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A New View of Homomorphic Properties of BCK-Algebra in Terms of
Some Notions of Discrete Dynamical System
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1. Introduction

The foundation of the concept of BCK-Algebra was laid down by the famous mathematicians Imai and Iseki
in their pioneering paper [1]. Their theory about BCK-algebra and related ideas and properties are nowadays
utilized extensively in different areas of science like artificial intelligence information sciences, cybernetics,
and computer sciences. BCK-algebra has been inspired by two considerations; one based on classical and non-
classical propositional calculi of Meredith and the other based on set theory [2]. The BCK-algebra can also be
considered as the algebraic formulation of Meredith’s BCK-implicational calculus [3]. The concept of the ideal
theory of BCK-algebra playing a fundamental role in the evolution of BCK-Algebra was first introduced by
Iseki in [4]. Besides, the notion of BCK-homomorphism was also first defined by Iseki in [5]. During the past
four decades, several researchers have extensively investigated this field and have produced much literature
about the theory of BCK-algebra [6].

The foundation of the dynamical system was laid down by the eminent mathematician Henri Poincare in
1899 in his famous paper celestial mechanics [7]. His theories about dynamical systems and connected ideas
and properties are nowadays widely used in various fields of science like physics, biology, meteorology,
astronomy, economics, and many others. The main idea of the study of the dynamical system indicates the
mathematical techniques for describing the eventual or asymptotic behaviour of an iterative process in different
specified scientific disciplines. In 1917, Julia and Fatau diverted the concept of the dynamical system theory
in the relationship of complex analysis, established a new notion, and provided the name as complex analytic
dynamical system [8]. Latterly, Birkhoff enthusiastically adopted Poincare’s viewpoint, realized the

‘dawooddawood601@gmail.com (Corresponding Author); 2abdul_maths@yahoo.com
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significance of the concept of mappings, and introduced a discrete dynamical system [9]. A discrete dynamical
system is an interesting and active area of applied and pure mathematics that involves tools and techniques
from different fields such as Number Theory, Analysis, and Geometry. According to a fixed rule, discrete
dynamical systems are those dynamical systems whose states evolve over a state space in discrete steps.
Birkhoft’s opinion based on discrete steps was highly captivating and attracted the attention of mathematicians
to use in various fields of mathematics. Many researchers applied the concept of a discrete dynamical system
in their related areas. This becomes the extension of the theory of discrete dynamical systems in many branches
of mathematical sciences. In 1927 Birkhoff infused the notion of discrete dynamical systems in topology and
laid down the foundation of another field known as topological Dynamics [10]. Topological dynamics then
flourished and further generated algebraic topology and differential topology [11]. Differential Topological
techniques enabled Peixoto and Smale to understand the chaotic behaviour of a large class of dynamical
systems and introduced a new area of the dynamical system known as hyperbolic dynamical system [12]. Von
Neumann, Birkhoff, and Koopman introduced a discrete dynamical system in measure theory, due to which a
new field emerged by the name of Ergodic theory [13]. Dikranjan and Bruno embedded the discrete dynamical
system in group theory and established a new algebraic structure known as discrete dynamical systems in
group theory [14]. Dawood et al. have recently infused the discrete dynamical system in BCl-algebra and
obtained specific interesting properties [15].

In the present paper, we emphasize the mathematical aspects of the theory of discrete dynamical system
(Z,%). We define the concept of discrete dynamical system (Z ¥) in BCK-algebra where Z is a BCK-algebra
and ¥ is a homomorphism from Z to Z and establish some properties of the set of periodic points and the set
of fixed points of BCK-algebra Z. We prove that the sets of all fixed points and periodic points of BCK-algebra
Z are the BCK-subalgebras of Z. We show that when a subset of a BCK-algebra Z is invariant concerning ¥'.
We prove that the sets of all fixed and periodic points of a commutative BCK-algebra Z with relative
cancellation property are the ideals of Z.we also prove that in the discrete dynamical system (Z, ¥) the set of
all fixed points is S-Invariant subset of a BCK-algebra Z.

2. Preliminaries

This section consists of some preliminary definitions and basic facts about BCK-algebra, useful to prove our
results. Throughout this research work, we consistently denote the BCK-algebra by Z without any
specification.

Here we only mention those concepts of BCK-algebra which are necessary for our treatment. For further
information regarding BCK-algebra, the readers are referred to the references [16-21].

Definition 2.1. [7] A BCK-algebra (Z,*,0) is an algebra of the type (2, 0) satisfying the following five axioms
forall a,b,¢c € Z

(BCK-i) ((a * b) * (a *¢)) * (c*b) =0

(BCK-ii) (a * (a * b)) * b= 10

(BCK-iii)a * a = 0

(BCK-iv)0 * a = 0

(BCK-v)a * b = 0andb * a = 0=a =D

Moreover < is a partial order on Z and is defined by
a<beSaxb=0

Definition 2.2. [7] BCK-algebra (Z,*,0) is said to be commutative if the following condition holds in Z for
any a,b € Z
a*(axb)=D0x*(bx*a)



Journal of New Theory 35 (2021) 1-10 / A New View of Homomorphic Properties of BCK-Algebra ... 3

Definition 2.3. [7] Let Z, be a non-vacuous subset of a BCK-algebra (Z,*, 0). Then, Z; is said to be a BCK-
subalgebra of Z if it satisfies the (s-i) and (s-ii) conditions where

(s-i) 0 € Z,
(s-ii)a * beZ, forany a,b € Zg

Definition 2.4. [7] Let Z be a BCK-algebra and I; be a hon-vacuous subset of Z. Then, I is said to be an ideal
of Z if it satisfies (I;-i) and (I4-ii) conditions, where

(Id'i)OEId
(I4-i)a * belgandbe I; = a€ I;,Vab € Z

Definition 2.5. [5,17] A mapping ¥:Z,; — Z, where Z;and Z, are two BCK-algebras is said to be a BCK-
homomaorphism if it satisfies the following condition

Y(@(a*b)=¥(a))* ¥ (b), Vab € Z,

Definition 2.6. [18] A commutative BCK-algebra (Z, =, 0) has the relative cancellation property if for
a,b,c € Zanda = ¢,b = csuchthata * ¢ = b * ¢,thena = b.

3. Definitions of Some Notions of Discrete Dynamical System in BCK-Algebra
This section picks some terminologies of discrete dynamical systems and defines them in terms of BCK-
algebra.

Definition 3.1. Let Z be a BCK-algebraand ¥: Z — Z be a homomorphism. Then, (Z, ¥) is called a discrete
dynamical system in BCK-algebra

In the present paper, whenever we say a discrete dynamical system, it means we are taking an ordered
pair (Z, ¥) where Z is a BCK-algebra and ¥ is a homomorphism from Z to Z.

Definition 3.2. In the discrete dynamical system (Z, ¥) a point a € Z is a fixed point if ¥ (a) = a.

Definition 3.3. In the discrete dynamical system (Z, ¥) a point a € Z is a periodic point if ¥ ™(a) = a for
some positive integer ‘m’, the least value of ‘m’ is said to be the period of ‘a’.

Definition 3.4. In the discrete dynamical system (Z, ¥) a subset A of Z is an invariant subset of Z if ¥ (4) c
A.

Definition 3.5. In the discrete dynamical system (Z, ¥) a subset A of Z is a strongly invariant subset of ¥ if
W (4A) =A.

The following are simple examples regarding the definitions given in the paper.

Example 3.1. Suppose that Z = {0, p, g, r} is a BCK-algebra.

*

)T QAT oo
)] QN o ol
] OoOT o

QT O (R

0
p
q
r 0

And amapping ¥: Z — Zdefinedby ¥(0) = 0,%(p) = 0,¥(q) = q,and ¥(r) = r isahomomorphism.
Then, the points 0, g, and r are fixed points and the periodic points of period 1.

Example 3.2. Consider the BCK-algebra Z of example 3.1. Where the subset A = {0,q,r} is a strongly
invariant subset of Z because ¥ (A) = A while the subset B = {0, p} is invariant because ¥ (B) < B.
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4. Basic Results

In this section, we prove some properties essential in proving the theorems in this paper.

Proposition 4.1. If a mapping ¥:7Z — 7 is a homomorphism from BCK-algebra Z to Z and 0 € Z, then
¥ (0) = 0.

ProoF. ¥ (0) =% (0=*0)  (BCK-iii)
=9Y0)*¥(0) =0 ~ (BCK-iii)

Proposition 4.2. If ¥: Z — Z is a homomorphism, then ¥ *: Z — Z is a homomorphism. (Here ¥™ means
VoW ..o W (ntime)).

Proor. We prove this result by using the principle of mathematical induction. We have to show that for any
two elements a, b in Z

P"(axb) = ¥"(a) *»¥"(b) (1)
where n is the positive integer.
It has been given that statement (1) is valid for n = 1, and we assume that it is valid for n = k then we have
Pk(axb) =¥k(a) * P*(b)
P(#*(axb)) =P (a) *¥*(D)
Pktlaxb) = Y(WFk(a)) * Y(¥*(D)), ¥ is homomorphism
Pktlqxp) = Prtl(a) * Pk+1i(p)

Thus, the validity of statement (1) at n = k implies the validity of (1) at n = k + 1. Hence, (1) holds for all
positive integers ‘n’.

Proposition 4.3. If ¥: Z — Z is a homomorphism,%#™(a) = a and n,p are positive integers such that n
divides p then ¥?(a) = a.

Proor. Since ¥™(a) = a (2)
Where, n is a positive integer which divides p then there exists an integer g such that p = nq, then we have
WP(@) = ¥M(a) =MD (@)
= pna-1(q) « using (2)
= YDy (o)

= pna-2)(q) « using (2)

= pn@-(@-D)(q) = pn@-a+D(q) = Yn(q) =q * using (2)

Hence #?(a) = a.

Proposition 4.4. In the discrete dynamical system (Z, ¥) if ‘b’ is a fixed pointinZand a > bforanya € Z
then¥ (a) > b.

Proor. Since a > b can also be writtenasb < a = b*a = 0 = ¥ (b*a) = ¥ (0).

S PY®)*¥@Q =0 (3)
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Where ‘b’ is a fixed point. Therefore, (3) becomesd * ¥ (a) = 0 = b < ¥ (a)or ¥ (a) = b.

Proposition 4.5. In the discrete dynamical system (Z, ¥), if ‘b’ is a fixed pointinZanda > bforanya € Z,
then ¥ "(a) = b. Where ‘ n’ is a positive integer.

Proor. We prove this result by using the principle of mathematical induction, so by Proposition 4.4, the
statement W™ (a) > bistrue forn = 1. Next, we assume that the statement W™ (a) > bistrue forn = k such
that

Yk(@) = b (4)

from equation (4), we get b *Wk(a) = 0 = ¥ (b *¥¥(a)) = ¥ (0)

= Y (b)* ¥K*i(a) = 0 (5)
Where ‘b’ is a fixed point.
Therefore, equation (5) becomes

b x Wkt (=0=1b < pktl (o) or Wkt (@)= b

Thus, the truth of the statement ¥"(a) > b at n = k implies the truth of ¥"*(a) > batn = k + 1 hence the
statement W™ (a) > b is true for any positive integer ‘n’.

5. Main Theorems

Theorem 5.1. In the discrete dynamical system (Z, ¥), the set of all fixed points in Z is a BCK-subalgebra of
Z.

Proor. Let Z be a BCK-algebra and a mapping ¥: 7 — Z is a homomorphism. Suppose that Z be the set of
all fixed points in Z. We show that Z; is a BCK-subalgebra for this Z; has to satisfy the conditions of BCK-

subalgebra. Since ¥ is a homomorphism therefore by Proposition 4.1, we have ¥ (0) = 0, which implies that
0 is a fixed point = 0 € Zy = Z is a non-vacuous set.

Thus, condition (s-i) of BCK-sub algebra holds in Z ;. Now assume that a,b € Z;

Then,
Y@ =a (6)
and
Y@®) =50 (7)
Since ¥ is a homomorphism, therefore we get
¥ (axb) = ¥(a) * ¥ (b) (8)

Using (6) and (7) in (8) we get
Y (axb) = a*b = axbisafixed point= axb €7
Thus, forany a,b € Zywe have axb € Z;. Hence Z; is a BCK-subalgebra.

Theorem 5.2. In the discrete dynamical system (Z, ), the set of all periodic points in Z is a BCK-subalgebra
of Z.

Proor. Let Z be a BCK-algebra and a mapping ¥:Z — Z is a homomorphism Suppose that Z,, be the set of
all periodic points in BCK-algebra. We show that Z,, is a BCK-subalgebra for this Z,, has to satisfy the
conditions of Definition 2.3. Since ¥ is a homomorphism therefore by Proposition 4.1, we have #(0) = 0 =
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0 is a periodic point of aperiod 1 = 0 € Z, = Z, *# { }. Thus, condition (s-i) of Definition 2.3 holds in

Zp.
Leta,b € Zp and suppose that the periods of ‘a’ and ‘b’ are m and n respectively.
Such that
PM@) = a
and
¥Y*d) = b
Here we take r =LCM[m, n], then by Proposition 4.3, equations (9) and (10) become
Y7(@) = a
and
PT(d) = b

Next, by Proposition 2.2, we get
P (axb) = ¥"(a) x¥7(b)
Using the values of (11) and (12) on the right-hand side of (13), we get
Y"(axb) = a*b = axDbisperiodic of period ‘r’ = axb € Z,

Thus, forany a,b € Zp we havea*b € Zp. Hence Z,, is a BCK-subalgebra.

9)

(10)

(11)

(12)

(13)

Theorem 5.3. Let (Z,¥) is a discrete dynamical system, then the set of all fixed points in Z is a strongly

invariant (S-invariant) subset of BCK-algebra Z.

Proor. Let Z be the set of all fixed points in Z.

Let¥ (a) € W (Zf). Where “a’ is any element of Z.

= W (a) =aq, W (Z) isasetof the images of all the fixed points
= a €7y

= ¥ €Zs, “¥()=a

Thus, ¥ (a) € ¥ (Zs) = ¥ (a) € Zf

Therefore, we have

Y (Zf) € Zf
Now, we suppose that

a€Zf = ¥(a) =a
where
Y (a) € ¥Y(Z) = a € Y(Z), *+ using (15)
Thus,a € Zy = a € ¥ (Zf). Therefore, we have
Zy S ¥ (Zf)
From (14) and (16), we have ¥ (Z¢) = Z;. Hence, Z¢ in Z is S-invariant or strongly invariant.

(14)

(15)

(16)
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Theorem 5.4. In the discrete dynamical system (Z, ¥) if ‘a’ is a fixed point and ‘b’ is a periodic point in Z,
then a * b is a periodic point in Z,.

Proor. Since ‘a’ is a fixed point, therefore we have
Y(a)=a 17)
Let the period of the point ‘b’ is ‘k’ such that
Pk®) =5 (18)
As ‘a’ is a fixed point of period 1 and 1 divides ‘k’; therefore, by Proposition 4.3, we have
PE(Q) =a (19)
Now by using the homomorphism property of W* we can get
Yk(axb) = Pk(a) » Wk(b) (20)
Using (18) and (19) in (20), we get
Pk(axb)=axb 21
Equation (5) implies that the period of a * b is ‘k’ hence a * b is a periodic point.

Theorem 5.5. In the discrete dynamical system (Z, ¥) if A is a subset of Z such that W (Z) < A c Z,then A is
invariant concerning ¥'.

Proor. Since
Y(Z) cAc? (22)
From equation (22), we have
AcZ (23)
and
Y(Z) cA (24)
From (23), we can get
Y(A) c¥(Z) (25)
From (24) and (25), we get
YA c¥(@) cA (26)

Equation (26) implies that ¥ (4) < A. Hence A is an invariant subset of BCK-algebra Z.

Example 5.1. Consider the BCK-algebraZ = {0,p,q,r } and amapping ¥:Z — Z where the mapping is
a homomorphism defined by ¥ (0) =0,% (p) =0,¥ (q) =0,and ¥ (r) =r. Letthesubsetof Zis A =
{0,p,r} while ¥(Z) = {0,7}. Then, itis clear that ¥ (Z) < A c Z. Hence A is an invariant set of Z.

Theorem 5.6. In the discrete dynamical system (Z, %), if Z is a commutative BCK-algebra and for any a *
b,b € Z; where Z is the set of all fixed pointsin Zand a = b forall a,b € Z, then Z is an ideal of Z.

Proor. Since Z is a commutative BCK-algebra and a mapping ¥: Z — Z is a homomorphism. Z is the set of
all fixed points in Z. We show that Z is an ideal of Z for this Z; has to satisfy the conditions of Definition 2.4.
Since ¥ is a homomorphism therefore by Proposition 4.1, we have

Y0)=0=0€Zf =7 #{}

Thus, the first condition of ideal holds in Z¢. Next, we have a*b € Zrand b € Z;. Then,



Journal of New Theory 35 (2021) 1-10 / A New View of Homomorphic Properties of BCK-Algebra ... 8

Y (axb) = axh (27)
and
Y(®) = b (28)
We know that ¥ is a homomorphism, i.e., ¥ (a x b) = ¥(a) * ¥ (b) so using this in (27) we get
Y (a)*¥(®) = ax*b (29)
Using (28) in (29), we get
Y(a) b= axb (30)
Since a > b and by Proposition 4.4 ¥ (a) = b, then by Definition 2.6 from (30), we get
Y(@ =a= a€l

Thus,axb € Zrandb € Z; = a € Z;. Thus, the second condition of Definition 2.4 also holds in Z. Hence
Zy is an ideal of commutative BCK-algebra Z.

Theorem 5.7. In the discrete dynamical system (Z, ¥) if Z is a commutative BCK-algebra and for any a *
b,b € Z, where Z,, is a set of all periodic points in Z and a = b for all a,b € Z then Z,, is an ideal of BCK-

algebra Z.

Proor. Since Z is a BCK-algebra and a mapping ¥:Z — Z is a homomorphism. Z,, is a set of all periodic
points in Z. We show that Z,, is an ideal of Z for this Z,, has to satisfy the conditions of Definition 2.4. Since
¥ is a homomorphism therefore by Proposition 4.1, we have ¥ (0) = 0 that implies that 0 is a periodic point
ofperiodl = 0 €7, = Z, # { }. Thus, the first condition of ideal holds in Z,,. Next, we have a * b €
Z, and b € Z,, and let their periods are ‘ m’ and ‘n’, respectively, such that

YMaxb) =axb (31)

and
YD) =b (32)

Here, we take r = LCM [m, n], then by Proposition 4.3 we can get

P"(axb)=axb (33)
and
YT(®b) =b (34)
By Proposition 4.2 equation (33) becomes
Y7 *¥"(b) = axb,~ ¥ is homomorphism (35)
Using equation (34) in (35), we get
P7(@)*b= axb (36)

Since a > b and by Proposition 4.5 ¥ "(a) = b, then by Definition 2.6 from (36), we get

Y7 =a= a€Z,

Thus,axb € Z,andb € Z, = a € Z,. Thus, the second condition of Definition 2.4 also holds in Z,,. Hence
Z, is an ideal of BCK-algebra 7.
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6. Conclusion

We see that a discrete dynamical system with unique properties plays a central role in investigating the
structure of an algebraic system.

We have no doubt that the research along this line can be kept up, and indeed, some results in this
manuscript have already made up a foundation for further exploration concerning the further progression of a
discrete dynamical system in BCK-algebra and their applications in other disciplines of algebra. The
forthcoming study of a discrete dynamical system in BCK-algebras may be the following topics are worth to
be taken into account.

(i) To describe other classes of BCK-algebra by using this concept.
(ii) To refer this concept to some other algebraic structures.

(iii) To consider the results of this concept to some possible applications in information systems and computer
sciences.
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1. Introduction

The perception of ideals was initiated by Kuratowski [1] and Vaidyanathaswamy [2]. A subset I
of the universal set X is said to be an ideal, if there exist two subsets A and B of X satisfying i)
AeTland B C A then B € [ii))A,B € I implies AU B € I. The notion of minimal structure and
minimal spaces were established by Maki et al. [3]. They have explained the minimal spaces as the
generalisation of classical topological spaces. M is referred as the minimal structure of the space X, if
¢, X € M. The spaces (X, Mx) is called as the minimal structure space.The introduction of m-open
sets in minimal structures was initialised by Maki et al. [3]. The members of minimal structure are
called m-open sets. Generalised closed sets (briefly g-closed sets)were introduced by Levine [4]. The
notion of am-open sets was introduced by Min [5]. The idea of m-normal spaces and mg-normal
spaces were established by Noiri et al. [6]. m-regular spaces was elaborately studied by Popa et al. [7].
m-continuous functions and its salient features in minimal structures were instigated by Popa et al. [8].
Singha et al. [9] proved Urysohn’s lemma in minimal structures. An innovative approach on ideals in
minimal spaces was given by Ozbakir et al. [10]. They have defined a new type of local function A%,
named as minimal local function in ideal minimal spaces. The conception of mlg-normal spaces and
its characterisations were well established by Haining et al. [11]. Also they have proved Urysohn’s
lemma under mIg-normal spaces ideal minimal spaces. A new notion of generalised closed sets, called
mlag-closed sets and its features in ideal minimal spaces were studied by Parimala et al. [12]. Local
closedness under mlag-closed sets and few separation axioms under mlag-closed sets are intended by
Parimala et al. in [13,14]. In this article, few properties of separating sets are studied in ideal minimal
spaces. Two new separations namely mIag-normal spaces and mlag-regular spaces are initiated and
their significant properties are established. As an application of mIag-normal spaces, we have proved
Urysohn’s lemma on mlag-normal spaces.
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In the present study, Section 2 provides preliminary definitions in minimal structure spaces and
in ideal minimal spaces, Section 3 mlag-normal spaces and its characterisations in ideal minimal
spaces, Section 4 Urysohn’s lemma under mlag-normal spaces, Section 5 mlag-regular spaces in
ideal minimal spaces, and Section 6 conclusion and future work.

2. Preliminary

In the following sequel, the following notations are used.
(i) MSS- minimal structure spaces
(ii) IMS - ideal minimal spaces

Definition 2.1. [8] The interior and closure in an MSS are defined as follows. Let (X, M) be a MSS
and A C X, then

(a) m-int(A) =U{K : K C A K € M}

(b) m-cl(A) =N{N: ACN,X-NecM}

Proposition 2.2. [8] Properties of m-cl and m-int are listed below.
(a) m-int(X) = X and m-cl(¢) = ¢

(b) m-int(A) C A and A C m-cl(A)

(c) If A€ M, then m-int(A) = A and if X — F € M, then m-cl(F) = F.
(d) If A C B, then m-int(A) C m-int(B) and m-cl(A) C m-cl(B).

Definition 2.3. [10] Let (X, M,I) be an IMS with an ideal I. The power set of X is denoted by
P(X). A mapping (.)}, is defined from P(X) to itself. For a subset A C X, the minimum local

m

function is A}, (I, M) = {z € X : Uy, N A ¢ I; for every Up, € Upy(,)}. The minimal x-closure operator
m-cl* is defined as m-cl*(A) = AUAY,. A minimal structure via m-cl* is termed as M*(I, M) (briefly
M*) and is described as M* = {U C X : m-cl(X —U) = X — U}. The members of M*(I, M) are
termed as m*-open sets. The interior of m*-open sets is denoted by m-int*.

Theorem 2.4. [10] In an MSS (X, M), let I, J be two ideals on X. P,Q C X. Then,
(a) PCQ= P} CQ;,

(b) PLUQy, C (PUQ),

(c) (Po)m € P,

(d) P} =m-cl(P}) C m-cl(P)
(e) I

Remark 2.5. [10] The MSS (X, M) is said to exhibit the property [U] if the union of any number of
m-open sets is an m-open set and the property [I] if the intersection of finite number of m-open sets
is an m-open set.

cJ= P:(J)C Pi(I)

Remark 2.6. [10] If (X, M) has the property [U], then (b) of Theorem 2.4. can be stated as
PLU@, =(PUQ),

Proposition 2.7. [10] Significant features of m-cl* are as follows. Let Py, P» C X. Then,
(a) m-cl*(P1) Um-cl*(P2) C m-cl*(P, U Py)

(b) If P C Py, then m-cl*(P) C m-cl*(Ps).



Journal of New Theory 35 (2021) 11-19 / A Note on Urysohn’s Lemma under mIag-Normal Spaces ... 13

(¢) When A C X, then A C m-cl*(A).

(d) m-cl*(¢) = ¢ and m-cl*(X) = X

Definition 2.8. In an MSS (X, M, I), let A be a non empty subset of X. A is defined to be an
(a) m*-closed set [10] if A%, is a subset of A. (A}, C A).

(b) minimal generalised closed set (mg-closed) [3] if m-cl(A) CU, A C U and U is an m-open set.

(c) minimal a-open set (awm-open set) [5] if A C m-int(m-cl(m-int(A))). The complement of am-open
set is called an am-closed set.

(d) minimal ideal « generalised closed set (mIag-closed set) [12] if A¥, C U whenever A C U and U
is an am-open set.

Proposition 2.9. [5] In an MSS (X, Mx) if a subset A is an m-open set, then it is an am-open set.
Definition 2.10. [5] a-closure and a-interior of a set A are defined as follows:
(a) am-cl(A) =nN{F: ACF, F is am-closed in X}
(b) am-int(A) =U{U : U C A, U is am-open in X'}
Let (X, M, I) be an IMS, then we have the following theorems.
Proposition 2.11. [12] When I = {¢}, then an mIag-closed set (mlIag-open set) is an mg-closed

set (mg-open set).
Proposition 2.12. [12] An m*-closed set in an IMS is an mIag-closed set.

Theorem 2.13. [12] The necessary and sufficient condition for a subset to be an mlag-closed set in
(X, M, I) is that every awm open set in X is an m*-closed set.

Theorem 2.14. [12] Theorem 3.4(d), in an IMS X a subset A is an mIag-closed set if and only if
every m open set is an m™*-closed set.

PRrROOF. Obvious, since every m open set is an am open set. ]
Theorem 2.15. [12] Consider A C X, then A is mIag-open if S C m-int*(A), S is am-closed and
S C A. Sufficiency is also true.

Definition 2.16. [6] An MSS (X, M) is called m-normal (resp.mg-normal) if for every pair of m-
closed subsets (resp. mg-closed subsets) A and B such that AN B = ¢, there exists m-open sets U
and V such that UNV =¢and ACU, BCV.

Definition 2.17. [7] An MSS (X, M) is termed to be a m-regular space if for every m-closed set F’
and an element x ¢ F', there are m-open sets U and V such that x € U, F CV and also UNV = ¢.

Definition 2.18. [15] A m-T) space we mean, for all distinct points xj,ze € X there exists an
m-open set X such that 21 € X, but zo ¢ X and an m-open set Y such that 1 ¢ Y, zo € Y.

Theorem 2.19. [7] Consider an m-T space (X, M,I) with I = {¢} then the following statements
below given are equivalent.

(a) (X, M,I) is an m-regular space.

(b) For every m-open set V' such that x € X, there exists an m-open set U of X satisfying x € U C m-
cd(U)CV.

Proposition 2.20. [16] Every m-closed set is an mIag-closed set. (Every m-open set is an mIag-

open set.)

Proposition 2.21. [16] Every mg-closed set is an mIag-closed set.

Definition 2.22. [8] Let (X, Mx) and (Y, My) be two MSS. The function f : (X, Mx) — (Y, My)
is defined to be an m-continuous function, if for x € X and V € M(f(x)), there exist U € M (x)
satisfying f(U) C V.
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3. mlag-Normal Spaces

Definition 3.1. mlag-normal space we mean, if for every pair of mIag closed sets Ky, Ko such that
KN Ky = ¢, there exists at least a pair of m-open sets U and V of X such that U NV = ¢ satisfying
ACUand BCV.

Theorem 3.2. An mlag-normal space is an m-normal space (mg-normal space).

PROOF. Obvious, since every m-closed set(mg-closed set) is an mlag set with references to Propo-
sition 2.20., and Proposition 2.21. The example given below shows that the converse of the above
theorem is not true. O

Example 3.3. (X, M,I) be an IMS with X = {a,b,¢,d}, M = {¢, X, {b},{a,b},{a,c,d}} and I =
{p,{a},{c},{a,c}} and M = {X, ¢,{a,c,d},{c,d},{b}}. Here X is an m-normal space. Since for
the disjoint mIag-closed sets {a} and {c} there does not exists disjoint m open sets containing them,
X is not an mIag-normal space.

Theorem 3.4. In an IMS (X, M, I) the equivalent statements on mlag-normal-spaces are given
below.

(a) (X, M,I)is an mIag-normal space.

(b) For each mlIag-closed set K and an mlag-open set F' such that K C F, there exists an m-open
set U C X such that K CU C m-cl(U) C F.

PROOF.

(a) = (b): Assume K be an mlag-closed set and F' be an mIag-open set such that K C F. Then
X — Fis an mIag-closed set. Therefore K N (X — F') = ¢. Referring the hypothesis (a), for a pair of
disjoint m-open sets U and V such that K CU and X —F CVand UNV =¢. But U C (X - V)
implies m-cl(U) C (X — V). Hence K CU C m-cl(U) C (X — V) C F which proves (b).

(b) = (a): Let K and F be two disjoint mIag-closed sets such that K C (X — F'). Hypothesis (b) of
this theorem infers the existence of the m-open subset U of X such that K C U C m-cl(U) C (X —F).
Let V =X — m-cl(U), since m-cl(U) is a m-closed set V is m-open. These U and V are the m-open
sets which contains K and F' which proves (a). O

Corollary 3.5. In an IMS (X, M, I) the statements below given are equivalent.
(a) (X, M,I) is an mIag-normal space.

(b) For every mlag-closed set A and mlag-open set B such that A C B, there exists an am-open
set U C X satisfies A C U C am-cl(U) C B).

PROOF. By referring Proposition 2.9., every m-open set is an am-open set. Apply this result in
Theorem 3.4., the proof follows. O

Corollary 3.6. In an IMS (X, M, I) the following statements are equivalent on mg-normal spaces
when I = {¢}.

(a) Consider (X, M, I) be an mg-normal space

(b) For a pair of mg-closed set A and an mg-open set B such that A C B, there exists an m-open set
U C X satisfies A CU C m-cl(U) C B.

PrRoOOF. When I = {¢}, Proposition 2.11., infers that every mIag-open set is an mg-open set. Apply
this result in Theorem 3.4., the proof follows. O

Theorem 3.7. In an IMS (X, M, I) the following statements are equivalent.

(a) (X, M,I)is an mIag-normal space.
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(b) For every pair of mIag closed subsets A and B of X, there corresponds an m-open set U of X
satisfies A C U, then m-cl(U) N B = ¢.

(c¢) For every pair of mlag-closed subsets A and B such that AN B = ¢, there corresponds an m-open
set U satisfying A C U and an m-open set V satisfying B C V then m-cl(U) N m-cl(V) is an
empty set.

PROOF.

(a) = (b): Consider a pair of mIag-closed subsets A, B such that ANB = ¢ then A C (X — B) where
X — B is an mIag-open set. Referring Theorem 3.4., there corresponds an m-open set U such that
ACUCm-c(U) C X — B. Therefore, m-cl(U) and B are disjoint sets. Hence, U is the required
m-open set that satisfies (b).

(b) = (c): Hypothesis (b) of this theorem implies that m-cl(U) and B are disjoint mI«ag-closed subsets
of X. Therefore, there exists an m-open set V' containing B such that m-cl(U) N m-cl(V) = ¢ which
proves (c).

(c) = (a): Hypothesis (c) proves (a). O
Corollary 3.8. In an IMS (X, M, I) the statements given below are equivalent when I = {¢}.
(a) The IMS X is an mg-normal space.

(b) All pairs of subsets of X consisting mg closed sets A, B there corresponds an m-open set U of X
such that A C U, then m-cl(U) and B are disjoint sets.

(c) Every pair of mg-closed sets A, B of X such that AN B = ¢ there corresponds an m-open set U
such that A C U and an m-open set V such that B C V then m-cl(U) and m-cl(V') are disjoint
sets.

PrROOF. When I = {¢}, every mlIag-open set is an mg-open set by Proposition 2.11. Apply this
result in Theorem 3.7., we get the proof. O

Theorem 3.9. Let (X, M,I) be an mlag-normal space. If A and B are mlIag-closed sets that
containing no common elements, then there exists a pair of m-open sets U and V such that UNV = ¢
and satisfies m-cl*(A) C U and m-cl*(B) C V.

ProoF. Consider a pair of mlag-closed sets A and B. Referring Theorem 3.7 (3)., there exist m-
open sets U and V such that A C U and B C V satisfying m-cl(U) N m-cl(V) = ¢. As A is an
mlag-closed set, we have AY C U and also A C U. Therefore, AU A}, = m-cl*(A) C U. Similarly,
m-cl*(B) C V. O

Corollary 3.10. Let (X, M, I) be an mIag-normal space with I = {¢} and A and B are mg-closed
sets of X and AN B = ¢, then there are disjoint m-open sets U and V' such that m-cl*(A) is contained
in U and m-cl*(B)is contained in V.

PrROOF. When I = {¢}, referring Proposition 2.11., we know that every mIag-open set is an mg-open
set. Apply this result in Theorem 3.9., we get the proof. O

Theorem 3.11. Let (X, M, ) be an mIag-normal space. If A and B are mIag-closed and mIag-
open sets respectively and also A C B, then there corresponds an m-open set U such that A C m-
cd*(A) CU C m-int*(B) C B.

PRrROOF. Suppose that A is an mIag-closed set and B is an mlag-open set such that A C B. Then,
AN(X — B) = ¢. That is, A and X — B are disjoint mIag-closed sets. Referring Theorem 3.9., there
exist disjoint m-open sets K1 and K such that m-cl*(A) C K; and m-cl*(X —B) C Kj. Also, X —(m-
int*(B)) = m-cl*(X — B) C Ky. So m-cl*(X — B) C K5 implies that X — Ky C m-int*(B). Also, since
K, and Ky are disjoint m-open sets, we get A C m-cl*(A) C K; C (X — K2) Cm-int*(B) C B. O
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Corollary 3.12. Let (X, M, I) be an mg-normal space and I = {¢}. For each mg-closed subset A and
an mg-open subset U containing A there exists an m-open subset V' such that A C m-cl*(A) CV C m-
int*(U) CU.

PROOF. Let I = {¢}. With reference to Proposition 2.11., every mI«ag-open set is an mg-open set.
Apply this result in Theorem 3.11., we get the proof. O

4. Urysohn’s Lemma on m/ag-Normal Spaces

Theorem 4.1. The necessary and sufficient condition for an IMS (X, M, I) to be an mIag-normal
space is that, for every pair of mIag-closed sets A and B and AN B = ¢, it is possible to define a
m-~continuous mapping f : X — [0, 1] such that f(A) = {0} and f(B) = {1}.

PROOF.

Necessary Part: Consider a mIag-normal space (X, M, I) and let A, B C X be a pair of mlag-closed
sets such that AN B = ¢. As B is an mlag-closed set, X — B is mlag-closed and also A C (X — B).
Here, A is an mlag-closed set and X — B is an mlIag-open set in X. Referring Theorem 3.4., there
exists an m-open set namely U /o satisfies A C Uy, C m-cl(Uy5) € (X — B). With reference to
Theorem 2.19., Uy 2 is a mIag-open set. That is, Uy /5 and X — B are the mlag-open sets such that
A C Uy and m-cl(Uyj3) € (X — B), where A and m-cl(U; j2) are mIag-closed sets. Therefore, with
reference to Theorem 3.4., there exist m-open sets Uy /4 and Uz, such that

ACUy Sm-cl(Uyyy) CUyp  and  m-cl(Uyys) C Usyy € m-cl(Usy) C (X — B)

Continuing in this way, for every rational number in the open interval (0,1) of the form ¢ = %,

1,2,3,....and m = 1,2,3,...2"!, we obtain m-open sets of the form U; such that for each s < t,
A CUs Cm-cl(Us) CU Cm-cl(U;) C (X — B)

Let us denote the set of all rational number by Q. Also, Q(z) = {t : t € Q and = € U}, this set
contains no number less than 0, since no x is in Uy for ¢ < 0 and it contains every number greater
than 1. Let us define f: X — [0,1] as f(x) =1,if x ¢ Uy and f(z) =inf{t:t € Q and z € U;}. For
each z € B, x ¢ X — B implies = ¢ U;. Therefore, f(B) = {1}. For each x € A, z € Uy and t € Q.
By definition f(x) = inf{t:t € Q and = € U;} = infQ = 0. Hence, f(A) = 0. To prove f is an
m-~continuous mapping, let the intervals of the form [0, a) and (b, 1] where a,b € (0,1) forms an open
subbase in the space [0, 1]. Therefore our aim is to prove that f~1([0,a)) and f~1((b, 1]) are m-open
sets in X. To prove f1([0,a)) is an m-open set in X. Let = € U; for some ¢ < a, then by definition
f(x) =inf{s:se€ Qand z € U} =r <t < a. Thatis, f(z) < a. Thus 0 < f(z) < a. Conversely,
if f(x) =0, then x € Uy for all t € Q, hence x € Uy for some ¢t < a. If 0 < f(z) < a, by definition of
we have f(z) = {s:s € Qand x € U;} < a. Since a < 1 we get f(z) =t for some ¢t < a and hence
x € U; for some ¢t < a. Therefore, we conclude that 0 < f(z) < a if and only if z € U; for some ¢ < a.
Hence, f~1([0,a)) = U{Us;t € Q@ and x € Uy} which is an m-open set of X. To prove f~1((b,1]) is an
m-open set in X. We need to prove X — f~1([0,b]) is an m-open subset of X. For that we have to
prove 0 < f(x) < b if and only if € U, for all ¢ > b to get union of m-open subsets U;. Let x € X
such that 0 < f(z) < b when ¢ > b, It is evident that f(z) < t implies € U; for ¢t > b. Conversely,
let © € Uy for all t > b, then by definition f(x) =inf{t:t €y and x € Uy} <t. Since t > b, f(z) <b
for all t > b. From the definition of f, it is clear that f(x) > 0. Therefore, we get 0 < f(x) < b if
and only if x € U; for all t > b. Also, ¢ > b implies that there is r € Q such that ¢ > r > b. then
m — cl(Uy) C U;. Consequently, we have N{U;;t € Q and t > b}=N{m-cl(U;);r € Q and r > b}.
Therefore, f=1([0,6]) = {x : 0 < f(z) < b} = N{U;t € Q and t > b}=N{m-cl(Uy;r € ¢ and r > b)}.
Since, f71((0,1]) = f~1(X — ([0,4]))=X — f71([0,b]) = U{X — m-cl(U;);r € Q and r > b}, which is

m-open in X. Therefore, f: X — [0, 1] is m-continuous.

n =

Sufficient Part: Consider a pair of mIag-closed sets A and B such that AN B = ¢. Referring the
sufficient condition, there exists an m-continuous mapping f : X — [0, 1] satisfying f(A) = {0} and
f(B) = {1}. Moreover, U = f~1([0,1/2)) and V = f~1((1/2,1]) are disjoint m-open subsets of X.
Clearly A C U and B C V. Hence, X is an mlag-normal space. O
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5. mlag-Regular Spaces

Definition 5.1. An IMS (X, M, I) is referred to be an mIag-regular space, if for every pair consisting
a point z € X and an m-closed set B such that x ¢ B there exists at least one pair of m/ag-open
sets U and V with U NV = ¢ satisfying x € U and B C V.

Example 5.2. Consider an IMS (X, M,I) with X = {a,b,c}, M = {¢, X,{b},{a,b},{b,c}} M¢ =
{X,¢,{a,c},{c},{a}} and the ideal T = {¢, {b}}. Here mIag closed sets are the elements of the power
set P(X) and X is mIag-regular.

Theorem 5.3. If (X, M, I) is an mIag-regular space, then it is an m-regular space, but the converse
of this theorem may not be true.

PROOF. Obvious, since every m-closed set is an mlag-closed set. ]

Example 5.4. In Example 4.2., X is an mlag-regular space, but not a m-regular space, since for the
point z = a € X and an m-closed set B = {c}, there does not exist m-open sets containing = and B.

Theorem 5.5. In an IMS (X, M, T), if every m-open set is m*-closed, then the minimal space is an
mlag-regular space.

PROOF. Suppose every m-open subset of X is m*-closed, then by Theorem 2.11., every subset of X is
an mlag-open set. If B is an m-closed set such that z ¢ B, then {z} and B are the two ml«ag-open
sets such that {z} N B = ¢ and also x € {z} and B C B. Therefore, X is an mlag-regular space. [

Definition 5.6. A subset K of (X, M,I) is termed as an mlag-neighbourhood of B C X, if there
exists an mlag-open set U such that B C U C K.

Definition 5.7. A subset K of (X, M, I) is termed to be an mIag-closed neighbourhood of B C X,
if there exists an mlag-closed set U such that B C U C K.

Theorem 5.8. In an IMS (X, M, I) the following are statements equivalent.
(a) (X,M,I)is an mlag-regular space.

(b) For each m-open se)t U and let x € U, there corresponds an mIag-open set V satisfying x € V C
m-cl*(V) C U.

(c) For each m-closed set A, NA; = A where A; are mIag-closed neighbourhoods of A.

(d) For any set A and an m-open set B such that A N B contains at least one element, there exists
an mlag-open set U such that ANU # ¢ and m-cl*(U) C B.

(e) For any non empty set A and an m-closed set B such that A and B are disjoint, there exists
atleast a pair of mIag-open sets U, V satisfies ANU # ¢ and B C V.

PROOF.

(a) = (b): Consider an m-open set V and let z € V. Hence X — V' is m-closed such that = ¢ (X — V).
Since X is an mlag-regular space, there exists a pair of mIag-open sets U and W such that UNW = ¢
satisfying x € U and X — V C W. Observing Theorem 2.8., X — V is am closed. Theorem 2.14.,
infers that X — V C m-int*(W). Therefore, X — (m-int*(W)) C V. Hence, U N W = ¢ implies
UNnm-int*(W) = ¢ and so m-cl*(U) € X — (m-int*(W)). Which implies z € U C m-cl*(U) C V.

(b) = (c): Let A be an m-closed set and x ¢ A then X — A is an m-open set containing x. By
hypothesis (b), there exists an mIag-open set V satisfying x € V. C m-cl*(V) C (X — A). Thus,
ACX — (m-c*(V)) C (X —V). Since X — (m-cl*(V)) is mIag-open, we get X — V is mIlag-closed
neighbourhood of A and z ¢ (X —V'). This shows that A is the intersection of all mIag neighbourhood
of A.
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(c) = (d): Assume a non empty set A and an m-closed set B such that AN B # ¢. Consider an
element x of AN B then, X — B is m-closed and z ¢ (X — B). Observing the hypothesis (c), there
exists an mlag-closed neighbourhood V of X — B such that, z ¢ V. Let (X — V) C G CV and G
be an mIag-open then, U = (X — V) is an mIag-open set satisfying © € U and ANU # ¢. Further,
X — G is mlIag-closed and m-cl*(U) = m-cl*(X = V) C m-cl*(X — G) C B.

(d) = (e): Consider a non empty set A and m-closed set B, AN B contains no element. X — B is
an m-open set and so AN (X — B) # ¢. Observing hypothesis (d), there exists an mIag-open set U
such that the sets A and U contains at least one common element. Also, U C m-cl*(U) C (X — B).
Assume that V = X — (m-cl*(U)). Then, U and V are mIag-open sets satisfying B C X — (m-
cd*(U) =V C (X —U)) which implies (e).

(e) = (a): Let A be an m-closed set and x ¢ A. Let the set B = {x}. Then there exist disjoint
mlag-open sets U and V such that {z} NU = BNU # ¢ and A C V. Thus, z € U. O

Definition 5.9. A subset K of (X, M, I) is referred as an mg-neighbourhood of set B C X, if there
exists an mg-open set U such that BC U C K.

Definition 5.10. A subset K of (X, M, I) is referred as an mg-closed neighbourhood of set B C X,
if there exists an mg-closed set U such that B C U C K.

Corollary 5.11. Let (X, M,I) be an IMS such that I = {¢}. Then, the following statements on
mg-regular spaces are equivalent.

(a) (X, M,I)is an mg-regular space.

(b) Let U be an m-open set containing x, then there exists an mg-open set V satisfying z € V. C m-
cd*(V)CU.

(¢) For any m-closed set A, NA; = A where A; are mg-closed neighbourhoods of A.

(d) For any set A and an m-open set B, AN B is non empty, then there exists an mg-open set U such
that ANU # ¢ and m-cl*(U) C B.

(e) For any non empty set A and an m-closed set B such that A and B are disjoint, then there exists
disjoint mg-open sets U, V satisfies AN U is non empty and B C V

PrOOF. When I = {¢}, observing Theorem 2.10., we have inferred that every mlag-open set is
mg-open set. Apply this result in Theorem 5.8., the proof follows. O

If I = {¢} in Theorem 2.18., then we have the following Corollary.

Corollary 5.12. If (X, M,I) is an m-T; space with I = {¢} then the statements given below are
equivalent.

(a) (X, M,I)is an m-regular space.

(b) Consider an m-open set V and let z € X, there exists an mlag-open set U of X such that
zeUCm-cU)CV.

PrOOF. Observing Theorem 2.19., every m-closed set is an mlIag-closed set, the proof is obvious by
Theorem 2.18. O

6. Conclusion

In this work, we discussed about two separations called mIag-normal and mIag-regular spaces in ideal
minimal spaces. The famous separation lemma called Urysohn’s has been proved under mlag-normal
spaces. Few equivalent statements on mlag-normal and mlag-regular spaces were established. In
future, this work will be extended to discuss about Tietze extension theorem and Hausdorff spaces in
ideal minimal spaces.
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1. Introduction

Heinz Hopf did much work in the field of the algebraic topology of Lie groups [1,2]. Later on, mathematicians
worked on it and named it after Heinz Hopf as Hopf algebra (HA) [3-5]. Vast applications of HA are in physics,
guantum groups, non-commutative geometry and representation theory etc. [6,7], e.g., a particle move in
space-time has HA structures [8]. So, it is necessary to extend these concepts in uncertainty. In 1969, Sweedler
[9] wrote the first book on HA. After that, much research was done in this algebra [10,11].

HA is an algebra with dual structure coalgebra and has an endomorphism called antipode. In other words,
we can also say that an algebra with the structures of cohomology and homology of a topological group is
called HA. In 1939, such algebras were introduced and linked with Lie groups. An example of HA is the
Steenrod algebra introduced in the 1960s by Milnor and Moore [12], the cohomology algebra.

Zadeh gave the approach to fuzzy sets (FS) in 1965 [13]. Rosenfeld worked on the notion of fuzzy groups
[14]. Basically, in fuzzy sets, the range of membership degree is [0,1], which tells us up to which degree the
element belongs to a set. The fuzzy set theory deals with uncertainties. Fuzzy set theory is the door to
developing an intelligent system for identification and decision making etc. There are vast applications of
fuzzy sets in decision-making, pattern recognition, control theory, and optimization. A fuzzy set is also known
as a model that represents uncertainty in the universe.

The thought of fuzzy submodule was given by Zahedi and Ameri [15]. Many authors used the concept of
fuzzy submodules in different fields of mathematics and physics [16-18]. The thought of fuzzy subcomodule
was offered by Chen and Akram [19] in 2012. Notions of comodule and coalgebra are generalizations and
dualizations of module and algebra, respectively.
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The thought of fuzzy algebra was offered by Abdulkhalikov et al. [20] in 1988. The thought of fuzzy
subcoalgebra was given by Chen [21] in 2009, and the thought of fuzzy subbialgebra was also given by Chen
and Wenxu [22] in 2012. The concept of fuzziness was also applied in some other algebras in [23-25].

The main problem in mathematics containing uncertainty is how to carry out the ordinary concepts to the
uncertainty case. The proposed work will help in dealing with uncertainty problems in HA and quantum
groups. Our obtained results probably can be applied in various fields such as artificial intelligence, signal
processing, multiagent systems, pattern recognition, robotics, expert systems, medical diagnosis, and
engineering.

In this study, we introduce the concepts of fuzzy Hopf subalgebra (FHA), fuzzy Hopf ideal (FHI) and
fuzzy H-submodule (FHM). Some basic and essential definitions that are helpful in this paper are recalled in
Section 2. The notion of fuzzy Hopf subalgebra is introduced in Section 3. In this section, we also investigate
some results and examples about fuzzy Hopf subalgebra. The concept of fuzzy Hopf ideal is introduced in
Section 4. In this section, we also investigate some examples and results about fuzzy Hopf ideals. The thought
of fuzzy H-submodule is offered in Section 5. In this section, we also investigate some examples and results
about fuzzy H-submodule. Section 6 is about the advantages of our article, and Section 7 have application.

2. Preliminaries
In this section, we include some relevant definitions which are helpful for the reader. From now onward, except

if stated otherwise, we use H for Hopf algebra, k for field and Q for H-module.

Definition 2.1. [5] A HA (H,m,u, 4, ¢) is a bialgebra with antipode S, where S is an inverse map under
convolution operation.

Definition 2.2. [5] A subspace J of H is called Hopf subalgebra if it is subalgebra and S(J) < J.

Definition 2.3. [5] A B°P(bialgebra having opposite comultiplication) is a co-opposite HA H¢P with
antipode S.

Definition 2.4. [5] A subspace I of H is a Hopf ideal if it is a bi-ideal and ST € I
Definition 2.5. [5] A right k-space Q is H-Hopf module of H if
i. Q isaright H-module and right H-comodule, viap: Q - Q ® H.
ii. pisaright H-module map.
Definition 2.6. [13] An FS &: X — [0,1] is a function of a non-empty set X.
Definition 2.7. If £ is an FS of X, then the subset ¢,/ = {x € X: &(x) = t',t' € [0,1]} is called level subsets.
Definition 2.8. [14] The intersection of two FSs ¢ and o of X is also an FS of X and is defined by
Eno)x)=¢(x)Nax), forall x e X
Definition 2.9. [14] The sum of two FSs & and ¢ of X is defined as follows:
(& +o0)(x) =sup{é(a) ANa(b)}, forall x € X
Definition 2.10. [20] An FS ¢ of k-vector space V is called fuzzy subspace if forany v, v' e Vand a, 8 € k
§(av + pv) 2 E(w) AW

Definition 2.11. [22] An FS ¢ of a bialgebra B is called fuzzy subbialgebra of B, if for any b, b’ € B and
a, € k, the following conditions are satisfied:

i. &(ab+Bb") = E(b) AED)
ii. $(by) = §(b) A§(DD)
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iii. $(b) < §(bin) AS(biz)

Definition 2.12. [16] An FS ¢ of a P-module Q is said to be a fuzzy submodule of Q if for any q,q’ € Q and
p EP,

i. &0)=1
ii. &(aq+pq) =@ Né(q)
ii. $(pq) =¢(q)

Definition 2.13. [19] An FS & of a C-comodule Q and a left comodule map p: Q —» € @ Q is said to be fuzzy
subcomodule of Q, where p(q) = Xi—1, qio ® q;1 ifforany q,q' € Q,c € C,and a, B € k,

i. &0)=1

ii. &(aq+pq)=¢(@NEQ)

iii. £€(q) <£€(qip), forall i.

3. Fuzzy Hopf Subalgebra

In this section, the notion of FHA is proposed. Some significant results related to this concept are also discussed
in it.

Definition 3.1. AFS ¢ of H is called FHA, if forany h,h' € H and a, B € k it satisfies:

i &(ah+ph) = &) AER)

ii. &(hh) = E(R) AE(R)

ii. &(h) < &(hip) Aé(hip)

. , sup {§(h)}, if k' € S(H)
. §(h) = { 0, ifh' ¢ S(H)

Example 3.2. Consider the 4-dimensional HA
Hy = (1, hy, hy, heh, | h12 = 1;h22 = 0, h,hy = —hqhy)
and é: Hy — [0,1] defined by

_ (04 ifa € H,\{0)
$a)= {0.8, ifa=0

Then, & becomes an FHA of H,.
Remark 3.3. There is no difference between FHA and fuzzy co-opposite HA because é(h) A §(h") = E(h") A
().
Theorem 3.4. Let ¢ and o be FHA of H such that £(0) = ¢(0). Then, ¢ + o is also fuzzy FHA of H.
Proor. Let h,h’' € H and a, B € k. Now, we first have to show that ¢ + ¢ is a fuzzy subspace.
Suppose on the contrary

(€ +o)(ah+pR) < (E+a)(M) A +0)(R)

(€ +o)(ah+ph) < (§+0)()

and

(§ +o)(ah + BR') < (§ + 0)(h)



Journal of New Theory 35 (2021) 20-31 / Fuzziness on Hopf Algebraic Structures with Its Application

Let 3t" € [0,1] such that

E+o)(ah+ph) <t < (é+0)(h)
and

(é+0o)(ah+Bh) <t < (&E+0)(h)
Then, 3h4, hy, hs, hy € H with ah = hy + h,

h= (") and Bh' = hs + h,
hs + h hy +h hs +h
R = (—=—2) such that £((= - 2N >t o(———2) > t'
Now, we have
§+o)ah+ph’) = sup {E(m)Ao(n)}
h+h'=m+n
hy +h hs +h
> s (i aeEh)

h+h'=m+n a B

> t' > (& +o0)(ah + Bh")
which is contradiction. Therefore,

¢ +o)(ah+Bh) = (E+ )W) AE +0)(h)
Forall h,h' € H,leth = hy + hy and h’ = h3 + hy. Then, hh' = hyhs + hihs + hohs + hyhs. Moreover,

E+o)hh) = sup {(m)Ao(n))

> sup {E(hlhg + h1h4) A O'(hzhg + h2h4)}
hhr=hihz+h.hs+h;hs+hh,

= sup {§(hihs) A§(hihs) Ao (hzhs) A o(hoha)}
hhr=hihz+hihs+hhs+hyhy

2 sup {E(h1) AE(h3) AE(ha) Ao(hz) Ao(hs) Ao(ha)}
hhr=hihz+hihs+h;hs+hyhy

2 sup {(§(h) Ao(h2)) A (€ (hs) Aa(ha)) A (§(ha) Ao(hs))}

hhr=h,h;+h hs+hyhs+hohy
E+ )M A +0)(h) A +a)(h)
=+ AE +0)R)

Furthermore, let h = hy + h, € H. Then,

D b ® hip = A(h) = Ak + hz) = Ahy) + A(h)

i=1,n
Here, hy = Zs:l,n hl(sl) X h1(sz) and h; = Zt:l,n hZ(tl) X h2(t2)-
Since
E+o)(h) = sup {§{(h)Ao(h)}
h=h1+h2

< sup {(f(husl)) A &(his2))) A (0(hyen) A U(hz(tz)))}

h=h1+h2

=, Suw {&(hus1)) A3(0) AE(0) A hapn))} A Sup {§(his2)) A (0) AE(0) Ao (haa))}

h=hq+h,

23
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< ((f + ) (hys) AN+ U)(hz(ﬂ))) A ((f + ) (hys2) A (€ + 0)(h2(t2)))
< €+ 0)(hi) A€+ 0)(hi2)
o) 2] | 20, OO ReU, i esan
0, ifh' ¢ S(H)
and
sup (§+0)(h), if h' € S(H)
¢ +o)R) = {heﬂw .
0, ifh" & S(H)
Then & + g is FHA.
Theorem 3.5. Let ¢ and ¢ be two FHA of H then & n ¢ is also FHA.
Theorem 3.6. Let {; : i € N} be any collection of an FHA of H then n ¢; is also FHA.
Theorem 3.7. An FS ¢ of H is an FHA iff the level sets &,/ are Hopf subalgebras of H.
Proor. Assume that & is an FHA. Since,
é(h) > 0=t',vheH
Ser # ¢
Leth,h' € &, &(h) = t',and é(h") = t'. Since
E(ah+Bh) = EMANER) =t AL =t
then ah + Bh' € &,+. Similarly, since
E(hR) = EMAEMR) =t At =t
then hh' € &,.

Let h € H such that {(h) =t' = h €&y and A(h) = Xic1n 2 hio @ hyy = &(hy) = t' and E(hyy) =t
Then,

§(hi) NE(hi) =t At =t" =¢(h)
Leth € Hsuchthat {(h) =t'= h e, .Ifh €S(H), then,

§(h) =z sup §(h) =t
hes—1(n")

= h'e&y
Hence, &, is Hopf subalgebra for all t'.
Conversely, assume that all £,/ are Hopf subalgebras.
Leth, h' € & and a, B € k. We may assume that
)y zé(y =t
Since h,h' € &1, then ah + Bh' € &,r. Thus,
§(ah+ pR) = t' =E(M) AE(R)
Since h,h' € &,s, then hh' € &,1. Thus,
§(hh) = t' = &) AE(R)



Journal of New Theory 35 (2021) 20-31 / Fuzziness on Hopf Algebraic Structures with Its Application 25

Leth € & and A(h) = Xi=1, hio @ hi; where hy, hy; € &, Therefore,
§(hi) NE(hiy) =t At =t"=§(h)
Leth' € S(H)and é(h") > t'. Since h’ € &,/ and

§(Wy=t'= sup &(h)
hes—1(n")

Then, & is FHA.
4. Fuzzy Hopf Ideal
In this section, the concept of fuzzy Hopf Ideal is proposed. Some significant results of the fuzzy Hopf ideal
are also studied in it.
Definition 4.1. A fuzzy subspace ¢ of H is called fuzzy Hopf left (right) ideal if for any h,h' € H
i &(hR) = §(R), (§(hR)) = §(R))
i §(h) < &(hz), (§(h) <&(hin))

sup&(h), if h' € S(H)
iii. £(h") = {hes~1(n")

0, if h' ¢ S(H)

Example 4.2. Consider ¢: H, — [0,1] defined by

0.5, if a € H,\{0,1}
&(a) =140.3, ifa=1
0.8, ifa=0

Then, & becomes a fuzzy Hopf left ideal of H,.
Remark 4.3. If & is both right and left fuzzy Hopf ideal of H then ¢ is called an FHI of H.

Theorem 4.4. Let & and o be two fuzzy Hopf left (right) ideals of H such that £(0) = ¢(0). Then, £ + o is
also a fuzzy Hopf left (right) ideal of H.

Proor. ¢ + o is a fuzzy subspace. Let h = hy + hy, h' = h; + hy. Then,
hh’ = h1h3 + h1h4. + hzhg + h2h4

Moreover,

(¢ + 0)(hh) hh,=h1h3+s:}ll£’+hzh3+hzh4{f(h1h3 + hihs) A o(hzhs + hohy)}

sup {&(h1h3) A &(hihy) A o (hahs) A o(hahy)}
hh’=h1h3+h1h4+h2h3+h2h4

sup {§(hs) AE(ha) Na(hs) Ao(ha)}
hh’=h1h3+h1h4+h2h3+h2h4

= sup {§(hs) Aa(ha) Aa(hs) AE(ha)}
hh’=h1h3+h1h4+hzh3+hzh4

¢+ )W) A€ +o)(h)
= (§+o)(h)

v

v

Leth:h1+h2€H.Then,

Z hi; @ hjz = A(h) = A(hy + hz) = A(hy) + A(hz)

i=1,n
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Where, hl = ZS=1,Tl hl(Sl) ® hl(SZ) and hz = ZC=1,TL hZ(tl) ® hZ(tZ) SUCh that

€ +a)h) sup {¢(h1) Aa(hz)}

h=h1+h2

sup, {E(ha(s2)) A o (hagez)}

h=h1+

_sup {E(s2) Ao(0) AE(0) Aalhaqa)}

(§ +0)(his2)) A (§ + o) (haea))
< §+0)(hi2)

IA

IA

E+o)n) =

{ sup { sup &(hy) A O'(hz)}, ifh' € S(H)
hes=t(h’) (h=hq+h,

0, ifh' @ S(H)
and

sup (é+o0)(h), ifh' € S(H)
(€ +o)(h) = nesn

0, if ' & S(H)
Hence, £ + o is fuzzy Hopf left ideal.

Theorem 4.5. Let & and o be two fuzzy Hopf left (right) ideals then & n ¢ is also a fuzzy Hopf left (right)
ideal.

Theorem 4.6. Let {¢; : i € N} be a collection of fuzzy Hopf left (right) ideals then N ¢; is also a fuzzy Hopf
left (right) ideal.
5. Fuzzy H-Submodule
In this section, the concept of fuzzy H-Submodule is proposed. Some significant results of fuzzy H-Submodule
are also studied in it.
Definition 5.1. AFS ¢ of Q isright FHM if forany q,q' € Q,h€ Hand a, B € k
i. é0)=1
ii. §(aq+pq)=E(@NEQ)
ii. £(qh) = ¢(q)
iv. £(q) < ¢€(qio)

sup &(q), ifq €p(Q)
v. &(q") =1{4aep~t@)

0, ifq' ¢ p(Q)

(vi). ECp(@h) = $(p(9))
Example 5.2. Consider ¢: H, — [0,1] defined by

(0.4, ifa € H\{0}
E(a)_{l, ifa=0

Then, ¢ becomes an FHM of H.,.
Theorem 5.3. Let ¢ and ¢ be two FHM of Q such that £(0) = a(0). Then, ¢ + ¢ is also an FHM of Q.
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Proor. Let q,q" € Q and a, B € k. Now, we have to show that ¢ + ¢ is a fuzzy subspace.
On the contrary, suppose that
€ +o)aqg+Bq) < E+a)g)AE+0o)d).
€ +o)(aq+pq9) < (€ +o0)(@)
and
€ +o)aqg+pq) < (+0)q)

If 3t" € [0,1] such that

(€ +o)aqg+Bq) <t <(+0)q)
and

€ +o)ag+pqg) <t <(E+0)q)

If 3 q1,92, 93,94 € Q With ag = g1 + g2, then

q=((q1+q2)/a)and Bq’ = q3 + qa

q/ — (q3;q4) SUCh tha.t f((qlqu)) > t',O'((q3;q4)) > tl
Now, we have

E+o)aqg+pg) = sup {E(m)Ao(n)}

q+q'=n+n’

> sw e @) ne @yl

1_91%492_ q3t4q4
q+q ="—,""+ B

> t'> (£ +o0)(aq +Bq")
which is a contradiction. Therefore,

E+o)aq+pBq)=(E+a)(@N(E+0)q)
Now, let g € Q and h € H such that

(+0)(gh) =  Sup {$(q) N o(g2)}

qh=q1+q>

> sup {{(H A0

= §+ao)(g)
Letqg = g1+ g2 € Q. Then,
Z qio ® i1 = P(CI) = p(q1 + qz)

i=1,n

= p(q1) +p(q2)
= z d1(s0) @ qa1s1) + Z d2(t0) ® dz(t1)

s=1n t=1n

Moreover,

27
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E+0)q) = sup {&(q)A0o(q2)}

q=q:+q;

< SUP {f(‘h(so))/\U(QZ(to))}
q=q;+

= qzsqugq {€(q150)) A a(0) AE(0) A o(qzce0))}

= SUP {f(‘h(so)) A 0(0)} A sup  §(0) Aa(qzto))
q=q;+ q=q1+q;

< € +9)(Giis0) A E +0)(G2t0))
< (€ +09)(qi0)
and

€ +0)(0) = oS @) Aa(@2)} =z §(0)Ac(0)=1A1=1

Thus,

E+a)p@h) = sup  {§(q) Ao(q2)}

p(@)h=q1+q;

> s {zGHACD)

q1
p(@)=11+22

= (§ +a)p(@)
Hence, ¢ + o is FHM of Q.
Theorem 5.4. Let & and ¢ be two FHMs of Q then & n ¢ is also an FHM.
Theorem 5.5. Let {¢; : i € N} be a collection of FHMs of Q. Then n &; is also an FHM.
Theorem 5.6. An FS ¢ of Q is an FHM iff the level sets &, are H —submodules of Q.
Proor. Assume that ¢ is an FHM. As £(0) = 1. Therefore, &, # ¢. Let q,q" € &,+. Then,
§(@) =t andé(q) = ¢’
Since
§laq+Bq) z (@ AE(@) =zt At" =1t

then aq + Bq’ € &,.. Similarly, since é(qh) = &(q) = t' then qh € &,,. Moreover, since £(q;0) = &(q) =t
then x;o € é.r. Let p(x) € &, and h € H. Since

Sp(@h) =8(p(@) =
then p(q)h € &,/ Therefore, each &, is H —submodule of Q.

Conversely, assume that each &, is a fuzzy H-submodules. Let g¢,q" € Q and @, 8 € k. We may assume that
£(q") = &(q) =t'. Therefore, q,q" € &,/ Since, &+ is H —submodule of Q, then ag + Bq’ € &,+. Therefore,

§(aq+pq) =t =5(q@) né(q)
Letgq e Qandh € H. Let&(q) =t'. Therefore, g € ¢, and gh € &,1. Thus, {(qgh) > t' = é(q).
Since p(q) = Xi=1nqi0 @ qi1 Where g;o € v, then
§(qi0) = t' =$(q)

Moreover,
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§(0) =sup{é(q)} =1
qeqQ

Let p(q) € Q and h € H, such that é(p(q)) = t'. Then, p(q)h € &,

Sp(@h) =t =&(p(@)
Thus, ¢ is an FHM.

6. Advantages

The importance of Hopf algebra in Quantum physics and physics cannot be rejected. Shahn Majid and other
physicist and mathematician use Hopf algebra to solve many problems. By using fuzzy theory, we can solve
these problems with easier. So, it is crucial to extend these concepts in uncertainty. So, in this manuscript, we
proposed fuzziness on Hopf algebraic structures.

7. Application

Discrete gauge theory in the 2 4+ 1 dimension arises by breaking a gauge symmetry with gauge group G to
discrete subgroup H due to photons becoming massive w, making the guage force ultra-short ranged. Some
particles are charged, and some carry flux. Charged particles carry a representation of H, and massive charges
are ultra-short ranged. By using fuzziness, we can deal with these particles easily. Here is a simple example,

Example 7.1. Let H = {h4, h,, hs, h,} be a Hopf algebra with antipode S, k = R, 4(h) = h Q h, e(h) =1,
S(h) =h™1,

hy|h, hy hy hy, and hy|h, h; h, hs

Then, &: H — [0,1] defined by

0.6, ifh=nh
§(d) = {0.4, ifh € H/{;ll}

is an FHA. Therefore, h, is the short, ranged particle.

Similarly, we can apply this uncertainty in other fields of physics, like to know the energy level of photons
in non-ideal lasers etc.

8. Conclusion

This manuscript introduces the concept of fuzzy Hopf subalgebra, fuzzy Hopf ideal, and fuzzy H-submodule.
Some properties and significant results are also studied in it. Our obtained results probably can be applied in
various fields such as artificial intelligence, signal processing, multiagent systems, pattern recognition,
robotics, expert systems, medical diagnosis, and engineering. Weak Hopf algebra is a Hopf algebra with a
linear map that satisfy some specific conditions. In the future study, we aim to extend this concept in the field
of weak Hopf algebra.
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1. Introduction

Zadeh [1] introduced the idea of fuzzy set in 1965. The deep study of fuzzy subsets and its applications
to different mathematical structures developed the fuzzy mathematics. Fuzzy algebra is a significant
branch of fuzzy mathematics. Idea of Fuzzy set has been applied to different algebraic structures like
groups, rings, modules, vector spaces and topologies. In this way, Iseki and Tanaka [2] introduced the
idea of BCK-algebra in 1978. Iseki [3] introduced the idea of BCI-algebra in 1980 and it is clear that
the class of BCK-algebra is a proper sub class of the class of BCI-algebra. Lee et al. [4] discussed the
fuzzy translation, (normalized, maximal) fuzzy extension and fuzzy multiplication of fuzzy subalgebra
in BCK/BCl-algebra. Relationship among fuzzy translation, (normalized, maximal) fuzzy extension
and fuzzy multiplication are also investigated. Ansari and Chandramouleeswaran [5] introduced the
notion of fuzzy translation, fuzzy extension and fuzzy multiplication of fuzzy ( ideals of S-algebra
and investigated some of their properties. Priya and Ramachandran [6,7] introduced the class of
PS-algebra. Lekkoksung [8] concentrated on fuzzy magnified translation in ternary hemirings, which
is a generalization of BCI / BCK/Q / KU / d-algebra. Senapati et al. [9] have done much work
on intuitionistic fuzzy H-ideals in BCK/BCl-algebra. Jana et al. [10] wrote on intuitionistic fuzzy
G-algebra. Senapati et al. [11] discussed fuzzy translations of fuzzy H-ideals in BCK/BCl-algebra.
Atanassov [12] introduced intuitionistic fuzzy set. Senapati [13] investigated the relationship among
intuitionistic fuzzy translation, intuitionistic fuzzy extension and intuitionistic fuzzy multiplication in
B-algebra. Kim and Jeong [14] introduced the intuitionistic fuzzy structure of B-algebra. Senapati
et al. [15] introduced the cubic subalgebras and cubic closed ideals of B-algebras. Senapati et al. [16]
discussed the fuzzy dot subalgebra and fuzzy dot ideal of B-algebras. Priya and Ramachandran [17]
worked on fuzzy translation and fuzzy multiplication in PS-algebra. Chandramouleeswaran et al. [18]
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worked on fuzzy translation and fuzzy multiplication in BF /BG-algebra. Jun and Kim [19] worked on
intuitionistic fuzzification of the concept of subalgebras and ideals in BCK-algebras.

Purpose of this paper is to introduce the idea of intuitionistic fuzzy « translation (IFAT), intu-
itionistic fuzzy o multiplication (IFAM) and intuitionistic fuzzy magnified S« translation (IFMBAT)
in PS-algebra. Some of their properties are investigated in depth by using the idea of intuitionistic
fuzzy PS ideal (IFID) and intuitionistic fuzzy PS subalgebra (IFSU).

2. Preliminaries

In this section, we present some basic definitions, that are helpful to understand the paper.

Definition 2.1. [3] An algebra (Y; %, 0) of type (2,0) is called a BCI-algebra if it satisfies the following
conditions:

i (ty *to) * (t1 x t3) < (t3 * ta)
ii. ty * (t1 x tg) < to
121. 61 < t1
w. t1 <tgand ty <t =t =19
v. t1 <0=1t; =0, where t; <ty is defined by t1 xt3 =0, V t1,t9,t3 € Y

Definition 2.2. [1] An algebra (Y;%,0) of type (2,0) is called a BCK-algebra if it satisfies the
following conditions:

Q. (t1 xto) * (t1 x t3) < (t3 *ta)
ii. t1 % (t1 x to) < to
11, t1 < t1
w. t1 <tgand ty <t =1t =to
v. 0 <ty = t; =0, where t1 <ty is defined by ty xt3 = 0, for all t,ts,t5 € Y

Definition 2.3. [7] A nonempty set S with a constant 0 and having binary operation x is called
PS-algebra if it satisfies the following conditions:

1. tl*tlzo
1. tl*OZO
1. tyxto=0and toxt; =0=1t1 =to, Vi1, to €Y

Definition 2.4. [7] Let S be a nonempty subset of PS-algebra Y, then S is called a PS subalgebra
of Yifti xto € S,V t1,t5 € 5.

Definition 2.5. [7] Let Y ba a PS-algebra and I is a subset of Y, then [ is called a PS ideal of YV if
it satisfies following conditions:

. 0el
W toxti €l andto el —wt1€1

Definition 2.6. [6] Let Y be a PS-algebra. A fuzzy set B of Y is called a fuzzy PS ideal of Y if it
satisfies the following conditions:

i. p(0) > p(t)

it. p(t) = min{u(ts «t1), u(t2)}, for all t1,15 € Y



Journal of New Theory 35 (2021) 32-47 / Intuitionistic Fuzzy Magnified Translation of PS-Algebra 34

2.1. Fuzzy and Intuitionistic Fuzzy Logics

Definition 2.7. [1] Let Y be the group of objects denoted generally by ¢;. Then, a fuzzy set B of
Y is defined as B = {< t1,up(t1) > | t1 € Y}, where up(t1) is called the membership value of ¢; in B
and pp(t1) € [0,1].

Definition 2.8. [6] A fuzzy set B of PS-algebra Y is called a fuzzy PS subalgebra of Y if pu(ty xto) >
mln{lu(tl)nu(tZ)}7 v t1,t2 € Y.

Definition 2.9. [4,5] Let a fuzzy subset B of Y and a € [0,1 — sup{pp(t1) | t1 € Y}]. A mapping
(uB)L | Y €10,1] is said to be a fuzzy a translation of up if it satisfies (ug)L(t1) = up(t1) + a, ¥V t1
€Y.

Definition 2.10. [4,5] Let a fuzzy subset B of Y and « € [0,1]. A mapping (ug)X | Y — [0,1] is
said to be a fuzzy o multiplication of B if it satisfies (up)M (t1) = a.(up)(t1), V t1 € Y.

Definition 2.11. [12] An intuitionistic fuzzy set (IFS) B over Y is an object having the form
B = {{t1,up(t1),ve(t1)) | t1 € Y}, where up(t1) | Y — [0,1] and vp(t1) | Y — [0,1], with the
condition 0 < pp(t1) +vp(ti) <1,V t1 € Y. up(t1) and vp(t;) represent the degree of membership
and the degree of non-membership of the element ¢; in the set B respectively.

Definition 2.12. [12] Let A = {{(t1,na(t1),va(t1)) | t1 € Y} and B = {(t1, up(t1),vp(t1)) | t1 € Y}
are two IFSs on Y. Then, intersection and union of A and B are indicated by AN B and AU B
respectively and are given by

AN B = {(t1, min(pa(t1), pp(t1)), max(va(t1),ve(t1))) [ t1 € Y}

AU B = {(t1, max(pa(t1), p(t1)), min(va(t1),ve(t1))) [ t1 € Y}

Definition 2.13. [14] An IFS B = {(t1,up(t1),vp(t1)) | t1 € Y} of Y is called an IFSU of YV if it
satisfies these two conditions:

i. pp(ty *te) > min{up(t), pp(t2)}
it. vp(ty *xte) < max{vp(ti),vp(te)}, V t1,ta €Y

Definition 2.14. [19] An IFS B = {(t1, up(t1),vB(t1)) | t1 € Y} of Y is said to be an IFID of YV if
satisfies these conditions:

i. p(0) = pp(t1),ve(0) < vp(th)
it. pp(ty) = min{up(ty * t2), pup(t2)}
iti. vp(t1) < max{vp(t; xta2),vp(te)}, for all t1,t € YV
Definition 2.15. [8] Let u be a fuzzy subset of Y, a € [0,T] and 8 € [0, 1]. A mapping M%QT |Y —[0,1]

is said to be fuzzy magnified Sa translation of yu if it satisfies ugﬂT(tl) = B.u(t1) + o, for all t; € Y.

3. Intuitionistic Fuzzy Translation and Multiplication

For simplicity, we use the notion B = (up,vp) for the IFS B = {(t1, up(t1),vp(t1)) | t1 € Y}. In this
paper, we use ¥ = inf{vp(t1) | t; € Y} for any IFS B = (up,vp) of Y.
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3.1. Intuitionistic Fuzzy Translation and Multiplication of PS Subalgebra

Definition 3.1. Let B = (up,vp) be an IFS of Y and let € [0,¥]. An object of the form
BY = ((uB)L, (vB)T) is called an IFAT of B, when (ug)L(t1) = up(t1)+a and (vg)L(t1) = vp(t1) —a,
forallt; € Y.

Example 3.2. Let Y = {0, 1,2} be a PS-algebra with the following Cayley table:

thus (Y;%,0) is a PS-algebra. Now, IFS B = (up,vp) is defined as

- [02 in A
HEVU =004 ift, =1,

@) 0.6 ift, £1
1% =
e 03 ift; =1

is an IFSU. HereA} ¥ = inf{vp(t1) | t1 € Y} = 0.3, choose a = 0.2, then the mapping Bl, | Y —
[0,1] is defined as

04 ift; #1

(in)o2(t) = {0.6 if = 1

and
0.4 ift;#1

(vB)o2 (1) = {0.1 it =1

which imply that, (up)d5(t1) = up(t1)+0.2 and (vp)g4(t1) = vp(t1) —0.2, V t; € Y is an intuitionistic
fuzzy (0.2) translation.
Theorem 3.3. Let B be an IFSU of Y and « € [0,¥]. Then, IFAT BY of B is an IFSU of Y.
PROOF. Assume that, t1,to € Y. Then,
(1B)a(t % ta) = pa(ty * ta) + a

> min{yup(t1), pp(t2)} + o

= min{pp(t1) + o, up(t2) + a}

= min{(up)a (), (1) (t2)}

and
(vB)a (t1 % t2) = vp(ty x ts) —
< maX{I/B(tl), VB(tg)} —«
= InaX{I/B(tl) — Q, VB(tQ) — Oé}
= max{(vg)y (t1), (V)4 (t2)}
Hence, IFAT BZ of B is an IFSU of Y. O

Theorem 3.4. Let B be an IFS of Y such that IFAT B of B is an IFSU of Y for some « € [0, ¥].
Then, B is an IFSU of Y.
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ProOF. Let BL = ((up)L, (v5)L) be an IFSU of Y for some « € [0,¥] and ¢1,t2 € Y. So, we have

pp(ty *ta) + a = (up)L (t * t2)

> min{(up)a (1), (1B)a (t2)}
=min{ug(t1) + o, up(t2) + a}
= min{up(t1), ps(t2)} +a

and

vp(ty *ta) — o = (v)L(ty * to)
max{(vg)}(t1), (v) & (t2)}
= max{vp(t1) — a,vp(t2) — a}
=max{up(t1),vp(t2)} —

which imply that, pp(ti * t2) > min{up(t1), up(t2)} and vp(t * t2) < max{vp(t1),vp(t2)}, for all
t1,to € Y. Hence, B is an IFSU of Y. O

IN

Definition 3.5. Let B be an IFS of Y and « € [0,1]. An object having the form B = (ug)M, (vg)M

o)

is called an IFAM of B. If (up)M(t1) = c.up(t1) and (vg)M(t1) = a.vp(ty), for all t; € Y.
Example 3.6. Let Y = {0, 1,2} be a PS-algebra with the following Cayley table:

1
1
0
2

*
0
1
2
thus (Y;%,0) is a PS-algebra. Now IFS B = (

in(t) = {0.5 if ¢ # 1

up,vp) is defined as

04 ift; =1,
0.2 ift; £1
ve(t1) =
5(h) {0.3 i =1

is an IFSU, choose a = 0.2, then the mapping B} (02 y 1Y = [0,1] is defined by

MB 02

{0 10 ift; #1

0.08 ift; =1
and
0.04 ift; #1
(u2)o2(1) = 0,06 i1y - 1
which imply that, (up)d5(t1) = up(t1).(0.2), (vg)dh(t1) = vp(t1).(0.2), ¥ t; € Y is an intuitionistic

fuzzy (0.2) multiplication.

Theorem 3.7. Let IFS B = (ug,vp) of Y and a € [0,1], if the IFAM B of B be an IFSU of Y.
Then, B is an IFSU of Y.

PROOF. Assume that, BM of B is an IFSU of Y for some « € [0, 1]. Now, for all t1,t, € Y, we have

pp(t * t2).a = (up)d (t = t2)
> min{(ug)y (1), (1n)y (t2)}
=min{up(t1).o, up(ta).a}
= min{up(t1), pp(t2)}.o
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and
vp(ty * ta).a = (vp)M(ty * t3)
< max{(vp)}! (), (vp)d (t2)}
= max{vp(t1).a,vp(ta).a}
= max{vp(t1),vp(t2)}.a
which imply that, pp(t1 * t2) > min{up(t1), up(t2)} and vp(t; * t2) < max{vg(t1),vp(t2)}, for all
t1,to € Y. Hence, B is an IFSU of Y. [

Theorem 3.8. Let IFS B = (up,vp) of Y is an IFSU of Y and «a € [0, 1], then IFAM BM of B is an
IFSU of Y.

PROOF. Suppose that, B = (up,vp) be an IFSU of Y. Then, for all ¢1,t; € Y, we have

()M (t1 % tg) = cpu(ty * t2)
> a.min{(up)(t1), (up)(t2)}
= min{a.up(t1), a.pp(ta)}
= min{(ug)Y (t1), (up) (t2)}
> min{(up) (t1), (uB)A (t2)}
and
()M (ty * to) = aw(ty * ta)
< . max{(vg)(t1), (vB)(t2)}
= max{a.vg(t1), . VB(t2)}
= max{(ug)2 (t1), (up) (t2)}
< max{(vg)M(t1), (wp)M(t2)}

which imply that, pp(t1 * t2) > min{up(t1), up(t2)} and vp(t; * t2) < max{vg(t1),vp(t2)}, for all
t1,ts € Y. Hence, BM is an IFSU of Y. O

3.2. Intuitionistic Fuzzy Translation and Multiplication of PS Ideal

In this section, intuitionistic fuzzy « translation of IFID, intuitionistic fuzzy « multiplication of IFID,
union and intersection of intuitionistic fuzzy translation of IFID are investigated through some results.
Theorem 3.9. If IFAT BL of B is an intutionistic fuzzy PS ideal, then it fulfills the condition
(1B)& (t * (t2 x 1)) = (up)4 (t2) and (vp)g (tr * (t2 x t1)) < (vB)&(t2).
PROOF. Let IFAT B of B is an intutionistic fuzzy PS ideal. Then,
(1B)a (1% (b2 x 1)) = pp(ty * (f x 1)) + @
> min{pp(te * (t1 % (t2 xt1))) + a, pp(te) + a}
= min{pp(0) + a, up(t2) + o}
= min{(up)4 (0), (uB)a (t2)}
= (up)a (t2)
and
(vB)T(t1 % (ta ¥ t1)) = v(ty * (ta % 1)) — «
< max{vp(ty * (t1 * (t2 xt1))) — o, vp(te) — a}
= max{rp(0) — o, vp(t2) — a}
= max{(vp)5(0), ()4 (t2)}
= (vB)a(t2)

A
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Hence, (1up)4 (t1 * (t2 * 11)) > (up)&(t2) and (vp)g (ty * (t2  11)) < (vB)&(t2). O
Theorem 3.10. If B is an IFID of Y, then IFAT Bl of B is an IFID of Y, for all a € [0, ¥].

PROOF. Let B be an IFID of Y and a € [0,¥]. Then, (u5)%(0) = up(0)+a > up(t1)+a = (up)X(t)
and (vg)L(0) = vp(0) — a <vp(t1) — a = (vg)L(t1). Therefore,

(uB)a (t1) = up(t) + a,
> min{up(t1 * t2), up(te)} + a
=min{up(ti *t2) + o, up(t2) + a}
= min{(up)L(t; * t2), (up) L (t2)}

and
(vB)a(t) = vB(t) — a,
< max{vp(t1 *t2),vp(t2)} — «
= max{vp(t; * ta) — a,vp(ta) — a}
= max{(vg) (t1 * t2), (vB)a (t2)}
for all t1,t2 € Y and a € [0,¥]. Hence, BL of B is an IFID of Y. O

Theorem 3.11. If B is an intutionistic fuzzy set of Y, such that IFAT Bl of B is an IFID of Y, for
all @ € [0,¥]. Then, B is an IFID of Y.

PROOF. Suppose B is an IFID of Y, where o € [0,¥] and ¢1,t € Y then,

pp(0) +a = (uB)s(0) > (up)i(t1) = ps(t1) + a
v(0) —a = (vp)e(0) < (vB)5 (1) = vB(t1) — @
which imply, up(0) > pp(t1) and vp(0) < vp(t1) now,
pp(ty) + o = (up)k (t1) > min{(up)L (t * t2), (1B)& (t2)}

= min{up(ti * t2) + o, up(t2) + a}
= min{uB(tl * tg), ,LLB(tQ)} + o
and
vp(t1) — a = (vp)s (1) < max{(vp)g (t * t2), (vB)a (t2)}
= max{vp(t1 * t2) — a,vp(t2) — a}
= max{vp(t; *t2),vp(t2)} —
)

which imply that, pp(t1) > min{up(t; * t2), up(te)} and vp(t;) < max{vp(t; * t2),vp(t2)}, for all
t1,to € Y. Hence, B is an IFID of Y. O

Theorem 3.12. Let B be an IFID of Y for some a € [0,¥]. Then, IFAT Bl of B is an IFSU of Y.
PROOF. Assume that, t1,72 € Y, then

(1B)a(t1+t2) = up(t1+t2) + o
> min{up(ts * (t1 * t2)), up(t2)} + @
= min{up(0), up(tz)} + «
> min{up(t1), pp(t2)} + o
= min{up(t1) + o, pp(tz) + o}
= min{(up)] (t1), (u)X (t2)}
> min{(up)L (t), (up)2 (t2)}
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and
(v)L(ty % t2) = vp(ty * t2) — «
< max{vp(ta * (t1 x t2)),vp(t2)} — «
= max{rp(0),vp(t2)} — «
< max{vg(t1),vp(t2)} — «
= max{vp(t1) — a,vp(t2) — a}
= ma{ (vp)L (1), (v (12)}
< mas{ ()L (t1), (v)2 (t2)}

Hence, Bl is an IFSU of Y. O
Theorem 3.13. If IFAT B! of B is an IFID of Y and « € [0, ¥], then B is an IFSU of Y.
PROOF. Suppose that, BL of B is an IFID of Y. Since

(up)(t1 % t2) + = (up)g (b1 * t2)

B)& (b2 * (t % 1)), (15) g (t2)}
min{(15)4(0), (np)a (t2)}
min{(1p)4 (1), (1) (t2)}
min{up(t1) + o, pp(ta) + a}

= min{pp(t), ps(t2)} +a
then pp(ty * t2) > min{up(t1), up(t2)}. Similarly, since
(vB)(t1 *ta) —a = (vB)L(t1 * to)
< max{(vp)§ (t2 * (t1 ¥ 12)), (vB)& (t2)}
= max{(v5)4 (0), (vn)q (t2)}
< max{(vp)4 (1), (vB)a (t2)}
= max{vp(t1) — o, vp(t2) — a}
=max{vp(t1),vp(t2)} — @

then vp(t1 * t2) < max{vp(t1),vp(t2)}. Hence, B is an IFSU of Y. O

Y

min{(u

v

Theorem 3.14. Intersection of any two intuitionistic fuzzy translations of an intuitionistic fuzzy PS
ideal B of Y is an intuitionistic fuzzy PS ideal of Y.

PROOF. Suppose, BL and Bg are intuitionistic fuzzy translations of intuitionistic fuzzy PS ideal B

of Y, where a, 8 € [0,¥] and a < 3, as we know that, B and Bg are intuitionistic fuzzy PS ideals
of Y. Then,

((1B)a N (up)5)(t1) = min{(up)a (tr), (up)j (t1)}

= min{up(t1) + o, up(ty) + 5}
pa(t) +a

= (uB)a(t1)

and
((vB)a N (vB)5)(t) = max{(vp)a (t), (vB)j (t1)}
= max{vp(t1) — a,vp(t1) — 5}
=vp(t1) — «

= (vB)&(t1)
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Hence, B N BFBF is an intuitionistic fuzzy PS ideal of Y. O

Theorem 3.15. Union of any two intuitionistic fuzzy translations of an IFID B of Y is an IFID of
Y.

PROOF. Suppose Bl and Bg are intuitionistic fuzzy translations of an IFID B of Y, where o, 8 €
[0,¥] and a < B3, as we know that, BL and BﬁT are intuitionistic fuzzy PS ideals of Y. Then,

((uB)a U (uB)5)(t1) = max{(up)a (1), (up)j (1)}
= max{up(t1) + o, pp(t1) + B}
= up(t1) +
= (MB)%(tl)

and

((vB)& U (v)§)(t1) = min{(vp){(t1), (va)f (1)}
= min{vp(t;) — a,vp(t1) — B}
=vp(t1) =B
= (vp)§(t1)

Hence, B U BﬁT is an intuitionistic fuzzy PS ideal of Y. O

Theorem 3.16. Let B be an IFS of Y such that IFAM BM of B is an IFID of Y for a € (0, 1], then
Bis an IFID of Y.

PROOF. Suppose that, BM is an IFID of Y for o € (0,1] and ¢1,¢2 € Y. Then, a.up(0) = (15)M(0)
> (uB)y (1) = a.up(tr), so pp(0) > pp(t) and a.vp(0) = ()3 (0) < (vB)i (1) = avp(t1), so
VB(O) < l/B(tl). Since
a.pp(ty) = (u)d (t1)
> min{(up) (t1 * t2), (1p)M (t2)}
= min{a.up(t: * t2), a.up(t2)}
= a.min{up(t; xt2), up(te)}

then pp(t1) > min{up(t1 * t2), up(te)}. Similarly, since
a.vp(ty) = (va)d ()
< max{(vp)y (1 * t2), (vp)3 (t2)}

= max{a.vp(t x t2), v.vp(ta)}

= a.max{vp(t; xt2),vp(te)}
then vp(t1) < max{vp(t1 * t2),vp(t2)}. Hence, B is an IFID of Y. O
Theorem 3.17. If B is an IFID of Y, then IFAM B of B is an IFID of Y, for all o € (0, 1].
PROOF. Let B be an IFID of Y and « € (0, 1], we have
(15)3" (0) = a.up(0)

> a.pup(t)
= (un)a' (t1)
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and

(v5)a' (0) = a.vp(0)
< a.vp(ty)

= (vB)a' (t1)

Moreover,

(1B)a (t1) = cpp(tr)
> a.min{up(ty *t2), up(t2)}
= min{o.pp(t; *t2),.up(ta)}
= min{(up)Y (t1 * t2), (up)M (t2)}
> min{(up) (t1 * ta), ()2 (t2)}

and

(vB)a! (t1) = avp(tr)
< a.max{vp(t1 * t2),vp(t2)}
= max{a.vp(t; * t2), a.vp(ta)}
= max{(vp)y (t1 * t2), (vp)a (t2)}

< max{(vp)y (t1 *t2), (vB)a' (t2)}
Hence, BM of B is an IFID of Y, V a € (0, 1]. O
Theorem 3.18. Let B be an IFID of Y and « € [0,1]. Then, IFAM BM of B is an IFSU of Y.

PROOF. Suppose that, t1,to € Y, we have

a.up(ty * t)

a.min{up(ty * (t1 * t2)), up(t2)}
a.min{up(0), up(tz)}
a.min{up(t1), up(ta)}
min{a.up(t1), e.mup(te)}

(nB)Y (t1 % t2)

Y

AV

= min{(up)Y (tr), (up)M (t2)}

> min{(pp)a (t1), (uB)d (t2)}
and

(VB)(])\[/[(tl xtg) = avp(ty * ta)

< a.max{vp(t * (t1 *t2)), v(t2)}

= a.max{vp(0),vp(ta)}

< a.max{vp(t1),vp(t2)}

= max{a.vg(t1), a.vp(ts) }

= max{(vp)Y (tr), (vp)Y (t2)}

< max{(vp)X(t1), (vp)X (t2)}
Hence, B(y isan IFSU of Y. =

Theorem 3.19. If the IFAM B of B is an IFID of Y, for @ € (0,1]. Then, B is an intuitionistic
fuzzy PS-subalgebra of Y.
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PROOF. Assume that, B of B is an IFID of Y. Since

a.(u)(tr xta) = (u)d (t1 * t2)

min{(ug)y(tz * (t1 * 12)), (NB){;\(/[(t?)}
= min{ ()M (0), (up)M (t2)}

> min{(ug)y(tl)a (#B)gj(tZ)}

= min{a.up(t1),a.up(t2)}

= a.min{up(t), up(t2)}

v

then pp(ty * ta) > min{up(t1), up(t2)}. Similarly, since

a.(vp)(ty x ta) = (vp)M(ty * t2)
< max{(vp)y (t2 % (t1 * 12)), (vB)y (t2)}
= max{(vp)3'(0), (vp)a' (t2)}
< max{(vg)y (t), (vB)3! (t2)}
= max{a.vg(t1), a.vp(t2)}
= a.max{vp(t1),vp(t2)}

then vp(t1 * t2) < max{vp(t1),vp(t2)}. Hence, B is an IFSU of Y. O

Theorem 3.20. Intersection of any two intuitionistic fuzzy multiplications of an IFID B of Y is an
IFID of Y.

PROOF. Suppose that, B and Bg/[ are intuitionistic fuzzy multiplications of IFID B of Y, where
a,B €[0,1] and o < 3, as we know that B and Bé/[ are IFIDs of Y. Then,

((uB)a N (up)FH)(t1) = min{(up) (t1), (nB)4 (t1)}
= min{up(t1).a, pp(t1).0}
= pp(t1).o
= (uB)d (t1)

and

(vp)a' N (vB)§)(t1) = max{(vg)y! (), (vB)§ (1)}
= max{vp(t1).a,vp(t1).0}
= Z/B(tl).a
= (vB)a (1)
Hence, B)' N Bg" is IFID of Y. O

Theorem 3.21. Union of any two intuitionistic fuzzy multiplications of an IFID B of Y is an IFID
of Y.

PROOF. Suppose that, BM and Bg/[ are intuitionistic fuzzy multiplications of an IFID B of Y, where
a,f € [0,1] and o < § and B! and Bj" are IFIDs of Y. Then,

(2B)d" U (up)§") (81) = max{(un)d (1), (uB)§ (t1)}
= max{up(t1).a, pp(t1).0}
= pup(t1).0
= (MB)??/I(tl)
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and
(vp)df U (wB)E")(t1) = min{(vp)a' (t1), (vB)§ (t1)}
= min{vp(t1).c, vp(t1).8}
=vp(t1).B8
= (vB)§ (1)
Hence, By U By is TFID of Y. O

3.3. Intuitionistic Fuzzy Magnified fa Translation

In this section, the notion of intuitionistic fuzzy magnified S« translation IFMBAT is presented and
investigated.

Definition 3.22. Let B = (up,vp) bean IFSof Y and a € [0, ¥], 5 € [0, 1]. An object having the form
BéVIT {(MB),Ba ,(VB)ﬁa } is said to be an IFMBAT of B if it satisfies (HB)ga (t1) = B.pp(t) + «

and (I/B)%QT( ) 5 Z/B(tl) —Q, Vit €Y.

Example 3.23. Let Y = {0, 1,2} be a PS-algebra defined in example 2.1. A IFS B = (up,vp) of Y
is defined as:

in(t) = {0.3 if 1 £ 2

05 ift; =2
0.6 ift; #2
ve(t1) =
B(h) {0.4 i1 =2

is an IFSU and ¥ = inf{vp(t1) | t1 € Y} = 0.4, choose v = 0.1 € [0,¥] and 8 = 0.3 € [0, 1], then the
mapping B(O 3) (0.1) | Y — [0, 1] is given as

3)(0.3) + (0.1) = 0.19 if 1 #2

v ~J(03)
(148){0.3) 0.1y (01) = {(0 3)(0.5) 4 (0.1) = 0.25 ift; =2

and
wp)MT () = | (0-3)(06) = (01) = 0.08 if ty 72
YB)(0.3) (0.1)\"1) = (0.3)(0.4) — (0.1) = 0.02 if t; =2

which imply that, (up )(0 3) (0. 1)( 1) = (0.3).up(t1) + 0.1 and (1/3)(0 3) (0. 1)(t1) (0.3).vp(t1) —0.1, V t;

MT
€ Y. Hence, B(0.3) (0.1

Theorem 3.24. Let B be an intuitionistic fuzzy subset of Y, such that o € [0,¥], 8 € [0,1] and a
mapping Bﬁ 7Y — [0,1] is IFMBAT of B, if B is IFSU of Y. Then, Bé/laT is IFSU of Y.

) Is an intuitionistic fuzzy magnified (0.3)(0.1) translation.

PROOF. Let B be an IFS of Y, o € [0, ¥], 8 € [0, 1] and a mapping BéMaT |Y — [0,1] is IFMBAT of
B. Suppose B is an IFSU of Y. Then,

pp(t * tz) = min{up(ty), up(tz)}

I/B(tl * tg) < max{VB(tl), I/B(tg)}

Moreover,
(4B) 5 (t1 % t2) = Bopp(ty * 12) +
> B.min{up(t1), up(t2)} + o
= min{B.up(t1) + o, B.pup(t2) + a}
= min{(up) 3T (1), (up) ST (t2)}
> min{(up) M7 (t1), (up) 3T (t2)}
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and
(I/B)ﬂa (t1 xt2) = Bvp(ty *xt2) —
< B.max{vp(t1),vp(t2)} — «
= max{fB.vp(t1) — o, B.vp(te) — a}
= max{(vg)§} (t1), (vB)§a (t2)}
< max{(vp)i (t1), (vB)§a (t2)}
Hence, IFMBAT Bj." is an IFSU of Y. O

Theorem 3.25. Let B be an IFS of Y, such that « € [0,¥], 8 € [0,1] and a mapping Bg/[aT |Y —
[0,1] is IFMBAT of B, if BELT is IFSU of Y. Then, B is an IFSU of Y.

PROOF. Let B be an intuitionistic fuzzy subset of Y, where a € [0,¥], 8 € [0,1] and a mapping
BELT|Y — [0,1] is IFMBAT of B. Let BY[T = {(MB)%T, (vB)§ '} is an IFSU of Y, we have

B.pup(ty #t2) + a = (up)§L! (t = 1)
> min{(up) (1), (1B)5s (t2)}
=min{B.up(t1) + a, B.up(tz) + a}
= B.min{up(t2), up(t1)} + «

and

Bup(ty *tz) — o = (VB)%T(tl * 1)
< max{(vg)} Ba T(t1), (VB)ga (t2)}
= max{f.vp(t2) — o, f.vp(t1) — a}
= B.max{vp(t1),vp(t1)} — «

which imply that, pp(t; * t2) > min{up(t1), up(t2)} and vp(t; * t2) < max{vg(t1),vp(t2)}, for all
t1,to € Y. Hence, B is an IFSU of Y. O

Theorem 3.26. If B is an IFID of Y, then IFMBAT BjLT of B is an IFID of Y, for all a € [0, ¥]
and 3 € (0,1].

PROOF. Suppose that B = (up,vp) be an IFID of Y. Then,
(1B) o (0) = B.up(0) + o
> B.pp(t) +a
(MB)gaT(tl)

and

Moreover, since

(1B)fa (t1) = Bup(t) +a
> f.min{up(ti *t2), up(t2)} +
= min{B.up(t1 * t2) + o, B.up(t2) + o}
= min{(,uB)@a (t1 * t2), (uB)%T(tz)}
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then (,uB)%aT(tl) > min{(,uB)ﬁa (t1 x ta), (,uB) T(ty)}, for all t1,t, € Y and V « € [0,¥], 8 € (0,1].
Similarly, since

(VB)§a (t1) = Bvp(t) —a

< B.max{vp(t; *xt2),vp(t2)} — «

= max{S.vp(t1 * t2) — a, B.vp(ta) — a}
(V) (t1) = max{(vp)§ (t1 * t2), (vB)§y (t2)}

then (I/B)Ba (t1) < max{(VB)ﬁa (t1 * ta), (VB)é/[aT(tQ)}, for all t;,to € Y and V a € [0,¥], 8 € (0,1].
Hence, BMaT of B is an IFID of Y. O

Theorem 3.27. If B is an intuitionistic fuzzy set of Y, such that IFMBAT B%T of B is an IFID of
Y, for all @ € [0,¥] and 8 € (0,1]. Then, B is an IFID of Y.

PRrROOF. Suppose that IFMBAT B%T is an IFID of Y for some «a € [0,¥], 5 € (0,1] and t1,t2 € Y,
then

B.u(0) +a = (up)jy (0)
> (1B) 5y (t1)
= B.up(t) +

and

B.vp(0) — a = (vB)ja (0)
< (vB)fa (t1 )

= B.I/B(tl) —

which imply that, up(0) > up(t1) and vp(0) < vp(t1). Now, we have

B.up(t) +a = (up)yy (t)
> min{(up)fa (f*t2), (1B)Fa (12)}
=min{S.up(t1 * t2) + o, B.up(t2) + o}
= B.min{up(t; *t2), up(t2)} +

and

Bwp(t) —a = (vB)jq (t1)
< max{(vp)}y (t1*t2), (VB)§y (t2)}
= max{ﬁ.l/B(tl xto) — a, B.vp(ta) — a}
= B.max{vp(t; * t2),vp(t2)} — «
which imply that, pp(t1) > min{up(t; * t2), up(te)} and vp(t;) < max{vg(t; * t2),vp(t2)}, for all

t1,to € Y. Hence, B is an IFID of Y.
O

Theorem 3.28. Intersection of any two IFMBAT'Ss BéVIaT of an IFID B of Y is an IFID of Y.

PROOF. Suppose that, BMT and BMT are two IFMBATS of IFID B of Y, where a, & € [0, ¥] and
8,6 € (0,1]. Assume o < &, and B = §, then by Theorem 3.26, Bé\/[aT and Bg/gf are IFIDs of Y.
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Therefore,
(eB)ga N (pB)gy ) (t) =min{(up)5a (), (us) 5 (1)}
= min{B.up(t) + a, B.pp(t) + 4}
= B.up(t) + o
= (uB)§y (t1)
and

(vB)Fa N (vB)j () = max{(vp)§s (tr), (vp)§ (1)}

= max{B.vp(t)) — o, Bvp(t1) — &}
= ﬁ.I/B(tl) —

= (vB)§a (t1)

Hence, BT N BY T is IFID of Y.
Ba

Theorem 3.29. Union of any two IFMBATSs Bg{f of an IFID B of Y is an IFID of Y.

46

PROOF. Suppose that, Bg/IT and Bg[dT are two IFMBATS of IFID B of Y, where a, & € [0, ¥] and

«

«

,/E ,1]. Assume a < @&, an = /,ten y eorem 5.20, an S oare S O .
B, € (0,1]. A d B = B, then by Th 3.26 Bg“’ dBé‘{lT IFIDs of Y

Therefore,

((1B)5a U (up) ) (t) = max{(up)5s (t1): (n)5y (1)}
= max{B.up(t) + o, B.up(t1) + &}
= B./J,B(tl) + &
= (NB)g/[dT(tl)

and

(vB)ga U (vza)j}?)(tl) = min{(vp)5y (1), (VB)%T(tl)}
= min{B.va(t1) — a, Bvp(t) — &}
= Bup(t) — d
= (VB)?;?(tl)

Hence, By U BY T is IFID of Y.
Bd&

4. Conclusion

In this paper, IFAT, IFAM and IFMBAT of PS-algebra are discussed with the help of subalgebras
and ideals. Moreover, IFMBAT of PS-algebra is studied, which gave us new line of thought to
apply PS-algebra on some other sets. For future work, PS-algebra can be applied on interval valued
intuitionistic fuzzy magnified translation, neutrosophic cubic magnified translation and T-neutrosophic

cubic magnified translation.
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Abstract — The Poisson regression model is widely used for count data. This model assumes
equidispersion. In practice, equidispersion is seldom reflected in data. However, in real-life data, the
variance usually exceeds the mean. This situation is known as overdispersion. Negative binomial
distribution and other Poisson mix models are often used to model overdispersion count data. Another
extension of the negative binomial distribution in another model for count data is the univariate
generalized Waring. In addition, the model developed by Famoye can be used in the analysis of count
data. When the count data contains a large number of zeros, it is necessary to use zero-inflated models.
Published: 30 Jun 2021 |n this study, different generalized regression models are emphasized for the analysis of excessive zeros
Research Article count data. For this purpose, a real data set was analysed with the generalized Poisson model,
generalized negative binomial model, generalized negative binomial Famoye, generalized Waring
model, and the foregoing zero-inflated models. Log-likelihood, Akaike information criterion, Bayes

information criterion, VVuong statistics were used for model comparisons.
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1. Introduction

In regression analysis, the relationship between a dependent variable and one or more independent variables
is examined. When the dependent variable consists of count data, count regression models are used instead of
classical regression analysis. Count data can be expressed as observations consisting of nonnegative integers
that can take the value of zero or a value greater than zero and show a discrete distribution [1]. Count data are
generally right skewed and do not show normal distribution [2]. Different count regression models are used
according to the mean and variance in modelling this type of data. Poisson regression analysis is based on the
assumption of equidispersion, in other words, equality of mean and variance(mean=variance) in cases where
the dependent variable is count data. In practice, however, even the distribution of data is rare. In practice,
however, the variance usually exceeds the mean. This occurrence of non-Poisson variation is known as
overdispersion (mean>variance) [3]. In cases where the variance is smaller than the mean, the data is
considered underdispersion (mean<variance). Modelling overdispersion or underdispersion count data with
inappropriate models can lead to overestimated standard errors and misleading inferences [4]. In this case,
regression models containing the dispersion parameter should be used in the dataset instead of Poisson
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regression. Two approaches explain the overdispersion that occurs in Poisson regression. One of these
approaches is the semi-likelihood approach, and the other approach is the mixed Poisson model approach [5].
Besides several models for modelling overdispersion count data, such as negative binomial distributions,
guasi-Poisson, and other Poisson mixes, there are several models for underdispersion count data [6,7]. Harris,
Yang, and Hardin (2012) proposed a generalized Poisson (GP) regression model for underdispersion count
data [8].

Count data can be expressed as observations made up of nonnegative integers and showing a discrete
distribution. For this reason, count data are generally right-skewed and do not show normal distribution.
Poisson regression or alternative models are used in modelling this type of data, depending on the state of
mean and variance. Count data can be analysed using regression models based on the Poisson distribution in
the case of equidispersion. However, other discrete regression models, such as the generalized negative
binomial distribution (GNB), can be used in case of overdispersion [9,10]. Also, a model was investigated by
Famoye (1995) to show its use for analysing grouped binomial data [11]. In case of overdispersion, GNB is
recommended besides the negative binomial distribution. GP has been found to be useful in fitting
overdispersion and under dispersion count data to a model [12]. GNB is a simplification based on the
generalized negative binomial distribution.

The generalized Waring distribution is an extension of the negative binomial distribution. This
distribution is known as the beta negative binomial distribution. Waring distribution was first proposed and
used by Irwin (1968) to model accident number data [13]. One advantage of this model over the negative
binomial model is that researchers can distinguish unobserved heterogeneity from internal factors of each
individual's characteristics and covariates that can affect the variability of the data. These models obtain
parameter estimates by including the effect from overdispersion into the model.

Generalized Famoye (GNB-F) and generalized Waring (GNB-W) models have different applications in
the literature. Various applications of GNB-F have been demonstrated in physics, ecology, medicine, etc. [14-
16]. Another issue to be considered in the analysis of count data is the zeros' density in the dependent variable.
Count data have zero values by nature, and the classical ordinary least squares (OLS) method does not give
good estimates because it does not show a normal distribution.

The presence of more than expected zero values in the data set is defined as zero inflation [17,18]. It is
more appropriate to analyse such data sets with zero-inflated models that take into account zeros [19]. Zero-
inflated models are used in different fields such as econometrics, demography, medicine, public health,
biology, agriculture, etc. Failure to use appropriate methods to analyse zero-inflated data may result in biased
parameter estimates, smaller standard errors, and inconsistent results [20]. Zero-inflated count data may lack
equality of mean and variance. In such a case, overdispersion or underdispersion must be taken into account.

The zero-inflated generalized Poisson (ZIGP) model is an extension of the generalized Poisson
distribution [21]. Other widely used methods are the zero-inflated negative binomial (ZINB) model and Hurdle
models in case of excess zeros in the data [22,23]. There are two types of zeros in the zero-inflated model:
"real zeros" and "excess zeros". There are situations where a zero-inflation model makes sense in terms of
theory or common sense. Altun (2018) proposed Poisson-Lindley distribution for overdispersion data. The
Poisson-Lindley distribution arises when the parameter of the Poisson distribution has the Lindley distribution
[24]. Unlike the Poisson distribution, the Poisson-Lindley distribution allows for overdispersion. Therefore,
this model is a good option for modelling datasets that are overdispersion and zero-inflated.

In this study, some generalized models used for count data with overdispersion are discussed. These
models are generalized Poisson (GP), generalized negative binomial Famoye (GNB-F), generalized negative
binomial (GNB), generalized negative binomial Waring (GNB-W), zero-inflated negative binomial (ZINB),
zero-inflated negative binomial Waring (ZINB-W) and zero-inflated negative binomial Famoye (ZINB-F)
regression models.



Journal of New Theory 35 (2021) 48-61 / Models for Overdispersion Count Data with Generalized Distribution ... 50

2. The Generalized Models

2.1. Generalized Poisson Regression Model (GP)

The most widely used regression model for count data sets is the Poisson regression model with the log-link
function. The most prominent feature of the Poisson model is its equidispersion. Still, in implementations, data
sets often have a variance that exceeds the mean. When there is overdispersion in the data set, the generalized
Poisson distribution is as follows [25];

0:(0; + ky)?i"te 0Tl

f(i 03, k) = o yi =0,12,... (1)
;!

here 6; > 0 and max (_1'—71%) < k < 1. Also, the expected value and variance of the generalized Poisson
distribution can be written as:

N
o, o
(1-k)?®  (1-k)?

E(Yy) = QE(Y)

In particular, the term @ = 1(1 — k)? plays the role of a dispersed factor. It is clear that the generalized
Poisson distribution for k = 0 is the general Poisson distribution with the parameter of 8;. When k < 0, under
dispersion, occurs, while when k > 0, overdispersion occurs [26]. The presence of overdispersion will cause
the standard error to be below estimate and misinterpretation of the regression parameters. As a result, a
number of estimation methods have been proposed to model data in the occurrence of overdispersion. These
models include the quasi-Poisson or quasi-binomial regression model and the negative binomial distribution.
Parameter estimates of these models are similar to the simple Poisson approach, but confidence intervals are
larger [27]. As a result, the models will give different results in terms of the significance of the coefficients.

var(Y;) = (2)

2.2. Generalized Negative Binomial: Famoye (GNB-F)

The GNB-F model assumes that the value of 6 is an unknown scalar parameter. So, the probability mass
function of the distribution, mean, and variance are given as:

(9+(Z)y
6 + oy y

o<u<l, 1<p<ut, ®>0andy; € (0,1,2,..) 3)
E(Y) = 6;u(1—ou)™"
var(Y;) = O;u(1 — o)~ (1 — gu) =3

Its main difference from the negative binomial model is that the 6 parameter is unknown in Equation 2,
but a known parameter in Equation 3 ¢ = @ > 1. As the @ value approaches 1, the variance approaches the
negative binomial. Thus, the parameter is generalized to have greater variance than is allowed in the GNB-F
model. To compare the results of the Poisson and negative binomial distribution, the log link is as follows:

log(u) = xp 4)

P(Y =) = ) w1 = -r0y
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2.3. Generalized Negative Binomial Regression Model (GNB)

The negative binomial distribution is the first distribution to consider when the variance is greater than the
mean. Negative binomial regression is used as an alternative to Poisson regression because these two methods
fit the model by using the same connection log link function [28]. NB model is often used to model
overdispersion count result variables. The assumption that the Poisson parameter changes proportionally to the
chi-square leads to the negative binomial distribution.

The GNB model is based on the simplification of the generalized negative binomial distribution. If 6 = @
and u = /(1 + @m) expressions are substituted for ¢ and p expressions given in Equation 3, the parameter
becomes a vector of observation-specific known constants. When the 8 parameter is known, while @ > 1, the
o parameter is not negative in the generalized negative binomial distribution. Thus, under these conditions, the
probability mass function, mean, and variance are given by:

y n-y-aoay
P(Yzy)znray(nt’ay)(lfan) (1_1:0n) )

E(Y)=n o1 (5)

1:an(1_1+an)

var(Y) =n a) (1+om)73

T (1 T
1+om 1+om
=nn(l+on)(1+or—m)

Therefore, the variance is equal to binomial variance, = 0. It is equal to negative binomial variance if ¢ =
1. Here, if @ > 0, GNB generalizes the binomial distribution in the regression model.

2.3.1. Generalized Waring Regression Model (GNB-W)

The negative binomial distribution is a limiting case of the generalized Waring distribution. This distribution
provides a model for the distribution of accidents. Here the variance is divided into three components. The
first of these is the usual random component in classical accident theory; the other two can often be described
as separate variances due to "liability" and "proneness”. The sum of the last two components is the only
component defined by the variation in sensitivity in classical theory [13]. The generalized Waring distribution
(the number of crashes A) depends on three parameters: m,a, and k. However, the "three-component
distribution” is not necessarily a generalized Waring distribution. The generalized Waring distribution must
satisfy the following conditions:

i Y [/x,A, v~ Poisson (u,)
il. A,,/v ~ Gamma (a,, V)
iili. v ~ Beta (p, k)

In Irwin's study on accident data, 1/v is specified as "accident liability" and v as "accident proneness".
Thus, the mass density function is given by:

Flax +p)T(k+p) (ax)y(k)y, 1
P(Y =y) = - 6
( y) F(p)r(ax+k+p) (ax +k+ p)y y! ( )
where a, ,k,p > 0; a, = u(p —1)/k and (a),, is the Pochhammer notation I'(a + w) /T'(w), if

a>0.

a,k
p—1

EY)=pn= (7
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2.3.2. Zero-Inflation Model

Count models can also take zero value due to their nature. However, having more than the expected number
of zero values in the data set is defined as zero inflation. In the datasets where most of the observations are
zero, excluding the zero values from the analysis leads to incorrect results. Zero-inflated count data may lack
equality of mean and variance. Therefore, when there are too many zeros, it may not be appropriate to use
Poisson and other models. It is more appropriate to use zero-inflated Poisson (ZIP), zero-inflated negative
binomial (ZINB), Poisson Hurdle (PH) or negative binomial Hurdle (NBH) regression methods in modelling
dependent variables with more than the expected number of zero values [29].

Hardin and Hilbe (2012) describe two origins of the zero result [15]: Those who do not enter the counting
process and those who enter the counting process and have a zero result. Therefore, the model should be
divided into different parts, one being zero count y = 0 and the other being nonzero y > 0. The zero-inflated
model can be given as:

p+(A-p)f(Q), y=0
A-f®), y>0

In the above equation, p is the probability that the binary process will result in zero results. Here 0 < p <
1 and f(y) is the probability function. Famoye and Singh (2006) proposed the zero-inflated generalized
Poisson (ZIGP) model, an extension of the generalized Poisson distribution. In another widely used method,
the negative binomial model may be preferred where the Poisson mean has a gamma distribution [21]. A
natural extension of the negative binomial model, the zero-inflated negative binomial (ZINB) model, is used
in case of excess zeros in the data [23].

For the Waring distribution and Famoye's proposed models, it is more appropriate to use zero-inflated
versions if there are too many zeros in the data. In this context, ZINB-W and ZINB-F distributions have been
proposed for models based on zero.

Pr =) = )

3. Model Selection

The fact that all p values in the model selection are less than 0.05 means that all explanatory variables are
suitable for the model. However, the fact that all the explanatory variables are significant does not mean that
the regression model applied will be suitable for the data. Various tests are used to determine which model is
more suitable for count data. In this study, Akaike Information Criterion (AIC), Bayes Information Criterion
(BIC), log-likelihood (LL) value and Vuong statistics were used. The interpretation that a model is good can
be made when the AIC and BIC value is the smallest, or the LL value is the largest. Vuong test is one of the
tests used to compare non-nested models. Apart from nested model comparisons, possible binary models can
also be compared with the Vuong test. It is a widely used test, especially in zero-inflated model comparisons.
In this way, it can be determined which models are suitable for models with excessive zeros.

3.1. Log-Likelihood (LL)

The advantage of using the maximum likelihood method (ML) is that the log-likelihood (LL) test can be used
for model comparisons. The LL test can be used to test for the presence of overdispersion. To test the Poisson
model against the GP model, where a is the overdispersion parameter, the hypothesis is expressed as Hy: @ =
0 and Hy: @ # 0. Probability ratio statistics is calculated as;

LL = 2(InL, — InLy) 9)

Where L; and L, are the log-likelihood under the respective hypothesis. LL has an asymptotic chi-square
distribution with one degree of freedom [30]. When choosing the model over the LL value, the model with the
largest log-likelihood value is determined as the appropriate model.
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3.2. Akaike Information Criterion (AIC)

This criterion, which is widely used to compare different models, can be expressed as follows [31];
AIC = 2k — 2log(L) (10)

In this equation, L represents the maximum value of the log-likelihood function, and k represents the
number of explanatory variables. Among the existing models, the model with the lowest AIC value is selected
as the appropriate model. In cases where the number of parameters is larger than the sample size, the AlCc
proposed by Hurvich and Tsai should be used instead of AIC [32]. This value can be written as follows [31-
33];

2k(k+1)_ 2kn
n—-k—-1 n—-k-1

AlCc = AIC + —2In (L) (11)

3.3. Bayes Information Criteria (BIC)
Akaike derived the BIC (Bayesian Information Criterion) model selection criteria for selected model problems
in linear regression [34]. The equation regarding the Bayesian measure of knowledge is as follows:
BIC = —2log(L) + klog(n) (12)
As in the Akaike information criterion, the model with the smallest BIC value among the available models
is selected as the appropriate model.

3.4. Vuong Test

The Vuong statistic is used to compare non-nested models such as ZIP, NB and ZINB. This test is a statistic
used when there is no missing observation in the data set [35,36]. Equations used for the Vuong test are given
in Equation 13 and Equation 14.

myn myn
Vuong = vn — = s\/_ (13)
m-—-m m
2z n—1

Here, m; is a random variable, m is the mean of m,, s,, is the standard deviation, and n is the sample size.
Suppose we want to compare the probability density functions of the ZIP and ZINB models. The H, and H;
hypotheses are as follows:

Ho: ZIP and ZINB distribution functions are equal

Hi: ZIP and ZINB distribution functions are not equal
Probability density functions with f; and f, , the representation way of m; is as follows;
fi (}’i/xi))
f2(vi/x:)

Within the family of ZIP models, testing if a Poisson model is adequate corresponds to testing: Hy, = @; =

0 vs. Hy = @; > 0. In the interpretation of the Vuong test value having a normal distribution (e.g. for a =
0.05 significance level), if the Vuong value is greater than 1.96, the first model is interpreted as "closer™ to
the real model; if the Vuong value is less than —1.96, the second model can be interpreted as “closer” to the

real model. If the calculated value is not between (—1.96; 1.96), it is interpreted as "there is no difference
between using the first or the second model" [37].

m; = log( (14)
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4. Experimental Results

In this study, the data from a three-year study conducted by Hemmingsen et al. (2005) in four regions off the
Norwegian coast to count parasites [38] were used. The dependent variable is the number of parasites
(Intensity), while the independent variables are depth, length of the fish, and area. In addition, missing
observations in the original data were removed from the model. Since the data set contains a large number of
zeros, it was tested in zero-inflated models and generalized models. Statistical analysis of the study was made
using Stata 14 software program. The frequency distribution showing the parasite density is given in Figure 1.

1000
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T T
0 50 100 150 200 250
Intensity

Fig 1. Frequency distribution of the number of parasites
4.1. Generalized Poisson Regression Model (GP)

The Poisson regression model, one of the most widely used generalized models, was first tried because
overdispersion was detected in observation values. The results obtained are given in Table 1. IRR values show
exp P values in Tables.

Table 1. Generalized Poisson regression model (GP)

Generalized Poisson regression Number of obs = 1191
LR chi2(3) = 89.68
Dispersion = .8910582 Prob > chi2 = 0.0000
Log-likelihood = —2566.7445 Pseudo R2 = 0.0172
Intensity IRR Std. Err. z P>z [95% Conf. Interval]
Depth 1.004756 .0006329 7.50 0.000 1.00351 1.006003
Length .9981571 .0028743 —0.64 0.521 .9925496 1.003796
Area 1.123788 .047966 2.43 0.015 1.022953 1.234562
_cons 2.024088 .2408844 2.93 0.003 1.262374 3.245417
/atanhdelta 1.427039 .0548193 1.319595 1.534483
delta .8910582 .0112936 .8666833 .9111886

Likelihood-ratio test of delta=0: chi2(1) = 1.8e + 04 Prob>=chi2 = 0.0000

According to the results presented in Table 1, the length was found to be insignificant in terms of the
number of parasites. The area and depth variables were found to be significant. According to the GP model,
the length variable was found insignificant (p > 0.05). Area and depth variables are significant (p < 0.05).
Accordingly, a one-unit increase in depth increases the parasite intensity approximately 1.005 times. When
the area changes, the parasites density increases approximately 1.124 times. When the model is evaluated as
a whole, it is significant according to the chi-square test.
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4.2. Generalized Negative Binomial: Famoye (GNB-F)

Results for GNB-F are shown in Table 2. According to this model, the depth, length, and area variables are
significant (p < 0.05). The model was again found to be statistically significant (Prob > chi2 = 0.0000).

Table 2. Generalized negative binomial: Famoye (GNB-F)

Generalized negative binomial-Fregression Number of obs = 1191
LRchi2(3) = 120.96
Log likelihood = —2550.873 Prob>chi2 = 0.0000
Intensity IRR Std. Err. z P>z [95% Conf. Interval]
Depth 1.006702 .0013168 5.11 0.000 1.004.125 1.009286
Length .9756556 .0050295 —4.78 0.000 .9658476 .9855632
Area 1.245722 .0802515 3.41 0.001 1.097957 1.413373
_cons 15.753 6.412282 6.77 0.000 7.093826 34.98212
/Inphim1 —6.154845 2.049813 —101.724 —2.137286
/Intheta —1.64351 .0809544 —1.802178 —1.484842
phi 1.002123 .0043521 1.000038 1.117975
theta .1933004 .0156485 .1649393 .2265381

4.3. Generalized Negative Binomial Regression Model (GNB)

The GNB distribution is one of the most widely used models in cases where the variance is greater than the
mean; that is, in the case of overdispersion. The results obtained are given in Table 3. The fact that « = 5.34
dispersion parameter is greater than zero indicates that it is overdispersion. According to the GNB model, the
depth, length, and area variables are significant (p < 0.05). One unit increase in depth increases the parasite
intensity nearly 1.006 times. When the area changes, the parasite intensity increases approximately 1.258
times.

Table 3. Generalized negative binomial regression model (GNB)

Generalized Poisson regression Number of obs = 1191

LR chi2(3) = 114.65

Prob > chi2 = 0.0000

Log likelihood = -2551.0291 Pseudo R2 = 0.0220
Intensity IRR Std. Err. z P>z [95% Conf. Interval]
Depth 1.006555 .0012471 5.27 0.000 1.004114 1.009002
Length .9753681 .004905 —4.96 0.000 .9658017 .9850293
Area 1.258504 .0772588 3.75 0.000 1.115834 1419414
_cons 3.096207 1.192705 2.93 0.003 1.45524 6.587573
/Inalpha 1.675206 .0539381 1.56949 1.780923
alpha 5.339897 .288024 4.804195 5.935333

Likelihood-ratio test of delta= 0: chibar2(01) = 1.8e + 04 Prob>=chibar2 = 0.0000

4.3.1. Generalized Waring Regression Model (GNB-W)

The results obtained for the GNB-W model are given in Table 4. The depth, length and area variables are
significant according to the GNB-W model (p < 0.05).
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Table 4. Generalized Waring regression model (GNB-W)
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Generalized negative binomial-W regression Number of obs = 1191
LRchi2(3) = 106.77
Log likelihood = —2544.401 Prob >chi2 = 0.0000
Intensity IRR Std. Err. z P>z [95% Conf. Interval]
Depth 1.008.675 .0014077 6.19 0.000 1.005919 1.011437
Length .9783038 .0058167 —3.69 0.000 .9669695 .9897709
Area 1.204.492 .0851747 2.63 0.009 1.048605 1.383554
_cons 2.089.578 .9044374 1.70 0.089 .8946043 4.880748
/Inrhom2 —.4083326 .4713641 —1.332189 .5155241
/Ink —1.508367 .0772628 —1.659799 —1.356935
rho 2.664758 .3133429 2.263899 3.674516
k .221271 .017096 1901771 .2574488

One unit increase in depth increases the parasites intensity approximately 1.008 times. When the area
changes, the parasite intensity increases about 1.204 times.

4.3.2. Zero-Inflation

In the study, 651 observations within 1191 observations were found to contain zero values. In other words,
approximately 55% of the parasite count data consists of zero observation. For this reason, analyses have also
been made with zero-inflated models. The results of ZINB, ZINB-W, and ZINB-F models are given below.

4.3.2.1. Zero-Inflated Negative Binomial Regression (ZINB)

Zero-inflated models consist of two parts. ZINB model results are given in Table 5. The length variable is
specified as the inflate variable. One unit increase in depth increases the parasites intensity approximately
1.006 times. When the area changes, the parasite intensity increases approximately 1.238 times. As the length
decreases, the parasite density decreases (—0.223).

Table 5. Zero-inflated negative binomial regression (ZINB)

Zero-inflated negative binomial regression Number of obs = 1191
Nonzeroobs = 540
Zeroobs = 651
Inflation model = logit LR chi2(3) = 128.03
Log likelihood = —2539.562 Prob>chi2 = 0.0000
Intensity IRR Std. Err. z P>z [95% Conf. Interval]
intensity
Depth 1.006497 .001221 5.34 0.000 1.004107 1.008893
Length .9693981 .00494 —6.10 0.000 .9597642 .9791287
Area 1.238253 .0743365 3.56 0.000 1.100801 1.392868
_cons 4.755356 1.888854 3.93 0.000 2.183137 10.35822
inflate
Length —.2229618 .0809777 —2.75 0.006 —.3816751 —.0642484
_cons 5.721762 2.252244 2.54 0.011 1.307444 10.13608
/Inalpha 1.584263 .061479 25.77 0.000 1.463767 1.70476
alpha 4.875699 .2997532 4.322209 5.500066

Vuong test of zinb vs. standard negative binomial: z = 2.58 Pr> z =

0.0049




Journal of New Theory 35 (2021) 48-61 / Models for Overdispersion Count Data with Generalized Distribution ... o7

Using the ZINB distribution is more meaningful than the standard negative binomial distribution
according to the Vuong test (z = 2.58 Pr > z = 0.0049). The variables are significant for both parts of the
model.

4.3.2.2. Zero-Inflated Negative Binomial Regression-W (ZINB-W)

The ZINB-W model was compared with the standard Waring model. Table 6 shows the results. One unit
increase in depth increases the parasites intensity approximately 1.008 times. When the area changes, the
parasite intensity increases approximately 1.164 times. As the length decreases, the parasite density decreases
(—0.175).

Table 6. Zero-inflated negative binomial regression-W (ZINB-W)

Zero-inflated gen neg binomial-W regression Number of obs = 1191
Regression link : Nonzeroobs = 540
Inflation link: logit Zeroobs = 651
Wald chi2(3) = 126.93
Log likelihood = -2530.653 Prob>chi2 = 0.0000
Intensity IRR Std. Err. z P>z [95% Conf. Interval]
intensity
Depth 1.008.867 .0013606 6.55 0.000 1.006204 1.011537
Length .9667968 .0063723 —5.12 0.000 .9543876 .9793674
Area 1.163945 .0820843 2.15 0.031 1.013686 1.336477
_cons 4.490452 2.178.058 3.10 0.002 1.735488 1.161873
inflate
Lengt —-.1750797 .0808031 -2.17 0.030 —.3334509 —.0167085
_cons 4.615169 2.244926 2.6 0.040 .2151952 9.015143
/Inrhom2 —.9190866 .4479906 —1.797132 —.0410411
/Ink —1.337637 .1120339 —1.55722 —1.118055
rho 2.398883 .1786959 2.165774 2.95979
k .262465 .029405 .2107211 .3269151

Vuong test of zinbregw vs. gen neg binomial(W): z = 29.81 Pr>z = 0.0000

Bias-corrected (AIC) Vuong test: z = 29.81 Pr> z

0.0000

Bias-corrected (BIC) Vuong test: z = 29.79 Pr >z = 0.0000

According to the Vuong test, this model is more significant than the generalized negative binomial
distribution. The number of parasites increases as depth, length, and area change.

4.3.2.3. Zero-Inflated Negative Binomial Regression-F (ZINB-F)

The results found for ZINB-F are as in Table 7. When this model was compared with the results obtained with
GNB-F, the Vuong test was found to be significant.
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Table 7. Zero-inflated negative binomial regression-F (ZINB-F)
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Zero-inflated gen neg binomial-F regression Number of obs = 1191
Regression link : Nonzeroobs = 540
Inflation link: logit Zeroobs = 651
Wald chi2(3) = 139.87
Log likelihood = —2539.562 Prob>chi2 = 0.0000
Intensity_ IRR Std. Err. z P>z [95% Conf. Interval]
Intensity
Depth 1.006497 .0012211 5.34 0.000 1.004107 1.008893
Length .9693989 .0049403 —6.10 0.000 .9597644 .9791302
Area 1.238.237 .0743426 3.56 0.000 1.100775 1.392866
_cons 2.318.361 9.117.887 7.99 0.000 10.72536 50.11299
inflate
Length —.2229628 .0809865 —2.75 0.006 —.3816934 —.0642322
_cons 5.721764 2.252445 2.54 0.011 1.307053 10.13647
/Inphim1 —15.16193 695.4499 —1378.219 1347.895
/Intheta —1.584.224 .061541 —1.704842 —1.463606
phi 1 .0001809 1
theta .2051068 .0126225 .181801 .2314003

Vuong test of zinbregf vs. gen neg binomial(F): z = 3.97 Pr>z = 0.0000

Bias-corrected (AIC) Vuong test: z = 3.74Pr >z = 0.0001

Bias-corrected (BIC) Vuong test: z = 3.14 Pr>z = 0.0008

5. Conclusion

Modelling discrete data is a special type of regression. As is known, linear regression analysis can be used in
cases where the dependent variable is continuous. However, the data to be used in the analysis may not always
be available continuously. In such cases, if the data are discontinuous, analyses using linear regression models
will give ineffective, inconsistent, and contradictory results. Therefore, count data models should be used when
the dependent variable consists of nonnegative discrete values. One of the most common models used in count
data analysis is the Poisson regression model. The most important feature of the Poisson regression model is
that the variance and mean are equal. Generally, this feature cannot be provided in practice. In this case,
negative binomial regression analysis or generalized Poisson regression analysis is widely used. In addition,
cases where count data contain too many zero values are encountered in many areas. In such cases, the zero-
inflated Poisson, zero-inflated Negative Binomial, Poisson Hurdle and Negative Binomial Hurdle regression
models can be preferred.

Table 8. Model Selection

Count Models LL AlC BIC

GP —2566.7445 5143.489 5168.902
GNB-F —2550.873 5113.747 5144.242
GNB —2551.0291 5112.058 5137.471
GNB-W —2544.401 5100.802 5131.298
ZINB —2539.562 5093.124 5128.702
ZINB-W —2530.653 5077.306 5117.967
ZINB-F —2539.562 5095.124 5135.785
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This study aims to compare the generalized Famoye and Waring models with classical methods apart
from the commonly used methods. Thus, GP, GNB-F, GNB and GNB-W models were examined by
considering an overdispersion data set. Since approximately 55% of the data set consists of zero, the zero-
inflated models of these models were also tested, and a model comparison was made. As a result, LL, AIC,
and BIC values for the six count models are given in Table 8. Due to the large number of zeros in the data set
we were using, zero-inflated models yielded better results. Among these, the highest LL value and the lowest
AIC and BIC values were obtained for the ZINB-W model.

The study focused on generalized models, especially on count regression models. For these models, their
performances can also be investigated by conducting a simulation study. In the case of different rates of zero
values and outliers in the data set, the models' performances can be compared. Thus, the reliability of the
obtained results can be increased by selecting the appropriate model for the data structure.
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1. Introduction

A conventional way to compare two manifolds is by defining smooth maps from one manifold to
another. One such map is submersion, whose rank equals to the dimension of the target manifold.
Riemannian submersion between Riemannian submanifolds were first introduced by O’ Neill and Gray
[1,2]. Later many authors studied different geometric properties of the Riemannian submersions [3],
semi-slant submersions [4-6], hemi-slant submersions [7-9], semi-invariant submersions [10-12], anti-
invariant submersions [13-15].

On the other hand, Friedmann et al. defined the concept of the semi-symmetric non-metric con-
nection in a differential manifold [16]. Hayden studied metric connection with torsion a Riemannian
manifold [17]. Later, Yano investigated a Riemannian manifold with new connection, which is called a
semi-symmetric metric connection [18]. Afterwards, Agashe et al. studied semi-symmetric non-metric
connection (SSNMC) on a Riemannian manifold [19]. Many author have studied semi-symmetric
connection [20-26].

Let M be differentiable manifold with linear connection V. Therefore, for all K, L € T'(T'N), we
get

T(K,L)=VgL-V K- [K,L],

where T is torsion tensor of V. If the torsion tensor 7" = 0, then the connection V is said to be
symmetric, otherwise it is called non-symmetric. Moreover, for all K, L € I'(T'N), the connection V

is said to be semi-symmetric if
T(K,L) =n(L)K —n(K)L

where 7 is a 1-form on N. However, V is called metric connection if Vg = 0 with Riemannian metric
g, otherwise it is said to be non-metric.
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In [27], Akyol and Beyendi studied the idea of Riemannian submersion with SSNMC. They inves-
tigated O’Neill’s tensor fields, obtain derivatives of those tensor fields and compare curvatures of the
total manifold, the base manifold and the fibres by computing curvatures.

The main purpose of this paper is to investigate geometry of semi-invariant Riemannian submersion
from a Kaehler manifold with SSNMC to a Riemannian manifold.

2. Preliminaries

Definition 2.1. Let F : (N", gn) — (B® gg) be a submersion between two Riemannian manifolds.
Then, F' said to be Riemannian submersion if

1. F' has maximal rank.
7. The differential F} preserves the lenghts of horizontal vectors.

On the other hand, F~1(k) is an (n — b) dimensional submanifold of N, for each k € N The
submanifolds F'~!(k) are called fibers. Moreover, vector fields tangent to fibers are called vertical and
vector fields orthogonal to fibers are horizantal. A vector field X on N is called basic if X is horizontal
and F, X, = X (o for all ¢ € N. We determine that V and H define projections ker F and (kerF,)™*,
respectively.

On the other hand, a Riemannian submersion F' : N — B determines tensor fields 7" and A on N
such that,

T(E,F) = TgF = HVyzVF + VVypHF, (1)
M M
A(E,F) = ApF = VW3 s HF + HV 3z VF (2)
for any E,F € I'(TM) (see [1]). By virtue of (1) and (2), one can obtain

VoW =Ty W + VyW (3)

Vi X =Ty X +H(Vy X) (4)

ViV =V(VyV)+ AxV (5)

VyY = AxY + H(VyY) (6)

for all V,W € I'(kerF,) and X,Y € I'((ker F,)*). Further, if X is basic, then
H(Vy X) = AxV (7)

On the other hand, let N, B be two Rieamannian manifold and F' : N — B is a smooth map.
Therefore, the second fundamental form of F' is expressed by

(VE(K,L) = Vi F,L — Fy(V L) (8)

for K,L € I'(T'N). Moreover, 7 is said to be a totally geodesic map if (VF,)(K,L) = 0 for K,L €
I'(TN) [28].
Now, we recall the definition of Kaehler manifold. Let N be a Hermitian manifold with respect
Hermitian structure (.J, g) such that
J?=—1 (9)

and
g(E,F)=g(JE,JF) (10)

for all £, F € I'(T'N),where g(JE,F) = —g(E, JF).
A Hermitian manifold is called Kaehler manifold if

VJ =0 (11)
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On the other hand, we define a linear connection V on Kaehler manifold N such that

VeF =VgF +n(F)E (12)

where E, F € I'(T'N), V is a Levi-Civita connection on N and 7 is a 1-form with the vector field P on
N by
n(E) =g(E, P)

By virute of (12), we arrive that

T(E,F)=n(F)E—n(E)F

and
(Veg)(F,K) = —n(F)g(E, K) — n(K)g(E, F)

where T is torsion tensor of V. Then, V defined a semi-symmetric non metric conection with (12).
Let N be a Kaehler manifold. We using (12), for all K, L € T'(T'N), we get,

(VkJ)L = VgJL—JVkL
= VgJL—n(L)K — JVgL+n(L)JK
Then, using (11) we obtain, N
(V)L = n(L)JK — n(L)K (13)
Now, we call O’Neill’s tensor fields for SSNMC [27]. For all K, L € T'(T'N), we have,

TxL = TxL + n(hL)vK

and B
AgL = AgL+nwL)hK

Then, using last two equations, we obtain

VikL =TxL+vVkL (
VX =TkX +hVgX +n(X)K (15
VxK = AxK + vVx K + n(K)X (
VxY = AxY + hVxY (
where for all K, L € T'(kerF,), X,Y € I'((ker F,)*).

3. Semi-Invariant Riemannian Submersion

Definition 3.1. Let N and B be a Kaehler manifold and Riemannian manifold, respectively. Let
us assume that F' : N — B be a Riemannian submersion. Therefore, F' is called semi-invariant
Riemannian submersion if there is a distribution D C kerF, such that

kerF, = D1 ® Dy

and
JDy = Dy, JDy C (ker F,)*

where Dy is orthogonal complementary to Dy in kerF ( [12]).
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Example 3.2. Let F' be a submersion. We denote that

F: RS — R3
T1+x r3+T Ta+T
(71,22, 23, T4, T5, T6) (2, TTre TS )

V2 V2 V2

Then, it follows that

0 0 0 0 0
k F* = = - — -, = — — -, [
r 8pcm{V1 8.7}1 83:2 V2 8:63 (9%‘6 3 3.7}4 8.1‘5
and 0 0 0 0 0 0
k F* + == H - a5 a H - = a H‘ = — _—
(ker£2) spantH Oxq * dzy’ 7 Ox3 + O0xe 57 Dy + Oxs

Hence we have JVi = =V, JVo = Hs and JV3 = —H,. Thus it follows that D; = span{V;} and
Dy = span{Hs, H3}. On the other hand, we arrive that,

grs (FyxHo, F Hy) = gge(Ha, Hy), ggrs(FiHs, FLH3) = gre(H3, H3)

where ggs and gge determine metrics of R? and R®, respectively. Then, F is semi-invariant Riemannian
submersion.

Let F : (N,J,g) — (B,g) be a semi-invariant Riemannian submerion such that N and B are
Kaehler manifold and Riemannian manifold respectively. For all K € I'(T'N), we write

E=VE+HE

where VE € T'(kerF,) and HE € T'((ker F,)*). Then, for all K € T'(kerF.), we write

JK = ¢K + wK (18)

where oK € I'(D;) and wK € I'(JD2).
Since F' is a semi-invariant Riemannian submersion, we can determine

(ker F,)t = JDy @ p

where J Dy and p are complementary to each other. Similarly, 2 € I'((ker F})1), we get

JX = BX +CX (19)
where BX € I'(D3) and CX € I'(p).

4. Geometry of Distributions

We note that, for brevity we use a abbreviation ” F' is a semi-invariant Riemannian submersion with
SSNMC” for F': (N, J,g) — (B, g) be a semi-invariant Riemannian submersion from Kaehler manifold
with SSNMC M and Riemannian manifold N.

Theorem 4.1. Let F' be a semi-invariant Riemannian submersion with SSNMC. Therefore, the dis-
tribution D; is integrable if and only if we have

958(F.(TyBZ + hNyCZ), F.(wU)) — gg(F.(TyBZ + hNyCZ), Fy(wV)) = gn(NVuBZ+TyCZ,¢V)
—gn(WVyBZ + Ty CZ, ¢U)

for all U,V € T'(D;) and Z € I'(Ds).
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PRrROOF. Firstly, we using (10) and (13). For all U,V € I'(D;) and Z € I'(D3), we arrive that
an(VuV, 2) = gn(Vu IV, T Z) (20)
By virtue of (13) and (20), we get,
an([U. V], Z) = gn(Vu IV, T Z) — gn(VyJU, JZ)
After some calculations, we conclude,
an([U. V], 2) = —gn(JV,VuJ Z) + gn(JU, Vv Z)

We know that F' is a semi-invariant Riemannian submersion, by virtue of (19), (14), (15) and (18),
we conclude that,

gNv(U V], Z) = —gn(¢V,oNuBZ +TyCZ) — gn(wV,TyBZ + hNyCZ) — n(CZ)gn(JV, U)
+gn (U, vVyBZ + Ty CZ) + gy (wU, Ty BZ + hVyCZ) + n(CZ)gn(JU, V)

which gives proof. O

Theorem 4.2. Let F' be a semi-invariant Riemannian submersion with SSNMC . Therefore, the
distribution Dy is integrable if and only if we have

98(Fu(Tz0U + hV zwU), F(JW)) = g5(Fu(Tw ¢U + hVwwU), F.(J Z))
for all U € I'(Dy) and Z,W € I'(D3).
PROOF. By virtue of (12), (10) and (13), we get
an([Z, W), U) = gn(V2JW, JU) — gn(Vw I Z, JU)
for all U € I'(Dy) and Z,W € I'(D3). Therefore, we conclude
gn([Z, W], U) = —gn(JW,N 2JU) + gn(JZ, Viy JU)
Then, using (18), (14) and (15), we arrive,
gN([Z. W), U) = —gn(JW, Tz6U + hV zwU) + gn(J Z, Tw ¢U + hVywU)
which proves assertion. ]

Theorem 4.3. Let I’ be a semi-invariant Riemannian submersion with SSNMC. Therefore, the dis-
tribution D7 defines a totally geodesic foliation on NV if and only if we have

F.(VyJV) € T()
and

98(Fu(TyoV), Fu(CX)) + gp(Fu(hVywV), F.(CX)) = gn(@VyeV + TywV, BX)
+gn (U, BX)n(wV)

for all U,V € I'(D1), Z € T'(D3) and X € I'(ker F;-).

PrOOF. We know that, D; defines a totally geodesic foliation on M if and only if gN(%UV, Z)=0
and gn(VyV, X) =0, for all U,V € T'(Dy), Z € T(D3) and X € T'(ker Fi1).
Then, using (13) and (10), we get,

an(VuV, Z) = gn (Vo V, T Z)
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Since E = VE +HE, for all E € I'(T'M), we have
aN(VuV,Z) = gn(HV IV, T Z)

Therefore, F' is a semi-invariant Riemannian submersion and character of F', we arrive that,

aN(VuV, Z) = gp(F.(HVyJV), F.(J Z))

Moreover, using (13) and (10), we get
gv(VoV, X) = gn(Vu V. JX)

By virtue of (14) and (15), we get

an(VoV, X) = gn(TudV + hVywV,CX) + gn (0Vy¢V, BX) + n(wV)gn (U, BX)
or
gn(VuV, X) = gp(F.(TyV + hVywV), F.(CX)) + gu(vVu gV, BX) + n(wV)gn (U, BX)

which gives our assertion. O

Theorem 4.4. Let F' be a semi-invariant Riemannian submersion with SSNMC. Therefore, the dis-
tribution Do defines a totally geodesic foliation on IV if and only if we have

95(F.(TzBX),F,(CX)) + g5(F.(hV zCX),F.(CX)) = —gny(vV zBX + TzCX,BX) — n(CX)gn(Z, BX)
and

98(Fu(TzU), F,(CW)) 4 g5(Fy(hV zwU), F,(CW)) = gn (V50U 4 TzwlU, BW)
+9n(Z, BW)n(wU) = gn(Z, oU)n(wW)

for all Z,W € I'(Ds),U € T'(Dy) and X € I'(ker Fi-).
PROOF. For all Z,W € I'(Ds), X € I'(ker F), using (10), and (13), we conclude,
an(VZW, X) = gn(V2JW, JX)
Then, from (19), (14) and (15), we have,
gn(V2W, X) = gn(TyBX + vV BX + T;CX + hV,CX +1(CX)Z, BX + CX)
We know that F' is semi-invariant Riemannian submersion, we conclude,
gn(V2W, X) = gp(F.(TyBX + hV 2CX), F.(CX)) + gn (vV 2 BX + T;CX, BX) +1(CX)gn(Z, BX)
Moreover, for all Z, W € I'(Ds),U € I'(Dy), using (10), and (13),
gn(VZzW,U) = —gn(JW,V 2JU)
By virtue of (19), (14) and (15), imply that
gn(VzW,U) = —gn(BW + CW, Tz¢U + vV 26U + TzwU + hV zwU + n(wU) Z) — n(JW )gn(Z, JU)
Since F' is semi-invariant Riemannian submersion, we arrive,

gN(VzW,U) = —gp(F(Tz¢U + hV zwU), F,(CW)) — gn(BW, vV 20U + Tzwl)
—n(wU)gn(BW, Z) — n(wW)gn(Z, ¢U)

which give proof. O
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Corollary 4.5. Let F be a semi-invariant Riemannian submersion with SSNMC. Therefore, the fibers

of F' are the locally product Riemannian manifold of leaves of Di and Dy if and only if

F*(%UJV) € F(M)a

98(F(TyoV), Fu(CX)) + g5 (Fu(hWywV), F.(CX)) = gn(wVueV + TywV, BX)
+9n5 (U, BX)n(wV)

and
9B(F.(TzBX), F.(CX))+gp(F.(hV zCX), F.(CX)) = —gn(vV zBX+T7CX, BX)—n(CX)gn(Z, BX)

95(Fu(Ty0U), F.(CW)) + gg(Fu(hV zwl), F(CW)) = gn(vVz0U + TzwU, BW)
+9n(Z, BW)n(wU) — gum(Z, U )n(wW)

for all U,V € I'(Dy), Z,W € I'(D3) and X € T'(ker F-).

Theorem 4.6. Let F' be a semi-invariant Riemannian submersion with SSNMC. Therefore, the dis-
tribution ker Fi- is integrable if and only if we have

AyCX — AxCY +vVyBX —oVxBY ¢ (D)
and

95(F.(Ay BX), F.(wZ)) + gp(F.(hVyCX, F.(wZ)) = —gn(VyBX + AyCX,$Z)
+n(X)gn (Y —wY,wZ) = n(Y)gn (X — wX,wZ)

for all X € T'(ker Fi*),Z € I'(Ds) and U € I'(Dy) .

ProoF. We using (12), (10) and (13), for all X,Y € I'(ker F;*),U € T'(Dy), we have
gn (X, Y],U) = gn(VxJY, JU) — gn(Vy I X, JU)
Then, using (19), (16) and (17), we arrive,
gn([X,Y],U) = —gn(—vVxBY — AxCY +vVyBX + AyCX, U)
Moreover, for Z € I'(D3), by (12), (10) and (13), we get

an([X,Y),Z2) = gn(VxJY,JZ) —n(Y)gn(X — JX,JZ)
—gn(Vy JX, JZ) +9(X)gn (Y — JY, JZ)

Therefore, by virtue of (18), (15) and (16), we conclude that

gnv(X,Y],Z2) = —gn(AyBX +hVyCX,wZ) — gn(vVyBX + AyCX, ¢Z)
—n(Y)gn(X —wX,wZ) +n(X)gn (Y —wY,wZ)

On the other hand, F' is semi-invariant Riemannian submersion, therefore we get,

gn(X,Y),Z2) = —gp(Fu(AyBX +hVyCX), F,(wZ)) — gn(vVyBX + AyCX, $Z)
—n(Y)gn(X —wX,wZ) + n(X)gn (Y — wY,wZ)

which conclude proof. ]
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Theorem 4.7. Let F be a semi-invariant Riemannian submersion with SSNMC . Therefore, the
distribution ker F- defines a totally geodesic foliation on N if and only if we have

vWxBY + AxCY € T'(Dy)

and
gB(F*(hVXCY), F*(’UJZ)) = —gN(AxBY, JZ)

for all X,Y € T'(ker FH),U € T'(D1) and Z € T'(Dy).
Proor. We using (10), (13) and (19), for all X,Y € I'(ker F*),U € T'(Dy), we have
gn(VxY,U) = gn(VxBY, JU) + g (VxCY, JU)
Therefore, using (15), (16) and (10), we arrive
gn(VxY,U) = —gn(J(vVx BY + AxCY),U)
Moreover, for Z € I'(D3), using (10), (19),(16) and (17), we conclude,
gn(VxY, Z) = gn(AxBY + vV xBY +n(BY)X + AxCY + hV xCY, JZ)
Also, character of F', we obtain
gn(VxY, Z) = gg(Fu(hV xCY), F.(wZ)) + gn(Ax BY, J Z)
which completes proof. O

Theorem 4.8. Let I’ be a semi-invariant Riemannian submersion with SSNMC. Therefore, the dis-
tribution ker F}, defines a totally geodesic foliation on N if and only if we have

vWiL+ TgwL +n(wL)E € T'(Dy)
and

95(F.(Tx$L), F(CX)) + gp(F(hVgwL), F,(CX)) = —gn(wVk4L, BX) - gn(TxwL, BX)
—n(¢L)gn (K, BX)

for all K,L € I'(ker F}) and X € I'(u).

PrOOF. We know that ker F denote a totally geodesic foliation on N if and only if gN(%KL, X)=0
and gnv(ViL,JZ) =0 for all Z € I'(D3), K,L € I'(ker Fy) and X € I'(u).
Then, by (10), (13) and (18), we get

gn(VKL, X) = gn(VkoL, JX) + gy (ViwL, JX)
Therefore, using (14), (15) and (19), we have
an (Vi L, X) = gn(wVi L + TgwL + n(¢L)K, BX) + gn (T L + hV gwL, CX)
We know that F' is semi-invariant Riemannian submersion, we arrive
gN(VKL,X) = gn(vV oL + TgwL + n(¢L)K, BX) + gp(Fu(Tx ¢ L + hV gwL), F.(CX))
Moreover, from (10), (13) ,(18), (14) and (15), we obtain,
gN(ViL,JZ) = gn(vViL + TxwL + n(wL)E, Z)

which give proof. O
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Corollary 4.9. Let F' be a semi-invariant Riemannian submersion with SSNMC. Therefore, the total
space M is a locally product manifold of the leaves of ker F- and ker F, if and only if

and

vWxBY + AxCY € T(Dy),

9(F(hN xCY), Fu(wZ)) = —gn(AxBY, JZ)

oV L+ TwL +n(wL)E € T(Dy),

9B(Fu(TidL), F.(CX)) + gp(F(hWxwL), F.(CX)) = —gn(vVkoL, BX) - gn(TxwL, BX)

—n(¢L)gn(K, BX)

for all X,Y € T'(ker ), K, L € T'(ker F,) and Z € I'(Dy).

5. Conclusion

Riemannian submersions and SSNMC have an important application for many sciences such as physics

and

mathematical physics. Researchers have increased studies on this field from different areas in

recent years. In this paper, the idea of examining Riemann submersion with different connections is
emphasized. We defined and studied Riemannian submersions with SSNMC for the first time. We
investigated geometry of foliatons with SSNMC. The works on this subject will be useful tools for the
applications of Riemannian submersion with different connections.
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1. Introduction

In the case of groups, the description of an action is provided by the automorphism group. The action
of any group A on itself is given by a group homomorphism A — Aut(A). In some other algebraic
contexts, automorphism structure is not enough to give an action. The set of automorphisms of
an associative algebra is not usually an algebra. For associative algebra case, the bimultiplication
algebra Bim(G) of an associative algebra G which is defined by Lane [1] will accomplish the role of
an automorphism group.

The concept of a crossed module for groups is defined in [2,3] by Whitehead. The commutative
algebra version of crossed modules is mentioned in a different name, by Lichtenbaum and Schlessinger
[4] also, the paper of Gerstenhaber [5] contains the notion of crossed modules in commutative algebras.
The notion of crossed modules in associative algebras is defined by Dedecker and Lue in [6].

In [7], Norrie improved Lue’s work [8], and she defined the concept of an actor of crossed modules for
groups as analogue of an automorphism group. For commutative algebras, Arvasi and the first author
explained that this notion is related to the multiplication algebra in [9]. In this paper based on the
second author’s PhD dissertation [10], our starting point is the generalization of the bimultiplication
algebra. For this, we define the bimultiplication of crossed modules for associative algebras and give
details of the construction of actor crossed module for associative algebras via this context. The notion
of actor crossed module is also studied simultaneously by Boyaci et al. in [11] as the split extension
classifier of a crossed module. By constructing a morphism under certain conditions from a crossed
module and its actor, we get the action of any crossed modules in associative algebras on itself. Since
the annihilator of an algebra A is given by the kernel of algebra homomorphism A — Bim(A),
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we have a similar notion for a crossed modules in associative algebras via the kernel of the above-
mentioned morphism between a crossed module and its actor. Also, while we get A — Bim(A)
crossed module as a two-dimensional associative algebra via an algebra A, we can have a crossed
square as a two-dimensional crossed module via an appropriate crossed module morphism.

2. Preliminary

Conventions: Throughout this paper, it is supposed that K is a fixed commutative ring with identity
1 #£ 0, K-algebra G is a unitary K-bimodule G equipped with a K-bilinear associative multiplication
and also if G is a K-algebra, then a G -algebra C is a G-bimodule equipped with a G-bilinear asso-
ciative multiplication. C' will not necessarily have identities.

We recall the definition of a crossed module in associative algebras [12].

Definition 2.1. A crossed module in associative K-algebras is a morphism from a G-algebra C to a
K-algebra G, § : C — G, with two-sided actions of G on C satisfying

CM1) d6(g-c) = gd(c) and d(c- g) = d(c)g
CM2) dc-c¢ =c¢d and ¢-0c = e
for all c € C, g € G. It is denoted by (C, G, ).

The following are some standard examples of crossed modules in associative algebras:

i. An inclusion map I < G is a crossed module, where [ is any two-sided ideal in G. On the other
hand, let 6 : C — G be any crossed module. Then, we get that §(C) is a two sided ideal in G
by CM1.

1. Any G-bimodule M has a G-algebra structure with zero multiplication. Thus, we get the crossed
module 0 : M — G,0(m) = 0. Conversely, the kernel of crossed module § : N — G is an
G/§(N)-bimodule.

Thus, the concept of crossed modules in associative algebras is a generalisation the concepts both
of a two-sided ideal and that of a bimodule over an algebra. Also, any associative algebra is considered
as a crossed modules by identity map Id : G — G.

Definition 2.2. A pair (f,¢) of G-algebra morphisms f: C' — C’, ¢ : G — G’ such that
flg-c)=¢(g)- f(c) and f(c-g) = [f(c)-o(g)
for c € C, g € G is called a morphism of crossed modules from (C,G,d) to (C',G',d").

Thus, we get the category AssXMod of crossed modules in associative algebras.

The kernel of (f,¢) and the image Im(f,®) are defined by (ker f,ker ¢,d) and (Imf,Img,d’),
respectively.

Definition 2.3. A crossed module (C’,G’,¢') is called a subcrossed module of a crossed module
(C, G, 0) if the following conditions are satisfied:

i. C" and G’ are the subalgebra of C' and G, respectively
ii. &' =0 |cr
14. The action of G’ on C’ inherits from the action of G on C

The image Im(f, @) of (f, #) is the subcrossed module (Imf, Ime¢, d’) of (C, G, 9).
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Definition 2.4. A subcrossed module (C’,G’,d") of (C, G, ) is called an ideal if
i. G’ is an two sided ideal of G
ii. g-c e’
i, ¢ ceC'
forallge G, e G ce C,d € C'.
If (f,¢): (C,G,0) — (C',G,§) is any crossed module morphism, (ker f,ker ¢,¢) is an ideal of
(C,R,$) and (Imf,Ime, §’) is a subcrossed module of (C’, G, ¥").

Definition 2.5. Let (R, S, &) be an ideal of (C,G,d). Then, 6 : C/R —s G/S, (c + R) = 8(c) + S
is a crossed module with (¢ +95) - (c+ R)=(g9-¢)+ Rand (c+R) - (g+S5) = (c-g)+ R. It is called
the quotient crossed module of (C,G, ) by (R, S,d’) and denoted by %.

3. Actor Crossed Modules in Associative Algebras

3.1. A Bimultiplier of a Crossed Module

We recall the structure of the R-algebra of bimultipliers of C', Bim(C') [1,13]. Bim(C) consists of all
pairs (7, 9) of R-linear mappings v,d : C — C such that

/

v(ed) =7(c) - ¢,
§(cd)y=c-6(),
and
c-v(d)=0d(c)-
It has an R-module structure and a product
(7,0) - (7,0") = (yo+/,8" 0 9)
Suppose that Ann(C) = 0 or C? = C. Then, Bim(C) acts on C by
Bim(C)xC — C;  ((7,6),¢) = (c),
C x Bim(C) — C; (¢, (7,60)) — d(c)
and there is a
p: C — Bim(C)
c > (Ve 0c)

with
Ye(z)=cC- 2 and de(z) =2 -c

We give the following result from their work of Lavendhomme and Lucas [14].

Proposition 3.1. Let G be a K-algebra such that Ann (G) = 0 or G? = G. Then, (G, Bim(G), (v, 7))
is a crossed module.

PRrROOF. Bim(G) acts on G by

Bim(G)x G — G o G x Bim(G) — G
((50),9)  — 9(9) (9,(+'s0")  +— d'(9)

and there is a (7v,0) : G — Bim(G) defined by (v, 0)(g9) = (vy, 0,,) with v;(¢") = g¢’ and o7 (g") = qg
for all g,¢' € G.
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CM1)
(v, o) (50 9) = (v,0)(7'(9))
= (%)
Y (9.0 (9)0")
= (v, (9).9'(9))
= (7,0 ((v,0)(9))

© () @) = Yo (7)) = 9709
= (99 = d(d)g
= 7 (14(9") = oay(d'(9))
= (v(9) (9 = (d'(9)0") ()

(v,o)g- (o) = (v,0)(0"(9))
= (Vo) T0r(q))
Y (g, oo (9)
= (V(9),0'(9)(",0")
= ((v,o)(9)(. o)

(*) ('Y;/(g)) ¢) = 9y (0[,/(9)> (¢) = g9 (9)
= g7(d) = d'(d'9)
= 7,(Y(9)) = d'(og4(9')
= (Y(9)7)(¢) = (d'd'(9)) (9")

CM2)
(v,0)(@9) -9 = (vg.09)-9 9-((v,o)(d) = g-(vy,04)
= (9" = o,(9)
= g9 = g9/

Definition 3.2. A bimultiplier of the crossed module y : T'— L is a pair of
(A x) = ((©,5), (@,a E,)) (T, L,p) — (T, L, p)
satisfying the following conditions:
i. A=(0,2):T—T)eBim(T) and (x=(0,Z):L— L)e Bim(L)

75
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1. Forle L, teT,

o(-t) =0/t
Ot 1) =0(t) -
=(-t) =1-E(1)
=1 =t-=2()
1-0(t) ==/() -t
=(t) 1=t O/(l)

The set of bimultipliers of the crossed module p : T'— L will be denoted by Bim(T, L, ).

Proposition 3.3. The set Bim(T, L, ;) has an associative K-algebra structure with following oper-
ations:

=((0+0,2+E5),0+0,7+7)
) k((0,2),(0,Z)) = (kO,kE), (kO kZ')
°) ((6,%),(6,=))0((0,2),(0,E)=((000,Z0E),(0'08,E oE))
PROOF. See for details [10]. O

Definition 3.4. Let (7', L, 1) be a crossed module. U(L,T') is the set of pair maps (81, 52) such that

Bilhile) = pi(lh)-1lo
Ba(lile) = 1i-Pa(la)
li-Bi(l2) = PBa(la) -2

for all ly,ly € L, where 1,82 : L — T, are K-linear maps.

U(L,T) has an associative K-algebra structure with the following operations:

+) ((B1,B82) + (01,62)) = (B1 + 61, B2 + 0a)
) Kk(B1, B2) = (KB, k)
o)  ((B1,B2) 0 (61,62)) = (Brubr, O2052)

Proposition 3.5. Let (7, L, i) be a crossed module and (81, f2) € U(L,T). Each such K-linear maps
B1, P2 : L — T defines bimultipliers (©g, Z3), (@’5, E%) of T and L respectively, given by ©3 = 14,

Eg = Pap, Of = pb1, g = pfa.

PROOF.
Op(tt") = Bi(u(tt))
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t@ﬁ(t/) = tf

for ¢,¢' € T. Thus, (0p,Zp) € Bim(T'). Similarly, (6%, Zj) € Bim(L). O
Proposition 3.6. The bimultipliers g = (05,Z3) of T and xs = (0, E}) of L satisfy the following
conditions:

1.
Opbr = Piubt = 10 and  Egfs = Popfr = P2E}
Opfo = Piube = J1E;  and  EgBi = foppr = P20

1. The following diagram

is commutative, that is

=
[1]
@
I
=
=)
N
E
I
=
=)
N
=
I
[1
=
=

i1i.
(As: xs) = ((©5,E5), (0, Ef)) € Bim(T, L, )
Proposition 3.7. If y: T'— L is a crossed module,then
r:- v, 7y — Bim(T)
(B1,82) +—— (Op,Ep) = (Bip, Bapr)
. U(L,T) — Bim(L)
(B1,B82) +—— (O5,Ep) = (ubr, ub2)
are algebra morphisms.

Lemma 3.8. Let u: T'— L be a crossed module. Then, the left and right actions of Bim(T\, L, u)
on U(L,T) is given by
Bim(T,L,p) x U(L,T) —>
(A x), (01, 02)) —
UL, T)x Bim(T,L,n) — U(L,T)
((61,62), (A, x)) > (610',Z02)

U(L,T)
(66,1, 0,=)

where (A, x) = ((60,2), (0',Z))

PROOF. Since

(©00)I) = O :=)) = 6a(=10))
= O ()-I = 0:(12'(1"))
— 0(0:(1)- 1" = 1 GE 1)
= ((©01)(1)-1V) = 1 ((B:2)(1))
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L-((©6)() = 1-(6(6 (l')))
= Z()-
= 02(E'() -1
= ((0:E")(1)) -V
the left action of Bim(T, L, ) on U(L,T) is well defined. Since

(6:0)W) = 6u(e'(l") (E02)(1) = E(02(11"))
= 0(0'(D)0) = E(I-62()
= (0(0'(D))) -V = 1-E(0:(1)
= ((,0")(0) -V = 1-((E62)(1"))

L ((000(1) = 1-(6:(8'(1)))
= 0:(1)-(0'(I)

= E(6(0) -7
= ((B6)() -V
the right action of Bim(T, L, ) on U(L,T) is well defined.

78

Moreover, one sees that associative algebra action conditions are satisfied by routine calculations.

(See for details [10])

The next theorem begins the analysis of the associative algebra version of the actor structure.

Theorem 3.9. If u: T — L is a crossed module, then the morphism
A :U(L,T)— Bim(T, L, )
is a crossed module given by
A(Br, B2) = ((O8,,Ep,)s (0, E5,)) = ((Bups, Baps), (1B, 1B2))-
PRrROOF. The right and left actions of Bim(T, L, u) on U(L,T) are given by
((8,2),(0,Z)) - (61,02) = (601, 6:=)

and

(01, 62) : ((@7 E)? (@/7 E/)) = (016/7 592)
as mentioned before. We need to check the crossed module axioms:
For ((©,2),(0',Z")) € Bim(T, L, ), (01,02) € U(L,T),

CM1)
Al((6,2), (0, ) - (61,05)] = (O, 0:E)

= (0014, 025 1), (nO01, u62=")

= (0014, 02u=), (0 by, uf2=")

= ((©00¢,Eg0E),(0'00),5;0E))

= [((8,E) o (09,E0)), (0',E') 0 (0f, Zp))]
= ((6,5),(0,)) o (65, Zp), (09, Z0))
= ((6,5),(0,E)) o A(61,62)

O



Journal of New Theory 35 (2021) 72-90 / Bimultiplications and Annihilators of Crossed Modules in ... 79

Al(B1,6:) - ((0,5), ()] = AB:6,56))

01011, E0>1), (1610', p=02)

0110, Z021), (1610, 2 1105)

(090 0,Z05), ()00 ,= 0=}))
(89,20) 0 (6,)), ((8),Z) 0 (6/,2))
(0,2)), (00, Z4) (6, 5), (6/,5)
= A(b1,62) 0 ((0,5),(0",Z))

(
(
=
[
(

CM2)

A(BhﬂQ) : (01, 02) = (@,37 Eﬁ) (6/57:5)) : (01702)
©301, 925,5)
B1pb1, 02132)

B1, B2) o (01, 62)

(B1,82) - ((©9,Z0), (©f, Zp))
(51@9,~952)

= (B1pbh, O2p132)
(B1,B2) © (01, 62)

o~ o~ o~ o~

(ﬁhBQ) : A(Ql, 92) =

O]

The crossed module (U(L,T), Bim(T, L, ), A) will be called the “the actor crossed module” of
(T, L, ) and it will be denoted by A(T, L, u).

Lemma 3.10. If 4y : T'— L is a crossed module, then n: T — U(L,T) given by n(t) = (n1¢,1m2t) is
an algebra morphism where n14(l) =t -1,n9(l) =1 -t and n(T) is an ideal of U(L,T).

Lemma 3.11.
a: L — Bim(T,L,pn)

I — ((0,51),(0;,5))

is an algebra morphism where ©;(t) =1-¢,0;(I") =1',=Z(t) =t-1,=(I') = U'l, and (L) is an ideal of
Bim(T, L, ).

Theorem 3.12. If y: T — L is a crossed module, then the morphism
(m,a): (T, L, p) = A(T, L, p)

is a morphism of crossed modules where (1(t))(1) = n:(1) = (m¢(1), n2:(1)) and (1) = ((64,5y), (0], F))).

PROOF.
n

T U(L,T)
s
L
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An(t)

14.

and

(n(t) o a(D) (1)

Proposition 3.13. Im(n, «)

PROOF.

(O, E1), (@/ EE)) - (mt, m2e)] (1)
= (O, n2u =) (1)
=[O ("), n2uZ ()]
(Ot - 1), n2u (VD))
= (- (t l/)( [)-t)
((L-t)- 1,0 (1)
(mu(U'), 772lt(l/))
= n(l-t)1")

(12, m2¢) - (O, Z), (03, E)] ()
= (MmO, Zmar)(I')

[:©y(1'), Eanae ()]
me(l'D), Z1 (1" - 1))
me(l') - 1" £) - 1)

—~

(
(
= (
(
(

=(Im(n),Im («)) is an ideal of (U(L,T), Bim(T, L, ), A).

i. For ((6,8),(0/,2) € Bim(T, L, 1), (©1, %)), (6}, E])) € Im (a),

((G)la El)? (@27 EE)) ©

and

((6,5),(0",8) 0

((@7

(01, 51), (6, 5)) =

2).(0,) =

((©100,205)),(0;00",Z 0 5F)))
= ((O=z@);Z=w): (O% ), B2 ) € Im(a)
0 (1)

((®erwy, Zery): Oy, Eery)) € Im(a)
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ii. For ((0,%2),(0",Z") € Bim(T, L, ), (n,n2) € Im(n), since
[((©,2),(8",E) - (me;m20)] (1) = (e, m2o()) (1)

and
[(me,m26) - (8, ), (O, E)] (1) = (=) 2=y (1)

We get (n10(1): M2e(t)) and (M=), 72=(r)) belong to Im(n).

. For ((©,5)),(0],E))) € Im (a), (B1,02) € U(L,T),l' € L, since

[((©1,21), (0}, 5))) - (B1,B2)] (') = (O, BE)) (')

(©181(1"), B25(1))
(L B1(l), B2(U'T))

= (- B(V), 1" Ba(1))
(B2(0) - 1,1+ B2(1))
(M) (") M2po 1y (1))

510, Ei82)(I')

(

(B1(05(1"), Z(B2(1)))
= (B1(I), B2(U') - 1)

(

(

[ (Br, B2) - ((©1,E1), (67, E7))] (V)

Bu(l) - 11 - Ba(l))
s @) 1", M2, 0y (1)),

then
[((01,%1),(01,E))) - (B, B2)] = (Mmpa)> M21))

and
(B1, B2) - ((©1,51), (01, 1)) = (s, 1)> M2y 1)) € Im(c)

4. The Annihilator of a Crossed Module

In this section, our object is to generalise the notion of annihilator in associative algebras by using

actor crossed module.

Definition 4.1. Let (T, L, 1) be a crossed module. An annihilator of the crossed module in associative
algebras is the kernel of the homomorphism

(n, @) : (T, L, p) = A(T, L, )
and it is denoted by Ann(T, L, u).
Ann(T, L, p) = Ker(n, o) = (Anny(L), Anng(T) N Anng (L), )

where
Kern={teT |m@t)=0,mnt)}={teT|t-1=0,l-t=0,l € L} = Anny(L)

and
Kera = {leL|a(l)=((0,5),(0],5)) =(0,0)}
= {lel|6t)=1-t=0,51) =t-1=0,0(I') =lI'=0,Z)(I') =l'l=0,t € T,l' € L}
= Annp(T)N Anng(L)

Ann(T, L, 1) is a two sided ideal of the crossed module p : T'— L, because it is the kernel of a
crossed module morphism under certain conditions.
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5. An Application for Crossed Squares

It is considered that a crossed n-cubes is a higher dimensional analogous of crossed modules. If we
take the case n = 2, a crossed square is obtained. As an associative algebra G gives rise to a crossed
module p : G — Bim(G), that idea allows us to get an generalisation for higher dimension.

The definition of a crossed square in associative algebras is given by Ellis in [12]. Some related
studies are [15], [16], and [17].

5.1. Crossed Squares

If a commutative diagram of associative algebras

A

T—>N
SR
L——P
)\/

satisfies the following axioms together with functions h: L x N — T, b/ : N x L — T and actions of
PonT,L and N, then it is called as a crossed square:

i. The maps u, A, ', v and v\ are crossed modules.

1. The maps A, pu preserve the action of P.

iii. kh(l,n) = h(kl,n) = h(l, kn)
kh'(n,1) = W (kn,1) = W (n, kl)

. p-h(l,n) =h(p-l,n)
h(l,n)-p = h(l,n - p)
h(l-p,n) = h(l,n-p)
p-h(n,l)="h
RK(n,0)-p=nh(nl1-p)
K(n-pl)="n(np-Il)

(p-n,1)
(
v. h(ly +l2,n) = h(li,n) + h(le,n)

h(l,n1 +n2) = h(l,n1) + h(l,n2)
B (ny +ng,l) = h'(n1,1) + h'(ne, 1)
K (n,ly +12) =K (n,lh) + h'(n,l2)

vi. Ab(l,n) =XN1-n, A (n,l) =n- N
Nh(l,n)=1-vn, N (n,l) =vn -1

vii. h(I,\E) = N1, KM, 1) =t - N1
h(pt,n) =t-vn, K (n,ut) =vn -t

vigi. ng - h(l,ny) = h'(ng,l) - ny

l2 : h’/(nvll) = h(l2’n) ’ ll
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for all [,11,lo € L, n,n1,na € Nype Pt €T, k € K, where | -t means X (I) - t. There are actions of L
on T and N, via ), and of N on T and L via v.

As a crossed module i : G — Bim(G) arises from an associative algebra G, we have been able to
deduce the result shown below:

Theorem 5.1. If u: T'— L is a crossed module, then the morphism
(m,a): (T, L,p) — A(T, L, )

gives rise to the crossed square

T 77:(771t,772t) U(L’T)
H A
L Bim(T, L, 1)

a=((0121),(8}2)))
with functions
h: ULT)xL — T
((B1,B2),1) = Rh((B1,B2),1) = B1(l)
and
n: LxULT) — T
(1, (B1,B2)) = K(L,(B1,B2)) = B2(l)
where Bim(T, L, ) acts on L and T via the appropriate projections.

PROOF.

i. N:U(L,T) — Bim(T, L, 1) is a crossed module as mentioned before. Since

CM1)
a(((©,5),(0,5)) 1) = o(e))

((@927592)7 (@/@;’E/@;))
= ((@75)7 (@/75/)) 0 ((@b El)7 (627 :l))
((©,5),(6",2)) ca(l)

I

and
al-((6,5),(0,5)) = «F)

= ((®g,Zg), (02, Ez))
= ((61,E),(0;,5)) 0 ((6,5),(6,5)
= a0 ((0,5),(0/,Z))

CM2)

al)-U" = ((©,5),O0,5F)) U

= o=l

and

L-ally = 1-((0p,20'),(8],5}))
= =0 =10,
for ((©,2),(0",2) € Bim(T, L,u), l € L, a is a crossed module.

Also x = au = An is a crossed module, because
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CM1)
x(((©,5),(6",5) - 1)
and
x(t-(8,5),(0",2))
CM2)
x(t) -t
and
t-x(t')

X(©¢)

op(Oy)

((One::Eper): (O,0,:E16,))

((Oerus Eerw ), (Ogr,, s Eary,))
((,5),(6,F)) o (Ou, Ene), (0),,,5,))
((,5),(0",E)) o au(t)

((

ap(Z)

((GuEmEuEt) (G);L th:L ,))
(CERS=IN(COMN=9)
((Ops Epn), (O, 5,,)) 0 (O
ap(t) o ((8,5),(6',))

x(t) o ((0,5),(6,))

,E), (0, F))

au(t) -t

((@/—Lt7 E,ut) (@;/,ta P_‘;l,t)) -t
O, (1)

p(t) -t

tt’

t-au(t)

t- ((Ouy By ), (O, 8,,))
Epy (1)

top(t')

tt!

for ((©,2),(0",2")) € Bim(T, L, ), t € T.

4. Since

a(((e,

E)? (@/, E/)) )

t) = (6
= O©'u(t)
= ((8,5),(0,%)) o pu(t)

5),©.5)) = wE)

= E'u(t)

= u(t)o((6,2),(0,7)
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and

n(((©,8),(0,2))-t) = n(6)
(7716“7)2(%)
= ((6,5),(0,2)) - (m,n21)
((©,5),(0,&)) -n(t)
nt-((8,5),(0,8)) = nE)
= (mz,, M=)
= (me;m2e) - ((6,5), (6, 2))
= n(t)-((6,5),(6,&))
for ((6,2),(0",Z")) € Bim(T,L,u), t € T, u and 7 preserve the action of Bim(T, L, u).

o,
o,

kh((B1,B2),1) = k(B1(]))
kB1(1)
B (k1)
h((B1, B2)(kl))
k(B1(1))
(k(B1))!
= h(k(B1,B2),1)

kh'(1, (B1, B2)) = k(Ba2(1))
= kpa(l

for k € K, (51752) S U(L,T), le L.
iv. For ((©,8),(0",2")) € Bim(T,L,u),l € L,

((@7E)> (6/75/)) ’ (h((/81752)7 l)) = ((67 E)v (@/7 E,)) ' 51(”

= h((©p1,5:E"),1)
= ’(@,75/)) ’ (ﬁlvﬁ?))vl)

B1E
h((B1, 82),E))
= h((ﬁla ﬁQ)a l- ((@7 E)> (6/7 E/)))

85
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h((8,E), (0,F") - (81, 2),1))

((e,

h'((B1, B2),1)) - ((©,

W((B1:B2) - ((©p,Zp), (05, Zp)), B))

h((B1, B2) + (01, 62),1)

h((B1,B2),l1 +12) =

R'(ly + 12, (81, B2)) =

R (L, (B, B2) + (01,62))

E),(0,F)) - (W1, (B1,B2)) =

=), (6,

86

h((©p1, B2E"),1))

Os, 1)

Op51(1)

£10'(1)

h((£10',E82),1)

h(((B1, B2) - ((©1,%1), (05, =))), 1)

((8,5), (0", F)) - Ba(1)

O,

O©52(1)

B20'(1)

h(©y, (B1,B2))
R(((,2),(8,E)) - 1, (81, 52))

Ba(l) - ((8,5),(0",E"))

Z82(1)

Epa2(1)

B2Z]

R'(1, (©B1, B2Z'))

w (I, (B1,52) - ((©,5),(0,Z)))

W (B; (810, E52))

h((B1 + 01, B2 + 62),1)

(B + 61)1

Br(l) +61(1)
h((B1, B2),1) +

1(Li+12)
(l1) + Bi(l2)
(B1,B2), 1) + h((B1, B2)), l2)

2(li + 12)
(lh) + Ba(l2)
(l1, (B, B2)) + W (l2, (B1, B2))

R (1, (B + 61, B2 + 02))
(B2 +62)(1)
Ba(g) + 02(1)
W1, (B, B2)) + W (1, (61,02))

h((01,02),1)
B
b1
h(

B
B2
W
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vl.

ph((B1, 2),1)

ph' (1, (B, B2)) =

nh((B1,B2),1) =

Bil) -V
Bi(ll')
GEAD

ma, (') =
and

nh'((B1, B2),1) =

_ 62(1) T
L-B1(1")
81 (I")

and

V1.

h((51, B2), u(t))

128, (1) ()

87

w(Bi(l))
pB1(l)

((Brps Bape), (1B, pB2)) - 1

((©8,Z5), (04, 55)) - 1

= (A(B1,62)) -1

1(Ba(1))

MﬁQ( )
L ((Bips Bap), (1B, p12))
- ((©5,25), (05, Z3))

= 1 (A(B1,52))

n(B1(1))

(771 B1(1)> 77253(1))

(5109, E152)

(81, B2) - ((©1,51), (0], F)))

(81, 82) - a(l)

- pi(l)

B (11"
Ei52()

n(B2(1))

(M182(1)» T1285(1))

(811, B25))

((©1,51), (8}, ) - (b1, B2)
a(l) - (81, B2)

- B2(1)
ﬁg(ll')
BaZ(I')

nas (') =

Br(p(t))

Buu(t)

((Bip, Bap), (ubB1, pB2)) -
((©5,Z3), (05,55)) - t

= (A(B1,B2)) -t
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W (u(t), (B1,B2)) = Ba(u(t))
= Popu(t)
~((Brps Bopn)s (1B, 132))
((98,E35), (05, E5))
= t-(A(Br, B2))

h(n(t),1) = h((men2),0)
= m(l)
= t-l
= E()
= t-((©1,%1),(0},F))
= t-a(l)

W(ln@) =K' (e nae)
= na(l)
= [-t
= @l(t)
= ((01,5),(0},5)) -t
= ol)-t

t
=t

| V(B p) D) = U Bu(l)
= Bo(l')-1

= W (B fa) ]

A(01,02) - Ba2(1)
O1p52(1)

Bapb (1)
= 601(1) - A((B1, B2)
= h((01,62),1) - (B, Bo)

(%) Because of L? = L, for every | € L, we can take | = [1l5.

(01,62) - W' (1, (B1, B2))

Ol

Or1pB2(lilz) = Oru(ly - B2(l2))
= Oy(ly - B2(l2))
= Oy(l1) - B2(l2)
= pbi(lr) - Pa(l2)

((101(lh))l2)

(1(01(l)l2))

(1(01(l) - 12))

= Ba(u(01(lal2)))

= Bopbi(lil2)

Ba
= [
Ba

88
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6. Conclusion

It is well known that the action of any group on itself is given by a group homomorphism from
any group to its automorphism group. In the case of associative algebra, the role of automorphism
groups replaces with bimultiplication algebra. It is considered that the concept of a crossed module in
associative algebra is a generalisation of the concept of an associative algebra. Thus we can generalise
the notion of bimultiplication algebra for a crossed module in associative algebras. Thus, we conclude
that in this context the notion of action is given by the actor crossed module which is obtained via
bimultiplication crossed module. Also since the annihilator of an associative algebra A is given by the
kernel of algebra morphism A — Bim(A), we get the annihilator crossed module as the kernel of the
crossed module morphism (n,«) : (T, L,u) — A(T, L, ). Furthermore, we see that this morphism
gives rise to a crossed square which is a two-dimensional analogous to crossed module.
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Abstract — In this paper, a new blocked tandem queueing model is given and analysed. The arrival
process to this queueing model is Poisson with parameter A. There is one service unit at the first stage
of the system, and the service time of this unit is exponentially distributed with x; parameter. There
are two parallel service units at the second stage, and the service time of these service units are
exponentially distributed with parameters u, and us;. No queue is allowed at the first stage of the
system. Upon completing service at the first stage, a customer proceeds to the second stage if at least
one of the service units at the second stage is available. If both service units at the second stage are
busy, the customer blocks the service unit at the first stage, which results in loss. The most important
measure of performance of this queueing system is the loss probability ;.. First of all, the state
probabilities of the system are obtained and then using these probabilities, the steady-state distribution
of the system is obtained. Transition probabilities of the system are calculated by using steady-state
probabilities, and finally an equation is obtained for m,,s in terms of transition probabilities.
Furthermore, another measure of performance, the mean number of customers, is obtained in terms of
transition probabilities. Since the Equation for 7, is very complex, a numerical method is used to
calculate the minimum ;55 probabilities. After numerical optimal m;,,¢ calculations, a simulation of
the queueing system is done, and it is seen that the obtained numerical ;s values tend to simulation
results.

Keywords - Stochastic processes, Markov chains, queueing theory, optimization, queue performance
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1. Introduction

Stochastic queueing models are widely used in production lines, telecommunication technologies and
computer sciences. In recent years, the studies mostly focused on queueing networks. A queueing network is
simply a combination of several queueing systems. Bertsimas studied on performance analyse of queueing
networks via Robust optimization [1]. A semi-open queueing network with a Markovian arrival process having
a finite number of nodes is considered in a study [2]. A study on evaluating the performance of general
gueueing networks in manufacturing systems is given in [3]. Dudina et al. considered a multi-service retrial
gueueing system with Markovian arrival flow to model a call centre [4]. For the first time, Hunt [5] defined
the customer’s blocking effects in a queue sequence. Various performance measures, namely the average
number of customers in the queueing system, the proportion of customers entering the queueing system,
average waiting time, and a blocked series queue, have been obtained in the study [6]. Basharin et al. show
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how properties of Markovian Arrival Processes can be derived from the general theory of Markov processes
with a homogeneous second component [7]. In another study [8], a two-station tandem queue with blocking is
considered, and an accurate solution with correct stationary distribution is given. A stochastic queueing model,
consisting of two heterogeneous service channels and having no waiting room, is considered [9]. In that study,
Saglam et al. calculated the expected number of customers and loss probability, an optimal ordering of service
channels is given and minimizing parameters of the queueing system are found. In another related study [10],
a queueing model with two sequential stations is constructed. In this model, there is a single service at each
station, and no queue is allowed at the second station. The state probabilities and loss probability of this model
are obtained. Furthermore, the model is simulated. In a recent study [2], a semi-open gueueing network having
a finite number of nodes is considered, and the stationary behaviour of queueing states is analysed.

In this paper, a new blocked tandem queueing system is constructed and analysed. The model we have
analysed is a modified version of the model studied in [9]. The arrival process to this new queueing system is
Poisson. There is one service unit at the first stage of the system, and the service time of this unit is
exponentially distributed. There are two parallel service units at the second stage, and the service time of these
service units are exponentially distributed. No queue is allowed at the first stage of the system. Upon
completing service at the first stage, a customer proceeds to the second stage if at least one of the service units
at the second stage is available. If both service units at the second stage are busy, the customer blocks the
service unit at the first stage; hence, loss occurs. The most important measure of performance of this queueing
system is the loss probability.

2. The Stochastic Queueing Model

The gueueing model we considered in this study has Poisson arrival flow with parameter A. At the first station,
there is a single service unit that has exponentially distributed service time with parameter u; and no queue is
allowed at this phase. The second station of the system consists of two parallel service units, and they also
have exponentially distributed service times with parameters u, and p; respectively. As well as the first station,
no queue is allowed at the second station. Upon receiving service at the first station, a customer proceeds to
the second station of the queueing system. If both service units at the second station are empty, the customer
enters the first service unit with probability a; or second service unit with probability a, = 1 — a4. If only
one of the service units at the second station is available, the customer proceeds to this server. On the other
hand, if both servers at the second station are busy, the customer waits at the first station until any of the service
units of the second station is available; hence the customer blocks the first station. This queueing model is
mathematically stated as follows: At any given time t, let & (t) random variable be the number of customers
in service unit of the first station, &,(t) and é;(t) random variables be the number of customers in the services
of the second station. Then the 3-dimensional continuous-time Markov chain of the model is stated as
{€1(8),&2(2), &5(6); t = 0 } and the state probabilities of the Markov chain is p,,, n, », Where n; € {0,1}, n, €
{0,1}, n; € {0,1}. Finally, the state space of the defined Markov chain is J=
{(0,0,0), (0,0,1), (0,1,0), (1,0,0), (0,1,1), (1,0,1), (1,1,0), (1,1,1), (b, 1,1)}.

2.1. The Transition Probabilities of the Queueing System

First, we need to find the state probabilities of the system to obtain transition probabilities. Then Kolmogorov
differential equations are acquired using state probabilities, and by using Kolmogorov equations, the stationary
distribution of the chain is obtained. Finally, the transition probabilities are found with the help of stationary
distribution. The probability at any given time ¢, in which there are n; customers in the first service unit, n,
customers in the second, and n; customers in the third, is defined as

P(§1(t) = 14,82 () = 1y, &5(8) = n3) = Prynyn, ()
For At — 0, the state probabilities of the Markov chain {&; (t), &,(t), &;(t); t = 0 } are obtained as below:
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Pooo(t + 1) = Pooo(©)(1 — Ah + 0(h)) + po10 () (Hah + 0(R))
+D001 () (ush + 0(h)) + o(h)
Poio(t +h) = p010(t)(1 — Ah+ o(h))(l — uh + o(h))
+D011 (O (Hsh + 0(R)) + p1oo(Oy (uh + 0(R)) + o(h)
Poor(t + h) = p001(t)(1 — Ah+ o(h))(l — ush + o(h))
+P011 () (uz2h + 0(h)) + Proo (D (urh + 0(h)) + o(h)
Po11(t + 1) = po11(D)(1 — Ak + 0(h))(1 — pyh + 0(M))(1 — psh + o(R))
+D110(©) (1 h + 0(h)) + P1o1 (O (1h + 0(R)) + Pp11 (©) (H2h + 0(R))
+Dp11 (O (sh + o(R)) + o(h)
P100(t + h) = p1oo(O)(1 — prh + 0(R)) + Pooo () (AR + o(R))
+D110(®) (H2h + 0(Rh)) + D101 (O) (Hsh + 0(R)) + o(h)
P110(t + h) = p110(O)(1 — prh + o(R))(1 — uzh + o(h))
+p111(®) (13 + 0(h)) + Po1o ) (AR + 0(h)) + o(h)
P1o1(t + R) = p1o1(©)(1 — uyh + o(R))(1 — psh + o(h))
+p111(O) (2 + 0(h)) + Poo1 (D) (Ah + 0(R)) + o(R)
P111(t +h) = 111 (O(1 — ph + o(R))(1 — uph + 0(h))(1 — ush + o(h))
+D011(O) (AR + 0(h)) + o(h)
Pp11(t + R) = pp11()(1 — poh + o(R))(1 — push + o(h))
+p111(®) (g + 0(R)) + 0(h)

93

2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

under the assumption of limit distribution by using state probabilities, we have the stationary state probabilities

as following:
0 = —Apooo + H2Po10 + H3P001
0 = —(A+ u2)Po1o + H3Po11 + A1 l1P100
0 = —(A+ u3)Poo1 + U2Po11 + A2H1P100
0 = —(A+ p2 + u3)Po11 + M1P110 + M1P101 + H2Pb11 + HaPp11
0 = —1P100 + APooo + P110M2 + P1o1k3
0 = —(uq + 42)P110 + H3P111 + APo10
0 = —(pq + 13)P101 + H2P111 + APo01
0 = —(u1 + p2 + p3)P111 + o011
0 = —(u2 + u3)Pp11 + 1P111

(2.10)
(2.11)
(2.12)
(2.13)
(2.14)
(2.15)
(2.16)
(2.17)
(2.18)

Now, we calculate the transition probabilities of the queueing system by using stationary state

probabilities. Using Equation (2.17), we have
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A

Y .. )P
pa t Uz +M3) ot

P111 = (

Equations (2.18) and (2.19) lead us to:

s = () ()7
b1t Ho + pis/ \py + py + pg/ O

With the same solution manner, all transition probabilities are obtained in terms of pgq;:

Uz 251
+a A]
A+ 3 2/1+M34P011

Poo1 = [

Us Uq
Po1o = [/1 L + 0‘1A L A4] Po11

#2( Us Uy ) .U3( Uy Uy )]

== + Ay ) += + A

Pooo [/1 A+ 2w t) T T a2/1+y3 4 )| Po11
Ha A A U2 A

P10o1 = [ ]Pon

+ .
Pt ps P+ pp s s /1+u3 u1+u3 /1+u

P1oo = D4-Po11

Az A U3
+a; Po11
(U1 + p2) (g + g +u3) U1+ Hp \ A+ /1+ 2

P110 =

where,

th2 ( ) M3 A
AN=1—-a 1+ -« 1+ )
! A+ M1+ php 21+ 1 M1+ U3
H3 H3 A A U3
+( : )+ ( : )
e PR T A T P T M1+ A+

U2 Ha A A Ha
+( : )+ ( : )
Atps utps pg+pp s i +us A+us

Azz

A3=

and

Uzl + uszAs

A, =
* U184
Hence, the sum of all these probabilities is 1, i.e.,

Pooo + Poo1 + Po1o + P1oo + Po11 + P1o1 + P110o + P111 + Pp11 = 1
Substituting all obtained transition probabilities in Equation (2.27), we have

#2( U3 M1 ) .U3( M2 H1 )
— + A +a,—A
p"“[;t T+ ) T A A Pt

[ /1
+( a +a2LA4)+ b ——A |+, + 1
A+‘u3 A"‘#g ).+,le ).+/12

A A A
+( Ha N K +a, ! A4>
ptps prtpy s ot ps A+ s Pt s A+ s
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(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)
(2.25)

(2.26)

(2.27)
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A y)
n H3 + ( H3 +a M1 A4)
(U1 + 1)y + g +13) g+ \ A+, A+,

( )+ () )
+ +

Ug + Uy + U3 Uy + puz/ \py + pp + i3
=1

Note that the last Equation is only in terms of py,,. Hereby, the transition probability p,;, is obtained in
terms of system parameters precisely as:
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The last thing to do is to rewrite all transition probabilities in terms of system parameters:
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2.2.The Loss Probability and The Mean Customer Number of the Queue
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The most important performance measure of the defined queueing model is the loss probability. In this
gueueing model, customer loss occurs only at the first station of the queue, as previously stated. In this context,

the loss probability can be simply calculated as:

Toss = P110 T P1oo + P1o1 T Pr11 T P111

(2.28)

Substituting the previously calculated probabilities p;10. 100, P101: Ppi1, @Nd p111, Which are the
equations (2.26), (2.25), (2.24), (2.20), and (2.19), respectively, in Equation (2.28); we precisely have loss

probability in terms of system parameters as below:

A Ui A
Mioss = +( )( )
My + oy + i3 \pp + 3/ \py + Uy + U3
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Furthermore, the mean number of customers in the system is obtained as:

EN)= ) ) ) (a1 1) Py, (2:30)

Nn1EJ N,EI NEI

where I = {(0,0,0), (0,0,1), (0,1,0), (1,0,0), (0,1,1), (1,0,1), (1,1,0), (1,1,1), (b, 1,1) } is the state space of the
defined Markov chain. Hence the mean number of customers in the system is calculated as follows:

E(N) = 0.pgo0 + 1. (P100 + Po10 t Poo1) + 2. @110 t P101 t Po11) + 3. (P111 + Pp11)

2.3. The Optimization of the Loss Probability

In a blocked queueing system, one of the most notable performance measures is the loss probability. When a
service is busy, a new incoming customer cannot enter the service and has two options: to leave the system
without having service or wait until the service is available. In the system we are interested in, when a service
is busy, the incoming customer leaves the queue system without being served, so that loss occurs. The
probability of this loss is called the loss probability. In this section, we aim to minimize the loss probability
1055, Obtained in the previous section, and calculate the mean customer number in the queueing system. When
the loss probability, given with the Equation (2.29), is examined; clearly, it is very complex and difficult to
reach the minimum value of ;¢ with the help of algebraic methods. Therefore, under two configurations of
the queuing system, the loss probability is numerically calculated, and the minimum loss probability values of
both configurations are determined. These two different configurations of the queuing system are based on
customer arrival rate and the total service capacity of the system. In order to calculate the loss probability and
mean number of customers, the arrival rate A is chosen as constant. In this context, c = 24 and ¢ = 4
configurations are established where ¢ = u; + u, + u3 is the total service capacity of the queueing system.

First, the optimal service capacity of the 1st service unit is searched, and in the next step, the optimal
service capacities of the 2" and 3™ service units are determined for the changing a; and a, possibilities. The
data obtained by applying this method are given in Table 1, 2, 3, and 4. According to the data obtained from
the tables, minimum ;. values for c = 24 and ¢ = A configurations are found. The results are also shown
in Figure 1 and 2.

Table 1. Optimal service capacity selection of 1% service unit for c = 24 system configuration and the
corresponding loss probability and mean customer number values

A M1 H2 H3 ay a; Myoss E(N)
2 0.2 1.9 1.9 0.5 0.5 0.9090 1.0047
2 0.8 1.6 1.6 0.5 0.5 0.7150 1.0712
2 1.4 1.3 1.3 0.5 0.5 0.5955 1.2177
2 2 1 1 0.5 0.5 0.5322 1.4677
2 2.2424 0.8889 0.8889 0.5 0.5 0.5233 1.5958
2 3 0.5 0.5 0.5 0.5 0.6013 2.1958
2 3.6 0.2 0.2 0.5 0.5 0.8073 2.7342
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Table 2. Selection of optimal service capacities of 2nd and 3rd service units for c = 2 system
configuration and the corresponding loss probability and mean customer number values

A H1 H2 H3 ay a; Myoss E(N)
2 2.2424 0.2 1.5575 0.5 0.5 0.5389 1.8454
2 2.2424 0.8889 0.8889 0.5 0.5 0.5233 1.5958
2 2.2424 1.7 0.0575 0.5 0.5 0.5474 1.9877

3 . =®= Loss Probability = =®*= Mean Customer Number
2.5 -

2
15 A

1

/

05 0523580711

0 T T T T T T T T T T T T T T T T T )

1 2 3 4 5 6 7 8 9 10 11 12
Calculation steps (in Table 1)

13

14 15

16 17

18 19

Fig. 1. The obtained m;,s, and E (N) values for c = 24 configuration

As seen in Figure 1, under the condition u; = u, and a; = a,, minimum m;,,c = 0.523330711 is

obtained for ¢ = 24 configuration.

Table 3. Optimal service capacity selection of 1% service unit for ¢ = A system configuration and the
corresponding loss probability and mean customer number values

A M1 M2 U3 ay az Mioss E(N)
2 0.2 0.9 0.9 0.5 0.5 0.9091 1.1110
2 0.8 0.6 0.6 0.5 0.5 0.7316 |1.6262

2 1.07 0.465 0.465 0.5 0.5 0.7079 1.9639
2 1.5 0.25 0.25 0.5 0.5 0.7785 2.5503
2 1.9 0.05 0.05 0.5 0.5 0.9501 2.9422
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Table 4. Selection of optimal service capacities of 2 and 3" service units for c = A system configuration

and the corresponding loss probability and mean customer number values

A Hq H2 H3 ay az Myoss E(N)
2 1.07 0.1 0.83 0.5 0.5 0.7183 2.1628
2 1.07 0.4 0.53 0.5 0.5 0.7082 1.9695
2 1.07 0.465 0.465 0.5 0.5 0.7079 1.9639
2 1.07 0.7 0.23 0.5 0.5 0.7120 2.0406
2 1.07 0.9 0.03 0.5 0.5 0.7236 2.2625
=& |oss Probability == Mean Customer Number
3 -
2.5 -
2 -
15 -
1 & —
0.5 - 10.707998663
0 T T T T T T T T T T T T T T T T T )
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
Calculation steps (in Table 4)

Fig. 2. The obtained m,,s, and E (N) values of ¢ = A configuration for a; = a,

As shown in Figure 2, as in ¢ = 24 configuration, under the condition of u; = u, and a; = a5, the
minimum ;¢ value of ¢ = A configuration is reached, and this value is obtained as m;,5c = 0.707998663.

3. The Simulation of the Model

In this section, the previously obtained loss probabilities are simulated for n = 100, n = 1000, and n =
10000 using Matlab R2010a program under the system configuration in which they are obtained. As shown
in Table 5 and 6 below, previously obtained loss probability m;,s;values are found close to the simulation
values. This shows that the formula of s, Which is theoretically found with Equation (2.29), is obtained
correctly. In Table 7 and 8, the simulation values are given separately for each of the loss probabilities obtained
forc = Aand c = 24 configurations, respectively. As seen from these tables, the numerical loss possibilities
obtained for each system configuration converge to the simulation results.

Table 5. Comparison of the optimal m;,; value obtained for ¢ = A configuration with simulation results

Optimal numerical
value

Simulation value
(n =100)

Simulation value
(n =1000)

Simulation value
(n =10000)

Simulation value
(n =1000000)

Myoss

0.707999

0.70

0.704

0.690

0.6899
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Table 6. Comparison of the optimal m;,, value obtained for ¢ = A configuration with simulation results

Optimal Simulation value | Simulation value | Simulation value | Simulation value
numerical value (n =100) (n=1000) (n =10000) (n =1000000)
Tss | 0.523330711 0.53 0.519 0.521 0.5158

Table 7. m;,s values and simulation (n = 100000) results obtained for ¢ = A configuration

I Us Us ;055 (Numerical) 55 (Simulation)
0.2 0.9 0.9 0.9091 0.9084
0.9 0.55 0.55 0.7176 0.7093
1.07 0.465 0.465 0.7079 0.6899
1.3 0.35 0.35 0.7279 0.6930
1.8 0.1 0.1 0.9016 0.8440
1.9 0.05 0.05 0.9501 0.9107

Table 8. w4 values and simulation (n

= 100000) results obtained for ¢ =

U1 Us Us ;055 (Numerical) )05 (Simulation)
0.2 1.9 1.9 0.9090 0.9095
0.8 1.6 1.6 0.7150 0.7192
1 1.5 1.5 0.6685 0.6654
1.6 1.2 1.2 0.5681 0.5667
1.8 1.1 1.1 0.5468 0.5421
2 1 1 0.5322 0.5252
2.2424 0.8889 | 0.8889 0.5233 0.5158
2.4 0.8 0.8 0.5267 0.5197
2.6 0.7 0.7 0.5388 0.5239
2.8 0.6 0.6 0.5630 0.5387
3 0.5 0.5 0.6013 0.5401

4. Conclusion and Discussion

22 configuration

In this study, a blocked stochastic queueing model consisting of parallel service units is given. In this queueing
model, the customer arrivals are Poisson distributed with an average of A. In the first stage of the system, there
is one service unit with an exponential service time with an average of 1/u, and in the second stage, there are
two service units with exponentially distributed service times, with averages of 1/u, and 1/u5, respectively.
This queue model is not allowed to wait in front of the first stage service unit, so there is no queue in this
system. An arriving customer is served if the service unit in the first stage is empty. Then, if the service units
in the second stage are both empty, the customer continues to the first unit with the probability of «a,, the
second unit with a probability of a, = 1 — a; or if only one of the service units in the second stage is empty,
completes its service in this unit and leaves the system. A third case is that if both service units in the second
stage are full, the customer expects at least one of these service units to be empty by blocking the service unit
in the 1st stage. Loss occurs when the customer continues to put into service at the 1% stage service unit or
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when he/she blocks this service unit. One of the main problems in such a queueing model is to calculate this
probability of loss and calculate what its optimal value will be. This given stochastic queueing model is
mathematically defined by a three-dimensional continuous parameter Markov chain. Limit probabilities of this
model are obtained by Kolmogorov difference and differential equations. Afterwards, transition probabilities
and blocking probabilities are obtained by the elimination method. The loss probability of the system is found
with the help of transition probabilities and blocking probability. In addition, the average humber of customers
in the system E(N), which is one of the performance measures of the system, is calculated. Since the optimal
value of ;s cannot be calculated algebraically, optimal m;,, is numerically analysed under the condition
Uy + Uy + pz = cinstead. As a result, the optimal m;,ss value forc = Aand ¢ = 24 is reached when u, =
Us and @; = a,. The model is simulated with MATLAB R2010 software. The simulation results are compared
with the optimal ;¢ values and the simulation results are found to be very close to the optimal m;,s values
achieved in the study.
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1. Introduction

Multi-criteria decision-making (MCDM) methods encompass a diverse set of approaches. These methods can
be broadly divided into two categories: discrete MCDM or discrete multi-attribute decision-making (MADM)
and continuous multi-objective decision-making (MODM) methods [1,2]. A great many publications have
recently been released on the development and application of MCDM methods in various fields. This article
aims to document the exponentially growing interest in MCDM methods and techniques and reviews the latest
literature on MCDM methods and their applications. The foundations of the modern MCDM were established
in the 1950s and 1960s. The 1970s marked a critical decade for many pioneering works. The development of
MCDM research built momentum in the 1980s and early 1990s and seems to have continued to grow
exponentially up to the present time [3]. [4] has formulated the fundamentals of decision-making with multiple
objectives. [5] has reviewed the development of MODM methods and their applications in a relatively short
period. Later, [6] has analysed the MADM methods: Simple Additive Weighting (SAW) [7], Technique for
Order of Preference by Similarity to Ideal Solution (TOPSIS) [7], Elimination and Choice Expressing Reality
(ELECTRE) [8], and LINMAP [9]. [10] has published a detailed study on Analytic Hierarchy Process (AHP).
Then, the author has published a study on the further development of Analytic Network Process (ANP) and a
book which deals with the problem of the compromise theory. [11] has authored a book that addresses the
same theory. [5] has studied MCDM in groups. [8] has summed up the available information on the ELECTRE
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group method. [12] has written several seminal research papers. Yet the development of hybrid and modular
methods has recently become more critical. They are based on the well-known methods, such as SAW [7],
TOPSIS [5], AHP [10], and ELECTRE [8], and their modifications by applying fuzzy number and grey number
theory. It is evident from the foregoing theoretical discussion that two articles [13,14] stand out. Two other
relevant papers have featured soft multisets [15] and soft multi-criteria decision-making [16].

In the current study, section 2 analyses MCDM methods. Section 3 presents some of the basic notions needed
for the following sections. Section 4 proposes a new algorithm by modifying the algorithm provided in [16],
and then propounds its other version to allow for a comparison with the proposed method. The last section
discusses the need for new methods further research.

2. Analysis of Multi-Criteria Decision-Making Methods

This section presents a review of 11 methods in the literature. These methods are 1) MAUT, 2) AHP, 3) FST,
4) CBR, 5) DEA, 6) SMART, 7) GP, 8) ELECTRE, 9) PROMETHEE, 10) SAW, and 11) TOPSIS. It is
expected that this detailed review will give a deeper insight into these methods.

2.1. Multi-Attribute Utility Theory (MAUT): The most commonly used MCDM approach in this analysis
is MAUT [17-19]. This theory has been summarized by Loken as “a more systematic approach to incorporate
risk expectations and uncertainty into decision support approaches with multiple parameters” [20]. MAUT’s
main benefit is that it takes confusion into account. It potentially has a utility attributed to it, which is not a
quality that is accounted for in many MCDM methods.

MAUT has been widely applied to attend to economic, environmental, actuarial, and agricultural issues and
water and energy management problems. These issues typically exhibit large quantities of ambiguities and
provide ample data to make MAUT a proper decision-making process.

2.2. Analytic Hierarchy Process (AHP): While examining the methods, their relationship with the above or
other predefined methods is included as well. The MAUT and AHP approaches are based on various
assumptions on value measures, and AHP is developed independently of other decision theories. The use of
pair-wise comparisons to evaluate alternatives in terms of several parameters as well as to estimate criteria
weights is the main characteristic of the AHP system. AHP’s implementation and its position in the studies on
MCDM have followed a similar pattern as with MAUT and experienced increased usage in real-world
application examples. AHP is used to compare weighting and ranking. AHP is capable of navigating various
indicators.

2.3. Fuzzy Set Theory (FST): Modelling and handling uncertainties have become essential issues in solving
complex problems. FST was introduced by [21] to overcome the problems caused by uncertainties in a wide
variety of fields. An efficient MCDM technique itself has been proved to be fuzzy logic. The use of cost-
benefit analysis as the primary tool for decision analysis to discuss environmental projects has been tackled by
[22]. Fuzzy logic “takes into account the insufficient information and the evolution of available knowledge”
[23]. Fuzzy systems can also be challenging to build because of drawbacks. In certain instances, before being
used in the real world, they can require multiple simulations. FST has been developed and used in such fields
as engineering, economics, medicine, and environmental and social sciences.

2.4. Case-Based Reasoning (CBR): There are two popular ways to distinguish between companies in
financial distress and those in healthy financial situations: human preference-oriented forecasting and data-
driven forecasting. [24] uses CBR to provide a new framework for forecasting financial distress in businesses
one year before the real distress. Employing the Manhattan distance, Euclidean distance, and inductive form,
CBR compares three different models and their respective results with a ranking-order case-based model of
reasoning (ROCBR). One of CBR’s key advantages over most MCDM techniques is that it can improve over
time, especially as more instances are added to the database. Through its database of events, it can also respond
to environmental changes. Its significant downside is its vulnerability to data inconsistencies.
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2.5. Data Envelopment Analysis (DEA) [25]: DEA is used to develop a model that will help policymakers
of any country prioritize their actions. The goal thereof is to improve the relevant highways in the most efficient
way possible. This method is able to successfully score the productivity of countries by obtaining 21 separate
data. In this method, a mutual comparison is made. The comparison method refers to the grading of the
efficiency of the most efficient alternatives. With a rating of 1.0, all the other alternatives are a fraction of 1.0.
This offers several advantages. The most essential one is that multiple inputs and outputs can be processed.

2.6. Simple Multi-Attribute Rating Technique (SMART) [26]: SMART counts as one of the most
accessible categories of MAUT. Its name derives from its convenient use. This approach requires two
assumptions, “preferential independence” and “utility independence”. In conjunction with the real numbers,
this approach transforms significance weights into real numbers. In addition to those described in MAUT, the
key benefits of SMART relative to the MAUT system are that it is easy to use and genuinely facilitates any
form of weight assignment technique.

2.7. Goal Programming (GP) [13]: GP is a realistic type of programming that provides an unlimited number
of solutions to choose from. All of its strengths are that it can address large-scale concerns. Its most notable
value, according to some methods, is the potential to generate limitless alternatives. A significant downside to
this strategy is that the coefficients are not weighted. To accurately weight the coefficients, many
implementations find it appropriate to use other approaches, such as AHP. This condition is not, however,
present in this process. It eliminates one of its drawbacks by doing this while choosing infinite options, which
can cause option inconsistencies. This follows a general trend that in applications that avoid many of their
drawbacks, MCDM approaches are most frequently used — i.e., that coefficient weight does not care.

2.8. ELECTRE [8]: The areas in which ELECTRE is used are issues with electricity, economy, environment,
water management, and transport. It considers ambiguity as other approaches do. ELECTRE is a form of
transformation of several iterations dependent on compatibility analysis. Its greatest value is that it takes into
account complexity and uncertainty. Its downside is that it may be difficult to describe the mechanism and its
consequences concerning its terms and poor comprehensibility.

2.9. PROMETHEE [27]: PROMETHEE is similar to the aforesaid ELECTRE method in that it has multiple
iterations and is also a transformation method. Its value is that it is convenient to use. The presumption that
the parameters are proportional does not require it. The drawbacks are that it provides no explicit weight
distribution method and allows weights to be allocated. Still, it fails to offer a consistent method for assigning
these values.

2.10. SAW [7]: “SAW is a value function established based on a simple addition of scores representing the
goal achievement under each criterion, multiplied by the particular weights” [7]. Its ability to compensate
between criteria is among the reasons for its selection in usage. For policymakers, it is intuitive as well. It is
easy to use thanks to its ability to render calculations without basic and complicated computer programs.

2.11. TOPSIS [5]: Its main benefits are that it has a clear method and it is accessible and programmable.
Regardless of the number of attributes, the number of phases remain the same. It can be inferred from most of
the uses in the literature that TOPSIS confirms the responses proposed by other methods of MCDM. The value
of its flexibility and the potential to retain the same number of steps regardless of the challenge scale helps it
be easily used as a decision-making mechanism for evaluating or retaining other approaches in its own right.

3. Preliminaries

This section provides some of the basic definitions to be needed for the following sections.

Definition 3.1. Soft sets [28, as cited in 29] Let U be an initial universe, P(U) be the power set of U, E
be the set of parameters, and A S E. Then, a soft set F, over U is defined as F; :== {(x, f(x)): x € E}
where f,: E = P(U) is a mapping and x & A for f,(x) = @.



Journal of New Theory 35 (2021) 103-113 / An Application of Soft Multisets to a Decision-Making Problem ... 106

Definition 3.2. Multisets [30] Let U be universal set, N be a set of unsigned integer numbers, and X <
U. Then, a multiset My over U is defined as

My = {inu) = U}

where fx: U — N be a mapping such that u & X for fx(u) = 0 Here,
FxQw)

u

fx)
u

is not shown in the multiset. Here, if X = U, MSs

means that u occurring

fx(u) times. Moreover, if fy(u) = 0, then
can be denoted by M or M;, M,, ...

Definition 3.3. [30] Let My, M, be two multisets over U. If, forall u € U, fx(u) < fy(u), then My is
called multi-subset of M, and is denoted by My, € M,.

Example 3.4. Let U = {uy,uy,us}, X = {uy,u3}, and fx: U — N is a mapping defined by fx(u;) = 25,

. 25 0 40 . 25 40
fx(uy) =33, and fx(u3) = 40. Then, the multiset My = {u—l,u—z,;} briefly My = {u—l,u—3}.
.. 32 10 50 ~ .
Similarly, letY = U and My = {u—l,u—z,u—3}. Then, My S My since

fx(uy) =25 < fy(uy) = 32
fx(uz) =0 < fy(uy) = 10
fX(uS) =40 < fy(u3) =50

Definition 3.5. [30] Let M, be a multiset over U and n € N. If, for all u € U, f;;(u) = n, then My is
called n-multi-set over U and is denoted by M™. If, forall X < U, max fx () = n, then M™ is referred
u

to as n-universal multiset over U. Here, M° is called empty multiset over U. It can be observed that
Mg is empty multiset over U.

Definition 3.6. Soft multisets (SMSs) [31] Let M, be a multiset, M (My,) be the set of all the multiset of U,
E be parameters set, and A € E. Then, a soft multiset (SMS) Q, over Z is defined as

Q= {(x, 2 (x)):x € E}

where Q4:E - M(U) is a mapping such that Q,(x) = M° if x € A. Here, if A=E, SMSs can be
denoted by Q or Q4, Q,, ...

Definition 3.7. Fuzzy set [21] Let U be an initial universe, [0,1] be unit closed interval, and u: U — [0,1]
be a mapping, Then, a fuzzy set u over U is defined as

p = {(x,u(x)): x € U} or briefly u := { “Dyx € U}

Definition 3.8. Fuzzy soft set [32, as cited 33] Let U be an initial universe, F(U) be the set of all the fuzzy
sets over U, E be parameters set, and A € E. Then, a fuzzy soft set Ty over U is defined as

[, = {(x, FA(x)):x € E}

where T'y: E — F(U) is a mapping such that I,(x) = 0 if x  A. Here, 0 denotes the empty fuzzy set.
Moreover, if A = E, fuzzy soft sets can be denoted by I'or I}, I, ...

Definition 3.9. [34, as cited in 35] Let U be an initial universe, E be parameters set, A € E, and I, be a
fuzzy soft set over U. Then, [al- j] is called fuzzy soft matrix of I’y and is defined by
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11 Q12 Q13 ... Q1p
A1 Gz dz3 ... Qzp
lag] = |}

Am1 Amz2 Ap3 - Amn -
such that for i,j € {0,1,2,--}, a;; == Ta(x;)(u;) where [ (x;)(u;) refers to the membership degree of ; in
the fuzzy set T5(x;). Here, if [U| = m and |E| = n, then [a;;] has order m x n.

Definition 3.10. Let [s;;] be a real matrix has order m x 1. Then, normalisation [$;;] of [s;;] is defined by

Sit — mkin Sk1

- , MaxSyq # min Sy
$ip = m,?XSm - mkln Sk1 k k

1, Max sy; = mkin Sk1

4. An Application of Soft Multisets to a Decision-Making Problem Concerning Side
Effects of COVID-19 Vaccines

Firstly, this section presents the data on the post-treatment side effects of the COVID-19 vaccine provided in
[36-39] and obtained by the feedback received from 791, 530, 80, and 814 people located in Manisa/Turkey,
the United States, Konya/Turkey, and the Czech Republic, respectively. The COVID-19 pandemic, identified
in 59 suspect cases (In Hubei/Wuhan, China), has spread to affect the whole world [40-41]. Authorities have
launched vaccination campaigns to prevent its spread. In this sense, several types of vaccines have been
developed (for more about the properties of the COVID-19 vaccines, see [41-42]).

Table 1. By-Symptom Distribution of the frequency of side effects (%) of COVID-19 vaccine

Symptoms / Sources n*=791[36] N=530[37] n=80[38] n=814[39]
Headache 11.9 13 13.8 45.6
n Muscle/joint pain 95 11.6 46.3 64.9
n Sore Throat 37 8.5 238 -
Chills/Fever 32 2.8 375 55.6
n Diarrhoea/Nausea/Vomiting 3.4 5.7 5 13
n Loss/change in taste or smell 12 16 6.3 10
Cough 16 9.9 61.3 -
n Hypertension 0.9 - 26.2 -
n Shortness of breath 04 4.1 20 -
Injection site pain 18 - - 89.8
Injection site swelling 13 - - 25.6
Injection site itching/redness 14 - - 23
Lymphadenopathy 04 - - 16.2
Fatigue - 17.9 50 62.2

*number of people

Secondly, this section presents two soft decision-making (SDM) methods provided in [43,44]. Since these
SDM methods have been configured to operate in the fuzzy parameterized fuzzy soft matrices space, they are
reduced to the fuzzy soft matrices space.
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Algorithm Steps of SMBRO1 [43]
Step 1: Construct a fuzzy soft matrix [a;;] has order m x n

Step 2: Obtain [s;;] defined by

m
Si1 = Z

=17
Step 3: Obtain the decision set {*k1u |u;, € U}

Algorithm Steps of CCE10 [44]
Step 1. Construct a fuzzy soft matrix [a;;] has order m X n

n
sgn(a;; —ay;), L €{12,...,m}
=1

Step 2: Obtain the score matrix [s;;] defined by

i€e{l,2,...,m}

n
ij

1
Sj =— a
1 n

j
Step 3: Obtain the decision set {*k1u |u;, € U}

1

Thirdly, this section proposes a new algorithm, denoted by KPS21, by modifying the algorithm provided in
[16]. Then, it propounds its other version, i.e., KPS21/2, to allow for a comparison with KPS21. These methods
achieve to utilize multisets simultaneously with the known soft decision-making methods.

Algorithm Steps of KPS21

Step 1: Input a parameter set E, A € E, a universal set U, and X € U
Step 2: Construct a multiset My over U

Step 3: Construct an SMS Q4 over U

Step 4: Compute the fuzzy soft set I, = {(x, [,(x)): x € E} defined by

QA(X)(U)/ZU ,QA(X)(U) X E E}

u

[(x) = {

Step 5: Obtain the fuzzy soft matrices [a;;]

Step 6: Apply SMBROL to the [a;;]

Algorithm Steps of KPS21/2

Step 1: Input a parameter set E, A € E, a universal set U,and X € U
Step 2: Construct a multiset My over U

Step 3: Construct an SMS Q4 over U

Step 4: Compute the fuzzy soft set I, = {(x, I[4(x)): x € E} defined by

QA(x)(u)/ ZU Q‘A(x)(v) ‘X E E}

u

Ly (x) ={

Step 5: Obtain the fuzzy soft matrices [a;;]

Step 6: Apply CEC11 to the [a;;]

Fourthly, this section applies KPS21 and KPS21/2 to the side-effect data provided in Table 1.
Step 1 E = {xq, X5, %3, %4}, A = E, U = {uy,u,, ...,uy4}, and X = U such that

u; =s; foralli € {1,2,...,14}
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x, = Data located in Manisa/Turkey

x, = Data located in the United States
x5 = Data located in Konya/Turkey

x, = Data located in the Czech Republic

Step 2: The multisets M;, M,, M5 and M, over U, which show the distribution of side effects and whose values
are obtained by rounding the values provided in Table 1 to the nearest integer number, are as follows:

1210 4 3 3 1 2 1 18 1 1

Uy Uy Uz U Us U U7 Ug Ug u14
46 65 56 13 10 90 26 23 16 62
Up Uy Uy Us Ug U Ugy Upp Uss u14
Step 3: Thus, an SMS Q over U is as follows:

Q = {(x1, My), (x2, My), (x3, M3), (x3, M4)}
Step 4: Therefore, the fuzzy soft set T

(X {0 21 0 18 '0711,3, 0.05u4’ 0.05u5’ 0.02u6’ 0'04‘11.7, O.02u8' 0'32‘1,1.10, u11’ u12})
(xz' {0.17u1) 0'1611,2, 0'1211,3, 0'0411,4, 0'081.1.5, O.03u6' O.13u7' 23u14})’
=
(X3, {0.0Sull 0'1611,2, 0.08u3’ 0'1311,4, 0.02u5’ 0.02u6' O.21u7' O.09u8' 17u14})’
L (X4, {0'1111,1, 0'1611,2, 0'147.1,3, 0'0311,4,, 0'0211,5, 022“’6! 0'061.1,7, 0.06u8’ 0.04 15u14})’

Step 5: The fuzzy soft matrix of T'is as follows:

021 0.17 0.05 0.117
0.18 0.16 0.16 0.16
0.07 0.12 0.08 0
0.05 0.04 0.13 0.14
0.05 0.08 0.02 0.03
0.02 0.03 0.02 0.02
[y = 0.04 013 021 0
Y 002 0 009 0
0 005 007 0
032 0 0 022
002 0 0 0.06
002 0 0 0.06
0 0 0 0.04
L 0 023 0.17 0.15

Step 6: The decision set and the rank of the alternatives obtained by SMBROL1 are as follows:

0.83 1, 052 07, 045 022, 061
{ Ug, Uz, U3, Uy, U5, U, Uy,

and

0.7 )
U10,

14 0 0.77
U1z, Up3, u14}
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u13<u9<u11zu12<u8<u6<u5<u3<u7<u4zu10<u14<u1<u2

Similarly, the decision set and the rank of the alternatives obtained by CEC11 is as follows:

0.82 1,, 041, 054, 027, 014, 058 017, 011, 0.89 0.12 0.12 0.06 0.83
{ Uy, Uy, Us, Uy, Us, U, Uz, Ug, Uo, U190, U11, U1, U13, u14}

and

Both of the results manifest that the appearance rates of the side effects u, 5, ug, 141, U1, Ug, Ug, and ug account
for less than 50%, and the methods produce the same ranking orders for these alternatives. Moreover, the
appearance rates of the side effects us, u;, uy, uqg, U14, U4, and u, are greater than 50%, and the methods
produce the same ranking orders for u; and u,, while those of the others are different. sSMBR01 and CEC11
methods are reliable since they pass all the tests provided in [45]. KPS21 and KPS21/2 methods are also
reliable as they are based on the aforesaid methods, respectively. However, the uncertainty inherent in the
problem causes some of the produced ranking orders to be different.

5. Conclusion

In this study, an example of an algorithm used in alternative decision-making processes was introduced to
provide a working example of the MCDM method for selecting alternatives used in everyday life and the
decisions that can be reached with the help of the concept of soft sets emerging on the concept of uncertainties.
It is believed that the algorithms proposed in this study can be used in different disciplines and will offer
guidance for future studies. Moreover, to improve the proposed method, it is worth studying the current soft
decision-making methods [46-52].
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