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Better Approximation of Functions by Genuine Baskakov
Durrmeyer Operators

Giilsiim Ulusoy Ada'

Article History
Received: 27.12.2019 Abstract — In this paper, we define a new genuine Baskakov-Durrmeyer operators.
Accepted: 08.03.2020 We give' uniform convergence using the Weig'hted modulus of conti.nuity. Then we
study direct approximation of the operators in terms of the moduli of smoothness.
Published: 23.03.2020 After that a Voronovskaya type result is studied.
Original Article

Keywords — Genuine Baskakov Durrmeyer operators, weighted modulus of continuity, Voronovskaya theorem

1. Introduction

In the paper [1], the authors studied the sequences of linear Bernstein type operators defined for
f € C[0,1] by B,(f oo~ 1) oo, B, being the classical Bernstein operators and ¢ being any function
satisfying some certain conditions. By this way, the Korovkin set is {1,0,02} instead of {1,e1,e2}.
It was shown that the B; actual a better degree of approximation. For this aim, have studied by a
number of authors. For more details in this direction we can refer the readers to [2-9].

In [10], the authors introduced a general sequences of linear Baskakov Durrmeyer type operators
by

o0

GloN = - n+k—1 uk
Grloe) = (1= 1) 3 PEale) [Cwor (") s 1)

0

k
where P7, () = ("tF) %, o is a continuous infinite times differentiable function satisfying
the condition o(1) = 0,0(0) =0 and o’(z) > 0 for x € [0, 00).
In the present paper, we construct a genuine type modification of the operators in (1) which

preserve the function o, defined as

K7 ( ‘x)*iPU (x)17( oa_l) (t) Ldt
n \J: _k:1 ok ﬁ(k,n+1)0 g (1 4 t)rtk+l

+P7o(x) (g007") (0) (2)

lulusoygulsum@hotmail.com (Corresponding Author)
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The operators defined in (2) are linear and positive. In case of o(x) = z, the operators in (2)
reduce to the following operators introduced in [11]:

> st kn+1/g e+ Paaleg (O

0
2. Auxiliary lemmas
Lemma 2.1. We have
K (L;z)=1, K] (0;x) = o(x), (3)
2
n—1
3 2
or 3.y _ 0@ n+1)(n+2)+60°(x)(n +1) +60(x)
Lemma 2.2. If we describe the central moment operator by
My, () = K7 ((0(t) — o (2))" 5 2)
then we get
mo(@) =1, M7,(z) =0 (6)
o 20(x)(o(x) +1
M) = 220 1 ™

for all n,m € N.

3. Weighted Convergence of K7(f)
We suppose that:

(p1) o is a continuously differentiable function on [0, co)
(pg) g (0) = 0, infxE[O,oo) O'/ (.Z') 2 1.

Let ¢ (z) = 1+ 0% (z) and By(RT) = {f: |f(z)| <ngp(z)}, where ns is constant which may
depend only on f. Cy(R™) denote the subspace of all continuous functions in By (R™). By Cy, (RT),
we denote the subspace off all functions f € Cy(R™) for which limg_,o f () /4 () is finite. Also let
Uy(R™) be the space of functions f € Cy(R™) such that f /v is uniformly continuous. By (R") is the
linear normed space with the norm || f[|,, = supgcp+ | f ()] /¢ (%) .

The weighted modulus of continuity defined in [12] is as follows

e an WO -FEI
wlfi0)=" s SOt

lo(t)—o(z)|<é

for each f € Cy (R1) and for every § > 0. We observe that w, (f;0) = 0 for every f € Cy (RT) and
the function we (f;d) is nonnegative and nondecreasing with respect to 6 for f € Cy (RT) and also
lims_,o we (f;0) = 0 for every f € Uy (RT).

Let 6 > 0 and W2 = {g € Cp[0,00);¢', 9" € Cg[0,00)}. The Peetre’s K functional is defined by

Ka(f,6) = inf {||f = gll + dllgllz 19 € W2},

where
e = A+ [+ (L)

It was shown in [13], there exists an absolute constant C' > 0 such that
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K(£,0) < € {ws (5 V3) +min(1,9) | 1]}

where the second order modulus of smoothness is defined by

wo(f,V8) = sup  sup |f(z+2h) = 2f(x+h) + f(z)]
0<h<V/§ €[0,00)

The usual modulus of continuity of f € Cg[0,0) is defined by

w(f,0)= sup sup |f(z+h)— f(z)|
0<h<V/5 ©€[0,00)

Lemma 3.1. [14] The positive linear operators L,, n > 1, act from Cy, (RT) to By, (RT) if and only
if the inequality
L (¢5.2)] < P (),

holds, where P, is a positive constant depending on n.

Theorem 3.2. [14] Let the sequence of linear positive operators (Ly), n > 1, acting from Cy, (RT)
to By, (RT) satisfy the three conditions

lim ||Lno” — 0", =0, v=0,1,2.
n—oo
Then for any function g € C7 (RT),
Jim |[Lng —gll,, =0
Theorem 3.3. For each function g € C} (RT)
: o _
Jim [|[K7g —gl, =0
ProoOF. Using Theorem 3.2 we see that it is sufficient to verify the following three conditions

lim ||K7 (6¥) —0”||l, =0, v=0,1,2. (8)

n—oo

It is clear that from (3) and (4), || K7 (1) — 1, = 0 and [|K7 (o) — o||,, = 0. Hence the conditions (8)
are fullfilled for v = 0, 1. Also using the property (4) we have

ol e L (P@OAD 2@
It )=l = s gy (S ")
4

< (9)

n—1
This means that the condition (8) holds also for v = 2 and by Theorem 3.2 the proof is completed. [

Theorem 3.4. [12] Let L, : Cy (RT) — By, (RT) be a sequence of positive linear operators with
ILn (2%) — "l = o 0
L (0) ~ o1l y = b

[0 (%) %], = e

120 (%) = o® 3 = dn, (11)
where a,,, b,, ¢, and d,, tend to zero as n — oo. Then
120 (9) = gll 3 < (T+ dan + 2cn) wo (9;0n) + gl an (12)

for all g € Cy, (R1), where

On = 2v/(an + 2by + ) (14 ap) + an + 3b, + 3¢, + dyy
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Theorem 3.5. For all g € Cy (RT) we get

. 2 ‘ 4 24n% +4n — 8
K7 (9) —gng < <7+ (n—l)) Wo <9’ -1 + (n— 1)(n—2))

PRrROOF. On account of apply Theorem 3.4, we must calculate the sequences ay, by, ¢, and dy,. Using
(3) and (4) we find

K2 (0%) = 0”0 = an = 0

and

K7 — =b,=0
157 (o) = ol

1
2

Also from (9)

G () -, = G : 0

en = |

Since
o3(z)(n+1)(n+2) 4+ 60%(z)(n+ 1) + 60(x)

(n—1)(n—2)

KZ(o%z) =

n
we can write
de = K7 (07) - o) s

"
1
= sup ————3
zeRt (1 + o2(x))2
" a3(x)(n+1)(n+2) +60%(x)(n+1) + 60(x) — o3(x)(n — 1)(n — 2)
(n—D(n—2)

24n?
(n—1)(n—2)

Thus the conditions (10-11) are satisfied. From Theorem 3.4 we have

. 2 ‘ 4 24n? +4n — 8
157 (9) —QHw% < <7+ (n—l)) Wo <9’ =1 T (n— 1)(n—2))

Remark 3.6. Using lims_,gw, (f;6) = 0 and Theorem 3.5, we have

lim [ K7 (9) — ]|

3 =0
n—o00 P2
for f € Uy (RT).

Theorem 3.7. Let o be a function satisfying the conditions p; and pe and ||o”| is finite. If f €
Cp[0,00), then we have

K5 (g:0) gl < C {m (f; ) ”) i (1, 277 ) ng}

n—1
PROOF. The classic Taylor’s expansion of g € W2, yields for ¢ € [0,00) that
gt) = (9o H(o(t)) = (goo ") (o(x)) + D(goo ) (o(x))(o(t) — o(x))

o(x) ) .
+/U(x)(a(t) ) D(g 0 0~ V)(u)du

Applying the operators K7 to both sides of above equality and considering the fact (6) we obtain

o(z)
K7 (g:2) — g(z) = K, </ (o(t) —u)D*(g o o) (u)du; x)

o(x)
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On the other hand, with the change of variable u = o(y) we get

o(x) t
/ (o0 = 0D oo™ wdu = / (0() — o)) D*(g 0 0 VYo (y)o’ (y)dy

Using the equality

we can write

o(x) t amvy — ()"
[ ety wprgea i = [ o0 -otw) u W' (y) ~ g ) <y>> “
(

o(z)

So we can write

o(x) "o~ YN e (o~ (u
_kv ( / (o(t) — w2 ()" () dw)

o(z) (o'(o

Since o is strictly increasing on [0, 00) and with the condition ps, we get

K ()~ 9(@)l < Ma@) ("] + '] "))
20(x)(o(z) + 1)
= = (lg"ll + llg'[l lo"[1)
Also, it is clear that
K7 < (1]

Hence we have

K5 (g57) — g(2)]

IN

K5 (9= f;2)| + K7 (f;2) = fo)] + (g = )(@)]

211 —gll+ ZECELD (4 g1 o7

IN

and choosing C' := max{1, ||c”||} we have

K2 ) - 9@ < ¢ {ir— ol + 2D (g ) + o) }

1
20(x)(o(x) + 1)
= c{if gl + LD D g,
Taking the infimum on the right hand side over all g € W2, we obtain
- 20(x)(o(x) +1
K (g52) —ato)] < Oy (XD L)

. C{w2 <f; \/QU(x)Tga_(arl) - 1)) © o <17 20(3;)?50_(:3) - 1)) HgH}
]
Lemma 3.8. [12] For every g € Cy (RT), for § > 0 and for all u,z > 0,
()~ ()] < (0l + 06 (2 757N ) (0.0 (14)

holds.
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Theorem 3.9. Let g € Cy (R"), x € I and suppose that the first and second derivatives of g o ot

exist at o(z). If the second derivative of g o c~! is bounded on RT , then we have

lim n (K7 (g;2) = g (2)] = o(x)(o(x) +1) (9o 0")" (0 (x))

n—oo

PROOF. By the Taylor expansion of g o 0~! at the point o(z) € RT, there exists ¢ lying between x
and ¢ such that

+ 5 + s () (0 (1) — o (2))?
where » »

() = (goo) <a<§>>—2(goa )" (o (2)) 15)
We get
K (giz)—g(x) = (900 ) (0(2)KS (o (t)—0(x);2)

and thus
lim n (K] (g;2) —g(2)] = o(@)(o(z)+1)(goo )" (0 (x))

+ Tim 7K (1 (1) (0 (1) — 0 (2))52)

Let calculate the last term ‘an (|% )| (o (t) — o (2))?; az)‘ . Since limy_,; v, (t) = 0 for every € > 0,
let § > 0 such that |y, (t)| < € for every ¢t > 0. Cauchy-Schwarz inequality applied we have

lim nk© (\% )] (o (1) —U(x))Q;ac> < ¢ lim nk? ((a (t) —U(x))Q;ac>

n—oo n—o0

+6% lim nKk? ((0 (t) = o (x))* ”3)

n—oo

Since

lim nk, ((O‘ (t) — o (z))* ;x) =0,

we get
Tim Ky (17 ()] (0 (1) = 0 (2))*52) =0

Corollary 3.10. We have following particular case:

1. If we choose o (z) = x, the operators (2) reduce to T, operators defined in [11]. As a consequence
of Theorem 3.9, we refined the following result.

lim n [Ty, (g52) — g (2)] = z(z + 1)g" ()

n—oo
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1. Introduction

Fuzzy sets were introduced by Zadeh [1], and he discussed only membership function. After the
extensions of fuzzy set theory Atanassov [2] generalised this concept and introduced a new concept
called intuitionistic fuzzy set (IFS). Yager [3] familiarised the model of Pythagorean fuzzy set. IFSs
have its greatest use in practical multiple attribute decision making (MADM) problems, and academic
research has achieved significant development [3-5]. However, in some practical problems, the sum of
membership degree and non-membership degree to which an alternative satisfying attribute provided
by the decision maker (DM) may be bigger than 1, but their square sum is less than or equal to 1. Jun
and Song [6] introduced the notion of closed fuzzy ideals in BCl-algebras and discussed their properties.

Bosc and Pivert [7] said that “Bipolarity refers to the propensity of the human mind to reason and
make decisions based on positive and negative effects. Positive information states what is possible,
satisfactory, permitted, desired, or considered as being acceptable. On the other hand, negative
statements express what is impossible, rejected, or forbidden. Negative preferences correspond to
constraints since they specify which values or objects have to be rejected (i.e., those that do not satisfy
the constraints), while positive preferences correspond to wishes, as they specify which objects are more
desirable than others (i.e., satisfy user wishes) without rejecting those that do not meet the wishes”.
Therefore, Lee [8,9] introduced the concept of bipolar fuzzy sets which is a generalisation of the fuzzy
sets. Many authors have studied recently bipolar fuzzy models on algebraic structures such as; Chen et
al. [10] studied of m-polar fuzzy set. Then, they examined many results which are related to those
concepts can be generalised to the case of m-polar fuzzy sets. They also proposed numerical examples
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to show how to apply m-polar fuzzy sets in real-world problems. In 1982, Liu [11] introduced the
concept of the fuzzy ring and fuzzy ideal. After the notion of intuitionistic fuzzy subring by Hur et al.
[12], many researchers have tried to generalise the notion of the intuitionistic fuzzy subring. Marashdeh
and Salleh [13] introduced the notion of intuitionistic fuzzy rings based on the notion of fuzzy space.

The purpose of this paper is to introduce the concept of bipolar Pythagorean fuzzy subring and
established some of their results.

2. Preliminaries

Definition 2.1. [1] Let X be a nonempty set. A fuzzy set A drawn from X is defined as A =
{(x: ua(x)): x € X}, where p,: X — [0,1] is the membership function of the set A.

Definition 2.2. [8] Let X be the universe. Then, a bipolar fuzzy set, A on X is defined by a positive
membership function p}, that is u}: X — [0,1], and a negative membership function p, thatis p;: X —
[—1,0]. For the sake of simplicity, we shall use the symbol 4 = {(x, u} (x), u; (x)): x € X}.
Definition 2.3. (Pythagorean Fuzzy Set) [3,4] Let X be a non-empty set and I the unit interval [0,1].
A PF set S is an object having the form P = {(x, up(x), vp(x)): x € X} where the function pp:X -
[0,1] and vp: X — [0,1] denote respectively the degree of membership and degree of non-membership

of each element x in X to the set P, and 0 < (up(x))2 + (vp(x))2 < 1 forall x in X.

Definition 2.4. (Bipolar Pythagorean Fuzzy Set) [14] Let X be a non-empty set. A bipolar
Pythagorean fuzzy set (BPFS) A = {(X,TF,FF,TN,FN):x € X} where TY: X - [0,1], FF: X - [0,1],
TN:X - [-1,0], and F}: X — [—1,0] are the mappings such that 0 < (Tf)? + (Ff)? <1and -1 <
—((TM?2 + (FY¥)?) < 0 and Tf (x) denote the positive membership degree, FF (x) denote the positive
non-membership degree, T (x) denote the negative membership degree, FY (x)denote the negative
non-membership degree.

Definition 2.5. [14] Let A = {(X,TF,FF, TN, FN):x € X} and B = {(X, T}, FE, Ty, FY):x € X} be
two BPFNSs. Then, their operations are defined as follows:

i.AUB = {(x max(TF, TE), min(FF, FEY), min(T¥, TY), max(EN, EY )) X € X}
ii. A0 B = {(x,min(Tf, T§), max(Ff, F§), max(T, T§), min(FY, F§)) : x € X}

iii. A = {(x, FF, TP, FN,TN):x € X}

Definition 2.6 [15] Let R be a ring. An intuitionistic fuzzy subset A= {(x, T4(x), F4(x))/x € R} of R
is said to be an intuitionistic fuzzy subring of R if the following conditions are satisfied,

i Ty(x — y) = min{T,(x), Ta(»)}
ii. Ta(xy) = min{T,(x), Ta(»)}

iii. Fy(x —y) < max{Fy(x), F,(y)}
iv. Fy(xy) < max{F,(x), F,(y)}

3. Properties

Definition 3.1. Let R be a ring. A bipolar Pythagorean fuzzy subset A of R is said to be a bipolar
Pythagorean fuzzy subring of R if the following conditions are satisfied, for all x and y in R,

i. TV (x —y) = min{TF (x), T (y)}
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i. TP (xy) = min{T (x), T} ()}

iii. FP(x — y) < max{F (x), FY ()}
iv. FF (xy) < max{F} (x), Ff ()}

v. TN (x — y) < max{T) (x), T) ()}
vi. TV (xy) < max{T}N (x), TV (y)}
vii. F¥ (x — y) = min{F¥ (x), FN ()}
viii. EY (xy) = min{FY (x), F¥ ()}

Example 3.2. Let R = {0,1} be a set of integers of modulo 2 with two binary operations as follows:

+|(0]|1 - 1011
0{0|1]| and 0|0]|0
1/1]0 1/0]1

Define bipolar Pythagorean fuzzy set A = {(X,Tf,Ff, TN, FN): x € X} is given by

TF(0) = 0.2,TN(0) = —0.3,FF(0) = 0.6, FN (0) = —0.5,

TP(1) =03,TN(1) = -0.6,FF (1) = 0.9,FN (1) = —0.4.
Then, (R, +,") isaring.
Definition 3.3. Let A = {(X, T}, FF, TN, FN):x € X}and B = {(X, TE,FE, Ty, FY): x € X} be any two
bipolar Pythagorean fuzzy subsets of sets G and H respectively. The product of A and B, denoted by
A X B, is defined as

ax B ={(Cy) Th (6 3), Fip (e ), T (e, 3), Fep(x,7)) = x € G,y € H]

where  Tfp(x,y) = min{Tf (), T} Fhap(oy) = max{Ff (), FE()},  Tha(ny) =
max{TJ (x), TY (y)} and FX 5 (x,y) = min{EN (x), F¥ (y)}, for all x in G and y in H.

Definition 3.4. Let A = {(X, T, Ff,TY,FY) : x € X} be a bipolar Pythagorean fuzzy subset in a set S,
the strongest bipolar Pythagorean fuzzy relation on S that is a bipolar Pythagorean fuzzy relation on A
is

v ={(G T 00y, FE o), T (6 ), FY (6,9)) + %,y € 5}

given by T/(xy) =min{T;(x), T}, F'(xy) =max{F; (x),Ff ()}, Ty =
max{Ty (x), TY (y)}, and F (x,y) = min{F}) (x), FN (y)}, for all x,y in S.

Theorem 3.5. Let A = (X, Tf,Ff, TN, FN) be a bipolar Pythagorean fuzzy subring of a ring R. Then,
for all x in R and the identity element e in R

i. T4 (=) = T (x)
ii. FP(—x) = FF (x)
ii. TN (—x) = TV (%)
iv. FN(=x) = FN (x)
v. TP (x) < TF(e)
vi. Ff (x) = FF(e)

vii. TN (x) = T (e)
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viii. EN (x) < EN ()
Proor. For all x in R,
i. TF (x) = Tf (= (—x)) = Tf (—x) = TX (x). Therefore, TS (x) = Tf (—x).
ii. Ff (x) = FY (—(—x)) < Ff (—x) < Ff (x). Therefore, Ff (x) = Ff (—x).
iii. TN (x) = TY (= (—x)) < TV (—x) < T (x). Therefore, T (x) = T (—x).
iv. FY (x) = FY(—=(—x)) = F{ (—x) = EY (x). Therefore, FY (x) = Fy (—x).
v. TP (e) = TF (x — x) = min{TF (x), TF (x)} = TF (x). Therefore, T (e) = TF (x).
vi. FP(e) = FF (x — x) < max{F} (x), Ff (x)} = FEF (x). Therefore, Ff (e) < FF (x).
vii. TN (e) = TN (x — x) < max{T} (x), T¥ (x)} = TV (x). Therefore, TN (e) < TN (x).
viii. N (e) = FY (x — x) = min{FY (x), FN (x)} = EN (x). Therefore, FY (e) = FY (x).
Theorem 3.6. Let A = (X, TF,FF, TN, FN) be a bipolar Pythagorean fuzzy subring of a ring R. Then,
forallx,y €R
i. TP (x — y) = TP (e) implies that T/ (x) = T ()
ii. F2 (x — y) = EF(e) implies that F/ (x) = FP (y)
iii. TN (x — y) = T () implies that )Y (x) = T ()
iv. FN(x —y) = FN(e) implies that F (x) = F) (y)
Proor. For all x and y in R,
LTS () =T  (x —y +y) =2 min{Tf (x — ), T )} = min{T (), T M} =TS (). TL Q) =
TP (y — x + x) = min{Tf (y — x), T (x)} = min{TF (e), TF (x)} = TF (x). Therefore, TP (x) =
T} ().
ii. Ff (x) = Ff (x —y + ) < max{Fy (x — y), F; ()} = max{F{ (), F{ O} = F ). Ff () =
Ff(y —x + x) < max{FF (y — x), Ff (x)} = max{Ff (e), Ff (x)} = FF (x). Therefore, Ff(x) =
EX ).
i T (x) = T (x — y + y) < max{T}' (x — y), T{' ()} = max{T'(e), T, ()} = T3 ).
TN() =TV @y —x +x) < max{TV(y — x), T (x)} = max{T) (e), TN (x)} = TN (x). Therefore,
Ty (x) = T ).
iv. F' (x) = F (x — y + y) = min{F' (x — y), F{' ()} = min{FY (e), F¥ 00} = F' (). FA () =
F¥(y —x+x) = min{F)(y — x), F} (x)} = min{F} (e), FN (x)} = FN (x). Therefore, FN(x) =
E{' ().
Theorem 3.7. Let A = (X, TF,FL, TV, FY) be a bipolar Pythagorean fuzzy subring of a ring R. For all
xand y inR,
L IfT(x —y) =1,then TF (x) = T (y).
ii. If ¥ (x —y) = 0, then Ff (x) = FF (y).
i, IF TV (x — y) = —1, then TN (x) = T (9).
iv. If FN(x —y) = 0, then FN (x) = FN (y).

Proor. For all x and y in R,
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i TS () =T (x —y +y) 2min{T{ (x — ), T{ (0} = min{1, T, )} =T7 ) =T (—=y) =

TP (—x + x — y) = min{Tf (x), TF (x — y)} = min{T} (x), 1} = T (x). Therefore, TP (x) =
TS ).

ii. Ff (x) = F{ (x — y +y) < max{F{ (x — y), Ff ()} = max{0, Ff ()} = Ff () = F; (=y) =
Ff (—x + x —y) < max{F} (x), Ff (x — y)} = max{F[ (x), 0} = FF (x). Therefore, FP(x) =
EF ().

ii. TAN(x) = TAN(x —y+y) < max{TAN(x - J/);TAN(}’)} = max{-1, TAN(Y)} = TAN(J’) =

TN(=y) = TN(—x + x — y) < max{T} (x), TV (x — y)} = max{TV (x),—1} = TN (x). Therefore,
Ty (x) = TY ().

iv. FY (%) = F (x — y + y) 2 min{F}' (x — y), F{' ()} = min{0, F) ()} = F' () = F{' (—y) =
FN(—x +x —y) = min{F} (X)FN (x — y)} = min{F} (x),0} = FN(x).  Therefore, F}(x) =
FY ().

Theorem 3.8. Let A = (X, TF,EF, TN, FN) be a bipolar Pythagorean fuzzy subring of a ring G. for x
and y in G,

i. TP (xy~1) = 0, then either TF (x) = 0 or Tf (y) = 0.

ii. F¥ (xy™1) = 0, then either Ff (x) = 0 or Ff (y) = 0.

iii. TN (xy™1) = 0, then either T (x) = 0 or T (y) = 0.

iv. EN (xy~1) = 0, then either F¥ (x) = 0 or E}' (y) = 0.

Proor. Let x and y in G. Then, by the definition

i. TP (xy™) = min{Tf (x), TF (y)}, which implies that 0 > min{T} (x), TF (y)}. Therefore, either
TP (x) =00rTF(y) = 0.

ii. Ff (xy™1) < max{F} (x), Ff ()}, which implies that 0 < max{F} (x), F¥ (y)}. Therefore, either
Ff(x)=0o0rFf(y) =0.

ii. TN (xy™1) < max{T} (x), T} (y)}, which implies that 0 < max{T2 (x), T} (y)}. Therefore, either
TN(x)=00rTY(y) = 0.

iv. FN(xy™1) = min{FY (x), FY (y)}, which implies that 0 > min{F} (x), F¥ (y)}. Therefore, either
FN(x)=0o0r F)(y) = 0.

Theorem 3.9. If A = (X, TF,FF, TN, FN) be a bipolar Pythagorean fuzzy subring of a ring G, then, for
xandyinG

i. TP (xy) = TP (yx) ifand only if T (x) = Tf (y " 1xy).

ii. ¥ (xy) = FP(yx) ifand only if FP(x) = Ff(y~1xy).

ii. TN (xy) = TN (yx) ifand only if TN (x) = TN (y~1xy).

iv. FN(xy) = F¥(yx) ifand only if FN(x) = FN(y~xy).

Proor. Let x and y in G.

i. Assume that TF (xy) = TF (yx), so TY(y~lxy) = T (y~1yx) = TF(x). Therefore, TF(x) =
T (y~1xy), for x and y in G. Conversely, assume that TS (x) = TY (y~txy), we get TF (xy) =
TF (xyxx™1) = TF (yx). Therefore, TY (xy) = Tf (yx).
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ii. Assume that Ff(xy) = Ff(yx), so Ff(y~'xy) = Ff (y~lyx) = Ff(x). Therefore, FF(x) =
FP(y~'xy). Conversely, assume that FP(x) = Ff (v 'xy), we get FF(xy) = Ff (xyxx™1) =
FF (yx). Therefore, FF (xy) = Ff (yx).
iii. Assume that TN (xy) =TV (yx), so TN(y~lxy) = TN(y~tyx) = TV (x). Therefore, T} =
TN (y~1xy). Conversely, assume that TN (x) = TN (y~1xy), we get TV (xy) = TN (xyxx~1) =
TN (yx). Therefore, TN (xy) = TN (yx).
iv. Assume that FY(xy) = FN(yx),s0 FN(yv~txy) = EN(y~tyx) = F)(x). Therefore, FN(x) =
FN(y~lxy). Conversely, assume that FN(x) = FN(y~lxy), we get FY(xy) = FN (xyxx™1) =
FN(yx). Therefore, FY (xy) = EN (yx).
Theorem 3.10. If A = (X, TF,FF, TN, FN) be a bipolar Pythagorean fuzzy subring of a ring G, then
H={x€eG:T (x) =TF(e), FF(x) = Ff(e), TN (x) =TY(e), FN(x) = FN(e)} isasubring of G.
Proor. Here, H = {x € G : TF (x) = TF(e), FY (x) = Ff(e), TV (x) = TV (e), EN(x) = FN(e)}, by
Theorem 3.1, TP (x V) =TF(x) =TF(e), FF (x™) = FF (x) = FP (), TN (x 1) = TN (x) = TV (e)
and FY(x™Y) = FN(x) = FN(e). Therefore, x™* € H. Now, TF(xy~1) = min{Tf (x),Tf (y)} =
min{T (e),Tf (e)} = T{ (e), and T7(e) = Tf (Cey ™) (xy 1)) = min{T{ (xy™1),Tf (xy N} =
TS (xy™).
Hence, T; (e) =T (xy™1).F; (xy~") < max{F{ (x), F{ ()} = max{Ff (e), F; (e)} = F{ (e), and
FP(e) = Ff ((ey ™Dy~ 71) < max{F} (xy ™), Ff (xy ™)} = Ff (xy ™).
Hence, Ff(e) = Ff (xy™).TY (xy™) < max{Ty' (x), Ty ()} = max{T}' (), T{' (e)} = T4’ (e) and
Ty () = Ty ((ey Dy ™)) < max{T (xy ™), Ty (xy ™)} = T (xy ™).
Hence, T (e) = T (xy ™). F{ (xy™") = min{F}’ (x), Fy' ()} = min{F}' (e), F{' ()} = F4'(e), and
FY(e) = FY ((xy ™) (ey™) ™) = min{Ff (ey ™), E (xy ™)} = EY (xy ™).
Hence, FY(e) = FN (xy™1). Therefore, xy~! € H. Hence, H is a subring of G.
Theorem 3.11. Let G be aring. If A = (X, T, FF, TN, FN) be a bipolar Pythagorean fuzzy subring of
a ring G, then, for each x and y in G with T/ (x) # TF(y), FF(x) # FY(y), TN(x) # T (y) and
FY (x) # FY (),
i. T4 (xy) = min{T} (x), T ()}
ii. Ff (xy) = max{Ff (x), Ff ()}
iii. T4 (ey) = max{T} (x), T4 ()}
iv. B/ (xy) = min{F} (x), F{' ()}
Proor.
i. Assume that TP (x) > TX(y),Ff(x) > FF(y), TV (x) > TN (y) and EN(x) > FN(y). Then,
TH () = Tf (x *xy) = min{T{ (x™ ), Tf (xy)} = min{T} (x), Tf (xy)} = T (xy) =
min{T{ (x), Ty ()} = T5 (). Therefore, Tf (xy) = T4 (y) = min{T} (x), T (y)}.
ii. Ff (y) = Ff (x'xy) < max{F; (x™), Ff (xy)} = max{F{ (x), Ff (xy)} = F§ (xy) <
max{Fy (x), F; ()} = Ff (¥). Therefore, Ff (xy) = Ff (y) = max{Fy (x), F; ()}.
iii. T/{V(}’) = T/{V(x_lxy) < maX{TAN(X_l): TAN(xy)} = max{TAN(x),TAN(xy)} = TAN(x}’) =
max{T,' (x), Ty’ ()} = T4 (y). Therefore, T (xy) = T (y) = max{T}' (x), Ty’ (»)}.
iv. FY (y) = Fp'(x7'xy) = min{Fy' (x™), F' (xy)} = min{Fy (x), F{ (xy)} = FY (xy) =
min{F}' (x), Fi' (v)} = F{ (). Therefore, F{ (xy) = F' (y) = min{F;’ (x), i’ ()}-
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Theorem 3.12. If A= (X, TF,FF,TN,EN) and B = (X, TF,FF,TY,FY) are two both bipolar
Pythagorean fuzzy subrings of a ring G, then their A n B is a bipolar Pythagorean fuzzy subring of G.
Proor. LetA = {(X,TF,FF,TN,FN):x € G}and B = {(X,Tf,FE,TY,F)):x € G}.LetC = An Band
C={XTL FE, TV, FN):x € G}.

TE (xy™)

min{T{ (xy~1), T (xy 1)}

> min {min{TAP x), Tf ()}, min{T{ (x), T (}’)}}
> min {min{7{ (x), 7§ ()}, min{T{ ), 75 )3}
min{Tf (x), Tf (v)}

Also,
FE(ey™) = max{Ff (xy™"), F§ (xy ™)}
< max {max{Ff (x), F{ ()}, max{F§ (x), F§ (y)}}
< max {max{Ff (x), F§ ()}, max{FF (y), Ff (y)}}
= max{F¢ (x), F£ )},
T Coy™) = max{T) Gy ™), T§ ey ™))
< max {max{T) (), T} 03, max{(T§ (), 7§ ()}
< max {max{T§' (o), 7§ (o)}, max{T) ), TH )}
max{T (), 7 ()}
FE(ey™) = min{Fy (xy™), Fg (xy ™))}
> min {min{F} (), £ ()}, min{F} (), F§ ()}
> min {min{F} (), F ()}, min{F} ), F§ )}

= min{FY (x), F¥ ()}
Hence, A N B is a bipolar Pythagorean fuzzy subring of G.
Theorem 3.13. The intersection of a family of bipolar Pythagorean fuzzy subrings of a ring G is a
bipolar Pythagorean fuzzy subring of G.
Proor. Let {V;:i € I} be a family of bipolar Pythagorean fuzzy subrings of aring G and let A =n;¢; V;.
Let x and y in G. Now,
T (xy™) = infi; Ty, (xy™) > infigmin{T}, (), T}, ()}

= min{infye, T§;, (x), infie; Ty, (1) }

= min{T; (x), T{ ()}
Therefore, TS (xy~1) = min{TF (x), Tf ()}, for all x and y in G, and

Ef (xy™) = sup;ie;Fy,(xy™) < supjemax{F},(x), F}, ()}
= max{sup;e,F}, (x), supie, Ff, (1)}
= max{F{ (x), F{ (y)}
Therefore, FY (xy~1) < max{F} (x), Ff (y)}, forall x and y in G.
Ty (xy™) = supie T (xy™) < sup;emax{T}) (x), T ()}
= max{sup;e; Ty, (x), sup;e; Ty, (¥)}
maX{TAN (x), TAN o}
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Therefore, TN (xy™1) < max{TY (x), T (y)}, for all x and y in G.
Fp'(xy™) = infye; Fp)(xy™) = infyemin{FY (x), i} (1)}
= min{infie; ! (x), infie, Y ()}

= min{F}’ (x), F' ()}
Therefore, FN (xy™1) = min{F} (x), E} (y)}, for all x and y in G. Hence, the intersection of a family
of bipolar Pythagorean fuzzy subrings of a ring G is a bipolar Pythagorean fuzzy subring of G.
Theorem 3.14. If A= (X,TF,FP,TN,FN) and B = (X,Tf,FF,TY,FY) are any two bipolar
Pythagorean fuzzy subrings of rings G; and G, respectively, then A X B = (T 5, F- 5, TN 5, FX.5) is
a bipolar Pythagorean fuzzy subring of G; X G,.
Proor. Let A and B be two bipolar Pythagorean fuzzy subrings of the ring G, and G, respectively. Let
x, and x, be in Gy, y; and y, be in G,. Then, (x1,y1) and (x,, y,) are in G; X G,. Now,
Tixpl (e, y1) (2, ¥2) ™ = T (xx "L vy, ™)
= min{Ty (x;2,~1), T§ (11y2 ™)}
> min {min{T} (x,), Tf (2}, min{T (1), T§ (v2)}}
= min {min{T{ (x,), T§ (1)}, min{T{ (), T (v2)}}
= min{T{p (%1, y1), Toxp (X2, ¥2)}
Therefore, T4 p[(x1,¥1)(x2,¥2) 7] = min{Tg 5 (X1, y1), Téxp (x2, ¥2)}-
Also,
Fipl(, y) (2, y2)7 ] = FRp(ox, L yy, ™)
= max{Fy (x;x,71), F§ 71y, 1)}
< max {max{Ff (x,), F{ (x)}, max{FE (1), F{ (v,)}}
= max {max{Ff (x,), F§ (y1)}, max{F{ (x2), Ff (v)}}
= max{Fzp (X1, ¥1), Foxg (X2, ¥2)}
Therefore, Fiy 5[ (1, ¥1) (2, ¥2) ™1 < max{F{, 5 (x1, 1), Fixp (X2, ¥2)}-
T, y) (2, ¥2) ™ = Tiplex, L yiy, ™)
= max{T} (x;x,™ 1), T§' (y1y2.~1)}
< max {max{T} (x;), TA ()} max{TH (1), T4 ()}
= max {max{T} (x,), T (v} max{T} (), TH (v2)}}
= max{T Nz (x1, 1), Takp (X2, ¥2)}
Therefore, TN g [(x1, y1) (X2, ¥2) 7] < max{TR 5 (x1, 1), Takp (x2,¥2)}-
Fpl(, y) (2, y2) 7 = Exlp(eix, L yy, ™)
= min{Fy (x12,™ 1), F§' 1y, 71}
> min {min{F} (x,), F§' ()}, min{FY (y1), F§ (72)}}
= min {min{F} (x,), F (y1)}, min{FY (), FY (v2)}}
= min{Fy 5 (X1, 1), Fakp (*2,2)}
Therefore, FN 5[(x1, y1)(x2,v2) 1] = min{FY 5 (x1,y1), FN. 5 (x5, v,)}. Hence, A X B is a bipolar
Pythagorean fuzzy subring of G; X G,.
Theorem 3.15. Let A= (X, T, FY, TN, FN) and B = (X,TE,FE,TY,FY) be any two bipolar
Pythagorean fuzzy subsets of a ring G and H respectively. Suppose that e and e’ are the identity

elements of G and H, respectively. If A x B is a bipolar Pythagorean fuzzy subring of G X H, then at
least one of the following two elements must hold.
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. TE(e") =TF(x),FE(e’") < FP(x)forall x in G and T (e") < TV (x), FY (e") = EN(x) for all x in
G.
i. T (e) = TX (), Ff (e) < FF (y)forall x in G and TY (e) < TV (y), FY (e) = FN(y) forall y in H.

Proor. Let A X B be a bipolar Pythagorean fuzzy subring of G x H. By contraposition, suppose that
none of the statements (i) and (i) holds. Then, we can find a in G and b in H such that T (a) > T£ (e'),
Ff(a) <FE (e, Ti (a) < TE (e"), Fi' (@) > F§ ("), and TE (b) > T} (e), F§ (b) < Ff (e), T§ (b) <
TN (e), FY(b)>FN(e). We have TF z(a,b)=min{Tf(a), T (b)} > min{TF (), TE (")} =
TS z(e,e). Also,
Fivg(a,b) = max{F} (), F§ (b)} < max{F} (e), F§ (e")}
= Fixp(e,e").Tixp(a,b)
= max{T,' (a), T§' (b)}
< max{T;'(e), T§ (e")}
= Tikp(e,e"). Fiip(a,b)
= min{F} (@), FY (b)}
> min{F}' (e), F§ (e")}
= Flp(ee”)
Thus, A X B is not a bipolar Pythagorean fuzzy subring of G x H. Hence, either, for all x in G,
Tg(e") 2 Ty (x), Fg(e") < Ff (x), T (e') < T (%), and Fg' (") = F' (x)
or,forall y in H,
T§ (e) 2 T (v), FE(e) < Ff (), T (e) < T{'(v), and Ff' (e) = FY¥ ()
Theorem 3.16. Let A= (X,TF,EP,TN,FN) and B = (X, TS, FE,TY,FY) be any two bipolar
Pythagorean fuzzy subsets of a ring G and H, respectively and A x B be a bipolar Pythagorean fuzzy
subring of G x H. Then, the following are true

i If TP(x) <TE(e),FF(x) = FE(e"), TN (x) = T (e"), and FY (x) < F} (e’) for all x in G, then
A is a bipolar Pythagorean fuzzy subring of G, where e’ is the identity element of H.

i. If TR (x) < TF(e), FE(x) = FF(e), TY (x) = TN (e),and F¥ (x) < F¥(e) forall x in H, then B is
a bipolar Pythagorean fuzzy subring of H, where e is the identity element of G.

iii. Either A is a bipolar Pythagorean fuzzy subring of G or B is a bipolar Pythagorean fuzzy subring
of H, where e and e’ is the identity element of G and H, respectively.

Proor. Let A X B be a bipolar Pythagorean fuzzy subring of G X H and x and y in G. Then, (x,e") and
(y,e") are in G x H. Now, using the property if TF (x) < TE(e"), Ff (x) = FE(e"), TV (x) = TY (e),
and F (x) < F(e"), for all x in G, where e’ is the identity element of H, we get
TF (xy™) = min{T} (xy™1), T§ (e’e")}
= Tip((ry™), (e'eN)
= Thel(x, ey e)]
= min{T5 5 (x, e), T (" e}
= min {min{T{ (x), T§ (")}, min{Tf (y=1), Tf (e")}}
= min{Tf (1), T} (y"1)}
= min{T; (x), T{ ()}
Therefore, TY (xy~1) = min{T} (x), Tf ()} for all xand y in G. Also,
Ef(xy™) = max{Ff (xy™"),Fg(e'e")}

= Fip((xy™), (e'eN)
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= FixplCx, ey e")]

< max{Fi,z(x,e"), Fixg(y % e")}
= max {max{Ff(x), F§ (e}, max{Ff(y‘l),Fg(e')}}
= max{F{ (x), F; (v "1}

= max{Ff (x), Ff ()}
Therefore, FX (xy~1) < max{F/! (x), Ff (y)} forall x and y in G.
T (xy™") = max{T} (xy™), T4 (e'e")}
= TAA;B((xy_l)r (3'6'))
= Tigl(x ey eN)]
< max{Tflp(x,e"), T (y " ")}
= max{max(7} (), T} (¢}, max(T} (1), T (")}
= max{T} (x), Ty y™1)}
= max{T}' (x), T’ ()}
Therefore, TN (xy™1) < max{TV (x), TN (y)} forall x and y in G.
F(xy™) = min{F} (xy™"), F§ (e'e")}
= Fip((ry™), (e'eN)
= Flplx, eyt eN]
> min{Fp(x,e"), Fip (vt e}
= min {min{F}'Co), £ (¢}, min{F{ &r~0), F (e}
= min{Fy} (x), Fy (1)}
= min{Fy' (x), F{ ()}
Therefore, FN (xy=1) = min{FY (x), FY¥ (y)}, for all x and y in G. Hence, A is a bipolar Pythagorean
fuzzy subring of G. Thus, (i) is proved.
Now, using the property TE (x) < TF (e), FE (x) = FF (e), TY (x) = TN (e), and F¥ (x) < EN(e), for
all x in H, we get
Tg (xy™) = min{Tg (xy™), T4 (e.e)}
= foB((e- e), (xy_l))
= Trpl(e, x)(e,y™)]
= min{foB(eJ x),TfXB(e,y_l)}
= min {min{Tf (), T§ ()}, min{T (e), T§ (v}

= min{Ty (x), T§ (v 1)}
= min{T§ (x), T§ ()}
Therefore, T (xy~1) = min{T¥ (x), Tf (y)} for all x and yin H. Also,
Fg(xy™ = max{Ff (xy™),F} (e.e)}
= Fip((e.e), (xy™)
= Frpl(e,x)(e,y™)]
< maX{foB (e, x), foB(e' y_l)}
= max {max{F} (e), F§ (x)}, max{F{ (e), F§ (y 1)}
= max{F§ (x), F5 (y "1}
= max{F§ (x), F§ ()}
Therefore, FF (xy™1) < max{Ff (x), Ff (y)} forall x and y in H.
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T (xy™) = max{T§ (xy™), T} (e.€)}

=TNs((e.e), (xy™))

= TAA&B [(ep x)(e, y_l)]

< max{T) (e, x), Ti.g(e,y 1)}

= max {max{TAN(e), T (%)}, max{TJ (e), TY (y‘l)}}

= max{T§ (x), T§' (1)}

= max{T2 (x), TY ()}
Therefore, T (xy ™) < max{Tg (x), Tg (y)}, forall x and y in H.

Fév(xy_l) = min{FéV(xy_l), F,c{v(e- e)}

=Flg((e.e), (xy™))

= Filpl(e, x)(e,y™)]

> min{F} (e, x), Fi5(e,y 1)}
min {max{Ff{V (e), FY (x)}, min{EY (e), FY (}’_1)}}
min{FY (x), FY (y™1)}

= min{FY (x), FY ()}
Therefore, FY (xy™1) = min{FY (x), F¥ (y)}, for all x and y in H. Hence, B is a bipolar Pythagorean
fuzzy subring of H. Thus (ii) is proved. Hence (iii) is clear.

Theorem 3.17. Let A = (X, TF,FF, T¥, EN) be a bipolar Pythagorean fuzzy subset of a ring (G,.) and
V=X, TF, FE, T, FY) be the strongest bipolar Pythagorean fuzzy relation of G. Then A is a bipolar
Pythagorean fuzzy subring of G if and only if V is a bipolar Pythagorean fuzzy subring of G X G.
Proor. Suppose that A is a bipolar Pythagorean fuzzy subring of G. Then for any x = (x;,x,) andy =
(y1,y2) arein G X G. We have,
Ty (xy™) = Ty [(x, ), ¥2) ™1 = TY (v~ H %2y~ 1)
= min{Ty (x;y; D), Tx (x2y,~ D}
> min {min{T} (x,), T (y1)}, min{T{ (x,), Tf (v2)}}
= min{min{7f (), T} ()}, min{Tf (), T (72)3)
= min{Ty (x4, %), Ty (1, ¥2)}
= min{Ty (x), Ty ()}
Therefore, T (xy~1) = min{T{ (x), T (y)}, for all x and y in G x G. Also, we have,
Fy(xy™) = F/[(x, ), ¥2) ™1 = FY (v hxey, ™)
max{F4 (x1y; 1), Fx (x2y,~1)}
< max {max{F} (x,), F ()} max{Ff (x,), Ff ()}

max {max{Ff (x,), F{ (x,)}, max{F{ (1), F{ (v,)}}
= max{Fy (x1, %), Fy (1, ¥2)}
= max{Fy (x), Fy ()}
Therefore, Ff (xy™1) < max{Ff (x), Ff (v)}, forallx and y in G X G.
T (xy™) = TP [(x, x) 1, y2) 7' = T (eynhx2y, ™)
= max{T} (x;y; ™), T2 (x2,71)}
< max {max{T}' (x;), T2 (y1)} max{Ty (x,), T4 (v2)}}

= max {max{T Gey), T4 (x2)}, max(T} (), T} (02)}
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= maX{TéV(xpxz)'TI}V(VLYZ)}

= max{Ty' (x), Ty’ ()}
Therefore, TY (xy™1) < max{T{ (x), T (y)}, forall x and y in G X G.

FY(xy™) = F[(c, x) 0, y2) 7 = B (ayn Ly, ™)

min{Fs' (x;y1 ™), F4' (x5, D}
min {min(F} Gep), Ff' (1)}, min{F} (e2), FA ()}
min {min{F} (x,), £} ()}, mingEY (1), FY (v2)}}
min{FéV(xl,xz),FéV(yl,yz)}

= min{F} (x), i} ()}
Therefore, FY (xy~1) > min{FY (x), FY (y)}, for all x and y in G X G. This proves that V is a bipolar
Pythagorean fuzzy subring of G x G. Conversely, assume that I is a bipolar Pythagorean fuzzy subring
of G X G, then for anyx = (x1,x,) and y = (y,,y,) are in G X G, we have

min{T; (x1y7 1), Tf (e2y2 D} =Ty (eayr L x2y3 )
= Ty [(e1, %) (1, ¥2) 7]
Ty (xy™)
> min{Ty} (x), Ty ()}
min{Ty (1, x2), Ty (V1, ¥2)}
= min {min{7{ (), T} ()}, min{T{ (1), T4 (72}

If we put x, =y, = e, we get, TF (x;y71) = min{T7 (x,),TF (v,)}, for all x; and y, in G. Also, we
have

v 1

max{Fy (x;y1 ), Ff (eay2 )} = F) Cayr xyz )
= Fy [(x1, %) (1, 72) 7]
=Fy (xy™)
< max{Fy (x), Fy (y)}
= max{Fy (x1,%2), Fy (y1, ¥2)}
= max {max{Ff (x,), F{ ()}, max{Ff (v,), Ff (v2)}}
If we put x, = y, = e, we get, FF (x;y71) < max{F} (x;), Ff (y,)}, for all x; and y, in G.
max{Ts' (e y7 1), TA (k¥ D} = T (v L x2y2 )
= Ty [(x, %) (1, ¥2) 7]
=Ty (xy™)
< max{Ty (x), Ty ()}
= max{Ty (x1, %), Ty (v1, ¥2)}
= max {max{TJ (x,), TA ()} max{Ty (1), T4 ()}
If we put x, = y, = e, we get, TV (x; 1) < max{TJ (x,), TN (y,)}, for all x; and y, in G.
min{F,c{V(x1Y1_1);F,c{V(x2)’2_1)} = Flgv(xﬂ’fl:xz)’z_l)
= F [(e, x2) (1, y2) 7'
= F'(xy™)
> min{F}’ (x), i’ ()}
= min{FéV(xl,xz),Fév(yl,yz)}
= min {min{F} (x), F} (x,)}, min{Fy (), FYY (v2)}}
If we put x, = y, = e, we get, £ (x,v1 1) = min{F} (x;), F} (v,)}, for all x; and y, in G. Hence, A
is a bipolar Pythagorean fuzzy subring of G.
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4. Conclusion

In this paper, we define the bipolar Pythagorean fuzzy subring of a ring and investigate the relationship
among these bipolar Pythagorean fuzzy subring of a ring. Some characterisation theorems of bipolar
Pythagorean fuzzy subring of a ring are obtained.

References

[1] L. A. Zadeh, Fuzzy Sets, Information and Control 8(3) (1965) 338-353.

[2] K. T. Atanassov, Intuitionistic Fuzzy Sets, Fuzzy Sets and Systems 20 (1986) 87- 90.

[3] R. R. Yager, Pythagorean Fuzzy Subsets, In: Proc Joint IFSA World Congress and NAFIPS
Annual Meeting, Edmonton, Canada, (2013) 57-61.

[4] R.R.Yager, A. M. Abbasov, Pythagorean Membership Grades, Complex Numbers and Decision
Making, International Journal of Intelligent Systems 28 (2013) 436-452.

[5] R. R. Yager, Pythagorean Membership Grades in Multicriteria Decision Making, IEEE
Transactions on Fuzzy Systems 22 (2014) 958-965.

[6] Y.B.Jun,S.Z. Song, Subalgebras and Closed Ideals of BCH-Algebra Based on Bipolar Valued
Fuzzy Sets, Scientiae Mathematicae Japonicae Online 2 (2008) 427-437.

[7] P. Bosc, O. Pivert, On a Fuzzy Bipolar Relational Algebra, Information Sciences 219 (2013) 1-
16.

[8] K.J.Lee, Bipolar Fuzzy Subalgebras and Bipolar Fuzzy Ideals of BCK/BCI-Algebras, Bulletin of
the Malaysian Mathematical Sciences Society 32(3) (2009) 361-373.

[9] K. M. Lee, Bipolar-Valued Fuzzy Sets and Their Operations, Proc. International Conference on
Intelligent Technologies, Thailand, (2000) 307-312.

[10] J. Chen, S. Li, S. Ma, X. Wang, m-Polar Fuzzy Sets: An Extension of Bipolar Fuzzy Sets, The
Scientific World Journal (2014) http://dx.doi.org/10.1155/2014/416530.

[11] W. Liu, Fuzzy Invariant Subgroups and Fuzzy Ideals, Fuzzy Sets and Systems 8 (1982) 133-139.

[12] K. Hur, H. W. Kang, H. K. Song, Intuitionistic Fuzzy Subgroups and Subrings, Honam
Mathematical Journal 25 (2003) 19-41.

[13] M. F. Marashdeh, A. R. Salleh, Intuitionistic Fuzzy Rings, International Journal of Algebra 5
(2011) 37-47.

[14] K. Mohana, R. Jansi, Bipolar Pythagorean Fuzzy Sets and Their Application Based on Multi-
Criteria Decision-Making Problems, International Journal of Research Advent in Technology 6
(2018) 3754-764.

[15] K. Meena, K. V. Thomas, Intuitionistic L-Fuzzy Subrings, International Mathematical Forum 6
(2011) 2561-2572.


http://dx.doi.org/10.1155/2014/416530

30 (2020) 21-34 New Thass

Journal of
NeW Theory Journal of New Theory %

http://www.newtheory.org
ISSN: 2149-1402 Open Access

Soft Sets and Soft Topological Notions

Abdul Iguda'

Article History Abstract — In this paper, we extended the notions of operations on soft sets
Received: 27.11.2018 to arbitrary collection of soft sets and introduce the concepts of F, — soft set and
Accepted: 23.09.2019 G, — soft set. Furthermore we give definitions of o— soft locally finite and o— soft
Published: 23.03.2020 closure preserving relative to an arbitrary collection of soft sets and study some of

Original Article their properties.

Keywords — Soft symmetric difference, soft perfect, relatively soft discrete, soft closed domain (regularly
closed), soft open domain (regularly open)

1. Introduction

In 1999 D. Molodtsov [1] introduced the concept of soft sets as an additional mathematical tool
for modeling and dealing with uncertainties. Shabir and Naz [2] went further and introduced the
concept of soft topology. Indeed; the two concepts have received much attention. Researches on
properties and applications of soft sets and soft topology have attracted many scholars from various
fields. Topological structure of soft sets; concepts of soft open sets, soft closed sets, soft interior point
and soft neighborhood of a point have been studied by various authors, for example see [2-7]. Senel
and Cagman studied soft topological subspaces and Tantawy et al. [8] studied soft separation axioms.
The notions of basic operations on soft sets (soft union and soft intersection) have been defined and
studied [2,3,6,9-20] and by several other authors, but the definitions were given in terms of only
two soft sets. Ali et al. [9] pointed out by counter example that, several assertions | particularly,
Proposition 2.3 (iv)-(vi), Proposition 2.4 and Proposition 2.6(iii),(iv)] in Maji et al. [15] are not true
in general.

In this paper we extend the notions of these basic operations to arbitrary collection of soft sets.
In section 3 of this paper, we propose a modification of the definition of soft difference of two soft
sets [2,5,11-13,16,21-26]. We further introduce and define some terms relative to arbitrary collection
of soft sets in a soft topological space and study some of their properties.

2. Preliminary

Throughout this paper, all soft sets are defined over a common universe X and the collection of all
soft sets over X with a set of parameters F is denoted as SS(X)g. We begin with the following well
known definition found in the literature as cited in each case.
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Definition 2.1. [1] Let X be an initial universe and E be a set of parameters. Let p(X) denote the
power set of X. A pair (F,E) is called a soft set over X, where F': E — p(X) is a mapping. Thus
a soft set over a universe X is a parameterized family of p(X). For a given subset A of E, the soft
set (F, A) is defined to be F' : A — p(X) such that (F, A) = {(e, F(e)) : e € A}, where F(e) can be
regarded as the set of e-approximate elements of the soft set (F, A).

Definition 2.2. [27] A soft set (F, A;) is said to be a soft subset of (Fy, A) denoted as (Fy, A;)C
(Fy, Ag) if A1 C Ay and Fi(a) C Fy(a),Va € Ay. Equivalently (Fs, Ag) is said to be a soft superset
of (Fy, A1) denoted as (Fy, A2)D(Fy, Ay).

Definition 2.3. [27] Two soft sets (F1, A1) and (F», As) are said to be equal (soft equal) denoted
as (F1, A1) = (F, Ag) if (F1, A1) C(F, As) and (Fh, A2)C(Fy, A1). Equivalently (Fi, A1) = (F», A) if
Fl(Oé) = FQ(CM),VO& S A1 = AQ.

Definition 2.4. [7] The soft compliment of a soft set (F, A) denoted as (F, A)¢ or (F'¢, A) is a mapping
F¢: A — p(X) given by Fé(a) = X \ F(«),Va € A. It is very clear that (F°, A)¢ = (F,A). The
mapping F°: A — p(X) is called the soft compliment function of F'.

Definition 2.5. [8] A soft set (F, E) is said to be a null soft set if F'(a) = ),Ya € E and (F,E) is
said to be an absolute soft set if F'(a) = X,Va € E. A null soft set is denoted as () and absolute soft
set is denoted as X. It is clear that (X)¢ =0 and (0)° = X

Definition 2.6. [28] Let (F, E) be a soft set and z € X, then
i) z is said to belongs to (F, E) denoted as x € (F, FE) if Va € E,x € F(a).
ii) (F,FE) is called singleton soft set denoted as (x, F) or xp if F(a) = {z},Va € E.

Definition 2.7. [7] A soft set (F, A) is called a soft point denoted as Fy, if for some a € A, F(«) # ()
and F(8) =0,V8 € (A\ {a}). The soft point F, is said to belong to another soft set (G, A), denoted
as F,€(G, A) if F(a) C G(a).

Definition 2.8. [27] A soft set (F,A) is called a soft element if 3o € A and = € X such that
F(a) ={z} and F(B8) =0,V € (A\ {a}). A soft element is denoted as F¥. The soft element FY is
said to be in a soft set (G, A) denoted as FF€(G, A) if z € G(«).

By definition, it is clear that a soft element is a soft point, but the converse may not be true.
Definition 2.9. [20] Let (F1, A1) and (Fs, A2) be soft sets

i) The soft intersection of (Fy, A1) and (F, As) denoted as (Fy, A1)N(Fy, A2) is defined to be the
soft set (F3, A3) where Ag = A1 N Ay and Vo € Ag, F3(a) = Fi(a) N Fay(a);

ii) The soft union of (Fy, A1) and (Fb, A) denoted as (Fy, A)U(Fy, Ay) is defined to be the soft set
(Fg, Ag) where A3 = A1 U Ay and Va € Ag

Fl(a) iface (Al \AQ)
Fg(a) = FQ(O{) fae (AQ\Al)
Fl(Oé) UFQ(O{) if v € (Al mA2>.

3. Basic Operations on Soft Sets

An arbitrary indexing set I was used by the authors [4,5,7,8,21-26] to define the soft intersection and

soft union over a collection {(Fj, A) : i € I} of soft sets as (F, A) = () (F;, A) and (F, A) = J(F;, A)
iel iel
respectively. We point out here that the two definitions are restrictive and incomplete. It is also worth
noting that in {(F, A) : i € I}, A can also be indexed as well i.e., {(F}, 4;) : i € I}. The question is
what is | (Fj, A)? Clearly the definition in [4,5,7,8,21-26] does not cater for this. In this section we
el

extend the notions of soft intersection and soft union to arbitrary collection of soft sets by the use of
(i) and (ii) of definition 2.9 as follows:
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Definition 3.1. Let L = {(Fj, As) : 6 € A} be a family of soft sets, then the

i) soft intersection over members of L is defined to be the soft set (F, A) = () (Fj, As)
dEA
where A = (] As and Vo € A, F(a) = ) Fs(a), Vo € A;
STAN JEA

ii) soft union over members of L is defined to be the soft set (F, A) = |J (Fjy, A;) where A = |J Ay
deA dEA

U F(;(Oé) ifae ﬂ As

and Vo € A and VY C A and F(a) = JDAFJ(Q) if o € ((seﬁ As\ U A).

SET SET SE(A\T)

Example 3.2. Let E = {ej, ea,e3,¢e4, €5} be a set of parameters and X = {1, x9, x3,24}. p(X) = {0,

X7 {$1}7 {x2}> {$3}7 {$4}7 {xla .%'2}, {:Cla x3}7 {$1, $4}7 {.’L‘Q, $3}7 {x27 x4}7 {:C3a x4}7 {$1, x2, ZC3}, {;Ub x2, $4}a
{w1, 23, 24}, {22, 73, 74} }, A1 = {e1, €3, ea}, A2 = {e3,e4} and A3 = {e1,e4, €5}

E el ) es e4 es

Fy| {zy, 20} | {@o, 23,24} | {z1, 24} | {®1, 20,24} | {21, 22, 23}
Fy | {z9,23} {z2} {z1, 22} | {m2, 24} | {22,23, 24}
Fy | {a} {3} {z4} {2, 24} {1, 23}
Fy | {zg, 24} {z1} {z2, w3} {zs} {4}
Fy | {zs} {z3} {z3} {zs} {zs}

G @ (Z) {$3, ac4} @ @

H 0 {z2} 0 0 0

Notice that A1 N Ay N Az = {64} and A1 U Ay U A3z = {61, es3, ey, 65} and that

1) Fi(eq) N Fy(eq) N Fs(eq) = {x1, o, 24} N {xo, 24} N {22, 24} = {22, 24}. Therefore,

3
ﬂ Fi, A;) = {(eq, {2, 24})}

11) e1 € (Al N Ag) \AQ, es € (A1 N Ag) \Ag, eq4 € (A1 NAsN Ag) and e5 € As \ (Al U AQ)
F(e1) = Fi(e1) U Fs(e1) = {1, 22}, F(e3) = Fi(es) U Fa(e3) = {x1, z2, w4}

F(€4) = F1(€4) U F2(64) U F3(€4) = {1‘1,332, 33‘4} and F(€5) = F3(€5) = {le, .7}3}
3
Therefore, 'L;Jl(Fi?Az‘) = {(e1,{x1,22}), (e3, {x1, x2, 24}), (eq, {x1, x2, 24}), (5, {x1,23})}.

It is worth noting that the definition of arbitrary soft union as given in [4,5,7,8,21-26] has no
3

provision for resolving the soft union |J (F}, A;).
i=1
The next result is indeed from the Demogan’s Laws in set theory.

Proposition 3.3. (Demogan’s) Let {(Fs, As) : 0 € A} be a family of soft sets, then
D) U (Fs, As)° = () (Fs, A5)"

dEA J<TAN
i) [ (s, A9 = U (Fy, As)°
/€A 0EA

PROOF. Let FY be any soft element, then

i) FTE[ | (Fy, As)]° < Fo¢ |J (Fs,As) < F*¢(F5, As),V6 € A < FTE(Fy, A5)S, V6 € A &
dEA (VAN
Foaccé ﬂ (F57A5)C;
dEA
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i) FTE[ () (Fy, As)|¢ = F¥¢ () (Fy, As) < F=&(Fy, As) for some § € A < F*E(Fy, As)® for some
dEA dEA

§e A s FrE | (Fy, As)C.
dEA

O]

The definition of difference of two soft sets (F, E) and (G, E) over a common universe X was
given to be (F, E)\ (G,E) = (H,E) where for all e € E, H(e) = F(e) \ G(e), [2,5,11-13,16,21-26].
This definition excludes the possibility of taking soft difference of soft sets of the form (Fj, A1) and
(Fy, Ag) where A;, Ay C E. Hence, we propose a modification of the definition which follows by some
examples:

Definition 3.4. If (F}, A;) and (F», Ay) are any two soft sets, the soft difference of (Fy, A;) and
(Fy, Ay) denoted as (Fi, A1) \ (Fy, Ag) is defined to be the soft set (F3, A1) where

7 Fi(a)ifae (A Ag)
Fi(a) = { Fi(a) \ Fy(a) ifla 62(A1 N Az)

It is worth noting that in (F1, A1) \ (Fa, Ag) if A1 = As = E Definition 3.4 reduces to [2,5,11-13,
16,21-26).

Example 3.5. From Example 3.2, A1 = {e1,e3,eq}, A2 = {es,ea}, (F1,41) = {(e1,{z1,22}),
(63?{$17$4})7 (647{$1a$271}4})}7 and (F23A2) = {(637{$17$2})7 (84, {$2,l’3,l’4})}. Therefore,

1) (F1, A1)\ (Fa, A2) = {(ex, {1, 22}), (e3, {w4}), (ea, {z1})}
i) (£, A2) \ (F1, A1) = {(es, {2}), (ea, {23)}
Definition 3.6. The soft symmetric difference of (Fy, A1) and (Fy, Ay) denoted as (Fy, Ay)A(Fy, Ag)

is defined to be (Fy, A))A(Fy, Ag) = ((F1, A1) \ (Fb, A2))0((Fy, As) \ (F1, Ap)). From Example 3.5,

(F1, A1) A(Fy, A2) = {(e1, {1, 22}), (€3, {2, 24}), (€4, {71, 23})}.

As a consequence of Definition 3.4 we have the following lemma

Lemma 3.7. Let {(Fs,As) : 6 € A} be a family of soft sets and (H, C') be any soft set, then

) [(H,C)\ U (F5, A)] = () [(H,C)\ (F5, As)]

LISTAN dEA
ii) [(H,C)\ ﬁ (F57A5)}: U [(H7C)\(F57A5)]
0EA 0EA

PROOF. Let F7 be any soft element, then
i) FYE((H, O\ U (Fs, 45)] & FLE(H,C) and Fi¢ U (F5, As) & FEE(H,C) and F¢(Fy, Ag), W0 €
dEA dEA

A < FEE(H,C)\ (F5, As),Ya € A & F2E () [(H,C) \ (F5, As)]
seA

i) FIE[(H,C) \ Q<F5’A5” & F2E(H,C) and FéfééﬁA(Fa,Aa) & FIE(H,C) and F2¢(Fs, As)

for some § € A < F*E(H,C) \ (Fj, As) for some 6 € A < F& |J [(H,C) \ (Fs, As)]
dEA

4. Soft Topological Notions

In this section, using examples we discuss basic notions of soft topology and show some important
results. We further introduced and defined some terms relative to arbitrary collection of soft sets in
a soft topological space and studied some of their properties. We begin our investigation with the
following definition.
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Definition 4.1. [2] A soft topology over the universe X is collection 7 of members of SS(X)g
satisfying the following conditions:

1) X,0 € 7ie 3(F,E), (Fy, E) € 7 such that Fi(a) = X, Fy(a) = 0,Ya € E.
2) If (Fl,Al), (FQ,AQ) €T, then (Fl,Al)ﬁ(FQ,AQ) ET.

3) If {(Fs, As) : 6 € A} is any number of family of members of 7, then |J (Fj, As)ET
LISTAN

The triplet (X, 7, F) is called a soft topological space. Members of T are referred to as soft open sets
and (F, A) € SS(X)g is said to be a soft closed in (X, 7, E) if (F¢, A) € 7. It is clear from the definition
that; inductively any finite intersection of members of 7 is in 7. Thus if (Fj5, As) € 7(6 = 1,2,...,n)

n
then () (Fs5, As) € 7 and any number of union of members of 7 is in 7. For brevity we will be using

the term Xp for (X, 7, E). As a consequent of definition 4.1 we have the following lemma.
Lemma 4.2. Let Xy be a soft topological space, then
i) X and 0 € 7 are closed in Xg. i.e. (X)¢=0 and (0)¢ = X;

ii) If {(Fs, As) : 6 € A} is any number of family of soft closed sets in Xp, then

(N (F5,A5)) = U (F5, As)¢ = U (F5,As) = (F,A) e T = ﬂ (Fs, As) is closed in Xp i.e.,
ISTAN ISTAN YSTAN LISTAN
intersection of any number of soft closed sets is a soft closed;

ii) If {(F}, 4;) 10 = 1 2,...,n} is a family of soft closed sets in X, then
n n

TL

(O (F;, Ay))° = ﬂ (Fi, A)° = ﬂ (Ff A;) = (FLA) et = U (F;, A;) is closed in Xg i.e., finite
i=1 =1
union of soft closed sets is soft closed

Definition 4.3. (I, A) € SS(X) is said to be soft clopen in Xg if (F, A) is both soft closed and soft
open in Xg. i.e., X and () are soft clopen

Definition 4.4. [5] Let X be a soft topological space, then (F, A) € SS(X)g is said to be a soft
neighborhood (for brevity: soft nbd) of (H,C) € SS(X)g if (G, B) € 7 such that (H,C)C(G, B)C(F, A).
Similarly (F,A) € SS(X)p is said to be a soft nbd of the soft element F7 if 3(G, B) € 7 such that

e(G, B)C(F, A). The family of all soft nbd of the soft element F? is called a soft nbd system of F¥
denoted as Ups.

We now have the following proposition.
Proposition 4.5. (F, A) € SS(X)g is soft open in Xg iff (F,A) is a soft nbd of each its soft subsets.

PROOF. Let (F, A) be soft open and (G, B)C(F, A). Then (G, B)C(F, A)C(F, A). Hence by definition
(F,A) is anbd of (G, B).
Conversely suppose (F, A) is a soft nbd of each of its soft subsets. This implies ¥(G, Ba)C(F, A) such
that o € A there exist a soft open set (F,, Ay) such that (G, Ba)C(F,, Al)C(F, A).
Let (G,B) = U (Fa, Aa), then (G, B) is soft open and (G, B)C(F, A). By our hypothesis if (H,C)
acA
is any soft open subset of (F, A),3(Fy, Aq)C(F, A) such that (H, C)Q(Fa, Aq).
This implies (H, C)C(Fa, Aa)C U (Fu, Ag) = (G, B). This implies (F, A)C(G, B).
A

Hence, (F, A) = (G, B) which isaseoft open. O
As consequence of the above proposition, we have the following corollaries.

Corollary 4.6. [5] (F,A) € SS(X)g is soft open in Xg iff (F, A) is a nbd of each its soft elements.

Corollary 4.7. [2] (F,A) € SS(X)g is soft open in Xp iff (F, A) is a nbd of each its soft points.

Now we give the following propositions.
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Proposition 4.8. (F,A) € SS(X)g is soft closed in X iff given any soft element Fy such that
F*¢(F, A) there exists a soft nbd (G, B) of F such that (G, B)\(F, A) = 0.

PROOF. (F, A) is soft closed and FT&(F, A) = FT&(F¢, A). Now (F, A)A(F¢, A) = () and (F¢, A) is
soft open. ~ .
Conversely suppose V, F1¢(F, A),3(Gs, Bs) soft open such that F7€(Gs, Bs) and (G5, Bs)N\(F, A) = 0.
Let (G,B) = U (Gs, Bs), then (G, B) is soft open and (G° B) = (F,A). Hence, (F,A) is soft

deEA
closed. O

Proposition 4.9. Let (X, 7, E) be a soft topological space and Ugz be a soft nbd system of a soft
element F7, then

i) Y(G, A) € Ups, F*E(G, A)
ii) If (G, A) € Ups and (G, A)C(H, B), then (H,B) € Ups

iii) If (GZ,AJ € Upocf, than ﬁ (Gqu) € UFaz

=1

iv) V(G,A) € Upz,3(H, B) € Upz such that (G, A) € Upy, VHLE(H, B)

Conversely, if given a collection U of members of SS(X)g and for each F¥ € U , there exist a
nonempty family Up: satisfying (i-iv), then there exists a unique soft topology on U such that Ugz is
precisely the soft nbd system of F}J for each F € U.

PROOF.
i) Obvious from definition of Ugz;
ii) (G,A) € Ups and (G, A)C(H, B) = F2&(G,A)C(H,B) = F*E(H,B) = (H, B) € Ups;
iii) Let (Gj, A;) € Upz,i = 1,2,...,n. Then for each i, there exists an open soft set (H;, B;) such

that F7&(H;B;)C(Gy, A;). Hence, F® € () (Hy, Bi)C () (Gi, As). Since, () (Hi, B;) is soft open,
i=1 =1 =1

then by definition ﬁ (Gi, Ai) € Ups;
=1

iv) V(G,A) € Upg,3(H, B) soft open such FFe(H, B)C(G, A). Since (H,B) is soft open, then
(H,B)EUHg,VH};e( B). Also (H, B)C ( A) = (G, )eIUHy VHj € (H,B).

Conversely, suppose given a collection U of members of SS(X)g and for each Fj € U , there exist
a nonempty family Ups satisfying (i-iv). Let 7(U) = {(G,A) € U: (G, A) € Upz} together with ()

i) By definition of 7(U),0 € 7(U) and F? € X = X € 7(U);

ii) Let (Gy, 4;) € Upe,i=1,2,...,n be a family of members of 7(U), then by definition of 7(U),

(Gi, 4;) € Ups whenever F¥ € (Gy, A;). By (iii) () (Gi, A;) € Ugs. Hence, () (Gi, A;) € 7(U);
i=1 i=1
iii) Let {(Gx, Ax) : A € A} be a family of members of 7(U), then VA € A, (G, Ay) € Upg whenever
S (G)\,A)\). Therefore, F¥ € (G)\,A)\)Q U (G)\,A)\) S T([U).
AEA

O]

Definition 4.10. [7] Let Xg be a soft topological space and (F, A) € SS(X)g. The soft closure of
(£, A) denoted as (F, A) or cl(F, A) is defined to be the soft intersection over all super soft closed sets
of (F,A). Thus (F,A) = cl(F,A) = N{(G,B) : (F, A)C(G, B) and (G, B) is soft closed}

Thus (F,A) = cl(F,A) = () (Fa, Aa) such that (F,, A,) is a soft closed, Ya € A. Where the soft

acA
intersection is taken over all soft closed supersets (Fy, A, ) of (F, A).
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We next introduce the following definition

Definition 4.11. A soft element F¥ is said to be a closure soft element of the soft set (F,A) if
F?E(F, A), and a soft set (G, B) is said to be a soft closure subset of (F, A) if (G, B)C(F, A)

Thus, we have the following lemma.
Lemma 4.12. Let X be a soft topological space and (F, A) € SS(X)g, then
i) (F, A)C(F A)
ii) (F,A)
iii) (F,A) = (F, A) if and only if (F, A) is a soft closed.
)

is the smallest soft closed superset of (F, A).

PRrROOF. (i),(ii) and (iii) are trivially obvious from Definition 4.10 O

Lemma 4.13. A soft element F? is a closure soft element of the soft set (F,A) if and only if given
any soft open nbd (G,B) of F, (G, B)A\(F,A) # (

PROOF. Let F2E(F, A) and suppose by way of contradiction G, B)N\(F,A) = 0 for some soft open
nbd (G, B) of F;. This implies (F,A)C(G% B) where (G% B) is soft closed superset of (F,A).
Now (F,A)C(G%, B) = F2&(F,A)C(G% B) = FIEG,B) = F¥¢(G,B). This is a contradiction.
Conversely, suppose the condition holds and by way of contradiction Fj¢(F, A). This implies that
FZE((F, A))°. Since ((F, A))¢ is soft open, then by our hypothesis ((F, A))° A(F,A) # 0. This is a con-
tradiction, i.e., (F, A))°C(F¢, A) = [((F, A))*N(F°, A)|C(F¢, A)N(F, A) = 0 = ((F, A))°C(F,A) =
0. O

We give the following example to demonstrate and make the notions discussed os far clearer.

Example 4.14. Let E = {ej,es,e3,e4}, X = {x1,20,23,24,25}, A1 = E, Ay = {e1,e2,e3},
Az = {e1,ea,eq}, Ay = {e1,e3,e4}, A5 = {ea,e3,e4}, Ag = {e1,e4}, A7 = {ea,e3}, As = {e1,ea},
Ag = {es,ea}, A1o = {e1,e3}, Ann = {e2,ea}, A1z = {e1}, A13 = {e2}, A1s = {es}, A15 = {es} and
T = {(D X,(F;,E),(F;,A;) :i=1,2,...,15}. As indicated on the table below, all the soft closed sets
are (Z) X, (Hi, E), (H;, A;) :1=1,2,...,15 where (Ff,E) = (H;, E) and (F¢, A;) = (H;, A;).

E €1 () €3 €4 E €1 €2 €3 €4
X | X X X X 0 0 0 0 0
Fyo| {z} | {zs,za} | {on,2s, 24} | {xe, 25,20, 25) | Hy | {wo, 23,24, 25} | {z1, 20,25} | {22, 25} | {21}
Fy | {x1} | {zs,za} | {21, 23,24} 0 Hy | {72,253, 24,25} | {21, 72,25} | {22, 25}

Fs | {x1} | {z3, 24} 0 {0, w3, 24,25} | Hs | {wa, s, 04,25} | {21,200, 75} X {1}
Fy | {z1} 1] {z1,23,24} | {®a, 23, 24,25} | Hy | {22, 23, 24,25} X {za, 25} | {21}
F [ {3, 24} | {x1, 23,24} | {®2, 23,24, 25} | Hs X {w1, 22,25} | {z2,25} | {71}
Fs | {z1} 1] 0 {wo, 3, 04,25} | Hg | {w2, 03,24, 25} X X {z1}
Fy 0 {I37I4} {1‘1,173,134} [} H; X {I1,$2,I5} {1'2,1‘5} X
Fs | {z1} | {3, 24} ] 0 Hs | {xo, 23,24, 25} | {x1,22,25} X X
Fg (D @ {Il,I3,£E4} {$2,I3,I4,1}5} Hg X X {I27I5} {;El}
F10 {$1} @ {$1,$3,$4} (Z) H10 {$2,$3,$4,3’J5} X {1‘2,1‘5} X
Fiq ] {I3,$4} 0 {33271'37174,1:5} Hiyy X {xlaIQa‘T5} X {ml}
Fio | {21} 0 0 0 Hig | {z9, 23,74, 75} X X X
Fis | 0 | {3, 24} 0 0 His X {z1, 29, 25} X X
F14 @ @ {.%‘1,])3,31‘4} (Z) H14 X X {372,.%‘5} X
Fis 0 0 [ {2, 23, 24,25} | His X X X {z1}
0 0 0 0 0 X X X X X

i) If (G1, E) = {(e1,{z1, 23, 25}), (€2, {z1, 32, w3, 24}), (€3,0), (€4, X)} and
(Go, E) = {(e1,0), (e2, {x3,z4}), (e3,0), (ea,{x3})} then (G1, E) is a soft nbd of (G, E)
i.e., (Go, EYC(Fy1, E)C(G1, E) where (Fy1, E) is soft open;

ii) If (Gs, E) = {(e1,{z1}), (e2, {m2}), (e3, {x5), (es,{x5})}, then (Gs, E) = (Hy, E)YN(H13, E)N(H14, E)NX
={(e1, X}), (e2, {x1,m2,25}), (€3, {w2,25}), (€4, X)} = (Hy, E') which is soft closed;



Journal of New Theory 30 (2020) 21-34 / Soft Sets and Soft Topological Notions 28

iii) F7°¢(G3, E) but F75 is a closure soft element of (G, E) i.e., FZ5€(G3, E).

Definition 4.15. [7] Let Xy be a soft topological space and (F, A) € SS(X)g. The soft interior of
(F, A) denoted as int(F, A) is defined to be the soft union of all soft open subsets of (F, A).

int(F, A) = J{(G,B) : (G, B)C(F, A) and (G, B) is soft open }. Thus int(F,A) = |J (Fa, Ag) such
acA
that (F,, Ay ) is soft open,Ya € A. Where the soft union is taken over all soft open subsets (Fy, A4,)

of (F,A).

Definition 4.16. A soft element F? is said to be an interior soft element of the soft set (F,A) if
Freint(F, A).

Lemma 4.17. Let X be a soft topological space and (F, A) € SS(X)g, then
i) int(F, A) is soft open and int(F, A)C(F, A).
ii) int(F,A) = (F, A) if and only if (F, A) is soft open.

iii) For any soft open subset (G, B) of (F, A), (G, B)Cint(F, A)C(F, A) i.e., int(F, A) is the largest
soft open subset of (F, A).
PRrROOF. (i),(ii) and (iii) are trivially obvious from Definition 4.15 O

Example 4.18. In example 4.14. If (G4, E) = {(e1, {z1,32}), (€2, {wa}), (e3,0), (ea, {z1, x2, 23})}.
Then, int(G4, A3) = {(e1,{z1}), (e2,0), (e3,0), (e4,0)} = (Fi2, E), which is soft open.

Definition 4.19. Let Xz be a soft topological space and (F,A) € SS(X)g. The soft exterior of

(F, A) denoted as ext(F, A) is defined to be the soft union over all soft open sets disjoint from (F, A).

That is ext(F, A) = J{(G, B) : (G, B) is soft open and (G, B)N\(F, A) = 0}.

Thus ext(F,A) = | (Fa, Ay) such that (F,, A,), is soft open Va € A and the soft union is taken
aEA

over all soft open sets (Fy, Aq) such that (Fy, Aq)A(F, A) = 0.

Lemma 4.20. Let Xp be a soft topological space and (F, A) € SS(X)g, then
i) ext(F,A) is soft open and ext(F, A)Nint(F, A) = 0.
i) ext(F,A) =int(F¢, A)C(F¢, A)

iii) If (G, B) is soft open and (G, B)A(F, A) = 0, then (G, B)Cext(F, A) i.e. ext(F, A) is the largest
soft open set disjoint from (F, A).

PrOOF. (i),(ii) and (iii) are trivially obvious from Definition 2.4 and 4.19. O

Example 4.21. In Example 4.14. If (G4, E) — {(61, {.1‘1, .TUQ}), (62, {1'4}), (63, @), (64, {:Bl, 9, 1‘3})}
Then ext(Gy, E) = {(e1,0), (e2,0), (e3, {z1, 23, 24}), (e4,0)} = (F14, E) which is soft open.
By (i) of lemma 4.20 ext(Gy4, E)Nint(Gy, E) = (F14, E)N(F12, E) = 0.

We further introduce the following definition.

Definition 4.22. Let X be a soft topological space. A soft element I} in X is said to be a boundary
soft element of (F,A) € SS(X)g if FXdint(F,A) and F¥¢ext(F,A). The soft union over of all soft
boundary elements of (F, A) is called the soft boundary of (F, A) which we denote as Fr(F, A).

Now as consequence of Definitions 4.10, 4.15, refbb and 4.22 we provide the following two lemmas.
Lemma 4.23. By Definition 4.22 int(F, A)UFr(F,A)J(F,A) = X

Lemma 4.24. Let Xy be a soft topological space and (F, A) € SS(X)g, then

i) ((F,A)) = ext(F, A);

ii) (F,A) =int(F, A)UFr(F,A);

iii) (F,A) = (int[(F*, A)))S;
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iv) Fr(F,A) = (F,A)N(F¢, A);
v) Fr(F,A) = ((int(F, A)Uext(F, A))°.
PROOF.

i) FIE((F,A) < Fr¢(F, A) < there exists soft open nbd (G,B) of F* such that (F, A)A(G, B) =
) & Frcext(F,A). Lemma 4.13 and Definition 4.19;

ii) By Lemma 4.23 ext(F, A) = (int(F, A)JUFr(F, A))¢. By (i) ((F,A))¢ = (int(F, A)UFr(F, A))°.
Hence, (F, A) = int(F, A)UFr(F, A).

iii) FJE(F,A) & Fie(int(F, A)UFr(F,A)) & Ficint(F,A) or F1€Fr(F,A) & Fréext(F, A) &
Fr¢int(F°¢, A) & FIe(int|[(F©, A)])°

iv) FIe(F,A)N(Fc, A) & FPE(F, A) and FXE(F¢, A) .
& given any open nbd ((} B) of FZ, (G, B) (F,A) # 0 and (G,B)N(F°,A) #0
& Fr¢int(F, A) and Fidint(F¢, A) & Fxgéznt(F A) and Fidext(F, A) & FreFr(F,A)

v) FTEFr(F, A) & Fr¢int(F,A) and F¥dext(F,A) < Fr¢(int(F, A)Uext(F, A))
& Fre(int(F, A)Uext(F, A))°

Remark 4.25. It is obvious from (iv) and (v) that, boundary of (F, A) is soft closed in Xg
Example 4.26. Tn Example 4.14. If (Gy, E) = {(e1, {z1,22}), (€2, {z4}). (e5,0), (ex, {1, 22, 25})}.

i) By Definition4.10, (G4,E) X~~( 14,E) (H14, E) = {(61,X}) (e, ) (e3, {1‘2,1’5}), (64,X>}
which is soft closed and (G4, F)C(Hy4, E).

ii) By (1) of Lemma 4.24, ((G47E) c _ {(61,X), (627X), (63, {$2,$5}), (64,X)}C _ {(61,(3), (62,®),
(es,{z1,73,24}), (e4,0)} = ext(Gy, F)

111) By (11) of Lemma 4.24, (G4,E) = int(G4,E>OFT’(G4,E) = (Flg,E)O(Hlo,E) = (H14,E).

iv) By (iii) of Lemma 4.24, (G, E) = (int[(GS, E)])¢ = (int[{(e1, {z3,z4,25}), (e2, {1, 2, 23, 25}),

(63’X)’ (647 {I47$5})}])C = (F14’ E)C = {(61’ X)a (erX)’ (637 {I‘Q,l’g,}), (64’ {'T4’ X)} = (H14’ E)
which is soft closed.

v) By (iv) of Lemma 4.24, Fr(G4, FE) = (G4, E)N(GS, E) = (H1o, F) which is soft closed.

Vi) By (V) Lemma 0f4.24, FT‘(G4, E) = ((int(G4, E)Oext(G4, E))C = [(Flz, E)O(FM,E)]C = {(61, {.%'2,
I3,T4, 335}), (62, X), (63, {1}2, $5}), (64, X)} == (H107 E)

vii) By Definition4.10, The soft elements

FX2 FX3 FX4 FX5 FXV F22 Fr3 FrA FXs FX2 F2s FXV FY2 Frs
el ?

T4
el eyl rrerrrexrtexrTexrTexrTexrT ez’ e’ eq T eq ) g 7F ¢Int(G47 )

and

FX2 FP3 FI4 F25 F2V F22 F23 FoA F2s F22 F2s FXY FX2 Frs

€1 ? e ? e ? €1 ? €9 €9 €9 €9 €9 es es €4 €4 eq 7Fx4¢ext(G47 )
Fr(Gy, E) = FROFZ0Fm0FS0FE OF2OF RS OFE OFsOFE OFS OFR R R
= {(e1,{w2, 23, 24, 25}), (€2, X), (e3, {2, w5}), (ea, X)} = (Hro, E)

The following definition which describe the derived soft set of a soft set is found in [19] and is
given as

Definition 4.27. [5] A soft element F; in X is said to be a limiting soft element of (F, A) if given
any soft open nbd (G, A) of F* ((G,B) \ FX)N(F,A) # (. The set of all limiting soft elements of
(F, A) denoted as (F, A) is called the derived soft set of (F, A).

Thus, we give the following lemmas and their proofs.
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Lemma 4.28. F7 is a limiting soft element of (F, A) € SS(X)g if and only if FTE((F, A) \ FZ).
B

B\ FO)A(F, A) #0
Applying Lemma 4.13 FTE((F, A) \ F?)).
O

S
PrROOF. FIE(F,A)' & Vsoft open nbd (G,B) of FZ,((G
& Vsoft open nbd (G,B) of FZ (G, B)YN((F, A)\ F¥)) # 0.

Lemma 4.29. If {(Fs, As) : 6 € A} is a family of members of SS(X)g, then

U (Fs, As) S| (F5, As))'

dEA SEA

PROOF. FT& |J (Fs, As) = for some 8, € A, FTE(Fs,, Ay, )
Jeh
= given any soft open nbd (G, B) of F},((G,B) \ F3)N(F3,,As,) #0
= given any soft open nbd (G, B) of FZ*, ((G,B)\ FX)N[ U (Fs, As)] # 0 = F,
0EA 0EA

ifﬁl
(-
=
>
O

Lemma 4.30. |J (Fj, A5)C( U (Fy, As)) for any family {(Fj, As) : 6 € A} of SS(X)g.
AN deA

ProoF. F7& J (Fs, As) = for some 6, € A, FT&(Fy,, As,) = given any soft open nbd (G,B) of
IJSTAN

F* (G, B)A(Fy,, As,) # ) = given any soft open nbd (G,B) of

F3, (G, B[ (Fs, 45)] £ 0 = F,
dEA dEA

SRS
me
—~
o7
b
&
=

O

Lemma 4.31. F} is a boundary soft element of (F, A) if and only if given soft open nbd (G.B) of
F* (G,B)N(F,A) # 0. and (G, B)N(F¢, A) # 0.

PROOF. FIEFr(F,A) & FIe(F,A)N(F¢, A) & FIe(F,A) and FJE(F¢, A). Applying Lemma 4.13
given any soft open nbd (G.B) of F*, (G, B)N(F, A) # () and (G, B)N(F¢, A) # 0. O

Definition 4.32. [29] Let Xz be a soft topological space and (F, A), (G, B) € SS(X)g, then (F, A)
is said to be soft dense in (G, B) if (F, A)C(G, B) and (G, B)C(F, A). A soft set (F, A) € SS(X)g is
said to be soft dense in X if (F, A) = X.

By (i) of Example 4.26 (G4, E) is soft dense in (Hi4, E).

We now introduce the following definitions.

Definition 4.33. Let Xg be a soft topological space, (F, A) € SS(X)g is said to be

i) boundary soft set in X if int(F, A) = 0;

ii) nowhere soft dense in Xp if int(F, A) = {;

iii) relatively soft discrete in X if for every soft element F in (F,A) there exist a soft nbd (G, B)
of F? such that (G, B)N(F,A) = FZ;

iv) a soft closed domain ( or regularly soft closed) if (F, A) = int(F, A);

v) a soft open domain ( or regularly soft open) if (F, A) = int(F, A);

vi) soft perfect if (F, A) = (F, A) = (F, A)".
As a consequence of definitions 4.32 and 4.33, we provide and prove the following proposition.

Proposition 4.34. Let Xpg be a soft topological space and (F, A) € SS(X)g, then the following are
equivalent

i) (F,A) is soft dense in Xp.
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ii) X is the only soft closed superset of (F, A).
iii) for every non empty soft open set (G, B), (G, B)A(F, A) # 0.
iv) (F¢ A) is a boundary soft set.

PROOF.

i) (i=1) (F4) i

is soft dense in Xp and (G, B) is soft closed superset of (F}, A), implies X =
(F,A)C(G,B)CX = (F,A) = (G,B) =X

ii) (ii=iii) Suppose (ii) holds and suppose by way of contradiction there exist a soft open set
(G,B) # 0 such that (G, B)N(F,A) = (). This implies (F, A)C(G¢, B) where (G, B) is soft
closed. Therefore, by our hypothesis we have (G¢, B) = X, and this implies (G,B) = 0. This is
a contradiction.

iii) (ili = iv) Suppose (iii) holds and suppose by way of contradiction int(F°, A) # @.~ By our
hypothesis, int(F°, A)N(F, A) # 0. But int(F¢, A)C(F°, A) and (F°¢, A)N(F, A) = 0 implies
int(F°, A)N(F, A) = 0. This is a contradiction.

iv) (iv = i) int(F¢, A) = () = every non null soft open set contains a soft clement of (F, A). Hence,
given any soft element Fy, if (G, B) is soft open nbd of F, then (G, B)N(F, A) # (. This implies
VF*EX F*E(F, A) = XC(F A). Since (F,A)CX, then (F A) = X. Therefore, (F, A) is soft
dense in Xg.

O]

4.1. F,— Soft Set , G,— Soft Set, c— Soft Locally Finite and o- soft Discrete Col-
lections

In this section we introduce the concepts of F,— Soft Set , G,— Soft Set, c— Soft Locally Finite
and o- soft Discrete Collections and prove some important results. We first introduce the following
definitions.

Definition 4.35. : Let Xg be a soft topological space. The soft union of a countable number of soft
closed sets is called an F,— soft set and the soft intersection of a countable number of soft open sets
is called a G,— soft set. The soft compliment of an F,— soft set is a G,— soft set and conversely.

The soft intersection of two F,— soft sets is an F,— soft set. Thus, if (F,A) = U (F;, A;) and
(G, B) = U (Gy, B;) where (F;, A;) and (G4, B;) are soft closed, then evidently the soft intersection of
i=1
(F,A) and (G, B) is given to be (F, A)N(G, B) = (U (F;, A:))A(U (Gi, B)) = U[(F;, AiN(Gi, By,
i=1 i=1 i=1
thus (F, A)N(G, B) is an F,— soft set. Similarly the soft union of two G,— soft sets is a G,— soft set,
thus if (F, A) = ﬁ (F;, A;) and (G, B) = ﬂ (Gi, B;) where (F;, A;) and (G, B;) are soft open, then

(F, A)U(G,B) = (ﬂ(Fz,A)) (ﬂ(G“B)) ﬂ[(Fz,A) (G4, By)] thus (F, A)U(G, B) is a G,— soft
=1 =1 =1
set. The soft unlon of a countable number of F — soft sets is an F, soft set and the soft intersection

of a countable number of (G,—) soft sets is a (G,— soft set.

Definition 4.36. [30] A collection F = {(F), A)) : A € A} of members of SS(X)g in a soft topological
X is said to be soft locally finite if and only f for every soft element F in Xpg there exists a soft
open nbd (F, A) of F¥ such that (F, A) intersects only finitely many members of F.

Definition 4.37. A collection F = {(F), Ax) : A € A} of members of SS(X)g in a soft topological
XE is said to be soft:-

(i) soft discrete if and only if for every soft element F¥ in X there exists a soft open nbd (F, A)
of F¥ such that (F, A) intersects at most one member of F;
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(ii) o— soft locally finite (o- soft discrete) if and only if F = O F; with each F; soft locally finite
i=1
(soft discrete) collection;

(iii) soft point-finite if and only iff every soft element F? in X is contained only in finitely many
members of F;

(v) soft closure preserving if and only if every subcollection B of F is soft closure preserving.
ie., {B;BeB}={B: B e B};

(vi) o- soft closure preserving if it is the soft union of a sequence of soft closure preserving subcol-
lection.

We now give and prove the following lemmas.

Lemma 4.38. If 7 = {(F5, As) : 6 € A} is a soft locally finite (soft discrete) collection of members
of SS(X)g, then {(Fs, As) : 6 € A} is soft locally finite (soft discrete)

PROOF. Pick a soft element F¥ and soft open nbd (G, B) of F such that (G, B)N(Fs, As) = { except
for finitely (discretely) many 6. Then (G, B)N(F}s, As) = () except for these same 4. O

Lemma 4.39. If F = {(Fs,A4s5) : § € A} is a soft locally finite collection of members of SS(X)g ,

then U(F(;,A(;) = U(F(;, As). In particular, the union of a soft locally finite collection of soft closed
sets is soft closed.

ProoF. |J(Fs, A;)CU(Fs, As) follows from Lemma 4.30. Suppose FZEJ(Fy, As). Now some soft nbd
(G, B) of F¥ meets only finitely many members of F, say (Fs,, A4s,), (F5,, As,) -, (Fs,, As,,). Since

every soft nbd of F¥ meets (J(F5, As), then every soft nbd of F? must also meet |J (Fs,, As,)-

=1

3

Therefore, it follows that FZE(Fy,, As, )U(Fs,, As,)U. .. U(Fs,, As,) = U (Fs,, As,) so that, for some

i=1

k, F*&(Fy,, As, ). Thus |J(Fs, As)CU(Fs, As), and the result follows. O

Lemma 4.40. Let F = {(Fj,As) : 0 € 0} be a soft locally finite collection of members of SS(X)g

and F = U (F5,A5).
<

i) If all sets of the family F are soft closed, then F' is soft closed;

ii) If the family F consists of soft clopen sets, then F is soft clopen.

PRrROOF. i) If all the family of F are soft closed, then (Fy, As) = (Fy, As), Vo € §, Hence, by Lemma

4.39, F = | (Fs, As) = U (Fs,As) = U (Fs, As) is soft closed;
dEA dEA dEA
ii) If the the family JF consist of soft clopen sets, then (Fjs, As) is soft closed Vé € § and (Fs, As) is

soft open Vd € 4. Since, F' = |J (Fjs, As), then F is soft open (i.e. union of any number of soft
deA
open sets is soft open) and by (i) F' is soft closed. Hence F' is soft clopen.

O]

5. Conclusion

In this paper, we have extended the notions of operation on soft sets to arbitrary collection of soft sets
and introduced the concepts of F,— soft Set and G,— soft Set. Using examples, we have discussed
basic notions of soft topology and showed some important results. We have further introduced some
terms relative to arbitrary collection of soft sets in a soft topological space and studied some of their
properties.
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1. Introduction

In 1965, Zadeh proposed the pioneering work of fuzzy subsets of a set [1], and in 1971, Rosenfeld intro-
duced the notion of fuzzy subgroups of a group [2] which led to the fuzzification of algebraic structures.
In 1982, Pawlak initiated the rough set theory to study incomplete and insufficient information [3].

Dubois, Prade first investigated fuzzy rough set and rough fuzzy set in [4], which attracting many
scholars attentions. From the view of the theory of groups, Davvaz, Kuroki, Biswas, Kuroki, Yaqoob,
Chen etc studied the notions of fuzzy groups, fuzzy subgroups, rough groups, rough subgroups, rough
fuzzy groups, rough fuzzy subgroups in [5-11].

On the other hand, Torra [12] introduced the notion of a hesitant fuzzy set. After that time, Pei,
Thakur et al. investigated some operators on hesitant fuzzy sets [13,14]. Divakaran, John, et al.
studied hesitant fuzzy rough sets, hesitant fuzzy groups [15-18]. Jun and Ahn applied hesitant fuzzy
sets to BCK/BCI-algebras [19]. For more references,see [20-27].

In [28], Wang and Chen investigated the theory of rough subgroups by means of a normal subgroup,
and obtained some interesting results. In [6], we investigated two rough operators on L-groups. As
a generalization of [6,9, 28], in the paper, we define the notion of rough hesitant fuzzy group, and
investigate some of their properties.

The above contents are arranged into three parts, Section 3: Hesitant fuzzy group, and Section 4:
Rough hesitant fuzzy group. In Section 2, we give an overview of hesitant fuzzy sets, group, rough
sets, which surveys Preliminaries.

2. Preliminaries

In the section, we introduce some main notions for each area, i.e., hesitant fuzzy sets [12-14], groups,
rough sets [3,29, 30].

!math-chen@qq.com (Corresponding Author)
!School of Mathematics, Shandong University of Technology, Zibo City, P.R.China
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2.1. Hesitant Fuzzy Sets

The seminal paper on fuzzy sets is [1]. As a generalization, the notion of a hesitant fuzzy set was
introduced in [12].

Definition 2.1. Suppose X is a reference set, and PJ0,1] the power set of [0,1], then a mapping
h: X — P[0,1] is called a hesitant fuzzy set on X.

For instance: h° : X — P[0,1], h! : X — P[0, 1] are defined as: for all z € X, h%(z) = 0, h'(z) =
[0, 1], respectively.

We use the symbol HF(X) to denote the set of all hesitant fuzzy sets in X. For hy, he € HF(X),
hi < hg is defined: if Vo € X, we have hq(x) C ho(x), and hy = hg, if h1 =X ha, hy = hy.

Definition 2.2. Suppose hi,he € HF(X), then hiNhy and h1Uhs are defined as follows
(h1Nh2)(x) = hi(x) N he(z), (R1Uhs)(z) = hy(z) U ha(z) for every z € X.

In special, a hesitant fuzzy point x) is defined by

zA(y) = { 4 g@[o, ! llff 5;;

The collection of all hesitant fuzzy points is denoted by M. For more details, see [17,31].

2.2. Rough Sets

Pawlak proposed the rough set theory in [3]. Let (X, R) be an approximation space, and R C X x X

be an equivalence relation, then for A C X, two subsets R(A) and R(A) of X are defined:
R(A)={ze X |lalnC A}, R(A)={zeX|[a]nnA#0}

where [z]gp = {y € X | zRy}.

If R(A) = R(A), A is called a definable set; if R(A) # R(A), A is called an undefinable set, and
(R(A), R(A)) is referred to as a pair of rough set. Therefore, R and R are called two rough operators.

Furthermore, as generalizations, they also were defined by an arbitrary binary relation in [30, 32],
a mapping in [29], and other methods. Dubois, Prade investigated fuzzy rough set and rough fuzzy
set in [4].

2.3. Group

We assume familiarity with the notion of a group as used in the intuitive set theory. Suppose G is a
multiplicative group with an identity e , and A is a subgroup of G, if Vz,y € A, we have xy € A.
N is a normal subgroup of G, if Vo € G, and y € N, we have zyz~! € N.

3. Hesitant Fuzzy Group

Suppose G is a group with an identity e, the main notions and propositions of the section are from [17].

Definition 3.1. h : G — P[0,1] is called a hesitant fuzzy subgroup of G, if for every z,y € G, we
have h(x) N h(y) C h(zy), and h(x) C h(z™1).

Example 3.2. Suppose G = {e, z,y, z} with the operator as the following table,

N8|l
NSO RSH NN RS2
IS RO RSE NSNS
D[R] [RIN |

v | s |o

Then hy = {ex, zu, Yy, 2z, } is a hesitant fuzzy subgroup of G, where A C [0, 1], C [0, 1], and p C .
For example7 we choose \ = [03, 08], n = [04, 06], hl = {6[0.3,0.8]755[0.4,0.6]79[0.4,0.6]7 2[0.4,0.6]}'
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} ha(z) = {55, 1,5}, then hy is also a

N

)

Lol

)

=

Let h2(€> = [07 1]a hg(ﬂf) = {%a%v%}? hQ(y) = {%a
hesitant fuzzy subgroup of G.
n [17], Propositions 3.3, 3.4, 3.5 hold.

Proposition 3.3. h is a hesitant fuzzy subgroup of G if and only if h(z~'y) D h(z~!) N A(y) for all
xz,y € G.

Proposition 3.4. Suppose h is a hesitant fuzzy subgroup of G, then for all x € G
(1) h(e) 2 h(z)
(2) h(z) =h(z")
(3) h(z") 2 h(z)

Proposition 3.5. Suppose hi, hs are two hesitant fuzzy subgroups of G, then hiNhs is also a hesitant
fuzzy subgroup of G.

Definition 3.6. g is called a normal hesitant fuzzy subgroup of G, if for every z,y € G, we have
9(y) € g(zya™t).

Cleraly, hs(e) = {1, 3,2}, ha(z) = {3, 2}, ha(y) = 0, hs(z) = 0 is a normal hesitant fuzzy subgroup
of G.
In [17], Propositions 3.7, 3.8 hold.

Proposition 3.7. Suppose ¢ is a hesitant fuzzy subgroup of G, then the following conditions are
equivalence.
(1) g is normal.

(2) g(xy) = g(yx), for all 2,y € G
(3) g(zyz~') =g(y), for all z,y € G

Proposition 3.8. Suppose g1, g2 are two normal hesitant fuzzy subgroups of G, then g1Ngs is also a
normal hesitant fuzzy subgroup of G.

In the classical case, for two subsets A, B of G, AB ={z | z=uxzy,x € A,y € B}, as a generaliza-
tion, we give the following definition.

Definition 3.9. For hq, ho two hesitant fuzzy subgroups of G, we define hihs, for every z € G,

hlhg U hl ﬂ h2 )
In special, (z\h)(w) = L:Jt{x)\}(s) Nh(t) = yt)\ Nh(t) = AN h(z"1w).

TAYu = Zv, Where z = xy,v = AN .

Example 3.10. Following Example 3.2, clearly hy = {€[0.2,0.8) ¥[0.5,0.7]} is also a hesitant fuzzy sub-
group of G. Then hihy = {€[0.2,0.8]> ¥[0.4,0.7)> Y[0.4,0.7]» 2]0.4,0.7] } -

4. Rough Hesitant Fuzzy Group

In the section, we introduce the notion of a rough hesitant fuzzy group defined by a normal hesitant
fuzzy subgroup, and investigate some of their properties.
First, we give the notion of a rough hesitant fuzzy group.

Definition 4.1. Suppose N is a hesitant fuzzy normal subgroup of G, for every hesitant fuzzy subset
h of G, we define N~ (h) and N_(h), for every = € G,
N=(h)(x) = U {A | U (@aN)(2) Nh(z) # 0}

T EM zeG

— U {3 UANNG@2)nh(z) 0},

TAEM z€G

N_(h)(x) = U {A] N (@1N)(2) € h(2)}

TNEM z€G

= U {A N ANN@™!2) € h(2)}

T EM zeG
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where M = {z) | x € G, X C[0,1]} of all hesitant fuzzy singletons.

Then N~ (h), N_(h) are called the upper approximation, the lower approximation of A with respect
to the hesitant fuzzy normal subgroup N, respectively.

Example 4.2. N = hs be a normal hesitant fuzzy subgroup of G, then for hy, we have

N~ (hg)(e) = LGJM{A | LGJGA N N(e™tw) Nha(w) # 0} = [0,1],

N~ (h2)(x) = mALEJM{A | wLEJG/\ N N(z™ w) NVha(w) # 0} = [0,1],
N~ (h)(y) = y}eJM{A | wLGJGA NN (y™w) Nha(w) # 0} = [0,1],
N~ (ho)(2) = ZALgJM{/\ | wLEJGA NN (=" w) Nha(w) # 0} = [0,1].
and
N_(hz)(e) = szLGJM{A | ch)\ NN(e™'w) C ha(w)} = [0,1] - {3, 2},
N_(hg)(x) = mLeJM{A | WDGA NN(z~'w) C ha(w)} = [0,1] — {3, 2},
N_(h2)(y) = yALeJM{A | wDGA NN(y~'w) C he(w)} = [0,1) - {3, 2},
N_(h2)(z) = U {A] N ANN(E"w) Cha(w)} =1[0,1) - {3, 3}

ZNEM weG
Where A — B denotes the difference set.

Next, we discuss the following properties.

Proposition 4.3. Suppose N is a normal hesitant fuzzy subgroup of G, and h € HF(G), we have

PROOF. (1) For every w € G, we obtain h(w) N h(w~tw) C h(w); but for z € G, 2z # w, h(w) N
g(w™'2) C h(z) may be not holds.

N_(h)(w) = U {A] N (@aN)(z) € h(2)}

TNEM z€G

= U D N ANN@2) € h(=)}
TAEM z€G

C U {h(w) | h(w) N Nww) C h(w)}
— h(w)
By the above proof, we have N_(h) =< h.
(2) For every w € G, if (Nh)(w) # (), we have
N-W) @) = U ] UANN@2)h(z) £ 0}

wyEM z€G

= U {AIAN[U N(w™2) nh(2)] # 0}

wyEM zeG

= U {AIANWVh)(zw™!z) # 0}

wyeM
2 U {Wh)(w) | (Nh(w) N (Nh)(w) # 0}
(Note: A = (Nh)(w),z = w)
= (Nh)(w)
(3 )and (4) are clearly. O
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Proposition 4.4. Suppose hi,hy € HF(G), and hy < hg, N is a normal hesitant fuzzy subgroup,
then

(1) N™(m) = N~ (h2)

(2) N_(h) < N_(hs)
ProOOF. By Definition 4.1 O
Proposition 4.5. Suppose N is a normal hesitant fuzzy subgroup of G, and hi,hy € HF(G), we
have

(1) N‘(hlL:Jhg) ~ N~ (h 1)L:JN_(h2)

(2) N7 (mnhg) = N~ (h1)AN" (h2)

(3) N_ (h1Uh2) = N_ (hl)EJN_(hQ)

(4) N_ (hlﬂhg) ~ N (hl)ﬁN,(hQ)
PRrROOF. By Definition 4.1. O

Proposition 4.6. Suppose N is a normal hesitant fuzzy subgroup of G, and h is a (normal) hesitant
fuzzy subgroup of G, we have N~ (h) is a (normal) hesitant fuzzy subgroup of G.

PROOF. For s,t € G, we obtain

N=(R)(s) "N~ (h)(t) = U {A] U ANN(s™2) N h(z) # 0}

SNEM zeG

N U {ul UpnNE'y) nhiy) #0}

tueM yeG

= U U [ UANN(s™lz) Nh(x) # 0}

s\EM t, €M z€G

el U pnN(Ey) Nhly) # 0}

yelG

= U U {nuel U UrnpnN(s~lz) NN y) N h(z) Nh(y) # 0}

SxEM t,eM zeG yeG

= U {vl U vnN('2)n Nt y) nh(z)nh(y) # 0}

wy, €M z=zyeG

C U {rl U vnNw2)nh() #0)

wy EM z=xyeG
= N~ (h)(w) (Note w = st, z = xy)
So, N~ (h) is a hesitant fuzzy subgroup of G.

Furthermore, if h is a normal hesitant fuzzy subgroup of G, then for s,t € G, let w = s~ 'ts, we
have

N=(h)(s~ts) = N~ (h)(w)
= U vl UvnN@w'z)nh(w)# 0}

wy EM zeG

= U {v| UvnN((s~ts)"t2) nh(s~1ts) # 0}

wy EM z€G

= U {v| UvnN(stlsTlz)nh(t) # 0}

wy EM z€G

= U {v| UvnN(stlzs™) nh(t) # 0}

wy EM zeG

— U {v| UvnN@E"2)nh(t) 0}

wy EM zeG

= U A1 UANN(tt2) nh(t) # 0}

taeEM zeG
= N"(n)(t)
By the above proof, we obtain N~ (h) is a normal hesitant fuzzy subgroup of G.
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In general, N_(h) is not a hesitant fuzzy subgroup of G. But if N_(h) is a hesitant fuzzy subgroup

of G, and h is a normal hesitant fuzzy subgroup of G, in the similar method, we can prove N_(h) is
also a normal hesitant fuzzy subgroup of G.

Proposition 4.7. Suppose N, H are two normal hesitant fuzzy subgroups of G, the corresponding
rough operators N~—,N_; H™, H_ respectively, and h,k € HF(G), we have

(1) N~ (h)N (k)<N(hk)

(2) N_(h)N_(k) X N_(hk)

(3) (NNH)™(h) = N~ (h)NH ™ (h)

(1) (NAH)_(h) < N_()AH_(h)
where (NNH)~, (NNH)_ are two rough operators induced by the normal hesitant fuzzy subgroup
NNH.
PrOOF. (1) For every w € G,

N=(hk)(w) = U {X| U ANN(w™'2) N (hk)(2) # 0}

wyEM zeG

= U (A UANN@™2)n[ U hx)nk(y)] # 0}

wyEM zeG z=xy

= U A1 U AnN(w™'2) nh(z) Nk(y) # 0}

wyEM z=zy

(NZ (N (R))(w) = U N=(h)(s) NN (k) (1)
= Ul U {pl UpnN(s"tz)nh(z) 0}

w=st s, €M z€G

N U {vl UvnN(tty) nk(y) # 0}]

tyeM yelG

= U U U el UpnN(tz)nh(z) #0}

w=sts,eM t,eM zeG

N{v | U vnNEty) nk(y) # 0}

yeG

= U U UAdunv| U UnsnN@z)nh(z)nvnaN(ty) Nk(y) # 0}

w=st s, €M t, €M zeG yeG

= U U | UAInNGs o) nNEty)nh(z)nk(y) £ 0}

w=st wyeM Z=xyY

(Note wy = suty)

c U U {A U ANN(s et ™y) nhle) Nk(y) # 0}

w=st wyeM Z=xyY
= L:Jt LEJM{)\ | chy)\ NN(s 't tzy) N hiz) Nk(y) # 0}
= szJst LGJM{A | Zyw)\ N N(w™tz) N h(z) Nk(y) # 0}
= N~ (hk)(w)

(2) For every w € G,

N_(hk)(w) = U {A[ ] (waN)(2) € (hk)(2)}

wyEM z€G

= U AT N (aN)(z) € U hz)Nk(y)}

wyEM ze€G z=xy

= U UlU {rl ﬂ(su )(2) € k(z)}]

z=xy w=st s, €M zeG

AU vl N (GN)(2) Ck(y)] (Note wy = s,ty)

t,eM zeG

= U Ul U el NunN(s2) Ch@)}]

z=zy w=st s, EM z€G
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NLU vl NvnN(Ete) Cky)}

t,eM zeG

2 Ul U {ul N unN(stz) Ch(x)}]

w=st s, €M zeG
LU {vI N vnN(Ey) C k)]
t,eM yeqG

- wL:Jst N_(h)(s) N .N_(k)(t)

= (N-(h)N—(k))(w)
Which implies that N_(h)N_(k) = N_(hk).
(3) For every w € G, we have

(NOH)™(h)(w) = U {A| U (wa(NOH))(2) N h(z) # 0}

wyEM z€G

— U {A ] U AN(VAH)(w™'z) N A=) # 0}

wyEM zeG

= U (M UINNwt2)nHw t2)nh(z) £ 0}

wyEM zeG

S U {A UANN@™2) nh(z) £ 0}]

wyEM zeG

NL U XU ANH(w™2) Nh(z) # 0}]

wyeM  z€G
= N~(h)(w) N H™(h)(w)
= (N~ (W)NH ™ (h))(w)
(4) For every w € GG, we have
(NN H)-(h)(w) = U {A N (wa(NOH))(2) € h(z)}

wyEM zeG

= U A N ANNAH)(w™l2) € h(z)}
wyEM zeG

= U DI N ANNw ' 2)nH(w 2) Ch(z)}
wyEM zeG

c U (A N ANN@w™'2) Ch(2)}
wyeM zeG

N LEJM{)\ ] QG/\ NH(w 12) Ch(z)}

= N_(h)(w) " H_(h)(w)
= (N-(h)NH_(h))(w) [

Proposition 4.8. Suppose N, H are two normal hesitant fuzzy subgroups of G, and for every hesitant
fuzzy subgroup h of G, we have N~ (h)H ™ (h) < (NH)~ (h).

PRrROOF. For every w € GG, we have

(NH)™(h)(w) = U {A[ U (un(NH))(z) Nh(z) # 0}

wyeM z€G

= U (AT UAn(VH)(w ' 2) Nh(z) # 0}

wyEM zeG
(N H=(m)(w) = U N=(h)(s) A H(R)()

= Ul U {n Lng(suN)(w)ﬂh(w)#(b}]

w=st s, €M

NLU {v| U @&H)(y) Nhy) # 0]

tveM yeG

= U [ U {nl UnpnN(t2)nh(z) # 0}

w=st s, €M zeG
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NLU {v| UvnHE ) Nh(y) # 0}]

tveM yeG
= U U U{parv| U UpunvnN(stz)nHt y)nh(z)Nh(y) # 0}
w=st s, €M t, €M z€G yeG
= U A1 U UAnN(sTla)nH(t™'y) N h(z) Nh(y) # 0}
wyEM zeG yeG
= U A1 U AnN(Gle)nH(ty) Nh(z) N h(y) # 0}
wyEM z=zyeG
= U (M U An(VH)(w™'2) nh(z) Nh(y) # 0} (w = st)
wxEM z=xyeG
c U A U AnWVH)(w™'2) nh(z) # 0}
wyEM z=xyeG
— (NH)~ () (w) 0

Proposition 4.9. Suppose N, H are two normal hesitant fuzzy subgroups of G, and for every hesitant
fuzzy subgroup h of G, we have (NH)~(h) = (N~ (h))HN(H~(h))N.

PrOOF. For every w € G, we have
(N (R)HAH ™ (R))N)(w) = (N~ (h))H)(w) N ((H (h))N)(w)
N

= [wL:Jst(N_(h)(S) H(®) N [wL:Jst H™(h)(t) N N(s)]
=[U U {wl UpnN(@t2)nh(e)#0nH()
w=st s, €M zeG

MU U vl UvnHE y)nw(y) #0} N N(s)

w=stt,eM yeG

=[U U {unH®)| U pnN(slz)Nh(x) # 0}

w=st s, €M zeG
NfU U {vnN(@s) | UvnH(Ey)nh(y) #0}]
w=stt, eM yeG

=U U UHpnH(@)| LEJGMON(S‘lw)ﬂh(x)#@)}]

w=st s, €M t, eM

N{v A N(s) | LGJGV NH (" y) N h(y) # 03]

= U U VAipnHEHNrNN()|

w=sts,eM t,eM

U U unN(s~'a) N h(e) nv 0 H(Ey) N h(y) # 0}

zeG yeG
= U U {AnH@NN(E) | U |
w=st wyeM Z=xyY

AN N(s7lz)Nh(x) N H(t y) N h(y) # 0}
C U U A U ANNG)n HE ) N A(:) £ 0)

w=st wyeM 2=y
(h(x) A h(y) € h(2))
= U AT UANWH)(w™lz) N h(z) # 0}

wyEM zeG
= (NH)™ (h)(w) O

Proposition 4.10. Suppose N, H are two normal hesitant fuzzy subgroups of G, and for every
hesitant fuzzy subgroup h of G, we have N_(h)H_(h) < (NH)_(h).

PRrOOF. For every w € G,
(N_(h)H_(h))(w) = wtstt N_(h)(s) N H_(R)(t)



Journal of New Theory 30 (2020) 35-44 / Rough Hesitant Fuzzy Groups 43

= Ul U {ul UnnN('z)Chz)}]

w=st s, €M zeG

LU {v| UvnHEy) S h(y)}]

tveM yelG

= U U UHrl UpnN(stz)Ch)}

w=sts,eM t,eM zeG
alita gGV NH(t™'y) C h(y)}]
= U U UHenvl U UpnvaN(slz)nH(ty) C h(z) N h(y)}]
w=st s, €M t, €M zeG yeG
= szJst LgM[{A | :UGGA NN(s~'a) NVH(t'y) € h(z) Nh(y)}]
= U U Al U An(NH)(w™'2) € h(z) N h(y)}]
w=st wyeM z=2yelG
C U A U An(VH)(w™'2) C h(2)}]
wyEM z=xyeG
— (NH)_(h)(w) O

5. Conclusion

In [31], the set of all hesitant fuzzy sets forms a Boolean algebra. As a generalization, we defined two
rough operators on a hesitant fuzzy group, and discussed some of their properties.
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1. Introduction

Let ¥ be denote the class of all functions f(z) of the form
=243 (1
N o n=1 !

*
which are regular in £ = {z : 0 < |z| < 1}, with a simple pole at the origin. Let > , > (a) and

S
> (), (0 < a < 1) denote the subclasses of Y that are univalent, moromorphically starlike of order
k

a and meromorphically convex of order « respectively. Analytically f(z) of the form (1) is in > («)

lic , Oé, Z € E 2

Similarly, f € > («) if and only if f(z) is of the form (1) and satisfies
k

Re {— (1 + ZJ{é?) } >a,(z € B) (3)

It being understood that if & = 1 then f(z) = 1 is the only function which is }-(1) and > (1).
k
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The classes > («) and > («) have been extensively studied by Pommerenke [1], Clunie [2], Royster

k
[3] and others. Recently the integral operator of f(z) in ) for o > 0 is denoted by I? and defined as
S
following

z
z

1) = [ (0g2) trpar (4)

0
That is defined by Jung et al. [4]. It is easy to verify that if f(z) is of the form (1), then

Loy () o 6)
=- anZ
z — n-+2 "

The aim of the present paper is to introduce the class of meromorphically starlike functions which
we denote by Z( ) for some (0 < a < 1), B(0 < f < 1) and ¢ > 0. We then consider the
class Z ,0) = Z N Z( ,0) and extend some of the results of Juneja et al. [5] to this class. We

P
obtain coefficient est1mates distortion properties and radius of convexity for the class. Furthermore it

is shown that the class Z( ,0) is closed under convex linear combinations and integral transforms.

Definition 1.1. Let the function f(z) be defined by (1). Then f(z) € > («, 8,0) if and only if

2[17 f(2)] 1' 7))
I7f(z) 17f(z)

for some a(0 << 1), f(0< S <1), 0 >0and for all z € E.

+ 20 — 11,

2. Coefficient estimates

*
In this section we obtain a sufficient condition for a function to be in > («, 3, 0).

oo
Theorem 2.1. Let f(z) =2+ 3" a,2" be regular in E. If

n=1

Sl B+ 2o 1541 || el <250 - ©)

for some 0 << 1,0 < <1 and o >0 then f(2) € > (a,,0).

PROOF. Suppose (6) holds for all admissible values of « and /3. Consider the expression

H(f, f") = [2[I7 f(2)] + [I7 f(2)]] = BlI7f(2)] + (20 = 1)[I7 f(2)]| (7)

The we have

/ = 1 7 n 1 = 1 7 n
Y R B B R L 3 e P T
= rH(f, f) :ni::l(n—kl) {niz]a\an\rnﬂ —6{2(04— 1) —ni:o:l(n—i-Qa— 1) [7141_2]0\@”]7"”“}

= Z[(l +B)n+ (2o — 1) + 1] {n}rz} ’ lan|r" T —26(1 — a).

n=1

Since the above inequality holds for all r,0 < r < 1,letting r — 1, we have

<Z 148+ a= 03+ 1] || ol - 250 - )

SO, by( )-
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fR) IfZ)]
=10 0] +2a—1].

So that f(z) € Z(a, B,0). Hence the theorem. O

Hence it follows that [

+1]

o0 *
Theorem 2.2. Let the function f(2) = 1+ 3 an2", a, > 0 be regular in E. Then f(2) € Y («, 8,0)
n=1

2
if and only if (6) is satisfied.
PRrROOF. In view of Theorem 2.1, 1t is sufficient to show that only if part.
Let us assume that f(z) = 1 + Z anz", a, > 0is in Z( B,0).
P
175 4 f (n—f—l)[n 7 anz"
Then |-, 2C | = = < B, forall z € E.
o) T2a—l 2(1—a) Z (n+2a— 1)[n+2] an 2"
Using the fact that Re(z) < |z, if follows that
o0
Yo(n+1) {ml_Q} an2"
=1
Re 1" ~ e <B,2z€FE (8)
n—=
Now choose the values of z on the real axis so that Z[IIZ ]J:((j))y is real.
Upon clearing the denominator in (8) and letting z — 1 through positive values,
o0
we obtain Z(n—i— 1) [m] an Sﬁ{2(l—a)— Yo (n+2a—-1) [n}ﬂ]“an}
n=1
- z [(1+ B+ (20 = D +1] [75] Jaal <2801 - a).
n=1
Hence the theorem. O
o0 *
Corollary 2.3. If f(2) =1+ Y a2", ap, > 0isin Y (o, 3,0) then
n=1 p
26(1 — 2)7
ang 5( a>(n+ ) ) :1727"' (9)
(1+8)n+R2a-1)g+1
with equality for each n, for function of the form
1 26(1 —a)(n+2)° n
z)=—+ 2t nm=1,2,--- 10
fa(2) z (14+pB)n+Q2a-1)5+1 (10)

If 5 =1 in the above theorem, we get the following result of Atshan et al. [6].

Corollary 2.4. If f(z) € > (o, 8,0) then
P

PP o) | G ) OIS
n+ «

The result is sharp for the functions f,(z) is given by

1 1-— 2)9
fn(Z):*"i‘( Oé)('”"f’ ) zn, n=1,2,--
Z n—+ o

3. Distortion properties and radius of convexity estimates

In this section we prove the Distortion Theorem and radius of convexity estimates for the class

(B, 0).

p
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Theorem 3.1. Let f(z) € > («,3,0). Then for 0 < |z| =7 < 1,

p
1 3°8(1-a) 1 3°8(1-a)
P Twap MBS o -

with equality for the function

f(z) = i+3016(+1c;5a)2’ at z =r,ir (12)

PROOF. Suppose f(z) € > (o, 3,0). In view of Theorem 2.2, we have

P
3768(1 — )
nS oo 1
EZG-_ e (13)
Thus for 0 < |z| =7 < 1,
=[S e
- z n=1 "

VAN
=
4
(]
)
x

n=1
1 oo
<—+7r) ap
n=1
1, 376(1-0a)
by (1
<t Tias 0 W13
This gives the right hand side of (11). Also
1 oo
f) === ) an2"
z
n=1
1 oo
Z 77 Z an|2|
’ | n=1
> L T i": a
1810
T 14+ ap
which gives the left hand side of (11) . O

Theorem 3.2. Let the function f(z) be in > («, 3,0). Then for f(z) is meromorphically convex of

p
order 6(0 <0 < 1) in |z| <r=r(a,f,0,0), where

1
, 1-0)[A+F)n+ (2a—-1)+1) 1
) = inf =1,2,--- 14
r(e,8,0,0) =in { 26(1 — a)n(n+2—6)(n+2)° P TS (14)
The bound for |z| is sharp for each n with the extremal function being of the form (10).
PROOF. Let f(z) € > (a, 3,0). Then by Theorem 2.2
»
214+ 8)n+R2a—-1)3+1
L <1 15
2: 251—axn+m fn = (15)

n=1
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In view of (3) , it is sufficient to show that

2f"(2)
2+ <1-9¢, for |z|<r(a,pB,o0,0
24 2L 2] < vl 8,0,0)
or equivalently to show that
/ / !/
') +/(zf (2)) <1-90, for|z| <r(a,B, o,0) (16)
f'(2)
Substituting the series expansions for f’(z) and (2f/(2))’ in the left hand side of (16) then we get
S n(n+ a2t S n(n + 1)ag|z|*
n=1 n=1
oo S o0
fz% + > napzn! 1= > nay|z|"t!
n=1 n=1

This will be bounded by (1 — 9) if

> szr"ﬂ <1 (17)

n=1

In view of (15), it follows that (17) is true if

2 — 1 200 — 1 1
n(n+ 5)|Z|n+1§( —i—ﬁ)n—l—(a )B"i' ’n:1’2’”.
1-6 28(1 — a)(n + 2)°
1
1-0)[1+p8)n+ (2a—-1)F+1] ] =1
< —1.2. .. 1
= |Z|—{ 281 — a)n(n + 2 — 0)(n + 2)° n=12 (18)
Setting |z| = r(a, 8,0,0) in (18), the result follows.
The result is sharp, the extremal function being of the form
1 26(1 — 2)°
PR B (T GRS LA

s A+ /m+2a—1DF+1 "

4. Convex linear combinations

*
In this section we prove that the class Y (a, 3, 0) is closed under convex linear combinations.
p

Theorem 4.1. Let fo(z) = 1 and fu(z) = 1 + —i-(li%()lnj:&gljf))ﬁoﬂzn, n =1,2,---. Then f(z) €

> (a, B,0) if and only if it can be expressed in the form f(z) = > A\,fn(2), where A, > 0 and
p n=0

S A, =1,
n=0
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PROOF. Let f(2) = > Anfu(2), where A, > 0 and > A\, = 1. Then
n=0 n=0

z An] )+ z e
n=1
& 28(1 = a)(n + 2)°
An + An [ 2"
-2 X:
+2

(L+B)n+(2a—1)F+1

_ a)n+2)7”
1+ﬁ n+( a—1)B+1
Since a—1)5+1} 268(1 —a)(n+2)°
251—a n+2)° "1+ 8)n+ 2a—-1)p+1
:ZAn_l—)\0<1
n=1

Therefore f(z) € i(a,ﬁ,a).

p

Conversely suppose that f(z) € > (a, 8, 0).

p
Ba)nin
(1+8)n+(2a—1)5+1> n=1 2, o

oo
Setting A, = HEE 0 a, n=1,2,- and dg=1— 3 An.
n=0

Since a,, <

oo
It follows that f(z) = >  Anfn(z). This completes the proof of the theorem.
n=0

Theorem 4.2. The class Y (a, 8,0) is closed under convex linear combination.

PROOF. Let the function Fj(z) be given by
0 *

Fp(z) =14+ Y fur2", k=1,2--- ,m be in the class > (o, 3, 0).
n=1 P

Then it is enough to show that the function

H(z) = Fi(2)+ (1 = MN)Fy(z), (0<A<1)

tt is also in the class > («, 3, 0). Since for 0 < A <1,
P

o0

H() = 243 (ar + (1= X fao] 2"
n=1

We observe that

Nk

[(1+B8)n+ (2a —1)8+1] Afn1 + (1= X)fn2]

n=1 (n+2)0
> 1
A; L+ 8)n+(Q2a—-1)+ ]mfn,l
[(1+ B)n + ( 2a—1)5+1](n+12)0fn,2

n:l
< 28A(1—a)+ (1 —A)26(1 —a) =251 — )

*
By Theorem 2.2, we have H(2) € Y (o, 8,0).
P

50
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5. Integral transforms

In this section, we consider integral transforms of functions in > («, 3, 0).
P

Theorem 5.1. If f(z) isin > («, 3, 0) then the integral transforms
P

1
F.(2) = c/ucf(uz)du, 0<ec< oo (19)
0
R (1+ap)(c+2) —376¢(l — a)
) ,where § =0 = 20
are in Z(),W ere (o, B,0,¢) (AT af)ct2) L3731 —a) (20)
The result is best possible for the function f(z) = 1 + 3((7&1&73?)2
PROOF. Suppose f(z) € > («, 3,0). We have
P
1 .
. 1 can
F.(z) —c/u fluz)du = . Zn+c+1
0
It is sufficient to show that -
an <1 21
; (n+c+1) (21)
Since f(z) € > (a, B,0), we have
P
- (20— 1)8+1
Z a-DB+1 "y (22)
— 1 - a)(n +2)°
. . . (n+o n o
Thus (21) will be satisfied if ((1:5)) (n+c+1) < (125()1 +O(§(n+12))ﬁ+l for each n
(14 8)n+ 2 — 1)+ 1][n+c+ 1] = 258(1 — a)nc(n + 2)7
=0< (23)
(14 B)n+ 2= 1)+ 1][n+ c+ 1]+ 25(1 — a)nc(n + 2)°
Since the right hand side of (23) is an increasing function of n, putting n = 1 in (23), we get
5 < (LHaf)(c+2) —¥p(l - a)e
T (1+aB)(c+2)+3°8(1 —a)c
Hence the theorem. O
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Abstract — An Abel-Grassmann’s groupoid (briefly AG-groupoid) is a groupoid S

Article History satisfying the left invertive law: (zy)z = (2y)z V x,y,z € S. In the present paper, we
Received: 21.02.2020 discuss the left and right cancellative property of elements of the finite AG-groupoid
Accepted: 05.03.2020 S. FOI.‘ an AG—groupoi(.l with left identity it is known tl}at every left c.ancellative ele-
ment is right cancellative. We prove a problem (for finite AG-groupoids) that every

Published: 23.03.2020 left cancellative element of an AG-groupoid (with out left identity) is right cancella-
Original Article tive. Moreover, we generalize various results of finite AG-groupoids by removing the

condition of existence of left identity.

Keywords — AG-groupoid, AG-subgroupoid, Cancellative elements, non-cancellative elements

1. Introduction

An AG-groupoid S is a groupoid which satisfies the left invertive law (zy)z = (zy)z V z,y, 2z € S, this
is non-associative in general. In literature, different authors used different names for this structure,
e.g. left invertive groupoid in [1], Left Almost Semigroup (briefly LA-semigroup) in [2,3], while right
modular groupoid in [4, Line 35]. Cho et al. [4] proved that, an AG-groupoid S always satisfies the
medial law: (wz)(yz) = (wy)(xz) VY w,z,y,z € S, while an AG-groupoid S with left identity always
satisfies the paramedial law: (wx)(yz) = (zz)(yw) V w,z,y,z € S. An AG-groupoid S with left
identity is called a left almost group (briefly LA-group) or an AG-group, if each element of S has its
inverse element [5]. For more study we refer [6,7]. A non-empty subset H of an AG-groupoid is called
an AG-subgroupoid if it is closed with respect to the binary operation. A left ideal I (respectively,
right) of an AG-groupoid S is a subset of S which satisfies the property ST C I (respectively, .S C I).
A two sided ideal of S is an ideal which is both left and right ideal. An element ¢ € S is called left
cancellative if ct = cy =— o =y V x,y € S. Similarly, ¢ € S is said to be right cancellative if
rc=yc = x =y Vax,y €S An element c of the AG-groupoid S is said to be cancellative if it is
both left and right cancellative. From now onward, we will use LC for left cancellative, RC for right
cancellative, TC for two sided cancellative and NC for non-cancellative elements. An AG-groupoid
S is called LC (respectively, RC) if all element of S is LC (respectively, RC). LC, RC and TC play
an important role in the theory of quasigroups and many results occur in this structure due to these
properties. Every AG-groupoid is not necessarily TC but some or all of its elements may be TC and
hence can enjoy some special properties that a general AG-groupoid cannot possess.

In this paper, we study the LC and RC property of a finite AG-groupoids. Moreover, we solve a
problem proposed by Shah et al. [8], that every LC element of an AG-groupoid is also RC. We also

3uzairqau@gmail.com

'mehtabkhan85@gmail.com (Corresponding Author); ?amir.maths@gmail.com;
1School of Mathematical Sciences, Anhui University, Hefei, PR China
2Department of Mathematics and Statistics, University of Swat, Pakistan

3Department of Mathematics & Statistics, Bacha Khan University, Charsadda, Pakistan



Journal of New Theory 30 (2020) 53-56 / Cancellative elements in finite AG-groupoids 54

generalize several results of [8] and remove the condition of existence of left identity. We prove that
TC and NC elements of a finite AG-groupoid (not necessarily have left identity) S partition S and the
two sub-classes of S are AG-subgroupoids. If a finite AG-groupoid S have at least one NC element
then set of NC elements form a maximal ideal.

2. Characterization of AG-groupoid due to Cancellativity

In this section, we show that every LC element of a finite AG-groupoid is TC. The following lemma
will be useful.

Lemma 2.1. If a finite AG-groupoid S has LC (respectively, RC) element then SS = S.

PROOF. Let S be a finite AG-groupoid. Then clearly SS C S. On the other hand, let S =
{s1,52,...,sn} be a finite AG-groupoid and a € S be a LC (respectively ,RC) element. Then
aS = {asi,asy,...,asy} (respectively, Sa = {sia,sqa,...,spa}). We have to show that aS has n
distinct elements. Let on the contrary there exist a; and a; of S such that aa; = aa;. Then since a is
LC. This gives a; = a;, which implies that all elements of aS are distinct. Let = € S be any arbitrary
element. Then there exist a; € S such that x = aa; € SS. This gives S C SS. Hence S5 = 5. ]

Remark 2.2. Lemma 2.1 does not hold for infinite AG-groupoid as (N, +) is an infinite AG-groupoid
but N+ N # N.

The following theorems will be useful.
Theorem 2.3 (Shah et al. [§]). In AG-groupoid, if an element is RC then it is TC.

Theorem 2.4 (Shah et al. [8]). Let z,y € S, where S is an AG-groupoid. We define a relation ~ on
S as
x ~vy, x andy are both TC or NC.

Then the relation ~ is an equivalence relation.

Theorem 2.5. Let S be a finite AG-groupoid and ¢ € S such that ¢ = ¢ics. Then c is LC if and only
if ¢; and ¢y are TC.

PROOF. Let ¢ € S be any LC element of the finite AG-groupoid S. Then V x,y € S, we have
cx=cy —= r=y

Let ¢ = ¢1c9, we have to show that both ¢; and ¢y are TC. For this it is enough to show that they are
RC. Let xcy = yco for any z,y € S. Then by repeated use of left invertive law, we get

cx = (cre0)x = (zC2)cy
= (ye2)a = (ac)y
= Cy

This gives x = y. This implies that ¢z is RC and hence TC. Next we have to show that ¢; is RC, for
this let xcy = ycq for any z,y € S. Since we have proved that co is RC, thus there exist x1,y1 € S
such that x = z1c0 and y = y1co. Now as

rcep = ya
(r1e2)e1 = (y1c2)1
(cico)x1 = (cic2)yr by left invertive law

This implies that cz; = cy; which further implies that 1 = y; and hence x = y. Hence ¢; is RC.
Thus c is the product of two TC elements.

Conversely, let ¢1,co € S be two TC elements, we have to show that their product cico is LC. For this
consider

(cicx)z = (cica)y

(xea)er = (yea)er by left invertive law

As ¢1 and ¢y are RC, so we get © = y. O
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Theorem 2.6. Every RC element in a finite AG-groupoid is the product of two TC elements.

PROOF. Let ¢ € S be any arbitrary RC element of the finite AG-groupoid S. Then V z,y € S, we
have
re=yc = r=y

Let ¢ = c1co. We have xc; = yc; and consider

(xc)e = (zc)(cico) = (zer)(ece) by medial law

(
= (ycl)
= (yc)c

(cea) = (ye)(cic2) again by medial law

By repeated use of RC property of ¢, we get x = y.
Next we show that co is RC. For this let zco = yca. Then consider

(cix)e = (c1z)(c1c2) = (cic1)(xe2) by medial law
= (az)(c1e2) = (c101)(yc2) again by medial law
= (ay)e
By use of TC property of ¢ and ¢;, we get « = y. This implies that ¢z is RC. 0

Theorem 2.7. Every LC element in a finite AG-groupoid is RC element.

PRrOOF. The proof follows from Theorem 2.5 and Theorem 2.6. O
Corollary 2.8. For a finite AG-groupoid S, the following two conditions are equivalent for any ¢ € S.
(1) ¢is RC

(2) cis LC

Theorem 2.9. The set of all TC elements of a finite AG-groupoid S is either an AG-subgroupoid of
S or an empty set.

PrROOF. Let S be a finite AG-groupoid and H be the set of all TC elements of S. If H is empty then
there is nothing to prove and if H is non-empty then let ¢1,co € H. Let on the contrary ¢ = cico is

NC then this implies that one of ¢; or ¢y or both are NC, which is a contradiction. Hence H is an
AG-subgroupoid. O

Corollary 2.10. If S is a finite AG-groupoid then the product of one TC element and one NC element
or product of two NC elements is always NC.

Lemma 2.11. If S is a finite AG-groupoid then the set of all NC elements of S is either an AG-
subgroupoid of S or an empty set.

PROOF. Given that S is a finite AG-groupoid. Let K be the set of all NC elements. Clearly, K is
empty if S is TC. So let us suppose S is not TC and let ¢1,co € K and on contrary that ¢ = cjco
is TC then by Theorem 2.5 both ¢; and ¢o are LC, which by Theorem 2.7 ¢; and ¢y are TC. Hence
¢ = cicg is NC. Thus K is an AG-subgroupoid. O

Theorem 2.12. TC elements and NC elements of a finite AG-groupoid S partition S into two AG-
subgroupoid of S.

Corollary 2.13. If S is a finite AG-groupoid then a proper right (respectively, left) ideal of S cannot
be a subset of H.

Proor. Proof follows from Theorem 2.9. O

Corollary 2.14. For a finite AG-groupoid S having at least one NC element, K is always a maximal
ideal.

PRrOOF. Proof follows from Lemma 2.11. O
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In the following theorem, we construct TC AG-groupoids from abelian group.

Theorem 2.15. Let (G,+) be an abelian group under addition and let «, 5 € Auto(G) satisfying
a? = (3. Then define new binary operation on G by z -y = a(z) + 8(y) V 2,y € G. Then G, is an
AG-groupoid.

PROOF. Let z,y and z be any three arbitrary elements of the abelian group G. Then consider

(z-y)-z = (al@)+5(y)):

\

o)

no
&
+
o
=
&
+ w
=
X
=

On the other hand

(z-y)-z = (a(z) +6(y) =
= o?(2) +afB(y) + B(x)
= (@) +aBy) +B(2), o*=p (2)
From (1) and (2) (- y) -2z = (2-y) - . This implies that G, g = (G,-) is an AG-groupoid. It is easy
to see that G, g is TC. O
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Introduction

In this paper by a simple graph, we mean a finite, undirected graph without loops and multiple edges,
for terms not defined here, we refer to Harary [1]. Graph labeling, mean that the vertices and edges
are assigned real values or subsets of a set, subject to certain conditions. For a dynamic survey on
various graph labeling problems we refer to Gallian [2]. The concept of cordial labeling was introduced
by Cahit [3], in [4], Varatharajan et al. introduce the concept of divisor cordial labeling of graph.
The divisor cordial labeling of various types of graphs are presented in [4-12]. The brief summaries
of definitions which are necessary for the present investigation are provided below. For standard
terminology and notations related to number theory we refer to Burton [13].

Definition 1.1. [4] Let G = (V(G), E(G)) be a simple graph and f : V(G) — {1,2,....|[V(G)|} be
a bijection. For each edge uwv, assign the label 1 if f(u)|f(v) or f(v)|f(u) and the label 0 otherwise.
The function f is called a divisor cordial labeling if |ef(0) —ef(1)] < 1. A graph with a divisor cordial
labeling is called a divisor cordial graph.

Definition 1.2. [1] The neighborhood of a vertex u is the set N, (G) consisting of all vertices v which
are adjacent with u. The closed neighborhood is N, [G] = N, (G) |J{u}.

Definition 1.3. [1] The number §(G) = min{d(v) | v € V} is the minimum degree of the vertices in
the graph G, the number A(G) = max{d(v) | v € V'} is the maximum degree of the vertices in the

graph G, the number d(G) = |—‘1/| >~ d(v) is the average degree of the vertices in the graph G.
veV

Definition 1.4. [14] The Jelly fish graph J(m,n) is obtained from a 4 — cycle vy, va, v3,v4 by joining
v1 and vz with an edge and appending m pendent edges to v2 and n pendent edges to vy.
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Definition 1.5. [15] A shell graph is defined as a cycle C), with (n — 3) chords sharing a common
end point called the apex, shell graphs are denoted as C(n,n — 3).

Definition 1.6. [16] A bow graph is defined to be a double shell in which each shell has any order.

Definition 1.7. [15] Define a Butterfly graph as a bow graph with exactly two pendent edges at the
apex.

The Results

Proposition 2.1. For any simple graph G(p, ¢), the maximum value of ef(1) is

5]
min § A(G) + ; (1%] = 1),q ¢, where p>4.
i=2

PRrROOF. Let G(p,q) be a simple connected graph and let the vertex vy be of maximum degree A(G),
if we labeled this vertex by 1 then we will achieve A(G) edges labeled 1, and from division algorithm
the maximum numbers of the multiples of labels of vertices are:

for 2is ] —1,

for 3is [£] —1,

for 4is ] —1,

for [£] is LL%JJ — 1 which must equal 1
2

[E—

5
hence the maximum value for ef(1) equals A(G) + > (|%] — 1) in any graph G(p, q). O

N}

~

5]
Corollary 2.2. For each r —regular graph the maximum value of ef(1) is kr+ (L%J —1); where
i=k+1
k=|7] and p>4.
PROOF. Let G(p,q) be an r — regular graph then A(G) = r, and for each vertex v in graph G the

maximum number of edges that label 1 in N,(G) is 7, hence for all 7 in which [2| —1 > r we reduced

i
it to r.
b
2

,_
[E—

But from Proposition 2.1 the maximum value of ef(1) is A(G) + > (|%] — 1), then the maximum
i=2
value in an r — regular graph is:

5] ’
—k pl_
r—+ Z (LJ 1)
i=k+1

O
15
Proposition 2.3. For any divisor cordial graph G(p, q), ¢ < 2(A(G) + |2]) + 3, where p>6.

i=3

—

PROOF. Let G(p,q) be a divisor cordial graph, then |ef(0) —ef(1)] < 1, means ef(0) = ef(1) — 1 or
ef(0) =ef(1) or ef(0) = ep(1) + 1,
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by Proposition 2.1,

q < 26’f(1) +1

|5]
q<2(a G+Z(V§J —1)+1
5]

a<2aG+Y (|%])+3
=3

Divisor Cordial Labeling for Some Families of Graphs

In this section we introduce the divisor cordial labeling for some types of graphs.

The Jelly Fish Graph
Proposition 3.1. For m,n > 1, Jelly fish graph J(m,n) is a divisor cordial graph.

PrOOF. Let G(V, E) = J(m,n). Then G has (m + n + 4) vertices and (m + n + 5) edges.
Without losing of generality, let m < mn. Let V(G) = Vi U Vo where Vi = {z,u,y,v},
Vo = {uj,v51 <@ < m,1 < j < n} and E = Ey U Ey, where By = {zu,uy,yv,vz,zy},
Ey = {uu;,vvj;1 <i<m,1 < j <n}.
Define f: V — {1,2,...,(m+n+4)} as follows:

flw)y=1,f(v)=2,f(z)=m+n+4,fly)y =m+n+3 and

Flu) =2(i+ 1) =1,2,...m ,

2141 i =1,2,...,m
t+m+2 i=m+1m+2,....n

f(Ui)I{

From the function f there are m + 2 edges labeled 1 sice f(u) = 1, and since f(v) = 2, then
there are exactly |3(n —m)] of pendent edges from v labeled 1 and only one from vz or vy. means
ef(1)=m+3+ |3(n—m)| and

ef(O):m+n+5—(m+3+L%(n—m)J)

=n-+2—- L%(n—m)j,

Case 1: m,n are odd

The |E| is odd and [n —m] are even, hence, |ef(0) —es(1)] =1

Case 2: m,n are even

The |E| is odd and [n —m] is even, hence, |ef(0) —ef(1)| =1

Case 3: m is odd and n is even

The |E| is even and [n —m| is odd, hence, |ef(0) —ef(1)| =0

Case 4: m is even and n is odd

The |E| is even and [n —m] is odd, hence, |ef(0) —ef(1)| =0
Then from Case 1, Case 2, Case 3 and Case 4 the jelly fish graph is divisor cordial. O

Example 3.2. The jelly fish graph j(6,11) and its divisor cordial labeling are shown in Fig.1
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Fig. 1. A Jelly fish graph j(6,11) and its divisor cordial labeling

The shell and The Bow Graph
Proposition 3.3. Every shell graph is divisor cordial.

PRrROOF. Let G = (V, E) be a C(n,n — 3) graph with |V| = n, then |E| = 2n — 3 means |E| is an odd
number, and let vy be the apex and vy, vs, ..., v,_1 other its vertices.
Define the labeling f: V — {1,2,...,n} as:

f(vg) =2, f(v1) =1 and other vertices by the following:

2.2, 2.22 ... 2.2k,
3, 3-2, 3-22, ... 3.2k,
5 5-2, 5.

22 ... 5.21637

where (2m—1)-2k» < nand m > 1,k,, > 0. We observe that (2m—1)-2% divides (2m—1)-2%; (a < b)
and (2m — 1) - 2% does not divide 2m + 1.
In this labeling, there are [%‘11 edges label 1 passing through vg, but other edges not passing through

n—2

the apex make a path, hence there are also | 52| edges are labeled 1. Hence, ef(1) = [251] + [ 252 ]

Case 1: n is odd, then ep(1) = %1 4+ [252] and ef(0) = 252 + [252]

Case 2: n is even, then ef(1) = [251] + 252 and ef(0) = [ 251 | + 252

In the two cases Case 1 and Case 2, the difference between ef(1) and e(0) is 1 which means the shell
graph is divisor cordial. O

Notice another divisor labeling for shell graphs can found with fan graphs [4]
Example 3.4. The shell graph C'(13,10) and its divisor cordial labeling are shown in Fig. 2
Proposition 3.5. All bow graphs are divisor cordial.

PROOF. Let G be a bow graph with two shells of order m and n excluding the apex. Then the number
of vertices in G is p = m+n+1 and the edges ¢ = 2(m+n—1). The apex of the bow graph is denoted
by vg, denote the vertices in the right wing of the bow graph from bottom to top by v1,vs, ..., vy, and
the vertices in the left wing of the bow graph are denoted from top to bottom by V41, Um+2, vy Uman.
Without losing of generality, suppose m < n.

Define the labeling f: V — {1,2,...,m+n + 1} by:

f(vo) =2, f(v1) =1 and label the vertices of the wings by the following:

)

2.2, 2.22 ... 2.2k
3, 3-2, 3-22 ... 3.2k
5 5-2, 5-

22 ... 5.2ks
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2V

Fig. 2. A shell graph C(13,10) and its divisor cordial labeling

where (2m—1)-2¥m < pand m > 1, k,, > 0. We observe that (2m—1)-2¢ divides (2m—1)-2°(a < b)
and (2m — 1) - 2% does not divide 2m + 1.

Let G’ be a graph obtained from the bow graph G by adding the edge vy vm11-
The graph G’ has an odd number of edges and it is a shell graph, then by Proposition 3.3 the graph
G’ is divisor cordial. The graph G = G’ — v, v, 11 With even edges, then G is divisor cordial since:

Case 1: If m + n is even, then ef(0) = ef(1) + 1 hence the deleted edge vy, vr,4+1 must be labeled 0.

Subcase i: If f(vy,) = (2t — 1) - 2% for some 4, then the deleted edge vy, vy 41 is labeled 0.

Subcase ii: If f(v,,) # (2t —1)- 2% for some i, then we will shift the labels of vertices wvg,vs3, ..., Umin_i
in the wings, by [ where [ is the smallest integer satisfying f(vmy1) = (2t — 1) - 2% for some
1, and shift the labels of the vertices vy 1n—i+1, Umtn—i+2, -, VUm+n , by I +1 and take it
modulo (m +n + 1).

Case 2: If m +n is odd, then e;(1) = ef(0) 4+ 1 hence the deleted edge v,,vp,41 must be labeled 1.

Subcase i: If f(vy,) = (2t —1)-2F for some 4, then we will shift the labels of vertices v2,v3, ..., Vmin_1
in the wings, by one step and shift the label of vertex vp4, by two and take it modulo
(m+n+1).

Subcase ii: If f(vy,) # (2t — 1) - 2 for some i, then the edge vy,vm,y1 is labeled 1.

Then the bow graph G with two wings of m and n vertices is a divisor cordial graph for each m and
n. O

Example 3.6. The bow graph with two wings of 13 and 16 vertices respectively and its divisor cordial
labeling are shown in Fig. 3

Butterfly Graphs
Proposition 3.7. The butterfly graphs are divisor cordial.

PROOF. Let G be a butterfly graph with shells of orders m and n excluding the apex then the number
of vertices in G is p = m + n + 3 and the edges ¢ = 2(m + n). The apex of the butterfly graph
is denoted as vg,denote the vertices in the right wing of the butterfly graph from bottom to top as
V1, V2, ..., Um, the vertices in the left wing of the butterfly graph are denoted from top to bottom as
Um+1s Um—42, --- Umtn, and the vertices in the pendant edges are vy 4n11, Umtnta-

Since the butterfly defined as a bow graph with exactly two pendent edges at the apex,then we define
the labeling f: V — {1,2,...,m +n + 3} by:

fvo) =2, f(v1) =1, f(vmgnt1) =m+n+2, f(Umint2) = m+n+ 3 and labeled the vertices of the
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4 18 9 28

21793725 27 29

Fig. 3. A bow graph with m = 13,n = 16 and its divisor cordial labeling.

wings by the following:

2.2, 2.22 ... 2.2k
3, 3-2, 3-22 ... 3.2k
5 5-2, 5-

) )

22 ... 5.2ks

where (2m—1)-2¥m < pand m > 1, k,, > 0. We observe that (2m—1)-2¢ divides (2m—1)-2°(a < b)
and (2m — 1) - 2% does not divide 2m + 1.
And we make the shift as in Proposition 3.5, for labeling of the vertices in the wings.
Since the only one of the numbers m + n + 2 or m + n + 3 must be even then the pendent edges will
be labeled 1 and 0, hence the graph G is divisor cordial. ]

Example 3.8. The butterfly graph G with two wings having m = 9, n = 15 vertices respectively, and
its divisor cordial labeling is shown in Fig. 4.

Fig. 4. A divisor cordial labeling for the butterfly with 27 vertices
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1. Introduction

The path matrix is a popular matrix in graph theory, recently and it had started to develop in 2016.
The path matrix of a graph G is defined as a real and symmetric matrix whose (i,j)-entry is the
maximum number of internally disjoint paths between the vertices v; and v; when ¢ # j and is zero
when ¢ = j. Its eigenvalues are real and they are called path eigenvalues of G. The spectral radius of
P(G) is represented by p = p(G). The concept of path matrix deals with vertices whose mathematical
properties are reported in [1].

The path energy is described as the sum of the absolute values of path eigenvalues and it is denoted
by PE = PE(G). For several positive eigenvalues of order n, PE(G) > 2(n—1). If G is a k-connected
tree graph then p(G) > k(n—1) > k2. Also, PE(G) > 2p(G) for the spectral radius p(G). The survey
of properties of path energy is given in [2], [3].

The purpose of this paper is to examine different bounds for path energy in terms of defining
relations. These bounds are important for they can be used in many areas of graph theory. Considering
these cases, known and related results are given in second section. Then, main bounds are obtained
using the vertices, the edges and the eigenvalues for path energy in the third section. These bounds
are sharp.

2. Preliminaries

In order to prove the main results, some lemmas are needed:

Lemma 2.1. [4] If a1, a9,...,a, € R and 0 < m < a; < M then,

n n

s

i=1 i=1

!gulistankayagok@hakkari.edu.tr (Corresponding Author)
!Department of Mathematics Education, Hakkari University, Hakkari, Turkey
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Lemma 2.2. [5] Let p = (p;) and a = (a;), i = 1,2, ...,n be real sequences with p; +p2 + ... +p, =1
and r < a; < R. For such sequences,

n n 1 n n
0< Zpi(ai)Q - (ZPMz’)Z < §(R —) sz’|ai - ijaﬂ
i=1 i=1 i=1 j=1
See [6], [7] for details.

3. MAIN RESULTS

In this section, some relations and bounds for energy of path matrix are established. These sharp re-
sults are surveyed with some fixed parameters. In addition, a relation is determined for tree connected
graphs under the assumption of Lemma 2.2.

Theorem 3.1. Let G be a connected graph with eigenvalues of path matix; )\f, )\5, o )\5. Then,

n2
PE(G) < \/M(Pn)

where n = n(G) = |\L].

PROOF. Let a; = [AI|, b; = 1. Assume that all the path eigenvalues of G are non-zero. A classical
lemma (the Ozeki’s inequality) refered in the article [8] implies that
P2 ppz 1
”Z|/\ © - Z‘)‘z ) Sz(ﬂ—n)
i=1

That is;
SO < o + TECN

By the arrangements, the above ineguality transforms into

=1 pr@)? <

n

(p—n)

Hk\:

Consequently,

n?(p—n)
PR

Theorem 3.2. Let G be a connected graph consisting n vertices. Then,

n(p+mn)
PE(G) <\ =

where n = n(G) = |\F)].

PROOF. Let a; = |[A\|, m =n, M = p. By the Lemma 2.1, the following inequality gives that

Zr A ZM < OO
=1

=L (PE(G)?
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On the other hand,

1 p+n
~(PE@)?* <1
L(PE(@)? < 2
Thus, the proof is completed with
PE(G) < (| M2t
- 4pn

Theorem 3.3. If GG is a connected graph and G has n vertices, then

) > \4(p(G))2 +n(n — D|P@)]|*
where |[P(G)]| is the determinant of [P(G)].

PRrROOF. By the Arithmetic-Geometric Mean inequality, the definition of path energy turns into

(PE Z\AP!2+2 > I

1<i<j<n
n
2
> Z AP+ n(n = 1)(JTIA D"
i=1 =1

Since Y1 | [A\P|2 > (PE(G))?, then Y. | |A|2 > (PE(G))? > 4(p(G))?. Hence, the inequality
gives that

(PE(G))? > 4(p(G)? + n(n — 1)|[P(G)]]»

Thus,
\/4 )2 +n(n —1)|[P(Q)]]=
O
Corollary 3.4. Let G be a k-connected tree graph with n vertices. Then,
2
PE(G) > \/(n — D[4k (n — 1) + n[[P(G)]]7]
PROOF. As noted in [1], p(G) > k(n — 1) in this case. Therefore the corollary is clear. O

Corollary 3.5. Let G be a k-connected tree graph of order n. Then

i)

E(GY) 2 \/(n — D[R (n = 1) +n|[P@)]]7]

where G¢ is the complement of G.

ii)

(@)= \/(n — 2)[4k2(n — 2) + (n — D|[P(G)]| 7]

where G is formed from G by deleting edge ij.
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Theorem 3.6. Let G be a connected graph of order n then,

PE(G) <m+V2mn

Proor. Minkowski inequality gives that

n n

=1

i=1 i=1
By the help of Bernoulli inequality, it is stated that

n

<OT IR 02

i=1

N

(n+ 2PE(G))

Since Y7 (AF)? = 2m, then
n+2PE(G) < (V2m + v/n)?
Hence,

PE(G) <m+V2mn

Corollary 3.7. Let G be a connected graph with n vertices and m edges. Then, PE(G®) <

—-1)—-2
n(n2)m + \/(n(n — 1) — 2m)n where GC is the complement of G.

PROOF. By the Theorem 3.6, PE(G®) < m®++v2mCn. Since 2(m+m® = n(n—1)), then PE(G®) <
—1 —1 —1
nin=1) _ m+ \/2(71(112) —m)n. Hence, PE(G®) < nin—1)

—2m
5 — ++/(n(n —1) — 2m)n.

Theorem 3.8. Let G be a connected tree graph of order n. Then,

4mn — 8(n — 1)?

PE(®) = n(p —n)

+2p

where n = n(G) = [\F].

PROOF. Let p; = 1, a; = |/\f\, r=mn, R=p. Lemma 2.2 implies that

n?

n

1 & 1 1 | 1 <
- AP12 — NP2 < Z(p— i TDY o [ AP
n;lz! (Zn!z) _2(p n)(znllll n;JH)

i=1 =1

This requires

Hence,

4mn — 8(n — 1)?
n(p =)

PE(G) >
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4. Conclusion

In this paper, the path energy is studied using the path matrix. Different bounds are obtained for the
path energy with some fixed parameters.
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1. Introduction

In mathematics, the Cartesian product of a collection of sets is one of the most important and widely used
ideas. The theory of product spaces constitutes a very interesting and complex part of set-theoretic topology.
The Cartesian product of arbitrarily topological spaces was defined by Tychonoff in 1930 [1].

Then almost 33 years later in 1963, the idea of bitopological spaces was initiated by Kelly [2], and after that,
a large number of papers have been produced in order to generalize the topological concepts to bitopological
setting. In 1972, Datta [3] defined the Cartesian product of arbitrarily bitopological spaces. It is also well-
known that the Tychonoff Product Theorem plays an important role in a general product.

A tritopological space is simply a set X which is associated with three arbitrary topologies, was initiated by
Kovar [4]. In 2004, Hassan introduced the definition of 6*-open set in tritopological spaces as follows, a subset
A of X is said to be §*-open set iff A € T int(P cl(Q int(A))) [5]. And in [6] she defined the §*-connectedness
in tritopological spaces, also Hassan et al. [7] defined the &§*-base in tritopological spaces. In [8] and [9] the
reader can find a relationship among separation axioms, and relationships among some types of continuous
and open functions in topological, bitopological and tritopological spaces, and in 2017, Hassan introduced the
new definitions of countability and separability in tritopological spaces namely &*-countability and &*-
separability [10]. In 2017, Hassan presented the concept of soft tritopological spaces [11]. However, no concept
of tritopologization in product spaces has been given until now.

In the present paper, the concept of product topological spaces has been generalized to initiate the definition
and study of product tritopological spaces. Besides, we introduce and characterize new definitions and
theorems in tritopological spaces, and we provide some necessary and sufficient conditions for these spaces to
be preserved under the &*-product.
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In section 2, some preliminary concepts about tritopological spaces are given. The main section of the
manuscript is third which the definition of §*-product tritopology of two tritopological spaces with examples
and some theorems are given. Section 4 is devoted to the generalization to theorems for tritopological product
of spaces. In section 5 the definition of §*-Tychonoff tritopology and some theorems are introduced. Finally,
in section 6 the conclusions and some future work is suggested

2. Preliminaries

In the following, we will mention some basic definitions and notations in tritopological space which we need
in this work.

Definition 2.1. [5] Let (X, 7, P, Q) be a tritopological space, a subset A of X is said to be 6*-open set iff A <
T int(P cl(Q int(4))), and the family of all §*-open sets is denoted by &§*.0(X). (5*.0(X) not always
represent a topology). The complement of 6*-open set is called a 6*-closed set.

Definition 2.2. [5] (X,7,P,Q) is called a discrete tritopological space with respect to 6*-open if §*. 0(X)
contains all subsets on X. And (X, 7, P, Q) is called an indiscrete tritopological space with respect to §*-open
if 6*.0(X) = {X,0}.

Definition 2.3. [5] Let (X, T, P, Q) be a tritopological space, and let x € X, a subset N of X is said to be a §*-
nhd of a point x iff there exists a 6"-open set U such that x € U c N. The set of all §*-nhds of a point x is
denoted by 6" — N(x).

Definition 2.4. [7] A collection 6*- of a subset of X is said to form a §*-base for the tritopology (7", P, Q) iff:
§"-B < &".0(X). for each point x € X and each &*-neighbourhood V" of x there exists some B € §*-B such
thatx E Bc V.

Definition 2.5. [5] The function f: (X,T,P,Q) —» (Y,T',P',Q") is said to be 6*-continuous at x € X iff for
every 8*-open set Vin Y containing f (x) there exists 6*-open set U in X containing x such that f(U) c V. We
say fis 6*-continuous on X iff f is 6*-continuous at each x € X.

Definition 2.6. [5] The function f: (X,7,P,Q) —» (Y,T',P',Q")is said to be §*-open iff f (G) is 6*-open
in Y for every §*-open set G in X.

Definition 2.7. [5] Let (X,T,P,Q) and (Y,T',P’,Q") are two tritopological spaces and f: (X,T,P,Q) —
(Y,T',P',Q") beafunction, then f is §*-homeomorphism if and only if:

i. f is bijective (one to one, onto).
ii. fand £~ are &8*-continuous (or f is 8*-continuous and §*-open).

Definition 2.8. [5] Let (X, T, P, Q) be a tritopological space, a point x is called 8*-limit point of a subset A of
X iff foreach &*-openset G containing another point different from x in 4; thatis (G/{x})n A # @, and
the set of all §*-limit points of A is denoted by 6* — lm(A).

Definition 2.9. [5] A tritopological space (X,T, P, Q) is called &§*-T,-space (&*-Hausdorff) if and only if for
each pair of distinct points x, y of X, there exists two &6*-opensets G, H suchthat x e G, y € H, GNH = Q.

Definition 2.10. [5] Let (X, T, P, Q) be a tritopological space, and let A be any subset of X, then the collection
C={G, :A € A} iscalled 6*-open cover to A if C is a cover to Aand C < §*. 0(X).

Definition 2.11. [5] Let (X, T, P, Q) be a tritopological space, and let A be any subset of X, then A is called
&*-compact set iff every &§*-open cover of A has a finite sub-cover, i.e. for each {G;: 4 € A} of §*-open sets
forwhich A c U {G,: 1 € A}, there exist finitely many sets G, 4, ..., Gan, among the G, s suchthat A c Gy, U
..U Gln'
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In particular, the space X is called 8*-compact iff for each collection {G; : 1 € A} of 6*-open sets for which
X =U {G: 1 € A}, there exist finitely many sets G;4, ..., Gy, among the G, 's such that X =Gy, U ..U
Gin -

Definition 2.12. [10] Let (X, T, P, Q) be a tritopological space. Space is said to be a §*-second countable (or
to satisfy the second axiom of &*-countability in tritopology) iff there exists a 6*-countable base for a
tritopology.

Definition 2.13. [12] Let {X,: A € A} is an arbitrary collection of sets indexed by A, then the Cartesian product
of this collection is the set of all mappings x defined by x: A - U {X;:A € A} such that x(A) € X, forallA € A
and is denoted by {X,: A € A} or by x {X,: A € A}. The set X;is called the At"coordinate set of the product.

Definition 2.14. [12] Let X =X {X;: 1 € A}, then the mapping 7;: X — X, defined by m;(x) = x, forall x €
X is called the A" projection.

3. Product space of two tritopological spaces

In this section, we shall describe the technique for constructing a tritopology for the Cartesian product X x Y
of two tritopological spaces X and Y with the help of the families of all 6*-open sets §*.0(X) and §*. 0(Y) of
the two spaces (X, T, P, Q) and (Y, 7, P, Q) shall examine the properties of the tritopology thus obtained in
minute details. Subsequent sections will be devoted to the way of tritopologizing the Cartesian product of an
arbitrary collection of tritopological spaces.

Because the families of all §*-open sets §*. 0(X) and &*.0(Y) does not always represent a topology [5]. We
provide some necessary conditions for these theorems to be valid under a finite product.

Theorem 3.1. Let (X,7,P,Q) and (Y,7,?,Q) be two tritopological space and if §*.0(X) and &*.0(Y)
represent a topology. Then the collection E = {G X H: G € §*.0(X) and H € §*.0(Y)} is a §"-base for some
tritopology for X x Y.

Proor. Assume that §*. O(X) and &*. O(Y) represent a topology. We shall show that E satisfies the conditions
[B1] and [B2] of Theorem [7], Since X XY €E, we have XXY=U{GXH:G€ &§.0(X)andH €
6*.0(Y) }. Thus, [B1] is satisfied.

Now let G; x H; and G, X H, be any two members of E. We then have
(Gy X Hy) N (G, X Hy) = (G; N Gy) X (Hy N Hy) (1) [see (2.18) (iii), ch. 1]
Since we assume that 6*. 0(X) and 8*. O(Y) represent a topology, we have
G, € 6*.0(X), G, €6*.0(X) = G, NG, €5*.0(X)
And H, € §*.0(Y), H, € 8*.0(Y) » H, N H, € §*.0(Y).

Hence it follows from (1) that (G, X H;) N (G, X H,) € E. Thus, we have shown that the intersection of any
two members of E is again a member of E and so [B2] is also satisfied. Therefore E is a §*-base for some
tritopology for X x Y.

Remark 3.2. If §*.0(X) and §*.0(Y) does not represent a topology; the above theorem is not achieved.
Because the intersection of any two members of E is not always a member of E and so [B2] is not satisfied.
Therefore E is not a §*-base for some tritopology for X X Y. (see example 1.1.4 in [5]).

Definition 3.3. Let (X,7,P,Q) and (Y,7,%, Q) be two tritopological space. Then the tritopology (U, V, W)
whose §*-baseiSE = {G X H: G € §*.0(X) and H € §*.0(Y)} is called the §*-product tritopology for X x Y
and (X x Y,U,V,W) is called the §*-product space of X andY.
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Observe that in view of theorem (3.1), E is a §*-base for some tritopology for X x Y. This is the tritopology
(U, VvV, W) of the above definition.

Theorem 3.4. Let (X, T, P, Q) and (Y, 7, P, Q) be two tritopological spaces. And B isa §*-base for (T, P, Q)
and C is a 8*-base for (7",2,Q). Then ¢ ={BxC:B€Band C € C} is a 6*-base for the §*-product
tritopology (U,V,W) for X x Y.

Proor. Let (x,y) be any point of X X Y and let N be a §*-nhd of (x,y) in X X Y. Since E ={G X H:G €
6*.0(X)and H € §*.0(Y)} is a §*-base for (U,V, W), there exists a member G x H of E such that (x,y) €
GXHCN. ..(D

Since G is 6*-open and B is a §*-base for (T, P, Q), there exists some B € {3 such that x € B c G. Similarly,
there exists some C € C such thaty € C c H. It follows that

(x,y) EBXCcGXH. .. (2
Hence from (1) and (2), we get (x,y) € B X C < N. This implies that g is a §*-base for (U, V, W).
Example 3.5. Let X ={ab,c}, T ={X0,1{b}{c},{b c}}
. P ={X0,{a},{b}{ab}}
. 9={X0{a}{c}{ac}}
X, 1), (X,P)and (X, Q) are three topological space, then (X, T, P, Q) is a tritopological space, the family of
all 5*-open setof Xis: 6*.0(X) = {X,d, {c}}
And let Y={p,qrs}, T ={Y0}
. P={Y,0}

. 9={v,0,{p}{a}{p.a}{rs}{prsh{qrs))

(Y,7), (Y,P) and (Y,Q) are three topological space, then (Y, 7,2, Q) is a tritopological space, the family
of all 6*-open set of Y is:

§.0) ={v.0,{p}{a}{p,a}. {r,sh{p, 7. s} {qa,7,s}}
Now we will find a §*-base for the §*-product tritopology of X x Y.

It is easy to see that B = {{c}, X} isa &*-base for (T, P, Q) and C= {{p},{q},{r,s}} isa &6*-base for (7, P,0).
Hence by theorem (3.4) above, a §*-base for the §*-product tritopology is given by

o ={{c} x {p}{c} x {a} {c} x {r,s}}, X x {p}, X x {q}, X x {r,s}}
= {{(c,p)} {(c, )} {(c,7), (¢, )3, {(a, p), (b, p), (¢, p)}. {(a, @), (b, ), (¢, )},

{(a,7),(a,s),(b,7), (b,s),(c,7),(c,$)} }

Definition 3.6. A tritopology (77, P,Q) onaset X is said to be §*-weaker ( or §*-coarser or 6*-smaller) than
another Tritopology (77, 2, Q) on X. Or we can say that (7,2, Q) is said to be 8*-stronger (or &*-finer or §*-
larger) than (7, P, Q) ) iff §*.0(X) c 6*.0(X), (where §*. 0(X) is the family of all §*-open sets in(X, T, P, Q)
and §*.O(X) is the family of all §*-open sets in (X, 7", P, 9)).

According to this definition, indiscrete tritopology on any set X with respect to 6*-open set is the §*-weakest
whereas the discrete tritopology on any set X with respect to 6*-open set is the 6*-strongest. It is easy to see
that the collection C off all tritopologies on a set X is a 6*-partially ordered set with respect to the relation <
defined by setting (7,P,Q) < (7, ?,Q) iff (7,P,Q) is &"-weaker than (7,?,Q), where
(T,P,Q) and (T, P, Q) are members of C. The indiscrete tritopology on X w.r.t. §*-open set is the §*-infimum
and the discrete tritopology on X w.r.t. §*-open set is the §*-supremum of (C, <).
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Theorem 3.7. The §*-product tritopology on a non-empty set X x Y is the §*-weak tritopology for X x Y
determined by the projection maps . and rr,, from the tritopologies on X and Y. ( This theorem is valid when
6*.0(X) and §*.0(Y) are satisfied a topology)

Proor. The §*-weak tritopology has a §*-subbase {G,: G, = m,~![4;] or G, = m,~'[B,], for some A4, &*-
openin §*.0(X) or By 6*-openin §*.0(Y) }

The intersection 7, [4;] N ...n 7 [Ap] Ny, Byl N .ny [B, 7

=A xY)N.NnA,xXY)N (X XBy)..n (X XBy)
[since (AXB)N(SXT)=(ANS) x (B nNT)].Of a finite number of such sets has the form
(AinA,Nn .. A,) X (BiNBy,N..NB,) = A* X B*

Where A* is §*-open in 6*.0(X) and B* is §*-open in 6*. 0(Y). Hence the §*-weak tritopology has the same
6*-base as the §*-product tritopology, and so the two tritopologies are the same.

[Note that m,"*[A;] = A; x Y, 7, [B;] = X x B; etc.]

Definition 3.8. Let (X, 7, P, Q) and (Y, 7, P, Q) be two tritopological spaces. Then the mappings
T X XY > X: m((xy)=x V(x,y)€XxY and

T X XY >V m,((xy)=y V(xy) eXxY

are called the projections of the §*-product X x Y on tritopological spaces X and Y respectively.

Theorem 3.9. Let (X,7,P,Q) and (Y, T, P, Q) be two tritopological spaces. And let (X X Y, U,V,W) be the
&*-product space of the two spaces. then the projections m,. and r,, are §*-continuous and §*-open mappings.

further the §*-product tritopology (U, V, W) is the §*-coarsest tritopology for which the projections are §*-
continuous.

Proor. Recall that . is @ mapping of X x Y onto X defined by m,, ((x,y)) = x forevery (x,y) € X X Y. Let
G be any §*-open set. Then it is evident from the definition of m, that =, ~1[G] = G X Y which is a basic §*-
open subset of X X Y.

[“Ged.0X), YeE§O)—> G XY €E whereE is the §*-base for (U,V,W)].

Hence m, is a §*-continuous mapping from (X X Y, U,V, W) to (X, 7, P, Q). Similarly, m,, is a §*-continuous

mapping from (X x Y, U,V,W) to (Y,7,P,Q). Now let A be any §*-open subset of X x Y. Then by the
definition of the §*-base E for (U,V,W),wehave A =U{G X H:G € §*.0(X),H € §*.0(Y)and G X H €
E'c E}.

Hence m,[A] = n,[U{G X H:G € §*.0(X),H € 6*.0(Y) and G X H € E']
= U {m,[G x H]:G € §*.0(X),H € 6*.0(Y) and G x H € E'}
=U{G:G €S 0X)and G x H € E'} [By the definition of 7, ]
€ 5".0(X)

It follows that m,. is an §*-open mapping. Finally, let (U*, V*,W™) be any tritopology for X x Y for which the
projections are §*-continuous and let A be any §*-open set of X X Y. Then,

A=U{GxXH:G€F OX)HESF. OFY)andG X H € E'}whereE' c E
=U{(GNX)X(YNH):GeF OX),HeS0O)andGXxHEE'"}
=U{(GXY)N(XXH):G€EF. 0X)HEG.OF) and G xH EE'}
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=U{m, [l nm, " [H]:G € 6".0(X),H € 6".0(Y) and G x H € E'} € §".0(X X Y)*
[ Where §*.0(X x Y)* is the family of all §*-open sets of the space(X x Y, U, V*,W*) ]
1, is §*-continuous = m,"1[G] € 6*.0(X x Y)* and

my is §*-continuous = m,,"'[H] € §*.0(X X Y)* etc.

Thus every 6*-open set in 6*.0(X X Y) is §*-open in §*.0(X xY)* and so (U,V,W) is §*-coarser than
(U™, v, W) isany tritopology for X x Y for which the projections are §*-continuous, it follows that (U, V, W)
is the §*-coarsets tritopology for which the projections are §*-continuous.

Theorem 3.10. Let y, be a fixed element of Y and let A = X X {y,}. Then the restriction of m, to Aisa §*-
homeomorphism of the subspace A of X X Y onto X. Similarly, the restriction of m,, to B = {x,} XY, x, € X,

is a §*-homeomorphism.
Proor. Let g, denote the restriction of m, to A4, that is, let g,: A > X: g, ((x,%,)) =x  V(x,,) € A. Then
gx((x1: YO)) = gx((x2: YO)) =X =X = ((xl' 3’0)) = ((er 3’0)) = gy is one — one,

g is evidently onto. Since by the preceding theorem m, is §*-continuous, it follows that g, is also &*-
continuous [5]. We now show that g, is §*-open. Let C be any §*-open subset of A. Then C = An B for
some §*-open subset B of X x Y. But

B=U{GXxH:G€s. 0X),Hes" 0¥)and X xH € E'}

Where E' c E. We then have
9x[C1 =g [ANBl =g, JAN[U{G xH:G € 5*.0(X),H € 5*.0(Y) and G x H € E'}]
=0,[V{AN(GXxH):GESF. OX)HEGF.O)and G x H € E'] [Distributive law]
=U{g[(X X {3, HDN(GXH)]:GeS. 0X),HeEF. 0Y)and G X H€EE']
=U{g[XNG)X {y,)NH)]:Ge€F.0X),HEeES.0OY)and G X H € E']
=U{g,[G X {y,}NH)]:G€F.0X),HeF0))andGxHE€EE'] ..(1)
If y, € H, then itis easy to see from (1) that g,.[C] = @. If y, € H, then (1) gives

9x[Cl =U {g,[G % {y,}]:G €6*.0(X),H€E 5. 0(Y)and G X H € E']

9x[Cl1 =U{G:G € 5*.0(X),and G X H € E'} € §*.0(X).

This implies that g, is an §*-open mapping as well. Thus, we have shown that g, is one-one, onto, §*-
continuous and §*-open mapping and consequently it is a §*-homeomorphism.

4. §*-Product invariant properties for finite §*-products

We are going to generalize theorems for tritopological product of spaces.

Theorem 4.1. The §*-product space X X Y is §*-connected if and only if the tritopological spaces X and Y
are §*-connected.

Proor. Assume that X X Y is §*-connected. Since the projections m, and m, are §*-continuous and onto
mappings, it follows from Theorem in [6] that X and Y are also §*-connected spaces. Conversely, let X and Y
be §*-connected spaces. To show that X x Y is also §*-connected. Let (x4, ;) and (x,, y,) be any two points
of 6*.0(X xY). Then by theorem (3.10), {x;} XY is §*-homeomorphic to Y and X X {y,} is §*-
homeomorphic to X. Hence {x;} X Y and X x {y,} are §*-connected by theorem in [6] They intersect in the
points (x4, y,) and hence there union is a §*-connected set by theorem in [6].Since this union contains (x4, y;)
and (x5, y,), it follows from Theorem in [6] that X X Y is §*-connected.
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Theorem 4.2. The §*-product space X x Y is §*-compact if and only if each of the tritopological spaces
X andY is §*-compact.

Proor. Let X X Y be §*-compact. Since the projection maps m,:X XY —» X and m,: X XY —>Y are §*-
continuous and onto, it follows from Theorem in [5] that X and Y are also §*-compact. Conversely, let X and
Y be §*-compact spaces. We want to show that X x Y is §*-compact. In view of Theorem in [5], it suffices to
show that every basic §*-open cover of X X Y has a finite subcover. Since a basic §*-open setin X x Y is of
the form G X H where G is §*-openin X and H is §*-open in Y, we may denote a basic §*-open cover by
C = {G, X Hy: 1 € A} where G; is §*-open in X and H; is §*-open in Y. For a given point x € X, the set
{x} x Y is §"-homeomorphic to Y by theorem (3.10), and is, therefore, §*-compact by theorem in [5]. Since
{x} x Y, being a subset of X x Y, is covered by C and {x} X Y is §*-compact, there exists a finite sub-family
of C, say {G;; X Hy;:i = 1,2, ...,n}, which covers {x} X Y. Let N Gy; = G(x). Then G(x) is §*-open in X and
contains x since each G,; contains x. Hence {G(x) X Hy;:i = 1,2, ...,n} is still a finite §*-open cover of
{x} x Y. Proceeding in this manner for each x € X, we construct the collection {G (x): x € X} of §*-open sets
in X which covers X. By §*-compactness of X, there exists a finite subcover {G(x;):j = 1,2,...,m} of this

cover for X. Since each G(x;) is an intersection of §*-open sets in X which were used to form C, we may select
an §*-open set Gy, €EC such that G(x;) < Gy for j =1,2,...,m, Therefore {G,lx],:j =1,2,..,m}is afinite
6*-open cover of X, and for each j, 1 <j < m,{Gy,; X Hy;:i = 1,2, ...,n} covers the subset G(x;) x Y of

X X Y. By its construction the collection {Gflx,- XHy:i=12,..,n;j=12, m} is then a finite subcover
of C for X x Y and therefore X X Y is §*-compact by theorem in [5].

Theorem 4.3. The §*-product space of two §*-second countable tritopological spaces is §*-second countable.

Proor. Let X and Y be two &*-second countable tritopological spaces. To show that X x Y is also §*-second
countable. Let B and C be &*-countable bases for X and Y respectively. Consider the collection D =
{BxC:B€ed&" —pB, CeF —C}ThenD issurelyacountable collection [12]. It follows from theorem (3.4),
that D is a §*-countable bases for X x Y.

Theorem 4.4. The 6*-product space of two §*-Hausdorff tritopological spaces is §*-Hausdorff.

Proor. Let X and Y be two §*-Hausdorff tritopological spaces. To show that X X Y is also a §*-Hausdorff
space. Let (xq,y;) and (x5,y,) be any two distinct points in §*.0(X x Y). Then either x; # x, or y; # y,.
Take x; # x,. Since X is § *-Hausdorff, there exist §*-open sets G, and G, in §*. 0(X) suchthatx, € G;, x, €
G, and Gy N G, = @ [5]. Then G; X Y and G, X Y are §*-open subset of §*.0(X X Y) such that (x,,y;) €
Gy XY, (x2,,) EGy,xY and (G;XY)N (G, XY)=(GiNG)XY=0xY =@. It follows that the
tritopological space (X xY,U,V,W) is §*-Hausdorff.

5. 8*- Product tritopology (or 8*-Tychonoff tritopology)

Definition 5.1. For each A in an arbitrary index set A, let (X3, T3, P4, @) be a tritopological space and let X =
x {X;:1 € A}. Then tritopology (7, P, Q) for X which has a §*-sub bases the collection B, = {m; 1[G,]: 1 €
A,Gy €5%.0(X);} is called the §*-product tritopology (or the &6*-Tychonoff tritopology) for X, and
(X,T,P,Q) is called the §*-product space of the given spaces.

Note that here m, denotes as usual the A" projection. The collection B, is called the defining &*-subbase for
(T, P, Q). the collection g of all finite intersections of elements of B, would then form a §*-base for (7", P, Q).

Remark 5.2. Since m; ~1[G;] are §*-open sets with respect to the §*-product tritopology where G, is any &*-
open setin X, it follows that the projection m; is a §*-continuous map for each 4 € A.
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Theorem 5.3. Let {(X;, 73,P,,Q,): 4 € A}. Be an arbitrary collection of tritopological spaces and let X =
X {X;: 1 € A}. Let (T, P, Q) be a tritopology for X. Then the following statements are equivalent: (when all
the families of §*-open sets of tritopological spaces represent a topology, this theorem is satisfied)

(@) (7,2, Q) is the §*-product tritopology for X.
(b) (T, P, Q) is the §*-smallest tritopology for X for which the projections are §*-continuous.

Proor. (a) = (b): Let m, be the Atprojection map and let G, be any §*;-open subset of X,. Then by (a),
1, " [G,] must be §*,-open. It follows that T, is &§*-continuous from (X, T, P, Q) to (X3, 73, P4, Q). Now let
(7, P, 0) be any tritopology on X such that T, is &*-continuous from (X, 7,2,Q) to (X3, T3, P4, Q,). for
each A € A. Then m; ~1[G,] is 6*-open in (T, P, Q) for every G, € §*.0(X);. Since (7,2, Q) is a tritopology
for X, (F,%,0) contains all the unions of finite intersections of members of the collection
{m,"Y[G,]:A € Aand G, € §*.0(X);}.

This implies that §*.0(X) contains §*.0(X)(8*.0(X) c 6*.0(X)), that is (7,P,Q) is §*-coarser than
(T, P,Q). It follows (T, P, Q) is the §*-smallest tritopology for X such that T, is &*-continuous for each A €
A

(b) = (a) : Let B, be the collections of all sets of the form m; ~1[G,] where G, is an §*-open subset of X; for
A € A. Then by theorem in [5], a tritopology (77, 2, Q) for X will make all the projections m; &*-continuous iff
B, c 6*.0(X). Hence in view of [7], the 8*-smallest tritopology for X which makes all the projections &*-
continuous is the tritopology determined by B, as a §*-subbase, that is, it is the 6*-product tritopology for X
[see (5.1)].

Theorem 5.4. Let {(X;, 73,P;,Q;): A € A}, an arbitrary collection of tritopological spaces and let X =
X {X,: A € A}. The collection C of all sets of the form X {G;: 1 € A}. Where G, € §*.0(X), for each 1 € 4,
is a §*-base for some tritopology for X. (if 6*. 0(X), satisfy the topology this theorem is valid)

Proor. We shall show that C satisfies the conditions [B1] and [B2] of Theorem in [7].

[B1]: Let x € X so that x = {x;: 1 € A} where x; € X;. Then there exists a §*;-open set G, (which may be
X,) such that x; € G,. Hence x is an element of a set of the form x {G,: 1 € A} = G say. Thus, to each x € X,
there exists a member G of C such that x € G. It follows that X =U {G: G € C}.

[B2] LetG e Cand G' € C. Then X {G:A € A} =G And X {G';:A1 € A} =G’
Where G; € §*.0(X); and G'; € 6*.0(X), forevery 1 € A. Now
GNG =(x{G:leA) n x{G:1€ A}
=x{GNG": 1€ A} (D
Since (7,,P;,Q,) is a tritopology for X;, we have G, € §*.0(X); and G'; €5*.0(X); » GNG' €
6. 0(X),. (thatis if §*.0(X), represent a topology)
It follows from (1) that G N G' € C. Thus [B2] is also satisfied.

Theorem 5.5 Let f be a mapping of a tritopological space Y into a §*-product space X =x {X;: 1 € A}. Then
fis 6*-continuous iff the composition T, o f : Y — X; is §*-continuous.

Proor. Let f be §*-continuous. Since all projection is §*-continuous, it follows from Theorem in [5], that 7,
of is also §*-continuous.

Conversely, let each composition map m; of be §*-continuous and let U be any member of the defining &§*-
subbase B, of the §*-product space X. then m; 1[G] = U for some 1 € A and some G € §*.0(X); . Also

fHUl = £ m M G]] = (maof)~HG].
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Since myof is §*-continuous, it follows that (yo0f)~1[G] = f~1[U] is §*-open in Y. Thus, we have shown
that the inverse image under f of every sub basic §*-open set in the §*-product space X is 6*-open in Y. It
follows from Theorem in [5] that f is §*-continuous.

Theorem 5.6. Each projection map is an §*-open map.
Proor. The proof left to the reader.

Theorem 5.7. Let X be the non-empty §*-product space x {X;: A € A}. Then a non-empty §*-product subset
F =x{F;: 1 € A} is §*-closed in X if and only if each F, is §*-closed in Xj.

Proor. Let F; is 6*-closed in X; for every A € A Since the projection m,is §*-continuous, for each A € A.
" 1[F;] is 6*-closed in X, it easy to see that F =n {m; " 1[F;]: 1 € A}.

It follows that F is 8*-closed in X, being an intersection of §*-closed sets [5].

Conversely, let F =x {F;: 1 € A} be §*-closed in X. To show that each F; is §*-closed in X;. Let u € A be
arbitrary. we shall show that F, is §*-closed in Xj. Let u be any §*-limit point F, in X,,. Consider the point z
where 1, (2) = z, and my(z) is an element of F, for 1 # u Let G be any basic 6*-open set for the §*-product
topology containing z. Then 7, (G) is 6*-open by theorem (5.6) and contains z,. Since z, is a §”-limit point
of m,(¢) must contain a point x, of F, different from z, Therefore G contains the point x where m, (x) =
m(z) for A # pand my (x) = x,. Evidently, x € F, Also since x and z differ in ut" coordinate, we have x # z
Thus we have shown that every basic §*-open set containing z contains a point of F different from z. Hence z
isa &*-limit point of F. Since F is §*-closed in X, z € F which implies that 7, (z) € 7, (F). Thus F, contains
all its §*-limit points and so F, is 6*-closed. Since p was arbitrary, we see that F, is §*-closed for every 4 € A.

6. Conclusion

The purpose of this article is to introduce the concept of the product in tritopological spaces namely &*-product
spaces. Several properties of §*- product spaces concept is established. Moreover, we obtain a characterization
and preserving theorems with the help of some necessary conditions and interesting examples. And we
generalise theorems in §*-connectedness, §*-compactness, &*-second countability and &*-Hausdorff for
tritopological product of spaces. Furthermore, the uses of tritopological results in this paper and some other
papers are worthy for possible applications in areas of science and social science for the future.
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1. Introduction and Preliminaries

Tong [1] introduced the notions of A-sets and A-continuity in topological spaces and established a
decomposition of continuity. In [2], he also introduced the notions of B-sets and B-continuity and
used them to obtain a new decomposition of continuity and Ganster and Reill [3] improved Tong’s
decomposition result. Moreover, Noiri and Sayed [4] introduced the notions of 7-sets and obtained some
decompositions of continuity. Quite recently, Veera kumar [5] introduced and studied the notions of up-
sets in topological spaces. Quite recently, Ganesan [6] introduced and studied the notions of pa-closed
sets in topological spaces. In this paper, we introduce the notions of *n-sets, **n-sets, *n-continuity
and **p-continuity and obtain decomposition of a-continuity and pa-continuity. Throughout this
paper (X, 7) and (Y, o) (or X and Y)represent topological spaces on which no separation axioms are
assumed unless otherwise mentioned. For a subset A of a space (X, 7), cl(A), int(A) and A® denote
the closure of A, the interior of A and complement of A respectively.

We recall the following definitions which are useful in the sequel.

Definition 1.1. A subset A of a space (X, 7) is called:
1. a regular open [7] if A = int(cl(A)).
2. an a-open set [8] if AC int(cl(int(A))).
3. a semi-open set [9] if AC cl(int(A)).
4. a pre-open set [10] if AC int(cl(A)).

The complements of the above mentioned open sets are called their respective closed sets.
The a-closure [8](resp. semi-closure [11],pre-closure [12]) of a subset A of X, denoted by acl(A)
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(resp.scl(A), pcl(A)) is defined to be the intersection of all a-closed (resp. semi-closed, pre-closed)
sets of (X, 7) containing A. For any subset A of an arbitrarily chosen topological space, the a-interior [8]
(resp. semi-interior [11],pre-interior [12]) of a subset A of X, denoted by aint(A) (resp.sint(A), pint(A))
is defined to be the union of all a-open (resp. semi-open, pre-open) sets of (X, 7) contained A.

Definition 1.2. A subset A of a space X is called:
1. a t-set [2] if int(cl(A))=int(A).
2. an a*-set [13] if int(A) = int(cl(int(A))).
3. an A-set [1] if A = V N T where V is open and T is a regular closed set.
4. a B-set [2,14] if A = V N T where V is open and T is a t-set.
5. an aB-set [15] if A = V N T where V is a-open and T is a t-set.
6. an n-set [4] if A = V N T where V is open and T is an a-closed set.
7. alocally closed set [16] if A = V N T where V is open and T is closed.

The collection of A-sets (resp. B-sets, aB-sets, n-sets, locally closed sets) in X is denoted by A(X)
(resp. B(X), aB(X), n(X), LC(X)).

Definition 1.3. A subset A of a space (X, 7) is called:

1. a ga™-closed set [17,18] if acl(A) C int(U) whenever A C U and U is a-open in (X, 7). The
complement of ga*-closed set is called ga*-open set.

2. a p-preclosed (briefly pp-closed) set [5] if pcl(A) C U whenever A C U and U is ga™*-open in (X,
7). The complement of pup-closed set is called up-open set.

3. a pa-closed set [6] if acl(A) € U whenever ACU and U is ga*-open in (X, 7). The complement
of pa-closed set is called pa-open set.

The collection of all pa-open (resp. pp-open) sets in X will be denoted by paO(X)(resp. upO(X)).
Remark 1.4. In a space X, the followings hold:
1. Every open set is ga*-open but not conversely [6].
2. Every a-open set is pa-open but not conversely [6].
3. Every pa-closed set is up-closed but not conversely [6].
4. Every pa-continuous map is pp-continuous but not conversely [6].
5. The intersection of two t-sets is a t-set [2].
Remark 1.5. In a space X,the followings hold:
1. A is a-closed set if and only if A = acl(A).
2. Every regular closed set is closed but not conversely.
3. Every regular closed set is semi-closed ( = t-set) but not conversely.
4. Every closed set is a-closed but not conversely.

5. Every a-closed set is semi-closed ( = t-set) but not conversely.
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2. ¥"l-sets and *x"-sets

In this section we introduce and study the notions of x"-sets and=x*"-sets in topological spaces.
Definition 2.1. A subset A of a space X is called:

1. an #"-set if A = U N T where U is ga*-open and T is a-closed in X.

2. an xx-set if A = U N T where U is pa-open and T is a t-set in X.

The collection of all x°ta-sets (resp.**"-sets) in X will be denoted by="(X) (resp. *x"(X))
Theorem 2.2. For a subset A of a space X, the following are equivalent.

1. A is an *"-set.

2. A =U N acl(A) for some ga*-open set U.

PROOF. (1)— (2) Since A is anx"-set, then A = U N T, where U is ga™®-open and T is a-closed. So,
A Cc Uand A C T. Hence acl(A) C acl(T). Therefore A C UN acl(A) CUNacl(T) =UNT = A.
Thus, A = U N acl(A).

(2)— (1) It is obvious because acl(A) is a-closed by Remark 1.5(1).

Remark 2.3. In a space X, the intersection of twoxx"-sets is an*x"-set.
Remark 2.4. Union of twoxx"-sets need not be an*x"-set as seen from the following example.

Example 2.5. Let X = {a,b,c} with 7 = {¢, {a,b}, X}. The sets {a}, {c} are xx"-sets in (X, 7) but
their union {a, c} is not an *x"-set in (X, 7).

Remark 2.6. We have the following implications.

A(X) LC-continuity
n(X) #1(X)
B(X) _ .aB(X) *51(X)

MaO(’J) ——ppO(X)

where none of these implications is reversible as shown by [4] and the following examples.

Example 2.7. 1. In Example 2.5, the set {b} is an *"-set but not an »n-set in (X, 7).

2. Let X = {a, b, ¢} with 7 = {¢, {a, c}, X}. Clearly the set {b} is an **7-set but not an pa-open
set in (X, 7).
3. In Example 2.5, the set {a} is an **"-set but not an aB-set in (X, 7).

Remark 2.8. 1. The notions of *"7-sets and pa-closed sets are independent.

2. The notions of **"-gets and up-closed sets are independent.

Example 2.9. In Example 2.5, the set {a, c} is pa-closed but not an *"-set and also the set {a, b}
is an *7-set but not a pa-closed in (X, 7).

Example 2.10. In Example 2.7(2), the set {b} is an **"-set but not a up-open set and also the set
{a, b} is an pup-open set but not a **"-set in (X, 7).
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Theorem 2.11. For a subset A of a space X, the following are equivalent:
1. A is a-closed.
2. A is an *"-set and pu-closed.

PrOOF. (1)— (2) It follows from Remark 1.4(1) and Definition 2.1(1).

(2) — (1) Since A is an *7-set, then by Theorem 2.2, A = U N acl(A) where U is ga™-open in X. So,
A C U and since A is pa-closed, then acl(A) C U. Therefore, acl(A) C U N acl(A) = A. But A C
acl(A) always. Hence by Remark 1.5(1), A is a-closed.

Proposition 2.12. [19] Let A and B be subsets of a space X. If B is an a*-set, then aint(A N B) =
aint(A) N int(B)

Theorem 2.13. For a subset S of a space X, the following are equivalent.
1. S is pa-open.
2. S is an **-set and pp-open.

PROOF. Necessity: It follows from Remark 1.4(3) and Definition 2.1(2).

Sufficiency: Assume that S is up-open and an **7-set in X. Then S = A N B where A is p,-open and
B is a t-set in X. Let F C S, where F is ga*-closed in X. Since S is pup-open in X, F C pint(S) = S
N int(cl(S)) = (A N B) Nint[cl(A N B)] € A N B Nint(cl(A)) N int(cl(B)) = A N B N int(cl(A)) N
int(B), since B is a t-set. This implies, F C int(B). Note that A is ua-open and that FC A. So, F C
aint(A). Therefore, F C aint(A) N int(B) = aint(S) by Proposition 2.12. Hence S is pa-open.

3. ¥1-continuity and **"-continuity

Definition 3.1. A function f : X — Y is said to be *"-continuous (resp. **"-continuous) if f~1(V) is
an *-set (resp. an **"-set) in X for every open subset V of Y.

Definition 3.2. A function f : X — Y is said to be C*7-continuous if (V) is an *7-set in X for
every closed subset V of Y.

We shall recall the definitions of some functions used in the sequel.

Definition 3.3. A function f: X — Y is said to be
1. A-continuous [1] if f~}(V) is an A-set in X for every open set V of Y.
2. B-continuous [2,14] if f71(V) is an B-set in X for every opens set V of Y.
3. a-continuous [20] if f~1(V) is an a-open set in X for every open set V of Y.

4. LC-continuous [16] (resp. aB-continuous [15] if f~1(V) is an locally closed set (resp. aB-set) in
X for every open set V of Y,

5. n-continuous [4] if f~1(V) is an n-set in X for every open set V of Y.

6. pa-continuous [6] (resp. pp-continuous [5]) if £71(V) is an pa-open set (resp. up-open set) in X
for every open set V of Y.

Remark 3.4. It is clear that, a function f : X — Y is a-continuous if and only if f=}(V) is an a-closed
set in X for every closed set V of Y.



Journal of New Theory 30 (2020) 79-85 / A Decomposition of a-continuity and pa-continuity 83

From the definitions stated above, we obtain the following diagram

A-continuity » LC-continuity

Y

7 -continuity ~ *_continuity

Y

B-continuity aB-continuity . F*N_continuity

Lo-continuity pp-continuity

Remark 3.5. None of the implications is reversible as shown by the following examples.

Example 3.6. Let X =Y = {a, b, ¢} with 7 = {¢, {b, ¢}, X} and 0 = {¢, {b}, {b, ¢}, Y}. Let f:
X — Y be the identity function on X. Then f is *7-continuous but not n-continuous.

Example 3.7. Let X, 7 and f be as in Example 3.6. Let Y = {a, b, ¢} with o = {¢, {c}, {b, ¢}, Y}.

Then f is **"-continuous but not aB-continuous.

Example 3.8. Let X, 7 and f be as in Example 3.6. Let Y = {a, b, ¢} with o = {¢, {a}, {b, ¢}, Y}.
Then f is **"-continuous but not pua-continuous.

Remark 3.9. The following examples show that the concepts of
1. pa-continuity and *7-continuity are independent.
2. pa-continuity and C*7-continuity are independent.
3. *-continuity and C*"-continuity are independent.

Example 3.10. Let X =Y = {a, b, ¢} with 7 = {¢, {a}, X} and 0 = {¢, {a}, {a, b}, {a, ¢}, Y}.
Let f: X — Y be the identity function on X. Then f is pua-continuous but not *7-continuous.

Example 3.11. Let X, 7 and f be as in Example 3.10. Let Y = {a, b, ¢} with o = {¢, {b}, {c}, {b,
c}, Y}. Then f is *7-continuous but not pa-continuous.

Example 3.12. Let X =Y = {a, b, ¢} with 7 = {¢, {b}, X} and 0 = {¢, {a}, {a, b}, Y}. Let f: X
— Y be the identity function on X. Then f is pa-continuous but not C*n-continuous.

Example 3.13. Let X, 7 and f be as in Example 3.12. Let Y = {a, b, ¢} with o = {¢, {b}, {a, c},
Y}. Then fis C*n-continuous but not pa-continuous.

Example 3.14. Let X, 7 and f be as in Example 2.5. Let Y = {a, b, c}with o = {¢, {c}, {a, c}, Y}.
Then f is C*n-continuous but not *"-continuous.

Example 3.15. Let X, 7 and f be as in Example 2.5. Let Y = {a, b, ¢} with o = {¢, {b}, Y}. Then
f is *"-continuous but not C*n-continuous.

Remark 3.16. The following examples show that the concept of up-continuity and **"-continuity
are independent.
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Example 3.17. Let X and 7 be as in Example 2.7(2). Let Y = {a, b, ¢} with 0 = {¢, {a}, {a, b}, {a,
c}, Y}. Let f: X — Y be the identity function on X. Then f is up-continuous but not **n-continuous.

Example 3.18. Let X, 7 and f be as in Example 3.6. Let Y = {a, b, c} with o = {¢, {a}, Y}. Then
f is **p-continuous but not up-continuous.

Theorem 3.19. For a function f: X — Y, the following are equivalent.

1. {is a-continuous.

2. fis C*n-continuous and pa-continuous.

PRrOOF. The proof follows from Definitions 3.2 and 3.3(6), Remark 3.4 and Theorem 2.11.

Theorem 3.20. For a function f: X — Y, the following are equivalent.

1. fis pa-continuous.

2. fis **-continuous and pp-continuous.

ProOF. The proof follows from Theorem 2.13.
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1. Introduction

Zadeh [1] proposed the concept of fuzzy sets which is very useful to deal the concept of imprecision,
uncertainty, and degrees of the truthfulness of values and is represented by membership functions which lie
in a unit interval [0,1]. Atanassov [2] developed the concept of intuitionistic fuzzy sets in 1983 which is a
generalization of fuzzy sets and is dealing with the concept of vagueness. This concept consists of both
membership and non-membership functions. In 1998, Smarandache presented Neutrosophic sets with three
components called truth membership function, indeterminacy membership function, and falsity membership
function [3,4].

In 1982, Pawlak [5] introduced the concept of rough sets which expresses vagueness in the notions of
lower and upper approximations of a set and it employs boundary region of a set. A hybrid structure of rough
neutrosophic sets was introduced by Broumi and Smarandache in 2014 [6]. Smarandache [7] and later Wang
et al. [8] studied the concept of single-valued neutrosophic sets which is very useful in real scientific and
engineering applications. Broumi et al. [9-11] solved the shortest path problem using Bellman algorithm
under neutrosophic environment. Then, a new hybrid model of single-valued neutrosophic rough sets was
introduced by Hai Long Yang [12].

Smarandache [7] firstly presented the refinement of the neutrosophic set and logic, i.e. the truth value T is
refined into types of sub-truths such as Ty, Ty, etc.; similarly indeterminacy 1 is split/refined into types of
sub-indeterminacies I, I, etc., and the sub-falsehood F is split into F;, F,, etc. Based on Belnap’s [13] four-
valued logic that is (Truth-T, Falsity-F, Unknown-U, Contradiction-C) Smarandache proposed the concept of
four numerical valued neutrosophic logic that is quadripartitioned single valued neutrosophic sets. In this set,
the indeterminacy is split into two parts known as unknown (neither true nor false) and contradiction (both
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true and false). Mohana and Mohanasundari [14] studied the concept of quadripartitioned single-valued
neutrosophic relations (QSVNR) and also studied some properties of a quadripartitioned single-valued
neutrosophic rough sets. Chatterjee et al. [15] studied the concept of some similarity measures and entropy
on quadripartitioned single-valued neutrosophic sets.

This paper is structured in the following ways. Section 1 provides a brief introduction. Section 2 delivered
the basic definitions which we need to prove the results in further. Section 3 defined the concepts of empty
guadripartitioned single-valued neutrosophic sets (QSVNS), full QSVNS and also singleton and its
complement of QSVNS. And also, we have studied some properties of quadripartitioned single-valued
neutrosophic rough sets. Section 4 deals the concept of axiomatic characterizations of quadripartitioned
single-valued neutrosophic rough sets in detail. Section 5 illustrates an example for quadripartitioned single-
valued neutrosophic rough sets in medical diagnosis. Section 6 concludes the paper.

2. Preliminaries

In this section, we recall the basic definitions of rough sets, Neutrosophic sets, QSVNS, and QSVNR, which
will be used in proving the rest of the paper.

Definition 2.1. [5] Let U be any non-empty set. Suppose R is an equivalence relation over U. For any non-
null subset X of U, the sets 4;(x) = {X:[x]g € X} and A,(x) = {X:[x]g N X # ¢} are called the lower
approximation and upper approximation respectively of X where the pair S = (U,R) is called an
approximation space. This equivalence relation R is called indiscernibility relation. The pair A(X) =
(A1 (X), A5 (X)) is called the rough set of X in S. Here [x] denotes the equivalence class of R containing X.

Definition 2.2. [4] Let X be a universe of discourse, with a generic element in X denoted by x, a
neutrosophic set (NS) is an object having the form,

A={<x:pus(x),v(x), ws(x) >,x € X}

where the functions u,v,w:X —]70,17[ define the degree of membership ( or truth) respectively, the
degree of indeterminacy, and the degree of non-membership ( or falsehood ) of the element x € X to the set
A with the condition, ~0 < u, (%) + v4(x) + w,(x) < 37,

Definition 2.3. [15] Let X be a non-empty set. A quadripartitioned single-valued neutrosophic set (QSVNS)
A over X characterizes each element x in X by a truth-membership function T, , a contradiction membership
function C,, an ignorance membership function U, and a falsity membership function F, such that for each,
X €X,Ty,Cyp, Uy, Fg €[0,1] and 0 < Ty(x) + Cu(x) + Ug(x) + F4(x) <4 when X is discrete, A is
represented as, A = Y (Ta(x;), Ca(x;), Us(x;), Fa(x;)) /x;, x; € X. However, when the universe of
discourse is continuous, A is represented as, A = fX(TA(x), Ca(x),Us(x), Fy(x)) /x,x €X

Definition 2.4. [14] A QSVNS R in U x U is called a quadripartitioned single-valued neutrosophic relation

(QSVNR) in U, denoted by,

R = {{(x, ), Tr(x,¥), Cr(x, ¥), Ur (%, ¥), Fr(x, )}/ (x.y) € U X U}

where Tg:U X U — [0,1],Cr:U X U - [0,1],Ux: U X U - [0,1], and F: U X U — [0,1] denote the truth
membership function, a contradiction membership function, an ignorance membership function and a falsity

membership function of R respectively.

Definition 2.5. [14] Let R be a QSVNR in U, the tuple (U, R) is called a quadripartitioned single-valued

neutrosophic approximation space VA € QSVNS(U), the lower and upper approximations of A with respect

to (U, R) denoted by R(4) and }_?(A) are two QSVNS’s whose membership functions are defined as V x € U,
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Trey @) = A FrRGI VT, TRy () =V, (Tr(6 ) AT4(9)
Crey®) = A UrGe)VEOD),  Cray(¥) =¥, (Cr(Y) A G ()
Upeay ) = ¥, (CeCo) AUAGD).  Ugeay®) = A Un(3) V Up )
Fay () = Y, T AEADD), Fr() = A (Fr(x3) V EA0)).
The pair (R(A), R(A)) is called the quadripartitioned single-valued neutrosophic rough set of A with respect

to (U,R). R and R are referred to as the quadripartitioned single-valued neutrosophic lower and upper

approximation operators, respectively.

Theorem 2.1. [14] Let (X, R) be a quadripartitioned single-valued neutrosophic approximation space. The
guadripartitioned single-valued neutrosophic lower and upper approximation operators defined in 3.4 have
the following properties. VA, B € QSVNS(X),

i. R(X)=X, R(@) =

ii. If A < Bthen R(A) S R(B) and R(A) € R(B)

iii. RGANB) = R(A) NR(B),R(AU B) = R(A) UR(B)
iv. RGAUB) 2 R(A) UR(B),R(AN B) € R(A) N R(B)
V. R(A9) = (R(A)¢, R(A9) = (R(A))©

3. The Properties of Quadripartitioned Single-Valued Neutrosophic Rough Sets
In this paper, QSVNS(X) will denote the family of all QSVNSs in X.

Definition 3.1. Let A be a QSVNS in X. If Vx € X, T4(x) = 0,C4(x) = 0 and U, (x) = 1, F4(x) = 1then A
is called an empty QSVNS, denoted by ¢. If Vx € X, T4(x) = 1,C4(x) =1 and U, (x) = 0, F4(x) = 0 then
A is called a full QSVNS, denoted by X.

Va,,ay a3, a4 € [0,1], ay a7 a3 a, denotes a constant QSVNS satisfying,

Talloﬁ_'a\&a[} (x) = ay, Cal,zﬁ_'a\3_a4 (x) = ay, Ual_oﬁ_'a\&a‘l(x) = a3, and Fal’a/zfa\&all(x) = Qay
Definition 3.2. For any y € X, a quadripartitioned single-valued neutrosophic singleton set 1,, and its
complement 1y_,; are defined as vVx € X,

1,x =
T, = 6,0 ={% 27

_ _(O,x=y
0,00 = P ={ 3 2
_ _(O,x=y
Ty () = Ciy () = {1,x *y
and
_ _(Lx=y
Uiy iy (%) = Fiy ) (%) = {O,x *y
Definition 3.3. If Vx € X,Vyex Tr(x,¥) = 1, Vyex Cr(x,¥) = 1, Ayex Ur(x,¥) = 0, and Ayex Fr(x,y) =
0, then R is called a serial QSVNR where " v " and " A " denote maximum and minimum respectively.
Theorem 3.1. Let (X,R) be a quadripartitioned single-valued neutrosophic approximation space. The

guadripartitioned single-valued neutrosophic lower and upper approximation operators defined in 2.5 have
the following properties. VA, B € QSVNS(X),Va,, ay, az, a4 € [0,1],
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(DR(AVay @@z a,) = R(A) U ay a3 @5 ay, and R(A N ay, @ 03,a4) = R(A) N ay @5 @3 ay;

(2) E(%,‘X/Z,\%,‘M) =y, a3, < R(P) = ¢, and E(“1,a/2,53,a4) = ay,05, 03,0y & RW)=U
Proor. By definition 2.5, Vx € U, we have
TE(AUal,a/ZTE3,a4) (x) :y/E\X (Fr(x,y) Vv TAUal,a’zfo‘c3,a4 62))
= A, FrCo)V 40DV Tz 0, )
=N (Fr(x,y) VT4(y) Vaq)
yeX
= (., FrN VTN Ve
yEX

= TE(A)(‘X) \ aq

CQ(AUal,aﬁg,,oq) (x) :y{;\X (Ur(x,y) vV CAUal,a/Z,ﬁs,oq )
= &, WUr(3) V (G4 V Cay iz, )
= A (Ur(x,y)VCi(¥)V a3)
yex
= (A, Wa(x9)V G0NV ey
yex

= CE(A)(X) Va,

UQ(Aual,mg,,oq) ) :y\e/X (Cr(x,y) A UAual,aﬁ3,a4 62))
= V. (Ca(%,) A (Ua() A Uy, )
=V (Cr(x,y) AU (¥) A aa3)
yeX
= (v, () AUGD) Aas
yeEX

= UE(A)(x) A as

FQ(AUal,aﬁg,a4)(x) :y\E/X (Tr(x,y) A Fpva, aomsa, 6%))
=V (TrCo ) A (FA(D) A Fay s, ()
=V (Tr(x,y) NEa(y) Aty
yeEX
= (v, Tr(x) ARG ) A ey
yeEX
= FE(A)(x) A Ay
S0, R(AV ay,a; a3 ay) = R(A) U a1, @ @3 4.
Similarly, we can show that R(A N &y @7 @ a,) = R(A) N ay @703 ay.
(2) If R(¢p) = ¢, then we have,
R(ay,az03a,) = R(P U ay,a3,03,04) = R(P) U g @ a3 a4 = 4,03 d3,04 by (1)
Conversely, if Va, a; a3 ay € [0,1],

R(aya; a3 a4) = ay @; 03 ay, takea; = a; = 0andaz = a, =1
l.e.,a, 0 a3 &, = P, thenwehaveR(Pp) = ¢

Similarly, we can show R (e @z a3 a,) = ay @7 @3,.a, < R(U) = U.
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Theorem 3.2. Let (X, R) be a quadripartitioned single-valued neutrosophic approximation space. R(A) and
R(A) are the lower and upper approximation in Definition 2.5 then we have,

(1) R |S Serial (=4 B(al, aﬁ3, a4) = aq, aﬁ3,a4, V(Xl, Ay, A3, Ay € [0,1]

SR@P)=¢
= ﬁ(al,aﬁ3,a4) = qq,dy, 03,04, Y, 0z, A3, 4 € [0,1]
S RWU)=U

& R(A) € R(A),VA € QSVNS(X)
(2) R is reflexive & R(A) c A,VA € QSVNS(X),
& A c R(A),VA € QSVNS(X)

(3) R is symmetric & R(1x_(;) () = R(1x-(p3) (%), Vx,y € X

e R(1,)WY) = ﬁ(ly)(x), Vx,y € X
(4) R is transitive & R(A) € R(R(A)),VA € QSVNS(X)
& R(R(A)) € R(4),VA € QSVNS(X)

Proor. Since quadripartitioned single-valued neutrosophic approximation operators satisfy the duality
property, it is enough to show us the properties for upper quadripartitioned single-valued neutrosophic
approximation operator.

Based on Theorem 2.1(1), 3.1(2) we only need to show

Risserial & R(aq,d3,03,a4) = @1, 0y, 03, a4, V1, ay, a3, a4 € [0,1],
& R(A) c R(A),VA € QSVNS(X)
() We first prove

Risserial © R(aq, 03, 03, 4) = aq, 03, 03, 0y, Va1, Ay, a3, 4 € [0,1].
First assume that Risserial, then Vx € X,
Vyex Tr(,¥) = LVyex Cr(x,y) = 1and Ayex Up(x,y) = 0,Ayex Fr(x,¥) = OVay, @y, a3, a4 € [0,1]
By Definition 2.5, Vx € X,
Ta @@ = A FeCon) Y To qaa, )
=y/E\X (Fr(x,y) V ay)

=a, VA Fp,y)=a;vV0=0a,
yEX

Cg(al,a/zfa\g,a4) (x) :y/E\X (Ur(x,y) V Cal,a/zfﬁ3,a4 62))
=y/E\X (Ur(x,y) V a2)

=a, VA Ug(x,y)=a, V0 =a,
yex

Ug(al,aﬁ3,a4) x) :y\E/X (Cr(x,y) A Ual,aﬁ3,a4 )
=y\E/X (Cr(x,y) A az)

=a3 AV Cr(x,y)=az A1l =ay
YyEX
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Fraazasao @ =Y, Tr(%) Aoy, )
=V, (Ta(x,7) Aay)
=aq, /\y\E/XTR(x,y) =a, N1 =aqay,.
Therefore, Vay, @y, a3, a4 € [0,1], R(aq, @3, X3, Q4) = a1, 03, 0z, Ay
Conversely, assume that Va4, a;, a3, a4 € [0,1],R(aq, @3, X3, a4) = a1, 07, 03, QY.
Take a; = @, = 0 and a3 = a, = 1, then by Definition 2.5, Vx € X,
0 = Treooz,1) () =y/€\X (FrC, ) VToot1(V)) =y/e\X (Fr(x,y) v 0) =y/e\X Fr(x,y)
0 = Creopr) (™) =y/€\X (Ur(x,¥)V Cor11(¥)) =y/€\X (Ur(x,y)V0) =y/e\X Ur(x,y)
1 = Ugpzn®™) :y}E/X (Cr(x, ) ANUo5121()) :y\E/X (Cr(x,y) A1) :y\E/X Cr(x,y)
1= Fromn(®) = Y, Ta(%9) AFogia0)) = V, (Ta(x, ) A1) =V, Ta(x,)
Then, R is serial.
Hence, R is serial © R(aq, a3, 03, ay) = @, (5, A3, A4, VA, Az, 23,4 € [0,1].
(i) Next, we prove that R is serial & R(A) c R(A), VA € QSVNS(X).

First, assume that R is serial. Since X is finite, there exists z € X such that T (x,z) = Cx(x,z) = 1 and
Ur(x,z) = Fr(x,z) = 0. Then by Definition 2.5, Vx € X,

Treay(x) =y/€\X (Fr(x,y) VTA(¥) =yEXA—{z} (FrC, ) VTA(0)) A (Fr(x,2) V Ty(2))
A (Freay) VT (D) ATy(2) < Ty(2)

=y€X -{z}

Txea)(®) =y\E/X (Tr(x,¥) ATA(¥)) =yEXV_{Z} (Tr(x,y) ATA(¥)) V (Tr(x,2) ATy(2))
= Y oy TR ATLOD VT4 () = Ty ()

Then, TE(A) (x) < TE(A) (x)

Similarly, we can prove that Cga)(x) < CE(A)(x)' Urcay(x) = Uﬁ(A)(x), and  Fgeay(x) = Fﬁ(A)(x).
Therefore R(A) € R(A).

Conversely, assume that R(A) c R(A),VA € QSVNS(X). Take A =X, then by Theorem 2.1(1) and
Definition 2.5, then we have

1=Tx(x) =Trexy(x) < R(X)(x) =Vyex (Tr(x, ) ATx(¥)) =Vyex Tr(x,y)
which means V,ex Tr(x,y) = 1. Similarly, we can prove that

Vyex Cr(%,¥) = LAyex Ug(x,y) = 0,and Ayex Fr(x,y) =0
Hence, R is serial.

(1) = R is reflexive, then Vx € X, we have
Tr(x,x) = Cr(x,x) =1and Uy (x,x) = Fr(x,x) =0
By Definition 2.5, VA € QSVNS(X), Vx € X,

Trey () = A (Fr(x,y) VTa(1)) < Fp(r, %) VT4 (%) = 0V Ta(x) = Ta(x)

Crey () = A (Ur(%,7) V Ea() < Ur(x,X) V G4 (x) = OV G4(x) = G4 (%)
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Ura)(X) =y\€/X (Cr(x, ) ANUL(Y)) = Cr(x,x) AUp(x) = 1A UL (x) = Uy(x)
Freay(x) =y\E/X (Tr(x,y) NFA(¥)) = Tr(x,x) AFp(x) = 1A F4(x) = Fu(x)

So, R(4) c A.
" < " Now assume that VA € QSVNS(X), R(A) c A.

Vx € X, take 4 = Iy then we have

0= Tlx_{x} (.X') = TB(IX_{X}) (x) :AyEX (FR (x' y) v Tlx_{x} (y))
= (Fr(x,x) v T1X_{x}(x)) Myex—xy (Fr(x,y) V T1X_{x}(Y))
= (Fr(x,x) VO) A1l = Fr(x,x),thenFgz(x,x) =0

0= Clx_{x} (x) = Cﬁ(lx_{x}) (x) =/\yEX (UR(x’ y) \4 Clx_{x} (y))
= (Ur(%,2) V Ciy_ (1) Myex—g) (Ur(2 )V Ciy_y )
= (Ur(x,x)VO) A1l =Up(x,x),then Ug(x,x) =0

1= le_{x} (x) < UB(]-X—{X}) (x) =VyEX (CR( X, y) A le_{x} (y))
= (CR(x,%) AUy (1) Wyex—gzy (CR(%,9) AUsy_ ()
= (Cr(x,x) A1) VO = Cr(x,x),then Cx(x,x) =1

1= le_{x} (x) < Fﬁ(lx_{x}) (x) =VyEX (TR(x’ y) A le_{x} (y))
= (T(%,2) A Fyy_ o (0) Wyex—gyy (Tr(%,9) APy ()
= (Tr(x,x) A1) VO =Tr(x,x),then Tr(x,x) =1
Thus, R is reflexive. So, R is reflexive & R(A) c A,VA € QSVNS(X).

(2) By Definition 2.5, Vx,y € X
TrR(1x_(ap) ) =Agex Fr(y,2) V Ty (2)
= (FRW, ) V Ty (X)) Myex—py Fr(y,2) V Ty, (2))
= (Frx)VO)AL = Fr(y,x)

Tr(1x_(yp) (%) =Agex (Fr(x,2) Vv Tiy @)
= (Fr(x,y) vV Ty o ) Mzex—gyy (Fr(x,2) v Ty (2))
= (Fr(,y) VO) AL = Fr(x,y)

CRrax_ (V) =Azex Wr(y,2) V Ciy_,(2))
= (Ur(y,x) V Clx_{x} (X)) Mzex—y Ur(y,2) V C1X_{x} (2))
= (Ur(y,x)VO) AL = Ur(y,x)

Crax () =Azex Ur(x,2) V Ciy () (2))
= (Ur(%,¥) V Ciy_(,, (1) Mzex—(y3 (Ur(X,2) V Gy, (2))
= (Ur(x,y) VO) AT =Up(x,y)

Ur(yx_pp (V) =Vzex (Cr(¥,2) AUy, (2))
= (Cr(¥,x) AUy, (%)) VVzex—1xy (CR(Y,2) AUy, (2))
= (Cr(y,x) A1) VO =Cr(y,x)
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Ug(lx_{y]) (X) =Vzex (CR(x' Z) A le_{y} (Z))
= (Cr(%,¥) AUy, (1)) VWaex—(yy (Cr(X,2) AU, (2))
= (Cr(x,) A VO =Crxy)

FB(IX_{X}) (y) =Vzex (TR(y' Z) A FlX—{x} (Z))
= (Tr(y,x) A Fiy (X)) Waex—gg (Tr(y,2) A le_{x}(z))
= (Tr(y,x) A1) VO =Tr(y,x)

Fg(1x_{y})(x) =Vzex (Tr(x,2) A F1X_{y} @)
= (Tr(%,Y) A Fiy_ ), 0) Waex—gy) (Tr(%,2) AFry_ (2))
= (Tr(x,y) A1) VO =Tg(x,y)
R is symmetric iff,

Vx,y € X,
Tr(x,y) = Tr(y, %), Cr(x,¥) = Cr(y,x)
Ur(x,y) = Ur(y, x), Fr(x,y) = Fr(y,x)

Then, R is symmetric iff,

Vx,y € X,
TE(lx—{x}) o) = Tﬂ(lx—{y}) (), Cﬂ(lx—{x}) o) = CE(lx—{y}) (x)
Uﬂ(lx—{x}) ) = UE(lx—{y}) (%), Fﬂ(lx—{x}) ) = FE(lx—{y}) (x)

which implies that R is symmetric iff Vx,y € X, R(1x_,) (¥) = R(1x_53) (X).
(3) Assume that R is transitive, then

Vx,y,z € X,
Vyex Tr(6,¥) ATR(Y,2)) < Tr(x,2) Vyex (Cr(x,¥) A Cr(¥,2)) < Cr(x,2)
Ayex (Ur(x,y) VUR(Y,2)) = Ur(x,2) Ayex (Fr(x,¥) V Fr(y,2)) = Fr(x,2)

By Definition 2.5, Vx € X, we have

Trer(a))(X)  =Ayex (Fr(6,¥) V Treay(¥))
=Ayex (Fr(x,¥) VAzex (Fr(¥,2) V T(4y(2))
=NzexNyex (FrR(%,Y) V Fr(y,2) V T(4)(2))
=Nzex (AyEX (Fr(x, ) V Fr(y,2)) V T(n) (2))
ZNzex (Fr(x,2) V Ty(2))
= Tray(x)

Crr(a)(X)  =Ayex (Ur(x,¥) V Cray(¥))
=Ayex (Ur(x,¥) VAzex (Ur(y,2) V Ciay(2))
=AzexNyex (Ur(x,y) VUR(Y,2) V C4)(2))
=Nzex (/\yex (Ur(x,y) VUR(¥,2)) V Cay (2))
2Nzex (Ur(x,2) V Cy(2))
= Cra)(x)
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Urreay )  =Vyex (Cr(x,¥) AUr@)(¥))
=Vyex (Cr(x,¥) AVzex (Cr(Y,2) AUay(2))
=VzexVyex (Cr(x,Y) A Cr(y,2) AU4(2))
=Vzex (VyeX (Cr(x,y) ANCr(Y, 2)) A U(A)(Z))
<Vzex (Cr(x,2) AUy (2))
= Ug(a)(x)

Frireany ) =Vyex (Tr(x,¥) A Fray(¥))

=Vyex (Tr(%,¥) AVzex (Tr(Y,2) A Fay(2))
=VzexVyex (Tr(x%,Y) ATr(Y,2) A F4)(2))
=Vzex (VyeX (Tr(x,y) ATR(¥,2)) A Fy) (2))
SVizex (Tr(x,2) A Fy(2))
= Frea) x)

Hence, R(4) < R(R(A)).

Conversely, assume that VA € QSVNS(X), R(4A) € R(R(A)).

Vx,y,z € X, take A = 1x_(z), We have

Tr(x,2) = Fray_,p(X) 2 Frr(iy_ ) (%)
:VyEX (TR (x' y) A FB(lx—{z}) (y))
:VyEX (TR (x' y) A TR (y' Z))

Cr(%,2) = Up(1y_;)(X) 2 Ur(r(1x-(z) (%)
:VyEX (CR( X, y) A Ug(lx_{z}) (y))
=Vyex (Cr(x,¥) A Cr(y,2))

Ur(x%,2) = Craay_,p(®) = Crr(ax—z) )
=Ayex (Ur(x,¥) V Cg(1x_{z})(3’))
=Ayex (Ur(x,y) VUR(Y, 2))

Fr(x,2) = Tray_,p () < Trr(1x () X)
=AyEX (FR ( X, y) \ TE(IX_{Z}) (y))
=Ayex (Fr(x,¥) V Fr(y,2))

So, R is transitive.

4. Axiomatic Characterizations of Quadripartitioned Single-Valued Neutrosophic
Rough Sets

This section will provide the axiomatic characterizations of quadripartitioned single-valued neutrosophic

rough sets by defining a pair of abstract operators. Consider a system of quadripartitioned single-valued

neutrosophic rough sets (QSVNS(X),u,n,c,L, H) where L,H: QSVNS(X) - QSVNS(X) are two operators

from QSVNS(X) to QSVNS(X) LetT(X), C(X), U(X), F(X) denote truth, contradiction, ignorance and falsity
membership function respectively.

Define A € QSVNS(X),L = (Ly,L¢, Ly, Lg) and H = (Hy, H¢, Hy, He) Where,
Lr,Hp:T(X) > T(X),Lc,He: C(X) = C(X), Ly, Hy: U(X) = U(X),Lg, Hr: F(X) = F(X)
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For A € QSVNS(X), L(A) = (L(Ty),Lc(Cy), Ly (Uy), Lr(E4)) which implies that,
TL(A) = Lp(Ty), CL(A) = Lc(Ca), UL(A) = LU(UA):FL(A) = Lp(Fy)
H(A) = (Hp(T,),He(Cy),Hy(Uy), Hr(F4)) which implies that,
Tycay = Hr(Ta), Cycay = He(Ca) , Uncay = Hy(Uya), and Fyyay = Hp(Fy).

Definition 4.1. Let L, H: QSVNS(X) — QSVNS(X) be two quadripartitioned single-valued neutrosophic set
operators. Then, VA = {{x, T4(x), C4(x), Us(x), F4(x))|x € X} € QSVNS(X), L and H are known as dual
operators if they satisfy the following axioms.

(QSVNSL1)L(A) = (H(A))C i.e., Vx € X,

I. Lp(Ty) (x) = Hp(Tp) (x)
ii. Lc(Cy) (x) = Hy(Cy) (x)
iii. Ly(Uy) (x) = He(Uy) (%)
V. Lp(Fy) (x) = Hp(Fy) (x)

(QSVNSUD)H(A) = (L(A))  i.e., Vx € X,

I. Hp(Ty) (x) = Lp(Ty)(x)

il He(Cg) (%) = Ly (Cy) (x)

. Hy(Ug) (x) = Lc(Uy) (x)

iv. Hp(Fy) (x) = Lr(Fy) (%)
Theorem 4.1 Let L, H: QSVNS(X) —» QSVNS(X) be two dual operators. Then, there exists a QSVNR R in X
such that, L(A) = R(A) and H(A) = R(A) for all A € QSVNS(X) iff L satisfies the following axioms
(QSVNSL2) and (QSVNSLJ), or equivalently, H satisfies axioms (QSVNSU2) and (QSVNSU3):

VA,B € QSVNS(X),Va,, a3, a3, a4 € [0,1],
(QSVNSL2)L(AVU a4, a5, a3,a,) = L(A) U aq, &y, a3, a4, i.6., VX € X,

I Lr(Ta U @) (x) = Ly(Tp)(x) Vay
il Le(CaU @z) (x) = Le(Cp) (X)) V ay
iii. Ly (Uan az)(x) = Ly(Uy) (x) Az
V. Le(Fan @y) (x) = Lp(Fa) (x) A ay
where g; is a constant fuzzy set in X satisfying,
vx €X,ai(x) =a;(i=1234)
(QSVNSL3)L(ANB) =L(A)NL(B)i.e,Vx €X,
I. Lr(Tang) (x) = Lp(Ty N Tp)(x) = Ly (Tp) (x) A L (Tp)(x)
il. Lc(Canp) (x) = Le(Cun Cp)(x) = L (Cp) (x) AL (Cp) (%)
iii. Ly(Uang) (x) = Ly(UsV Up)(x) = Ly(Us) (x) V Ly (Up) (x)
IV. Lp(Fang) (x) = Lp(F4U Fg)(x) = Lr(Fa) (x) V Lp(Fg) (x)
(QSVNSU2)H(AN aq,ay,a3,a,) = H(A) Nag,ay,a3,a, 1.6, Vx € X,
I. Hp(Ty N ay)(x) = Hp(Tp))(x) Ay
il He(Can @2) (%) = He(Cp) (X) A axy
iii. Hy(UsU a3)(x) = Hy(Uy) (%) V a3
Iv. He(FpU @4)(x) = Hp (Fy) (X) V ay
where @; is a constant fuzzy set in X satisfying Vx € X, @;(x) = a;(i = 1,2,3,4)
(QSVNSU3)H(AUB) =H(A)UL(B)ie,Vx€X,

i. Hr(Tyyp)(x) = Hp (T4 U Tp)(x) = Hy(T4)(x) V Hr(Tp) (x)
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iil. He(Caup) (%) = He(C4U Cp)(x) = He(Cy) (%) V He(Cp) (%)

iii. Hy(Uaup) (x) = Hy(UyN Up) (%) = Hy(Uy) (x) A Hy(Up) (x)

V. Hp(Faup) (x) = Hp(F4N Fg)(x) = Hp(Fy) (x) A Hp(Fp) (%)
Proof: " =" It follows immediately from Theorem 2.1,3.1. " & " Suppose that the operator H satisfies
axioms (QSVNSU2) and (QSVNSU3). By using H, we can define a QSVNR
R ={{(x,¥), Tr(x,y), Cr(x,y), Ur(x,¥), Fr(x, ¥))|x, y € X} as follows

Vx,y € X,Tr(x,y) = Hr(T1,) (%), Cr(x,y) = Hc(Cqy) (%), Ur(x,y) = Hy(Uyy) (x), and  Fr(x,y) =
HF(Fly) ().

Clearly, VA € QSVNS(X), we have,

T = 0Tiom. €4 = | J€yn Tt va = [ W Taom. a = [ |y EaO)).

yeX yEX yeX yEX

By definition 2.5, (QSVNSU2) and (QSVNSU3) we have
Taw () =Y, Tr@Y) ATI0)) =V, Hr(T1y) () ATy )
=y\e/X Hr (TN T4(y))(x)

= Hy (U(Tw” TA(y))> ()

yeX
= Hp(Ty)(x) = TH(A)(x)
Cray() :y\E/X (Cr(x, ) ANC4(Y)) :y\E/X (Hc(Cry) () A G4 ()
:y\E/X He(CiyN Ca(y))(x)

= He (U(cwn cA(y») ()

yEX
= Hc(Cp) (x) = Cheay(x),
Uray(®) = A (Ur(x,7)VUL(¥)) = A (Hy(Usy) (x)VUs(¥))
yeX YEX
= A Hy(Uiy LUy () x)

= Hy (ﬂ(uly U UA<y))> ()

YEX
= Hy(Uy) (x) = Ugay(x)
Fan @ = A, Fr(x0)VEGY) = A (Hr(Fiy) ()Y E(0)
=y/E\X Hp(F1yU F4(y))(x)

= H (ﬂ(Flyu FA(y))> ()

yex
= Hp(Fy) (x) = Fya)(x)

H(A) = R(A). Since L and H are dual operators and H(A4) = R(A), we can easily show that L(A) = R(A).
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From Theorem 4.1, it follows that axioms (QSVNSUL1), (QSVNSL1) — (QSVNSL3), or equivalently,
axioms (QSVNSL1), (QSVNSU1) — (QSVNSU3) are the basic axioms of quadripartitioned single-valued
neutrosophic approximation operators. Then we have the following definition.

Definition 4.2. Let L, H: QSVNS(X) — QSVNS(X) be two dual operators. If L satisfies axioms (QSVNSL?2)
and (QSVNSL3) or equivalently H satisfies axioms (QSVNSU2) and (QSVNSU3), then the system
(QSVNS(X),u,n,c, L, H) is known as quadripartitioned single-valued neutrosophic rough set algebra, and L
and H are called quadripartitioned single-valued neutrosophic lower and upper approximation operators
respectively.

Next, we study axiomatic characterizations of some special classes of quadripartitioned single-valued
neutrosophic approximation operators.

Theorem 4.2. Let L, H: QSVNS(X) — QSVNS(X) be two dual operators, then there exists a serial QSVNR R
in X such that VA € QSVNS(X), L(A) = R(A), H(A) = R(A) if and only if L satisfies axioms (QSVNSL2),
(QSVNSL3) and one of the following equivalent axioms, or equivalently H satisfies axioms (QSVNSU2),
(QSVNSU3) and one of the following equivalent axioms:

i. (QSVNSL4)L(¢) = ¢

ii. (QSVNSU4)H(U) =U

iii. (QSVNSL5)L(aq, a7, 03, @) = 1,5, A3, 04

iv. (QSVNSU5)H (ay, @y, 03, Q) = @1, 0, A3, Ay

V. (QSVNSLU 5)L(A) € H(A),VA € QSVNS(X)
Proor. It follows from Theorem 3.2(1) and 4.1.

Theorem 4.3. Let L,H:QSVNS(X) - QSVNS(X) be two dual operators, then there exists a reflexive
QSVNR R in X such that VA € QSVNS(X), L(A) = R(A), H(A) = R(4) if and only if L satisfies axioms
(QSVNSL2), (QSVNSL3) and one of the following equivalent axioms, or equivalently H satisfies axioms
(QSVNSU2), (QSVYNSU3) and one of the following equivalent axioms:

i. (QSVNSL6)L(A) c A, VA € QSVNS(X)

ii. (QSVNSU6)A c H(A),VA € QSVNS(X)
Proor. It follows from Theorem 3.2(2) and 4.1
Theorem 4.4 Let L,H:QSVNS(X) - QSVNS(X) be two dual operators, then there exists a symmetric
QSVNR R in X such that VA € QSVNS(X), L(A) = R(A), H(A) = R(4) if and only if L satisfies axioms

(QSVNSL2), (QSVYNSL3) and one of the following equivalent axioms, or equivalently H satisfies axioms
(QSVNSU2), (QSVYNSU3) and one of the following equivalent axioms:

I. (QSVNSL7) L(1x-(x) (V) = L(1x—p) (%), VX, ¥y € X

ii. (QSVNSU7) H(1,)(y) = H(1,)(x),Vx,y € X
Proor. It follows from Theorem 3.2(3) and 4.1
Theorem 4.5. Let L,H: QSVNS(X) —» QSVNS(X) be two dual operators, then there exists a transitive
QSVNR R in X such that VA € QSVNS(X), L(A) = R(A) and H(A) = R(A) if and only if L satisfies

axioms (QSVNSL2), (QSVNSL3) and one of the following equivalent axioms, or equivalently H satisfies
axioms (QSVNSU2), (QSVNSU3) and one of the following equivalent axioms:

i. (QSVNSL8)L(A) < L(L(A)), VA € QSVNS(X)
ii. (QSVNSU8)H(H(A)) < H(A),VA € QSVNS(X)

Proor. It follows from Theorem 3.2(4) and 4.1
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5. An application of Quadripartitioned Single-Valued Neutrosophic Rough Sets

Definition 5.1. Let n = (T,, C,, U,, F,) be a quadripartitioned single-valued neutrosophic number, n* =
(Tp#, Cpr, Uy, Frx) = (1,1,0,0) be an ideal quadripartitioned single-valued neutrosophic number, then the
cosine similarity measure between n and n* is defined as follows.
T, Tp + C,Cps + U, Uy + FE, F oy
VTF + CF + Uj + E3(Tne)? + (Co)? + (Une)? + (Fye)?
Definition 5.2. Let A and B be two QSVNSs in X. We define the sum of 4 and B as
A® B ={{(x,A(x) ® B(x)|x € X)}; i.e.

Tp(x) + Tp(x) — Ta(x)Tp(x), C4(x) + Cp(x) — C4(x) CB(’O:)
Ug(x) + Up(x) — Uy (x) U (), Fo(x) + Fg(x) — Fy(x)Fp(x)

Example 5.2. Consider the medical diagnosis decision procedure based on quadripartitioned single-valued
neutrosophic rough sets on two universes. Let us consider the two universes. U = {x4, x,, x3} which denotes
the set of diseases viral fever, common cold and stomach problem and V = {y,,y,,y3} be the set of
symptoms tired, dry cough and stomach pain respectively. Let R € QSVNR(U x V) be a QSVNR from U to
V, where V(x;,y;) € UXV,R(x;,y;) denotes the degree that the disease x;(x; € U) has the symptom
yj(y; €V). According to medical knowledge statistic data, we can obtain the relation R.

S(n,n") =

A@B:(

Table 1. QSVNR R

R Xq Xy X3

X1 (0,0.3,0.5,0.4) (1,0.7,0.5,0.4) (0.3,0.1,0.6,0.2)
Xy (0,0.9,0.8,0.5) (0.5,0,0.3,0.4) (0.3,0.2,0.6,0.8)
X3 (1,0.2,0.5,0.6) (0.6,0.2,0.3,0.5) (0,0.3,0.7,1)

Let A = {< x,(0.3,0.6,0.7,0.5) >, < x,, (0,0.2,0.5,0.3) >, < x3, (0.4,0.9,0.7,0.6) >}. By the Definition 2.5
the lower and upper approximations are calculated and hence given in detail below,

R(A)(x;) = (0.4,0.5,0.5,0.3), R(4) (x;) = (0.3,0.3,0.5,0.4)

R(A)(x;) = (0.4,0.3,0.7,0.3), R(A) (x,) = (0.3,0.6,0.5,0.4)

R(4)(x3) = (0.5,0.3,0.3,0.5), R(4) (x3) = (0.3,0.3,0.5,0.5)
By Definition 5.2,

R(A) ® R(A = {(x;,0.58,0.65,0.75,0.58), (x,, 0.58,0.72,0.85,0.58), (x3, 0.65,0.51,0.65,0.75)}
By Definition 5.1,
TnTy+ + CpCp + U Uy + B F o
JTZ + C2+ U2 + B2 (T )2 + (€)% + (Up)? + (Fy)?
0.58 + 0.65

~ J0.582 + 0.652 + 0.752 1 0.582v12 + 12

S(n,n*) =

S(ny,n") = 0.675

Similarly, we can obtain,
S(ny,,n*) =0.665, S(ny,,n*)=0.636

Here S(ny,,n*) > S(ny,,n") > S(ny,,n"). So, the optimal decision is to select x,. That is the patient A is
suffering from viral fever x;.
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6. Conclusion

In this paper, we studied the framework of quadripartitioned single-valued neutrosophic rough sets through
its axiomatic characterizations. And also, we have studied the properties of quadripartitioned single-valued
neutrosophic rough sets. We also illustrate a numerical example in medical diagnosis to show the usefulness
of quadripartitioned single-valued neutrosophic rough sets on two-universes.
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