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1. Introduction

Metric space is the general theory underlying various branches of mathematics. These days, generalizations of
the metric space have emerged. Lately, some authors have given various generalizations of metric spaces. This
situation allows authors to find new work areas. Czerwik described the concept of b—metric [1]. Khamsi and
Hussain redefined the b—metric concept, and they called it metric-type [2]. Fagin et al. gave s—relaxed, metric
concept [3]. Here, b—metric is more general than the s—relaxed, metric [4]. Gahler began the concept of a 2—
metric [5]. This metric function is identified on the product set X X X X X. The notion of 2—metric is a
generalization of the usual metric. Mustafa and Sims defined the G—metric space concept [6]. The notion is
more general than the usual metric. Branciari proposed a new extension of the notion of metric, modified the
triangle inequality (iii) with a more general inequality confusing four points. Matthews defined the partial
metric [7]. Jleli and Samet defined the JS—metric [8]. Currently, Jleli and Samet have given the JF-metric space
[9]. They compare their concepts with existing generalizations in the literature. Then, they define a natural
topology 7 on these spaces and examine their topological properties. Also, a new version of the Banach
contraction principle is created in the tuning of F-metric spaces. They proved that their new concept is more
general than the standard metric concept by showing that any metric space is an F-metric space, but the reverse
is generally false. They also compared their concept with previous generalizations of metric spaces. After that,
Alnaser et al. gave relation theoretic contraction and proved some generalization of fixed-point theorems in
these spaces [10]. Moreover, in these generalized spaces, the coincidence points and common fixed-point
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1Department of Mathematics, Faculty of Arts and Sciences, Tokat Gaziosmanpasa University, Tokat, Turkey
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theorems are also frequently studied [11]. In this paper, we give some common fixed-point theorems and
results in F-metric spaces. Moreover, some examples that provide the theorems are presented.

2. Preliminaries

Definition 2.1. [9] Let F-be the set of function g: (0, ) — R. This function provides the below terms.
F1. g be a non-decreasing function
Fa. lim a, = 0 © lim g(a,) = —oo, for every sequence {a,,} < (0 +x).
n—oo n—-oo
Definition 2.2. [9] Let X # @, D: X x X — [0, o) is a mapping, and there exist g € F and y € [0, ). If the

following terms are satisfied, D be defined as an F-metric on X. In this case, (X, D) is defined as an F-metric
space.

Di.(a,b) EX XX, a=b e D(a,b) =0,
D,.D(a,b) =D(b,a) forall a,b € X,
D Vab€eX,neN,n>2and (t;)i=; € X with (t1,tn,) = (a,b) we have

D(a,b) > 0= g(D(a, b)) < g D(t;, tiy1)) +v
Remark 2.3. [9] The metric space is an F-metric space. But the contrary of this proposition is false.
Example 2.4. [9] Let N be positive real numbers set. D: N x N — [0, o) be the mapping and for all
ab€eN,

_((@=b)?, a,be]03]
Dm”)‘{m—bL ab & [03]
Therefore, D is an F-metric with g(a) =Ina,a > 0and y = In3.
Example 2.5. [9] Let N be the natural numbers set, D: N X N — [0, o) and for all a,b € N,

D(a, b) — {EXPG%— bl): Z i Z

Therefore, D is an F-metric with g(a) = —1/a,a>0andy = 1.
Definition 2.6. [9] Suppose that D be an F-metric on X, {a,,} c X is a sequence.
i. If {a,} be convergent to an element according to F-metric D, {a,,} is F —convergent to element a.

ii. If lim D(ay,,a,) = 0 then the sequence {a, } is F-Cauchy.

m,n—-oo
iii. If any F-Cauchy sequence be convergent, (X, D) is F-complete.

Definition 2.7. [11] Let T and S be self-maps onaset X. If Tx = Sx = y for some x € X, then x, y are defined
as a coincident point and a coincidence point, respectively. If x = Tx = Sx for some x € X, x defined as a
common fixed point.

Remark 2.8. [11] If T and S are weakly compatible, then the coincidence point y is the unique common fixed
point.

Theorem 2.9. [9] Let (X, D) be an F-metric space, f: X — X. Assume that the F-metric space (X, D) is F-
complete and there exists « € (0,1) such that D(f(a), f(b)) < aD(a,b) for a,b € X. Then f has a unique
fixed point a* € X. Furthermore, the sequence {a,} € X given by a,,.; = f(a,), n € N is F-convergent to
a*, forany a, € X.
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Remark 2.10. In the theorems and results we have given throughout the article; we will think that the map
g € F is surjective and y = 0 for the proof to proceed smoothly.

3. Main Results

In this part, we give generalizations of some known fixed-point theorems in the F-metric spaces. These are
coincidence points and common fixed-point theorems. Moreover, we denote some examples of the presented
results.

Theorem 3.1. Let (X, D) be an F-metric. Assume that S, T: X — X provides the below conditions

i. Forva,b € X,
D(T(a),T(b)) < kD(S(a),T(a)) +ID(S(b), T(b)) + mD(S(a), T(b)) + pD(S(b),T(a))
+ tD(S(a),S(b))

where k, [, m, p, and t are non-negativeand k + l+ m+p+t <1,

i. T(X) c S(X),

iii. T(X) or S(X) be an F-complete subspace.

Therefore, T and S have a unique coincidence point.

Furthermore, if T and S are weakly compatible, they have a uniqgue common fixed point.

Proor.

Let g € F, ¥ = 0 be such that for every a,b € X for vn € N, n > 2 and for V(t;)i; © X with (t1,t,) =
(a,b), we have

D(a,b) > 0= g(D(a,b)) < gL' D((ti tix)) +¥
From F,, for every sequence {a,,} € (0, +), there exists a € > 0 such that

lima, =0 lim g(a,) =—wand0<a<e=>g(a)<ge) —y
n—-oo

n—oo

Let ay, a; € X be arbitrary and {a,,} c X be the sequence defined by Sa,,,; = Ta,, = b,, forn € N. We have
that

D(by,bpy1) < (k+t)D(by_1,by) + ID(by, byyy) + mD(by_q,bpy1)
and
D(bn+1v bn) < kD (bnv bn+1) + (l + m)D(bn—l' bn) + pD (bn—l' bn+1)
for all n. Hence, from the above remark,

k+l+t+p+2m

D(by, byyt) <
(”'“0_2—M+l+m+m

D(bn—l' bn)

k+l+t+p+2m

PR r— then ¢ € [0,1) and D(by, by+1) < ¢ D(b,—1, by) is hold. We have

If we choose ¢ =

D(by, byt1) < c™D(bg, by)
Thus, for all n and z,
D(bn' bn+z) < D(bn: bn+1) + D(bn+1: bn+2) +-t+ D(bn+z—1: bn+z)

< (€™ + ™ 4 s+ 2D (bg, by)
n
<

D(by, b
_C(Oll)

holds.
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Since lim %D(bo,bl) = 0, there existsan, € Nsuchthat 0 < %D(bo,bl) < &, n = n,. From conditions
n—.oo 1— -

0<b<e=g(b) <g(e)—yandsince g is non-decreasing.

gD by, bis)) < (=D (by, b)) < g(€) —y,n 2 ng ...*
Using conditions (D) and (*),
D(bp,bpsz) > 0,n 215 = g(D(by, bus)) < gEZLTD (b, biv1)) +v < g(e)
Thus, we obtain that D (b, b,+,) < &,n = n, by (F;1). It is seen that this sequence {b,,} is an f —Cauchy.

Because of the range of S contains the range of T and the range of at least one is F-complete, there exists a
d € S(X) such that lim D(Sa,,d) = 0. Therefore there exists a sequence (x,) in [0,+ ) and x, — 0,
n—-oo

D(Sa,,d) < x,. Moreover, an e € X can be found, Se = d.
Now, show that Te = d. Suppose that D(Te, d) > 0. From the condition (D3),

g(D(Te,d)) < g(D(Te, Thy)) + D(Th,,d)+y,n €N
Using condition of theorem and g is non-decreasing,

g(D(Te,d)) < glc(D(Te,d) + 2D(Tby,, by,) + D(b,,d))] +y,n €N

Otherwise, using #_1)120 b, =0 (:)iiﬂog(b") = —oo and ,IIHEO[D(T& d) + 2D(Thy,, by) + D(b,,d)] =0, we
obtain that

AI_I)TOIO g(c[D(Te,d) + 2D(Tby, b,) + D(by,,d)]) + y=—o0

This is a contradiction. Consequently, D(Te,d) = 0, i.e., Te = d and so d is a coincidence point of T and S.
If d, is another coincidence point, there is e; € X with Te; = Se; = d;. Therefore,
D(d,d;) = D(Te,Te,) < cD(d,d,)

Hence, D(d,d,) = Othatisd = d,. If Tand S are weakly compatible, d is a unique common fixed point. a
Corollary 3.2. Let (X,D) be an F-metric space. Assume S, T: X — X provides the below conditions

i. Forva,b € X, D(T(a),T(b)) < cD(S(a),S(b)) where c < 1,

ii. T(X) c SX),

iii. T(X) or S(X) be F-complete subspace.
Therefore, T and S have a unique coincidence point.

Besides, if T and S are weakly compatible, they have a unique common fixed point in X.

Example 3.3. Let X = N be the set of positive real numbers. D: N X N — [0, o) be the mapping and for all
a,b €N,

(a—b)%, a,b€[0,10]

D(a,b) ={ la—bl, ab ¢][0,10]

If take g(a) = Ina, we can show that D be an F-metric by a routine calculation. Next, define T(a) = a® + 1
and S(a) = 2a?. Then, for all a, b € N we have

D(T(a), T (b)) =5D(S(a),S(b)) < cD(S(a),S(b)) for c < 1

T(X) =[1,00) c [0,0) = S(X). Moreover, T(X) is an F-complete subspace. That is, all conditions of
corollary are satisfied. T and S have a unique coincidence point.
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If ¢ =2 be a unigque coincident point, a =1 and b = —1 be coincidence points of S and T. But since
T(S(1)) # S(T(1)), S and T are not weakly compatible, so S and T have no common fixed points.

Theorem 3.4. Let (X, D) be an F-metric, S, T: X — X, S? be a continuous, and T commute with S. Assume
the below conditions is satisfied,

i. Foralla,b € X, D(T(a), T(b)) < au(a, b) where a € (0%) is a constant and

u(a,b) € {D(S(a),S(b)),D(S(a),T(a)),D(S(b),T(b)),D(S(a), T(b)),D(S(b),T(a))}

ii. TS(X) c S2(X),

iii. T(X) or S(X) be F-complete subspace.
Therefore, T and S have a unique common fixed point.
Proor.
Letg € F,y € [0, ) besuchthatforva, b € X foreveryn € N,n > 2 and forevery (t,)iL; € X, (t1,tn,) =
(a,b), we have

D(a,b) > 0= g(D(a,b)) < gES' D((ti, tis1)) +v

From F,, for every sequence {a,,} < (0, +0), there exists a € > 0 such that

n — o lim an=0=>rllimg(an)=—ooand0<a<e=>g(a)<g(s)—y

n—-oo

Let apge S(X) be arbitrary and {b,,} c S(X) be the sequence defined by Sa,.,=Ta, = b, for n € N. Now
Sbyy1 = STa,1=TSa, .1 = Th, = c,, n = 1. We show that {c, } is an F-Cauchy sequence, so convergent to

some ce X. We denote that S%c = TSc.
Since lim Sb,, = lim STa,=lim TSa, = lim Th, = lim ¢, = c, it follows that lim S*a,=lim S3Ta,, =

lim TS3a,, = S?c, since S? is continuous. Thus, we get

n—oo
D(S%c,TSc) < D(S%c,S3Ta,) + D(S3Ta,, TSc) < D(S%c,S3Ta,) + au,
where u,, € {D(S*a,,S%c),D(S*a,, TS3a,),D(S?c,TSc),D(S*a,, TSc),D(S?c,TS3a,)}.

Choose any ng € N, for all n > n,, since S3Ta,, —» S%c and S*a,, = S?c, then we have D(S?c,S3Ta,) < x,
and D(S*a,, S%c) < y,, as x,, —» 0 and y, — 0. We have the five cases:

Case 1: D(S?%c,TSc) < D(S%¢,S3Ta,) + aD(S*a,,S*c) < x, + ay,
Case 2:
D(S%c,TSc) < D(S%c,S3Ta,) + aD(S*a,,TS3c)

< D(S%¢,S%Tay) + a(D(S*an, S%c) + aD(TS3ay,, S?c))
< x, +alm +x,)
=1+ a)x, +ay,

Case 3: D(S2¢,TSc) < D(S?c,S3Ta,) + aD(S%c, TSc) < 1"_—na
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Case 4:
D(S%c,TSc) < D(S%c,S3Ta,) + aD(S*a,, TS3c)
< D(S%c,S3Tay) + a(D(S*a,, S?c) + D(TSc,S%c))
Xn +ay,
)
Case 5:
D(S%c,TSc) < D(S%c,S3Ta,) + aD(S5%c,TS3a,)
<x,+ax,
<A+ a)x,
Therefore, D(S?c, TSc) = 0 thatis S?c = TSc. TSc is acommon fixed point for T and S. Put in the inequality

D(Ta,Th) < au(a,b),a = TSc, b = Sc we get T(TSc) = TSc. Since S?c = TSc, i.e. S(Sc) = T(Sc), we
have S(TSc) = TS?c = T(TSc) = TSc.

4. Conclusion

In this work, we present some new common fixed-point theorems in F-metric spaces. Moreover, we give some
examples that support our results. Our results extend and generalize the fixed-point theory. We hope that our
research results offer a mathematical foundation. In future studies, we will explore the concrete applications
of the obtained results.
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1. Introduction

Many phenomena in the real world are governed by nonlinear evolution equations (NLEES). Hence, it is
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balance method [3], the trial function method [4], the (%’) expansion methods [5], the Kudryashov method [6].

The Exp-function method was used by many researchers to solutions of various NLEEs [7-10]. Also, new
exact solutions of the nonlinear evolution equations may be obtained using different methods.

Travelling waves arise naturally in many physical systems, usually described by partial differential
equations. Solitary waves, also known as 'solitons', are a particular travelling wave class with some special
properties. Solitons can usually propagate over large distances without dispersion due to certain nonlinear
effects cancelling out dispersive effects. They also have the additional property that they can interact with
other solitons such that they emerge following a collision without changing shape, apart from a small phase
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Traditional real problems are defined with integer-order nonlinear evolution equations, characterized by
theirs. However, the nonlinear evolution equations with integer-order derivatives are ideal classic events,
which are not suitable for describing irregular phenomena. On the other hand, Fractional differential equations
have become preferable, despite the difficulty in calculations, since they give more real results than standard
integer order nonlinear evolution equations. Difficulties in fractional calculus have begun to be overcome
thanks to new fractional derivative definitions and theorems made in recent years. The most popular definitions
of the fractional derivative can be listed as the conformable derivative [11], the Caputo derivative [12],
Riemann-Liouville derivative [12], Atangana-Baleanu derivative [13]. The new trends in exact solution
research are to find new exact solutions and to develop new solution mechanisms.

Lately, Khalil et al. defined a limit-based fractional derivative in 2014 [11], named the conformable
fractional derivative. The structure of this new definition of fractional derivative is simpler than that of other
popular fractional derivatives.

The definition of conformable fractional derivative is given as follow.

Let f: [0,,0]—>R. Then, the conformable fractional derivative of order « is defined by

1-a
L(F®) = g%f(t +eti=M) — £(1) W

&

forall t > 0 and « € (0,1]. If f is a-differentiable in some (0, @), « > 0 and tlirgnga(f(t)) exists, then

(Tef)(©0) = lim T (£(2)) @

f[a—ll (t+£t[“]_a) _f[a—l] )
&

In addition to this definition, it is known that T, (f(t)) = lim such that a €
E—

(n,n + 1] and function f is n-th order differentiable at a point for t > 0, where [.] ceil function, [«] is the
smallest integer no larger than a [11].

This paper applies the Exp-function method to new exact solutions of fractional Bad and Good modified
Boussinesq equations with conformable derivative. The rest of this paper is organized as follows: Some useful
properties of the conformable fractional derivative and mechanism of the Exp-function method are given in
Section 2. Exact solutions of the fractional Bad and Good modified Boussinesq equations are obtained in
Section 3. Finally, the conclusions of this paper are given in Section 4.

2. Preliminary and The Exp-Function Method

It is well known that most of the events that develop in mathematical, physics and engineering fields can be
described by partial differential equations (PDES). So, partial differential equations are useful tools for
mathematical modelling. First, the Exp-function method is defined by He and Wu (2006) and applied to various
applications by many scientists [14-20]. The exact solution of non-linear partial differential equations is
obtained by the Exp-function method. First, the partial differential equation is reduced to the ordinary
differential equation and referred to the exact solution using the exponential function method. The Exp-
function method is an effective method for solutions of the non-linear evolution equations that emerges in
mathematical physics, applied mathematics and engineering applications. The Exp-function method also gives
generalized single and periodic solutions of the nonlinear evolution equation. Some solutions of fractional Bad
and Good modified Boussinesq equations with the aid of auxiliary equation method are obtained by Durur et
al. [21].
We consider a general nonlinear PDE in the form

P = (X, 5,U, Uy, Uy, Uy, Uxy) Uyy, .. ) = 0 3)

Let us introduce a complex variable & = kx + wt where k and w are constants. We rewrite Equation
(3) in the subsequent nonlinear ODE:
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Q(u, u/' uu’ uur’ ) =0 (4)
where the prime denotes the derivation concerning ¢ [4]. According to the Exp-function method, we assume
that the solution can be expressed in the form

2;11=—C ane(nf)

u(é) = %0 by e

(5)
where ¢, d, p and q are positive integers, a,, and b,,, are unknown constants to be observed. Without loss of
generality, if we take d = ¢ = ¢ = p = 1 then Equation (5) can be written as follow,

a_;&+ ag + a,et
u(® = -
b_ie s+ by+ e

(6)

Here, the constant b, is taken as 1 for simplicity. It will arrive us to a set of algebraic equations for the
unknowns a,, a; ,a_y; by, b_1; k, w. Some useful theorems are given by Ebaid [22] for this subject.

Theorem 2.1. Suppose that u™ and u(") are respectively the highest order linear term and the highest order

nonlinear term of a nonlinear ODE, where r and y are both positive integers. Then the balancing procedure
Z%:—cane(nf)

using the Exp-function ansatz; u (¢) = ST
m=—-p~-m

leadstoc =dandp =q,Vr=1,vy = 1[14].

i) Suppose that u™ and u®u®) are respectively the highest order linear term and the highest order
nonlinear term of a nonlinear ODE, where r, s and k are all positive integers. Then the balancing procedure
using the Exp-function ansatz leadstoc = dandp = q,Vr,s,k > 1

i) Let u™ and (u)Y be respectively the highest order linear term and the highest order nonlinear term
of a nonlinear ODE, where 1, s and y are all positive integers. Then the balancing procedure using the Exp-
function ansatz leadstoc =dandp = q,Vr,s = 1,Vy = 2

iii) Suppose that u™ and (u®))Yu™® are respectively the highest order linear term and the highest order
nonlinear term of a nonlinear ODE, where r,s,y and A are all positive integers. Then the balancing
procedure using the Exp-function ansatz leadstoc =d andp = q, Vr,s,y,A > 1

Theorem 2.2. [11] If f and g functions are o -differentiable at a pointt > 0 for < (0,1], then
a) To(Af () + 8g(®)) = AT, (f(©)) + 6T,(g(t)) , forall 5,2 € R
b) T, (tP) = ptP~% forallp € R
c) T,(c) = 0 for all constant c.
d) T.(f(Og®) = FOT(9(D) + gOT(f )

F®)Y _ 9OT(fO)-FO)Ta(g(®))
&) T (g(t)) B (9(0)

f) If the function f is differentiable, T, (f(t)) = tl‘“c;—’;.

In addition, a-th order conformable fractional derivatives of some functions are given as,
i) T,(e*) = at'™% % va € R
i) T,(sin (bt)) = bt~%cos (bt) , Vb € R

iii) T,(cos (ct)) = —ct'™%sin(ct),Vc € R

)T, (5) =1
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e
1 () -0 (2
Vi) T, (eg) = e
3. Fractional Bad and Good Modified Boussinesq Equations

The Boussinesq equation is first discovered by Joseph Boussinesq in 1870 [23]. This equation is one of the

non-linear partial differential equations in plasma that have applications in many areas, such as ion sound

waves, shallow water waves modelling, longitudinal propagation waves in elastic bars, suppressed waves in

liquid-gas foam mixtures and the propagation model of these waves. Then, the Boussinesq equation is modified

to adapt to deeper water problems and hence there are many new forms of this equation in the literature [21,23].
Time-Fractional Bad Modified Boussinesq Equation is denoted by

D@y — D2u — D¥u — 3DZ(u?) + 3D, (u?Dyu) = 0 (7)
Time-Fractional Good Modified Boussinesq Equation is denoted by
D@y — D2u + D#u — 3DZ(u?) + 3D, (u?Dyu) = 0 (8)

We are now ready for solutions of Time-Fractional Bad Modified Boussinesq Equation using the Exp-
function method to produce a solution set. In view of the Exp-function method, we assume that the solutions
of Equation (7) can be expressed in the form,

B Zgz_cane(nf)
u(’f) — Yv4a bme(mf)

m=—p

By using Theorem 2. 2. (f) and the travelling wave transformation as follow,

a

u(e,t) = u(®) £ = x —w— )

and therefore, the Equation (7) convert to an ordinary differential equation. Here a,, and b, are unknown
constants, w denotes the velocity of the wave, and prime denotes the derivative of the functions concerning é.

By applying the wave transform in (9), the equation in (7) is obtained to the following ordinary differential
equation.

(—w? — Du' —u® — 6w’ — 6un’ + 6un’’ + 3uu’ =0 (10)

By applying the wave transform in (9), the equation in (8) is obtained to the following ordinary differential
equation.

(—w? — Du" +u® — 6w’ — 6un’ + 6un’’ + 3uu’ =0 (11)

Firstly, substitute Equation (6) into Equation (10) and Equation (11), then the unknown parameters are

obtained by using Maple Software.
Hence, we obtain all the solutions related to Bad and Good Modified Boussinesq Equations cases. We
balance the linear term of the highest order of Equation (10) u*” with the highest order nonlinear term u?u’’,\we

setp = ¢ = 1and g = d = 1, then the trial solution of Equation (10), reduces to

-1
- [Coe® + Ce® + Cre¥ + 018 + Co+ Cet +C e + C3e ¥ +C 4] =0 (12)


https://www.sciencedirect.com/science/article/pii/S0898122110004967#fd000040
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and all coefficients must be zero for the solutions of Equation (12). Hence, we get

A

Cs

C3

=b_1(e7¥+ by + e%)°;

= —2a, + 3a%a, — 6aga; + 6aiby — 3aiby + 2a;by — w?a, + w?a, by,

= —20a_, + 24a?b_, + 20a,b_; + 12a?a_, + 9a3b — 6a2b¢ — 12a3b_; + 12a,a}
—24aia_, — 4w?a_, — 10a,b3 + 10ayby + 4w?a,b_, + 18a,byay — w?aghy + w?a, bé
—21a?ayby — 12a;

=9a3 + 4w?agb_; — 70a,b_1by — 12a2byb_, — w?a b3 — 12a,a_,by — 21a?a_, b,
—2laybya3 + 12aga?b? + +18a,a0bi + 78a,a¢b_; — 11w?a_by — 66ayaib_, — 10ayb3
+80ayb_; — 54a_jaq — 10a_1by — 12a2b3 + +33a3byb_, + w?aghé + 7w?a byb_,
+10a,b3 — 6a3b, + 54a,a9a_q;

= —w?a,b§ — 84a,a3b_; + 4w?a,;b?, — 24a?b?, + 56a,b2b_, — 6aya,b3 — 78a_,ayb,
+3a3a,b? + 3a_,a?b3 — 4w?a_,b_; + 12a_,a,;b3 + 72a_,a,;b_; — 54a?b_,b3 — 11w?a_, b}
+w2aghd — 84aia_1b_, + 34agbyb_q + 36a3b_, — 48a%, + 2aobd + 48a_,a3 — 2a, b}
—172a,b?; — 3a3by + 48a,a%; + 36a3b?; + +6a3bé + 172a_,b_, — 22a_,b}
+51aga?byb_q + 84aga by b_1 + 13w2agbgb_, — 2w?a,b_1b3 — 18a_,aya, by;

= 110a_,b_1bg — 90a3ib?, by + 15a_,bya? + 15a_,a?b_1by + 75a5aib?, + 30aya,b?,
—5w?a_1b_1by + 10w?agb_1b3 + 15a,byadb_, + 10w?ayh?; — 10a_,b§ — 220a,b?,
+30a_jagb_; — 5w?a_;b3 + 15a2,a,by + 110a,b%,by — 10a;b_,b§ + 20ayb_,b3 — 30a3b_,
—30a,a9béb_, — 30a_,b3a, — 5w?a;b? by + 60aib_1by — 90a?,by + 120a_,a,b_1 b,
—5w2a;b_1b3 — 180a_,aga,b_, + 75a4a?;;

= —172a_,b?%; + 172a,b3, — 24a*,b_, + 36a3b?, — 2a_,b; — 48aib3, — 54a? b}
+48a,a3b?; — 22a,;b?b¢ + 6a3b_,b3 — 84a_,aib_, — 6aga_,;b3 — 34ayh?, b,
+48a_,a?b?; + 3a®,b3a, + 3ada_,b¢ + 4w?a_,b%, — 3a3b_1by + 72a;a_,b%; — w?a_,bg
+51aga?,by — 4w?a b3, + w2agh_1b3 + 12a_,bja,b_; + 13w?agb?,by — 2w?a_,b5b_,
—11w?a,b3b?; + 2ayb_,1b3 — 84a2,a,b_; + 84a_,agb_1by — 78a,b? a,b,
—18a_,aga;b_1by + 36a3, + 56a_,b_,b3;

=9a3b?; — 12a3,b3 + 80ayb3; + 33a3,by + 12aya?,bé + 4w?agh3; + 10a_,b_, b3

—54aqga;b3, — 70a_,b2,;by — 12a2,b_1by — 66a2,agb_1 + 78a_,aob?%; — 10a,b3, b,

12
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—6a3b?,by — 10ayb?,b3+18a_,bZagh_, + w?agh?,b3 — 12a_,bga,b?; — 21a_,bya3b_,
—11w?a;b3,by + 54a_ja;a0b?; —w?a_1b3b_; — 21a2,a,bob_1 + 7w?a_,b?%,by;

C_3 = 18a_,bgagh?, — 21a? agbgb_, — 12a3,b_; + 24a%,b?; — 20a,b*; + 10ayb3, b,
—w2agh3 by + w?a_1b2,;b3 — 12a3b3; + 9a3,b3 + 20a_,b3, — 10a_,b?,bZ + 4w?a_, b3,
+12a%,a,b%; — 4w?a,b*, — 6a%,b3b_; + 12a_,a3b?; — 24a_,a,b3;

C_y =w?a_1b3,by — 2ayb*; + 6a2,b%,by + 2a_,b3,by — 3a3,byb_, + 3a%,ayb?; — 6a_,ayb3;
—w?2agb?, ;

All the coefficients of e must be zero. Hence, we produce a system of algebraic equations which the
Maple can tackle to produce the subsequent cases of solutions:

Case 1:
ap = ayby,a-; = ayb_4 (13)
Replace these outcomes into Equation (6), we produce a subsequent exact solution,
u(@) =a; (14)

where a, is a free parameter.

48
46
444
42

L

384
364
344
324

Fig. 1. 3D and 2D plots of travelling wave solutions (Case 1)
The plots indicate the wave solutions for a; = 4 in Equation (14).
Case 2:

a, =0, by=0,a,=1,w=2V2I,w=—-2v2I,b_; =0 (15)
Replace these outcomes into Equation (6), we produce a subsequent exact solution,

<€+ ef
u) =2 (16

where a_; is a free parameter.
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1 2
X
Fig. 2. 3D and 2D plots of travelling wave solutions (Case 2)
The plots indicate the wave solutions for a_; = 3 in Equation (16).
Case 3:
ay=0by=0,a;,=1+V2,a,=1-V2,w=IN2,w=-1\2 17)
a_1 = _(1 + \/E) b—l + Zb_]_, a_l = _(1 - \/E)b_l + Zb_l
Replace these outcomes into Equation (6), we produce a subsequent exact solution,
@ (—(1+v2)b_y +2b_4)e™s + (1 +V2)et (18)
u =
b_je~% +eb
where b_, is a free parameter.
a_
5_
4_
2 1 = 1 2
. F
_4_
_6_
_8_
104
123
-144
-16
-184
. E
., E

Fig. 3. 3D and 2D plots of travelling wave solutions (Case 3)
The plots indicate the wave solutions for b_; = 5 in Equation (18).

Case 4:

1 1 1
a_1=0,b_1=0,a1=1+§\/§, a1=1—§\/§,w=§1\/14 (19)
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1 1 1
W=_EIV14, aO=_(1_E\/§)b0+2b0,a0=_<1+§\/§)b0+2b0
Replace these outcomes into Equation (6), we produce a subsequent exact solution,

-(1 —%\/E) bo + 2bg + (1 —%x/i)ef

u = 20
© T (20)
where by is a free parameter.
0.8
06
2 1 0 1 2
X
Fig. 4. 3D and 2D plots of travelling wave solutions (Case 4)
The plots indicate the wave solutions for b, = 2 in Equation (20).
Case 5:
1
a_1=0,b0=a0,a1=0,W=I\/§,W:_I\/§, b_1=§a02 (21)
Replace these outcomes into Equation (6), we produce a subsequent exact solution,
Qo
u(§) =7 (22)
gao’e ¢ +ag+ef
where a, is a free parameter.
1 2

Fig. 5. 3D and 2D plots of travelling wave solutions (Case 5)
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The plots indicate the wave solutions for a, = 6 in Equation (22).
Case 6:

1 1 1 1 1 1
a_q = —a02 + E(l _E\/E) aOZ - (1 _E\/E) boao + Z(l - E‘/E) boz + Zboao _EbOZ

1 1 1 1 1 1
a_y = —ay’ + E(l + 5‘/5> ag? — (1 + 5&) boao + Z(l + E\/E) bo® + 2bgag — Eboz (23)

1 1 1 1 1 1
b—l :bOaO_EaOZ_ZbOZ'WZEIV14'W= _EIVILI',al = I_Eﬁ,al = 1+§\/§

Replace these outcomes into Equation (6), we produce a subsequent exact solution,

1/ 1 1 1/ 1 1 1
© (—aoz + 5(1 _Eﬁ) a,? - (1 —E\/E) boa, + 1(1 —E\/E) bo? + 2bya, — Eboz) e +ay+ (1 —E\/E)ef
ulé) =

1 1
(boa0 - anz - Zboz) e+ b, +¢é

(24)

where by and a,, are free parameters.

Fig. 6. 3D and 2D plots of travelling wave solutions (Case 6)
The plots indicate the wave solutions for a;, = 1, by = 1 in Equation (24).

Case 7:
bo(a;?— a; — 1
ap = (e — ! ),W=\/—6al+3a12—2,w= —J/—6a, +3a,2-2 (25)
- 1by*(2a1- 4a;+1) _ 1b*(2as%-4a,+1)ay
178  (-14ap?2 7178 (—1+ay)?

Replace these outcomes into Equation (6), we produce a subsequent exact solution,
1by*(2a;% — 4a; + Day\ _¢ | bo(a:® — a; — 1)
ol > e+ =
8 (-1+ay) 1+ay

1b*(2a,% = 4a, + D) ¢ ¢
(8 1+ a)? es+by+e

+ aleE
u($) =

(26)

where b, and a, are free parameters.
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1.8+
174

Fig. 7. 3D and 2D plots of travelling wave solutions (Case 7)
The plots indicate the wave solutions for a; = 2, b, = 1 in Equation (26).

Case 8:

1 1
a_, = —§a02,b0 = 0,a1 = 1,W = I\/E,W = _I\/g,b_l = §a02 (27)

Replace these outcomes into Equation (6), we produce a subsequent exact solution,

—ag%e% + 8a, + 8

u(§) = (28)
ape=% + 8ef
where a, is a free parameter.
75
.."o':.{{.:.:,:%g;
2

3 b

Fig. 8. 3D and 2D plots of travelling wave solutions (Case 8)

The plots indicate the wave solutions for a, = 1 in Equation (28).

Therefore, the full solutions of the Time-Fractional Bad Modified Boussinesq equation for the above
conditions have been obtained. Now let's solve the Time-Fractional Good Modified Boussinesq equation using
the Exp-function method.

We balance the linear term of the highest order of Equation (11) u' with the highest order nonlinear term
u?u’, wesetp = ¢ = 1and g = d = 1; then the trial solution, Equation (11), reduces to


https://www.sciencedirect.com/science/article/pii/S0898122110004967#fd000040

Journal of New Theory 37 (2021) 8-25 / New Exact Solutions of Conformable Time-Fractional Bad and Good ...

and for the solutions of Equation (29), all coefficients must be zero.

B
Dy

Ds

D_,

= (b_1e7% + by + e%)5;

=w?a,by — 3a3b, — 6a,a, + 6a?b, — w?a, + 3atay;

= 24a?b_, — 12a,b_; — 24a,a_, + 12a%a_; + 12a,b3 + 12a,a3 — 12a3b_, — 4w?aq,
+9a3b¢ — 21aga?b, — 6a?b3 — 12a4by + 4w?a,b_; — w?agby + w?a; b3 — 12a3 + 12a_,
+18a,byay;

= —12a,b3 — 72aob_; — 12a?b3 — 12a_,by — 66a2b_,a, + 12a,b3 — 54a_,a, + 9a3
+18a,b3ay — 11w?a_by + 33a3b_1by + 12a9a?bé — 21a2b_, by + 54a_ja9a; — 12a_,a, by
+84a,b_1by + 4w?agh_, + w?aghé — 21a,bga3 — w?a,b§ + 78a,b_1aq — 12aib_1 by
—6a3by + 7w?a,;b_1by;

= —3a3b, + 180a,b?; + 36a2b_, + 48a_ a3 — 24a?b?, + 6a2b? + 48a,a%, + 36a3b?,
—180a_,b_; + 3a_,a?b% — 18a_,apa by — 2w?a,b3b_; — 11w?a_,b3 — 78a_,ayb,
+13w2aybob_q + 84a,b_iagby + 51agaib_,by + 72a_,a,b_, — 84a,b_ a3 — 54a?b_,b}
+60ayb_1by + 4w?a,b?, — 6aga,; b3 — 48a2, + w?aybd + 12a_,a,b3 — 84a?a_,b_,
+3ada,; b5 —w?a,b; — 60a,;b_ b3 — 4w?a_,b_q;

= —30aqa,b?; + 75a9a?b?; + 10w?ayb?, + 240ayb?, + 120a_,a,b_,by + 15a?a_,b_1 by
—90a?b?,by — 90a?,by — 30a%,aybé + 15a_,byad — 120a,b?,by — 120a_,b_, b,
—30a,béayb_, + 15a;a%,by — 180aga_ja,b_; + 10w?aybdb_, + 15a,bga3b_, + 75aqa?,
—5w2a_b_1by — 5w?a,b3b_, — 5w?a,byb?; — 5Sw?a_,b3 — 30a3b_, + 60a3b_ b,
+30aya_1b_q;

= 36a3, — 6aga_ b3 — 4w?a, b3, — 3adb_,by + 3a3a_,bé + 6a3b_,b5 — w?a_,b¢
—84a%,a,b_, — 84a3a_,b_, + 48a,a%b?, + 60a,b?,;by — 60a_,b_,b3 + 3a%,a,b?
+4w?a_,b%; + 51aga’ by + 48a_,a?b?; + 72a_,a,b?; + 180a_,b2; — 180a,b3; — 48a3b3,
—54a2,b3 — 24a?,b_; + 36a3b?; + w?agh_,b3 + 13w?ayb?,by — 78a,b?,ayb,
—11w?a,;b3b?, — 18aga_,a,bob_; + 12a_,bZa;b_, — 2w?a_;bZb_; + 84a_,aybob_q;

= w?ayb?,b3 + 54a_,apa,b?; — 21a_jadbob_; — 11w?a,;b3,by + 18a_,bZayb_,

18

-1
5 [Die®® + D3e3 + Dye? + Dieé + Dy + D_je 4 +D_ye ¥ + D e 3 + D e =0  (29)
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+7w?a_1b2,by — 12a_,bya,b?, — 21a%,a,bgb_; — w?a_1b3b_; + 9a3b?, — 72a,b3,
+33a3,by — 12a%,b3 — 66a%,ayb_, + 84a_,b2,by — 12a,b3,by + 78a_,ayb?, — 6a2b?,b,
+4w?agh3; —12a_1b_1bd + 12a4b?,b3 + 12a4a? b3 — 54a,b3,ay — 12a%bob_q;

D_; = 24a%,b?, + 12a,b*, — 12a_,b3, + 9a3,b% — 12a2b3, — 12a3,b_; + 12a_,a3b?,
+12a_,b?%,b% — 12a4b3,by + w?a_,b2,b3 — 21a2,aob_,1by + 18a_,aob?,by — w2ayb3, b,
+12a%,a,b%; — 4w?a,b%, — 6a%,b3b_4 + 4w?a_,b3; — 24a_ja,b3;;

D_, =w?a_;b3,by — 3a3,b_1by — w?ayh?, — 6a_jayb3; + 6a%,b? by + 3a2,aoh?;;

All the coefficients of e™$ must be zero. Hence, we produce a system of algebraic equations which the
Maple can tackle to produce the subsequent cases of solutions:
Case 1:
ap = aibg,a-1 = a;b_4 (30)
Replace these outcomes into Equation (6), we produce a subsequent exact solution,
u(@) =a; (3D

where a, is a free parameter.

I8
361
34
327

[S1]

287
261
24
221

-]
(R

2 1 0

Fig. 9. 3D and 2D plots of travelling wave solutions (Case 1)
The plots indicate the wave solutions for a; = 3 in Equation (31).
Case 2:
ao=0,by=0,a;,=1,w=0,b_,=0 (32)
Replace these outcomes into Equation (6), we produce a subsequent exact solution,

=< 3
u) =28 (33)
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where a_, is a free parameter.

1 2
X
Fig. 10. 3D and 2D plots of travelling wave solutions (Case 2)
The plots indicate the wave solutions for a_; = 3 in Equation (33).
Case 3:
ay=0,by=0a,=14+1V2, 0, =1-IN2,w=1/6,w=—-IV6 (34)
a_1 = _(1 + I\/i) b_1 + 2b_1, a_1 = _(1 - I\/i)b_l + 2b_1
Replace these outcomes into Equation (6), we produce a subsequent exact solution,
@ (—(1+ IW2) b_y + 2b_y)e~* + (1 + IV2)e? (35)
u =
b_je~% +es
where b_, is a free parameter.
140
124
100
M_
m_
m_
m_
]
1 o 1 2
X
Fig. 11. 3D and 2D plots of travelling wave solutions (Case 3)
The plots indicate the wave solutions for b_; = 1 in Equation (35).
Case 4:
1 1 3
a_,=0,b_;=0, a1=1+§1\/§, a1=1—51\/§,w=51\/§ (36)

3 1 1
w = _El\/i, ao - —(1—51\/E)b0+2b0, ao - _<1 +Elﬁ)b0+2b0
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Replace these outcomes into Equation (6), we produce a subsequent exact solution,
— (1= 22) by + 2by + (1 — 3 VD

= 37
u(®) T (37)
where b is a free parameter.
1 2
X
Fig. 12. 3D and 2D plots of travelling wave solutions (Case 4)
The plots indicate the wave solutions for b, = 1 in Equation (37).
Case 5:
a_;=0,by = —ag,a; =0,w=0,b_; = §a02 (38)
Replace these outcomes into Equation (6), we produce a subsequent exact solution,
Qo
u@) =5 (39)
gao’e ¢ —ag+ef
where a, is a free parameter.
4_
3_
2_
2 1 0 1 2

Fig. 13. 3D and 2D plots of travelling wave solutions (Case 5)



Journal of New Theory 37 (2021) 8-25 / New Exact Solutions of Conformable Time-Fractional Bad and Good ... 22

The plots indicate the wave solutions for a, = 4 in Equation (39).

Case 6:
1 1 1 3 1 3
a_1 = aoz __<1 +_I\/§> aoz + (1 +_I\/§> boao __<1 +_I\/§> b02 - Zboao +_b02
2 2 2 4 2 2
1 1 1 3 1 3
a_,=ay?— E(1 - E1\/5) ay? + (1 —51\/2) boag — Z(l —51\/2) bo* — 2byay +Eb02 (40)

1 3 3 3 1 1
b_1 = _boao +Ea02 +Zb02,W = EI\/E,W = —51\/5,(11 =1 _Elﬁ’al =1 +§I\/§

Replace these outcomes into Equation (6), we produce a subsequent exact solution,

1 1 1 3 1 3 1
© (aoz —5(1 + 51\/5) a? + (1 + 51\/5) boay — Z(l + 51\/5) bo? — 2bya, +Eb02) e +ap+(1- Elﬁ)ef
ul(é) =

(41

1 3
(—boao + anz + Zboz) e® +by+eét

where b, and a, are free parameters.

-
R

Fig. 14. 3D and 2D plots of travelling wave solutions (Case 6)

The plots indicate the wave solutions for a, = 1, by = 1 in Equation (41)

Case 7.
by(a;2— a; +1
gp= T mtl) e et w = —/6a, 307 (42)
-1 +a1
= lboz(zalz — 4aq + 3) a_, = 1b02(2a12 — 4a; + 3)a1
-1 ) (_1 + al)Z »7-1 8 (—1 + a1)2

Replace these outcomes into Equation (6), we produce a subsequent exact solution,

1b02(2a12 — 4a, +3)ay o=k + bo(a;? — a; +1)
8 (—1+a;y)? -1+a

1b02(2a12 - 4a1 + 3) _%’ %’
(8 1T a)? es+by+e

+ aleE

u@®) = (43)

where by and a, are free parameters.
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221
2151
2 R 0 1 2
X
Fig.15. 3D and 2D plots of travelling wave solutions (Case 7)
The plots indicate the wave solutions for a; = 2, b, = 1 in Equation (43).
Case 8:
1 2 1 2
a_1=§a0 ,b0=0, a1=1,W=I\/?_),W=_I\/§, b_1=§a0 (44)
Replace these outcomes into Equation (6), we produce a subsequent exact solution,
—a-le—¢ ¢
ap“e™* + 8ay + 8e
u(é) = 45
© ag?e~¢ + 8ef (45)
where a, is a free parameter.
2

Fig. 16. 3D and 2D plots of travelling wave solutions (Case 8)

The plots indicate the wave solutions for a, = 1 in Equation (45).

Remark: With the aid of Maple, we have verified all solutions in Section 3 by putting them back into the

originals Equations (10) and (11).
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4. Conclusion

In this paper, we have been obtained the new exact solution of the Conformable Time Fractional Bad and
Good Modified Boussinesq Equations. We converted the Conformable Time Fractional Bad and Good
Modified Boussinesq Equations into an ordinary differential equation with the help of a travelling wave
transformation. We obtained new exact solutions by using the Exp-function method, which is different from
previous literature works. These results show that the Exp-function method is a powerful and effective
method to obtain the exact solutions of nonlinear evolution equations born in mathematical physics and
non-linear dynamic systems.
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Article History . L . " .
) fined on three non-intersecting intervals with four supplementary conditions which
Receied: 03 Nov 2021 50 imposed at two internal points of interaction, the so-called transmission condi-
Accepted: 28 Dec 2021  tions. We first prove that the eigenvalues are real and the system of eigenfunctions
Published: 31 Dec 2021  is an orthogonal system. Secondly, some auxiliary initial-value problems are defined
10.53570/jnt. 1018600 fm.d. transmlttal—characterilstlc function is .constructed in terms of solutions of. these
) initial-value problems. Finally, we establish that the eigenvalues of the considered

Research Article problem are the zeros of the transmittal-characteristic function.

Keywords — Periodic transmittal Sturm-Liouville problem, characteristic function, spectrum

Mathematics Subject Classification (2020) — 34B24, 34L15

1. Introduction

This paper is aimed at studying a discontinuous spectral problem consisting of the three-interval
Sturm-Liouville equation

Exy = —y"(x) +q(@)y = My(z) z€[T1,c1) U(c1,e2) U (co, T (1)

the periodic boundary conditions
Oy = y(Th) —y(T2) =0 (2)
by ==y () —9'(T2) =0 (3)

and supplementary transmission conditions, which are imposed at the points of interaction ¢; and co,
given by

3y :=y(cy) —y(cf) =0 (4)
by :=y'(c7) —y'(cf) =0 (5)
and
sy :=y(cy) — By(cf) =0 (6)
fo = v/ (c5) — 5/ (e]) =0 (7)

respectively, where ¢(z) is a real-valued function, A € C' is a complex spectral parameter and the
coefficient 8 # 0 is real numbers. In investigating the periodic flow in a rod, C. Sturm and J. Liouville
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in the first half of the 19th century were led to the definition of class of Sturm-Liouville problems
consisting of self-adjoint linear differential equation of the form

- %(K(x) dFdSU)) +l(x)F(z) = A\q(x)F(x) for x € [a,] (8)

together with the boundary conditions of the form
K(a)F'(a) — hF(a) =0 9)
K(b)F'(b) —HF(b) =0 (10)

They obtained some results that characterized by the general and qualitative nature of the solutions.
They also proved that there exists infinitely countable number of values A1, Ao, ... of spectral param-
eter \ with the corresponding non-trivial solutions F(z), Fa(z), ..., the so- called eigenfunctions, and
discussed the qualitative behavior of these eigenvalues and eigenfunctions, such as the asymptotics of
eigenvalues, the zeros of the eigenfunctions that could be used in a variety of physical situations.These
results have inspired much of branches of modern analysis and spectral theory of linear differential
and integral operators, and continue to do so. The existence of periodic and oscillatory eigenfunctions
important in the spectral theory of differential operators. We know that periodic boundary value
problems of Sturm-Liouville type have been widely investigated due to their application in physics
and engineering. For example, consider the heated string bent into a circle. Since the two ends of this
string are physically the same, we would expect that the temperature and the temperature gradient
to be equal at these endpoints. This situation is modelled by boundary conditions of the form

which are called periodic boundary conditions.

Periodic Sturm-Liouville problems for various type differential equations have been studied exten-
sively in the literature( see, for example, [1-5] and references therein). In the paper [2], the authors
considered the problem

—u”" 4+ h(s)u = Ag(s,u), 0<s<m
{ uw(0) = u(27), «'(0) =u'(2n)
and
u' +h(s)u=MNg(s,u), 0<s<m
{ u(0) = u(2m), «'(0) =u/(2m)

where h € L(0,27),g : [0,27] x RT — R is continuous, \ is a positive parameter. In the work [3],
a new existence theorems for a nonlinear periodic boundary value problem of first-order differential
equations with impulses are established. In the article [4], the topological degree theory is applied to
show the existence of positive solutions to the periodic Sturm-Liouville problem. In the paper [5] the
eigenvalues of regular periodic and semi periodic Sturm-Liouville problems are considered. Binding
and Rynne [6] considered the nonlinear Sturm-Liouville problem

{ (—py)" + oy = ay™ — by~ + Ay
y(0) = y(27), (py)'(0) = (py)'(27)

where 1,0 € L'(0,27) with p > 0 on (0,27), a,b € L'(0,27) X is a real parameter, and y*(t) =
max{+y(t),0} for ¢t € [0,2n]. It is showed that a sequence of half-eigenvalues exists and obtained
degree theoretic properties associated with set of half-eigenvalues. In recent years, many spectral
properties of periodic Sturm-Liouville problems have been studied and many techniques have been
developed by many authors(see [7-16] ).

Boundary value problems including transmission conditions appears in many fields of natural
sciences. Recently, such type of transmission problems have been an important topic in theoretical
and applied mathematics (see, [17-28]). In this study we will investigate some basic spectral properties
of a new type periodic Sturm-Liouville problems. Namely, the differential equations are defined on
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three separated subintervals and the boundary conditions are set not only at the ends of the considered
interval, but also at the internal points of interaction. We proved that the eigenvalues are real and
the eigenfunctions belongs to distinct eigenvalues are orthogonal. We also defined a new type of
characteristic function, the roots of which coincide with the eigenvalues.

2. Eigenvalues and Eigenfunctions of the Considered problem

Theorem 2.1. The eigenvalues of the three-interval periodic problem (1) — (7) are all real.

PROOF. Let A be an eigenvalue of the considered problem (1) — (7) with an eigenfunction . Taking
the complex conjugate and note that the coefficient § is real, we arrive at

—@) = N(a) (11)
S = 9(R), W) = () (12)
bler) = bleh), Ve = viie) (13)
0(e) = A&, V) = 50 (14)

This implies that (A, ) is also an eigen pair for the problem (1) — (7). By the previous theorem we
have

cy Cy Ta
0 = u—Ax/wuwmwx+/wum@Mx+/w@wmww
-[1 cf’ c;'

¢y cy Ta
- M—Ax/wwm%x+/¢mmmz+/wmawm (15)
-[1 CT c;

Since 1, being an eigenfunction, is not identically equal to zero on [Ti,¢1) U (c1,¢2) U (c2, To]
¢y Cy T2
[1wtitds+ [1@pds+ [P0
% i i

So, A = A. Thus X is real. The proof is complete. O

Remark 2.2. Since all eigenvalues of the considered problem (1) — (7) are real, without loss of
generality we can now assume that the corresponding eigenfunctions are also real-valued.

Theorem 2.3. Let \; and ), are two distinct eigenvalues of the problem (1) — (7) on [Ty,¢1) U
(c1,c2) U (cg, T2, then their corresponding eigenfunctions 5, and v, satisfy the following equality

¢y Cy Ta
/mmwmm+/mwmmm+/mmwmm=o (16)
! o 3

that is the eigenfunctions ¢, and v, are orthogonal in the Hilbert space Lo(((Tl, c1)®(c1, c2)®(c2, T2)).

PRrROOF. Since ¢, and 1, are eigenfunctions corresponding to the eigenvalues Ay and A, respectively,
we have

— Uy (x) = et () (17)
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and
— Py () = Mt (2)
Multiplying (17) by %, and (18) by 1, then subtracting we get

¢y Coy T2
ukAm/mmmmm+/wwwmm+/mwmwm>
T + o

= (Whtor — )|, + (Whtor — V)3 + (Whtor — W) -

By using the boundary and transmission conditions we find

cf cg Ta
uwmm/mmwmm+/mmmmw+/wmmmmpw
! - i

¢
Since A\ # A, we get the equality (16).

Theorem 2.4. The periodic problem (1) — (7) is self-adjoint.

29

(18)

(19)

PRrROOF. Consider the periodic Sturm-Liouville problem (1) — (7). Let u, 9 € Co((T1,¢1) @ (c1,c2) @

(c2, T2)) that satisfies the periodic eigenvalue problem (1) — (7). We shall prove that

¢ Cy o
/[UEA19 — VE\u]dx + /[uE;ﬂ — 92 \u]dx + /[uEAﬁ — V¥E uldx = 0.
T c{r c;

By using the definition of the differential operator =) we can show that

d
DENu — uENY = —
AU U=) d

(" — ud')

Now integrating by parts over [Ty, c¢1) U (¢1, c2) U (cg, 2] we obtain

Cy Co To
/[ﬁEAu — uZ\d]dzr + /[195,\u —u=E)\V|dz + /[ﬁEAu —u=E)\V|dz
L cf c3

= (0 —ud)| + (O —ud)| 2 + (O —ud)| 2.
¢y Ca
To satisfy the conditions (2) — (3) we get
u(T) = u(T2), o'(Th) = '(Ta)

and

I(T) =9(T2), 9'(Th) =9 (Ta).
By using this equalities we find

W(u,9;11) — W(u,9;J2) =0
Similarly by using the transmission conditions (4) — (7) we obtain

W(’LL, 197 C;) - W(uvﬁv Cf) =0

(21)

(22)

(23)
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and
W(u,9;¢5) — W(u,95¢5) =0 (24)
Substituting the equalities (22), (23), (24) in (21) we get

€1 Co T2

/[ﬁEAu — uZE\I]dz + /[ﬁEAu — uZE\I]dz + /[193)\u —uE\d)dzr =0
ol & of
which completes the proof. O

3. The Transmittal-Characteristic Function
Consider the initial value problem
— " +q(x)y = Ay, x € (a1, a9) (25)

y(a+0) =7,y (a+0) =s()\) (26)

where 7, s : C — C are given complex functions. Using the method in [29], we can prove the following
Lemma.

Lemma 3.1. Assume that the real valued function ¢(z) is continuous on (a1, as) and the complex
functions r(\), s(\) are differentiable on whole complex plane C(i.e. 7(A) and s()\) are entire functions).
Then, the initial value problem (25)-(26) has an unique solution y = y(x, A\) which is an entire function
of A for each fixed x € (a1, a2).

Let us construct two basic solutions

901($7A)7 TE [—[1761) Xl(xv)‘)7 TE [—[1761)
QO(QZ,)\) = SOQ(va)? T e (61702) ’ X(xa)‘) = XQ(xaA)7 S (01762)
303($7)‘)7 T e (627-i2] X3($7)‘)7 T e (627—‘2]
according to the following iterative technique. First, we define the solution ¢ (xz, A). Let ¢1(x, \) be
the solution of the equation (1) on €y := [T, ¢1) subject to the initial conditions
y(M) =1, ¥y () =0 (27)

Second, we shall define the solution pa(x, \) of Eq. (1) on Q9 := (c1, c2) by means of the solution
w1(x, A) chosen so as to satisfy the initial conditions

ylel) = piler, A), (cf) = @iler, \) (28)

Finally, we can define the solution ¢3(z,\) of Eq. (1) on Q3 := (c2, J2] by means of the solution
p2(z, A) satisfying the initial conditions

y(ed) = 2902(02’ N, Y (e3) = By, A) (29)

Using the same iterative technique as in defining the solutions ¢1(x, \), w2(x, A) and @3(z, A), we
construct other solutions xi(z, A), x2(z, A) and x3(x, \) as a solution to the Eq.(1) chosen as to satisfy
the initial conditions

y(h) =0, () =1 (30)

y(el) = xaler, A), y/'(cf) = Xiler, A). (31)
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and
1

y(ed) = 5X2(05’A)’ y'(c3) = Bxalcy, A) (32)

respectively. By virtue of the Lemma 3.1, each of the solutions ¢;(x, \) and x;(z, A)(i = 1,2, 3) exists,
unique for any fixed A and is an entire function with respect to the complex variable A for any fixed
x.

Theorem 3.2. Each of the pair ¢;(z,\), xi(z, A) is linearly independent solutions of Eq.(1) on the
interval €;, where Q1 = [T1,¢1), Q2 = (c1,¢2), Q3 = (2, Ta.

PRrOOF. To prove it is sufficient to show that the Wronskians

are not equal to zero on ;. ]

Since the Wronskians Wy (g;, x4; ) does not depend on variable z, Using the initial conditions (27
and (30) we have

Wi(e1, x152) = Walpr, x1; 1) = 1 #0. (33)
Using (28), (31) and (33)

Walp2, x2;) = Wa(pa, x5 ¢f)

pa(c, Mxalel s A) = @alef, Mxalel, A)
@1(01 7)‘)X1(Cl v>‘) - 90/1(01 ’ ) 1( 1_ )

= Wilerx1ie1) = Waler,xa; h) = (34)

Similarly, using (29), (32) and 34) we get

Walps, x3:1) = Wales, xs;¢3)
= 903(02+’)‘)X3(02 7)‘) (CQ 7>‘)X3(C ’)‘)
= (G N)(BXhLer V)~ (Behler D) rales V)
= Wix(p2,x2;¢5) =1#0. (35)

The proof is complete.

Theorem 3.3. A complex number A is an eigenvalue of the transmittal-periodic problem (1)-(7) if
and only if

A(N) == Wi(p2, x2: 3 )Wa(p2, X263 ) [Wales, x3: ) + 1 — 03(T2) — x5(Ta)] =

PROOF. Let yo(z, Ag) be any eigenfunction belonging to the eigenvalue \g. It follows from the Theorem
3.2 that the solutions ¢;(x, A\g) and x;(x, \g) are linearly independent solutions of (1) on the Q; i =
1,2, 3. Therefore the eigenfunction yo(x, A\g) may be represented as

dro1(zy Ao) +v1x1(z, Ag) for x €
Yo(w, Ao) = d2p2(w, Ao) + Y2x2(x, Ao) for = € (36)
83p2(x, o) + y3x2(x, Ao) for x € Q3

where at least one of the coefficients &1, d2, 03,71, ¥2,¥3 is not zero. Now applying the boundary and
transmission conditions (2)-(7) we obtain

liyo(z, o) =0,1=1,2,3,4,5,6 (37)
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These equalities forms a homogeneous linear system of algebraic equations with respect to the variables
01,02, 03,71, Y2, v3 whose determinant has the form

1 0 0 0 —p3(TT2)  —x3(TT2)

0 1 0 0 —05(T2)  —x5(T2)
N @a(cf) xalcl) —ga(cf) —xalel) 0 0
eh(cl) xbh(ef) —¢h(er) —xbh(eh) 0 0

0 0 pa(cg)  xaleg)  —palcy) —xaley)

0 0 pole)  Xaley)  —hley) —Xh(cy)

It is easy to show that

A(N) = Walp2, x2;5 3 )Walp2, x5 €3 ) [Wa (s, x3: T2) + 1 — @3(T2) — x5(T2)]

Since the system of algebraic linear equations (37) has nontrivial solution, we have A(Ag) = 0. Now,
show that any zero A = Ao of the function A()) is an eigenvalue of the considered problem (1)-(7).
Indeed, if A(Ag) = 0, then the system (37) has a nontrivial solution (1,1, d2,72,03,73). Therefore
the nonrivial function yo(z, Ag) defined by (36) satisfies the equation (1) and the boundary and trans-
mission conditions (2)-(7). This means, that )\ is an eigenvalue. O

Definition 3.4. The function A(\) defined by

A(X) = Walp2, x2; ¢3 )Walp2, x23 ¢3) [Wales, X3 ) + 1 = 03(T2) — x5(T2)] (38)
will be called the transmittal-characteristic function for the boundary value problem (1)-(7).

Corollary 3.5. The transmittal-characteristic function A()) is an entire function.

4. Conclusion

This work is devoted to the spectral analysis of Sturm-Liouville problems of a new type. In fact, we
studied three different Sturm-Liouville equations for three unknown solutions, which are defined on
three disjoint subintervals, at the common ends of which four interaction conditions are imposed,
the so-called transmission conditions. We first established that the eigenvalues are real and the
corresponding eigenfunctions are orthogonal in the appropriate Hilbert space. It is also shown that the
considered boundary value problem generates a self-adjoint linear differential operator. Second, using
our own approach, we constructed special one-interval solutions, in terms of which a characteristic
function of a new type is defined, the so called the transmittal-characteristic function. Finally, we
proved that the eigenvalues coincide with the zeros of this characteristic function, which is an entire
function. The results obtained are a generalization of the analogous classical results, since in the
particular case 8 = 1 our results are equivalent to the analogous results for the classical Sturm-
Liouville problems.
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1. Introduction

As a tool of motion controller the Bézier curves are the most preferred ones in computer graphics for
animation purposes. For example, Adobe Flash and Synfig are the applications of animation in which
the Bézier curves are often integrated. Users sketched the desired path, and the application creates
required frames for an object moving along the path. By being aware of the current importance of the
Bézier curves, we have been motivated by the following studies. First Bézier-curves with curvature and
torsion continuity has been examined in [1]. Also in [2] Bézier curves and surfaces has been studied
in deep. In [3], Bézier curves are outlined deeply for Computer-Aided Geometric Design. In [4],
Frenet apparatus of the cubic Bézier curves has been examined in E2. We have already examine
the cubic Bézier curves and involutes in [4] and [5], respectively. Before, 5" order Bézier curve and
its first, second, and third derivatives based on the control points are examined in [6,7]. Futher
involute, Bertrand mate and Mannheim partner of a cubic Bézier curve based on the control points
with matrix form has been examined with Frenet apparatus in [8,9]. In [10], the Bertrand pairs have
also been examined by B-Spline curves. Last but not least, the Bézier curves have been associated to
the alternative frame in [11].

2. How to Find 5" Order Bézier Curve

In this study we have motivated by the following questions:
“How to find a 5" order Bézier curve if we know the first, second and third derivatives?”
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Generally, Bézier curves can be defined by n + 1 control points Py, P, ..., P, with the parametriza-
tion
B(1) = Z(i)tl (-1 [P]
1=0
Definition 2.1. The 5" order Bézier Curve has the following equation
> (5
t) = th(1 -] telol
o)=Y (})ea-0"" 1P e

and matrix representation

1 5 —10 10 -5 11[PR
5 —20 30 -20 5 ol m
10 30 -30 10 0 0]]|P

a@=[¢ & @t 1] 50 10 o0 o0 o p§
5 5 0 0 0 0]|]|mnr
1 0 o0 0 o0 0]]|p]

with control points Py, Py, P», P53, Py, and Ps.

Theorem 2.2. The 5 order Bézier curve with given the first derivative and the initial point Py, has
the following control points

Pl:Po-i-%

Qo @1
P, =P —_— 4+ ==
p) 0+5+5

Qo , Q1 Qo
Py=py+ 20 Bl K2
s=hot oty

Qo Q1 Q2 Q3
Pi=Py 420 %L &2 &
4 0+5+5+5+5

Qo Q1 Q2 Q3 Q4
Py=Ry+ <242l x2 28 X1
5 0+5+5+5+5+5

PROOF. If the first derivative of 5 order Bézier curve is given,

T

t4 Qo
3 1
a(t)y=1| | [B]] Q
t Qs
1 Q4

where [B/] is the coefficient matrix of the 4" order Bézier curve which is the derivative of the 5

order Bézier curve, then the control points Qq, @1, ..., Q4 are given as in the following way,
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Let the 5" order Bézier curve pass through from a given the initial point Py.If we take each P; and
replace, we get all the control points based on the @Q;, 0 < i < 4.

P1=Po+%

Qo @1
Py=Py+ =0 4 &L
p) 0+5+5

Qo , Q1 Qo
Py=py+ 20 Bl &2
s=lot oty

Qo Q1 Q2 Q3
Pi=Py+ =0l &2 b
R

Qo Q1 Q2 Q3 Q4
Ps— Py 20 L 2 KW
5 0+5+5+5+5+5

Hence, this complete rhe proof. O

Corollary 2.3. The derivative of n'" order Bézier curve can not has the origin (0,0,0) as a control
point.

PROOF. Let first derivative of n'® order Bézier curve has the origin Qg = (0,0,0),

Qi =n(Py1— PF) =(0,0,0)
P11 =P

Hence, Bézier curve has n — 1 control points hence derivative of n'" order Bézier curve cannot has the
origin @;(0,0,0) as a control point. O

Corollary 2.4. If the first derivative of 5 order Bézier curve with given control points Q;, 0 < i < 4,
is given and 5! order Bézier curve has initial point Py = (0,0,0),has the following control points

:Q0+---+Qi71

P; 3

,1<i<5

PROOF. Since P; = Py + QO+Q1+Q5+"'+Q"_1, 1<i<5and Py =(0,0,0), it is clear. O

Theorem 2.5. The 5" order Bézier curve with given the end point Ps and the first derivative, has
the following control points as in the following ways

P4:P_%

szp_%_%
P2:P5—%7%,%
P1:p5_%_%_%_%
pp=p, @1 @ @ G Qo

) ) ) 5 )

PROOF. Let the first derivative of 5" order Bézier curve with control points Qg, Q1, @2, Q3, Q4 be

given as,
T

tt Qo
t3 Q1
o'(t)=| | [B]]| Qa
t Qs
1 Q4
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where [B/] is the coefficient matrix of the 4*" order Bézier curve which is the derivative of the 5%
order Bézier curve. Hence, the control points Qg, @1, Q2, @3, Q4 are

Qo =5(P1 — P)
Q1=5(P— P1)
Q2=5(P3 — )
Q1=5(Py— I3)
Q4 =5(P5 — Py)

If the 5" order Bézier curve passing through the end point Ps, then

P4:P5—%
Q
P3=P4—?3
Py—py— 22
)
P=p-@
)
Q
1302131—?0
and we get all the control points P; based on the Qq, Q1, @2, @3, Q4
P4:P—%
Qi1 Q3
Py=py— %3
s=05—~ 3
Q4 Qs Q2
Py=py— - 32
T s T 5 s
Qe Q3 Q2 O
Pl=py— %32 k2l
T T s 5 5 5
Qe Q3 Q2 Q1 Qo
J L R %0
"5 5 5 5 5
This complete the proof. O

Corollary 2.6. The 5" order Bézier curve with given the end point Ps = (0,0,0) and the first
derivative has the following control points as in the following ways
Qo+ +Qix

Py = 5 , 1<ie<5

Theorem 2.7. The 5 order Bézier curve with given any point Py, 0 < k < n, and the first derivative
has the following control points

Q
Pria =Pk+?k

Pyio= Py + % + ngl

k k+1 4
Po= Py O Gen @
5= Pt o
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Py =P Qr—1
5
Qr-1  Qr—2
P._o=P._ — —
—2 = Dy . .
Qr-1  Qr—2 Qo
Pr— P, Xkl k-2
0= k™ 75 5 5

Theorem 2.8. The 5 order Bézier curve with given the initial point Py,the initial point Qg of the
first derivative and the control points Ry, R1, Ro, R3 of the second derivative , has the following control
points as in the following way

P1:PQ+%

Qo . Ro
P, =P, 2— 4+ —
2 0o+ 5+20

Qo Ry Ry
Py=Py+3%0 4 ot0 M1
3 0+35+ 20+20

Qo Ry R R»
P =Py4+420 320 L o2 712
1= P ds T35y 250 T g
QO 4R0+3R1 2R2 @

P = Py+ 522
s=Poo T+ o T 50 T T

PRrROOF. The second derivative of 5" order Bézier curve is a cubic Bézier curve with control points
Ry, R1, Ro, R3. It has the following matrix representation

T ~

[ 43 ] Ry
2

O//(t) _ tt [B”] Z;

L 1] | R3

B ’ '(n—lggéh—@oi

" |t " (n_l Q22—

CO=10 | B o1 @s- o))

[ 1] | (n—1)(Q4— Q3)

where [B”] is the coefficient matrix of the cubic Bézier curve which is the second derivative of the
5% order Bézier curve. Where control points Ry, R1, R2, Rs, and Qq are given, we can easily find the

Qla Q27 Q?w Q4-

R
Q1:Q0+TO
Ry R
Q2 = Qo + 1 + 1
Ry R Ry
Q3= Qo+ 1 + 1 + 1

_ Ry Ri R R
Q4_QO+Z+T+ 1 —|-4
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Also if the initial control point Py is given we can find easly control points of 5" order Bézier curve

P1:P0+%
Ry
_|_7
Pzleo%-@jLQO 4
) )
Qo Qo+ Qo+t
P;=P+ —
3 0+5+ 5 + 3
R, R, R R, R R
P4=Po+%)+Q0;£+QO+§O+5+QO+40‘5ﬂf+f
_ Qo Qo+ Qo+l oty Qyi Moy Ty i
Ps=PR+——+ + + +
) ) ) 5 )
Hence, we have the proof. O

Theorem 2.9. The 5 order Bézier curve with given the initial point P, the initial point Qg of the
first derivative, the initial point Ry of the second derivative and the control points Sy, S1, Sz of the
third derivative has the following control points as in the following ways

Pl:Po-i-%

Qo . Ro
Po=FPy+2==+ —
2=hot et g,

_ Qo , ,Ro , So
P3—Po+35+320+60

Qo Ry So St
Py= Py 4420 4 6220 4 320 01
4 0+ 5+620+360+60

Qo Ry So S1 59
Py =Py 4520 4 1020 1 620 1 321 | 22
s = Pyt 50 41000 + 620 + 34+ 2

where Py, Qq, Ro, and Sp, S1, 52 must be given.

PROOF. The third derivative of 5! order Bézier curve is a quadratic Bézier curve with control points
S0, 51,52 . Also it has the following matrix representation

-T -

[ 2 So

a///(t) — t [B //l] Sl
[ 1] | S2
- 4T

t? [ (n—2) (R1 — Ry)
o"Wy=1| t | [B" | (n—2) (R - R)
| (n—2)(R3 — Ra)

Where [B "] is the coefficient matrix of the quadratic Bézier curve which is the second derivative of
the 5 order Bézier curve. Since te control points S, S1, S2, and Ry are given, by solving the following
System

S
R1:R0+?0

Sy 51
Ry=Ro+ 24+ 2L
2 0+3+3

So ST S

Ry = Ry+ 20 421 22
8= fod g F g
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We can easily find the Ry, Ro, R3. Also if the initial control point Qg of first derivative is given we can

find easly Q; control points of 5** order Bézier curve
R
Q1=Qo+ *0
R() So
Q2=CQo+2 1 + D
Ry So S1
- 204920 P
@3 =Qo+3 74295+ 95
R() So Sl S2
- 40 el 2, 22
Qa=Qo+a-F+35+29 + 35
Hence,
P,=F+ @
Qo
Py=Py+2%0 0
2 =Lt ey +3 20
Qo Ry
Py= py+ 30 ol f
3 0+3 + 20 + 20
Qo Ry + %
_py 3ol
b3+ 20 20
Qo So
= Py +3% gflo | 5o
o+ + 20 + 50
Qo Rl Ry
Py=PFPy+4— 3* — + —
1= R A m 3oy T2 Ty
Qo RQ—I—SO Ro—i—%-i-%
= P, 4— 3— 2
ot ey 20 teoe 20
Qo So 51

—P0+4?+6%+3@+@

QO Rl Rg Rg
Ps=Py+5-2 4422 43 L 4o 24 5
s 5+20+20+20+20

Qo Ro+5% Ro+5+5 Ro+%+5+%
_p 590 4T g 9
0+ o+ 2oJr 20 T 20 + 20

Qo So S1 Sy
—p X0 490 L g20 gL | P2
o +5 +020+660 B2+ o5

This complete the proof.

2.1. An Example to Find 5" Order Bézier Curve with Given First Derivative

In this section, we will give an example to find 5

more detail, see [3].

order Bézier curves which are defined in E3.

For

Example 2.10. Let a (t) = (74t° — 210t* + 180t3 — 50t? + 5t 4+ 1, —79¢> + 185t* — 130t + 10t* + 10¢
+1, —63t5 + 95t* — 303 — 5t + 2) be an example of a 5" order Bézier curve with control points,

Py=(1,1,2),P = (2,3,1), P, =(-2,6,0),P3s = (7,-3,-4), P+ = (5,0,5), Ps = (0, -3, -1

The control points of the first derivative of 5! order of a Bézier curve are

Qo=5(P — ) =5((2,3,1) — (1,1,2)) = (5,10, -5)

Q=5 —P)=5((-2,6,0)—(2,3,1)) = (-20,15,-5)

Qs = 5(Ps — Py) = 5((7,—3, —4) — (=2,6,0)) = (45, —45, —20)
Qs = 5(Py— P3) = 5((5,0,5) — (7,3, —4)) = (—10, 15, 45)

Q1 =5(Ps — P) = 5((0,—3, —1) — (5,0,5)) = (—25, 15, —30)
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5t order Bézier curve with given the first derivative and the initial point Py, has the following control

points
P =P+ %
Py =P+ % + %
Py =P+ % + % + %
P4=P0+%+%+%+%
P5:P0+%+%+%+%+%
Py and Qq, Q1,...,Q4 are given
P =(1,1,2) + (5’105’_5) =(2,3,1)
Py =(1,1,2) + G5, 1%’ -5, &%, ;5’ =5 _ (—2,6,0)
Py=(1,1,2) + (5, 1(;),—5) n (—20, ;5, —5) (45, —455, —20) (7,—3,—4)
Pi=(1,1,2) + (5, 1(;,—5) n (—20, ;)5, —5) (45, —455, —20) n (—10,515,45) _ (5,0,5)
Py=(1,1,2) + (5, 1(;), —5) n (—20, ;5, —5) N (45, —45,—20) + (—10, 155,45) + (—25,—-15,-30)
=(0,-3,-1)

The second derivative of 5t order of a Bézier curve as a 3" order Bézier curve with control points
Ry, Ri1, Ro, R3 are given as in the following way

Ry =4(Q1— Qo) =4((—20,15, -
Ry =4(Q2— Q1) =4(
Ry =4(Q3 — Q2) = 4(
Rz = 4(Q4 — Q3) = 4((—25, —15,

( 5) — (5,10, —5)) = (—100, 20, 0)
(45, —45, —20) — (=20, 15, —5)) = (260, —240, —60)
(—10,15,45) — (45, —45, —20)) = (—220, 240, 260)

( —30) — (—10,15,45)) = (=60, —120, —300)

The 5" order Bézier curve with given the initial point Pp,the initial point Qg of the first derivative
and the control points Ry, R1, Rs, R3 of the second derivation , has the following control points as in

the following ways

P1=P0+%

Qo Ro
Py=Py4+2%0 4 20
2= Fot 27+ oy

Qo Ry R
Py = Py+3%0 4920 U
3 o—l—35 + 20—1—20

QO RO Rl RQ
P =Py 4+4%0 4320 L o 112
e A IR T

QO 4R0 3R1 2R2 R3
P = P+ 520 iz
5= o T T T



Journal of New Theory 37 (2021) 35-44 / An Examination on to Find 5" Order Bézier Curve in E? 43

where Py, Qo, Ry, R1, R3 are given.

P o= (1,1,2) + B850 — (9.3 1)

P = (1,1,2) + 510 -5) | (_10362070) — (=2,6,0)

Py = (1,1,2) + 510 =5) | o= 10200200)+(260 —240,—60) (7,3, —4)

P o= (1,1,2) + 510 —5) 4 3= 100200)+2(260 ggo —60) | (= 2202810260) (5,0,5)

Py = (1,1,2) + 510 =5) (71%%,20,0) 4 3(260, 22040 —60)  2(= 2202%40 260) | (=60, 12%0 —300)
=(0,-3,-1)

The third derivative of 5" order of a Bézier curve using the control points Sy, S1, and Sy of 5 order
Bézier Curve are

So =3 (R1 — Ro) = 3((260, —240, —60) — (—100, 20, 0)) = (1080, —780, —180)
S1 = 3(Ry — Ry) = 3((—220, 240, 260) — (260, —240, —60)) = (—1440, 1440, 960)
Sy = 3(Rs — Ry) = 3 ((—60, —120, —300) — (—220, 240, 260)) = (480, —1080, —1680)

3. Conclusion

We know that the first derivative of a 5" order Bézier curve is 4" order Bézier curve with 5 control
points,in this study we have examined that, when any 4" order Bézier curve with 5 control points is
given, how to find 5% 5% order Bézier curve is
cubic Bézier curve with 4 control points, we have examined that, when any cubic Bézier curve with 4
control points is given, how to find 5" order Bézier curve. Further the third derivative of a 5" order
Bézier curve is a quadratic Bézier curve with 3 control points. We have examined that, when any
cubic Bézier curve with three control points is given, how to find 5" order Bézier curve. As a result
we can choose any initial or end control points except origin of any order derivatives and we can write
which we want exactly the 5%

order Bézier curve. Also, the second derivative of a

order Bézier curve.
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1. Introduction

Helix is an interesting curve which has been studied by many mathematicians in differential geometry.
We can see helices or its various types of general helix in many areas such as nature, physics, kinematic
motion, design of architectural building and the structure of the DNA. A curve is a general helix (or
constant slope curve) if its tangent vector field makes a constant angle with a fixed straight line in
Euclidean space E3. In 1802, Lancret [1] introduced the famous result on helices and it was proved
in 1845 by B. de Saint Venant that the ratio of its curvature to torsion is constant. Indeed, helix
is a geometric curve whose curvature and torsion are non-vanishing constants [2]. In addition, if the
curvature and the torsion of a curve are non-zero constants then the curve is a general helix. So
it is clear that helix is a special case of general helix. Furthermore, straight lines and circles are
degenerate-helices.

In the curve theory, another important curves are Pythagorean-Hodograph curves, or shortly PH-
curves. These curves have many applications such as CNC machining, offseting, computer aided
geometric design and motion planning. They were first introduced in Farouki et al. [3]. Because they
are characterized by their arclength which is a polynomial function, they have attracted the attention
of researchers and have been widely studied in [4-11].

In [12], Izumiya and Takeuchi show that cylindrical helices can be obtained from planar curves.
They give a method to obtain a helical curve from a planar curve in their study. Moreover, there
are well-known two methods for constructing PH-curves: One of them is by using complex numbers
representation [4] and the other method is quaternion representation [5,7]. Via the point of view
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of these studies Camer and Ilarslan give a new method for construction of PH-helical curves in 3-

dimensional Euclidean space in [13]. In this paper, we extend their theory to the Euclidean space
EntL

2. Basic Concepts and Notions

Let a: I C R — E" be a regular curve in Euclidean space E". It is well known that the curve « is
said to be of unit speed (or parameterized by arclength function s) if (o/(s),a/(s)) = 1, where () is
the standard inner product of E™ given by

n
<X7 Y> = Z LTilYi,
i=1

where X = (z1,22,...,20), Y = (Y1,%2, ---,Yn) € E". Let {V1, V5, ..., V,,} be the moving Frenet frame
along a space curve a, where V; (i = 1,2,...,n) denote ith Frenet vector field of a. Then, the Frenet
formulas are given by

Vi(t) = v()ki(t)Va(t)
Vi) = v(t) (kici()Viea(t) + ki(H)Viga(t)), 2<i<n-—1 (1)

Vo) = —v(Okn1(6)Vaa(t)

where v(t) = Ho/ (t)H and k; (1 =1,2,...,n — 1) denote the i-th curvature function of the curve (see

[2,14]). If the curve lies in a hyperplane of E™, then it is said that « is a (n — 1)-flat curve. It is well
known that av is (n — 1)-flat curve in E" if and only if k,—1(t) = 0 [15]. Harmonic curvature functions
were defined by Ozdamar and Hacisalihoglu in [16] as follow:

Definition 2.1. Let « be a regular curve in E”. Harmonic curvatures of the curve a are defined by
H;: I CR — R such that

0, i=1
{%[Hlfl] —l—kiHi,Q}ﬁ, 7 :3,4,...,n—2

Characterizations for generalized helices by using the harmonic curvatures of the curve were studied
by Camci et al. in [17]. They obtained some important results for generalized helix in n-dimensional
Euclidean space E".

Theorem 2.2. [17] Let a be a non-degenerate curve in n-dimensional Euclidean space E™. Let
{V1,Va, ..., V,} and {Hy, Ha, ..., H,_2} be the Frenet frame and harmonic curvatures of the curve,
respectively. Then, « is a general helix if and only if H;L_Q + vkn_1Hp—3=0.

Definition 2.3. [17] Let « be a unit speed, non-degenerate curve in n-dimensional Euclidean space
E". Let {V1,Va,...,V,,} and {H;, Ha, ..., H,—2} be the Frenet frame and harmonic curvatures of the
curve, respectively. The vector

D=Vi+H{\V3+ ..+ H, 2V,
is called the generalized Darboux vector of the curve .

The relationship between the generalized Darboux vector D and the general helix is given by the
following theorem.
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Theorem 2.4. [17] Let a be a unit speed, non-degenerate curve in Euclidean space E™. Let {V1, V3, ..., V,, }
and {Hy, Hy, ..., H,_2} be the Frenet frame and harmonic curvatures of the curve, respectively. Then

« is a generalized helix if and only if D is a constant vector.

Definition 2.5. [3] Let a : I C R — E""! (¢t — a(t)) be a polynomial curve. If the speed of the

is polynomial, then it is called a Pythagorean-hodograph or shortly PH-curve.

curve v(t) = Hd(t)

One of the well-known equations in mathematics history is the Pythagorean equation, i.e., a®>+b* =
c%. General solution of this equation is [18] :

a=tu?—v?), b=2tuww, c=tu®+? (2)

where t is a scale parameter. It can be deduced from Equation (2) that rational solution of the

Pythagorean n-tuple a? + a3 + ... + a2 = o2 can be given as follows:
ythag ple aj 2 n

ap = t(ud—us—..—u?)

a; = 2tara;,1=2,,,n

o = t(ud+ud+.. 1)

where u; (i = 1,2,...,n) are integers and ¢ is scaling parameter.

3. The Construction of a Helix in E"t!

In Euclidean space E"*! let H" be a n—hyperplane and v : I — H"™ C E"*! be a regular curve.
Hence, we can define a curve such that

t
Bt) = () + cote/ | au) 2+ (3)
0
where ||| =1, (@,y(t)) =0, 0 € R, @ and € is a constant vector. Therefore, from Equation (3),
B(t) = (1) + (<ot |5(1)]|) @ (4)
and from Equation (4),
S
Thus, from Equations (4) and (5), we have
T = sin 0T, + cos 0d, (Tp, @) = cosf (6)

where Tj (resp. T ) is a tangent of the curve /5 (resp. 7). From Equation (6), it can be observed that
[ is a helix.

Theorem 3.1. All helix curves in Euclidean space E"*! can be obtained from a regular curve which
lies in a hyperplane H"C E"+1.

PROOF. Let 3 : I — E"! be a unit speed helix curve. Hence, the generalized Darboux vector D(s)
of the curve § is a constant where

D(s)=Vi+ H{Vs+ ..+ Hy,1Vyi1 (7)
In this case, unit axes of the curve § is equal to

— _ D(S) _ MW+HVs+..+H, 1V,
D
1D(s)] \/1+H12+H22+..+H2

n—1
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and we have (Tp, @) = cosO where §'(s) = T3. Hence we can see that

(8',7d) = cos.
If we consider the curve
7(s) = B(s) = (Bs), @), (8)
then we have (v(s), @) = 0. This means that the curve ~y lies in H". Moreover, we can see that
I )| = 18'(s) = (8'(5), @)@ =sin0 9)

From Equations (8) and (9), we have
v(s) + | cot 9/ ny(u)” du | @ = B(s) — scos0d + scotOsin0d = [(s)
0

O

From Equation (5), we can see that if the curve «a is a polynomial curve, then the curve g is a
polynomial curve. Hence, from Theorem 3.1, we can give following theorem.

Theorem 3.2. Under the above notation, if the curve « is a PH-curve, then the curve (5 is a PH-helical
curve. Moreover, all PH-helical curves in Euclidean space E**! can be obtained from a PH-curve
v:I— H" C Ent!

The following theorems are given in [13] for obtaining PH-curves and PH-helical curves from planar
curves in E3.

Theorem 3.3. [13] Let H?(a,b,c) = {(pl,pg,pg) €ERE3:ap; +bps+cpr+d= O} be a plane in E3.
If the curve v : I — H?, ~y(t) = (71(t),72(t),v3(t)) is a PH-curve, then

nt)y= | (b 2021 2 (ud(t) — 02 () — 2acu(t)v (t)) dt
yolt)= [ (—a\/az F02 2 (u2(t) — v2 (t)) — 2beu(t)v (t)) dt
3(t) = [2(a®+b%) ut)v(t)dt
o(t)= Va2 +bVa2+ b2+ 2 (u(t) + 02 (t))
where u(t) and v (t) are polynomials and
(1) = (n(®) + (30) + (50)’
Theorem 3.4. [13] Let H?(a,b,c) be a plane in E3 where

H2(a7 b7 C) = {(p17p27p3) Lap + bp2 + Ccps3 +d= 0}

In this case, we get all PH- helical curves from planes H?(a, b, c) in E? such that

Yape) (V5 1) = B(t) = (Br(2), B2(t), B3 (1))

2

where

t) = / [b a2 + b2 + ¢ (u*(t) — v* (1)) — 2acu(t)v (t) + a (a® + b*) cot § (u?(t) + v° (t))} dt
Ba(t) = / (—a\/ a2 + b2 + ¢ (u*(t) — v* () — 2bcu(t)v (t) + b (a* + b%) cot 0 (u?(t) + v* (t))) dt

B3(t) = / 2 (a® + b*) u(t)v (t) + ¢ (a® + b%) cot 0 (u(t) + v* ()] dt

Hence, axis of the curve S is equal to

7_( a b c >
VaZ 02+ Va2 + 02+ 2 VaZ+ b2+ 2
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4. PH-Helical Curves in E"t!

In this section we give a method to obtain a PH curve in H® C E"t!. Then, we give a theorem in
E* for the given method. After then, using Theorem 3.2, we give a theorem to construct a PH-helical
curve in E*. Finally, we support these theorems by some examples.

For ay,as,...,an41,ant2 € R, let

n+1
Hn(a17a27 ~--’an+1) - {(p17p27 ) -'-,pn—&-l) S ]EnJrl‘Z (alpl) + Un+2 = 0}
i=1

be a hyperplane of E"™!. Assume that v : I — H"™(ay,az, ..., ant1),7(t) = (71(t),72(%), .., yua1(t)) is
a PH — curve with the speed of a polynomial such as o(t). Therefore, we have

n+1

Y (i) = a(t) (10)

i=1
Since v lies in H" (a1, ag, ..., anp4+1) We write

n+1

Y (@ivit) + ang2 =0 (11)

=1

2 2
- 7i() [ ()
iz; (7;z+1(t)> e (V;Jrl(t)) ' (12)

Differentiation Equation (11) give us

From Equation (10), we get

n+1
;g (t) =0
=1
Applying the following substitutions
(¢
x, = 0 g,
’Yn—&—l(t)
t
o~ o
7n+1(t)
we have
n
(X +1=0w’ (13)
i=1
and
n
> (aiXi) + ang1 =0 (14)
i=1
From Equation (14), X,, can be written as
n—1
Xn =) (b:X;) + by (15)
i=1
where a:
bj=——,i=1,2,...,n—1
a
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and

An+1
by = ——+
an,

Considering Equations (13) and (15), we get

n—1 n n
STAHBXT+ D ik X X;) + > 2(bibp1 Xi) = (16)
=1 i,7=1 =1

i
If we apply the following transformations in Equation (16),

bibn+1 .
— i=1,2,...,n
14+ b3 403+ .2

i — 14

then we find .
- - 1+02 402+ .. +12
1+ b2)Y? bib:Y;Y; LI n_) — 2
;( oY +”Zl( J ])+<1+b§+b§+...+b;§l “

i#]

We can rewrite this quadratic form as

1402 4+02+ ...+ b2
YtAY 1 2 n — 2 17
+<1+b%+b§+...+b3_1> “ a7)
where
Y 1+b3  biby .. bibp
Ya biby 1403 .. boby
Y = ) and A=
Y1 b1bp—1 bobp—1 ... 1+ b?r,fl

One can calculate the eigenvalues of Aas Ay =1, =1,..., s o =1, A\, 1 =1+ bf + bg + '--5127,71 and
the corresponding eigenvectors of A as columns of the following matrix:

__bl _b73 R _bn,1 _bn72 b1 ]

bl bl bl b1 bn—l

b

1 0 - 0 0

0 1 0 0 =

A _ n—1
bn72

0 0 - 1 0
0 0 - 0 1 1

Here I,,_5 is the Idendity matrix of dimension (n — 2). We define the index set

Sn—j={l,n—j+1ln—j5+2,..,n—-1}

so that we can give a general form of the orthonormal matrix ) obtained by eigenvectors of A which
diagonalize Equation (17) and satisfies Z = QY where
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) —bn—1 —b1bp—2 —bibp—3 —b1bo b1
> b > > b DO DI >0 > b > b
1€Sp k-1 1€Sp_k 1E€Sp_p-1 €Sy 1€Sp_g_1 €Sy ) 1€Sp_k_1 i€Sp_1
> b
€S,
0 0 0 - b2
> b > b
1€ESp k-1 1€Sp—1
0 0 0 —babs bs
> > b > b
€Sy 1€Sp_k_1 1€Sn—1
Q:
> b
. . €51, —bobn_3 bn—3
b? >0 > b > b
i€Sm k1 i€n—k i€S,_p_1 i€Sn_1
> b}
. i€5m 1 —bp_obn_3 —babp_2 bn—2
> b >0 > > 0 > b > b
€Sy k-1 €Sy K 1€ESp_k—1 1€Sp K 1E€ESp k-1 1€Sp 1
b1 brn—1bn_2 bn—1bn_3 baby 1 bn—1
> b > X b DO DI >0 > b > b
L €Sy _k—1 €Sy 1€Sp_k—1 1€Sp K 1E€ESp_k—1 i€Sn_k 1€ESp_k—1 1€Sn -1

Here k stands for the k-th column of Q. To clarify @), we give the following examples for spacial cases n = 3 and

4 respectively:

o —bs —biby by .
VO3 +b2 /02 +b2/0F b3+ b2 /b7 + b3+ b3
o, NCE: by
Q= NG R e N R R
by —bobs bs
VO3 +03 b7+ b3 /03 + b2+ b3 /b7 + b3+ b2
r by —b1bs —b1bs b 7
V02 +b7 07+ 0307+ b3+ b2+ b7 /b7 + b2 +b3/bF + b3+ b2 +b7 /b7 + b3+ b2+ b3
0 ' VR b
0= /b3 + b3 + b2 + b3 Vb7 + b3+ b2 + b3
0 VT 07 —boby bs
/b2 + b2 + b2 VbF + b2 +03/bF + b3 + b2 + b3 /b + b+ b2+ b3
—by —bsby —babs ba
L VBT 07 VBT DIVOT 03+ 03+ b7 /BT 03 +b3/bF + 03+ 03 +bF /b7 + 03+ 03+ b3

Applying Z = QY in Equation (17) we get

n—2

1+b%+b§+b§+...+b3:w2

ZH 4+ (140 + b3+ ...+ b2 ) 72>
D (ZH+ A+ 0T+ + by )7+ L+03+05+ ..+ b2

i=1
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Because Equation (18) is a Pythagorean (n+2)-tuple, rational solution for this equation is

_or@) oo _nilz
20 = S| do - e
i=2

_ (@) . i
Zi(t)y = S ur(t)ui(t), 1=2,3,...,n—1
L4+03+b3+b03+...+02  2r(t)
\/ 1 +lb% +%§ — 2 o s W
_ N2

where uj(t),ua(t), ..., un(t) are arbitrary polynomials and

21+ B+ b2
JI+HBR+ B+ B+ 02y,

s(t) r(t)ur(t)un(t)

Hence, the components of () can be written with arbitrary polynomials w;(t), ua(t), ..., u,(t) and the
reals a1, ag, ..., Gpy1-
For n = 3, we give the following theorem in E*.

Theorem 4.1. For the hyperplane,

H3(ay, az,a3,a4) = {(p1,p2,3,p4) : a1p1 + agpa + azps + asps + as = 0, p1, p2, p3, p4 € R}

let v : I — H3y(t) = (71(t),v2(t),73(t),v4(t)) lies in H3. Then, v is a PH-curve in E* with the
followings:

az (af + a3 + a3) \/a%+a§+a§+ai(u%—ug—u§)

’Yl=/ dt

—2a1a3+\/a3 + a3 + ag\/a% + a3 + a3 + ajuiug — 2a1a4\/a} + a3\/a? + a3 + aZuius

—ay (a? +a? +a3) /a3 + a3 + a2 + a3 (uf —ud —ujd)

72 =/ dt
—2a2a3\/a% + a3 + ag\/a% + a3 + a3 + ajugus — 2a1a4\/a% + a3 \/a% + a3 + ajujug

Y3 = / <2 (a% + a%) \/a% + a% + ag\/a% —I—a% + a% +aZu1uQ - 2a3a4\/a% + ag\/a% —I—a% + a§U1U3> dt

3/2
74:/<2\/a%+a% (a? + a3 +a3)” U1U3> dt

o= (af + a3) \/a%—l—a%—i—a%—i-ai(a%—i-a%—i—a%) (w3 + u3 + uj)

where uj,us and ug are arbitrary polynomials of parameter ”t” and o(t) = ||%(¢)]|.

PROOF. Assume that vy : I — H3(a1, as,a3,a4),y(t) = (71(t), v2(t),v3(t),74(t)) be a PH — curve with
the speed of a polynomial such as o(t) in H3(a1, as, a3, as). So we have

(M0 + (12(6)* + (33(6)* + (1a(1))* = o (1). (19)
Since v lies in H3(a1, as, a3, as) we write

a1v1(t) + azy2(t) + azyz(t) + asya(t) +as = 0. (20)
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From Equation (19), we get

2 2 2
A0\ (Bo) (a0 (e
(711(15)) +<vi(t)> *(ﬁ(t)) H_(v;(t)) |

Differentiating Equation (20), we find

aryy (t) + azvy(t) + azys(t) + asy(t) = 0.

If we make the following substitutions in Equations (21) and (22),

/ / / o
XIZI})X2:I?7X3:1§)L‘):7/'
V4 V4 V4 Va4

we have
X2+ X34+ X241 =0u?

and
a1 X1+ a2 Xs + a3 X3+ as = 0.

From Equation (24) X3 can be written as
X3 =b1X1 + b2 X2+ b3
where by = =2, by = — 22, b3 = — 2. Considering Equations (23) and (25), we get
(L4+b3)X? + (1 +b3) X3 + 2012 X1 Xo + 2b1b3. X1 + 2b9b3 Xo 4 1 + b3 = w?

Applying the following transformations in Equation (26)

b1bs
X =V ——3
R Wy Sy
babs
Xo=Yy— ———
SRR N

we find

2 2 2
(1+0D)YE+ (14 b2)Y2 + 2610, Y1Ys + (1 toi+bg+ b3> L

1+ b7 + b3
We can write this quadratic form as

1+b3  bibo Y; 1+ b7 + b2 + b2 2
biby 1+03] |Ya 1+ b7 + b3 B

m vl

and if we diagonalize Equation (27) with the matrix @) we get

2
2 2 2 2
/ 1+b5+b54+0
ZQ 1 b2 b2Z 1 2 3 — 2
1+< +1+22> +<\/ 1—|—b%—|—b% w

—ba b1
b2+b2 b2+b2
Q — \/bll 2 \/ 1%2 2

here

93

(22)

and satisfies Z = Q7'Y. It is seen that Equation (28) is a Pythagorean Quaternary and its solution

zi(t) = "B 2ty — () — (1))



Journal of New Theory 37 (2021) 45-57 / A New Method to Obtain PH-Helical Curves in E™*! 54

2r(t)

V1403 +b3s(t)

Zo(t) = uy (t)uz(t)

2 2 2 r
S 20,
w(t) = ";EQW%@) () + (1))

2¢/1+ b} + b3
s(t) = — Ly (tug 1)
V1+b7 405+ b3
where w1, us and ug are arbitrary polynomials. So, by the backward operations we find v1, 2, v3 and
v4 as declared. O

By means of Theorem 3.1, we give the following theorem:

Theorem 4.2. For the hyperplane

HS(a17a27a37a4) = {(p1,p2,P3,p4) : a1p1 + agp2 + azps + asps + a5 = 0, a1, az, a3, as, a5 € R}

let v: 1 — H3~(t) = (71(t),72(t), v3(t), v4(t)) be a PH-curve in H3. Then, the curve
B: 1 — E* B(t) = (B1(t), B2(t), B3(t), Ba(t)) is a PH-helical curve in E* where

ag(a%—{—a%—i—a%) \/a%—l—a%—kag—f—az(u%—u%—ug)

B1 = / —2a1a3\/a% +a§ +a§\/a%+a% +a§+aiu1u2 —2a1a4\/a% +a§\/a%+a§ +a§u1U3 dt

+aq (a% + ag) (a% + a% + a%) cot 6 (u% + u% + u%)

—a1 (a} +a? + a3) Va3 + a3 + a2 + af (u — ud — u})

B2 = / —2a2a3\/a% + a% + ag\/a% + a% + a% + aiu1u2 — 2a1a4\/a% + a% \/a% + a% + agulug dt

+as (af + a3) (af + af + a3) cot 0 (uf + uj + u3)

2 (a% +a%) Va? + a3 —I—a?,)\/a% + a3 + a3 + ajuiug — 2a3a4+/a? + a3\/a} + a3 + ajuius
B3 —/ dt

+asz (af + a3) (af + af + a3) cot 0 (uf + u3 + uj)

5= [ (2v/aT T a3 (3 + a3 + )" wrus + a (a + ) (af + a + a3) cot 0 (o 43 +3) ) e

Hence, the unit axis of the curve (/) is

== al a2 as a4
Vaitai+ai+ai Vai+aitaitai Vaita3+a3tal Val+a+alta]

Example 4.3. For the hyperplane H3(3,4,12,84), from Theorem 4.1, it is easy to see that by putting
u1(t) = 1,uz(t) = t and uz(t) = 1+t we obtain a PH-curve v : I — H3y(t) = (71(t), v2(t),v3(t), 14(t))
with the followings:

() = —122045 — 113620t — 32760t — 57550

y2(t) = 2830t3 — 317852 — 43680t + 14365

y3(t) = —37895t2 — 131040t

y4(t) = 10985t + 21970t
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We can check that ||5(t)|| = 143650(t? + t + 1) which is equal to o(t) given in Theorem 4.1 as well.
Also by the way of Theorem 4.2, assuming cot§ = 1 we get a PH-helix curve from the curve « such

as B: 1 — E* B(t) = (B1(t), Ba(t), B3(t), Ba(t)) with the followings:
Bi(t) = —10985043 _ 111085¢2 — 27690t — 2432

Bo(t) = 2235043 — 2840512 — 36920t + 16475
B3(t) = 6760t — 27755t% — 110760t + 3380
Ba(t) = 473203 + 81965t + 163930t + 23660

Furthermore it can be calculated that Hﬁ(t) H = 143650v/2(t? +t + 1) that means 3 is also a PH-curve.

At the same time, since < B(t), a>= Lg/i for the constant vector @ = (%, %, %, %), it’s seen that
(3 is a helical curve in E?.

Example 4.4. v: 1 — H*(3,12,4,84,132),y(t) = (71(t),72(t), v3(t), va(t),75(t)) is a PH-curve com-
ponents below:

y(t) = —58984900t3 — 55462500¢% — 96990100t

Yo(t) = —30149075t% — 152020800t

v3(t) = 44238675t — 73950000t> — 6434925t

ya(t) = 725377253 — 99969350t

v5(t) = —39918125¢2 + 79836250t

It can be calculated that ||§(t)|| = 221193375(t2 4+ 1). Also the curve 3 which is obtained from ~ by
using Theorem 3.2 is a PH-helical curve in E® with the followings

51 (t) — —2317}12975153 _ 55462500t2 _ 375220525t
Ba(t) = 4226625t% — 30149075t% — 139340925¢
B3(t) = 45647550t — 73950000t — 2208300t

Ba(t) = 29586375t% + 72537725t% — 11210225¢

Bs(t) = 464928753 — 39918125¢2 + 219314875¢

Furthermore it can be calculated that H B(t)H = W(ﬂ + 1) that means [ is also a PH-curve.
At the same time, since < B(t), a>= % for the constant vector a = (%, %, %, %, %), it’s seen

that /3 is a helical curve in E°.

5. Conclusion

In this paper, we give a method to obtain PH-curves from arbitrary planar curves. And then we show
that there are PH-helical curves which are obtained from PH-curves that we constructed. We give
the derivation of the method in E* as an application in details and another PH-helical curve in E®
without detailed computations. Changing the coefficients and the polynomials used in examples, one
can obtain any PH-helical curves whose components are of any degrees. Of course, it’s possible to
extend Theorem 4.1 and and 4.2 to any dimension of E"*!. In addition, because we consider only the
rational solutions of (n + 1)-tuples of Pythagorean equation, we can say that it may not be possible
to obtain all PH-helical curves with our method given in the paper. So this is an open problem in the
literature.
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Abstract — Cities have proliferated and experienced increasing environmental issues in the modern
world. The concept of environmental sustainability is one of the main problems to solve. Therefore, it
Article History is fundamental to establish statistical methods to measure environmental sustainability. The first aim
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1. Introduction

The world has become a situation in which natural resources are depleted rapidly. Besides, it has become
difficult to compensate for depleted resources. Factors such as an increase in consumption and population,
excessive consumption of natural resources, unplanned urbanization, and industrialization have caused
environmental problems to reach serious levels. As a result of all this, an increase in water, soil, and air
pollution occurs. Thus, problems arise that threaten the health of living things. This situation, which impacts
the lives of all living things, has led people to develop solutions. In this context, the concept of environmental
sustainability is tried to be expanded.

In the simplest terms, the concept of sustainability can be defined as developing without harming
resources to transfer them to future generations while making use of today's resources. With environmental
issues gaining a global dimension, states that have entered the path of developing policies based on the concept
of environmental sustainability have signed international protocols and agreements. Besides, the number of
established non-governmental organizations has increased, and various studies have been initiated to protect
the environment. The United Nations Environment Conference in Stockholm in 1972, the United Nations
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Environment and Development Conference in 1992, and the Sustainable Development Summit in 2002 are
global conferences on environmental issues. In these conferences, political approaches were handled to realize
sustainable development, which prevents environmental issues.

Countries and organizations use different methodologies to evaluate the performance of their policies to
improve the quality of life and reduce pollution sustainably. Data Envelopment Analysis (DEA) is one of those
methods. DEA is a non-parametric statistical method used to define the effectiveness limits of decision-making
units (DMUSs) with more than input and output. There are some studies about environmental sustainability
performance comparisons such as Marshall and Shortle [1], Siong and Hussein [2], Yu and Wen [3], Yoshino
et al. [4], Xiaoping et al. [5]. However, all these and similar studies are only on environmental performance
measurement.

The imbalance is one of the problems that can be encountered in datasets. It can be defined as the number
of observations belonging to classes is not equal. While working with such datasets, the near-perfect accuracy
values in the analysis results do not mean that the model is very successful. Therefore, while performing
performance evaluation, considering measures such as sensitivity, determination, negative/positive predictive
value will also provide a healthier performance evaluation. To improve this gap in performance values,
methods such as oversampling, under-sampling, and Synthetic Minority Oversampling Technique (SMOTE)
are used to change the sample structure in the dataset. The concept of environmental sustainability has become
an important part of scientific studies day by day. However, in the studies in the literature, it has been
determined that there is no study that deals with the situation of encountering the imbalance problem in the
data sets used. Adebayo et al. [6] investigated coal consumption and environmental sustainability in South
Africa by examining the role of financial development and globalization by using a dataset covering the period
from 1980 to 2017. Kimhombo et al. [7] investigated by panel analysis whether there is a trade-off between
financial globalization, economic growth, and environmental sustainability. Khan et al. [8] investigated how
environmental technology contributes to wastewater improvement in 16 selected OECD countries during
2000-20109.

There are some studies for examining the performance analysis of classifiers on imbalanced datasets in
the literature. Akbani et al. [9] investigated how Support Vector Machines (SVM) should be implemented in
such datasets. They investigated the cause of the classic SVM classifier's failures and proposed the SMOTE
method for high success. It was observed that they achieved higher success with the method they proposed
compared to classical methods. In a study conducted by He [10], the most appropriate approaches and
performance analysis criteria for imbalanced datasets were examined. They identified what vital areas are
encountered with imbalanced datasets. They have determined which vital areas are encountered with
imbalanced datasets. They also examined the statistical structures of datasets and mentioned what algorithms
the information discovery could take place in such situations.

Inspired by all this information, this study includes an empirical application on DEA related to the
environmental sustainability concept. This study consists of two stages. The first stage of this study is the
environmental sustainability performance of 42 cities in Turkey is evaluated using the DEA method. For this
purpose, input and output variables were selected among the environmental sustainability indicators used in
the study conducted by Yu and Wen [3]. Then, it aims to balance the data by using SMOTE and some other
types of SMOTE methods, which is one of the resampling methods to solve the imbalance problem in the
obtained performance values. The second stage of this study ensures that the relations between the
environmental sustainability performance of 42 cities in Turkey and other factors are determined by the
Decision Trees classifier. Unlike past studies, this study investigates the solve the imbalance in the efficiency
values obtained using SMOTE methods.

The rest of our study includes four more main sections. In the next section, data envelopment analysis,
transforming imbalanced data into the balanced dataset, decision trees classifier, and performance criteria are
included. While the findings are included in the third section, some comments and studies can be made in the
fourth section.
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2. Preliminary

2.1. Data Envelopment Analysis

It is of great importance for countries and institutions to know how much production can increase by increasing
efficiency due to the rational use of resources. In this context, efficiency measurements of units have become
a critical necessity today. DEA can be defined as a linear programming-based method that produces consistent
results in the presence of many inputs and outputs. It is used to evaluate their relative effectiveness. Efficiency
measurement in this method is carried out as the weighted sum of the outputs divided by the weighted sum of
the inputs. In classical DEA models, the unit with the highest efficiency in the observation set is determined
by considering the input and output variables of homogeneous DMUs. Then, an efficiency limit is created
according to this unit. Efficiency rankings are performed by calculating the distances of other DMUs according
to this limit. In this way, it is possible to mathematically interpret how ineffective DMUs can increase or
decrease the input/output levels to be effective and which decision points can be used as a reference. The basic
assumption in these models is that all DMUs have similar strategic objectives, and in this context, the same
type of output is produced using the same kind of input.

One of the most used models of DEA is the model described as the CCR model developed by Charnes et
al. [11] based on the assumption of a continuous return to scale (CRS). The second model is the model known
as the BCC model, which was expanded by Banker et al. [12] with the assumption of variable returns to scale,
see [13]. The model selection for input-oriented or output-oriented is discussed while using CCR and BCC
models in DEA studies [1,14]. In the technical efficiency measurement made using the input-oriented
efficiency, the minimum input level required to produce the fixed output amount is tried to be obtained. The
input oriented CCR model obtained from Charnes et al. [15] is as follows:

m N
Ek=min9—£<ZS{+Z Sﬁ)
£ r=1

constraints,

n
lej/lj - Hxik +Si_ = O,l = 1’2’___’m
j=1

Eyrj’lj_Yrk -Str=0r=12,..,s

AgSir=Sr*+=0r=12,.,5i=12,. mj=12,...,n (1)

Here, Ej, is k™ DMU's efficiency value. i and r, respectively, is the number of inputs and outputs. j indicates
the number of DMU. 4 represents how much the input amount can be reduced without modifying the output
and J; is the variable used in the determination of the reference set. Decision units with 4;> 0 are called
effective, and these effective units are obtained as a reference set for ineffective decision units. S;” and S;*
show the excess in the input variables and the lack of the output variables, respectively. In the case that 6 =1
and S; = S;¥= 0 for each input and output variable, DMU is considered effective. In this study, an output
oriented CCR model was used. The output oriented CCR model aims to maximize the output value without
the need for more than the current input values. The output oriented CCR model obtained from Cooper et al.

[16] is as follows:
m
S
po=masy oY 545t )
i=1 r=1

constraints,
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Here, y represents the expansion coefficient that determines how radially the output of decision-makers can
be increased. p; is the variable used in the determination of the reference set.

2.2. Transforming Imbalanced Data into Balanced Datasets

While making the classification, it is tried to be guessed which units will be included in different classes or
groups depending on some input variables. Samples of courses in a dataset can have an imbalanced distribution
and are frequently encountered with such datasets. Datasets such as fraud detection and delayed invoice
estimation are widely known examples of imbalanced datasets.

Applying methods such as increasing the sample rate by collecting more samples, trying different machine
learning algorithms, changing class weights, and punishing models help to make the imbalanced datasets more
balanced. In addition, there are many suggested methods in the literature to eliminate the effect of imbalanced
datasets on classification. Under-sampling and oversampling methods are the most used of these methods.
Under-sampling can be defined as approximating the number of majority classes to the number of minority
classes in the dataset. In oversampling methods, the number of observations of the minority class increases, or
the number of observations of the majority class is reduced. Thus, it is made to achieve balance. The most
important disadvantages are that the under-sampling method causes loss of information by decreasing the
number of samples in the dataset.

In contrast, the oversampling method may increase the number of samples and cause an overfitting
problem. On the other hand, the under-sampling method reduces training time significantly with this sample
reduction in the dataset and significantly saves memory. An increase in training time is observed since the
oversampling method greatly increases the size of the data set. Also, the memory used occupies a considerable
amount of space.

Synthetic Minority Oversampling Technique (SMOTE), which is based on the principle of operation of
the oversampling method, is among the recommended methods to eliminate the effect of imbalanced datasets
on classification. In this study, SMOTE algorithms are focused on. SMOTE method selects the most recent
neighbours by applying the K-nearest neighbours (KNN) algorithm and then combines them. Thus,
synthetically replicates the class type where the available imbalanced data distribution. The algorithm
calculates distances between vectors using feature vectors and their closest neighbours. These differences are
multiplied by the random number between 0 and 1 and added back to the dataset. Thus, the data becomes
balanced [17]. The SMOTE algorithm is a pioneering algorithm for algorithms such as ADAptive SY Nthetic
(ADASYN), Density-Based SMOTE (DBSMOTE), Relocating Safe-level SMOTE (RSLYS).

2.3. Decisions Trees

Tree-based learning algorithms are one of the most used supervised learning algorithms. This is because they
can generally be adapted to the solution of all classification and regression problems. Decision trees are a basic
data mining classification algorithm used for classifying data. It is used in many different datasets due to its
ease of creating and interpreting results, transparency, and sensitivity to noisy data. The decision tree is used
to break data sets containing many records into smaller sets by applying decision rules. That is, a tree structure
is taken as an example in this method. In this structure, while going from the stem to the leaves, there is a
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guery in each node and the answers given to the queries connected to the nodes. Each query process starts from
the body of the decision tree and repeats towards the leaves recursively [18]. There are class labels on the
leaves of the tree. Commonly known decision tree classification methods are C4.5, Iterative Dichotomiser 3
(ID3), and Classification and Regression Trees (CART).

2.4. Performance Measurement Criteria

In classification applications, consistency criteria are considered to measure model performances in general.
But the consistency criterion may show bias towards the majority class in imbalanced classification problems.
For this reason, the F-score, G-mean, and the area under the ROC curve (AUC) criteria, which are more suitable
for measuring model performances, were used in this study.

3. Results and Discussion

In the application part, we implemented DEA on 42 different cities existing in Turkey to measure the
environmental efficiency levels. Water consumption, electricity consumption, practising nurses, fuel
consumption and total environmental public expenditure, are used as input variables, while (502)71,
(PM10)~1, (Water waste) ™1, and (Solid Waste)™! are used as an output variable for the DEA approach in
the study. These input and output variables were selected among the variables used in environmental
sustainability analysis in the literature. The data sets were taken from the Turkey Statistical Institute
(TURKSTAT) (https://data.tuik.gov.tr/) and the Ministry of Environment and Urbanization
(https://csb.gov.tr/).

We obtained the efficiency values in the first phase and then carried out the decision tree algorithm by
handling the class-imbalanced problem. We selected one of the most popular CART algorithms. Following
this way, we conducted a two-stage approach to identify the potential internal factors on the efficiencies.
Statistical analyses in this study were carried out using MaxDEA 8 Basic (available at
http://maxdea.com/MaxDEA.htm) and R-Project softwares [19]. We utilized Benchmark [20] and rpart [21]
packages existing in R-Project.

Table 1 shows the definitions of the inputs, outputs, and internal factors considered in the analysis part.

Table 1. Definition of the variables

Type Variables Explanation
iy Water Consumption
Inputs 1:2 Electricity conéumption
i3 Fuel consumption
i Total environmental public expenditure
0 (S02)71
Outputs 02 (PM10)™* o
03 (Water waste)
04 (Solid Waste) ™!
X1 Residential sales
Xy Population in the cities
X3 Population density
Internal factors 4 Farming areas . .
Xg Number of completed industrial sites
Xe Number of cars (per thousand)
Xy Number of motor vehicles by cities

Xg GDP per capita ($)
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Table 2 denotes the descriptive statistics of the inputs, outputs, and internal factors. The mean, standard
deviation, maximum and minimum values are given for each variable.

Table 2. Descriptive statistics of the variables

Type \Y Mean SD Min Max
iy 74840.595 144731.774 4633.000 931885.000
Inputs iy 2070006.167 4125846.530 69057.000 25304170.000
i3 239729.690 445398.485 18360.000 2824675.000
iy 135730601.690 384771460.557 6672868.000 2450908325.000
01 0.070 0.044 0.007 0.167
Outputs 0, 0.016 0.006 0.008 0.033
03 0.002 0.006 0.000 0.033
04 0.000 0.000 0.000 0.000
X4 9383.476 24208.458 146.000 153897.000
Xy 1159361.643 2056903.741 74412.000 13255685.000
X3 153.931 385.930 19.360 2551.133
Internal factors Xy 3233593.714 2447038.310 143688.000 12591457.000
Xs 1416.595 1065.354 26.000 5147.000
Xe 81.429 33.517 18.000 147.000
X7 236638.262 448382.847 9247.000 2794236.000
Xg 18975527.071 52964266.728 726575.000 343536128.000

V: Variables, SD: Standard deviation, Min: Minimum, Max: Maximum

As seen from Table 1, we used four inputs and four outputs with the complete data set. Because of the
opposite nature of the data, we used the reciprocal of the outputs. The sample size assumption is satisfied since
the sample size is relatively large, at least three times higher (n = 42 > p = 24).

Table 3 reports the environmental efficiency values of all the cities.

Table 3. The efficiency values of the cities

City Efficiency Decision
Adana 0.182 Not efficient
Adiyaman 0.418 Not efficient
Afyonkarahisar 0.146 Not efficient
Antalya 0.037 Not efficient
Balikesir 0.162 Not efficient
Bayburt 1.000 Efficient
Bilecik 1.000 Efficient
Bitlis 0.704 Not efficient
Burdur 0.661 Not efficient
Bursa 0.075 Not efficient
Canakkale 0.382 Not efficient
Corum 0.201 Not efficient
Diyarbakir 0.152 Not efficient
Edirne 0.261 Not efficient
Elazig 0.207 Not efficient
Erzincan 0.419 Not efficient
Eskisehir 0.616 Not efficient
Gaziantep 0.066 Not efficient
Giresun 0.653 Not efficient
Hatay 0.215 Not efficient
Isparta 0.275 Not efficient
Istanbul 0.021 Not efficient
Izmir 0.033 Not efficient
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Table 4. (Continued) The efficiency values of the cities

City Efficiency Decision
Kars 1.000 Efficient
Karklareli 1.000 Efficient
Kiitahya 0.263 Not efficient
Malatya 0.174 Not efficient
Manisa 0.247 Not efficient
Ordu 0.280 Not efficient
Osmaniye 1.000 Efficient
Rize 0.553 Not efficient
Samsun 0.214 Not efficient
Siirt 0.369 Not efficient
Sivas 0.663 Not efficient
Sanliurfa 0.198 Not efficient
Tekirdag 0.089 Not efficient
Tokat 0.354 Not efficient
Trabzon 0.224 Not efficient
Usak 0.515 Not efficient
Van 0.276 Not efficient
Yalova 1.000 Efficient
Yozgat 0.462 Not efficient

According to table 3, only a few cities (seven cities) are efficient in terms of environmental sustainability,
and the ratio of the efficient units is 14.3%.

We labelled the units as efficient and not efficient and implemented the decision tree algorithms using
eight internal factors in the second stage. We have two purposes of conducting decision trees: 1) To determine
the important variables that affect environmental efficiency 2) To construct reasonable rules for proposing
further suggestions.

However, the data mining algorithms are rather sensitive to the distribution of the response variable,
especially in the presence of a class imbalanced problem. Our DEA results clearly point out the class-
imbalanced problem because of the ratio of the efficient units. To overcome this difficulty, we applied four
different oversampling techniques such as SMOTE, DBSMOTE, RSLS, and ADASYN. We checked three
performance metrics: AUC, F-score, and G-mean of the decision tree results.

Table 4 presents the results of the AUC, F-score and G-mean for each oversampling method and when
there is no oversampling.

Table 5. The results of the performance metrics for oversampling methods

Method AUC G-mean F-score
No oversampling 0.500 0.000 0.000
SMOTE 0.990 0.039 0.028
DBSMOTE 0.975 0.060 0.031
RSLS 0.938 0.051 0.036
ADASYN 0.990 0.039 0.028

According to the metrics, the oversampling methods obviously improve the performance of the decision
tree algorithms. When compared with the raw efficiency data, the over-sampled data sets overcome the class-
imbalanced problem by increasing AUC, G-mean, and F-scores. However, there is no absolute discrimination
among oversampling methods in achievement. Because of that reason, we interpret the decision tree results
and struggle to make inferences on general findings.

Table 5 shows the variable selection results for each oversampling method.



Journal of New Theory 37 (2021) 58-67 / Efficiency Analysis and Estimation of Factors Affecting the Efficiency ... 65

Table 6. The selected variables by decision tree algorithm

Oversampling method X1 X X3 X4 X5 Xg X7 Xg
No oversampling NS NS NS NS NS NS NS NS
SMOTE + NS + NS + NS NS NS
DBSMOTE + NS NS NS + NS NS NS
RSLS + NS NS NS NS NS NS NS
ADASYN + NS + NS + NS NS NS

NS: Not selected

The "+" symbol in Table 5 indicates that the relevant variables were selected. When the class-imbalanced
problem was not solved, i.e., the decision tree algorithm did not select any variables when the oversampling
was not applied. The variable of residential sales (x;) was commonly selected by all the algorithms. Besides,
the variables of the population intensity (x3) and the number of completed industrial sites (x5) was selected
by the other algorithms. We can observe that the residential sales, population intensity, and completed
industrial sites significantly affect the environmental efficiency levels.

Table 6 reports the extracted rules and the ratios from the decision tree algorithms with the oversampling
methods.

Table 7. The extracted rules from decision trees

Tree Rules  Inference Ratio
SMOTE 1 If x5>=713 then inefficient 42
+ 2 If x5<713 and x5 >83 then efficient 31
CART 3 If x5<713 and x3<83 and x; <883 then efficient 18
4 If x5<713 and x3<83 and x; =883 then efficient 10
DBSMOTE + 1 If x5 =713 then inefficient 45
CART 2 If x5<713 and x;<1241 then efficient 42
3 If x5<713 and x; >1241 then inefficient 13
RSLS + CART 1 If x,<972 then efficient 65
2 If x; =972 then inefficient 35
ADASYN 1 If x5 =713 then inefficient 41
+ 2 If x5<713 and x3 >84 then efficient 32
CART 3 If x5<713 and x3<84 and x; <782 then efficient 18
4 If x5<713 and x3<84 and x,; =782 then efficient 10

According to the rules, higher residential sales leads to environmental inefficiency for all the cases.
Mostly, the rules point out the environmental inefficiency when the number of completed industrial sites
becomes high, singly. The environmental efficiency is observed simultaneously when residential sales are
relatively lower, and the population intensity is more elevated. Even though the threshold values differ among
the trees, they are rather similar. Also, the rules containing the number of completed industrial sites have the
highest frequency in general.

4. Conclusion

It is crucial to provide efficient management in environmental issues in worldwide. Due to the importance of
this topic, we should understand the main determinants and possible effects of these determinants that may
affect environmental efficiency. Within this purpose, we attempted to identify the related factors on the
environmental efficiency levels of Turkish cities. We followed a three-way approach using DEA,
oversampling methods, and decision tree algorithms to reach our purpose. First, we obtained the efficiencies
of the cities and then applied one of the decision trees, the CART algorithm, with oversampling procedures.
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We utilized the capacity of data mining with the CART algorithm for selecting the most relevant factors
and making further inferences with the extracted rule sets. The imbalance of the distribution of the efficiency
levels led us to use oversampling methods. Also, the use of oversampling methods proved the rightness of our
way since the raw efficiency data did not produce any rules. One of the most benefits of this paper is to
demonstrate how reasonable results can be obtained by handling the class-imbalanced problem in second stage
DEA.

According to the results, three internal factors were found to influence the environmental efficiency levels:
residential sales, population intensity, and the number of completed industrial sites. Mainly, the increment of
the residential sales and the number of completed industrial sites distort environmental efficiency. However,
environmental efficiency can be ensured, even in high population intensity, when the residential sales are
relatively low.

Our findings give insight into the improvement of the environmental efficiency process. We propose to
decrease the residential and industrial buildings, together with the population intensity
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1. Introduction

Fuzzy mathematics is an interesting part of mathematics. It could be said a new branch of mathematics
since it emerged in the 1960s. It was proposed to explain real-life in mathematical language. We use
relative concepts a lot in our daily lives. Situations that can vary from person to person such as good
and bad, young and old, beautiful and ugly, had taken place in our lives. Classical mathematics is
not sufficient to explain such notions. Everything is certain in classical mathematics, something is
either black or white. Classical mathematics does not allow gray color. At this point where classical
mathematics is insufficient, Lutfi Askerzade Zadeh’s fuzzy mathematical theory comes into play. He
showed in his theory that he revealed in 1965, fuzzy logic constitutes a good model of real-life [1].
Although his theory was not accepted in the scientific community at first, it is now used in different
branches of science and engineering.

The fuzzy theory attracted great attention and spread very commonly among scientists from vari-
ous fields of science. Fuzzy systems can also be used in predicting, decision making, air conditioning,
mechanical control systems such as automobile control systems and intelligent structures, as well as
industrial process control systems, and so on. See [2-4] and the references cited therein.

In fuzzy mathematics, arithmetical operations are valid like in classical mathematics. There are
two methods. One is Zadeh Extension Principle and the other is interval arithmetic with level sets.
These methods are explained in [5]. There are some differences between fuzzy mathematics and
classical mathematics. For example, if u is a fuzzy number, © — « may not be 0 in fuzzy mathematics.
As a result of this issue, a new difference known as the Hukuhara difference is defined, as shown in [6].
By using Hukuhara difference, Hukuhara derivative is defined [7]. On the other hand, it is possible to
compare two fuzzy numbers or two fuzzy functions. How to compare two fuzzy notions are mentioned
in [8]. Besides, it is possible solving fuzzy differential equations. Many methods were developed to
solve fuzzy differential equations. How to solve first-order fuzzy differential equations are explained
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in [5]. Besides this, the definition of fuzzy upper and lower solutions are located in [9]. In this study,
by using all the knowledge mentioned above, some comparison results are proved and one example is
introduced to support the results.

2. Preliminaries

Hukuhara difference is a useful operation for the difference between fuzzy notions and also, interval
arithmetic via level sets is an easy method for arithmetical operations in fuzzy cases. In the follow-
ing, definitions of fuzzy numbers, level sets of a fuzzy number, Hukuhara difference, and Hukuhara
derivative are given.

Definition 2.1. [5] A fuzzy set U (fuzzy subset of E) is defined as a mapping (E is universal set)
py £ —[0,1]
where p, () is the membership degree of x the fuzzy set U.

Definition 2.2. [10] A fuzzy membership function u : R — [0, 1] is called a fuzzy number if it has
the following conditions:

i. w is normal. It means there is at least a real member zy € R such that u(zg) = 1.

it. w is fuzzy convex. It means for two arbitrary real points z1,z2 € R and ¢ € [0, 1], we have
u(try + (1 — t)z2) > min{u(zy), u(x2)}

i11. w is upper semi-continuous on R. It means if we increase its value at a certain point xg to f (z¢)+e¢
(for some positive constant ¢), then the result is upper-semicontinuous; if we decrease its value to
f (z0) — € then the result is lower-semi-continuous.

iv. u is compactly supported. It means the closure of the set {z € R;u(z) > 0}, as a support set, is
compact set.

Remark 2.3. The space of fuzzy numbers will be denoted by Rx.

Definition 2.4. Let U : E — [0, 1] be a fuzzy set. The level sets of U are defined as the classical sets.
Ur=[u,,uf]| ={zx € E:puy(z)>r}, 0<r<l1

Remark 2.5. There are numerous fuzzy numbers. However, in our investigation, we only mention
triangular and trapezoidal numbers. As a result, we define these fuzzy numbers as follows:
A trapezoidal fuzzy number u can be shown with an ordered pair of functions (a, b, c, d) € R*,

0, t<a
e a<t<b
u(z) =< 1, b<t<c
g, c<t<d

L 0, d<t

Employing r-cut approach, we find the level set with the endpoints calculated by

u, =a+rb—a)ul =d—r(d--c)

T

where r € [0,1]. When b = ¢ is in the form (a,b,c,d), the fuzzy number is referred to as a triangular
fuzzy number. The fuzzy number may thus be represented by a triplet (a,b,¢) € R3, a <b < c.
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Definition 2.6. [6] The Hukuhara difference (H-difference &) defined by
UOHFUV=wWS Uu=v+w,
being + the standard fuzzy addition.
If u © g v exists, its level-sets are
[won v, =[u, — v, utf —vf]

Definition 2.7. [11] A function % : (a,b) — R is called Hukuhara differentiable if for sufficiently
small h > 0 the H-differences ¢ (u+ h) S (u) and ¢ (u) S (u — h) exist and if there exists an element
Y'(u) € Rx such that

L Yutrh)od) . P oPu—h) _
Fo h = o h = ()
The fuzzy number ¢ (u) is called the Hukuhara derivative of ¢ at u.

Lemma 2.8. Let u be Hukuhara differentiable and u(t) = (x(t),y(t),2(¢))) be triangular number
valued function then we get v’ = (2/,v/, 2').

Definition 2.9. [8] Let u,v € Rr. It is said u < v if only if u;7 < v and u;” < v} for each r € [0, 1].

Definition 2.10. [8] Let u,v € Rz. It is said u < v if only if u; > v, and u,; < v for each
r € [0,1], that is u, C v, Vr € [0, 1].

Lemma 2.11. [8] If u,v,w € Rz are such that Hukuhara differences u © 5 w and v Sy w exist, then
U< v uoOgw < vOgw

Definition 2.12. [9] Let ¥ € C([to,T] xRxr,Rx), T > tg and 2’ = ¥(t,z), z(to) = o be fuzzy initial
value problem.

A function q € C([tg, T],RF) is an upper solution for fuzzy initial value problem above, if
{ ¢(t) > U(t,q(t)), t€ [to,T]

q(to) > o

A function p € C([to, T],RF) is a lower solution for fuzzy initial value problem above, if

p'(t) < U(t,p(t), tE [to,T]
p(to) < o

Remark 2.13. Analogous definitions can be given for < partial ordering.

3. Main Results

In this section, several comparison results are given by using upper and lower solutions and, it is also
proved that the solution of fuzzy differential equation exists between corresponding lower and upper
solutions.

Let us consider the following first order fuzzy differential equation

¥ =V(t,x),x(ty) = 0 (1)

where ¥ € C([to, T] x Rx,Rx) and T > tg.
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Theorem 3.1. Let the functions p,q € C'([to, T], Rr) satisfy the following inequalities
q >W(tqt), p <¥(tpt) (2)
If p(to) < q(to), then p(t) < ¢(t) for all t € [ty, T].

PROOF. Since we are going to prove p(t) < ¢(t) by Definition 2.9, we must show that p, () < ¢ (¢)
and p;" < ¢ on t € [ty, T|. If it was wrong, there would exists a t; € (¢, T] such that

py (t1) = g7 (t1),py (1) = ¢ (t1)

and
py (1) < gqr (), 0 (t) < g (¢)
for t € [tg,t1). Therefore, for sufficiently small h > 0, we obtain

{ pr(t1—h) <g, (1 —h)
pi(ti—h) <g¢f(ti—h)
i.e. p(t1 —h) < q(t1 — h). By using Lemma 2.11 , we have

p(ti = h) ©p(t1) < q(tr —h) © q(t1)
By dividing inequality with —h and limiting for h — 0, we arrive at

lim p(t1 — h) © p(ty) q(t1 — h) © q(t1)
h—0 —h —h

> lim
h—0

which implies that
P (t) = q'(t1)

As a result, we get a contradiction

U(t1,p(t1)) = p'(t) = d'(t1) > ¥(t1,q(t1)) = U(t1, p(t1))
So we conclude that p(t) < ¢(t) on [to, T O

Similarly it can be shown that the result of the theorem holds even when we change < by < and
> by > in the assumptions of theorem 3.1.

We are in position to show that the existence of the solution of the problem (1) located between
corresponding lower and upper solutions.

Theorem 3.2. Let the functions p,q € C*([to, T],RF) satisfy the strict inequalities p’ < ¥(t,p) and
q > U(t,q) on [ty,T]. Furthermore, y is the solution of the problem (1). Then, p(t9) < y(to) < q(to)
implies that p(t) < y(t) < q(¢) for [to, T).

PrOOF. We shall only give a proof for y(t) < ¢(t) on [to,T]. If y(to) < q(to), then the result
follows from Theorem 3.1. We now suppose that y(tg) = q(to) and, we define the function z such as
2(t) = q(t) © y(t) on [tg, T]. Then, the level sets of this function can be written as Z, = [z, 2], that
is,

If we differentiate the both sides of the real function 2., we find that

(z,)'(to) = (g, )'(to) = (y, ) (to) > (to, (g, ) (t0)) — ¥(to, (3, ) (to)) = 0

It is easy to observe that z, (¢) is increasing on the interval [to, tg + h| for sufficiently small A > 0. For
this reason, we obtain
yr (to+h) <q (to+h)
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If we utilize Theorem 3.1, we can easily see that y, (t) < ¢, (t), for all ¢ € [tg + h,T]. Analogously,

(z7) (to) = (¢7)(to) — (y7) (to)
> W(to, (¢,7) (to)) — (to, (3,7) (to))
=0

We can easily see that 2, is increasing to the right of ¢y in a sufficiently small interval [to,to + h].
Hence,

yf (to +h) < g (to + R,y (8) < gy (t)
for all ¢t € [tg + h,T)]. Since we have chosen sufficiently small h, we obtain y(t) < ¢(t) on [tg, T] due to
yr (1) < g ()
v (t) < gt (t)
In a similar way, we can prove p(t) < y(t) on [to, T]. Thus, we have
p(t) <y(t) < q(t) on [to, T}
0

Theorem 3.3. Let U € C([ty,T] x Rx,Rz) and the functions p,q € C([to, T],Rx) be lower and
upper solutions of (1) respectively. Suppose that Hukuhara differences W(¢,2) © ¥(t,y) and x ©y exist
and for x > y, there exist a positive constant L such that

U(t,z) o U(ty) < Lz oy) 3)
Then, p(t) < q(t) on [ty, T] provided that p(tg) < q(to).
PROOF. Firstly, we define the function §(t) = q(t) + ¢ - €2/* for some € > 0. Let the level sets be
@ =[G (1), (1)), Le.
{ G (1) =gy (t) +c- M
Gt (t) = g (t) +e- e
Observe that p, (t9) < ¢, (to) < G, (to). Now, taking derivatives of both sides of g, (t), we get

i )

d
(g7 (1) +2Le -2

U(t,q (t)) + 2Lee*
> Wit g (1) - Ut (1) + 2Lee?H + U(t, G (1)

v

By using one sided Lipschitz type inequality (3.3), it follows
d
dt

An application of Theorem 3.1 gives that p. () < ¢, (t). Letting e — 0, we obtain p, (t) < ¢, (¢) on

[to, T]. Analogously,

(G (8)) = —L(G (t) = a7 (8)) + ¥(t, G () + Lee®™ > W(t, G (¢))

L) = %m(t)wzf:eew
> W(t, g (b)) + 2Lee?l
> Wt g (1) — W (1) + 2Lee®™ + W(1, 7 (1)
> LG (1) = ¢ (1) + W(t, G (1) + Lee*™

> U(t,q (1))

Also by Theorem 3.1 and the fact that p; (o) < ¢ (o) < g (to), we conclude that p;(t) < g (¢),
meaning that p; () < ¢, (t) when & goes to zero. According to Definition 2.9, we deduce that p(t) <
q(t) on [tg, T] which completes the proof. O
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Remark 3.4. The same conclusions are valid for < partial ordering

Example 3.5. Consider fuzzy initial value problem z’ = I,l’( ) = (2,3,4) where ¥(t,z) = x. We
consider the functions p(t) = (—t? + 1)(0,1,2) and w(t) = €'(5,6,7) for t € [0,1]. Let us try to
examine that whether the inequality p'(t) < ¥(t,p) holds for ¢ € [0, 1]. Here, p'(t) = —2t(0,1,2) and
U(t,p) = (=t +1)(0,1,2). Since p'(t) = (0, —2t, —4t) then by Lemmma 2.8 and Remark 2.5 ,the level
sets can be written as

POl = ('), (' ()] = [-2tr, —2t(2 + 7)]

and we also have W(t,p) = (0, —t? + 1, —2t2 + 2). On the other hand, we acquire

[ (t,p)lr = [(2(t,p)); ], (Pt )] = (=7 + D), (—2 + 1)(2 = 7)]

It is easily observe that

('), < (T(t,p)), and (p'(1),] < (¥(t,p)S

for r € [0, 1], i.e., p’ < U(t,p) on [0,1]. Now, looking for that whether p(0) < 2(0) is true. Since p(0) =
(0,1,2), its level set [p(0)],] = [r,2 — r] and since x(0) = (2, 3,4), its level sets [x(0)], = [2+ 7,4 —7].
Therefore, we can see that

((p(0)), < ((2(0)), and  ((p(0))," < ((x(0))

So, p(0) < z(0). Finally, p is the lower solution of fuzzy differential equation. Like mentioned above,
if we take q(t) = €!(5,6,7) and ¥(t,q) = €!(5,6,7), then we can similarly show that

q'(t) = ¥(t,q),q(0) > =(0)

Consequently, ¢ is the upper solution of the given fuzzy differential equation. It is obvious that the
fuzzy differential equation satisfies the one sided Lipschitz condition given in (3.3) for L > 1. Moreover,
by comparing the following level sets that we have just found

p(0)], =[r,2—7r] and [g(0)],=[6+7,7—1]

We see that
p(0)]; <[q(0)]; and [p(0)]; < [q(0)];f

for r € [0, 1], so the inequality p(0) < ¢(0) holds. As a consequence, we obtain p(t) < ¢(t) on [0, 1] by
Theorem 3.3. Actually, we can check directly whether the result holds. To do so, let us construct the
level sets of p(t) and ¢(t):

@)y = [(—t* + r, (= + )2 =7)] and [¢(t)]; = [e'(5 + 1), €' (7T —1)]

and it can be easily seen that

p®)]; <la@®)], and [p(t)]" < [q(t)]}

for all € [0,1]. Thus, p(t) < ¢(t) on [0,1] is obtained. Furthermore, one can get the exact solution
of the problem as follows:
y=e"(2,3,4)

Observe that, p(t) < y(t) < q(t), t € [0,1], it’s represented in Figure 1.
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In some cases, lower and upper solutions may differ at initial points. In such instances, we need to
make some changes to the previous theorem and add extra conditions to achieve the similar results.

Theorem 3.6. Assume that

(H1) ¥ € O([to,m0 + T] x Rx,Rx),79 > to, T > 0 and the functions p € C([to,to + T],Rx),

q € CY([r0, 70 + T],R) such that
P < W(t, p),p(to) < o,
q > 9(t,q),q(r0) > o,
(H2) ¥(t,z)o¥(t,y) < L(zoy),r>y,L>0
(H3) ¥(t,x) is non decreasing in t for each x.
Then we have
(i) p(t) < q(t+~) on [to, to + T] or
(i) p(t —v) < q(t) on [r0, 70 + T

where v = 19 — tp.
Proor.
(i) Define the function go(t) = q(t + 7) thus we get
qo0(to) = q(to + ) = q(70) = wo = p(to)
and
q(t)=d(t+7) =2 V(t+7.q(t+7) =T ((t+7)20) > Ut q0t)
So, q is an upper solution. By using Theorem 3.3 the proof is completed.

(ii) Define the function po(t) = p(t — v),t > 70. It can be written as before

po(70) = po(T0 — ) = po(to) < w0 < q(70)

and
po(t) =p'(t —~) < Wt —,p(t —7)) =Vt —~,po(t))

which leads to the fact p is a lower solution. As a result, by using the previous Theorem, (ii) is

proved.

O]
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4. Conclusion

In this paper, it is aimed to prove some comparison theorems by utilizing upper and lower solutions
for fuzzy differential equations of first order. Our results have been refined to initial time difference
case where upper and lower solutions start different points in time. In addition, an example has been
given for illustration.
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1. Introduction

Recent observations have shown that the universe is accelerating and expanding [1-3]. The reasons
for this acceleration and expansion still remain a mystery. Einstein’s General Relativity theory has
tried to explain the universe in general. However, it has fallen short of explaining acceleration and
expansion. Therefore, alternative theories to this theory have been put forward by many scientists.
Among these alternative theories, there are theories such as f(R) theory [4], f(G) theory [5], and
Lyra theory [6]. In this study, we have discussed the f(R,T) theory put forward by Harko et al.
in 2011 [4]. f(R,T) theory has also been studied by many scientists [7-16]. Although it is known
that the magnetic field played an important role in the formation of structures in the early universe,
its cause has still not fully understood. The magnetic field is thought to affect the formation of
galaxies [17]. Strange quark matter (SQM) with a magnetic field provides information about the
accelerating expansion of the universe according to Supernova-type Ia observations [18]. One of the
reasons we have studied quark matter with magnetic field is because quark-gluon matter must be
stable and it must ensure charge neutrality [19]. Moreover, Singh and Beesham have studied SQM
with the cosmological term in f(R,T) theory [20]. Besides, Katore et al. have studied in Bianchi VI
universe model [21]. In addition, Aktag has investigated magnetized strange quark matter (MSQM)
in f(R,T) theory [22]. Further, Nagpal et al. have studied MSQM and SQM distribution in f(R,T)
theory [17]. Furthermore, Pradhan and Bali have studied magnetized Bianchi V I universe model [23].
Additionally, Aktag et al. have studied MSQM distribution for the Marder universe model in f(R,T)
theory [24]. Moreover, Sahoo et al. have investigated MSQM in f(R,T) theory [18]. Besides, some
scientists have investigated MSQM and SQM [25-30].
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The Section 2 of this study presents basic equations in the f(R,T') theory with cosmological term
by considering MSQM. The Section 3 obtains modified field equations by using an equation of state
and a decelaration parameter. Finally, the graphs of the obtained solutions are interpreted and the
energy states of the MSQM in this universe are examined. This study is a part of the first author’s
master’s thesis.

2. Field Equations in f(R,T) Modified Gravition Theory

In 2011, Harko et al. suggested a new theory as a function f(R,T) connected to R and T instead of
Ricci scalar R in the Einstein-Hilbert type action function [4]. The action in the modified gravitational
theories is as follows.

_ b
167

(f(R,T) + 2A)y/—gd*z + / Lyp/—gd*a (1)

where T is the trace of Ty, = —2%, R is Ricci scaler, g is the determinant of the metric
tensor g;x, and L,, is matter Lagrangian. Here, assume that the Lagrangian L,, depends only on the
metric tensor component g;; rather than derivatives [4]. By changing the action S in the Equation

(1) regarding g, the f(R,T') gravitational field equations are obtained as follows [4, 31]:
1
FR(R,T)Rige = 5 f(R, T)gik + (9ir0 = ViVi) fr(R, T) = 8nTiy, — fr(R, T)Tix — fr(R, T)Ou + Agi (2)
here ©;j, is defined by [4]

9%L,,
dgikoim 9

Im

O = =215 + i L — 2

where fr(R,T) and fr(R,T') indicate partial derivatives of f(R,T') in regard to T" and R, respectively,
V; is the covariant derivative, and O = V;V* [4].
Contracting the Equation (2), we get

30fr(R,T) + fr(R,T)R - 2f(R,T) = (87 — fr(R,T))T — fr(R,T)O + 4A (3)

where © = ¢**0;;. From Equations (2) and (3), we have

1 1 1 1
frR(R,T)(Rix — gRQik) + gf(RvT)gik = 8 (Ty — ngik) — (R, T) (T — ngik)

1
—fr(R,T) (O — g@gik) + ViVi fr(R,T) + Agix
In this study, we consider f(R,T) = R+2f(T). The gravitational field equation is as follows [4,31]:
1
Riy, = 5 Rgir = 81Ty, = 2f"(T) Ty, = 2 (T)Ou: + (f(T) + A)gin

In addition, in this study, f(7T") = uT such that p is an arbitrary constant [4]. Moreover, in this
theory, the field equation (3) with cosmological term A is given by

Gir = (2u+8m) Ty + (u(p — p) + A) gie (4)

such that p and p are the energy density and pressure, respectively.
The energy momentum tensor in MSQM is considered as

1
Tir = h*(usuy, — igik) + uiug(p + p) — pgir — hihi, (5)

where h? is magnetic field [32,33]. Further, u’ = 6} that satisfies the condition w;u’ = 1.
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3. Modified Einstein Field Equations and Solutions in Bianchi V' Iy Universe
The Bianchi universe VI, a homogeneous-anisotropic metric, is
ds? = dt® — A%da® — B2 2 v dy? — C2e¥ ™72 (6)

where A, B, and C are functions of ¢ and m is constant. Besides, the coordinates: (z,y,z,t). From
Equations (4)-(6), the collection of modified field equations for the Bianchi universe VI are acquired
as follows: . . ..
m C B C 2 2
Z2_y - - A
T +C+B+C’B h*m 4+ h*p — 3pp + pp — 8pm + (7)
mt C A CA
—— = —4h’m — h? A
A2+C+A+C’A T o — 3pp + pp — 8pm + (8)

4 B A BA
T,:1L2+B+A+ﬂ —4h%* — W2 — 3pp + pp — 8pm + A 9)
1 CB CA AB
—ZIL +CB+CA 15 = 87p+ 3up + 4R 7w + h2pu — pu + A (10)
mQC’+mQB
C B

indicates the derivative with respect to t.

=0 (11)

here W

In this study, there are five f(R,T) field equations and seven unknowns. The unknowns are p,
A, h, A, B, C, and p. To solve this system of the equations, auxiliary equations must be considered.
First, the following MSQM’s equation of state is used to completely solve the system.

— 4B,
p=bt (12)

where B, is a bag constant [19,34]. Furthermore, deceleration parameter can be taken as follows [35]:

ST L I (13)
1= a\" )T T T vt a

where a and 3 are constants and H is Hubble parameter. Using Equation (11),
B=cC (14)

such that ¢; is a constant. Later on, if we use Equation (13), then we obtain the equation

coe2BVita

e

where ¢y and c3 are constants. From Equations (7)-(15), the metric potential A, magnetic field h?
energy density p, pressure p, and cosmological term A are obtained as follows:

C = (15)

A= 03625\/t+a

_ 3 5 2m! LB
p_8(47r+,u) (a—i—t)% cletBvott ¢
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1 B 2m? B
b= 8(47‘(‘ =+ [L) (Oé + t)% C§e4ﬁx/oz+t c

and . )
2 3r + 3
A= me - BB+ p) _+ p — 4(27 + p)Be
AAm 4+ p)eVert  (dx 4 p)(a+t)z  att

Phase transition have realized while ¢(¢;.) = 0. Here,

by = 4;2 <1 — 4/52@)

As the phase transition in our universe happens after the Big Bang, t; > 0 = v/« < 0.5 [35].
Moreover, because ¢ > 0 for, t = 0, the cosmic universe passes from deceleration to acceleration [35].
Given the fact that 8y/a < 0.5, different values ¢y are given in Table 1 for different constants.

Table 1. Values of the deceleration parameter qg corresponding to 8 values for o = 0.05

B BV q0 = q(to)
0.15 0.03354101966 < 0.5 —0.62
0.25 0.05590169942 < 0.5 —0.46
0.35 0.0782623792 < 0.5 —0.104

to is the age of the universe and is taken as 13.8 billion years.

4. Conclusion

This section provides the graphs A, B, C, h?, p, A, p, and ¢ corresponding to different ¢q values. Table
2 shows that the examined universe model satisfies the energy conditions (EC), that is, the energy
conditions preserve the properties of the substance.

Table 2. Analyze of energy conditions

" Null EC Weak EC Dominant EC Strong EC
{p+p>0} {p+p>0&0<p} {-—p+p>0& —p|+p>0} {p+p>0&3p+p>0}
—0.62 D D D )
—0.46 S > 7] S
—0.104 &b &b PD )

P : Energy condition is provided.

Figure 1 provides that as accepted in today’s models, the transition of the considered universe
model is from deceleration to acceleration. Further, the evolution of the metric potential A, B, and
C' are presented in Figures 2-4, respectively.
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Cosmic Time (t)

Fig. 1. The evolution of the deceleration parameter with respect to cosmic time for a = 0.05
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Fig. 2. The evolution of the metric potential A with respect to cosmic time for m = 0.4, c3 = 1.25,
and a = 0.05
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Fig. 3. The evolution of the metric potential B with respect to cosmic time for ¢y = 1.5, co = 2.75,
c3 =1.25, and a = 0.05
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Fig. 4. The evolution of the metric potential C' with respect to cosmic time for co = 2.75, ¢3 = 1.25,

and o = 0.05

Figures 2-4 show that the metric potentials increases over time. Moreover, for gy = —0.62, smaller

than the other gg values, the increase is less. Similarly, for gqg

values, the increase is more.

h?

—0.104, larger than the other qo

0.05F
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@ q0=-0.104

1

Cosmic Time (t)

0 15

Fig. 5. The evolution of the magnetic field with respect to cosmic time for m = 0.4, ¢g = 1.25,
a=0.05, and p = —6.2734

In Figure 5, the variation of the magnetic field relative to cosmic time decreases over time. Further,
because h? = 0, for m = 0, the universe model turns into a non-magnetic universe model.

Fig. 6. The evolution of the energy density with respect to
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cosmic time for m = 0.4, c3 = 1.25,
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Figure 6 shows p > 0. As p > 0, the universe model does not collapse on itself. In addition, it also
approaches the bag constant over time.

-59.9980 |- =@= qo=-0.62 ]
: + q0=—0.46 ]
-59.9985 - @ qo=-0.104 |
p [
-59.9990 [
-59.9995
-60.0000 -
|l I I I I Il I I I I Il I I I I Il
0 5 10 15

Cosmic Time (t)

Fig. 7. The evolution of the pressure with respect to cosmic time for m = 0.4, ¢3 = 1.25, a = 0.05,
@ = —6.2734, and B, = 60

Figure 7 shows that in the universe model, pressure decreases and approaches — B, over time.

T
0.90 1
r + q0=—0.62 ]
085 =@ qo=-0.46 ]
i =@= qo=-0.104 ]
0.80 [ ]
0.75) 1

070

0.65)

10 15

Cosmic Time (t)

0.60 "

Fig. 8. The evolution of the cosmological term with respect to cosmic time for m = 0.4, ¢3 = 1.25,
a=0.05, p = —6.2734, and B, = 60

Figure 8 shows that the cosmological term is positive. Therefore, it contributes to the accelerating
expansion of the universe.
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1. Introduction

Hilger [1] first proposed the concept of time scales. The time-scale approach, used to model phenomena that
manifest partly in discrete-time and continuous-time, unifies difference and differential equations. [2-5]
provide heat transfer, stock market, economic, epidemic models and biological by utilising this concept. There
has been an appreciable interest and research about boundary value problems on time scales in the past two
decades. Moreover, there have been many results recently about the existence and multiplicity of symmetric
positive solutions (SPSs) for nonlinear second-order and higher-order differential and dynamics equations with
boundary conditions [6-14].
In [6] Qu investigated existence of positive solutions for following second order differential equations

{—u”(t) = f(tv),

—v'"'(t) = g(t,u), t €[0,1]

with following boundary conditions
u®) =u(l—1¢), u'0)—-u'(l)=ulé)+ul)
v(®) =v(l-1t), v'(0)-v'(1)=v()+v()

where 0 < & <§, < 1.
Inspired by the studies mentioned above, we will study the existence of SPSs for the following system of

second-order boundary values problems (SSBVPs),

Icanselkuyumcuuu@gmail.com; 2erbil.cetin@ege.edu.tr (Corresponding Author)
12Department of Mathematics, Faculty of Sciences, Ege University, Izmir, Turkey


https://dergipark.org.tr/en/pub/jnt
https://doi.org/10.53570/jnt.1036239
https://orcid.org/0000-0002-2499-4017
https://orcid.org/0000-0002-3785-7011

Journal of New Theory 37 (2021) 86-98 / On Existence of Symmetric Positive Solutions for SSBVPs on Time Scales 87

{_ﬁi\;@) =f(t@),  tETS "
-7 () =g(t9), teTy
subject to the boundary conditions
{ I@) =9(b —t+ a), a[ﬁA(a) — ﬁA(p(b))] =9(11) + 9(73) @
e =wb-t+a), alpt@) - (p®)] = o)+ ¢(r2)

where T is a bounded symmetric time-scale (with a = min T and b = maxT), 74,7, € T suchthatt; = b —
T,+a,a=>b—aandf,g: T x R* - R* are ld-continuous functions, both f (., s) and g(., s) are symmetric
on T time-scale such that f(¢t,0) = g(¢t,0) = 0.

The second section of the present paper provides some of the basic definitions and lemmas needed for the
next sections. Section 3 proves SPSs for the system (1)-(2) using the Krasnosel’skii fixed point theorem and
presents two examples to illustrate the main results herein. Finally, we discuss the results and future studies.
This study is a part of the first author’s master’s thesis.

2. Preliminaries

This section presents some basic definitions and results concerning about time scale theory which can be in
[15-17]. Let T, a nonempty closed subset of R, be a time scale such that a = min T and b = max T. The jump
operators a,p: T — T are defined by o(t):==inf{s€T: s>t}, p(t) =sup{s€T: s <t} where
inf@ = aandsup® = bsothatp(a) = aanda(b) = b. Apointt € T is called right scattered, right dense,
left scattered, and left dense if a(t) > t, a(t) =t, p(t) < tand p(t) =t respectively.

If a function x from T to R is continuous at all left dense points and has finite right-sided limits at all right
dense points of T, then it is said to be ld-continuous on T. Moreover, C;4(T) denotes the set of ld-continuous
functions x: T — R. Here, C;4(T) is a Banach space with below norm || x |I:= max;ep|x(t)|, x € C;q(T).

Throughout this paper, let define the delta and nabla differentiability sets T := T — (p(b), b] , T,: =
T — [a,0 (a)) and Tk:= T — ([a,0 (a)) U (p(b), b]) which are closed. Therefore they are time scales
too, and we are also able to define the above space and norm using T} instead of T.

Definition 2.1. [16] Let f be a function from T to R. Then, f is delta differentiable at t € T* if there exists a
number £2(t) with the following property: for any € > 0 there exists a § > 0 such that s € T and

It —sl<8 = |f(e@®)—f)— A0 @®)—s)| < ¢glo (@) —s|
Here, f is said to be delta differentiable, if f is delta differentiable, for all t € T*.

Definition 2.2. [16] Let f be a function from T to R. Then, f is nabla differentiable at t € T, if there exists a
number £V(t) with the following property: for any & > 0 there exists a § > 0 such that s € T and

It —s1<é& = |[f(p®) =) = fFTFO(®) —5)| < elpt) - s|
Here, f is said to be nabla differentiable, if f is nabla differentiable, for all t € T,.

Definition 2.3. [16] Let F be a function from T to R. Then, F is called a nabla antiderivative of f: T - R
provided FY(t) = f(t) holds for all t € T,. Moreover, the nabla integral of £ is defined as follows:

t
ff(S)VS =F(t) — F(a),forallt € T

Definition 2.4. [12] Let T be a time scale. Then, T is called symmetric, if b —t +a € T, forall t € T.

Definition 2.5. [12] Let ¥ be a function from T to R. If, forallt € T, 9(t) =9(b — t + a), then Y is called
symmetric on T.
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Definition 2.6. Let 9, ¢ be functions from T to R. If a pair of (9, ¢) is a solution of SSBVP (1)-(2) and 9, ¢
are symmetric on T, then a pair of (9, ¢) is called a symmetric solution of SSBVP (1)-(2) on T.

Definition 2.7. [19] Let X be a real Banach space. A nonempty closed set P c X is called a cone of X if it
satisfies the following two conditions:

i.y€eP,y>0impliesyy € P
ii. y,—y € Pimpliesy =0

Theorem 2.8. [18,19] Let B be a Banach space, and P < B is a cone in B. Assume that w; and w, are open
subsets of B with 0 € w; and w; € w,. LetT: P N (w, \ w;) — P be a completely continuous operator such
that either

i.Vu € PNnowy: ||Tull < |lull,Vu € P N dw,: ||Tull = ||ul|
or

ii.Vu € PNnaow;: ||Tull = |[ull,Vu € P N dw,: [|Tu|l < |lul|
holds. Then, T has a fixed pointin P N (w, \ w4).

Hereinafter, T is a symmetric time scale with a = minT and b = max T, and 7,,7, € T such thatt; = b —
Ty + a.

Lemma 2.9. Let h € C,4(T) and q(t) # 0. When 74,7, € T suchthatty =b—1,+aanda = b — a, then
the BVP

98 (t) = —q(t), t € T 3)
() =9(b — t + ), a[92(a)—92(p(b))] = 9(z1) + I(x2) (4)

has a unique solution
b

I(t) =fG(t,s)q(s)Vs

a

where
G(t,s) = G1(t,s) + Go(s), (5)
here
_ b-—t)(s—a),s<t
Gt s) = b— a{ (b-s)(t—a),t<s
and

a+a—5,a<s<T
G,(s) =—{a+r2—b, 7T, <s<T1,
2 a—b+s,17,<s<bh.
Proor. Let assume that 9 € C;4(T) is a solution of (3)- (4). By integration of both sides of (3) from a to t,
we get
t
920 = 9@ - [ a)7s ©)

a
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Integrating again, we have
t
9(t) = 9(a) + (t — a)9*(a) — f(t —5)q(s)Vs
a
Plugint = b in (7), we find
9(b) =9(a) + (b — a)9%(a) — f(b —5)q(s)Vs
Using boundary conditions (4), we find
b
9@ = — [ 6 - )a(sIvs
b—a
a
Substituting (8) to (7), we get

t

b
1
[0 =949 - [ - aws

a

I(t) =9(a) + (t—a) 5

From (4), we have

p(b)
a f q(s)Vs = 29(a) + (11 —a) 5

a

b Tq
1
_af@—SM@WS—fﬁa—ﬂﬂQVs

b T2
1
(1~ D [ (b= 0I5 - [ (0 = ()05

Therefore,

a

(@) = = [f [ Jlemns Tz>(b‘”+(rl—s)+<r2—s>]q<s>Vs

f [ (2a — T1 Tz)(b s) + (1, — S)_ 4(5)Vs

@ )b —s)
a—1,-17,)(b—s
+ f [a + b —a

] q(s)Vs

and fromt, =b —1, +a,
p(b)

d(a) =

1 T2

f (a+a—s)q(s)Vs + f (a+1,—b)q(s)Vs+ f (a+s—D>b) q(s)Vs

|

89

(7

(8)

9

(10)

(11)
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Substituting (11) to (9), we have

b t b
o) = ﬁ f (t — )(b — $)q(s)Vs — f (t = $)q(s)Vs + f G5 ()q(s)Vs

b

= f G(t,s)q(s)Vs

a
This proof is completed.
Lemma 2.10. For t,s € T, we have G(t,s) = 0 and min;c1G,(t) = G,(11) = G,(T3).

Proor. It is evident from (5).

im
Lemma 2.11. For t,5 € T, let mg, = mineqGy(t) = Go(11) = Gy(r5) and L = ;—

mGZ+(b—a)

function G(t, s) satisfies
LG(s,s) <G(t,s) <G(s,s)fort,s €T
Proor. For s < t, we get

G,(t,s) b—t b-—s
Gi(s,s) b—s b-s

Fort < s, we get

G,(t,s t—a s-—a
1(ts) _t—a_s—a_

= =1
Gi(s,s) s—a s—a

Therefore, we have G, (t,s) < G,(s,s). Thus,

G(t,s) = G1(t,5) + G,(s) < G1(s,5) + G,(s) =G(s,5)

90

O

, then the

(12)

We know G (s) = 0 from Lemma 2.9. Therefore, it is evident that mg, > 0. By using "

we have
G(t,s) = Gi(t,5)+ Gy(s)
> G,(s)
4mg, +b—a
=— @
4mg, +b—a 2(5)

= LGy(s) + 207G

4 4mG2+b—a
(b—a)
4

b—=s)(s—a)
b—a

= LG,(s) + LG(s,5)

= LGy(s) + L

> LG,(s)+ L

= LG(s,s)

Itisevidentthat LG(s,s) < G(t,s) < G(s,s) fort,s € T. This proof is completed.

(b—;)(s—a) < b—a

4
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Lemma 2.12. G(t, s) Green function is symmetricon T. i.e., fort,s € T,
Gb—-—t+ab—-—s+a)=0G(s)

Proor. Using 7, = b — 1, + a and Definition 2.5 and (5), we have

1 (b-b+t—-a)b—s+a—a)b—s+a<b—t+a
Gb-t+ab=-s+a) _b—a{(b—b+s—a)(b—t+a—a),b—t+aSb—s+a
1 {(t—a)(b—s),tSs
" bhb—al(s—a)(b—-t),s<t
= G41(t,s)
and
a+a—-b+s—aa<b—-s+as<sn
Gy,(b—s+a) =— a+1,—b1<b—-s+a<rt,
a—b+b—-—s+a1,<b—s+a<b
1 a—b+s,a—-b—-—a<-s<t,—b—a
=3 a+1,—bti—b—a<—-s<t,—-b—a
a+a—s,15—-b—a<<—-s<b—-b—a
a+a—s51,<s<bh
ZE a+T2—b,T1£SST2
a—b+sa<s<Tt
= Gy(s)
Therefore,
Gb—-t+ab—-—s+a)=Gb-t+ab—s+a)+G(b—s+a)=G(ts)+ Gy(s)
Eventually, fort,s € T,G(b —t + a,b — s + a) = G(t,s). The proof is completed. O

3. Main Results

This section studies the existence of the SPSs of the SSBVP (1)-(2). First, we assume the following conditions:
(Hy) f: T x R* - R* is a ld-continuous function such that £ (., s) is symmetric on T and f(t,0) = 0,
(H,) g: T x R* - R* is a ld-continuous function such that g (., s) is symmetric on T and g(t, 0) = 0.

Second, we give the following assumptions:

= ft,x) _ gt x)

fo = lim max , o = lim max ,
x—-0% teT X x-0% teT X

o ftx) o g(tx)

fo = lim min , o = lim min ,
— x-0t teT Xx = x-0% teT X

foo = mmaxf(t’ *) = Mmaxg(t' *)

@ x—oo teT X ’ Geo x—oo teT x

foo = lim minf(t' *) = lim ming(t'x)
{® x—oo teT X ! 'g—oo x—oo teT X

Now, let B = C;4(T) be a Banach space with |[9]| = rPEaExlﬁ(t)l, and determine cone P c B by

P = {19 € IBB‘ 9(t) = 0 fort € T,9(t) is symmetric on T,min9(t) > L||9||and 94" (t) < Ofort € ']I‘ﬁ}
teT
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Besides, define the integral operator T from P to B by

b b
To(t) = f Gt )f (s f 6(5,0)9(3,8(O)VE)Vs (13)

Thus,
b

TOWA = —f(s, f 6(s, )99IV

a

Hence, for 9 € P, T9 > 0 on T and T9*Y < 0 on TX.

Since 9, f and g are symmetric on T, then

a b
T9(b—t+ a) :fG(b—t+a,b—s+a)f(b—s+a,fG(b—s+a,()g((,ﬁ(())V{)V(b—s+a)
b a
b a
=fG(t,s)f(b—s+a,fG(b—s+a,b—('+a)g(b—{+a,ﬁ(b—{+a))V(b—{+a))Vs
a b
b b
- [ 6916, [ 66,096 06T
a a
=TI(t)

for all t € T. This implies that T9(t) is symmetric on T. It is easy to verify that rtneiqrrlTﬁ(t) > L||TY||.
Consequently T: P — P.

Lemma 3.1. Suppose that (H,) and (H,) hold. Then, for 9, ¢ € B, a pair of ( 9, ¢) is a solution of SSBVP
(1)-(2) iff 9 is a fixed point of the operator T and go(t)zf;J G(t,)g((,9())V¢

Proor. The proof is clear from Lemma 2.9. O
Lemma 3.2. Suppose that (H;) and (H;) hold. Then, the operator T: P — P is completely continuous.

Proor. Suppose that K < P is a bounded set. Let N > 0 be such that ||9]| < N for 9 € K, we have

b b
To@1 < [ 6691 [ 66,0969 Ts
ab ‘ b
< f 6G5) sup [FGs f 6(s, 099N 7s
‘ b ‘ b
= sup |fGs f 6(s,0)9(, 9V f G(s,5)Vs
a<s<b 2 2

for every t € T. This implies that T(K) is bounded. By the Arzela-Ascoli theorem. We can easily see that T is
a completely continuous operator. Thus, the proof is completed. O

For convenience, we denote

b
mZ=J.G(Z,Z)VZ (14)
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Theorem 3.3. Suppose that (H,) and (H,) are satisfied. If f, = g, = 0 and foo = goo = 0 hold, then SSBVP
(1)-(2) has a symmetric positive solution (9, ¢).

Proor. Because of f, = g = 0 uniformly on T, we may choose a c¢; > 0 such that

f(t,9) <y, g, 9) <9, 0<9<c, teT

where y; < % Note that
b b b
[ 66.096.9€)% < [ 66€.Omv@V <71 [ 6@ < 9l < €4
a a a
If w4 is aball in B centred at the origin with a radius ¢; and if 9 € P N dw,, then we have
b b

IT9OI = max f Gt 9)f (s, f G(s,0)g(¢, 9(())IVOIVs

a a
b b

< f G(s, )11 j 6(s,0)g(2,9(0))VE Vs

a a
b b

<1 j G(s,5)Vs j 6 OOV

a a
b b

<n? [ 66,97 [ 6691

a a

=y ' m? 9l < |19

and so ||IT9(O)|| < ||19]| forall ¥ € P N dw;.

Next, we use the assumption foo = goo = uniformly on T. There exists a ¢, > 0 large enough such that

f(t,9) = ud, g(t,9) = ud,d > c,, fort € T where p > ——. If we define w, = {19 EB | |9]| < Zﬁ} for

LZm
teT,9€Pand |9 = \F,we have
b b b
j 6(s,09(¢9)VE > L f G, OOV = Lu f G, OVELIBI = L2umll9l = VIS = 2¢, > ¢,
For9 € P Nn dw,, we have
b b
@I > 1 j G (s, s)u j G(s,0)9(,9(0))VE Vs
‘ b ‘ b
> 1%y j G(s,5)Vs j G, OdQIVE
‘ b ‘ b
> ]2 2-[G(S S)VSJG((,{)LH&”V{

= urPm?|91l = 19l
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and so ||[T9(t)|| = ||9]| forall 9 € P n dw,. As a conclusion, from (i) of Theorem 2.8, T has a fixed point in
P N (w3 \ wq) and so the SSBVP (1)-(2) has a symmetric positive solution (9, ¢). |

Theorem 3.4. Assume (H,) and (H,) are satisfied. If& =go = © and f_oo = g = 0 hold, then SSBVP (1)-
(2) has a symmetric positive solution (39, ¢).

Proor. Firstly, Iet& =go = hold. For t € T, there exists a ¢; > 0 such that
f(t,9) = pd,g(t,9) =pud,0<9<c3
such that yu > % Now from g(t,0) = 0 and g(t, s) is continuous, we know that there exists a number c; €
L2Zm
(0,¢3) such that g(t, s) < :nzfor each9 € (0,cz]andt € T. Then, for all 9 € P and ||9]|| = &3, note that

b b B
[ 6609600 < [66.02v =5

Let ws; = {9 € B| [|9]| < c3}. For9 € P n dws, then we have

b b

IT9@)] = LfG(s,s)ufG(s,()g((,ﬁ(())V(Vs

a a
b b

> 12 j G(s,5)Vs j 6, OIS

a a
b b

> 12,2 j G(s,5)Vs j 6@, OLIONVE = 191

a a

For9 € P N dws, we have [|[T9(6)|| = [19]]. Next, since f,, = goy = 0, there exists a ¢, > 0 such that
f(t,9) <vy,9, g, 9) < y,9, 9 > ¢y, teT (15)

where y, < % We consider two cases.

Case 1. Assume f(t,s) is bounded on T X [0, ). Therefore, there isan M > 0 such that f(¢t,s) < M, fort €

T and s € [0, ). Let ¢,* = max{2c,, Mm}. Then, for 9 € P with ||9]| = ¢,*,

b
IT9®)| < f G(s,s)MVs = Mm < max{2c,, Mm} < c¢,* = ||9||

a

Case 2. Assume f(t, s) is unbounded on T X [0, ). Then,
h(c) == max{f(t,s)|t e T,0 <s <c} (16)
such that lim h(c) = o. Therefore, we can choose c,* = max{2c, c,} such that h(c) < h(c,*) for0 < c <
Cc—> 00

c,”. Since ¢; < ¢,*, (15) and (16), then we get f(t,s) < h(cy") < vyic,*, fort e Tand s € [0,¢,*]. For 9 €

P and [|19]| = c,*, we have
b

T < f G(5,)74C4"Vs = yacs'm < ¢4” = |19l

a
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So, we obtain [|T9(t)|| < ||9]| forall 9 € P N dw,, where w, = {9 € B|||9]|| < c,* } in both cases. By (ii) of
Theorem 2.8 that T has a fixed point in P N (w, \ w3) and so the SSBVP (1)-(2) has a symmetric positive
solution (9, ). O

We will provide sufficient conditions for two SPSs for SSBVP (1)-(2).

(H;3) There exists a constant R, > 0 such that f(t,s) < % and g(t,s) < %, fort € T,s € [0,R,].

H,) There exists a constant R, > 0 such that f(t,s) = £z and t,s) < &, fort € T,s € [0,R,].
4 2 m ) m 2

Theorem 3.5. Assume that (H,), (H,) and (H;) are satisfied. Iffoo = oo = ®© and fo=9go =00 hold, then the
SSBVP (1)-(2) has two SPSs (94, 1) and (39, ¢,).

Proor. At first, from Lemma 2.9 and (H3), we can obtain f; G(s,0)g(,9(Q)V{ € [0,R]. Thus ||ITI(D)|| <
%ffG(s, s)Vs = Ry = ||9]||. Then ||ITI(®)|| < ||9]| for VO € P N dws, Where ws = {9 € B | ||9]| < R,}. For

another hand, from Theorem 3.3 and Theorem 3.5, we have ||T9(t)|| = ||9]| for v9 € P n dw, where ¢, >
R,and ||T9(t)|| = ||9]| for VI € P N dws Where Ry > c3.

It follows from Theorem 2.8 that T has a fixed point 9; in P N (ws \ w3) and a fixed point 9, in P N
(w3 \ ws). (91, 91) and (I,, @,) are SPSs of the SSBVP (1)-(2). O

Theorem 3.6. Assume that (H,), (H,) and (H,) are satisfied. If f, = go = 0 and f,, = go, = 0 hold, then the
SSBVP (1)-(2) has two SPSs.

Proor. It could be proved in a similar way to Theorems 3.5. O
Example 3.6. On a bounded symmetric time scale T = {1,2,3,4,5,6,7,8,9,10} we consider following SSBVP
AV 2 11 ’ K
Y &)=—¢(0(?—¢), t € T ={2,3,4,5,6,7,8,9}
11 \? 17
P2V (t) = —9*(t) (7 - t) , teTX={23,45,6,789}
and boundary conditions

I =911 —1t),  9(1) — 92(9)) = 9(3) + I(8)
) =p1-1),  9(@*(D) —¢*(9) = 3) + ¢(8)

In this problem, [1,10]y is symmetric, a = 1,b = 10,0(a) = 2, p(b) =9, 7; = 3 and 7, = 8. We see that

(18)

. 11 2, 11 2 4 g -
easily f(t,p) = (7 — t) p“and g(t,9) = (7 — t) 9% are satisfies the conditions (H;) and (H,) and also

S t, 11
fo = Im maxf( ) _ Iim max(—— )29 =0
-0t teT (0] @—-0% teT
t,9 11
go = hm maxg( ) _ = lim maX(—— £)293 =0
9-0* teT 9 90+ teTl
t,
foo = lim mlnf( ¢) = lim mln(— —t)?p =
— @—oo teT [ P teT
L . g(t,9) 11 203 _
9o = JMWP Ty T PMEPG 0=

As a result, all conditions of Theorem 3.3 are satisfied. From Theorem 3.3, SSBVP (17)-(18) has one SPS.
Example 3.7. On a bounded symmetric time scale T = {0} U[1,2] U{3} we consider the following system
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{19”(0 = —f(te®),t € Tk = [1,2] (19)
% (t) = —g(t,9(1)),t € Tk = [1,2]
with boundary conditions
{19@) =93 —1t), 3®20)—-9%(2) =9(1) +9() 20)
p(t) =p(B—1),  3(p*(0) —9*(2)) = (1) + ¢(2)

where f(t,p) = (|t_5‘+2(0‘/6+(p ) and g(t,9) = (|t_5‘+18)$ﬁ+19 ). Here a = 0,b = 3,0(a) =1, p(b) =2,

7, = 1, 7, = 2 and [0,3]} is symmetric. We see that easily f(t, @) and g(t,9) are satisfies the conditions
(H,) and (H,). Furthermore, we find

g (=34 1) (e e?)
fo = Jim, mip—" "= lim, mip 4409

= lim ming(t'ﬁ) = lim min(|t __| i 1) (2\/_-“92)
J0 9-0* teT 90+ teT 8809

oo (o3 +) (e ret)

f;” = gll—{rolo rglel”ﬂr“l 7 - <;l—r>rolo teT 440w
e (Y e
Io = UGN 9 e min 8800

We calculate
44
m= f G(s,s)Vs = )
0

If we choose R; = 2, then we have % = 0.409 and f(t,s) < % and g(t,s) < %for teT,s € [0,R,] So,

f and g satisfy the condition (H3). Consequently, all conditions of Theorem 3.5 are satisfied. From Theorem
3.5, SSBVP (19)-(20) has at least two SPSs.

4. Conclusion

In this study, we obtain sufficient conditions that guarantee at least one and two SPSs of the system (1)-(2) on
a symmetric time scale. This paper generalizes Qu’s study in 2009 [6], which is the existence of SPSs of
second-order differential equation systems with four-point boundary conditions to dynamic equation systems
on symmetric time scales. To investigate the symmetric solutions of dynamic equations on time scales,
researchers use Definition 2.4. A time scale that is symmetric in the sense of Definition 2.4 must satisfy b —
t+a € T,forall t € T. Because of this ﬁ is not symmetric where g > 1. Therefore, this definition does not
generalize all time scales. If a new symmetric definition can be found, including the g-difference time scales,
it will be more general. Also, in the future someone can work on this problem for existence of one, two and
three symmetric positive solutions by using Schauder fixed point theorem, Avery—Anderson—Henderson fixed
point theorem, Legget-Williams fixed point theorem. Furthermore, this boundary values problem can be
considered with impulsive boundary conditions.
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1. Introduction

A generalized cylinder is constructed by a constant motion of a straight line called the ruling through
a given curve called the base curve. The generalized cylinders are a class of developable ruled surfaces
that have no singularities points and can be produced from paper or sheet metal with no distortion.
For this construction, the generalized cylinder has been investigated as a basic modeling surface in
various fields of science including geometric modeling, computer graphic, architectural designing [1-4].

Geodesic is a characteristic curve that is used to obtain the shortest distance between two points on
curved space. Geodesic is a curve that travels through the surface such that its principal normal vector
field parallel to the surface normal vector field. The different spaces and surfaces are characterized by
their geodesics, the lines and grate circles are geodesics on the plane and the sphere respectively, but
the (meridian) circles are not always geodesics on the surface of revolution. The helices are geodesics on
the cylinder but the helicoid contains helices that are not geodesics [5-8]. Calculating and visualizing
the geodesics on different spaces are important problems in many areas of applications [9-11].

A helical curve (or a helix) is a space curve in Euclidean 3-space whose tangent vector field makes
a constant angle with a constant direction. According to the Theorem of Lancret [12], a necessary
and sufficient condition that a curve is of constant slope (or general helix ) is that the ratio of torsion
to curvature is constant. The circular helix is a special helix with both its curvature and torsion are
constants, based on this definition, the circle and line are degenerate helices [13]. A circular cylinder
contains a helix, a circle, and a line as geodesics. The relation between generalized cylinder, geodesic,
and a helix is well known and can be summarized by ”a helix is a geodesic on a general cylinder”.

A helical geodesic is a curve in which its principal normal vector field parallel to the surface normal
vector field and at the same time its tangent vector makes a constant angle with a fixed direction.

Lalthibany1972@yahoo.com
'Department of Mathematics, Faculty of Applied Science, Taiz University, Taiz, Yemen
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Thus, a helical geodesic is characterized by both two geometric natures, a helix from the Euclidean
3-space viewpoint, and a geodesic from the ambient surface viewpoint, for more details, see [5,8,14].
Darboux frame is adapted moving frame defined along a curve that lives on the surface. It is an
important tool to study the geometry of surface curves such as geodesic curves. Darboux frame is
defined at each point of the surface curve and can be obtained by rotating the Frenet frame around
the tangent vector. The Darboux and Frenet frames agree modulo signs along the geodesic curves [15].

An osculating Darboux vector is defined by Izumiya and Otani [16] as the special direction of
the Darboux frame that lies in the tangent plane of the surface. They showed that an osculating
Darboux vector field has a constant direction if and only if the osculating developable surface is a
generalized cylinder. An osculating developable surface is a ruled surface whose rulings are directed
by the osculating Darboux vector field along the curve, it is tangent to the surface along the curve
and it gives a flat approximation of the surface along the curve [17]. An osculating Darboux vector
was studied in [18,19], it characterizes the helical geodesic on the osculating cylinder as shown in this
paper.

Designing the surface or the surfaces family that possess the given curve as a geodesic curve has
been studied by Wang et al. [20], where they derived a sufficient condition for the curve to be geodesic
on a given surface. After that, Kasap et al. [21] generalized the work of Wang. A developable surface
that possesses a base curve as a geodesic has been studied in [22]. Recently in [23], the author studied
and classified the ruled surfaces whose base curve is characteristic. After that in [24], we concluded that
among all developable surfaces, the generalized cylinder can be equipped with geodesic coordinates if
and only if the base curve is a helix and the director vector is a unit Darboux vector.

The main goal of this paper is to design a generalized cylinder whose base curve is geodesic in
Euclidean 3- space. The generalized cylinders are a class of ruled surfaces, therefore, we start from a
ruled parametrization, then with additional conditions called the cylindrical conditions, we define the
generalized cylinder parametrization according to the Darboux frame. After that, and under some
geometric constraints, we obtain the base curve as a geodesic curve. The main results show that the
generalized cylinder with the geodesic base curve is an osculating cylinder in which the base curve is
a helical geodesic and the rulings are directed by a constant unit osculating Darboux vector.

The rest of this paper is organized as follows: In Section 2, some basic notations, facts, and
definitions of space curve in Euclidean 3-space and on a surface are reviewed. The main results are
studied in Section 3, where the generalized cylinder with a geodesic base curve is generated. Finally,
the conclusion is given in Section 4.

2. Preliminary

This section introduces some basic concepts on the classical differential geometry of the curve lying on
the surface and in Euclidean 3-space, as well as some basic definitions and notions that are required
subsequently. More details can be found in such standard references as [12, 25, 26].

2.1. Curves in Euclidean 3-space

A smooth space curve in 3-dimensional Euclidean space is parameterized by a map v: I C R — E3,
v is called a regular curve if 4/ # 0 for every point of an interval I C R, and if |y/(s)| = 1 where

1Y (s)| = /{(7'(5),7(s)), then v is said to be of unit speed (or parameterized by arc-length s). For a
unit speed regular curve v(s) in E3, the unit tangent vector ¢(s) of v at (s) is given by t(s) = 7/(s).
If 4" (s) # 0, the unit principal normal vector n(s) of the curve at v(s) is given by n(s) = %—E,SH) The
unit vector b(s) = t(s) x n(s) is called the unit binormal vector of v at (s). For each point of ~(s)

where 7”(s) # 0, we associate the Serret-Frenet frame {¢,n,b} along the curve . As the parameter s
traces out the curve, the Serret-Frenet frame moves and satisfies the following Frenet-Serret formula.

t'(s) = k(s)n(s),
n'(s) = —k(s)t(s) + 7b(s), (1)
b(s) =-—7(s)
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where k = k(s) and 7 = 7(s) are the curvature and torsion functions. When the point moves along the
unit speed curve with non vanishing curvature and torision, the Serret-Frenet frame {t,n,b} is drawn
to the curve at each position of the moving point, this motion consists of translation with rotation
and described by the following Darboux vector whose direction is the direction of rotational axis and
its magnitude gives the angular velocity of rotation.

w=rT1t+ Kb (2)

The general helix ( (T = c)) lies on a general cylinder and also known as a cylindrical helix.
The circular helix ( a helix on a circular cylinder) is a special helix with both of x(s) # 0 and 7(s)
are constants. The Darboux vector is constant for circular helix. For the cylindrical helix, the unit
Darboux vector is constant as following

o T sl K g T/K 1 c 1

V72 4+ K2 V72 4+ K2 \/(T/H)2+1t+\/(T//ﬁ})2+1b:\/02+1t+\/62+1b

3)

For a regular curve on a surface, there exists another frame called Darboux frame and denoted by
{t(s),q(s), N(s)}, where t(s) is the unit tangent of the curve, N(s) is the unit normal of the surface
and ¢ is a unit vector given by g = N X t. Derivative of the Darboux frame is given by the following

t'(s) = kgg(s)+ KknN(s),
g'(s) = —rgt(s) + 4N (s), (4)
N'(s) = —knt(s) = 79(s),
where kg is the geodesic curvature, k,, is the normal curvature and 74 is the geodesic torsion at each
point of the curve 7(s) which are given by
kg =<7"(s),9 >, kn =<~"(s), N >,and Ty =<N' g > (5)

The relations between Frenet and Darboux frames can be given by the following matrix form

t 1 0 0 t
gl =10 cos¢ sing n (6)
N 0 —sing cos¢ b

where
{ g(s) = cosp(s)n(s) + sin ¢(s)b(s), -

N(s) = —sing(s)n(s)+ cosp(s)b(s)

Differentiating (7) using (4) and (1), we get the relation between geodesic curvature, normal
curvature, and geodesic torsion with curvature and torsion as follows:

d¢
ds’

Kg = K COS @, Kp = Ksin ¢, Tg=T++ where k%(s) = k2(s) + ﬁg(s) (8)
Definition 2.1. A unit-speed curve on a surface is called a geodesic if and only if its geodesic curvature
is zero (kg =0 ).

Remark 2.2. For a geodesic curve (kg = 0 ), some geometric quantities along the geodesic curve
are congruent up to orientation, the principal normal of the curve and the surface normal are parallel
to each other at any point on the curve, the rectifying plane coincides with the tangent plane of the
surface, the Frenet and Darboux frames agree modulo signs, the absolute value of the normal curvature
and geodesic torsion equal to the ordinary curvature and torsion respectively. By using (7) and (8),
the following equations can be calculated easily

N = +n, g = &b, Kkn = £k, and Ty = T 9)
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3. Generalized Cylinder with Geodesic Base Curve

This section is the main part of the present paper and it consists of three subsections. In the first
subsection we give the necessary and sufficient conditions for the ruled parametrization to be gener-
alized cylinder parametrization. The second subsection is devoted to making the base curve of the
generalized cylinder is a geodesic. In the third subsection, we prove that the geodesic base curve is
a helix, or equivalently a helical geodesic. Th conditions which are assumed are given by Darboux
frame and its related geometric quantities. The main result is obtained subsequently and shows that
the generalized cylinder with the geodesic base curve is an osculating cylinder whose base curve is a
helical geodesic and the rulings are directed by a constant unit osculating Darboux vector.

3.1. Generalized Cylinder

A generalized cylinder is generated by a constant moving of a straight line on a given curve and defined
by the following ruled parametrization

X (s,v) =7(s) +vD(s),0 < s < {,veER, where D'(s) =0 (10)

A unit regular curve 7(s) is called the base curve, the line passing through ~(s) that is parallel

to D(s) is called the ruling. D(s) is a unit director vector field that gives the direction of the ruling,

D'(s) = 0 is the cylindrical condition which means that the ruling moves in a constant direction. D(s)
lies in the tangent plane of the generalized cylinder and can be written using (6) as following

D(s) = cos6(s)t(s) + sinf(s)g(s) (11)

The derivative of D(s) in terms of the Darboux frame and its derivatives is given by

D'(s) = —sinf(s)[rg(s) + %]t(s) +cos0(s)[kq(s)+ %]g(s) + [Kn(s) cos O(s) +714(s) sin@(s)|N(s) (12)

Definition 3.1. The ruled parametrization with base curve y(s) and a unit director vector D(s) is
defined by

(13)

{ X(s,v) =~(s)+vD(s),0<s<L,veR, where
D(s) = cosf(s)t(s) +sinf(s)g(s).

The following Theorem gives the cylindrical conditions that make the ruled parametrization (13)
to be generalized cylinder parametrization

Theorem 3.2. The ruled parametrization (13) is a generalized cylinder if and only if the following
conditions are satisfied
de
Kg(s)+—= 0,

kn(s)cosf(s) + 74(s)sinf(s) = 0
PROOF. By definition, the ruled parametrization (13) is a cylinder if and only if D’(s) vanishes, by
using (12) this condition is satisfied provided that (14) are satisfied. O

Definition 3.3. The generalized cylinder with base curve y(s) and a unit director vector D(s) (11)

is parameterized by
X (s,v) = 7(s) + v[cosO(s)t(s) +sinb(s)g(s))], 0 <s < L,v € R, where, (15)
kg(s) + % =0 and kp(s)cosO(s) + 14(s)sinf(s) = 0.

The main result of this paper is the following main theorem which is proved in the next section.

Theorem 3.4. Let X(s,v) = v(s) +vD(s),0 < s < L,v € R be a generalized cylinder, v(s) is a unit
speed regular curve with non vanishing curvature and torsion, D(s) is a unit director vector defined
by (11) satisfying D’(s) = 0. Then the generalized cylinder with geodesic base curve is an osculating
cylinder whose base curve is a helical geodesic and D(s) is a constant unit osculating Darboux vector.
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3.2. Generalized Cylinder with Geodesic Base Curve

This subsection is devoted to constructing a generalized cylinder parameterized by (15) with the
geodesic base curve. For this purpose, three conditions must be satisfied as given in the following

Theorem 3.5. A base curve 7(s) of the generalized cylinder parameterized by (15) is a geodesic if
and only if the following conditions are satisfied

RQ(S) = 0,
do
= 16
“_ (15

kn(s)cosO(s) + 14(s)sinf(s) = 0

PROOF. By definition (2.1), a base curve v(s) of the generalized cylinder parameterized by (15) is a
geodesic if and only if k, = 0 which is the first condition of (16). By substitution it in the cylindrical
conditions (14), we get the other conditions of (16). O

Definition 3.6. A generalized cylinder with geodesic base curve is defined by

(17)

{ X (s,v) =7(s) +v[cosO(s)t(s) +sinb(s)g(s)], 0 < s < L, v € R, where,
kg(s) =0, Z—g =0, and kp(s)cosf(s) + 14(s)sinf(s) =0

Izumiya and Otani [16] defined the osculating Darboux vector field Dy and its normalized Dy
provided (kn(s),kg(s)) # (0,0) as the following

Dy = 74(8)t(s) — kn(s)g(s), Do = T4(8)

. Kn(8)

g (18)
V) +r2(s) \[73() + KA(s)

Proposition 3.7. Suppose that D(s) = cos6(s)t(s) + sinf(s)g(s) is a unit vector field defined along
a unit speed surface curve y(s) with (74(s), kn(s)) # (0,0), then D(s) is a unit osculating Darboux
vector field if and only if k,(s) cos@(s) + 74(s)sinf(s) = 0.

PROOF. Let  D(s) = cosf(s)t(s) + sinf(s)g(s) be unit osculating Darboux vector field. From (18)

cosf — 74(5) . sinf(s) = —Kn(s) . and  coth = — T4($)
T3(s) + K3 (5) T2(s) + 3 (s) fn(s)
This implies that £, (s) cos0(s) 4 74(s) sinf(s) = 0, and vice versa. O

The condition % = 0 implies that the angle function 6(s) is constant, hence the rulings keep
constant angle to a fixed direction D(s), or equivalently D’(s) = 0 as a cylindrical condition. This
condition with proposition (3.7) insure that the unit osculating Darboux vector field is constant.

Theorem 3.8. A base curve v(s) of the generalized cylinder parameterized by (15) is a geodesic if
and only if D(s) is a constant unit osculating Darboux vector.

Definition 3.9. A generalized cylinder with geodesic base curve is defined by

X(s,v) =~(s)+vD(s),0<s<L,veR where

D — 4(8) _ fin(s) D’ —
) Foeae ) T Umeeam o) D) =0
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3.3. Generalized Cylinder with Helical Geodesic Base Curve

In the last subsection, Theorem (3.8) and definition (3.9) presented the conditions that can be applied
on the director vector field D(s) to make the base curve of the generalized cylinder to be geodesic.
Therefore, this subsection investigates the equivalent conditions that can be applied on the base curve
to be geodesic. For this purpose, we start by the following theorem, for proof see [27].

Theorem 3.10. [27] A unit speed curve on a surface with (k,(s), kg(s)) # (0,0) is a general helix if

and only if
1

(k7 (s) + 15(s))3/?

(Kyhn — Kpkg — T4(K2 + /ﬁ?])) = constant (20)

For a geodesic curve, k4(s) = 0, the condition (20) is rewritten as the following
Corollary 3.11. Let v(s) be a geodesic curve with x,(s) # 0. Then, v(s) is a helix if and only if

74(s)

Kn(8)

= constant (21)

Under the assumption that x,(s) # 0, and by substitution (21) in (18), the following corollary
determines the relationship between a helix, geodesic curve, and the unit osculating Darboux vector.

Corollary 3.12. Let (s) be a geodesic curve on a surface with r,(s) # 0. Then, y(s) is a helix if
and only if the unit osculating Darboux vector field Dy is a constant.

The unit osculating Darboux is a vector on the surface that plays a role analogous to the unit
Darboux vector (3) in E3, they characterize the helix on the surface and E® respectively, compare
proposition (3.7) and corollary (3.12) with their counterparts in [23,24]. The following theorem gives
the satisfying conditions on the base curve and director vector to make a base curve is a geodesic.

Theorem 3.13. A base curve ~(s) of the generalized cylinder parameterized by (15) is a geodesic if
and only if y(s) is a helix and D(s) is a unit osculating Darboux vector.

Definition 3.14. A generalized cylinder with geodesic base curve is defined by

X(s,v) =~(s)+vD(s),0<s<L,veR, where,
D(s) = 7 (%) ( )t(s) — ) ___g(5),  and ~(s) is a helix.

75 (s)+h (s 75 (s)+67(5)

(22)

Theorem 3.15. Let X(s,v) = v(s) + vD(s),0 < s < L,v € R be a ruled surface, where 7(s) is a
unit speed regular surface curve with (74(s), kn(s)) # (0,0), D(s) is a unit direction vector defined by
D(s) = cosO(s)t(s)+sinf(s)g(s). Then X(s,v) is a generalized cylinder whose base curve is a geodesic
if and only if v(s) is a helix and D(s) is a unit osculating Darboux vector.

A ruled surface whose rulings are directed by the osculating Darboux vector along the curve is
called an osculating developable surface [16]. The generalized cylinder defined by (22) is a special case
where the unit osculating Darboux vector is a constant and we call it the osculating cylinder.

Theorem 3.16. Let X (s,v) = v(s) + vD(s),0 < s < L,v € R be a generalized cylinder, where ~(s)
is a unit speed regular surface curve with (74(s), kn(s)) # (0,0), and D(s) = cos0(s)t(s) +sinf(s)g(s)
satisfies D’(s) = 0. Then the following properties are equivalent:

i. X(s,v) is an osculating cylinder,
it. D(s) is a constant unit osculating Darboux vector,
iti. y(s) is a geodesic,

iv. y(s) is a helix.
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Theorem 3.17. Among all generalized cylinders parameterized by (15), only the osculating cylinder
(22) has a geodesic base curve.

The approximation of a given surface by a flat surface (developable) along the arbitrary curve is
called flat or developable approximation. An osculating developable is tangent to the surface along a
curve and it gives a flat approximation of the surface along the curve [17]. The osculating cylinder (22)
inherits this property and gives flat approximation of the surface along a helical geodesic. Approxi-
mating by an osculating cylinder (22) has nice geometrical properties: globally free of singularities,
achieved along a geodesic path, some geometric quantities on both cylinder and the surface along the
geodesic curve are congruent up to orientation (2.2), locally like approximating by the ribbon [28],
and the cylinder is easy to modeling and reasoning from a mathematical or manufacturing viewpoint.
For more details about the flat approximations of surfaces and hypersurfaces see [16,17,29].

4. Conclusion

The work in this paper can be separated into two parts as given subsequently in the third section.
Firstly, we presented how the generalized cylinder (15) can be parameterized from a ruled parametriza-
tion (13) under the cylindrical conditions, see Theorem (3.2) and definition (3.3). Secondly, we showed
how the generalized cylinder with geodesic base curve is generated, see Theorem (3.13) and definition
(3.14). The generated cylinder is an osculating (22) whose base curve is a helical geodesic and the
director vector is a unit osculating Darboux vector. Among all generalized cylinders (15), only the
osculating cylinder (22) has geodesic base curve. The unit osculating Darboux vector can be used
as a tool not only to generate the osculating cylinder (22), but to characterize the helical geodesic,
corollary (3.12). The osculating cylinder (22) has nice geometrical properties, one of them it gives a
flat approximation of the surface along a helical geodesic.
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