) € By. By using (BFs), we have u=(yoy) <
max{u~(x),u” (y)} = max{s, s} = s, which implies that (x °y) € By (res. (v , x) € Bs). Therefore, By is
a k-ideal of X.
(ii) Assume that B # @, fort € [0,1] and let a € B}f. Then, u*(a) = t and u*(0) = u*(a) =t by (BFy),
thus 0 € B}. Let x,y,7 € X be such that (y x (y * 7)) € Bf andy € Bf. Then, u*(y*(y x1)) =t and
@) =t
It follows from (BF) that u* (x * ) = min{u*(y * (¥ * 1)), u" (y)} = min{t, t} = t, so that (y x 1) € B;.
Also, by (BFs), u*(xoy) = min{u*(x),ut(y)} = min{t,t} =t, then (y °y) € Bf (res.(y ° x) € Bf).
Hence, B is a k-ideal of X.
(2) = (1) Assume that there exists a € X such that p¢=(0) = u~(a). Taking s, = %(u‘(o) + u=(a)), for
some s, € [—1,0] implies that u~(a) < s, < u~(0). This is a contradiction, and thus u~(0) < u~(y), for
all y € X. Suppose that u=(y *7) < max{u~(x * (y *7)),u"(y)}, for some y,y,t€R, and let s; =
L) +max(u x r +D) (Y. Then,  max{um (e (v * D) (1} <51 < (),
which is a contradiction. Therefore, u~(x * t) < max{u~(y * (y * 1)), u~(y)}, for all y,y,t € X. Suppose
that 1~ (r o y) < max{u™ (), (1)}, for some x,y € X, and let's, = 5 (s~ Cr o y) + max{u™ GO, ™ ()}
Then, max{u= (), u ()} <s, < u~(x°y), which is a contradiction. Therefore, u (yoy) <
max{u~ (), u~(y)}, forall ,y € K.
Now, if u*(0) < u*(y), for some y € X, then u*(0) <t, < u*(y), for some t, € (0,1]. This is a
contradiction. Thus u*(0) = u*(y), forally € X.
If ut(x*7) <min{u*(x* (y *1)), ut(y)}, for some y,y,t € K. Then, there exists ¢; € (0,1], such that
prGr*1) <tg <min{p* (e * (v 1), u*(¥)}. Weget y + (y *7) € B andy € B, but y 7 & B} . This
is a contradiction. Consequently, ut(y *7) = min{u*(x * (y * 7)), u*(y)}, for all x,y,7 € X. And if
u*(coy) < min{ u* (), u*(¥)}, for some, y € K.
Then, there exists t, € (0,1] such that u*(x o y) <t, < min{ u*(x), u*(y)}. It follows that y € B} and
¥ € B, but (x °y) & B, which is a contradiction. Hence, u*(x oy) = min{ u*(x), u*(y)}, for all x,y €
N.

Therefore B = (y, u~, u™) is a bipolar fuzzy k-ideal of X.
4. Bipolar fuzzy k-ideals under homomorphism

Definition 4.1. For any y € X. We define a new bipolar fuzzy set By = (x, y}?,,u}f) inXbypur () =p~(F))
and ,u}f () = ut(f(x)), where f: & - X' is a KU-semigroup homomorphism.
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Theorem 4.2. Let f: X — X' be a KU-semigroup homomorphism and onto mapping. Then, B = (x', u~,u")
is a bipolar fuzzy k-ideal of X" if and only if By = (x, uy, y}f) is a bipolar fuzzy k-ideal of K.

Proor: For any y' € X' there exists y € X such that f(x) = x', we have
uf(0) = u*(£(0)) = u*(0) = u* (") = u*(f ) = uf )
and
ur(0) =pu=(f(0) =~ (0) < (") =1 (f)) = 15 (0.
Let y,t € X, y' € X' then there exists y € X such that f(y) = y'. We have
ufQx ) = pt(fOr+0) = 1t (FOO * () 2 min {u* (f Q) * (v * F(@), 1* (¥}
= min {u*(fO) * (@) * F@)} 1" F@} = min {uf (x * (v * D), uf 1)}
and
wrOr D) = p (o + ) = 1= (FO) * F(©) < max {u=(FOO * (v * F (@), 1w~ ()
= max {&~ (fO) * (f) * F@)} 1~ (F )} = max {uz (x * (v * D), 1y (1)}
Hence, By = (x,ur,uf) is a bipolar fuzzy k-ideal of X.
Conversely, since f: X — X' is an onto mapping, then for any y,y,t € X'.
It follows that there exists a, b, ¢ € X such that f(a) = x, f(b) = y and f(c) = t. We have
wHoe ) = p(f(@) * £())) = it (F(ax ) = uf (ax ) = min {uf (ax (b * c)), uf (b))
= min {g* (f(a) * (f(b) * £())}, u* (F ()} = min {u* (x * (¥ * D), u* (1)}
and
) = p(f(@) * f()) = u™(flaxc)) = uy(a*c) < max{ur(ax(b*c)),us(b)}
= max {g~ (f(a) * (f(b) * f())}, u~ (f(b)} = max {u~(x * (¥ * 1), u~ (1)}
Therefore, B = (y, u~, u') is a bipolar fuzzy k-ideal of X’.
Now, we introduce the product of bipolar fuzzy k-ideals in a KU-semigroup, and we study some results.

Definition 4.3. Let B; = (x,ui,uf) and B, = (v, u3,u3) be two bipolar fuzzy sets of X. The product
By X By = ((x,¥), 1 X iz, p1f X u3) is defined by the following: (u1 x u3)(x,v) = max {u1 (x), uz (1)}
and (uf x p3)(x,v) = min {uf O, 43 ()}, where uy X p7: R X R > [=1,0]and pf X p3: 8 X X > [0,1],
forall y,y € X.

Theorem 4.4. Let B; = (x,ui,u7) and B, = (v, 13, u3) be two bipolar fuzzy k-ideals of KU-semigroup X,
then B; X B, is a bipolar fuzzy k-ideal of X x X.

Proor. Forany (y,y) € X x X, we have

(uf x p3)(0,0) = min{us (0), 3 (0)} = min{uy G, 13 ¥} = (i x u3)(x,v)
and

(u1 X p3)(0,0) = max{us (0), u3 (0)} < max{uy (), uz ¥} = (ux X uz)(x,v)
Let (x1, x2), (Y1, v2) and (14, 75) € X X ¥, then

(i X u3) (1 * 71, X2 * 72 ) = min{ud (g * 79), 43 (2 * 72)}
2 min{min {uy ()(1 * (yq * T1)): uy (V1)}, min{,u; 2 * (2 * 1)) 13 (Vz)}}
= min{min {.“Ir (X1 * (yq * T1)),.“_{ Q2 * (v * Tz)}: min {Hf (V1),.U5L(Y2)}
= min{min(ef x ) {(r2 * 02 * 70)), Gtz * 02 * 7)) JAGT X D G0, v2) 1
and
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(ur X pz) (1 * T, X2 * T2 ) = max{uy (x1 * t1), 4z (xz * 72)}
< max{max {uy (x1 * (v1 * 71)), 45 ()}, max {uz (2 * (v2 * 72), 17 (¥2)}
= max{max {uy ()(1 * (yq * T1))..U2_ Oz * (¥2 * Tz)}’ max {u; (1), 1z (v2)}

= max {(u1 x 1) {(a * 01 * 10), Q2 * (2 * 7))} AGT X 1) v2)B

and
(i X u3)O1 0 v, Xz ©v2 ) = min{us (g 0 v1), 13 (2 © v2)}
> min{min {uf (¢1), uf (1)}, min {u3 (x2), 43 (v2)}
= min{min {u7 (1), 43 (r2)}, min {uf (v1), u3 (¥2)}
= min{{(uf X 13) 1, x2)3 (@ x 13) (v, v2)1
and

(ur X )01 ° Y1 Xz © ¥z ) = max{ug (xq © v1), 4z (2 © v2)}
< max{max{uy (x1), u1 (v1)}, max{uz (x2), 1z (v2)}
= max{max {u1 (x1), 4z (x2)}, max {u3 (v1), uz (v2)}
= max{{(u1 X uz)Cr1, x2)h {ur X u2) (v, v2)33

Therefore B; X B, is a bipolar fuzzy k-ideal of X x X.
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1. Introduction

Researchers in many scientific fields make an effort to model problems containing uncertain data.
However, the classical methods are not always successful in describing uncertainties. In 1965, therefore,
fuzzy sets were developed by Zadeh [1] to overcome the uncertainties. In 1986, these sets have been
generalised to intuitionistic fuzzy sets (if-sets) by Atanassov [2]. In 1999, Molodtsov [3| proposed the
concept of soft sets as a general mathematical tool to model the problems with uncertainties.

So far, many novel concepts based on the soft sets, fuzzy sets, and if-sets have been propounded.
These concepts can be classified as follows:

- Fuzzy soft sets [4],

- Intuitionistic fuzzy soft sets [5],

- Fuzzy parameterized soft sets [6],

- Fuzzy parameterized fuzzy soft set [7],

- Fuzzy parameterized intuitionistic fuzzy soft sets [In this study],

- Intuitionistic fuzzy parameterized soft sets [8],

- Intuitionistic fuzzy parameterized fuzzy soft sets [9],

- Intuitionistic fuzzy parameterized intuitionistic fuzzy soft sets [10],

In the present paper, as it is pointed out above, we define parameterized intuitionistic fuzzy soft
sets (fpifs-sets) by using fuzzy sets and if-sets. We then apply this concept to a decision-making
problem. Finally, we discuss fpifs-sets and give suggestions for their further research.
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2. Preliminaries

This section presents some of the basic definitions of soft sets [3], fuzzy sets 1], and if-sets [2].

2.1. Soft Sets

In this subsection, we introduce some of the basic definitions and properties of soft sets provided
in [3,11,12].

Definition 2.1. Let U be a universal set, P(U) be the power set of U, and X be a set of parameters.
Then, a soft set S over U is defined as a set of ordered pairs

S={(z,s(x)): x € X} where s: X — P(U)
Here, s is called approximate function of the soft set S and the elements (x, () is not displayed in S.

Hereafter, the soft sets are denoted by S, S1, 53, ... and their approximate functions by s, s1, s9,. . .,
respectively. The set of all soft sets over U is denoted by S.

Definition 2.2. Let S € S. Then,
S is called empty soft set, denoted by Sy, if s(x) = 0 for all x € X, and
S is called universal soft set, denoted by Sy, if s(x) = U for all x € X.

Example 2.3. Let U = {uy, ug, us, uq, us, ug} be a universal set and X = {x1,x9,x3, 24} be a set of
parameters. If s(z1) = {u1,u2, us,us}, s(za) = 0, s(xs) = {u1,us,us}, and s(x4) = U, then the soft
set S is written by

S = {(xla {ul’ U2, Uq, u6})’ (x?n {ula us, u5})’ ($4, U)}

Definition 2.4. Let 51,55 € S. Then,
S1 and Sy are called equal, denoted by S; = Sy, if s1(z) = sa(z) for all z € X, and
Sy is called soft subset of soft set Sy, denoted by S; C So, if s1(x) C so(x) for all x € X.

Definition 2.5. Let 5,571,595 € S. Then,

the complement of S is defined by S¢ = {(z,U \ s(z)) : z € X},

the union of S} and Ss is defined by S1 U S2 = {(z, s1(z) U sa(z)) : z € X}, and
the intersection of S; and S is defined by S1 NSy = {(z,s1(x) Nse(x)) : z € X}.

Proposition 2.6. If S € S, then
i) SUS=S5 i) SUSy=S v) SUSy =Sy
i) SNsS=S iv) SNSy=25 vi) SNSy =8

Proposition 2.7. If Sq,.55,53 € S, then

i) S1USy=SUS8, V) S1 U (SyU S3) = (S3USs) U Ss

i) S1N Sy =S,NS; vi) Sy (SaNSs) = (S1 N S2)N Sy
iii) (S1 U So)¢ =S¢ SS vii) 1 U (Sy N S3) = (S1 U Ss) N (SyUSs)
iv) (S1NSo)¢ = S¢U SS viii) S1 N (S2US3) = (S1 N S2) U (Sy N Ss)

2.2. Fuzzy Sets

This subsection provides some of the basic definitions and properties of fuzzy sets presented in [1]. For
more details, see [13-15].

Definition 2.8. Let X be a universal set. Then, a fuzzy set I’ over X is defined by
F={2'® .2 e X} where f: X —[0,1]

Here f is called the membership function of F, the elements 2 is not displayed in F, and the elements
x! is displayed as x in F. Moreover, the value f(z) is called the degree of membership of € X and
represents the degree of belonging of = to the fuzzy set F.
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From now on, the fuzzy sets are denoted by F,F, F5,... and their membership functions by
f, f1, fa,... respectively. The set of all fuzzy sets over X is denoted by F.

Definition 2.9. Let F € F. Then,
F' is called empty fuzzy set, denoted by Fj, if f(z) =0 for all z € X.
F is called universal fuzzy set, denoted by Fx, if f(xz) =1 for all x € X.

Example 2.10. Let U = {x1, 29, 23,24, 25,26}, f(z1) = 0.7, f(x2) = 0.5, f(x3) = 0.2, f(x4) = 0,
f(zs) = 0.7, and f(xg) = 1, then the fuzzy set F' is as follows:

F= {xl ax85a 92 $5 axﬁ}

Definition 2.11. Let Fi, F5 € F. Then,
Fy and Fy are called equal, denoted by Fy = Fy, if fi(x) = fa(x) for all x € X, and
F) is called fuzzy subset of Fy, denoted by Fy C Fy, if fi(x) < fa(x) for all z € X.

Definition 2.12. Let F, F}, F5 € F. Then,

the complement of F is defined by F¢ = {z'~f(*) . z € X},

the union of F} and Fj is defined by Fy U Fy = {z™>{1 (@2} 3 € X} and
the intersection of F; and Fj is defined by Fy N Fy = {wmin{fl(m)’h(x)} cx € X}

Proposition 2.13. If F' € I, then

iy FUF=F i) FUFy=F v) FUFx = Fx
i) FNF=F iv) FNFy=F vi) FNFx = F

Proposition 2.14. If Fy, F5, I3 € F, then

) U =FKHUFR V) FlU(Fy UF3) = (F1UFy)UF;3

i) ANk =FKBNFK vi) FiN(FyNF3) = (F1NFy)NF;
i) (F1UFy)=FfNFy vil) Fy U (Fy N F3) = (Fy U Fy) N (FL U F)
iv) (Fi N Fy)° = FfUFy viil) F1 N (Fy U F3) = (F1 N Fy) U (Fy N F)

2.3. Intuitionistic Fuzzy Sets

This subsection features some of the basic definitions and properties of if-sets provided in [2]. For
more details, see [16,17].

Definition 2.15. Let U be a universal set. An intuitionistic fuzzy set (if-set) I over U is defined by
I — {uu(U);V(U) = U}

where p: U — [0,1] and v : U — [0,1] such that 0 < p(u) +v(u) <1 for all uw € U. Here, 1 and v
are called membership and non-membership function of I and the elements u! is not displayed in 1.
Moreover, the values p(u) and v(u) denote the membership degree and non-membership degree of the
u € U, respectively.

Hereafter, the if-sets are denoted by I, Iy, I, ... and their membership and non-membership func-
tions by p, i1, po, ... and v, vy, ve,. .., respectively. The set of all if-sets over U is denoted by 1.

Definition 2.16. Let I € I. Then,
I is called empty if-set, denoted by Iy, if u(u) =0 and v(u) =1 for all u € U, and
I is called universal if-set, denoted by Iy, if p(u) =1 and v(u) =0 for all u € U.

Example 2.17. Let U = {uj,ug,us, us} be a universal set, pu(u;) = 0.7, v(u1) = 0.2, pu(ug) = 0,
v(ug) =1, p(us) = 0.2, v(uz) = 0.6, p(ug) = 0.3, and v(uyg) = 0.7. Then, the if-set I is written by

7= [,0702 0206 0307
-_ ul ,US 72/[/4
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Definition 2.18. Let I, I3 € I. Then,
I and I is called equal, denoted by I} = I, if p(u) = pa(u) and vy (u) = ve(u) for all u € U, and
I is called if-subset of I5, denoted by I; C I, if p1(u) < po(u) and vo(u) < vi(u) for all u € U.

Definition 2.19. Let I, 11,15 € I. Then,

the complement of I is defined by I¢ = {u?(W#(®) .y € U},

the union of I; and I is defined by I; U Iy = {um‘w{“l(u)vm(u)}?mi"{Vl(u)vl’?(“)} cu € U}, and
the intersection of I; and I is defined by I; N [, = {umm{“l(”)’“2(”)};’”“{”1 (w)r2(u)} .y € U}.

Proposition 2.20. If I € I, then
) IUlr=1 i) TUly=1 v) TUly =1y
i) INI=1 iv) INly=1I vi) INIy =1

Proposition 2.21. If Iy, 5, I35 € I, then

i) LUl =1,UlL v) U UIl3) = (L1 Ul)Uls

i) [ Nle=I,N1 vi) [ N(IoNI3) = (1N Iy)N I3
i) (L1 U L) =IfNnI§ vil) [T U(IaNI3) = (11 Ulz) N (L Uls)
iv) (I1NI)¢=I{UIS viil) I} N (1o U I3) = (I N Ix) U (I N I3)

3. Fuzzy Parameterized Intuitionistic Fuzzy Soft Sets

In this section, we define fuzzy parameterized intuitionistic fuzzy soft sets (fpifs-sets) as a new concept
of the soft sets. We then present some of their basic properties.

Definition 3.1. Let U be a universal set and X be a set of parameters. If F' = {:Uf(gﬁ) tx € X} is a
fuzzy set over X and p: X — I, p(x) = {u“z(“)?”z(”) RS U} is an if-set over U for z € X, then

P = {(xf(x),p(x)) :mGX}

is called an fpifs-set over U. Here, p is called approximate function of P and the elements (2°, I) is
not displayed in P.

Throughout this paper, the fpifs-sets are denoted by P, P;, P», ... and their approximate functions
by p,p1,p2, ..., respectively. The set of all fpifs-sets over U is denoted by P.

Definition 3.2. Let P € P. Then,
P is called empty fpifs-sets, denoted by P, if f(z) =0 and p(x) = I for all z € X, and
P is called universal if-set, denoted by Py, if f(x) =1 and p(z) = Iy for all z € X.

Example 3.3. Let U = {uy,u9,us}, X = {1,202, 23,24}, F = {351 ,x84,x45} and

0.7;0.2  0.5;0.2
u

p(l’l) - ul » Y3 )
0.5:0.3  0.8:0.1
plr2) = quy , Us ,
p(z3) = I,
0.6;0.2 0.5:0.3 0.8,0.1
p(rs) = {U1 ) Ug ) Us }

Then,
P= {297 p(x1)), (237, p(22)), (217, p(z4)) }

o 0.7 [ 0702 0502 04 [ 0503 0.80.1 0.5 0.6;,0.2 0.5;0.3 0.8:0.1
= T, Uy ) Ug To', | Ug )y Ug Ly Uy ) Ug ) Us

is an fpifs-set over U.
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Definition 3.4. Let P, P, € P. Then, P, and P, are called equal, denoted by P; = Py, if fi(x) =
fa(z) and p1(x) = pa(z) for all z € X.

Definition 3.5. Let P, P, € P. Then, P; is called fpifs-subset of P,, denoted by P; C P, if
fi(z) < fa(z) and pi(z) C pa(x) for all z € X.

Definition 3.6. Let P, P>, € P. Then, the union of P; and P, is defined by
PLUP, := {(xmax{fl(x)’h(”ﬁ)},pl(x) Upa(z)) 1 a € X}
Definition 3.7. Let P, P>, € P. Then, the intersection of P; and P is defined by
P NPy := {(mmin{fl(gﬁ)’h(’:)},pl(x) Npa(z)) 12 € X}
Definition 3.8. Let P € P. Then, the complement of P is defined by
P = {(ml_f(x),pc(x)) tx € X}
Proposition 3.9. If P € P, then
iy PUP=P i) PURy =P v) PUPy =Py
iy PNP=P iv) PN Py =P vi) PNPy =P
PrROOF. Let P = {(z/®) p(z)) : x € X} be an fpifs-set over U. Then,
i) PUP = {(@>U@IE) pa) Up()) : w € X} = {2/, p(2)) sz € X} = P
ii) PP = (@O p(o) (p(e)) s 2 € X} = {(27@,p(2)) i o € X} = P
iii) PU Py = {(z™U @0 pyuly) o2 e X} ={(2/® px):ze X} =P
iv) PN Py = {(a™VU @0 pa)ynly):xe X} ={2%1):2€ X} =Py
v) PUPy = {(mmax{f(x)’l},p(x) Ulp):ox € X}y ={(z},Iy) 2 € X} = Py

vi) PN Py = {(@™ V@8 pa)nly):ze X} = {(&/® px):z2 e X} =P

O
Proposition 3.10. If P, P,, P; € P, then
1) PUP, =P UP V) P1U(P2UP3):(P1UP2)UP3
11) PNP=PLNPA Vi) Plﬂ(Pgﬂpg):(PlﬂPQ)ﬂpg
111) (Pl @] PQ)C = Plc N PQC Vii) P U (P2 N Pg) = (Pl U P2) N (Pl U Pg)
iV) (Pl N PQ)C = Plc @] PQC Vlll) PN (P2 U Pg) = (Pl N P2) U (Pl N Pg)
PrROOF. Let P, = {(z"®) pi(x)) : =z € X}, Po = {@P@ py(x)) : z € X} and
Py = {(«/3®) p3(z)) : € X} be three fpifs-sets over U. Then,
i) PLUP, = {@n@RE) p (1) Upy(z)) 2 e X},
— {(wmax{fQ(x)vfl(x)}’pQ(x) Upl(x)) cx € )(}7
= PBUP
i) pNP = {(@mnh@LE) p) (2) Npy(2) 2 € X},
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iii) (PLUP) = {(z' RO, (p(2) Upi(2)) : ¢ € XY,
- Al min{1-A()1-12), pe () A ps(a) : @ € X,
iv) (PNR)° = (@ mmnERE (p)(2) 0 py(a))) : 2 € X,
=A@ U AR pi() Ups(e) o € XD,
= PUPS
v) PLU(PRUR;) = {(amextil@med 2@, @ p () U (pa(z) Ups(z))) - @ € X}

{(graxtmax{n@. LR (p) () Upe(z)) Ups(z)) : v € X}
= (P1 U PQ) U Ps

vi) LN (PN P) = {(aminth@min{2@. 08 by (2) 0 (pa(x) Nps(2))) - w € X}
— {70 LA, () 1 pofa)) N pa(e) o € X)
= (Pl N PQ) N Ps

vii) P U (PN Ps) {(gmexti@min{f2@). f3@1 g (1) U (pa(2) Nps(2))) :z € X}
N (p1(

{(xmin{max{fl(z)yfz(ﬂs)},max{fl(ﬂs)yfs(ﬂs)}}7 (p1(z) U pa(z)) z)Ups(z))):z e X}
(PLUP) N (PLUPs)

viil) PN (PUPs) = (@U@ mesi@0s@ b (2) 0 (pa(x) Upa(a))) : o € X}
{(acmax{mm{h(av)»f2(av)]nmm{f1(ﬂs),fs(av)}}7 (p1(z) N pa(z)) U (pr(z) Nps(x))) : z € X}
(PLNP) U (PN Ps)

4. A Soft Decision-Making Method Proposed on fpifs-sets

In this section, we suggest a soft decision-making method that assigns a performance-based value to
the alternatives via fpifs-sets. Thus, we can choose the optimal elements among the alternatives.

The Proposed Algorithm Steps

Step 1. Construct an fpifs-set P such that P = {(ﬂ:f(x), {u“x(“);”x(“) tu € U}) tx € X}

Step 2. Obtain the values w(u) = % > f(@)(pe(u) — ve(w)), for all u € U
zeX

w(ug)+| miinw(ui)|

Step 3. Obtain the decision set {uz(u’“)\uk € U} such that d(uy) =

max w(u;)+| minw(u;)|
1 K2

5. An Application of the Proposed Method to a Performance-Based Value Assign-
ment Problem

In this section, we apply the proposed method to the performance-based value assignment (PVA)
problem for seven filters used in image denoising, namely Decision Based Algorithm (DBA) [18],
Modified Decision Based Unsymmetrical Trimmed Median Filter (MDBUTMF) [19], Based on Pixel
Density Filter (BPDF) [20], Noise Adaptive Fuzzy Switching Median Filter (NAFSMF) [21], A New
Adaptive Weighted Mean Filter (AWMF) [22|, Different Applied Median Filter (DAMF) [23], and
Adaptive Riesz Mean Filter (ARmF) [24]. Hereafter, let U = {uq, ua, us, ug, us, ug, u7} be the set of
the alternatives such that

w1 = “DBA”, us = “MDBUTME”, uz = “BPDF”, uy = “NAFSMF”, us = “AWMF”, ug = “DAMEF”,
and uy = “ARmEF”

Moreover, let X = {x1,x9,x3, x4, T5, T6, T7, Ts, To} be a parameter set determined by a decision-maker
such that

1 = “noise density 10%”, xo = “noise density 20%”, x3 = “noise density 30%”,
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x4 = “noise density 40%”, x5 = “noise density 50%”, x¢ = “noise density 60%”,
x7 = “noise density T0%”, xg = “noise density 80%”, and xg = “noise density 90%”.

Further, let bold numbers in a table point out the best scores therein.

We first present the results of the filters in [24] by Structural Similarity (SSIM) [25] for the im-
age Cameraman in Table 1. Hereinafter, let . (u) corresponds to the SSIM/MSSIM results of the
image /images for filter u and noise density x. Moreover, let v,(u) = 1 — p,(u), for all x € X and
ueU.

Table 1. The SSIM results of the filters for the Cameraman image.

Filters 10% 20% 30% 40% 50% 60% 70% 80% 90%

DBA 0.9938 09847  0.9710 0.9520 0.9222 0.8843 0.8283  0.7584  0.6645
MDBUTMF 09897 09278 0.7945 0.7964 0.8844 0.9158  0.8962  0.8056  0.4451
BPDF 0.9910 09783  0.9588 0.9306 0.8934 0.8406 0.7700  0.6665  0.4990
NAFSMF 0.9798 09636 0.9484 0.9329 0.9164 0.8954 0.8696 0.8335  0.7288
AWMF 0.9872 09839 0.9798 0.9748  0.9667 0.9541  0.9345 0.9015  0.8346
DAMF 0.9960 0.9906 0.9833 0.9749  0.9638  0.9492  0.9293 0.8973  0.8294
ARmF 0.9969 0.9933 0.9885 0.9824 0.9735 0.9600 0.9395 0.9059 0.8376

The application of the soft decision-making method proposed in Section 4 is as follows:

Step 1. Suppose that the success at high noise densities is more important than in the presence
of other densities. In this case, the values in Table 1 can be represented with fpifs-set as
follows:

0.1 0.9938;0.0062  0.9897;0.0103  0.9910;0.0090 , 0.9798;0.0202 A _0.9872;0.0128 , 0.9960;0.0040
Pr= {(z1"" {wm ,u2 ;U3 ) U4 ;U5 ) UG

)

20.9278;0.0722 0.9783;0.0217 u40.9636;0.0364 0.9839;0.0161
) ) )

uy u us 5

0.9969;0.0031}) , (1,20.27 {11‘10.9847;0.01537 us

u

0.9906;0.0094 i

0.9933;0.0067 0.3 0.9710;0.0290 0.7945;0.2055 0.9588;0.0412 0.9484;0.0516
}) ) ( ) {Ul s U2 ) s U4 )

Uug ur 3 u3

0.9798;0.0202 0.9833;0.0167 0.9885;0.0115 0.4 0.9520;0.0480 0.7964;0.2036 0.9306;0.0694
) 7u7 }) ) ( ) {ul ) 2 ) )

us U6 T4 U us3

0.9329;0.0671 0.9748;0.0252 0.9749;0.0251 0.9824;0.0176 0.5 0.9222;0.0778 0.8844;0.1156
4 ) ) ) }) ) (:EE) ) {ul ) 2 )

u us ue uy u

0.8934;0.1066 , 0.9164;0.0836 , _0.9667;0.0333 , 0.9638;0.0362 , _0.9735;0.0265 0.6 0.8843;0.1157
u3 ) U4 ;U5 ) U6 s u7 1 (26”0, {wa ;

0.9158;0.0842 0.8406;0.1594 0.8954;0.1046 0.9541;0.0459 0.9492;0.0508 0.9600;0.0400 0.7
u2 ) ug ) u4 ) u5 ) u6 ) u7 }) ) (m7 )

0.8283;0.1717 0.8962;0.1038 0.7700;0.2300 0.8696;0.1304 0.9345;0.0655 0.9293;0.0707 0.9395;0.0605
{ul , U2 , U3 , Uq , U5 , U6 >, U7 })

I

0.8 0.7584;0.2416 , 0.8056;0.1944 _ 0.6665;0.3335 _ 0.8335;0.1665 , _0.9015;0.0985  0.8973;0.1027
(z”%, {w ;U2 , U3  Ud ) U5 , UG

)

20.4451;0.5549 0.4990;0.5010 40.7288;0.2712 0.8346;0.1654
) ) ) )

uy U us U

0.9059;0.0941}) , (1,90.97 {ul0.6645;0.33557 us

0.8294;0.17067 0.8376;0.1624})}

U6 ur

Step 2. The values w(u) are as follows:

w(ur) = 0.3322, w(uz) = 0.2790, w(us) = 0.2616, w(us) = 0.3612, w(us) = 0.4248, w(us) = 0.4220, and w(uy) = 0.4304

Step 3. The decision set is as follows:

{DBAO.8580’ MDBUTMFO.7812, BPDFO.7560, NAFSMFO.SQQQ’ AWMFO'gglg, DAMFO'9878, ARmFl}

The results show that ARmF outperforms the others and the ranking order BPDF < MDBUTMF <
DBA < NAFSMF < DAMF < AWMF < ARmF is valid. Moreover, the results confirm the expert’s

view.
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The visual performances of the filters are provided in Fig. 1. The performances of the filters can
not be discriminated in consideration of Fig. 1. Moreover, when a large number of data come into
question, it is impossible to do so. Therefore, the proposed method has an essential role in dealing

with PVA problems.

Fig. 1. [24] SSIM results for “Cameraman” of 512 x 512 with a SPN ratio of 30. (a) Noisy image
0.0550, (b) DBA 0.9710, () MDBUTMF 0.7945, (d) BPDF 0.9588, (¢) NAFSMF 0.9484, (f) AWMF
0.9798, (g) DAMF 0.9833, and (h) ARmF 0.9885

Secondly, to better establish the success of the proposed method, we present the results of the
filters in [24] by Mean Structural Similarity (MSSIM) for the 20 traditional images in Table 2.

Table 2. The MSSIM results of the filters for the 20 traditional images.

Filters 10% 20% 30% 40% 50% 60% 70% 80% 90%

DBA 0.9796  0.9584  0.9315 0.8968 0.8520 0.7949  0.7213  0.6265  0.4966
MDBUTMF 09774 0.9197 0.8117 0.7973 0.8399  0.8410 0.8025 0.7023  0.3566
BPDF 0.9783 09536  0.9229 0.8838 0.8323 0.7634  0.6680  0.5096  0.2585
NAFSMF 0.9748 09504 0.9248 0.8973 0.8666  0.8320 0.7910  0.7357  0.6190
AWMEF 0.9728 09622 0.9484 09315 0.9098 0.8816  0.8437 0.7904  0.7028
DAMF 0.9854 09699 0.9516 0.9303 0.9051 0.8748 0.8368 0.7846  0.6964
ARmF 0.9868 0.9735 0.9581 0.9400 0.9173 0.8880 0.8491 0.7947 0.7056

Similarly, the values in Table 2 can be represented with fpifs-set as follows:

0.1 0.9796;0.0204 0.9774;0.0226
P2 = {("El ; {U1 , U2 )

u70.9868;0.0132}) , (

0.9699;0.0301
)

ue ur

u

0.8973;0.1027 0.9315;0.0685 0.9303;0.0697 0.9400;0.0600 0.5 0.8520;0.1480 , 0.8399;0.1601
Ugq ;U5 ’ ;, U6 » U7 }) ’ (;135 ’ {’LL]_ ’ y Ug

T2

0.9484;0.0516 0.9516;0.0484
5 7u6 )

0.9735;0.0265}) , (

ur

0.2 0.9584;0.0416
) {ul )

3

u3

0.9783;0.0217 0.9748;0.0252 0.9728;0.0272 0.9854;0.0146
) u4 ) u5 ) u6 )

u2

0.3 0.9315;0.0685
) {’LL]_ )

0.9197;0.0803
)

u3

u2

0.9581;0.0419}) 7 (x40.4’ {11‘10.8968;0.10327

0.9536;0.0464
)

0.8117;0.1183
)

U

Uq

us

0.9504;0.0496
)

0.9229;0.0771
)

us

Uq

0.9622;0.0378
)

0.9248;0.0752
)

0.7973;0.2027 0.8838;0.1162
2 7u3 )

)
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0.8323;0.1677 0.8666;0.1334 0.9098;0.0902 0.9051;0.0949 0.9173;0.0827 0.6 0.7949;0.02051
ug 7“4 7u5 7“6 7“’7 }) ) (xG 7{“1 )

0.8410;0.1590 0.7634;0.2366 0.8320;0.1680 0.8816;0.1184 0.8748;0.1252 0.8880;0.1120 0.7
2 >, U3 y U , UB » U6 >, U7 })7($7

U )

0.7213;0.2787 0.8025;0.1975 0.6680;0.3320 0.7910;0.2090 0.8437;0.1563 0.8368;0.1632 0.8491;0.1509
{ul , U2 ) y U4 ’ ) ) }) )

us3 u us ue uy

20.7023;0.2977 0.5096;0.4904 40.7357;0.2643 0.7904;0.2096 0.7846;0.2154
) ) ) )

u us3 u us

0.8 0.6265;0.3735
(-’68 ) {Ul ) ue

20.3566;0.6434 0.2585;0.7415 40.6190;0.3810 0.7028;0.2972
) ) ) )

uy U us3 U

0.7947;0.2053}) , (ng.Sl7 {u10.4966;0.50347 us

0.6964;0.30367 0.7056;0.2944})}

Uue ur

If we apply the proposed method to the fpifs-set P», then the decision set is as follows:
{DBA"7605 \[DBUTMF®™% BPDFO-580 NAFSMF®S37 AWMFO9577 DAMFOO™ ARmF!}
The results show that ARmF outperforms the others and the following ranking order is valid.
BPDF < MDBUTMF < DBA < NAFSMF < DAMF < AWMF < ARmF

Moreover, performance ranking order of filters obtained with the SSIM results of the filters only for the
Cameraman image is the same therein. Therefore, the proposed method has been successfully applied
to the PVA problem.

6. Conclusion

To deal with uncertainties, the soft set theory has been applied to many theoretical and practical
fields. Recently, soft sets, using other theories, have been prominent. In this work, we defined fuzzy
parameterized intuitionistic fuzzy soft sets (fpifs-sets) by using fuzzy sets, intuitionistic fuzzy sets, and
soft sets. We then proposed a soft decision-making method and successfully applied it to a decision-
making problem. We think that this study will be beneficial for future studies on soft sets and their
applications, particularly in decision-making.
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1. Introduction

The Kirchhoff equation is the famous wave equations model which describe the small-amplitude vi-
brations of elastic strings introduced by Kirchhoff [1]. In one dimensional space it take th following

form )
d%u ou Eh (L /6u d%u
- I - - = >
ph8t2+58t {po+2L/0 <8x> d:ﬂ}axQ 0, O<xz<L,t>0)

where u (z,t) is the vertical displacement, E the Young modulus, p the mass density, h the cross-
section area, L the length, pg the initial axial tension, ¢ the resistance modulus, and f and g the

external forces.
In this work, we consider the following nonlinear wave equations of Kirchhoff type

1 2 1
(e

2) Au + f(fg(t — s)Au(s)ds + |ug|P " ug = f1, (2, 1) € Q x [0,00)

2 2
vy + M (Hz‘léuu + HA%U > Av + fg h(t — s)Av(s)ds + |v| T oy = fo, (@,1) € 2 x [0, 00)

u(z,0) = up(x), u(z,0) = u(x), r €

v(z,0) = vo(z), vi(z,0) = vi(z), x €}
gu—00—0,i=0,1,2,...,m—1, x € 90 x (0,00)
v (%

where  is a bounded domain in R" (n = 1,2,3) with a smooth boundary 99, and g,h : Rt —
RT, fi(.,.) : R* = R (i = 1,2) are given functions which will be specified later. Also, A = (—A)™,
m > 1 is a positive integer and p,q > 1 are real numbers.

!episkin@dicle.edu.tr (Corresponding Author); *harmanezgi2013@gmail.com
L2Department of Mathematics and Science Education, Faculty of Education, Dicle University, Diyarbakir, Turkey
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When m = 1, the system

= M (|9l + [ F0l2) At [ ot - 5)Au(s)ds + Jusl ™ vs = fiuv)
vy — M (HVuH2 + |Vo|?) Av+ fot h(t — s)Av(s)ds + v T vp = fo(u,v)

was investigated by Wu [2], here the author proved a decay and blow-up of solutions.
When M (s) =1, (2) become the following system

(3)

uy — Au+ f(fg(t — 5)Au(s)ds + |Ut|pi1 up = fi(u,v)
vy — Av + f(f h(t — s)Av(s)ds + |7 vy = fo(u,v)

Many authors studied the existence, blow up, lower bound for the blow up time and decay of solutions
of (3) (see [3-7]).
Ye [8] considered the following system

{ wie — M|Vl + [Vol*) A+ [Py = f1 (u,0)
v — M{|Vull? + [[V0[2) A0+ o7 v = fo (u,0)

with initial-boundary conditions. The author proved the global existence and energy decay results.
Primarily, many authors studied the higher-order wave equation (m > 1) (see [9-18]).

Motivated by the above paper, in this work, we prove the global existence and energy decay of
solutions of the system (1). This work generalises earlier results in the literature which about the
higher order wave equation (m > 1).

The present work is organised as follows: In the next section, we give some assumptions and
lemmas. Section 3 is devoted to proving the global existence and energy decay of solutions.

2. Preliminaries

We use the standard Lebesque space LP(€2) and Sobolev space Hy*(€2). Also we will use the embedding

Hﬁ%LWQ),fOI‘QﬁpS%(n>2m)0r2§p(n§2m),

[[ull, < Cs

1
A2uH

(see [19,20], for details about Sobolev spaces).
Now, we make the following assumptions:
(A1) M(s) is a non-negative function for s > 0 satisfying

mo, >0, v>0 (4)
M(s) =mgy+ as?

(A2) If g and h are defined in C*, for s > 0

{ 9(s) 20, mo — [;" g(s)ds = £> 0,9 (s) <0
h(s) >0, mg— [;°h(s)ds =k > 0,h'(s) <0

concerning the function fi(u,v) and fo(u,v) with a,b > 0,V(u,v) € R?,
r—3 r+1
fulw,v) = (r+ D(afut o~ (w+ov) + bl o]
— r—=3 r+1
folu,v) = (r+)(alutof ™ (w+o) +blo| = [u] = v

We can easily verify that
ufi (u,v) +vfo(u,v) = (r+ 1)F(u,v)

where o
F(u,v) :a\u—i—v\rﬂ +2b |uv| 2 (6)

(A3) r satisfies the following requirements:

If r>1thenn=1,2 (7)
Ifl1<r<3thenn=3
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Lemma 1.1 [4]. There exist two positive constants ¢y and ¢; such that

Co(lul™" +[o™*1) < F(u,0) < Ci(Jul ™ + o]

Lemma 1.2 [4]. Assume that (7) holds. Then there exists 7 > 0 such that

r+1
‘2> 2

1 r+l 1|2 1
o+ ol + 2 |uw]] 2, <7 <€HA2uH +k:”A§v
2

Lemma 1.3 [4]. For g € C! and ¢ € H}(0,T), we have

t p . |
_2/0 /Qg(t — 8)pprdrds = %((QOQS)(t) _/0 g(s)ds ||¢||2) +g(t) ||¢||2 (g o 8)(B)

(go¢xo::/’ (t—s) /ﬁ¢ () duds

Lemma 1.4 [21] (Nakao inequality). Let ¢ (¢) be nonincreasing and nonnegative function defined on
[0,T], T > 1, satisfying

where

¢ () <wo (o (1) — o (t+1)), t€[0,T]
for wy > 0 and a > 0. Then we have, for each t € [0,7],

wg<mwwﬁ, =0
) <

1

(6 (0™ +wylat—1") =, a>0

where [t — 1]7 = max {t — 1,0} and w; = ln< — )

wo—1

3. Global Existence and Energy Decay

In this part, we state and prove the existence and energy decay of the solution for the problem (1).
We define the following functionals

b ©

IN)Ehmenﬂm—Aﬂwﬁ
¢ 112 1
+(mo —/O h(s)ds) HAEU + (g o AZu)(t)

(h<>A2v r—l—l/Fuv

]

L(t) = Lu(t),v(t)) = (mo— /Otg(s)ds)
st [ i i (e i)

+(goAzu)(t) + (ho Azv)(t) — (r + 1)/QF(u,v) dz (9)

1
’AQU

J6) = 000 = 3o~ [ o(s)is) b

/ s)ds)
y+1
2(y+1) )

S
(g<>A2 u)(t) + (h<>A2v)( ) — /QF(u,v) dx (10)

‘A2v

\ —

l\')
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and
E(t) = E(u(t),v(t)) = %(HutH2 + [lvell?) + I (2) (11)

Lemma 2.1. Suppose that (A1), (A2) and (A3) hold. For V¢ > 0
E'(t) = —uw®)|Pt — o)) +/ / (t — s)A2u(s) Azudwds

+/0 /Qh(t—s)Av(s)2Avfd:cd8 <0 (12)

Proof. Multiplying the first equation (1) by w; and the second equation (1) by v, respectively,
integrating over 2, summing up and then using integration by parts, we obtain (12).

Lemma 2.2. Suppose that (A1), (A2) and (A3) hold. Assume further that I;(0) > 0 and

2(r+11)E(0)> T (13)

a1 = (r+ 1o

then
Li(t) >0 (14)

Proof. Since I;(0) > 0, then by continuity there exists a maximal time tax > 0,(possible tyax = T)
such that I;(0) > 0, for ¢ € [0, tyax], which implies that, for ¢ € [0, tmax]
ﬂ

1
’AH}

0 2 iy o= Lo A" - [

[[1)(<<g<>A W)(©) + (ho L)1) + — (1)
N LT X oy Ty
T (((g <>A§u><t> +(ho Abu)()
> =1 <eHAéuHQ+kHA%v‘2> (15)

2(r+1)

where

{ {=mgy— fgg(s)ds

k=mo— fg h(s)ds
Using (15), (11), and (12), we have

1|2 1
bl + 1]t

2
R

2T (o) (16)

r+1
‘2> 2

By (4), (16), (13), and from the (A2), we get

12 1
(r—i—l)/F(u,v) dx < (r+1)n <€HA2UH +kHA§U

< (r+1)n< :_+11 ) < ‘A%L‘ +/<;HA21)‘>
= aefabal s xade])
< [(mo—/otg(s)ds> HAEUH + <mo—/0th(s)ds> HA%U 2] (17)
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Thus,
L = <m0—/0tg(s)ds> Az + <m0—/0th(s)ds> 4zl

H(go Azu)(t) + (ho A2v)(t) — (r + 1) /Q F(u,v) d

> 0

By repeating these steps and using the fact that

m—1

lim (r+1)n (2(7" i 1)E(t)>T <ap <1

t—tmax r—1

This implies that we can take t.c = T.

Lemma 2.3. Under the conditions of Lemma 2.2. Then there exists 0 < n; < 1 such that

(r—l—l)/gF(u,v) dv < (1—-m) [(mo—/otg(s)ds> e

+ <m0 - /Ot h(s)ds> HA%U

] (18)

where n1 =1 — ;.
Proof. Thanks to (17), we obtain

2 2
(7“—{—1)/ F(u,v) dr < o [ZHA%UH —|—kHA%v ]
Q
Let iy = 1 —n; and using (A2), we obtain (18).

We are now ready to state and prove our main result.
Teorem 2.1. Assume that (A1), (A2) and (A3) hold. Let ug,vo € HJ*(2) N H>™(Q) and uy, v, €
H{' () be given which satisfy I;(0) > 0 and (13). Then the solution of problem (1) is global and

bounded. Also, if

2 o0 o0

mo > Dt 2m max {/ g(s)ds,/ h(s)ds} (19)
2m 0 0

then we have the following decay estimates for V¢ > 0,
() ifp=qg=1

E(t) < E(0)e @t
(ii) if max {p,q} > 1

B(t) < |BO) "5 1 gy max (2 Iy - )

2
] max{p,q)—1

where 91-01(mo, a,7y) and 92— 02(mg, v, 7y, E(0)) are positive constants.
Proof. (Global existence) Firstly, we prove T" = oo, it is sufficient to show that

2 2
el + ol * + € [ A3u]| "+ k|| ko

is bounded independently of ¢. We use (11) and (15), we obtain

B(0) > B(t) = g(ul? + o) + T(0)
r—1
2(r+1)

1 2 2
> 5(”“:5” + [|lvel|?) +

1 2 1 2
<e HAauH +k HAav >
Therefore

2 2 1|2 12
el + el + ]| A%u]|” + k | %o " < a2B(0)
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where as = {2, 2(7,7:1-11) } Therefore, we have the global existence result.
(Energy decay) We will derive the energy decay of the problem (1), by the Lemma 2.1, we get
d p+1 / 1 12
CB() = a5 + 505 0 Ab)(t) — L(r) [ 41
1 1 1 12
~ 5+ (0 ABu)(r) — Sh) || A%
< 0
By integrating over [¢, ¢t + 1], we obtain
t+1 . 1o
EO)-E0+Y) = [ Ju@llids—5 [ (o Atus)ds
t t
1 [t L2 t+1 ™
+§/t g(s) || 4] ds+/t loe(8) |7 ds
1 t+1 , 1 1 t+1 1 2
——/ (h <>A2v)(s)ds—|——/ h(s) ‘A2v ds
2 i 2 Ji
= DI (1) + D (1) (20)
where
DY) = [ u @ ds = 3 /7 0 ARu)(s)ds + 5 [ g(s HAwH I
DY E) = [ )T ds — § [ (o Abu)(s)ds + 3 [ h(s) || b as
By virtue of (21) and Hélder inequality, we observe that
t+1 t+1
/ / Jug|? dxdt—i—/ / lug|? dadt < e (Q) D1 ()% + c2(Q2) Da(t)? (22)
Q

—1 —1
where ¢1(Q2) = vol(Q)ﬁ and () = vol(Q)gﬁ. By the mean value theorem, there exist ¢; €
[t, t+ ﬂ and g € [t—i— %, t+ 1] such that

()| + [loe(t)[|* < 4er (Q)Dr () + e2(2) Da(t)? (23)
Now, multiplying the first equation (1) by w and the second equation (1) by wv,respectively, and

integrating over ) X [t1,to],using integration by parts, Holder inequality and adding them together,
we have

to
/t Znut e |+Z||vt ot + / (el + lor]?)d
1 1
to
—/ /(|ut|p1 wpu + o)1 vpw)dadt
t1 Q
t2 1 1
+/ (g0 A2u)(t) + (ho A2v)(t)dt
t1

+ /tt /Q /0 "ol — ) AR (O[Abu(s) — Abu(t)dsdrdt

+ /t /Q /0 h(t — s)Abo)(1)[Abu(s) — Adv(t)|dsdadt (24)
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Since

/Q/otg(t — 8)AZu(t)[ATu(s) — AZu(t)ldsdz = %/Otg (t—s) (HA%u(t)HQ + HA%U(S)H2> ds
1

and

hence (24) takes the form

[2)
2 2
| Zuut e H+ZH% et + [ Gl + el
1 t1

to
—/ /(quel”‘lutqu |ve|9™ vpv)dadt
t1 Q

+1/2(90A2u)() (ho A2v)(t)dt

w5 [ ot |atuo dsar
+§/:2/0 h(t —s)

Let’s estimate for the first two terms on the right side of the equation (25). By Young inequality, (23)
and (16)

‘Aiv(t)H dsdt. (25)

Jue(t) | u(t:)| < Co/Aer Dy + 4ezDa(6)? sup || A3u(s)|

t1<s<t2

N[

C, <§(: i 1)> V4c1 Dy ()2 4 4e3 Do (t)2 sup  E(s)

(r—1) t1<s<t
2(r+1)
“ (m 0

> VA1 D1 (6)2 + dea Dy (1)2E(t)2 (26)

and

o) Ilv(t)] < C. (;i%g) * A D10 + dea Da(02E(t)} 27)




Journal of New Theory 29 (2019) 89-100 / Energy decay of solutions for a system of higher-order Kirchhoff ... 96

where 8 = min {/, k}. Also from the Holder inequality (16)

to t2
[ ol s < [ o lul
t1 Q t1

< o : Jue(t) 2, | 4%
<o *3) s B [l
< C(?E +3> E(t)3 Dy (1) (28)
and similarly
/: / (| vpvdadt| < C, ( 6((7;2))) E(t)% Da(t)" (29)

Employing Young’s inequality for convolution (||¢ x|, < ||, [|¥[[; with % = %—i—%—l, 1<q,rs),
(25) the last two terms of inequality

to 1 9 t2 t2 2
/ /g(t—s)HAﬁu(s)H dsdt < / g(t)dt/ 2 (t)H dt
t1 0 t1 t1
12 1 2
< (mo—e)/ Aau(t)H dt
t1
to 1 2
< mo—p) [ [[atue) e (30)
t1
and
to t 1 2 to to 1 2
/ /h(t—s)HAw(t)H dsdt < / h(t)dt/ Aiv(t)H dt
t1 0 t1 t1
to 2
< (mo-9) [ | (31)
t1
Adding (29) and (30) together and nothing that, we see
12 12 1
ol|atul” + k||ato < D) (32)
1

From (9) and the definition of I5(¢) and also by (18), we have

to to
/ / (t—s)( HA2u H dsdt + — / / (t—s) HAM) H dsdt
t1 t1

e A R A B

We use (30)-(32) to estimate the last two terms on the right-hand side of (25), we get

%/tQ(goA%u)(t)+(h<>A%u)(t)dt = %/: /Otg(t_s)HA%U(S)—A%u(t)szsdt

+%/t:2/0th(t—s)
[ [ ate=or|atute] + [t yasa
e[ e o atef + ko Praa

S R R

2(mo — ) [*2
ot /tl L(t)dt. (34)

)dt <

I(t)dt (33)

Azo(t) — A2o(t)|| dsdt
| abu(t) — Ado)|

IN

IN

IN
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By (25) and the above inequalities

/t2 L(t)dt < c1(Q)D1(t)? + c2(Q)Dy(t)?

t1

IOI»—‘

—|—403\/401(Q)D1() —|—4CQ( )Dg(t

2
+esE(8)2(Dy (t)P + Da(t)?) + ¢4 / Lt (35)
t1
where c3 = C*(é((:f?))% and ¢4 = 5(72n6()7£5). Then, rewriting (35)

Bs / tQIQ(t)dt < (D1 ()? + c2(Q)Dy(t)?

t1

+4c3y/4e1 () D1 (D)2 + 42 (Q) Do (1) E (1) 2
+e3 E(t)7 (Dy(1)? + Da(t)7)

where 2 =1 — 5(;n5()77:6) and mg > 5;3?1 -max { [, g(s)ds, [y h(s)ds}. So B2 > 0, thus

/t2 Ig(t)dt < 05[\/401 (Q)Dl(t)Q + 4CQ(Q)D2(t)2E(t)%

+D1(8)2 + Dy(t)? + E(t)2 (D1 (t)” + Do(t)7)] (36)

where ¢5 = max{cl(g%;”(m"lc?’}. On the other hand, by E(t) function in the definition of the equation
(11), (8) and (9), we obtain

12 2
L) =1L+« HAﬁu‘ + HA§1) ‘ )+

BO) = J0ul? + )+ 5o [ (mo— [ o1t

‘2 + (mo — /Ot h(s)ds HA%v

)

gt A+ oAbt b+ Jab o
< gl + ll®) + 5 | (mo - / (5)ds) \Aw[ #mo— [ nioyas )]
—l—%((goAéu)() (ho A2u)(t + 7“+1 7Jr1)>1r2(,g)

The (37) is integrated over (t¢1,%2) and then using (22), (32), (34), (36), we obtain

[ Ewa < 3 [l e 7= [ (o= [ atas) b a
|ar

+2(T%+11)/: (mo—/oth(s)ds> HA% ’

+2(:;+11) /f ((g o Avu)(t) + (ho A%u)(t)) dt

+ <ri i 2(71+ 1)) /t:b(t)dt

Cl(Q)Dl (t)Q + 4CQ(Q)D2(t)2 + cg /t Ig(t)dt

t1
cr[v/4e1(Q)D1(1)? + 4e2(Q) D (1)2 E(t) 2
1
+D1()? +D2( ) + E(t)> (D1(t)” + D2(t)7)] (37)
where cg = 7’4%14'2(711) 2(,:11)771 +2(T(;}r)1()72%1_5 ) and ¢7 = max {¢1(R), ¢2(R), cges }. Moreover, integrating
(12) over (t1,t2), we obtain

IN

IN

to
E(t) <2 | E@®)dt,

t1
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due to to —t1 > %, we get
to 1 1 to ]
E(t) = E(t) —|—/ ||ut||£Jrl ds — 5 / (g o A2u)(s)ds
t

5/ ‘Azu’ d5+/ lodl| 252 ds
1 1 t+1 2

——/ <>A2v )ds+—/ h(s)HA%v
2 2/,

< 2/ E(t)dt + Dy(t)PT + Dy(t)1H!

ds

As a result, by (37) and (38), we obtain

B(t) < es\/2e1(Q)D1(0)2 + 4ca(Q) D3 (8)2E(t)2 + Dy (t)? + Do(t)?
+E(t)2 Dy (1) + E(t)2 Da(t)? + D ()P + Do(t)1+!

Hence, by Young inequality, we have
E(t) < cg [D1(t)* + Da(t)* + D1(t)* + Da(t)* + Dy (t)P™ + Dy (¢)7]

where cg and cg are positive constants.
(i) if p=¢ = 1. By (20) and (39), we have

E(t) <cio[E(t) — E(t+1) ]
where c¢1g > 1. Using Nakao’s inequality, we get

E(t) < E(0)e~ 2!

where g1 = ln(wz”ﬂl).
(ii) if max {p, ¢} > 1. From (39), we get

E(t) < cg [D1(t)*(1+ D1(t)* 72 + Di(t)"™") + Da(t)*(1 + Da(t)*~* + Da(t)17)]

Then since ) )
Dy (t) < E(t)r+T < E(0)r+T
Do(t) < E(t)7+1 < B(0)7+

IAIA

we see from (20)

BE®) < o [Dl(t)z <1 +B(0)r P4 E(0) 1 G ) + Dy (t)? <1 + E(O)% + E(0) qq;f)]

< oo (Di(t)* 4+ Do(t)?) (1+ E(o)’;% + E(O)szT_12 + E(0)#1 + B(0) e7t

= 0B (0) (Di(t)? + Da(t)?)

where lim 59—, c10(F(0)) = cg and p = max{Tl, qT} Then, we get

1+4p

B < e (Di(t)? + Da(t)?)]
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where

and

c11 (E(0)) = 2 (e10 (E(0))'+7

c12 (E(0)) = ¢11 (E(0)) max {E(O)W’E(O)%}

Thus, from (40) and Nakao inequality, we get

B(t) < (E(O) ™ + gaplt — 1]7) 77

where 02 = ¢ (E(0)) . Thus, the proof of theorem is completed.

4. Conclusion

In this work, we obtained the existence of global solutions and energy decay for a system of higher-order
Kirchhoff type equations. This improves and extends many results in the literature.
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1. Introduction

In 1999, Molodtsov [1] proposed a completely new approach so-called soft set theory for modeling
vagueness and uncertainty which may not be successfully modeled by the classical mathematics, prob-
ability theory, fuzzy sets [2], rough sets [3], and other mathematical tools. In the last decade, properties
and applications on the soft set theory solidly enriched (e.g. [4-12]), including the extension of soft
set theory (e.g. [13-25]). Along with them, many interesting applications of soft set theory have
been expanded by embedding the ideas of fuzzy sets, rough sets, intuitionistic fuzzy sets, vague sets,
interval-valued fuzzy sets (e.g. [26-32]). Then, A method with unknown data in soft sets and in fuzzy
soft sets is introduced by Deng and Wang [33], Gong et al. [34] gave two parameters reduction algo-
rithms, Yang et al. [35] proposed the concept of multi-fuzzy soft sets with a few operations, Mao et
al. [36] gave multi-experts group decision making problems by using intuitionistic fuzzy soft matrices,
Feng and Lie [37] studied subsets and various relations deal with soft set theory, Wang et al. [38] built
a new decision-making method by introducing the concept of fuzzy soft sets for the virtual machine
startup problems, Agarwal et al. [39] introduced a new score function, similarity measure, relations
with applications for generalized intuitionistic fuzzy sets.

Different definitions of convex fuzzy and concave fuzzy sets have defined but the first definition of
convex fuzzy sets introduced by Zadeh [2] and then concave fuzzy sets introduced by Chaudhuri [40].
After Zadeh [2], concavoconvex fuzzy sets proposed by Sarkar [41], with some properties. Moreover,
works on convex (concave )fuzzy sets in theories and applications has been progressing rapidly by
many autor, for example, [42-47].

Convex and concave fuzzy sets play important roles in optimization theory. A significant definition
of convex fuzzy sets introduced by Zadeh [2] and concave fuzzy sets introduced by Chaudhuri [40].
The concavoconvex fuzzy sets proposed by Sarkar [41] which is convex and concave fuzzy sets together
conceived by combining. The works on convex and concave fuzzy sets, in theories and applications,
have been progressing rapidly (e.g. [42,46,47]).
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"Muallim Rufat Faculty of Education, 7 Aralik University, Kilis, Turkey
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The present expository paper is a condensation of part/extension of the dissertation [48]. In
this work, we introduce the soft and fuzzy soft version of fuzzy convex and concave sets and also
investigate their some properties. The plan of the paper is as follows. In Section 2, we give some
notations, definitions used throughout the paper In section 3, after we give convex soft sets, we define
strictly convex soft sets and strongly convex soft sets and then give desired some properties. In Section
4, we define fuzzy soft convex sets and fuzzy soft concave sets and then we show some properties.

2. Preliminary

In this section, we present the basic definitions and some operations of fuzzy sets [2], soft set theory
[1] and fuzzy soft set [26]. More detailed explanations related to this subsection may be found in
[1,2,7,26,30].

Throughout this paper E will denote the n-dimensional Euclidean space R™. U denotes the arbi-
trary set, I denotes the interval [0,1], and I° denotes (0, 1).

Definition 2.1. [2] Let U be the universe. Then, a fuzzy set X over U is defined by a set of ordered
pair
X ={(nx()/z) 2 c U}

where
ux U —[0,1]

is called membership function of X. The value px(x) is called the membership value or the grade of
membership of x € U. The membership value represents the degree of « belonging to the fuzzy set X.

Definition 2.2. [41] A fuzzy set in R" is defined to be convex if for all p,q € R™ and all r on the
line segment pg the following condition with respect to its characteristic function pu is satisfied:

p(r) = min{u(p), u(q)}

Conversely, a fuzzy set in R™ is defined to be concave if for p, ¢ € R™ and all r on the line segment pg
the following condition with respect to its characteristic function p is satisfied:

p(r) < mazx{p(p), u(q)}

Definition 2.3. [1] Let U be a universe, P(U) be the power set of U and E be a set of parameters
that are describe the elements of U. A soft set S over U is a set defined by a set valued function fg
representing a mapping

fs cE— P (U )

It is noting that the soft set is a parametrized family of subsets of the set U, and therefore it can
be written a set of ordered pairs

S={(z, fs(z)) : z € E}

Here, fg is called approximate function of the soft set S and fs(x) is called z-approximate value
of x € E. The subscript S in the fg indicates that fg is the approximate function of S.

Generally, fs, fr, fv, ... will be used as an approximate functions of S, T', V, ..., respectively.

Note that if fg(z) = 0, then the element (z, fs(x)) is not appeared in S.

Definition 2.4. [7] Let S and T be two soft sets. Then,
1. If fg(x) =0 for all x € E, then S is called a empty soft set, denoted by Se.
2. If fs(z) C fr(z) for all x € E, then S is a soft subset of 7', denoted by SCT.

3. Complement of S is denoted by S¢. Its approximate function fg: is defined by

fee(z) =U\ fs(x) forallz e FE

4. Union of S and T is denoted by SUT. Its approximate function fggp is defined by

fsor(@) = fs(x) U fr(z) forallze E



Journal of New Theory 29 (2019) 101-110 / Convex and Concave Sets Based on Soft Sets and Fuzzy Soft Sets 103

5. Intersection of S and T is denoted by SNT'. Its approximate function fsmr is defined by
fsrr(@) = fs(z) N fr(z) forallxz e E

Definition 2.5. [8] Let S be a soft set over U and « be a subset of U. Then, a-inclusion of the soft
set S, denoted by S¢, is defined as

S*={zecE: fs(x) 2 a}

Definition 2.6. [26] Let U be an initial universe, F'(U) be all fuzzy sets over U. E be the set of all
parameters and A C E. An fuzzy soft set I'4 on the universe U is defined by the set of ordered pairs
as follows,

Ty ={(z,v4(x)) :z € E,ya(z) € F(U)}
where v4 : E — F(U) such that y4(z) =0 if 2 ¢ A, and for all x € E
YA(z) = {:U"YA(QC)(U)/U ruel, :U"\/A(x)(u) € [07 1]}
is a fuzzy set over U.

The subscript A in the 74 indicates that 4 is the approximate function of I 4.
Note that if y4(z) = 0, then the element (z,v4(x)) is not appeared in I 4.

Definition 2.7. [26] Let I'4 and I'p be two fuzzy soft sets. Then,
1. If ya(z) = 0 for all z € E, then T is called a empty fuzzy soft set, denoted by I'g.

2. Complement of I"4 is denoted by I’i‘. Its approximate function 4z is defined by
Yae(z) =~5(x), for all x € E
3. Union of I'y and I'p is denoted by I'4UTl' . Its fuzzy approximate function +,5p is defined by
Yaop(@) =va(z) Uyp(x) forallz e B

4. Intersection of T4 and T'p is denoted by T4Nl'p. Its fuzzy approximate function v,xp(z) is
defined by
Yanp(@) =va(z) Nyp(z) forallxz e E

5. T'4 is an fuzzy soft subset of I'g, denoted by [4Clp, if va(z) C yp(z) for all x € E.

3. Convex Soft sets

In this section, after we give convex soft sets, we define strictly convex soft sets and strongly convex
soft sets and then give desired some properties. Some of it is quoted from [2,40-42,46-48].

Definition 3.1. The soft set S on E is called a convex soft set, is shown in Figure 1, if

fslaz + (1 —a)y) 2 fs(z) N fs(y)
for every xz,y € ' and a € I.

Definition 3.2. The soft set S on E is called a concave soft set if

fs(ax + (1 —a)y) C fs(z) U fs(y)

for every x,y € I¥ and a € I.

Definition 3.3. The soft set S on E is called a strongly convex soft set if

fs(az + (1 —a)y) O fs(x) N fs(y)
for every x,y € ¥, x # y and a € I°.
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B rooc+(1-ap)

Fig. 1. The convex soft set

Definition 3.4. The soft set S on E is called a strictly convex soft set if

fs(az + (1 —a)y) O fs(x) N fs(y)
for every z,y € E, fs(x) # fs(y) and a € I°.

Note 3.5. A convex soft set is not necessarily a strongly convex soft set and a strictly convex soft set
is not necessarily a strongly convex soft set.

Theorem 3.6. If {S; :i € {1,2,...}} is any family of convex soft sets, then,

1. the intersection N;c;S; is a convex soft set but union of any family {S; : i € I = {1,2,...}} of
convex soft sets is not necessarily a convex soft set.

2. the union U1 S; is a concave soft set and the intersection of any family {S; :i € I = {1,2,...}}
of concave soft sets is concave soft set.

Theorem 3.7. S is a convex soft set < S¢ is a concave soft sets.

PROOF. = Suppose that there exist z,y € E, a € I and S be a convex soft set.
Then, since S is convex,

fs(az + (1 —a)y) 2 fs(x) N fs(y) (1)
U\ fs(ax + (1 —a)y) CU\{fs(z)N fs(y)} (2)

we have
U\ fs(ax + (1 —a)y) C{U\ fs(z) VU \ fs(y)} (3)

So, 5¢ is a concave fuzzy soft set.
< 5¢ be a concave soft set.
Since S€ is concave, we have

U\ fs(az + (1 —a)y) C{U\ fs(z) UU\ fs(y)} (4)

Then,
U\ fs(ax + (1 —a)y) CU\{fs(z)N fs(y)} (5)
fs(az + (1 —a)y) 2 fs(z) N fs(y) (6)

So, S is a convex soft set. O
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Theorem 3.8. SNT is a strictly convex soft set when both S and T are strictly convex soft sets.
PROOF. Suppose that there exist x,y € F and a € I° and W = SNT. Then,
fwlaz + (1 —a)y) = fs(ax + (1 —a)y) N frlaz+ (1 —a)y) (7)
Now, since S and T strictly convex sets,
fs(ax + (1 —a)y) O fs(x) N fs(y) such that fs(x) # fs(y) (8)
Jrlaz + (1 —a)y) O fr(z) N fr(y) such that fs(x) # fs(y) (9)
and hence,
fw(ax + (1 —a)y) D (fs(x) N fs(y)) N (fr(x) N fr(y))) such that fs(z) # fs(y) (10)

and thus
fwlaz + (1 —a)y) D fw(z) N fw(y)) such that fs(z) # fs(y) (11)
O

Theorem 3.9. If {S; : i € {1,2,...}} is any family of strictly convex soft sets, then the intersection
NierS; is a strictly convex soft set.

Remark 3.10. The union of any family {S; : i € I = {1,2,...}} of strictly convex soft sets is not
necessarily a strictly convex soft set.

Theorem 3.11. Let S be a strictly convex soft set on E.

1. If there exists a € I°, for every z,y € E such that

fs(ax + (1 —a)y) 2 fs(x) N fs(y) (12)

Then S is a convex soft set on E.
2. If there exists a € I, such that for every pair of distinct points x € F, y € F, we have
fslax + (1 —a)y) O fs(z) N fs(y) (13)
Then S is a strongly convex soft set on E.

PROOF. The proof is straightforward. O

Theorem 3.12. Let S be a convex soft set on E.
1. If there exists a € I, for every pair of distinct points © € F, y € E implies that

fs(az + (1 —a)y) D fs(z) N fs(y) (14)

Then S is a strongly convex soft set on E.

2. If there exists a € I, for every z € E, y € E, fs(x) # fs(y) implies,

fs(ax + (1 —a)y) D fs(x) N fs(y) (15)

Then S is a strictly convex soft set on E.

Definition 3.13. The fuzzy soft set I'4 on F is called a convex fuzzy soft set, is shown in Figure 2, if

Yalaz + (1 = a)y) 2 ya(x) Nvaly)
for every xz,y € F and a € I.

Theorem 3.14. I'4NI'p is a fuzzy convex soft set when both I'y and I'g are fuzzy convex soft sets.
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Fig. 2. The fuzzy convex soft set

PROOF. Suppose that there exist z,y € F and a € [ and C = SNT. Then,

velax + (1 —a)y) = vs(az + (1 — a)y) Nyr(az + (1 — a)y)

Now, since S and T convex,

and hence,
Yolax + (1 —a)y) 2 (vs(x) Ns(y) N (yr(@) Nyr(y))
and thus
yolar + (1 —a)y) 2 ve(z) Nye(y)

Definition 3.15. The soft set 'y on E is called a concave fuzzy soft set if

yalar + (1 —a)y) € va(z) Uvaly)

for every x,y € F and a € 1.
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Theorem 3.16. ' 4UI'p is a concave fuzzy soft set when both I'4 and I'g are concave fuzzy soft sets.

PROOF. Suppose that there exist z,y € F and a € I and I'c = I'4UI'g. Then,

velax + (1 —a)y) = yalaz + (1 — a)y) Uyp(az + (1 — a)y)

Now, since S and T concave,
va(az + (1 —a)y) C ya(z) Uva(y)

vB(az + (1 —a)y) C yp(x) Uvs(y)
and hence,
Yolax + (1 —a)y) € (valz) Uya(y)) U (ve(z) Uys(y))
and thus
velaz + (1 —a)y) € volz) Uye(y)

(21)

(25)
O

Theorem 3.17. If {I'4, : ¢ € {1,2,...}} is any family of concave fuzzy soft sets, then the union

Uierl 4, is a concave fuzzy soft set.
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Theorem 3.18. I'4 is a convex fuzzy soft set when I'Y is a concave fuzzy soft sets.

PROOF. Suppose that there exist x,y € F, a € I and I'4 be a convex fuzzy soft set.
Then, since I'4 is convex,

valaz + (1 — a)y) 2 va(z) Nyaly) (26)
U\valaz + (1 —a)y) S U\ {ya(z) Nva(y)} (27)
we have
U\valaz + (L —a)y) C{U \ ya(z) UU \va(y)} (28)
So, I'Y, is a concave fuzzy soft set. O

Theorem 3.19. If {T'y4, : i € {1,2,...}} is any family of convex fuzzy soft sets, then the intersection
Nierl A, 1s a convex fuzzy soft set.

Remark 3.20. The union of any family {I'4, : i € I = {1,2,...}} of convex fuzzy soft sets is not
necessarily a convex fuzzy soft set.

Theorem 3.21. I'4 is a concave fuzzy soft set when I‘i‘ is a convex fuzzy soft sets. sets.

PROOF. Suppose that there exist x,y € F, a € I and S be a concave fuzzy soft set.
Then, since S is concave,

va(az + (1 —a)y) C yalz) Uva(y) (29)
U\valaz + (1 —a)y) 2 U\ {ya(z) Uyaly)} (30)
we have
U\valaz + (1 —a)y) 2{U \ya(z) N U\ va(y)} (31)
So, I’i is a convex fuzzy soft set. O

Theorem 3.22. S is a concave fuzzy soft set on E iff for every 5 € [0,1] and a € P(U), S* is a
concave set on E.

PROOF. = Assume that S is a concave fuzzy soft set. If z1,29 € F and o € P(U), then v4(x1) 2 «
and y4(z2) O a. It follows from the concavity of S that

Ya(Bz1 + (1 = B)z2) C va(r1) Uya(ze)

and thus S¢ is a concave set.

< Assume that S® is a concave set for every f € [0,1]. Especially, for z1,z9 € E, S is concave
for o = ya(21) Uya(ze).

Since y4(z1) 2 a and y4(z2) 2 «, we have z1 € S* and z9 € S%, whence Sx1 + (1 — B)zg € S°.
Therefore, y4(Bx1 + (1 — B)ze) C o = ya(x1) Uya(x2), which indicates S is a concave fuzzy soft set
on X. ]

4. Conclusion

In the literature, convex fuzzy sets has been introduced widely by many researchers. In this paper, we
defined convex soft sets, concave soft sets, convex fuzzy soft sets and concave fuzzy soft sets and give
some properties. Also we will try to explore characterizations of convex fuzzy soft sets to optimization
in the future. The theory may be applied to many fields and more comprehensive in the future to solve
the related problems, such as; pattern classification, operation research, decision making, optimization
problem, and so on.
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Abstract — In this paper, we introduce a new class of continuous maps called
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1. Introduction and Preliminaries

Several authors [1-7] working in the field of general topology have shown more interest in studying the
concepts of generalizations of continuous maps. A weak form of continuous maps called g-continuous
maps were introduced by Balachandran et al. [8]. As generalizations of closed sets, usp-closed sets were
introduced and studied by the same author [9]. In this paper, we first introduce psp-continuous maps
and study their relations with various generalized continuous maps. We also discuss some properties
of usp-continuous maps. We introduce usp-irresolute maps in topological spaces and discuss some of
their properties. Various properties and characterizations of such maps are discussed by using usp-
closure and psp-interior under certain conditions. Throughout this paper, (X, 7), (Y,0), and (Z,n)
(or X, Y, and Z) represent topological spaces on which no separation axioms are assumed unless
otherwise mentioned. For a subset A of a space (X, 7), cl(A), int(A), and A® denote the closure of
A, the interior of A, and complement of A, respectively.

We recall the following definitions which are useful in the sequel.

Definition 1.1. A subset A of a space (X, 7) is called:
1. a-open set [10] if A C int(cl(int(A))).
2. semi-open set [11] if A C cl(int(A)).
3. pre-open set [5] if A Cint(cl(A)).

4. [B-open set [1] (= semi-pre-open set [12]) if A C cl(int(cl(A))).
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The complements of the above mentioned open sets are called their respective closed sets.
The a-closure [10](resp. semi-closure [13], pre-closure [14], semi-pre-closure [12]) of a subset A of X,
denoted by acl(A) (resp. scl(A), pcl(A), spcl(A)) is defined to be the intersection of all a-closed (resp.
semi-closed, pre-closed, semi-pre-closed) sets of (X, 7) containing A.

Definition 1.2. A subset A of a space (X, 7) is called:

1.

10.

11.

12.

13.

14.

a generalized closed (briefy g-closed) set [15] if ¢l(A) C U whenever A C U and U is open in
(X, 7). The complement of g-closed set is called g-open set.

a generalized semi-closed (briefly gs-closed) set [16] if scl(A) C U whenever A C U and U is
open in (X, 7). The complement of gs-closed set is called gs-open set.

an a-generalized closed (briefly aig-closed) set [17] if acl(A) C U whenever A C U and U is open
in (X, 7). The complement of ag-closed set is called ag-open set.

a generalized a-closed (briefly ga-closed) set [18] if acl(A) C U whenever A C U and U is a-open
in (X, 7). The complement of ga-closed set is called ga-open set.

a g -closed set [19] if cI(A) C U whenever A C U and U is ag-open in (X, 7). The complement
of g#-closed set is called g#-open set.

a generalized semi-preclosed (briefly gsp-closed) set [20] if spcl(A) C U whenever A C U and U
is open in (X, 7). The complement of gsp-closed set is called gsp-open set.

a g-closed set [7] (= w-closed set [6]) if cl(A) C U whenever A C U and U is semi-open in (X, 7).
The complement of g-closed set is called g-open set.

a *g-closed set [21] if cl(A) C U whenever A C U and U is g-open in (X, 7). The complement
of *g-closed set is called *g-open set.

a #g-semi-closed (briefly #gs-closed) set [22] if scl(A) C U whenever A C U and U is xg-open
in (X, 7). The complement of #gs-closed set is called #gs-open set.

a ga-closed set [18,23] if acl(A) C int(U) whenever A C U and U is a-open in (X, 7). The
complement of ga*-closed set is called ga*-open set.

a p-closed set [24] if cl(A) C U whenever A C U and U is ga*-open in (X, 7). The complement
of p-closed set is called u-open set.

a pp-closed set [25] if pcl(A) C U whenever A C U and U is ga*-open in (X, 7). The complement
of up-closed set is called up-open set.

a ps-closed set [26] if scl(A) C U whenever A C U and U is ga™*-open in (X, 7). The complement
of ps-closed set is called ps-open set.

a usp-closed set [9] if spcl(A) C U whenever A C U and U is ga*-open in (X, 7). The complement
of pusp-closed set is called pusp-open set.

Remark 1.3. The collection of all g-closed (resp. gs-closed, ag-closed, ga-closed, g#-closed, gsp-
closed, g-closed, *g-closed, #gs-closed, ga*-closed, p-closed, up-closed, ps-closed, pusp-closed) sets is
denoted by ge(r) (resp. gsc(r), age(t), gac(t), g7 c(t), gspe(t), Ge(r), *ge(t), #gsc(t), gae(T),
pe(7), ppe(r), psc(t),puspe(T)).

We denote the power set of X by P(X).

Definition 1.4. A map f: (X,7) — (Y,0) is called:

1.

2.

3.

a-continuous [27] if f71(V) is a a-closed set of (X, 7) for every closed set V of (Y, o).
semi-continuous [11] if f~1(V) is a semi-closed set of (X, 7) for every closed set V of (Y, o).

pre-continuous [5] if f~1(V) is a pre-closed set of (X,7) for every closed set V of (Y, o).
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4. B-continuous [1] if f71(V) is a B-closed set of (X, 7) for every closed set V of (Y,0).

V)
5. g-continuous [8] if f=(V) is a g-closed set of (X, 7) for every closed set V of (Y,o).

6. gs-continuous [2] if f~1(V) is a gs-closed set of (X, 7) for every closed set V of (Y,o).

7. ag-continuous [28] if f~1(V) is a ag-closed set of (X,7) for every closed set V of (Y, o).
8. ga-continuous [28] if f~1(V) is a ga-closed set of (X,7) for every closed set V of (Y, o).
9. g#-continuous [19] if f~1(V) is a g#-closed set of (X, 7) for every closed set V of (Y, ).
10. gsp-continuous [20] if f=1(V) is a gsp-closed set of (X, 7) for every closed set V of (Y, o).
11. g-continuous [7] if f~1(V) is a g-closed set of (X, 7) for every closed set V of (Y, o).

12. *g-continuous [21] if f=1(V) is a *g-closed set of (X, T) for every closed set V of (Y, o).

13. #g-semi-continuous [22] if f~1(V) is a #g-semi-closed set of (X, 7) for every closed set V of
(Y, 0).

14. p-continuous [24] if f=1(V) is a u-closed set of (X, 7) for every closed set V of (Y, ).
15. pp-continuous [25] if f~1(V) is a up-closed set of (X, 7) for every closed set V of (Y, o).
16. ps-continuous [26] if f71(V) is a us-closed set of (X, 7) for every closed set V of (Y, o).
Definition 1.5. [9] For a space (X, 7), the following hold:

1. T),sp-space if every usp-closed set is closed.

2. pTsp-space if every usp-closed set is p-closed.

3. pTsp-space if every usp-closed set is pre-closed.

4. spT,s-space if every psp-closed set is semi-preclosed.

5. o, sp-space if every pusp-closed set is a-closed.

6. gaT,,-space if every usp-closed set is ga-closed.

Result 1.6. 1. Every closed set (resp. pre-closed set, a-closed set, semi-closed set, S-closed set)
is usp-closed but not conversely [9].

2. Every p-closed set (resp. pp-closed set, us-closed set) is pusp-closed but not conversely [9].
3. Every ga-closed set (resp. g7-closed set, g-closed set) is usp-closed but not conversely [9].

4. Every open set is psp-open set but not conversely.

2. usp-Continuous Maps and Irresolute Maps

We introduce the following definition.

Definition 2.1. A map f : (X,7) — (Y,0) is called pusp-continuous if f~1(V) is a usp-closed set of
(X, 1) for every closed set V of (Y, 0).

Proposition 2.2. Every continuous (resp. prec-continuous, a-continuous, semi-continuous, 5-continuous)
is psp-continuous but not conversely.

PrOOF. The proof follows from Result 1.6 (1).

Example 2.3. Let X =Y = {a,b,c}, 7 = {¢,{a},{a,c}, X}, and 0 = {¢,{b}, X}. Then, puspc(r) =
{6, 16} {ch {a, ¢}, {b,c}, X} and pe(r) = ac(r) = se(r) = spe(r) = {6, {b}, {c}, {b,c}, X}. De-
fine f : (X,7) — (Y,0) be the identity map. Then, f is usp-continuous but not continuous (resp.
prec-continuous, a-continuous, semi-continuous, semi-precontinuous), since f~!({a,c}) = {a, c} is not
closed (resp. preclosed, a-closed, semi-closed, semi-preclosed).
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Proposition 2.4. Every p-continuous (resp. pp-continuous, ps-continuous) is usp-continuous but
not conversely.

PRrROOF. The proof follows from Result 1.6 (2).

Example 2.5. Let X =Y = {a,b,c}, 7 = {¢,{a},{b},{a,b}, X}, and 0 = {¢,{a,c}, X}. Then,
pspe(T) = {¢7 {a}7 {b}7 {C}, {a7 C}, {b7 C},X} and MC(T) = MPC(T) = {¢7 {C}, {a7 C}, {b7 C},X}. Define
f:+ (X,7) = (Y,0) be the identity map. Then, f is psp-continuous but not p-continuous (resp.
pp-continuous), since f~1({b}) = {b} is not u-closed (resp. up-closed).

Example 2.6. Let X =Y = {a,b,c}, 7 = {¢,{a},{b,c}, X}, and 0 = {¢,{b}, X}. Then, puspc(r) =
P(X) and psc(r) = {¢,{a},{b,c}, X}. Define f: (X,7) — (Y,0) be the identity map. Then, f is
psp-continuous but not ps-continuous, since f~1({a,c}) = {a,c} is not ps-closed.

Proposition 2.7. Every ga-continuous (resp. g#-continuous, g-continuous) is psp-continuous but
not conversely.

PRrOOF. The proof follows from Result 1.6 (3).

Example 2.8. Let X,Y,7,0, and f be as in the Example 2.5. Then, gac(t) = g7 c(1) = ge(r) =
{¢,{c},{a,c},{b,c},X}. Then, f is psp-continuous but not ga-continuous (resp. g7 -continuous,
g-continuous), since f~1({b}) = {b} is not ga-closed (resp. g”-closed, j-closed).

Theorem 2.9. usp-continuity is independent of g-continuity, ag-continuity, gs-continuity, gsp-continuity,
*g-continuity, and #gs-continuity.

PrOOF. It follows from the following Example.

Example 2.10.

1. Let X =Y = {a,b,c}, 7 = {¢,{a},{a,b}, X}, and 0 = {¢,{c},Y}. Then, uspe(r) =
{6, {0}, {c} T, b}, {b. ¢}, X}, ge(r) =*ge(r) = {6, {c}, {a, c}, {b,c}, X}, and age(r) = gsc(r) =
gspe(T) = F#gsc(r) = {o,{b},{c},{a,c},{b,c}, X}. Define f: (X,7) — (Y,0) be the identity
map. Then, f is pusp-continuous but not g-continuous (resp. ag-continuous, gs-continuous, gsp-
continuous, *g-continuous, and #gs-continuous), since f~'({a,b}) = {a, b} is not g-closed (resp.
ag-closed, gs-closed, gsp-closed, *g-closed, and #gs-closed).

2. Let X and 7 be defined as an Example 2.10 (1). Let Y = {a,b,c} and o = {¢, {b},{a,b},Y }.
Define f : (X,7) — (Y, 0) be the identity map. Then, f is g-continuous (resp. ag-continuous, gs-
continuous, gsp-continuous, *g-continuous and #gs-continuous) but not psp-continuous, since
f~*({a,c}) = {a,c} is not psp-closed.

Remark 2.11. The composition of two psp-continuous maps need not be psp-continuous and this is
shown from the following example.

Example 2.12. Let X and 7 be as in Example 2.3. Let Y = Z = {a,b,c}, 0 = {¢,{a}, Y},
and n = {¢,{a,b},Z}. Define f : (X,7) — (Y,0) by f(a) = b, f(b) = a, and f(c) = ¢. Define
g: (Y,o) = (Z,n) by gla) = b, g(b) = ¢, and g(c) = a. Clearly, f and g are psp-continuous
but their go f : (X,7) — (Z,n) is not psp-continuous, because V = {c} is closed in (Z,n) but
(goft{ch) = g *({e})) = f~L1({b}) = {a}, which is not psp-closed in (X, 7).

Theorem 2.13. If f : (X,7) — (Y, 0) is usp-continuous and g : (Y,0) — (Z,n) is continuous, then
gof:(X,7)— (Z,n) is usp-continuous.

PRrROOF. Clearly follows from definitions.

Proposition 2.14. A map f: (X,7) — (Y,0) is pusp-continuous if and only if f~1(U) is pusp-open in
(X, ) for every open set U in (Y, o).
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PrROOF. Let f: (X,7) = (Y, 0) be psp-continuous and U be an open set in (Y, o). Then, U€ is closed
in (Y,0) and since f is pusp-continuous, f~1(U¢) is usp-closed in (X,7). But f~4(U°) = f~1((U))°
and so f~1(U) is psp-open in (X, 7).

Conversely, assume that f~1(U) is usp-open in (X, 7) for each open set U in (Y, o). Let F be a closed
set in (Y,0). Then, F¢ is open in (Y,0) and by assumption, f~'(F¢) is psp-open in (X, 7). Since
FHFS) = f7Y(F))¢ , we have f~1(F) is closed in (X, 7) and so f is usp-continuous.

We introduce the following definition

Definition 2.15. A map f : (X,7) — (Y,0) is called psp-irresolute if f=1(V) is a psp-closed set of
(X, 1) for every psp-closed set V of (Y,0).

Theorem 2.16. Every usp-irresolute map is psp-continuous but not conversely.

PRrROOF. Let f: (X,7) — (Y,0) be a usp-irresolute map. Let V' be a closed set of (Y, o). Then, by
the Result 1.6 (1), V is usp-closed. Since f is psp-irresolute, then f~1(V) is a psp-closed set of (X, 7).
Therefore, f is psp-continuous.

Example 2.17. Let X,Y, 7,0, and f be as in the Example 2.12. {b} is usp-closed set of (Y, o) but
F71({b}) = {a} is not a psp-closed set of (X, 7). Thus, f is not psp-irresolute map. However, f is
psp-continuous map.

Theorem 2.18. Let f: (X,7) — (Y,0) and g : (Y,0) — (Z,n) be any two maps. Then,
1. go fis psp-continuous if ¢ is continuous and f is psp-continuous.
2. go f is usp-irresolute if both f and g are psp-irresolute.
3. go fis usp-continuous if g is psp-continuous and f is psp-irresolute.

PROOF. Omitted.

Theorem 2.19. Let f: (X,7) — (Y,0) be an psp-continuous map. If (X, 7), the domain of f is an

T,sp-space, then f is continuous.

PROOF. Let V be a closed set of (Y,o). Then, f~1(V) is a usp-closed set of (X, ), since f is usp-
continuous. Since (X,7) is an T)sp-space, then f~1(V) is a closed set of (X,7). Therefore, f is
continuous.

Theorem 2.20. Let f: (X,7) — (Y,0) be a usp-continuous map. If (X, 7), the domain of f is an
aT),sp-space, then f is a-continuous.

PROOF. Let V be a closed set of (Y,0). Then, f~1(V) is a usp-closed set of (X,7), since f is usp-
continuous. Since (X, 7) is an aT),,-space, then f~1(V) is a a-closed set of (X, 7). Therefore, f is
a-continuous.

Theorem 2.21. Let f: (X,7) — (Y,0) be a usp-continuous map. If (X,7), the domain of f is an
p1,sp-space, then f is pre-continuous.

PROOF. Let V be a closed set of (Y,0). Then, f~1(V) is a usp-closed set of (X, ), since f is usp-
continuous. Since (X,7) is an pT),sp-space, then f~1(V) is a pre-closed set of (X, 7). Therefore, f is
pre-continuous.

Theorem 2.22. Let f : (X,7) — (Y,0) be a usp-continuous map. If (X, 7), the domain of f is an
pTysp-space, then f is p-continuous.

PROOF. Let V be a closed set of (Y,0). Then, f~1(V) is a usp-closed set of (X,7), since f is usp-
continuous. Since (X, 7) is an pT),sp-space, then f~1(V) is a p-closed set of (X, 7). Therefore, f is
p-continuous.

Theorem 2.23. Let f: (X,7) — (Y,0) be a usp-continuous map. If (X,7), the domain of f is an
upTsp-space, then f is pp-continuous.
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PROOF. Let V be a closed set of (Y,0). Then, f~1(V) is a usp-closed set of (X, ), since f is usp-
continuous. Since (X, 7) is an pupT)sp-space, then f~1(V) is a pp-closed set of (X, 7). Therefore, f is
pp-continuous.

Theorem 2.24. Let f: (X,7) — (Y,0) be a usp-continuous map. If (X,7), the domain of f is an

spysp-space, then f is S-continuous.

PROOF. Let V be a closed set of (Y,0). Then f~1(V) is a usp-closed set of (X, 7), since f is usp-
continuous. Since (X, 7) is an spT,-space, then f (V) is a B-closed set of (X, 7). Therefore, f is
[-continuous.

Theorem 2.25. Let f: (X,7) — (Y,0) be a usp-continuous map. If (X, 7), the domain of f is an
gaT),sp-space, then f is ga-continuous.

PROOF. Let V be a closed set of (Y,o). Then, f~1(V) is a usp-closed set of (X, ), since f is usp-
continuous. Since (X, 7) is an gaT)s,-space, then f~1(V) is a ga-closed set of (X, 7). Therefore, f is
ga-continuous.

3. Characterization of psp-Continuous Maps

In this section we introduce psp-interior and psp-closure of a set and obtain the characterization
theorem for psp-continuous maps under certain conditions.

Definition 3.1. For any A C X, usp-int(A) is defined as the union of all usp-open sets contained in
A, ie., psp-int(A) = U{G : G C A and G is usp-open}.

Lemma 3.2. For any A C X, int(A) C usp-int(A) C A.

PrOOF. The proof follows from Result 1.6 (4).
The following two Propositions are easy consequences from definitions.

Proposition 3.3. For any A C X, the following holds.
1. psp-int(A) is the largest psp-open set contained in A.
2. A is psp-open if and only if usp-int(A) = A.

Proposition 3.4. For any subsets A and B of (X, 1), the following holds.

—_

. psp-int(AN B) = psp-int(A) N psp-int(B).

\V)

. psp-int(AU B) D usp-int(A) U psp-int(B).

3. If A C B, then usp-int(A) C psp-int(B).

W

. psp-int(X) = X and psp-int(¢) = ¢.

Definition 3.5. For every set A C X, we define the pusp-closure of A to be the intersection of all
usp-closed sets containing A, i.e., usp-cl(A) = {F : AC F € uspc(r)}.

Lemma 3.6. For any A C X, A C usp-cl(A) C cl(A).

PrOOF. The proof follows from Result 1.6 (1).

Remark 3.7. Both containment relations in Lemma 3.6 may be proper as seen from the following
example.

Example 3.8. Let X = {a,b,c}, 7 = {0, {a},{a, b}, X}. Here uspce(r) = {¢,{b},{c},{a,b},{b,c}, X}.
Let A = {a}. Then, usp-cl({a}) = {a,b} and so A C usp-cl(A) C cl(A).

The following two Propositions are easy consequences from definitions.

Proposition 3.9. For any A C X, the following holds.

1. psp-cl(A) is the smallest psp-closed set containing A.
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2. Ais psp-closed if and only if usp-cl(A) = A.
Proposition 3.10. For any two subsets A and B of (X, 7), the following holds.
1. If A C B, then usp-cl(A) C psp-cl(B).
2. pusp-cl(AN B) C usp-cl(A) N psp-cl(B).
Proposition 3.11. Let A be a subset of a space X, then the following are true.
1. (usp-int(A))° = psp-cl(A°).
2. psp-int(A) = (usp-cl(A°))°.
3. usp-cl(A) = (usp-int(A°))°.
PRrOOF. 1. Clearly follows from definitions.
2. Follows by taking complements in (1).
3. Follows by replacing A by A° in (1).

Definition 3.12. Let (X, 7) be a topological space. Let z be a point of X and G be a subset of X.
Then, G is called an psp-neighbourhood of z (briefly, usp-nbhd of x) in X if there exists an pusp-open
set U of X such that z € U C G.

Proposition 3.13. Let A be a subset of (X, 7). Then, z € usp-cl(A) if and only if for any psp-nbhd
Gy of zin (X, 1), ANG, # ¢.

PROOF. Necessity. Assume z € usp-cl(A). Suppose that there is an psp-nbhd G of the point z in
(X, 7) such that GN A = ¢. Since G is pusp-nbhd of z in (X, 7), by Definition 3.12, there exists an
usp-open set U, such that z € U, C G. Therefore, we have U, N A = ¢ and so A C (U,)°. Since
(Uy)© is an psp-closed set containing A, we have by Definition 3.5, usp-cl(A) C (U,)¢ and therefore
x ¢ psp-cl(A), which is a contradiction. Sufficiency. Assume for each psp-nbhd G, of z in (X,7),
ANG, # ¢. Suppose that x ¢ psp-cl(A). Then, by Definition 3.5, there exists an psp-closed set F
of (X, 7) such that A C F and = ¢ F. Thus, z € F° and F€ is usp-open in (X, 7) and hence F° is a
usp-nbhd of z in (X, 7). But AN F° = ¢, which is a contradiction.
In the next theorem we explore certain characterizations of usp-continuous functions.

Theorem 3.14. Let f: (X,7) — (Y,0) be a map from a topological space (X, 7) into a topological
space (Y,0). Then the following statements are equivalent.

1. The function f is psp-continuous.
2. The inverse of each open set is usp-open.

3. For each point z in (X, 7) and each open set V in (Y,o) with f(x) € V, there is an psp-open
set U in (X, 7) such that z € U, f(U) C V.

4. The inverse of each closed set is usp-closed.
5. For each z in (X, 7), the inverse of every neighbourhood of f(z) is an usp-nbhd of z.

6. For each z in (X, 7) and each neighbourhood N of f(x), there is an usp-nbhd G of = such that
J(G)C N.

7. For each subset A of (X, 7), f(usp-cl(A)) C cl(f(A)).

8. For each subset B of (Y, o), usp-cl(f 1 (B)) C f~(cl(B)).
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PRrROOF. (1) < (2). This follows from Proposition 2.14.

(1) < (3). Suppose that (3) holds and let V be an open set in (Y,o) and let = € f~1(V).
Then, f(z) € V and thus there exists an pusp-open set U, such that z € U, and f(U,) C V. Now,
v eU, C f7HV)and f~1(V) = Upep—1)Up. By assumption, f~1(V) is psp-open in (X, 7) and
therefore f is psp-continuous.

Conversely, Suppose that (1) holds and let f(x) € V. Then, z € f~1(V) € usp(r), since f is
psp-continuous. Let U = f~*(V). Then, € U and f(U) C V.

(2) < (4). This result follows from the fact if A is a subset of (Y, o), then f~1(A¢) = (f~1(A))°.

(2) & (5). For z in (X,7), let N be a neighbourhood of f(z). Then, there exists an open
set U in (Y,0) such that f(z) € U C N. Consequently, f~1(U) is an psp-open set in (X, 7) and
r€ f~YU) C f~YN). Thus, f~1(N) is an pusp-nbhd of z.

(5) < (6). Let € X and let N be a neighbourhood of f(x). Then, by assumption, G = f~1(N)
is an psp-nbhd of z and f(G) = f(f~1(N)) C N.

(6) < (3). For z in (X,7), let V be an open set containing f(z). Then, V is a neighborhood of
f(x). So by assumption, there exists an psp-nbhd G of x such that f(G) C V. Hence, there exists an
usp-open set U in (X, 7) such that x € U C G and so f(U) C f(G) C V.

(7)< (4). Suppose that (4) holds and let A be a subset of (X,7). Since A C f~1(A), we
have A C f~1(cl(f(A))). Since cl(f(A)) is a closed set in (Y,o), by assumption f~!(cl(f(A))) is
an psp-closed set containing A. Consequently, usp-cl(A) C f=1(cl(f(A))). Thus, f(usp-cl(A)) C
F( A (A))) € d(f(A)).

Conversely, suppose that (7) holds for any subset A of (X, 7). Let F be a closed subset of (Y, o).
Then, by assumption, f(usp-cl(f~1(F))) C c(f(f~'(F))) C c(F) = F, ie., psp-cl(f~Y(F)) C
fY(F) and so f~1(F) is psp-closed.

(7) < (8). Suppose that (7) holds and B be any subset of (Y, o). Then, replacing A by f~1(B) in
(7), we obtain f(usp-cl(f~(B))) C cl(f(f~1(B))) € cl(B), i.e., psp-cl(f~H(B))  f~'el(B).

Conversely, suppose that (8) holds. Let B = f(A) where A is a subset of (X, 7). Then, we have,
psp-cl(A) C psp-cl(f~'(B)) C f(cl(f(A)) and 5o f(usp-cl(A) C (f(A)).

This completes the proof of the theorem.
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