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On Ostrowski-Type Inequalities via Strong s-Godunova-Levin
Functions

Badreddine Meftah' ¥, Assia Azaizia®

Abstract — In this paper, we first introduce a new class of convex functions called
Article History strong s-Godunova-Levin functions, which encompass the strong Godunova-Levin,
Received: 23 Mar 2019  S-Godunova-Levin, and Godunova-Levin function classes. By relying on the identity
given by Cerone et al. [Demonstratio Math., 37 (2004))] and by some simple technical
Accepted: 19 Mar 2021 . . . L . .
methods, we derive some new Ostrowski-type inequalities for functions whose deriva-
Published: 30 Mar 2021 tjves in absolute value at a certain power ¢ > 1 lies in the above cited new class of
Research Article functions. Some special cases are discussed. The results obtained can be considered
a generalization of certain known results.

Keywords — Ostrowski inequality, Holder inequality, power mean inequality, strong s-Godunova-Levin func-
tions

Mathematics Subject Classification (2020) — 26D10, 26D15

1. Introduction
Let H be an interval in R. The following concepts are known in the literature.

Definition 1.1. [1] A function : H — R is said to be convex if
n(tr+(1—t)y) <tn(@)+ (1 -t)n(y)
holds for all z,y € H and t € [0, 1].
Definition 1.2. [2] A function n : H — R is called strongly convex with modulus ¢ if
n(te+ (1= 1)y) <tn(z)+ (1= y) —ct(l —t) ]z —y|*
holds for all z,y € H and t € (0, 1).
Definition 1.3. [3] A nonnegative function 1 : H — R is said to be p-convex if
n(tz+(1=1t)y) <n(z)+n(y)

holds for all z,y € H and all t € [0, 1].

'badrimeftah@yahoo.fr (Corresponding Author); ?azaiziaassia@gmail.com

!Laboratory of Telecommunication, Faculty of Sciences and Technology, University of 8 Mai 1945, Guelma, Algeria

2Department of Mathematics, Faculty of Mathematics, Computer Science, and Science of Matter, University of 8 Mai
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Definition 1.4. [4] A nonnegative function : H — R is said to be strongly p-convex if
n(te+(1=1)y) <) +nly) —ct(l =) |z =y
holds for all z,y € H and all t € [0, 1].
Definition 1.5. [5] A function : H — [0, +00) is said to be Godunova-Levin function if
nte+(1—1t)y) < %4—%
holds for all z,y € H and t € (0,1).

Definition 1.6. [4] A function n : H — [0, +00) is said to be strong Godunova-Levin function if

—

n(te+(1—t)y) < X+ 29 — ct(1 —t) [z — y|?
holds for all z,y € H and all ¢t € (0,1).

Definition 1.7. [6] A function  : H — [0,+00) is said to be s-Godunova-Levin function, where
s € [0,1], if

n(te+(1—t)y) < 42 +
holds for all z,y € H and all ¢t € (0,1).

The most important inequality to study the error estimation for different numerical quadrature
rules is undoubtedly that known as the Ostrowski inequality which can be stated as follows:

Theorem 1.8. [7] Let n: U — R, where U C R is an interval, be a mapping, and e,g € U°, with
e <g. If || <M for all x € [e, g, then

() - /n (i) < Mg —a) |7+ L] (1)

(g—e)
e

In recent decades, the inequality (1) has generated much interest from researchers, several papers
dealing with its generalizations and extensions has appeared, see [8-19], and references have been cited
therein.

In [20], Cerone and Dragomir have shown the following identity:

Lemma 1.9. [20] Let n: H C R — R be a differentiable mapping on H°, where e, g € H with e < g.
If o' € Lle, g, then

g 1 1

2
n(v)—gle/n(u)du:(xgee) t (to+ (1 — ) a) /tn’ (to+ (1 1) g) dt
e 0 0

for each v € [e, g].

Based on the above lemma, they have established some Ostrowski-type inequalities via different
types of convexity. We cited the results therein.

Theorem 1.10. Let 7 : [a,b] — R be an absolutely continuous function on [a, b] and z € [a, b]. If ||
is convex on [a,x] and [z, b], then

b
-t [ <t [(22)' o @1+ (1) o
+ <1+2< M>2> W(:ﬁ!]
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In [21], Noor et al. have established the following Ostrowski-type inequalities for differential s-
Godunova-Levin functions.

Theorem 1.11. Let 7 : [a,b] — R be a differentiable mapping on (a,b) with a < b and 1’ € L ([a, b))
for all € [a,b]. If || is s-Godunova-Levin function of the second kind and |n’| < M, then the
following inequality holds,

b
M((b—z)?+(z—a)?
n(x) - b—la/n (u) du| < (((b—;)(l(—s) =

a

Theorem 1.12. Let 7 : [a,b] — R be a differentiable mapping on (a,b) with a < b and ' € L ([a, b))
for all x € [a,b]. If |1/|? is s-Godunova-Levin function of the second kind where ¢ > 1 and || < M,
then the following inequality holds,

b

n(x)—bla/nw)du <

a

M ((b—=)*+(z—a)”)
(b—a)(l—s)%Ql—‘l

Theorem 1.13. Let 7 : [a,b] — R be a differentiable mapping on (a,b) with a < b and ' € L ([a, b))
for all z € [a, b]. If |n/|? is s-Godunova-Levin function of the second kind where ¢, p > 1 with %—i—% 1

and |n/| < M, then the following inequality holds,

b
M((b—z)?+(z—a)?
n(l‘)—b_la/n(U)du < Ml )
(b—a)(1-s)4 (p+1)?

a

The last result is based on the Holder inequality, which can be stated as follows:

Theorem 1.14. [22, Holder Inequality for Integrals| Let p > 1 and % + % = 1. If f and g are real
functions defined on [e, g] and if |f|P, |g|? are integrable functions on [e, g], then

7|f(U)g(U)|du§ 7|f(U)|”du ; 7IQ(U)quu

with equality if and only if o |f (u)|” = S]g (u)|? almost everywhere for some constants o and f3.

Motivated by the above and some other existing results, we establish some new Ostrowski-type
inequalities for functions whose derivatives in absolute values lie in a new class of convex functions
called strong s-Godunova-Levin functions.

2. Main Results

Definition 2.1. A function n : H — [0,400) is said to be strong s-Godunova-Levin functions with
modulus ¢ > 0, where s € [0, 1], if

n(tr+(1—t)y) <42+ U —ct(1-1t) [z -y

holds for all z,y € H and all ¢t € (0,1).

Remark 2.2. Clearly all strong s-Godunova-Levin functions is s-Godunova-Levin functions. More-
over, we note that Definition 2.1 recaptures all definitions cited above by fixing the value of s or by
tending ¢ towards 0, with exception of Definitions 1 and 2.
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Theorem 2.3. Let 7 : [a,b] — R be a differentiable mapping on (a,b), where a < b, and 1’ € L [a, b].

If |n/| is strong s-Godunova-Levin functions with modulus ¢ > 0, where s € [0,1), then the following
inequality

b

z—a)? s '(a —x)? s
n(m)—bla/n(u)du < (=gl b1y oo (=gl oy o))

a

holds for all z € [a, b].

PROOF. From Lemma 1.9, modulus, and strong s-Godunova-Levin convexity of |n/|, we obtain
b 1

n(a:)—zia/n( "tz + (1 —t)a)| dt + &2 /t\n (tz + (1 —t)b)| dt

1

a 0 0
1
0

t ey —ct(l—t)(x—a)2> dt

1
/t '”(”““'Jr el - ct(l—t)(b—x)2)dt

0
1 1
= (W @] e @) e
X 0 0
—c(xz—a)* [P —t)dt
/
1 1
+ O )| [ e+ | )] [ — 1) de
/ /

1
c(bx)2/t2(1t)dt>
0

_(@=a)® ((1=s)|n'(x)|+|n(a)] (b—2)* ((1=9)|n'(z)|+]n' (b)|
= bfa< 1—5)(2—s) )+ fa< 1-s)(2—s) )

The proof is completed. ]

Corollary 2.4. In Theorem 2.3, if we choose = = aTH’, we obtain

b
0(458) = g [0 ) <t (o @]+ 20 - 9) o' (5] + o' @) - L

a

Corollary 2.5. In Theorem 2.3, if we tend ¢ to 0, i.e. ¢ — 0", we obtain

b
z—a)? —s a b—x)? —3)|n'(z !
n(x)—b_la/n(u)du <le=a) ((1 ()\77()()2|+|7;()|> 4 Ga) ((1 )In()\Hn(b)I)

—a 1-s s (1-s)(2—s)

a
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Moreover, if we choose x = “TH’, we obtain

b

n(5) — ot [ du] <t (1 @]+ 20 =917 (5] + |1 @)

a

Remark 2.6. In Corollary 2.5, if we assume that |’ (u)| < M, then the first inequality recaptures
Corollary 3.1 from [21].

Corollary 2.7. In Theorem 2.3, if we take s = 0, we obtain

! (a 7:E2 (2 / c 714 z7(14
77(30)—;,1(1/77( ) du <! 7(1) (\n()lgln()l)_i_(bbw) (In()\;ln(@l)_ﬁ((b )b:(l ))

Moreover, if we choose x = “T‘H’, we obtain
b
N2
1(242) = ks [t du] < 22 (o @)+ 20’ ()] + | )] - L52°)

a

Corollary 2.8. In Corollary 2.7, if we tend ¢ to 0, i.e. ¢ — 0", we obtain
b
z—a)? ' (z "(a —z)? (z ' (b
n(z) — b_la/ﬁ(u)du < (b_a) (In( )I;rlﬂ( )I) + (bb_a) (\77( )I;In( )\)

a

Moreover, if we choose x = ‘QH’ we obtain

1(25) = o [l du) < 252 (i @) + 20/ (35)] + o' @)

Theorem 2.9. Let 7 : [a,b] — R be a differentiable mapping on (a,b) with a < b, and 1’ € L a,b].
If |'|? is strong s-Godunova-Levin functions with modulus ¢ > 0, where s € [0,1) and ¢ > 1 with
% + é =1, then the following inequality

—a x—a 2 ()]? '(a
n(m)_b_la/n(u)du < (<H> (\n()\ljlsn()l

b () (MR s o))

Q=

(z—a)’)

Gb\(\

m\m

holds for all x € [a, b].

PROOF. From Lemma 1.9, properties of modulus, and Holder inequality, we have

b 1 1
bl/n St (o (1= t)a)| dt + =2 /t\n (te + (1 —t)b)| dt
0 0
1 1
1 D 1 q
<=0’ /tpdt /!n’ (tr + (1 —t)a)|*dt
0 0

1 1
p 1 q

1
/tpdt /|17’ (tw+ (1 —t)b)|" dt
0 0
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@
2
<L | =at /]n’(tx+(1—t)a)\th
(p+1)P
1
q
+ ok (/77 (tx+(1—1)b th)
0
1
L a
e e == / '" D 4 @l et (1-1) (x—a)Q) dt
(p+1)P —t)°
0
1
L a
b—z)? b)|¢
= (/("i) st ct(lt)(b:p)Q)dt)
0
1 1
z—a)? —3 s
— o (G @) et @] [ a-o7ae
(p+1)P
0 0
1
_ c(:r—a)Q/t(l—t)dt
0
1 1
—x 2 _s s
G @l [esar vl o [a-o
0 0
1 q
_ c(bm)2/t(1t)dt>
0
2 1
__b-a_ [(z=a '@+ @|* e, )24
7(p+1)% << —a> ( 1—s 6(x a’) )
—x 2 /()| ' (b)|9 c 1
() (e -y
The proof is completed.
Corollary 2.10. In Theorem 2.9, if we choose z = “TH’, we obtain
b . A
a —a (@) T+’ (452 c(b—a)® \ ¢
ﬁ(gl’)—zj_la/??(U)du < b ((In(a)l 1I_TIS( cud | (b24)>
4(p+1)P

1
n' (42 q+|77/(b)‘q ¢(b—a)? a
v (R _<24>>>

Corollary 2.11. In Theorem 2.9, if we tend ¢ to 0, i.e. ¢ — 0", we obtain

(1) (o))

b

2
_ 1 < b—a z—a [’ ()| +|n’ (a)|?
n(x) b—a/n( ) du PR ((b—a) < —s )

a

Q=

Moreover, if we choose © = “TH’, we obtain

b

1
1(a+b)|9q /(a)|9 q
ﬁ(a2b)_b_la/77(u)du < bia% ((|n(2)1|_:-|n()|>q+<|17( e

4(p+1)

\+

N—

T <

x*

3\

=

)
N———
Qi
N——

a
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Remark 2.12. In Corollary 2.11, if we assume that |n' (u)| < M, then the first inequality gives

b

n(m)—ljia/n( ) du EW(&>;<(E)2+($§)2>M’

a

which is the correct result of Corollary 3.2 from [21].

Corollary 2.13. In Theorem 2.9, if we take s = 0, we obtain

b
o) =l [t < e () (W @+ 1 @ =)’

+ () (W @+ W o - s 0-07)7)

Moreover, if we choose x = 'QH’, we obtain
b 1
2 2\ =
0(44) — iz [nw) ) < L (o ()" o' @ - L)’
4(p+1)P

b
1(6) = s [t <gimer ((52)" (0 @1+ W @l)?

+ () (@l + I )7

Moreover, if we choose = = aT“’, we obtain

b

1 1
b—a)? L
n () - bia/n(wdu < -y ((W (=) "+ I @]") 7+ (| (D) + | ®)° ))
4(p+1)P
a
Theorem 2.15. Let 7 : [a,b] — R be a differentiable mapping on (a, b) where a < b, and 1’ € L [a, b].
If |n/|? strong s-Godunova-Levin functions with modulus ¢ > 0, where s € [0,1) and ¢ > 1, then we

have

b
1
1 z—a)? (1=s)|n' (@)|"+[n'(@)|? _ e(z—a)®\a
= /77 ;(ba)< (1—s)(2—s) 12 )

(b—2)? ((1—s>\n'(x>\q+|n'(b>\q B c(b—:cf)i
217l(b a) (1-s)(2—s) 12

for all = € [a, b].
PRrOOF. From Lemma 1.9, properties of modulus, and power mean inequality, we get

b
bl/n

1 1
St e+ (1 —t)a)|dt + G2 /t\n (tz + (1 —t)b)|dt
0 0




Journal of New Theory 34 (2021) 01-11 / On Ostrowski-Type Inequalities via Strong

1 -2 /1 H
<lz=al “) tdt) ( tn'(t:c+(1t)a)th>
(1) (]

0

(/tdt) ( tln (tx+ (1 —t) b)th)
0

1
; '
G [y e+ (1= t)a thq
(balé ‘77 ‘/E+ - }
0
1

—
(=
I =
s T
~
N s
[ N
| S
Q]
P
O\H
~
3
~
—
~
8
—~
—_
~
=)
QU
~
SN——
Q|

1
1 ]
_(b—a2)® @) | [n®) _ N2
e ([t( OF 1 WOL — et (1- 1) (b— =) )dt)

1 1
$*CL2 —S —S
= el (|n' (x)}q/tl dt + |if (a)\q/t(l—t) dt

0

|
o
—~
8
|
)
S~—
o
\H
~
o
—
—
|
-
SN—
QL
Py
SN——
al

1 g
- c(bx)Z/t2(1t)dt>
0

__(@—a)? ((1—8)|77’(w)|q+\77’(a)|q _ C(r—a)Q)‘ll
=4 (b—a)

(1—s)(2—s) 12

1
(b—2) A=s)ln' @) +n' ®)? _ cb—2)*\a
+ AT ( (1=5)(2—s) )

The proof is completed.

Corollary 2.16. In Theorem 2.15, if we choose x = aTer, we obtain

1
< b=a (A=) (F2) "+ @1 c(o-a)® |
— 3 % (1-s)(2—s) 48

1
4 bea <<1—s>|n’(“;b)|q+n’<b>|q B c<ba)2>q

(1-9)(2—s) 48
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Corollary 2.17. In Theorem 2.15, if we tend ¢ to 0, i.e. ¢ — 0", we obtain

1 1
_ 1 (z—a)® (A=8)|n" (@) +]n'(@)]? \ « (b—x)* A=s)|n" @)+ B\ ¢
(o) = 5t () dul <5 Cpel (U)o | G (s g

—ka’ we obtain

b 1 1
a _ (1) |7 (2£2)| " +1n' (0)] (1=3) |7 (“£2)| " +1n' (@)|? | ¢
ﬁ(zl’)—bla/ﬁ(“)du S;’s_ag (( ‘(( 3 %' ) +( ‘(1(_3)(%|_s) > )

a

MOI‘GOVGI‘ if we choose © =

Remark 2.18. In Corollary 2.17, if we assume that |5’ (u)| < M, then the first inequality recaptures
Corollary 3.3 from [21].

Corollary 2.19. In Theorem 2.15, if we take s = 0, we obtain

b
2 —a)? 1
bl/n < (I @] + | ()] — g2’
—z)2 c(b—m)2 L
i gbb_[)l) (‘77/ (m‘q_’_ ‘77/ (b)’q_ (b6 ) )q
Moreover, if we choose © = %*b we obtain

b 1
—a)?\ e
n () b_lafn (u) du| <t3® <(|n’ ()" + | @] = <L)

+ (o (<) "+ ' )] - <b2—4>>>

1 e 1
2 (10 @)+ [ @]) 7 + L225 (|of @)]* + [ 0)]")

Moreover, if we choose x = —ka’ we obtain

1

0(252) s [naul < 55 (W (S + 1 @F) -+ (b (<) + 17 0F))

3. Conclusion

Ostrowski-type inequalities are of great importance when studying the error estimation for different
numerical quadrature rules. It suffices to take for example x = (a 4 0)/2, and we obtain the rule of
midpoint or fix some values of z and use the triangular inequality to estimate the error of the Simpson
rule and the Trapezoidal rule. In this study, we introduce the concept of strong s-Godunova-Levin
functions and established new Ostrowski-type inequalities for this new class of functions and their
associated corollaries. The results obtained generalize those of [22].
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1. Introduction

In the literature, the researchers investigated the n™ power of the matrices by different methods. In [1],
Williams studied the n™ power of a 2 x 2 matrix. Laughlin found identities deriving from the n™" power of
some matrices in [2,3]. Belbachir investigated linear recurrent sequences and powers of a square matrix in [4].
There are certainly new developments on special integer and matrix sequences by constructing recurrence
relation. In [5], the authors studied sums and products for recurring sequences. Halici and Akyuz derived
combinatorial identities by using the trace, the determinant and the n™ power of a special matrix whose entries
are Horadam numbers [6,7]. Among these integer sequences, the Jacobsthal and Jacobsthal Lucas numbers
have been studied extensively in the last decade years in [8-12]. The Jacobsthal numbers j,, are terms of the
sequence {0,1,1,3,5,11, --- }, defined by the recurrence relation, j,, = j,_1 + 2jn_2, for n > 2, beginning with
the values j, = 0, j; = 1. The Jacobsthal Lucas numbers c, are the terms of the sequence {2,1,5,7,17,---},
defined by the recurrence relation, ¢,, = c¢,_1 + 2¢c,,_5, for n = 2, beginning with the values ¢, = 2 and ¢; =
1in[13]. (s, t)-Jacobsthal and (s, t)-Jacobsthal Lucas sequences are defined by using the following recurrence
relation,

Jn($,t) = Sjp_q(s,t) + 2t ju_2 (5,8)  (Jo(s,t) =0 and ji(s,t) = 1) 1)
and

cn(s,t) = cpo1(s,t) + 2¢,_5 (5, t)  (co(s,t) =2 and ¢,(s,t) = 1)

where s > 0,t = 0 and s2 + 8t > 0 [8].

Isuygun@gantep.edu.tr (Corresponding Author)
!Department of Mathematics, Faculty of Arts and Sciences, Gaziantep University, Gaziantep, Turkey
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The Binet formula enables us to state (s, t)-Jacobsthal and (s, t)-Jacobsthal Lucas number easily. It can
be clearly obtained from the roots r; and r, of the characteristic equation as the form x? = sx + 2t, where

s+ Vs? + 8t s—Vs?+8t
"= and =

The Binet formula for (s,t)-Jacobsthal numbers and (s,t)-Jacobsthal Lucas numbers are given,
respectively, by

n n

. r ¥
Jn(s,t) = —— and ¢, (s, t) ="+ 1"
n—-r

In [9], for any integer n > 1, (s, t)-Jacobsthal matrix sequence is defined as

]n(sv t) = S]n—l(sv t) + 2t [ (Sr t) (2)
with initial conditions J, = (é (i) and J; = (i %) and (s, t)-Jacobsthal Lucas matrix sequence is
defined as

Cn(s,t) =sCph_q(s5,t) + 2t Cp_y (s, t) 3)

2
with initial conditions C, = (Zst fs) and C; = (5 S+t4t ist) Some important properties for (s, t)-

Jacobsthal and (s, t)-Jacobsthal Lucas matrix sequences are given as in [9]

_ jn+ (S,t) Zjn(S,t)
&) Jn= ( tjnl(s, t)  2tj_1(s, t))

( Cre1(s,t)  2ep(s,t) )

b) Cn = tcy(s,t)  2tcp_1(s,t)

¢) Jmin=Jm/n
d J» =]1n
e) Cn+1 = Cl]n

2. The n'" Power of Generalized (s, t)-Jacobsthal and (s, t)-Jacobsthal Lucas Matrix
Sequences and Some Combinatorial Properties

In [1], Williams gave a well-known formula for any integern > 1, if A = [Ccl Z] then

rln — rzn T.ln—l _ an_l
A - 12, Tl #: 1"2
ATl = Tl - 7"2 Tl - 7"2 (4)
nr" 1A — (n— 1) det(4) r* 21, =T

where ry, 1, being the roots of the associated characteristic equation r? — (a + d)r + det(4) = 0 of the matrix
A and I, is the identity matrix 2 x 2.

Corollary 1. For any integer n > 1, the n' power of J; (s, t) and C; (s, t) are

-1 n-1
n"-n" s 2 nt o
A t) = —=(§ “)-F—T—1, )
=T t O T
S+Vs2+8t s—Vs?+8t
wherer; = andr, =

2
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-1 -1
n 51" =" 244t 25\ _Sit — 8"
C,"(s,t) =——— - I, (6)
S1— Sy st 4t 51— 5,
s2+8t+sVs2+8t s2+8t—sVs2+8t
where s; = — and s, = —

If we choose s =t = 1 in (5) and (6), we get the n™ power of classic Jacobsthal and Jacobsthal Lucas
matrix sequences:

1 2\"_2"-(D"1 2y 2" (D"
(1 0) = (1 %)

1 0 3 10 3 2
and
5 2\"_2"-(D"5 2y 2" - (D"
( 1 4) B 3 ( 1 4) 3 &
Proor. The proof is obtained by using the eigenvalues of J; (s, t) and C; (s, t) and (2), (3), (4). O

Corollary 2. For any integer n > 1, the determinants of ;" (s, t) and C;" (s, t) are
det(/;"(s,t)) = (—2t)" and det(C,"(s,t)) = (20)"(s? + 8t)"

Proor. By using the property of the determinant of a matrix is the product of eigenvalues of this matrix, we get
the determinant of J,(s,t) and C;(s,t) is —2t and (2t)( s? + 8t), respectively. The determinant of the n®"
power of a matrix is the n'™ power of the product of the eigenvalues. So, the results are easily seen.

m|

If we choose s =t =1, we get classic Jacobsthal and Jacobsthal Lucas matrix sequences, and the
determinant of them are obtained as

det(J;") = (=2)", det(C,") = (18)"

a b

Laughlin, in[2,3] gave if Aisa 2 x 2 matrixas A = ( e d ) then the nth power of A is given by

Al = (xn —dxp_4 bxy—1 ) (7)
CXn—1 Xn — AXp—1

n .
where x,, = leilo (n l_ l) T™=2(=D)}, T is the trace of A, and D is the determinant of A.

Corollary 3. The n" power of J, (s, t) and C,(s, t) are

2x
n ,t) = ( Xn n-1 ) 8
J1" (s, 1) tXp_q Xp — SXp_1 )
where x,, = ZEIO (n l_ l) s™2L(2¢6)E, and
Yn _4tyn—1 2s Yn-1
C."(s,t) = ( ) 9
! ( ) st Yn-1 Yn — (52 + 4t) Yn-1 ( )

such that y,, = ZEIO (n l_ i) (s? + 40" (2t)".

If we choose s =t = 1 in (8) and (9), we get the n™ power of classic Jacobsthal and Jacobsthal Lucas
matrix sequences,



Journal of New Theory 34 (2021) 12-19 / The nth Power of Generalized (s, t)-Jacobsthal and ... 15

(1 2)"_( Xn 2Xpn_1 )
1 0 a Xn-1 Xn — Xp-1
where x,, = ZEJO (n l_ i) (2)! and

(5 Z)n:(}’n_4yn—1 2Ynq )
1 4 Vn-1 Yn — 5 Yn-1

such that y, = ZEJO (n A l) g" 2",

Proor. The proof is obtained by (2), (3), and (7). O
Corollary 4. The n™ element of (s, t)-Jacobsthal Lucas matrix sequence is given as

_ [P+ 4AD)x_ 1+ 25t Xy 2(S Xpoq + 4t Xp_p)
Cn(s' t) - Cl(S, t)]n—l(S; t) - < t(S Xp_1 + 4t xn—Z) Zt(xn_1 —3 xn—Z)

or

_ _ SXp +4t x4 2(8 xp_q + 4t x,_5) )
Cn(s,t) = sJn(s,6) + 4t Jn-a(s,8) = ( t(SxXp_1 4t Xp_3) Xp—SXp_q+4t(Xp_1 — S Xp_3)

where x,, = ZEJO (n l_ l) s™2L2¢)¢, for any integer n > 1.

Proor. By (d, €), (2-3), (7), the proofs are easily obtained. O

Theorem 5. For any integer n > 1, the following property is satisfied,

2] 2]

n—i\"—l ,y i_ 1 Z N\ n-2i,.2 i (10)
Z( ) et = o Y (5) s + 80
i=0 i=0
Proor. The eigenvalues of J, (s, t) are r; = = 522+8t andr, = = 522+8t. The eigenvalues of J,™(s, t) are ;"

n . - . n _( xn 2Xp_1
and r,™. By using (8), it is obtained that J,"(s,t) = (txn—1 Xy, — %1

tr(J;" (s, t)) =2x,- sx,,_,. Because the sum of the eigenvalues is equal to the trace of the matrix, ;™ + r," =

2Xy, — SXp_q

). The trace of J;"*(s,t) is

2] "z
2%, — S Xy_q = 2; (n l— l) Tn-2i (_D)i —s ; (TL — ll - l) Tn-1-2i (_D)L’
oo
= (") et ()
i=0

By binomial expansion
s+VsZ+8t\ [s—VsZ+8t)
= — + —

3
_ 2;2(2) sn-2i(s? 4 ey

=0

The equality of the results completes the proof. O
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If we choose s =t = 1 in (10), we get the same result for classic Jacobsthal and Jacobsthal Lucas matrix
sequences as
n n
2] 2]

Z(ni_i)nii Zizznl—lz(;l") ?

i=0 i=0

By the Binet formula of (s, t)-Jacobsthal Lucas sequence, the following is obtained,

2]
cy(s,t) = 2”1—12 ( ;ll) s™2 (52 + 8t)!

i=0

n
1 IEJ n—i n
- n—2i i
Ca(s,t) = Zn—lz( [ ) n—i s (20
i=0
Corollary 6. The n™ element of Jacobsthal matrix sequence is also demonstrated by using the elements of
(s, t)-Jacobsthal sequences,

and

Jn(s,t) = jn(s,) J1 — ju—1 (8, 0) I (11)

Proor. By (a, d) and Binet formulas, we get

D 2D
0 =( 700 o ey )=

rln _ rzn rln—l
=—Ji(5,t) ——F—1,
rn—n n—n

= jn(S,t)jl(S, t) - jn—l (S,t) 12 O

If we choose s = t = 1 in (11), we get the same result for classic Jacobsthal and Jacobsthal Lucas matrix
sequences as

Jn= jn—l(i %)) = Jn-1 b2

By binomial expansion, the following is derived,

n-—1
TJ
nt-n" 1 s+Vs2¥8t\ (s—s?+8r) 1 Z( n )Sn—zi—1(52+8t)i
-1,  sZ+8t 2 2 _Zn_l.o i+l
i=
and
rln _ rzn rln—l _ rzn—l
st)=—J,(s,t) — I
]n( ) =Ty ]1( ) =Ty 2
n;lj
1 2 n
n—-1-2i (.2 i
—m ) (574 1) s" 72 (s + 8D (s,0)
i=0
n-2
=]

1 n—1 _o_oj ;
_zn_z Z (2i+1) gn—2 21(52+8t)112

i=0
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Lemma 7. In [2], for all g € R or Z, for any integer n > 1, if

1
A= ——(4A I)(gA + DI
g2+Tg+D( + g1)(gA + DI) (12)
then
2n r D i g -
n - J r

4 (g2+Tg+D> Z}Z T—l (gz) (D) A (13)

s L

Corollary 8. For all g € R or Z, for any integern > 1,

D GIES

r=0i=
and

. _ 2t(s2 4+ 8t)g " n (s> +8t))\ .,
G0 = <g2 + (s2 + 8t)g + 2t(s? + 8t) ) Z Z r —i ( g2 )Cl (5. 0)

Example 9. If s = t = 1, we get classic the Jacobsthal and Jacobsthal Lucas matrix sequences. For n = 4, the
following is obtained,

p= (30 -GEass) LY () (2 e (3 2)

r=0i=
and
2n r .
i = (8 %)= Grraem) 200 GOGE)G Y
! ci 2c3 gZ+9g+18 £ £ r—l g2 )\1 4
Theorem 10. For any integer n > 1,
k-1
= J (14)

(S0 = (s 2 - 1 — l) cnk_l_Zi(s,t) (2t)i"

Proor. By using the property j,,1(s, t) + 2t j,_1(s,t) = c,(s,t) and the Binet formula of (s, t)-Jacobsthal
sequence, the following is obtained,

Jnk+1(5, 1) 2jni(s,t) )

Uk = ] = = ( tink (S, ) 2tjni—1(s,t)

nk _ _ Jn+ (s,t) Zjn(s’t) §
(]1 )k B (]n)k B ( tjnl(SJ t) thn—l(sr t))

_ (xk — 2t jpu—1 (S, )xp—1 2jn (S, )X 1 )
tink (S, £)Xp—1 Xk = Jn1(S, ) Xk—q

where

X) = 2 Z l Tk—Zi (_D)i
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2 i
=2y (F7) [ Uns1(s,8) + 2t jn_1(s,))
i=0 L (2t Gn+1(s,t) ju-1(s,t) — jnz(s: t))i
2
=2 Z ) (eals, )2 (=20)'"

By the equality of the matrices, the proof is completed. O
Theorem 11.
ng k—i k —2i(=2t)" j,_1(s,t)
Jrierr(5,8) = ZO( T (enls ) (=20 [Jr(S R = (15)

Proor. By using (), (10) and [9], we get

n — jn+ (S,t) Zjn(S,t)
160 =Ty s

Then,

nk+r _ (jnk+r+1(5' t) 2jnk+r(5,t) )

s, t) = . .
S ( ) t]nk+r(5' t) 2t]nk+r—1(5r t)
and
J 0 = (S0 20 )" (o 20
tjn(s; t) thn—l(s; t) tjr(S, t) thr—l(sr t)
_ (xk — 2t jpu—1 (S, )xp—1 2jn (S, t)Xp—1 ) (jr+1(5, t) 2jr(s, 1) )
tjn (s, t)Xp—1 Xk = Jue1 (S, Oxp—1/\ tf(5,8)  2tjr_41(s,1)

where

2
X = Z (k l— i) Tk=2i (_p)i

i=0
g
=2 > (*77) (als 0 Pi(-20)"

i=0

By the equality of the matrices,
Jrkr(8,8) = (X = 2t 1S, O)xp—1)jr (5, ) + 2t (5, ) Xp—1Jr—1(5, )
= Jr (8, O)x = 2t(Jin-1(5, )jr (s, t) = jn (S, )jr-1(s, ) X1

= jr (S: t)xk - (_Zt)r jn—r—l(S: t) Xk—1

= jr(s,0 Z ) (enls, )< (=D)in 2y

2]
H2 jara 0 ) (FTIT) @l =D 2o
i=0
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k-2i

(ca(s,0))” " (=D 2)™
[ k —2i (=2t)" jn—r-1(s,t) =

—1 cp(s, t)
If we choose s = t = 1 in (15), we get the property of the classic Jacobsthal sequences,
k
EJ k—2i(—=2)"j
; _ k—i k=21 (oying_qyin—i | ; —4ti74) Jn-r-1
fr = - (K7 ) ey H@ynnynt |y + =

i=0

(s, t) +

3. Conclusion

The paper aims to find the nth power of 2 x 2 special matrices whose entries are the elements of (s,t)-
Jacobsthal and (s, t)-Jacobsthal Lucas number sequences. From the results, some properties of the (s, t)-
Jacobsthal and (s, t)-Jacobsthal Lucas sequences are established. We develop new methods for finding the nth
element of (s, t)-Jacobsthal sequences.

Conflict of Interest
The authors declare no conflict of interest.
References

[1] K.S. Williams, The n™ Power of a 2 x 2 Matrix, Mathematics Magazine 65(5) (1992) 336-336.

[2] J. Mc Laughlin, Combinatorial Identities Deriving from the n™ Power of a 2 x 2 Matrix, Integers:
Electronic Journal of Combinatorial Number Theory 4 (2004) 1-15.

[3] J. Mc Laughlin, B. Sury, Powers of Matrix and Combinatorial Identities, Integers: Electronic Journal of
Combinatorial Number Theory 5 (2005) 1-9.

[4] H. Belbachir, Linear Recurrent Sequences and Powers of a Square Matrix, Integers: Electronic Journal
of Combinatorial Number Theory 6 (2006) 1-17.

[5] G. E. Bergum, V. E. Hoggatt Jr., Sums and products for recurring sequences, The Fibonacci Quarterly,
13(2) (1975) 115-120.

[6] Z. Akyiiz, S. Halici, On Some Combinatorial Identities Involving the Terms of Generalized Fibonacci
and Lucas Sequences, Hacettepe Journal of Mathematics and Statistics 42(4) (2013) 431-435.

[7]1 Z. Akyiiz, S. Halici, Some Identities Deriving from the n™ Power of a Special Matrix. Advances in
Difference Equations 1 (2012) 1-6.

[8] S.Uygun, The (s, t)-Jacobsthal and (s, t)-Jacobsthal Lucas Sequences, Applied Mathematical Sciences
70(9) (2015) 3467-3476.

[9] K. Uslu, S. Uygun, The (s,t)-Jacobsthal and (s,t)-Jacobsthal-Lucas Matrix Sequences, ARS
Combinatoria 108 (2013) 13-22.

[10] S. Uygun, Some Sum Formulas of (s,t)-Jacobsthal and (s, t)-Jacobsthal Lucas Matrix Sequences,
Applied Mathematics 7 (2016) 61-69.

[11] S. Halici, M. Uysal, A Study on Some identities involving (sy, t)-Jacobsthal Numbers, Notes on Number
Theory and Discrete Mathematics 26(4) (2020) 4 74-79. DOI: 10.7546/nntdm.2020.26.4.74-79

[12] A. A. Wani, P. Catarino, S. Halici, On a Study of (s, t)-generalized Pell Sequence and Its Matrix
Sequence, Journal of Mathematics 51(9) (2019) 17-32.

[13] A. F. Horadam, Jacobsthal Representation Numbers, The Fibonacci Quarterly 34(1) (1996) 40-54.



uuuuu 1of

I I T Journal of 34 (2021) 20-27 New TH55

eW eor Journal of New Theory m
:S https://dergipark.org.tr/en/pub/jnt

ISSN: 2149-1402 Open Access @

Convergence of Multiset Sequences

Suma Pachilangode' Y, Sunil Jacob John?

Article History

17 Feb 2020 Abstract — In this paper, we introduce the concept of the multiset sequence and
its convergence. A few special examples of multiset sequences, e.g. a prime identifier,
are also given. A metric is defined in multisets for statistical convergences of multiset
Published: 30 Mar 2021 gequences. Wijsman and Hausdorff convergence of multiset sequences are discussed.

Research Article

Received:
Accepted: 18 Mar 2021

Keywords — Multiset, multiset sequence, prime identifier sequence, set theoretic limit, Wijsman convergence,
Hausdorff convergence

Mathematics Subject Classification (2020) — 03E99, 40A05

1. Introduction

During the process of information retrieval, duplicates may occur at various stages of the process.
In such situations, the need for multisets and multiset operations arises. For example, in a cyber
investigation, hitting on a particular website and phone number in a tower on some time interval are
some of such situations where multisets are more suitable than ordinary sets.

Multiset (in short mset) or Bag is a collection of objects in which repetition is allowed [1]. Multiset
theory can be used in situations, where the classical set theory proves inadequate. Research in the
multiset theory is still at the infant stage. The need for multisets was pointed out by Knuth in 1981 [1].
The papers [2-9] are on the multiset theory and its applications in Mathematics and Computer Science.
The relations and operations with multisets [10], relations, and functions in multiset context [11], are
some of the developments in this field.

The concept of convergence of sequences of real numbers has been extended by several authors to
the convergence of sequences of sets [12-17]. Statistical convergence for sequences of sets and some
basic theorems are established by Nuray and Rhoades [18]. These papers include topics, such as
statistical convergence and ideal convergence of set sequences.

In this paper, we define mset sequences and investigate their various properties. There is also
a comparison of mset sequences with set sequences. A few special examples of mset sequences, e.g.
a prime identifier, are also given. Here we are attempting to extend the concept of convergence on
classical set sequences to mset sequences. A metric is introduced on mset for statistical convergence,
and making use of this metric, Wijsman and Hausdorff convergences are defined.

Sequences have been used in various fields, such as computer science, for a variety of purposes, and
convergence of these sequences could be found as well. These wide range of applications of sequences
and their convergences in different real-life situations is the motivation of our work.
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In Section 2, some of the preliminaries that are necessary for further sections of the paper are
given. In Section 3, an extension of the sequence of sets into the multiset context is presented. The
following section has some examples of the same process. The final section covers the convergence of
these multiset sequences.

2. Preliminary

In this section, we recall some basic definitions and properties of multisets that are necessary for this
paper.

Definition 2.1. [1] A collection of elements containing duplicates is called multiset. The word
multiset is often shortened to mset. If the elements of a multiset are taken from a set X, then it is
said to be drawn from X. A multiset M drawn from X can be considered a function Cp; : X — W,
where W is the set of non-negative integers. For each z € X, Cj(x) is the characteristic value or
count value of  in M and indicates the number of occurrence of x in M. Since characteristic value
actually characterizes a multiset, most of our assertions are based on this characteristic value.

Note 2.2. Let M be an mset drawn from X with z; appearing k; times, xo appearing ko times, and
x, appearing kytimes. Then, M is written as M = {ki|x1, ko|x2, - , kn|lxn}. Cpr(x) = k is sometimes
denoted as z €F M.

Definition 2.3. [8] Let M; and M> be two msets drawn from a set X. M; is a submultiset (shortly
submset) of Ms if Cyy, (z) < Chp, () for all z in X and is written as M; C Mo.

Definition 2.4. [8] Two msets M; and My are equal if M; C My and My C M. In other words,
Cum, () = Cap,y(2), Vo € X.

Definition 2.5. [1] Addition of two multisets M; and Ms drawn from a set X results in a new
multiset M = M; & My such that Vo € X, Cp(x) = Chr, (z) + Char, ().

Definition 2.6. [8] Subtraction of two multisets M; and My drawn from a set X results in a new
multiset M = M; © My such that Vo € X, Cp(x) = max{Cy, () — Cas,(x),0}.

Definition 2.7. [11] For an mset M = {ki|z1, ka|xa,- -, kn|zn}, the set S = {x1, 20, - -z} is
known as the root set of M.

Definition 2.8. [1] The union of M; and My is a multiset, denoted by M = M; U My, with the count
value Cy(x) = max{Cyy, (x),Car, ()}, for every x € X.

Definition 2.9. [1] The intersection of M; and Ms is a multiset, denoted by M = M; N My, with
the count value Cys(x) = min{Cyy, (x), Chr,(2)}, for every z € X.

Definition 2.10. [11] For an mset M, the power mset P(M) is the set of all the submsets of M.

Definition 2.11. [11][X]™ is the collection of all the msets derived from X with multiplicity at most
m for every element of x € X.

Definition 2.12. [11] The complement of a multiset M € [X]|™ is the multiset M¢ with count value
Chre(z) = m — Cp(z).

Definition 2.13. Partition of a positive integer n is a non-increasing sequence (nj,na,---ny) such
that nq + no + ...n, = n, where the elements n; are positive integers Vi € V.

Note 2.14. Partition of a positive integer is a multiset and conversely, every multiset represents
a partition of an integer. The mset M = {ki|xy, ka|xo, - kn|z,} is the partition of the integer
n = kyxy + koxa + - -+, kpxy,. In such case, we write M = P(n).
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3. Multiset Sequence

Definition 3.1. A sequence in which all the terms are sets is known as a set sequence. A set sequence
is a function from N — P(X), where N is the set of positive integers and P(X) is the power set of a
nonempty set X.

Example 3.2. If A, = {1,2,--- ,n}, then {4, } is a set sequence.

Definition 3.3. A sequence in which all the terms are multiset is known as a multiset sequence or
shortly mset sequence. An mset sequence can be considered a function from N — P(X), where P(X)
is the power mset of a nonempty set X. Many of the properties of set sequences are also satisfied by
mset sequences with appropriate modification. Some of them are discussed here.

Definition 3.4. An mset sequence {M,} drawn from X is said to be bounded from below if there
exists an mset A drawn from X such that A C M,, for each n € N.

Definition 3.5. An mset sequence {M,} drawn from X is said to be bounded from above if there
exists an mset B drawn from X such that M,, C B for each n € N.

Definition 3.6. An mset sequence which is bounded from below and above is known as a bounded
sequence.

Definition 3.7. Let {M,} be an mset sequence. This sequence is an expanding sequence or non-
decreasing sequence, if M,, C My, for each n.

Definition 3.8. Let{M,,} be an mset sequence. This sequence is a contracting sequence or non-
increasing sequence, if M,+1 C M, for each n.

Definition 3.9. An mset sequence which is either expanding or contracting is a monotone mset
sequence.

Note 3.10. We can construct a monotone mset sequence from the given mset sequences.

Definition 3.11. Let {M,,} be an mset sequence drawn from a set X. Consider the mset sequences
{An}, {Bn}, {Cyn}, and {D,}, defined as

A =0 My, B,=U2 M, C,=U_ M, and D,=n2 M,

Then, {A4,} and {B,} are the contracting mset sequences, while {C,,} and {D,,} are the expanding
mset sequences.

Theorem 3.12. Distributive Laws: Let {)M,,} be an mset sequence and M be any mset, such that
M, for all n € N and M are elements of [X]™ for a nonempty set X and a positive integer m. Then,

(i) Mn(UpZMy) =Up2, (M N M)
(i) M UM My) =N (MUM,)
PROOF.

(i) Let M N (U2 M,y,) = P and U2 (M NM,,) = Q. Then, P and @) are msets drawn from X. For
an arbitrary x € X, let Cp(z) = k. Then, Cy(x) > k, since P is a subset of M.

Case 1: If Cy(x) = k, then Crnpg, (z) = K for those j with Cyy, (x) > k and Cyn; () < k for
those j with Cyy, (z) < k. So, Cq(x) = k.

Case 2: If Cp(z) > k, then Cyy, (z) < k for each n and there exists at least one r with
Cu, (x) = k. Therefore, for each n € N, Cyran, (z) < k and in particular Cp N M, (z) = k.
Hence, Cg(x) = k. Thus, in both cases, Cp(x) = Cg(x). Since z is an arbitrary element, this
is true for every element of X and this proves ().
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The proof of (i7) is similar. O

Theorem 3.13. De Morgan’s Laws : Let X be a nonempty set and m be a positive integer. For
m

an mset sequence { M, }, where each M,, € [X]|™,

(i) (U3 My)e = N3

n=1

(M)°

(i) (NP2 M) = UpZy (M)

n=1
PROOF. (i) Let(US2,M,)¢ = P and N2, (M,)¢ = Q. For z € X, let Cp(x) = k. Then, Cup, (x) =
m — k. Cuy,(x) < m —k for each n € N and there exists at least one M, with Cy.(z) = m — k,
C(m,)e(x) = k for each n € N, and in particular Cy,ye(x) = k. So, Cg(z) = k. This completes the
proof of (i).
(7i) The proof is similar to that of (7). O

4. Examples of Multiset Sequence

In this section, we introduce some multiset sequences that are of practical importance.

1. {N,}, where N,, = {1|1,2|2,--- ,n|n} is an mset sequence in which the n‘* term contains n(”2+1)

elements.

2. The prime factorises n completely, and let F), be the mset of these factors, including 1. Then,
{F,} is an mset sequence. For example,

By ={1}
F={1,2}
F3={1,3}

Fy=1{1,2,2)

F3 =1{1,2,2,3,3}

3. For every positive integer n, define an mset M,, = {an|n,a,—1|(n —1)--- ,a1|1} , where a; = [%]
, integer part of %.Then, {M,,} is an multiset sequence with many properties, which are listed
below. A remarkable one is that one can determine by using this sequence whether an integer is

prime or not.
My = {1]1}

M,y = {1]2,2|1}
Ms = {1]3,1]2,3|1}
My = {1]4,1]3,2|2, 41}
Ms ={1]5,1/4,1]3,2|2,5|1}
Properties of {M,}

e The root set of the n'" term of M,, is {1,2,--- ,n}.
e My C My C M3 C ---. So, {M,} is an expanding sequence.
e M, € [X]", for each n.

e The number of elements in M, is Y ,_, n(Dy). Here, Dy = {m € N : m divides k} and n(Dy,)
denotes the number of elements in Dy,.
IMustration: For Mg = {1|6,1]5,1|4,2|3,3|2,6|1}, D1 = {1}, Dy = {1,2}, D3 = {1,3}, Dy =
{1,2,4}, D5 = {1,5}, Dg = {1,2,3,6}. Then, S0_ n(Dy) = 14.
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o If M,, € P(k), then My,+1 € P(k+>_j), where P(n) is the partition set of n and j € Dp41

Ilustration : For Ms = {1]5,1[4,1|3,2(2,5|1}, M5 € P(21). For Mg = {1/6, 1|5, 1]4,2|3, 3|2, 6/1},
Mg € P(33) = P(21 + 12). Here, >, j = 12.

e P(n) C P(M,), where P(n) is the partition set of n and P(M,,) is the power multiset of M,,.

Tllustration : For Mz = {1]3,1]2,3]1}, P(Ms) = {&, {1]1}, {112}, {1]3}, {1]2, 13}, {1]2, 1|1},
{113, 1[1}, {21}, {1]2, 113, 11}, {112, 21}, {1[3, 2|1}, {31}, {1]2, 1|3, 21}, {1]2, 3[1}, {1[3, 3|1}, M3}
and P(3) = {{13}, {1]2, 1|1}, {3|1}}. So, P(3) C P(Ms).

o Mo My_1 = Dy

lustration : For Ms = {1/5,1]4,1|3,2|2,5/1} and Mg = {1/6,1|5,1[4,2(3,3|2,6/1}, Mg © Ms =
{1/6,1/3,1]2,1]1} = {6,3,2,1} = Ds.

o If My © My_1 ={1, k}, then k is a prime number, otherwise, composite.

Mustration : M3 © M2 = {1, 13}. Thus, 13 is a prime number, but Mjs © M;; =
{1, 2, 3, 4, 6, 12}, so 12 is not a prime number.

5. Convergence of Multiset Sequences

In this section, the convergences of multiset sequences are discussed. The concepts of Wijsman con-
vergence, Hausdorff convergence, and statistical convergence are extended to mset sequences.

Definition 5.1. For an mset sequence {M,, }, Up N>, M is the limit infimum of { M, } and Mg, U >
M; is the limit supremum of {M,,}.

Definition 5.2. If the limit supremum and limit infimum of an mset sequence are equal, then the
sequence is said to be convergent and the common mset is known as the set theoretic limit or simply
the limit of the sequence {M,,}.

Proposition 5.3.

(i) For a non-decreasing mset sequence, the set theoretic limit is U2, M,,, and that for a non-
increasing mset sequence is Ny2_; M,,.

(ii) For an mset sequence {M,}, lim inf M,, C lim sup M,,.

Definition 5.4. Let M be an mset derived from a metric space (X,d). Then, (M,dys) is an mset
metric space, if dys is a metric on M.

Note 5.5. The metric d is also a metric on M. Since this metric is calculated without considering
the multiplicity of elements, it is not treated as a good one.

Considering the multiplicity of each element of M, we can define a dj; metric as follows:

Definition 5.6. Let (X, d) be a metric space and M be an mset drawn from X. Let dys : M x M — IR
be a mapping defined by das(z,y) = d(x,y) +|Cam(z) — Chrr(y)| such that IR is the set of real numbers.

Proposition 5.7. dj; is a metric on M.
PRrROOF.

(i) For each z,y € M, dp(z,y) > 0. dp(z,y) = 0, which means d(z,y) = 0 and Cy(x) = Cp(y).
That is, z =y in M.

(ii) From the definition, dys(z,y) = dym(y, ).
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(iii) For z,y,z in M,

dv (2, y) = d(z,y) + [Cu(z) — Cu(y)|
<d(z,2) +d(z,y) + |Cu(z) — Cm(2)| + [Cum(2) = Cru(y)]
=dy(z,z) +dy(z,y).

O

Definition 5.8. Let (M, d)s) be an mset metric space drawn from a metric space (X, d) and A be a
submset of M. For any = in M, dy;(z, A) = inf{dy(z,a): a € A}.

Definition 5.9. Let (M,dps) be an mset metric space and M,,(n = 1,2,3,---) are submsets of
M. Then, the sequence {M,} is said to be Wijsman convergent to an mset A C M if for each
x € M, limy,_o0 dps(z, My,) = dps(x, A). In this case, it is written as Wlim M,, = A.

Definition 5.10. Let (M,dys) be an mset metric space and M, C M, for n = 1,2,---. Then the
sequence {M,} is said to be a Wijsman Cauchy sequence, if for each € > 0, there is a positive integer
N such that |dps(z, M,) — dyr(x, My,)| < € for each m,n > N and for each z € M.

Theorem 5.11. Let (M, dys) be an mset metric space and M, (n = 1,2,3,---) are submsets of M.
If the sequence {M,,} is a Wijsman convergent sequence, then it is also a Wijsman Cauchy sequence.

PROOF. Suppose {M,,} is a Wijsman convergent sequence converging to A. Then, for each x € M,
lim dp(z, My) = dpr(z, A)
n—oo
So, for given € > 0, there is at least one positive integer N such that
€

Choose m,n > N. Then,
€
s, M) — s, A)| < 5

and .
|dar (2, M) = dur(z, A)] < 5
Thus,
|dar(zy M) — dag(z, My)| < |dar(z, M) — dar(z, A)| + |dar(x, A) — dpg(x, My)| < €
Therefore, {M,} is a Wijsman Cauchy sequence. O

Definition 5.12. Let (M, dys) be an mset metric space and M, (n = 1,2,3,---) are submsets of M.
Then, {M,} is said to be Hausdorff convergent to an mset A C M if lim,, o0 Supzerr|dar(x, My,) —
dy(z, A) =0

Theorem 5.13. Let (M, dys) be an mset metric space and M, (n = 1,2,3,---) are submsets of M.
If {M,} is a Hausdorff convergent sequence, then it is also a Wijsman convergent sequence.

ProOF. The proof is obtained directly from the definitions of the Wijsman and Hausdorff conver-
gences. O

Definition 5.14. Let (M, dys) be an mset metric space and M, (n = 1,2,3,--+) are submsets of M.
Then, {M,} is said to be Wijsman statistically convergent to an mset A C M if lim,, %{k <n:
\dar(x, M) — dp(x, A)| > e} =0,Vo € M and Ve > 0.

Definition 5.15. Let (M, dys) be an mset metric space and M,, (n =1,2,3,--+) are submsets of M.
Then, {M,} is said to be Hausdorff statistically convergent to an mset A C M if lim, o %{k <n:
supzen|dar(z, M) — dpy(z, A)| > e} =0,V € M and Ve > 0.
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6. Conclusion

This paper attempts to probe into the development of the multiset theory in novel scenarios such
as mset sequences. It delves into the sequences and their convergences to obtain various results and
properties analogous to the set sequences. The work here only scratches the surface of the possibilities
of convergence of msets. An expanded scope of the research in this paper can dive much deeper into
the same, and further research can be conducted on their various applications in different fields.
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1. Introduction and Preliminaries

In 1922, Banach [1] proved a fundamental theorem as named the Banach contraction principle, which
is considered the beginning of fixed point theory on metric space. Due to its applicability, this principle
has been extended and generalized by many authors in various ways [2-11]. In this sense, Boyd and
Wong [12] obtained a fixed point theorem, a well-known generalization of the Banach contraction
principle, as follows:

Theorem 1.1. Let (U,9) be a complete metric space and T : U — U be a mapping such that

WTs, To) < (I(s,0))

for all ¢, 0 € U where 9 : [0,00) — [0,00) is an upper semicontinuous from the right function such
that ¥ (y) < 7y for all v > 0. Then, T has a unique fixed point £ € U.

The set of functions % is denoted V.
On the other hand, Czerwik [13,14] introduced the notion of a b-metric which is a generalization
of a metric with a view of generalizing the Banach contraction principle.

Definition 1.2. Let U be a non-empty set and ¢ : U x U — [0, 4+00) be a function such that for all
$,0,§£ €0,

(1) ¥(s, )—Olfandonlylfg—g,

(2) U(s, 0) = V(e,9),

(3) 9(s,€) < A[ (§ 0) +9(,§)]-

Then ¢ is called a b-metric on ¢ and (g, ) is called a b-metric space.
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It is clear that every metric space is a b-metric space, but not conversely. Indeed, let us consider
the set U = R is endowed with the b-metric defined as 9(s, 9) = (¢ — 9)2 for all ¢, 0 € U. Then, (U,9)
is a b-metric space, but it is not a standard metric space. Note that b-metric may not be continuous.
To remedy this deficiency, Kirk and Shahzad [15] introduced a strong b-metric space as follows:

Definition 1.3. [15] Let U be a nonempty set. A map ¥ : U x U — [0, 00) is a strong b-metric on U
if for all ¢, 0, € G and A > 1 the following conditions hold:

(i) ¢ = p if and only if ¥(s, 0) = 0;

(i) 9(s, 0) = I(o,<);

(i) (s, ) < V<, 0) + A0, &).

Moreover, the triple (U, \,¢) is called a strong b-metric space.

Lemma 1.4. [15] Every strong b-metric is continuous.

Let (U, ) be a strong b-metric space with coefficient A\. Each strong b-metric ¥ on U generates Tj
topology 7y, which has, as a base, the family open p-balls

B(s,e) ={0€U:9(s,0) <&}
for all ¢ € U and € > 0 A sequence {¢,} in ¢ is said to be a Cauchy sequence if

lim  Y(y,5m) =0.

n,m—00
A sequence {¢,} converges to a point ¢ in U if and only if

Jim_ 9(cp, ) = 0.
(U,9) is said to be complete if every Cauchy sequence {,} in U converges with respect to 7y to a
point ¢ € U.

Recently, the fixed point theory has been extended and generalized in different ways for nonself
mappings T : ' — A, where T and A are the subsets of a metric space (U,9). Indeed, if TNA = 0,
it cannot have a solution of equation T'c = ¢. Hence, it is sensible to investigate if there is a point ¢
such that ¥(s, T<) is minimum. The concept of best proximity point has been emerged with this idea.
A point ¢ is called a best proximity point if ¥(s,Ts) = ¥(I', A). Since every best proximity point is a
natural generalization of fixed point, many authors have studied this topic [16-19].

Now, we recall some fundamental definitions and results on strong b-metric spaces which are useful
for our main results.

Let (U, 1) be a strong b-metric space with coefficient A and I' and A be nonempty subsets of U.
We denote the following subsets of I' and A, respectively,

Io={cel:9(,0) =09(,A) for some p € A}

and
Ao ={oe A:9(s,0) =9I, A) for some p € '}
where 9(I', A) = inf {J(s,0) : ¢ €' and p € A}.

Definition 1.5. [20] Let (U, ?) be a strong b-metric space with coefficient A and I' and A be nonempty
subsets of U with I'g # (. Then, the pair (T', A) is said to exhibit the weak p-property if

V(s1,01) = 9T, A)

V(s2, 02) = ¥(T', A) } = V(c1,52) < V(01,02)

for all ¢1,¢0 € T'g and p1, 02 € Ag.
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Definition 1.6. [21] Let (U, ) be a strong b-metric space with coefficient A\, a mapping 7' : T" — A
is said to be a proximal contraction if there exists a nonnegative number o < 1 such that, for all

U1, u2,1,52 in I,
ﬁ(ul, T§1) = 19(1“, A)

I(ug, Ts2) = (T, A) } = J(ur,u2) < ad(s1,2)

Definition 1.7. Let (U,9) be a strong b-metric space with coefficient A and I" and A be nonempty
subsets of U. If every sequence {p,} in A satisfying the condition ¥(s, 0,) — Y(s,A) for some ¢ in I'
has a subsequence {g,, } such that g,, — ¢ € A, then A is called an approximately compact with
respect to I'.

In the present paper, we prove two best proximity point results on strong b-metric spaces with
coefficient A by introducing two new concepts which are named as BW b-contraction and proximal
BW b-contraction. Thus, we generalize and improve many results avaliable in the literature. Besides,
to support our main results, some nontrivial and illustrative examples are given.

2. Best Proximity Point Results with Weak p-Property

We begin the following new concept of BW b-contraction mapping in this section.

Definition 2.1. Let (U,9) be strong b-metric space with coefficient A, I' and A be nonempty subsets
of Gand T'— I' = A be a mapping. T is called BW b-contraction mapping if there exists ¢ € ¥ such
that

I(Ts, To) <9 (V(s, 0))
forall¢,p el

Theorem 2.2. Let I' and A be closed subsets of complete strong b-metric space (U,4) with Ty # ()
and T : T" — A be a BW b-contraction mapping. Assume that the pair (I, A) has the weak p-property
and T(T'g) € Ag. Then, T has a best proximity point in T'.

PROOF. Let ¢y € I'g be an arbitrary point. Since Ty € T'(I'g) C Ap, there exists ¢; € I'g such that
9s1,Tso) = T, A)
Similarly, there exists ¢o € I'g such that
Y(s2,Ts1) = I, A)
Since (I, A) has the weak p-Property, we have
V(c1,52) < V(To, T<1)
Continuing this process, we can construct a sequence {g,} such that
Hon+1, Tsn) = 9(I', A) (1)

and
79(97,, §n+1) < 79(T§n—17 Tgn) (2)

for all n € N. If there exists ng € N such that ¢,, = ¢,,+1, then the proof is done. Assume that
Sn 7 Spy1 for all n € N. Using contractivity of T, we get

79(97,, gn—i—l) < 79(T§n—17 Tgn) (3)
< Y (I(Sn-1,%))
< ﬂ(gn—la §n)
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for all n > 1. Thus, {¥(sy,n+1)} 18 a nonincreasing sequence in R. Therefore, the sequence
{9(sn,sn+1)} is convergent. Hence, there is u € RT such that

nhﬁnolo 19(917 gn—f—l) = u.

We want to show that « = 0. Suppose that u > 0.

0 < u= nh_}ngo I (Sn, Snt1)
< lim 9 (Tg1,Tn)
< nli_}rrolo1b(19(§n717§n))
< lim sup w(§(§n—17§n)>
n—oo
< Y(u)
< U.

This is a contradiction. Therefore, we have lim,,_,oo ¥(Spn, Snt1) = 0. After that, we want to show that
limy, ;00 ¥(Sns Sm) = 0. Assume the contrary. Hence, there is two subsequences {s,, } and {¢,, } with
mg > ng > k and € > 0 such that

V(Snyr Smy,) = € (4)

for all & > 1, where my, is the smallest natural number satisfying (10) corresponding ng. Therefore,
we get
DSy s Smp—1) < €.

Hence, we have

ﬂ(g’nk; gmkfl) + Aﬂ(gmkfla gmk)
< e+ Aﬁ(gmk,b gmk)

<
<

Letting k — oo in (5), limg_o0 ¥(Snys Smy) = €. Also, we have

and

Taking limit as &k — oo in (6) and (7), we get

lim 19(§nk+1, gmk—i-l) =&
k—o0

Then, we have

e = klgrgo (Snp+1s Smp+1)
< lim sup (9 (Sny» Smy))
n—oo
< (o)
< E.

This is a contradiction. Hence, limy, 00 ¥(Sn,sm) = 0 and so {g,} is a Cauchy sequence in I
Similarly, it can be seen that {T'¢,} is a Cauchy sequence in A. Since (U,?) is a complete strong
b-metric space with coefficient XA and I and A are closed subsets of U, there exist ¢* € I and po* € A
such that

lim 9(g,,¢*) =0

n—00
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and
lim ¥(Ts,, 0%) =0

n—oo
From Lemma 1.4, letting n — oo in (1), we have
9(*, 0%) = (I, A). (8)

Now, assume that ¢* # ¢, for all n € N. Then, we have

9(0".T<") = lim 9(T5,,T6")
< lim sup ¥(9(sn,s™))
n—oo
< 19(§n,§*)

Assume that ¢* = ¢, for some n € N. Then, we can find a subsequence {s,, } of {¢,} such that
¢* # ¢y, for all £ € N and so we can consider this subsequence in the above steps. Hence, we have
Y(0*,T<*) = 0 and so p* = T's*. Thus, ¢* is a best proximity point of 7. O

Example 2.3. Let U =N and ¥ : U x U — R be a function defined by

0 9 g:g
9(s,0)=12 3 , c,oe{2n—1:n>1}andg#p
1, otherwise

It is clear that (U, ) is a strong b-metric space with coefficient A > 2. Now, we will show that (U, 9)
is complete. Indeed, let {¢,} be a Cauchy sequence. Then, for every € > 0, we have

19(§n7 §m) <e€

for all m,n > ngy. Hence, we get ¢, = ¢, = ¢ for all m,n > ng. Define the sets ' = {2n — 1 :n > 1}
and A = {2n:n > 1}. Then, we have I' = Ty, A = Ay, and ¥(I'; A) = 1. Moreover, (I', A) has the
weak p-Property. Let T: T — A and v : [0,00) — [0,00) be mappings defined as

T(2n —1) = 2n

for all n > 1 and .

Y(t) = 3

for all t € [0,00). Then, it can be seen that ) € ¥ and T is a BW b-contraction mapping. Furthermore,
we have T'(I'g) € Ag. Hence, all the hypotheses of Theorem 2.2 are satisfied. Therefore, T has a best
proximity point in I'.

Taking I' = A = U in Theorem 2.2, we give the following fixed point result.

Corollary 2.4. Let (U,9) be a complete strong b-metric space with coefficient A and T : U — U be
a BW b-contraction mapping. Then, T has a fixed point in O.

If we take A = 1 in Theorem 2.2 and Corollary 2.4 , we obtain the following results, respectively.

Corollary 2.5. Let I" and A be closed subsets of complete metric space (U,9) with Ty # @ and
T :T — A be a BW b-contraction mapping. Assume that the pair (I', A) has the weak p-Property
and T'(Tg) € Ag. Then, T has a best proximity point in T

Corollary 2.6. Let (U, ) be a complete metric space and T : § — U be a BW b-contraction mapping.
Then, T has a fixed point in O.
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3. Best Proximity Point Results with Proximal Contraction

Definition 3.1. Let I and A be subsets of strong b-metric space (U,p) and T : I' — A be a mapping.
T is called a proximal BW b-contraction if the following condition satisfies

O(ur, Ter) = 9(T, A)
B(uz, Teg) = O(T, A) § — Vs u2) S¥(I(s.0))
for all uy,uz,¢1,60 €T

Theorem 3.2. Let (U,9) be a complete strong b-metric space with coefficient A, and I and A be
closed subsets of U with T'g # (). Assume that 7' : I' — A be a mapping satisfying T'(I'g) C Ag and A is
an approximately compact w.r.t I'. If T is a proximal BW b-contraction, then T" has a best proximity
poit in T.

PROOF. Let ¢y € T'g be an arbitrary point. Since Ty € T'(I'g) C Ay, there exists ¢; € I'g such that
Is1,Tso) = T, A)

Similarly, there exists ¢o € I'g such that
Y(s2,Ts1) = I, A)

Since T is a proximal BW b-contraction, we have

V(s1,62) < P(V(s0,1))
Continuing this process, we can construct a sequence {¢,} in I' such that

D(snt1, Ton) = I(T', A) )
and

P (Sns Snt1) < V(P (Sn-1,n))

for all n € N. If there exists ng € N such that ¥(s,,, Sno+1) = 0, then the proof is done. Assume that
¥(Sn, Snt1) > 0 for all n € N. Hence, we have

19(§7’L7 §n+1) S @5(19(%—1, CTL))
< ﬁ(gnfla Cn)

for all n > 1. Thus, {9(sn,sn+1)} 18 a nonincreasing sequences in R. Therefore, the sequence
{9(sn,sn+1)} is convergent. Hence, there is u € RT such that

Jim Y (Sn, Snt1) = U

We want to show that u = 0. Suppose that u > 0.

0 < u= nh_>n;o V(Sn, Snt1)
< lim P(I(Gn-1: )
< limnsgpo)o Y(P(Sn—1,%n))
< Y(u)
< u.

This is a contradiction. Therefore, we have lim,,_,oo ¥(Sp, Snt1) = 0. After that, we want to show that
limy, ;m—s00 (SnsSm) = 0. Assume the contrary. Hence, there are two subsequences {s,, } and {¢,, }
with my > ni > k and € > 0 such that

D(Snyes Sm) 2 € (10)
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for all & > 1, where my, is the smallest natural number satisfying (10) corresponding ng. Therefore,
we get
19(§nka§mk—1) < €.

Thus, we have

< I(SngSimyy) (11)

Letting k — oo in (11), limg_ o0 p(Snys Smy) = €. Also, we have

ﬁ(gnk ’ gmk) < )‘19(911@7 gnk-f-l) + 0(§nk+17 gmk-f-l) + )‘ﬁ(gmk-i-l? gmk) (12)

and
ﬁ(gnk+17 gkarl) S )\ﬂ(gnk+17 gnk) + ﬂ((nk, gmk) + Aﬁ(gmk; gkarl)' (13)

Taking limit as k — oo in (12) and (13), we get
Then, we have

e = lim 19(§nk+17§mk+1)
k—o0

IA

lim sup (9 (Snys Smy))

¥(e)

E.

A IA

This is a contradiction. Hence, lim,, ;00 ¥(Sn, Sm) = 0 and so {c,} is a Cauchy sequence in I'. Since
(c,9) is a complete strong b-metric space, and I' is a closed subset of U, there exists ¢* € I' such that

Jim 9(¢n,67) =0 (14)
Also, we have
9™ A) < 9", Tgy)
< /\p(C*, gn—i-l) + 19(91-1—17 TCn)

AO(S™, Guyr) +O(T, A)
MI(S™, Gny1) F (ST, A)

IA

From (14), we get ¥(¢*,Ts,) — 9(¢*, A) as n — oo. Since A is an approximately compact concerning
I', there exists a subsequence {Ts,, } of {T¢,} such that

T<,, — 0
for some ¢* € A. Letting n — oo in (9), we have
I(s*, 0%) = I(I, A).
Besides, since T¢* € Ag, there exists & € I'g such that

19(57 T§*) - ﬂ(Fv A)
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Now, assume that ¢* # ¢, for all n € N. Then, we have

ﬁ(g*af) = nli_?;oﬁ(gn'i‘l’f)
Jggoiﬁ(ﬁ(%g )
nll_{lca)oﬁ(gn,g )
=0

IN

A

Assume that ¢* = ¢, for some n € N. Then, we can find a subsequence {s,, } of {¢,} such that ¢* # ¢,
for all £k € N and so we can consider this subsequence in the above steps. Therefore, ¢* = & and so T’
has a best proximity point in I'. ]

Example 3.3. Let U = [0,1] U [2,00) and ¥ : U x U — R be a function defined as

0 3 g = Q
I, 0) = 3, c,0€[0,1]andc#p
ls—o| . otherwise

Then, (U, ) is a complete strong b-metric space with coefficient A > 2. Define the sets I" = [0, 1] and
A =[2,00), then we have 9(T',A) =1, 'y = {1} and Ay = {2}. Let T : T" — A be a mapping defined

as
2 ¢=1
T¢ = ’
* { s+2 , s€0,1)

for all ¢ € I'. Then, we have T'(T'g) C Ag. Further, we define a function ¢ : [0,00) — [0, 00) as ¢(t) = §
for all t € [0,00). Then, it can be seen that ) € ¥ and T is a proximal BW b-contraction mapping.
Moreover, we have T'(I'g) € Ag. Hence, all the hypotheses of Theorem 3.2 are satisfied. Therefore, T'
has a best proximity point in I'.

If we take A =1 in Theorem 3.2, we obtain the following results, respectively.

Corollary 3.4. Let T" and A be closed subsets of complete metric space (U,d) with Ty # () and
T : T — A be a proximal BW b-contraction mapping satisfying T'(I'g) € Ag. Then, T has a best
proximity point in I'.

Note that if we take I' = A = U in Definition 3.1, then the proximal BW b-contraction mapping
becomes BW b-contraction mapping. Therefore, we can obtain Corollary 2.5 and Corollary 2.6 from
Theorem 3.2.

4. Conclusion

The applications of the fixed point theorems comprise diverse disciplines of mathematics, statistics,
and engineering dealing with various problems such as the theory of differential equations, approxi-
mation theory, potential theory, functional analysis, and topology. In this paper, we obtain some best
proximity point results on strong b-metric spaces and present some generalizations of the fixed point
results.
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1. Introduction

Applications of geometry in many aspects of human life have motivated many mathematicians to find
and develop many new theories of local and general properties of curves and surfaces in geometry.
Many theories in classical differential geometry are extended to non-classical differential geometry, such
as Lorentzian manifold. It started at the beginning of the twentieth century, when Einstein’s theory
opened a door for the use of new geometries. One of the theories in classical differential geometry
which can be extended to Lorentzian space is the theory of involute-evolute of curves. The concept
of involute and evolute of curves in Riemannian manifold was firstly introduced by Huygens in 1973
when he tried to create an accurate clock called isochronous pendulum clock [1]. There are many
books and research articles providing explanations about the involute and evolute of curves both in
Riemannian space and semi-Riemannian space [2-10].

In Lorentz-Minkowski space, a curve can locally be time-like, space-like or null depending on the
casual character of the tangent vector of the curves. For non-null curves (time-like, space-like) it can
easily analogue with the curve in Euclidean space. However, geometry of null curves is different from
that of non-null curves since the arc length vanishes, so that it is not possible to normalize the tangent
vector in the usual way. The theory of null curves in Minkowski space has been studied by many
mathematicians such as Ferrandez, Gimenez and Lucas [11], Inoguchi and Lee [12], and Qian and
Kim [13]. Application of null curves has been studied by Duggal [14] and Mohajan [15].

In this study, we will discuss the theory of evolute curves of null Cartan curves in Minkowski
4-space. In the second part, we focus on the basic concepts of curves in Minkowski 4-space with its
Frenet equations. In the next section, we introduce and give the general formula of evolute curves of
null Cartan curves in Minkowski 4-space. We also provide some theorems and corollaries related to
the casual characteristics of the evolute curves which are derived from the null Cartan curves. In the
last part, an example is given as an application of the theorems in the previous section.
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2. Preliminary

Minkowski space E‘ll is the real vector space R* equipped with the standard indefinite metric (,) defined
as
(z,y) = —w1y1 + T2Yy2 + T3Y3 + TaY4 (1)

for any vectors © = (x1,x2,x3,24) and y = (y1, Y2, y3,y4). In Minkowski space, any vector v # 0 is
said to be time-like if (v,v) < 0, space-like if (v,v) > 0 or v = 0 and null if (v,v) = 0 and v # 0. The
norm of a vector in E3 is defined by ||v|| = /|{v,v)].

Let a : I — E$ be a curve in Minkowski space. Locally, @ can be time-like, space-like or null if
its tangent vector is time-like, space-like or null, respectively. For non-null curves, the arc length s is
defined by s = fg Ve of)|dt. Tf (o, o) = 1 the non-null curve is called the curve parametrized by

the arc length. For null curves, since (o, /) = 0, the pseudo-arc length is defined by s = fot (" " >%dt,
and if (o, ") = 1, then the null curve is parametrized by pseudo-arc length.

Let {T(s), N(s), Bi(s), Ba(s)} be the Frenet frame along the curve a(s) in Ef. T, N, By and By
are the tangent, principal normal, first binormal and second binormal vector fields, respectively. If «
is a pseudo-null unit speed curve i.e., a space-like curve with light-like principal normal vector field
parametrized by arc length s in E7, the Frenet equations of a are given by

T'=kN, N =7B), By=0N-7By, B),=-xT—0B (2)

where x and o denote the curvature and bitorsion of «, respectively. T, N, By and By are mutually
orthogonal vectors satisfying equations

(T,T) = (B1,B1) =1, (N,N)=(Bs2,B)=0, (N,By)=1,

(T.N) = (T, By) = (T, By) = (N, By) = (By, Bs) = 0 ®

The curvature « in (2) has value 0 when « is a straight line and 1 in all other cases [16].
Let v : I — (s) be an arbitrary null Cartan curve in E{. Then, there exists a unique Cartan frame
{T, N, By, By} given by

-2 wN- <1>/’y’ B N 7<7/”’Zm>'y’, By = ig('/ <" xAy")(4)
P P ¢ @ 2¢ P
for any given ¢ = \/(¢”,¢") > 0. The Frenet equations of the null curve = is given by
T"=N, N =-kT-B), B =-kN+kyBs, Bj)=—kT (5)
where 1 1
b= 550" ") + 200" —4(0)), ke =~ det (7,9",97,7%) (6)

Here, k1 and ks are called the first and the second null curvatures of . The Cartan Frame {T', N, By, Ba}
satisfies the equations

(T,T) =(B1,B2) =0, (I,N)=(N,N)=(Bs,Bs) =1,

(T,N) = (T, By) = (B1, N) = (By, By) = (By, N) =0, @)

and
NXTXBlzBQ, NXBQXT:T, NXBl><BQZB1, TXBQXBlzN (8)

(see [17]).

A null curve lies on pseudo-sphere in Ef with radius  if and only if ks = :l:% [18]. In addition, a
null curve which has non-zero constant k; and kg in E} are called null helices [14]. Furthermore, a null
Cartan curve in E{ is a Bertrand null curve if and only if k1 is non-zero constant and ks is zero [19].
In Euclidean case, if 8 is an evolute of «, then for a given point P on 8 and the corresponding point
P’ on « the principal normal line of 8 at P is parallel to the tangent line of o at P’ [8].
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3. Evolutes of Null Cartan Curves

Definition 3.1. The curve v*(s) is the evolute of null Cartan curve v(s) if and only if for all s € I C R,
the the tangent line of v*(s) intersects v(s) orthogonally.

Let v(s) be a null Cartan curve parametrized by pseudo-arc length s and +* be its evolute curves.
If * be the point of contact on the evolute to the tangent line which intersects vy at z(s), then z* — x
lies on the tangent line of v* and perpendicular to the tangent vector of . Since «y is a null Cartan
curve, z* — x can be represented as linear combination of the principal normal vector N(s) and the
second binormal vector By(s) of curve «(s). Therefore, it can be written as

z" = x(s) +p(s)(s)N(s) + q(s) Ba(s) (9)
Next, we will find the function p(s) and ¢(s) by considering the causal characters of the curves.

Theorem 3.2. Let v*(s) be the evolute of a null Cartan curve 7(s) parametrized by pseudo-arc length
s. Then,

7(s) =(s) + 7 Bas) (10)
2

PRrROOF. If we take the derivative of equation (9), we have
(v =T + p'N + p(—k1T — By) + ¢ By + q(—koT) )
=(1 —pk1 — qko)T +p'N — pB1 + ¢' By

Since (7*)'(s) is the tangent of v*(s), which is perpendicular to the tangent vector T' of -, v*(s) is
proportional to v*(s) — y(s) = pN + ¢Bs. Therefore, we get

l—phki—qks =0 p'=Xp, p=0, ¢ =X (12)
for some smooth real function A in E‘ll. Consequently, From Equation (12) we have
1
p=0, a=4 (13)
Substituting these value into Equation (9) obtains Equation (10). O

Theorem 3.3. Let v*(s) be the evolute of a null Cartan curve 7(s) parametrized by pseudo-arc length

s. Then, the distance between v*(s) and 7(s) is é

PROOF. From equation (10), we have

7" (s) =(s) = —Ba(s) (14)

Therefore,

I (s) = A(s) | = \/ <k1232<s>, I;BQ<S>> -
O

Theorem 3.4. Let v*(s) be the evolute of a null Cartan curve 7(s) parametrized by pseudo-arc length
s. Then, v*(s) is a space-like curve.

PRrROOF. From Equations (11) and (13) we have

(7" (5)) = =5 B2 (15)

Therefore,

Thus, the proof is completed O
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Theorem 3.5. Let v*(s) be the evolute of a null Cartan curve ~(s) parametrized by pseudo-arc length
s and {T*, N*, B, B5} be the Frenet frame of v*(s). If {T, N, By, Bo} and ky are the Frenet frame
and the non-constant second null curvature of v(s), then

k3 3(k})? — kok) K
T*=—By, N*=22 2L BMTLN, By=-2
» okt CT2 TR

=T, B} = B (16)
2

PROOF. Let s* be the arc length parameter of v*. Therefore, by Equation (15) we have

dv* ds* kb ds* K
: = 2By =T =--2%B
ds* ds k27 ds k2 °
Taking the norm of the Equation above yields % = i:—/%. As a result we get
2
T* = B, (17)
Differentiating (17) towards parameter s yields
dT* ds* k3
= koT N*= 2T 1
ds ds T TR (18)

From (18) we find that N* is a null principal normal vector field since 7" is a null vector. Therefore,
v* is a pseudo-null curve in Ef. Take x = 1 by assuming that v* is a non-straight line.
Taking the derivative of N* towards s* yields,

dN _dN* ds _ <3k§(k§)2 L PR ST UG P I
ds* ds ds* (k)2 kb kb (k5)3 (k)2
As a consequence, we have
dN k3
= 1
151 = (19)
Using Equation (2) we find
dN /\2 "
L 3(KY)? — Kok
B = 4 = 2 2T+ N (20)
T kaks
and
. _ ko
By = %Bl (21)
satisfying Equation (3). O

Theorem 3.5 results in the following corollary.

Corollary 3.6. Let v*(s) be the evolute of a null Cartan curve «y(s) parametrized by pseudo-arc
length s. Then, v*(s) is a pseudo-null curve i.e., a space-like curve with light-like principal normal
vector field.

Theorem 3.7. Let v*(s) be the evolute of a null Cartan curve ~y(s) parametrized by pseudo-arc length
s. If v* is a non-straight line, then the curvature, torsion and bitorsion of v* are given by

k3 1 (3(kh)? — kok!)\?
T T YT TR ( koks, ) ! (22)

PROOF. Since v*(s) is a pseudo-null in Ef and a non-straight line, from Equations (2) and (19), we
have

AN* k3

k=1,
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Differentiating Equation (21) towards parameter s*, we have

dB;  dBi ds (KK —3K2(K)2 K k2 kokl] — 3(k})>2
= = B1+ 4% (—k1N + kB — =k N+ —=5—="—B1+kB
T = s do < s 1+ k‘g( 1N + ko Ba) i 1N+ e 1+ k2B

Therefore, using (2), we find

* B*
g = — <B1’ds2*>

3(k4)? — kakt kokty — 3(kjy)?

(A2 TR N N4 222 ) gy B
< k2k/2 + IV, 1V + kgké 1+ Kobo
1 (3(K)? —kakg\®

Tk kok) !

Theorem 3.7 results in some corollaries as follow:
Corollary 3.8. If (s) lies on pseudo-sphere in Ef with radius r, y(s) has no evolute curve.
Corollary 3.9. Let «(s) be a planar null Cartan curve. Then, there is no evolute of (s).
Corollary 3.10. If y(s) is a Bertrand null curve, v(s) has no evolute curve.

The proof of corollaries 3.8, 3.9, and 3.10 is clear since ko is a constant, which implies the tangent
vectors of v* vanish everywhere.

4. Example

In this section, an example of the evolute of the null Cartan curves is provided as an application of
the theorems in the previous section.

Example 4.1. Let v: I — E? be a null Cartan curve parametrized by pseudo-arc length s and given
as

( 1 (32""\2/é 3_3\2/6> 1 <32+26 32_3‘\2@)
7(5): + ) - 9
VR 2+ 3 2o ) VA \2 2 2 off
252 V2 V2 o (V2

2cos | —Ins | +—sin| —Ins ,
9 2 2 2
26” 2sin ﬁ Ins | — ﬁ cos ﬁ Ins
9v/14 2 2 2

By direct calculation using (4), we find
V14 82+¥ 32_¥ V14 52+¥ 52_¥ sv'14 V2 sv14 . V2

T= + , — , cos| —1Ins |, sin| —Ins ,
28 S S 28 s S 14 2 14 2

E

252 252

(\@cos (?lns) + 2sin (?Ms))) ,

252 252

V14 . (V2 V2
~ o (ﬁsm <2lns> — 2cos <2ln8>> ;

((2 +3V6)s2 (2 3\/6)52—3’?)
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By = (—?;gg ((6+ V6> + (5 Vo)s* %), 35*6/: ((5+V6)s* % — (5 - VB)s* %)

Q\f (13\/§COS (?1113) + 2sin (?1113)) ’Q\QZ (13\/§sin (?Ms) — 2cos (?lns))) ,

B2 = (_ \ﬁ <—$2+¥ _52—¥> _ \/? (—82—"—% +82_¥>, 3\/7 <\/§ >’

Y
9852 ' 982 14 ns

2
3 oS (ﬂ In s> )
14 2

By using (6), we find

6 3
k1 =—=, ko = \C
s 2s

Substituting k2 and Bz into (9), we find the evolute curve of 7 as

*( ) ( /14 <S2+3\2£ s 737\/6 > n V21 ( 2_"_% 2_@) V14 (82+3\2/6 9_:
v (s) = s -5

24_%4_2_% 126 728

V21 214 2 2 2
+—— (32"’3\2/6—{—5 _¥>,8 2 cos £lns +£sin £lns
126 63 2 2 2
2T (V2 sS4 [ (V2 V2 V2
+ sin | —Ins |, 2sin | —1Ins| — —cos| —Ins
7 2 63 2 2 2
V2

s2V/T |
— 7 COS 7 ns

By using Equation (16), we get the Frenet frame of v*(s) as follows:

. V7 82—1-# _ 52_37\/6 V7 82—1-# + 82—3\2/5 3v/21 sin (gln s) 3v/21 cos (@ In s)
=1 52 ' 28 52 ’ 14 " 14 ’
2 . 2
. sVI14 [ 5, 36 o 3y sv/14 01 3Y8 5 3Y6 s3v/14 cos <§1ns> s3v/14 sin <%lns)
v (S ot ), S () |
112 112 96 56
e (V136 - P 36+ 4) | VI [(3V6 —4)s2t Y PRCIGE: 4)s2= 250
7 168 52 52 ' 56 52 52 ’
7 2 2 2 2
—£ 2v/2 cos £lns + sin £lns ,£ —2v/2sin £lns + cos £hrls ,
14 2 2 14 2
14
; - (g (6 V08 15— vB)47) Y (5 4 VB2 — (5 VB )
25°/7 V2 V2
139 (13\/§COS (21n s) + 2sin (21ns ,
252 2 2
VT 13v/2sin £lms — 2cos £1ns ,
189 2 2
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Finally, by using Equation (20), we get

813 3
k=1, 7':—73284, a:2x/§+8—2

5. Conclusion

Based on the definitions, theorems, and an example in the previous section, we find that the evolute
of the null Cartan curve in Minkowski 4-space is a pseudo-null curve - i.e., a space-like curve with
light-like principal normal vector field. Furthermore, there is no evolute of null Cartan helices, null
Bertrand curves, and null curves lying on the pseudo-sphere in IE‘ll.
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Abstract — The quadripartitioned single valued neutrosophic set consisting of
the real-valued amplitude terms: truth-membership grade, contradiction-membership
grade, ignorance-membership grade and falsity-membership grade, cannot handle
complex-valued information. In this paper, the ranges of grades of truth-membership,
contradiction-membership, ignorance-membership and falsity-membership are ex-
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Accepted: 04 Mar 2021  of complex quadripartitioned single valued neutrosophic set is proposed. Further,
Published: 30 Mar 2021 Some fundamental operations and relations on the complex quadripartitioned single
valued neutrosophic sets are studied. Secondly, the rough approximations of com-
plex quadripartitioned single valued neutrosophic sets are derived, and then their
related remarkable properties are discussed. Finally, a formulation is proposed to
measure rough degree of complex quadripartitioned single valued neutrosophic sets
in the approximate space.
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1. Introduction

To tackle real world issues, the techniques generally employed in classical mathematics are not always
beneficial due to uncertainties and ambiguities. In 1965, Zadeh [1] proposed the fuzzy set (FS) as an
effective mathematical tool to deal with such issues. In the following years, Atanassov [2] created an
intuitionistic fuzzy set (IFS) that offers both the truth-membership degree and the falsity-membership
degree of an object into the set. Many authors established several fuzzy models in the different aspects,
i.e., relations, aggregation operators, matrix representations [3-11]. Smarandache [12] developed the
neutrosophic logic sprouted from branch of philosophy neutrosophy which means the study of neutral-
ities, and then initiated the theory of neutrosophic sets (NSs), a generalization of the IFSs, in which
each element is characterized by a truth-membership function, indeterminate-membership function
and the falsity-membership function, each of which belongs to the the non-standard unit interval
J0,17[. In 2010, Wang et al. [13] said that the NS is difficult to truly apply to practical problems
in real world scenarios, and therefore enlivened the idea of single valued neutrosophic set (SVNS),
in which each element is characterized by a truth-membership function, indeterminate-membership
function and the falsity-membership function, each of which belongs to the the unit interval [0, 1]. For
more details, refer to [14-16]. Many authors studied the generalized types of NSs and SVNSs such as
interval-valued [17-19], bipolar-valued [20-22], cubic [23-26], and their practical applications [27-29).
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In 2017, Ali and Smarandache [30] introduced the framework of complex neutrosophic set (CNS) char-
acterized by complex-valued truth-membership function, complex-valued indeterminate-membership
function and complex-valued falsity-membership function. They put forward that the CNS is the
mainstream over all because it is not only the extension of all the current frameworks but also repre-
sents the information in a complete and comprehensive way. Al-Quran and Alkhazaleh [31] studied
the relations between the (single valued) CNSs with their applications in decision making.

In 1982, Pawlak [32] developed the notion of rough set which expresses vagueness in the concepts
of the lower and upper approximations of a set and it employs the boundary region of a set. In [33,34],
the authors established the models of rough FSs and rough IFSs. In 2014, Broumi et al. [35] introduced
a hybrid structure of rough NSs and discussed its basic operations in the approximation space. In [36],
the multi-attribute decision making method based on the rough accuracy score function with rough
neutrosophic attribute values was constructed. Samuel and Narmadhagnanam [37] studied the tangent
logarithmic distance measure and cosecant similarity measure between rough NSs. In 2018, Abdel-
Basset and Mohamed [38] proposed the combination of SVNS and rough set will deal with all aspects
of vagueness, incompleteness and inconsistency of data and information. Nowadays, many authors
have concerned with the rough approximations of NSs and SVNSs in crisp and neutrosophic spaces,
in which both constructive and axiomatic approaches are employed.

By splitting the indeterminacy in the structure of SVNSs into two parts as Unknown (or ignorance)
and Contradiction, Chatterjee et al. [39] proposed the notion of quadripartitioned single valued neutro-
sophic set (QSVNS) based on Belnap’s [40] four-valued logic. Mohan and Krishnaswamy [41] presented
the axiomatic characterizations of the combined structure of QSVNS and rough set. In [42,43], the
researchers discussed the bipolarity hybridizations of QSVNSs, and some basic set-theoretic terminolo-
gies of the emerging QSVNSs. Currently, QSVNS theory has become a very successful and flourishing
area of research in different aspects of both theory and practice.

In this study, we introduce the complex quadripartitioned single valued neutrosophic sets (CQSVNSs)
by extending the QSVNSs, whose complex-valued truth-membership function, complex-valued con-
tradiction-membership function, complex-valued ignorance-membership function and complex-valued
falsity-membership function are the combination of real-valued truth amplitude term in association
phase term, real-valued contradiction amplitude term in association phase term, real-valued ignorance
amplitude term in association phase term and real-valued falsity amplitude term in association phase
term, respectively. Moreover, their set-theoretic operations such as intersection, union, complement,
cartesian product, algebraic products are derived. We develop the rough approximations of CQSVNSs
and discuss their axiomatic characterizations. Further, we investigate the approximate precision degree
and the rough degree in the novel model.

The structure of the paper is organized as follows. In Section 2, some concepts required in our work
are briefly recalled. Section 3 is devoted to the construction, operations and relations of CQSVNSs.
Section 4 introduces the model of rough CQSVNS in the approximation space. In Section 5, the level
cut sets of lower and upper approximations and the rough degree of CQSVNS in the approximation
space are studied. Section 6 gives brief conclusion and future research directions.

2. Preliminaries

In this section, we give some preliminary information that will be useful in the following sections.

Definition 2.1. [13] Let A be a universe of discourse. A single valued nuetrosophic set (SVNS) N
in A is characterized in the following form

N = {(a, (tn(a), iy (a), fr(@)) : a € A} (1)

where ty, 1y, fv 1 A — [0, 1] are termed the functions of truth-membership, indeterminacy-membership
and falsity-membership, respectively. Also, tn(a), ty(a) and fy(a) denote the grades of truth-
membership, indeterminacy-membership and falsity-membership of a € A to the set N respectively
with the condition 0 < ty(ay + ¢y (a) + fn(a) < 3 for each a € A.
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Definition 2.2. [30] Let A be a universe of discourse. A complex single valued nuetrosophic set
(CSVNS) C in A is characterized in the following form

C = {(a,{tc(a),wc(a), fo(a))) - a € A} (2)

where tc(a) = T'o(a).e7¢@, 1o(a) = Ac(a).0@ and fo(a) = Qc(a).ec@ (for i = \/—1) denote
the complex truth-membership grade, complex indeterminacy-membership grade and complex falsity-
membership grade of a € A to the set C, respectively. In addition, the amplitude terms I'c(a),
Ac(a), Qc(a) and the phase terms vo(a), dc(a), we(a) satisfy the following conditions: 0 < T'c(a) +
Ac(a) + Qe(a) < 3 for T'e(a), Ac(a),Qc(a) € [0,1] and 0 < ve(a) + dc(a) + we(a) < 67 for
ve(a),dc(a),we(a) € [0, 27].

Chatterjee et al. [39] split the indeterminacy in structure of SVNS into two parts signifying contra-
diction and unknown (ignorance), and thereby initiated the theory of quadripartitioned single valued
neutrosophic set. The term quadripartitioned means something that is divided into the four charac-
teristic features.

Definition 2.3. [39] Let A be a universe of discourse. A quadripartitioned single valued nuetrosophic
set (QSVNS) @ in A is an object having the following form

Q = {(a, {tq(a), c(a),uqg(a), fo(a))) : a € A} 3)

where tg,cq,uqg, fg : A — [0,1] are termed the functions of truth-membership, contradiction-
membership, ignorance-membership and falsity-membership, respectively. Also, tg(a), cg(a), ug(a)
and fg(a) denote the grades of truth-membership, contradiction-membership, ignorance-membership
and falsity-membership of a € A to the set @ respectively with the condition 0 < tg(ay + cg(a) +
ug(a) + fo(a) < 4 for each a € A.

Remark 2.4. A QSVNS @ can be decomposed to yield two SVNS, say Qr and Qp, where the
respective membership functions of both these are described as tg,(a) = tg(a) = tg,(a); tg,(a) =

cq(a); tgp(a) =ug(a); for(a) = fola) = fo.(a) for all a € A.

In this respect, it needs to be specified that while performing set-theoretic operations on these
SVNSs, the behavior of ¢, is treated similar to that of tg,. while the behavior of i, is modelled in
a way similar to that of fg,.

Assume A and B is any non-empty crisp sets. The subset of cartesian product of A and B is called
a relation from A to B. Especially, the subset of cartesian product of A x A is a relation on A. The
relation 3 on A is said to be

1. reflexive when (a;,a;) € R for all a; € A.

2. symmetric when (aj,ar) € R = (ar,a;) € R for all aj,a; € A.

3. transitive when (aj,ax) € ® and (ag,a;) € R= (a;,q;) € R for all a;, ax, a; € A.

If R is reflexive, symmetric and transitive then it is called an equivalence relation on A.

Definition 2.5. [32] Let A be any non-empty crisp set and R an equivalence relation on A. Then,
(A, R) is said to be (Pawlak) approximation space. If B is a subset of A, then the sets

appry(B) = {b: [b]z € B} (4)
and
apprp(B) = {b: [t]lr N B # 0} (5)

are called the lower and upper approximations of B , respectively, where [b]s stands for the equivalence
class of & containing the object b € B C A. The pair appry(B) = (appréR(B),Wm(B)) is said to be
rough set of B in the (Pawlak) approximation space (A, R). Especially, if appry,(B) = appry(B) then
B is called a definable. The positive region, negative region and boundary region of B are defined as
PBr(B) = appr,(B), Np(B) = A — appry(B) and By(B) = appry(B) — appr,(B), respectively.
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3. Complex Quadripartitioned Single Valued Neutrosophic Set Theory

In this section, we initiate the theory of complex quadripartitioned single valued neutrosophic set and
discuss some basic complex quadripartitioned single valued neutrosophic operations and relations.

3.1. Construction of Complex Quadripartitioned Single Valued Neutrosophic Set

It can be observed that QSVNSs are insufficient to describe the complex information based on the
four-valued logic. To eliminate this drawback, the framework of complex quadripartitioned single
valued neutrosophic set is constructed as follows.

Definition 3.1. Let A be a universe of discourse. A complex quadripartitioned single valued neu-
trosophic set (CQSVNS) € in A is characterized by a truth-membership function tg, a contradiction-
membership function c¢g, an ignorance-membership function ug and a falsity-membership function
fe that assign an element a € A a complex-valued degree of t¢(a), ce(a), ue(a) and fe(a) in €.
The values t¢(a), ce(a), ug(a), fe(a) and their sum may all within the unit circle in the complex
plane, and are of the form: t¢(a) = I'¢(a).”¢(a), ce(a) = Ag(a).e¢(a), ug(a) = Ve(a).e™¢(a) and
fe(a) = Q¢(a).€¢(a) (where i = /—1). In addition, the amplitude terms T'¢(a), A¢(a), e(a), Q¢(a)
and the phase terms yg¢(a), A¢(a), ¥e(a), we(a) satisfy the following conditions:

0 <T¢(a) + Ae¢(a) + ¥e(a) + Qe(a) < 4 for Te(a),Ae(a), Ye(a), Qe(a) € [0,1] (6)
and

0 < ve(a) + Ae(a) + ve(a) + we(a) < 8m for ~e(a), Ae(a), Ye(a),we(a) € [0, 27] (7)

Simply, a CQSVNS can be given in the following form:

¢ = {(a {tela). (o) uela), fela))) ra € A} |
= {(a, (T¢(a).e7¢(a), A¢(a).e (a), Ue(a).e™Ve (a), Qe(a).e¢(a))) : a € A} (8)

The complex membership value (T'¢(a).€¢(a), Ag(a).€*¢(a), Ue(a).eVe (a), Q¢ (a).e¢(a)) for a of € is
simply denoted ((I'e¢,ve), (Ae, A¢), (Pe, ¥e), (Q¢,we)) and named as complex quadripartitioned single
valued neutrosophic number (CQSVNN).

Example 3.2. Bronchitis is an inflammation of the lining of the bronchial tubes that carry air to
the lungs. The bronchitis can be acute or chronic. The symptoms of acute bronchitis are usually a
mild headache, cough and production of mucus. The sets of symptoms of acute bronchitis is A =
{a1 (a mild headache), ay (cough), as (production of mucus)}. While these symptoms usually
improve in about a week, they may take a few weeks. By using the data of many patients who survived
the disease, a doctor (expert) can create the following CQSVNS in A depends on the membership
“recovery time of symptoms”.

(a1, (0.4e27(V) 0.7¢127(3) 0.6¢i27(3) 0. ﬁeﬂ’f(%)»
¢ = ( <0 1€i27r(%) O.7€i2ﬂ(%) OeiZﬂ’( 0 66227r >)
( <0 46227‘—(%) 0.667;2”(%) 0. 262271'( 16227T(0)>)

Definition 3.3. Let € be a CQSVNS in A. For a1, a9, as, a4 € [0,1] and 1, B2, 53, B4 € [0, 27], the
(a1, B1), (a9, B2), (as, B3), (a4, B4))-level cut set of €, denoted by ¢lB1P283.84) i qefined as follows:

(01,a2,03,04)°

(B1,82,83,84) _ | Te(a) > aq, Ag(a) > ag, Ve(a) < as, Qela) < ay, ) }
Clarlazazas) = { aeA: ( vela) > B, Ae(a) > Bo, vela) < B3, wela) < B ©)

Example 3.4. Consider the CQSVNS € in Example 3.2. Then, ((0.3, ), (0.5, 5), (0.7, 4%), (1,7))-

(7:7 ) 77T
level cut set of € is (’1(0.3’20.5’70.7 1y = f{as}.
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Proposition 3.5. Let €; and € be two CQSVNSs in A. If € C €&, then (Ql)gflllyizg,isg%j) c
(€ )(51752,63,64)

(01,a2,03,04)"

PRrROOF. It can be proved easily according to the Definition 3.3, therefore omitted. O

Definition 3.6. A CQSVNS € in A is said to be a null CQSVNS, denoted by ®, if its complex
membership degrees are respectively tg(a) = 'p(a).e"®(a) = 0, co(a) = Ag(a).e?*(a) = 0, ug(a) =
Ug(a).e¥?(a) = €™ and fp(a) = Qg(a).c“*?(a) = ™ for all a € A.

Definition 3.7. A CQSVNS € in A is said to be a absolute CQSVNS, denoted by le\, if its complex
membership degrees are respectively ¢ z(a) = I 7 ( ).ei(a) = €7, czla) = Aﬁ(a).e”\ﬁ(a) = e,
uz(a) = \Ilj(a).ewﬁ(a) =0 and fz(a) = Q z(a). e“i(a) =0 for all a € A.

3.2. Operations of Complex Quadripartitioned Single Valued Neutrosophic Set

In this part, we study the set-theoretic operations on the CQSVNSs and the properties related to
them.

Definition 3.8. Let €, €; and €5 be three CQSVNSs in A. Then,

(a) €; is said to be a CQSVN subset of €, denoted by €; C &, if the following conditions are
satisfied:

e, (a) < le, (a’)v Le., F€1 (a) < F¢2 (a) and Ve, (a) < Ve, (a)
Cey (CL) < cg, (CL), Le., A€1 (a) < A¢2 (a) and )‘(’:1 (a) < )‘Q'z (a)
Ug, (a) > Ug, (a)7 Le., \IIQ (CL) > \IJQ:Q (a) and ¢€1 (CL) > ¢€2 (a)
fﬂ:l (a) > f¢2 (a>7 ie., Q¢1 (a) = Q€2 (a) and we,y (a) = We, (a)

(10)

(b) €; and €3 are said to be a CQSVN equal, denoted by €; = €, if the following conditions are

satisfied:
t€1( ) =te ( )7 i F€1 (CL) = ]-—‘¢2 (a‘) and ey (CL) = Ye, (CL)
061( ) Ce (CL) Le., A¢1 (CL) - A¢2 (CL) and /\¢1 (a) - /\¢2 (CL) (11)
Ugy (CL) Ug, ((J,) Le., U, ((L) = Vg, (CL) and ¢¢1 (a) = ¢¢2 (CL)
fe,(a) = fe,(a), ie., Qe (a) =Qe,(a) and we, (a) = we,(a)

(c) the complement of €, denoted by ~ €, is defined as

~ €= {(a, (tue(a), cne(a), u~e(a), frel(a))) s a € A}, (12)
where t.¢(a) = fe(a), coe(a) = ue(a), ue(a) = ce(a), and foe(a) = te(a) for all a € A.

(d) the intersection of €; and €, denoted by €; N €q, is defined as

CiNC = {(a,{te,ne,(a), ce,ne, (@), ue,ne, (@), fe,ne,(a))) :a € A},
Le,ne, (a).e7€0e2(@) Ap (o (a).ererne: (@)

= . y 2 o ) : 1
{ < a,< \Ilelm@(a).ew“‘lmz(a),Q@lm@(a).em’@l”%(a) > ) ac A }7 ( 3)

where

Leine, (a) =T¢, (a) NTl¢, (a)7 A€1ﬁ¢2 ((L) = A€1 (a’) A A€2 (CL),
Ve ne, (CL) = WV¢, (a) V Ve, (CL), Qe,ne, (a) = Qg, (a) V Qe, (a)7
Yeine, (a) =T (a’) ATlg, (a’)v Aeine; (CL) = Ag, (a) A Ag, (a)7

Yeine; (a) = g, (a’) Ve, (a)7 Weine, (a) = Wwe, (a) V we, (a’)
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(e) the union of €; and €9, denoted by €; U €5, is defined as

CUC = {(a,(te,ue,(a), ce,ue, (@), ue,ue, (@), fe,ue,(a))) a € A},
Te,ue, (a).676192(@ Ag e, (a).ePerve (@)

e . . ! N 14
{ < a7< \I’¢1U¢2(a)‘ew}¢1u¢2(a)vQ€1U¢2(a)'ezwelu%(a) > > aeA }7 ( )

where
Leyue,(a) =Ty (a) Ve, (a), Ague(a) = Ag (a) V Ag,(a),
Veiue,(a) = Ve (a) AV¥e,(a), Qeue,(a) = Qe (a) AQg,(a),
Yeue, (@) = e, (a) Vg, (@), Acyues(a) = Ae, (a) V A, (a),
Yeue, (@) = e, (@) A e, (a),  weyue, (@) = we, (a) A we, (a).
Example 3.9. Let A = {a1, a2} be a universal set. Assume that two CQSVNS are
¢, = {(ay, (0.5¢27(2) 0.7¢27(55) 12270 .12 (DY) (ay, (0.4627(3) | 0.5¢727(D) | 0.4627(3) | 0.7¢727(10)))}
and
¢ = {(a1, (0.6”27(3) 0.2¢727(3) 0.9¢727(35) 0.1e27(8))), (as, (0.7e27(3) 0.4¢27(D) 0.2¢27(5) (.8¢727(2)))}
The complement of € is
~ € = {(a1, (0.127M) 1£27(0) 0.7¢27(5) 0.5¢727(2))), (ay, (0.7¢"27(10) 0.4e27(3) | 0.56727(1) 0.4e/27(2)))}
The intersection of €; and €5 is
¢ N ¢y = {(ar, (0.5¢27(5),0.2¢27(30) 16727(35) 0,127 (D)) (ag, (0.4627(3) 0.4 0.4¢727(3) (.8¢27(2)))}
The union of €; and €5 is
C1UC = {(a1, (0.6"2™(2) 0.7¢27(3) 0.9¢27(0) 0.16727(8))), (s, (0.7627(3),0.5¢27() 0.2¢27(5) 0.7¢127(16)))}

Proposition 3.10. For three CQSVNSs €, €; and €5 in A, ~ €, €;NE&; and €1 UC, are also CQSVNSs
in A.

PROOF. By considering the concepts in Definition 3.8, these results can be proved easily. O
Proposition 3.11. Let €, €3 and €3 be three CQSVNSs in A. Then, the following are hold.
(i) € x €9 and €y % €3 = € x €3 for each x € {C, =}
(il) €;0€, = €,0¢; for each O € {N,U}
(iif) €;0(C20¢3) = (€10C2)0C3 for each O € {N,U}
(iv) €;0(€0¢3) = (€,0€)(€;0€3) for each ¢,0 € {N,U}
(v) (€10€2)0¢3 = (€,0¢3)0(C20¢3) for each ¢,0 € {N,U}
(vi) ~ (€10€) =~ €10 ~ &, for each ¢,0 € {N,U} and ¢ # O

PrRoOF. We will prove (vi), others can be demonstrated by similar techniques.
(vi): Assume that ¢ = N and O = U. According to the operations of complement and intersection in
Definition 3.8, we can write

~ ((’:1 N ¢2) = {(av <f€1 (a) V fe, (a’)vu€1 (a) V ug, (a)7 Cey (CL) A C€2(G)7t€1 (CL) Nteg, (CL))) rac A} (15)
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Likewise, we obtain for d = 1, 2,

~ ;= {(a7 <t~¢d (a/)7c~¢d(a/)?u~€d (a)a f~€d(a)>) HUAS -A} = {(aa <f¢d(a)’u¢d(a)7 CCd(a)’th (a)>) ‘a € A}

and so

~GU~C = {(a7 <f¢1 (a) v f€2(a)7u€1 (a) v uQQ(a)7C€1 (a) N cg, (a)7t€1 (a) N tQ:Q(a’)>) RS A} (16)

From Egs. (15) and (16), we have ~ (&€ N €2) =~ €U ~ €. It is shown in a similar way that
~ (Cl U 62) =~ N~ &. OJ

Definition 3.12. Let €, ¢; and €, be three CQSVNSs in A and n > 0 be a real number. Then, the
following operational laws are hold.

(a)

Gl = {(a{lgee(a) o (@), uean (@), oo () a e Al
Fcl@g (a) ein@Cg( a) A¢ BCs ( ) Mcl@tz( a)

= 2 ’ : 1
{ ( a’< qj@l@CQ(a)'ezwcléB%( ) 961@62( ) chl@CQ(a) > ) aeA } ( 7)

where Leioe, (a) =T¢, (a) + e, (a) —Tle, (a)FQ (a)7 A€1 o2 (a’) = A¢1 (a) + A€2 (a) - A€1 (a)A¢2 (a)7
Ve ge, (a) = Vg, (a)\IICQ (CL), Q¢1 D2 (a) = Q¢1 (a)Q¢2 (a)a ittt (a) = T, (a)+7€2 (a) —e (a)’7¢2 (CL),
)\¢1€(9¢§ (CL) (:) )\¢1 (CL) + A€2 (CL) - )‘Cl (Q)A€2 (a’>7 1/}6169@2 (CL) = 1/}61 (CLW@Q (a)7 and We ¢, (a’) =
We (a)We, (@)

(b)

& = {(a’ <t€1®¢2( ) C¢1®¢2( ) u¢1®¢2(a)7f€1®¢2(a)>) HAS A}v
e oe,(a).67018%@ Ay o, (a).ePeroe: (@)

= a, ; “ i o cae A », (18
{ ( < \Ij€1®€2( ) ey pes ) Q¢1®¢2< ) e1oe; (@) > ) } ( )

where FC1®¢2 (a) = F¢1 (a)F& (a>7 A¢1®€2 (a) - A€1 (a'>A€2 (a)7 \II€1®€2 (a) - \Ile:l( ) + \P& (a) -
\Ilcl (a)\IIQQ (a’)7 Q¢1®¢2 (a) = Q¢1 (a)+Q€2 (CL)—Q¢1 (a)Q¢2 (a)’ Ve ®¢, (a) = JYe @ ( ) () (a) )‘€1®¢2 (a) =
)‘¢1 Ea;)‘cz ((a))v ¢¢1®¢2 (a) = ¢¢1 ((Z) + 77/)@2 (a) - wﬁl (a)¢¢2 ((Z), and w¢1®62( ) = We, (a) + we, (a) -
we, (a)we, (a).

(c)
nt = {(a’7 <tn€(a)7cn€< ) unQ( ) fnﬁ(a») a € _A}7
Lre(a).ene ne(a).ePnel@ .
{<a’<@n€¢()w"¢ Qe(a). anca)>>'a€"4}’ (19)
where T'ye(a) =1 — (1 — Te(a))™, Apecla) =1 — (1 — Ag(a)™), ¥pe(a) = (Ye(a))™, Q

(@)™ me(@) = 1 — (1 — 1e(@)", Ane(@) = 1 — (1 - Ae(@)", tnela) = (Yela))
wpe(a) = (we(a))™.

(d)

c(a) =
" and

¢ = {(CL, <t€”(a’)vC@"(a)7u€”(a)vf¢"( )>) ac -’4}’
Len(a).ee (@) Aen(a).ePen (@)
- { < a,< ‘I’in(((l)).eid}ﬁn( ) Qi (( )) chn(a) > ) ra €A }’ (20)
where I'en(a) = (I'e(a))”, Aen(a) = (Ae(a))”, Yen(a) =1 — (1 = Ye(a))”, Qen(a) =1 (1 -

Qe(a))”, Ven(_) = (7@(0)) ; Aen(a) = (Ae(a))?, ten(a) = 1 — (1 — e(a))”?, and wen(a) =
1—(1—we(a))™.
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Example 3.13. Consider the CQSVNSs €; and €5 in Example 3.9 and n = 2. Then we have

(CL <08612W(§) 0766127(275) 0. 96127T(0) 0. Olez27r % >)
Qtl @ Qtl = b ; 5’ . 1 )
(a2, (0.82¢77(a), 0.7¢727 (1 0.08627(), 0.56627() )

e e 4 (@ <0.3€i2ﬂ(%)1,0.14€i27r(%), 1ei2ﬂ(%>170.19@1'27“1)))1,1
(a2, (0.28¢27(5) 0.2¢127(1) (0.52¢727(35) 0.94¢27 () [~

Bl Bl

oe, — (a1, (0.75¢27(D) 0. 91¢27(555)_ 1£727(0) .01¢727(1 ",
1 (a2, (0.64¢ ) )

),0.756227r( 0. 166227T(2o) 0.49¢27(100)))
and

o (a1, (0.25¢27(2)0.49¢™27(150) | 1¢:27(0)_(.19¢:27(1))),
! (a2, (0.16¢27(1) 0.25¢127 (1), 0646’2”(25) 0.91¢27(100)))

Proposition 3.14. If ¢, ¢; and €5 are three CQSVNSs in A and n > 0 is a real number then €; @ &,
€1 ® €y, n€ and €" are also CQSVNSs in A.

PROOF. By considering Definition 3.12, these results can be proved easily. O
Proposition 3.15. Let €; and €5 be two CQSVNSs in A and n,m > 0 be two real numbers. Then,
(1) C14C; = ¢2,4¢; for each ¢ € {®,®}
(ii) n(¢; ® €2) = n€; ® ny
(iii) n€ &me€; = (n+m)¢;
(iv) (€1 @ )" =} ® €Y
(v) ¢t @ep =eptm
(vi) ~ (C14C) =~ C B ~ & for each ¢, B {D,®} and ¢ # N
PROOF. It can be proved similar to calculations in the proof of Proposition 3.11. O
Proposition 3.16. Let €, €3 and €3 be three CQSVNSs in A. Then,
(1) (€10€2)0C3 = (€1 4C5)0(C24C3) for each O € {N,U} and ¢ € {B,®}
(i) (€10€2)4(¢10C,) = (€, 4C2) for each ¢ € {®,®}, 0,0 € {N,U} and ¢ # O
PROOF. From Definitions 3.8 and 3.12, they can be proved easily. O

Definition 3.17. Let ¢; and €5 be two CQSVNSs in A. Then, the cartesian product of €; and €,,
denoted by €; x €5, is defined as

te, e, (aj, ax), ce,xe, (aj, ag),
Gt = ¢ e e Y c(a;,a,) € Ax A
1 2 { < ( 7o k)7< u¢1><¢2(aj’ak)’f€1><€2(aj7ak;) ( K k) R
L, xe, (aj7 ar).e ey xeg (aj,ak),
A¢, xe,(aj, ax).e Aey xey “J"lk)
Ve, xe, (), ar).
QC1 X Co (a/jaak;) ’ngl 3> aJ7ak)

= (aj’ak)’ z¢¢lx¢2(a3,ak) : ((lj, ak) = A X A <21)

where F¢1><€2(ajvak) = I (aj) A FGQ(ak)’ A¢1><¢2(aj’ak) = ACl(aj) A ACz(ak)v \IJ€1X¢2(aj7ak) =
Ve, (aj)V¥e,(ar), Qe xe,(aj, ar) = Qe (a;)VQe, (ar), Ve xes (@), ar) = ve, (aj)A\Te, (ar), Aeyxe,(aj, ax) =
Aey(@5)) A Aey(ak), Yoy e, (ag, ak)) = e, (a5) V e, (ar), and we, xe, (aj, ax)) = we, (aj) V we, (ag)-
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Example 3.18. Consider the CQSVNSs €; and €5 in Example 3.9. Then, the cartesian product of
¢ and €5 is

((a1,ay), (0.5¢27(3) | 0.2¢27(55) 1¢i27(15) 01127 (DY),
((a1,a2), (0. 5ei2m () ,0. 4612W(T7()), 1612”(%), 0.8e2m(1)))
€ x & = 127r( ) i2m(2) i2m (%) 2m(%)
((az,a1),(0.4e ,0.2e"™47) 0.9¢™ 10/ 0.7 6 /) ),
((az,a2), (0. 4ei27(3) ,0.4e727(1) 0, 4ei27(3) 0.86i2”(%)))

Also, the cartesian product of &€; x €4 is

a1, a1), (0.5¢27(1) 0.7¢127(55) | 1£127(0) (. 1¢i27(1) >),

,<O.4ei2”(i),0.5ei2w(%) lei2m(3 ) ,0.7¢27(1))
(0.46™7(1) 0.5¢27(10) 1727(3) 0. 7¢i2m(1))
( 3),0.5¢27(1

0
), 0.4¢i27(5 ), 0.7¢2 (15

=

=

);
);
b))
Proposition 3.19. For two CQSVNSs ¢ and €5 in A, €; x €3 is a CQSVNS in 4 x A.
PRrROOF. By considering Definition 3.17, this result can be demonstrated easily. O
Proposition 3.20. Let €, €3 and €3 be three CQSVNSs in A. Then,

(i) €1 %€y = (€1 x €3) % (Cg x €3) for each x € {C,=}

(i) €1 X (€ x €3) = (€ x €y) X €3
(iii) €1 x (€20€3) = (€1 x €2)O(€; x €3) for each ¢ € {N,U}

(iv) (€10€2) x €3) = (€1 X €3)O(C2 x €3) for each ¢ € {N,U}
PROOF. We will prove the assertion (i), the other can be demonstrated in a similar way.

(i): Assume that ¢; C €;. By considering Eq. (10), for truth-membership grades, we have t¢, (a;) <
te,(aj), ie. Te,(aj) <Te,(a;) and ve, (@) < ve,(aj). There are three cases.

Case 1: If te,(ar) < te, (aj) < te,(aj) then te,(ar) Ate, (aj) = te,(ar) and te,(a;) Ate,(ag) =
te, (ar). It follows t¢, (aj) NAtg, (ar) = te, (aj) Nteg, (ag)-

Case 2: If te, (aj) < tg, (ak) < g, (aj) then te, (CLJ‘) Atg, (ak) = tg, (aj) and te, (aj) Atg, (ak) =
tey(ag). Since te, (aj) < te,(ar), it is obtained that te, (aj) Ate,(ag) < te,(aj) Ate,(ak).

Case 3: If te, (aj) < te,(aj) < tey(ar) then te, (aj) Ate,(ar) = te, (aj) and te,(a;) Atey(ag) =
te, (aj). It follows t¢, (aj) Alg, (ar) < te, (aj) Nteg, (ag)-

As a result of these three cases, te, (a;) A tes(ar) < te,(aj) A tey(ag) for every aj,ar € A.
By making similar calculations, it can be shown that c¢, (a;) A ces(ar) < ce,(aj) A cey(ar),

ug, (aj) V uey(ar) > ue,(aj) V ue(ar) and fe,(a;) V fes(ar) > fe,(aj) V fes(ay) for every
aj,ar € A. So we have €; x €3 C €y x €3 if €; C €. This is obvious for situation of equality.

O]

3.3. Relations on Complex Quadripartitioned Single Valued Neutrosophic Set

In this part, we discuss the complex quadripartitioned single valued neutrosophic relation and equiv-
alence complex quadripartitioned single valued neutrosophic relation with desired properties.



Journal of New Theory 34 (2021) 45-63 / Rough Approximations of CQSVNSs 54

Definition 3.21. Let €; and €3 be two CQSVNSs in A. Then, a complex quadripartitioned single
valued neutrosophic relation (CQSVN relation) from €; to €3 is a (non-null) CQSVN subset of €; x €.
Thus, a CQSVN relation from €; to €, is denoted by (€1, €2), where I(€1, ) C € x €. (€, E,)
can be represented as the set

123} (aj,ar), cs(e, e0)(aj, ax),
3(€,¢) = a;i,ay), (€1,€2) V% (€1,€) % c(aj,ar) e Ax A 3,
(€1, €2) { ( (aj, ax) < u%(@l,&)(ajaak)vf%(@l,Gg)(ajvak) (a5, ax)
(ajrak)
(

s (e ez) aj,ar)
)

(@1 ¢ g (eq,¢9)

(1,82
(617&)
€2)
Especially, a CQSVN subset of €; x €; is called a CQSVN relation on €; and denoted by (€4).

(a‘Jv ak:)
aj, ak)-

)
)(
(aj, ). %(%%)(%ak)’
(

: (aj,ak) ceAx A (22)

= (aj7ak)v

CL],ak) eWs(e,ey)(@),ak)

Example 3.22. We consider €; x €, given in Example 3.18. If

((a1,a1), <0'3€i27r(%)70‘2€i27r(%)’ 1ei27r(1) 0.9¢i2m(1 )>)
o ((a1,a2), (0.2ei2”(%),0.1ei2“(i), 1ei2ﬂ(§) 0.9¢727()Y),
(¢, &) = i2m(L) i2m(3) i2m i2m(2) ’
((az, a1), (0.17(5),0.2¢™7(5) 0.9¢27(1) 0.8¢727(0))),
((a27a2)7 <0'3€i2ﬂ'(%)70‘1ei2ﬂ'(%) 0. 7612#(3) 0. 96127r(%)>)

then (€, ) C €; x € and so (€, ) is a CQSVN relation from €; to Ca.

Definition 3.23. If S is a CQSVN relation from €; to €5 then the inverse ! is a CQSVN relation
from &5 to €; and is defined as follows:

3¢y, @) :{ < (ak,aj)’< ba= (@0 (8 45), 51 (@, Gl)(ak’aj))’ > ) s (ak,a5) € Ax A }, (23)

u§71(¢2,¢1 (ak?a]) f 1 @2,@1 (ak?a’j

where tg—l(cmcl)(ak, aj) = tg(ﬁﬁ?)(a]’, ak), 6g_1(¢27€1)(ak, a]’) = 03&17@2)(%,%), u§_1(¢27¢1)(ak, aj) =
Ug(e,,¢) (a5, ak) and fo-1(¢,.¢,)(ak; a5) = fy(e,e0) (@, ar)-

Example 3.24. We consider the CQSVN relation (€1, ;) from €; to € in Example 3.22. Then,

((a1,a1), <O.36i2”(%) 0.2¢i27(3) | 1¢i2m(l ),0.9¢27()Y),
e e)) = ((al,aQ),<o.1ef2”<%> 0.2¢27(5), 0.9¢27(1)| 0.8¢727(8)Y),
’ ((ag,a1), (0.2¢27(2) 0. 1e/27(1) 1¢727(3) (. 9¢i2m(1 )>) ’
((az,ag),<0.36i2ﬂ—(%) ei2m(3) 0.7€Z2W( ),0.9612”( )

is the inverse of (€1, €3), and further is a CQSVN relation from €5 to €;.

Definition 3.25. If & is a CQSVN relation from €; to € and Sisa CQSVN relation from €5 to €3
then the composition o S, is a CQSVN relation from € to €3, is defined as follows:

~ ta s 3 j 9 ; 3 j ) )
(S 09)(¢y, &) :{ ( (aj7al),< e o3(€1,¢) (%> U1): CooF(e e (9 al)) > ) :(aj,a1) € Ax A }7(24)

o5(e ) (%> W) F3o3(e, e5) (0> 01

i(V{rs(e),¢9)(@5:08) M5 (¢, 0q) (@h501)})
where t§o§(€17€3)(aj, al) = (\/{Fg@h@)(a]‘, ak) AF§(€2,€3)(CL1€7 al)}) e % ,
ag
(\/{A $(¢1.€2)(45,08)AAS ¢y ¢4) (@K51) 1)
Caod(er,es) (@ A1) = (\i{AS‘s(Ql,Q)(ajaak) NS (g, 05 (R, a1)}) € :
(/\{w\r(il @2)(a9,ak)\/¢g(¢ ¢ )(akval)})
UgoF(ey,e) (4> ) = (({Z{\Pg(%,&)(%ak) VU5, 0 @k a)}) € ™ o ,

i(AMws(e).e9)(25:0) VW5 (0, eq)(@8:01)})

f%o\s(ﬁl Q)(a], al) = (/:{Qo thg)(aj, ak) V Qg(&’%)(ak, al)}) ay
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Proposition 3.26. Let & and S be two CQSVN relations from €; to €5 and from €5 to €3, respec-
tively. Then, the following assertions are true.

PROOF. (i): The proof is straightforward. N

(ii): If the composition § o ¥ is a CQSVN relation from €; to €3 then the inverse (o )7 is a
CQSVN relation from €3 to €;. By the definitions of inverse and composition of CQSVN relations,
we can write

-1

biso3)-1(e5,00) (0 05) = L5 (e, 0y (@5 A1)
iV {rs(er.e0)(45:86)M5 0y 0q) (@F@)})

= (\/{Pg(@hgﬂ(a]‘, CLk) A F§(€2,¢3)(ak, al)}).e ag

ag,
i((V{rs—1(ey,e0) (@) AM5-1 (0, ¢, (@0,0K)})
= (V{Ts-1(ep.e0) (ar: a5) A P51 (g5 (@ k) ) € e e

ak
Z(\/{'Yc» 1 (al,ak)/\»y(\ 1 (akﬂ )})
\/{ 1 (€5.00) (@ 0k) ATg-1(e5,00) (ar, a5)}) € (€.€2) (e3,¢1) (k1%

= t(@—log—l)(gggl)(alv a;) (25)

By using the similar techniques, we can demonstrate the equalities:
C(%%)fl(a‘g,el)(%“J‘):C(&losfl)(eg,el)(alvaj)v u(%o%)*l(Cg,Q‘l)(al’aﬂ) UG-103-1)(e ,el)(“la@j) and
1

f(%og),l(€37¢1)(al,aj) = f(@—log—l)(¢37¢1)(alaaj)- So, we have (S o \s) 1 _ G log 1, O

Definition 3.27. A CQSVN relation § on € is said to be

(a) reflexive if tg(e)(ay, a;) = €7, cqe)(aj, a;) = €27, uge)(aj,a;) = 0 and fye)(aj,a;) = 0 for all

a; € A.

(b) symmetric if tg(q) (aj, ar) = tg(e) (@, a5), cx(e) (), ar) = cge)(ar, az), ug(e) (aj, ax) = ug(e) (ak, a;)
and fg(@) (aj, ak) = fg(@)(dk,aj) for all aj,ar € A.

(c) transitive if Jo < C .
(e.g., for amplitude term and phase term of truth-membership, it is characterized as follows:
Cge)(aj, ar) > V{Tg(e)(aj, ar) A g (ar, an)}s vse)(as, ar) = V{vse) (@), ax) A vse) (ar, ar)}
ag ag

for all aj,ar,a; € A. Likewise, it can be interpreted in accordance with the concept of com-
position of CQSVN relations for contradiction-membership, ignorance-membership and falsity-
membership.)

Example 3.28. For the CQSVNS ¢; x€; in Example 3.18, J(€;) = €; x€; is a CQSVN relation on ;.

3(€y) is not reflexive (e.g., toe,)(aj, aj) # €27). Since tge,)(a1, az) = tg(e,)(az, a1), cy(e,) (a1, az) =
cg(ey) (@2, 1) ug(ey)(ar, az2) = ug(e,)(az,a1) and fye,)(a1,a2) = foe)(az, ar), (1) is symmetric.
Since J(€1) o F(C1) C I(€y), I(Cy) is transitive.

Proposition 3.29. Let & be a CQSVN relations on €. Then,

(i) if S is a reflexive CQSVN relation, then 37! is also reflexive.

(ii) if $ is a symmetric CQSVN relation, then 31 is also symmetric.
(iii) if 3 is a transitive CQSVN relation, then S~! is also transitive.

PRrROOF. The proofs are straightforward. O
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Definition 3.30. A CQSVN relation S on € is said to be equivalence CQSVN relation if S is reflexive,
symmetric and transitive.

o1

Proposition 3.31. If & &

CQSVN relation on €.

is an equivalence CQSVN relation on € then is also an equivalence

PROOF. The proof is obvious from Definition 3.30 and Proposition 3.29. O

4. Rough Sets Combined Complex Quadripartitioned Single Valued Neutrosophic
Sets

In this section, we introduce the concept of rough complex quadripartitioned single valued neutrosophic
set by combining both rough set and CQSVNS. Also, we investigate the axiomatic characterizations.

Definition 4.1. Let A be a non-empty set and R be a an equivalence relation on 4. Assume that €
is a CQSVNS in A.
The lower approximation of € in the approximation space (A, R), denoted by appr%(C), is defined as

iy (© fl])
appr (@ (a;).e =

apprg(€) =

aj,<

appr

where, for all a; € A,

)(
appry (€) (a]
appr () (a;
(

@)\

e'L)‘app'r (¢) (a3)7
(aJ) : aj G ./4 9 (26)

K3
e wappr

elwappr% () (a] )

)-
)-
)-
)-

Fappr%(@( ) = /\ Fﬁ(ak)7 AappTR(C)(aj) = /\ Aﬁ(ak)>
ar€laj]ln o ak€lazln
\PMR(G) (aj) = \/ \PQ(ak)7 QM%(@ (aj) = \/ Q€<ak)v
ar€lasln ap€lasln
Yappr (@ (@) = A velar),  Aappry@(@) = A Aelar),
ar€laj]n ak€laz]ln
wapprm(ﬁ) (aj) = \/ wC(ak)v wappr%(ﬁ) (aj) = \/ WC(ak)
T ar€lajln o ak€lazln

The upper approximation of € in the approximation space (A, R), denoted by appry(€), is defined as

/L’yapprm(C) (a] )

apprm )(a]) o @ )
7/ appry (€) (&
apprR(€) = (Ao leg)e caje Ay 27
app?“%( ) a; app’l“gR @ (CL]) Zwappﬂn(@(a]) a; ( )
apprm )(aj) ZWappra?(Q)(a])
where, for all a; € A,
Fappr%(C) (aj) = \/ FC(ak)> Aappr%(ﬁ)(aj) = \/ AC(ak)a
- ar€lajln - ak€lazln
Voppro @ (a5) = A Welar) Qappr ((aj) = A Qelar),
akE[a]‘]m ake[aj]ER
appry(€)(az) =V yelar), Aappry@(a) =V Aelar),
ak€lazln ak€lazln
wapprm(C) (aj) = /\ wﬁ(ak’)a WappréR(C) (aj) = /\ wﬁ(ak)
o ap€lajlp o ar€laz]ln
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It is easy to see that appry(€) and appry (<) are two CQSVNSs in A. appry(€) = (appry (), appry(€))
is called the rough complex quadripartitioned single valued neutrosophic set (rough CQSVNS) in the
approximation space (A, ). Furthermore, the positive region, negative region and boundary region
of CQSVNS € are defined as Pg(€) = appr,(€), Np(€) =~ appry(¢) and Byp(€) = appry(E)N ~
appr,(€), respectively. If appr,(€) = appry(€) then the CQSVNS € is called a definable CQSVNS
in (A,R), otherwise € is a rough. It can be easily demonstrated that null CQSVNS and absolute
CQSVNS are definable.

Example 4.2. Suppose that A = {ay, a9, a3, a4, as,as} is a universal set and

(as, (0.7¢127(5) 0.2¢i27(3) | 0.4¢i27(3) 0561‘“(1))) (a4, (0. 161%( ) 04em< ), 0. 16’2”( ),0.1e27 (1)),

{ (ah<0.5ei27r(%)70_7€i27r(2) ei2m(1) 1ei27r(1%)>) (az, (0. 461‘%(2) 096i27r(1) 0.7¢27(3) Oei27r(0)>) }
Q: =
(as, (0.2¢27(3)  0.5e127(5 >,0.6e127f< >,o.7el27f< "), (a ,(0.2612”(1),0.7612”(1),0.4612”( 02612” 1))

is a CQSVNS in A. Also, let  be an equivalence relation on A such that the equivalence classes are
la1]p = {a1, a3}, [a2]p = {a2}, and [a4]n = {a4, aq,a6}. Then, the lower and upper approximations of
¢, ie. appr%(ﬁ) and appry(€), respectively, in the approximation space (A, R) are as follows:

(ah <0.56i27r(é)’ 0.2ei271'(%)7 161’27r(1)7 ]_61'27r(1)>)7 (a2’ <0 461271'( ) ,0. 961271'( ) 0. 761271'( ) 06i27r(0)>)’
(Cl3, <O.5ei2ﬂ(%)’ 0'281'271'(%)7 1€i277(1) 1ei27r(1)>) ( aa, <0 167.271'( )7 0.462271-( )70 661271( ) 0. 7ei27r(3 >)
(a5, (0.1727(3) 0.4¢727(2) | 0.6€727(3) | 0.7¢127(2))), (ag, (0.1727(3), 0.4¢727(3) 0. 6eizm(3) ,0.7¢127(3)))

and

(a1,<0.7ei2’*<1> 0.7¢27(3) 0.4¢27(2) 0.5¢27(30))), (as, (0.4¢27(3) | 0.9¢727(3) 0, 7e12ﬂ(%>,0e12ﬂ<0>>)

(az, (0.7¢727(2)0.7¢727(3) | 0.4¢727(3) 05612”(i)>),(a47<0.2ei2”(1),0.7ei2”(1),0.1el2”(%) 0.2¢27 (1)),

(as, (O.Qem”(l),0.7612”(1)70.16’2”( ),O.QBZQW( o)), (ag, <0.26i2”(1),0.762'2”(1),0.1612”( ),0.2 ¢i27(55) ))
So, it is a rough CQSVNS.

Proposition 4.3. For the lower and upper approximations of CQSVNSs €, €; and €, the following
properties are hold.

(i) appry,(€) C € C appry(€)
(ii) & C & = appry(€1) C appr(€2) and appry(€i) C appry(€2)

(iil) appry(apprg(€)) = appry,(€) and appry(appry(€)) = appry(€)

(iv) appry,(appry(€)) = appry(€) and appry(appry,(€)) = appry(€)

(
(
(v) apprg(~ €) =~ appry(€) and appry(~ €) =~ appry(€)
(vi) appry (€1 N &) = appry(€1) Nappry(€2) and appry (€ U €2) = appry(€1) U appry(€2)
PRrOOF.

(i): Let € be a CQSVNS in A, and appr%(ﬁ) and appry(€) be lower and upper approximations of
¢, respectively. For every a; € A, we calculate (by considering Definitions 3.8 (a) and 4.1), for
the amplitude term of complex truth-membership,

Lappr@(aj) = A Telar) <Tela;) <V Telar) = Tagpry(e)(a5)

ai€lajln ar€laj]n

and for the phase term of complex falsity-membership,

Wappr,(@)(aj) =V welar) Zwelag) = A welar) = Wagpry(e)(a5)-
ai€lajln ai€lajln
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(ii):
(iii):

(iv):
(v):

(vi):

o8

Proceeding with similar calculations, we obtain that

Aappr () (a5) < Aeaj) < Aagpry)(a7), Yappr, (©)(a7) = Yelaj) = Vapprp(e) (a5),

Qappr,,(2)(@5) = Qe(a;) = Qappry ) (@5), Vappr () (@5) < velaz) < Yapprg(e)(a);

Aappr,(€)(05) < Ae(a5) < Aapprp(e)(@5); Vappr, (©)(a5) = Ye(aj) = Vapprp(e) (@5)-

Therefore, we have apprm(ﬁ) C € C appry(€)
It is obvious from the definitions of lower and upper approximations of CQSVNS.

According to the definition of lower approximation of CQSVNS, we can write, for ever a; € A,
Lappry (©)(a7) = /\  Telar) = Le(ar,)
ak€laz]ln
where a, € [a;]n. It follows
Lappr,,(appr,(e)) (a5) = A AN Telaw)) =Telar.)
ar€laslp ar€lajln

So, Fappr%(appr%(e))(aj) = Fappr%(C)(aj) for ever a; € A. It can be shown similarly for other
amplitude terms and phase terms. These demonstrate that appr%(appr%(ei)) = appr%(Qﬁ). The
property apprm(apprm(ef)) = appr%(C) can be proved similarly.

The proof is similar to the proof of (iii).

According to the Definitions 3.8 (c) and 4.1, we can obtain

i A v~elar)) )
(A Teelag)e om0
ak€lajln
i A Aecelar))
( /\ A~¢(ak)).e ap€lajly ,
appry(~€) = a; ak€lagle ta; €A
appr g - J> iV tYelar)) ©
( \/ ‘Pwe(ak))-e ap€lajlp ,
ar€lajln
o iV wmelan)
(V  Quelap)).e el
L ar€la;ln )
( iV welar)) )
( \/ Qﬁ(ak))ﬁ ap€lajln ,
ak€la;ln
iV velar)
(V  Telag)).e »teln ,
_ a;, < ai€lajln (A Aelan) > S A
(A Aca)e i
ak€la;ln
i A velar))
(A Telag)).e “sleln ;
L ar€lajln )

= ~appry(Q). (28)
The property of apprs(~ €) =~ apprs(€) can be demonstrated similarly.

Based on the Definition 3.8 (¢) and (d) and Definition 4.1, it can be proved similar to the proof
of (v).

O]
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5. Level Cut Set-based Rough Degree of Complex Quadripartitioned Single Valued
Neutrosophic Set

In this section, we introduce the approximate precision and rough degree of CQSVNS and give some
theoretical results.

For the CQSVNS ¢ in A, we know that apprﬂ(@ and appryp(€) are two CQSVNSs. Thus, the

(a1, 1), (a2, B2), (as, B3), (a4, B1))-level cut sets of appr%(ﬁ) and appry(€) can be described as fol-
lows.

Definition 5.1. The ((a1, 1), (a2, 82), (a3, B3), (4, f1))-level cut sets of appr%(Q:) and appryp(C),
denoted by (appr%(C))(Bl’ﬁQ’ﬁ&ﬁ“)) and (appr%((ﬁ))(ﬂl’ﬁQ’ﬁ3’f84)), are defined as follows, respectively:

(a1,a2,03,04 (a1,a2,03,04

appr (a’]) > Q, AMR(Q) (CL]') > a2,

(B1,62,83,84) app?“ (aJ) < as, Qap;m‘ (Q)(aj) < ay,

appr (€ =< a; €A: R 29

(7]7]9 §R( ))(a1,a27a3,a4) J Yappr,( (a]) > 01, )‘apprw(@ (aj) > (9, (29)
wapp’/‘%(Q (CLJ) < ﬁ37 wappr%(@ (aj) < 54

and

apan C)(aj) > o, AWW(G) (aj) > g,
—— (B1,82,83,84) _ ) . app’r () (CL]) < ag, Qappr (©) (aj) < oy,
appry(C =< a;€A: » ® 30
(appry( >)(a1,a2,a3,a4) J Vapprg (€ )(a]) > By, A a7 Q)(aj) > [y, (30)
wapprm )(a]) < B3, Wapprs (€) (CL]') < B4

Definition 5.2. Let (A, R) be an approximation space and € be a CQSVNS in A. Also, let the
(a2, 82), (a2, 82), (a3, B2), (a2, B2))-level cut set of appry(€) be not null. The level cut set-based
approximate precision of CQSVNS € can be defined as

(/B 7/3 9ﬁ ’/Bl)
o) (L2 B g gty [(appr (@) (ol ot abab| a1
(7( )( (12), (1 2), (1 2. (1 2)) — (B2,62,62.52) ( )
Kappr%(e:))(al,awag,az)’
where the notation | - | denotes the cardinality of set and 0 < a% < 04% <10« a% < a% <1,
0<a3<a3<1L,0<o<aj<LO0<f<p<1,0<B <P <1,0<p]<ps<],
0<pl<pi<L
The level cut set-based rough degree of CQSVNS € is denoted and defined by
( %172)7ﬁ§172)7ﬁél,2) 765{1’2)) P . ( 5172)7/8§1,2)’5:‘(;1,2) 7184&1’2))
p(e)(a§1,2)7a(21,2)7ag1,2)7a‘(11,2)) =1 U(Q:)(a§1,2)’a(21,2)’a§1,2)7a£11,2)) (32)

Note 5.3. From now on, the ((a?, 87), (a3, 83), (a3, B2), (a3, B3))-level cut set of appry(€) is not null.

Theorem 5.4. Let (A, R) be an approximation space and € be a CQSVNS in A. Then, the approxi-
. (5(1 2)’ (1, 2), (1, 2)7 §1,2) ( (1, 2), él,Q)’ él 2)7 41 2))

mate precision O'(Q:)( (12) (1 ) (1 2) (1) and the rough degree p(Qﬁ)( 12,12 1) .2) of CQSVNS

&g sy

¢ provide the followmg propertles
; (B2 ) b b))
(i) 0 < U<Q:)( (1.2) (1,2) 0521,2) 4(1 2)
thnti ] 13 I’

o)

(1 2) 5(1,2) 5(1,2) ﬁ(l 2))
P9 sP3 Py < 1

(1, 2) (172) (1 2) (1 2))

<1

(i) 0 < p<¢>§
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PROOF.

(i): By Proposition 4.3 (i), we know that appry(€) € apprp(€). Since 0 < a?, < oz]l, <1,0< ﬁf, <
ﬁ;glforpzl,Q and0<aé§a3§1,0<ﬁ; §B2§1forp:3,4, we can say that
‘(M%(Qz))(ai,ai,az 6;111)| < ‘(appr%(e:))(al%,az,az,ai)‘

(1,2) 5(1,2) 5(1,2) 5(1,2)
M2 M3

( Bi)
So, we have 0 < J(@)(a}m) (1) 2 4(1 ) <1
1 Qy

(ii): It is obvious from (i) and Eq. (32).
U

Example 5.5. Consider the lower approximation appry(€) and upper approximation appry(€) of €
in Example 4.2. We can find that the ((0.3, %), (0.7, ) (0.7,45),(0.3,0))-level cut set of appr(€) is

4

(£7£7 7
(apprm(e))(g’. 20 7,0. 7 0.3) = {az}
and ((0.2,%),(0.7,2F), (0.7, 4%), (0.5, T))-level cut set of appryp(€) is

(7r 27 4w Tr)

@PT5(©)) 5355 4500 = (02,04, a5, a5)

Hence, we calculate the approximation precision and rough degree as

2 ar 4
(5:3h(5,5):(55),(0,3))

1
U(Q)((0.3,0.2),(0.7,0.2),(0.7,0.7),(0.3,0.5)) =1

and
((E E) (W72gr)7 47r747r),(0’E)) 3
/’(Q:)((S Y )2(0 7,0. 2)3 (037,0.7),?0.3,0.5)) =1

Proposition 5.6. Let (A, R) be an approximation space, and €; and €3 be two CQSVNSs in A.
(i) If ¢; C &5 and (appréR(Cl))( Z’ﬁ%’ﬂd’ﬁ“) (apprs (€2 ))(ﬁl "321’53’ﬁ4) then

(of, a2,a3 a4) (a a2,a3,a )

. ( 51,2) ;1,2) §1,2) 54(11,2)) &, (5(1 2) (1 2) 5(1 12) 5(1 2)
O_ b b b < 0_ b 9.
( 1)(a§1,2)7a§1,2)’aél,2)’ai1,2)) > ( )( a, 2)’ (1 2)7 (, 2)’ (1,2)y

and

(1,2) §1,2)7 él 2)7 41 2)) (B(l 2)7 (1, 2)’5(1 2),,3(1 2))

( k2
(Qtl) (1, 2) (1,2) (1,2) (1,2)y = p(Q:Q) (1, 2) (1 2) (1 2) (1 2)
( ,CM3 ) 4 ) ( 7 7 )

(i) If € C € and (appryy(€1)) 552 — (appr (€2)) 1% %%) then

(a17a27a57a4) ( 17052704370‘4)

e N N S (812,850 ) (12
¢ 2 3 4 Q: 2 3 4
( 1)( (1.2), (1,2)@&1,2) (1, 2)) ( 2)( (11 2)’(1;1,2)70[&1,2)7&511,2))
and
( (12), (1 2>,,8<1 2)75(1,2)) (/3(1 2)7 a, 2),5(1 12) 75(1 2>)
C 1 4 < €
P( 1)(ag1 2)7 <1 2)7 (, 2)’%(11,2)) > p( )( 51 2)7 (1 2)’ a, 2)7 a, 2))
PROOF.
. . 82,83, B3:85.8 iy
(i): Since €; C &y, we have (appr (Ql))ggl 01225% i“l)) C (appr. (Qﬁg))gil a22 a3 4)) by Propositions 3.5
and 4.3 (i). From the assumption, we have (appr (61))(51 ’62’ﬂ3’54) = (appr (CQ))(B%’B%’Bé’ﬂi).
R (a?,02,02,02) — R (al,al,0d.al)

Therefore, the proof is clear from Egs. (31) and (32).

(ii): It can be proved similar to proof of (i).
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6. Conclusion

The QSVNS based on the four-valued logic is an effective mathematical tool for managing ambiguity.
In this study based on extension of these sets, we introduced the concept of CQSVNSs and carried out
theoretical study of various set-theoretic operations on them. Then, we described the lower and upper
approximations of CQSVNSs in the approximation space and discussed their properties. Meanwhile,
we gave the definitions of rough CQSVN cut sets and then presented how to measure the rough degree
of CQSVN in the approximation space. It is worth mentioning that the CQSVNs and rough CQSVNs
can be used for dealing with many problems in real life. Future works may involve the different types
of distance measures between two CQSVNs (or rough CQSVNSs) and their applications in the medical
diagnosis, pattern recognition and clustering analysis.
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Abstract — Support Vector Machine (SVM) is a supervised machine learning method used for
classification and regression. It is based on the Vapnik-Chervonenkis (VC) theory and Structural Risk
Article History Minimization (SRM) principle. Thanks to its strong theoretical background, SVM exhibits a high
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1. Introduction

The first mentions on Support Vector Machine (SVM) were made by Vapnik in 1979. However, after the
presentation at the conference named COLT (Conference on Computational Learning Theory), held in
America in 1992 [1], the use of SVM became widespread. Then, it was officially introduced by Vapnik in
1995 [2].

The SVM theory is based on the idea of Vapnik-Chervonenkis (VC) theory and Structural Risk
Minimization (SRM). The VC theory is a subbranch of statistical learning theory. The main goal in learning
problems is to reach the most accurate results with the minimum error. For this, the expected risk is desired to
be minimum. The basic idea in SRM principle and VC theory is to select the model with the correct level of
complexity to minimize the expected risk or generalization error among many models. The SRM principle
aims to minimize the upper bound of the expected risk. For a function with distribution, the SRM principle
converges to the optimal solution. SVM tries to keep both experimental risk and VC dimension to a minimum
so that the expected risk reaches the minimum [3].

SVM aims to classify the observations most accurately by finding the optimal separating hyperplane
between two or more classes. It is used in linear and non-linear classification and regression problems. Datasets
in which training data cannot be separated linearly are transferred to a higher dimensional feature space using
mapping functions. The dataset mapped to the feature space can be linearly separated using kernel functions
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[4]. In feature space, SVM tries to solve the quadratic optimization problem to find the optimal separating
hyperplane.

SVM is used in many different domains: pattern recognition (handwriting [5], face [6], speech [7],
emotion [8], disease diagnosis [9], treatment success [10], time series [11], criminology [12], stock market
prediction [13], etc.).

This study aims to introduce the two-class SVM classification theory and examine the effects of sample
size and optimal hyperparameter selection on classification accuracy. Besides, determining the optimal values
of the hyperparameters of kernel functions has a significant impact on SVM results. For tuning the
hyperparameters, many algorithms have been proposed, such as grid search, random search, Bayesian
optimization, simulated annealing, particle swarm optimization, genetic algorithm, etc. [14]. In this study, we
used a grid search CV algorithm to tune hyperparameters. After tuning the hyperparameters, the SVM
classification results were examined on the simulated dataset with different scenarios.

The rest of the paper is organized as follows. A brief review of the theory of SVM is described in Section
2. The experiments are presented in Section 3. Results are given in Section 4, and we conclude the paper with
a summary of results by emphasizing the importance of this study and mentioning some viable future work.

2. Support Vector Machines

The theory of SVMs in classification problems is given in this section [15,16]. SVMs are used to optimally
separate dataset belonging multiple classes by specifying a hyperplane. With linear SVM, the dataset can be
separated completely (hard margin) or partially (soft margin), and the dataset cannot be separated linearly in
any way with non-linear SVM.

2.1. Linear Support Vector Machines

Let (x1,¥1), (x2,¥2), ..., (xn, Vi), x € R™ be the training dataset for SVM with separable two-class labels such
asy € {+1,—1}. The main purpose of SVM is to find the most suitable separating hyperplane that will enable
to classify training observations correctly. Hyperplane represents a separating surface in a multidimensional
space. There can be thousands of different hyperplanes between two classes, so the most suitable (optimal)
hyperplane must be found for strong classification accuracy and better generalization performance.

To find the optimal separating hyperplane, it is necessary to determine the distance between training
observations with different two-class labels called Margin. The maximum margin classifier will give the
optimal separating hyperplane. Separating hyperplanes are formulated as in Equation 1,

D(x)=Ww.2)+b=0 (1)
and should provide Equation 2 for both classes.
yilw.z) +b] =2 1,i=1,..,n 2
The distance between hyperplane and origin is
= ©)
in which b and w are the parameters of the optimal hyperplane. Here, | .| is the absolute value and || . || is the

Euclidean norm of a vector. Assume two hyperplanes (+d, —a) for two-class label (+1, —1). Thus, the margin
is computed as

_ l1-b|  |-1-b] _ 2

e (4)

liwll llwll llwll

margin = d, —d_

To maximize this margin (hard margin), the norm of w is minimized. Hence, the primal form of the
optimization problem obtained for the maximum margin classifier or, in other words, the optimal separating
hyperplane is as follows:
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minimize%llwll2
subjectto y;(w.z; + b) = +1,i=1,..,n (5)

The optimal hyperplane problem is a classical optimization problem and can be solved by the Lagrangian
multiplier method and Krush Kuhn Tucker (KKT) conditions, so the problem transforms into the dual form,
and the dual form of the problem is solved as in Equation 6,

.. 1
maximize W(x) = X", a; — 52?:1 Z}Ll a;a;y;V;zi. Z
subjectto X, a;y; =0,i=1,..,n (6)

The KKT theorem is important in the theory of SVM. According to KKT conditions, there are two
different situations for a;(y;(w.z; + b) —1) = 0, which are the correctly classified features outside of
hyperplanes (a; = 0) and the correctly classified features located on hyperplanes (a; = 0), called support
vectors. The structure of an SVM is shown in Figure 1.

Support Vectors
AN

Cassily=s)) o N\ o
¥ e

S \

Support Vectors

Fig 1: The structure of an SVM

2.2. Non-Linear Support Vector Machines

The previous sections mentioned that the dataset is completely and linearly separable (hard margin). Moreover,
when the dataset is partially non-separable (soft margin), slack variables (&) are added to Equation 2, and the
computations are performed as in the hard margin optimization. Then, separating hyperplane for the partially
non-separable dataset is found as in Equation 7,

yilw.z)+ bl =1-¢;,i=1,..,n (7
The optimal hyperplane for the partially non-separable case is obtained from Equation 8,
minimize > wll? + C XL, &
subjecttoy;(w.z; +b) >1-¢;, i=1,..,n, =0 (8)

in which the regularization parameter C is constant.

Non-linear SVM classifier is used in cases where training observations cannot be separated by a linear
decision surface. Generally, datasets cannot be separated linearly in real analysis. For such problems, mapping
functions are used to transform the input space in which training observations cannot be separated linearly into
a higher dimensional feature space where observations can be linearly separated [17]. To access this aim,
kernel functions are used because the transition to a higher dimensional space with mapping functions and
processing with dot products in this space is computationally difficult and time-consuming. Kernel function
K (.,.) is given in Equation 9,

K(xi,xp ) = z.zi = (x). p(x)) 9)
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The function satisfies Mercer’s theorem. The most known kernel functions are linear, radial basis
function, polynomial, sigmoid, dot product, and two-layer neural network kernel [18]. Some kernel function
algorithms are given in Table 1.

Table 1. Kernel functions

Kernel Functions Algorithms
Linear K@Ww',v)=u'v
Polynomial K@w',v)=@W'v+1)4
Radial Basis Function KW', v) = exp(—|lu —v||?/c?)

The non-linear separating hyperplane can be found as
.. 1
maximize W(a) = X a; — 52?212};1 aiajyiyjK(xi,xj)
subjectto X, y;a; =0, 0<a;<C,i=1,..,n (10)
and the decision function is as in Equation 11,

f(x) =sign(w.z + b) = sign(Qj; ;y; K (x;,x) + b) (12)

3. Experiments

It is aimed to determine the optimal hyperparameters of the kernel function to be used in SVM classification
and to examine the effect of these optimal values on the classification accuracy.

For this purpose, firstly datasets with standard normal distribution according to different correlation levels
and different sample sizes were created by using the "MASS" package in the R. Correlation levels for simulated
datasets were determined as 0.25,0.50,0.75 and sample sizes were determined as 20,50,100 and 200,
respectively. The number of features has been kept constant as 2.

For these datasets, optimal hyperparameter selection was performed according to kernel functions with
Grid search and 10-fold Cross Validation (CV) methods with 30 iterations. The intervals for the
hyperparameters determined as in Table 2.

Table 2. Hyperparameter searching intervals setting

Hyperparameters
Kernel Function C Sigma Degree Scale
Linear {1,2,...,20} - - -
Radial Basis Function {1,2,...,20} {0.1,06,1.1,...,10} - -
Polynomial {1,2,...,20} - {1,2,3} {1073,1072,...,10%}

2 class-SVM classification process was carried out by using "el071" packages. Then, datasets for 3
different kernel functions (linear, polynomial and radial basis function) were analysed for optimal
hyperparameter values and the kernel functions with the highest test accuracy were examined according to the
obtained test prediction results.

4. Results

Firstly, optimal hyperparameters were selected according to 3 different correlation levels and SVM classifier
performances were obtained for 3 different kernel functions when the number of observations was 20. Results
were given in Table 3.
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Table 3. Optimal values for kernel hyperparameters and classification accuracies when sample size was 20

Sample size  Kernel function Correlation Optimal hyperparameter Classification
levels values accuracy%
0.25 c=1 0.60
20 Linear 0.50 c=1 0.60
0.75 C=1 0.75
0.25 d=2,s=1, C=1 0.60
20 Polynomial 0.50 d=2,s=1, C=1 0.60
0.75 d=3,s=1, C=1 0.74
0.25 C=2, 0=2.5 0.60
20 RBF 0.50 C=2, 0=2.6 0.60
0.75 C=2, 0=9.6 0.75

In Table 3, it was observed that when the sample size was 20, optimal hyperparameter values got almost
the same values according to different correlation levels. Similar results were obtained for 3 kernel functions
of SVM classification accuracies. While the sample size was 20, the most accurate classification percentage
was obtained when the correlation level was 0.75 for all 3 kernel functions. While the sample size was small,
it was concluded that the classification accuracy varied according to the correlation levels, not the kernel
functions.

Secondly, for the number of observations 50, optimal hyperparameters were selected according to 3
different correlation levels and test accuracy percentages were obtained for 3 kernel functions according to the
parameters. Results were given in Table 4.

Table 4. Optimal values for kernel hyperparameters and classification accuracies when sample size was 50

Sample size  Kernel function Correlation Optimal hyperparameter Classification
levels values accuracy%
0.25 C=5 0.89
50 Linear 0.50 C=6 0.87
0.75 C=3 0.88
0.25 d=2, s=1, C=18 0.98
50 Polynomial 0.50 d=2, s=1, C=17 0.95
0.75 d=3, s=1, C=18 0.99
0.25 C=2, ,0=1.6 0.99
50 RBF 0.50 C=19,0=11 0.99
0.75 C=1, 0=06 0.99

In Table 4, while the number of observations 50 with different correlation levels, it was seen that although
the optimal hyperparameter values were different, more accurate classification percentages were obtained with
the polynomial and RBF kernel functions.

The optimal hyperparameters were selected according to 3 different correlation levels and test accuracy
percentages were obtained for 3 kernel functions according to the parameters for the number of observations
100. Results were given in Table 5.
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Table 5. Optimal values for kernel hyperparameters and classification accuracies when sample size was 100

Sample size  Kernel function Correlation Optimal hyperparameter Classification

levels values accuracy%
0.25 C=3 0.76

100 Linear 0.50 C=4 0.78
0.75 C=1 0.76
0.25 d=2,s=1, C=8 0.96

100 Polynomial 0.50 d=2, s=1, C=8 0.92
0.75 d=2,s=1, C=8 0.96
0.25 C=12,0 =11 0.92

100 RBF 0.50 C=20, 0 =0.6 0.92
0.75 C=20,0=1.1 0.88

It is seen in the Table 5 that the highest classification accuracy values were obtained with the polynomial
kernel. For the polynomial kernel, the result is that the optimal parameter values are the same despite different
correlation levels. The same analyses were performed for the number of observations 200, and the results were
obtained as in Table 6.

Table 6. Optimal values for kernel hyperparameters and classification accuracies when sample size was 200

Sample size  Kernel function Correlation Optimal hyperparameter Classification

levels values accuracy%
0.25 C=2 0.92

200 Linear 0.50 C=5 0.90
0.75 C=2 0.90
0.25 d=2, s=1, C=20 0.98

200 Polynomial 0.50 d=2, s=1, C=12 0.99
0.75 d=2, s=1, C=20 0.99
0.25 C=3,0=0.6 0.98

200 RBF 0.50 C=1,0=16 0.98
0.75 C=20,0=1.1 0.99

In Table 6, the highest accuracy values are obtained with polynomial and radial kernel. Although the
optimal hyperparameter values are different in the radial kernel according to different correlation levels, it is
seen that similar results are obtained for the appropriate hyperparameter values in the polynomial kernel.
Furthermore, Haberman's Survival dataset from the University of California Irvine (UCI) repository [19] was
used in the experiments. It was described in Table 6 with the number of classes, instances, and features.

Table 6. Information about UCI dataset
Dataset Number of Classes  Number of Instances  Number of Features
Haberman’s Survival 2 306 3

The analysis on the simulated datasets were also performed for the Haberman's Survival UCI dataset. The
intervals specified in Table 2 were used to obtain the optimal hyperparameters. The optimal hyperparameter
selection was performed according to kernel functions with Grid search and 10-fold CV methods with 30
iterations. After determining the optimal hyperparameter values, the SVM classification process was
performed. The results were given in Table 7.

Table 7. SVM classification results of Haberman’s Survival dataset
Kernel function  Optimal hyperparameter values  Classification accuracy %
Linear C=5 0.7368
Polynomial C=12, d=3, s=0.1 0.7337
RBF C=8,0=0.1 0.7763
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In Table 7, the highest SVM classification accuracy for the UCI dataset was achieved with the RBF kernel
function with C=8 and ¢=0.1 values. In addition, the graphical representation of obtaining optimal
hyperparameter values for 3 kernel functions was given in Figure 2.
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Fig 2: Optimal hyperparameters search for Haberman’s Survival dataset

In Figure 2, the graphical representation of the values of the Cost parameter for the linear kernel according
to SVM classification accuracy percentages was given on the left. It is seen that the highest accuracy values
are obtained when the C parameter was greater than or equal to 5. In the middle, graphical representation of
polynomial kernel parameters according to classification accuracy was given. It was observed that there is a
relationship between C, scale and degree parameters and they have different effects on classification accuracy
in different situations. On the right, a graphical representation of the values for the C and sigma parameters of
the RBF kernel function was given.

5. Conclusion

The present study was focused on tuning the hyperparameters in SVM classification problems. Grid search
and ten-fold CV methods were used to obtain optimal values of hyperparameters according to kernel functions
with different sample sizes and correlation levels. Then, the classification accuracy values were examined by
performing SVM classification.

SVM is a powerful method developed for classification and regression problems. Although grid search
and five- or ten-fold CV yields successful results in finding the optimal value for hyperparameters, it may still
pose a risk to determine the intervals for these parameters by the users. Therefore, in future studies, developing
new approaches in addition to existing methods on the automatic selection of hyperparameter and kernel
function will save time in analyses and produce more reliable results.
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1. Introduction

Many authors very commonly discuss the point estimation and various characterization of the statistical
distributions. Describing the distributions’ statistical properties in detail is very significant to illustrate the
usefulness of the distributions. Another critical point is the parameter estimation problem for the statistical
distributions. It is well-known that the maximum likelihood method is very popular for point estimation.
However, many researchers studied various alternative methods to the maximum likelihood method. In the last
decade, there are many papers on the characterization and estimation of the distributions. Mahmoud and
Mandouh [1] described some distributional properties of transmuted Fréchet distribution. Hamedani [2]
examined some characteristics of transmuted complementary Weibull geometric distribution. Ahmad et al. [3]
provided the characterization of transmuted Kumaraswamy distribution. Ahmad et al. [4] focused on a number
of statistical properties and point estimation for transmuted Rayleigh distribution. Bhatti et al. [5] studied a
couple of characterizations of transmuted Dagum distribution. Bhatti et al. [6] discussed several distributional
properties of transmuted modified Burr 11 distribution. Bhatti et al. [7] examined some statistical properties of
the transmuted geometric-quadratic hazard rate distribution. Tanis et al. [8] considered a comparison of the
approximate Bayes and maximum likelihood estimation methods for log-Dagum distribution. Tanig and
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Saragoglu [9] compared the methods of estimation for log-Kumaraswamy distribution. Hanif et al. [10]
discussed several estimation methods for Rician distribution. Anas et al. [11] performed partial characterisation
of extreme value distribution. Hanif et al. [12] tackled the estimation of parameters’ discrete inverse Weibull
distribution using ranked set sampling. Hanif et al. [13] focused on the estimation of parameters’ generalized
exponential distribution. Karakaya and Tanis [14] compared the estimation methods for Akash distribution.
Tanisg and Saragoglu [15] provided a comparison of the methods of estimation for transmuted record type
Weibull distribution. Karakaya and Tanmig [16] discussed the estimation problem of Xgamma-Weibull
distribution. Tams et al. [17] described the estimation methods for transmuted lower record type Fréchet
distribution.

The purpose of this paper is to examine some distributional properties and compare five estimation
methods such as maximum likelihood, least-squares, weighted least-squares, Anderson-Darling, and Cramer—
Von-Mises for transmuted power function distribution [18]. The paper is organized as follows: In Section 2,
the transmuted power function distribution and distributional properties are described, such as density and
hazard shapes with theorems. Then, some risk measures are defined for transmuted power function distribution
in Section 3. Section 4 presents five methods of estimation for point estimation. Section 5 provides an extensive
Monte Carlo simulation study to compare these estimation methods. Finally, the conclusions are presented in
Section 6.

2. Transmuted Power Function Distribution

Transmuted power function distribution is proposed by Shahzad and Asghar [18] via a quadratic transmutation
map (QRTM). The relationship between baseline distribution and transmuted distribution obtained by using
QRTM are summarized by

F(x) =G)[1+ (1 - G(x))] (D
where |A] < 1, G(x) denotes the cumulative distribution function (CDF) of baseline distribution, and F (x)
refers to the CDF of transmuted distribution newly generated by the QTRM. Consider the baseline distribution
power function distribution with CDF G (x; 8) = x# and the probability density function (PDF) g(x;B) =
BxB~1 then, the PDF and CDF of transmuted power function distribution are as follows:
F(x; 8,4 = xP{1+ A(1 — xP)} (2)
and
fO;B,2) = BxPH{1 4+ 2 — 2AxF} (3)

respectively, where § > 0 is a shape parameter and —1 < A < 1 [18]. Transmuted power function distribution
can model the datasets in many fields, such as engineering, economics, hydrology, and social and behavioural
sciences. Some statistical properties include mean, mode, median, variance, quantile function, reliability
function, hazard function, order statistics, and generalized TL-moments with its special cases L-, TL-, LL LH-
moments are described for transmuted power function distribution in [18]. In this paper, transmuted power
function distribution is briefly denoted by TPF(f,1). Recently, many papers have produced about power
function distribution in the literature. Some of these studies are listed as follows: Akhter [19] studied the
estimation methods for power function distribution. Tahir et al. [20] proposed a new statistical distribution
called Weibull-power function distribution. Okorie et al. [21] introduced the modified power function
distribution. Bursa and Ozel [22] provided a new extension of power function distribution, called
exponentiated Kumaraswamy-power function distribution. Hassan and Salwa [23] proposed a new statistical
distribution called exponentiated Weibull-power function distribution. Haq et al. [24] suggested the transmuted
Weibull power function distribution. The cubic transmuted power function distribution was introduced by [25].
Arshad et al. [26] suggested the exponentiated power function distribution. Jabenn and Zaka [27] tackled the
problem of percentile estimation for power function distribution.
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2.1. Density and Hazard Shapes

In this subsection, we discuss the possible shapes of density and hazard for TPF (B, A1) distribution with some
theorems.

Theorem 2.1. PDF of TPF(, A) distribution is unimodal for g > 2.

Proor. T; (x) and T, (x) denote the first and second derivatives of 10g(frpp(x: B, /1)), respectively. They are
defined as follows:

d 22 - DAxP -1+ DB -1
Ti(x) = alog(fTPF(X; B, /1)) = @h x()Zjlcxﬁ _(/1 -I__ 1;([; )
and
2 82237 (B =) = A+ 2B =1 2401+ (B — 1B — DF
T,(x) = Wlog(fTPF(x; B, /1)) = x(z(lez —A-1)2 - x2(2AxB — 21— 1)2

It is observed that T,(x) < 0 for g > 2. Then, the density of TPF(f, 1) distribution is log-concave and
unimodal for g > 2.

m]
Figure 1 illustrates the possible shapes of the density of TPF (3, A) distribution.
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Fig. 1. The density plots of TPF (3, A) distribution for selected parameters
Theorem 2.2. The hazard function (HF) of TPF (B, A) distribution increases for g > 2.
Proor.
) = fl) 20 =2PxP + 1+ DB -1
T ="%0) ~ x(2AxP—1-1)
and the first derivative of n(x) is defined by
1\ .2 2B 2
e Loy 8 (B-3)2x + A+ DB -1 221+ DB - (B - 2)xP
dx x2(2AxP — 1 —1)2 x2(2AxP — 1 —1)2
We notice that n(x) > 0 for § > 2, and it can be concluded that the HF of TPF (3, A) distribution is increasing
for § > 2 according to Glaser [28]. O

Figure 2 shows that the possible shapes of HF of TPF (3, A) distribution.
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Fig. 2. The hazard plots of TPF (3, 1) distribution for selected parameters

From Figure 2, we observe that the shape of HF tends to increase. Shahzad and Asghar [18] mention that the
TPF (B, A) distribution is more flexible than power function distribution since it has an increasing and bathtub-
shaped hazard rate.

3. Risk Measures

In this section, we discuss the theoretical and computational aspects of some essential risk measures such as
value at risk (VaR), tail value at risk (TVaR), tail variance (TV), and tail variance premium (TVP) for the
TPF (B, A) distribution.

3.1. VaR Measure

The VaR is a well-known measure of the risk of loss for investments. It is also called quantile risk measure.
Firms and regulators generally use the VaR in the financial sector to determine the number of assets required
to cover potential losses. The VaR of a random variable X is the " quantile of its CDF, denoted by VaR,, and

it is defined by VaR, = Q(q) [29,30].

Let X be a random variable from TPF(, A) distribution, then its VVaR can be obtained by
1

A+1—Jd+ 12— 4q|P
Var, - \/(2/1 )% — 44q

(4)

where q € (0,1).
3.2. TVaR Measure

TVaR, also known as conditional tail expectation, is a significant risk measure. It measures the expected value
of the loss given that an event outside a given probability level has occurred. The TVaR of TPF(S, 1)

distribution is
1 1 [+ )B(1—Var, ) 228(Var,Ff+ —1)

xf(x)dx =
Vaqu 1—-gq B+1 2B +1

where VaR,, is defined in (4).

TVaR, = (5)

1—¢q



Journal of New Theory 34 (2021) 72-81 / On Transmuted Power Function Distribution: Characterization, Risk, ...

3.3. TV Measure

76

The TV is one of the most significant risk-quantifying measures, which pay attention to the tail variance
beyond the VaR. TV was suggested by Landsman [31]. The TV of TPF(, A) distribution is given by

TV,(X) =E(X2|X>x,)—{TVaR,)"

1

= % x2f(x)dx — {TVaRq}2

1—qJyar,

1 [+ —-Var,F*?) Ap(Var,*P** 1)

“1-¢ B+ 2

where TVaR, is defined in (5).

3.4. TVP Measure

B +1

2
—{TVaR,}

(6)

The TVP is one of the most used risk measures, which essentially plays a role in insurance sciences. The TVP
of TPF(B, A) distribution is given as follows:

TVP, = TVaR, + uTV,

(7)

where 0 < u < 1, TVaR,, and TV, are defined in (5) and (6), respectively. Tables 1-2 provide the VaR, TVaR,

TV, and TVP of the TPF (B, A) distribution for some parameters.

Table 1. VaR, TVaR, TV, and TVP of the TPF (3, A) distribution for selected parameters

Parameters u Significance Level VaR TVaR TV TVP
0.7 0.226137 0.460796 0.035095 0.478343
0.75 0.276244 0.502876 0.031448 0.5186
038 0.337432 0.552153 0.027091 0.565698
f=051=09 05 0.85 0.41415 0.61146 0.021889 0.622404
0.9 0.514985 0.686193 0.015657 0.694022
0.95 0.661611 0.789652 0.008135 0.79372
0.99 0.876849 0.930279 0.001204 0.930881
0.7 0.885733 0.945493 0.001083 0.945818
0.75 0.907125 0.955287 0.000717 0.955502
038 0.927441 0.964767 0.000438 0.964898
f=21=-05 03 0.85 0.946797 0.973958 0.000236 0.974028
0.9 0.965289 0.982881 0.0001 0.982911
0.95 0.982999 0.991556 241x10% 0.991563
0.99 0.996654 0.998329 9.33x107 0.998329
0.7 0.92527 0.964136 0.000463 0.96446
0.75 0.939076 0.970518 0.000308 0.970733
0.8 0.952255 0.976718 0.00019 0.976851
pf=5A1=01 0.7 0.85 0.96488 0.982754 0.000103 0.982826
0.9 0.977013 0.988638 4.4x10°® 0.988669
0.95 0.988704 0.994383 1.06x10° 0.994391
0.99 0.997771 0.998886 4.14x107 0.998887
0.7 0.398807 0.633135 0.026904 0.649277
0.75 0.458578 0.674146 0.022134 0.687427
0.8 0.526709 0.719719 0.017187 0.730031
p=07,1=07 0.6 0.85 0.605911 0.771214 0.012135 0.778495
0.9 0.700959 0.830911 0.007135 0.835192
0.95 0.821919 0.903249 0.002592 0.904804
0.99 0.955898 0.977402 0.000162 0.977499
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Table 2. VaR, TVaR, TV, and TVP of the TPF (B, A) distribution for selected parameters

Parameters 1% Significance Level VaR TVaR TV TVP

0.7 0.82811 0.916594 0.002456 0.917576

0.75 0.859004 0.931184 0.001654 0.931845

0.8 0.888889 0.945473 0.001028 0.945884

B=11=-09 0.4 0.85 0.917856 0.959482 0.000562 0.959707
0.9 0.945986 0.97323 0.000243 0.973327

0.95 0.973348 0.986731 5.92x10° 0.986754

0.99 0.994724 0.997364 2.32x10¢ 0.997365

0.7 0.950062 0.970539 0.000164 0.970687

0.75 0.956434 0.973997 0.000125 0.97411

08 0.96285 0.977589 9.05x10° 0.97767

B=1521=095 0.9 0.85 0.96947 0.981407 6.12x10 0.981462
0.9 0.976577 0.985628 3.62x10° 0.98566

0.95 0.984855 0.990692 1.55x10° 0.990706

0.99 0.994485 0.996725 2.24x10°% 0.996727

0.7 0.289297 0.592721 0.041935 0.596915

0.75 0.36717 0.645842 0.03329 0.649171

0.8 0.459168 0.70432 0.024338 0.706754

B =0.3,12=0.05 01 0.85 0.566811 0.768554 0.015625 0.770116
0.9 0.691699 0.838956 0.007918 0.839747

0.95 0.835509 0.915956 0.002255 0.916181

0.99 0.96536 0.982606 1074 0.982616

0.7 0.833017 0.913352 0.002269 0.915167

0.75 0.859061 0.926815 0.001624 0.928114

0.8 0.885264 0.940485 0.001081 0.941349

B=31=05 08 0.85 0.911932 0.954465 0.00064 0.954977
0.9 0.93947 0.968894 0.000304 0.969136

0.95 0.968481 0.983968 8.26x10° 0.984034

0.99 0.993418 0.996695 3.61x10° 0.996698

4. Point Estimation

In this section, we consider five estimation methods to estimate the parameters of the TPF(, 1) distribution
including maximum likelihood, least squares, weighted least squares, Anderson-Darling method, and Cramér-
Von Mises method.
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Let X, X5,--+, X, be a random sample from the TPF(f, ) distribution and X (1) < X5y < -+ < X(p
denote the corresponding order statistics. Further, x;y refers to the observed value of X ;. In this regard, the
log-likelihood function of the TPF (B, A) distribution is

£6) = nlog(B) + (B — 1) ) log(1+27) + ) log(1+1—22x{) (®)
i=1 i=1

where 6 = (B, 1) is a parameter vector. Then, the maximum likelihood estimator (MLE) of 8 is given as
follows:

Omie = arggnax{{’ (6)} 9

Let us define the following four functions, which are used to obtain the different type of estimates:
n 2

Qus(0) = Z ([x(oﬂ{l + (1 - x")} - n Jlr 1) ’

i=1

S (n+2)(n + 1)?2 %
Quns® =Y “e ey (o (T a0 - 5)

1 2i — 12
Qe @) = 1=+ Y ([r (1 + 21 = 2PN - 5—)
i=1

and
1 1%
Qup(0) = 1=~ > ((2i = Dlogley? (1 + A(1 = xp?)}]) +5 ) (log(1 ~ [ {1 + A(1 = xp)}]))
i=1 i=1
The least squares estimators (LSEs), weighted least squares estimators (WLSES), Cramér-von Mises
estimators (CvMEs), and Anderson-Darling estimators (ADEs) of the parameters 8 = (8,1) are given,
respectively, by

Busp = argmin{Q(6)} (10)
Owise = argmin{Qu.s(6)} (11)
Bcums = argmin{Qcyu (6} (12)

Oape = argmin{Q4» (9} (13)

The estimators given in (9)-(13) can be obtained by optim () function in R with the BFGS algorithm.
5. Simulation Study

In this section, we perform a comprehensive Monte Carlo simulation study to compare the performances of
MLEs, LSEs, WLSEs, CvMEs, and ADEs of 8 and A according to biases and MSEs. The simulation study is
performed based on 1000 repetitions. We consider the sample size 50, 100, 250, 500, 1000, and four-parameter
settings as follows:

(B=2,A=05),(8=09,4=-05),(B=1,1=0.7),(8B=151=-0.7)
BFGS algorithm is performed to get the five estimates given in (9)-(13). Tables 3 and 4 provide the biases and
MSEs of five estimators for selected parameters and sample sizes.
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Table 3. Average biases of MLEs, LSEs, WLSEs, ADEs, and CvMEs of # and A parameters
B A

Parameters n MLE LSE WLSE ADE CvME MLE LSE WLSE ADE CvME

50 0.0777  -0.0300 -0.0071 0.0178 0.0650 | -0.0592 -0.1386 -0.1235 -0.1015 -0.0573

100 0.0518  0.0068 0.0256 0.0317 0.0550 | -0.0338  -0.0655 -0.0515 -0.0456  -0.0234

B=2,1=05 250 0.0388  0.0189 0.0273 0.0293 0.0370 | -0.0245 -0.0388 -0.0334 -0.0316  -0.0234
500 0.0332  0.0217 0.0274 0.0270 0.0305 | -0.0136  -0.0221  -0.0174  -0.0177  -0.0145

1000 0.0167  0.0088 0.0125 0.0123 0.0132 | -0.0160 -0.0216 -0.0188 -0.0189  -0.0179

50 0.1899  0.0331 0.1018 0.0337 0.0205 0.1487  -0.1357 -0.0043  -0.1118 -0.1762

100  0.1330 0.0128 0.0317 0.0335 0.0027 0.0853  -0.1309  -0.0827 -0.0789  -0.1574

p=09A1=-05 250 0.0688 -0.0191  0.0354 0.0051  -0.0255 | 0.0321  -0.1272  -0.0313 -0.0770  -0.1418
500 0.0496 -0.0152  0.0171 0.0138  -0.0207 | 0.0227 -0.0959  -0.0377  -0.0430  -0.1066

1000 0.0222  -00022 0.0040 0.0248  -0.0032 | -0.0043  -00576  -0.0410 -0.0092  -0.0603

50 0.0234 -0.0179  -0.0082  -0.0003  0.0237 | -0.1228 -0.1806 -0.1685 -0.1531  -0.1043

100  0.0215  0.0006 0.0092 0.0098 0.0197 | -0.0652 -0.0958 -0.0818 -0.0820  -0.0608

p=1,1=07 250 0.0226  0.0156 0.0185 0.0185 0.0229 | -0.0238  -0.0337 -0.0302 -0.0293  -0.0199
500 0.0134  0.0091 0.0111 0.0108 0.0128 | -0.0210 -0.0269  -0.0237  -0.0244  -0.0201

1000 0.0094  0.0081 0.0090 0.0088 0.0099 | -0.0137  -0.0157 -0.0142 -0.0146  -0.0123

50 0.3421  0.2711 0.2529 0.2517 0.2234 0.1521 0.0240 0.0402 0.0493  -0.0327

100 0.2050 0.1831 0.1782 0.1740 0.1507 0.0780 0.0069 0.0259 0.0278  -0.0303

p=151=-07 250 0.1492 0.1341 0.1300 0.1271 0.1134 0.0590 0.0192 0.0281 0.0272  -0.0025
500 0.0923  0.1046 0.0884 0.0860 0.0908 0.0287 0.0204 0.0158 0.0141 0.0065

1000 0.0712  0.0796 0.0924 0.0684 0.0693 0.0268 0.0220 0.0372 0.0183 00122

Table 4. Average MSEs of MLEs, LSEs, WLSEs, ADEs, and CvMEs of 8 and A parameters

I} A

Parameters n MLE LSE WLSE ADE CvME MLE LSE WLSE ADE CvME

50 0.1403 0.1725 0.1581 0.1431 0.1751 0.1192 0.1655 0.1556 0.1347 0.1412

100  0.0752 0.0917 0.0794 0.0731 0.0899 0.0726 0.0837 0.0744 0.0670 0.0722

B=21=05 250  0.0276 0.0335 0.0321 0.0302 0.0341 0.0228 0.0286 0.0295 0.0266 0.0270
500  0.0144 0.0174 0.0149 0.0148 0.0178 0.0116 0.0142 0.0121 0.0121 0.0138

1000  0.0069 0.0085 0.0074 0.0074 0.0086 0.0056 0.0069 0.0060 0.0060 0.0067

50 0.1018 0.0563 0.0664 0.0506 0.0688 0.1655 0.1422 0.1289 0.1175 0.2011

100  0.0692 0.0400 0.0380 0.0372 0.0465 0.1110 0.1164 0.0960 0.0913 0.1454

f=09,1=-05 250  0.0377 0.0273 0.0308 0.0254 0.0301 0.0768 0.0865 0.0730 0.0700 0.0982
500  0.0258 0.0210 0.0219 0.0215 0.0224 0.0551 0.0640 0.0571 0.0563 0.0700

1000  0.0147 0.0175 0.0149 0.0167 0.0185 0.0358 0.0460 0.0398 0.0387 0.0487

50 0.0274 0.0354 0.0308 0.0276 0.0349 0.0951 0.1450 0.1281 0.1093 0.1141
100  0.0129 0.0168 0.0135 0.0138 0.0172 0.0416 0.0629 0.0473 0.0513 0.0574
p=11=07 250  0.0053 0.0064 0.0060 0.0055 0.0067 0.0149 0.0204 0.0201 0.0161 0.0194
500  0.0025 0.0030 0.0026 0.0026 0.0031 0.0075 0.0097 0.0081 0.0080 0.0094
1000  0.0012 0.0016 0.0013 0.0013 0.0016 0.0036 0.0050 0.0040 0.0040 0.0049

50 0.2602 0.2566 0.2013 0.1731 0.2609 0.0762 0.0947 0.0582 0.0380 0.1220

100  0.1212 0.1695 0.1314 0.1156 0.1741 0.0524 0.0855 0.0544 0.0414 0.1001

p=151=-07 250  0.0988 0.1104 0.0899 0.0838 0.1110 0.0504 0.0635 0.0454 0.0407 0.0681
500  0.0648 0.0850 0.0638 0.0612 0.0842 0.0388 0.0515 0.0363 0.0346 0.0531

1000  0.0481 0.0618 0.0624 0.0470 0.0604 0.0304 0.0392 0.0359 0.0285 0.0391
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As aresult of the simulation study, we observe that, with increasing sample sizes, the MSEs and biases decrease
as expected. From Table 3 and 4, it has been general observed that the MLE has a smaller MSE compared to
other estimators for both 8 and A parameters. However, there are some situations that ADE and CvME have a
smaller bias than MLE. As a result, we recommend MLE for point estimation of TPF (S, 1) distribution.
However, ADE and CvME can be good alternatives to MLE to estimate the parameters of TPF(S,1)
distribution.

6. Conclusion

In this study, TPF(B,A) distribution proposed by Shahzad and Asghar [18] is studied in terms of some
characteristic properties and statistical inferences. Some critical risk measures are discussed and numerically
obtained for TPF (3, 1) distribution. We compare five estimators of parameters of TPF(, A1) distribution, such
as MLE, LSE, WSE, ADE, and CvME via Monte Carlo simulations. In the simulation study, it is seen that
MLE is the best estimator among others according to MSE criteria. We recommend MLE to estimate the
parameters of TPF(3, A) distribution.
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Abstract — The concept of fuzzy parameterized fuzzy soft matrices (fpfs-matrices) is a mathematical
tool coming into prominence with its ability to model decision-making problems. Therefore, in the
present study, we configure soft decision-making (SDM) methods having been constructed with soft
) sets, soft matrices, and their fuzzy hybrid versions and introduced between 2013 and 2016 to operate
Received: 13 Mar 2021 them in fpfs-matrices space faithfully to the original. We then analyse the decision-making
Accepted: 29 Mar 2021  performances of the configured methods herein by using five test cases containing totally ordered
Published: 30 Mar 2021 alternatives. Thus, we determine the methods producing a valid ranking order according to all the test
] cases and apply the determined methods to a performance-based value assignment (PVA) problem in
Research Article which the filters are to be ranked in terms of their image denoising performances. Therefore, we
compare the performance ranking of the filters by using the methods. Finally, we discuss the need for
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1. Introduction

The soft decision-making (SDM) methods, constructed with the concepts of soft sets [1], fuzzy soft sets [2,3],
fuzzy parameterized soft sets [4], fuzzy parameterized fuzzy soft sets (fpfs-sets) [5], soft matrices [6], fuzzy
soft matrices [7], and fuzzy parameterized fuzzy soft matrices (fpfs-matrices) [8], are widely used to model
uncertainties mathematically. The relationship between these concepts is provided as ordered from the general
to the specific in Fig. 1. Moreover, many researchers have focused on these concepts in various areas, such as
algebra [9-12], topology [13-17], analysis and function theory [18,19], decision-making [3,20], and data
classification [21,22]. In literature, what studies related to SDM primarily lack is usually its application to a
hypothetical problem instead of a real-life problem. A limited number of studies, including methods applied
to a real problem, can be summarised as follows: In [23], the authors have used soft sets to attain shoreline
resources evaluation rules. [24] has attracted attention to this theory using soft set theory in the computerised
classification of malignant and normal micro-calcifications on mammograms. In [25], the scholars have
proposed a method via fuzzy soft sets to classify numerical data. [26] has introduced a classification method
to classify medical data using fuzzy soft sets. In [21], the researchers have applied an SDM method constructed
by fpfs-matrices to monolithic columns classification. [22] has applied a data classification problem in machine
learning by using fpfs-matrices.
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Fuzzy Parametrized Soft Sets/Matrices Fuzzy Soft Sets/Matrices

Soft Sets/Matrices

Fig. 1. Relationship between fpfs-sets/matrices and their substructures

Recently, the concept of fpfs-matrices [8] has stood out among the others due to its modelling success,
the uncertainties in the decision-making problems where alternatives or parameters are fuzzy. Thus, the
configurations of SDM methods constructed with the aforesaid concepts to operate them in fpfs-matrices space
have become a popular study subject. To this end, over 50 SDM methods constructed with the aforesaid
concepts have been configured [27-30] in fpfs-matrices space, faithfully to the original. Thereby, the
configurations of the methods having been constructed with the abovementioned concepts and which were
proposed between 1999 and 2012 have been completed. Furthermore, in [31-40], the authors have improved
some of the configured methods to make them run faster and to simplify them mathematically. In [27,29],
although some of the SDM methods proposed after 2012 have been configured, their configurations have not
been completed yet. The present study aims to complete the configurations of the SDM methods having been
constructed with soft sets, soft matrices, and their fuzzy hybrid versions and introduced between 2013 and
2016. To this end, we consider the SDM methods provided in [41-72].

The following tables provide some information about the preconfigured SDM methods. Table 1 explains
the abbreviations used in Table 2-5. Table 2, 3, 4, and 5 show the unabbreviated forms of the previously
configured SDM methods employing single, double, triple, and multiple matrices and their spaces in which
they have been first put forward, respectively. Moreover, Table 6 lists the SDM methods constructed in the
fpfs-matrices space. Lastly, Table 7 presents the SDM methods with the same configurations.

Table 1. Abbreviations of the considered spaces

SS Soft Sets

SM Soft Matrices

FSS Fuzzy Soft Sets

FSM Fuzzy Soft Matrices

FPSS Fuzzy Parameterized Soft Sets
FPFSS Fuzzy Parameterized Fuzzy Soft Sets

FPFSM Fuzzy Parameterized Fuzzy Soft Matrices
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Table 2. SDM methods employing single fpfs-matrix

Configured SDM Methods Original Spaces of the Configured SDM Methods o
Descriptions

FPFSM FPFSS FPSS FSM  FSS SM SS

CCE10 [27] v Cagman, Citak, Enginoglu 2010
CCE11 [27] v Cagman, Citak, Enginoglu 2011
CEC11 [29] v Cagman, Enginoglu, Citak 2011
F10(z) [28] v Feng 2010

FJLL10 [29] N Feng, Jun, Liu, Li 2010
FJLL10/2 [29] v Feng, Jun, Liu, Li 2010
FJLL10/3 [29] N Feng, Jun, Liu, Li 2010
FJLL10/4 [29] 4 Feng, Jun, Liu, Li 2010
KKT13 [27] v Khan, Khan, Thakur 2013
KM11 [29] v Kalaichelvi, Malini 2011
KS10 [28] N4 Kalayathankal, Singh 2010
KSM10 [28] v Kuang, Shu, Mou 2010
KWW11(w, z) [28] N4 Kong, Wang, Wu 2011
M11 [29] v Mou 2011

MBRO1 [27] N Maji, Biswas, Roy 2001
MRBO02 [27] v Maji, Roy, Biswas 2002
MS10 [29] N4 Majumdar, Samantha 2010
SM11 [28] v Sun, Ma 2011

WW11 [29] v Wu, Wang 2011

YE12 [37] v Yilmaz, Eraslan 2012

Table 3. SDM methods employing double fpfs-matrices

Configured SDM Methods Original Spaces of the Configured SDM Methods .
Descriptions

FPFSM FPES FPSS FSM FSS SM SS

BMM12 [30] v Basu, Mahapatra, Mondal 2012
BMM12/3 [30] J Basu, Mahapatra, Mondal 2012
CD12/3 [30] v Cagman, Deli 2012
CD12/4 [30] Vi Cagman, Deli 2012
CE10 [27] v Cagman, Enginoglu 2010
CE10-2 [27] v Cagman, Enginoglu 2010
CE12 [27] v Cagman, Enginoglu 2012

CE10an [39] N4 Cagman, Enginoglu 2010
CE100n [39] v Cagman, Enginoglu 2010
FLC12 [30] J Feng, Li, Cagman 2012
ICJ17 [29] v Inthumathi, Chitra, Jayasree
KWW11/2(w, z) [30] v Kong, Wang, Wu 2011
NS11 [30] v Neog, Sut 2011
VR13 [27] N4 Vijayabalaji, Ramesh 2013
714 [29] v Zhang 2014

7716 [27] Vi Zhu, Zhan 2016
Z7716/2 [27] N4 Zhu, Zhan 2016

Table 4. SDM methods employing triple fpfs-matrices

Configured SDM Methods Original Spaces of the Configured SDM Methods I
Descriptions

FPFSM FPFSS FPSS FSM FSS SM SS

BMM12/2 [30] v Basu, Mahapatra, Mondal 2012
KGWO09 [30] v Kong, Gao, Wang 2009
QYZ12 [30] v Qin, Yang, Zhang 2012
RMO07a [30] N4 Roy, Maji 2007
RMO070 [30] v Roy, Maji 2007

RM11 [27] v Razak, Mohamad 2011
RM13 [27] N4 Razak, Mohamad 2013
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Table 5. SDM methods employing multiple fpfs-matrices

Configured SDM Methods Original Spaces of the Configured SDM Methods .
Descriptions

FPFSM FPFSS FPSS FSM FSS SM SS

BNS12 [29] v Borah, Neog, Sut 2012
CD12 [27] v Cagman, Deli 2012
CD12-2 [27] v Cagman, Deli 2012
DB12 [27] v Das, Borgohain 2012
E15 [27] v Eraslan 2015

EK15 [27] v Eraslan, Karaaslan 2015
MR13 [29] v Mondal, Roy 2013
MR13/2 [29] v Mondal, Roy 2013
MR13/3 [29] v Mondal, Roy 2013
NB14 [29] v Nagarajan, Balamurugan 2014
NKY17 [29] V4 Nagarani, Kalyani, Yookesh
S12 [29] v Sut 2012

YJ11 [29] v Yang, Ji 2011
YJ11/2 [29] v Yang, Ji 2011

It can be seen from Table 2, 3, 4, and 5 that the fuzzy soft sets space, one of the substructures of fpfs-sets, is
widely used in decision-making problems.

Table 6. SDM methods constructed in fpfs-matrices space
Number of Employed Matrices

Proposed SDM Methods Single | Double | Triple |Multiple Descriptions

EM200 [36] v Enginoglu, Memis 2020
EMAZ180n [32] v Enginoglu, Memis, Arslan 2018
EMC190 [34] v Enginoglu, Memis, Cagman 2019
EMK19 [35] v Enginoglu, Memis, Karaaslan 2019
EMO180 [40] v Enginoglu, Memis, Ongel 2018
EC20 (PEM) [8] v Enginoglu, Cagman 2020 (Prevalence Effect Method)
Simplified SDM Methods

EM20a [36] V4 Enginoglu, Memis 2020
EMAZ18an [39] v Enginoglu, Memis, Arslan 2018
EMC19a [34] v Enginoglu, Memis, Cagman 2019
EMO18a [33] v Enginoglu, Memis, Ongel 2018
sDB12 [38] v Simplified DB12
sMBRO1 [31] v Simplified MBR01

Table 7. SDM methods with the same configurations

CE10-2 CE12
RM11 RM13
MR13 NB14

In Section 2 of the present study, we present some of the basic definitions of fpfs-matrices to be needed
in the following sections of the paper. In Section 3, we configure the SDM methods provided in [41-72]. In
Section 4, we propound five test cases to examine the consistency of the SDM methods employing fpfs-
matrices. We then determine the considered SDM methods producing a valid ranking order in all the test cases.
In Section 5, we apply the determined methods to a performance-based value assignment (PVA) problem in
which the filters are ranked with regard to their salt-and-pepper noise (SPN) removal performances. Therefore,
we compare the ranking order performances of the methods in the PVA problem. Finally, we discuss the need
for further research.
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2. Preliminaries

In this section, firstly, we present the concept of fpfs-matrices [8]. Throughout this paper, let E be a parameter
set, F(E) be the set of all the fuzzy sets over E, and u € F(E). Here, a fuzzy set is denoted by {“(")x | x € E}.

Definition 2.1. [5] Let U be a universal set, u € F(E), and a be a function from u to F(U). Then, the set
{(“(x)x, a(“(x)x)) | x € E}, being the graphic of «, is called a fuzzy parameterized fuzzy soft set (fpfs-set)
parameterized via E over U (or briefly over U).

In the present paper, the set of all the fpfs-sets over U is denoted by FPFS;(U). In FPFS;(U), since the
graph(a) and a generate each other uniquely, the notations are interchangeable. Therefore, as long as it causes
no confusion, we denote an fpfs-set graph(a) by «a.

Example 2.2. Let E = {x1, x5, x3} and U = {uy, u,, uz, us}. Then,
a = {(**xy, {®%uy, “*us, ©7us}), (0%, {%%uy, “3uy, “Cus, O*us}), (O7x3, {%%ug, @%us, us )}
is an fpfs-set over U.

Definition 2.3. [8] Let @ € FPFSg(U). Then, [a;;] is called fpfs-matrix of a and is defined by

Qo1 Qo2 Qo3 - Qon

ai; A1z 413 - Qip
la] =

AGm1 Am2 Am3 o Omn

such that for i € {0,1,2,---}and j € {1,2,--- },

o u(x), i=0
Y a (”("i)xj) (w), i#0

Here, if [U| = m — 1 and |E| = n, then [a;;] has order m x n.

From now on, the set of all the fpfs-matrices parameterized via E over U is denoted by FPFSg[U].

Example 2.4. The fpfs-matrix of a provided in Example 2.2 is as follows:
0.4 0.9 0.77
0 0.5 0.2
[a;;]] =02 03 0

04 06 09
0.7 0.4 0.1

Definition 2.5. [8] Let [aij]mxnl € FPFSg [U], [bixlmxn, € FPFSg,[U], and [Cip]mxn1n2 € FPFSg xg, U]

such that p = n,(j — 1) + k. For all i and p, if ¢;, :== min{a;;, by}, then [c;,] is called and-product of [a;;]
and [b;] and is denoted by [a;;] A [by].
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Definition 2.6. Let [aij]mxnl € FPFSg [U], [bilmxn, € FPFSg,[U], and [cip]mxnlnz € FPFSg, «g,[U]

such that p = n,(j — 1) + k. For all i and p, if ¢;, == a"’:b”‘, then [c;, ] is called mean-product of [a;;] and

[by] and is denoted by [a;;] X [bi].
Definition 2.7. Let [s;;] € M(;;—1)x1 (R) such that m > 2. Then, normalisation [$;;] of [s;;] is defined by

Sit — mkin Sk1

;AKX Sk * mkin Sk1

$ip = mléixskl - mkln Sk1

1, maxSp; = mins
K k1 k k1
To obtain an increasing sequence consisting of all the elements of an index set, being a subset of N, we
present a linear ordering relation over N™ as follows:

Definition 2.8. [30] Let (j1, 2, - jn), (K1, k2, ..., ki) € N™. Then, the relation “<” is called a linear ordering
relation and is defined by

Uiz ) < (ki Koy kn) © [i <k V(i = ki Ao <k V V(i = ki Ajo = ko A Aoy = kg A < k)]
3. Configurations of Soft Decision-Making Methods

In this section, we configure the SDM methods constructed by soft sets [41-47], fuzzy soft sets [41,46,48-63],
fuzzy parameterized soft sets [64,65], fpfs-sets [66,67], soft matrices [47,68], and fuzzy soft matrices [43,69-
72]. Fromnowon, I, = {1,2,---,n}and I, = {0,1,2,---,n}.

[69] has employed fuzzy soft matrices to determine an eligible candidate in the recruitment process just as [70]
has utilised them to select an environment with healthy living conditions. We configure the proposed methods
therein as follows:

Algorithm 3.1. BSD13 and SR15
BSD13, SR15, and NS11 [30] are the same. Therefore, we prefer the notation NS11.

In [41], the authors have suggested a new method based on spatial distance and fuzzy soft sets. Moreover, they
have presented the method for two soft sets. We configure the proposed methods therein as follows:

Algorithm 3.2. CXL13(4)
Step 1. Construct an fpfs-matrix [a;;]

Step 2. Construct the parameters’ optimum solution matrix A = [/11 f]1><n suchthat0 < 4,; < 1,forallj € I,

Step 3. Obtain [b;; ] m-1)x1 defined by

n

2.
bir = Z (L) — aojay)”s i €lIny

j=1
Step 4. Obtain the score matrix [s;1]m—1)x1 defined by s;; = max by, — b;; suchthati € I,,_4
Step 5. Obtain the decision set {*x1u, |u;, € U}

Algorithm 3.3. CXL13/2(4)

Step 1. Construct two fpfs-matrices [a;;] _and [b;]

Step 2. Obtain [Cif]mxn defined by ¢;; = %b” suchthati € I;,_, and j € I,,
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Step 3. Apply CXL13 to [¢;;]

[48] has studied the selection of a suitable house with fuzzy soft sets. We configure the proposed method
therein as follows:
Algorithm 3.4. GLF13(R)
H 1 2 t
Step 1. Construct fpfs-matrices [aj;] . [af] - [aj]

Step 2. Determine a set R of indices such that R < I,,. Moreover, let (r;,) denote the increasing sequence of
the elements of R.

Step 3. Obtain K,, = {v € I,: 3i 3 a§,a}. # 0}, forall r € R. For r € R, if K, = @, then K, is chosen as {0}.
Furthermore, let (uy,) stand for the increasing sequence of the elements of K., for all r € R.

Step 4. Obtain [bf; ] x|k, | defined by

Tz

u
a.k , Vze€ I|R|,uzz #*0

iZk =iy
1, otherwise

suchthati € Iy;,_q, z € I g, and k € I g |
Here, |R| and |K,.| denote the cardinality of R and K., respectively.
Step 5. Obtain [Cij]mleI defined by

cij = min{bj,
suchthati € I5;,_;and j € I
Step 6. Obtain the score matrix [s;;]n—1)x1 defined by

Sip = _min{cojcl-j}, IS
JEl|R|

Step 7. Obtain the decision set { *x1u, |u;, € U}
In [42], the authors have developed a pruning method using soft sets. We configure it as follows:
Algorithm 3.5. HG13

Step 1. Construct two fpfs-matrices [a;;] _and [b;]

Step 2. Obtain [ci1]m-1)x1, [dir]an-1)x1, [€i1]m-1)x1, and V = {ui fen = max ekl} such that

m-—1

n

n
Cip = z Qojaij, dip = z bojbij, and ey =cy+dy, €Ly
=1 =1

Step 3. Forall u; € V, obtain ; == {u; € V : (ci1,di1) = (¢j1,dj1) V (ci1, diz) = (dj1, ¢j1)}
Step 4. Obtain W = {ui eV |a = min|ak|}
Uug€V

Here, |u;| denotes the cardinality of u;.

. . . '_ 1+ Zj(a0j+b0j) ! k ;
Step 5. Obtain the score matrix [s;1]m—1)x1 defined by s;; = o , 1€,
— Ky eU-W
2j(@0j+boj)

Step 6. Obtain the decision set { *x1u, |u;, € U}
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[49] has proposed a method based on group decision-making and applied it to a company’s staff selection
problem. We configure the proposed method therein as follows:

Algorithm 3.6. SM13(w, @)
Step 1. Construct fpfs-matrices [a;] . [af] - [aj;] suchthatag; = af; = = ag; = ay;
Step 2. Construct w := [wq;]ix¢ SUchthat 0 < wy < land b wy, =1, fork €1,

Step 3. Obtain [blf]1><n defined by

(_a i
0j
Zn a B Aok 0
byj = k=1%0k (=) , JEI,
-, otherwise
n

Step 4. Obtain [cy,]¢«: defined by

n
— J
Crr = Z b1] Zkr' k,T € It
j=1

such that

it min{aﬁ‘]-, a}}'} mz_l { k r} 0

i — , maxia;;, ;j *
Zy =\ X% max{af;, af;} £ Y
1, otherwise
Step 5. Obtain [dx];x: defined by
t
1
die =17 2 Crr» k€I
r=1,r#k

Step 6. Obtain [e;; ], defined by

t
d
B S
elk — Zl:]_ 11 =1

1
T otherwise

Step 7. For « € [0,1], obtain [A;],x; defined by

, kel

M= awyp + (1 —a)e, kEI;

Step 8. Obtain [fi;] . defined by

t
fiy= ) Al
k=1
suchthati € I,_q,j € I,,and k € I,

Step 9. Obtain the score matrix [s;;]n—1)x1 defined by

t 2
Si1 =1- zblj(fij—kmax fk]) , iEIm_l
€lp—1
j=1

Step 10. Obtain the decision set {$k1u; |u, € U}



Journal of New Theory 34 (2021) 82-114 / Operability-Oriented Configurations of the Soft Decision-Making Methods ... 90

[43] has proposed two SDM methods via soft sets and fuzzy soft matrices. Moreover, [67] has suggested an
SDM method constructed with fpfs-sets. We configure the proposed methods therein as follows:

Algorithm 3.7. GDC14 and RH16/2

GDC14, RH16/2, and MRBO2 [27] are the same. Therefore, we prefer the notation MRBO02.
Algorithm 3.8. GDC14/2(2)

GDC14/2 and NKY17(1) [29] are the same. Therefore, we prefer the notation NKY17(4).

In [44], the author has utilised soft sets to determine an optimal alternative. We configure the proposed method
therein as follows:

Algorithm 3.9. K14
Step 1. Construct two fpfs-matrices [a;;] _and [b;]

Step 2. Obtain [Cif](m—l _ defined by ¢;; = min{ao;a;j, bo;b;;} such that i € I,, and j € I,

)X
Step 3. Obtain V = {u; € U : Y7, ¢;; # 0}
Step 4. Obtain the score matrix [s;;]n—1)x1 defined by

n

— Qpjaij
Si1 = Z Iy ,

n n
j=1 j= = j

n
bO]bl] —Zaojaij—ZbOjbij, uiEV
=1 j=1 j=1

0, wEU—-V
suchthati € I,,_4
Step 5. Obtain the decision set { *x1u, |u;, € U}

[64] has studied financial decision-making problems using fuzzy parameterized soft sets, although it is stated
that fuzzy soft sets are used. We configure the proposed method as follows:

Algorithm 3.10. MM14
MM14 and CCE10 [27] are the same. Therefore, we prefer the notation CCE10.

In [50], the authors have proposed an algorithm using fuzzy soft sets to determine the optimal decision
program. We configure the proposed method therein as follows:

Algorithm 3.11. WQ14(k)

Step 1. Construct an fpfs-matrix [a;;]

Step 2. Obtain [byy ] (m-1)x@m—1) defined by

n
1
by = 712(1 —agjlay —ayy]), Lk €lLny
j=1

Step 3. Obtain [cjx ] m—1)x(m-1) defined by
Cir = max {min{bij,bjk}}, L,j,k €lLn_q
j
Step 4. Obtain the set D of all the entries of [c;;]

Step 5. Obtain the descending-sorted matrix [elf]1><|D| of the D’s elements such that j € I p,
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Step 6. Obtain [f/ ,, defined by

](m—l)x(m—
i {1, Cik = €1
ik 0, Cir < €1j

suchthati,k € I,,_; and j € I

Step 7. Obtain [911']1><|D| defined by

m—1

G1j = Z xG. k), j€Elp)

k=1
such that

m-—1

J -

PGy =L 1<Zfik<m 1
i=1

0, otherwise

Step 8. Obtain [hy] defined by

1x(|D|-1)

€1j — €1(j+1)
hyj =916+ ~ 91j 1oy 11' J € Iqp|-1
0, 91(+1) = 91j

Step 9. Obtain A := ey, such that p :== 1 + argmaxh,;
j
Here, argmax hy; is an index of the h,; being maximum for all j € I(jp|-1).
j

Step 10. For all u; € U, obtain @; = {us € U : Vk € Ly,j € Iip(f) = £2)}
Step 11. Obtain the clustering set C = {u; : u; € U}

Step 12. For all € I,,, obtain [airf]mx(n-n deleting r'" column of [a;;]

Step 13. For all r € I, obtain [b};] m-1)x(m—1) applying Step 3 to [a]}]
Step 14. For all v € I, obtain [c{ ] (m—1)x(m-1) applying Step 4 to [b; ]

Step 15. Obtain [f] . ,, defined by

-1)x(m—

T {1, Ch =2
i 0, ¢ <A

suchthati,k €l,,_,and r €[,
Step 16. For all u; € U, obtain @} = {us € U : Vk € I,, (fik = fix)}
Step 17. For all r € I,,, obtain the clustering set C" = {u] : u; € U}

Step 18. Obtain [oy;] defined by

|c n /|
1—

, JEI
m—1'75%"

0-1]‘ =

Step 19. Obtain [Blj]lxn defined by

91
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n

0'1]'
SEam 20?0
ﬁlj = =1 , JEI
-, otherwise
n

Step 20. Obtain [w, j]lxn defined by
wyiji=Kag; + (L —K)Byj, jEI
Here, k is Bias coefficient chosen by decision-maker and k € [0,1]
Step 21. Obtain [aij]mxn defined by dy; :== wy; and @;; = a;;, forall i € I,,_, and j € I,,
Step 22. Apply MRBO2 [27] to [d;;]

[51,55,56] have introduced the same methods for fuzzy soft sets by combining grey relational analysis with
the Dempster-Shafer theory of evidence and applied them to medical diagnosis. We configure the proposed
methods therein as follows:

Algorithm 3.12. XWL14(a, q), LWX15(a, q), and T15(a, q)

Step 1. Construct an fpfs-matrix [a;;]

Step 2. Obtain [b;; ] (m-1)x1 defined by

ll_

3Ib—*

n
ZaOJan LE m 1

Step 3. Obtain [¢;;] - defined by

—-1)xn
cij = |agjay — by
suchthati € I,_; and j € I,

Step 4. For a € [0,1], obtain [dif](m defined by

—-1)Xn

min ¢ + akmax Crj

kel _
ol —, max cy; # 0
dij = cij +a max cy; KElpm—1
j ij ke, kI
1, otherwise

suchthati € I,,_, andj € I,

Step 5. For g € N*, obtain [elj]lxn defined by

RPN
() e
i=1

Step 6. Obtain [fi;] . defined by

m—1
( aojau Aopjayj # 0
kj
_ J¥mla,ia
fl] = k=1 10] k] k=1
_ otherwise
m—1

suchthati € I,,_,andj € I,



Journal of New Theory 34 (2021) 82-114 / Operability-Oriented Configurations of the Soft Decision-Making Methods ... 93

Step 7. Obtain [gij](m and [hlj]lxn defined by

—-1)Xn

gij = (1—ey))fy

m-—1
hyj=1- Z 9ij
i=1

and

suchthati € I,,_,andj € I,

Step 8. Obtain [Belf;™"| defined by

( giniz + ginthiz + h119iz
|1 - Z;cn=_11 Zﬁ_l,lkiz k1912 | ’

i€l, jandj=1

h11h12

— —_ )
|1 - Z?:ll Zﬁl,lkqezgklglﬂ

i=mandj=1

Bellj1 = , , ,
-1 -1 -1
Bel] " gi(j+1) + Bell] "hyji1y + Bely ) gigen

- i€ly_q,j €l _q,andj #1
— _ 1 ) m-1» n—-1
|1_Z;cn=11 {’;I}C#Bel{d gl(j+1)|

ji—1
Bel), hygan)

i=m,j€l,_qandj#1

L |1 - Zmtemat L Bell M gijan|
Step 9. Obtain the score matrix [s;;](m—1)x1 defined by s;; == Belj;"* such that i € I,,,_4

Step 10. Obtain the decision set {Sk1u; |u; € U}

XWL14(a, q), LWX15(a, q), and T15(a, q) are the same. Therefore, we prefer the notation XWL14(«, q).
Algorithm 3.13. XWL14/2(a, q), LWX15/2(a, q), and T15/2(a, q)

Step 1. Construct two fpfs-matrices [ai]-]mxn1 and [bilmxn,

Step 2. Find and-product fpfs-matrix [Cip]mxnl of [a;;] and [by;]

n

Step 3. Apply XWL14 to [c;, |

XWL14/2(a,q), LWX15/2(a,q), and T15/2(a,q) are the same. Therefore, we prefer the notation
XWL14/2(a, q).

In [52], the scholars have suggested a new SDM method based on grey relational analysis and fuzzy soft sets.
We configure the proposed method therein as follows:

Algorithm 3.14. YHX14(a, B)

Step 1. Construct an fpfs-matrix [a; f]mxn

Step 2. Obtain [4,;] defined by

Step 3. Obtain [b;;] . defined by

)X
. {aoj, aij2/11j
y- 0, al-j < /11]

suchthati € I,,_,andj € I,
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Step 4. Obtain [c;; ] (m-1)x1 defined by

:Zbij’ iEIm_l

=
Step 5. Obtain [d11]1><n defined by

dyj = lgllax {aOJaU} jEl,

Step 6. Obtain [e;;](m—1)x1 defined by

1 &+ agia;; 1+¢e—apja;;
€1 == ——Z agja;;In Oy + (1 — aojal-j) In VY
n1n(2) 1 d 1 1 d
j=1 £ +7 (agjai; + dij) + & — 7 (agjai; +dij)
e+dy; 1+e—dy;
+dy;1n T Y +(1—dy;)In T Y , i€l
S+7(d1j+a0jaij) 1+e—7(d1j+a0jaij)

Here, if aojaij=0, d1j=0, aojaijzl, or dlj:]-v then ln(law—au) 11’1(#)

(aojaij+di;) (d1j+aojaij)

In <&> orln (#) are undefined, respectively. To cope with these drawbacks, we

1—%(a0jai]~+d1j) 1—E(d1]~+a0]’ai1~)

. e+apja;j &e+d,j 1+e—-apja;j 1+e—d,j
modify them as In [ ———2~—, In| —/—— , In U , and In ) ,
£+E(ao]~aij+d1]-) s+5(d1j+a0]-aij) 1+£—E(a0]-aij+d1]-) 1+e—5(d1j+a0jaij)

respectively, such that € « 1 is a positive constant, e.g., € = 0.0001.

Step 7. For a € [0,1], obtain [fi;]m-1)x1 and [gi1]m-1)x1 defined by

kmln fn—culta max {n—cy1}

Im—1 Im-1
max {n—cx}#0 .
fin = n—cy+a max (n—cyy} k€l , (€L,
kELm—1
1, otherwise

and
min ep; +a kmax €x1

kel
m-1 Im-1 , max ey #0 .
gi1 = e+ a max €r1 k€lLp_q , LE€LL_4
k€lm—1
1, otherwise

Step 8. For 8 € [0,1], obtain the score matrix [s;; ] (m—1)x1 defined by
spn=PBfu+ (1 =PB)gi1, 1€ Lp_
Step 9. Obtain the decision set { *x1u, |u;, € U}

[45] has applied an SDM method constructed via soft sets to a problem related to a company’s recruitment
scenario. Moreover, the following method is a version constructed with ¢ fpfs-matrices of Z14 provided in
[29]. We configure the proposed method therein as follows:

Algorithm 3.15. Z14/2
Step 1. Construct fpfs-matrices [af;]

mxn’ [aizj]mxn' T [afj]mxn

Step 2. Obtain [bij] , defined by b;; := maxa -suchthati € I,_, and j € I,

Step 3. Apply MRB02 [27] to [b;]
Z14 [29] is a special version of Z14/2.
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In [53], the researcher has availed of the concept of fuzzy soft sets. We configure the proposed method therein
as follows:

Algorithm 3.16. A15
Step 1. Construct an fpfs-matrix [a;;]

Step 2. Obtain [bix]m—1)x(m-1) defined by

n

by = Zaoj)((aij,akj), i+k
ik "

=1
0, i=k
such that

1, a;; > ag;j
— J kj
x(aij, ax;) = {0, a; < ay;’ Lk €ln 4

Step 3. Obtain [ci]m-1)x(m-1) defined by
b, ik
m—1

Cix = n(m_z)_zblk' P i,k€ly,
=1,

Step 4. Obtain sum of the eigenvectors [s;; ] m—1)x1 associated with the dominant eigenvalues A := n(m — 2)

Step 5. Obtain the decision set {*x1u, |u,, € U}

[65] has modelled a car purchasing problem through fuzzy parameterized soft sets. We configure the proposed
method therein as follows:

Algorithm 3.17. DC15(a)

Step 1. Construct an fpfs-matrix [a;;]

Step 2. Obtain increasing sequence (1) consisting of all the elements of R := {j fQpj = a} such that a €
[0,1].If R = @, then a = %Z}‘:l Qo;.-

Step 3. Obtain [bl-p]mle|2 defined by b;;, = min {airj, airk} suchthatp = n(j — 1) + k,i € I;,_;,and j, k €
I\g|- Here, |R| denote the cardinality of R.

Step 4. Obtain the score matrix [s;; ],,x1 defined by

IR|?

1
p=

Step 5. Obtain the decision set {$k1u; |u, € U}

[54,58] have proposed an SDM method based on fuzzy soft sets. We configure the proposed methods therein
as follows:

Algorithm 3.18. HJ15(4) and H16(4)

Step 1. Construct two fpfs-matrices [a;;] and [b;]

Step 2. For A € [0,1], obtain [¢;;] and [d;;]  defined by
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blj’

. {aij, aij >
B 0, bj<A

Cij : 0' aij <1 and dU ::{
suchthati € I;,_,andj € I,

In [71], the scholars have suggested two SDM methods based on grey relational analysis and fuzzy soft
matrices. We configure the proposed methods therein as follows:

Algorithm 3.19. XHL15(a, q)

Step 1. Construct an fpfs-matrix [a; j]mxn

Step 2. Obtain [b;;] . defined by

)X
byj = (2a0; — 1)(2a;; — 1)
suchthati € I,_; and j € I,

Step 3. Obtain [c;; | (m-1)x1 defined by

Step 4. Obtain [dij](m—l , defined by

)X
dyj = |byj — cu

suchthati € I,_; and j € I,

Step 5. For a € [0,1], obtain [eif](m-1)><n defined by
min dk] + a max dk]
. *€ln -1 k€hn-1 ,  max dy; #0
eij = dl] +a krer}a)_(l dk] 143 ey
1, otherwise

suchthati € I,,_, andj € I,

Step 6. For g € N*, obtain [flj]lxn defined by

1
1 m-—1 ¢ q
fij = 1 2 (e;)" |, jEIL
i=1

Step 7. Obtain [g,], . defined by

g1j=1-f1j, J€L

Step 8. Obtain [r] . defined by

)X
hij = bijg1;
suchthati € I,,_;andj € I,
Step 9. Obtain the score matrix [s;1]n—1)x1
si1=0;(1,2,..,n), €L,
such that
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_ (Si(l,Z, e, = 1) + hin

9;(1,2, ..., = , 1€, _ dn=>2
i€ N =S 2 = Dhy, € m-iandn
and
his + hy,
0,(1,2)=————, i€El,_
l( ) 1+hllh12 l m-1

Step 10. Obtain the decision set {$k1u |u;, € U}

Algorithm 3.20. XHL15/2(«, q)

Step 1. Construct two fpfs-matrices [aif]mxn and [bilmxn,
1

Step 2. Find and-product fpfs-matrix [Cip]mxn1n2 of [a;;] and [by]

Step 3. Apply XHL15(a, q) to [c;]

[66] has benefited fpfs-sets to fill an announced position in a company. We configure the proposed methods
therein as follows:

Algorithm 3.21. ZXZ15(a)

Step 1. Construct two fpfs-matrices [a;;] _and [b;]

Step 2. Obtain [ci j] “n defined by
— (‘101)2+(b01')2 —
COj = f and Cij — maX{al’j, bl]}

Step 3. Obtain [d;;] _ defined by

suchthati € I,_; and j € I,

Cij, Cij =
suchthat @ € [0,1],i € I,,,_;,and j € I,

Step 4. Apply CCE10 [27] to [d;]

Algorithm 3.22. ZXZ15/2(a)

Step L. Construct two fpfs-matrices [a;;] _and [b;]

Step 2. Obtain [c;;] defined by
Coj = /w and Cij = min{aij,bij}

Step 3. Obtain [d;;] _ defined by

suchthati € I,,_, andj € I,

Cij' Cij >«

dOj = Cojanddij :={ 0 Ci]‘<a

suchthata € [0,1],i € I,,,_;,and j € I,
Step 4. Apply CCE10 [27] to [d;;]
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In [46], the researchers have revised two SDM methods based on soft sets and fuzzy soft sets. We configure
the proposed methods therein as follows:

Algorithm 3.23. ZZ15

Step 1. Construct an fpfs-matrix [a; j]mxn

i . Zna—oj('ll Zz:l Aok #0
Step 2. Obtain [b;;] _defined by by := § “k=1%* and b;; = a;; such thati € I,,_, and j € I,
mxn ~ otherwise

Step 3. Apply MRB02 [27] to [b;]
Algorithm 3.24. ZZ15/2(4)

Step 1. Construct an fpfs-matrix [a;;]
Step 2. Construct A == [Alj]lxn suchthat0 < 4,; < 1forj €I,

Step 3. Obtain [bif]an defined by

agj, i=0
bij ={ 1, i#0and ajj = /11]'
0, iiOandaij </111

suchthati € I,,_; andj € I,
Step 4. Apply ZZ15 to [b;;]

[57] has propounded a novel approach associated with fuzzy soft sets. We configure the proposed method
therein as follows:

Algorithm 3.25. A16

1 2

Step 1. Construct fpfs-matrices [alh]anl’ a"fz]anz""' aitft]mxnt

Step 2. Find and-product fpfs-matrix [b;;] _  of [ai;, ] [a?, ], [af},] such thatn = nyn, ..n,

Step 3. Obtain [cix ] (m—1)x@n—1) defined by

n
Cike = Zboﬂ( (bijs bij), ik € Ly
=1

such that
b;; — by
l'ri;X {b ]}: bij > bkj
x(bij, bj) = 4 X 1b;
0, bij < bkj

Step 4. Apply Step 3-6 of MBRO1 [27] to [cj]

[47] has assessed the eligibility of a group of students for a scholarship using soft sets and soft matrices.
Moreover, [67] has revised the SDM method in [3] via fpfs-sets. We configure the proposed method therein as
follows:

Algorithm 3.26. AC16, AC16/2, RH16
AC16, AC16/2, RH16, and CEC11 [29] are the same. Therefore, we prefer the notation CEC11.
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In [72], the researchers have studied the fuzzy soft matrices by using different t-norms. We configure the
proposed methods therein as follows:

Algorithm 3.27. AM16

AML16 is the same as MR13 [29]. Therefore, we prefer notation MR13.
Algorithm 3.28. AM16/2

AML16/2 is the same as MR13/2 [29]. Therefore, we prefer notation MR13/2.
Algorithm 3.29. AM16/3

AM16/3 is the same as MR13/3 [29]. Therefore, we prefer notation MR13/3.

In [59], the authors have applied the concept of fuzzy soft sets to a problem concerning selecting an investing
area. We configure the proposed method therein as follows:

Algorithm 3.30. NRM16(R)

Step 1. Construct an fpfs-matrix [a; j]mxn

Step 2. Determine a set R of indices such that R < I,,.
Step 3. Obtain the score matrix [s;1]n—1)x1 defined by
Si1 = Haojaij, i € Im_1
JER
Step 4. Obtain the decision set { *x1u, |u;, € U}

[67] has used fpfs-sets to decide on a car purchase problem. We configure the proposed method therein as
follows:

Algorithm 3.31. RH16/3(R)

Step 1. Construct two fpfs-matrices [ai]-]mxn1 and [bilmxn,

Step 2. Determine a set R of indices suchthat R < I,, X I,

Step 3. Obtain increasing sequence (;) consisting of all the elements of R such that r; := (us, v;)

Step 4. Obtain [d;¢ ], xr| defined by
dit = ;?ég{aiut' biv,}, 1€ 1Ly,
Here, |R| denotes the cardinality of R.
Step 5. Obtain [e;¢],xr| defined by
eoe = do¢ and ey = docd;y
suchthati € I,,,_; and t € Iy
Step 6. Apply MBRO1 [27] to [e;;]

In [60], the researchers have employed fuzzy soft sets to choose practical and reliable social network sites. We
configure the proposed method therein as follows:

Algorithm 3.32. RK16
RK16 is the same as MBRO1 [27]. Therefore, we prefer the notation MBRO1.
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[61] has constructed an SDM method being a generalisation of MRBO02 by using multiple fuzzy soft sets. We
configure the proposed method therein as follows:

Algorithm 3.33. RS16

Step 1. Construct fpfs-matrices [aj;] . [af] .- [af]

Step 2. Obtain [b}; defined by

](m—l)xl' [bizl](m—1)><1' [bitl](m—1)><1

n
k ._ k .k
bj; = Z Qp;aij
j=1

suchthati € I,_, and k € I,

Step 3. Obtain the score matrix [s;;]n—1)x1 defined by

t
.= k i
Sipi = Z bii, 1€6Lp4
k=1

Step 4. Obtain the decision set { *k1u |u;, € U}

In [62], the authors have drawn on fuzzy soft sets to solve a group decision-making problem. We configure
the proposed method therein as follows:

Algorithm 3.34. SMT16

Step 1. Construct fpfs-matrices [a;] . [af] . ...[a;]

Step 2. Obtain [b}, ,, defined by

](m—l)x(m—l)’ [bizk](m—l)x(m—l)’ [bitk](m-nx(m—

n

ik = Z ab;x(alj,a;), Lk €ly_q,rm €L
=1

such that

r r
1, aij = akj

r r
X(aij: akj) :={ r r
0, a;j <ay;

Step 3. Obtain [cy] | defined by

-1)x1’ [Cizl](m—l)xl' B [Citl](m—l)x

m-1

[ T ;

Cix = Z bix, 1€ In_4
k=1

Step 4. Obtain the score matrix [s;;]n—1)x1 defined by

t
— T ;
Sip = Z Ci1r L€y 4
=1

Step 5. Obtain the decision set { *x1u, |u;, € U}

[68] has developed an SDM method based on mean-product and max-max decision-making via soft matrices.
We configure the proposed method therein as follows:

Algorithm 3.35. VMH16

Step 1. Construct two fpfs-matrices [aif]mxn1 and [bilmxn,
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Step 2. Find the mean-product matrix [Cip]mxn . of [a;;] and [by]
172
Step 3. Obtain the score matrix [s;;]n—1)x1 defined by

{%%z(copclp) I, =0
O, Ik = ®

suchthat i € I,_; and I, == {p | 3i 3 copcip # 0, (k — ny < p < kny}

Si1 *= max
K€Ly,

Step 4. Obtain the decision set {$k1u; |u;, € U}

[63] has propounded two novel methods based upon ambiguity measure and Dempster-Shafer theory of
evidence in the fuzzy soft sets space. We configure the proposed methods therein as follows:

Algorithm 3.36. WHXDD16

Step 1. Construct an fpfs-matrix [a;;]

Step 2. Obtain [b;;] . defined by
( An m—1
0] Y Z apjaxj # 0
bl] = Zk 1 aO]ak] =1
1
_ otherwise
m-—1

suchthati € I,,,_; and j € I,,.

Step 3. Obtain [Clj]lxn defined by

m-1
- 2 bl] lng(E + bij)' ] € In
i=1

Here, if b;; = 0, then ¢, == —ymt b;jlog, b;; is undefined. To cope with this drawback, we modify it as
— Y%7 bijlog, (e + by;) such that & « 1 is a positive constant, e.g., & = 0.0001.

Step 4. Obtain [dlj]lxn defined by

n
{nc;j, Z Cix F 0
dlj — Zk=1 Cik =1 , ] € In
-, otherwise
n

Step 5. Obtain [e;;] . .. . defined by
eij = byj(1 - dyj)
suchthati € I,,_, andj € I,

Step 6. Obtain [flf]lxn defined by

m-—1

f1j:=1—zeij, JEI,

i=1

Step 7. Apply Step 7-10 of XWL14 to [f;;]
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Algorithm 3.37. WHXDD16/2

Step 1. Construct two fpfs-matrices [aif]mxn and [bilmxn,
1
Step 2. Find and-product fpfs-matrix [Cip]mxn . of [a;;] and [by]
172

Step 3. Apply WHXDD16 to [c;, |

4. Test Cases for the Comparison of the SDM Methods

This section proposes five test cases to compare decision-making performances of SDM methods. SDM
methods employ single, double, or multiple fpfs-matrices. Therefore, each test case consists of t fpfs-matrices
[alj]. [aZ;], -, [af;], which has order m x n and manifest the same ranking order of alternatives without
employing SDM methods. If an SDM method employs a single fpfs-matrix, we only use [a}j]. Similarly, if
double, we use [af;] and [af;]. If an SDM method produces the ranking order provided in a test case, then it

is said to accomplish the test case. In this section, let t = 3, m = 5, n = 4, U = {uy, u,, uz, u,} be the set of
alternatives, and E = {x, x5, x3, x4} be the set of parameters.

4.1. Test Case 1

Test Case 1 constructs three fpfs-matrices [aj;|_ . [afj], . and [a}]_ , such that forall j € I, and k € I3,

kK _ ok _ ok _ ok k k K k k _k k _k k _k k _k
agy = gy = Agz = Aga and ag; < ay; < azj < ay;. Therefore, ag;ay; < agjay; < agjaz; < agjay;, for

all j € I, and k € I5. For each fpfs-matrix herein, the ranking order of alternatives is u; < u, < uz < uy. For
example,

04 04 04 04 04 04 04 04 04 04 04 04
0.7 0.6 05 04 03 02 01 0 0.5 04 03 02
[a}j] =|08 0.7 06 05| [af]=[04 03 02 01| and [a]=[0.6 05 04 03
09 08 07 06 05 04 03 02 0.7 0.6 05 04
1 09 08 07 06 05 04 03 08 0.7 06 05

4.2. Test Case 2

Test Case 2 constructs three fpfs-matrices [bf;]_ . [b7]. ., and [b};].  such that forallj € I, and k € I3,
5%X4 5x4 5%x4

b = b, = bl = b, and bf; < b§; < b5; < bf;. Therefore, b§;bi; < b§;bX; < bf;b%; < b§;bf;, for

all j € I, and k € I5. For each fpfs-matrix herein, the ranking order of alternatives is u, < uz < u, < u;. For

example,

0.7 07 0.7 0.7 07 0.7 07 07 0.7 07 07 07
1 09 08 07 06 05 04 03 08 0.7 06 05
[bf] =109 08 07 06| [b7]=|05 04 03 02| and [b}]=]|07 06 05 04
08 0.7 06 05 04 03 02 01 06 05 04 03
0.7 0.6 05 04 03 02 01 0 0.5 04 03 02

4.3. Test Case 3

Test Case 3 constructs three fpfs-matrices [Cilf]5><4’ [Cizf]5><4' and [cl-3j]5><4 such that for all i,j € I, and k € I3,

ck <k, <cly <k, ck=2€101], and if i # j, then c{‘j = 0. Therefore, cX ck, < ck,ck, < ckck <
k
ij
alternatives is u; < u, < uz < uy. For example,

c&ck,andifi # j, then c(’)‘jc =0, forall j € I, and k € I5. For each fpfs-matrix herein, the ranking order of
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0.6 07 08 09 04 05 06 07 02 03 04 05
1 0 0 0 1 0 0 0 1 0 0 0
[ci]=]0 1 0o o} [cf]=]0 1 o o0} and [cf]=]0 1 0 o0
0 0 1 0 o 0 1 0 0 0 1 0
0o 0 0 1 o 0 0 1 0 0 0 1

4.4. Test Case 4

Test Case 4 constructs three fpfs-matrices [d}; s [a% s @nd [df] s such that forall i, j € I, and k € I3,

dfy < dfz < df, <df;, dff =21€[0,1], and if i# j, then df = 0. Therefore, dff,df, < df;df; <
dsdk; < dfydfy and if i = j, then df;df; = 0, for all j € I, and k € I5. For each fpfs-matrix herein, the
ranking order of alternatives is u, < uz < u, < uy. For example,

09 08 07 06 0.7 0.6 05 04 05 04 03 02
1 0 0 0 1 0 0 0 1 0 0 0
[di]=]0 1 o o [d4]=|0 1 0 o, and [d}]=]0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0
b o o 1! 0 0 o0 1 o 0 o0 1

45, Test Case 5

Test Case 4 constructs three fpfs-matrices [ejj]_ . [efj], , and [e}]_  suchthatforalli,j € I, and k € Is,

ei"j =A€[0,1]. For each fpfs-matrix herein, the ranking order of alternatives is
u; = U, = uz = uy,. Here, = denotes the same ranking order. For example,

0.5 05 0.5 05 0.5 05 05 05 0.5 05 05 05
0.5 05 0.5 05 0.5 05 05 05 0.5 05 05 05
[ef]=[05 05 05 05| [ef]=]05 05 05 05| and [ef]=]05 05 05 05
0.5 05 0.5 05 0.5 05 05 05 0.5 05 05 05
0.5 05 0.5 05 0.5 05 05 05 0.5 05 05 05

4.6. Results of Test Cases

In this subsection, we test the configured SDM methods using the aforesaid five test cases. Here, the methods
working with a single matrix employ the first fpfs-matrices in each test case. Similarly, the methods working
with double matrices utilise the first two fpfs-matrices. Moreover, the other methods use all the fpfs-matrices.
For example, in Test Case 1, the methods employing single matrix, double matrices, and multiple matrices use
the first fpfs-matrix [a};], the first two fpfs-matrices [a};] and [af;], and all the fpfs-matrices [a};], [a?], and
[a?;], respectively.

Table 8 indicates in which test cases the methods are successful. It can be seen from Table 8 that 20 of 37
methods, namely MBR01, MRB02, CCE10, CEC11, CXL13(4,), WQ14(k), YHX14(a, B), DC15(a), ZZ15,
CXL13/2(4,), HG13, ZXZ15(a), VMH16, MR13, MR13/2, SM13(w, a), Z14/2, RS16, SMT16, and
NKY17(4,), pass all the tests. Moreover, the numbers of the passed tests are provided in the last column of
Table 8. Here, a =0.5, $ =05 k=04, A=0.5, A, =[1111], A, =[0.250.250.25 0.25], A5 =
[0.50.50.50.5], g = 2, R = {1,2,3,4}, and w = [0.34 0.34 0.34].
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10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37

Table 8. Success of the methods in the test cases

Algorithms\Test Cases

NS11 [BSD13, SR15]
CXL13(A,)
CXL13/2(A,)
GLF13(R)

HG13

SM13(w, a)

MRBO02 [GDC14, RH16/2]
NKY17(4,) [GDC14/2]
K14

CCE10 [MM14]
WQ14(x)

XWL14(a, q) [LWX15(a, q), T15(a, q)]
XWL14/2(a, q) [LWX15/2(a, q), T15/2(«, q)]

YHX14(a, B)
Z14/2

A15

DC15(a)

HJ15(2) [H16(A)]
XHL15(a, q)
XHL15/2(a, q)
ZXZ15(a)
ZXZ15/2(a)
7715

Z271512(23)

A16

CEC11 [AC16, AC16/2, RH16]
MR13 [AM16]
MR13/2 [AM16/2]
MR13/3 [AM16/3]
NRM16(R)
RH16/3(R)
MBRO1 [RK16]
RS16

SMT16

VMH16
WHXDD16
WHXDD16/2

Total

Test
Case 1

RN NEN

RN NEN

NN N RN

26

Test
Case 2

RN RS RN RS S RN RS RN RN RS

< S NN

RS

SRR RN RN

31

Test
Case 3

SR NN

&

RS

SN N N NN

RIS

26

Test
Case 4

SIS

NSRS

N N R R SRS

RGN

27

Test
Case 5

NN RN RN RO RN RN RN RN RN RN PN RN RN RN RN RN RN RN R R R R N RN N RN RN N RN RN RN RN

w
J

104

Passed
Test’s
Numbers

4
5
5
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5. An Application of Some of the Configured Methods to a PVA Problem

This section applies the configured methods herein to a PVA problem concerning the salt-and-pepper noise
(SPN) removal performance of the filters provided in [73]. Therefore, firstly, we present the results of the
filters in [73] produced by the quality metrics Peak Signal-to-Noise Ratio (PSNR), Structural Similarity
(SSIM) [74], and Visual Information Fidelity (VIF) [75] for 20 traditional images at noise density occurring
between 10% and 90% in Table 9, 10, and 11, respectively. Moreover, the bold values in the tables signify
the filters with the best performance.

Table 9. Mean-PSNR results for the 20 traditional images with different noise densities
Filters/Noise Densities 10%  20%  30% 40% 50% 60% 70%  80%  90%

DBAIN 3752 3429 3196 2983 27.86 2589 2390 2155 18.55
MDBUTMF 36.80 32.18 29.02 28.48 28.81 28.34 2695 2342 1529
BPDF 3698 3354 31.03 2888 2682 2460 2198 17.74 1051
NAFSMF 36.08 33.27 3149 30.15 29.02 2796 26.82 2547 2234
AWMF 36.34 3500 33.83 3269 3147 30.14 28.68 2699 24.70
DAMF 39.58 36.33 3414 3245 3099 29.64 28.28 26.69 24.35
ARmMF 40.04 3712 3514 3353 3199 3045 2886 27.08 24.74

Table 10. Mean-SSIM results for the 20 traditional images with different noise densities
Filters/Noise Densities 10%  20% 30% 40% 50% 60%  70%  80% @ 90%

DBAIN 0.9796 0.9584 0.9315 0.8968 0.8520 0.7949 0.7213 0.6265 0.4966
MDBUTMF 0.9774 0.9197 0.8117 0.7973 0.8399 0.8410 0.8025 0.7023 0.3566
BPDF 0.9783 0.9536 0.9229 0.8838 0.8323 0.7634 0.6680 0.5096 0.2585
NAFSMF 0.9748 0.9504 0.9248 0.8973 0.8666 0.8320 0.7910 0.7357 0.6190
AWMF 0.9728 0.9622 0.9484 0.9315 0.9098 0.8816 0.8437 0.7904 0.7028
DAMF 0.9854 0.9699 0.9516 0.9303 0.9051 0.8748 0.8368 0.7846 0.6964
ARmMF 0.9868 0.9735 0.9581 0.9400 0.9173 0.8880 0.8491 0.7947 0.7056

Table 11. Mean-VIF results for the 20 traditional images with different noise densities
Filters/Noise Densities 10%  20% 30% 40% 50% 60% 70% 80%  90%

DBAIN 0.8548 0.7319 0.6179 0.5119 0.4095 0.3128 0.2229 0.1365 0.0635
MDBUTMF 0.8272 0.6713 0.5044 0.4420 0.4310 0.3978 0.3302 0.2212 0.0730
BPDF 0.8188 0.6858 0.5659 0.4564 0.3529 0.2541 0.1614 0.0783 0.0334
NAFSMF 0.7902 0.6751 0.5828 0.5030 0.4307 0.3604 0.2897 0.2129 0.1226
AWMF 0.7896 0.7366 0.6789 0.6181 0.5533 0.4833 0.4066 0.3129 0.1928
DAMF 0.8787 0.7816 0.6943 0.6162 0.5437 0.4731 0.3998 0.3096 0.1913
ARMF 0.8832 0.7975 0.7210 0.6474 0.5741 0.4974 0.4158 0.3182 0.1955

In this PVA problem, the alternatives are indicated as u; = “DBAIN”, u, := “MDBUTMF”, u3 := “BPDF”,
U, = “NAFSMF”, ug= “AWMF”, ug;= “DAMF”, and u,:= “ARmF” such that U =
{uq, uy, usg, uy, us, ug, u }. Moreover, the parameters are denoted by x; := “SPN ratio 10%”, x, := “SPN ratio
20%”, x3 == “SPN ratio 30%”, x, = “SPN ratio 40%”, x5 = “SPN ratio 50%”, x¢ = “SPN ratio 60%”,
x7 = “SPN ratio 70%”, xg:= “SPN ratio 80%”, and Xxq:= “SPN ratio 90%” such that E =
{x1, %2, X3, X4, X5, X, X7, Xg, X0}
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Suppose that the noise removal performances of the filters at high noise densities are more significant than at
the other densities. In such a case, it is anticipated that the membership degrees at high noise densities are
greater than at the other noise densities. In other words, the first rows of the fpfs-matrices are considered to be
[0.1 0.2 0.3 0.4 0.50.6 0.7 0.8 0.9] herein. Furthermore, while the SSIM and VIF values are in the interval
[0,1], the PSNR values are not. Hence, the PSNR values are normalised via the maximum value provided in
Table 9 to construct the fpfs-matrix [aij]. Thus, Table 9, 10, and 11 can be represented with fpfs-matrices

[aij]gxg, [bij]Bxga and [Cij]8X9 as follows:

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0.9371 0.8564 0.7982 0.7450 0.6958 0.6466 0.5969 0.5382 0.4633
0.9191 0.8037 0.7248 0.7113 0.7195 0.7078 0.6731 0.5849 0.3819
[a~ ] — 0.9236 0.8377 0.7750 0.7213 0.6698 0.6144 0.5490 0.4431 0.2625
Y 0.9011 0.8309 0.7865 0.7530 0.7248 0.6983 0.6698 0.6361 0.5579
0.9076 0.8741 0.8449 0.8164 0.7860 0.7527 0.7163 0.6741 0.6169
0.9885 0.9073 0.8526 0.8104 0.7740 0.7403 0.7063 0.6666 0.6081
11.0000 0.9271 0.8776 0.8374 0.7990 0.7605 0.7208 0.6763 0.6179

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0.9796 0.9584 0.9315 0.8968 0.8520 0.7949 0.7213 0.6265 0.4966
0.9774 0.9197 0.8117 0.7973 0.8399 0.8410 0.8025 0.7023 0.3566
[b--] — 0.9783 0.9536 0.9229 0.8838 0.8323 0.7634 0.6680 0.5096 0.2585
Y 0.9748 0.9504 0.9248 0.8973 0.8666 0.8320 0.7910 0.7357 0.6190
0.9728 0.9622 0.9484 0.9315 0.9098 0.8816 0.8437 0.7904 0.7028
0.9854 0.9699 0.9516 0.9303 0.9051 0.8748 0.8368 0.7846 0.6964
10.9868 0.9735 0.9581 0.9400 0.9173 0.8880 0.8491 0.7947 0.7056

and

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0.8548 0.7319 0.6179 0.5119 0.4095 0.3128 0.2229 0.1365 0.0635
0.8272 0.6713 0.5044 0.4420 0.4310 0.3978 0.3302 0.2212 0.0730
[c--] — 0.8188 0.6858 0.5659 0.4564 0.3529 0.2541 0.1614 0.0783 0.0334
Y 0.7902 0.6751 0.5828 0.5030 0.4307 0.3604 0.2897 0.2129 0.1226
0.7896 0.7366 0.6789 0.6181 0.5533 0.4833 0.4066 0.3129 0.1928
0.8787 0.7816 0.6943 0.6162 0.5437 0.4731 0.3998 0.3096 0.1913
10.8832 0.7975 0.7210 0.6474 0.5741 0.4974 0.4158 0.3182 0.1955

Nine of the SDM methods having passed all the test cases, namely MBR01, MRB02, CCE10, CECL11,
CXL13(4;), WQ14(x), YHX14(a,B), DC15(a), and ZZ15, employ only an fpfs-matrix. Similarly,
CXL13/2(A;), HG13, ZXZ15(a), and VMH16 utilise two fpfs-matrices, and the others work with multiple
fpfs-matrices. Moreover, we consider the variablesa = 0.5, =05,k =04,4; =[111111111],4, =

T
[1111111 candw = [111].
7777777

Secondly, we apply the SDM methods to the aforesaid fpfs-matrices [aii]gxg' [bij]gxg, and [Cij]gxg' The

decision sets and ranking orders produced by these SDM methods are manifested in Table 12 and 13,
respectively. The last column in Table 13 demonstrates the number of the methods producing the same ranking
order.
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Table 12. Decision sets produced by SDM methods (in the event of more-importance-attached noise removal

Algorithms

MBRO1

MRBO02

CCE10

CEC11

CXL13(4,)

WQ14(k)

YHX14(a, B)

DC15(a)

2715

CXL13/2(1,)

HG13

ZXZ15(a)

VMH16

MR13

MR13/2

SM13(w, a)

Z14/2

RS16

SMT16

NKY17(1,)

Matrices

[a;]

[a]

[a:/]

[a:/]

[as/]

[as/]

[a]

[a;]

[a]
[a], [bij]
[ai;]. [bij]
[ai;]. [bi)]
[ai;]. [bij]

[ai;]. [by], [ci]
[a;], [Bij]. [ey]
[a;], [Bij]. [ey]
[a], [Byj]. [ey]
[a], [byj]. [ey]
[ai;]. [by], [ci]
[ai;]. [by], [ci)]

performance at high noise densities)

Decision Sets

{0-2227DBAIN, °2422MDBUTMF, °BPDF, *3828NAFSMF, *7891AWMF, %671°DAMF, 'ARmF}
{0'8391DBAIN, 0.8446MDBUTMF’ 0'7361BPDF, 0'9143NAFSMF, 0.9835AWMF’ 0.9776DAMF’ 1ARmF}
{0'8391DBAIN, 0.8446MDBUTMF’ 0'7361BPDF, 0'9143NAFSMF, 0.9835AWMF’ 0.9776DAMF’ 1ARmF}
{0'345°DBAIN, 0'8523MDBUTMF, 0'7523BPDF, 0'9137NAFSMF, 0.9818AWMF’ 0'9772DAMF, 1ARmF}
{0-4077DBAIN, %402’ MDBUTMF, °BPDF, %¢42NAFSMF, %9219AWMF, *°125DAMF, 'ARmF}
{0-8483DBAIN, 0-8480MDBUTMF, *755°BPDF, %9124NAFSMF, %9788 AWMF, °°776DAMF, 'ARmF}
{0-2630DBAIN, %277°MDBUTMF, °BPDF, *¢48*NAFSMF, °°81°AWMF, %°75°DAMF, 'ARmF}
{0-4628DBAIN, ©472’ MDBUTMF, °BPDF, *792’NAFSMF, %9880 AWMF, °526DAMF, 'ARmF}
{0'8391DBAIN, 0.8446MDBUTMF’ 0.7361}3PDF, 0'9143NAFSMF, 0.9835AWMF' 0.9776DAMF' 1ARmF}
{0-4358DBAIN, °363°MDBUTMF, °BPDF, *699’NAFSMF, %437 AWMF, %9327 DAMF, 'ARmF}
{0-3674DBAIN, °34°°MDBUTMEF, °BPDF, %¢31NAFSMF, %8651 AWMF, %845°DAMF, 'ARmF}
{07437DBAIN, °7582MDBUTMF, %6°°5BPDF, *2321NAFSMF, %9925 AWMF, %-°878DAMF, ' ARmF}
{02722DBAIN, °>393SMDBUTMF, °BPDF, 7% NAFSMF, %9870 AWMF, %-9513DAMF, *ARmF}
{0-6585DBAIN, 0725 MDBUTMF, %5448BPDF, %7414NAFSMF, 9616 AWMF, %2627 DAMF, ARmF}
{04119DBAIN, *344“MDBUTMEF, °-2777BPDF, ©-6926NAFSMF, *-23¢°AWMF, %-°29°DAMF, *ARmF}
{0-379°DBAIN, %352'MDBUTMF, °BPDF, %¢*12NAFSMF, %9298 AWMF, *928’DAMF, 'ARmF}
{048608DBAIN’ 0.8483MDBUTMF' 0.7614BPDF’ 0'9321NAFSMF, 0'9925AWMF, 0.9878DAMF' 1ARmF}
{0-3523DBAIN, °3832MDBUTMF, °BPDF, *-6°¢’NAFSMF, ***11AWMF, %278DAMF, 'ARmF}
{0-2237DBAIN, °2666MDBUTMEF, °BPDF, *3¢*INAFSMF, %7867 AWMF, %6723DAMF, ' ARmF}

{0-2412DBAIN, %249 MDBUTMF, °BPDF, ?369°NAFSMF, *789°AWMF, %-6732DAMF, 1ARmF}

The ranking orders in Table 13 manifest that MBR01, MRB02, CCE10, CEC11, YHX14(a, 8), DC15(a),
2715, ZXZ15(a), VMH16, MR13/2, RS16, SMT16, and NKY17(4,) produce the same ranking order just as
CXL13(4;), WQ14(k), CXL13/2(1,), HG13, and Z14/2 do. Moreover, the ranking orders produced by MR13
and SM13(w, a) except for those of MDBUTMF and DBAIN tend to generate the same pattern. The results
show that the decision-making abilities of SDM methods herein agree that ARmF outperforms the other filters
and BPDF exhibits the minimum performance compared to the others.

107
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Table 13. Ranking orders produced by SDM methods (in the event of more-importance-attached noise
removal performance at high noise densities)

Algorithms Matrices Ranking Orders Frequency
MBRO1 [a;] BPDF< DBAIN <MDBUTMF<NAFSMF<DAMF<AWMF<ARmMF 13
MRB02 [a;;] BPDF< DBAIN <MDBUTMF<NAFSMF<DAMF<AWMF<ARmMF 13
CCE10 [a;] BPDF< DBAIN <MDBUTMF<NAFSMF<DAMF<AWMF<ARmMF 13
CEC11 [a;;] BPDF< DBAIN <MDBUTMF<NAFSMF<DAMF<AWMF<ARmMF 13
CXL13(4;) [ai;] BPDF<MDBUTMF< DBAIN <NAFSMF<DAMF<AWMF<ARmF 5
WQ14(x) [a;;] BPDF<MDBUTMF< DBAIN <NAFSMF<DAMF<AWMF<ARmMF 5
YHX14(a, B) [a;] BPDF< DBAIN <MDBUTMF<NAFSMF<DAMF<AWMF<ARMF 13
DC15(a) [a;;] BPDF< DBAIN <MDBUTMF<NAFSMF<DAMF<AWMF<ARMF 13
7715 [a;;] BPDF< DBAIN <MDBUTMF<NAFSMF<DAMF<AWMF<ARmMF 13
CXL13/2(4;) [ai]. [bi] BPDF<MDBUTMF< DBAIN <NAFSMF<DAMF<AWMF<ARmMF 5
HG13 [ai]. [bi] BPDF<MDBUTMF< DBAIN <NAFSMF<DAMF<AWMF<ARmF 5
ZXZ15(a) [ai]. [bif] BPDF< DBAIN <MDBUTMF<NAFSMF<DAMF<AWMF<ARmMF 13
VMH16 [ai;]. [bs)] BPDF< DBAIN <MDBUTMF<NAFSMF<DAMF<AWMF<ARmMF 13
MR13 [a:;]. [bij]. [c]] | BPDF< DBAIN <MDBUTMF<NAFSMF<AWMF<DAMF<ARMF 1
MR13/2 [a;;]. [bij]. [c]] ~ BPDF< DBAIN <MDBUTMF<NAFSMF<DAMF<AWMF<ARMF 13
SM13(w, @) [ai;]. [bij]. [c;]] = BPDF<MDBUTMF< DBAIN <NAFSMF<AWMF<DAMF<ARMF 1
Z14/2 [aij]. [bij]. [c:]] = BPDF<MDBUTMF< DBAIN <NAFSMF<DAMF<AWMF<ARMF 5
RS16 [a;j]. [bij]. [c;;/] = BPDF< DBAIN <MDBUTMF<NAFSMF<DAMF<AWMF<ARMF 13
SMT16 [a;;], [bij]. [c;;]] ~ BPDF< DBAIN <MDBUTMF<NAFSMF<DAMF<AWMF<ARMF 13
NKY17(2,) [a;;], [bij]. [c;;]] ~ BPDF< DBAIN <MDBUTMF<NAFSMF<DAMF<AWMF<ARMF 13

On the other hand, assume that the noise removal performances of the filters at low noise densities are more
significant than at the higher densities. In such a case, it is anticipated that the membership degrees at low
noise densities are greater than at the higher noise densities. In other words, the first rows of the fpfs-matrices
are considered to be [0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1] herein. Therefore, Table 9, 10, and 11 can be

represented with fpfs-matrices [d;;], . [eij],, o and [fij],, , as follows:

0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1
0.9371 0.8564 0.7982 0.7450 0.6958 0.6466 0.5969 0.5382 0.4633
0.9191 0.8037 0.7248 0.7113 0.7195 0.7078 0.6731 0.5849 0.3819
[d--] — 0.9236 0.8377 0.7750 0.7213 0.6698 0.6144 0.5490 0.4431 0.2625
Y 0.9011 0.8309 0.7865 0.7530 0.7248 0.6983 0.6698 0.6361 0.5579
0.9076 0.8741 0.8449 0.8164 0.7860 0.7527 0.7163 0.6741 0.6169
0.9885 0.9073 0.8526 0.8104 0.7740 0.7403 0.7063 0.6666 0.6081
L1.0000 0.9271 0.8776 0.8374 0.7990 0.7605 0.7208 0.6763 0.6179

0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1
0.9796 0.9584 0.9315 0.8968 0.8520 0.7949 0.7213 0.6265 0.4966
09774 09197 0.8117 0.7973 0.8399 0.8410 0.8025 0.7023 0.3566
[e--] . 109783 0.9536 0.9229 0.8838 0.8323 0.7634 0.6680 0.5096 0.2585
Y 0.9748 0.9504 0.9248 0.8973 0.8666 0.8320 0.7910 0.7357 0.6190
0.9728 0.9622 0.9484 0.9315 0.9098 0.8816 0.8437 0.7904 0.7028
0.9854 0.9699 0.9516 0.9303 0.9051 0.8748 0.8368 0.7846 0.6964
10.9868 0.9735 0.9581 0.9400 0.9173 0.8880 0.8491 0.7947 0.7056-
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and

[fij] =

0.9 0.8
0.8548 0.7319 0.6179 0.5119 0.4095 0.3128 0.2229 0.1365 0.0635
0.8272 0.6713 0.5044 0.4420 0.4310 0.3978 0.3302 0.2212 0.0730
0.8188 0.6858 0.5659 0.4564 0.3529 0.2541 0.1614 0.0783 0.0334
0.7902 0.6751 0.5828 0.5030 0.4307 0.3604 0.2897 0.2129 0.1226
0.7896 0.7366 0.6789 0.6181 0.5533 0.4833 0.4066 0.3129 0.1928
0.8787 0.7816 0.6943 0.6162 0.5437 0.4731 0.3998 0.3096 0.1913

10.8832 0.7975 0.7210 0.6474 0.5741 0.4974 0.4158 0.3182 0.1955

0.7 0.6 0.5 0.4 0.3 0.2 0.1 7
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Thirdly, we apply the SDM methods to the fpfs-matrices [dij]gxgv [eij]gxg’ and [fif]gxg' The decision sets and

ranking orders generated by the SDM methods are provided in Table 14 and 15, respectively. The last column
in Table 15 demonstrates the number of the methods producing the same ranking order.

Table 14. Decision sets produced by SDM methods (in the event of more-importance-attached noise removal

Algorithms
MBRO1
MRB02
CCE10
CEC11
CXL13(4,)
WQ14(x)
YHX14(a, B)
DC15(a)
2715
CXL13/2(1,)
HG13
ZXZ15(a)
VMH16
MR13
MR13/2
SM13(w, a)
Z14/2

RS16

SMT16

NKY17(2,)

Matrices

[dy]

[dy]

[dy]

[dy]

[dy]

[dy]

[dy]

[dy]

[dy]
[dij]. [ess]
[dyj]. [es]
[dis]. [ess]
[diy]. [es]

[dij] e, [£if]
[dij]. [es]. [£ij]
[dij] e, [£if]
[dij]. [ess]. [£ij]
[dij], e, [£if]
[dij]. [es]. [£ij]
[dij]. ess]. [£ij]

performance at low noise densities)

Decision Sets

{0-2546DBAIN, °MDBUTMEF, %°°°3BPDF, *111INAFSMF, %5556 AWMF, *-¢°**DAMF, 'ARmF}
{08964DBAIN, %8784 MDBUTMF, ®8610BPDF, “9941NAFSMF, %9555 AWMF, °°77*DAMF, 'ARmF}
{0.8964DBAIN, 0.8784MDBUTMF, 0'8610BPDF, 0'9041NAFSMF, 0'9555AWMF, 0'9774DAMF, 1ARmF}
{09023DBAIN, %2805MDBUTMF, %8717BPDF, %-2039NAFSMF, %512AWMF, *°77°DAMF, 'ARmF}
{0-2896DBAIN, %264'\MDBUTMF, °BPDF, *4731NAFSMF, %8380 AWMF, 0-8623DAMF, !ARmF}
{0.8894DBAIN, 0.8760MDBUTMF, 0.8450BPDF' 0'9057NAFSMF, 0.9576AWMF, 0.9780DAMF, 1ARmF}
{01511DBAIN, 00652MDBUTMF, °BPDF, %1412NAFSMF, 05984 AWMF, 09463 DAMF, 'ARmF}
{0-2460DBAIN, °MDBUTMEF, %°48°BPDF, 0-2624NAFSMF, %7380 AWMF, 793’ DAMF, 'ARmF}
{08964DBAIN, *878*MDBUTMF, %-8619BPDF, 0-904INAFSMF, *955SAWMF, *774DAMF, 'ARmF}
{03143DBAIN, %2127MDBUTMF, °BPDF, %-534°NAFSMF, %8828 AWMF, 0-°884DAMF, 'ARmF}
{02511DBAIN, %°346MDBUTMF, °BPDF, %-346’NAFSMF, %68°CAWMF, °7787DAMF, 'ARmF}
{09318DBAIN, °°022MDBUTMEF, °°12BPDF, *-2583NAFSMF, %9871 AWMF, %9°°1DAMF, 'ARmF}
{0-3679DBAIN, %1858MDBUTMEF, ®2334BPDF, °NAFSMF, %9406 AWMF, °8737DAMF, !ARmF}
{08361DBAIN, ©8930MDBUTMF, *761°BPDF, ®8153NAFSMF, %9337 AWMF, %°71SDAMF, 'ARmF}
{O'SZZZDBAIN, 0‘7156MDBUTMF, 0‘7516BPDF, 0'7477NAFSMF, 0'8485AWMF, 0'9575DAMF, 1ARmF}
{03923DBAIN, %1238MDBUTMF, °BPDF, ©3°1INAFSMF, 718*AWMF, °875°DAMF, 'ARmF}
{09435DBAIN, %°112MDBUTMEF, %°188BPDF, ©9583NAFSMF, °-2871AWMF, %2°°1DAMF, 'ARmF}
{0-2930DBAIN, %9°°°MDBUTMF, °BPDF, *3115NAFSMF, *738*AWMF, *87°1DAMF, 'ARmF}
{02734pBAIN, %923°MDBUTMF, °BPDF, %122°NAFSMF, %-5300AWMF, °¢95°DAMF, 'ARmF}

{03049DBAIN, %071’"MDBUTMF, °BPDF, ®112INAFSMF, %59 AWMF, 0704°DAMF, *ARmF}



Journal of New Theory 34 (2021) 82-114 / Operability-Oriented Configurations of the Soft Decision-Making Methods ... 110

The ranking orders in Table 15 show that MRB02, CCE10, CXL13(1,), WQ14(x), ZZ15, CXL13/2(4,),
HG13, SM13(w, a), and RS16 produce the same ranking order. The ranking orders produced by MBRO01 and
MR13/2 except for those of NAFMSF and BPDF tend to exhibit the same pattern. Moreover, YHX14(a, ),
MR13, SMT16, and NKY17(4,) have the same ranking order just as DC15(a), ZXZ15, and Z14/2 do even
though CEC11 and VMH16 have more incoherent ranking order than the others. Despite the different decision-
making skills of all the SDM methods herein, all the methods validate that ARmF performs better than the
other filters, and all the SDM methods except for MBR01, DC15(a), ZXZ15, VMH16, MR13/2, and Z14/2
indicate that BPDF displays the minimum performance.

Table 15. Ranking orders produced by SDM methods (in the event of more-importance-attached noise
removal performance at low noise densities)

Algorithms Matrices Ranking Orders Frequency
MBRO1 [di] MDBUTMF<BPDF<NAFMSF< DBAIN <AWMF<DAMF<ARmMF 1
MRB02 [di] BPDF<MDBUTMF< DBAIN <NAFSMF<AWMF<DAMF<ARMF 9
CCE10 [di] BPDF<MDBUTMF< DBAIN <NAFSMF<AWMF<DAMF<ARMF 9
CEC11 [di] BPDF< DBAIN <NAFMSF<AWMF<DAMF<MDBUTMF<ARMF 1
CXL13(1;) [d;] BPDF<MDBUTMF< DBAIN <NAFSMF<AWMF<DAMF<ARMF 9
WQ14(x) [di] BPDF<MDBUTMF< DBAIN <NAFSMF<AWMF<DAMF<ARMF 9
YHX14(a, B) [di] BPDF<MDBUTMF<NAFMSF< DBAIN <AWMF<DAMF<ARMF 4
DC15(a) [di] MDBUTMF<BPDF< DBAIN <NAFMSF<AWMF<DAMF<ARMF 3
7715 [dij] BPDF<MDBUTMF< DBAIN <NAFSMF<AWMF<DAMF<ARMF 9
CXL13/2(4,) [di], [eij] BPDF<MDBUTMF< DBAIN <NAFSMF<AWMF<DAMF<ARMF 9
HG13 [di], ] BPDF<MDBUTMF< DBAIN <NAFSMF<AWMF<DAMF<ARmF 9
ZXZ15(a) [di], [e] MDBUTMF<BPDF< DBAIN <NAFMSF<AWMF<DAMF<ARMF 3
VMH16 [di], [ej] NAFSMF<AWMF<MDBUTMF<BPDF< DBAIN <DAMF<ARmMF 1
MR13 [di). [ey] [fu] | BPDF<MDBUTMF<NAFMSF< DBAIN <AWMF<DAMF<ARMF 4
MR13/2 [di]. [e]: [fs] | MDBUTMF<NAFMSF<BPDF< DBAIN <AWMF<DAMF<ARMF 1
SM13(w, @) ldi]. [es)]. [fs]  BPDF<MDBUTMF< DBAIN <NAFSMF<AWMF<DAMF<ARMF 9
Z1412 [di]. [ey] [fs]  MDBUTMF<BPDF< DBAIN <NAFMSF<AWMF<DAMF<ARME 3
RS16 [dyl. les]: [fs]  BPDF<MDBUTMF< DBAIN <NAFSMF<AWMF<DAMF<ARMF 9
SMT16 [di]. [e]: [fs] | BPDF<MDBUTMF<NAFMSF< DBAIN <AWMF<DAMF<ARMF 4
NKY17(4;) [di). [ey) [fs] | BPDF<MDBUTMF<NAFMSF< DBAIN <AWMF<DAMF<ARME 4

6. Conclusion

In this study, we configured SDM methods constructed with the concepts of soft sets, fuzzy soft sets, fuzzy
parameterized soft sets, fpfs-sets, soft matrices, fuzzy soft matrices, and fuzzy parameterized soft matrices,
faithfully to the original. Hereby, in 2013 and 2016, we completed the configurations of the methods proposed
via these concepts to the fpfs-matrices space. Afterwards, we implemented the configured methods to five test
cases. By doing so, we determined the methods passing all the test cases. We then applied them to a PVA
problem to order the state-of-the-art filters with respect to their noise removal performance.


https://tureng.com/tr/turkce-ingilizce/incoherent
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SDM methods constructed by the superstructures of fpfs-sets were not included in this study. In the future,
researchers can also configure methods constructed via these superstructures to convenient spaces, such as
intuitionistic fuzzy parameterized intuitionistic fuzzy soft matrices space [76] and interval-valued intuitionistic
fuzzy parameterized interval-valued intuitionistic fuzzy soft sets/matrices space [77]. Furthermore, the
configured methods can be compared by applying them to decision-making problems in different fields, such
as medical diagnosis. Besides, it will be possible to compare all the SDM methods put forward via the aforesaid
concepts in the literature and apply them to different decision-making problems once these methods have been
configured.
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1. Introduction

A real contact manifold is defined by a contact form n which is a volume form on a real (2p + 1)—
dimensional differentiable manifold M. The kernel of 7 defines 2p—dimensional a non-integrable
distribution of T'M:

D={X:nX)=0, X e(TM)}
We also recall D contact or horizontal distribution. Let £ be a vector field on M, which is dual
vector of 7. Then, for (1,1)—tensor field ¢, M is called an almost-contact metric manifold if following
conditions are satisfied:

P*=—I+n®E nE) =1, ¢¢=0, g(¢X1,0X2) = g(X1,X2) — n(X1)n(X2)

for all X1, Xo € I'(T'M), where [ is identity map on T'M and g is a Riemannian metric [1]. Moreover,
we call g compatible metric. Similar to the Kéhler manifold, we have a second fundamental form on an
almost-contact metric manifold Q(X1, Xo) = dn(X;, X2). Fruthermore, dn(X;, X2) = g(X1, $X>2) and
in this case we recall g is an associated metric. An almost-contact structure is normal if N (¢ X7, pX2)+
2dn(X1, X2)§ = 0, where N(¢X1,$Xs) is the Nijenhuis tensor field of ¢. A normal almost-contact
metric manifold is called a Sasakian manifold.

In 1959, Kobayashi [2] defined the complex analogue of a real contact manifold. Later, in the 1980s
Ishihara and Konishi [3] proved that a complex contact manifold carried an almost-contact structure.
A complex almost-contact metric manifold is a complex odd (2p + 1)—dimensional complex manifold
with (J, ¢, o0 J, & —J o0&, m,noJ, g) structure such that

¢ =(¢J) = -T+n@&—(noJ)®(Jo),
n(E) =1 n(=Jo&) =0,(noJ)(=Jo&) =1, (noJ)(¢) =0,
g((leaX?) - _g(Xla(bXQ)u g((¢o J)leXQ) - _g(X17 (¢O J)XQ)
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where ¢ is an Hermitian metric on M, J is a natural almost complex structure. The normality of
complex almost-contact metric manifolds was given by Ishihara and Konishi [3] and Korkmaz [4].
Normal complex contact metric manifolds have been studied by several authors [4-7]. A normal
complex contact manifold with a globally defined holomorphic 1-form is called complex Sasakian
manifolds. This type of manifolds have been worked in [8-11]

It is wel-known that an odd-dimensional sphere S?PT! carries a contact structure. Calabi and
Eckmann showed that the product of two odd-dimensional spheres M = S?*+1 x §24+1 is a complex
manifold [12]. These kinds of manifolds recall Calabi-Eckman manifolds. These manifolds have some
significant properties in complex geometry. Blair, Ludden, and Yano [13] studied complex manifolds
whose complex structures are similar to the complex structure on M. In [13], the authors defined a
new structure on Hermitian manifolds called bicontact manifolds. They proved that ”A Hermitian
bicontact manifold is locally the product of two normal contact manifolds M?*PT1 and M?4+1.” Her-
mitian bicontact manifolds were studied by Abe [14]. Abe obtained many useful results for complex
manifolds by using the notion of Hermitian bicontact manifolds.

In 2005, Bande and Hadjar [15] gave the definition of a contact pair manifold, and this definition was
similar to bicontact manifolds. Then, they constructed an almost-contact structure on a contact pair
manifold and defined the associated metric [16]. In 2013, the normality of almost-contact metric pair
structure was studied [17]. Later, some details of the normal contact metric pair (NMCP) manifolds
were studied by Bande, Hadjar and Blair in [18-20]. In 2020, one of the authors [21] defined the
notion of generalized quasi-Einstein normal-metric contact pair manifold and obtained some results
on curvature relations. Besides, same author worked on certain flatness conditions [22] and some semi-
symmetry conditions [23]. In [24], NMCP manifolds were studied under conditions of the generalized
quasi-conformal curvature tensor.

In this study, we work on NMCP manifolds under certain conditions related to the Ricci curvature.
We obtain some results for generalized quasi-EinsteinNMCP manifolds. We prove that such manifolds
are not Ricci pseudo-symmetric. Finally, we work on the notion of Ricci solitons.

2. Preliminary

In this section, we give a brief survey on normal metric contact pair manifolds. For details see [15-17].
Definition 2.1. A differentiable manifold M?+29+2 is called a contact pair manifold if we have

e a1 A (dan)P Aag A (dag)? # 0,

e (dap)P*!t =0 and (dag)?*! = 0.
for two 1-form oy, ay [15]. We recall (aq, a2) as (p, g)-type contact pairs.

Two canonical examples of contact pair manifolds are given below.

Example 2.2. Let x1,...,72p11,Y1, -, Y24+1 be the coordinate functions on R?**24+2_ Then, two
1-form

p q
a1 = dxopi1 + Z T9i—1dwo;, 2 = dyoqi1 + Z Y2i—1dy2;
i—1 =1

defines a (p, q)-type contact pairs. (R?*+24¥2 o, ay) is an example of contact pair manifolds.

Example 2.3. Let (Mlsz, a1) and M22q+1, ag) be two contact manifolds and M be the product of
prJrl and ngﬂ. Then, (a1, a2) is a (p, q)-type contact pairs. (M = prJrl X M22Q+1,041,042) is
called as product contact pairs.

As we know, the kernel of contact form defines a distribution which we recall contact distribution.
For contact pairs, since we have two 1—forms « and «s, we have two integrable subbundle of T'M as
D; = ker a1, Dy = ker ao. We can naturally associate it to the distribution of vectors on which «; and
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do vanish, and the one of vectors on which ag and dag vanish. (a1, ag) of Pfaffian forms of constant
classes 2p+1 and 2¢q+1, whose characteristic foliations are transverse and complementary, such that oy
and ao restrict to contact forms on the leaves of the characteristic foliations of a;; and s, respectively.
We determine F; and JF> of these foliations. These distributions are involutive. Moreover, they are of
codimension 2p + 1 and 2q + 1, respectively, and their leaves are contact manifolds [15]. This allow us
to use the name of contact pairs. These two characteristic foliations of M are denoted by

F1 =D1Nkerday and Fo = Dy N kerdas
The Reeb vector fields of contact pair (a1, as) are determined by the following equations:

al(Zl) = O[Q(ZQ) = 1, al(ZQ) = OéQ(Zl) =0

iZldOél = iZldOég = izzdag =0

where 7 x is the contraction with the vector field X.
Let’s define two subbundle of T'M by

TG; = kerda; Nkerag Nkerasg, i=1,2

then we can write

TF, =TG, ®RZ;

and so
TM =TG &TGy ®RZ ®RZy

Thus, the horizontal and vertical subbundles are defined by H = TGy ® TG, and V = RZ; & RZs,
respectively. Finally, we have TM = H &V [16].

Any X € T'(TM) could be written as X = X" + XV where X € H#, XY € V. In another way, we
can write X = X'+ X2 for X! € TF; and X? € TF,. Furthermore, we can state X' = X1h+a2 (X1 Z
and X2 = X2 +a1(X?)Z1, where X" and X2" are horizontal parts of X' and X2, respectively. From
all these decomposition of X finally we get

X =X" 4 X2 4 01 (X2)Z) + aa(X1) 2y
ar(X") = a1 (X?") =0, ax(X") = az(X?") =0

Let’s define (1, 1)—tensor field ¢ such as
P =—I+@Z1+a2®Za, ¢Z1=¢Za =0, ar(p) = as(¢) =0

If ¢TF; = TF;, then ¢ is said to be decomposable, i.e ¢ = ¢1 + ¢o. With the decomposabil-
ity of ¢, we have that («y, Z1,¢1) (resp. (ag,Z2,¢2)) induces an almost-contact structure on the
leaves of Fa (resp.F1) [16]. Throughout this study, it is assume that ¢ is decomposable. We recall
(¢1, b2, g, a2, Za, P2) the contact pair structure

A Riemannian metric g on (M, ¢, Z1, Za, a1, a2) is called compatible if g(¢pX1, ¢ X2) = g(X1, Xo) —
a1(X1)ag (Xo)—ae(X1)ae(Xe) for all X, Xy € TM, and associated if (X1, ¢ X2) = (daj+dag) (X1, X2)
and g(X1,7;) = a;(Xy), for i = 1,2. 4-tuple (aq, a9, ¢, g) is called metric contact pair structure on
M.

Normality of almost-contact structure is an important notion in contact geometry. As we know a
normal contact metric manifold is called as Sasakian manifold. A Sasakian manifold can be seen as
odd-dimensional Kéhler manifolds. Similarly, we have many subclasses of complex contact manifolds
which are normal. A complex Sasakian manifold is also a normal complex contact metric manifold [11].
The normality of a MCP manifold was studied in [17]. We have two almost complex structures:

T=¢0—aRZ1+a1 R 7y, T=¢+as 721 —a1 ® L
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J and T are called almost complex structure associated (ay, a9, d). If J and T are integrable, then
M is normal. On the other hand, the integrability of 7 and 7T is determined by the following condition

(¢, ¢](X1, X2) + 2dai (X1, X2) Z1 + 2doe (X1, X2)Zs = 0,

for all X1, Xy € I'(TM), where [¢, ¢] is the Nijenhuis tensor of ¢ [17]. For the sake of brevity, we use
the abbreviation of NMCP instead of the term of normal metric contact pair.
The curvature properties of a NMCP manifold are given by

R(X1,2)Xy = —g(¢X1,9X2)Z,
R(X1,X2,7,X3) = dag(¢Xs, X1)a1(X2) + dag(dX3X7)as(Xs)
—day (X3, Xo)a1(X7) — dag (¢ X3, Xo)aa(X7)
R(X1,2)7 = —¢*X,

for X1,Xo, X3 € I'(TM) and Z = Z; + Z, for the Reeb vector fields Z3, Zs, R is the Riemannian
curvature tensor [18]. Moreover, the Ricci curvature of M has the following properties [18];

Ric(X1,2) =0, for X; e I'(H) (1)
Ric(Z,7) = 2p + 2q. (2)
Ric(Zy,Z1) = 2p, Ric(Zay,Zs) = 2q, Ric(Z1,Z2) =0 (3)

Definition 2.4. An NMCP manifold is called a generalized quasi-Einstein (GQE) manifold if the
Ricci curvature of M has the following form:

Ric(X1, X2) = Ag(X1, X2) + B (X1)a1(X2) + yaz(X1)az(X2)
where A, 3, and ~y are scalar fields on M and X3, Xy € T'(T'M) [21].
Thus, from (2) and (3) we have

Ric(X1, X2) = Ag(X1, X2) + (2p — N1 (X1)a1(X2) + (2¢ — N)az(X1)az(X2)
for all X, Xy € I'(T'M).

3. Certain Conditions on the Ricci Curvature of Nomral-metric Contact Pair Man-
ifolds

Ricci curvature Ric, which is defined as the trace of Riemannian curvature tensor, has a major role
in the Riemannian geometry. In this section, we work on NMCP manifolds with certain conditions
related to the Ricci curvature.

We recall a Riemannian manifold as flat if it has zero curvature. Furthermore, a Riemannian
manifold is said to be Ricci-flat if Ric = 0.

Theorem 3.1. An NMCP manifold could not be Ricci-flat.

PrOOF. Let M be an NMCP manifold. Suppose that it is Ricci-flat, i.e for every X7, X5 vector fields
we have Ric(X1, X2) = 0. Then, from (2 ) we get 2p 4+ 2¢ = 0, which is impossible. Thus, there is a
contradiction. The manifold could not be Ricci-flat. [

An normal-metric contact pair manifoldmanifold is Ricci symmetric if VRic = 0. Let M be a
GQE NMCP manifold with constant A\. From the Riemannian geometry we have following wel-known
relation;

(VXRiC)(Xl, X2) = VXR’iC(Xl, X2) — R’iC(VXXl, XQ) — RiC(Xl, VXXQ)
for all X, X3, X € T'(T'M). Then, using (2) we obtain

(VxRic)(X1, X2) = (2p — A)g(¢1.X, X1)a1(Xz) + (2¢ — N)g(¢2 X, X2)on (X1)
If X7 and X3 are horizontal vector fields, we get (Vx Ric)(X1, X2) = 0.



Journal of New Theory 34 (2021) 115-122 / On the Ricci Curvature of Normal-Metric Contact Pair Manifolds 119

Corollary 3.2. On the horizontal bundle of a GQE NMCP manifold with constant A\, VRic = 0.

If we take X1 = a1Z1 + agZ2, Xo = b1 Z1 + baZy for coefficients a;, b;, i = 1,2 since g(¢1 X, X1) =
—9(X, ¢01X1) and g(¢2X, X2) = —g(X, p2X2), we get (Vx Ric)(X1, X2) = 0.

Corollary 3.3. On the vertical bundle of a GQE NMCP manifold with constant A, VRic = 0.

Let X1 = X1 4+ X2 4+ a1(X2)Z1 + aa(X1))Zs and Xo = X2" + X2" 4 a1 (X2)Z1 + az(X1) Zs.
Then, we obtain

h h h h
(2P = Ng(r X, Xi" + X7 )aa (X7) = (20 = Ng(9X, Xy + X5 )ar (X3) =0
Thus, we state the following theorem.

Proposition 3.4. On a GQE NMCP manifold with constant A, (Vx Ric)(X1, X2) = 0 if and only if
(2p — Ng(r X, XI" + X2 (X1) — (20 — N g(d2 X, X1 + X2 (X) = 0 for all X3 = X1" + X2" +
a1 (X2 Z) + ag(X) Zo, Xo = X1 + X2" + 01 (X2)Z) + ap(X2)Zo and X € T(TM).

An NMCP manifold M satisfies cyclic parallel Ricci tensor if we have
(Vx, Ric)(X2, X3) + (Vx, Ric)(X3,X1) + (Vx,Ric)(X1,X2) =0
for all X1, X9, X3 € I'(T'M). M is also satisfies Codazzi type of Ricci tensor if we have
(Vx, Ric)(X2, X3) — (Vx,Ric)(X1,X3) =0
for all X7 and X5 vector fields on M. In [21], one of the presented authors proved the following results.
Theorem 3.5. A GQE NMCP manifold with constant A satisfies cyclic parallel Ricci tensor [21].

Theorem 3.6. A GQE NMCP manifold with constant A does not satisfy Codazzi type of Ricci
tensor [21].

In [25], the authors proved that if the generators of GQE manifolds are Killing then the manifold
satisfies cyclic parallel Ricci tensor. Since Z1 and Zs are Killing, Theorem 3.5 is compatible with this
result. The same authors proved that if a GQFE manifold is Codazzi type of Ricci tensor then the
integral curves of the generator vector fields are geodesic. It is known that Z; and Zs are geodesics.
But the manifold is not the Codazzi type of Ricci tensor. Theorem 3.6 is guaranteed that the converse
of the second result in [25] is not satisfied.

In [26], the authors proved that in a GQE manifold, if the associated scalars are constant and the
Ricci tensor is of Codazzi type, then the associated 1-form are closed. As we know, o and a9 are not
closed. Thus, Theorem 3.6 is compatible with this result.

A generalization of Ricci symmetry was pointed out by the name of Ricci semi-symmetry. If
R - Ric = 0 we recall the manifold as Ricci semi-symmetric manifold. In [23], we proved following
theorem

Theorem 3.7. A Ricci semi-symmetric NMCP manifold is a GQE manifold [23].

A non-flat NMCP manifold M is called a Chaki pseudo-Ricci symmetric manifold if the Ricci
tensor Ric of type (0,2) is non-zero and satisfies the condition

(VxRic)(X1, Xa) = 2A(X)Ric(X1, Xa) + A(X2)Ric(X, X3) + A(X3)Ric(X3, X)

where A is non-zero 1—form such that g(X, p) = A(X) for all vector fields X; p being the vector field
corresponding to the associated 1-form [27]. If A = 0, then the manifold is called Ricci symmetric.

The another study on GQE manifolds was presented in [28], the authors proved that a pseudo-
Ricci symmetric manifold cannot cyclic parallel Ricci tensor; otherwise, this manifold reduces to a
Ricci symmetric manifolds. Thus, with the considered Theorem 3.5, we can state,
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Theorem 3.8. A GQE NMCP manifold with constant A cannot be pseudo-Ricci symmetric.

A Riemannian manifold (M, g) is called a Ricci soliton if there is a smooth vector field V' and a
scalar v € R such that
Lyvg+ 2Ric =2vg (4)

on M, where Ric is the Ricci tensor and Ly g is the Lie derivative of the metric g. The Ricci
soliton is called shriking, steady, or expanding according to v < 0, v = 0, v > 0, respectively [29].
Contact manifolds have been studied as the solution of Ricci soliton equations. For different structures,
see [30-33]

Suppose that a NMCP manifold satisfies (4) with the potential vector fields Z; and Zs. Since Z;
and Zs are the Killing vector fields, we get

RiC(Xl, XQ) = Vg(Xl, XQ)

for all X1, Xy € I'(T'M). Thus, M is Einstein manifold. Moreover, from (2), we get v = 2p+ 2q. Thus,
we state the following result:

Theorem 3.9. Let a NMCP manifold satisfy the Ricci soliton equation with the potential vector
fields Z; ( and Z3). Then, the Ricci soliton is expanding.

Let M be a GQE NMCP manifold which satisfies the Ricci soliton equation. Thus, from (2), we
obtain

(Lvg) (X1, X2) = —(2v + 2M)g(X1, Xa) — 2(2p — Naa(X1)an (X2) — 2(29 — Naz(X1)aa(X2)  (5)

Corollary 3.10. Let M be a GQE NMCP manifold which satisfies the Ricci soliton equation. The
potential vector field is Killing if and only if g(X7, X9) = ?2(3{’;2:\\% a1 (X))o (Xa)+ %ag (X1)aa(X2)
for all X1, Xy € I'(T'M).

Let V = Z; in (5), then we have
0= —(2v 4+ 2\)g(X1, X2) — 2(2p — a1 (X1)a1(X2) — 2(2¢ — A)aa(X1)az(X2)
Choose X1 = Xo = Z, then we get v = p + g. Thus, we state,

Theorem 3.11. Let M be a GQE NMCP manifold, which satisfies the Ricci soliton equation. If
V = Zy(orZs), then the Ricci soliton is expanding with v = p + g.

There are many interesting vector fields (sometimes called collineations), considered infinitesimal
symmetries of geometric structure or physical quantities such as metric, curvature, energy-momentum
tensors, geodesics, and light cones. These vector fields have many applications in Riemannian ge-
ometry and general relativity. One of them is Killing vectors, which are named after a Norwegian
mathematician Killing, who first described these notions in 1892. The Killing vectors preserve the
metric and all the derived structures. Another type is the conformal Killing vector field. A vector
field X recall conformal Killing if its Lie derivative is proportional to itself £xg = 2ug, for some scalar
field p. If p is zero, X is the Killing vector fields and if p is constant, but not zero, the vector field is
said to be homothetic, and the metric is changed by a (constant) scale factor as it moves along.

Suppose that V' is conformal Killing in (5). Then, we obtain

—2(v + X+ 1)g(X1, X2) = 2(2p — N)a1(X1)on (X2) + 2(29 — ) (X1)a2(X2)

By taking X1 = Xo =2, we get -4(v+ A+ pu) =4(p+q) —4 and so p+v = —(p+q). Since v is
constant, we state the following result.

Theorem 3.12. Let M be a GQE NMCP manifold which satisfies the Ricci soliton equation. If the
potential vector field is conformal Killing, then it reduces to the homothetic vector field.
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4. Conclusion

Normal-metric contact pair manifolds are an important class of contact manifolds. These manifolds
have many significant properties that differ from the classical contact structures. Moreover, a normal
contact metric pair manifold could be a special solution to Einstein’s field equations. Furthermore,
we have the applications of GQE manifolds in the contact geometry thanks to normal-metric contact
pair manifolds. In this paper, we study normal-metric contact pair manifolds from the Riemannian
geometric perspective. We obtain some results on the Ricci curvature and the Ricci solitons. The
results of the paper will be a reference for future works on contact manifolds and general relativity.
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