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1. Introduction

Vaidyanathaswamy [1] and Kuratowski [2] introduced the concept of an ideal in a topological space
and also introduced a new topology using this concept of an ideal. Later, more detailed investigations
were carried out on the ideal and the new topology it determines. An ideal I on a non-empty set X
is a collection of subsets of X, which is closed under taking subsets and finite union operations. If
(X, ) is a topological space and I is an ideal on X, then (X, 7,7) is called an ideal topological space.
If (X,7) is a topological space and A C X, then the closure and the interior of A are denoted by A

and ;1, respectively. V (x) will denote the open neighborhood system at z, (V(z) ={V € r:2 € V}),
Given a topological space (X,7) and a subset A of X, the subspace topology on A is defined by
Ta={ANU:U € 7}.

Previously, some types of connectedness and their details in ideal topological spaces were studied
by Ekici and Noiri [3], Sathiyasundari and Renukadevi [4], Modak and Noiri [5], Kiling [6] and Tyagi,
Bhardwaj and Singh [7], respectively. In this study, we have studied a different type of connectedness
from earlier existing connectedness of ideal topological spaces. Then, using this new type of connect-
edness, new component and new locally-connectedness definitions were introduced. It has been shown
that some of the basic properties of connectedness are also preserved according to this new type of
connectedness.

This article is organized as follows. In the next section some basic notions and properties of ideal
and ideal topological space are reviewed. In Section 3, we introduce the concept of I-connectedness.
Moreover, we introduce the concept of I-component, locally I-connectedness, and totally I- discon-
nectedness. We show that not connected space is not I-connected and it has been shown that I-
connectedness is preserved under bijective continuous functions. Then, we study some basic proper-
ties of them.

!selahattinkilinc@hotmail.com (Corresponding Author)
'Department of Mathematics, Faculty of Arts and Sciences, Cukurova University, Adana, Turkiye
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2. Preliminaries

Definition 2.1. [2] Let (X, 7) be a topological space, and I be an ideal on X. The set A* (I,7) =
{r e X:ANU ¢ I for every U € V (x)} is called the local function of A with respect to 7 and 1. We
will write simply A* for A* (I, 7).

Definition 2.2. [8] Let (X, 7) be a topological space, and I be an ideal on X. It well known,
the operator CI*(.) from P(X) to P(X) defined by CI*(A) = AU A*(I) for every subset A of X,
is a Kuratowski closure operator. Thus, {U C X : CI*(X —U) =X — U} is a topology on X. The
topology is denoted by 7*(I).

When there is no chance for confusion 7*(I) is denoted by 7*. The topology 7* has as a base
B(r,I)={W —B: W €7 and B € I}. [8]. It is easy to show that 7 C 7*. Also note that, if I = {(}
then 7 = 7* and if I = P(X) then A*(P(X),7) = 0 which implies 7* = P(X). We will call each
element of 7* as a x-open set.

Definition 2.3. [9] Let (X, 7,I) be an ideal topological space. For every A C X, if
Vee A, JU eV(z)[lUNAecl=Acl
Then the topology 7 is compatible with the ideal and denoted by 7 ~ I.

Lemma 2.4. [10] Let (X, 7) and (Y, ¢) be two topological spaces. If f: X — Y is a function and I
is an ideal on X, then the set f(I) = {f(A): A€ I} isan ideal onY. Furthermore, Iff:X— Yis
a one to one function and J is an ideal on Y, then the set f~! { =t :BelJ } is an ideal on
X.

3. Main Results

Definition 3.1. Let (X, 7,I) be an ideal topological space. If there exist open sets U and V with
U0,V #0,and UNV € I, such that X = UUV, then X is called a not I-connected (I-disconnected)
space. If the open sets U and V can not be found to meet the above conditions, the space X is called
I-connected..

Theorem 3.2. Every not connected space is a not I-connected.

PROOF. Let (X, 7) be a disconnected space. There exist nonempty disjoint open sets U, V in X such
that X = U UV. Since UNV =0 € I, then X is not an I-connected space. O

We can see from the following example that the inverse of the above theorem is not always true.

Example 3.3. Let X = {a,b,c}, 7 = {0, X,{a},{a,b},{a,c}}, T = {0,{a}}, U = {a,b}, and
V ={a,c}. Since X =U UV and UNV = {a} € I, then X is not I-connected. Moreover, since ()
and X are the only subsets of X being open and closed sets, then X is a connected space.

Theorem 3.4. [9] Let (X, 7) be a topological space and I be a ideal on X. If 7 ~ I, then 5 (7, 1) is
a topology on X.

Theorem 3.5. Let the ideal topological space (X, 7,I) be an I-connected space. If 7 ~ I, then the
topological space (X, 7*) is connected.

PROOF. Let 7 ~ I. Suppose that, (X, 7*) is not connected. Since (X, 7*) is not connected, then there
are disjoint *—open sets M # (), N # () such that X = M U N. Moreover, since 7 ~ I, then U,V € 7
and A, B € [ such that M =U — A and N =V — B. Here,
MNN=U-An(V-B)

(UNA )N (VN B

(UNV)n(A°n B°)
(
(

UnV)n(AUB)*¢
Unv)—-(AUB)
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UNV e€rand AUB € I. Thus, M and N are disjoint *-open sets, (U NV) — (AU B) = ). That
is (UNV) C (AU B). Hence, since [ is an ideal on X, U NV € I. Consequently, X = M U N and
M CU, N CV,soit becomes X = UUV. This shows that X is not I-connected, a contradiction. [

Example 3.6. Let (X, 7) be a space and A C X. We know that I (A) ={B C X : B C A} is an ideal
on X [8]. Let’s choose X =R, 7= {0, X}, and forp € X, I (X — {p}) = {A C X : p ¢ A} specifically.
We know 7 ~ I. This ideal generates a topology 7" = {A C X : p € A} U {0} known as a particular
point topology [8]. The space X is I-connected because the only open set of X that is different from
the empty set is X, if U = V = X is selected, then U NV = X ¢ I. Moreover, we know particular
point topology is connected.

Theorem 3.7. If (X,7*) is a connected space and 7 NI = {0}, then the ideal topological space
(X, 7,1) is I-connected.

PROOF. Suppose that (X, 7, 1) is not I-connected. Then, there are non-empty open subsets U, V' with
UNV e suchthat X =UUV. Since TNI = {0} and UNV € I, then UNV = (). Proceeding from
this, the contradiction arises that the space (X, 7*) is not connected because U,V € 7 C 7, so our
assumption is wrong, that is, the ideal topological space (X, 7,I) is I-connected. ]

Theorem 3.8. Let f : (X,7,I) — (Y, ¢, f(I)) be a bijective and continuous function. If X is an
I—connected space, then Y is a f(I)—connected space.

PROOF. Let X be an I-connected space. Suppose that Y is not f(I)—connected. Then, there are non-
empty open subsets U, V with UNV € f(I) such that Y = UUV. Since the function f is bijective, then
f~HU) and f~1(V) are non-empty open subsets of X. Then, X = f~1({UUV) = f~YU)u f~L(V).
Simultaneously, since f~1(U)N f~Y(V) = f~HUNV), UNV € f(I) and f is bijective, it becomes
Y UNV)e f~Y(f(I)) = I. Hence X is not I-connected. This is a contradicition. Consequently, Y’
is a f(I)-connected space. O

Recall, let (X,7,I) be an ideal topological space and A be a nonempty subset of X. Then,
Iy={BNA:B¢€l}isan ideal on A, and (A,T‘A, I|A) is an ideal topological space.

Definition 3.9. Let (X, 7,I) be an ideal topological space and A be a subset of X. If subspace
(A, T4, 1| A) is Ijs-connected, the set A is called an I 4-connected set in the ideal topological space
(X,7,1).

Definition 3.10. An /-component A of an ideal topological space (X, 7, I) is a maximal I —connected
subset of X; that is A is I—connected and A is not a proper subset of any I—connected subset of X.

Theorem 3.11. Let the space X be equal to the union of non-empty and open subsets of U and V'
with UNV € I. If the set A C X is an I|4—connected subset in the ideal topological space (X,7,1),
then ACUor ACV.

PROOF. Because of the hypothesis, there exist non-empty open subsets U and V of X such that,
X=UuVandUNV el LetAC X bean I 4—connected space. Moreover, let ANU # () and
ANV # (. Since U and V are open subsets, then ANU € T4 and ANV € 7)4. Besides, since UNV € I,
then (ANU)N(ANV) € Ij4. Since AC X and X = UUV,then A = AN(UUV) = (ANU)U(ANYV)
and so A is not I|4 connected, a contradiction. Thus eitherANU = Dor ANV #£0. If ANU =0,
then ACV.If ANV =0, then A C U. O

Theorem 3.12. If {A;:j € J} is a non-empty family of I|4—connected sets with 74 N Ijx = {0},
then U A; is I 4—connected.
J

PROOF. Let B = UA;. Suppose that B is not Ij4—connected. Then, there are non-emty subsets

J
U,V € 1p with UNV € I 4 such that B = U UV. From Theorem 3.11, we know that, for every j,
either A; C U or A; C V. Assume that for j, A; C U and for k, A, C V. Then, A;NA, CUNYV.
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By the definition of I, A; N A; € Ij4, which contradicts the fact that NA; ¢ I. Here, for every j,
either A; C U or A; C V. Assume that for every j, A; C U, then B = UA; = U. Thus, V C U.
Since 74 N 1|4 = {0}, then VNU =V € I|4. Hence V = (), which contradicts the fact that V # . If
Aj C V is chosen, a similar contradiction is obtained. O

Theorem 3.13. Let A be an I 4—connected subset of (X, 7,I). If there is a set B such that A C
B C A, then B is I p—connected.

PROOF. Suppose that B is not I)g—connected. Then, there are non-empty subsets U,V € 7g with
UNV € Ip such that B = UU V. Since A is an [j4—connected subset of B, from Theorem
3.11 we know that either A C U or A C V. It also happens that ANU € 14, ANV € 7,
(ANU)NANV)=ANUNV) ey, and A= AN(UUV) = (ANU)U(ANV). Now let’s consider
three different cases of ANU and ANV.

Case 1. If ANU # () and ANV # (), then A is not |4 —connected, it contradicts the fact that A
is a [|4 connected.

Case 2. In the case of ANU = () and ANV # (. By the definition of A, for any z € A, ANW # ()
for every neighborhood W of the point x. Since every point of B is an element of A, the intersection
of A with the neighborhood of any of these points will be different from the empty set. Therefore,
if ANU = 0, then U = () must be. This is a contradiction. A similar contradiction is obtained if
ANU #Pand ANV = 0.

Case 3. f ANU =0 and ANV =), then A is an empty set. This is a contradiction.
Consequently, our assumption is not true, and the set B is I|p—connected. ]

Corollary 3.14. Let (X,7,I) be an ideal topological space. If A is an Ij4-connected subset of X,
then A is an [ |z-connected subset of X

PROOF. Let A be an I|4-connected subset of X. From Theorem 3.13, we know every set B such that
A C B C Ais an I g-connected. Moreover, since A C B, then A C Band A C B C A C B. Therefore,
from Theorem 3.13 since B C A C B and B is an /|g-connected, then A is an [ A -connected. ]

Theorem 3.15. Let (X, 7,1) be an ideal topological space. If A is an I 4—connected subset of X,
then cl*(A) is I+ (4)—connected.

PROOF. Since A C cl*(A) C A in an ideal topological space (X, 7,I), then the proof is obvious from
Theorem 3.13. 0

Theorem 3.16. Let (X, 7,I) be an ideal topological space and A C X. If A is an I 4—connected and
dense subset of X, then X is an I-connected space.

PROOF. Let (X, 7,I) be an ideal topological space, A be an I |a-connected, and a dense subset of X.
Suppose that X is not I-connected. Then, there exist U,V € 7 such that U # 0,V #0,UNV € I,
and X = U UV. Moreover, since A is a dense subset of X, then A = X. Thus, W N A # 0, for all
W € 1. Besides, since 714 := {GNA: G € 7}, then ANU € 7114, ANV € 74, ANU # 0, and ANV # 0.
Furthermore, from I 4 := {HNA: H € I}, since UNV € I, then (ANU)N(ANV) € I 4. Additionally,
since A C X and X = UUV, then A C UUV andso A = AN(UUV) = (ANU)U(ANV). Consequently,
since there exist ANU € 74, ANV € 14 such that ANU # 0, ANV #0,An(UNV) € I, and
A=(ANU)U(ANYV), then A is not I 4-connected. Hence, this is a contradiction. Therefore, X is
an I-connected space. O

The following theorem will show us the necessary and sufficient conditions for a subspace A C X
to be Ij-connected.

Theorem 3.17. Let A be a subset of an ideal topological space (X, 7,I). Then, A is I|4—connected
if and only if for every UV e, ACUUV, ANU # 0, and ANV # () such that ANUNV ¢ I.
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PROOF. = : Let A be Ij4-connected, for U,V € ;A CUUV,ANU # ( and ANV # (. Suppose
that ANU NV € I. Therefore, there exist ANU € 14, ANV € 74 such that ANU # 0,ANV #
D,ANUNV) e lpand A = (ANU)U(ANV), then A is not I 4-connected. Thus, this is a
contradiction. Hence, ANU NV ¢ I.

< : Let forevery U,V e ;, ACUUV,ANU # 0, and ANV # () such that ANUNV ¢ I. Therefore,
there exist ANU € 714, ANV € 714 such that ANU # 0, ANV # 0, A= AN(UUV) = (ANU)U(ANV),
and (ANU)U(ANV)¢&I. Then, A is I 4-connected. O

Example 3.18. Let X = {a,b,c,d}, 7 = {0, X, {a},{a,b}}, and A = {a,b,c}. If I ={0,{c}} , then
A'is an I y—connected subset of X. If I = {0, {a}} , then A is not an I}, —connected subset of X.

Theorem 3.19. Let (X, 7, 1) and (Y, 79, J) be ideal topological spaces, f be a homeomorphism from
X to a dense subset of Y with J = f(I), that is, ¥ be a compactification of X. If (X,7,I) is
I—connected, then (Y, ¢, J) is J—connected.

PRrROOF. Let (Y, 12, J) be a compactification of (X, 71, ). Then, there is a homeomorphism f: X — A
such that A =Y. Since f is bijective and ideal topological space (X, 7,I) is I—connected, then from
Theorem 3.8 an ideal topological space (Y, 72, J) is J—connected. ]

Corollary 3.20. There is only one I-component of an I-connected space, and that is the space itself.
Corollary 3.21. Let A be an I-component of (X, 7,I). Then, A is a component of (X, 7).
Theorem 3.22. If A is an [-component of (X, 7,I) and 7 ~ I, then A is a component of (X, 7*).

PROOF. Let A be a maximal Ij4—connected subspace of (X, 7). In other words, the space (4,74)
is maximal /| 4—connected subspace of (X, 7). Since 7 ~ I, then from Theorem 3.5, A is a maximal
I y—connected subspace of (X, 7). O

Theorem 3.23. Every I-component of the ideal topological space (X, 7, 1) is closed.

PROOF. Let A be an I-component of the ideal topological space (X, 7, I). Since A is I} y—connected,
then from Corollary 3.14, A is I |Z—connected. Since A is a maximal ;4 —connected subset of X, then
A C A. Moreover, A C A. Thus, A = A. O

Definition 3.24. Let (X, 7, ) be an ideal topological space. For each pair of distinct points x,y € X,
if there is a pair of open neighborhoods U and V of z and y such that UNV € [ and X = U UV,
then X is called totally I-disconnected.

Corollary 3.25. Every totally disconnected space is totally I-disconnected.

Theorem 3.26. If an ideal topological space (X, 7, 1) is totally I-disconnected the I-components in
X are the one-point sets.

PROOF. Let (X,7,I) be a totally I-disconnected space and C be an [-component of this space.
Suppose that I-component C contains more than one point. Here, let x # y € C. Since the ideal
topological space (X, ,I) is totally I-disconnected, then there exist U,V € 7 such that z € U,y € V,
UNV=0,X=UUV,and UNV € I. Since C is I-component of this space, C CUUV,CNU # 0,
CNV#Pand CNUNV)CUNV € I. Then, from Theorem 3.17. C is not Ij.—connected. Thus,
C cannot be an I-component, then our assumption is wrong. Hence, C' is the one-point set.

O

Definition 3.27. Let (X,7,I) be an ideal topological space. For all V' € 7 such that x € V, if
there exist an I[-connected open subset U such that z € U and U C V, then (X, 7,1) is called locally
I-connected at .

An ideal topological space (X, 7, I) is called locally I-connected if it is locally connected at z for every
reX.
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Theorem 3.28. Every I-component of a locally I-connected space is an open set.

PROOF. Let C be an I-component of a locally I-connected space (X, 7,I) and z be an arbitrary point
of C. Since (X, 7,I) is locally I-connected and X is an open neighborhood of z, x belongs to an
I-connected open set U of X. Therefore, since C' is an I-component, then C' is maximal I- connected
subset of X, and so x € U C C. Hence, C is a neighborhood of each of its points and so C' is an open
set. O

Theorem 3.29. If an ideal topological space (X, 7,I) is a locally I-connected, then the I-components
of every open subspace of (X, 7,I) are open in X.

PROOF. Let (X, 7,I) be locally I-connected. Let Y be an open set in X and C be an I-component of
Y. Then by the definition of locally I-connectednes for every = € C, there exists an I-connected open
set U in Y containing x. Since C' is an I-component, then U C C. Thus, C contains a neighborhood
of each of its points in Y and so C is open in Y. Since Y is open in X, thus C' is open in X. O

Corollary 3.30. Every I-component of a locally I-connected space is both closed and open.

Theorem 3.31. Let f : (X,7,I) — (Y,¢, f(I)) be a homeomorphism. If (X,7,1) is locally I-
connected, then (Y, ¢, f(I)) is locally f(I)—connected.

Proor. Let f: (X,7,I) = (Y, ¢, f(I)) be a homeomorphism. Let y be a point of f(X) =Y and V
be any open neighborhood of y in Y. Also, there exists x € X such that y = f(x). As f is continuous,
then f~!(V) is an open neighborhood of z. Since (X, ,1) is locally I-connected, then there exist
I-connected open U € 7 such that x € U C f~1(V). Thus,

y=f@) e fU)C (V) =V

Since f is an open map, then f(U) is an open subset of Y. From Theorem 3.8, f(U) is f(I)-connected.
Consequently, Y is locally f(I)-connected. O

4. Conclusion

In this paper, we defined the concept of I-connectedness in ideal topological spaces. Then, we examined
the relationship between connectedness and I-connectedness. We shown that every not connected
space is not I-connected and the opposite is not true. We shown that some basic properties of
connectedness are valid in I-connectedness. Next, we put forward the definitions of I-component,
totally I-disconnectedness, and locally I-connectedness. We revealed some of their basic properties.

The relations of I-connectedness defined here in with other types of connectedness previously
defined in ideal topological spaces, can be investigated. In addition, the relationship between I-
connectedness and *-Hyperconnectedness in ideal topological spaces [11] can also be examined. Fur-
thermore, [12] have defined I-extremally disconnected spaces and have revealed the connection of this
connectedness concerning some weak continuity varieties. A similar study can also be conducted on
the I-connectedness defined here in.
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1. Introduction

A surface is defined as an image of a function with two real valued variables (domain) by a mapping
to two or three dimensional space. The surfaces are characterized by means of their curvatures and
accordingly they are used in many areas such as engineering, architectural designs, computer graphics,
automobile industry, etc. Researches on surface curvature went through various stages starting from
Ancient Greece, and gained momentum with the calculations developed by Newton and Leibniz in the
17th century after the studies of Descartes, Kepler, Fermat and Huygens. The curvature theory for
curves and surfaces is an important subject of differential geometry. The theory was first introduced
by Gauss in 19th century and it was named by his name as the Gaussian curvature. It is related to the
dimensions of the surface. The developability of a surface can be determined by its Gaussian curvature.
A surface with zero Gaussian curvature at every point is known as a developable surface. Another
kind of curvature for a surface is named as mean curvature. Since a mean curvature corresponds to
a ratio, it is independent of the size of the surfaces. Surfaces with a mean curvature of zero at every
point are known as minimal surfaces. In the theory of surfaces, there is a special kind that is known
as ruled surfaces. A ruled surface is constructed by infinitely many straight lines moving along a given
curve. Among other types, the ruled surfaces are mostly referred in computer based geometric designs
to deal with real world problems on modeling the real objects. For this reason, introducing new ruled
surfaces may lead new potentials to the related fields. Providing their characteristics by means of
curvatures may also enable easy adaptations for interested researchers.

The basic theory related to ruled surfaces can be found in many differential geometry textbooks such
as [1-4]. However, the generalization of those was first studied by Juza in the 1960s [5]. The ruled
surfaces with rulings of Frenet vectors are already covered in textbooks. Apart from Frenet frame,
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Sentiirk and Yiice (2015) examined the characterizations of ruled surfaces with Darboux frame in [6].
Tunger (2015) in [7] and Masal and Azak (2019) in [8], separately, studied some characteristics of the
ruled surfaces according to Bishop frame (introduced by Bishop, (1975) in [9]), whereas Ouarab et al.
(2018) provided the main properties of ruled surfaces according to alternative frame in [10]. Moreover,
some characteristics of the ruled surface with Frenet frame of a non-cylindrical one were investigated
in 2020 by Ouarab and Chahdi in [11].

Recently, Ouarab, (2021a) put forth a method to generate new ruled surfaces by taking the advantage
of the idea of Smarandache geometry introduced in [12,13]. By assigning the base curve as one of
the Smarandache curves and taking the generator as the another vector element of Frenet frame, she
introduced these ruled surfaces as Smarandache ruled surfaces according to Frenet frame in [14]. The
same method of generating such ruled surfaces is applied to the Darboux frame by Ouarab, (2021b)
in [15] and according to the alternative frame by Ouarab, (2021c) in [16].

Motivated by these studies and acknowledging the great potential use of ruled surfaces, it is of interest
for us to define and introduce new kinds of ruled surfaces incorporated with the Darboux vector and
Smarandache curves. The geometric properties of these have been examined by means of fundamental
forms and the corresponding curvatures.

2. Preliminaries

In this section, we recall some basic notions of which we refer through out the paper. Let
a: I — E3 be a regular unit speed curve. We define the quantities of the Frenet apparatus and
Frenet formulae as in the following way:

Oé”

lel”

T'=kN, N'=—-kT+71B, B =—-7N

T=d, N= B=TAN, s=]|d"||, 7=(N',B)

The Darboux vector W of Frenet frame is defined as W = 71"+ kB. Corresponding to this, the unit
Darboux vector is

C =sinwT + coswB

K . T / (7’)’ 4 2 (1)

COSW = —Feee, S = ——m——, W =(— —
VEZ 72 VE2 472 K K2

where w = Z(B,W). Moreover, a unit vector with a linear combination of Frenet vectors can be

defined as
_ fT+gN +hB

(2)
where f, g, h : ® — R are some arbitrary functions. For Vs € I C R, the image of the vector = is
a special differentiable curve. If, specifically, each function f, g and h is considered to be a constant
valued function and the vector « is taken to be the position vector, then the generated curves are
known to be the special Smarandache curves [12]. These curves were outlined in many studies by
using different frames and considering different spaces, as well [4,13,17-23].

On the other hand, a surface is said to be ruled if it is formed with a straight line r(s) sharing the
same parameter of the given curve «. The parametric form of a ruled surface is as following;:

X(s,v) = a(s) +vr(s) (3)
The unit normal vector field of a ruled surface X (s,v) is computed as
XA Xy
Ny=—+1—— 4
XXX W
and are the curvatures as:
f? eG —2fF

=" ™ H=5ma my 5)
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where the corresponding coefficients are defined by

E=(X,X,), F=(XyX,), and G=(Xy,X,) o
€= <XssaNX>a f = <XS’U7NX>7 and g = <vaaNX>

3. Smarandache ruled surfaces by Darboux vector according to Frenet frame in E3

In this section, we define and examine some special ruled surfaces where the base curve is considered
to be one of the Smarandache curves of & = «a(s) which we define them by referring the equation (2)
as:

if h=0and f =g =1 = the vector v =
T+ N

1= NG

ifg=0and f = h =1 = the vector v =
T+ B

Y2 = NG

if f=0and g =h =1 = the vector v =
N+ B

Y3 = NG

T+N+B
if f=9g=h=1 = the vector v = TEANES draws the TNB-Smarandache curve that is

V3
T+ N—+B
74:7

and the generator for each ruled surface is taken to be the unit Darboux vector C' given by the relation

(1).

Definition 3.1. The ruled surface generated by unit Darboux vector C' along the TN- Smarandache
curve vy is given as

T+ N
V2

draws the TN-Smarandache curve that is

T+ B
V2

draws the TB-Smarandache curve that is

N+ B
V2

draws the NB-Smarandache curve that is

@(s,v):\g(T—i-N)—i-vC

The first and second partial derivatives of the surface ® are given in respective order as follows:
1
o, = 7 ((—n + V20w cosw) T+ kN + (T —V2uu sinw) B)
1 ((—E+\/§UM/COSM)/—I€2)T+ ((T—\/ivw’sinw)/—i-fw)B
by = —
T2 o+ (— (K2 +72) + vw'v2r2 + 2r2> N

by, = w' (coswT —sinwB), &, =sinwT +coswB, @, =0

\

By considering (4), we first compute

1
S, NP, = ﬁ (HCOSWT—i— (\/ K2+ 72— ﬂvw') N — /iSian)

1
|®s A Dyl = \/i\/2ﬁ',2 +72 — v/ V262 + 272 + 2(vw')?

to provide the unit normal vector as

kcoswT + (\/52 + 72 — ﬂvw’) N — ksinwB

Ng =
\/2/-@2 + 72 —w'V2K2 + 272 + 2(vw’)2
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From (6), the coefficients of the first and second fundamental forms are

1
Ep = 9 (2,%2 + 72— Qﬂvw’er?(W/)Q) , Foe=0, Go=1

—/f(m), — k(K + 7‘2)% +V2vk (W 4 20" (K2 + 72))
— 202" kK2 + T2
\/5\/2%;2 + 72 — o' V262 + 272 + 2(vw')?
fo = W'k
’ \/2/<;2+7'2 — vw'v/262 + 272 4 2(vw')?

Thus, by using (5) we compute the mean and Gaussian curvatures as following:

Ep —

, 9o =0

W'k 2
262 4+ 72 — vw'2v/2VK2 + 72 + 2(vw')

—/{(W)I — n(mg + 7'2)% +V2uk (w” + 2w (52 + 7-2))
— 202w kK2 £ 72

Hy = 3
\/5(2/{2 + 72 — oW 2v2VKZ + 12 + 2(0w’)2> ’

Corollary 3.2. If the curve oo = a(s) is planar or general helix, then the surface ® is developable.

' 2
PRrROOF. From (1), ' = (Z) <1 + T2> If o is either planar or general helix, then w’ = 0 which
K K

corresponds to that K¢ = 0. 0

Definition 3.3. Another ruled surface generated by unit Darboux vector C' along the TB- Smaran-
dache curve 75 is given as

\Il(s,v):\}i(T—i—B)—i—vC

The first and second partial derivatives of ¥(s,v) are given in respective order as follows:

K —T

V2

2 / /
U, = vw’cosw/—H _KT>T+<vw’ /124—72—1—%_7—)]\7
ss <( ) \/5 \/§

2
+ ((—vw’ sinw), + R T > B

! .
U, = o' coswT + N —vw' sinwB

V2

/ !l . .
Uy =w coswT —w'sinwB, V¥, =sinwT +coswB, Y, =0

By considering (4), we first compute

(H—T)COSWT_UW,N_ (k—7)sinw

V2 V2

1
|[Us AW, || = \/i\/(li — 1) + 2(vw')?

to get the unit normal vector denoted by Ng as

U, AU, = B

(k —7)coswT — v2uw'N — (k — 7) sinwB
\/(K —7)% 4+ 2(vw')?

Ny =
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Next, by using (6), the coefficients of the first and second fundamental forms are

By = - ((ﬁ )2 2(vw’)2) . Fy=0, Gy=1
\/i(vw’)/ (k—7)— VK2 + 72 (2(vw’)2 + (k — 7')2> — V2w (K —1')

ey —

Wik —1

\/(K, —7)? 4 2(vw')?

Thus, from (5) the mean and Gaussian curvatures can be written as in the following way:

Ky= o ¥ =7) i 0
v (/@—T)2+2v2w’2 ’ poT70,

V2 (k—7) (v — VK272 (2(vw')2 + (k — 7')2> —V2ud! (K —7')
\/i((ﬁ — )2+ 2(vw’)2)

Hy =

(NI

Corollary 3.4. If the curve oo = «(s) is planar or general helix, then the surface ¥ is developable.
PRrROOF. The proof is as same as of the proof of Corollary 3.2 O

Definition 3.5. The ruled surface generated by unit Darboux vector C' along the NB- Smarandache
curve s is given as

Q(s,v):\}i(N—i—B)—ier

The first and second partial derivatives of ¥(s,v) are given in respective order as follows:

K T T
Qs = —+vw'cosw>T—N+<—Uw/Sinw>B
0 1 (/W — K+ ﬁ(vw’cosw)’) T+ (\/ﬁvw'm— T — K’ —72) N
ss = T =

V2 + (7" 2 \/i(vw’ sinw)/> B

! ! . .
Qsp =w coswT —w sinwB, Q, =sinwT +coswB, Qy, =0

By considering (4), we first compute

1
Q. NAQ, = % (—Tcosz—i— (\/HQ + 72— ﬂvw') N—l—Tsian)

1
195 A Q]| = \@\/I{Q + 272 — vw'\/2k2 4 272 4 2(vw’)?

to get the unit normal vector denoted by Ng as

—rcoswT + (\/IQ2 + 72— ﬂvw’) N 4+ 7sinwB
\//<a2 + 272 — v/ V262 + 272 + 2(vw')?

Nq =
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Next, by using (6), the coefficients of the first and second fundamental forms are

K2 4+ 272 N2 /
EQ:T‘F(UOJ) —V2r2 + 21200, Fp=0, Go=1

/
T(\/I{2 + 72— ﬁvw’) —72/K2 4+ 72
+ (\/ﬁ2 4+ 72 — ﬂvw’) (vw’\/i\/KQ +72 -7 — K2 7'2>
\/i\/,k;2 + 272 — vw!'\V2kK2 + 272 + 2(vw’)2
w'r

\/&2 + 272 — 0w/ V262 + 272 4 2(vw')?

Thus, from (5) the mean and Gaussian curvatures can be written as in the following way:

eq =

fa=-

W' 2
A —
K2 4272 + 2(vw')” — vw'2v2K2 4 272

!/
T(v K2+ 72— ﬂvw’) —72VK2 12
+ (\/ K2+ 72— \/%w’) (vw'\/ﬁ\/m - 72)

3
ﬂ(/ﬁQ + 272 + 2(vw')? — V2rZ + 2721)w’> ’

Hq =

Corollary 3.6. If the curve o = «(s) is planar or general helix, then the surface Q is developable.

PRroOF. The proof is the same as of the previous proofs. O

Definition 3.7. The ruled surface generated by unit Darboux vector C' along the TNB- Smarandache

curve 4 is given as:
1
s,v)=—=(T+ N+ B)+vC
£(s,0) \/3( )

The first and second partial derivatives of ¥(s,v) are given in respective order as follows:

&s = <—\j§ +vw'cosw) T+ %N—i— <\;§ —vw'sinw) B
/ 2 2 2 !
—i—i-vwcosw _ B + B — T—i—vw K%+ T
- , T + 7 + /\/ﬁ N
Ess = T "okt =12
+ — —v'sinw) + ——— | B
(g wrne) +57)

/ ! . .
oy =w coswT —w sinwB, &, =sinwT 4+ coswB, &, =0

By considering (4), we first compute

EsNEy = \}g ((/-i — 1) coswT + (\/ K2 472 — \/ng') N—(k—7) sian)

1€s N &ull = \}g\/(/{ —7)° + (\/ K2 4712 — \/§UW/>2
to get the unit normal vector denoted by Ng as
(k — 1) coswT + (m — ﬁvw’) N — (k—7)sinwB
\/(Fa -2+ (W— \/ng’)2

N¢ =
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Next, by using (6), the coefficients of the first and second fundamental forms are

1 2
E€:</<,—7' (\//{24—72 ﬁvw’)), Fe=0, Ge=1

3

(FL/ —7r — k2724 vw’\/gm) <I<&2 + 72— vw’ﬂW)
+(k—1) (\fvw - \/m)/ —(k—7)"VrE+ 12

ec =
2
f\/ﬁ;T \/K2+T2 \/ng’>
(k—7)
fe = 9e =0

\/(FL -7+ (KJ2 + 72— \/§vw’)

Thus, from (5) the mean and Gaussian curvatures can be written as in the following way:

2
W (k—T)

(k—7)%+ (\/W — \/ng’>2

(6 =7 = (52 + ) + 0 VBT 372) (2 4 72 — ! VBRZ 1 577
+ (5 =) (VBuw = VRTFT) (5= 1)VRT 72

2(v3) ™ <(Fv‘ -7)* + (\/f<a2+7¢2 — \/§W’)2>g

He =

Corollary 3.8. If the curve oo = «(s) is planar or general helix, then the surface £ is developable.
PROOF. The proof is the same as of the previous proofs. O

Example 3.9. Let us consider the well known Viviani’s curve parameterized as
. 1
v(t) = | a(1 + cost), asint, 2asm§t , te[-2m2n], [2]

For ¢ = 0.5 and by changing the parameter as t = 2s, we easily represent the given Viviani’s curve as
in the following way
as) = (0082(5),sin(8) cos(s),sin(s)) s € [-m,7]

Then, the Frenet apparatus of a = «(s) are given as

2 .
T(s) = Toos (23 16 (— sin (2s) , cos (2s) , cos (s))

cos (4s) + 12 cos (2s) + 3

—1 . .
Ns) = /2 cos (2s) + 61/6 cos (2s) + 26 21;11514(?) 12sin (25)
B(s) = ! (sin (3s) 4+ 3sin(s), —cos (3s) — 3cos (s) ,4)

6 cos (2s) + 26

3cos(2s) + 13 12cos(s)
T =
(3+ 603(28))% 3cos(2s) + 13




15

Journal of New Theory 39 (2022) 8-18 / Smarandache-Based Ruled Surfaces with the Darboux ...

and the unit Darboux vector is found by
2v/2sin (s)? (6 cos (s)? + 5)

\/18 cos (2s)* + 207 cos (2s)® + 999 cos (2s)? + 2493 cos (2s) + 2683
44/2 cos () (3 cos (s)* — 2cos (s)? — 3)

C(s) =
\/18 cos (25)* + 207 cos (2s)® + 999 cos (2s)? + 2493 cos (2s) + 2683
V2 (3 cos (25)% + 18 cos (2s) + 35)

\/ 18 cos (25)* + 207 cos (25)® + 999 cos (25)% + 2493 cos (2s) + 2683

The figures of each ruled surface for —0.5 < v < 0.5 and —7 < s < 7 is presented in the following

=

r

(b) Solid (oriented)

(a) Transparent (default view)
Fig. 1. The ruled surface ® (s, v) from different orientations

\/fﬁi“..,'fl
\\/ J

02
04

S

S
N

0.5
(b) Solid (oriented)

(a) Transparent (default view)
Fig. 2. The ruled surface ¥ (s,v) from different orientations
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(a) Transparent (default view) (b) Solid (oriented)

Fig. 3. The ruled surface € (s,v) from different orientations

(a) Transparent (default view) (b) Solid (oriented)

Fig. 4. The ruled surface £ (s,v) from different orientations

Example 3.10. To generate a developable surface, we consider this time the regular unit speed
1
circular helix parameterized as f = — (cos(s), sin(s), s).

V2

The Frenet apparatus and the corresponding unit Darboux vector are given in following:
(—sin(s),cos(s),1) and N(s)= (—cos(s),—sin(s),0)

1
B(s) = —= (sin(s), —cos(s),1), k(s) =7(s) = 7 and C(s)=(0,0,1)

The figure (5) given below is the image of ®, Q, and £ which simply corresponds to cylinder as a
developable ruled surface for —0.5 < v < 0.5 and —7 < s < 7. However, the image of ¥ is simply a
line in the space, because the TB- Smarandache curve corresponds to a single point.



Journal of New Theory 39 (2022) 8-18 / Smarandache-Based Ruled Surfaces with the Darboux ... 17

Fig. 5. The image as a developable ruled surface of each @, €2, and £ is same

4. Conclusion

Overall, in the paper, four new ruled surfaces based on Smarandache curves and ruled by unit Darboux
vector have been introduced. The characteristics of each surface have been drawn. It is seen that the
characteristics of surfaces are effected if the initial curve « is chosen to be a special curve general or
circular helix.
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1. Introduction

There is a great need for expanded variants of classical distributions in many applied disciplines, such
as lifetime analysis, finance, and insurance. As a result, various efforts have been made to define new
families of probability distributions that expand well-known distributions and allow a high level of
flexibility in modelling data in practise.. Many researchers have suggested a variety of methods for
producing new families of distributions [1]. The beta-generalized family of distributions was created
by Kumaraswamy [2], the Exponentiated-G by [3], the Gamma-G (type I) by [4], the Gamma-G (type
IT) by [5], the Generalised Gamma-G by [6], the Log-Gamma-G by [7], Additive Weibull-G by [8],
Beta Marshall-Olkin-G by [9], Logistic-G family by [4], the Generalized Odd Gamma-G by [10],0dd-
Gamma-G (type III) by [11], new Weibull-G by [12], the Marshall-Olkin Odd Burr III-G by [13] and
Exponentiated Generalized Power Function Distribution by [14] among others.

[15] has developed and investigated a class of the Nakagami-G family of distributions. The goal of this
study is to introduce the odd Nakagami Exponential-G (NE-G) family of distributions. This family of
distributions is an extension of the Nakagami-G family proposed by [15]. We investigate some of the
new distribution’s statistical properties in depth, use the MLE method to estimate the parameters of
the proposed distribution, and finally fit real-life data sets to the new distribution and some of the
existing families of distributions to compare the NE-G family’s performance.

The cumulative distribution function (cdf ) and probability density function (pdf) of Nakagami Ex-
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ponential distribution (see [15]) is given by
_ 2
Afl—e "
F(x) = 7« (A,B <eam> ) (1)

T e
F()\)B/\ (e—aaz)2>\+1

f(z) = (2)

The following is how the paper might look: In Section 2, a construction of the NE-G family of
distributions is introduced. A special model is provided, along with plots of pdfs, cdfs, survival
functions, and harzad rate functions to demonstrate the models’ flexibility. Our applied study will
be centred on the uniform distribution as a baseline. The parameter estimation and main statistical
properties of the NE-G are presented. In Section 3, a Monte Carlo simulation study is presented. The
proposed model is fitted based on two real data sets in Section 4 and compared to other well-known
models.

2. Constructions of the NE-G Distributions

Equation 2 can be used to calculate the cumulative distribution of a random variable.

G(x)
1-C(@) 221
2)\)\ —ox (1 _ —at A (1—e—o 2
P(X <) = F(x) = / ce o) () o (3)
S TR ()
Therefore,
G(z) 2
1 A 1—e_a<1*G(z)>
F(z) = ——7 |\ 2 : (4)
o | M5\ o)

Equation 4 the pdf of Nakagami Exponential G family becomes

2
— G
)

A e praTony
22\ ag(x) {1 —e 1-CG@ _a< G@) )
e e 1-G(x)

flz)= __
PG 1 — Ga)2 e 2 (76)

The survival and hazard rate functions of the NE-G family are, respectively, given by:

G(x) 2
1 A[1-— e‘a(l—c(-w)
R(x) =1- =7 [\ 5 - (6)
L'(A) B e—a(%)

and

Figures (1), (2), (3), and (4) show that the shapes of the pdf and cdf are flexible for certain
parameter values. Plots of the hazard rate and survival functions of the NE-U distribution for some
parameter values are shown.
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NE-U: =1, =1, =3, 3=3

=
ao
=
=4 B pdf
= E CDF
B Survival function
B Hazard Rate function
-t
g
o
o
=2
(o]
T T T T T T T
0.0 05 1.0 1.5 20 25 3.0

Fig. 1. NE-U function for A\=1,=1,a =3, and ¥ =3

ME-U: =100, =020, c=3.00. 3=3.00

1.0

® _|
=
g B pdf
& B COF
W Survival function
B Hazard Rate function
= _|
o
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=
o
=
T T T T T T T
0.0 0.5 1.0 15 2.0 25 30

Fig. 2. NE-U function for A\=1,8=0.2,aa=3, and ¥ =3
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MNE-U: L=070, =100, «=1.00, 3=1.00
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Fig. 3. NE-U function for A\=0.7,=1,a=1, and ¥ =1
ME-U: =100, =050, =010, 3=3.00
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Fig. 4. NE-U function for A\=1,8=05,a=1, and ¢ =3
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2.1. Limiting Behaviour

The cdf defined in Equation 4 must satisfy the Limiting behaviour whether the Nakagami Exponential-
G family of distributions is a valid family of distribution function. The behaviour of the NE-U
distributions at z — 0 and as  — 1. In this case, what was considered is: when lir% G(z)=0

T—

since y(A,0) = foo tAle tot =0

1 A 1— oG\
— e - x
lim F(z)=—=—=7 |\ > =0 8
LR VPVEN il ey ey )
when lim G(x) =1
T—00
G(z) 2
1 A1 e (F6m)

lim F(z)=—=—=7 |\ = =1 9
sim  Fl) () B\ () (9)

2.2. Investigation of the Proposed NE-G Family of Distribution

The pdf defined in Equation 5 must satisfy the integral to show whether the Nakagami Exponential-G
family of distributions is a valid family of probability density function.

/_OO fx)ox =1 (10)

@ 22—1 —a G(z) 2
s gl [1 oot (e
/ G(x) € eia(m) ox (11)
0 F()\)IBA [1 _ G(I)]2 e—?ka(m)
let

G(z)

1_€_a(m) i (uﬁ)é 1—6_0[(%)
= _

A
P\ o) ()

u =

Bl1 - Gla)e > (E6)

)
Oz = (@) Ou (12)
20ag(z) (1 —e \¢@
substituting 12 into 11 yields
)\)\—1 o0 UIB A—1
- - —u 1
rarr [ () o 1
0

The density function defined in Equation 5 is clearly a valid family of distributions, as evidenced by
this.

1
—xI'(A\) =1 14
The following are the primary reasons for employing the NE-G family in practice: (i) to give sym-
metrical distributions a skewness; (ii) to model real data with heavy-tailed distributions that aren’t
longer-tailed; (iii) under the same baseline distribution, to provide consistently better fits than other
generated models
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2.3. Expansion for NE-G Density and Distribution Function

Using generalized binomial and taylor expansion, one may obtain

_G(=)

k
2\ ag(r) [1 —e @

:|2)\ 1 ,
G(z)
> A1 o)
3 oG (15)
TO)AM1 - Gz)]2e ~2a(56%) Z:) k' B\ o(E5)

fz) =

ey ] 2AH2k—1
22 Fag(x) [1 —e 1= GW}

L (=1)F G()

- 3 B e (e5) (16)
L(A)BAMF[1 - G(2)] prd k!
= 22+2k—1 00 B )

[1_6 1Gé<l)} Z (2)\+2k 1) ENECN

_ 2)\/\+kag Z 1)F+ /aN 42k — 1 e“[Q)‘*Qk*i](lféz&)) 1
T'(\)B M1 )2 ;
k,i=0

_ 2V ag(e) S (DT <2A k- 1) <j +§+ 1>aj[2>\ +2k— PGyt (18)

Atk 1!

INONIG; ki T k!p! 1

reduced
> bkigphiten (@) (19)
k,i,5,p=0
where
I 2AM R (—1)RHHP (9N 42k — 1\ (j+p+ 1\ &d 2\ + 2k — i)
RLIP T (N BME T Klpl i P j+p+1]

and

Bitpsa() = (G +p+ 1)g(@)Glz) 7
We get by integrating from equation 19 with respect to x.
o0
> kigpHjipi (@) (20)
k7i’j’p:0
where

Hjipi1(z) = G(z)tPH

2.4. Properties of the NE-G Distribution

We establish certain mathematical features of the NE-G family in this section.
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2.4.1. Quantile Function

The inverse distribution function is the most popular and simplest method for producing random
variates. The qf of the NE-G family can be obtained by inverting Equation 4 and then solve the
equation numerically. We can utilize the following method:

1 A[1- e’“(%> i
u=F(x)= m’y )\,E e—a(lfg&» (21)
élog %y_l A, ul'(N)] i +1
PR -

1+ Liog {{f’y‘l [A,uF(A)]}W + 1}

2.5. Moment and Moment Generating Function

Moments are crucial in statistical analysis. Moments can be used to investigate some of the most
important characteristics of a distribution.

2.5.1. Moment

The r** ordinary moment of X is given by

oo
BOX) = 4, = [ a7 f(w)0x (23)
0
The following can be derived from equation 19:
oo
B(X") =pr= > krijpBEipr1) (24)
k7i7j7p:0

Yjip+1 represents the Exp-G distribution with power parameter (j+p + 1). Choosing r = 1 in equation
24, We now have the mean of X.

2.5.2. Moment Generating Function

The moment generating function of X say, Mx(t) = E(e!X) is given by
o0 o0
t" tTHk," j,
Mx(t) =Y Cp= S Py ) (25)
r=0"" kigpr=0

2.5.3. Incomplete Moments
The k" incomplete moments, say p(t), is given by

t

p(®) =Y iy [ hyepa()0a (26)
r=0

—0o0



Journal of New Theory 39 (2022) 19-41 / A New Family of Odd Nakagami Exponential (NE-G) Distributions 26

2.5.4. Entropy

The Rényi entropy of a random variable X is defined mathematically as follows:

In(o) = =109 | [ 7)o (27)
0

Where o > 0 and o # 1. Based on f(z) of any distribution. From equation 5

2 1221 oS82 2

fU(IL‘) — - e — G(z) (28)
P 1 - Gla)f2e 2 ()
oA\ (oA & /@A =1Do+2k\ (20 +j+p—1\ . :
o= () () £ () e
@=-{row) \5) 2, U » (- @2
717]7p_
g(x)7G(x)*? (29)
reduced
Z Ak,i,j,pQ(‘T)aG(x)jer (30)
k,i,7,p=0
where
22 >O<J)\>k<(2/\—1)a+2k)<20+]’+p—1> - :
Ap i — , ol (i — (2o + 2k))?
win=(t9m) (5 i p e )
1 o .
Ip(o) = - log / Z Agiipg(x)°G(2) POz (31)
0 k.i.J.p=0
2.5.5. Order Statistics
Let z1,23 ..., zy, be independent random sample from a distribution function, F'(z), with an associated

probability density function, f(x). Then, the probability density function of the i’* order statistics,
T(;), 1s given by:

n—r

fooy () = <r_1>7<!n_r>120<—1> (") et (o (32)

The pdf of it" order statistic from NE-G distribution is obtained by substituting equation 19 and 20
into 32

z+r—1

(7’ - ]. ’I’l - ’I” ' Z Z ( >K/k,i,j,phj+p+l($) Z K/k,i,j,ij—f—p—i—l(x) (33)

z=0 k,i,7,p=0 k.i,j,p=0

fx(ﬂ)( )=
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2.6. Maximum Likelihood Estimator

The maximum likelihood method is used here to estimate the unknown parameters of the NE-G
family. When constructing confidence intervals, MLEs have desirable properties and provide simple
approximations that work well in finite samples.

The log-likelihood function ¢(©) for the vector of parameters @ = (), 3,£¢)” from n observations
(x1,--- ,x,) has the form

JUEICIRIN
(0©) =nln(2) + nAIn(A —l—Zln (xi,€))+ (2A—1) . In [1—6 (1 g(“”f)f))] —g (1o Gl(%c: ©
i=0 i=0 e “T=G(2;,8)
—nIn(T(\) — nAIn(8) — 2;1n [1— G(a, )] + 20 Z (1 ¢ 9696 )) (34)
The maximum likelihood estimators can be obtained by numerically solving the following equations
aU(©) G0 TG B : (M)
W:n+nln +221n{1—e = ] Z 1Gc(;x(;€)§> —nr()\) —nln(B)

+2a Z(l_ ) (35)

900) A I [1-eoTE D
55 =5 Z ) (36)

8/8 R G(zl §)

G(x;,8)
le,f),e <1 G(z; 5)) 20\ " G<x27§)/

- X
= <1—G(xi,£>>2 [1_e <1é6fl>)] B (-G, P

H(O) - glxi &)

T 2 (i) HEA

23

O

G(z;,6)
1—e (Wﬁ&» n G(mz 961

- +2 : +2)\ ’ (37)
() | TETe ot Z ks

where g(z;, €)' = 2428 and G(a;, ) = 29528

2.7. The Nakagami Exponential Uniform (NE-U) Distribution

The cdf and pdf of our baseline distribution, the uniform distribution with parameters (0,1) are given
by:

G(x;9) = ZC

|

and

1
g(x;ﬁ):5,0<:c<19

By plugging g(z;9) and G(z;9) into Equation 5, we get the pdf of the NE-U distribution.
x 22—1 of -z 2
N\ ey [1 _efa(ﬂ)} Bx\<1i((i—3)>

o Y

(38)
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2.8. Investigation of the Proposed NE-U Distribution

o0 _ e (3%) A (o) ’
/ 2\ S [1 _ } . B < e_“(ﬁifx) > 9 — 1 (39)
0 IT(N)B (252)° e Pe(i%)
let
A (11— e 5%5) ?
“=5 (<> 40)

B — )% 7

2 a0 (1 — e_ﬁ>

Ox = ou (41)

substituting equation 41 and 40 into equation 39 yield

A1 > /By A-1 Y
o, (x) oo )
/OOO )0z = F(lA) K T(A) =1 (43)

Hence Nakagami Exponential Uniform Distribution is pdf.

2.8.1. Cdf and Survival and Hazard Function of the NE-U Distribution
The distribution function of NE-U has the form

_ A (o(5%) _ 1)
F(z)=m <)\, 5 (e 7 1) ) (44)
The survival function of NE-U has the form
_ A lo5=) _ 1)
R(z)=1-mm ()\, B <e 9 1) > (45)

The hazard rate function of NE-U has the form

2.9. Expansion for NE-U Distribution

In this part a simple form for the probability density function of NE-U distribution is derived.
Using generalized binomial and taylor expansion in the equation 38 one can obtain

es<t£ii?ﬂ>2§<ww<uwf i

IB x

e_a( Y—x
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Substituting 47 in pdf 38 then, the pdf of NE-U can be written as

B 22 [1—6_06(19;)]%1 < L1y AN (1 e\ "
f(x)_ﬁr(x)ﬁk(l%w)z (i) =l (6) ( e (7%) ) (48)

J

T —2()\+i) 0 . s R X
[1 - <1 — e‘a(ﬁ—z)ﬂ _ <2(/\ + 1)'+J 1> (1 B e‘a(ﬂ))J (49)
7=0
By inserting 49 in pdf 48 then, the pdf of NE-U can be written as

o _ 19 2 Z ( > <2()\+i?j+j — 1) (1 B e_a(ﬂfx)>2A+2i+j—1 (50)

() TZJO

(1 B 6704(192))2A+2z'+j—1 _ i(—l)k (2)\ +2i4+j— 1> o—ka(5%5) (51)

k

[e=]

Substituting 51 in pdf 50 then, the pdf of NE-U can be written as

DR AN 200+ 8) + 5 — 1\ (20 + 24§ — 1\ (-2
0 i £ (3] (A i
9T (A )/3 i,7,k=0 ! J
Therefore, the NE-U distribution reduced to
i H% ‘,k} —kax
f(x) — Z 197'; 2e Y—zx (53)
where
—_— 2\ (=D)HE O\ (20 +0) 45— 1 (20 +i) + 5 — 1
N WOV AT 3 j k
2.10. Quantile Function
It is not possible to obtain the qf of the NE-U distribution explicitly.
1/2
%g{{ A, uF()\)]} +1}
= (54)

1+ 1log {{,571 A, uF()\)]}l/2 - 1}

2.11. Parameters Estimation

In this section, the method of estimation employed was Maximum Likelihood estimation to estimate
the parameters of the NE-U distribution. Let «1---,x, be a random sample from the NE-U, and
the likelihood function be expressed as follows:

(55)

Hf(x):H 2\«

1 1 9T (N B (%)2 672)\04(192)
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Now, in the equation 55, take the log of the likelihood function.

n A n {1_6 (79 z) 2
E:nln(2)+n/\ln()\)+nln(a)+(2)\—1)Zln [1—6 firy } B —)
i= i=1 x

—nin(¥) — nIn(T(A)) — nAln(B) —2;111 <0fx> +2)\aiz:;1n (ﬁi:) (56)

By obtaining the derivative of the equation 56 with respect to A, 3, , 9 respectively,

n no (1@ L
%:nln(A)+n+2Zm[1_6*0‘(02)]_iz [1 } _M—nln(ﬂ)

oA i=1 B = o (v%) ()
= X
+20z;1n <?9—3:> 57)
€T 2

AL [1 - e*a(ﬁfz)} o
- - 58
ox B2 Z; o ol(3%) 3 (58)

o on- 1)y xea(ﬂwl_) P28 w1 a(”z)

+2,\zn:1n<ﬁfx) (59)

equate equations 57 to 60 to zero and solve them using any numerically iterative techniques.

3. NE-U Performance

The proposed NE-U model is evaluated in two ways in this section. The performance of the MLE’s
was examined using a simulation study. Secondly, the goodness of the fit of the NE-U was evaluated
in relation to the other existing distributions.

3.1. Monte Carlo Simulation

The properties of maximum likelihood estimators for the parameters of the NE-U distribution were
investigated using simulation in this section. The Average Bias and MSE of the parameters were
measured. To generate random samples from the NE-U distribution, the quantile function given in
equation 54 was employed. The simulation experiment was repeated N = 10000 times with sample
sizes of n = 25, 50, 75, 100, 125, and parameter values of A, 8, a, ¥ = (0.5, 0.9, 2, 1) and A, B, a, ¥ =
(0.5, 0.9, 3, 1).
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Fig. 5. Bias Lambda for A =0.5,6=0.9,aa =2, and 9 =1
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Fig. 6. Bias Lambda for A=0.5,4=0.9,a0 =3, and ¥ =1
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Fig. 7. Bias Beta for A=0.5,6=09,a0a =2, and 9 =1
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Fig. 8. Bias Beta for A=0.5,6=09,a0a=3, and 9 =1
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Fig. 9. Bias Alpha for A\=0.5,=0.9,a=2, and ¥4 =1
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Fig. 10. Bias Alpha for A=0.5,4=09,aa=3, and ¥ =1
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Fig. 11. Bias Vartheta for A=0.5,6 =09, =2, and 9 =1
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Fig. 12. Bias Vartheta for A\=0.5,6 =09, =3, and 9 =1
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Fig. 13. MSE Lambda for A = 0.5,3=0.9,a = 2, and ¥ = 1
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Fig. 14. MSE Lambda for A=0.5,6 =09, =3, and 9 =1
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Fig. 15. MSE Beta for A = 0.5, 3 = 0.9,0 = 2, and ¢ = 1
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Fig. 16. MSE Beta for A\=0.5,=09,a=3, and ¢ =1
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Fig. 17. MSE Alpha for A = 0.5,3=0.9,a = 2, and 9 = 1
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Fig. 18. MSE Alpha for A=0.5,4=0.9,aa=3, and ¥ =1
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Fig. 19. MSE Vartheta for A\=0.5,4=0.9,aa =2, and ¥ =1
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Fig. 20. MSE Vartheta for A\=0.5,4=0.9,aa =3, and ¥ =1
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Figure [5-20] respectively show as the sample size grows, the average bias for the parameter esti-
mators fluctuates upward and downward. The MSE for the parameter estimators, on the other hand,
revealed a declining pattern as the sample size increased.

4. Applications

In this section, we provide application to real data sets to demonstration the applicability of the NE-G
family. The real-world data set was collected on the breaking stress of carbon fibres with a length of
50 mm (GPa). The data has already been used by [16] and [17]. The following is the data set:

0.55, 0.93, 1.25, 1.36, 1.49, 1.52, 1.58, 1.61, 1.64, 1.68, 1.73, 1.81, 2,0.74, 1.04, 1.27, 1.39, 1.49, 1.53,
1.59, 1.61, 1.66,1.68, 1.76, 1.82, 2.01, 0.77, 1.11, 1.28, 1.42, 1.5,1.54, 1.6, 1.62, 1.66, 1.69, 1.76,
1.84,2.24, 0.81, 1.13, 1.29, 1.48, 1.5, 1.55, 1.61, 1.62,1.66, 1.7, 1.77, 1.84, 0.84, 1.24, 1.3, 1.48, 1.51,
1.55, 1.61, 1.63, 1.67, 1.7, 1.78, 1.89.

Table 1. MLEs and Goodness-of-fit measures for real data set

Model MLE —0 W A Ks P-value
A=1.3844747 85.97571 0.08519182 0.518155 0.088342 0.6816
B= 0.3061201

NE-U a= 2.6127508

9=21.1906288
A=1.6103057 86.19047 0.09335068 0.52780914 0.10898  0.4133
B= 1.1390558
a=0.2809454
9=0.8761429
A= 4.0944733  89.55020 0.1992844  1.060601  0.12743  0.2342
GIK-Exp  3=0.8866774
0=6.6609265
a=0.5132424
A= 0.5379012 91.09278 0.1818074 0.9721329 0.15906  0.07089
3=1.8126305
a=0.3763266
Y= 1.8069314
A= 2.9664896 86.58091 0.1057304 0.6069994 0.094865  0.5925
GOG-Exp B=1.5056397
a=0.6131095
A= 1.9006879 159.4275 0.18397040 0.6766763 0.62739  2.2¢-16
B= 0.4242168
a=1.5138327
Y= 0.7524188
Exp. a= 2.9664806 132.9944 0.2462793  1.33359  0.35813  8.883e-08
A\=7.6786602 O1.4858 0.2527494 1.369781 0.13384  0.1878
Bet-Exp  3=7.2017403
a=0.2758384

Nak-Wei

Exp.-Wei

OGG-Wei

A summary of the fitted information criteria and MLEs is shown in Table 1. With the minimum of
Cramér-von Misses (W), Anderson Darling (A), and Kolmogorov-Smirnov test (Ks) and the maximum
value of log-likelihood, the proposed Nakagami exponential-uniform distribution has been sorted. As
you can see, all the criteria pointed to the NE-U as the best model. Notably, NE-U’s P-Value is higher
than that of every other distribution.
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5. Conclusion

This study proposes the appropriate NE-G family of distribution for any parent continuous distribution
G. Quantile functions, moments, moments-generating functions, incomplete moments, entropy, and
order statistics are some of the statistical and mathematical aspects of the new generator studied. The
maximum likelihood estimates of model parameters are derived. We finally fitted the proposed NE-U
model, among others, to real-life data and found that the Nakagami Exponential Uniform distribution
outperformed its competitors. We anticipate that this generalisation will lead to other statistical
applications.
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1. Introduction

Many authors have investigated the relationship between the commutativity of a ring and the act of
derivations(reverse derivation, (o, 3)-reverse derivation, multiplicative reverse derivation, multiplica-
tive (generalised) - (a, B)-reverse derivation etc.) defined on ring. Herstein was the first to introduce
the concept of reverse derivation [1]. He shows that if R is a prime ring, and d is a nonzero reverse
derivation of R, then R is a commutative integral domain, and d is a derivation. Firstly, Samman and
Alyamani extended the result of Herstein to semiprime rings and investigated some more properties of
reverse derivations in [2]. Asma and Bano inquired into some identities involving multiplicative (gen-
eralised) reverse derivation and demonstrated some theorems in which we characterise these mappings
in [3]. Sandhu and Kumar investigate some properties of multiplicative reverse derivations on prime
rings in [4]. Tiwari et al. described multiplicative (generalised) reverse derivation in [5]. The pa-
per, as mentioned earlier, substantiated the commutativity of semiprime rings getting a multiplicative
(generalised) reverse derivation satisfying some identities. Alhaidary and Majeed [6] proved com-
mutativity of prime ring admitting a multiplicative (generalised) (a, ) reverse derivation such that
a and § are automorphism on the prime ring, satisfying some identities. Further, they investigate
some more properties of multiplicative (generalised)-(«, 3)-reverse derivation of prime rings on square
closed Lie ideals in [7]. The present paper study is directly motivated by the studies mentioned earlier
and the work of Ulutag and Golbasi [8]. We aim to investigate some identities with multiplicative
(generalised) - (a, a)- reverse derivation on a nonzero ideal of a semiprime ring. Thus, we proved the
following theorem:
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Theorem 1.1. Let R be a semiprime ring, « is an anti-epimorphism of R, I & Kera is a nonzero
ideal of R and F' is a nonzero multiplicative (generalised)-(«, «)-reverse derivation with the map d of
R. If one of the following conditions holds,

[z, y]) = VL.

i. I zoy) = ta([z,y]),

[z, 9]) = +a([F(2), y)),

( F(

ii. F(xo (

iii. F([z,y]) = xa((z,y]), vii. F(zoy) = +a(F(z)ox),
(zo (zy
( (

!

xoy) = V.

. F(zoy) = ta(zoy), iz. F

v F([z,y]) = +a(zoy), . F(zy) + F(2)F(y) = 0,

for all z,y € I, then [a(x),d(x)] =0 for all z € I.

2. Preliminaries

If the ring R satisfies the condition, a = 0 while aRa = (0) for a € R, it is called a semiprime ring.
An additive mapping d : R — R is called (o, ) —derivation if d(zy) = d(z)a(y) + a(x)d(y) holds
for all z,y € R, where « is automorphism of R. An additive mapping d : R — R is a reverse
derivation, if d(xy) = d(y)x + yd(x) for all z,y € R. Let d: R — R be a map. If for all z,y € R,
d(zy) = d(y)a(z) + a(y)d(z) such that « is an anti-epimorphism of R, then d is called multiplicative-
(a, a)-reverse derivation. Let F': R — R be a mapping and d be a multiplicative («, a)-reverse
derivation . If for all x,y € R,

F(xy) = F(y)a(z) + a(y)d(z)

then F' is a called multiplicative (generalised)-(«, «)-reverse derivation associated with d. Hence the
concept of multiplicative (generalised)-(a, av)-reverse derivation involves the concept of multiplicative
(a, a)-reverse derivation and multiplicative generalised reverse derivation. Below, a multiplicative
(generalised)-(a, «)-reverse derivation which is not multiplicative (generalised)-(c, «)-derivation and
multiplicative (generalised)-(c, «)-derivation, which is not multiplicative (generalised)-(c, «)-reverse
derivation examples, are given, respectively.

Example 2.1. Let (R, +,.) be a commutative ring, and (S, ®,®) be a noncommutative ring. Now
let’s consider operation ® : S xS — S, a®b = b®a. With these operations (S, ®, ®) called opposite
ring and it is shown S°P.

a: S — S is identity mapping, d : S? — S° is a multiplicative (a, «)-derivation, and
F : S°° — S° is a multiplicative (generalised)-(a, )- derivation of R associated with a nonzero
mapping d of R. Define the maps u, ¢, : R x S? — R x S as follows: u(a,z) = (a, F(z)),
¢(a,z) = (a,d(x)) and ¢(a,z) = (a,a(z)). ¢ is an anti-homomorphism of R, and ¢ is multiplicative
(¢, p)-reverse derivation.

Then it is straightforward to verify that u is a multiplicative (generalised)-(¢, ¢)-reverse derivation
associated with ¢, but p is not a multiplicative (generalised)-(yp, ¢)-derivation of R.

Example 2.2. Now, define the maps u, ¢, : R x S?? — R x S as follows: u(a,z) = (F(a),x),
¢(a,x) = (d(a),z) and p(a,x) = (a(a),x). ¢ is multiplicative (¢, )-derivation, and ¢ is an anti-
homomorphism of R.

It is easy to see that p is a multiplicative (generalised)-(¢, ¢)-derivation if there exists a mapping
¢, but u is not a multiplicative (generalised)-(¢, ¢)- reverse derivation of R.
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3. Main Results

As of now on, R refers a semiprime ring, « is an anti-epimorphism of R, I is a nonzero ideal of R
such that I & Ker(«a) and F is a nonzero multiplicative (generalised)-(«, a)-reverse derivation with
the map d of R unless otherwise mentioned.

Lemma 3.1. d is a multiplicative -(«, «)-reverse derivation, that is, d(zy) = d(y)a(z) + a(y)d(x) for
all z,y € R.

PRrROOF. By our assumption, we have

F(zz) = F(2)a(zr) + a(z)d(x) for all z,z € R. (1)

We put z = zy, y € R in (1), and since « is an anti-epimorphism of R,

F((xy)z) = F(2)a(y)a(x) + a(z)d(xy) for all z,y,z € R. (2)

Since (zy)z = z(yz) and F is a multiplicative (generalised)-(«, «)-reverse derivation associated with
the map d, that is

F(z(yz)) = F(2)a(y)a(z) + a(z)d(y)a(z) + a(yz)d(z) for all x,y, z € R. (3)

Subtracting (3) from (2), we obtain

a(z)(d(xy) — d(y)a(z) — a(y)d(x)) =0 for all x,y,z € R.
That is,

a(R)(d(zy) — d(y)a(z) — a(y)d(z)) =0 for all z,y € R.

Since « is an anti-epimorphism of R, a(R) = R and hence from above we have

R(d(xy) — d(y)a(z) — a(y)d(x)) =0 for all z,y € R. (4)

Left multipliying (4) by d(zy) — d(y)a(z) — a(y)d(z), we get
d(zy) — d(y)a(z) — a(y)d(z)R(d(zy) — d(y)a(z) — a(y)d(xz)) = 0 for all z,y € R. Since R is a

semiprime ring, we have

d(zy) — d(y)a(x) — a(y)d(x) =0 for all z,y € R.

O
Lemma 3.2. F(0) =0.
PRroOOF. From the definition of F, we get
F(zz) = F(2)a(z) + a(z)d(x) for all z,z € R. (5)
Taking 2 = 0 and z = 0 in (5), one can obtain
F(0) = F(0)a(0) 4+ (0)d(0). (6)

Since « is an additive map of R, it gives us F'(0) = 0. O
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Theorem 3.3. If F([z,y]) =0 for all z,y € I, then [a(z),d(x)] =0 for all x € I.

PROOF. From our assumption,

F(lz,y]) =0 for all z,y € I. (7)

If we write yx instead of = in (7), we get

0= F([yz,y]) = F(ylz,y] + [y, ylz) forall z,y €I (8)

Besides, since F' is a nonzero multiplicative (generalised)-(a, a)-reverse derivation with the map d, we
have

F([z,y])a(y) + a([z,y])d(y) =0 for all z,y € I. (9)

When editing the last equation, we obtained

a(lz,y])d(y) =0 for all z,y € I. (10)

That is,

[a(x),a(y)]d(y) =0 for all x,y € I. (11)

Since « is an anti-epimorphism of R,

[z,a(y)]d(y) =0forally € I,z € J, (12)

where J = «(I) a nonzero ideal of R. We put z = rz, where z € J, r € R in (12),

[r,a(y)]zd(y) =0forallye I,z € J,r € R. (13)

We put z = za(y) in (13),

[r,a(y)]za(y)d(y) =0forally € I,z € J,r € R. (14)

Right multipliying (13) by a(y),

[r,a(y)]zd(y)a(y) =0forally € I,z € J,r € R. (15)

Subtracting (15) from (14),

[r,a(y)]z[d(y),a(y)] =0forally € I,z € J,r € R. (16)

Replacing r by d(y) in (16),

[d(y), a(y)]zld(y),a(y)] =0forally € I,z € J,r € R,

where J = «a(I) a semiprime ring, we get the required result. O
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Theorem 3.4. If F(zoy) =0 for all z,y € I, then [a(x),d(z)] =0 for all x € I.

PRrROOF. From the hypothesis,

F(zoy) =0 for all z,y € I. (17)

Substituting y by yx in (17),

a(zoy)d(z) =0 for all z,y € I. (18)

Replacing y by zy, z € I in (18), and using « is an anti-epimorphism of R, we get

[a(z),w|td(z) =0 for all z € I,w,t € J. (19)

Replacing w by wd(x) in (19),

wla(x),d(x)]td(z) =0 for all x € I, w,t € J. (20)

Right multiplying (20) by a(z),

wla(z), d(x)]td(x)a(z) =0 for all x € I,w,t € J. (21)

We put ¢t = ta(z) in (20),

wla(z),d(x)]ta(z)d(z) =0 for all z € I,w,t € J. (22)

Subtracting (22) from (21),

wla(x), d(x)]tja(x),d(x)] =0 for all z € I,w,t € J. (23)

Replacing t by w in (23),
wla(z), d(x)]twla(x),d(x)] =0 for all x € I,w,t € J,
where J = «(I) is semiprime ring, we get the required result. O

Theorem 3.5. If F([z,y]) = a([z,y]) for all z,y € I, then [a(x),d(z)] =0 for all z € I.

PROOF. By our assumption,

F([z,y]) = a([z,y]) for all x,y € I. (24)

Replacing = with yz in (24),

a([z,y])d(z) =0 for all z,y € I.

Using the same arguments after (10) in the proof of Theorem 3.3, the desired result is obtained. [

Theorem 3.6. If F(zoy) = a(zvoy) for all z,y € I, then [a(z),d(x)] =0 for all x € I.
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PRrROOF. From the assumption,

F(zoy) = a(zoy) for all z,y € I. (25)

Substituting « by yz in (25),

a(zroy)d(y) =0 for all z,y € I.

Since the last case is the same as the equation (10) and using the similar argument as used in the
Theorem 3.4, the desired result is obtained. O

Theorem 3.7. If F([z,y]) = a(zoy) for all z,y € I, then [a(x),d(x)] =0 for all x € 1.

Proor. By the assumption,

F([z,y]) = £a(zoy) for all z,y € 1. (26)

Replacing = with yx in (26),

af[z,y])d(y) =0 for all z,y € I.

The last expression is the same as the relation (10) and hence using the similar argument as used in
Theorem 3.3, we get the required result. O

Theorem 3.8. If F(xoy) = ta([z,y]) for all z,y € I, then [a(x),d(x)] =0 for all z € I.

PROOF. Substituting yx instead of x in hypothesis,

a(zoy)d(y) =0 for all z,y € I.

Since the last expression is the same as the equation (18), the desired result is obtained by the following
similar steps in the Theorem 3.4, O

Theorem 3.9. If F([z,y]) = +a([F(x),y]) for all z,y € I, then [a(x),d(z)] =0 for all x € I.

ProOF. By the supposition, we have

F([z,y]) = £a([F(x),y]) for all x,y € I. (27)

We put y = zy in (27),

a(lz,y))d(z) = xa(y)a([F(x),z]) for all z,y € 1. (28)

Replacing z in place of y in (27),

+ a([F(x),z]) =0 for all x € I. (29)

Appliying (29), (28) yields that

a([z,y])d(z) =0 for all z,y € I.



Journal of New Theory 39 (2022) 42-53 / On the Multiplicative (Generalised) («, «)-Derivations of ... 48

The equation is same as the equation (10) in Theorem 3.3, thus we proceed in the same way as in
Theorem 3.3 and we get the required result. O

Theorem 3.10. If F(zoy) = £a(F(x)ox) for all x,y € I, then [a(z),d(x)] =0 for all x € I.

ProoOF. By the hypothesis,

F(zoy) = £a(F(x)ox) for all x,y € I. (30)

Replacing y with zy in (30),

a(zoy)d(z) = ta(y)a([F(x),z]) for all z,y € 1. (31)

Substituting yr, r € R for y in (31) and using this equation,

af[z,r))a(y)d(z) =0 for all z,y € I,r € R. (32)

Seeing « is an anti-epimorphism of R,

[a(z),r|zd(z) =0forall z € I,z € J,r € R.

The last expression is the same as the relation (13) and hence using the similar argument as used in
Theorem 3.3, we get the required result. O

Theorem 3.11. If F(zy) = F(x)F(y) for all z,y € I, then [a(x),d(z)] =0 for all x € I.

ProoF. By the hypothesis,
F(zy) = F(x)F(y) for all z,y € I. (33)
Then replacing y with zy in (33),
F(z(zy)) = F(zy)a(x) + F(x)a(y)d(z) for all x,y € I. (34)

Since F' is a nonzero multiplicative generalised-(«, «)-reverse derivation associated with a nonzero
mapping d of R, it follows that

F(z(zy)) = F(zy)a(x) + a(zy)d(z) for all z,y € I. (35)
Subtracting (35) from (34),
(a(zy) — F(z)a(y))d(z) =0 for all z,y € 1. (36)
Substituting yr, r € R for y in (36) and since « is an anti-epimorphism of R,
(ra(zy) — F(z)ra(y))d(x) =0 for all z,y € I,r € R. (37)
Replacing r with F(z), where z € I, in (37),

(F(z)a(ry) — F(z)F(z)a(y))d(x) =0 for all z,y,z € I. (38)
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Left multiplying (36) by F'(z) and then subracting from (38),

(F(zx) — F(xz2))a(y)d(z) = 0 for all z,y,z € 1. (39)

Replacing zz in place of z in (39),

o[z, z])d(z)a(y)d(x) =0 for all x,y,z € I. (40)

Since for r € R, [z, z]r € I, we put y = [z, z|r in (40) and « is an anti-epimorphism of R,

a([z, z])d(z)Ra([z, z])d(z) = 0 for all z,z € I. (41)

Since R is a semiprime ring,

a([z,z])d(x) =0 for all z,z € I. (42)

Replacing z with zr, where r € R, in (42),

[a(r), a(x)]a(z)d(z) = 0 for all z,z € I,r € R. (43)

Right multiplying (43) by a(z),

[a(r), a(x)]a(z)d(x)a(z) =0 for all z,z € I,r € R. (44)

Replacing zz in place of z in (43) and then subracting from (44),

[a(r), a(z)]a(z)[d(x),a(z)] =0 for all z,z € I,r € R. (45)

Since « is an anti-epimorphism of R, a(R) = R and hence from above,

[r, a(z)]a(I)[d(z),a(z)] =0 for all z € I, € R. (46)

We put r = d(x) in (46) and since « is an anti-epimorphism of R,

[d(x), a(z)]a(I)[d(x), a(x)] = 0 for all z € I. (47)

Since a([]) is a semiprime ring,
[d(z),a(z)] =0 for all z € I.

Theorem 3.12. If F(zy) + F(x)F(y) = 0 for all z,y € I, then [a(x),d(x)] = 0 for all z € I.

PRrROOF. If F is a nonzero multiplicative generalised-(c«, «)-reverse derivation associated with a nonzero
map d, then —F' is a nonzero multiplicative generalised-(a, a)-reverse derivation associated with a
nonzero map —d. We get the results by replacing F' with —F and d with —d in Theorem 3.11. O

Theorem 3.13. If F(zxy) = F(y)F(z) for all z,y € I, then a(I)d(I) =0 and [F(y),a(y)] = 0 for all
yel.
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ProoF. We have

F(zy) = F(y)F(x) for all z,y € I. (48)

Then replacing x with zz in (48), where z € I,

F((z2)y) = F(zy)a(z) + F(y)a(z)d(z) for all z,y,z € I. (49)

Since F' is a nonzero multiplicative generalised-(c«, a)-reverse derivation associated with a nonzero map
d of R,

F(z(zy)) = F(zy)a(z) + a(y)a(z)d(z) for all z,y,z € I. (50)

Subtracting (49) from (50),

(F(y) — a(y))a(z)d(z) =0 for all z,y,z € 1. (51)
Substituting z by zr, r € R in (51) and since « is an anti-epimorphism of R,
(F(y) — a(y))Ra(z)d(z) =0 for all z,y,z € I. (52)
We put x =y in (52),
(F(y) — a(y))Ra(z)d(y) =0 for all y, z € I. (53)
Left multiplying (53) by F(z), that is
F(2)(F(y) — a(y))Ra(z)d(y) =0 for all x,y,z € I. (54)
Again, from (48) we can write F'(z)a(y) + a(2)d(y) = F(2)F(y) for all z,y, z € I, that is
F(2)(F(y) — a(y)) = a(z)d(y) for all z,y,z € I. (55)

Let’s substitute (55) in (54), we get F\(z)(F(y) — a(y))RF(z)(F(y) —a(y)) = 0 for all y, z € I. More-
over a(z)d(y)Ra(z)d(y) = 0 for all z, z € I where R is semiprime ring, we conclude that a(z)d(y) =0
for all x,z € I, that is a(I)d(I) = 0 and F(z)(F(y) —a(y)) = 0 for all y, z € I. Thus we have

F(zy) = F(y)a(x) for all z,y € I.
Now putting z = yz and y = y? in F(2)(F(y) — a(y)) =0 for all y,z € I,
F(z)a(y)(F(y) —a(y)) =0 for all y,z € I. (56)

and

F(2)(F(y)a(y) — a(y)2) =0 forall y,z € 1. (57)



Journal of New Theory 39 (2022) 42-53 / On the Multiplicative (Generalised) («, «)-Derivations of ...

Subtracting (57) from (56),

F(2)[F(y),a(y)] =0 for all y,z € 1.

We put z = zz in (58),

F(z)a(x)[F(y),a(y)] =0 for all z,y,z € I.

Then replacing z with 22 in (59) and since « is an anti-epimorphism of R,

F(z)a(z)a(z)[F(y),a(y)] =0 for all z,y,z € I.

We put = zz in (59), we obtain

F(z)a(z)a(z)[F(y),a(y)] =0 for all z,y,z € I.

Left multiplying (59) by «(z), that is
a(2)F(z)a(z)[F(y),a(y)] =0 for all z,y,z € I.
Subtracting (61) from (62), we obtain

[F(2),a(2)]a(x)[F(y),a(y)] =0 for all z,y,z € I.

Then replacing x with zr, r € R in (63), and since « is an anti-epimorphism of R,

[F(2),a(2)|Ra(z)[F(y),a(y)] =0 for all z,y,z € I.

Left multiplying (64) by «a(x), we obtain

a(x)[F(z), a(z)|Ra(z)[F(y),a(y)] = 0 for all z,y,z € I.

We put y = z in (65), for all z,y,z €

a(x)[F(z),a(z)|Ra(z)[F(2),a(z)] =0 for all x,z € I,

is obtained.Since F' and «([I) is semiprime ring, we conclude that [F'(y),a(y)] =0 for all y € I.

o1

(59)

(62)

(63)

O]

Theorem 3.14. If F(xy) + F(y)F(z) = 0 for all z,y € I, then a(I)d(I) = 0 and [F(y),a(y)] =0

forall y € 1.

Proor. If F' is a nonzero multiplicative generalised-(«, «)-reverse derivation associated with a nonzero
map d, then —F is a nonzero multiplicative (generalised)-(«, a)-reverse derivation associated with a

nonzero map d. Thus replacing F' with —F and d with —d in Theorem 3.13.

O]
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4. Conclusions

We have shown some properties of a nonzero ideal of a semiprime ring with multiplicative (generalised)
(a, a)-reverse derivation. Moreover, when R is a semiprime ring, « is an anti-epimorphism of R, I
is a nonzero ideal of R such that I & Ker(a) and F : R — R is a nonzero multiplicative (gener-
alised) («, a)-reverse derivation, we investigated the commutativity of semiprime rings. Also, we give
examples for each multiplicative (generalised) («, «)-reverse derivation and generalised (v, ov)-reverse
derivation. Furthermore, we adapt some well-known results in reverse derivation to (o, a)-reverse
derivation. The commutativity of a ring can be investigated in the sense of this article and the articles
in [9-13].
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Abstract — In the fight against the COVID-19 pandemic, it is vital to rapidly diagnose possible
contagions, treat patients, plan follow-up procedures with correct and effective use of resources and
ensure the formation of herd immunity. The use of machine learning and statistical methods provides
great convenience in dealing with too many data produced during research. Since access to the PCR
test used for the diagnosis of COVID-19 may be limited, the test is relatively too slow to yield results,
Article Info the cost is high, and its reliability is controversial; thus, making a symptomatic classification before
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Research Article accurate diagnosis procedure. Afterwards, a tirage study is performed by calculating the patients’ risk
scores to manage inpatient overcrowding in healthcare institutions. In the subsequent section, a vaccine
priority algorithm is proposed to be used in the case of a possible crisis until the supply shortage of a
newly developed vaccine is over if a possible variant of COVID-19 that is highly contagious is
insensitive to the vaccine. The accuracy of the algorithm is tested with real-life data. Finally, the need

for further research is discussed.
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1. Introduction

1.1. Diagnosis of COVID-19

The severe acute respiratory syndrome coronavirus (SARS-CoV-2) has affected our lives for the past two
years. Rapid diagnosis of possible contagions, planning of follow-up treatment, and effective use of resources
have vital importance in the fight against the COVID-19 pandemic. The use of machine learning and statistical
methods provides great convenience to deal with these difficulties. In the literature, there are several common

1zeynepparlaparmaksiz@gmail.com (Corresponding Author); tburakarslan@gmail.com; 3samettmemis@gmail.com;
“serdarenginoglu@gmail.com

Besiktas Arts and Sciences Centre, Istanbul, Turkiye

24Department of Mathematics, Faculty of Arts and Sciences, Canakkale Onsekiz Mart University, Canakkale, Turkiye
3Department of Computer Engineering, Faculty of Engineering and Natural Sciences, istanbul Rumeli University,
Istanbul, Turkiye


https://dergipark.org.tr/en/pub/jnt
https://doi.org/10.53570/jnt.1128289
https://orcid.org/0000-0002-9106-5111
https://orcid.org/0000-0002-1724-8841
https://orcid.org/0000-0002-0958-5872
https://orcid.org/0000-0002-7188-9893

Journal of New Theory 39 (2022) 54-83 / Diagnosing COVID-19, Prioritizing Treatment, and Planning ... 95

classifiers, such as Support Vector Machine (SVM) [1], Fuzzy k-Nearest Neighbour (Fuzzy kNN) [2],
AdaBoost [3], Decision Tree (DT) [4], Fuzzy Soft Set Classifier (FSSC) [5], Fuzzy Soft Set Classifier Using
Distance-Based Similarity Measure (FussCyier) [6], and Hamming Distance-Based Fuzzy Soft Set Classifier
(HDFSSC) [7]. Recently, a novel classifier, i.e., Compare-Matrix Based Fuzzy Parameterized Fuzzy Soft
Classifier (FPFS-CMC) [8,9] that produces high scores in “Breast Cancer”, “Parkinsons[sic]”’, and
“Parkinson’s Diseases” datasets provided in UCI Machine Learning Repository [10], has been prominent
among the aforesaid classifiers in medical diagnosis. However, it has not been applied to COVID-19 yet.
Therefore, it is worth studying to diagnose COVID-19 via the classifier. This study, firstly, detects whether
the individual is COVID-19 positive by utilizing a state-of-the-art classification method FPFS-CMC.

COVID-19: SARS-CoV-2 was first reported in Wuhan, China, in December 2019 and spread rapidly
worldwide. COVID-19 formed a clade within the subgenus sarbecovirus, Orthocoronavirinae subfamily. This
virus is a droplet infection [11]. The available research on COVID-19 has been increasing [12-18]. Moreover,
several datasets related to COVID-19 have been shared in data repositories, such as UCI and Kaggle. This
study uses the datasets titled “Symptoms and COVID Presence (May 2020 data)”, “Covid-19 Symptoms”, and
“Brazilian Covid Symptomatic Patients Data” [19-21], provided in Kaggle Data Repository to diagnose
COVID-19 by using a classification method (classifier).

Classifiers: Supervised learning is a sub-field of machine learning which is commonly used in various
fields, particularly defense industry, meteorology, psychology, finance, medicine, astronomy, and space
sciences. Classification is a supervised learning technique that learns a predictive model from the training data
to make an accurate prediction of a datum’s label [22]. Classifiers utilize the information of the training set,
whose labels are known, and predict the class label of a sample with an unknown label. So far, many classifiers
have been produced, such as SVM, Fuzzy kNN, AdaBoost, DT, FSSC, FussCyier, and HDFSSC.

Lately, a state-of-the-art classifier FPFS-CMC, which employs the modeling capability of fuzzy
parameterized fuzzy soft matrices (fpfs-matrices) [23] in real-world problems containing uncertainties, has
been proposed. FPFS-CMC produces high scores than the aforesaid classifiers in “Breast Cancer”,
“Parkinsons[sic]”, and “Parkinson’s Disease” datasets provided in UCI Machine Learning Repository [10].
Therefore, this study utilizes FPFS-CMC to diagnose COVID-19.

1.2. Follow-Up Treatment Priority in COVID-19 Patients

Designing an algorithm to calculate each patient’s risk score is crucial for hospitals to provide better follow-
up methods and treatment services. These unique risk scores for patients who have tested positive for COVID-
19 have significance to compare the severity levels of the disease in patients. This study secondly determines
how severely the patient will recover from the virus by comparing risk scores.

Comorbidities: Comorbidities can negatively affect patients’ conditions during COVID-19
[13,14,17,18]. This study focuses on the common comorbidities during COVID-19 — namely, hypertension,
cardiovascular diseases, cancer, chronic kidney failure, and diabetes.

1.3. Vaccination Priority Planning

Furthermore, the COVID-19 vaccination priority planning is essential to overcoming a possible crisis until the
supply shortage of a newly developed vaccine is over in the case a possible highly contagious variant of
COVID-19 is insensitive to the vaccine. Besides, planning for booster doses is another issue that needs to be
considered when an inadequate number of vaccines are available. This study thirdly produces a ranking order
among individuals who are willing to get vaccinated based on their vaccination priority scores. Finally, it
discusses the need for further research.
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Current Vaccination Applications: Currently, several criteria are being utilized in the vaccination
process. While planning for vaccination, the Turkish Ministry of Health [16] focused on systemic diseases,
age, and occupation of an individual who will be vaccinated. This study expands these criteria to make a more
specific analysis of the vaccination process. It considers seven criteria, i.e., systemic disease, age, presence of
risk group individuals in the immediate vicinity, presence of COVID-19 history, province-district,
transportation preference, and occupation, to make a better priority planning. The framework in this study is
shown in Fig. 1.

Diagnosis of COVID-19

______________

,¢ \\
1 1
1 1
1
1 Input a Patient Data :
1
| :
1 1
1 1
I 1
1 1
| 1
1 1
: mFPFS-CMC 1
]
Treatment Priority Planning . Vaccination Priority Planning
---------------- ! 1 P R
it R .~ - /! /. *

"""""" 1

1

1

SDM method YE12 No: Has the Patient COVID-19? Ye SDM method YE12

Y

Calculate Treatment
Priority Score

Calculate \accination
Priority Score

.
T ——

]

------------------------------

Fig. 1. Flowchart of the proposed work
2. Hypotheses:

This study considers the following hypotheses:
i. If FPFS-CMC is used in medical diagnosis, then whether the individual has COVID-19 can be determined.

ii. If the risk score of the patient can be calculated by looking at the patient’s age and systemic diseases, then
the follow-up treatment priorities of patients can be compared.

iii. If such parameters as systemic disease history, age, presence of risk-group individuals in the immediate
vicinity, presence of COVID-19 history, province-district, transportation preference, and occupation can be
obtained, then individuals’ vaccination priority scores can be calculated.
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3. Preliminaries

This study presents some of the basic definitions required in the next sections. Throughout this study, let E be
a parameter set, U be a universal set, F(E) be the set of all the fuzzy sets over E, and u € F(E). Here, u :=
{”(")x: X € E}.

Definition 1. [24] Let U be a universal set, u € F(E), and a be a function from u to F(U). Then, the set
{(“(x)x, a(“(x)x)) | x € E}, being the graphic of «, is called a fuzzy parameterized fuzzy soft set (fpfs-set)
parameterized via E over U (or briefly over U).

Moreover, the set of all the fpfs-sets parameterized via E over U is denoted by FPFSg(U).

Definition 2. [23] Let a € FPFSg(U). Then, [a;;] is called fpfs-matrix of « and is defined by

Qo1 Qo2 Qo3 -+ Qon

ai1 A1z 413 . Qip
lag] = |

AGn1 Am2 A4m3 - Amn

such that for i € {0,1,2,---}and j € {1,2,--- },

u(x), =0
(”("J)x ) (up)), i#0

al-j:

Here, if |[U| =m —1 and |E| = n, then [aij] has order m x n. Moreover, the set of all the fpfs-matrices
parameterized via E over U is denoted by FPFSg[U].

Definition 3. Let u, v € R™. Then, the function P: R™ x R"™ — [—1,1] defined by
HZ? 1 UiV — (Z 1%)(21 1171)
2
\/[nzl 1ul - u) ][nzl lvl - (Z?=1vi) ]

Definition 4. [25] Let Dq;, With my X n and Gy, x4 be a training matrix and the class column vector of

Dirain- Then, fw is called the feature weight vector based on the Pearson correlation coefficient of D;,.,;, and
is denoted by

leJ |P(Dtraln —j , jeL,=1{1,2,3,-,n}
Definition 5. Let u € R™. Then, the vector @i € R" defined by

u; — min{u
( i kEIn{ k}

. ,  max{u,} # min{u,}
s~ - kel KEL
f; = r,pea;g{uk} g{rglg{uk} €ly n

1 max{u,} = min{u
’ keln{ 3 keln{ 3

is called normalizing vector of u.
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Definition 6. Let u € R™. Then, the standard deviation of u is defined by

n 1 n
ol - u;
std(u) ::\/ l_l( P n&ist l)

n—1

mxn

Definition 7. [25] Let D = [dif]mx(n+1) be a data matrix, i € I, and j € I,. Then, the matrix D = [d;;]
defined by

( dij — min{dkj}

max{dkj} * mln{dkj}

dij = kme?x{dkj} mm{dk]} k€
1, kme:;lx{dk]} mm{dk]}

is called column normalized matrix (feature-fuzzification matrix) of D.
Definition 8. [25] Let (D¢rqin)m, xn D€ @ training matrix obtained from D = [dif]mx(n+1)' Then, the matrix

5train = [dij—train]mlxn defined by

dij—train - min{dkj}

max{dkj} * Iznln{dk]}

dij-tran = { max{dij} = mm{dk,} K€l €l i €Iy, andj €I,
1, kme?x{dkj} mln{dk]}

is called column normalized matrix (feature-fuzzification matrix) of D;;qin.
Definition 9. [25] Let (D¢est)m,xn b€ @ training matrix obtained from D = [dif]mx(n+1)' Then, the matrix

D’test = [&ij_teSt]mzxn defined by

dij—test - min{dkj}

maxidy,;t # m1n d
dij—test = kme?x{dkj} mln{dk,} k€l (i) { kj} i€lpn,andj €I,

1, kmez;lx{dk]} mm{dkj}

is called column normalized matrix (feature-fuzzification matrix) of Do

Definition 10. [25] Let [aij]mxn, [bij]mxn € FPFSg[U] and p € Z*. Then, the mapping sk : FPFS;[U] x
FPFS;[U] - R defined by

| =

m-—1

n
su(lai], [by]) = Z|a01‘aij = bojby|”

i=1 j=1

p

is a pseudo-similarity over FPFS;[U] and is called Minkowski pseudo-similarity. Here, s3; is referred to as
Hamming pseudo-similarity and is denoted by s;. Moreover, s is referred to as Euclidean pseudo-similarity
and is denoted by sg.
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Definition 11. [25] Let [aif]mxn' [bii]mxn € FPFSg[U] and p € Z*. Then, the mapping sh.: FPFSg[U] x

FPFS;[U] - R defined by
1

m—1 P
1
shs(laij] [bij]) = 1 - m(z rjrg;‘fﬂaojaij - bOjbiJ"p})
i=1

is a pseudo-similarity over FPFS;[U] and is called p-Hausdorff pseudo-similarity. Here, s} is referred to as
Hausdorff pseudo-similarity and is denoted by sy;.

Definition 12. [25] Let [aij]mxn, [bij]mxn € FPFSg[U]. Then, the mapping sc: FPFS;[U] x FPFS;[U] —
R defined by
se(las) [by]) = 1= max {max{laoa; — bosbyl}}

i€ELp—q1 LJEIL

is a pseudo-similarity over FPFSg[U] and is called Chebyshev pseudo-similarity.
4. Method

This study

» diagnoses COVID-19 by employing the classification method mFPFS-CMC,
» calculates the follow-up treatment priority of individuals with COVID-19 by risk scores,
» computes COVID-19 vaccination priority scores.

4.1. Safety

This study does not include vertebrate animals, potentially hazardous biological agents (microorganisms,
rDNA, and tissues, including blood and blood products), and hazardous substances and devices.

The survey studies provided herein do not require any personal data while gathering information about
individuals’ views about the vaccination process, and their criteria points. By not recording any name, gender,
or e-mail address, the respective patient is anonymized. Thus, it stores the received data anonymously so that
they cannot be associated with real people.

All the participants have explicit consent to the following to be used for academic reasons:

» participants’ views on vaccination priority planning

» their information about their systemic disease, age, and occupation

» whether they live in the immediate vicinity

» presence of their COVID-19 history

» the population of their current province and district

» their transportation preferences

Participants are aware of the potential risks of the study:

» an outside source may be tampered when using the internet for collecting information.

» there is always a possibility of hacking or other security breaches that could threaten the confidentiality
of their responses while the confidentiality of participants’ responses will be protected once the data are
downloaded from the internet.

The surveys declare that the participants are free not to answer any questions. All the responses are deleted
from the online survey. No personal or electronic identifier is kept. The data file is stored on a password-
protected computer.
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4.2. Experimentation

4.2.1. Diagnosis of COVID-19

This subsection presents a classification algorithm to diagnose COVID-19.

FPFS-CMC: FPFS-CMC firstly utilizes the Pearson correlation coefficient between each column,
corresponding to parameters, and the last column, manifesting the class labels, in the considered dataset to
calculate feature weights based on the impact of parameters on classification. Then, using feature fuzzification
of the training and testing samples and feature weights, it creates two fpfs-matrices: a training fpfs-matrix and
a testing fpfs-matrix. It then creates a comparison matrix based on the pseudo-similarities between the training
and testing fpfs-matrices. After that, it calculates the standard deviation of each column of the comparison
matrix to produce the parameter weights and then merges the parameter weights and the matrix to generate the
comparison fpfs-matrix. The ideal training sample is obtained by applying the soft decision-making (SDM)
method SMBRO1 on the comparison fpfs-matrix. Finally, the testing sample is given the class label of the
optimum training sample. The same procedures are applied for all the test samples. However, FPFS-CMC has
a disadvantage in terms of running time compared to the aforesaid classifiers herein. To overcome this
drawback, this study modifies FPFS-CMC by employing the SDM method EMK19 [26,27] instead of sMBRO1
[28]. Thus, the modified FPFS-CMC (mFPFS-CMC) produces a running time advantage of up to 70% over
FPFS-CMC. The pseudocode of mFPFS-CMC is as follows:

Algorithm 1. Pseudocode of mFPFS-CMC

InpUt: (Dtrain)mlxnv Cm1><1| and (Dtest)mzxn
Output: Ty, »q

1 procedure mFPFS-CMC(D¢yqins C) Diest)

2 Compute fw using Dgpqin and C

3 Compute feature fuzzification of Dyyq, and Dyse, Namely Dyyqin and Deege
4 for i from 1 to m, do

5: Compute the training fpfs-matrix [a;;] using fw and Dj_¢rqin
6 for j from 1 to m,; do

7 Compute the testing fpfs-matrix [b;;] using fw and D;_¢es¢
8 Fin < su([ay], [bis])

9 Fio < sc([ay] [b])

10: Fis < sg([ay]. [by])

1L Fia < sus([aij] [bi])

12: Fis < siu([aij]. [bij])

13: end for

14: for j from 1 to 5do

15: sdj « std(Ej)

16: end for

17: e Sd

18: Compute comparison fpfs-matrix [gij] using pw and F

19: [[sk], [dmy1], [opia]] « EMK19([g;;])

20 ty < Clopi1, 1)

21: end for

22;  return Ty, .

23: end procedure
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SDM Methods: The related literature offers many SDM methods operating fpfs-matrices [23,29-34]. The
SDM methods employ single, double, or multiple fpfs-matrix/matrices. In FPFS-CMC, sMBRO01 working with
a single fpfs-matrix is used. Another SDM method EMK19, employing a single fpfs-matrix, provides the best
advantage in running time of FPFS-CMC over the others. For this reason, this study has chosen EMK19 to
modify FPFS-CMC.

Real-Life Interpretation: This study firstly applies FPFS-CMC to the datasets Symptoms and COVID
Presence (May 2020 data) [19], Covid-19 Symptoms [20], and Brazilian Covid Symptomatic Patients Data
[21] provided in Kaggle Data Repository utilizing MATLAB R2021b software and a laptop with I(R)
Core(TM) i5-10210U CPU @ 1.60GHz 2.11 GHz and 8.00 GB. Moreover, it compares them with KNN, Fuzzy
kNN, and SVM. In the simulation process, to split the datasets as training and testing, 5-fold cross-validation
is used (for more details about k-fold cross-validation, see [35-37]). The simulation results in Table 1 show
that FPFS-CMC can be successfully applied to diagnose COVID-19. However, the results also manifest that
the classifier has a running time disadvantage. To overcome this difficulty, this study employs the SDM
method EMK19 instead of SMBROL1 used in a step of the classifier FPFS-CMC. Here, FPFS-CMC with
EMK19 is denoted by mFPFS-CMC.

Table 1. Simulation results of the classifiers for the considered dataset

Fg?;?:ﬁ?e’s Classifiers Acc+SD Sen+SD Spe+SD F1+SD RT +SD
kNN 96.8273+0.0044 83.7574F0.0220 99.9566+0.0010 91.0564+0.0134 1.7714%0.6284
Fuzzy kNN 96.8237+0.0042 83.6718+0.0211 99.9772+0.0005 91.0489+0.0129 0.5669+0.2851
SVM 96.7667+0.0046 85.8218+0.0388 99.3908+0.0081 91.1028+0.0138 0.8290+0.5427
FPFS-CMC 96.8182+0.0041 83.6434F0.0207 99.9772+0.0005 91.0326F0.0127 964.4258+122.9805
mFPFS-CMC  96.8182F0.0041 83.6434+0.0207 99.9772F0.0005 91.0326+0.0127  286.2255+40.8747
kNN 84.8850+0.0351 96.9331+0.0312 30.0278+0.1534 91.3102+0.0203 0.0460+0.0060
Fuzzy kNN 84.7990+0.0296 95.5320+0.0368 35.8611+0.1578 91.134940.0181 0.0009+0.0004
SVM 86.8589+0.0366 95.9630+0.0318 45.3333+0.1828 92.2945+0.0212 0.0214+0.0045
FPFS-CMC 87.3923F0.0314 94.9915F0.0370 52.6944+0.1460 92.4903+0.0195 0.2757+0.0159
mFPFS-CMC  87.0406+0.0318 94.9915+0.0370 50.7222+0.1589 92.3014+0.0195 0.2902+0.0223
kNN 96.1174+0.0081 92.1834F0.0215 98.0516+0.0064 93.9858+0.0129 0.5669+0.0101
Fuzzy kNN 96.5564+0.0070 94.1915+0.0187 97.7187+0.0065 94.7402+0.0110 0.1055+0.0018
SVM 86.5061+0.0116 71.7255+0.0247 93.7736+0.0103 77.7876+0.0200 0.2278+0.0184
FPFS-CMC 96.4052+0.0071 94.475740.0189 97.3536+0.0081 94.5396+0.0110  130.4978+0.1860
mFPFS-CMC  96.4052+0.0071 94.4757+0.0189 97.3536+0.0081 94.5396+0.0110 50.4621%0.2595

Acc, Sen, Spe, and F1 and their standard deviations (SD) are presented in percentage. Running time and its SD are presented in seconds.

In medical diagnosis, accuracy, sensitivity, specificity, and F1-score are vital and expected to occur close
to 100%. According to the results in Table 1, although mFPFS-CMC'’s result of sensitivity for the dataset in
[19] and the results of accuracy and specificity for the dataset in [20] are less than 90%, its other results are
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above 90%. As seen in Table 2, since the considered datasets are imbalanced, some results are lower than 90%.
Moreover, O((m — 1)?n) and 0((m — 1)nt) represent the computational complexities of sMBRO1 and
EMK109, respectively, such that m — 1, n, and t denote the number of samples, the number of attributes, and
the number of matrices, respectively. Here, since mFPFS-CMC utilizes one matrix, t = 1. Because the
computational complexity of SMBROL1 is higher than the computational complexity of EMK19, mFPFS-CMC
has a running time advantage of up to 70% over FPFS-CMC. To this end, improving mFPFS-CMC is worth
studying. Consequently, mFPFS-CMC is reliable and practical in medical diagnosis.

Table 2. Details of the considered datasets (# represents “the number of”)

No. Reference Sample# Attribute# Class# ClassLabels Samples’ Distribution  Balanced/Imbalanced

1051 (No)
[19] 5434 20 2 No and Yes 4383 (Yes) Imbalanced
214 (0)
[20] 227 8ill 2 Oand 1 13 (1) Imbalanced
916 (0)
[21] 2779 10 2 O0and1 1863 (1) Imbalanced

Here, the mathematical notations of the performance metrics, namely accuracy (acc), sensitivity (sen),
specificity (spe), and F1-score (F1) [38,39], are as follows: Let Dipgr = {X1, %2, X}, T = {T1, Ty, -+, Ty},
T'={T/,T;,---, T}, and I, := {1, 2, 3,---,n} be the set of n samples to be classified, the set of ground truth
classes of the samples, the set of prediction class of the samples, and an index set, respectively. Then,

) TP+TN
Accuracy(T,T') = TP+TN + FP + FN

TP

S itivi T, )= —
ensitivity (T, T") TP FN

TN

Specificity (T, T') = TN FP

2TP

F1 —Score(T,T) = oo o T FN

where TP, TN, FP, and FN are the number of true positive, true negative, false positive, and false negative,
respectively, and their mathematical notations are as follows:

TP = |{x; : 1€T, N1 E Ty, k €I,}|

TN :=|{x} : 0 €T, AO € Ty, k € I}

FP:=|{x; : 0€T A1 E Ty k€L}|

FN:=|{x:1 €T, A0 €Ty k€l,}|
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Furthermore, Table 3 shows the mean values TP, FN, TN, and FP for each fold of cross-validation
obtained in ten runs by classifiers for the considered datasets.

Table 3. Mean of TP, FN, TN, and FP values obtained in ten runs

[19] [20] [21]
k-fold TP FN TN FP TP FN TN FP TP FN TN FP
Fold 1 1769 331 8753 0.7 363 07 17 63 1695 135 3649 7.1
Fold 2 1787 323 8758 02 37 1 23 57 1697 143 3654 6.6
% Fold 3 1757 343 8766 04 358 12 35 55 1681 149 3658 7.2
Fold 4 1737 363 8768 02 355 15 24 56 1674 156 3645 8.5
Fold 5 1753 347 8766 04 357 13 25 55 1697 133 366.1 6.9
Fold 1 1765 335 8759 01 358 12 21 59 1734 9.6 363.4 8.6
= Fold 2 1785 325 8758 02 367 13 27 53 1744 9.6 363.1 8.9
zZ
_% Fold 3 1755 345 8766 04 348 22 41 49 1718 112 3644 8.6
c Fold 4 1735 365 8768 02 352 18 33 47 1708 122 3643 8.7
Fold 5 1754 346 8769 01 352 18 26 54 1724 106 3653 7.7
Fold 1 1813 287 8704 56 355 15 3 5 1326 504  349.7 223
Fold 2 1837 273 8704 56 368 12 42 338 131 53 348.7 233
5 Fold 3 1795 305 8719 51 352 18 51 39 1301 529 3523 207
Fold 4 1785 315 8707 63 356 14 32 48 1323 507 3469 26.1
Fold 5 179 31 8729 41 354 16 32 438 131 52 3494 236
Fold 1 1765 335 8759 01 355 15 37 43 1739 9.1 361.2 108
1) Fold 2 1782 328 8758 02 367 13 45 35 1743 9.7 362.4 9.6
é Fold 3 1755 345 8766 04 345 25 56 34 1725 105 3631 9.9
i Fold 4 1735 365 8768 02 351 19 41 39 1714 116 364 9
Fold 5 1754 346 8769 01 349 21 38 42 1733 9.7 363 10
Fold 1 1765 335 8759 01 355 15 34 46 1739 9.1 361.2 108
LE) Fold 2 1782 328 8758 02 367 13 42 38 1743 9.7 362.4 9.6
§ Fold 3 1755 345 8766 04 345 25 55 35 1725 105 3631 9.9
o
UE- Fold 4 1735 365 8768 02 351 19 39 41 1714 116 364 9

Fold 5 1754 346 8769 01 349 21 39 41 1733 9.7 363 10
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4.2.2. Follow-Up Treatment Priority in COVID-19 Patients

This subsection proposes a treatment priority algorithm to utilize in follow-up treatment priority in COVID-
19 patients.

Risk Scores: This study calculates risk scores for age and the aforesaid comorbidities by using the
following functions:

Age: The odds ratios of individuals’ ages provided in [14,17] show that the age criterion affects the death
rates caused by COVID-19. Therefore, this study considers the death rates of COVID-19 patients per 100,000
people in the last 7 days by age group in Table 4 provided in [15]. It then determines a priority score for
individuals according to their ages. Hence, the age risk score function f, is as follows:

fA P - [0,1]
x = falx) = x(x, )

such that y(x,i) = the value corresponding to i*" age range that x belongs in. Here, A = {x,x,,
X3,X4, X5, Xe} 1S @ Set of age ranges such that x; = “0-14”, x, = “15-24”, x3 = “25-49”, x4 = “50-64”, x5 =
“65-79”, and x4 = “>80” and P is a set of patents. To illustrate, if a patient x belongs in the age range 15-24,
then the priority score f,(x) = x(x,2) = 0.0013.

Table 4. Normalized death rates according to age range

Age Ranges

The scores are obtained by normalizing and merging the ranges < 2, 2-4, and 5-14 as 0-14.

0.0100 0.1037

Hypertension: In Turkiye, approximately 80% of hypertension patients have primary hypertension and
the remaining 20% have secondary hypertension [40]. Therefore, this study considers the basic risk scores 0.8
and 0.2 for primary and secondary hypertensions, respectively. Moreover, it adds the effect of transmitting
factors to basic risk scores, i.e., excessive alcohol intake, smoking, sedentary life, polysystem, non-steroidal
anti-inflammatories, and low potassium intake. Hence, the hypertension risk score function is as follows:

fu:P —[01]

6
1
0.8+ %Z x(@), x has primary hypertension
x > fy) = B

1
0.2 + %Z x(), x has secondary hypertension
i=1

. 1, x has h;
such that y (i) = {o x has notlhi

hy = “excessive alcohol intake”, h, = “smoking”, hz = “sedentary life”, hy, = “polysystem”, hs = “non-
steroidal anti-inflammatories”, and hg = “low potassium intake” and P is a set of patients. To illustrate, if the
patient x has primary hypertension and three transmitting factors hq, h,, and hg, then the hypertension risk

score of x is f;; (x) = 0.8 +3—10(1+1+0+0+0+1) =09,

.Here, H = {hy, h,, h3, hy, hs, hg}is a set of transmitting factors such that

Cardiovascular Diseases: In Turkiye, the mortality rate because of cardiovascular disease is 42% [41].
Therefore, this study calculates the cardiovascular risk score by using the rate 42% and interactive risk score
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R(x), obtained by the interactive form provided in [42,43]. Hence, the cardiovascular risk score function is as
follows:

fer + P = [0,1]
x = for(x) = {0-42 + R(x), R(x) < 0.58 doesn’t have cardiovascular disease
“ - 1, otherwise

Here, P is a set of patients.

Cancer: This study determines cancer risk scores by using Table 5 provided as cited in [44, 45]. Hence,
the cancer risk score function is as follows:

fc: P - [01]
x —>fc(x)=1—)((x,i,j)

such that y(x,i,j) = the 5 — year lifetimes rate of i*" cancer type and j*" stage that x has. Here,
C = {x1, x5, x3, X4, X5, X6, X7} IS @ set of cancer types such that x; = “breast cancer”, x, = “colorectal cancer”,
x3 = “non-Hodgkin lymphoma cancer”, x, = “lungcancer”, x5=  ‘“testicular cancer”, x¢ =
“bladder cancer”, and x, = “uterine cancer ”, S = {sy, S5, 3} is a set of stages such that s; = “early”, s, =
“local forward”, and s; = “metastatic”, and P is a set of patients. To illustrate, if a patient x has lung cancer
in the metastatic stage, then the cancer risk score f-(x) =1 — x(x,4,3) = 1 — 0.04 = 0.96.

Table 5. Five-year lifetime rates for different cancer types and stages [as cited in 44]

Cancer Types/Stages Local Forward Metastatic

Chronic Kidney Failure: This study determines chronic kidney failure risk scores by using the stage
number of the disease in Table 6 provided in [46]. Hence, the chronic kidney failure risk score function is as
follows:

fon t P~ [01]
S
X o o) = 2

such that S(x) is the stage of the disease shown in Table 6. Here, P is a set of patients. To illustrate, if the
patient is in the third stage, then his/her chronic kidney failure risk score is % = 0.6.
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Table 6. Stages of chronic kidney failure [46]

Glomerular -
Stage Filtration Rate Description Treatment Stage
Normal kidney function but urine findings or structural .
ol abnormalities or genetic trait point to kidney disease OIBSEREITR, BOT 8T e [EsElre
Mildly reduced kidney function, and other findings (as for stage 1) Observation, control of blood pressure
2 60-89 - " - .
point to kidney disease and risk factor
3 30-59 Moderately reduced kidney function ol et lie i B ot e
and risk factor
15-29 Severely reduced kidney function Planning for end-stage renal failure

<15 or Very severe or end-stage Kidney failure (sometimes call established

o . Treatment choices
on dialysis  renal failure)

-

Diabetes: This study determines diabetes risk scores by using the group number of the disease G (x) in
Table 7 provided in [47]. Moreover, it considers whether the individual has a cardiovascular disease because
cardiovascular diseases significantly increase the risk of diabetes [48]. Hence, the diabetes risk score function
is as follows:

fp: P - [01]
9—-G(x
X = fp(x) = T() + 0.2 x(x)
such that
(x) = {1, x has a cardiovascular disease
X% =10, otherwise

To illustrate, if the patient is in the second group and he/she has a cardiovascular disease, then his/her diabetes
risk score is % + 0.2 =0.9.

Table 7. Types of diabetes [47]

Description

Classic type-1 diabetes, a severe immune system disease
A type of diabetes caused by severe insulin deficiency
Severe insulin resistance

A type of diabetes caused by obesity

Moderate diabetes

COVID-19 Death Correlation Score: This study calculates the death correlation score, for the aforesaid
comorbidities, using mean death rates in Table 8. Moreover, the death correlation score for age criterion is
obtained to be 0.26 by the mean of values in Table 4. The death rates of the patients with comorbidities who
died from COVID-19 are obtained from [11,12,18,49].
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Table 8. COVID-19-induced death rates of the patients with comorbidities

Chenetal, 2020 Coktas, 2020 Erol, 2020 Zhou et al., 2020

N\A: Not Available

Calculation of risk score: This study computes the total risk score of a patient with COVID-19 via age
and comorbidities risk scores with the death correlation scores corresponding to each risk score. Hence, the
treatment priority score function is as follows:

fres: P~ [0,1]
1
x - frps(x) = T(fA(@ﬁ + fu(Ory + for 013 + fe ()18 + fen (715 + fp (X0)76)
i=1Ti
Here, MDR = {r,,1,,15,1,,75,76} IS @ Set of the mean death rates in Table 7 such that r; = 0.26, r, = 0.60,
r3 = 0.67, 1, = 0.45, r; = 0.97, and rs = 0.60 and P is a set of patients. To illustrate, if the risk scores of a

patient x are f,(x) = 0.65, fy(x) = 0.4, f-(x) = 0.52, fc(x) = 0.34, fcr(x) = 0.18, and fp(x) = 0, then
the treatment priority score of x is as follows:

0.65-0.26 + 0.4+ 0.60 + 0.52- 0.67 + 0.34 - 0.45 + 0.18-0.97 + 0+ 0.60 _ 1.085
0.26 + 0.60 + 0.67 + 0.45 + 0.97 + 0.60 ~ 3.55

A Hypothetical Scenario: This study considers scores provided in Table 9 for ten patients to illustrate
the aforesaid treatment priority score function’s performance and performance of the SDM method YE12
employing a single matrix [50,51]. Let P = {x4, x5, X3, X4, X5, X6, X7, Xg, X9, X10} D€ a set of patients and E =
{e1, e, 3,64, €5, €6} be a set of parameters such that e; = “age”, e, = “hypertension”, e; = “cardiovascular
diseases”, e, = “cancer”, es = “chronic kidney failure”, and e, = “diabetes”. Here, the weights of parameters
arer; = 0.26,, = 0.60, 13 = 0.67, 1, = 0.45, 15 = 0.97, and r, = 0.60, respectively. Then, the fpfs-matrix
[aif]nxs constructed by these weights and the data in Table 9 is as follows:

= 0.3056

fTPs(x) =

r 026 060 067 045 097  0.60
0.0130 084 054 039 06 0.7
0.4552 026 072 073 02 03
0.0100 090 0.64 066 04 09
0.0130  0.87 1 026 06 04
[a;j] =] 1 093 048 087 02 0
0.1037 027 082 096 08 03
0.0130 035 074 038 08 0.6
0.4552 036 042 083 02 04
0.0013 024 060 066 04 08
L0.0013 034 080 001 04 0.1
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Then, this study applies the SDM method YE12 to [al- j]. Thus, the decision set, score matrix, and ranking
order produced by YE12, respectively, are as follows:

0.5765 0.4111 0.6187 0.6012 0.4859 0.5990 0.5679 0.4009 0.4821 0.3360
{ X1, X2, X3, X4, X5, X6 X7, Xg, X9, xlO}

[sin] =[0.5765 0.4111 0.6187 0.6012 0.4859 0.5990 0.5679 0.4009 0.4821 0.3360]7
and
X10 < Xg < Xy < Xg < X5 < X7 < X1 < Xg < Xg < X3
Here,

0.0130-0.26 + 0.87-0.60 + 1-0.67 + 0.26 - 0.45+ 0.6 - 0.97 + 0.4- 0.60  2.1344
0.26 + 0.60 + 0.67 + 0.45 + 0.97 + 0.60 ~ 355

=0.6012

Sa1 = fres(x4) =

Table 9. Priority scores for 10 individuals

Individuals / Hypertension Cardiovascular Cancer Chronic Kidney

Diseases Failure Diabetes

Criteria

X1 0.0130 0.84 0.54 0.39 0.6 0.7
X3 0.4552 0.26 0.72 0.73 0.2 0.3
X3 0.0100 0.90 0.64 0.66 0.4 0.9
X4 0.0130 0.87 1 0.26 0.6 0.4
Xs 1 0.93 0.48 0.87 0.2 0
X 0.1037 0.27 0.82 0.96 0.8 0.3
X7 0.0130 0.35 0.74 0.38 0.8 0.6
Xg 0.4552 0.36 0.42 0.83 0.2 0.4
Xo 0.0013 0.24 0.60 0.66 0.4 0.8
X10 0.0013 0.34 0.80 0.01 0.4 0.1

4.2.3. Vaccination Priority Planning

This subsection proposes a vaccine priority algorithm to employ in a possible vaccine crisis and for the
planning of booster doses.

Survey Criteria Scores: This study applies an online form, conducted through Google Forms, to 200
people to gain insight into people’s understanding of the importance of the aforesaid seven criteria in
vaccination priority and planning. This survey asks participants to rank the seven criteria from least to most
important and calculates survey criterion points by arithmetic average. For the survey’s safety, see Section 4.1.
the means of values determined by 200 participants for the aforesaid seven criteria, i.e., systemic disease, age,
presence of risk group individuals in the immediate vicinity, presence of COVID-19 history, province-district,
transportation preference, and occupation, provided in Table 10 are denoted by S¢4, Sa, Siv, Scu, Sep, Stp,
and Sy, respectively.



Journal of New Theory 39 (2022) 54-83 / Diagnosing COVID-19, Prioritizing Treatment, and Planning ... 69

Table 10. Survey results

Abbreviations Survey Criteria Mean Values Normalized Mean Values

-Systemlc disease Ssq = 3.0825 NSgq =1

- S, = 2.805 NS, = 0.9100
- Presence of risk group individuals in the immediate vicinity Sy = 3.0575 NSy = 0.9919
-Presence of COVID-19 history Scy = 2.705 NS¢y = 0.8775
nProvmce -district Spp = 1.765 NSpp = 0.5726
-Transportatlon preference Srp =227 NSrp = 0.7364
—Occupatlon So = 2.2725 NS, =0.7372

Individual Priority Scores: This study details the aforesaid seven criteria to make a more individual-
specific vaccination planning and assigns a score to each criterion.

Systemic Disease: Scientific studies observe that cases of COVID-19 with systemic diseases have a higher
death rate than cases without systemic diseases. Therefore, this study considers mean percentage values of
mortality rates in Table 11 provided in [11,12,18,49]. Moreover, it determines a priority score for individuals
with systemic disease. Hence, the systemic disease priority score function fs, is as follows:

de - [0,1] N
x,i), it" systemic disease that x has
x5 fralo) = K0 T2 e th
0, x has no systemic disease

such that y(x,i) = the value corresponding to i" systemic disease that x has. Here, Sd =
{x1,%2,%3,x4,%5,x5} IS a set of systemic diseases such that x; = “kidney failure (dialysis)”, x, =
“chronic lung disease”, x3 = “cardiovascular disease”, x, = “diabetes”, x5 = “cancer”, and xg = “no” and [
is a set of individuals. To illustrate, if an individual x has diabetes, then the systemic disease priority score
fsa(x) = x(x,5) = 0.60.

Table 11. Systemic diseases and the respective vaccination scores

Systemic Diseases

Chronic lung disease
Cardiovascular diseases

Chronic Kidney failure
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Age: This study considers the number of new COVID-19 patients per 100,000 people in the last 7 days
by age group in Table 12 provided in [15]. It then determines a priority score for individuals according to their
ages. Hence, the age priority score function f; is as follows:

fA 1 - [0,1]
x = falx) = x(x, 1)

such  that  x(x,i) = the value corresponding to i*" age range that x belongs. Here, A=
{x1, x5, x3, x4, X5, X6} IS @ Set Of age ranges such that x; = “0-14”, x, = “15-24”, x5 = “25-49”, x, = “50-64",
X5 = “65-79”, and xg = “>80” and I is a set of individuals. To illustrate, if an individual x belongs in the age
range 15-24, then the age priority score f,(x) = y(x,2) = 0.8.

Table 12. Normalized case distribution according to age range

Age Ranges

Scores 0.39 0.80 1.00 0.92 0.85 0.76

The scores are obtained by normalizing and merging the ranges < 2, 2-4, and 5-14 as 0-14.

Presence of risk group individuals in the immediate vicinity: This study assigns priority scores in Table
13 according to immediate vicinity levels of individuals that live in the same house. Hence, it sets a priority
score for individuals that live in the same house. Hence, the immediate vicinity priority score function f;, is
as follows:

fIV - [011]
_(x(x,D), i immediate vicinity type that x lives with
x = fiy(x) = . , . . e s
0, x does not live with any immediate vicinities

such that y(x, i) = the value corresponding to it" immediate vicinity type that x lives in. Here, IV =
{x1,x,,x3,x,} is a set of immediate vicinities such that x; = “with chronic elderly patients”, x, = “with
chronic young patients”, x3 = “with elders”, and x, = “with more than ten non-risky individuals” and I is a
set of individuals. To illustrate, if an individual x lives with elders, then the immediate vicinity priority score

fiv(x) = x(x,3) = 0.4.

Table 13. Vicinity and risk relation

Immediate Vicinities Scores

Presence of COVID-19 History: How severely an individual with a history of COVID-19 presents
symptoms is related to vaccination priority. This study determines priority scores in Table 14 according to
their COVID-19 histories. Thus, the COVID-19 histories priority score function f,j is as follows:

feu : 1 — [0,1]
x = fon(x) = x(x,0)
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such that y(x,i) = the value corresponding to i*" COVID — 19 history type that x has. Here, CH =
{x1, x5, x3, x4, x5} 15 @ set of COVID-19 history types such that x; = “patient with COVID-19 hospitalized in
intensive care”, x, = “individual who have not had COVID-19”, x3 = “patient with moderate symptoms with
COVID-19”, x, = “patient with mild symptoms of COVID-19”, and x5 = “patient with COVID-19 who did
not show any symptoms” and I is a set of individuals. To illustrate, if an individual x has not contracted
COVID-19, then the COVID-19 history priority score fry(x) = x(x,2) = 0.6.

Table 14. COVID-19 history and risk relation

COVID-19 History Scores

Patient with COVID-19 hospitalized in intensive care 0.8

Province-District: It is observed that COVID-19 cases increase in direct proportion to the region and the
population of the region. Therefore, this study produces priority scores in Table 15 based on two criteria:
province and district. Thereby, the province-district priority score function fpp is as follows:

feo + 1~ [0,1]
x = fpp(x) = x(x,i,j)

such that y(x,i,j) = the value corresponding to it" and j*" population ranges ofthe province and
district where x lives. Here, P = {x1, X, X3, X4, X5} IS a set of provinces’ population ranges such that x; =
“< 1087, x, = “10% —3-10%”, x3 = “3-10° - 5-10°", x, = “5-10% — 7 - 10%”, and x5 = “> 7 - 10°”,
D = {d,,d,,d3,d,,ds} is a set of districts’ population ranges such that d; = “10* — 105", d, = “10° — 2 -
1057, dg =“2+10° —3-10%,d, =“3-10° — 4-10°", and dg = “> 4 - 105", and I is a set of individuals.
To illustrate, if an individual x lives in a province and district with the populations 4 - 106 and 2.5 - 105,
respectively, then the province-district priority score fpp(x) = x(x,3,3) = 0.64.

Table 15. Province-district and risk relation

Province/District 10% — 10° 105 —2-10° 2-10°—-3-10° 3:10°—4-10° >4-10°

0.48

0.58

0.68

0.78

0.88
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Transportation Preferences: The transportation preferences of individuals affect the number of COVID-
19 cases. Therefore, this study sets a score in Table 16 for each possible transportation preference. Thereafter,
the transportation preference priority score function f;p is as follows:

fre : 1 = [0,1]
x = frp(x) = x(x,0)

such that y(x,i) = the value corresponding to i*" transporting type that x prefers. Here, TP =
{x1, x5, x3, x4, x5} is a set of transporting types such that x; = “using public transport 4+ per day”, x, = “using
public transport 4 times a day”, x3 = “using public transport 2 times a day”, x, = “travelling by private
vehicle”, and x5 = “not travelling” and I is a set of individuals. To illustrate, if an individual x travels by
her/his own private vehicle, then the transportation preference priority score frp(x) = y(x,4) = 0.2.

Table 16. Transportation preferences and risk relation

Transportation Preferences Scores

Using public transport 4+ per day
Using public transport 4 times a day

Using public transport 2 times a day
Using private vehicle
Not Travelling

Occupations: This study considers priority scores corresponding to the classification of occupations in
Table 17 provided in [16]. Therefore, the occupation priority score function f, is as follows:

fo: 1 —[01]
x = fo(x) = x(x,1)

such that y(x,i) = the value corresponding to it" occupation that x has. Here, 0 = {x,x,x3,
X4, X5, X6, X7,Xg, X} IS @ Set of occupations such that x; = “health workers”, x, = “nursing homes and
protection homes”, x3 = “Ministry of National Defense, Ministry of Interior, individuals in strategic
positions”, x, = “municipal police, private security personal, Ministry of Justice, correctional facilities”, x5 =
“education sector (teachers and faculty), food sector workers and bakeries, caterers, food and beverage
processing plans, etc. registered with the Social Security Institution, transportation sector, workers registered
with the Social Security Institution”, x4 = “workers in mass, crowded areas”, x, = “businesses with less than
ten employees”, xg = “other/home-office”, and xo = “unemployed” and I is a set of individuals. To illustrate,
if an individual x is a teacher, then the occupation priority score f,(x) = x(x,5) = 0.5.
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Table 17. Vaccination group ranking

Occupations Scores

Health Workers

Nursing homes and Protection homes 0.8

Al, A2, A3 Ministry of National Defense, Ministry of Interior, Individuals in Strategic Positions 0.7
A4, A5, A6 Municipal Police, Private Security Personal, Ministry of Justice, Correctional Facilities 0.6

Education Sector (Teachers and Faculty), Food Sector Workers and Bakeries, Caterers,
A7, A8, A9 Food and Beverage Processing Plans, etc. registered with the Social Security Institution, 0.5
Transportation Sector, Workers registered with the Social Security Institution

Workers in mass, crowded areas 0.4
Businesses with less than ten employees 0.3
Other/ Home-office 0.2

The scores were assigned based on how crowded individuals’ workspace is.

Calculation of Vaccination Priority Score: This study calculates the vaccination priority scores via the
aforesaid scores in this subsection. Hence, the vaccination priority score function is as follows:

fves : 1 = [01]

NSsqfsa(x) + NSafa(x) + NSy frv (x) + NScy fer (x) + NSppfpp (x) + NSypfrp(x) + NSofo(x)

x = frps(x) =

Here, I is a set of individuals. To illustrate, if the total risk scores of an individual x are fs;(x) = 0.82, f4(x) =
0.92, fiy(x) = 0.4, fry(x) = 0.5, fpp(x) = 0.4, frp(x) =0, and f,(x) = 0.2, then the vaccination priority
score is as follows:

1-0.82 4+ 0.9100-0.92 + 0.9919 - 0.4 + 0.8775- 0.5 + 0.5726 - 0.4 + 0.7364 - 0 + 0.7372 - 0.2

fops () = 1+ 0.9100 + 0.9919 + 0.8775 + 0.5726 + 0.7364 + 0.7372 = 04925

A Hypothetical Scenario: This study considers scores provided in Table 18 for ten individuals to
illustrate the performances of the aforesaid vaccination priority score function and the SDM method YE12.
Let I = {xq,x,, X3, X4, X5, X6, X7, Xg, Xg, X109} D€ a set of individuals and E = {e,, e,, €3, e4, €5, €4, €} be a set
of parameters such that e; = “systemic disease”, e, = “age”, e; = “presence of risk group individuals in the
immediate vicinity”, e, = “presence of COVID-19 history”, es = “province-district”, e, = “transportation
preference”, and e, = “occupation”. Here, the weights of the parameters are Sg; = 1, S, = 0.9100, S;, =
0.9919, Scy = 0.8775, Spp = 0.5726, Srp = 0.7364, and S, = 0.7372. Then, the fpfs-matrix [aii]nxe

constructed by these weights and the data in Table 18 is as follows:
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-1 09100 09919 0.8775 0.5726 0.7364  0.7372]
0.97  0.80 0.4 0.6 0.68 0.6 0.8
0.45 1 0.2 0.8 0.52 0.4 0.6
0.60  0.39 0.2 0.5 0.54 0.6 0
060  0.76 0.6 0.5 0.76 0.8 0.4

[a;;] =074 085 0.4 0.3 0.72 0 0.4
0.74 092 0.8 0.6 0.84 0.2 0.5
0.67  0.80 0.8 0.3 0.82 0.6 0.5
097  0.76 0.2 0.8 0.68 0.4 0.8
045 076 0.6 0.6 0.42 0.4 1
L0.60 039 0.8 0.4 0.46 0.8 0.3

Then, this study applies the SDM method YE12 to [ai j]. The decision set, score matrix, and ranking order
produced by YE12, respectively, are as follows:

0.6939 0.5656 0.4022 0.6256 0.4945 0.6684 0.6411 0.6584 0.6069 0.5447
{ X1, X7, x3! Xg, xSP x6' X7, x8' x9' xlO}

[si1] =10.6939 0.5656 0.4022 0.6256 0.4945 0.6684 0.6411 0.6584 0.6069 0.5447]"
and
X3 <Xg < X190 <Xp < Xg <Xy <X;<2Xg<Xg <X

Here,

Cfoe) = 1-0.67 +0.9100- 0.8+ 0.9919 - 0.8 + 0.8775- 0.3 + 0.5726 - 0.82 + 0.7364 - 0.6 + 0.7372- 0.5 _ 06411
S71.= fres(¥7) = 14 0.9100 + 0.9919 + 0.8775 + 0.5726 + 0.7364 + 0.7372 e

Table 18. Priority scores for ten individuals
Presence of

risk group LTSS Province-  Transportatio

Individuals / Systemic

Criteria Disease Age indi_vidualg in Cai\g':c?r_ylg District n Preference CEBUERIL
the immediate

X1 0.97 0.80 0.4 0.6 0.68 0.6 0.8
Xy 0.45 1 0.2 0.8 0.52 0.4 0.6
X3 0.60 0.39 0.2 0.5 0.54 0.6 0

X4 0.60 0.76 0.6 0.5 0.76 0.8 0.4
X5 0.74 0.85 0.4 0.3 0.72 0 0.4
Xe 0.74 0.92 0.8 0.6 0.84 0.2 0.5
Xy 0.67 0.80 0.8 0.3 0.82 0.6 0.5
Xg 0.97 0.76 0.2 0.8 0.68 0.4 0.8
Xg 0.45 0.76 0.6 0.6 0.42 0.4 1

X10 0.60 0.39 0.8 0.4 0.46 0.8 0.3
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Real-Life Interpretation: This study applies the SDM method YE12 to a real-life data derived from an
online survey by Google Forms with 100 participants, 50 of whom are COVID-19 positive and the rest of
whom are COVID-19 negative. The participants are asked to give information about their systemic diseases,
ages, whether they are living in the immediate vicinity, the presence of their COVID-19 history, province-
district they currently live in, their transportation preferences, and occupations. The results are provided in
Table 19. To evaluate the performance of the SDM method YE12, this study utilizes the following validity
function:

V:P - [01]

1, xisCOVID — 19 positive and the order of x < 75
x - V(x) ={1, xisCOVID — 19 negative and the order of x > 25

0, otherwise
1
1P|
0.96. For example, for the second participant x,, V (x,) = 1 because he/she is COVID-19 positive and her/his
order is less than 75. Similarly, for the participant x,,4, V (x,4) = 0 because he/she is COVID-19 negative and
her/his order is not greater than 25.

Afterwards, it calculates the validity score VS = —3’,.cp V (x). For this survey, the validity score isVS =

Table 19. Survey results for vaccination priority

Transportat )
ion Occupation Zi)lrzess COVID-19
preference

0.97 0.85 0.8 0.8 0.48 0 0.7 0.6918 +
0.74 0.8 0.8 0.5 0.58 0.6 0.2 0.6217 +
0.6 0.8 0.2 0.6 0.88 0.8 0.4 0.5906 +
0.67 1 0 0.4 0.88 0.6 0.7 0.5824 +
0.6 0.92 0.8 0.5 0.46 0.2 0.4 0.5793 +

0.6 0.92 0.8 0.5 0.68 0.2 0.2 0.5757 +

0.67 0.92 0.4 0.6 0.82 0.2 0.4 0.5737 +
_ 0.74 0.85 0.4 0.5 0.86 0.2 0.4 0.5636 +

Participants Systemic Immediate COVID-19 Province/

No / Criteria disease vicinity history district

0.6 1 0 0.5 0.78 0.6 0.4 0.5376 +

0.97 0.8 0 0.5 0.88 0.2 0.4 0.5292 ar
0.74 1 0.2 0.5 0.58 0.2 0.4 0.5255 +
0.6 0.92 0.8 0.4 0.5 0.2 0 0.5176 +
0.67 1 0 0.6 0.46 0.6 0.2 0.5080 +
0.6 1 0 0.4 0.52 0.6 0.4 0.4970 ar
0.6 0.85 0.8 0.4 0.4 0.2 0 0.4968 +
0.67 0.92 0 0.5 0.5 0.6 0.2 0.4843 +
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0.85
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0.4

0.4

0.4

0.8
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0.4

0.8

0.5

0.5

0.5

0.6

0.5

0.4

0.8

0.8

0.4

0.4

0.5

0.5

0.6

0.4

0.8

0.5

0.6

0.8

0.3

0.6

0.6

0.6

0.5

0.42

0.56

0.88

0.88

0.7

0.54

0.54

0.88

0.88

0.58

0.4

0.4

0.88

0.58

0.78

0.42

0.88

0.86

0.52

0.68

0.5

0.5

0.88

0.82

0.4

0.6

0.78

0.6

0.2

0.2

0.2

0.2

0.2

0.2

0.6

0.2

0.2

0.2

0.2

0.2

0.2

0.2

0.2

0.2

0.2

0.6

0.2

0.2

0.6

0.6

0.2

0.5

0.5

0.3

0.4

0.4

0.5

0.2

0.2

0.2

0.5

0.4

0.5

0.5

0.2

0.5

0.2

0.2

0.5

0.3

0.8

0.4813

0.4781

0.4711

0.4680

0.4666

0.4635

0.4630

0.4597

0.4591

0.4573

0.4571

0.4571

0.4553

0.4525

0.4522

0.4519

0.4459

0.4438

0.4436

0.4394

0.4348

0.4307

0.4290

0.4283

0.4250

0.4231

0.4222
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Table 19. (Continued) Survey results for vaccination priority

Transportat
ion Occupation
preference

Participants Systemic Immediate COVID-19 Province/

No / Criteria disease vicinity history district

0 0.92 0 0.6 0.88 0.6 0.2
0.74 0.85 0 0.3 0.4 0.6 0
“ 0 0.92 0 0.6 0.82 0.6 0.2
0 1 0 0.6 0.88 0.6 0
0 1 0 0.6 0.88 0.6 0
0 1 0 0.6 0.62 0.6 0.2
0.45 0.92 0 0.5 0.88 0.2 0
0 0.8 0 0.6 0.5 0.6 0.5
0 0.8 0 0.6 0.88 0.6 0.2
0 0.92 0 0.6 0.4 0.6 0.4
0 0.92 0.2 0.6 0.8 0.2 0.2
0 1 0 0.6 0.5 0.6 0.2
0 0.8 0 0.6 0.8 0.6 0.2
0 1 0 0.5 0.86 0.2 0.4
0.45 0.92 0 0.5 0.6 0.2 0
0 1 0 0.6 0.84 0.2 0.2
“ 0 0.8 0 0.6 0.62 0.6 0.2
0 1 0 0.6 0.42 0.2 0.5
0 1 0 0.6 0.8 0.2 0.2
0 0.8 0 0.6 0.84 0.6 0
0 0.8 0 0.6 0.82 0.6 0
0 0.8 0 0.6 0.62 0.2 0.5
“ 0 1 0 0.6 0.42 0.6 0

YE12’s
scores

0.4217

0.4201

0.4158

0.4089

0.4089

0.4087

0.4080

0.4036

0.4030

0.3999

0.3974

0.3969

0.3951

0.3919

0.3805

0.3797

0.3774

0.3764

0.3758

0.3737

0.3718

0.3648

0.3637

7

COVID-19
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0.85

0.8

0.8

0.85

0.8

0.8

0.8

0.8

0.8

0.8

0.8

0.2

0.2

0.2

0.4

0.5

0.4

0.6

0.6

0.6

0.6

0.6

0.6

0.6

0.6

0.6

0.6

0.6

0.6

0.6

0.6

0.6

0.6

0.6

0.6

0.6

0.6

0.6

0.6

0.82

0.6

0.52

0.4

0.62

0.62

0.6

0.62

0.4

0.4

0.4

0.62

0.6

0.4

0.46

0.6

0.4

0.84

0.62

0.46

0.46

0.52

0.4

0.46

0.46

0.2

0.2

0.2

0.2

0.2

0.2

0.2

0.2

0.2

0.2

0.2

0.2

0.2

0.2

0.2

0.4

0.5

0.4

0.5

0.2

0.5

0.2

0.3605

0.3556

0.3435

0.3432

0.3328

0.3328

0.3308

0.3269

0.3257

0.3199

0.3199

0.3075

0.3056

0.3052

0.3046

0.2996

0.2987

0.2979

0.2950

0.2918

0.2918

0.2917

0.2887

0.2858

0.2858
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0 0.8 0 0.6 0.46 0.2 0 0.2858 -
0 0.92 0 0.6 0.52 0 0 0.2852 -
- 0 0.92 0 0.6 0.42 0 0 0.2754 -
0 0.8 0 0.6 0.6 0 0 0.2743 -
“ 0 0.92 0 0.6 0.4 0 0 0.2734 -
0 0.85 0 0.6 0.5 0 0 0.2723 +
n 0 0.8 0 0.6 0.4 0 0 0.2547 -
n 0 0.8 0 0.6 0.4 0 0 0.2547 -

0 0.85 0 0.4 0.42 0 0 0.2343 +

5. Findings & Conclusions

This study successfully dealt with the rapid diagnosis of possible contagions, planning of follow-up methods
and more developed treatment services, and planning an individual-specific vaccination priority by machine
learning and statistical methods.

Diagnosis of COVID-19: This study employed mFPFS-CMC, the modified FPFS-CMC which is
prominent among the well-known classifiers in medical diagnosis to diagnose COVID-19, and the dataset
“Symptoms and COVID Presence (May 2020 data)” provided in Kaggle Data Repository. This is the first
study to apply this classifier to COVID-19. The simulation results in Table 1 showed that mFPFS-CMC can
be successfully applied to diagnose COVID-19 and it has a running time advantage of up to 70% over FPFS-
CMC. This study then presented the accuracy, sensitivity, and specificity results of mMFPFS-CMC. Although
the sensitivity results of mFPFS-CMC are below 90%, its accuracy and specificity results are above 90%. The
results showed that mMFPFS-CMC is reliable and practical in medical diagnosis. Consequently, it has become
more practical, timesaving, and far less costly to diagnose COVID-19 with the help of mFPFS-CMC.

Follow-Up Treatment Priority in COVID-19 Patients: This study constructed six risk score functions
related to age, hypertension, cardiovascular disease, cancer, chronic kidney failure, and diabetes using the data
provided in [11,12,14,15,17,18,40-47,49]. It then proposed a treatment priority score function to utilize in
follow-up treatment priority in the presence of COVID-19 patients using the aforesaid six risk score functions.
This study achieved developing a methodology that calculates each patient’s risk score to provide better
follow-up and treatment services. Afterward, it applied the SDM method YE12 to a hypothetical scenario. The
results showed that the method herein is viable to rank COVID-19 patients in terms of treatment priority.

Vaccination Priority Planning: This study examined the vaccination process based on an individual-
specific perspective via vaccination priority scores, calculated by considering the aforesaid seven criteria, i.e.,
systemic disease, age, presence of risk group individuals in the immediate vicinity, presence of COVID-19
history, province-district, transportation preference, and occupation. Moreover, it proposed a multi-
dimensional vaccination priority algorithm to be used in a possible vaccine crisis in the case that a new variant
that is insensitive to the vaccine or for booster dose planning. This study then presented a hypothetical and a
real-life problem obtained by an online survey, conducted by Google Forms. The results manifested that this
algorithm has 96% validity.
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Suggestions: Although the first section of the project utilized three datasets consisting of 227, 2779, and
5434 patients, the others used the data of up to 200 participants. Increasing the number of participants can
positively affect the validity of the results. Since the datasets herein are imbalanced, the sensitivity and
specificity results can be improved by balancing the datasets. In general, increasing the number of the
considered studies can produce more sensitive results than the results herein. Moreover, the treatment priority
method can also be applied to a real-life dataset. All these methodologies can be adapted to reflect more on the
abilities of fpfs-matrices. A software program can be derived from this study to use the health system and e-
Pulse system, the personal health record system used in Turkiye.
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1. Introduction

The solute transport is described by the advection-dispersion equation (in short ADE) (see for example
[1])
—+U—=D— (1)

where, C' is solute concentration distribution, the positive constants U/ represent the average fluid
(wind) velocity; D, the dispersion coefficient; x, the spatial domain and ¢ is time. The ADE is a
deterministic equation describing a probability function for the location of particles in a continuum.
The fundamental solutions of the ADE over time ¢ have studied in the Gaussian densities with means
and variances based on the values of the macroscopic transport coefficients & and D.

The extension of the Eqn. (1) is presented in the typical advection-dispersion vector equation as

oC
Here, the Eqn. (2) consists the scalar quantities C, D, and F', such that D # 0 and U, a vector

quantity.
We refer the principles of air pollution meteorology described in the researches [2-5]. Liu et al. [6,7]
presented various computational methods for solute transport in the advection-dispersion problems.
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The study of wind speed conditions is of interest, partly because the simulation of airborne pollutant
dispersion in certain conditions is rather difficult.

In our paper, we determine the distribution formulae of the solute transport by the typical
advection-dispersion of air pollution problem (2) through separation in two dimensional space vari-
ables. We evaluate the solute distribution formulae of the air pollution in terms of Gauss and confluent
hypergeometric functions by introducing different values of the solute velocity and dispersion coeffi-
cients.

2. Theory and Methods of Solute Distribution in Advection-dispersion Equation by
Separate Variables

In this section, we plug the Eqn. (2) via the theory and methods of separation in two dimensional
space variables stated on the basis of the researches done in [8-11].

We suppose that, Va,y € R, the solute concentration distribution C' = C(«, y,t), the wind velocity
U = u(x,y,t)i +v(x,y,t)j; i and j are unit vectors; u(x,y,t) and v(z,y,t) are scalar quantities; the
dispersion coefficient D = D1 (x)D2(y), Di(x) # 0, Da(y) # 0,Vx € R,y € R, and the scalar quantity

0 0
F=F t li t) = li t)=nh =i 4 i
(z.yt), Jim Clw,y,t) = flz,y),  lim Clay,t) =h(z,y), V=igo+ig
Also, the concentration distribution C(z,y,t) exists and have non - zero values for Vz € R,y €
R,t > 0, and does not exist when ¢ < 0.
By above assumptions, we convert the Eqn. (2) in the typical two variables advection-dispersion
equation given by

DD 4 Oyt ) + 5 (Lo D00
= Da(y) 5 (Dr(2) 5 Cla ) + Da(a) - (Daly) -l ) + Flan ) ()

Theorem 2.1. If u(x,y,t) and v(x,y,t) are velocity components along unit vectors i and j Vx €
R,y € R,t > 0, and C(z,y,t) = Ci(z,t)Ca2(y,t), where, Ci(x,t) # 0,Co(y,t) # 0 and F(z,y,t) =
fi(z, t)Ca(y,t) + fa(y,t)Ci(z,t), Vo € Ry € R,t > 0, then by the Eqn. (3), there exists following
separate differential equations with variable coeflicients

? v(x
1 802(y’t) %U(xvyvt) _
" Di(x) 9t Di(w) Ca(y,t) =0 (4)
and
? u\xr T
_ 1 0Gi )  gpulmyt) o
Dy(y) 0Ot Ds(y) Ci(z,t) =0 (5)

PRrOOF. Consider the Eqn. (3) and set

u(:r, Y, t) = ul(x7 t)UZ(yv t)a U('x: Y, t) = u:;(.%', t)U4(y, t) (6)
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Then, under the conditions given in the Theorem 2.1 and in Eqn. (6), the Eqn. (3) becomes as

O, ) P2 4,0 PB4, 000 (0,1) 5 (O e 1)
+Crla ualin ) 2 (Caly. us(v.0)

= Cal)Da(0) 5 (Da(2) 51 Ca(w.0) + ol )1 (@) (Dalt) 5 Caly )

+ f1(z, 1) Ca(y, t) + faly, 1)Ci(x, 1) (7)

Again, we write the Eqn. (7) in the form

Oy (1) [W T us(a, t>§y<c2<y, Hualy. 1)) — D1<x>§y<D2<y>§yc2<y, 0) — faly, t>] T

ol )| 2 a0 0) 5 (Cala s 02) = Do) 5 (D) - Catent) = Alant)| =0 (8

Since in Eqn. (8) Ci(z,t) # 0 and Cs(y,t) # 0, then V z,y € R, ¢t > 0, here the equality holds if
following equations satisfy

9%2(9:8) | ., t)gy(@(y, thus(y,t)) — Dl(x)aay(Dz(y)aag/Cb(y» t)) = f2(y,t) = 0 )

ot
and
LD 4l 1) 4 (ot (2,1)) — Daly) 5= (D1 (&) - Cra,0) ~ fi(w, ) =0 (10)

By the Eqn. (9), we obtain

a(jga(ij,t) + us(z, t){CQ(y7 t)(aayu4(y> t) + ua(y, t)aang(y, t>}

2

- D1<x>{Dg<y>§y2c2<y, 0 %ny)a@ycz(y,t)} Ryt =0, ey R0 (11)

Then, for z,y € R,t > 0, by Eqn. (11) we find

2
8028(?’0 — Dl(x)Dg(y);;QCz(y,t) + {D1(33)88yD2(?J) - u3(x,t)u4(y,t)}(%(72(y,t)

0
- Ug(:E, t)aiyuﬁl(yv t)CQ(ya t) + f2(y7 t) (12)
Further in a similar manner, Vz,y € R, ¢ > 0, by Eqn. (10) we find

T 2
‘9018(75’” _ Dz(y)Dl(a:);xQCl(m) + {DQ(y)aaxDl(l“) - “1(%”“2@’”}82;01 (@)

—wa(y, 1) e ()G (@, 0) + fia 1) (19

Note that Vz,y € R,t > 0 the Eqns. (12) and (13) may be written as

§ v\T
D) = D) oty + { g 0at) - N D atnn

By V(2,9 1) fo(y, t)
— T@)CQ(% t) +

(14)
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and
L oGt o) O 0 u(e,y,t)) 0
Doly) ot gt g D) =T e f et
o)
%u(aj7y7t) fl(x,t)
- S Cile,t) + 15
Doty 1@ o,y 19
Finally, by the Equs. (14) and (15) we obtain the Eqns. (4) and (5), respectively. O

By the Eqns. (4) and (5), we may obtain various distribution formulae of the solute in the transport
of advection-dispersion of air pollution on setting different wind velocities and dispersion coefficients.

3. Distribution Formulae of the Solute in Transport of Advection-dispersion of Air
Pollution for Different Wind Velocities and Dispersion Coefficients Involving
Special Functions

In this section, we determine the solute distribution formulae in terms of certain special functions
whose contiguity and analytic properties are described in the literature of the authors [12,13]. These
special functions are then applied in computation process of the related formulae. We present following
theorems for evaluation of our results:

Theorem 3.1. IfVz,y € (0,1),t > 0,¢1,c2 #0,—1,-2,-3,...,, Di(x) =x(1—x), D2(y) = y(1—y),
v(x,y,t) =[1 —ca+ (a2 + b2 — 1)y]{z(1l — z)}, and a partial differential equation is satisfied by
1 0Cs(y,t
Falust) = DN (a1 -aab)2(1-2)), wla,t) = [1-er (b= Dal{y(1-3)
CQ(yat) ot

and another partial differential equation is satisfied by

Cl(lél%t){fl(x’t) - 801(;:,1&} = (a1 +b1 =1 —arb){y(1 —y)}

then, by the Eqns. (4) and (5) of the Theorem 2.1, they also satisfy the simultaneous differential
equations

0? 0
y(1 - y)anyCYz(yat) +{cz— (a2 + b2+ 1)y}87y02(y’t) — agbaCa(y,t) =0 (16)
and
0? d
z(1— x)@Cl(x,t) +{c1 — (a1 + b1 + l)x}%Cl(x,t) —a1b1Cy(z,t) =0 (17)
respectively.

PRrROOF. Consider the Eqn. (4) in which by the statement of this Theorem 3.1, put D;(x) = z(1 — x),
Ds(y) = y(1 = y),v(w,y,t) = [1 = ¢ + (az + by — Dyl{u(1 — 2)} and set ot {fo(y, t) — 2520} =
(a2 + b2 — 1 — agbo){x(1 — x)}, we get the Eqn. (16).

Similarly, for the particular values u(x,y,t) = [1 —c; + (a1 + b1 — Dz]{y(1 —y)}, m{fl (x,t) —
8037&“)} = (a1 +b1 —1—a1b1){y(1 —y)}, from the Eqn. (5), we obtain the required Eqn. (17). O

Theorem 3.2. If Vz,y € (0,1),t > 0, in the relation Cl(lm{fl(:c,t) — 3Cg(t$7t)} = (a1 +b—1-

a1by){y(1—1y)}, it is assumed that Vz,y such that 0 <z < 1,0 < y < 1, C1(x,t) = e ' Hy (x,y), a1 >
0, then by Eqn. (17) of the Theorem 3.1, there exists a formula

Ci(z,t) = exp[—(a1 + b1 — 1 —a1b1){y(1 — y) }1]

X /t expl(ar + b1 — 1= aibi){y(1 — y)}7]fi(@, 7)dr + p1 2F) [al’ 1?1;33} (18)
0 €

)
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(1 is an arbitrary constant and o F} is Gauss hypergeometric function (see [12,13]). Similarly, for the

relation ot {fa(y, 1) — 240} = (ag+by — 1 —asho) {z(1—2)} and Ca(y,t) = e M1t Hy(x,y), b1 > 0,
there ex1sts another formula

Cs(y,t) = exp {— (ag +be — 1 — agbo){x(1 —x)}t

< [ ewp a2+ =1 - b a1 - el it o0 1B )

)

vy is an arbitrary constant.

PROOF. The relation of the Theorem 3.2 is written by the linear differential equation 9 B(t 2t 4 (a1 +

by — 1 —a1b){y(1 —y)}Cy(z,t) = fi(x,t), so that its solution is found by

Ci(x,t) = exp[—(a1 + b1 — 1 — a1b1){y(1 — y) }]

X /O expl(a1 + b1 — 1 —arb){y(1 — y)}7]fi(z, 7)dr + A (2, y) (20)

Now in Eqn. (17) set Ci(x,t) = e P*Hy(z,y), 51 > 0, so that Ci(x,0) = Hy(z,y), and then
A (z,y) = Hi(z,y) and hence we get

Ci(z,t) = exp[—(a1 + b1 — 1 —a1b1){y(1 — y) }1]

t
X / expl(a1 + b1 — 1 —a1by){y(1 — y)}7]f1(z, 7)dT + Hi(z,y) (21)
0
Again, by the relation Cy(z,t) = e P*Hy(x,y), 1 > 0 and the Eqn. (17), we get Hi(z,y) =

)

w1 2Fy [alc’ ?1; x] Therefore, we obtain
1

Ci(z,t) = exp[—(a1 + b1 — 1 —a1b1){y(1 —y)}¢]

X /t expl(a1 + b1 — 1 — a1b){y(1 — y)}7]fi(z, 7)dT + p1 2F} [ a1, br; } (22)
0 C1;

9

Similarly, we have for Cy(y,t) = e “'Hy(x,y),a1 > 0, then by Eqn. (16) we get Hs(x,y) =
v1 oF) {azc, l.)Q; } and by the relation & (yt {fg(y, t) — 8028(;”0} = (a2 + by — 1 —agbo){z(1—2x)}, we

get

2

Ca(y,t) = exp[—(az + ba — 1 — agbe){x(1 — x) }]

t
s ba;
) / exp(az + b2 — 1 — asbo){z(1 —2)}7]faly, T)dT + 11 2By [%62.2
0 Y

y} (23)

O]

Theorem 3.3. If Vz,y € (0,1),t > 0, all conditions of the Theorem 3.2 and 3.3 are satisfied, then
there exists following distribution formula of the solute as

; b2 b1
C({E, yvt) = G1($,y,t)G2($,y,t) + VlGl(xa yat) QFl |:a202,2 y:| + N1G2($7y7t) 2F1 |:alc ! $:|

)

az, by; az, ba;
+ v QFI[ Lo x] QFI[ b y} (24)

I 9
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Here in (24), it is given that
Gi(z,y,t) = {exp[—(a1 + b1 — 1 — arb1){y(1 — y) }]
< /Ot expl(ar + by — 1 — arby){y(1 — y)}7)fi (e, T)dr (25)
and
Golz,y,1) = {oxp|—(az + by — 1 — azba) (1 — 2)}]
< /0 Cexpl(az + by — 1 — asba){w(1 — )}l fo(y, T)dr (26)

PROOF. Apply the results of the Theorems 3.1 and 3.2 in the result C(z,y,t) = Ci(x,t)Ca(y,t) of

the Theorem 2.1 to find the result (21). O
Theorem 3.4. If Vz,y € (0,1),t > 0,¢1,c0 #0,—1,-2,-3,...,, Di(z) =z, Da(y) =y
1 802(y7t)
t)y=11—(y— — t)p = 1
] B UL ] S CRRE
1 801(1’,t>
t)y=1[1—(z— - t)p = 1
W) == @y o] SR - A0 = @ Dy
then, by the Eqns. (4) and (5) of the Theorem 2.1, they also satisfy following differential equations
8720( t)+ (c2 — )EC( t) —axCs(y,t) =0 (27)
yayQ 2\Y, 2 Z/ay 2\Y, 202Y, -
and
0? 0
x@Cl(:z,t) + (1 — a:)a?C'l (z,t) —a1Cy(z,t) =0 (28)
respectively.

PRrROOF. Consider the Eqn. (4) in which by the statement of this Theorem, put Di(z) = x, D2(y) = v,

_ g @ut) _ 1 [ ocsw) _
v(x,y,t) =[1 — (y — c2)]x, then 2*——— = —1, and TR 50— — f2(y,t) ¢ = (a2 + 1)z to get the
Eqn. (27) as
2 0
yaT]QCz(y,t) + (c2 — y)@cz(y,t) —azCs(y,t) =0
iu x

Similarly, by the Eqn. (5) in which on putting u(z,y,t) = [1 — (z — ¢1)]y, to get w = -1,
1Ex) { 0et) _ fy(a, t)} — (a1 + 1)y, gives us the Equ. (28). O

Theorem 3.5. If all the conditions of the Theorem 3.4 are satisfied and V¢ > 0, let
Ci(z,t) = e 2" Ky (z,y) = e K1 (2)K1(y) = e “*' K (z) ( for Ki(y) =1), 02 > 0;
Cay(y,t) = e_’BQtKQ(x, y) = 6_’82tK2<1‘)K2(y) = e‘ﬂQtKg(y) ( for Ky(z)=1),p2 >0.

Then, there exists the formulae

Ci(z,t) = exp [(a1 + 1) yt] /0 exp [— (a1 + 1) y7] fi(z, 7)dT + po 1 Fy _ - a:] (29)

and

Ca(y, t) = exp [(az + 1) xt] /O exp [~ (a + 1) 27] foly,7)dr +v2 1 F | i y] (30)



Journal of New Theory 39 (2022) 84-93 / Distribution Formulae of the Solute in Transport ... 90

ProOF. Consider the assumptions of the Theorem 3.5 and make an appeal to the Eqns. (27) and
(28) to get the confluent differential equations (see [12,13])

d? d d? d
$@K1($) + (c1 — ) %Kl(iﬂ) — a1 Kq(r) = 0 and yTngz(y) + (c2 —y) @K2(y) —agKa(y) =0

respectively. Then we have their respective solutions

ai; as;
Kl(l‘) = U2 1F1 |: 011' x] and Kg(y) = V9 1F1 |: 02. y:|
Again due to the conditions of the Theorem 3.4, we get the linear partial differential equations

86’1 (x, t)
ot

802(:% t)

= (a1 +1)yCi(,t) = fi(z,t) and —

- (a2 + 1) $C2(y7t) = f2(ya t)7

respectively. We obtain the solutions of these linear partial differential equations

Ci(x,t) = exp[(a1 + 1) yt] /0 exp [— (a1 + 1) y7] fi(z, 7)dT + Ki(z,y)

=exp[(a1 + 1) yt] /0 exp [— (a1 + 1) y7] fi(z, 7)dT + K1 ()

and
t
Calyot) = expl(az + 1) ot] | expl= (aa + 1)) faly 7)dr + Kafi,)
0
t
—expl(aa-+ 1)at] [ el (aa+ 1ar] faly, 7)dr + Ka(y)
0
respectively.
Finally introduce the values of K (z) and K3(y) in above solutions, we evaluate the required results
(29) and (30). O

Theorem 3.6. If Vz,y € (0,1),t > 0,¢1,c0 # 0,—1,—2,-3,..., all conditions of the Theorems 3.4
and 3.5 are satisfied. Then, by the relation of the Theorem 3.4 there exists then solute distribution in
the form

I I

Ole,9.t) = Gy (.4, 1)Ga(w 1) + Gl (x,9.6) 1 Fy [jy} + G,y ) 11y [Z;?m]

at; az;
+ voug 1 Fy Li@"} 1Fy [C;Z/} (31)

where .
G .0t) = expl(on + o] [ expl—(ar-+ Vel (o) + B[]
0

)

and

7

t )
Gy (x,y,t) = expl(az + 1)zt / exp|—(ag + D)a7|fo(y, 7)dT + 12 1 F} [?"y]
0 2

PRrOOF. Consider the relation of the Theorem 2.1 that C(x,y,t) = C1(x,t)Ca(y,t), in which by making
an appeal to the Theorems 3.4 and 3.5, we find the results of the Theorem 3.6. ]
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4. Special Cases

Example 4.1. In the Theorem 3.3, Vz,y € (0,1),t > 0,¢1,c0 #0,—1,—2,-3, ..., set fi(z,7) = 7%
and fo(y,7) = €297, 01 < 0,02 <0, a1 + by > (1 + a1b1). Thus we get

b2 b1
C([B, y7t) = Gl(x7y7t)G2(‘ray7t) + VIGI({B? yat) 2F1 |:a202,2 y:| + /J'lGQ(‘:Uayvt) 2F1 |:alcl.1 $:|

at, bi; az, by;
+ v 2F1|: 161.1 gj:| 2F1|: 262.2 y:| (32)

Here in (32), it is given that

1
G0 = b S 1= ab) (i = )} + ous)
x {exploiat] — exp[—(ar + b1 — 1 —a1b1){y(1 —y)}t]} (33)
and
Ga(z,y,t) = !

{(az + by — 1 — agbo){2(1 — 2)} + oy}
x {exploayt] — exp[—(az2 + ba — 1 — agbs){z(1 — z)}t]} (34)

On making an application of the results (32)-(34), and by conditions of Example 4.1, we find that
Gi(z,y,0) = 0= Ga(z,y,0) and tlim Gi(z,y,t) = tlim Ga(z,y,t) =0,

hence by Section 2 we get
. . ay, by; az, ba;
iy O, p0t) = Jim Covit) = o) = hlog) = v 2|5 e om0 )
t—0+ t—00 C1; C2;

Example 4.2. In the Theorem 3.6, Vz,y € (0,1),t > 0,¢1,c0 # 0,—1,—-2,-3,..., set fi(z,7) =
e P and fa(y,7) = e P2V p1 > 0,p2 > 0,(a; +1) <0 and get

az; ai;
C({L‘, yvt) = Gll(xvzht)G,Q(l'ayat) + V2G,1(:E7 yat) lFl |:Czy:| + N?G/Q(xvi%t) lFl |:011£U:|

ar; as;
+ oo 1Fy Lil’} 1By [C;Z/} (36)

Here in (36), it is given that

' = 1 — exp|— X
Gi(x,y,t) = {(al+1)y+plx}{exp[(a1+1)yt] p[—p1xt]} (37)
and
G2,y 1) = 1 {expl(az + 1)at] — exp|—poyt]} (38)

{(a2 + Dz + poy}
On applying the results (36)-(39), and by conditions of the Example 4.2, we find that G| (z,y,0) =
0 = GhL(x,y,0), and limy_,00 G (z,y,t) = limy_,oo Gh(x,y,t) = 0 and hence by Section 2 we get

. _ ay; ay:
iy (o, 90t) = Jim Clovi0) = fe.9) = hlog) = v 13| | 11 [22) (39)
t—0t t—00 €13 C2;
Remark 4.3. Various elementary functions for example (1 — 2)™% = oF|(a,b;b;2),In(1 + 2) =

z 9F(1,1;2; —z), Legendre functions of the first and second kinds, incomplete Beta function, complete
elliptic integrals of the first and second kinds, Jacobi polynomials, Gegenbauer polynomials, Legendre
polynomials, Tchebycheff polynomials of the first and second kinds are generally represented in terms
of the hypergeometric function 9Fj(.). By the Theorem 3.3 and Example 4.1, the solute distribution
may be expressed in the form of these known hypergeometric functions,(also see [8,10,14]).
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Remark 4.4. Various special functions like Bessel functions, Whittaker functions, incomplete Gamma
functions, Hermite polynomials and Leguerre functions etc. are represented in terms of the confluent
hypergeometric function 1F;(.). By the Theorem 3.6 and Example 4.2, the solute distribution may
be expressed in the form of these known hypergeometric functions,(also see [9,15,16]).

5. Conclusion and Discussion

Air pollution meteorology, atmospheric diffusion models for regulatory applications, volume method for
transient simulation of time- and scale-dependent transport in heterogeneous aquifer systems are other
related topics which can be connected with our present study. A recent work [10,14-16] on obtaining
Voigt functions via Quadrature formula for the fractional in time diffusion and wave problem, on
a bi-dimensional basis involving Special Functions for partial in space and the time fractional wave
mechanical problems and approximation, are such examples. The study of wind speed conditions
is of interest, partly because the simulation of airborne pollutant dispersion in certain conditions is
rather difficult. We have determined the distribution formulae of the solute transport by the typical
advection-dispersion of air pollution problem through separation in two dimensional space variables.
Several other methods are available. We have evaluated the solute distribution formulae of the air
pollution in terms of Gauss and confluent hypergeometric functions by introducing different values of
the solute velocity and dispersion coefficients.

We can determine the solute distribution formulae in terms of certain special functions whose con-
tiguity and analytic properties are described in the literature of the authors [12, 13].The equation (2)
via the theory and methods of separation in two dimensional space variables stated on the basis of the
researches done in [8-11] may be useful by simply connecting relevant special functions in computation
process of the related formulae. By the Theorem 3.6 and Example 4.2, the solute distribution may
be expressed in the form of known special functions,(also see [9, 15, 16]). As a consequence, by in-
troducing different values of the solute velocity and dispersion coefficients, we can evaluate the solute
distribution formulae of the air pollution in terms of various known and unknown special functions.
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1. Introduction

In the literature, the Roman factorial in the real case is one of the generalizations of the classical
factorial for negative integers. This concept has been used by Steve Roman [1] to study the formal
series and the harmonic logarithm. It has also been studied by Loeb and Rota in [2], and [3]. The
above authors have used the notation [m]! to define the Roman factorial of an integer m € Z.

The p-adic domain has an important applications in a cryptography, number theory, algebraic geom-
etry, and arithmetic dynamics. However, the definition of the p-adic factorial of a positive integer was
considered by Alain Robert in [4] as restricted factorial, and denoted by

nl* = H J

1<j<n,ptj

Another notation for the p-adic factorial (n!), was adopted by Menken and Colakoglu [5]. Both of
Robert and Menken have used the p-adic factorial only to define the p-adic gamma function, without
giving its properties. Furthermore, Aidagulov and Alekseyev in [6] have also used the so-called modified
(p-adic) factorial, with the notation n!,, to study the modified (p-adic) binomial coefficients. It can
be remarked that the previous authors have given the definition of p-adic factorial without giving the
properties.

Taken into previous considerations, in the present paper, we firstly demonstrate some properties of
p-adic factorial (see Lemma 2.3, Theorem 2.4, Proposition 2.7, Proposition 2.8, Corollary 2.9, and
Corollary 2.10). Secondly, we propose a definition of p-adic analogue of Roman factorial named p-adic
Roman factorial (see Definition 3.1). Next, we demonstrate some combinatorial properties of this
factorial, using the concept of p-adic gamma function (see Lemma 3.2, Theorems 3.4-3.6, Corollaries
3.7-3.8, Theorems 3.9-3.11). Finally, some numerical examples are given (Examples 2.5 and 3.12).
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2. Preliminary

Throughout this paper, p is a prime number, Z is the set of all the real integers, Z_ (resp. Z.) is
the set of all the negative real integers (resp. all the positive real integers), N is the set of all the
non-negative integers, Q is the field of rational numbers, and R is the field of real numbers. We use
|-| to denote the ordinary absolute value, [.] the real integer part, v, the p-adic valuation, and |.|, the
p-adic absolute value. The field of p-adic numbers Q,, is the completion of Q with respect to the p-adic
absolute value. The ring of p-adic integers Z, is such that |x|p <1.

2.1. Roman Factorial in Real Domain

-1 —n—1

Roman in [1] proposed the factorial of negative integer n € Z_ as |[n]! = E)l)' So, for n € Z
—n—1)!

we have |n]! = nl. Also, the Roman factorial satisfies a characteristic functional equation |[n|! =

n] - [(n—1)]!, where |[n| =n if n #0, and |0] =1 is called Roman n.
For example, we give the Roman factorial of some integers in tablel:

Table 1. oman factorial of some integers

n 01 2 3 4 5 6 7
In]! 1 1 2 6 24 120 720 5040
-n 0 -1 -2 -3 —4 -5 —6 -7
IR O N N S =

The complement formula of the factorial function, known as Knuth’s theorem [7], is as follows:

(]t [=n]! = (=1)"[n]

and the Roman factorial can be rewritten using the gamma function I' as follows:

'(n+1), for n>0
[n]!t= —n— (1)
(_Fl()_n)l, for n<O0

2.2. p-adic Factorial and p-adic Gamma Function

In this subsection, we provide definitions of p-adic analogue of factorial function and gamma function
and some of their basic properties, to be needed in the next section.

Definition 2.1. [4] The p-adic factorial of n € N is defined by 0!, =1 and for n > 0

n
np= ] (2)
o
Remark 2.2. If 1 <n <p—1, then (p,j) =1, for all 1 < j <n. Then, n!, =nl.
Lemma 2.3. For p = 2, then we have (2k)!s = (2k — 1)!s.

n
PROOF. The result comes from the fact that if p = 2, we have nly = [ j. O
j=1

7 is odd
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As in the real case, we define the p-adic Roman of a positive integer n as
n, if |n[p=1
[n], = 3)
1, if |nfp, <1

Therefore, the first property similar to that of the real factorial is given by the following
Theorem 2.4. Let n € N, with n > 1. Then n!, = [n], (n — 1)

PRrROOF. Two cases are considered.
1) We suppose |n|, =1, so (p,n) = 1. Thus

H H (n—1)!,
=1 j=1
J)=1 p,j)=1
) We suppose |n|, < 1, so (p,n) # 1. Thus
n n—1
ny=1]7i= j=lnl,(n=1)
j=1 j=1
(p,g)=1 (p,3)=1
O
Example 2.5. In Tables 2-5, we calculate some p-adic factorials of some positive integers. For
p=2,3,5T1.
Table 2. The 2-adic factorial

n 01234 5 6 7 8 9 10 11

nly 1 1 1 3 3 15 15 105 105 945 945 10395
Table 3. The 3-adic factorial
n 0 2 3 4 5 6 7 8 9 10 11
nly 1 1 2

2 8 40 40 280 2240 2240 22400 246400

Table 4. The 5-adic factorial

n 01 23 4 5 6 7 8 9 10 11
11 2 6 24 24 144 1008 8064 72576 72576 798336

Table 5. The 7-adic factorial

n 0123 4 5 6 7 8 9 10 11
1 1 2 6 24 120 720 720 5760 51840 518400 5702400

The next theorem represents a generalization of the Wilson congruence; it’s the key of some results
in this section.

Theorem 2.6. [4] Let a € Z and s € Z4. Then

a+p®—1

[T 7=-1(mod p*).
Jj=a

(p,3)=1

1) For p > 3 and s > 1, we have
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a+25—1
2) For p=2and s > 3, we have ][] 7 =1 (mod 2°).
Jodd
From this generalization of the classical Wilson theorem, we obtain the following congruences:

Proposition 2.7. Let n € Nand s € Z.

1)pr>3ands>1,then(—|_n‘p) —1(mod p*).
P
2%)!
2) If p=2 and s > 3, then M = 1 (mod 2°).
nly
PrOOF. We have
(n+p)y +p nﬁ ;
=n+1

(p,J):l

From the case 1 of Theorem 2.6 with a = n + 1, we obtain the congruence for p > 3 and s > 1. From
the case 2 of the same Theorem with a = n + 1, we obtain the congruence for p = 2 and s > 3. ]

More generally, we have the following theorem:

Proposition 2.8. Let n € N, and m,s € Z,..

SY1
1) If p> 3 and s > 1, then w = (—=1)"™ (mod p*).
nly
25!
2) If p=2and s > 3, then w =1 (mod 2°).
nlo
PRrROOF. The proof is done by induction on m. O

Corollary 2.9. For p > 3, n € N and s € Z,, we have |nly|, =1 and
SY1 | 1
[(n+p°)lp 4+ nlplp < E

Corollary 2.10. For p =2, n € N and s € Z; with s > 3, we have |nla|]s = 1 and

1

|(n+2%)l2 —nlafs < o

In dynamic system and string theory, the p-adic gamma function has been well used. This function
studied by [8], [9] and [10], to give some properties of polynomials.

The function n! cannot be extended by continuity on Z,, because 1151_1 n! =0 in Z,. So, we have the
n—-+0o0o

definition of p-adic gamma function as follows:

Definition 2.11. [11] The p-adic gamma function is defined by Morita as the continuous function
ry:%Z, — 17,

as an extension of the following sequence, with n € Z

n—1

J=1,(p.j)=1

Furthermore,

i
L

_ _ . 1\ .
Tp(2) = Jim Tp(n) = lim (-1) j
in Zp in Zp

S,
Sl
[

~
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Here, we cite some properties of I'), that we need to prove the theorems in the next section.
Proposition 2.12. [4] The function I', satisfies the following properties:
1) I'p(0)=1,T,(1)=-1,T,(2) =1
2) Tp(n+1)=(=1)""nl,, Vn e N

Other some important arithmetic formulas are given in the following proposition:

l
Proposition 2.13. [4] Let n > 1, its p-adic expansion be Znipi, and the sum of digits be S,, =

i=0
¢
Z n;. Then,
i=0

—1)"*p! . —1)"p™!
()7”. In particular, ') (p™) = 1)

1) I'yin+1) = [%]! } p[;]

pnfll % pp"—1 !

(=)™ (np + k)!

, for 0<Ek<np.

3) nl = (—1)"F1 (—p) 1" ﬁ r, ([ﬂ + 1).

=0

3. Main Results and Proofs

Inspired by the works of Roman [1], Loeb and Rota [2], we will establish a p-adic analogue of the
Roman factorial, so-called the p-adic generalized factorial, or the p-adic Roman factorial. We define
of this new concept and demonstrate some of its properties.

Definition 3.1. For n € Z, we define the p-adic Roman factorial of n as
nlp, for n>0
[n] !p = (_1)71171 (5)
m, for n<0
Remark 3.2. It can be remarked that
1) If 0 <n < p—1, the we have n!, = nl. Then, [n]!, = [n]! =nl
2) If —p < n < —1, the we have (—n — 1)!, = (—n — 1)I. Then, |n]!, = [n].
Lemma 3.3. For p = 2, then

ln— 11!, for n=2k>0

Uﬂ!p:
—|n—111p, for n=-2k<0

PROOF. From Lemma 2.3, we have (2k)!s = (2k —1)!9, thus |2k]!, = [2k — 1]!,. For the second case,
we have (—2k — 1)!y = (—2k)!s, thus | -2k — 1]!, = | -2k]!, O
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We keep the notation of the p-adic Roman for a negative integer n € Z_ and define it as

n, if |n|p,=1

[nl, = (6)

1, if |nl, <1
So, it can easily verified that [—n], = —[n],.
Therefore, the first property similar to that of the real Roman factorial is as follows:

Theorem 3.4. For all n € Z, we have [n + 1]!) = [n + 1], [n]!,.

PrOOF. We consider the following three cases:
1) If n > 0, then n+ 1 > 1. Then, from Proposition 2.4 we have

[n+11p = (n+ 1)l = [n+ 1], nlp = [n+1], [n]!,
2) If n < —1, then n + 1 < 0. Then, from Proposition 2.4 we have

D I — —)™ 1t n+1
In+1]!, = L—(n—) HPL(—n—WQZ))!p _ ( )<_n _Ll)!: 1 = [n+11, [n]Y

3) If n = —1, then, we have in the left side [n + 1!, = 0!, = 1, and in the right side [n + 1], [n]!,
1 [=1]1, = 1.

Ol

The following congruences hold from the properties of p-adic factorial.
Theorem 3.5. Let n € Z and s € Z;. Then

1) If p >3 and s > 1, then we have

ST
Wz—l(modps), if n>0
P
L]y .
———— = —1(mod p*), if n<O0
[n —p*1Y
2) If p=2 and s > 3, then we have
25!
Wzl(monS), if n>0
"2
!
]t = 1 (mod 2%), if n<0

\"I’L — 23-| !2

PROOF. The case n > 0 comes from the Proposition 2.8. It only remains to explain the case n < 0.
Indeed, we have

Ln-| !P — (_ )ps (_n -1 +p8)!10
ln—ps]l, (—n—1)1,
The result comes from Proposition 2.8, for two cases p > 3 and p = 2. O

More generally, we have the following Theorem

Theorem 3.6. Let n € Z and s,m € Z. Then,
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1) If p >3 and s > 1, then we have

100

ST
W’ = (—=1)" (mod p®), if n>0
P
L]y .
—————— = (~=1)" (mod p®), if n<0
[n —mp*]!,
2) If p=2 and s > 3, then we have
2°]!
WZl(monS), if n>0
"2
!
anjn;ﬂ':l(monS), it n<0
— Iy

PrRoOF. Easy recursion on m.

The following corollaries follow from the two previous theorems.

Corollary 3.7. Let p > 3, n € Z and s,m € Zy. Then, | [n]!,|, =1 and

1
Hn—i—mpﬂ!p—&-tn}!p]pgﬁ, if n>0

1 .
|Ln—mpﬂ!p+tn]!p|p§]¥, it n<0

Corollary 3.8. Let p =2, n € Z, and s,m € Z; with s > 3. Then, | [n]l2]2 =1 and

1
| [n+m2%]ls — |n]lls < 25" if n>0
s 1 :
‘Ln—mQW!Q—LTﬂb’QS?, if n<O

Next, we give the p-adic complement formula for p-adic Roman factorial function, in other words,

the p-adic version of Knuth’s theorem

Theorem 3.9. (p-adic Knuth’s theorem)
For all n € Z, we have

(-1)", for n>0

[nflp [-n =11l =
(=)™, for n<0

PrOOF. If n > 0, then —n — 1 < 0. From Definition 3.1, we have |n]!, =

from

|—n— 1], =

For the case n < 0, we use the same reasoning.

n!, and the result comes

O]

As we have seen before for p-adic factorial, we can rewrite the p-adic Roman factorial using the

p-adic gamma function, as follows:
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Theorem 3.10. Let n € Z. Then, the relationship between p-adic Roman factorial and p-adic gamma
function is given by

[n]lp = (=1)°"Ty (n+ 1)
where
n+1, for n>0
d(n) =

n+1+{—”7f1}, for n<0

PRrROOF. For the case of n > 0, the result comes from Proposition 2.12 (2). We show the theorem
only for negative integers. Indeed, we proof n < 0, so —n — 1 > 1. From Proposition 2.12, we have
(—n —1)!, = (=1)""T'p(—n). On the other hand, from the complement formula of the p-adic gamma
function (see [4]), we have

Tp(n+ Dp(=n) = (=1) "

Hence, we obtain

-1
! =
Lnlty I'p(=n)
_ —I'p(n+1)
(—1)
_nfl
S i e ENEY
O
In the following theorem, we give some properties related to the p-adic gamma function.
Theorem 3.11. Let n € Z, and m € N. Then
1) We have
|
]! , for n>0
el
[nllp = ?
n | n+1 ) [*LH]
(=)™ |n]! [—T}. xpt 71 for n<0
1 pm+1|
2) In particular, p" "', = o P
(mp + k)!
3) (mp+k)lp= Sl for 0 < k < p.
l
| . n—sy ¢ [%} 217 . . . . i
4) n! = (=1)" (—p) 71 'Ho (—=1)lr Hﬁﬂ.p , for n € N given by its p-adic expansion Znip
= i=0
Z 7
and with the sum of digits 5, = Z n; .
i=0

PRrROOF. The proof is clear from Proposition 2.13 and Theorem 3.10. O
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Example 3.12. We give p-adic Roman factorial of the first ten negative integers in Tables 6-9. For
positive numbers are the same that given in example 2.5.

Table 6. The 2-adic Roman factorial

n 1 -2 -3 -4 5 -6 -T -8 -9 -10
—n—1 0 1 2 3 4 6 7 8 9
(—n—1)l 1 1 1 3 3 15 15 105 105 945
1 1 1 1 1 1 1
[n]'2 1 -1 1 -3 3 —9 15 —7105 105 95

Table 7. The 3-adic Roman factorial

n -1 -2 -3 -4 -5 -6 -7 -8 -9 -10
—-n—1 0 1 2 3 4 5 6 7 8 9
(—n — 1)!3 1 1 2 2 8 40 40 280 2240 2240
1 11 1 1 1 1 1
[n]'s I -1 53 -3 § —40 30 —280 2240 — 2240

n -1 -2 -3 -4 -5 -6 -7 -8 -9 -10
—-n—1 0 1 2 3 4 5 6 7 8 9
(—n =15 1 1 2 6 24 24 144 1008 8064 72576
1 11 1 1 1 1
[n]!5 1 =1 5 —§ 91 —91 T4 —T008 8064 72576

Table 9. The 7-adic Roman factorial

n 1 2 3 4 -5 -6 -7 -8 -9 -10
—n—1 o 1 2 3 4 5 6 7 8 9
(—n—1) 1 1 2 6 24 120 720 720 5760 51840
n]! 1 -1 L -1 o1 11 1 1 1
-7 2 6 24 120 720 720 5760 51840

4. Conclusion

In this article, we have given some properties of the p-adic factorial. Then, we have defined a gener-
alization of this factorial, so-called p-adic Roman factorial, with the proof of some properties and a
congruances modulo a power of a prime number. Also, a numerical examples have been given. This
concept will be used to define the p-adic binomial coefficients and its generalzation, in a future paper.
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