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1. Introduction

A Cayley-Klein space is defined as a real projective space P (R) with a certain absolute figure which is
a subset of quadrics and planes. Let (ug : up : u2 : ug) denote the homogeneous coordinates in P (R).
The pseudo-Galilean 3-space G3 that we are interested in is a Cayley-Klein space P (R) with the
absolute figure {w, f, I} such that w is the absolute plane uy = 0, f the line uy = u; = 0 and I the fixed
hyperbolic involution of points of f. The hyperbolic involution is (0:0: ug : ug) — (0:0: uz : ug)
and u3 — uZ = 0 is the absolute conic, [1-5].

Consider the affine coordinates in G} defined by (ug : uy :ug :u3z) = (1:x:y:2). Then, a plane
of the form = = d, d € R, in G is said to be Lorentzian since its induced geometry is Lorentzian. We
call other planes isotropic.

The main purpose of this study, in this special ambient space, is determining the surfaces with
prescribed mean (H) and Gaussian (K') curvatures which is a common problem in differential geometry
of surfaces. For this, we focus on a graphical surface. Because of the absolute figure of G}, the geometric
structure of the surface depends on if it is graph on an isotropic or a Lorentzian plane.

Without lose of generality we may consider the coordinate planes. Hence a graph on the isotropic
zy—plane (resp. the Lorentzian yz—plane) is said to be of type 1 (type 2). Let M be a non-degenerate
graph of a smooth function u = u (s,t), s € I CR, t € J C R. If M is of type 1 then it parametrizes
r(s,t) = (s,t,u(s,t)) and hence its mean and Gaussian curvatures are given by

2
UgsUit — ugt = —eK (s,t) |1 — uf‘ (1)

g = 2€H (5,1) 2|1 — u2[*? 2)
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where e is 1 if 1 — u? > 0 and —1 otherwise. Here we notice us = du/9s, ug = 0*u/ds0t, and so. If
M is of type 2 then parameterizes r (s,t) = (u(s,t),s,t) and

Usstiyy — u2y = —€K (5,1) ‘u —ut‘ (3)

3/2
wrug — 2uguitgy + uiugs = —2€H (s,t) ‘uz — utz‘ / (4)

We point out that the PDEs (1) and (3) are of Monge-Ampere type and their importance is due to
economics, meteorology, oceanography etc. [6-11].

In principle, we will concern with the PDEs (1)-(4). Finding their solutions is complicated and
one way to reduce their complexity is to use the technique of separation of variables, namely

u(s,t)=f(s)+g@), wulst)=F(s)g(t)

for smooth functions f,g. Notice that the graphs w(s,t) = f(s) + g (t) are known as translation
surfaces. The name is because kinematic point of view, obtained by translating one curve along the
other one. If the so-called generating curves are denoted by « (s) and S (t) then

r(st) = a(s)+B(t) = (st f(s)+g(t))
r(st) = a(s)+B(t)=(f(s)+g(t),s1)

Those surfaces were completely obtained in [12-16] when H and K are a constant function.

Most recently, as a generalization, the present authors [17] classified translation surfaces when H
and K are a non-constant function of one variable, that is, K = K (s) and K = K (t) (or H = H (s) and
H = H (t)). The authors found the motivation in Ruiz-Herndndez’s paper [18] where the translation
hypersurfaces in the Euclidean n—space R™ were obtained when mean and Gauss-Kronocker curvatures
depend on its first p (or second ) variables, p + ¢ = n. This is indeed, in 3-dimensional setting, a
well-known framework for surfaces of revolution or, more generally, helicoidal surfaces due to the fact
the mean and Gaussian curvatures only depend on the parameter of the profile curve, see [19,20].

Following Ruiz-Herndndez’s idea, we will consider the graphs u (s,t) = f (s) g (¢) called factorable
(or homothetical) surfaces [21]. These surfaces were studied from various point of view in the (pseudo-)
Galilean ambient space, see [22-24].

When u (s,t) = f (s) g (t), the PDEs (1)-(4) that we will solve are now

"o 7 N2 n2|?
f9f"g" = (£'9)" = —eK |1 = (f)°) (5)
/
fg" =2eH )1 - (fg’)zj3 2 (6)
and )
f9f"g" = (1'9)* = —eK|(£'9)* = (19)’| (7)
/
(7'0)* 7" — 279 (£'d)* + (10)* 9 = ~2eH|(£'0)* — (70)*] (®)

where H and K only depend on s or ¢t and a prime denotes the derivative with respect to the related
variable. The Equations (5)-(8) were solved in [13,25,26] when K and H are a constant.

In Section 3, we will solve (5) and (6), obtaining the graphs are a cylindrical ruled surface of type
3 from geometric point of view. The detailed properties of ruled surfaces may be found in [2,27]. We
remark that K has to be a function of s in (5) while H has to be a function of ¢ in (6). Contrary
to this, the solution of (7) is that, up to a change in the roles of the functions f,g, f(s) = ae®,
K (s) = cb?>f~2(s) and g (t) is the solution to the following autonomous differential equation

99" — 9% = c (9% = (c9)?)’, a,b €R, a,b,c#0

We also provide an example admits a solution when H depends on only one variable.
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2. Preliminaries
The pseudo-Galilean distance between the points p = (p1,p2,ps3) and q = (¢1, g2, g3) is

g1 — 1], P1# Q1
d(p,q) =
(p.q) \/’((D —p)’—(-1)’, m=a

Let a1,..,a5,¢ be some constants. Then, the six-parameter group of motions of Gé which leaves
invariant the absolute figure and pseudo-Galilean distance is given in terms of affine coordinates by

Tz = a1+x
Yy = a2+ asx +ycoshy + zsinhy
Z = a4+ asx + ysinh g 4 zcosh ¢

A line in G} is said to be isotropic if its intersection with the absolute line f is non-empty and
non-isotropic otherwise. A vector v = (v, v2,v3) is said to be isotropic (non-isotropic) if v; = 0
(# 0). Let w = (wy,wz,w3) and (-,-) denote the pseudo-Galilean dot product. Then, (v,w). is
the Lorentzian scalar product if both v and w are isotropic. Otherwise, v? + w} # 0, it is defined
by (v,w)s, = viw;. The pseudo-Galilean angle between v and w is defined as the Lorentzian angle
if v and w are isotropic. Otherwise, it is given by the pseudo-Galilean distance. We call v and w
orthogonal if (v, w). = 0.

An isotropic vector v is called spacelike if (v,v); > 0; timelike if (v,v); < 0 and lighlike if
(v,v); =0. Let {e1,e2,e3} be standard basis vectors and v and w no both isotropic vectors. Then,
the pseudo-Galilean cross-product is

0 —ey e3
VXGW = |1 (%) V3
w1 w9 ws

Then, (vxgw,z), = —det (v, w,Z), where Z is the projection of z onto the yz—plane. Note that the
vector vxXgw is orthogonal to the vectors v and w.
Let S be a surface in G3 locally given by a regular map

(u17u2) — X(u17u2) = (iL' <u17u2) 7y(u17u2) 7Z(u17u2))? (u17u2) eDC R2

Denote z; = % and z;; = % and etc., 1 <14,j < 2. Then, S is said to be admissible if z; # 0
i Q J

for some ¢ = 1, 2. For such an admissible surface S, the first fundamental form is
(dx,dx), = Edu} + 2Fduydus + Gdu3

where E = (z1)?, F = 2125, G = (x2)?. Since nowhere an admissible surface has Lorentzian tangent
plane, up to the absolute figure, the isotropic vector x 1 X x 2 is normal to S. Let

W = <X71 XaG X2,X1 Xaq X72>L

Then, the surface S is called spacelike if W < 0; timelike if W > 0; and lightlike if W = 0. The
spacelike and timelike surfaces are so-called non-degenerate and, throughout this study, we deal with
the only non-degenerate admissible surfaces. The unit normal vector to the non-degenerate surface S
is

X1 XG@X2
N — ) 9

Let e = (N,N); = +1 and

1 - _ 1 - -
Lij = 6?1 <$,1X,ij - ($,i),j X1, N>L =€ — <ZE,2 Xij — (93,z')7j X2, N>L

i )
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in which one of x 1 and x » is always nonzero due to the admissibility. Then, the second fundamental
form of S is
IT = Ldu? + 2Mduyduy + Ndu>

where L = L1, M = Lis, N = Loo. Thereby, the Gaussian and mean curvatures are defined by

LN — M? L—2FM + EN
K:—eT andH:—eG 2W+

A surface is said to be minimal if H vanishes identically.
Let S be a ruled surface in G%) locally given by

x (u1,uz) = vy(u1) + ugw(uy)

where ~y(u1) is a regular curve and w(u;) is a nonvanishing vector field along ~(u1). There are three
types of such surfaces depending on the positions of (u1), w(u1) and the absolute figure:

e Type 1: w(uy) is non-isotropic and y(u1) does not lie in a pseudo-Euclidean plane.

e Type 2: w(uy) is non-isotropic and y(u1) lies in a pseudo-Euclidean plane.

e Type 3: w(uy) is isotropic and y(u1) is an arbitrary curve lying a plane orthogonal to w(uy).
3. The Graphs of Type 1
Let the graph z (z,y) = f (z) g (y) be of type 1, then

r(z,y) = (z,y, f(2) g (y)), (s,t) €I xJCR

The Gaussian curvature is

K = LoI"e" = (')

11— (/9]
where a prime denotes the derivative with respect to the related variable. We study the case that
K is a non-constant function; that is, at least a partial derivative of K with respect to x and y is
non-vanishing. It is equivalent to the statement that the first derivatives of both f and g are nonzero

on I x J.
In the following we obtain the graphs with K(z,y) = k () where k(x) is some smooth function of

9)

x.

Theorem 3.1. If the Gaussian curvature K (z,y) of the graph z (z,y) = f (z) g (y) is a non-constant
function depending one variable then it is of the form K(x,y) = k(z), where k(z) is some negative
smooth function of x. Furthermore, the graph is a cylindrical ruled surface of type 3 such that, up to

a translation of y,
z (x,y) = £y tanh (:l:/ Vv -k (s)ds)

PROOF. Since there is not a symmetry in Equation (9) up to the functions f and g, we distinguish
two cases:

1. Case (0K /0y)(z,y) = 0. We set K(z,y) = k(x), for some smooth function k(z). Then,
_ faf"q" — ('9)’

o]
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Here, if there is a point yo € J such that ¢” (y9) = 0 then we may assume g’ = 0 on a
neighborhood of yg in J. Letting ¢’ = ¢, ¢ # 0, (10) is now

_CQf/2
(1—c2f?)?

which implies that & (z) is a negative function. Notice that, up to a translation of y, the graph
is written by

k(x) =

r(z,y) = (2,0,0) +y (0,1, cf (x))
which is a parametrization of a ruled surface of type 3. Here f (x) is the solution to

cf’

Integrating gives
f(z)= ]c]_l tanh (:t/ v/ —k (s)ds)

which proves the result. Next, we will show that Equation (10) has no a solution provided
g" (y) # 0 on J. In order to overcome difficulties in our calculations we introduce

041 — ff//
ay = —f?
ag = —f°

Then, Equation (10) turns into
06199” 4 a29/2

k) = S (11)
We observe two subcases;
(a) Subcase a; # 0. Then,
k(.’E) (1 +043g,2)2 _ (Oé2> 912 — gg/l (12)
a1 aq

By taking derivative of Equation (12) with respect to z we obtain

4
> Pu(g)' =0
n=0
where

Py = (k(z)/)
P =0
Py = 2(k(z)/a1) az+2(k(z) /a1) oy — (az/ar)
P; = 0
Py = (k(z) /o) a3 +2(k(z) /1) azay

Because of the fact that ¢’ is a non-constant function of y, Pp,..., Py are zero all. From
Py =0 we get (k(z) /a1)" = 0, implying the existence of some nonzero constant ¢ such that
k (x) = caj. Then, using this in Py = 0 we obtain 4cf3f’ = 0 which allows k (z) to be zero.
This is not possible by our assumption.
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(b) Subcase a3 = 0. Then, because a; = ff”, concludes ag = ¢, ¢ # 0. Therefore considering
this in Equation (11) and next taking derivative with respect to y we obtain g” = 0, which
is a contradiction.

2. Case (0K /0x)(z,y) = 0. We set K(z,y) = k(y), for some smooth function k(y). Then, follows

199" + asg™
1+ ozgg’2]2

k(y) = (13)
where if g is a linear function then the left hand side of (13) is a function of y and the other
side is a function of z. Thus, g cannot be a linear function by our assumption. Next, let g” # 0.
Then, by replacing k (z) with & (y) in Equation (12) we may easily show that no (13) has a
solution.

O

Example 3.2. Take z(z,y) = f(2)g(y) with K(z,y) = —422. By Theorem 3.1, we have z(z,y) =
ytanh(x?) up to a translation of z. One can be drawn as in Fig. 1.

Fig. 1. Graph of 2(z,y) = ytanh(z?) with 0 < x < 27 and —7 < y < 7. The Gaussian curvature is
K(x,y) = 2.

We are also interested in the graphs z (z,y) = f (z) g (y) whose mean curvature is non-vanishing
function of one variable and present the following results:

Theorem 3.3. If the mean curvature H of the graph z (z,y) = f () g (y) is a non-constant function
depending one variable then it is of the form H(z,y) = h(y), where h(y) is some smooth function of
y, and the graph is a cylindrical ruled surface of type 3 such that

So) = o) =2 [ als) (1+ a(s)) " ds (149)

where ¢(y) = [Y h(s)ds and c is a non-zero constant.
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PrOOF. We distinguish two cases:
1. (0H/0x)(z,y) = 0. We set H(x,y) = h(y), for some smooth function h(y). Then, we have

hy) = —L (15)

2[1-(f9)?]

Suppose that f is non-constant function. By squaring we write
4h2 1— N2 3 2 2 0
(y) 1= (fd) fP9"” =

which is a polynomial equation of degree 6 on f whose leading coefficient is —4h? (y) ¢’°. Since
h (y) is nowhere vanish, we obtain a contradiction. Therefore we have f = ¢, where ¢ is a nonzero
constant. So the graph parameterizes as

2 (1,0,0) + (0,4, ¢9 (y))
which is locally a cylindrical ruled surface of type 3. The result follows by integrating (15).

2. Case (0H/0y)(x,y) = 0. We set H(z,y) = h(x), for some smooth function h(z). Then, follows

h(z) = 19" p (16)

[ o]

in which f cannot be constant function because otherwise the left hand side is a function of z
and the other side is a function of y. In such a case, divide (16) with f/2 and derivative with
respect to y, obtaining

(39/9//2 _ g/2g///) f2 + g/// -0
Here is clear that the coefficients are not zero all, which is not possible. This completes the
proof.

4. The Graphs of Type 2

Consider the graph z(y, z) = f(y)g(z2), (y,z) € I x J. Then,

r(y,2) = (f(y)g(2),y,2), (s,t) €I xJCR?

The Gaussian curvature is )
"o el
K(y.z) = 191" (fg)2 (17)
(f9)° = (f'9)°

Here we point out f/, ¢’ # 0 on I x J because K is a non-constant function in our case.
Thus we present the following result:

Theorem 4.1. If the Gaussian curvature K of the graph x(y, z) = f(y)g(z) is a non-constant function
of one variable then, up to a change in the roles of the functions f, g, f (y) = ae® and the following
autonomous differential equation holds

99" — g% =c (9 = (c9)®)?, a,bER, a,b,c#0

Furthermore, K = ¢ (ab‘leby)_Q.
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PrOOF. Assume K is a non-constant function of one variable. Notice that the roles of f and g in
Equation (17) are symmetric and therefore we only focus on the case K = k (y). We previously observe
the following cases:

1. Case f(y)=cy+d, c,d€R, c+#0. Then, Equation (17) is now

* (cg)

The partial derivative of (18) with respect to z is

(18)

/2 //f2 Cg2g//+20399/2:o

which is a polynomial equation of degree 2 on f. Because k is nonzero function, the coefficients
are not zero all, which is a contradiction. Then, f cannot be a linear function. Similarly, if ¢ is
a linear function then we easily arrive the contradiction f’ = 0. This discussion gives us that f
and g must be non-linear functions.

2. Case f' =cf% ¢,d € R, ¢,d # 0.. Then, the following two sub-cases are provided:

(a) Subcase d = 1. Then, f(y) = ae®, a € R, a # 0. Equation (17) is
24 99" — 4"
R(y) = —— (19)
g2 = (cg)?)”

where the left hand side is a function of y and the other hand side is a function of z. Then,
there exists a nonzero constant A such that ¢=2f?k(y) = A and

2
gg// _g12 — )\(912 _ (69)2)
which gives the result.

(b) Subcase d # 1. Equation (17) imply that

dag" — /2
(PR = (20)

Letting dgg” — ¢’> = T and next derivating with respect to z of Equation (20) we obtain

T/g/2 4Tg/ "o 62 (Tlg2 o 4ng/) f2d72 =0

which is polynomial equation on f. Using the equality of coefficients we derive following
equations

T/g/2 _ 4Tg/g// — O
T'¢* —4Tgg =0
From these equations, we have the contradiction ¢’ = bg, b = const.

3. Case that f is neither a linear function nor of the form f’ = cf?. Then, derivating of (17) with
respect to z

ff [(g/g// + gg///) (g 2 _ 92) _ 499// (g/g// _ gg/)] + 4f/2 12 (g/g// _ gg/)
2f/2///( 92):0
Since f’ # 0, we obtain
ff”_ —49 ( v/ )+29/ //( /2_92)

2 (9" +99") (9”7 — 9%) — 499" (99" — 99')

The left hand side is a function of y while the other side is a function of z. Then, both hand
sides are a constant, which contradicts with our assumption.
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The mean curvature of the graph z(y, z) = f(y)g(z) is given by

i (F92F"9 = 2f9(F'9)* + (f'9)*f9" (21)
2((f9)? = (f'9)*?

Apart from the previous results, we could not completely solve our problem when H(y, z) is noncon-
stant and

OH(y, 2) OH(y, 2)
— = 22
Dy 0 or o 0 (22)
But we have an example indicating the existence of the graphs z(y, z) = f(y)g(z) when Equation (22)
holds.

bz

Example 4.2. Let a,b,c € R — {0}, up to a change in the roles of the functions f, g, g(z) = ae’* and

Y Yy -2 —1/2
f(y) = cexp | + / <<2a / h(s)ds> +a2> ds (23)

Then, the mean curvature of the graph z(y, z) = f(y)g(z) only depends on the variable y.

For the solution of Example, we set o = % and 8 = %. Then, Equation (21) is now

_ aB +8)

H(z,y) = 202 _ )"

(24)

Up to a change in the roles of the functions f, g, suppose that /3 is constant, or equivalently, g(z) = aeb?,

for some nonzero constants a, b. Equation (24) is

oo

_QCLH(I', y) — —(a2 — a72)3/2

(25)
which means that H(z,y) only depends on the variable y. Put H(x,y) = h(y), for some smooth
function h(y). Integrating Equation (25) gives the result of Example.

5. Conclusion

In this paper factorable surfaces are classified when the mean and Gaussian curvatures are functions
of one variable in the pseudo-Galilean space. We have obtained that if the Gaussian curvature K of
the graph z (z,y) = f (x) g (y) is a non-constant function of one variable then it is a negative function
of the form K = k (z). Furthermore, the graph is a cylindrical ruled surface of type 3 and if the mean
curvature H of the graph z (z,y) = f(x)g(y) is a non-constant function of one variable then it is
of the form H = h(y) and the graph is a cylindrical ruled surface of type 3. Also we have shown
that there does not exist a graph z(y, z) = f(y)g(z) in G} when its mean curvature depends on one
variable.
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1. Introduction

In differential geometry, the Frenet frame of a continuous differentiable regular curve in Euclidean
space E? describe the geometric properties of any point moving along the curve. If {T(¢), N(t), B(t)}
is the Frenet frame of any regular curve « in Euclidean space E3, here, the vector T'(t) (resp. N(t)
and B(t)) is called tangent vector (normal vector and binormal vector) [1,2]. In Euclidean 3-space,
the curves whose principal normal vector makes a constant angle with a fixed direction are called
slant helices. Kula et al. [3] studied on the slant helices in Euclidean space E3. Ali [4] obtained
the position vectors of slant helices Euclidean space E3. In a paper published by Salkowski [5], a
curve family, whose curvature is constant but torsion is not, has been defined. In a study done by
Monterde [6], it is found out that base normal vectors of Salkowski curves make a constant angle with
a constant line. The Frenet vectors and the geodesic curvatures of the spherical indicatrix curves
belong to Salkowski curves in E? are calculated in [7]. The Smarandache curves according to Frenet
frame of Salkowski curves are studied in [8]. Moreover, the modified orthogonal frame of a space
curve in Euclidean space E? was described by Sasai [9,10] as a useful tool for investigating analytic
curves with singular points where the Frenet frame does not work. The authors in [11-14] obtained
the modified orthogonal frame of a space curve and its spherical curves in Euclidean and Minkowski
3-space. Arikan and Nurkan [15] had a paper on adjoint curve according to modified orthogonal frame
with torsion in Euclidean 3-space. Furthermore, there are many studies on the frames of various curves
or surfaces in Euclidean 3-space, [16-25]. In another study, we [26] examined the modified frames with
both the non-zero curvature and the torsion of the non-unit speed curves in Euclidean space E3. In
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this study, it has been shown that Salkowski curves in E3 is not a unit speed curve. Therefore, the
torsion of Salkowski curves is investigated. The Frenet derivative formulas are obtained for this curve.
Besides, the angle (nt) is made sense and the relationship between this angle and the angle between
the binormal vector and the Darboux vector of Salkowski curves is given. By means of this angle, the
unit vector in the direction of this vector and the Darboux vector of the curve is calculated. Finally,
based on the work [26] done on calculating the modified orthogonal frame of a non-unit speed curve,
the modified orthogonal frames with the both curvature and torsion of Salkowski curves are calculated.
And relations between the modified orthogonal frames and the Frenet frame of Salkowski curves in
Euclidean 3-space are given.

2. Preliminary

Let the curve a(t) be a differentiable space curve in E3. Frenet vectors (the tangent, binormal and
principal normal vectors), the curvature and the torsion of this curve are given as follows:
o/(t)

a/(t) B A (t) _
o POy MO =PONTO W

T(t) =

= @) A @)

_det (o/(2),a"(t),a" (1))
K’( ) - Ug(t) ’

and T(t) =
O nerr (2)

respectively. Here, v(t) = ||&/(t)||. Frenet derivative formulas of this curve [2] are as follows:
T'(t) 0 v(t)k(t) 0 T(t)
N'(t) | = | —v(®)s(t) 0 o)) | | N 3)
B'(t) 0 —v(t)7(t) 0 B(t)

The Darboux vector W (t) of the non-unit speed curve «(t) is as follows:
W(t) = N(t) AN'(t) = v(t) (T()T(t) + £(t) B(t)) (4)

The unit vector C(t) in direction of the vector W (t) of the non-unit speed curve «(t) is

., (1) (1)
Ui (t)< ﬁ2(t)+72(t)T(t)+ mz(t)+72(t)B(t)> (5)

or if the angle between of the vectors B(t) and W (¢) of the curve a(t) is ¢(t), then the unit vector [27]
is

C(t) = sinT'(t) + cos B (t) (6)

If v(t) = 1, then the curve a(t) is called unit speed curve. Let us create the following vectors for the
curve a(t):
Ey(t) = d(t), E(t)=Ei(t), Es(t)=Eni(t) AEa(t) (7)

These vectors form an orthogonal frame. If «(t) is a unit speed curve and its curvature is non-zero,
we can write these vectors in terms of Frenet vectors of the curve as following [9]:

Er(t) =T(t), Ext) =r(t)N(t), Es(t)=r(t)B(?) (8)

where,

(B1(t), E1(t) =1, (Ba(t), Ba(t)) = (Es(t), Es(t)) = r*(t) (9)
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In this case, this frame obtained for the curve is called a modified orthogonal frame with the curvature
k(t) of the curve a(t). There are the following relationships between these vectors and them derivative
vectors:

Bt o 10 Eut)
—K? a0l T
B =] Y ((”) Ea(t) (10)
K (t
E4(t) 0 - k(t) E3(t)

The parametric equation of Salkowski curves -, are as follows:

1 1—-n 1+n 1
t) = — in((1+2n)t) — ————sin((1 —2n)t) — =sint
’Ym() m( 4(1+2n)811’l(( + TL) ) 4(1_2n)81n(( n) ) 281n )
1—n 14+n 1
_ 1+2n)t) + ——— 1—2n)t) + = cost
4(14_271)(308(( + n))+4(1_2n)cos(( n))—|—2cos,
L cos (2nt)
— cos (2n
4m
Figure 1. Here, m # i%, 0eRand n = \/T:L”TH Moreover, 'y;n(t)H = \C/‘);(%)l; therefore, the curve
is regular in the interval of ] — 5 o [ The curvature, the torsion and the Frenet vectors of the curve

provided in [5,6] are as follows:

k(t) = 1
T(t) = —tan(nt)
Tt) = — (cos t cos (nt) + nsintsin (nt) , cos (nt) sint — ncostsin (nt) , " sin (nt))
m
N(t) = n (sint, — cost,—m)
m
B(t) = - <cos tsin (nt) — ncos (nt) sint, sin t sin (nt) + n cost cos (nt) , D os (nt))
m
2 -
1.5 ol
1 s
0.5 27
0+ 19
0.5 4 0
14 -
1.5 4 2|
-2 5 / 2 3 -
2 2 = f T 1 g ¢

0ol

Fig. 1. Salkowski curves for m =
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3. The Some Properties of Salkowski Curves in E?

In this section, we show whether Salkowski curves in E? are a unit speed curve. We obtain the its
torsion and the Frenet derivative formulas. Also, we make sense the angle (nt) and give the relationship
between this angle and the angle between the binormal vector and the Darboux vector of Salkowski
curves. By means of this angle, we get the Darboux vector of the curve and the unit vector in the
direction of this vector.

3.1. Are Salkowski Curves in E? Unit Speed Curves?
First, let us examine whether Salkowski curves are a unit speed curve. If we take first derivative

according to the parameter ¢ of Salkowski curves ~,,(t), we get

() = T os (nt) (cos t cos (nt) + nsintsin (nt) , cos (nt) sint — ncostsin (nt) , " in (nt)) (11)
m m

The norm of the Equation 11 is

cos (nt)

@] = 0 (&) = 2 cos (nt) = (12)

m m2 +1
If Salkowski curves were a unit speed curve, then we could write

H%(t)H = C:Z(?ﬁ)l =1

Hence, we get
cos(nt) = vm?2+1

For the cosine function, since —1 < cos(nt) < 1, we have

-1<vVm?+1<1

And thus, we obtain
—1<m?<0, m>=0, andm=0

But in the definition of Salkowski curves, m # 0, this is a contradiction.

Corollary 3.1. Salkowski curves are not a unit speed curve.

3.2. The Torsion of Salkowski Curves in E?

The sign of torsion of Salkowski curves in [6] is regarded as 7(t) = (B'(t), N(t)), thus the torsion of
Salkowski curves is stated as 7(t) = tan (nt). However, in [5], the torsion of Salkowski curves is given
as 7(t) = —tan (nt). We know the torsion of the a unit speed curve is found as 7(t) = (N'(¢), B(t)) =
—(B'(t), N(t)). But, we said that Salkowski curves are not a unit speed curve. Thus, to find the
torsion of Salkowski curves, we use the following equation:

_ det (7 (1), ¥in (1), v (1))
i () A v (D)1

If we take second and third derivatives according to the parameter ¢ of Salkowski curves v, (t), we get

7(t) (13)

W) = " cos (nt) (cos (nt)sint + n costsin (nt) +n’sint (sin? (nt) — cos® (nt))
m

— costcos (nt) + nsintsin (nt) — n? cost (sin? (nt) — cos® (nt))

2
(Sin2 (nt) — cos? (nt))> (14)

n
m cos (nt)
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W) = " cos (nt) (costcos (nt) — 3nsintsin (nt) + 4n’ sint sin (nt)
m
. . 3 . 4n3 .
cos (nt) sint + 3n costsin (nt) — 4n” cos t sin (nt) , — sin (nt) (15)
m
If we apply the vector product to the vectors 11 and 14, we have
3
YL ) Ay (t) = —n—g cos® (nt) (costsin (nt) — ncos (nt) sint,sintsin (nt) + n cost cos (nt) ,
m
n
o )
—cos (nt)
nd 4
= —— t)B(t 16
" cos® (nt) B 1 (16)
Then, the norm of the Equation 16 is
/ " n® 3
I (8) A 61| = 25 cos® () (17)
If we apply the cross product the vectors 15 and 16, we get
/ " " n’ n 2 5 : n? : 6
(Vi (&) A (&), vm (@) = pncll (e t cos” (nt) sin (nt) + o costsintcos’ (nt)
n? . 4 . 2 3n3 . 2 5 .
+—— costsintcos” (nt)sin® (nt) — — sin“ ¢ cos® (nt) sin (nt)
m m
n* . 4 ) 4nd . 9 5 .
———costsintcos” (nt)sin (nt) + — sin” t cos” (nt) sin (nt)
m m

2
n n
—— sin?t cos® (nt) sin (nt) — — costsint cos® (nt)
m m

n? : 4 .2 S 5 :
———costsintcos” (nt)sin” (nt) — — cos” t cos” (nt) sin (nt)
m m

n . 4 -2 n® 5 :
+——costsintcos” (nt)sin® (nt) + — cos” t cos® (nt) sin (nt)
m m

4n® .
+W cos” (nt) sin (nt)>

/ " 1" n’ n 5 i 3n’ 5 i
(@) Ay (&), vm (@) = g, s (nt) sin (nt) — - cos (nt) sin (nt)
4nd 4nd
— t) si t — t) si t
+- - cos (nt) sin (nt) + s (nt) sin (n )>
" cos® (nt) sin (nt) (18)
= ——cos’ (nt)sin(n

mo

Then, if the Equations 17 and 18 are substituted in the Equation 13, we obtain the torsion of Salkowski
curves as follows:
7(t) = — tan (nt) (19)
[5]. But numerous authors take 7(t) = tan (nt) in the their studies. In this study, we will use the
equality 19 for the torsion of Salkowski curves.

3.3. The Frenet Derivative Formulas of Salkowski Curves in E3

By using the Equations 12 and 19, the derivative vectors of the Frenet vectors T'(t), N(t), B(t) of

Salkowski curves are obtained as follows:
2

T(t) = n—Q cos (nt) (sint, — cost, —m)
m

= % cos (nt) N (t) (20)
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N'(t) = 2((:ost,sint,O)
m

- (cost cos® (nt) + cost sin® (nt) + n cos (nt) sint sin (nt) — n cos (nt) sint sin (nt) ,
m

cos? (nt) sint + sintsin? (nt) — n cost cos (nt) sin (nt) + n cost cos (nt) sin (nt)

% cos (nt) sin (nt) — % cos (nt) sin (nt))

= 2 cos (nt) (cos t cos (nt) + nsintsin (nt) , cos (nt) sint — ncostsin (nt) , " sin (nt))
m

m

+ % sin (nt) (cos tsin (nt) — ncos (nt) sint, sin t sin (nt) + n cost cos (nt) , T os (nt))
m m

" (cos (nt) T (t) + sin (nt) B(t))

m

B'(t)

2

n- . .
= sin (nt) (sint, — cost,—m)

2

- % sin (nt) N(t)

(21)

(22)

We could have obtained these equations using the Equation 3, but we preferred to arrive at these

equations by operations.

Corollary 3.2. The Frenet derivative formulas for Salkowski curves are as following:

T'(t)
N'(@) | =

B(t)

0 T cos (nt) 0
m
n n
- t 0 —— sin (nt
——cos (nt) - sin (nt)
n
0 —— si t 0
= sin (nt)

3.4. The Darboux Vector of Salkowski Curves in E3

N(t) (23)

Now, let us make sense of the angle (nt) for Salkowski curves. We know that the Darboux vector of

any regular curve is found by

W(t) = N(t) A N'(t). (24)
Then, for the Darboux vector of Salkowski curves, we get
n n
Wi(t) = — (sint,— t,— N — t,sint,0
(t) m(sm, cost,—m) m(cos,sm, )
2 1
- <sin t, — cost, > (25)
m m
Or, we can get it another way. If we use 7(¢t) = —tan(nt), from the Equations 3 and 12, since
Salkowski curves are not a unit speed curve, from the Equation
W(t) = (@) ()T () + x(t)B(1)),
the Darboux vector of Salkowski curve is obtained as follows:
W) = ™ cos (nt) (costsin (nt) + nsintsin (nt) tan (nt) — costsin (nt) + ncos (nt) sint |
m
sintsin (nt) — ncostsin (nt) tan (nt) — sintsin (nt) — ncost cos (nt) ,
“ sin (nt) tan (nt) + - cos (nt)
— sin (nt) tan (n — cos (n
m m
2 1
- L <sint, — cost, ) (26)
m m
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Here we see the equality of Equations 25 and 26. Also, the norm of the Darboux vector is

n

W) ==

3.5. The Angle (nt) of Salkowski Curves in E3
Let the angle between the vectors B(t) and W (t) of Salkowski curves be ¢(t).

0 vOOT()

@(t)
v(DK()B(t)

N

Fig. 2. The Darboux vector of Salkowski curves
In this case, from Figure 2, by using the Equation 27, we can write
(B(t),W(t)) = [B@IW()]cose

n
= —cCosyp
m

Also, if the inner product operation is applied to the vectors B (t) and W(t), we get

2

(B(t),W(t)) = v (costsintsin (nt) — nsin® t cos (nt) — costsin tsin (nt)
m
—ncos? tcos (nt) — " cos (nt))
m2
" (=rcos nt) — % cos ()
= —— (—ncos(nt) — — cos (n
m m?
n
= = t
— oS (nt)

From the equality of the Equations 28 and 29, we have
cos ¢ = cos (nt)
On the other hand, from Figure 2, by using the Equation 27, we can write

(T@),W®) = IT@OIIW @) sine,
= %sirup

Also, if the inner product operation is applied to the vectors T'(t) and W (t), we get

n? n
(T(t),W(t) = - (n sin® ¢ sin (nt) + n cos® tsin (nt) + 3 sin (nt))
2

n n
= —— (nsin(nt) + — si t>,
(n sin (nt) + — sin (nt)

n
= ——sin(nt
Z sin (nt)

18

(28)

(32)
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From the equality of the Equations 31 and 32, we have
sin p = —sin (nt) (33)
Hence, from the Equations 30 and 33, we write

cosp —cos(nt) = 0= cos?p — 2cos g cos (nt) + cos® (nt) =0
sing +sin (nt) = 0= sin? ¢ + 2sin psin (nt) + sin’ (nt) = 0

If these two equations are added side by side, we get

2 — 2(cospcos (nt) —singsin (nt)) = 0
cos pcos (nt) —singsin (nt) = cos(p+nt) =1
And thus, we obtain
nt=—¢ (34)

Corollary 3.3. The angle (nt) is the angle opposite sign to the angle between of the binormal vector
B(t) and the Darboux vector W (t) of Salkowski curves.

3.6. The Unit Vector in the Direction of Darboux Vector of Salkowski Curves in E?

Let the unit vector in the direction of Darboux vector W (t) of Salkowski curves be C(t). Then, from
the Equations 25 and 27, we have

_ Wl nsint, —ncost, -
O = gy = (it —meest ) %)
On the other hand, from the Figure 2, we write
= o(t) T K
= sinpT'(t) + cos pB(t) (36)

[27]. If the Equation 34 is substituted in the Equation 36, we get

C(t) = —sin(nt)T(t)+ cos(nt) B(t)

= (COS tcos (nt) sin (nt) + nsintsin? (nt), cos (nt) sint sin (nt) — ncostsin? (nt) , " sin? (nt))
m

(COS tcos (nt) sin (nt) — ncos? (nt) sint, cos (nt) sintsin (nt) + ncost cos® (nt) , — T cos? (nt))
m

Then, we indeed obtain
cit) = ( sint, —cost —n) (37)
n sin co
’ "m
Here, we see that the Equations 35 and 37 are equal.

4. The Modified Orthogonal Frames of Salkowski Curves in E3

In this section, we calculate the modified orthogonal frames with the both curvature and torsion of
Salkowski curves. And we give the relations between the derivatives of the vectors of these frames
and the Frenet vectors or the vectors of the modified orthogonal frames. Let the Frenet frame, the
curvature and the torsion of Salkowski curves vy, (t) be {T'(t), N(t), B(t)}, x(t) and 7(t), respectively.
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4.1. The Modified Orthogonal Frame with the Curvature of Salkowski Curves in E3

Considering the Gram-Schmidt orthogonalization procedure, let us define the orthogonal frame { F; (t),
Ey(t), E5(t)} below for Salkowski curves v, (t), [26]:

(Er (1), Er(t))
(Ex(t), Ev(t))

Here, since Salkowski curves are not a unit speed curve, we can not use the Equation 8. From the
Equations 11 and 38, the vector Ei(t) is obtained as follows:

Ei(t) =7,(t), Ex(t)=Ei(t) - Er(t), Es(t) = E1(t) A Eaft) (38)

Ei(t) = % cos (nt) T(t) (39)

From the Equation 39, the following equation is gotten:

Lcos nt) T'(t /,Lcos nt)T(t
(E1(t), Er(t)) <<m o ()> w0 ()>

(Er (1), B (t)) <:1 cos (nt) T'(t), % cos (nt) T(t)>

<—n sin (nt) T(t) + % cos? (nt) N(t), cos (nt) T (t)>

cos? (nt)
= —ntan (nt) (40)

From the Equations 3, 38 and 40, the vectors Ey(t) and E3(t) are obtained as follows:

2 2 2

Eo(t) = _% sin (nt) T(t) + % cos? (nt) N(t) + % sin (nt) T(t)
TL2
= 5 cos® (nt) N (t) (41)
Es(t) = :; cos® (nt) B (1) (42)

Since the curvature of Salkowski curves is k() = 1, using the Equation 12, from the Equations 39,
41 and 42, the modified orthogonal frame {E;(t), E2(t), E3(t)} with the curvature x(t) of Salkowski
curves v, (t) is written as follows:

Ei(t) =v(t)T(t), FEot) =*(t)k(t)N (t), FEs(t) = v3(t)k(t)B(t) (43)
e (Ev(t), Ea(t)) = (Ea(t), E5(t)) = (E1(t), E3(t)) = 0 (44)
and
(Br1(t), Br(t)) = %) = :; cos? (nt)
(Ba(t), Ba(t)) = o*(t)s(t) = :; cost (nt)
(Bs(t), B3(t)) = o%(t)k2(t) = :; cos® (nt)

The frame {E1(t), E2(t), E5(t)} is indeed orthogonal (from the Equation 44), but is not orthonormal,
because the vectors E1(t), Fa(t), E5(t) are not unit vectors. Now, let us find the derivative vectors of
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the frame, respectively. First, by using the Equation 3, from the Equations 39, 41 and 42, we obtain

the derivative vectors E(t), E4(t), E4(t) in terms of the Frenet vectors T'(t), N(t), B(t) as follows:

n? n?
Ei(t) = - sin (nt) T'(t) + 3 cos® (nt) N (t) (45)
n? n?
Ey(t) = — 5 cos (nt)sin (nt) N (t) + pooc cos? (nt) N'(t)
2n3 n? n n
= =5 cos (nt) sin (nf) N (1) + - cos? (nt) <_E cos (nt) T(t) — = sin (nt) B(t))
n3 3 n3
= 3 cos® (nt) T(t) — 3 €08 (nt)sin (nt) N(t) — p cos? (nt) sin (nt) B(t), (46)
3nt n?
Ei(t) = 3 cos? (nt) sin (nt) B(t) + 3 cos® (nt) B'(t)
n* 3nt
= 3 cos® (nt) sin (nt) N (t) — s cos? (nt) sin (nt) B(t) (47)

Corollary 4.1. From the Equations 45, 46 and 47, we obtain the following equalities between the
Frenet vectors and the derivative vectors of the modified orthogonal frame with x(t) of Salkowski

curves:
_ ) ) -
" Gin (nt) n2 cos? (nt) 0
m
Ey(t) T (s)
n? n3 n3
/ : 2 3
Ey(t) | = | ——=3—cos(nt) ——=—cos(nt)sin(nt) ——5— cos®(nt)sin (nt) N (s)
m m m
1240 " A B (s)
0 3 (nt)sin (nt) — 2 (nt) sin (nt
_ T €08 (nt) sin (nt) e (nt) sin (nt) _

Second, let’s get the derivative vectors E1(t), E4(t), E4(t) in terms of the vectors E(t), Ea(t), Es(t).

From the Equations 39, 41 and 42, the Frenet vectors are written in terms of the vectors Fj(t), Ea(t)

Es(t) as follows:

)

(1) n cos (nt) By (s)
N(t) | = 0 oo (1) 0 Es (5) (48)
B(t) 3 Es (s)

i 0 0 n3cos® (nt) |

If the Equation 48 are substituted in the Equations 45, 46 and 47, respectively, we get

n? m n? m?
E\(t) = - sin (nt) <ncos(nt)E1(t)> s cos? (nt) <n20082<m)E2(t)> ,
E\(t) = —ntan(nt)Ey (t) + Ex(t) (49)
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n3 m n3 m’
Ei(t) = " cos® (nt) (ncos(nt)El(t)) - % cos (nt) sin (nt) (nzmz(mEQ(t))
n? 9 . m®
3 cos” (nt) sin (nt) (713’(3(38,?’(nt)E3(t)) )

= —:; cos? (nt) E1(t) — 2ntan (nt) Es(t) — tan (nt) E5(t) (50)

nA m2 nt m?
Eé(t) _ m cos® (nt) sin (nt) <n?cos?(nt)E2(t)> — ?;n—S cos? (nt) sin (nt) <n3(:os3(mf)E3(t)>

= :; cos (nt) sin (nt) Eo(t) — 3n tan (nt) E5(t) (51)

Corollary 4.2. From the Equations 49, 50 and 51, we obtain the following equalities between the
vectors of the modified orthogonal frame with x(t) of Salkowski curves and its derivative vectors:

—ntan (nt) 1 0
Bi() 2 B
B | = | e cos? (nt) —2ntan (nt) — tan (nt) B (s)
E3(t) 0 ::2 cos (nt) sin (nt) —3ntan (nt) Bs (s)

4.2. The Modified Orthogonal Frame with the Torsion of Salkowski curves in E3

Considering the Gram-Schmidt orthogonalization procedure, let us define the orthogonal frame {4, (%),
As(t), Az(t)} below for Salkowski curves v, (t), [26]:

AL(t) = (), Aolt) = ({?) (AW) B WA

From the Equations 11 and 52, the vector A;(t) is obtained as follows:

<t>>, As(t) = AL () A As(t)  (52)

Ar(t) = L cos (nt) T(t) (53)

m

from the Equations 39 and 53, we see that the vectors E;(t) and Aq(t) are equal. Therefore, from the
Equation 40, we have
(41(1), A1 (1))
(Ax(t), Ax(2))
From the Equations 3, 52 and 54, the vectors Ax(t) and Az(t) are obtained as follows:

= —ntan(nt) (54)

n? | n? n? .
As(t) = —tan(nt) <_m sin (nt) T(t) + 3 cos (nt) N(t) + - sin (nt) T(t))
n2
= — 508 (nt) sin (nt) N(t) (55)
n3
As(t) = 3 cos? (nt) sin (nt) B(t) (56)
Since the torsion of Salkowski curves is 7(t) = — tan (nt), using the Equation 12, from the Equations

53, 55 and 56, the modified orthogonal frame {A; (t), A2(t), A3(t)} with the torsion 7(¢) of Salkowski
curves 7y, (t) is written as follows:

A1(t) =o()T(t),  As(t) = *(O)T ()N (t),  As(t) = v (t)7(t)B(¢) (57)
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where
(Ax(t), A2(t)) = (A2(t), A3(t)) = (A1(t), A3(t)) = 0 (58)
and
2 n?
(A1(t), A1) = v(t) = 5 cos” (nt)
4
(As(t), As(t)) = vt)T(t) = % cos? (nt) sin? (nt)
6
(As(t), A3(t)) = °@)r%(t) = % cos* (nt) sin? (nt)

The frame {A1(t), A2(t), A3(t)} is indeed orthogonal (from the Equation 58), but is not orthonormal,
because the vectors Aj(t), Aa(t), As(t) are not unit vectors. Now, let us find the derivative vectors of
the frame, respectively. First, by using the Equation 3, from the Equations 53, 55 and 56, we obtain
the derivative vectors A} (t), A5(t), A5(t) in terms of the Frenet vectors as follows:

n? n?
Al(t) = - sin (nt) T(t) + poec cos® (nt) N (t) (59)
2 n2

(—nsin® (nt) + ncos® (nt)) N(t) — g cos (nt) sin (nt) N'(t)

/ n

m2
3

= I (- sin? () + cos? (nt)) N (1)

2

—% cos (nt) sin (nt) (—% cos (nt) T (t) — % sin (nt) B(t))

3
3

n3

m3
4

3

4

:T cos? (nt) sin (nt) T(t) + % (2sin? (nt) — 1) N(¢)

3
3

+ :T cos (nt) sin? (nt) B(t) (60)

((—2n cos (nt) sin? (nt) 4 n cos® (nt)) B(t) + cos? (nt) sin (nt) B'(t))

+ n cos (nt) (3 sin® (nt) — 1) B(t) (61)

n 2 L2
= —— t t)N(t
— o8 (nt) sin” (nt) N (t) 3

1
Corollary 4.3. From the Equations 59, 60 and 61, we obtain the following equalities between the
Frenet vectors and the derivative vectors of the modified orthogonal frame with 7(¢) of Salkowski
curves:

- n2 2 -

- sin (nt) % cos? (nt) 0
Aq(t) T (s)
n? n? n?
AL(t) | = 3 cos? (nt) sin (nt) 2 (2sin” (nt) — 1) 3 oS (nt) sin? (nt) N (s)
Al(t) A ” B(s)
0 i cos? (nt) sin? (nt) — 3~ cos (nt) (3sin® (nt) — 1)

Second, let’s get the derivative vectors Af (t), A5(t), A5(t) in terms of the vectors A;(t), Aa(t), Az(t).
From the Equations 53, 55, and 56, the Frenet vectors are written in terms of the vectors Ay (t), Aa(t),
and Ajz(t) as follows:

0] | sty 0 0 A1)

m2
N@) | = 0 "~ n2cos (nt) sin (nt) 0 Az (s) (62)
5() 0 0 ~ nlcos? (7:753) sin (nt) A3 (5)
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If the Equation 62 are substituted in the Equations 59, 60 and 61, respectively, we get

n? m n? m?
ALty = - sin (nt) (ncos(nt)Al (t)) s cos? (nt) <_n2 cos (nt) sim () Ag(t)>
—  “ntan (nt) Ay (t) tanl(nt)AQ(t) (63)
n? m n? m?
H(t) = — cos? (nt) sin (nt) (ncos(nt)Al(t)> + 5 (2sin® (nt) — 1) <n2 oo () s (D) AQ(f))
n3 m3
+ 5 cos (nt) sin® (nt) <— 5 cosZ (nt) sin (n1) Ag(t)>
n? sin? (nt) —
= I cos (nt)sin (nf) Ay(1) <W) As(t) — tan (nt) As(t) (64)
n? m?
st = — cos? (nt) sin? (nt) (— 2 cos (nf) sin (1) Ag(t)>
n? m3
+$ cos (nt) (3sin? (nt) — 1) <_n3 cos? (nt) sin (nd) Ag(t)>
n? sin? (nt) —
= gcos (nt)sin (nt) Aa(t) —n (W) As(t) (65)

Corollary 4.4. From the Equations 63, 64 and 65, we obtain the following equalities between the
modified orthogonal frame with 7(¢) of Salkowski curves and its derivative vectors:

1
—ntan (nt) - 0
Ay tan () ()
n? n (2sin? (nt) —
ALty | = — g cos (nt)sin (nt) — c(ozs (nt)(sjl)(nt;) — tan (nt) Ay(t)
(1) n? n (3sin? (nt) — 1) A3(t)
L ! “m2 " (nt)sin (nt) = cos (nt) sin (nt)

5. Conclusion

The modified orthogonal frame is a tool that can be used to solve the problem at singular points
where the Frenet frame of the analytical or discontinuous curves cannot be calculated. But there is
no harm in constructing a modified orthogonal frame of any regular curve. For example, in this study,
the modified orthogonal frames of Salkowski curves are calculated and the relationships between the
Frenet frame and the modified orthogonal frames are given. The characteristic properties of Salkowski
curves can be studied with its modified orthogonal frames, as well as with its Frenet frame.
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1. Introduction

Machine learning is concerned with designing and analysing models learned from data and developing
practical algorithms for prediction [1]. In other words, it suggests using a machine or computer to learn
similarly to how the brain learns and predicts [2]. Ensemble learning, another definition of machine learning,
refers to a collection of basic models assembled to create a new prediction or classification using the same
learning technique. Bagging and Boosting are among the most widely used methods. These methods were
designed to improve the stability and accuracy of machine learning algorithms [3]. Random Forest (RF) is an
ensemble learning method for classification and regression, representing a significant advancement in machine
learning. The method of RF is used to create many individual Classification and Regression Tree (CART)
decision trees during the training phase. It aims to find new ways to combine the information from the
individual CART trees (the class modes for classification, averaging the predictions of each regression model)
[4, 5]. Contrary to the linear and non-linear regression models widely used in practice, Multivariate Adaptive
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Regression Spline (MARS) is defined as a nonparametric technique that generates different coefficients for
different range values of the independent variable and reflects the actual structure better by also adding
interaction terms to the model [6]. The model is obtained using the regression models’ forward selection and
backward elimination algorithms and the essential piecewise functions and combinations [7].

Many studies are conducted in different disciplines using the MARS algorithm. The MARS model was
used by [8] in the field of medicine for disease diagnosis, [9] in the field of computer sciences for the quality
assessment of web services, by [10] in the field of civil and environmental engineering to estimate pile
drivability, by [11] in the field of mechanical engineering to model heat transfer properties and by [12] in the
field of accounting and information systems to make financial predictions.

On the other hand, there are other studies in the literature where improvements were made in the model
selection of the MARS algorithm. [13] used a genetic algorithm to interfere with knot selection. [14] suggested
a new approach to the MARS as CMARS and used a penalised residual sum of squares for the MARS as a
Tikhonov regularisation problem. [15] presented the new robust CMARS (RCMARS) in theory and by a robust
optimisation technique. [16] proposed a new method for knot selection based on a mapping approach like self-
organising maps. [17] applied information measure of complexity (ICOMP) as a powerful model selection
criterion for the MARS modelling. [18] used Bootstrapping to obtain the empirical distributions of the
parameters and to determine whether they were statistically significant or not in a special case of nonparametric
regression.

There were many studies in which Ensemble Learning, Bagging, and Random Forest methods were used
together in the literature. We can give the most up to date of these as follows. [19] showed the working
mechanism of stacking and bagging on spoof fingerprint detection, which were widely used ensemble learning
approaches. [20] offered a quantified way for the standard case when classifiers were aggregated by the
majority (“algorithmic variance”, i.e., the prediction error variance due only to the randomised training
algorithm). A new method was proposed as a multi-objective optimisation approach with the two objectives
of accuracy and diversity based on two main challenges in the bagging method provided in [21]. [22] proposed
a new classification method for sparse functional data based on functional principal component analysis
(FPCA) and bootstrap aggregating.

The present study aims to convert the MARS technique into ensemble learning using the RF algorithm.
Moreover, we suggested a new method for selecting the model with superior performance and generalisation
from the ensemble of the MARS models. Although there are studies in the literature where the MARS model
was used as an ensemble [23-25], there is no method for selecting the best MARS model by creating the MARS
models over a random ensemble. Correcting this deficiency in the literature will be attempted with the
suggested new method. This study is derived from the first author's PhD dissertation conducted under the
supervision of the second author.

2. Method

2.1. Random Forest Algorithm

The article on the RF model published by Leo Breiman in 2001 took its final shape by referring to the studies
conducted by [4, 5, 26-31]. The algorithm of the RF method is built by following the steps presented below
[8, 32-36]:

i. k sampling is created by the Bagging method so that the number of observations in the original data set
has the same number of observations as n. Also, each sampling represents a CART decision tree.

ii. While 2/3 of the observations in the original data set are included in the sample as InBag data, 1/3 of
them are excluded from the sample as OOB data to test the established internal error rate of the model.
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iii. The widest CART decision tree is created with the InBag data. While creating this tree, instead of selecting
the best variables out of all existing prediction variables in each node, p out of a total of m independent
variables are randomly selected in a split of each node (p < m). That is because the tree is not expected
to demonstrate excessive growth and overfitting.

iv. The previous steps are repeated until the kK number of trees that will form the forest is obtained. Afterwards,
a new prediction is made by combining the separate class predictions with k trees. It counts how often an
examined observation is classified and in which categories. Each observation is assigned a class with a
majority of votes determined through the tree sets.

v. The predictions made with the OOB observations that are not used in individual trees are used to estimate
the internal error rate of the forest. The OOB error rate of each decision tree making up the forest is
calculated. The percentage of misclassification is determined as the classification error rate of RF.

2.2. Multivariate Adaptive Regression Splines

The MARS technique was developed by the physician and statistician Jerome Harold Friedman in 1991 [37].
According to [38], the MARS is a good innovation in finding suitable conversions to convert the non-linear
relationships between dependent and independent variables into a linear structure and determine the
interactions between independent variables.

The MARS uses a pair of functions in the form of [+(x — t)],One is the mirror reflection of the other,
as the basis function in linear and non-linear expansions that predict the relationship between dependent and
independent variables. These function pairs are also called mirror basis functions. The sign [.], states that
only the positive results of the related functions will be considered. Otherwise, the related functions are
considered zero. The basis function pair representing the variable x and the knot value t is defined as follows
[3,6,39]:

Xx—tx>t
0, otherwise

t—x,x<t
(=) = { 0, otherwise @
To find the desired model, the MARS uses a two-step process. Forward selection, the first phase of
creating the MARS model, resembles forward stepwise regression. Unlike this method, the MARS uses basis
function pairs instead of original inputs [6]. Each step finds the main basis function pair (meaning that both
functions of a knot are included in the model) that leads to the most decrease in the SSE (Sum of Squares
Error) value using the Greddy algorithm. In forward selection, the process of adding terms continues until the
maximum number of terms included in the model is reached. The over fitted MARS model that is established
by adding certain basis functions under the conditions and is much bigger than the optimum model is
formulated as follows [37]:

and (¢ — x), = {

f@) = ag + Ty amBm (%) = ag + X1 @m Iy [Sicm (Xom) = tiem)] )

In Equation (2), M is the number of basis functions defined as m = 1,2, ..., M. While the quantity K,,
represents the number of interactions, the quantity sy, takes the value +1. The constant term in the model is
denoted by a, while the regression coefficients are denoted by a,,. B,,(x) is the m-th basis function. The
v(k, m) label the independent variables and the t;,,, present knot value on the corresponding variables [37].

Backward elimination constitutes the second phase of the creation of the MARS model. The main reason
this stage is required is the inability to compare the models with the SSE value. That is because when SSE is
used to compare the models, backward elimination always selects the biggest model. However, the biggest
model does not possess the best generalisation performance; on the contrary, it is over fitted and does not
produce good results on new data [6, 40]. The model that became over fitted with forwarding selection is
subjected to the elimination process to turn it into a model capable of generalising. The GCV (Generalized
Cross Validation) criterion, a goodness of fit index, is used to compare the performance of model subsets and
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choose the best subset. GCV considers both the error of residuals and model complexity [3,6,41]. For this
reason, lower GCV values are accepted much better. The GCV formula, introduced by [42], is calculated as
follows [37]:

1 R c(M))?
GCV = EZ[” - fM(xi)]z/[l — 2 (3)

n

In Equation (3), the value n gives the number of observations in the data set, y; gives the observed value
of the dependent variable and f(x;) provides the estimated value of the dependent variable. When the
numerator of the formula is examined, it can be observed that the mean of the SSE value, i.e., MSE (Mean
Square Error), was used. Therefore, the denominator of the formula renders the GCV criterion both different
and essential compared to the SSE value. Cost complexity function C (M) is calculated with the formula as
follows [37]:

C(M) = trace(B(BTB)™'BT) + 1 (4)

In Equation (4), B represents the Mxn dimensional data matrix of unconstant M basis functions. The cost
complexity function was readapted for the MARS model by [43, 44] and took the form as follows [37]:

C(M)=C(M) +dM (5)

Here, d denotes the penalty value used to determine the best knot value. d is also known as Degrees of
Freedom (DOF). The most suitable penalty value is in the 2 < d < 4 range [37].

2.3. REMARS: Random Ensemble MARS

2.3.1. Difference Between MARS and REMARS

Contrary to linear regression models, in the MARS models, parameter confidence intervals and other controls
in the model cannot be directly calculated, as in any nonparametric regression. Techniques related to GCV are
used to validate the model. In the model selection of these techniques, the model that gives the lowest value
related to the criterion is always selected. Generating hundreds or thousands of the MARS models from an
original dataset, selecting the model with the lowest GCV criterion among these models and making
predictions with the selected model may appear to be a highly reliable course of action. However, it cannot be
deduced that the model with the lowest GCV value, etc., selected from a collection of models will always be
the model with the best generalisation ability and performance. This is due to the presence of error
measurement criteria such as SSE, MSE, Root Mean Square Error (RMSE), Mean Absolute Error (MAE),
Mean Absolute Percent Error (MAPE) and R? (Coefficient of Determination), which affect the generalisation
ability and performance of the model. Although SSE forms the basis of all error measurement criteria and
serves as a subset, the main differences in the formulas make the criteria different from each other. Selecting
a model where these differences are not in effect impacts the model’s generalisation ability. When choosing
the best model, preferring the model with the lowest error measurement criteria, such as RMSE, MSE and
SSE, generally increase the R? value. Reaching the highest R? value with this method causes the error variance
of the model to increase in new data. Therefore, when selecting the best model from the MARS models
ensemble, a better course of action is observed progressing by considering the confidence interval of the means
of different error measurement criteria. This route is not enough on its own. That is because the mean of each
error measurement criterion does not correspond to the same model in the MARS models ensemble. Therefore,
choosing a model in which knot values and variable importance are not enabled will also affect the validity of
the selected model.
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2.3.2. REMARS Algorithm

REMARS, a new MARS model selection approach that is obtained using the Random Forest algorithm, 95%
confidence interval for the mean of error measurement criteria, knot values and contribution percentages of
variables to the model, is created with the following steps.

i. Sampling: N samples (SAMPLE 1, SAMPLE 2, ..., SAMPLE N) are created by the Bagging method so
that the number of observations in the original data set has the same number of observations as n. Due to
the bagging method, each sample differs in terms of the observations they contain, although they have the
same number of observations.

ii. InBag - Train: Each sample contains approximately 2n/3 of the observations in the original data set, and
this part is named InBag (InBag 1, InBag 2, ..., InBag N). With n/3 observation repeated from 2n/3
observation in InBag, the number of observations of each training dataset (Train 1, Train 2, ..., Train N)
will be n(n; = n, =+ =ny =n).

iii. OOB - Test: The number of observations in the original data set but non-existent in the samples is
approximately n/3 and is named OOB (OOB 1, OOB 2, ..., OOB N). The remaining 2n/3 of the test data
(Test 1, Test 2, ..., Test N) with the number of observations n is made up of repeated observations from
the data separated as OOB.

iv. Analysis: After the training and test data sets are created, each training data is analysed with its test data
in the MARS program. N models (Y1 = Model 1, Y, = Model 2, ..., Yn = Model N) are obtained at the
end of the analysis. The results of these models were examined using two different selection criteria (Test
MSE and GCV).

v. Results: After obtaining a total of N models according to Test MSE and GCV criteria, mean — standard
deviation — 95% confidence interval for the mean of error measurement criteria (RMSE, MSE, GCV,
MAE, MAPE, SSE and R?) are firstly calculated. Secondly, the number of times each variable’s knot is
repeated in the models, i.e., their frequency, is determined. Thirdly, each variable’s minimum, mean and
maximum contribution percentages to the model are obtained.

Fig. 1 shows the flowchart for the REMARS algorithm, which is a new approach for model selection from
the randomly generated MARS models ensemble.

DATA SET

"

1 observations - m predictors

SAMPLE N
........ =N

SAMPLE 1 SAMPLE 2

Bagging Samp les l— 1
L InBag 1 00B1 InBag2 L 00B2 | InBag N L 0OOB
I ~2n/3 ] Enss L | L ][—Zn/3 n/S’
Ensemble of MARS Train 1 Testl Train 2 Test2 Train N TestN —
Models \—r- K[xl‘y - N & ™ g
Error Measures \Iudel 1 __ Model 2 —)»/‘;- :—\ Model N (N = e
Knot Values \_/ S~ \_/
Variable Inportance

Selection of the best model according to both Test MSE and GCV criteria

Fig. 1. The flowchart of the REMARS (Random Ensemble MARS) algorithm
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2.3.3. REMARS Model Selection

The information obtained from the results is respectively used for model selection. The first model elimination
is performed by selecting the models that fall within the lower and upper bound values of the 95% confidence
interval for the mean of each error measurement criterion among Test MSE and GCV models, respectively.
Afterwards, the models with the highest frequency in the 95% confidence interval for the mean of each error
measurement criterion are determined. Determined models are examined separately by considering the
frequency of the knot values obtained from all models (the ensemble) and the descriptive statistics of the
contribution percentages of the variables to the model. The model that best predicts the dependent variable is
selected among the N models. The model set with REMARS will be as good as the MARS model to be obtained
from the original data. That is, because the MARS models obtained from randomly generated samples,
combined in 95% confidence limits of the mean of all error measurement criteria of these models, the knot
values obtained from all of the models in the ensemble, and the use of the contribution percentages to models
of the variables will ensure that the selected model is highly consistent.

3. Application

In this section, the application for the selection of the most suitable MARS model using the REMARS method
is presented. The MARS analysis engine in the Salford Predictive Modeller version 8.3 by the company Salford
System was used in these analyses. the MARS analysis engine, instead of presenting a single MARS model at
the end of the analysis, provides a tab including MARS models with several numbers of basis functions. The
tab also separately indicates two different models with different selection criteria. The first of these models is
the training model that gives the lowest MSE value based on the test data in the backward elimination phase,
while the second model is the training model that offers the lowest GCV value in the backward elimination
phase. In the application, Test MSE and GCV models were examined separately, and the results were
combined.

3.1. Data Set

The research of the data set used in the application was conducted in 1970 in East Boston—Massachusetts. The
FEV (Forced Expiratory VVolume) values of children of different ages, heights and sexes in smoking and non-
smoking environments were measured. [45, 46], who conducted the aforesaid research, examined the effects
of parents smoking habits on the respiratory functions of children in East Boston—Massachusetts. [47]
presented a section of the data from the study, conducted with Tager, for another analysis. This data set used
by [48] was published on the website of [49] and used in the application section of the present study. In the
FEV data set, there are measurements of 654 children in smoking/non-smoking environments, aged between
3-19 and height vary between 46-74 inches. Their age means is ten and their height mean 61.1 inches. The
FEV measurement values of the children range from 0.791-5.793 litres, and the mean FEV value was
calculated as 2.637 litres.

3.2. Analysis Results

At the end of the analysis, the Salford Predictive Modeller 8.3 MARS program presents various criteria for
each model obtained by Test MSE and GCV criteria. These criteria, which will be used to determine the best
model, can be listed as RMSE, MSE, GCV, SSE, MAE, MAPE, SSE and R2. Each criterion was obtained
separately from the 200 different MARS models created by Test MSE and GCV criteria. Table 1 shows the
descriptive statistical findings of each criterion’s mean values, standard deviation and 95% confidence interval
for the mean (lower limit - upper limit) obtained from 200 models.
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Table 1. Descriptive statistics of error measurements of GCV and Test MSE models

Model . o
ode Descriptive Statistics of Model Error Measurements

Selection

0388 0151 0157 0293 0116 98555 0.798

Standard Deviation 0018 0014 0013 0012 0005 9017 0018

UESELIIE 95% 0385 0149 0156 0291 0115 97555 0.796
Confidence
Interval for

0390 0153 0159 0294 0117 99.812 0.801

Mean

0373 0139 0150 0284 01128 90974 0.814
Standard Deviation 0014 0010 0011 0010 0004 6624 0015
ey 95% 0371 0138 0149 0282 0112 90.050 0.811

Confidence Bound

Interval for Upper
Mean Bound

0.375 0.141 0.152 0.285 0.1134 91.898 0.816

When Table 1 is examined, it is clearly observed that the descriptive statistics values of each error criterion
of the Test MSE models are higher than the descriptive statistics values of each error criterion of the GCV
models. This situation is due to the fact that the number of basis functions in the Test MSE models is generally
lower than the number of basis functions in GCV models. On the other hand, while GCV is based on a formula
that considers both residuals and model complexity, the formula of the Test MSE is based only on residuals.
For this reason, GCV selects the models with more complex structures in the backward elimination phase. In
the results, the GCV values obtained from the Test MSE models are generally higher than those in GCV
models.

The knot values accompanying the basis functions that constitute each of the 200 Test MSE and GCV
models are also included in determining the best model using REMARS method. As a result, the number of
each knot belonging to a variable in the 200 models was determined. Frequencies of the top ten knot values
most commonly observed in the models were determined for the height and age variables. Also, frequencies
of knot values for the sex and smoker variables in the models were found. All of these results for the Test MSE
and GCV models are shown in Table 2. When Table 2 was examined for the height variable, it was observed
that the top five most commonly observed knot values are the same for the Test MSE and GCV models;
however, their existence percentages in the models differ. Knot 66 was ranked first in both model ensembles
by being present with a rate of 51% in the Test MSE models and 53% in the GCV models. In the Test MSE
models, knots 65; 65.5; 57.5; 69 are present with rates of 34.5%, 27%, 25.5% and 19.5%, respectively. In the
GCV models, knots 69; 65; 65.5; 57.5 are present with rates of 48.5%, 39.5%, 31% and 29.5%, respectively.
Knot 67.5 is present in both model ensembles in different percentages.

The age variable’s most common knot value in the Test MSE and GCV models is 8. This value is
presented in the Test MSE and GCV models at approximately the same rates. The presence rates of knots other
than 8 in both model ensembles were lower than 25%. Knots 1 and 2 for the sex variable are observed in the
Test MSE models with rates of 10% and 8%, respectively, and the GCV models with rates of 28.5% and 29%,
respectively. From this, it can be concluded that while each knot value of the sex variable is present in both
Test MSE and GCV models with approximately the same rates, they were more effective in the GCV models
compared to the Test MSE models. When Table 2 was examined for the smoker variable, it was observed that
the knot value 1 had little effect in both model ensembles. The knot value 0 was much more effective in the
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GCV models with a rate of 54.5% compared to the Test MSE models (16.5%). This is because observation 0
outnumbers observation 1 in the data set. That is because the MARS models are affected by the quantitative
amount of any observation of a variable in the data set to include it in the model. It is observed that the GCV
values are higher than those of the Test MSE, when the knot values of a variable in the Test MSE and GCV
models are the same, as shown in Table 2. Again, this is because fewer basis functions, therefore fewer knot
values, are included in the Test MSE models compared to the GCV models.

Table 2. Frequencies of knot values of GCV and Test MSE models
Variables

Model

Criteria F
Valu Frequency VI Frequency VI Frequency VI requency

112
65 69 9 34
65.5 54 10 27 1 20 0 33
57.5 51 7 8
Test MSE o9 %9 13 S
58.5 31 6 6
64.5 27 3 5
64 27 11 4 2 16 1 2
67.5 25 14 4
67 23 16 3
66 106 8 113
69 97 13 49
65 79 9 37 1 57 0 109
65.5 62 14 29
GeV 57.5 59 10 26
70 59 17 21
67.5 58 15 19
67 47 12 16 2 58 1 13
68.5 44 16 15
71 41 11 13

The MARS analysis engine includes a tab that ranks the predictors based on their contribution percentage
to the model at the end of the analysis. In this tab, which is calculated at a 100% scale, variables are ranked
according to their importance percentage in a way that the most important variable always scores 100%. Table
3 shows the minimum, mean and maximum value findings of the importance percentages obtained for each
variable in the Test MSE and GCV models.
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Table 3. Importance percentage of variables of GCV and Test MSE models

Variable Importance

Model Selection Criteria Variables

100.00 100.00 100.00
_ 8.35 23.87 43.59
Test MSE

_ 1.25 9.48 18.50

3.15 10.20 22.48

Height 100.00 100.00 100.00

14.03 27.20 52.71

GCV

1.28 8.48 2257

0.50 8.98 2253

Table 3 shows that height is the most important variable in the Test MSE and GCV models. It was found
to have an importance percentage of 100% in all models. It is followed by the age variable as the variable with
the most significant contribution to the models. However, while the age variable is present in all of the GCV
models, it was absent in 8 of the Test MSE models. In comparison, the sex and smoker variables had
percentages of contribution in the Test MSE models that were calculated as 15.5% and 17%, respectively, and
their percentages in the GCV models are 58% and 60.5%. Therefore, while the sex and smoker variables had
almost no contribution to the Test MSE models, the situation was the opposite in the GCV models. Thus, the
GCYV criterion considers model complexity and tends to establish models with too many variables and knots.

3.3. Model Selection

The results obtained from Test MSE and GCV models ensemble using the REMARS approach constitute the
building block of the model selection. In addition to being an approach that converts the classical MARS
method into an ensemble, REMARS also uses a different technique in model selection. Instead of selecting
the models with the lowest Test MSE and GCV values among Test MSE and GCV ensembles, it considers
each model’s error criteria, knot values, and variable importance.

3.3.1. Test MSE Criteria

To determine the MARS model with the best performance among the 200 models determined by the Test MSE,
the analysis results obtained for the Test MSE in Table 1 are used. The first model elimination is performed
by selecting the models that fall within the lower and upper bound values of the 95% confidence interval for
the mean of each error measurement criterion among the Test MSE models. That is because progressing by
determining a value according to the mean of each error criterion prevents us from selecting over fitted or
under fitted models. According to their model number order, the models selected under these conditions are
shown in Table 4 for the Test MSE error measurement criteria. When Table 4 is examined, it is seen that some
error criteria have common models, and some do not. At this stage, it is important that a particular model
number is commonly entering in several error measurement criteria. For this reason, in order to determine the
best model, the second model elimination was performed by determining which model number is found in the
error measurement criteria in Table 4, and how many times at the most. When Table 4 is examined, it is
observed that Model 185 is commonly present in six error measurement criteria other than the MAD error
measurement criterion, and Model 3, Model 24, Model 90 and Model 140 are commonly present in five
different error measurement criteria. Other Test MSE models are present in fewer numbers in different error
measurement criteria.
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Table 4. Model numbers entering 95% confidence interval for error criterion mean from Test MSE models

Error Measurements of Test MSE Models

21 24 21 22 53 36 65

24 36 24 24 58 56 70

25 56 25 25 90 59 103

36 59 36 48 92 64 110

56 64 39 59 98 83 135

59 83 51 83 122 90 147

64 90 62 91 125 97 166
3 90 97 83 103 134 127 180
= 97 103 90 106 137 133 181
= 103 108 92 108 140 140 185
3 108 127 97 117 149 150 191
= 127 133 108 127 153 152 194

130 140 109 129 157 185

133 150 136 130 166 187

138 152 140 137 178 194

140 174 144 144 185

150 185 152 177

152 187 171 180

174 190 176 193

185 194 180

187 183

190 185

194 187

188

According to these results, the five most common models in the error measurement criteria among the
200 Test MSE models were determined. Table 5 shows the knot values and variable importance percentages
of these models.

In the third model elimination to determine the best out of the five models selected from the Test MSE
models, the results in Table 2 are used. When Table 2 is examined, it is observed that in the Test MSE models,
knot 66 is essential for the height variable while knot 8 is essential for the age variable. These values are not
present in Model 3, Model 24, Model 90 and Model 185. The absence of these knots may cause significant
problems in the performance of the error measurement criteria of the models for new data. According to Table
3, the importance percentages of the height and age variables in the models indicate that these variables are
required to be present in the models while also serving as moderator variables. It is also observed that the
smoker variable contributes to the models. However, the smoker variable is not present in any of the models.
That is because knot 0 of the smoker variable was found in 33 models while knot 1 was found in 2 models.
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Their percentages of contribution to the models they are included in were found to be high. This shows that
the knots contribute to the models, however, this contribution is not sufficient to be included in the selected
models. The same situation applies to the sex variable. Model 24 includes the sex variable; however, it cannot
be selected as the significant knots of the height variable are not included in this model. When all of these
results are combined, Model 140 represents the best model among the Test MSE models. That is because
Model 140 has produced the most consistent results in terms of the error measurement criteria, knot values and
contribution percentages of variables to the model.

Table 5. Knot values and variable importance percentages of selected Test MSE models

Variables
Model Number Particulars
Helght Age Sex

6
65.5
B Knot Values
Varlable Importance (%) 100 25.81
57.5 8 1
58.5
Knot Values
24 59.5
65
Varlable Importance (%) 100 25.05 7.51
65 11
Knot Values
13
Varlable Importance (%) 100 20.10
65.5 8
Knot Values 66
140
69
Varlable Importance (%) 100 18.65
65 7
Knot Values 66
185
67
Varlable Importance (%) 100 33.88

65: Knot value entering the model with the mirror basis function
3.3.2. GCV Criteria

To determine the MARS model with the best performance among the 200 models determined in accordance
with GCV firstly the analysis results obtained for GCV in Table 1 are used. The first model elimination is
performed by selecting the models that fall within the lower and upper bound values of the 95% confidence
interval for the mean of each error measurement criterion among the GCV models. That is because progressing
by determining a value according to the mean of each error criterion prevents us from selecting over fitted or
under fitted models. The models selected under these conditions are, according to their model number order,
shown in Table 6 for the GCV error measurement criteria. According to Table 6, Model 59, Model 116 and
Model 130 are commonly present in five different error measurement criteria. Other GCV models are present
in fewer numbers in different error measurement criteria.
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Table 6. Model numbers entering 95% confidence interval for error criterion mean from GCV models

Error Measurements of GCV Models

34 34 21 21 6 34
46 59 34 52 9 59 12
59 82 46 61 14 82 14
79 104 52 79 28 104 18
82 105 91 98 30 105 25
104 106 92 108 43 106 27
105 108 103 115 46 108 28
106 116 105 127 53 116 30
108 130 116 130 58 130 35
116 146 117 144 59 146 48
130 174 118 151 61 174 57
146 182 130 171 62 182 59
. 174 190 144 174 70 190 63
{é 190 198 146 183 75 198 69
= 198 182 191 79 82
K3 190 196 91 83
s 191 198 94 94
196 101 99
119 103
122 107
123 116
128 117
138 136
139 138
160 141
166 151
168 191
172
188
189
193
194
196

According to these results, the three most common models in the error measurement criteria among the
200 GCV models were determined. Table 7 shows the knot values and variable importance percentages of
these models. The results in Table 2 and Table 3 are used to determine the best out of the three models selected
from the GCV models. According to Table 2, knots 66 and 69 for the height variable and knots 8 and 13 for
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the age variable repeat a lot in the GCV models. Knot value 69 from the height variable was not included in
Model 130 while knot value 8 from the age variable was not included in Model 116. According to the
importance percentages of the height and age variables in Table 3, they should be included in the model to be
selected. The sex and smoker variables are seen to have similar contributions to the models. However, as knot
0 of the smoker variable has a significantly higher number of repetitions in the models compared to the knot
values of the sex variable, knot 0 of the smoker variable should be included in the model. Based on these
observations, Model 59 represents the best model among the GCV models.

Table 7. Knot values and variable importance percentages of selected GCV models
Variables

Model Number Particulars
58 8 2 0

62 11
66 13
69 15

Variable Importance (%) 100 34.53 15.62 6.60

65 9 1
66
67
Knot Values
116 67.5
69
70.5

Knot Values

Variable Importance (%0) 100 31.08 14.71

56.5 8 2
60
66
67.5
68.5
71

Variable Importance (%) 100 25.06 7.13

58: Knot value entering the model with mirror basis function

Knot Values

4. Discussion

The results related to the error measurement criteria what presented incidental to Model 140 selected from the
Test MSE models using the REMARS method, Model 59 selected from the GCV models using the REMARS
method and the MARS model obtained from the original data set are shown in Table 8.

Table 8. Error measurement criteria of the MARS models obtained from original data and REMARS

Error Measurement Criteria

Data Sets
0.385 0149 0160 0291 0115 97.173 0.802
0372 0138 0152 0277 0113 90.349 0.813
0.389 0151 0157 0298 0116 98.938 0.788
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When each of the values of the error measurement criteria shown in Table 8 is compared individually for
both the Test MSE-Model 140 and GCV-Model 59, it is observed that GCV-Model 59 produces more
consistent and reliable results compared to the Test MSE-Model 140. That is because the GCV criterion is
calculated with a formula that considers both error and the number of effective parameters. For this reason, it
tends to create models with a more complex structure and higher variable efficiency compared to the Test MSE
criterion. This situation causes the error measurement criteria of the Test MSE models, which have simpler
structures, to deteriorate. Therefore, the model created based on the GCV criterion has a better ability to
generalise compared to the model created based on the Test MSE criterion. This is clearly observed when the
knot values and importance percentages of the variables in the Test MSE-Model 140 and GCV-Model 59 are
examined.

When the values of the error measurement criteria of the MARS model obtained from the original data
set are compared with the error measurement criteria of GCV-Model 59, it is observed that GCV-Model 59
produces better results. On the other hand, the knot values in the MARS model obtained from the original data
set were obtained as 58.5; 59.5; 65; 66; 69 for the height variable, 8 for the age variable, 2 for the sex variable
and 0 for the smoker variable. When these knot values are compared with the knot values of GCV-Model 59,
it is observed that knots 66 and 69, which are important for the height variable, are present in both models.
The age variable entered the model with a higher knot value in GCV-Model 59. This can be an advantage or
disadvantage for the model. However, [48] proved that the abundance in age knots is an advantage for the
model. That is because it was shown diagrammatically that the FEV distribution of the children in the smoking
environment changed direction in knots 11, 13 and 15. The number of smoker parents is very low in the FEV
data and when the number of smoker parents is increased in a different sample, these knots in the age variable
take on an important role for the model. Both models have the same knot values for the sex and smoker
variables. The contribution percentages of the height, age, sex and smoker variables in the MARS model were
obtained as 100%, 27.4%, 4.88% and 2.91%, respectively. When these values are compared with GCV-Model
59, it is understood that the age, sex and smoker variables contribute more to GCV-Madel 59. In conclusion,
Model 59, which was obtained with REMARS method based on the GCV criterion, produced better results
than any other model.

All prediction curves for the actual and predicted FEV values shown in Fig. 2 appear to be overlapped.
Here, it can be understood that MSE-Model 140 and GCV-Model 59, which were obtained with REMARS
method, produce results that are as consistent and reliable as the ones produced by the MARS model obtained
from the original data. On the other hand, the Pearson Correlation between the actual and predicted FEV values
was calculated as r = 0.902 (p = 0.001) for the GCV-Model 59, r = 0.888 (p = 0.001) for the Test
MSE-Model 140 and r = 0.896 (p = 0.001) for the MARS model obtained from the original data set. The
fact that the best correlation between the actual and predicted FEV values are produced by GCV-Model 59 is
understood from both the Pearson Correlation Coefficient Value and the scattering of the observation values
in Fig. 2.
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= GCV-Model 59 +  Test MSE-Model 140 - Original Data Set
— GCV-Model 59 ~ eeeeees Test MSE-Model 140 ——— Original Data Set

Predicted FEV Values
[ N

(=]
1

0 T T T T T T 1
0 1 2 3 4 5 6 7

Actual FEV Values
Fig. 2. Distribution of actual and predicted values of the MARS model obtained original data and REMARS

Based on the results obtained, Table 9 shows the basis functions and knot values for Model 59, which was
selected with REMARS method based on the GCV criterion, and information on the prediction model.

Table 9. Basis functions and corresponding equations of the MARS model for GCV-Model 59

Basis Functions Equation
BF1 Max (0, Height-57.5)
BF2 Max (0, 57.5- Height)
BF3 Max (0, Age-8)
BF5 (Sex (2))
BF7 Max (0, Height -66) FEV =1.71963 +0.14058*BF1 -
0.0692608*BF2+0.0754913*BF3
BF9 Max (0, Height -69) +0.145284*BF5+0.260453*BF7 -
0.280703*BF9-0.106875*BF11
BF11 Max (0, Height -62) +0.172786*BF13-0.315717*BF23
+0.295305*BF25+0.127262*BF27
BF13 (Sex (0))
BF23 Max (0,Age-13)
BF25 Max (0, Age -15)

BF27 Max (0, Age -11)
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5. Conclusion

Model 59, selected from GCV models, produces results more consistent than MARS model created by taking
the original data set as training data. It is more suitable to be used for model selection particularly in data set
where observations such as FEV data do not demonstrate homogeneity. The MARS model obtained from the
original data set was created without being tested with separate test data. Therefore, it is not known whether it
is the most useful model for new data. For this reason, the use of the model obtained through ensemble learning
instead of the model obtained with a single learner produces more valid and reliable results. The MARS model
obtained based on the REMARS method is suggested for this reason. The MARS model works better in big
data set. The MARS model obtained using the REMARS method can produce reliable results with smaller data
set due to the different samples generated with the Bagging Method. In data set with too many parameters, the
procedure of independent variable selection can be carried out, as in the RF method.
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1. Introduction

In order to generalize the well-known conclusion that the category of crossed modules is equivalent to
the category of simplicial groups with a Moore complex of length 2, Conduché introduced 2-crossed
modules of groups in [1] demonstrating that the category of simplicial groups with a three-dimensional
Moore complex and the category of 2-crossed modules are equivalent. Therefore, 2-crossed modules
also serve as algebraic models for connected homotopy 3-types or pointed CW-complexes X such that
m(X) =0if ¢ > 3. The idea of 2-crossed modules is adapted for algebras by Grandjean and Vale [2].

The homotopy 3-types can also be represented by crossed squares [3] and quadratic modules [4].
The categories of braided regular crossed modules [5] and Gray 3-groupoids with a single object [6], are
other categories that are equivalent to the category of 2-crossed modules. The category of 2-crossed
modules is also shown in [7] to be equivalent to the categories of neat crossed squares and neat maps.

For the algebraic description of pointed relative CW—complexes with cells in dimensions 4, Baues
and Bleile introduced the concept of 4-dimensional quadratic complexes [8] to investigate the pre-
sentation of a space X as mapping cone of a map 9(X) under a space D. The need for a proper
understanding of the relevant algebraic and categorical structure of the 4-Dimensional 2-crossed mod-
ules are motivated by studies and examples [9-15] for higher categorical structures. In this work, we
defined the notion of 4-Dimensional 2-crossed modules in order to look into any potential equivalence
between homotopy 4-types, which was inspired by the work of Baues and Bleile. Examining how
4-Dimensional 2-crossed modules relate to an algebraic structure resembling 2-crossed modules is the
main goal of this paper. In order to achieve this, we first introduce the category of 4-Dimensional
2-crossed modules before describing subobjects and ideals in full detail. In conclusion, we demonstrate
that the quotient of the objects in this category is a 4-Dimensional 2-crossed module.
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The main ideas of this work can be given as:

¢ To construct a new category weaker than homotopy 4-types and stronger than homotopy 3-types,
e To fully describe the subobjects and ideals within this category,

¢ To construct the quotient object by using ideals in this category.

2. 4-Dimensional 2-Crossed Modules

Grandjedn and Vale [2] have given a definition of 2-crossed modules of algebras. The following is an
equivalent formulation of that concept.

A 2-crossed module of k-algebras consists of a complex of P-algebras L %o hp together with
an action of P on all three algebras and a P-linear mapping

(==} MxM-=1L

which is often called the Peiffer lifting such that the action of P on itself is by multiplication, d» and
01 are P-equivariant.

PL1: 62 {mo,ml} = momiy — 81 (ml) My

PL2: {02(lp),02(l1)} = lol

PL3: {m(), mlmQ} = {moml,mg} + o1 (m2> . {MQ,ml}

PL4: {m,0o(1)} +{02(l),m} =01 (m) -1

PL5: {mg,mi} -p={mo-p,mi} = {mo,m1 - p}
for all m, mg, m1, me € M,l,ly,l1 € L and p € P. Note that we have not specified that M acts on L.
We could have done that as follows: if m € M and [ € L, define

m -1 ={m,d ()}
From this equation (L, M, d2) becomes a crossed module. We can split PL4 into two pieces:

PL4 .
(@) {md ()} =m-1
b)) {(l),m} =m-1—01(m)-1

We denote such a 2-crossed module of algebras by {L, M, P,02,0:} .
A morphism of 2-crossed modules is given by the following diagram

where fo01 = 0} f1, 102 = 04 f2

filp-m)= fop)- fi(m) , falp-1)= fo(p) fa(l)

forallme M,l € L,p € P and
{—= -} xfi)=Ffol{- -}
We thus get the category of 2-crossed modules denoting it by XoaMod. In [4], Baues developed the

concept of 4-dimensional quadratic modules after defining quadratic modules. Adapting this definition
for 2-crossed modules we get a complex of algebras

Oy O3 02

c: K L M P

such that

1. (L, M, P,0y,0s) is a 2-crossed module with Peiffer lifting {—,—}: M x M — L;
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2. K is a L-module such that d2(M) acts trivially and

3. 04 is a homomorphism of ()1—modules, such that 0304 = 0.
A morphism of 4-dimensional 2-crossed modules, f : 0 — o', is a sequence of morphisms
O

03 02

o: K L M P
f4l f3i f2l f1l

O_/ . K/ L/ M/ Pl
' 04 04 A

such that (fs, f2, f1) yields a morphism of 2-crossed modules, fy is an fi—equivariant homomorphism of
modules and 9 f4 = f30;. We denote the category of 4-Dimensional 2-crossed modules by XoMod*P.
Next, we will define the subobjects in XoMod*P.

Definition 2.1. Let
04

o:Qu Q3 Q2 @1
be an object in XoMod*”. Then we say that
o) o4 o5
o' Q) —>Qy —> Q) —>Q}

is a subobject of o if
1. Q) is a subalgebra of Q4, Qj is a subalgebra of Q3 and Q) is a subring of Q2;
2. 94 : Q2 — Q1 is a subpre-crossed module of d3 : Q2 — Q1;
3. The actions of Q) on Q) and Q% via @] is induced from the actions of Q2 on Q4 and Q3 via Q1;
4. ¢’ is an object in XoMod*P and

5. The diagram

Q2 x Q2
X;—}
5] 16) 5]
Q4 & l‘”x‘“ Q3 & Q2 : Q1
Q4 x Q) 12 p1 110
\—}
/ ! / /
& — R I

is commutative where for i=1, 2, 3 y; are injections.

Example 2.2. Let
0. 0! 0!
01 Q2®Qr—> Q2@ Qs Qs —> Q1

be an object in XoMod*P with Id : Q2 ® Q2 — Q2 ® Q2 as Peiffer lifting. If K is ideal of Q2 and K
is a subring of @1 that is ds : Ko — K is a subpre-crossed module of 0y : Q2 — @1 then

U’:KQ@KQLKQ(gKQL)KQLKl

is a subobject of o with Id : Ko ® Ko — K9 ® K> as Peiffer lifting.
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Example 2.3. Let R be a k-algebra and
R/R*® R/R?
{,}:Idl
: 2 2 2 2
o:R/R°®R/R 7R R/R*® R/R FEne RHM R
be an object in XoMod*P. If I is an ideal of R and J is a subring of I then,
I)I?®1/I?
{—,—}:Idi
o IR 1/I? - I/I?®1/I? 1 —=1J

is a subobject of o.

3.Ideals in XoMod*P

In this section we will define ideals in XoMod*P and intersections of two ideals is an ideal in this
category.

Definition 3.1. Let

o KA %2 p
be an object in XoMod*P. Then we say that
oK' i L % M’ % P

is an ideal of o if
1. Let 'L C L', K'K Cc K’ and M’ be an ideal of M;

2. (a) M'M C M and P’ is an ideal of P;
(b) forpe P and me M, p-me M';
(c) form’ e M andpe P,p-m' € M’;

3. Form"e M le L,ke Koy(m')-le L o(m)- ke K';
4. Forl' e !y me M and ¥ € K', 01(m)-l' € L', 1(m) - k' € K’ ;
5. K’ and L' are P-algebras. That is,

(a) Forp’ e Pyle Landke K,p' -le L, p-ke K ;

(b) Forl'!e L', pe Pand K e K',p-I' e L', p- k' € K';

Example 3.2. Let I be an ideal of R if

0:K L oy

is an object in XoMod*? then 6 is an ideal of the 4-Dimensional 2-crossed module o in Example 2.3.
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Example 3.3. Let I and I’ be ideals of R and (I, R, u), (I', R, 1) be two nil(2)-modules.

(INI',I,9)is a nil(2)-module we have,
i)
o K2 —inr Ly

is an ideal of

N (I SV S S

ii)
0 K2 —1nr 21
is an ideal of
5 ™ !
0: K——I'xI'—s1I—>R
where L = (INI') x (I NI') with Peiffer liftings as identities and 7 as projection.

Theorem 3.4. The intersection of finite ideals is an ideal in XoMod*P.

PROOF. Let
o K2 o 2oy 2 p
be an object in XoMod*P. If
o, 2 2,
o1 : K1 L1 Ml Pl
and
oy oy oy
09 . K2 L2 M2 P2

be two subobjects of . Then we have,
1. Since L1 L C L, Lo, C Ly and K1 K C K1, KoK C Ko we get

(L1 N LQ)L CLiNLy

and
(Kl ﬂKQ)K C KiNKsy

2. a. Since MM C My and MsM C My we get
(M1 N MQ)M C M1 N M,

where N1 < P and P, < P imply Py N Ny < P.

50

Since

b. Since o7 is an ideal of o for x € P; we have x - m € M, and o9 is an ideal of ¢ for x € Py, we

have x - m € My. Then we get x - m € M1 N M.

¢. Since o1 and o9 are ideals of o, for y € M1,y € My, and p € P we have p-y € M7 and p-y € M>

which implies p -y € M1 N Ms.

3. Since o7 is an ideal of ¢ for y € M; and | € L we have 9(y) -l € Ly and since 0, is an ideal
of o for O(y) € My and | € L we have d(y) -l € Ly. Then we get d(y) -l € L1 N Ly. Similarly for

y € MiN My and k € K we get O(y) - k € K1 N Ko.

4. Since for z € Ly and m € M 01(m) -z € Ly and for z € Ly,m € M 01(m) - z € Ly we have

01(m) - z € L1 N Ly. Similarly for t € K1 N Ky we get 01(m) -t € K1 N K.

5 a. Letx e PNPyforx € Ppandl € L we have -1 € Ly and for x € P, and [ € L we have
-1 € Ly. Then we get -1 € Ly N Ly. Simlarly for x € PN Py and k € K we have z - k € K1 N Ko.
b. Let z € Ly N Ly for p € P and z € L1 we have p- 2z € L1 and for z € Ly and p € P we have

p- 2z € Lo. Then we have p-z € L1 N Lo. Similarly for t € K1 N K9 we have p- k € K1 N Ko.
As a result the object

6/ 78// 6/ ,8” 8/ 78//
KiNKy (03,%) Ly N Lo (L2>)M1 N MQ(;I) PiNP,
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in XoMod*P is an ideal of

O3 O3 03

4. Quotient object in XoMod*"

In this section using the ideal o/ of an object o in XoMod*”, we prove that the quotient o/o’ is an
object in XoMod*P.

Let

be an ideal of

02 01

o K2 oL M P
in XoMod*P. Since M < M and P’ < P, the action of P/P’ on M/M' can be given as

(@+P)-(y+M)=z-y+M
and for p’ € P’
Poy+M) = py+ M
= 0+M  (-pyeM)
P’ acts on M /M’ trivially. Next, we will show that

o: M/M — P/P
y+M = O(y)+ P

is a well defined nil(2)-module morphism.

0} is the restriction of &y to M’ implies 9 C P’. For m' € M’ we have 9;(m/) - (I + L) =
Oy(m') -1+ L' = L'(o' is an ideal of o then 9](m') -1 € L' ). That is the action of M" on L/L’ via P’
must be trivial. Therefore M /M’ acts on L/L’ via P/P’. This action can be defined as:

(O1(m)+M)-(I+L)=0:(m) -1+ L
forl+ L' € L/L' and m + M’ € M/M’'.
Theorem 4.1. Let

o K' % L % M’ % P’
be an ideal of
o K2 -2y 2 p
in XoMod*P. Then
ojo’  KJK' L)L 2 MM 2 PP

is an object in XoMod*P.

Proor. 1. PL1. For 1 + M, 2o+ M' € M/M' :
Her + M zo+ M'ys = Oo{z1,22}s + L'
= X1T2 — X1 - (91(.%'2) + L/
PL2. For y1 + M',yo+ M' € L/ L :
{02 (1 + L"), 0(ya+L)}s = {02(y1) + M, 02 (y2) + M'},
= {02(y1),02 (y2)}o + M’

= iy + M
= (yn+M)(y2 + M)
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PL3. For xp, + M, 21 + M',xo + M' € M/M’ :

{zo+ M x120 + M'}s = {zo,z122}5 + M’
= Azoz1, 12} + 01 (22) {z0, 71} 6 + M’
= {zor1, 22} e + M+ 01 (22) {x0,21}0 + M’
= {zox1 + M, xo+ M'}s + 01 (z2) {xo + M, 21+ M'}s

PL4. a. Fory+ L' € L/L' and x + M' € M/M' :

{02y + L),z + M'}s = {02(y) + M’z + M'}s
= {0(y),z}s + M’
= (z-y—0i(x)-y)+ M

b. Fory+ L' € L/L' and z + M' € M/M' :

{$+M’,52(y+L/)}5 = {.’E—l—M’,@g(y)-f—M’}g
= {xan(y)}U + M
= (z-y+M

PL5. For zo + M',z1 + M' € M/M'" and t + P' € P/P':

{ro+ M,z + M'}s - (t+P) = ({xo,21}0 - (t+P')g) + M
({zo-t,1}0) + M’
{

(mo‘t) —l—M’,xl +M’}5

and
{zo+M' 214+ M'}s-t+P) = ({zo,z1}te- (t+P)s) +M
({.’L’o,xl ‘t}o’) +M/
= {zo+ M, (z1-t) + M'}s
2. Since ¢’ is an ideal of o /o’ for m+M' € M /M’ we have 61 (m+M')-(k+K') = 61(m+M")-(k+K') =
K'. That is M/M' acts on K/K' via P’ trivially. Therefore K/K’ is a P/P’-module.
3. For k+ K' € K/K':

5253(143 + K/) = 9 (83(k‘) + L/)
= 0y (83(k) + M/)
= 0+ M

OM/M/

5. Conclusion

In this work, we introduced a new category weaker than homotopy 4-types and stronger than homo-
topy 3-types. As an intriguing result 4-dimensional 2-crossed modules serve as a bridge to investigate
categorical equivalences between homotopy 3-types and homotopy 4-types. The categorical equiv-
alences of the category XoMod*” and other homotopy 3-4 types from the various models can be
explored as further research. The research presented in this study has addressed fundamentals of the
category XoMod*P, and these provide guidance for future work in the following:

e Constructing categorical properties such as limit, product, pullback, pushout, etc.,

e Embedding theorem can be adapted for the category XoMod*P,

e Freeness conditions and simplicial properties can be examined.

In addition, categorical equivalences and properties are also reference points for further work of
XoMod*P.
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1. Introduction

Certain particular curves and surfaces have notable importance in differential geometry. Frenet equality and
curvatures of the curve are important in works related to curves. Frenet equations are employed in the structure
of plenty of curve theories. One of the primary importance of these curves is the helix curve. The
characterisations of curvature and torsion of helix curves perform a remarkable role in describing particular
curve types. A helix is a curve whose tangent makes a constant angle with a fixed direction [1]. There is an

essential categorisation of a helix. In such a way, a curve is called a helix if g = constant [2]. The curve is a

(k, m)-type slant helix. Then, there is a non-zero fixed vector field, and with this constant vector field, the
vector fields that have the identical index of a parallel transport frame do a constant angle. Lately, many search
works related to this concept. The slant helix notion in 3-dimensional Euclidean space (EE3) is described by
Takeuchi and Izumiya [3]. Soliman et al. [4] investigated the progression of space curves using the type 3-
Bishop frame. Bektas and Yilmaz [5,6] described (k,m)-type slant helices in E* and null curves in 4-
dimensional Minkowski space.

Additionally, Bulut and Bektas [7] acquired particular helices upon isomorphic differential geometry of
spacelike curves in Minkowski spacetime. Furthermore, Biikcii et al. [8] investigated the spherical curves
according to two types of modified orthogonal frames in E3. Besides, Eren and Koksal [9] investigated the
development of space curves with modified orthogonal frames. Azak [10] described the notion of involute-
evolute curve according to modified orthogonal frames in E3. This paper studies (k, m)-type slant helices in
compliance with the aforesaid frame in E3.
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2. Preliminaries

This section presents some basic definitions to be employed in the following sections.

Definition 2.1. The curve formed by making a fixed angle in a fixed direction is called a helix. If ratio % is
constant, it means that the curves are helices [13].

Throughout this paper, let C* denote the curves with continuous partial derivatives of every order co. Suppose
that ¢(s) € C3 is parameterised by arc length s in E2 and its curvature k(s) is different from zero. Thus, an
orthonormal frame {¢t, n, b} provides the Serret-Frenet equations

t'(s) 0 « 01t
n'(s)| = [—K 0 T] n(s) (2.1)
b'is)| Lo -z ol|bes)

Here, t is the unit tangent vector, n is the unit principal normal, b is the unit binormal. z(s) is also the torsion
of the curve. Besides a provided C* function x(s) as well as a continuous function t(s), there is a curve C3
with an orthonormal frame {t, n, b} that provides the Serret-Frenet frame given in Equation (2.1) [11].

Suppose that ¢ (t) is a common analytic curve that may be reparameterised by its arc length s. Herein, s € I
and I is a non-empty open interval. Suggesting that the curvature function has discrete zero points or x(s) is
not identically zero, we have an orthogonal frame {T, N, B} named as noted below:
T = do N = ar d B=TXN
~ds’ Cds’ an B
Here, T X N is the vector multiplying T and N. The relation between {T, N, B} and former Frenet frame vectors
at non-zero spots of k are as follows:

T =t, N = kn, and B =«kb (2.2)

Hence, we find out that N(sy) = B(sy) = 0 while x(sy) = 0 and squares of the length of N and B change
analytically according to s. By way of Equation (2.2), it is simply to be calculated

0 1 0
T'(s) _y2 K’ [T
N'(s)| = " N(s) (2.3)
B'(s) 0 —¢ K'[|B(s)

where the whole of the differentiations are executed according to the arc length (s) and

det(qo', (pu’ (plll)
KZ

T=1(s) =

is the torsion of ¢. By way of the Serret-Frenet Equation, we acknowledge that whichever spot in which x? =
0 is a removable singularity of 7. Suggesting that (,) be the standard inner multiplying of E3, in that case
{T, N, B} provide for

(T, T) =1, (N,N) = (B,B) = k2, and (T,N)=(T,B)=(N,B)=0 (2.4)

The orthogonal frame described in Equation (2.3) providing Equation (2.4) is called modified orthogonal
frames [8,11]. Then, we acknowledge that for k = 1, the Serret-Frenet frame matches up with the modified
orthogonal frames.
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Suppose that I be an open interval of real line R and M be a n-dimensional Riemannian manifold and T,, (M)
be a tangent space of M at a point p € M. A curve on M is a smooth mapping y: 1 — M. I, a submanifold of
R, has a coordinate system consisting of the identity map u of I. The velocity vector of y at s € I is noted by

d
) =2 e r )

N

If ' (s) # 0 for whichever s, then a curve (s) is the regular curve. Suppose that Y (s) is a space curve on M
and {t, n, b} the moving Frenet frame along v, thus we have the below-mentioned features

P'(s)=t
Dit = kn
(2.5)
Din=—kt+ b
Db = —1tn
where D indicates the covariant differentiation on M [12].

In the following, let vectors Vg, K € {1,2,3} be given as V; =T,V, = N,V; = B and let a fixed direction
vector u define the axis for the helix.

Definition 2.2. A curve a(s) is said to be a K-type slant helix if there exists a non-zero fixed direction vector
u such that (Vg, u) = c, where c is a real constant and K € {1,2,3} [14].

Definition 2.3. Let a be a regular unit speed curve E3 with Frenet frame {V;,V,, V3}. We call « is a (k, m)-
type slant helices if there exists a non-zero constant vector field u € E3 satisfies (V,, u) = a and (V},, u) = b.
Here, a and b are constant concerning Frenet frame {V;, V5, V5} [5,6].

3. On the Characterisations of Curves with Modified Orthogonal Frame in E3
This section presents (k, m)-type slant helices in compliance with the modified orthogonal frame in E3.

Furthermore, we get some characterisations of curves with modified orthogonal frames in E3.

Theorem 3.1. A unit speed curve ¥ is a helix in compliance with orthonormal frame {t, n, b} necessary and
sufficient condition 1 is a helix in compliance with the modified orthogonal framework {T, N, B}.

Proor. = Let ¥ be a helix in compliance with the orthonormal framework {t, n, b}, we know that

(t,u) = cosf = constant 3.1
On the other hand, we write from Equations (2.2) and (3.1),

(T,u) = cosf = constant (3.2)

Thus, ¥ is a helix in compliance with a modified orthogonal framework {T, N, B}.

& Suppose that i is a helix in compliance with the modified orthogonal framework {T, N, B}. Thus, we can
write
(T,u) = ¢ = constant. (3.3)

Thus, from Equations (3.3) and (2.2), we obtain (t,u) = ¢ = constant. In this case, ¥ is a helix in
compliance with the orthonormal framework {t, n, b}.

Theorem 3.2. There are no (1,2)-type slant helix in compliance with the modified orthogonal framework
{T,N,B}.
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Proor. Suppose that i is a (1,2)-type slant helix. Then, we may write

(T)u) = ¢4 (3.4)
and

(N,u) =c, (3.5)

where ¢, and c, are constants. If we take the derivative of these equations, we obtain (N,u) = 0. That is to
say, u is orthogonal to N. Thus, there are no (1,2)-type slant helix in compliance with the modified orthogonal
framework {T, N, B}.

Theorem 3.3. If  isa (1,3)-type slant helix in compliance with the modified orthogonal framework {T, N, B}.
Then, x and T are constants.

Proor. Suppose that i is a (1,3)-type slant helix in compliance with the modified orthogonal framework
{T, N, B}. Then, we may write

(T)u) = ¢y (3.6)
and

(B,u) = c3 3.7)

where ¢; and c5 are constants.

If we take the derivative of Equations (3.6) and (3.7) and use Equation (2.3), we acquire that x and t are
constants.

Theorem 3.4. If y is a (2,3)-type slant helix in compliance with the modified orthogonal framework {T, N, B},
then
K' T (3.8)
(T'u> = ECZ + FC3

- (Ink )’ = constant (39

where ¢, and c5 are constants.

Proor. Suppose that i is a (2,3)-type slant helix in compliance with the modified orthogonal framework
{T, N, B}. Then, we are written as follows:

(N,u) =c, (3.10)
and
(B,u) = c3 (3.11)

Now, if we take the derivative of Equation (3.10) and we use Equation (2.3), we may write

!

K T
(T, u) =30t

C3
Similarly, from Equations (3.11) and (2.3), we get

1
—(Ink)’ = constant
T
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Theorem 3.5. If ¥ is a 3-type slant helix according to the modified orthogonal frame. Then, the following
ordinary differential equation holds

< KK )2 <K'>2 (3.12)
f—ds +|— ] = constant
T KT

Proor. Supposed that ¥ is a 3-type slant helix according to the modified orthogonal framework {T, N, B}.
Thus, we have
(B,u)=c (3.13)

and if we take the derivative of Equation (3.13) and use Equation (2.3), we obtain

KI
(N,u) =—c (3.14)
KT
Moreover, we decompose u as follows
u=a,T +a,N+cB

If we take the derivative of constant vector u and use the Equation (2.3), we get

K' K'
a;T + a;N + a4N + a, <—K2T + ;N + TB) +c <—‘L’N + ;B) =0 (3.15)
and

aj —ayk?>=0 (3.16)

KI
a§+a1+a2;—c1=0 (3.17)

KI
a,t + c; =0 (3.18)

From Equations (3.16) and (3.18), we get

KK’
a, =—c | —ds
T
—ck'
a2 =
KT

We know that u is constant. Moreover, we may select a2 + a,? = ||ul|?> = 1 = constant. As a result, we
are written by the following equations:

KK’ 2 K\* 1
( — ds) + <—> = — = constant
T KT c

We analyse (k, m)-form slant helices in compliance with the modified orthogonal frame in E3. Furthermore,
we get some characterisations of curves with modified orthogonal frames in E3. In the subsequent studies, we
will investigate the conformable curves according to a modified orthogonal frame in E3.

4. Conclusion
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1. Introduction

As an extension of the classical sets, fuzzy set theory was introduced by Zadeh [1] in 1965 to model
uncertain information. Then, a kind of fuzzy sets were introduced by Yager [2] which is called multi-
fuzzy sets (fuzzy bags). It is a different generalization of fuzzy sets and provides complete informa-
tion in some problems as there are situations where each element has different membership values.
Miyamoto [3,4] and Sebastian and Ramakrishnan [5,6] expanded and studied the Yager’s multi-sets
and multi-fuzzy sets in detail. Since some occurrences are with more than one possibility of same or
different membership functions, Ulucay et al. [7] developed trapezoidal fuzzy multi-numbers (TFM-
numbers) on real number set R which are extension of both fuzzy numbers and multi-fuzzy sets by
allowing the repeated occurrences of any element. Later, various studies have been additionally done
by many authors in [8-11].

The Bonferroni mean (BM), primarily proposed by Bonferroni [12] is an aggregation method which
is useful to aggregate the crisp data. It can explore the interrelationships among arguments, which
have a critical role in multi criteria decision making problems. Therefore, Yager [13] introduced a
detailed work of BM and gave some generalizations that enhance its capability. Then, Beliakov et
al. [14] made the BM more enhanced by coping with the interrelation of any three aggregated elements
instead of any two.

Harmonic mean is a conservative average which give an aggregation locating between the maxi-
mum and minimum operators. It is commonly used by scientists as a tool of aggregating data that has
tendency to central [15]. In the literature, the harmonic mean is mostly considered as an aggregation

kesen66@gmail.com (Corresponding Author); 2irfandeli@kilis.edu.tr
12Muallim Rifat Faculty of Education, Kilis 7 Aralik University, Kilis, Turkiye
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method of numerical data information including fuzzy informations. For example, Xu [15] proposed
the fuzzy harmonic mean operators named fuzzy weighted harmonic mean (FWHM) operator, fuzzy
ordered weighted harmonic mean (FOWHM) operator and fuzzy hybrid harmonic mean (FHHM) oper-
ator. Furthermore, he applied these operators to multiple attribute group decision making (MAGDM)
problems. Wei [16] developed fuzzy induced ordered weighted harmonic mean (FIOWHM) operator
and then, he presented the approach to MAGDM based on the FWHM and FIOWHM operators. Sun
and Sun [17] introduced the fuzzy Bonferroni harmonic mean (FBHM) operator and the fuzzy ordered
Bonferroni harmonic mean (FOBHM) operator. Then, they applied the FOBHM operator to MADM
problems. Until now, Bonferroni harmonic mean aggregation operators based on trapezoidal multi
fuzzy numbers have not been studied as we know. In order to fill this gap, this article formed and
has five sections. In second section, we give definitions of fuzzy sets, multi-fuzzy sets, and trapezoidal
fuzzy multi-numbers and some of their basic properties. In third section, we introduce an aggregation
method called weighted Bonferroni harmonic mean operator for aggregating the trapezoidal multi
fuzzy information. In addition the section reviews its some special cases and some properties. In
fourth section, we propose an algorithm to solve multiple attribute decision making problems under
the trapezoidal multi fuzzy numbers. Then, in the section, we apply the proposed operator to a multi
attribute decision making problem. In fifth section, we give a brief conclusion. The present paper is
derived from the first author’s master’s thesis under the second author’s supervision.

2. Preliminary

In this section, we give some basic concepts such as fuzzy set [1], trapezoidal fuzzy multi numbers [7]
and etc. In [8-11,18-23], readers can find further knowledge.

Definition 2.1. [1] A fuzzy set F on X which is a non-empty set is defined as:

F={(z p(2): v € X}
where i is a function from X to [0, 1].

Definition 2.2. [24] t-norms are associative, monotonic and commutative two valued functions ¢
that map from [0, 1] x [0, 1] into [0, 1]. These properties are formulated with the following conditions:

i. 1(0,0) =0 and t(px, (2),1) = t(1, px, (z)) = px, (z)
w. If px, (z) < KX (z) and KXo (z) < KXy (z), then t(,qu (z)aﬂxz (z)) < t(MXBJ:)v HXy ()
il t(:qu (l‘)v KX, (x)) = t(:U’Xz (x)v 122 ¢1 (x))

w. t(:qu (x)vt(MXQ(x)7MX3<x))) = t(t(:U’Xl (x)vuXQ)(x)vqu($))

Definition 2.3. [24] s-norm are associative, monotonic and commutative two placed functions s
which map from [0, 1] x [0, 1] into [0, 1]. These properties are formulated with the following conditions:

i. s(1,1) =1 and s(px, (2),0) = 5(0, ux, (z)) = px, ()

i Af pux, (2) < pxg (2) and px, () < px, (@), then s(px, (@), px, (2)) < s(px; (), px, (2))
it s(px, (), pxy (w)) = s(px, (), px, (x))
w. s(px, (@), s(ux, (@), by (7)) = s(s(px, (%), pxo) (@), pxs(2))

For example, £2(jux, (2), 1, (2)) = fix, (2)jixy (2) 15 & t-norm and sa(jux, (2), iy () = o, (@) +
px,(z) — px, (¥)px,(x) is a s-norm.
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Definition 2.4. [7] Let wy € [0,1], z;, 45, 2i,t; € R and z; < y; < z; < t;. A trapezoidal fuzzy
number (TF-number) N = ((x;,yi, 2i,t;); wn) is a special fuzzy set on the real number set R. Its
membership function is given as:

(x —xi)wn/(yi — xi), x; <x <y

i (z) = WN Yi <x <z
(ti—x)wN/(ti—zi), zi<x <t
0, otherwise

Definition 2.5. [5] A multi-fuzzy set G on X which is a non-empty set is defined as:
G = {(z, n(), (@), oo ps (), ) v € X}
where pl, : X — [0,1] for all i € {1,2,...,p} and = € X.

Definition 2.6. [7] Let n% € [0,1] s € {1,2,...,p} and z;,y;, 2;,t; € R such that z; < y; < z; < t;.
Then, trapezoidal fuzzy multi-number (TFM-number) shown by N = (2, yi, 2i, t;); ks 1375 -+ Nh) 18
a special fuzzy multi-set on the real numbers set R and its membership functions are defined as:

(@ —z)ny/(yi —2) 2 <z <y

H < x <z

5 (1) = Uiy Y ST > 24
L T o T R
0 otherwise

From now on the set of all TFM-number on R* will be denoted by U(R™). Moreover, I, and I,
will be used instead of {1,2,...,p} and {1,2,...,n}, respectively.

Definition 2.7. [7] Let Ny = <(x1,y1,21,t1);7]]1\,1,7]]2v1, ...,njlf,l), Ny = <(x2,y2,22,t2);7]]1\,2,77]2\,2, ...,77]1\3,2) €
U(RT) and v # 0, v € R. Then,

i. N1+ No = (z1+ 22,y1 + Y2, 21 + 22,11 + 12);
1 1 .1 .1 2 2 2 .2 P
My 1IN, — TN TN, Tae, + TR, — 1180, s -+ Ty 1IN — 1T, TT)

)
(w12, y1y2, 2122, t1E2); N, Ny TR TRy > 77N177N2)> (t1 > 0,t2 > 0)
ii. N1 x No=q ((z1ta, y122, 2192, C122); NN, N, » 1, s - 77N177N2)> (t1 < 0,22 > 0)
((t1t2, 2122, Yy1y2, T1T2) i NN TN, e, sy T, T, ) (E1 < 0,2 < 0)

iii. YN = ((yr, vy vz, 7t); L= (L= np ), 1= (L= 0% )7, 1= (1= 0%, )") (v > 0)

iv. N = (27,97, 2],1]); (nk,)7, (0%,) 75 - (nk,) ) (v > 0)

v. Based on negative exponential of a trapezoidal intuitionistic fuzzy number given by Li [25], we
can give following property for TFM-numbers:

1 1 1 1
Nt = — ) 50Ny M s TN
1 <(t1 Zl yl 151) 777N1777N17 777N1

Definition 2.8. [26] Let N; = ((33171/17217751);7711\7177712\71, ...,77]1\3,2>, Ny = <($2,y2722,t2);7’]]1\72,7’]12\[2, ...,7711\3,2>
€ U(R™). Followings are right:

i. If x1 < a2, 11 < yo, 21 < 29, 11 < Lo, ’I’]Jl\[1 < 77]1V2777]2V1 < 77]2\,2,...,77]1\3/1 < 7711\3[2 then N1 < No
1. If 1 > x9, y1 > Y2, 21 > 29, t1 > to, 17]1\71 > 77]1V2?77]2V1 > T]JQVQ,...,T)]];—A > 77]1\72 then N1 > Ny
iii. If 21 = @9, y1 = Y2, 21 = 22, t1 = b2, NN, = Ny 1N, = Mo TIN, = T, then Np = Np

Based on score value for trapezoidal hesitant fuzzy numbers given by Deli [26], we propose following
definition.
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Definition 2.9. Let N = ((zi,9i, i, ti); 1k, 1%, - k) be a TEM-number and P is number of 1.
Then, score of N denoted s(N) is defined as:

P

s(N) = BEEITU S,
s=1

Let N; = (x4, s, 2i, t3); 77]1\,1_, 17]2\,1_, ey 17]1\3,1) (i € I5) be a TFM-numbers’ collection. Then, comparison
of Nj and Ny is given as:

7. If S(Nl) > S(Ng), then N7 > Ny
1. If S(Nl) < S(Ng), then N7 < Ny
791, If S(Nl) = S(NQ), then N1 = Ny

Definition 2.10. [12] Let o; (i € I,,) be a nonnegative numbers’ collection and p,q € R such that
p,q > 0. Then, Bonferroni mean (BM) of o; (i € I,,) is defined as:

1
n pt+aq

1
P.q N p_q
BMPY(o1,09,...,0,) = e Z 'Uin
i,j=1,i#j
For two collections of nonnegative numbers o; and v; (i € I,), the BM has some properties as
follows:

i. BMP9(0,0,...,0) = 0
it. BMP4(o,0,...,0) =0, if 0, = 0o, for all ¢
iti. BMP1(0y,09,...,0n) > BMP4(vy,v3,...,0,),i.e., BMP? is monotonic, if o; > v; , for all 4
. min{o;} < BMP4(0y,09,...,0,) < max{o;}
Definition 2.11. [17] Let p,¢ > 0 and o; (i € I,,) be a collection of nonnegative numbers and
v = (v1,v2,...,0,)T 0;’s weight vector such that v; >0 (i € I,,) and i v; =1. If

=1

1
WBHMP (01,09, ...,00n) = -

n p+q
Z 4
D
oo
=Lt

then W BH MP1 is called the weighted Bonferroni Harmonic Mean (WBHM).

ISl

3. Weighted Bonferroni Harmonic Mean Operator on TFM-numbers

In this section we propose TFM weighted Bonferroni harmonic mean based on weighted Bonferroni
harmonic mean given by Su et al. [27]. Then, we analyze its properties and review special cases to see
how it converts into other operators. In addition, a basic example is presented to see its application
to three TFM-numbers.

Definition 3.1. Let N; = ((:vi,yi,zi,ti);n}vi,n]?vi,...,nﬁ) (1 € I,) be a TFM-numbers’ collection,
p,q > 0 and N;’s weight vector is v = (v1, vo, ...,vn)T. Here, v; is N;’s importance degree, satisfying

n
v; € [0,1], i € I, such that > v; = 1. Then,
i=1

1
TEMBHMP4(Ny, Ny, ..., Ny,) = .

<i’f§i¢j ((ﬁp) © (@))) v

is called TFM weighted Bonferroni harmonic mean operator (T"F'M BH M,,).
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Considering operational laws in Definitions 2.7 of TFM-numbers, we can give following theorem:

Theorem 3.2. Let N; = ((xi,yi,zi,ti);n}vi,mzvi,...,nﬁi) (¢ € I,) be a TFM-numbers’ collection,

p,q > 0 and N;’s weight vector is v = (v1, v, ...,vn)T. Here, v; is N;’s importance degree, satisfying
n

v; € [0,1], i € I, such that >  v; = 1. Then, TEFMBHMY(Ay, Ao, ..., A,) is a TFM-number and

=1
computed as:

TFMBHMg’q(Nl,NQ,---,Nn) = 1 1>
n ViV;j rta w Vi V5 pFa
Z ,zfzjg- Z yfy]?

i j=1,i]

1— ] B-@=@@=m)")")a - 1= mx,)))]e, ...
i.j=1,ij

1- ] B-a-a=my)n)Ha-a- (nﬁj)q)””’)]?iq>
i.j=1,i#j

PrOOF. By operation laws in Definition 2.7 of TFM-numbers,

(w) - v _< ViV VUj ViUj U5\
N? NJ(.] xfx?’yfy?’zfz?’tft? ’
(1= (1= (n,)P)") (1 = (1 = ()"

1

(1= (1= @mR)N") A = 1= mR,)D™)s s

(1= (1= ()P — (1 - <nﬁj>q>vf>

<
~—

First of all, we need to show:

n n n n n
v; vj _ Vi; ViV ViVj Viv; |
S ((w)e(3)) ([ > o > s 3 5y o)

ity 1N it Y1Yi e TP gLt
’.7 K .7 ’.] ) .j ’J 2 .j 7.] k) -7

i,j=1,i#j
1— [T 0= (== @)™ = (1 - (k)]
i,j::l,i;éj )
- T 0= = @)™ - - @k, ..
ij=1,i#j
1= I n-a-a-@mknmHa—a- <nﬁj>qw>]#q>
1,j=1,i#j

If we use mathematical induction on n:
1) when n =2, from Equation (2), we obtain:

2
o Yo (V) o (e
D ((Nf)®(zv;>> (spen)e (o)

i,j=1,1#]
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<<v1vz VUl VIV VU] ViU UV V1U2 vzv1>
- D, .4 p..q° P, 4q p,q> _p_q PQ’PQ p4q
TiTy  ToZ1 Y1Y2  YoU1 2179 542 2351

[(1 = (1= (3, ")) (1 = (1 = ()" )“2)] e[(1-0 (mvz)p) )1~ (1= (n,))"™)],
(1= (1= (03,)P)") (A = (1 = (1Re))*)] @ [(1 — (1 = (7 2)1”) 2)(1 = (1= (13,) D" -
(

(1= (1= (n,)")") (A = (1= (i, ))*)] @ [(1 = (1= (ny,)P)* (nﬁl)q)”l)]>

2 2 2
([ sy ey s
T P q P 4
7’7‘7

i=Liti CiTT =Lt SYi g oing ST it 10

2
=TI == = @)™ = (L= )],

1,7=1,i#7]
2
1= T 0= 0= =R - (1 - (030", .
1,7=1,i#]
2
1= [ n-a-a-my»)mHe-a- (nﬁj)q)”j)]m>
ij=1,ij

2) Suppose when n = k, the Equation (2) is true, i.e.,

k k k k k
V; vj B ViV ViU Uiy viv; | .
D (<Np>®<qu>> —< D gt 2 g 2. T 2l 7l )

i j=Lisi b= 1T gty DI ety G5 =i
k
) N
1= ] 0= =1=mn)")")0 = (1= (ny,))%)] 7,
ZJ::;Z#] (3)
. N
1= JT === m)")a— - mx,)9)m, ..,
i j=L,it]
k 1
1— J] -0 =1=my)")"Ha-a- (nﬁj)q)vj)]w>
ij=Lit]

3) Now we will show Equation (2) is true for n = k 4 1. If we accept n = k + 1 in Equation (2):
k+1 v, v, k w v
i,j=1,i#j 2 J i,j=1,i#j

r v Vg

L +1 (4)
@((%) ( )))

k

Uk+1
j=1 <<N’f+1) ( ))
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k k k k k
(% Vk+1 ViVk+1 UzUk+1 ViVk+1 ViVk+1 \ |
@((Np)®<Nq >)=<( L I 3 ey )

i1 i k+1 —1 ViTk+1 = Yi Vi im1 22 i1 Uitk
k
L= = (= (1= ()" ") (A = (1= (nh,,, ) D))+,
i=1
- (5)
1= = (=@ = %)) A= (1= (R, ) D)),
i=1
k 1
1= - ==y - - (nﬁkﬂ)q)”’““)]m>
i=1
and k k k k k
Vk+1 K _ Vk4+17j Vk4+1Y5 V4175 Vk+1Y5
JEE(( k:+1> (qu>) <(; xiﬂfﬁq = yZH?/? = Z+1Zg ’g ti—&—lt;])
k
1- H[l — (1= (1= (., ) (1 = (1= () D)™)ot
! (6)
L= T = == R, )00 = (= ) )) 7, o
j=1

k
L= - ==, )+ (- (1~ (nﬁj)q)”")]p*q>

<.
Il
_

Finally from Equations (3), (4), (5) and (6), we obtain:

k k k k
, . ’Uin ’UzU] Uﬂ}j Uivj .
TFMBHng(NbN%,Nn) - < ' 21: D _q> Z D q> Z szqa Z tg;t;l 9
7 7

i i V0T ity VYT S SR i
k
. 1
1- ] -a-@a-=0my")Ha-a- (nn,) )"+,
i j=L i
k 1
1- J] B-a-@a-m)")Ha-a- (n%,))")] ¥, ..,
=Lt
k 1
1— J] -0 =@1=my)")")0—1- (Wﬁj)q)vj)]"*">
i j=1 i
i ;U k v; U i v; U i v; U
k+1 i k+1 1Uk+1 1Vk+1
®< —— : ;
(Z 1 T T ZZ; Vi Yt ; % 2y lZ: tpt%H)
k
. _1
1= = (= (1= ()" ") (A = (1= (nh,, ) D))+,
=1
k 1
L= = (= (= m3)")") A = (1= (R, )], ey
=1
k 1
1= — == my)n)Ha - - (Uﬁk+1)q)vk+l)]m>
=1

a» p (1’

k k k k
® Uk+lvj Uk+1vg Uk+1Y5 ka+1vg
xp 2 P z A
0 Tk T Ykrr vj’ =1 k1% o Yk
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k
L= T = (= (= (e )P (1 = (1= () 1)) 753,
j=1
k
L= = (= @ = R, )P ) (X = (1= (R,)D) )] 7, ey
j=1
k
O L R D K (R O (nﬁj)q)”j)]”q>
j=1
A ViV ok ViV ok V;V; Fa ke V;V; 7
_ 1Uj 1Y) () () .
< i»]’;ﬂ'#j <xfx3) ’i,j;,i;éj <y§)yg) ’i,]';,i#j (Zij) ’i,j:;,i;éj <tft?> 7
k+1 L
1= [T -0 =@=my)n)") = (1= (k)07
1,7=1,i#j
k+1 L
1= I B-0-0=m)nHa - 0= mk,,)09)]5, .
1,j=1,i#j
k+1 L
1- I i-a-a-mynHa-a- (nﬁkﬂ)q)”j)]f’*q>
1,j=1,i#j

O]

Note 3.3. Let p,q¢ > 0 and N; = ((z, v, zi,ti);n}\,i,n?\,i, ...,77]1\3,2) (1 € I,) be a TFM-numbers’ collec-
tion. If v = (1 L 1 )T, then the TFM BH M, operator converted into the following:

n'n’n

TFMBHMYY (N1, Na, ..., Ny,) = 1 -
n n prTq
(... ((#)=(4))

Proposition 3.4. Let p,q > 0 and N; = ((x;, v, zi,ti);n}vi,n%\,i, ...,nﬁ), M; = (ks s, mi,ni);n}/[i,n%/[i,
cery nﬂ) (i € I,) be TFM-numbers’ two collections. T'F'M BH M, operator has following properties:

i. (Idempotency) If N; = N for all (i € I,,), we have
TEMBHMPY(Ny, Ny, ..., N,) = TEMBHMP4(N, N, ..., N) = N

ii. (Momnotonicity) Based on Definition 2.8, if N; > M; for all i € I, then TFMBHMZE? is
monotonic that is,

TEMBHMP(Ny, Ny, ...,N,) > TEMBHMP(My, Ms, ..., M,)

iti. (Commutativity) If (Nl, N, ..., Nn) be any permutation of (N7, Na, ..., N,,) then,
TFMBHMP4(Ny, No, ..., N,) = TEMBHMP9(Ny, Ny, ..., N,,)
iv. (Boundedness)
N~ <TFMBHMP4(Ny,No,....N,) < NT

where
N7t = ((maz{z;}icr,, maz{y; ticr,, max{z}Yicr,, max{t; }icr, );

maw{n]l\/z }Ze_[n Y ma‘x{nJQVi }ie[n AR ma':v{/rl]{;l }le[n>

and
N~ = ((min{x;}ier,, min{y; bier,, min{zi Yicr,, , min{t; Yier, );

mln{n]l\fi }iEIn ) mzn{n?\h }ie[n7 ey mzn{nNi }iEIn>
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By considering different values of p and ¢, a few specific cases of TFM BH MZE? are obtained as
follows:

Remark 3.5. If ¢ = 0, TEMBH M} operator converted into TFM weighted generalized harmonic
mean operator:

1 1 1
TFMBHMP'(Ny,Ns,...,Ny,) = = =

(8.69) (8mgn) (B

i.j=1,i#j =

which is TFM weighted generalized harmonic mean (T'F'MGH M,) operator.

Remark 3.6. If p=1,¢q = 0, TEMBH M} operator converted into:

1 1
TFMBHMM(Ny,Ns,...,N,) = = =

1

i,j=1,i#j

Remark 3.7. If p =2,q = 0, TFM BH M}’ operator converted into:

1 1 1
TFMBHM?*°(Ny,Ny,...,N,) = = =

<¢,j%¢j (Z;’g)) 5 (ﬁé (;@) él”j> § (é

Remark 3.8. If p=1,9 =1, TFMBHM}*? operator converted into:

TFMBHMM (Ny, No,...,N,,) =

Example 3.9. Suppose we have three TFM-numbers as follows:

N; = ((0.1,0.4,0.5,0.6); 0.5, 0.3, 0.4, 0.2)
Ny = ((0.1,0.2,0.5,0.8); 0.9, 0.6,0.3,0.5)
N3 = ((0.2,0.3,0.3,0.4);0.7,0.8,0.3, 0.4)

Then, based on the operations in Definition 2.7 and Equation (1) for p,q = 1, we have

N{ @ NJ = ((0.01,0.08,0.25,0.48); 0.45,0.18, 0.12, 0.10)
Ni @ N{ = ((0.01,0.08,0.25,0.48); 0.45,0.18, 0.12, 0.10)
N} @ N} = ((0.02,0.12,0.15,0.24); 0.35,0.24,0.12, 0.08)
Ni® N{ =((0.02,0.12,0.15,0.24); 0.35,0.24, 0.12, 0.08)
N} @ N} = ((0.02,0.06,0.15,0.32); 0.63, 0.48, 0.09, 0.20)
Ni® N} = ((0.02,0.06,0.15,0.32); 0.63, 0.48, 0.09, 0.20)

and then we obtain:

TFMBHM"'(Ny, N3, N3) = ((0.0056, 0.0289, 0.0611, 0.1156); 0.9912, 0.9460, 0.7095, 0.7492)
In a similar way, if p, ¢ = 2, from Equation (1), we have

TFMBHM?2(Ny, Ny, N3) = ((0.0001,0.0014, 0.0060, 0.0217); 0.9521, 0.8440, 0.5173, 0.5736)
if p=1,q = 3, from Equation (1), we have

TFMBHM"“3(Ny, N3, N3) = ((0.0001, 0.0015, 0.0063, 0.0239); 0.9618, 0.8664, 0.5214, 0.5901)
if p=3,¢ =1, from Equation (1), we have

TFMBHM*'(Ny, Na, N3) = ((0.0001,0.0015, 0.0063, 0.0239); 0.9618, 0.8664, 0.5214, 0.5901)
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4. An Application of Weighted Bonferroni Harmonic Mean Operator on TFM-
numbers

This section developes an algorithm based on weighted Bonferroni harmonic mean operator to solve
multi criteria decision making problems.

Algorithm
Here, we firstly give an algorithm to solve decision making problems with multi criteria. Then, to

see application of the algorithm, we give an example. As for end of the section, we present a table of
TFMBHMY! taken by changing (p, q) values.

Table 1. TFM-numbers for linguistic terms

Linguistic terms Linguistic values of TFM-numbers
Absolutely low (AL) 0.01,0.05,0.10,0.15);0.1,0.2,0.3,0.4)

((
Very Very Low (VVL) ((0.05,0.10,0.15,0.20);0.2,0.3,0.4,0.1)
Very Low (VL) ((0.10,0.15,0.15,0.20); 0.2, 0.4, 0.5, 0.3)
Low (L) ((0.10,0.20, 0.20, 0.30);0.3,0.4,0.8,0.1)
Fairly low (FL) ((0.15,0.20, 0.25,0.30); 0.4, 0.6,0.2,0.5)
Medium (M) ((0.25,0.30,0.35,0.40); 0.4,0.5,0.6,0.8)
Fairly high (FH) ((0.30,0.35,0.40, 0.45); 0.6,0.1,0.8,0.4)
High (H) ((0.40,0.45,0.50, 0.55);0.8,0.9, 0.3, 0.6)
Very High (VH) ((0.45,0.55,0.65,0.75);0.7,0.8,0.6,0.3)
Very Very High (VVH) ((0.50,0.60, 0.70,0.80);0.1,0.7,0.8,0.9)
Absolutely high (AH) ((0.70,0.80, 0.90, 1.00);0.7,0.8,0.9,0.2)

Step 1: Build the decision matrix based on experts’ decision according to Table 1. Let X =
{zili € I} be set of alternatives and C' = {c;|j € I} be set of criteria whose weight vector is

n
v = (v1,v2,...v,)T such that v; >0 and > v; = 1.
i=1
Preferable of the alternatives x; based on the criteria c; expressed by a linguistic terms is computed
by following T'FM BH M,,:
N=<(.I Zt) 1 2 P >(i€f )
ij ijy Yijy Zijy Lig anNij’nNijv"'vnNij m

Step 2: Get preferable for x; based on N; (i € I,;,) to aggregate the TFM-numbers N;1, Nja, ..., Nin
as:
Ni = TFMBHMf’q(Nzl, NZ‘27 ceny Nzn)

Step 3: Calculate score value s(V;) whose formula is given in Definition 2.9 for each N; to rank
alternatives.
Step 4: Rank all score value of N; according to descending order.

4.1. An Illustrative Example

Example 4.1. An entrepreneur wants to set a factory to a suitable place in the country. There are
five alternatives to be chosen to set the factory. The entrepreneur takes into account of following
criteria in decision making process :

1. Closeness to raw material (cp)
2. Facility of transportation (c2)
3. Regional incentive (c3)

4. Market breadth (cy)
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There are five candidates z; (i € I5).

Besides v = (0.1,0.3,0.1,0.5)7

70

is weight vector of criteria c;

(j € I4). Suppose that the preferability of the alternative x; with regard to the attribute c; is mea-

sured by a TFM Nij = <(x1]7yzgazz]v z]) 77N ’77]\[ y o

. nﬁi) (i € I,) and then we build TFM decision

matrix (N;j)s5.4 according to decision makers ch01ces based on linguistic Table 1.

Step 1: Decision matrix is constructed according to decision maker’s choices:

Table 2. Decision Matrix Nj;

c1

c2

c3

ca

Ny ((0.01,0.05,0.10,0.15); 0.1,0.2, 0.3, 0.4) ((0.70,0.80,0.90,1.00); 0.7, 0.8, 0.9, 0.2)
Na ((0.45,0.55,0.65,0.75); 0.7, 0.8, 0.6, 0.3) ((0.45,0.55,0.65,0.75); 0.7, 0.8, 0.6, 0.3)
Ns ((0.10,0.20, 0.20,0.30); 0.3, 0.4, 0.8,0.1) ((0.30,0.35,0.40,0.45); 0.6, 0.1, 0.8, 0.4)
Ny ((0.10,0.15,0.15,0.20); 0.2, 0.4, 0.5, 0.3) ((0.15,0.20,0.25,0.30); 0.4, 0.6, 0.2, 0.5)
Nj ((0.30,0.35,0.40, 0.45); 0.6, 0.1, 0.8, 0.4) ((0.10,0.15,0.15,0.20); 0.2, 0.4, 0.5, 0.3)

((0.05,0.10,0.15,0.200.2,0.3,0.4,0.1)
((0.10,0.20,0.20, 0.300.3,0.4,0.8,0.1)
(0.25,0.30, 0.35,0.400.4, 0.5, 0.6, 0.8)
((0.40,0.45,0.50, 0.550.8, 0.9, 0.3, 0.6)

((0.50,0.60,0.70, 0.800.1,0.7,0.8,0.9)

0.70,0.80,0.90,1.000.7,0.8,0.9,0.2)

0.01,0.05,0.10,0.150.1,0.2,0.3,0.4)

(
(
((0.50,0.60, 0.70,0.800.1,0.7,0.8,0.9)
((0.05,0.10,0.15,0.200.2, 0.3,0.4,0.1)
(

0.45,0.55,0.65,0.750.7,0.8,0.6,0.3)

Step 2: We aggregate experts’ ratings for each alternative, by using TFM-weighted Bonferroni
harmonic mean operator. That is,

Ny = TFMBHM," (N1, Nig, N3, Niy) =
n v Vi
here ( : ) ® | wr
e ',j—EIBi;éj < M <ij>>
= Nﬁ@% (v ©@we ) ®
(@3 ) © (3 ©aE
Ny = TFMBHMv’l(Nm, Nag, Nag, Nay)
N3 = TFMBHDM," (N3, N3, N33, Nas)
Ny= TFMBHM}"(N41, Ny2, Nas, Nag)
Ns = TFMBHM,;" (Ns1, Ns2, Ns3, Na)

1

(

n

@

5
i j=Lizi \\ V1

((0.1212,0.3091, 0.4629, 0.5941); 0.1583, 0.2536, 0.4058, 0.0175)

2 ® 2] ® D
M, O M @

@ (v © i) ®

((0.0724,0.1981,0.2897,0.4003); 0.0704, 0.1373,0.1391, 0.0377)

((0.3450,0.4673,0.5228,0.6316); 0.0383, 0.0720, 0.3806, 0.2141)

((0.1191,0.1930, 0.2490, 0.3169); 0.0592, 0.1439, 0.0457, 0.0414)

((0.2990, 0.3964, 0.4334, 0.5300); 0.0789, 0.1574,0.2311, 0.0911)

Step 3: Scores of N/s calculated as:

s(Ny) =

s(Ny) = 0.0096, s(N3) = 0.0295,

0.5941240.4629%2—0.12122—-0.30912

2.4

Step 4: Alternatives are ranked:

s(Ny) = 0.0040, s(N5) = 0.0155

T1 > T3> Ty > T > Ty

Finally, the best alternative to choose is x;.
different TF M BH M} of the example are given in Table 3.

o)

P
N12
(1

P
N14

® %) e (% o
LA N T Ny
® %) o (# o %
Ny Niy © Nis

(0.1583 + 0.2536 + 0.4058 + 0.0175) = 0.0477,

Moreover, rankings for some alternatives in terms of
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Table 3. Rankings for some alternatives in terms of different TFM BH M} of Example 4.1
q) (V1) s(N2) $(N3) $(Na) s(N5) Ranking

1.0,2.0) 0.0139 0.0023 0.0110 0.0010 0.0042 X1 > T3 > X5 > To > Xy
3.0,1.0) 0.0051 0.0007 0.0052 0.0003 0.0014 Ty > X1 > Ty > Ty > Xy
3.0,2.0) 0.0028 0.0003 0.0025 0.0001 0.0006 T1 > X3 > Ty > Ty > Xy
1.0,0.5) 0.0932 0.0234 0.0590 0.0106 0.0339 Ty > XT3 > Ty > To > Xy

)

)

)

2.0,0.5 0.0201 0.0043 0.0190 0.0023 0.0071 T1 > X3 > Ty > Ty > Ty
3.0,0.5 0.0068 0.0013 0.0084 0.0008 0.0023 T3> X1 > Ty > T > Ty

(»,
(
(
(
(
(
(
(4.0,0.5 0.0031  0.0006  0.0044  0.0004  0.0010 w3 >z > x5 > T2 > 24

5. Comparison Analysis

Table 4. Some rankings in terms of different methods and proposed method of Example 4.1

Methods Operator Ranking

Proposed method TFMBHMIEM) T1 > T3 > Ty > To > T
Method of Deli and Keleg [8] St(x;) Ty > Xz > Ty > T > To
Method of Ulugay et al. [7] TFMG, T > Xz > Ty > T > To
Method of Sahin et al. [10] D, T3 > Ts > T > Ty > To
Method of Ulugay [11] Sy Ty > Ty > T > Ty > To

Table 4 compares introduced method with other existing methods such as distance measure operator
proposed by Deli & Keleg [8], TFM weighted geometric operator introduced by Ulucay et al. [7],
weighted dice vector similarity operator submitted by Sahin et al. [10] and vector similarity operator
given by Ulucay [11] based on Example 4.1. If we check over the comparison table given above, we can
see result of the proposed aggregation method presents a new perspective to decision making process.
So, proposed method can be readily used to solve decision making problems with multiple criteria.

6. Conclusion

In this article, firstly, Bonferroni harmonic mean was introduced. Then, its some special cases
were investigated to see how it converted into other operators. Secondly, to see an application of the
operator, a basic example was given. Thirdly, an algorithm was proposed to solve decision making
problems. Then, a numerical example was given to show performance of the developed approach and
to demonstrate its degree of effectiveness and practicality. Finally, a comparison table was presented
to compare proposed method with some existing methods.

In future, the operator will be applied to hesitant fuzzy numbers, intuitionistic fuzzy numbers
and neutrosophic fuzzy numbers. In addition, we plan to extend our research to AHP method, ANP
method, Topsis method, VIKOR method, QUALIFLEX method, ELECTRE I method, ELECTRE II
method, ELECTRE III method, defuzzification techniques and so on.
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1. Introduction

L, »(R™) Morrey spaces, proposed by Morrey in 1938, were used in the study of the local behavior
of the solutions of elliptic partial differential equations. Morrey spaces are quite used for problems in
the analysis of variations theory. In addition, Navier-Stokes and Schrédinger’s equations have many
applications in the potential theory of elliptic problems with discontinuous coefficients. Over the years,
many researchers have done various studies on Morrey spaces (For more details, see [1-5]).

In recent years, there has been an increasing interest in various spaces on Carleson curves, such as
Lebesgue spaces, Morrey spaces. We only mention [3,6-9]. There are many applications for Maximal
operators, which have a capital place in real and fractional analysis. These nonlinear operators,
which are informative in differentiation theory, have inspired the studies of classical operators of
harmonic analysis in various spaces. Moreover, they are also featured in many valuable studies (see,
for example, [7,10-12]). Samko [5] studied the boundedness of the M maximal operator in Morrey
spaces defined on quasi-metric measure spaces, especially in Ly, »(I') Morrey spaces defined on Carleson
curves.

The commutator operation and properties of maximal integrals have been extensively studied in
various spaces, and there are many important consequences associated with them (see, for example
[13—22]). The maximal commutator M, is of great importance in studying the commutators of the
BMO symbol and singular integral operators. There are important studies on the properties and
boundedness of M; (For more details, see [13,14,18,19]). The commutator of maximal operator [M, b]
was studied by many authors (For more details, see [13-15,18]). This operator is the product of two
functions from BMO and H' Hardy space. It emerged when it was wanted to give meaning (Let us
note that the product of these two functions may not be locally integrable).
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The fact that the operator M, is a positive linear operator, unlike the [M,b] operator, indicates
that these operators are quite different from each other. However, b is bound to the operator M,
manage the operator [M, b, with some additional conditions.

This study consists of three sections. Section 2 presents preliminaries of the commutator of the
maximal operator and maximal commutator on Carleson curves. Section 3 investigates the bounded-
ness of these operators on Ly, 5 (I').

2. Preliminaries

In this section, before giving the basic definitions and theorems, let us briefly talk about Carleson
curves, which are the focus of the paper. For every ¢t € I' and r > 0, if a locally rectifiable Jordan
curve " satisfies the following condition;

vI'(t,r) < cor

it is called the Carleson curve (regular curve), where I'(t,r) := I' N B(t,r), t € ', r > 0. Let
I': vy (t)=z(t)+iy(t), a <t <b. Length of a regular curve is given with:

b
VF:E(v):L\dz]:/\/x’ (£ + (8)2dt

Let I', equipped with Lebesgue length measure, be a locally rectifiable compound arc. The measure
of a measurable subset v C I is displayed with v C T". In particular, |T" (¢,r)| is the sum of the lengths
of the countably many arcs that make up I' (¢,7). Let I" be a locally rectifiable composite curve and
I'y,..., 'y be a finite number of arcs combined such that I' = I'yU. .. Ul'y. Since

Lj(t,e) CcT(t,e) Ty (t,e)U...U'N (t,¢)
and
T (t,e)| < T (te)| < Ti(t,e) + ...+ [Tn (E€)]
from the above expression

I' is a Carleson curve < Each I'; is a Carleson curve

is obtained. In order to indicate the dependence on t, we shall denote this family by {I'; ;}. For almost
every £ ¢ Ty is f (£) <t. Now, we need to give below the necessary definitions for the case of spaces
on Carleson curves.

Definition 2.1. [5] L, z(I") Morrey spaces with 0 <A <1, 1 <p <ooand f € Lfv"c(F) is the space

of functions such that

_a
= sup 7 »
1f1lz, \r) o £l 2, ey

1/p
= sup <7‘)‘/ |f (7)|P dv (7')) < 00
r>0, tel’ L (t,r)

When A < 0 or A > 1, L, x(I') = 6 where 0 denotes the set of functions on I' that is equivalent to 0.
If A\=0, then L,o(I') = L,(I") is obtained.

Definition 2.2. [8] The space of functions with bounded mean oscillation BMO (I") is defined as
the set of locally integrable functions f with a finite norm

£ laarom = s L) [ (F(0) = frn|do () < o
r>0,tel’ L(t,r)
here fr(;,) is displayed with;

frery = (T ()" / £ (7) dv ()

L(¢,r)
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Definition 2.3. [8] Let 1 < p < oo and I' be a Carleson curve. Then,
1
Lo (D) = suwp 175 |l m)
tel',r>0

and ) y
< sup r »p < /P
11l Loy p Iz, < Il

The application of the Lebesgue Differentiation Theorem on Carleson curves is as follows:
Let f € Lﬁoc (T"), then the following statement applies

lim (vT'(t, 7))~ /F ., ) = 10 (1)

r—0

Note that in expression (1) supremum instead of limit and |f| instead of function f is taken, the
maximal function is defined.
The definition of the maximal operator on Carleson curves is as follows;

Definition 2.4. [5] Let I' be a simple Carleson curve and f € L!°°(T') . The maximal operator M on
I' defined by

M (£) = sup (T (t,7)) ! / LTI

>0
The boundedness of the maximal function on Ly, (I') has been studied by Guliyev in [3].

Theorem 2.5. [3] Let I" be a Carleson curve, 1 < p < oo and ¢y € I'. Then, for p > 1 and any r > 0
in I, the inequality

1 _1
IM I, 0o,y =77 8w T 2 [Ifll L, 0.

T>2r

holds for all f € Ll¢ ().

The definitions of the maximal commutator and commutator of maximal operator on Carleson
curves are as follows, respectively.

Definition 2.6. [9] Given a locally integrable function b, the maximal commutator is defined by

MO = sup e [ O U (), Sor all T

Definition 2.7. [9] Given a locally integrable function b, the commutator of the maximal operator
is defined by

[M,b] f(t) :== M(f)(t) —bt)Mf(t) forallt e’
Tiirkay and Mursaleen proved the following statement in [9].

Theorem 2.8. [9] Let b€ BMO (I') and 0 < ¢ < 1. In this case, there is a positive constant C' = Cj
where the following inequalities holds for all f € L{¢ (T');

i))Ms (M (f)) () < C bl prrory M2f (), s €T

i) My (f) (<) < ClIbll, M?f (<), c €T

Lemma 2.9. [9] Let b be any non-negative locally integrable function on I". Then for all f € L{¢(T),
the following inequalities are provided;

[[M,B] f(0)] < My(f)(t),t €T (2)

and
[[M, 0] f(0)] < My(f)(E) +207 ()M f(t), t €T 3)

Theorem 2.10. [9] Let b € BMO (I') such that b~ € L (I') . Then, there exists a positive constant
C such that
M0 F() < C(J|oF]], + ||o7]|.) MPf (¢) for all f e Lic“(T)
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3. Some New Estimates

This section studies the L, ) (I') —boundedness of the operator M}, and the operator [M,b]. Since it is
easier to examine the boundedness of the operator M}, than the operator [M, b], we will first investigate
the boundedness of the operator M;. Before the main results are given, the auxiliary theorems that
will help in the proof will be reminded. Tiirkay and Murselen examined the boundedness of the M,
operator in L, (I') in [9].

Theorem 3.1. [9] Let 1 < p < co. The operator M, is bounded on Ly, (I") if and only if b € BMO (T').
Inspired by Theorem 3.1, we establish the following theorem.

Theorem 3.2. Let 1 <p<o0,0<A<1. be BMO () if and only if The operator M}, is bounded
on Ly (T).

PROOF. (=) Let I' (tg, 79) be a constant Carleson curve. Suppose that b € BMO (I'). By Theorem 77?
and Theorem 2.5 the following inequality holds for f € L, (I'):

IMo()lL, Ay~ sup <|F(1M")IA_1 [ My(f) (T)dv(7)>p

L(t,r) T'(¢,r)

A=1 P
= [T (to,0)| » sup ( I My(f) (T)dv(f))
['(t,r)CT(to,m0) \I'(t,r)
A=1
< T (to, 7o)l 7 (1Bl f 1l 2,y ()

<) Let the operator M be bounded on L, » (I'), that is, for ever € L, » (T') there is such a positive
p p, y D p
constant ¢ that the following inequality is obtained;

My (), a) < ellflln, @

Obviously,

D=

A—1
£, = sup [ @0 [ 1P ()
(tr) r(tr)
Let f = Xr(to,r) such that I'(tg,r9) is a constant Carleson curve. In this case, the following
expression is easily written;

»
Ixr(toro) |2, () = SUD (!F(tﬂ“wl o) (7) dv (T))
(t,r) T(t,r) )

= sup (IF () AT (o) [P (. ))” n

1
= s (PEalr e
F(t,T)CF(tQ,TQ)
A
= [ (to, 70)|”
In addition, since
1

IT (to,70)] / |6(T) = brtg,r)| dv (1), for all t € T (to, 7o)

F(to,T’o)

My (Xr(to,r0)) (8) 2

then

3=

HMb (XF(to,To)) HLp A(D) ~ sup (’F (t, T)V\_l f |Mb (XF(tO,ro)) (T)‘p dv (7')>
’ I(t,r) I(t,r)

A
20t m0)l” mreyr S 10(7) = brigg | dv (7)

N to,’ro)
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Since by assumption
15 Cxreo.ro)) HLM(F) S HXF(tomo)HLm(r)
and by (4) and (5), we get that

1

IT (to.70) | - <
’F (to, 7o) | T'(to.ro) 1b(7) bF(t07TO)|d’U (1) <c (6)
Thus, the desired result is obtained. -

Milman and Schonbek obtained the L, (R™)-boundedness of the operator [M, b] with real interpo-
lation techniques in [20]. Inspired by this study, Tiirkay and Murselen examined the boundedness of
the operator [M,b] in L, (T') in [9].

Theorem 3.3. [9] Let 1 < p < co. The operator [M,b] is bounded on L, (I') if and only if b €
BMO(T) and b~ € Log (T).

Applying Theorem 3.3, the below theorem is obtained.

Theorem 3.4. Let 1 <p < o0, 0 <A <1. be BMO (T) such that b~ € L (') if and only if the
operator [M,b] is bounded on L, » (T') .

PROOF. (=) Suppose that b € BMO (') such that b= € Lo (I'). Thus, the following inequality is
obtained from Theorem 2.10;

[M,0] F()] < C(J|oF]], + [|o7]|.) MPS (¢) for all f e Li(T)

Moreover, from Theorem 3.3, the operator [M,b] is bounded on L, (I'), with 1 < p < oo, so the
following inequality is satisfied for all f € L, (T');

1Ml .,y 1
sup <|F(tﬂ“)\A1 I IM 0] ()P dw (T)>
INCED) T'(t,r)

3 =

<[C(to,ro)l 7 sup <F(f |[M 0] £(7)[” dv (T))

I(t,r)CT(to,r0) t,r)

A-1
< C (to,ro0)| (”bJrHBMO(F) + ”biuLw(I‘)) M?f(t)
<Cr

Hence,

M) fllz, ) < Cllfllz, ) @)

The inequality (7) gives the desired result easily.
(<) Assume that [M,b] is bounded on Ly, 5 (I') . Let I" (to,70) be a fixed Carleson curve.
Denote by M, the local maximal function of f:

My roy fx) = sup / fy)ldv(r), (teTl
F(t07 O) ( ) tGF(tJ‘) tT CF to,’r’o |F t T Ft ‘ ’ ( )
Since
M (bXT(t9,70)) XT(t0,r0) = Mr(to,r0) (D)
and

M (XF(tOJ’O)) XF(to,To) = XF(t(),T’())
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then, we get the following inequality

‘Mf(to,ro)(b) - bXF(to,T())’ = ‘M(bXF(to,To))XF(to,To) - bM (Xr(to,’l‘o)) XF(to,T’o)}
‘M(bxr(toﬂ‘o)) - bM (Xr(to,ro))‘
= ‘ [M7 b] Xr(to,ro) |

IN

Hence,
HMF(tQ,TQ) (b) - bXF(tQ,TQ) HL;D,A(F) S H [M) b] XF(to,T‘o) HLp,)\(F) (8)

Thus, from Equation (8), we get

Tl tf )\(b—Mmo,ro) (®) (N)]dv(r) < (F(tolo) tf )|(b_MF(to,ro) (b)) (T)!pdv(7)>
0,70 0,70
_1 1=
< |F (t07T0)| v |F (taT)| v HbXF(to,ro)_MF(to,To)(b)HLp_)\(F)
_1 1= '
< |F(t07ro)| plF(t,T)l P H[M7b:|XF(tO’TO)Hpr)\(F)
_1 1-x
< C|F(t07’r0)| p|F(t7T)| v HXF(tOJ'O)HLp,A(F)
_1 1-2 1 A-1
~ c|l(to,ro)| 7 [T (¢, 7)) 7 [T (to,ro)|[* [T (¢,7)| ™
= c
Since
— [ b(7) = brgg,re)dv (1), b(t) < brgg,r) and t € T (to, 7o)
_ _ T'(to,0)
/ [ (b= brog,ro)) (7)ldv (7) I br) = by reydv (1), b(t) > brgre and t € T (t,r0) )
T'(to,r0) I'(to,r0)

for the following sets

[1 = {t el (to,?”()) : b(t) < bF(toﬂ"o)}
and

Io := {t € T (to,70) : b(t) > br(ze.r) }

are valid. Thus, the expression

— [ 1) = brm] 0 (1) = [ [o7) = o] o (7)
I

Ip)

can be written. In view of the inequality

b(z) < br( < Mr(t,r0)(0), 2 € E

to,70)

we get that
m f | (b - bF(toyro)) (7) |dv (1)

t0,70)

= waeron J1 [(0 = br(te ) (7)] dv (7)
= m i, [(b = Mty 10y (0)) (7)] dv (7)

=<c

~

Consequently, b € BMO (T).
Besides, the following expression is valid

0<b™ = b = b < M) (B) = b* + b = M) (B) = b (10)
where My, ,,)(b) > [b]. From our assumption, [M,b] is bounded on Ly (T'), thus the following
inequality is valid;

1,8l ) < € (15% D maroy + 16 ey 161z, oo

< Cp
Moreover, we obtained b € BMO (I') before, with these data we obtain b~ € L (I'). O
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4. Conclusion

In recent years, studies on Morrey spaces defined in R"™ metric space and their reinterpretation with
Carleson curves have presented a different field of study to scientists working on Morrey spaces. In this
article, we have given new estimates about the boundedness of the maximal commutator operator M,
and the commutator of the maximal function [M, b] in Morrey spaces defined on Carleson curves. By
making some generalizations on Morrey spaces defined on Carleson curves of this study, it is thought
that it will inspire the obtaining of new inequalities boundedness of the maximal commutator operator
M, and the commutator of the maximal function [M, b].
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1. Introduction

The theory of curves is one of the most crucial research areas in classical differential geometry. For a very
long time, and even now, special curves and their characterizations have been investigated. The use of special
curves can be observed in nature, mechanical devices, computer-aided design, and other things. The
Smarandache curve, one of the special curves, has a position vector made up of Frenet frame vectors on another
regular curve. Ahmad first presented a few special Smarandache curves to the Euclidean space in [1].
Additionally, some researchers investigated Smarandache curves in the Lie group and Minkowski space [2,3],
respectively.

In two ways, Lie groups are made of algebra and geometry, two significant branches of mathematics:
first, Lie groups are groups, and second, they are smooth manifolds. As a result, there must be some kind of
coherence between the Lie groups’ geometric and algebraic structure. The current approach to geometry as a
whole is based on the geometry of Lie groups. Additionally, numerous research findings on curves and surfaces
in the 3-dimensional Lie group have been published in [4-8].

On the other hand, in differential geometry, surfaces can have a variety of remarkable effects and
properties. Researchers later turned their focus to the construction surfaces along a special curve such as a
geodesic, an asymptotic, or a line of curvature. Some recently research on these topics was done in [9-12]. The
process in these papers is as follows: conditions for that curve to be a geodesic, asymptotic, and line of
curvature have been given, and the parametric surface has been constructed as a linear combination of an
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isoparametric curve and its Frenet frame. A new study on construction surfaces with constant curvatures along
a given curve was recently proposed by Bayram et al. [13,14].

We organized our paper as follows: we give some basic information regarding the Smarandache curve
and surface theory in the 3-dimensional Lie group in Section 2. We build surfaces along the Smarandache
curves of the specified curve in Section 3, and then we derive sufficient conditions for each case where the
surfaces have constant mean curvature along the TN, NB, and TB Smarandache curves. This study was derived
from the second author’s master’s thesis under the supervision of the first author.

2. Preliminaries

The Frenet formulas for a unit speed curve a(s) in the Lie group are expressed as follows:

T'(s) 0 K1 0 T(s)
N'(s)|=|-x1 0 (kz —12) [|N(s) 1)
B'(s) 0 —(ky—%7) 0 B(s)

where k, and k., are the curvature functions of a(s) and x; = %([T, N1, B) which was introduced [4-7], is the
Lie group torsion of a(s). Here, T = a’(s), x;(s) = ||D;T|l = IT'|l, k, = ||DrB|l — k3, and DX = X' +
1
> [T, X].
Definition 2.1. [5] & = “2~2 is denoted the harmonic curvature function of a(s).

1

Theorem 2.2. [4,5] The curve is a general helix in Lie Group G if and only if its harmonic function is a constant
function.

Definition 2.3. [15] Let ¢ = ¢(s, t) be a surface in the 3-dimesional Lie Group, then the mean curvature of
the ruled surface ¢ in three-dimensional Lie group is given by

_En—2Fm+lG

EG —F? @)

where the surface normal N = -2sX#t_

”(psx(pt”v E = «05’ §05>1 F = <(ps' (pt)1 G= <(Pt' §0t), l = ((pSSl N)v m = <(pst'N)a

and n = (@, N).

Definition 2.4. [3] Smarandache curves are defined as regular curves whose position vectors are composed of
Frenet frame vectors. This leads us

TN-Smarandache curve is defined as ary (s)=\/i7 (T(s) + N(s)),
NB-Smarandache curve is defined as ayp (s)=%E (N(s) + B(s)),
TB-Smarandache curve is defined as a7y (s)=% (T(s) + B(s)),

and

TNB-Smarandache curve is defined as a;p (s)=%§ (T(s) + N(s) + B(s)).

3. Surfaces with Constant Mean Curvature along Given Smarandache Curves

One of the special curves is the Smarandache curve, whose position vector is composed of Frenet frame vectors
on another regular curve. Ahmad first presented a few unique Smarandache curves to the Euclidean space in
[1]. Then, Degirmen et al. presented a few unique Smarandache curves to the Lie group in [3]. In this section,
we will characterize the surfaces whose mean curvatures are constant in the three-dimensional Lie Group.
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Consider a(s) to be an arc-length parametrized curve on a surface P(s, t) in G. Then the curve « is called an
isoparametric curve if it is a parameter curve, that is, there exists a parameter ¢, such that a(s) = P(s, ty).

Since a(s) is an isoparametric curve on this surface, there exists a parameter t = t, € [0, T] such that a(s) =
P(s, ty) that leads us

f(s, ty) = g(s,ty) = h(s, ty) = 0suchthats € [0,L] and ¢, € [0, T] 3)

Hence, if the TN, NB, and TB Smarandache curves are isoparametric curves on this surface, then there exists
a parameter t=ty,€[0,T] such that ary(s)=P(s ty), ayg(s) = P(s,ty), arg(s) = P(s,ty),
respectively.

P(s, t) is defined based on the Smarandache curves of the curve a(s) and using the Frenet frame of the curve
in Lie group G, respectively, as follows

P(s,t) = ary(s) + f(s,)T(s) + g(s,t)N(s) + h(s,t)B(s) (4)
P(s,t) = ayg(s) + f(s,)T(s) + g(s,t)N(s) + h(s,t)B(s) (5)
P(s,t) = arg(s) + f(s,t)T(s) + g(s,t)N(s) + h(s,t)B(s) (6)

Using the Formulation (2) to calculate mean curvatures, one can easily get the mean curvature of the surface
provided in Equation (4) as follows:

_PoP1 + P2 — D3P4
PsPe

H

()

where
Po = i(ftz +9:5+ htz)
V2
= Geahe — D sy = 1r?) + (iahe + 24 Loy — ()’ i) — = (k
p1= (K1 t— Klgt) (_£K1_K1 >+(K1 ¢t K1ft) (_K1 +&K1_( Kl) )‘(Klgt""‘lft) Kl( Kl)_a( Kl)

(

- \2
- - hk
p2 = ((tht - hKlgt)ftt: + ( Kihe + hKlft)gtt — (K19: + Klft)htt) <K12 + Tl)>
p3 =2 ((tht - Eklgt)(fts — geky) + (K1ht + Eklft)(ftkl + Gts — htﬁkl) = (k19: + Klft)(gtr”cl + hts))
( ! fi + ! + ! hi h )
=(—-——k —xK —hk
Da 2 1Jt 2 19t NG 1

N
hk 1 -
ps = 2 <K12 + (Tl)) (fe® + g + h®) - E(—’th +K1ge + hK1ht)2

and

p6=J(K1ht — hi19e)? + (kerhe + hic f)2 + (k1 ge + K1 f)?
The mean curvature of the surface provided in Equation (5) is given as follows:

_ % t 42 — 4394
596

H

(8)

where
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qo = (ftz + gtz + htz)

0= <(—(fm1)(ht +90) <- 2 it xl(ﬁxl)> (ke + e f) (e = (k) = (k)7 + (g + Bk f) <—(i~uc1)2 * %(ﬁ;«g))

~ 7 h i Fl :
9z = ((_(hlq)(ht + gt))ftt + (Kehe + hieaf)gee + (—K19: + hKlft)htt) (% * ( };1) >

2 ~ - - ~ ~
2 = = ((~(Rra) e +000) os = 9ek) + (s + o fO)(fres + 9 = o) + (s g+ s ) (geFves + i)

qs = (—K1ft — (hxey)(he + gt))

5 = ((Klz + (le)Z) (ftz +9g.° + htz) — (=Ko fy — hr1ge + ﬁ}clht)2>

and

Qe = \/(_(Ekl)(gt + he))? + (kphy + hicy f)? + (—K1ge + hicy fr)?

Then, the mean curvature of the surface provided in Equation (6) is given as follows:

Tohh — T2

H = B )
where
To = (ftz + gtz + htz)
1 1 1 1 . 1 ~
r = ((ht) (— ﬁklz + ﬁklh’cl) - (ft) (ﬁklhkl - ﬁ (hK1)2)> + 7 (hefee = fehee) (11 = hK1)2
1 - -

ry =2 (ﬁ (11 = Fre1)ge ) (Ch) s = ger) = (F(gefies + his))

and

r3 = <((K1 - EKl)Z) (ft2 +9.+ htz) - ((Kl - Ekl)gt)2> (htz - ftz)

Therefore, we can give the following main theorems for all the Smaradanche curves of the curve a(s):

Theorem 3.1. Consider that the surface P(s,t) is determined by Equation (4). One of the following six
conditions is satisfied if the mean curvature in Equation (7) along the isoparametric Smarandache curve TN of
the curve a(s) is constant:

a)f=g=h=f=fu(sty) =0, 9:(s,tg) = constant # 0, hi(s,ty) = constant # 0, h(s) =
constant, and k,(s) = constant.

b)f=g=h=gs=9u(s,ts) =0,  fi(s,ty) = constant # 0, h.(s,t,) = constant # 0, h(s) =
constant, and x,(s) = constant.

C)f=g=h=hy=hu(s,ty) =0, fi (s, tg) = constant # 0, g:(s,ty) = constant # 0, h(s) =
constant, and x,(s) = constant.

df=g=h=f=0:=fir = gee(s, to) = 0, he(s,ty) # 0, h(s) = constant, and k;(s) = constant.

) f=g=h=f=h;=fir = hue(s,ty) =0, g¢(s,ty) = constant # 0, h(s) = constant, and k;(s) =
constant.



Journal of New Theory 40 (2022) 82-89 / On Parametric Surfaces with Constant Mean Curvature Along Given ... 86

f=g=h=h,=9;=he = gue(s,ty) = 0, (s, o) # 0, h(s) = constant, and k, (s) = constant.

Theorem 3.2. Consider that the surface P(s,t) is determined by Equation (5). One of the following six
conditions is satisfied if the mean curvature in Equation (8) along the isoparametric Smarandache curve NB
of the curve a(s) is constant:

a)f=g=h=f =fu(s,ty) = 0, 9:(s, ty) = constant # 0, h:(s,ty) = constant # 0, fz(s) =
constant, and k,(s) = constant.
b)f=g9g=h=g:=9:(51t) = 0, f:(s,ty) = constant # 0, h:(s,t,) = constant + 0, fz(s) =
constant, and k4 (s) = constant.

C)f=g=h=h=hu(sty) =0, fi(s,ty) = constant # 0, g;(s, ty) = constant # 0, h(s) =
constant, and k,(s) = constant.

ADf=9g=h=f=0:=frr = 9et (5, ty) = 0, he(s,ty) # 0, h(s) = constant, and k,(s) = constant.
e)f=g=h=fi=h = fir = hye(s,ty) =0, g¢(s,ty) # 0, h(s) = constant, and k,(s) = constant.
Nf=g=h=g;,=h = gee = het(s, ) = 0, (s, ty) # 0, h(s) = constant, and k,(s) = constant.

Theorem 3.3. Consider that the surface P(s,t) is determined by Equation (6). One of the following six
conditions is satisfied if the mean curvature in Equation (9) along the isoparametric Smarandache curve TB of
the curve a(s) is constant:

a)f=g=h=f=fu(sty) =0, ge (s, ty) = constant # 0, h.(s,ty) = constant # 0, h(s) =
constant # 1, and k,(s) = constant.

b)f=g=h=g9:=0:0,1t) =0, fi(sty) = constant # 0, h.(s,t,) = constant # 0, h(s) =
constant, and k, (s) = constant.

C)f=g=h=h;=hu(s,ty) =0, fi(s,ty) = constant # 0, g;(s,t,) = constant # 0, h(s) =
constant # 1, and k,(s) = constant.

df=g=h=fi=9:=fitr = ge:(s,ty) =0, h:(s,ty) #0, h(s) = constant # 1, and K,(s) =
constant.

& f=g=h=f=h = fir = hte(s, ty) = 0, g:(s,ty) # 0, h(s) = constant, and k,(s) = constant.

Nf=g=h=g9:=h =hst = gu(s,ty) =0, fi(s, ty) #0, h(s) = constant # 1, and K1(s) =
constant.

Example 3.4. Let a(s) be a parametrized by a(s) = (i coss,—=sins

V2
vectors in the three dimensional Lie Group are given as

1 1 1
T(s) = (——sms —cCos s )

V2 V2 V2
N(s) = (—coss,—sins,0)

) 0 < s < 2m. Then, the Frenet

F\/_ F\/_

and

1
B(s) = ﬁ(sins,—coss,l)

where k; = —=, k; = 0, k, = —, and h(s) = 1.

L
\/E! \/_1
Then, we can give the following cases:
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Case 1. We can select f(s,t) = 0, g(s,t) = t3, h(s,t) = ssint, and t, = 0 while taking into account the (d)
condition of Theorem 3.1. Consequently, the surface P; (s, t) of the Lie group is provided by

Pi(s,t) = arn(s) + f(s,)T(s) + g(s,t)N(s) + h(s,t)B(s)

1
P,(s,t) = E (T(s) + N(s)) + f(s,t)T(s) + g(s,t)N(s) + h(s,t)B(s)

(s.0) ( sins coss .3 1 fsi coss sins i ) tcoss 1 1 t)
Pi(s,t) =|——=———=——t>coss +—=ssintsins ,—————t>sins —ssint——,- + —=ssin
! V2 V2 T2 42

2 2 2 2

which is plotted in Fig. 1, where 0 < s < 2w and 0 < t < 1 with constant mean curvature H(s, ty) = —%.

—
0.0 — NS

Fig. 1. The surface P; (s, t) with constant mean curvature along the TN Smarandache curve of the curve a(s)

Case 2. We can select f(s,t) = e5t, g(s,t) = t3, h(s,t) = 0, and t, = 0 while taking into account the (f)
condition of Theorem 3.2. Consequently, the surface P, (s, t) of the Lie group is provided by

Py(s,t) = ayg(s) + f(s,)T(s) + g(s,t)N(s) + h(s,t)B(s)

1
P,(s,t) = ﬁ (N(s) + B(s)) + f(s,)T(s) + g(s,t)N(s) + h(s,t)B(s)
and so
Py(s,t) = (—icoss +lsins - estisins —t3coss —isins —lcoss + esticoss —t3sins l+iest)
(0=t 72 SR V2 2TV
which is plotted in Fig. 2, where 0 < s < 2w and 0 < t < 1 with constant mean curvature H(s, t,) = —%.

0.0
/

0.0

Fig. 2. The surface P, (s, t) with constant mean curvature along the NB Smarandache curve of the curve a(s)

Case 3. We can select f(s,t) = st3, g(s,t) = ssint, h(s,t) = 0, and t, = 0 while taking into account the
(e) condition of Theorem 3.3. Consequently, the surface P;(s, t) of the Lie group is provided by
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P3(s,t) = arg(s) + f(s,6)T(s) + g(s,t)N(s) + h(s,t)B(s)
P;(s,t) = %(T(s) + B(s)) + f(s,)T(s) + g(s,t)N(s) + h(s,t)B(s)

and so

1 1 1
Py(s,t) = (—st3—sins —ssintcoss,st3—coss —ssintsins, 1 +—st3)

V2 V2 V2

which is plotted in Fig. 3, where 0 < s < 2w and 0 < t < 1 with constant mean curvature H(s, ty) = 0.

Fig. 3. The surface P;(s, t) with constant mean curvature along the TB Smarandache curve of the curve a(s)

4. Conclusion

In this study, we constructed surfaces along the given TN, NB, and TB Smarandache curves of the curve a(s),
and in each case, calculated the mean curvature of the given surfaces. Thus, sufficient conditions were derived
to obtain surfaces with constant mean curvature along the TN, NB, and TB Smarandache curves of the curve
a(s), respectively. According to the given theorems, we constructed the surfaces P;(s, t), for 1 < i < 3 with
constant mean curvature and illustrated them in Figs. 1-3 for the parameters 0 < s <2mand 0 <t <1 by
using Mathematica, respectively. In addition to the results shown in the manuscript, the work has also brought
up a number of open questions for future studies, such as how to construct surfaces with constant Gauss
curvatures along the given TN, NB, and TB Smarandache curves.
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1. Introduction

High-order boundary value problems (HOBVPs) for differential equations are essential for modelling a wide
range of physical and chemical phenomena in all areas of natural science. In most cases, obtaining an exact
solution to these boundary value problems is impossible. Therefore, there is growing interest in developing a
new numerical method for finding a reliable approximate solution or understanding the exact solution’s
qualitative nature. This paper presents a new approximate method, parameterised differential transform, for
solving HOBVPs. To show the applicability and effectiveness of PDTM, we will solve an illustrative fourth-
order boundary value problem using this method.

Zhou firstly developed the classical differential transform method (DTM) in 1986 to solve some boundary
value problems that arise when modelling electrical circuits [1]. In recent years, the application of classical
DTM and its various generalisation to the solution of (HOBVPS) has attracted great interest. For example,
Momami and Noor demonstrated different analytical techniques using the classical differential transform
method, Adomian decomposition method (ADM) and homotopy perturbation method and gave a numerical
comparison of these methods when solving a special fourth-order boundary value problem [2]. Hassan and
Ertiirk employed the DTM to solve HOBVPs [3]. Hussin and Kiligman applied the DTM and ADM to solve
linear and nonlinear HOBVPs [4]. Zahar used the DTM to obtain numerical solutions of singular perturbed
fourth-order BVP’s [5]. Ertiirk and Momani used the DTM and ADM to get a numerical solution for fourth-
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order BVP [6]. They also gave a numerical comparison between these methods. Wazwaz used a modified
decomposition method to obtain the numerical solution of special type HOBVPs [7]. In some papers, the DTM
is generalised so that it can be used to study approximate solutions and the spectral properties of various types
of Sturm-Liouville problems (see [8-11]).

In [12], Boukary et al. use the ADM to solve the fourth-order parabolic type partial differential equations.
Kwami et al. [13] introduced a new modification of ADM for solving fourth-order ODEs. This modification
is based on transforming the considered fourth-order ODE into an equivalent integral equation of the Volterra
type. Mukhtarov and Yiicel [14] utilised the ADM to investigate the eigenvalues and eigenfunctions of two-
interval SLPs that arise in modelling many phenomena in physics and engineering. Rysak and Gregorczyk
[15] have shown the effectiveness of the DTM in solving problems arising in fractional dynamical systems.

Yiicel and Mukhtarov [16] developed a new generalisation of the DTM for solving nonclassical boundary
value problems, which differs from the classical boundary value problems in that, the boundary conditions
contain some internal points at which given additional conditions. Al-Saif and Harfash compare the reduced
DTM and perturbation-iteration method in [17] solving two-dimensional Navier-Stokes equations. Duan et al.
[18] provided an overview of the DTM and its applications in solving fractional-order differential equations.
The applicability of DTM to a system of differential equations was investigated by Ayaz [19].

2. Parameterized DTM
Let s: [c,d] — R be a real-valued analytic function and a« € [0,1] be any real parameter.

Definition 2.1. [10] We say the sequence (S, (c, d))n(s) is the parameterised differential transform of the
original function s(t) if

(Sale,d)), (s) = a(Sc(s)), + (1= a)(Sa(s)),,

where
__d"s(c)

(Sc(s))n = and (Sd(s))n :

n!

_d"s(d)
oo

Definition 2.2. [10] We say the function s(t) is the inverse differential transform if

Sa() = ) (Sale D), (¢ = (ac + (1 = D))" ®
n=0

provided that the series is convergent. The inverse differential transforms, we will denote by (S (c, d),,)(s).

Definition 2.3. [10] The N-th partial sum of the series (1) is said to be an N-th parameterised approximation
of the original function s(t) and is denoted by s, y(t), that is

N

San(® = ) (Sale,d)) ()t~ (ac + (1 - )d))" @

n=0

By Definition 2.1., we can show that the parameterised differential transform has the following properties:
i (Sale,d)), (us) = u(Salc, A)(S)n

ii. (Sa(c,d)), (f £5) = (Sele, D), () % (Salc, D) ()

iii. (Se(c,d)), (ZT":) _ (n+m)!

(Sale, D)) ()

n!
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3. Numerical Results

Example 3.1. Consider the following HOBVP
y® () =4et +y(t),0<t <1 (3)
subject to the boundary conditions
y(0) =1,y"(0) =3,y(1) = 2e,and y"' (1) = 4e (4)

The exact solution for the problem is y(t) = (1 + t)et. A graph of the exact solution to the problem is
presented in Fig. 1 as follows:

1 " " " 1 " " " 1 " " " 1 " " " 1

0.2 04 0.6 0.8 1.0

Fig. 1. Graph of the exact solution for the problem provided in (3)-(4)
If it is applied PDT to both sides of (3), then we obtain

4
(S2(0D),,, N+ D +2)(n+3)(n+4) = (E + (Sa(o,l))n(y)) (5)

Therefore, from the definition of PDT,

y®) = ) (S 0.1)), (e~ t)"
n=0
and
W = ) (S.001), (Inln = (& = t)"?
n=0

Moreover, for the boundary conditions y(0) = 1,y"(0) = 3,y(1) = 2e,y"' (1) = 4e,

N

70 = Y (5,(01),0)(@ - D" =1
y n=0
Yo (0) = Z(Sa(o,l))n(y)n(n —D(@-1)"2=3
n=0 y
Ya(1) = Z(Sa(O.l))n(y)(a)n = 2e
n=0

N
yc’l,(l) = z(sa(o;l))n(y)n(n - 1)(a)n_2 = 4e
n=0
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respectively. Here, let (5,(0,1)),(3) = p, (S2(0,1)), () = 7, (5,(0,1)),(») = 7, and (5,(0,1)), () = w,
then substituting in the recursive relation (5), we can calculate the other terms of the PDT as

1
(5001),0) =37+ £, (5:0D),0) = 5.+ £, (Sa(O),0) = 5+

(5(01>)(y)——+ (s<01))<y>——+ (5(01))(y)—— to

p
(S.(0.1),, () = ﬁ + 2 oL =, (S.00),,0) = E (S 0.1),,0) = ﬁ 120
L6
(S (0, 1))13()7) = 13| (5 (0, 1))14(3’) = 14, (S (o, 1))15()7) = 15| (50

Hence, the parameterised series solution y, (t) is evaluated up to N = 15:

15
Ya® = (Sal0,), 0)(t — )"
n=0

= prot—-1+a)+t(t—1+a)? +w(t—1+a)+ (; %)(t—1+a)4
+(:| )(t—1+a)5 (:' é)(t—1+a)6 (;L'+6—)(t—1+a)7
+(%+§Oa—1+aﬁ+(%+gaa—1+af (5%+§ayf—1+mw

+(ji~+§9)(t—1x+a)“- (12-+ll)(t—]:+a)“ (EE~+——)(t—]:+a)“

111 111 121 " 121 131 " 131
12 2T 12 w

el DR V! ( ) 14 )5

(14'*'14J)(t R C R T) A ))

Furthermore, the numbers p, g, 7, w are evaluated from the boundary conditions (4).

Fora =

T the numerical PDT solutions are presented in Fig. 2-4 as follows:

NII—I

1
, A==,
5

v

1 " " " 1 1 " " 1 " " " 1 " 1 " 1

02 0.4 0.6 0.8 10

Fig. 2. Graph of the PDTM solution for the problem provided in (3)-(4) (a = %)
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4_
.0.12..‘O.l4l..O.IGIIIO.ISII.I.IOX
Fig. 3. Graph of the PDTM solution (a = %)
3
4_
‘0.|2...0.l4l..0.|6“.0.I8.‘.1.I0:
Fig. 4. Graph of the PDTM solution (a = =)
1000
s
.0.12..‘0.14.‘.0‘16...078.l.1.10x

Fig. 5. Graph of the ADM solution for the problem provided in (3)-(4) (See, [7])
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()
T

(=]
T

1 " " " 1 1 " " 1 " " " 1 " 1 " 1 X

02 0.4 0.6 0.8 1.0

Fig. 6. Graph of the DTM solution for the problem provided in (3)-(4) (See, [6])
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0.2 04 0.6 0.8 1.0

\

(35

Fig. 7. Comparison of exact solution (red line) and the approximate solution for problem provided in (3)-(4)
obtained by using DTM [6] (blue line)

-

%

w

(35

0.2 04 0.6 0.8 1.0

Fig. 8. Comparison of exact solution (red line) and the approximate solution for problem provided in (3)-(4)
obtained by using PDTM (orange line)
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Fig. 9. Comparison of exact solution (red line) and the approximate solution for problem provided in (3)-(4)
obtained by using ADM [7] (green line), PDTM (blue line)
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Fig. 10. Comparison of exact solution (red line) and the approximate solution for problem provided in (3)-(4)
obtained by using DTM [6] (orange line), PDTM (blue line)

Example 3.2. Consider the boundary value problem

YD) =y +y" () +et(t - 3) (6)
subject to the boundary conditions
y(0)=1,9(0) =0,y(1) =0,y'(1) = —e @

The exact solution to the problem is
y() = (1 —t)et

If it is applied PDT to both sides of (6), then we obtain
(SeOD) 0@+ D +2) M+ )M +4) = (S,01) )+ (Sa(0,1)), )k + 1)(k +2)

3 8, —1) (8)

n! (n —ny)!
ny
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Therefore, from the definition of PDT,

Ve (t) = Z(Sa(o,l))n(y)(t —t )"
and n=0
Ya(t) = Z(sa(o,n)n(y)n(t — )t
n=0

Moreover, for the boundary conditions y(0) = 1,y'(0) = 0,y(1) = 0,y'(1) = —e,

N
Ya(o) = Z(Sa(o,l))n(y)(a — ]_)Tl =1
n=0
N
Ya(0) = E(Sa(o,l))n(y)n(a _1ml=g
n=0

N
YD) = Y (5,01)),0)(@)" = 0
n=0

N

Y = ) (S 01), (@) = —e

n=0

respectively. Here, let (S,(0,1)), () = p1, (S2(0,1)), ) = p2, (S2(0,1)), () = p3, (S2(0,1)),(») = p4
and then substituting in the recursive relation (8), we can calculate the other terms of the PDT as

1 1
(Sa(O,l))4(y) = (p1 + 2p5 —3) (Sa(O.l))s(}’) =120 (p2 +6py —2)
1 1 12p, — 2
(5200), ) = 5= (2 + 20, - 2) (S2(0,1),0) = 575 (Pz + 20 )
Y 1 O S __ L (P2 3P 1
(52(0.D), ) = m(ﬁ T Z) (Sa(0.1)),0) = 3555 (60 20 60)

3p1 | 5p3 7
S.(01 - —
(52(0.1)),,0) = 5525 (720 T 360 720)

Hence, the parameterised series solution y, (t) is evaluated up to N = 10:

10

V) =) (Sa(0D), 0t~ t)"

n=0

1
=p1+p2(t—1+a)+p3(t—1+a)2+p4(t—1+a)3+z(p1+2p3—3)(t—1+cr)4

+L( +6 —2)(t—1+a)5+i(&+2 —2)(t—1+a)6
120 P27 PPs 360\ 2 3

1 P2+12.04—2) p1  p3 1
t—1+a)’ —(— ———)t—l 8
+840( 6 -1+ +1een(pt7 7)1+
1 (p2  3ps 1) 3p1 | 5p3 7
S (A S WS R ( _ )t—l 10
+3024(60+ 20 60)C 1t 550720 T 360 " 720) 1 H D
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A graph of the exact solution to the problem is presented in Fig. 11 as follows:
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Fig. 11. Graph of the exact solution of the problem provided in (6)-(7)

Fora = %the numerical PDT solution is presented in Fig. 12 as follows:
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Fig. 12. Graph of the numerical PDT solution for a = %of the problem provided in (6)-(7)
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Fig. 13. Comparison of the exact solution (red dashing) with the PDT solution for a = %(blue line)



Journal of New Theory 40 (2022) 90-100 / A New Transformation Method for Solving High-Order Boundary Value ... 99

4. Conclusion

This paper provides a new semi-analytical method, the so-called parameterised differential transform method
(P DTM), to find an exact solution in the series form or approximate various high-order boundary value
problems. To show the reliability of our method, we solved an illustrative high-order boundary value problem.
We compared the resulting solutions with the analytical solution and with the solutions obtained by the
traditional DTM and ADM methods. Figures 5-10 and 13 show that the PDTM is the efficient method for
solving high-order boundary value problems.
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