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Another View on Picture Fuzzy Soft Sets and Their Product
Operations with Soft Decision-Making

Samet Memis!

Abstract — Cuong [Picture Fuzzy Sets, Journal of Computer Science and Cybernetics
30 (4) (2014) 409-420] has introduced the concept of picture fuzzy soft sets (pfs-sets)
Article History relying on his definition and operations of picture fuzzy sets (pf-sets), in which

] there exist some inconsistencies. Yang et al. [Adjustable Soft Discernibility Matrix
Received: 15 Dec 2021 Based on Picture Fuzzy Soft Sets and Its Applications in Decision Making, Journal
Accepted: 29 Mar 2022 of Intelligent & Fuzzy Systems 29 (4) (2015) 1711-1722] have claimed that they
Published: 31 Mar 2022 have introduced the concept of pfs-sets with the inconsistencies in Cuong’s definition
10.53570/jnt.1037280 of pf-sets. Therefore, this study redefines the concept of pfs-sets to deal with the
inconsistencies therein. Moreover, it investigates some of the properties of pfs-sets
and their product operations and proposes a soft decision-making method via pfs-sets.
Finally, pfs-sets, their product operations, and the proposed method are discussed for
further research.

Research Article

Keywords — Fuzzy sets, intuitionistic fuzzy sets, picture fuzzy sets, soft sets, picture fuzzy soft sets

Mathematics Subject Classification (2020) — 03E72, 03E99

1. Introduction

Various uncertainties may occur in real-world problems. Classical mathematical tools are inadequate
in modelling such uncertainties. To overcome this problem, introducing of new mathematical tools are
needed. One of the well-known mathematical tool to model uncertainty is fuzzy sets [1]. In a short
time, it has been applied to pure mathematics such as algebra, topology, and mathematical analysis
and computer science such as machine learning, image processing, and artificial intelligence [2]. Shortly
after the introducing of fuzzy sets, intuitionistic fuzzy sets [3] have been proposed as an extension
of fuzzy sets to model further uncertainty than fuzzy uncertainty. An element of a considered fuzzy
set has a membership degree denoted by p(x) while those of a considered intuitionistic fuzzy set has
the membership and non-membership degrees denoted by p(x) and v(z) such that u(z) +v(z) <1,
respectively. A intuitionistic fuzzy set represents as a fuzzy set if u(x)+v(z) = 1, whose the membership
and non-membership degrees are equal to u(x) and 1 — p(z), respectively. Moreover, the indeterminacy
degrees of fuzzy sets and intuitionistic fuzzy sets are equal to 0 and 1 — (u(x) 4+ v(x)), respectively.
One of the other state-of-the-art mathematical tools is soft sets defined by Molodstov [4] in 1999 to
parameterise the alternative set for the considered problems without employing the specific membership
functions. Due to its ease of implementation, it has been applied to a great variety of fields such as
algebra [5-7], topology [8-10], decision-making [11-15], and machine learning [16-18]. After that, the
hybrid structures of fuzzy sets and soft sets are studied, and fuzzy soft sets [19,20], fuzzy parameterized

!samettmemis@gmail.com (Corresponding Author)
) !'Department of Computer Engineering, Faculty of Engineering and Natural Sciences, Istanbul Rumeli University,
Istanbul, Turkey
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soft sets [21], and fuzzy parameterized fuzzy soft sets [22] are introduced to model problems containing
fuzzy parameters or alternatives.

In the real world, many more problems and uncertainties are encountered that fuzzy sets and
intuitionistic fuzzy sets can not model. For example, let us consider a voting process for an election.
The electorate’s decisions in the process may separate into three types: yes, no, and abstain. To
deal with this problem, Cuong [23] has introduced the concept of picture fuzzy sets (pf-sets). The
membership, neutral membership, and non-membership degrees are denoted by p(z), n(x), and v(x),
respectively, for a pf-set such that p(z)+n(z)+v(x) < 1. In the Cuong’s definition, the indeterminacy
degree is denoted by 1 — (u(z) + n(x) + v(x)) for a pf-set. In the same study [23], Cuong has put
forward the concept of picture fuzzy soft sets (pfs-sets) to model problems containing picture fuzzy
alternatives and investigate some of their properties. However, the investigation is so limited, and
Cuong’s definitions and operations of pf-sets and pfs-sets have theoretical inconsistencies.

Recently, pfs-sets have been redefined [24] relying on definition of Cuong’s pf-sets without men-
tioning the definition of Cuong’s pfs-sets. Therefore, the concepts of pfs-sets in [24] inherit from the
inconsistencies [23]. To overcome the problem therein, Memis [25], has been redefined the concept
of pf-sets, in which p(x) + v(z) < 1 and p(x) + n(z) + v(x) < 2, improved their operations, and
investigated their properties extensively. In this study, the main goal is that pfs-sets are redefined
relying on the definition of pf-sets in [25] to deal with the inconsistencies of definition and operations
in pfs-sets [24] and to ensure their consistency.

In Section 2 of the present study, we present concepts of fuzzy sets, intuitionistic fuzzy sets, pf-sets,
and basic operations of pf-sets. In Section 3, we present the counter-examples provided in [25] related
to Cuong’s definitions and operations and motivation of the redefining of pfs-sets. In Section 4, we
redefine the concept of pfs-sets, investigate and revise some of its basic operations, and define the
product operations of pfs-sets. In Section 5, we propose a soft decision-making method rely on the
concept of pfs-sets and compare its ranking orders with those in [24]. Finally, we discuss pfs-sets, their
product operations, and the proposed soft decision-making method and provide conclusive remarks for
further research.

2. Preliminaries

This section provides the concepts of fuzzy sets [1], intuitionistic fuzzy sets [3], and picture fuzzy sets
(pf-sets) [23,25] and some of pf-sets’ operations and properties provided in [25] by considering the
notations used throughout this paper.

In the present paper, let E be a parameter set, F(E) be the set of all fuzzy sets over E, and
1 € F(E). Here, a fuzzy set is denoted by {*(*)z : x € E} instead of {(x, u(z)) : z € E}.

Definition 2.1. [3] Let x be a function from E to [0, 1] x [0,1]. Then, the set {(z, f(x)) : z € E},
being the graphic of k is called an intuitionistic fuzzy set (if-set) over E.

Here, for all x € E, k(z) = (u(z),v(z)) such that u(zr) + v(x) < 1. Moreover, u and v are called
the membership function and non-membership function, respectively, and 7(z) =1 — (u(x) + v(z)) is
called the degree of indeterminacy of the element x € E. For brevity, we represent an intuitionistic

fuzzy set over E with k = {’:((i;a: tx € E} instead of k = {(z, u(x),v(z)) : x € E}. Obviously, each

: : w(@) :
ordinary fuzzy set can be written as {liu(x)x rx el }
Definition 2.2. [25] Let  be a function from E to [0, 1] x[0, 1] x [0, 1]. Then, the set {(z, f(z)) : z € E},
being the graphic of & is called a picture fuzzy set (pf-set) over E.
Here, for all z € E, k(z) = (u(z),n(x),v(z)) such that 0 < p(z) + v(z) < 1 and 0 <
w(x)
p(x) + n(z) + v(z) < 2. We denote a pf-set over E by k = {<n(w)>x tx € E} instead of
v(x)
k= {(z, p(x),n(x),v(z)) : « € E} for brevity.

Moreover, i, n, and v are called the membership function, neutral membership function, and
non-membership function, respectively,
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Note 2.3. Indeterminacy-membership of the element x € E in a pf-set over E must be defined by
m(z) =1— (u(x) + v(x)) in order to that a pf-set can model a real-world problem and has theoretical
consistency.

()
Manifestly, each ordinary fuzzy set can be written as {< 1 >a: tx € E} and each intuitionistic
1—p(z)

w(x)
fuzzy set can be written as {< 1 >z tx € E}
v(z)
In the present paper, the set of all the pf-sets over E is denoted by PF(FE) and k € PF(E). In
PF(E), since the graph(x) and  have generated each other uniquely, the notations are interchangeable.
Therefore, we represent a pf-set graph(x) with x as long as it causes no confusion.

Example 2.4. Let F = {x1,x9,23,24}. Then,

0.6 0.3 0.7 0
R1 = 04 )y, 0 )xa, 1 )xs3,(0)xq
0.2 0.4 0.2 1
0.2 0.1 0.2 0.8
K/2 - 0'7 xlv 0 .fL'Q, 0.8 x37 0 1'4
0.1 0.9 0.3 1
are two pf-sets over E.

Definition 2.5. [25] Let k € PF(E). For all z € E, if pu(z) = A, n(z) = ¢, and v(z) = w, then & is
by
called (A, e,w)-pf-set and is denoted by <a>E

w

and

Definition 2.6. [25] Let k € PF(E). For all x € E, if u(x) =0, n(z) =1, and v(z) = 1, then & is
0

called empty pf-set and is denoted by <1>E or Og.

1

Definition 2.7. [25]Let k € PF(E). For all x € E, if u(z) = 1, n(z) = 0, and v(z) = 0, then & is
1

called universal pf-set and is denoted by <0>E or 1g.
0

Definition 2.8. [25] Let k1,k2 € PF(E). For all x € E, if ui1(z) < pa(x), m(z) > n2(x), and

vi(xz) > va(x), then k; is called a subset of ko and is denoted by k1 Cka.
Definition 2.9. [25] Let k1,k2 € PF(FE). For all x € E, if pi(x) = po(x), m(z) = n2(x), and

vi(xz) = va(z), then k1 and kg are called equal pf-sets and is denoted by k1 = ka.

Definition 2.10. [25] Let k1,k2 € PF(E). If k1 Cko and Ky # Ko, then k1 is called a proper subset
of ko and is denoted by k1 Cka.

Definition 2.11. [25] Let k1, k2,63 € PF(FE). For all z € E, if pus(x) = max{pui(x), p2(x)},
ns(x) = min{n (z),n2(x)}, and v3(z) = min{vy(z), v2(x)}, then k3 is called union of k1 and k9 and is
denoted by k3 = r1Uko.

Definition 2.12. [25] Let k1,ko,k3 € PF(E). For all z € E, if pg(x) = min{p;(x), pe(x)},
n3(x) = max{n (), n2(x)}, and v3(z) = max{v(z),v2(x)}, then k3 is called intersection of k1 and Ko
and is denoted by k3 = k1NkKa.

Definition 2.13. [25] Let k1,2 € PF(FE). For all x € E,| if us(z) = vi(z), n2(z) = 1 — n1(x), and
vo(z) = pa(x), then ko is called complement of k1 and is denoted by kg = K.

Definition 2.14. [25] Let x1,k2,k3 € PF(FE). For all x € E, if pg(x) = min{ui(x),ve(x)},
n3(x) = max{n1(x),1 —n2(x)}, and v3(x) = max{vi(z), p2(x)}, then sz is called difference between £y
and kg, and is denoted by k3 = K1 \ke.

Definition 2.15. [25] Let ki,k2,k3 € PF(E). For all z € FE, if ps(z) =

mac{min{ i (2), v2(2)}, min{pia(z), v ()}, m9(z) = min{maxin(z),1 — ()}, maxin(z),1 -
m(x)}}, and v3(z) = min{max{vi(x), pe(x)}, max{va(z), p1(x)}}, then k3 is called symmetric dif-

ference between k1 and ks, and is denoted by k3 = k1 AKs.
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3. Motivations of the Redefining of Picture Fuzzy Soft Sets

This section presents the definition and basic operations of picture fuzzy sets and the counter examples
for the Cuong’s definition provided in [23] and [25], respectively, considering the notations used across
the present paper.

Definition 3.1. [23] Let « be a function from E to [0, 1] x[0, 1] x [0, 1]. Then, the set {(z, f(z)) : = € E},
being the graphic of & is called a picture fuzzy set (pf-set) over E.

In this section, the set of all the pf-sets over E according to Cuong’s definition is denoted by
PF¢(FE) and k € PFo(E).

Definition 3.2. [23] Let k1,ky € PFo(E). For all z € E| if puy(x) < pa(z), m(z) < n2(x), and

vi(x) > va(x), then kq is called a subset of ko and is denoted by k1 Cka.

Definition 3.3. [23] Let k1,k2 € PFo(E). If k1Cko and koCrky, then sy and ky are called equal
pf-sets and is denoted by k1 = ka.

Definition 3.4. [23] Let ki,ko,k3 € PFc(E). For all x € E, if ps(x) = max{pui(x), po(x)},
n3(z) = min{n (z),n2(z)}, and v3(z) = min{vy(z), vo(z)}, then k3 is called union of k; and k2, and is
denoted by k3 = r1Uko.

Definition 3.5. [23] Let k1,k2,k3 € PFo(E). For all x € E, if pg(z) = min{pui(x), po(x)},
n3(x) = min{n (z),n2(x)}, and v3(z) = max{vi(z), v2(x)}, then ks is called intersection of k1 and kg,
and is denoted by k3 = k1MNka.

Definition 3.6. [23] Let k1,k2 € PFo(E). For all x € E, if us(z) =
vo(x) = p1(x), then Ky is called complement of k1 and is denoted by ko =

vi(z), m2(z) = m(z), and
KS.

Memis [25] have provided the following several counter-examples related to definition and operations
of pf-sets in [23]. According to Definition 3.2, the definitions of empty and universal pf-sets should be

as in Definition 3.7 and Definition 3.8, respectively, to be held the following conditions [25]:
e Empty pf-set over F is a subset of all the pf-set over F.
e All pf-sets over E are the subset of universal pf-set over E.

Definition 3.7. [25] Let kK € PF¢(FE). For all x € E, if u(z) =0, n(z) =0, and v(z) = 1, then & is
0

called empty pf-set and is denoted by <O>EC or Og,.

1

Definition 3.8. [25] Let k € PFo(FE). For all x € E, if u(z) =1, n(z) =1, and v(z) =0, then & is
1

called empty pf-set and is denoted by <1>Ec or 1g,.
0

Example 3.9. [25] There is a contradiction in Definition 3.8 since 1 +1+0 £ 1, i.e., 1p, ¢ PFo(E).
On the other hand, even if 15, € PFo(E), (1g.)¢ # Op..

0.1

Example 3.10. [25] Let x € PFx(E) such that k = {<0.2>m}. Then, kUOg # k and kUlg, # 1g,..
0.3

To deal with the aforesaid inconsistencies in Example 3.9 and 3.10, the concept of pf-sets and their
operations have been redefined by Memis [25].

Secondly, the definitions of picture fuzzy soft sets (pfs-sets) provided in [23,24] considering the
notations used across the present paper.

Definition 3.11. [23] Let E be the set of parameters and A C E set. A pair (F, A) is called pfs-set
over U, where F'is a mapping given by F': A — PFo(U).
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Definition 3.12. [24] Let U be the initial universe set and E a set of parameters. By pfs-set over U
we mean a pair (F, A), where A C F and F is a mapping given by F': A — PFo(U).

Cuong [23] has defined the concept of pfs-sets relying on his own definition and operations of pf-sets.
Therefore, the aforementioned inconsistencies have transferred to his concept of pfs-sets. Moreover,
Yang et. al. [24] have claimed that they have introduced the concept of pfs-sets while Cuong has defined
the concept of pfs-sets in [23]. Although the pfs-sets have been redefined in [24], the inconsistencies
mentioned above has also transferred to the concept of pfs-sets due to it based on the definition and
operations of pf-sets in [23].

Therefore, the concept of pfs-sets should be redefined to overcome the inconsistencies in the concept
of pfs-sets and their operations.

4. Picture Fuzzy Soft Sets, Some of Their Properties, and Their Product Operations

In this section, we redefine the concepts of pfs-sets and investigate some of their properties according
to new definition herein by considering the notations used throughout the present paper.

Definition 4.1. Let U be a universal set, E be a parameter set, and f is a function from E to PF(U).
Then the set {(z, fa(z)) : x € E} ,being the graphic of f, is called a picture fuzzy soft set (pfs-set)
parameterized via E over U (or briefly over U).

Example 4.2. Let E = {x1,z2, 3,24} be a parameter set and U = {uy, ua, u3, us} be a universal set.

Then,
0.4 0 1 1
0.9 0.3 0 0
is a pfs-set over U.

Note 4.3. We do not display the element (z,0r) in a pfs-set where Oy is empty pf-set over U.

Henceforth, the set of all the pfs-sets over U is denoted by PFS(U). In PFS(U), the notations
graph(f) and f are interchangeable since they have generated each other uniquely. Thus, a pfs-set
graph(f) is denoted by f as long as it leads no confusion.

A
Definition 4.4. Let f € PFS(U). If forallz € E, f (x) = <5

A
and is denoted by (E, <5>U).

Definition 4.5. Let f € PFS(U) and f be (A, e,w)-pfs-set. If A =0, e =1, and w = 1, then f is
called empty pfs-set and is denoted by < < >U > or briefly 0.

>U, then f is called (A, e,w)-pfs-set

Definition 4.6. Let f € PFS(U) and f be (A e,w)-pfs-set. If A =1, ¢ =0, and w = 0, then f is

1 ~
called universal pfs-set and is denoted by ( <0> ) or briefly 1.
0

Definition 4.7. Let f, fi € PFS(U) and A C E. Then, Ay -restriction of f, denoted by fay,, is
defined by
f(x), z€A

fAfl (‘T) =
filx), x€eE\A

Briefly, if f; = 0, then f4 can be employed instead of f4 f,- It is clear that

f(z), z€A

0, reE\A
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Example 4.8. Let us consider the pfs-set f provided in Example 4.2, A = {x1,z3}, and f; € PFS(U)

= finro. (s e (320
tas={ (o { Gy (s} ) (o { (o (55 )

Definition 4.9. 4.10 Let fi, fo € PFES(U). If for all x € E, f1 (z) Cfa (z), then fi is called a subset
of f» and is denoted by f1C fo.

Then,

Proposition 4.10. Let f, f1, fo, f3 € PFS(U). Then,
i. fCI

i. 0Cf

iii. fCf

w. [[iCf2 A f2Cf3] = f1Cfs

Remark 4.11. f;Cf, does not mean that every element of f; is an element of fo. For instance, let
E = {z1,x2} be parameter set, U = {uj,u2} be a universal set,

= { ({8 i)
= (o {5 (- { () (D)

~ ~ 0.3 0.8
Thus, f1C f2 because f1 (z) Cfa (z) for all z € E. However, f1 € f, since (xl, {<0.8>u1, <0.6>u2}) ¢
0.2 0.1

0.3 0.8
fo while (a:l, {<0.8>u1, <0~6>U2}> € f1, where the notation C indicates classic inclusion relation.
0.2 0.1

Definition 4.12. Let f1, fo € PFS(U). If for all x € E, f (x) = f2(z), then fi and f2 are called
equal pfs-sets and is denoted by fi1 = fo.

Proposition 4.13. Let f1, fa, f3 € PF(FE). Then,
i. [iCfan fCh] e fi=F
i [fi=foNfao=f3]= fi=f3

Definition 4.14. Let fi, fo € PFS(U). If fiCfy and f; # fo, then f; is called a proper subset of fo
and is denoted by f1C fo

Definition 4.15. Let fi, fo, f3 € PFS(U). If for all z € E, f3(z) = f1 (x) Ufe (), then f3 is called
union of f; and fs and is denoted by f3 = f1Ufs.

Proposition 4.16. Let f, f1, fo, f3 € PFS(U). Then,

i fOf=f
i fUl=1
. fO0 = f

w. fiUfy = foUfi
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v. f1U(f20f3) = (f10Uf2) Uf3
vi. 1iCf2= filfo=fo

Definition 4.17. Let fi1, fo, fs € PFS(U). If for all x € E, f3(x) = f1 (z) Nfa (z), then f3 is called
intersection of f; and fy and is denoted by f3 = fiNfs.

Proposition 4.18. Let f, f1, f2, f3 € PFS(U). Then,

i fof=1f
i fOl=f
. fA0=0

. finfo = foNfy
v. iN(foNfs) = (finf2) O fs

vi. 1Cfa = Ai0f2 = f1

Proposition 4.19. Let fi1, fo, f3 € PFS(U). Then,
i. 1U(f20f3) = (A10f2) N (f10f5)

ii. i (f20f3) = (f1nf2) U(f10fs)

PROOF. i. Let f1, fo, f3 € PFS(U). Then,

hO(f0fs) = Alw fil@) : 2 € E}YO{(z, f2(x)Nf3(2)) : © € E}
= A A@)0(f2(2)0 fs(x))) : w € E}
= A, (H@)0LE@)N(fi(x)0fs(2) : x € E}
= @ (H@)0fe(2) : w € B} {(z, (f1(x)0f3(x))) : = € B}
= (10f)N(£10fs)

Definition 4.20. Let f1, fo € PFS(U). If fiAfy =0, then f; and f, are called disjoint pfs-sets.

Definition 4.21. Let f1, f» € PFS(U). If for all z € E, f5 (x) = f{ (), then f5 is called complement
of f1 and is denoted by fo = f£.

Proposition 4.22. Let f, f1, fo € PFS(U). Then,
i (f9°=f

. 0°=1

iii. f1Cfo = FECfE

Definition 4.23. Let f1, fo, f3s € PFS(U). If for all x € E, f3(z) = f1(z) ifQ (), then fs is called
difference between f; and fo and is denoted by f3 = f1\ fa.

Proposition 4.24. Let f, f1, fo € PFS(U). Then,
i. f\O=f

i. f\1=0

iii. fi\f2 = fiNVf§
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Remark 4.25. It must be noted that the difference is non-commutative and non-associative. For

T (133) (G164 P ()
(L) ) e
(AR (G~ o -

(flif?) \f3
Proposition 4.26. Let fi, fo € PF(FE). Then, the following De Morgan’s Laws are valid.
i. (110f2)° = fiNfS
ii. (AiNf2)" = fOf5
PROOF. i. Let f1, fo € PFS(U). Then,

pa () p(z) 3 M2 :v)
<r]1(x)>m f1 <771(x)>w rx e EjU nz(a: z, f2
(z) vi(z) 2 w)
max {Ml(w) M2( )} p ()
< min {n1 (z (x)} >a: f1 < 1(z) >z Ufa 7]2 rxeFE
min {v1 (z Vg(l')} vi(z)

(/10f2)°

min {v1(z), Vz (z)} m(x) (96)
<1 — min {n1(z),n2(x )} z, f§ m(:}c Ars (m) x rx e E
max {p1 (2 u2(f6)} Vl(x) va(z)
min {v1(z), va(z)} 1(z) o m2 w)
<max{1 —ni(z),1 —n2(z )}>a: fE < (a:)>ac nfs < () )z rx € F
ma {j11 (), 12(2) } () o2 ()
vi () ul(a: 2(2)
1—n1(x) xfl < 1(z) )o | :x€E <1—n2(:r z, f§ ng(m rxER
w1 (z) vi(x pa(z) vo(x)
pa(z ) m(:t) (I #2(39
(68 ) (-
v (x) v1(x) 2 () V2 (a:

= s

vvv

|
|
:
A
X

O

Definition 4.27. Let f1, f2, f3 € PFS(U). If for all z € E, f3(x) = f1 (z) Afy (), then f3 is called
symmetric difference between f; and fo and is denoted by f3 = fiA fo.

Proposition 4.28. Let f, f1, fo € PFS(U). Then,

iii. filhfo = foAF
iv. filsfo = (F\f2)O(fo\ f1)

Remark 4.29. It must be noted that the symmetric difference is non-associative. Let us consider the
pfs-sets f1, fo, and f3 provided in Remark 4.25.

Since fiA (ngfg) — {(x{<§z>u}>} and (flAfQ) Afy = {<x{<§z>u}>} then

Al (fQAfZS) # (flAf2> Afs.
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We secondly present the AND, OR, ANDNOT, and ORNOT-products of pfs-sets and their examples.

Definition 4.30. Let f; € PFSg, (U), fo € PFSE,(U), and f3 € PFSg, xg,(U). For all z € E; and
y € By, if
fs((z,9)) = fi(@)Nf2(y)

then f3 is called AND-product of f1 and fy and is denoted by f1 A fo.

Definition 4.31. Let f; € PFSg, (U), fa € PFSE,(U), and f3 € PFSg, xg,(U). For all z € E; and
y € By, if
f3((z,y)) := fi(z)Ufa(y)

then fs is called OR-product of f; and f2 and is denoted by f; V fo.

Definition 4.32. Let f; € PFSg, (U), fa € PFSE,(U), and f3 € PFSg, xg,(U). For all z € E; and
y € Fo, if -
f3((z,y)) = filz)Nf3(y)

then fs is called ANDNOT-product of f; and f2 and is denoted by fi A fa.

Definition 4.33. Let f; € PFSg, (U), fa € PFSE,(U), and f3 € PFSg, xg,(U). For all z € Fy and
Yy € EQ, if _
f3((z,y)) = fi(z)Uf5(y)

then f3 is called ORNOT-product of f; and fo and is denoted by f1V fa.

Example 4.34. Let us consider the pfs-sets f; and fs provided in Remark 4.11. Then,

ot {(m { (e (G ) (e { G (i)}
(G 8o e} ) (tmn (G o ()

vt qlmen (G (8 ) ({2 (5
GRS R G IR ),
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5. A Soft Decision-Making Method Based on pfs-Sets and Its Comparison
This section proposes a soft decision-making method via pfs-sets. Its algorithm steps are as follows:

Proposed Method

()
Step 1. Construct a pfs-set f = {(:L’, {<n(w)>u}> tx € E} over U.
v(z)

Step 2. Compute the score values

s(u) = % Z [t (2) — nu(x)vy ()], for all u € U

zel

such that p,(z), nu(x), and v,(x) denotes the membership, neutral membership, and non-
membership degrees of the alternative u according to the parameter x.

Step 3. Obtain the decision set {*(“*)uy | u), € U} such that

s(ug)—min{s(u;)} .
max((u) ] (s max{s(u)} # min{s(ui)}

1, mlax{s(ui)} = miin{s(ui)}

S(ug) =

Secondly, the section provides the illustrative example in [24] to compare fairly the proposed method
with those in [24].

Example 5.1. [24] Suppose that there is an investment firm that wishes to put money into the
best option (adapted from [26]). Let us consider the pfs-set f, which describes the “attractiveness
of projects” being considered for investment by the firm. Assume that there are six alternative
projects, i.e., U = {u1, ug, us, u4, us, ug} such that u; =“Project-1”, ug =“Project-2”, uz =“Project-3”,

ug =“Project-4” jus =“Project-5”, and ug =“Project-6”, and four parameters, i.e., £ = {x1, 9, x3, 24}
such that z1 =“Risk Analysis”, r9 =“Growth Analysis”, x3 =“Social-Political Impact Analysis”, and
x4 =“Environment Analysis”, under consideration. The firm evaluates the alternatives according to
the parameters and constructs a pfs-set f1 as follows:

0.31 0.12 0.23
f1 =1 x1,< {022 Yuy, { 0.41 Yuy, { 0.52 Yug,

0.41 0.33 0.21
0.54 0.81 0.13

X9, < { 0.21 Yug, { 0.11 Yusg, 048 us,
0.15 0.02
0.60 0.26 0.72 0.32 0.81 0.43

x3, 0.14 ui, 0 51 ug, 0.15 us, 0.49 Udq, 0.11 Uus, 0.27 Ug ,
0.26 0.03 0.15 0.06 0.13
0.38 0.65 0.29 0.14 0.43 0.35

[,[747 0.21 0.15 ’UQ, 0.58 U3, 0.32 ’LL47 0.18 ’LL57 0.29 UG
0.40 0.18 0.12 0.45 0.35 0.34

Thirdly, the proposed soft decision-making method is applied to the pfs-set fi and the decision set is
as follows:

{0‘3980P1r0ject—1,0'4062 Project-2,%2936 Project-3,%178 Project-4,%-5718 Project-5,0-3424 Project—ﬁ}

Fourthly, the ranking orders of proposed method and the decision-making method provided in [24]
present in Table 1.
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Table 1. The ranking orders of the proposed method and literature

Methods Structures Ranking Orders
Literature [24] pfs-sets Project-4 = Project-6 < Project-1 = Project-3 < Project-2 < Project-5
Proposed Method  pfs-sets Project-4 < Project-3 < Project-6 < Project-1 < Project-2 < Project-5

According to the ranking orders in Table 1, proposed method and the literature is tend to producing
the same ranking except for the alternatives Project-1, Project-3, and Project-6. Moreover, they
confirm that Project-5 is the most suitable project and Project-4 is not suitable for the firm among
the projects.

6. Conclusion

In this paper, we redefined the concept of pfs-sets to ensure their theoretical consistency. We then
investigated their properties extensively and revised some of their operations. Afterwards, we defined
their product operations such as AND, OR, ANDNOT, and ORNOT-products. We then proposed
a soft decision-making method based on pfs-sets and compared it with the decision-making method
provided in [24]. The results manifested that proposed method generate the stable ranking order
compared to literature.

The concept of pfs-sets is a new mathematical tool for modelling the uncertainties. It has not been
applied to real-world problems such as image processing and machine learning. To carry out these
implementations, the matrix representation of the concept is required. The algebraic operations of
picture fuzzy soft matrices (pfs-matrices) [27] have been studied, but the concept therein has not been
explored substantially. In addition, it has the consistency resulting from definitions provided in [23,24].
Hence, redefining of pfs-matrices is worth studying. On the other hand, applications of pfs-matrices to
image processing and machine learning are crucial research topics since fuzzy parameterized fuzzy soft
matrices, which is a substructure of pfs-matrices, are successfully applied to machine learning [28-32].
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1. Introduction

The theory of curves has been a popular topic and many studies have been done on them. The
Euclidean case (or more generally the Riemann case) of regular curves, a special type of curve, has
been explored by many mathematicians. Characterization of a regular curve is one of the important
problems in Euclidean space. Also, determining the Serret-Frenet vectors and the curvatures of regular
curves is a common way to characterize a space curve in 3-dimensional space.

Minkowski space is one of the mathematical structures in which Einstein’s relativity theory is best
expressed. Since the inner product in Minkowski 3-space has an index, a vector has three different
casual character. Therefore, while there exists only one Serret-Frenet formula in Euclidean 3-space,
there exist five different Serret-Frenet formulas in Minkowski 3-space.

Bertrand curves are one of the most studied topics in the theory of curves. These curves have
been firstly defined by Bertrand [1]. In this study, he has given an answer to the Saint Venant’s open
problem in which whether a curve exists on the surface produced by its principal normal vector and
whether there exists another curve linearly dependent with principal normal vector of this curve [2].
The necessary and sufficient condition for existence of such a second curve is it satisfies the equation
ark~+br = 1 such that a,b € R, a # 0, and £ and 7 are curvatures [3]. Moreover, Izumiya and Takeuchi
have shown that all Bertrand curves can be obtained from a sphere, and they have given a method
in [4] to obtain a Bertrand curve from a sphere. Recently, Camci et al. [5] have studied Bertrand
curves with a novel approach. Ilarslan et al. have defined null Cartan and pseudo null Bertrand
curves in Minkowski 3-space E$ [6]. Further, (1,3)-Bertrand curves in a timelike (1,3)-normal plane in
Minkowski space-time E; have been examined [7]. Also, Matsuda and Yorozu have shown that there
is no Bertrand curve in Euclidean n-space E™ such that n > 4 and have defined (1,3)-Bertrand curves
in Euclidean 4-space E* [8]. Lucas and Ortega-Yagiies have characterized helices in S? as the only
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twisted curves in S* having infinite Bertrand conjugate curves [9]. Dede et al. have defined directional
Bertrand curves [10]. Additionally, a new type Bertrand curve, called V-Bertrand curve, has been
firstly defined and investigated by Camec in [11].

In Section 2, we present some of definitions and properties to be used in the next sections. In Section
3, we describe timelike V-Bertrand curves in Minkowski 3-space E} and give a characterization of a
timelike V-Bertrand curve. In Section 4, we define f-Bertrand curves using timelike curves. In Section
5, we give a method to obtain another Bertrand curve from a Bertrand curve. In Section 6, we define
Bertrand surfaces by timelike curves. Finally, we discuss the need for further research. This study is
a part of the first author’s master’s thesis [12].

2. Preliminaries

We start with recalling the definitions and theorems given by Cameci in [11]. Let v : I — R? be a unit-
speed curve with arc-length parameter “s”. If Serret-Frenet apparatus are denoted with {7, N, B, k, 7},
then we can define a curve §: I — R3 as

5(s) = [ V(s)ds + AN G) (1)
where ) : I — R3 is a differentiable function and V is a unit vector field with

V:I—= TR, V(s)=u(s)T(s) +v(s)N(s) + w(s)B(s), u,v,we C®(,R)

Definition 2.1. [11] Let {T,N,B,k,7} be Serret-Frenet apparatus of the curve 3 defined in (1). If
{N, N} is linearly dependent (e.g. N =N, e = £1), then (v, 3) is V-Bertrand curve mate and ~ is
called V-Bertrand curve. If V =T, then (v, ) is a classical Bertrand mate.

Theorem 2.2. [11] Let v be a unit-speed curve with Serret-Frenet apparatus {T, N, B, k,7}. The
curve v is a V-Bertrand curve if and only if the following equation holds:

AMrtanf +7) = utanf —w (2)

where

and 6 is a constant angle between T and 7.

Definition 2.3. [11] Let « be a unit-speed and non-planar curve (7 # 0) with Serret-Frenet apparatus
{T, N, B, k,7}. If there exist A # 0 and 0 € R satisfying the equation

Ak + Acot O =1 (3)
then we say that the curve + is a Bertrand curve (or T-Bertrand curve). In addition, if the equation
Aktanf + At = —1 (4)

holds, then we say that the curve « is a B-Bertrand curve.

Remark 2.4. [11] If u(s) =1 and v(s) = w(s) = 0, then the pair (v, §) is a T-Bertrand curve mate.
Also, if w(s) =1 and u(s) = v(s) = 0, then the pair (v, 8) is a B-Bertrand curve mate. Furthermore,
if v(s) =1 and u(s) = w(s) = 0, then we say that the pair (v, 3) is an N-Bertrand curve mate.

Next, recall that Minkowski 3-space E? is Euclidean 3-space E3 equipped with the metric
g = —dz} + da3 + da3

where (21, 22, 73) is a rectangular coordinate system of E? [13]. In this space, a vector can has one of
three casual characters according to this metric. If g(u,u) > 0 or u = 0, then w is a spacelike vector,
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if g(u,u) < 0, then u is a timelike vector, and if g(u,u) = 0 and u # 0, then u is a null (lightlike)
vector. Moreover, an arbitrary curve a = a(s) in Minkowski 3-space E? can be called according to its
the velocity vector o' (s). A curve « is called spacelike, timelike, or null, if o (s) is spacelike, timelike,
or null, respectively. For a timelike curve with Serret-Frenet apparatus {7, N, B, k, 7}, the following
formulas hold:

T'=kN, N =rkT+ 7B, and B'= —7N (5)
where

g(I'T) = -1, g(N,N) =1, g(B,B) =1 (6)

g(N,B) =0, ¢(T,N)=0, ¢(T,B)=0 (7)

TxN=B, NxB=-T, BxT=N (8)

3. Timelike V-Bertrand Curves in Minkowski 3-Space Ei)’

In this section, we define timelike V-Bertrand curves in Minkowski 3-space E} and investigate some
of their basic properties. In addition, we give a characterization for this type curves.

Definition 3.1. Let v : I — E}, v = 7(s) be a unit-speed timelike curve with Frenet apparatus
{T,N,B,k,7} and 8 : I — E}, 3 = B(s) be a regular curve with Frenet apparatus {T, N, B,k,T}.
We can define a curve g by

B@%i/V@M&+MQN@) ()

where )\ : I — R3 is a differentiable function and V is a unit vector field with
VI — TR, V(s)=u(s)T(s) + v(s)N(s) + w(s)B(s), u,v,we C®(,R).

If {N, N} is linearly dependent (e.g. N = eN, ¢ = 41), then the pair (v, 3) is called a timelike
V-Bertrand curve mate and ~ is called a timelike V-Bertrand curve. Moreover, especially, if V =T
(N or B), then (v, /) is a timelike T' (N or B)-Bertrand curve mate.

Theorem 3.2. Let v be a unit-speed timelike curve and {T', N, B, k, 7} be Frenet apparatus of this
curve. The curve 7 is a timelike V-Bertrand curve if and only if it satisfies the following condition:

A7 — ktanh6) = utanhf — w (10)
such that
A= —/v(s)ds (11)
and 6 is a constant angle between T and T.

PROOF. Let v : I — E}, v = 7(s) be a unit-speed timelike V-Bertrand curve and 3 : I — E3,
B = B(S) be V-Bertrand curve mate of . Also, let Frenet apparatus of these curves be {T, N, B, k, 7}
and {T, N, B, ik, 7}, respectively.
(=) Derivating 8 with respect to s, we have the following equation
ds - , ,
%T:uT—i—vN—i-wB—i-)\N—i-)\N (12)
= (u+ )T+ (N +v)N + (w+ AT)B

Since {N, N} is linearly dependent, we have

A:—/M@@ (13)
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After, it follows that equation (12), we have

_ ds ds
T=— T+ — 14
dé(u—i—)\ﬁ:) +d§(w+)\T)B (14)

From the equation (14), we get
d
cosh @ = d—;(u + AK) (15)
sinh 0 = % (W + A7) (16)
E !

From the equations (15) and (16), we get
AT — ktanh ) = utanh 6 — w
Thus, the equation (14) is rewritten as
T = cosh 0T + sinh B (17)

Also, if the derivative of equation (17) according to the arc-parameter s is taken, then we get

?EN = 0'sinh 0T + (k cosh @ — 7sinh )N + ¢’ cosh OB (18)
s
As {N, N} is linearly dependent, the angle 6 is a constant.

(<) Let the equation (10) be valid for the constant #. Derivating the equation (9), we have the

equation (12). From the equations (11) and (12), we get

_d d
T= d—z(u + Ar)T + d—z(w + A7) B = cosh(w(s))T + sinh(w(s))B (19)
From the equations (10) and (19), we obtain
A
tanh(w(s)) = Zj_ )\/:_ = tanh 6 (20)

From the equation (20), w(s) = 6. Since 0 is a constant, if the derivative of the equation (19) is taken,
then it is seen that { NN, N} is linearly dependent. Therefore, the curve « is a V-Bertrand curve.
O

Corollary 3.3. Let v be a unit-speed and non-planar timelike curve and {T, N, B, k, 7} be Frenet
apparatus of the curves in Minkowski 3-space E3}. If A = Atanh§ and 77 = —\ such that A and @ are
non-zero constant numbers, then

1. « is a timelike T-Bertrand curve if and only if Ak 4+ 7ir = —tanh#. Further, if u(s) = 1 and
v(s) = w(s) = 0 in the equation V(s) = u(s)T'(s) + v(s)N(s) + w(s)B(s), then (v, ) is a timelike
T-Bertrand curve mate. From the equation (9), we have

5(s) = [ T)ds + A5)N(s)

If the integral constant is assumed as zero in this equation, then (v, ) is a classical timelike Bertrand
curve mate.

2. 7 is a timelike N-Bertrand curve if and only if T = tanh #. Also, if u(s) = w(s) =0 and v(s) =1
in the equation V' (s) = u(s)T'(s) + v(s)N(s) + w(s)B(s), then (v, ) is a timelike N-Bertrand curve
mate. From Theorem 3.2, A = —s + ¢ and the timelike N-Bertrand curve v is a general helix such
that 6 is a constant.

3. 7 is a timelike B-Bertrand curve if and only if Ax + fir = 1. Morever, let v be a timelike

anti-Salkowski curve, i.e., 7 is a constant. If A = %, then

(AMtanh0)k — Ak =1

In this case, any timelike anti-Salkowski curve is a timelike B-Bertrand curve.
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Example 3.4. Let us consider the curve v(s) = (v/2sinhs,v/2coshs, s) in Minkowski 3-space E?
provided in [14]. It is clear that v is a timelike curve. The Frenet vectors and curvatures of v are as
follows:

T = (V2cosh s, V2sinh s, 1)

N = (sinh s, cosh s, 0)

B = (coshs,sinhs, \/5) (21)
k=12

T=-—1

If V=B (u=v=0and w=1) is taken, then (v, 3) timelike B-Bertrand curve mate is obtained
in Definition 3.1. To find the curve 3, if timelike B-Bertrand curve characterization is used, then we

have
V2
V2 + 2tanh 6

If the vectors N and B in the equation (21) and A are written in the Definition 3.1, then we obtain

B(s) = ((1 + A)sinh s, (1 + A) cosh s, \/53)

The tangent vector of the curve 3 is as follows:

= 1
T=—— ((1 + A)coshs, (1 + A)sinh s, \@5)

2—(1+))?

Ifl1+ M= %, then the curve (3 is obtained as

B(s) = <\}§ sinh s, \}5 cosh s, ﬂs>

Hence, the graph of the timelike B-Bertrand curve mate (v, 3) is as follows:

—(8)

— ()

Fig. 1. The timelike B-Bertrand curve mate (v, )

4. f-Bertrand Curves Obtained from Timelike Curves

In this section, we propose f-Bertrand curves by using timelike curves. Morever, we provide three
examples for f-Bertrand curves.

Let v be a unit-speed timelike curve and {T,N, B, k,7} be Frenet apparatus of the curve in
Minkowski 3-space Ei” Let V be a timelike unit vector field defined in the Definition 3.1. If v = 0,
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then —u? + w? = —1. For € = £1, then w = ev/u2 — 1. Applying transformation in the equation (10),

we have
utanh @ —ev/u?2 —1=f (22)

If this quadratic equation is solved according to the variable u, then we have

ftanh6 = \/f2 + 1 — (tanh §)’
B (tanh 6)% — 1

u:l:

(23)

From (23), wa = ey/(uT)? — 1. Therefore, there are four different situations for timelike unit vector
field:

VE=utT+wiB Vi =u T +wiB
Thus, ﬁfﬁ and 555 can be defined as

BE(s) = /Vlids + AN
(24)
BE(s) = /V;dHAN

Then, the curve v is a timelike Vf, Vf,V;, and V, -curve. Thus, the following definition can be
given.

Definition 4.1. Each of the curves B, (s), 87 (s), B5 (s), and 5 (s) defined in (23) is called an
f-Bertrand curve mate of a timelike curve v and the timelike curve -y is called an f-Bertrand curve.

Example 4.2. Let us consider the timelike curve « provided in Example 3.4. To find tanh #—Bertrand
mates of the timelike curve 7, we suppose that f = tanh 6 in the equation (22). From the equations
(10) and (22),

A
tanhf = ——
1+ A2
Morever, u™ =1 —2(cosh#)? and u~ = —1 from the equation (23). Therefore, we have w; = sinh 26,
w] = —sinh 20, and wy = 0. Hence, the f-Bertrand curve mates of the timelike curve 7 are as follows:

((1 — 2 (cosh 0)2> V2 + (sinh 20 + A)) sinh s,

E(s) = ((1 — 2 (cosh 9)2) V2 + (sinh 260 + A)) cosh s,
( 1 — 2 (cosh 0)2) + (v2sinh 2«9)) s

55 (s) = Ba(s) = ((V2+ A) sinhs, (V24 A) coshs, )

For A = v/2, the curve pairs (v,B87), (7, B87), and (7, B2) are presented in the Fig. 2.
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—y(S)
—_— () of | | —y(s)
—_— )

(b)

—y(S)

— B(s)

(c)

Fig. 2. (a) The curve pair (v,3;") for A = v/2 (b) The curve pair (v, ;) for A = v/2, and (c) The
curve pair (v, 32) for A = /2

5. Timelike and Spacelike Bertrand Curve Obtained From Timelike Bertrand Curve

In this section, we obtain new timelike and spacelike Bertrand curves using a timelike curve.

Let « be a unit-speed timelike curve and {7, N, B,k,7} be Frenet apparatus of the curve in
Minkowski 3-space E$. Considering u and w are constants and v = 0 in the unit vector field V' in
Definition 3.1, V' can be rewritten as V(s) = uT'(s)+wB(s). Let v, = [ V(s)ds and its Frenet vectors
and curvatures is {Tv, Ny, By, k,,, T, }. In this section, the conditions for a curve v, to be a Bertrand

curve are investigated.

Lemma 5.1. Let V be a timelike unit vector field. In this case, curvatures of v are written as follows

by curvatures of v, :
WKy, + UTy,

= Uk, +wT,

PROOF. If V is a timelike unit vector field, we have —u? 4 w? = —1. Since the tangent vector of curve
v, is the vector V, the curve v, is a timelike curve. Therefore,

Ty =uT +wB (25)
If the derivative of this equation is taken and Ny = N, then
= uKk — wt (26)

Ky
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Applying the cross product to the equation (25) by Ny from the right, we get

By = uB +wT
If we derivative this equation, we have

T, = —WK + uT (27)
From equations (26) and (27), the curvatures of the curve v are obtained as follows:

K = WK,, + UT,,

UKy, + WT,,

The following theorem is given from the Lemma 5.1.

Theorem 5.2. Let V' be a timelike unit vector field. « is a timelike Bertrand curve if and only if ~,,
is a timelike Bertrand curve.

Lemma 5.3. Let V be a spacelike unit vector field. In this case, curvatures of v are written as follows
by curvatures of v, :

K = —uk, +wT,

= —WK, +uT,

PROOF. Let V be a spacelike unit vector field. Thus, —u? + w? = 1. Because the tangent vector of
curve 7, is the vector V, the curve 7, is a spacelike curve. Hereby,

Ty = uT +wB (29)
If the equation (29) is differentiated and Ny = N, thereby

Ky, = UK — WT (30)

Applying the cross product to the equation (29) by Ny from the right, the following equation is
obtained:
BV =uB +wT

If we derivative this equation, we have

T

L = WK — ut (31)

From equations (30) and (31), the curvatures of the curve «y are obtained as follows:

K = —uk, + wT,

T = —WkK,, + Ut

The following theorem is given from the Lemma 5.3.

Theorem 5.4. Let V be a spacelike unit vector field. v is a timelike Bertrand curve if and only if ,,
is a spacelike Bertrand curve whose binormal is a timelike curve.
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6. Bertrand Surface Obtained From Timelike Bertrand Curve

In this section, we suggest the concept of Bertrand surfaces and provide an example for Bertrand
surfaces.

Let v be a unit-speed timelike curve and {T, N, B,k,7} be Frenet apparatus of the curves in
Minkowski 3-space F3. Because of timelike Bertrand (timelike 7-Bertrand) characterization, we have

the equation
Atanh k — A7 = —tanh 6

If both sides of this equation are multiplied by a real number ¢, the following equation is obtained
Attanh Ok — AtT = —ttanh 6

Putting —¢tanh € instead of f in the equation (23), we find

— an 2 an 2 — an 2
) = t(tank ) £ /62 (¢ ?9) +1— (tanh 6) )
(tanh @) — 1

Also,
wE = ey/ (ut(t))* — 1 and wi = ey/ (u=(t))* — 1 (34)
Thus, the following definition can be given.

Definition 6.1. Let v be a timelike Bertrand curve. Each of the following surfaces wfr, Vi, w;r , and
5 is called a Bertrand surface of .

PE(t, s) = /vlids + AN
(35)
Vi(t,s) = /V;ds + AN

such that ViE(t,s) = ut (t)T(s) + wi(t)B(s) and Vi (t,s) = u~ ()T(s) + wi (t)B(s) by u*, w, and
wi in the equations (33) and (34).
Example 6.2. Let v be a timelike curve provided in Example 3.4. To find a Bertrand surface of the

curve 7, if the curvatures of the curve v are written by using timelike T-Bertrand characterization,

we get
B tanh 0

B _1 + v/2tanh 6
If tanh 6 = — Y2, then

2
ut(t) = 2t — §\/2152 +7

T 7

5 3 2 (36)
F)y=y/(zt—zV22+7) -1
wy (t) (7 - + >
The surface ¥} in the equation (35) is as follows:
Ui (t,s) =ut(t) /T(s)ds + wi (t) /B(s)ds + AN(s) (37)

From the equation (36), the equation (37) is rearranged as follows:
(3v2t = 3v2V2P + T+ §V/2202 + 14— 120207 47 + V/2) sinh s,
Y (t,s) = (%\/it 32V T+ 1222 14 — 120720 + 7 + \/i) cosh s,
(25t — 25V + 7+ 15v/222 + 14 - 12022 +7) V2 + V2
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The graph of the surface 1/}{“ is provided in Fig. 3.

(b)

Fig. 3. The Bertrand surface ;" of the curve v

7. Conclusion

In this study, we characterized V-Bertrand curves in Minkowski 3-space by V-Bertrand curves in
Euclidean 3-space, a new type of Bertrand curve defined by Camci [11]. Firstly, the characterization
of timelike V-Bertrand curves was given by a timelike curve. Afterwards, we defined T-Bertrand,
N-Bertrand, and B-Bertrand curves by the timelike V-Bertrand curve and their characterization.
Some of the obtained important results are the following: a timelike 7T-Bertrand curve is a timelike
Bertrand curve and a timelike N-Bertrand curve is a timelike circular helix. Furthermore, in the
timelike V-Bertrand curve characterization, four f-Bertrand curves were obtained from a timelike
V-Bertrand curve and a mapping f. Additionaly, using these f-Bertrand curve characterizations, four
Bertrand surfaces were defined by timelike Bertrand curves. Finally, a method was given to obtain a
spacelike curve whose binormal vector is a timelike vector and another timelike Bertrand curve from
a timelike Bertrand curve. Thus, timelike V-Bertrand curves in Minkowski 3-space, a new curve, has
been brought to the literature. With the idea used in this study, the researchers can develop this
study for other Frenet frames.
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1. Introduction

Recently, the applications of the special functions of mathematics have developed significantly in such fields
as fractional calculus, approximation theory, mathematical physics, engineering, science and technology [1-
3]. One very interesting application area of special functions of mathematics is the extension of the standard
kinetic equations by its integration [4]

A(t) — Ay = —c? (D7O{A(D)} (1)

for any positive constant ¢, A(t) represents the reaction rate, A, represents A(t) at t = 0,and ,D;? is the
Riemann-Liouville fractional integral operator defined by

1 t
DA} = —f (t —w)? 1A(w)du, (Re(d) > 0,t > 0)
') Jo
They [4] also give the following solution to equation (1):
A(t) = AgEy(—c?t?), (8 € RY)

Extensions, generalizations and different forms of equation (1) have been studied by Saxena et al., [5, 6] using
functions of Wiman and Prabhakar [7-9], Khan et al., [10] studied the following fractional kinetic equations:
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A(t) = Agt®RE 4 (a, b; c; %) = —a? (D7O{A(E)} )
and
K
A(E) — Agt®RE o (a, b; c;pt?) = —{z ( )af’w OD{a“’}A(t) 3)
w=1 @
where R}, ;) is the (p, q)-extended 7-Gauss hypergeometric function [11]
b+ kt,c — b) z¥
T a pq(
Rpq(a,bic;t?) = Z( B e—b) K

k=0

for all min{Re(p), Re(q)} > 0,7 = 0,£ € R*\{1}, Re(a) > Re(b) > 0,and B, ,(,3) is the extended beta
function defined by [12]
! q

p
o~ -1 3-1 -
Bp‘q(go,d)—.’; t?"1(1-1) exp( i t)dt

for all min{Re(p), Re(q)} > 0, min{Re (), Re(J)} > 0.
Readers can refer to [ 13-20] for more generalizations and extensions of extended fractional kinetic equations.

The main objective of this paper is to introduce the new the (p, q; £)-extended t-Gauss hypergeometric
and t-confluent hypergeometric functions with some properties and their applications to fractional kinetic
equations via the Laplace transforms methods. Furthermore, the resulting functions and equations can be
reduced to well-known and perhaps new results. This paper is presented as follows: Section one is compressed
with some preliminaries. In section 3, the (p, q; £)-extended t-hypergeometric functions and some of their
properties have been discussed. In section 4, the solution of the fractional kinetic equations contains the
(p, g; £)-extended t-Gauss hypergeometric and t-confluent hypergeometric functions. In section 5, include a
conclusion.

2. Preliminaries

In this paper, the extended fractional kinetic equations will be studied by using the following (p, q; £)-extended
T-Gauss hypergeometric and z-confluent hypergeometric functions:

Definition 2.1. The new (p, q; £)-extended t-Gauss hypergeometric function is

B2 (b + kt,c — b; £) z%

RE ¢> ®
= 4
(@bieizb) = ) (@l pr s )
k=0
for all min{Re(p), Re(q)} > 0, min{Re(¢p), Re(p)} > 0,7 = 0,¢ € R*\{1},Re(a) > Re(b) > 0.
Definition 2.2. The new (p, q; £)-extended (p, q; €)-confluent hypergeometric function is
.0 . k
B, (b+kt,c—b;¥)z
oF ¢> @ .4 ’ )z
W”’)—Z Bbic—b) K )

k=0
for all min{Re(p),Re(q)} > 0, min{Re(¢), Re(p)} > 0,7 = 0,¢ € R*\{1},Re(a) > Re(b) >0, and
B¢ @ ($,S; £) is the extended beta function proposed in [21]

1 1 et
B¢(p(,§0, ;i f) —f tP1(1 —t)31e\ @ -0%/qt (6)
0

for all min{Re(p), Re(q)} > 0, min{Re (), Re(I)} > 0,7 = 0,¢ € RT\{1}, min{Re (), Re(JI)} > 0.
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3. The (p, q; £)-Extended - Hypergeometric Functions

In this section, the integral representation of the (p, q; £)-extended t-Gauss hypergeometric and t-confluent
hypergeometric functions are established in the following theorem:

Theorem 3.1. The following Laplace-type integral formula holds:
RI®%(a,b;c;2;0) = T )f t@ L exp(—t) Ppe? (b c; z; £)dt
for all min{Re(p), Re(q)} > 0, min{Re(¢), Re(p)} > 0,7 = 0,¢ € R*\{1},Re(a) > 0,Re(z) < 1.
Proor. Consider equation (4) and expansion of the pochhammer notation in [22]
1 [ee]
=—— | tatk1 —t)dt
@i =5 | e om0
gives

o . ¢ (b + Kz, c — b; £) 7
(M’(abczf) Z{F( )f ta*k=1 exp(— t)dt} pa Bo.c— D) W

As a result of changing the order of integration and summation,

B¢(p(b + kt, ¢ — b; £) (t2)¥
Z B(b,c —b) k!

T(M’(a b;c;z;4) = %J‘mt“‘l exp(—t)

a-1 CDT¢‘P I
T f £ exp(—t) DT (b; ¢; 2; £)dt
Theorem 3.2. The following Euler-type equality holds:
T¢<P a-1 c-b-1 T a( ¢(1t)<p)
(a,b;c;z;¢) = Bb.c —b)ft 1-1 (1—-ttz) %\ ¢ dt
for all min{Re(p), Re(q)} > 0, min{Re(¢),Re(¢)} >0, T =0, £ € R*\{1}, Re(b) > Re(b) >
0,and |arg(1 — 2)| < m.

Proor. Rewritten equation (4) in term of (p, q; £)-extended beta function in (6), yields

(@)"
= B(b,c —b)

P

1
T ¢<P(a b;c; z; #) — {f tb+k‘r—1(1 _ t)c—b—l(l _ tTZ)_af(_t%_—(;l_qt)(p)dt}@
0

Changing the order of integration and summation will result in

k
T¢<P(a b;c;z;4) = Bc b)f tb- 1(1 ) b- 119( b (- t)‘l’ {z(a)]k(tZ) }

k=0

— a-1¢1 _ #\c—b-1(1 _ +T\—a (‘?‘W)
B(b,c—b)fot (1 -0 D711 — t72) 7o\ "6 a-0P/qt

Considering equation (5), the following corollary can be obtained:

Corollary 3.1. The following result is also holds true:

r¢‘l’(b C;Z; 1’,’) ——b)_[ tb- 1(1—t)c b— 1exp(tTZ){’( P (- f)"’)dt

B(b
for all min{Re(p), Re(q)} > 0, min{Re(¢), Re(p)} >0, =0, £ € R*\{1}, Re(c) > Re(b) > 0.
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4. Extended Fractional Kinetic Equations Solutions

In this section, the applications of (p, q; £)-extended t-Gauss hypergeometric and t-confluent hypergeometric
functions to extended fractional kinetic equations are established using the Laplace transform method in the
following theorem:

Theorem 4.1. The extended fractional kinetic equation
A(t) — AOtNR{,i?"P(a,b; Pt 8) = —a9 (D7O{A(L)} (7)

for all X,0,0 € R*,y € C with § # 1, € RY; min{Re(p),Re(q)} > 0, min{Re(¢),Re(¢)} >0, T =0,
¢ € R*\{1}, Re(c) > Re(b) > 0.

BY¥ (b + ke, c — b; €) (pt?)"
B(b,c —b) k!

A = Agt* Y (@) 2 P(0k + X)Eg ogeen(~0?t?)

k=0
1s the solution.

Proor. Applying the Laplace transform [23] to equation (7), gives
L{ACE); s} — Ao L{t¥RES (a,b; c;t%; €); s} = a2 L{ (DT {AD)); 5}
Consider equation (4) and the Laplace transform of the Riemann-Liouville fractional integral [24]

L{ oDFUA®)}; s} = —sL{A(D)}

yields

L{A(t); s} — Mg

B (b + ke, c — b; ) (t?
j exp(—st) {Z(a)k (B(b CT Cb) )(lpuil) th] = —g9s9L{A(t)}
0 k=0 ’ '

When integration and summation are changed, it leads to

B2 (b + ke, c — b; £) Y& s 1
LA@is) = o Y (@ s m{ fo exp(—s) £+ 1dt}{—1 )

k=0

Using result [25]

Jooexp(—st)txdt— (s 1) ,(Re(R) > —1)
0

gives

pq(b+]k‘rc—b e)wkr(ak+x){ 1 }

LA s} = AOZ(“)k B(b,c — b) kI sOR |1+ (gs-1)0

k=0
Applying the geometric series expansion [26]

1
Trosy = QDo s™
£20

leads to

B2 (b + kt, ¢ — b; £) p* T'(9k + X
£A©;5) = Do Y (@ LTS PN TEED S 1y ot
k=0 &20
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¢><p Kk

By b+kt,c—b;?

= A E (@2 a )Y 1"(6]1«+N) E (=1)§g0¢ s~(0E+0k+N)
& B(b,c —b) &

Using the inverse Laplace transform and the result in [25]

1 -
{S } - F(a)
one may obtain
?(b + kt,c — b; £) Pk (—1)0%
p q O +0k+X—1
A(t)‘A"kZO(a)“‘ B(b,c—b) F“’M*‘)Zr( FroktN)"
¢(p +0 0\ .o
BY# (b + k¢ — b; £) (pt)" o%t%) 0%
— N—-1
= Aot kzw(a)“‘ B(b,c —b) k! F(aﬂ”er( ¢+ 0k + X)
¢ ¢ £
B BY# (b + kr,c — b; €) (
= Aot¥ lkzo(a)k Bb.c—b) ( k!) T (0k + R)Eqg gierx(—07t?)
Theorem 4.2. The extended fractional kinetic equation
AE) = Apt¥TRE (a, b; ¢; pt0; £) = — Z (Yo% oDrowtac) ®)
p.q y Yy Ly 1) ] W t
w=

forall X,d,0 € RY,y,k € C with § # ¥, € R{; min{Re(p), Re(q)} > 0, min{Re(¢),Re(p)} >0, T =0,
£ € R*\{1}, Re(c) > Re(b) > 0.

B (b + kt,c — b; €) (yt 6)
B(b,c — b) k!

A = Agt*1 Y (@) 2

k=0

I'(0k + N)Eg,anﬁx(_aata)

1s the solution.

Proor. Applying the Laplace transform [23] to equation (8), gives

LEACE); s} — AoL {t“-lR;jg"‘”(a, b; c; t?; £); s} = — Z (Z) 5% L{ (DFICA(D); s}

w=1

Consider equation (4) and the Laplace transform of the Riemann-Liouville fractional integral [24]
L{ DA} s} = —sOL{A); s},

yields

L{A(t); s} — Ay

0 BY# (b + k b; £) (yt?
f exp(—st) {tNZ(a)n« (B(b CT_Cb) )(‘l’t ) } l awSaL{A(t):S}
0 k=0

w>1

By reordering integral and summation, we get

B2 (b + kt, ¢ — b; £) Y 1
LE{A(E); s} = Ao Z(a)k (B(b, CT - b) )l]/;&, {—fo eXp(_St)takJrN_ldt} {Z 1(16) (05-1)6(»}
k=0 w21\

Using result [25]

Jmexp(—st)txdt = @ (Re(R) > —1)
0

gives
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B2 (b + ke, ¢ — b; €)¢“‘F(ak+x){ 1 }

L{A(t); s} = Ay ;)(a)k B(b,c —b) k! gOk+X szl((’;) (os~1)dw

Applying the geometric series expansion in [27]
K 0 — K
(w 0? = (1 +2)%, (k€ C |z| < 1)
w=1

leads to

B2 (b + k b; £) Y T (0k + & K
LA 5} = Ag ) (@ T (B(b,f_cb) )% (Sakfx (140757

k=0

Can be rewritten using [27]

(1-2)¢= z (};)lw z? (keC|z| <1)

w=0

so that

¢> ® k
By (b +kr,c — b; ) YT (0k + X) Z( INHGE
A =A E 66 —(0&+0k+R)
k=0 £20
Using the inverse Laplace transform and the result in [25]
a-1

t
L£7Ys7 9%} = )

The following can be obtained:

BY (b + kt,c — b; e)lpk (18098 (i) tO5+IM+R~1
e BY (b + kt,c — b; £) (—DE% ()¢ (—02t%)°
= Aot kzo(a)“‘ Blhe—b) k& KTV L0 +ak+X) ¢l
B (b + ke, c — b; £) (yt?
= AotN_IZ(a)]k (B(b CT ‘ D) ) (e ,) 0k + R)ES iy x(—0t?)
k=0 ’ It

Considering equations (5), (7), and (8), the following corollaries can be obtained:
Corollary 4.1. The extended fractional kinetic equation
A(t) — Aot NCIDT(M)(b; c;l,l)ta;t’) = -9 ,D;2{A(D)}
for all X,0,0 € R*,y € C with § # ¥, € R{; min{Re(p), Re(q)} > 0, min{Re(¢), Re(p)} >0, =0,
£ € R*\{1}, Re(c) > Re(b) > 0.

B2 (b + kz, ¢ — b; €) (t?
A(t) = A, z (B o CT_Cb) ) (¢k!) [0k + R)Eggrex(—09t9)

k=0
is the solution.

Corollary 4.2. The extended fractional kinetic equation
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Ab) — Aot“‘lcb;if""(b; c;yPtd;¢) = —{Z (Z) gdo OD;aw}A(t)

w=1

forall X,d,0 € RY,y,k € C with § # ¥, € R{; min{Re(p), Re(q)} > 0, min{Re(¢),Re(p)} >0, T =0,
£ € R*\{1}, Re(c) > Re(b) > 0.

b0 ) ok

OB (b + K, c— b; €) (it

A@) = Aot? 12 = B(b,c —b) ( ]kl) I(9k + R)ES 545 (—0t?)
k=0 ’ )

is the solution.
5. Conclusion

The new (p,q;f)-extended 7-Gauss hypergeometric and (p, q;€)-extended t-confluent hypergeometric
functions are defined by using the (p, q; £)-extended beta function in [21] with some of their properties such
as integral formulas and their application to the solutions of extended fractional kinetic equations. If the
parameters of these newly established functions and equations are appropriately substituted, a number of works
already established in the literature are obtained, for example: if £ = e and ¢ = ¢ = 1, then the results of
Khan et al., [10] and Parmar et al., [11]; by setting £ =e, ¢ = ¢ = 1,and 7 = 1, the extended Gauss
hypergeometric and confluent hypergeometric functions presented by Choi et al., [12] will be obtained; by
setting £ = e, ¢ = @ =1 and p = q = 0, the proposed results will be returned to Virchenko et al., [28] and
Virchenko [29]; the substituting = e, ¢ = ¢ = 1,7 = land p = q leads to the results of Chaudhry et al.,
[30, 31]; finally, by taking £ = e, ¢ = ¢ = 1,7 = 1,and p = q = 1, the results under discussion will naturally
return to the classical results. The extended kinetic equations are expected to have potential applications in
nuclear energy, nuclear physics, astrophysics and other related fields. Furthermore, the functions under
discussion can be used to study fractional integrals and derivatives such as the Riemann-Liouville, Caputo,
Eydilyi-kober, Saigo, Merichev-Saigo-Maide and the Caputo-type Merichev-Saigo-Maide.
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1. Introduction

Statistical convergence is a generalization of the concept of convergence based on the concept of natural
density of a subset of N, the set of all natural numbers. This concept has been defined independently
by Fast [1] and Steinhaus [2] in 1951. Further, Schoenberg [3] has defined statistical convergence
as a summability method. Many mathematicians particularly Salat [4], Freedman and Sember [5],
Fridy [6], Connor [7], Kolk [8], and Fridy and Orhan [9,10], have contributed to the development of
statistical convergence.

Let K CNand K(n) ={k € K : k <n}, for all n € N. In this case, the natural density of the set
K is defined as follows:

(k) = tim 0]

n—00 n

such that |K(n)| signifies the number of elements in K (n) [5]. If K is a finite set, its natural density
is zero. Let x = (x1) be a sequence in R and zp € R. For every € > 0, if the natural density of the set
{k € N: ||z — zo|| > €} is zero, that is

[{E < n:|lz, — ol > e}

lim
n— 00 n
is zero, then the sequence x = (xj) is said to be statistical convergent to xy and is denoted by

st—limx = xg. Since the natural density of finite sets is zero, every convergence sequence is statistical
convergence. Kostryko et al. [11] has introduced the concept of ideal convergence (or briefly Z-
convergence), a generalization of the concept of statistical convergence. They have defined the concept
of Z-convergence by the concept of an ideal. They have investigated many properties of Z-convergence.
Statistical convergence by degree has been first provided by Gadjiev and Orhan [12] as the relationship
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to the statistical convergence of a set of positive linear operators. In 2010, Colak [13] has generalized
the concept of statistical convergence by defining density of order « of a set and defined the concept
of the statistical convergence of order «, for sequence of real numbers. After, Savag and Das [14] has
put forward Z-statistical (Z-st) convergence of order a (v € (0,1]).

Phu [15] has suggested the concept of rough convergence in finite-dimensional normed spaces and
examined between the relation rough convergence and other convergence types. He has also proved
that the set of all rough limit points is bounded, closed, and convex. Later on, the concept of rough
statistical convergence has been studied by Aytar [16]. Moreover, Aytar [17,18] has also studied sets
of rough statistical limit points and rough statistical cluster points. Pal et al [19] have studied rough
ideal convergence and properties of the set of rough Z-limit points. Moreover, Diindar and Cakan [20]
have also investigated rough ideal convergence. Savas et al. [21] have defined the concept of Z-st
rough convergence. Furthermore, the concept of rough statistical convergence of order « has been
propounded and studied some properties of the set of all rough statistical limit points of order a by
Maity [22].

In the second part of the present study, some basic definitions and properties to be required for the
next section are provided. Section 3 proposes the concept of Z-st rough convergence of order « such
that 0 < o < 1. Additionally, the necessary and sufficient conditions for a sequence () to be Z-st
convergent of order o and Z-st bounded of order « are proved. Finally, the need for further research
studies is discussed.

2. Preliminaries

Throughout this study, a normed space (X, ||.||) will be denoted by X.

Definition 2.1. [15] Let x = (z1) be a sequence in X and r > 0. z = (zj) is said to be rough
convergent (r-convergent) to zg € X, if for every € > 0 there exists a k. € N such that k > k. implies

ka—xQH <r-+e

or equivalently
limsup ||z — xo|] <7

and denoted by xj, — zo. Here, r is called the roughness degree of the sequence (zg). If r =0, then
the concept of the r-convergence is equivalent to the concept of the classical convergence. Here, xg is
called an r-limit point of (zj) and the set of all r-limit points is denoted by

LIM,xz = {:cg eX x> mo}

If the set LIM,« is non-empty, then the sequence x = (z) is r-convergent.

Definition 2.2. [16] Let z = (x1) be a sequence in X and r > 0. = = (x) is said to be statistical
rough convergent to xg € X, if, for every € > 0,

po kSl —woll 2 e

n—00 n

0

or equivalently
st —limsup ||z — xol| <7

and denoted by x stor, zo. Thus,
st — LIM,x = {xo e X :xp sty :no}

If r = 0, then the concept of statistical rough convergence is equivalent to the concept of the statistical
convergence. If the set st — LIM,z is non-empty, then the sequence x = (xj) is statistical rough
convergent.
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Definition 2.3. [11] Let X # () and Z C P(X). If
i. 0 eI,
1. A,Be T imply AUB €T,
iii. (A€IANBCA)= BelI,
then 7 is called an ideal of X.
Definition 2.4. [11] Let Z be an ideal of X. Then,
i. T is called non-trivial ideal, if Z # () and X ¢ I.
ii. A non-trivial ideal Z C P(X) is called admissible if and only if {{z} : 2z € X} CZ.
From now on, let Z be a non-trivial admissible ideal of X.
Definition 2.5. [11] Let X # 0 and 0 # F C P(X). If
i. 0 ¢ F,
it. ABe F=ANBEF,
iti. ( Ac FANABCA)=BeF,
then F' is called a filter on X.
Remark 2.6. [11] Let Z C P(X) be a non-trivial ideal. Then, the family
FZ)={MCcX:M=X\A, forsome AcT}
is a filter on X, is called the filter associated with the ideal Z.

Definition 2.7. [19] Let = (z) be a sequence in X and r > 0. z = () is said to be ideal rough
convergent to xg € X if, for every € > 0,

{keN: ||z —axo|l| >r+e} el

or equivalently
Z —limsup ||z — zol| <7

and denoted by xp N xg. Thus,
T LM,z = {xo € X a5 xo}

If » = 0, then the concepts of the ideal rough convergence and the Z-convergence are equivalent. If
the set Z — LIM,x is non-empty, then the sequence x = (zy) is Z — r convergent.

Definition 2.8. [23] Let © = (z1) be a sequence in X. x = (xy) is said to be Z-statistical convergent
to zg € X, if, for any € > 0 and § > O,

1
{nEN:n[{kgnzﬂxk—onZstc;}GI

and denoted by Z — st — LIMx = z¢ or x Lo o T = Ty = {A C N: Ais a finite set}, then
Z-statistical convergence is the same as the classical convergence. If Z = 75 = {A C N : §(4) = 0},
then Z-statistical convergence is the same as the statistical convergence.
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Definition 2.9. [17] Let © = (z1) be a sequence in X. x = (xy) is said to be Z-statistical convergent
of order a € (0,1] to g € X, if, foranye > 0and § >0, {n e N: L[{k <n:||lzgy—zo|| >c}| >0} €T

and denoted by Z — st — LIM®x = g or x Losta, xo-
Definition 2.10. [19] Let x = (z) be a sequence in X and r > 0. x = (x) is said to be Z statistical

rough convergent (Z-st rough convergent) to z¢ € X if, for every £ > 0,

1
{nEN:n\{kgn:\|xk—x0\2r+€}25}61

and denoted by Z — st — LIM,z = x or z, Lost=r, 0.

Definition 2.11. [24] Let 2 = (2) be a sequence in X. If there exist a real number M such that
{neN:L1{k <n:|lzy|| > M}| > 6} €I, then (zy) is called Z-st bounded.

Definition 2.12. [21] Let x = (x}) be a sequence in X and ¢ € X. If, for any € > 0 and § > 0,
1
{nGN:nHkSn: ||z — || > €} <(5} ¢T

then c is called an Z-statistical cluster point of x = (zy).
The set of all Z-statistical (Z — st) cluster points denoted by Z — S(I'y,).

Theorem 2.13. [21] Let © = (x1) be an Z — st bounded sequence. If the sequence x = (xj) has one
cluster point, then it is Z — st convergent.

3. Main Results

This section defines the concept of ideal statistical rough convergence of order o and studies some of
its basic properties.

Definition 3.1. [22] Let z = (xj) be a sequence in X, r > 0, and 0 < a < 1. = (x). For alle > 0,
if

. 1
lim n—a]{kgn: ||z — x| >7r+e}| =0

n—o0
then the sequence x = (zy) is said to be statistical rough convergence of order « to zy and denoted

by stora, xo. Then, the set of all statistical rough of order « limit points of a sequence (xy) is
denoted by st — LIM} .

Definition 3.2. Let z = (z) be a sequence in X. For any € > 0 and § > 0, if
1
neN:EHk‘Sn:||xk—x0||2r+€}|25 €z, aec(0,1]

then © = (zy) is called to be ideal statistical rough convergent of order a to zp and denoted by
Tk Lzstzra, xg. Then, the set of all ideal statistical rough of order « limit points is denoted by

7 — st — LIM}z.

Definition 3.3. Let x = (x;) be a sequence in X. Then, z = (x) is called Z-statistical bounded of
order «, if there exists a real number H such that

1
{nEN:W\{k§n1||xk||>H}|>5}GI

Limit of a convergent sequence is unique, however limit of a rough convergent sequence is not need
to be unique, for the degree of roughness r > 0.
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Theorem 3.4. Let x = (x) be a sequence in X. z is Z-st bounded of order « if and only if there
exists 7 > 0 such that Z — st — LIM®z # (.

PROOF. Let X be a normed space and = = (z) be a sequence in X.
(=) Assume that z = (x1) be Z-st bounded sequence. Then, there exists a real number H such that

1
A:{neN:nay{kgnzumkH>H}]>6}eI

Let 7 = sup {||z¢||}. Z — st — LIM%z includes the origin of X Z — st — LIM2z # (). Here, since the
ES\I\A

normed space X is a vector space, then the origin of X is 0x.

(<) Suppose that for an arbitrary r > 0, Z — st — LIMYx # (. Then, for any € > 0 and 6 > 0, there

exists z¢g € Z — st — LIM;*z such that

1
{neN:na\{kgn: ||k — xol| > 7+ €} 25} S
Choose € = ||xg||. Then, for each § > 0 and H = r + ||zo]|,
1
{nEN:naHkgn: lxx — zo|| = H}| 25} €z

Therefore, © = () is an Z— st bounded sequence of order a. ]
Theorem 3.5. Let © = (z) be a sequence in X. The set Z — st — LIM%x is closed.

PRrROOF. If 7 — st — LIM%x = (), then the proof is clear. Let Z — st — LIM%z # () and there exists
(yn) C T — st — LIMZx such that y, — zp as n — oo. Then, for all £ > 0 there exists n. € N such
that n > n. = ||lyn — zo|| < e. Choose ng € N, yp, € (yn) C I — st — LIMz, then

1
A:{nEN:na|{k<n:|]xk—yn0||>7“+;}|<5}EF(I)

Fort € A, %|{k <t:||zr — ynol| = r+ 5}| < 4. For maximum k < ¢, ||z} — yn,|| <7+ § and for an
arbitrary ng > n.
|2k = zoll < 2k = ynoll + |[yng — wol[ <7 +e

and for maximum k<t ec A
1
{nGN:naszgn:|mk—$0||2r+5}|<5} €T

Hence, xg € Z — st — LIMxz. Consequently, Z — st — LIMx is a closed set. O
Theorem 3.6. Let x = (z) be a sequence in X. The set Z — st — LIM%x is convex.

PROOF. Let yg,y1 € Z — st — LIMYx. For any € > 0 and ¢ > 0,

1
Alz{neN:na\{k<n:]|a:k—y0H>r—|—5}|>5}€I

1
Agz{neN:na\{kgn:ka—yﬂ\Zr—l—s}]Zé}eI

As S =N\ (A1 UAy) € F(I), then S is a finite set. For s € §, let By = {k < s: ||zt — yol| > 7+ ¢}
and By = {k < s: ||z, —y1|| > r+¢e}. Thus, lim 25|By| = lim 2|Bs| = 0. For all k € B{ N B§ and
A€ [0,1],

[k = (1= Nyo + Ayn)[| = [[(1 = M) (@ —yo) + Mk =yl <7+
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and so lim 2 |B{ N BS| = 1. Thereby,
k—00

1
{neN:na\{kgn: l|lze — (1 = N)yo + Aya)|| > r + e} <6} 2> SeF(I)

Consequently, Z — st — LIMYz is convex. O
Theorem 3.7. For an arbitrary b € Z — S(I';). Then, for all z, € Z — st — LIM®z, ||z, — b|| < r.

PROOF. Assume that b € Z7—S(I'y) and z, € Z—st—LIM%z such that ||z.—b|| > r. Let e = %.
Therefore,

1
A:{nEN:na\{kgn:ka—b||2£}|<(5}¢f

1
B:{nEN:na|{k§n:||mk—x*|\2r+6}|25}

Fort € A, o|{k < t:|jzx —b|| >} < 6. So, for maximum k < ¢, ||z}, — b|| < . Hence, for all

» e
kE<teA,
lze — x| = [[2s = bl = |lzx — bl > 74
Therefore, B O A implies that B is not an element of Z and this is a contradiction. Thus, ||z.—b|| < r,
forall z, € Z — st — LIMYz and b € Z — S(T',). O
Theorem 3.8. Let » > 0. x = (x1) is Z-statistical rough convergent of order a to x, if and only if
there exists a sequence y = (yx) such that Z — st — LIM®y = z, and for all k € N, ||ag — yi|| < 7.

PROOF. (<) Assume that Z — st — LIM®y = z, and for all kK € N, ||x — yx|| < r. For any € > 0 and
0>0

1
A:{neN:W\{kﬁn:\|yk—x*\\25}\<5}EI

Moreover,
lzk — zol] < flze — gl + |lyp — 2l <7 +e, k<s€A°

Therefore,

1
{nEN:W!{kgn:ka—x*HZT—i—EH<(5}DACEF(Z)

Then, z = (xy) is Z-statistical rough convergent of order a to z.
(=) Suppose that Z — st — LIM*xy, = z,. For any ¢ > 0,

1
{nEN:na|{k§n:||xk—x*|]25}|>5}€I

For the sequence y = (y) defined by

[ i flay — o] < 7
Yk T+ 7T H;Z:ii\l’ otherwise
the following inequalities, for k € N,
0 if ||xg — x| <7
e~ < 4 il =]
||z — x| + 1, if otherwise

and
|zk —ykll <7
are hold. Thereby,

1
{neN:na\{kgn:\]yk—x*HZr—i—s}]Zé}GI

Consequently, Z — st — LIM®y = x, and for all k € N, ||z — y|| < 7. O
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4. Conclusion

In this study, ideal statistical rough convergence of order oo was defined. Moreover, some important
properties of the set of all ideal statistical rough of order « limit points were studied. In addition,
this study proved two theorems that “a sequence (zj) in a normed space is Z-st bounded of order « if
and only if there exists > 0 such that Z — st — LIM{x # ()7 and “a sequence (zj) in a normed space
is Z-statistical rough convergent of order « to z, if and only if there exists a sequence y = (yx) such
that Z — st — LIM®y = z, and for all k € N, ||z — yi|| < 77
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1. Introduction

Investigations on indicating the existence and uniqueness of fixed points of self-mappings have several
applications in mathematics, economics, engineering, and statistics. In the mathematical aspect, fixed point
theory is worth investigating by its applicability in various problems that consist of differential and integral
equations, approximations, games, and so on. For these reasons, to determine the existence and uniqueness of
(common) fixed points and coincident fixed points in different types of metric spaces, the researchers working
in the different branches of mathematics pay attention.

The notion of a parametric metric space is defined by Hussain et al. [1]. According to this definition, the
distance between the points of the space takes values according to the parameters. Since the measurement tool
depends on the parameters in these spaces, it can be thought as the parameterized extension of the classical
metric. This idea has taken attention by several authors and applied to the weak and strong forms of the metric
spaces. Rao et al. [2] presented parametric S-metric spaces and proved common fixed-point theorems in
parametric S-metric spaces. Later, Cetkin [3] introduced the concept of parametric 2-metric spaces and
investigated some of their characteristics and fixed-point results. Different versions of parametric metric spaces
and investigations on fixed points of the proposed spaces have been considered by several authors [4-8].
Besides, the notion of soft metric spaces introduced by Das and Samanta [9] is one of the generalizations of
metric spaces based on the parameterization tool. In fact, soft metric is a crisp distance function which
measures the distance between two soft points in any soft universe. That is, the parameterization tool is used
just for the points of the soft universe. Nowadays, research on soft metric spaces and their fixed-point theorems
is prevalent. By expanding the role of the parameterization tool in the parametric metric spaces and soft metric
spaces, Tungay and Cetkin [10] defined the concept of a parametric soft metric space and observed the basic
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features of these spaces. Hence, by using the parametric soft metric, one measures the distance between two
soft points according to some parameters chosen in the soft universe.

This study aims to show the existence and uniqueness of fixed soft points and common fixed soft points
of self-soft mappings described on a (complete) parametric soft metric space. Hence, by providing the
parametrized distance between two soft points, where the parameters are soft real numbers, we observe
extensions of some fixed-point results in the proposed spaces. This study is arranged in the following manner.
In section 2, we recall some basic notions and notations necessary for the main sections. In Section 3, we
discuss the existence and uniqueness of fixed soft points in parametric soft metric spaces. In section 4, we
show under what conditions two self-soft mappings have common fixed soft points.

2. Preliminaries

This section mentions the concepts and the findings that we need to understand in this manuscript.

Definition 2.1. [11] Let X denote the nonempty universal set, and E represent the set of parameters. Then, the
mapping F: E — P(X) is called a soft set over the universe X, denoted by the pair (F, E). The collection of all
soft sets over the universe X, with the set of parameters E, is represented by SS(X, E).

Definition 2.2.[12] Let (F,E) and (G, E) be two soft sets over X. Then, the set operations for soft sets are
defined as follows:

(1) (F,E) is asoft subset of (G, E) and write (F,E) & (G,E) if F(e) € G(e), foreache € E.

(2) the union of (F,E) and (G,E) is a soft set (H,E) = (F,E) U (G, E), where H(e) = F(e) U G(e), for all
e€E.

(3) the intersection of (F,E) and (G,E) is a soft set (K,E) = (F,E) N (G,E), where H(e) = F(e) N G(e),
foralle € E.

(4) (F,E) is called an absolute soft set denoted by X, if F(e) = X, foralle € E.
(5) (F,E) is called a null soft set denoted by @, ifF(e) =0, foralle € E.

Definition 2.3. [13] A soft set (F, E) is called a soft real number if the mapping F is a parameterized family
of nonempty bounded subsets of the real line, i.e., F: E —» B(R). For simplicity, soft real numbers are denoted
by the symbols #, 3, and the constant soft real numbers are denoted by 7, 5, £. For instance, 0 represents the
zero soft real number which means that 0(e) = 0, for all e € E. Moreover, R(E)* denotes the collection of
non-negative soft real numbers.

Definition 2.4. [13] The pair (R(E)*, <) is a partially ordered set. Here, the order " < " is the natural order of
reals over the parameters.

Definition 2.5. [9]
(1) A soft point over X is a soft set (P, E) if there is exactly one A € E such that

{x}, ife=2

P:E - P(X); P(e)={®, if e+ A

Therefore, it is indicated by the symbol Py .
(2) If P(1) = {x} € F(2), then P} € (F,E).
(3) Py = B ifandonly if A = pand x = y. Thus, P’ # P, ifand only if 1 # por x # y.

The notation SP(X) indicates the family of all soft points of the universe X.
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Definition 2.6. [13] Let § denote a family of soft points. Then, the induced soft set by taking off all collection
elements is symbolized by SS(S). Besides, the notation SP(F, E) represents the family of all soft points of the
soft set (F,E).

Definition 2.7. [14] Let (F,E;) € SS(X,E;) and (G,E,) € SS(Y,E;). Then, the pair (¢,¢):=
©y: SS(X,E1) > SS(Y, E,) is called a soft mapping. Here, ¢: X — Y and ¥: E; — E; are the crisp functions.
In this case, the image and the preimage of the soft sets (F, E;) and (G, E,) under the soft mapping ¢, are
also soft sets which are defined as follows, respectively.

op(EED)0 = | ] oFE) vkeE,
e€yp=1(k)

and

93 ((GED)(e) = 07 (G(¥(e)),Ve € Ey

If ¢ and ¢ are both injective (surjective), then the soft mapping ¢, is said to be injective (surjective).

e — ¥
e X RE )
y ——— “ = e
¥ - ~ Y r . - ~ Y
[ — -~ L)
."‘\. st - ! AN e e /
— ;, . .
N \__:__,./ \\H_ B By
e ']
e I R
s TR T A" o ™
il o \ / \
P e e e
LW Ao Y /_.
D e N

Figure 1. Graphical representation of a soft mapping

Definition 2.8. [10] A parametric soft metric on X is a mapping d: SP(X) x SP(X) x R(E)* - R(E)* which
satisfies the following axioms.

(P1) d(P}, R, t) =0, forall £ S 0 if and only if Py = P,

(P2) d(P}, P}, t) = d(B}, Py, ), forall £ S 0.

(P3) d(P},P),t) £ d(Pf, B, t) + d(B7, B, B), forall Py, B, P7 € SP(X) and all £ 5 0.
In this case, X is said to be a parametric soft metric space and represented by the pair (X, d).

If the parameter set is one-pointed, then this definition turns to the original parametric metric definition
of Hussain et al. [1]. Besides, in a case when one considers the interval (0, o) instead of R(E)*, then Definition
2.8 coincides with the definition of Bhardwaj et al. [8]. If one also considers the parameter set is one-pointed
for the parameters only, then Definition 2.8 coincides with the soft metric definition of Das and Samanta [9].
Hence, our definition can be thought as the parametric extension of the parametric metric, soft metric and soft
parametric metric, since both of the points and the parameters of the distance function are all have softness.
Example 2.9.[10] Define a mapping d: SP(X) x SP(X) x R(E)* —» R(E)* by follows: forall £ S 0

1, Pf+Pp
d(Pf,p),E) == g
( At ) 0’ Pj( — Puy

Therefore, d is a parametric soft metric over X.
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Example 2.10. [10] Let R be the set of all reals and define a mapping d: SP(R) x SP(R) x R(E)* - R(E)*
by follows: for each t > 0,

d Py B, o) =t[lx -yl +|A—al]
Then, d is a parametric soft metric over R.

Definition 2.11.[10] Let (X, d) be a parametric soft metric space.

(1) If lim d(P’;",P,{‘, t) =0, for all £ S 0, then the sequence of soft points {Pf"

n

} is convergent to a soft
nenN

point P{* € SP(X). This is denoted by P, — P} or lim P, = P}".
n n—-oo

n

(2 If lim d(P™ P ™) = 0, for each T S 0, then the sequence of soft points {Pf"} satisfies the
n,m—oo n m n NneN

Cauchy property.

(3) If each sequence of soft points that satisfies the Cauchy property is convergent to some point in the given
space, then the space is called complete.

Definition 2.12. [10] Let ¢y (X,d;) — (¥,d,) be a soft mapping between parametric soft metric spaces.
Then, the continuity of ¢, at P;" in X, is described sequentially in the following manner:

n—-oo

if for any sequence {Pf“} such that lim P, = Pf, then lim gy, (B = @y (PY).
n neN Tl

3. Main Results

This section is devoted to investigating the existence and the uniqueness of the (common) fixed soft points of
self-soft mappings in the parametric soft metric spaces.

Lemma 3.1. Let (X, d) be a parametric soft metric space. Then, the sequence of soft points {PA’C”} . satisfies
n Jne
the Cauchy property if the following equality is satisfied for all k € [0,1)and n € N.
d (B i B) 2 kod (B, B ) 1)
Proof. Letm > n > 1 be chosen. Then, it implies that the following for all £ S 0,

d (P pimE) Zd(Bi B E) + d (BE, B E) + 4 d (BEM, PEM )

An+1’ Anaz

S (k™ + k™M 4+ k™ 1)d( A"i,t) )

kn
1-k

-~ X X

= d (B, piE)

Assume that d(P’[‘)",P/fi1 ,£) S 0. Since k < 1, if one taken limit as m,n — +oo in the previous inequality,
then the following is gained

lim d(Px" me t)=0 3)

n,m—oo

As a result,

—~

Pf“} satisfies the Cauchy property. Also, in case d(P° P, ',£) =0,we have
nenN

S

d (P/{:l", P/{:nm, E) = 0, for all m > n and hence the result is clear.
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Theorem 3.2. Let (X, d) be a complete parametric soft metric space and Oy (X,d) - (X, d) be asurjective
soft self-mapping. If there exist non-negative soft real numbers such that @ + 8 + 7 S 1 satisfying the
following for all P}, B} € SP(X) and for all £ 5 0.

d(py (PY), @y (B)),T) 2 @ad(Py,B),t) + B d(P, oy (P),E) + ¥ d(B), @y (B)), ) (4)
then there exists a fixed soft point of ¢, .

Proof. By the assumptions, it is evident that ¢, is an injective soft mapping. Let &, denote the inverse
mapping of ¢, , for simplicity. Choose PA’;" € SP(X), and set a sequence as follows:

By =0, (By) B =8, () = 83 (By) o B = 6, (B) = 0,77 (B)

Let us choose P, x" t# P foraII positive integers (otherwise, if there exists some P, o such that Pf""‘l1 =
no—

1o , then P, " is a fixed pomt of ¢y, . By the condition (4), we gain the following mequalltles

Tl

d (an 1 an‘t) = d(<p1lJ ((pw -1 (&n : )) » (% 1 (&:n))'f)
@d (o () ot (50).6) + B (o™ (B) 00 (00 (B22)) 1)

+yd (01 (20 0y (0y 72(P1)). ) ©

= QA3 (B0, 8, (B, ) + BA(B, (B, B, ) + (8, (B, B, )

VA

n xn+1 Xn Xn— xn+1 Xn
= ad (B E) + Bd (B B E) + 7d (B, B )
By arranging the right side of the previous inequality, it is obtained that
A-BdE "1 P™MD 2 (@ +7) A B (6)

If@ +7 = 0,then B S 1. This fact contradicts with the inequality (6). Thus, @ + ¥ must be non-negative and
1-p8 So.
B

This implies the following result in the case k = —= < 1 and for all n € N U {0}

a+y

|

AR B D) 2 k(R B D) @
By repeating (7) n-times, we obtain the following inequality for all £ S 0,
~ —n
d(PA’;’:;l,PA’;”, £) < k d(P, P, D) (8)
By Lemma 3.1, {Pf"} satisfies the Cauchy property.
n JneN

So, by the hypothesis, {Pf"} converges to some soft point P;” € SP(X). Now since @y Is surjective, we
n JnenN

may write B” = ¢, (P#y ) for some Puy € SP(X). Taking into consideration, we obtain that
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d(prrei) =d(oy (B0) 00 (B)E)

a d(P/{::T' P;Ly' a + E d(P;::l, Py (P}LJ::_T)' D +v d(Puy’ Py (Puy)’ a (9)

IA

=ad(P ™ B0 + B AR BT +7 d(B PP, E)
This inequality witnesses the following result in case n tends to infinity
0= (a+ 7)d(B),B7,0) (10)

As a result, Puy = F,” is obtained as claimed.
Corollary 3.3. Let (X, d) be a complete parametric soft metric space and POy (X,d) - (X,d) be asurjective
self-soft mapping. If there exists a constant k = 1 satisfying for all P}, B}’ € SP(X), Py # B, and for all £
S0,

d(py (PO, @y (B, D) 2 k d(Pf, B, D) (11)
Then, there exists a unique fixed soft point of ¢, .

Proof. By the previous theorem, in the case 8 = y = 0and @ = k, the existence of the fixed soft point is
clear. So, it is sufficient only to prove that the uniqueness. To do this, let us suppose the converse. That is, let
P, B7 be two fixed soft points of ¢, , then from condition (11), we obtain the following

d(Pwl P]/Zl E) = d((pll) (Ppw)' q)l[) (P]/Z)' D E l—{ d(Pw' P]/Z' a (12)
which implies d(P, B?,t) = 0, that is P” = P7 as desired.

Corollary 3.4. Let (X, d) be a complete parametric soft metric space and @y be asurjective self soft mapping
in this space. If the following is satisfied for some positive integer n and a soft constant k = 1,

d(ey(PY), @y (B),B) 2 kd(Pf, B, D) (13)
forall Py, B € SP(X), P’ # P}, and for all £ S 0, then there exists a unique fixed soft point of ¢, .

Proof. By the previous corollary, qo{lﬁ has a fixed soft point, such as . However, <p{j,(<p¢ (B?) =
Oy (<p{l5(Ppw)) = @y (B7). So @y (B)is also a fixed soft point of the soft mapping <p{;,. Hence
@y (P) = PP. Since the mappings ¢, and @y, have the same fixed soft points. The result is obtained.

Definition 3.5. Let §, and ¢, be two self soft mappings of the soft universe X. Then, 8, and ¢y, are said to
be weakly compatible if §,(Py) = @y, (P)), for some P € SP(X) and 8,(@y (PY)) = @y (8,(PY)).

Theorem 3.6. Let (X, d) be a complete parametric soft metric space and &,,, Oy ()? d) - (X, d) be the weakly
compatible mappings such that ¢, (X) < 8, (X). If the following inequality holds for some k = 1 and for
all Py", B € X,

d(8,(PY), 8,(B)), 8) = kd(py (P, ¢y (B D) (14)

and if besides one of the images ¢y, X) or 6p()?) is complete, then these mappings have a unique common
fixed soft point in X.
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Proof. LetP/ff)0 € SP(X) be taken arbitrarily. Since ¢, (X) < 6, (X), choose Pﬁl such that B! =
8, (Plxl) =@y (Pf") . In general, choose F;f;’:l such that

P)M1 = §,(P™1) = ¢y (P, then from the condition (14) we gain the following

HUn+1 TL+1

1
d(P;;’:l P;Zﬁzz t) = d(fpw ( ) Py ( )::1) ) Ed(Pyn Puj;n:f ) (15)
By repeating (15) (n + 1) —times, we obtain the following

(P}, PYme2 £) 2 pn¥ig(ple, P ) (16)

HUnt+1’ " Hns2’

1 - ~
where £ = e Hence for n > m, we have forall ¢ > 0,

d(Pﬂin’Pﬂ)::ln'f) g (PYn P:Vn+1 t) + d(PYn P:Vn+1 t) 4+ o + d(PM);rln_—ll’Pﬂ)::ln’t)
(17)
g (?n + :gn+1 4+ o+ ?m—l ) d(PJ;O,PH}?,E)

The previous inequality witnesses the fact that if n and m tend to infinity,

n,m—oo
P for some P;” € SP(X). Hence, we get

lim d(P"" P)m,£) = 0. Therefore, {P/f‘"} Nsatisfies the Cauchy property and by the hypothesis P;™ —
n Jne n

limP)" = lim Oy ( ) = lim §, (PA’;") = B? (18)

n—-oo Hn n—-oo n—-oo

Since one of the soft images ¢y, (X) or &,(X) is complete and ¢, (X) <€ 6, (X), 6,(R}) = P for some
PV € X. Now from (14), we have for all £ S 0,

1
d(py (B, 0y (B").T) 2 =d(8,(R), 8, (B0), ) (19)
This implies the following for all £ S 0
o~ 1 _
d(py (PV),P7,T) < Ed(ap(af),prI’, t) (20)

The last inequality witnesses the fact that ¢y, (B7) = F,” . Therefore ¢y, (BY) = 8,(B)) = B”.

Since ¢y, and &, are weakly compatible self-soft mappings, we have &8, (@y, (B7)) = @y (6,(B))), that is
8,(B”) = ¢y (B”). Now we show that F;” is a fixed point of §, and ¢, . From (14), we have

d(8,(B7), 8,(Pi™), D) 2 k d(py (B ), py (B, D) (21)
If one takes limit as n — oo in (21), then the following inequality
d(6,(B"), B, 8) 2 kd(py (B7), B, D)) (22)

implies the fact that §,(P°) = B°. Hence, we have 6,(F”) = @y (F”) = B7.
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Uniqueness: Let us suppose the converse, that is, let B> # Py be two common fixed points of the given self-
soft mappings. Then, we have_d(8,(P®),8,(P7), 1)) = kd(py (PF), @y (PF), D)), forallt S 0,_which
witnesses the fact that B° = B;. Hence, we get uniqueness.

Theorem 3.7. Let (X, d) be a complete parametric soft metric space and Oy, 6p: X — X be two surjective self

soft mappings which satisfy the following conditions for some soft real numbers @, 8 and k such that&@ >
1+ 2kandf > 1 + 2k.

d(@y 6,(P1), 8,(P1), D) + kd(py 8,(P1),PL D) = @ d(6,(P), Py, ) (23)

and

for all P € SP(X),all £ S 0. If one of the soft mappings is continuous, then they have a common fixed soft
point.

Proof. Choose a soft point P;° € SP(X). Since ¢y, is surjective, P,.° = ¢y, (P;.*) for some P* € SP(X).
Since &, is surjective, too, P,12 = &) (P/{il) for some ,{;2 € SP(X). Continuing this process, we may set a

sequence of soft points {PA’;"} in such a way that
neN

Xon _— X2n Xaon _ X
P = gy (Bm1) and BEm = g, (B2),vn e N U (0 (25)

Azn

Now forn € N U {0}, we have

d(q’lp 8 (Px2n+2) 5 (Px2n+2) D + kd(¢w 5 (Px2n+2) x2n+2 D > ad (5 ( x2n+2)'P/1’:i:;2'E) (26)

12n+2

Thus, we get

d(pxzn Px2n+1 t) + kd( xzn Px2n+z t) E ad (Px2n+1 Px2n+2,f) (27)

Aan ? " Aonsr’ Aan ’ " Aans2 ’ Azn+1 ’ Aan+2
Since

d(PxZn Px2n+2 t) g d(P/{:iln P;:ilnﬂ t)+ d( x2n+1 Px2"+2,f)

Aan ’ " Az’ Aan+1 ’ Aant2

Hence from (27),

=1
&

+

d (Px2n+1 Px2n+2, f) g

A2n+1 ’ Aant2

X2 X2n+2
d (B, pnee ) (28)

/’lZn+2

bl

QI

On the other hand, we have

d(5p Py (Px2n+1) Py (Px2n+1) D + k d( Py (Px2n+1 Px2n+1 ﬂ > ﬂd(q’w (Px2n+1 Px2n+1 t‘) (29)

l271+1 12n+1 12n+1 12n+1

Thus, we have

d(&ii’:‘ll'Pﬁzn t)-l- kd( pXen-1 Px2n+1,_) E ( pXan p x2n+1'f) (30)

Aan-1 "' Aans1 Aan " Aans1

Since
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d (szn—l Px2n+1, f)

Aan-1’" Aan+1

d(szn—l szn, f) + d( xZn Px2n+1 t)

Aan-1’"Aan Azan+1

And from (30), we have

&

d (Bm, plent ) 2 EREL (Bjns, pfen ) 31)

Aan ' Azn+1

| I
=

T+k T+k =
>0

Let # = max { = ,___} Then, by combining (28) and (31), we have foreachn € N U {0} and t

d (B, P ) 22d (P B E) (32)
By repeating (31) n-times, we get foralln € N u {0}andall£ S 0
d(Bon, P £) 27 d (PR, I E) (33)

By Lemma 3.1, {PA’;"}%N satisfies the Cauchy property. Then by the hypothesis, the sequence converges to
some soft point as P - P So, xz’:l — P and P, szz - P If @y, is continuous, then ¢, (Px2"+1) -
@y (P7). But ¢y, (PxZ"“) "fl" PP. As aresult, ¢, (P) = P. By the surjectivity of &,, we have
8,(P”) = B;? for some soft point P?. Now
d(@y (8,(P),8,P2),8) + kd(ey (6,(PP),P2,t) S ad(s,(P?),PY,t)
implies that
kd(P®,Pf,t) S ad(PZ,P2,1).
Thus, we gain the following
d(P®,P?,t) < gd(Ppw, P?,t)
Since @ S k, we conclude that d (P, P, t) = 0.S0 P = PY.
Hence, ¢y, () = 6,(P;”) = P;°. This completes the proof as claimed.

4. Conclusion

Fixed point theory is essential in the surveys given in metric and topological spaces. Several authors have
applied/embedded this theory in different metric spaces and applied sciences. Since the solutions of integral
and differential equations are based on the fixed-point theory constructed in normed spaces, in this merit, we
decide to investigate the existence and the uniqueness of fixed soft points of self-soft mappings in parametric
soft metric spaces, which spaces the parameterization tool plays the key role. Moreover, the studies on fixed-
circle results have gained attention in metric and metric-like spaces [15,16,17], nowadays. For further research,
we hope to investigate some different kinds of fixed soft point theorems, some fixed-circle theorems and also,
we plan to give some applications in such spaces.
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1. Introduction

It is well-known that the piecewise- uniform fitted meshes studied by Shishkin [1] and the corresponding
numerical algorithms were developed and shown to be & —uniform in various studies including the book by
Shishkin [2]. The numerical results using a fitted mesh method were firstly presented in [3]. We refer the
readers to Bakhvalov [4], Gartland [5] and Vulanovic [6] for other approaches to adapting the mesh, involving
complicated redistribution of the mesh points [7, 8]. We note that none has the simplicity of the piecewise
uniform fitted meshes.

Motivating by this these considerations, we remark that both fitted operators and fitted meshes need to be
studied. Since the methods using fitted meshes are usually easier to implement than the methods using fitted
operators in practice, they recommended to be applied whenever possible. We also note that the methods using
fitted meshes are easier to generalize to the problems in more than one dimension and to the nonlinear
problems.

In this paper, the following convection—diffusion problem with a concentrated source is considered and
we prove that e-uniformly convergent methods can be designed for the problem (1). In other words, in this
article, to investigate the numerical solution of equation (1) and to obtain a suitable method, we will focus on
the following boundary value problem [9]

Lu=—-eu" +bu'+cu=f(x), u(0)=0, u(l)=0 Q)

Lalifiliz@pau.edu.tr (Corresponding Author)
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It is worth mentioning that the modelling of real-world problems including physical, chemical, and
biological phenomena contain interactions of convection and diffusion processes, which can be
described by the convection-diffusion- problem [10].

We remark that, we have studied the following

Xi+1
—£gi(Xi—1) Uj—q + u; + €9{(Xi11) Uiy = (f — cw) f gi dx
Xi—1
and we obtained the analytical solution
4 U= Uy = vy X (! 2
v S o et iv1=(i—c i)E P 1 (2

see [10] and [11] for details. In this article, we will use the equation (1), and after applying various numerical
treatments, we will get the same solution given by the equation (2) which was studied before in [12]. In this
study, we have,

9iCris) = DGy = =0 and g{(x,11) = DGy, = 1M1
1 2
Xit+1
—eD*¥GU;_1 + Uy + e D" GyUipr = (i — c Up) f G'dx
Xi-1
T, (&, b;, c;, h, M) = eD* G,
T,(&, b;,c;,h,M) = —eD~ Gy
Xi+1
Ty(g, b;, ¢, M) = f G'dx
Xi-1
At the end of this paper, we will show that
. ePi
1\}11_%0711(8’[)"’ ci,h, M) = Py
_ 1 1
Jim T by b, M) = = (=)
Xi+1 )
lim G'dx = lim T5(g, b;, ¢;, M) = (£> <eP1 _ 1)
M—o0 M—o0 b;/ \efi+1
Xi-1

Now, consider
—eD*D™G; —bD¥G; =AX;;, j=1,23,..,M—-1

Gio1—G G —G_\1  [(Gy1—G;
—s( s S A B | 1)——b<L>:AXi,j
hjiq h; h; hjiq

where

T Xi € (X}, Xj41)
AXi,jz hj+1 ¢ 17

0, otherwise
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If j=0 or j=M,thenGy, =0 orGy =0.

h1’1Sj<Z_1
L M< <2M 1
D R
J B 2M 3M 1
1, 4—1—4
B 3M<,<4M 1
2 4—]—4_

b h, b
- j+1 (1 +T> + G] 2 +—> + Gj—l(_l) = 0

In the previous equation, if we take G;; =12, G; =7, Gi_y =r°=1andA; =1+ % then we will get

b h, b h,
(1) 4 (22
£ £
-2 +1r(1+2)-1=0 >2(1-r1)Fr-1)=0

Then, the roots of the quadratic equation are givenby: r, =1andr, = % Similarly, we get
1

bh, LY

In the previous equation, if we take G;; =12, G; =7, Gi_y =r®=1and A, =1+—2= bhz , then we will get

b h, bh,
(1+—)+T(2+—>—1=0
£ £
122, +7r(1+2,)—-1=0 =2(1—-12,)F—-1)=0

Then, the roots of the quadratic equation are givenby: r, =1andr, = Ai
2

2. Derivation of Trapezoidal Rule

We can derive the trapezoidal rule by using polynomial interpolants of f (x) function. The usage of a Lagrange
interpolant for each sub-interval [xi_l,x-], i=1,2,3,...,nleads to the trapezoidal rule in [13], that is,

Xi

ff(x)dx~ fP(x)dx

where h -
PO = o G 4 f ()
i-1
jﬂ@wz fHMM==f(flqu1H‘ ‘17u0m
= @ ( —x;)dx + ——— fGxi) fm (x —x;_1)dx
Xi-1 = XiJyx;_, i T X1y,

Xi

flxiz)  (x—x)?
—(x; — x-1) 2

H L SO =)’

Xi — Xj—1 2

X=Xij-1 X=Xij—1
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fOaa)  [Ga—x)? (o —x)? + fOa) [0 —x-1)®  (ooq —x-1)°
2 (x 2 2

(e —xi-1) 2 {— Xi—1)
f(xi—1) (Xi—1 — xi)z f(x) (x; — xi—1)2
(g —xq) 0 2 ] * (i — xi—1) [ 2 - 0]
S [Oon - x;)? n f () [(x; — x;_1)?
(6 — xio1) 2 (X —xi-1) | 2
0 (i —x-1) [f(xic)  f(x)]
f P(x)dx = > [ > + >

For the composite trapezoidal rule, we have,

b n X n
[rea=Y [rea = - [ L2
a i=1x,_, i=1
b h n h n
| Peyax=3 ;mxi_l) HD]= 5 [f(xO) + 2;f(xi) + <xn)]

We note that, this is known as the composite trapezoidal rule in [13].
Lemma 2.1: If
T, (&, b, c;, h, M) = eD* G,
then
ePi

I\EII_IEOTl(SJ bi! Ci, h” M) = ePi +1
Proor. Consider the uniform case, that is 7 = % Then, the mesh parameters can be written as h; = h; = 2_1\/7

2bh
and/'ll =1, = 1+m

lim T (e, by, ¢, b, M) = lim 21—20 = ¢
Ml_r>r§o 1(&, by, ¢i h, )—Mlgrgo h; T ePit1

Lemma 2.2: If
T,(&, b;, c;,h,M) = —eD~ Gy,
then

- 1 1
Alll_r)rgoTz(E, by, ci, h, M) = e (epz + 1)

Proor. We follow the same steps in the proof of Lemma 2.1. For the uniform case when t = 2 we use the

difference solution G' and the fact that h} = h} = %;

. Gy —Gy—q 1 1
wm To(& by ¢ b, M) = lim === == (3)

Lemma 2.3: If
Xi+1
T5(g, b;, c;, M) = f G'dx
Xi-1

then
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Ml—r}goTS(g’ i» Ci» M) - (b_l,) ePi+1

Proor. In order to calculate the following integral

Xit+1

f G'dx

Xi-1

the trapezoidal rule is used for the exact solution of

. . M
( a1r1]+a2r] OSjSZ
j ;g M _ . 2M
. sty +aur,, —<j<—
Gi = 4 4
J 4 2M<,<3M
asti +aeTy, S Sj=—
+ar) 3M< <4M
arrs +agn, S Sj=—
- M
a1+a21 ) OS]SZ
+ad M<_<2M
G.i=<a3 T
J tad 2M<_<3M
as T aghy™, 4 =)= 4
b g 3M<_<4M
a7 T aga,”, ) =)= 4

Using the properties of Green’s function in [14-18], we get,

For Gy = Gy =0, we have,

aq + azl’{I] = a3 + a4ﬂ.;]
1 = 1
a3+a42 —a5+a61

as + agly’ = a; + agld,’

aq + azl’{Ij =0

a7 + aSA;j = O

For j = M/4, we have, a; A, + ap (kit(1 — Ay + A1) — ashy + agkskyt = 0.

For %’ we have, as4, + a4(k2_2(1 — A2+ A1) —asd; — a6k1_2k51 =%

For j=3M/4, we have, = agd; + ag(ki3(1 — A, + A1) — azAy — agksk;3 = 0.

hy

56

In order to get the difference solution exactly, we need to determine the eight unknown coefficients. Two
equations can be obtained by using the boundary conditions: G, = G,; = 0; the difference equations related

to the nodes xu/4, X2nm/4 AN X344 give us other three equations; and finally, the continuity conditions can

be applied to obtain the other three equations. Next, the corresponding numerical algorithm can be obtained
by using the fitted finite difference operator in order to get a system of finite difference equations on a standard
mesh. We remark that the mesh is often a uniform mesh in practice. Finally, the obtained system can be solved
in a practical way to get the numerical solutions. We refer the readers to [16] for other approaches in
constructing fitted finite difference operators.
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i} -0 1
1 1 0 0 0 0 0 0 1ra:-
1 kgt -1 kY0 0 0 0 la,| |9
Moo& —h —kskgt 0 0_2 0 0 as h
0 0 1 k2 -1 —k; 0 0 as| 2
0 o A g, A —kitkst 0 0 llas|™|¢
0 0 0 5 1 k3 —1  —k3° ||as 8
0 0 0 0 Al %’3 _/11 _k3k2_3 as 0
0 0 o0 0 0 0 1 ky* 1t ], ]
M M

where ky = A%, ko = A2, ks = M54 & = kit (A — A+ 40), & = k321 — Ay + A4y), & = ki3 (1 — A, +
M M
M) andn = e(Ay — 1)(1+ AFA0).

Using the symbolic programming MATHEMATICA, one can solve AX = B linear system and obtain the
following results:

a; = Elﬁ ko ks
n
a; = _Ekl ky ks
n

h
as =;2(—k2 ky +ky ke ks +hky)

h
ag = —k3ky ks
n
h,
a; =—
T
h
a8 = _Zkg
n
Xit+1 Xi—1+T Xi xXi+T Xit+1
f Gldx = f Gidx + f Gldx + f Gldx + f G'dx
Xi—1 Xi—1 Xi—1+T Xi Xi+T
Wmmf=%
Xi+1
1\}11_120 G'dx 1\}11_1)20(11+12+I3+I4)
Xi-1

Unless otherwise indicated, we will apply the trapezoidal rule for numerical integration until the end of this
work.

Xi—1+T GM

— i gy — Go 4
11— G dx—h1 _+Gl+GZ++GM + —
2 z-1 2

Xi-1
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Xi_1+T
. 0 Gy
11: f Gldx=h1 E+Gl+GZ+.+GM—1+T
Xi-1
-M
T 1
11 = h]. G] + _1 M
2 7
j=1
M
21
M/4
I =h Z(alrl + a,r, ) + = (a1r1 + a,r, / )
j=1
M1 M
_ j M/4
L =h z (a1r1 ) + hy Z (azr2 ) +—= (a1r1 + a,r, )
j=1 j=1
Xi GM Ga2m
_ i _ _4 4
12 = f G d.x—hz 2 +G%+1+G%+2+ +G¥_1+ 2
Xi—1+T
My
Xi Gm 4 Ga2m
12: f Gidx—hz —+ G]+T4
Xi-1+T ]=%+1

1

h o

]_T+1

Xi+T

Gm G3m
I3=f Gidx =hy —+GM +Gy _ +t+Gam |+

5+1 5+2 =1 2
Xi
3M
Xi+T GM T_l G3M
L= | Gide=hy|-2+ z Gl 4%
Xi j=%+1
S
hy M/2 3M/4 3M/4
I3 :7(a5r1 /2 + agr, / )+h1 Z (a5r1 + agry )+—(a5r1 / + agr, / )
=2+
Xit+1 G3M
i Gy
14_: G dx=h2 2 +G3M 1+G¥+2+"'+GM_1+7
Xi+T
Xit+1 G3M 0
I4= f de—hz T+631W1+G¥+2+W+GM_1+E
Xi+T
Xi+1 Gﬂ M-1
I, = j Gldx =h, |——+ G’
Xi+T ]=ﬂ+1
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M-1
h, 3M/4 3M/4 i i
I, = 7(a7r3 / + agr, / )+ h, Z (a7r3j + agrj)
j=24
Xi+1
Agl_r)réo de_z\l41_r>r§o(11+12+13+14)
Xi-1

Since the integral T; integral can be written as the sum of the integrals I, I, I3 and I, we have

Xi+1 b
I Gid (h)t h(bih) <h> it
im X =\z)Rnh{ == ={7") n
M Xi—1 bl 2¢e bl es +1
Xi+1
Ty= lim [ G'dx= limT5(e by c;, M) = (b_) ePit 1
oo —00 i :
Xi-1

Finally, we proved that the numerical and analytical results converge exactly (see [11]), that is,

epi 1 h epi_l
—a Ve Ui Ve = a0 3 Gy

3. Conclusion

In this paper, we studied different finite difference methods for the convection-diffusion problem. We
presented numerical behaviour of the convection-diffusion problem. We applied a uniformly convergent
numerical algorithm, called II’in-Allen-Southwell scheme, with better accuracy throughout the domain for
various values of ¢. At the end of the study, we showed how to construct such a method. Finally, we have
constructed a uniformly convergent numerical method for the convection-diffusion problem.
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1. Introduction

In the theory of curves in differential geometry, one of the interesting problems studied by many
mathematicians is to characterize a regular curve and give information about its structure. Using
the curvatures x and 7 of a regular curve, its shape and size can be determined, so the curvatures
play an important role in the problem’s solution. The relationship between the corresponding Frenet
vectors of the two curves gives another approach to solving the problem. For example; involute-evolute
curve couple, Bertrand mate curves and Mannheim mate curves result from this relationship. Another
example is Smarandache curves, which are defined as regular curves with the location vector generated
by the Frenet vectors of the regular curve. Smarandache curves have been widely studied in different
ambient spaces ( [1-17]).

While Euclidean differential geometry is the study of differential invariants regarding the group of
rigid motions, affine differential geometry is the study of differential invariants regarding the group of
affine transformations * — Az + b, A € GL (n,R), b € R™ acting on x € R", i.e., nonsingular linear
transformations together with translations, denoted by the Lie group A (n,R) = GL (n,R) x R™ with
a semi-direct product structure, (see [18,19]). Moreover, “affine geometry” is also called “equi-affine
geometry”, where we restrict to the subgroup SA (n,R) = SL (n,R) x R™ of volume-preserving linear
transformations together with translations.

In this paper, we introduce TN, T B, NB and T'N B—Smarandache curves corresponding to a
regular C*°—curve in affine 3—space As. We also establish the relationship between the Frenet frames
of the pair of curves and the Frenet apparatus of each curve.

Lozturkufuk06@gmail.com, uuzturk@asu.edu  (Corresponding  Author); Zsarikayaburcul907@Qgmail.com;
34898haskull@gmail.com; ‘aysegulemir77@gmail.com
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2. Basic Concepts
In this section, we give the information to understand the main subjects in this paper (see for
details [20-22]).

A set of points whose elements correspond to a vector of the vector space V over a field is called

the affine space associated with V. We refer to Az as an affine 3-space associated with R3.
An arbitrary curve a: I C R — Agz is called a regular affine curve if for all r € 1

do o 3o
det (dT‘ (7’), dr2 (7’), dr3 (7’)) 7& 0
and the arc-length of « is defined as

sy = [ (G 0. Ga 0. 55 0)

Here, s is called the parameter of the affine arc-length if

da d?a AP
det (59,55 (9. 55 () =1
_ da

Remark 2.1. In this paper, the prime denotes differentiation concerning the parameter s, i.e., o' = Fh

etc., while a dot is reserved for differentiation concerning any arbitrary parameter r, i.e., & = Z—i‘ etc..

For an affine C*°—curve « in As parameterized by the parameter of the affine arc-length s, x and
7 are called the affine curvature and the affine torsion of a given by

k(s) = det [a'(s), o (s), a(i“)(s)] (1)

and
7(s) = — det [o/’(s), o (s), a@‘v)(s)} 2)

From the definition of k(s) and 7(s), we get

™) () + k(s)a(s) + 7(s)e/(s) = 0

that is
d o/(s) 0o 1 0 a/(s)
o a(s) |=1 0 0 1 (s (3)
a”(s) -7 -k 0 a”(s)
Let us set

T:O[/’ N:Oé”, B :a///

Then, we can write the relation (3) as

T 0 1 0 T
Nl=|l0 o 1||N (4)
B’ -7 —k 0 B

Here, T, N and B are called the tangent vector, the normal vector, and the binormal vector of «,
respectively. Also, {T, N, B} is called an affine Frenet frame of a.

Example 2.2. Let a be an affine C*°—curve in As with parametric equation

a(s) = (cos s,sin s, s)
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The affine Frenet frame of « reads

T(s) = (—sins,coss, 1)
N(s) = (—coss,—sins,0)
B(s) = (sins, — cos s, 0)

It follows that the curvatures of o have the form
k(s) = det [a’(s),a"'(s),a(w)(s)} =1
and .
7(s) = —det [o/’(s), a”(s), oz(w)(s)] =0

Then, we can write

3. Smarandache Curves in Affine 3—space

In this section, we consider an affine C°°—curve « and define its affine Smarandache curves in affine
3—space As. Let a = a(s) be a regular affine C*°—curve with affine Frenet frame {T', N, B} in As.
Denote by g = (u) arbitrary affine C*°—curve, where u is the parameter of the affine arc-length of 3.

Definition 3.1. Let « be an affine C°°—curve in affine 3—space A3. A curve 3 defined by
1
u(s)) = —=(T'(s)+ N(s )
Bu(s)) \/5( (s) + N(s)) (5)

is called the T'N —affine Smarandache curve of a.

Definition 3.2. Let « be an affine C°°—curve in affine 3—space A3. A curve 3 defined by

Bluls)) (T'(s) + B(s)) (6)

_ L
V2
is called the T'B—affine Smarandache curve of a.

Definition 3.3. Let « be an affine C°°—curve in affine 3—space A3. A curve 3 defined by

1
Bluls)) = E(N(S) + B(s)) (7)

is called the N B—affine Smarandache curve of «.

Definition 3.4. Let « be an affine C*°—curve in affine 3—space As. A curve 5 defined by

1
Blu(s)) = %(T(S) +N(s) + B(s)) (8)

is called the TN B—alffine Smarandache curve of a.

Next, we obtain the affine Frenet frame {73, N3, Bg}, and the curvatures xg and 73 of affine
Smarandache curves of «.
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3.1. T'N —affine Smarandache curve

Taking the derivatives 5(u (s)) concerning u, we obtain

dp dp ds
o2 = =22 9
du ds du )
d2p 28 (ds\? dj d3s
ap _ apfas halutadid 10
du? ds? (du) T s a2 (10)
3 3 3 2 2 3
Ppo_ BB (ds\' PAds s d3ds )
du3 ds3 \ du ds? dudu? = ds du3
and since u is the parameter of the affine arc-length of 3, i.e., det(%, j%é, Z%é) = 1, we can easily
obtain 6 , \
du dg d*p d°p
e —det | —, ==, —C 12
<ds> ¢ (ds’dsQ’ds3> (12)
Using the relations (4) and (5) we get
dg 1
— = —(N+B
d’B 1
3B 1
-3 = E[(—T’—T)T—i—(—/ﬁ'—T—/ﬂ)N—/ﬁB]
and so, from the relation (12)
d 1 1/6
CTZ - <2\/§ [(T’ + 7') (k+1)—71 (H' + T)]) (13)
Without loss of generality, we assume that du = ds. Then the affine Frenet frame’s vectors are given by
T, = N+ Llp (14)
TV TR
T K 1
Ny = —T—-"N+__B 15
and , ,
T+T K +T+K K
Bg = — — N - —B 16
Differentiating the equation (16) concerning s and using the relations (4) we obtain
" o " / / 2 /
B’ﬁ:—T +7 KT o K + 27"+ kK +T+/€N_2:‘£ +T+I€B (17)

V2 V2 V2
Since By = —73T)3 — ks Ng, from the relations (14)-(17) we have

"+ 7 — kT
Rg = —f

and
" — %' — 7 + 12 4 2kT

T

T8 = —
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Theorem 3.5. Let o : I € R +— Az be an affine C*°—curve in affine 3—space A3 with the affine
Frenet frame {T', N, B} and the curvatures x and 7. If 5 : I C R — Ajg is T N—affine Smarandache
curve of a, then its frame {73, Ng, Bg} is given by

0 1 1
Ts V2 \{i T
T K
Ng | = —ﬁ ~/B Vel N (18)
Bﬁ e Y e i A B
V2 V2 V2
and the corresponding curvature kg and 73 read
™+ — kT " =2k — 7+ 72 4 2kT
Kp=————— TB=- - (19)

3.2. T B—affine Smarandache curve

Using the relations (4) and (6) we get

d

% = Ty

d2

Tsf — \}E(_T’T—(K’Jrr)N—(n—nB)

dSIB 1 " " / 2 /

73 = 5[7(7 7HT+T)T7(I{ + 27 — K +K)N7(2H +7’)B}

and so, from the relation (12)
du 1 2 (.1 " / 1! / / 1o
T = ﬁ(_(ﬁ_l) (7" + 1)+ (k= 1) (76" + 377" + 26'7") — (26" +7) (k —|—T)7'> (20)

Without loss of generality, we assume that du = ds. Then the affine Frenet frame’s vectors are given by

T k—1
Ts = ——=T — 21
TR .
o K +T k—1
N, ——T — N — B 22
and
BBZ_T//—KJT—FTT_/<.3//+2T/—/€2+:‘£ _2/@’—1—7'3 (23)
V2 V2 V2
Differentiating the equation (23) concerning s and using the relations (4) we obtain
BZ; _ _T”’ —3k'T — kT 4+ 17 — TZT k" 4+ 37" — AkKk' + K — 2KT —|—7'N_3/<;” +37 — K2+ K g (24)

V2 - V2 V2

Since By = —73Ts — ks Ng, from the relations (21)-(24) we have

3"+ 37 — K2+ Kk
k—1

kg =
and
™ 2kt + 1 3K"T - 3(7)?

T3 =3k + 71— - p—

where k (s) # 1 for all s.
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Theorem 3.6. Let o : I C R +— Az be an affine C*°—curve in affine 3—space A3 with the affine
Frenet frame {T', N, B} and the curvatures x and 7. If 8 : I C R — Ajg is T B—affine Smarandache
curve of a, then its frame {73, Ng, Bg} is given by

Ts V2 y2 . T
_T e _ k-l
BB 7l —kr4r K427 =K%k 26 4T B
V2 V2 V2
and the corresponding curvature kg and 73 read
kg = _BKN kil /{, 8 = 3 + 1 — Ll - 3’ = 3(r')” (26)
k—1 T k—1

everywhere & (s) # 1.

3.3. NB—affine Smarandache curve

Using the relations (4) and (7) we get

% - \;é(—TT—ﬁN—i—B)

2

O (4T (¢ 4+ RN )
d3B 1

pr ﬁ[_ (T”—I—T’—KT)T—(K’/+27/+H,+T—/€2)N—(2/’@/+T+"4)B]

and so, from the relation (12)

ds "t

1/6
du _ ﬁ(—Q(R,)zT —3K'72 — 3+ K'RT 4+ 3KT'T 4+ 27K Kk — K27 + k3T 4+ 2(77)? / (27)
+e"T — K2 R 2T+ KT+ T2 — KT KR — T+ kT — KT — KT

Without loss of generality, we assume that du = ds. Then the affine Frenet frame’s vectors are given by

T K 1

T3 = ——FXT—-—=N+—=B 28
/ /

Ny = T AT —K+T+KN—LB (29)

V2 V2

3

and

B — T//—l-T/—F\ZTT K'+ 27 + K + 71— K2 26 + 17+ K
’ V2 V2 V2

Differentiating the equation (30) concerning s and using the relations (4) we obtain

B (30)

47" =3kl — kT — T2 — KT K" 4+ K"+ 37" + 27" — 4K’k — 2KT — K2
By = - = T s N (31)
3" + 2k + 37 + 17 — K2
— B
V2

Since B = —73T)s — kpNg, from the relations (27)-(31) we have

"+ 7" — k't — kT — KT+ 36T + 37T + K21
T+ T+ KT

Kg = —

and
k" + k7" — 36" — 3(7')% — 2k/T" — 3K"'T — 47'T — 2k'T — 3K'KT — KT? — T2

= T+ 74+ KT
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Theorem 3.7. Let o : I € R +— Az be an affine C*°—curve in affine 3—space A3 with the affine
Frenet frame {T', N, B} and the curvatures x and 7. If 3 : I C R+ Asz is NB—affine Smarandache
curve of a, then its frame {73, Ng, Bg} is given by

T K 1
T3 V2 V2 V2 T
14T K471tk K
Ng | = 7 7 2 N (32)
BB I e i Y i e o o et Vo e B
V2 V2 V2

and the corresponding curvature kg and 75 read

T+ 7"+ 3"+ B — k)T — KT+ (/{2 - H)T
"+ T1+ KT
k" + k" =3 (7' + 1) K" = 3(7)? — 26/ —AT'T — (27 + 3kT) K — (1 4+ k) T2

— 33
78 T+ T+ KT (33)

kg = -

3.4. TN B—affine Smarandache curve

The next theorem can be proved analogously as in the previous three cases.

Theorem 3.8. Let o : I C R +— Az be an affine C*°—curve in affine 3—space A3 with the affine
Frenet frame {7, N, B} and the curvatures x and 7. If 3 : I C R +— As is TN B—affine Smarandache
curve of a, then its frame {73, Ng, Bg} is given by

T L § 1
Ts . >{§ ’l/i v 1 T
7'+ K +T+K K—
Bﬁ B e Gt ) L L o e o e N Ty
V3 V3 V3

and the corresponding curvature kg and 75 read

4" 4+ 3k"T + (3T — k+ 1) T — KT — KT
T+ kT
(k= D7" + (k= 1)7" = 3(7' + 7)&" = 3(7")2 + (k — 1)7" — (36 — 1) K'T — (47 + 2K') 7/ — K72

kg =

T = -
p T+ KT

4. Conclusion

Recently, many studies have been done on the curve theory in affine 3-space (see [23-26]). However,
until now, Smarandache curves in affine 3-space have not been defined and their characteristics have
not been examined. Therefore, in this paper, TN, T B, NB and T'N B-Smarandache curves whose
position vector are made by Frenet frame vectors on another regular affine C*°-curve o with the affine
Frenet frame {T', N, B} in affine 3-space A3 are introduced. The affine curvature xg, the affine torsion
73, and the expression of the affine frame vectors {T3, Ng, Bg} of Smarandache curves are obtained.
Also, the relationship between the Frenet frames of the curve o and Smarandache curves is given.
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Abstract — In this study, we examine conformal spherically symmetric space-
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Received: 28 Feb 2022  are obtained for f(R,¢) = (1 + An*¢°)R model. All the quantities for anisotropic

Accepted: 24 Mar 2022 ﬂ}lid are invest.igated through equation of state constant, w. The models for th.ree

different selections of w are represented for the constructed model. Moreover, string

Published: 31 Mar 2022 ¢ i5 the only condition that anisotropic fluid behaves as an isotropic fluid for the

10.53570/jnt.1080665 constructed model. Furthermore, the anisotropy parameter and causality conditions

Research Article are examined. Lastly, the results for the solutions are concluded from the physical
and geometrical viewpoint.

Keywords — Conformal symmetry, f(R,®) theory, extended theory, anisotropic fluid
Mathematics Subject Classification (2020) — 83C05, 83C15

1. Introduction

Generalization of Einstein-Hilbert action is quite attractive topic in recent years. It is an alternative
way to understand dynamical characteristic of universe. Especially, last observations such as super-
nova type Ia [1-3] and cosmic microwave background radiation [4, 5] lead to expansion universe with
acceleration. Although studies indicate that the universe has exhibited different dynamic behaviors
in different epochs, current time expansion of universe is correlated with exotic matter components
called as "dark energy” on it. Matter form has negative pressure which causes to expansion. Within
this framework, many researchers described great numbers of different dark energy models associated
with scalar field. Although the existence of dark energy, which has such a repulsive effect cosmolog-
ically, is sufficient to explain the movement of late time universe, the origin and dynamic structure
of this form of matter cannot be fully explained theoretically. Extended theories or generalizations
of Einstein-Hilbert action give researchers to examine universe from beginning to current time as an
alternative way. f(R, ¢) theory is one of the most attractive generalization of Einstein-Hilbert action
by way of a general function depending on Ricci curvature scalar, scalar field and it’s terms. Einstein-
Hilbert action for f(R, ¢) theory is firstly studied by Hwang and his collaborators [6-9]. Existence of
scalar field in action makes the theory quite interesting in order to study different epoch of universe
correlated with scalar field. In this context, Myrzakulov et al. [10] examined possible inflation scenario
for some models in f(R, ¢) theory. Mathew et al. [11] obtained a possible exact inflationary model
in f(R,¢) theory. They showed that an inflationary model with an exit is possible in theory. Stabile
and Capozzielo [12] studied galaxy rotating curves without needing dark energy in f(R,¢) theory.
They showed that Yukawa-like correction in theory could be explain problem of dark matter in spiral
galaxies. In theory, many cosmological issue is studied by researchers [13-17].

!dogukantaser@comu.edu.tr (Corresponding Author)
'Department of Electricity and Energy, Can Vocational School, Canakkale Onsekiz Mart University, Canakkale,
Turkey
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Conformal Killing vectors (CKVs) are quite important symmetrical property which could be used
for General Relativity caused to simplification of space-time [18]. It is easier to find exact solutions
for models by way of this isometries in field equations. Also, CKVs could be considered to explore
conservation laws, as well. CKVs are defined by [19]

Legir = Vi (1)

where £¢ represent the Lie derivative operator, v is conformal factor and £ is vector field that gen-
erates conformal symmetry [19]. Classification of conformal Killing vectors such as Killing vectors,
Homothetic Killing vectors, special conformal Killing vectors and non-special conformal Killing vectors
depends on the structure of the conformal factor, ¢ [20]. In literature, great number of cosmological
models and issues in various theory are examined through conformal symmetry [21-24].

In this study, our main purpose to understand effect of conformal symmetry on anisotropic model
in the framework of f(R, ¢) theory. In this context, we investigated conformal spherically symmetric
space-time filled with anisotropic fluid in f(R, ¢) theory. Kinematic term of scalar field related with
dynamic structure of theory is attained for constructed model.

This study organized as: In section 2, we recaptured field equations of f(R,¢) theory. After, we
obtained field equations conformal spherically symmetric space-time with anisotropic fluid in f(R, ¢)
theory. Exact solutions of field equations are obtained. Matter distribution investigated through
equation of state constant, w. Anisotropy parameter and causality conditions are examined. In
section 3, Results for solutions have been concluded in the point of view physical and geometrical.

2. Anisotropic Conformal Spherically Symmetric Model in f(R, ¢) Theory

Action function of f(R, ¢) gravity can be written as [25]

5= [@V=3 | S0 RO+ u@)s.s") + S 2)

where S, is Lagrange density of matter field. Also, f(R, ¢) is a general function connected with Ricci
curvature scalar, R, and scalar field, ¢ [25]. u(¢) represents kinematic term of scalar field and g is
determination of metric tensor g,,, [26]. Variation of Eq.(2) leads to field equations of extended theory
as follows:

frRik — %(f +u(P) ) gir — froik + u(B) bk + gixDfr = £Ti, (3)

where O corresponds to d’Alambertian operator (O = V,V*). Energy-momentum tensor is defined
as Ty, = —\/%% [27]. From Eq.(2), the generalization of Klein-Gordon equation for f(R, ¢)
theory is attained as [26]

2u(¢) 06 + ug(9)dyed™ — fs =0 (4)

Line element of static spherically symmetric metric is described by
ds? = ! Mdt? — /M dr? — r2dp* — 1% sin® dD? (5)

where u(r) and v(r) are metric potentials depending on radial coordinate. Also, Ricci curvature scalar
for selected metric is attained as

2 2
2|

R= | (04— i i)~ 20— o) + (6)

2

where dot signs partial derivative according to radial coordinate. On the other hand, energy-momentum
tensor of anisotropic fluid is given by

Tir. = (p + po)uivg, — pegi + (Pr — Pr)Tixp (7)
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where p(r) is energy density, p,(r) is radial pressure and p;(r) is tangential pressure of the fluid. u; is
four-velocity in co-moving coordinates and z; is unit four-vector along the radial direction. By using
Eqgs.(3),(5) and (7), field equations for spherically symmetric anisotropic fluid in f(R, ¢) theory are
attained in the following form:

e [ifR <zw + 2 i zﬂ) F3e'f + su(@)F + 0 <f T ’;)} — wp, (®)
o~ [;fR (z'/ it f) 5" f — Su(@)F + S0 (i e v) +awfR] —rp ()

and
eV [ifR </ﬂ — [+ 2ji + 477) —%e”f + %U(@é? - %&fR <v - jf) _arrfR:| = Kp (10)

It is clearly seen that constructed field equations have eight unknown components. In consequence,
we have considered a viable model in f(R, ¢) theory. The model is [25]

f(R,¢) = (1L +MP¢*)R (11)

Also, kinematic term of scalar field is considered as power-law form as u(¢) = ug¢™. In this study, we
assumed constant as m = 1. Conformal symmetry gives us to an opportunity to simplify space-time
via vector field, £&. Conformal symmetry for static spherically symmetric metric is studied by Herrera
and Ponce de Leon [28]. They obtained homothetic vector fields and metric potentials in the following
form:

r
& = kg + (2 at) (12)
e = kar? (13)
and 2
e’ = w—z (14)
Line element of conformal spherically symmetric metric could be defined as
k32
ds® = k3rdt® — 1/135 dr® — r*d6?* + r? sin® 0d®> (15)
Under all consideration, it is possible to rewrite field equations of constructed model in f(R, ¢) theory
in the following form:
1L Pe” (3¢ 197 An?
(7_2 + 7”2 ﬁ -1 +=— ]{j2 ¢¢ ¢+ 127 = Kpr (16)
) 2 2 142 ]
20 (6 + 3 +2@ (% +0) 200 (22 )it G +20) —5 puod? = w17
rks 2r k3 2 k3
and
1 2
—2¢<w+ d’) <1+)\ 2¢2) W’ ¢(¢ +¢> oY )\n ¢<2¢ +¢>
2 2
—2“’— 170555 + )+ 009" = o (18)
In order to simplify our solution, it is considered constants in f(R,¢) model as A = —1 and n = 1.

Also, equation of state between radial pressure and density of fluid is given by

Pr = wp (19)
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Fig. 1. Evolution of scalar field with r. Positive scalar field (red line) and positive scalar field (red
line) are represented for ks = —0.01.

By using Eqs.(16)-(19), we obtained conformal factor as

\/2k§r(w2 — V12 + kg (61012 + ky — kqug)
Y(r) =

6(w — 1)($kauo — rv/r? + ky) (20)

Scalar field of theory is obtained as:

o(r) = £ YN (21)

Evolution of scalar field is represented with respect to radial coordinate in Fig. 1. The scalar field
is estranged from x-axis for bigger value of radial coordinate. Also, constructed model refers to both
complex scalar field and complex conformal factor depending on value of k4. In order to avoid that
condition, it is a way to define critical radius for constructed model. It could be given by rgm- > —ky.
Also, matter components such as density, radial pressure and tangential pressure are attained as

p(r) = m,4(2f4_1) (22)
por) = (23)

and L )
nir) =~ (24)

Line element of conformal spherically symmetric space-time in the presence of anisotropic fluid in
f(R, ¢) theory is rewritten as follows:

(w — 1)(6rv/72 + kg — kqup)
2r(w + 1)Vr? + ky

One can get a physically meaningful density in the case of p > 0. In Eq.(22), it depends on arbitrary
constant, k4, and w. k4 must be negative when equation of state parameter is selected as w < 1. On
the other hand, k4 can be selected as positive in the case of w > 1 which isn’t expressive because this
condition refers to sound speed bigger than the speed of light. In order to get physically meaningful
matter distribution, one must select arbitrary constant as negative for constructed model. Also, it
is obviously seen that constructed model does not allow to value of w = 1. In Eq.(24), tangential

ds? = k3ridt? — dr? — r2df* 4 r* sin® 0d P> (25)
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Fig. 2. Evolution of energy density with r for different selection of w. (k4 = —0.1 and k = 1)

pressure and radial pressure could be attractive or repulsive depending on value of w. In the case of
—1 < w < 1, tangential pressure has repulsive effect. Also, radial pressure has same effect for w < 0
or w > 1, as well. At the same time, tangential pressure given by Eq.(24) vanishes for selection of
w = —1. Under this assumption, it could be said that cosmological constant case breaks structure
of anisotropy for constructed model in f(R,¢) theory. In Fig. 2, graphical representation of energy
density for different selection of w is represented with respect to radial coordinate. Energy density
for all selections is decreasing for bigger value of radial coordinate. In Fig. 3 and Fig. 4, graphical
representations of radial and tangential pressures are represented with respect to radial coordinate.
Both figure shows that pressure components of fluid are approaching x-axis with bigger value of radial
coordinate. For w = 1/3, radial pressure has attractive effect, while tangential pressure is repulsive
effect for constructed model. In addition to this, cases of w = —1/3 and w = —1/2, both pressure
components show repulsive behavior for constructed model.

204\

= —0=13—"=0=-13—"=0=-12]

Fig. 3. Evolution of radial pressure with r for different selection of w. (k4 = —0.1 and kK = 1)
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Fig. 4. Evolution of tangential pressure with r for different selection of w . (k4 = —0.1 and kK = 1)

Also, spherically symmetric anisotropic models give a opportunity to investigate behavior of radial
structures by way of anisotropy measurement indicated by A. A is represented as A = k(p; — py).
Positive values of A are correlated with outward pressure, otherwise the opposite occurs on it. For
constructed model, anisotropy is

k4(3w + 1)

ot (w—1) (26)

A= Kpt — Pr =
Considering that arbitrary constant, k4, is negative, as we studied earlier, constructed model in f(R, ¢)
theory indicates outward pressure in the cases of w > 1 which is physically meaningless and w < —1/3
which corresponds to dark energy. At the same time, isotropic case (p; = p, = p) for fluid is possible
in the case of w = —1/3. Under that condition, fluid behaves as string cloud. Also constructed model
could be practised for radial objects under some conditions. So, it is good to examine radial and
transverse sound velocities for constructed model.

v = (ii]zn =w (27)
and
o dp 1

Ust = g, T _i(w +1) (28)
Both velocities must be satisfied for condition given by 0 < vgd, o < 1. From Eqgs.(27) and (28), both
velocities could not be satisfied because 0 < w < 1 case allows valid radial sound, while —3 < w < —1
case is possible condition in order to get valid transverse sound. Even thought both condition can not
be satisfied for same region for w, one can examine the stabile region in the case of —1 < v2 —v2. <0
offered by Abreu et al. [29] for constructed model. Stabile region for constructed model is described
as —1/3 <w <1/3.

3. Conclusion

In this study, we investigated conformal spherically symmetric space-time in the presence of anisotropic
fluid in f(R, ¢) theory. Firstly, we get field equation for field equations of spherically symmetric space-
time with anisotropic fluid in f(R, ¢) theory. After that, we considered conformal symmetry for spher-
ically symmetric metric offered by Herrera and Ponce de Leon [28] and field equations of anisotropic
conformal symmetric model are examined in f(R, ¢) theory. Exact solution of field equation for con-
structed model are obtained to take notice of equation of state for f(R,¢) = (1 + An?$?)R model.
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We defined line element of conformal spherically symmetric metric with anisotropic fluid in f(R, ¢)
theory. Also, it is shown that constructed model allow complex scalar field. In order to avoid complex
scalar field, critical radius is defined for constructed model. At the same time, effect of scalar field is
increasing with bigger value of radial coordinate in theory. All matter components are investigated
via arbitrary constants and equation of state parameter. Constructed model allows negative value of
arbitrary constant, k4. All possible cases for repulsive or attractive behaviors of radial and tangential
pressure are examined by favour of w. Anisotropic conformal spherically symmetric model in f(R, ¢)
theory for selected model has singularity for w = 1. Also, cosmological constant case (w = —1) breaks
structure of anisotropy for constructed model in f(R, ¢) theory. For different selection of w, behaviors
of matter components with respect to radial coordinate are investigated via graphical representations
of them. All quantities approaches to zero for bigger values of radial coordinate. Anisotropy param-
eter is investigated for conformal spherically symmetric model. The parameter shows that outward
pressure is possible when w < —1/3. w < —1/3 corresponds to dark energy. For constructed model,
f(R, ¢) theory designates dark energy for outward pressure. Also, w = —1/3 case which corresponds
to string gas is a only condition that anisotropic fluid behaves as isotropic fluid. Lastly, constructed
spherical model could be practised for radial objects under some conditions. For this reason, we
investigated causality condition and we defined stabile region for constructed model.
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1. Introduction

The equivalence between the homotopy category of connected CW-complexes X whose homotopy
groups m;(X) are trivial for i > 1 and the category of groups is well known. In [1] it is given that an
analogous equivalence for ¢ > n + 1 (where n is a constant natural number). Whitehead invented the
concept of a crossed module for n = 1. This notion replaces that of a group and gives a satisfactory
answer. Loday reformulates the concept of crossed module to produce an “n-cat-group”, which is a
generalization to any n.

The notion of a cat-1 group is merely another method to express the axioms of a strict two-group.
Nevertheless the type of characterization used for cat-1 groups, and, modified for cat-n groups is in
strictly group theoretic terms and so is frequently better to check than the more categorically defined
variant. As an example, getting a cat-1 group structure from a simplicial group, or a cat-n group
structure from an n-fold simplicial group is typically easy. The notion of a category can be formulated
internal to any other category with enough pullbacks. Since algebraic structures can be defined in
a category by giving suitable objects and morphisms, we can sometimes construct categories within
a category, €. In order to form a category (with objects O and morphisms A) inside €, we need to
define a composition m : A; X3 A — A which is associative and respects identities; note in particular
that m is also a morphism in €.

A cat-1 group is essentially another way of expressing an internal category in the category of
Groups, Grp, where the kernel commutator condition determines the interchange law. It is well-
known that these latter objects are equivalent to crossed modules, and so it’s not surprising to see an
equivalence between the category of cat-1 group and that of crossed modules in Loday’s study.

Alp and Wensley present a share package XMOD consisting functions for computing with finite,
permutation crossed modules, cat-1 groups and their morphisms, written using the GAP group theory
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programming language [2]. Also in [3,4], Porter generalized the category of categorical groups to that
of categories of groups with operations.

The main object of this paper is to formulate internal categories for the category of cat-1 group in
which the objects contain elements we can describe pullbacks in terms of. Also, it is observed that the
equivalence of between internal 1-Cat group and internal crossed modules. As we know the category
of cat-1 group is equivalent to that of crossed modules, we expect to be able to go between internal
category of cat-1 groups and that of crossed modules without hindrance, and we can prove that the
equivalence between the category of cat-1 group and that of crossed modules is also preserved for their
internal categories.

2. Preliminaries

Definition 2.1. Let € be a category with finite products. The internal category C in € consists of
the objects A, O with the morphisms s,t: A — O, e: O — A, m: A x A — A. The diagram of

the morphisms
t

w

e

A 0

has the following equalities:
i.se = te = tdp
11.8m = sy, tm = tmy
iti.m(lg x m) =m(m x 14)
iv.m(es,14) =m(la,et) =1y

where m; and 7o are the projections. In the internal category s,t,e and m are denoted the source,
target, identity and composition morphism, respectively.
(A,O,s,t,e,m) is called the internal category of C in €, [5].

Definition 2.2. A cat-1 group consists of a group G with a normal subgroup N and the morphisms
s, t from G to N satisfied the following conditions:

° S|N = t’N =idn

o [Kers,Kert] =1

A cat-1 group is denoted by (G, N, s,t), [1], [6].

Definition 2.3. Let (G, N, s,t) and (G', N', §', t') be cat-1 groups. A cat-1 group morphism (G, N, s,t) —
(G',N',¢',t') is an a : G — G’ group homomorphism satisfied the below equations:

Example 2.4. Let G be a group with a normal subgroup N = G. We get a cat-1 group (G, G, idg, idg)
for s=t=1idqg .

Example 2.5. Let G be an abelian group with a normal subgroup N = {1}. (G,{1},s,t) is a cat-1
group with s(g) =t(g) =1 for g € G.

Definition 2.6. Let G and N be two groups, 0 : N — G a group homomorphism and G acts on N
on the left. So (G, N, d) is a crossed module if and only if

(CM1) 9(g-n) =g+ 0(n) — g
(CM2) (n)-ni=n+n; —n

for Vn,n; € N and g € G, [7].
Definition 2.7. Let (G1, N1, 01) and (Go, No, 0y) be crossed modules. The crossed module morphism
(aaﬁ) : (GO,NO,aO) - (Glaleal)

is a pair of homomorphisms « : Gg — G and 8 : Ny — N; such that
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e 015(n) = ady(n), for all n € Ny,

e B(%ng) =*90) B(ny), for all gg € Go,ng € No, [8].

Definition 2.8. Let XMod be a category of crossed modules over groups and X be an internal
category. So X includes X; = (A1, B;,01) and Xy = (Ao, Bo, y) with source s = (s4,sp), target
t = (ta,tp), identity e = (e4, ep) and composition m = (m4, mp) morphism defined by m (a1, a}) =
aj o ay, mp(b1,b)) = by o by with si(a1) = t1(a)) and so(b1) = to(b}). Then we have the following
features:

1.54e4 =taeq =tda,,spep = tpep = idp,

18.84MA = SAT2, tamA =1taT,SpMpB = STy, tpmp = tpm

iii.m(lx, x m) =m(m x 1x,)

iv.m(easa, 1x,) =m(lx,,eata) = 1x,,m(epsp,1x,) = m(lx,,eptp) = 1x,

The condition iii can be expressed the following diagram:

iXmxm
X1><X1><X1 X1><X1
mXidx, m
X1 x X3 pos X1

X = (X1, Xo, s,t,e,m) is called the internal category of crossed modules over groups, [9], [10], [11].

3. Internal of cat-1

Let C be an internal category in the category 1-Cat of cat-1 groups. Then C consists of two cat-1
groups X1 = (G1, N1, s,t), Xo = (Go, No, §',t') with s* = (s1,50), t* = (t1,t0), €* = (e1, eg) illustrated
below diagram

t1

€ — e
€1

t s t s
to

Ny v Ny

and m = (mg,my) : X1 x X7 — X; morphisms. (G1,Go, s1,t1, m1) and (N1, Ny, S0, to, mo) are the
internal of groups.

i.81€1 =tie1 = ’idGO, Spep = toeo = idNO

1.s1ma = s172, tima = 171, Somy = SoTe, tomy = L™

iti.m(lg, x m) =m(m x 1lg,)

iv.m(elsl, 1(;1) = m(lGl,eltl) = 1G1,m(€080, 1N1) = m(lNl,(Eoto) = 1N1

where m = (mg, my) is the composition map for the internal of the category Grp of groups and
ma(g1,97) = g1 0 g4, mny(ni,n}) =ny on) with s1(g1) = t1(g}) and so(n1) = to(n}). The category of
internal categories within the category of cat-1 groups is denoted by C(Int(cat-1)).

Proposition 3.1. Let (G1, Ny, s,t) be a cat-1 group. Then (G x G1, N1 x Ny, (s, s), (t,t)) is a cat-1
group and (X7, Xo, s*,t*,e*, m*) becomes an internal category in 1-Cat where X; = (G1 x G1, N1 X
N17 (578)7 (tat))aXO = (Gl,NhS,t),S* = (SG,SN),t* == (tG,tN),e* = (€G7€N)7m == (mGumN)‘
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ProoOF. We show that (G; x G, N1 x Ny, (s,s), (t,t)) is a cat-1 group.

Ker(s,s) = {(g,9") € G1 x G1/(5,8)(9,9") = Inyxn, }
= {(g9,9) € G1 x G1|(s9,5¢") = (1,1)}
= Kers x Kers

As the same way, Ker(t,t) = Kert x Kert.
Since for (n1,n}) € N1 x N1, (g1,92) € Kers, (g3, g4) € Kert the equations

(575)‘N1><N1(n17n/1) = (S(nl)’s(nll)) = (nhn,l) = IdN1><N1 (nlvnll)a

(ta t)|N1><N1 (nlvnll) = (t(nl)at(nll)) = (nlanll) = IdN1><N1(n17n,1)

and

(91,92)(g3,92) (97 L 0 ) (g3 ga ) = (919397 *95 "5 929495 95 ")
= (171)

are valid, the cat-1 group conditions are satisfied.
Also, we get

sn(s,8)(91,91) = sn(sg1,s91) = s(91)s(g1) = s(9191) = ssa (91, 91)

tn(s,s) = stg,ttg = tn(t,t) and stg = tn(s, s) for the commutativity of below diagram. Thus, s*
and t* are cat-1 group morphisms.

tg
ma
(Gl X Gl) X (Gl X Gl) G1 X Gl o G1
eG
3| |7 (5,8) | | (1) S|t
tN
my
(N1 X N1> X (N1 X Nl) N1 X N1 SN N1
eN
(mg, my) is a morphism of cat-1 groups because of the diagram’s commutativity. ]

4. Natural Equivalence

Theorem 4.1. The category of internal categories within the category of cat-1 groups is natural
equivalent to the category of internal categories within the category of crossed modules over groups.

PRrOOF. Let F be a functor
C(Int(cat—1)) - C(Int(X Mod))

S1 31|Ke'rs
G Go Kers Kers'
~_ ~t1|Kers —
€1 ellKers/
/ / F !
t||s t s | — thers 13 |Ke7's’
S0 tOlI'ms
_ >
Ny Ny Ims———= Ims’
~_f ~ ~—50l1ms —

eU‘Ims’
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where s1|gers, t1|Kers, S0|1ms and to|rms are well-defined morphisms with the following relations:

s't1|gers(x) = tos(x) = tp(1) =1

and
s's1|kers(z) = sps(z) = sp(1) =1

for x € Kers,

50| 1ms(n) € Ims’

and
to|rms(n) € Ims’

with n = s(g), s0s(g) = §'s1(g) and to|rms(n) = to|rmss(g) = s't1(g) for g € G and n € I'ms.
Since t't1(g) = tot(g) and s's1(g) = sps(g) for g € G1, we get

t/|Kers’t1|Kers($) = tO‘ImsﬂKers(l')

for x € Kers. t|gers : Kers — Ims is a crossed module with the conjugation action of I'ms on
Kers, [1]. The composition m; : Kers x Kers — Kers

mi(z,y) = malgers(z,y) = mn(s, s)(z,y)
is well-defined group homomorphism for z,y € Kers, since
smi(x,y) = sma|gers(x,y) = my(s,s)(z,y) = my(sz,sy) =mp(1,1) = 1.
It is clear that mg : Ims x Ims — Ims
mo(a,b) = mpy(a,b)

is also well-defined for a,b € I'ms.

Kers x Kers Kers
(t|K67'57t|K67'5) thers
Ims x Ims ——=— > I'ms
The above diagram is commutative:
t|Kersm1(-T’ y) = t‘Kers(mG|Kers(x7 y)) = t‘KersmN(S(aj)a S(y))
mO(t|Ker37 t|Kers)($7 y) = mO(t’Kers(fL')a t|Kers(y)) = mN(t’Kers(l')a t|Kers(y)) = t‘KersmG($7 y)

for x,y € Kers. Also,

mol®0) my (2, y) my (a, by (z,y)my(a,b) !
= ma(a,b)mg(z,y)yme(a,b) !
= me((a,b)(z, y)(a, b))
= mg(aza™t byb™t)
= ma(®xly)

for a,b € Ims. Thus (mg, m1) is a crossed module morphism.
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Let G be a functor as the following

84

C(Int(X Mod)) - C(Int(cat—1))

SA s
A1 Ao A1 >4B1 :t]l——;A()NBQ
\tf/ ~N~—>~k~~
eA €1
G
2l do —— || s sg ||t
SB SB
Bl Bo Bl BO
~_tisp ~ S~
eB €B
where
sf(al, bl) = b1
Sa—(ao, bo) = b()
and
tii_ (al, bl) 61(a1)b1
tg (a0, bo) = dolao)bo

for (a1,b1) € A1 % By,(ag, bo) € Ag x By. It is clear that the first axiom of the definition of cat-1 group

is satisfied.

Kersl+
Kertf

Since 0; is a crossed module, we have aja)~

Thus [Kers], Kert]] = 1 because of

(a1, 1)(ay ", 01 (a}

{(al,bl) S Al X Bl\sf(al,bl) =
{(al,bl) S Al X Bl‘ti’—(alabl) =
{(a7!,01(a1))|ar € A1}

N(((a) ™, 81(a})) (a1,1)) 7t =

bl = 131} = Al X 131
(91(a1)b1 = 131}

1_ 11
ay

(81(%)&1)‘

(ara; ™, (@) (@, (P Vay), 00(a))) "t = 1,

[1]. So, (A1 % By, By, s*,t*) is a cat-1 group.

The composition my : (A1 x By) x

ma(((ar,b1), (ay,0})) =

is a group homomorphism with

ma(((a1,b1), (a1, 0)((@x, b1), (a}, b))

(Al A Bl) — A1 A B1 given by

(ml((alv all))a mo((b17 bll)))

ma((a1,b1) * (a1,b1), (a, b)) *

7mw%m@u#%wm

(af, 5))

= (ma(d}*ar, aya}), mo(bidy, b))

(ma((ar, af) 01 )(alva’l)) mo((b1,b)(b1,b))))

(ma (a1, a;)my (P97 (@1, af)), mo (b, by )mo (b1, 1))
= (mi(ar,a;)™ O my (@, af), mo(b, b )mo (b1, b))
= (ma(ax,ay), mo(br,by)) * (ma(ax,ay), mo(br, b))
= mal((a1,b), (a},7)) * ma((ax,br), (a}, b)))-
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Also, since (X1, Xo, s, t, €, (m1, mg)) in C(Int(X Mod)) where X; = (A1, B1,01), Xo = (Ao, Bo, ), s =
(sa,8B),t = (ta,tp),e = (ea,ep), we get group morphism

mgsz:leBl%Bl.

(A1 X Bl) X (Al X Bl) A Al X Bl
(st ) || e ) st |e
Bl X Bl mB Bl
In this diagram,
sima = mp(sy,s])
tfma = mp(t],t])

are hold. So, (ma,mp) is a cat-1 group morphism.
For any object (X7, Xo, s*,t*,€*,m) in C(Int(cat—1)) with X1 = (G1, N1, s,t), Xo = (Go, No, §',t'), s*

(s1,80),t* = (t1,t0),e* = (e1,e9) and m = (mg,my), we get the following diagrams

S1 31|Ke'rs
_—
Gy Go Kers Kers'
~_ ~—t1Kers —
€1 elIKe'rs
’ ’ F !
t S t s  — thers 13 |Ke7's’
S0 tOlIms
_—— _—
Ny Ny Ims———= Ims’
~_ o _~ ~—50|Ims _—
€o e()lI'ms
and
S1|Kers ’ tA S ’ ’
Kers —475... = Kers Kers x Ims ” Kers' x Ims
\_/ '\_//
e1|Ke1"s €A
G
thers tllKerS’ P tik 51+ SJ t(T
tO‘Ims SB
_— >
Ims Ims’' Ims Ims'.
~—50lrms — ~— B
eO|Ims €B

Thus, we have GF(X1, Xo, s*,t*,e*,m) as an object in C(Int(cat—1)).

ta
Kers x Ims ” Kers' x Ims'
\_//

€A

) s ||+

ty $q So t0
tp

Ims Ims

\S_B/

€B

Also, we have G = Kers x Ims, N1 = Ims,Gy = Kers' x Ims’ and Ny = Ims’ and the natural

transformation
¢t le(mt(eat—1) = GF
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Conversely, for any object (Xi, Xo,s,t,e,m) in C(Int(XMod)) where X1 = (A1, B1,01), X9 =
(Ao, Bo, 0p), we get the following diagrams

SA

—_—S
Al ' AO A1 A B1 2 A() X BQ
N~ A - ~—
eA el
G
o1 do p—— t;r sir saL tar
SB S0
B, ; By By ; By
\B/ \_0/
e €0
and
S1 Sl‘Ke'rsi‘r
+ > +
Al x By 0 Ay X By Kers] ol Kers
N~ — - \—;K—e-ﬁsj/
1
“ el‘Ke'rer
F + +
i |5 ||t s Fligersd A
S0 tOlImsiF
+ = +
B; 0 By Ims] o Imsg
S~ W '\0|_I_m€j-/
1
0 60|Imsg

Therefore, we get F(G(X1, Xo,s,t,e))

1] g oot

Kers

Kers{ ?—; Kersg
~Kersy —

€1 ‘Kersg

+ +
tl |Kersi_ to |Ke'rsg

Imsa_

as an object in C'(Int(XMod)). We can easily find

Kersir =~ Ay, Kersg ~ A,

Imsi" =~ Bl,Imsa' =~ By.

So, there is a

€ Lo xMod)) = F'G
natural transformation.

Finally, there is a natural equivalence between the category of internal categories in cat-1 and the
category of internal categories in XMod. O

5. Conclusion

It is possible that each category containing pullbacks can generate other categories inside that category.
By this idea, we construct internal categories in the category of cat-1 groups. Since the category of
crossed modules is equivalent to that of cat-1 groups, we conclude that this equivalence is also between
their internal categories valid. This idea can be extended to other equivalent categories.
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1. Introduction

The fractional derivative was first established in the 17th century and with an adding number of studies, it has
come the focus of attention for many researchers in numerous fields. Fractional analysis has lately become one
of the important fields of study in differential geometry. While, in the classical sense, the differential and
integral are determined by integer order, in fractional calculus the orders of the differential and integral are not
necessarily integers but any real number. That is, fractional calculus is the generalization of ordinary
differential and integral to arbitrary order. The difference between the fractional derivative from the integer
derivative is that it is given by the integration of a function.

Many studies have been conducted on this subject, and it can be found in detail [1-4]. We can also say
that a non-local fractional derivative of a function is related to history or a space-range interaction.
Furthermore, fractional calculus has many applications to viscoelastic [5-11], analytical mechanics [12-14],
and dynamical systems [15-19]. Fractional analysis has also started to be studied from a differential geometry
perspective in recent studies. There are many types of fractional operators, but it is recommended to study the
geometry of curves and surfaces mostly based on the Caputo fractional derivative [20]. However, the Caputo
fractional derivative is not yet directly used to formulate the differential geometry of curves. Using the Caputo
fractional derivative is more appropriate than other fractional derivative operators for formulating a geometric
theory since the fractional derivative of the constant function is zero [21-25]. Based on the advantages of the
Caputo fractional derivative, it is discussed in [22,24] as a quantification of Lagrangian mechanics and in the
theory of gravity [21,23,26].
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In [27], the fractional geometry of curves in Euclidean 3-space is studied using the Caputo fractional
derivative. Using the Caputo fractional derivative, the fractional geometry of curves in higher-dimensional
Euclidean space is studied [28].

In this study, firstly, by considering a spacelike curve in the Lorentz plane, fractional ordered frame and
Frenet-Serret formulas of this curve are obtained. Later, the relation between the fractional curvature and
classical curvature of a spacelike plane curve is obtained. In the last part of this paper, considering the timelike
plane curve in the Lorentz plane, new results are obtained with the method in the previous section.

2. Preliminaries

In general, the concepts of the Leibnitz rule and derivative of the composite function are needed when studying
fractional differential geometry. However, within the scope of fractional analysis, these concepts are obtained
with infinite series and are used in impact situations at the initial moment and after a long period [3,4].

Leibnitz’s rule and derivative of the composite function can be given as follows for two functions f(x) and
9(x) [29]:

s dt . 0)g(0
@ =) (}) % (D7g)(0) - %x‘“
i=0
and
. > a x7 dif(g)  fg@) - f(g(@) _,
(Dxf)(.g(x)) = Zl (i)F(i —a+ 1) dxi + 1"(1 — 0() x (1)

This different form of the integer derivative presents a challenge for deriving geometric concepts such as
the curvature of a curve and the unit tangent vector. So, a certain simplification of the infinite series is used to
construct the geometric theory of the derivative. With this simplification, most fundamental terms are removed
from the infinite series, which retain the properties of the fractional derivative. Hence, with t = g(x), the
following equality is achieved [30]:

1-a gfq
(EN(I0) = 13— o @

This simplification formula is obtained by taking only the i = 1 term of the infinite series in equation (1).
This formula gives a partial effect of the fractional derivative and is expressed by the ordinary derivative. After
this simplification, the construction of the fractional geometric theory based on the direct Caputo derivative
can be expected using the simplified Leibnitz rule and the derivative of the composite function. In other words,
using the Caputo derivative researchers have an advantage when studying the differential geometry of curves
and surfaces, especially since it is ineffective on a constant function. Throughout the study, the derivative
formula given by (2) is discussed.

Now, we will talk about some basic concepts in the Lorentz plane that we will use in the following
sections. More detailed information on the following topics can be found in [31].

The Lorentz plane L? is the Euclidean plane R? with metric given by g = —dx? + dx2 where (x;, x;)
is a rectangular coordinate system of L2. It is known that a vector v € L? \{0} can be spacelike if g(v,v) >
0, timelike if g(v,v) < 0 and null (lightlike) if g(v,v) = 0. The null (lightlike) curves in L? are lines,
which curvature is identically zero.

Therefore, in this study, we will only deal with spacelike and timelike plane curves. The norm of any
vector v in them is given by ||v|| = \/g (v, v)|. Two vectors v and w are said to be orthogonal if g(v,w) = 0.
An arbitrary curve y(s) in L? , can locally be spacelike or timelike if all of its velocity vectors y(s) are
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spacelike, respectively timelike. A spacelike or timelike curve y is parameterized by the arc-length parameter
sifg(y(s),v(s)) = £1.
The curvature x and the Frenet formulas of the spacelike curve y can be given as follows:

k=-g(t,n)
and
t = kn
n = kt

where y = t, t and n are the tangent, and unit normal vector of a spacelike curve y, respectively. If y is a
spacelike curve in Lorentz plane, then g(¢t,t) = 1 and g(n,n) = —1. Moreover, the curvature k and the Frenet
formulas of the timelike curve B can be given as follows:

k =g Wi,v;)
and
7j1 = KUZ
7j2 = KU1

where g = v;, v, and v, are the tangent, and unit normal vector of a spacelike curve B, respectively. If g is a
timelike curve in Lorentz plane, then g(v,,v;) = —1and g(v,,v,) = 1.

3. Geometry of Spacelike Curves with Fractional Derivative
In this section, the geometry of spacelike curves is discussed based on the Caputo fractional derivative in the
Lorentz plane.
Let us consider a smooth spacelike curve y in the 2-dimensional L? space is given by
y:I € R - L2y(t) = (x(t), (1))

where t is an arbitrary parameter. From the definition of the length o of a spacelike curve y, we can write

t
a=f,/|—5c2+y2|dt,tel 3
0

where x and y denote the ordinary derivatives of x and y concerning t, respectively. The above formula is

arclength of the spacelike curve for the tangent vector: t(o) = (Z—j,j—i).

Let us now investigate the effect of the fractional derivative on the curvature of a spacelike curve. Since
curvature is generally related to the change of the tangent vector of a spacelike curve, take a fractional tangent
vector:

(4)

(@) = <d“x<a) d“y<a)>

do® ' do“

Considering the infinite series given in (1), from the fractional derivative of the composite function, we
can write ||t(® (o)|| # 1. This means that the classical arclength given by (3) cannot be used in the geometry
of curves with fractional derivatives. To define a fractional unit tangent vector, it is necessary to consider the
fractional derivative of the composite function in a simpler form. Therefore, instead of the formula (1), only
the first term of the summation is considered in the fractional derivative of the composite function. Thus, both
the effect of fractional derivative and first-order derivative are obtained. In this case, we can write
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d%y(t(s)) _as'™® dydt
ds® T(2-a)dtds
Throughout this study, the theory of curves in the Lorentz plane are examined by considering this simple

version of the derivative of the composite function. Using equation (5), we can give the following
transformation:

(5)

1
a

(6)

aZ
S =

rz—a)’

where a denotes the order of the fractional derivative and 0 < a < 1. For the parameter s given by (6), we

write
ds asl=®

i T | -2 + 2| (7)

Sinces>0and0 < a <1in(7), % is positive. So that parameter t becomes a function dependenton s: t =
t(s). In this case, the spacelike curve y can be written depending on the parameter s and is denoted by y(s) =

(x(), ¥()).

Now let us define the tangent vector of a given spacelike curve using the parameter s and the Caputo
fractional derivative:

t@(s) =

dy(s) _ <d“x<s) d%v(s)) ©

ds@ ds® ' ds®

Considering Equation (5), the norm of the tangent vector of the spacelike curve is

dex\*  /dey\? asl=® dt
(a) — (= -7 > a2 -1
[l \/‘ (ds“) +(ds“) ‘ F2—-a)ds =25+ 5] ®
Then, using (5), a unit vector of the spacelike curve y orthogonal to t can be defined as follows:

n@(s) = <ﬂ dax> (10)

ds®’ ds®

So, we can give the following theorem.

Theorem 3.1. Let y be a spacelike curve in the Lorentz plane that satisfies the condition (5) and has the
parameter s given by (6). Then t(®(s) and n(®(s) given by (8) and (10) are the unit tangent vector and unit
normal vector of the spacelike curve y, respectively, and s is the arclength.

In the following, we is constructed the geometry of a spacelike curve with the fractional
(t("‘) (s),n(® (s)) Frenet-Serret frame using the Caputo derivative.

Let us take a smooth spacelike curve y(s) = (x(s),y(s)) given by the arclength parameter (6) in the
Lorentz plane. Based on the fractional frenet frame, let us define the frenet-serret formulas and the curvature
of the spacelike curve y. From Theorem 3.1, the tangent vector t(®)(s) of the spacelike curve provides
g(t@(s),t@(s)) = 1. If we take the derivative of both sides of this equation concerning s, we get

dt(“)(s)> .,

g <t<“>(s), - (11)

)(s)

. (C .
which means that dtT can be expressed with the normal vector n(® (s):
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dt@(s)
ds
where k(@ (s) is the fractional curvature of the spacelike curve y. Then the norm of the normal vector n(® (s)
is also equal to one, ||[n(®(s) || = 1. Then we write g(n®(s), n®(s)) = —1. If we take the derivative of
both sides of this last equation concerning s, we have

= k@ (s)n@(s) (12)

dn(®(s)
@ (5),——2)=0 13
g (n )~ ) (13)
@
From (13), dnd—s(s) can be given using a certain arclength function A(®:
dn(@(s)
— - 2@ ()@ (s) (14)

Considering the orthogonality relation g(t(®(s),n(®)(s)) = 0, taking the derivative of both sides of this
relation concerning s, we get the following expression:
dn@ dt@

ds +ds

If the equations (12) and (14) are substituted in the expression (15), we get A(®) = (@), Thus, the following
theorem is obtained.

t@(s) n@(s) =0 (15)

Theorem 3.2. Let y be a spacelike curve in the Lorentz plane that satisfies the condition (5) and has the
parameter s given by (6). Let us consider (t(“) (s),n@® (s)) as the fractional frame of this spacelike curve y.
Then the Frenet-Serret formulas for y can be given as

dt(“)(s)_ @ o
—— = KO nO() (16)
dn () _ o)y
T—K (S)t (S) (17)

Let us now investigate the relationship between the fractional curvature and classical curvature of a given
spacelike curve y. Considering (8) and (16), we can write

d [d%y(s)
ds\ ds¢

) = k@ (s)n@(s) (18)

If the normal vector n(® is applied to both sides of (18), we can write the fractional curvature as

d [d%(s)
(a) — (@) — 1
K'Y (s) =—g <Tl (s), ds( Isa (19)
Considering the normal vector n(®)(s) in (19), k@ (s) according to the fractional derivative is written
as
d% d (d%x\ d%xd (d%y
(a) = - — _
K (s) ds *ds <ds“> ds ®ds <ds"‘> (20)

If a curve is given by an arbitrary parameter ¢ and not by the arc length s, then we must calculate the
fractional curvature according to an arbitrary parameter t. Then let us calculate the fractional curvature
according to an arbitrary parameter t. From the expression (5) for the composite function t = t(s), we can
write
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d (d%x\  as™% a )dt N d?t N asl~% (dt)z 1)
ds\ds®) T(Q2-a) Bas T ds? ['(2—a)\ds
d (d%\  as™% 1-o dt N d?t N ast~% (dt)z 22)
ds\ds®) T(Q2-a) B as T dsz I'(2—-a)\ds

2 2
where ¥ = ZT’; and y = %‘ If the expressions (21) and (22) are written instead in (20), the fractional-order

curvature is

@ ast=e )? de\?
. _ o ooy (G
: (t)_{—F(Z—a)} (5 +59) () 23)
Moreover, from (7), (23) it can be rewritten by
I'(2 —
K@@ = oD (24)
as

k(t) in this last equation is the classical curvature and
—Xy + Xy
k() =——— (25)
(x% +y?)2
Thus, using the arclength definition given by (6), we can give the following theorem.
Theorem 3.3. The fractional curvature of a spacelike plane curve given as y(t) = (x(t), y(t)) is

1__

1 1
— a t a
K@ (¢) = {M} [a j = y2|dt] () (26)
a 0

where t is an arbitrary parameter.

1
sl-a

The part of in (24) characterizes the effects of the fractional derivative given by the fractional tangent

vector (8). The effect of the fractional derivative is strong at the start but becomes less effective over a longer
period. This property of the effect influences the change of fractional curvature.

4. Geometry of Timelike Curves with Fractional Derivative

In this section, the geometry of timelike curves is discussed based on the Caputo fractional derivative in the
Lorentz plane.
Let us consider a smooth timelike curve 8 in the 2-dimensional L? space is given by
B:1 c R - L7 p(t) = (.Bl(t)'ﬁZ(t))

where t is an arbitrary parameter. From the definition of the length o of a timelike curve g, we can write

t
o= [ @+ @orlaseen @7)
0
where 8; and /3, denote the ordinary derivatives of ; and B, concerning t, respectively. The above formula is
arclength of the timelike curve for the tangent vector: v, (o) = (%,%).

Let us now investigate the effect of the fractional derivative on the curvature of a timelike curve. Since
curvature is generally related to the change of the tangent vector of a timelike curve, let's define a fractional
tangent vector:
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v, @ (g) = <d“ﬁ’1 (o) d“ﬁz(G)) (28)

do® ' do“

Considering the infinite series given in (1), from the fractional derivative of the composite function, we can
write ||v,((0)|| # 1. This means that the classical arclength given by (27) cannot be used in the geometry of
curves with fractional derivatives. To define a fractional unit tangent vector, it is necessary to consider the
fractional derivative of the composite function in a simpler form. Therefore, instead of the formula (1), only
the first term of the summation is considered in the fractional derivative of the composite function. Thus, both
the effect of fractional derivative and first-order derivative are obtained. In this case, we can write

deB(t(s)) as'=® dpdt
ds® T(Q2-a) dt ds

(29)

Throughout this study, the theory of timelike curves in the Lorentz plane are examined by considering
this simple version of the derivative of the composite function. Using equation (29), we can give the following
transformation:

[uy

2

Rl

a

=lre=a° (30)

where a denotes the order of the fractional derivative and 0 < @ < 1. For the parameter s given by (30), we
write

ds  asl™@ . )

- - 2 2 1

" Fz_a)Jl B2 + (62| (31)
Sinces>0 and 0 < a <1 in (31), |s positive. So that parameter ¢ becomes a function dependent

ons: t = t(s). In this case, the timelike curve B can be written depending on the parameter s and is denoted
by B(s) = (B1(s), B2(s)).

Now let us define the tangent vector of a given timelike curve using the parameter s and the Caputo
fractional derivative:

v, (s) =

dB(s) _ (d“ﬁl(s) d“ﬁz(s>) (32)

ds« do® ' do“

Considering Equation (29), the norm of the tangent vector of the timelike curve is

d*B\* | (d%Bz)\?
”vl(a)(s)” :\/‘_<dsa> +<dsa)
Then using (29), a unit vector of the timelike curve g orthogonal to v, can be defined as follows:

v, @(s) = <d“ﬂ2 %> (34)

ds® ' ds@

3 asl @ dt
—a)ds

-G+ @ =1 33)

So, we can give the following theorem.

Theorem 4.1. Let 8 be a timelike curve in the Lorentz plane that satisfies the condition (29) and has the
parameter s given by (30). Then v, (s) and v,(®(s) given by (32) and (34) are the unit tangent vector and
unit normal vector of the timelike curve 3, respectively, and s is the arclength.

In the following, we is constructed the geometry of a timelike curve with the fractional
(v1 @ (s), v, @ (s)) Frenet-Serret frame using the Caputo derivative.



Journal of New Theory 38 (2022) 88-98 / Geometry of Curves with Fractional Derivatives in Lorentz Plane 95

Let us take a smooth timelike curve B(s) = (B1(s), B2(s)) given by the arclength parameter (30) in the
Lorentz plane. Based on the fractional frenet frame, let us define the frenet-serret formulas and the curvature
of the timelike curve 8. From Theorem 4.1, the tangent vector v, (®)(s) of the timelike curve provides

g(vl(“) (s),v1(9(s)) = —1. If we take the derivative of both sides of this equation concerning s, we get

(@)
@5 ) (S) —0 (35)
@
which means that dvld—s(s) can be expressed with the normal vector v, (® (s):
dv; 9 (s)
— 2 - k(@ (), ®(s) (36)

where k(@ (s) is the fractional curvature of the timelike curve 8. Then the norm of the normal vector v,(® (s)
is also equal to one, [|v,@(s) || = 1. Then we write g(v,® (s),v,@(s)) = 1. If we take the derivative of
both sides of this last equation concerning s, we have

dv, @ (s
g (vzw (s),z—()> ~ 0 37)
ds
@ (s
From (37), u can be given using a certain arclength function u(®:
v, () _ () @
— === 1) (38)

Considering the orthogonality relation g (v, @ (s), v, (s)) = 0, taking the derivative of both sides of this
relation concerning s, we get the following expression:

v, @ dy, @

v(“)(s) I + s v, D(s) =0 (39

If the equations (36) and (38) are substituted in the expression (39), we get u(® = k(@ Thus, the following
theorem is obtained.

Theorem 4.2. Let 8 be a timelike curve in the Lorentz plane that satisfies the condition (5) and has the
parameter s given by (30). Let us consider (v1 @(s), v, @ (s)) as the fractional frame of this timelike curve
B. Then the Frenet-Serret formulas for 5 can be given as

dv, (@
WT(S) = k(@ ()1, @ (s) (40)
dv.,(@©
va(S) = k(@ (5)p,@(s) (41)

Let us now investigate the relationship between the fractional curvature and classical curvature of a given
timelike curve S. Considering (32) and (40), we can write

i(d a[g(s)) = k@ (5)v,@ (s) (42)
ds

ds ¢

If the normal vector v,(® is applied to both sides of (42), we can write the fractional curvature as

k(a)(s) — g<v (a)( ) _S< “ﬁ(5)>> (43)

ds @
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Considering the normal vector v,@(s) in (43), k(®)(s) according to the fractional derivative is written
as

k@(s) = —

dp, d <d “m) Ldid (d “ﬁz) "

ds® ds\ ds“ ds® ds\ ds“
If a curve is given by an arbitrary parameter t and not by the arc length s, then we must calculate the

fractional curvature according to an arbitrary parameter t. Then let us calculate the fractional curvature
according to an arbitrary parameter t. From the expression (29) for the composite function t = t(s), we can

write
d (d*B\ as “F (1 )dt+ d%t . as™ %6 (dt)z 45)
ds\ds® ] TQ2-a) Bas TS dsz I'(2—a)\ds
d (d°B,\  as “F (1 )dt+ d%t +asl‘“ﬂ"z (dt)z 46)
ds\ds® ) TQ2-a) B as T ds? ['(2—-a)\ds

. 2 . 2
where ; = Z—f; and B, = dd ﬁz. If the expressions (45) and (46) are written instead in (44), the fractional-

order curvature is

. as'=® VL dt\3
k@ (t) = {m} (B1B2 = B1P2) (g) (47)
Moreover, from (31), (47) it can be rewritten by
k@@ ="E"D (48)
as

k(t) in this last equation is the classical curvature and

—brP2 + Bibs

k(D) = ——"—"— (49)
(=B + (82)?])?
Thus, using the arclength definition given by (30), we can give the following theorem.
Theorem 4.3. The fractional curvature of a timelike plane curve given as B(t) = (x(t), y(t)) is

1 121

() r@-a)e ‘ > )2 5 \2 “
0@ === e [ I~z + 2| “k@ (50)

0

where t is an arbitrary parameter.

1
sl-a

The part of in (48) characterizes the effects of the fractional derivative given by the fractional tangent

vector (32). The effect of the fractional derivative is strong at the start but becomes less effective over a longer
period. This property of the effect influences the change of fractional curvature.

5. Conclusion

In this paper, firstly, the tangent vector of a spacelike (timelike) curve in the Lorentz plane are defined in terms
of the fractional derivative. Then, by considering a spacelike (timelike) curve in the Lorentz plane, the arc
length and fractional ordered frame of this curve are obtained. Later, the Caputo fractional derivative is
considered and the relations between the standard curvature and fractional curvature of the spacelike (timelike)
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curves in the Lorentz plane are obtained. It has been observed that these relations geometrically overlap with
the results obtained using the derivative in the classical sense.
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