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A Generalised Mathematical Model of Hard-to-treat Infections with
Culturing and Antibiotic Susceptibility Testing

Reuben lortyer Gweryina® @, Genesis Shiandiem Tayen? @, Francis Shienbee Kaduna®

Abstract — A mathematical model for hard-to-treat infections with culturing and antibiotic
susceptibility testing (CAST) as an intervention strategy in a population is formulated and analysed.
The analysis of the model has been done qualitatively to investigate the existence and stability of
equilibria. Using the Lyapunov function, the disease-free equilibrium of the model proved to be
globally asymptotically stable with respect to the threshold quantity R, < 1. Of course, this entails
local stability. A similar approach is employed in proving the global stability of the endemic
equilibrium state in the case R. > 1. However, the local stability of the endemic equilibrium is
Published: 31.12.2020  jnyestigated using the method of row elimination. The model was validated using the Tuberculosis case
Original Article in South Africa, and the result reveals that patients without adopting CAST strategy are prone to drug
resistance and delay in quick response to the treatment regimen. On the contrary, individuals who have
adopted the strategy have shown greater recovery potential from the infection. Based on that, self -

medication, blind prescription should be avoided to curtail the consequences of drug resistance.
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1. Introduction

In the world of medicine, the consequences of an improper diagnosis of most hard-to-treat infections such as
Mycobacterium Tuberculosis, Typhoid fever, Gonorrhoea, staphylococcus etc. are responsible for high human
mortality and morbidity [1]. To this paper, hard-to-treat infections refer to diseases/infections that prove
incurable without culturing and antibiotic susceptibility testing. It is primarily culturing to ascertain the main
cause of an infection and determine drug resistance strains under laboratory-controlled conditions to give a
correct diagnosis and treatment [2]. It is observed that those who carry out culture testing tends not to have
antibiotic-resistant strains and do heal quickly [3]. To achieve this, it is necessary to carry out antibiotic
susceptibility testing, which involves culturing the disease in the presence of antibiotics. If the bacteria grow,
they are resistant to the drugs, but if it fails to multiply, it implies that the drugs are effective and the bacteria
are not resistant [4, 5].

[6] explains the need for rapid diagnostic testing to determine the causative organism of infection and
maintained that diagnosis through culture before treatment plays a valuable and critical role in the cure of
patients and those at risk of developing the infection. [7] identify disk diffusion and broth dilution techniques

! gweryina.reuben@uam.edu.ng (Corresponding Author); 2 tayengenesis@gmail.com; 2 kadunafrancis@gmail.com
123 Department of Mathematics/Statistics/Computer Science, College of Science, Federal University of Agriculture,

Makurdi, Nigeria


http://www.newtheory.org/
https://orcid.org/0000-0003-0886-0796
https://orcid.org/0000-0001-6489-1576
https://orcid.org/0000-0002-0437-016X

Journal of New Theory 33 (2020) 01-14 / A Generalized Mathematical Model of Hard-to-treat Infections ... 2

for bacterial culture and antibiotic susceptibility testing used in veterinary medicine and [8] made a case for
integrating culture-based and molecular methods in agro-ecosystems to understand better ways of bacterial
inhibition. [9] gave an overview of the current methods available to identify antimicrobial susceptibility testing
of anaerobes (aerobic bacterial).

The number of mortality and morbidity cases recorded against drug resistance to diseases due to non-culturing
and antibiotic susceptibility testing is alarming, and mathematical models under this area are few and not
widely explored. People have made attempts to model this kind of infections on specific diseases as far back,
as seen in [10, 11]. [12] projected that rapid expansion of Tuberculosis (TB) culture and drug sensitivity
testing (DST) among South African adults could save >47,000 lives and prevent >7,000 multidrug-resistant
(MDR)-TB cases during the 10 years from 2008 to 2017. This corresponds to a reduction of 17% in total TB
mortality, 14% in MDR-TB incidence, and 47% in MDR-TB mortality. Their model projected that culture and
DST impact depends most strongly on the speed and sensitivity of culture, treatment rates in diagnosed TB
patients, and TB case detection rates in the absence of culture. In the paper, Detection of antibiotic resistance
is essential for gonorrhoea point-of-care (POC) testing: a mathematical modelling study, [13] addressed
clinically relevant situations to evaluate the potential impact of gonorrhoea POC tests on antibiotic-resistant
Gonorrhoea and can guide the introduction of POC tests. [14] used mathematical modelling to provide a
framework that integrates information regarding the transmission and control of foodborne pathogens and
antimicrobial resistance. [15] provided a highlight on critical questions in the management of Gonorrhoea that
can be addressed by mathematical models and identify key data needs. Their overarching aim is to articulate a
shared agenda across gonococcus-related fields from microbiology to epidemiology that will catalyse a
comprehensive evidence-based clinical and public health strategy to manage gonococcal infections
antimicrobial resistance.

Because of the above, the present study uses this opportunity to consider the general dynamics of hard — to -
treat infections with antibiotic susceptibility testing as a robust way of enhancing proper medical treatment.
This paper's organisation begins with an introduction in Section 1 and follows model formulation in Section
2. The analysis of the model is presented in Section 3 with numerical simulations and discussion in Section 4.
Finally, the conclusion is given in Section 5.

2. Model formulation and the Feasible Region

The model classifies the total population at time t, denoted by N, into susceptible individuals S, infected
individuals without CAST strategy I,,, infected individuals with CAST strategy /. and individuals who
recovered from the infection R. It is assumed that individuals are recruited at a constant rate ¢ to the
susceptible population S and recovered individual also become susceptible at y rate. Susceptible individuals

Iy +0I,
N )’
where S is effective contact rate and 8 is the modification parameter which takes the values 0 < 6 < 1. When

6 = 1 implies that CAST strategy is ineffective in disease control while when 6 = 0 signifies that the strategy
can effectively control the spread of the infection. Individuals with culture and antibiotic susceptibility testing
can acquire the infection at a reduced rate of (1 — m)A and a higher recovery rate of p. compared to those
without. It is also assumed that some of the infectives I, move to join I, class with a rate a depending on
CAST strategy. It is also assumed that the natural death rate occurs in all populations at a per-capita rate of p.
It is noted that the recovery rate of infective due to CAST strategy is greater than those without the strategy
(pe > py)- The mortality rate due to I, is lower than that of I, (6. < 6,,). The variables and parameters of
the model (1) are hereby presented in Table 1.

can be infected with disease following the contact with infected individuals at an average rate A = (
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Table 1: Parameters of the Model.

Parameter  Interpretation

Number of susceptible persons

Number of infected persons without CAST strategy

Number of infected persons with CAST strategy

Number of recovered persons due to treatment

Recruitment number of susceptible persons

The fraction of susceptible persons who become infected and do not adopt CAST strategy
The rate of adopting CAST strategy

Effective contact rate

The force of infection

Natural death rate

Modification parameter

Disease induced death rate for infectives without CAST strategy

Disease induced death rate for infectives with CAST strategy

Recovery rate based on CAST intervention strategy

Recovery rate based on ordinary medical test prescription (without CAST strategy)
The rate at which recovered persons regain susceptibility

RO orT >HRA G RTT 0

2

(u+6y)

Fig. 1. Flow diagram of the generalised model of hard-to-treat infections

2.1. Model Equations

Using the description of model and Fig. 1, we derive the differential equations below.

ds 3
—=¢—AS+yR—uS

dt

dl,,

Y —mAS — (u+a+py, + 61,

dt

dl & W
d_; =1 -mAS+al, — (u+p. + 6,1,

dR
Ezpwlw + pcle — (u+ V)R )
where
I, + 6l
s 2%

Adding the whole equations of (1) yields

dN
dt = ¢ —uN = Syly — 8.1 (3)
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2.2. The feasible region

This sub-section examines the model's invariant region (1) whereby the system is mathematically and
epidemiologically well-posed.

Theorem 2. 1. The model (1) is a dynamical system on the biologically feasible region:
D ={(S,1,,1,R) € R*:N, < N(t) < S°},

¢
u+8y,y+8.

where $© = 2and N, =
u

Proor. The proof follows a two-step approach [16]

Step 1. We prove that the solution S(t), I, (t), I.(t) and R(t) of the model (1) based on the initial conditions
such that S(0), I,,(0), 1.(0) and R(0) are non-negative. Let £ = sup{t > 0:5S > 0,1, =0,I. = 0,R = 0}.
Then, £ > 0 and it shows from the first equation of the model (1) that

ds

== (U AD)S+YR 2 ¢~ (n+A®)S,

The above inequality equation has the form

d t t
x [S(t)exp {yt + .’; A(s)ds}] > dexp {ut + J;) A(s)ds}.

Thus,
3 3 P
S(t)exp {,uf + j A(s)ds} —-5(0) = f dexp {,up + f A(v)dv} dp,
0 0 0
So that
3 3 t 4
S(t) = S(0)exp {— (,uf + -[ A(s)ds)} + (0)exp {— <,uf + f A(s)ds)} X f dexp {,up + f A(v)dv} dp
0 0 0 0

> 0.
Similarly, it can be proven that I, > 0,1, = 0,and R = 0 forall t > 0.
Step 2. We now show that the total population at time t, N (t) satisfies the boundedness property
N, < N(t) < S° whenever N, < N(t,) < S°.

From equation (3), one has that

dN
¢_(M+6w+6c)N(t)SES(I)_.UN(LL)- (4)

Applying the Gronwall inequality to the equation (4) yields

¢ $
T [1 — e~ Wb t8It] 4 5(0)e~(BHOwHEIt < S(0)e Mt 4 X (1 — oM
u+6w+6c[ ¢ ] +50)e = SO +- (1 —e™)
which implies that
N, < N(t) < S°.

Bringing step 1 and step 2 together, Theorem 2.1 follows from the classical theory of dynamical systems.
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3. Existence of model equilibria and stability

3.1. Local stability of disease-free equilibrium (DFE)

The disease-free equilibrium point occurs at the state in which there is no infection. Hence, the DFE point of
the model (1) is given by E, = (59,0,0,0), where the infected compartment tends to zero and S° is the same
as in Theorem 2.1.

The local stability of the DFE (E,) depends on the control reproduction number, R, which is computed by a
next-generation operator [17]. Using their notations F and V which denote the matrix of the new infections
and transition matrix respectively, we have

_ 8 o _(uta+py,td, 0 )
F=p(,", (1—n)9> anav = (740 wtpe+3.)
with
1
0
v-1— u+a+p, +94,
a 1

wt+a+py+6)u+pc+6) pn+pc+6.
Therefore, the control reproduction number is

(5)

n(d, + af) + (1 —m)d, 6
did, '

R = p(FV™1) = ﬁ(
where

di=p+a+p,+6,andd, =pu+p.+6,.
Therefore, by Theorem 2 in [17], we can claim the following result.
Lemma 3.1. The DFE of the model (1) is locally asymptotically stable if R, < 1 and unstable otherwise.

Biologically, lemma 3.1 implies that an adequate pool of few infected individuals into the susceptible
population will not generate an outbreak of infection except R, > 1. Therefore, to ensure better control of
infection, the global asymptotic stability of DFE is needed as addressed in the next subsection.

3.2. Global Stability of the DFE

The global investigation of stability at the disease-free state using Lyapunov function's construction depends
on the infected compartments only.

Lemma 3.2. The DFE of the model (1) is globally asymptotically stable in D provided that R, < 1 and
unstable if R, > 1.

Proor. Following the work of [18], we consider the Lyapunov function
L = Al,, + BI,, (6)

where A > 0 and B > 0, with the derivatives of L defined by
dL.. _ dl,, dl,

Thus, substituting the corresponding right-hand side of (1) into (7) gives
dL
—=(mA+ (1 —-n)B)AS — (d1A — aB)I,, — d,BI.. (8)

dt
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Therefore, setting the coefficients of AS to the numerator of R, (excluding £) and that of I,,, to the denominator
of R., we have

nA+ (1 —mn)B =n(d, + ab) + (1 —m)d 6,
dlA —aB = dle'

from which we obtain
A=d,+af >0andB =d;6 > 0.
Now replacing the expressions for A and B in (8) above yields
dL P <1W + 61,
dt N

)S(n(dz +af) + (1 —m)dy0) — dyd,(I,, + 61,

= dyd, (I, + 61,) </3 (”(dz * aezi:;zu — mdla)% . 1).

Since S < N is in the region of the invariant set, it then follows that

n(dy, + af) + (1 —m)d,6 1
did; '

dL

= dydy(Iy +0I.)(R. — 1).
This shows that

dL
7 <O0ifR. <1

Equality holds at R, = 1 and I,, = I, = 0. Therefore, we can conclude from the LaSalle's invariance principle
stated in Theorem 3.1 below that the DFE is globally asymptotically stable since S — %as t-o>watl,=1,=

0.

Theorem 3.1. [19] (La Salle Invariance Principle). Let H(x) be a locally Lipschitz function defined over a
domain G € R™ and Q c G be a compact set that is positively invariant concerning x = H(x). Let V(x) be a
continuously differentiable positive definite function on G such that V(x) < 0 in Q for all x € G. Let E =
{x € Q[V(x) = 0}, and M be the largest invariant set in E. Then every solution starting in Q approaches M as

t — oo,

3.3. Existence of Endemic Equilibrium State (EES)

The endemic equilibrium state defines the persistence of an infection in the population. Suppose
E* = (§*, 1, 1., R*) > 0 is the endemic equilibrium of the model (1). Then,

0= — AS™ + yR™ — uS™,

0 = mA™S™ — dy 1",

0=_1-mA"S*" +al,” —d,I.”,

0=p,L, " +pd.~" —ds;R*.

Therefore,
+ yR**
s SHYRT
w _d1 )
\ [ am 1—m Jreges )
¢ = <d1d2 4 ) '
T (Pw Pcc (1—7T),DC
R™ = —(—+ >+ A*S**,
\ <d1 d; dpd; dpds >
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To be specific, the value of $** is

§* = ¢ . (10)

#H**(l_dlg(dzl(pwwc )+<1_n>pc))

Recall from (2) that the force of infection at the equilibrium state is

Ly +6I;"\ R,—1
/1**=/3(W C)=C (11)

N** K '’
with

Pw pc> 1- n( pc)
K = 1+—+—[(1 1
( +d3+d2( +d3>+ o, Uta
Note that A** # 0 defines the endemic equilibrium which exists at the point, R. > 1. From the above, the
following result can be inferred.

Lemma 3.3. If R, > 1, then the model (1) admits a unique positive endemic equilibrium state.

3.4. Local Stability of EES

The linearised form of system (1) at E** gives the Jacobian, J,

(IW** + 91(:**) ** S**
- <u + B B ~BO v
1, +61.") S S
J= = ( —np N**) mpo e 0 .(12)
+ 01, S S
(a- n)ﬁM a+(-mfrs —(h-0-mpess) o
0 Pw Pc —(u+vy)
The transition by row reduction into an upper triangular matrix of the Jacobian is given by
—91 —92 —93 14
[0 -4 —A, As )
TU - O O _(AlBZ + AzBl) (A3Bl + AlBS) ’ ( 3)
0 0 0 Q

where

Ay = 9195+ 9294, A2 = 9394 — 9196:43 = VG4

By = 9198 — 9297, B; = 9199 + 9397, B3 =vg7,

and Q = (A1B; + A;B1)(pwAs — g1041) + (pcAr — pwA2)(A3By + A1 Bs),

with
(1, + 61" §* s (1, + 61,")
91—#+3T'92=5W, gz = po N9 = ﬁWNTC,
S S* ( 401 **)
g5=(d-mp==),  ge=mBOT=, g =(1-mB

gp=atQ-mfm  go=(d-(1-mBIT=),  Gro= 1)

For the system to be Locally Asymptotically Stable at the endemic state, we now show that all the diagonal
elements of the upper triangular matrix, which are the eigenvalues of (12) are negative.
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Then, from (13)

(Rc - 1)

= ) < 0iffR. > 1. (14)

/11=—91=_<M+

Similarly,

(Re—1) S .
2o =—Ay =~ (di|p+—7—) - upni= | <OiffR.>1.  (15)

For /13 = _(A1B2 + AZBI) < 0,
it implies that (4, B, + A,B;) > 0, and detail simplification gives

oo [ g _—
Jo=—up |0 (ﬁ = (= @) — dy (1 - m) (1 + u)) - <u +( )) (dy7 + ab)

R. — 1)? R.—1
—d1d2<( = ) +2y( " >+y2><0iffRC>1.

(16)

Lastly,

Ay = Q = (418, + A3B1) (pwAsz — g1041) + (pcA1 — pwAz)(A3B; + A1 B3).

Since (A;B, + A,B;) and (A3B; + A;B3) are positive, we are left to show that (p, Az — g104;) and
(p.A; — pywA,) are negative. This implies that

PwAz — 91041 < 0 & py Az < gp04, Yields
Ay

Pw < G0 a7
and
PcA1 — pwhz <0 &= pcA; < pyA,.
This gives
Ay
pcA_ < Pw- (18)
2

Combining equations (17) and (18), we get the inequality

Ay Ay
pCA_Z <pw < glOA_3

from which we arrived at

Ay < 0iff p,. >

—u(u+y)os*
Ry 5= —(u+7v)upe

s K
_ ——— provided R, > 1.
yrN** (I, **+01.* -1’ p ¢

N* yr(R,

Lemma 3.4. The endemic equilibrium is locally asymptotically stable iff R, > 1.

3.5. Global Stability of the Endemic Equilibrium E**

Lemma 3.5. The endemic equilibrium point of the model (1) is globally asymptotically stable if and only if
Relg=y=0 > 1.

Proor. We consider a nonlinear Lyapunov function of Volterra type as applied in [20]

*% *k S 1 *% IW 1 *% Ic
L1 =5S-5S"-S 11’1<S**>+E|:IW—IW ll’l(m)] +m|:IC—IC 11’1<F>]
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The derivative of L, with respect to time is given by

p _(1 S**)dS+1 AL S PR Y .
re S)dt w dt  1-m I, )dt’ (19

Putting the equations of the model (1) aty = 0 in (19), we have
S I, +061 1 I,”" I, + 01
(1——)[¢ /3( C)S—ys]+—<1—”1”—>[ﬁn(—wlv C)S—(,u+a+pw+8w)lw]

w

+

1_ﬂ<1—£>[ﬁ(1—n)( i )S+al —(,u+pc+6c)l]

For convenience, let H(I) = M, then simplification gives

*% *%

= (1-2) 16— pHWS — 51+ (7) x (1 - ’;”—) [BTH)S — (4 + @+ pu + )1 ]

w

1 I sk
i (1 - n) (1 - 1_> [ —mHDS + aly = (1 + pe + 8], (20)

Using the following equilibrium relations of the model (1) obtained at y = 0,
ﬁT[H(I**)S**
IW** )

B(1—m)HI™)S™ + al,™

u+a+p, + 06,

p+pct+d. =

*% )
Iw

Then, equation (20) becomes

= s (1 2 )+ H(I™)S$™ | 1 HIDS _S7 A
H(DS L, L,”HS
H(DS I. I.HDS

(21)

)

Adding the second, third and fourth terms of (21) and using the fact that — na =

< 1, since H(I) is a decreasing

function, we get

K%

S I, SIS I, 1S
L/ — * % 2___ HI** *k 4___—___
1= HS ( 3 S**) +BHUT)S [ " s7L, 1" 1S
s S a I, I LI,
H(I*)S* | —— —I - 1]. 22

But BH(I™) = 1™ = % from (11) and setting @ = 0 in (22), we have

s* S R.—1 I SI,”™ 1 1.”S R.—1 (§**)?
P S**(Z——— ) (c )5** gotw 2w e L _( S** ]|
1=k s )tk I 1.5* S5

from which we arrived at
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s S R.—1 I SI,”™ 1 1.7*S
L <us**<z——— >+(C—>S**[4—%—L—%—C
S S K L, S*1, I, 1.5*
Thus,
1 <0 ifandonly if R, >1, 2 < IW + Shy -l 4 le”S However, L) =0 if R, =

** S**IW IC** ICS**'
1,5=S8"1,=1,"and I, =I." Hence {(S Iy, IC) = (8™, 1,,”*, 1.”")} is the only singleton set in D,
which is the largest compact subset Where L7 = 0. At this point, we can conclude by invariance principle in
Theorem 3.1 that the endemic equilibrium is globally asymptotically stable.

3.6. Threshold Analysis

The control reproduction number, R, of a model system with CAST strategy defined by (5) is a threshold
quantity that determines whether the disease will invade the host population. If R, is less than unity, the disease
will be under control, and if it is not, then there will be an outbreak of disease.

In the absence of CAST strategy, we have

pr ﬂ(l m) _

@hped 501,00 X = 4T e (23)

where R, is the basic reproduction number.
Thus, the difference between equations R, of (5) and R, of (23) is

(24)

Clearly from equation (24), Ry — R, is positive if 8 = 0. This epidemiologically implies that CAST strategy
could be essential for effective treatment of hard-to-treat infections. On the other hand, & = 1 biologically
shows that R, — R, is negative and thus ineffective in curtailing this kind of infections.

4. Numerical results and discussion

As an application of our model developed on hard— to — treat infections, we focus on the case study of 2014
Mycobacterium Tuberculosis (TB) outbreak in South Africa.

4.1. Parameter estimation

According to the Population Reference Bureau in 2018, the total population of South Africa denoted by N was
estimated as of 2014 to be 53,700,000. The Global TB Report 2015 estimated that South Africa had the second
highest TB incidence rate in 593 cases per 100, 000 population. Thus, we have the total number of infected
individuals with TB as in 2014 to be
593
100,000

Meanwhile those individuals I infected with TB who adopted the CAST strategy was 101, 423 [21], and the
total number of infected individuals I,,, without considering the strategy becomes

I,=1—-1.=318,441-101,423 = 217,018.

On the other hand, the total number of people R who have recovered from TB during the year under review by
[4] was 251, 344. To this effect, the number of individuals susceptible to TB in 2014 evidently satisfies the
relation

X 53,700,000 = 318, 441.

S=N-(,+1.+R) =53,130,215.
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The death rate is defined as the inverse of the life expectancy at birth. As in the year 2014, the life expectancy
of South Africans was 60.99 years. Therefore, the natural death rate, u, is estimated to be u = L

60.99

0.0163961 per year. Also, the recruitment number ¢ can be estimated from the relation in the feasible region

as
¢ =Nxu=23880472.21

The rest of the parameters can be similarly estimated and appropriately assumed as presented in Table 2

Table 2: Values for population-independent parameters
of the model (yr‘l)

Variable/Parameter Value Source
N 53,700,000 [4]
S 53,130,215 Estimated
I, 217,018 Estimated
1. 101,423 [21]
R 251,344 [4]
[ 880,472.21 Estimated
T 0.5 Assumed
a 0<ac<1 Variable
B 0.6983 [22]
u 0.0163961 Estimated
0 0<6<1 Variable
Sy 0.06908 Assumed
6 0.03384 Assumed
Pe 0.06667 [4]
Pw 0.075 [4]
y 0.007893 Assumed
(-1
= 10
3 T
- . B=1
. " + 8=0.8
2.5+ - - 5=0.2 [
m -
= - -
E =r - -|—++_H_+_T_T+ i
g . -+ e
2 4=l + - + |
£ i B ++ - ++
E . <
ﬁ T - ++ * - ++—l— T
=3 - +
O - 4" . .
sl S fa. +
o -.|-++-|— L :"- ._:':
UM
o 5 10 15 20 25 30 a5 40

Time (vYears)

Fig. 2. Effect of 8 on TB infectives, I with CAST strategy
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Fig. 5. Effect of @ on TB infectives, I, with CAST strategy. Fig. 6. Effect of @« on TB infectives, I

without CAST strategy

Fig. 2 illustrated the dynamical behaviour of infectives I who have gone for culture and conducted antibiotic
susceptibility testing concerning the modification parameter, 8. The number of infected individuals remains
highat 8 = 1, implying that, CAST strategy fails at that point and begins to decline as the value of 8 decreases
demonstrating the effectiveness of culture and antibiotic susceptibility testing. A similar consideration was
carried out in Fig. 3 on those infectives I;,, that have gone only for ordinary prescription treatment and indicates
the same scenario only that the number of people with CAST strategy has a comparative advantage in quick
response to treatment than those without the intervention strategy. A clear comparison of the above two
experiments is given in Fig. 4 at & = 1 in which I; < I,. This inequality shows the significance of CAST
strategy as a prerequisite to the proper treatment of infectious diseases and further discourages the ordinary
diagnosis/blind prescription treatment of patients suffering from hard-to-treat infections. This result agrees
with the works of [3, 6] that mandated the use of culture before medication as it prevents drug resistance and
promotes timely cure from infections. The impact of « on the infectives is also given in Fig. 5 and 6. In both
Figures, it is important to say that infection is easily treated in individuals who embrace CAST strategy but
prove difficult for those who have gone for blind prescription or ordinary diagnosis at « = 0. This outcome is
consistent with [12] that says culture and drug sensitivity test can save more lives and prevent multi-drug
resistance in patients.
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5. Conclusion

This paper aims to model the role of culture and antibiotic susceptibility testing on the treatment of
hard-to-treat infections. To this end, incidence function that accounts for individuals' behaviour with
(out) culture has been introduced. Stability analysis concerning R, being the key objective of any
epidemiological study has been done, and the investigation reveals that the basic equilibria of the
model are stable, both local and global using appropriate standard stability methods. Threshold
analysis of the effective reproduction number R, has proven that CAST strategy is very critical in
mitigating and controlling the hard-to-treat diseases. Numerically, we simulate the proposed model
using tuberculosis data from South Africa as a case study. The result confirms that individuals who
present themselves for treatment of infection without culture and antibiotic susceptibility testing have
a slow recovery pace and thus increases their mortality. Based on these findings; priority should be
on culture and drug sensitivity testing by health practitioners before prescribing drugs to patients,
since this will reduce fatality and boast recovery rates of individuals from hard-to-use infections.
Additionally, since the study focuses on a generalised model for non-specific infection, we expect
future research to target specific diseases as each disease may have its peculiar transmission
dynamics.
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1. Introduction

In 1965, to dispose uncertain or vaguee information in decision making, fuzzy set theory was first
introduced by Zadeh [1]. Fuzzy set theory was characterized by a membership function which assigns
to each target a membership value ranging between 0 and 1. Further, Chang [2] introduced the
fuzzy topological spaces and studied some basic notions of topology such as open set, closed set and
continuity. Later, Lowen [3,4] also made different studies on fuzzy topological spaces. Intuitionistic
fuzzy set (IFS), initially proposed by Atanassov [5], is incorporated the degree of non-membership ~y
into the analysis along with the membership degree i in such a way that u++ < 1. Coker [6] introduced
the concept of intuitionistic fuzzy topological spaces and studied some notions such as continuity and
compactness. Then, different studies were carried out on intuitionistic fuzzy topological spaces [7-9].
Although intuitionistic fuzzy set theory is popular, in some pactical decision-making processes the
sum of degree of membership and the degree of non-membership, in which an alternative that meets
the criteria of expertise is given, can be larger than 1; but their square sum is 1 or less.

Yager developed pythagorean fuzzy set (PFS) [10] characterized by a membership degree and non-
membership degree which satisfies the condition that the square sum of its membership and non-
membership degree is less than or equal to 1. Obviously, PFS is more effective than IFS. Yager [11]
showed this situation with an example. An expert gives his support for membership of an alternative

V3

is 5> and his support against membership is % Since the sum of the two values is bigger than 1.

2
They are not avaliable for IFS. But they are avaliable for PFS since (@) + (%)2 < 1. The PFS

also has been studied from different perspectives such as in decision-making technologies [11-14],
aggregation operator [15-18], information measure [19,20], the extensions of PFS [21-24] and basic
properties [10,25,26]. Besides, In 2019, Olgun et al. [27] introduce pythagorean fuzzy topological
spaces and studied some properties. After that, In 2020, Naeem et. al. studied Pythagorean m-
polar Fuzzy Topology with TOPSIS Approach in Exploring Most Effectual Method for Curing from
COVID-19 [28].
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In this study, we investigated some basic notions of pythagorean fuzzy topological spaces such as
pythagorean fuzzy interior, pythagorean fuzzy closure, pythagorean fuzzy boundary and pythagorean
fuzzy basic. Finally, we also defined pythagorean fuzzy open (closed) function and pythagorean fuzzy
homeomorphism.

2. Preliminaries

In this section, we will give some preliminary information for the present study.

Definition 2.1. [1] Let X be an universe. A fuzzy set (F'S for short) A in X, A =
z € X}, where pg : X — [0,1] is the membership function of the fuzzy set A; pa(x)
membership of z € X in A.

{(z, pa(z)) :
€ [0,1] is the

Definition 2.2. [5] Let X be a non-empty fixed set. An intuitionistic fuzzy set (I F'S for short) A in
X is an object having the form A = {(z, pa(x),va(x)) : * € X} where the functions p4 : X — [0, 1]
and 74 : X — [0,1] denote the degree of membership and the degree of non-membership of each
element 2 € X to the set A, respectively, and 0 < pa(x) +vya(z) < 1 for each z € X.

The degree of indeterminacy I4 =1 — pa(x) —ya(z).

Definition 2.3. [10] Let X be a universe of discourse. A pythagorean fuzzy set P in X is given
by P = {(z,pp(x),¥p(x)): x € X} where the functions pp(x) : X — [0,1] denotes the degree of
membership and ¢p(x) : X — [0, 1] denotes the degree of non-membership of the element z € X to
the set P, respectively, with the condition that 0 < (pp(x))* 4+ (¥p(z))? < 1.

The degree of indeterminacy Ip = \/1 — (pp(®))* = (Yp(x))%

Remark 2.4. It is easy to check that PF'Ss generalize I F'Ss. That is, all intuitionistic fuzzy degrees
are part of the Pythagorean fuzzy degrees. In actual decision-making problems, the PF'S characterizes
a larger membership space than the IF'S. Namely, the PF'S a higher capability than the I F'S to model
vagueness in real decision-making problems. Yager [10] proposed a novel concept of PF'S to model the
condition that the sum of the degree to which an alternative z; satisfies and dissatisfies with respect
to the attribute C; is bigger than 1, while the I F'S cannot deal with it.

Fig. 1. Comparison of intuitionistic fuzzy subsets and Pythagorean fuzzy subsets

AN

W{-w};:r};

Bs(x)

Wp(x)

Fp
2 (N,

PpTWp=Tp
Definition 2.5. [10] Let P, = {(z, ¢p,(2),¥p, (x)) : x € X} and P» = {{(z,¢p,(x),¢¥p,(2)) : x € X'}
be two pythagorean fuzzy sets over X. Then,
a the pythagorean fuzzy complement of P; is defined by
Pr ={(z,¢p (), op(2)) 1 © € X},
b the pythagorean fuzzy intersection of P; and P» is defined by

PLN Py = {(z, min{pp, (2), op, (2)}, max{p (z), ¥p, (2)}) : v € X},
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c the pythagorean fuzzy union of P, and P, is defined by
PUP= {<m7 max{gopl (.CC), PPy (x)}? min{¢P1 (x), Yp, (.CC)}> RS X} )

d we say P; is a pythagorean fuzzy subset of P, and we write Py C P if ¢p (x) < ¢p,(z) and
Yp, () > ¢Yp,(z) for each x € X,

e Ox ={(z,0,1) :x € X} and 1x = {(2,1,0) : x € X}.
Definition 2.6. [27] Let X # () be a set and 7 be a family of pythagorean fuzzy subsets of X. If
T1 Ox, 1x €T,
T2 for any P, P, € 7, we have PN Py € T,
T3 for any {P;},.; € 7, we have igIPi €T

then 7 is called a pythagorean fuzzy topology on X and the pair (X, 7) p s said to be a pythagorean
fuzzy topological space (PFTS for short).Each member of 7 is called a pythagorean fuzzy open set

(PFOS for short). The complement of a pythagorean fuzzy open set is called a pythagorean fuzzy
closed set (PFCS for short).

Remark 2.7. As any fuzzy set or intuitionistic fuzzy set can be considered as a pythagorean fuzzy set,
we observe that any fuzzy topological space or intuitionistic fuzzy topological space is a pythagorean
fuzzy topological space as well. Conversely, it is obvious that pythagorean fuzzy topological space
needs not to be a fuzzy topological space or intuitionistic fuzzy topological space. Even a pythagorean
fuzzy open set may be neither a fuzzy set nor an intuitionistic fuzzy set (see following example).

Example 2.8. [27] Let X = {x;,z2}. Consider the following family of pythagorean fuzzy subsets
T = {Ox, 1)(, Pl, ceey P5} where

P = {(21,0.5,0.7),(22,0.2,0.4)},
Py = {(21,0.6,0.5),(z2,0.3,0.9)},
Py = {(£1,0.4,0.8),(x5,0.1,0.95)},
Py = {{(21,0.6,0.5), (22,0.3,0.4)},
Ps = {(21,0.5,0.7), (2,0.2,0.9)}.

Observe that (X, T)p is a pythagorean fuzzy topological space.

Definition 2.9. [27] Let X and Y be two non-empty sets, let f : X — Y be a function and let A and
B be Pythagorean fuzzy subsets of X and Y, respectively. Then, the membership and non-membership
functions of image of A with respect to f that is denoted by f[A] are defined by

sup  pa(z), if 7l (y) #0
pa)(y) = =€)

0 , otherwise

and . "
inf va(z) , if f7H(y) #
Uf[A}(Q) = zef~1(y)

0 , otherwise
respectively. The membership and non-membership functions of pre-image of B with respect to f that
is denoted by f~1[B] are defined by

py-1p) () = pp(f(x)) and ve-1p)(z) = vp(f(x)) respectively.

In the study [27], they showed that ,u?,[ AT vj%[ 4 < 1 pythagorean fuzzy membership condition is
provide for pythagorean fuzzy image and pre-image.

Proposition 2.10. [27] Let X and Y be two non-empty sets and f : X — Y be a pythagorean fuzzy
function. Then, we have
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1. f71[B) = ( f! [B])C for any pythagorean fuzzy subset B of Y.

2. (f[A]) C f[A9] for any pythagorean fuzzy subset A of X.

3. If By C By then f~1[By] C f~![By] where B; and By are pythagorean fuzzy subset of Y.
4. If Ay C Ay then f[A;] C f[As] where A; and As are pythagorean fuzzy subset of X.

5 f [ ! [B]] C B for any pythagorean fuzzy subset B of Y.

6. A C f=1[f[A]] for any pythagorean fuzzy subset A of X.

Definition 2.11. [27] Let (X, Tl)p and (Y, 72)p be two pythagorean fuzzy topological spaces and
f X — Y be a pythagorean fuzzy function. Then, f is said to be pythagorean fuzzy continuous
if for any pythagorean fuzzy subset A of X and for any neighbourhood V of f[A] there exists a
neighbourhood U of A such that f[U] C V.

Theorem 2.12. [27] Let (X,71), and (Y,72), be two pythagorean fuzzy topological spaces. A
function f : X — Y is pythagorean fuzzy continuous iff for each open (closed) pythagorean fuzzy
subset B of Y we have f~![B] is an open (closed) pythagorean fuzzy subset of X.

3. Basic Results

Definition 3.1. Let {P; = {(z, ¢p,(2),¥p,(x)) : z € X}}
over X. Then,

ser be a family of pythagorean fuzzy sets

a NP = {(z,inf{pp(2)},sup {Yp(2)}) 1 2 € X},
b igIPi = {{x,sup{¢p (2)},inf {¢p (z)}) : 2 € X}.
Note that OIPZ‘ and ‘UIPi are pythagorean fuzzy sets over X. We shall DIPi define ﬂIPi =
1€ 1€ 1€ 1€

{<x,a npe,Bn pl.> tx € X} such that a n p, = inf {pp (z)} and S p, = sup{¢p(x)}. In order
iel iel iel i€l
to for DIB- to be pythagorean fuzzy set we must have that 042ﬁ p(x) + 8% p(z) < 1. We see since
i€ ier " ier "

% p(2) = sup {3, (2)}, then

Hop(x) = sup{vp ()} =sup {r] — .17 —vp }

S
< 1-inf{¢}, 93}
where go%pi —Hﬁ% = r2 for every i € I. From this we see that a?, p. () + B2, p(z) < inf {chPi, wlz%- P+
i€l iel
1 —inf {go%;,,@bl%_} < 1. Thus, ﬁIPi is a pythagorean fuzzy set.

1 1 /[/e

The prof is trivial for ‘UIPi'
1€

Theorem 3.2. Let {P; = {(z,¢p,(x),¥p, (7)) : x € X}},.; be a family of pythagorean fuzzy sets over
X. Then,
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PRrROOF. i) We have ‘lei = {(z,inf {¢p,(z)},sup{¢Yp,(2)}) : . € X}. Then

O = {{a,sup {u (2), inf {iop, ()}}) : 2 € X}

and P; = {(z,vp,(z),op(z)) : 2 € X} and so lLEJIE = {(x,sup {Yp,(x),inf {op,(x)}}) : z € X}.

That is, N P, = U P;.
iel el
ii) It is proved similar to (i) O

Definition 3.3. Let (X,7), be a PFTS and P = {(z,pp(z),¢p(x)) : € X} be a PFS over X.
Then the pythagorean fuzzy interior, pythagorean fuzzy closure and pythagorean fuzzy boundary of
P are defined by;

aint(P)=U{G:Gisa PFOSin X and GCP },
bcd(P)=nN{K:KisaPFCSin X and PC K },
c Fr(P)=c(P)Ncl(P°).

It is clear that,

a int (P) is the biggest pythagorean fuzzy open set contained P,

b ¢l (P) is the smallest pythagorean fuzzy closed set containing P.

Remark 3.4. From the definition pythagorean fuzzy union and intersection, it is obvious that
pythagorean fuzzy interior, closure and boundary is a pythagorean fuzzy set.

Example 3.5. Let X = {z1,29,23}. Consider the following family of pythagorean fuzzy sets 7 =
{1X7OX5P1;P2,P3,P4,} where

P = {(21,0.6,0.8),(22,0.7,0.6) , (x5,0.3,0.2)},
Py = {(21,0.7,0.9), (22,0.2,0.5), (x5,0.1,0.9)},
Py = {(21,0.7,0.8), (22,0.7,0.5) , (x5,0.3,0.2)},
Py = {(21,0.6,0.9), (22,0.2,0.6), (x5,0.1,0.9)} .

It is clear that (X, T)p is a pythagorean fuzzy topological space. Now, assume that,
P ={(x1,0.8,0.5), (x2,0.9,0.3) , (x3,0.4,0.1) }
is a pythagorean fuzzy subset over X. Then

int(P) = OxUPLUP,UP3UPy
= Py ={(x1,0.7,0.8), (x2,0.7,0.5) , (x3,0.3,0.2) } .

On the other hand, in order to find the pythagorean fuzzy closure of P, it necessary to determine
the pythagorean fuzzy closed sets over X. Then

P = {(r1,0.8,0.6),(x2,0.6,0.7), (x3,0.2,0.3) },
Py = {{(21,0.9,0.7),(x2,0.5,0.2) , (x3,0.9,0.1) } ,
Py = {(21,0.8,0.7),(x2,0.5,0.7), (x3,0.2,0.3) },
Py = {{(21,0.9,0.6),(x2,0.6,0.2), (x3,0.9,0.1) } .
Hence,
cl(P)=1x

Similarly to find the pythagorean fuzzy boundary of P,

P¢ = {(21,0.5,0.8) , (x2,0.3,0.9) , (x3,0.1,0.4)}
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cd(P°) = 1xNPiNnPyNPyN Py
= P§={(x1,0.8,0.7), (r2,0.5,0.7), (x3,0.2,0.3)}

Fr(P) = d(P)Nnecl(P°
= 1xnN Pg
= {(21,0.8,0.7), (x2,0.5,0.7) , (x3,0.2,0.3)} .

Proposition 3.6. Let (X, T)p be a PFTS and P, P;, P, be PFSs over X. Then the following
properties hold;

i int(P) C P,

ii int (int (P)) = int (P),

iii P, C Py = int(P) Cint(P),

iv int (P, N Py) = int (P1) Nint (Py),
v int(lx) =1y, int (0x) = Ox.

PRrROOF. (i), (ii), (iii) and (v) can be easily obtained from the definition of the pythagorean fuzzy
interior.

(iv) From int (P, N Py) C int (Py) and int (P1 N Py) C int (Ps) we obtain int (Py N Pe) Cint (P1)N
int (P2). On the other hand, from the facts int (P1) C P, and int (P) C Py = int (P1) Nint (Py) C
Py N Py and int (P) Nint (P2) € 7 we have int (Py) Nint (Py) C int (P, N P2). So, proof of the axioms
(iv) is obtained from these two inequalities. O

Theorem 3.7. Let J : PFS(X) — PFS(X) be amapping. The family 7 = {P € PFS(X) : J(P) = P}
is a pythagorean fuzzy topology over X, if the mapping J satisfies the following conditions:

i J(P)C P,
i J(1x) = 1x,
iii J(J(P)) = J(P),
iv J(PLNPR) =J(P)NJ(P).
Also, J(P) = int (P) for each pythagorean fuzzy set P in this pythagorean fuzzy topological space.
PrOOF. Straightforward. O

Proposition 3.8. Let (X, T)p be a PFTS and P, P, P, be PF'Ss over X. Then the following
properties hold;

i PCel(P),

ii cl(cl(P))=cl(P),

iii P C P=cl(P) Cdl(P),
iv el (PLUP) =cl(P)Ucd (P),
v c(lx)=1x, cl(0x) =0x.

PrROOF. (i), (ii), (iii) and (v) can be easily obtained from the definition of the pythagorean fuzzy
closure.

(iv) From cl (P1) C ¢l (Py U Py) and ¢l (P2) C ¢l (P1 U Py) we obtain ¢l (Py)Ucl (Pa) C ¢l (P U Py).
On the other hand, from the facts P, C ¢l (Py) and P> C ¢l (P2) = PLU P, C cl(P1) Ucl(P;) and
c(P)Ucl(Py) € PFCS we have ¢l (P U Py) C cl (P1) Ucl(Ps). Thus, proof of the axioms (iv) is
obtained from these two inequalities. O
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Theorem 3.9. Let C' : PFS(X) — PFS(X) be amapping. The family 7 = {P € PFS(X) : C(P¢) = P}
is a pythagorean fuzzy topology over X, if the mapping C' satisfies the following conditions:

iPCC(P),
ii C(0x) =0y,
iii C (C(P)) =C(P),
iv C(PLUPR,)=C(P)UC (P).
Also, C(P) = cl (P) for each pythagorean fuzzy set P in this pythagorean fuzzy topological space.
ProoF. Straightforward. O

Theorem 3.10. Let (X, 7), be a PFTS and P be a PF'S over X. Then,
a cl (P°) = (int (P))°,
b int (P°) = (cl (P))°.

PRrROOF. (a) Let P = {(x,pp(x),¥p(z)) : x € X} and assume that the family of PFSs contained
in P are indexed by the family {P; = {(z, ¢p,(z),¥p,(2)) : ¥ € X}},.;- Then we see that int (P) =
{(x,sup {pp,(x)},inf {¢p,(x)}) : © € X} and hence (int (P))° = {(z,inf {¢p,(x)},sup {¢p,(z)}) : x € X}.
Since P¢ = {(z,¢¥p(z),pp(x)) : x € X} and pp () < pp(x), Yp,(x) > 1pp(z) for each i € I, we obtain
that

{P; = {{z,0p,(x),¢p,(2)) : v € X}},.; is the family of PF'Ss containing P, i.e.
c (P¢) = {(z,inf {¢p,(z)} ,sup {pp,(z)}) : € X}. Therefore, cl (P°) = (int (P))° immediately.

(b) This analagous to (a). O

Proposition 3.11. Let (X, 71), and (Y, 72), be two PFT'Ss and f: X — Y be a pythagorean fuzzy
function. Then, the following are equivalent to each other;

a f is a pythagorean fuzzy continuous function,

b f[cl(P)] Ccl(f[P)) for each PFS P in X,

c cd(fK]) C f el (K)] for each PFS K inY,
d f~'[int(K)] Cint (f~[K]) for each PFS K in Y.

PROOF. a)=b) Let f: X — Y be a pythagorean fuzzy continuous function and P be a PF'S over
X. Then, f[P] Cecl(f[P]) and P C f~1[cl (f[P])]- Since cl (f [P]) is a pythagorean fuzzy closed set
in Y and f is a pythagorean fuzzy continuous function, f~![cl (f [P])] is a pythagorean fuzzy closed
set in X. On the other hand, if ¢/(P) is the smallest pythagorean fuzzy closed set containing P, then
cl(P) C f~*[el (f [P])] and so, f [cl(P)] C el (f [P]).
b)=>c) Suppose that P = f~ [K]. From (b), f [cl(P)] = f [l (f ' [K])] S (f[P]) =l (f [f'[K]]) C
el (K). Then, el (1 [K]) = cl(P) € £V [f [l (P)]] € £ [dl (K.
¢)=>d) Since int (K) = (cl (K*))°, then cl (f~' [K]) = cl(P) C f~[f [l (P)]] € f~ ' [cl (K)].
Assume that, G is a pythagorean fuzzy open set in Y. Then, int (G) = G. From (d), f~'[G] =
S int (G)] Cint (f~1[G]) € f~'[G]. Therefore, f is a pythagorean fuzzy continuous function. [

Definition 3.12. Let (X, ), be a PFTS.

a A subfamily I' of 7 is called a pythagorean fuzzy basic (PFB for short) for 7, if for each P € T,
P = 0x or there exists I C I such that P = ur’.

b A subfamily ® of 7 is called a pythagorean fuzzy subbase (PFSB for short) for 7, if the family
= {ﬂCI)/ : @' is a finite subset of <I>} is a pythagorean fuzzy basic for 7.
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Example 3.13. Considering the pythagorean fuzzy topology in Example 1, the family
o ={P, P}
is a pythagorean fuzzy subbase for 7 and
I'={P, P, P}
is a pythagorean fuzzy basic for 7.

Theorem 3.14. Let (X, Tl)p and (Y, 72)p be two PFTSs and f : X — Y be a pythagorean fuzzy
function. Then,

i f is a pythagorean fuzzy continuous function iff for each B € I' we have f~![B] is a pythagorean
fuzzy open subset of X such that I' is a pythagorean fuzzy basic for 7».

ii f is a pythagorean fuzzy continuous function iff for each K € ® we have f~![K] is a pythagorean
fuzzy open subset of X such that ® is a pythagorean fuzzy subbase for 7.

PROOF. i) Let f be a pythagorean fuzzy continuous function. Since each B € I' C 75 and f is a
pythagorean fuzzy continuous function, then f=![B] € 7.

Concersely, suppouse that T' is a pythagorean fuzzy basic for 75 and f~![B] € 7y for each B € T.
Then for arbitrary a pythagorean fuzzy open set P € 19,

-1 -1 -1
PR = E] = e

That is, f is a pythagorean fuzzy continuous function.

ii) Let f be a pythagorean fuzzy continuous function. Since each K € ® C 1 and f is a pythagorean
fuzzy continuous function, then f~1[K] € 7.

Concersely, assume that ® is a pythagorean fuzzy subbase for 75 and f~! [K] € 7; for each K € ®.
Then for arbitrary a pythagorean fuzzy open set P € 19,

fHP = YU (K, NK,N..NK;)
leI
- i-LéI (f_l [K“] M f_l [Klg] N...N f_l [Kzn]) Skl
J
That is, f is a pythagorean fuzzy continuous function. O

Definition 3.15. Let (X, Tl)p and (Y, Tg)p be two PFTSs and f : X — Y be a pythagorean fuzzy
function. Then,

a f is called a pythagorean fuzzy open function if f[P] is a pythagorean fuzzy open set over Y for
every pythagorean fuzzy open set P over X.

b f is called a pythagorean fuzzy closed function if f [K] is a pythagorean fuzzy closed set over Y for
every pythagorean fuzzy closed set K over X.

Example 3.16. Let X = {z1,z9,23} and Y = {y1,y2,y3}. Consider the following families of
pythagorean fuzzy sets 71 = {Ox, 1x, P1, P2, P3, P4} and 72 = {0y, 1y, S1, S92, S3, .54} where

P = {(21,0.3,0.5), (x2,0.6,0.2), (x3,0.6,0.5)},
(21,0.6,0.5), (x2,0.8,0.3), (x3,0.7,0.6)
( ), ( ), )
( ), ( ), ( )

21,0.6,0.5), (x2,0.8,0.2), (x3,0.7,0.5
21,0.3,0.5), (x2,0.6,0.3), (x3,0.6,0.6

9

h

{ |2

Py = { }
{ h

9
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S1 = {(y1,0.6,0.2), (y2,0.3,0.5), (y3,0.6,0.5)},
Sy = {(y1,0.8,0.3), (12,0.6,0.5), (y3,0.7,0.6)},
Ss = {(y1,0.8,0.2), (y2,0.6,0.5), (y3,0.7,0.5)},
Sy = {(y1,0.6,0.3), (y2,0.3,0.5), (y3,0.6,0.6) },

It is clear that (X, 1), and (Y, 72), are pythagorean fuzzy topological spaces. If pythagorean fuzzy
function f: X — Y is defined as;

flx1) = v
flz2) = wn
flzs) = wys

Then f is a pythagorean fuzzy open function. However f is not pythagorean fuzzy closed function on
pythagorean fuzzy topological spaces (X, 71),.

Theorem 3.17. Let (X,71), and (Y,72), be two PFT'Ss and f : X — Y be a pythagorean fuzzy
function. Then,

i f is a pythagorean fuzzy open function if f [int (P)] C int (f [P]) for each pythagorean fuzzy set P
over X.

ii f is a pythagorean fuzzy closed function if ¢l (f [P]) C f [cl (P)] for each pythagorean fuzzy set P
over X.

PROOF. i) Let f be a pythagorean fuzzy open function and P be a PF'S over X. Then, int (P) is a
pythagorean fuzzy open set and int (P) C P. Since f is a pythagorean fuzzy open function, f [int (P)]
is a pythagorean fuzzy open set over Y and f[int(P)] C f[P]. Thus, f[int(P)] C int(f[P]) is
obtained.

Conversely, suppouse that P is any pythagorean fuzzy open set over X. Then P = int (P). From
the condition of theorem, we have f [int (P)] C int (f [P]). Then f[P] = f[int (P)] C int(f[P]) C
f[P]. This implies that f[P] =int (f[P]). That is, f is a pythagorean fuzzy open function.

ii) Let f be a pythagorean fuzzy closed function and P be a PF'S over X. Since f is a pythagorean
fuzzy closed function then f[cl (P)] is a pythagorean fuzzy closed set over Y and f[P] C f[cl (P)].
Thus, ¢l (f [P]) C fcl (P)] is obtained.

Conversely, assume that P is any pythagorean fuzzy closed set over X. Then P = ¢l (P). From
the condition of theorem, we have cl (f[P]) C flcl(P)] = f[P] € ¢l (f[P]). This means that,
c (f[P]) = f[P]. That is, f is a pythagorean fuzzy closed function. O

Definition 3.18. Let (X, Tl)p and (Y, Tg)p be two PFTSs and f : X — Y be a pythagorean fuzzy
function. Then f is a called a pythagorean fuzzy homeomerphism, if

i f is a bijection,
ii f is a pythagorean fuzzy continuous function,

iii f~!is a pythagorean fuzzy continuous function.

Theorem 3.19. Let (X,71), and (Y,72), be two PFT'Ss and f : X — Y be a pythagorean fuzzy
function. Then the following conditions are equivalent;

i f is a pythagorean fuzzy homeomerphism,
ii f is a pythagorean fuzzy continuous function and pythagorean fuzzy open function,

iii f is a pythagorean fuzzy continuous function and pythagorean fuzzy closed function.

PRrROOF. The proof can be easily obtained by using the previous theorems on continuity, opennes and
closedness are omitted. O
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Conclusion

In this paper, we introduced the concept of pythagorean fuzzy interior, pythagorean fuzzy closure,
pythagorean fuzzy boundary, pythagorean fuzzy basic on pythagorean fuzzy topological spaces. We
also study pythagorean fuzzy open (closed) function and pythagorean fuzzy homeomorphism. Some
basic properties of these concepts are explored. We hope that, the results of this study may help in
the investigation of pythagorean fuzzy topological spaces in many researches.
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the manuscript.
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1. Introduction

Neutrosophy is a new kind of logic founded by F. Smarandache to deal with indeterminacy in nature and
reality. According to Smarandache’s work, every idea can be represented by three corresponding values (degree
of truth, falsity, and indeterminacy). Recently, neutrosophy has found its way into algebraic studies. Many
neutrosophic algebraic structures were defined and handled, such as neutrosophic group, neutrosophic ring,
and neutrosophic field. See [1-5].

Refined neutrosophic structures such as refined neutrosophic groups and refined neutrosophic rings were
firstly presented in the works of Agboola et al. [6,7] by using Smarandache's idea in splitting the indeterminacy
I into many different logical degrees. Laterally, refined neutrosophic algebraic structures were studied widely
in [2,8-13].

Through this paper, we try to establish the basic theory of neutrosophic algebraic equations. We introduce
a full description of basic algorithms which solve the linear neutrosophic equation, neutrosophic quadratic
equation, and neutrosophic linear system in a neutrosophic field F (1) and refined neutrosophic field F (14, 1,).
Also, we construct some examples to clarify the validity of this work.

Our work's main idea is to transform the neutrosophic equation into an easy equivalent system of classical
equations, and then we can build the desired algorithms.

2. Preliminaries

Definition 2.1. [3] Let (R, +,X) be a ring. Then, R(I) = {a + bl : a,b € R} is called the neutrosophic ring
where I is a neutrosophic element with the condition 12 = I.

If R is a field, then R(I) is called a neutrosophic field.
A neutrosophic field is not a field by classical meaning, since I is not invertible.
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Definition 2.2. [1] Let R be a ring and R(I) be the related neutrosophic ring and P = Py + P;I =
{ao + a]_I c Qy € PO ,Aq € Pl}' PO'Pl are two SUbSGtS OfR

(a) We say that P is an AH-ideal if Py, P; are ideals in the ring R.

(b) We say that P is an AHS-ideal if P, = P;.

Remark 2.3. [6] The element I can be split into two indeterminacies I, , I, with conditions:
L =01L,L°=0L,L1L,=0L1=1I

Definition 2.4. [6] If X is a set, then X (I3, 1,) = {(a,bl;,cl,) : a,b,c € X }is called the refined neutrosophic
set generated by X, I, 1,.

Definition 2.5. [6] Let (R, +,%) be aring, (R(I1,1;),+ ,X) is called a refined neutrosophic ring generated by
R, 1, 1.

Theorem 2.6. [6] Let (R(I4,1),+ ,%) be a refined neutrosophic ring, then it is a ring. It is called a
neutrosophic field if R is a classical field.
3. Main Discussion
Definition 3.1. Let F(I) be a neutrosophic field. Then, a neutrosophic algebraic linear equation is defined as
follows:
AX+ B = O;A =AQqy + all,B = bo + bll,X = Xy +x11;xl’,ai,bi EF

A neutrosophic quadratic equation is defined as follows:

AX?+BX+C=0;A=ag+a;],B=by+bI,C=cy+ci1,X=xq+x1;x;,0a;,b;,¢c; EF

Theorem 3.2. Let F(I) be a neutrosophic field, AX + B = 0 be a linear neutrosophic equation. Then, it is
equivalent to the following two classical linear equations:

(@) agxg + by = 0.
(b) (ag + ay)(xg +x1) + (bg + by) = 0.
Proor. By computing AX + B = 0, we find agxy + by + (agx; + a1x9 + a;x; + b;)I = 0. Thus,
ayxo + by = 0 (equation (a))
agx, + a1xg + a;x; + by =0 (%)
By adding (a) to (*), we get (ag + a;)(xo + x1) + (by + b;) = 0 (equation (b)).

Remark 3.3. It is easy to get an algorithm to solve neutrosophic linear equation AX + B = 0 in a neutrosophic
field F(I). We should solve the equivalent system, and then we get the desired solution.

Example 3.4. Consider the following neutrosophic linear equation (1 + 21)X + (2 — 3I) = 0 (*) over the
neutrosophic field of real numbers R(I). The equivalent system is:

(@) x¢ + 2 = 0. (Its solution is x, = —2.)
(b) 3Cxo +x1) + (=1) = 0. lts solution is xo +x; = 5, thus x, = 2.
The solution of (*)isX = -2 + %I.

Example 3.5. Consider the neutrosophic linear equation (1 + 21)X + (2 —31) =0 (*) over Z3(I) the
neutrosophic field of integers modulo 3. The equivalent system is:

(@) xo + 2 = 0. (Its solution is x;, = —2 = 1(mod 3))
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(b) 3(xg + x1) + (—1) = 0. Itis a non solvable in Z5. Hence (*) is not solvable in Z3(I).

Theorem 3.6. Let F(I) be a neutrosophic field, AX? + BX + C = 0 be a quadratic neutrosophic equation.
Then, it is equivalent to the following two classical linear equations:

(@) agxo? + boxy + ¢y = 0.

(b) (ap + a)(xo + x1)% + (bg + by)(xo + x1) + ¢y + ¢, = 0.

Proor. By computing AX? + BX + C = 0, we get

(agxo? + boxg + co) + Ragxoxy + agx,? + agxg? + 2a,x9x; + ayx12 + box; + byxg + byx; +¢) =0

Thus, agxo? + byxo + co = 0 (equation (a)) and 2agxex; + agxi? + a;xo? + 2a,x9%, + ayx1% + boxy +
byxo + byx;, + ¢1(*), by adding (a) to (*) we get (ay + a;)(xg + x1)% + (b + by)(xg + x1) + o + ¢, =0
(equation (b)).

Remark 3.7. To solve a quadratic neutrosophic equation AX? + BX + C = 0 in a neutrosophic field F(I). It
is sufficient to solve the equivalent system presented in Theorem 3.6.

Example 3.8. Consider the following quadratic neutrosophic equation (1 + 1)X? + (2 —DX +31 =0 (*)
over the neutrosophic field of real numbers R(I). The equivalent system is:

(@) xo% + 2x, = 0. (It has two solutions x, = 0, or x, = —2.
(b) (2)(xo + x1)? + (1) (x9 + x1) + 3 = 0. (It has no solutions in R, thus (*) is not solvable in R(1).)

Example 3.9. Consider the following quadratic neutrosophic equation (1 + 1)X? + (2 —DX +31 =0 (*)
over the neutrosophic field of complex numbers C(I). The equivalent system is:

(a) x¢2 + 2xo = 0. (It has two solutions x, = 0, or x, = —2.)

b) (2)(xg + x1)? + (1)(xo + x1) + 3 = 0. It has two solutions x, + x; = PR —1—1\/%1 thus x; €
0 0 0 4
{—1+iJ2_3'—1—;J2_3} ifxo =0.1fx, =—2,thenx, € {2+ —1+:\/ﬁ’2 + _1_:*@}. The solutions of equation (*)

—1+iv23 —-1-iv23 —1+iv/23

_1_im)1.

are X = IorX = 1,orX=—2+(2+ )1,orX=—2+(2+

Theorem 3.10. Let A; X, + A, X, + -+ A, X, = C (*) be a neutrosophic linear equation with n-variables

over a neutrosophic field F(I). Suppose that C = ¢y + ¢;1, A; = a((f) + af)l,X = xgi) + xf)l; cl-,xj(i), a]@ €
F. Then, (*) has the following equivalent system of classical linear equations:

®n,® 2,2 (m) () _
@ay 'xy " +ay’xy” +-tay x5 =cop.
(b) (a(()l) + agl)) (x(()l) + xil)) + (agz) + aiz)) (x(()z) + xiz)) + -4 (a(()n) + agn)) (xgn) + xin)) =co+ ¢y
Proor.

First of all, we should compute A4;X;. We have 4;X; = a(()i)x(()i) + (a(()")xf) + agi)x(()i) + agi)xf)) 1, we remark

that a(()i)xéi) + (agi)xf) + agi)xéi) + agi)xii)) = (a(()i) + aii)) (x(()i) + xf)). Hence,

4% = a5 + (%0 1 0% 4 a®%O)1 = o@D 4 (o + o) (£ + ) - OO
Now, we can write Y,i-; 4;X; = ( i agi)xéi)) +I1QM, (a(()i) + agi)) (xéi) + xf)) - Xk agi)xéi)) =C=
Co + ¢11. Thus, ( =1 a(()i)x(()i)) = ¢y (equation (a)). And i, (a(()i) + agi)) (xéi) + xf)) - agi)xéi) =0

(*), by adding (a) to (*) we get 1t (a” + al) (x6” + %) = ¢o + c1. (equation (b)).
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Remark 3.11. We can solve a linear system of neutrosophic equations in a neutrosophic field F (I) by solving
its equivalent system in the classical field F.

Example 3.12. Consider the following neutrosophic linear system over the neutrosophic field of real numbers:
LD @A+DX+@2-DY=1+3I.

(2) 24+ DX +5IY =—1+1.

The equivalent system of (1) is

Xo+ 2y, =1()
2(xg +x1) + (o +y1) =4 (1D

The equivalent system of (2) is

2x0 + 0.y = —1 (111
3(xp +x1) + 5@ +y1) =0 (1V)

From (1), (111), we get x, = —%,yo = %. From (1), (IV), we get xo + x; = ?,yo +y, = —1—72.
Definition 3.13. Let F(I4, I,) be a refined neutrosophic field. We define

(a) AX+ B = (0,0,0);A = (ao, alll, azlz),B = (bo, b111, bzlz),X = (xo,xlll,lez); bi,ai,xi EF. (Reflned
neutrosophic linear equation with one variable).

(b) AX? + BX + C = (0,0,0); C = (cq, 11, c315). (Refined quadratic neutrosophic equation).

Theorem 3.14. Let F (14, I,) be arefined neutrosophic field, AX + B = (0,0,0) be a refined linear neutrosophic
equation. Then, it is equivalent to the following system of classical linear equations:

(@) agxg + by = 0.
(b) (ag + a2)(xo + x2) + (bo + b3) = 0.
(©) (ag +a; +ay)(xg +x1 +x3) + (byg + by + b)) = 0.
Proor.
We compute
AX + B = (agxg + by, [agx; + a1xo + a1x1 + ayx5 + ayxq + b1 1Ly, [agx, + ayxy + ayx, + byl1L)
So, we get
ayxo + by = 0 (equation (a))
AoXy + ayxg + azxy; + by = 0 (%),ap0x1 + a1x9 + a1x1 + a1 x, + ayxq + by (*%)
By adding (a) to (*), we find (ay + a,)(xy + x3) + (by + by) = 0 (equation (b)).
By adding (b) to (**), we find (ag + a; + a,)(xy + x4 + x3) + (by + by + b,) = 0 (equation (c)).

Example 3.15. Consider the following refined neutrosophic linear equation (*) (2, I;,31,)X + (4,71, —=51;) =
(0,0,0) over the refined neutrosophic field Q (14, I,).

The equivalent system is:

(@) 2x9 + 4 = 0. It has a solution x, = —2.
(b) 5(x¢ + x3) + (—1) = 0. It has a solution x + x, = % hence x, = %
(c) 6(xg + x; + x5) + (6) = 0. It has a solution x, + x; + x, = —1, hence x; = _?6

The solution of equation (*) is X = (—2,_?611,%12).
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Theorem 3.16. Let F(I, 1) be a refined neutrosophic field, AX? + BX + € = (0,0,0) be a refined quadratic
neutrosophic equation over F(I,1,). Then, it is equivalent to the following system of classical quadratic
equations:

(@) agxo? + boxy + ¢y = 0.

(b)(ag + az)(xg + x3)% + (by + by) (xo + x3) + co + ¢, = 0.

(©) (ag + a; + az)(xg + x4 + x3)% + (bg + by + by)(xg + x4 + x3) + cg + ¢4 + ¢ = 0.
Proor. The proof is similar to the previous theorem.

Example 3.17. Consider the following refined neutrosophic quadratic equation over the refined neutrosophic
field of complex numbers C (14, I,),

(*) (1,0,1,)X% + (1,1,,00X + (—=2,1;,1) = (0,0,0), the equivalent system is

() x¢2 + xo — 2 = 0. It has two solutions x, = 1 or x, = —2.

(b) 2(xo + x3)? + (%9 + x3) — 1 = 0. It has two possible solutions x, + x, = —1 or xq + x, = % Thus if
Xo=—2,thenx, =1lorx, = % and if x, = 1, thenx, = -2 orx, = _71

(€) 2(xg + x1 + x3)% + 2(xo + x1 + x) = 0. It has two possible solutions xo + x; + x, = 0 or xo + x; +
x2 = _1

If xg + x, = —1,thenx; =1orx; =0,and if xg + x, =%,thenx1=_710rx1 :—g.

The set of solutions of equation (*) are
-1 1 1.5 3 1 3 5
{(1,11, —21), (1,711, —512) ,(=2,1,, 1), (—2, —511,512),(1,0, —21,), (1, -5 —512),(—2,0, L), (-2, —511,512)}

Theorem 3.18. Let A Xy +-+A4,X,=C, C=(co 1]y, c3L), X; = (ng,xf)Il,xgi)]Z), A; =

(a((,i), ag%, agi)lz) be a linear equation with n-variables over a refined neutrosophic field F (I;,1,). Then, itis

equivalent to the following system of classical linear equations over the classical field F:

(@ Xi=, a(()i)x((,i) = ¢p.

)X, (a(()i) + agi)) (x((,i) + xéi)) =g + Cy.

(€) Xieq (a((,i) + agi) + agi) ) (x(()i) + xf) + xéi)) =co+c+cy.

Proor.

We shall prove that AKX =0k, agi)xéi) , [ [ (a(()i) + af) + agi)) (x(()i) + xf) + xéi)) -
e (a(()i) + agi)) (xéi) + xéi))] 1y, [Z?=1 (a(()i) + agi)) (x(gi) + xgi)) — it a(()i)x(()i)] I).

We will use induction on n. For n = 1, the theorem is true easily. Suppose that it is true for k. We must prove

it for k + 1.

k+1

k
Z AKXy = Z AlXi + A1 X
=1

i=1

k k k
= (Z ax, [Z(aé“ a0 +a) (o + 1+ 20) = Y (0l + o) (x + ) |1,
i=1 i=1 i=1
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k k
@® (OAYO] @ @, ®
[Z(ao +a,) (% +x, )_Zao Xo
i=1 i=1

= (m,nly, tl,)

(k+1) _(k+1) (k+1) (k+1) _ (k+1) (k+1)
12>+(a0 ,aq L,a; 12)(x0 ) Xq I, x, 12)

We have m = (2?21 a((,i)x(gi)) n a(()k+1)x(()k+1) _ Z§¢:+11 a(()i)x(gi).

k k
¢ o= Z(agi) +a§i))(xéi) +x§i)) _Zaéoxéi) n [a(()k+1)x§k+1) +agk+1)xék+1) +a§k+1)x§k+1)]
i=1 i=1

k k
_ Z(a(()i) " agi))(xéi) +x§i)) _Zagi)xéi) n [(aék+1) n agk+1))(xék+1) +x§k+1)) _ a(()k+1)x(()k+1)]
i=1

i=1
k+1 k+1
= @0 @ O] O] @0,
—Z(ao +a2)(x0 +x2)—2a0 X0
i=1 i=1

By following the same argument, we find that

k+1 k+1
n= Z (a((,i) + agi) + agi)) (x((,i) + xii) + xgi)) - Z (a(()i) + agi)) (x((,i) + xgi))
i=1 i=1

By putting m, n, t in equation (*) we get:

(8) 2y adx” = co.

(1) Xy (a(()i) + agi)) (x(()i) + xéi)) — i1 a(()i)x(()i) = (2.

(n ¥, (a((,i) + aii) + agi)) (x(()i) + xf) + xéi)) -xh (a(()i) + aéi)) (x(()i) + xgi)) = .

We add (a) to (I) to get equation (b). Also, we add (b) to (1) to get equation (c). Hence our proof is complete.

Remark 3.19. According to the previous theorem, we can solve any linear system of refined neutrosophic
linear equations by transforming it into a classical equivalent system.

Example 3.20. Consider the following system of refined linear neutrosophic equations over the refined
neutrosophic field of real numbers R(I;, ).

(1) (1,1, 00X + (0,15, 1,)Y = (1,0,1,).

(2) (2,0, )X + (—1,1;,—1,)Y = (3,0,0). Where X = (xq, %111, %315),Y = Vo, V111, V215).
The equivalent system of equation (1) is:

1.xg+ 0.y, =1(I),

1.(xo +x2) + 1. (vo +y2) =2 (1),

2.(xg+x1 +x3) +2(yo + y1 + ) = 2 (I11).
The equivalent system of equation (2) is:

2.x9— 1.y, =3 (a),

3. (xg +x2) —2(yo +y2) =3 (b),

3. (xg + 21 +x2) — 1(yo + y1 + ¥2) =3 (0).
By solving (1) with (a), we find xy = 1,y, = —1.
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By solving (I1) with (b), we find xo +x; = £,y + y2 = 2. Thus, x, = 2,3, = =

By solving (111) with (c), we find xo +x; +x, = 1,yo +y; +y; = 0. Thus, x; = =2,y = —=

The solution of the system (1) and (2) is:

2 2 3 8
3.X = (1,_311,512), Y= (_1,_511,512).

4. Conclusion

In this article, we have introduced an algorithm to solve linear and quadratic equations in a neutrosophic field
F(I) and refined neutrosophic field F (1, I,). Also, we have introduced an algorithm to solve a linear system
of neutrosophic equations over F(I) and F(I;,1;) by turning it into an easy classical equivalent system of
linear equations.
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1. Introduction

Neutrosophic algebra is a new trend in pure mathematics; it is considered a combination between the
neutrosophic set introduced by Smarandache and classical algebra.

Many neutrosophic algebraic structures were defined and studied in a wide range such as neutrosophic
groups, neutrosophic rings, neutrosophic vector spaces, and neutrosophic modules. See [1-6].

Recently, many generalized concepts came to light, such as refined neutrosophic rings, Boolean rings, and
n-refined neutrosophic rings [7-14]. These generalizations were built over the idea of splitting the
indeterminacy I into many logical degrees. In the case of refined structures, I is splitting into two sub-
indeterminacies I, I, with the following property I,I, = I,,1,* = I;,1,% = I, [9]. Also, I is splitting into n
sub-indeterminacies I, ..., I,, in the case of n-refined structures. See [12,13].

Idempotents in a ring R are the elements with the property a? = a. They were handled and classified in
neutrosophic rings with semi idempotents in [15,16]. Through this paper, we introduce the condition of any
element in a refined neutrosophic ring R(I;,1;) to be idempotent. Two new kinds of special elements
(symmetric and supersymmetric elements) in neutrosophic rings and refined neutrosophic rings are presented
and classified. These elements have many interesting properties, especially in neutrosophic fields and refined
neutrosophic fields. Also, their algebraic structure will be discussed in previous cases.

2. Preliminaries

Definition 2.1. [13] Let (R, +,x) be aring. Then, R(I) = {a + bl : a,b € R} is called the neutrosophic ring
where I is a neutrosophic element with the condition 12 = I.
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If R is a field, then R(I) is called a neutrosophic field.
A neutrosophic field is not a field by classical meaning, since I is not invertible.

Definition 2.2. [1] Let R be a ring and R(I) be the related neutrosophic ring and P = Py + P;I =
{ao + a]_I : ao € PO ,a1 € Pl}' PO'Pl are two SUbSGtS OfR

(a) We say that P is an AH-ideal if Py, P; are ideals in the ring R.
(b) We say that P is an AHS-ideal if P, = P;.
Remark 2.3. [11] The element I can be split into two indeterminacies I; , I, with conditions:

I12 =1 ;122 =1, L1 I, =L =1

Definition 2.4. [11] If Xis a set, then X(I;,1,) = {(a,bl;,cl;):a,b,c € X} is called the refined
neutrosophic set generated by X , I, I,.

Definition 2.5. [11] Let (R, +,%X) be aring, (R(I1,1;) ,+ ,X) is called a refined neutrosophic ring generated
by R 11, I,.

Theorem 2.6. [11] Let (R(I4,1;),+ ,%) be a refined neutrosophic ring, then it is a ring. It is called a
neutrosophic field if R is a classical field.

Definition 2.7. [17] Let R be aring, a be any element in R. Then, it is called idempotent if and only if a? = a.

3. Idempotents in R(14,1,)

Theorem 3.1. Let R be any ring (noncommutative ring in general), R(I4,1,) be its corresponding refined
neutrosophic ring. Assume that x = (a, bl;, cl) is an arbitrary element in R(I;,1;). Then, x is idempotent in
R(I;,I,) ifand only if a,a + c,a + b + c are idempotents in R.

Proor. Let x = (a, b4, cl,) be an idempotent in R(I4, I,), then
x? = (a?[a.b+b.a+b?>+b.c+c.blly,[a.c+c.a+c?|)=x

Thus, [a? = al,(*)[a.b+ b.a+ b?> + b.c + c.b = b], (**)[a.c + c.a + ¢? = c], hence a is an idempotent
inR.

Now, we compute (a + ¢)? = a® + a.c + c.a + ¢?, we can find from (**) that (a + c)? =a* +c=a +c,
thus a + c is idempotent in R.

Also,we have (a+ b +c)> =a?+b?>+c>+a.b+b.a+a.c+c.a+b.c+c.b, by (*)we get
(a+b+c)?=(@®+c*+ac+ca)+(ab+ba+b?>+b.c+chb)=(a+c)+b=a+b+c

Thus, a + b + c is idempotent in R.

For the converse, we suppose that a, a + ¢,a + b + c are idempotents in R, then we get

(1) [a? = a].

(2 (a+c)>=a%*+a.c+c.a+c?=a+c.Byusing equation (1), we geta.c + c.a + c% = c.

@B)(a+b+c)>=a?+b*+c>+ab+b.atac+ca+b.c+c.b=a+b+c. Byusing (1) and (2),
weget(a+b+c) =a+b*+ab+b.a+(ac+ca+c?)+b.c+c.b=a+b+c. Thus,

a+b?’+a.b+ba+(c)+bct+chb=a+b+c
Hence, b>+a.b+b.a+b.c+c.b = b.
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Now, we compute x2 = (a?,[a.b + b.a + b? + b.c + c.b]l;,[a.c + c.a + ¢?]I,) = (a, bl;, cl,) = x. So, it
is idempotent in the refined neutrosophic ring R (14, 1,).

Example 3.2. Let R = Z; be the ring of integers modulo 3, R(I4,1,) = {(a, bly,cl;) : a,b,c € Z3} be its
corresponding refined neutrosophic ring. The set of idempotents in R is

M = {0,1}, the set of idempotents in R(I;, ;) according to Theorem 3.1 is:
N ={(1,1, 21,),(1,0,21,), (1,21, 0), (1,0,0), (0,0,0), (0, 1;,0), (0,0, 1), (0,21, 1)}
The following theorem determines the number of idempotents in R(1;, I,).

Theorem 3.3. If the ring R has m idempotents, then the corresponding refined neutrosophic ring R(I4, I,) has
m3 idempotents.

Proor. According to Theorem 3.1, for each idempotent a € R, we have x = (a, bl;, cl;) is idempotent in
R(I4,1,), if and only if a + ¢,a + b + c are idempotents in R, thus c¢ can be taken by m ways, and b is the
same. By this argument, we get the fact that R(I,I,) has m X m x m = m?3 idempotents.

4. Symmetric Elements

This section is devoted to studying a new kind of special elements in a neutrosophic ring and a refined
neutrosophic ring with its algebraic structures.

Definition 4.1. Let R be a ring, R(I) be the corresponding neutrosophic ring. An arbitrary element x = a +
bl € R(I) is called symmetric if and only if a = b. The set of all symmetric elements in a neutrosophic ring
is denoted by S(I).

Definition 4.2. Let R be aring, R(I;, ;) be the corresponding refined neutrosophic ring. An arbitrary element
x = (a,bly, cl,) € R(I, I,) is called symmetric if and only if a = b = c. The set of all symmetric elements
in a refined neutrosophic ring is denoted by S(I;,1,).

Theorem 4.3. Let R(I) be a neutrosophic ring, S(I) be the set of all symmetric elements. Then, (S(I), +) isa
subgroup of (R(I),+) and (S(I),+) = (R, +).

Proor. Let x =a + al,y = b + bl be two arbitrary elements in S(I), x —y = (a — b) + (a — b)I € S(I),
thus S(I) is a subgroup of (R(I),+). (It is known that (R(I), +) is an abelian group by the definition of the
ring).

We define f:R - S(I); f(a) = a+ al, suppose that a,b € R, then f(a+b)=(a+b)+ (a+b)] =
f(@) +f(b).

f is a well-defined map since if a = b, then a + al = b + bl, i.e. f(a) = f(b). Clearly, f is bijective; thus,
it is an isomorphism.

Theorem 4.4: Let R(I;, 1) be a refined neutrosophic ring, S(1, I,) be the set of all symmetric elements. Then,
(8(I14,1,),+) isasubgroup of (R(I,1,),+) and (S(I1,15),+) = (R, +).

Proor. The proof is similar to that of Theorem 4.3.

Theorem 4.5. Let K(I) be a neutrosophic field, S(I) be the set of all symmetric elements. If Char(K) = 2,
then S(I) isafieldand S(I) = K.

Proor. We must prove that (S(1)/{03},.) is a group. Let x = a + al,y = b + bl be two arbitrary elements in
S(/{0}, we have x.y=(a.b)+ (a.b+a.b+a.b)]l=(a.b)+ (a.b)l€S(), since a.b+a.b=
2a.b = 0 (under the assumption Char(K) = 2). The inverse of x is x™* = a™! + a~1I because x.x™1 =
(aaV) +(aa* +aa ' +aa ™ )I =1+1. 1+1 is an identity concerning multiplication, that is because
(a+a).(1+D=a+(@a+a+a)l=a+al.
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We define f:S(I) = K; f(a + al) = a, f is a well-defined bijective map.

Letx = a+ al,y = b + bl be two arbitrary elements inS(I), f(x +y) = (a+b) = f(x) + f(y), f(x.y) =
f(a.b+a.bl) =a.b = f(x).f(y). Hence f is an isomorphism.

Example 4.6. Let K = Z, be a field with Char(K) = 2, K(I) ={0,1,1,1+ 1}, S(I) = {0,1 + I}.

We can see that S(1) is a field, the identity concerning multiplicationis 1 + I, and S(I) = Z, = K.
Theorem 4.7. Let K(I;, ;) be a refined neutrosophic field, S(I;, I;) be the set of all symmetric elements.
If Char(K) = 2,then S(Iy,1;) isafieldand S(I1, ;) = K.

Proor. We must prove that (S(Iy,1)/{0},.) isagroup. Letx = (a, aly,al,),y = (b, bly, bl,) be two arbitrary
elements in S(I;,1;)/{0}, we have x.y = (a.b, [5a.b]L;,[3a.b]l,) = (a.b,a.bl;,a.bl,) € S(I,13), since
5a.b = 3a.b = a.b (under the assumption Char(K) = 2).

The inverse of x is x™'=(a"t,a 'I;,a™'l,) because x.x!= (a.a™%,[5a.a7 ]I}, [3a.a7t]L,) =
(1,1.1;,1.1,). baa =5=1+4 = 0,3aa"! = 3 = 1 + 2 = 1, under the assumption Char(K) = 2).

(1,1.1;,1.1;) is an identity concerning multiplication, that is because (a,aly,aly).(1,1.1;,1.1;) =
(a,aly,aly).

We define f:S(I1,1,) = K; f(a,al;, al) = a, f is an isomorphism (It can be proved by a similar way to the
previous theorem.).

Example 4.8. Let K = Z, be a field with Char(K) = 2,
K1, 1) = {(0,0,0), (1,0,0), (0,1.1;,0), (0,0,1.1,), (1,1.1;, 11,), (1,11;,0), (0,1.1;, 1. 1), (1,0,1. I, }
Sy, 1) = {(0,0,0), (1,1.14, 11,)}, which is a field isomorphic to K = Z,.
The following theorem determines which elements in a neutrosophic field K (1) are invertible.

Theorem 4.9. Let K be a field, K(I) be the corresponding neutrosophic field. An arbitrary element z = a +
bl € K(I) is invertible if and only if a # 0 and a # —b.

Proor. Let z = a + bl € K(I) be an invertible element in K(I). Thereism = x + yI € K(I); z.m = 1. Thus,
(a.x)+ (a.y+b.x + b.y)I = 1,thismeans x = a~%,a.y + b(a™1) + by = 0. Hence,

_ —bat _ . . .
Y= , thisimpliesa # 0 and a # —b

—b.a~?

Conversely, suppose that a # 0 and a # —b, then there is m = x + yI € K(I), where x =a™%, y = e

with z.m = 1.

Result 4.10. If K(I) is a neutrosophic field with Char(K) + 2, then all symmetric elements different from
zero are invertible.

Proor. Let K be a field with Char(K) # 2, x = a + al be a symmetric element different from zero. It is clear
that a # —a, thus x is invertible according to Theorem 4.10.

Example 4.11. Let K = Z5 be the field of integers modulo 5. We have x = 3 + 31 a symmetric element. The
inverse of x isx™! = 2 + 41.

The inverse of a symmetric element is not supposed to be symmetric in general.
The following theorem determines which elements are invertible in a refined neutrosophic field K (I3, I,).

Theorem 4.12. Let K (14, I;) be a refined neutrosophic field. An arbitrary element t = (a, bl;, cl,) is invertible
ifandonlyifa#0,a+c+0,a+b+c #0.

Proor. Suppose that t = (a, bly, cl,) is invertible. Then, there is m = (x, yIy, zI;);m.t = 1g(, 1,)-
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m.t = (a.x,[a.y+b.x+b.z+b.y+c.yll},la.z+c.x+c.z]I,) = (1,0,0), this means x =a~?, z =

—ca™?

Y = (a+b+c)‘1.(—b.a‘1+ﬁ),whichimpliesthata¢ 0O,a+c#0,a+b+c#0.

a+c

Conversely, if a # 0,a+c # 0,a+ b + ¢ # 0, then there is m = (x, yly, zI);m.t = 1g(, 1,), Where x =

_ —ca™?! bc
1 _)

— — -1 r_ -1
a ,z= , y=(@+b+c) " .(=b.a t o
Result 4.13. Let K be a field with Char(K) # 2 and Char(K) # 3, then all symmetric elements different
from zero in the corresponding refined neutrosophic field K(I;,1,) are invertible since the conditions of
Theorem 4.12 are true in this case.

a+c

Example 4.14. Let K = Z5 be the field of integers modulo 5 and Char(K) = 5, let x = (3,31;,31,) is an
element in the refined neutrosophic field K (I;,1,). According to Theorem 12.3, the inverse of x is x~1 =
(2,311,41,).

The inverse of a symmetric element in a refined neutrosophic field is not supposed to be a symmetric
element in general.

5. Super Symmetric Elements

The following section is discussing a generalized kind of symmetric elements.

Definition 5.1. Let R be a ring, R(I) be the corresponding neutrosophic ring. An arbitrary element x = a +
bl € R(I) is called supersymmetric if and only if a=m.c,b =n.c;c € R and m,n € Z. The set of all
supersymmetric elements in a neutrosophic ring is denoted by SS(1).

Definition 5.2. Let R be aring, R(I;, I;) be the corresponding refined neutrosophic ring. An arbitrary element
x = (a,bly, cly) € R(I3, 1) is called supersymmetric if and only if a = m.d,b =n.d,c =s.d;d € R and
m,n,s € Z. The set of all supersymmetric elements in a refined neutrosophic ring is denoted by SS(13, I,).

Theorem 5.3. Let R(I) be a neutrosophic ring, SS(I) be the set of all supersymmetric elements. Then, SS(I)
is closed under the multiplication of R(1).

Proor. Let x =m.a+n.al,y =s.b+t.bl;a,b €R and m,n,s,t € Z, we have x.y = (mn)(a.b) +
[(mt + ns + nt)(a.b)]I € SS(I). Since mn, mt +ns + nt € Z.

Remark 5.4. SS(I) is not an additive subgroup of (R(I), +) in general. We clarify it by the following example:

Let R be the ring of real numbers, x = +/Z + 3v2I,y = v/3 — 4V3I be two elements in SS(I), x +y =
(V2 +v3) + (3v2 — 4V3)I, we can see that x + y is not in SS(I), since 3v2 — 4v/3 cannot be written as
m. (V2 ++/3), where m is an integer.

Theorem 5.5. Let R(I4, I;) be a refined neutrosophic ring, SS (14, I,) be the set of all supersymmetric elements.
Then, S5(14, I,) is closed under the multiplication of R(14, 1,).

Proor. The proof is similar to that of Theorem 5.3.
Remark 5.6. SS(14, I,) is not an additive subgroup of (R(I,I3), +) in general. We illustrate an example.
Let R be the ring of real numbers, x = (V2,v21,,3v2 1),y = (V3,2V31,,5V3I,) be two elements in

SS(Uy, L), x +y = (V2 + V3, [V2 + 2V3]14, [3V2 + 5V3]1,), we can see that V2 + 2v/3 can not be written
as m. (v2 + +/3) where m is an integer.

The following theorem introduces a special case, which SS(I) and SS(I;, I,), will be two additive subgroups
of (R(I),+) and (R(Iy,1,), +), respectively.
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Theorem 5.7. Let R = Z be the ring of integers. Then,
@) (SS(I), +) is asubgroup of (R(I), +).

(b) (SS(I),+.) isasubring of (R(I), +,.).

(c) (SS(I3, 1), +) is asubgroup of (R(I1,13), +).

(d) (§5(14,1,),+,.) isasubring of (R(I, 1), +,.).
Proor.

(@ Let x=m.a+n.al,y=s.b+t.bl;a,b€Z and m,n,s,t € Z, we have x —y = (m.a —s.b)(1) +
[(n.a—t.b)(1)]I € SS(I), thus (SS(I), +) is an additive subgroup of (R(I), +).

(b) It holds directly from (a) and Theorem 5.3.
(c) It can be proved by a similar argument of (a).
(d) It holds directly from (c) and Theorem 5.5.

We discuss the invertibility properties of supersymmetric elements in a neutrosophic field and a refined
neutrosophic field by the following theorem.

Theorem 5.8. Let K be a field, K(I) be the corresponding neutrosophic field, K (14, I,) be the corresponding
refined neutrosophic field. Then,

(@) An arbitrary supersymmetric element x = m.a + n.al € K(I);m,n € Z and a € K is invertible if and
onlyifa # 0and (m +n).a # 0.

(b) An arbitrary supersymmetric element x = (m.a,n.aly,s.al,) € K(I;,I,);m,n,s€Z and a € K is
invertible ifand only ifa # 0,(m +s).a #0,(m + n+s).a # 0.

Proor.

(@) According to Theorem 4.9, x = a + bl is invertible ifand only ifa # 0and a + b # 0, thusx = m.a +
n.al isinvertible ifand only ifa # 0 and m.a + n.a = (m + n).a # 0.

(b) It can be proved by a similar argument of section (a), and by using Theorem 4.12.
6. Conclusion

In this article, we have determined the criterion of idempotency in a refined neutrosophic ring. Also, we have
introduced two new kinds of special elements in neutrosophic rings and refined neutrosophic rings. We have
studied the invertibility conditions of these elements and their algebraic structure. This work should be
extended to the case of n-refined neutrosophic rings defined in [12], where the necessary and sufficient
condition for nilpotency is still unknown.
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Abstract - This work is concerned with the boundary-value-transition problem consisting of a two-
interval Sturm-Liouville equation
Lu = —u"(x) + q()u(x) = u(x),x € [-1,0) U (0,1]
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u'(-1)=-u'()
and transition conditions at the interior point x = 0, given by
u(+0) = Ku(-0)
u'(+0) = %u’(—o)
where g(x) is a continuous function in the intervals [—1,0) and (0,1] with finite limit values q(£0),

K # 0 is the real number, and 1 is the complex eigenvalue parameter. In this study, we shall investigate
some properties of the eigenvalues and eigenfunctions of the considered problem.

Keywords-Antiperiodic Sturm-Liouville problem, eigenvalue, eigenfunction, transition condition

1. Introduction

A simple model for the movement of electrons in a crystal lattice, consisting of the ions in the crystal lattice
and crystal with a periodic potential time-independent Schrodinger equation that describes the effects of forces
from other electrons. The wave function of the electron meets the one-dimensional Schrodinger equation with
the periodic potential. T'(x). Let t be a period that is T (x + t) = T (x). By changing the variable

u@) =¢ G) q(x) = %T(é) and A= ZZ;E

we have
—u" +q(x)u =2 (1.1)

where u is the normalized wavefunction, A is energy parameter, g(x + 1) = q(x). The spectrum of (1.1) is
absolutely continuous and occurs a combination of closed intervals or 'bands' separated by ‘gaps'. The presence
of these bands and gaps has important implications for the conductivity properties of crystals.
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The study published by Birkhoff [1] investigated the asymptotic behaviour of the solutions of linear
differential equations depending on the eigenvalue parameter given by
dny dn—ly

W + Aan_l(x, A)W

In this work, asymptotic formulas of solutions of the considered linear differential equations related to the
eigenvalue parameter have been studied, and it is defined as the concept of regular boundary conditions. In the
literature, such conditions are called regular boundary conditions in the sense of Birkhoff. He proved the
theorem associate with the completeness of systems consisting of eigenfunctions and associated functions (i.e.,
root functions) of the differential operator corresponding to the problem.

In the study of Tamarkin [2], it is found the asymptotic of basic solutions for linear differential equations
dependent on parameters. He defined the concept of strong regular conditions, and he studied the properties of
eigenfunctions under these boundary conditions and the expansion in the series of eigenfunctions. In later
years, the investigation of new concrete problems posed by physics led to the rapid development of Sturm-
Liouville theory. Today, the Sturm-Liouville problems remain one of the most current issues needed by
spectral theory.

In the study of Lee [3] showed the periodic analogues of spectral and oscillation theory concerned with the
standard Sturm-Liouville problem.

Berghe et al. [4] investigated the eigenvalues of boundary value problems under periodic and quasi-periodic
boundary conditions and explained that a simple linearly dependent multistep method could reduce the error
of approximate eigenvalues.

Liu [5] prove existence for the solutions of the periodic Sturm-Liouville problem consisting of the n-th
order functional differential equation with impulses effects, given by

x™(s)=f (s,x(s),x(al(s)) ...,x(am(s))), s €[0,5]
Axt(s) = I (x(sp), o x™U(sk)), k=12,..,7

+ 4+ Aag(x, )y =0

and the periodic boundary conditions, given by
x'(0) =xi(S), i=01,..,n—1

This method is based on Mawhin's theory and some technical inequalities.

In the study of Wang [6], by using a fixed-point theorem for operators on a cone, some results of first-order
periodic Sturm-Liouville problem of impulsive dynamic equations with time scales are established. Examples
are provided to show the results in this paper.

The article by Malathi et al. [7] discusses the shooting algorithm and the Floguet theory. In the shooting
algorithm for an eigenvalue of a Sturm-Liouville problem, the equation is solved as an initial value problem
on the interval [a, b]. Floquet theory is used to show a non-trivial solution of boundary value problems, and
the application of shooting techniques approximates the eigenvalues. The numerical results of Sturm-Liouville
eigenvalue problems with periodic boundary conditions are given.

In the studies [8-12], boundary value transmission problems are discussed for the two-linked regular Sturm-
Liouville equations.

This study investigates some properties of eigenvalues and characteristic function of the antiperiodic Sturm-
Liouville value transition problem together with boundary-transition conditions on [—1,0) U (0,1].

2. Eigenvalues and Corresponding Eigenfunctions of The Problem

In this study, in the Hilbert space L,(—1,0) @ L,(0,1) we shall examine some spectral properties of a
boundary-value-transition problem consisting of a two-interval Sturm-Liouville equation

Lu = —u"(x) + q)u(x) = u(x), x€[-1,0) U (0,1] (2.1)

together with antiperiodic boundary conditions, given by
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u(—1) = —u(1), u'(—1) =—-u'(1)

and transition conditions at the interior point x = 0, given by

u(+0) = Ku(-0), u'(+0)= %u’(—O)

42

(2.2)

(2.3)

whereq(x) is a continuous function in the intervals [—1,0) and (0,1] with finite limit values q(+0), K # 0 is

the real number, and A is the complex eigenvalue parameter.

Theorem 2.1. All eigenvalues of the boundary-value-transition problem (2.1) — (2.3) are real.

Proor. Let (4,u) be an eigenvalue-eigenfunction pair, & be the complex conjugate of u, A be the complex

conjugate of A. Since K is a real number and g (x) is a real-valued function, we get
—1" (x) + q(x)u(x) = Au(x)
u(-1)=-u), uwCEH=-uQ®)

u(4+0) = Ku(-0), u'(+0) = %ﬁ'(—O)

Now, multiplying the equation (2.1) by & and the equation (2.4) by u we have
—u'"u+ q(x)uu = Auu
and
—uil" + q(x)uti = Auti
respectively. Subtracting these two equalities gives
utt” —u"u= (12— )uu
Taking in view the identity utt'’ — u''u = (utt’ — u'w)" we have
(ua' —u'n) = (1 —-2uu

Now integrating over [—1,0) we obtain

Hence,
-0
u(=0)u'(=0) — u'(—=0)u(—0) — u(=1)i'(-1) + u'(-Du(-1) = f (2 — Duudx
-1

Similarly, we can show that
1
u(Du' (1) —u' (Du(1) — u(+0)@’' (+0) + v’ (+0)i(+0) = f (A — uudx
+0

Since u(x) satisfies the transition conditions (2.3), we have

u(+0) = Ku(-0)
u'(+0) = %u’(—O)

Similarly, we get

(2.4)
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a(+0) = Kﬁ(—O)

w'(+0) = u'(=0)

and
_ _ 1_ 1 _ =~
u(Du' () —u' Du1) - Ku(—O)Eu’(—O) + Eu’(—O)Ku(—O) = f(l - )l)uudx
Thus, we get that
0= (/1 )L)[f uudx+ utdx| = (/1 /1)||u||H

Since the eigenfunction u is nonzero, the last equality gives 1 = 1. Consequently, A is real, which completes
the proof.

Theorem 2.2. Let (4,,,, u;,) and (4, u,,) be two eigenpairs of the boundary-value-transition problem (2.1) —
(2.3). If 4,,, # A, then the eigenfunctions u,, and u,, are orthogonal in the Hilbert space H := L,(—1,0) &
L,(0,1). That i,

-0 1

f U () u, (x)dx + f Uy (U, (x)dx =0

-1 +0

Proor. Since u,, and u,, are eigenfunctions corresponding to the eigenvalues 1,,, and 4,,, respectively, we get
the following equalities,

—Up"" + q(X) Uy = Any,
—Upn" + q(X)un = Apun
Multiplying the first equality by u,, and the second equality by u,,, and taking the difference yields
Uy — Uy Uy = (A — L) UmUn

Applying the well-known Lagrange's formulae commonly known as Green's identity we get
-0
um(_o)un’(_o) - um’(_o)un(_o) - um(_l)un,(_l) + um,(_l)un = f (Am - An)umundx (25)

By the boundary conditions (2.2) we have
U (=1) = (D), wy' (1) = —uy'(1)
and
Up(=1) = —up (1), up' (=1 = —u,' (1
Substituting these into the equation (2.5), we get

um(_o)un,(_o) - um,(_o)un(_o) - um(l)un’(l) + um’(l)un(l) = j (Am - An)umundx
-1

Similarly, we can show that
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Um (D" (1) = ' (Dun (1) = up (F0)un" (+0) + up ' (+0)up, (+0) = f(lm = An)Uppdx  (2.6)

Since u,, and u,, satisfy the transition conditions (2.3), we get

U (+0) = Kttyy (=0), Uy (+0) = 22 (—0)
and

Un(+0) = Kuy (—0), u,'(+0) = un '(=0)

Substituting these into the equation (2.6), we obtain

(1) (1) = (Dt (1) = Kt (=0) 00/ (—0) + 0/ (0Kt (~0) = [ G = At

from which it follows that

1

0= —1) f Uy Updx + fumundx
+0

Since 4,, # 4,, we get that
-0 1
f UpUnpdx + jumundx =0,
+0

-1

That is (u,, ,u,) = 0, which completes the proof.

2.1. Construction of the Hilbert Space and Differential Operator for Given Boundary-
Value-Transition Problem

Let us define the inner product of ¢(x), w(x) € H by the equality

-0 1
(p0) = f PR dx + f PO dx
1 +0

where

H={p() | o(x) € L,(=1,0) @ L,(0,1)}
We can show that the inner-product axioms are obviously satisfied.
Lemma 2.1.1. The inner product space (H,( - ,")) is a Hilbert space.

Proor. It is sufficient to show that every Cauchy sequence in the space H is convergent to some limit point in
H. Let (¢,)nen be a Cauchy sequence in H. Then for any € > 0, there is ny(e) € N such that ||, — @l <
€2 whenever n,m = n,(¢). Since

lon — Omlli = (Pn — Om» On — OmIu
= ”(pn - §0m||i2(—1,0) + ”(pn - <Pm||f2(o,1) <e?

we have

”(pn - §0m||i2(—1,0) < 82: ”Qon - <Pm||f2(o,1) <e?
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Consequently, the sequence (¢, ),en i @ Cauchy sequence in both Hilbert spaces L, (—1,0) and L, (0,1). Since
the spaces L,(—1,0) and L,(0,1) are complete, any Cauchy sequence taken from these spaces are convergent
sequences. So, there are ¢; € L,(—1,0) and ¢,- € L,(0,1) such that

llon — (Pl||1%2(_1,o) — 0 (n - ), lon — @r”%z(o@) — 0 (n - )

Consequently

lon = @lIF = lon = @ullZ, 1,0y + lon = @, 1IF, 01y — 0 (n > )

@1, x€[-1,0)

o xe(01] € H. Therefore, the completeness of the inner-product space H is proved.

where @ = {
Now we will define a linear operator A : H — H associated with the boundary value transition problem (2.1) —
(2.3) as follows:

Let the domain D(A) be define as follows:

D(A) = { ¢ € H |The functions ¢ (x), ¢,(x), ¢1(x) and ¢5(x) are absolute continuous in the
intervals [—1,0] and [0,1], there are finite limit values ¢(+0) and ¢’ (£0), and —¢7' +

a1 € Li(—1,0), — @) +q@)p € L,(01), 1 (-1) = =g, (1), o/ (-1)= (&7
—9;' (1), 91(0) = K93(0), 91'(0) =, (0)}

and the operator A: D(A) — H be defined by

Ap = —¢" +q(x)¢ (2.8)
where

p(x),x €[-1,0)
(p(—O) y X = 0

The eigenvalues and the eigenfunctions of the boundary value transition problem are defined as the eigenvalues
and eigenfunctions of the operator A, respectively.

@(x), x €(0,1]

1) = { P(+0), x =0

and () = |

The following lemma is easy to prove.

Lemma 2.1.2. The operator A is the linear operator.

Theorem 2.1.2. The linear operator A defined by (2.7) — (2.8) is symmetric in the Hilbert space
H=1L,(—10)& L,(0,1).

Proor. Let @, w € D(A) < H. By the definition of A we have

-0 -0 1 1

(Ap.ot == [ ¢"@atdr+ [ aeutdx - [¢" et dr+ [qeeutd  (29)
-1 -1 +0 +0
Integrating by parts twice, we obtain
I - -0 -0
| @t dx = ¢ @aG|_| - s G|+ [ 9w Gdx
-1 -1
and therefore,

f (=¢" () + ()9 (0))w(x) dx = f () (—0" () + qw X)) dx + W(p, &;—0) - W(g,&;-1)  (2.10)

-1
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By similar technique as above, one can show that

1 1
f (=" (0) + 4P ()@ dx = f 90 (Co" () F I dx + W(g, @ 1) — W(p,@+0)  (211)

+0

Substituting (2.10) and (2.11) into (2.9), we obtain

-0 1
(Ap, @)y = _fl () (0" () + @ w()) dx + fow(x)(—w”(x) +q()w(x)) dx (2.12)

+W(p,w;—0) — W(p,o;—1) + W(p,w;1) — W(p,w; +0)

Hence, (2.12) takes the form
(Ap,w)p = (@, Aw )y = W(p,@; =0) = W(p,w; —1) + W(p, &; 1) — W(p, w; +0)
Since @, w € D(A), this yield
¢(=0)w'(=0) = ¢'(=0)w(=0) — p(-Dw'(=1) + ¢'(-Dw(=1) + ¢(Dw'(D) - ¢' V(1)
—o(H+0)w'(+0) + ¢’ (+0)w(+0) = 0
Then the equality
(Ap, )y = (9, Aw )y
is valid for all ¢, w € D(A). This completes the proof of Theorem.
2.2. Some Auxiliary Initial Value Problems and Solutions

In this section, we will use solutions of some auxiliary initial value problems, given only on the sub-intervals
[—1,0] and [0, 1], which are closely related to the boundary value transition problem (2.1) — (2.3). The initial
value problem

—u"" (x) + g()u(x) = Au(x), x € [—1,0]

u(-1) =1
uw(-1)=0

has a unique solution u = ¢, (x, 1) for each 1 € C for the theory of ordinary differential equations and this
solution is analytical in the whole complex plane concerning the variable A for each x € [—1, 0]. (See, [13])

Let ¢, (x, 1) be the solution of the initial-value problem given by
—u" (x) + g()ulx) = u(x), x €[0,1]
u(l) =1
(@) =0
This solution is an entire function of A € C for each fixed x € [0, 1]. (See, [13])
Similarly, for each 1 € C, the initial-value problem
—u""(x) + g()ulx) = du(x), x €[0,1]
u(l) =0
(@) =1
has a unique solution u = y,(x, A) and the initial-value problem

—u""(x) + g(x)ulx) = Au(x), x €10,1]
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u(-1)=0
u'(-1) =1

has a unique solution u = y; (x, A). These solutions are also analytical in the whole complex plane concerning
the variable A for each fixed x, that is, y;(x, 1) and y,(x, 1) are entire functions of A € C for each fixed x(see,

[13]).
2.3. The Characteristic Function

Theorem 2.3.1. The eigenvalues of the boundary-value-transition problem (2.1) — (2.3) are coincide with
the zeros of the characteristic function

, 1, , 1,
2 = [0,(+0.2) — K8, (0.0] [ £,(+0.) = —, (0.0 = [1,(+0.) = tx, (-0.0] [9,(+0.2) ~ — 4, (~0.0)| (2.13)

Proor. Since for each A € C the Wronskian W (¢4, x1; x) is independent on x € [—1,0] and W (¢4, x1;—1) =
1 # 0, the functions ¢, (x, 1), x1(x, A) are linearly independent solutions of the equation (2.1) in the interval
[—1,0]. Therefore, the general solution of the equation (2.1) on the left interval [—1,0] can be expressed in
the form

y=c1$1(x, 1) + cx:1(x, 1)

Similarly, the general solution of the same differential equation on the right interval [0,1] can be expressed in
the form

Y = c3¢,(x, 1) + cyxp(x,A)

Thus, the general solution of the differential equation (2.1) on the interval [—1,0) U (0,1] can be written in
the form
_ {C1¢1(x; D)+ cax(x4), x € [-1,0)
c32(x, 1) + caxz(x, 2), x € (0,1]

Applying the antiperiodic boundary conditions (2.2) we obtain
c1P1(—1LA) + o)1 (=1L, A) = c30,(1L,A) + cux2(1, 1)
P (=1L, A) + cox1 (=1L, A) = c3¢5(1, 1) + cux5(1,1)(2.3.2) (2.14)
By the definition of the solutions ¢4, x4, ¢, and y, we get
$1(=L,2) =1, $1(-1,1) =0, ¢,(L, ) =1, $>(1L,LA) =0
(L) =0, 1L =1, @LA)=0, x121)=1

Substituting these equalities into (2.14), we obtain that ¢; = ¢c3 = A and ¢, = ¢, = B. Then, the general
solution can be written in the form
y=A4¢(x, 1)+ Bx(x,2)

Substituting this into transition conditions (2.3), we obtain the following linear system of equations concerning
the variables A and B, given by

(¢2(+0,2) = Kp1(=0,1))A + (x2(+0,2) — Kx1(—0,1))B =0
1 1
(¢g<+o, 2 =B (-0, A))A +(1+0,2) = 2xi (<0,)) B =0

This homogeneous system of linear equations has a nontrivial solution (4, B) # (0,0) if the determinant of
this system is equal to zero, i.e.

¢2(+01 A) - K¢1(_Ol /1) X2(+O' A) - KXI(_OIA)
1 1
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Hence, A(1) = 0. This completes the proof.

Theorem 2.3.2. If K2 # 1, then for the characteristic function A(2) the following asymptotic formulas hold

A =1 —-K) (1 - %) cos?VA+ (1 +K) (1 + %) sin?VA+ 0 (%621:)

as |A| - oo, where t = ImVA.

Proor. By applying well-known properties of Volterra integral equations, we can derive the following
asymptotic formulas

¢1(x,2) = cos (\/—(x + 1)) +0 (ﬁelt“xﬂl)
$1' (6, 2) = —VZsin (VAQx + 1)) + 0(eltl+1])
¢2(x, 1) = cos(VA(x — 1)) + 0 (ﬁeltux 1|)
$2'(x,2) = =V sin (VA(x — 1)) + 0(el¥-11)

1) = ﬁsm (\/_(x + 1)) +0 (Aeltllxﬂl)

x1(x, 1) = cos (\/_(x + 1)) +0 (ﬁeltllxﬂl)

x2(x,A) = ﬁsm (\/_(x — 1)) +0 (;eltllx—u)

Xx2(x,4) = cos (\/_(x - 1)) +0 (ﬁeltllx 1|)

as |A| — oo, where O denote the Landau symbol. Substituting these asymptotic formulas into (2.13) we arrive
at

AQd) = [(1 — K)cosVA+ 0 (%e'”)] [(1 - %) cosVA+ 0 (%e'”)]

[( 1-— K)\/_51m/_+0( |t|)] [(1 +%)\/isin\/7+0(e|t|)]

= (1-K) (1 - %) cos?Va + (1 + K) (1 + %) sin?yA+ 0 (% er)

This completes the proof.

Theorem 2.3.3. If K2 # 1, then the boundary-value-transition problem (2.1) — (2.3) has a countable set of
eigenvalues without finite accumulation point.

Proor. Denote by A; (1) the leading term of A(A), that is
1 1
AV =0-K) (1 — E) cos®VA1+ (1 + K) (1 + E) sinvVa

This function has a countable set of zeros 1;,, n = 1, 2,--- without a finite accumulation point. Applying now
the well-known Rouche's theorem (see, for example, [13]) to the appropriate circles we conclude that the
characteristic function A(A) has a countable set zeros 4,,, n = 1, 2, --- which satisfies the asymptotic equality

A=A, +0 (i) The proof is complete.
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3. Conclusions

In this study, antiperiodic Sturm-Liouville problems, including transition conditions, were investigated for the
first time in the literature. A Hilbert space suitable for the problem is established. Then, an operator is defined
on this Hilbert space that is the same as the problem's eigenvalues. It has been proved that the eigenvalues are
real and the eigenfunctions are orthogonal. The problem's characteristic function is defined, and the asymptotic
formula is obtained for the characteristic function. Finally, the asymptotic formula for eigenvalues was found
using the asymptotic formula of the characteristic function.

Acknowledgement

This study was supported by Amasya University with project number FMB-BAP 19-0391.
References

[1] G. D. Birkhoff, On the Asymptotic Character of the Solution of the Certain Linear Differential Equations,
Transactions of the American Mathematical Society 9(2) (1908) 219-231.

[2] J. D. Tamarkin, Some General Problems of the Theory of Ordinary Linear Differential Equations and
Expansions of an Arbitrary Function in Series of Fundamental Functions, Mathematische Zeitschrift 27
(1928) 1-54.

[3] J. W. Lee, Spectral Properties and Oscillation Theorems for Periodic Boundary-Value Problems of Sturm
Liouville Type, Journal of Differential Equations 11 (1972) 592-606.

[4] G.V.Berghe, M. V. Daele, H. D. Meyer, A Modified Difference Scheme for Periodic and Semi Periodic
Sturm-Liouville Problems, Applied Numerical Mathematics 18 (1995) 69-78.

[5] Y. Liu, Periodic Boundary Value Problems for Higher Order Impulsive Functional Differential
Equations, Siileyman Demirel University Faculty of Arts and Science Journal of Science 2 (2007) 253-
272.

[6] D. B. Wang, Periodic Boundary Value Problems for Nonlinear First-Order Impulsive Dynamic
Equations on Time Scales, Advances in Difference Equations 12 (2012).

[7] V.Malathi, B. S. Mohamed, B. T. Bachok, Computing Eigenvalues of Periodic Sturm-Liouville Problems
Using Shooting Technique and Direct Integration Method, International Journal of Computer
Mathematics, 68 (1996) 119-132.

[8] K. Aydemir, O. Sh. Mukhtarov, Completeness of One Two-Interval Boundary Value Problem with
Transmission Conditions, Miskolc Mathematical Notes 15 (2014) 293-303.

[9] K. Aydemir, O. Sh. Mukhtarov, Class of Sturm-Liouville Problems with Eigen-parameter Dependent
Transmission Conditions, Numerical Functional Analysis and Optimization 38(10) (2017) 1260-1275.

[10] M. Kandemir, O. Sh. Mukhtarov, Nonlocal Sturm-Liouville Problems with Integral Terms in the
Boundary Conditions, Electronic Journal of Differential Equations 11 (2017) 112.

[11] O. Sh. Mukhtarov, H. Olgar, K. Aydemir, Resolvent Operator and Spectrum of New Type Boundary
Value Problems, Filomat 29 (2015) 1671-1680.

[12] O. Sh. Mukhtarov, H. Olgar, K. Aydemir, I. Jabbarov, Operator-Pencil Realization of One Sturm-
Liouville Problem with Transmission Conditions, Applied and Computational Mathematics 17(2) (2018)
284-294.

[13] E. C. Titchmarsh, Eigenfunctions Expansion Associated with Second-Order Differential Equations I,
Second Edition. Oxford University Press, London, 1962.


https://link.springer.com/journal/209

33 (2020) 50-55 New Thass

Journal of
NeW Theory Journal of New Theory %

http://www.newtheory.org
ISSN: 2149-1402 Open Access

Characterization of the Evolute Offset of Ruled Surfaces with
B-Darboux Frame

Gul Ugur Kaymanli'

Abstract — In this paper, we first introduce the evolute offset of non-cylindirical
ruled surfaces with B-Darboux frame in Euclidean 3-space. Then some geometric
Received:  06.11.2020 properties of this evolute offset of non-cylindirical ruled surface are studied. That
Accepted: 08.12.2020 is, we examine the striction curve, distribution parameter, orthogonal trajectory of
Published: 31.12.2020 evolute offset of ruled surfaces in terms of B-Darboux frame of given ruled surfaces,
and we study the developability of ruled surface generated by B-Darboux vectors in
three dimensional Euclidean space.

Article History

Original Article

Keywords — B-Darboux Frame, Curvatures, Evolute Offset, Ruled Surface

1. Introduction

In geometry, a ruled surface in three dimensional space is a surface which is stated as the set of
points swept by a moving straight line. By using the directions, many offset of this surface such as
parallel, Bertrand, Mannheim, involute-evolute, and Smarandache have been defined. In kinematics,
mechanism, geophysics, Computer-Aided Geometric Design, and geometric modelling, both offsets and
ruled surfaces are extensively worked on. In general, offsets of surfaces are usually more complicated
than their origin surfaces. Because of this, analysing offsets surfaces or curves by the help of the
properties of the base surface or curve is important. Therefore, many researchers have been working
on this subject.

After [1] Pottmann et al. in 1996 studied rational ruled surfaces and their offsets, Kasap et al.
in [2], Akyigit et. al. in [3] had a research on the involute-evolute offsets of ruled surface in 2009 and
involute-evolute curves in Galilean Space in 2010, respectively. The involute evolute partner of both
d-curves in Euclidean 3-space and pseudo null curves in Minkowski 3-space found in [4]- [5]. While
Yoon worked on, in 2016, the evolute offsets of ruled surfaces in three dimensional Lorentzian space [6],
recently, Senturk and Yuce in [7]- [8] studied evolute offsets of ruled surfaces using Darboux frame in
3 dimensional Euclidean space.

In this paper, after giving necessary definitions and theorems in preliminary section, the evolute
offset of ruled surfaces with B-Darboux frame is defined in the following chapter. Some geometric
properties of this evolute offset of non-cylindirical ruled surface are studied. That is, we examine the
striction curve, distribution parameter and the developability of evolute offset of given ruled surfaces
in terms of B-Darboux frame in Euclidean 3- space.
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2. Preliminary

Let M (u(s),v(s)) be an oriented surface and a(s) be a unit speed curve on M in E3. If t is the unit
tangent vector of a, U is the unit normal vector of M and V = U A t, then {t,V,U} is called the
Darboux frame of «(s). Therefore, the Darboux formulas are written as

t 0 Kg Kn t
GlV]=]m 0 ||V (1)
U —Kkp —T¢ O U
where
kg = (t, V), kp = (t,U), 7 = (V' U) (2)

are called the normal curvature, geodesic curvature and the geodesic torsion of «, respectively [9].
As an alternative to the Darboux frame, B-Darboux frame is defined as a new adapted frame on the
surface [10], [11]. Its mathematical properties derive from the observation that, while the tangent
vector t for a curve on a surface is unique, we can pick any practical arbitrary basis vectors B; and
B, for the remainder of the proposed frame in the normal plane of the surface.

Theorem 2.1. [12] Assume that 7(s) = M(u(s),v(s)) is a unit speed curve on a surface M in E3.
Let us consider the Darboux frame {t,V,U} along this curve on the surface. Then, the variation
equation of the B-Darboux frame {t, B, B2} on the surface given as

d t 0 ny n2 t
& Bl = —1N1 0 0 B1 5 (3)
B2 —nN9 0 0 B2

where the B-Darboux curvatures are obtained as
ny = FKgsing + Ky CcosP

Ny = KpSing — Ky CoS P,

where the angle ¢ between the vectors U and B; are obtained by

O — ¢o = /ngt (5)
here ¢, is an arbitrary integration constant.

A straightforward computation shows that the following relations among the B-Darboux curva-
tures, the normal curvature and the geodesic curvature holds:

ﬁ§+&i:n%+n%. (6)
If a(s) be a curve and X (s) be a generator vector, then the parametrization of ruled surface (s, v) is
o(s,v) = as) +vX(s). (7)

The striction curve on the ruled surface consists of the foot of the common perpendicular line of the
consecutive rulings on the main ruling. It is written as

os) = a(s) = XX (s). (8)

Theorem 2.2. The ruled surface is developable if consecutive rulings intersect [13].
The distribution parameter of the ruled surface is determined as (see [14], [15])

det(as,X,Xs
Py — 7%(()(5’)@ ). (9)

Theorem 2.3. The ruled surface is named as developable if and only if Px = 0 [13].
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The ruled surface is called as a non-cylindirical ruled surface if (X, X5) # 0.

A unit direction vector of straight line X is span by the vectors {t,B1}. Therefore, it is given as

X = cos ¢t + sin ¢B;. (10)

where ¢ is the angle between the vectors t and X [15]. In [12], the distrubition parameter and the
striction curve of ruled surface with B-Darboux frame are determined as

Px = Grm Bt eos (11)
and
cls) = als) = (¢’+n(3,2trn(ln)zs)i;(fos¢)2X(S)‘ (12)
respectively.

The ruled surface with B-Darboux frame is a developable provided that
ng cos ¢sin ¢ = 0. (13)
In that case, we have the followings:

i) If ng = 0 then :—Z = tan ¢ which is trivial. Specially, if ¢ = 0, then « is geodesic curve and never
asymptotic line.

ii) If cos ¢ = 0 then base curve is orthogonal trajectory.
iii) If sin ¢ = 0 then main ruled surface is the tangent developable.

An orthogonal trajectory of a family of curves is a curve which intersect each curve of the family
orthogonally. For the ruled surface (s, v), the orthogonal trajectory is

cos ¢pds = —dv. (14)

3. Evolute Offsets of Ruled Surface with B-Darboux Frame

Definition 3.1. Two ruled surfaces ¢(s,v) with B-Darboux frame {t, B, B2} and ¢*(s,v) with B-
Darboux frame {t*, B}, B4} are given

o(s,v) = as) + vX(s) (15)

©*(s,v) = a*(s) + vX*(s). (16)

(s, v) is said to be involute offsets of ¢*(s,v) or ¢*(s,v) is said to be evolute offset of (s, v) if frame
vectors t of ¢(s,v) and B} of ¢*(s,v) are linearly dependent at the points of their corresponding
rullings.

A unit direction vector of straight line X* of ¢* is spanned by the vectors {t*, Bi}. Therefore, it
is given

X* = cos¢*t* + sin ¢*BY, (17)

where ¢* is the angle between the vectors t* and X*.

If t,B; and By are the B-Darboux vectors of ¢, then the B-Darboux vectors of evolute offset ¢*
of v, as in Figure 1, are written as

t* 0 cosy —siny t
B |=|1 0 0 B, |, (18)
B3 0 siny cos® B,

where the 9 is the angle between By and B5.
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Fig. 1. Relation between ¢ and ¢*.

It is easy to see that
a*(s) = a(s) + Rt (19)

where R is the distance function between the corresponding points of the base curves «(s) and a*(s),
and it is given as R(s) = ¢ — s [4].

X*(s) = sin ¢*t + cos ¢* cos YBy — cos ¢* sin By (20)

in terms of B-Darboux frame of . The parametrization of the offset ruled surface ¢*, using the
equations (19) and (20), can be stated

P(5) = a*(s)+vX*(s)
(21)
= as) + Rt + v[sin ¢*t 4 cos ¢* cos B — cos ¢* sin ) Ba].
Taking derivative of the equation (20) with respect to s, we get
X! = coso*((¢*) —nicosth + nysiny)t
+[sin ¢*(n1 — (¢*) cos ) — ¢’ cos ¢* sin | By (22)
+[sin ¢* (na + (¢*) sin)) — ¢’ cos ¢* cos Y| Ba.
Striction curve of the ruled surface ¢* in terms of B-Draboux frame of ¢ is calculated by
c*(s) = a(s) + (c—s)t — xS (sin ¢*(n? 4+ n3 + (¢*)(n2sinty — ny cos 1))
(23)

—’ cos ¢*(nq siny 4+ ng cos 1)) X*(s).
Distribution parameter of the evolute offset ¢* in terms of B-Draboux frame of ruled surface ¢ is
given as

Px- = 153 (¢’ cos ¢* sin ¢*(nq cosh — ng sin ) — (¢*) (ng sin + ngy cos 1)

(24)
—cos?(¢*)(na sin ) — ny cos ) (ny siny + ng cos)).
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Corollary 3.2. If the tangent vector t* and X™ are linearly dependent, then ¢* is developable.

For the distribution parameters of ruled surfaces ¢, ¢B,, and ¢B,, respectively, one can get

_ det(as,t,ts) _ det(t,t,ts) o

P =T T (tsts) =0,
_ det(as,B1,B1s) _ det(t,Bi,—nit)

PBI - (B1s,B1s) - (—mit,—nit) - 07 (25)
_ det(as,B2,Bas) _ det(t,Ba,—nat)

PB2 — (B2s,Bag) — {(—nat,—nat) =0.

Similarly, the distrubition parameters of evolute offsets of the ruled surface spanned by B-Darboux
frame vectors are calculated

Py = 5 (n1 cos ) — ngsint))(ng siny + ng cos ),
Pp: = 0, (26)
Py = ||}C3_;\8|2 (ngsinty — ny cos ) (ng siny + na cos ).

Corollary 3.3. The ruled surface spanning t* is a developable only if Z—; = =+ cot v satisfies.
Corollary 3.4. The ruled surface spanning B is always developable.

Corollary 3.5. The ruled surface spanning B3 is a developable, either % = tan or 7% = —coty
satisfies.

When we take v is constant, we obtain the curve 5*(s) = a*(s) +vX*(s) on the evolute offsets of
ruled surface whose tangent vector field is calculated

T* = wcos¢*((¢*) — nicost) + ngsiny)t
+[Rny + v(sin ¢*(n1 — (¢*) cosh) — 1’ cos ¢* sin )| By (27)

+[Rna + v(sin ¢* (ng + (¢*) sint)) — ¢’ cos ¢* cos )| Ba.
So, it is easy to get < T™, X* >= Rcos ¢*(nj cos) — nysin).
The orthogonal trajectory of the evolute offsets * is written as

Rcos ¢*(ny costh —ngsiny)ds = —dv. (28)

Theorem 3.6. The shortest distance between the rullings of the evolute offset ¢*(s,v) = a*(s) +
vX*(s) along the orthogonal trajectories is given

_ R(sin¢*(n} + nj + (¢*) (n2siny — ny cos 1)) — ¢’ cos ¢* (ny siny + ny cos )
B < X5 Xr>

PROOF. Suppose a*(s1) and a*(s2) are two points in succesive rullings on evolute offset along the
orthogonal trajectories. The distance between these two points is given

1) = [ s

S1

Calculating ||7%||, we get
(R%*(n? + n3) + 2Rv(sin ¢*(n? + n3 + (¢*) (n2 sinh — ny cos 1))

52
Z(D)z/ (29)
1
51 — cos ¢*(ny sinth + ng cosy)) —v? < XF, X¥ >)2ds.

In order to find the distance, we need to minimize the integrant. Therefore, using I'(v) = 0, we have
R(sin ¢*(n? + n3 4 (¢*) (ngsiny — ny cos))) — ¢’ cos ¢* (ng sinth 4+ ng cosp)) —v < X5, X >=0

which proves the theorem. O
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Abstract — Structural Equation Models (SEMs) with latent variables provide a general framework for
modelling relationships in multivariate data. Although SEMs are most commonly used in studies
involving intrinsically latent variables, such as happiness, quality of life, or stress, they also provide a
parsimonious framework for covariance structure modelling. For this reason, they have become
increasingly used outside of traditional social science applications. Frequentist inferences are based on
point estimates and hypothesis tests for the measurement and latent variable parameters. Although most
of the literature on SEMs is frequentist, Bayesian approaches have been proposed in the last years. This
study aims to provide an easily accessible overview of a Classic and a Bayesian approach to SEMs.
Due to the flexibility of the Bayesian approach, it is straightforward to apply the method in a
comprehensive class of SEM-type modelling frameworks, allowing nonlinearity, interactions, missing
data, mixed categorical, count, and continuous observed variables. The WinBUGS software package,
which is freely available, can be used to implement Bayesian SEM analysis. Bayesian model fitting
typically relies on MCMC, which involves simulating draws from the joint posterior distribution of the
model unknowns (parameters and latent variables) through a computationally intensive procedure. The
advantage of MCMC s that there is no need to rely on broad sample assumptions because exact
posterior distributions can be estimated for any function of the model unknowns. In small to moderate
samples, these exact posteriors can provide a more realistic measure of model uncertainty. Therefore,
we use the MCMC method for the Bayesian approach in this study. All approaches given above are
applied to the data obtained from Samsun Chamber of Commerce and Industry.

Keywords — Structural equation models, Bayesian approach, MCMC, Bayesian structural equation models

1. Introduction

The Structural Equation Model (SEM) is a multivariate statistical modelling technique that reveals the cause-
effect relationship between measurable variables and non-measurable (implicit) variables. SEM consists of
Observed/Measured Variables and unobservable or unmeasurable variables (Latent Variables) that can
function as endogenous and exogenous. Since implicit variables cannot be measured directly, it is essential to
define the measurable variables that the researcher wants to examine, and that is thought to represent the
implicit variable. Measurable variables that describe implicit variables can be one or more. Therefore, the fact
that makes the implicit variable measurable is assessing variables or variables that define the implicit variable.

In SEM, which is based on the causality relationship between implicit variables, each of the implicit
variables is a linear function of the set of variables that were observed or measured. The parameters of these
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linear functions are obtained using an analysis of covariance. It is tested that using the goodness of fit tests
whether the researcher's model is compatible with the data’s variance-covariance structure. If the model
predictions are accepted at the end of the test, the linear relationship between the implicit variables is assumed
to be reasonable. SEM is a hybrid method that combines factor analysis and path analysis. Perhaps the main
reason why SEM is so widely used today is that direct or indirect relationships between observable and
unobservable variables can be analysed in a single model. SEM can also be considered as multiple regression
analysis, and factor analysis performed simultaneously. Therefore, YEM; is also named with definitions such
as causal analysis, causal modelling, concurrent structural modelling, covariance structure analysis, path
analysis, or confirmatory factor analysis.

SEM is based on three basic analytical developments [1]. These are, respectively, path analysis, latent
variable model, and general covariance estimation methods. Wright [2] started his first studies on road analysis
and along with other studies, road analysis was developed and basic rules were established [2,3]. Today, SEM
is widely used in many fields such as behavioral sciences, educational sciences, economics, marketing, health
sciences and social sciences. In examining the structural relations of production practices, delivery time and
productivity in Japan and Korea, the effect of time-based production on customer-specific production and
adding value to the customer, the development of customer satisfaction index in the Turkish mobile phone
industry, evaluation of customer satisfaction in the telephone industry with multi-level structural equation
models, brand In the measurement of the value of the supply chain management, the effect of e-supply chain
competence on competitive advantage and organizational performance, the effect of supplier development on
purchasing performance, in modelling student success, In performing risk analysis in the coal mine
construction project, The effects of total quality management practices applied in enterprises on employee
performance, the examination of factors affecting individuals’ adoption of internet banking, in fraudulent
financial reporting determination of auditor responsibility, investigation of the effect of critical control
(success) factors in enterprise resource planning (ERP) applications, determinants of capital structure selection.
Effects of depression and disease severity on quality of life, Use of SEM in decision tree models, Operation
management, symptoms related to ecstatic; the role of fear of blood, injection and injury (KEY), estimation of
post-stress traumas of child welfare institutions, processing speed, relationship between intelligence, creativity
and school performance, use of incremental goodness of fit indexes in market research studies, structural
equation for river water quality data model, role ambiguity, role conflict, relationships between job satisfaction
and performance, structural equation technique and interactional stress and coping model.

Why not take advantage of our abilities, which we regularly use and call intuition, common sense, and sixth
sense, for scientific purposes? Bayes Theory emerges as an alternative inference in the scientific use of such
abilities. The classic inference is to conclude the population we do not have information about with sample
data. Statistical operations such as confidence intervals and hypothesis tests are the basis of classical inference.
However, “Life; It is the art of drawing sufficient conclusions from insufficient a priori.” Thomas Bayes, who
has a similar opinion with Samuel Butler, has a different perspective on the audience’s inference based on the
observed sample data. In general, he formed the chain of logic from causes to effects, from results to causes.
In the last 30 years, using an approach different from other common basic approaches in statistical analysis
has increased. This approach is Bayesian inference and is based on the well-known theorem put forward by
Thomas Bayes in 1763. Thomas Bayes did not even predict that his simple probabilistic theorem would be a
statistical method of inference. However, in the last 30 years, this theorem has influenced many statisticians
and mathematicians, and Bayes statistics has been accepted as the primary method of statistical inference.
Many researchers such as Jeffreys, de Finetti, Savage, and Lindley contributed to the development of Bayesian
analysis. In recent years, the technical applicability of Bayes analysis has also rapidly developed using
computers and has opened up new application areas. As a result of these developments, Bayesian analysis was
expanded with researchers such as Berger [4] and Bernardo and Smith [5].

Today, Bayesian analysis is successfully applied in every discipline. Many applied studies have been
revealed. A broad overview of these studies will be given below. It is often difficult to calculate the Bayesian
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factor. Different calculation methods have been proposed by Kass and Raftery [6]. A simple approach is used
in the Bayesian Knowledge Criteria (BIC) YEM. For example, [7] on the LISREL model, Lee and Song [8]
on the two-level SEM, Jedidi, Jagpal [9] applied to finite mixed SEM. Also, posterior simulation based
approaches are used in Bayes Factor calculations. DiCiccio, Kass [10] detailed many methods from the Laplace
approach to importance sampling. Gelman and Meng [11] developed a road sampling approach. Lee [12] gave
the Bayesian approach with WinBUGS applications on linear, nonlinear and loss observation structural
equation models. Wang and Fan [13] examined the factors affecting myopia disease with Bayesian structural
equation models. Bayesian approach for semi-parametric structural equation models is given by Guo, Zhu
[14]. In the first part of this study, firstly, literature information about structural equation models, secondly
Bayesian approach and finally Bayesian structural equation models are given. In the second section under the
title of basic information, basic concepts related to structural equation models and Bayesian approach are
presented. Linear and nonlinear structural equation models are presented with a Bayesian approach in the
material method section. In the fourth chapter, 2011 data of Samsun Chamber of Commerce and Industry
member satisfaction are used. There are 4 factors that are thought to affect the overall satisfaction of the room.
These 4 factors are guidance, solution, personnel and representation factors, respectively. Factors affecting the
general satisfaction of the chamber were determined by both classical and Bayesian structural equation models.

2. Materials and Methods

2.1. Linear Structural Equation Modelling

Due to the nature of the problems and the design of the questionnaires in behaviour, education, medical and
social sciences, data are usually obtained as sequential categorical variables. Examples of these variables;
Scales such as attitude scales, likert scales, rating scales can be given. When questioned about some attitudes,
the scale was “I do not approve”, “I have no idea”, “I approve”, while questioning about the effect of a drug
was “worsened”, “did not change”, “got better” and when questioned about a political event, definitely “I don’t
agree”, “I don’t agree”, “I have no idea”, “I agree”, ““I absolutely agree”. Consider a five-point scale associated
with responses to a political event. A common approach is to treat these integer values as continuous values
drawn from the normal distribution. This approach does not cause serious problems if the histograms of the
observation value are symmetrical and the frequencies of the central values are high. This will emerge in many
cases when the “I have no idea” option is chosen. To claim that the observed variables are multivariate
normally distributed, in most cases we have to choose the middle category. For example, “I have no idea” or
“no change”. In many cases likert scales may have clutter at both ends. For example, such as “strongly agree
(strongly disagree)” or “agree (disagree)”. Therefore, histograms are either skewed or bimodal as opposed to
the variables involved. Treating such ordered categorical variables as normal may lead to erroneous results
[15,16]. A better approach for evaluating discrete data is to consider these data as latent continuous variables
from a specified threshold normal distribution. For a given data set, the ratios of 1, 2, 3, and 4 values are 0.05,
0.05, 0.40, and 0.5, respectively. From the histogram given in Figure 1, it is seen that the dashed data are
skewed to the right.

0.5

0.4

005 | 005

1 2 3 4

Fig. 1. Historical development of YEM [17]
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The threshold approach for the analysis of this discrete data is to consider the discrete categorical data as
normal variable y. There are no precise continuous measurements of y but they are related to the observed
ordered categorical variable z. This relationship is expressed as follows:

zZ = k lf Ock_1< y <O<k k - 1,2,3,4'

Here, —o0 <ocy <ox, <3< oo Where o¢q, oc, and «5 are threshold values. Then, the histogram of sequential
categorical observations given in Figure 1 can be in a view with N[0.1] distribution with appropriate threshold
values as in Figure 2.

N[0, 1]

—

.-FFF”’FF- - H"‘“ﬂ-_
0.05| 0.05

—o =0 oy =—1.85 o,=-128 y; =0.0 ty= ==

Fig. 2. Histogram chart of the scale

While the difference «,—x; may differ from the difference «; —,, unequal scales are allowed.
Therefore, this threshold approach allows flexible modelling. As associated with a common normal
distribution, it also allows parameters to be easily interpreted. It should be noted that temporary integer values
(k = 1,2,3,4) are used only to represent the category; Only the frequencies of these values are important in
statistical analysis. Structural equation modelling consisting of continuous and discrete data does not have a
simple structure. Because it is necessary to calculate multiple integrals associated with cell probabilities
determined by ordered categorical results [12].

Some multi-step methods have been introduced to reduce the computational difficulties of these integrals.
The basic procedure of these multi-stage methods is polychromic and polyserial correlations, estimating the
threshold value in the first stage, deriving the asymptotic distribution of the predictions in the second stage,
and analysing the structural equation model with the generalized least-squares approach and covariance
structural equation model in the last stage. There are different methods at the first stage to manage the different
procedures given in PRELIS and LISREL. Different methods initially applied PRELIS and LISREL [18],
LISCOMP and MPLUS [19], and Lee et al. [20] causes different operations. Multistep estimators, however,
are not statistically optimal and need to invert a large matrix of size that increases very rapidly with the number
of variables that can be observed at each stage of generalized least squares minimization. Besides multi-step
operations, Reboussin and Liang [21] proposed an equality estimation approach and Shi and Lee [22]
developed a Monte Carlo EM algorithm for the maximum likelihood analysis of a factor analysis model.

When dealing with sequential categorical variables in Bayesian analysis, the basic idea is to treat the
expressed latent continuous measurements as hypothetically lost data and amplify them with observed data in
posterior analysis. Using this data magnification strategy, the model based on the full data set becomes
continuously variable. Sequences of observations of structural parameters, latent variables, and thresholds in
infinitive analysis are simulated from the composite posterior distribution using a hybrid algorithm that is the
combination of Gibbs sampling [23] and MH algorithm [24,25]. Combined Bayesian estimates of unknown
thresholds, structural parameters, and latent variables are produced together with the standard error estimates
of these estimates by using simulated observations. In addition to these point estimates, Bayesian model
selection can be reviewed using the Bayes factor [12].
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2.2. Application Material

The questions regarding the Samsun Chamber of Commerce and Industry member satisfaction survey used in
this study. Table 1 is also given.

Table 1. Survey questions and related factors

Factors Question Factor Name
General When you think about it in general, how satisfied you
al H1 . .
with are being a member of our chamber?
General
al H2 Generally speaking, how satisfied are you with the services of
our room?
a2 H3 Guidance Room responds to our requests in a timely manner
The efficiency of the chamber in strengthening the dialogue
a2 H4 . . . L L
between the public authority and the industrialist is sufficient.
Guidance
" H5 The efficiency of chamber services in the development of the
sectors is sufficient.
" HE Chamber efficiency is sufficient in terms of national and
international expansion of the members.
Solution | find the room management successful in
a3 H7 .
understanding our problems / needs related to the sector.
a3 H8 | can reach the management / concerned people when we need it
. Room management has the abili r lution r
3 Ho Solution oom management has the ability to produce solutions to you
sectoral problems
a3 H10 Our individual problems are taken into consideration by the
room management.
I find room management successful in providing an environment
a3 H11 . L
and coordination that helps to solve individual problems.
a4 H12 Staff Attitudes and behaviours of personnel in business relations
ad H13 Personal Personnel being innovative and productive
ad H14 Personnel bringing suggestions and guidance
Representation How satisfied are you with the representation
ab H15
level of the Chamber management?
Representation
a5 H16 How satisfied are you with the chamber management in terms of

member relations?



Journal of New Theory 33 (2020) 56-75 / A Classical and Bayesian Approach for Parameter Estimation in Structural ... 61

3. Results

In this study, member satisfaction survey data with 616 companies randomly selected among Samsun Chamber
of Commerce and Industry members in 2011 were used. The aim is to reveal the structural relationship between
general satisfaction from Samsun Chamber of Commerce and Industry and guidance, solution, personnel and
representation. The application consists of 2 steps. In the first step, the structural equation model was examined
with confirmatory factor analysis using the LISREL package program. In the second step, the Bayesian
structural equation model was analysed using the WinBUGS package program.

CLASSIC SOLUTION WITH LISREL

All relevant observed variables were associated with latent variables using a one-way road vehicle. The main
reason why we draw the path diagram is that it allows easy visualization of the relationship between variables.
After completing the figural representation of the relationship between variables, the solution phase was
started. In the solution phase, the fit indices specified in the material and method section were examined and
the final solution was obtained. Goodness of fit criteria are extremely important in obtaining the final solution.
Although there is no comparison in the literature regarding the superiority of goodness of fit criteria, the
LISREL program has highlighted the RMSEA value under the path diagram. Since the RMSEA value was not
within the required fit criteria in the initial solution, the correction indices suggested by the program were
examined and the solution process was repeated. The correction indices suggested as a result of the LISREL
solution were used and associated as shown in Figure 3. The decrease in chi-square value is taken into account
when using correction indices. The new solution is obtained by performing the correction process that provides
the highest decrease in the chi-square value. Below, all the situations under the Estimates option in the LISREL
program are shown on the path diagram.
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Chi-Sgquare=87.71, d4f=50, P-value=0.04831, BRMSER=0.024
Fig. 3. Threshold values for the scale
The non-standardized coefficients obtained as a result of the LISREL solution are shown in Figure 3. The
chi-square value was obtained as 67.71 at the program output. The ratio of the chi-square value to the degrees
of freedom 50 is obtained as 1.35. This ratio shows us that the model established is a very powerful model.
Another supporting indicator is the approximate root mean square error (RMSEA) value. The fact that this
value is close to (0.024) 0 shows that the fit of the model is good. After checking the general fit of the model,
the significance of the model parameters was examined.
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Fig. 5. Unstandardized results

Figure 4 contains the standardized path coefficients for the parameters, while the t-values of the non-
statistically significant path coefficients on the path diagram are given in Figure 5. The t-values of the non-
significant path coefficients are shown in red in the path diagram. When the t-values of the variables of
guidance, solution, personnel and representation, which are thought to have an effect on general satisfaction,
were examined, it was seen that the guidance (t = —0.93) and personnel (t = —1.06) variables were
meaningless.
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Interpreting Measurement Model Results

After the path diagram is obtained, the process of interpreting the analysis results is started. The results
obtained are given below.

Table 2. Measurement model results

Factor / Expression Standardized Loads t-values R?
Factor al
H1 0.75 0.57
H2 0.79 19.67 0.62
Factor a2
H3 0.77 21.65 0.60
H4 0.71 17.95 0.52
H5 0.44 9.35 0.34
H6 0.83 23.74 0.69
H8 0.25 3.80 0.73
H10 —0.46 -5.19 0.41
H11 —0.01 -0.11 0.23
H13 0.25 5.23 0.19
H14 —0.24 -1.44 0.71
Factor a3
H7 0.63 16.18 0.39
H8 0.63 10.03 0.73
H9 0.83 24,84 0.69
H10 1.02 11.53 0.41
H11 0.16 0.99 0.23
H14 0.50 2.62 0.71
Factor a4
H12 0.55 12.16 0.30
H13 0.35 8.02 0.19
H14 0.59 5.49 0.71
H4 0.08 1.68 0.52
H5 0.35 9.15 0.34
Factor a5
H15 0.61 13.57 0.37
H16 0.51 11.78 0.26
H11 0.33 3.98 0.23

Measurement model results are given in Table 2. The standardized loads included in the measurement
model results show the correlation between each observed variable and the implicit variable it is related to.
Considering the first indicator of the implicit variable al, H1, the correlation coefficient is 0.75. When the
correlation coefficient is squared, R2 of H1 is 0.56. It is seen that the variability related to the implicit variable
al is mostly explained by H2 (0.62). Fit criteria for the measurement model are given in Table 3.
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Table 3. Fit criteria for the model

Fit Measurement Good Fit Acceptable Fit Results
% 0< x2<2df 67.71
(P = 004821\
P of Close Fit > 0.05 1.00
g—; osg—;gz 252—;53 1.35
RMSEA 0 <RMSEA< 0.05 0.05 < RMSEA < 0.08 0.024
NFI 095 <NFI<1 0.90 < NFI < 0.95 0.99
NNFI 097 <NNFI<1 0.95 < NNFI < 0.97 1.00
CFlI 097<CFI<1 0.95 < CFI < 0.97 1.00
GFI 095<GFI<1 0.90 < GFI <0.95 0.99
AGFI 090 <AGFI<1 0.85 < AGFI < 0.90 0.96
PGFI > 0.95 0.36
AIC 239.71
ECVI 0.39
IFI > 0.95 090 <IFI <£0.94 1.00
RFI = 0.90 0.99
Critical N 688.06

The adaptation criteria obtained for the model are presented in Table 3. When the results are examined, it
is seen that the goodness of fit criteria are within the ranges recommended by the literature. It was seen that
the value (1.35) obtained by dividing the Chi-square value by the degrees of freedom was within the acceptable

range.

Table 4. Structural relationship coefficient values

Factor / Expression Standardized Loads t-values R?
Factor al
a2 0.23 1.61
a3 0.59 3.20
0.93
a4 0.32 4.28
ab —0.01 -0.14
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In Table 4, standardized loads and t-value are given regarding the structural relationship between the
general satisfaction implicit variable and the implicit variables of guidance, solution, personnel and

representation. According to the results, the path coefficients between the general satisfaction.

Table 5. Frequency disturbution from response to the questions

Likert Scale

1 2 3 4 5 Sum
H1 2 67 119 294 134 616
H2 36 210 139 184 47 616
H3 16 127 177 168 128 616
H4 28 115 121 161 191 616
H5 27 97 197 130 165 616
H6 13 89 129 195 190 616
H7 45 106 184 183 98 616
H8 9 143 86 292 86 616
H9 30 159 157 217 53 616
H10 8 44 182 332 50 616
H11 8 51 220 249 88 616
H12 4 44 259 255 54 616
H13 3 42 206 190 175 616
H14 29 49 205 292 41 616
H15 4 57 122 361 72 616
H16 5 16 114 264 217 616

Implicit variable and the counselling and representation implicit variable were not found to be significant.
Only the structural relationship between the general satisfaction implicit variable and the solution and
personnel implicit variable was found to be significant. Bayesian solution has been implemented with
WinBUGS package program. Before starting the Bayesian solution, frequency tables for 16 questions were
prepared. The main purpose of extracting the frequency tables is to determine the percentage rates for each
question of the 5-point Likert scale used in the questionnaire form and the threshold values required for analysis
based on these rates. The frequency distribution of each question is given in the table below. The threshold
values were started to be calculated by obtaining the percentages of the scale categories from the frequency
table for each question. Threshold value calculation is made as one minus of the number of categories used in
Likert scale. Threshold values in Table 6 were obtained from the reverse of the normal cumulative distribution
by using the relevant frequency tables.
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Table 6. Distribution percentage of response to the questions

Likert Scale
1 2 3 4 5
H1 0.003247 0.108766 0.193182 0.477273 0.217532
H2 0.058442 0.340909 0.225649 0.298701 0.076299
H3 0.025974 0.206169 0.287338 0.272727 0.207792
H4 0.045455 0.186688 0.196429 0.261364 0.310065
H5 0.043831 0.157468 0.319805 0.211039 0.267857
H6 0.021104 0.144481 0.209416 0.316558 0.308442
H7 0.073052 0.172078 0.298701 0.297078 0.159091
H8 0.01461 0.232143 0.13961 0.474026 0.13961
H9 0.048701 0.258117 0.25487 0.352273 0.086039
H10 0.012987 0.071429 0.295455 0.538961 0.081169
H11l 0.012987 0.082792 0.357143 0.404221 0.142857
H12 0.006494 0.071429 0.420455 0.413961 0.087662
H13 0.00487 0.068182 0.334416 0.308442 0.284091
H14 0.047078 0.079545 0.332792 0.474026 0.066558
H15 0.006494 0.092532 0.198052 0.586039 0.116883
H16 0.008117 0.025974 0.185065 0.428571 0.352273

The expressions to be used in the analysis in WinBUGS are given in the table below for both measurement
models and structural equation model.

Structure of model in WinBUGS

Table 7. Symbolic representation of implicit and measurable variables

Factor | Questions | Node Implicit Variable Node
al H1 1 al a2 gam[1]
al H2 lam[1] al a3 gam[2]
a2 H3 1 al a4 gam[3]
a2 H4 lam[2] al a5 gam[4]
a2 H5 lam[3]
a2 H6 lam[4]
a3 H7 1
a3 H8 lam[5]
a3 H9 lam[6]
a3 H10 lam[7]
a3 H11l lam[8]
a4 H12 1
a4 H13 lam[9]
a4 H14 lam[10]
ab H15 1
a5 H16 lam[11]
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Measurement of The Equality
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mul[i,1]<-eta[i]
muli,2]<-lam[1]*eta[i]
muli,3]<-xi[i,1]
mu[i,4]<-lam[2]*xi[i,1]
mu[i,5]<-lam[3]*xi[i,1]
muli,6]<-lam[4]*xi[i,1]

for(j in 1:P){ mul[i,7]<-xi[i,2]
mu[i,8]<-lam[5]*xi[i,2]
y[i,jl~dnorm(mul[i,jl,psi[j)1(thd[j,z[i,j1].thd[j,z[i,j]+1]) mu[i,9]<-lam[6]*xi[i,2]
ephat[i,jl<-y[i,j]-mul[i,j] mu[i,10]<-lam[7]*xi[i,2]
} mu[i,11]<-lam[8]*xi[i,2]

mul[i,12]<-xi[i,3]
mu[i,13]<-lam[9]*xi[i,3]
mul[i,14]<-lam[10]*xi[i,3]
mul[i,15]<-xi[i,4]
mu[i,16]<-lam[11]*xi[i,4]

Structural Equation

xi[i,1:4]~dmnorm(u[1:4],phi[1:4,1:4])

eta[i]~dnorm(nufi],psd)

nu[i]<-gam[1]*xi[i,1]+gam[2]*xi[i,2]+gam[3]*xi[i,3]+gam[4]*xi[i,4]

dthat[i]<-eta[i]-nuli]

Threshold VValues

thd=structure(

0.781,200.000.

.Data=c(-200.000.-2.722,-1.216,-0.510.

-200.000.-1.568,-0.255, 0.319, 1.430.200.000.
-200.000.-1.944,-0.732, 0.049, 0.814,200.000.
-200.000.-1.691,-0.732,-0.180. 0.496,200.000.
-200.000.-1.708,-0.837, 0.053, 0.619,200.000.
-200.000.-2.031,-0.972,-0.319, 0.500.200.000.
-200.000.-1.453,-0.690. 0.110. 0.998,200.000.
-200.000.-2.180.-0.685,-0.289, 1.082,200.000.

-200.000.-1.658,-0.505, 0.155, 1.366,200.000.
-200.000.-2.227,-1.376,-0.306, 1.397,200.000.
-200.000.-2.227,-1.306,-0.118, 1.068,200.000.
-200.000.-2.484,-1.419, -0.004, 1.355,200.000.
-200.000.-2.585,-1.453,-0.234, 0.571,200.000.
-200.000.-1.674,-1.142,-0.102, 1.502,200.000.
-200.000.-2.484,-1.287,-0.533, 1.191,200.000.
-200.000.-2.404,-1.824,-0.775, 0.379,200.000),
.Dim=c(16,6)),

Primarily, the point at which convergence was achieved was determined and this point was used as the
burning period. Two methods were used to check whether convergence was achieved. The first of these is to
examine the trace graphs for the related parameters. The trace graphs of the path coefficients for each
measurement equations are given below. When the trace charts are examined, it is seen that the predicted
values in the parameters gradually become stagnant and not take extreme values.
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Fig. 6. Trace graphics related to measurement model parameters
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When the trace graphs of the measurement model parameters in Figure 6 are examined, it is seen that there
is no extreme value. After 11000 samples, it can be seen from the trace graphs that convergence is achieved.
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When the trace graphs of the structural equation model parameters in Figure 8 are examined, it is seen that
there is no extreme value as in the measurement model parameters. After 11000 samples, it can be seen from
the trace graphs that convergence is achieved. The interpretation of trace charts alone does not provide us with
precise information on whether convergence is achieved. Secondly, the Thumb rule, which is a stronger
method, is used to determine whether convergence is achieved. As a rule, MC errors for each parameter must
be less than 5% of the standard deviation values. In the table below, it can be checked whether there is
convergence for both the measurement and structural equation parameters.

Table 8. Convergence results of measurement model and structural equation model parameters

Node Mean Star)da}rd Sd. (5%) | MCerror 2.50% | Median | 97.50%
Deviation
gam[1] 0.3074 0.08184 | 0.004092 0.00328 0.1571 0.304 0.4626
gam[2] 0.5539 0.1152 0.00576 0.00549 0.348 0.5526 0.7694
gam[3] 0.1405 0.09059 0.00453 0.003564 | —0.04055 | 0.1425 0.312
gam[4] 0.2714 0.08856 | 0.004428 | 0.003877 0.1012 0.2702 0.4458
lam[1] 0.9102 0.0487 0.002435 0.001313 0.8182 0.9095 1.005
lam[2] 0.8605 0.06729 | 0.003365 0.001976 0.7517 0.8582 0.9763
lam[3] 0.7595 0.06857 | 0.003429 | 0.002095 0.6467 0.757 0.8805
lam[4] 1.075 0.06825 | 0.003413 0.002101 0.9633 1.073 1.193
lam[5] 1.167 0.07395 | 0.003698 | 0.003261 1.045 1.166 1.296
lam[6] 1.154 0.07424 | 0.003712 0.003361 1.034 1.152 1.284
lam[7] 0.9194 0.07099 0.00355 0.00276 0.8021 0.9167 1.045
lam[8] 0.6654 0.06959 0.00348 0.002214 0.5485 0.6637 0.7891
lam[9] 0.8138 0.08949 | 0.004475 0.002305 0.65 0.811 0.9912
lam[10] 1.381 0.09121 | 0.004561 0.003211 1.217 1.378 1.565
lam[11] 0.8534 0.09682 | 0.004841 0.003385 0.6805 0.8497 1.04

As can be seen in Table 8, MC error values of all parameters related to measurement models and structural
equation models are less than 5% of the standard deviation values. Buddha reveals the point at which
convergence is achieved in the Bayesian solution more clearly than the trace graphs. The main purpose in
finding the point at which convergence is achieved is to determine the burning period and to ensure that the
estimates up to this period are not taken into account. After the burning period, 15000 updates were made,
and parameter estimations were made for the model. The historical graphics for each parameter are represented

in Figure 9.
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Fig. 9. History plots for parameters

Past graphs of the path coefficients related to both measurement models and structural equation model are
given. From these graphs, it can be seen that there are no excessive fluctuations, and that each parameter
converges. The Bayesian structural equation results obtained over 26000 samples, 11000 of which were taken

using the burning period, are given in the table below.

Table 9. Bayesian prediction results

Node Mean gg;g;gﬂ Sd. (5%) | MCerror 2.50% Median | 97.50%
gam[1] 0.3132 0.07689 | 0.003845 | 0.003078 0.1659 0.3129 | 0.4667
gam[2] 0.5436 0.1055 0.005275 | 0.004844 0.3391 0.5432 | 0.7545
gam[3] 0.1401 0.08975 |0.004488| 0.003419 | —-0.03154 | 0.1398 | 0.3171
gam[4] 0.2749 0.08222 | 0.004111 0.003308 0.1139 0.2741 0.4383
lam[1] 0.9111 0.04736 | 0.002368 | 0.001148 0.8211 0.9095 1.007
lam[2] 0.8605 0.05756 | 0.002878 | 0.001349 0.751 0.8595 0.9768
lam[3] 0.7586 0.05795 | 0.002898 | 0.001222 0.6478 0.7578 0.8758
lam[4] 1.073 0.05736 | 0.002868 | 0.001587 0.9642 1.071 1.188
lam[5] 1.166 0.0619 0.003095 | 0.002353 1.047 1.165 1.289
lam[6] 1.151 0.0609 0.003045 | 0.002406 1.036 1.15 1.275
lam[7] 0.9171 0.0623 0.003115 0.00192 0.7966 0.9156 1.042
lam[8] 0.6643 0.06102 | 0.003051 | 0.001395 0.5479 0.6627 | 0.7858
lam[9] 0.8176 0.0875 0.004375 | 0.002139 0.6521 0.815 0.9956
lam[10] 1.382 0.08879 0.00444 0.00332 1.216 1.381 1.563
lam[11] 0.8461 0.08819 0.00441 0.00268 0.6808 0.8449 1.023
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Bayesian parameter estimation results are given in Table 9. Only the gamut [3] structural equation
parameter is meaningless. Additionally, parameter estimates of classical and Bayesian measurement models
were represented in the Table 10 and 11.

Table 10. Parameter estimates of classical and Bayesian measurement models

Factor/ Expression LISREL BAYES
Factor al
H1 0.75 1
H2 0.79 09111
Factor a2
H3 0.77 1
H4 0.71 0.8605
H5 0.44 0.7586
H6 0.83 1.073
Factor a3
H7 0.63 1
H8 0.63 1.166
H9 0.83 1.151
H10 1.02 09171
H11 0.16 0.6643
Factor a4
H12 0.55 1
H13 0.35 0.8176
H14 0.59 1.382
Factor a5
H15 0.61 1
H16 0.51 0.8461
Table 11. Classical and Bayesian structural model parameter estimates
Factor/ Expression LISREL BAYES
Factor al
a2 0.23 0.31
a3 0.59 0.54
ad 0.32 0.14
a5 —0.01 0.27

With LISREL, it was seen that the implicit variables of counselling and representation did not have an
effect on general satisfaction in the classical solution, only the solution and staff implicit variables were
effective. In the Bayesian approach, contrary to the classical analysis, it was found that the counselling implicit
variable and the representation implicit variable were significant, while the staff implicit variable was not
significant.
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4. Conclusion

In this study, classical structural equation models and Bayesian structural equation models are emphasized.
Both approaches were applied to the survey data obtained from Samsun Chamber of Commerce and Industry.
The data consists of 16 observed variables measuring 5 latent variables and 616 observations. Structural
relationship and measurement models designed in classical analysis were created. First, the model fit indices
were examined, and the analysis process was started. When the measurement models created in LISREL and
the structural relationship were examined, it was seen that the model fit was not good and correction indices
were needed. Correction indices were discussed in two parts. The correction indices in the first part show the
relationships between observed variables and latent variables. The correction indices in this section show the
decrease in the chi-square value calculated to evaluate model fit as a result of associating the observed variables
under one latent variable with another latent variable. The correction indices in the second part are based on
the independence of the errors for the observed variables. Since the model fit was not achieved in the initial
solution, the analysis was performed using correction indices. In the initial solution, both the RMSEA value
was higher than 0.08 and the division of the chi-square to the degrees of freedom was over 3. These values
made it necessary to use correction indices in classical analysis. After the recommended corrections were made
in the measurement model, it was determined that the model fit well according to all the criteria used in the
assessment of goodness of fit. When the obtained fit indices were examined, the RMSEA value was found to
be 0.024 and the division of the chi-square to the degrees of freedom was found to be 1.35. After examining
the model fit indices, parameter estimation was started. Otherwise, it would not be reasonable to examine the
parameter estimates unless the model fit is achieved. The significance of the parameter estimates related to the
measurement models and the structural model was examined using t-values. Path coefficient with a t-value
below 1.96 was considered to be insignificant. One of the most important advantages of the path diagram in
classical analysis is that the meaningless relations are shown in shape and in different colours. This advantage
allows for interpretation and viewing all relationships in a single photo. It was determined that the structural
relationship between the counselling and representation implicit variables symbolized by a2 and a5 of the
general satisfaction implicit variable was insignificant. While there was no significant relationship between
the two latent variables and the general satisfaction implicit variable, a significant relationship was found
between the other two latent variables (solution and staff). With this structural relationship obtained, 93% of
the general satisfaction implicit variable is explained.

In the Bayesian structural equation model solution, model structures were defined in two stages:
measurement models and structural model. By creating the frequency tables for the questions prepared using
a 5-point Likert, (4) threshold values equal to one less than the number of Likert categories were calculated.
The inverse of the cumulative normal distribution was used in calculating the threshold values. With the
calculation of the threshold values, the model was started to be analysed. The most important step of the
analysis phase is convergence. Unless convergence was achieved, model parameters were not estimated. It
was seen that all parameters related to the model converged in 11000 iterations. Convergence has been
examined in two stages. In the first stage, the trace graphs of each parameter were examined, and a stationary
structure was observed. The interpretation of trace charts alone is not sufficient as a precise information. In the
second stage, according to the Thumb rule; The condition that MC error values for each parameter should be
less than 5% of the standard deviation value of the same parameter was examined. All parameters were found
to meet this requirement and 11000 was used as the burning period. The purpose of using 11000 as the
burning period is to ignore the parameter values in these iterations where convergence is not achieved. After
the burning period, the parameters related to the model were obtained at the end of 15000 iterations. When
the structural relationship between general satisfaction and the other 4 latent variables was examined, it was
seen that the personnel implicit variable represented by a4 was meaningless, unlike the classical analysis.

Guidance, solution, personnel and representation factors affecting general satisfaction were examined in
the data obtained from Samsun Chamber of Commerce and Industry, and it was revealed that classical and
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Bayesian approaches give different results in terms of parameter estimates. While only the solution and
personnel implicit variables were significant in the classical approach, the implicit variables of guidance,
solution and representation were found to be significant in the Bayesian approach. This study was applied to
the standard Samsun Chamber of Commerce and Industry questionnaire, whose data were prepared previously.
The results can be obtained differently by redesigning and obtaining the questionnaire forms. Model
comparisons were not emphasized in this thesis. In the classical approach, Akaike information criterion was
calculated, and AIC, BIC and DIC calculations in Bayesian approach will be our future studies.

Although there are many a priori selection methods in the Bayesian approach, a priori selection in this study
is limited to only conjugate a priori. Theoretical information is given about the use of other a priori such as
Jeffrey’s a priori. Therefore, a priori comparison and comparison of the adaptation criteria in the Bayesian
approach has prepared a theoretical background for the studies to be carried out in the following years. In this
study, the scale type is taken as a fixed 5-point Likert. There are no studies on the use of Bayesian structural
equation when the types of scales are different. Studies in this field will provide new gains to the literature.
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Abstract — In the context of generalized linear modeling (GLM), the beta regression
analysis is used to estimate regression models when the dependent variable lies
between (0,1). In this paper, we carried out a model selection process using several
information criteria with heuristic optimization. We employed the differential
evolution algorithm as a heuristic optimization method to select the best model for
beta regression analysis. The results show that the alternative-type information
criteria provide competitive results during the model selection process in beta
regression analysis.
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1. Introduction

In the regression analysis, the models are estimated according to the distribution of the dependent variable.
Therefore, the distribution of the dependent variable should be appropriate, and the alternative choices can be
used in the violation of normality. The generalized linear modelling (GLM) approach is employed to construct
the regression models for several distribution-types such as Poisson, Gamma, Binomial, etc. Also, the selection
of the optimal model including the best explanatory variable is very crucial. There are lots of attempts in the
literature for the model selection in regression modeling. Sakate et al. [1] proposed a stepwise selection
approach for Poisson regression analysis. Calcagno and Mazancourt [2] developed a software package to apply
model selection for GLM. Orkcii [3] used and hybrid simulated annealing approach in regression analysis for
model selection. Unler ve Murat [4] proposed a model selection approach based on the particle swarm
optimization for binary dependent variables. The researchers also utilized the information criteria during the

model selection [5-9].

Overall, we can see that the model selection process in GLM can be handled with three components:

1) GLM with an appropriate distribution,

2) The information criteria,

3) An appropriate optimization technique.
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When the dependent variable is ranging between (0,1) beta regression analysis can be used instead of the
normal linear regression analysis [10]. By inspiring the current model approaches, we performed model
selection in beta regression analysis using several information criteria.

To the best of our knowledge, this study is the first attempt to apply model selection under the alternative
Bayesian and Information Complexity (ICOMP) type criteria for beta regression analysis. Also, we adopted
the binary type of differential evolution algorithm to choose the optimal subset of the explanatory variables
[11].

The article is organized as follows: In Section 2, we introduced the beta regression analysis and parameter
estimates. In Section 3 we described the working mechanism of the binary differential evolution algorithm. In
Section 4, we presented the information criteria which are used in the article. In Section 5, we introduced the
numerical examples including the simulation studies and real data set applications. Finally, we presented the
conclusion and discussion part in Section 6.

2. Beta regression analysis

In the regression analysis, beta regression analysis is used when the dependent variable includes ratio or
percentage values in the interval (0,1). The main reason for using beta regression analysis is that the ratio or
percentage values of the data in the interval (0,1) are suitable for the beta distribution due to the nature of the
data [12]. The probability function of the beta distribution is expressed as follows:

r'(¢)
r(up)r((1 —wo)

f Ol ) = yrP (1 —y)=w9-1 o<y <1 €Y

where p shows the location parameter and ¢ shows the dispersion parameter. The parameter of p is between
(0,1) and ¢ > 0. The expected value of the variable in beta distribution is E(y) = u and the variance is

Var(y) =p (1 — w)/(1 + ¢) [13].
Based on the probability distribution, the log-likelihood function for the beta regression is written as:

L(w, ¢) = logl (¢) —logl'(u¢p) —logl (1 — )¢) + (up — Dlogy +((1 — ¢ — log(1 — y) (2
By following the GLM approach, the beta regression can be written as the following form:

b
9@ = Bo+ ) B Kol = 12,0m 3)

k=1
where g(.) denotes the link function and g = (B4, B2, ..., Bp) Vector represents the regression coefficients,

and they are estimated with the numerical methods such as Newton-Rapson or Fisher scoring on the log-

likelihood function. The detailed information can be found in [13].

Table 1. The link functions for beta regression

Link function Formula
Logit log(u (1 — w)
Log-log -log(-log( W)
Complementary log-log log(-log((1 — w)))
Probit D' ()
Cauchy tan(n(u-0.5))

Log log(u)




Journal of New Theory 33 (2020) 76-84 / Model selection in beta regression analysis using several ... 78

The beta regression model can be estimated with various link functions. Table 1 shows the possible link
functions that can be used within beta regression framework. In Table 1, log(.) shows the natural logarithm,
®(.) denotes the cumulative link function of the standard normal distribution and tan(.) indicates the
trigonometric tangent function [10,14].

3. Differential evolution algorithm for binary search

Heuristic techniques are very common to optimize a target function. Heuristic methods are implemented
effectively inside the statistical modeling. Especially, the model selection is carried out with a proper heuristic
optimization technique for determining the best variable subset. To carry out the model selection, each variable
is coded as binary and the optimal set is chosen such as optimizing a target function.

The mentioned approach is employed in regression modeling and we can perform the model selection in beta
regression analysis. Differential evolution is a very effective optimization method [15] and we used this
method as a binary version. In our approach, the target functions are the information criteria that evaluates the
several beta regressions models.

Differential evolution algorithm consists of four main steps:

1) Generating the initial population
2) Mutation
3) Crossover
4) Selection

As it occurs in the similar algorithms, the initial population is generated at the starting point [11]. The initial

population is generated as the following way:

x& = x;(y + rand; [0,1] (x; (i) — %i (1) )

where x = (xq, %, ...x,) is the vector of the parameters, x; () and x; () are the bounds and rand is the
generated parameters as uniformly distributed. Since we employ a binary search, the bounds are limited
between [0,1] and the parameters are rounded. Figure 1 represents the coding scheme for model selection.

0 1 0 1 0 1
X Xz X3 XP‘3 x?-i xp

Fig. 1: The coding of the explanatory variables

The mutation process is applied to make the search process more robust and durable. This process also allows
new regions in the search space to be discovered. For this purpose, vectors called trial parameters are created.
Trial parameters are formed by adding the weighted difference between two units onto a third unit [11]. The
parameters re-derived in this way are evaluated within the objective function (i.e. information criteria)
according to the values of the previous units. If the value of the objective function consisting of the re-derived
vectors is better than the previous value, it is replaced with the more appropriate parameter vectors. This
process for each size proceeds as follows:

v+l = erG + F (xrlG - xTZG) (5)
where F € [0,1] is a scaling factor for r; # r, # 3.

After the mutation stage, a crossover process is applied over the parameter vectors. Crossing is used to
strengthen the success level of the parameter vectors obtained in the mutation stage and to define new vectors
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by acting from existing vectors. In the crossover stage, a crossover constant defined as CR € [0,1] is processed
as follows:

G+ — { utt, fe) < f(x©) 6)

x6, fH > f(x9)

where f(.) denotes the target function. This process is iteratively employed until reaching the optimum.
4. Information criteria and model selection

Information criterion is a measure that shows the performance of a statistical model. Mainly, information
criteria attempt to penalize the bias and they are widely used within the scope of regression models, especially
when choosing the most appropriate model.

The general structure of an information criterion is defined as follows:

Information criterion = — 2 LL + Penalty (7)

where LL is the log-likelihood of the model.

The penalty of the criterion has a huge impact on the selected models in regression analysis. The formulations
of the most common criteria such as AIC and BIC are given as follows:

AIC(k) = —2LL + 2k (8)
BIC (k) = —2LL + klog(n) 9
where k shows the number of free parameters and n shows the sample size. In regression models, k represents
the number of explanatory variables.

Moreover, the different terms can be added as the penalty inside the information criteria. For example, ICOMP-
type criteria include the covariance matrix of the statistical models with a complexity function [16,17]. There
are also different criteria called as the information matrix-based information criterion (IBIC) and scaled unit
information prior Bayesian information criterion (SPBIC) [18].

Table 2. Penalty terms of the seven information criteria

Information criteria Penalty
ICOMPIifim 2C(F~1)
ICOMPpeu k+2C(F~1)
ICOMPpeuln k+log(n)C(F~1)
ICOMPperf n+2C(F1)
CICOMP k(1+log(n)) + 2C(F~1)
IBIC Klog(n/2r) + 109 |(Emoaer) |

SPBIC p (L-10g(K/ (B" (Smoder)  B)))

Table 2 demonstrates the penalty terms of five ICOMP-type and two Bayesian-type information criteria. In
ICOMP-type criteria, C(.) denotes the complexity function and F is the Fisher information matrix of the
statistical model. We considered the C;» complexity, shown as:

p
1
Cip() = = ) O =)’ (10)
40y, 4
1=1
where A, is the arithmetic mean of the eigenvalues which obtained from the inverse of Fisher information
matrix [19]. In our study, we consider the Fisher information matrix of the beta regression model. In IBIC and
SPBIC, £,,,,4: is the variance-covariance matrix of the beta regression models.
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5. Numerical examples
In this part we performed a simulation study and real data applications on model selection for beta regression
analysis. Mainly, we assessed the performance of the seven criteria in terms of the model selection capability.

We formulated the simulation settings from the following equation [20]:

u
o8 (m) =Fot By B Xo ot oy 1D
The expected value, u is generated by considering the logit link function. After generating the expected values,
we simulated the response variable from the beta distribution with a fixed dispersion parameter ¢.

In simulation part, we obtained the ratio of correct selected variables (C) and incorrectly selected variables (1)
for each correct and incorrect variable set. The number of runs is 100 for the simulation settings.

In real data analysis part, we evaluated the prediction errors and the number of the significant-insignificant
variables. All the implementations were performed betareg and DEoptim packages, existing in R software [21,
22].

5.1 Simulation study-1

The simulation part includes a design which has the multicollinearity among the predictors. The explanatory
variables are generated as the following way:

x, =10+ g (12)
X, =10+ 0.3g; + ae, (13)
x3 =10+ 0.3g; + 0.56040e, + 0.828204 (14)
x4 =—8+x; +05x, +0.3x3 +0.5¢, (15)
X5 =—5+05x; +x, +0.5&g (16)

where g, €,, €3, €4, €5 ~ N(0,1). We fixed a = 0.3 for this setting and it causes the multicollinearity [23].
The true model includes x4, x, x3 and the generation process is conducted as follows:

L=5+41.75x; + 1.25x, + 0.5x3 + ¢ (17)
M =1/(1+exp(—L)) (18)
Y ~ Beta(M¢, (1 — M)¢p) (19)

As it is seen from above, the correct model includes {x;, x,, x3}. We considered ¢ = 5,50 with an error term
e~N(0,1) and added five irrelevant variablesas d x R; ~ U (0,1) d=1,2,3,4,5. The sample size was chosen as
n = 50,100, 300,500.

Table 3. The ratio of the correctly selected variables beta regression models for ¢ = 5

Criteria Sample size Average
n =50 n =100 n =300 n =500
AIC 77.333 90.667 99.333 100.000 91.833
BIC 67.333 83.333 98.000 98.639 86.827
IBIC 60.000 74.000 90.667 96.599 80.316
SPBIC 68.667 86.667 98.667 99.320 88.330
CICOMP 50.000 66.000 88.667 96.599 75.316
ICOMPifim 68.667 86.667 99.333 100.000 88.667
ICOMPpeu 68.667 86.667 99.333 100.000 88.667
ICOMPpeuln 68.667 86.667 99.333 100.000 88.667

ICOMPperf 68.667 86.667 99.333 100.000 88.667
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Table 4. The ratio of the incorrectly selected variables beta regression models for ¢ = 5

Criteria Sample size Average
n =150 n =100 n =300 n = 500
AIC 19.200 13.200 16.800 14.286 15.871
BIC 3.600 2.800 2.000 0.816 2.304
IBIC 0.400 0.000 0.000 0.000 0.100
SPBIC 8.800 5.600 4.000 3.265 5.416
CICOMP 1.200 0.000 0.000 0.000 0.300
ICOMPIfim 8.400 5.600 4.400 4.898 5.824
ICOMPpeu 8.400 5.600 4.400 4.898 5.824
ICOMPpeuln 8.400 5.600 4.400 4.898 5.824
ICOMPperf 8.400 5.600 4.400 4.898 5.824

Table 5. The ratio of the correctly selected variables beta regression models for ¢ = 50

Criteria Sample size Average
n =50 n =100 n = 300 n =500
AIC 99.333 100.000 100.000 100.000 99.833
BIC 99.333 100.000 100.000 100.000 99.833
IBIC 95.333 100.000 100.000 100.000 98.833
SPBIC 98.667 100.000 100.000 100.000 99.667
CICOMP 94.000 100.000 100.000 100.000 98.500
ICOMPIfim 97.333 100.000 100.000 100.000 99.333
ICOMPpeu 97.333 100.000 100.000 100.000 99.333
ICOMPpeuln 97.333 100.000 100.000 100.000 99.333
ICOMPperf 97.333 100.000 100.000 100.000 99.333

Table 6. The ratio of the incorrectly selected variables beta regression models for ¢ = 50

Criteria Sample size Average
n =50 n =100 n = 300 n = 500
AIC 18.400 19.600 16.800 12.400 16.800
BIC 7.200 5.200 3.200 1.200 4.200
IBIC 0.000 0.000 0.000 0.000 0.000
SPBIC 4.000 4.000 2.000 0.800 2.700
CICOMP 0.000 0.000 0.000 0.000 0.000
ICOMPIfim 1.600 3.200 2.400 1.200 2.100
ICOMPpeu 1.600 3.200 2.400 1.200 2.100
ICOMPpeuln 1.600 3.200 2.400 1.200 2.100
ICOMPperf 1.600 3.200 2.400 1.200 2.100

The simulation results are shown in Table 3-6. When checking the results, we see that AIC was able to select
the correct variables in beta regression models. However, covariance-based information criteria give
competitive results while determining the true models. ICOMP-type and BIC-type alternative criteria become
superior to the classical ones while excluding the incorrect variables. The ratio of the incorrectly selected
variables is lower than AIC and BIC. As the sample size increases, the model selection capability of ICOMP-
type and BIC-type criteria become much obvious.
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5.2 Real data analysis
In this part, we conducted real data analysis applications on two data sets. We considered two real benchmark

data sets, Bodyfat and Vitamin. Bodyfat [24] consists p = 17 and Vitamin [25] consists p = 11 explanatory
variables. In each data sets the range of the response variable is (0,1).

Table 7. Kolmogorov-Smirnov test for the beta distribution of the response variables

Data set Mg M(1—-¢) Statistic p
Bodyfat 4.783 20.372 0.061 0.302
Vitamin 8.341 4.310 0.136 0.127

Table 7 shows the goodness of fit tests testing the fitness of the beta distribution for the response variables.
The test results reveal that the response variables follow the beta distribution.

To test the predictive performance of the criteria in beta regression models, we used the standardized absolute
errors [26] as follows:

D — 20
5AE=2—8‘ E® @

=
where e = Y — ¥ is the prediction error and E (¢), o, show the standart deviation of the expected values of
the errors, respectively.

Table 8. The performance results for Bodyfat data set

Criteria Significant (V)  Insignificant (V) SAE

AIC 6 1 189.585
IBIC, SPBIC, CICOMP 3 0 183.348
BIC, ICOMPifim, ICOMPpeu, ICOMPpeuln, ICOMPperf 4 0 178.944

Table 9. The performance results for Vitamin data set

Criteria Significant (V) Insignificant (V) SAE

AlIC 7 2 2.08E-02
BIC, SPBIC 7 0 2.09E-02
ICOMPIfim, ICOMPpeu, ICOMPpeuln, ICOMPperf 6 0 2.22E-02
IBIC, CICOMP 4 0 2.11E-02

Table 9 shows the real data analysis performance results of the information criteria for the selected beta
regression models. The number of selected significant and insignificant variables are represented as Significant
(V) and Insignificant (V), respectively.

The models selected by AIC are not satisfactory because of including insignificant variables and relatively
higher errors. AIC seems to cause overfitting in the selected beta regression models. Most of the ICOMP-type
criteria give promising results with low errors and a high number of significant variables. BIC-type alternative
criteria also excluded the irrelevant variables, and the predictive errors are competitive. Although alternative
ICOMP-type and BIC-type chose the different beta regression models, they tend to select only the significant
variables and provide satisfactory prediction results.

6. Conclusion and Discussion

Model selection is one of the most important fields in regression analysis. The information criteria are much
useful to carry out the model selection process. Within the scope of many regression models included in GLM,
model selection results differ depending on the information criteria and selection mechanism. In this study, we
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focused on the model selection task beta regression analysis using several information criteria and a heuristic
optimization approach. Firstly, we assessed the alternative information criteria on beta regression analysis for
the model selection task.

We implemented the numerical examples with the simulation and real data set analysis. The simulation studies
demonstrate the alternative information criteria provide better results since they can exclude the wrong
variables in the selected beta regression models. Also, they tend to select correct variables as the sample size
increases. Especially, we should emphasize that the alternative criteria provide satisfactory results in the
presence of multicollinearity. The alternative ICOMP-type and BIC-type criteria are not affected by the
multicollinearity and exclude the irrelevant variables. The increment of the sample size demonstrates this fact
more obviously. The real data set examples also provide the model selection skills of the alternative criteria in
both estimation and prediction results.

The different type of model selection strategies can be tried such as forward, backward and stepwise selection
procedures for beta regression modeling. But it is well-known that the heuristic methods produce more efficient
results. When using the information criteria inside the model selection process, the goal is to find the optimum
value in the criteria so differential evolution algorithm is quite successful on the optimization process.

The information criteria that we used in the article are favorable on the model selection for beta regression.
The classical criteria, especially for high multicollinearity, tend to select redundant variables. Overall, we can
conclude that when the variance-covariance matrix exists as a penalty in the information criteria, it can improve
the model selection results in beta regression analysis.
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Abstract — Clustering plays an important role in data mining, pattern recognition and machine
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3. Introduction

Fuzzy sets were firstly initiated by L.A. Zadeh [1] in 1965. Zadeh’s idea of fuzzy set evolved as a new tool to
deal with uncertainties in real-life problems and discussed only membership function. After the extensions of
fuzzy set theory Atanassov [2] generalized this concept and introduced a new set called intuitionistic fuzzy set
(IFS) in 1986, which can describe the non-membership grade of an imprecise event along with its membership
grade under a restriction that the sum of both membership and non-membership grades does not exceed 1. IFS
has its greatest use in practical multiple attribute decision-making problems. In some practical problems, the
sum of membership and non-membership degree to which an alternative satisfying attribute provided by
decision-maker (DM) may be bigger than 1.

Yager [3] was decided to introduce the new concept known as Pythagorean fuzzy sets. Pythagorean fuzzy sets
have a limitation that their square sum is less than or equal to 1. IFS was failed to deal with indeterminate and
inconsistent information which exist in beliefs system; therefore, Smarandache [4] in 1995 introduced a new
concept known as neutrosophic set (NS) which generalizes fuzzy sets and intuitionistic fuzzy sets and so on.
A neutrosophic set includes truth membership, falsity membership and indeterminacy membership.

In 2006, Smarandache introduced, for the first time, the degree of dependence (and consequently the degree
of independence) between the components of the fuzzy set, and also between the components of the
neutrosophic set. In 2016, the refined neutrosophic set was generalized to the degree of dependence or
independence of subcomponents [5]. In neutrosophic set [5], if truth membership and falsity membership are
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100% dependent and indeterminacy is 100% independent, that is 0 < u,(x) + {4(x) + v4(x) < 2.
Sometimes in real life, we face many problems which cannot be handled by using neutrosophic for example
when u, (x) + {4(x) + v4(x) > 2. So, Pythagorean neutrosophic set with T and F are dependent neutrosophic
components [PN-SET] of the condition is as their square sum does not exceed 2. Here, T and F are dependent

neutrosophic components, and we make u,(x), v4(x)as Pythagorean, then (uA(x))Z + (vA(x))2 < 1 with

uy(x),vy(x) €0,1]. If {4(x) is independent of them, then 0 < {4(x) < 1.Then, 0 < (uA(x))Z +
2 2 .

(ZA(x)) + (UA(X)) < 2' with uA(x)!ZA(x); UA(x) € [0!1]

Recently, Ye [6,7] presented the correlation coefficient of single-valued neutrosophic sets (SVNSsaa0 and the
cross-entropy measure of SVNSs and applied them to single-valued neutrosophic decision-making problems.
Then, Ye [8] proposed similarity measures between interval neutrosophic sets and their applications in
multicriteria decision making. Xu [9] and Zhang [10] proposed a clustering algorithm. J. Ye [11] also
introduced the clustering methods using Distance-based similarity measures of single-valued neutrosophic
sets.

This paper proposes a Pythagorean neutrosophic clustering algorithm to deal with data represented by
Pythagorean neutrosophic set with dependent neutrosophic components between T and F [PN-Set, in short].
We define a generalized distance measure between PN-Sets and propose two distance-based similarity
measures of PN-Sets. Then, we present a clustering algorithm based on the similarity measures of PN-Sets to
cluster Pythagorean neutrosophic data and gives an illustrative example.

4. Preliminaries
Definition 2.1 [2]
Let E be a universe. An intuitionistic fuzzy set A on E can be defined as follows:
A ={< x,uy(x),v4(x) >:x € E}.
where uy: E — [0,1] and v,: E — [0,1] suchthat 0 < u,(x) + v,(x) < 1forany x € E.

Here, u,(x) and v,(x) is the degree of membership and degree of non-membership of the element x,

respectively.
Definition 2.2 [12,13]

Let X be a nonempty set, and I the unit interval [0,1]. A Pythagorean fuzzy set S is an object having the form

A = {(x,uy(x),v4(x)): x € X} where the functions u,: X — [0,1] and v 4: X — [0,1] denote respectively the

degree of membership and degree of non-membership of each element x € X tothe set P,and 0 < (uA (x))2 +

(v4(x))? < 1foreach x € X.
Definition 2.3[4]

Let X be a nonempty set (universe). A neutrosophic set A on X is an object of the form:

A= {(x, uA(x),(A(x),vA(x)):x € X}.
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Where uy(x), {4(x),v4(x) € [0,1],0 < uy(x) + {4(x) + v4(x) < 2, for all x in X. uy(x) is the degree of
membership, {,(x) is the degree of indeterminacy and v,(x)is the degree of non-membership. Here

uy (x) and v, (x) are dependent components and {,(x) is an independent component.
Definition 2.4 [4]
Let X be a nonempty set, and I the unit interval [0,1]. A neutrosophic set A and B of the form
A = {0 us (%), a(x),v4 (x)):x € X}and B = {(x,up (x),{p(x), v (x)):x € X}
Then,
A€ ={(,v,(x), 1 — {u(x), us(x)): x € X} or A€ = {(x, v, (x), {4(x), up (x)): x € X}
AUB = {(x, max(uy (), up (x)), min(ga(x), 5 (x)), min (w4 (1), vp (x))): x € X}
A nB ={(x min(u, (x),us (x)), max(J,(x), {z(x)), max (v, (x), v (x)): x € X}

3. Distance-Based Similarity Measures between PN-Sets

Definition 3.1

Let X be a nonempty set (universe). A PN-Set M on X is an object of the form:
M = { (2, up (%), S (), v (x)): x € X},

Where uy,(x), {(x), vy (x) €[0,1],0 < (uM(x))2 + ({M(x))2 + (vM(x))2 <2, for all x € X. uy(x) is
the degree of membership, ¢, (x) is the degree of indeterminacy and v,,(x) is the degree of non-membership.
Here uy (x) and vy, (x) are dependent components and {,,(x) is an independent component.

Definition 3.2

Let X be a nonempty set and I the unit interval [0,1]. A PN-Sets M and N of the form

M = {(x, upy (x), (%), vy (x)):x € X}and N = {(x, uy (x), {y(x), vy (x)): x € X}.
Then,
ME = {(x, 13y (%), 1 = {ay (), upg ()): x € XJor ME = {(2x, 3y (), {ag (), ups (x)): x € X))
MUN = {(x,max(uy (x),uy (x)), min(Gy (x), v (x)), min (vy (), vy (x))): x € X}
M N = {(xmin(uy (x),uy (x)), max({y (x), {y(x)), max (vy (x), vy (x))): x € X}

For two PN-Sets S and T in a universe of discourse X = {x;, x5, ..., x5}, Which are denoted by M =
{Cep up (20, S (), vag ()2 x; € X}and N = {(xy, uy (), O (i), v () x; € X}, where w (), o (3,
vy (), un (x;), Onv(x;), vy (x;) € [0,1] for every x; € X. Let us consider the weight w;(i = 1,2, ...,n) of an
element x;(i = 1,2, ...,n), withw; = 0 (i = 1,2, ...,n), and X} ; w; = 1. Then, we define the generalized PN
weighted distance measure:

dp(M,N) = Z31 wi | [udy Ge) = wf e[ + 165 ) — GRG)|” + v ) — v "] @)
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where p > 0. Whenp = 1,2, we can obtain the PN weighted Hamming distance, and the PN weighted
Euclidean distance, respectively, as follows:

di(M,N) = §Z?=1 wy [|ugr () — uf ()| + |33 () = SR )| + |vi () — v e |] )
2 2 2 3
1

dy(M,N) = 20wy [Judi (o) = wd )| + B ) — GOl + R Ged — v ] @)
Therefore, Egs. (2) and (3) are the special cases of (1). Then, for the distance measure, we have the following
proposition.
Proposition 3.3. The above-defined distance d,,(M, N) for p > 0 satisfies the following properties:
(DP1) 0 < d,(M,N) < 1;
(DP2) d,(M,N) = 0 if and only if M = N;
(DP3) d,,(M,N) = d,(N, M);
(DP4) If M € N € 0,0 isaPN-Setin X, then d,(M,0) = d,(M,N) and d,(M,0) = d,(N,0).
Proof:

It is easy to see that d,,(M, N) satisfies the properties (DP1)-DP43). Therefore, we only prove (DP4). Let M <
N €0, then, uy(x;) < uy(x;) < up(x), (n(x) = {v(x;) = {o(x;) and vy (x;) = vy (x;) = vo(x;) for
every x; € X. Also, uy (x;) < ug(x;) < ud(x;), Gy () = {7 () = ¢G5 (x), and viy (x;) < v (x;) < v§(xy),
for every x; € X.

Then, we obtain the following relations:

p

|ud () — ud ()" < |ud () — ud )7, [ () — ud e)|” < udy G — ud (x)
|2 () — GG D < |8 ) — B)|” 1R () — 23 )|” < |68 () — 3|,

[vZ (x) — v3 ()" < |vg () — vE )|, [vE () — v3 )P < vk () — v3 )|,

Hence,
lud () — ud (e)[” + |65 () — R + [vE Ge) — v ()|
< |ud () — w3 ) [” + |85 ) = )| + |vi ) — v3 )|
Jud () — ud )| + |CB ) — B[ + [vh () — v3x)|”
< |ud () — w3 () [” + |85 ) — )| + |vi ) — v3 )|

Combining the above inequalities with the above-defined distance formula (1), we can obtain d,,(M,0) =
d,(M,N) and d,(M,0) = d,(N,0) for p > 0. Thus, the property (DP4) is satisfied.

This completes the proof.

Note that similarity and distance (dissimilarity) measures are complementary: when the first increases, the
second decreases. Normalized distance measure and similarity measure are dual concepts.

Thus, S(M,N) =1 —d(M,N) and vice versa. The properties of distance measures below are complementary
to those of similarity measure.
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Proposition 3.4 Let A and B be two PN-Sets in a universe of discourse X = {xq, x5, ..., x,}; S(4, B) is called
a Pythagorean neutrosophic similarity measure, which should satisfy the following properties:

(SP1) 0 < S(M,N) < 1;

(SP2) S(M,N) = 0 ifand only if A = B;

(SP3) S(M,N) = S(N, M);

(SP4) If M € N € 0, C is a PN-Set in X, then S(M, 0) = S(M,N) and S(M,0) = S(N, 0).

Assume  that there are two  PN-sets M = {(x;, up(x), (u(x), vy (x)):x; € X} and
N = {(x;, uy (), {n(x), vy (x)): x; € X} in a universe of discourse X = {x4, x5, ..., X, }. Thus, according to

the relationship between the distance and the similarity measure, we can obtain the following PN similarity
measure:
1

1% P

S$S(M,N)=1-d,(M,N)=1- {52 wi [y (o) — uf (e 1P + 185 () — SR e 1P + i () — v (k)] (4)
i=1

Obviously, we can easily prove that S; (M, N) satisfies the properties (SP1) - (SP4) in Proposition 2 by the
relationship between the distance and the similarity measure and the proof of Proposition 1, which is omitted
here.

Furthermore, we can also propose another PN similarity measure:

ST

1—d, Ny 1= (G willad ) —w GO + 16 — GG + 10 () — v )IPl)

Soa(M.N) =17 d,(M,N)

)

ST

1+ {330, willi () = w3 CelP + 185 () = RGP + 1 () — v Gl

Then, the similarity measure S,(M, N) also satisfied the properties (SP1) - (SP4) in Proposition 2.
Proof:

It is easy to see that S,(M, N) satisfies the properties (SP1) - (SP3). Therefore, we only prove the property
(SP4).

As we obtain d,(M,0) = d,(M,N) and d,(M,0) = d,(N,0) for p > 0 from the property (DP4) in
Proposition 1, thereare 1 — d,(M,N) 21— d,(M,0),1-d,(N,0) 21—-d,(M,0),1+d,(M,N) <1+
d,(M,0)and 1 +d,(N,0) <1+ d,(M,0).Then, there are the following inequalities:

1-dy(M,N) _ 1-dy(M,0)
1+d,(M,N) ~ 1+ d,(M,0)

and
1-d,(N,0) - 1-d,(M,0)
1+d,(N,0) ~ 1+d,(M,0)

Then, there are S(M,0) < S(M,N)and S(M,0) < S(N, 0). Hence, the property (SP4) is satisfied.
This completes the proof.
Example 3.5:
Assume that we have the following three PN-Sets in a universe of distance X = {x, x,}:
A = {(x4,0.1,0.9,0.6), (x4,0.1,0.9,0.6)}
B = {(x,,0.7,0.8,0.4), (x;,0.4,0.6,0.7)}
€ = {(xy,0.8,0.1,0.3), (x;,0.4,0.3,0.1)}
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Then, there are A € B < C, with u,(x;) < ug(x;) < uc(x), {a(x) < a(x) < () (x;) and vy (x;) <
vg (x)ve (x;) for each x; in X={x, x,}, and the weight vector w = (0.4,0.6).

By applying Eq. (4) (take p = 1), the similarity measures between the PN-Sets are as follows:
S1(A,B) = 0.7427,5,(B, C) = 0.7367,5,(4, C) = 0.4793.

Hence, S;(A,C) < S,(4,B) and S;(4,C) < S,(B,C)

By applying Eq. (5) for p = 1, the similarity measures between the PN-Sets are as follows:
S,(4,B) = 0.5907,5,(B,C) = 0.5832,5,(4, C) = 0.3152.

Hence, S,(4,C) < S,(A,B) and S,(4,C) < S,(B,C).

4. Clustering Algorithm Based on the Similarity Measures of PN-Sets

In this section, we can apply the proposed similarity measures of PN-Sets to clustering analysis under a PN
environment. Based on the intuitionistic fuzzy clustering algorithm proposed by Zhang [1] and Xu [9].

Definition 4.1 Assume that A = (44,45, ..., A;,) isaset of PN-Setsand C = (Sif)me is a similarity matrix,
where S;; = Sk (4;, 4;)(k = 1,2)and S;; € [0,1] fori,j = 1,2,..,m,withS; = 1fori = 1,2,...,m,and S;; =
Sji, for i,j=12,..,m.

Definition 4.2 [9,10] Let C = (S;;) _ be asimilarity matrix, if C* = C, € = (§;;) __,then C*iscalled a

composition matrix of C, where S;; = m’?x{min(Sik,Skj)}, fori,j=12,..,m

Definition 4.3 [9,10] Let C = (Sif)mxm be a similarity matrix, if C> < C, i.e., §;; < S;; for i,j = 1,2,...,m,
then C is called an equivalent similarity matrix.

Definition 4.4 [9,10] Let C = (Sij)mxm be a similarity matrix. Then, after finite time compositions of C:

C - (C2 _)Cll-_)..._)Czk - . (6)
there must exist a positive integer k such that €2* = ¢2""", then ¢2" is also an equivalent similarity matrix.
« e _ - - - . - _ A -
Definition 4.5 [9,10] Let C = (Sij)mxm be an equivalent similarity matrix. Then, C; = (Sl-j e 1 called
the A-cutting matrix of C, where

O,Sij < A;

4 o
sh = {LSij Sy forij=12,..,m, (7

and A is the confidence level with A € [0,1].

Assume that A ={A;,A4,, ..., A} is a set of PN-Set, where Aj={(xi,uAj,§Aj,vAj):xieX}

(j = 1,2, ...,m) in auniverse of discourse X = {x1, x5, ..., x,} is a PN. Let w; be the weight for each element
x; (i =1,2,...,n), with w; € [0,1], and X.7-.; w; = 1. Then, we can give the algorithm of clustering PN-Sets
as follows:

Step 1. By use of Egs. (4) or (5), one can calculate the similarity measure degrees of PN-Sets, and then
construct a similarity matrix ¢ = (Sif)mxrn' where S;; = S (4;,4;) (k = 1,2) fori,j = 1,2,...,m.

Step 2. The process of building the composition matrices is repeated until it holds that

C>C2C* . » 2 = g2
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which implies that ¢ isan equivalent similarity matrix, which is denoted by C = (§ij)

mxm’
Step 3. For the equivalent similarity matrix € = (§U)mxm, we can construct a A-cutting matrix Cy = (S

mxm

of C by Eq(7); if all the elements of the ith row or column in C; are the same as the corresponding elements of
the ith row or column, we conceive object sets 4; and A; are the same class.

5. Hlustrative Example

A car market is going to classify five different cars of 4; (j = 1,2, ...,5). Every car has six evaluation attributes:
(i) x4, fuel consumption; (ii) x,, price; (iii) x5, coefficient friction; (iv) x,, comfortable degree; (v) x5, safety.
The characteristics of each car under the six attributes are represented by the form of PN-SETS, and then the
Pythagorean neutrosophic data are as follows:

A, = {x,(0.5,0.9,0.8), x, (0.6,0.7,0.7), x5, (0.4,0.2,0.5), x,, (0.7,0.8,0.5), x5, (0.1,0.6,0.3)}
A, = {x1,(0.1,0.7,0.8), x5, (0.6,0.9,0.8), x5, (0.5,0.2,0.4), x,, (0.3,0.5,0.1), x5, (0.7,0.3,0.5)}
As = {x1,(0.1,0.7,0.8), x5, (0.5,0.6,0.7), x5, (0.2,0.8,0.6), x,, (0.4,0.3,0.9), x5, (0.9,0.1,0.4)}
A, = {x1,(0.3,0.6,0.7), x5, (0.8,0.7,0.6), x5, (0.1,0.9,0.5), x,, (0.4,0.6,0.2), x5, (0.5,0.2,0.7)}
As = {x1,(0.4,0.6,0.7), x5, (0.9,0.6,0.1), x5, (0.8,0.9,0.6), x,, (0.5,0.2,0.3), x5, (0.6,0.2,0.5)}

T
If the weight vector of the attributes, x; (i = 1,2,3,4,5,6) isw = (E'E'E'E'E) , then we utilize the two
Pythagorean neutrosophic similarity measures to classify the five different cars of A; (j = 1,2,3,4,5) by

the Pythagorean neutrosophic clustering algorithms.
5.1 Clustering Analysis using Eq. (4)

Step 1. Utilize the similarity measure formula (4) (take p = 2) to calculate the similarity measure between each
pair of PN-SETs A; and A; (i,j = 1,2,3,4,5) and construct the following similarity matrix:

1 0.7358 0.6287 0.6824 0.6128
0.7358 1 0.7596 0.7339 0.6574
C=| 0.6287 0.7596 1 0.7095 0.6995
0.6824 0.7339 0.7095 1 0.7742
0.6168 0.6574 0.6995 0.7742 1

Step 2. Obtain equivalent similarity matrices by limited time composition of C:

1 0.7358 0.7358  0.7339 0.6574
0.7358 1 0.7596 0.7339 0.6574
C?>=| 0.7358 0.7596 1 0.7339 0.6574
0.7339 0.7339 0.7339 1 0.6574
0.6574 0.6574 0.6574  0.6574 1

1 0.7358 0.7358  0.7339 0.6574
0.7358 1 0.7596 0.7339 0.6574
C*=| 0.7358 0.7596 1 0.7339 0.6574
0.7339 0.7339 0.7339 1 0.6574
0.6574 0.6574 0.6574  0.6574 1

Obviously, C* = €2 implies that C? is an equivalent similarity matrix, denoted by C.

Step 3. When X has different values, we can construct a A-cutting matrix C; = (S:l-);-)mxmof C by Eq.(7) and
obtain different categories, which give the following discussion:
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(i) If 0 < 1 < 0.6574

11111
11111
2=11 1111}
11111
11111
then the cars are the same category:{A4;,A,, A3, A4, As}.
(i) If 0.6574 < A < 0.7339
11110
o Jr1110
2=11 1110}
11110
00001

then the cars can be divided into two categories: {A;, A,, Az, A4}, {45}

(iiii) 1 0.7339 < 1 < 0.7358

then the cars can be divided into three categories: {A;,4,, A3}, {A4}, {45}
(iv) If 0.7358 < 1 < 0.7596

(V) If0.7596 < 1< 1
10000
01000
2=10 010 0|
00000
00001
then the cars can be divided into five categories: {4}, {45}, {A3}, {44}, {45}

5.2 Clustering Analysis Using Eq. (5)

Step 1. Utilize the similarity measure formula (5) (take p = 2) to calculate the similarity measure between each
pair of PN-SETs 4; and A; (i,j = 1,2,3,4,5) and construct the following similarity matrix:

1 0.5820 0.4585 0.5179  0.4459
0.5820 1 0.6124 0.5797 0.4896
C=| 04585 0.6124 1 0.5498 0.5379
0.5179 0.5797 0.5498 1 0.6316
0.4459 0.4896 0.5379 0.6316 1
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Step 2. Obtain equivalent similarity matrices by limited time composition of C:

1 0.5820 0.5820 0.5797  0.4896
0.5820 1 0.6124 0.5797 0.4896
C?>=| 0.5820 0.6124 1 0.5797 0.4896
0.5797 0.5797 0.5797 1 0.4896
0.4896 0.4896 0.4896 0.4896 1

1 0.5820 0.5820 0.5797 0.4896
0.5820 1 0.6124 0.5797 0.4896

C*=| 05820 0.6124 1 0.5797 0.4896
0.5797 0.5797 0.5797 1 0.4896
l 0.4896 0.4896 0.4896 0.4896 1J

Obviously, C* = €2 implies that C? is an equivalent similarity matrix, denoted by C.
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Step 3. When X has different values, we can construct a A-cutting matrix C; = (f{})mxmof C by Eq.(7) and

obtain different categories, which give the following discussion:

(i) If 0 < 1 < 0.4896

11111
ot 1111
2=11 1111}
11111
11111
then the cars are the same category:{A4;, A, A3, A4, As}.
(ii) 1f 0.4896 < 1 < 0.5797
11110
11110
2=11 1110
11110
00001

then the cars can be divided into two categories: {A;, A,, A3, A4}, {As}.

(i) 1f 0.5797 < 1 < 0.5820
11100
11100
C;=|11100]|
00000
00001

then the cars can be divided into three categories: {A,,4,, A3}, {A4}, {4s}.
(iv) If 0.5820 < 1 < 0.6124

S
Il
oo oo R
OO R = O

00
00
00}
00
01
A3}

~ OO R = O

then the cars can be divided into four categories: {A4,},{A4,, A3}, {A4}, {45}
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(V) If0.6124 <A< 1

3
Il
oo OoOR
OO O RO
OO R OO
cocococo o
= o O oo

~

then the cars can be divided into five categories: {4}, {45}, {43}, {44}, {4s}.

Conclusion

This paper introduced a generalized PN weighted distance measure and presented two distance-based
similarity measures in a PN setting. Then, a PN clustering algorithm was established based on the two
similarity measures. Finally, an illustrative example was given to demonstrate the application and effectiveness
of the PN clustering methods.
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2. Preliminaries

Now, we will recall some known concepts related to PU-algebra from the literature, which will be helpful in
further study of this article.

Definition 2.1. [4] A PU-algebra is a non-empty set X with a constant 0 € X and a binary operation =
satisfying the following conditions:

Hox* x = x,
(i) (x*xz)* (y* z) = yxx,foranyx,y,z € X
On X we can define a binary relation " <" by x <y ifand only if y * x = 0.
Example 2.2. [4] Let X ={0, 1, 2, 3, 4} be a set and * is defined by
*» 10 1 2 3 4

A~ W NN - O
= NN W B~ O
N W b~ O B
w b O L DN
A O P DD W
O P NN W b

Then, (X,*,0) is a PU-algebra.

Proposition 2.3. [4] In a PU-algebra (X,*, 0) the following hold, forall x,y,z € X ,
@x*xx =0

b)(x*x2z)xz = x

©xx (y*xz)=y*(x*z)

@dx* (y*xx)=y=*0

@ G*xy)x0=yx*x

HIfx < y,thenx* 0 = y*0

@ (*y)x 0= (x*2)* (y* z)

(hyx+y < zifandonlyifzxy < x

()x < yifandonlyify* z < x* z

() In a PU-algebra (X,*, 0), the following are equivalent:

Mx =y,Qxxz=y*xzQB)zxx =1zxy

(k) The right and the left cancellation laws hold in X .

D@E*x)*x (zxy)=xxy

(M) Cex y)x 2 = (2% ) x

(N (x*xy)* (zxu) = (xxz) *(y+u)forallx,y,zandu € X

Lemma 2.4. [4] If (X,*,0) is a PU-algebra, then (X, <) is a partially ordered set.

Definition 2.5. [4] A non-empty subset S of a PU-algebra (X,*, 0) is called a sub-algebra of X if x * y € S
whenever X,y € S.
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Definition 2.6. [4] A non-empty subset | of a PU-algebra (X, *, 0) is called a new ideal of X if,
()0 el,

(i) (a x (b x x)) * x e l,foralla,b € I and xe X .

Theorem 2.7 [4] Any sub-algebra S of a PU-algebra X is a new ideal of X.

Example 2.8 [4] Let X = {0, a, b, c} be a set with * is defined by the following table:

*= | 0 a b ¢
00 a b c
ala 0 ¢ b
b|b ¢ 0 a
c|lc b a 0

Then, ( X, *, 0) is a PU-algebra. It is easy to show that 11 = {0, a}, 1.= {0, b}, Is = {0, c} are new
ideals of X.

3. Brief review of soft set with examples in coding and fuzzy

Definition 3,1. [5] Molodtsov defined the notion of a soft sets as follows. Let U be an initial universe and E
be the set of parameters. The parameters are usually “attributes, characteristics or properties of an object”. Let
P(U) denote the power set of U and A is a subset of E.A pair (F , A) is called a soft set over U, where F isa
mapping given by F : A — P(U).In other words, a soft set over a universe is a U parameterized family of

subsets of the universe U . For e € A, F(e) may be considered as the set of e-elements or e-approximate

elements of the soft set (F, A). Thus (F, A) = {F e)ePU):ecAc E}. As an illustration, let us consider

the following:

Example 3.2. (soft). Suppose a universe U is the set of eight Cars U = {C1,02,C3,C4,C5,C6,C7,C8} be the

set of Cars under consideration, E be a set of parameters.

e, =expensivee, =beautiful e, = manual gear,e, = cheap,
e, = automatic gear,e, = in good repair,e, =in bad repair |

Then, the soft set (F, E) describes the attractiveness of the cars. which say Mr. X wants to buy. In this case,
to define the soft set (F, E) means to point out the cars for each parameter, i.e. expensive, beautiful, manual

gear, cheap, automatic gear, etc. Let A= {el,ez,es}g E and Now consider the mapping F: A— P(U) is
givenby F(e) = {C,,C,},F(e,) ={C,,C,,C; }, F(&;) = {C,,C,,Cy }.

Then, the soft set (F, A) is a parameterized family {F (&), 1 :1,2,3} of subsets of the universe given by
(F.A) ={{C2,C3}, {Cl’CS’CS}’ {Cl’C3’C6 }}

for example, F(e,) means car (expensive) whose functional value, called the €, - approximate value set, is the

set {C2 , C3}.Thus we can view the soft set (F, A) as consisting of a collection of approximations given by
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(F.A) ={F(e) ={C,.C,},F(e,) ={C.,C,,Cs |, F (&) = {C..C. G, }}

Each approximation has two parts:
(i) A predicate F(e;)orF(e,) or F(e;) and
(ii) The approximate set {C,,C,}or {C,,C,,C,}or{C,,C,,C, [}, respectively.
The soft set (F, A) can also be represented by the set of ordered pairs given by
(F,A) ={(e;, F(&)).(e;. F(e,)). (&5, F(&))}

(F. A) ={(&,,{C;.C4)).(&;{C.,. Cs. Cs ), (66, {C1, . Co )}
It is worth noting that the sets F(e),e e A may be arbitrary, may be empty or may have non-empty
intersection. Also, the soft set (F, A) can be divided by F,.
Example 3.3 (coding soft) To store a soft set in a computer, a two-dimensional table is used to represent it.
Table 1 (below) shows the tabular representation of the soft set (F,A), where if

h e F(e),thenh ; =1, otherwise h ; =0, where h, ; are the entries in the table.

U | e e ¢ Choicevalue
c,|o0 1 1 2
c,|1 o0 o0 1
c, |1 1 1 3
cC,|0 o0 0 0
C, |0 1 o0 1
C, |0 o0 1 1
C,|0 0 o0 0
C. |0 0 o0 0

Let U be a universe and let A be a fuzzy set on the universe U , characterized by its membership function

Uy, such that 2, :U —[01], AcU . Thus, the fuzzy set A can be completely defined as a set of ordered
pairs given by A= {(x,y(x) :xeU >} 1(x)e[0]].

Now let us consider the family of o -level sets for y,, given by F(«@) = {x eU:u,(x)= a},a €[0,], such

that given F, we can find z,(X) by the formula: z,(X) :Sup{a e[0]]:xe F(a)}. Then, every Zadeh’s
fuzzy set A may be considered as the soft set (F,[0,1]) . As an illustration, let us consider the following

example.

Example 3.4. (fuzzy soft). Suppose that U = {C,,C,,C,,C,,C;,C,,C,,C,}and that we consider the single

parameter quality of cars which are characterized by the value set whose terms are {expensive, beautiful,
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manual gear and cheap}. Let the terms beautiful and cheap for example be associated with its own fuzzy set
as follows:

I:beauth‘ul = {(01702)! (C2 10'7)1 (Cs 10-9)1 (CG ,01)}
Faea = 1(C.,0.9),(C,,0.3),(C,,0.2),(C,,0.1),(C;,0.2)}

Then, the a — level set of K, ¢y and F

cheap

are given by;
Foeauira (0-2) ={C1, C,,Cs ., Fyeop (0.2) ={C,,C,,C,.C;}
Focauiru (0.7) = {C5. Cs } Fia (0.7) = {C, }
Foeauin (0-9) = {Cs } . Fineep (0.9) = {C,}
Foeauira (0D = {C,,C,,C;, Co } i (0.1) = {C,, C,,C;,C,., Cy }

(0.3)={C,,C.}, F,y (0.3) = {C,,C, }, where here A={0.1,0.2,0.3,0.7,0.9} [0]

beautlful ' 7 cheap

which can be regarded as the parameter set such that F, : A— P(U) gives the approximate value set

eautiful

Foeautir (@) » fOr a € A Thus, the soft set for the fuzzy set K, can be written as:

( beautiful ¥ A) {(O 1 {Cl’ C2 ! CS’C }) ! (02’ {Cl' C2 ! CS }) ! (03’ {CZ ! C5 }) ! (07’ {CZ ! CS }) ! (09’ {C5 }) }

Similarly, the soft set for the fuzzy set F

cheap

is given by;
(Foep: B) =€(0.1,{C.,C;.C4,C,, G5 ), (02,{C,,C;.C,, G ), (03,{C..C, ), (07,{C,). (09, {C )
where A B =1{0.1,0.2,0.3,0.7,0.9}c[0]]
Definition 3.5. The complement of a soft set (F, A) is denoted by (F©, A) and is defined by (F, A)®, where
F¢:A— P(U) isamapping givenby F°(x)=U —F(X) V¥ xe X .
Let the terms beautiful and cheap for example be associated with its own fuzzy set as follows:
Foin = 1(C1,0.2),(C,,0.7),(C;,0.9),(C,,0.1)}
Foep = ={(C,,0.9),(C,,0.3),(C,,0.2),(C,,0.1),(C,,0.2)}, then
Foeautital = {(C,,0.8),(C,,0.3),(C;,0.1),(C,,0.9)}, and

F e = 1{(C,,0.1),(C,,0.7),(C,,0.9),(C,,0.9),(C;,0.8)}.

4. Soft PU-algebras

Mostafa et al [21] introduced the concept soft PU-algebras. Let X and A be a PU-algebra and a nonempty
set, respectively. A pair (F, A) is called a soft set over X if and only if F isa mapping from a set of A into

the power set of X . That is, F: A— P(X) such that F(x)=¢ if X A. A soft set over X can be

represented by the set of ordered pairs {( X,F(x)):xe AF(x)eP(X )}.

It is clear to see that a soft set is a parameterized family of subsets of the set X .
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Definition 4.1. Let (F, A) be asoft setover X . Then, (F, A) is called a soft PU-algebra over X , if F(X) is
anew ideal of X , forall xe A.

Example 4.2. Let X = {0, a, b, c} be a set provided in Example 2.8. Define a mapping F : X — P(X) by:
F (0)={0},F (a) ={0,a}, F (b)-{0,b}and F (c) ={0, c}. Itis clear that (F, X) is a soft PU-algebra over
X.

Definition 4.3. Let (F, A) and (G, B) be two soft PU-algebras over X . Then, (F, A) is called a soft PU-
subalgebra of (G,B), denoted by (F, A) < (G, B), if it satisfies:

(i) Ac B,

(i) F(x) is sub-algebra of G(x), forall xe A.

Proposition 4.4. A soft set (F, A) over X isasoft PU-algebra, if and only if each @ # F (&) isa new ideal
of X ,forall e A.

Theorem 4.5. Let(F, A) and (G, B) be two soft PU-algebras over X . If A1 B # ¢ then the intersection
(F,A) h (G, B) is a soft PU-algebra over X .
5. Codes generate by a soft PU-algebra

Definition 5.1. Let F : A — P(X) be amapping from aset A X into the power set of X , then F s called

a soft PU-function on A.
Definition 5.2. A cut function of F, for p e P(X) is defined to be a mapping F,: A —{0,1} such that

F,(X)=1< pc F(x), forall x in A.
Obviously, F,is the characteristic function of p -level subset (or,a p -cut) f, ={xe A:F (x)=1}.

Example 5.3 Let A= {el,ez}g E andlet X={C,, C,, C,, C, } be the set of Cars with the following Cayley
table:

* CO Cl CZ C3
CO CO Cl CZ C3
Cl Cl CO CS C2
C2 C2 C3 CO Cl
CS C3 CZ Cl CO

Then, (X, *, 0) is a PU-algebra. Let A= {el,ez}g E,where
E = {e, =expensivee, = beautiful.e, = manual gear,e, = cheap}

be a set of parameters and F : A — P (X) and given by

= € €, _ € €,
_<F(el) F(e,)/ \{c.C.} {c.c))
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andF,: A—{0,1}. Table 1 (below) shows the tabular representation of the soft set (F,A), where if
C eF(e)  then F (x)=1, otherwise F,(x)=0,where F (x) are the entries in the table.

X & &
C, 0 0
C, 0 0
C, 1 1
C, 1 1

Definition 5.4. Let F : A— P(X) be a soft PU-function on A, and ~ a binary relation on P(X), such that
vp,q e P(X),[p~qg<« f, = f,]. Then, ~ is an equivalence relation on P(X).
Let F(A)={peP(X): p=F(x), forsomex € A}, and for pe P(X),let[p)={ge P(X): p<q}.
Lemmab5.5.If F: A— P( X)) isasoft PU-function on A, then for p,ge P( X)

pP~a<=[p)NF(A) =[a)NF(A)
Proof. Vp,qe P(X),p~q< f, =1,

(forxe A JpcF(X)=oqgcFX)]<e{xeA:F(X) e[p)}={xeA:F(X) €[q)}=
[P)NF(A) =[a)NF(A).

Example 5.6. Let X = {0, a, b} be a set with the operation * defined by the following table.

*‘0 a b
0|0 a b
a|b 0 a
bla b 0

and P(X) ={¢,{0},{a},{b},{0, a},{0,b},{a,b},{0, a,b}} . Then, (X ,*0) is a PU-algebra.

0 a b
Let F: X — P(X) be asoft PU-function on X given by F = J then a cut function
{0} {0.a} {O,b}

of F is given by the following table:

0 a b
10y {0,a} {00b}

F, 1 1
Foy 1 1 1
r., 0 1 0
Fay 0 0 1
Fow | O 1 0
Fow | O 0 1
Fany | O 0 0
F{o ,a,b} 0 0 0
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Hence, f, = f, ={0,a,b}, f,, = f, ., ={a} fy = fo,y ={0}and f,,="f =9.

Lemmab5.7. Let F : A— P(X) beasoft PU-functionon A, forevery X e A, if F(x) = p,then p e P(X)

is an infimum of the class to which it belongs, i.e. p=inf[p]..

Proof. If g€[p].,then p=F(x) = q.Hence, p=inf[p]..

Theorem 5.8. If F : A— P(X) isa soft PU-functionon A, then forallx € A,

F(X)=sup{peP(X):F,(x) =5

Proof. Let F(x) =q e P(X). Then, F (x)=1. Now, ifany peP(X),F,(x)=1, then pc F(x), ie,

p<d.Also, ge{peP(X):F,(x)=1}, thus qis the greatest element of that family. Thus,
F(X)=q=sup{peP(X):F,(x)=1

Proposition 5.9. Let F: A — P(X)be a soft PU-function on A. If < p, for all p,qeP(X), then

fp c fq.

Proof. Letq  p, forall p,ge P(X)and xe f_, then p < F(x). It follows that g = F(x) andso x € f.

Hence, fp c fq.

Proposition 5.10. Let F : A— P(X) be a soft PU-functionon A. Then, [F(X) = F(Y) < Ay # A1

VX, y e A.

Proof. The sufficiency is obvious. Assume that AF(X) # AF(y) , VX, ¥y € A. Then,

Ay ={z € AF(X) S F(@)}#{ze ATF(y) S F(2)}= Ay,
Corollary 5.11. Let F : A— P(X) be a soft PU-function on A. Then,

vx,y e A, [F(y) S F(X) & Ay < Al
Proof. Clear.

Let F:A— P(X) be a soft PU-function on A, and ~ a binary relation on P(X), such that
vp,qe P(X),[p~q< f,=f,]. Then, ~ is an equivalence relation on P(X) and

[pl. ={g e P(X): p~q} isan equivalence class containing p . Every soft PU-function on A determines

a binary block code ¢ of length n, in the following way:

To every class[p]., where pe P(X), there are corresponds a codeword Crp = Wo--W, such that

w,=w; < F()=j, forieA je{01}.
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We use the following defined order on the set of codeword’s belonging to a binary block code C , for any

leEC’X: Xl"'Xn ! y= yl"'yn’ XSC y<:> Xl"'”xn Sc yl""' yn'

Example 5.12. Let X = {0, a, b} be a set with the operation * defined by the following table.

o 9 O %
T O O
T O o o
o ©®» T| T

Then, (X ,*,0)is a PU-algebra. Let F:X — P(X) be a soft PU-function on X given by

0 a b
F= and F_: X —{0,1}, then a cut function is given by the following table:
({0} 0,2} {o,b}J X208 e ’

0 a b
{0} {0,a} {O,b}
Foy 1 1 1
Fro.ay 0 1 0
Fron 0 0 1
Then, C ={111,010,001}, see Fig.1
{0} 111
{0.a} {0b} 010 001

Fig 1. Graphs of the binary block code C

Theorem 5.13. Let X be a finite PU-algebra. Every (P(X),<)determines a block-codeC , such that

(P(X),<)is isomorphic with (C,<,) .

Proof. Let X ={r,:i=1,...,n}be a finite PU-algebra in which r,is the least element and let a mapping
H :P(X) — P(X) be identify PU-valued function on P(X). The decomposition of H gives a family
{H, :r € X} which is the required code, under the above defined order X <, Y < X,..., X, <; Yypes Y, Let
f: X >{H, :r € X} be a function defined by f(r)=H,, for all re X . By Lemma 4.6 every class
contains exactly one element, and thus f is one to one. If r,me X and r <m, then H,, < H,, which

means that H <H,,and f isanisomorphism.
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Example 5.14. Let X = {0, a, b} be a set with the operation * defined by the following table.

and P(X) ={¢,{0},{a},{b}.{0,a},{0,b} {a,b},{0,a,b}}. Then, (X *0)is a PU-algebra.

0

T @ O %

0
b
a

o O 9 @

o @9 T| T

Let F: X — P(X) be asoft PU-functionon X givenby F :(

0 a

{0 {0.a} {O,b})

b

104

Now, let H : P(X) — P(X) be identify PU-valued function on P(X), then a cut function is given

by the following table:

¢ {0y {ay {b} {0,a} {0,b} {ab} {0 ab}

F, 1 1
Foy 0 1
Fy 0 0
Foy 0 0
Fo.a 0 0
Fon 0 0
Fan 0 0
Fro.an 0 0

¢=1{11111111,01001101,00101011,00010111,00001001,00000101,00000011,00000001}

6. Conclusion

1

0

1

0

1

1

1

1

1

0

1

1

Coding Theory is a mathematical domain with many applications in Information theory. Various type of codes

and their connections with other mathematical objects have been intensively studied. One of these applications,

namely connections between binary block codes and BCK-algebras, was recently studied in [16,17]. In this

paper, we focused to one of the recent applications of PU-algebras in the coding theory, namely the

construction of codes by soft sets PU-valued functions. First, we introduced the notion of soft sets PU-valued

functions, on a set and investigated some of its related properties. Moreover, the codes generated by a soft sets

PU-valued function were constructed and several examples are given. Furthermore, example with graphs of

binary block code were constructed from a soft sets PU-valued function.
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